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A bstract

INTERACTIVE MULTIDIMENTIONAL NMR SPECTRUM

SIMULATION

by

Wenqiao Chen 

Adviser: Professor Lou M assa

A new  algorithm  for n m r sp ec tru m  sim ula tion  h a s  been  

developed. It is  based  on th e  fac t th a t  w hen the H am iltonian  

operato r of the  sp in  system  is rep resen ted  in a  special form of 

m atrix  by the direct product m ethod, the Ham iltonian m atrix  can be 

diagonalized easily, and  the  eigenvalues an d  eigenvectors can  be 

o b ta in ed  efficiently  th ro u g h  a  g roup  of recu rsiv e  form ulae. 

P re lim in a ry  r e s u l ts  show  th a t  th e  new  a lg o rith m , w hen
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im plem ented on a  m icrovax/vm s m achine, is able to sim ulate 

spectra of larger spin coupling networks (up to 16 spins) th an  can 

be done by currently available programs, such as LAOCN5. Further, 

since the Single Spin Single Q uantum  Transitions (SSSQT) carry a 

m ajor portion of the s tru c tu ra l information, and rep resen t the 

majority of the total observable coherences, the sim ulation process 

can therefore be speeded up substantially, if SSSQT are taken as an 

approximation of the whole spectrum. This approximation m akes a 

real time response to modifications of chemical shift and J  coupling 

param eters for coupling networks of m any more th an  5 -6  spins 

(1= 1 / 2 ) possib le, allowing d irec t in teractive com parison  of 

experimental and simulated spectra.

Finally, a  3D spectrum  simulation program is developed and 

implemented on an  Evans & Sutherland PS-390 graphics station. Its 

application for interactive spectrum  assignm ent and  for the 

conform ational investigation of biological m acrom olecules is 

discussed.
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Section 1 Introduction

In the p as t decade, nuclear magnetic resonance spectroscopy 

has been extensively used as one of the m ost powerful tools to 

e lu c id a te  m o lecu lar s tru c tu re , especially  in  th e  so lu tio n  

environment where other techniques such  as  X-ray diffraction can­

not be used[l-3].

The entire process of solving a s tru c tu ra l problem by nm r 

spectroscopy may, more or less arbitrarily, be divided into two 

stages. F irst, w hen the s tru c tu re  is  en tire ly  unknow n, the  

spectroscopist h as  to use the nm r data  of other known molecules, 

com bined w ith  inform ation ab o u t th e  unknow n sam ple from 

chem ical or from other physical techniques su ch  as m ass or 

vibrational spectra, to assign the nm r spectrum , until one or several 

structu res can be elucidated as possible candidates. This stage can 

be called the "from spectra to structure" approach. If there are one 

or more s tru c tu ra l candidates, then  the  spectrum  of each one of 

them  could be calculated from the m easured or estim ated chemical 

shifts and J  coupling constants, and the sim ulated spectra then 

compared with the experimental data. This can be termed the "from
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s tru c tu re  to spectra" approach. The correspondence betw een a 

s tru c tu re  and  a  sp ec tru m  shou ld  be confirm ed w hen b o th  

approaches lead to identical results.

In practice, however, the  second stage is often omitted, not 

because it lacks im portance, b u t rather, th a t there are two basic 

difficulties which m ake it difficult. F irst, the values of chem ical 

shifts and J  coupling constants for a  specific candidate structu re  can 

be difficult to estim ate precisely; secondly, to be practical for m ost 

applications, when a coupling netw ork contains more th a n  nine 

spins, spectral calculation is both too slow and too expensive.

Recently, several data  bases of chemical shift values have been 

compiled[4,27], m aking it possible to estim ate these  param eters 

w ithin a  certain  precision. Additionally, the  m ultidim ensional nm r 

technology, specifically 3D and 4D nm r methods, reduce the degree 

of spectral overlap w hich are obstacles to spectral interpretation. 

With the  3D or 4D spectrum , the  assignm ent is usually  conducted 

on the 2D sectional planes, where it is the total pattern  of the cross 

peaks' appearance, ra ther th an  the exact positions or the intensities 

of individual peaks, which characterize the  structu ra l features such 

as the topology of spin coupling networks, the interresidue linkages, 

etc.



3

The com bination of these  two developm ents will m ake the  

"from structu re  to spectra" approach more practical, provided th a t a  

fast, powerful program is available for spectral calculation from the 

chemical shift and coupling constant input.

SIMPL is an  interactive program  designed exactly for th is  

purpose. It is capable of calculating the  ID spectrum  of large 

m olecules including coupling netw orks of up  to 16 sp ins, on a  

microvax-II com puter w ith 9MB board  m em ory (all d a ta  of the 

perform ance of the  program  cited in th is  paper were m easured on 

th is  machine). It can  also create an  approxim ate 3D spectrum  for 

peptides with known amino acid sequence, from a  simple chemical 

shift d a ta  base. This 3D spectrum  can be u sed  to speed u p  the 

assignm ent of the experim ental 3D spectrum , and  the  chem ical 

shift d a ta  base is updated  autom atically if the experim ental peak 

deviates from the range specified in the data  base.

Both th e  ID  and  3D approxim ate spectra  can be modified 

alm ost sim ultaneously as inpu t param eters change. This allows the 

interfacing of SIMPL w ith a  m olecular modeling program, so a user
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can  con tinuously  observe the  sim ulated  n m r sp ec tru m  while 

m anipulating the molecular structu re .1

1 Since the exact NOE intensities must be calculated through the total relaxation 
network Including all the spins, and the intemuclear distances obtained this way 
contain relatively large uncertainties, no provision for calculating NOE intensities 
has been included in SIMPL.
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Section 2 Density Matrix Formalism of the NMR E xperim ent^ ,5]

§ 2.1 Q uantum  Mechanical Description of an  NMR Spectrum[8-12]

An nm r spectrum , I(co), is an  intensity function of frequency. It 

is  the  Fourier transform ation of a  signal function of time, S(t). When 

S(t) is obtained by quadrature detection, it is proportional to the 

sam ple's m agnetization com ponent w ithin the  probe coil effective 

plane, M+(t), which is usually defined as the X-Y plan if the direction 

of the  external magnetic field Bo is selected as the Z direction (see 

appendix):

S(t) oc M+(t) = Mx(t) + iMy(t) [2.1]

where M+(t), in tu rn , is proportional to the expectation value of the 

X-Y com ponent of the total spin  angular m om entum  F+, a t the 

m om ent of detection t:

M +(t) = Nyh {<F+>(t)} = Nyh tr  {F+afi)} [2.2]

Here N is the num ber of spin  system s per u n it volume, y is the 

gyromagnetic ratio of the spin in discussion, and a(t) is the density
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o p e ra to r of th e  sp in  sy s tem  a t  th e  m om ent of t[5], F+ = 

F x+ iF y=E(Ix+iIy) is tim e-independent. The tim e dependence of the 

expectation value of <F+>(t) is included in  the  density operator o(t).

The m atrix  rep resen ta tio n  of F*, if expanded in  th e  sp in- 

p ro d u c t function space, con ta ins m any zeroes. Therefore, n o t all 

elem ents of a(t) have contributions to the  trace in  Eq.(2.2J. Since 

only those coherences (the off-diagonal elem ents of th e  o(t) matrix) 

th a t contribute to the  trace tr{F+a(t)} are  observable and  eventually 

show  a  peak  in  th e  final spectrum , they  are term ed observable 

coherences. The row and  colum n s ta tes  of these coherences differ 

by  one h in th e ir  to ta l sp in  an g u la r m om entum , h en ce  th ese  

coherences are term ed single q u an tum  tran sitio n s (SQT). It is  the 

tim e dependence of these  elem ents w hich determ ine th e  frequency 

of each spectral line.

The behavior of the  spin system  a t  the m om ent t, described by 

th e  density  operator o(t), depends on the  therm al equilibrium  sta te  

of the  system  a t th e  beginning of the  experim ent, o(eq), an d  the 

to ta l h isto ry  of the sp in  system  during  the entire period from the 

b eg inn ing  (t=0 ) to  th e  detec tion  m om ent (t=t), d escrib ed  by  

propagator U(t):

o(t) = U(t) a(eq) U_1(t) [2.3]
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The s tan d ard  trea tm en t of the  propagator, U(t), can  be found 

elsew here[6 ]. Here, for th e  sake  of sim plicity, assu m e  U(t) is 

describing th e  effect of a  pulse w ith du ra tion  of x and follows free 

precession for a period of t, w ithout the decay of relaxation2. Under 

th is  assum ption , U(t) can  be separated  into two p arts , a n  operator 

R(x) of th e  pulse rotation around the  y  axis, and an  operator P(t) of 

the  free precession around th e  z axis:

U(t) = R(x) P(t) = exp (-ryBixFy) exp (-iHt), [2.4]

w here R(x) = exp (-iyBixFy) = exp (-i<j>Fy) describes the  pertu rb a tio n  

applied on the  sp in  system  during the time of x by an  R F  radiation 

field B i along the  direction y; and  P(t) = exp (-iHt) describes the 

p recession  during th e  tim e t  u n d er the  H am iltonian H. U sually the 

m om ent t  can be selected in su ch  a  way th a t  during period t, an  

average, tim e-independent H am iltonian H of the  sp in  system  can  be 

well defined.

Putting Eq. (2.4] into Eq. (2.31, one obtains:

2 Relaxation considerations can be added later, which have no effect on the direct 

product formalism, but will complicate the description.
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o(t) = exp (-iHt) [ exp(-i<pFy) o(eq) exp(i<pFy) ] exp (iHt) =

s= exp(-iHt) a(x) exp(iHt). [2.5]

The in n e r p a r t  of Eq. [2.5], o(x), is  th e  density  o pera to r of the 

system  a t the  end of the  RF pulse. The effect of the pulse is to rotate 

th e  system 's magnetization, around axis y  of the ro tating  frame, by 

an  angle of cp = 7B 1T. The analytical form of o(x) can be obtained either 

by m atrix  m ultiplication, or by ab s tra c t ro ta tion  of th e  operator 

su b sp aces  sum m arized  by Sorenson et al[8 ]. The re su lt can  be 

w ritten  as:

CT(t) = [ 1 -|Vrcoo(Fzcoscp+Fxsin(p)] /  tr(l)  [2.6]

u n d e r th e  assum ption  th a t  bo th  h igh-tem perature and  high-field 

approxim ations hold, i.e.,

where [Jr = h/(kT), k  is the Boltzm ann constant, and coo th e  Larmor 

frequency of the sp in  species under discussion.

Now we calculate exp(+iHt) in Eq. [2.5]. W hen H is diagonal, 

Eq. [2.5] can be expressed explicitly w ith th e  m atrix  elem ents:

a(eq) = [ l-p TcooFz] /tr { l) [2.7]

<Hj(t) = CTij(t) exp(i(Hjj-H n)t/ h) = ay(t) exp(-icoyt) [2 .8]
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This form is convenient when it is used in Eq. [2.2]:

M+(t) = Nyh2i>j F+ji ay(t) exp(-io)yt) [2.9]

since the Fourier transformation of S(t) can be treated explicitly:

I(co) = NyhS^j Fy+ oji(t) 5(co-coy) [2.10]

here the 8 function is a consequence of the fact th a t the relaxation is 

completely ignored, and this kind of spectrum  is refered to as a 

"stick spectrum". When relaxation is included,

I ( C 0 )  = NYhXi>jFy+ Cji(t) [ 1 / (A,y+i(co-coy)] [2.11]

with X.y=1 /  (T2) y, the decay coefficient of the resonance I(coy).

Such an  explicit form is highly desirable, because it relates the 

off-diagonal element of density matrix oy(t) with the corresponding 

energy difference of two eigenstates li> and lj>:

coy = (Hy-Hii )/h.  [2.12]

When H is not diagonal, the explicit form of Eq. [2.10] can still 

be obtained, providing the trace of {F+c(t)} is calculated in the 

eigenspace of the Hamiltonian, instead of the spin product function 

space:
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M+(t) = Nyh tr{F+c(t)} = Nyh tr{(F+)e (o(t))e}

= Nyh tr{(T F+ T*1) ^  a(t) T '1)} [2.13]

since the  norm al orthogonal transform ation will not change the 

trace.

Therefore,

M+(t) = Nyh tr{[F+]e [a(t)]e] = Nyh 2ij[F+ij]e [Oji(t)le exp(-icoijt) [2.14] 

where the subscript e denotes the eigenspace.
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§ 2.2 Practical Difficulties in Spectral Calculation

The size of the m atrices H, T, F+, and  a is (2I+l)Nx(2 I+ l)N, 

where I is the spin quantum  num ber of the nuclear species and N is 

th e  num ber of sp ins coupled together w ith in  a  netw ork. For a 

network of ten  protons, they are 1024x1024 m atrices. A lthough H 

is block diagonal, the largest block still h as  a  size of 252x252. When 

H is no t diagonal, the m ain computing load is for the calculation of 

T, the eigenvector matrix.

C urrently  the best m ethod available, to the  knowledge of the 

au thor, is an  improved version of the classic Jacobi m ethod - the 

Givens m ethod, or the Householder method[15, 16]. This m ethod 

involves f irs t converting H in to  a  tr ia n g u la r  form , an d  th en  

e lim inating  th e  off-diagonal elem ents row by row. The to ta l 

com puting load is proportional to the th ird  power of the m atrix 's 

size, w hich itself increases exponentially w ith N, leading to a  total 

com puting  load proportional to  (2I+1)3N. After the  m atrix  T is 

obtained, all the o ther m atrices m u st be transform ed by T, and 

every step  of m atrix m ultiplication m eans an  ex tra load w hich is 

proportional to (2I+1)4N. Thus these calculations are very expensive
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w hen N is large. For th is  reason m any sim ulations currently  being 

attem pted  are m ade u n d er the "weak coupling" assum ption  where 

th e  eigenvector m atrix  T need no t be calculated . However, if  th e  

coupling is strong, T m u st be calculated, so some other m eans m u st 

be found to simplify the sim ulation.

It should  be pointed out, however, th a t  th e  precision of the  

calcu lation  needs to be carefully considered, since the required 

p recision  is  d irectly  re la ted  to  th e  condition  u n d e r  w hich  th e  

sim ulated  spectrum  will be com pared w ith th e  experim ental one. 

For a  crowded ID  proton spectrum  w ith average line w idth of ~lH z 

an d  w ith  overlap existing in  m any  regions, th e  precision  in  the  

frequency dom ain m ay be se t to b e tte r th a n  0.1 Hz. On the  o ther 

hand , if a  2D section of a  3D or 4D spectrum  is under examination, 

th e  lim ited resolution of the  in tensity  contour plot, as  well a s  the 

a lm ost com plete removal of overlap, m akes th e  precise size and 

position of individual peaks less critical, so th a t a larger error in the 

in ten sity  an d  frequency of th e  sim u la ted  sp ec tru m  is tolerable. 

S ince a  h igher precision  requ irem en t would easily  increase  the 

com puting load dramatically, i t  is necessary  to analyze quantitatively 

th e  error in troduced by ignoring the  off-diagonal elem ents left in 

th e  H m atrix ( th is  will be discussed in § 4.2.1).
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Therefore, there are many situations where coupling term s are 

too strong to be ignored a t the beginning, bu t the diagonalization 

process can be truncated  a t certain  points and  may still give 

excellent results for comparison with experimental data.
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Section 3 Direct Product Method

The density operator expressions of an  nm r experiment shown 

in  the previous section usually need to be represented in m atrix 

form to calculate explicitly num erical values for spectral lines. 

Theoretically, any complete set of orthogonal base operators can be 

used to expand the density operator, and any complete se t of 

orthogonal base functions can be used to expand these operators in 

m atrix form[2]. The particular selection depends on the particular 

problem under discussion. The spin product operators { Bs }[8], 

generated from the spin angular momentum operators Ikx. Iky. and 

Ikz of the individual spins, lead to elegant expressions in m any 

cases. O ther operator sets, such as spin polarization operators, 

single transition  operators, single transition shift operators, etc., 

work well in m any other cases. But all these operator se ts are 

designed to simplify the quantum  mechanical expressions of various 

nm r experim ents. To obtain the m atrix representation  of these 

operators one usually needs extra calculations which often are not 

straightforw ard. The direct product m ethod d iscussed  in  th is 

section is a scheme particularly designed to simplify this job.
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It is not a  new idea to use  th e  d irect p roduct m ethod in the 

calculation of the m atrix representation of these operators, and the 

value of th is  m ethod  for sim plifying m atrix  ca lcu la tions w as 

recognized a  long time ago[13,171. B u t it  is in teresting  th a t, to the 

knowledge of th e  au thor, it h a s  only been  u sed  in  the  sim ple 

ex am p le -ca lcu la tio n s of o p era to r ex p ress io n s , su ch  a s  th e  

H am iltonian m atrix  of system s w ith up  to th ree or four spins, the 

pu lse  ro ta tion  m atrix, or th e  precession  ro tation  m atrix. In the 

num erical ca lcu lations of larger system s, in stead  of the  d irect 

p ro d u c t m ethod, o ther general form ulae! 18,19] w ere u sed  in  

practice . One reason  for th is  phenom ena is p erh ap s th a t, the  

m a trices  crea ted  by those  general fo rm ula  often  have good 

properties. For example, the H am iltonian m atrix calculated by the 

m ethods in  ref.[18] is block diagonal. This block diagonal form is a  

consequence of th e  fact th a t the sequence of the  base spin product 

functions are listed according to the ir Fz num bers. The definition of 

the H am iltonian operator guaran tees th a t all its  elem ents relating 

two s ta te s  w ith different Fz num bers are zero. Therefore the size of 

the  m atrix w hich needs to be diagonalized becom es m uch reduced. 

This of course is highly desirable. But since the  num ber of the sta tes 

increases exponentially w ith the num ber of sp ins in  the system , 

even if the  m atrix  is block diagonal, the size of the  largest block is
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still increasing exponentially w ith the num ber of spins. T hat is why 

th e  calculation of these  m atrices needs to be fu rther simplified.

W hen the m atrix of these operators is calculated by the  direct 

p roduct m ethod, they  lose the  block diagonal appearance. However, 

due  to th e  in trin sic  sym m etry of d irect m ultip lication, a m atrix  

obtained th is way h as  new properties w hich leads to sim pler results, 

m aking  i t  possible to calcu late  m atrix  elem ents by a  group of 

recursive formulae.

§ 3.1.1 Direct Product Notation

A m atrix  C, of the  size of ( I-K x J  L ), is defined as  the  direct 

p ro d u c t of two m atrices A (size of IxJ) and  B (size of KxL), if its  

elem ents are created by the formula

C(i-i)K+k, (j-i)L+l = ai,j • bk,i [3.1]

and  is w ritten as

[3.2]
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To simplify the notation, bold exponents are used to represent 

the multiple direct product of k  identical matrices:

Ck s C ® C ® . . . ® C  [3.3]

It should be noted th a t the above product is completely different 

than  th a t of ordinary multiplication of k  matrices:

Ck s  c C ... C [3.4]

The direct multiplication is order dependent. For example, all 

the  following expressions rep resen t th e  direct p roduct of th ree  

m atrices A and one m atrix  E , b u t in  different m ultip lication  

sequence, hence giving different results:

A3 E 1 = A ® A ® A ® E

A2 E 1 A1 = A ® A ® E ® A

A1 E 1 A2 = A <8> E <8> A ® A

E 1 A3 = E ® A ® A ® A  [3.51

The four direct products in Eq. [3.51 can be further abbreviated 

as A ^  E ^ .  That is, an  exponent enclosed in parentheses represents 

all th e  possib le p e rm u ta tio n s  of d irectly  m ultip lied  m atrix
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sequences. Obviously, th e  to ta l num ber of th e  possibilities of 

different multiplication sequences can be calculated by combination 

theory. For example, the  num ber of th e  different d irect p roducts 

resulting from m m atrices A and n  m atrices B is

N( A(m) B(n)) = Cmm+n = (m+n)!/(m!n!) [3.7]

When the exponent equals 1, it will be omitted in obvious cases.

§ 3.1.2 Matrices For Spin Angular Momentum

As m ost of the following d iscussion  involves 1=1/2 sp in  

system s, we will introduce four letters for the four Pauli m atrices of 

a  single spin:

1 0 0  1
E = X =

0  1 1 0

0  -i 1 0
Y = z  =

i 0

—
1

rH1o
1
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Please note th a t these  m atrices differ from th e  Pauli m atrices by  a  

factor of 1 /2 . This is to avoid having th is  factor m ultiplied to its  

power in  the  direct p roduct expressions, hence th e  values of n o n ­

zero elem ents of Pauli m atrices are changed to one, and  the factor 

1 /2  is m ultiplied a t  the beginning of each expression, as  show n in 

the  following examples:

E 2 = E  <g> E

X 2 = X  <8> X

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

[3.9]

[3.10]



2 0

X1E1

X 0 Y

=X ® E =

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

[3.11]

0 0 0 -i 0 0 1 -i

0 0 i 0 0 0 -i 1
+ Y®X= +

0 -1 0 0 0 i 0 0

i 0 0 0 1 0 0 0

0 0 0 -1

0 0 0 0
= 2 [3.1

0 0 0 0

1 0 0 0



2 1

0 0 0 1 0 0 0 -1

0 0 1 0 0 0 1 0
X 0 X + Y 0 Y  = +

0 1 0 0 0 1 0 0

1 0 0 0 -1 0 0 0

0 0 0 0

0 0 1 0
= 2 [3.

0 1 0 0

0 0 0 0

1 0 0 0 1 0 0 0

0 -1 0 0 0 1 0 0
E 0 Z  + Z 0 E  = +

0 0 1 0 0 0 -1 0

0 0 0 -1 0 0 0 -1



2 2

1 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 -1 0

0 0 -1

0 0 0

1 0 0

0 -1 1

0 1 -1

1 0 0

[3.14]

0 0 0 1

+
0 0 1 0

0 1 0 0

1 0 0 0

[3.15]

0

0

0

-1

0

0

0

1

1

0

0

1
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At th is point we can define 

Vk = En_k+1 V1 Ek l  [3.161

where V = X, Y, or Z, and n  is the  num ber of sp ins in the system. 

Similarly,

Vk Wj = En'k+1 V1 Ek j W1 El'1 [3.17]

where both V and W = X, Y, or Z.

These new  definitions rep resen t m ore th a n  a com pressed 

notation , and  have several characteristics. F irst, com pared w ith 

C artesian  sp in  angu lar m om entum  operators for a  sp in  system, a 

num erical factor with different values is necessary  for the  latter, 

such  as Ix, 2Ix iIX2. 4Iz iIZ2IZ3. 8 IziIZ2 lx3ly4 . etc. While in the direct 

product notation, all these factors are replaced by 1 /2 : 1/2X, 1 /2X 1, 

1 /2 Z 3 , 1 /2 Y 1 X 1 Z 2 , etc. Second, th e  C artesian  sp in  angu lar 

m om entum  operators do no t provide the inform ation of the num ber 

of sp in s in  th e  system . 2 Ix i IX2 can  be th e  p ro d u ct of th e  x 

com ponent of spin 1 and spin 2  in a system containing any num ber 

of spins. Therefore, w ith an  expression w ritten in these operators, 

su ch  as  a  H am iltonian expression, w ithout specifying how m any 

sp ins are in  th is  system, no m atrix representation  can  be created. 

B u t in  the direct product notation, the  num ber of sp ins equal the
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num ber of single sp in  symbols. So 2 Ix iIX2 will be symbolized as 

1 / 2 X 1 X 1 = 1 /2X X  (here the exponent 1 is om itted, th e  sam e 

om ission will be applied hereafter) for a  tw o-spin system ; 1/2BX X  

for a  th ree -sp in  system , 1 /2E E E E X X  for a  six-spin  system , etc. 

Using these  expressions, the  m atrix  represen ta tion  can  be w ritten  

down immediately w ithout any calculation, e.g.:

1/2EXX = 1 /2 [3.18a]

1/2X X E = 1/2 [3.18b]



2 5

SSSSSSSSIIIIIIII
SSBiSSSSIfillil
g y
i s s s i n s g

In the above matrices, the nonzero elements of each single spin matrix 

were shaded, to show that calculation is not necessary.
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§ 3.2 Various Matrices Calculated by the Direct Product Method

§ 3.2.1 Receiver m atrix F+

By definition, F* = £  Ikx + Hky- Translating th is expression into 

direct product notation,

F+ = Fx + iFy = l / 2 S k (Xk + iYk )

= 1 /2  ( BEEX + EEXE + EXEE + XEEE +

= i ( EEEY + EEYE + EYEE + YEEE )) [3.20]

Using Eqs. [3.16, 3.17, 3.20], the m atrix representation can be 

obtained and has the form shown in Fig 3.1:
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Fig 3.1 F+ matrix of a four-spin system. 

Shaded elements = 1, all other elements = 0

§ 3.2.2 Hamiltonian Matrix H

Again, th e  operator's  definition is first w ritten  down, th en  

translated  into the direct product notation:
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H = Ik  ©klzk + £k>l Jkllkll

= 1 /2  I k  cokZk + 1 /2 2 Ik>i Jkl(XkXi + YkYi + ZkZ i ) [3.21]

for a  four-spin system the m atrix can be obtained as indicated in  Fig 

3.2:

Ikz, Ikzllz terms

1/2 J12

1/2 J13

1/2 J14

1/2 J23

1/2 J24

1/2 J34

Fig 3.2 H matrix of a four-spin system

Note th a t  th e  H m atrix  is  n o t in  a  block-diagonal form. T h at is
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because the  sequence of the  sta te  functions is no t listed according 

to  Fz num ber. Instead , they  are  listed according  to  th e  b inary  

num b er code of the  sp in  s ta te  functions, w here for a  sp in  up  (a) 

m eans 'O' and  a  spin down (P) m eans '1*. T hat is, '0010' represen ts 

the sta te  la a p a  > , and  the sequence num ber of th is  s ta te  is '0 0 1 0 ', 

o r 2; and  the sequence num ber of s ta te  lappp> will be '0111', or 7. 

From  Fig 3 .2  it  can  be seen  th a t th e  positions of off-diagonal 

elem ents reflect clearly the  fact th a t  they  come from the  cross 

coupling term s in the  definition of the Hamiltonian.

As m entioned before, th e  block-diagonal appearance  of th e  

Ham iltonian m atrix  created according to Fz sequence of the function 

sta tes m atches the desire of com pressing the m atrix  size as m uch as 

possible. However, once the m atrix  is created by the direct product 

m ethod, its highly sym m etrical appearance m akes the  requirem ent 

of storing the whole m atrix as a  two dim ensional array  disappear, as 

will be explained in  section 4.
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§ 3.2.3 Eigenvector Matrix T

The m ost im portant advantage of the direct product notation is 

its  convenience in describing the Jacobi transform ation process. 

The total process is a successive series of orthogonal rotations, in 

which each step eliminates one group of off-diagonal elements, as 

well as modifies the values of all the elements sharing either their 

row or column num bers with the elements being eliminated. It can 

be shown th a t the sum  of the squares of the off-diagonal elements 

decreases monotonically with each step of the transformation! 15], 

b u t is bounded below by zero, so the convergence is guaranteed. The 

process can be term inated when the largest off-diagonal elements 

are less than  a  pre-specified threshold.

When the Hamiltonian matrix is expanded in the spin-product 

function space, the sequence of these sta te  functions determ ines 

th e  appearance of the  m atrix. In the to ta l-quantum -num ber- 

sequence, the m atrix is block-diagonal, and  a n a tu ra l way to 

diagonalize it is to transform each block separately, as the program 

LAOCN does[16]. If the binary-code-sequence is chosen, as in the 

m atrix created by direct product method, the fact th a t all the off-
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diagonal elem ents belonging to the  sam e coupling term  can be 

eliminated sim ultaneously is more obvious and hence is more easily 

realized. Therefore it leads the way to a  new algorithm.

The off-diagonal elements in a  Hamiltonian m atrix (Eqs.3.21) 

are 1 /2 2 Xk>l Jkl(XkXi + YkYi). For an  N-spin system, these elements 

are divided into N(N-l)/2 groups, each group contains 2N"2 pairs of 

elements of value Jk i/2  before the Jacobi transform ation begins. The 

rotation m atrix to eliminate all these elements can be specified as

Tki = l / 2 [EkEi (1 + cos<)>ki) + ZkZ] (1- cos<J>kl)

+ (XkXi + YkYi) sin<)>ki] [3.22]

where <|>ki is a  vector with 2 N'2 components, and each is determined

by

(^klJm = 1 /2  tan  *(Jkl/ADki)m» m =l, 2, ..., 2^ 2 [3.23]

where ADki is the difference of diagonal elements, and all these 2N'2 

Jki values Eire the same a t the beginning. As the trEinsformation goes 

on step by step, some off-diagonal elements belonging to the sam e 

coupling term  no longer share the same value, and  then  the (<)>kl)m 

rotation angles Eilso deviate from each other, as illustrated in Fig 3.3, 

3.4, and 3.5.



1
1

mw
i

i

11 ■H
m

HP
i

i

H
i

i

□  0 ~sln<P ^  sln(P coscp m  -

Fig 3.3 T 24 matrix of a four-spin system



Fig 3.4 All the elements sharing row or colume number with the first pair off- 

diagonal elements of J24 will change values during the first rotation of T24.
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[££] non-zero elements of H matrix.

off-diagonal elements whose value changed.

Fig 3.5 All the off-diagonal elements of H matrix sharing row or column number with 

the first pair off-diagonal elements of J24 will change values during the first rotation of 

T24. These elements are shaded with darkest color.
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As mentioned before, such a  rotation will no t only eliminate 

the Jki elements, it will also change the  values of all the elements 

sharing  row or colum n num bers w ith Jk i elem ents. All these 

elements belong to J >m and J im coupling pairs, with m = 1, 2, ..., N 

b u t m * k or 1. Their values are to be updated by the following 

formula:

[(Jkmh+llj = [(Jkm)iCOS<l>kl ± («Jlm)iSin(j)kllj [3.24]

where m = 1, 2  N bu t m * k or 1; j = 1, 2 ...... 2N'2 is the index of

the off-diagonal elements belonging to one coupling pair; i and i+1 

m ean the values after the i-th and (i+l)-th Jacobi transformations, 

respectively.

The total eigenvector m atrix is the product of all these Ti, 

until the largest absolute off-diagonal value, after im-th rotation, is 

less than  the threshold:

T = IL T i. [3.25]
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§ 3.3 Notation for the Density Matrix

Encouraged by the simplicity in the Hamiltonian expression, a 

similar notation for the density matrix a  is designed as  follows.

First, in order to locate every single elem ent in  o, four basic 

m atrices, each having only one non-zero element, are defined for 

the 1=1 /2  spins,

1 0 0 0
u = d =

0  0 0  1

0  1 0  0
p = m =

0  0 1 0

w hich w hen combined with the  identity  m atrix  E, m ake it very 

convenient to express the elements of a  of any N-spin system, as for 

example,
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E2 P* ■ [3.27]

E 1 P2 = [3.28]



38

P 3  = [3.29]

_ 2 _ 1  p xn

p 1m 1p 1

m2 p1 /

8
vs 1 $
$ 1

$
$ $ l
$ $
$ $ 5$

a is

[3.30]

The non-zero elem ents in  each m atrix  w ithin th ese  direct p roduct 

expressions are shaded, so it can be seen th a t th e  final resu lts  were 

obtained w ith no calculation.

Eqs. [3.27-29] rep resen t respectively th e  coherences of single, 

double, and  triple quan tum  transitions w ith order +1. Eq.[3.27] and 

Eq.[3.30] bo th  refer to single quan tum  tran sitio n s (SQT), b u t w ith 

th e  difference th a t E2p* refers to the  transitions of sp in  1 only, and 

p(2)m (i) re fers f^g com bined tran s itio n  of all th ree  sp in s
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sim ultaneously, w ith two spins flipped u p  and one spin flipped 

down, and hence the quantum  num ber Fz is still changed by one. For 

a  three-spin system, and represent all the single

spin single quantum  transitions of order +1 and -1 respectively:

jg(2) p(l)
E 2 P x

E 1 P 1E 1

P 1E 2

1 1 1
1 1
1 1

1
1 1

1
1

[3.31]

E (2) M(1) E 1M 1 E1

M 2 E1 . 
\  /

1
1

1 1
1

1 1
1 1

1 1 1

[3.32]

The total observable coherences with order +1 are those direct 

products with one more p than m, and the rest all E's:



4 0

j»C2) p(l) + =

1 1 1
1 1 1
1 1 1

1
1 1 1

1
1

[3.33]

Eq.[3.33] show s th a t  there  are 15 observable coherences w ith 

order +1 for a  th ree-sp in  system . T hat is also the  largest num b er of 

sp ec tra l lines of its  ID  spectrum . E xpressions like Eq.[3.33] can  

generally be used  to count the  largest num ber of spectral lines to be 

expected. For example, for the  SQT of a  ten -sp in  system  we have

[SQT]+1= E(9)p (1) + E(7)p(2)m (1) + E(5)p (3W 2) +

+ E<3>p<4W 3> + E<V5W 4> [3.34]

Therefore the  ID  spectrum  of a  ten -sp in  system  a t m ost can  have

N[SQT]+1 = C io^ 9 + C i o ^ g V  + C i02C8325 +

+ C i03C742 3 + C ic^ C eV  = 167.960 [3.35]
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lines. Similarly, the num ber of DQT (double quantum  transitions), 

TQT (triple quantum  transitions), etc. can also be calculated by the 

same method.

Finally, for an  N=1 spin system , there is a  one to one 

correspondence betw een our sym bols and  the  polarization  

operators:

Ia = u, iP = d, I+ = p, r  = m [3.36]

When N * 1, a subscript can be used in the polarization operators to 

label the different elements in the a  matrix, b u t with the direct 

product notation, the position of individual element can be explicitly 

spelled out (again, the shaded area represents a non-zero element of 

each single-spin matrix symbol):
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mdddpp =

A \N
A \N*\\\

A\NA\S
» \ \ \

= ct61,32

upd = 2,4 [3-37]
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From  th e  exam ples show n above, it should  be clear th a t  the 

d irect p roduct no tation  re la tes various operators and the ir m atrix  

rep re sen ta tio n s . Therefore, an y  expression  w ritten  u sin g  th ese  

operators, w hen tran sla ted  into the  direct p roduct notation, gives 

th e  m atrix  rep resen tation  imm ediately. Since all n m r experim ents 

can  be described by such  operator expressions, the ir m atrix  form 

c a n  b e  o b ta in ed  by  j u s t  rep lac in g  th e  o p e ra to rs  w ith  th e  

corresponding direct p roduct symbols.
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Section 4 SSSQT - Single Spin Single Quantum  Transitions 

§ 4.1 SSSQT and Their Corresponding Spectral Lines

In the last section we introduced the direct product notation 

Ej(N-i)pd) and for SSSQT of order +1 and -1 respectively.

They can also be written as (pk) and {mki k= l, 2  N. Since pk

represents the transition of spin k  from I p> to I a> while all other 

(N-l) spins keep the ir sta tes unchanged; and m k  represen ts a  

transition from I a> to I P>.

In a ID spectrum, if the weak coupling condition holds for all 

the coupling pairs, these SSSQT, or {pk}, correspond to the spectral

lines located at ci>k± l / 2Jkm. m =l, 2 , ..., N but m ^ k ;  and k= l, 2 ......

N. There are the same num ber of lines corresponding to {mk}, 

located a t the other side of the co=0 axis. W hether it is valid to say 

th a t the coupling is weak depends on the ratio |i= I Jki/(o)k-coi) I and 

the precision required. When it is valid to do so, the SSSQT are 

taken as the whole spectrum, and all combined lines are omitted, as 

the ir intensities are below the noise threshold used to judge the
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w eakness of the couplings. Fig 4.1 shows th e  12 SSSQT lines of a 

th re e -sp in  system , w ith  th e ir  co rresp o n d in g  d en s ity  m atrix  

elem ents expressed as the direct product of single spin  m atrices.

From Fig 4.1, it is clear th a t SSSQT carries the  inform ation 

necessary to complete the assignm ent. In a  2D spectrum , the COSY 

cross peaks between two SSSQT lines of two different dim ensions 

tell u s  the topology of the coupling network, and  from the splitting 

of the peaks the  coupling constan t can be m easured . Therefore, 

most, if not all, of the structu ral information obtainable from an  nm r 

spectrum , can  be obtained th rough  SSSQT peaks. Even in  an  

experim ent where m ultiple quan tum  filters are  used  to edit the 

spectrum , in m ost situations, the  final plot is still m ade of SSSQT 

peaks.
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10 = uup
11 =udp
12 = dup
13 = ddp
20 = upu
21 = upd
22 = dpu
23 = dpd
30 = puu
31 =pud
32 = pdu
33 = pdd

1 0 2 0 30
21 31
1 1 32

33
1 2 2 2

23
1 3

3032 3133 20222123
10 11 12 13

J 2 3 / 2

J l 3 / 2
J l 2 / 2

<■>3 ®2 ©1

Fig 4.1 SSSQT of a three-spin (1=1/2) system. When the density 

matrix is created by the direct product method, every SSSQT spectral 

line can be labded uniquely by m, p, d, u symbols.
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§ 4.2.1 A Quantitative analysis of a  two-spin system

Under the weak coupling assum ption, SSSQT represen ts the 

entire spectrum . For an  N-spin system, there could be as m any as 

N2n_1 SSSQT lines, however, the real spectrum  has fewer peaks due 

to spectral overlap.

W hen s tro n g  coupling  ex is ts , th e  H m a trix  m u s t be 

diagonalized to such  a  point th a t any fu rther off-diagonal elem ents 

left are  sm all enough to be ignored. The effect of th e  Jacob i 

transform ation  is th a t it will change the frequencies a s  well as  

intensities of the sim ulated spectral lines. Qualitatively, these effects 

can be dem onstrated through a  two-spin example, as shown in  Fig 

4.2.

In Fig 4.2, w hen the coupling J 12 is weak, th e  H m atrix  

elements have the following values:

D i = H u  = l/2 [+  coi + ©2 + J/21

D2 = H22 = 1/ 21- ©1 + 0)2 - J / 2 ] 

D3 = H33 = l/2 [+  ©1 - ©2 - J /2 ]
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AI

Af

Dl
J /2

J /2 %
Qi

f i h.

f3

k

Fig 4.2 The H and a matrices of a two-spin system. D's are diagonal 

dements of the H matrix. If J Is much less than Aw. the Intensities 

of the four lines fl~f4 are almost equal; if J Is too large to be neglec­

ted. the H matrix must be diagonalized, and the spectral lines would 

look like f ‘ l~f '4 as shown in the picture.
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D4 = H44= 1/ 2 [ - 0>i -o >2 + J / 2 ] [4.1]

Off-diagonal elem ents are  om itted. The positions of th e  spectra l 

lines fi ~ f4 are:

fi = D i " D2 = CDl + J / 2

f2 = D i - D3 = (02 + J / 2

f3 = D2 - D4 = 0)2 - J / 2

f4 = D3 - D4 = coi - J / 2  [4.2]

W hen coupling is strong, H23 = H32 = J / 2  is not negligible, and  

th e  H m a trix  n eed s  to  be d iagonalized . T he effect of th e  

diagonalization is calculated as follows:

D’i = D i

D '2 = D2 cos2<t> + D3 sin2<() - sin2<}> J / 2

D '3 = D3 cos2<J> + D2 sin2<() + sin2<j> J / 2

D ’4 = D4 [4.3]

In the  sim ulated spectrum , the effect is fi ~ f4 are moved to f 'i~ f  '4 

(see Fig 4.2). The shift of peak fi, i.e., Af, can be calculated as
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A f = f * i - f i

= (D 'r - D'2) - (Di - D2)

= D2 - D2'

= sin2())(D2 - D3) + sin2<() J / 2  

= Aco/2 [2sin2<t> + sin2<|> tan2<|)]

=Aco/2[(l + jo.2) 1/2 - 1] [4.4]

where <{> = [ tan '1(J/Aco)]/2, is the Jacobi rotation single, and  p. = J/Aco 

= J /(® 2  - 001) is the ratio  of the  coupling to the chem ical sh ift 

difference between the two spins.

Not only th e  frequencies are  changed, b u t th e  in ten sitie s  

change as well:

AI = AI4 + Ah

= I(f 4 ) - I(f4) + Kfi) - I(f 1 )

= Iff ’4) - Iff 1)

= 2Io sin(J)

= 2 I0 [(!-(! + M.2)-1/2]i/2 [4.5]



51

Fig 4.3 summarizes the effect on both frequency and intensity. 

Generally, for a  coupling of J~20 Hz, a negligible frequency shift (Af 

< 1 Hz) requires I A© I > 4J ~ 80 Hz; if J~5 Hz, th is requirem ent is 

only I Aco I > J  ~ 5 Hz. For an  even smaller coupling, no requirement 

need be imposed on I Aco I. Since the intensity is more sensitive to 

the transform ation, it is more im portan t when a  quantitative 

comparison is to be made between the simulated and experimental 

spectra[21,22]. Basically, it is not always safe to take a weak coupling 

assum ption into the simulation without a  careful analysis of the error 

th a t could be introduced.

The sam e reasoning implies th a t a  3D sim ulation, which 

emphasizes the frequency of the peaks, is more reliable when the 

weak coupling assum ption may be assum ed, because the intensity 

usually m ust be coded with lower resolution in a 3D plot. In the 

circum stances tha t the intensity m ust be quantitatively m easured, 

weak coupling is only valid for those coupled pairs with p. sm aller 

than  0.1, to avoid an  error over ~10% in the intensity. For a modest 

coupling J~ 10  Hz, even for a  500 MHz m achine, the required 

difference in chemical shifts of the coupled pair would be A8 > 0.2 

ppm.
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Af/J

0 .5 "-

0.0 L 
0.0 1.0 3.02.0 4.0 5.0

m = 1/n
2.0 AI/I

2.0 3.0 4.0 5.0

(X = J/Aco(b)

Fig 4.3 The effects on the frequency (a) and intensity (b) of the strong coupling. 

The definition of Af and AI refers to Fig 4.2.
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The above estim ate w as m ade analyzing a  tw o-spin system . 

W hen m ore sp in s are included in  th e  system , one spectral line 

could be coupled to m any o ther lines, and  th e  successive Jacob i 

rotations could possibly accum ulate errors beyond a  tolerable range.

In 2D sim ulation, the  line shape problem  would m ake the 

s itu a tio n  m ore com plex, and  a  sm all e rro r can  change the  

appearance  of th e  con tour plot dram atically . Based on these  

considerations, the 2D sim ulation m u st take into account the whole 

num erical calcu lation  of th e  density  m atrix , a s  the  program s 

SPHINX and LINSHA do[20,21,22].
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§ 4.2.2 Jacob i transform ation for an  n-spin  system

Fig 4 .4  show s th e  Jaco b i tran sfo rm atio n  of a th ree -sp in  

subsystem  w ith in  an  N-spin system . W hen sp ins i, j , and  k  are  

coupled together th rough  Jij, Jik, and  Jjk , and  w hen off-diagonal 

e lem en ts of Jij are  being elim inated , th e  values of e lem ents 

belonging to J ik  and  Jjk  will be modified according to

J 'ik  = JikCOs<)> + Jjk sin<(>

J jk  = Jjk  cos<j> - Jik  sin<|> [4.6]

J'ij = o

where Jij, Jik, and  Jjk all have 2N'2 values (see Fig 4.4).

In Fig 4.4 , we use  arrow s to describe th e  effect th a t  after 

Jacob i rotation, half of the elem ents of Jik  were changed to  (JikCOs<J> 

+ J jk  siii<j>), and the other ha lf were changed to (Jik cos<|> - Jjk  siru»; 

th e  sam e is tru e  for the elem ents of Jjk-

In Fig 4.5, the sam e effect w as described for system s w ith 4, 5,

an d  6  sp in s . T here each  circle rep re se n ts  a  sp in , each  line 

represen ts a  coupling between two sp ins linked by th a t line. Sim ilar
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> < 0

(a)

(b)

Fig 4.4 The effect of Jacobi rotation eliminating Jij on the values of Jik and 

Jjk. Curved arrows mean Eq. [4.6]. Circles mean spins, and each line between 

two circles means a coupled pair.
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pictures can be designed for the a  and F* matrix. In order to relate 

these rules more tightly to the spectral lines, we draw all the N2N' 1 

SSSQT lines for an  N-spin system  as the vertical lines in Fig 4.6, and 

label th e  shift in frequency made by the couplings as a solid (+) or 

empty(-) circles a t the intersections of the vertical lines (Zeeman 

term s in the Hamiltonian operator) and horizontal lines (J coupling 

term s in the Hamiltonian operator). The arrows in Fig 4.6 have the 

sam e meaning as in Fig 4.5, i.e., the changes in intensities made by 

the Jacobi transform ation. Fig 4.6 displayed the same thing as Fig 

4.5, b u t with a  different appearance. These pictures are equivalent 

to the recursive formula of the total Jacobi transform ation process. 

All these relations are obvious only when the m atrix is obtained by 

the direct product method.

In accord with Fig 4 .5-4 .6 , the ID  spectrum  of any N-spin 

system can be calculated efficiently.

A FORTRAN program, based on these recursive formulae, was 

developed and implemented on a  microvax-II computer. It u ses the 

ru les of Fig 4.5 to elim inate the off-diagonal elem ents of th e  H 

matrix, stores the <|> values for each Jacobi rotation, and uses them  in 

the calculation of intensities by the rules explained in Fig 4.6.
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V

Pig 4.5a Coupling network of N = 3, 4, and 5 spin systems.



Fig 4.5b Coupling network of N = 6  spin systems.
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JL3/2

}
}
}

T12 

T 13 

T23

Fig 4.6a The effect of Jacobi rotation Tlj on the SSSQT elements In the 

a matrix for an N = 3 spin system. The arrows have a similar meaning 

to those In Fig 4.4, but here are applied to the Intensity of the spectral 

lines shown.The white and gray circles on the intersections specify the 

frequency shift by an amount of +Jij/2 and -Jij /2 , respectively.
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C0++_ ©+_+ G)_++ 
J l2/2

}
}
}

T12 

T13 

T23

Fig 4.6 b The effect of Jacobi rotation Tij on the SQT elements in a matrix 

for N=3 spin system.The arrows and the circles have a similar meaning as 

in Fig 4.6 a, w-++, ©+-+, ©++- means - 0 i ) l - H D 2 + c D 3 ,  iol-to2+©3, (ol+fi)2-(o3, 

respectively.
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In Fig 4.6 only th e  SSSQT lines were included, an d  th e  

spectrum  obtained th is way is still an  approxim ate one. An exact 

spectrum  can be calculated by including all the  SQT lines in  Fig 

4.6b. For simplicity, here we use a three-spin system  to explain th is 

difference. Also, during the Jacobi transform ation, high-order cross 

te rm s (corresponding to couplings of 4, 6, ..., 2m spins) will be 

created, which will lead to new off-diagonal elem ents being created. 

If their values become too large, they also m ust be eliminated.
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§ 4.2.3 Speed Advantage

From th e  calculation of N(SQT) in §3.4, we obtained 

N(SQT) = £k  C \  Ck+1N-k 2N' 2k' 1 + C^n 2N_1 [4.7]

and  we know

N(SSSQT) = N2n *1. [4.8]

So the ra tio  £ = N(SQT)/N(SSSQT) as  a  function  of N can  be 

estim ated through a  calculation for N = 2 to 20 (Fig 4.7).

From Fig 4.7 it can be seen th a t a  factor ~106 for com pression 

in  th e  com puting load will be available for an  N=20 sp in  system , if 

SSSQT are tak en  as an  approxim ate spectrum . W hen N=17, th is  

factor is abou t ~103, m aking it  possible to get the  spectrum  w ithin 

19.5 cpu  hou rs on a  microvax-II machine.
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In?

In? = 0.96+0.49 (n-5)

3l 5 7 9 11 13 15
number of spins

Fig 4.7 The ratio £ = NfSQTl/NfSSSQT) as a  Junction of N. When N>5, £ Increases 

exponentially with a slope of -0 .4 9 .
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Section 5 Outline of SIMPL 

§5 . 1  Logical Structure

There are three modes of operation: ID SQT, ID SSSQT, and 

3D SSSQT. The first two modes use the recursive formula expressed 

in Fig 4.5 and 4.6 to diagonalize the Hamiltonian m atrix and to 

transform  o, F+ m atrices. The third mode first uses a  simple data 

base to store the approximate chemical shift values of the Hydrogen- 

1, Carbon-13 and Nitrogen-15 nuclei of the twenty aminoacids. The 

first step in  th is mode is to create an  approxim ate 3D data  set. 

Then, the experimental 3D data set is displayed together with the 

sim ulated one, b u t in different color. With the help of the three 2D 

section planes (XY, YZ, and XZ sections) of the 3D spectrum , these 

three 2D spectra are simultaneously displayed, which can be used to 

compare w ith the characteristic cross peak p a tte rn s  of the 20 

amino acids. As the thickness of the section planes are adjustable, 

and the sequence of the residues are known, the u ser can pick up 

any one residue, and display it separately. Another convenience is 

th a t the user can display (in different colors) the inter-residue NOE



65

peaks (obtained from NOESY experiments) between the a -p ro to n  

and  NH-proton, even for a  COSY-COSY spectrum . These in te r­

residue NOE peaks are used to direct the 'navigation' of the cursor 

in  the 3D spectral 'space'. If one residue of the peptide can be 

recognized and its peaks are assigned, then  the u se r can move the 

sim ulated peaks to coincide with the assigned experim ental peaks. 

Since when any one coordinate of any one peak is changed, all the 

cross peaks between th is peak and o ther peaks will change, all 

these  cross peaks will be moving together. With the  help of the 

in ter-residue NOE peaks, the next residue will be 'pulled out', and 

by comparing the cross peak pattern , the spectral lines of the next 

residue will be recognized. The idea is the sam e as the m anual 

assignm ent, b u t the sim ultaneous display of the NOE peaks in  the 

COSY-COSY spectrum , and the sim ultaneous display of the 1H -1H 

and  13C -1H cross COSY spectra provide extra convenience for the 

assignm ent. As all th e  experim ental peaks coincide w ith the 

sim ulated peaks, the assignm ent is completed. After th is, the third 

step  is to interface the  sim ulation program  w ith th e  m olecular 

modeling program, and display the approximate NOE peaks using 

th e  n u c lea r coordinate inform ation provided by  th e  m odeling 

program.
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§ 5.2 Flowchart and  graphics program  structu re

Fig 5.1 is a flowchart of SIMPL(ID) m odule. Fig 5.2 is  a  

flow chart of SIMPL(3D) m odule. Fig 5 .3a - 5 .3d  are the  d a ta  

s truc tu re  of the graphics program of SIMPL. All of these are w ritten 

in  VAX FORTRAN and VAX/VMS graphical support routines (GSR) of 

the E & S PS-390 graphics package JC P A3V03[17].

§ 5 .3  Simulation Examples

Fig 5.4 shows one sim ulation example m ade by SIMPL. Fig 5.5 

show s th e  convergence perform ance of SIMPL(ID); it took -1 3 .5  

cpu  h o u rs  to diagonalize th e  H am iltonian m atrix  of a  14-sp in  

coupling network. The largest off-diagonal element is monotonically 

decreased by the Jacobi transform ations.

Fig 5 .6  is a  com parison betw een SIMPL(ID) and  a  Jacob i 

diagonalization program , on the  sam e com puter, u n d er the sam e 

operating environm ent. The largest coupling netw ork th a t  can be 

calculated by the Jacobi method is only a six-spin system . Although 

bo th  program s have no t been optimized, and the m easurem ent of



(Vj)max < threshold? display approximate ID 
spectrum

calculate SSSQTcalculate SQT

calculate Vf and Vd

output ID spectrum

SQT or SSSQT selection

sin Hk.l.m) and cos flk,l,m), update Vj and Vd.

input N, {d}. {J}. create array Vj(k,l,m) and Vd(k).

Fig 5.1 Flowchart of SIMPL (ID).
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stop

check and update data 
baseinteractive assignment

calculate 2D sections

read in experimental 3D data set

input residue number and sequence 
read in {d} for each residue

select 3D experiment, create approximate 3D spectrum

Fig 5.2 Flowchart of SIMPL (3D).
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VI V2 Vn

W1 W2 Wn

C2Cl Cn

T 1 T2 Tn

S2SI Sn

D2D1 DfDn

Fig 5.3a Graphics data structure-of SIMPL, Ptl V-viewport, W- window, C-color, 

T-translate, S-scale, I-instance, D-data
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route(n)mx xvec

accumulatormy yvec

mz zvec
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route(n)

d s c a l e

1.0

T1

T2

Tn

51
52

Sn

Fig 5.3b Graphics data structure of SIMPL, Pt2



T13+ T 13- T n3-Tn3+

In3113

T12+ T 12- Tn2+ Tn2-

112 In2

T11 + T n l-T 1 1- T n l  +

111 I n i

D1 Dn

Fig 5.3c Graphics data structure of SSSQT simulation module, data trans­

formation part. D - data, T - translation, I - Instance, S - scale.
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0 “

Flg 5.3d Graphics data structure of SSSQT simulation module, 

control network part. Cjk - constant function Instances.



G'GXS

p-D-Galp-(l-»3)-p-D-Galp-(l-»4)-p-D-Xylp-(l-0)-L-Ser

HO H

NH

OH

Fig 5.4a An example of ID spectrum simulation (see ref. [24]).
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4 .6  4 .4  4 .2  4 .0  3 .8  3 .6  3 .4  3 .2
ppm

'H Chemical Shift (ppm)

Fig 5.4b The ID experimental and simulated spectra of G'GXS. top: simulated 

spectrum by SIMPL; middle: resolution enhanced (by maximum entropy method) 

experimental spectrum; bottom; experimental spectrum.
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Fig 5.4c The separately simulated results of four coupling networks of G’GXS, and

the summation of all four parts (bottom).
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Fig 5.5 The convergence performance of SIMPL. The Hamiltonian matrix of a

fourteen-spin coupling network has been dlagonalized after 48 iterations of Jacobi
o

rotations. This Is equivalent to 4096 Jacobi rotations on this 16384 matrix in each 

iteration, if it is done by the Jacobi method.



lo
gr

ith
m

 
of 

cpu
 

tim
e 

in 
se

co
nd

s
77

10

8

6

4

2

0

number of spins

Fig 5.6 A comparison between SIMPL and a Jacobi dlagonallzation program on a 

microvax-II computer with 9MB board memory.
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the running time includes the data input overhead processing time, 

which varies from time to time under the ordinary m ulti-user, 

m ulti-task operating environment, still the relative relation between 

th e  runn ing  tim e and the  sp in  num bers coincides w ith the 

estimation of the computing load of the two methods.

§ 5.4 Interactive Assignment

Fig 5.7 is an  example of using SIMPL(3D) as an  interactive 

assignm ent tool. From the published d a ta  of Interluekin-1(5 by 

Driscoll and Clore et al[ 19,20], an  approximate 3D spectrum  of this 

153-residue peptide was created. The 1H, 13C and 15N chemical 

shift data were randomly picked up from a  simple data base, which 

also is made of the data  in references[3, 20]. The size of the 3D 

peaks were displayed as the average line w idth of the  three 

dim ensions of F i, F2 , and F3 , and a 17~61 points ovalsphere line 

shape function was assum ed for all the peaks. For the three section 

planes moving along X, Y, and Z axes, a  thickness of 10 times the 

linewidth along their moving axis was selected, and only those 

peaks within these planes were displayed.
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Fig 5.7 Interactive assignment by SIMPL (3D) on E&S PS390 system. The 3D COSY- 

COSY spectrum Is displayed at the upper left comer. Three 2D sections at upper right, 

lower left, and lower right comers are X, Y, and Z sections, respectively. X, Z or Fi,
1 13F3  are H frequenciy axes; Y or F2 is C frequency axis.



Fig 5.7 (Cont.) The same spectrum as on the previous page, but as the cursor moves, 

the three 2D section planes are moving simultaneously, showing the different 2D 

slices of the 3D data set.
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Com pared w ith  th e  experim ental d a ta , however, th ese  are 

equivalent to a  m uch  better digital resolution in a t  least one of the 

th ree  d im ensions. Since no experim ental d a ta  o th e r th a n  th a t  

prev iously  p u b lish ed  w as available, th is  com parison  is only a  

symbolic one. With such  a  prem ature sim ulation, the only purpose is 

to show  th e  practicality  and convenience of th e  3D sim ulation by 

SIMPL. It n o t only provides a  tool for interactive assignm ent, b u t 

m u ch  m ore im portantly , it provides an  in terface betw een a  3D 

sp ec tru m  and  th e  m olecular m odeling program  a s  well. W ith a  

m odeling program  to  m an ipu la te  th e  coord inates of th e  atom s, 

th rough  th is  interface one can  see the  real-tim e changes of the 3D 

spectrum .
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Summary

As nm r spectroscopy is becoming more and more im portant 

to the research  of molecular structu re (especially in  the solution 

environment), there grows a  dem and for an  efficient approach to 

predict nm r spectra of several candidate structures of an  unknown 

molecule, or of several different conform ations of a  biological 

polym er w ith  known prim ary s tru c tu re , and  for in teractive 

comparison with experimental spectra. This work is targeted to this 

purpose. By a  novel rearrangem ent of the state functions of a  spin 

system into a  special sequence, the system's Hamiltonian matrix will 

appear in a  highly symmetrical pattern, in which all the non-zero 

elem ents reside a t positions w hich are  precisely predictable 

throughout the entire process of matrix diagonalization. Therefore, 

the diagonalization can be done by updating the values of all these 

elem ents according to a  group of recursive formulae. Since the 

m atrix  transform ation  and m ultiplication are replaced by one 

dimensional array  processing, m uch larger systems can be handled 

compared with the ordinary method. Furtherm ore, according to a
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quan tita tive  ana ly sis  of th e  erro r in troduced  by ignoring the 

observable combined lines in  the ID spectrum , situations have been 

recognized  in  w h ich  th e  en tire  sp e c tru m  can  be safe ly  

approxim ated by Single Spin Single Q uantum  T ransitions (SSSQT) 

for m ost p ractical applications. This approxim ation dram atically  

saves com puting tim e, and  the saving will increase exponentially 

w ith th e  num ber of sp in s in  th e  system , and  m akes possible 

interactive modification of chem ical shift and  J  coupling constan t 

values w ith in  seconds, th u s  realizing "real-time" nm r spectrum  

simulation.

Combined w ith the SSSQT approxim ation and a simple data  

b ase  m ade from published  chem ical sh ift d a ta  of peptides, an  

estim ated 3D nm r spectrum  for peptide of less th a n  200 residues 

can  be created and displayed together w ith experim ental ones. This 

no t only provides 'h in ts ' for the  m anual assignm ent process, b u t 

m ore im portan tly , i t  can  be u sed  a s  a n  in terface betw een a  

m olecular modeling program  and an  experim ental nm r spectrum . 

While the u se r is m anipulating a  m olecular model on the  graphics 

screen, the  3D sim ulated spectrum , together w ith its  2D or ID 

section  slides, can  be m onitored  con tinuously , realizing  an  

interactive com parison directly between a  changing conform ation 

and an  nm r spectrum .
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Appendix: NMR Signal Function S(t)[5]

A ID  nm r spectrum  is an  intensity function of frequency, I (go). 

It is the Fourier transform ation of a  signal function of time, S(t):

I(co) = FT { S(t) } [1]

This signal function is the tim e-dependent voltage acquired by the 

probe coil around the sam ple a t the detecting m oment, t.

According to Faraday’s law, th is  signal voltage equals the time 

derivative of the  m agnetic flux through the effective surface A of the 

probe coil:

S(t) = d F /d t = d /d t  JA B(t) da  = /a  d /d t  B(t) da  [21

w here B(t) is th e  m agnetic field created  by th e  sam ple, an d  is 

proportional to th e  m agnetization of th e  sam ple a t th e  m om ent of t, 

providing the  sam ple has the property th a t B(t) / /  M(t).

U sually the  probe coil is  designed su ch  th a t  its  effective 

surface is perpendicular to the external m agnetic field Bo, so if the
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direction of Bo is taken as the Z axis, the effective surface of the coil 

defines the  XY plane.

Since the  m agnetization M(t) is experiencing a  torque in  the 

field Bo:

dM (t)/dt = M(t) x yB0 [31

and combine [2,3], one gets

S(t) -  JA [M(t) x yBol da. [4]

Taking into account th e  fact th a t  only th e  XY com ponent of 

[M(t) x yBol contributed to S(t),

set) -  yBoJa Mxy(t)da. [5]

For a  given m achine and probe, A and Bo are constants, so

S(t) °c Mxy(t). [6 ]

As a  physically m easurable quantity , Mxy(t) can  be described 

quan tum  mechanically:

< Mxy(t) > = Tr { 2 k  (Ix + Hy)k o(t) } [7]

where the sum m ation ru n s  over all sp ins (with subscrip t k  for each), 

an d  IXk and  Iyk are  the X and  Y com ponents of th e  nuclear sp in
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angular momentum of spin k, respectively; a(t) is the density matrix 

of the spin system a t the moment of t.
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