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Abstract

NEW APPROACHES IN RADAR WAVEFORM DESIGN

by

Dmitry Chebanov

Adviser: Professor Irina Gladkova

In this work we discuss two problems that appear in modern radar waveform

design. First, we propose a new approach to one of the most challenging problems

in this area of research - the construction of waveforms with optimal ambiguity

characteristics in a chosen a priori region surrounding the main lobe. Our approach

is based on the projection of the signal onto an appropriate orthonormal basis in

the space of radar waveforms and approximating the signal with desired ambigu-

ity properties by a finite number of basis waveforms. In particular, we consider

well-known Hermite waveforms as the basis functions and discuss the problem of

minimizing the volume under the ambiguity surface over a certain given region.

The second part of the dissertation is devoted to the problem of the range side-

lobe suppression in stepped-frequency LFM pulse trains. Frequency stepping is one

of the known techniques employed by modern radars to achieve high range resolu-

tion. The main advantage of this approach is that the instantaneous bandwidth of a

radar is quite small compared with the total processing bandwidth. This allows the

transmission of waveforms with extremely wide overall bandwidth (and, as a conse-

quence, the attainment of high range resolution) without the usage of the expensive

hardware needed to support the wide instantaneous bandwidth. We present a sys-

tematic approach for designing pulse trains producing the autocorrelation function

whose sidelobes are less than some predetermined level.
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Chapter 1

Introduction

Radar (derived from ”RAdio Detection And Ranging”) is an electromagnetic system

whose the basic purpose is to detect the presence of an object of interest and provide

information concerning the object’s location, motion, size, and other parameters.

Radar is now extensively used in many applications – meteorology, mapping, air

traffic control, ship and aircraft navigation, police speeding control, etc. It is now

being used for mineral exploration and delineation and for land-mine detection. Of

course, its primary role is in defense. The theory of radar is well developed and has

many interesting and difficult theoretical and practical problems.

A radar system consists of a signal source or ”transmitter” and a signal detector

or ”receiver”. The transmitter radiates an electromagnetic signal which is scattered

by objects in its environment. The resulting echoes are recorded by the receiver.

In the simplest radar systems the directions of arrival, time delays and Doppler

shifts of the echoes are used to estimate the directions, ranges and speeds of the

scattering objects. The goal of a sophisticated system is to classify objects into

identifiable classes by means of their echoes. This is an inverse scattering problem.

An associated problem is that of waveform design; that is the choice of a signal
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waveform which optimizes the information obtainable from the echoes.

Suitable waveform selection is an important problem in radar design, because

it controls the resolution, clutter performance and computational complexity of the

processing. The ambiguity function of a transmitted signal is the complex envelope

of the matched-filter response in delay and doppler.

It measures the uncertainty with which the returning echo distinguishes, simul-

taneously, both ranges and velocities of a target system. The ambiguity function

and its plot, the ambiguity surface, may be used to assess qualitatively how well

a waveform can achieve the requirements of accuracy, ambiguity, resolution, and

clutter rejection. Therefore, it is natural to use the ambiguity surface as a measure

of performance in radar waveform design.

In this manuscript we propose new approaches for solving two problems appear-

ing in the radar waveform design that have both theoretical and practical impor-

tance.

First, we discuss a new approach to one of the most challenging problems of

the radar waveform design – the construction of waveforms with optimal ambiguity

characteristics in a chosen a priori region surrounding the main lobe. Our approach

is based on the projection of the signal onto an appropriate orthonormal basis in

the space of radar waveforms and approximating the signal with desired ambigu-

ity properties by a finite number of basis waveforms. In particular, we consider

well-known Hermite waveforms as the basis functions and discuss the problem of

minimizing the volume under the ambiguity surface over a certain given region. In

the case of a circular region, we show that under some, rather general assumptions,

a Hermite waveform of a certain order is a solution for this problem.

Next, we consider the problem of sidelobe suppression in stepped-frequency LFM

pulse trains. Frequency stepping is one of the known techniques employed by mod-
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ern radars to achieve high range resolution. The main advantage of this approach is

that the instantaneous bandwidth of a radar is quite small compared with the total

processing bandwidth. This allows the transmission of waveforms with extremely

wide overall bandwidth (and, as a consequence, the attainment of high range res-

olution) without the usage of the expensive hardware needed to support the wide

instantaneous bandwidth. In this thesis we present a systematic approach for de-

signing pulse trains producing the autocorrelation function whose sidelobes are less

than some predetermined level.

1.1 Ambiguity function and its properties

1.1.1 Definitions and notations

The ambiguity function of a complex-valued waveform s(t) of finite energy is a

complex two-dimensional function of s(t):

χ∗s(τ, ν) =

∞∫

−∞

s(t)s(t− τ)e−j2πνtdt, (1.1)

where s(t) means the complex conjugate of s(t). The absolute value |χ∗s(τ, ν)| of the

ambiguity function is called the ambiguity surface.

The ambiguity function was first introduced by Woodward in his classical book

[40]. The ambiguity function has an important practical meaning (see [8, 32, 35, 40]):

it represents the output of a filter where a signal has been matched with its doppler-

shifted and time-translated version. In more details, as a function of both time-

delay τ and Doppler delay ν, the ambiguity function can be interpreted in two

ways [8, 32]. First, we can think of the bank of filters, each matched to a different

doppler, that constitute the matched-filter receiver for an unknown doppler shift.

The ambiguity function describes the complete two-dimensional receiver response
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in delay and doppler. Therefore, |χ∗(τ, ν)| represents the combined response of all

filters of a doppler bank with infinitesimal spacing in ν. Alternatively, the ambiguity

function gives the response of a single filter as the doppler coefficient of the received

signal is varied.

As a consequence of these properties of the ambiguity function, combined reso-

lution in delay and doppler could be analyzed as follows [8, 32]: We associate one

ambiguity function with each target within the radar beam. These functions are

translated with respect to each other in τ and ν, in accordance with the differential

ranges and range rates of the targets. All functions then are superposed to obtain

the combined receiver response to all targets. A cut through the superposition for

constant doppler would then give the combined response of the single filter adjusted

for that particular doppler. By analyzing such a response, we could determine which

peaks are clearly recognizable as the central response lobes of herewith resolvable

targets.

We remark here that the definition of the ambiguity function assumes the narrow-

band approximation [8, 22] for the received signal, which is usually adequate for

radar applications. The structure of radar echo in this case is derived based on

assumptions [8, 43] that (1) the speeds of the scattering objects are much less than

the speed of radar waves (i.e., speed of light) and essentially constant during the

interval required for the radar pulse to sweep over the objects; (2) the transmitter

and receiver are in far field of the scattering objects; (3) secondary echoes due

to the radar systems components as well as noise in the medium are negligible;

etc. Publications [18, 32, 33, 34] demonstrate attempts to extend resolution theory

beyond those assumptions.

We also remark that the name ambiguity function for χ∗(τ, ν) is somewhat mis-

leading [35] since this function describes more about the waveform than just its am-
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biguity properties. Woodward [40] coined the name to demonstrate that the total

volume under this function is a constant, independent of the shape of the transmit-

ted waveform (see property P.7 on page 7). Thus the total area of ambiguity, or

uncertainty, is the same no matter how |χ∗(τ, ν)| is distributed over (τ, ν)-plane.

We should note that the above way (1.1) to define χ∗(τ, ν) is only one of a few

equivalent versions of ambiguity function’s definition adopted in the radar literature

(see [8, 22, 32] for further references on this topic). One says that formula (1.1)

defines the ambiguity function of s(t) in the asymmetrical form. Other very useful

definition of the ambiguity function,

χs(τ, ν) =

∞∫

−∞

s
(
t +

τ

2

)
s
(
t− τ

2

)
e−j 2πνt dt, (1.2)

which is said to be done in the symmetrical form, is chosen for theoretical studies

because it simplifies the appearance of many theoretical results. One can show

(see, for example, [32] for details) that the definitions (1.1) and (1.2) are related

by a linear phase term χ∗s(τ, ν) = ejπτνχs(τ, ν). The last immediately implies that

|χs(τ, ν)| = |χ∗s(τ, ν)|.

1.1.2 Some properties of ambiguity function

In what follows, extensive use of square-integrable function theory is made. So,

we denote the space of all the functions f(x) : G → C, where G ⊆ Rn and x =

(x1, x2, . . . , xn) ∈ Rn, satisfying

∞∫

−∞

|f(x)|2dx < ∞,

by L2(G). Clearly, L2(G) ⊆ L2(Rn) for G ⊆ Rn. The inner product of f(x) ∈ L2(G)

and g(x) ∈ L2(G) is

< f, g >L2(G) =

∫

G

fg dx
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and the square of the resulting norm in L2(G) is

‖f‖2
L2(G) = < f, f >L2(G) =

∫

G

|f(x)|2dx.

The ambiguity function has many remarkable properties (see [2, 8, 22, 32, 41],

etc). Below we list the main ones.

• P.1 (Time shift) If s1(t) = s(t− t0), then χs1(τ, ν) = e−j2πνt0χs(τ, ν).

• P.2 (Frequency shift) If s1(t) = s(t)ej2πft, then χs1(τ, ν) = e−j2πfτχs(τ, ν).

• P.3 (Symmetry) χs(τ, ν) = χs(−τ,−ν) and |χs(τ, ν)| = |χs(−τ,−ν)|, that is

|χs(τ, ν)| is symmetric with respect to the origin.

• P.4 (Maximum) The largest value of the ambiguity function always is at the

origin:

|χs(τ, ν)| ≤ |χs(0, 0)| = ‖s‖2
L2(R)

with strict inequality if (τ, ν) 6= (0, 0).

• P.5 (Scaling) If s1(t) = s(at), then χs1(τ, ν) = χs(aτ, ν/a)/|a|.

• P.6 (Quadratic Phase Property) If s1(t) = s(t)ejπαt2 , then χs1(τ, ν) = χs(τ, ν−
ατ).

• P.7 (Volume Property) ‖χs(τ, ν)‖2
L2(R2) = |χs(0, 0)|2 = ‖s‖4

L2(R).

• P.8. χs(τ, ν) = χS(ν, τ), or

χs(τ, ν) =

∞∫

−∞

S
(
f +

ν

2

)
S

(
f − ν

2

)
e−j 2πνf df,

where S(f) is the Fourier transform of s(t) defined as S(f) =
∞∫
−∞

s(t)e−j2πftdt.
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• P.9. If s(t) is a time-limited signal of duration T , then χs(τ, ν) = 0 over

{(τ, ν) : |τ | ≥ T, ν ∈ R}.

We should remark at this point that the above properties strongly constrain the

set of two-dimensional functions that can be ambiguity surfaces. The volume under

the surface must equal the square of the maximum. Any attempt to push down the

ambiguity surface in one place makes it pop up somewhere else [2].

At the end of this subsection we observe that, by setting ν = 0 in (1.1), we

obtain the autocorrelation function of s(t):

Rs(τ) = χ∗s(τ, 0) =

∞∫

−∞

s(t)s(t− τ)dt

and, by setting τ = 0 in (1.1), we have the Fourier transform of the square of the

pulse:

Rs(τ) = χ∗s(0, ν) =

∞∫

−∞

|s(t)|2e−j2πνtdt. (1.3)

As it can be seen from (1.3), all the waveforms of the same real envelope have the

same ambiguity cross-section along doppler-delay axis. In particular, for all the

pulses of constant amplitude, |χs(0, ν)| has a sinc-like shape.

1.1.3 Ideal ambiguity function

If there were no theoretical restrictions, the ideal radar waveform would produce

[8, 32, 35] an ambiguity function that is zero everywhere except the origin. The

single peak at the origin eliminates any ambiguities, and its infinitesimal thickness

permits the frequency and the echo delay time to be determined simultaneously

to as high a degree of accuracy as desired. It would also permit the resolution

of two targets no matter how close together they were on the ambiguity plot [35].
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Unfortunately, the properties P.4 and P.7 of the ambiguity function prohibit this

type of idealized behavior [8, 35].

A reasonable approximation to the ideal ambiguity surface might be a so-called

”thumbtack” [8, 32] function which has a narrow central spike, with the bulk of the

volume spread over a low-level pedestal surrounding the spike. The narowness of

the central spike would guarantee adequate close-target resolvability, and the low

level of the pedestal would seem to ensure low interference in the form of self-clutter.

The properties of the ”thumbtack” function for target resolution can be found in

book [32].

1.1.4 The shape of ambiguity surface near the origin

The shape near the origin of the ambiguity surface of a waveform determines the

accuracy of range and frequency measurements in a radar using that waveform, and

also determines the ability of the radar to resolve two closely spaced targets.

The shape of the main lobe can be described more completely by describing

the intersection of the main lobe with a horizontal plane. If the plane is high

enough it slices through the main lobe just below the peak and the shape of the

cut describes the shape of the main lobe near the peak. Report [41] contains the

proof of the fact that, for waveforms having finite timewidth and bandwidth while

their epoch and carrier frequencies both equal to zero, this intersection, within the

quadratic approximation to χs(τ, ν), represents an ellipse in τ and ν which is known

as the uncertainty ellipse. Review [2] extends this result to any waveforms whose

ambiguity function has all the partial derivatives up to the second order inclusively.

It is convenient to write the equation of the uncertainty ellipse down in terms of

notations of paper [2]:

τ 2B2
G + 2τνTGBGρ + ν2T 2

G = C.
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Here TG and BG are Gabor timewidth and Gabor bandwidth, respectively. They

can be computed by the formulas TG =
√

t2 − t
2

and BG =

√
f 2 − f

2
, where the

time moments are ti =< tis(t), s(t) >L2(R) /‖s(t)‖2 and the frequency moments are

f i =< f iS(f), S(f) >L2(R) /‖s(t)‖2. There is also a skew parameter ρ defined as

ρ = Re[tf − tf ]/(TGBG).

The Gabor bandwidth and the Gabor timewidth are external descriptors of

the waveform s(t) in the sense that they can be measured from |χs(τ, ν)| without

knowledge of the details of s(t). The reciprocal of the Gabor timewidth of the pulse

measures the width of the main lobe of the ambiguity surface in the ν direction and

the reciprocal of the Gabor bandwidth measures the width of the main lobe of the

ambiguity surface in the τ direction.

One of the problems that appears when a radar works in multi-target environ-

ment is to resolve the images of two (or more) objects in the range-velocity plane.

If the objects have equal radar cross sections, they will be represented in the range-

velocity plane by congruent elliptic discs, centered at points (τ1, ν1) and (τ2, ν2) and

similarly oriented [41]. Evidently, the most difficult situation to resolve occurs when

the ellipses have a common major axis. Based on the assumption that, in this sit-

uation, two objects are just resolved when the centers of the discs are one major

semi-axis part, it is shown [41] that the smallest resolvable separation R (called the

resolution constant of the waveform s(t)) in the range-velocity plane is given by

R2 =
2C2

T 2
G + B2

G −
√

(T 2
G −B2

G)2 + 4T 2
GB2

Gρ2
.

It is proven in [41] that, under practical limitations TG ≤ T 0
G, BG ≤ B0

G, the best

resolution constant obtainable is R = C/ min(T 0
G, B0

G).

We should mention here that the width of the main lobe may not be accurately

described by the curvature at the peak. That is why in practice other measures

[8, 30, 35] of resolution are used (e.g., 3dB width criterion, Rayleigh criterion, etc.).
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1.2 Thesis outline

In this thesis we discuss two problems related to the area of radar waveform design

and propose new ways for finding solutions to the problems.

In Chapter 2, we formulate and discuss the problem of approximating a given

square-integrable two-dimensional function by ambiguity functions over a subregion

of the Euclidean plane. We begin this chapter by recalling the main steps of the

classical Wilcox’s theory which allows one to perform such an approximation over

the whole plane. Next, we give a new example illustrating how the Wilcox’s theory

can be used in the case when one seeks to approximate a surface of revolution. Then,

we describe our model of a radar waveform which extends the Wilcox’s class of radar

waveforms. This model is used to formulate the problem of interest. Finally, we

solve this problem for the case when the following assumptions are fulfilled: (i) the

function to be approximated is the ideal ambiguity function, (ii) the waveform pro-

ducing the ambiguity surface which provides the best approximation to the desired

surface is restricted to the finite-dimensional linear spans of the well-known family

of Hermite waveforms, and (iii) the approximation is done over either a circular

region or a disk surrounding the origin.

In Chapter 3, we review some known classes of radar signals (e.g., a constant-

frequency pulse, phase-coded waveforms, an LFM pulse, etc.) and discuss basic

approaches to create a train of pulses. We also define a stepped-frequency LFM

pulse train with a constant frequency step between the center frequencies of consec-

utive subpulses and describe some known issues associated with its matched filter

response.

In Chapter 4, we propose a new approach for designing stepped-frequency LFM

trains with variable frequency steps. We define the family of new waveforms and

develop their ambiguity function (and, hence, autocorrelation function). Next, we
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analyze the autocorrelation profile produced by proposed waveforms and show that

it has desirable features (e.g., reduced range sidelobes and grating lobes). Finally,

we study the shape of the ambiguity function of the proposed waveforms for non-

zero Doppler shifts and compare the new waveforms with the traditional stepped-

frequency pulse trains.

Finally, in Chapter 5, we summarize the results of this work.
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Chapter 2

On the synthesis problem for a

waveform having a desired

ambiguity profile

2.1 Background

The ambiguity function is of fundamental importance in the theory of radar. The

use of the ambiguity function to estimate the range and velocity of targets is basic

to the theory. The foundations of mathematical theory of radar have been laid

down by Calvin Wilcox in his famous 1960 technical report [41]. (The report was

published [42] for the first time in 1991.) In this section we recall some important

results that will be useful in our work.

2.1.1 Orthogonal expansions of ambiguity functions

In his report [41], Wilcox defines the class W0 of radar waveforms and the class X 0

of the ambiguity functions of the members of W0 as follows.
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Definition 2.1.1 A function s(t) is in classW0 if and only if s(t), ts(t), and fS(f)

are in L2(R), and ‖s(t)‖L2(R) = 1, < ts(t), s(t) >L2(R)=< fS(f), S(f) >L2(R)= 0.

Definition 2.1.2 A function χ(τ, ν) is in class X 0 if and only if χ(τ, ν) = χs(τ, ν),

where χs(τ, ν) is defined by (1.2) and s(t) ∈ W0.

Based on the assumptions mentioned in Definition 2.1.1, the following properties

of the elements of W0 have been proven.

Theorem 2.1.1 [41]. The following statements hold.

1) s(t) ∈ W0 ⇐⇒ S(f) ∈ W0.

2) s(t) ∈ W0 =⇒

(i) s(t) and S(f) are in L1(R);

(ii) s′(t) and S ′(f) exist almost everywhere and are in L2(R);

(iii) s(t) and S(f) are continuous and bounded on (−∞, +∞) and

lim
|t|→∞

s(t) = 0, lim
|f |→∞

S(f) = 0.

It was shown [41] that there exists a sequence of members of W0

φ0(t), φ1(t), . . . , φm(t), . . . (2.1)

which is complete and orthonormal in L2(R). Then, by the Riesz-Fischer theorem

[31], each s(t) ∈ W0 can be represented as

s(t) = lim
N→∞

N∑
m=0

amφm(t), (2.2)

where am =< s(t), φm(t) >L2(R) and lim
N→∞

N∑
m=0

|am|2 = 1.

Sequence (2.1) induces the family of the cross-ambiguity functions

ψmn(τ, ν) =

∞∫

−∞

φm

(
t− τ

2

)
φn

(
t +

τ

2

)
e−j 2πνt dt (2.3)
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which is also known [41] to be orthonormal and complete in L2(R2). Hence, every

square-integrable function F (τ, ν) satisfies

F (τ, ν) = lim
N→∞

N∑

k=0

N∑
m=0

bkmψkm(τ, ν) (2.4)

with bkm =< F (τ, ν), ψkm(τ, ν) >L2(R2) and lim
N→∞

N∑
k,m=0

|bkm|2 < ∞. In particular,

any ambiguity function χ(τ, ν) ∈ X 0 can be expanded in a series (2.4) such that

bkm =< χ(τ, ν), ψkm(τ, ν) >L2(R2) and lim
N→∞

N∑
k,m=0

|bkm|2 = 1. Furthermore, in this

case the bkm’s are related to the coefficients of the signal expansion (2.2) by the

formula (see [41])

bkm = akam. (2.5)

2.1.2 Hermite waveforms – an example of orthonormal basis

in W0

Hermite waveforms defined [19, 41] as follows

un(t) =
21/4

√
n!

Hn(2
√

π t)e−πt2 , n = 0, 1, 2, . . . , (2.6)

where Hn(x) is the nth Hermite polynomial

Hn(x) = (−1)ne
x2

2

(
d

dx

)n

e
−x2

2 , n = 0, 1, 2, . . .

provide a well-known and quite interesting example of the basis (2.1).

Hermite waveforms as well as their ambiguity functions have many remarkable

properties [4, 14, 19, 28, 37, 38, 41]. Below we recall some of them.

I. Sequence (2.6) is complete and orthonormal in L2(R). Moreover, un(t) ∈ W0 ∀n.

Hence, the functions set (2.6) may be chosen as a basis (2.1) of W0.

II. Hermite waveform un(t) is proportional to its Fourier transform Un(f). More

precisely, Un(f) = (−j)nun(f), n = 0, 1, 2, . . .
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III. The cross-ambiguity functions ξmn(τ, ν) (n,m = 0, 1, 2, . . .) obtained from the

sequence {un(t)} by means of rule (2.3) form a complete and orthonormal set in

L2(R2). It is especially convenient to represent them, for all m,n ≥ 0, as functions

of the polar coordinates (r, θ) defined by τ + jν = rej θ:

ξmn

(
τ√
π

,
ν√
π

)
=
√

π Ξik(r)e
j kθ, (2.7)

where

Ξik(r) = (−1)
|k|+k

2

√
i!

π(i + |k|)! e−
r2

2 r|k|L(|k|)
i (r2), (2.8)

i = (m+n−|m−n|)/2, k = m−n, and L
(l)
i (x)(l, x ≥ 0) is the generalized Laguerre

polynomial defined by

L
(l)
i (x) =

1

i!
exx−l

(
d

dx

)n

(xn+le−x) for x ≥ 0. (2.9)

IV. It follows particularly from formula (2.7) that the (auto)ambiguity function,

ξmm

(
τ√
π

,
ν√
π

)
= e−

r2

2 L(0)
m (r2),

produced by the mth Hermite waveform takes only real values and exhibits a circular

symmetry, i.e. its ambiguity surface is invariant with respect to rotation about the

origin. So, to imagine the entire surface it is enough to know only one of the

cross-sections passing through the origin. All others are exactly the same. Figure

2.1 illustrates the Hermite waveform u100(t) and an arbitrary passing through the

origin cross-section of its auto-ambiguity surface ξ100,100(τ, ν).

V. Let χu(τ, ν) and χuθ
(τ, ν) be the ambiguity functions of waveforms

u(t) =
∞∑

m=0

amum(t) and uθ(t) =
∞∑

m=0

e−jmθamum(t),

respectively. Then, χuθ
(τ, ν) = χu(τ cos θ + ν sin θ,−τ sin θ + ν cos θ), i.e. the ambi-

guity function for uθ(t) is obtained by rotating χu(τ, ν) through the angle θ about

the origin.
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Figure 2.1: Hermite waveform u100(t) (top) and arbitrary cross-section passing

through the origin for its ambiguity surface (bottom)

VI. Let us denote by Ωn the set of all waveforms u∗(t) = Pn(t)e−πt2 with the degree

of the polynomial Pn(t) not greater that n. (Hardy’s theorem (see [41]) shows that

the waveforms of the class Ω = Ω0∪Ω1∪Ω2∪. . . are the only ones that have the same

order at infinity as their Fourier transforms. If a waveform u(t) is smaller at infinity

than every waveform in Ω, then U(f) is larger at infinity than every waveform in

Ω, and conversely. Thus the waveforms Ω present themselves naturally as the wave-

forms that are ”small at infinity” and can be used as an acceptable approximation of

waveforms having finite bandwidth and time duration – requirements desired from

engineering viewpoint.) The following result holds [41]: Among all waveforms from

Ωn, the nth Hermite waveform has the smallest (in the sense of the mainlobe width)

resolution parameter, i.e., it provides the best (with respect to all other elements of

Ωn) capabilities to resolve two or more closely located targets.
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2.1.3 Approximation of an arbitrary function by ambiguity

functions

One of the ways to design waveforms with good ambiguity characteristics is, first,

to invent a function F (τ, ν) ∈ L2(R2) having desirable properties and, then, find the

ambiguity function which most closely approximates it. In other words, we come to

the following optimization problem.

Problem 2.1.1 For a given candidate function F (τ, ν) ∈ L2(R2), find the wave-

form(s) s(t) ∈ L2(R) which corresponds to the projection of F (τ, ν) on X 0.

The complete solution to this problem was provided by Wilcox [41] and further

generalized by Sussman [36]. It is expressed by the following theorem.

Theorem 2.1.2 Problem 2.1.1 always has solutions. Namely, the minimum is

2(1− µ0) where µ0 is the largest eigenvalue of

∞∫

−∞

H(x, y)u(y)dy = µu(x)

and function H
(
t− τ

2
, t +

τ

2

)
is the inverse Fourier transform of F (τ, ν) with re-

spect to the variable ν. The minimum is attained for any u(x) that is an eigenfunc-

tion corresponding to µ0.

A variant of Problem 2.1.1 that is of practical interest arises when we restrict

s(t) to a finite-dimensional space, say,

s(t) =
N∑

m=0

amφm(t) and ‖s(t)‖2 =
N∑

m=0

|am|2 = 1. (2.10)

In this case Problem 2.1.1 can be reformulated as follows.

Problem 2.1.2 Assume that some orthonormal basis (2.1) is fixed. Then, given a

candidate function F (τ, ν) ∈ L2(R2) and a positive integer N , find s(t) satisfying
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(2.10) that minimizes

‖F (τ, ν)− χs(τ, ν)‖2
L2(R2). (2.11)

The solution for Problem 2.1.2 is given by the following theorem:

Theorem 2.1.3 [36, 41] The minimum of (2.11) is 2(1−µ0) where µ0 is the largest

eigenvalue of the Hermitian matrix {bkm}. It is attained by the waveform (2.2) where

(a0, a1, . . . , aN) is any eigenvector for {bkm} corresponding to µ0.

2.2 Preliminaries

2.2.1 Mathematical model of a radar waveform

In this section we formulate the mathematical model of a radar waveform we will

work with in this chapter. Every signal s(t) is assumed to be a real-valued or

complex-valued function of time with finite energy. In what follows we restrict our

attention to the unit energy signals having finite timewidth and bandwidth.

Definition 2.2.1 A function s(t) (called a waveform) is in class W if and only if

s(t), ts(t), and ωS(ω) are in L2(R) and ‖s(t)‖L2(R) = 1.

The above definition does not contain any assumptions regarding waveform’s

epoch and carrier frequency which we define by < ts(t), s(t) >L2(R) and < fS(f),

S(f) >L2(R), respectively. It is clear, however, that these quantities are finite for any

member of W (this fact follows from our assumption about square-integrability of

s(t), ts(t), and fS(f), and Cauchy-Schwarz inequality). In particular, W contains

all the waveforms whose epoch and carrier frequency are both equal to zero. If these

additional assumptions are fulfilled for some s(t) ∈ W , then, by Definition 2.1.1,

s(t) ∈ W0; otherwise, s(t) is not in W0. Hence, W0 ⊂ W . Thus, we have extended,
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comparing with Wilcox’s model [41], the class of waveforms under consideration.

Note that such an extension preserves the properties mentioned in Theorem 2.1.1.

The last follows from the observation that the proof of Theorem 2.1.1 remains correct

for any s(t) ∈ W (not only for s(t) ∈ W0).

The structure of the set W can be further analyzed by means of the following

lemma.

Lemma 2.2.1 If s(t) ∈ W and

u(t) = s(t + t0)e
−j2πf0(t+t0), (2.12)

where t0 =< ts(t), s(t) >L2(R) and f0 =< fS(f), S(f) >L2(R), then u(t) ∈ W0.

Proof. Obviously, s(t) ∈ L2(R) =⇒ u(t) ∈ L2(R) and ‖u(t)‖L2(R) = ‖s(t)‖L2(R) =

1. Next, applying straightforward transformations, one can easily obtain that

< tu(t), u(t) >L2(R) =< ts(t + t0), s(t + t0) >L2(R)=< (t− t0)s(t), s(t) >L2(R)

=< ts(t), s(t) >L2(R) −t0‖s(t)‖L2(R) = 0

(2.13)

and

‖tu(t)‖2
L2(R) = ‖ts(t + t0)‖2

L2(R) = ‖(t− t0)s(t)‖2
L2(R)

= ‖ts(t)‖2
L2(R) − 2t0 < ts(t), s(t) >L2(R) +t20‖s(t)‖2

L2(R)

= ‖ts(t)‖2
L2(R) − t20 < ∞. (2.14)

Thus, u(t) and tu(t) are in L2(R) and < tu(t), u(t) >L2(R)= 0.

To show that fU(f) ∈ L2(R) and < fU(f), U(f) >L2(R)= 0, it is enough to

observe that U(f) = S(f + f0)e
j2πft0 and perform the transformations analogous to

(2.13) and (2.14).

It follows from the above lemma that relation (2.12) defines an onto function

that maps each element s(t) ∈ W to the appropriate (unique) element u(t) ∈ W0
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(any member of W0 is mapped to itself). It is also possible to introduce an inverse

mapping from W0 to W defined by

s(t) = u(t− t0)e
j2πf0t, (2.15)

where functions s(t) and u(t) and quantities t0 and f0 have the same meaning as in

Lemma 2.2.1. Note that equality (2.15) can be interpreted in the following manner:

starting with Wilcox’s class W0, we can generate set W by applying (2.15), for all

real-valued t0 and f0, to all the members of W0. This observation can be used as

an equivalent definition of class W .

Next, we define the class of the ambiguity functions produced by the elements

of W as follows.

Definition 2.2.2 A function χ(τ, ν) is in class X if and only if χ(τ, ν) = χs(τ, ν),

where χs(τ, ν) is defined by (1.2) and s(t) ∈ W.

It is clear that X 0 ⊂ X . Moreover, based on Lemma 2.2.1 and properties

P.1 and P.2 of the ambiguity function, we can relate the ambiguity function of any

waveform s(t) ∈ W to the ambiguity function of u(t), given by (2.12), by the formula

χu(τ, ν) = χs(τ, ν)ej2π(f0τ+t0ν). This relation can be thought as the definition of an

onto function from X to X 0 which is similar to that one (see (2.12)) we have in the

waveform’s space. Hence, starting with class X 0, we can generate all the members

of X by the rule

χs(τ, ν) = χu(τ, ν)e−j2π(f0τ+t0ν), (2.16)

for all (t0, f0) ∈ R2; that is, the above relation defines class X in terms of its subclass

X 0, from which it can be generated.

One of the most interesting consequences of (2.16) is that |χs(τ, ν)| = |χu(τ, ν)|,
that is, for any waveform s(t) ∈ W , we can always find an element u(t) in W0

having the same ambiguity surface. In other words, class X 0 contains all possible
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”distinct” ambiguity surfaces that can be found in X . Taking into account this

remark, it might seem that the extension of Wilcox’s model we propose in this

section is somewhat unnecessary. However, as we show in the next subsection, class

W becomes useful when one studies linear spans of elements from W0: in general,

a linear combination of any finite number of members from W0 does not belong to

W0.

Finally, we would like to note that most of the properties of the ambiguity

function, we have mentioned in section 2.1, are still fulfilled for some functions

that does not belong to W . Despite of this fact, we prefer the waveform’s model

described here, because it preserves an important (from point of view of engineering

requirements) property: all the waveforms under consideration have finite timewidth

and bandwidth.

2.2.2 Finite-dimensional subclasses of W

In this subsection we introduce the sequence of finite-dimensional subclasses of W
as follows

Definition 2.2.3 Let {φm(t)}∞m=0 be some basis (2.1) from W0. A function s(t)

is in class WN = WN({φm(t)}N
m=0) (N = 0, 1, . . .) if and only if

s(t) =
N∑

m=0

amφm(t) (2.17)

such that am = < s(t), φm(t) >L2(R) and am ∈ SN , where SN is the N-dimensional

unit sphere:
N∑

m=0

|am|2 = 1.

The following lemma states some simple relations between subclasses WN and

W .

Lemma 2.2.2 1) W0 ⊂ W1 ⊂ W2 ⊂ . . .; 2) WN ⊂ W , for N = 0, 1, 2, . . . .
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Proof. The correctness of the first statement is evident. To prove the second

claim we assume that some natural N and some basis {φm(t)}N
m=0 of W0 (see (2.1))

are fixed. Consider any s(t) ∈ WN . Taking into account Definition 2.2.3 and

orthonormality of {φm(t)}N
m=0, we find:

‖s(t)‖2
L2(R) =

∥∥∥∥∥
N∑

m=0

amφm(t)

∥∥∥∥∥

2

L2(R)

=
N∑

m=0

|am|2‖φm(t)‖2
L2(R) = 1.

Next, we observe that, for m = 0, 1, 2, . . . , N , φm(t) ∈ W0 and am ∈ SN imply

‖tφm(t)‖L2(R) ≤ ∞ and 0 ≤ |ai| ≤ 1, respectively. Then, applying the triangle

inequality yields

‖ts(t)‖L2(R) =

∥∥∥∥∥
N∑

m=0

amtφm(t)

∥∥∥∥∥
L2(R)

≤
N∑

m=0

‖amtφm(t)‖L2(R)

=
N∑

m=0

|am|‖tφm(t)‖L2(R) ≤
N∑

m=0

‖tφm(t)‖L2(R) < ∞. (2.18)

Thus, we have proved that both s(t) and ts(t) are in L2(R) and ‖s(t)‖L2(R) = 1.

Note that (i) S(f) =
N∑

m=0

amΦm(f), where Φm(f) is the Fourier transform of

φm(t), and (ii) ‖fΦm(f)‖L2(R) < ∞ (m = 0, 1, 2, . . . , N), since φm(t) ∈ W . Now one

can easily check that ‖fS(f)‖L2(R) < ∞ by applying the sequence of transformations

similar to (2.18). This completes the proof of the lemma.

According to Lemma 2.2.2, any waveform s(t) from WN is a member of W . To

say about its membership in W0, we have to check whether its epoch and carrier fre-

quency are both equal to zero. The following example demonstrates that, generally

speaking, it is not the case.

Example. Consider s(t) ∈ W1, that is s(t) = a0φ0(t) + a1φ1(t) such that |a0|2 +

|a1|2 = 1. Then,

< ts(t), s(t)) >L2(R)=|a0|2 < tφ0(t), φ0(t)) >L2(R) +|a1|2 < tφ1(t), φ1(t)) >L2(R)

+ 2<{
a0a1 < tφ0(t), φ1(t)) >L2(R)

}
.

(2.19)
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Since φ0(t), φ1(t) ∈ W0, the first two summands in (2.19) are equal to zero and

< ts(t), s(t)) >L2(R)= 2ρ0ρ1<
{
ej(θ0−θ1) < tφ0(t), φ1(t)) >L2(R)

}
,

where ρi = |ai|, θi = ∠ai, i = 0, 1. Likewise,

< fS(f), S(f)) >L2(R)= 2ρ0ρ1<
{
ej(θ0−θ1) < fΦ0(f), Φ1(f)) >L2(R)

}
.

At this point, we assume additionally that φ0(t) and φ1(t) are the first two

Hermite waveforms defined by (2.6). Then, tφ0(t) = φ1(t)/(2
√

π), Φ0(f) = φ0(f)

and Φ1(f) = −jφ1(f). Therefore,
√

π < ts(t), s(t)) >L2(R)= ρ0ρ1 cos(θ0 − θ1) and

√
π < fS(f), S(f)) >L2(R)= ρ0ρ1 sin(θ0 − θ1). If s(t) were in W0

1 , it would satisfy

< ts(t), s(t)) >2
L2(R) + < fS(f), S(f)) >2

L2(R)= 0 =⇒ ρ2
0ρ

2
1 = 0.

The last equality can be fulfilled only if either ρ0 or ρ1 equals zero. Hence, in our

example, functions of the form ejθiφi(t) (i = 0, 1) are the only members of W0
1 .

At the end of this section, we define the sequence of classes XN (N = 0, 1, 2, . . .)

containing the ambiguity functions of the waveforms from WN .

Definition 2.2.4 A function χ(τ, ν) is in class XN if and only if χ(τ, ν) = χs(τ, ν),

where χs(τ, ν) is defined by (1.2) and s(t) ∈ WN .

Based on Definition 2.2.4 and the above discussion, one can derive directly a

couple of properties of the XNs. For instance, by analogy with the proof of Lemma

2.2.2, one can show that (1) X0 ⊂ X1 ⊂ X2 ⊂ . . . and (2) XN ⊂ X , for N =

0, 1, 2, . . . . Other straightforward property formulated in the below lemma follows

from the facts mentioned in section 2.1.1.

Lemma 2.2.3 Let {φm(t)}N
m=0 be some finite-dimensional basis (2.1) constituting

the class WN . Then, any ambiguity function χ(τ, ν) = χs(τ, ν) ∈ XN can be ex-
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panded in a finite series

χ(τ, ν) =
N∑

k=0

N∑
m=0

bkmψkm(τ, ν), (2.20)

where {ψkm(τ, ν)}N
k,m=0 is the sequence (2.3) of cross-ambiguity functions induced

by basis functions {φm(t)}N
m=0 and the elements of the sequence {bkm}N

k,m=0 admit

representation (2.5) through the coefficients of expansion (2.17) of the appropriate

waveform s(t) ∈ WN .

The classes XN play the key role in the rest of this chapter where we discuss

various formulations of the problem about finding the projection(s) (in the mean

square sense) of a given function on XN .

2.3 Application of Wilcox’s Method: Approxima-

tion of a Surface of Revolution

In this section we give an example of the usage of classical Wilcox’s method described

in section 2.1.3.

We consider the problem of finding the projection of a given function F (τ, ν) ∈
L2(R2) on XN , i.e. Problem 2.1.2. We recall from subsection 2.1.3 that Wilcox’s al-

gorithm mentioned there provides a way to find the solution(s) of the problem in the

general case. Our goal here is to demonstrate the application of his approach for spe-

cific class of functions F (τ, ν) and specific, appropriately chosen, basis {φm(t)}N
m=0.

In more details, we assume additionally that F (τ, ν) has a circular symmetry. At the

same time, as we have seen in subsection 2.1.2, the ambiguity functions ξmm(τ, ν)

of Hermite waveforms (2.6) themselves exhibit a circular symmetry. Taking into

account this fact as well as other properties of the family of the cross-ambiguity

functions (2.7), it is natural to choose the Hermite waveforms as basis functions in
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our example. Then, the following theorem holds.

Theorem 2.3.1 Let F (τ, ν) ∈ L2(R2) be a radial function and N is an arbitrary

natural number. Then ξpp(τ, ν) is the best approximation of F (τ, ν) in the L2(R2)

sense in the class XN , where p is the index corresponding to the largest by absolute

value coefficient bpp in the decomposition (2.4) of F (τ, ν) into basis {ξnm(τ, ν)}N
n,m=0.

Proof. We observe that functions F (τ, ν) and ξnm(τ, ν) (n,m = 0, 1, 2, . . . , N)

can be represented in the polar coordinates (r, θ) defined by τ + jν = rej θ as

follows: F (τ, ν) = H(r) (due to the circular symmetry of F (τ, ν)) and ξnm(τ, ν) =

ξ̃nm(r)ej(n−m)θ (due to property III in section 2.1.2), where H(r) and {ξ̃nm(r)}N
n,m=0

are some functions of r. Since the sequence ejkθ (k = −N,−N + 1, . . . , N − 1, N) is

orthogonal on 0 ≤ θ ≤ 2π, we obtain, for n 6= m,

< F (τ, ν), ξmn(τ, ν) >L2(R2)=

∞∫

0

H(r)ξ̃nm(r)rdr

2π∫

0

ej(n−m)θdθ = 0.

Therefore, the matrix {bnm}N
n,m=0 in Theorem 2.1.3 is diagonal with the entries

bmm =< F (τ, ν), ξmm(τ, ν) >L2(R2) (m = 1, 2, . . . , N) on the main diagonal. Hence,

the eigenvalues are just the values of the main diagonal, and, by Theorem 2.1.3,

up(t) = arg min
s∈WN

‖F (τ, ν)− χs(τ, ν)‖2
L2(R2).

Thus, according to Theorem 2.3.1, in the special case when the desired ambiguity

surface is the surface of revolution, the solution of Problem 2.1.2 is one of the Hermite

waveforms.

Note that up to this point the approximation of a given function by ambiguity

functions was supposed to be done over the whole Euclidean plane. In what follows

we generalize this problem to subregions of R2.
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2.4 Approximation of an arbitrary square-

integrable function by ambiguity functions

over a subregion of R2

One of the main goals of a radar engineer is the design of waveforms with desired

range-Doppler characteristics. It may be noticed that the preceding analysis de-

scribed in subsections 2.1.1 and 2.1.3 shows that, in some theoretical sense, the

problem can be regarded as solved. In more detail, if a candidate function F (τ, ν) is

an ambiguity function, it can be expanded using the orthonormal basis {ψkm} (see

(2.3), (2.4)) to obtain the corresponding coefficients {am} from formula (2.5). On

the other hand, if a function F (τ, ν) itself is not an ambiguity function, it can be

approximated by some ambiguity function via the procedure described in subsection

2.1.3.

Note that the above approach is based on the assumption that the desired ambi-

guity shape is given in analytical form, which is not the case in any practical radar

application. In practice, engineers have a general idea of acceptable shape rather

than the formulas describing it, thus making Wilcox’s algorithm not applicable.

Moreover, in many situations, it is not even necessary to have a certain shape for

all the values of time and Doppler delays (the region where the ambiguity surface

is desired to be small depends on the particular radar application), and Wilcox’s

algorithm does not treat the situations where only part of the ambiguity surface

has to be approximated. In what follows we make an attempt to extend Wilcox’s

classical results to the case of subregions of R2.

In general form, the problem can therefore be phrased as follows:

Problem 2.4.1 For a given candidate function F (τ, ν) ∈ L2(R2), restricted to a
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specified region G ⊆ R2, find the waveform(s) s(t) ∈ W which corresponds to the

projection (in the mean square sense) of F (τ, ν) on X .

The above, somewhat theoretical formulation, may be discretised in order to per-

mit some practical needs. Accordingly, with this in mind, we reformulate Problem

2.4.1:

Problem 2.4.2 Assume that some orthonormal basis (2.1) and some region G ⊆
R2 are fixed. Then, given function F (τ, ν) ∈ L2(R2) and a positive integer N , find

arg min
s∈WN

‖F (τ, ν)− χs(τ, ν)‖2
L2(G)

= arg min
s∈WN

(
‖χs(τ, ν)‖2

L2(G) − 2<{< F (τ, ν), χs(τ, ν) >L2(G)}
)

+ ‖F (τ, ν)‖2
L2(G).

(2.21)

Note that, in the special case of G = R2, the first and the last terms in (2.21)

are both equal to 1, and thus have no effect on the minimization problem. Thus,

the restriction of our attention to a suitably specified subset G of R2 (rather than to

all of R2) results in the retention of certain terms which otherwise would cancel out

if we considered all of R2, and thereby introduces additional parameters which can

lead to substantial improvements of the design in the region under consideration.

We would like also to note that, due to Lemma 2.2.3, the norm to be minimized

in (2.21) can be written as follows

arg min
s∈WN

‖F (τ, ν)− χs(τ, ν)‖2
L2(G) = Q(a0, a1, . . . , aN)

= arg min
{ai}∈SN

(
N∑

i,k,m,n=0

cikmnaiakaman − 2<
{ N∑

k,m=0

bkmakam

})
+ ‖F (τ, ν)‖2

L2(G),

(2.22)

where cikmn =< ψik(τ, ν), ψmn(τ, ν) >L2(G) and bkm =< F (τ, ν), ψkm(τ, ν) >L2(G).

Thus, we conclude that to solve Problem 2.4.2 we have to find am ∈ SN (m =

0, 1, . . . , N) minimizing the 4th order form Q(a0, a1, . . . , aN) defined by (2.22).
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2.5 Approximation of ideal ambiguity function

It is well-known fact that an ideal radar waveform would produce a two-dimensional

impulse function on the delay-Doppler plane. Such a function (we will denote it

by χopt(τ, ν)) would have ideal range-Doppler characteristics. However, since no

finite energy signal gives rise to χopt(τ, ν) [8], we need to modify our notion of ideal

ambiguity surface somehow in order to get realizable waveforms with some optimal

properties. For many purposes it is desirable to construct a waveform producing a

surface which vanishes everywhere in some (perhaps, quite large) neighborhood of

the origin and has a (finite) peak at that point (we denote this surface by χ̃opt(τ, ν);

clearly, χ̃opt(τ, ν) itself is an approximation to χopt(τ, ν)). This observation gives

rise to a question about finding an ambiguity surface |χ(τ, ν)| which provides the

best approximation for χ̃opt(τ, ν) over some region G. In other words, the goal is

to find s(t) ∈ W that minimizes ‖χ̃opt(τ, ν)− |χs(τ, ν)|‖2
L2(G) = ‖χs(τ, ν)‖2

L2(G) (i.e.

a waveform that has best ‘clear area’ under its ambiguity surface squared over G).

As can be noticed, this is just a special case of Problem 2.4.1. Referring to the

finite-dimensional case (i.e. Problem 2.4.2), we arrive at the final formulation of the

problem:

Problem 2.5.1 Find a waveform s(t) ∈ WN with the smallest volume under

|χs(τ, ν)|2 over some bounded connected region G, i.e.

arg min
s∈WN

‖χs(τ, ν)‖2
L2(G) = arg min

{ai}∈SN

N∑

i,k,m,n=0

cikmnaiakaman. (2.23)

The mathematical formulation of Problems 2.4.1-2.5.1 for a general region G 6=
R2 appears to be new in radar waveform design. Generally speaking, it is very dif-

ficult to find solution(s) of such a non-linear problem (the objective function in the

above formulation is of the fourth order and it significantly depends on the choice
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of region G as well as basis functions {φm(t)}). In this section we consider a few ex-

amples illustrating the solutions to Problems 2.4.1-2.5.1 under the assumption that

G is either disc or annulus and the basis functions {φm(t)} are Hermite waveforms

(2.6).

2.5.1 Case 1: Approximation over a circular region

We start this subsection with the following theorem stating a very interesting new

optimal property of Hermite waveforms:

Theorem 2.5.1 Let N be a fixed nonnegative integer and G be a circular region:

G = {(τ, ν) : τ 2+ν2 ≤ R2}. Let also ψiN = ψiN(x0) (i = 0, 1, . . . , N) be the sequence

of functions defined by (A.4) – (A.6). If radius R satisfies the set of inequalities

ψiN(πR2)− ψNN(πR2) < 0, (2.24)

then the family of waveforms

u∗(t) = ejφuN(t), φ ∈ R

is a solution of Problem 2.5.1 among all the waveforms fromWN = WN({um(t)}N
m=0),

where {um(t)}N
m=0 is the sequence of Hermite waveforms (2.6).

The proof of the theorem and analysis of conditions (2.24) are given in Appendix.

It follows from the above theorem that the ambiguity surface of the Nth Hermite

waveform provides the best (among all the members of WN) approximation of the

ideal ambiguity surface in the mean square sense over any circular region centered

at the origin. Therefore, the larger N we will choose, the better approximation of

the ideal shape we will obtain (this fact is illustrated in Figure 2.2).

As we noted in [15], the Hermite waveforms and their various optimal properties

have been known in the radar community for a long period of time [19, 41], but have
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Figure 2.2: Arbitrary (passing through the origin) cross-section of the ambiguity

surface |ξ20(τ, ν)| (top), |ξ60(τ, ν)| (middle), and |ξ100(τ, ν)| (bottom)
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Figure 2.3: Sidelobe level of ambiguity surface for different Hermite waveforms

not been extensively used for practical needs of radar design. One of the reasons is

that the few sidelobes (for each of the signal from this family) are relatively high

and their level does not become lower with an increase of n. To illustrate this

phenomenon, the cross-section of the ambiguity surface in the vicinity of the main

lobe for four different Hermite waveforms is displayed in Figure 2.3. As it can be

seen from the figure, when n increases, the kth sidelobe (k = 1, 2, . . .) of the Hermite

ambiguity surface approaches the origin, becomes more narrow, and, unfortunately,

preserves the same height. This property holds for all Hermite waveforms, not only

for those depicted in Figure 2.3, thus making the Hermite family of waveforms not

suitable for most applications.

We should remark that the sidelobe problem is unfortunate but not surprising,

since the optimization Problem 2.5.1 has been formulated in terms of minimal vol-

ume under the surface. Reformulation of Problem 2.5.1 in terms of the max-norm

(or L∞G -norm) that would guarantee the lowest level of sidelobes in the selected re-

gion G is, obviously, one way to address the issue of high sidelobes, but in this case

the problem becomes more complicated and remains open. However, as we show in

the next subsection, the replacement of the selected region G, rather than norm (or

basis functions), can lead to acceptable solutions. In more details, we consider the
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minimization problem over a circular ring Gr = {(τ, ν) : r2 ≤ τ 2 + ν2 ≤ R2} and

show that appropriate choice of the inner radius r enables us to find a solution of

Problem 2.5.1 with low sidelobe level of its ambiguity shape not only over Gr, but

for the whole G.

2.5.2 Case 2: Approximation over a disk

Below we consider a few numerical solutions of Problem 2.5.1 for the special case

when the region G is the circular ring Gr = {(τ, ν) : r2 ≤ τ 2 +ν2 ≤ R2} surrounding

the main lobe. The choice of radial dimensions of the ring is not arbitrary, it affects

the solution of the non-linear optimization problem.

Note that property VI of the Hermite waveforms (see subsection 2.1.2) deter-

mines the lower bound on the interior radius r of the considered region Gr, since

the Nth Hermite waveform provides the best approximation of the ideal main lobe

in the class WN . Therefore, we choose r to be equal to the width rN of the main

lobe of uN(t), because the decrease of r does not lead to an improvement of the res-

olution parameters (the location of rN can be estimated in terms of the bandwidth

βN or the timewidth τN of uN(t) [41]: 3
√

3/(16βN

√
2) < rN <

√
3/(2πβN), where

βN = τN =
√

(N + 0.5)/(2π) ). The choice of the exterior radius R is less obvious

and affects the volume under the surface as well as the sidelobe distribution.

Sample solutions (see Figures 2.4 and 2.5) vividly illustrate the degree of control

we can exert by suitably varying R. The top subplot of Figure 2.4 shows the

waveform s1(t) obtained by means of a numerical solution of Problem 2.5.1 with N =

199, R = 0.018, while the bottom subplot of the figure displays the corresponding

ambiguity function. Figure 2.5 demonstrates the solution s2(t) of the same problem

with N = 199, R = 0.05 and its ambiguity surface. In both cases we achieve our goal

of excellent ambiguity profiles in substantial neighborhoods of the origin. The size of
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Figure 2.4: Numerical solution of Problem 2.5.1 with N = 199, R = 0.018.
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Figure 2.5: Numerical solution of Problem 2.5.1 with N = 199, R = 0.05.
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the ‘clear area’ can be expressed by the ratio between R and the value of the smallest

positive zero of |χs(τ, 0)|. It is approximately equal to 3.05 and 7.35 for waveforms

s1(t) and s2(t), respectively. The height of the sidelobe peaks of |χs1(τ, ν)| in the

region of interest appears to be less than -35 dB (-30 dB for |χs2(τ, ν)|), whereas

the nearest sidelobes outside Gr attain the level of -15 dB (-10 dB). In both cases

the main lobe of the ambiguity surface becomes wider than the one for |χu199(τ, ν)|.

2.6 Summary

In his famous report [41], Wilcox introduced a general method for finding a waveform

whose ambiguity function is a good approximation over all of R2 to a specified

function. In this chapter, we have extended Wilcox’s model of a radar waveform

and adapted his method to the problem of producing a close match, over a specified

subregion of R2, to a good ambiguity surface. The optimization over a subregion

of R2 generalizes Wicox’s approach, which optimizes over all of R2. There are new

subtleties that appear with this approach, since we can seek, for example, to make

an ambiguity small over some region, which, if successful, will push the bulk of the

function outside the region where we want it to be small. Obviously, this is not

possible if the region is all of R2, because of the volume property of the ambiguity

function.

An obvious long range project is an investigation of the relationship between

the choice of an orthonormal basis and the desired region G ⊆ R2. In this chapter,

we have made an attempt to look at what happens with specific example of the

orthonormal basis and region G. We have carried out such a project for Hermite

waveforms and G having circular symmetry, which is a natural property for the

G associated to an Hermite basis. In particular, we have found a new interesting
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property of the Hermite waveforms: the Nth Hermite waveform provides the best

(among the members of WN) approximation to the ideal ambiguity surface over any

circular region.

We would like to note at the end of this chapter that the solution to the optimiza-

tion problem arg min
s∈WN

‖χs(τ, ν)‖2
L2(G) we have found here does not lead to finding a

solution for the problem arg min
s∈W

‖χs(τ, ν)‖2
L2(G). However, it allows us to suggest an

optimal waveform for any finite-dimensional subclass of W which makes this result

important from practical point of view.
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Chapter 3

Radar signals

3.1 Introduction

As it was already mentioned before, the aim of a radar engineer is to design wave-

forms with desired range-doppler characteristics. This problem is extremely com-

plicated due to its nature and some practical limitations that should be taken into

account.

First, we should note that the majority of radar signals are narrow bandpass

signals (see [8, 22]). Their Fourier transform is limited to some frequency band-

width centered about a carrier frequency ωc. A narrow bandpass signal can be

written in several forms (see [22] for details), one of which is s(t) = Re{u(t)ejωct}
where u(t) is a complex envelope of a real-valued signal s(t). There is, however, a

practical justification [22, 32] for dealing only with the complex envelope, u(t), of

the radar signal. The important fact that essentially restricts the possible signals

under consideration should be taken into account: the radar signals are desired to

be of a constant amplitude due to necessity to preserve the signal-to-noise ratio and

some hardware limitations (recent paper [44] presents an attempt to start discussion
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regarding implementation of signals having a nonconstant amplitude).

Second, it is important to keep in mind that the shape of desired ambiguity

surface significantly depends on specific radar application. For some applications

as well as for theoretical purposes, it is desirable to obtain ”thumbtack” surface

(see section 2.3). For other applications, the choice of the surface may be different.

For example, there are circumstances [35] when a waveform which is extremely

doppler tolerant (that is its ambiguity surface has a ridge along the doppler axis)

is required. Sometimes, the desired ambiguity characteristics are based on some

additional knowledge. For instance, no waveform is optimum for target resolution

in general. Rather, there is an optimum waveform for each target environment; this

is the waveform [32] achieving the desired nominal resolution with the least amount

of self-clutter and target masking.

Third, once the shape of the desired ambiguity surface has been realized, one

wishes to work backwards to find a corresponding waveform. This, however, is

unsolved problem: no techniques are known for finding a waveform corresponding

to a desired ambiguity surface, nor are a set of rules known for ensuring that a desired

ambiguity surface is in fact an ambiguity surface; a waveform that gives rise to this

desired surface might not exist. Moreover, as it was said at the end of the previous

section, it is sometimes desirable to construct waveforms whose ambiguity surface

has a predetermined shape over some subregion of R2. For example, if the range

rate of targets is assumed to be known, one should concentrate on the ambiguity

surface profile over a narrow stripe containing the time-delay axis. In this case, the

shape of the magnitude of the autocorrelation function is of special importance.

At last, we remark that due to complexity of the ambiguity function there are

only few classes of waveforms for which their ambiguity function is available in

the closed form. However, many signals are too complicated, and only numerical
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calculation of their ambiguity surface is feasible.

The above discussion implies that the design of a radar signal with desirable

characteristics of the ambiguity function is based primarily on the radar designer’s

prior knowledge of radar waveforms and his/her expertise in such designs. Nadav

Levanon, who is a world-known expert in the radar waveform design, writes in

his recent book [22]: ”... the work (or the art) of designing radar waveforms is

based mostly on experience and expertise obtained through successive designs. This

experience is gained by manipulating signal parameters while using special building

blocks with desirable mathematical properties.”

In this section we present a short overview of some known classes of radar wave-

forms.

3.2 Constant-frequency pulse

A constant-frequency (or unmodulated) pulse is a basic radar signal that can be

found in any radar textbook. It is defined by

u(t) =
1√
T

rect

(
t

T

)
(3.1)

where T is the pulse duration and rect(t) is the rectangular pulse

rect(t) =





1, −1

2
≤ t ≤ 1

2
,

0, otherwise.

(3.2)

The ambiguity surface of unmodulated pulse (3.1) is represented [2, 8, 32, 22] by

|χu(τ, ν)| =
∣∣∣∣
(

1− |τ |
T

)
sinc

[
Tν

(
1− |τ |

T

)]∣∣∣∣, |τ | ≤ T, zero elsewhere,

where sinc(x) = sin(πx)/(πx), and is depicted in Figure 3.1. Since the ambiguity

surface is symmetric with respect to the origin (see property P.3 on page 6), only

the half of the surface, corresponding to the positive Doppler-delays, is shown.
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Figure 3.1: The ambiguity surface of constant-frequency pulse (3.1)

It can be seen from Figure 3.1 that |χu(τ, ν)| has a triangular zero-Doppler

cut. The delay response reaches zero at the pulse width T . The zero-delay cut

is | sinc (Tν)|. Hence, the first Doppler null is at the inverse of the pulse duration.

Therefore, the delay resolution of pulse (3.1) is usually approximated by T , while the

Doppler resolution – by 1/T (note that T = 1/B where B is the signal’s bandwidth).

It is well-known (see [8, 22, 27, 32, 35]) that the constant-frequency pulse exhibits

poor performance in many aspects: poor range resolution, poor Doppler resolution

and high Doppler sidelobes, and inefficient spectral use.

3.3 Pulse compression waveforms

Modern pulse radars generally use pulse compression waveforms whose autocorrela-

tion function’s profile produces something approximating ”thumbtack”.

The essence of pulse compression radar can be summarized as follows [32]: In a

system utilizing the modulation signal or complex envelope for the measurement of
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range, the sharpness of the matched-filter output signal is inversely proportional to

the signal bandwidth. Hence, in order to compress the received signal into a narrow

spike, the signal must have a large bandwidth. The problem is to provide this large

bandwidth without degrading radar performance in other respects.

Pulse compression is achieved by modulating the transmit waveform in either

phase or frequency to achieve a bandwidth significantly in excess of that of the enve-

lope of the transmit pulse itself. The incorporation of pulse compression waveforms

requires additional system complexity both in the radar transmitter for the proper

encoding of the transmit pulse and, especially, in the radar receiver for compressing

the received pulse. Despite this added complexity, many modern radars utilize some

form of pulse compression due to the increased capability and flexibility it provides

[5].

The range resolution achievable with a pulse compression system is given by 1/B,

where B is the bandwidth of the transmitted waveform. The product TB (here T

is the time duration of the transmitted signal and is related to B by B À 1/T )

is called the time-bandwidth product or pulse compression ratio of the system and

is usually used [8, 30, 32] to characterize the degree of signal’s compression. Note

that the resolution attainable with pulse compression systems is a function of only

bandwidth and not transmit pulse width, in contrast with simple pulse systems

transmitting unmodulated pulses.

3.4 Phase-coded waveforms

One of the early methods for pulse compression is by phase coding that can be

described as follows [8, 22, 32, 27]. Consider a pulse of duration T divided in time

into N segments of identical duration such that each segment is assigned (or coded)
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with a different phase value. The complex envelope of the phase-coded pulse is given

by

u(t) =
1

T

N∑
n=1

unrect

[
t− (n− 1)tb

tb

]
(3.3)

where un = ejφn , tb = T/N , and the set of N phases {φ1, φ2, . . . , φN} is the phase

code associated with u(t). For a binary coded waveform, it is fulfilled that φi ∈
{0, 1} ∀i.

The number of possibilities of generating phase codes of length N is unlimited.

The criteria [22] for selecting a specific code are the resolution properties of the

resulting waveform, frequency spectrum, and the ease with which the system can

be implemented. Sometimes the design is even more complicated by using different

phase codes for the transmitted pulse and the reference pulse used at the receiver

(possibly even with different lengths). This can improve resolution at the expense

of a suboptimal signal-to-noise ratio.

The problem of finding a code with predetermined ambiguity surface is very

complicated. A more manageable problem is to obtain a phase-coded waveform

with a good autocorrelation function.

The most famous class of phase codes is named Barker, after its inventor [1].

They are precisely those binary phase codes that have autocorrelation sidelobes

of magnitudes 1 and 0 only. Thus, the Barker codes are the biphase codes with

minimum possible peak sidelobe levels and are sometimes referred to as perfect

codes. All the known Barker codes can be found in [5, 22]. Although it was only

proved that no binary codes exist for all odd N > 13 as well as all even 13 < N <

1898884 (see [22] and references therein for details), it is common belief that no

Barker codes exist for all N > 13. It should be noted here that these codes are only

perfect in the time domain: the output degrades rapidly in the presence of Doppler

shift. Papers [6, 7, 10] reported other examples of so-called minimum peak sidelobe
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codes that do not meet the Barker condition.

Allowing any phase values in (3.3) can lead to lower sidelobes. However, the

outermost sidelobe is always 1 (for any phase code). The polyphase sequence with

minimal peak-to-sidelobe ratio excluding the outermost sidelobe are called general-

ized Barker sequence or polyphase Barker. Systematic methods to construct them

were not yet found. Searches for generalized Barker sequences with no restriction on

the values of the sequence phases have been carried out using numerical optimiza-

tion techniques. Examples of such sequences were found for all N ≤ 45 [3, 12, 13]

and presented altogether in [22].

3.5 Linear frequency-modulated pulse

Linear frequency modulation (LFM or chirp) is the oldest and most developed of all

the pulse compression techniques, having first been proposed in the late 1940’s [8].

The LFM waveform consists of a rectangular (in amplitude) transmit pulse and a

carrier frequency that is swept linearly (chirped) over the entire pulse length T , i.e.

the complex envelope of the LFM pulse is given by

u(t) =
1√
T

rect

(
t

T

)
ejπkt2 , k = ±B

T
. (3.4)

The ambiguity surface of chirp pulse (3.4) has the form [2, 8, 32, 22]

|χu(τ, ν)| =
∣∣∣∣
(

1− |τ |
T

)
sinc

[
T (ν − kτ)

(
1− |τ |

T

)]∣∣∣∣, |τ | ≤ T, zero elsewhere,

(3.5)

and is depicted in Figure 3.2. As the figure shows, the improved delay resolution

of LFM comes with a penalty of delay-Doppler coupling which is expressed by the

diagonal ridge. The physical interpretation of this fact is that when k > 0(< 0), a

target with positive Doppler appears closer (farther) than its true range. In many



44

Figure 3.2: The ambiguity surface of LFM pulse (3.4) with TB = 10

applications the resulting range error is acceptable. The delay error of the shifted

peak response is accompanied by a small decrease in the height of the peak.

Adding linear frequency modulation to the constant-frequency pulse increases

the bandwidth and thus improves the range resolution of the chirp by a factor equal

to the time-bandwidth product. However, relatively strong sidelobes remain in the

autocorrelation function (ACF) of LFM pulse, as seen in Figure 3.3. These sidelobes

can be reduced by signal spectrum reshaping that can be done using weighting (see

[21] and references therein).

Knowledge of the weighting windows mentioned above may be used to obtain

noolinear frequency modulated waveforms with good range resolution properties.

Such waveforms are generally derived so that the spectral amplitude weightings

used for sidelobe suppression in the LFM receiver are approximated by a nonlinear

time frequency distribution characteristic that is shared by both the transmitted

waveform and the receiver [5]. That is, these waveforms are usually invented by
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TB = 40

deriving a frequency-time distribution whose square equals the product of a linear

FM waveform with a chosen sidelobe reduction weighting function. Examples of

such nonlinear FM waveforms are presented in [5, 22].

3.6 Pulse trains

Long duration signals can be generated by periodically repeating a suitable short-

duration pulse. A pulse train, then, is a waveform consisting of a finite or infinite

number of nonoverlapping pulses. Pulse repetition is convenient method of increas-

ing the signal duration without a proportionate decrease in the bandwidth. In

addition, the bandwidth can be increased by shifting the carrier frequency from one

pulse to the next. With pulse trains, it thus is possible to design signals of extreme

complexity [22, 32] and yet leave the associated equipment relatively manageable.

There are many ways to construct pulse trains. A uniformly spaced pulse train

p(t) =
N−1∑
n=0

s(t−nTr) provides a simplest example of a train constructed from a pulse

s(t) (here Tr is the pulse repetition interval and s(t) is assumed to have a width

smaller than Tr). Other basic ways to create the diversity of trains are based [2] on
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introducing of

• an irregular spacing of the pulses: p(t) =
N−1∑
n=0

s

(
t−

n∑
m=0

Tm

)
, where Tm is the

mth pulse spacing;

• an irregular pattern of phase shifts of the pulses: p(t) =
N−1∑
n=0

s(t − nTr)e
−jθn ,

where θn is the phase angle of the nth pulse;

• an irregular pattern of frequency shifts of the pulses: p(t) =
N−1∑
n=0

s(t−nTr)e
−j2πfnt,

where fn is the frequency shift of the nth pulse.

The following theorem relates the ambiguity function of a uniform pulse train

to the ambiguity function of a single pulse constituting the train.

Theorem 3.6.1 (AF of a uniform pulse train) [2]. Let s1(t) be a pulse of duration

T centered at time zero and

p1(t) =
N−1∑
n=0

s1

(
t− nTr +

1

2
(N − 1)Tr

)
(3.6)

be the pulse train centered at time zero as well, where the PRI Tr > T . Then

χp1(τ, ν) =
N−1∑

n=−(N−1)

χs1(τ − nTr, ν)
sin [πνTr(N − |n|)]

sin πνTr

. (3.7)

Applying the approaches mentioned above, one can generate the variety of trains.

Some of them were extensively studied (see [8, 22, 32] and references therein). We

would like to mention here the famous Costas coding, which results in a rather ran-

domlike frequency evolution. Costas [9] showed how a special class of permutation

matrices [17] may be beneficially used to determine the frequency-time pattern of

a uniform pulse train. Proper choice of burst waveform parameters was shown to

result in detection waveform having range and Doppler resolution properties consis-

tent with the overall signal duration and bandwidth. The range-Doppler sidelobe
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peaks was shown to be well-controlled so that the ”thumbtack” ambiguity function

behaviour is closely approximated by the synthesis procedure presented. Below we

discuss other example of pulse trains obtained by frequency shifts of neighbor pulses.

3.7 Stepped-frequency pulse train

As we have already mentioned before, modern radars commonly use wide bandwidth

pulses to attain high range resolution. However, when such wideband pulses are

unavailable due to hardware limitations, high range resolution can still be achieved

by coherently combining a sequence of narrowband pulses spanning the desired

bandwidth. Collectively, such narrowband pulse sequences are said [22, 29, 39] to

compose a ”synthetic wideband waveform”. Below we will consider a specific variant

of such a waveform known as stepped-frequency waveform.

Radars that use stepped-frequency waveforms do not require costly wideband

hardware. Instead, high range resolution is attained by transmitting a sequence of

narrowband pulses (called a ”burst”). The center frequency of each pulse is adjusted

so that the aggregate burst covers a relatively wide bandwidth. Frequency steps that

allow to adjust the center frequencies of the component pulses can be added to a

train of unmodulated as well as to a train of modulated (e.g., LFM) pulses.

If the time gaps between subpulses are small, the entire waveform is transmitted

prior to turning on the receiver. Then, the convolutional processing is applied to

the full waveform. When the product of the frequency step times the pulse duration

is larger than one, the autocorrelation function of the stepped-frequency pulse train

suffers from ambiguous peaks, known as ”grating lobes”. It is also known that

replacing the fixed-frequency pulses with LFM pulses can reduce those grating lobes.

In this section we review different approaches for the grating lobes suppression in a
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Figure 3.4: Time-energy (top) and time-frequency (bottom) distributions of uniform

LFM pulse train u(t) with constant frequency step 4f

stepped-frequency train of LFM pulses.

Traditional stepped-frequency train of N LFM pulses sp(t) (see (3.4)), each of

duration tp, has a constant frequency step between consecutive pulses and can be

defined [21, 22] as follows (see also Figure 3.4):

u(t) =
1√
N

ejπ ∆f
tr

t2
N−1∑
n=0

sp(t− ntr)

=
1√
Ntp

ejπ ∆f
tr

t2
N−1∑
n=0

rect

(
t− ntr

tp

)
e

jπ( B
tp
−∆f

tr
)(t−ntr)2

, (3.8)

where tr > 2tp is the pulse repetition interval, B(> 0) is the radar ultimate band-

width, ∆f(≥ 0) is the constant frequency step.

It is shown in [21] that, for |τ | ≤ tp, the magnitude of the autocorrelation function

of train (3.8) has the form

|R(τ)| =
∣∣∣∣
(

1− |τ |
tp

)
sinc

[
Bτ

(
1− |τ |

tp

)]∣∣∣∣
∣∣∣∣
sin(Nπτ4f)

N sin(πτ4f)

∣∣∣∣. (3.9)

As follows from (3.9), the autocorrelation function of the stepped-frequency train

u(t) is the two-term product. The first factor here is the autocorrelation function of
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Figure 3.5: Stepped-frequency train of LFM pulses with N = 10, tp∆f = 40, and

Btp = 50. Top and Middle: Partial auto-correlation function. Bottom: the first

term (dashed line) and the second term (solid line) in (3.9).

any single subpulse in (3.8), while the second factor is a periodic sinc function due to

the pulse train. The second term causes the appearance of the grating lobes at the

points of its maxima, i.e. at τn = n/∆f, where n = ±1,±2, . . . ,±btp∆fc. Figure 3.5

shows the magnitude of the autocorrelation function of a typical stepped-frequency

LFM train in the vicinity of the origin. It is clear that high spikes appearing at time

delays 0.025, 0.05, 0.075, 0.1, and 0.125 essentially reduce waveform’s resolution

capabilities.
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first term (dashed line) and the second term (solid line) in (3.9).

Methods to lower grating lobes in stepped-frequency LFM trains were recently

discussed [16, 21, 23]. The case, when B = ∆f , was studied in [23]. It was shown

that when all subpulses have equal bandwidth and time duration, the compressed

pulse is very similar to an LFM pulse with the composite bandwidth, except for

grating lobes at multiples of the subpulse-to-subpulse frequency jump. The max-

imum grating lobe is about -24 dB, which is too high for many applications. It

was also proposed to reduce the grating lobes by varying the width of subpulses,

thus destroying periodicity. It was shown that, in a resulting nonperiodic train, the

grating lobes can be reduced by a factor which is approximately equal to N .

Publications [16, 21] have studied stepped-frequency trains with overlapped sub-

pulse spectra. It was shown in [21] that a suitable choice of parameters at hand (i.e.,

B,4f , and tp) allows one to nullify several (or, sometimes, even all) grating lobes

of an LFM pulse train (Figure 3.6 illustrates the autocorrelation function with nul-
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lified grating lobes produced by one of the waveforms found in [21]). The paper

contains analytical description for a discrete set of waveform parameters that pro-

vide nullifying of the grating lobes. One of the conclusions that can be drawn from

the relationship between tpB and tp∆f obtained in [21] is that the overlap ratio

B/∆f is large for large values of tpB. Therefore, in order to increase the bandwidth

significantly (under the restriction that the first two grating lobes are nullified), the

number of pulses N has to be large.

Paper [16] suggested a modified method for suppressing grating lobes in stepped-

frequency pulse trains. To achieve a desired level of grating lobe suppression it was

required that the values of the first term in (3.9) at the points τn would be less

than some small value ε chosen a priori. Such modification of the grating lobes

suppression problem leads to a significantly different relationship between tpB and

tp∆f which allows one to find waveforms with large tpB, small ratio B/∆f , and

small (rather then zero) grating lobes. A pictorial representation for the set of

acceptable parameters corresponding to the case N = 10 and ε = 0.01 (producing

grating lobe level ≤ -40 dB) is given in Figure 3.7.

We would like to note that both approaches mentioned above have been de-

signed to control the values of |Ru(τ)| in the close vicinity of the points τn(n =

1, 2, . . . , btp∆fc). Clearly, this cannot guarantee the achievement of a desired level

of sidelobe suppression even for time delays τ ≥ τ1. Figure 3.8 illustrates this ob-

servation. The autocorrelation function depicted in the figure is produced by the

waveform having parameters (N = 10, tp∆f = 100, and Btp = 1018) belonging to a

shaded region in Figure 3.7. Despite of the fact that |Ru(τn)| < 0.01 (for instance,

the values of |Ru(τ)| at the points τ1 = 0.01, τ2 = 0.02, and τ3 = 0.03 are equal

to 0.0076, 0.0023, and 0.0096, respectively), the autocorrelation profile contains a

few relatively high spikes. Five of them, denoted by s2, s3, . . . , s6, appear near the
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[1, 20] leading to the grating lobes suppression below -40 dB level.

points τ1, τ2, and τ3, and attain the level of -33.5dB, -32.3dB, -38.3dB, -39.8dB, and

-39.8dB, respectively.

The presence of high near-source sidelobes is another feature that degrades the

performance of stepped-frequency waveform (3.8). This issue is illustrated in Figures

3.5 and 3.8 (for example, the height of the first, counting from the main lobe, and

highest sidelobe s1 in Figure 3.8 is -26.27dB). It is known that, within the chosen

construction of the stepped-frequency waveform with constant time duration tp,

constant bandwidth B, and constant step ∆f , it is usually impossible to suppress

these few sidelobes.

The usage of variable frequency steps between consecutive subpulses is one of

the known ways to effectively reduce all the time sidelobes. (It should be noted at

this point that staggering of the frequency steps merely implies reshaping the wave-
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Figure 3.8: Stepped-frequency train of LFM pulses with N = 10, tp∆f = 100, and

Btp = 1018. Top and Middle: Partial auto-correlation function. Bottom: the first

term (dashed line) and the second term (solid line) in (3.9).

from’s spectrum, thus introducing the frequency weighting.) In his recent paper

[29], Rabideau has described a numerical algorithm for designing synthetic wide-

band waveforms whose spectrum would approximate one of the known weighting

functions. It can be done by means of an appropriate choice of nonlinear frequency

stepping. The number of pulses constituting the waveform controls the quality of

such an approximation. Below we suggest other technique for choosing variable

frequency steps in stepped-frequency waveform that leads to overall sidelobe sup-

pression.
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Chapter 4

Sidelobe suppression in the

stepped-frequency train of LFM

pulses

In this chapter we propose a new systematic approach for designing stepped-frequency

LFM pulse trains producing the ACF whose peaks are lowered below some predeter-

mined level. It is based on the usage of variable frequency steps that are introduced

by means of specific relationships between the positions of the center frequencies of

the pulses. Our approach (which is analytical rather than numerical) advantages

from the fact that the ACF of the resulting waveform is available in the closed form.

This gives us possibility to search for waveforms with a desired threshold level by

analyzing the set of their parameter values. Suitable selection of the parameters

allows us to design a variety of LFM trains with excellent ACF profiles.
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4.1 Waveform Definition

In this section we define a family of compound waveforms that will be subject to

study throughout this chapter.

We begin with a ”simple” chirp pulse of unit energy

sp(t) =
1√
tp

rect

(
t− tp/2

tp

)
ejπkpt2 , (4.1)

where tp is the pulse duration, j2 = −1, kp is the frequency slope which we assume

to be positive (kp > 0), and rect(t) is the well-known rectangular pulse given by

(3.2).

Next, we form a uniform train of N pulses (4.1):

sN(t) =
1√
N

N−1∑
n=0

sp(t− ntr). (4.2)

Here tr is the pulse repetition interval (PRI) which is assumed to be chosen such

that the duty cycle is greater than 2, i.e.

tr > 2tp. (4.3)

Note that the first factor in (4.2) is added to maintain the unit energy of sN(t). The

amplitude and frequency of sN(t) are schematically depicted in Figure 4.1. As can

be seen from the figure, the train sN(t) occupies the same frequency band as sp(t),

namely,

Bp = kptp(≥ 0). (4.4)

The total time duration of sN(t) is Tp = (N − 1)tr + tp.

Now we add an LFM with the frequency slope kN (kN > 0, kN 6= kp) to the

entire train (4.2):

up(t) = sN(t)ejπkN t2 =
1√
N

ejπkN t2
N−1∑
n=0

sp(t− ntr). (4.5)
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Figure 4.1: Uniform train of N LFM pulses.
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Bottom: zoom on dotted region of the top subplot.
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Such an addition changes the instantaneous bandwidth of each component in train

(4.2) (see Figure 4.2). We will denote the bandwidth of each subpulse, s̃n(t) =

ejπkN t2sp(t− ntr), in train (4.5) by BN , that is

BN = Bp + kN tp = (kp + kN)tp > 0. (4.6)

(Note that BN is not the ultimate bandwidth of any single pulse presented in (4.5).)

Moreover, adding an LFM in (4.5) creates a constant frequency step

∆f = kN tr > 0 (4.7)

between the center frequencies of the consecutive subpulses in the train up(t) (see

Figure 4.2). This leads to the essential broadening of the waveform’s total bandwidth

which becomes equal to

Bup = BN + (N − 1)∆f. (4.8)

We suppose that there will be either the uniform energy distribution over the fre-

quency band Bup (i.e., ∆f = BN) or some frequency overlap, shown in Figure 4.2,

between neighbor components of up(t) (i.e., ∆f < BN). In the latter case, the

spectrum of up(t) will be reshaped, that is it will be different from the rectangular

shape. We also remark that the total duration of up(t) is Tp.

Next, we apply the two-step design procedure described above to the waveform

up(t). This allows us to further increase the resulting waveform’s bandwidth and

reshape its spectrum. In more details, we use the waveform up(t) as a single com-

ponent to create a uniform train of M subpulses (as depicted in Figure 4.3)

uM(t) =
1√
M

M−1∑
m=0

up(t−mTr) =
1√
M

M−1∑
m=0

sN(t−mTr)e
jπkN (t−mTr)2

=
1√
MN

M−1∑
m=0

ejπkN (t−mTr)2
N−1∑
n=0

sp(t− ntr −mTr) (4.9)

with the pulse repetition interval Tr > 2Tp.
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Figure 4.3: Non-uniform stepped-frequency pulse train uM(t)

Finally, we add a new LFM with the frequency slope kM (kM > 0, kM 6= kN +kp)

to the entire train (4.9) (see Figure 4.4):

u(t) = uM(t)ejπkM t2 =
1√
M

ejπkM t2
M−1∑
m=0

up(t−mTr)

=
1√
M

ejπkM t2
M−1∑
m=0

sN(t−mTr)e
jπkN (t−mTr)2

=
1√
MN

ejπkM t2
M−1∑
m=0

ejπkN (t−mTr)2
N−1∑
n=0

sp(t− ntr −mTr). (4.10)

As the result, we obtain a non-uniform train of NM pulses that can be divided

into M portions u(1)(t), u(2)(t), . . . , u(M)(t), where

ui(t) =
1√
M

ejπkM t2up(t−(i−1)Tr), t ∈ [(i−1)Tr, (i−1)Tr +Tp], i = 1, 2, . . . , M.

(4.11)

Each such a portion u(i)(t) of the ”outer” train u(t) is an ”inner” uniform stepped-

frequency train of N pulses, each of duration tp, with the ultimate bandwidth B

which is equal, due to (4.6), (4.10), to

B = BN + kM tP = (kp + kN + kM)tp > 0. (4.12)
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Figure 4.4: Time-energy (top) and time-frequency (bottom) distributions of the

LFM pulse train u(t) with nonuniform repetition intervals and variable frequency

steps.

After adding the LFM in (4.10), the ”inner” frequency step between consecutive

pulses in u(i)(t) becomes

4fin = ∆f + kM tr = (kN + kM)tr > 0. (4.13)

Similar to the case of train (4.5), we require that ∆fin ≤ B. As can be seen from

Figure 4.4, the frequency band Bin of u(i)(t) is equal to

Bin = B + (N − 1)∆fin > 0. (4.14)

We also recall that the total duration of u(i)(t) (i = 1, 2, . . . , M) is Tp.

At the same time, ”inner” trains u(1)(t), u(2)(t), . . . , u(M)(t) form the ”outer”

train u(t). In the time-frequency domain, the band of each train u(i)(t) (i =

2, 3, . . . ,M) is shifted with respect to the band of u(i−1)(t) by the constant frequency
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step

∆fout = kMTr > 0. (4.15)

Again, we suppose that ∆fout ≤ Bin. Finally, we note that the total duration of

u(t) is

T = Tp + (M − 1)Tr = tp + (N − 1)tr + (M − 1)Tr (4.16)

and the combined frequency deviation of u(t) is

Bout = Bin + (M − 1)∆fout = B + (N − 1)∆fin + (M − 1)∆fout. (4.17)

At the end of this section, we would like to note that, even though all the

”inner” and ”outer” trains are constructed by means of constant frequency steps

(∆fin and ∆fout, respectively), the frequency steps between the center frequencies

of the subpulses in the entire train u(t) satisfy to a nonlinear law. This allows us

to reshape the spectrum of u(t) significantly and, as will be shown later, specify the

waveform’s parameters leading to the desired autocorrelation profiles.

We also remark that under the absence of either ”inner” or ”outer” trains in

our design scheme, consisting of steps (4.1), (4.2), (4.5), (4.9), and (4.10), we would

obtain an ordinary periodic stepped-frequency LFM train (3.8). It would be com-

posed out of the same chirp pulse sp(t) and exhibit a constant frequency step between

consecutive pulses.

4.2 Ambiguity Function of the proposed wave-

form

In this section we develop the ambiguity function χu(τ, ν) of the proposed waveform

u(t). Subsection 4.2.1 contains some theoretical preliminaries that will be used,

along with other properties of the ambiguity function, in subsection 4.2.2 to derive
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the closed form representation for |χu(τ, ν)|. Based on this representation, we obtain

the closed formula for the autocorrelation function of u(t) in subsection 4.2.3.

4.2.1 Some properties of the ambiguity function of pulse

trains

Our derivation of the ambiguity function of train (4.10) will be based on Theorem

3.6.1. Note that this theorem relates the ambiguity functions of waveforms s1(t)

and p1(t) that both are centered at the origin. In the previous section, however, we

have defined waveforms whose time support was [0, tw] for some tw > 0. To make

Theorem 3.6.1 useful in this case, we observe that the single pulse s(t) = s1

(
t− T

2

)

and the train

p(t) = p1

(
t− 1

2
(N − 1)Tr − T

2

)
=

N−1∑
n=0

s1

(
t− nTr − T

2

)
=

N−1∑
n=0

s(t−nTr) (4.18)

are time-limited with supports [0, T ] and [0, (N − 1)Tr + T ], respectively. Then,

applying the Time shift property of the ambiguity function (see P.1 in subsection

1.1.2), we obtain

χp(τ, ν) = χp1(τ, ν)e−jπν(T+(N−1)Tr) and χs(τ, ν) = χs1(τ, ν)e−jπνT . (4.19)

Now we can rewrite (3.7), due to (4.19), as follows:

χp(τ, ν) = e−jπν(T+(N−1)Tr)ejπνT

N−1∑

n=−(N−1)

χs(τ − nTr, ν)
sin [πνTr(N − |n|)]

sin πνTr

. (4.20)

Formula (4.20) allows us to relate the ambiguity surfaces of p(t) and s(t):

Theorem 4.2.1 (Ambiguity surface of a uniform pulse train) Let s(t) be a pulse

with the time support [0, T ] and p(t) be the pulse train defined by (4.18) with Tr > T .

Then

|χp(τ, ν)| =
∣∣∣∣∣∣

N−1∑

n=−(N−1)

χs(τ − nTr, ν)
sin [πνTr(N − |n|)]

sin πνTr

∣∣∣∣∣∣
. (4.21)
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As follows from Theorem 4.2.1, |χp(τ, ν)| is the sum of two-term products. The

first factor in each product is the ambiguity function of single pulse s(t) delayed

by n PRI multiples, while the second factor is a periodic sinc function due to the

pulse train. Note that, by property P.9 from subsection 1.1.2, χs(τ, ν) vanishes for

{(τ, ν) : |τ | ≥ T, ν ∈ R}. Therefore, the relation between T and Tr should be taken

into account in order to determine the support of |χp(τ, ν)|. Particularly, in the case

Tr > 2T , which is subject to study in this chapter, representation (4.21) of |χp(τ, ν)|
can be further simplified.

Corollary 4.2.1 For Tr > 2T , formula (4.21) becomes

|χp(τ, ν)| =





∣∣∣∣χs(τ − nTr, ν)
sin [πνTr(N − |n|)]

sin πνTr

∣∣∣∣ , if τ ∈ [nTr − T, nTr + T ] and

n = −N + 1, . . . , N − 1,

0, otherwise.

(4.22)

Proof. For the case Tr > 2T , the relation between supports of χs(τ − nTr, ν)

for different values of n is schematically depicted in Figure 4.5. The proof follows

immediately from the observation that supp χs(τ − nTr, ν) = {(τ, ν) : τ ∈ [nTr −
T, nTr + T ], ν ∈ R}, which implies that the supports of χs(τ − n1Tr, ν) and χs(τ −
n2Tr, ν) are not overlapping, if n1 6= n2.

Since all the signals under consideration are supposed to be time-limited, we

have to deal with the ambiguity surfaces represented in the form similar to (4.22).

To make our notation shorter, we will indicate the representation of |χ(τ, ν)| only

for those arguments (τ, ν) that are contained into its support. For example, the

notation

|χp(τ, ν)| =
∣∣∣∣χs(τ − nTr, ν)

sin [πνTr(N − |n|)]
sin πνTr

∣∣∣∣ ,



63

τ 

ν 

0 T −T 

. . . . . . 

−T
r
 T

r
 −T

r
−T −T

r
+T (N−1)T

r
 (1−N)T

r
 T

r
−T T

r
+T 

supp |χ
s
(τ,ν)| supp |χ

s
(τ−T

r
,ν)| supp |χ

s
(τ+T

r
,ν)| 

supp |χ
s
(τ−(N−1)T

r
,ν)| supp |χ

s
(τ+(N−1)T

r
,ν)| 

Figure 4.5: Support of the ambiguity function of uniform train p(t) with Tr > 2T .

with τ ∈ [nTr−T, nTr +T ], n = −N +1,−N +2, . . . , N −1, is equivalent to (4.22).

4.2.2 Ambiguity surface of train (4.10)

In this subsection we derive the closed form representation for the ambiguity surface

of stepped-frequency LFM train (4.10).

We begin relating the ambiguity surface of the uniform train sN(t) defined by

(4.2) to the ambiguity surface of the single pulse sp(t) (see (4.1)) constituting the

train. It can be done, due to our assumption (4.3), by applying Corollary 4.2.1:

|χsN
(τ, ν)| =

∣∣∣∣χsp(τ − ntr, ν)
sin [πνtr(N − |n|)]

N sin πνtr

∣∣∣∣ (4.23)

with |τ − ntr| ≤ tp and n = −N + 1,−N + 2, . . . , N − 1.

Adding LFM to sN(t) in (3.8) implies an affine transformation of the (τ, ν)-plane

reflected by the Quadratic Phase Property. As the result we obtain the expression

for the ambiguity surface of the single inner train up(t):

|χup(τ, ν)| =
∣∣χsN

(τ, ν − kNτ)
∣∣

=

∣∣∣∣χsp(τ − ntr, ν − kNτ)
sin [πtr(ν − kNτ)(N − |n|)]

N sin [π(ν − kNτ)tr]

∣∣∣∣ , (4.24)
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where |τ − ntr| ≤ tp and n takes on integer values from −N + 1 up to N − 1.

Next, we use Corollary 4.2.1 again to get the relation between the ambiguity

surface of the uniform pulse train uM(t) defined by (4.9) and the ambiguity surface

of up(t):

|χuM
(τ, ν)| =

∣∣∣∣χup(τ −mTr, ν)
sin [πνTr(M − |m|)]

M sin πνTr

∣∣∣∣ , |τ −mTr| ≤ Tp, (4.25)

for m = −M + 1,−M + 2, . . . , M − 1. Taking into account representation (4.24) for

|χup(τ, ν)|, we rewrite (4.25) as follows:

|χuM
(τ, ν)| =

∣∣χsp(τ − ntr −mTr, ν − kN(τ −mTr))
∣∣

×
∣∣∣∣
sin [πtr(ν − kNτ + mkNTr)(N − |n|)]

N sin [π(ν − kNτ + mkNTr)tr]
· sin [πνTr(M − |m|)]

M sin πνTr

∣∣∣∣ (4.26)

with |τ − mTr − ntr| ≤ tp. In the above formula and hereafter we suppose that

n = −N + 1,−N + 2, . . . , N − 1 and m = −M + 1,−M + 2, . . . , M − 1.

Now we apply property P.6 (see subsection 1.1.2) to the waveforms u(t) and

uM(t) bound by relation (4.10). This allows us, due to (4.26), to express the ambi-

guity surface of the outer train u(t) in terms of the ambiguity surface of the single

chirp pulse sp(t):

|χu(τ, ν)| = |χuM
(τ, ν − kMτ)| =

∣∣χsp(τ − ntr −mTr, ν − (kN + kM)τ + mkNTr)
∣∣

×
∣∣∣∣
sin [πtr(ν − (kN + kM)τ + mkNTr)(N − |n|)]

N sin [π(ν − (kN + kM)τ + mkNTr)tr]
· sin [π(ν − kMτ)Tr(M − |m|)]

M sin [π(ν − kMτ)Tr]

∣∣∣∣ ,

(4.27)

for |τ − mTr − ntr| ≤ tp. Since we want |χu(τ, ν)| to be expressed in terms of

frequency characteristics B,4f,4fin and4fout (defined by (4.12), (4.7), (4.13), and

(4.15), respectively), the last formula leads us to the following final representation

of |χu(τ, ν)|:

|χu(τ, ν)| = |χ1(τ, ν)| · |χ2(τ, ν)| · |χ3(τ, ν)|, |τ −mTr − ntr| ≤ tp, (4.28)
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where

|χ1(τ, ν)| =
∣∣χsp(τ − ntr −mTr, ν − (kN + kM)τ + mkNTr)

∣∣ , (4.29)

|χ2(τ, ν)| =
∣∣∣∣
sin [π(νtr −∆finτ + m∆fTr)(N − |n|)]

N sin [π(νtr −∆finτ + m∆fTr)]

∣∣∣∣ , (4.30)

|χ3(τ, ν)| =
∣∣∣∣
sin [π(νTr −∆foutτ)(M − |m|)]

M sin [π(νTr −∆foutτ)]

∣∣∣∣ . (4.31)

As can be seen from (4.28), for each subinterval |τ −mTr−ntr| ≤ tp, the ambiguity

surface of the stepped-frequency train u(t) is the three-term product. The first

factor in (4.28) can be obtained from the ambiguity surface of the chirp pulse (4.1)

by appropriate translation of both time-delay and Doppler-delay axes. The explicit

analytical representation of |χsp(τ, ν)| is given by (3.5). Then,

|χ1(τ, ν)| =
∣∣χsp(τ − ntr −mTr, ν − (kN + kM)τ + mkNTr)

∣∣

=

∣∣∣∣
(

1− |τ − ntr −mTr|
tp

)
sinc [(ν −Bτ + mkNTr) (tp − |τ − ntr −mTr|)]

∣∣∣∣ .

(4.32)

We remark here that |χ1(τ, ν)| also admits other simple interpretation. Note that

stepped-frequency waveform u(t), given by (4.10), can be constructed by repeating of

the chirp pulse su(t) = sp(t)e
jπ(kN+kM )t2 exactly NM times and applying appropriate

time, phase, and frequency shifts to each subpulse. In other words, the chirp pulse

su(t) constitutes the waveform u(t). Using the Quadratic Phase Property, we obtain

|χsu(τ, ν)| = |χsp(τ, ν − (kN + kM)τ)|. Hence,

|χ1(τ, ν)| = |χsu(τ − ntr −mTr, ν + mkNTr)| . (4.33)

It follows from (4.33) that (1) the central envelope of |χ1(τ, ν)| is the ambiguity

surface of su(t); (2) the other envelopes of |χ1(τ, ν)| are obtained by translation

|χsu(τ, ν)| along time-delay and, for m ≥ 1, Doppler-delay axes. Two remaining two

factors in (4.28) are both periodic sinc functions. The first of them, |χ2(τ, ν)|, arises
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due to the existence of the ”inner” uniform train of N pulses, whereas the second

one, |χ3(τ, ν)|, appears due to the outer uniform train of M pulses. As we will see

later, the presence of these two factors enables us to perform much more flexible

design comparing with traditional stepped-frequency LFM trains.

4.2.3 Autocorrelation function of the proposed waveform

As follows from subsection 1.1.2, the time-delay cross-section of the ambiguity sur-

face produced by waveform u(t) is nothing but the magnitude of the autocorrelation

function of u(t). Applying this observation to (4.28)–(4.31), we obtain

|Ru(τ)| = |R1(τ)| · |R2(τ)| · |R3(τ)| , |τ −mTr − ntr| ≤ tp, (4.34)

where |Ru(τ)| = |χu(τ, 0)| and |Ri(τ)| = |χi(τ, 0)| (i = 1, 2, 3). In more details, the

factors in (4.34) have the form

|R1(τ)| = |(1− |τ − ntr −mTr|/tp) sinc [(mkNTr −Bτ) (tp − |τ − ntr −mTr|)]| ,

|R2(τ)| =
∣∣∣∣
sin [π(m∆fTr −∆finτ)(N − |n|)]

N sin [π(m∆fTr −∆finτ)]

∣∣∣∣ ,

|R3(τ)| =
∣∣∣∣
sin [π∆foutτ(M − |m|)]

M sin [π∆foutτ ]

∣∣∣∣ .

We recall from section 4.2.1 that the autocorrelation function of a pulse train

with tr ≥ 2tp is a collection of nonoverlapping envelopes distributed along the time-

delay axis. Among those envelopes, the central one, containing the main lobe, has

the most practical importance, since, primarily, its shape evaluates the quality of

radar measurements. In what follows, we concentrate on the profile of this central

envelope only.

Letting n = m = 0 in (4.34), we obtain the representation for the magnitude of

the autocorrelation function of train (4.10) for |τ | ≤ tp. The factors in the right-hand
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side of (4.34) are now defined by formulas

|R1(τ)| = |(1− |τ |/tp) sinc [Bτ (tp − |τ |)]| , (4.35)

|R2(τ)| =
∣∣∣∣
sin [πN∆finτ ]

N sin [π∆finτ ]

∣∣∣∣ , |R3(τ)| =
∣∣∣∣
sin [πM∆foutτ ]

M sin [π∆foutτ ]

∣∣∣∣ , (4.36)

and the quantities B, ∆fin, and ∆fout are given by relations (4.12), (4.13), and

(4.15), respectively.

Thus, the ACF of proposed here waveform u(t) is the three-term product (4.34),

where the first factor represents the ACF of any single subpulse forming the train

and |R2(τ)| and |R3(τ)| are periodic sinc functions that appear due to the ”inner”

and ”outer” trains described in section 4.1. In the next section we study some

properties of |Ru(τ)|.

4.3 Suppression of autocorrelation sidelobes in the

proposed train

It is well-known that the autocorrelation function of traditional stepped-frequency

LFM train (3.8) suffers from the grating lobes as well as a few relatively high first

sidelobes in the vicinity of the main lobe. These high spikes essentially reduce

waveform’s resolution capabilities and, hence, they are completely undesirable. The

purpose of this section is to demonstrate that the both issues can be successfully

avoided in train (4.10) by right choice of waveform’s parameters.

4.3.1 Preliminary comments

In this section we analyze the central envelope of |Ru(τ)|. Although its structure,

given by (4.34), (4.35), and (4.36), is more complicated than that one for the ACF

of a traditional stepped-frequency LFM train (shown in (3.9)), each term in the
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product (4.34) admits a simple geometric interpretation (see Figure 4.6 for details).

Evidently, the relationship between the shapes of |R1(τ)|, |R2(τ)|, and |R3(τ)| deter-

mines the |Ru(τ)|’s profile and, as consequence, the height of the |Ru(τ)|’s sidelobes.
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Figure 4.6: Top: the magnitude of the ACF of u(t) with N = 3,M = 5, ∆fintp =

3.5, ∆fouttp = 7.175, and Btp = 6.3 (zoom on the interval 0 ≤ τ/tp ≤ 1). Bottom:

the relationship between |R1(τ)| (solid), |R2(τ)| (dashed), and |R3(τ)| (dotted).

Depending on their sources and locations, the sidelobes of |Ru(τ)| can be classi-

fied into groups in the fashion similar to the classification of the |Rs(τ)|’s sidelobes.

Namely, we distinguish grating lobes (that are caused by the presence of two last
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factors in (4.34) and located near the points of their maxima, i.e.

τ gr in
p =

p

∆fin

and τ gr out
q =

q

∆fout

with p = 1, 2, . . . , btp∆finc and q = 1, 2, . . . , btp∆foutc), a few range sidelobes sur-

rounding the main lobe, etc.

Figure 4.6 illustrates a typical profile of |Ru(τ)| with indication of two important

groups (range and grating lobes) of time sidelobes. These groups would normally

contain all the high sidelobes of |Ru(τ)|. We denote two first (out of total four)

range sidelobes near the main lobe of |Ru(τ)| by r1 and r2. The gis (i=1,2,. . . , 7)

indicate all the grating lobes presented in the ACF’s profile. Note that most of the

grating lobes are now located not exactly at the maxima of |Ri(τ)|(i = 2, 3), but at

their close vicinity. The lobes g2, g4, and g6 are caused by each of two last factors

in (4.34), while g1, g3, g5, and g7 arise due to the third one only.

Taking into account the previous discussion and formula (4.34), it might seem,

at the first look, that we had to expect worse (comparing with traditional LFM

train) profile of |Ru(τ)|. Indeed, now |Ru(τ)| is the product of three factors, two

of which are periodic sinc functions that cause the appearance of the grating lobes.

Hence, if ∆fin 6= ∆fout, the total number of the grating lobes should increase. In the

contrary, our analysis shows that an appropriate relationship between the frequency

steps ∆fin and ∆fout as well as right choice of the number of pulses in both ”inner”

and ”outer” trains allows to suppress not only all the grating lobes but all the time

sidelobes of |Ru(τ)| below the desired level.

As can be noticed from Figure 4.6, the ACF produced by train (4.10) contains,

in general, a number of relatively high peaks. Analyzing the shape of the factors

|Ri(τ)|(i = 1, 2, 3), however, one can observe that it is possible to choose the u(t)’s

parameters such that the values of two of those three factors would be relatively small

at the points where the third one attains its largest values. Hence, multiplying the
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factors altogether should result in the ACF that takes on small values along the

time-delay axis. Furthermore, a quite simple analytical representation (4.34) for

|Ru(τ)| and relatively small number of the waveform’s parameters make it possible

to perform a systematic search for waveforms whose ACF sidelobes lowered below a

desired level. Below we describe our approach and present results we have obtained.

Figures 4.7 and 4.8 illustrate the results that can be obtained by applying the

approach mentioned above. For some applications, it is acceptable if the autocor-

relation function would have the sidelobe level less than -30 dB at some vicinity of

the main lobe and -40 dB otherwise. The |Ru(τ)| satisfying this requirement is pre-

sented in Figure 4.7. For the situations when very high range resolution is desired,

waveforms producing the autocorrelation function similar to that one depicted in

Figure 4.8 can be used. Note that in the both cases the total number of pulses in

the resulting waveform is not large in contrast with the results of paper [29] which

has reported about the possibility of acceptable sidelobe suppression by introducing

a nonlinear frequency step in LFM trains with large number of pulses.

4.3.2 Formulation of the problem

In this subsection we describe the set of assumptions and restrictions we have made

while analyzing the shape of |Ru(τ)|.
First, we assume that the total number K = NM of pulses in the train (4.10)

is given and form the set Λ of all possible two-term factorizations of K with both

factors greater than unity, i.e. Λ = {(n,m) : n,m ∈ Z+, n, m ≥ 1, n · m = K}.
Then, for each pair (n, m) ∈ Λ, we let N = n,M = m and look for values of the

remaining parameters (i.e. B, ∆fin, ∆fout, and tp) that would guarantee a low level

of u(t)’s time sidelobes.

In what follows, we restrict the range of the parameters under consideration by
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Figure 4.7: The magnitude |Ru(τ)| of the autocorrelation function of stepped-

frequency pulse train (4.10) with N = 10,M = 5, ∆fintp = 85, ∆fouttp =

120.7, Btp = 130. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on

the interval 0 ≤ τ/tp ≤ 0.06. Bottom: the relationship between |R1(τ)| (solid),

|R2(τ)| (dashed), and |R3(τ)| (dotted) for 0 ≤ τ/tp ≤ 0.06.
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Figure 4.8: The magnitude |Ru(τ)| of the autocorrelation function of stepped-

frequency pulse train (4.10) with N = 10,M = 4, ∆fintp = 12, ∆fouttp = 38.4, Btp =

95. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on the interval

0 ≤ τ/tp ≤ 0.09. Bottom: the relationship between |R1(τ)| (solid), |R2(τ)| (dashed),

and |R3(τ)| (dotted) for 0 ≤ τ/tp ≤ 0.09.
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the following set of conditions:

(i) We recall from section 4.1 that

∆fin ≤ B (4.37)

and ∆fout ≤ Bin. (The above conditions allow us to avoid frequency gaps

between subpulses of u(t).) The latter is equivalent to

∆fout/∆fin ≤ B/∆fin + N − 1. (4.38)

(ii) We require that |Ru(τ)|(0 < τ < tp) would have at least one grating lobe caused

by each of the terms |R2(τ)| and |R3(τ)|. It can be done, if

∆fintp > 1 and ∆fouttp > 1. (4.39)

(iii) We denote the first (counting from the origin) positive null of |Ri(τ)| by

τnull
i (i = 1, 2, 3). It can be noticed from both (4.35) and (4.36) that τnull

1 ≈
1/B, τnull

2 = 1/(N∆fin), and τnull
3 = 1/(M∆fout). The first null τnull of |Ru(τ)|

(that manages the ACF main lobe width – one of most important resolution

characteristics) is the smallest of those three quantities. Depending on the

relationship between τnull
1 , τnull

2 , and τnull
3 , we can obtain three possible cases

(illustrated in Figures 4.9 and 4.10) that would affect the resolution of u(t).

We observe that, if τnull = τnull
1 (and, hence, τnull

1 < τnull
2 and τnull

1 < τnull
3 ),

the overlap ratios, B/∆fin and B/∆fout, become large. In more details, we

would have both B/∆fin > N and B/∆fout > M . In general, this would lead

to significant (and undesirable) reduction of the waveform’s total bandwidth

Bout. That is why below we suppose that the value of τnull would be originated

by the first null of either |R2(τ)| or |R3(τ)|. Hence,

τnull = min{τnull
2 , τnull

3 } (4.40)
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b) Case 2: τnull = τnull
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Figure 4.9: Relationship between the quantities (i) τnull
1 , τnull

2 , τnull
3 , and τnull, and

(ii) τ gr in
1 , τ gr out

1 , and τ gr
min. For each subfigure, the top subplot shows partial ACF of

u(t) and the bottom subplot represents relationship between |R1(τ)| (solid), |R2(τ)|
(dashed), and |R3(τ)| (dotted) over the same time-delay interval.
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Figure 4.10: Relationship between the quantities (i) τnull
1 , τnull

2 , τnull
3 , and τnull, and

(ii) τ gr in
1 , τ gr out

1 , and τ gr
min. Case 3: τnull = τnull

1 and τ gr
min = τ gr out

1 . Top: partial ACF

of u(t). Bottom: relationship between |R1(τ)| (solid), |R2(τ)| (dashed), and |R3(τ)|
(dotted) over the same time-delay interval.

(i.e., only scenarios similar to those ones shown in Figure 4.9 will be consid-

ered). This fact implies that τnull
1 ≥ min{τnull

2 , τnull
3 }. The last condition can

be expressed in terms of the parameters of interest as follows





B/∆fin ≤ N, if ∆fout/∆fin ≤ N/M ,

B/∆fout ≤ M, otherwise.
(4.41)

We remark here that the first (from the main lobe) grating lobe of |Ru(τ)| arises

near the point τ gr
min = min{τ gr in

1 , τ gr out
1 } = min{1/∆fin, 1/∆fout} (see Figure 4.9).

That is why below we refer to the intervals Ir = (τnull, τ gr
min) and Igr = [τ gr

min, tp) as

of range sidelobes and grating lobes regions, respectively.
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(iv) Note that if one seeks to push all the sidelobes, appearing in the grating lobes

region, below some predetermined level ε (here ε is some small, a priori cho-

sen, value defining the desired level of sidelobes suppression), then, generally

speaking, only a few (if any) time sidelobes, belonging to a portion of Igr,

should be pushed down in order to satisfy this desideratum. Indeed, since all

the factors in (4.34) do not exceed 1 and, for any τ > 0, the |R1(τ)| admits

an upper estimate

|R1(τ)| = | sin (πBτ (1− |τ |/tp)) |
πBτ

≤ 1

πBτ
,

we conclude that the inequality |Ru(τ)| ≤ ε will be automatically fulfilled for

all τ ≥ τ∗, where τ∗ = 1/(πBε). In particular, all the peaks from the grating

lobes region will be lowered below the ε-level, when τ∗ ≤ τ gr
min. This assumption

yields that τ∗ ≤ τ gr in
1 and τ∗ ≤ τ gr out

1 or, equivalently, B/∆fin ≥ 1/(πε) and

B/∆fout ≥ 1/(πε). The ACF of a waveform with parameters satisfying to

these conditions is shown in Figure 4.11. As can be seen from the figure, all

the sidelobes from the grating lobes region and some sidelobes from the range

sidelobes region are suppressed below -40dB level. Again, we note that, in this

case, the overlap ratios, B/∆fin and B/∆fout, become large. So, we eliminate

this possibility from further discussion and set

B/∆fin < 1/(πε) and B/∆fout < 1/(πε). (4.42)

Now we form the set Ω(n,m) ⊂ R3 of quantities

(x, y, z) = (∆fintp, B/∆fin, ∆fout/∆fin)

satisfying the conditions (4.37)-(4.39), (4.41), and (4.42). Note that Ω(n,m) is not

empty for small values of ε. (It is usually desirable to suppress the grating lobes

below a level which does not exceed -40dB. Consequently, we have to deal with
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Figure 4.11: Example of the ACF with τ∗ ≤ τ gr
min. All the grating lobes of Ru(τ)

are suppressed below -40dB (ε = 0.01). Top: The ACF of stepped-frequency pulse

train (4.10) with N = 6,M = 3, ∆fintp = 2.3, ∆fouttp = 2.07, Btp = 80.5. Bottom:

Relationship between |R1(τ)| (solid), |R2(τ)| (dashed), and |R3(τ)| (dotted).

values of ε which are not greater than 0.01). To justify our claim, we rewrite the set

of conditions (4.37)-(4.39), (4.41), and (4.42) in terms of new variables x, y, and z.

For our convenience, we represent them as the union of two sets of inequalities:





1 ≤ y ≤ N,

y < 1/(πε),

πεy < z ≤ y + N − 1,

1/x < z ≤ N/M,

x > 1,

or





y ≥ 1,

y < 1/(πε),

πεy < z ≤ y + N − 1,

z > N/M,

z > y/M,

x > 1.

(4.43)

Next, we consider a cross-section of Ω(n,m), which is parallel to the Oyz-plane,

for a relatively large x. It is schematically depicted in Figure 4.12. All the el-
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Figure 4.12: Parallel to the Oyz-plane cross-section of Ω(n,m) for x > 1/(πε). (Top:

polygon ABCDEFG. Bottom: polygon AEFG.)

ements of Ω(n,m) belonging to the cross-section form a region bounded by the

edges of polygon ABCDEFG (here A(1, N/M), B(1, N), C(1/(πε), N−1+1/(πε)),

D(1/(πε), 1/(Mπε)), E(N, N/M), F (N,Nπε), and G(1, πε)). Edges AB, BC,CD,

DE, and AE of polygon ABCDE lie on straight lines given by y = 1, z = y + N −
1, y = 1/(πε), z = y/M , and z = N/M , respectively. It is easy to check that any

point chosen from the interior of ABCDE satisfies the left system of inequalities in

(4.15). At the same time, the interior of polygon AEFG is described by the right

set of inequalities in (4.15). We note that, although, generally speaking, a cut of

Ω(n,m) may look different from that one we have shown, Figure 4.12 corresponds
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to the most interesting case, when M < 1/(πε) < x. It can be also noticed that,

once quantities N,M , and ε have been chosen in accordance with the above condi-

tions, all the cross-sections of Ω(n,m) parallel to the Oyz-plane will be identical for

x > 1/(πε).

Finally, we perform numerical search for members of Ω(n,m) that correspond

to waveforms producing desired ACF profiles. In our study, we are interested in

the waveforms whose ACF exhibit a predetermined (and, generally, different) levels

of sidelobes suppression over Ir and Igr (we write ε1 and ε2, respectively, for the

quantities defining those levels). Therefore, we set the search criteria as follows:

|Ru(τ)| ≤ ε1, τ ∈ Ir, (4.44)

|Ru(τ)| ≤ ε2, τ ∈ Igr. (4.45)

As the result, we obtain the ”output” set Ω
(µ1,µ2)
(n,m) ⊆ Ω(n,m) consisting of the param-

eter values of interest. (Here µi(i = 1, 2) represents the desired level of suppression

εi expressed in dB units).

4.3.3 Numerical Results

In this subsection we demonstrate some results we have obtained while studying two

variants of problem (4.44), (4.45) corresponding to the ACF peaks suppression over:

1) the grating lobes region only (here we set ε1 = 1), or 2) both regions of interest.

We have conducted the numerical search for two cases, when the total number

of pulses forming the proposed waveform, K, is 35 and 77, respectively. In the

first case (K = 35), the number of pulses can be only factorized as K = 5 · 7.

Hence, in this case Λ = {(5, 7), (7, 5)} and we have the sets Ω(5,7) and Ω(7,5) of

parameter values to search in. Likewise, if K = 77, we consider sets Ω(11,7) and

Ω(7,11), since Λ = {(11, 7), (7, 11)}. While analyzing the above parameter sets, we
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have additionally assumed that ∆fintp would take on integer values up to 200.

Our analysis of the first variant of problem (4.44), (4.45), for K = 35, shows

that it is possible to push the ACF sidelobes over Igr down below the level as low

as -50 dB. Figure 4.13 illustrates the ACF of one of the waveforms we have found.

Since the search have been conducted for waveforms with low sidelobes over Igr only,

most of the waveforms found exhibit high range sidelobes. For instance, the ACF

shown in Figure 4.13 has PSL about -26dB.

Figures 4.14-4.19 are related to the case of overall sidelobe suppression. Figure

4.14 demonstrates the sets Ω
(−30,−40)
(7,5) and Ω

(−30,−40)
(5,7) . Evidently, one can construct

numerous LFM trains having the range sidelobes suppressed below -30dB and the

grating lobes lowered below -40dB. Figures 4.15 and 4.16 show the sets Ω
(−40)
(7,5) and

Ω
(−40)
(5,7) (we write Ω

(−40)
(n,m) for Ω

(−40,−40)
(n,m) ). As can be seen from the figures, parameters

providing the desired threshold level form non-overlapping regions in the R3. A

typical ACF for a waveform with the parameters chosen from Ω
(−40)
(7,5) is drawn in

Figure 4.17.

It appears that the best level of suppression we have been able to find for pro-

posed waveforms consisting of 35 pulses is achieved by small number of waveforms

associated with Ω
(−40,−45)
(n,m) , (n,m) ∈ Λ. We list the parameters of a few waveforms

from this set in Table 4.1. The ACFs produced by two of them are shown in Fig-

ures 4.18 and 4.19. The overall level of time sidelobes suppression, for the ACFs

depicted, is -41.3dB and -42dB, respectively.

Next, we present the results we have obtained for waveforms consisting of 77

pulses. It is well-known that the increase in the number of pulses constituting the

train makes the design of its ACF more flexible. In our case, this claim can be

justified based on the following observation. Let us consider two LFM trains u1(t)

and u2(t) defined by (4.10). We assume that u1(t) consists of 35 pulses, while u2(t)
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Figure 4.13: Partial ACF of u(t) with N = 5,M = 7, ∆fintp = 21, ∆fouttp = 2.97,

and Btp = 94.5. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on the

interval 0 ≤ τ/tp ≤ 0.1. Bottom: the relationship between |R1(τ)| (solid), |R2(τ)|
(dashed), and |R3(τ)| (dotted).
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Figure 4.14: Pictorial representation of Ω
(−30,−40)
(7,5) (top) and Ω

(−30,−40)
(5,7) (middle).
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Figure 4.15: Pictorial representation of Ω
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(5,7) (top) and Ω
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(7,5) (middle).
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Figure 4.16: The elements of Ω
(−40)
(7,5) (denoted by ’·’) and Ω

(−40)
(5,7) (’×’) for ∆fintp = 100

(top) and ∆fintp = 150 (bottom).

N M ∆fintp ∆fouttp Btp Btotaltp PSL, dB τnull

7 5 15 39.57 161.25 409.5 -40.12 0.0051

7 5 21 48.93 220.5 542.2 -41.3 0.0041

5 7 9 12.02 67.5 175.2 -42 0.0119

5 7 43 16.15 172 440.92 -40 0.0047

Table 4.1: Examples of waveforms with the parameters belonging to either Ω
(−40,−45)
(5,7)

or Ω
(−40,−45)
(7,5) .
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Figure 4.17: Partial ACF of u(t) with N = 7,M = 5, ∆fintp = 150, ∆fouttp =

115.92, and Btp = 825. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom

on the interval 0 ≤ τ/tp ≤ 0.03. Bottom: the relationship between |R1(τ)| (solid),

|R2(τ)| (dashed), and |R3(τ)| (dotted).
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Figure 4.18: Partial ACF of u(t) with N = 7, M = 5, ∆fintp = 21, ∆fouttp = 48.93,

and Btp = 220.5. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on the

interval 0 ≤ τ/tp ≤ 0.15. Bottom: the relationship between |R1(τ)| (solid), |R2(τ)|
(dashed), and |R3(τ)| (dotted).
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Figure 4.19: Partial ACF of u(t) with N = 5,M = 7, ∆fintp = 9, ∆fouttp = 12.02,

and Btp = 67.5. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on the

interval 0 ≤ τ/tp ≤ 0.16. Bottom: the relationship between |R1(τ)| (solid), |R2(τ)|
(dashed), and |R3(τ)| (dotted).
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has 77 pulses. (Without loss of generality, we let N = 7,M = 5, for u1(t), and

N = 7,M = 11, for u2(t).) It is further assumed that the other parameters of both

trains (i.e., Btp, ∆fintp, and ∆fouttp) are the same. It can be noticed now from

(4.34) that the ACF of u2(t) can be obtained from the |Ru1(τ)| by replacing the

last term, which is a periodic sinc function with N2 = 5, by other periodic sinc

function with N2 = 11. As shown in Figure 4.20, the shape of the latter function is

narrower. This feature leads not only to essential reduction of the sidelobes height,

but also increases the number of waveforms producing ACF whose sidelobes are

lowered below the desired threshold level.

0

0.2

0.4

0.6

0.8

1

1/∆f 1/(11∆f) 1/(5∆f) 

Figure 4.20: The shape of periodic sinc function sin(Nπ∆fτ)/(N sin(π∆fτ)) for

N = 11 (solid) and N = 5 (dotted). (Zoom on a period of the function.)

Figures 4.21-4.23 illustrate the above remarks. For instance, comparing the top

subplots of Figures 4.15 and 4.21, one can see that the number of waveforms whose

PSL is less than -40dB is much greater in the case of 77 pulse trains. As follows

from the bottom subplot of Figure 4.21, this number drops significantly if we set a

new threshold level to -45dB. (The matched filter response for one of the waveforms

satisfying this criteria is shown in Figure 4.23.) It can be also noticed from the

above figures that the waveform’s length does not affect the structure of Ω
(µ1,µ2)
(n,m) .

In particular, it means that, for each ∆fintp, there are possibilities to choose the
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Figure 4.21: Pictorial representation of Ω
(−40)
(11,7) (top) and Ω

(−45)
(11,7) (middle).
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Figure 4.22: Partial ACF of u(t) with N = 11,M = 7, ∆fintp = 100, ∆fouttp =

143.56, and Btp = 750. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom

on the interval 0 ≤ τ/tp ≤ 0.025. Bottom: the relationship between |R1(τ)| (solid),

|R2(τ)| (dashed), and |R3(τ)| (dotted).
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Figure 4.23: Partial ACF of u(t) with N = 11,M = 7, ∆fintp = 22, ∆fouttp = 52.92,

and Btp = 319. Top: zoom on the interval 0 ≤ τ/tp ≤ 1. Middle: zoom on the

interval 0 ≤ τ/tp ≤ 0.05. Bottom: the relationship between |R1(τ)| (solid), |R2(τ)|
(dashed), and |R3(τ)| (dotted).
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N M ∆fintp ∆fouttp Btp Btotaltp PSL, dB τnull

11 7 22 52.92 319 856.5 -48.22 0.0027

11 7 38 91.41 551 1479.5 -48.13 0.0016

11 7 48 115.09 684 1854.5 -48.22 0.0012

11 7 68 163.58 986 2647.5 -48.07 0.0009

11 7 83 199.66 1203.5 3231.5 -48.06 0.0007

11 7 108 258.95 1539 4172.7 -48.28 0.0006

Table 4.2: Examples of waveforms with the parameters belonging to Ω
(−48)
(11,7).

other parameters (i.e. Btp and ∆fouttp) such that the resulting waveform would

have a desired PSL. Finally, Table 4.2 contains samples from a numerical search for

waveforms whose peaks are reduced to -48dB level. This is the best level of sidelobe

suppression that can be achieved by waveforms consisting of 77 pulses. The ACF

produced by one of those waveforms listed in the Table 4.2 is depicted in Figure

4.23.

4.4 Family of pulse trains having the same auto-

correlation function over |τ | ≤ tp

As can be noticed from the previous discussion, large time gaps between ”outer”

pulses in train (4.10) make the total time duration of the waveform to be relatively

long (compared with ”ordinary” train (3.8)). This fact should be considered as a

disadvantage of the train (4.10). Below we show how this problem can be resolved.

Lemma 4.4.1 Let s0(t), s1(t), . . . , sN−1(t) be arbitrary pulses, each of duration tp.
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Then, the autocorrelation function of the waveform

u(t) =
N−1∑
n=0

sn

(
t−

n∑
i=0

Ti

)
(4.46)

(here T0 = 0, Ti ≥ 2tp(k = 1, 2, . . . , N − 1)) can be represented, for |τ | ≤ tp, as

Ru(τ) =
N−1∑
n=0

Rsn(τ), (4.47)

where Rsn(τ) is the autocorrelation function of pulse sn(t).

Proof. For our convenience, we use the following notation: T̃n =
n∑

i=0

Ti. Now, we

can write

Ru(τ) =
N−1∑
n=0

N−1∑
m=0

∞∫

−∞

sn

(
t− T̃n − τ

2

)
sm

(
t− T̃m +

τ

2

)
dt. (4.48)

For each integral in the double sum (4.48), we perform the change of variable t =

t1 +
eTn+eTm

2
. As the result, we obtain

Ru(τ) =
N−1∑
n=0

N−1∑
m=0

∞∫

−∞

sn

(
t1 − τ + T̃n − T̃m

2

)
sm

(
t1 +

τ + T̃n − T̃m

2

)
dt1.

Note that the cross-correlation function of pulses sn(t) and sm(t) has the form

Rsn,sm(τ) =

∞∫

−∞

sn

(
t− τ

2

)
sm

(
t +

τ

2

)
dt.

Hence, Ru(τ) =
N−1∑
n=0

N−1∑
m=0

Rsn,sm(τ + T̃n − T̃m).

At last, we observe that Rsn,sm(τ) vanishes outside the interval |τ | ≤ tp, since

the time duration of both pulses sn(t) and sm(t) is tp. It is also evident that, if

n 6= m, |T̃n − T̃m| =

∣∣∣∣∣
max{n,m}∑

i=min{n,m}+1

Ti

∣∣∣∣∣ ≥ 2tp . Therefore, for |τ | ≤ tp and n 6= m,

Rsn,sm(τ + T̃n − T̃m) = 0. The last implies the correctness of (4.47).

Lemma 4.4.1 leads to the following important result.
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Corollary 4.4.1 Let S(t) = {s0(t), s1(t), . . . , sN−1(t)} be a sequence of arbitrary

pulses, each of duration tp, and S̃(t) = {s̃0(t), s̃1(t), . . . , s̃N−1(t)} be other sequence of

pulses obtained by permutation of the elements of S(t). Let also {T (k)
i }N−1

i=0 (k = 1, 2)

be a sequence of real numbers satisfying T
(k)
0 = 0 and T

(k)
i ≥ 2tp(i = 1, 2, . . . , N−1).

Then, the autocorrelation functions of the trains

u1(t) =
N−1∑
n=0

sn

(
t−

n∑
i=0

T
(1)
i

)
and u2(t) =

N−1∑
n=0

s̃n

(
t−

n∑
i=0

T
(2)
i

)

coincide over |τ | ≤ tp.

The above corollary gives us a powerful way to construct a variety of stepped-

frequency waveforms having desired autocorrelation shape. Indeed, when (by ap-

plying the algorithm described in Section 4.1) at least one such waveform u(t) has

been found, we can obtain others by changing the time repetition intervals between

consecutive subpulses and/or permuting their order. In particular, we can choose

all the time gaps between the subpulses to be the same. This leads to waveforms

with uniform time gapping and nonuniform frequency stepping.

Figure 4.24 illustrates the procedure described above. It shows the time-frequency

distribution of three stepped-frequency trains whose autocorrelation functions co-

incide along |τ | ≤ tp. The top subplot displays a nine pulse train u(t) designed

in accordance with the scheme we have proposed in Section 4.1. The middle sub-

plot the waveform ũ(t) obtained from u(t) by reducing the large time gaps between

”outer” trains. The waveform ũ(t) has the same time repetition interval tr between

all the consecutive subpulses (i.e., it is a uniform pulse train). Note that such trans-

formation of u(t) reduces its total time duration from 2Tr +Tp (which is greater than

5Tp = 5(tp + 2tr)) to 8tr + tp. The bottom subplot contains a train û(t) that can be

obtained from the ũ(t) by changing the order of the subpulses in ũ(t) so that their

frequency shifts are sorted in increasing order (in our example it means changing
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Figure 4.24: Stepped-frequency LFM trains producing the same autocorrelation

function for |τ | ≤ tp
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the order of the subpulses from {1, 2, 3, 4, 5, 6, 7, 8, 9} to {1, 2, 4, 3, 5, 7, 6, 8, 9}). As

a consequence, û(t) is a uniform pulse train with nonlinear frequency shifts between

subpulses. Finally, we note that, according to the previous discussion, the ACFs

of stepped-frequency waveforms u(t), ũ(t), and û(t) coincide along |τ | ≤ tp. Hence,

if u(t) has been designed to have a low peak sidelobe level (PSL), then û(t) would

as well. Thus, we have achieved our goal to design stepped-frequency LFM pulse

trains with good range resolution capabilities.

4.5 Proposed waveform vs. traditional stepped-

frequency train

In this section we compare the performance of waveforms obtained by using our

approach and traditional stepped-frequency trains (see section 3.7).

The top subplots of Figures 4.25 and 4.26 display the time-frequency evolution

of two different stepped-frequency trains consisting of 35 and 55 LFM pulses, respec-

tively. In both cases, we have applied our algorithm to generate nonlinear-FM-like

waveforms described in section 4.1. Then we have eliminated large time gaps be-

tween inner subtrains as proposed in section 4.4 so that the waveforms depicted

have constant pulse repetition intervals. To demonstrate the benefits of those wave-

forms we have constructed corresponding traditional stepped-frequency trains (see

the middle subplots of Figures 4.25 and 4.26) with the same number of pulses NM ,

pulse duration tp, pulse repetition interval tr, instantaneous bandwidth B, and total

processing band Btotal. For convenience, we denote nonlinear-like waveforms by u(t)

and traditional trains by u∗(t). The constant frequency step ∆f between the center

frequencies of the consecutive subpulses in u∗(t) is computed by

∆f = [(M − 1)∆f2 + (N − 1)∆f1]/(MN − 1). (4.49)
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Figure 4.25: Top and middle: Frequency evolution of uniform stepped-frequency

trains consisting of 35 LFM pulses with Btp = 133.25 and tr/tp = 9 (top: nonlinear

frequency stepping, N = 7,M = 5, ∆f1tp = 13, ∆f2tp = 30.836; middle: linear

frequency stepping, ∆ftp = 5.9219). Bottom: Normalized energy distribution of

both waveforms (bold line represents waveform with nonlinear stepping).
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Figure 4.26: Top and middle: Frequency evolution of uniform stepped-frequency

trains consisting of 55 LFM pulses with Btp = 165 and tr/tp = 9 (top: nonlinear

frequency stepping, N = 11,M = 5, ∆f1tp = 20, ∆f2tp = 53.184; middle: linear

frequency stepping, ∆ftp = 7.5043). Bottom: Normalized energy distribution of

both waveforms (bold line represents waveform with nonlinear stepping).
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The bottom plots of Figures 4.25 and 4.26 show normalized energy distributions

of u(t) and u∗(t) under the assumption that each component pulse constituting both

trains has a rectangular spectrum. As can be seen from the plots, a right choice

of the frequency shifts between pulses allows one to reshape the wavefrom’s spec-

trum, creating a weighting in the frequency domain. The number of pulses to be

processed controls the quality of such reshaping. Similar to the known weightings,

introducing nonlinearity in frequency stepping causes energy concentration in the

middle frequencies. This, in turn, leads to reduction of the autocorrelation sidelobe

peaks (the ACF for the waveforms given in Figures 4.25 and 4.26 is drawn in Fig-

ures 4.27 and 4.28, respectively). Note that since in both examples the frequency

overlap ratio B/∆f (computed for traditional waveforms u∗(t)) is large (22.5 and

22, respectively), all the grating lobes of |Ru∗(τ)| are already lowered below -40dB

in Figure 4.27 and -45dB in Figure 4.28, and only suppression of a few near-source

sidelobes is required. This can be done by using nonlinear-FM-like waveforms dis-

played in Figures 4.25 and 4.26. They reduce the PSL by about -14dB and -28dB,

respectively.

We also observe that in both cases traditional trains provide better capabilities

to resolve targets. This remains correct for all the pairs of u(t) and u∗(t) having the

same parameters and small overlap ratios. Indeed, it follows from (4.40) and (4.49)

that, in this case, τnull is always greater than the first null of u∗(t) which is located at

the point 1/(NM∆f). There is no surprise in this result, since it reflects well-known

trade-off: the PSL reduction is always associated with losses in resolution. To further

examine this phenomena with respect to the family of trains under consideration,

we have applied the Hamming interpulse amplitude weighting (as described in [22])

to the traditional burst u∗(t) shown in Figure 4.25 and compared its performance

with ”natural” frequency weighting we have created by means of nonlinear stepping.
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Figure 4.27: Top and middle: The ACF of the waveforms depicted in the top and

middle subplots of Figure 4.25, respectively (zoom on 0 ≤ τ/tp ≤ 1). Bottom: The

same ACFs zoomed on 0 ≤ τ/tp ≤ 0.04.
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Figure 4.28: Top and middle: The ACF of the waveforms depicted in the top and

middle subplots of Figure 4.26, respectively (zoom on 0 ≤ τ/tp ≤ 1). Bottom: The

same ACFs zoomed on 0 ≤ τ/tp ≤ 0.03.
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Figure 4.29: Top: The ACF of weighted traditional stepped-frequency waveform

depicted in the middle subplot of Figure 4.25, amplitude weighting with Hamming

window (zoom on 0 ≤ τ/tp ≤ 1). Bottom: The same ACF vs. the ACF of the

waveform shown in the top subplot of Figure 4.25 (zoom on 0 ≤ τ/tp ≤ 0.04).

As follows from Figure 4.29, the amplitude weighting results in much better sidelobe

suppression: the PSL drops to -45.5dB. However, it leads to undesirable losses in

resolution that can be softened by the usage of the proposed waveform u(t). Finally,

we would like to point out other advantage of the ”built-in” weighting we have

proposed: it allows one to completely avoid heavy SNR losses inherent in weighted

filters.

Summarizing the results of this section, we conclude that proposed waveforms

exhibit improved performance compared with traditional approaches.
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4.6 Sidelobe suppression for extended Doppler

In this section we investigate the behavior of the central part of the AF of u(t) and

compare it with the AF of traditional stepped-frequency waveform.

It follows from (4.28) that the central envelope of |χu(τ, ν)| is defined by

|χu(τ, ν)| = |χ1(τ, ν)| · |χ2(τ, ν)| · |χ3(τ, ν)|, |τ | ≤ tp, (4.50)

where

|χ1(τ, ν)| =
∣∣∣∣
(

1− |τ |
tp

)
sinc

[
tp (ν −Bτ)

(
1− |τ |

tp

)]∣∣∣∣ , (4.51)

|χ2(τ, ν)| =
∣∣∣∣
sin [Nπ(νtr −∆finτ)]

N sin [π(νtr −∆finτ)]

∣∣∣∣ , (4.52)

|χ3(τ, ν)| =
∣∣∣∣
sin [Mπ(νTr −∆foutτ)]

M sin [π(νTr −∆foutτ)]

∣∣∣∣ . (4.53)

As we already mentioned before, the first factor in (4.50) represents the envelope

of the AF of the repeated chirp pulse. Two other factors are caused by pulse

repetition and have similar shapes: they both are two-dimensional periodic sinc

functions. Note that |χi(τ, ν)| (i = 2, 3) preserves its values along the line

αiν − βiτ = 0, (4.54)

where α2 = tr, α3 = Tr, β2 = ∆fin, and β3 = ∆fout. Hence, any cross-section

|χi(τ, ν∗)| of |χi(τ, ν)| along ν = ν∗ is a shifted (along time-delay axis) version of

|Ri(τ)|, i.e.

|χi(τ, ν∗)| =
∣∣∣∣Ri

(
τ − αi

βi

ν∗

)∣∣∣∣ .

It also follows from the above observation that the ridges of |Ri(τ)| run parallel to

the line (4.54). Note, however, that the shape of the product |R2(τ)| · |R3(τ)| is not

preserved for non-zero Doppler shifts, since the factors have different directions of

propagation over the Euclidean plane. Therefore, in general, we have to expect the

presence of relatively high peaks in the |χ(τ, ν∗)|’s profile.
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Figure 4.30: Partial AF of the nonlinear-FM-like waveform (4.10) with N = 7,M =

5, ∆f1tp = 13, ∆f2tp = 30.836, Btp = 133.25, and tr/tp = 9 (top) and corresponding

traditional stepped-frequency waveform depicted in the middle subplot of Figure

4.25 (bottom). Zoom on the region {|τ/tp| ≤ 0.02, 0 < νNMtr < 4}.

The top subplot of Figure 4.30 illustrates the AF of the proposed waveform

designed with N = 7,M = 5, ∆f1tp = 13, ∆f2tp = 30.836, Btp = 133.25, and

tr/tp = 9. (Note that NMtr, which normalizes the Doppler axis, is the entire

duration of the waveform.) Note that the shape of the AF heavily depends on the

order of subpulses in the train. This fact should be taken into account in order

to obtain waveforms with low sidelobe level over some stripe containing the time-

delay axis. The AF of the corresponding traditional stepped-frequency waveform is

depicted in the bottom subplot of Figure 4.30.
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Figure 4.31: Zoomed on the region {|τ/tp| ≤ 0.07, 0 < νNMtr < 0.15}, AFs shown

in Figure 4.30.

Figures 4.31 and 4.32 show that in both cases the sidelobes build-up with Doppler

is relatively slow and the low sidelobe level associated with the ACF of the proposed

nonlinear-FM-like waveform is effective for extended Doppler, as well. In particular,

for νNMtr = 0.15, its PSL = -39 dB (see Fig. 4.32). Hence, the proposed waveform

allows us to achieve overall sidelobe suppression below -39dB over the stripe {(τ, ν) :

|τ/tp| ≤ 1, |νNMtr| ≤ 0.15}. Note that PSL produced by the traditional waveform

is about -24dB. Thus, in some instances, proposed waveforms are Doppler tolerant

and can be used to detect moving targets in the presence of unknown Doppler.
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Figure 4.32: Top: Non-zero Doppler cut of the AFs depicted in the top (solid)

and bottom (dash) subplots of Figure 4.30 for ν∗NMtr=0.15 (zoom on the interval

|τ/tp| ≤ 0.05). Middle: the relationship between the factors |χ1(τ, ν∗)| (solid),

|χ2(τ, ν∗)| (dashed), and |χ3(τ, ν∗)| (dotted) of the AF of the nonlinear waveform.

Bottom: similar relationship between the factors of the AF of the corresponding

traditional stepped-frequency train.
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4.7 Summary and Further Work

In this chapter we have proposed a new family of waveforms that have been designed

by a composition of two different stepped-frequency LFM trains with constant fre-

quency steps between the center frequencies of the consecutive pulses. We have

showed that, despite of the waveform’s complicated structure, its AF (and, hence,

ACF) could be written in the closed form. We have used this fact to perform a sys-

tematic analysis of the set of the waveform’s parameter values, aimed to study their

influence on the ACF shape. As the result, we have been able to find a large number

of family members producing the ACF with excellent profiles. Our analysis clearly

reveals that they have desirable built-in characteristics such as low range sidelobes

and low grating lobes. Frequently, the low sidelobe level associated with the ACF of

the proposed nonlinear-FM-like waveforms is effective for extended Doppler, as well.

New waveforms are also shown to exhibit improved performance when compared

with traditional stepped-frequency trains. The features of the proposed nonlinear

waveforms we have mentioned above, along with the other advantages associated

with the stepped-frequency waveforms, make them attractive for usage in a high

range resolution radar.

The future work in this area can be done in studying more general stepped-

frequency waveforms obtained from those ones we have proposed here by replacing

the ”innermost” chirp pulse by other (phase-coded, nonlinear-FM, etc.) signals

and/or repeating the proposed design schema a few times. The later will increase

the number of ”nested” trains and, as consequence, will have additional factors in the

factorization (4.34). In both cases, we introduce a new set of independent parameters

that gives us possibility to control the sidelobe level better. As consequence, these

waveforms are expected to provide excellent resolution capabilities.
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Chapter 5

Conclusions

In this thesis, we have proposed new approaches for solving two challenging problems

appearing in the radar waveform design: the problem of constructing waveforms with

desired ambiguity characteristics in a chosen a priori region of the Euclidean plane

and the problem of designing stepped-frequency waveforms with low sidelobes. In

this chapter, we summarize our results.

Chapter 1: Introduction. Suitable waveform selection is an important prob-

lem in radar design, because it controls the resolution, clutter performance, and

computational complexity of the processing. The ambiguity function of a transmit-

ted signal measures the uncertainty with which the returning echo distinguishes,

simultaneously, both ranges and velocities of a target system. Therefore, it is nat-

ural, to use the ambiguity function as a measure of performance in radar waveform

design. In this chapter, we give alternative definitions of the ambiguity function and

describe its meaning. We also provide a tidy set of interlocking properties of the am-

biguity function. In general, it is unusual for an arbitrary two-dimensional function

to satisfy these properties, and so, in a set of possible two-dimensional functions,

ambiguity functions are very rare. We also introduce a theoretical concept of an
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ideal ambiguity function, which would have ideal range-doppler characteristics, and

describe its reasonable approximation – a ”thumbtack” function.

Chapter 2: On the synthesis problem for a waveform having a desired

ambiguity profile. In radar design problems, one has a pretty good idea of the

desired ambiguity surface and wishes to work backwards to find a corresponding

waveform. This, however, is an unsolved problem: no techniques are known for

finding a waveform corresponding to a desired ambiguity surface, nor is a set of

rules known for ensuring that a desired surface is in fact an ambiguity surface; a

waveform that gives rise to this desired surface might not exist. Nevertheless there

might be a waveform with ambiguity surface that is an acceptable approximation

to the desired surface.

In this chapter, we investigate the problem of an approximation of an arbitrary

two-dimensional square-integrable function by ambiguity functions. We first recall

the fundamental results in this area obtained by Calvin Wilcox. In report [41], he

presented a mathematically complete solution to this challenging problem, provided

that the desired ambiguity shape is given in analytical form. It is, however, not the

case in any practical radar application. In practice, engineers have a general idea

of acceptable shape rather than the formulas describing it, thus making Wilcox’s

algorithm not applicable. Moreover, in many situations, it is not even necessary

to have a certain shape for all the values of time and doppler delays (the region

where the ambiguity surface is desired to be small depends on the particular radar

application), and Wilcox’s algorithm does not treat the situations where only part

of the ambiguity surface has to be approximated.

Next, we introduce our model of a radar waveform which extends the Wilcox’s

model and formulate the problem of producing a close match, over a specified subre-

gion of R2, to a good ambiguity surface. Our formulation is based on the projection
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of the signal onto an appropriate orthonormal basis in the space of radar waveforms

and approximating the signal with desired ambiguity properties by a finite number

of basis waveforms. The optimization over a subregion of R2 generalizes Wilcox’s

approach. There are new subtleties that appear with this approach, since we can

seek, for example, to make an ambiguity small over some region, which, if success-

ful, will push the bulk of the function outside the region where we want it to be

small. Obviously, this is not possible if the region is all of R2, because of the volume

property of the ambiguity function.

Finally, we investigate this new problem in the special case, when the function

to be approximated is the ideal ambiguity function. We analyze our problem for

the case of the specific orthonormal basis formed by well-known Hermite waveforms

and the specific class of regions having circular symmetry. In particular, we find the

conditions

Chapter 3: Radar signals. In this chapter we present an overview of some known

classes of radar waveforms and their ambiguity/autocorrelation function. We start

with an unmodulated pulse which is a basic radar signal. Then, we describe pulse

compression techniques (e.g., phase coding, LFM) which produce ”thumbtack”-like

profile of the matched filter response. We also mention basic approaches for de-

signing pulse trains – long duration signals generated by periodically repeating a

suitable short duration pulses. We describe advantages and drawbacks of an im-

portant class of pulse trains – a family of stepped-frequency LFM pulse trains with

constant frequency steps between the center frequencies of the subpulses.

Chapter 4: Sidelobe suppression in the stepped-frequency train of LFM

pulses. For purposes of a high range resolution radar, it is desirable to transmit

signals with wide overall bandwidth. Frequency stepping is one of the known and
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well-studied techniques that can be used to achieve this goal. A stepped-frequency

waveform is a collection of short narrowband pulses separated by time intervals that

are sufficient to receive scattering echoes from the targets located at some range of

interest. The center frequencies of the pulses forming the waveform are shifted with

respect to each other. This leads to essential broadening of the waveform’s total

bandwidth.

A stepped-frequency waveform can be processed using a matched filter. It is

well-known that the resulting autocorrelation function (ACF) suffers from relatively

high delay sidelobes. In this chapter, we propose a new algorithm for designing

stepped-frequency waveforms with nonlinear frequency stepping that would have

a low level of autocorrelation sidelobes. We suggest specific relationships between

the center frequencies of the subpulses constituting the waveform that allow us to

derive the waveform’s ambiguity function (and, hence, autocorrelation function) in

the closed form. This gives us the possibility to search for waveforms with a desired

threshold level by analyzing the set of their parameter values and, by doing so, to find

a variety of desired waveforms. We also show that, frequently, the low sidelobe level

associated with the ACF of the proposed nonlinear-FM-like waveforms is effective

for extended Doppler, as well.

To illustrate the improvement that can be achieved by applying our approach,

we compare the performance of waveforms we have derived with the performance

of traditional stepped-frequency LFM trains with constant frequency steps between

consecutive pulses. Our analysis reveals that the proposed waveforms have desirable

built-in characteristics such as low range sidelobes and low grating lobes and allow

to avoid undesirable SNR losses due to weighting on receive. These features, along

with other advantages associated with stepped-frequency waveforms, make them

attractive for usage in a high range resolution radar.
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Appendix A

Proof of Theorem 2.5.1

In this appendix, we give the proof of Theorem 2.5.1. It consists of two parts. First,

we prove the following lemma in section A.1.

Lemma A.0.1 Let N be a positive integer, R be a positive real number, G be a

circular region:

G = {(τ, ν) : τ 2 + ν2 ≤ R2}, (A.1)

andWN = WN({ui(t)}N
i=0) be a linear span of Hermite waveforms ui(t) (i = 0, 1, . . . ,

N), given by (2.6), with coefficients from N-dimensional unit sphere SN (see Defi-

nition 2.2.3). Then, a complex-valued vector â = (â0, â1, . . . , âN) ∈ SN is a solution

of the problem arg min
a∈SN

F (a), defined in section 2.5, if and only if a real-valued row-

vector ŷ =
(
ŷ(1), ŷ(2)

)
with ŷ(k) =

(
ŷ

(k)
0 , ŷ

(k)
1 , . . . , ŷ

(k)
N

)
(k = 1, 2), ŷ(1)ŷ(1)T = 1 and

âi = ŷ
(1)
i ejby(2)

i (i = 0, 1, . . . , N) is a solution of the problem

arg max
y(1)y(1)T =1

G(y), (A.2)

where y is a (2N+2)-dimensional real-valued row-vector such that y =
(
y(1),y(2)

)

with y(k) =
(
y

(k)
0 , y

(k)
1 , . . . , y

(k)
N

)
(k = 1, 2), G(y) : R2N+2 → R is the function given
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by

G(y) = ỹ(1)Ψỹ(1)T

+ 4
N−1∑
i=1

i−1∑

k=0

N∑
m=i+1

ψik(m−i)y
(1)
i y(1)

m y
(1)
k y

(1)
k+m−i cos

(
y(2)

m − y
(2)
i + y

(2)
k+m−i − y

(2)
k

)

(A.3)

(
here ỹ(1) =

((
y

(1)
0

)2

,
(
y

(1)
1

)2

, . . . ,
(
y

(1)
N

)2
))

. The elements of symmetric matrix

Ψ = {ψik}N
i,k=0 and the coefficients ψikq in (A.3) are computed by the formulas

ψii = γ̃i0i0, ψik = γ̃i0k0 + γ̃i(k−i)i(k−i) (A.4)

(i = 0, 1, . . . , N ; k = i + 1, i + 2, . . . , N), and ψikq = γ̃iqkq (i = 0, 1, . . . , N ; k =

0, 1, . . . , i− 1; q = 1, 2, . . . , N), respectively, where

γ̃iqkq =

√
i!k!

(i + q)!(k + q)!
µ̃iqkq (A.5)

and the quantities µ̃iqkq are given by the following recurrence relations:

x0µ̃iqkq =

(
xq

0

(
L

(q)
i (x0)− L

(q)
(i−1)(x0)

)(
L

(q)
k (x0)− L

(q)
(k−1)(x0)

)

+ µ̃(i−1)q(k−1)q + qµ̃i(q−1)k(q−1) − (i + q)!

i!
δik

)
,

x0µ̃i000 =
(
L

(0)
i (x0)− L

(0)
(i−1)(x0)− δi0

)
. (A.6)

Here x0 = πR2, L
(q)
i is the Laguerre polynomial (2.9), and

δik =





1, if i = k,

0, otherwise.

Based on Lemma A.0.1, we conclude that Problem 2.5.1 of minimizing F (a) has

a set of solutions â = (0, 0, . . . , ejφ) with arbitrary real φ if and only if the problem

(A.2) of maximizing G(y) admits solutions of the form ŷ = (ŷ1,y2), where ŷ1 =

(0, 0, . . . , 0, 1) and y2 is an arbitrary real-valued vector of length N + 1. Therefore,

to prove Theorem 2.5.1, we have to show the correctness of the following lemma.
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Lemma A.0.2 If conditions (2.24) are fulfilled, then Problem (A.2) has a set of

solutions of the form ŷ = (ŷ1,y2), where ŷ1 = (0, 0, . . . , 0, 1) and y2 is an arbitrary

real-valued vector of length N + 1.

The proof of Lemma A.0.2 is given in Section A.2.

A.1 Proof of Lemma A.0.1

It follows from (2.23) that, for every signal s(t) ∈ WN , the volume under its ambi-

guity surface |χs(τ, ν)| can be expressed via the coefficients ai (i = 0, 1, . . . , N) of

expansion (2.17):

‖χs(τ, ν)‖2
L2(G) = F (a) =

N∑

i,k,m,n=0

cikmnaiakaman, (A.7)

where a = (a0, a1, . . . , aN), cikmn =< ξik(τ, ν), ξmn(τ, ν) >L2(G), and ξik(τ, ν) (i, k =

0, 1, . . . , N) are cross-ambiguity functions induced from the sequence {ui(t)}N
i=0 by

the rule (2.3). Therefore, the optimization problem of interest can be reformulated

with respect to the elements of vector a as it is done in Problem 2.5.1.

It appears, however, that, in the case when the Hermite waveforms are chosen

to form the basis in W , it is more convenient to work with other representation of

‖χs(τ, ν)‖2
L2(G) which we derive below.

According to Lemma 2.2.3, the ambiguity function of any signal s(t) ∈ WN can

be expanded in a finite series

χs(τ, ν) =
N∑

i=0

N∑

k=0

bikξik(τ, ν), (A.8)

where bik = aiak (see (2.5)).
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Applying the change of indices (i, k) ↔ (p, q), given by [41]





i = p +
|q|+ q

2
,

k = p +
|q| − q

2
,

⇐⇒





p =





k, i ≥ k

i, k ≤ i





=
i + k − |i− k|

2
,

q = i− k,

(A.9)

to (A.8) yields the following representation of χs(τ, ν):

χs(τ, ν) =
N∑

q=−N

N−|q|∑
p=0

dpq ξ̃pq(τ, ν), (A.10)

where dpq = bik and ξ̃pq(τ, ν) = ξik(τ, ν) for each set of pairs (i, k) and (p, q) satisfying

to (A.9). Then,

‖χs(τ, ν)‖2
L2(G) =

N∑
q=−N

N−|q|∑
p=0

N∑
s=−N

N−|s|∑
r=0

γpqrsdpqdrs, (A.11)

where

γpqrs =< ξ̃pq(τ, ν), ξ̃rs(τ, ν) >L2(G) . (A.12)

In this section, we work with the form of ‖χs(τ, ν)‖2
L2(G) given by (A.11). Note

that we still consider ‖χs(τ, ν)‖2
L2(G) as a function of a. Formula (A.11) just provides

implicit expression of ‖χs(τ, ν)‖2
L2(G) in terms of the elements of a (representation

(A.11) of ‖χs(τ, ν)‖2
L2(G) can be easily converted into (A.7) via the procedure de-

scribed above).

Next, we list some properties of quantities dpq and coefficients γpqrs useful in our

work.

Lemma A.1.1 The following statements hold:

1) If q ≥ 0, then dpq = ap+qap;

2) dp 0 is real and 0 ≤ dp 0 ≤ 1;

3) If q ≥ 1, then |dpq|2 = dp+q0dp0;
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4)
N∑

p=0

d2
p0 + 2

N−1∑
p=0

N∑
r=p+1

dp0dr0 = 1;

5) dp(−q) = dp q.

Proof. The correctness of the first statement of the Lemma follows from the fact

that, due to (A.9) and (2.5),

dpq = bp+q,p = ap+qap. (A.13)

Therefore,

dp 0 = bpp = |ap|2 (A.14)

and

|dpq|2 = |ap+q|2|ap|2 = dp+q0dp0. (A.15)

Formulas (A.14) and(A.15) prove the second and third statements, respectively. We

use them to derive

N∑
p=0

d2
p0 + 2

N−1∑
p=0

N∑
r=p+1

dp0dr0 =

(
N∑

p=0

dp0

)2

=

(
N∑

p=0

|ap|2
)2

. (A.16)

Since ai ∈ SN , the last relation implies the correctness of the fourth statement of

the lemma.

Finally, to prove the fifth statement, we observe that, for each pair of indices

(i, k), bik = aiak = akai = bki, and, hence,

dp(−q) = bp+(|−q|−q)/2, p+(|−q|+q)/2 = bp+(|q|+q)/2, p+(|q|−q)/2 = dp q.

Lemma A.1.2 The coefficients γpqrs (q, s = −N,−N + 1, . . . , N ; p = 0, 1, . . . , N −
|q|; r = 0, 1, . . . , N − |s|) admit the following representation

γpqrs =





√
p!r!

(p + |q|)!(r + |q|)!
∫ x0

0

e−xx|q|L(|q|)
p (x)L(|q|)

r (x)dx, if q = s,

0, if q 6= s,

(A.17)

where x0 = πR2. Moreover,

γp(−q)r(−q) = γpqrq and γpqrq = γrqpq. (A.18)
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Proof. We recall from (2.7) that ξ̃pq(τ, ν) has a simple form as a function of the

polar coordinates (r, θ) defined by τ + jν = rejθ:

ξ̃pq(τ, ν) =
√

π Ξpq(r
√

π)ej qθ, (A.19)

where Ξpq(r) is given by (2.8).

Now, bearing in mind that G is a circular region (A.1), we compute

γpqrs =

∫∫

G

ξ̃pq(τ, ν)ξ̃rs(τ, ν)dτdν

=

∫ R

0

∫ 2π

0

πΞpq(r
√

π)Ξrs(r
√

π)ej (q−s)θrdrdθ

= π

∫ 2π

0

ej (q−s)θdθ ·
∫ R

0

Ξpq(r
√

π)Ξrs(r
√

π)rdr. (A.20)

Since the sequence {ejqθ}N
q=−N is orthogonal on 0 ≤ θ ≤ 2π, we derive from (A.20)

that

γpqrs =





2π2

∫ R

0

Ξpq(r
√

π)Ξrs(r
√

π)rdr, if q = s,

0, if q 6= s.

(A.21)

Substituting (2.8) into A.21, we obtain

γpqrq = 2π

√
p!r!

(p + |q|)!(r + |q|)!
∫ R

0

e−πr2

(πr2)|q|L(|q|)
p (πr2)L(|q|)

r (πr2)rdr. (A.22)

Finally, the change of variable x = πr2 yields (A.17).

The correctness of formulas (A.18) follows immediately from (A.22). This ob-

servation completes the proof of the lemma.
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We use the results of Lemmas A.1.1 and A.1.2 to rewrite (A.11) as follows

‖χs(τ, ν)‖2
L2(G) =

N∑
p=0

γp0p0d
2
p0 + 2

N−1∑
p=0

N∑
r=p+1

γp0r0dp0dr0 + 2
N∑

q=1

N−q∑
p=0

γpqpq|dpq|2

+ 4
N∑

q=1

N−q∑
p=0

p−1∑
r=0

γpqrq<{dpqdrq}

=
N∑

p=0

γp0p0d
2
p0 + 2

N−1∑
p=0

N∑
r=p+1

(
γp0r0 + γp(r−p)p(r−p)

)
dp0dr0

+ 4
N∑

q=1

N−q∑
p=0

p−1∑
r=0

γpqrq<{dpqdrq}.

(A.23)

We also note that, since index q takes only positive values in (A.23), the absolute

value sign in (A.17) can be omitted, i.e.,

γpqrq = κpqrqµpqrq, (A.24)

where

κpqrq =

√
p!r!

(p + q)!(r + q)!
and µpqrq =

∫ x0

0

e−xxqL(q)
p (x)L(q)

r (x)dx. (A.25)

Using properties of Laguerre polynomials [37], we compute

µpqrq = −e−xηpqrq(x) |x0
0 +µ(p−1)q(r−1)q + qµp(q−1)r(q−1),

µp000 = −e−xηp000(x) |x0
0 ,

where

ηpqrq(x) = xq
(
L(q)

p (x)− L
(q)
(p−1)(x)

)(
L(q)

r (x)− L
(q)
(r−1)(x)

)
.

Since L
(0)
p (0) = 1, we observe that

ηpqrq(0) =





1, if q = p = r = 0,

0, otherwise.
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Therefore,

µpqrq =
(p + q)!

p!

(
1− e−x0

)
δpr − e−x0x0µ̃pqrq,

where

µ̃pqrq =

(
ηpqrq(x0) + µ̃(p−1)q(r−1)q + qµ̃p(q−1)r(q−1) − (p + q)!

p!
δpr

)
/x0,

µ̃p000 = (ηp000(x0)− δp0) /x0.

Taking into account the fourth statement of Lemma A.1.1, we obtain

F (a) =
(
1− e−x0

)
(

N∑
p=0

d2
p0 + 2

N−1∑
p=0

N∑
r=p+1

dp0dr0

)
− e−x0x0F1(a)

=
(
1− e−x0

)− e−x0x0F1(a),

where

F1(a) =
N∑

p=0

γ̃p0p0d
2
p0 + 2

N−1∑
p=0

N∑
r=p+1

(
γ̃p0r0 + γ̃p(r−p)p(r−p)

)
dp0dr0

+ 4
N∑

q=1

N−q∑
p=0

p−1∑
r=0

γ̃pqrq<{dpqdrq} (A.26)

and γ̃pqrq = κpqrqµ̃pqrq.

It is clear that

arg min
s∈WN

‖χs(τ, ν)‖2
L2(G) = arg min

{ai}∈SN

F (a) = arg max
{ai}∈SN

F1(a).

In other words, we have transformed the problem of minimizing F (a) to the problem

of maximizing F1(a). Replacing the variables {dpq} by the variables {ai}N
i=0 in (A.26)

in accordance with the first statement of Lemma A.1.1 and introducing a new set of

real-valued variables {y(1)
i , y

(2)
i }N

i=0, given by ai = y
(1)
i ejy

(2)
i (i = 0, 1, . . . , N), yields

F1(a) = G(y). This implies the correctness of Lemma A.0.1.

A.2 Proof of Lemma A.0.2

To verify that vector ŷ is a solution to the problem
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maximize G(y),

subject to g(y(1)) = y(1)y(1)T − 1 = 0,

we construct the function G1(y, λ) = G(y) − λg(y(1)). It is easy to check that

∇G1(ŷ, λ) = 0 yields λ = λ̂ = 2ψNN . Then, we consider a quadratic form

Q(z) =
2∑

l,m=1

N∑

i,k=0

∂2G1(ŷ, λ̂)

∂y
(l)
i ∂y

(m)
k

z
(l)
i z

(m)
k (A.27)

subject to the constraint
N∑

i=0

∂g(ŷ(1))

∂y
(1)
i

z
(1)
i = 0 (A.28)

(here z = (z(1), z(2)) with z(i) = (z
(i)
0 , z

(i)
1 , . . . , z

(i)
N ) (i = 1, 2)). In our case, function

Q(z) and constraint (A.28) can be written as follows:

Q(z) = 4
N−1∑
i=0

(ψiN − ψNN)
(
z

(1)
i

)2

(A.29)

and z
(1)
N = 0. Clearly, if ψiN − ψNN < 0 (i = 0, 1, . . . , N − 1), then form Q(z)

is negative definite and, hence, function G(y) considered on ... g(y(1)) attains its

maximum at point ŷ.

A.3 Analysis of conditions (2.24)

It follows from (A.4) – (A.6) that the functions ψiN(x)−ψNN(x) (i = 0, 1, . . . , N−1)

are polynomials of x:

ψiN(x)− ψNN(x) =
x

(N !)2
p

(N)
i (x), (A.30)

where p
(N)
i (x) are polynomials

p
(N)
i (x) =

2N−2∑

k=0

α
(N)
ik xk (A.31)

such that α
(N)
i(2N−2) = −1 and α

(N)
i0 < 0. Hence, conditions (2.24) are fulfilled for both

sufficiently small and sufficiently large positive values of x. In more details, if x
(N)
i,min
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and x
(N)
i,max are the smallest and largest positive roots of p

(N)
i (x), respectively, and

x
(N)
min = min{x(N)

0,min, x
(N)
1,min, . . . , x

(N)
N−1,min}, and x

(N)
max = max{x(N)

0,max, x
(N)
1,max, . . . , x

(N)
N−1,max},

then conditions (2.24) are fulfilled for x ∈ (0, x
(N)
min]∪ [x

(N)
max,∞). In general, the prob-

lem of finding the values of x belonging to [x
(N)
min, x

(N)
max] and satisfying (2.24) requires

further investigation and remains open. Below we show its solutions for some specific

values of N .

If N = 1, we deal with only one condition ψ01(x)−ψ11(x) = −x which is negative

for all the positive values of x. Hence, in this case, conditions (2.24) are fulfilled for

x ∈ (0,∞).

If N = 2, we have the inequalities

ψ02(x)− ψ22(x) = −x

4
(x− 2)2 ≤ 0

and

ψ12(x)− ψ22(x) = −x

4
(x2 − 3x + 4) < 0.

Therefore, conditions (2.24) are fulfilled for x ∈ (0, 2) ∪ (2,∞).

Tables A.1, A.2, and A.3 contain the coefficients of the polynomials p
(N)
i (x) (i =

0, 1, . . . , N−1) (see (A.31)) for N = 3, 4, and 5, respectively, while Figures A.1, A.2,

and A.3 display the intervals on which the polynomials p
(N)
i (x) (i = 0, 1, . . . , N − 2)

are positive. We do not plot polynomial p
(N)
N−1(x), since it appears to be negative

for all positive values of x. As follows from Figures A.1 and A.2, inequalities (2.24)

are true, if x ∈ (0, x1) ∪ (x2, x3) ∪ (x4,∞), where x1 ≈ 0.569, x2 = 6, x3 ≈ 6.851,

and x4 ≈ 9.756, for N = 4, and x1 ≈ 0.756, x2 = 3, x3 ≈ 4.196, and x4 = 6, for

N = 3. Similarly, it can be seen from Figure A.3 that, for N = 5, conditions (2.24)

are fulfilled for x ∈ (0, x1) ∪ (x2, x3) ∪ (x4, x5) ∪ (x6,∞), where x1 ≈ 0.463, x2 ≈
4.143, x3 ≈ 5.562, x4 ≈ 9.093, x5 ≈ 9.668, and x6 ≈ 13.556.
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i α
(3)
i4 α

(3)
i3 α

(3)
i2 α

(3)
i1 α

(3)
i0

0 -1 12 -57 108 -54

1 -1 12 -45 60 -36

2 -1 12 -54 96 -72

Table A.1: The coefficients of polynomials p
(3)
i (x) (i = 0, 1, 2).
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Figure A.1: The polynomials p
(3)
0 (x) (- -) and p

(3)
1 (x) (-).

i α
(4)
i6 α

(4)
i5 α

(4)
i4 α

(4)
i3 α

(4)
i2 α

(4)
i1 α

(4)
i0

0 -1 24 -232 1104 -2736 3264 -1152

1 -1 24 -232 1104 -2568 2592 -864

2 -1 24 -208 816 -1512 1248 -576

3 -1 24 -228 1056 -2520 2880 -1440

Table A.2: The coefficients of polynomials p
(4)
i (x) (i = 0, 1, 2, 3).
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Figure A.2: The polynomials p
(4)
0 (x) (- -), p

(4)
1 (x) (-), and p

(4)
2 (x) (-·-).

i α
(5)
i8 α

(5)
i7 α

(5)
i6 α

(5)
i5 α

(5)
i4 α

(5)
i3 α

(5)
i2 α

(5)
i1 α

(5)
i0

0 -1 40 -665 5880 -30040 90000 -153000 132000 -36000

1 -1 40 -665 5880 -29800 87120 -140400 110400 -28800

2 -1 40 -665 5880 -29500 83520 -125400 86400 -21600

3 -1 40 -625 4920 -21000 48720 -59400 36000 -14400

4 -1 40 -660 5760 -28800 83520 -136800 115200 -43200

Table A.3: The coefficients of polynomials p
(5)
i (x) (i = 0, 1, 2, 3, 4).
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Figure A.3: The polynomials p
(5)
i (i = 0, 1, 2, 3). Top: zoom on interval [0, 15];

p
(5)
4 (x) (-). Bottom: zoom on interval [0, 9.5]; p

(5)
0 (x) (- -), p

(5)
1 (x) (-), and p

(5)
2 (x)

(-·-).
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