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Abstract

This investigation presents an approximate non-
asymptotic theory for self-sustaining supersonic laminar
boundary layer interaction which is based on the three
layer conceptual model first introduced by Lighthill
(1953) to explain the upstream propagation of disturbances
in linear shock wave boundary layer interactions where
separation does not occur and recently extended by
Stewartson and Williams (1969) (1973) for non-linear
interactions with separation using an asymptotic analysis

valid for infinite Re . The practical shortcoming of the
asymptotic analysis is that at the largest Re for which
the boundary layer could be expected to remain/laminar the
viscous sublayer whose thickness is of 0( Re:'é' & ) is of
comparable thickness to the inviscid interaction layer and
thus not a thin sublayer as required for the validity of
an asymptotic theory. This investigation extends the
basic three layer model for laminar boundary layer free
interaction phenomena to physically realizable flows in
the Reynolds number range 10K Res 10 where the viscous
sublayer can not be viewed as thin in an asymptotic sense.
Both major shortcomings of the lowest order asymptotic
analysis, the neglect of the streamtube divergence in the
inviscid interaction layer and compressibility effects in
the viscous sublayer, are considered in the present
analysis. Another novel feature of this study is the
separation pressure criterion used to determine the
effective edge of the laminar viscous sublayer.




The mathematical treatment of each layer is as
follows: the external supersonic main stream outside the
basic boundary layer is described by a Prandtl-Meyer simple
wave relation, the free interaction zone is represented by
a continuous distribution of rotational inviscid stream-
tubes, and the inner viscous sublayer adjacent to the wall
is approximated by a momentum integral of the conventional
compressible boundary layer equation which takes into
account the novel outer edge conditions for a viscous layer
with non-vanishing gradients and the wall compatibility
conditions as required by the non-adiabatic boundary layer
equations.

Numerical solutions are presented for shock and wedge
induced separation phenomena over adiabatic walls for Mach
numbers in the range 2\<M®<10 . The distribution of
pressure, skin friction and the development of the velocity
and enthalpy profiles throughout the interaction region are
obtained and are in good agreement with the experimental
measurements. This agreement is far superior to the lowest
order asymptotic analysis. One of the interesting new
results is the gradual shift from the triple deck to the
single layer description as the Mach number increases.

The possibility of supercritical behavior in highly cooled
boundary layers is also studied. Present results suggest
that the displacement growth of the sublayer should for all
practical flow situations dominate the supercritical
behavior of the inviscid interaction layer.




1 Introduction

The study of viscid-inviscid interaction in a
compressible boundary layer adjacent to a solid surface has
been the subject of numerous theoretical and experimental
investigations of the behavior of real fluids in high speed
flights. These investigations have shown that the self-
sustaining adverse pressure gradient generated by the dis-
placement interaction between the boundary layer and the
outer flow can cause a significant modification of the
behavior for both the boundary layer and the inviscid
external flow. This modification is particularly important
if the adverse pressure gradient generated by the displace-
ment interaction is sufficiently large to lead to separa-

tion. In these circumstances the inviscid outer flow
departs significantly from the description of ideal com-
pressible flow theory and depends on the detailed develop-
ment of the viscous layer. These modifications which
affect the whole interaction flow field occur over a wide
range of Reynolds numbers and Mach numbers and are of
considerable practical importance in the performance and
design of supersonic and hypersonic vehicles. A common
application in external aerodynamics is the compression
corner resulting from a reflected flap control surface.
An important application in internal aerodynamics is the
interaction of the leading edge shock wave with the wall
boundary layer in the intake of an engine inlet system.




1-1 Qualitative features of the shock wave
and wedge induced free interactions

Self-sustaining compressive interactions can be
triggered by a variety of downstream disturbances the two
most common being the pressure rise due to a shock wave and
a compression corner. The first experimental observations
of shock wave boundary layer interaction were probably made
by early investigators studying the imbedded supersonic
region in the transonic flow past an airfoil see for
example Ackeret, Feldman and Rott (1946). Some represent-
ative more recent experimental investigations include:
Liepmann (1946), Gadd (1957), Chapman, Kuehn and Larsen
(1958), Hakkinen, Greber, Trilling and Abarbanel (1959),
Sterrett and Emery (1960), Miller, Hijman and Childs (1964),
Needham (1965), Green (1969) and Lewis, Kubota and Lees
(1969).

The two basic typical interaction phenomena are shown
schemetically in figures 1 and 2. Figure 1 shows the shock
induced interaction produced by an externally generated
oblique shock incident on a wall with a well established
boundary layer. Figure 2 shows the boundary layer separa-
tion and reattachment regions produced by a wedge induced
interaction.

A cursory examination of the two figures shows that
the two interaction phenomena are qualitatively similar in
many respects. In both interactions an adverse pressure
gradient is generated by a compressive downstream distur-
bance which propagates upstream through the subsonic
portion of the boundary layer. The adverse pressure
gradient causes boundary layer thickening and results in
an outward displacement of the external inviscid flow
which in turn produces a further steepening of the adverse



pressure gradient. In this manner the flow behavicr for
both the boundary layer and the external inviscid flow are
mutually modified by each other as the interaction proceeds.

The intriguing feature that has been well documented
experimentally is that the behavior of a laminar boundary
layer separating from the surface far upstream of the main
shock impingement point is nearly identical to the behavior
of the flow separating far ahead of a wedge in the wedge
induced interaction. As Stewartson and Williams (1969) have
shown the separation process itself is regular for a super-
sonic free interaction. The compression waves generated by
the displacement interaction of the separating viscous
layer coalesce and form a separation shock in the main
stream. The strength of this shock wave depends on the wall
and free stream conditions upstream of separation and is
independent of the nature of the downstream compressive
disturbance.

For strong disturbances with extended separated flow
regions an interaction zone of approximately constant
pressure is established, whereas for weaker disturbances
where the boundary layer remains attached or is separated
for only short distances no pressure plateau is achieved.

In the case of shock induced interaction the impinging
shock wave is first refracted by the Mach number profile of
the supersonic portion of the attached or separated boundary
layer and then reflected as an expansion fan at the sonic
line since the subsonic flow can not support a sudden
pressure rise ( this reflection process is similar to shock
reflection from a free surface in an inviscid flow field ).
The effect of the shock reflection is to turn the flow near
sonic line back towards the wall with an angle which is
twice the deflection angle of the local oblique shock. In
the case of wedge induced interaction an expansion wave is
not required since the flow is already directed towards the
wall.




As the free
point, it begins
causing a strong
and the inviscid
produced in this

shear layer approaches the reattachment

to turn parallel to the solid surface
interaction between the boundary layer
external flow. The compression waves
region then coalesce to from the reattach-

ment shock in the main stream. Downstream of the reattach-

ment point the boundary layer displacement thickness reaches

a local minimum in the neck region and then relaxes

gradually to a self-similar Blasius behavior.

The mathematical model proposed herein is applicable

in both shock induced and wedge induced interactions where

the separated flow region is too short for a pressure
plateau to be established. For reasons to be discussed

later this limitation can be removed once a more accurate

description of the velocity profiles for the viscous sub-

layer in the separated flow region are developed.




1-2 Previous theoretical investigations

Theoretical investigations of self sustaining free in-
teracting flow differ fundamentally from classical Prandtl
boundary layer theory in that the static pressure field can
not be treated as a given datum but has to be determined
from the simultaneous solution of the equations governing
the viscous and inviscidly behaving fluid regions. The
first rational theory attempting to explain the intriguing
phenomena of upstream influence and self sustaining inter-
action in supersonic boundary layers was proposed by
Lighthill (1953). In his now classic paper on a linear
theory for the growth of small pressure disturbances in a
supersonic boundary layer flow without separation Lighthill
hypothesized that in the region of strong pressure inter-
action both laminar and turbulent boundary layer could be
divided into three regions of distinctly different behavior:
an external supersonic inviscid mainstream outside the basic
boundary layer flow, a free interaction zone which extends
over the majority of the boundary layer and behaves as an
inviscid interacting flow, and a relatively thin inner
viscous sublayer adjacent to the wall where the conventional
incompressible boundary layer equations apply. The develop-
ment of a rational non-linear theory capable of describing
larger pressure disturbances with separation based on
Lighthill's three layer conceptual model has proved to be
formidable. The basic difficulties were: (1) the absence of
a rational theory for defining the viscous sublayer edge,
(2) the fact that the coupling between the viscous sublayer
and the inviscid interaction layer occurred in a region
close to the wall where normal gradients of velocity and
temperature profiles were large and (3) the difficulty in
adequately describing a viscous sublayer with reverse flow




and novel outer edge matching conditions in which both
viscous and inertia effects are equally important.

Because of the above mentioned difficulties, many
investigators chose not to pursue the fundamental three
layer conceptual model but to treat the boundary layer as a
single layer using either finite difference techniques,
Reyhner and Flugge-Lotz (1968), or momentum and energy
integral techniques, Lees and Reeves (1964), Holden (1965),
Goodwin et al. (1967), Klineberg and Lees (1969). For
adiabatic laminar boundary layers at low and moderate
supersonic Mach numbers these single layer models provided
very encouraging agreement with the experiments. For non-
adiabatic and high Mach number laminar boundary layers and
for turbulent boundary layers in general the single layer
models provided much less satisfactory agreement with
experiment and led to important conceptual anomalies. For
example, these single layer model theories predict that
turbulent and highly cooled laminar boundary layers are
supercritical in nature and thus are stable with respect to
small pressure disturbances. These supercritical boundary
layers according to the theory of Lees and coworkers can
not be triggered into a self sustaining displacement inter-
action unless one permits physically spurious discontinuous
supercritical-subcritical jumps. Our present work indicates
that the origin of this difficulty stems from the inability
of the single layer integral method to adequately describe
the viscous sublayer. At very high Reynolds numbers the
sublayer should in theory comprise a very small portion of
the total boundary layer. The details of the viscous
sublayer are thus lost in an integral averaging procedure
which is applied across the entire boundary layer and it is
somewhat surprising that the single layer integral theories
provide the good agreement that they do. In the single




layer analysis of Lees and coworkers the description of the
viscous sublayer is further altered by using profiles based
on the self similar solutions of the compressible boundary
layer equations. The velocity and enthalpy profiles are
thus uncoupled from the local streamwise pressure gradient
and do not satisfy the other wall compatibility conditions.
The theory developed in this study also uses an integral
momentum approach but confines the integral averaging to
the sublayer region only and satisfies the wall compatibi-
lity conditions required by the exact equations for the

viscous sublayer. At high Mach numbers these single layer
theories become a poor representation because of their
inability to adequately describe the wave interaction
effects in the inviscidly behaving portion of the boundary
layer. These effects are particularly important downstream
of shock impingement where both the incident shock and the
reflected expansion fan are significantly refracted by the
Mach number profile of the undisturbed boundary layer.

Gadd (1957) was the first to attempt to apply the three
layer model concept to non-linear boundary layer interac-
tions. His approximate analysis is based on a generalization
of Stratford's (1954) model for the behavior of an incom-
pressible boundary layer in the presence of a strong adverse
pressure gradient to compressible boundary layer flow.

A third order polynomial is used to describe the inner
viscous layer and the Bernoulli equation applied along
streamlines in the inviscid interaction layer. The junction
between the inner viscous and the outer inviscid layers is
a function of x and is determined by compatibility
conditions that derive from the continuity of the mass flow
and its first two derivatives at the edge of the viscous
layer. The numerical calculation of the pressure variation
up to separation and slightly beyond are in good agreement



with experiment for an adiabatic wall for moderate Reynolds
numbers in the range 0.4 x 109 to 0.6 x 10° and Mach
numbers of 2 and 4 . The model provided poor agreement with
experiment in the separated flow region and could not be
continued through reattachment. The principal weaknesses of
the model would appear to be the inadequate velocity
profile description in the separated flow region and the
assumption that the flow inclination at the edge of the
sublayer and the edge of the boundary layer are equal.

In the past few years there has been a greatly renewed
interest in the development of a non-linear theory pursuing
the more rational three region conceptual model proposed by
Lighthill ( Neiland 1971, Belcher, Burggraf and Stewartson
1972 ). Stewartson and Williams (1969, 1973) have presented
an elegant asymptotic analysis valid in the limit of
infinite Re for an adiabatic laminar boundary layer. The
asymptotic analysis circumvents the difficult question of
accurately defining the sublayer edge for finite Reynolds
numbers but shows that the sublayer thickness is of
0( Re_l/8 () ), that the extent of upstream influence is of
0( Re 1/8 & ) and that the normal pressure gradients are
only of 0 Re~1/4 ) in the free interaction layer.
Unfortunately even at a Reynolds number of 106 y the
largest Re for which the boundary layer could reasonably
be expected to remain laminar, the sublayer thickness (E
is about 1/5 & , assuming the proportionality constant is
near unity. This is hardly a small number in an asymptotic
sense and it is not surprising that the single layer
theories provide better agreement with experiments at
moderate Mach numbers in the range 10“’$ Reslo6 than an
asymptotic analysis which is strictly valid for infinite
Re . This does not imply that the three layeﬁ model ig
invalid for laminar boundary layers with 10 sReslo ,

10




but rather that the merging of the sublayer with the free
interaction layer is gradual, that the effective edge of
the sublayer has to be more clearly defined than in an order
of magnitude sense and that the sublayer may be too thick to
be treated as an incompressible viscous layer. These hypo-
theses are borne out by the results of the present study.
While a relatively thick viscous sublayer might be
anticipated for laminar boundary layers one would expect
the sublayer in a turbulent boundary layer to be consider-
ably thinner, at most a few percent of a boundary layer
thickness. Anticipating a very large inviscidly behaving
region Rose et al. (1968) have proposed a purely inviscid
model for the turbulent shock wave boundary layer inter-
action in which the inner viscous sublayer is neglected
entirely and the wall treated as a horizontal frictionless
boundary . An elaborate method of characteristics program
with imbedded shocks was written. While this program could
obviously not be used to describe the free interaction
phenomenon leading to separation or provide results for
skin friction and heat transfer, the characteristics calcula-
tion did clearly show that the extended pressure rise down-
stream of the shock impingement was due to the refraction
of the incident shock by the boundary layer Mach number
profile and the reflection of the ensuing refracted wave
system. In a later paper, Rose (1970) an attempt is made to
include in an ad hoc manner the important effect of the
viscous displacement interaction near the wall. A boundary
layer free interaction program for the inner viscous sub-
layer was combined with the method of characteristics pro-
gram described above for the inviscid wave interaction
region. The two programs were run in an iterative fashion

11




in an attempt to obtain a converged solution for the sub-
layer edge and the streamwise pressure distribution.
Satisfactory agreement could only be obtained for essential-
ly the same laminar flow situations where the single layer
laminar boundary layer programs had already provided good
agreement. There appear to be two fundamental difficulties
with this very expensive brute force approach. First, the
interaction between the sublayer and the inviscidly behaving
layer develops as a local rather than a global coupling in
which each layer affects the other as the interaction
proceeds. Second, the formulation of the boundary layer
program for the sublayer is more subtle than can be handled
by the standard boundary layer momentum integral derivation.
While the Bernoulli equation does apply at the edge of the
viscous layer the temperature and velocity gradients at
the edge do not vanish as in the usual boundary layer for-
mulation. Thus, both the velocity and temperature profiles
and the governing equations differ from the ordinary
integral average boundary layer equations and their asso-
ciated velocity and temperature profiles.

In the next section, the proper formulation of this
new boundary value problem is presented. This new mathema-
tical model is only slightly more difficult to solve than
the boundary value problem for the existing single layer
theories.

12




1-3 The comparison between an interacting
wake flow and an interacting body
boundary layer

An important problem related to the interacting bound-
ary layer is the interacting free shear layer in wake flows.
Weinbaum and Garvine (1969), (1970) have shown that it is
possible within the framework of a rational theory to treat
the entire viscous layer in a laminar supersonic wake down-
stream of reattachment as a single region and thus divide
the reattached wake into an inner viscous and outer inviscid
stream. The basic difference between the two flows arises
from the difference in boundary conditions that apply at
y = 0 , the wall or wake symmetry axis. Wake flows do not
in general satisfy a compatibility condition at y = 0
relating the pressure and shear stress gradient. Thus in
wake flows both the velocity and enthalpy profiles can be
expressed as a regular power series in the normal coordinate
y and the coefficients of this series expansion chosen
freely independent of the local pressure gradient. This
being the case one can show that integral of the continuity
equation across the shear layer when coupled with the
Prandtl-Meyer relation for the outer flow leads to a unique
local expression for the streamwise pressure gradient
except at a throat or critical point where two solutions
exist. In contrast, for a body boundary layer flow the
velocity and enthalpy profiles are directly coupled to the
local pressure gradient through the compatibility conditions
between the streamwise pressure gradient and the gradient of

13




the wall shear as required by the boundary layer equation

of motion. Thus the development of the interaction flow
field depends both on the location of the lower boundary

of the free interaction zone and on the local value of the
Streamwise pressure gradient. Another important difference
is that a body boundary layer flow is in general non-
adiabatic. This requires that the stagnation enthalpy
profile like the velocity profile satisfy wall compatibility
conditions that derive from the boundary layer energy
equation.

14




2 Mathematical formulation

2-1 Dimensionless equations and coordinates
scaling

In this sub-section we present a rational order of
magnitude analysis justifying the hypothesis cited in the
introduction that an interacting supersonic boundary layer
can be treated as two distinct regions, a free interaction
zone and an inner viscous sublayer, with different behavior
interacting with a third region, an inviscid outer flow.
The fundamental equations of motion applied to a compres-
sible viscous fluid flow are the continuity and Navier-
Stokes equations. In the present study we consider two
dimensional steady state compressible viscous fluid flow
neglecting buoyancy forces. The governing equations are as
follows:

Continuity:

QPU) , (L)
sty = 0 (1)

Momentum x directions

Py _ P (24 522
/4 x */V = Tox ay{‘( 39 " ox/
JU 2 JdU o/

du . _ 2~
/V -5 -/-3 ax (< ) (3)

"\'Béajc ) *qy (5 a';"(

or
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Momentum y direction:

U a’f V‘“j‘ _2P L d (24, 9

* G255 S 5}”)/} =

or

/6( éV /y‘o‘f/'_—_-._;-);-/; f;d?(ﬂfy—uy

U K- L
3‘ff(/“ ) (A(a\-?) v /4(;)—(-) (5)
Energy equation:

Co (2L L 02T IP P L& yedT
J G5k V5] = USE +5G ARSI 2 “”)(6)

S G (- s 2

Introducing the enthalpy
h=C_T
D (7)

We can rewrite the energy equation (6) in the form

Uk s = w sl AR ) /
7 22z6<2’(:§f§)1¥(;f J}~f>4{<’{ﬁf ;;//) ,4¢<;::f a;:"a
The equation of state for an ideal gas is
P=/RT =’/496 2;;1 (9)

( all symbols are defined in appendix A )
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The conceptual three layer model first proposed by
Lighthill (1953) on heuristic grounds can be formally
deduced from the relative order of magnitude of various
terms in the above equations. By suitably non-dimensional-
izing these equations in the sublayer and free interaction
layer, one can show that certain terms are smaller than
others. By neglecting these small terms, the desired simpli-
fication of the governing equations in each layer can be
obtained.

As the first step towards the present order of magni-
tude non-dimensionalization analysis one leaves the thick-
ness of the sublayer & undetermined by introducing an
unknown parameter K in the scaling of the y coordinate.
We set & =TI LR X
by requiring that all three regions be compatible.

and determine K and I afterwards

The characteristic scaling of the x , y coordinates
and the u , Vv velocity components in the free interaction
zone is determined next. The characteristic y coordinate
is the Eoundary layer thickness & . & 1s set equal to
EL Re-E , where E is obtained from Cohen and Reshotko
(1959) and can be expressed as follows:

& =Afé—/és7_z-/é (10)

o

The characteristic x coordinate depends on the
inverse logarithmic decrement of upstream influence accord-
ing to Lighthill (1959)

Mea 8/_/1/20/
/¢72;%‘/' €& /47"2

(11)
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where the integral is performed across the inviscidly
behaving portion of the boundary layer. If a linear Mach
number profile is assumed across the boundary layer a qua-
litatively reasonable approximation for equation (11) is

( see derivation in appendix B )

ﬁ&—/s/—/% _452 /?e (12)
M~/ /€ A7 Z ‘j IA/——

The appropriate characteristic u Ve1001ty component

for the free interaction zone is based on the u velocity
component at the sublayer edge u

The correct order for

€
LIPS can be estimated from
Ue €
we 9%
e S
Z "/(’-/-
Ue == Ue = Ae (13)

The characteristic v component is determined from
the continuity equation by requiring that the two mass
conservation terms should be of the same order of magnitude

Ve = Ueg VF———} _akf/ (14)

Thus, in the free 1nteract10n zone, one introduces the
following characteristic reference parameters:

LR £° .
/\/c 3 }é %=Eé/z?ea

i

4 e
ya -k I -2k
e =6(ezg/?e < 2/; Ue ze 3 Ae */

(15)
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fe = /e Al = e
/Dcz//é“ce fe = U

- 2 _
where ﬁ; = Me 1 (16)

In the sublayer region, by similar arguments, one can
introduce the following characteristic reference parameters:

_ EULRS -
XC —__[— ﬁe \yc:[é/?ek
/ - 2
CZ; — /?ezk+e Zd; — Cdgﬂ?,ﬁ%e 3L+ 3
(17)
/2 =/;4/ /c(cz Ll w

=42 " foe = A

Introducing the above two sets of characteristic
reference variables into equations (3) and (5) using the
star ( * ) symbol to denote a dimensionless variable one
obtains for the sublayer:

X directions

*, H U * #aa ;p < >
6( d Ju”, A
/ ox* / o 38.4:"‘(4{* /c(f(

_.jéji fd&”* /‘(c 2
Fopr; )/ T a(y* ¢ ﬂ»e,w e xca
V. AN
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4 U g e, X,
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y direction:

* 1IN e ;r-,u//‘ A ___dﬁ"_‘_’{c
/‘éaxﬂ‘xc / ayf:z‘zc T 9y* Y. (19)

¢ o g, AMe X f

+ > 2 U e U e X
37"‘ /}I")// (7‘ ,._-? )"( ax"‘/a.z <%
#JMJ Al Jc
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and for the free interaction layer:
x direction:

* EYod
Sl /"‘z»"‘;f =-% (20)
H w* ,“c e o )"JM __:f(.f.

3,.”‘( Tl g e ED 2% og* Cz/x

pou® | e &, D, xd*) e
*alf(ﬂa/tj/édx (% 7”’6“.’.&*-)//24(.;&
y direction:
* x I e * oM . gp* o,
< T

uw“ o .
fa.ysr( 3/"‘)//4(.5,_‘7 3/)‘(
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‘(.J( Jﬁ:

f
fﬁji%r<' dh)dc Al .Zk aﬁdé* e ,ﬁé
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All dimensionless variables in equations (18), (19), (20)
and (21) are of order unity and the order of magnitude of
each term is determined by its coefficient.

The value of K 1is determined by requiring that
regions of overlaping validity exist between the sublayer
and the boundary layer free interaction zone and between
the latter and the inviscid outer flow. In the sublayer we
require that the pressure and inertia terms be of the same
order as the lowest order viscous terms. One can readily

show that the coefficients of the terms x('“ d‘( ’

2 Lol ) 24 o IL
ax('“a.a) ' ;/(’“ax) and (.4(;5)

are higher order for K>»O0 and that to lowest order
equation (18) simplies to

*
/*“f;a_‘__;c* 7‘/»4%#}4( ;'éf- (22)

2

+_g__ ( :\‘d“ ‘z‘

It follows from the above discussion and equation (22) that
the viscous force in the sublayer will be of the same order

of magnitude as the inertia forces and pressure force only
./“c x‘

e Uc X G2
is of order unity. Thus, inserting the characteristic values

if the characteristic parameter group

given in equation (17) we require that

LR £*
ALy 3 z —
iy _ =
/V e Ae kfzz_{ (.a/?e ZK.Z' “

which for a viscosity law which varies as T can be
reduced to

7— 2 3 4{__
<7;w ey Ao = / (23)
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From equation (23) one observes that the only compatible
value of K which allows the three forces to-Eehazg in a
consistent manner is = 5/8 and I = (L& 7;")" 3

Hence the thickness of the inner viscous sd%layer 1s of

0( Re—5/8 ) or Of Re_l/8 & ). A related though different
derivation is presented in Stewartson and Williams (1969).
With K = 5/8 we may infer from equation (19) that f%;l-
is of the order R_~*. Thus, in the sublayer the equation
of motion normal to the wall can be replaced to Of Re-‘ )
by ;»D
the same manner. Inserting the value K = 5/8 in the

= 0. Equations (20) and (21) can be simplified in

reference quantities (15)one finds that in the free inter-
action zone the viscous terms in equation (20) are Of Re'* )
less than the inertia and pressure terms and that in the y
momentum equation (21) E?El- is of order Re_l/8 . The
momentum e&uation in the free interaction layer thus reduces
to O Re—4 ) to the same equation as for the inviscid flow
in a quasi one dimensional stream tube. The dimensionless
forms of the energy equation can be examined in a similar
way. The essential results are as follows:

In the sublayer, we have

SUSZ /»M = aa-‘é f,«gf’i‘O‘ (24)
(,« oA
°‘¢7 /D»a/

In the free interaction layer, the simplified form is

/a:-—f »:‘f a{fg (25)
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2-2 Governing equations and boundary conditions

The order of magnitude non-dimensional analysis of the
previous section gives the following essential results.
In the sublayer, the governing equations are

o J _
S “*;j/”' = (26)

X

I

/y"”“ =-Z +a%('“£‘/i() (27)

/“‘M */V a;‘g 7‘«“( )
(28)

7,__:)__(.4(66)

3 _— L

VARV N X4

If the Prandtl number is assumed to be equal to 1 ,
multiplying equation (27) by u and adding it to equation
(28) gives

d 94 _
#1028 =2 ; (““59@ (29)
2

u

2
Equations (26), (27) and (29) shall be solved in
section 2-5 wusing integral methods. At the wall we shall

where

H=nh+ (30)

require that the velocity profile satisfy the no slip
condition and the two lowest order wall compatibility
conditions that obtain from the equation of motion (27).
Thus at y = 0,

— 9, 9u,_adp 9,  Ju
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Similarly, for the enthalpy profile we require at y =

H=H . (4{.__j_ (32)
v Y Hoy) =0
In the free interaction layer, the governing equations

are:!

aizf/yzgr_ o (34)

/a( y~ =~ (35)

or in terms of the stagnation enthalpy H,

=
/7'7‘_/%2_/1 - (36)
oY
At the boundary layer edge y = & , we require the inviscid
outer flow to be adiabatic.

H=H (37)

The junction of the inner viscous sublayer and outer
free interaction layer is at the sublayer edge y = & .
Here we require that the profiles match continuously in
both value and slope with the profile descriptions in the
free interaction layer denoted by subscript € . Therefore,
the matching conditions are:

at y = €,

= S« _ /o4 _
““é'ay {7)@:‘,: fb"/é

—_ IH (38)
ﬂ—//é 99 T )M‘y €
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2-3 Derivation of the basic interaction relation

In this section, the basic interaction equation
relating the flow inclination at y = € and y = § is
derived. For the sake of readability and completeness the
details of the derivation are presented. The governing
equations for the free interaction zone (33), (34), (35)
and the equation of state are repeated below

ax/“* 57/Y =© 29)

« dU _
== 7;/,&2/t;__. —_ ..ézfz (40)

)
/a / — “a_/f (41)
i;.://ﬁ (42)

9
Eliminating ’a—é and 5‘:'9" through equation (42), one can

rewrite equation (39) as

XU, N« U« 5 o
ax*r-/ﬁif L /_____y-_é: (43)
or
9, O, A «Pp_ L 24 . pyr25 (44)
ox /sy TR % (/“ Ysg/ =9

The convenient x-derivative is 3 x since only this
x~derivative is constant across the viscous layer and can
be removed from under the integral sign in an integration
in the y direction. This is important since the key
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relation in the interaction process is the integral of

equation (39) taken across the inviscidly behaving portlon
of the boundary layer. Now ellmlnatlng'a‘(

in equation (44) in favor of dp through the use of he

equations (40) and (41), cne r98ds after some rearrangement
6(519!- U

Y VSYy _ s A, s P s (45)

e Uk T ph Ix ph Iy Ix
or

=, / P M/

o:y(&‘“/ 55 X s  9sgss e
where

2
M2= “ (Ll'?)
(7-1)n

This equation (46) is essentially a pressure-area
relation for a fluid streamtube of differential thickness
dy . One notes that it simply shows the relation between
the adiabatic expansion of the streamtube area and the
pressure gradient in the x-direction. This behavior is
directly equivalent to inviscid quasi one-dimensional
stream tube flow. ( see equation (2.1) from Weinbaum and
Garvine (1969) )

L IA _ _ L P M=/ (48)
A dx T TipdE e

Integrating equation (46) from y =€ to y=§,

one obtains ﬁ;
o/ —_
Aan B — Fanbe = — 35 J%z/ (49)

The integral equation (49) differs from the corresponding
result equation (3.9) in Weinbaum and Garvine (1969)

') 2
7‘4/? fe = N~/ a\// (50)**
° A7*
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( equation (50) is not applicable to a body boundary layer,
since M vanishes at the wall and the integral is
singular y

for a free shear layer because of the non-vanishing lower

limit & on the integral and the fact that the u and h

profiles in the expression for M can not be specified

arbitrarily but must obey wall compatibility conditions
involving the local streamwise pressure gradient and the
local wall heat transfer.

Equation (49) is the basic interaction equation
coupling the three flow regions. é?e' the local flow angle
at the boundary layer edge, is determined by the local Mach
number at the edge of the boundary layer through the use of
Prandtl-Meyer relation for the outer flow which is assumed
to be a simple outgoing wave system comprised of isentropic
compression and expansion waves generated by the combined
displacement interaction of the sublayer and free interac-
tion layer. Using the standard definition of the Prandtl-
Meyer function (M)

Bcx) = ¥ (Mw) =V Me)— Bnix) (51)

where 6?w(x) is the inclination of the local wall tangent

to the horizontal surface. 625 » the local streamline angle
at the edge of sublayer, describes the displacement effect
of the inner viscous region. The integral term on the right
hand side represents the integrated streamtube pressure-area
relation for the free interaction zone, This is an inviscid
rotational flow with no normal pressure gradient as
discussed previously.
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2-4 Solution of the equations for inviscid
interaction layer

The approximation introduced by equations (33), (34)
and (35) greatly simplifies the solution for u , h and
M in the inviscid interaction layer. One need not resort
to a costly method of characteristics calculation to
describe the wave interaction effects that occur in this
layer but can represent the layer instead by a continuous
distribution of rotational inviscid streamtubes. Since both
the entropy S and the stagnation enthalpy H are
conserved along each streamtube, one is thus led to the use

of Von Mises coordinates x , 90 as the natural choice of
coordinates for the free interaction layer. Transforming
equation (49) into Von Mises coordinates one obtains

( the detailed derivation is shown in appendix C )

P % 42/
7an Gy ~Foan 6 = /‘Paf o (7};') A —//T-Z-_?XT(/'X)J%/ (52)

The Mach number variation M(%’ x) along a streamline 5/!13
obtained directly from the 1nv1301d streamtube relatlons.

M(Ppx) = (),/) /( P(‘() ’“(//- ) - /)’- (53)

where P, and Ml(ﬁb) are known initial conditions at the
start of the interaction and P(x) is the local interaction
pressure at the edge of the boundary layer. Similarly the
temperature profile T(’U) is readily related to M(f”. x)
given by equation (53) through the algebraic adiabatic
streamtube relation for a perfect gas.
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VATPL)
/+ S5 M, <4
T X) = T;¢8) — & (54)

r=/ ,
/M < x)

While the velocity profile u(%’, x) is obtained from
equations (47), (53) and (54)

U x) _ J(hx) " MHx) (55)
Uelhx) — Jecxk)E MecX)
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2-5 The treatment of the inner viscous sublayer

The establishment of the sublayer edge & and
the determination of the local displacement angle 696' of
the sublayer are both the most critical and subtle elements
of the present theory. The order of magnitude analysis
presented in section 2-1 shows that the ratio of the
sublayer to boundary layer thickness is proportional to

7/
——~é——c>c (H' ) /?‘" (56)

) _./’) & -;f
=z [*Z
7e

where in is a dimensionless boundary layer coord1nat;8
-1

which is of order unity. The factor multiplying Re
takes on values which typically lie in the range from

1 to 3 for M<£10. Since the exact value of the propor-
tionality constant is not known it is conceivable that for
ll- <106 the
viscous sublayer might occupy a signiflcant portlon of the

a laminar boundary layer in the range 10'K

entire boundary layer. The numerical experiments which will
be discussed in section 2-8 show that representative
values of the ratio of £ lie in the range of 0.4 to 0.7
for adiabatic laminar boudﬁary layers. Thus, one concludes
that for laminar flow the sublayer can not be treated as a
thin incompressible boundary layer as originally proposed
by Lighthill and assumed by Stewartson and Williams. Yet,
the inviscidly behaving layer is sufficiently large for
shock reflection and wave interference effects to be
important at high Mach numbers.
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The description of the sublayer is complicated by two
factors: (1) the importance of compressibility effects due
to the unexpectedly large thickness of the sublayer so the
flow here behaves like a compressible fluid in which the
conventional compressible boundary layer equations apply
and (2) the fact that the velocity and temperature gradients
do not vanish at the edge of the sublayer as they do at the
edge of the boundary layer in ordinary boundary layer
theory. The first of these complications is readily handled
through the standard technique of first transforming the
compressible boundary layer equations into their incompres-
sible form by using a modified Stewartson transformation
such as that employed by Cohen and Reshotko (1956).

gy = ) Lele a/z,o//égﬁa(y

amR“
2? (57)
d)/ oX
Assuming a linear viscosity law
74 7
= A
o Taco

and applying equations (57) and (58) to the boundary layer
equations (26) and (27), one obtains the following trans-

(58)

formed equations ( the analogs of the incompressible form
of the compressible boundary layer equations ):

S/ aV

= (59)

X a)/ @

Y7 L/ Q'Y
U;\; * V ), (/ e(/f&) *}2409'72 (60)
where the enthalpy function S 1is defined for convenience
as H

S=——-1 (61)
e
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The second complication is treated by deriving a new
momentum integral equation from (59) and (60) and imposing
novel boundary conditions on the sublayer profiles at their
outer edge. The detailed derivation which is shown in
appendix D leads to the following result:

S
Q8% s* 2, 8" & e Ix TE
X L dx o* O s dUe ad /282 dy )

TN
—2g£?+2@£?~w9 (62)
Uandé Uéa W T
where
" = < /- *-—)/
o ug )

5* = /05(/—24’;)//~

As one might anticipate the new terms in the momentum
integral equation come from the non-vanishing shear stress
Z:E at the sublayer edge Y = E and the fact that condi-
tions at Y = E ( the transformed sublayer edge ) and Y =A
( the transformed boundary layer edge ) differ. The trans-
formed boundary conditions on the velocity and stagnation
enthalpy profiles at the wall Y = 0 obtained from equa-
tions (31) and (32) are the same as in ordinary boundary
layer theory. They are expressed as follows (see appendix D)

=0 Y :%

¥U_/e76u_

<i)/3 y cﬁ)/ cﬂ)/z

(63)
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aa.
S=8w = = O

7’ o))/z'_'

At Y = E (the transformed sublayer edge) we require that
the profiles match continuously in both value and slope
with the profile descriptions in the free interaction layer
denoted by subscript E. From equation (38)

) =¢/ Y I _
E d———/_(a_)_/_é / 5&-;&5 (64)
= oS _ ¢

The new profiles thus differ from the usual Karman-
Pohlhausen profiles for the boundary layer flow in the
appearence of velocity and stagnation enthalpy gradient
terms at the sublayer edge. Y

Introducing a dimensionless coordinate _§ = the
sublayer profiles can be expressed as follows:

( the detailed derivation is shown in appendix E )
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(66)

= A+ B5*rcE + DF”
= G5+ BErE5 547
%
/e (68)

/| =
. /e 2./;/”
-’“0 Ea( a) ga/“

(67)

A::..‘_%.—EB——L __/___"‘(DE-)
S 3 S =
) @5 tx=/
B=-37 (69)
69
o _AB
E /-8 </
D____{__@_E—C/'“/‘a(z_/})
33 3 Y 9f sty
= Sw
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The matching condition 99 = ﬁes in equation (64) at the
sublayer edge is automatically satisfied since the deriva-
tion of the sublayer momentum integral equation (62) already
contains an integral form of the continuity equation. At the
sublayer edgej§‘= 1, theég derivatives in equations (69) and
(70) can be expressed in terms of 90 derivatives obtained
from the inviscid layer solutions (53), (54) and (55).

&/ </
f_(_éf_e;)_ —i{_‘./_éi (/,/-';-i'-/i/“")ff:_/_l{e (71)

OF atr=y OGhy) A 81 /e
25 E-X) P2t E M )
Ok alf=) (¥ Uas,) d;-’fé(/f“ Moo ) S, Me (72

One more comment can be added here. The basic equation
(52) for the interaction pressure is fundamentally different
from the related equation that obtains from the integral
method in the single layer theories where the local wall
pressure gradient is uncoupled from the velocity profiles.
The latter is a first order differential equation for P
whereas in the present theory the differential equation for
P 1is second order. This is readily seen by integrating the
continuity equation across the sublayer and evaluating
tan.é%. This expression is (the derivation is shown in

appendix F ) = & ¢pu) /{w
o).Z
/ 6 ° (73)

A e (22 )®

where from the velocity profile (63) the X derivative in

the integral introduces terms in 9_5 . In contrast to the
X
existing single layer theories, both P and %;- must be

spedified at the initial station in triggering the pressure
interaction.
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2-6 The initial conditions

One can proceed with the numerical integration of
equation (52) for a typical viscid-inviscid interaction
problem only if the velocity and enthalpy profiles can be
prescribed at the onset of the interaction. In the problems
considered in this investigation it is assumed that the flow
upstream of the strong pressure interaction is that for a
thin flat plate immersed at zero incidence in a uniform
stream of U Viscous forces at the wall form a boundary
layer downstream of the leading edge while the flow upstream
of the leading edge is not affected. The plate wall is main-
tained at a constant temperature Tw' The calculation of the
flow field in region of interaction is started at a distance
Xq from the leading edge where the boundary layer is
assumed to be fully developed. The viscid-inviscid inter-
action is caused either by an externally generated oblique
shock incident on the wall or by a forward facing edge
corner far downstream. The velocity profile at position X4
is determined by the standard Blasius solution where
distortions of the velocity profile due to interaction are
small and can be neglected,

The Blasius equation is

e (ZJ + £ 7= 0 (74)
with boundary conditions

A (o) = Fco)

Som LY = ) aq {—-co (75)

The velocity components are represented as
U= Ua £H)
V= (F EEE (4~ Fp0)
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The analytic solution of the equation (74) can not be given
in closed form and must be gotten numerically. H. Blasius
obtained the solution in the form of a power series expan-
sion about z = 0 and an asymptotic expansion forés = .
( Here we use the value ZS‘ = 3.8 , or 7¢= 0.995944 as the
boundary layer outer edge ). The two solutions are joined
joint = 2.6 ). The power

series expansion for f(z) near Z— = 0 was calculated

at a suitable point ( we pick

by H. Blasius

@ ) 2Hh+e
AG) == (/) c,,é (77)
where
£"(0) = 0.4696 (78)
c, =% £(0) ¢, = (375/111) (26, )
¢, = (1/5!) (2c, )2 c, = (27897/141) (2c )5
C, = (11/81) (20 )3 Cy = (3817137/171) (200)6

The asymptotic solution for large value of 12 is as follows:

£4) = -ﬁfr/¢¢/2/ expl-F sy
where
JE 4

0.332 (80)
=1.73
0.231

2
o
=

r

The solution of equation (74) is tabulated in many texts.
As mentioned previously both P and% at the initial
station must be specified in order to start the pressure

interaction. The series expansion solution for a self-
induced weak pressure interaction at high Mach numbers is
given in Lees and Probstein (1959), and has been found to
agree satisfactory with experimental results

( Kendall, J. M., Jr., 1957 and Bertram, M. H., 1957 )
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o~
The fundamental interaction parameter X is defined as

Rea)

and the weak interaction induced pressure on an insulated
flat plate in air ( r = 1.4 ) is
P

P
®

In the case of flow with heat transfer the weak interaction

= 1.0 + 0.335 T + 0.0481 X? (82)

induced pressure is

N~ r(r+q) 2 52

P - 1.0+ra dorig (83)

5 orig X + 4
® o/
The initial value for ;é; can be readily obtained by
differentiating the above equations with respect to x .
The basic parameters that have to be specified for a
typical interaction problem are Ma>’ Rea> and Sw . The
fundamental interaction parameter X and the weak interac-
tion induced pressure can be determined easily from equa-
tions (81) and (82).

The initial edge Mach number is obtained from

L =/ SN
— pe] 2 / /e&n 2
Me, = (3=) (7/;‘)_,7;_, -) (84)

The various flow variables at the initial station 1
can be found in terms of é by the following functional
relations:

The temperature and enthalpy function profiles are
represented respectively by

P r-1 2 r-1 2 ' 2
T=(1+‘2 M) (148, ) - 2Mef(é) (85)
e
U
_ i} (86)
s =(1 Ue)sw

Sw is the enthalpy function evaluated at the wall which
determines the wall temperature through the relation

Tw = To (1 + Sw ) 38 (87)




Thus, Sw = 1 corresponds to a wall temperature of
absolute zero, Sw =1 +to a wall at twice the free stream
stagnation temperature and Sw = 0 to a wall at the free
stream stagnation temperature which for Pr = 1 represents
an insulated surface.

The Mach number proflle is related totby

(),
M, = /%,C"";

The dimensionless normal coordlnate % , the dimensionless

(88)

/

transformed normal coordinate , and the dimensionless
/

stream function b, 5, are related to Z by the following

expressions it

¢
\y* = / (89)
-5 S /z)
)7"‘::—!’— 2, ( (90)
/ g/é:rog) (/+’W/*/ )(,\—5-)-’5_

;ﬁ"" — /‘Z// Me, (ﬁ
, —
P f‘,—%, B

(91)

#~
If the initial sublayer thickness é, = —S_é-i-is de'ter'minecl,éé
can be found implicitly from the functional relationship
between y and Z , Cohen and Reshotko (1956)

J_ 70« 40«( 2))“‘/\/)/ (92)
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Consequently, the initial values and slopes ( i.e. the match-
ing conditions ) for all the flow variables at the sublayer
edge can be determined in a straight forward manner

<__ij¢?)= ), B (H =
/

2/ >
? s/ (”ﬁ/)
J 2 /

2 L riu
£ 44, &N 2l
( INMN )_(/% 5 = Me 7 <7/7éﬁ)3/‘ )/

AL (2 s )
) /

These relations together with the wall compatibility

conditions and the boundary conditions determine the sub-
layer velocity and enthalpy profiles described by the poly-
nomial approximations (66) and (67). In the free inter-
action zone an interpolation method is used to express all
flow quantities in terms of the stream function ?b instead
of é: . This completes the description of the initial
conditions required to trigger the self-sustaining viscid-
inviscid boundary layer flow interaction.
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2-7 The cyclic process of determining
the continuous interaction

The calculation is initiated at a distance x; from
the flat plate leading edge. Initial values for the pressure
and the pressure gradient at xq are obtained from the weak
interaction induced pressure equations (82) or (83). The
initial value of —£ is not known and has to be determined
by the trial and er?or forward integration procedure des-
cribed in the next section. However, having assumed some
initial value for -ﬁ%'the initial profiles of uw, T, M
and the sublayer edge matching conditions can be determined
as a function Of.}§ and ’ﬂ as described in the previous
section.

The edge value of the streamline inclination angle
is related to the edge Mach number through the Prandtl-
Meyer relation (51) with é?w = 0, The transformed sublayer
momentum thickness & * is evaluated for the profile (66)
and is readily shown to be of the form ( see derivation

in appendix G )

e = E (o) A+ o AY) 93

where the coefficients Cx;»depend on S and the sublayer
edge conditions.

26*, . . .
(ax )1 is then determined from equation (62) using

the initial value of & ¥ determined from (93). The evalua-
tion of 5‘51 is accomplished by applying the free interaction
equation (52).

A forward difference approximation is used to find the

boundary layer and sublayer edge thickness at the next
station
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82 8/ QK
—= _ £ == (94)
> S, fﬂ/)ﬁe/ =
€2 &, QX
= — S 74% & == (95)
8/ 8/ ,; é/ 8/
similarly,
P2 T e,
P P o/(.g_f_ /3
0’&"{ akc
* — C;:f
& e 75 eyt (97)

where A x 1is the step size in the forward integration.

o, At station 2 , all the other flow properties, except
(2% ), and ¢§n§ , » are related to the static pressure P,
and are therefore determined. The matching conditions are
also related to P2 . Since the various coefficients in the
profile relations (66) through (70) are functions of x the
evaluation of tan 6%;in (73) is extremely tedious and an
alternate but entirely equivalent procedure is used.

The value of @& *obtained from (97) is inserted into

(93) and the latter solved for the profile parameter A

at the station 2 . The quadratic equation for A has only
one physically meaningful root and this root is used to
determine the new value of -fé; using the definition of A
following equation (68). The interaction equation (52) then
provides the new value of the streamline inclination angle
625 at the sublayer edge. All the unknown flow parameters
at station 2 have now been determined and the calculation
can proceed to the next station where the same procedure is
repeated.
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2-8 The determination of the sublayer edge

The selection of the sublayer edge is a rather subtle
task since in the case of laminar boundary layer interac-
tion the Re is not large enough for the sublayer to be a
small portion of the total boundary layer as required in
the asymptotic analysis of Stewartson and Williams. One
might perform numerical experiments of the type described
by Rose (1970) to get a qualitative idea of where in the
velocity profile the disturbances due to the interaction
pressure field are no longer significantly affected by
viscous stresses. This procedure while ad hoc is somewhat
satisfactory for turbulent boundary layers where there is
an abrupt change in velocity gradient as one proceeds from
the laminar sublayer into the buffer layer. In actuality,

a well defined criterion for choosing the effective sublayer
edge does exist because of the unique characteristic of the
interaction pressure field that the pressure required to
separate a specified boundary layer profile is independent
of the downstream disturbance.

Both existing theories and experiments indicate that
the incipient pressure at separation depends only on Ma:'
Rea> and the Sw at the start of the interaction.

Since P at separation in the present model depends
on the definition of & , one anticipates that as the
guessed value of the ratio of the sublayer to boundary layer
thickness at the initial station 35- is increased, one
should eventually reach a value of € where further
increases should not produce significént changes in the
predicted value of the incipient separation pressure as
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determined by a downstream integration, provided an effec-
tive sublayer edge does exist. Furthermore, for this value
of -BT: the predicted value of P at separation should
agree with experiment.

The numerical experiments just described have been
performed and clearly demonstrate the validity of this
basic hypothesis. The results of a typical set of experi-
ments for a prescribed boundary layer profile are shown in
figure 4. It is seen that the separation pressure becomes

insensitive to {%& and that a gradual maximum is achieved

74

. . / . .
decrease in separation pressure due to the inclusion of too

wherein further increases in only lead to a slight
much of the inviscid interaction flow in the viscous sub-
layer. All values of £ in the range 0.22 s-—g—’ $O.48
predict the separation %ressure and the entire ﬁressure
profile up to separation to within a few percent for the
particular Ma>= 2 flzy configuration considered. It is
convenient to choose —% corresponding to the maximum in
the curve. The excellen{ agreement between theory and
experiment for this value of £ is evident from figure 8
where the growth of the interac%ion pressure field through

the point of separation is shown.
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2-9 The treatment of flow region in the
immediate vicinity of shock impingement

The flow region in the immediate vicinity of shock
impingement, the region between stations A and B in
figure 1, requires special treatment because of the import-
ant shock impingement effects that result locally from the
reflection of the incident shock wave. It is commonly
thought that the incident shock must be locally reflected at
the sonic line as an expansion fan of equal strength if the
viscous sublayer is not to experience a sudden pressure
rise. Previous investigators could not reconcile this
behavior with the fact that large normal pressure gradients
must be generated as the shock propagates through the
supersonic portion of the boundary layer. This behavior did
not appear consistent with the experimental observation and
the theoretical prediction of the asymptotic theory for
large Re that the normal pressure gradients upstream of
station A and downstream of station B are small. The
vanishing of the normal pressure gradients can be explained
if the refraction of the incident oblique shock by the Mach
number profile of the boundary layer is balanced by an equal
strength but opposite reflected expansion fan,

To relate conditions at stations A and B , we assume
that on the length scale of the complete interaction the
region A-B can be viewed as a discontinuity in which the
combined turning angle of the incident oblique shock wave
and the reflected expansion fan vary smoothly across the
inviscid interaction layer. The velocity profile , enthalpy
profile and Mach number profile do not change on this length
scale and the static pressure is continuous. The streamline
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angles 625 and 626 » however, are discontinuous because the
flow streamlines at the boundary layer and sublayer edge are
turned by both the incident oblique shock and the reflected
expansion fan. For a given shock strength, values of 43528
and A &, are readily determined using the oblique shock and
Prandtl-Meyer wave relations.

The same mathematical model used to describe the inter-
action up to the location of shock impingement, station A,
can be continued downstream of station B, No difficulty is
encountered in integrating equations (52) and (62) through
the reattachment point, this local region is similar in
structure to the local region about the separation point.

In the case of wedge-induced interaction the velocity
profile, enthalpy profile and wall pressure are considered
to be continuous at the wedge corner. However, the flow at
boundary layer edge, is deflected away from the wall
through an angle equal to the wedge angle. For a given
wedge angle, all conditions immediately downstream of the
wedge corner are uniquely determined and the downstream
integration can be performed without difficulty.
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3 Numerical results and discussions

Numerical calculations have been carried out for a
variety of adiabatic and non-adiabatic laminar boundary
layer interactions at supersonic speeds. Comparisons of the
numerical results with previous experimental measurements
are shown where such data are available.

3-1 The nature of solution of the interaction
equation

It is well known from earlier studies, for example,
Garvine (1968), Baum (1966), Stewartson (1969) and
Klineberg and Lees (1969), that the solutions to the inter-
acting boundary layer equations exhibit a saddle point type
behavior with respect to the initial value assumed for the
interaction pressure or Mach number at the start of the
interaction. Two types of downstream flow behavior are
observed: (1) the interacting boundary layer generates its
own adverse pressure gradient downstream and eventually
separates from the wall, (2) it generates a favorable
pressure gradient downstream and the flow accelerates with-
out bound. Between these two sets of diverging solutions
there exists an appropriate value of the initial interaction
pressure or Mach number which gives the neutrally stable
solution. In the present analysis, the static pressure has
been selected as the perturbation parameter to start the
self-sustaining boundary layer interaction.
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Figure 3 shows the effect of varying the initial
starting pressure for the interaction (i.e. the dependence
of the solution on the initial perturbation parameter).
Small changes in the initial value of the interaction
pressure cause large variations in downstream behavior.
Garvine (1968) has shown that this behavior arises because
the boundary value problem for self induced interaction is
not well posed as an initial value problem. The boundary
condition imposed by the displacement interaction contains
elliptic features due to the presence of double streamwise
derivatives which appear in the integral of the mass flux
for the boundary layer flow. Initial pressure perturbations
above the weak interaction solution correspond to compres-
sive downstream disturbances whereas initial pressure
perturbations below the weak interaction solution correspond
to a downstream expansion such as would occur at the base
of an object. The expansive disturbances generate favorable
pressure gradients which accelerate the boundary layer with-
out bound until overflow is reached on the computer. For
the compressive disturbances, the perturbations lead to
adverse pressure gradients in the boundary layer which
retard the flow and bring about separation at the point
where the curves in figure 3 terminate. These results
clearly demonstrate that the onset of separation is an
inherent result of a self-sustaining viscid-inviscid inter-
action. In a complete interaction, see section 3-3, separa-
tion will automatically occur provided the final pressure
downstream of the compressive disturbance is sufficiently
high. The fact that the pressure distribution curve is
concave upwards throughout most of the interaction up to
separation indicates that the adverse pressure gradient and
the increase in displacement thickness are mutually
reinforcing.
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3-2 Supercritical and subcritical behavior

The concept of supercritical and subcritical flows
was first introduced by Crocco (1955). A supercritical flow
is stable in nature and can not respond to downstream
disturbances. The inviscid pressure area relation for the
displacement interaction is one in which thickening of the
inviscid region of the boundary layer is associated with
a favorable pressure gradient, as in supersonic nozzle flow,
with the result that the external flow is deflected towards
the wall more than balancing the continued growth of the
viscous layer. On the other hand, for subcritical flow the
thickening of the total boundary layer is associated with a
negative pressure gradient. The external flow is therefore
deflected away from the wall producing a rise in pressure
which in turn causes a still greater thickening of the
boundary layer.

It is evident from these remarks that a supersonic
boundary layer is subcritical or supercritical depending on
whether or not the viscous growth of the sublayer dominates
the streamtube contraction of the supersonic inviscid inter-
action layer in the presence of a compressive downstream
disturbance. Single layer theories provide little insight
into the details of this delicate balance since one can not
examine the magnitude of the competing mechanisms in each
layer. Furthermore, since the interaction problem is highly
non-linear it does not follow that an integral average
behavior for both layers when lumped together will be nearly
the same as if they are treated individually, especially if
velocity moments are taken in which the high speed regions
are weighted more heavily. The present results show that
the difference in behavior is significant and that the
supercritical behavior predicated by the single layer
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integral theory of Klineberg and Lees (1969) for highly
cooled supersonic boundary layers is in fact spurious,

Figures 7a and 7b show graphically the streamtube
divergence or convergence between the inner and outer
streamlines of the free interaction layer for both adiaba-
tic and highly cooled layers. The three sets of curves given
in figure 72 show how the streamline inclination at the
edge of the sublayer and ihe edge of the boundary layer
change as the interaction proceeds toward separation for an
adiabatic boundary layer at several different Mach numbers.
In all three cases one observes that the viscous thickening
of the sublayer more than compensates for the adiabatic
contraction of the streamtube area that occurs in the
inviscid interaction layer. Although the sublayer edge
moves outward as the Mach number increases see figures 4, 5
and 6, the streamtube contraction in the inviscid interac-
tion layer ( the difference between 66 and 96’ ) grows
in importance as the Mach number increases, as shown in
curves 3 in figure 7a.

Equivalent results for highly cooled non-adiabatic
boundary layer flows are shown in figure 7b. These results
show that the difference between 56 and 6e is larger for
a highly cooled laminar boundary layer than for an adiabatic
one at the same Mach number.

The distinction between subcritical and supercritical
behavior depends in a large measure on the location of the
effective edge of the sublayer. The criterion for choosing
the effective sublayer edge has already been discussed at

length in section 2-5 where it was shown that good agree-
)

Y]

to correspond to the maximum in the separation pressure

ment with experiment could be obtained by choosing
curves shown in figures 4, 5 and 6. Here we are interested

in examining how the location of the sublayer edge changes
as a function of Mach number for both adiabatic and highly
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cooled walls and seeing how this change is reflected in the
displacement growth of the sublayer and inviscid interaction
layer. The following conclusions can be drawn from these
figures:

1. The present numerical experiments show that for
both adiabatic and highly cooled wall flows, all solutions
are self sustaining and eventually lead to separation if
the downstream pressure rise is large enough. Thus, inter-
acting laminar boundary layer flows are apparently always
subcritical in nature as is consistent with previous
experimental investigations. No supercritical or stable
solution has appeared in the present study.

2. For both adiabatic and highly cooled wall flows,
the dimensionless sublayer thickness —=£ and separation
pressure <X increase with increasing Méch number., In
addition, The separation pressure is a more sensitive
function of —=£ as Ma> increases.

3. For thé same Ma)’ the dimensionless sublayer
thickness —% for a highly cooled wall flow is always less
than the cor?esponding adiabatic flow case. On the other
hand, the value of the separation pressure for a highly
cooled wall flow is higher than the corresponding adiabatic
flow at the same Mach number. This is consistent with the
experimental observation that a highly cooled wall boundary
layer can undergo a higher pressure rise before separating
than an adiabatic boundary layer.

In conclusion, the inviscid interaction layer is
supercritical for Ma?-roughly 1.5 whereas the sublayer is
always subcritical. The behavior of the total boundary
layer depends on whether or not the growth of the sublayer
dominates the contraction of the inviscid interaction layer
in a compressive disturbance. The results of figure 4
through 7 indicates that all laminar boundary layers, even
those with highly cooled walls, are always subcritical
since sublayer behavior dominates.
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3-3 Complete Interactions

3-3-1 Shock wave induced interaction
for adiabatic laminar flow

A comparison of the present numerical solutions with
the experimental measurements of Hakkinen et al. (1959) for
boundary layer flow in a shock induced interaction at
Ma>= 2 and Rea>= 1.85 x 105 is shown in figure 8. Pressure
and wall skin friction distributions obtained are in
excellent agreement for the interaction region upstream of
shock impingement. At the shock impingement point, the
velocity profile, enthalpy profile, Mach number profile and
the static pressure ratio are taken to be continuous. The
streamline angles 66 and ﬁe , however, are discontinuous
because the flow streamlines at the boundary layer and
sublayer edge are turned by both the incident oblique shock
and the reflected expansion fan. For a given shock strength,
Aﬁé and Aﬁeare readily determined using the oblique shock
and Prandtl-Meyer wave relations. Thus, all conditions

immediately downstream of the point of shock impingement are
uniquely determined and the numerical calculations can
proceed downstream without further difficulty. The remaining
portion of the interaction solution is also in good agree-
ment with the experimental data.

Figure 9 shows the sublayer velocity profiles at
various positions for the Ma>= 2 pressure interaction shown
in figure 8. These profiles with sublayer edge indicated
are plotted for the entire interaction through separation
and reattachment. It is obvious that the sublayer velocity
profiles are significantly deformed by the viscous effects.
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Figure 10 shows the theoretically predicted pressure
distribution for a representative adiabatic high Mach
number flow at Ma>= 10 and Rea>= 7.3 x 105 . The incident
oblique shock wave has an inclination angle of 2 degrees.
At the shock impingement point, we have assumed again that
the streamlines at the boundary layer and sublayer edge are
turned through the same angle. The numerical results down-
stream of shock impingement are very sensitive to the shock
turning angle. Two types of downstream behavior are observed
in figure 10, one characteristic of a second compressive
disturbance further downstream and the second characteristic
of a downstream expansion such as would occur at the base
of the body. This behavior, of course, parallels the initial
value behavior discussed in connection with figure 3. Thus,
having selected the point of shock impingement the strength
of the shock which allows the solution to proceed smoothly
through reattachment is confined to a very narrow band of
less than a tenth of a degree. Larger increases in shock
strength cause the shock impingement and reattachment points
to move further downstream and the length of the separation
bubble to increase. Similar results have been obtained by
previous investigators, see for example Klineberg and Lees
(1969). The plot of the wall shear_IEZ&zgfrsus distance is
also presented in figure 10. 2/# »
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3-3-2 Wedge induced interaction
for adiabatic laminar flow

Figure 11 shows the comparison of the present theory
with the experimental data obtained by Lewis (1969) for a
wedge induced adiabatic laminar boundary layer interaction.
The free stream Mach number is M = 6.02 and the free
stream Reynolds number Rea)= 0.084 x 10° . The wedge angle
at the turning corner is 10.25 degrees.

The numerical solutions have been performed (1) with
identical flow conditions ( (G, = 0° ) and (2) with the
assumption that the leading edge is at an angle of attack
of -0.34 degrees ( CZ” = -0.34° ) or -0.35 degrees
( 62, = -0.35° ). In figure 11, the small difference in the
numerical solutions is not physically important, this dif-
ference arises because all solutions are triggered at the
same initial starting point but with slightly different
initial flow profiles ( or equivalently with slightly dif-
ferent initial perturbation pressure gradient ). The
theoretical pressure distribution curve is in best agree-
ment with the experimental measurements for the case that
the leading edge is at an angle of attack of -0.35 degrees.
The skin friction predicted by the theory is shown in the
same figure. The general agreement shown between theory and
experiment is extremely good although the theoretically
predicted separated flow region is somewhat shorter than
the experimentally observed one.

According to Ko and Kubota (1969) the effect of the
angle of attack is to change the static pressure measure-
ments by a constant factor over the whole interaction zone,
at least for the small angle range they investigated.
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However, the present study shows that the numerical results
far downstream of shock impingement point are very sensitive
to the initial free stream flow direction at the starting
point of interaction. Two types of downstream behavior are
observed in figure 11, one characteristic of a second
compressive disturbance further downstream and the second
characteristic of a downstream expansion disturbance. This
phenomenon parallels the initial value behavior mentioned in
section 3-3-1 in connection with figure 3.

A comparison with the asymptotic analysis by Stewartson
and Williams (1969) is also shown in figure 11, It is
evident, that the present theory provides numerical results
which are far superior to the lowest order asymptotic
analysis.
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L Conclusions

An approximate non-asymptotic analysis has been
formulated based on the three layer conceptual model of
Lighthill and Stewartson to describe the viscid-inviscid
interaction in a laminar boundary layer at finite Rea>'
The cornerstone of the analysis is a new interaction
equation relating the flow at the outer edge of the
sublayer and the flow turning angle in the outer inviscid
stream. With appropriate initial profiles specified and
novel sublayer outer edge matching conditions satisfied,

a continuous solution over the entire interaction field can
be obtained by numerically integrating this interaction
equation. Numerical results have been obtained and compared
with available experimental measurements for both shock
induced and wedge induced viscid-inviscid interactions in
high speed flights over adiabatic walls. These numerical
solutions which are shown in figure 8 and 11 are in very
good agreement with the experimental data. Numerical
calculations performed at Mach numbers of 2, 4.019 and
10 for both adiabatic and non-adiabatic flows all indicate
that viscid-inviscid laminar boundary layer interactions
are subcritical in nature.

The results presented in this study have been limited
to displacement interactions involving relatively small
separated flow regions whose dimensions are roughly of the
same order as the interaction distance to separation. For
stronger compressive disturbances, the present theoretical
model of the sublayer must be modified if one is to obtain
a pressure plateau characteristic of extended separated
flow regions. The basic difficulty can be surmised from
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figure 12 +taken from Stewartson and Williams (1973). This
figure shows that the quartic velocity profile description
for the inner viscous sublayer breaks down in an extended
separated flow region. In this figure x = 0 1is the
separation point and x = -12 is the start of interaction.
Near separation or small x the vorticity profiles are
smoothly behaved and the quartic velocity profiles are
satisfactory. For large x such as x = 20.7 one needs a
two region approximation for the u profiles in the
sublayer; for example, a quadratic approximation for u
near the wall where the shear is linear and a cubic appro-
ximation starting at the point where u = 0 . Such a two
region approximation should provide a more realistic profile
description of the separated flow in the sublayer and thus
enable one to obtain the pressure plateau characteristic of
large separated flow regions.

The basic non-linear mathematical model described
herein is also applicable to turbulent shock wave boundary
layer interactions. The critical new knowledge required for
treating turbulent boundary layer interaction problems
would appear to be the judicious selection of the velocity
and stagnation enthalpy profiles themselves. The same
pressure criterion discussed in section 2-8 can be used
to determine the edge of the sublayer. One would anticipate
from the general characteristics of the turbulent boundary
layer velocity profile that the sublayer edge lies somewhere
in the buffer zone outside the laminar sublayer and that the
inviscid free interaction layer comprises a much larger
portion of the total boundary layer thickness than for a
laminar boundary layer.
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Appendix A
Symbols

sonic velocity

enthalpy

stagnation enthalpy

distance from the leading edge of the plate
Mach number

Prandtl number

]

static pressure

Reynolds number

enthalpy function

static temperature

longitudinal velocity component

transformed longitudinal velocity component

normal velocity component

transformed normal velocity component

longitudinal coordinate

transformed longitudinal coordinate

normal coordinate

transformed normal coordinate

ratio of specific heat L

similarity variable ?= _K </77'/'/ UGX) ¢
e

Sutherland's constant

NP K<Y XX < < C¢c B oYY R B oo o

S

dynamic viscosity

kinematic viscosity Y=
mass density 70
shear stress

stream function

65
-(1o+r-——lM2)(1o+s) + 0.166 (r - 1)

%d\n§3

or:g

Subscript

@®

local flow outside the boundary layer
wall value
o free stream stagnation value
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Appendix B

The characteristic x coordinate

The derivation of equation (12) is given below.
The characteristic x coordinate depends on the inverse
logarithmic decrement of upstream influence Lighthill (1953)

__/’_{ifa_/_"/f_j(‘// (B-1)
VME-y T N>

where the integral is performed across the inviscidly
behaving portion of the boundary layer. To determine for
compressible flow we introduce the modified Stewartson's
transformation employed by Cohen and Reshotko (1959)

_ Low Gow [ 2 Yok é_z
‘\y B /")e Qe \/Mf‘/ Ue 0/ (B-2)

If one assumes that ;%e 0 from the leading edge to the
beginning of the interaction, then equation (B-2) can be

simplified to

(B-3)
J = _/.,7;
__//éL Uloo XK
- -/“@

Thus the boundary layer thickness & at the beginning of

where

the interaction x = L can be written as

Z
s = E — (B-4)
VRe

where

E = /2 / é‘_}__E 02 (B-5)
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We assume the sublayer thickness & can be written in the
form

& =11 Re‘K (B-6)

where both I and K have to be determined.

A rough estimate of the integral in (B-1) can be
obtained by assuming a linear Mach number profile across
the boundary layer, i.e.

m(y) = m, (1) (B-7)

At y = & (B-7) reduces to

Me = & — &

Inserting (B-7) in equation (B-1) , performing the

Me _ _€ L lzﬁg"’*a‘éf (B-8)

integration and using (B-8) one obtains

/Me /“/'/ i}
L 7 -
— <»f;f,?-*** )8

For S))éand MGM <<1 equatlon (B-9) simplifies to

Aty LR £
(B-10)
\/ / ¢ ~ =) £
Equatlon (B-10) 1is the desired result given in equation
(12) .
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Appendix C

Interaction equation in terms of
Von Mises coordinates

The derivation of equation (52) is given below
The pressure area relation equation (49) for the free
interaction layer is given 1n X » coordinates by

Forr Be— FarnBe = ~ 35 f/:/’” 7 (C-1)

For the reasons dlscussed in section 2—4 1t is convenient

to write (C-1) in terms of Von Mi. 3 stream function
coordinates ( x,#). The mass flux per unit area in this
region can be expressed as

/6( = ———o( (C-2)

-—(/A)a' /?’ M
A 7e% (/*'f:'//‘/ljzl;;-/u

where Po and To are local stagnation conditions.

using the modified Stewartson's transformation equation (57)
and equation (C-2) above, we have

J/ 0 (C-3)
_(/%7‘_) 7 f-// e

“’ (77 £ A77 )35,
Substituting equation (C-3) into (C-1) we get

_ / J/ Pow / )
Fan Be—~7anbe = /‘/ Jr 7. (/‘)le 79;(;5(/‘/ /J¢//ﬁ (C-4)

Equation (C-4) is the interaction equatlon (52) for the

free interaction layer expressed in Von Mises coordinates.
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Appendix D

The momentum integral equation for
the inner viscous sublayer

The derivation of equation (62) and the trans-
formed boundary conditions (63) in section 2-5 is given
below. The equations of motion for a steady two dimensional
compressible laminar boundary layer for a perfect gas are:
Continuity equation

azfa)*a/(/w — 0 (D-1)

X g
Momentum equations

4( &)“)‘( = °bD ,¢(<*4’
/ y ax d/ ( / 0-2)

A

Sx =9

Energy equation

24 <L J -
/“ax 7 y;/ "“5,{ a;(ﬁ‘,,;J*/“(/J (D-3)
Applying the modified Stewartson's transformation equation
(57) to the boundary layer equations (D-1), (D-2) and (D-3)
and assuming that Pr and Cp are constant, one obtains
the following equations

oY, IV
X a/

= 0 (D-4)

N

The transformed normal ve1001ty component v , can be

L/ f‘b/ '—-492 ‘72/'('7AJ:) fu})‘;;é/ (D-5)

replaced by
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— /aa
v=-/"2% 4

as seen from the contlnulty equation. Consequently, we have
an alterate form for equation (D-5)

2 o’ o/é/ z/
Integratlng the equatlon of motlon (D-6) with respect to Y
from Y = 0 (wall) to Y = E (sublayer edge), we have

/ ‘/j}“/‘:;/ £ ”//J// / </fw)¢/ # B % / = AHS

Integrating by parts, we have for the second term (D-7)
au Ju )
/I/‘é’)/// Le 4/ =y (0-8)
so that
JY JL/
V& ~4eZr uZE)dy = RHS (D7) (D-9)

which can be contracted to
(D-10)

Ve (Wle-))dy — [y ‘”64/ —RAS (D7)

Taking the differentiation outside the integral in equation
(D-10) we have

") 4/(4/5 d)Iy + =2 a‘/“ é(z/é ~L )y

az/ (D-11)
X 4/5// ~RHE (D7)

We now define the sublayer displacement thickness 8"‘ and
the sublayer momentum thickness &%by
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XU = [ vve-rdy 0D
and

S*¥ e _—_/5(4/5_40 a?/ (D-13)
o

Introducing these definitions in equatlon (D-11) we have

aﬁ"‘ B* s*¥ &
cd,Y' 49%, </227Lé;;l_éﬁk—-é/ A/ 69,///?/f\QJ‘¢}/
_ Pew Ty, Pew Zu
— 4 —=
4/53 e 4/52 /cw

This is the momentum integral equation for the two

— 67 (D-14)

dimensional compressible viscous sublayer.
The boundary conditions at y = 0 for the sublayer
profiles are given by equations (31) and (32).

dlf =0 - U =0 ¢Ja' 4/ o2
7 G EGIE gm0
=/ < <H , _ D-1
7 / 7('“.,0 -) =0 (D-15)
When written in the transformed coordinate Y +the boundary
conditions on U become 4/
¢/ 7,(
’ c)/Y/ 5:;» ZE 3_ ;fzv

7-6’ Zn/&
Ry /) JT v
— = 0 (D-16)

d/J‘ 7w d/a/*

af =0, =0
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While those on H reduce to
4

I )y+
For non-adiabatic flow it is convenient to define a
stagnation enthalpy ratio function S = —%— - 1 instead
of the local stagnation enthalpy H , wheré& He is the
free stream stagnation enthalpy. In terms of S , the
corresponding boundary conditions for the enthalpy

function are

at Y = 0 ; H=Hw,

= 0 (D-17)

at Y=O;S=Sw,

— 0 (D-18)
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Appendix E

The new profiles for the inner viscous
sublayer

In this appendix we derive the profile coefficients of
equations (69) and (70) in the text. We seek to construct
a suitable family of velocity and stagnation enthalpy
profiles for the sublayer which satisfy the wall and edge
conditions specified by equations (63), (64) and (65).
These profiles given by equations (66) - (70) were obtained
as follows: For the velocity profile we assume a fourth
order polynomial of the form

Z/

—_— —_— 2 .) ¢ -

g AE+BErcCE rD¥ (E-1)
Where _EE = ——— is a scaled normal coordinate which varies

between O <.§'<_1 in the sublayer. Similarly, for the
stagnation enthalpy ratio S we assume a third order
polynomial of the form

S =4 +85+C5*+ 5 3° (E-2)
The afore mentioned wall compatibility conditions and the
matching conditions at the sublayer edge ( equation (63) -
(65) ) are sufficient to determine the coefficient
constants A, B, C, D, A, B, C and D.
Introducing the dimensionless quantity
/4
N = X (E-3)
A o0 ( ‘) /p //Z,
o ﬁa/a
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we have the following relations:

A+B+C+D=1

</
A+2B+3C+1+D=°)—<—£-jé)
IE =/
2B = -A
B
6C = T
w
(E-4)
K:S
w
2C =0
A+B+C+D=S8 ¢1i§E=/
B +2C + 3D = 25
°F 4 F=/

The simultaneous solutions of the above equations give the
following expressions for the coefficients in equations
(E-1) and (E-2)

</
A £ 2 4 - £ c)cfzyg,)
-3 7Pz 2 JF ot F=/
B- - 24
2 — -
. A 3 (E-5)
ST 12—./7‘4\7 </
/B < Ve

T Ty TEC TR 05 wex=/
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=)
]
0

w
= 3 S /
b=y, S Sy ey
— (E-6)
C=0
D = ; oV

/
TNt 73 T8 s

These results for the profile coefficients are equations
(69) and (70) in the text.
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Appendix F

The expression for  tan 6,

In this appendix we derive equation (73) in the text.
The steady two-dimensional compressible boundary layer
continuity equation is

3 d

Upon integrating equation (F-1) with respect to y , from
y = 0 (wall) to y , we obtain

/y- / /4/ / (F-2)

The cooresponding value of (F-2) evaluated at the sublayer
edge y = € is

Seve =), SEL

%4/)56 =—£{=/%_1/;

e /@ e (F-It)
- ’/ ax/“o‘/
e Ue

We next introduce the fiodified Stewartson's transformation

67/ == ‘215 /€
At » P 74

— CLooo
Y = Lewy
and let f = —é_‘): e
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Equation (F-4) in terms of these transformed variables

becomes

(F-5)

Equation (F-5) is result (73) in the text.
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Appendix G

The transformed momentum thickness expressed
in terms of the sublayer velocity profile

The derivation of equation (93) is given below.

As shown in appendix D, the transformed momentum thickness
&* has the form

ﬁ*z/é‘f_(j‘z/: (/__J‘f:)a/// (D-12)

/
8% = & Ui /- UéJo./; _f_ (G-1)

In the inner viscous sublayer the assumed form for the
velocity profile is (see equation (69))

Y
= = gy BEYCEyDE” (E-1)

where 4ﬂfjej 5, Za Ay /%/
A = 4‘( )au” X Je <77L /é/ ‘} 254’1
f—ﬁcffﬁ Mee /Moo &
VI L
= £ / ;) B /< '27g
A = +(J’ f-/f/_;gﬁ”)/‘__f ‘Jj =A/f/44/17‘/’}
=/
B=-LN =281/
_ A B
¢ =< rdw= <) g
/ ] Jdd5-
R A CES L b e e




3 = <4 — )
B =3 Oy, 20w 3y 5.,

Inserting equation (E-1) into equation (G-1) we have

e = E(X, 7 N 7 X,y )

o, = A Ay 2, Dy H*

______ A 2
zZ 2 s " F=Fr3 3 7"}‘/4//93
D/J- P u 2

)5 2
SIS a2 A5 AD, A5 A D,

2
airarz Ve ?%A—* 2

CENR SR g D pvn g ——

<
2 3 FE T F3 45 7"_}‘}/9’:/93 7‘/;'%2,2),
< < 2
+5 DDyt z AB FZ A5, FEHE + 2 A
-
FTADrt T AD, T A D, + 5 APt 5 BD,

= 2

* 3 5‘,2)_‘,7'-;}4,4 # = < Dy
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These results are equation (93) in the text.
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