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INTRODUCTION

A M atroid  M = (E , J )  i s  a f i n i t e  s e t  E t o g e t h e r  w ith  a nonempty 

fa m ily  J  o f  s u b s e t s  o f  E, c a l l e d  in d ep en d en t s e t s , such  th a t :

( i )  E very su b se t  o f  an in d ep en d en t s e t  i s  in d ep en d en t.

( i i )  F or ev ery  A £  E, a l l  maximal in d ep en d en t s u b s e t s  o f  A have

th e  same c a r d i n a l i t y ,  c a l l e d  th e  rank o f  A and d en o ted  by r (A ) .

The ab ove a x io m a t iz a t io n  i s  due t o  Edmonds [ 8 ] ,

E v id e n t ly ,  m a tro id s  g e n e r a l i z e  th e  n o t io n  o f  l i n e a r  in d ep en d en ce  in  

v e c to r  sp a c e s  ( [ 1 9 ] ) .  They a l s o  have proved  p a r t i c u la r ly  u s e f u l  in  g en era ­

l i z i n g  c e r t a in  th eorem s ab out grap h s ( [ 1 8 ] )  and th eorem s i n  c o m b in a to r ia l  

o p t im iz a t io n  ( [ 9 ] ) .  On th e  o th e r  hand, one may v iew  m a tro id s  a s  p r im a r ily  

g eo m etr ic  s t r u c tu r e s  by s tu d y in g  th e  r e la t i o n s  among th e  c lo s e d  s e t s  ( [ 6 ] ) .

Thus m a tro id s  p r o v id e  a  u n ify in g  them e f o r  many a r e a s  o f  com binato­

r i c s .  In  t h i s  d i s s e r t a t io n  we w i l l  show some i n t e r e s t i n g  c o n n e c t io n s  be­

tw een  m a tro id s  and th e  th e o r y  o f  B a la n ced  In co m p lete  B lo ck  D e s ig n s  (B IB D 's),

fo l lo w in g  Young ( [ 2 1 ] ) .

Any maximal in d ep en d en t s u b s e t  o f  a s e t  A £  E i s  c a l l e d  a b a s i s  

o f  A . A b a s i s  o f  M i s  j u s t  a b a s i s  o f  E.

A k -  f l a t  i s  a maximal s e t  h a v in g  rank k .

A h y p erp la n e  i s  an (r (E )  -  1 )  -  f l a t ,  i . e .  a maximal s u b se t  o f

E c o n ta in in g  no b a s i s  o f  E.

M = (E ,c9) i s  c a l l e d  a M atroid  D e sig n  (MD) i f  a l l  h y p e rp la n es  

h ave th e  same c a r d in a l i t y ,  d en o ted  by k .

M i s  a  P e r f e c t  M atroid  D e sig n  i f  f o r  ev e r y  h , a l l  h  -  f l a t s  

a r e  e q u ic a r d in a l;  f o r  s h o r t  we r e f e r  t o  them a s  PMD's.

MD's and PMD's p r o v id e  an i n t e r e s t i n g  g e n e r a l i z a t io n  o f  c l a s s i c a l  

p r o j e c t iv e  and a f f i n e  g e o m e tr ie s .

O th er  exam ples o f  PMD's: t  -  d e s ig n s  (X = 1 )  and a f f i n e  t r i p l e  s y s ­

tem s ( [ 2 2 ] ) .  P e r f e c t  m a tro id  d e s ig n s  a re  h ig h ly  com plex  and b e a u t i f u l  

s t r u c t u r e s ,  b u t v ery  d i f f i c u l t  t o  f in d .  M urty, in  [ 1 5 ] ,  p o sed  th e  problem  

o f  c h a r a c t e r iz in g  a l l  MD's on a s e t  o f  c a r d in a l i t y  v , h a v in g  rank r

and c a r d in a l i t y  k . In  [ 2 l ] ,  Young d ev e lo p e d  m ethods f o r  s o lv in g  t h i s  problem
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and g ave  a co m p lete  s o lu t io n  f o r  th e  c a s e  v -  k = p, p o r  pq, 

w here p and q a r e  p rim es and p <  2 q /3  + 1 (e x c e p t  f o r  pq = 6 o r  

1 5 ) and a l l  ranks r .  The prim e f a c t o r i z a t io n  o f  th e  number v  -  k tu r n s  

o u t t o  be a  c r i t i c a l  p aram eter  o f  th e  problem , and w i l l  be c a l l e d  th e  

in d e x  o f  th e  m atro id  d e s ig n .

Our main o b j e c t iv e  i s  to  e x te n d  Y ou n g's work by c h a r a c t e r iz in g  

a l l  m a tro id  d e s ig n s  h a v in g  rank 3 and prim e power in d e x . M atroid  d e s ig n s  

w ith  prim e power in d e x  a re  p a r t ic u la r ly  i n t e r e s t i n g  b eca u se  th ey  in c lu d e  

th e  c l a s s  o f  c l a s s i c a l  p r o j e c t iv e  g e o m e tr ie s .  S p e c i f i c a l l y ,  ev e ry  p r o je c ­

t i v e  geom etry  o f  d im en sio n  n and o r d e r  q i s  a p e r f e c t  m a tro id  d e s ig n  

o f  rank n + 1 and in d e x  q11. Thus m a tro id  d e s ig n s  o f  prim e power in d e x  

a r e  a  r a th e r  s p e c ia l  g e n e r a l i z a t io n  o f  p r o j e c t iv e  g e o m e tr ie s ,  and i t  i s  

o f  i n t e r e s t  t o  ask  what o th e r  s t r u c tu r e s  m ight th e y  encom pass?

In  C hapter I  we s h a l l  answ er t h i s  q u e s t io n  f o r  rank 3 , and in  so  

d o in g  we f in d  th a t  a l l  such  MD's a r e  e i t h e r  t r i v i a l  m a tro id s  o r  a r i s e  

from  p a r t ic u la r  c l a s s e s  o f  BIBD 's and P a r t i a l l y  B alanced  In co m p lete  

B lo ck  D e s ig n s .

B oth  o f  th e s e  c l a s s e s  tu rn  o u t t o  be c l o s e l y  r e la t e d  t o  u n i t a l s  

c o n s tr u c te d  from  f i n i t e  f i e l d s .  In  th e  seco n d  c h a p te r  we c o n s id e r  c e r t a in  

p r o p e r t ie s  o f  u n i t a l s  and p r e s e n t  a method f o r  c o n s tr u c t in g  a c e r t a in
3

u n i t a l  on  5 + 1  p o in t s ,  w h ich  i s  n o t  iso m o rp h ic  t o  th e  on e a r i s i n g  in

th e  c o n te x t  o f  u n ita r y  p o l a r i t i e s .  T h is  method o f  c o n s tr u c t in g  u n i t a l s  

i s  q u i t e  g e n e r a l ,  b ut i t  h a s n o t b een  p o s s ib l e  so  f a r  t o  c a r r y  i t  o u t  f o r  

l a r g e r  c a s e s .

The t h ir d  c h a p te r  d e a ls  w ith  th e  c o n s t r u c t io n  o f  c e r t a in  c l a s s e s  

o f  d e s ig n s  needed  t o  r e a l i z e  th e  MD's found in  C hapter I .  C om p osition  

th eorem s o f  c o n s id e r a b le  g e n e r a l i t y  f o r  t r a n s v e r s a l  d e s ig n s  a re  d e v e lo p e d .  

T h ese  a r e  u sed  t o  c o n s tr u c t  c e r t a in  s e r i e s  o f  t r a n s v e r s a l  d e s ig n s  and 

B IB D 's w h ich  appear t o  be new, and w h ich  in c lu d e  a s  p a r t ic u la r  c a s e s ,  

some o f  th e  d e s ig n s  u sed  in  c o n s t r u c t in g  m atro id  d e s ig n s  o f  prim e power 

in d e x .  T h is  s e r i e s  o f  BIBD 's a c t u a l ly  p r o v id e s  an i n t e r e s t i n g  g e n e r a l i ­

z a t io n  o f  th e  c l a s s i c a l  f i n i t e  p r o j e c t iv e  g e o m e tr ie s .  F in a l ly ,  some p a r t i ­

c u la r  c o n s t r u c t io n s  o f  t r a n s v e r s a l  d e s ig n s  a re  d e s c r ib e d .
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CHAPTER I

RANK 3 MATROID DESIGNS OF PRIME POWER INDEX 

We u s e  th e  m ethods o f  Young [ 2 1 ] ,

We f i r s t  m ention  th e  fo l lo w in g  b a s ic  f a c t s  about f l a t s :

Theorem 1 .1  I f  M i s  a rank n m atro id  and F*, a re  two f l a t s  

o f  M h a v in g  ranks i ,  k , r e s p e c t iv e ly ,  w here 0  ^ i  < k ^ n and

F1 c  Fk , th e n  Fk -  F* i s  p a r t i t io n e d  by th e  s e t s  o f  form F -  F*, w here

Fi+ 1  i s  an ( i + l ) - f l a t  c o n ta in in g  F* and c o n ta in e d  in  Fk .

F or p r o o f , s e e  [ 2 1 ] ,  p . 5 .

A c i r c u i t  in  a m a tro id , i s  a m inim al dep en dent s e t .

G iven  a m atro id  M = (E, J )  w ith  b a s i s  fa m ily  IB, th e  d u a l o f  M, 

d en o ted  by M* = (E , «?*), i s  th e  m atro id  w ith  b a s is  fa m ily :

ft* = | e  -  B : B € ft}

I t  i s  c l e a r  th a t  A* € .9* i f f  E -  A* c o n ta in s  a b a s is  B € ft. 

T h e r e fo r e  a  c i r c u i t  o f  M*, i . e .  a m inim al d ep en d en t s e t  in  M*, i s  p re­

c i s e l y  th e  com plem ent o f  a h y p erp la n e  in  M. The c i r c u i t s  o f  M* a re  a l s o  

c a l l e d  c o c i r c u i t s  o f  M.

In  a m atro id  d e s ig n , a l l  c o c i r c u i t s  have th e  same c a r d i n a l i t y ,  w h ich  

we c a l l  th e  in d e x  o f  th e  m atro id  d e s ig n  and d e n o te  by y .

M atroid  d e s ig n s  may be a x io m a tiz e d  a s  f o l lo w s  ( t h i s  i s  a co n seq u en ce

o f  th e  u s u a l h y p erp la n e  axiom s f o r  m a tr o id s , [ 2 1 ] ,  p .  3 ) :

A c o l l e c t i o n  M o f  s u b s e t s  o f  a  f i n i t e  s e t  E i s  th e  h y p erp la n e

fa m ily  o f  a m a tro id  d e s ig n  on E, i f  and o n ly  i f :

( 1 )  F or some k <  | e J , | h | = k f o r  ev e ry  H € It.

( 2 )  F or e v e r y  d i s t i n c t  H2 € ft and x  J?  fl H2> th e r e  e x i s t s

H € It su ch  th a t  H 2  { x }  u n h 2) .



We w i l l  d en o te  th e  h y p erp la n e  fa m ily  o f  a m a tro id  by W.

L et E' £  E and l e t  J '  = -^J1 £  E* : J 1 U J € ejj- f o r  some b a s is

J  o f  E -  E ' .  (E ' ,  J * )  i s  a l s o  a m a tro id , c a l l e d  th e  c o n tr a c t io n  o f  M

t o  E' and d en o ted  by M*E'.

A s e p a r a to r  o f  a m a tro id  M = (E, *9) i s  a s u b s e t  S £  E such

t h a t  S £ H  o r  E -  S £  H f o r  any H £ W.

I t  i s  e v id e n t  from th e  d e f i n i t i o n  th a t  th e  i n t e r s e c t i o n  o f  any num­

b e r  o f  s e p a r a to r s  i s  a s e p a r a to r  and th e  com plem ent o f  a s e p a r a to r  i s  a 

s e p a r a to r .  H ence th e  m inim al nonempty s e p a r a to r s  o f  M p a r t i t i o n  E.

Where S i s  a s e p a r a to r , M*S i s  c a l l e d  a component o f  M. M i s  

s a id  t o  be co n n ec ted  i f  M i s  i t s  s o l e  com ponent.

I f  M h a s th e  com ponents Mj, Mg, . . .  , Mr , th en  any h y p erp la n e

o f  M i s  a u n io n  o f  ty p e  M̂  U Mg U . . .  U H.̂  U . . .  U Mr , w here H.̂  i s

a h y p erp la n e  o f  .

I f  M i s  a m atro id  d e s ig n  w ith  h y p erp la n e  c a r d in a l i t y  k and

E' £  E, th en  M*E' i s  a m a tro id  d e s ig n  w ith  h y p erp la n e  c a r d in a l i t y  

k -  |E  — E * |. H ence ev e ry  com ponent o f  a m atro id  d e s ig n  i s  a m atro id  

d e s ig n .  S in c e , on  th e  o th e r  hand, a m a tro id  i s  e a s i l y  d eterm in ed  by i t s  

com ponents, i t  s u f f i c e s  t o  r e s t r i c t  ou r  a t t e n t io n  t o  co n n ec ted  m atro id  

d e s ig n s .

We w i l l  d en o te  by TUn ( y ) ,  th e  fa m ily  o f  a l l  c o n n ec ted  m atro id  

d e s ig n s  h a v in g  rank n and in d e x  y .

L et M be a  m a tro id . The 0 -  f l a t  o f  M i s  u n iq u e and c o n s i s t s  

o f  a l l  e le m e n ts  n o t c o n ta in e d  i n  any b a s i s  o f  M. Such e le m e n ts  a re  c a l l e d  

l o o p s . The s e t  o f  a l l  lo o p s  i s  a s u b s e t  o f  ev e ry  f l a t ^  Hence we may e x c lu d e  

a l l  lo o p s  from M w ith o u t e s s e n t i a l l y  a l t e r i n g  th e  s e t - r e l a t io n s h ip s  

among th e  f l a t s .  We s h a l l  a lw a y s assum e in  th e  s e q u e l th a t  M h a s  no lo o p s .

The 1 -  f l a t s ,  o r  p o in t s  o f  M, p a r t i t i o n  ev e ry  f l a t  o f  M.

An m -  p o in t  i s  a p o in t  h a v in g  c a r d i n a l i t y  m, and i t  i s  s a id  to  be a 

s im p le  p o in t  i f  m = 1 .

A 2 -  f l a t  i s  c a l l e d  a l i n e .

In  g e n e r a l ,  a s im p le  f l a t  i s  a f l a t  w hose c a r d in a l i t y  e q u a ls  i t s  

ran k . A s im p le  m atro id  i s  a m a tro id  a l l  o f  w hose p o in t s  a re  s im p le .

S im ple m a tro id s  h ave b een  c a l l e d  " C om b in atoria l G eom etries"  by 

Crapo and R ota [ 6 ] ,  who r e le g a t e  m a tro id s  t o  th e  r o le  o f  " p re g eo m e tr ie s" .  

They ta k e  th e  v iew  th a t  th e r e  i s  no l o s s  o f  g e n e r a l i t y  in  s tu d y in g  o n ly  

th e  c l a s s  o f  s im p le  m a tro id s; but th a t  t h i s  i s  n o t th e  c a s e  i s  se e n  from



8

th e  s im p le  f a c t  t h a t  t h i s  c l a s s  i s  n o t c lo s e d  u nd er th e  o p e r a t io n  o f

c o n t r a c t io n .  C o n tr a c tio n  tu r n s  o u t t o  be one o f  th e  most u s e f u l  te c h n iq u e s

f o r  s tu d y in g  m a tro id  d e s ig n s ,  and o f  c o u r s e , th e  c a r d i n a l i t i e s  o f  th e  

p o in t s  o b ta in e d  i s  e s s e n t i a l  in  d e s c r ib in g  th e  m a tro id  a s  a  m a tro id  

d e s ig n .

L et M be a m a tro id  on a s e t  E , w ith  h y p erp la n e  fa m ily  W, 

and or a p o s i t i v e  i n t e g e r .

F or ea ch  x  € E we ch o o se  an o' -  s e t  Sx> such  th a t

S fl S , = 0  f o r  any d i s t i n c t  x , x ’ € E . Then we have a m atro id  M’
x x

M’ i s  c a l l e d  an o' -  i n f l a t i o n  o f  M and we w i l l  d en o te  i t  

by o»M. M i s  an  a  -  d e f l a t i o n  o f  M*.

F or ev e r y  p a ir  o f  in t e g e r s  v , k , such  t h a t  v >  k S 0 , th e r e

e x i s t s  a p e r f e c t  m atro id  d e s ig n  M on v  e le m e n ts , w ith  h y p erp la n e

s i z e  k; l e t  E be a v  -  s e t  and J  th e  c o l l e c t i o n  o f  a l l  s u b s e t s

o f  E h a v in g  c a r d i n a l i t i e s  a t  m ost k + 1 .  Then M = (E , e9) i s  a p e r ­

f e c t  m a tro id  d e s ig n .  I t s  h y p e rp la n es  a re  a l l  hhe k -  s u b s e t s  o f  E.

Any a  -  i n f l a t i o n  o f  such  a m a tro id  i s  c a l l e d  an (a ,  k , v ) -  

t r i v i o i d , d en o ted  by ct(ctr, k , v ) .

We w i l l  d en o te  by ^ ( y ) ,  th e  su b fa m ily  o f  ^ ( y )  c o n s i s t i n g  

o f  n o n t r iv ia l  m a tr o id s .

The problem  o f  c o m p le te ly  d e s c r ib in g  th e  s t r u c tu r e  o f  a l l  m atro id  

d e s ig n s  w ith  g iv e n  rank and in d e x  i s  c a l l e d  th e  c h a r a c t e r iz a t io n  problem  

f o r  m a tro id  d e s ig n s  ( [ 2 1 ] ) .

L et now M be a  rank n m a tro id  on a s e t  E and l e t  P(m) be  

a rank 1 m a tro id  c o n s i s t i n g  o f  a s i n g l e  m -  p o in t ,  w here P(m) f| E = 0 .  

I f  3?n_ 2  i s  th e  fa m ily  o f  (n  -  2 )  -  f l a t s  o f  M, th e  h y p erp la n e  fa m ily

o f  a rank n m a tro id  on  E U P(m) c o n s i s t s  o f  th e  h y p erp la n e  fa m ily  

o f  M and o f  a l l  s e t s  o f  form:

T h is  m a tro id  i s  c a l l e d  th e  one -  p o in t  e x t e n s io n  o f  M by P(m) 

and d en o ted  by M © P (m ).

on  th e  s e t  E’ = U S , w ith  h y p erp la n e  fa m ily  
x€E



Every co n n ec ted  rank 1 m atro id  d e s ig n  i s  a  t r l v i o i d ,  s in c e  0 

i s  th e  o n ly  h y p e r p la n e . L ik e w ise , ev e r y  co n n ec ted  rank 2 m a tro id  d e s ig n  

i s  a t r i v i o i d ,  f o r  th e  h y p e rp la n es  a r e  th e  p o in t s .  T h e r e fo r e , f o r  ev e ry  

Y, ^i(Y) = fi2<Y) = 0 •
On th e  o th e r  hand, i t  i s  known th a t  ^ ( Y )  = 0  some n ^ 3

00

im p l ie s  ^ ( Y )  = 0  f o r  any m s  n ( [ 2 1 ] ,  p . 1 1 ) .  Hence U ^ ( Y )  = 0
n=3

i f f  ffigCY) = 0 .

More g e n e r a l ly ,  i t  was shown in  [2 1 ]  th a t  i f  th e r e  e x i s t  a few  

n on isom orp h ic  m a tro id s  i n  ^ 3 <Y)» th e n  i t  i s  fr e q u e n t ly  p o s s ib l e  t o  

d e s c r ib e  c o m p le te ly  th e  members o f  ^ ( y )  f o r  e v e ry  n .

T h is  j u s t i f i e s  s tu d y in g  th e  s tr u c tu r e  o f  ft3 (Y) in  d e t a i l .  In  

[ 2 1 ] ,  th e  s t r u c tu r e  o f  m a tro id s  in  tog(pq) h a s b een  s tu d ie d ,  w here p 

and q a re  p r im es .

We tu rn  o u r  a t t e n t io n  now t o  th e  stu d y  o f  th e  c l a s s  ^ ( p 11) ,  

w here p >  1 i s  a p r im e.

As we have m ention ed  i n  th e  I n tr o d u c t io n , t h i s  c l a s s  c o n ta in s  

th e  p r o j e c t iv e  p la n e s .

PG(n, q )  and A G (n ,q) w i l l  mean, th rou gh ou t t h i s  p a p er , th e

p r o j e c t iv e  and a f f i n e  geom etry , r e s p e c t iv e ly ,  o f  o r d e r  q and d im en sio n

n , o v e r  th e  f i n i t e  f i e l d  G F (q ).

I t  tu r n s  o u t th a t  th e  c l a s s  tft3 (pn ) can  be e x h a u s t iv e ly  

d e s c r ib e d  i n  term s o f  t r i v i o i d s ,  BIBD's and t r a n s v e r s a l  d e s ig n s .

By a B a la n ced  In co m p lete  B lock  D e sig n  (BIBD) w ith  p aram eters  

v , k , X ^ (v , k , X) -  BIBD f o r  sh o r t^ , i s  meant a v -  s e t  E and a 

sy stem  B o f  k -  s u b s e t s  o f  E, c a l l e d  b lo c k s , such  th a t  any two 

e le m e n ts  o f  E o c c u r  t o g e th e r  in  X b lo c k s .  By a sy stem  we mean an 

in d ex e d  c o l l e c t i o n  o f  s e t s  w ith  r e p e t i t i o n s  a llo w e d .

In  [ 2 1 ] ,  p . 27 , a T r a n s v e r s a l D esig n  i s  d e f in e d :

L et $  be a  c o l l e c t i o n  o f  nonempty s u b s e t s  p a r t i t i o n in g  a f i n i t e

s e t  E. A s u b s e t  T o f  E such  th a t  |t H s| ^ 1 f o r  ev e r y  S € S i s

s a id  t o  be a p a r t ia l  t r a n s v e r s a l  (PT) o f  §  and |t | i s  i t s  l e n g t h .

A t r i p l e  (E, S, S’) i s  a t r a n s v e r s a l  d e s ig n  w ith  p aram eters t ,

v , s ,  k, X, w here v  ^ k ^ t  ^ 2, s  s 1 , X ^ 1 , i f :
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( i )  §  i s  a fa m ily  o f  v nonempty d i s j o i n t  s u b s e t s ,  c a l l e d  g r o u p s , 

th a t  p a r t i t i o n  th e  f i n i t e  s e t  E and | s |  = s  f o r  a l l  S € § .

( i i )  H i s  a sy stem  o f  P T 's o f  S such  th a t  | t | = k f o r  ev e ry  

T € S’.

( i i i )  e v e ry  FT o f  le n g th  t  i s  c o n ta in e d  in  e x a c t ly  X members 

o f  3 .

F or sh o r t  we r e f e r  t o  any such  t r i p l e  (E , § ,  31) a s  a 

TDt ( v ,  s ,  k , X) and t o  any t r a n s v e r s a l  d e s ig n  in g e n e r a l  a s  a TD* o r  

j u s t  TD. The members o f  S a re  c a l l e d  b lo c k s .

For any rank 3 m a tro id , th e  h y p e rp la n es  a r e  th e  2 -  f l a t s ,

i . e .  th e  l i n e s .  In  th e  fo l lo w in g  d is c u s s io n  we s h a l l  c o n s i s t e n t l y  

r e f e r  t o  h y p e rp la n es  a s  " l in e s " .

F or any p o in t  o o f  a m a tro id  M € fi\3 (v )  on a s e t  E, l e t

be th e  s e t  o f  l i n e s  c o n ta in in g  o . Then, by theorem  1 .1 ,  th e  s e t s

H -  -j^a| where H € ifQ , p a r t i t i o n  E -  ■[<*}• H ence:

(k  -  | o | ) | ( |E | -  | q| )  , o r ,  n o t in g  th a t  | e | -  k = Y ,

(k  -  | o | )  | Y.

But k -  |a |  ^ Y • To s e e  t h i s ,  su pp ose k -  |a |  = Y f o r  some

p o in t  a. Then ( | e | -  | a | ) / ( k  -  | q| )  = 2 , so  a i s  c o n ta in e d  in

p r e c i s e l y  two l i n e s  o f  M , say  Hj and Hg.

L et > . . .  , and H2 = ^ 1 ’ *** ’ *

Hj U H2 = E and s in c e  e v e ry  two p o in t s  a re  c o n ta in e d  in  a

u n iq u e l i n e ,  {v bj} i s  a l i n e  f o r  a l l  i ,  j  .

Thus:

f o r  i  = 1 , 2 , . . .  , u and j  = 1 , 2 , . . .  , v . 

From th e s e  e q u a l i t i e s  i t  f o l lo w s  th a t :

j c t j  = . . .  = | a j  = a  ( s a y )  and Ib-J = . . .  = |b v | = 0  ( s a y ) .  Then:

k = | a | + ua' = | a | + v 0 = a  + P .

Thus: 0 = |a |  + (u  -  l ) a  and:
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|o |  + uO' = |a |  + vg = | a |  + v |o |  + v (u  -  1 ) a  , whence:

ua = v |o |  + v (u  -  l ) a  , w h ich  im p l ie s  u >  v (u  -  1 )  . But t h i s  in e q u a l i t y

i s  tr u e  o n ly  i f  u = 1 o r /a n d  v = 1 .

I f  u = 1 , th e  h y p e rp la n es  o f  M a re : = | a ,  o-̂ j- , H2 = |c t ,

b j ,  . . .  , bv}  , ^a1 , bjJ- , . . .  , * [ ,  by|  and i t  f o l lo w s  im m ed ia te ly

t h a t  M  i s  a s e p a r a to r  o f  M , c o n tr a r y  t o  th e  h y p o th e s is  th a t  M

i s  c o n n e c te d .

S im ila r ly  i f  v  = 1 , w h ich  co m p le te s  th e  p r o o f .

T h e r e fo r e , i f  f o r  ev e r y  l i n e  H and number d , w here 1 ^ d ^ k ,
u

we l e t  Xj d en o te  th e  number o f  (k  -  d ) -  p o in t s  c o n ta in e d  in  H ,d

we g e t :

( 1 . 1 ) |h |  = k = S  (k  -  d )x “
d |v
d^Y

I f  Y = pD > ( 1 .1 )  becom es:

( 1 . 2 ) (k  -  l ) x 1 + (k  -  p ) x 2 + . . .  + (k  -  PU~ 1 )x n = k ,

w here x̂  ̂ d e n o te s  th e  number o f  (k  -  pi _ 1 ) -  p o in t s  c o n ta in e d  i n  H.

F or e v e ry  l i n e  H , th e r e  e x i s t s  a s o lu t io n  (x^ , . . .  , xQ) t o

( 1 . 2 ) .  H ence, i n  o r d e r  t o  e s t a b l i s h  ^ ( p 11) , we w i l l  p u rsu e  a d io p h a n t-  

i n e  a n a ly s i s  o f  ( 1 . 2 ) .

We f i r s t  n o te  th a t  x^ >  2 i s  im p o s s ib le ,  b eca u se  ( 1 .2 )  y i e l d s

k 5  (k  -  l ) x 1 , o r  x 1 >  2 w ould  im p ly  k >  2 (k  -  1 ) , i . e .  k <  2 ,

w h ich  i s  im p o s s ib le .

So l e t  x^ = 2 . As b e fo r e ,  we o b ta in  from ( 1 .2 ) :

k s  ( k -  l ) x ^  = 2k -  2 , w hence k ^ 2 and h en ce  k = 2 . ( 1 . 2 )

re d u ce s  to :

2 + (2  -  p )x 2 + . . .  + (2  -  pn 1 )x Q = 2 

H ence x_  = . . .  = x  = 0  and H c o n s i s t s  o f  2 s im p le  p o in t s .a XI

But th e n  a l l  p o in t s  o f  M must be s im p le , b eca u se  any l i n e  c o n ta in s  a t
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l e a s t  two p o in t s  and h a s  c a r d in a l i t y  2 .

T h e r e fo r e  we have o b ta in e d  a cr (l, 2, pn + 2 ) .

L et now = 1 . ( 1 .2 )  becom es:

( 1 .3 )  (k  -  p )x 2 + (k  -  p 2 ) x g + . . .  + (k -  pn” 1 )x n = 1

I f  k s  p , ( 1 . 3 )  becom es 0 = 1 ,  ab su rd . H ence k > p . Let

t  be th e  l a r g e s t  n a tu r a l  number such th a t  p* <  k and l e t :

m = m in ( t , n  -  1 )  .

H ence pm <  k and ( 1 .3 )  re d u ce s  to :

( 1 .4 )  (k  -  p )x 2 + (k  -  p 2) x 3 + . . .  + (k -  Pm)x m+1 = 1

( 1 .4 )  shows th a t  o n ly  one o f  x 2 , Xg, . . .  , xm+1 can  be non­

z e r o ;  m oreover, th e  n o n zero  x^ must eq u a l 1 . So we o b ta in :

(k  -  p^"*^)x. = 1 , i . e .  k = p^ 1 + l ,  where j  s a t i s f i e s
J

1 2  j  ^ m + 1 .
m j j  jjj

On th e  o th e r  hand, k > p  , i . e .  pJ + l > p  , w h ich  in

tu rn  im p l ie s  j  2: m+1. T h e r e fo r e  j  = m + 1 and we c o n c lu d e  t h a t  th e  

o n ly  s o lu t io n  o f  ( 1 .4 )  i s :  x 2 = . . .  = x m = 0  , xm+1 = 1 .

H ence k = pm + 1 and th e  l i n e  H c o n s i s t s  o f  one pra -  p o in t  

and one s im p le  p o in t .

Now M can n ot c o n ta in  any o t h e r  n on sim p le  p o in t ,  b eca u se  any 

tw o p o in t s  l i e  i n  one l i n e ,a n d  th e  common c a r d in a l i t y  o f  a l l  l i n e s  must

be pm + 1 . H ence M i s  o f  form:

(pn + 1 , pm + 1 , 1 )  -  BIBD © P (p m) , f o r  ea ch  m = 1 , 2 , . . .  , 

n -  1 f o r  w h ich  th e  BIBD e x i s t s .

L a s t ly ,  l e t  x^ = 0 . ( 1 . 2 )  becom es:

( 1 .5 )  (k  -  p ) x 2 + (k  -  P2 ) x g + . . .  + (k -  Pn - 1 )x n = k , o r:

( 1 . 6 ) p (x 2 + px3 + . . .  + pn _ 2xn) = k (x 2 + x 3 + . . .  + x  -  1 )

H ence p lk  o r  p |x „  + x_ + . . .  + x - 1 .« j n
L et f i r s t  p |k  , i . e .  k = ^ p  (k^ an i n t e g e r ) .

( 1 . 6 ) becom es:



n— 2x 2 + px3 + . . .  + p x n = k ^ X g  + Xg + . . .  + xn -  1 )  , or:

( 1 .7 )  (kx -  l ) x 2 + (k j -  p )x 3 + . . .  + (k 2 -  pn - 2 )x n = kj

( 1 .7 )  i s  s im i la r  to  ( 1 . 2 ) ,  a s  can  be r e a d i ly  s e e n .  As i n  th a t  

c a s e ,  Xg £  2 , b eca u se  Xg >  2 le a d s  t o  k^ <  2 , i . e .  = 1 and

k = k^p = p . But th e  l a t t e r  e q u a l i t y  c o n t r a d ic t s  ( 1 . 5 ) .

So we l e t  x 0 = 2 and o b ta in  k = 2 , w hence k = 2p andA X

th e  l i n e  H i s  th e  u n ion  o f  two p -  p o in t s .

A l l  o th e r  p o in t s  o f  M m ight have c a r d in a l i t y :

k -  1 = 2p -  1 o r  k - p = 2p - p = p .

The (2p  -  1 )  -  p o in t s  must be r u le d  o u t b eca u se :

(2p  -  1 )  + p >  2p . Thus a l l  p o in t s  o f  M a r e  p -  p o in t s  

and M i s  a ct(p, 2 , pn -1  + 2 ) .

I f  Xg = 1 , ( 1 .7 )  re d u ce s  to :

2( 1 . 8 )  (k x -  p )x 3 + . . .  + (kj_ -  p ” )x n = 1 , w here ^  >  p , 

i . e .  k >  p 2 .

L e t , a s  b e fo r e ,  t  be th e  l a r g e s t  n a tu r a l  number su ch  th a t

pt  <  ^  and l e t  m = m in (t ,  n -  2 ) .  Hence pm < k^ . Then ( 1 .8 )  

becom es:

( 1 .9 )  (k x -  p )x 3 + . . .  + (k x -  pm)*^ +2 = 1

As i n  th e  c a s e  o f  e q u a tio n  ( 1 . 4 ) ,  we f in d  t h a t  th e  o n ly  s o lu ­

t i o n  o f  ( 1 .9 )  i s :  x 3 = . . .  = xm+1 = 0 and xm+2 = 1 .

H ence k^ = pm + 1 and k = pm+1 + p . H c o n s i s t s  o f  one

Rl^lp -  p o in t ,  sa y  a , and one p -  p o in t .

O th er  p o in t s  o f  M m ight have c a r d in a l i t y  k -  pJ =

= pm+1 + p -  PJ , (0  £ j  £  m + 1 ) .

So l e t  b be a  (pm+1 + p -  p^) -  p o in t .

We m ust h ave |^ o , b j |  = | o |  + |b |  = pm+1 + | b | .

But | | a ,  bj-| £  k = pm+1 + p and th u s  |b |  £  p , i . e .

pm+1 + p -  p^ £  P , whence j  S  m+1 , i . e .  j  = m+1.
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H ence a l l  p o in t s  o f  M e x c e p t  o , a re  p -  p o in t s  and th e r e  
1a r e  1 + pn/ p  = 1 + p such  p o in t s .

T h e r e fo r e  M I s  a  (p n_1 + 1 , pm + 1 , 1 ) -  BIBD ©  P (p m) , 

i n f l a t e d  by p , f o r  each  m = 1 , 2 , . . .  , n -  2 f o r  w hich  th e  BIBD 

e x i s t s .

I f  x_ = 0 , we o b ta in  a new c a s e ,  s im i la r  t o  th e  on e  we h aveA
j u s t  a n a ly z e d . Thus we g e t  a s te a d y  p a tte r n  o f  th e  p r o o f .  A l l  p o s s i b i l i ­

t i e s  a r e  summed up in  th e  f o l lo w in g  scheme:

2 -* CTn

xi  = i  j  -  Bi

p lx 2+ . . . + x  - 1  (y e t  t o  be s tu d ie d )  
1 P k n

a 2
x 2  =  \ 1 B21°

0-r .. .™ . j. ( y e t  t o  be s tu d ie d )  J np | x 3+ * • • +x„"1
Lp l ki

\ • l i
2 -  ct3 

x_ — < 1 -* B

1P xn - l +xn_1 ( y e t  t o  be  
P l^ n -S  s tu d ie d )

\
n-1  | 0 -  Bn- 1

\  |^ p |x _ - lp x  - 1  (y e t  t o  be s tu d ie d )  

p ' C 2 -  xn = 2 -  CTn *

Here, k = p ^  = p2k2 = •••  = pn_lkn- l  and: 

a ± = cr(pi - 1 , 2 , pn_1+1 + 2 ) , i  = 1 , 2 , . . .  , n ;

B± = (pn“ i+ 1  + 1 ,  pm + l ,  1 ) -  BIBD © P (pm) , i n f l a t e d  by pi_ 1  , f o r

ea ch  m = 1 , 2 , . . .  , n - i  f o r  w h ich  th e  co r r e sp o n d in g  BIBD e x i s t s  

( i  = 1 , 2 , . . .  , n - 1 ) .
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R etu rn in g  now t o  ( 1 .5 ) :

( 1 .5 )  (k -  p )x 2 + (k  -  P2 )x 3 + . . .  + (k  -  p“ 1 )x q = k

L et a g a in  m = m ln ( t ,  n -  1 )  , w here t  i s  th e  l a r g e s t  n a tu r a l  

number such  th a t  p* <  k . H ence pm <  k . The range o f  m i s :

( 1 . 1 0 ) 1 £  m £  n -  1 ,

b eca u se  k ^ p w ould ren d er  ( 1 .5 )  m e a n in g le s s .

( 1 .5 )  red u ces to :

( 1 . 1 1 ) (k  -  p )x g + . . .  + (k  -  Pm)x m+1 = k

We now have to  stu d y  th e  c a s e  p | x „ + . . . + x  - 1 ,  w h ich , bya II

( 1 . 1 1 ) ,  red u ces  to :

( 1 . 1 2 ) p |x 2 + . . .  + xm+1 -  1

( 1 . 1 1 ) can  be r e w r it t e n  a s:

( 1 .1 3 )  p (x 2 + px3 + . . .  + pm~ 1x m+1) = k (x 2 + . . .  + xm+1 - 1 )

( 1 . 1 2 ) means:

( 1 .1 4 )  x 2 + . . .  + xm+1 -  1 = hp

h i s  a n o n n e g a tiv e  in t e g e r ,  f o r  i f  h = 0 we o b ta in  th a t  H 

c o n ta in s  o n ly  one p o in t .  H ence:

= hP ‘  *2 '  • • •  ■ * »  + 1

Upon s u b s t i t u t in g  t h i s  e x p r e s s io n  i n  ( 1 .1 3 ) ,  we g e t ,  w ith  th e  

h e lp  o f  ( 1 .1 4 ) :

p [x 2 + px3 + . . .  + P ™ " ^  + p”*"1 ^  -  x 2 -  x 3 -  . . .  -  Xjjj + 1 ) ]  = khp ,

m-1 . ,  m-1 . ,  m- 2  m-1 . . m m-1x2 ( l  -  p ) + Xg(p -  p ) + . . . +  xm(p  - p  ) + hp + p = kh ,

w h en ce:

, ,  m.. m- 1  m-1 . m- 2  m-1 .( 1 .1 5 )  (k  -  p )h  = p + x „ ( l  -  p ) + . . . +  x  (p  -  p )
a m

But k >  pm im p l ie s  (k  -  pm)h  > 0  , so  ( 1 .1 5 )  y i e l d s :

or:
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( 1 .1 6 )  p®-1  >  (p®"1 -  l ) x 2 + (p”"1 -  p )x 3 + . . .  + (p®-1  -  p” "2 ) ^

On th e  o th e r  hand, f o r  any i ,  j ,  such  th a t  0 £  j  < m - l

we h ave:

p1 + p^ ^ p®"1 (p r o o f:  p* + ^ 2p  ̂ ^ p^+1 £  p®"1 ) , w h ich  i s  e q u i­

v a le n t  to ;

"*“1 ^ ,  m- 1  i .  m-1  j( 1 .1 7 )  p £  (p  -  P ) + (P -  P )

( 1 .1 7 )  shows th a t  i n  ( 1 .1 6 )  a t  m ost one o f  th e  numbers x 2>

x _ , . . .  , x  may be n on zero  and th a t  t h a t  number must be 1 .3 m

L et u s  f i r s t  stu d y  th e  c a s e  x_ = x_ = . . .  = x  = 0 .
m o m

Then ( 1 .1 1 )  red u ces  to ;

(k  -  Pm) xm+1 = k > w h ere, by ( 1 .1 4 ) ,  xm+i  = 1 + hp . H ence:

(k  -  p ® )( l  + h p) = k , or:

( 1 .1 8 )  h (k  -  p®) = p®"1

( 1 .1 8 )  shows th a t  h = pr  f o r  some r  such  th a t ;

0 £ r  £  m -  1 .

H ence ( 1 .1 8 )  becom es:

, m m -  r  -  1( 1 .1 9 )  k = p + p

r+1
xm+l = 1 + I 1P = 1  + P

„  . . r+1 m -r-1T h e r e fo r e  o u r  l i n e  H c o n s i s t s  o f  1 + p p

-  p o in t s .  A l l  o th e r  p o in t s  o f  M may have c a r d in a l i t y :

i  m m -r-1  i  . ^ .k -  p = p + p - p  , w here 0 ^ i  ^ m , s in c e

m m -r-1  i  . _ „ . .p + p -  p ^ 0 f o r  i  >  m.

T hose i ' s  sh o u ld  be r u led  o u t f o r  w h ich :

m m -r-1  i  . m
( 1 .2 0 )  P + P -  P >  P ,

b eca u se  a p o in t  a such  th a t  |o |  >  p® w ould  g iv e  r i s e ,  t o g e th e r

w ith  a p®’"1'’"1 -  p o in t ,  t o  a l i n e  h a v in g  c a r d in a l i t y  la r g e r  th an

m m -r-1 . . .  . , ,p + p , w h ich  m ust n o t happen.

( 1 . 2 0 ) y i e l d s  im m ed ia te ly : i  <  m -  r  -  1 .
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Hence a l l  o th e r  p o in t s  o f  M may have c a r d in a l i t y :

m m- r -  1 i  . ^ _p + p -  p , w here m - r - l f i i ^ m .

B u t, on th e  o t h e r  hand, i f  i  s a t i s f i e s  m - r - l ^ i ^ m - 1

th e r e  can n ot be more th an  one (p™ + pm -r~1 -  p * ) -  p o in t ,  f o r  i f  th e r e  

w ere tw o, th e y  w ould  g e n e r a te  a  l i n e  H' o f  c a r d in a l i t y :

o, n Ur. I ^ ,  m m -r-1  i .  m m -r-1  j .( 1 .2 1 )  |H ’ | s  (p  + p -  p ) + (p + p -  P ) ,

w here m - r - l ^ i S j < m - l  .

But ( 1 .2 1 )  im p l ie s  |h '  | >  p™ + p1"""1*""1 = k

, U r t l - ^ n . m  m -r -1 . ,  i  j .  . m m -r -1 . j(p r o o f :  |H '| *  2 (p  + p ) -  (p  + P ) *  2 (p  + p ) -  2pJ 2:

m m -r -1 . j +1 ^ m m -r -1 - m - m m -r -1 - , . . .  .
2 (p  + p ) -  p s  2 (p  + p  ) -  P >  P + P ) and t h i s  i s

a c o n t r a d ic t io n .

T h e r e fo r e  th e r e  i s  a t  m ost one (pm + pm_r”'1' -  p *) -  p o in t  f o r

m -  r - l ^ i ^ m - 1  , but th e r e  can  b e , o f  c o u r s e , s e v e r a l

m m -r-1  m m -r -1 3 , r+1 , n . m -r-1p + p  -  p = p -  p o in t s ,  nam ely p + 1 + p / p  =

r+1 n-m+r+1 „ _  . _ ^  ,1 + p + p o f  th o s e ,  w here n - m + r  + l > r  + l  b eca u se

n -  m s  l .

T hus, under th e  a ssu m p tio n  th a t  a l l  p o in t s  o f  M have th e  same

c a r d i n a l i t y ,  we o b ta in  M i n  th e  form  o f  a;

, ,  r+1 n-m+r+1 , r +1 , - j  ̂ , ■ m -r-1( 1 + p  + p  , 1 + p  , 1 ) -  BIBD, i n f l a t e d  by p ,

w here l ^ m ^ n - 1  , O ^ r ^ m - 1  , w hen ever th e  r e q u ir e d  BIBD e x i s t s .

I f  m = n -  1 and r  = 0 , th e s e  a r e  PG(2, p ) .

Under th e  a ssu m p tio n  th a t  th e r e  i s  on e (p® + pm“ r "1 - p * )  -  p o in t ,

. . n i w  m -r -1  n-m+r+1 i-m + r+1
sa y  o , th e r e  w i l l  be (p  + P ) / p  = P + P

m -r -1 . ,p -  p o in t s .

I f  M* = ^ H : H € W , q € h| ,  th en  any H' € W' i s  th e  u n io n

i  , m -r -1 i-m + r+1 m -r-1  . .o f  o and p / p  = p p -  p o in t s .

The s e t  E -  i s  p a r t i t io n e d  by th e  s e t s  o f  form  H' -  -^0^

• , n - i  , . . . .  .  i-m + r+1 m -r-1  . .i n t o  1 + p  s u b s e t s ,  ea ch  c o n s i s t i n g  o f  p p p o in t s .

H ence M i s  o f  th e  form :

i-m + r+1 , r +1 . .  m -r-1 ,T D g(l + p  , p  , 1 + p  , 1 ) ,  i n f l a t e d  by p and an e x tr a
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^pin-r-1  + pin _ p i^  _ p o in t)  a tta c h e d  t o  each  grou p , w here:

1 £  m £  n -  1 > 0 £  r  ^ m -  1 , m -  r - l ^ i ^ m - 1  , w h en ever th e  TDg

e x i s t s .

We h ave th u s  ex h a u sted  th e  c a s e  x^ = 0 , i  = 1 , 2 , , m ,

P ' X2 + + Xm+1 ’  1 ‘

Now, i n  o r d e r  t o  be done w ith  th e  c a s e  x^ = 0 , we s t i l l  have t o

c o n s id e r  th e  s i t u a t i o n  where x^ ^ 0 f o r  some j  = 2 , . . .  , m and

p | x 2 + . . .  + xm+1 -  1 .

But we have a lr e a d y  se e n  th a t  x^ ^ 0 im p lie s  x^ = 1 and

x . = 0 f o r  a l l  t  j , m + 1 .X
I t  tu r n s  o u t ,  how ever, th a t  t h i s  c a s e  h a s  been  c o v e red  a lr e a d y :

„  ,  m m -r-1  i .  . , .c o n s id e r  a g a in  th e  (p  + p -  p ) -  p o in t  a and a  l i n e  H con -

, , , . j. . . . i-m + r+1 m -r-1  , .t a in in g  i t .  H c o n s i s t s  o f  a and p p p o in t s ,  th u s

c o r r e sp o n d in g  t o  th e  fo l lo w in g  s o lu t io n  o f  ( 1 . 1 1 ) :

„  ̂  ̂ i . .  -i i-m + r+1 , w here ix t  = 0 f o r  t ^ i + 1 , m + 1 ; x i+ 1  = 1 ; xm+1 = p

s a t i s f i e s  l ^ i ^ m - 1  .

But t h i s  i s  p r e c i s e l y  th e  problem  we a r e  d e a l in g  w ith  now, i f  we

i d e n t i f y  j  w ith  i  + 1 .

T h is  e x h a u s ts  th e  c a s e  x^ = 0 .

The rem ain in g  p o s s i b i l i t i e s  a re  o f  th e  form:

x 1 = x 2 = . . .  = x g = 0 and p | x s+1 + . . .  + xn “ 1 » f o r  a11 s  = 2 , 3 , . . .

. . .  , n — 1 .

T hus, ( 1 .2 )  becom es:

(k  -  p S) x g+1 + . . .  + (k  -  p“  X)x n = k

I f ,  a s  b e fo r e ,  we l e t  m = m in ( t ,  n -  1 )  , w here t  i s  th e  la r g e s t

n a tu r a l  number such  th a t  p* <  k , we c o n c lu d e  th a t  a t  m ost one o f  th e

numbers x  x  , may be n o n zero  and t h a t  th a t  number must eq u a l 1 .s +1 m

But a l l  th e s e  c a s e s  have been  s tu d ie d  when we a n a ly z e d  th e  d i f ­

f e r e n t  p o s s i b i l i t i e s  a r i s in g  from th e  f a c t  th a t  a t  m ost one o f  x „ , . . .  , x& m
ca n  be n o n zero .

T h is  c o m p le te ly  e x h a u s ts  th e  problem .

*  *  *
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Summing up, th e  c l a s s  c o n s i s t s  o f  th e  fo l lo w in g  fo u r

ty p e s  o f  m a tro id s:

Type I :  a (p 1 _ 1 , 2, pn - i+ 1  + 2 )  , i  = 1 , 2 ............... n .

Type I I :  (pn" i+ 1  + 1 ,  pm + 1 , 1 )  -  BIBD © P (p ^ ) i n f l a t e d  by p1" 1 ,

i  — l i  2 1 • • •  > n “ 1 j m = 1 , 2 f > n " i  «

Type I I I : (1 + p r+1 + pn” m+r+1> I  + pr+ 1 > I )  _ BIBD , i n f l a t e d  by

pin-r-1   ̂ m = 1 , 2 , . . .  , n -  1 ; r  = 0 , 1 ...................m - 1

„  „„  „  n - i  i-m + r+1 _ r+1 m -r-1Type IV : TD2 (1 + p  , p  , 1 + p  , 1 ) ,  i n f l a t e d  by p

and an e x tr a  (p1™” 1*"̂  + p”1 -  p * ) -  p o in t  a tta c h e d  t o  each

group , m = l ,  2 , . . .  , n - l  , r = 0 , 1 , . . .  , m - l  ,

i  = m -  r -  l , m - r ,  . . .  , m - 1 .  I f  i  = m -  r  -  1 , how­

e v e r ,  ty p e  IV re d u ce s  t o  ty p e  I I .

We w ant now t o  f in d  n e c e s s a r y  c o n d it io n s  f o r  th e  e x i s t e n c e  o f  

th e s e  d e s ig n s .

The f o l lo w in g  e lem en ta ry  r e la t i o n s  h o ld  among th e  p aram eters  

o f  a BIBD ( [ 1 0 ] ,  p . 1 0 1 ):

( 1 . 22 )  bk = v r

\ ( v  -  1 )( 1 .2 3 )  r  =

( 1 .2 4 )  b =

k -  1

Xv(v - 1) 
k (k  -  1 )

H ere , by r  ( r e p l i c a t i o n  number) we d en o te  th e  number o f  b lo c k s  

c o n ta in in g  any g iv e n  e le m e n t .

I n  a  TD  ̂ , th e  number o f  b lo c k s  c o n ta in in g  any le n g th  -  i  t r a n s ­

v e r s a l  i s  (by [ 2 1 ] ,  p . 2 9 );

- ‘C i y - ' C i )  • • * * * * .

The number o f  b lo c k s  i s  th e r e f o r e :

^
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In  a  TD2 :

gm OCX h -  ^V(V -  l ) s 2
( 1 .2 5 )  k (k  -  1 )

. . .  bk \ ( v  -  l ) s
( 1 .2 6 )  r  = -  = V -  1”

H ence, f o r  a (pn“ ±+1 + 1 ,  pm + 1 , 1 )  -  BIBD ( ty p e  I I )  we

g e t  by ( 1 .2 4 )  and (1 .2 3 ) :

n - i +1 . ,p + 1  n - i-m +1 , . , . , ,b = —----------------  p , w h ich  i s  an in t e g e r
p + 1

i f f  n - i + 1  i s  an odd m u lt ip le  o f  m.

n - i-m +1
r = p

F o r th e  (1 + p14"1 + pn"m+r+1i i  + p 1̂ 1 , i )  -  BIBD (ty p e  I I I )

we o b ta in :

r+1 n-m+r+1 . ,,, n-m.
b = i i - L P  I P ----------- P— I  , w h ich

i . r+11 + p

show s th a t  n -  m must be an odd m u lt ip le  o f  r + 1 .

n-m
r = 1 + p

. i-m + r+1 , r+1 , .
As reg a rd s  th e  + P , P  , 1  + P , 1 )  , we g e t

by ( 1 .2 5 )  and ( 1 .2 6 ) :

n*** i1 + p  i - 2m+n+r+l . . ,b = ------- -— r  P , h en ce n -  l  m ust ber+11 + p

an odd m u lt ip le  o f  r + 1 ,

n-mr  = p

We w i l l  now show th a t  we can  r e p r e s e n t  a l l  members

o f  lUg(pn ) ( i . e .  th e  ty p e s  I I  -  IV ) by a u n ifo rm  sym bol. By u n ify in g

a l l  ty p e s  o f  rank 3 m a tro id  d e s ig n s  o f  prim e pow er in d e x  i n t o  a s i n g l e

e n t i t y ,  we g a in  fu r t h e r  i n s i g h t  i n t o  th e  s t r u c tu r e  o f  m a tro id  d e s ig n s

i n  g e n e r a l .
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Where (E , S , S’) i s  a TD2 (v ,  s ,  k , 1 )  and P a p o in t  n ot  

in  E, we l e t  th e  h y p erp la n e  fa m ily  o f  a rank 3 m atro id  b e:

and i f  i t  i s  a m a tro id  d e s ig n ,  by arMD(v, s ,  k ) .  We n o te  th a t  th e  para­

m eters  a ,  v , s ,  k , a re  s u f f i c i e n t  t o  f u l l y  d e f in e  th e  m atro id  d e s ig n ,  

b eca u se  th e  c a r d in a l i t y  o f  P must be k -  s .

Then th e  fo l lo w in g  theorem  u n i f i e s  th e  m atro id  d e s ig n s  o f  

ty p e s  I I  -  IV:

Theorem 1 .2

U = S' U 
S€§

We d en o te  an 01 -  i n f l a t i o n  o f  such a m atro id  by aM (v, s ,  k )

I»3 (pn ) = MD(p
( 2t+ l)m + 1 , ph , pm + l )  : O ^ h S m ;

n ^ ( 2t  + l ) m + h

The ty p e  I I  MD's co rresp o n d  t o  h = 0

The ty p e  I I I  MD's co rresp o n d  t o  h = m

The ty p e  IV MD's co rresp o n d  t o  0 <  h <  m .
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CHAPTER I I  

UNITALS AND DERIVED DESIGNS

In  o r d e r  t o  a c t u a l ly  c o n s tr u c t  th e  d e s ig n s  r e q u ir e d  by c h a p te r  I ,
3

i t  tu r n s  o u t th a t  th e  b a s ic  BIBD we n eed  stu d y  i s  th e  ( 1 + q  , 1 + q ,  1 )

-  BIBD, w here q i s  a prim e power.

A BIBD was d e f in e d  in  c h a p te r  I .

A BIBD on th e  s e t  E i s  s a id  t o  be r e s o lv a b le  i f  th e  b b lo c k s  

can  b e d iv id e d  in t o  r  c l a s s e s ,  ea ch  c o n s i s t i n g  o f  v /k  b lo c k s ,  and 

such  th a t  th e  b lo c k s  o f  each  c l a s s  c o n ta in  among th e m se lv e s , a l l  e lem en ts  

o f  E ( th e  r c l a s s e s  a re  a l s o  c a l l e d  p a r a l l e l  c l a s s e s ) .

A s im i la r  d e f i n i t i o n  h o ld s  f o r  r e s o lv a b le  t r a n s v e r s a l  d e s ig n s .

The p urpose o f  t h i s  c h a p te r  i s  t o  summarize th e  e s s e n t i a l  f a c t s  

th a t  a re  known about th e  c o n s tr u c t io n  o f  (1 + q^, 1 + q ,  1 )  -  BIBD's 

and t o  p r e s e n t  a new c o n s tr u c t io n .

Any BIBD w ith  th e s e  p aram eters i s  c a l l e d  a u n i t a l .

T h is  n o t io n  i s  a r r iv e d  a t in  th e  f o l lo w in g  fa s h io n  ( [ 7 ] ) :

A c o r r e la t io n  o f  a p r o j e c t iv e  geom etry Q i s  a p erm u ta tio n

6 o f  i t s  su b sp a ces  w hich  in v e r t s  in c lu s io n ,  i . e . :
c C

( 2 . 1 )  S £  T im p l ie s  S 2  T f o r  a l l  su b sp a c e s  S, T o f  Q.

A su b sp a ce  S o f  Q i s  term ed  t o t a l l y  i s o t r o p i c , i s o t r o p i c , 

o r  n o n is o tr o p ic  w ith  r e s p e c t  t o  th e  c o r r e la t io n  6 , a c c o r d in g  a s

S D S i s  S , nonempty o r  em pty, r e s p e c t i v e l y .

I t  i s  c l e a r  th a t  f o r  th e  p o in t s  o f  Q , " t o t a l l y  i s o t r o p ic "  

h as th e  same m eaning a s  " is o tr o p ic "  and we can  u s e  th e  l a t t e r  term  

c o n s i s t e n t l y .  Such p o in t s  a re  a l s o  c a l l e d  a b s o lu t e .
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G iven  a (n o t  n e c e s s a r i ly  com m u tative) f i e l d  3  , an a n t i ­

autom orphism  a  o f  3  i s  a 1 -1  co rresp o n d en ce  among th e  e le m e n ts

o f  3  such  th a t  (x  + y ) a  = xa  + ya  and (x y )a  = ya ti* .

L et V be a l e f t  v e c to r  sp a ce  o f  f i n i t e  rank o v e r  a f i e l d

3  . By P(V ) we d e n o te  th e  p r o j e c t iv e  geom etry c o n s i s t i n g  o f  th e  nonr-

z e r o  su b sp a ce s  o f  V. Every d e s a r g u e s ia n  p r o j e c t iv e  geom etry i s  i s o ­

m orphic t o  some P (V ).

L et a  be an a n ti-a u to m o rp h ism  d e f in e d  on 3  . A s e s q u i-

l i n e a r  form s  w ith  com panion a n ti-a u to m o rp h ism  a  i s  th en  a mapping

from V X  V in t o  3  , such  th a t :

i )  s ( x  + x ’ , y + y ' )  = s ( x ,  y )  + s ( x ,  y ' )  + s ( x ' , y )  +

s ( x ’ , y ' )  f o r  a l l  x . x ' . y ^ '  € V;

i i )  s ( f x ,  g y ) = f s ( x ,  y ) g 0t f o r  a l l  f , g  € 3  and x ,y  € V.

G iven  a s e s q u i l in e a r  form  s  on V , we a s s o c i a t e  w ith

ev e ry  su b sp a ce  S o f  V , th e  s e t :

( 2 .2 )  = j x  € V : s ( x ,  S) = oj- , w here s ( x ,  S ) = 0

means s ( x ,  y )  = 0  f o r  a l l  y  € S .
C

G iven  S , S i s  a su b sp a ce  o f  V and ( 2 .1 )  i s  c l e a r l y  

s a t i s f i e d .  H ence th e  mapping 5 d e f in e d  by ( 2 .2 )  i s  a c o r r e la t io n  o f  

P (V ) i f f  i t  i s  a p erm u ta tio n  o f  th e  su b sp a ces  o f  V. T h is  i s  th e  c a s e

i f f  th e  s e s q u i l i n e a r  form s  i s  n o n d eg e n e ra te , i . e .  i f  s ( x ,  y )  = 0

f o r  a l l  y € V i f f  x  = 0 .

Thus f o r  ev e ry  n o n d eg en era te  s e s q u i l in e a r  form on V , ( 2 .2 )  

d e f in e s  a  c o r r e la t io n  o f  P (V ).

C o n v e r se ly , i f  6 i s  a c o r r e la t io n  o f  th e  p r o j e c t iv e  g eo -  

t r y  P (V ) , th e n  th e r e  e x i s t s  a n o n d eg en era te  s e s q u i l in e a r  form s on  

V su ch  t h a t  6 i s  g iv e n  by ( 2 . 2 ) .

A c o r r e la t io n  o f  o r d e r  2 i s  c a l l e d  a p o la r i t y  : 6 i s  a
6 6p o la r i t y  o f  a p r o j e c t iv e  geom etry i f  (S  ) = S f o r  a l l  su b sp a ce s  S .

In  th e  d e s a r g u e s ia n  c a s e ,  a n o n d eg en era te  s e s q u i l in e a r  form  

s  on V r e p r e s e n ts  a p o la r i t y  o f  P (V ) i f f  s ( x ,  y )  = 0 im p l ie s  

s ( y ,  x )  = 0 f o r  a l l  x , y  € V .

L et s  be a  p o la r i t y  o f  P(V ) w ith  com panion a n t i - a u t o -
o

morphism a  . Then we must have a  = 1 .  I f  or ^ 1 , we a l s o  have
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s ( x ,  y )  = s ( y ,  x ) a  and th e  p o la r i t y  i s  c a l l e d  u n ita r y .

PG(n, q )  , w here q i s  a prim e pow er, ad m its u n ita r y  p o l a r i t i e s

i f  and o n ly  i f  q i s  a  sq u a r e .

2 2 I f  q = s  and tt i s  a  u n ita r y  p o la r i t y  o f  PG(n, s  ) , a
2

l i n e  o f  PG(n, s  ) c o n s i s t s  e n t i r e l y  o f  i s o t r o p i c  p o in t s  w ith  r e s p e c t  

t o  rr i f f  i t  i s  t o t a l l y  i s o t r o p i c .  Every o th e r  l i n e  c o n ta in s  e i t h e r  a t  

m ost one o r  e x a c t ly  s  + 1 i s o t r o p i c  p o in t s .
2

In  th e  c a s e  o f  a p r o j e c t iv e  p la n e  PG (2, s  ) , th e r e  can n ot  

e x i s t  t o t a l l y  i s o t r o p i c  l i n e s .  A ls o ,  th e  number o f  i s o t r o p i c  p o in t s  i s

0
s + l  and t h e s e ,  t o g e th e r  w ith  th e  n o n is o tr o p ic  l i n e s ,  a s  b lo c k s ,  

q
form  a ( s  + 1 ,  s + 1 ,  1 ) -  BIBD.

BIBD’ s  w ith  t h e s e  p a ra m eters  a re  g e n e r a l ly  known a s  u n i t a l s ,  

b eca u se  th e  o n ly  co m p le te  c l a s s  o f  d e s ig n s  w ith  th e s e  p aram eters come

2
from u n ita r y  p o l a r i t i e s  o f  a PG(2, s  ) .

A s l i g h t l y  d i f f e r e n t ,  though  e s s e n t i a l l y  th e  same, tr ea tm e n t  

o f  u n i t a l s ,  can  be found in  [ l ] .  I t  i s  a l s o  shown th e r e  th a t  u n i t a l s  

o b ta in e d  a s  i n  th e  fo r e g o in g  d is c u s s io n  are  r e s o lv a b le .

In  [ l ] ,  th e  cu rv e  C w ith  e q u a tio n :

S+l S+l S+l -
( 2 .3 )  Xĵ  + x 2 + x3 =

o
i s  c o n s id e r e d  i n  PG(2, s  ) , w here s  i s  a  prim e power and

x . € G F(s2 ) , i  = 1 , 2 , 3 .
1 2

G iven  a p o in t  P ^ ,  P2 » P3 ) € P G (2 ,s  ) , th e  l i n e :

s  s  s
Lp: P ix i  + P£x 2 + P3X3 = 0 i s  c a l l e d  th e  p o la r  o f  P

w ith  r e s p e c t  t o  C.

The c o n s tr u c t io n  o f  a u n i t a l  th en  p r o c e e d s  th rou gh  th e  

f o l lo w in g  lemmas w hose p r o o fs  a re  g iv e n  in  [ 1 ] :

Q
Lemma 2 .1  C c o n ta in s  s  + 1  p o in t s .

Lemma 2 .2  G iven  a p o in t  A (a^ , a2 , a3 > on C , i t s  p o la r

La  i n t e r s e c t s  C a t  e x a c t ly  one p o in t .

By v i r t u e  o f  lemma 2 .2 ,  th e  p o la r s  o f  p o in t s  on C a re  a l s o
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ta n g e n ts  t o  C. I f  a  l i n e  m eets  C a t  tw o d i s t i n c t  p o in t s ,  I t  i s  c a l l e d  

a s e c a n t  t o  C.

Lemma 2 .3  Any s e c a n t  t o  C h as s + l  p o in t s  in  common w ith

C. 
q

I t  f o l lo w s  from  th e s e  lemmas th a t  an ( s  + 1 ,  s + l ,  1 )  -  

-  BIBD h a s  been o b ta in e d  on  th e  s e t  o f  p o in t s  o f  C ; th e  b lo c k s  are

th e  s e t s  o b ta in e d  a s  i n t e r s e c t i o n s  b etw een  C and th e  s e c a n t s  t o  C.
E s s e n t i a l l y ,  C i s  th e  s e t  o f  i s o t r o p i c  p o in t s  w ith  r e s p e c t

t o  th e  u n ita r y  p o la r i t y  tt w h ich  maps each  p o in t  (a ^ , a 2 , a g ) o n to

s s  s
th e  l i n e  a Jx 1 + * 2X2 + a3X3 = 0  and ea c h  l i n e  bi x i  + b 2x 2 + b3x3 =0

1/s l /s  l_/s
o n to  th e  p o in t  (b^ , b 2 » bg ) .

The p o la r  o f  any p o in t  i s  th e r e fo r e  i t s  im age u nder tt.

A ls o ,  th e  ta n g e n ts  and s e c a n ts  t o  C a re  th e  i s o t r o p i c  and

n o n is o t r o p ic  l i n e s ,  r e s p e c t iv e ly .

Lemma 2 .4  Any u n i t a l  o b ta in e d  as in  lemmas 2 .1  -  2 .3  i s  

r e s o lv a b le .

F or th e  p r o o f , s e e  [ l ] ,  p .  3 4 8 .

The u n i t a l s  d is c u s s e d  so  f a r  en jo y  a  fu r t h e r  p r o p e r ty  which  

w i l l  p la y  an im p o rta n t r o le  i n  th e  s e q u e l .

By a  P a sch  C o n fig u r a tio n  i n  a  BIBD w ith  \  = 1 on a s e t  

E , i s  meant a  s e t  o f  fo u r  d i s t i n c t  b lo c k s  such t h a t  ea ch  o f  them  i n t e r ­

s e c t s  th e  o th e r  t h r e e  a t  th r e e  

d i s t i n c t  p o in t s  ( f i g .  1 ) .

The P asch  C o n fig u r a t io n  

e x i s t s  in  any p r o j e c t i v e  geo­

m etry , by d e f i n i t i o n  o f  th e  

l a t t e r  (we regard  th e  geom etry  

a s  a BIBD w ith  t h e  l i n e s  as  

b lo c k s ) .

I t  tu r n s  o u t  th a t  th e  same 

c o n f ig u r a t io n  can  be o f  much h e lp  

i n  d e c id in g  w h eth er  two g iv e n  BIBD’ s  w ith  i d e n t i c a l  p a ra m eter s  a re  i s o ­

m orphic: i f  one o f  them d o es  and th e  o t h e r  d oes n o t c o n ta in  a P asch  

C o n fig u r a t io n , th e y  a re  o b v io u s ly  n o n iso m o rp h ic .

F ig .  1



The u s e f u ln e s s  o f  t h i s  m ethod f o r  th e  problem  u nd er c o n s id e r ­

a t io n  was p o in te d  o u t t o  th e  a u th o r  by P r o f .  J .  J .  S e id e l .

S p e c i f i c a l l y ,  we can p ro v e  th e  fo l lo w in g :

Lemma 2 .5  The P asch  C o n f ig u r a t io n  d o es  n o t e x i s t  i n  th e  

u n i t a l s  c o n s tr u c te d  in  lemmas 2 .1  -  2 .3 .

P ro o f We have t o  d em o n stra te  th a t :  i f  A (a^ , a^,  a^ ) ,

B(b^, b2, bg) and C ^ ,  c2, Cg) are any three noncollinear points on

th e  cu rv e  C and D € LAB 0 C , E € L^ H C , th en  th e  i n t e r s e c t i o n

point M between and L^, does not lie on C.
Throughout t h i s  p r o o f , sum m ations w i l l  be u n d ersto o d  t o  be 

from  i  = 1 to  i  = 3 .

L et D (a1 + y b ^  a2 + yb g , a g + y b g) ; y t  0 ;

and E(a^ + z c ^  a2 + z c 2> a 3 + zC g) ; z  /  0 ;

Then + y ^  + z c ][, a2  + ybg + z c 2 , a3 + ybg + ZCg).

S in ce  D l i e s  on C , we have by ( 2 .3 ) :

S + l
( 2 .4 )  S ( &i + yb± ) = 0

But;

. . s + l  . s  s . s . ,  . . s + l  s + l .  s + l  s  , s  S,
(ai + yb± ) = (a ± + y bi ) ( a 1 + yb± ) = a± + y b± + y ai bi  + y a ^

S u b s t i tu t in g  i n  ( 2 .4 )  g i v e s :

y SS aJb f + yEafb = 0 ( a l l  o th e r  term s v a n is h  b eca u se  A and B are  i  i  i  i
on C).

S im ila r ly :

( 2 .5 )  z SEai c® + zEa^c.^ = 0

H ence:



We assum e now th a t  M l i e s  on C . T h is  means:

S+l^ (a^  + yb^ + z c ± ) = 0  , o r , by exp an din g th e  l e f t  hand s id e

, xs + l  ,  s  s. s .  ,  . x s s  ,  xs + l+ yb± ) + ( a i  + y  b ^ z ^  + ^  + y b ± ) z  c ± + ( z c ± ) = 0

H ere , th e  f i r s t  and l a s t  term s a r e  0 , b eca u se  D, C, r e s p e c t i  

v e ly ,  a r e  on  C.
H ence:

E (a “ + y Sb® )zci  + (a ± + y ^ J z ^ "  = 0 , o r :

zEa®ci  + z ^ a ^ ®  + y SzZb®ci  + y z ^ ^ c ®  = 0 , o r ,  by ( 2 .5 ) :

£y

s  s

(2 . 8 )

( 2 .9 )

s -  l r . s  S - l r  sE b .c . + z iib . c  = 0i  i  i  i

By ( 2 .6 )  and ( 2 . 7 ) ,  ( 2 . 8 )  becom es:

<Eai bi )S" 1 (Sbi Ci ) + (Sai c i ) S_1 CSbi c a ) = 0 

s , s
But = <2b1c i ) and a ls o :

S.S-1 S .s(S-l) S. (S2-1) + (1-S) fp „s\l(£ a i c i )  = ( E a ^ )  v = (L ci a i ) v = ( E c ^ )

Upon s u b s t i t u t in g  in  ( 2 . 9 ) ,  we o b ta in :  

(2 a i bi ^ S_1 ^ bi Ci ^ S + (E ci a a ) 1 ^ ^ c ® )  = 0 , o r :

- s

(2 . 10) (aPY) 9”1 = “ 1 » w here:

9 = S c t at Y = Ea. b
i  i

On th e  o th e r  hand, by t h e  n o n c o l l in e a r i t y  o f  A, B, C, we have:

(2 . 1 1 ) A =
E1 a 2 S3 

bl  b 2 b3

c c  c 1 2 3

*  0

s + lWe now e v a lu a te  A by u s in g  ( 2 .1 0 ) :
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Ea®+1 Y 3 s 0 Y 3 s

= YS £b *+ 1 O' = YS 0 a

0 a s
r, S+l 
* 1

3
sO' 0

= <ySp V  + cypY = 0  , by ( 2 . 1 0 ) .

T h is  r e s u l t  c o n t r a d ic t s  ( 2 .1 1 )  and we co n c lu d e  th a t  M jE C , QED.

T h is  h a s  a l s o  b een  p roved , f o r  exam ple, in  [ 1 6 ] ,  p .  5 0 7 .

Lemmas 2 .1  -  2 .5  can  be summed up in  th e  form  o f:

Theorem 2 .1  F or any prim e power s  , th e r e  e x i s t s  a r e s o lv a b le

(s^  + 1 ,  s + l ,  1 )  -  BIBD, n o t c o n ta in in g  any P asch  C o n f ig u r a t io n .

2 i*+lThe o n ly  o th e r  known c l a s s  o f  u n i t a l s  h as s  = 3 and th ey

a re  o b ta in e d  from  g ro u p s o f  Ree ( [ 1 2 ] ) .  In  a d d it io n ,  Hanani ( i n  a p r iv a te

com m unication  t o  R ay-C haudhuri) h a s e x h ib i t e d  a u n i t a l  w ith  s  = 5:

The b a s e  b lo c k s  are:

{ ( 0 , t * * ) ,  ( 0 , t 60^ 1 2 ) ,  ( 1 , t 6Q'+1) ,  ( 1 , t 6a+ 13) ,  ( 2 , t 60^ 3 ) ,  ( 2 , t 6Qr+15)* 

{ ( 0 ,  t 60* 2 ) ,  ( 0 ,  t 60”"1 4 ) ,  (1 ,  t 6Q'+ 4 ) ,  (1 ,  t 6a+16) ,  (3 ,  t 6Q?+1 1 ) , ( 3 ,  t 6a+23')}

a  = o , 1 and : { ( 0 , 0 ) ,  ( 1 , 0 ) ,  ( 2 , 0 ) ,  ( 3 , 0 ) ,  ( 4 , 0 ) ,  «}

2
H ere, t  i s  a p r im it iv e  r o o t  o f  G F (25), nam ely t  + 3 t  + 3 = 0

o v e r  G F (5 ). The f i r s t  two b a se  b lo c k s  must be d ev e lo p ed  c y c l i c a l l y ,

th e  f i r s t  in d e x  mod 5 and th e  seco n d  o v er  th e  a d d i t iv e  group o f  G F (2 5 ).

The l a s t  b lo c k  must be d ev e lo p e d  o v e r  th e  a d d i t iv e  group o f  G F (25),

th e  seco n d  in d e x  o n ly .

We w i l l  now g i v e  a  c o n s t r u c t io n  w h ich  i s  s im i la r  t o  H a n a n i's  

and w h ich  in  p r in c ip l e  m ight be u sed  t o  o b ta in  a new c l a s s  o f  u n i t a l s ;

h ow ever, we h ave o n ly  been  a b le  t o  a c t u a l ly  ca rry  i t  o u t f o r  s  = 5 .

At t h i s  p o in t  some d e f i n i t i o n s  a re  n eed ed .

By a d i f f e r e n c e  fa m ily  modulo v  , we mean a c o l l e c t i o n  { e^
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E„, , E } o f  s e t s  o f  numbers such  t h a t  | e . |  = k , 1 = 1 ,  2 , . . .  , n
a  11

n f .
and th e  £  k (k . -  1 ) d i f f e r e n c e s  o f  ty p e  a -  b , w here l a ,  bj

1=1

ra n g es  th rou gh  a l l  o rd ered  p a ir s  from each  E^ , c o n s t i t u t e  X c o p ie s

o f  a redu ced  r e s id u e  sy stem  modulo v .

n
Wo must th en  have: £  k (k  -  1 )  = X(v -  1 ) .

i = l

A (v> k , X) -  p e r f e c t  d i f f e r e n c e  s e t  (o r ,  f o r  b r e v i t y ,  a d i f ­

f e r e n c e  s e t ) i s  a  d i f f e r e n c e  fa m ily  w ith  o n ly  one member, sa y  E , such  

th a t  | e |  = k . We have i n  t h i s  c a se :  k (k  -  1 ) = X (v -  1 ) .

D i f f e r e n c e  f a m i l i e s  a re  o f t e n  u sed  f o r  c o n s tr u c t in g  BIBD*s.

A b a se  o f  a BIBD w ith  p a ra m eters  v , k , X, w ith  r e s p e c t

t o  an a d d i t iv e  group G i s  a c o l l e c t i o n  [ e .  , E0 , . . .  , E } , w here1 a n

E_. = { e „ ,  e .., , ,  . . .  , e.,,.} i s  c a l l e d  a b a se  b lo c k  ( f o r  i  = 1 , 2 ,1 i  J. lie  1 r ~ "

. . .  , n )  and such  th a t  th e  c o l l e c t i o n :

B = + j  = • • •  >  ̂ = 2 , . . .  , n} i s

th e  b lo c k  fa m ily  o f  th e  r e q u ir e d  BIBD.

H ere , i f  e .  = 09 , th en  e .  + j  = e .  = 00 f o r  any j .lm lm im

A d i f f e r e n c e  fa m ily  w ith  k^ = k f o r  a l l  i  and in  p a r t ic u la r

a (v , k , X) -  d i f f e r e n c e  s e t ,  form s a b a se  o f  a BIBD w ith  p aram eters

v , k , X, w ith  r e s p e c t  t o  th e  a d d i t iv e  group o f  r e s id u e s  modulo v  ( [ 1 0 ] ,  

p . 1 2 1 ) .

I f  G F ,, GF„, . . .  , GF a re  m c o p ie s  o f  a  GF(q) and t . ,1 2  m x

t „ ,  . . .  , t  a re  th e  r e s p e c t iv e  p r im it iv e  r o o t s  ( t .  s a t i s f y i n g  th e2 m i

same i r r e d u c ib le  e q u a tio n , r e g a r d le s s  o f  i ) ,  th en  th e  d i f f e r e n c e  

£i bt .  -  t  i s  c a l l e d  a p ure o r  a m ixed d i f f e r e n c e ,  a c c o r d in g  a s  
 ̂ J

i = j  o r  i ^ j .  The a c t u a l  v a lu e  o f  t h i s  d i f f e r e n c e  i s  u n d ersto o d  to  
& bbe s im p ly  t  -  t  , w here t  i s  th e  p r im it iv e  r o o t  o f  G F(q) s a t i s ­

f y in g  th e  g iv e n  i r r e d u c ib le  e q u a t io n .

In  c o n s tr u c t in g  th e  b lo c k  fa m ily  o f  a BIBD from a g iv e n

3. bc o l l e c t i o n  o f  b a se  b lo c k s ,  th e  e x p r e s s io n  t^  + t  , w here ^  i s  a

p r im i t iv e  ro o t o f  GF^, w i l l  mean t °  , w here t c = t a + t b
in  th e
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b b
g iv e n  G F (q ). S im ila r ly ,  + t  = , w here 0.̂  i s  th e  z e r o  o f  GF^.

The method u sed  in  c o n s t r u c t in g  a new u n i t a l  w ith  s  = 5 i s  a

g e n e r a l i z a t io n  o f  th e  fo l lo w in g  ( [ 1 0 ] ,  p . 234 , Theorem 1 5 .3 .6 ) :

Theorem 2 .2  L et 4x + 1 = pD , p a prim e and l e t  t  be a 

p r im it iv e  r o o t  o f  GF(pn ) .  Then t h e r e  e x i s t s  a p a ir  o f  odd in t e g e r s  c ,

d , such  th a t  ( t C + l ) / ( t C -  1 )  = t d . Then th e  b lo c k s ;

2x + 2i+c-<
’ X2  j

2x + 2i+c-i 
» 3 i

{ t f ,
2x +2i

t l
2i + c
2

2x+2i  
2 ’

2i + c
3

[ t 2 i  3 ’
2x + 2i

X3
2i+ c

t l

{ 00 . °1  ’

o to

a d d i t iv e group o f GF(pn

2x+ 2i+c-, 
’ t l  j i  = 0 , 1 , . . .  , x  -  1 ;

0 } form a b a se  w ith  r e s p e c t

F or x = 2 , th e s e  a re  th e  p aram eters o f  a u n i t a l  ( s  = 3 ) ,  

w h ich  tu r n s  o u t t o  be d i f f e r e n t  from  th e  on e p ro v id ed  by th eorem  2 . 1 .

One sh o rtco m in g  o f  th e  method i s  th a t  i t  i s  in a p p l ic a b le  to  

pow ers o f  2; i t  w i l l  em erge c l e a r l y  from  th e  p r o p o s it io n s  g iv e n  below  

th a t  s  h as t o  be odd .

We p ro ceed  t o  th e  d e s c r ip t io n  o f  th e  m ethod.

s  w i l l  d en o te  an odd prim e power th ro u g h o u t th e  d is c u s s io n .

L et D = { d , , d _ , . . .  ,d  be th e  s e t  o f  n o n zero  sq u a res1 S— X

in  G F (s) and D’ = [ d * , d ' ,  . . .  ,d '  be th e  s e t  o f  n o n sq u a res .X a S™ X
~ 2 ~

Then th e  fo l lo w in g  r e s u l t  i s  known:

Lemma 2 .6

a )  I f  s  = 3 mod 4 :

D and D* a re  p e r f e c t  d i f f e r e n c e  s e t s  w ith  p a ra m eters:

s  -  1 . s  -  3v  = s

D U {o} and D* U [o ]  a re  p e r f e c t  d i f f e r e n c e  s e t s  w ith  p a ra m eters:

s  + l  -v s  + lv  = s ; k = — -—  ; A =

b ) I f  s  = 1 mod 4 :

s  — 5
The d i f f e r e n c e s  from  D a re : each  sq u a re , — j —  tim e s  , and each
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s  -  1 . .n o n sq u a re , — ■j—» t im e s ;

s  *t* 3The d i f f e r e n c e s  from D U [ o ]  a re : ea ch  sq u a re , — ^—  t im e s ,  and each

3 - 1  *4n on sq u are, ——̂ —  tim e s;

S 1
The d i f f e r e n c e s  from D' a re : each  sq u a re , ^—  t im e s ,  and each

s ™ 5n on sq u are , t im e s;

The d i f f e r e n c e s  from D' U {o} a r e : each  sq u a re , — -- t im e s ,  and

s  + 3 , .
ea ch  n on sq u are, — ^—  t im e s .

P ro o f a )  T h is  i s  Theorem 8 .3 ,  p . 8 9 , [ 1 4 ] .

b ) T h is  p a rt i s  a r e p h r a s in g  o f  Lemma 6 ( a ) ,  p . 3 0 ,

[ 1 7 ] .

C o r o lla r y  2 .1

a )  I f  s  = 3 mod 4:

D, D U  (O] and [D U [ o] , D’ U [ “ }}  a r e  b a s e s  w ith  r e s p e c t  t o  th e

a d d i t iv e  group o f  G F (s) , o f  BIBD 's w ith  th e  fo l lo w in g  p aram eters:

s  -  1 , s  -  3
v = s  ; k = — g—  ; \  ^—  ,

s  + l  . s  + lv = s  ; k = — -—  ; K = —  ,

s  + l  i ® -  1 4.., ,v = s  + 1 ; k = — g—  5 * = — g—  ’ r e s p e c t i v e l y .

The same h o ld s  i f  we in te r c h a n g e  D and D ' .

b ) I f  s = l  mod 2:

{d , D’} , [d U f o ]  , D' U [ o ] }  and [D  U [ o] , D U { “>}} a r e  b a s e s  o f

B IB D 's w ith  th e  f o l lo w in g  param eters;

s -  1 . s  -  3
v  = s  ; k = — —  i * = — <§—  ,

s  + l  . s  + l
v  = s  ; k = 2~~ ; X = ~~~2 ’

l S + l  \ 3 _ 1 4.4 nv = s  + 1 ; k = — g—  ; \  = — g—  , r e s p e c t i v e l y .

The same h o ld s  i f  we in te r c h a n g e  D and D* .

The p ro o f r e l i e s  e n t i r e l y  on  Lemma 2 .6  and i s  s tr a ig h tfo r w a r d .
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2
L et now t  be a p r im it iv e  r o o t  o f  G F(s ) and l e t  u s  d en o te :

Dj = f t J+Js(a+D . k = o , 1 , . . .  , s  -  2} f o r  j  = o ,  1 , . . .  , s .

2
When we r e q u ir e  s e v e r a l  c o p ie s  o f  G F(s ) we w i l l  l e t  t^  be a

p r im it iv e  r o o t  o f  th e  i - t h  cop y  and 0^ , th e  co r resp o n d in g  z e r o , We

a l s o  l e t :

( 2 . 1 2 )  D ji  = ( t J +k<s+ 1 > . k = 0 , 1 , . . .  , s  -  2} f o r  j  = 0 , 1 , . . .  , s .

L et Z and Z , be co m p le te  r e s id u e  sy stem s modulo s  , s  + 1 ,s  s + l

r e s p e c t iv e ly ,  and l e t  ( i ,  j )  b e  th e  e le m e n ts  o f  th e  c a r t e s ia n  prod uct 

Zg X , i  = 0 , 1 , . . .  , s  -  1 ; J = 0 ,  1,  . . . , s .

Theorem 2 .3  I f  th e r e  e x i s t s  a c o n f ig u r a t io n  on  th e  s e t

Z X Z , , c o n s i s t in g  o f  2s b lo c k s ,  ea ch  h a v in g  c a r d in a l i t y  ( s  + l ) / 2s  s + l

and su ch  th a t :

i )  The c o n f ig u r a t io n  in d u ced  by K on Z i s  a BIBD w iths s

p aram eters v  = s ; k = X = ■— ™ — ;

i i )  Each p a ir  ( i ,  j )  €  Z X Zg+1 i s  r e p r e se n te d  in  a (n e c e s s a ­

r i l y  u n iq u e ) b lo c k  o f  Kg ;

i i i )  For each  f ix e d  i ,  k € Z and each  p a ir  { ( i ,  j )  , (k , h )}s

o c c u r r in g  in  a b lo c k  o f  K , no two o f  s  + l  numbers t^ t  t *1 b e lo n gs

t o  th e  same D ( j  = 0 , 1 , . . .  , s ) ,  w here j  and h a r e  two f ix e d
J

r e p r e s e n t a t iv e s  o f  t h e i r  r e s id u e  c l a s s e s  mod s  + 1 ,

th en  we can o b ta in  a r e s o lv a b le  u n i t a l  by r e p la c in g  each  b lo c k  

{ ( i j ,  j x ) , < i2 , J 2 > » • • •  * ( ig + x  > J s+ i ^  o f  Ks  by (S  “ 1 ) / 2  b lo c k s
2 2

o f  ty p e :

r s  131 J i +m (s+1) Jx+mCs+l) j ( s + i ) / 2+ m (s+ l) j ( s + l ) / 2+ m (s+ l) 1
( X. , “ I .  , . . .  , t . , —u. J ,

1 1 ( s + l ) / 2  ( s + l ) / 2
^ ,  s  -  3

m -  0 , l j  t — 2—  *

T h ese  b lo c k s ,  t o g e th e r  w ith  0 , 0 , . . .  , 0 } form a b aseO 1 s— 1



2
w ith  r e s p e c t  t o  th e  a d d i t iv e  group o f  GF(s ) , o f  a r e s o lv a b le  u n i t a l

on th e  s e t  GF U GF. U ... U GF . U { “ } , th e  G F .’ s  b e in g  c o p ie s  o fO X s— X X

P ro o f A n e c e s s a r y  and s u f f i c i e n t  c o n d it io n  f o r  a  g iv e n  fa m ily

G F(s2 ) .

t o  be th e  fa m ily  o f  b a se  b lo c k s  o f  a BIBD w ith  r e s p e c t  t o  th e  a d d i t iv e  

group o f  GF(q) i s  th a t  th e  g iv e n  fa m ily  y i e l d  a l l  n on zero  pure d i f f e r ­

e n c e s  and a l l  m ixed d i f f e r e n c e s ,  \  t im e s  ea c h . ( [ 1 0 ] ,  p . 2 3 2 ) .

H ence we have t o  v e r i f y  th a t  th e  g iv e n  fa m ily  o f  s u b s e t s  y i e l d s  

a l l  th e  a p p r o p r ia te  d i f f e r e n c e s ,  on ce ea c h .

We f i r s t  o b se r v e  th a t  f o r  ea ch  f ix e d  i  , ea ch  p a ir  o f  ty p e:

<2.14) , when8 „  = o, 1 ................. ± 4 - 2I X  a
and

j  ra n g es th rou gh  Zg+1 , a p p ea rs e x a c t ly  on ce in  th e  b a se  b lo c k s  ( 2 .1 3 ) .

T h is  f o l lo w s  from  i i ) .

The p a ir s  ( 2 .1 4 )  g iv e  r i s e  to  pure d i f f e r e n c e s  l 2 t ^ +m^S+1^; i f

j  i s  a l s o  f i x e d ,  th e s e  d i f f e r e n c e s  a re :

( 2 .1 5 )  +2t^ , l 2 t ^+S+1 , . . .  , ± 2 t j + ( (S “ 3 ) /2 ) ( S + 1 )  .

2 w (  s+X )But i n  G F(s ) we have 2 = t^  f o r  some in t e g r a l  w ,

so  th a t  ( 2 .1 5 )  becom es:

• ✓ i w - . x  j + [ w + ( s - 3 ) /2 ]  ( s + l )
( 2 .1 6 )  , i t J + C » + l> < » + l> ............................... i t i

( 2 .1 6 )  i s  p r e c i s e l y  a s  d e f in e d  in  ( 2 . 1 2 ) b eca u se :

[ ( s - l ) / 2 ] ( s + l )

- 1 = t i

H ence a l l  n o n zero  pure d i f f e r e n c e s  o c c u r  e x a c t ly  o n c e .

To ch eck  th e  m ixed d i f f e r e n c e s ,  we f i x  i  and k ( i  ^ k ) in  Z .s

Each b a se  b lo c k  ( 2 .1 3 )  y i e l d s  fo u r  d i f f e r e n c e s  in v o lv in g  i  and 

k , nam ely:
j+ m (s + l)  h + m (s+ l) s  -  3

( 2 .1 7 )  ^ t  ± t  (m = 0 , 1 , . . .  , — g— ) , f o r  ea ch

j ,  h € Z su ch  th a t  ( i ,  j )  , (k , h ) o c c u r  t o g e t h e r  in  a b lo c k  o f  M S+X s



I f  j ,  h a r e  f i x e d ,  th e  numbers + ^ ^ +m^s+ 1  ̂ + t h+m( s+ l ) j  and 

+|-t j+ n i(s + l)  _ t h+m (s+ l)-j c o n s t i t u t e  Dr  and Du f o r  some r  ^ u , i f  

we l e t  m = 0 , 1 , . . .  , ( s  -  3 ) / 2 .

Com bining t h i s  w ith  i i i )  shows th a t  a l l  n on zero  m ixed d i f f e r e n c e s  

o c c u r  o n c e .

As reg a rd s  th e  z e r o  m ixed d i f f e r e n c e s ,  th e  b a se  b lo c k  { “ , 0 , 0 , ,o  1
. . .  , 0 , }  ta k e s  c a r e  o f  them .s- 1

The same b lo c k  shows t h a t  a l l  p a ir s  in v o lv in g  00 ap pear o n c e .  

R e s o lv a b i l i t y  f o l lo w s  im m ed ia te ly  from th e  f a c t  th a t  th e  b a se  

b lo c k s  c o n s t i t u t e  a  co m p lete  r e p l i c a t io n ,  QED.

Theorem 2 .4  F or s  = 3 and 5 , th e r e  e x i s t  r e s o lv a b le  u n i t a l s  

w h ich  c o n ta in  th e  P asch  C o n fig u r a t io n , th er eb y  b e in g  n on isom orph ic t o  th e  

u n i t a l s  o f  theorem  2 . 1 .

P ro o f F or s  = 3 th eorem  2 .3  g iv e s  th e  same c o n s tr u c t io n  a s  

theorem  2 .2 .  I t  i s  an e a sy  ch eck  th a t  th e  c o n d it io n s  o f  theorem  2 .3  a r e  

s a t i s f i e d  i n  t h i s  c a s e .  We have a l s o  found  o u t by in s p e c t io n  th a t  t h e s e  

u n i t a l s  c o n ta in  th e  P asch  C o n fig u r a t io n .

F or s  = 5 one may c o n s tr u c t  a u n i t a l  in  th e  fo l lo w in g

manner:

L et t  be a  p r im it iv e  r o o t  o f  G F(25) , s a t i s f y i n g :

( 2 .1 8 )  t 2 + t  + 2 = 0 o v e r  GF (5 )  .

We c o n s tr u c t  th e  c o n f ig u r a t io n  Jtg on Zg X Zg a s  f o l lo w s

B l:  { ( 0 , 2 )  , ( 1 , 6 )  , ( 4 ,1 ) }  B6 : { ( 0 , 3 )  , ( 2 , 1 )  , ( 3 ,6 ) }

B2: { ( 1 , 8 )  , ( 2 , 3 )  , ( 0 ,4 ) }  B7: { ( 1 , 1 )  , ( 3 , 4 )  , ( 4 ,3 ) }

( 2 .1 9 )  B3: { ( 2 , 2 )  , ( 3 , 1 )  , ( 1 ,1 1 ) }  B8 : { ( 2 , 4 ) ,  ( 4 ,1 1 )  , ( 0 ,1 ) }

B4: { ( 3 , 2 )  , ( 4 ,1 0 )  , ( 2 ,6 ) }  B9: { ( 3 , 5 )  , ( 0 , 6 )  , ( 1 ,1 0 ) }

B5: { ( 4 , 8 )  , ( 0 , 5 )  , ( 3 ,3 ) }  B10: { ( 4 , 6 )  , ( 1 ,3 )  , ( 2 ,5 ) }

K_ in d u c e s  on Z_ a  (5 ,  3 , 3 )  -  BIBD , a s  r e q u ired  by 
5  5

theorem  2 .3  i ) .

C o n d it io n  i i )  i s  e a sy  t o  ch eck .

C o n d it io n  i i i )  must be ch eck ed  f o r  a l l  p a ir s  i ,  k € Z_
5
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As an i l l u s t r a t i o n  we w i l l  ch eck  th e  p a ir  i  = 0 , k = 1 .

A c co rd in g  to  ( 2 .1 9 ) ,  we have t o  e v a lu a te  th e  fo l lo w in g ,  w here t  i s  

g iv e n  by ( 2 .1 8 ) :

2 6 13 ^t  + t  = t  € D.,

2 6 22 c „ t  -  t  = t  6 D.

. 6  ^.10 17 ,  „t  + t  = t  € Dc

6 ^10 2 c  
t  -  t  = t  € D,

t 4 + t 8 -  t 15 € D,

We ch eck  a l l  p a ir s  in  th e  same fa s h io n .

H ence a l l  th e  c o n d it io n s  o f  theorem  2 .3  have b een  s a t i s f i e d .

The P asch  C o n fig u r a t io n  can  be o b ta in e d , f o r  exam ple, in  th e  

f o l lo w in g  manner:

The b lo c k s  B l ,  B2, B4, B8 ( s e e  ( 2 .1 9 ) )  o f  Kg r e s p e c t iv e ly ,  g iv e  

r i s e ,  among o th e r  b a se  b lo c k s  o f  th e  u n i t a l ,  t o  th e  fo l lo w in g  ( s e e  ( 2 .1 3 ) ) :

Cl:
r 2 2 6 6 1 1 ,
f V  " V  V  " V  * 4 ’ " t 45 ( f o r  m = 0 )

C2: r +8 8 .3  .3  4 4, 
[ t j . ,  _ t 1 » 2 ’ 2 ’ o ’ “ V ( f o r  m = 0 )

C4:
f  8 8 .1 6  .1 6  12  . 12 , 
 ̂ 3 ’ 3 ’ 4 ’ 4 ’ 2 ’ 2 ^ ( f o r  m = 1 )

C8 ; f t 10 - t 10 t 17 - t 17 t 7 - t 7 }  ̂ 2 ’ 2 4 ’ 4 ’ o ’ o ( f o r  m = 1 )

H ere , a l l  t^ ’ s  s a t i s f y  ( 2 .1 8 ) .

We now add: 0 , t 1 9 , t 3 , t 1 5 , t o  C l, C2, C4, C8 , r e s p e c t i v e l y ,

th e r e b y  o b ta in in g  th e  b lo c k s  in  f i g .  2 , w h ich  o b v io u s ly  c o n ta in  th e

P asch  C o n fig u r a t io n 11
2312

1 4

20 1213
1822 1717

F ig .  2

T h is  c o m p le te s  th e  p r o o f ,  QED.'



36

We n o te  th e  fo l lo w in g  f a c t s  c o n c e r n in g  Kg ( 2 .1 9 ) :

O bs. 1 K„ in d u c e s  on Zc a BIBD w ith  p aram eters v = 6,■ —  5 o

k = 3 , X = 2 , w h ich  i s  p r e c i s e l y  th e  t h i r d  BIBD g iv e n  by C o r o lla r y  2 .1  b

( f o r  8 = 5 ) .

O bs. 2 For each  f ix e d  i ,  k € Z_ , i f  we c o n s id e r  th e  th r e e— — D
p a ir s  o f  ty p e :

{ ( i . J j )  , ( k , ^ ) }  ; { ( i , j 2 ) , (k ,h 2 )} ; { ( i . j g )  , (k .h g )}  ,

we have:

h l  S d2 * h 2 = J 3 ’ h3 = J 1 “ o d u l°  6 *

N e it h e r  o f  th e s e  two f a c t s  i s  r e q u ired  by theorem  2 .3 ,  th ou gh .

On th e  o th e r  hand, th e  BIBD r e q u ired  by theorem  2 .3  i ) ,  a s  w e l l

S  *4* 1  S — 1a s  a  ( s  + 1 , — s— , — 5— ) -  BIBD, e x i s t  f o r  any odd prim e power s .£ A

B ased  on th e s e  f a c t s ,  we have been  t r y in g  t o  o b ta in  a  g e n e r a l  

m ethod w hereby u n i t a l s  co u ld  be g o t t e n  f o r  any odd prim e power s  , so  

f a r  u n s u c c e s s f u l ly ,  th ou gh .

W hile lemma 2 .6  and c o r o l la r y  2 .1  m igh t make i t  p o s s ib le  to  

s a t i s f y  i )  and i i )  f o r  any s  , c o n d it io n  i i i )  how ever, tu rn s  o u t  

t o  be d i f f i c u l t  t o  s a t i s f y .

We s h a l l  now show th a t  th e  e x i s t e n c e  o f  a r e s o lv a b le  u n i t a l  f o r  

some prim e power s le a d s  t o  th e  e x i s t e n c e  o f  a r e s o lv a b le  BIBD w ith

p a ra m eters  v = s  + 1 ,  k = s  + 1 , X = 1 , f o r  any t  ^ 0 . T h is

w i l l  e x h a u st th e  problem  o f  c o n s tr u c t in g  th e  ty p e  I I  m a tro id  d e s ig n s  

( s e e  C hapter I ) .

We s h a l l  p rove a more g e n e r a l s ta te m e n t:

Theorem 2 .5  I f  th e r e  e x i s t s  a  r e s o lv a b le  (w, u , 1 ) -  BIBD and 

a r e s o lv a b le  (nu + 1 ,  n + 1 , 1 )  -  BIBD , th en  th e r e  e x i s t s  a r e s o lv a b le  

(nw + 1 ,  n + 1 ,  1 ) -  BIBD.

P ro o f A s id e  from  r e s o l v a b i l i t y ,  t h i s  h as been  proved  i n  [ 1 1 ] ,  

p ro p . 3 .1 0 ,  p . 3 6 5 .

P ro v in g  r e s o lv a b i l i t y :

L et A = [ z ]  U ( U E±)  . .
i = l  » w here I E± | = w , i  = 1 , 2 ...................n
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and H Ej = 0  f o r  i  ^ j  , z  g  Ei  f o r  any i  , so  th a t  |A | = nw + 1 .

We in tr o d u c e  th e  fo l lo w in g  n o ta t io n s :

w - 1  w nu + 1 ^■ = r  ; — = s  ;    = tu -  1 ’ u n + 1

L et th e  b lo c k  fa m ily  o f  a r e s o lv a b le  (w, u , 1 ) -  BIBD on E  ̂

be 6 .  . By r e s o lv a b i l i t y :

L = S ft . , w here ft . .  a re  th e  p a r a l l e l
1 j = l  i j  l j

c l a s s e s  o f  b lo c k s :

Bi j  “  ^Bi j ’ Bi j ’ • “  ’ Bij^  and:

( 2 .2 0 )  | b ^ |  = u  f o r  a l l  i ,  j ,  k . A lso ;

( 2 .2 1 )  U B* = E. f o r  a l l  j .
k = l J

C o n sid er  th e  s e t  F^ = {z }  U ^ U B^ j )  for J = 1 > 2 » • • •  > r *

|F j |  = nu + 1 , by ( 2 . 2 0 ) .  

kWe c o n s tr u c t  now on ea ch  Fj a  r e s o lv a b le  (nu + 1 ,  n + 1 ,  1 ) -  

BIBD w ith  b lo c k  fa m ily  , in  such a way th a t  f o r  any i ,  j ,  k:

( 2 .2 2 )  |c fl B^j | = 1 f o r  any C € such  t h a t  z € C.

k kI f  2  i s  th e  su b fa m ily  o f  C. c o n s i s t i n g  o f  a l l  b lo c k s
J J

s  k
c o n ta in in g  z  , th en  U 3 .  can  be made t o  be th e  same c o l l e c t i o n  o f

k = l J

b lo c k s ,  r e g a r d le s s  o f  j .  T h is  can  be a c h ie v e d  by v ir t u e  o f  ( 2 .2 1 ) .

k u k k
By r e s o l v a b i l i t y ,  C . = U C , w here C a r e  th e  p a r a l l e l

J J
c l a s s e s  o f  b lo c k s .

Now f o r  any b lo c k  C su ch  th a t  z  € C and any f ix e d  j  th e r e

e x i s t s  a  u n iq u e k such  th a t  C 6 CL and s in c e  f o r  any f ix e d  j ,  k and

k kany C € th e r e  e x i s t s  a u n iq u e h such  th a t  C 6 , we s e e  th a t :



For any C such  th a t  z 6 C and any f ix e d  j  th e r e  i s  a 

u n iq u e p a ir  k , h , such  th a t :

(2.23) C € Cjh

We now o b ta in  th e  p a r a l l e l  c l a s s e s  o f  th e  re q u ired  d e s ig n  on 

A a s  fo l lo w s :  we ch o o se  a b lo c k  C such  th a t  z € C , th en  d eterm in e  

f o r  each  j  th e  u n iq ue k and h such  th a t  ( 2 .2 3 )  h o ld s  and c o n s id e r

•c - £  C ?K
C laim : JS i s  a p a r a l l e l  c l a s s  o f  b lo c k s  o f  th e  BIBD on A.

V

To p rove t h i s ,  we o b serv e  th a t  f o r  any f ix e d  j  , th e  b lo c k s

k kin  C ., c  $  c o n ta in  a l l  p o in t s  o f  F . , each  o n ce . F or a d i f f e r e n t  
jh  C j

k*
j  , say  j '  , th e  b lo c k s  in  C , c  & a cco u n t f o r  a l l  p o in t s  o f  F ,

J ft C J
each  o n ce .

k k 1But F . ft F , = C and i t  f o l lo w s  th a t  th e  b lo c k s  in  jft
j  J c

a cco u n t f o r  th e  fo l lo w in g  number o f  d i f f e r e n t  p o in t s  o f  A:

r ( | Fj l  “ l c ! )  + l c l = r (nu + l - n - l ) + n + l = n w + l

i . e .  a l l  p o in t s  o f  A , QED.

C o r o lla r y  2 .2  Where s  i s  any prim e power, th e r e  e x i s t  

2t + lr e s o lv a b le  ( s  + 1, s  + 1 , 1 ) -  BIBD 's f o r  any t  ^ 0 .
3

P ro o f There e x i s t  r e s o lv a b le  ( s  + 1, s  + 1, 1 )  -  B IBD 's, 

by theorem  2 .1 .  A ls o , th e r e  e x i s t  r e s o lv a b le  ( s ^ t ,  s 2 , 1 )  -  B IB D 's,
2

A G (t, s  ) b e in g  such  a d e s ig n .
o f 2

A pply now theorem  2 .5  w ith  w = s  , u = s  , n = s  , to  

o b ta in  th e  d e s ir e d  BIBD, QED.
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CHAPTER I I I

TRANSVERSAL DESIGNS

We have se e n  in  C hapter I th a t  rank 3 m atro id  d e s ig n s  o f  prim e  

power in d e x  may be d e s c r ib e d  e n t i r e l y  in  term s o f  a c e r t a in  c l a s s  o f

T D g 's, nam ely th o s e  w ith  p aram eters o f  ty p e  v = p ( 2 t+ 1 ) m + 1 , s  = ph ,

k = p m + l  , X = 1 , w here 0 ^ h £  m.

In  c h a p te r  I I  we showed th a t  th e s e  a lw a y s e x i s t  when h = 0 ,

i . e .  when th e  TDg red u ces t o  a  BIBD.

In  t h i s  c h a p te r  we s h a l l  show th a t  TD2 ' s  w ith  th e  above para­

m e ter s  a lw a y s  e x i s t  when h = m. In  th e  l a t t e r  c a s e ,  we have th e  ty p e  I I I

m a tro id  d e s ig n s ,  c o n s i s t in g  e s s e n t i a l l y  o f  (1 + pm + p ( 2 t+ 2 ) m( j  + pmt j )

2t +2-  B IBD 's o r  (1 + q + q , 1 + q , 1 ) -  B IB D 's.

We s h a l l  a c t u a l ly  show th e  e x i s t e n c e  o f  a much la r g e r  s e r i e s  

o f  TD0 ' s  th a t  c o n ta in  th e  above m ention ed  c l a s s e s  o f  BIBD 's a sA

s p e c i a l  c a s e s .  In  a d d it io n ,  we s h a l l  p r e s e n t  a number o f  r e s u l t s  about 

t r a n s v e r s a l  d e s ig n s  th a t  a re  i n t e r e s t i n g  in  th e m se lv e s .

The TD^’ s w ith  t  = 2 a r e  o f  p a r t ic u la r  i n t e r e s t  and th e y

a p p ea r  o f t e n  in  th e  l i t e r a t u r e .  They have b een  u sed  by H anani a s  an 

e s s e n t i a l  t o o l  in  c o n s tr u c t in g  BIBD 's w ith  k = 3 , 4 and 5 ( [ l l ]  ,

[ 1 2 ] ) ,  b e s id e s  t h e i r  u se  in  th e  d e s ig n  o f  e x p er im en ts  ( [ 5 ] ) .

In u s in g  them, how ever, v a r io u s  a u th o r s  name them in  d i f f e r e n t

w ays.

In  [ l l ] ,  a T -  sy stem  i s  a  s p e c ia l  c a s e  o f  a TDg . nam ely  

a TD9 w ith  v = k ,  t = 2 ,  X = 1 .

In  [ 1 2 ] ,  p . 185 , th e  n o t io n  o f  a group d i v i s i b l e  d e s ig n  (GD 

d e s ig n )  i s  in tr o d u c e d . A ccord in g  t o  t h i s  d e f i n i t i o n ,  a GD d e s ig n  i s  

a s p e c ia l  c a s e  o f  a  TD  ̂ , nam ely w ith  t  = 2 .
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In  [ 2 0 ] ,  p . 228, a GD d e s ig n  i s  d e f in e d  a s  a more g e n e r a l  

in c id e n c e  s t r u c tu r e ,  w here t  = 2 , but n e i t h e r  th e  grou p s n or th e  

b lo c k s  need  be e q u ic a r d in a l . A cco rd in g  t o  [ 2 0 ] ,  what we have c a l l e d  

a TD„ i s  a u n iform  group d i v i s i b l e  d e s ig n  w ith  e q u ic a r d in a l

b lo c k s .

In  [ 5 ] ,  p . 602, a group d i v i s i b l e  d e s ig n  i s  d e f in e d  a s  a 

p a r t ic u la r  c a s e  o f  a P a r t i a l l y  B a lan ced  In co m p lete  B lo ck  D esig n  

(PBIBD) w ith  two a s s o c i a t e  c l a s s e s .

A PBIBD was f i r s t  d e f in e d  i n [ 2 ]  ( s e e  a l s o  [ 3 ] ,  p . 3 6 7 ):

D e f in i t io n  3 .1  L et a v -  s e t  be g iv e n , t o g e th e r  w ith  an

a s s o c i a t i o n  scheme d e f in e d  a s  f o l lo w s :

a )  Any tw o e le m e n ts  o f  E a r e  i - t h  a s s o c i a t e s ,  i  = 1, 2,

. . .  , m , th e  r e la t io n  o f  a s s o c i a t i o n  b e in g  sy m m etr ica l.

b ) Each e lem en t h as n^ i - t h  a s s o c i a t e s .

c )  F or any p a ir  o f  e le m e n ts  w h ich  a re  i - t h  a s s o c i a t e s ,  th e  

number o f  e le m e n ts  w h ich  a r e  j - t h  a s s o c i a t e s  o f  one and k -th  

a s s o c i a t e s  o f  th e  o th e r  i s  p*- ( j ,  k = 1 , 2 .................. m) and i s  in -
jk

dep en dent o f  th e  p a ir  o f  i - t h  a s s o c i a t e s  w ith  w h ich  we s t a r t  ( in

p a r t ic u la r ,  p*k = pk J ) .

G iven  th e  s e t  E w ith  an a s s o c ia t io n  schem e d e f in e d  on i t ,  

a PBIBD on E c o n s i s t s  o f  a c o l l e c t i o n  B o f  s u b s e t s  o f  E , c a l l e d

b lo c k s  ( | b | = b ) ,  each  b lo c k  c o n ta in in g  k e le m e n ts  o f  E and such

th a t :

1 )  Any e lem en t i n  E o c c u r s  r  t im e s  i n  th e  b lo c k s  o f  B ;

2 ) I f  o, b € E a re  i - t h  a s s o c i a t e s ,  th e  p a ir  [ a ,  b} 

ap p ea rs in  A b lo c k s .

Connor th en  d e f in e s  a GD d e s ig n  on a s e t  E:

D e f i n i t i o n  3 .2  A GD d e s ig n  i s  a PBIBD w ith  two a s s o c ia t e  

c l a s s e s  and su ch  th a t ;

i )  The r e la t io n  "a i s  e i t h e r  i - t h  a s s o c i a t e  o r  id e n t i c a l  

w ith  b" i s  an e q u iv a le n c e  r e la t i o n  among th e  e le m e n ts  o f  E fo r

i  = 1 o r  2 but n o t b o th .

i i )  \  4  •
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I t  i s  ap p aren t th a t  T D g's , a s  d e f in e d  in  c h a p te r  I ,  a re  GD 

d e s ig n s  w ith  X  ̂ = 0 ( i  = 1 o r  2) .

In  th e  se q u e l we w i l l  be co n cern ed  w ith  t r a n s v e r s a l  d e s ig n s  o n ly .

We w i l l  u se  th e  n o t io n  o f  " t r a n s v e r s a l  d es ig n "  th ro u g h o u t, and th e  

c o r resp o n d in g  n o t a t io n s ,  t o o .  Thus we want t o  em ph asize th e  d i f f e r e n c e  

b etw een  GD d e s ig n s  a s  d e f in e d  in  D e f. 3 .2  and th e  T D g's d e f in e d  in  

C hapter I .

*

A TD  ̂ w ith  v  = k i s  c a l l e d  a  f u l l  TD^. The number o f  b lo c k s  

in  a f u l l  TD„ i s ,  by ( 1 .2 5 ) :
A

b = Xs2

The n e x t  th eorem  r e p r e s e n ts  known p r o p e r t ie s  o f  T D g's ( s e e ,  f o r  

e x . , [ 10 ] .

Theorem 3 .1  The fo l lo w in g  s ta te m e n ts  a re  e q u iv a le n t :

i )  T here e x i s t s  a TDg(n + 1 ,  n, n + 1 ,  1 ) .

i i )  T here e x i s t s  an o r th o g o n a l arra y  o f  o r d e r  n and d ep th  n + 1 .

i i i )  T here e x i s t s  a PG(2, n ) .

i v )  T here e x i s t s  a co m p lete  s e t  o f  m u tu a lly  o r th o g o n a l L a tin  

sq u a r es  o f  o r d e r  n.

Theorem s 3 .2  -  3 .5  a r e  " co m p o sitio n  th eorem s" , e n a b lin g  one to  

o b ta in  new T D 's from known o n e s .

Theorem 3 .2  I f  th e r e  e x i s t s  a TD^.(w, s ' ,  v , X') and a

TDt (v ,  s ,  k , X), th en  th e r e  e x i s t s  a  TD^.(w, s s * , k,  XX'). M oreover, 

r e s o l v a b i l i t y  o f  th e  f i r s t  two d e s ig n s  e n t a i l s  r e s o l v a b i l i t y  o f  th e  l a s t .

P ro o f The f i r s t  s ta te m en t i s  a  s l i g h t  m o d if ic a t io n  o f  ( [ 2 1 ] ,  

p . 3 0 , ( 1 3 3 ) ) .  As f o r  th e  seco n d  s ta te m e n t, th a t  i s  a  s tr a ig h tfo r w a r d  

con seq u en ce  o f  th e  method o f  c o n s t r u c t io n ,  QED.

Theorem 3 .3  I f  th e r e  e x i s t s  a TDg(w + 1 ,  s ,  k, X) and a

TDg(v, sw, k, X) , th e n  th e r e  e x i s t s  a TDg(vw + 1 ,  s ,  k, X).

P ro o f L et E be an s(vw  + 1 ) -  s e t  p a r t i t io n e d  by th e
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c o l l e c t i o n  §  = { S ^  Sg, . . .  , Sw + 1 ] , w here | s h | = s f o r  h = 1 , 2 ,

. . .  , vw + 1 .

To o b ta in  th e  re q u ired  TDg , we f i r s t  c o n s tr u c t  f o r  i  = 1 , 2,

. . .  , v , a d e s ig n  (E . , S' )  = TD0 (w + 1 , s ,  k , X) , where:X I X  A

S 1 = fS(l-l).+j : J =. . . . . . . . . . .  U fSvw.l’ “ •> E1 - “ Sh •
s tl i

L et now F± = U S ( i _ 1)w+J , i  = 1 , 2 , , v; | F± | = sw

f o r  a l l  i .  j=1

We c o n s tr u c t  an (E -  S 3 ,  J )  = TD0( v ,  sw, k, \ )  , wherevw+l z

3  = {F 1 , f 2 , . . .  , Fv} .

V
Now, (E , S , U 3 .  U S’) i s  th e  d e s ir e d  TD_(vw + 1, s ,  k , X) ,

^  i = lQED.

Theorem 3 . 4  I f  th e r e  e x i s t s  a TD2 (w, s s ' ,  k,  X) and a

TD0 ( s ' ,  s ,  k,  X) , th en  th e r e  e x i s t s  a T D „ (w s', s ,  k , X ).2 2

P ro o f L et E be a w s ' s  -  s e t  p a r t i t io n e d  by th e  c o l l e c t i o n

§  = f S , , S_ , . . .  S , w here | S j = s  f o r  h = 1 , 2 , . . .  , w s' .1 2 ws 1 h'

We c o n s tr u c t  an (E , § ' ,  S’) = TD2 (w, s s ' ,  k,  X) , where: 

s ’- l
§ ’ = f U Si +iw ' 1 = 2 > • • •  > w?

j= o  1+JW

N e x t, f o r  each  i  = 1 , 2 , . . .  , w, we c o n s tr u c t  an (E ^  § i , 3 \ )

= T D „ ( s ' f s ,  k,  X) , w here S . = [ s . ,  S.  , . . .  , S. . , . .  } and2 i  i  i+w i + ( s  - l ) w

E. = U S . .
1 S . € § .h x w

Then (E , S , U 3 \  U S’) i s  th e  r e q u ir e d  TD „(w s’ , s ,  k , X) ,
i = l  1 *

QED.

Theorem 3 .5  I f  th e  f o l lo w in g  T D g's e x i s t ;

TD2 (w + 1 ,  s ,  k , XX’ ) ;

TD (n , w, k ' , X) , r e s o lv a b le  ; z

TD2 (k ’ + 1 , s ,  k , X’ ) ;



TDg(v + 1 , s ,  k , \ X ' )  , w here v = P̂k r , th en  th e r e

e x i s t s  a TDg(nw + v  + 1 , s ,  k , \X').

P ro o f L et E be an s(nw + v  + 1) -  s e t ,  p a r t i t io n e d  by

th e  c o l l e c t i o n  S = S2 .................Snw+v+l^ ’ where l s iJ  = s  f o r

h = 1 , 2 ................nw + v + 1 .

F i r s t ,  f o r  ea ch  r  = 1, 2 , . . .  , n , we l e t  (Er> S^, 3 ^ )

be a TD2(w +1, s, k, XX') , where:

S r  = f S ( r - l ) . +j  : J = l ’ 2 .................. w) U f W + l 1 “ d

E = U S . .
r s .e s  hh r

L et now Fr  = ( S ( r_ i ) w+j  ! j  = 1> 2 , . . .  , w} , r  = 1 , 2,

. . .  , n and F = U F . L et a l s o  3? = {F .., F„, . . .  , F } .r  1 2 n
r= l

We l e t  (F , 3 ,  J )  b e  a r e s o lv a b le  TD2 (n  , w, k ' ,  X ).

Then b = |3 |  = k ° ( k t'~'- 1 i y 2 ’ by < 1 2 5 >-

Each p a r a l l e l  c l a s s  o f  b lo c k s  c o n s i s t s  o f  nw /k' b lo c k s ,

so  th a t  th e r e  a re  b k '/n w  = — _ ■ ■■■ = Xv p a r a l l e l  c l a s s e s :

Xv
3  = U S’’ , JJ’ b e in g  th e  p a r a l l e l  c l a s s e s .

m=l m m

_ ^Tm l’ Tm2 ’ ’ Tm ,nw /k '^ '

Now f o r  each  i  = 1 , 2 , . . .  , X; j  = 1 , 2 , . . .  , n w /k ';

h = 1 , 2 , . . .  , v , l e t  u s  c o n s tr u c t  a (Gi j h » ^ i j h ’ ^ ijh ^  =

TD2 (k ' + 1 , s ,  k , X') , where:

0 .  .. = T. , . . .  . U f s  . }  and G. ., = U S i j h  i + ( h - l ) X , j  nw+h i j h  ^  u
u ^ i j h

L a s t ly ,  we c o n s tr u c t  a (U, U) = TDg(v + l , s ,  k,  XX’ ) ,

w here:
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S ’ = f S , ,  S , S . ]  and U =  U S . .
nw+1 ’ nw+2 nw +v+lJ s  €§'

h

n \  n w /k 1 v
Then (E , § ,  U J  U ( U U U ., ) U U) i s  th e  re q u ired

r = l r  i = l  J=1 h = l iJ h

TDg(nw + v + 1 , s ,  k , XX1), QED.

2t +2We p ro ceed  now t o  th e  c o n s t r u c t io n  o f  th e  c l a s s  o f  (1  + q + q ,

1 + q , 1 ) -  B IB D 's. I t  tu r n s  o u t t h a t  th e s e  BIBD 's a re p a r t ic u la r  

in s t a n c e s  o f  a la r g e  c l a s s  o f  T Dg ' s .  More p r e c is e ly ,  we s h a l l  p rove

th a t  th e  fo l lo w in g  theorem  h o ld s :

Theorem 3 .6  F or any prim e pow er q ,

TD2 (qn°  + qDl  + . . .  + q1*1", qh , 1 + q, 1 ) e x i s t s ,  where:

( a )  n^ = i  mod 2 , i  = 0 , 1 , . . .  , r;

(b )  n <  n , <  . . .  <  n ;'  o 1 r

( c )  h = 0 im p lie s  nQ = 0 and nQ = 0 im p lie s  r  S 1 .

F or th e  p ro o f we need  s e v e r a l  lemmas.

Lemma 3 .1  Where q i s  a p rim e power, TD2 (v ,  q , v , qn 2)

e x i s t s  f o r  any n 2: 2 and any v ^ (q n- l ) / ( q - l ) .

P r o o f I t  s u f f i c e s  to  p ro v e  th e  lemma f o r  v = (qn- l ) / ( q - l ) , 

f o r  th e n , f o r  any s m a lle r  v  we s im p ly  d e le t e  th e  su p e r flu o u s  e le m e n ts  

from a l l  b lo c k s .

In  PG(n, q )  o v e r  GF(q) w i t h  h yp erp lan e fa m ily  M and l i n e

fa m ily  sd , c o n s id e r  a p o in t  a and l e t :

E = PG(n, q ) -  {a}

§  = { L - { a }  : L € s d ,  a € L }

7  = { H : H € M ,  a £ H }

The t r i p l e  (E , S , S’) i s  th e  d e s ir e d  d e s ig n .

To prove t h i s ,  we n o te  th a t  a i s  on (q n- l ) / ( q - l )  l i n e s ,  

w hence:
v = |§ |  = (qn- l ) / ( q - l )  .
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Then no l i n e  c o n ta in in g  a m eets  any h y p erp la n e  n o t

c o n ta in in g  o in  more th a n  one p o in t;  h en ce  no two p o in t s  b,C  € S € S

o c c u r  in  th e  same b lo c k .

Now l e t  b ,c  be two p o in t s  n o t c o l l i n e a r  w ith  o . b and

c o c c u r  to g e th e r  in  (q n * -  l ) / ( q  -  1)  h y p e r p la n e s . Of t h e s e ,  th e

n— 2(q  -  l ) / ( q  -  1 )  h y p e rp la n es  c o n ta in in g  th e  two -  d im en sio n a l sub­

sp a ce  g e n e r a te d  by th e  t r ia n g l e  [ a ,  b , c} a re  n o t members o f  J .

n- 1  n- 2- l q  - 1  n- 2Hence A. = —-------------- --- --------- —  = qq -  1 q -  1

T h is  c o m p le te s  th e  p r o o f , QED.

Lemma 3 .1  g e n e r a l iz e s  a c o n s t r u c t io n  in  [ 4 ] ,  p.  183 .

At t h i s  p o in t ,  a  fu r t h e r  d e f i n i t i o n  i s  n eed ed .

D e f in i t io n  3 .3  A (v ,  k , A) -  BIBD on a s e t  E i s  c a l l e d  

C e n tr a l ly  r e s o lv a b le  i f  th e r e  i s  an e lem en t a € E such  th a t :

v- 1
r ■. k— 1 .

E -  { oj = U E  ̂ , w here |E ^ | = k -  1 f o r  a l l  i  , th e
i = l

E ^ s  a re  m u tu a lly  d i s j o i n t  and th e  s e t s  E  ̂ U { o} appear a s  b lo c k s

in  th e  d e s ig n , each  A t im e s , f o r  a l l  i .

Lemma 3 .2  The e x i s t e n c e  o f  a c e n t r a l l y  r e s o lv a b le  (v ,  k , A)

-  BIBD i s  e q u iv a le n t  t o  th e  e x i s t e n c e  o f  a TDgCg j ,  k -  1 , k , A ).

P ro o f G iven  th e  c e n t r a l ly  r e s o lv a b le  BIBD on E, d e l e t e

th e  e lem en t a w h ich  m eets  th e  c o n d it io n  o f  d e f i n i t i o n  3 . 3 ,  and a l l  

b lo c k s  c o n ta in in g  i t .  The rem ain in g  b lo c k s  a r e  th e  b lo ck  fa m ily  o f  

th e  d e s ir e d  TD_.
A

The co n v er se  i s  now o b v io u s , QED.

S in c e  any BIBD w ith  A = 1 i s  c e n t r a l l y  r e s o lv a b le ,  we 

h ave t h e  fo l lo w in g :

C o r o lla r y  3 .1  The e x i s t e n c e  o f  a ( v ,  k , 1 )  -  BIBD i s

v  — 1
e q u iv a le n t  t o  th e  e x i s t e n c e  o f  a TDo 0r k “ 1> k > * )•

a  X  M 1
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Lemma 3 .3  Where q i s  a prim e power, TD2 (qm, qD, q + 1 , 1) 

e x i s t s  f o r  any n ^ 1 i f f  m ^ 2 and m i s  ev en .

P ro o f

m. m -i\a 2n
b = **■ , w h ich  i s  in t e g r a l  i f f  m i s  ev en .(q + i)q
L et m = 2h , h ^ 1 .

The p roof i s  by in d u c t io n  on n 2  1 .

A (q 2h+1 + 1 , q + 1 , 1) -  BIBD e x i s t s  by c o r o l la r y  2 . 2 .  By 

c o r o l la r y  3 . 1 ,  t h i s  i s  e q u iv a le n t  t o  a TD2 (q 2h , q , q + 1 , 1 ) .

Hence th e  lemma h o ld s  f o r  n = 1 .

Assume th a t  TD2(q 2h , qn , q + 1 , 1 ) e x i s t s  f o r  some n .

Lemma 3 . 1 ,  f o r  n = 2, s u p p l ie s  a TDg(q + 1 ,  q , q +1, 1 ) .  We 

a p p ly  now theorem  3 .2  w ith :

n u  „
w = q  , s '  = q , v = k = q + 1 , \ = X ' = 1  , s = q  ,

to  o b ta in  TD„( q 2 h , qD+1, q + 1 , 1 ) .  T h is  co m p le te s  th e  in d u c t io n , QED. z

We a re  p rep ared  now t o  p rove th eorem  3 . 6 .

P ro o f o f  Theorem 3 .6  The r e p l i c a t io n  number o f  th e  d e s ir e d  

TD2 i s ,  by ( 1 . 2 6 ) :

n_ , .  h q ° + . . .  + q r - l ) q  r  =  - q
T hus, h = 0 im p lie s  nQ = 0 .

I f  n = 0 = r  , we g e t  a TD0 (1 ,  q , q + 1 , 1 ) w hich  can n ot o z

e x i s t .  H ence n = 0 im p lie s  r  s  1 . o

L et f i r s t  n = 0; we th en  have t o  c o n s tr u c t  a TD_(1 + qD!  + o z

. . .  qn r , qh , q + 1 , 1 ) , w here h 2  0 and r  s  1 .

TD2 (1  + q1*1 , 1 , q + 1 , 1 )  i s  a (1  + qD;l, q + 1 , 1 ) -  BIBD

and t h e r e f o r e  e x i s t s  by c o r o l la r y  2 . 2 , i f f  n^ = 1 mod 2 .

l lTD2 (q + 1 , q , q + 1 , 1 )  e x i s t s  a l s o :  i f  h = 0 i t  i s  a

t r i v i a l  BIBD and i f  h >  0 , we s u b s t i t u t e  qh f o r  q in  lemma 3 . 1
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th e n  l e t  n = 2 and v  = q + 1 .

We a p p ly  now theorem  3 . 2  w ith :

n hw = 1 + q 1 , v = k = q + l  , s ’ = X = X1 = 1 , s = q  ,

n h
t o  g e t  a TD_(1 + q q > q + l»  1 ) f o r  h S 0 .

A

Hence th e  theorem  h o ld s  f o r  n = 0  , h ^ 0 and r  = 1 .o

Assume th a t  i t  h o ld s  f o r  n = 0  , h 2: 0 and some f ix e do

r  s  1 , i . e .  TD2 (1 + q111 + . . .  + qn r , qh , q + 1 , 1 ) e x i s t s  , w here

n . <  n„ <  . . .  <  n .1 2  r

L et u s  u se  theorem  3 .3  w ith :

h
w = qDl , v  = 1 + q112"11!  + . . . + qnr+1 n l  , s = q  , 1* = q + 1 ,

X = 1 , w here <  n 2 <  " ' ‘ <  nr+ l *

h
TDg(w + 1 , s ,  k , X) i s  TDg(q + 1 . q » q +1, 1) and has  

been  o b ta in e d  b e fo r e .
n 2“ ni n J, , 1- n 1 h+n

TD2 (v ,  sw, k , X) i s  TD2 (1  + q + . . .  + q r+1 1 , q

q + 1 , 1 ) and e x i s t s  by a ssu m p tio n , s in c e  0 <  n -  n^ <  . . . <

<  n , -  n , and n . -  n , = i  -  1 mod 2 f o r  i  = 2, 3 ...r + 1 .r+1 l i l

H ence TD2 (vw + 1 ,  s ,  k , X) e x i s t s ;  but t h i s  i s :

, ,  ni  n r + l h » Q + 1 ) > h en ce th e  theoremTD2 ( 1  + q + . . .  + q r  , q

i s  v a l id  f o r  r  + 1 , w h ich  co m p le te s  th e  in d u c t io n .

r i  1 .

T h e r e fo r e  we h ave d is p o s e d  o f  th e  c a s e  nQ = 0 , h s  0 ,

4
We now tu r n  t o  th e  c a s e  n ^ 0 .o

I f  n /  0 , h /  0 e i t h e r ,  f o r  h = 0 im p lie s  n = 0 .  o o

I f  now r  = 0 , th e  theorem  re d u ce s  t o  lemma 3 . 3 ,  so  we can

assum e r  ^ 1 .

We a p p ly  now theorem  3 .4  w ith :

nn- n  n - n  h n
w = 1 + q + . .  . + q ° , s  = q , s ' = q ° , k  = q + l , X  = l .



The h y p o th e se s  o f  theorem  3 .4  are  s a t i s f i e d :

n . -n  n -n ^  h+n_- • . « v , . .  1 o r o  oTD2 (w, s s ' ,  k , \ )  i s  TD2 (1  + q + . . .  + q  , q ,

q + 1 , 1 ) , w h ich  h as a lr e a d y  been  shown to  e x i s t  s in c e  n^ -  nQ = i

mod 2 f o r  i  = 1 , 2 , . . .  , r .
no h

T D g (s ' ,  s ,  k , X) i s  TD2 (q , q , q + 1 , 1 ) , w h ich  e x i s t s  

by lemma 3 . 3 .

T h e r e fo r e  T D_ ( ws ' , s ,  k ,  \ )  e x i s t s .  But t h i s  i s  p r e c i s e l y
A

th e  re q u ired  d e s ig n , QED.

2t +2C o r o lla r y  3 .2  ( 1 + q + q  , 1 + q ,  1 ) -  BIBD e x i s t s  f o r

any prime power q and any t  2  0 .

P ro o f A pply theorem  3 .6  w ith  h = nQ = 0 , n^ = 1 , 

n = 2 t  + 2 , QED.
A

T h is  s o lv e s  th e  problem  o f  th e  ty p e  I I I  m a tro id s  in  ^ ( p 0 ) .

A n oth er  im m ediate con seq u en ce  o f  theorem  3 .6  w h ich  i s  w orth  

m e n tio n in g , i s  th e  fo l lo w in g :

C o r o lla r y  3 .3  F or any prim e power q th e r e  e x i s t s  a

n l  n2 n r( 1 + q  + q + . . .  + q , q + 1 , 1 ) -  BIBD , w here r 2 1 ,

n . = i  mod 2 ( i  = 1 , 2 , . . .  , r )  and n, <  n„ <  . . .  <  ni  I  2 r

PG (r, q ) i s  c l e a r l y  o b ta in e d  a s  a p a r t ic u la r  c a s e  o f  th e  

l a s t  B IBD 's , when n = i  , i  = 1 , 2 ............. r .

*

We s h a l l  c o n c lu d e  by c o n s id e r in g  s e v e r a l  o th e r  c l a s s e s  o f  

TD0 's  o f  g e n e r a l  i n t e r e s t  w h ich , how ever, do n o t ap p ear t o  be co n -A

n e c te d  w ith  th e  c o n s t r u c t io n  o f  m atro id  d e s ig n s .

We f i r s t  n o te  th e  fo l lo w in g :

Theorem 3 .7  TD0 (q + 1 , q -  1 , q , 1) e x i s t s  f o r  any prim e

power q .
2

P ro o f L et E be a (q -  1 ) -  s e t  p a r t i t io n e d  by th e  

fa m ily  S  = { s ^  S2> . . . ,  Sq+1} , where | s h | = q -  1 f o r  h = 1 , 2 , 

. . .  , q + 1 .

L et z fi E and c o n s tr u c t  an AG(2, q ) on  E U {z }  in  such



way th a t  th e  l i n e s  c o n ta in in g  z a re  U f z }  , h = 1 , 2 ...............  q +

The rem ain in g  l i n e s  are  th e  b lo c k s  o f  th e  d e s ir e d  TDg , QED.

T h is  r e s u l t  i s  due to  Hanani ( [ 1 2 ] ,  lemma 1 1 ) .

We a ls o  n o te  th a t  TD2 (q + 1 , q -  1 , q , 1 )  i s  sym m etrica l

f o r  any q , in  th e  s e n s e  th a t  th e  number o f  b lo c k s  i s  th e  same as

th e  number o f  e le m e n ts . In d eed , by ( 1 . 2 5 )  we h ave:

_ (q + i)q(q - D 2  2
b  q f q - -  T5 q 1

The r e p l i c a t io n  number i s ,  by ( 1 . 2 6 ) :

( 3.D r = = ,
q -  1

A TD2 ( v ,  s , k,  X) i s  s a id  to  be r e g u la r  i f  rk -  v s \  > 0 .

I n  th e  c a s e  o f  TD2 (q + 1 , q -  1 , q , 1 )  we g e t  by ( 3 . 1 ) :

rk -  vsX = q-q - ( q + l ) ( q -  1) = 1 > 0  ,
h en ce i t  i s  r e g u la r .

S in c e  th e  TD in  q u e s t io n  i s  r e g u la r  and sy m m e tr ic a l, a£t

theorem  o f  Connor ( [ 5 ] ,  p.  607 , thm. 6 . 2 )  im p l ie s  t h a t  th e  b lo c k s  

f a l l  in t o  v = q + 1 grou p s o f  s  = q -  1 b lo c k s  ea c h , w h ich  are  

such  th a t  any two b lo c k s  in  th e  same group a r e  d i s j o i n t  and any two 

b lo c k s  from  d i f f e r e n t  groups m eet on X = 1 e le m e n t.

In  o th e r  w ords, we may o b ta in  a new TDg(q + 1 , q -  1 , q , 1 )

by c a l l i n g  th e  b lo c k s  " p o in ts ” and th e  p o in t s ,  " b lo c k s” .

A s an a p p l ic a t io n ,  we m ention :

Theorem 3 .8  I f  q -  1 and q a re  b o th  prim e pow ers, 

TD2 (qn , q -  1 , q , 1 ) and TD2 (q D + 1 , q -  1 , q , 1 )  e x i s t  f o r  any 

n * 1 .

P ro o f AG(n, q ) i s  a TD2 (q D, 1 , q , 1 ) .

TD2 (q , q -  1 , q , 1 ) e x i s t s  to o :  s u b s t i t u t e  q -  1 f o r  q

in  lemma 3 . 1 ,  th en  l e t  n = 2 .



Now com bine th e s e  two T D g's by theorem  3 .2  , where:

w = qn , v = k = q , s  = q -  l  , s '  = X = X' = 1 ,

t o  g e t  a TD2(q n , q -  1 , q , 1 ) .

As f o r  TD2 (qn + 1 , q -  1 , q , 1) , i f  n i s  odd, com bin ing  

2t + lTD2 (q + 1 ,  1 , q + 1 , 1 )  w ith  TDg (q + 1 , q -  1 , q , 1 )  , a cc o r d in g

2t + l
t o  theorem  3 . 2 ,  y i e l d s  a TD2 (q + 1 ,  q -  1 , q , 1 ) .

In  t h i s  c a s e ,  q -  1 n eed  n o t be a prim e power.

I f  n i s  ev e n , how ever, we can n ot r e la x  th e  h y p o th e se s  o f

2
th e  th eorem , b eca u se  we do n o t know w h eth er  TDg(q , q -  1 , q , 1 )

e x i s t s  f o r  a l l  prim e powers q , w h ich  i s  needed  in  what f o l lo w s .

We have t o  p rove th a t  TDgCq2”1 + 1 , q -  1 , q , 1 )  e x i s t s  

f o r  any m ^ 1 .

L et m = 1 and l e t  u s  a p p ly  theorem  3 .5  w ith :

w = k -  q , s  = n = k ' = q -  l  , X = X' = 1 .

Then TDg (w + 1 , s ,  k , XX') i s  TDg(q + 1 , q -  1 , q , 1 )  ,

w h ich  e x i s t s  by theorem  3 . 7 .

TD2 (n , w,  k ' ,  \ )  i s  TDg(q -  1 , q , q -  1 , 1 ) .  The l a t t e r  i s

r e s o lv a b le :  i t  i s  o b ta in e d  from AG(2, q ) by d e s ig n a t in g  one p a r a l l e l  

c l a s s  o f  l i n e s  a s  th e  g ro u p s, th en  d e l e t i n g  a l l  th e  p o in t s  from one o f  

th e  g ro u p s. Hence a l l  rem ain in g  l i n e s  w i l l  c o n ta in  q -  1 p o in t s  and 

can  be d iv id e d  in t o  q p a r a l l e l  c l a s s e s  o f  q l i n e s  ea ch .

TD2 (k ' + 1 , s ,  k , X ') i s  T D g(q, q -  1 , q , 1 ) , w h ich  h as

a lr e a d y  been shown t o  e x i s t .

( n  “ l ) wM oreover, v = -V i = w = q and so :k -  1

TDg (v  + 1, s ,  k , XX') i s  TD2 (q + 1, q -  1 , q , 1) and e x i s t s .

So a l l  th e  h y p o th e se s  o f  theorem  3 .5  a r e  s a t i s f i e d  and h ence

2TD2 (nw + v + 1 , s ,  k , XX') s  TD2 (q + 1 , q -  1 , q , 1 )  e x i s t s .  

T h e r e fo r e  th e  d e s ig n  e x i s t s  f o r  m = 1 .



2mAssume now th a t  TD2 (q + 1 , q -  1 , q , 1 )  e x i s t s  f o r  some m. 

We a g a in  make u se  o f  theorem  3 . 5 ,  by l e t t i n g :

n = k ' = q 2 -  1 , w =  q 2m , s  = q -  1 , k = q , X = X’ = 1 .

TD2 (w + 1 , s ,  k , XX’ ) i s  TDgCq2™ + 1 , q -  1 , q , 1 ) and e x i s t s  

by th e  in d u c t iv e  h y p o th e s is .

2 2m 2
TT>2 (n , w, k 1 , X) i s  TD2 (q -  1 , q , q -  1 , 1) and i t  i s

2m
r e s o lv a b le :  i t  i s  o b ta in e d  from AG(2, q ) by d e s ig n a t in g  o n e  p a r a l l e l

c l a s s  o f  l i n e s  a s  th e  grou p s and by rem oving a l l  p o in t s  b e lo n g in g  to

2m 2 2q -  q + 1 g ro u p s. H ence a l l  rem ain in g  l i n e s  w i l l  c o n ta in  q -  1

p o in t s  and can be d iv id e d  in t o  q 2"1 p a r a l l e l  c l a s s e s  o f  q 2™ l i n e s  

ea ch .
2

TD2 ( k ’ + 1 , s ,  k , X’ ) = TDg(q , q -  1 , q , 1 ) e x i s t s  ( s e e  th e

f i r s t  p a r t  o f  th e  th eo rem ).

(n  -  l)w  2mv = l F r _ T -  = w = q

2m
T D 2 ( v  + 1,  s ,  k,  XX’ ) = TDgCq + 1 , q -  1 , q , 1 ) e x i s t s  by 

th e  in d u c t iv e  h y p o th e s is .
2m*t* 2T h e re fo re  TD2 (nw + v + l ,  s ,  k,  XX’ ) =  TD2 (q + 1 , q -  1 ,

2mq , 1 )  e x i s t s .  Thus we have proved  by in d u c t io n  th a t  TDg(q + 1 , q -  1 ,

q , 1 ) e x i s t s  f o r  a l l  m s  1 , QED.

We co n c lu d e  w ith  two more theorem s co n ce rn in g  TD^'s .

Theorem 3 .9  Where q i s  a  prim e power, th e r e  e x i s t s  a  

r e s o lv a b le  TD2 (q D, qm, q , 1 ) f o r  any n s  1 , m 2: 0 .

P ro o f F or m = 0 t h i s  i s  AG(n, q ) .

I f  th e  theorem  h o ld s  f o r  some m we a p p ly  theorem  3 . 2  to

TD2 (qn , qm, q , 1 ) and TD2 (q , q , q , 1 ) , th e  l a t t e r  b e in g  c l e a r l y

AG(2, q )  w ith  on e p a r a l l e l  c l a s s  o f  l i n e s  a s  groups and th e r e b y  re­

s o lv a b le .
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We o b ta in  a TD2 (qD, qm+1, q , 1 )  , w h ich  i s  r e s o lv a b le ,  QED.

I qn  -  1
Theorem 3 . 1 0  For any odd prim e power q and m |n , TD_(——------  ,

q -  1

2k (q m -  1 ) ,  3 ,  2 ) e x i s t s  f o r  any k s  - 1 .

P ro o f L et x be a  p r im it iv e  r o o t  o f  GF(qn ) .

n _ 1 ±
L et u s  d en o te  -•—  = u and l e t  E = f x  : i  = 1 , 2, . . .

mq -  1
n _ i

, 3 — _— } be p a r t i t io n e d  by th e  c o l l e c t i o n  S = { S .., S , . . .  , S } ,
A J. ^  U

w here Sh = {x^U+h : j  = 0 , 1 ...............- — 2“ ^'

m
We w i l l  f i r s t  c o n s tr u c t  an (E , S ,  3") s  TD2 (u , —— - — , 3 , 2 ) .

n _ 1
For any a , b (a ,  b £  —— ^— ) su ch  th a t  a ^ b mod u , c o n s id e r

 ̂ j ,  ,  a b c .  . . a b d . . c . ,  a b.th e  t r i p l e s  (x  , x  , x )  and (x  , x  , x  ) , w here x  = z ( x  + x )

d s  toand x = + (x  -  x ) , th e  s ig n s  b e in g  ch o sen  so  a s  t o  have

n
_ q -  1c ,  d ^ •

T h ese t r i p l e s  a re  th e  b lo c k s  o f  th e  r e q u ir e d  TDg. T h is  i s  so  

b e c a u se :

F i r s t l y ,  a ^ b mod u im p lie s  c ,  d ^ a , b mod u , b eca u se

[ x ku : k = 1 , 2 , . . .  , q"1-1} are  th e  n on zero  e le m e n ts  o f  a f i e l d .

S eco n d ly , ea ch  p a ir  ap pears e x a c t ly  tw ic e  in  th e  b lo c k s  o f  th e

TD„, f o r  i f  (x a , x b , xC) i s  a  b lo ck  w ith  x °  = 2 x a + xb , th en  th eA

p a ir  { x &, x C} , sa y , g iv e s  r i s e  to  two b lo c k s ,  on e o f  w h ich  i s  p r e -

, ,  a b c .  . „ c a b . .  ,  a c . b . . .c i s e l y  (x  , x  , x  ) :  i f  x  = x  + x  , th en  - ( x  -  x  ) = x and i f

c  a b ,  a c .  bx = - x  -  x  , th e n  - (x  + x ) = x

S im ila r ly  f o r  th e  p a ir  { x a , x1*} .

mq -  1
T h e r e fo r e  TD2 (u , • ■ —— , 3 , 2 ) e x i s t s .

k mNow assume TD0 (u , 2 (q  -  1 ) ,  3 , 2 ) e x i s t s  f o r  some k.A

TD2 (3 ,  2 , 3 , 2 ) e x i s t s ,  to o , by lemma 3 .1  w ith  q = 2 , n = 3 = v -
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We com bine th e s e  two d e s ig n s  a c c o r d in g  t o  theorem  3 .2  to  g e t  

a TD (u , 2k+1(qm -  1 ) ,  3 , 2 ) and t h i s  c o n c lu d e s  th e  in d u c t iv e  argum ent,
A

QED.

*  *  *

C on cern in g  th e  m a tro id  d e s ig n  problem , we have n o t su cceed ed  

in  s o lv in g  i t  c o m p le te ly :  m a tro id  d e s ig n s  o f  ty p e  IV c o n s i s t  e s s e n t i a l l y

o f  d e s ig n s  o f  form TD2 (1  + p^2 t+ 1 ^m) p11̂  pm + l ,  l )  ( s e e  theorem  1 .2 ) ,

w ith  0 <  h <  m.

A s we h ave m ention ed  ab o v e , we do n o t y e t  know how to  c o n s tr u c t  

TDg’s  w ith  th e s e  p a ra m eters.
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