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Abstract

THEORETICAL MODEL ING OF PERIPHERAL TISSUE
AND WHOLE LIMB HEAT TRANSFER
by

Wei Jie Song

Adviser: Professor Sheldon Weinbaum

Professor Lataf M. Jiji

In the first part of this dissertation the new bioheat
equation derived in Weinbaum and Jiji {10} is applied to a
three layer conceptual model of microvascular surface tissue
organizatione. A simplified one-dimensional quantitative model
of peripheral tissue energy exchange is then developed. A
representative vasculature 15 constructed for each layer and
the enhancement in the 1local tensor conductivity of the
tissue as a3 function of vascular geometry and blood flow is
examinede Numerical solutions for the boundary value problem
coupling the three layers are presented and these results
used to study the thermal behavior of peripheral tissue for
a3 wide variety of physiological conditions from supine
resting state to maximum exercise.

In the second part a new basic model for whole limb heat
transfer is proposed wherein the countercurrent heat from the
large central artery and vein is cougled to the microvascular
heat exchange in the surrounding muscle tissue and the outer
cutaneous layer by matching the far field conduction solution

from the central vessels to the local microvascular
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temperature field in the muscle tissue described by the new
bioheat equation of wWeinbaum and Jijie This fundamental
coupling shows how large primarily unequilibrated vessels can
be integrated within the temperature field of a perfused
tissue whose thermally significant microvessels are close to
equilibrium with the local mean tissue temperatures The new
model allows for an arbitrary axial variation of cross-
sectional area and blood distribution between the muscle and
cutaneogus tissuey includes the heat transfer at the skin
surfaces accounts for cvhe blood flow to and heat loss from
the extremity and treats the venous return temperature and
surface  temperature distribution as unknowns that are
determined as part of the solution to the overall boundary
value probleme Representative solutions are also presented
for a wide range of environsental conditions for the limb

in both the resting state and during exercisee.
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conductivity

blood conductivity

tensor of effective conductivity

effective conductivity




tissue conductivity

length of arm

thermal equilibration length of vessel

thickness of n th layer

directional cosine of vessel axis with respect to
direction 1 ( or j ) where 1=1 is direction

perpendicular to skin surface

directional cosine of vessel axis with respect to
radial direction

shape factor = @,/3,

shape factor e,/ay

number density of vessel pairs of muscle layer

number density of vessel pairs at base of deep tissue
layer in Chape2; number density of vessel pairs of
muscle layer at interface between core and muscle

in Chape3

Yocal Peclet number = 2P c, au/K,

inflow Peclet number at entrance of limb = ZF‘cbq“qﬁ/Kb

inflow Peclet number at base of deep tissue layer

= ZFL‘bao“o/Kb
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rate of energy transfer by conduction at artery wall
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coordinate along vessel axis
tissue temperature
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surface temperature

blood temperature of vein; blood temperature of
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local arterial supply temperature
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ambient temperature
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time
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blood velocity of vein; blood velocity of central
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blood velocity of central vein at entrance of limb
blood velocity in vessels at base of deep tissue
Yayer in Chape2; blood velocity in vessels at
interface between core and muscle in Chape3

blood perfusion rate per unit volume

volumetric blood perfusion rate per unit volume

volumetric blood perfusion rate to cutaneous layer
per unit voluse

general coordinate; coordinate in axial direction
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general coordinate

general coordinate

coordinate in n th layer

dimensionless general coordinate

dimensionless coordinate 1n n th layer = 2z, /L,
length defined by Eqe(43)

shape factor defined by Eqe (56)

dimensionless evaporation heat loss = Q, i /Kt(nﬂ -Tp)
Kroneker delta

thickness of inner region of cutaneous layer of arm
thickness of outer region of cutaneous layer of arm
emissivity of skin

tissue temperature

temperature of blood entering cutaneous plexus
tissue temperature in n th layer

dimensionless tissue temperature in Chape3

2 (0-Tp)/(Tg; ~Tp)

dimensionless temperature of blood entering cutaneous
plexus = (B.‘-Ts)/(‘[o-T‘) in Chape2; = (6, ~T)/(Ty; ~To)
in Chap.3

dimensionless tissue temperature in n th layer
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dimensionless metabolic heat production of muscle
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dimensionless distributed heat source in n th layer
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density of tissue
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average blood-tissue heat capacity per unit volume
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Stefan-Boltzmann constant

0} shape factor of central artery-vein pair defined
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\'Z blood supply to arm / blood supply to whole Vimb
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N = 1929394 corresponding to deep tissue layer,
intermediate layers inner and outer regions

of cutaneous layer. See Fige5
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le Introduction

lel Background

Homeotherms are animalsy including mans who continuously
exchange heat with their environmenty and yet maintain the
body temperature over a narrow range of less than a degreey
in spite of widely varying environmental conditions and
levels of activitye The maintenance of a constant interna)
temperature is an important requirement for the establishment
and support of life for these beingse The basis of this
requirement is the profound effect of temperature on the
structure and interaction of bDiomoleculesy which in turn
regulate biological functione Thus it is not surprising that
a study of the response of homeotherms to environmental and
internal thermal stresses occupies an important position in
the Vi1fe sciencese More than a billion dollars is spent
annually on the design of space suitsy diving equipments
incubators and other 1local environsents and in medical
applications involving hyperthermia applicatorse cryosur-
gical probessy thermal blood flow sensors and thermographic
tumor detection equipment to mention a few of the more commson
applicationse Truly reliable physiologically based models of
biological heat transfer would not only be invaluable in the
design of these devicesy but also play a crucial role in
quantitatively interpreting the numerous physiological meas-
urements that have been obtained to elucidate the intricate
thermal functioning of the human badye

The heat transfer function of the vascular system of the

living body has been appreciated since the mid-19th century



and the local tissue heat transfer quantitatively aodeled
since the work of Pennes (1948) (l)e The bioheat equation
proposed by Pennesy which is
Pe 2L = V-kUT+K QG(T-T)+ 4, (1)
has formed the basis of most theoretical studies in bioheat
transfer over the past three decadese This equation has been
used in a wide diversity of applications including limb and
whole body heat transfer models. Some of the applications are
summarized in a recent two volume authoritative review edited
by Shitzer and tberhart (2} describing the state of the art
in bioheat transfere .
The crucial term in the Pennes bioheat equation is the
blood perfusion term which describes the local heat transfer
between blood and tissue. In the Pennes equation this term is
treated as a volumetricey isotropic heat source which derives
from the commonly held view that heat exchages like gase
water and solute transporty occurs primarily in the capillary
beds and the small arterioles and venules that feed them due
to their very large surface area for exchange compared to the
larger microvesselse According to this view arterial blood at
the Vlocal arterial supply temperature would be delivered to
the capillaries where thermal equilibration to the local
tissue temperature would occure While several investigators
have questioned the isotropic assumption (394)e the pio-
neering paper by Chen and Holmes {5} showed that because the
thermal conductivity coefficient is typically three orders

of magnitude larger than the gaseous diffusion coefficient,



thermal equilibration could not possibly occur in single
vessels which these authors theoretically estimated to be
less than 50 4 me Subsequent simplified models of other basic
geometries with constant area vessels Chato (6} and Weinbaum
et ale (7) showed that countercurrent exchange was
particularly efficient in vessels over 50 4« m and appeared to
dominate the conduction loss to the neighboring tissue in
these vessels.

The paper by Weinbaumy Jiji and Lemons (7} was a turning
point in that it contained the first pilot experiments in
which temperature measurements were wmade in the vicinity of
thermally significant microvessels which were subsequently
correlated by vascular casting techniques with particular
vascular elementse. Substantial temperature differences
between blood and tissue in the larger microvessels could not
be found suggesting that even in these larger vessels thermal
equilibration was occuring very rapidlye EqQually important
was the observation that with few exceptions al) vessels over
504U4m occured as closely spaced countercurrent pairs and that
the wmicrovascular geometry of peripheral tissue varied
primarily with depth from the skin surface. An elaborate
mathematical model of a continuously branching microvascular
network was then developed in Jiji et ale {8} to explain this
unusual behavior. Parametric studies by Dagan et ale using
this detailed model {9} showed that the vessels over 50 AUnm
functioned almost but not exactly as a perfect countercurrent

heat exchanger and that the mean axial temperature of the



artery-vein pair would have to follow the mean tissue
temperature ygradient if a large divergence in temperature
between blood and tissue was to be avoidede. This model! traced
the local blood-tissue temperature difference all the way to
the capillary beds dJand predicted that the blood perfusion
source term in the Pennes equation was zeroe It has become
increasingly evident from these studies that the specialized
microvascular organization of peripheral tissue serves a
vital physiological function in 1living body heat transfere.
vascular casts of peripheral tissue show that the skeletal
muscle tissue just beneath the very thin cutaneous layer is
comprised largely of separated small transverse vessels under
50 UUm diameter and their capillary bedse. If thermal equili-
bration was to occur in these small microvesselssy as assumed
in Pennes equatione large energy losses from the body to the
surroundings would occur in a cold environmsent and the body
would have great difficulty maintaining thermal homeostasis!
A fundamental new biocheat equation was derived in
Weinbaum et ale (10) to replace the Pennes equation and
describe this new microvascular heat exchange mechanism which
was termed incomplete countercurrent heat exchangee This
derivation assumed that the paired vessels could be treated
locally as having an equal and opposite mass flow and that
the local temperature field surrounding the vessels was given
by the 1local conduction solution in the cross-sectional
planes It was further assumed that the far field temperature

obtained from this solution was to Jlowest order the local



average temperature of the tissves In the new biocheat
equation the effective conductivity of the tissue is related
to the local vascular geometry d4nd flow of the vessel pairse

Starting with a differential control volume shown in
Figure ls one can show from conservation of mass and energy
applied to both the tissue and thermally significant
countercurrent vessels that the standard heat conduction

equation must be modafied to

Pc 37 -V-KVO=n(4-4)+2TRGnag(T-TI+q (2)

where

=T,
o -9=-1RaCuIT T (3)

to describe the effect of blood flowe O here represents a
local average tissue temperatures whose definition is subtle
and will be discussed shortlys and T,-T, is the 1local
arterial-venous temperature difference. The first term on the
right hand side of equation (2) describes the net conduction
loss per unit volume from n vessel pairs/ca? to the tissue
and the second tera the energy loss due to the saall vessel
bleed-off from the countercurrent artery to veine

A critical part of the analysis is the development of a
closure hypothesis to relate T,-T, to the 1local average
tissue temperature O .« In the original formulation (10) @
was simply taken as the mean of T, and T, or the far field
temperature that would result if the vessels were of equal
size and a local conduction solution assumed to apply in the

plane perpendicular to the vessel axise A detailed



experimental confirmation of the theory has recently been
completea by Lemons et ale (11} and has shown that the basic
conduction nature of the thermal field in the vicinity of the
vessels of unequal size is correcty but that refinements were
necessary for the proper definition of @ « The closure
hypothesis in (10} led to the following relationship for the

local arterial-venous temperature differencey

wpc.a.u.gse =-0K(L-T,) (4)

where the symbols have their usual meaning and O is a shape
factor depending on the vessel radii and their local spacinge.
Equation (2)y wusing results (3) and (4)e can be rewritten
after algebraic manipulation in the tensor fore

~— 60 _ Tndi K, 2496
€Cof " ax [( )C"OX'] 40-,( “ox R l,ax’ axj"'qn (5)

where the effective tissue conductivity due to the blood flow

and bleed-off from the countercurrent vessels is given by
2
(Kii)m=Kt(8'i+ ‘g—‘&’%&élflj) (6)
Here Pe is the local Peclet number and F£;+» £ are the’
directional cosines of the vessel axes measured relative to
the coordinate directionse The effective conductivity is a
tensor since the vessel axes can have an arbitrary direction
relative to “he tissuve temperature gradiente The first term
on the right hand side of (5) is due to the curvature
{ changing direction ) of the vesselse.
Equation (4) has a very simple physical interpretation
related to the Prandtl mixing length which is easily

illustrated by the one-dimensional flow geometry in Figure 2



where the vessel axes and the tissue teperature gradient are
both in the x-directiones In this sketch there is no net mass
flow crossing the plane xy since the flow in the artery and
vein are the samey Yyet there is a convective energy flux
crossing this plane if there is a thermal gradient in the
flow direction. Since the artery and vein cross the plane x
from opposite directions and retain the memory of the tissuve
temperature on each side of this plane because of their
finite thermal relaxation lengthy the arterial! and venous
blood at plane x have slightly different temperatures. For
convenience let us assume that the thermal equilibration
length Lo is the same for both artery and veine. Since the
far field temperature of the vessels must match the tissue
temperaturey the temperature gradient along each vessel must
to lowest order equal the tissue tesperature gradient in the
far fielde Therefore the temperatures of arterial and venous

blood crossing x is given oy

T.(x)= O6(x) — gg-L, (7)
and
1
T(x)=6(X)+ 3L, (8)

Subtracting equation (8) from (7) and comparing the result
with (4) one observes that L, is ﬂa,&bl’e /40’Kt. The sum of
the conductive and convective energy flux crossing plane x
is

q/A =-Kt§+n1rﬂc.a:u,(7;-7;) (9)

When equations (7) and (8) are appliedy (9) can be rewitten



q/A=-K,(/+4no'L:)§ (10)

The term Kt(lfhno'L:) is the effective thermal conductivity
and the second tera in parentheses is the enhancewment due to
the countercurrent heat exchangee. In the three-dimensional

casey the effective conductivity becomes
(Kily = Ko (8 +anoLe £ &) (1)

Note that equations (6) and (11) are actually identicale In
turbulent flow the mechanism which gives rise to a Reynolds
stress and a term in the Navier-Stokes equation which has the
same appearance as the molecular diffusive stress is due to
finite Yength convective eddiese. The finite thermal
relaxation length here plays the same role for a counter-
current vessel pair ( note an isolated vessel would produce
a convective energy term since there would be a net mass
transfer ) and it is therefore not surprising that counter-
current convection produces an effective conductivity (6)
which has exactly the same appearance as the usual molecular

diffusion term in (5) and there is no convection terme

le2 Experimental Verification of New Bioheat Equation

There are two crucial assumptions in the derivation of
the new bioheat equation. The first is that the temperature
gradients along the axes of the countercurrent artery and
vein follow with only small deviations the local average
tissue temperature gradient in the far field of the vessel

paire The second is that the local two-dimensional temperature



field in planes perpendicular to the vessel axes is to lowest
ordger a conduction field that i1s negligibly affected by the
small vessel bleed-off and perfusion in the vicinity of the
countercurrent vessels. [f these two assumptions are true the
far fiela or local average tissue temperature «ill be the
"same as the inteyrated average temperature obtained from the
local conduction solution in the cross-sectionél plane. If
there were no net heat loss from the countercurrent vessel
pair ( perfect countercurrent heat exchanger )¢ the arteryy
vein and tissue temperature gradients would have to be
identical for the far field of the inner solution to match
the near field of the outer solution for the Vocal tissue
temperature.

A rigorous experimental verification of these two basic
assumptions has just been completed by Lemons et ale {ll}e
Detailed thermal traverses were analyzed in proximity to 137
vascular elements taken from all regions of the rabbit thighe
The precise trajectory of the thermocouple wire was
established by using 3 tissue clearing technique in which the
wire was left in place after the animal was sacrificed so
that its relationship to vascular elements could be
ascertained when the tissue was made transliucent by treatment
with glycerin and examined in serial sections after the
vessels were made opaque by injecting silicone elastomer. A
representative traverse in close proximity to a counter-
current vessel pair is shown in the right panel! of Figure 3

where temperature measurements were taken at 20-40 AUm
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intervals as the wire was drawn through by the microdrive
systeme Output data were Fourier transformed to produce a
smooth mean tissue temperature curve and the temperature
excursions measured relative to this smooth curvee. An
approximate theory was then developed to determine the
average blood temperature in the vascular element from
measurements of the local temperature field in the vicinity
of the vessels. The results showed that even when temperature
gradients approaching 10°C/ca were established in the tissue
the temperature in the vessels would follow the tissue
temperature to within less than 0.2°C for all} countercurrent
microvesselse These measurements clearly established the
validity of the first assumptione.

The second assumption is critical in analyzing the local
temperature field in the vicinity of the vessel paire Based
on the arguments given previously one would not expect the
directed small vessel bleed-off to effect the conduction
field near the vessels since the theory in (7) predicts that
the thermal equilibration of these small vessels should occur
over 3 distance of less than one diameter. This prediction
is strongly supported by the close agreement of the tempera-
ture profiles in panels A and B of Fiqure 3. The in vivo
temperature field associated with the fine wire traverse
shown in panel B was simulated by a larger scale laboratory
model for a countercurrent heat exchanger in which the Peclet
number was approximately reproducedes The difference between

the theoretical and experimental curves for the model is due
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to the anqular variation of the wall temperature in the
laboratory experimente which is hard to approximate in a
simple theoretical model.

The most surprising new result of these detailed
experiments was that the countercurrent arteries produced
three times as many positive thermal signatures as the
countercurrent veins and that arteries with dimensions of as
small as 100 U m could be detected ( temperature excursion
more than two standard deviations from the mean ) whereas
veins had to be larger than 300 4 m to be detected by this
same criterions These observations were obviously incompa-
tible with the approximation used in the original derivation
of equation (5) in which it was assumed that the local
average tissue temperature was the mean of the artery and
vein temperaturese. An analysis of the conduction field in the
cross—sectional plane in Zhu et ale {12} showed that this
unexpected behavior could be accounted for if new expressions
for the far field or local average tissue temperature were
used in the analysis of the data which took into account the
significant difference in size between the countercurrent
artery and vein. In {12} the form of the new bioheat equation
and effective conductivityy equations (5) and (6)y are
unaltereds but the shape factor O must be changed to describe
the unequal radii of the vesselses The experimental confir-
mation of the new bioheat equation and its refinement now
appear complete. These developments have set the stage for a

new generation of biocheat transfer models and quantitative
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interpretation of a host of new thermophysiological measure-
mentse

In summarys the bioheat equation of Weinbaum and Jiji
(5) differs from the Pennes equation (1) in two fundamental
respects: (i) the thermal source term in (1) due to small
vessel perfusion does not appear at all since these vessels
dore already fully equilibrated and (ii) the effect of bdlood
flow in the larger microvessels has been shown to be equiva-
lent to a novel countercurrent mixing l'ength behavior where
the mixing length is directly related to the microstructure
and flowe

In this research the new bioheat equation developed by
Weinbaum and Jiji will be reduced to simplified forms for
convenient use in heat transfer studies for whicl the bioheat -
equation of Pennes has been extensively used in the paste.
This will include (i) a new model for peripheral tissue heat
transferey (ii) a new model for heat transfer in an entire

limbe
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2¢ Simplification of Bioheat Equation of WNeinbaum and Jiji

and Application to Peripheral Tissue Heat Transfer

2«1 Objectives
The bioheat equation of Weinbaum and Jijis at first
glancey appears much more difficult to apply than the Pennes

equation because is a tensor and involves a

R
description of the 1local microvascular geometry and flow
conditionse Fortunatelyy it can be greatly simplified for
application in many tissues because the wmicrovascular
organization can be shown to vary primarily with distance
from the surface of the organ or limbe Thus this equation
reduces to its one-dimensional forme In additions there is
sufficient information on the branching of the micro-
circulation to provide reasonables if not accurate data on
the variation of number densityy size and Jlength of the
vessels with generation.e From a continuity of flow equation
one is then able to find the 1local flow velocitye This
procedure is illustrated in this chapter for perhaps the most
important tissue where heat transfer plays a vital role in
maintaining the body’s thermal balances namely the peripheral
tissue at the outer 2.5 cm of the body surface in human limbse.
The purpose of this study is to show (i) how the effective
conductivity of the tissue in this layer varies with depth
from the skin surface due to the variation in vascular
geometry and flowy (ii) to see how the temperature profile in
this layer is affected by the cutaneous circulation and

metabolic heat release from exercise and (iii) to examine the
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range of values over which the surface heat flux can be

modified due to both these physiological factorse

22 Three Layer Model

The vascular casts of a rabbit hind limb in {(7}e which
are shown schematically in Figure 4y provide information on
how the vascular geometry changes with tissue depth including
the vessel orientation angles A simplified but realistic
three layer model for peripheral tissue has been developede.
This model consists of three basic layers with distinctly
different ultrastructure and thermal behavior: the deep
tissue layery the intermediate layer and the skin or
cutaneous layer. Except for relative dimensions and
thicknesses this basic organization is representative of
surface tissue in generale Figure 5 is an idealized
mathematical representation of the three layers showing the
important dependent and geosmetric variablese The essential
features of this model! are sumamarized belowe.

(i) Deep tissue layere. This is a relatively thick region
L, of thermally significanty constantly branchings counter-
current arteries and veins which proceed for four or more
generations as closely juxtaposed paired vessels whose
dimensions diminish from 300 A m to roughly 50 4w diametere.
These vessels during their fjnal generation gradually diverge
to form a periodically spaced array of transvers ( terminal )
vessels at the under side of the intermediate layere In the
models the number densitys sizZes spacing and inclination

angle of the vessels vary on the average only with tissue
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depthe This ultrastructure is a prescridbed input in the model
equationse The flow velocity along the vascular tree s
determined from the prescribed vessel branching and capillary
bleed-off using a continuity of flow equation. Convective and
diffusive losses from the countercurrent vessels into the
surrounding tissues are considerede.

{ii) Transverse vessel ( intermediate ) layer. The
intermediate layer L, starts when only the transverse vessels
and capillaries are present in the skeletal muscle tissue and
continues to the interface with the cutaneous layere In the
model the transverse vessels are assumed to be thermally
insignificant and have a constant spacing which is determined
by the width of the capillary beds between theme. The latter
are assumed to run along the length of the muscle fibers and
parallel to the skin surfacee

{1ii) Cutaneous layere The cutaneous layer is divided
into two regionsy an inner region Ly and an outer region L, .
Warm blood at temperature §, enters the larger thermally
significant vessels of the cutaneous plexus which lie in the
inner region and is perfused into the whole cutaneous layer
through the vertical riser vessels connecting regions Ly and
L4 e This blood then returns to the cutaneous plexus at the
local tissue temperature. Because the vertical riser vessels
are thermally insignificantey the blood equilibrates with the
Jocal tissue as soon as it leaves the cutaneous plexuse This
can be modeled as a distributed volumetric heat source in the

inner regione The outer region contains only the vertical



16

riser vessels and other thermally insignificant microvessels.
The arteries and veins supplying and draining the cutaneous
layer are widely separated and thus experience little
countercurrent heat exchange 1n rising through the deep

tissue and intermediate layers,
2¢3 Mathematical Formulation

2¢3e1 Governing Equation

The new bioheat equation (5) will be applied to the
idealized three layer model to findgd the quasi-steady
teaperature distribution {in the peripheral tissuee Since
vascular parameters such as number densitys sizep spacing and
inclination angle of the thermally significant countercurrent
vessels are assumed to vary primarily with distance from the
skin surfaceys the blood flow velocity is also only a function
of tissue gepthe Subject to these simplifying assumptions,
the new bioheat equation (5) reduces to an ordinary

differential equation:

Ilp'c ﬂa U - O’c’na u? db,
dz[K(“' Kt l) ] % KO' anz dz"

where 2, is wmeasured in the direction perpendicular to the

skin surface and n = 1y 2¢ 39 4 represents the deep tissue
layere the intermediate layer and the inner and outer regions
of the cutaneous layery respectively ( see Figure 5 )e The
quantities ay ne uy -e.and Qg are functions of Z,e The term on
the right hand side is due only to the change of the
inclination of the vesselses In regions where the blood

vessels are primarily perpendicular to the skin surfaces such

(12)
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as the transverse vessels of the intermediate layer and the
vertical riser vessels of the cutaneous layery this terms
vanishese.

Equation (12) wmay be put in a more convenient form by
defining an inflow Peclet number Py, in the deep tissue based

on the inflow velocity u, and radius 3,

0

pﬂz_&’}ﬁ':;‘!nﬂa_ (13)

Then equation (12) can be written in a non-dimensional form
in which the coefficient of the derivative terms can be
separated into dimensionless products of known functions
which prescribe the variation of vascular geometry with depth
from the skin surface and the inflow parameter P,y describing
the inflow conditions in the deep tissue Jayer. This
separation permits us to substitute different input flow
conditions into the governing equation and study the heat
transfer of a specific surface tissue under a wide range qf
physiological conditionse.

The three layer model! will! now be converted into a
coupled dimensionless boundary value problem for each layer
with appropriate boundary and wmatching conditionse The
following dimensionless quantities are defined:

coordinates Z, = z,/L,

temperatures, @, (6,-Ts ) /(T -Tg )
- - - 2 -
distributed heat sourcey A= ann/K* (T,-T5)

Equation (12) becoames:

d ~ 2 d6, . , dé,
ﬂ;ﬁ/+A{zn)Peo)J'Z' + A\, = B(2,)R2 Tzf (14)
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where

A(Z,,)_ K)" nda l (_) (18)

B(i,',)=—g-z( Koy 20 (u,)zal (16)

Note that the functions A(z”) and B8(Z,) involve products of
either properties of tissue and bloodes functions of geometry
varying with depth or the dimensionless velocity ratio u/u .

The continuity of flow relation in a branching counter-
current artery can either be described by discrete branchings

or alternatively by a continuous variation of the form

d

‘-’?(na’u)=—2nag (17)
where s measures distance along the vessel axesy and g is a
bDleed-off rate per unit vessel surface area from the counter-
current artery or to the countercurrent veine This same
equation applies to the countercurrent vein if the small flow
losses to the lymphatic circulation are ignored. When the
bleed-of f per unit distance from the branching countercurrent
network is constantey the blood supply to the capillaries in
the deep tissue and intermediate layers will be uniforme. This
is a reasonable approximation because vascular casts have
shown that the number density of capillary beds is nearly
unifora throughout the skeletal muscle tissue (7}.
Furthermore this bleed-off plays only a secondary role
compared to the primary mechanism of incomplete counter-
current heat exchange in determining the effective

conductivitye Under these conditions the right hand side of

equation (17) is constante Since all the olood entering at
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;. = 0 must eventually leave the arterial side at the
terminus of the transverse vessels at the top of the

intermediate layery this constant has the value

2009=—”*—§’:§'- (18)

where Sp, is the total length of the countercurrent arterial
network from its entrance at the base of the deep tissue
layere The dimensionless velocity ratio at any distance s

along the branching network is then from (17) given by

(3N~ ) (19)

For conditions of wuniform capillary perfusion u/u, is thus
seen to be only a function of vascular geometry and the
functions A(Z,) and B(Z,) are independent of the inflow
velocity u, or Peclet nuamber Py, o

For conditions stated above, equation (14) can now be
written in a fina)l compact form where the effect of vascular
geometry and blood supply to the deep tissue and intermediate

layers have been separated

(/+P.,A)g—?% ‘1;5- B)f}g- =0 (20)

The functions A and B8 can be constructed separately for a
given tissuey and the behavior of equation (20) examined for
this tissue by simply varying F,, and Ap, e+ The coefficient of

the first term in equation (20)

’%:HQ}M?J 21)

is the enhancement in conductivity due to the blood flow and

bleed-off in the thermally significant countercurrent
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vesselsy and is equivalent to those given in equations (6)

and (11) for the one-dimensional casee.

2¢3e2 Vascular Input Parameters and Variation in Effective
Thermal Conductivity

The next task is to deterwmine the variables A and B as
functions of tissue depth and examine the variation of the
effective tissue conductivity in each layere Simple
functional forms have been proposed in references (8] and
L9) for the spatial variation of ne as O and f in the deep
tissue layer. These functional formse which permit a smooth

prescription of input datas are given by

nE)=n,01-¢7)" (22)

a(Z,)= 0,01 = ¢, T, )% (23)
x _ T

O14)= Coshic, +¢, 2,7) (24)

8,%) = cosfcy(1-2,)] (25)

From (19) the blood velocity in the countercurrent artery or
vein is
> €3 - S )

U(Z,) = Uo (I—Cs 2')2C. (26)

The quantities C s Cy9 C39 Co9v Co9 Cg9 C,0 Cg aNd Ny

S

a DI

o ® describing the vascular anatomy of peripheral tissue
shoun in Table 1 are based on approximate measurements taken
from the rabbit hind Vimb in (7} The sensitivity of the

temperature profiles to the variation in these coefficients
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was explored in detail in the parametric studies performed
in Dayan et ale (9] which showed that their most important
influence is 1n the Vower part of the deep tissue layere.
These results can be made representative of peripheral
tissue in other 1limbs and species by adjusting the
thicknesses of the tissue layers L, and only the initial
dimensions of the countercurrent vessels at the entry to the
deep tissue layere The functional form of the branching and
diminution in vessel size with generation should not vary
significantly from one peripheral tissue to anothere. Also
shown in Table 1 are the values of the various blood—tissue
properties and the different layer thicknessese

The varistion of the vascul ar parameters with depth in
the deep tissue is summarized in Table 2. Also shown is the
variation of the functions A and B for the prescribed
vascular geometrye The number density n varies slowly at
first since the vessel length diminishes with each generations
and the 1longest vessels are in the first two generationse
Similarlyy vessel radius a changes slowly at first and then
rapidly decreases 3s n growse The shape factor O which
describes the thermal equilibration of the vessels depends on
the local ratio ef/a and varies little until the final two
generations where the countercurrent vessels start to diverge
before leading to the roughly periodically spaced transverse
vessels.

On the right hand side of Table 2 is shown the variation

in the effective conductivity for three different inflow
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Peclet numbers characterizing the basal state Py * 60 and two
levels of increasing exercises There are several crucial
observationse. Firsty “eﬁ rapidly decredses toward its
conduction value as vessel size decreases and most of the
enhancement in heat transfer due to blood flow occurs in
vessels between 100 4 m and 300 (« @ diameter. Seconds in the
basal state flow rates are too small to produce large
increases in conductivitye This would suggest that in a
supine state in a hot environment the body must develop other
mechanisms such as increasing cutaneous blood flow rate and
sweating to reject heate Thirde large enhancemsents in
effective conductivity are possible during exercise to
promote the removal of heat from deep tissue.

The results of the new bioheat equation are just the
reverse of what one would predict on the basis of Pennes
bioheat equatione There is virtually no enhancement in
conductivity in tissue regions where the largest vessels are
unger 100 4 me such as the intermediate layere Capillary
perfusion affects tissue heat transfer only in so much as it
increases the blood supply to the larger countercurrent
vessels in the peripheral microcirculatione There is no
blood-tissue heat transfer in the smallest microvessels
per see

Tables similar to Table 2 could be constructed for both
the transverse vessels of the intermediate layer and the
vertical riser vessels in the cutaneous layere. The calculated

values of A in these regions ( B is identically zero since
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these vessels are perpendicular to the skin surface ) are
small and there is less than a one percent change in
conductivity in these regions for all flow conditionse The
variation 1n A and B throughout the peripheral tissuve is

shown in Figure 6.

2¢3¢3 Model Simplification and Solution Procedure

It is evident from the above discussion that a much
simpler form of model equation can be wused in both the
intermediate and cutaneous layerse. In the intermediate layer,

equation (20) reduces to

%?—‘»r)\ =0 (27)

Similarlyy in the upper portion of the cutaneous layer L4_one
can use an ordinary heat conduction equation since there is
little metabolically generated heat because of the relatively

little muscle activity

Qlg

=0 (28)
4

The treatment of the lower portion of the cutaneous
layer is more subtle. Provided that the warm blood entering
the cutaneous plexus rises through the muscle tissue via the
widely separated large vessels that supply this Ulayer from
the central artery of the limby it experiences little counter-
current heat excnhangee. This 0l00a enters the cutaneous plexus
at temperature Bu and undergoes an instantaneous equilibra-
tion to the Vocal tissue temperature 93 upon entering the
small vertical riser vessels that supply the upper portion of

the cutaneous layer. For the same reason the blood reentering
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the veins of the cutaneous plexus wmust also be at the local
tissue temperature. The strength of this heat source per unit

volume in the inner region is

where W, is the volumetric bleed-of f rate to the thermally
insignificant vertical riser vessals emanating from this
region. If one neglects metabolic heat production for the

same reason as stated previouslye the dimensionless governing

equation for this inner cutaneous layer is

7’6, ~x
d—% + FRRy(6,,-6,)=0 (30)
where
F=T0%0K (31)
2K,

and R is defined as the ratio of blood supplied to the
cutaneous layer to the blood supplied to the combined deep

tissue and intermediate layers

* O (32)

R is an important physiological parameter describing the

distribution of blood supplied to different tissue layers
according to the combined effect of environmental temperature
and levels of muscle activity of the body. The distribution
of blood flow between the cutaneous and subcutaneous layers
must be treated as a prescribed input in the present model
since the flow to the cutaneous layer is largely controlled
by the blood temperature from all parts of the body as inte-

grated by the hypothalamus {13}y and to a much lesser degree
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the local effect of the skin temperature {14}y while the
blood supply to the muscle tissue beneath this layer depends
on the oxygen consumption of this tissuees Thermoregulatory
models for the blood temperature integrated by the hypotha-
lamus must be based on a model for whole body heat transfere.
Models of this type have been developed by Hammel (15},
Huckaba et ale {16} and most recently Arkin and Shitzer (17}«
The dimensionless temperature 5& of the blood from the
central artery when it arrives at the cutaneous plexus
depends on the blood flow rate into the cutaneous layer Q..
In the supine resting state in a cool environmenty when this
flow is very slows blood entering this layer will have
equilibrated to the local tissue temperatures In this limit,
'5“ = :(0) where 5:,(0) is the dimensionless local tissue
temperature that would be obtained at the base of the
cutaneous layer if there were no DbDlood perfusion in this
layere In the other limity waximum vasodilations the flow
rate to the cutaneous layer is so large that there is little
thermal equilibration of the blood before it enters the
cutaneous layere In this limit the dimensionless blood
temperature ei‘= ly which implies that the blood temperature
Bpe is equal to the local arterial supply temperature in the
deep tissue. The increase of Q.+ which is the product of R
and Q,;» is equivalent to an increase in R P, « It is well
known that a constant area tube flows which loses heat to a
roughly uniform temperature environmenty has an axial tempera—

ture which decays exponentially as an inverse function of the
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Peclet number and thus the corresponding integrated heat loss
along the tube is linearly proportional to the Peclet number.
Therefore it 15 reasonable to assume as a first approximation

a simple linear relationship between 5“ and R Py, o
§“=C9+CI.RP90 (33)

The constants Cq end ¢, can be determined from the two
limiting cases just describede The values of <y and c found
in this manner are 0,093y 0,001y respectively and the maximum
value of R Py, is 720.

The dimensionless distributed heat source in the deep
tissue and intermediate layersy A, and A, originate from the
metabolic heat production in these regionse Factors such as
activity levely diety agees sex and tissue type influence
metabolic heat productione In additions it can be a function
of .environmental factors because of the temperature
homeostasis of the body (18). For a specific surface tissue
organization under fixed steady state environmental condi-
tionsy the metabolic heat production is mainly controlled
by the activity level of voluntary or involuntary muscle
contractione Shivering is an asynchronous involuntary muscle
activity that can be used as a thermoregulatory response
to raise body core temperature in a cold environment.
Because metabolic heat production is directly proportional to
the oxygen consumptiony and the oxygen uptake is related to
the blood flow rate in the region (14} the dimensionless
metabolic heat production and the inflow Peclet number are

coupled and a linear relationship between them can be assumed.
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Since the metabolic heat release is nearly uniform throughout

the deep tissue and the intermadiate layersy q. = Qe Thus,
Xl=cﬂ+'Qze° (34)

and A, = A.(Li/tz.). If one uses as the two limiting cases of

the value A, = 0.02 for the supine resting state and 1 for

moderate exercises ¢ and c,, are found to be -00307 and

"
0.0059 vrespectivelye This corresponds to Py = 60 in the
resting state and Py, = 240 during moderate exercises.

The boundary value problem just described can be solved
by first analytically solving equations (27)« (28) and (30)
for the intermediate and cutaneous layers and satisfying
matching boundary conditions for the temperature and heat

flux at the interfaces between theme This solution leads to a

compatability equation:

%o;w L_l{[( C]?LAE) A, - 5,(/»6,,](/, &J‘:_"_&_) RS
(4 - e In-dn8)(- S FR 28}/ (38)
/{(“LJF_P’_(”BE)E - 7 W X'ﬂ M }

relating the temperature and temperature gradient at the
interface between the deep tissue and intermediate layerse.
The curves for A and B in Figure 6 are then approximated
by simple polynomials and the governing equation for
the deep tissue layer, equation (20) with n =1 ¢ is

integrated numerically by satisfying the known inijitial
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temperature but a guessed initial temperature gradient at
?.= O« Condition (35) is then used as an end point constraint
to determine the correct value of the guessed initial

temperature gradiente.

2¢4 Results and Discussion

Since both 5N:and Njs2 can be related to P, and Ry
only two key dimensionless parameters enter in the governing
equations for the three layer modely the inflow Peclet number
Peo ot the base of the deep tissue layer and the ratio R that
describes the relative magnitudes of the blood supply to the
cutaneous and combined deep tissue and intermediate layers
respectively.

The inflow Peclet number is mostly affected by the level
of exercisees This blood flow is largely controlled by the
oxygen demand of the skeletal muscle tissuees For the supine
resting state a typical inflow velocity is about 2.5 cm/sec
{19} which corresponds for the vascular paramseters chosen
to a Py, of 60. For moderate exercise this can increase by a
factor of four to an inflow Peclet number of 240 (20]).

It is generally accepted that the control of the
cutaneous blood flow is a major thermoregulatory effector
processe In the supine resting state and neutral environmsent
the cutaneous layer is vasoconstricted and the value of ; is
approximately 0.0l. For exercise in a neutral environment Q.
will increase in response to the "integrated blood tempera-
ture® in the hyperthalamus and Q,, will increase in response

to the increased oxygen demands R = 1,0 is a reasonable
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estimate for the blood flow distribution under these condi-
tions of moderate exercisee During conditions of wsaxisum
vasodilation the cutaneous Circulation can be increased by
a factor of 20 and the blood supply to the skeletal muscle
tissue somewhat reduced i1f the cardiac output is insufficient
to meet the demands of heat stress and exercise. A reasonable
maximum value of R for the peripheral layer chosen is
about 3.0.

In Figures T and 8 the representative solutions for the
peripheral tissue temperature profiles are plottede The
location of the interface between layers is indicated by a
vertical dashed line. Figure 7 shows the effect of increasing
the blood flow supply or the inflow Peclet number Py, to the
deep tissuee In the supine resting state ( Ff,, = 60 ) the
profile is linear since there is both little enhancement in
conductivity in the deep tissue and insufficient blood flow
to the cutaneous plexus for the blood entering this layer to
depart significantly from the 1local tissue temperature.
Thus there is relatively little heat release by the cutaneous
circulatione At the higher values of Pp there is a
significant rise in temperature in the deep tissue primarily
due to the enhanced conductivity arising from the larger
countercurrent vessels in the deeper portion of the
peripheral tissue as already noted in the discussion of
Table 2 and Figure 6. At the smaller value of R = 0.01 the
temperature in the outermost 10 sm of tissue is nearly linear

indicating that this entire region behaves as a conduction
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layer when the cutaneous circulation is vasoconstricted. At a
intermediate value of R = 1.0 there is sufficient blood flow
to the cutaneous plexus when the inflow Peclet number is
large for the blood entering this layer to have only
undergone partial precooling in the deep tissue and thus
provide a moderate heat source in the lower portion of the
cutaneous layere

Figure 8 provides a more detailed examination of the
role of the cutaneous circulation in promoting surface heat
transfere As is evident from equation (33) the blood supply
to the cutaneous plexus is proportional to the product R Pg,
and not just R itself. Thus both R and F,, have to be large
before the blood supply to the cutaneous layer is
sufficiently high for its temperature to depart significantly
from the VYocal tissue temperaturee. When this occurs there is
both substantial heat deposited in the cutaneous tissue and a
large increase in thé surface temperatuve gradient produced
to reject this heates The skin at this time has a hot flushed
appearance arising from the large amount of warm blood that
is delivered to the surface without significant precoolinge

Another important effect which is not readily evident in
Figures 7 and 8 is the role of metabolic heat production. In
the present model it is assumed that this heat release is
uniformly distributed in the deep tissue and intermadiate
layers and proportional to the muscle tissue blood supply Pye
Because the enhanced conductivity due to the countercurrent

blood flow produces a similar change in the temperature
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profiles in the deep tissue as metabolic heat releases it is
difficult to distinguish these two mechanismse Uoth lead to
an increase (in deep tissue temperature. However, the
substantijal elevation in temperature in the reqgion
surrounding the interface between the deep tissue and
intermediate layers 1s primarily due to metabolic heat
releases since as previously noted there is little increase
in the effective conductivity due to blood flow in this
regions For higher values of P, not shown it is possible to
have 3 temperature maximum in the deep tissue layeres a result
noted previously by several authors (17, 21).

Figqure 9 shows how the heat flux or surface temperature
gradient varies as a function of the distribution of the
blood supply to the cutaneous and subcutaneous tissue and the
deep tissue blood supplye The importance of having both Py,
and R increase during moderate exercise is clearly seen in
Figure 9. As stated earlier very high flow rates to the
cutaneous layer are required to minimize the precooling of
the cutaneous blood flow in crossing the deep tissue layere
The ability of the body to reject metabolic heat is primarily
a function of the cutaneous circulations but significant
increases can result due to the profile changes caused by the
heat production itself when the cutaneous circulation s
vasoconstricted but the temperature is elevated in the
intermediate layer due to metabolic heat generation in the
skeletal! muscle tissue as discussed at the end of the last

paragraphe This behavior is clearly evident in Figure 9 where
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1t is observed that there 1S a near doubling of the surface
heat flux at small values of R, This mechanism provides for a
substantial increase in the rejection of heat during exercise
in a cold environment where one would expect the cutaneous
blood flow to be very lowe. When one examines the entire range
of thermoregulatory control due to blood flow in Figur 9, it
is evident that the naked body in a well ventilated
environment where there is Vlaittle thermal resistance at the
skin surface should be capable of increasing its surface heat
transfer by roughly a factor of ten without having to resort

to sudomoter control or sweatinge

25 Concluding Remarks

This study and the study of the detailed arterio-venous
temperature differences in the countercurrent vessels of the
peripheral tissue by ODagan et ale ({9} provide some
fundamental new insights into the physiological function and
organization of surface tissuees Although the small local
arterio-venous temperature difference does not decrease
significantly throughout the deep tissue layery this study
shows that the blood flow in both the intermediate layer and
the outer portion of the deep tissue Jlayer provides very
little enhancement in conductivity although the magnitude of
the blood peffusion is roughly the same as in the deeper
tissuee The body is thus able to conserve heat in a cold
environment by providing a much thicker outer conduction
layer than had been previously realizede If it were not for

the countercurrent organization of the microvasculature in
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the deep tissue warm blood from the central arterial supply
vessels would be delivered to the tissue just beneath the
cutaneous plexus and 3 large surface heat loss would occur
under resting conditionse Furthermores it now seems clear
why the countercurrent microvessels first diverge when their
disensions are approximately SO A me It is at this size that
these vessels first become thermatltly insignificant and no
longer function as a countercurrent heat exchangere.

The large proliferation of thermally insignificant
vessels in the intermadiate layer would also appear to serve
an important physiological functione These vesselss which one
would not want to conduct heat in the resting state for the
reasons just giveny most likely provide for 3 large
generation of heat in the skeletal muscle during exercisee
Their close proximity to the surface thus provides for a
significant augmentation of the heat loss through the skin
which is primarily controlled by the cutaneous circulatione
Finallye rather large flow rates to the cutaneous circulation
are required if the blood entering the cutaneous layer is to
not undergo substantial precooling in the underlying tissues.
The cutaneous circulation serves two vital physiological
functionse [t not only cools blood from the core of the body
but also is able to significantly elevate the skin surface
temperature and thereby greatly enhance the removal of
metabolically generated heat in the muscle tissue beneath ite.
The mathematical model developed hereine is the first to my

knowledge which attempts to relate the temperature of the
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blood entering the cutaneous layer to the blood flow rate in
thas layere.

The peripheral tissue heat transfer model just described
will be utilized in the next chapter to develop 3 model for
whole 1limb heat transfer. The one-disensional form of
equation (20) can be easily modified to take account of the
curvature in a rad?al coordinate system and then be applied
to determine the radial temperature profile in the nuscie
tissue of the limb. The basic problem is to show how the heat
exchange from the large countercurrent central vesselsy which
run the length of the limb and which are far from thermal
equilibrium with the local tissues can be coupled with aic;o-
vascular heat exchange in the muscle tissue where the
arterial and venous blood in the thermally significant micro-
vessels depart only slightly from the local tissue tempera-
turees When the governing equation for the axial temperature
variation of the central artery and vein is combined with the
local conduction solution for the temperature field in the
vicinity of these vesselsy one obtains a matching condition
which relates the average core temperature for the central
vessels to local average tissue temperature of the
surrounding muscle tissue. A new prototype model for whole
limb heat transfer based on these ideas will be presented in

the next chapter.
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3. New Model for an Entire Limb Heat Vransfer

3.1 Background

Existing models of Jlimb heat transfer fall into three
broad cateyories (a) those that attempt to model the radial
temperature distributiony (b) those that attempt to model the
anial temperature distribution in the central artery and vein
and (c) multi-compartment models. Both models (a) and (c)
have been based on the Pennes bioheat equation (1) The
prototype for the model in (a) is Pennes®s classic paper (1}
for determining the radial temperature profile in the human
forearmes Axial conduction is neglected in (1} and various
steady state solution profiles are obtained by solving equa-
tion (1) for different values of the blood perfusion para-
meter subject to 4 radiation boundary condition at the
surfacee Aside from the axial asysmetrye the theory and
experiments provided reasonable agreement except that the
theoretically predicted profiles had the wrong curvature.
According to the analysis in Chapter 2+ it is believed that
this is due to the radial variation in the effective thermal
conductivity due to the microvascular geometry and blood
flowe This variation is an intrinsic part of the bioheat
equation of wWeinbaum and Jijie

The prototype of models of type (b) is the well known
paper of Mitchell and Myers (22} This model treats the
central artery and vein as a one-dimensional countercurrent
heat exchanger which experiences heat losses to a uniform

temperature external environment along its lengthe There s
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no extremity and the arterial and venous temperatures are set
equal at the end of the limbe No model has Jattempted to
combine the axi1al and radial temperature distributions in a
continuous manner or treat the skin surface temperature as o
continuously varying unknowne A step in this direction are
the multi-compartment models proposed for whole body heat
transfer by Wissler {23} and the more recent related work of
Arkin and Shitzer {17} In these models of type (c) the upper
and lower arms and legs and their extremities are treated as
different radii cylinderse Each cylinder is composed of
concentric layers of tissue with different capillary
perfusion rates and the radial profile is determined from the
Pennes equatione There is no axial variation of temperature
except at the junction between cylinders where the overall
energy balance on the blood-entering and leaving the cylinder

must be satisfiede.
3.2 New Model Description

3.241 Novel Features of the New Model

A new generation of wmodel for whole Vimb heat transfer
including the extremity will be proposed hereine This model
is a radical departure from the macroscopic models described
above in that it will be based on an approximate model repre-
senting the actual microvascular and macrovascular oryganiza-
tion of the limb in which the spatial organization of the vas-
cular geometry is prescribede The model should permit (i) a3

greatly improved quantitative interpretation of physiological
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measurements of the steady state thermal behavior of the limb
and (i11) a wmore accurate prediction of whole 1imb heat
transfer under thermoneutral conditions and conditions of
thermal stress and exercisee This model will include a number
of fundamental novel features which have not appeared
heretofore in theoretical studies of whole limb heat transfere.
These include:

{a) an arbitrary variation in cross—-sectional area with
axi1al distance of the limb;

(D) an unknown axial distribution of surface temperature
as well as central artery and vein temperaturess which will
be determined as part of the solution grocedure;

(c) a continuity of flow relationship which allows for a
continuous bleed-off from the central artery and vein and
distribution to the muscle and cutaneous circulations and
the extremity;

(d) a microvascular model! for radial temperature distri-
bution based on the bioheat equation of Weinbaum and Jiji;

(e) a model for relating the temperature of a}terial blood
entering the cutaneous plexus and metabolic heat generation
in the muscle tissue to microvascular blood flow;

(f) a wmodel for determining the heat loss from the

extremitye.

3¢2+2 Model Geometry
Figure 10 is a simplified diagram showing the essential

elementsy symbols and coordinates of a lenqth segment of the
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arm and the extremity in the mathematical modele Three basic
regions of the arm are identifiede a central reqion or core
of radius e containing the major artery and veain that run
the length of the limby a surrounding layer of muscle and fat
tissue which extends to within roughly 2 mm of the skin
surfacesy aond a cutaneous layer with both its inner and outer
regions as described previously in Chapter 2. Heat transfer
at the skin surface is characterized by convection and
radiation coefficients h, and h, and there is also heat loss
through evaporation QQ, * The limb with its central counter-
current axial vessels is assumed to be axisymmetric and the
cross-sectional area can be varied arbitrarily by introducing
a shape factor G(x) which scales the initial radius of the
are s, S0 that the local radius is given by G r,;: o It s

also assumed that the radii of the central countercurrent

axial vessels a and a, and the radius of the core r, scale

a c

by the same factor G(x) as one proceeds along the axis of the
arme The central artery and vein temperatures at the entrance
to the extremity, Ta(L) and T, ,(L)y are unknown and are to be
determined from the solution of the modele In contraste the
difference in these two temperatures can be found directly
from a model for the heat loss from the extremity provided
the blood flow to the extremity is prescribede The essential
features for each region of the arm are summarized below:

(i) The core. The central region or core contains the
countercurrent central artery and vein and the immediate

surrounding tissue. Two important features of the central
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artery and vein are that their temperatures 7Y, and T,
depart sigynificantly from the local average tissue
temperature § and that this average temperature is not a
simple average of T, and T, 6 because the vein is in general
two to three times 4as large as the arterye The average
temperature at the edge of the core will be determined by the
local conduction field about these vessels and can be shown
to be equal to the far field temperature in the local cross-
sectional planes Thas far field temperature will also be
shown to be equal to the average tissue temperature that is
obtained by inteyrating the local tissue temperature over the
cross-sectional planee The radial blood flow leaving the
central artery and returning to the central vein will be
assumed to be proportional to (i) the local cross-sectional
area of the muscle tissue and to (ii) the local perimeter of
the skin surfacee In the tatter the blood is supplied by iso-
lated large riser vessels that supply and drain the cutaneous
plexuss The fraction of the total blood flow to the limb that
enters the arm as opposed to the extremity Yo is further
divided between the muscle and cutaneous circulations by
introducing a second parameter W which describes the fraction
of the radial blood flow from the central artery that enters
the muscle tissuee Thuse if Mu,; a:; is the total blood supply
to the arm and extremitys 77 ug; a:;ww v TMug 35 (1-W)Y and
T ug; a& (1-Y) represent the total blood supply to the muscle
tissue of the arme the cutaneous tissue of the arm and the
total blood flow to the extremity respectivelye The para-

meters W and Y are prescraibed and depend on the level of
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exercises the temperature of the skin and the central
regulation of the hypothalamus and spinal core.

(ii) The muscile tissues The muscle tissuey which comprises
the major volume fraction of the arme will be described by
the opioheat equation of Weinbaum and Jiji and a
microvascular model whose geometry and flow vary with
distance from the skin surface. One of the important results
derived in the new model for per{pheral tissue heat transfer
in Chapter 2 is that the effective conductivity of the
tissue varies substantially in the radial direction due to
the branchang and diminution 1in size of the countercurrent
vessels of the microvasculature as one proceeds from the
larger vessels in the deep tissue towards the surface. The
metabolic heat yeneration of the muscle tissue will be
assumed to be proportional to the oxygen consumption and
the latter assumed proportional to the blood supply to the
muscle. The intermediate layer introduced in Chapter 2,
which is comprised largely of thermally insignificant
microvesselsy can be treated as part of the muscle tissuees A
subcutaneous fat layer could also be introduceds but this is
an unnecessary complication since its effective conductivity
would not differ significantly from non-vascularized tissuve
SO it only acts as a conduction layer for the heat transfere.

{1ii) The cutaneous layer. The cutaneous layer is divided
into two thin regions: the 1nner region with the larger
thermally significant vessels of the cutaneous plexus and
an outer region with small riser vessels and vertical

anastomosese Warm blood at temperature eu: enters the
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cutaneous plexus and is then perfused into the upper portion
of the cutaneous layer through vertical riser vessels and
returns to the cutaneous plexus at the local tissue
temperatures This warm blood perfusion can be modeled as a
distributed volumetric heat source in the inner region as

described i1n detail in Chapter 2. The outer regione in the

absence of thermally significant vessels, behaves as a pure
conduction layer and exchanges heat at its surface with the
surroundings by convectiony radiation and evaporation.
Evaporation heat removal includes two mechanisms: the heat
loss by diffusion of water through the skine and the heat
loss by sweating secretion which is controlled by the

sudomoter regulatory systeme

3.3 Mathematical Formulation

3e3¢1 Core Flow and Energy Balance

(i) Continuity equation. Blood is supplied radially from
the central artery to the muscle and cutaneous layers through
two separate systems of vesselse Experimental measuresents
indicate that the cutaneous layer and the muscle tissue have
vastly different volumetric blood perfusion rates that arey
howeversy nearly uniform throughout the arm in each tissue
regione Thuse the local blood bleed-of f rates to muscle and
to the cutaneous layer per unit length of the central artery,
Pm(x) and Ps {x)es can be related to the variation in local
cross-sectional aread 'n'Gzr:-. for the muscle tissue and the

local perimeter 27 Gr for the cutaneous layer
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2
B0x)= Ty Wy i (36)

and

2 G{X)
Rx) = TV -W)0,; i J' Galnrdz (37)

where 2z serves as 4 dummy axial integration variable,
Consider a differential lenqgth element dx of the central
arterye The conservation of fluid mass gives the change of

volumetric blooo flow rate in the axial direction

wa";-(a:u.)=—(P,,,+e) (38)
or
d W G2 -
d_x-(d UR) = - Wa:iuai[.!l szl + .;1 G%)ze ] (39)

Knowing the volumetric flow rate at the entrance of the
armes and the fraction of this total blood supply that enters
the extremityes one can show by integrating equation (39) to
its far end that the local flow rate of the central artery is

given by

2, _ A2 _u_)‘[LG’dz u-w),lladz
QU = aaiua:{W[ T + e dz }4'““\}’)} (40)
(ii) Energy equatione Consider now the energy balance on
the differential length element dx of the central arterye
Energy leaves the central artery both through a radial
Lleed-off into the terminal arteries that supply the muscle
and cutaneous circulations and conductive heat transfer
through the vessel walle This combined heat 1loss is then

equated to the change in energy convected by the blood in the

central artery over the length element dxe. When the
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continuity equation (38) is taken into accounte the energy

equation for the central artery can be simplaified to

7TF1 ;qa a dX' = -9, (41)

where 9 is the conductive 10ss per wunit length of the

arterye.

A similar equation can be obtained for central vein
where the 1local convective energy flux is ﬂ'ﬂcbavuvt
Howevere since the lymphatic circulation i1nvolves at most a
few percent of the capillary bleed-off from the counter-
current arteries and veins in the microcirculationy the
volumetric flow rate of the paired central artery and vein
at a given axial location is almost the samee iee€er

ﬂ'a:ua = 1ra3u,. Thusy the axial variation of blood tempera-

ture in the central vein is

TAGG Y - = - g, (42)

where Q is the conductive loss per unit length of vein.

(iii) Derivation of wmean tissue temperature for coree.
Consider the local temperature field in the cross-sectional
plane perpendicular to the countercurrent pair of vessels of
different radii as shown in Figure 1lle The origin of

coordinates is located such that

e-q¢ = e -a; = o (43)
where |
e, +e =6 (44)

is the vessel spacing and T, is the temperature at this
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origine The local! temperature field in the vicinity of the
central artery and vein 1S determined by the conduction
field in the local cross-sectional planes This classic
solution in bacircular coordinates gives the temperature
difference between the surrounding tissue T and T, and

assumes that the heat conducted ¢through the vessel walls is

almost equal for each vessel in the vessel pair (q‘esqv = q)

_ 9 Yi+(z-ap
T %o = g b y=+(z+ouz] (45)

Applying equation (45) at y = 0 at the innermost point of

each vessely one obtains

T-T, = 2+1r3<, cosh™'M, (46)
and
=T = ZRR;COSHM, “r)
where
- € _ (©/04)-(0,10,0*+
Ma= 4 2(e/a,) (48)
and
_ e (€/Q,)*-(Qa/ay, )2+ ! \
M = a, 2(e/ay) (49,
The sum and difference of the above equations give
L-T, = ﬁK‘(COSh"Ma + cosh™M, ) (50)
and
L+T,-2T, = éﬁ%(cosh"Ma ~cosh™'M, ) (51)

The conductive heat transfer between the central artery
and vein can be found to a first approximation from equation

(50)
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9= 0K (Ta-T,) (52)
where O, is a shape factor defined by
_ 2
% = Cosh™' M, + cosh™ M, (53)

Since ('°'§o’ is an anti-symmetric function of 2z

© ®
PV.I[(T-Teldzdy=0 (54)
it follows that if one defines a tissue mean temperature 8.
then @ = T, Therefores T,, or 8 can be calculated from

equations {(51)es (52) and (53)

6= 5[(1-B)Ta+(1+BIT,]

(55)
=sn+r-Lor -7,
where
8 = c0Sh'Mg — cosh™'M, (56)

COSh='M, +cosh™'M,

It is recorgnized from (55) and (56) that when the vessel
radii are different ﬁ # 0 and the tissue mean temperature is
not the arithmetic average of the wall temperatures of the
countercurrent vesselss @ defined by (55) is also the far
field temperature that one wouldy for practical purposess
observe at several diameters from either vessel. Therefore,
it is required that T =9 at r =71, .

(iv) Axial variation of mean tissue temperature for core.
Multiplying equation (41) by (1-8) and (42) by (1+8)s adding
these resultsy using the approximation Q,~ q, = q+ and
substituting the expression for q from (52) in this last

resulty one can relate the variation of the mean tissuve
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temperature for the core or the far field temperdture at e

to the VJocal temperature difference between the central

artery and vein

d0(x,r) _ _ GK(Ta=T,)
X TR, G5 Va (87)

Equation [S57) is not useful as it now stands Since both
T, and T are unknown. A second independent relation is

needed to determine the T,-T7 difference in (57)s This

v
relation can be found by considering the overall energy
balance on a combined muscle-skin element that couples the
heat 10ss at the skin surfdace ¢ to the local losses due to
blood flow and conduction at the outer edge of the core r. as
schematically shown in Fiqure 12. If axial conduction is

neglected this energe balance can be written as

2
Gu-q, =Ry T, T, ) L2 L oy (b p (00X, 1) ~Ta)
+2Mr Gy — 2T f%q, 1 gr (58)

where 1S is metabolic heat production per unit volume. T is
the ambient temperature and 9(!0% ) is the wunknown skin
temperature. In general, 9~ 9, the net conduction loss froa
the corey is much smaller than Q? since radial thermal
yradients at the edge of the core are smally and these small
losses are well approximated by (58)e A related type of
imperfect countercurrent exchange occurs in the micro-
vasculature and is fundamental to the derivation of the
bioheat equation of wWeinbaum and Jiji in (10}.

A second relation between q, and q, is obtained by

subtracting equation (42) from (41)
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L-T,)
%= 9, = - TR Gy L (59)

Equating (58) ana (59) one obtains the desired crucial
relationship linking the axial variation of the temperature
difference between the central artery and vein to the heat

transfer processes at the skin surface

IL-T) _ _ T, d(Gu)  2h(h +h,)
- o ly AQaly) 2h(hc+h)
dX Qo' Ua ax f%CbG:LQ

- 2’,42! + ZrJr,qm rdr
R, G, R ¢y G Ug

Equation (57) can now be differentiatede From (48)s {49) and

CLAARAE
(60)

(53) one notes that "a and Hv are both given in terms of
dimensionless length ratios that vary little with axial
distance and thus 02 can be treated as a constante Thus

equation {(57) after differentiation becomes

da’e(xr) __ &K / d(TT (T )d(a.u)
axT = wcf’,:,[ ~dx 2 qfu,.i 7] (61)

(Ta- T,) and its derivative can be eliminated in (61) using

(57) and (60) and equation (40) used for a:ua e After some

algebraic manipulations (61) can be written as

zw w&z u-w)(; ]

a’e(xr) ‘oda ¥ e dz doix,r.)
dax? wI Gldz | (1-w)f'gdz dax
Vi-fgrar ¥ —ogaz J#(1-y)
= 2 Oc K¢ .

(62)

TR32a wi'leldz , (1-w)rtgdz — 32
fifca {‘P[J‘G‘dt ol q.dzg_— + V’)}

Kt )| O0x,7) = To] 4 500y ~ 052 - 122}

Equation (62) is a basic differential equation relating
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the far field temperature at the edge of the core Q(xer, ) to
the local skin temperature O(log )e The governing equation to

deter mi ne e(xorsp will be described next.

Je3e.2 Governing Equation for Muscle Layer

Equation (62) can not be integrated unless a relation
between the core temperature and the surface temperature is
founde This can be obtained by applying the bioheat equation
of Weinbaum and Jiji (5) in the radia) direction and solving
a boundary value problem for the muscle and cutaneous layers,
which 1s similar to the model for peripheral tissue developed
in Chapter 2.

An important parametery the inflow Peclet number P,

based on the conditions at the entrance to the limb,

B.= 33!;;9“!!'— 63)

is defined and the biocheat equation can be written in radial
coordinatese Assuming that axial conduction can be neglected
and that radial derivatives of all vascular parameters are
much larger than axial derivativessy this bioheat equation

reduces to

7"-:7{Kt[ /+ I KfK;n‘z,;?(., e n.)‘a.)q(u.)z‘e wawz% ] }
- I6K¢an.xr¢,(.f S S + Lol)yug? 32 (64)

The radial variations of the coefficients of equation (64)

which are related to the effective thermal conductivitys will
be examined later after equation (64) is cast in non-

dimensional form.
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3e3ed Governing Equation for Cutaneous Layer

In the i1nner regiony blood reaching the cutaneous plexus
from the central artery arrives at temperature 6.c and
undergoes an instantaneous equilibration to the local tissue
temperature upon being perfused into the small vertical riser
vessels emanating from this regione The strength of this
distributed heat source depends on the perfusion rate and the
local blood-tissue temperature difference in the cutaneous

plexus

q‘ = Wbc pb cb(ebc -6) (65)

where

2
W, = V(I =w)G;Yai (66)
b7 2058, 056 dz
Since this sublayer is very thiny the effect of curvature is

negligible. Thus the energy equation there becomes

ﬁ !‘I (A)zphchamua.(egg 6
sz * 2K, 15 6, St 6 dz (67)

The energy equation for the outer region is simply a
conduction equation since all blood vessels are in thermal

equilibrium with the tissuee.

70
377 =0 (68)

3e3e4 Heat Transfer of Extremity

Because of the irregular shape and complex vascular
geometry of the extremitys this research will not attempt
to model the detailed blood flow and temperature field within

the extremity. The overall heat loss from the extremity Qg
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and the volumetric blood flow rate to the extremity will be
prescribeds The enerqgy balance of the extremity provides a
boundary condition for the blood temperature difference
between the central drtery ond vein of the wrist at the

entrance to the hande.

- Toxt
(TA-TV)X-L" ﬂ(’-W)Phcbaaz;Ua; (69)

The total heat loss

qext due to convectione radiation and
evaporation at the surface of the extremitys varies with
ambient conditionse It is assumed that each surface heat
transfer mechanism affects the arm and extremity in the same

proportione Thusy if the convective heat loss from the arm is

doubleds SO0 i5 the convective heat loss from the hande

3e4 Dimensionless Form
3e4¢]1 Dimensionless Governing Equation for Each Layer
The next task is to convert the model into a coupled

disensionless boundary value problem to study the general
thermal behavior of the 1limb and reveal the physiological
significance of its crucial dimensionless parameters: We ¥ »
Pe; ¢+ and the three parameters that cescribe the surface heat
losse The following dimensionless quantities are defined:

distance in x-directiony X = x/L

distance in r-directiony T = r/r

tissue temperaturey g = (0-Tw) /(T ~T)

central artery blood temperatures ?; = (Ta=Txu )W/ (T, ~Tp)

central vein blood temperatureys ?; = (T ~To) /(T ~Tp)

cutaneous plexus blood temperaturey ’5“= ( BT )/ (Ta; ~Too)

inflow Peclet numbers PRy = 20 cpaq; Uy /K,
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metabolic heat productions A, = qu:-' IRy (Tg; ~To)
Biot number for convections B8, = hcr. /K,

Biot number for radiatione B{y = h ree /K,
evaporation heat losse 7 = Qe,, s /"t”ai -To)

Then the dimensionless energy equation for each region

becomes
-~ wGq? (1-w)G -
#0672yl e t es a8(5%,7)
dx? wgl'@dT  (-W)f'ed¥ - L ¥
Ve T Canedr), oy,
202 p? Wif'e'dz | (1-W)ef'GdZ 2
KGR {’4'[ Seidr t T rear ]+('-W)}
A e~ 2 ~
{681 +Bip 85,7 +67 - G2y - 72)]
for the corey
| 2 6 (¥) ]
’r‘?‘r‘{[HA")WW' Hi SRR
=8(F ) & (%) z 20 (7|)
G*(¥)dz ]z fei 3F
for the muscley
30 Y( 11— W) KeQaity N -y -
7+ 2K gL e dz 4G 6)=0 (72)
for the inner cutaneous layery
g:rg‘ =0 (73)

for the outer cutaneous layersy where

A(P)= gxre gﬂTz ()& ) 4 (74)

and
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202 sy B2, 1 d&’
B(F) = Terrgmre (R)@) WlF * 2 aF) (75)

3.442 Functions A(T) and B(Y)

The functions A(T) and B(r) defined by (74) and (75)
describe the radial variation of the microvascular geometry
of the countercurrent vessels as one proceeds from the
central artery and vein towards the skin surfacee These
functions i1nvolve products of either properties of tissue and
bloode functions of geometry varying with tissue depth and
the dimensionliess velocity ratio u/u,e If wuniform blood
perfusion in the muscle layer is assumede one can show that
the ratio u/u, can be calculated from the conservation of
fluid mass and depends on the vascular geometry only ( see
Chapter 2 for details )« Convenient functional forms for the
variation of the vascular geometry of the muscle layer in the
radial direction have been proposed in Chapter 2. These forms

are

alq, = (d, + )% (76)
NN, = (dy+ d,F)% (77)
o = L4 (78)

cosh™(d, + dgr %)

4, = costd, + d,F) (79)

The quank. 'les d, to d, » a, and n, are listed in

t
Table 3. They are based on approximate measurements obtained
from vascular casts of muscle tissue in the rabbit thigh (7).

The diminution in vessel size with branching should be



53

ingdependent of speciese This wvariation of the wvascular
parameters with depth in the wmuscle layer is summarized in

Table 4«

3e4e3 Effective Thermal Conductivity of Muscle Tissue Layer
The term in square brackets on the left hand side of

equation (71) represents the ratio of effective blood-tissue

conductivity in the radial direction in the muscle tissue

layer to the conductivity of non-perfusea tissue

_ ~ G2(%) 2
-’%ﬁ = I+A(r)[-['T.G—,('5d—;]inzPe;] (80)

The enhancement of conductivity is due to two factors: the
variation of vascular geometry in the radial direction A(?)
and the local Peclet number describing the bleed-off from the
central artery to the muscle layer G(X)YWFr; /.l'G’di- Thusy
the effective conductivity varies with radial distance as
well as axial distance when the cross-sectional area of the
arm changes in axial directiony iecees G # leo In Figure 13 the
variation of effective conductivity at the entrance‘of a
tapered arm 1s examinedes It is observed that the effective
conductivity decreases rapidly towards its conduction value
as vessel size decreases below 100 4m and the greatest
enhancement which 1s a factor of &4 or more occurs near the
coree This allows heat generated in the deep portion of the
muscle 1layery which is far removed from the cutaneous
circulations to be transferred efficiently. A second
important observation is that the effective conductivity is

proportional to the square of the local Peclet number and
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thus the blood flow rate provides a non-linear enhancement of
the effective conductivitye Therefores a large enhancement is
possible during exercise to promote the removal of heat from
the core of the limbe Both these Ffeatureses which are
dependent on the branching countercurrent structure of the

microvasculature, were previously unrecognizede.

Jebe4 Dimensionless Metabolic Heat Production

The dimensionless metabolic heat production 7\m in
equation (71) is only important in the muscle layer. Because
metabolic heat production is directly proportional! to the
oxygen consumptions and the oxygen uptake is related to the
blood flow rate in this regione the dimensionless metabolic
heat production and the blood supply to the muscle layer are
coupled and a simple Vinear relationship between them can be

assumede Thus,
Amz ,zwwp.;"'d" (8' )

where constants d,, and d,;, are determined by evaluating (81)
at any two known conditionse If one uses as the two
representative casesy the value Ap,= 00215 for the supine
resting states and Ay,= 215 for moderate exercisey d,, and
d)3 are found to be 0.00026 and -0.43y respectively. This
corresponds to P = 3500 in the resting state and F,; = 14000

during moderate exercisee

Jehe5 Dimensionless Blood Temperature of Cutaneous Plexus
~
B, in (72) stands for the dimensionless temperature of

the blood from the central artery when it arrives at the
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~n
cutaneous plexuse. é%cdepends on the prior equilibration in

the large isolated riser vessels and is thus related to the
blood flow rate 1nto the cutaneous layer. In the supine
restinyg state in a cool environmenty when this flow is very
slowse blood entering the cutaneous plexus will have
equilibrated to the local tissue temperaturees In this limit,
§;c is equal to the dimensionless local tissue temperature
that would be obtained at the base of the cutaneous layer if
there were no blood perfusion in this layere In the other
limity w®maximum vasodilationy The flow rate to the cutaneous
layer is so large that there 1s little thermal equilibration
of the blood before it enters the cutaneous layer. In this
limity the dimensionless blood temperature E&c is equal to
that of the central artery at the same axial locations ie€eo
§L¢ = A;. If one assumes a simple linear relationship between
the ratio of 5“ to 70, and the blood flow rate to the

cutaneous layer

lond Lo d

B/ Ta =d,Yl1-WIR + 0y (82)
The constant d,; depends on the local temperature profile
when W>~1 and is therefore related to the solution of (71)
and (72) in the supine resting state for a4 given set of

environmental conditionse d is then determined for

14
conditions of maximum flowe Both d“; and d5 are listed in

Table 3.

3«5 Six Key Parameters

Six independent dimensionless parameters enter in the
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mathematical models the inflow Peclet number P, at the
entrance of the central arterysy the ratio Y of the blood
supply to the arm to the total blood supply to the limby
the ratio W of the blood supply to the muscle layer to the
total blood supply to the arme the convective Biot number B, o
the radiative Biot number B;, and the dimensionless
evaporation heat 10ss 7. The former three parameters describe
the body conditions ( internal paraseters ) while the later
describe the surrounding conditions ( external parameters ).

The inflow Peclet number is mostly affected by the level
of exercises The blood velocity of the central artery at the
entrance to the limb varies approximately from 7.5 cm/sec to
30 cm/secy which corresponds to the range of inflow Peclet
numbers from 3500 to 14000.

The distribution of blood supply between the arm and
extremity does not vary sigmificantly with the level of
exercise except for the case where the arm and extremity
are placed in two different climate-controlled chambers for
research purposes. Under normal conditionsey Y is taken to be
a constant whose value is 0e75.

It is well known that the control of the cutaneous blood
flow is the major therwmoregulatory effector process. In
the supine resting state and a neutral environment the
cutaneous layer is vasoconstrictede Most of the blood
circulates in the muscle tissue with a representative value
for & being approximately 0.97. During conditions of maximum

vasodilation of the cutaneous vessels, the cutaneous
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circulation can be increased more than 15 timese. This
corresponds to an W of approximately 0e.5.

Heat 1s transferred from the surface of the arm by
convection ( free or forced )y radiation Jand evaporatione

The convective heat flux at the surface is

(9/A)e = he( Ty~ T, ) (83)
Using the correlation equation in {18}y h, is found to be
about 3.5 W/m’-°C for free convectione. The corresponding
convective Biot number is 049 and this value can be
increased by a factor of 10 for forced convection with a free
stream velocity of about 10 MPH.

A1) objects continually radiate enerqgy in accordance
with the Stefan-Boltzmann 1awe The radiative heat flux on
the surface is

(9/A) =€o(T*-1}) (84)
=[€0(T+ T+ 72+ T2 %-T,)
Note that the term in the square brackets is almost constant
because an absolute temperature scale must be usede This term
can be defined as a radiative heat transfer coefficient h,
which is about 7 “/l&}tv when one uses the recommended

empirical equation in (24} Thus the radiative heat transfer

has the same form as the convective heat transfer except h,

is replaced by hr in equation (83). The corresponding
radiative Biot number is calculatedg to be 0.98 and remains
about the same under most physiological conditionse.

Water diffusion through the human skin is part of the
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"insensible® perspiration which 1S not subject to thermo-
regulatory control. This diffusion totals about 350 ml/day
in an average person and is assumed to be proportional to
the difference between the vapor pressure of water at the
skin temperature and the partial pressure of water vapor in
the ambient air. uUnder normal condftions the average heat
loss by this mechanism is about 5.2 W/m? which corresponds to
a dimensionless evaporation heat 10ss 7 of 0.0485. However,
when activity level of tne body rise above the basal statey
the need to reject more heat from the body arisese An
autonomic mechanism for increasing the heat lossy the
sweating responsey results in a significant increase in 7.
The maximum value for 77 is more than 10 times larger than

that of the basal state.

3.6 Boundary Value Problem for Whole Limb and Solution
Procedure
In order to solve this complicated boundary value
problems all the known and unknown variables of the model
are listed below:
(i) prescribed parameters
(3a) Wy Y and P; describe the blood flow rate to
limb and its distribution;
(b) B, » Bjy and 7 describe the heat transfer at
the skin surface;
(c) G(:) describes the axial varjation of the Jlocal

radius of the arme
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(i1) prescribed boundary conditions
ta) ?;(0) is the arterial blood temperature at the
entrance to the limb;
(b) ?;(1) - ?;(l) is the blood temperature difference
between the central artery and vein at the wrist
and is given by equation {69)e.
(iti) unknown boundary conditions
(a) ?;(0) is the blood return temperature in the
central vein at the entrance to the Vimb;
(b) ?;(1) or ?;(1) is the blood temperature in the
the central artery or vein at the wrist;
(c) 3’(;’.?; ) is the surface temperature of the arm.
(iv) unknown field variables
(a) ?;(i) and ?;(:) are the blood temperatures in the
central artery and veini
(b) ’5(;'7) is the tissue temperature within the arm.
The energy equations for the corey asuscle and cutaneous
layers are coupled and must be solved by numerical methodse
The arm is first descretized into disk like elements in the
axial direction by planes perpendicular to its axise Each
element contains the central part of the core surrounded by
two annular rings of the muscle and cutaneous layerse The
arterial blood temperature ?;(0) when it enters the first
element is known but the venous return temperature ?;(0)
when the blood leaves the limb is unknowne This temperature
is quessed to start the sclution procedure. Using these

entrance and exit temperatures of the central vessels, one
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calculates the mean tissuve temperature of the cores or the
tissue temperature Jt the edge of the core 3’ for the first
element using equation (55)e This mean tissue temperature of
the core then serves as a boundary condition for the muscle
layer at the interface obetween the core and muscle layer in
the initial elements The governing equations (Tl)e (72) and
(73) for the muscle layery the inner and outer regions
of the cutaneous Jlayer are then integrated numerically
1n radial direction to find the temperature distribution
within this elemente In proceeding from one layer to another,
the tissue temperature and heat flux at the interface must
be matchede This matching determines the surface temperature
of the initial element. Using the surface temperature of the
first element found in this wmanners one next integrates
the energy equation for the core (70) numerically in the
axial direction to find the temperatures of the core tissuey
the central arterial and venous blood in the second elemente
Alternately applying £he governing equations in the radial
and axial directionss one can repeat the entire procedure and
in this manner determine the temperature field throughout the
entire army including the central arterial and venous blood
temperatures in the last elements ?;(l) and ?;(l). The
boundary condition at the end of the arm, i;(l)-?;(l)o is
then used as an ena point constraint to determi&e the correct
value of the guessed temperature ?;(O). The whole procedure
is repeated until a correct ?;(0) is found and the tempera-

fad
ture field of the arm corresponding to that T,(0) is obtained.



61

o7 Results and Discussion

Sample calculations to illustrate the application of the

(4]
"
p—

model have been presented in (25) for the simplest casey
or an arm of constant cross—-sectional areae The results for
d more realistic cases 3 tapered ars where the radius of the
arm at its entrance is twice as large as that at its ends or
G = 1-?}2. are presented hereine.

Figqures 14y 16y 18 and 19 show the axial variation of
the central arteryy vein and skin surface temperatures and
Figures 15y 17 and 20 are the corresponding results for the
radial temperature profiless In generals the dimensional
radial gradients in the muscle tissue are about two orders
of magnitude larger than the axial gradients and thus the
neglect of axial conduction is well justifiede.

Figures 14y 16 and 18 show how the central artery and
vein function as an imperfect countercurrent heat exchangere.
There is a3 net Joss of heat from the central artery and vein
to the muscle and cutaneous Jlayers by conduction and
convection ( radial bleed-of f to the microcirculation of both
these layers ) as shown in Fiqure 12+ The net conductive heat
transfer (q,-q, ) is governed by equation (59) which shows
that it .1is proportional to the axial gradient of the
temperature difference between the central artery and veine
The convective heat transfer, én the other hande is equal to
(P *Pg )Pbcsﬂa'Tv’ ana thus proportional to the temperature
difference of the central artery and veine The relative

importance of each transfer mechanism depends on the blood
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flow distribution and external conditions and will be
analyzed for different casese The quantity (qa—qv)/q' which
represents the ratio of conductive heat loss from the core
to the surrounding tissue to the heat exchange between the
central artery and vein if they were to function as a perfect
countercurrent heat exchanger (q=qa=qv). is found to vary in
the axial direction with minimum and maximum values that fall
between 12 % and 35 % for most physiclogical conditions. This
means that about 65 to 90 percent of the conductive heat
transfer takes place between the countercurrent vessel pair
while the rest occurs between the vessel pair and surrounding
tissue. The assumption that gq, or qQ, individually is larger
than their difference (qa-qv) thus appears to be a reasonable
approximation even for the large central vesselse.

The next step is to examine the thermal behavior of the
1imb under different physiological and environmental
conditions by varying one parameter while holding the
others fixedeo

Figure 14 shows the variation of the dimensionless
temperature of the central arterys vein and skin surface in
the axial girection for different blood flow rates to the
entire 1imb described by the inlet flow parameter Fpe In gen-
erals the level of P,; indicates the state of exercise or the
oxygen demand' of the muscle tissuee Higher temperatures of
the central arteryy vein and surface result from a higher
blood flow rate and thus a higher metabolic heat production

rates Note that the temperature difference between the
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central artery and vein would remain constant even if there
were radial bleed-off if the countercurrent heat exchange
were perfect and no heat were conducted out of the core to
the muscle tissue. The temperature difference of the central
artery and vein and 1ts yradient are both small at high blood
inflow ratese Two factors contribute to this behavior: (1) at
high flow rates the countercurrent conductive exchange is
reduced and (2) more metabolic heat is generated in the
muscle layer which reduces the radial temperature gradient
in the central reqion of the limb and hence the heat flux in
this regions Thuse both the conductive and convective heat
transfer from the central vessel pair to the surrounding
tissue are lowe For these conditionse one can show that the
central artery and vein behave as a nearly perfect counter-
current heat exchangery and the temperature difference
between them (?;-?;) is small. Although not shown in
Figure 14 it is possible under conditions of maximum exercises
when the blood flow rate and metabolic heat production are
high enoughsy for the blood in the central artery to become
sufficiently heated for its temperature to exceed that at the
entrance to the limbe ieeey ?;) le It is observed that the
skin surface temperature decreases more rapidly in the
axial direction than the central artery and vein temperaturess
This is believed to be attributable to the tapered geometry
of the arme A smaller local cross-sectional area of the
muscle layery which is equivalent to smaller local blood

perfusion and wmetabolic heat generation ratese leads to a
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lower surface temperature theree

Since the central vessel and skin surface temperatures
vary in the axial direction for a tapered arme to show the
radial temperature profiless an axial position should be
specifiede The dimensionless radial temperature profiles at
X = 0405y which is near the entrance of the arm.yare shown in
Figure 15 for the same conditions as Figure 14, These
profiles are flat in the deep portion of the muscle layer
because of the enhancement in conductivity in this region due
to countercurrent microvascular heat exchanges see Figure 13,
This effect is particularly evident at high flow ratese It is
also observed that at the higher blood flow rates the
temperature of the tissue is elevatead throughout the arme The
latter effect can be shown to be due to increased metabolic
heat production resulting from the increased oxygen
consumption of the muscle tissue. To show this consider an
imaginary situation where #,; and A, are not coupled by
equation (81). Thus suppose P; = 14000 but A, is assigned a
value that corresponds to Pei = 7000. The resulting curve is
the dashed Vvine in Figqure 15 This curve lies between the
solid curves for F, = 7000 and F,; = 14000 where blood flow
rate is coupled with metabolic heat productions and thus
shows that both effects contribute to the increase of the
tissue temperature.

The importance of the cutaneous circulation in whole
limb heat transfer can be easily seen in Figure 16¢ which

shows how the axial temperature profiles of the central
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arterye vein and skin surface are altered by increasing the
fractional blood supply to the cutaneous layere Decreasing @
and hence increasing the proportion ¢f the total blood supply
to the cutaneous circulationy ieeey more warm blood is pumped
from the center to the surface to be cooledy leads to a
decredse in temperature of the central vessels but an
increase in skin surface temperature. More heat is
transferred at the surfacee This would occur when the body
needs to reject its internal heate The opposite is also
true when the body wants to conserve heat in a cold
environmente. This effect of the cutaneous circulation
can be more easily understood with the aid of Figure 17
which shows the temperature profiles in the rad;al
direction at X = 0.05. Dilating the cutaneous circulation
lowers the core tissue temperature but elevates the skin
surface temperature since warm blood from the core is brought
to the inner region of the cutaneous layere One should also
compare the inset figures I and 11 showing the detailed
temperature distribution near the skin surface for 1low and
high values of W. The temperature gradient changes signifi-
cantly across the cutaneous layer for the case of low W. The
magnitude of the gyradient at the skin surface is approxi-
mately twice as large as its value at the interface between
the muscle and cutaneous layerss and is also larger than its
value at the skin surface for the case of large We. This rapid
change in ygradient makes it possible to transfer more heat to

the surroundings and thus reduce the temperature throughout
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the limbe

Figures 18s 19y and 20 show the dimensionless axial
temperatures of the central arterye vein and skin surfacey
and the tissue temperature profiles in radial direction at
% = 0.USe respectivelys when the convective heat transfer at
the surface is 11ncreased from values typical of natural
convection to forced convection with 3 high wind speedes This
surface cooling decreases the temperature of the arm
throughout but the decrease in surface temperature is more
pronouncede AlsOo the inset figure in Figure 20 shows that for
a hiyh convective heat transfer coefficienty the temperature
gradient at the surface becomes steepere This occurs because
the strength of the thermal source term in the inner skin
layer increases Iin proportion to the (Ou-e) difference as
the skin is coolede

Figures for different values of B;, and 7 can be
obtained in a similar way but these are unnecessary since
radiative and evaporative heat transf@r at the surface play
the same role as convective heat transfer and plots similar

in character to Figures 18y 19 and 20 would be obtainede

3.8 Comparison between Theoretical Predictions and Experi-
sental Measurewments and Future Improvements of Mode!)

In Pennes experiments {1} a small stainless steel needle
was inserted into the forearm of a normotensive male subject
who was lying on a bed in a climate-controlled roome A
Y-model thermocouple was then traversely passed through the

arse Temperature measurements were taken while the depth of
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the thermocouple below the skin was regulated and measured by
3 wire-controller. This experiment was performed on a total
of 9 subjectse A representative traverse temperature profile
of the the human forearm based On the mean experimental data
of all these subjects was plotted in Fiqure 16 in (1} and is
shown as the dash-dot curve in Figqure 2l. The maximum
temperature does not occur at the axis of the arm because of
the asymmetry of the central vessels.s The dashed curves are
the theoretically predicted temperature profiles obtained
from the solution of the Pennes biohaet equation for several
representative blood perfusion rates Ve While there is a
rough qualitative agreerent between those curves and the
experimental profiles the theoretical curves based on the
Pennes bioheat equation are much fuller and have the wrong
slope near the skine This error in shape is due to the blood
perfusion source term in Pennes bioheat equatione According
to the new bioheat equation subcutaneous regions near the
skin surface where the microvessels are less than 50 AUw
should show little enhancement in conductivity since thermal
equil ibrium between the vessels and the tissue is virtually
completes Thuse the heat source term due to blood perfusion
in this region should vanishe The solid curves in Figure 21
are the theoretically predicted texperature profiles using
the bioheat equation of Weinbaum ana Jiji for a subject in a
supine resting state and thermoneutral environment according
to different correlation equations for the heat transfer at
the skin surface. Solid curve I is obtained when the convec-

tive heat transfer coefficient he 15 taken from the earlier
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correlation equation that Pennes used in his model and the
ragiative heat transfer 1s neglected while in solid curve 1f
the radiative heat transfer 15 considerede The convective and
radiative heat transfer coefficients h, and h, 2 for solid
curve [I]l are calculated from the correlation equations in
{18}s which are believed to be more superior than those
obtained 40 years dgoe Thus this curve gives a more accurate
prediction of temperature profile under the experimental con-
ditionse It 1S important to realize that there are no fudge
factors or free parameters in the new bioheat equation since
all vascular parameters have been prescribed and there is no
attempt to curve fit the experimental datae The agreewent
between the theoretical prediction and the experimental
measured radial temperature profile is extraordinarye For
sugine resting conditionsy the enhancement of the conduc-
tivity and metabolic heat yeneration of the tissue are samall.
The fact that conduction dcminates the tissue heat transfer
over the entire peripheral tissue region is confirmed by the
nearly linear temperature profiles in this region in both the
theoretical predictions of the new bioheat equation and the
exgerimental measurementse The theoretical curve has a flat
temperature distribution near the axis of the arm arising
from the model assumption that the central region of the arm
IS treated as a core with a unifore rmean temperature obtained
by inteyrating the tissue termperature over the cross-
sectional area of the coree The small deviation of the

theoretical temperature profile from the experimental one
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could be made to vanish by introducing small changes in the
Jssumed functional forms that represent the actual wmicro-
vascular organization and adding the effect of the bone.
Al thouyh more experiments should be conducted in other physi-
ological condgitions in the Ffuture to further verify this
modely 1t seems reasonable that the new theoretical model
provides for a much more accurate prediction of the thermal
behavior of the whole limb than any previous models.
Improvesents are obviously needed in the future modeling
of whole limb heat transfer to take into account the three-
dimensionality arisang Ffrom the asymmetry of the central
vessels and the bifurcation of these vessels when they enter
the lower limb. Howevers the principal bifurcation leads to
two major countercurrent vessel pairs which are on opposite
aspects of the limb and thus do not interact stronglye. A
reasonable straiyhtforward approach is to construct at each
axial station an equivalent axisymmetric geometry where the
radial heat transfer is approximately the same as for the
actual asymmetric vessel configuratione Assuming an average
effective conductivity for the entire cross—-sections the
bicircular transformation can be wused to calculate the
approximate increase in heat flux from an eccentrically

located core of radius r,

e to an outer cylinder of radius rg e

This increase in radial heat flux can then be accounted for
by either modifying the average effective conductivity or
increadsing the rddius of the core for the locally equivalent

axisymmetric modele The effect of vessel bifurcation would
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Le treated by simply adding the radial heat transfer from
each vessel paire.

It is also well vrecognized that ¢the geometry and
vasculature of the extremity make it an extremely important
heat transfer organe Raman and Vanhuyse i1n a series of papers
(26-28) provided the first detailed quantitative experimental.
and theoretical studies exploring the reltative importance of
the deep tissue and cutaneous circulations in the human hande.
Their experiments which measured the total blood flow to and
heat loss from the hand when immersed in a stirred water bath
showed that the steady state heat loss decreased linearly
when the bath temperature was varied from 40°C to 25°C, but
that between 25°C and 10°C a transition in behavior occurred
which resulted in a minimum heat transfer at about 13°C. To
describe this behaviore their model allowed for two rather
than a single venous return path from the central arterys a
superficial vein which did not undergo countercurrent heat
exchange and a deep countercurrent vein which dide If the
bath temperature was lowerede a sufficient shunting of blood
from the cutaneous to the deep vein occurred and a3 minimum
heat Voss could be accounted in their model. This superficial
vein originates in the extremity and then runs the length of
the arm just beneath the cutaneous layere. The effect of large
subcutdaneous veins in whole limb heat transfer is therefore
probably significant and should be added in future refine-
ments of the present model.

Further verification of this whole limb heat transfer
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model under different physiological conditions 15 necessarye
This requires experimental studies where all important input
parameters can be directly or indirectly measured and
critical temperature and heat flux measurements made to test
theoretical predictionse The experiments can be carried out
in stagese The first stage may entail the quantification of
the following under steady state thermoneutral conditions in
the human forearm: hand heat loss ana blood flowe average
axial surface temperature distribution of the Jarm and the
distribution of blood flow between the muscle tissue and
cutaneous circulations of the arme. These can be obtained by
using the thermocouple probes in (11} for temperature meas-
urementsy and an environsental chamber with a plethysmograph-
calorimeter for blood flow and heat l1oss measurementse The
latter is similar to that used in {26} In a separate set of
experiments gﬁf can pe determined in the rabbit thigh as a
function of tissue depth so that invasive medsurements on
husan subjects will be avoided. These experiments will
produce the data necessary to verify the model for heat
transfer in the arme under thermoneutrdl conditionse In the
later stagess experiments can be conducted to explore how
the partitioning of the blood flow between skin and muscle
ana between arm and hand is affected by other physiological
conditions rather than the thersoneutral onee. Also precise
measurements for hand heat transfer wil) reveal its thermo-

regulatory controle.
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4e Conclusion

This theoretical model of peripheral tissue and whole
limb heat transfer based on the bioheat equation of Weinbaum
and Jiji has set a stage for a new generation of bioheat
transfer modelse Unlike those previously proposed wmodels in
which the vascular geometry was neglected and only the
overall effect of blood Fflow on tissue heat transfer was
consideredy this model takes into account the Vocal enhance-
ment of heat transfer due to the local vascular organizatione
8y applying the new bioheat equations the contributions of
the vascular geometry and the blood flow on heat transfer can
be separatede Once the vasculature of a specific tissue
organization is known from anatomys the new bioheat equation
can be integrated with little difficulties to provide an
accurate prediction of the temperature field and surface
heat transfer rate under a wide range of physiological
conditionse This model also provide a better understanding
of the fundamental! mechanisms of macro- and -ic;o-vascular
heat transfer and their coupling by showing how the heat
exchange from the large countercurrent central vessels can be
matched to the microvascular heat exchange of the surrounding
muscle tissues This is an important conceptual question that
has not been previously examined,

The new model can be further developed and- used in a
wide variety of applicationse For exampley in the study of a
tissue freezing process in a cryosurgical procedures the new

bi cheat equation governs the unfrozen region while a pure
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conduction equation describes the frozen regione With the
phase transformation condition at the interface between them,
the transient solution provides the advance velocity of the
ice front at each moment and the steady state solution gives
the final size of the cryogenic lesion.

Similar models can be constructed for torso and head
with internal heat sources from the active o0rgans ( €eQey
livery heart and brain ) added into them. When they are
combined with the model of Yimb heat transfere a complicated
model for whole body heat transfer is formed which should
include the interaction between the body and the environment,
between parts of the bodys and between layers in each parte
Therefores in conclusion the new model for whole limb heat
transfer developed herein appears to lay the foundation for
3 new generation of steady and unsteady whole body models in
which vascular organization and flow can be related to whole

body thermoregulatory functione



Table 1

Model Properties and Constants

150 ua

2 ca

0.3 c»

0.1 cm

0.1 ca

2.5444 cm

1.05 g/cm’

3.8 x 10’ J/kg-C

K = 0.5 W/m-°C
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0.823

.933

16

0.785%4




Table 2

Variation of Vascular Variables and Effective Conductivity in Deep Tissue Layer

o8¢

L

B lil)

u

u

1 n a v 1 A kefe Kegt eff

#pairs/cm? am an/sec ke aw/sec ke am/sec X

(Pe =60) (Pe_=120) (Pe_=240) ¢

0 1 0.01500 4.532 0.7071 0.0000612 0.0000481 | 2.5 1.220| s 1.878 | 10 4.512
0.1 1.187 0.01400 4.532 0.7604 0.0000497 0.0000334 | 2.205 1.178 | 4.4 1.711 8.82  3.844
0.2 1.433 0.01298 4.532 0.8090 0.0000382 0.0000218 [ 1.925 1.137( 3.8 1.547 7.7 3.188
0.3 1.763 0.01192 4.532 0.8526 0.0000276 0.0000133 | 1.66 1.099 | 3.32 1.395 6.64  2.580
0.4 2.222 0.01081 4.532 0.8910 0.0000186 0.0000074 | 1.413 1.067 | 2.825 1.267 5.65  2.068
0.5 2.887  0.00966 4.532 0.9239 0.0000116 0.0000038 | 1.18 1.042 | 2.36 1.166 4.72  1.664
0.6 3.903  0.00844 4.52¢ 0.9511 0.0000071 0.0000018 | 0.968 1.023 | 1.935  1.093 3.87 1.312
0.7 5.565  0.00714 4.399 0.9724 0.0000033 0.0000006 | 0.77% 1.012 | 1.55 1.047 3.1 1.188
0.8 8.570  0.00573 3.694 0.9877 0.0000016 0.0000002 | 0.608 1.006 | 1.215 1.023 2.43  1.092
0.9 14.873 0.00416 2.262 0.9969 0.0000008 0.00000005 0.475 1.003 [ 0.95 1.011 1.9 1.044
1.0 32 0.00225 1.268 1 0.0000002 0 0.455 1.000 | 0.9 1.003 1.81  1.012

St
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Table 3

Model Properties and Constants

70 om

7 am

2 am

§i= 0.1 am

0.3 am

0.05 am

0.14 pair/am?
1.05 g/cm?

3800 J/kg-°c

Ke = 0.5 W/m-°¢c

a
"

1.372
dz = -1.301

d, = 1.408
dg = -1.429

de = -1.4

dy = 1.25

dg = 15.4

dg = 40

dyo = 1.484

dy = -1.528
dp= 2.6x10 T
dy= -0.43
dig= 9.5%107°
d,g = 0.502



Table 4

Variation of Vascular Variables in Muscle Layer at the Entrance of the Limb

T a n P 4 A(D B(T)
an # pairs/an’
0.286  0.0500 0.140 4.532 0.500 1.13x10 6.95 x 10 '
0.354  0,0439 0.162 4.532 0.588 7.96 x10°° 3.02x10°"
0.423  0.0380 0.190 4.532 0.669 5.37x10°® 2.18x1077
0.491  0.0324 0.228 4.532 0.743 3.46x10° 118 %1077
0.560  0.0270 0.281 4.532 0.809 2.06 x10® 5.95 %10 °
0.629  0.0219 0.360 4.532 0.866 1.10x10°® 2.72x10°®
0.697  0.0171 0.484 4.532 0.914 5.18 x 1077 1.10x10°2
0.766  0.0127 0.711 4.532 0.951 1.92x 1077 3.45x107?
0.834  0.0087 1.195 4.448 0.978 5.01 x 10" 7.63 x10"°
0.903  0.0052 2.800 3,234 0.995 6.90 x10™" 8.76 x10
0.971  0.0023 32.00 1.268 1 1.54x10 " 1.58x10"

(L



Fig.1 Control volume
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Fig.2 Countercurrent heat flux enhancement
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Flg.3 Model and in vivo temperature measurements. Panel A: Temperature profile
for thermal couple traverse through gelatin block with countercurrent
tube flow. Dimensions of tubes and location of wire shown in upper part
of diagram scaled relative to dimensions of vessels and position of wire
for in vivo traverse shown in Panel B. Solid curve is experimentally
measured profile, dashed curve is theoretically predicted profile using
bicircular conduction solution with uniform wall temperatures. Panel B:
In vivo measurements taken at 20 to 40 m intervals and data points
connected by straight lines.
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