INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to

order.

UMI

A Bell & Howell Information Company
300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/761-4700 800/521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ESSAYS IN MACROECONOMICS AND FINANCE

Essay I: Money Demand, Seigniorage and the Welfare Cost of Inflation:
Evidence from an Intertemporal Model of Money and Consumption
for the U.S. Economy

Essay II: Implementation of the Heath-Jarrow-Morton and
the Black-Derman-Toy Interest Rate Models
for Pricing Options on Eurodollar Futures

by

TURAN GOKCEN BALI

A dissertation submitted to the Graduate Faculty in Economics in partial fulfillment of the
requirements for the degree of Doctor of Philosophy, The City University of New York

1998

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9908293

Copyright 1998 by
Bali, Turan Gokcen

All rights reserved.

UMI Microform 9908293
Copyright 1998, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



© 1998
TURAN GOKCEN BALI

All Rights Reserved

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This manuscript has been read and accepted for the Graduate Faculty in Economics in
satisfaction of the dissertation requirement for the Degree of Doctor of Philosophy.

78 Do 4 Mandy”

Chair ofExamining'Co iftee

Quly 2
Date 0 0

WQMQ{L#{, (997 RD»M(ZW\J

&

Executive Officer

Alvin L. Marty

Thom B. Thurston

Salih N. Neftci
Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



iv

Abstract
ESSAYS IN MACROECONOMICS AND FINANCE
by
Turan Gokcen Bali

Advisor: Professor Alvin L. Marty

Essay I: The first essay emphasizes that it is crucial to identify the proper specification of
money demand as well as the appropriate definition of monetary aggregate and scale
variable to find the exact welfare cost of inflation. The econometric test results obtained
from the nonlinear form of money demand with Box-Cox restriction indicate that not the
semi-logarithmic form but the double-log form with constant elasticity of less than one is a
more accurate characterization of the actual data. Furthermore, the empirical results
suggest that consumption spending produces more stable measures of monetary velocity
and outperforms GDP in estimated money demand equations for the United States. This
paper also shows the estimated welfare cost of inflation is proportional to the money stock
and since M1 is about three times the monetary base in the United States, identifying M1
without modeling the distinctive roles of currency and deposits as the relevant definition of
money overestimates the true welfare cost of inflation. I estimate the welfare cost of
inflation for the U.S. economy using Bailey’s (1956) consumer’s surplus and Lucas’s
(1993) compensating variation approaches. The welfare cost estimates imply that for each

monetary model (currency-deposit, single-asset) and each scale variable (income,

consumption) the double-log function, compared to the constant semi-elasticity Cagan-
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type demand for money, yields substantial welfare gains in moving from zero inflation to
the Friedman optimal deflation rate needed to bring nominal interest rates to zero.

Essay II: The second essay explains arbitrage-free term structure models used for pricing
options on Eurodollar Futures with particular emphasis on the Black-Derman-Toy (BDT)
and the Heath-Jarrow-Morton (HJM) interest rate models and their applications. In this
essay, | concentrate on valuing options on Eurodollar futures using the BDT and the HIM
models with different volatility structures. I compare the estimated option prices of
Eurodollar futures with the actual values to determine which of these two models
[specified with different dynamics of interest rate volatility: historical volatility,
exponentially smoothed volatility, implied volatility, GARCH, GARCH-X] perform better

in pricing interest rate sensitive derivative securities.
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Money Demand, Seigniorage and the Welfare Cost of Inflation:
Evidence from an Intertemporal Model of Money and Consumption
for the U.S. Economy

L. INTRODUCTION

This paper proposes new formulas for evaluating seigniorage revenue and the
welfare cost of inflation as a fraction of GDP in the U.S. economy by providing new
estimates of U.S. money demand. In the theoretical literature, it is a widely accepted idea
that seigniorage is a certain amount of revenue a government collects, with the aid of its
central bank, from the issue of monetary base (reserves plus currency). With the base

money stock denoted M; and the price level P,, seigniorage revenue S: can be defined as

M
S[=_l_
P

= ﬂ'm, =m,+ IZ',m, (I'l)

M,
where 4, = YA denotes the rate of growth of the monetary base and m real money

balances.

The first expression in Equation (I.1) defines seigniorage as the change in the
nominal money stock divided by the price level. The second expression defines total
seigniorage as the product of the rate of nominal money growth and real money balances
held by the public. By analogy with the public finance literature, s is often referred to as
the tax rate and m,, which is equal to the demand for cash balances under the assumption
of money market equilibrium, as the tax base. The third expression in Equation (I.1)

expresses the value of the government revenue as the sum of the increase in the real stock
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of money and the product of the inflation rate and the real money balances, mm,. The last

expression represents the inflation tax, lia::

Ilax = mm, (12)
SO that St = Imx + m, (I'l,)

which implies that in a stationary state (with m.= 0), seigniorage is equal to the inflation
tax.

The traditional definition of seigniorage implies that when the nominal money
stock is not growing, no revenue accrues to the government. Alternatively, the Phelps
(1973) - Auernheimer (1974) definition uses the nominal rate of interest (rather than the
growth rate of the monetary base) times stock of real balances as the revenue accruing
from the authorities. The rationale for this definition is as follows. Less revenue is spent by
the authorities because governments have monopoly power to hold part of their debt to
the private sector in the form of non-interest bearing money rather than as interest bearing
bonds. As long as the nominal rate of interest is greater than zero, this monopoly power
implies that on the government debt in the form of money, no interest is paid. This saving
of interest payment is measured by the stock of non-interest bearing money times the
nominal rate of interest.

Seigniorage can be viewed as a tax on private agents’ domestic currency holdings
since money creation causes inflation, thereby lowering the real value of nominal assets. In
other words, inflation imposes a tax on money holdings because it is the rate at which
individuals lose the purchasing power of a dollar. Therefore, individuals change their

holdings and their use of money to lower the total cost of holding money when inflation
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rises. Their efforts to do so, however, reduce total services from real money balances,
thereby lowering individuals’ welfare. This loss is the welfare cost of inflation.

In practice, estimating welfare costs involves using a theoretical model of
monetary economy to interpret available data on money, income, and interest rates.
Following Bailey (1956) and Marty (1967,1976), the welfare loss to society is traditionally
measured by integrating the area under the liquidity preference schedule from the stock of
real money balances held at a zero nominal rate of interest to that held at the positive
nominal rate of interest. As a alternative to Bailey’s consumer’s surplus argument, Lucas
(1994), using the compensating variation approach, defines the welfare cost of a nominal
rate of interest rate >0 to be the percentage income compensation needed to leave the
household indifferent between >0 and i=0.

Bailey’s (1956) original study says that the welfare cost of inflationary finance
increase with the square of the interest rate, assigning large costs to very high rates of
inflation but trivial costs to moderate inflation’s. According to this approach, the objective
of a zero inflation rate has negligible benefit, and the additional gain in moving from zero
inflation to the steady deflation of around 3 percent that would attain the Friedman
optimum is assigned an even smaller value.

In this paper we argue that the traditional quadratic approximation to the welfare
cost of inflation may not be suitable for this question, and to propose a new estimates of
the welfare cost of inflation. By providing the microfoundations of the money demand
function which suggests a square root formula for welfare costs, we show that the new
estimates assign much greater benefit to the reduction of moderate inflations. Deriving

both the double-log money demand function and the square root formula in the context of
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a simplified version of Sidrauski’s (1967) model, we emphasize the quantitative analysis of
welfare cost instead of qualitative issues in the welfare analysis of inflation.

We test the sensitivity of estimates of the revenue maximizing inflation rate, the
maximum seigniorage (as a ratio to income), and the marginal welfare cost of seigniorage
to the specification of money demand. The seigniorage-maximizing inflation rate and the
maximum revenue from money creation are overestimated with the semi-logarithmic form
compared to the nonlinear form of money demand. For each monetary aggregate
(monetary base, M1) and each scale variable (income, consumption), the double-log
function yields substantial welfare cost estimates compared to the semi-log function.

We show that in estimating the welfare cost of inflation the use of a unitary income
(or consumption) elasticity assumption is not only improper but also leads to overestimate
the true welfare cost of inflation since the unitary income and consumption elasticity
hypotheses are strongly rejected and the elasticities are estimated well below one. We also
find that defining M1 as the relevant definition of money overstates the actual welfare cost
of inflation since the estimated welfare cost of inflation is proportional to the money stock
and M1 is about three times the monetary base in the United States.

This paper is organized as follows. Section Il summarizes previous discussions
regarding the procedure of introducing money into the utility function. Section III first
describes our macro model - the intertemporal optimizing framework in which the
representative agent is assumed to have an infinite planning horizon, to face perfect capital
markets, and to have perfect foresight - then presents the microfoundations for the double-
log form of money demand. Section IV discusses why the specification of the money

demand function has important implications for a number of MAacroeconomic issues.
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Section V exposits the econometric analysis of the choice of a scale variable (consumption
or income) in money demand. Section VI sets out the estimation techniques employed in
U.S. money demand regression equations. Section VII provides four different econometric
tests to determine whether a semi-log or a double-log money demand function is the
proper specification for the U.S. economy. Section VIII presents the time series analysis
of the variables employed in estimated money demand equations. Section IX studies the
implications of different money demand specifications for seigniorage revenue and the
welfare cost of inflation. Section X first develops a currency-deposit model that provides
some insight into the implications of the analysis for the optimal rate of inflation and
required reserve ratio. Section XI derives both the quadratic approximation and the square
root formula for welfare costs in the context of a simplified version of Sidrauski’s model.
Section XII presents the estimates of income and consumption elasticities of demand for
money and tests the unitary income and consumption elasticity hypotheses. This section
also demonstrates the degree of overestimation of the welfare cost of inflation due to the
use of M1 and/or the unitary income (or consumption) elasticity assumption. Section XIII
measures the exact welfare cost of inflation for the U.S. economy ina currency-deposit
model and estimates the costs of deviating from a zero inflation and from an optimal

deflation policy. Section XIV concludes the paper.
II. MONEY IN THE UTILITY FUNCTION

Several approaches can be found in the literature for introducing the role of money
into the intertemporal optimizing framework'. These are intended to capture the three key
roles of money in the economy: (i) its role as a store of wealth; (i) its role as the medium

of exchange; and (iii) its role as a unit of account. Within the infinite horizon model two
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approaches have been adopted to incorporate the role of money. The first is to incorporate
its role as a medium of exchange through the so-called cash-in-advance constraint,
originally proposed by Clower (1967). The basic idea here is to formulate the role that
money plays in carrying out transactions by the explicit introduction of a “transactions
technology”. Following McCallum (1987), a similar way of expressing the idea of
introducing money into the utility function is to assume that, while households derive
utility only from consumption and leisure, the acquisition of consumption goods requires
“shopping” which reduces the time available for leisure or employment. In a monetary
economy, however, the amount of shopping time required for a given amount of
consumption depends negatively on the quantity of real money balances held by the
household. If the required shopping time is functionally related to ¢, and m,, substitution
into the basic utility function will yield an indirect utility function in which m; appears.’
The second, originally due to Sidrauski (1967), is to introduce money directly into the
utility function. By facilitating transactions, money is assumed to yield a direct utility to
the representative agent that is not associated with other assets such as bonds, which yield
only an indirect utility through the income they generate and the consumption goods they
enable the agent to purchase. Therefore, we should think about the money stock as
“making life easier” since it allows people to get consumption goods without having to go
to the bank and transform bonds into consumption goods all the time.

The introduction of money into the utility function has often been the subject of
severe criticism by monetary economists, who have argued that one should model the
process of transactions explicitly. In the words of Turnovsky (1995), “however, this

criticism appears to have been muted because of an important paper by Feenstra (1986),
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who studied the relationship between the two approaches. He showed that under certain
regulatory conditions, the maximization problem with money, modeled by means ofa
cash-in-advance constraint, may be equivalent to a maximization problem with money in
the utility function. Thus the procedure of introducing money directly into the utility
function seems to be generally viewed as being an acceptable approximation”. This is the

approach we will use in the following section.
iIl. SETUP OF THE MODEL

Following Sidrauski (1967), we will assume that the economy is populated by
infinitely lived consumers or dynasties who derive utility from the only consumption good
and from real money stock. The households in the economy provide labor services in
exchange for wages, receive interest income on assets, purchase goods for consumption,
and save by accumulating additional monetary and non-monetary assets. We will further

assume that the utility function is time separable, that is
U= e® N ule@. mw) d, (1IL.1)
0

where p is the subjective rate of time preference (or the personal discount rate), N(1) is the
total amount of people alive at time  and N(?) will be assumed to grow at an €Xogenous
rate n. By normalizing initial population to 1, we have N()= e™. It is also assumed that the
rate of time preference is greater than the growth rate of population (p > n), which implies
that the overall utility is bounded if ¢ and m are constant over time.

The instantaneous per capita utility, u(), is a function of per capita consumption,

¢(1), and per capita real money balances, m(t), both of which are assumed to be normal
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goods. In order to estimate the model and derive its implications for seigniorage and the

welfare cost of inflation, we use the utility function:

ufct), m()] = (Ti—s)[(—l—i—;)(c' -1) +(£)(m,l"’ - 1)]1-5, (111.2)

where a, b, d and s are positive constants so that u() is a strictly concave utility function’
with continuous first and second derivatives. To find a steady state solution to the model
in which the real rate of interest and the growth rate of various quantities are constant, the
elasticity of marginal utility of consumption and money must be constant asymptotically.
We therefore use this form which reduces to constant intertemporal elasticity of
substitution (CIES) utility function when s = 0. This utility function, which is similar to
MaCurdy’s (1981), has, as special cases, an additively separable utility function in per
capita consumption and per capita real money balances, (s=0)"; a logarithmic utility
function (a=1, b=1. s=0)’. This functional form also provides for the possibility of
differential degrees of intertemporal substitution in consumption and money. This is the
easiest to see when s=0, so that I/a represents the elasticity of intertemporal substitution
of consumption and /b represents the corresponding elasticity for money®.

Individuals will be assumed to maximize utility subject to the budget constraint

EoM o a-nE B 20 g (1L.3)
AN A AN AN A ‘

where F is non-monetary assets such as capital and bonds, M is nominal money, 7is an
income tax rate, r is the real interest rate on real assets F, W is the real wage rate and H is
some real lump-sum transfer from the government. Equation (111.3) says that per capita

savings (non-consumed resources) are equal to the per capita investment plus money
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accumnulation. If we define lower case variables as the real per capita versions of their
capital letter counterparts (m = M/PN.f=F/Nh=H/N,w= W/ N) and we denote
per capita real assets by v; (v: = m: + f:), we can rewrite the household’s budget constraint
as

C=r(l-1)v, +h +w,(1-1)—¢c, —nv, —im, 7 (111.4)
where i, is the after-tax nominal interest rate® i, = r(1-7)+ m, where m is the (expected) and
the actual inflation rate. Equation (III.4) implies that assets (monetary and non-monetary)
per person rise with per capita income, r(I-gv, + wi(I-7), and the lump-sum transfer
(assuming k> 0) from the government, fall with per capita consumption, ¢;, and the
opportunity cost of holding per capita real balances, i; m,, as well as the expansion of the
population in accordance with the term nv..
We can now set up the present-value Hamiltonian® and get the following set of first-order

conditions:

_ —tp~-ny _1___ __l___ I-a (_‘—1—) » I-s
J=e )(l—s)[(l—a)(c’ ~D+ (=5 )0m —1)] + (I11.53)

Qlrd-gv+ b+ w(l-7) -c - nv, - im;)

g P! [( 1 )(c'l-a _ 1)+(__c_i_)(m“'b _1)] ¢’ =0, (1I1.5b)

giom [(_L;)(c,"" - 1)+(—d—)(m,"” -1)] dm?® =i, (TIL.5¢)
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£ (r(l-7) -n) = - Q, (I11.5d)

limio $2 v =0. (I11.5e)
The transversality condition'® in Equation (III.5e) says that the value of the household’s
assets (both monetary and non-monetary) - which equals the quantity v, times the shadow
price of income (2, - must approach 0 as time approaches infinity. That is, optimizing
agents do not want to have any valuable assets left over at the end of the planning horizon.
The shadow price £2 evolves over time in accordance with Equation (1I1.5d).

Integration of this equation with respect to time yields

-firi-oke)r-ma

N=C(e" (I11.6)
The term (2 equals U. [c(0). m(0)], which is positive. If we substitute the result for £2,

into Equation (II1.5¢), then the transversality condition becomes

-jt[r(l-r)KQ)-nldﬂ

lim ,-{ve"’ =0 (II1.7)
This equation implies that the quantity of assets per person, vi, does not grow
asymptotically at a rate as high as r(7-7) - n or, equivalently, that the level of assets does
not grow at a rate as high as r(/-7). It would be sub-optimal for households to accumulate
positive assets forever at the rate r(I-7) or higher, because utility would increase if these
assets were instead consumed in finite time.

Dividing (II1.5¢) by (IIL.5b), we can get the double-log money demand function,

m,= d’ b 1'1-[ bCra‘b (111.8)
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where -1/b and /b are the interest rate and the per capita consumption elasticity of
demand for real money balances, respectively. Equation (II1.8) indicates that per capita
real demand for money is a positive function of real consumption per capita and a negative
function of the opportunity cost of holding it, the nominal interest rate.

In order to find closed form solutions for the growth rate, we‘will now consider
the special case of s=0, reducing Equation (IIL.5b) to

e " et = 0. (I11.52’)
If we take logarithmic differentiation of Equation (III.5a") with respect to time, we get the

basic condition for choosing consumption over time'':

¢ _ri=-n-p (111.9)
f a

o

Q.
where we used the fact that a =n-r(l1-r) from Equation (II1.5d). Therefore, the

relation between r(/-z) and p determines whether households choose a pattern of per

capita real consumption that rises over time, stays constant, or falls over time. Households

¢
would select a flat consumption profile, with c—' =0, if r(I-7 = p. Households would be

t

willing to depart from this flat pattern and sacrifice some consumption today for more

c
consumption tomorrow - that is — > 0, only if they are compensated by the after-tax real

!

interest rate, r(1-7), that is sufficiently above p. A lower willingness to substitute

¢
intertemporally (a higher value of “4”) implies a smaller responsiveness of - to the gap

t
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between r(1-7) and p. Therefore, consumption growth is a positive function of the
difference between the after-tax real interest rate and the discount rate, and it is a positive
function of the rate of accumulation of per capita real money balances. If the nominal
interest rate is constant we can take logs and derivatives of per capita real money demand

equation (I11.8) and find that

m _ac (1IL.10)
m, bec,

which can be rewritten as
m, rl-7)-p
b YA SR L S II.11
m 5 a )

where b is the reciprocal of the elasticity of intertemporal substitution in money.

The next step is to specify the behavior of firms. Firms produce goods, pay wages
for labor input, and make rental payments for capital input. We will model the production
side of the economy with the following function,

Y.=F (K, Ny, (111.12)
where 7, is the flow of output, K; is the capital input (in units of consumables), M, is labor
input (in person-hours per year). The production function F( ) is neoclassical if it satisfies
the following properties. First, for all K, > 0 and N; > 0, F() exhibits positive and
diminishing marginal products with respect to each input:

/K >0, FF/K <0, FIN>0, JF/AV <. (II1.13a)
Second, F() exhibits constant returns to scale'?:

F(¢K, $N) = ¢ F(K.N) for all ¢ >0. (111.13b)
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Third, the marginal product of capital (or labor) approaches infinity as capital (or labor)
goes to zero and approaches zero as capital (or labor) goes to infinity'*:

limg_o (Fx) = limi0 (F1) = @,

lim ke (Fx) = lim [ (F1) = 0. (111.13¢)
The condition of constant returns to scale implies that output can be written as

Y=F(K N)=NFKNI) =N(fK).1)
where k = K/N is the capital-labor ratio, y = Y/N is per capita output, and the function f(k),
is defined to equal F(k, /). This result means that the production function can be expressed
in intensive form'’ as

y =1k, (111.14)
where the marginal products of the factor inputs are given by

/K =f'(k), YN =fik)-kf (k). (I111.15)

Let R be the rental price for a unit of capital services, and assume that capital
stocks depreciate at the constant rate 2 0. The net rate of return to a household that
owns a unit of capital is then R-&. Recall that households can also receive the interest rate
r on bonds, since capital and bonds are perfect substitutes as stores of value, we must have
r = R-& or, equivalently, R = r + &. The representative firm’s flow of net receipts or
profit at any point in time is given by

Profit=F(K N)-(r+ &) K-wN, (II1.16)
that is gross receipts from the sale of output, F(K, N), less the factor payments, which are
rentals to capital, (» + & K, and wages to workers, w N. We assume that the firm seeks to
maximize the profits and the competitive firm, which takes r and w as given, maximizes

profit by setting
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r=f'k)-9.

w=fk) - kf (k). (I11.17)
That is, in order for profit to be zero, the competitive firm chooses capital-labor ratio to
equate the marginal product of capital to the rental price and the marginal product of labor
to the wage rate.

Since, in our model, we have introduced some taxes fall on all forms of income -
including interest income and returns to capital as well as wage earnings, we can see how
the presence of an income tax alters the theoretical model. As pointed out in footnote 8,
the marginal tax rate, 7, in this study, applies to all forms of income - including interest
income and returns to capital, as well as labor earnings. Then, if the tax rate is constant
over time, the after-tax real rate is ; (I-7), and the after-tax return to capital is (f"(k,) -
&(1-7) where &is the constant depreciation rate. Investors now equate their return after
tax, (f"(k) - &(1- 1), to the after-tax interest rate, r; (1-7) which yields f'(k) - 6=r: . A
steady state requires equality between r(I-7) and the rate of time preference, p, thus
implying that

r=p/Al-7. (I11.18)
Since an increase in 7 raises the steady-state real interest rate, r, in Equation (1I1.18). It
follows that the steady-state capital-labor ratio, , declines. Thus, in the words of Barro
(1989), “when taxes apply to the earnings from capital, a higher tax rate leads in the long
run to a lower intensity (and in the short run to less investment)”.

In order to close the model we need to specify the behavior of the government. In

general, the government faces the following budget constraint.
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G+H+rB= M/P+B+T, (111.19)

where G is real government spending, H is the total lump-sum transfers that appear in the

private budget constraint, B is total real public debt, B is the real budget deficit, M/ P is
the collection of seigniorage and T is tax collection. The budget constraint, therefore, says
that the government spends resources in purchasing goods, G, transferring income to

households, H, and paying interest in past debt, 7B. The resources of the government are
taxes, T, and seigniorage, M/ P . The difference between expenditure and revenue is the

budget deficit B.
We will make some further simplifying assumptions so as to isolate the important

effects. First. for simplicity, we will not allow the government to issue debt so we will set

B= B =0. (111.20)
While this is a restrictive hypothesis, we concentrate in this paper on the steady state of

this economy in which the government is satisfying its intertemporal budget constraint and
(domestic and external) debt accumulation is equal to zero"’.

Second, we need to make an assumption on how the government sets G. Since the
economy will be growing we would like to assume that the government can spend
increasing amounts of resources. We will assume therefore that G is a constant
proportion, £, of private consumption:

G=¢C, (111.21)
where ¢ will be the policy parameter that tells how large government spending is relative

to the economy. We express G as a proportion of C but it would be equally easy to
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assume that G is a constant fraction of total output or capital stock, given that in steady

state they all grow at the same rate.

Third, we have already assumed when we have discussed the consumers and the
producers side that the tax revenue is based on some taxes fall on income, ie., the
constant average and marginal tax rate ¢ applies to the returns to capital as well as labor
earnings'®. Therefore, the per capita real tax revenue is

T
— =1k + wrL. (111.22)

N

And finally, we will assume that the government sets the nominal growth rate of

money at a constant level u so

M/ M= pu (111.23)

The resulting budget constraint in per capita terms is the following:

m=g+h-rtk-wr-m(z+n). (111.24)

Since we assume that there is no international borrowing and lending, private
bonds are in zero net supply so we can identify f (non-liquid assets) with k (real productive
capital stock). Then, substituting (111.24) into (II1.4), we can get the social budget

constraint'’.
k=fk) -+ Jk-(1+gc, (111.25)
where the firms’ first-order condition (II1.17) has been used and where g =¢c. This

resource constraint says that the increase in the capital-labor ratio is the difference

between total output per capita, f(k), and the effective depreciation, (n + gk, plus private
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consumer expenditures and public spending, g =¢c. Finally, we can rewrite the
government budget constraint (II1.19) as
g =mu+ t(ffk) - &) (I11.26)

where we neglect transfers and we used the firms’ first-order condition (II1.17) and the

fact that m/ m = y - x - n. Equation (I11.26) says that total government spending must
equal the total tax revenue. The tax revenue, in turn is equal to the sum of revenue from

money creation and income taxes.

[V. THE SPECIFICATION OF THE MONEY DEMAND FUNCTION

The specification of the money demand function has important implications for a
number of macroeconomic issues. First, if policymakers are to be responsible for achieving
price stability they need reliable quantitative estimates of money demand. In particular, if
the money demand function is stable. the income elasticity yields the rate of money growth
that is consistent with long run price stability. Second, macroeconomic theorists need
quantitative estimates of the money demand function in order to determine the exact
predictions of their models. In Keynesian models, for instance, the relative ability of
monetary and fiscal policy to affect the real economy depends on the elasticities of the
demand for money. For a given interest elasticity, a larger income elasticity or for a given
income elasticity, a smaller interest elasticity implies a more vertical LM curve; as a result,
monetary policy is relatively more potent than fiscal policy. Furthermore, in many
macroeconomic models, money demand elasticities are important figures for the
equilibrium conditions since both the income and the interest rate elasticity of money
demand matter in determining the aggregate price level and the inflation rate, given the

growth rate of money. Finally, the specification of the money demand function has
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important implications for seigniorage and the welfare cost of inflation. In this paper we
reexamine two aspects of this specification, the choice of the scale variable and the
functional form of the money demand function. While GDP is the standard scale variable
for money demand in macroeconomic models, we argue that both theoretical and
empirical considerations suggests that it may not be the right choice. Furthermore, we find
that consumer expenditure is a more empirically successful scale variable in estimated
money demand equations.

V. THE CHOICE OF A SCALE VARIABLE: CONSUMPTION OR INCOME ?

The conclusion that money is an important determinant of aggregate demand is
widely accepted among macroeconomists due to the empirical work of Friedman and
Schwartz (1963,1982) and others which shows that there is a close empirical connection
between monetary fluctuations and the business cycle. These studies emphasize that over
long periods of time and under a variety of institutional arrangements, nominal GDP move
in accordance with the money supply. In other words, the velocity of money appears
relatively stable.

Even though velocity measured with respect to nominal GDP is stable this fact
does not imply that GDP is the correct quantity variable in the quantity equation. Gross
domestic product is only a proxy for total transactions, and another variable may be a
better proxy. Empirically, velocity measured with respect to another variable may be even
more stable than velocity traditionally defined.

Mankiw and Summers (1986) examine the standard deviation of velocity by
detrending the log of velocity and then regressing the detrended log of velocity on time

and the square of time. Furthermore, they compute the standard deviation of the change in
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the log of velocity for the U.S. economy between 1960:I and 1984:1V. The empirical
results that they obtain indicate that velocity measured using consumer expenditures is
more stable than velocity measured using income. They also argue that consumption is a
better scale variable than income because it more accurately reflects permanent income.

Another study by Faig (1989) also finds that consumption is better scale variable
than income in the money demand equation. According to his study, in some countries,
such as Germany, consumption and income have quite different seasonal patterns. Faig
shows that the seasonal patterns of money balances more closely matches that of
consumption.

In this section, following Mankiw and Summers (1986), we compare alternative
velocity measures. In particular, we compare velocity measured with respect to gross
domestic product (GDP/M) to velocity measured with respect to nominal consumer
expenditure (C/M). Our objective is to find the nominal aggregate that yields the more
stable measure of velocity.

To measure the standard deviation of velocity, since the velocity of money, which
has historically trended upward, is a non stationary process we should either detrend or
first-difference the time series data. We compute the standard deviation both ways. We
detrend by regressing the log of velocity on time and the square of time. The residuals
from this regression are always highly correlated, implying that velocity is possibly not
stationary. The first difference of log velocity appears close to white noise, indicating that
velocity is a random walk process.

Table 1 presents the standard deviation of the velocity of different monetary

aggregates for the period 1957:I and 1994:1 using quarterly data. These figures do not
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support the traditional formulation using nominal GDP. Velocity measured using
consumer expenditure (C/M) is unambiguously more stable than velocity measured using
total production (Y/M). For the seven monetary aggregates presented in Table 1,
consumer expenditure yields the more stable measure of velocity.

Therefore, the empirical results presented in this paper suggest that consumption is
a better scale variable in the money demand function than GDP since consumer spending
produces more stable measures of monetary velocity and outperforms GDP in estimated
money demand equations. The reader may wish to consult Tables 3-8 to see whether the
money demand function scaled with GDP or consumption is a more accurate
characterization of the actual U.S. data.

VI. ESTIMATION TECHNIQUES OF THE MONEY DEMAND FUNCT 1ON

In estimating the regression equation of the demand for per capita real money
balances in U.S., the crucial step is to define the specific form of money demand and to find
an efficient mechanism to estimate short-run money demand equations which are consistent
with imposed long-run relationships. A standard assumption in money demand models is
that short-run actual real balances divert from their long-run desired levels. Transaction
costs involved in adjusting money holdings, sluggish adjustment of prices, interest rates or
income can all be factors leading to this divergence. Estimation of long-run demand for
money balances requires a short-run dynamic specification, and the partial adjustment
model has been widely used for this purpose. In this section, we will first focus on the
derivation of the partial adjustment model and then use an estimation technique that allows
us to test whether a semi-log or a double-log money demand function gives better fit for

the U.S. economy.
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Partial adjustment is typically motivated by cost-minimizing behavior where the
costs of disequilibrium are balanced against adjustment costs. Following Hwang (1985),
consider a quadratic cost function of the form:

C=y[InM!-InMJ +72 [(InM;-InMy,) - 3(In P, - In P.)Y, (VL1)
where M, = mP,, M = m¢ P, m” is the “desired” stock of real balances, and P, is the price
level. The first and second terms of Equation (V1.1) correspond to the disequilibrium and
adjustment costs, respectively. For & = 0, Equation (VI.1) posits that the adjustment term
is only a function of nominal magnitudes, i.e., Equation (VI.1) becomes

C=y[lnM!- InMJ* +7: [In M- In Mo J". (V1.2)
For & = 1. both the first and the second term of Equation (VI.1) turns out to be a function
of real magnitudes, i.e., Equation (VI.1) reduces to

C=y[nmd-nm] +7 (In my - In meJ°. (VL3)
Minimizing costs presented in Equation (VI.1) with respect to M, yields:

InM,-InM. =8(In M’ -In M) + &I- 6)(In P. - In P..1), (V1.4)
where 8= y/(71+y;). Thus, when 6= 1, Equation (V1.4) reduces to the real partial
adjustment model in which real balances are adjusted. Alternatively, when & =0, Equation
(V1.4) reduces to the nominal partial adjustment model in which nominal balances are
adjusted. To complete the story, a standard specification for m = My/P, is given by
Equation (VL.5)

Inm’ = fo+ Biic + Peln yu, (VL5)
where y; is a transactions variable such as real GDP, i, represents interest rate.

Combining (VI.4) and (VI.5) and rearranging terms yields
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Inm,= 6B~ OBiic + f2Iny + (1-9in m..;, (VL.6)
where we use the real partial adjustment model:
Inm.-Inm.; = 8(n m - In m.y). (VL.7)
The econometric tests performed in this study aim at finding whether the money
demand function is logarithmic or semi-logarithmic in i, assuming that it is logarithmic in
yr. To determine what form the money demand will take, the Box-Cox transformation"‘,

iy = L VL8
g (ll) yi ’ ( -)

is applied to the i, variable. Note that in the following regression equation,

it -1

1 ) + ﬁ.’ lny: + e (VI9)

1nm,"=,6’o+ﬂ:(

when A equals one, Equation (V1.9) reduces to
Inm?= (Bo-Bi)+ Privt Priny+e, (V1.10a)
and the demand for real money balances per capita becomes semi-logarithmic in i. When A

equals zero, the transformation is, by L 'Hopital 's rule,

it -1

) . d@i* -1)/da
7 = limy_o ——————

1

lim;_,o (

= limao (i Ini;) = Ini.
Hence, A = 0 in g'*'(i;) implies that the demand for per capita real money balances is
logarithmic in i,
Inmi=p,+piinic+ frlny +e. (VI.10b)

Substituting (V1.9) into (V1.7) yields

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



it -1

A

Inm? = (6p.) +(9ﬂ:)( )'*‘ (6By) Iny, + (1-6) Inmy, + Be. (VIL.11)

Since our main purpose is to set out a more accurate procedure to use in
estimating seigniorage revenue and the welfare cost of inflation -both as a share of real
income- in steady state, the per capita income elasticity of demand for real money balances
is assumed to be unity so that the equilibrium level of velocity is independent of the growth
of output. In other words, seigniorage and the welfare cost analysis is compatible with a
steady state only if the velocity of money remains constant. In turn, constant velocity
requires a unitary per capita income elasticity of demand for real balances which reduces

(VL.I1) to

it -1

A

In (m/y) = (8B.) +(6B; )( ) + (1-8 In (m/y).s + be.. (VL12)

In estimating (V1.12) which is nonlinear in its parameters, a simple one
dimensional grid search method" and a nonlinear least square estimation technique are
used. If A in (V1.12) is taken to be an unknown parameter, the regression becomes
nonlinear in the parameters. Although no transformation will reduce it to linearity,
nonlinear least squares is straightforward with the development of easy-to-use software.
Since our goal is to find whether the demand for real balances is logarithmic or semi-
logarithmic in i, the value of A is expected to be between zero and one. Then, A is
estimated by scanning this range in increments of 0.1. If a minimum of the sum of squares
is found and greater precision is desired, the area to the right and left of the current

optimum can be searched in increments of 0.01, and so on.
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There are two kinds of nonlinearity in economic models. A model can be nonlinear
in its variables or nonlinear in its parameters, or both. An equation that is nonlinear in its
variables but linear in its parameters can be estimated with least squares or two-stage least
squares. But, if the equation is nonlinear in its parameters there is no way to set up
variables in advance so that ordinary least squares can be used for estimation. Instead, we
will have to use nonlinear least squares.

A nonlinear regression model is one for which the first-order conditions for least
squares estimation of the parameters are nonlinear functions of the parameters. Nonlinear
least squares methods® estimate the maximum likelihood parameters by minimizing the
sum of squared residuals. Since the first-order conditions for estimating the parameters will
be a set of nonlinear equations that do not have an explicit solution this typically requires
an iterative procedure for solution. We can now present the simplified version of this
procedure discussed in Greene (1997) and Amemiya (1985).

Let the nonlinear regression model be

y=hx b) +e. (VI.13)

Many of the results that have been obtained for nonlinear regression models are based on a
linear Taylor series approximation to h(x, b) at a particular initial value for the parameter

0
vector b :

H(x,b°%)

_ 0
20 )(b,‘ b?). (V1.14a)

hx, b) =hx, b)+ Z(

This is called the linearized regression model. By collecting terms, we obtain

0 K 0
hex, b)=~|:h(x,b° Zb°(d'(xb )]»rz:bk( (x’b )). (V1.14b)
1
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Let xi’ equal the kth derivative, Oh(x, F)/3p. For a given value of A, this is a function

only of the data, not of the unknown parameters. We now have
K K
h(x, b) = [hO -y x,?bfil + ) xb, (VIL.14c)
k=1 k=1

=H-6")b" + )b
or
y =K -")b° + (xo) b+e.

By placing the known terms on the left-hand side of the equation, we obtain a regression
model:

y=y-H+a)e (VL14d)

=)b+e.

With a value of »” in hand, we could compute y’ and x” then estimate the parameters of
(V1.14d) by linear least squares.

To present the method of nonlinear least squares more explicitly, consider our
nonlinear regression model,

.4
i -

1
1 ) +Blny+ filnm. + e,

Inm,d=ﬂo+ﬂ1(

and note that, in the context of the regression analysis, nonlinear least squares estimation is
the method used to estimate the value of parameters that minimize (one half of) the sum of

squares deviations,

.4
i -1

n [lnml —ﬂo —ﬂ{T) —ﬂz lny, —/islnm,_l] . (VL.15)

N | —

1 n
S = Ezlef =
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The first-order conditions for estimating the parameters of (V1.15) by least squares are

B/ P = —Z[lnm, -8 —/z(i' ;1) -Rny, - B, lnm,_l] =0, (V1.16a)
1=

n [ (-'1_1 -V'll_l
B/ = - Y| Inm -~ A )—ﬂ.lny,-ﬂ,lnm,-l 3 )

=0, (VI.16b)
=11 \ 'l |

SP)/ap= -2 |Inm - - .

3

-1
l'l )—ﬁzlny, -Bnm,_, ((Iny,)=0, (VL.16¢)

(B)/ps = - lnm,—ﬂo—/z(i’ - 1)—/.zlny,-ﬂ,1nm,-l (nm,_)=0, (VL16d)

=1 L

-

cﬁ(ﬂ)/’ﬁk-i[lnm,-ﬂo-/gv ] B.Iny, - B nm,_ I/z Mﬂ%. (VI.16e)

=]

To get the maximum likelihood or the nonlinear least squares estimator, since we cannot
solve the set of nonlinear equations (V1.16) explicitly for # we must solve it iteratively:
Start from an initial estimate of B (say ) and obtain a sequence of estimates by iteration,
which will converge to the values of the parameters that minimize (VI1.15). Numerous
iterative methods?' have been proposed and used.

In this paper, for nonlinear estimation of the money demand function, Marquardt
algorithm is used in the following way. At each iteration, it computes approximate
derivatives with respect to each parameter, by making a small change in the parameters,
one at a time, and seeing how much the equation changes as a result. Then it regresses the
dependent variable on the derivatives. When necessary, it uses ridge regression in order to
avoid problems of collinearity, but the final results do not involve ridge regression. The

regression gives a vector of proposed changes in the parameters. It then evaluates whether
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the proposed changes actually decrease the sum of squared residuals. If they do, it adopts
the changes and starts a new iteration. If not, it tries a fraction of the changes. In principle,
there should be some fraction such that improvement is obtained. This process is
continued until the proposed changes are very small compared to the parameters

themselves.

VII. ECONMETRIC TESTS FOR THE SPECIFICATION OF

NI B N N ——-—————————

THE MONEY DEMAND FUNCTION

To determine the proper specification of the demand for real money balances per
capita, we have first estimated the most general version (nonlinear form) of the money
demand equation given in (43). Money demand equations have been estimated with two
different monetary aggregates M1 and monetary base (MB). Currency, together with
reserves, constitutes the monetary base. M1 is the sum of currency, traveler’s checks,
demand deposits and other checkable deposits. Furthermore, all these estimates have been
carried out by using both a short term (3-month t-bill rate) and a long-term interest rate
(10-year government bond yield) to test the idea that time-series estimates of money
demand are somewhat sensitive to the choice of an interest rate. The quantitative
outcomes presented in Table 5 indicate that the magnitude of the elasticities in money
demand equations estimated with the long-term interest rate is slightly bigger than the
estimates with the short-term interest rate.

To find out precisely which scale variable is more appropriate in money demand
equation, two different quantity variables (consumption and income) have been utilized in
our estimations. The empirical results presented in Table 1 suggest that consumption isa

better scale variable in the money demand function than GDP since consumer spending
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produces more stable measures of monetary velocity and outperforms GDP in estimated
money demand equations.

We also compute the sum of squared residuals and the log likelihood of each
regression to see whether a semi-log or a double-log money demand function with
consumption or income gives better fit for the U.S. economy. The statistical figures in
Table 3-4 and 6-7 point out that the double-log specification with consumption gives the
best fit for the U.S. economy supporting our derivation of money demand from the utility
function in the intertemporal optimizing framework presented in Section I11.

An important assumption of the classical linear model utilized in this paper is that
there is no autocorrelation or serial correlation among the disturbances entering into the
population regression function. In the presence of autocorrelation, the ordinary least
squares estimators are still linear-unbiased as well as consistent, but they are no longer
efficient (i.e., minimum variance). Therefore, if one detects autocorrelation in his OLS
estimates, he should use generalized least squares (GLS) instead of ordinary least squares
(OLS) even though the estimators derived from OLS are unbiased and consistent. The
major problems of using OLS in the presence of autocorrelation are as follows:

The residual variance is likely to underestimate the true o’ , i.e., the usual residual
variance will be downward biased and as a result we are likely to overestimate R’. Even if
& is not underestimated, the usual OLS variance of the parameters may underestimate its
variance under autocorrelation. Therefore, if we use the OLS variance, we will inflate the
precision or accuracy (i.e., underestimate the standard error) of the estimators. As a result,
in computing the ¢ ratio, we will be overestimating the ¢ value and hence the statistical

significance of the estimators.
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Since, in our model, one of the regressors is the lagged value of the dependent
variable, the Durbin-Watson statistics is not used to detect serial correlation in the
disturbance term. To test autocorrelation in autoregressive models, the Durbin-h statistic”’

is used,

* n
e \ﬁ—n[Var(@ag)] | Vi-D

where n = sample size, Var(Bug) = variance of the coefficient of the lagged dependent

variable, and p = estimate of the first-order serial correlation, which is given by

D.W.

5 (VIL.2)

p =1

where D.W. is the usual Durbin-Watson statistic. Therefore, (VII.1) can be written as

D.W. n
" =[l R ]\F— nVar(Boy)] (VIL3)

where h ~AN (0, 1) is asymptotically normally distributed with zero mean and unit

variance. From the normal distribution we know that
P(-1.96 <h <1.96) = 0.95, (VIL.4)
that is, the probability that 4 lying between -1.96 and 1.96 is about 95 percent. Therefore,
the decision rule is
(i) if h > 1.96 reject the null hypothesis that there is no positive first-order
autocorrelation, and
(ii) if h < -1.96 reject the null hypothesis that there is no negative first-order

autocorrelation, but
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(iii) if h lies between -1.96 and 1.96 do not reject the null hypothesis that there is no first-
order (positive or negative) autocorrelation.

As presented in our tables, the statistical results regarding autocorrelation (the Durbin-

Watson and the A statistics) indicate that in our money demand estimates we do not have

autocorrelation problem since  statistic of each regression is less than 1.96 or greater

than -1.96.

As pointed out in the previous discussions, a semi-logarithmic Cagan-type money
demand function would be proper specification if the value of A were found to be
statistically not different from one whereas if A is statistically equal to zero then the
demand for real money balances per capita is logarithmic in i, To find out precisely what
form the money demand function will take, the formal tests have been applied to Equation
(V1.12) which is the most relevant money demand equation for steady state seigniorage
and welfare cost analysis. Maximum likelihood estimates of all the parameters of (VI.12)
are obtained by scanning the range of A from 0 to 0.1 in increments 0f 0.01 and the range
of A from 0.1 to 1.0 in increments of 0.1. The sum of squared residuals, which we denote
SSR, for a range of values of A are shown in Table 2. The results in Table 2 that we get
from the nonlinear least squares estimation of the model using Marquardt algorithm
indicates that over the range of A from 0 to 1, a minimum of the sum of squares is found at
the value of zero suggesting the double-log form of the money demand function.

Having computed the estimate of A, the next step is to test whether the true A is
statistically different from 1 or different from 0. To serve the purpose, three different tests
- the Likelihood ratio test, the Lagrange multiplier test, and the Wald test - have been

employed.
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(i) The Likelihood Ratio Test” : The likelihood for a sample of n observations, assuming

normally distributed disturbances, is

InL = - (n/2) In2rd) - (€'€/ 2). (VILS)
Letting In L™ the log-likelihood evaluated at the restricted estimates, the likelihood
statistic for testing the restrictions is

LR=-2(InL"-InL). (VIL6)
This statistic is asymptotically distributed as chi-squared with J degrees of freedom where
J is the number of restrictions. Since the maximum likelihood estimate of o is e'e/n and
& ~ N(0,&° ) where [ is the identity matrix, the log-likelihood computed at the least squares
estimates is

InL=-m2) [l +InQ2n) + In(e'e/n)], (VIL.T7)
and similarly the log-likelihood for restricted estimates.

InL =-m/2)[1 +In2n) +In te"’e" /n)]. (VIL.8)
and plugging (V11.7) and (VIL.8) into (VIL.6), the likelihood ratio statistic for a classical
regression model (linear or nonlinear) is

[R=n(lnd--Inc). (VIL9)
To find out the proper specification of our fundamental money demand equation (VI1.12),

it -

1
) ] + (1-) In (m/y).. + Ge,

In () = (6f) *‘(9,31)(

the nonlinear least squares estimation using Marquardt algorithm yielded the following
estimated values for the parameters in (V1.12) with t-ratios in parentheses and the

statistical figures,
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B, = -3.138990 (-4.423661)
Br = -0.034032 (-0.743663)

A

-0.820392 (-2.095169)

0

0.145334 (27.61332)

InL =206.8527

o =0.060634
R = 0.919609
D.W. = 2.209793

To determine the proper functional form of the money demand equation by using
the Likelihood ratio test, the restricted regression models have been estimated with =0
(for testing the double-log form) and (with A= for testing the semi-log form). The log-
likelihood values of the restricted regressions have been found to be

In L” =204.6030 (for double-log, 1=0),

In L =200.5028 (for semi-log, A=1).

The test is carried out by using (VI1.6) and the two chi-squared test statistics are

LR = 2(In L' (A=0)- In L:=MLE)] = -2(204.6030-206.8527) = 4.4994,

LR*™"8 = 2[In L (A=1) - In L(A=MLE)] = -2(200.5028-206.8527) = 12.6998.
Semi-logarithmic form of the money demand is rejected, but the double-log form is not
rejected at the 1 % significance level since the critical value from the table is .01y = 6.63.

We can support our previous findings by using (VIL9). To perform the alternative
Likelihood ratio test, we utilize the following forecast error variances of the restricted

regressions,
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o+’ = 0.0037639 (log-log),

o’ = 0.003978 (semi-log).
The two chi-squared test statistics for the alternative LR test are

LR85 =p*In(0x’/of ) =148*In(0.0037639/0.003676)=148*(0.023499)=3.4779,

LR™18 = *In( o’/ F ) =148*n(0.003978/0.003676)=148*(0.078906)=11.678.
As presented above, the chi-squared test statistics with the alternative LR test are very
close to the values obtained by using (VI1.6) which implies the same conclusion that the
double-log specification of the money demand function is better than the semi-log form
since LR is less but LR*™"¢ is greater than the critical value from the table, X0 =
6.63.
(ii) The Lagrange Multiplier Test"* : The Lagrange multiplier test is based on the decrease
in the sum of squared residuals that would result if the restrictions in the restricted model
were released. For the nonlinear regression model, the test has a particularly appealing
form. Let e. be the vector of residuals y, - h(x;, b) computed using the restricted
estimates. Recall that we defined X’ as an nxK matrix of derivatives computed at a
particular parameter vector in (VI.14). Let X.? be this matrix computed at the restricted
estimates. Then the Lagrange multiplier statistic for the nonlinear regression model is

e;X?[XP'XP]-'X?'e.
e.e./n )

LM =

This is asymptotically distributed as a chi-squared statistic with degrees of freedom equal
to the number of restrictions. Note also that the Lagrange multiplier statistic is » times the

uncentered R’ in the regression of e. on X, LM = nR’.
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(iii) Lagrange Multiplier Test for the Box-Cox Model** : To support our previous findings

using the one-dimensional grid-search method and the Likelihood ratio test that the
double-log specification of the money demand equation is better than the semi-log form,
we will now apply the Lagrange muitiplier test to our fundamental money demand
equation given by

cA

In (m/y)," =+ a (I' P ] + axln (mH)r + e, (VIL.10)

= fli,, In (M) .06, @1 ,@2.4) * e
We first consider a Lagrange multiplier test of the hypothesis that A equals zero. The

partial derivative regressors are

xi" = f()/ba = 1, (VIL.11a)
. it —1

x: = 8f()/ Py = (LT) , (VIL.11b)

x; = Of()/ B = In (MY)rs , (VIL.11c)

Gt Ini —it +1
i Ini, =i 1) (VIL11d)

. A
x; =ft)A = a,[ ‘ pE

The test is carried out by first regressing In (m/y): on a constant, In i, and In (m/y).1 (Le.,
the regressors in (VII.10) evaluated at A=0) and then computing nR<’ in the regression
of the residuals from this first regression on xi’, x2, x3, and x4, also evaluated at A=0.
As presented above x; = I and x; = In (m/y)..; . The next step is to find X3 Ja=0 and

x4 |x=0. We first compute x; at A=0 as follows,

X = i
2 |x=0 im;—0 1
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d(i* 1)/ dA
1

= Iim,;_,o

= limuo (i Ini) = Ini.

Second, we can calculate xs at A=0,

;,-if-lni,—i,*n]

X o = @, lim;.—»o[ PE

Now applying L’Hopital’s rule to the right hand-side, differentiate numerator and

denominator with respect to A:

Ini [i* +i*Alni,]—i Ini, }

Xi o = @ lim,i-»o[ 21

it(ni,))’ A
24 ’

24 lim;.—»ol’

-

_ [(lni,)z]
=a > .

Therefore, to determine whether the double-log is the proper specification or not, the

Lagrange multiplier test, in this study, is carried out in two steps. First, we regress In
(m/y), on a constant, In i;, and In (m/y)..; and compute the residuals. Second, we regress

(Ini,)*

these residuals on a constant, In i,, In (m/y).; , ai |: ] where q; is the coefficient

on In i, in the first regression. The Lagrange multiplier statistic is nR+’ from the second

regression.

As presented in Table 3, we have already computed the first regression. Regressing
the residuals of the first regression on X1 X2 Ja=0 x;, and x4 |x=0 , we have estimated the

second regression equation,
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el = 5+ & Iniy + & In(my)s + & {an [Un i)' 2]} + 1. (VIL.12)
The estimated values for the parameters in (VII.12) with t-ratios in parentheses and the
statistical results are,
&= 0282192 (1.658834)
& = 0.200982 (2.189806)
& =-0.003331 (-0.107918)
& =-1.112625 (-2.213789)

InL =207.0796

o =0.060542
R® = 0.032914
D.W. = 2.180528
n = 148

The Lagrange multiplier statistic for testing A=0 is

LMt = n*R’ = 148%(0.032914) = 4.8712,
which implies that the double-log specification of the money demand function is not
rejected at the 1 % significance level since the critical value from the table is 6.63.

We will now consider the Lagrange multiplier test of the hypothesis that A equals
1. The test is carried out by first regressing In (m/y): on a constant, (i, - 1), and In (m/y):.s
and then computing n*R’ in the regression of the residuals from this first regression on z
.22,z ,and z,), also evaluated at A = 1. Given the unrestricted model in (VII.10), the

same partial derivative regressors presented in (VIL.11) are obtained. To test whether the
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semi-logarithmic form is the proper specification of the money demand function or not,

the partial derivative regressors evaluated at A=1 are defined as follows,

2" = Oft )/ Bach-1 = 1, (VIL.13a)

22 = Of()/dals=1 = i -1, (VIL.13b)
25" = 8f()/Bedp=1 = In (MY)r.1 (VIL.13c)
2 = Of( )M = ar [in(nir-1) + 1]. (VIL.13d)

Thus, to find out whether or not the semi-log is the proper specification, the Lagrange
multiplier test, in this study, is carried out in two steps. First, we regress /n (m/y). on a
constant, (i, - 1), and In (m/y)..; and compute the residuals. Second, we regress these
residuals on a constant, (i -1), In (m/y)ei , au (i (In i -1) + 1 ], where a; is the coefficient
on (i;- /) in the first regression. The Lagrange multiplier statistic is nR<’ from the second
regression.

Having estimated the first regression, regressing the residuals of the first regression
onz’, z, =1, 2, and 24 |x=1 , we have estimated the second regression equation,

e ™k = o+ y (i~ 1) + ypIn (M) + s {a [ Unic-D+ 1T} + & . (VIL14)
The estimated values for the parameters in (VII.14) with t-ratios in parentheses and the
statistical results are,
7= 3.200544 (2.886252)
7= 5.100607 (2.947646)
7= -0.030205 (-0.958634)
y3 = -2.589748 (-2.972171)

InL =204.9086
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o =0.061436
R® = 0.057800
D.W. =2.036683
n =148

The Lagrange multiplier statistic for testing A=/ is

LM ™8 = n*R? = 148%(0.057800) = 8.5544.
which implies that the semi-log specification of the money demand function is rejected at
the 1 % significance level since the critical value from the table is 6.63.

(iv) The Wald Test™® : A practical shortcoming of the likelihood ratio test is that it usually

requires estimation of both the restricted and unrestricted parameter vectors. In complex
models. one or the other of these estimates may be very difficult to compute. Fortunately,
there are two alternative testing procedures, the Wald test and the Lagrange multiplier test
which was discussed in the previous section, that circumvent this problem. Both tests are
based on an estimator that is asymptotically normally distributed. In this section, we will
first introduce the distribution of the Wald test statistic then apply this test to our
fundamental regression equation (V1.12).

The Wald statistic is

W = [ce(6) - g1’ (Var [c(6) - gl [c(8) - ql. (VIL15)

Under Hp: c(6) = q, in large samples, W has a chi-squared distribution with degrees of

freedom equal to the number of restrictions [i.e., the number of equations in c(6) - ¢ =
0]. For testing a set of linear restrictions RO = g, the Wald test would be based on

Hy:c() -q=R6-q=0,
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- {é@} r
o6 .

Var [c(8 ) -q] =R Var [8] R,

and

W =[R6 - qT' [R Var (8] RT'[RE - ql.
The degrees of freedom is the number of rows in R.
To determine the proper functional form of the money demand equation, the test is
H, : A =0 for testing the double-log formand H, : 4 =1 for testing the Cagan-form. The
Wald test will be based on
W = (A )~ ON(Var[(A- 4) ~ 0D [(A- 1) - 0]
(A=A
Var[/i]
where Ao = 1 for testing the Cagan-form and 4, = 0 for testing the double-log form of the
money demand function. Here W has a chi-squared distribution with one degree of
freedom. As pointed out on page 29, the estimated value of A and its #-ratio for our

fundamental money demand equation are,

A =-0.820392

t;=-2.095169

which implies that Var(4) = 0.153322. Hence, to determine the proper specification of
U.S. money demand we can compute the Wald test statistic for testing the semi-log and

the double-log form.
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(A-0)* _ (-0820392 - 0)°
Var[A) 0.153322

wosE = = 4389736

(A-1?  (-0820392-1)°

Wem:-log - A
Var(A] 0.153322

=21613513

It is not difficult to estimate the Wald test statistic even in the nonlinear regression
models with the development of easy-to-use econometrics software packages. By using

one of these softwares, we obtained more or less the same Wald test statistics.

Wald test for testing double-log form :

Null Hypothesis: A=0

F-statistic 4.389713 Probability 0.037907
Chi-square 4.389713 Probability 0.036156

Wald test for testing semi-log (Cagan) form:

Null Hypothesis: A=1

F-statistic 21.50437 Probability 0.000008
Chi-square 21.50437 Probability 0.000004

The semi-logarithmic form of the money demand function is rejected, but the double-log
form is not rejected at the 1% significance level since the critical value from the table is
6.63.

As a result of the one-dimensional grid-search method, the Likelihood ratio test,
the Lagrange multiplier test, and the Wald test, we end up with the same conclusion that
the demand for real money balances per capita is logarithmic in i, approving the double-

log form of the money demand function as the proper specification for the U.S. economy.
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VIIL TIME SERIES ANALYSIS OF THE VARIABLES

In this section, we develop and illustrate a general procedure to determine whether
or not a series contains a unit root by using the augmented Dickey-Fuller test. Unit root
tests are sensitive to the presence of deterministic regressors, such as an intercept term or
a deterministic time trend. We, therefore, present the formal tests to identify the
specification of the variables for testing unit root. After testing variables for trends and
unit root, we will introduce the basic concept of cointegration and show how it applies to
macroeconomic models. Finally, we study the Engle-Granger(1987) methodology for
cointegration. Now, let’s introduce such concepts as stationarity, nonstationarity and unit
root then we will concentrate on cointegration.

Unit Root Processes: There are important differences between stationary and nonstationary
time series. Shocks to a stationary time series are necessarily temporary; Over time, the
effects of the shocks will dissipate and the series will return to its long-run mean level. In
other words, long-term forecasts of a stationary series will converge to the unconditional
mean of the series. To identify whether a series is stationary or not we will introduce the
major discrepancies between stationary and nonstationary series. We know that a
covariance of a stationary series:

(a) exhibits mean reversion in that it fluctuates around a constant long-run mean.

(b) has a finite variance that is time-invariant.

(c) has a theoretical correlogram that diminishes as lag length increases.

On the other hand, a nonstationary series necessarily has permanent components.
The mean and/or variance of a nonstationary series are time-dependent. To aid in

identification of a nonstationary series, we know that:
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(a) there is no long-run mean to which the series returns.

(b) the variance is time-dependent and goes to infinity as time approaches infinity.

(c) theoretical autocorrelations do not decay but, in finite samples, the sample
correlogram dies out slowly.

Although the properties of a sample correlogram are useful tools for detecting the
possible presence of unit roots, the method is necessarily imprecise. Therefore, we
consider the formal test procedures for the presence of unit roots.

Dickey-Fuller Tests: In general, the procedure is to determine whether a; =1 in the model
y=aiyr * &
Substracting y.; from each side of the equation in order to write the equivalent form:

Ay: = Uy + & , (VIIL1)
where 4 = a; -1. Of course, testing the hypothesis a; =1 is equivalent to testing the
hypothesis z = 0. Dickey and Fuller (1979) actually considers three different regression

equations that can be used to test for the presence of a unit root:

Ayt = uye: + &, (VHI2a)
Ayr=ao+ uyr-1 + &, (VIsz)
Ay, = ag+ uy.; +axt + &. (VIII.2c)

The difference between the three regressions concerns the presence of the deterministic
elements ao and a; . The first is a pure random walk model, the second adds an intercept
or drift term, and the third includes both a drift and linear time trend.

The parameter of interest in all the regression equations is 4 ; if u=0, the { i}
sequence contains a unit root. The test involves estimating one (or more) of the equations

above using OLS in order to obtain the estimated value of 4 and its standard error.
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Comparing the resulting ¢-statistic with the appropriate value reported in the Dickey-Fuller
tables allows us to determine whether to accept or reject the null hypothesis u = 0.

The methodology is precisely the same, regardless of which of the three forms of
the equations is estimated. However, be aware that the critical values of the r-statistics do
depend on whether an intercept and/or time trend is included in the regression equation. In
their Monte Carlo study, Dickey and Fuller (1979) found that the critical values for u=0
depend on the form of the regression and the sample size. Therefore, they constructed
different statistical tables to use for equations (VIIL.2).

As discussed in the next section, Dickey and Fuller (1981) provide three additional
F-statistics (called ¢;, ¢z, and ¢3) to test joint hypotheses on the coefficients. With
(VIIL.2b), the null hypothesis z = ao = 0 is tested using the ¢, statistic. Including a time
trend in the regression -so that (VIII.2c) is estimated- the joint hypothesis u=ao =a; =0
is tested using the ¢, statistic and the joint hypothesis z=a> =0 is tested using the ¢
statistic.

The ¢, ¢2, and ¢ statistics are constructed in exactly the same way as ordinary F-
tests are:

_[RSS (restricted) — RSS(unrestricted)}/ q
& RSS(unrestricted) | (n—k) ’

(VIIL.3)

where RSS(restricted) and RSS(unrestricted) = the sum of the squared residuals from the
restricted and unrestricted models,
g = number of restrictions,

n = number of usable observations,
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k = number of parameters estimated in the unrestricted model.

Comparing the calculated value of ¢, to the appropriate value reported in Dickey
and Fuller (1981) allows us to determine whether we can reject or accept the null
hypothesis that the data are generated by the restricted model. If the calculated value of ¢,
is smaller than that reported by Dickey and Fuller. we can accept the restricted model. If
the calculated value of ¢, is larger than that reported by Dickey and Fuller, we can reject
the null hypothesis and conclude that the data are generated by the unrestricted model.
Extensions of the Dickey-Fuller Test (Augmented Dickey-Fuller Test) : Not all time-series
processes can be represented by the first-order autoregressive process

Ay: =ao+ py. +axt + &.

It is possible to use the Dickey-Fuller tests in higher-order equations such as

P
Ay = pyer + WA G (VIIL4a)
p
Ay, =ao+ Uyt Zw,Ay,_,,l &, (VIIL.4b)
p
Ay, = ao+ pym +axt+ Zt//,Ay,_,,, + &. (VIIL.4c)

=2

In (VIIL.4), the coefficients of interest is u ; if 4 =0, the equation is entirely in first
differences and so has a unit root. We can test for the presence of a unit root using the
same Dickey-Fuller statistics discussed above. Again, the appropriate statistic to use
depend on the deterministic components included in the regression equation.

Now the only concern with the augmented Dickey-Fuller test is to determine the

appropriate lag length. Including too many lags reduces the power of the test to reject the
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null of a unit root since the increased number of lags necessitates the estimation of
additional parameters and a loss of degrees of freedom. The degrees of freedom decrease
since the number of parameters estimated has increased and because the number of usable
observations has decreased. (We lose one observation for each additional lag included in
the autoregression.) On the other hand, too few lags will not appropriately capture the
actual error process, so that 4 and its standard error will not be well estimated.

How do we select the appropriate lag length in such circumstances?
Model Selection Criteria; One natural question to ask of any estimated model is: How well
does it fit the data? Adding additional lags will necessarily reduce the sum of squares of
the estimated residuals. However. adding such lags brings the estimation of additional
coefficients and an associated loss of degrees of freedom as a consequence. Moreover. the
inclusion of extraneous coefficients will reduce the forecasting performance of the fitted
model. There exist various model selection criteria that help in selecting the most
appropriate model. The two most commonly used model selection criteria are the Akaike
information criterion (AIC) and Schwartz Bayesian criterion (SBC), calculated as

AIC = nIn (RSS) + 2k

SBC =nin(RSS) + kin(n)
where k& = number of parameters estimated (including constant term)

n = number of observations.

Ideally, the AIC and SBC will be as small as possible (note that both can be
negative); model A is said to fit better than model B if the AIC (or SBC) for A is smaller
than that for model B. For the time series analysis of the variables, we use these criteria to

select the optimum lag length for unit root and cointegration tests.
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In this study, we first used the ordinary F-test statistics to test for the presence of
deterministic regressors, such as an intercept term or a deterministic time trend. Using our
quarterly data set (1957:1-1994:1) with 149 observations, we fail to reject the null
hypothesis at the 5 % and the 1 % level of significance that the data for log(MB/GDP) and
log(MB/Consumption) contain both an intercept and a deterministic time trend and the
data for log(3-month t-bill rate) contain only an intercept term. Then, we utilized the
augmented Dickey-Fuller test to determine whether or not the variables employed in our
steady state money demand estimates contain a unit root after selecting the most
appropriate lag length using the Akaike information criterion (AIC) and Schwartz
Bayesian criterion (SBC). As presented in Table 8a and 8b, the variables in the present
paper; log(Monetary Base/GDP), log(Monetary Base /Consumption), log(M1/GDP),
log(M1/Consumption), short-term interest rate (3-month t-bill rate), and long-term
interest rate (10-year government bond yield) are all characterized as nonstationary I(1)
variables since we found that there is a unit root in the level of the variables but there is
none in their first differences. The reader may wish to consult Table 8a and 8b to
understand our model selection criteria (i.e., selection of optimum lag length) and to see
the augmented Dickey-Fuller test results for the level and the first difference of the
variables.

Cointegration: In the macroeconometric literature, it is a widely accepted idea that
equilibrium theories involving nonstationary variables require that the existance of a
combination of the variables that is stationary. Any equilibrium relationship among a set of

nonstationary variables implies that their stochastic trends must be linked. After all, the
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equilibrium relationship means that the variables cannot move independently of each other.
This linkage among the stochastic trends necessitates that the variables be cointegrated.

The problem confronting us is that the variables employed in our steady state
money demand estimates; log(Monetary Base/GDP), log(Monetary Base /Consumption),
log(M1/GDP), log(M1/Consumption), short-term interest rate (3-month t-bill rate), and
long-term interest rate (10-year government bond yield) can all be characterized as
nonstationary I(1) variables. That is to say, each variable can meander without any
tendency to return to a long-run level. In the last section, we showed that all of the
variables used in this study are integrated of order 1 so that we can use the Engle-Granger
cointegration test. The theory asserts that there exists a linear combination of these
nonstationary variables that is stationary. Therefore, the residual term from the regression
equation {&} must be stationary.

The concept of cointegration was first introduced by Engle and Granger (1987).

Their formal analysis begins by considering a set of economic variables in long-run

equilibrium when
Xyt WXy tooeeeennns + WXt = 0 (VIII.S)
If we let @ and x; denote the vectors (an, @2, -........ , an)and (xre, X2t eeeennnns xn)’, the

system is in long-run equilibrium when ax; = 0. The deviation from long-run equilibrium -
called the equilibrium error- is &, so that

aX: = &. (VIIL.6)
If the equilibrium is meaningful, it must be the case that the equilibrium error process is

stationary. Engle and Granger (1987) provide the following definition of cointegration.
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The components of the vector x; = (Xur, Xzt ..oo.oces xn)" are said to be cointegrated
of order d, b, denoted by x: ~ Cld. b)if
(a) all components of x; are integrated of order d.
(b) there exists a vector @ = (@1, @2, ..o..e , a») such that linear combination ax: = @rx;:

+ Xy F e + @ is integrated of order (d-b), where 5>0.

The vector @is called the cointegrating vector. Note that the cointegrating vector is not
unique. If (@, @2, ..oeeees @) is a cointegrating vector, then for any nonzero value of 7,
(I'w, T, ........., T'ax) is also a cointegrating vector. Typically, one of the variables is
used to normalize the cointegrating vector by fixing its coefficients at unity. To normalize
the cointegrating vector with respect to xu., simply select I~ = 1/a. Another important
point about cointegration is that all variables must be integrated of the same order. Of
course, this does not imply that all similarly integrated variables are cointegrated; usually,
a set of I(d) variables is not cointegrated. Such a lack of cointegration implies no long-run
equilibrium among the variables, so that they can wander arbitrarily far from each other. If
the variables are integrated of different orders, they cannot be cointegrated.
Testing for Cointegration: The Engle-Granger Methodology To explain the Engle-Granger
testing procedure, let us begin with the type of problem to be encountered in applied
studies. Suppose that two variables -say, y: and z- are believed to be integrated of order 1
and we want to determine whether there exists an equilibrium relationship between the
two. Engle-Granger (1987) propose a straightforward test whether two I(1) variables are
cointegrated of order CI(1,1).
Step 1: Pretest the variables for their order of integration. By definition, cointegration

necessitates that the variables be integrated of the same order. Thus, the first step in the
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analysis is to pretest each variable to determine its order of integration. If both variables
are stationary, it is not necessary to proceed since standard time-series methods apply to
stationary variables. If the variables are integrated of different orders, it is possible to
conclude that they are not cointegrated.

Step 2: Estimate the long-run equilibrium relationship. If the results of Step 1 indicate that
both {1/} and {z:} are I(1), the next step is to estimate the long-run equilibrium
relationship in the form:

Ye =BotBiz e (VIIL.7)
If the variables are cointegrated, an OLS regression yields a “super-consistent” estimator
of the cointegrating parameters 3o and 1. Stock (1987) proves that the OLS estimates of
Bo and B, converge faster than in OLS models using stationary variables.

In order to determine if the variables are actually cointegrated, denote the residual
sequence be {e:}. Thus, {e/} is the series of the estimated residuals of the long-run
relationship. If these deviations from long-run equilibrium are found to be stationary, the
{»} and {z.} sequences are cointegrated of order (1, 1). It would be convenient if we
could perform a Dickey-Fuller test on these residuals to determine their order of
integration. Consider the autoregression of the residuals:

Ae;=aje.; +§. (VIIL.B)
Since the {e;} sequence is a residual from a regression equation, there is no need to
include an intercept term; the parameter of interest in (VIIL.8) is a:. If we cannot reject the
null hypothesis a; = 0, we can conclude that the residual series contains a unit root.
Hence, we conclude that the {y.} and {z;} sequences are not cointegrated. That is, the

rejection of the null hypothesis implies that the residual sequence is stationary. Given that
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both {y:} and {z} were found to be I(1) and the residuals are stationary, we can conclude
that the series are cointegrated of order (1, 1).

In most applied studies, it is not possible to use the Dickey-Fuller tables for
cointegration. Fortunately, Engle and Granger provide test statistics that can be used to
test the hypothesis a; = 0. When more than two variables appear in the equilibrium
relationship, the appropriate tables are provided by Engle and Yoo (1987).

If the residuals of (VIIL.8) do not appear to be white-noise, an augmented Dickey-

Fuller test can be used instead of (VII1.8). Estimate the autoregression:
Ae,=ajen + 2 a,.,0e,_, & (VIIL.9)
=1

Again, if -2< a; <0, we can conclude that the residual sequence is stationary and {y:} and
{z:.} are CI(1, 1).

In order to determine if the variables used in this study are actually cointegrated,
we first obtain the residual sequence from each money demand regression equation and
then perform a Dickey-Fuller test on these residuals to determine whether or not the
residual series contain a unit root. The test involves estimating Equation (VIII1.8)
presented above using OLS in order to obtain the estimated value of a; and its standard
error. Comparing the resulting t-statistic with the appropriate value reported in Table 9
(MacKinnon critical values) allows us to determine whether to accept or reject the null
hypothesis a; = 0. As presented in Table 8a, 8b and 9, given that the variables utilized in
U.S. money demand estimates were found to be I(1) and the residuals are stationary, we
can conclude that the series are cointegrated of order (1,1). Although the residuals of

(VIIL.8) appeared to be white-noise, an augmented Dickey-Fuller test was used after the
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selection of the most appropriate model with optimum lag length. Having estimated the
autoregression given in Equation (VIIL.9), we again obtained the residual sequence to be
stationary.

IX. SEIGNIORAGE REVENUE AND THE WELFARE COST OF INFLATION

.« .

Conventional estimates of the seigniorage-maximizing inflation rate generally make
use of the Cagan (1956) function, where the log of real money balances is a linear function
of the inflation rate. It is very common to use the Cagan form because of its simplicity and
its attractive algebraic property: revenue maximizing inflation rate (Tmax) is given by the
reciprocal of coefficient on inflation (the inflation semi-elasticity of demand for real money
balances). However, this simplicity is achieved at the expense of a restrictive functional
form. which assumes a constant semi-elasticity of money demand with respect to inflation.
Our aim. in this section, is to test the sensitivity of estimates of Tmax. maximum
seigniorage revenue as a fraction of GDP, and the marginal as well as the average welfare
cost of revenue from inflation to the specification of the money demand function.

To see the implications of different money demand specifications for steady-state
seigniorage, we will begin with the most general (nonlinear) form of the money demand

function which has already been introduced in section VI,

<A
In (my) = an - ai (" 7 1) (IX.1)

where the per capita income elasticity of demand for real money balances is assumed to be
unity so that the equilibrium level of velocity is independent of the growth of output,
which is compatible with steady state seigniorage’’. As we have already discussed in the

previous sections, if the Box-Cox transformation is applied only to the independent
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variable, i,, we obtain this general form of money demand equation presented in Equation
(74) which gives the Cagan form (when A = 1) or the double-log form (when A = 0).

Equation (IX.1) implies that the interest semi-elasticity of money demand varies
with the nominal rate of interest since

NS = o In(m/y), / di, = - ey i, (IX.2a)
and unless A = 0 the interest elasticity of money demand also varies with i; since

N = d In(m/y). / d Inic = - a1 if" . (IX.2b)
The nonlinear form of money demand implies that the semi-elasticity and the elasticity of
money demand increase or decrease with the change in the nominal rate of interest
depending on the value of A assuming a; > 0.If A>1(A=1, A<1),the absolute value
of the semi-elasticity rises (does not change, declines) with the increase in the nominal rate

of interest since

d nsem:—e/mucr_v

— = & InfmAy), / dii’ = -au (A-1) i (IX.2¢)

t

Analogously, if A>0(A=0, A <0), the absolute value of the elasticity rises (does not

change, declines) with the increase in the nominal rate of interest since

dn™*® ddIn(m/y), /dni,] _
di, di, -

- it (IX.2d)
Traditionally, the revenue from money creation is defined as the stock of real

money balances held times the growth rate of the nominal money supply. This implies that

when the nominal money stock is not growing, no revenue accrues to the government.

The Phelps (1973) - Auernheimer (1974) definition uses the nominal rate of interest

(rather than the growth rate of the nominal money supply) times stock of real balances as
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the revenue accruing from the authorities. The rationale for this definition is as follows.
Less revenue is spent by the authorities because governments have monopoly power to
hold part of their debt to the private sector in the form of non-interest bearing money
rather than as interest bearing bonds. As long as the nominal rate of interest is greater than
zero, this monopoly power implies that on the government debt in the form of money, no
interest is paid. This saving of intc;rest payment is measured by the stock of non-interest
bearing money times the nominal rate of interest.

We can now derive the seigniorage maximizing inflation rate using the Phelps-
Auernheimer definition of the revenue, S. Since we intend to find the seigniorage revenue
and the welfare cost of revenue from inflation as a ratio to real GDP. we can define

seigniorage to real income ratio as

1 A}
-1

nonlinear . ao—a]i\ A J .
(S/y)f = ("l/y)/ L= e ley (IX.3)
el
since (m/y)”"" " = e “/ from Equation (IX.1). Revenue maximizing interest rate ,

imas, is Obtained from the first-order condition for seigniorage maximum,

d(Sh)/di = e (l-a;i) =0 (IX.4)
which yields
imax = (I/a)'"™. (IX.5)

With the real interest rate, r, the revenue maximizing inflation rate can be obtained by
using the fact that i = r + 7. Hence,

Tomaz = (a)'™ - 1. (IX.6)
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Substituting ine: from Equation (IX.5) into (S/y)™""™* | the maximum value of seigniorage

as a share of real income is found to be

(S mas = e""{t") (1/a)'™. (IX.7)
When we consider the special case of A = 1, the nonlinear money demand equation
reduces to simple constant semi-elasticity form.

(m/y) 8" = gl (IX.82)
where

inee = (I/a) and  (84)max = €7 (L) (IX.8b)

When A =0, we get the double-log money demand function with a constant
elasticity of -a;. Unlike the semi-log function used by Cagan and Bailey, the double-log
function with a constant elasticity less than unity does not generate a Laffer curve. Alonga
Laffer curve as the tax rate (the nominal rate of interest) rises, the tax revenue first
increases, reaches a maximum and then declines. To see this, note that seigniorage to real
income ratio is

(S/y) e o8 = ¢ i/ (IX.9a)

since (m/y)/6"°¢ = ¢* i;"* when A = 0. Clearly, the revenue from money creation
continually increases as the nominal rate of interest rises”® since

d(SHy).: /di, = (I-air) € i > 0, (IX.9b)
assuming 0 < a; < 1. Hence, there is no revenue maximizing interest rate with the double-
log function.

To set out the implications of different money demand specifications for

seigniorage revenue and the welfare cost of inflation, we can compare the revenue

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



55

maximizing nominal interest rate, the maximum value of seigniorage to real income ratio,
and the marginal as well as the average welfare cost of revenue from money creation
obtained from the Cagan, the double-log, and the nonlinear form of money demand.

As presented on page 29, the nonlinear least squares estimation of Equation

(V1.12) yielded the following values for the parameters

oo =-3.138990
o =0.034032
A =-0.820392.

Hence. the revenue maximizing nominal rate of interest obtained from the estimated
nonlinear money demand equation is imax = 0.01624 = 1.62 % per annum. Assuming 3 %
annual real rate of interest. the revenue maximizing inflation rate is found to be 7Tmax = -
1.38 % (or deflation rate of 1.38 %). Using these estimated values, we can compute the

maximum value of seigniorage to real income ratio from Equation (IX.8b),

“0'( I—?}} la

(S)mas = € A ar) "t =023 %.

To test the sensitivity of estimates of the marginal as well as the average welfare
cost of revenue from the creation of money, we will now introduce the quantitative
analysis of the welfare cost of inflation®. We will follow Bailey’s (1956) original study to
measure the welfare cost of inflationary finance. The welfare loss to society in his study is
measured by integrating the area under the money demand function from the stock of real
money balances held at a zero money rate of interest to that held at positive money rate of

interest. Hence, the welfare cost of inflation as a share of income is defined as follows,
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(LVE)MW = 'Ie“(’_‘"L k ]dx—eao—al['%;l]i. (IX.10)
Q

which does not have a closed form solution. However, when A = 1, Equation (IX.10)

reduces to
(E/;C-) o = glo0*® ’[—1—(1 —e 1+ a‘i))] (IX.11)
!
and when A =0,
(Zyﬁ) L (:“a—)e, . IX.12)

As presented in Equations (IX. 11) and (IX.12), we obtain the welfare cost of
inflation to income ratio in the special cases of A =1and A =0, although there is no closed
form solution to the welfare cost of inflation estimated with the nonlinear form of money
demand illustrated in Equation (IX.10). Despite the fact that the integral shown in
Equation (IX.10) does not have an explicit solution, we can take the derivative of that
expression with respect to the nominal rate of interest using Leibniz’s rule’® and find the
marginal welfare cost of seigniorage for the most general form of money demand. It takes
the following form,

a,i’

MWCnonhnear — (IX. 1 3)

b4

1-ai’

dwcC ! di
since the marginal welfare cost of seigniorage (dWC/dS) equals —dTS'_/gl where
i

()

r’l -1
@l 3~

dWC/di = a,i'e ], and dS/di =(1-a,i*)e
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By using the general form of the marginal welfare cost of revenue from money
creation (MWC™™""") presented in Equation (IX.13), we can derive the marginal welfare
costs with the Cagan and the double-log form by substituting A=1landA=0,

respectively. When A = 1, Equation (IX.13) reduces to

MWCCagan - ali
l—qi’
and when A =0,
Mwcers = S
1-¢q,

The marginal welfare cost per dollar revenue accruing to the creation of money
derived from the nonlinear form of money demand can be evaluated at the sample mean of
the seigniorage to real income ratio with the estimated values of a; = 0.034032 and A = -
0.820392 and the result

MWC™™""™" (evaluated at Smean = 0.39 %) = 50.38 %,
is interpreted as 1 dollar increase in seigniorage revenue creates a welfare cost of 50 cents.

The least squares estimation of the Cagan function presented in Equation (V1.12)
with A =1 yields the following values for the parameters
0, *®" = -8.957849
o, “*®" = 6.676507.

Hence, the revenue maximizing nominal rate of interest obtained from the estimated Cagan
money demand equation iS imax = 0.149779 = 14.98 % per annum. Using these estimated
parameter values presented above and using Equation (IX.8b), we can calculate the

maximum value of seigniorage as a share of income,
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(S/Y) maz = 0.56 %,
which is much greater than the estimated seigniorage revenue using the nonlinear form.
However, the revenues from money creation evaluated at the sample mean of the nominal
rate of interest using nonliear form and the Cagan form

(S (evaluated at imean = 5.92 %) = 0.38 %,
and  (S/)°*" (evaluated at imean = 5.92 %) = 0.41 9 are not much different from each
other.

The ordinary least squares estimation of the double-log function presented in
Equation (VI.12) with A = 0 yields the following parameter values
g% = -3.937207
o °F'% = 0.428218.
As we discussed before, seigniorage revenue as a fraction of GDP continually increases as
the nominal rate of interest rises. Therefore, there is no revenue maximizing interest rate
with the double-log function. To compare the maximum revenue from money creation
estimated by using the double-log form with the value of maximum seigniorage obtained
from the Cagan and the nonlinear form, we compute the seigniorage to income ratio at
imez = 0.01624 which is the revenue maximizing interest rate estimated with the nonlinear
form. The result,

(S/)"*8"8 (evaluated at inax = 1.62 %) = 0.18 %,
is very close to the value estimated with the nonlinear form,

(S/y)"""" (evaluated at imax = 1.62 %) = 0.23 %.

Another way of testing the sensitivity of estimates of seigniorage revenue as a

share of income to the specification of money is to compare the estimated values of the
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revenue evaluated at the sample mean of the interest rate. The revenue using the double-
log form and evaluated at the mean value of the interest rate, is found to be

(S/Y)mean "6 %% (evaluated at imean = 5.92 %) = 0.39 %,
which is more or less the same as the value obtained from the nonlinear form.

(S/Y)mean™™"™" (evaluated at imean = 5.92 %) = 0.38 %.

By comparing the values of the revenues evaluated at imesn and imax. We can say that
the estimates from the double-log form are much closer to the values obtained from the
nonlinear form than the estimates from the Cagan form. The differences between the
Cagan and the double-form become more clear when we look at the values of the welfare
costs of inflation as a share of income derived from those two different money demand
specifications. The welfare cost of inflation estimated with the double-log form evaluated
at the sample mean of seigniorage as a fraction of GDP is

(WC/y)"°8™*8 (evaluated at Smean = 0.39 %) = 0.29 %,
which is much bigger than the one estimated with the Cagan form,

(WC/y)<" (evaluated at Smean = 0.39 %) = 0.08 %.

In addition to the differences between the estimates of the welfare costs of
inflation, we also realize major discrepancies in estimates of the marginal and the average
welfare costs of seigniorage. Even though the marginal welfare cost estimated with the
double-log form and evaluated at the mean value of the seigniorage to real income ratio

MWC""*2 (evaluated at Smean = 0.39 %) = 74.89 %,
is not enormously different from the one estimated with the Cagan form,

MWCC®" (evaluated at Smean = 0.39 %) = 56.54 %,
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there is a substantial difference in estimates of the average welfare costs of seigniorage.
The estimated value of the average welfare cost with the double-log form is

AWC5"°8 (evaluated at Smean = 0.39 %) = 74.89 %,
whereas the one estimated with the Cagan form

AWC " (evaluated at Smean = 0.39 %) = 20.45 %.

Therefore, the additional gain moving from zero inflation to the steady deflation of
around 3 percent that would attain the Friedman (1969) optimum is much greater with the
double-log function than with the constant semi-elasticity Cagan form. In other words, the
double-log function assigns much greater benefit to the reduction of moderate inflations,
and substantial gains from reducing the inflation rate to the steady deflation of 3 percent
that would reduce the nominal rate of interest to zero. According to our estimates of the
welfare costs of inflation, moving from the inflation rate of 2.92 % (from the nominal
interest rate of 5.92 %) to the steady deflation of 3 % (to the zero nominal rate of
interest), the double-log function assigns a substantial gain of 0.29 % of GDP whereas the
Cagan form assigns 0.09 %. Thus, there is a huge difference between the double-log and
the Cagan form in estimated values of the welfare gain of reducing inflation rate to the
steady state deflation of around 3 % per annum. The reader may wish to consult Table 10
to see the sensitivity of estimates of the revenue maximizing nominal rate of interest,
seigniorage revenue and the welfare cost of inflation as a share of real income, and the

marginal as well as the average welfare cost of revenue from money creation.
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X. SEIGNIORAGE REVENUE AND THE WELFARE COST OF INFLATION

X SEIGNMURAGE R Y A A e —— — ———————

IN A CURRENCY-DEPOSIT MODEL

The role of reserve ratios in seigniorage has been discussed in some of the recent
literature. It has been widely recognized that required reserve ratios have two conflicting
effects on seigniorage collection: first, higher levels have a direct impact on the demand
for the reserve component of the monetary base and therefore tend to increase seigniorage
collection; second. higher required reserve ratios tend to widen the spread between bank
lending rates and rates offered to depositors. Depending on the elasticities of the
components of money demand, higher reserve ratios thus indirectly reduce the demand for
reserves.

An empirical role for reserve ratios in determining seigniorage collection seems
obvious for the U.S. economy. The statistical results presented below offer the t-statistics
on the reserve ratio (x) and the reserve ratio times the nominal rate of interest (i) after
each was added in a separate experiment in an estimated “base” equation in which the
Phelps- Auernheimer type of seigniorage was the dependent variable:

iy (MB/GDP), = bo + by i; + b2ir (MB/GDP)..; + e, X.1)
where i, is the short-term interest rate (3-month t-bill rate), MB is the monetary base
(reserves plus currency), GDP represents the nominal income level, and e is the error
term. The OLS estimation of Equation (X.1) yields

i, (MB/GDP), = 0.0005 + 0.0251 i, + 0.4807 ir., (MB/GDP)...
(5.1702) (9.5600) (9.1460)

R =09176 F =819.85 Log-likelihood = 946.47
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The addition of the reserve ratio and the reserve ratio times the interest rate to the original
equation leads to positive and large t-statistics on 4 and i, suggesting 4 is a significant
determinant of the U.S. revenue from money creation. As presented below, the statistical
results also indicate that there are dramatically larger Log-likelihood and F-ratios as well
as the adjusted-R2 statistics upon inclusion of s or ui:. The inclusion of s and i: to the
generic equation (X.1), respectively, yields the following results

i, (MB/GDP), = -0.0003 + 0.0376 i, + 0.0145 s + 0.3318 i, (MB/GDP):.,
(-2.1915) (14.533) (8.6041)  (7.1785)

9

R =09452 F = 846.52 Log-likelihood = 977.17

i, (MB/GDP): = 0.0003 + 0.0302i, + 0.4671 g i, + 0.1939 ir; (MB/GDP)..
(4.6881) (18.817) (16.073)  (5.3481)

-

R =09703 F =1602.71 Log-likelihood = 1022.51
As to the empirical value of including u in our model of steady-state seigniorage, direct
inference is of course impossible since steady-state seigniorage is unobservable. We have
shown above that reserve ratios contribute substantially in improving the fit of an
unconstrained forecast of short-run seigniorage revenue. Table 11 compares short-run
forecasts of seigniorage from the Monetary Base (MB), M1, and our currency-deposit
model. According to the statistical results presented in Table 11, in terms of the standard
errors of regression from the short-run seigniorage estimates (or the standard deviation of
the forecast error), the performance of our currency-deposit model is always superior. The
reader may wish to consult Table 11 to see the performance of different money demand

specifications for the short-run seigniorage estimates by comparing the means and the
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standard deviations of the forecast errors resulted from the Monetary Base. M1, and the
currency-deposit model .

Thus. it seems fair to say that the reserve ratio is an important part of the story, at
least in the short-run (which is all we have in order to estimate implied steady-states). In
the following sections, we first develop and illustrate a currency-deposit model in which
we separate money into its currency and deposit components and apply a required reserve
ratio to the deposit component. After discussing the microfoundations of our currency-
deposit model, we provide some insight into the implications of the analysis for the
optimal rate of inflation and the required reserve ratio. Finally, we study the implications
of different money demand specifications for steady state seigniorage and the social
welfare costs of inflationary finance in our currency-deposit model.

The Currency-Deposit Model: We will assume that the economy is populated by infinitely
lived consumers or dynasties who derive utility from the only consumption good, ¢, and
from the real money stock which is composed of currency, m, and deposits, d, (total
deposits, i.e., M2 minus currency). The households in the economy provide labor services
in exchange for wages, receive interest income on assets, purchase goods for
consumption, and save by accumulating additional monetary and non-monetary assets. We

will further assume that the utility function is additively separable. that is

U = e N()@lm(),d(0)]+ Vet (X.2)
0
where p is the subjective rate of time preference (or the personal discount rate), N(?) is the

total amount of people alive at time ¢ and N(#) will be assumed to grow at an exogenous

rate n. By normalizing initial population to 1, we have N() = e"™. It is also assumed that
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the rate of time preference is greater than the growth rate of population (p > n), which
implies that the overall utility is bounded if m, d, and c are all constant over time. The
instantaneous per capita utility, #(). is a function of the per capita real currency, m(1), and
deposits, d(1), and the per capita utility, v(), is a function of the real consumption per
capita, c(t). Individuals will be assumed to maximize utility subject to the budget

constraint

N PN T AN T N PNT NN T '

where B is real non-monetary assets such as capital and bonds, M is nominal currency. D
is nominal deposits, P is the price level,  is the real interest rate on real assets B, ia is the
deposit rate on deposit holdings, # is the real wage rate and H is the net real lump-sum
transfer from the government. Equation (X.3) says that per capita savings (nonconsumed
resources) are equal to per capita investment plus money (currency and deposits)
accumulation. If we define lower case variables as the real per capita versions of their
capital letter counterparts (b=B/N, m=M/PN, d=D/PN, h=H/N, w=W/N) and we denote
the per capita real assets by a (@ = b+m-+d), we can rewrite the household’s budget

constraint as

a=ra+h+w—c—-na-im-(i—i,)d, X.4)
where i is the nominal rate of interest on bonds, i = r + 7, where x is the expected and the
actual inflation rate. Equation (X.4) says that assets (monetary and nonmonetary) per

person rise with per capita income, ra+w, and the net real lump-sum transfer (assuming A

> 0) from the government, fall with per capita consumption, ¢, and the opportunity cost of
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holding per capita real currency. im, and deposits, (i - iz)d. as well as the expansion of
population, na.

We can set up the present-value Hamiltonian presented in Equation (X.5) and get
the following set of first-order conditions:

J=e " [u(m,.d )+ v(c,)]+Q,[(r, —n)a, +h, +w, —c, —im, (i, —i (1), ], (X.5)

ey =Q,. (X.6a)
e "My =Q,i, (X.6b)
e MMy, =Q, 31, —i, (1)), (X.6¢)
Q,(r, -n)=-Q,, (X.6d)
lim e 0, =0 (X.6¢)

In order to obtain an explicit form of money demand, the next step is to define a specific
form of utility function. The conventional, homothetic functions such as the Cobb-Douglas
and CES imply double-log money demand functions. If we assume the following additively

separable utility function in per capita consumption, currency and deposits,

ulm(), d)] + vic@)) = [( L2 )(m '“—1)+(1¢ /3) d? - 1)+( y)(c,'"—l)], (X.7

where @, B, 7. ¢ and g are all positive constants so that the utility function is a strictly
concave with continuous first and second derivatives then the first order conditions
(X.6a)-( X.6b)-( X.6¢) presented above yield the following constant elasticity currency
and deposit demand functions, respectively:

m = ¢I “ ir-l ¢ Clra, (X8a)
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d = ¢ % (- i)' P e’ (X.8b)
However. the Cagan form can be provided a microfoundation in this intertemporal
optimizing framework with an unconventional utility function since its derivation in either

“the shopping time” or “the money in the utility function” approach is somewhat ad hoc.

Therefore, we have to impose a specific form on the utility function in order to arrive at
the constant semi-elasticity Cagan-type demand for money. This utility function takes the

following form:

m,(1+ a, —Inm,) +d,(l+ﬂ) —Ind,)
a, B

ulm@), d)] + vlc)] = +ve()]. X9

where as, @, Bo. and B, are all positive constants. Using (X.9) and the first order
conditions. we obtain the Cagan-form asset demand functions:

Inm, = an- ay ve i, (X.10a)

Ind, = - i ve (i - 1a (). (X.10b)
where we assume that the marginal utility of consumption, v, is a positive constant.
Steady-State Seigniorage and the Welfare Cost Analysis: In the currency-deposit model
developed in the previous section where private agents hold cash balances and bank
deposits, with the former asset bearing a zero interest rate and banks are subject to a
fractional reserve requirement on total deposits, we have presented the microfoundations
of the two special specifications of the money demand function; the double-log and the
Cagan, respectively. In this section, to illustrate the implications of different money
demand specifications for steady state seigniorage and the welfare cost of inflation in our
currency-deposit model, we first introduce the most general (nonlinear) form of money

demand then compare the results with the Cagan and the double-log specification. With
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the typical side restriction that the income elasticity equal unity, asset demand functions

for currency m, and bank deposits d; can be written in the nonlinear form as

[IM-I‘
noniinear ag-ay ',_. .

(ﬂ) —e . (X.11a)
Y7,
nonlinear B-A (_':_11_(')!"2, -1
51_ _ [ 2 }
—e , (X.11b)
Y/,

where i, denotes the nominal lending rate and is (?) is the deposit rate. If banks face no
operating costs, the zero-profit condition under perfect competition yields

ia (t)=1i (1- p), 0<u<l, (X.12)
where we can rewrite the opportunity cost of holding bank deposits as i - is (1) =t i
where 1 denotes the required reserve ratio. The policymaker’s objective is to maximize
seigniorage revenue as a share of real income, which is given by

nonlinear nonlinear nonlear
S Ot Cgl
v/, y/, y

4

with respect to the nominal interest rate, i, and the reserve ratio, . Solving this

maximization problem yields

i, )"2-1
AS | y)emim a2

3 =ie [1-B(ui)?]=0, (X.14a)
H,
:,/l' -l] Cunt )‘2-1
nonlhnear ao—m[ < . fo-h (e )~ =7 )
M——=e ' (-ai)+pe [ & }[I—A(y,i,)‘2]=0,(x.l4b)

4,
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Equation (X.14b) indicates that when the reserve ratio is zero, the revenue-maximizing
interest rate is equal to i=(1/ ar,)""‘l _ If both instruments are used, Equation (X.13) has

a maximum at

nonlinear VA ao- l_-:£| 175 i l—Tﬁl
(_S.) =(_1_] . (57) +(L) eﬁ"(*z], (X.15)

Y7 ax a, B
where the revenue-maximizing interest rate and the reserve ratio are

imx = (1/ @)™, (X.16a)

B (I/ﬂl)l/iz

o = — X.16b
.u (l/al)l/.q ( )

provided that pmax < 1. If pmac > 1, the zero-profit condition implies Hmax = 1, /max will be

nonlincar
. S .
higher than (1/ a,)"*, and of course (-;) is less than that given in Equation (X.15).

max

With the real interest rate r, the revenue-maximizing inflation rate can be obtained by
using the fact that i = 7 + r. Hence,

Tmax = (/@)™ -r. (X.16¢)

nonlnear
If uis exogenous then there is no analytical solution for imax and (;) , although

max

nonlmear
these expressions can be evaluated numerically (as we do below). (;) will be less

than that displayed in (X.15) and imsx Will be higher or lower than (1/ ¢, )4 (higher if u <

Hinax, lower if 22> fimax).
When we consider the special case of A; =24 =1, the nonlinear currency and

deposit demand equations reduces to simple constant semi-elasticity (Cagan) form,
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m Cagan

(_) = glaoranranr (X.17a)
Y/,
4\

(_) = elPo+Ar A (X.17b)
Y/,

In this case, Equations (X.16a) and (X.16b) imply that the revenue-maximizing interest
rate and the reserve ratio reduces to

imax = Vg, (X.18a)

Hmax = a1 /P (X.18b)

Bailey (1956), Calvo and Fernandez (1983), and Marty (1988,1994) each discuss
the special case of the model (A; = A» =1) presented above where currency and deposits
are perfect substitutes so that when /s >0 no currency is held. In that case (S/y) = (ui) e
BIW) The maximum seigniorage to real income ratio is (S/¥)max = (1/81) ¢*"! at nominal
interest rate equal to ima« = (1/B1). This (S/y)max can be achieved for any combination of /
and p along ip = 1/B,. In these studies p is treated as exogenous (but in the range 0 < p.
<1). Marty (1994) has two cases, one of which is deposit only model where currency and
deposits are perfect substitutes and another is currency-deposit model with fixed currency-
deposit ratio.

When A, = A; = 0, we get the double-log currency and deposit demand equations

with a constant elasticities of -a; and -f3;, respectively:

m log -log
(_;) =e%i ™, (X.19a)
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d log-log
(_) =e® (ui, )y A (X.19b)

Y,
As we discussed in Section IX. the double-log function does not generate a Laffer curve.
In other words, the revenue from the creation of money continually increases as the
nominal interest rate rises assuming that the interest rate elasticities of demand for

currency and deposits are less than unity. To see this, note that seigniorage as a fraction of

GDP is
S log-log
(;) = e®i ™ +e® (pi)™ (X.20)
where
S/ log—iog
. cy?)l — = (1-a)e®i ™ + (1= B)ePu i >0, (X-212)
S/ log -log
5( ay'u)r - (1 _ ﬂl )eﬁ)ill'ﬁl #l‘ﬂl > 0’ (X.2lb)

assuming 0 < a; < 1 and 0 <, <0. Hence, there is no revenue-maximizing interest rate
or reserve ratio with the double-log function. To explain the implications of different
money demand specifications for seigniorage revenue, we run through the empirical
results for the U.S. economy in this section.

The nonlinear least squares estimation of real currency and deposit demand

equations presented in (X.11a) and (X.1 1b) yield the following values for the parameters

ap =-3.311961 Bo = -13.200982
a; =0.004715 B = 10.288980
A =-1.351950 A2 = 0.807364.
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Hence, the maximum seigniorage revenue turns out to be 1.17 % of GDP. The {imax, tmax}

set turns to be 0.243 and 1. respectively (these values are evaluated when both instruments

are used). The means (7, ) for the period 1957:1 - 19941 are 0.0592 and 0.0431,

respectively, while the sample mean of seigniorage as a fraction of GDP (S)is 0.0039.

The maximum seigniorage calculated at the sample mean of () rather than fms and
the interest rate required to attain it turn to be the same 1.17 % and somewhat lower
0.2006, respectively, than in the case where u is freely chosen.

Table 12 presents these measures for the nonlinear form and shows alternative
estimates Of imax, Mmax, a0d (S/Y)max based on alternative specifications; the constant semi-
elasticity (Cagan) and the double-log form. The least squares estimation of the Cagan form
of currency and deposit demand equations presented in (X.17a) and (X.17b) offered the
following long-run coefficients
ao + o =-2.860579 Bo + B1 =-0.464847
o =3.762393 B, =37.413776.

According to these estimated values, the maximum revenue from the creation of money .
1.18 % ( which is more or less the same as the one obtained from the nonlinear

specification) where imax = 0.2658 and ftmax = 0.1006 when both instruments are used. The

maximum seigniorage collection as a share of real income calculated at u rather than fims

and the rate of interest corresponding to this maximum revenue turn out to be somewhat
lower 1.08 % and somewhat higher 0.3749, respectively, than in the case where u is

flexible. As we mentioned before, since there is no revenue-maximizing interest rate and
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the reserve ratio with the double-log function we cannot display any statistical results with
regard to the maximum seigniorage revenue, imax OT Jmax resulted from the double-log form
although we will compare the welfare cost estimates obtained from the double-log
specification with those calculated from the nonlinear and the Cagan form.

To test the sensitivity of estimates of the marginal and the average welfare cost of
seigniorage to the specification of money demand, we will now introduce the quantitative
analysis of the welfare cost of inflation evaluated with different forms of asset demand
functions. Deadweight social costs of raising revenue via seigniorage collection can be
interpreted as the lost areas under currency and deposit demand curves owing to
inflation’s effect on their respective opportunity costs. This is the traditional “shoe-
leather” cost. In the nonlinear specification we are using, the loss (WC) is measured as the

deadweight loss from positive / in reducing currency demand,

' {x"l -[} [l‘"l-l]
ag-ay| -, ag-ay|
Ly S
Ie dx—e il,

0

plus the deadweight loss from positive 44 in reducing deposit demand,

_al 72 - ((.l‘:{iz;']
”j‘e‘b A{ A )dx—em A\ A () |

0

Hence, in the nonlinear specification of currency and deposit demand, the welfare cost of
inflation as a fraction of GDP is defined as follows,

A 2 (22 -1

(Zy_c_) nonitnear _ rjeao-al[ Azlﬂ]dx 3 e%—al(T)i+"Ieﬂ0'ﬁl( 1 ]ﬁ_eﬂo'ﬂl[ A ](;11), (X.22)
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which does not have a closed form solution. However, when A, = A, = 1 where currency
and deposit demand equations take the constant semi-elasticity (Cagan) form, Equation

(X.22) reduces to

(qu) =e“’°*"“[all(l—e"’"(l+a.i))]+e‘”‘"ﬁ')[l_;‘(1“e_ﬂ“"(l+ﬁ#"))]’ (X.232)

and when A; = A2 = 0 where currency and deposit demand equations take the constant

elasticity (double-log) form, Equation (X.22) reduces to

log-log
(zyg} - (1 fla je%i""‘ +(1 .'Bl/z)em(;d)"”‘ : (X.23b)
1

Although the integral shown in (X.22) does not have an explicit solution we can

take the derivative of that expression with respect to the nominal rate of interest using
Leibniz’s rule and find the marginal welfare cost of seigniorage derived from the nonlinear
from of asset demand functions. As presented below, expressions for marginal social

burdens for the nonlinear form turn out to be very complicated:

Aol )2 -1
aii‘eao—a; 4 ) + uB( .)zzem-ﬂ‘(wiz ]
MWC™meer — ! __THAA —, (X24)
u . ao-a) ";:!] ﬂO‘ﬂl[("‘i:}:‘l]
(1-a,i*)e Yk (1= Bi(s) e ?
WC\™" MWC |3
since the marginal welfare cost of seigniorage ( = ); equals wIrE where
Ay (w)*2-1
WC\ "= _ agmal| - - Bo-A| 5~
( a ) = qji'le [ . ]+#A(ﬂi)‘ze [ ) } (X-253)

H
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o ) ":*'l-l] (21
(&)™ s, wea

3 =(1-gqi)e T4 u(1- B ()2 )e (X.25b)

u
and u is assumed to be exogenous. By using the general form of marginal social burdens
presented in (X.24), we can derive the marginal welfare costs with the Cagan and the

double-log form by substituting A; = 2> =1 and A, = A2 = 0, respectively. When A; =&, =

1, Equation (X.24) reduces to

alie(ama\ Fay 4 ﬂiyze‘ﬂ"*" y-Bus

.’MWC;GKM = (1 _ ali)e(GOﬁzl Ll U (1 _ ﬂliﬂ)ﬂe(ﬂo*ﬂl Bt ° (X.26a)
and when A, = A =0,
apg ;. —a m |_pl "ﬂl
MWCf,g_bg _ ae®i™™ + feu i X26b)

(1-a,)e®i™ ™ +(1-f yeko ' A

p
where y is assumed to be exogenous.

In the case where currency and deposit demand equations take the Cagan form and
4 is an instrument chosen only for revenue purposes, it can be shown that the optimal (i.e.,
welfare cost minimizing) value of y for given seigniorage is a constant a; /B - the same
as the seigniorage-maximizing value of 4 - provided that a; /81 < 1 (fopumat = 1 Otherwise).
In other words, a monetary authority that attempts to minimize the welfare cost of
inflationary finance will choose the unique reserve ratio Popima = 0l1/By and vary the
inflation rate (or the nominal rate of interest) as revenue requirements change. Let us
consider the problem of finding a cost-minimizing reserve ratio for a given level of
seigniorage. We analyze this constrained minimization problem using the method of

Lagrange multipliers. Begin by writing the Lagrangian
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L@, g, A)=WC+ AS—e' ™™™ i- e R ArAL (114)) (X.27)
and differentiate it with respect to each of the choice variables, i and 4 and the Lagrange

multiptier, A. The first-order conditions are

(%L') = éZC + A(=e' 0 (1 - o) — (1 = B ATATA) = 0 (X.28a)
('Z_;LI) B ﬂa‘:fc + A(=i(1= B pp)e P A™A) =0 (X.28b)
oL o_ planra e _ L (B~R)-Au (i
a_ = §— el ara; _g “(ud)=0 (X.28¢)
where
(J;C) _ alie(ao*a‘ au ﬂi,uze‘&"ﬂ‘ A (X.28d)
(J;C) _ Bt e AT (X.28¢)
w

Equations (X.28b) and (X.28¢) yields

_ s
I-fp’

A
and substitution of A into Equation (X.28a) gives the welfare cost minimizing reserve
ratio, poptimat = 0.1/B1. From Equation (X.28a) A turns to be the marginal welfare cost of
seigniorage in the p-exogenous case as presented in Equation (X.26a). Therefore, when pt
is freely chosen and the monetary authority attempts to optimize (i.e., substitute Moptimal =

/P into ) the expression for marginal social burden can be written simply in the form

a,i

MWCE™ = :
o 1-ai
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When a;/f; < 1 and the government optimizes with respect to both i and y it turns
out that the average welfare cost of seigniorage (4 WCS*¥™) is a “natural” constant e-2 =
0.7183...This is to say, whatever the values of the a’s and f’s, at the highest average
social cost burden will be about 72 % of the revenue collected provided u is an
instrument; if u is exogenous, AWC <@n will be higher. As presented in Table 12, with the
Cagan form, the average deadweight loss at maximum seigniorage in the u -exogenous
case is 77.31 %. The average welfare cost evaluated at the sample mean of seigniorage (as

a fraction of GDP) when u is freely chosen ( AWCSE" ) is 0.0723, slightly higher when
evaluated at the sample mean of (S/y) with p constrained to equal its mean

( AWCf"""" = 0.0863 ). The marginal welfare costs evaluated at the sample mean of (S/y)

H

range from the lower hypothetical MWC <98 = ().1602 (evaluated at Hopumat) tO the

somewhat higher value when evaluated at u: MWC f”g‘”'= 0.1937. Thus, according to

H
these welfare cost measures estimated with the Cagan form of asset demand functions, the

“optimal” average and marginal welfare costs of revenue from money creation are not far

from the value obtained when  is constrained to its sample mean ( H).

Empirically, we can say that there is almost no difference in marginal welfare costs
estimated from the nonlinear and the Cagan form and the differences in marginal costs
obtained from the nonlinear and the double-log form do not turn out to be major. The

marginal welfare cost per dollar revenue accruing to the creation of money derived from
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the double-log form of currency and deposit demand equations can be evaluated at the

sample mean of (S/y) and u  with the estimated parameter values of
o = -3.976671 Bo = -0.814444
o =0.303992 B, =0.043141,

and the result MWC*®™¢=0.2686 is slightly higher than the marginal social burden

u

measured by the nonlinear form MWC™"™" = 0.2101.

5

Since the nonlinear forms of asset demand functions do not yield an explicit
solution for the welfare cost of inflation we cannot find the average welfare cost of
seigniorage collection with this form. However, the welfare costs of inflationary finance as
well as the average social burdens of raising revenue via the inflation tax obtained from the
Cagan and the double-log form turn out to be substantially different from each other. With
the double-log form of currency and deposit demand equations, the welfare cost of

inflation (as a fraction of GDP) evaluated at the sample mean of (S/y) when p is

we\ ™"
constrained to its sample mean is (_y—) =0.12 % which is four times as high as the

welfare costs measured by the Cagan form and evaluated also at the sample mean of (S/y)

wC)
) =0.03 %. As we mentioned in the previous section, the

and u since (-——
Y

additional gain moving from zero inflation to the steady state deflation of around 3 percent
that would attain the Friedman (1969) optimum is therefore much greater with the double-
log function than with the constant semi-elasticity Cagan form. This substantial difference

in welfare cost measures also leads to a major difference in the average social costs of
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seigniorage. The average welfare cost calculated at the sample mean of (S/y) and also at u

is AWC '_""b‘ = 0.2982 which is considerably higher than that estimated with the Cagan

u

form AWC'™" =0.0863.

These measures of marginal and average social costs appear inside the plausible
range for a country having an efficient explicit tax system. Ballard, et al. (1985) estimate
marginal excess burdens of U.S. taxes with a large-scale numerical general equilibrium
model and various assumptions about labor and savings elasticities. They find excess
burdens of various taxes at existing tax levels ranging from 17 % to 56 % per dollar of
extra revenue. These estimates do not include collection costs. According to our
estimates. the marginal welfare costs evaluated at the sample mean of seigniorage revenue
(as a fraction of GDP) range from 19.32 % (with the Cagan form) to 26.86 % (with the
double-log form) which are slightly greater than the lower limit (17 %) and considerably

less than the upper limit (56 %) of their range.

XI. A SQUARE ROOT FORMULA FOR THE WELFARE COST OF INFLATION

Bailey’s (1956) original study says that the welfare cost of inflationary finance
increase with the square of the interest rate, assigning large costs to very high rates of
inflation but trivial costs to moderate inflation’s. According to this approach, the objective
of a zero inflation rate has negligible benefit, and an additional gain from moving zero
inflation to the steady deflation of 3 percent that would attain the Friedman optimum is
assigned an even smaller value.

In this section our objective is to argue that the traditional quadratic approximation

to the welfare cost of inflation that Bailey (and many others) have used may not be
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suitable for this question, and to propose an alternative formula for evaluating the welfare
cost of inflationary finance. The alternative is very close to a square root formula for
welfare costs. It assigns much greater benefit to the reduction of moderate inflations. and
substantial gains from reducing inflation to the steady deflation of around 3 percent that
would reduce nominal interest rates to zero.

We will now compare two economies with the same preferences and technology,
both in a deterministic steady state with constant rates of money growth and price
inflation, and constant nominal interest rates equal to the common real rate plus the
inflation rate. In one economy monetary policy induces a steady deflation at the Friedman
optimal rate corresponding to a nominal interest rate of zero; in the other money grows so
as to induce a positive nominal interest rate i. Then we let w(i) be the fraction of income
people would be willing to forego to move from the second economy to the first, and call
this function w(i) the welfare cost of the inflation rate corresponding to i. Following Lucas
(1994), we will provide a general formula for evaluating the welfare cost of inflation as an
alternative to Bailey's (1956) consumer’s surplus argument that uses the area under a
semi-log money demand function as an estimator of the welfare cost of inflation.

The Model: In order to derive a general formula for quantitative issues in the welfare cost
analysis of inflation in the intertemporal optimizing framework, we will use the discrete
time version of our macro model that was employed in Section III. The technique to
provide both the quadratic approximation and the square root rule for assessing the
welfare costs of inflation is adapted from Lucas’s (1994) paper.

Consider a deterministic, representative agent model, in which a large number of

identical households that live forever gain utility from the consumption c; of a single, non-
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storable good, and from their holdings m; of real money balances. Household preferences

are:
Z(1+p)"u(c,.m,). (XI.1)
=0

In this model. each household is endowed with one unit of time. which is
inelastically supplied to the market and which produces y: = yo (1 +%)' units of the
consumption good in period ¢. Hence one equilibrium condition is

c=y=yo(l+) . (X1.2)

Households begin period ¢ with M, units of money and pay a lump sum tax H; (or,
if H, <0, receive a lump sum transfer from the government). They can save by
accumulating nominal money balances M.-,, by investing in real capital k-1, and by buying
governments bonds B:-,. All three variables denote quantities held at the beginning of
period t+1. The bonds that agents buy in period ¢, Bi-1, are sold at the nominal price q, and
yield one unit of money in period 7+1 so that the nominal rate of return on bonds between
tand t+1 is i = (1- q))/q.. The real rate of return is therefore definedas 1 +r =(1 +
i)/(1 + m) where m = (Pi-1-P:)/P; is the inflation rate between ¢ and ¢ + 1. The number of
bonds B, divided by the price of the commodity P in that period is denoted by b..

In each period the households have the following budget constraint:

Mo + Pk +qB-1=M + P k(1-6)+ B+ Py - Prci - H (XI.3a)
in nominal terms and thus

(1+ m)me-y + k- +(1 + r)y b =m+k(1-0) + bt yi-ci- b (X1.3b)

in real terms, where h, = H,/P., and & s the depreciation rate.
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Households maximize (XI.1) subject to (XI.3b). We can now begin by writing the
time dependent Lagrangian and get the following set of first-order Euler conditions for the
maximum problem:

J=(1+p)"" u(cer, mua) + (1 +p)' ulcr, mi)
+(1L+p)y" VA [+ m)m + ke + (1 + rir) By - met - ke (1-6) = bey = Yea + €t + hui]

+(1+ P)-' Ay [(l + mym- + ke-y +(1+ r’)-l bi-y - my 'kl(l'é) - b it hl]

‘2—]‘] =(1+p) uc(c,m)+(1+ P =0 (X1.4a)

7

g—) (1 +p) tm(cnm) + (1 + )" (L + m) A - (1 + ) A=0  (X14b)

4

(g') =1+ (1 +ra) A -(1+p)" M=0. (X1.4c)

Dividing (X1.4b) by (XI.4a), we get

since by = (A+r) from (XI.4c) and 1 + riy = (1 + i)/(1 + m1)
,{, (1+p) . 1- -1 -1 )

In any equilibrium, ¢, =y, for all ¢, from (X1.2). Now consider a balanced growth
equilibrium in which the money growth rate is constant at 4, so that the inflation factor (1
+ m.1) is constant at the value (1+4)/(1+7), and the real money balances-income ratio m:/y:
= m,/c, is constant at m. In this case, (XI.5) becomes:

um(1, m) =i ul, m) (X1.6)
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where m is the steady state level of real money balances. Let m(i) denote the m value that
satisfies (X1.6), expressed as a function of the nominal rate of interest. The flow utility
enjoyed by the household in the steady state is u(1, m(i)). In this section, following Lucas
(1994), we will define the welfare cost w(i) of a nominal rate of interest i to be the
percentage income compensation needed to leave the household indifferent between i and
0. That is, w(i) is defined as the solution to:

u[ 1+w(i), m(i)] = u[1, m(0)]. (X1.7)
Our objective is to use an estimated m(i) to obtain a quantitative estimate of the function
w(i).

One way to do this is to take the second order Taylor series expansion of the
function w(i) about the zero nominal rate of interest. This is the method used by Bailey
(1956) and Lucas (1994). The first two derivatives of w(i) are found by using (XI.6) and
(X1.7). Total differentiation of (XI.7) yields

uw'(@ +umm'(i)=0

which can be written as

um .
w({)=- ;— m'(i)=-im'(i)

c

u
since -u—"' =i from (XI.6). Then we find the second derivative of w(i) with respect to i as

w''(i)=-m'(i) - im" ().

Thus, the Taylor series expansion of the function w(i) about 7 = 0 gives

1 )
w(i) = w(i)li=0 + W'(Dli=0 (i - 0) + 3 w’'(D)i=o (i - 0)
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= -:l)-m (©) i (X1.8)

since w(i)|i=o = W (i)l=0 = 0 and w''(ili0 = - m '(0).

To quantify the right side of (X1.8), Bailey used estimates of the semi-elasticity

1
——m (i) = -n. In terms of 7, (XI1.8) can be written as

m(i)

w(i) = = m(O)ni’ (X1.9)

9| —

where m(0) is the inverse of the annual income velocity of money at i = 0 assumning that 7
is an annual nominal interest rate and income is normalized at unity.

To obtain an explicit form of w(i), we need an estimate of the semi-elasticity (n).

Here and below, we will use the estimate 77 = 6.68. obtained from 1957:1-1994:1
quarterly U.S. time series. using the monetary base as the monetary aggregate and the 3-
month t-bill rate as the short-term interest rate and assuming the U.S. money demand
takes the Cagan form. Then assuming that the function m(i) passes through the point
(mo, i0) = (0.054, 0.0776) observed in 1990:1 (these and other monetary aggregates and
the interest rates used in this study are from the December 1994 IMF, International
Financial Statistics database), and taking the semi-elasticity to be constant (Cagan from),
we can obtain the estimate m(0) = (0.054)e'****°°”® =0.0906 since m(i) = m(0) e™,
and hence from (130) the welfare cost estimate

w(i) = (0.302) 7. (X1.10)
The second column of Table 13 presents some values of this quadratic function.

A second way to get the welfare cost estimates in the Sidrauski model is to

parameterize the utility function u(c., my) presented below in (IIl.2°) ina particular way,
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estimate the parameters and calculate w(i) employing the same three observations (mao. i,
n). We will use same constant intertemporal elasticity of substitution (CIES) utility
function employed in Section III except here we assume the income elasticity of demand

for money equal to one.

I-¢
u(c, mt)=(1—_1_—¢)[(1 1 )( ¢ —1)+( b )(m 1)] ; (I11.2°)

where ¢, @, and S are positive constants so that u()isa strictly concave utility function
with continuous first and second derivatives. With this CIES form, the equilibrium
condition (X1I.6) implies

mep=i (XI.11)

since

B N
e = [(1_1 )( e —1)+( ﬂa)(m,"“ —1)Tcﬁ

which yields um/u. = m®f where m = mJ/c, as we mentioned above. The welfare cost is
defined as the solution w(i) to u[1+w(i), m(i)] = u[1, ] (since in this case m(0) = )
which implies the following first-order differential equation from which we can derive the
welfare cost estimate w(i):

w'(i) = - i m'(i) (X1.12)

where m (i) = iVer! from (XI1.11). The solution to the first-order differential

—ﬂl/a
a

equation given in (XI.12) yields the following form for w(i):
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" jane X1.13)
w(i)=;ﬂ‘_—fl( ha (

We can calibrate this model, again using (1, io. n) = (0.054. 0.0776. 6.68). From
(XI.11), the implied money demand semi-elasticity is

Lm'(i)=-1‘l= —l(l) (X1.14)

m(i) i\a
Notice that with the utility function (II1.2"), it is the elasticity of m(i) that is constant, not
the semi-elasticity. With i = 0.0776 and n = 6.68, (135) implies a = 1.93 and (a-1)a =
0.482. From (X1.11) with m = 0.054, we find B = m i'® = (0.054)(0.0776)" ' ¥=
0.0144. The implied welfare cost function is therefore:

w(i) = (0.0154) " *%. (X1.15)

The third column of Table 13 gives the values of this function. Since the second
and third columns of Table 13 provide estimates of the outcomes of the same experiment,
based on the same model. their differences are especially striking. According to this table,
the welfare cost of inflation which increases with the square of the interest rate presented
in (X1.10) assigns large costs to very high rates of inflation but trivial costs to moderate
inflation’s whereas the square root formula for welfare costs given in (XI.15) assigns
much greater benefit to the reduction of moderate inflation’s and implies substantial gains
from reducing inflation to the steady deflation of around 3 percent that would reduce
nominal interest rat€s to Zero.

According fo our estimates with the monetary base and the 3-month t-bill rate,
moving from the inflation rate of 2.92 % (from the nominal rate of interest of 5.92 %) to

the steady deflation of 3 % (to the zero nominal rate of interest) the square root formula
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assigns a substantial gain of 0.39 % of GDP whereas the quadratic approximation assigns
0.11 %.

Lucas (1994) uses M1 as the relevant money and runs his welfare integrals from a
zero nominal rate to a positive rate. This is a procedure that lumps together currency and
interest bearing deposits and treats this composite as non-interest bearing. He also
mentions that he has magnified the amount of welfare gains from reducing inflation to the
steady deflation of around 3 percent by working with M1 rather than the monetary base
since M1 is about 3 times the monetary base in the United States.

To compare the welfare cost estimates. we also use M1 with an estimate of the

semi-elasticity r,v = 8.23, obtained from 1957:1-1994:1 quarterly U.S. time series, using
M1 as the monetary aggregate and the 3-month t-bill rate as the short-term interest rate
and assuming the U.S. money demand takes the Cagan form. Then assuming that the
function m(i) passes through the point (ma, ir) = (0.1494, 0.0776) observed in 1990:1,
we can obtain the welfare cost estimate

w(i) = (1.163) i*. (X1.16)
The fourth column of Table 13 shows the values of this function to compare the results
with the second column. We also used the second way to get the welfare cost of inflation
by estimating the parameters and calculating w(i) employing the three observations (mo, io,
n) = (0.1494, 0.0776, 8.23). The resulting expression for w(i) is

w(i) = (0.052) **%%. (X1.17)
The fifth column of Table 13 displays the values of this function to compare the results

with the third column.
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XIL THE QUANTITY ELASTICITY OF MONEY DEMAND:

In this section we first present the estimates of income and consumption elasticities
of money demand then test the unitary quantity elasticity hypothesis. Seigniorage and
welfare cost analysis are compatible with a steady state only if the velocity of money
remains constant. In turn. constant velocity requires a unitary quantity elasticity of demand
for money’'. Therefore, it is crucial that the quantity elasticity is unity. If this were not the
case. we could not use steady state analysis.

There has been a big debate about the size of the income elasticity of money
demand among macroeconomists. In the theoretical literature. the predicted elasticities
range between one-third and one: In the Baumol (1952) - Tobin (1956) model. when the
transaction costs are assumed to be independent of income which is not completely
realistic, the transactions demand for money predicts an income elasticity of one-half. Ina
similar kind of model. Karni (1973) shows that if the transaction costs are related to the
time needed to go to the bank, then the cost is related to the wage rate, which, in turn. will
be positively correlated with the aggregate level of income. In this case. the overall
elasticity would be greater than one-half. The stochastic version of the model developed
by Miller and Orr (1966) reduces the prediction of the income elasticity to about one-
third. The elasticity predicted by the “cash-in-advance” model of Barro and Fischer (1976)
is unity. At the empirical level, the elasticity estimates are even more erratic. Ma.n;
empirical studies of money demand exist; their estimates vary widely. Most of these
studies make use of the time-series data but Mulligan and Sala-i-Ma.rtin (1992) estimate

money demand functions using cross-sections of U.S. states for the period 1929-1990 and
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find that the income elasticity of both demand deposits and a broader measure of money
lies between 1.3 and 1.5.

According to our estimates. as presented in Table 17, the income elasticity of
demand for the monetary base (0.5 with the semi-log from and 0.56 with the double-log
form) is found to be slightly greater than the consumption elasticity (0.45 with the semi-
log form and 0.53 with the double-log form) and these figures turn out to be larger when
M1 is chosen as the monetary aggregate. With M1, the income elasticity (0.60 with the
semi-log form and 0.66 with the double-log) is also greater than the consumption elasticity
(0.51 with the semi-log form and 0.58 with the double-log form). In other words, the
quantity (income or consumption) elasticity of demand for money (monetary base or M1)
turn out to be well below one suggesting that the use of a unitary income (or
consumption) elasticity assumption leads to overestimate the welfare cost of inflation. We
utilize the Wald and the Likelihood Ratio tests to determine whether the unitary income
(or consumption) elasticity assumption can be employed to estimate U.S. money demand.
As shown in Table 18. for each functional form with monetary base and M1, the unitary
income (or consumption) elasticity of demand for money is strongly rejected, implying that
using steady state analysis in estimating money demand equations is improper.

The estimated welfare cost of inflation is proportional to the money stock, so the
choice of an observed monetary aggregate to serve as “money” in the formula is crucial.
Lucas (1994) chooses to use M1 as the relevant money and runs his welfare integral from
a zero nominal rate to a positive rate -a procedure that lumps currency and interest bearing
deposits together and treats this composite as non-interest bearing. In addition to Lucas

(1994), Dotsey and Ireland (1996) use M1 to estimate the welfare cost of inflation in
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steady state assuming unitary income elasticity of demand for real M1. As is evident in this
paper. identifying M1 instead of the monetary base as the relevant definition of money
leads to overestimate the true welfare cost of inflation.

Lucas (1994) states “The fact that real balances are a minor “good” in the U.S.
economy (and I have probably magnified their importance by working with M1 rather than
with the monetary base), so the fiscal consequences of even sizable changes in inflation
and interest rates are just not likely to be large”. Within his framework, and with his
preferred constant elasticity double-log function with income. he finds the welfare cost of
a 10 % nominal interest rate is about 1.3 % of GDP which is very close to ours. Ina
general equilibrium monetary model, Dotsey and Ireland (1996) find the welfare cost of a
sustained 4 % inflation rate is over 1% of GDP when M1 is defined as money. According
to our welfare cost estimates. assuming unitary income elasticity of demand for M1, the
double-log function yields the welfare cost of 1 .27 % of GDP evaluated at the 10%
nominal interest rate whereas when the monetary base is used as the relevant monetary
aggregate, the same functional form with the same scale variable yields the welfare cost of
0.4 % of GDP which is about one-third of the welfare cost estimated with M1.

Our second observation concerns how the use of a unitary quantity (income or
consumption) elasticity assumption affects the welfare cost estimates. As depicted in
Charts 1 and 2, for each specification of money demand (with monetary base or M1) and
each scale variable (income or consumption), the welfare cost of inflation is overestimated
with the unitary quantity elasticity assumption since the actual quantity elasticity is
estimated well below one. To determine the degree of overestimation, we calculate the

mean of the welfare cost series and present them in Charts 1 and 2. For each functional
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form and each scale variable, when the monetary base (M1) is identified as the definition
of money. the welfare cost of inflation estimated with the unitary quantity elasticity
(WCumary) is about three (two) times the welfare cost estimated with the nonunitary
quantity elasticity (WCaonuntary)-

XHL. THE EXACT WELFARE COST OF INFLATION IN A CURRENCY-DEPOSIT MODEL

The estimated welfare cost of inflation is proportional to the money stock, so the
choice of an observed monetary aggregate to serve as “money” in the formula is crucial.
Lucas (1993.1994) chooses to use M1 as the relevant money and runs his welfare integral
from a zero nominal rate to a positive rate - a procedure that lumps currency and interest
bearing deposits together and treats this composite as non-interest bearing. In this regard.
it is relevant to return to Bailey's (1956) classic article and review his treatment of
currency and deposits. Bailey used Cagan’s (1956) hyperinflation data to estimate the
welfare cost of inflation. He set the real rate of interest at zero (r = 0) so that the cost of
holding currency was the anticipated inflation 7 (a proxy for the nominal interest rate /).
He assumed competitive banks pay interest on deposits but subject to a sterile reserve
requirement. A zero-profit condition was imposed: the revenue from a bank’s interest
bearing assets was completely dispersed in interest payments on deposits: ig = (1- p)i
where u is the required reserve ratio and i=. The zero-profit condition under perfect
competition implies that the opportunity cost of holding deposits is (i - ia) =ui (or un).
Since deposits are partially indexed, Bailey assumed that at very nigh rates of inflation, the
public uses only deposits and all currency would be held as bank reserves. In this case,

Bailey’s welfare integrals run from zero to ux to account of the partial indexing of the
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deposit rate to inflation. In contrast to Lucas. there is a substantial reduction in welfare
cost of inflation when interest on deposits is partially indexed against inflation.

What is at issue is the polar choice of two very incomplete models. On the one
hand, we can lump currency and deposits together and assume that both pay no interest.
We can then run our integrals from zero to the nominal rate of interest. This is Lucas’
choice. On the other hand, we could assume with Bailey that all high powered money is
held as reserves and run the welfare integrals from a nominal rate of zero to ui, the
opportunity cost of holding interest bearing deposits. Lucas’ choice overstates the welfare
loss of deviating from the Friedman (1969) rule’?. The assumption in Bailey that all
deposits pay interest underestimates the welfare loss. Without a theory of banking in
which the distinctive roles of currency and deposits are modeled, it remains uncertain how
large is the degree of overestimation or underestimation. As an alternative to these two
polar cases, we try to model the distinctive roles of currency and deposits in Ramsey-
Sidrauski infinite horizon model. We measure the welfare cost of inflation using the
traditional approach, developed by Bailey (1956), by computing the appropriate areas
under currency and deposit demand curves. In our currency-deposit model, it is possible
to run separate integrals: that for currency running from a zero nominal rate to a positive
rate, and the integral for deposits running from zero to ui. We also provide the quadratic
approximation and the square root formula, originally developed by Lucas (1993) ina
single-monetary-asset model, for evaluating the welfare cost of inflation in our currency-
deposit model as an alternative to Bailey’s (1956) consumer’s surplus argument.

In addition to Lucas (1993,1994), Lucas (1981) and Dotsey and Ireland (1996)

use M1 to estimate the welfare cost of inflation for the American economy. As will be
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discussed in this paper, identifying M1 instead of the monetary base as the relevant
definition of money leads to overestimate the true welfare cost of inflation in the single-
monetary-asset model since the estimated welfare cost of inflation is proportional to the
money stock and M1 is about three times the monetary base in the United States. Lucas
(1994) states “The fact that real balances are a minor “good” in the U.S. economy (and I
have probably magnified their importance by working with M1 rather than with the
monetary base), so the fiscal consequences of even sizable changes in inflation and interest
rates are just not likely to be large”. Within his framework. and with his preferred constant
elasticity double-log function scaled with income, he finds the welfare cost ofa 10 %
nominal interest rate is about 1.3 % of GDP. In a general equilibrium monetary model.
Dotsey and Ireland (1996) find the welfare cost of a sustained 4 % inflation rate is over
1% of GDP when M1 is defined as money. Fischer (1981) and Lucas (1981) find the cost
of inflation to be surprisingly low. Fischer computes the deadweight loss from an increase
in inflation from zero to 10 % as just 0.3 % of GNP identifying money with the monetary
base. Lucas (1981) places the cost of a 10 % inflation at about 0.45 % of GNP using M1
as the measure of money. According to our welfare cost estimates with Bailey’s (1956)
consumer’s surplus and Lucas’s (1993) compensating variation approaches, the double-
log function specified with M1 and scaled with income yields the welfare cost of 1.08 %
of GDP when evaluated at the 10% nominal interest rate whereas when the monetary base
is used as the appropriate monetary aggregate, the same functional form with the same
scale variable yields the welfare cost 0f 0.37 % of GDP which is about one-third of the

welfare cost estimated with M1.
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This paper quantifies the welfare costs of deviating from a zero inflation policy and
the costs of deviating from the Friedman optimal deflation rate for the U.S. economy in
both a currency-deposit model and a single-monetary-asset model using recent data on
money. income. consumption and the short-term interest rate. As will be evident in this
paper, the magnitude of the estimated welfare cost of inflation is sensitive to the
specification of the money demand function and to the definition of money. Thus. it is
crucial to identify the proper specification of money demand as well as the appropriate
monetary aggregate to serve as “money” in the formula. To determine what form the U.S.
money demand takes, the Box-Cox transformation is applied to the nominal interest rate
and the proper specification of the money demand function is identified with the aid of two
different econometric tests. The empirical results indicate that compared to the constant
semi-elasticity Cagan-type demand for money, the double-log function with constant
elasticity is a more accurate characterization of the actual data over the range of observed
interest rates. We measure the welfare cost of inflation first using the quadratic
approximation (for the semi-log form) and the square root formula (for the double-log
form) originally developed by Lucas (1993) in Sidrauski's (1967) general equilibrium
single-monetary-asset model. We then estimate the welfare cost of inflation in Bailey’s
(1956) partial equilibrium framework by computing the appropriate area under the money
demand curve (summing the areas under currency and deposit demand schedules for the
currency-deposit model and computing the area under the monetary base and M1 demand
curve separately for the single-monetary-asset model). The welfare cost measures obtained
from Bailey’s consumer’s surplus and Lucas’s compensating variation approaches imply

that for each monetary aggregate (currency-deposit, monetary base, M1) and each scale

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



94

variable (income, consumption), the double-log function with constant elasticity of less
than one yields substantial welfare cost estimates for the U.S. economy compared to the
semi-log function.

The Currency-Deposit Model: Several approaches can be found in the literature for
introducing the role of money into the intertemporal optimizing framework®’. To specify
the distinctive roles of currency and deposits in an infinite horizon model, we modify
Sidrauski’s (1967) general equilibrium single-monetary-asset model by separating M1 into
its currency and demand deposit components and apply a required reserve ratio to the
deposit component. In this currency-deposit model, we think about the money stock as
“making life easier” since it allows people to get consumption goods without having to go
to the bank and transform bonds into consumption goods all the time.

We will assume that the economy is populated by infinitely lived consumers or
dynasties who derive utility from the only consumption good ¢; and from real money stock
which is composed of non-interest bearing real currency m; and interest bearing real
demand deposits d;. Each household is assumed to have access to a production function
that is homogenous of degree one in its two inputs, capital and labor. We will also assume
that labor is supplied inelastically so that the production function with diminishing
marginal product of capital can be written as

i = flke) (X1IL.1)
where y, is real output, & is real capital and dy:/dk, = f(k)>0, &y /dk’ = f'(k)<0. Here
capital is considered as output that is not consumed, so its price is the same as that of
consumption good. The households in the economy begin period ¢ with M, units of money,

pay a lump sum tax H, (or, if H/<0, receive a lump sum transfer from the government).
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They can save by accumulating nominal currency M-, and nominal demand deposits D:-i.
by investing in real capital k.-;, and by buying governments bonds B;-,. All four variables
denote quantities held at the beginning of period ¢+1. The bonds that agents buy in period
t. B,-,, are sold at the nominal price z and yield one unit of money in period ¢+1 so that
the nominal rate of return on bonds between ¢ and t+1 is ir-; = (1- 2)/z. The real rate of
return on bonds is therefore defined as 1 + r-; = (1 + ir-/)/(1 + 7-1) where m-1 = (Pi-1 -
P)/P; is the inflation rate between 7 and ¢ + 1. The number of bonds B; divided by the
price of the commodity P; in that period is denoted by b,. We will assume that competitive
banks pay interest on deposits but subject to fractional reserve requirement on demand
deposits. Assuming banks face no operating costs. the zero-profit condition under perfect
competition yields iff) = (1-z4)i: implying that the opportunity cost of holding demand
deposit is i the difference between i and the nominal interest on demand deposits ii(?).
In each period the households have the following budget constraint:

M-, + Do + P, kiey + 2 By =M, = Di(1+idt)) ~ Pr ki (1-6) + B.+ Py, - Prc: -H, (X111.2)
in nominal terms and thus

(1 + . )me (1 + m)dr g vk A1+ Foor) br=m, +d{1+iL)+ k{1-0) +b,+ fik)- ci-he (111.3)
in real terms, where h, = H,/P,, and §is the depreciation rate.

We will further assume that the household preferences are time separable, that is
> (A+p)"ule,,m,.d,) (XIIL4)
=0

where p is the subjective rate of time preference. Households maximize (X11I.4) subject to
(XI11.3) and the first-order Euler conditions for the maximum problem can be written as

equalities holding for each period:
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uc(ceo mu, di) - = 0. (XI11.5a)
Unm(Cromn d) + Q- (1 +p)(1 + m) Qi = 0. (XI11.5b)
ug(cr. me, d) + (1 +id)) Q- (1 +p)(1 + ) Qi = 0. (XIII.5¢)
Q.- (1 +p)1 +r) Qui=0. (XII1.5d)
Q1 +f(k)-8)-(1+p)u1=0. (XI1II.5¢)

where Q, and Q. are the Lagrangian multipliers attached to the budget constraints at

-1 _

Q,

time ¢ and ¢-1. respectively. From (XIIL.5d) and (X111.5¢) we have

1+ 1+ f'(k) - )
d+r) QG+ S (k) =9) which implies that the real rate of return on capital equals the
(1+p) (1+p)

real rate of interest on bonds: (f'(k:) - 8) = r. Dividing (XII1.5b) and (XIII.5¢) by (XIII.5a)

d using the fact th Q. _U+rn) h 1+ _1ry we get the followin

and using the fact that Q, (1+p) where ( rn l+7° g g

conditions
U,(c,,m.d) L+ (14 o)l + Q. . (XIIL6a)
u.(c,,m,.d,) Tl m) Q, o o8
ud(cl‘ml’dl) 1 +i)+ (1 + 1 + )Ql—l . d(t) (MII 6b)
——=- Y —— = I - i) .
u.(c,.m,.d,) (1 +ia) PX & Q, !

which imply
um(cr, m, dr) =1 uc(cl, m;, dr), (XIII7a)
ua (¢, m, dp) = (ir - id1)) uc, m, d). (XII1.7b)

In order to find a closed from solution for real currency and real deposit demand

functions, suppose that the period utility function takes the following CES-isoelastic form:
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v one-n) -
118 _(6-1)8 118 __16-1i8 178 3(8-1i8 -4
{[},l ¢ + Y2 m, + 73 dl ] }

Ulc,.m,.d,) = (XII1.8)

1
1-
log

where 8>0 is the intertemporal substitution elasticity. Imposing CES-isoelastic preferences
on first-order conditions. (XIIL.5a). (XII1.5b) and (XII1.5¢), yields a generalization of

asset demand functions which take the following double-log form with constant elasticity

of 6:
m, = yz)i,“’c, (X111.92)
)4
d, = y—’)(i,—id(r))'”c, (XII1.9b)
\}'l

where the consumption elasticities of demand for real currency and real deposits equal
one. As presented above, standard utility functions yield double-log demands for money
although the semi-log form has been widely used in money demand studies. more a matter
of convenience than theoretical or empirical attractiveness. The convenience comes from
its simplicity. the fact that steady state seigniorage is easily defined at a constant nominal
interest rate and the fact that the seigniorage-maximizing interest rate as well as the
maximum seigniorage are easily derived. However, the semi-logarithmic form has its
drawbacks. The micro-foundation of the semi-log specification in either “the shopping
time” or “the money-in-the-utility function” approach is somewhat ad hoc. We have to
impose a specific form on the utility function [see Calvo and Leiderman (1992)] or on the

shopping time technology [see Brock (1989)] in order to arrive at the constant semi-
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elasticity Cagan-type demand for money. The utility function and the similarly shaped

shopping time technology take the following unusual forms. respectively:

m(l+¢—Inm,) d(l+w-Ind)
+ +

v(c,) . um>0, us>0. u>0
a B

u(c, my, dr) =

m,(Inm, —p—1) d(Ind, —o-1)
+ +

v(c,). Ym<0. ys<0. y>0
a B

y(c, m.d)=

which imply the following Cagan-type demand for currency and deposits:

Inm =¢@-avci,

Ind = w- B ve (ir - ia(1)).
where the marginal utility of consumption is assumed to be a positive constant. v. > 0.
The Welfare Cost of Inflation: In the theoretical literature, it is a widely accepted idea that
seigniorage is a certain amount of revenue a government collects. with the aid of its
central bank. from the issue of monetary base’*. Seigniorage can be viewed as a tax on
private agents” domestic currency holdings since money creation causes inflation. thereby
lowering the real value of nominal assets. In other words. inflation imposes a tax on
money holdings because it is the rate at which individuals lose the purchasing power of a
dollar. Therefore, individuals change their holdings and their use of money to lower the
total cost of holding money when inflation rises. Their efforts to do so. however, reduce
total services from real money balances, thereby lowering individuals” welfare. This loss is
the welfare cost of inflation. In this section, we attempt to quantify the welfare loss of
deviating from a zero inflation policy and answer the question: How much welfare does
the U.S. gain in moving from zero inflation to the Friedman optimal deflation rate needed

to bring nominal interest rates to zero? We also measure the sensitivity of the estimated
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welfare cost of inflation to the specification of money demand and to the definition of
money in both the currency-deposit model and the single-monetary-asset model.

We first use the quadratic approximation (for the semi-log function) and the square
root formula (for the double-log function), originally introduced by Lucas (1993) ina
single-asset monetary model, then the traditional approach (consumer’s surplus argument)
developed by Bailey (1956). Bailey’s original study uses the constant semi-elasticity
Cagan-type demand for money and as will be demonstrated in this section the semi-log
function vields a quadratic formula for the welfare cost of inflation. In this case. the
welfare cost of inflation increases with the square of the interest rate, assigning large costs
to very high rates of inflation but trivial costs to moderate inflation’s. That is, with the
semi-logarithmic form. the objective of a zero inflation rate has negligible benefit. and an
additional gain in moving from a zero inflation rate to a zero nominal interest rate that
would attain the Friedman (1969) optimum is assigned an even smaller value. We will also
provide a square root formula for the welfare cost of inflation as an alternative to Bailey’s
consumer’s surplus argument that uses the appropriate area under a semi-log money
demand function as an estimator of the welfare cost of inflation.

Lucas compares two economies with the same preferences and technology, both in
a deterministic steady state with constant rates of money growth and price inflation, and
constant nominal interest rates equal to the common real rate plus the inflation rate. He
assumes that in one economy monetary policy induces a steady deflation at the Friedman
optimal rate corresponding to a nominal interest rate of zero; in the other money grows so

as to induce a positive nominal interest rate. Then the welfare cost of inflation is defined as
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the fraction of income people would be willing to forego to move from the second
economy to the first.

We will now following Lucas assume that each household in the model described
in section I is endowed with one unit of time, which is inelastically supplied to the market
and which produces y: = ys (1 + @) units of the consumption good in period ¢. Hence
one equilibrium condition is ¢: = yr = yo (1 + @) . Now consider a balanced growth
equilibrium in which the money growth rate is constant at & =(M,-; -M,)/M,. so that the

inflation factor (1 + 7) is constant at the value (1+5/(1+®D), the real currency-income ratio
m;/y, = m,/c, is constant at m. and the real deposit-income ratio d:/y, = di/c: is constant
at d . In this case, Equations (X1I1.7a) and (XIII.7b) become:
un(l, m. d)=iul. m.d) (X111.10a)
ufl, m.d)=(i-i)ufl,m.d) (X111.10b)

where m and d are the steady state levels of currency and deposits (both as a share of

income).
respectively. Let m (i) denote the m value that satisfies (XI11.10a), expressed as a

function of the nominal rate of interest and d (i) denote the d value that satisfies
(XII1.10b), expressed as a function of the difference between the nominal rate of interest

and the nominal deposit rate: i - iz =4i. The flow utility enjoyed by the household in the
steady state is u(1, m(i), d (u4)). Provided m’(}) [= dm(i)/&(i)] <0 and d (ud) [=

dd (ui)/d(i)] < 0, this utility is maximized over nonnegative nominal interest rates at i = 0:
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the Friedman rule of a deflation equal to the real rate of interest. We define the welfare
cost w(i) of a nominal rate of interest / t0 be the percentage income compensation needed
to leave the household indifferent between i and 0. That is. w(i) is defined as the solution

to:
u[1+w(i), m(i), d (u)] = u[l. m(0), d (0)). (XIIL.11)

Our objective is to use an estimated m (i) and d (ui) to obtain a quantitative estimate of
the function w(i). One way to do this is to take the second order Taylor series expansion
of the function w(i) about the zero nominal interest rate. The first two derivatives of w{(/)

are found by using (XIII.10a). (XII1.10b) and (XIIL.11). Total differentiation of (XIII.11)

yields: ue w'(i) + umm (i) + us pd “(ui) = 0. which can be written as: w’(i) = --':i m'(i) -

<

u, - - s - m ,
-ui,ud (i) =-im (i) - iy d () since %— =i from (X1I1.10a) and i;i = (i - ig) =i

[N <

from (XII1.10b). Then we find the second derivative of w(/) with respect to i: w(i) = -

m (i) - im ™ (i) -4 [d "(ui) + ind " (ui)]. Thus, the Taylor series expansion of the

function w(i) about i =0 gives

1 ) ..
w(i) = W(i)heo + W (eo (i = 0) + = W (Dl (7 - 0y = % 2 [-m(0)- £ d (0)] (XILI2)

since W(i)|ico = W' (i)l=0 = 0 and w”’(i)li=0 = - m*(0) -4 d *(0). To quantify the right side of

(XT11.12) for the semi-log function used by Cagan (1956) and Bailey (1956), we will use

. ) .. 1 - 1 -
estimates of the semi-elasticity —— m’({)) = —— d ’(ui) = -1 assuming that the demand
m(i) d(ua)
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for currency and deposits have the same semi-elasticity. In terms of 7, (XIII.12) can be

written as”™

w(i) = %niz [m(0) +4d (0)] (XII1.13)

where m (0) and d (0) are the inverses of the annual income velocities of currency and
deposits at i=0. respectively. assuming that i is an annual nominal interest rate and income
is normalized at unity.

To obtain an explicit form of w{i), we need an estimate of the semi-elasticity (n).
Here and below. we will use the parameter estimates obtained from 1957:1-1997:11
quarterly U.S. time series. We will now illustrate the procedure for finding a general

formula for the semi-log function in the currency-deposit model. Assuming that the

functions m (i) and d (ui) pass through the points (mo. i) = (0.0509. 0.0520) and (db.
Loio) = (0.1034. 0.0042) observed in 1997:1I and using the constant semi-elasticity™®

(78365%0 0520)

n=7.8365 (a, in footnote 36), we obtain the estimate m (0) = (0.0509) e
0.0765 since m (i) = m(0) ™, and d (0) = (0.1034) " ¥******* = 0.1074 since d (i) =

d (0) ™. Hence from (XIII.13) the estimated welfare cost of inflation evaluated at the
mean of the reserve ratio pmean = 0.1373 is>’

w(i) = (0.301) /. (X1II.14)
The second column of Table 20 presents some values of this quadratic function which
yields a welfare cost of a 10 % nominal interest rate at about 0.30 % of GDP. Assuming
the real rate of interest is around 3 %, reductionto a 3 % nominal rate (about the rate

associated with zero inflation) reduces the cost to about 0.03 % of GDP, for a gain of
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about 0.27 % of GDP. The additional gain in moving from a zero inflation to the Friedman
rate is negligible (0.03% of GDP) with the quadratic welfare cost function given in
(XIIL.14).

Lucas uses M1 as the relevant money and mentions that he has magnified the
amount of welfare gains in moving from zero inflation to zero nominal rate by working
with M1 rather than the monetary base since M1 is about three times the monetary base in
the United States. To set out the degree of overestimation in the single-monetary-asset
model. we follow the same procedure to find w(i) for M1. using n = 7.2649 (o, in Table
19) and the point (mo. io) = (0.1550, 0.0520) observed in 1997:11. The welfare cost
estimate for M1 turns out to be>*.

wii) = (0.821) i, (XII1.15)
which is about three times w() for the currency-deposit specification presented in
(XIII1.14). The fourth column of Table 20 shows some values of this quadratic function
which implies a welfare cost of a 10% nominal interest rate at about 0.82 % of GDP.
Reduction to a zero inflation rate (or a 3 % nominal rate) reduces the cost to about 0.07
%, for a gain of about 0.75 % of GDP. The welfare gain in moving from zero inflation to
the steady deflation of around 3 % is again trivial. 0.07 % of GDP, with the quadratic
approximation (using M1) of the welfare cost of inflation.

To compare the welfare cost measures obtained from the currency-deposit
specification with those estimated with the most relevant definition of money (tke
monetary base) in the single-asset monetary model, we follow the same procedure for
finding w(i) for the base, using n = 7.0645 (o in Table 19) and the point (mq, io) =

(0.0596. 0.0520) observed in 1997:I1. The welfare cost estimate for the monetary base is
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w(i) = (0.304) i*. (XII1.16)
The sixth column of Table 20 gives some values of this quadratic function which yields a
welfare cost of a 10 % nominal interest rate at about 0.30 % of GDP. Reduction to 3%
nominal rate reduces the cost to about 0.03 %. for a gain of about 0.27 % of GDP. The
additional gain in moving from zero inflation to the Friedman rate is negligible (0.03% of
GDP). The welfare cost of inflation estimated with the monetary base is found to be
almost the same as the welfare cost
computed in the currency-deposit model and both of these estimates are about one-third of
the welfare cost estimated with M1.

A second way to obtain the welfare cost of inflation in the currency-deposit model
is to parameterize the flow utility function u(c:. m, d) in a particular way. estimate the
parameters and calculate w(i) exactly. We use the CES utility function presented in
(XI11.8) which yields the double-log asset demand functions with unitary income
elasticities shown in (XII1.9a) and (XII1.9b). With (XIII.9a) and (XI11.9b). the equilibrium

conditions (XIII.10a) and (XIII.10b) imply

m(i) =(ﬁ] = (}' 3) i (XII1.17a)
& /4!
d (i) = (‘Z—) = (Z}'}) (). (XIIL17b)

The welfare cost is defined as the solution w(i) to u[1+w(i), m(i), d (ui)] = u(1, ®. ).
With the CES utility assumed in (XII1.8), the right side is finite provided 6<1, which is to

say. provided the elasticity of substitution between goods consumption and real currency
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and the elasticity of substitution between goods consumption and real deposits are less

than one. Using (XIII.17a). (XIIL.17b) and the utility function in (XII1.8), we find that™:

6/6-1)
N 5 P s
Vi

4
We will calibrate the exact welfare cost of inflation w(i) given in (XIII.18), employing the

estimated parameter values. For the double-log form with the currency-deposit
specification®®. 8 = 0.4240 (or B, = 0.4240 in footnote 40), y2/y: = 0.0134 (or e =
¢~ 3% in footnote 40) and ys/y: = 0.0149 (or e” = ¢™*** in footnote 40). The implied
welfare cost function evaluated at the mean of the reserve ratio pimean = 0.1373 is thus”
w(i) = (1 -0.0182i25y° 7 - 1. (XIII.19)
The third column of Table 20 presents some values of this function which yields a welfare
cost of a 10% nominal interest rate at about 0.36 % of GDP. Reduction to a zero inflation
rate (or a 3 % nominal rate) reduces the cost to about 0.18 %. for a gain of about 0.18 %
of GDP. Therefore, compared to the semi-log function. the double-log function yields
substantial welfare gain (0.18 % of GDP) of moving from zero inflation to the steady

deflation of around 3 %.

To determine the degree of overestimation due to the identification of money with
M1, the same procedure is followed to find w(i) for M1, using 6 = 0.4454 (or B, = 0.4454
in Table 19) and y2/y: = 0.0478 (or e®= ¢™** in Table 19). The exact welfare cost w(i)
for M1 is therefore*

w(i) = (1 - 0.0478°5%¢ )53 _ 1. (X111.20)
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The fifth column of Table 20 displays some values of this function which yields a
substantial welfare cost of a 10 % nominal interest rate at about 1.08 % of GDP.
Reduction to a zero inflation rate reduces the cost to about 0.55 %. for a considerable
gain of about 0.53 % of GDP.

We now present the exact welfare cost of inflation w(i) for the monetary base
using the estimated parameter values 6=0.43 88 (or B, = 0.4388 in Table 19) and /v =
0.0172 (or e® = ¢*° in Table 19). The implied welfare cost function is thus

w(i) = (1 - 0.0172°%2y° 7 1. (XII1.21)
The last column of Table 20 demonstrates some values of this function which yields a
welfare cost of 10 % nominal interest rate at about 0.37 % of GDP. Reduction to a zero
inflation rate reduces the cost to about 0.19 %. for a gain of about 0.18 % of GDP.
Therefore. compared to the semi-log function. the double-log function with the monetary
base yields substantial welfare gain (0.19 % of GDP) of moving from zero inflation to the
steady deflation of around 3 %.

The welfare cost estimates in this paper may seem small for people who are
unfamiliar with quantitative analysis of the welfare cost of inflation. But the United States
is a $8 trillion economy. so to convert the stocks and flows to dollars, we need to multiply
all of them by $8 x 10'2. For example. while comparing the additional welfare gains
(estimated with the double-log function) in moving from n=0 to i=0: 0.55 % of GDP (with
M1) as opposed to 0.19 % or 0.18 % of GDP (with the base or with the currency-
deposit), we imply $44 billion as opposed to $15.2 billion or $14.4 billion. The estimates
with the semi-log function: 0.07 % of GDP (with M1) as opposed to 0.03 % of GDP

(with the base or with the currency-deposit) imply $5.6 billion as opposed to $2.4 billion.
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We will now introduce Bailey’s consumer surplus argument to estimate the welfare
cost of inflation in the currency-deposit model using the semi-log and the double-log
forms of asset demand functions. Deadweight social costs of raising revenue via
seigniorage collection can be interpreted as the lost areas under currency and deposit
demand curves owing to inflation’s effect on their respective opportunity costs. This is the
traditional “shoe-leather” cost developed by Bailey (1956). With the general form of
currency and deposit demand functions, the loss (WC) is measured as the deadweight loss

from positive i in reducing currency demand.
freoax-if.
0

plus the deadweight loss from positive i in reducing deposit demand.

Ig(x)dx - pig(pi).
0

Hence. with the semi-logarithmic form of currency and deposit demand, the welfare cost

of inflation (as a fraction of GDP) is defined as follows*.

: ]
chzfsglog = Ieao-alxdx — %0 4 J'eﬁb-ﬂlxdx — P hm (i)
0 0

e A
WOt = —a—(l e (1+a,i)) + ‘%\‘(1 —e (1 + ),
1

and with the double-log form,

' H
WCimier " = Ie"°x'“‘dx ke L Ieﬂ"x""dx —e? (ui)™
0 0
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a
re~double-log ! ag :1-ay
WC i —(1_a)e i +(
1

B (VA
l—ﬂ,)e (i) "™

Our first important observation is that there is almost no difference between the
magnitudes of the welfare cost of inflation estimated in Bailey’s partial equilibrium and
Lucas’s general equilibrium frameworks. In other words. we obtain the same result that
for each monetary aggregate (currency-deposit. monetary base. M1), the double-log
function implies sizable benefits in moving from zero inflation to the steady deflation of
around 3 % that would attain the Friedman optimum, while under semi-log demand these
benefits are trivial. The reader may wish to consult Tables 21 and 22 to see the sensitivity
of the estimated welfare cost of inflation to the specification of money demand and to the
definition of money with Bailey's approach. Second. the welfare cost measures in the
currency-deposit model turn out to be almost the same as those in the single-monetary-
asset model when the monetary base is identified as the relevant definition of money.
Defining M1 without modeling the distinctive roles of currency and deposits as the
appropriate money overestimates the true welfare cost of inflation in both Bailey’s
consumer’s surplus and Lucas’s compensating variation approaches. We also estimate the
welfare cost of inflation using consumption as the scale variable. The welfare cost
estimates as a percentage of consumption turn out to be proportionately higher (without
affecting our conclusions) since the ratio of consumption to GDP is around two-thirds in

the United States.
X1V. CONCLUSIONS

There are several objectives of this paper. First, we focus on the microfoundations

of the double-log form of the money demand function for the U.S. economy in an
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intertemporal model of money and consumption. In order to find a steady state solution to
the model in which the real rate of interest and the growth rate of various quantities are
constant and derive its implications for seigniorage and the welfare cost of inflation. we
use constant intertemporal elasticity of substitution (CIES) utility function which yields the
constant elasticity double-log money demand function.

Then since the specification of the money demand function has important
implications for seigniorage and the welfare cost of inflation, we reexamine two aspects of
this specification for the U.S. economy. The first aspect is the choice of a scale variable:
Consumption or income. The second is the choice of the functional form of money
demand: Cagan (constant semi-elasticity) or the double-log (constant elasticity). While
GDP is the standard scale variable for money demand in macroeconomic models. we
argue that both theoretical and empirical considerations suggests that it may not be the
right choice. We find that consumer expenditure is a more empirically successful scale
variable in estimated money demand equations since the empirical results presented in this
paper indicate that consumption spending produces more stable measures of monetary
velocity and outperforms GDP in money demand estimates for the United States.

To determine what form the U.S. money demand takes, the Box-Cox
transformation is applied to the nominal interest rate. As a result of the one-dimensional
grid-search method, the Likelihood ratio test, the Lagrange multiplier test for the Box-
Cox model. and the Wald test, we end up with the same conclusion that the demand for
real money balances per capita is logarithmic in the nominal interest rate, approving the
double-log form of the money demand function as the proper specification for the U.S.

economy.
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We also utilized the augmented Dickey-Fuller test to determine whether or not the
variables employed in our steady state money demand estimates contain a unit root after
selecting the most appropriate lag length using Akaike information criterion (AIC) and
Schwartz Bayesian criterion (SBC). The statistical results suggest that the U.S. time series
used in this study are all characterized as nonstationary I(1) variables since we find that
there is a unit root in the level of the variables but there is none in their first differences.
Moreover. in order to determine if the variables employed in estimated money demand
equations are cointegrated, we first obtain the residual sequence from each money demand
regression equation and then perform a Dickey-Fuller test on these residuals to determine
whether the residual series contain a unit root. According to the Engle-Granger
cointegration test. the U.S. time series used in our analysis are cointegrated of order (1.1).

In addition to the standard single-asset (monetary base or M1) specification. this
paper develops a currency-deposit model that provides some insight into the implications
of the analysis for the optimal rate of inflation and required reserve ratio. Our purpose in
this section is to test the sensitivity of estimates of the revenue maximizing inflation rate.
maximum seigniorage revenue. and the marginal welfare cost of seigniorage to the
specification of the money demand function (Box-Cox, Cagan, Double-log) in the more
conventional single-asset monetary model and in the currency-deposit model which
accounts for variation in reserve ratios. The empirical results implies that even though the
marginal welfare cost of seigniorage estimated with the double-log form is not
considerably different from the one estimated with the Cagan form., there is a substantial
difference in estimates of the welfare cost of inflation and in turn the average welfare cost

of revenue from money creation. We also find that these measures of marginal and average
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social costs appear inside the plausible range for a country having an efficient explicit tax
system. Taking into consideration of our estimates. the marginal welfare costs evaluated at
the sample mean of seigniorage revenue (as a fraction of GDP) range from 19.32 % (with
the Cagan form) to 26.86 % (with the double-log form) in the currency-deposit model.

To find the exact welfare cost of inflation in the standard single-monetary-asset
model. we derive the quadratic approximation and the square root formula for welfare
costs in the context of Sidrauski’s intertemporal optimizing framework. We argue that the
traditional quadratic approximation to the welfare cost of inflation that Bailey (and many
others) have used may not be suitable for this question, and to propose an alternative
formula for evaluating the welfare cost of inflationary finance. The alternative is very
close to a square root formula for welfare costs. It assigns much greater benefit to the
reduction of moderate inflations. and substantial gains from reducing inflation to the
steady deflation of around 3 percent that would reduce nominal interest rates to zero.
According to our estimates with the monetary base and the 3-month t-bill rate. moving
from the inflation rate of 2.92 % (from the nominal rate of interest of 5.92 %) to the
steady deflation of 3 % (to the zero nominal rate of interest) the square root formula
assigns a substantial gain of 0.39 % of GDP whereas the quadratic approximation assigns
0.11 % of GDP.

This paper emphasizes that it is crucial to identify the proper specification of
money demand as well as the appropriate monetary aggregate to find the exact welfare
cost of inflation. The empirical results obtained from the nonlinear form of money demand
with Box-Cox restriction indicate that the double-log function with constant elasticity of

less than one is a more accurate characterization of the actual data since the semi-
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logarithmic form is rejected but the double-log form is not at the 5% level of significance.
This paper also quantifies the welfare loss of deviating from a zero inflation policy and
determines how much welfare the U.S. gains in moving from zero inflation to the
Friedman optimal deflation rate. The welfare cost measures from Bailey's consumer’s
surplus and Lucas’s compensating variation approaches turn out to be almost the same
and compared to the constant semi-elasticity Cagan-type demand for money, the constant
elasticity double-log function yields substantial costs of deviating from both a zero
inflation policy and an optimal deflation policy in both the currency-deposit model and the
single-asset monetary model. Using the double-log form of currency and deposit demand
functions. we find the welfare cost of a sustained 4 % inflation is around 0.29 % of GDP
and the welfare gain in moving from a 4 % to a zero inflation rate is computed as around
0.11 % of GDP. In the single-monetary-asset model. the welfare cost measures are not
affected when the monetary base is used as the relevant definition of money but the
measures obtained from the currency-deposit specification or from the monetary base are
inflated to 0.89 % of GDP (welfare cost of a 4 % inflation) and 0.34 % of GDP (welfare
gain in moving from n =4 % to = = 0) when M1 is identified as the appropriate monetary
aggregate. With the currency-deposit specification or with the monetary base, the
additional gain in moving from zero inflation to zero nominal rate that would attain the
Friedman optimum is found to be around 0.18 % of GDP whereas with M1 it is
overestimated as 0.55 % of GDP.

The welfare cost estimates in this paper may seem small for people who are
unfamiliar with quantitative analysis of the welfare cost of inflation. But the United States

is a $8 trillion economy, so to convert the stocks and flows to dollars, we need to multiply
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all of them by $8 x 10'*. For example, while comparing the additional welfare gains
(estimated with the double-log function) in moving from n=0 to i=0: 0.55 % of GDP (with
M1) as opposed to 0.19 % or 0.18 % of GDP (with the base or with the currency-
deposit). we imply $44 billion as opposed to $15.2 billion or $14.4 billion. The estimates
with the semi-log function: 0.07 % of GDP (with M1) as opposed to 0.03 % of GDP

(with the base or with the currency-deposit) imply $5.6 billion as opposed to $2.4 billion.
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ENDNOTES :

' For a detailed discussion about the procedure of introducing money into the
intertemporal optimizing framework. see Obstfeld and Rogoff (1996), Turnovsky (1995).
Calvo and Leiderman (1992), Eckstein and Leiderman (1992). Den Haan (1990).
Blanchard and Fischer (1989). Poterba and Rotemberg (1987), McCallum (1987), Drazen

(1979), Levhari and Patinkin (1968). Sidrauski (1967).

2 Suppose that the basic utility function is z;(c,, 1)) where [, is leisure in period 1. Also
suppose that shopping time in a period ¢ is y(c.. m:) with y>0 and yn<0. Then if the total

time available per period is normalized at 1 and x; is used to denote labor time /; = 1-x; -

w(c.. m;) and substitution yields z}(c,. 1- x; - w(cr, my)) = u(cr. me. Xi).

5 This condition implies that

T (_1_) o] (_j_) N

rc_'scl 1—0 (C, )+ 1—b (m: )

-a c,*'"[(l_la)(c,'"" -1 +(1—iiz)(m,"" - 1)] <0. (Al)
— -2b 1 ) l~¢ (L) -6 _ !

Unm -sdm [(l—a (c, )+ =5 (m, 1}

-dbm™’ [( 1 _1 a)(c, ) +(¥—‘j—5)(m,"b - 1)] <0. (A2)

1

-s-1
Umc= -5 dCl-a mfé [(—1__;)(5'{‘-” - 1) +(l_g_b_)(ml -~ 1):| <0 ) (AB)

which yields
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. 1 d =1s-1
Uchfmm' me = dc-"m,_h ( )(C,l—u - 1) +(——)(mll_h - ]) .
' l1-a 1-b

1 d
(s(l;c,“‘m,’l +ade 'm™*)+ abc,"m,"[(l — a)(c,"" -+ (l—_—b)(m,"" - I)D > 0. (A4)

4 This restricted utility function (s=0) is the one considered by Altonji (1981) and

Blinder (1974).

5

When s=0. the original utility function reduces to

1 d
ul(cy, (m)] = [(l_a)(c,"" ) +(-:E)(m,'“" —I):]. (AS)

where. by L Hopital's rule.

1 d(c™ -1)/d
lima_,; (——)(e,""-l) =limg . (<, )/da
l-a -1

-¢“Inc,
-1

= Iima—;l

=[nc.

i b
limb—)l [(i%)(m, 1-# - l)]: d lim[,.ﬂ d(ml l) /db}
- L -1

B 1-b
- In
~ 4l tim,_ _m_l_m_]

=dInm,.
Therefore. when a=1. b=1, s=0, a logarithmic utility function can be written as
u[(c), (m)] =Inc,+dlinm. . (A6)
S In the special case of s=0, the marginal utility of consumption and money, respectively,

are defined as U. = ¢, >0, Un = dm,® >0 which results in U, = - ac ' <0, Unm=-
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dbm*" <0. Then the instantaneous elasticity of intertemporal substitution in consumption
and money are. respectively. written as -Uc.¢;/Ue = lVa. -Unpm m;/ Un = 1/b.
7 We can change the capital letter version of the household’s budget constraint (II1.3) to

the lower case (or the real per capita) version of it (II1.4) as follows:

MM s )ﬁz,_’i_ o (n+T)m

m=pn "= PN Dpon=pn"" .
F F F

f=;j—:>f=.7/'—nf=>17=f+nf.

M F .
Substitution of FV_ and N (rewritten in terms of the real per capita variables above) to

the capital letter version of the private budget constraint yields
f+nf+m+(n+rym=r(l-7)f+h+w(l-1)-cC.

By adding and subtracting r(/-7)m to the right hand-side of this equation, we can get
f+m=r(1- r)(f+m)+h+w(l—r)—c—n(f+m)—m(r(1— )+ 7)s

and using the fact that v = f+m whenv = f+ m, we obtain the real per capita version of

the private budget constraint

v=r(l-t)v+h+w(l—-1)-c—nv-im
8  Following Barro (1989), when the marginal tax rate, 7, applies to all forms of income-
including interest income and returns to capital, as well as labor earnings. Then, if the tax

rate is constant over time, the after-tax real rate is (/-7)r,, and the after-tax nominal rate is
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i = r(l-7+ . A steady state requires equality between (/-7)r: and the rate of time
preference. p. thus implying that
r=p/{l-1. (A7)
It follows that an increase in 7 leads to arise inr.
9 For a detailed discussion about dynamic optimization using optimal control theory. see
Kamien and Schwartz (1981) pp. 111, and Chiang (1992) pp. 161.
0 Gee Kamien and Schwartz (1981) pp. 53. and Chiang (1992) pp. 59.
"' Taking the natural logarithm of Eq. (II1.5a") we get the following expression.
-(p-nt-alnc, =In 2 (A8)

then the time derivative of this expression yields

p e _Q (A9)
p-m-a T

!

Q
and using the fact that 6’- = n —r(1 - 7) from Equation (II1.5d). we obtain the basic

i

condition for choosing consumption over time:

¢ rd-nj-p
e (A10)

s a

12 For a detailed discussion about the production technology and the returns to scale. see
Varian (1992) pp. 2.

1> The Inada conditions imply

limeo [f'(k)] = and limio[f'(k)]1=0.
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'*" One simple production function that is often thought to provide a reasonable
description of actual economies is the Cobb-Douglas function.

Y =AK°N"® (All)
where A > 0 is the level of technology which is assumed to be constant over time. and a is
a constant with 0 < o < 1. The Cobb-Douglas function can be written in intensive form as

vy = Ak°. (A12)
Note that (k) = Aa k™' >0, f'(k) = -Aa (I-apk™ <O0.

limo[f())] = and lim_[f"(k)]=0.
Thus, the Cobb-Douglas form satisfies the properties of a neoclassical production
function.
'*  This simplifying assumption was also used by Roubini and Sala-i-Martin (1992).
¢ Since. in this study. we do not allow the government to issue debt. we do not consider
the taxation of interest earnings on bonds.

‘7 Substituting the government budget constraint (I11.24).

m=g+h-rtk-wr-m(mr+n).
into the household’s budget constraint (II1.4), where v = m+ k since we assume v = m ~

kv

k+m=r(l-0)k+h+w(l-t)-c—nk-m(n+rx),

we can get the social budget constraint as follows.

g+h-rk-wr-m(r+n)+ k= r(l-n)k+h+w(l-1)—c—nk-m(n+rx),
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thus implying the equation.

k=rk+w-c-g-nk (A13)
where

r=f'tk)-9o.

w=fk)-kf (k)

g =¢c.
Plugging the firm's first order condition and the relation between the government spending
and the private consumption presented above into (A13) yields the social budget

constraint.

k=ftk) - (n ~ k- (I~¢gc.
18 For a detailed discussion about the Box-Cox transformation. see Greene (1997) pp.
479. Hamilton (1994) pp.126. Amemiya (1985) pp. 249. Spitzer (1982a), Spitzer
(1982b), Poirier and Melino (1978).
Y For a detailed discussion about the grid search method, see Greene (1997) p. 480,
Hamilton (1994) pp. 133.
2 For a detailed discussion about the nonlinear least squares methods, see Greene
(1997) pp. 450, Amemiya (1985) pp. 127.
2 Amemiya (1985) discusses several well-known methods that are especially suitable for
obtaining the maximum likelihood and the nonlinear least squares estimator. The methods
of iteration discussed in Amemiya (1985) are Newton-Raphson Method pp.137, Gauss-

Newton Method pp. 137, Marquardt p.140, Hartley p.140, and Gallant p.141.
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2 gee Greene (1997) pp. 596, Johnston and DiNardo (1997) pp.182, Gujarati (1995)
pp. 605. Maddala (1992) pp. 249. Amemiya (1985) pp. 195.

2 Eor a detailed discussion about the Likelihood ratio test, see Greene (1997) pp. 486.
Johnston and DiNardo (1997) pp. 147. Hamilton (1994), pp. 296, Maddala (1992) pp.
119, Amemiya (1985) pp. 141.

3 Gee Greene (1997) pp. 489. Johnston and DiNardo (1997) pp. 149. Hamilton (1994)
pp. 430. Maddala (1992) pp. 120, Amemiya (1985) pp.142.

% See Greene (1997) pp. 490.

% For a detailed discussion about the Wald test. see Greene (1997) pp. 162. Johhnston
and DiNardo (1997) pp. 148. Hamilton (1994) pp. 429, Maddala (1992) pp. 121.
Amemiva (1985) pp. 144.

7 The average number of times a unit of money is used annually is called the income
velocity (V) of money. Velocity is computed by dividing nominal GDP by the money
supply : ¥ = PY/M. Multiplying both sides of this equation by M yields MV = PY. a result
called the equation of exchange. This equation is interpreted as the quantity of money
times its velocity is equal to the price level times real output, which equals nominal GDP.
If we redefine the equation of exchange by replacing real output with the real income per
capita, MV = PyN, we can get the per capita income elasticity of demand for money as

_din(y/V) diny-dlaV
dlny dhy

(A14)

since M/PN = y/V from the equation of exchange. Equation (A14) implies that the growth
rate of the velocity of money equals the growth rate of output per man times one minus

the income elasticity,
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dinV/dt = (1-p) [diny/dt). (Al5)
Equation (A15) says that the per capita income elasticity of demand for real money
balances must be unity so that the equilibrium level of velocity is independent of the
growth of output.
% This is no more than to say that a monopolist facing a demand curve with a constant
elasticity less than unity can always increase her total revenue by raising her relative price.
2 For a detailed discussion on the welfare cost of inflation. see Lucas (1994).
30 | eibniz’s rule says that if f is continuous on [a, b], and u(x) and v(x) are

differentiable functions of x whose values lie in [a, b], then
v(x)
av du
Eu([,f(')d' = FOR) = SN 5
3t The income velocity of money defined as the average number of times a unit of money
is used annually is computed by dividing real income (denoted by *y™) by the real money
balances (denoted by *m™): V' = y/m. The income elasticity of demand can thus be written

as

dlnm_dln(y/V)

n= dlny - diny which implies
dan_(l )dlny
a T a

Therefore, the income elasticity must be unity so that the equilibrium level of velocity is

independent of the growth of output.
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2 The rule can be implemented by having prices fall at the fixed real rate of interest so
that the nominal rate of interest is zero. This fall in prices requires the authorities to
implement the appropriate growth of the money supply.

% Within the infinite horizon model three approaches have been adopted to incorporate
the role of money. The first is to incorporate its role as a medium of exchange through the
so-called cash-in-advance constraint. originally proposed by Clower (1967) and then
generalized by Lucas and Stokey (1983) to include “cash” and “credit” goods. The second
is the “transactions-time" approach developed by McCallum (1983) and McCallum and
Goodfriend (1987). The third. originally due to Sidrauski (1967), is to introduce money
directly into the utility function.

3 \With the base money stock M, and the price level P.. the revenue from money creation
is traditionally defined as the change in the nominal stock of money deflated by the price
level (M;-; - M))/P.. or equivalently. the stock of real money balances held M, /P, times the
growth rate of the monetary base (M:-; - M,)/M,. This implies that when the nominal
money stock is not growing, no revenue accrues to the government. Alternatively, the
Phelps (1973) - Auernheimer (1974) definition uses the nominal rate of interest (rather
than the growth rate of the monetary base) times stock of real balances as the revenue
accruing from the authorities. The rationale for this definition is as follows. Less revenue
is spent by the authorities because governments have monopoly power to hold part of
their debt to the private sector in the form of non-interest bearing money rather than as
interest bearing bonds. As long as the nominal rate of interest is greater than zero, this

monopoly power implies that on the government debt in the form of money, no interest is
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paid. This saving of interest payment is measured by the stock of non-interest bearing
money times the nominal rate of interest.

3 Assuming different semi-elasticities for currency and deposit demand schedules.

| 1 -
— m (i) = -n for currency and —— d "(ui) = -€ for deposits. the welfare cost of
m(i) d(pi)

inflation for the semi-log function in the currency-deposit model can be written as: w(i) =
1, - .-
5 i- [nm(0) + e d (0)].

36 In the restricted case where we assume the demand for currency and deposits have the
same semi-elasticity, the long-run regression coefficients. obtained from the estimated
asset demand equations with the semi-log form: log (m/y)=ato-ti i and log (d/y)=a.-
ou(uir). are found to be ao = -2.5990 (-9.5959), o = 7.8365 (1.8886) and o, =-2.0713 (-
15.578) with t-ratios in parentheses.

7 Following the same procedure for finding w(/) with different semi-elasticities of
demand for currency (n= 3.693) and for deposits (¢ = 72.317), the estimated welfare cost
evaluated at the mean of the reserve ratio pimean = 0.1373 turn out to be w(i) = (0.209) i,

% In the single-monetary-asset model, the welfare cost of inflation w(i) is defined as the
solution to: u[1+w(i), m(i)] = u[1, m(0)] where m(i) denote the m value that satisfies

un(1, m) =i u(1, m). Following the same procedure illustrated in the currency-deposit

model. the taylor series expansion of the function w(i) about i =0 gives w(i) =

! m (0
— I.
> n
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% The CES utility function presented in (XIII.8) implies

|
( e )8/(0-!) e
!

u(l. 00, 0)= l
1=
(o2

g0~ l'a
{[7: 0(1 + W(i))'u_l' o +7:l g n"t(i)u}-n'ﬂ +73l a d(‘ui)(o-l).o} }

1
|-
o

u[1+w(i). m (). d (ui)}=

where m(i) = (:’—zji{” and d (i) =(},—Jj (,u,i,)'g. Solving u[1+w{i), m (i), 4_1 ()] =

1 71

u(1. 0. w0) for w(i) yields the exact welfare cost of inflation presented in (XIII.18).

1 In the restricted case where we assume the demand for currency and deposits have the
same elasticity. the long-run regression coefficients. obtained from the estimated asset
demand equations with the double-log form: log (m/y)=Bo-B1 log ir and log (dy)=B:-Bi
log (wiy). are found to be Bo = -4.3109 (-9.1084). B\ = 0.4240 (2.6511) and B. = -4.2063
(-5.0218) with t-ratios in parentheses.

41 Lucas (1993) uses an estimate of the semi-elasticity (n=7) of demand for M1 in the
single-monetary-asset model obtained from 1900-1985 annual U.S. time series to obtain
the interest elasticity (8 = i) which turn out be about 0.5. Then he finds the welfare cost

estimate as: w(i) = (1 - 0.045i°%)" - 1 = 0.045i° which he calls the square-root formula.

2 [n the single-monetary-asset model, the exact welfare cost of inflation w(i) is defined as

the solution to: u[1+w(i), m(i)] = u(1, ®). With the following CES utility function.
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1
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we find that w(i) =[1—-(Z2~)i""J -1.
 Bailey (1956) assumes that real currency and real deposit demand schedules are the
same. i.e.. they have the same functional form and the same elasticity. As presented in
Table 21. we estimate the welfare cost of inflation in the currency-deposit model with and

without Bailey's assumption. We also present in Table 22 the welfare cost measures

estimated in the single-monetary-asset model with Bailey’s consumer’s surplus approach.
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TABLE | : THE STANDARD DEVIATION OF VELOCITY, 1957:1 - 1994:1

MONETARY CONSUMPTION CONSUMPTION INCOME INCOME
AGGREGATES (LEVEL) (FIRST-DIFFERENCE) (LEVEL) (FIRST-DIFFERENCE)
Ml 2.4344 6. 7211 2. 6247 6.9514
M2 1. 9558 3. 8947 2. 1670 4. 2456
MB 6. 4115 11. 7438 6. 5878 11.9974
CURRENCY 22. 8210 38. 4551 22.9484 38. 6967
DEMAND DEPOSITS 5.7834 7. 2807 5.8473 7.3878
TIME DEPOSITS 1. 7249 11.5307 1. 8512 11. 6153
RESERVES 7.7207 6. 2242 7.8610 6. 3992

Note: Level is detrended by regressing the log of velocity on time and the square of time; entries are
standard errors of the regression, multiplied by 100, and can thus be interpreted as percentages.
Similarly, first-differenced columns are the standard deviation of the change in the log of velocity
multiplied by 100. The data are quarterly.

TABLE 2 : ONE DIMENSIONAL GRID-SEARCH METHOD: (SSR for A from 0 to 1)

A SSR (CONSUMPTION) SSR (INCOME)
0.00 0.531735 0.545763
0.01 0.532009 0.546087
0.02 0.532284 0.546411
0.03 0.532559 0.546737
0.04 0.532835 0.547063
0.05 0.533111 0.547381
0.06 0.533388 0.547719
0.07 0.533665 0.548048
0.08 0.533942 0.548378
0.09 0.534220 0.578709
0.10 0.534498 0.549040
0.20 0.537286 0.552374
0.30 0.540063 0.555719
0.40 0.542800 0.559034
0.50 0.545472 0.562284
0.60 0.548061 0.565445
0.70 0.550552 0.568495
0.80 0.552935 0.571420
0.90 0.555204 0.574209
1.00 0.557355 0.576856

Note : To determine the proper specification of the money demand function for steady state
seigniorage and the welfare cost analysis, one-dimensional grid-search method is applied to our
fundamental money demand equation (44) using the nonlinear least squares estimation technique.
The nonlinear estimation of (44) is carried out by using monetary base (MB) and 3-month t-bill rate.
The results indicate that the double-log specification with consumption gives the best fit for the US.
economy.
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TABLE 3 : STEADY STATE MB DEMAND ESTIMATES, 1957:1 - 1994:1

CONSUMPTION CONSUMPTION INCOME INCOME
TBILL RATE (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest - 0.0064 -0.0517 -0.7511 - 0.0607
Elasticity (-2.973) (-4.031) (- 3.298) (- 4.445)
Lagged 0.9144 0.8927 0.8875 0.8583
MB (33.895) (32.605) (28.984) (27.474)
SSR 0.5574 0.5317 0.5769 0.5457
Log Likelihood 203.0477 206.5300 200.5028 204.6030
D.W 2.044 2.110 1.976 2.043
h statistic -0.283 -0.710 0.157 -0.283
10-YEAR CONSUMPTION CONSUMPTION INCOME INCOME
GOVBOND YIELD (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest - 1.0506 -0.0998 -1.2118 -0.1141
Elasticity (-4.037) (- 5.208) (-4.422) (- 5.678)
Lagged 0.8663 0.8316 0.8300 0.7880
MB (27.308) (25.690) (23.188) (21.672)
SSR 0.5316 0.4981 0.5464 0.5073
Log Likelihood 206.5492 211.2577 204.5105 210.0085
D.W 2.035 2.074 1.963 2.002
h statistic -0.231 -0.490 0.250 -0.014

Note : Since our main purpose is to set out a more accurate procedure to use in estimating seigniorage
revenue and the welfare cost of inflation as a fraction of GDP in steady state, the per capita income
elasticity of demand for real money balances is assumed to be unity. Therefore, the monetary aggregate
MB is simply deflated by the nominal income. This table presents the steady state estimates of the
demand for monetary base (reserves plus currency) using a short-term (3-month t-bill rate) and a long-
term interest rate (10-year government bond yield) between 1957:1 and 1994:1 for the U.S. economy.
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TABLE 4 : STEADY STATE M1 DEMAND ESTIMATES. 1957:1 - 1994:1

128

CONSUMPTION CONSUMPTION INCOME INCOME
TBILL RATE (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
[nterest -0.3437 -0.0280 -0.3879 -0.0324
Elasticity (- 3.755) (4.984) (- 3.673) (-4.892)
Lagged 0.9625 0.9487 0.9528 0.9338
M1 (87.614) (82.824) (70.864) (65.080)
SSR 0.0787 0.0737 0.0918 0.0861
Log Likelihood 347.9070 352.7394 336.5289 341.2507
D.W 2.106 2.241 1.924 2.038
h statistic -0.651 -1.48 0.469 -0.235
10-YEAR CONSUMPTION CONSUMPTION INCOME INCOME
GOVBOND YIELD (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest -0.4351 -0.0553 -0.4801 - 0.0668
Elasticity (-3.366) (-5.093) (-3.175) (-5.067)
Lagged 0.9478 0.9104 0.9373 0.8835
Mi (62.894) (51.881) (50.131) (39.107)
SSR 0.0801 0.0732 0.0938 0.0852
Log Likelihood 346.6090 353.2197 334.9213 342.0117
D.W 2.063 2.136 1.887 1.923
h statistic -0.390 -0.847 0.706 0.487

Note : Since seigniorage and the welfare cost analysis are compatible with a steady state only if the

velocity of money remains constant which requires a unitary per capita income elasticity of demand for
real balances. Thus, the monetary aggregate M1 is simply deflated by the nominal income. This table
presents the steady state estimates of the demand for M1 (currency plus demand deposits and

checkable deposits) using a short-term (3-month t-bill rate) and a long-term interest rate (10-year

government bond yield) between 1957:1 and 1994:I for the U.S. economy.
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TABLE S : LONG-RUN STEADY STATE INTEREST RATE SEMI-ELASTICITIES AND ELASTICITIES

CONSUMPTION CONSUMPTION INCOME INCOME
TBILL RATE (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
MB -0.0747 -0.4820 - 6.6765 -0.4282
Mli -9.1572 -0.5448 - 8.2261 -0.4898
10-YEAR CONSUMPTION CONSUMPTION INCOME INCOME
GOVBOND YIELD (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
MB -7.8571 -0.5927 -7.1297 -0.5384
Ml -8.3289 -0.6173 -7.6535 -0.5736

Note : This table presents the long-run interest rate semi-elasticities (for the Cagan form) and
elasticities (for the double-log form) of demand for the monetary aggregates (MB and M1).
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TABLE 6 : MB DEMAND ESTIMATES, 1957:1 - 1994:1
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CONSUMPTION CONSUMPTION INCOME INCOME
TBILL RATE (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest - 0.6685 - 0.0447 - 0.6908 - 0.0480
Elasticity (- 3.474) (-3.772) (- 3.448) (- 3.802)
Quantity 0.0359 0.0518 0.0418 0.0641
Elasticity (1.382) (1.875) (1.411) (1.994)
Lagged 0.7743 0.7800 0.7711 0.7744
MB (20.254) (20.899) (19.824) (20.406)
RSS 0.4449 0.4388 0.4446 0.4374
Log Likelihood 219.7303 220.7488 219.7703 220.9781
D.W. 2.077 2.123 2.074 2.122
h statistic -0.529 -0.840 -0.511 -0.837
10-YEAR CONSUMPTION CONSUMPTION INCOME INCOME
GOVBOND YIELD (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
interest - 0.9099 -0.0759 -0.9421 -0.0814
Elasticity (-3.817 (- 3.954) (- 3.754) (- 3.933)
Quantity 0.0734 0.0988 0.0828 0.1170
Elasticity (2.350) (2.788) (2.306) (2.805)
Lagged 0.7498 0.7626 0.7446 0.7545
MB (18.766) (19.887) (18.115) (19.109)
RSS 0.4378 0.4349 0.4384 0.4346
Log Likelihood 220.9095 221.4030 220.8078 221.4488
D.W. 2.057 2.080 2.050 2.072
h statistic -0.397 -0.550 -0.347 -0.496

Note : The empirical results presented in this paper suggests that consumption is a better scale variable
in the money demand function than GDP since consumer spending produces more stable measures of
monetary velocity and outperforms GDP in estimated money demand equations. Therefore, in addition

to estimating U.S. money demand with the assumption of a unitary income elasticity for seigniorage

and the welfare cost analysis in steady state, we estimate the most general regression equation given by
Equation (43) to compare the elasticity of demand for money with respect to income and consumption.
This table presents the quantity (income and consumption) elasticity of demand for MB.
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TABLE 7 : M1 DEMAND ESTIMATES, 1957:1 - 1994:1
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CONSUMPTION CONSUMPTION GDP GDP
TBILL RATE (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest - 0.0066 -0.0395 -0.6826 -0.0424
Elasticity (-7.0037) (- 7.239) (- 6.924) (-7.276)
Quantity 0.0399 0.0507 0.0442 0.0595
Elasticity (4.920) (4.838) (3.972) (4.880)
Lagged 0.8576 0.8769 0.8544 0.8709
MB (32.458) (36.280) (31.821) (35.469)
RSS 0.0622 0.0611 0.0625 0.0609
Log Likelihood 365.3694 366.6420 364.9225 366.8226
D.W. 2.071 2.213 2.053 2.208
h statistic -0.456 - 1.355 -0.341 -1.326
10-YEAR CONSUMPTION CONSUMPTION GDP GDP
GOVBOND YIELD (SEMI-LOG) (LOG-LOG) (SEMI-LOG) (LOG-LOG)
Interest - 0.8700 -0.0748 -0.8442 -0.0779
Elasticity (- 5.754) (- 6.694) (- 5.2300) (- 6.256)
Quantity 0.0700 0.0989 0.0712 0.1105
Elasticity (4.829) (5.960) (4.223) (5.485)
Lagged 0.8153 0.8194 0.8220 0.8158
MB (22.862) (26.065) (22.163) (24.463)
RSS 0.0678 0.0635 0.0700 0.0655
Log Likelihood 358.9914 363.7245 356.5254 361.4494
D.W. 1.876 1.982 1.835 1.924
h statistic 0.837 0.118 1.125 0.512

Note : The empirical results presented in this paper suggests that consumption is a better scale variable
in the money demand function than GDP since consumer spending produces more stable measures of
monetary velocity and outperforms GDP in estimated money demand equations. Therefore, in addition

to estimating U.S. money demand with the assumption of a unitary income elasticity for seigniorage

and the welfare cost analysis in steady state, we estimate the most general regression equation given by
Equation (43) to compare the elasticity of demand for money with respect to income and consumption.
This table presents the quantity (income and consumption) elasticity of demand for M1.
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TABLE 13: WELFARE COST OF INFLATION AS A PERCENTAGE OF GDP

138

Interest Rate | Quadratic Formula Square Root Quadratic Formula Square Root
(MB) (MB) (M1) M)

i 100 (0302) # 100 (0.0154) *2 100 (1.163) # 100 (0.052) £
0.00 0.0000 0.0000 0.0000 0.0000
0.0102° 0.0031 0.1689 0.0121 0.9888
0.02 0.0121 0.2337 0.0465 1.2618
0.03 0.0272 0.2841 0.1047 1.4612
0.04 0.0483 0.3264 0.1861 1.6216
0.05 0.0755 0.3634 0.2908 1.7581
0.0592° 0.1058 0.3942 0.4074 1.8688
0.07 0.1480 0.4274 0.5698 1.9858
0.08 0.1933 0.4558 0.7443 2.0841
0.09 0.2446 0.4825 0.9420 2.1749
0.10 0.3020 0.5076 1.1630 2.2595
0.1509° 0.6877 0.6189 2.6482 2.6223
0.25 1.8875 0.7895 7.2688 3.1482
0.50 7.5500 1.1026 29.075 4.0460
1.00 30.200 1.5400 116.30 5.2000
2.00 120.80 2.1509 465.20 6.6831

imn = 0.0102, imean = 0.0592, i = 0.1509

Note: This table presents the welfare cost estimates obtained from the quadratic and the square root
formula using Monetary Base (MB) and M1.
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TABLE 14A: STEADY STATE MB AND M1 DEMAND ESTIMATES (n=1)

Money/Scale | Specification *o & R? Log-L h-stat. | ARCH(1)
Bo B
MB/GDP | Semidog | 22773 | 67554 | 09166 | 206.0628 | 04518 | 0.0039

(-20.022) | (3.8861)

MB/GDP | Doubledog | 39383 | 04351 | 09215 | 2105427 | 0.0167 } 0.0004
(-16.702) | (5.4397)

MB/CONS | Semi-log | 7986 | 7873 )} 09304 | 208.7483 | 00074 | 0.0032
-11.937) | (3.2680) :

MB/CONS | Doublellog | 36945 | 04917 | 09339 | 212.5693 | -0.4244 | 0.0001
¢11.442) | @.s121)

MI/GDP Semidlog | 12184 | 30686 | 99847 | 3218426 | -1.4212 | 0.0354
(-11.363) | (4.7291)

-3.1056 | 04830 | g9gs56 | 326.0551 | -2.0757 | 0.0049
(-14.785) | (6.9064)

-0.7579 8.9142
(-5.8907) | (4.2439)

MI1/GDP Double-log

MI1/CONS Semi-log 0.9878 | 329.4777 | -2.7851 0.0017

MI/CONS | Double-log | 28392 | 03336 | 0984 | 333.4981 | -3.5311 | 0.0785
(-10.556) | (5.9982)

Note: This table presents the steady state estimates of the demand for the monetary base (MB) and
M1 using quarterly data for the period 1957:1 and 1994:11. The quantity (income or consumption)
elasticity of money demand (n) is assumed unity. o’s are the coefficients in the semi-log function
and B's are the coefficients in the double-log function. t-ratios are shown in parentheses. Since the h-
statistics are less than 1.96 or greater than -1.96, there is no serial correlation in estimated money
demand equations with the monetary base but there is with M1 at the 5% level of significance. The
critical value for testing ARCH(1) is Y01 = 6.63 which implies we do not have ARCH(1) errors in
our estimations at the 1% level of significance.

TABLE 14B: NONLINEAR STEADY STATE MB AND M1 DEMAND ESTIMATES (n=1)

Money/Scale o a A R? Log-L h-stat. | ARCH(1)
MB/GDP -3.1244 0.0292 0.8749 | 9743 | 2132518 | -1.1954 | 0.1347
-16.037) | (0.7910) | (-2.2898)
MB/CONS | 27222 0.0265 -0.9440 | 9362 | 215.1750 | -1.6341 | 0.1414
(-11.855) | (0.7000) | (-2.2025)
M1/GDP -2.4682 0.1254 04430 | 9858 | 3269109 | -2.6306 | 0.2889

(-6.8241) (0.8925) (-1.2436)

MI/CONs | 20838 0.1182 04946 | (ogge | 334.4365 | 4.1342 | 0.6659
(-5.1686) (0.8154) (-1.2753)
Note: This table presents the nonlinear steady state estimates of the demand for the monetary base
(MB) and M1 using quarterly data for the period 1957:1 and 1994:11. The quantity (income or
consumption) elasticity of money demand (n) is assumed unity. t-ratios are shown in parentheses.
Since the h-statistics are less than 1.96 or greater than -1.96, there is no serial correlation in
estimated money demand equations with the monetary base but there is with M1 at the 5% level of
significance. The critical value for testing ARCH(1) is Y001 = 6.63 which implies we do not have
ARCH(1) errors in our estimations at the 1% level of significance.
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TABLE 15A: MB AND M1 DEMAND ESTIMATES (nzl)

140

Money/S | Specificat. %o . x2 R’ Log-L h-stat. | ARCH
Bo Bs B2

MB/GDP | Semi-log | %' 29509 | 04995 | 9025 | 224.1146 | -0.1004 | 0.9965
(5.9697) | (3.8743) | (7.3944)

MB/GDP | Double-Log | 74395 | 02122 | 03592 | 99062 | 226.9691 | -0.5350 | 1.2211
4.2164) | (4.4653) | (8.0884)

MB/ICON | Semi-dog | 11125 | 29274 | 04492 4 g9040 | 225.5792 | -0.4211 | 1.0802
6.9536) | (3.6237) | (6.6361)

MB/CON | Double-Log | 82471 | 02179 | 05266 1 9055 | 227.2676 | -0.8073 | 1.1497
@.0623) | 39117 | (6.6207)

MIGDP | Semidog | 83566 | 49269 | 06016 1 49709 | 342.5964 | -2.0678 | 0.0810
(5.2310) | (5.7710) | (8.9438)

MI/GDP | DoubledLog | 57295 | 03146 | 06594 1 9739 | 347.9468 | -3.1593 | 1.2113
(.4765) | (6.7444) | (10.364)

MUCON | Semi-log | 10659 | 43839 | 05149 4 g9707 | 346.4225 | -2.4887 | 1.0262
9.7439) | (6.9501) | (11.013)

MI/CON | Double-Log | 78895 | 02955 | 03837 | g9709 | 3482458 | -3.4382 | 3.9469
(5.3592) | (6.4402) | (10.143)

Note: This table presents the long-run estimates of the demand for the monetary base (MB) and M1

using quarterly data fo
elasticity of money demand (n) is not unity. o’s are the coefficients in the semi-log fun

r the period 1957:1 and 1994:11. The quantity (income or consumption)
ction and B’s

are the coefficients in the double-log function. t-ratios are shown in parentheses. Since the h-
statistics are less than 1.96 or greater than -1.96, there is no serial correlation in estimated money
demand equations with the monetary base but there is with M1 at the 5% level of significance. The
critical value for testing ARCH(1) is X001 = 6.63 which implies we do not have ARCH(1) errors in
our estimations at the 1% level of significance.

TABLE 15B: NONLINEAR MB AND M1 DEMAND ESTIMATES (n#1)

Money/S ao o, a2 A R? Log-L h-stat. ARCH

MB/GDP | 73431 | 00249 | 05779 | -0.7124 1§ 9977 | 2282060 | -1.3207 | 1.6690
4.0913) | (0.7374) | (8.0341) | (-1.7244)

MB/CON | 90591 | 00330 | 05163 | -06127 | gg068 | 227.8463 | -1.2970 | 13932
4.8455) | (0.6299) | (6.7747) | (-1.2406)

MiGDp | 57077 | 02829 | 06621 | -0.0373 | 9739 | 3479574 | -3.2379 | 13525
(3.4030) | (1.2824) | (9.7945) | (-0.1390)

MI/CON | 79819 | 06511 | 0.5623 02850 | 09711 | 348.7152 | -3.1590 | 2.5537
(5.8505) | (1.1762) | (10.014) | (0.9319)

Note: This table presents the nonlinear long-run estimates of the demand for the monetary base (MB)
and M1 using quarterly data for the period 1957:I and 1994:11. The quantity (income or
consumption) elasticity of money demand (n) is not unity. t-ratios are shown in parentheses. Since
the h-statistics are less than 1.96 or greater than -1.96, there is no serial correlation in estimated

money demand equations with the monetary base but there is with M1 at the 5% level of
significance. The critical value for testing ARCH(1) is X 001) = 6.63 which implies we do not have
ARCH(1) errors in our estimations at the 1% level of significance.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




141
TABLE 16: TESTING THE PROPER SPECIFICATION OF MONEY DEMAND

WALD WALD LR LR LM LM
Money/Scale | Double-log Semi-log Double-log Semi-log Double-log Semi-log
MB/GDP 2.9736 17.183 2.4738 8.1828 2.1078 4.1824
MB/CONS 1.5390 10.663 0.5787 4.5342 0.8728 42315
M1/GDP 0.0193 14.939 0.0212 10.722 0.0226 9.0597
M1/CONS 0.8685 5.4643 0.9388 4.5854 0.9605 4.1658

Note: This table presents the Wald, the Likelihood Ratio (LR) and the Lagrange Multiplier (LM) test
statistics for determining whether the proper specification of demand for real money balances for the
U.S. economy is the double-log or the semi-log form. The semi-logarithmic form is rejected but the
double-log form is not at the 5 % level of significance since the critical value is Y005 = 3-84.

TABLE 17: THE QUANTITY ELASTICITY OF DEMAND FOR MONEY

Semi-log | Double-log | Nonlinear Semi-log Double-log Nonlinear
Scale variable MB MB MB M1 Mi M1
GDP 0.4995 0.5592 0.5779 0.6016 0.6594 0.6621
(7.3944) (8.0884) (8.0341) (8.9438) (10.634) (9.7945)
CONS 0.4492 0.5266 0.5163 0.5149 0.5837 0.5623
(6.6361) (6.6207) (6.7747) (11.013) (10.143) (10.014)

Note: This table presents the estimates of the quantity (income or consumption) elasticity of demand
for the monetary base (MB) and M1 using quarterly data for the period 1957:1 and 1994:1 for the
U.S. economy. For each specification and each monetary aggregate, the quantity elasticity of money
demand is estimated well below one. t-ratios are shown in parentheses.

TABLE 18: TESTING THE UNITARY QUANTITY ELASTICITY OF MONEY DEMAND

MONEY/SCALE | SPECIFICATION WALD TEST LR TEST
MB/GDP Semi-log 54.896 36.104
MB/GDP Double-log 40.654 32.853
MB/GDP Nonlinear 34.438 29.908

MB/CONS Semi-log 66.239 33.662
MB/CONS Double-log 35.437 28.398
MB/CONS Nonlinear 40.276 25.343
M1/GDP Semi-log 35.083 41.508
M1/GDP Double-log 28.661 43.783
MI/GDP Nonlinear 24.979 42.093
MI1CONS Semi-log 107.62 33.890
MI1CONS Double-log 60.784 28.557
M1/CONS Nonlinear 52.335 29.495

Note: This table presents the Wald and the Likelihood Ratio (LR) test statistics for testing the
unitary quantity (income or consumption) elasticity of demand for the monetary base (MB) or M1.
For each specification and each monetary aggregate, the unitary quantity elasticity of demand for
MB or M1 is rejected at the 1% level of significance since the critical value is X001 = 6.63.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



142
TABLE 19: STEADY STATE MONEY DEMAND ESTIMATES

Money/Scale | Specification *o o R? Log-L h-stat. | ARCH(1)
Bo B4
CURRENCY/ | gemijog | 28738 | 3.6930 | 48963 | 301.8255 | -1.3580 | 0.0418
GDP (-63.750) | (5.3220)
CURRENCY/ | popletog | 37786 | 02335 | 09034 | 307.5597 | -1.5507 | 0.1479
GDP (-44.488) | (8.1587)
CURRENCY/ | gerijop | 24167 | 38785 | g9100 | 307.8868 | -2.2179 | 0.1426
CONS (44.056) | (a.5741)
CURRENCY/ | poplelog | 33707 | 02466 ) 09157 | 313.1096 | -2.5618 | 0.4442
CONS (-31.810) | (6.9084)
DEPOSITS/ | gemilog | 16788 | 72317 | 09914 | 3651336 | -2.3997 | 1.0901
GDP (-6.1138) | (1.8196)
DEPOSITS/ | poupielog | 31160 | 05743 | 09914 | 365.0295 | -2.4957 | 12193
GDP (-2.8566) | (1.7077)
DEPOSITS/ | gemilog | 11806 | 99852 | 09931 | 370.2916 | -3.8533 | 62435
CONS (-3.1346) | (1.5569)
DEPOSITS/ | pouple-log | 60607 | 08161 1 99931 | 3702090 | -3.9499 | 6.5574
CONS (-1.9604) | (1.4377)
MB/GDP Semi-log -2.3799 | 7.0645 | 9877 | 3764112 | 0.1634 | 0.0240

(-17.014) (3.0977)

MB/GDP Double-log | 0635 | 04388 | 49880 | 3784363 | -00202 | 0.0446
(-13.353) | (4.3868)

MB/CONS Semi-log | 18921 | 86147 | 99915 | 3919322 | -1.0842 | 0.0249
(-10.596) | (2.7901)

MB/CONS | Doubledlog | 39166 | 05277 1 09917 | 394.0756 | -1.3411 | 0.0343
(-9.2631) | (3.8580)

M1/GDP Semi-log | 13326 | 72649 | 09903 | 3832190 | -1.9808 | 0.0864
(-10.383) | (3.5370)

M1/GDP Double-log | ~3:0405 | 04454 | 09905 | 384.8668 | -2.1844 | 0.0985
(-10.642) | (4.7679)

M1/CONS Semi-log | 08704 | 86020 | 99936 | 3917311 | -3.7070 | 04429
(-5.2453) | (3.0690)

MI/CONS | Double-log | 28662 | 05205 | 09927 3932633 | -3.9471 | 06125
(-7.1013) | (4.0315)

Note: This table presents the steady state estimates of the demand for currency, deposits, MB, and
M1 using quarterly data for the period 1957:1 and 1997:IL The income (or consumption) elasticity of
money demand is assumed unity. a’s are the coefficients in the semi-log function and B’s are the
coefficients in the double-log function. t-ratios are shown in parentheses. Since the h-statistics are
less than 1.96 or greater than -1.96, there is no serial correlation in estimated money demand
equations with currency (with income) and MB but there is with demand deposits, currency (with
consumption) and M1 at the 5% level of significance. The critical value for testing ARCH(1) is

Y001y =6.63 which implies we do not have ARCH(1) errors at the 1% level of significance.
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TABLE 20: THE ESTIMATED WELFARE COST OF INFLATION (LUCAS)
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Interest Quadratic Square Root Quadratic Square Root Quadratic Square Root
Cur.-Dep. Cur.-Dep. M1 Ml MB MB
i 03017 [(1-0.0182°7)° 74.1] (0.821) 7 {(1-0.0478°°%4)° %1} | (0304)7 ((1-0.0172°3)° ™*"-1]
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.01 0.0030 0.0944 0.0082 0.2996 0.0031 0.1015
0.02 0.0120 0.1408 0.0328 0.4408 0.0122 0.1499
0.03 0.0271 0.1779 0.0739 0.5526 0.0273 0.1882
0.04 0.0481 0.2101 0.1314 0.6489 0.0486 0.2213
0.05 0.0752 0.2389 0.2052 0.7351 0.0760 0.2509
0.06 0.1082 0.2655 0.2956 0.8140 0.1094 0.2780
0.07 0.1473 0.2902 0.4023 0.8874 0.1489 0.3032
0.08 0.1924 0.3135 0.5254 0.9563 0.1945 0.3269
0.09 0.2435 0.3356 0.6650 1.0216 0.2461 0.3493
0.10 0.3006 0.3567 0.8210 1.0838 0.3039 0.3707
0.20 1.2026 0.5328 3.2839 1.6010 1.2154 0.5481
0.30 2.7058 0.6740 7.3888 2.0138 2.7347 0.6892
0.40 4.8102 0.7966 13.136 2.3715 4.8616 0.8111
0.50 7.5160 0.9071 20.524 2.6934 7.5963 0.9204
0.60 10.823 1.0087 29.555 2.9896 10.939 1.0207
0.70 14.731 1.1035 40.228 3.2662 14.889 1.1142
0.80 19.241 1.1930 52.542 3.5273 19.447 1.2020
0.90 24.352 1.2780 66.500 3.7755 24.612 1.2854
1.00 30.064 1.3592 82.097 4.0130 30.385 1.3649

Note: This table presents the estimated welfare cost of inflation in both a currency-deposit model and
a single-monetary-asset model using Lucas’ compensating variation approach with two different
functional forms (semi-log, double-log) and three different monetary aggregates (currency-deposit,
monetary base, M1). Entries are multiplied by 100 and can thus be interpreted as percentages.
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TABLE 21: THE ESTIMATED WELFARE COST OF INFLATION
IN A CURRENCY-DEPOSIT MODEL

(BAILEY)
Interest Rate Semi-log Double-log Semi-log Double-log
(Cur.-Dep.)* (Cur.-Dep.)’ (Cur.-Dep.)* (Cur.-Dep.)’
0.00 0.0000 0.0000 0.0000 0.0000
0.01 0.0029 0.0943 0.0352 0.0694
0.02 0.0109 0.1406 0.1322 0.1005
0.03 0.0233 0.1775 0.2791 0.1255
0.04 0.0394 0.2095 0.4658 0.1474
0.05 0.0586 0.2383 0.6839 0.1672
0.06 0.0804 0.2646 0.9258 0.1855
0.07 0.1042 0.2892 1.1854 0.2028
0.08 0.1298 0.3123 1.4573 0.2191
0.09 0.1566 0.3343 1.7372 0.2347
0.10 0.1845 0.3552 2.0213 0.2496
0.20 0.4730 0.5294 4.6332 0.3780
0.30 0.7136 0.6687 6.3766 0.4849
0.40 0.8905 0.7892 7.3815 0.5803
0.50 1.0200 0.8975 7.9449 0.6681
0.60 1.1203 0.9968 8.2704 0.7504
0.70 1.2040 1.0894 8.4703 0.8284
0.80 1.2787 1.1764 8.6014 0.9029
0.90 1.3485 1.2590 8.6922 0.9746
1.00 1.4154 1.3378 8.7574 1.0439

Note: This table presents the estimated welfare cost of inflation in a currency-deposit model using
Bailey’s consumer’s surplus argument with two different functional forms (semi-log, double-log).
Entries are multiplied by 100 and can thus be interpreted as percentages.

aRestricted case where we following Bailey assume that the demand for currency and deposits have
the same semi-elasticity.

bRestricted case where we following Bailey assume that the demand for currency and deposits have
the same elasticity.

<Unrestricted case where we assume that the demand for currency and deposits have different semi-
elasticities.

dUnrestricted case where we assume that the demand for currency and deposits have different
elasticities.
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TABLE 22: THE ESTIMATED WELFARE COST OF INFLATION

IN A SINGLE-MONETARY ASSET MODEL

(BAILEY)

Interest Rate Semi-log Double-log Semi-log Double-log
0] M1 Mi MB MB
0.00 0.0000 0.0000 0.0000 0.0000
0.01 0.0091 0.2986 0.0031 0.1014
0.02 0.0348 0.4386 0.0119 0.1496
0.03 0.0747 0.5492 0.0256 0.1878
0.04 0.1266 0.6442 0.0434 0.2207
0.05 0.1887 0.7290 0.0648 0.2502
0.06 0.2594 0.8066 0.0892 0.2771
0.07 0.3370 0.8786 0.1160 0.3022
0.08 0.4203 0.9461 0.1449 0.3257
0.09 0.5081 1.0100 0.1753 0.3479
0.10 0.5994 1.0708 0.2071 0.3691
0.20 1.5480 1.5727 0.5406 0.5447
0.30 2.3253 1.9693 0.8193 0.6838
0.40 2.8553 2.3099 1.0132 0.8037
0.50 3.1861 2.6142 1.1366 0.9109
0.60 3.3821 2.8924 1.2112 1.0090
0.70 3.4943 3.1506 1.2548 1.1002
0.80 3.5570 3.3927 1.2796 1.1858
0.90 3.5914 3.6218 1.2935 1.2668
1.00 3.6100 3.8397 1.3012 1.3440

Note: This table presents the estimated welfare cost of i
using Bailey’s consumer’s surplus argument with two d
log) and two different monetary aggregates (monetary b

can thus be interpreted as percentages

nflation in a single-monetary-asset model
ifferent functional forms (semi-log, double-
ase, M1). Entries are multiplied by 100 and
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WELFARE COST ESTIMATES: MONETARY BASE & INCOME

Double-log Semi-log
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WELFARE COST ESTIMATES: MONETARY BASE & CONSUMPTION

Double-log Semi-log
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Note: The figures below the charts represent the mean of the estimated welfare cost of inflation assuming unitary
(WCynnary) and nonunitary (WCuniary) quantity elasticity of money demand.
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WELFARE COST ESTIMATES: M1 & INCOME

Double-log Semi-log
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WELFARE COST ESTIMATES: M1 & CONSUMPTION
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Implementation of the Heath-Jarrow-Morton and the Black-Derman-Toy

Interest Rate Models for Pricing Options on Eurodollar Futures

by

Turan Gokcen Bali

INTRODUCTION

This sections explains arbitrage-free term structure models used for pricing fixed
income securities and interest rate options with particular emphasis on the Heath-Jarrow-
Morton model and its applications. This new approach utilizes option pricing theory and
was developed in a sequence of papers by Heath-Jarrow-Morton (1990, 1991, 1992). It
was motivated by the earlier work of Ho and Lee (1986) on this same topic. The approach
taken in this paper to study the pricing of fixed income securities and interest rate options
follows the standard binomial approach so often used to analyze the pricing equity
options. This basic approach is independent of the Heath-Jarrow-Morton (HIM) model. It
can. in fact, be used to approximate any arbitrage-free term-structure model, e.g., that of
Black, Derman, and Toy (1990), Hull and White (1990), Cox, Ingersoll, and Ross (1985),
or Vasicek (1977).

In this paper, we concentrate on valuing options on Eurodollar Futures using two
different models of interest rates that values interest-rate sensitive derivative securities.
The first model is the binomial approximation to the continuous trading term structure
model of Heath-Jarrow-Morton (HIM) which uses the martingale measure approach and
provides arbitrage-free prices that do not explicitly depend on the “market price of risk,”
but rather depend on an exogenously specified initial forward rate curve. The second

model is Black-Derman-Toy (BDT) which uses today’s term structure (the estimated
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yields for a set of zero-coupon Treasury securities and the corresponding estimated yield
volatilities for these same securities) to determine the expected means and standard
deviations of future short rates.

The short-term rate of interest is fundamental to much of theoretical and empirical
finance, yet no consensus has emerged on the dynamics of its volatility. In this paper, we
show that models which define volatility only as a function of interest rate levels tend to
overemphasize the sensitivity of volatility to levels and fail to model adequately the serial
correlation in conditional variances. On the other hand, serial correlation based models
like GARCH models fail to capture adequately the relationship between interest rate levels
and volatility. We introduce and test a model for the dynamics of short-term interest rate
volatility, which allows volatility to depend on both the interest rate levels and information
shocks.

THE HEATH-JARROW-MORTON MODEL

I. TERM STRUCTURE OF INTEREST RATES

This section introduces the notation, terminology, and assumptions used in the
remainder of this paper.

The Economy: Following the original HIM model, we consider a frictionless,
competitive, and discrete trading economy. By frictionless, they mean that there are no
transaction costs in buying and selling financial securities, there are no bid/ask spreads,
there are no restrictions on trade such as margin requirements or short sale restrictions,
and there are no taxes. The markets are assumed to be competitive; i.e., each trader
believes that she can buy/sell as many shares of a traded security as she desires without

influencing its price. Last, we consider a discrefe trading economy with trading dates {0,
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1, 2,..., t}. This assumption is not very restrictive because it is a reasonable approximation
to actual security markets, especially if T is large and the time interval between trading
periods is small. The alternative, continuous trading, provides similar results but with
significantly more complicated mathematics.

The Traded Securities: The traded securities in this economy are zero-coupon
bonds of all maturities {0...... T} and a money market account. The price of a zero-coupon
bond at time ¢ that pays a sure dollar at time T 2 ¢ is denoted by P(z, 7). All zero-coupon
bonds are assumed to be default free and have strictly positive prices. Table 1 provides
three different hypothetical zero-coupon bond price curves. Panel A gives these prices for
a flat term structure, panel B is for a downward sloping term structure, and panel C is for
an upward sloping term structure. The numbers are constructed so that each time period
corresponds to half a year.

The money market account is initialized at time O with a dollar investment, and its

time ¢ value is denoted B(¢t). Thus, by convention, B(0) = 1.

Table 1: Hypothetical zero-coupon bond prices, forward rates, forward rates, and yields

for various term structures.
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Panel A: Flat Term Structure

Time to Maturity Zero-coupon bond prices Forward rates Yields
(M P(0,T) f0,7) »(0,7)
0 1.000000 1.02
1 0.980392 1.02 1.02
2 0.961168 1.02 1.02
3 0.942322 1.02 1.02
4 0.923845 1.02 1.02
5 0.905730 1.02 1.02
6 0.887971 1.02 1.02
7 0.870560 1.02 1.02
8 0.853490 1.02 1.02
9 0.836755 1.02
Panel B: Downward Sloping Term Structure
Time to Maturity Zero-coupon bond prices Forward rates Yields
(7 PO,T) J0,7) »(0,T)

0 1.000000 1.024431
1 0.976151 1.023342 1.024431
2 0.953885 1.022701 1.023886
3 0.932711 1.022319 1.023491
4 0.912347 1.022025 1.023198
5 0.892686 1.021794 1.022963
6 0.873645 1.021627 1.022768
7 0.855150 1.021544 1.022605
8 0.837115 1.020748 1.022472
9 0.820099 1.022281
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Panel C: Upward Sloping Term Structure

Time to Maturity Zero-coupon bond prices Forward rates Yields
(7 P(0,7) J0.1) »(0,7)
0 1.000000 1.016027
1 0.984225 1.016939 1.016027
2 0.967831 1.017498 1.016483
3 0.951187 1.017836 1.016821
4 0.934518 1.018102 1.017075
5 0.917901 1.018312 1.017280
6 0.901395 1.018465 1.017452
7 0.885052 1.018542 1.017597
8 0.868939 1.019267 1.017715
9 0.852514 1.017887

Interest Rates: Various different interest rates play significant roles in the term
structure models. We will define the most important of these which will be used in our
analysis: yields, forward rates, and spot rates. For simplicity of notation and exposition,
all rates will be denoted as one plus a percentage (these are sometimes called dollar
returns). This convention greatly simplifies all the subsequent formulas.

The yield at time ¢ on a T-maturity zero-coupon bond, denoted by y(¢,T), is defined

by the expression (1):

W T=r)
] . (L.1)

The yield is one plus the percentage return earned per period by holding the 7-maturity

w1 = [ 0T

zero-coupon bond from time ¢ until its maturity. It is often called the holding period

return. Alternatively written, expression (I.1) implies
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Pt 1= (1.2)

1
.M ™"
The time ¢ forward rate for the period [T, T+ 11, denoted f(t,T), is defined by

P, T)

P, T+1)’ @3)

1) =

This corresponds to the rate contracted at time ¢ for a riskless loan over the time period
[T, T+1}.

To see this interpretation, consider forming the following portfolio at time ¢: (i)
buy one zero-coupon bond maturing at time 7, and (i7) sell P(z, /P, T+1) zero-coupon
bonds maturing at time 7+ /. Hold each zero-coupon bond until maturity. The cash flows
to this portfolio are given in Table 2. The initial cash flow from forming this portfolio at
time ¢ is zero. Indeed, the cash outflow is P(,T) dollars, but the cash inflow is
[P(t.TY/P(t.T+D]P(t.T+1) = P(t. T) dollars. These net to zero. The first cash flow of one
dollar occurs at time T It is an inflow. In addition, there is a cash outflow of
[P(t. T)/P(t,T+1)] dollars at time T+/. This pattern of cash flows is the same as that
obtained from a dollar loan over [T, T+1], contracted at time . The implicit rate on this
loan is [P(t, TY/P(t, T+1)}, the forward rate. This completes the argument.

Table 2: Cash flows to a portfolio generating a cash flow equal to the time ¢ forward rate

for date T, f{(1,T).
Time t T T+1
Buy bond with maturity -P(t,T) +1
P, T) P(t,T)
Sell P(1,T)/P(t, T+ 1) bond +———=P(4, -
ell P, T)/P(1.T+1) bonds paT+n  &THD P(t.T+1)

with maturity 7+1/.
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From expression (I1.3) we can derive an expression for the bond’s price in terms of

the various maturity forward rates:

1
PUT) = 7 (14)
[Tra.h

DERIVATION OF EXPRESSION (1.4):

f) = P(t.t) N 1
sy P(t,t+1)  P{.t+1)

Step I: since P(t,1) = 1. So

1
P(tt+1)= D
P(t,t+1) P(t,t+1) .. )
Step 2: X , = ——. 5o, . = .-
ep 2: Next, Aftt+l) Pt.i+2) So P(t,t+2) et Substitution yields
P(tt+2 1 Continui t
= . Wi
t+2) Fanf i ontinuing, we ge
1

P(tt+)) =

FUDft+D)f(et+2)--- flr+j=-1)"
Expression (4) shows that the bond’s price is equal to a dollar received at time 7 and
discounted by the different maturity forward rates.

Last, the spot rate, denoted r(f), is defined as the rate contracted at time fon a
one-period riskless loan starting immediately. By definition, therefore,

(1) = fit.0). 1.5)
From Table 1 we see that the spot rate r(0) = f{0,0) is 1.02 for the flat term structure,

1.024431 for the downward sloping term structure, and 1.016027 for the upward sloping
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term structure. Alternatively, using expressions (I.1) and (1.3), the spot rate is seen to be
the holding period return on the shortest maturity bond, i.e.,
r(t) =y(tt+1). (1.6)

We can now return to clarify the return on the money market account. By construction,
-1

B() = Be-Dy r-1) = [ Tr () (%))
=0

Since, in this paper, we concentrate on pricing options on Eurodollar Futures. the
following section explains the Eurodollar Futures contract and compares it with T-bill
futures.

Eurodollar Futures Contract: The Eurodollar futures contract traded on the Chicago
Mercantile Exchange (CME) is a very popular contract. A Eurodollar is a dollar deposited
in a U.S. or foreign bank outside the United States. The Eurodollar interest rate is the rate
of interest earned on Eurodollars deposited by one bank with another bank. It is also
known as the London Interbank Offer Rate (LIBOR). Eurodollar interest rates are
generally higher than the corresponding Treasury bill interest rates because a bank has to
pay a higher rate of interest than the Federal government on borrowed funds. The interest
rate underlying the Eurodollar futures contract is a 90-day rate.

On the surface, a Eurodollar futures contract appears to be structurally the same as
the Treasury bill futures contract. Suppose the quoted futures price is F. The formula for
calculating the value of one contract from the quoted futures is the same as that used for
Treasury bill futures. The quote of 93.96 for example corresponds to a Eurodollar interest
rate quote of 6.04 and a contract price of

10,000[100 - 0.25(100 - 93.96)] = $984,900.
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However, there are some important differences between the Treasury bill and
Eurodollar futures contracts. For a Treasury bill, the contract price converges at maturity
to the price of a 90-day $1 million face value Treasury bill, and if a contract is held until
maturity, this is the instrument delivered. A Eurodollar futures contract is settled in cash
on the second London business day before the third Wednesday of the month. The final
marking to market sets the contract price equal to

10,000 (100 - 0.25R)
where R is the quoted Eurodollar rate at that time. This quoted Eurodollar rate is the
actual 90-day rate on Eurodollar deposits with quarterly compounding. It is not a discount
rate. The Eurodollar futures contract is therefore a futures contract on an interest rate,
whereas the Treasury bill futures contract is a futures contract on the price of a Treasury
bill or a discount rate.

Futures prices and forward prices may not be the same for long-dated contracts.
This point is particularly relevant to Eurodollar futures contracts since they have
maturities up to 10 years. Eurodollar futures are regularly used to calculate zero-coupon
LIBOR rates. For contracts lasting only a year or two it is reasonable to assume that the
futures price is the forward price, or equivalently, that the rate calculated from the futures

price is a forward interest rate. For longer-dated contracts this is far less reasonable.

II. THE EVOLUTION OF THE TERM STRUCTURE OF INTEREST RATES

IL THE EVOLUTION OF 1HE A R S e ——————————

Arbitrage pricing theory is often called a relative pricing theory. It is called a
relative pricing theory because it takes the prices of a primary set of traded assets as given,
as well as their stochastic evolution, and then it prices a secondary set of traded assets. It

prices a secondary traded asset by constructing a portfolio of the primary assets such that
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the portfolio’s cash flows and value replicate the cash flows and value of the traded
secondary asset. To prevent riskless profit opportunities, or arbitrage, the cost of this
replicating portfolio is known, since the prices of the primary traded assets are given. In
this study, the primary set of traded assets comprises zero-coupon bonds and money
market account. The secondary set of traded assets comprises either other zero-coupon
bonds and interest rate options. The basic inputs to this relative pricing theory are the
prices of the zero-coupon bonds and their stochastic evolution through time.

The State Space Process: At time 0, one of two possible outcomes can occur over the
next time interval: “up,” denoted by u, and “down,” denoted by d. The up state occurs
with probability qo>0, and the down state occurs with probability 1-qo>0. At this point, the
states up and down have no real economic interpretation and they are introduced to
characterize the only uncertainties influencing the term structure of interest rates. At time
1. one of two possible states exists: {u,d}. We dencte the generic state at time 1, s;. Thus.
s1 € {ud}. Over the next interval, one of two possible outcomes can occur again: up,
denoted by u, or down, denoted by d. The resulting state at time 2 is s;u or s;d. The up
state occurs with probability q:(s:)>0, and the down state occurs with probability 1-
q:(s1)>0. At time 2, therefore, there are four possible states (s; u, 51 d for each s; € {ud}),
namely, uu, ud, du, dd. The ordering in which the ups and downs occur is important; ud is
different from du. The process continues in this up-and-down fashion until t. For an
arbitrary time 1, there are 2' possible states. The possible states at time corresponds to all
possible r-sequences of u and d. We let s; denote a generic state at time ¢, so s; € {all
possible r-sequences of u’s and d’s}. Over the next time period [#,¢+1], one of two

possible outcomes can occur, up and down. The resulting state at time ¢+/ (s,-1) is S;u or
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s:d. The up outcome occurs with probability qi(s:)>0, and the down outcome occurs with
probability 1-i(s:)>0. At the last date t all uncertainty is resolved. As the state space
process is constructed, the entire history at any node may be important in determining the
probabilities of the next outcome in the tree. This is indicated by making the probabilities
at each date ¢ dependent on the state s, i.e., qi(s:). Thus, the state process is said to path
dependent and the tree is often called bushy. Such a tree ensures the most flexibility for
modeling term structure evolutions.

The Bond Price Process: The state process describes the uncertainty underlying and
generating the evolution of all the zero-coupon bond prices. The evolution of the zero-
coupon bond prices, in turn, determines the evolution of the forward rates and the spot
rates. We now describe these stochastic processes. Formally, we indicate this state
process’s influence on the zero-coupon bond prices by expanding the notation, letting
P(1,T:s;) be the T-maturity zero-coupon bond’s price at time 7 under state s:. Similarly, we
expand the notation for yields, forward rates, spot rates, and so on. We assume that
P(T.T:sr) = 1 for all T and s7. This assumption formalizes the statement that zero-coupon
bonds are default-free, i.c., that they are worth a dollar at maturity under all possible
states. In addition, we assume that P(¢, T:s,)>0 for all t < T and s,. This ensures that one
cannot get something for nothing, i.e., that a sure dollar costs something. To understand
the zero-coupon bond price process, we now introduce a new notation for the returns on
the zero-coupon bond in the up state and in the down state:

P +1,T;s,u)
P@,T;s,)

u(t,T;s;) = forallt+1<T (11.1a)
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P(t+1,T;sd)
P, T;s,)

and d(.T:s)= forall t+1<T (I.1b)

where u(t,T:s)) > d(t,T;s:) for all t < T-I and s:. Expression (I1.1a) defines u(, T's:) as the
return at time ¢ on the 7-maturity zero-coupon bond in the up state. Similarly, expression
(11.1b) defines d(t,T':s:) as the return at time ¢ on the T-maturity zero-coupon bond in the
down state. Since the zero-coupon bond pays a sure dollar, i.e.; P(T,T;s7) = 1 for all T and

sy, expressions (II.1a) and (II.1b) implies the following:

1
u(t,t+1;s)=d(tt+1.s)= m = r(t;s) for all r and s.. (I1.2)

Over the last interval in the bond’s life, the returns in the up and down states are identical,
nonrandom, and equal to the spot rate.

We can summarize the evolution of the one-factor zero-coupon bond price curve
analytically as in the expression (II.3):

u(t,T:s)) P(t,T;s:) if 5,-1 = s: u (with probability qi(s)>0)
P(+1.T:s-1) = (11.3)
dt.T:s)) P(t.T;s:) if 5,-; = s, d (with probability 1-q«(s)>0)

where u(t.T;s;)>d(t.T;s:) for t<T-1

u(t,t+1;s) P(te+1;s) = d(t,1+1;s1) P(tt+1:s)= 1.
The Forward Rate Process: To understand the forward curve evolution, we introduce a
new notation for the rate of change in the forward rate over any interval of time [¢,1+/]
conditional upon the history at time f; i.e.,

f@+1,T;s,u)
f@,T;s,)

a(tT:s)= forallt+1 <T <71 (I1.4a)
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f@+1T;s,d)

<T<rt .4b
F@Ts) forallt+] <T <tl (I1.4b)

ﬂ (f, T,'St) =

Expression (I1.4) defines the rate of change in the T-maturity forward rate over [£,7+1] to
be a (1,T;s:) in the up state and to be B(1.T:s7) in the down state. These rates of change
depend on the history s,. We can summarize the evolution of the one-factor zero-coupon
bond price curve analytically as in the expression (I1.5):
at,T:s)ft.T:s)  ifs-1=su(with probability q,(s)>0)
f+1.T;50-1) = (11.5)
LT:s)ft.T;s0) if s,-; = s:d (with probability 1-qi(s:)>0)
where ¢+] <T < r-1. Finally, at time 7-/ only one zero-coupon bond remains in the
market and only one forward rate exists, the spot rate. At time 7, when the last zero-
coupon bond matures, no additional forward rates can be defined, and the model is
terminated. Using the definition of a forward rate in (1.3), the relation between the zero-
coupon bond price process and the forward rate process can be easily deduced:

Pt +1T;s,.,)

Sl L) = P(t+1,T+1;s,.,) (1L.6)
Letting s.-; = 5, 4, We can rewrite expression (II.6) in return form:
R 1 Tos0) = P@,T;s, ) u(t,T;s,) aL7)
P(t, T+ 1;s,)u(t,T +1;s,)
Using the definition of a forward rate, expression (I.3),again yields
fe+1,Tseu) = AL, T;s,);‘(uT(,ITL%; (11.8a)

A similar analysis for s;-; = s:d yields
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di,T;s,)
s, d) = At Ts1) — ———— 1.8b
fit+1,Tsed) = (1. Ts0) T +Ls) (I1.8b)

Comparison with expression (I.5) gives the final result:

a(t.T:s:) =M fort+1 <T<rl (11.9a)
u(t,T+1s,)

d(t,T;s,)

B.T:s) =m fort+] <T<tl (11.9b)

and

Expression (11.9) relates the forward rate’s rate of change parameters to the zero-coupon
bond price process’s rate of return parameters in the up (11.9a) and down (I1.9b) states,
respectively. Expression (I1.9) is useful when we parameterizes the bond price process
first and then want to deduce the forward rate process from it. The parameterization can
also work in the reverse direction. We can alternatively deduce the zero-coupon bond
price process’s rate of return parameters in the up and down states. These relations are

given in expression (I1.10):

r(t;s,)
ultT;s)= = fort+2 <T <r1 (I1.10a)
[TaG.jis)
J=t+l
r(t;s,)
and d(t.T;s)= 75— fort+2 <T <l (I1.10b)
[15¢.5:s)

J=t+]

Expression (11.10) is useful when we parameterizes the forward rate process first and
then want to deduce the bond price process from it.

The Spot Rate Process: The spot rate curve starts at r(0), and it moves “up” to r(1;u)
probability qo>0 and “down” to r(1:d) probability 1-go>0. Since the spot rate moves

inversely to the zero-coupon bond price curve movement, ¥ indicates that spot rates move
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down and d indicates that spot rates move up. At time t, under state s, the spot rate r(t;s:)
moves down to r(¢+ ;5. u) = u(t+1,t+2;5.u) with probability q.(s:)>0 and up to r(t+1;5:d)
= d(t+ 1,1+2;5,d) with probability 1-q(s)>0. We can summarize the spot rate’s stochastic
process as

u(t+1.+2:5u) with probability qi(s:)>0

r(t+1:5-1) = (I1.11)
d(t+1,t+2:5.d) with probability 1-qi(s:)>0

forall s;and t+1 <T-1.
II1. CONTINUOUS-TIME LIMITS

This section discusses the empirical implementation of the interest rate option
models originally developed by Heath, Jarrow and Morton (1991). As a discrete-time
model, its approximation to reality is expected to be good when the number of periods (t)
is quite large. In that case the discrete-time model is an approximation to the continuous
trading limit. In fact, for purposes of empirical estimation, it is convenient to
reparameterize the discrete-time model in terms of its continuous-time limit. The primary
purpose of this section is to study this parameterization and the resulting continuous-time
limit. A secondary purpose is to demonstrate how to construct arbitrage-free zero-curve
evolutions.

To parameterize the forward rate process in terms of its continuous limit, we
change the time scale in the discrete-time model. As it is currently constructed, there are t

time periods ¢ = 0,1,2,.....,t. These time periods are arbitrarily specified. In order to take

limits, let us fix a future date 7 (say, January 1, 2030), and divide the time horizon 0 to 7

into subperiods of equal length A. Thus, in terms of calendar time, the discrete periods
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0,1,2,.....,t correspond to the dates 0, A, 2A, 3A, ....,tA =7 . We are interested in studying
the various discrete-time economies when the number of trading dates becomes large (i.e.,
T — ) or equivalently, when the time between trades becomes small (i.e., A = 0).

From the continuous-time perspective, the evolution of observed zero-coupon
bond prices and forward rates are generated by a continuous empirical economy with
parameters (i) p (¢, T), the expected change in (the logarithm of) the forward rates per unit
time, and (if) 6(z, T), the standard deviation of the change in (the logarithm of) the forward
rates per unit time.

We now construct an approximating discrete-time empirical economy such that as
the step size shrinks (A — 0), the discrete-time economy approaches the continuous-time
economy. A discrete-time empirical economy is characterized by (i) the probability of
movements of forward rates q.(s:) and (i7) the (one plus) percentage changes in forward
rates across the various states [@a (%, T:st), Ba(t. T;si)]. It is a fact from probability theory
[see He (1990)] that under mild technical conditions, this approximation can be obtained
by choosing

E,{lngA(t'i'A,T)—lngA(l,T)
A

- u (1,7) as A—>0

Var, {log f,(t +A,T)—log f,(t,T)
A

- o(t,T)? as A—0

where the expectations and variance are obtained using q:*(s:). Under these conditions, for
small A, the two economies will be similar, and the discrete-time economy wili be a good

approximation to the limit economy (and conversely).
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Given the discrete-time empirical economy constructed above, the assumption of
no arbitrage gives the existence of unique pseudo probabilities ma(#;s:), which are used for
valuation of contingent claims. The discrete-time pseudo economy is characterized by (7)
the probability of movements of forward rates ma(;s.) and (ii) the (one plus) percentage
changes in forward rates across the various states [@s(t. T:st), Ba(t. T;s))]. The percentage
changes in forward rates are identical across the two discrete-time economies; only the
likelihoods of the movements differ. However, we need ma(£:5)>0 if and only if q,*(s:)>0.
Those states with positive probability in the pseudo economy must have positive
probability in the empirical economy, and conversely.

Analogous to the discrete-time case, the assumption of no arbitrage in the
continuous-time model gives the existence of unique pseudo probabilities, which are used
for the valuation of contingent claims (see Heath, Jarrow, Morton (1992) for technical
details). These no-arbitrage restrictions imply that the limit pseudo economy has the
parameters (i) u(t, T), the expected change in (the logarithm of) the forward rates per unit
time, and (ii) o(z, T), the standard deviation of the change in (the logarithm of) the forward
rates per unit time. The standard deviations of change in (the logarithm of) the forward
rates are identical across the two limit economies; only the likelihoods (and, therefore, the
expected changes of (the logarithm of) the forward rates) can differ. The construction is
complete if the discrete-time pseudo economy also converges to the limit pseudo
economy, because then for small A, contingent claim values as computed in the discrete-
time model will be good approximations to contingent claim values as computed in the

continuous-time model (and conversely). This construction can be obtained if we choose
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E/{logf,u+AD-logfi(t.D)
A

u,T) as A—>0

Vc;r,{long(t+A,T)-1°gfo.(’,T)_)o_(t Ty
A *

as A—0

arn

where the expectations and variance are obtained using ma(;s:).

There are numerous ways of constructing the discrete-time economies. This
follows because we require only that the limiting systems match as A — 0. From among
these constructions, we would like to select one that makes the computation of contingent
claims values as simple as possible. This simplicity of computation occurs, for example, if
the pseudo probability satisfies ma(£;s) = 1/2 for all A, ¢, and s..

Consider the forward rate process described in the previous section,

as (0T:s) o (0.T:s) if si-a = s.u (with probability q:(5:)>0)
Salt+AT;s1-a) = (IIL.1)
Br(tT:s) fu(t.T;s)  if si-5 = sed (with probability 1-q.(s:)>0)
where t+A < T < TA-A, and both 7 and T are integer multiples of A. Let us now

parameterize (III.1) in terms of three new stochastic process, p(t, Tss1), o(, T5s1), and

o(t;s7), implicitly defined as follows:

a (t, T,‘S}) = e[p(l_T,J, )A-a(1,T;5 )\ A} (HI.Za)

Balt. Tis) = e[ﬂ(l.T'_n )A+a (1T )\ B] (111.2b)
L 11 /i

qr(s) = 2 + ‘2‘¢(f;5,) A (I11.2¢)

Substitution (11.2) into (III.1) gives
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: 1 1
falt TiseletTonseelandlif sy = s (qF = 5 +58(5s, WA >0)

SA(t+A T si-2) = (111.3)
4 - 1 1
j'A(tv T;s;) e[}‘(l,r«-’l )A+a (1, T, s ) A ifS{-A - s'd (q[d =_2__ 5¢([;Sl )JZ >0)

Next, take the natural logarithm of both sided of expression (1II.3) to obtain

1 1
u(t, Tss)A - o(t, Tise) JA withq' = > §¢(1;S, WA >0

log fa(t+A.T:si-) - log fa(t.T;s:) = (I11.4)
w(t.T:s)A + o(t. Tss) VA withq' = %— -;-¢(t;s, WA >0
The mean and variance of the changes in the logarithms of forward rates can be computed
to be
E {log fa(t+A.T) - log fa(t. D} = (D) - $(1) ot D] A (III.5a)
and  Var{log fat+A.T) - log fa(t. DD} = o(t. T A - ¢(t) o(c. 7)’ A? (I11.5b)

DERIVATION OF EXPRESSION (111.5): For simplicity of notation, define

Alog fa(t.T) =log fu(t+A.T) - log fx(t.T).

Using expression (I111.4),

1 1
E. {Alog fat, T)}=(5 + 5¢(t)~/5) [ DA - ot VA ]

+(%_-;-¢(I)JZ) [u(t, DA+o(t VA |

= [u(.7) - 6(1) o(1, 1] A.

Var{A log fa(tT)}= E: {[A log fa(t D'} - [E:{A log fa(t. D}Y’
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I 1 — A 12

+(% - %45(1)\/3) [n(. DA+o( TIVA - [p(. DA - $(1) o(1.T) A

=o(t.TY A - ¢(t) o(t. T A’

Dividing by A and taking limits of these quantities as A — 0 give

Iima—-»o E: {long(t + A~AT) - lngA(l, T)} — [}l(t,T) _ ¢(’) O'(L T)] (III.6a)
and  limano Var, {log f, (t + Az;T) —log /i (t.T)} _ . TY. (II1.6b)

Expression (I11.6a) represents the drift p’(t.,7) = u(t, D - (. T) (1) of the empirical
process and o(, 7) represents the volatility of the empirical process. Both u'(,7) and
o(t,T) can in principle be estimated from past observations of forward rates. The
stochastic process ¢(¢) is interpreted as a risk premium, i.e., a measure of the excess
expected return (above the spot rate) per unit of standard deviation for the zero-coupon
bonds. We next investigate the discrete-time pseudo economy implied by expression
(I11.2) and the assumption of no arbitrage.

Arbitrage-Free Restrictions: This section studies the restrictions implied by no arbitrage
on the above system. This system is arbitrage-free if and only if there exist unique pseudo
probabilities ma(;s7) such that

) = r,(t;5,)—d,(t,T;s,)
ma(ts) uA(t,T;s,)—dA(t,T;s,)

111.7)

foralls,, 0 <t < T-A, and T < A, where both ¢ and T are integer multiples of A. Using

expression (I11.2) in (I1.10) we get:
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T-4 T-A
- Z u(t.g.5p)a+ ZG(IJ,J; haA
us(t.T:s) =ra(ts)e ™ J=ted (111.8a)
r-a r-A
- Y wrgsa- Yotgsns
and  dy(t.T:s:) =ra(t;s)e =2 s=tea (111.8b)

Substitution of these expressions into (II1.7) and simplification yields

r-a T-a i
- z (e T.50)A- ZU(I,T.S,)\,A
1_ e J=t+A J=t+A
afs:) = r-a T-A r-a r-a (IIL.9)
- Z ptt T.5 )A+ za(l.f.m\:\ - z w(t .5 )~ Za(l.r;s,nf\
J=t+A J=i+A Iy J=i+4 j=t+4s

for all s, 0 <t < T-A, and T < TA, where both r and T are integer multiples of A.
Expression (I11.9) gives the cross-restrictions on the drifts and volatilities of the forward
rate process that are both necessary and sufficient for the existence of the pseudo
probabilities. Using these pseudo probabilities the change in the logarithm of forward rates

is represented as

w(t.T:s)A - o(t. Tos) VA - with ma(t5)>0
log fa(t+A,T;si-4) - log fa(t.T;s)) = (I11.10)
w(t. Tis)A + o(t, Tis) A with 1-ma(135)>0

The mean and the variance of the changes in forward rates can be computed:
E, {log fut+A) -log /it D} =ptD A-(1 -2 7)) o DVA  (lL11a)

and V;zr, {log fa(t+A,T) - log fa(t )} = 4 (1, T)* A ma(t) (1 - ma(f)) (II1.11b)
DERIVATION OF EXPRESSION (11L11): For simplicity of notation, define

Alog fu(t.T) =log fa(t+AT) - log fa(t.T).
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Using expression (I11.10),
E, {Alog fat, D}=ma(?) [M(t.DA - o(, NVA 1+ (1 - ma(0) [t DA+ o(t. DVA ]

= w1 A+ (1-270) ot NVA

Var. (A log fat D} = E, {4 log fu(t.T)} - [E, {Alog At THT’
— 1) [t DA - G DVA I+ (1 - ma0) [1(e. DA + (e DVAT
D A+(1-2r0) ot VAT
=407 Ana) (1 - ma(0)) -

We also require that as A -0

é’l l A A, "’l A 9
{log fi(t +A,T) —log f,(t m=u(t.7)

lims_,0 A (111.12a)
and  limso Var. {log /.t + AAD “log /oD _ o, 7y (IIL.12b)
This implies the added restriction that

natis)) = % +0(/A) (I11.13)

VA
where lima_o —(‘—/—? =0.

DERIVATION OF EXPRESSION (I11.13): From expressions (I11.11) and (1I1.12), we obtain

li (1—2”A(t))a(taT) _
IMa0 JZ =

and IlmA_,o 4 TCA(I) (1 - TtA(t)) =1

0

The first of these gives (I11.13), since it implies that
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1
(2—”;(1))
lima_0 —TA—_=0.

For computational efficiency, it is convenient to set the pseudo probabilities to 1/2:
1 . . .
a(t;se) = 5 for all ¢ and s.. This is a special case of expression (111.13). With this

restriction. we get from expression (111.9) that

( 7-a r-a ) r-a r-a )
1 - Y ugsar Yoty - Y utrgsd- Lotusnd
] J=l+A )=+ b _<e J=t+3 J=t+d =
2
k 7
( T-a T-a R
- Zp(lJ;J,)A- Zo'(l_j;s,)\.\
1 - we J=i+A J=t+A \
\
This is true if and only if
r-a r-a ) r-a
Zy(IJ,J,)A 1 ZG(IJ.SU\A - ZO'('J'.-'H\A r-A
J=t+A o J=t+A J=I+A - h B A III 15
e =5|e +e = cosh( ), o(t, /55, )WA) (IIL.15)
-~ J=t+A

1
where cosh(x) = E(e‘ + ™).

Computation of the Arbitrage-Free Term Structure Evolutions: This section shows
how to use the previous expressions to compute an arbitrage-free term structure
evolution. First, we compute the evolution of the zero-coupon bond prices. Substitution of

expression (I11.15) into (1I1.8) gives

T-A

r-a D W (NI
us (1.T:5)) = ra(t50)| cosh( X o(t, jss,)WA) | €= (I11.16a)
J=t+4
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T-A ~
:\_‘ - Yot

r-a
and dA(t,T;s,)=rA(t;s,)|:cosh( > o(t,j;s,)WB)| e . (111.16b)

/=(+A
Using expression (I1.3) presented in the previous section, substitution of expression

(I11.16) yields

r-a ~
Y augsna
e’

T-a
PA(1.T:5:) ra(tsse) [cosh( Z o(t,Jss, )w/—A_ ) =ira ifs-a=su
J=t+d
PA(I+A, T',Sr-_\) = (III. 1 7)
T-a L ri.\a(u.:, na
PA(tv T;s') ra (t;s’) [COSh( Z 0'(1, j; sl )'JZ):l € yEirs ifsf'A =8 d
7=+

forall s, 0 <1< T-A, and T < tA, where both ¢ and T are integer multiples of A. Under the

1 1
empirical probabilities 5 + §¢(t;s,) , this bond price process converges to the limiting

1
empirical process for the bond’s price. Under pseudo probabilities 5 this converges to

the limiting pseudo process for the bond’s price. Because the pseudo economies are all
that are relevant to application of the contingent claim valuation theory, we never have to
estimate the stochastic process ¢(#;s;) which can be interpreted as a risk premium, i.e., a
measure of the excess expected return (above the spot rate) per unit of standard deviation
for the zero-coupon bonds. Therefore, to apply this technology to price contingent claims,
we never have to estimate a zero-coupon bond’s risk premium. This is an important
characteristic of the model.

To construct the forward rate process evolution, from (II1.15) we get

ep(:,nA;s, A _ COSh(O'(t,I + A; S, )J—Z) and
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.
cosh( Y. o(t, ;5 VA)

prTs0)d J=1+3

T-A
cosh( Y. a(t, /35 VD)

j:le

e

for T >t+2A where both t and T are integer multiples of A. Substitution into expression

(111.3) yields
.
cosh( Y a(t, j;5, )W)
FAED £ g o TN if 5,2 = 5
cosh( Zo‘(t,j;s, )«/Z)
J=t+A
Sa(t+ATis-) = (1I1.19)
T
cosh( Za(t,j;s, )\/Z)
FT:s) (s g ot TN if5.a=s5d

cosh( Y o(t.jis, WA)
=+
foralls, 0<t<T-A,and T+A <tA, where both7and T are integer multiples of A, and

where as a notational convenience we define

cosh( X a(t. jss, )WA) =1.

J=t+A

Thus, expression (I11.19) gives the evolution of the discrete-time forward rate curve.

1 1
Under the empirical probabilities 5 + -2-¢(t;s,) , this bond price process converges to the

1
limiting empirical process for the bond’s price. Under pseudo probabilities > this

converges to the limiting pseudo process for the bond’s price. The computation of
contingent claims values is done using the pseudo probabilities. Note that under the

pseudo probabilities, a specification of the volatility structure of forward rates,
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—a'(t,t +A;s,)
o(t,t +2A;s,)
o(t,t +3A;s,)

......................

......................

\_a(t,rA -A;s,) |

forall 0 <t < r- Aand s, is sufficient to determine the evolution of the forward rate curve.

Two functional forms of the volatility function o(¢, Ts;) have received special attention in

the literature.

1. Deterministic Volatility Function: The first case is that in which the volatility
o(t,T:s:) is a deterministic function, independent of the state s.. This restriction on the
volatility function implies that forward rates can go negative. This case includes as
special cases Ho and Lee’s (1986) model [o(2, T's1) is a constant] and a discrete-time
approximation in the HIM framework to Vasicek’s (1977) and Hull and White’s
(1990) models [o(¢, T:s:) =& ¢™ ™™ for &, n > 0 constants].

2. Nearly Proportional Volatility Function: The volatility is o(s.T3s:) = n(t.7)
min[f(, T)-1,M], where n(t,T) is a deterministic function and M > 0 is a large positive
constant. In other words, in the second case o(#, T’s:) is approximately proportional to
the current value of the forward rate f{z,T) less one. The proportionality factor is
n(, 7). This proportionality implies that forward rates are always nonnegative.
Nonnegativity of forward rates is a condition usually required in models, because
negative interest rates for zero-coupon bonds are inconsistent with the existence of
cash currency, which can be stored costlessly at zero interest rates. In case 2, the

larger the forward rate the larger the volatility. If the forward rate becomes too large,
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however, the volatility is bounded by n(s, T)M. This upper bound guarantees that
forward rates do not explode with positive probability as A—O0.
The Econometric Approach to Estimation of n(#7): In this section, we describe the
econometric approach used in estimating the volatility parameter n(t, 7). We use the

following discrete-time approximation to the continuous time forward rate specification:

fi-fu=a+Bfut &
E(&)=0, oTf)=E&L)=n0D 12

This discrete-time model has the advantage of allowing the variance of forward
rate changes to depend directly on the level of the forward rate in a way consistent with

the continuous-time model. In these models, & + Bf.: is the drift and n(#, ) £, isthe

variance of unexpected forward rate changes. Also, rewriting & + BfiasB(f- a)
reveals that 4 can be viewed as a measure of the speed of mean reversion in rate levels.
The more negative S is, the faster frespond to deviations from « . The volatility
parameter 1(Z, T)? is simply a scale factor for the variance of unexpected forward rate
changes. If n(s, T)? doubles, then the variance doubles. The estimated values of n(z,7) for

illustration of the model are: n(0) = 0.1176, n(1)=0.0883, n(2)=0.0686 and f{0,1) =1.02.
IV. MODEL SOLUTIONS

Assume that M = 1,000,000 then

o(0,1) = n(DIA0,D-1] o(1,2)° =n(D[AL,2)'-1]  &(2.3)" =n(DA2,3)"-1]
(0,2) = n)A0:2)-1] o(1,2)' =n(DIAL-1] o(2,3)" = n(D)A2.3)"-1]
6(0.3) =n3)A03)-1]  o(1,3)* =n@U13)*-1] 023" =n()A2.3)*-1]

o(1,3)" = nIAL3)°-1] o(2,3)* = n(DA2.3)*-1]
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FORWARD RATE TREE
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FORWARD RATE TREE
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SPOT RATE TREE
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EURODOLLAR FUTURES PRICE TREE
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EURODOLLAR FUTURES PRICE TREE
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THE BLACK-DERMAN-TOY MODEL

L. INTRODUCTION

This section concentrates on pricing options on Eurodollar futures with a different
class of volatility estimators using the single-factor Black, Derman, and Toy (1990)
(henceforth BDT) interest rate model. The BDT model is based on common sense abotit
the relation between today’s long rates and future short rates. That is, it assumes that
yields for long-term interest rate sensitive security reflect the market’s expectation for
future short rates. In this model, interest rates are assumed to be pulled back to some
long-run average level over time. This phenomenon is known as mean reversion. When
the interest rate is high, mean reversion tends to cause it to have a negative drift; when it is
low, mean reversion tends to cause it to have a positive drift'. The main limitation of this
model is that it assumes all changes in interest rates are caused by changes in short-term
rates. As a result, a portfolio of bonds is no more diversified than a single bond, since both
are influenced only by the short-term rate. Bond portfolios in this model are therefore
probably too sensitive to interest rate changes.

We show that pricing Eurodollar futures options is sensitive to the volatility model
used. The models utilized in our analysis for estimating the volatility of short term interest
rates are moving average models such as historical and exponentially smoothed volatility,
time-series models like GARCH and GARCH-X, and implied volatility from explicit
option pricing models. The short-term interest rate driving the changes in the entire term

structure is the fundamental variable in the BDT model. This makes the choice of a class
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of volatility estimation model for short rates crucial to pricing interest rate sensitive
derivative securities.

This paper is organized as follows. Section II describes the BDT model and
explains how it is used for pricing options on Eurodollar futures. Section I1I presents the
models employed for forecasting the volatility of short-term interest rates. Section IV
describes yield curve smoothing, the technique utilized in this paper for extracting one-
month forward rates from the observable market data for Eurodollar futures. Section V
provides the option prices estimated with different volatility structures. Section VI

concludes the paper.
1I. THE BLACK-DERMAN-TOY MODEL

In this section we explain how the current interest rates and their volatilities are
used in the BDT model as input to determine its output, the value of an option on
Eurodollar futures. We use two sets of input: a yield curve (the estimated yields from the
market data for Eurodollar futures) and a volatility curve (the corresponding estimated
yield volatilities for these same derivatives). These two curves together are called the rterm
structure of interest rates in the BDT model which uses today’s term structure to
determine the expected means and standard deviations of future short rates.

In this model yields for long-term Eurodollar futures are assumed to reflect the
market’s expectations for future short-term rates. That is, when people expect future
short-term rates to be high (low), they demand higher (lower) long-term yields today. The
model quantifies this notion by deriving a valuation formula that lets us precisely compute
expected long-term yields (or prices) for Eurodollar futures today using expected future

short-term rates.
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If people feel a great deal of uncertainty about future short-term rates, they will be
correspondingly uncertain about how much change to expect in today’s long-term yields.
This means that current long-term yields will be highly volatile. The model quantifies this
idea by deriving a sensitivity formula that predicts the expected change in any long-term
yield today when the short-term rate changes. The current volatility of any Eurodollar
futures is obtained from this formula.

The BDT model assumes that today’s long rate reflects expected future short
rates, and today’s long rate volatility reflects expected future short-rate volatilities.
Empirically, the term structure of volatilities slopes downward. In other words, long-term
Eurodollar futures have lower yield (or forward rate) volatilities than short-term ones. One
explanation for this phenomenon is as follows. Short-term rates are determined by current
economic conditions while forward rates are determined by expectations of future short
rates or, equivalently, future economic conditions. Furthermore, expectations or forward
rates are much less volatile than current economic conditions or short-term rates: While
current business conditions can change rapidly, one’s expectation about the short-term
rate in 20 years does not change much from day to day. Long-term rates are complex
averages of short-term rates and forward rates. But since forward rates are less volatile
than short-term rates, long-term rates will also be less volatile than short-term rates.

Following the traditional modeling of uncertainty of interest rates, the fundamental
variable of this model - the short-term interest rate - is described as a random variable:
given its value today, it will be uncertain tomorrow and more uncertain the next day. The

model assumes that changes in short-term interest rates follow a lognormal probability
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distribution which implies that the evolution of the short rate R in discrete-time can be
described by:

Ar(r) = [8o(r) - 3i(1) ()] A + (1) AW(1), e))
where r(7) = In[R(¢)] is the logarithm of the short-term interest rate , Ar(f) = r(t+X) - (1),
A is the length of the time interval, 8o() and 3;(#) are parameters that must be estimated,
o(t) is the volatility at time ¢, and AW(¢) is a normally distributed random variable with
zero mean and variance of A. We can approximate the process presented in equation (1)

via the binomial representation:

[8, (1) = 6,()r(DIA + (1) A; probabilityl / 2} 2

re+A)-r(t) = {[60 ()= 6,(DHr())A - o'(t)\/z; probabilityl / 2
Since p(r. t) = 8o(f) - 81(¢) (1) is added to the log-interest rate in both the “up” and
“down” states, p(r, f) is called the drift of the logarithm of the short-rate. In this model,
81(f) can be treated as a measure of the speed of mean reversion in log-rate levels. At time
t, if the log-interest rate is (), then one period later, using equation (2), the interest rate
will be either:
[F(t+1)® - H0)] = [36(0) - 31O P(D] A + ()2
or
[0 - HD)] = [8o(0) - SO A & - S(O)VA.
Subtracting the above two equations yields the sensitivity formula which shows how the

term structure of volatilities determines the spread between the two possible log-interest

rates at time {+A.:

[F(t+0)*™ - HE+0)*"")2 = o(1) VA . A3)
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The BDT model uses one of the most popular hypothesis of term structure: local
expectations hypothesis, the only hypothesis consistent with no-arbitrage”. If we apply the
local expectations hypothesis (LEH) to the valuation of Eurodollar futures the LEH says
that all Eurodollar futures provide the same expected rate of return over very small

holding periods. Formally, this hypothesis is states as

E[Pt+1,T)]
P, Ty

1+R,.
The expected one-period return during the interval [z, t+1] on a Eurodollar futures
maturing at date T is equal to the one-period return R; on a Eurodollar futures at date ¢
maturing at date f+1.

This form of expectations yields the valuation formula used in the BDT model. To
illustrate this idea, suppose that the price of a - maturity Eurodollar futures starts out as
P(1,T) at time ¢ and after one year moves up to P(¢+] ,1)*® or down to P(t+1 ,D*" at date

t+1 with equal probability of 1/2. The price at time ¢ is determined by discounting the

possible t+1 prices by the short rate prevailing at time ¢:

E[P¢+LD] (/2P +1,D)* +(1/2)P(t+1L,D)*""

PN =778 = 1+ R,

Having estimated the volatility of short rates, using the valuation and the sensitivity
formula we construct a binomial tree of expected future short rates. This tree is then used
to find the value and yield of Eurodollar futures of any maturity out to 6 time intervals
where the length of each interval is 3 months. Given a market term structure and the
binomial tree of short rates, the model is employed to value options on Eurodollar futures.

First the expected future prices of Eurodollar futures at various points in time are
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calculated. These prices are then utilized to determine the option’s value at expiration.
Finally, the model’s valuation formula is used to compute the discounted present value of
the expected future cash flows of the option at expiration.

When we run the BDT model on a computer, we divide the 3-month time steps
into three (i.e., each step becomes 1-month) after extracting the one-month forward rates
from the observable market data for the prices of Eurodollar futures using the maximum
smoothness forward rates approach which will be explained in Section IV. In this way we
model the fluctuations in interest rates more realistically, and in so doing get a more

accurate estimate for the value of Eurodollar futures today.

HI. VOLATILITY ESTIMATION MODELS

This section describes the models - moving average models, time-series models,
implied volatility from explicit asset pricing models - used in our analysis for estimating
the volatility of short term interest rates. Which of the three classes of models best
captures the dynamics of short rates is important for pricing Eurodollar futures options
since the valuation of interest rate options is sensitive to the volatility model used.

A key point is that we are interested in valuing options with three different classes
of volatility estimators, all of them (except implied volatility) based on a weighted sum of
squared deviations from the mean for historical interest rates. We use a unified framework
for estimating volatility that includes, as special cases, historical volatility, exponential
smoothed volatility, GARCH, and GARCH-X. As discussed by Boudoukh, Richardson and
Whitelaw (1997), these methods differ only in weights given to changes in the level of
short term interest rates’. We also use implied volatility, obtained from the Black’s (1976)

formula, which sometimes provides a better estimate because the approach is forward-
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looking in nature. We now describe the above-mentioned techniques which are employed
for forecasting the volatility of short term interest rates.

MOVING AVERAGE MODELS

A moving average is an average taken over a rolling window of a fixed number of
data points. Each time the window is rolled one point is knocked off behind and another is
added at the end, so that the sample size remains fixed. Moving averages have been a
useful tool in financial forecasting for many years. However, recent advances in time series
analysis allow a more critical view of the efficacy of such methods, which will be discussed
in the following section.

Historical Volatility: As mentioned earlier, the BDT model assumes that the short term
interest rate (denoted R) is lognormally distributed. The simplest way to forecast the
volatility of short rates in the BDT model is to find the usual estimate of the standard
deviation of log-interest rate (denoted r = log R):

i(r, -r)?
- =t

n-1

2
Or

4
where n-period historic volatility denoted by o, depends on time to maturity T and is the
unbiased estimate of standard deviation over a sample size n. That is, the traditional
“historic” volatility in this study has a term structure because it has been used to value
Eurodollar futures options of different maturities. This method places no structure on how
volatility might evolve through time and puts constant weights 1/(n-1) on past
observations. Hence, the historic volatility is taking no account of dynamic properties of
interest rates, such as autocorrelation - it is essentially a static model which has been

forced into a time-varying framework.
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Exponentially Smoothed Volatility: There are two other criticisms of historical volatility.
First, if interest rate volatility clusters, it follows that more recent rates should be given
more weight. Interest rates in the last period provide more information about current
volatility than rates some time ago. Second, the choice of the length of the observation
period is somewhat arbitrary. Weight is given to observations that occur within the most
recent n periods, while no weight is given to observations beyond this window. This
procedure is ad hoc at best.

An exponentially smoothed volatility places more weight on more recent
observations and this weighting is done by using a smoothing constant A the larger the
value of A the more weight is placed on past observations and so the smoother the series

becomes. An n-period exponentially smoothed volatility estimator (ESVE) is defined as

(o =P+ A1y =) + 220y =) et A (1, = 1)

Since the denominator converges to 1/(1-A) as n — o, an infinite ESVE can be written as
ol == A7, =r)’ (5)
=1

where 0 < A < 1. Of course, the researcher must truncate the interest rate series since only
a finite number of observations are available for estimation®. It is this type of ESVE that is
used for volatility forecasts in J.P. Morgan’s RiskMetrics™. RiskMetrics forecasts of
volatility over the next day are calculated by taking A = 0.94. The infinite ESVE model is
equivalent to an IGARCH model, which will be explained briefly in the next section,
although the parameter A is estimated in a sub-optimal way in RiskMetrics. So, the next

day forecasts from RiskMetrics can look very similar to GARCH forecasts.
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TIME-SERIES MODELS

GARCH Models: To analyze the variety of models for the short-term interest rate and its
volatility, Chan, Karolyi, Longstaff and Sanders’ (1992) consider the following discrete-
time approximation to the continuous time short rate speciﬁcation°:

Ri-R.;=8 + 8 Ri.s + &, (6)

E(e| L) =0, E(&} | L) =a7= ¢* R,
where R, is the interest rate level at time ¢, 8 + 8; R... is the conditional mean and o’ R
is the conditional variance of unexpected interest rate changes. The drift parameter 8, can
be viewed as a measure of the speed of mean reversion in rate levels. The more negative &
is. the faster R corresponds to the deviations from the mean. The volatility parameter, o’
is simply a scale factor for the variance of unexpected interest rate changes. The parameter
 allows the volatility of interest rates to depend on the level of the interest rate. At higher
®’s, the volatility is more sensitive to interest rate levels.

This model restricts the volatility to be a function of interest rate levels only, and
not of the news arrival process. An alternative model that addresses this is the GARCH
model, in which this period’s volatility is a function of last period’s unexpected news. For
example, in a GARCH(1,1) mode!’,

ol=E(e! L) =ao+ gl +Bol, )
where €, is the unexpected shock to R..

When a; + B =1 we can rewrite the GARCH(1,1) model as

o= E(e? |ln)=ao+(1-M) el +hol,, O0<A<L (8)
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Note that the unconditional variance ¢* = 1/(1 - & - B) is undefined - indeed we have a
nonstationary GARCH model called the Integrated GARCH (IGARCH) model. Our main
interest in the IGARCH model is that it is equivalent to an infinite ESVE, such as those
used by RiskMetrics. This may be seen by repeated substitution in (8):

ol=ao+ (1-A) €2, + A (o + (1-A) £, + A (ao + (1-3) €2+ Moo

= ao/(1-2) + (1-A)( g3, + A g2, + AP Ely+ o) 9)

where €., = r; - E(r..;) and in the ESVE model E(r..) is the sample mean of r.
Comparing the ESVE model (5), the representation (9) is equivalent when o, = 0.

Brenner, Harjes and Kroner (1996) show that models which parameterize volatility
only as a function of interest rate levels tend to overemphasize the sensitivity of volatility
to levels and fail to model adequately the serial correlation in conditional variances. On the
other hand, serial correlation based models like GARCH models fail to capture adequately
the relationship between interest rate levels and volatility. They introduce a new class of
models for the dynamics of short-term interest rate volatility, which allows volatility to
depend on both interest rate levels and information shocks. In the original BDT model, the
volatility of log-interest rates is assumed to depend only on time and not on the short rate
itself. Therefore, we first use GARCH(1,1) model which does not relate the volatility of
short rates to the interest rate levels. In addition to GARCH(1,1), following Brenner et. al,
we also use a modified GARCH model (GARCH-X) that captures both the serial
correlation in conditional variances and the dependence of variances on interest rate levels.

The BDT model incorporates mean reversion of short term interest rates which are

assumed to be lognormally distributed. We therefore choose to mean-adjust the logarithm
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of the series to allow for the effect of mean reversion in interest rates. Mean-adjusted log-

interest rates (denoted ro= log R: - log R, ) can be decomposed into a forecastable part

E(;, | I..1) (i.e., the conditional mean, where E(...|I..,) represents conditioning on the

information available at time t-1), and an unpredictable portion, &:

ro= E(rlla) + 6 =8+ g, (10)
where E(g,| I..1) = 0 and the conditional variance of the mean-adjusted log-interest rates in
GARCH-X model ,o; is

ol =E(& | ln)=a+agl +Bol +YRL, (11)
where the autoregressive conditional heteroscedasticity enters through both the squared

residuals and the squared interest rate levels.

IMPLIED VOLATILITY

In this paper, selecting the volatility of the short-term interest rate by an implied
method means that the volatility is selected so that the model price for Eurodollar futures
matches its market price. The hope here is that forcing the model to match a particular
market price makes the model more realistic.

The one parameter in the Black’s (1976) pricing formulas that cannot be observed
directly is the volatility of the interest rate. In the previous section, we discussed how this
can be estimated from a history of the interest rate. It is now appropriate to mention an
alternative approach that uses what is termed an implied volatility. When an explicit
analytic pricing formula is available (such as the Black’s formula) the quoted prices of
Eurodollar futures options, along with known variables such as the interest rates, time to

maturity, exercise prices, can be used in an implicit formula for volatility. The result is
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called the implied volatility. It is a volatility forecast which is implicit in the quoted price
of the option. The forecast horizon is therefore given by the maturity of the option.

Typically there are several options of different maturities and strikes on Eurodollar
futures, and different options give different volatility forecasts for the same implied
volatility. In general at-the-money options yield lower implied volatilities than in-the-
money or out-of-the-money options, and this is called the volatility smile. Since a single
implied volatility is required for pricing Eurodllar futures options, rather than the whole
smile, we take a vega weighted average of all volatilities across the smile.

We calculate volatility estimates of daily changes in the annualized spot and
forward rates obtained from Eurodollar futures. Each estimate is calculated using 90 daily
observations on a rolling basis. In other words, the first 90 observations in the sample are
used to compute an estimate for the following day (day 91), using each of the four
methods (kistorical volatility, exponentially smoothed volatility, GARCH and GARCH-X)
described above. Changes in log-interest rates are mean-adjusted using the sample mean
from the 90-day estimation period. The analysis is performed over the period 1987-1998.

IV. YIELD CURVE SMOOTHING

This section is devoted to yield curve smoothing, the technique used for extracting
forward rates and zero coupon bond yields from observable market data with different
maturities than the maturities needed for analysis. Adams and van Deventer (1994)
introduced a mathematical measure of smoothness and show that the yield curve with the
smoothest possible forward rate function, consistent with the observable data, is related
to, but significantly different from, the popular cubic spline approach to the smoothing of

yields and discount bond prices. The yield curve that produces the smoothest possible
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forward rates consistent with given zero coupon bond prices has a quadratic forward rate
function. This contrasts with the cubic polynomial used to fit either yields or discount
bond prices in the cubic spline approach. There are two principal problems associated with
the use of cubic yield (or price) splines:

(a) Cubic spline smoothing produces forward rate curves that are not “smooth” in
that the forward rate curve is not twice differentiable at the knot point.

(b) In addition, the forward rate curves associated with a cubic spline-based yield
curve tend to be volatile, particularly on the right-hand side of the yield curve,
to such a degree that their use can lead to implausible forward rate curves.

For these reasons, the maximum smoothness forward rate approach offers a number of
advantages.

Maximum Smoothness Forward Rates: Adams and van Deventer attempt to remedy the
two problems of cubic spline smoothing with a new approach that addresses both
problems directly:

(a) They seek to derive a forward rate curve that is continuous and twice
differentiable.

(b) They derive the curve in such a way that the forward rate curve is the
smoothest curve of any of the family of curves that are continuous, twice
differentiable, and consistent with the observable data.

Adams and van Deventer show that the smoothest possible forward rate curve consists of
a quadratic forward rate function that is fitted between each knot point. This technique is

utilized in our analysis for extracting one-month forward rates from observable data for

Eurodollar futures as follows.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



206

The term structure f{7T), 0 < T < <, of forward rates that satisfies the maximum

smoothness criterion
min [[f"(s))ds
0

while fitting the observed prices P(T:), P(T2), ...... , P(Tw) of Eurodollar futures with
maturities Ty, T2, ...Tw is a fourth-order spline given by

D =a +bT+cT +dT +eT for T.<T<T, i=1,2,.., mtl
where 0=T)<T<T:<....<Tp<Tm-1=T1.

The use of the maximum smoothness forward rate function is somewhat more
complex than the use of the cubic spline approach because there is a larger number of
parameters to be determined. In the case where we have n observable data points, we have
Sn unknowns since we need to find a, b, ¢, d, and e for each of the n segments of the
forward rate curve. We have the following constraints that are essential to ensure the
reasonableness of the resulting forward rate A7), yield y(T), and price P(T) curves:

(1) n-1 equations requiring that the forward rates be equal at each knot:
a+bT, + T2 +dT} + el =a-s + biT + ¢ T + d-iT7 + e T fori=1,2, ..., n-1
(2) n-1 equations requiring that the first derivative of the forward rate curve be equal at
each knot

b, + 2T, + 3dT} + 4T’ =bi + 2c,-iT, + 3d-i T + 4e 7 fori=1,2, ..., n-1
(3) n-1 equations requiring that the second derivative of the forward rate curve be equal at
each knot

2, + 64T, + 12e,T? = 2¢c,-y + 6d-1T, + 12e- T fori=1,2,..,n-1
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(4) n-1 equations requiring that the third derivative of the forward rate curve be equal at
each knot

6d, + 24e,T,= 6d,-; + 24e,.,T, fori=1,2, ..., n-1
(5) n constraints that the forward rate curves be consistent with observable data®

1 5 1 1 1 P(T)
a (T, - TI-.)+‘2‘b.(T.2 —T.Zl)+§c,(T,’ —T)+7d (T - T,f|)+ge.(T,5 -T2) =—IH(TTH—)]

for the n observable data points from i = 1 to n, noting that P for 7 = T is 1.
So far, these constraints give us 4(n-1) + n or 5n-4 equations. We require two
other constraints of economic significance
That the forward rate curve be consistent with an observable short rate (0), or
a; = y(0) =A0)
That the slope of the forward rate curve at the right-hand side of the yield curve to
be zero
(ie.,f =0) b + 2¢aTn + 3d.Ts" + 4€.To" =0
We can complete the system of 5n equations in 5» unknowns by imposing the
additional constraints that the forward rate curve be instantaneously straight at both the
left-hand and right-hand side of the curve, so that
£ (To) = 2¢; + 6diTo + 12e,Ts* =0
' (T) = 2¢x + 6duTa + 12e,T," =0
We can then solve for each of the n sets of a, b, ¢, d, and e using matrix inversion.
V. RESULTS
This paper explains arbitrage-free term structure models used for pricing options

on Eurodollar Futures with particular emphasis on the Black-Derman-Toy (BDT) and the
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Heath-Jarrow-Morton (HJM) interest rate models and their applications. In this essay, [
concentrate on valuing options on Eurodollar futures using the BDT and the HJM models
with different volatility structures. | compare the estimated option prices of Eurodollar
futures with the actual values to determine which of these two models [specified with
different dynamics of interest rate volatility: historical volatility, exponentially smoothed
volatility, implied volatility, GARCH, GARCH-X] perform better in pricing interest rate
sensitive derivative securities.

First, I have attempted to explain the binomial approximation to the continuous
trading term structure models of Heath-Jarrow-Morton and Black-Derman-Toy. Second, I
have defined the dynamics of interest rate volatility which is fundamental to these two
interest rate models. Finally, I have presented the models solutions in 4-time-steps to save
space. However, the actual study in this paper is based on comparing the estimated prices
of Eurodollar futures options computed by using HIM and BDT in 3-time-steps, 6-time-
steps, 9-time-steps, 12-time-steps, 15-time-steps, and 18-time-steps with the actual prices
of options. My purpose here is to determine which of these two models (HIM and BDT)
specified with different dynamics of interest rate volatility (historical volatility,
exponentially smoothed volatility, implied volatility, GARCH, GARCH-X) perform better
in pricing interest rate sensitive derivative securities.

To evaluate the accuracy of the forecasts of Eurodollar futures options, I calculate
mean squared errors (MSE) for each model (HJM or BDT) specified with different

volatility structures and compare them. MSE provides a quadratic loss function:

1 n
MSE=—2 (P, - P/)’
=1
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where 1 is the total number of forecasts computed (in this paper, » is around 1100
depending on the type of model used), P: and P/ represent the actual and estimated prices
of Eurodollar futures options at time ¢, respectively.

I first use the original data set which includes the 3-month Eurodollar futures
prices and compare the estimated option prices with the actual values without increasing
the number of steps. Having extracted the 1-month Eurodollar futures prices from the 3-
month Eurodollar futures prices employing the “Maximum Smoothness Forward Rates
Approach” discussed in the previous section, I use the 1-month instead of the 3-month
Eurodollar futures prices and increase the accuracy of forecasts for each model which is
reflected in lower Mean-Squared-Errors.

Forecasting Results:

Grouping Moving Average Time Series Implied Volatility
Historic ESVE GARCH GARCH-X Black’s formula
All 0.2581 0.3466 0.4584 0.4325 0.3875
Calls 0.1153 0.1445 0.4442 0.4281 0.1518
Puts 0.3967 0.5196 0.4718 0.4508 0.5109
Out-of-the-money 0.1279 0.1751 0.4615 0.4279 0.1933
At-the-money 0.1163 0.2568 0.2186 0.1856 0.2688
In-the-money 0.4575 0.5526 0.5471 0.5163 0.5866
3-month 0.0745 0.1239 0.2378 0.1795 0.1514
6-month 0.1933 0.2549 0.4065 0.3859 0.2699
9-month 0.3826 0.5339 0.5576 0.5632 0.5882
12-month 0.4724 0.6543 0.6195 0.5741 0.6599
15-month 0.6135 0.8058 0.7157 0.6932 0.7782
18-month 0.3730 0.6207 0.5700 0.5412 0.5687

The table shown above presents my forecasting results with categorizing the

estimated option prices. First the whole estimates are compared without any grouping.
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The results suggest that Moving Average Models outperform Time-series and Implied
Volatility Models. Then there are three categories used for evaluating the forecasts: Calls-
Puts is the first category, Moneyness (out-of-the-money, at-the-money, in-the-money) is
the second category, and 3-month-steps is the third category.

For call options, Moving Average Models again outperform Time-series and
Implied Volatility Models but for put options, there is no obvious volatility model which
outperforms the others. However, when the mean squared errors are compared Time-
series models yields slightly better price estimates of Eurodollar futures options than
Moving Average and Implied Volatility Models.

The second grouping is “moneyness”. Options are categorized as out-of-the-
money, at-the-money, and in-the-money options. According to the results for out-of-the-
money options, Moving Average Models have slightly higher performance than Implied
Volatility Models but both yield much better estimates than Time-series models. For at-
the-money options, Moving Average and Time-series models have better forecasting
performance than Implied Volatility Models. For in-the-money options, all models have
almost the same forecasting capability.

For the time-steps, in general Time-series and Implied Volatility Models yield
almost the same quadratic loss values and these are greater than those from Moving
Average Models. The least mean squared errors are obtained from the 3-month step since
it is more liquid than the longer-term options like 15-month-step or 18-month-step
options. Therefore, it is easier to price the shorter-term options with the BDT interest rate

model using Moving Average Volatility Models.
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ENDNOTES:

' Economic explanation of this is as follows: When rates are higher, the economy tends to
slow down and there is less requirement for funds on the part of borrowers. As a result,
rates decline. When rates are low, there tends to a high demand for funds on the part of
borrowers. As a result, rates tend to rise.

2 A number of hypotheses - such as unbiased expectations hypothesis, liquidity premium
hypothesis, segmented market hypothesis, and local expectations hypothesis - have been
advanced concerning the term structure of interest rates. They attempt to relate interest
rates on pure discount bonds of differing maturities with forward rates, expected spot
rates, and so on. The LEH used by the BDT model is the only hypothesis that is free from
arbitrage.

? Boudoukh et al., find density estimation and RiskMetrics™ forecasts to be more
accurate than GARCH and historical volatility for forecasting short-term interest rate
volatility.

* Using one year of past data (250 daily observations) and a smoothing parameter of 0.96,
for example, the truncation is done at a point where the weight on all the omitted
observations would have been 0.000037.

5 In addition to Chan, Karolyi, Longstaff and Sanders (1992), Marsh and Rosenfeld
(1983), Dietrich-Campbell and Schwartz (1986) define the volatility of interest rates as a
function of the level of the interest rate.

S Chan et. al, use a generalized continuous time short rate specification,

dR = (8o + 8, R) dt + R dZ.
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They show that with appropriate restrictions on &, 3,, ¢ and . many popular interest rate
models can be obtained. For example, setting =0 gives the Vasicek (1977) model. The
Merton (1973) model can be nested within the Vasicek model by the parameter restriction
8,=0. Setting =1/2 gives the Cox, Ingersoll, and Ross (1985) square root model, and
setting 5o=0 gives the Cox (1975) constant elasticity of variance model. Setting =1 yields
the Brennan-Schwartz (1980) model and the familiar geometric Brownian motion (GBM)
process of Black and Scholes (1973) is nested within the Brennan-Schwartz model by the
parameter restriction 8o=0. In turn, the Dothan (1978) model is nested within the GBM
model by the parameter restriction §,=0.

7 See Engle, Lilien, and Robins (1987) and Evans (1989) for applications of this model to
interest rate data, or Bollerslev, Chou, and Kroner (1992) for a comprehensive survey.

® The next set of constraints comes from the fact that

r
—If(:)dt

PM=e?
Since we are using a forward rate function broken into quadratic segments and we have

observable data, we can write

n
- If (s)ds
P(T)=P(T.)e ™!
Rearranging this equation and expressing it as a linear function of the parameters a, b, c,

d, and e gives the next set of constraints presented in the text.
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Bond Price Process for P(0,1):
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Bond Price Process for P(0,4):
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1
1+r(2)¥

P2.4)" = ( )(05 x P(3.4)“ +05x P(3.4)“)
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Spot Rate Process:
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Bond Price Process for P(0,1):
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Bond Price Process for P(0,3):

1
0.8915 0.1218
0.823 0.0970
0.782 0.075 0.9142 0.0939
0.8603 0.0733 1
0.9325 0.0724

Bond Price Process for P(0,4):

Pt

0.8706 0.1487
0.7871 0.1218 1
0.736 0.0967 0.8953 0.1170
0.708 0.075 0.8278 0.0939 1
0.7871 0.0733 0.9157 0.0920
0.8617 0.0724 1
0.9325 0.0724
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Spot Rate Process:

0.148691
0.121766
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