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Abstract

Geometric Derivation o f Super-Conformal Quantum Mechanics

By

Oktay Cebecioglu 

Advisor: Professor Sultan M. Catto

In the framework of non linear realizations we derive the action of the N=2 Super- 
Conformal Quantum Mechanics (SCQM). We also propose the Wess-Zumino-Novikov- 
Witten (WZNW)- like construction of interaction term in the lagrangian with the help of 
Cartan's Omega forms.
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1 Introduction

The Conformal Quantum Mechanics (CQM)>^ as well as its supersymmet- 

ric generalization S C Q M ^l- ^  are the simplest theories for developing the 

methods of investigation o f more complicated higher dimensional field the­

ories. The interest to the SCQM's w ith  extended s u p e r s y m m e t r y  is

connected also w ith  the fact tha t these theories w ith  anticommuting vari­

ables are exactly solvable not only on the classical level1 ̂  ~ ^  ^  T . but

on the quantum one as well, where superconformal group plays the role of 

dynamical symmetry group. One should also note that in spite o f its sim­

plic ity. the SCQM describes the physical objects like a particle near horizons 

o f black holes [12] etc. We note tha t the extended SCQM is closely related 

w ith  the Calogero model w ith  spin, which has many physical applications in 

other areas of physics.

The geometrical meaning o f C Q M  and SCQM can be understood in 

the framework o f nonlinear realizations o f the sym metry groups, underlying 

both theories - the group SL{2 .R)  and its supersymmetrieal generalization 

.S’f  f l . l j l )  re s p e c tiv e ly ^ '1'^. In th is  approach the .V =  4 SCQM was also 

constructed^ 1 (see also paper by Azcarraga. et a l.— ). Some other variants 

o f .V =  2 and N  =  4 SCQM were analyzed in papers o f Ivanov and co- 

w orkers^ So. the nonlinear realizations method leads to the lagrangians. 

which may be constructed in the framework of the usual superfield approach 

in which supersymmetry is realized linearly in the standard manner.

1
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In derivation o f these results from the nonlinear realizations approach 

the Cartan's Omega-forms techniques are usually supplied by the so called 

Inverse Higgs E ffe c t^ -  o f Ogievetsky and Ivanov. It is a very powerful 

approach which gives the possibility of covariant reduction o f the number of 

the variables by expressing some o f them in terms o f others. However, in some 

cases the role o f Inverse Higgs Effect can play the role o f equations o f motion 

for some auxilia ry variables like momenta in the Hamiltonian form ulation of 

the action integral. So. in general the question o f interrelations o f these two 

approaches is not well investigated.

One o f the goals o f th is  thesis is to show that the consistent application 

o f the nonlinear realizations approach gives us possibility o f constructing 

both the kinetic and interaction terms for CQM and .V =  2 SCQM in the 

superfield approach w ithou t using the Inverse Higgs Effect.

In the first part o f th is  thesis we give an in troduction to the nonlinear coset 

representations and give a derivation of centrally extended S i ’ ( I .  1) group 

algebra called the V irasaro algebra. This algebra comes in two dimensional 

statistical mechanics, in string theory and in three dimensional topological 

quantum field theories. I t  has to do w ith analyticity. Near a critica l point 

statistical systems become scale invariant, which is equivalent to conformal 

invariance.

In the following chapter we reproduce results o f Ivanov and co-workers* * 

for CQM using the na tu ra l m a trix  representation for the group S L ( 2. /?). In 

the framework of nonlinear realizations method we construct invariant ac­

2
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tions w ith  the help o f Cartan's Omega-forms. We give also the method of 

construction o f some additional invariant actions from the Cartan's Omega- 

forins. though in th is case we do not found new invariants - it reproduces 

only old ones, constructed straightforwardly. These invariants play the role of 

the well known W ess-Zumino-Xovikov-W itten (W ZXW ) terms and are con­

structed as integrals over some additional parameter a of Cartan's Otnega- 

forins components.

After that we apply the same technics to .V =  2 SCQM using the m a trix  

realization for the group SL'{ 1. 1|1). We consider the nonlinear realization of 

the coset S i ’ ( 1. 1|1) /C ( 1). construct Cartan's Omega-forms and show how to 

build the kinetic part o f the superfield action from the invariant coefficients 

o f these Omega-forms. The application o f the method developed in this 

part of this thesis allows the possibility of constructing from the Cartan's 

Omega-forms the in teraction part o f the superfield action as well.

3
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2 Nonlinear Coset Representation

Groups can act non linearly when they have a coset representation. We w ill 

demonstrate th is first w ith  an example, then w e 'll work our way up to the 

fu ll discussion.

A coset representation is a representation such that we can write an ele­

ment o f a group as

G =  H K  or G  =  K ' H  ( 1)

where G  is an element o f the group, and H  is the element of a subgroup. 

Then

K = H \ G  (2 )

is known as the right coset and

A" =  G / H  (3)

is known as the left coset.

We can have a representation such that H  acts linearly, but F\ (or f \ ' )

acts non linearly on an element o f I\ (or K ' ) .  Such a representation is called

coset representation. The dimension o f the representation of the coset w ill 

be given by

4
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Dimension o f rep for G — Dimension o f rep for H  (4)

We label a coset element and then see how a coset element transforms 

under the whole group. The coset elements w ill s til transform linearly under 

the subgroup, but they w ill not transform  linearly under elements outside 

the subgroup.

Consider the Lie algebra o f G. I f  we subtract the generators of the sub­

group from the generators o f G. those tha t remain must be the generators o f 

K:

f j  1 • - ■ Q n f jn  -  1 • • • < J \  ( • ' ) )

Gen's of H (Jen's of K

Then

c«(9,«,-t-...-9„an) 6 H  (6)

p * ( 9 n - < - i a n -t- 1  -TD.va.v ) £

As an example, consider SU{2). We can w rite  an arb itrary element as
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ft j

whore the element o f H  is given by e‘ : Note that the o  s are the same but

the coefficients r x and r2 are different. We thus have

SU{'2) =  S U (3 )/C '( l)  i ’ d )  =  i ' d )  *  ( f ' ( l ) \ 5 f ' ( 2 ) ) 10 )

K H

What happens to  th is i f  we act on it w ith  an clement o f the subgroup? 

We have

in;

so that

Imagine now the cases o f SL('2.R) and S i ’ (2). For both o f these groups 

the coset elements are two dimensional: SL('2. R ) /U (  1) and S U (2 ) /U ( l )  

are both two dimensional. Because of this they can be represented by the 

complex numbers:

where

1 a - I , '

b a*
€ Si ' (2) 13)
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and. equivalently

where

( \  
a b’

b a*
€  SU( 1. 1) (15)

a I2 -  I b |2=  1 (16)

We can w rite  these as

/  a - b '  X

\  (  \  
1 —z'

and

€ S C (2) (17)

a b" 

b a ’

f T  0 

0

\  /  \ 1 c*

/ \
1 A

e S C ( i . i ) (18)

In each case the e‘°  terms are elements o f C’ ( l )  and the terms involving 

c are elements o f the coset. Both groups have the £’ ( 1) as the subgroup.
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We can see what a and b are. for the case of 5 6 /(1 .1 ) :

■<> 
e i

a = b =
** I-

19)

W hat happens when we act on this w ith a g roup  element from the left? 

I f  we take an a rb itra ry  element o f 56 ( 1. 1):

then we have

( \  
m n

n in
e s n i .  r

f  \  (
m n

n m \

a b’ 

b a' \ J (i

K ' U ) / / ( 0 )  A ' ( : ' ) / / ( O' )

We want to know how ;  transforms. We have

( 2 0 )

( 2 1 ]

q =  inn +  nb -rr\

.] =  r i ’ n +  m ’ b (23)

which are linear relations. 

We can identify

.1
a

(2-4)

8
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and 

so that

(25)

t i ’ a +  m 'b n ’ 4- m * -  n ’ +  ni ‘ :
(26)

rna +  nb m +  n -  m -f nza

\ \  e see that this is not a linear relation in rn. n. rn’ . n ’ . The coset elements 

transform  nonlinearly. We can show the same thing for right cosets.

b‘ a 

a* b c* 1

1

( \  f  h-rn n b a

n '  rn’ , a ’ b

\

0
\

0 e f

 ̂ / / ' a' ^
a”  //

(27)

(28)

(29)

« =  mrz n/; ( 30 )

b' =  n ’ a +  m mb (31)

Imagine taking a point on the sphere and rotating it. When we perform 

the ro ta tion on the sphere, its point in the complex plane w ill move. When

9
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we do this ro ta tion on the sphere it  is a linear relation, but c w ill move on 

the plane according to the form ula given above. Even so. the m otion of c is 

in one to one correspondence to the rotation. Rotations around the inverted

axis w ill correspond to the subgroup t ’ ( l) .  The action o f the subgroup is

linear, while the transform ation is not in the subgroup.

Coset elements do not commute, except i f  the group is semisimpie.

S O U )  =  SC(2) x SCC2) (32)

SO(2.2) =  S L { 2 . R ) x S L { 2 . R )  (33)

5 0 (2 .2 )  is the conformal group in two dimensions.

- bz* +  a

is also a representation o f the conformal group. We have seen tha t conformal 

groups include inversion. This is one conformal group where for S i ' (2) we 

can do the projection. We can take a sphere and stereographically project it 

onto a plane.

So far we have shown

SL'( 1. 1) -  SL{2 .R)  ~  0 (2. 1) (35)

w ith  subgroup

10
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L '( l)  ~  0 (2 ) (36)

and the coset S6'( l .  1)/C ’ (1) was labelled by the complex parameter

z =  x + iy

The subgroup L '( l)  is labelled by 0 . where

0 <  o  <  2 - (38)

(or by g where | |=  1). Then an element of SL’ {1. 1) is given by

where

a .i

. r  o '

S C ( l . l ) SV( 1.1)/('(1) ' ( 1)

(39)

0 I2 +  I J \2=  1 (40)

and

C = c‘° (41)

Any element o f 1) can be written as a [iroduct o f a member o f the

subgroup i ’ (1) w ith  a member of the coset. We can write this decomposition

11
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g =  kh (42)

where g is a group element, h is a subgroup element and k  is a eoset element. 

I f  we act w ith  another element o f the group.

9 = (43)

wo have the product

ft / / tt t f l9 =  9 9  =  k h (44)

When we m u ltip ly  two group elements together we get another group ele­

ment. S im ilarly when we m u ltip ly  two subgroup elements together we get 

an element o f the subgroup, but when we m u ltip ly  two elements o f tin* coset. 

we get in general a member of the full group.

M u ltip ly ing  out the relation for g in Eq.(39) we get

1
(

9 =
t, \

- - i

(43)

so that we can identify

o-
(46)

Multiplying; out gg' we find

12
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so that we can identify

. i" a ’z +  -f 
-  (48)

and

b. • ! « ! “ - !  6 |-=  1. (49)
b z 4- a

Infinitesim al transformation:

Let us look at an infinitesimal transformation in z. I f  we had no trans­

formation we would have

o =  l.  .1 =  0 (50)

we rewrite th is slightly for the case here for Eq.(48) w ith

| o ' |2 -  | .1' |2=  l (5i )

Then for an infin itesim al transformation we have

13
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a '  =  1 4- a

J ' =  6 (52)

where a and b are in fin itesim al complex values.

The requirement Eq.(51) implies

( l + a ) ( l + n ) '  - 66* =  1 (53)

I f  we neglect terms o f order aa* and 66' we have

=> a -f a' =  0 (54)

Thus a must be purely imaginary, so that we can write

where f is an in fin itesim al real parameter. The factor o f 2 is included for 

later convenience. We can now parametrize the transfomation by

14
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Neglecting term s quadratic  in the infinitesimal param eter we have

dz =
i f .  . ..  k 1 - 1[(1 -+- +  b][l +  (b’ z -  —)]

[(1 4- y ) c  +  b\[ 1 -  (b’ z -  ^ ) ]  +  0 ( a 2. b2. ab) 

n  +  ll ) :  +  b - ( l  +  ^ ) : ( b ’ z - ^ )

i f  > if
— z -+- b -  b’ z~ +■ — c (57

so that finally

dz =  i fz +  b — b’ z2 (58)

Now le t’s consider / ( c ) .  an analytic function o f c. W hat happens to / ( c )  

under the in fin itesim al transform ation c — > c +  dz'! We have

/ ( c )  _ * / ( - " )  =  /  + <)/ (o9>

Since /  is analytic we can w rite  (neglecting terms of order dz2)

f ( z + S z )  =  f ( z ) + S z — f  (60)

so that

15
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On the other hand, we want to identify  this transform ation somehow w ith 

the action on the group. We write the transform ation as

f  — ( X -f* 4- (62)

where we have expanded in the infinitesimal parameters i / i . i)> and f . Relating 

Eq.(Gl ) and Eq.(G2)

=  ( i -hc  +  i K i r n  +  tA'2/72)/ = =  [lec^ T  +  b g Z  -  b' =2 g Z ^

and we have already identified J3 w ith  To find the relationship between 

the parameters i/i. rj-, and b. consider the 2 x 2 representation:

.r 0 "

^ 1 +  i f /2  b

bm 1 -  i f /2
(64)

where

a ' I2 -  I t  l2= 1 (65)

We can decompose this in terms of Pauli matrices:

16
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'  c !  J - '

J "  a '

l(7 -\ (71 +  l ( J>  <7 I — Z<7->

= 1 +  — '  +  <— ^

Oy
=  1 +  +  (b +  b ' ) ^  +  i(b - (66)

We know that a, are the generators o f Si ' (  1. 1) so we identify

<r3
—  representation for i.J,{

l (7\
—  representation for i k \ ( 68 )

a2
—  representation for zA_> (69)

so that we have

(70)

b +  b’ — > r][ (71)

i(b -  b’ ) — ► ij-y

Instead o f using the operators A 'j. K ,  we use I \ \ .  A'_ we defined earlier:
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h \  =  A'[ — iK> =  i
<7 i +  l O ’i

and

K  -  =  A'I -  i K ,  =
. o i -  ia>

' o  i '

V 0 0 /

(73)

/ 0 /

\V<* can thus use Eq.(62) to identify  the differentia l operator representation 

o f generators o f SL'(  1.1):

<•->]

- 4
rc>

-  ■ -4
For the operators we have the commutation relations

(77)

[A '. .  A'_] =  - 2./3. [J3. A'±] =  ± A 't (78)

We can verify these for the d ifferentia l forms o f the operators by action on 

an a rb itra ry function / ( ; ) :

18
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J3f(z)  =  Z ^ f ( z ) (79)

K +f ( z )  =  ^ f ( z )  (80)

A '_ /(c )  =  ~ = 2 § : / (  = ) (81.

Then

and

K . ( h \ f ( z ) )  =  - z 2^ -  (83)

so that

(82)

[h \ . A'_] =  - 2 -  =  - 2./:t/ (84)

as required. We see that this is a special kind o f transformation on an ana lytic

function. It belongs to 5 f.’ ( l .  1). We can have a more general transform ation

form SLV2.C).  Again we can define a coset:

S L (2. C) ~  S O ( 3 . 1) (8o )

19
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Transformations in SL(2 .C)  are defined by

' a  » '

\ C  d ;

(86)

w ith

Dot L =  1

th is is a two dimensional complex representation. Then, if  we define

( \  
C’i

\  C'2 /

( 88 )

we have

L v  =  v (89)

Above we considered the case L  =  \ I  is an element o f S i ' l l .  1) and

(  ^« f [  +  OL -2

b* c'i +  a* t ’2
(90)

so that

i i (91)

More generally, we can have

20
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, _  az +  b 
cz 4- d

Now SL ( 2. C)  ~  5 0 (3 . 1) has the subgroups 5 0 (2 . 1 ] 

5 0 (2 ). The 5 0 (2 ) subgroup is obtained by

(92)

5 0 ( 1 .  1) and 5 0 ( 3 )

c =  - 6*. d =  a" (93)

so that

w ith

O = (94)

j a I2 +  ! b |-=  1 (95)

and 0  is unitary. The ro ta tion group for 5 0 (2 )  is represented by

az +  b
(9G)

- b ’ z +  a'

We can represent all these groups by different special matrices of the gen­

eral Mobius transformation o f 5 0 (3 . 1). 5 0 (3 . I) is the conformal group 

o f two dimensional Euclidean space, the complex plane. We can show the 

transformation needed for translation, d ila ta tion  and rotation:

21
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translation 2 par.s z —> z +  b

dilation 1 par. z —► Az
> z —► az 

rotation 1 par. z —> o‘obz J
Now we w ill see tha t i f  we add inversion to this we can generate the whole 

Mdbius transform ation. Translation of inversion is

This is the same as conform al transformations which involve inverse transla­

tion. This corresponds to  the Lie group SO(3.1) or SL(2 .C)  w ith  this form. 

This generalizes to any dimension. Now we can find the generators o f this.

This is also a larger class o f transformations in complex plane which 

depend on six parameters. The special ones are rotations, which depend on 

three parameters, and S L '(1. 1). which also depends on three parameters.

Since we are in two dimensions, we can come up w ith the more general 

transformations than these. We are not restricted to

(97)

which is the same as

(98)

(iz +  b
(99)

cz -I- d

22
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As we have seen.

-  g(~) ( ioo)

is also a conformal transform ation. We can check this d irectly. I f  we have

ds2 =  dx2 +  dy1 ( 101)

and we allow

Z = x  +  i y  =  g{Q (102)

where

s = £  +  'd  (103)

then we have

dx1 4- dy1 =  dzdz'  (104)

Then using

dz = g,(C)dC (105)

and

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dz = g (;)rfC (106)

so that

dzdz = | g'(C,) |‘  (K<K (107)
d(.-~drr

and. finally.

dx1 +  dy2 = ! </'(£ +  irj) I *  (r/£J - f -  d i f )  (108)

Thus wo have found a transform ation which m ultip lies a flat line ('lenient 

by a function. By defin ition th is is a conformal transform ation. This space 

remains flat because it  was fla t to begin w ith , and undergoing a general 

coordinate transform ation flatness is preserved. In two dimensions we can 

therefore make transformations w ith  an in fin ite number o f parameters.

The specific transform ation above generalizes to higher dimensions, but 

the general transform ation does not- it is peculiar to  two dimensions.

Consider the Mobius transform ation, which is generated by inversion, di­

latation. rotation and translation. Analytic transformations don 't just rotate 

and translate rig id ly, or just cause an inversion. They make a deformat ion at 

each point o f a circle into another circle, such that the angles are preserved. 

It is not a general coordinate transformation, but in general they w ill not 

respect the equality of the angles. Analytic transform ations preserve angles.

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We have

ds2 = |  h'(z) |2 dzdz (109)

with

, _ ( c z  +  d)a -  (az +  b)c _  ad -  be 1
( c c + r f )2 (cc +  rf)2 ( c z + d ) *  { '

Then we have

dx2 =    l— j~7dzdz ( 111)
! cz +  d r1

When the conformal factor is in this form, the corresponding transform ation 

has six parameters. For the SU{  1.1) subgroup this w ill be

b ' :  +  a (112)

When o is quadratic we have a Mobius transformation, but in general we 

hate

dz -> <j'(z)dz

dz -» g{z)dz

dzdz -> g'(z)g' (z)dzdz (113)
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In differential geometry, i f  transforms under a general coordinate trans­

formation like dx* it  is called a contravariant vector. I f  P 1" transforms like 

dx^dx1'  it  is called a contravariant tensor o f second rank. I f  H '*1 transforms 

like it  is called a covariant vector, etc. A tensor tha t transforms like

is called a mixed tensor. I t  is a tensor with contravariant indices p. u. p. . . .  

and covariant components a. J. . . .  The line element is given by

ds1 =  glivdxtldxu (115)

where is the m etric  tensor w ith  two covariant indices. 

We define the contravariant metric to satisfy

< 7 ^ = ^  (116)

and we see tha t g ^  has a non-zero determinant. We use g ^  to lower indices, 

and g ^  to raise them. W ithou t a metric, we can t raise or lower the indices.

We can do the same th ing (construct a metric) in two dimensions. We 

can label a point in tw o dimensions with

(x. y) =  (x i. t/ i)  (117)

We then define a general coordinate transformation w ith  two a rb itra ry  fune-
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tion.s

x 1 = F 1(C‘ . C V  = F 2(C1C2) (118)

The in fin ite group generated by general coordinate transform ations is called 

a diffeomorphisin group. We have

dx\  + d x \  =  h ^ d C d C  (119)

which can be w ritten , in general.

dx\  +  dx I = ad t f  +  bd^.j -+- ' I cd^dQ  ( 120)

The diffeomorphism has a subgroup, the conformal transformations, where

a =  b. c — 0  ( 1 2 1 )

The subgroup is generated by one arb itrary function.

- =  /(C ) (122)

w ith

c =  x '+ t x 2 (123)

and
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C =  C * + < ’ (124)

(In higher dimensions, i f  we want a conformal transform ation we can't use 

an arb itra ry  function, as we have seen).

We can write

— / (c )  — «o +  £ti C +  (l2~~ +  • • •

=  ‘ ( 12:
n = U

I f  we only have n =  0 term  we have

u; =  b0z ( 12C)

and we see that i f  /i0 =  1 we have the identity transformation. O f course, all 

o f the transformations we have considered (Mobius transform ation, etc.) can 

be w ritten in this form. For example, we can write the Mobius transform ation 

as

u 1 ^  d n =0 “

I f  c >  d then we could have divided through by c rather than d. We can 

consider a special case where
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-: =  z +  ' £ b nzn~ l = z ( l  +  ' £ bn=n) <128)
n=1 n=1

where the power series is s t ill in fin ite. This is also a conformal transfor­

mation. W hat is the generator o f this transformation? We can find it by

considering an in fin ites im a l transform ation, given by:

z - +z  + j r t en; n* 1 (129)
T l = 1

and the function transform ed by

X

/ ( ' )  ~ >► /  +  =  (1 +  51 (nLn)f  (130)
n  =  l

We write th is as

X
(1 "+■ f n L n) f  — f ( z  +  ^  f n ' " * '  ) (131]

n = I  n ~ I

so that

S f  =  f ;  ( „ z n^ ^ : f  =  £  e„L„J  (132)
n=1 d ~ „=|

Then the generators o f the transform ation are

(133)

Analytic functions associated w ith  conformal transformations form a group.
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We can see this by constructing the product o f two conformal transform a­

tions. I f  we w rite  the transformations

-• =  / ( ; ) .  u =  g U )  (134)

then we can w rite  u =  g(^ )  = g( f ( z ) ) .  We can therefore w rite

u =  h(z)  (135)

where the transform ation h is the product of /  and g.

This is s till an ana lytic  function, so the transformation is conformal. I f  

u is an analytic function. is an ana lytic function of u w ith in  some patch 

o f the Riemannian surface, so the inverse is also defined. Then this transfor­

mation can be w ritten  w ith  in fin ite  matrices. The vector is given by 1. c. z2.

. . . .  zn  We achieve a transform ation by acting on this vector w ith  an

infinite m atrix. Thus transformations generated by analytic functions form 

a subgroup o f the diffeomorphism group.

Vectors transform under the conformal group like dz or dz. We use c and 

c as coordinates instead o f x 1 and x 1. where

=  x IX 13G)

and

z =  x IX

30
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I f  T mn transforms under conformal transformations like (dz)m(dz)'1 we call 

this a conformal tensor w ith  contravariant components rn.rl  where the bar 

over the n is to remind us that it  belongs to (dz). We call (m. n) conformal 

weights.

The transformation o f c is given by

(138)

so that

dz =  /'(C)rfC (139)

and

dzm =  f m( O d ( m (140)

Sim ilarlv

dz =  /'(C)rfC (141)

so that

( d z f  =  r ^ ) n( d a n (142)

Then P 1" transforms under a conformal transformation as
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T,,in -> ( f ,^ ) ) m( f ' ( 0 ) nT"m (143)

T ttu{z. z ) transforms as

T ' mft =  ( f ' ( z ) )n( f ' ( z ) y i T rnA( f ( z ) . f ( z ) )  (144)

A vector lias conformal weights (1.0) and a covariant vector has weights 

(0.1). We also have

d^'dl '  =  f ( z ) f ' { z ) d z d z  (14 o )

We can write this as

6 2dzdz =  g±+dz2 +  g__dz2 +  2g^_dzdz (146)

so that

g =  </__ =  0 (147)

and

2 g ^ . = o 2 (148)

for this transform ation so that g transforms as ( 1. 1).

T fU/(z) is a conformal field. W hat are the generators o f the transforma-
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tions of the conformal group? The conformal group does not ju s t transform 

c —> / ( : ) .  but it also picks up a factor. 7^ transforms like (r/c )m. Under a 

transformation

- - > / ( - )  (149)

where

f ( z )  =  z +  cnzn- 1 (150)

so that

f ' ( z )  =  l  +  (n +  l )enzn (151)

Then T m(z) transforms as

T m(z) f ,m( z ) r n( f ( z ) )  (152)

so that

r "  _> (1 +  (n +  l ) f „ : " r n :  + f „ : " * 1) (133)

We can write the functional change in T m as

r m(z +  ( „ z n- 1) -+ T m + enzn^ % - T m (154)
az
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so that

T m (1 +  (n +  l ) t nzn )m( l  +  en=n- [ ^ - ) T m (155)
az

combining this we have

6Tm(z) =  ( m ( r i + l ) t nzn + f nzn^ ^ - ) T rn
az

p\
=  en (zn' 1— +  m(n + l ) z n) r n (156)

az

I f  we write this as

STTn =  enCnT m (157)

then we have identified the generators o f the transformation as

C  =  : " +V  +  m (« +  l ) - ' '  (158)
az

We know the conformal transformations form a group, so the generators £ „  

must also.

But there are an in fin ite  number o f them. They satisfy

[£ „ .£ „ ]  =  (m -  n)Cm^n (159)

This is not an ordinary Lie group. The £ „  form an in fin ite  Lie group
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known as the loop group. Consider the first three elements o f the group:

Ci  =  z2^ -  +  2mz (160)
az

o
C0 =  z—  +  rn (161)

az

C - i = ^ -  (162)
az

I f  we define coefficient o f e. by — e. it  is the same as before w ith  in =  0 scalar. 

We see that

)  C \ C , C , - \C.\ , ^
- £fj H--------------------------  = m (m — 1) (163)

These generate Si ' (2)  or S i ’ ( 1.1) subgroup. The fu ll group is an in fin ite

generalization o f the group 51.(2). and is called the loop group o f S L ( 2).

I f  we have a transform ation

-• =  / ( - )  (164)

such that

d*j  =  f ( z ) d z  (163)

and
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dJj = f ' (z)dz

then we have. for A  and A  real

(166)

(d r )A (rf~)A -> ( d ^ ( d ^ ' ) S

=  f ( z ) s ( f ,(z))1 ( d z ^ { d z ) 1 (167)

Then i f  F A-^(c. z) transforms like (dz)A (dz)A we have

(168)

For a tensor o f th ird  rank. A  =  3

dxt‘ dxudxp =  dzd^dq (169)

F ,3> -> / ' ( c ) / ' ( C ) / '( ^ ) F ( / ( c ) / ( C ) / ( 0 ) ( 1" 0 )

A symmetric tensor w ill transform like dxpdxu while an antisym m etric tensor 

w ill transform like (dxpdxl/ — dxi/dxp).

Any function which transforms like Eq.( 168) is called a prim ary field w ith  

conformal weights A . A .

Consider now. a special case, the transformation generated by

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



f ( = )  =
a z  +  b  

b z  +  a
(171)

w h e r e

a  |2 -  | b  |2 =  1 ( 1 7 2 )

s o  t h a t

“  W T W  (I73)

T h e n

^  r -■> \  , _ _ > \  b (>Z - r  I)
F l z . z )  -*■ ( b :  + n )  - A ( b z + a )  - A F ( 7 r - r z  ) ( 1 7 4 )

bz 4- a bz - r  a

I f  A  is  0  t h e n

G ± ( z )  { b z  +  a ) - ^ G ± ( ^ - ^ )  ( 1 7 5 )
b z  4- a

T h e  g r o u p  is  S i ’ ( l .  1 )  ~  S L ( 2 .  R ) .  W e  c o u l d  a l s o  c o n s i d e r

n z  4- b

f ( = )  =  ~ r — ^  (17G>— b z  4- a

w i t h

a  \ 'z +  \ b  |2 =  1 ( 1 7 7 )
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which is an Si ' {2 )  transform ation, or

(178)

w ith

ad — be — 1 (179)

which is a transformation o f 5 0 (3 .1 )  ~  SL(2 . C) .  This last is the analog of 

the conformal group which can be extended to higher dimensions. We call 

this last the restricted conformal group. In  two dimensions the restricted 

conforinal group generalizes to an in fin ite group.

I f  we take the infinitesimal transform ation corresponding to the SL'{ 1.1) 

transformation above, we have

where o and J are infinitesim al. Then we have, for a tensor w ith conformal 

weight (A.O)

a =  1 +  a . a o ' b =  .1 (180)

(b’ z +  1 -  i f / 2 )~2AF(
(1 + " / 2 ) : ~ . i  
(b'z +  1 -  i f /2)

(181)

We can write the generators as
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L l = z 2^ -  +  2 A :  (182)
dz

r\
L0 =  z —  +  ±  (183)

0
=  (134)

az

I f  we have a general conformal transform ation given by

C —► C +  ^  fn - " * 1 (183)

we can write the corresponding generators as

(1 + e nL n) F * { z )  =  ( f ' ( z ) ) s F ( f ( z ) )  (186)

We identify the generators by matching ( 's. Thus

/ ( - )  =  c +  (187)

/ ' ( - )  =  i +  $ > »  +  D f «-" <l8 8 >

so that
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F A (c) -> ( !  +  £ ( „  +  ! ) t n=n)* F s (z + Y . f n=n~ l ) 

=  (1 + e nL n) F s (z)

-»-l ±F±l 7TT
: 189)

The differential operators are then given by

L nF( z )  =  [=n* l § :  +  M n  +  D=n]F(z)  (190)

We see that the three generators Ly. L0. and L - \  generate the group 

Si ' {  1. 1).

Now we want to calculate the commutation relations for the generators.

To do this, we have to consider the ir effect on a rb itra ry functions. First, we

act on a function w ith  L n. From above equation we have

L tiF a  =  cn~ ‘ ( F A )' +  M n  -r 1 )c "F A (191)

Then, we act on this w ith  L m from the left:

L L F Am n 1 [ r m~‘ — -v A (m  + l)c " 'j 

x [c n~ l F /A +  A (n  + l ) r nF A]

(n +  l ) r n+mJ_1(F A)' +  r m*»*'-2(FA )"
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+  n(n  +  1)A zn~mF s 

+  (n +  l ) c n" m* 1( F A )'

+ A  (m +  l ) : m+n~l ( F Ay 

+  A 2(n +  l) (m  +  l ) : m* nF A

(n 4- l ) c n+m~‘ ( F A )' +  n(n +  1)A c "* " ‘ F a 

+  terms sym m etric in (in <-* 11) (192)

Interchanging n and m

L nL mF *  =  (/fi +  l ) : " * ra' 1( F i ), +  m ( m r l ) A ; r,* " , F A

+  terms sym m etric in ( in <-> n) (193)

so that

[.Lm. L n] F A =  ( n - m ) r m+n+1 —  F A +  A  (n2 -  m2 +  n -  m) r " ' - " F A
OZ  >■ I v t

( n  -  r n ) ( 1)

0
= {a -  +  M n  +  m + l ) z n~m} F A (194)

We identify  the term in square bracket as L m^ n from Eq.( 191) so t lia t.  elim ­

inating the arbitrary function F .
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[ L m - L r i ]  — ( FI i n ) L n ->-m ( 1 9 o )

W e  a r c  f r e e  t o  w r i t e  t h i s  a s

[L rn. L n} =  (ti -  m)6rm^nL r =  C Tmn L r ( 1 9 6 )

T h e s e  a r e  t h e  c o m m u t a t i o n  r e l a t i o n s  o f  t h e  g r o u p ,  a n d  w e  have i d e n t i f i e d  t h e

s t r u c t u r e  c o n s t a n t s  C rm n  o f  t h e  g r o u p ,  w h ic h  s a t i s f y

C n „  =  ( n  -  m ) 6 rm n  =  - C rn m  ( 1 9 7 )

I f  t h e  L m's f o r m  a  L ie  a lg e b r a ,  t h e  s t r u c t u r e  c o n s t a n t s  m u s t  s a t i s f y  a  r e l a t i o n

c o n n e c t e d  t o  t h e  .J a c o b i i d e n t i t y .  I f  w e  h a v e  g r o u p  m e m b e r s

G(a) =  e x p { ^ a nL n) ( 1 9 8 )

t h e n  a s s o c ia v i t y  o f  g r o u p  e le m e n t s  ( a n d  t h e r e f o r e  t h e  g e n e r a t o r s ) ,  g iv e n  b y

( A B ) C  =  A ( B C )  ( 1 9 9 )

im p l i e s  a  r e l a t i o n  a m o n g  t h e  s t r u c t u r e  c o n s t a n t s :

C ; n Q r + C * C . r + a , n C r  = «  < 2 (H ))

T h i s  a ls o  f o l lo w s  d i r e c t l y  f r o m  t h e  J a c o b i  i d e n t i t y :

4 2
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[ L k . [Lm. L n}\ +  [Lm. [ L n . L k ] ]  +  [Ln. [Lk. L m}\ =  0  ( 2 0 1 )

w h ic h  h o ld s  i f  t h e  L m  a re  a s s o c ia t i v e .  W e  c a n  a ls o  u s e  t h e  J a c o b i  i d e n t i t y  t o

s h o w  t h a t  a  v o lu m e  e le m e n t  is  t o t a l l y  a n t i s y m m e t r i c .  L e t

a  =  a  • a  ( 2 0 2 )

a n d  s i m i l a r l y  f o r  b  a n d  r .  W e  p lu g  th e s e  i n t o  t h e  J a c o b i  i d e n t i t y  a n d  f in d

a  ■ (b x c j  +  c y c l i c  p e r m u t a t i o n s  =  0  ( 2 0 3 )

T h u s  t h e  v o lu m e  e le m e n t  is  t o t a l l y  a n t i s y m m e t r i c .

S o  w e  se e  t h a t  w e  h a v e  a  L ie  a lg e b r a ,  b u t  n o t  a n  o r d i n a r y  L ie  a lg e b r a .  I t  

is  c a l lc - d  a  l o o p  a lg e b r a .  W e  h a v e

e x p ( ^ a n L n ) F A ( c )  =  / ( A > ( c ) F ( / ( c ) )  ( 2 0 4 )

w h e r e

f ( z )  =  z +  Y . “ n ~ l~ l (205)

T h i s  is  t h e  g e n e r a l  c o n f o r m a l  g r o u p  in  t w o  d im e n s io n s .  A  s p e c ia l  c a s e  is  t h e

r e s t r i c t e d  c o n f o r m a l  g r o u p  in  t w o  d im e n s io n s .  I f  w e  h a v e
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/ ( - )  =  ( 2 0 6 )  
c z  +  a

in  0 ( 3 .  1 ) .  t h i s  is  t h e  r e s t r i c t e d  c o n f o r m a l  g r o u p  in  t w o  E u c l id e a n  d im e n s io n s .  

T h e n

F i < ->  - * ,  <2 0 T > ( c z  +  a ) 1 - *  c z  -+- a

U n d e r  t h e  5 0 ( 1 .  1 ) s u b g r o u p  w e  h a v e

r i ( -> ^  n. Z~-Ti ± F ^ r - r ^ } (208)( b z  +  a ) 1- *  b z  -+- a  

W h a t  is  t h e  r e l a t i o n s h i p  o f  A  t o  t h e  e ig e n v a lu e s  o f  t h e  C a s i m i r  o p e r a t o r  o f

5 0 ( 1 .  1 )7  C o n s id e r  t h e  5 0 ( 1 .  1 ) s u b g r o u p  o f  t h e  l o o p  g e n e r a t e d  b y  L \ .  L {) .

I - 1:

[ LX. L - X\ =  - 2 L Q ( 2 0 9 )

[L0. L ^ \  =  ± U X (210)

W e  c a n  i d e n t i f y

L{) =  J-\ . L~\ — A*. (211)

T h e  C a s i m i r  o p e r a t o r  is

4 4
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C-2 — L q — ~ ( L \ L - . i 4- L - \ L \ ) (212)

A g a in  w e  c a n  d e t e r m in e  w h a t  t h i s  o p e r a t o r  is  b y  c o n s id e r in g  i t s  e f fe c t  o n  a n  

a r b i t r a r y  f u n c t i o n  F .  W e  b e g in  w i t h

L q F  =  z 2 F "  +  ( 2 A  -+- l ) r F '  +  A 2 F  ( 2 1 3 )

a n d

L i L . i F  =  z 2 F "  +  2 A c F '  ( 2 1 4 )

L ^ L XF  =  z 2 F "  +  2 ( A  +  l ) c F ' ^ 2 A F  ( 2 1 5 )

T h e s e  la s t  t w o  i m p l y

- i { L i .  T _ , } F  =  -  ( 2 A  +  D c A  -  A ) F  ( 2 1 6 )

s o  t h a t ,  e l i m i n a t i n g  t h e  a r b i t r a r y  f u n c t i o n

C 2 =  L l -  =  A ( A  -  1 ) =  j ( j  +  1) ( 2 1 7 )

a n d .  f i n a l l y

A  =  j  +  1 ( 2 1 8 )

4 5
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W e  c a l l  A  -  1 t h e  " s p i n "  o f  t h e  r e p r e s e n t a t io n ,  a n d  w e  c a n  r e w r i t e  t h e  

g e n e r a t o r s

L q  =  +  j  -  1 ( 2 2 0 )

L - '  =  h

T h e  o p e r a t o r s  c .  § z  b e h a v e  l i k e  t h e  b o s o n ic  o p e r a t o r s  a .  a f w i t h

[ a . a Tj =  l  ( 2 2 2 )

T h e r e  is  a ls o  a  r e p r e s e n t a t i o n  o f  t h e  l o o p  a lg e b r a  a s s o c ia t e d  w i t h  t h e  S i ' ( 1 . 1) 

i n  t e r m s  o f  t h e  b o s o n ic  o p e r a t o r s :

L n =  a " * 1a t + j ( n  +  1 )a" (2 2 3 )

I f  w e  w r i t e  t h e  S i ' (  1 . 1 ) s u b g r o u p  g e n e r a t o r s  in  t h e s e  t e r m s  w e  w i l l  f i n d

L \  =  +  2  i n  ( 2 2 4 )

L 0 =  a a f +  j

4 6

( 2 2 5 )
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L _ , = a t  ( 2 2 6 )

A  q u a n t u m  f ie ld  t h e o r y  o f  L m g iv e s  a n  a d d i t i o n a l  a n a m o lo u s  t e r m  in  t h e  

c o m m u t a t i o n  r e l a t i o n s  a n a lo g o u s  t o  E q . ( 1 9 5 ) :

[Lm• L n[ — ( rn t i ) £,m+n -F (n rn ) / \mn (22  < )

w h e r e  K m n  is  a  c o n s t a n t .

T h i s  is  c a l le d  t h e  c e n t r a l l y  e x t e n d e d  lo o p  a lg e b r a .  T h e  a n o m a l y  t e r m  

m u s t  o b e y  a  c o n s t r a i n t  t h a t  e n s u r e s  a s s o c i a t i v i t y  w h ic h  f o l l o w s  f r o m  t h e  

J a c o b i  i d e n t i t y  E q . ( 2 0 1 ) .  A s  a n  e x a m p le  c o n s id e r

c[ri(n2 -  1 ) ] ( ) , „ „  =  c [m (n r  -  1 ) ]< ) ,„ „  ( 2 2 S )

T h e  J a c o b i  i d e n t i t y  is  s a t i s f i e d ,  a n d  c  c h a r a c t e r iz e s  t h e  c e n t r a l  e x t e n s i o n .

W e  c o u ld  a d d  o n e  m o r e  g e n e r a t o r  I .  T h e n  t h e  c o m m u t a t o r  [ L m. L n\ 

w o u ld  b e  t h e  s u m  o f  a  t e r m  p r o p o r t i o n a l  t o  a n d  t o  a  t e r m  p r o p o r t i o n a l  

t o  / .

T h i s  is  c e n t r a l l y  e x t e n d e d  S f ’ ( l . l )  g r o u p  a lg e b r a  c a l le d  the * V i r a s o r o  

a l g e b r a .  T h i s  a lg e b r a  c o m e s  in  t w o  d im e n s io n a l  s t a t i s t i c a l  m e c h a n ic s ,  in

s t r i n g  t h e o r y  a n d  in  t h r e e  d i m e n s i o n a l  t o p o l o g i c a l  q u a n t u m  f ie ld  t h e o r ie s .  I t

h a s  t o  d o  w i t h  a n a l y t i c i t y .  N e a r  a  c r i t i c a l  p o in t  s t a t i s t i c a l  s y s t e m s  b e c o m e  

s c a le  i n v a r i a n t ,  w h ic h  is  e q u i v a le n t  t o  c o n f o r m a l  in v a r ia n c e .

4 7
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3 Super Conformal Quantum M echanics- A 

Geom etrical Derivation

3.1 Conformal group and its m atrix  representation

T h e  c o n f o r m a l  g r o u p  i n  o n e  d im e n s io n a l  s p a c e  S L ( ' 2 .  F t )  is  a  t h r e e - p a r a m e t e r  

s u b g r o u p  o f  t h e  i n f i n i t e d i m e n s i o n a l  r e p a r a m e t r i z a t i o n  ( d i f f e o m o r p h is m s )  g r o u p  

o n  t h e  l i n e .  W h e n  t h e  l i n e  is  p a r a m e t r i z e d  b y  s o m e  p a r a m e t e r  s  t h e  g e n e r a ­

t o r s  o f  t h i s  g r o u p  a r e  a n d  f o r m  t h e  Y i r a s o r o  a lg e b r a  w i t h o u t

c e n t r a l  c h a r g e

[ L n . L m ] =  - i { n  -  ( 2 2 9 )

I f  o n e  r e s t r i c t s  t o  t h e  r e g u la r  a t  t h e  o r i g i n  s  =  0  t r a n s f o r m a t i o n s ,  i t  is

c o n v e n ie n t  t o  p a r a m e t r i z e  t h e  g r o u p  e le m e n t  a s

Q  _  e 1T^ - i  . i Z. i ^ 1x 2 ^ 2  . p i x j t . 3  ( ‘^ 3 0 )

X o t e  t h a t  t h e  p a r a m e t e r i z a t i o n s  l i k e  E q . ( 2 3 0 )  w e r e  f i r s t l y  i n t r o d u c e d

A k u l o v  a n d  V o lk o v ,  a n d  I v a n o v  a n d  o t h e r s ^ " * -  f o r  2 - d im e n s io n a l  ( s u -  

p e r ) c o n f o r m a l  g r o u p s .

T h e  t r a n s f o r m a t i o n  la w s  o f  t h e  c o o r d in a t e s  in  E q . ( 2 3 0 )  u n d e r  t h e  i n ­

f i n i t e s i m a l  l e f t  a c t io n

4 8
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G — (l + <f)G. f = e°L_i -r ( lL0 + ( ' Li + ... + (mLm -r (231)

are

St  =  £ ( t ) =  (° +  f l r  +  f 2r 1 +  . . .  . (232)

Sx o =  £ (r) . (233)

(234)

1
6

(235)

In general the coordinate x n in Eq.(230) transforms through the infinites­

imal transformation function f ( r )  and coordinates k <  n. In addition 

the transformation law for parameter x n contains tin* term w ith  n -  1-st 

derivative of the parameter e{r ) .

The simplest transform ation law have the dimension-one coordinate r  

which transforms as the coordinate of the one-dimensional space under the 

reparametrization. The coordinates x 0 and Xi transform correspondingly as 

the dilaton and one-dimensional Cristoffel symbol.

A t this stage it  is natural to  consider all parameters as the fields in one­

dimensional space parametrized by the coordinate r . However, in general

49
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all fields x m(r)  can depend on some coordinate a. which plays the role o f 

additional parameter. Even more, such dependence on the additional pa­

rameter (j can take place only for fields x m w ith rn >  \ f  w ith  fixed M .  This 

w ill not lead to any contradictions w ith  the transformation laws Eqs.(232)-

(235). As we w ill see. the in troduction o f such additional coordinates gives 

the possibility to construct some non triv ia l invariants of the transformations 

Eq.(231).

As we already mentioned, the conformal group in one dimension is a 

subgroup of Eq.(230). namely the ones generated by L _ t . £ 0 and L\

G c  =  e " L- 1 ■ ci,x' L' ■ e,s»L'>. (236)

As was shown in [11] the one-dimensional conformal mechanics introduced 

in [1] can be described on the language of invariant differential Cartan's 

forms connected w ith  the param etrization Eq.(236) of the conformal group. 

Moreover, by the linear change o f basis o f the conformal algebra one can 

describe— on the same footing the "new" conformal mechanics o f Claus and 

others^

In this Section we reproduce the results of Ivanov et a.1̂  using the 

natural m atrix  realization for the generators of SL(2 .R)  group: translation 

H  = £ ,. d ila tation D  =  L q and conformal transformation I\ =  L\

50
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H  =

0 - 1

0 0

K  =

0 0

- 1  0

D  =  - k

1 0

0 - 1

(237)

Such representation o f the generators o f the conformal group can be easily 

generalized to the supereonformal case includ ing the extended ones.

So. in the purely bosonic case the element o f the conformal group in one 

dimension can be parametrized as a product o f three m atrix m ultip liers

k ' r  =  G c  =
1 I t 1 0

!
j  J- 0
i

0 1 — is.\ 1 | 0 1/-T

51
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1 i t x  0

0 1 ip 1 /x
(238)

Tht' parameters in Eq.(236) and Eq.(238) are connected by the relations 

t =  - r .  x  =  eXo/2 and p =  —X\X. The conformal group transform ation o f 

these new variables are

t' =
at +  b

s '  = :■ p =  {ct + d)p -  ex. (239)
ct +  d ct +  (1

where parameters of the transform ation are constrained by the un im odularity  

condition ad — be =  1. Using the representation Eq.(230) one can calculate 

also the transformations o f functions x ( r )  and p(r)  under the most general 

(fin ite) reparametrization:

x( t)  x ' ( t ' )  =  ( f ( t ) ) lr2x(t)  (241

4 — IKD h- - M  (/«)),/2 n/mp{t) p'(t ' )  =  —■ p(t) H :--------- J'(t). (242)

The invariant differential C artan 's form, calculated w ith  the help o f Eq.(238)

is
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i (sdp  — pds ~r p2dt) - ( dx — pdt)

uJd uJh
(243)

IuJk  —uJd

A ll m atrix  elements in Eq.(243) are invariant under the transformations 

Eq.(239). One can recognize among them the einbein differential form  _j//.

4.2 The action integral for Conformal Mechanics

A ll these differential forms can be used for construction o f an invariant action. 

The simplest one is the linear com bination

The first term in th is expression is appropriate ly normalized to get the correct 

kinetic term. The parameter A plays the role o f cosmological constant.

One can find p by solving its equation o f motion, insert it back in the

5 (244)

/ dt ( - 1/ 2{sp -  p i  +  p2) + a { l ' / i  -  p /s )  -  ^

lagrangian and get the action o f De A lfaro. Fubini and Furlan [ l j
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(245)

w ith  the coupling constant ~ =  A +  a 2/2 . So. the parameter n simply 

renormalizes the cosmological constant A.

The more complicated invariant actions can be constructed as [17]

w ith  a rb itra ry  function F  o f two invariant variables which are the coefficients 

in the expressions o f invariant differentia l one-forms and ujp in  terms of 

only one (in dimension one) independent invariant one-form ^7/. Some of 

these actions w ill have form Eq.(245). but in general the actions Eq.(246) 

w ill include the higher degrees o f the velocity j \

The additional invariants in the action can be constructed by in troducing 

the dependence o f the group element Eq.(236) or Eq.(238) 011 some parame­

ter a. Indeed, one can consider the special dependence of the group element 

Eq.(238) on some new parameter a  such that t does not depend on it .  whereas 

functions x t)(r. a) and X i(r .  a) are subject to the following boundary condi­

tions

j’o( t .O) =  J i (t .O) =  0. x 0 { t .  1) =  J 0(" ) .  t , ( 7. I )  =  j q f r ) .  (247)

(246)
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So. the boundary group elements in Eq.(238) are

K c (<7 =  1) =  A'c

and

(248)

K c { o  =  0 ) =

1 it 1 0 1 0 1 It

0 1 0 1 0 1 0 1

•6V (249)

where G0 is the id e n tity  element o f the group. The parameters e" (in our 

case h =  0 1. 2) o f transform ation Eq.(231) are assumed to be independent 

of a. It means tha t cond ition Eq.(248) w ill be the same for transformed 

quantities. On the o ther hand the group element G0 in the boundary con­

dition Eq.(249) w ill vary. But th is variation is very simple, as one can see 

from the transform ation laws o f x 0 and Z|. Moreover, both o f them are total 

derivatives.

A ll this can serve as an argumentation of the following construction, lead­

ing in general to some integral invariants on the group. In our case there are 

two independent invariant differential one-forms - and da. So. the coef­

ficients in expanding o f a ll other Cartan’s forms in terms o f these two forms 

are invariant as well. For example, such one is

•JO
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In the presence o f new coordinate a  the invariant integration measure is

J  dv =  J  ̂ „d<7 = J

The result of in tegration over a

S, = / * /  =  O K )

is the difference o f two terms at points <7 = 1  and a = 0. The last one is 

invariant by v irtue  o f the transform ation laws Eqs.(233)-(234) o f x0 and 

near the identity element which corresponds to j 0 = 0 and =  0. Indeed, 

they transform as to ta l derivatives. Because by construction 5 i is invariant, 

the term at the point < 7 = 1  should be also invariant, though the integrand in 

this term transforms as a to ta l derivative. In the case under consideration it 

is not wondering, because th is invariant sim ply reproduces the already known 

th ird term in Eq.(244). Nevertheless, as we w ill see later, such procedure of 

constructing can lead to new invariants in more complicated cases.

56
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4 The N  =  2 SuperConformal Quantum me­

chanics

4.1 The m atrix representation of the N  =  2 SuperCon­

formal Group

The .V =  2 SuperConformal group in one dimensional space is an eight- 

parameter subgroup o f the in fin ite  dimensional .V =  2 Super Virasoro group 

w ith the following algebra o f its  generators

[Z.n.£,mj — i (n Tn)£*n+m. (253)

The indices n. m are integer and q. r  - halfinteger ones. The .V =  2 Su­

perConformal algebra contains in  add ition to the generators o f Conformal 

algebra (translation H  =  L _ t . d ila ta tion  D =  L0 and conformal transfor­

mation I \  = L\)  the i ' ( l )  generator i '  =  L\> and generators o f Poincare 

{Q -  G '- i^ .Q  =  G - t r i )  ant  ̂ Conform al (5  =  =  G '|r >) supersymme-

tries. A ll o f these generators can be realized in terms of 3 x 3 graded matrices 

w ith  vanishing supertrace (S t r M  =  M n +  .\/33 -  M 22)'

(•236)

(255)

(254)
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0 0 - 1 0 0 0

H  = 0 0 0 . K  = 0 0 0

0 0 0 -1 0 0

1 0 0 1 0 0

fc
)

II 1
IO

| 
-

0 0 0 r-
;

II 1
IO

| 
-

0 2 0

0 0 - 1 0 0 1

0 1 0 0 0 0
IIo* 0 0 0 . Q =  s/2 0 0 1

0 0 0 0 0 0

S = y/2

0 0 0 

0 0 0 

0 1 0

| 0 0 0

5  =  a/ 2 | i () o

! 0 0 0

(258)

Our parametrization for coset space o f .V =  2 SuperConformal group over 

the i ' ( l )  subgroup generated by U  is:
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1 6 i t  +  00/2 1 0 0 X 0 0

Ksc -  v f f j  = 0 1 9 v  1 0 0 1 0

0 0 1 /x, +  c c / 2  c 1 0 0 1/x

(259)

The transform ation laws o f the coset space parameters under the infinites­

imal left shift

A’sc — (1 +  i e ) h s c  —

1 +  6/2 (  in

A 1 f

ic A 1 -  6/2

• /vs-sc (260)

are:

St =  a +  bt +  ct2 — — l- t 9  +  \^{ \9 -  X9)t. (261)

60 =  Q  +  cf +  i \ t  (262)

Sc =  -  ct +  l-c60 +  A flj c1 +  A -  icQ (263)

Sx =  ^  -I- ct — ^0A +  i  (264)

6(x i)  =  ( — 26# -I- \ 9  4- 0A) x j -I- 6 -  t-(A 4- ib0)v -  - (A  — ib9)v.  (265)

One can see that in the point (x =  l.X | =  c  =  0) the variables ( x .x i . c
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transform as a to ta l derivatives.

The differential C artan ’s form, calculated w ith  the help o f Eq.(259) is

Qr  = h 'r 'dKc =

where

u J Q  A -  l u l l '  j J q  j J l {

- ‘- '5  2 /u . 'f  ■ ~ Q (26C)

and

"Q ~

-H =

1 1
d x / x  +  -dOv  +  -^vdO — pdT

■s —

dT  =  dt — l-d9d  +  l-9d9.

o =  ax/ x  —a/7L' ■+■ — uav — pm  (2 0

q =  (d6 +  i u d T ) / x  (268)

(dO — i v d T ) / x  (269)

d T / x 2 (270)

j ' (dv  +  p d T v  -i- ( ip ■+■ \ / '2 vv )d9 }  (271)

x  (dc- 4- p d Tc  4- ( — ip 4- 1 /2c c )d d ) (272)

<-'K’ =  x 2 (dp — -jdvK.' 4- ^ t 'd t ’ -I- pi2d T  -  p(d9v 4- ixd9) j  (273)

^ v v d T  — ^ d9v  4- ^u'd9 (274)

Due to the fact that we consider the coset space 6' sf / t ' ( l )  instead o f the
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whole group G s c / t ’ (1). not a ll o f Cartan's forms are invariant. Namely. 

■x q . x q . ^,5 and u}$ transform homogeneously as linear representations of i ' (  1). 

As one can easily see from the transform ation laws Eqs.(261)-(265) the forms 

carry the same charge under the C ( 1) transformations, whereas 

and u.'s carry the opposite equal charge. In turn. transform  as a to ta l 

differential.

5.2 The action integral for N =  2 SuperConformal M e­

chanics

A ll Cartan's forms can be expanded in terms of three independent ones 

using the formula

df (t. 0.0) =  x^ q D J  +  x ^ ' q D f  + x^u ! i i { f  — i v D f  i v D f ) .  (276) 

where D  and D  are flat covariant derivatives

The coefficients in such expansions of and are invariant under

the transformations Eqs.(261)-(265) or transform  as some linear representa­

tion of t ’ ( l) .  Two o f these expansions which are useful in the construction 

o f invariants are
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o)d — uJuixdx/dt — px2 — i v x D x  4  i v x D x ) 4- ( - ~ 8 )

uJq {D x 4  x / 2 v )  4  Z ' q ( D x  -  x /2 v ) .

-4s =  x 2u.'u {x l ' -  isl  D l' + i x c D c  4

x 2uJqD u  4  x:q {x 2D v  4  ipx2 4  l / 2 x 2 (.•(.•). (-~9)

Since j j D and are invariant, the coefficient

I d i h  — —  =  x d x /d t  — px2 -  n x D x  4- i v x D x  (280)
-4 /

is invariant as well. A t the same tim e the coefficients

In  q =  —  =  Dx  + x / 2 v  (281)

and

— I d / q  — ---------— —Dx  4  x / 2 v  (282)
a , ' q

are m utually conjugated and transform  with the opposite phase under the 

transformations Eqs.(261)-(265). So. their product L \  = I n  q l p  q as well as 

L  > =  I d / h  may be used for construction of invariant lagrangians.

The coefficients
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Is/q  =  ~  =  -i2D v  +  ipx2 4- \ / 2 x 2v v .  (283)
uJq

Is/q  =  ~  =  J"2D i '  -  i'pj-’ 4- \ / ' 2 x 2 l ' v  (284)

an1 m utually conjugated and inert under the transformations Eqs.(261)- 

(265). So. the ir sum L k  =  I s/q 4- I s/q gives one more possible term in

the Lagrangian. Note th a t the analogous construction for .V =  2 Yirasoro

group gives the conform ally invariant superfield description o f .Y =  2 spin­

ning particle, as shown by Pashnevi*®!. Indeed, it describes the kinetic term 

of the SCQM in the superfield formulation.

I ’sing the invariant measure dv =  dtdddO one can construct the invariant 

action in the form

Sk =  J  dtdOd0{Is/Q 4- I s/q } =  J  dtd6d6{x2D v  +  x 2D v  +  x 2w }  (285) 

W ith  the help o f the equations o f motion for c  and c

- D x  4- x / 2 v  =  0. (286)

D x  +  x / 2 r  =  0. (287)

the action Sk can be rew ritten  in the form
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Sk- =  4 J  dtdOdODxDx. (288)

Note, that the left hand sides o f the equations Eqs.(286)-(287) coincide w ith  

the coefficients Eqs.(281)-(282). So. they vanish some part o f the C artan ’s 

Omega form ^ p . playing the role o f inverse Higgs effect [13].

One can construct some other invariant terms for the action, for example

but this term leads simply to redefinition of overall coefficient in Eq.(288).

The additional invariants in the action can be constructed by the proce­

dure described in the previous Section. We again introduce the dependence 

o f the group element Eq.(259) on some parameter a  such tha t t .9.9  do not 

depend on it. whereas functions X q ( t . < t ) . x \ ( t . < t )  a n d r f r . ct )  are subject to 

the boundary conditions

So =  a  Jd td $ d O { {D x  +  l / 2 x v ) { D x  -  l / 2 x v ) } .  (289)

ln x (r .O ) =  x i( r .O ) =  c (t .O) =  0. (290)

ln x ( r .  1) =  ln x ( r ) .  x, (r. 1) =  x, ( r ) .  c ( r .  1) =  c ( r ) .

So. the boundary group elements in Eq.(259) are

^ s c ( (T — 1 ) — &sc (291)

G4
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and

1 0 it  +  00/2 1 0 0

Ksc(<? — 0) = 0 1 0 0 1 0

0 0 1 0 0 1

Using the arguments o f the previous Section one can show that the expression

Si = f  d t d 0 d 0 d a { ^ - }  =  [  dtdOdddo-{ — } (293)
J da J x da

is invariant and leads to  add itiona l invariant term in the action

S\ =  J  dtdOdd ln x  (294)

So. the to ta l action 5  =  So+S i reproduces the action o f .V =  2 SuperCon­

formal Quantum mechanics [2]-[3] includ ing both the kinetic and potentia l 

terms.

Go

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 Conclusions

In this thesis, m ainly in the last chapter, we applied the methods o f nonlinear 

realizations approach for construction of the actions o f Conform al and .V = 2 

SuperConformal Quantum M e c h a n i c s ^ ]  \ \ ’P have shown that both the 

kinetic and interaction terms o f these models can be constructed by using 

the invariant Cartan's Omega-forms. The interaction part o f the action looks 

like the well known W ZNW  term . We have also shown that tin* Inverse* 

Higgs Effect in both cases is a consequence of the equations o f motion for 

some variables. I t  would be interesting to analyze the possib ility o f such 

dua lity between the Inverse Higgs Effect and equation o f motions for auxiliary 

variables in more complicated theories, like .V =  4 SuperConformal Quantum 

Mechanics.

GG
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