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Abstract

Grand Unified Theories Based on SU(N) as a Gauge Group
by

Milorad B. Popovic
Advisor: Professor Rabindra Nath Mohapatra

We discuss possible extensions of the minimal grand
unified theory based on SU(5). We stress two basic problems
of any unifing. scheme: namely, the problem of generations
and the possibility of having intermediate mass scales
between the grand unified scale and the scale of weak
interactions. We show how the principle of asymptotic
freedom and the "anomaly free" condition can be used to put
limits on the number of generations. In the second part of
this work we study the maximal grand unification symmetry
- based on the SU(16) group and derive limits (using renorma-
lization group equations) on intermediate mass scales for
various possible chains of symmetry breaking. We show in
particular that, in this model, the scale of grand

5Gev without any conflict

unification can be as low as 10
with observations. One can also have parity restoration at
low energies (of order 200 GeV) provided we allow
Sinzew=.27. Detailed phenomenological implications of

the SU(16) model for baryon non-conservation are discussed.
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I. Introduction1

At the present time high energy physics explores the
structure of the elementary particles at distances of the

15-lo-lscm. It appears that we can describe

order of 10~
the world at those distances (or larger) rather well by two
types of gauge interactions; flavor interaction92

( SU(2)L x U(l)Y gauge group) and strong interactions3
( SU(3)c gauge group).

Quarks and leptons are transformed under these gauge
groups as follows:

1.) All left handed quarks and leptons are doublets
under SU(Z)L and all right handed fermion fields are
singlets.

2.) Under SU(3)c quarks are triplet and leptons
are singlet.

Comparing the masses of quarks and leptons leads one

to group them into "families":

LR N 3 LRy s

Ve :u, U uf w}..c‘_c”,_c',, Vit bt
: t 14 : [ : g o0 (I e 1)
. Yy ® . . R °

¢,;d,d,d, wrsts! st t,:b, b b,

Bach generation of fermions transforms under

80(3)c X SU(2)L as

\)( U, . .
- “C aC
’ . [ e‘_ ! u\' ’ d“ . (1.2)
e, a,
(1,2) (3,2) (1,1) (3,1) (3,1)

-1-



The SU(Z)L doublets are arranged in a column and
80(3)c triplets are indicated by superscript + . The
numbers in the brackets indicate transformation properties
under SU(3)c x SU(Z)L. The subscript L means that all
states are left handed fields and the superscript c refers
to change conjugation, defined as follows:

[ \ - . -«
ut:i(\‘XS)Cx"M = 13 (I.3)
It is supposed that at an energy of 102 GeV

symmetry is spontaneously broken from
80(3)c X SU(2)L x U(l)Y to SU(3)c x U(l)em « (I1.4)

The eight gauge bosons (gluons) associated with the
unbroken SU(3)c gauge group remain massless.

The electro-magnetic group U(l)em is generated by
the generator

Q= Tyt Y, (1.5)

i€ T and Y are the generators of SU(2)L and U(I)Y,

3L
respectively. This breaking is realized by a doublet of
Higgs scalars,
¢* e
o - 3 vith V.E.V., (o\Q\o>=r2 \ (1.6)

The masses Mw, Mz of the gauge bosons w*, z°, which are



associated with three broken generators of SU(2)L x
U(l)Y' can be read from the kinetic energy term of Higgs
field .

KDr®)+(DPQ)= ’;',_‘(° ")‘%?\‘Kr +q'Y br] .-

. 2 (1.7)
=ML Wt LRt a e

-

-l

-l
where Ar and B, are gauge bosons associated with SU(Z)L
and U(l)Y' The 9., and g' are coupling constants of
SU(2)L and U(l)Y, respectively. The WY and 2° are

charged and neutral gauge fields,

4 0 Va2 . %‘ - LA‘S :
W= ( A‘r'*'»‘r) > 2r‘_1’t‘ﬁ;"L"“*§“Br"°°‘B“"?-

with masses : (1.8)
2 _‘_ 2 .2 e ( 2 R \,:
Mw = Py AV N Mz = Q.+ )—;‘
The fourth gauge boson,

%ub *%'As
A

e = oos‘—)\,br-‘-%\QVA: (1.9)
% ~9q\

which is associated with the U(l)em, remains massless and
represents the photon.
The gauge covariant kinetic energy terms for

fermions of each generation (f stands for quarks or

L/R
leptons)



x& ’;th“g‘&\.'&l"y&) 9 ’Dr" gr '*%:T_&,- "“%\Ybr 1 (1.10)

can be written now in terms of w", 2" and Argauge bosons.
The result is:
)

. v - -
X = kinetic energy terms + Eﬁkﬂwwf* +J30 W:)+

QLQ‘ ' ot
ey et gr 5 (1.11)

Where: J& -jzsLX”(i:)QL is the charged weak current,
Jam -g\xkt"Qst is the electromagnetic current,

and J, -2:51'{13\&\_3‘)-2@\4““0”]4 is the weak neutral
current.

The fermion masses are generated through Yukawa

interactions,

dy = {wq\.’éul*iqu&dg* &.i@z‘* Le

v ~

where .;1‘-,(:)" , t".LQ)., ond B=4 sa@‘ . (1.12)

While phenomenologically successful, this
description is clearly incomplete and inadequate as a
complete physical theory. The gauge coupling constants 9.

9y, g' are all different in magnitude and undetermined.



There is no explanation for charge quantization. The
Weinberg angle Ow is a free parameter. Permion masses are
arbitrary and there is not any relation between them. There
is no explanation for the V-A structure of weak interactions.

In grand unified theories one tries to remove some
of these defects by regarding SU(3)c X SU(Z)L X U(l)Y
as the low energy relic of some unified theory. The
hypothesis of grand unification, then, not only removes some
of the arbitrariness of the 80(3)c X SU(Z)L X U(l)Y
theory, but also predicts new phenomena connected with the
higher local symmetry.

In this work, we study some specific aspects of the
grand unification program, and arrive at specific
predictions described below.

In Chapter II we review the simplest and most
popular grand unified theory based on the SU(5) gauge group.

We investigate the problem of incorporating the
fermion generations within the framework of a grand unified
SU(N) gauge theory in Chapter III. The results of this
chapter can be summarized in the following way:

1. If we assume that the light generations of
fermions transform as vectors under the horizontal group,
and require that the theory is anomaly free, then the
requirement for asymptotically free gauge coupling will
limit the number of light-fermion generations to four.

2, 1f we adopt the so-called survival hypothesis and



require that the theory is anomally free, then the
requirement for asymptotic free gauge coupling will limit
the number of light-fermion generations to eleven. We
present the results of our investigation in Tables II and
III.

In Chapter IV we study the constraints on the
hierarchy of gauge boson mass scales from low energy physics
in the maximal grand unification model based on the group
SU(16). We show in particular that, in this model, the ;cale

3 GeV without any

of grand unification can be as low as 10
conflict with observations. One can also have parity
restoration at low energies (of the order of 200 GeV)
provided we allow sinzow-.27. Por high mass unification,
the dominant A&B & 0 process is the a(B-L)=0 process,
(p-2"%*), while for low mass unification, that is, My, %

5Gev, the only possible Aa®bso process is N-N

10

oscillation with T,;>» 107-10
2

seconds. In either case,

if sin“e, =.27 and d;-.lo - .12 , one obtains a low

W
value for Mw , the scale of right-handed interactions.
R



II. Review of Grand Unified Theory Based on SU(5) Gauge

Gtoug4

As noted in the Introduction the different gauge

groups of the Standard Model are independant of each other,
that is, they commute and the total gauge group is given by
the direct product

G = SU(3), x 8U(2), x U(l)y . (I1.1)

It is natural to attempt to find a single group
which will contain G as a subgroup. The group G has rank 4,
so the unifying group must have rank » 4. The smallest group
which allows complex representations of rank 4 is SU(S)S.
The 5 representation of SU(5) decomposes under

SU(3)c x SU(Z)L as

5= (3,1) + (1,2) , (I1.2)
while the two indices antisymmetric representation 10 (an
antisymmetric product of two 5's) decomposes as

0 = (1,1) + (3,2) + (3,1) . (I1.3)

The reducible representation T® 10 of SU(5) has the

same SU(3)c x SU(2)L decomposition as one generation of



fermions (see (I.2)). The only ambiquity we must resolve is
which of the either two (3,1) in eq. (II.2) and eq. (II.3)
is to be identified with di or uf. Since SU(5) must
break down to SU(3)c x U(l)em, the electromagnetic
charge has to be a generator of SU(5). Therefore, the sum of
electric charges over any representation must be zero.
Applying this requirement to 5, we see that each member of
(3,1) in eq. (I1.2) must have Q=1/3 and it must be
identified with dar.

Thus fermions of each generation are transformed as

the reducible representation 3@ 10 under SU(5):

cleq ( o u'-u ut 4
4 Ut o utwd
% . d“ ’ o] o -““ o u* ds (I1.4)
e’ )W -w o €
" . K_d“_oi’ -d*-e” o

The gauge bosons transform in the adjoint representation 24
of SU(5). The adjoint representation of SU(5) decomposes
under SU(3)cx SU(2)L as

24 = (8,1) + (1,3) + (1,1) + (3,2) + (3,2). (I1.5)

Beside gluons (8,1) and electroweak gauge bosons wt,t

2z, (1,3) + (1,1), the SU(5) theory contains an additional

set of gauge bosons, the so called lepto-quark X,Y gauge



bosons. They transform as (3,2) + (3,2) under SU(3)c x

SU(Z)L.
The SU(5) symmetry is broken in two stages:

SU(5)—=SU(3)  x SU(2), x U(l)—=SU(3) x U(1) . (11.6)
2
Mx 10° GeVv
The first stage is realized by an adjoint 24 of Higgs with

the vacuum expectation value ) \

\Dlod>=~Vv | .. ... .. (I1.7)
. ?/ .

R

Coh

\ {

which clearly respects SU(3)_ x SU(2), x U(1) symmetry.

This vacuum expectation value gives masses to X and Y gauge

bosons
2 _.,Q 26
8

%Q\JQ
(I1.8)

where g is the SU(5) gauge coupling constant.
The second stage of symmetry breaking is realized by

5 dimensional Higgs of SU(5) with vacuum expectation value

(o)
o
{o\H \°>=€£3 ol . (I1.9)
O
|




Having. displayed the content of the representations
employed, we can make the following comments about minimal
grand unified theory based on the SU(5) gauge group:

1. The representations S and 10 have opposite
anomaly numbers and the theory is anomaly free, which is a
vital consistency condition for the theory to be renor-
malizable. The anomaly number A(R) for any representation is

defined6 as
ARYdy = T ‘14 \Ts e ﬂ ,

where the Ti's are the fermion representation matrices,

(I1.10)

The d,;, are defined in terms of generators t , for the

3
fundamental representation of an SU(N) group

dije "Tri{i\i‘&f\—%gx : (11.11)

More about anomalies will be said in Chapter III.

2. The representations 5 and 10 have SU(3) x
SU(2)L decomposition (see (I.2)), as does a generation of
fermions, and the theory reproduces the usual strong, weak
and electro-magnetic phenomenology. The representations 5
and 10 can accomodate only one generation of fermions. It is
assumed that the other generations are simple repetitions of
the first generation.

3. The X and Y gauge bosons couple the first 3 and
the last 2 indices and mediate interactions like those in

Figure 1. These interactions lead to the decay of protons

-10-



and bound neutrons into leptons and mesons in the second
order of the gauge coupling. The baryon lifetime is

4
Mx
M=, (I1.12)
30

Ty ~

years), masses of X
14

and to prevent fast decay (Ty> 10
and Y gauge bosons must not be less than 10 GeV.

4. As already noted, the electromagnetic charge Q is
a generator of SU(5) so that the sum of the electromagnetic

charges in any representation must be zero. Taking 5 as an

example we have

3Qd‘+ Qe.'o == Qd' -1/3 , (11.13)

therefore, we can explain charge quantization.

5. The conventional definition of sinzew is

. q e?
DW= Y " a > (IT1.14)
fuvqt Al

where gL and g' are coupling constants of 80(2)L x
U(l)y, respectively. Since Q is the generator of SU(5), it
must be of the form

Q-'r3 +C'I‘o, (I1.15)
where T3 is the generator of SU(2) and To is a weak

isosinglet normalized appropriately for a generator of SU(S).

For any representation of SU(5) the following equation is

-11-



satisfied

(I1.16)

2, Q% (we)Z Ty
S

If we take the 5 representation, then,

(I1.17)

A . 2
QQ-"——' -\- :._\—
Z > 0 2Ty

and C2-5/3. This means that the conventional U(l)Y gauge

coupling g' will be equal to

%‘—:Q% %« ) (11.18)

where 9, is the coupling constant of U(l) in (II.6). In
the symmetry limit when SU(5) is good symmetry, all coupling

constants become equal and from eq. (II.14) we have
An?te, = % . (I1.19)

The value of the Weinberg angle is determined. Luckily
enough, this prediction gets dramatically renormalized due
to the large symmetry breaking. The renormalization group
equations for 9.%93s 9,95 and g, gauge coupling

constants in the leading logaritmic variations7 are

\ \
— = — 04 LB (I1.20)
%:(M“) %‘(H‘;) Mw ‘

-12-



where

\

= e \\
R e O R O e L

CZ(N) is the quadratic Casimir operator8 for the adjoint
representation. Tf(n) and TH(R) are the Casimir

operators for fermion representations and Higgs
representations, respectively. If one ignores the Higgs
contributions, the renormalization group equations for three
coupling. constants gy can be written in the following '
way7:

oL (W) 2 A M, g
L) 8 % -l

(11.21)
w202 -E\ _ 55 0 M
“ntaMl)= 2 4\ eulQ“'ﬁuZB

2? a2
where &L » — and °(s = =< . The result is independent

4% 4%
of the number of fermions. If we put in the value of oaom,

deduced from knowing Acxv and take for d(“:»)"o\-—;-b, we find7

2 3 (11.22
sin0, (M)%0.20 ) )

9

Marciano and Sirlin” have included higher order

corrections and they found that

\Do M
=

im0, (Wy)= 0.216 = 0.004(N,-1 )% 0.00¢ L.

(I1.23)

-13-



where NH is the number of light Higgs doublets with

masses and A gz is QCD parameter in the modified minimal

subtraction (MS) renormalization prescription. Por N844
10

and
+ O.\o
g\ = O.\6
12X - O.8o GV (I1.24)
prediction (11.23) is in very good agreement with the
experimental value9
2
sin Ow(Hw)'O.ZJ.S + 0.014 (11.25)

extracted from deep inelastic 'vk’,\)iT scattering data.
Marciano and Sirlin have also estimated unification

mass
M =(1 to 2 )x101% A (11.26)
X My

for minimal SU(5). This estimate lead to the estimate of

baryon lifetime (see J.Ellis in ref. 4)

29« 9
Ta = \o Yeonr s
(I11.27)

The present experimental limit on baryon lifetime isl1

2
Te> G6x\o ° Yeans

If we assume that the determination of A is correct,

proton decay should be observed in the next series of

-14-



experiments. If this does not happen, any theory without an
intermediate mass scale in the range Mw4'A qu will face
serious difficulties.

6. While all existing experiments appear to be
consistent with the grand unified theory based on SU(5), it
would be unwise to assert that there is nothing in the

14 GeV. A natural

energy region between 102 GeV and 10
way to populate an energy "desert"™ is to enlarge the
unification group and to try to attach some physical meaning
to newly introduced intermediate mass scales. In the ne;t
chapter we will consider SU(N) groups (with N> 5) in an

attempt to solve the problem of generations.

-15-~



III. Problem of Fermion Generations in Grand Unified
12

Theories

The simplest gauge models that unify weak,
electromagnetic, and strong interactions treat the various
generations of quarks and leptons in a sequential fashion
and do not provide any insight into the question of mixing
angles and mass relations between various generations.
Possible ways to make further progress have been suggested
in the literature by treating. the various fermion .

generations as representations of some discrete13 or

continuous horizontal symmetry groupsl4. With the recent
surge of interest in grand unification, ways to tackle this
problem in the context of SU(N) grand unified theories have
been discussed by several authorsls'ls.

One problem facing the unified gauge theory based on
SU(N) groups is the possible occurrence of the triangular
anomalies which may spoil the renormalizability of the
theory. Banks and Georgi and, independently, 0kubo6 gave a
general formula for calculation of the anomaly number of a
general irreducible representation of the SU(N) group.
Using the notations of Banks and Georgi, we state their
results.

Let (qi—l) be the number of columns with i boxes

for the Young tableaux of a certain irreducible

representations of SU(N). In terms of the qi's, the

-16-



anomaly number of the given irreducible representation of

the SU(N) group is

Na=1

AaN) = D@ ay,qq9, (111.1)

3‘\.&:\

where D(q,N) is the dimension of the representation. The
coefficients aijk are completely symmetric in i,j,k

indices. Por the case { ¢ j « k,

o a(N-))
Q.A")\. = (U*Q-)

A (N-25)(0-w). (I111.2)

Some useful results for special cases are the following:
(a) The completely symmetric representation with m

boxes in the Young tableau has the anomaly number

A(im, n) = Wem) (Wram)

OU*Q)/(“-/)/

(b) The completely antisymmetric representation has

(A/-s)./ [u—a».) .
(N—“-—I )/ (l..-l){

A("‘/“)"

(IT1.4)

(c) Por the general irreducible representation of

the SU(4) group the anomaly number is

Z)(9,4)
A(Q,N)= co (9'_93)(9,*9,)(9.*29‘*95). (I11.5)

~17-



In the case of irreducible representations of SU(N)
(N = 5) formula (IIX.1l) is rather cumbersome for practical
evaluation. In the following. we will give a prescription for
obtaining the anomaly number for a given irreducible

17 than

representation which, for N = 5, is more convenient
using the general formula (III.l).

Our prescription is based on the following. theorem.
For an irreducible representation (q,N) of the SU(N) group,

the anomaly number A(q,N) is

A(q,N) = ;‘ c, Alg N - k). (I11.6)

The C, is the multiplicity of the representation (q‘, N-k)
of SU(N-k) which is contained in the irreducible
representation (q,N) of SU(N). We can prove this theorem in
the following way.

Let G1 be any Non-Abelian_proper subgroup of group
G. Then, i{f the 'ra are the generators of G, the 'ra will
clearly be block diagonal in the representation space, since
'ra will not mix one irreducible representation of G1
with another. Hence eq. (II1.6) follows directly from the
definition of the anomaly number.

Therefore, in practice it would be much more
convenient to go from SU(N) to a smaller group such as SU(4)
and calculate the anomaly from formula (I11.6), provided, of

course, one knows the multiplicities.

-18-



We illustrate the method by example. Consider the

irreducible representation,

(5,3,2)= of SU(7).

o —d

-
It contains8 the following representations of SU(6):

(5,3,2) , (5,3,1) , (5,2,2) , (4,3,2) , (5,2,1),
(a) (b) (c) (d) (e)
(4,3,1) , (4,2,2) , (4,2,1) .
(£) (9) (h)

Now, notice that representations (a) and (f) of
SU(6) are conjugate to each other, so they have equal and
opposite anomaly numbers. Representations (b) and (4) are
self-conjugate and will not contribute to the value of the
anomaly number. We can proceed further, taking only
representations (c), (e), (g), and (h), and finally obtain
representations of SU(4).

We found the above method particularly useful in
searching for anomaly-free linear combinations of repre-
sentations which may be interesting as representations for

18 several grand unified

fundamental fermions. Recently
models have been proposed, based on SU(N) groups with N
greater than five and with fermions assigned to some

anomaly-free set of the totally antisymmetric

-19-



representations. However, the use of only totally
antisymmetric representations is a limitation because, a
priori, no convincing argument seems to exist at the moment
against the existence of six-dimensional, eight-dimensional,
etc., irreducible representations of color group SU(3)C.

The method suggested here was used to study
different irreducible representations of the SU(N) groups
for N € 16 with dimensions € 103"

In Table I we listed all representations that we
studied. We assumed that all grand unified theories baséd on
SU(N) gauge groups should contain the standard SU(5)
theorys. Therefore, we also listed representations of
SU(5) contained in the representations of the higher groups
we investigated.

From this investigation we conclude that the
requirement of freedom from anomalies rules out any
realistic model if we consider only a single representation.
From now on, we will focus our attention on simple
representations of SU(N) groups.

The basic strategy proposed is to consider
anomaly-free combinations of totally antisymmetric represen-
tations of SU(N) groups. The number of generations is
defined as the difference of the numbers of 10 and 10
representations of SU(5), contained in the abovementioned

representations. The difference between References 15 and 16
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lies in their choice of anomaly-free sets. In Reference 15,
Georgi requires members of the anomaly-free set (AFS) to
belong to different representations of the grand unifying
group. The smallest grand unification group of the above
type that can yield three generations is found to be SU(1ll).
On the other hand, in Reference 16, Frampton and Nandi allow
repetition of multiplets in the anomaly-free combinations.
This permits them to work with lower-rank groups such as
SU(7) or SU(9), etc.

We feel that since the purpose of employing
higher-rank groups is to avoid having to repeat
representations, then the strategy of working with only
those anomaly-free sets where each representation of the
grand unifying group appears only once, ought to be
preferred.19

We also propose to gauge the "horizontal®” degree of

14 that transforms various generations into each

freedom
other. Therefore, if there are m generations, we propose an
SU(m)a horizontal group. We consider the minimal grand
unification symmetry, SU(5+m), which contains SU(5) x
SU(m)n, and we require light-fermion generations to
transform as vectors under SU(m)H group. Let us therefore
make our grand unification criteria explicit:

(a) Only totally antisymmetric representations of

SU(N) are considered15 for assignment of fermions.

(b) The set of fermion representations that is

-21-



anomaly-free6 must not contain any representation more
than once.

(c) Self-conjugate representations are barred.

(d) The gauge coupling is required to be
asymptotically free.

(e) The light generations of fermions are required
to transform as a vector under the horizontal group.

Within this set of criteria, we find that the
maximal number of light generations of fermions is four: In
the above discussions, we have assumed that the
very-low-energy electroweak symmetry group is SU(Z)L x
U(l), with each generation transforming as a weak isodoublet.

To present our discussion, we first give our
notation. For the group SU(N), the representation with m
antisymmetric indices will be denoted by [N,m]. We then find
that the only anomaly-free sets of [N,m], satisfying

criteria (a)-(d), are the followingzoz

su(s) :(s,1)+1s.9,

su(7) :[7,1]+[7,9 +17.9),

su(s) :[8,3]+[8,6)+8,7], (I11.7)

su(9) :[9,3 +[9,5)

[o,1)+]9,3) +[9,5] +19.7],

su(10): 10,3} +[10,6}

We emphasize that this result is true for all N,
provided we avoid self-conjugate representations. We also

exclude the cases with two representations which are complex
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conjugates of each other. We note that this excludes the
S8U(11) group of ref. 15 from our considerations. To
establish the connection between the number of generations
and the grand unifying symmetry, we display the SU(5)
content for each set displayed in eq.(I11.7):
(a) su(m:[7,2)= 212 + 15},
[7.3] =158+ 2}10] +{10], (I11.8)

[7.5] = Y10} #2138+ fn].

(b) su(8): (8,3 =313+ 3ys3+ 3}10+410],
[8.6] = 3113+3351+\10} , (111.9)

l8.7)= 3{1}+ Gy,

(c) su(9):(9,2]=6{1}+ 4)si+ 1103,
[9.5)=1sy+ al10{+ 6}i03+a{5i+{1}, (r11.10)

(a2 similar decomposition for the other set).

(@) su(10): \10,3]= 10}1{+ 10)s{+ {103, (111.11)
{20,6] =\sy+ 5103+ 10}ToY+10§54+ s h\.
In the above we use the notation (N,m] = Cmi[mik .
where C ., is the number of { m {-dimensional
representations of SU(S5) in representation [N,m] of SU(N).
Prom eqs. (III.8)-(III.ll), we can see that the
SU(10) case does not satisfy our criteria for light
generations belonging to the fundamental representation of

SU(S5). Prom this we conclude that the maximum number of
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generations is fourzl.

To demonstrate our procedure, we describe the SU(8)
model of eq. (I11.9). The fermion multiplets are denoted by

prescription for identifying light fermions, we see that

v
(W Jp* According to our

they are given by (“QbA)L and ?Quk}k, where lower case
letters a, b, ¢,..., stand for SU(5) indices and upper case
letters, A, B, C,..., stand for horizontal SU(3)ﬂ indices.
The Greek letters, , fv..., stand for SU(8) indices. The
SU(S) indices run from 1 to S5 whereas SU(3)a indices aré

6, 7, 8. The heavier fermions are then identified as

(Y apclns (VY oaap'ns (W apedpr (WP (\V“‘)L RGN
and ( W’A)L. We will now proceed to show that it is

possible to choose Higgs multiplets and vacuum expectation
values that yield the above mass hierarchy for the fermions.
We first note that at the level of heavy-fermion masses, the
horizontal symmetry 80(3)n is already broken. To simplify
our discussion we give explicit particle labels. Our

notation will be as follows: Lower case symbols with

4

p
stand for light fermions of pth generation. The i stands

subscripts p (p=1,2,3) such as (u;, 4., ep), will

for color index; capital-letter symbols with subscripts such
A N

as (Up, Dp, Ep, Np) will stand for heavier fermions.

The superscript ¢ indicates charge conjugate of the state.

Using these notations, representations of SU(8) group can be

written as follows:
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(8 -51 : QwAmy\_ = N,

S o)y 2 (D5, JERGLES)

| A

KL»Q'.C)\_‘ (‘*‘v\- ,M\;\. R °\‘;p\- »250)

(wod.c)La KU::\\. ,Uc; D:':_ VAL

AL )

¢l A ~ -
(s, JE ), = (oS, e, 00 (I11.13)

(l\)kb)\_‘ Y
ak . .
(v )\.‘(U‘ R S

o A, "-sEa\.)

[e.7]: (W) = ™o,
Kw‘)\-' (Diixe;u, ”'\\.)

In making the above identification of heavy-particle
states, we have used the fact that there is negligible
mixing between heavy- and light-particle states resulting
from the Higgs mechanism displayed below. We first give the
Higgs multiplets, Yukawa couplings, and vacuum expectation
values (VEV's) that contribute to the heavy-particle masses.

Ap 4 4B &4 AGn
We choose the following Higgs multiplets: & & &, >§A~m€
where we assume antisymmetry in both super- and subindices
ol
and tracelessness (for example, = Q < ¥ =0). The heavy
fermions in eq.(I11.13) acquire their masses and mixings

from the following gauge-invariant couplings:
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- WInd
Al AMSsC ‘\b‘“ 3 v W \\,*M e

dpelSe

(III.14)
\\JTMC"‘ l'v-qsuc., e , Wi L".L,.o@",:

where ¥ 's with superscripts are obtained by applying the
totally antisymmetric € symbol for the SU(8) group. The
desired pattern of heavy-particle masses is achieved by the

following:

<§ oJ-M5Q>* i <§“ *o, <&BAR>"’ °©
B0 (B ADvo

(ITI.15)

It is clear that since three of the above VEV's
break 80(2)L x U(l)rsymmetry, they will contribute to the
W-boson mass. These VEV's are therefore constrained to be of
order Mw/g 300 GeV. If we choose the coupling constants
associated with the invariants in eq. (111.14) to be of
order 2-3, then the heavy generation acquires its largest
mass, of the order of TeV's. The important point that we
stress here is that none of the couplings in eq. (III.1l4)
upon using eq. (III.15) contribute to the light-fermion
masses or light-heavy mixings. All the other Yukawa
couplings are chosen smaller, compared to those in egq.
(I11.14), since they involve light to heavy mixings as well
as light to light mixings.
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The light-particle sector is completed by adjoining
the following extra Higgs multiplets; §(:“ with {® c::ch*O
and &:b with (&S‘A)w. The latter contributes to the mass
matrix for down quarks whereas the former contributes to the
up-quark masses.

Although our choice of Higgs field is very
complicated, we have shown that it is possible to get
desired hierarchy of the fermion masses. Our analysis is
admittedly incomplete; in discussing symmetry breaking and
the fermion mass spectrum, we assumed, without proof, that
certain components of scalars develop suitable vacuum
expectation values. However, we must stress that it was not
our aim to construct a realistic model but to show that it
is possible to limit theoretically the number of
light-fermion generations using criteria.(a) - (e).

Finally, we envision that the grand unification
symmetry SU(5+M) (for M generations) will break down to
SU(5) x SU(M)H at some mass scale higher than 1015 GeV
by a Higgs multiplet of type Q: . Then as we go below the

15

mass scale 10 GeV, SU(5) symmetry breaks down to

SU(3)c x SU(2)L x U(l). The next important mass scale is
around 102 TeV, where the horizontal symmetry SU(M)a is
completely broken down. The heavy-fermion mass (TeV)
constitutes the next level in the mass hierarchy.

Before closing this section we would like to discuss
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our criteria (b) and (e). The question one may ask is
whether the so-called survival hypothesis of Georgi15 is
compatible with our requirement (d) of asymptotic freedom
for three or more generations. In this case, we have to
abandon the assumption (b) of non-repetition of the member
of SU(N) multiplets to get any answerzz.

We start by studying the [3(9) for SU(N) groups. If
we have a set of totally antisymmetric representations {N,ﬁl
, wWith Cm denoting multiplicity for each representation,
then the]B for such a model (not including scalar ‘

contributions) is given by:

r(e)=- 3 -l)‘b Ca(G)- %T(R\)B*OKQQ)JIII.IG)

\ow ?

where CZ(G) = N and
”'9-) (IT1.17)

. \
T(R).:I%Ch(h\-\
We also note at this point that the complex

conjugate fepresentation of ‘N,m] is YN,N—&} and therefore
it has the same contribution to T(R) as in eq. (II1.17).
Therefore, in studying the asymptotic freedom constraints,
it is sufficient to restrict m to be less than N/2. Of
course, we will have to be careful when we start discussing
the anomaly constraints since [N,m] and [N,N-mﬂ have equil
but opposite contributions.

Therefore we have to study the following inequality
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1 ‘ N ‘Z\Cu( :,....2\) >0 (I11.18)

Under the restriction that m is smaller than N/2, the above
inequality implies that m € 4., Thus, no matter what SU(N)
group we are considering, we can allow, at most, up to 4
box-column representations, resulting in the first non-
trivial simplification of the discussion. Therefore, it is
clear that due to the existence of inequality (III.1l8),
coming from asymptotic freedom constraints, only the
following cases must be studied:
(i) Four sets of representations denoted by

Citm;} (i =1, 2, 3, 4).
(i1) Three sets: Ciim,} (i =1, 2, 3).
(i11) Two sets: ciimy (1 =1, 2).
Each of the above cases will be further restricted by the
requirement of no triangle anomalies, which we now study.

(i) Pour sets of representations

Inequality (III.18) can now be written as

4 N-2
N - 2, Ch(“_‘) >0 (I11.19)

Aae

With all four cm* 0 , no SU(N) groups other than SU(10)
and SU(9) can satisfy the inequality (T1I.19). We therefore

conslder these two cases:

SU(10): For SU(10), inequality (III.19) can be rewritten as
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110 N - cl— 8 Cz- 28 c3- 56 C4'> 0, (111.20)

which can be satisfied only for C,=C,=1 and Cz‘ 3 and

C,= 17. Possible choices for C1 (i =1, 2) are :

1

(Ai) C1- 1 ’ C,= 3,

2
(Ail) C1$ 9 ’ C2- 2, (I11.21)
(Aiii) C1$ 17 ’ Cz- 1.

To see the possible anomaly free combinations, let us write

the anomaly number A[”.;lfor SU(N) with m antisymmetric

indices:

Ao, 1+ Aho,21™ ¢ PAuo,3)” Mo,4g™ M - (111.22)

The only anomaly free combinations are:
(Bi) 6 Y9N+¥2\+}71+%4y , (I11.23)
(Bii) 6 91+ )21+131+36y .

The general formula for the number of generations is

- (n-8)(wv-1)
9= Co-Cy, +(“'C)(C5-Cu-,)+ — (s ~Cu-a) (T11.24)
In the case of (Bi), only two light generations exist; there

are none for (Bii).

SU(9): The analog of eq. (I11.20) in this case is :

-30-



99 - C, - 7¢C, - 21 C3 - 35 C4 >0

1 2

and the anomaly numbers are:
(IT1I.26)
A[Q.\]= \ ) A[‘\.z'\= At«.n’ 5, Atq\ﬂ"q
We simply wish to point out, that one can obtain as many as
seven generations in the case of SU(9). All possible
combinations are listed in Table II.

(ii)Three sets of representations

Since mi4 4, there exist four possible combinations for
. They are:}1,2,34,11,2,4}, J1,3,4§ and {2,3,4{. Por
the first two combinations, the asymptotic freedom

constraint is
N-2
\ | N - C, ‘(”'Q)C%'C3\A~-\ >0 (I11.27)
and the corresponding values of their anomaly numbers are
A N - e (u-a .
el N2 Ly ( )

Using eq. (111.28), we find three possible constraints on

Cms:

(ITI.29)

C,- (n-4)g,- ¢y B2 (N’z)-o

N-2 A m g
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A n-2
"K“"*)C'J- +Co ’UN.Q: M- )= ©

(II1.29)
N -2 | M-2
Cy+r(n-4)e, - ( =0
RYCETPIN LS L8
In writing eq. (1II1.29), we have taken into account
the possibility that one of the three sets must belong to a
complex conjugate representation. In Table III, we list all
possible values of C1 that lead to three or more light
fermion generations.
The last two possibilities, §1,3,4§ and \2,3,44
can be analyzed similarly. In this case, the analog of egq.

(1I11.27) and (I11.28) are:

N-9
e () e oo

and
. N2\ Yot (N-¢)Ym-3) . N- -3)(w-
(Ds) Q.\m_‘) =Y C,l 3 “'C,( . :)( 2
N-2 - N-2)(w-3) (-
() -CLL) At ey ey,

¢, Wtlusyor) o n-ge (”" ) b )

(o) :

(iii) Two Sets of Representations

This case is the simplest to analyze. The anomaly condition

can be written as
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C.(u-zh.)(:i)= Ca(n-2u,) (u-q_ > .

Aan - | (I111.30)

It i1s easy to conclude that the number of light generations
is given by

q-= C.X .:-.‘,)‘ \:,:)] *QR::)-(:;:)-} (I111.31)

Using eq. (II1.30), it is possible to summarize the results

in terms of the following allowed sets:

(Bi) Por SU(1ll), the following combination

4&\\.9} ~‘\\.4}
has five generations.

(Eii) Por SU(N) where N = 10,11 , the allowed combinations
are

¢ [ye] o)

with

(n-2)(w-3)(w-4)
C,= 2

and the number of generations is five for SU(10) and nine
for 8U(11).

(Biii) Por SU(N), with 9 € N € 17, the allowed combinations
are

c.| N, -1 ) M3
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where

c (nv-6)(m-3)
\ 2
and there are (N - 6) generations.

We will close this part of our work with the
following conclusion323:

1. If we assume that the light generations of
fermions transform as vectors under the horizontal group,
and require that the theory is anomaly free, then the
requirement for asymptotically free gauge coupling will.
limit the number of light-fermion generations to four.

2. If we adopt the so-called survival hypothesis and
require that the theory is anomaly-free, then the
requirement for asymptotic free gauge coupling will limit
the number of light-fermion generations to eleven. We

present the results of our investigation in Tables II and

III.
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IV Maximal Grand Unification and Baryon Non-Conservation24

In the previous chapter we extended the simplest grand
unified theory based on the SU(5) group, adding a horizontal
family group. In this chapter we will consider one of
several possible extensions of minimal unified theory, by
enlarging the strong and flavor subgroups. This approach was
suggested and analyzed by several authors25 for different
unification groups. In the following, we will choose the

26 the SU(16)

SU(16) group as the grand unification group
is the maximal symmetry group associated with the eight
fermions and eight antifermions of each generation and it is
perhaps a natural candidate for the unification of
electrovweak and strong interactions.

Being a large group, SU(16) opens the possibility for

27 uhich

the existence of different "partial unifications”
take place between 102 GeV and unification energy. In

order to find the constraints on possible intermediate mass
scales we will use a somewhat modified form of the formula
given by Dawson and Georgize. This will permit us to find
the hierarchy of gauge boson masses in the SU(16) model
which are allowed by the present values of low energy

parameters such as sin2

6, and o(s. Knowing the
allowed hierarchy of gauge boson masses, we will study their
implications for baryon and lepton non-conservation.

To fix conventions and notations we now introduce the

SU(16) model.
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IV.1 SU(16) Model2®

In grand unified theory based on the SU(16) gauge
group, it is assumed that left-handed particles and

antiparticles of each generation belong to the fundamental
representation ’ ( .
[ 9

w
v
d

A\, 1,

»y* (1Iv.1)

In order to cancel the anomalies, we will introduce a set of
mirror fermions with right-handed chirality. They belong to
the 16 representation of SU(16).

The fermion masses will arise by introducing a 136
dimensional symmetric Higgs multiplet §\ﬂ\: which couples

to V¥ as

&\\’TAC"k\" Q\aw\ (1Iv.2)

The mirror fermions will get masses in the same
manner. Although they can be associated with a Yukawa
coupling constant, ﬁ, which may be much larger than that of
the basic fermions, they cannot be superheavy. This is
because the mass terms for mirror fermions violate SU(2)L

stmetry like those of the basic fermions. Therefore we will
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assume that the masses of mirror fermions are in the range
of 100 to 200 GeV. To avoid a direct mass mixing between the
basic and the mirror fermions in the primary Lagrangian we

will impose the following discrete symmetries:

G ooV W .y (1V.3)

. LR Y (-3 "y

The gauge bosons belong to the adjoint representation
and there exists a distinct gauge particle for every
non-diagonal transition between members of a generation;
Therefore, the theory contains, besides the usual gauge
bosons, an additional set of gauge particles. These include
the diquark, the lepto- antiquark, the dilepton and the
leptoquark which couple respectively to QX _q ,a‘x"L
[ g and 9%'¢ -currents. More about the gauge boson
sector will be said in Section IV.6.

One characteristic feature of the SU(16) model is
that it ensures that B-baryon, L-lepton and F-fermion
numbers are exact symmetries of the Lagrangian. These
symmetries are violated spontaneously throughout the induced
mixing between the abovementioned gauge particles.
Consequently, the proton may decay via four different modes:

b - 3Uxq3 > Lxagy
(1v.4)

¥ - >t-a3 » =T+ a3
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In addition to this, the induced mixing of gauge particles
may lead to the existence of other baryon and lepton
violating processes, such as N - N oscillations and
neutrinoless double 5-decay. Which one of these processes
will be dominant depends very much upon the pattern of
symmetry breaking of the SU(16) group.

Being. a large symmetry group, SU(16) can break to low
energy symmetry SU(3)cx U(l)em in many different ways.

We consider the following three routes:

(1) SU(16) —» SU(12), x SU(4), —= (1V.5)
SU(3)  x SU(2), x SU(2)p x U(L)y_ o

In the above it is assumed that symmetry between quarks and

leptons is broken at an intermediate 2nergy scale.

(II)  SU(16) —= SU(8) x SU(B)p x U(l)p —e (1V.6)
SU(4), x SU(2) x SU(2),

This chain of symmetry breaking emphasizes the possibility
that the left-handed and right-handed sectors of the theory

are separate before any separation between quarks and

leptons.

(111) SU(16) —s» SO(10) —=> SU(5) (Iv.7)
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This route represents a trivial extension of the S0(10)
group and leads to the results already familiar for S0(10)
and SU(5) models.

The Higgs multiplets necessary for the various
breaking routes will be discussed later.

As indicated, the above patterns of symmetry breaking
permit a hierarchy of intermediate mass-scales, filling the
so-called grand desert between 102 GeV and unification
ene gy. The assumption of the existence of intermediate mass
scales raises the question of whether it is possible th;t
any of these scales is low enough to be seen directly in
high energy experiments in the near future. In this

connection we remark that recently Rizzo and Senjanovic29

30 with particular

have investigated the S0(10) model
emphasis on whether the model can have parity restoration at
energies as low as 100 - 300 GeV. It is therefore of
interest to know whether such possibility exists in SU(16).
Because Chain III is a direct extension of the SO(10) group
it will not give any new result in similar analyses.

Therefore in the rest of our work we will not study Chain

IIT of symmetry breaking.
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IV.2 SU(16) Breaking. to SU(12)q X SU(AlL X U(lhB\—\L\

and the Evolution of Coupling Constants

In this section we propose to study the relation
between the SU(3)c, SU(Z)L, U(l) coupling constants and
the grand unified coupling 9y via the Gell-Mann-Low
equations. We wish to investigate the symmetry breaking
pattern (I) of the previous section, where SU(16) first
breaks down to SU(12)q X SU(4)1 x U(l)\B\-\L\' The -
SU(12)q is the maximal symmetry of quarks and antiquarks
and SU(«I)1 operates on the leptonic space. At the next

stage, we have the two possibilities:

SU(lZ)qx SU(4)1X U(l) —OSU(J)CX SU(Z)Lx SU(Z)RX U(l)‘_L

\ /! (IV.8)

SU(3)cx SU(4)qx SU(4)1x U(l)B—L ’

where SU(Z)L’R operates both on quarks and leptons. The
left-right symmetric group27 is broken down in the usual
manner31 to SU(3)cx SU(Z)L x U(l). We will use the

method of Georgi, Quinn and Weinberg7, appropriately
extended to include models with intermediate mass scales. To
write down the general formula relating the gauge coupling
constants at two different energies, we simply have to

integrate the Gell-Mann-Low equation between successive mass

scales with appropriate values for the lb-function and an
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appropriate normalization factor for the generators. To
state the general formula, let us assume the breaking of a

group, G, is as follows,

(Iv.9)

with the associated mass scales t, p,, , ,.-----" . BEach of

the intermediate symmetry groups, Gx’ can be a direct

product of simple groups, Gxa ED G‘*, with the

4

associated coupling constants, g:, corresponding to G x°

The relevant formula relating the coupling constants at the

mass scales {s then given by

L3S 2
\ g x (I1V.10)
" 1=’:2£ o *-Q_CM,QL Ba
\%‘(.‘I)-\ r5 ‘.% n K"M\) (ux
This formula is a somewhat modified form of the
formula given by Dawson and Georgizs, the difference being

X, X+l
iy !

are not normalized to add up to one. This is because all our

that in eq. (1V.10), the so-called probabilities, P

coupling. constants, g:, will represent physical couplings.
Therefore, the generators at each stage defined in the
l6-dimensional space are not necessarily normalized to
Tf(T:.ﬁf) = 1/2éLn. The simplest way to construct the
PXY is to choose a convenient basis for the diagonal
generators for G and find the diagonal generators for the
subgroups GY in the same basis and express it in terms of
those for G*, we will give explicit constructions for

PXY for the SU(16) breaking. We normalize all our SU(16)
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generators by

Tr(T.T,.)-r-—\E Sok

The Ta's are 16 x 16 matrices in the space of ¢ . We will

now construct the diagonal generators of the SU(12) group.

The matrices;

are the SU(Z)w generators for particles. The lower 0

L

0;

ke

(IV.1l1)

stands for null 8 x 8 matrix. The corresponding generators

for antiparticles are obtained by interchanging the upper

and lower 8 x 8 mat

and similarly for T

rices, for example,

.....

_‘ “-“ -\_ . o

2 ) o

it &

- dug
2 and T4,

-42-
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Next, we define the diagonal generators for chiral SU(3)c

color:

\
(4

e -‘
To

f‘Jl
>0
be‘
1] b

-4
0
<, _ \
> ‘g ‘_1
/O,
. iq
.=\
e \ l()
,Tszzr‘ ' -|
-1

.ftjl)

\

(IV.13)

The color and flavor singlet diagonal generator - the last

diagonal generator of SU(12) is

Tz 2
2(c

»
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The SU(4)1 generators are given by

o
0
{
W O
'TL—; o
(9]
\
O
"o
O
=w , o
T“"." -(
(o}

—RN-M alw—y
24

The above generators

of both Go- SU(16) as well as Gl- SU(12)q X SU(4)1 x

(IV.15)

(IV.16)

are the part of the Lie algebra

U(lh&hx .Therefore, if the grand unification mass is taken
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as MU and the scale at which G, breaks down is taken as

1
"c' the relation between coupling. constants in this region

is simply given by:

\ \ Q~ M,

%:‘1(“¢)’ %EU«.)* 2o (IV.17)
; - : *—Qﬁ&4 Qh.lig

%qb&) %0(”0) h«‘

where b12 and b4 stand for the 1l-loop contributions to
the p-function for SU(12) and SU(4).
To consider the next stage of symmetry breaking, G1

G, that is,

2
SU(12), x SU(4), x U(l\gyp —

—> SU(3)_ x SU(2), x SU(2)p x U(l)g_,

we must express the diagonal generators of Gz, in terms of
those of Gl' The generator of U(l)B_L can be expressed

as the linear combination of SU(12) and SU(4) generators,

Y = (T

B-L -\3 T14) ’ (IV.]8)

11

which leads to the following values for relevant "probabi-

lities”

P P
-L, 2) = )

Coming to the case of SU(Z)L R’ note that, at the SU(Z)L
[4
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level, the physical T generator is given by

3L

T = (T

Weeo Yac wac At

1 2 3

This implies that

\ 3 \
" - — -+ 3 (Iv.21)
% "\lQ“’-) %\\kM._) %4KML)
or, in the language of "probabilities",
B W), S5 rP‘Nun sowy =1 (1v.22)

The same relation also holds for SU(2)R group.

At this point we would like to explain why, in our
expressions, "probabilities"™ are not normalized to one. As
we have already mentioned we wish to have physical couplings
at each stage. Let us take as an example the transition from
SU(12)q x SU(4)1 couplings to StJ(Z)I”R couplings. The
generator) will be

gauge boson W (associated with T

3L 3L
a linear combination of gauge bosons wiq and wl
(associated with T:"hnd T;'generators). Therefore, we

have to construct linear combinatjion of qu and W, which

will permit eq.(IV2)In the following it will be assumed that
all fields are normalized to one. The part of the covariant

derivative which is relevant for our discussion is
(IV.23)

> Ww w
%\7—?‘ T\. w‘-&'ﬁ' %q—‘-t w‘

=\
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The gauge bosons W { can be expressed in terms of new

q
fields wq, X and Y, and eq. (IV.23) becomes,

A

= Ty W, 9,71, (1v.24)

with Tq :Z qu. The gauge fields W_ and Wl can be

q
A
expressed in terms of orthonormal fields W3L and W as:
=
wq_" —""“ %\.W;\_ ~+a W 5
\ (IV.25)
Wy = — 9, W “'l‘ AN

Qa

The fact that Wq and Wl are normalized to one and are
orthogonal to each other uniquely determines DY

eq.(IV.21l). Similar consideration for SU(3)c leads to

(IV.26)
/p&z(s) , %J(n.)q - &

Using equations (IV.17)-(IV.22), we can write down the
expressions for the gauge coupling constants at the mass

scale MR' where G2 breaks down:

— - +2\4Qa e Mo f R M. S_}

94Me) %ub%) Me Mq

\ 4

—_ = Q% Dhaaty ) Mo L, L Me

3 e/ Me) %‘o(\t..f (2kas +) Me b '@23* (IV.27)

\ 4 My M
NI IR LR AN

7;*("1) %qb(“o) ©
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At the next stage the symmetry G2 is broken down to
SU(3)c x SU(2)L x U(l)y. The generator of U(l)Y can

be expressed as the linear combination,

Y 2
\f ‘%Tu*\‘% \_(H_ (IV.28)

of the SU(2)R and U(l)B_L generators. Therefore, at the
mass scale ML' where the symmetry SU(3)cx SU(Z)Lx

U(l)Y is broken down to SU(3)c x U(l)em, the
renormalization group equations for the gauge coupling

congstants are:

\ -4

—

%1'3&“ ) %‘:{“ o)

2 )4l L M LA L ]

L2 *Q%(bt‘\*‘-.)q'..’a-‘b«-ﬂl.,_\_tﬁ.&.g

%’a\,ku;)- Ao () M (IV.29)

\ A \ \
atm) s%cm>*2\%'“‘"'**"‘~>‘*5‘.t~-s-(“-=na>'~%w,t "4

Let us recall that the value of bN for a group SU(N) is

\
= - — h \
LN e S ‘}__‘-&__S-Tu\l (1v.30)

Nf is the number of fermion multiplets transforming as a

fundamental representation of the group SU(N). 'l'N is the
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value of the second order Casimir operator for the
representations of Higgs mesons. Having the renormalization
group equations for the coupling. constants we are now in a
position to write down the formula for the sinzew(ML)

and og(ML) for Chain I of symmetry breaking:

saBuM) = F - ﬁi’%ﬁh-}g(u—nﬁk%
\
. [ 9 - -,I-qksm-sm-a'rd}&%;si\ -5 ) Mo 7]

(IV.31)

1\:&;){ B Tas \'4‘ Q-2 (‘rn:\;)} Q. Mo m

‘.-. - (BT -3Tg, - NTan- 2T‘)]Q- * ‘,q —n(513-512 \-—STY)] QA IS

(ML = Mw, the conventional W-boson's mass)
In Table 1V, we give the allowed values for the
various intermediate mass scales for a range of values of

sin2

OW(ML) from .22 to .27. The listed values are
obtained without accounting for the contributions of Higgs

bosons. Interestingly enough, we find that there do exist

solutions with rather low mass parity restorationzg, if we
accept sinzew a ,26-.27. As has been shown by Rizzo and
29

Senjanovic®®, such "large"™ values of sinzew are
allowed once the right-handed current effects are taken into

account. Thus, the SU(16) grand unified theory provides
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another class of models in which a low WR of SU(2)L x

27,31 can be

SU(2) x U(l)p_, electroweak theories
embedded. Phenomenological implications for such models have
been discussed in references 27, 29 and 31. We note that the
value of the unification mass, MU - Mx, in this case can
be as low as 105 GeV. One therefore has to be careful in

introducing baryon violation in this situation.

IV.3 8SU(l6) Breaking via SU(QLL x SU(B)R Symmetry

In this section we consider the breaking of SU(l6) via
the chain SU(B)L x SU(B)R x U(l)p. This subgroup has
already been discussed in literature as a candidate for grand
unification group32. It is clear that the physics above
the SU(B)L x SU(B)R breaking scale is not of importance
to us here. We therefore concentrate on the breaking pattern
below the mass scale Ms, where 80(8)L x 80(8)R is
broken down to SU(2)L x SU(2)R x 80(4)c x U(I)P' etc.
that is, Chain IT of Section 1IV.1l.

To obtain the evolution equations for the gauge
couplings, we present the basis and the diagonal generators.

The diagonal generators for the particle sector are:
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4\

_______
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Y3
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A
wll' -

«

-5]1-

:CJ

(Iv.32)




The corresponding diagonal generators for the antiparticle

sector can be obtained from the Ti's by interchanging the

8 x 8 block matrices and changing the sign in the entries.
For the next stage, SU(Z)L x SU(2)R x SU(4)c,

the "probability" functions are:

’p’ax.n._wg) =4, ‘P%“‘L"‘“’k‘ “«

(1v.33)
(P%L‘\)“wm)‘s 2, ’?wuac%)(a),_'-’ 2 .
In the following stage, we break the symmetry down to
SU(3)c x SU(Z)Lx U(l)y, so that only two non-trivial
probability functions arise, that is,
(I1vV.34)

3 D
?“‘)1,‘1 N PQ&‘K‘)‘_Y"' =

Using all these results and following exactly the same
procedure as in Section 1IV.2, we obtain the following

2
formula for sin OW(ML) and (ML).

. 1 e o> _ W) \
s s g - MY e L (STew - am ) L e

~ %&2 - '\%KT“'T*)}Q‘-% g )

(Iv.35)

\ 5 1\ \
og(m.) 8 () ABT \‘, "W Q’TQ dTae ST.“.I QA-\ __;.m

+ \_\3— '\\T,\ 8'\',,*5'\'“-\'5'\‘,,)]1. b& S
|-

Again, as in Section 1V.2, we will defer the

~-52-



inclusion of Higgs contributions to a subsequent section. In
Table V we present the results of our calculations. For this
chain of symmetry breaking we do not find any solutions with
low energy parity restoration even for "large"™ values of

sinzew.

IV.4 HRiggs Bosons in SU(16)

We will assume that the symmetry breaking of the
SU(16) model is implemented by including explicit Higgs
scalar multiplets into the theory. It is important to
emphasize that we will not be in a position to solve the
true minimum of the full potential, which, in general,
involves the interplay of several different scalar
multiplets. In the following, we simply will content
ourselves to spell ocut alternative patterns of symmetry
breaking. We believe that symmetry violations have a
dynamical origin (perhaps in the fermion pairing forces) and
we will assume that the Higgs fields are, in fact,
composites of even numbers of fermions. We first discuss the
Higgs multiplets necessary for breakdown of SU(16) symmetry
to SU(3)c x U(l)em' We discuss their implications for
neutrino massses and, in the next section, we study their
impact on the gauge boson mass hierarchy.

We will consider the following Higgs multiplets:

a) 255-dimensional denoted by &; which transforms as
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adjoint representation,

b) 18240 -dimensional representation denoted by §§)::‘; ’
where the curly bracket stands for symmetrization with
respect to the indices within the brackets,

c) 16 -dimensional representation denoted by Q* ,

d) 136 -dimensional denoted by &.“\\.

The Symmetry breaking discussed in Reference 26 is
different from ours. We therefore describe it below. The
Higgs multiplet, @; , will be used to implement the first
stage of symmetry breaking in Chain II. Note that it cahnot

33 the first stage of symmetry breaking

be used to implement
in Chain I, that is, SU(16) SU(12)q X SU(4), x U(llﬂdm
Therefore, to implement this stage of the symmetry breaking
we will use the @r‘:: multiplet. Let us first concentrate
on Chain I. Por this purpose we need the representation
contents of the Higgs multiplets under the various symmetry
groups involved at different stages in this chain. We use
two multiplets to implement the first and second stages of

the symmetry breaking. For this purpose, we first display
the content of 18240 under SU(12)q x SU(4)1:

18240 = (924,4) + (78,10) + (12,4) + (12,36) + h.c.
+ (5940,1) + (1,34) + (143,1) (IV.36)

+ (143,15) + (1,15) + (1,1)

where h.c. stands for conjugate representations of the ones
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preceding it. It is therefore clear that by giving. non-zero
V.E.V. to the (1,1) component of 18240, we break the group
. | t .

own to SU(12)q x SU(4)1 x U(l)w»un We note that in

eq. (IV.36), the representations (78,10) and (143,15) contain
singlets under SU(3)c X SU(Z)L x SU(2)R x U(I)B_L.
We assume that these components develop V.E.V., which break
the group down to SU(J)c x SU(2)L x 80(2)R x U(l)B-L
To achieve the final stages of the breaking, we use the
fundamental, 16, and the symmetric Higgs multiplet, 136,
which have the following representation content under

SU(3)c x SU(Z)L X 80(2)R X U(l)B

16 = (3,2,1),+ (3,1,2)_;+ (1,2,1) 4+ (1,1,2)_5,
(IV.37)
136 = (3,1,1)2+ (6,3,1)2+ (1+8,2,2)°+ (3,1,1)_2

(6,1,3)_,+ (1,3,1)_g+ (1,2,2) 0+ (1,1,3).

We may use 16 to break the SU(Z)L X 80(2)R x U(I)B_L
symmetry down to SU(Z)L x U(l) and 136 to break down the
preceding symmetry to SU(3)c x U(l)em'

It is necessary to point out that the neutrino mass is .
sensitive to the multiplets used in breaking left-right
symmetry. If we use 16 to break 80(2)L x 80(2)R x U(l)B
at the tree level the neutrino has only a Dirac mass.
However, it can have a Majorana mass arising: in higher order

by a mechanism originally discussed by witten34. We show
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the relevant graph in Pigure 2. Noting that 136 gives mass
to the light fermions, we can estimate the Majorana mass of

the right-handed neutrino to be

(I1V.39)
~.—* & \MA

where \M stands for 16 x 16 x 136, the dimensional Higgs

MavKQ5

coupling. A natural choice for M is M, since 16 x 16 x 136
coupling is likely to be a low energy remnant of the

coupling on setting (Q;)-»o . Thus, we expect

‘L

V.40)

R N AL
5

8 1

For H.R ~ 10" GeV and HU 2~ 10 GeV (a choice

allowed by sinzew and o(s) we expect, By, 1 eV. In

this case, the Dirac mass is much bigger than the Majorana

14

mass. However, if we have Mua MR: 10 GeV, this

4Gev which is quite an interesting

leads to "‘v'f' 10
prediction. This predicts the light left-handed Majorana
neutrino mass to be around 1-10 eV.

Thus, if we accept tle low mass WR-solutions, the
left-right symmetry, as well as the 80(2)[. X U(].)Y
symmetry, must be broken by the 136 dimensional represen-

tation. The Majorana mass for V_ is then given by ~Mg

A
and Wy ~ M,
Mg

The first stage of the symmetry breaking for Chain II

R

is achieved by using adjoint representation @; The @:b

has the following representation content under SU(B)L X

SU(B)p x U(1),
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253=(1,1) o+ (1,63)4+ (63,1)4+ (8,8),+ (8,8)_,. (1v.41)

Giving (1,1)o a non-zero V.E.V. breaks SU(16) to
SU(B)L x SU(B)R. Note that the vacuum expectation value
of 255, Vo-(l,l)o, preserves the fermion number P as
well as B and L numbers. Thus, Vo gives masses only to
those gauge bosons which carry the fermion number + 2.

These gauge bosons will couple to the currents,
e iy c
4L Xrl&\. b gxr&L

where fL stands either for quarks or leptons. The rest of

(IV.42)

the breakdown is achieved by Higgs bosons, &,, ' 6. Navy

A
and é\\c::, and the discussion is similar to that just given.

IV.S Effect of Higgs Bosons on Hierarchy of Gauge Boson

Masses

In this section, we will describe how fo include the
Higgs boson effects consistently in the renormalization

35. The main

group equations in grand unified theories
problem is to f£ind what the masses of the various components
of each Higgs multiplet are likely to be. Then, it is
straightforward to include their effect in the equations for
the evolution of the various gauge coupling constants.

In Reference 35, a set of rules has been given to

isolate which components of a given Higgs multiplet are
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important at a given mass scale. We summarize them here:

i) Minimal Pine Tuning: 1In the Higgs potential, we

will do no more fine tuning than is required to obtain the
hierarchy of gauge boson masses. Also, we will assume all
Higgs self-couplings to be of order unity.

ii) Spontaneous Symmetry Breakdown and Intramultiplet

Mass Splitting: Let the grand unification group Go be

broken in stages as follows:

G,D2G,D ----- . (I1V.43)
Let the associated mass scales be M. yMa, oo Let § belong
to an irreducible representation of Go and be used to
break the group Gm to Gm+1' Let & have the following

representation content under Gm

[ 2%
§2=%§5 (IV.44)

Ann
1f <§ .;,5*0 is responsible for the breaking of Gm to

35 the whole sub-multiplet QL,'-)

Gm+1' we postulate that
has a mass of order p:. and will contribute only above ..

iii) Survival Hypothesis: To discuss this

hypothesis, let us consider the above example. The question
Y

what is the mass of §~) %« . We postulate that, of o j
any set of multiplets which constitutes a full irreducible

representation under any of the groups G , n=0,1,2,...m-1

m-n
will acquire a mass corresponding to the mass scale breaking

the group G to G _., for example pm...., . unless

m-n-1
any sub-multiplet happens to be a pseudo-Goldstone boson.
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This is similar to the survival hypothesis discussed by
Georgi36 for the case of fermions.

We will now apply these criteria to the SU(16)-Higgs
multiplets, Let us take each multiplet, one by one for Chain
I. It is obvious that, since &:::\5 is involved in the first
stage, all its sub-multiplets have a mass of order MU and,
therefore, they do not contribute to coupling constant
evolution. Let us next consider the multiplet &}::;'\, that
breaks 80(12)q x SU(4)1 x U(l)B_L. Since it is the .
(78,10) component which acquires a non-zero V.E.V., its mass
will be of the order L Therefore, it will contribute to
b12 and b4 above Mc. All the remaining multiplets in
eq. (IV.31) are superheavy and are not relevant to us. Now,
let us assume that 16 breaks SU(2), x SU(2)p x U(l)g_,

Under SU(IZ)q x 80(4)1, 16 has the following

decomposition

16=(12,1) + (1,4) (IV.45)
where under SU(3), x SU(2), x SU(2) x U(Ll)g_y,

(1,4)=(1,2,1) + (1,1,2) . (IV.46)

It is the (1,1,2) which breaks SU(2)R x U(l)B_L,
therefore, (1,1,2) has a mass of order MR and will

contribute b and b . On the other hand, the

2R (B-L)
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nultiplet (1,2,1) will also have a mass of order Mo by
left-right symmetry. The (12,1) part of the multiplet will
be superheavy by the survival hypothesis (iii) above.

Let us finally consider multiplet 136 that breaks
80(2)L x U(l)Y to U(l)em. Under 30(12)q x SU(4)1,

the multiplet 136 has the following decomposition
136=(78,1) + (12,4) + (1,10) (IV.47)

To break SU(2)L x U(l)y, we use (1,10) and (78,1).
Therefore, by the survival hypothesis, (12,4) will acquire a
mass of order MU. Now, under 80(3)c X SU(Z)L X SU(Z)R

x U(I)B-L' multiplets (78,1) and (1,10) have the following

decompositions:

(78,1) = (3,1,1), + (3,1,1)_, + (6,3,1), + (1v.48)
(6,1,3), + (148,2,2),

(1'10) = (1'3’1)"6 + (1'1'3)6 + (1'2l2)° (IV.49)

The (1,2,2)0 parts in both eqgs. (IV.48) and (IV.49) will
acquire V.E.V.'s of order MwL and will give Dirac masses
to quarks and leptons. It is clear that the multiplets
(3,1,1,), (3,1,1), (6,3,1), (6,1,3), (8,2,2), (1,3,1) and
(1,1,3) will acquire mass of order Mc and will therefore

contribute to b12 and b4. There are two left-handed
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doublets with mass of order MR and two left-handed
doublets with mass of order ML. Thus, above MR' two
(1,2,2) multiplets contribute to bZL and bZR' whereas
above ML, two left-handed doublets contribute to sz.

We illustrate their effect only for the symmetry
breaking Chain I and the resulting mass scales are given in
Table VI. We have presented this simply as an illustration
and, in subsequent discussions, we will not use the
particular numbers reported. We will in the subsequent
section discuss phenomenological implications of this model
including dAifferent kinds of Higgs multiplets. The main
point we wish to make, however, is that the Higgs boson

effects on mass scales are not completely negligible.

IV.6 Spontaneous Symmetry Breaking and Predictions for

Baryon Non-Conservation

In this section we wish to include some comments on
the detailed mechanism for spontaneous breakdown via the
SU(12)q x SU(4), x U(l)\B\-\L\ route and its phenomen-
ological implications. We remind the reader that, in this
chain we will temporarily use two symmetric-adjoint
multiplets, Q\\::’ito break the group from SU(16) to StJ(lz)g
X 80(4)1 x U(l)\ﬂﬁm and then to SU(3)c x SU(Z)L x
80(2)R x U(l)B_L. To implement the first stage, we assign
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Aa AV K
<™ =5 (IV.50)

where index "a"™ runs over the leptons and antileptons (a =4,
8, 12, 16). The index goes over the quarks and antiquarks,
that is, J£ =1, 2,....15 and 4% a,

Now let us discuss which gauge bosons acquire mass at
a given stage. For that purpose, we fix the following
notation:

oLt s
y 2 A Tyele- 8 Color gluons,

‘Ti‘a PO Left and right-handed weak gauge
bosons,
?3 U(l)a—L gauge boson,
x5 (:*1'8'"" "' Lepto-quark bosons,
~y ‘r'; Diquark gauge bosons,
"‘f': °':=_~‘¢:‘; ‘ Dilepton gauge bosons.

Due to (1IV.50), 96 gauge bosons x; acquire mass of
order H'U Note that since the gauge bosons connecting
quarks and leptons of each flavor acquire mass of order
Mv)(to‘-uo‘)('n.\/ ,it is consistent with the present data
on K pe -

At the second stage of symmetry breaking, we
Lasy

ey with the following V.E.V. exists

assume that a second .Q

<,ueg Aeld V241

<& \L,4 7‘<§ \e'.s >~ _\;—% (IV.51)

d )
This gives mass to 144 gauge bosons including ‘fﬂ )Y:,
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but it does not give rise to any mixings between X,Y and Y'
gauge bosons. This is because V.E.V. in eq. (IV.5l)
conserves baryon and lepton numbers. In fact, we find that
in using multiplet 3&::35, it is difficult to get any baryon
non-conservation. The point {s that the only interesting
V.E.V. that leads to A%#> processes and breaks the symmetry

appropriately, is of type
COEER Y BT yre v

where we have used explicit fermion labels instead of
numerical indices. Note that we needed a multiplet with
antisymmetrical indices. 1f we had used symmetric indices,
then \ u~.dL\ would have given rise to an SU(2),
triplet and could not have a scale more than ML/lo. This
would conflict with our previous requirement that
&\.,.,\ Me (IV.53)
ﬁc b5>‘ T

A way to avoid this problem is to replace the
symmetric-adjoint multiplet at the second stage by the
antisymmetric-adjoint Higgs multiplet in addition to the
symmetric one. This will induce (B-L) conserving proton
decay via the diagram of Pigure 3. The amplitude is given by

od M% e

M(poew )y L€ (IV.54)
Me ML
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where & 1is the mixing parameter between the diquark and
lepto-quark gauge bosons. The proton lifetime constrains
MU to be larger than 1014 GeV unless is chosen
unnaturally small. Therefore, from this point on, we will
discuss physics for these values of MU.

Let us now look for A% %o processes with other
selection rules. Note that down to the scale MR' B-L is an
exact symmetry. Once we are below the scale MR' local B-L

symmetry is broken by
[V
<&q°o¢->= ———-c; (IV.55)

which obeys the selection rule A(B-L)=2. The combination of
AH(B-L)=2 and A(B-L)=0 selection rules produces both AB=2

37, as well as A(B+L)=0

processes, such as N-N oscillation
processes, such as " -»<X* decay. It appears that the
dominant contribution to N-N oscillations comes from the
graph in Figure 4. This graph is similar to the one noted in
Reference 38 and as already noted this leads to an extremely
slow N-N oscillation time,1h3>‘5‘° years. Thus in this model
N-N oscillation is suppressed. In fact, it appears to us
that N-N oscillation will always be suppressed in simple
SU(16) models for the following reasons. The only A(B-L)=2
V.E.V. allowed by charge conservation is that due to VuVg

condensate. This obeys AL=2 and .AB=0. Therefore, to

obtain A Ba2 processes, we must insert two WL{B-L)=0
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V.E.V.'s that break & B. The only such V.E.V.'s allowed by
d
color and electric charge conservation are <&:~A‘> » which
also gives rise to p=€%w decay. Roughly speaking, as an
2
order of magnitude estimate one obtains "Nﬁ ~ \M,_,t.g.\

leading to 4,53 1030

years. Of course, one way to avoid
such a small amplitude is to introduce very compli-
cated Higgs multiplets with six SU(16) indices, &...“oa
and to choose low unification mass. The allowed Higgs

self-coupling should be of the form

Qb“‘éﬁtbéstp aﬁAuscoev-

Setting (&u&.\«.h\>#o would lead to large N-N
oscillation amplitude.

The other A(B-L)=2 process which respects & (B+L)=0
selection rule arises from the Feynman diagram in Pigure 5
and leads to decays such as h-+ <" %', But these appear to

have a strength

M ~ G de ¥ u

A e~y — € M‘l S Vo 6 (IV.56)
“,

It thus appears that in the model discussed here, the

dominant proton decay mode is the B-L conserving

mode pP-+e™* , which has a life-time 1030

years., Finally,
we note that in the cases with low WR mass scale, an
outstanding signature will be provided by the existence of

neutrinoless double P-decay transitions in a manner similac
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31

to that discussed in earlier papers . Other processes in

the leptonic domain will be processes like F3¢i ¢ P B,

etc., as already discussed 31’39.

We close this part of our work with the following
conclusions and remarks:

1. Being a large group, SU(16), in general, allows
several intermediate mass scales, filling the gap between
102 GeV and unification energy. A single stage of symmetry

breaking, that is, without intermediate mass scales,

2

reproduces already known results for sin and "x’

Ow
which we reviewed in Chapter II. This is not much of a
surprise because SU(16) has a standard fermion content and
sin29w=3/8 in the symmetry limit. Therefore, this result
should be considered as a consistency check of our
calculations rather than a conclusion.

2. Our analyses of symmetry breaking with two inter-
mediate mass scales show that Chain II allowed a low value

for the scale of right-handed interactions, if

2

8in ew=.27 and ig-.lo - .12, The unification mass, in

5

this case, can be as low as 10 ~GeV.

<
3. Por the low unification mass, that is, Mu'~10 GeV,

the only possible baryon non-conserving process is N -N

7 8

oscillation, with Tu.5#2 10’ - 10" seconds.

14

4. Por unification mass bigger than 10 GeV, the

dominant proton decay mode is B-L conserving mode, with

30

lifetime ;,10 years. All other baryon non-conserving

processes are suppressed.
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Table 1.

lopresentations of SU(5)

Representation Dimension Anomalies Represcntations of SU(3) contained (n given representation
(21) 40 16 1 (200 A Qo)
1 2 2 4
(22) 50 15 (22) (21) Q1) (20) (10)
1 2 3 1 2 ¢
1) 45 6 100 @1y o) (1)
3 2 4 1
(32) 75 1] (200 (10) (22) (21) (1)
3 3 2 4 2
(41) 24 0 (10) (21) (20)
2 1 2
Representations of SU(6)
Representation Dimension Anomalies Representations of SU(5) contained in given representation
(21) 70 27 (21) (20) Q1) Qo)
1 1 1 1
(22) 105 40 22) (21) (1)
1 1 1
(31) 105 22 (31) (30) (21) (20)
1 1 1 1
32) 210 37 32) (31) (22) (21)
1 1 1 1
33) 178 0 (33) (32) (22)
1 1 1
(41) 84 4 (41) (40) (31) (30)
1 1 1 1
(42) 189 0 (42) (41) (32) (31)
1 1 1 1
(51) 35 0 (10) (41) (40)
1 1 1
Representations of SU(7)
Representation Dimension Anomalies Representations of SU(3) contained in given representation
21) 112 40 21 (20 @1 @9)
1 2 2 4
(22) 196 77 (22) (21) Q1) (20) Qo)
1 2 3 1 2
(31) 210 51 (31) (30) (21) (20) Q1) (10)
1 2 2 4 1 2
(32) 490 126 (32) (31) (22) (21) (30) (20) (11) Q0
1 2 2 4 1 2 2 1
(33) 490 77 (33) (32) (22) (31) (21) 1)
1 2 3 1 2 1
(41) 224 24 (41) (40) (1) (o) (21) (20)
1 2 2 4 1 2
(42) 588 63 (42) (41) (32) (31) (40) (30) (22) (21) (20)
1 2 2 4 1 2 1 2 1
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TARLE 1. (Conliaued)

Representations of SU®)

Representation Dimension Anomalies Representations of SU(5) contained in given representation
(43) 704 .0 (43) (42) (33) (32) (41 (31) (22) (21
1 2 2 4 1 2 2 1
(51) 140 1 (10) (41) (40) (31) (30)
1 2 4 1 2
(52) 392 0 (20) (10) (42) (41) (400 (32) (31) (O
1 2 2 4 2 1 2 1
(61) 48 0 (10) (41) (40) .
2 1 2
Representations of SU(8)
Represcntation Dimension Anomalies Representations of SU() contained in given representation
(21) 168 55 (21) (20) (11) Q0)
1 3 3 9
(22) 336 128 22) (1) (1 (20) (10)
1 3 6 3 8
(31) 378 96 {31) (30) (21) (200 QA (o)
1 3 3 9 3 9
32) 1008 294 (32) (31) (22) (21} (30) (200 (1) Qo)
1 3 3 9 3 9 8 9
(41) 504 75 (41) (40) (31) (30) @@ @0 (U1 Qo
1 3 3 9 3 9 1 3
(51) 420 20 (10) (41) (40) (31) (30) (21) (20)
1 3 9 3 9 1 3
{61) 216 -3 {10) (41) (40) (31) (30) -
3 3 9 1 3
(62) 720 [ (20) (10) (42) (41) (40) (32) (31) (30)
3 9 3 9 9 1 3 3
(71) 63 ] (10) (41) (40)
3 1 3
Representations of SU(9)
Representation Dimension Anomalies Represcntations of SU(J) contained 1n given representation
1) 240 72 (21) (20) 1L Qo)
1 4 4 16
(22) 540 195 (22) (1) (a1 @0 @Q0)
1 4 10 [ 20
(31) 630 160 31) (30) (21) (20) (1) (10)
1 4 4 16 6 24
(41) 1008 176 (41) (40) (3L (30) (21) (20} (11) (10)
1 4 4 16 6 24 4 16
(51) 1050 90 o) (41) (0 @1) @0) 21) (20) (1)
) 4 16 6 24 4 16 1
(61) 720 8 (10) (41) (40) (31) (30) (2l) (20)
4 6 24 4 16 1 4
(71) 315 -8 (10) (41) (40) (31) (30)
6 4 16 1 4
(81) 80 0 (10) (41) (40)
4 1 4
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TABLE I, (Continued)

Represcnlations of SU(10)

Representation Dimension Anomalics Representations of SU(5) contained 1n given representation
(21) 330 91 (21) (20) (11) (10)
1 8 1] 25
(22) 825 280 (22) (1) (11) (20) (10)
1 5 15 10 40
(31) 990 246 (31) (30) (21) (20) (11) (10)
1 5 5 25 10 50
(71) 1155 -14 (10) (41) (40) (31) @A0) (21) (20) .
10 10 %0 5 25 1 5
(81) 440 ~14 (10) (41) (40) (31) (30)
10 5 25 1 5
Representations of SU(11)
Representation Dimcension Anomalies Representations of SU(5) contained in given representation
(21) 440 112 (21) (200 (1) (10)
1 6 6 36
(91) 594 -21 {10) (41) (40) (31) (30)
15 6 36 1 6
Representations of SU(12)
Representation Dimcnsion Anomalies Representation of SU(5) contained in given representation
21 527 135 (21) (20) (1) (10)
1 7 7 49
{101) 780 -29 (10) (41) (40) (31) (30)
21 7 49 1 7
Representations of SU(13)
Representation Dimension Anomalies Representations of SU(5) contained in given representation
21) 728 160 (21) (20) Q1) (10)
1 8 8 64
(111) 1001 -38 (10) (41) (40) (31) (30)
28 8 64 1 8
Representation of SU(14)
Represcntation Dimension Anomalies Representatinng of SU(5) contalned in given represcntation
21) 810 187 (21) (20) (1) (10)

1 9 9 81
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Table II.

1
L BT R
I $U(9) V(L2 3% 6 (8,1 ,2 ,1 3 3
? (1%,2,3 ,4%) {19 ,3 ,1 ,1} 4
P2 03,40 (26,2 ,1 ,1} 7
t{l‘.z.,:} '(‘ } { [‘ [ B vl vl ) 3
' Pait,2 .3 ,4%) {14 ,2 ,1 ,1 1} 3
L1T,2 0,3 ,40) (9 1,00 6
|{|",z‘,3,4) (9,1 .1 ,1 ) 4
Table III.
L.iU(_.N) {ml.n_xz,mé } {CZ'CJ} g
L N .
SU(7) l{l 2,3 {Cy,1),2eC €8
‘ (€ 2h, €5
f {Cy,3), C,85
(3,44 , (2,5}
; {1,C,),26C.<5 |
SU(8) : {l.C3} C3<3 g=Cy+C3(N-6) i.
{Cy, 1}, C,€6 ;
(2,3}, (3,2 ;
SL(9) (Cz.l} , Czss i
(C,,2) €43
SU(lo) | {C,,C4},C,4C 85,C,82
SU(lowl) ; {CZ.H ,Czss-i,l(i(é
su(ls) (1,1}
_ v (N=6) (N=3)
! € =Co (N=0)4C 2o
SU(9)  11%.2 L4 {C,.C},0,45,0 &2
SuU(lo) {Cz.l} .C2‘2 g=C2+C3‘N-5;(J-8)
N (N-8) (N-3)
Cl (N 4)(C2+C3-—-———6 )
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Table IIT. (Continued)

SU(N) {ml.mz.m.‘) (C|‘Cg‘c'}} ! ;j
SU(7) (15,2931 ¢ (5e2i,1,48i),ci82 o
(4,2,5) |
SU(8) L {6%51,1,2¢i), 082 1
o (8,3,4), {7,2,3) "(.’.’ i
SU(9) | 17,4030 ,(13,1,2) “’Q
L13,3,2) ,{22,1,2) s
‘ {17,2,3) o
su(lo) {8,1,1} ,{22,1,2) f
Su(11) | {19,3,2) , (6,2,1)
% {13,1,1} ,(33,1,2} f !
SU(13) = {849i,3-i,1} o¢ie2 '
SuU(l14) {6%101,4-1,1} o0si¢3 l
SU(15) l{lomi,a-i.n} 0ei) |
SU(16) ; (5+12i,5-1,1] ocig3
SU(17) L {51,2,1) ,{64,1,1})
SU(lo) {1,2%,3} { {2,5,2} 6
SU(13) ' {1,6,1} 5
Su(14) {6,5,1} 6
SU(C15) (1,5,1) 7
SU(9) (1*,2%4}) ! {5,1,2} 3
su(lo) {2,2,1} 3
(8,1,1} 4
su(11) (7,3,1} 6
(16,2,1} 7
L {21,1,1} . 8
SU(9) 0,3 “'- ey oo e
{1, 3%,4) {13,2,1} 4|
L] A J
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Mass W

s N NN

LT -

N b

1
.8x10

12
.5x10

10
.8x10

0

6
.8x10
6
.8x10
6
.8x10
2
.1x10
2
Ax10
2
Lx10
?
L1x10
11
.3x10
9
.7x10
9
Ix10
6
.2x10
6
.2x10
6
.2x10
2
.7x10
2
.7x10
2
.7x10
2
.71x10

Mass MC
14
6.7x10
1h
4.9x10
16
9.5x10

8
5.1x10

4

ll
2.6x10

16
5.1x10

2
5.2x10

8
2.7x10

+

ll
1.4x10

16
2.7x10

L
5.6x10
h

|
4.1x10

16
7.9x10

8
4.2x10

14
2.2x10

16
4.2:10

2
4.3x10

;)
2.2x10

4

1t
1.2x10

16
2.2x10

Table IV.

- -81-

Ui f . Mass

15
10

15
10

17
10

10
10
15
10
17
10
5
10
10
10
15
10
17
10
15
10
15
10
17
10
10
10

15
10

17
10

5
10

10

10
15

10

17
10

Sin

o € o o

.22

.25

o O O o © ©o o ©c o o oo o o o<

.25

.23
.23
.25
.25

.27
.27
.27
.27
.22 )
.23

.25
.25

.27
.27
.27

7

(

27 |

ae=0.11

.=0.12



Table V.

Mass MR Mass MC Sin Oy
1.2x10 " 6.3x10 " 0.22
4.0x10"° 1.1x10"° 0.23
1.3x10"° 1.9xi0"° 0.24
4.4x10"7 3.3x10"° 0.25
1.5x10 7 5.7x10 ' 0.26
4.9x10 " 9.9x10 "> 0.27
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Table VI.

. .2

Mass NR Mass MC Unif.Mass Sin 0N

4.1x101° 9.6x10'" 10!° 0.23 )

6.6x107 4.3x10° 1010 0.25

5.3x10° 7.9x101" 101> 0.25

1.2x10° 1.0x10!7 1017 0.25

7.0x10? 1.7x103 104 0.27 | o]
3 “ 105 0.27 S

1.1x10 1.9x10 .

8.6x10° 3.5x10°? 10190 0.27

7.0x10" 6.4x101" 1013 0.27

1.6x10° 8.2x101* 1017 0.27 |

1.7x10!? 8.1x10'" 101° 0.23]

2.7x107 3.1x10° 1019 0.25

2.2x10% 7.4x101" 1013 0.25

5.1x10° 9.4x10'°® 1017 0.25

2.9x10% 1.6x103 10" 0.27 012

, . . . zf? ag=0.

4.4x10° 1.8x10 10 )

3.6x10°3 3.3x10° 1010 0.27

2.9x10" 6.0x10!" 10153 0.27

6.6x10" 7.7x1018 10!7 0.27,
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