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ABSTRACT

SOME ASPECTS OF THE NONLINEAR INTERACTION OF

LIGHT AND MATTER

by

MILIVOJ R. BELIC

Adviser: Professor Joel I. Gersten

The present thesis is concerned with various aspects of the
interaction of light with matter. It is divided into four
parts. In part I we study the comrpetition between self-phase
modulation (SPM) and stimulated Ram2n scattering (SRS). In
vart II we study a realistic model for the unstable loaded
optical resonator in the paraxial wave approximation. Part

IIT 1is concerned with the possibility of utilizing optical
power to directly drive a refrigerator. Part IV is concerned
with the nature of the energy band structure of solids in an

external laser field.
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N.1 Introduction

The present thesis is concerned with various aspects of
the interaction of 1light with matter. Tt is divided into
four parts. Parts I and 1I1 are concerned primarily with the
nonlinear propagation of electromagnetic waves through
matter. Part IIT is concerned with thermodynamic questions
pertaining to the propagation of light through matter. Part
1V involves the question of how matter is altered when it is

subjected to a strong electromagnetic perturbation.

In part T we study the competition between self-phase
modulation and stimulated Raman scattering. Aside from the
intrinsic interest in these mechanisms, per se, they are
important because they 1limit the ability to design high
power lasers. An understanding of the systematics of these

effects is cruicial to the optimization of laser design.

In part IT we study a realistic model for the unstable
loaded optical resonator in the paraxial wave approximation.
An analysis of this kind is important 1in the theoretical

understanding and numerical handling of high power lasers.

Part TTI is concerned with the possibility of utilizing
optical power to directly drive a refrigeratior. 2 solar
powered semiconductor heat pump device is proposed, based on

the combination of photovoltaic and Peltier effects.



Part IV is concerned with the nature of the energy band
structure of solids in an external laser field. We
investigate the mathematical nature of the spectrum, with
the goal of obtaining realistic band structures to be used
in calculations of optical and spectroscopic proﬁerties of

solids.



CHAPTER 1. Combined SRS and SPM

1.1 TIntroduction

Two effects of interest in understanding the
propagation of intense optical pulses through matter are
stimulated Raman scattering and continuum self-phase
modulation. Both may be categorized as a third order nonlin-
ear optical phenomenon, and their theory is well establishegfo

In a 1light scattering process, a photon at w, is
absorbed and a photon at (J, is emitted while the material
makes a transition from the initial state ¥, to the final
state ‘Vf . The material excitation involved can be an
entropy wave (Rayleigh scattering), a pressure wave
(Brillouin scattering), a phonon, magnon, plasmon or el-
ectronic excitation (Raman scattering), a concentration var-
iation (concentration scattering), etc. The transition
probability(S> per unit time per wunit volume from“ﬂ
to Wg can be obtained from a perturbation calculation
and 1is proportional to m, ( m, + 1) » where m, is the

number of photons in the incoming radiation mode, and m,

is the corresponding number in the outgoing (scattered)
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mode. Spontaneous scattering corresponds to m, = 0 and
stimulated to m, # 0 . Here we shall limit our discussion to
stimulated Raman scattering (SRS) with optical phonons.
Since the Raman gain is usually very small, SRS can only be
observed with a high-power laser beam. It has, however, been
seen in some liquids at a much lower power level. In these
cases SRS is actually initiated by self-focusing of the
laser beam, and the apparently lower threshold corresponds
to the self-focusing threshold(&z) It was combined nonlinear
action 1like this one that prompted our attention. However,
a general, unified theory of transient self-focusing and SRS
turned out to be a too tough nut to crack. It requires a
solution to the coupled system of nonlinear differential
equations which include transverse derivatives as well as
longitudinal derivatives. Therefore, we decided to tackle in
this chapter only some aspects of the combined action - like
the effect of self-phase modulation (SPM) on the ©SRS. Some
preliminary analysis of this problem has been carried out by
the Soviets(7% but within a different context and without
too many details. A similar problem has been addressed by

(2)
1. in 1970. However, their procedure was

Carman et a
numerical and simplified, in that the effects of laser-pump
depletion and saturation of the material system were

neglected.

Physically, self-focusing may occur when the refractive

index n of the nonlinear medium increases with the beam
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intensity. Consider a laser beam with Gaussian transverse
profile propagating into the medium, as in Fig.l. The
central part of the beam sees a larger refractive index than
the edge and therefore propagates with a lower velocity.
Consequently, as the beam traverses the medium, the original
wave front gets more and more distorted - the central
portion lags behind. Since the rays should propagate in a
direction perpendicular to the wave front, the beam appears
to focus itself. A beam with a finite cross section will of
course also diffract. Self-focusing occurs only 1if the
self-focusing action 1is stronger than the diffraction
action. Otherwise the beam will still diffract , even though

the diffraction would be weaker.

In order to account for the transient nature of the
process, assume our beam to be a strong, short pulse (Fig.
2). Qualitatively, the leading edge of the pulse (section a
in the figure) sees only a small induced change in the
refraction index 4an and shows weak or no self-focusing,
but it affects strongly the self-focusing dynamics of the
lagging part. The next part (section b) sees somewhat
larger An and accordingly diffracts not as strongly. The

An induced by the front part is then large enough to cause
the 1lagging part (sections c—-f 1in the figure) to self-
focus. However, as the beam propagates on , it sees a
gradually decreasing An because the front part has

diffracted. As a result, self-focusing of the lagging part
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tends to be more gradual. 1If no other strong nonlinear
effect were to suddenly cut off the self-focusing action,
diffraction from the focal region will also be gradual,
leading to a long focus. Knowing how the various parts of
the pulse propagate in the medium, we can find how the
transverse profile of the pulse gets deformed during
propagation. This is sketched in Fig. 2. where we assume
there is a limiting diameter for the focus. It is seen that
the pulse is quickly deformed into a horn shape. Obviously,
the neck of the horn sweeping along the axis 1leads to an
intense filament and the strong phase modulation acquired by
the neck gives rise to large spectral broadening. Both fil-
ament and spectral broadening are characteristics of

(8)

picosecond transient self-focusing "%

As our strong optical pulse traverses the medium,
energy 1is transfered from a primary mode, which is at the
laser frequency, to other modes of the system. Tn the case
of stimulated Raman scattering , the shift in frequency tak-
es place in units of the vibrational €frequencies of the
medium. Thus, the primary mode becomes depleted and various
Stokes modes are intensified. When spectral broadening
occurs, it occufs in a quantized manner. In the case of
self-phase modulation , however, the repopulation of *the
spectral intensity takes place in a more gradual manner. Due
to the nonlinearity of the medium, the pulse heterodynes

against 1itself and gradually increases its spectral width.
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There is a continuum of frequencies produced 1in this

process.

Since both the stimulated Raman scattering and self-
phase modulation spread the spectral width of the pulse, one
can ask the question if they occur independently of each
other or if they compete and interfere. Clearly, if the SRS
effect is effective in transfering energy to the Stokes
branches very rapidly, SPM will not océur to any significant
extent. On the other hand if SPM is the dominant effect, a
Stokes shift of the primary mode must be replaced by a
Stokes shift of a broadened primary mode, and the spectrum
will 1lose 1its discrete character. Thus the two effects
influence each other and should be studied simultaneously.
Our goal here will be to calculate the extent of this
interaction in various limiting cases.

(9)
In the next section we introduce a simplified model

which captures the essence of both processes. We will limit
our attention to one dimensional propagation, even though
the transverse character of the pulse is needed for a more
complete theory (such as one which would include self-
focusing). Likewise dispersion effects will be neglected, as
these mainly affect the spatial evolution of the pulse. A
number of other simplifying assumptions will be made to

bring the equations to a tractable level.



CHAPTER 1. Combined SRS and SPM

1.2 Theory

The system of interest consists of an electromagnetic
field 1interacting with the molecular vibration (phonon)

field of a liquid. The appropriate Lagrangian density is

T o

¥ = €E-B _,'_z‘*\-@\"_ @1(;:1 (1.2.1)
8 2,

where E, B and Q are the electric, magnetic and phonon

fields respectively. The phonon frequency is denoted by

8, its effective oscillator mass by dl , and 1its group

velocity 1is taken to be zero. The dielectric constant is of

the form

€=€°+€2~E?‘+X@\ (1.2.2)

where &, is the nonlinear coefficient and ¥ determines
the coupling of the phonons to the electromagnetic field. In
this analysis dispersion effects will be neglected, s0€,

is simply a constant. Linear polarization will be assumed,
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with the electromagnetic potential A and E along x—axis
and B along y-axis, z-axls being the propagation direction.
The vector potential is assumed to be the sum of a laser
pulse at frequency <,

and a Stokes wave at frequency (W= W-& -

dkiz-wit) (k2 - wit)
a, e + Q, + C.C. (1.2.3)

We neglect the anti-Stokes and higher order Stokes waves.
Furthermore, let the phonon field be described by

‘ (k,z-2t)
Q=9¢E + C.C. | (1.2.4)

The wave vector of the phonon is such as to satisfy the
phase matching &1='kw‘&m . The amplitudes a,, a, and ¢q
are assumed to be slowly varying functions of space and time
and the variation of these amplitudes in the transverse dir-

ections are neglected.

Several approximations are made which reduce the
problem's complexity. We insert Egs. (3) and (4) into Eq.
(1) and eliminate those terms which oscillate rapidly. We
also discard those terms 1in the Lagrangian which are
quadratic in spatial and/or temporal derivatives. Since
ezElund ¥Q are likely to be small, we shall eliminate terms
involving these parameters when they multiply derivative

terms. These approximations will be justified later. It
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will finally be assumed that &/yp, << 1 , so W, = W,y =

Ww. The Lagrangian density then becomes:

x_ gr{ l‘leow IMI‘_Q 0.,-1—0,_02_] LlhI,M[Q Q‘+a,_a.2_]

l«X‘u) Re(idz Zﬂélm(ﬁ.i*) (1.2.5)

N Llouf* sty + 4 ladllazl’]\I ;

where primes denote spatial derivatives and dots denote time
z
derivatives. Use is made of the dispersion formula &. =

2
é&&l. The Euler—-Lagrange equations of motion yield
2

CL‘-\—U’OL\ _LKF:"M (IO\\+2M1|)O+ ‘ia] . (1.2.6)
. ' 362‘-03( 2 1 TwW ¥
O—L“'UQI-—L[-—é—oE{ le\-\'Z\C\‘\ )qz'\' '3_—6';9, Q(] " (1.2.7)

and

2
. L _Jw a; a,
83\“@4(‘.‘%

20
{

(1.2.8a)

where v = c‘/{é; . Let wus introduce a phenomenological
damping term into the 1last equation to account for the

. . . < s A
dephasing of the molecular vibrations due to COlllSlonS( ).
Thus Eq. (8a) becomes

2

. . W X
= Q, G . 2.
9+lg =« PR 2 & (1.2.8b)
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Equations (6), (7) and (8b) are the fundamental equations of

“Z). We notice three types of terms appearing on

interest
the right hand sides of Egs. (6) and (7). The first term
produces self-phase modulation. The second term we shall

03). The third

refer to as the cross-phase modulation term
term is the stimulated Raman—parametric driving term. Thus,
in solving Egs. (6)-(8) we shall be studying the

competition and interplay between these three nonlinear

phenomena.

Let us introduce new dependent and independent var-
iables and cast these equations into a more compact form,

i.e.

5= (%)

) (1.2.9)
3 r' E’ ]
“ hd (1.2.10)
Yo Jw ,
27 ¢, (1.2.11)
367_(&\3
- r’eocl ? (1.2.12)
*rw?
= . (1.2.13)

T leTpde.r?

The equations (6)-(8) reduce to
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I Ay = L{{sba.\%l\az\ﬂ o, + ¥F QZ} .)

(1.2.14)

. T 2 *
Q= L{()’\-_\Qz\”‘\q‘\ L Q\} ’ (1.2.15)
P+ P = (dara, . (1.2.16)

The boundary conditions at z=0 are: the input laser pulse g

is given by

Q‘(S,W)lq = F(3) , (1.2.17)
, -0

and the Stokes wave a, s is due to noise

CL,_(S,“D\ = (%) | (1.2.18)
=0

4
In principle we can also specify a boundary conditiog for

¥, but this is unnecessary. The energy/area in the input

pulse is given by
U=—9—-S—E_iol.’c=—‘oi‘S\F\zo\'E (1.2.19)
4 25 ¢ T

For the special case of a Gaussian pulse

Fes)y =R exp|-(¥re) ] (1.2.20)

where © 1is the pulse duration and F, is the amplitude of
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the vector potential (F,=cEc/w ). Combining Egs. (19) and

(20) gives
] (102021)

A formal integration of Eq. (16) leads to
5 ! % ! ? Sl_‘g
‘3(‘5,‘U=L8333 &, (3)a, (3N E . (1.2.22)
=00

Let us now assume that the time scale over which a, and a,
vary 1s long compared with the phonon relaxation time. Due
to the exponential in Egq. (22) we then get the main

contribution to the integral from the vicinity %¥x% so
F(3,M) ~ L&af(%,n)a,(ém . (1.2.23)
Eqs. (14) and (15) become
Q= L(sl\oh\z-\— Q.\Q,,\"—XQ\— ) \Ql\la\ (1.2.24)
and
IOy = L(s[\%\z*-lmdﬂ%+5’\o,\1q,_ . (1.2.25)

Let us express the field amplitudes as

o= \s €°¢' . (1.2.26)
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0y =\'8, e e

Then we find for the phases

"

cbl =SP°"’L’ (e, +28)

o

and

1

$, = Jpav(oar2e) .

o
twice

(1.2.27)

(1.2.28)

(1.2.29)

The cross—phase modulation term broadens/\?s fast as the

self-phase modulation term. The magnitudes

(5)
Volterra-Lotka equations:

B"L?| == 28 g\?z

and

.b'flgz = 25 Slgz

which describes the predator—-prey relatioship

satisfy

the

(1.2.30)

(1.2.31)

between

the

Stokes and incident pulses. These equations are solved by

first noting that the sum of §) and &, is constant:

O+ Sy = Fo(2)+ §%(%)

(1.2.32)
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Then dividing Egq. (30) by §, and Eq. (31) by & and

subtracting gives, upon integration

gn(iz) =2JQ[F1(S)+§1(S)]+.2.@V1(—§.—) ©(1.2.33)

Ly
Hence

g F?.+ _§‘L

L= (1.2.34)
| + (—g—) 6xp\:2&q F-\-‘Ql)j
and
Fi &
€, = . (1.2.35)

F \* T
| + (T- ) expE?_éq(F 4 )]
Egs. (26)-(29) and (34)-(35) provide an analytic solution to
the problem. The intensity of the incident pulse decays
while the intensity of the Stokes wave 1is parametrically

(16)

amplified and ultimately saturates .

Let us restrict our attention to the case where

91(( ?‘ . Then

¢ ~ F (%) , 1 2.36)

and

g, ~ gzex‘o Y_Z&LF”@;)} , (1.2.37)
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SO
a7 FA(%)
a,(s)=F)e? , 2. 38)
(ap-i8yn FA (5
a,_(i.'l):{f(‘s\ec(ip tern s (1.2.39)

which we will use in the evaluation of the spectral char-

acteristics of the process.
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1.3 Results

In this section we present some theoretical predictions
and results which are then applied to a specific'example.
The frequency spectrum of the electromagnetic field 1is

propurtional to

ot

T w) =‘ Sd%{a‘euw—wﬂ “ro,e (1.3.1)

The two terms will contribute independently, since F and £
are incoherent. We shall focus our attention on the Raman

term first. From Egs. (2.40) and (2.20) one obtains

(e 2] e 9 N
Tk= } 80\3 Smexpifpd) Ffeu /r‘65+ (W-0+2) %] . (1.3.2)

Let us neglect the time-dependence of £ and expand the exp-
onential in a power series:
1
(W, v2)F
__——_———_

6o Fraeoasis 1" - 2
1 =l§°€z"——""‘° — 12 A (1.3.3)
R = .
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For large " the important contributions to this sum stem
from 1large values of n, so the sum may be replaced by an

integral and Stirling's approximation may be employed. Thus

.._‘ S-ﬁ‘é’\" dn eXPH(n) Gl vyZ]\l | (1.3.4)

an
where

cp(n\-;n—nbnnmbv{uw}up- tcﬁ} : (1.3.5)

The point where ¢> is maximum is given by
. 2 .g
Moo= M F (Lp-4 ) (1.3.6)

We first assume that the frequency shift satisfies the

inequality

o2
\ (w-wW\+3) & & \n.

) (1.3.7)

N,
so the second term in the exponential 1in Eg. (4) may be
neglected. Then, £from the method of steepest descent, we

find g
qSF,

2

1
5w (sre) L €
X’R:—— ( F°> 'YL \Iq(g._\_é,_' (1.3.8)

For frequencies such that Eq. (7) is not satisfied, the
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intensity is highly supressed due to the second exponential
in Eq. (4). In this limit we are probing the far spectral
-wings of the pulse and the spectral intensity drops rapidly.
Thus the Raman spectrum is predicted to be rather flat with
its intensity given by Eqg. (8) and a half width

. FZ
A“”R:rm - lap=d*) ‘ (1.3.9)
= \i 1.3.

For pulses of constant energy per unit area we see from Egs.

(2.21) and (9) that the Stokes width varies as the inverse
square of the primary pulse duration. The broadening is due
to a combination of the cross-phase modulation and the Raman

terms.

Next let us examine the first term (laser) in Eq. (1) .

The analysis proceeds along much the same line, and we find

T = T8y (1.3.10)

for frequencies such that

R
2 21(N\F
-~ = (1.3.11)

A = w0

and .IL drops rapidly for frequencies greater than this
value. This 1is the conventional self-phase modulation

result.

In summary the theory predicts that the primary laser
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pulse will undergo self-phase modulation . The Stokes pulse
will be parametrically amplified from the noise. The Stokes
pulse broadens due to a combination of cross—phase
modulation and Raman parametric amplification. The spectral
pulse widths increase as the pulses progress down the f£luid
and grow dramatically as the duration of the pulse is
shortened. Theory predicts a ratio of the Stokes spectral

width to the primary spectral width given by

w 27 Y
L9R ] g Y_\-k- (g/ng 1} - (1.3.12)

AIUL

Thus by the time self-phase modulation has broadened the
primary pulse to the point where it overlaps the Stokes
line, little trace of a distinct Raman Stokes line should be

observed.

As a numerical example, 1let us compute A&Wp and
for two typical 1liquids, CS and ethanol, in the field of
Neodynium glass laser. The parameters relevant to such a
system are tabulated 1in Table 1, along with the computed
values of Awg and AW,. These values should be read-

ily observable in an experiment.
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values)
Quantity vValue in c.g.s. units
€S,

€, 1.7

€, 107tt

W 3.6x10-% (1.9x10%cn™ 1)
o 1.2x10"* (636 cn™1)

M 1.3

o 9.4x10%%(.5 cn™ 1)

Y 106 (estimated)

T 6x107 12

F. 1

v 2.3x10%0

z 10
‘SQ)R 3.8 x10l5(1,9x104cm—l)
AW, 13.3 x10%%(7.1x10%em™t)

Parameters for liquids in a typical laser field (estimated

ethanol

1.3

10-12

3.6x101° (1.9x10%cm™ 1)
5.5x10%% (2928 cm™1)
.81

3.4x10%%(18 cm 1)

6

10~ (estimated)

6x10” 12

1

2.6x10%0

10 a
4.4 x1014(z.zx£o3cm‘l)

1.5x10'3 (810 om™}y
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Figure captions

Figure 1. Sketch showing the distortion of the wave front and

self-focusing of a laser beam in a NL medium.

Figure 2. Sketch showing transient self-focusing of a laser

pulse in a NL medium. Such a focusing is always ‘accompanied
with a broad phase modulation. Different parts of the pulse
(a,b,c, etc.) focus and defocus along different ray paths.
The pulse first gets deformed intola horn shape and then.

propagates on without much further change.
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Figure 1.
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CHAPTER 2. Unstable Resonators for High Power Lasers

2.1 TIntroduction

Optical resonators are needed for three principle (and
related) purposes:
(a) to build up large field intensities at specified
(resonance) frequencies,
(b) to act as efficient energy storage devices, and
(c) to act as spatial and frequency filters.
The chief difference with lower frequency resonators is that
at 1longer wavelengths it is possible to restrict the number
of resonances to one or few by choosing cavity dimensions
comparable to the wavelength. At optical frequencies this is
not feasible - an enclosed optical resonator would contain
billions of modes per unit resonator volume. Thus special
techniques must be 1invoked to suppress unwanted optical

modes. The simplest one is the use of open resonators.

The earliest proposal for using open resonators seems
. ) (2
to have been that of chké . Schawlow and Townes )suggested

in their original laser article that such a resonator will



discriminate heavily against higher-order transverse modes.
The initial paper on unstable resonators by Siegman in 196563
asserted that "there are ... good reasons for believing that
..+ unstable resonators will be of practical utility in
laser applications". A subsequent paper in 1967 lisﬁed
three of these reasons as:
(a) large mode volumes,
(b) adjustible diffraction output coupling, and
(c) substantial discrimination against higher order transverse
modes. '
Typical examples of a stable and an unstable optical reson-
ator configuration are 1illustrated 1in Fig. 1. The stable
resonator, whose mirror configuration corresponds to a
stable periodic focusing system has a 1long slender
Gaussian-profile 1lowest—order mode whose diameter is
generally 1less than the diameter of the laser mirrors
themselves. Since the area ratio of the laser medium cross
section to the lowest-mode <cross section is of the same
order as the Fresnel number Ng r the 1lowest-order mode
will extract only a fraction 1/N¢ of the energy available
in the laser medium. Consequently, if the Fresnel number 1is
much 1larger than unity, the laser must oscillate in a
sizable number of higher-order modes in order to exctract a
sizable portion of the energy from the laser medium. This is
hardly desirable from the frequency selection point of view.

The lowest-order mode in the unstable resonator, by contrast

fills the entire cross section of at least one of the laser



mirrors, however large it may be.

Some predecessors of the unstable resonator concept
include the ball mirror resonator of Okay;s), a proposal by
Mollenauer et al. to use a divergent mirror at one end of a
ruby rod, etc. LaTourrette and colleaguescofirst introduced

the important concept of diffraction coupling. Fox and Li

in one instance applied their Huygens integral method to

. . . (
calculate the losses of some unstable mirror configurations.

The most widely wused - confocal or telescopic unstable
resonator was introduced by Anan'ev et al. and by Krupke
and Sooy(m). Very significant contributions to unstable
resonator understanding, both conceptual and experimental
have been made by Soviet workers, notably Anan'ev, as

. . . . X (1
summarized in his review article . Another excellent

In this chapter a numerical analysis of unstable loaded
optical resonators is presented. An analysis of this kind is
very important in the design and construction of high-~power
lasers. We carried out our analysis on a resonator model
which closely resembles the actual experimental situation.
The model 1is depicted 1in Fig. 1. Tt is a positive—branch
confocal three dimensional resonator with square mirrors.
The 1laser output 1is taken as a diffraction-coupled beam
passing around the smaller (output) mirror. Between the

mirrors is the gain medium which we treated in the thin-

12)

. . . . . (
review article on unstable resonators is written by Siegman,



gain-sheet approximation. In this approximation the gain
medium is broken into a number of gain stations. The
propagating field as it passes through these stations 1is

modified by the appropriate gain formula.

The propagating field is a solution to the wave
equation in the paraxial approximation. Actually, a system
of wave equations for the forward and backward fields 1is
solved simultaneously using fast Fourier transform (FFT)‘
methods. Both forward and backward fields figure in the gain
formula, which couples the wave equations. We let the main,
forward field repeatedly bounce off the mirrors, constantly
modifying it €for the gain, until it stabilized into a
single-mode oscillation. This stabilized field distribution,
as it passes the output mirror, is shown in Figs. 2, 3, and

4 for various sets of parameters.

In review , the propagation c¢ode which we have
developedaaéontains the following new features to obtain an
accurate resonator field distribution.

(a) A continuous Fourier transform (CFT) algorithm is used
in place of FFT to propagate from the small mirror to
the gain medium. This step is crucial for sharp edge
mirrors.

(b) We have reduced the core requirements by an order of
magnitude by simultaneous integration of forward and

backward waves and by use of the symmetry of the

problem.



(c) A modified gain formula is used to include interference
between forward and backward waves. The numerical results
indicate that the interference effects exceed 10%.

The propagation code is sufficiently modest in core and time

requirements to be run on a DEC 10 computer.

This chapter is organized in the following way. Section
2 presents the theoretical background - paraxial wave optics
of the laser medium with homogeneous bfoadening. Section 3
introduces the resonator model to be dealt with. In section
4 an earlier attempt on this problem is presented. Firstly
we tried to use standard difference methods in solving the
wave equations at hand, and we encountered problems we could
not overcome. However, we kept this difference code as an
independent check on the one-dimensional fast Fourier ﬁran—
sform methoq which we used later. In section 5 the new FFT
algorithm is developed and applied to the full three dim-
ensional case. In this, central section all facets of the
problem were addressed. Finally, in section 6 we discuss

results.
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(14)

2.2 Theory

The conventional starting point is the Maxwell

equations
e E = Lwop H
ity . —
PwxXH = ~tw e, RE
(2.2.1)
S (®E)=¢ , ¥ H=0 (2.2.2)

for a monochromatic wave varying as exp(-iwWwt). ¥ 1is the

dielectric coefficient,

= <€ L @
KR = /éo 4 /Loe,, (2.2.3)

From Eg. (1) and (2) it follows

- T -
Yex(3pxE) = <%> »wE (2.2.4)
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- the wave equation to be solved.

-
Let us represent E as

- == . hz  —
E=ET+2EZZ—=-€ (F.‘.-\-ZF?_) (2.2.5)

so that the wave equation becomes:

L d

3% (3% Ty R RR) N F 0L R 200, e+ B = ()0 B

S (%) ke F 35 R, =(2)%F, (2.2.6)

1f we are concerned with Gaussian~like beams, then there 1is
some characteristic width W, in the transverse direction.

For such a beam there is also a diffraction length 1,
L=kw? (2.2.7)

which is a characteristic length in the 1longitudinal dir-

ection. Accordingly, we proceed to scale Egs. (6). Let

X=We® | y=w,M , z= L& (2.2.8)
Call
C . (2.2.9)
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Then

(g Far SaR+iF) - Fe -0 - 2183 F =

= 5| @)~ 1 wiF

3 e f )+ iHpF- Sk = S rw R | 2.2.10
where
-\ET(?T,Z\—# %(5,?3 , B, )~ F(S,8) , (2.2.11)
and

dg = §33+ 931 . (2.2.12)

Let us consider a homogeneously broadened two level laser

amplifier medium with @ =0 and

e, = |+ gk = \x 9k 'm(I) (2.2.13)

%

|+ +1

where ¥R is the linear dielectric constant, kﬁ&ﬁlﬁg-,Sl=&£§g&£
ab

is the detuning parameter,yﬁb is the homogeneous linewidth,

g is the on-resonance signal gain per meter and I 1is the

field intensity. For this model Egs. (10) reduce to

W Fr R+ - 53R - -2080 R = S9UM R



2.2 Theory 35

5335(32’%\*‘&'3'3?‘??— $3% Fe= [H- &zglm] F (2.2.14)

Since f << 1 always, let us expand the field in powers of

f. Only alternate powers are found necessary :

= 2o, 2T W Y. 3
R=F +§ K +. ) F§=§\:§U+§ Fem+ o (2.2.15)

In the lowest order Egs. (l14) become

2 T = (0 £ (0
BE 4 +2LB§F€° =—'ng0 F.%' 3
(Ve = (2.2.16)
where
- = oy (T
L= —D-: = m(\{-‘t“\ ) (2.2.17)
I+ Q0+ T°

is the form appropriate to homogeneous broadening. 1In the
unscaled variables Egs. (16) read

2 "(

. _ =( = (®
S EC L = gRm BT

m LN B © (2.2.18)
E = "')T'F'T' '

These are the wave equations in the paraxial approximation.

With no loss of generality, let us look for plane polarized

solutions of the form
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(S~
. (2.2.19)

o= Y

equations follow, for the

When we use this in (16a), two

real and imaginary parts

a%fp-urgsf@légs Y = -QL(Remo) @ |

2(353-25‘)@74-}%3¢+265$=-9L(Im M,) “? . (2.2.20)
If we take scalar products with ;7 we obtain
6%931+D§S =9l Rem, + aé%q; $ \ (2.2.21a)
which is the eikonal equation, and

(2.2.21Db)

Ve ($528) =3¢ = -9 (Imm.) YT,

which is the energy transport equation. Rays normal to

surfaces of constant phase obey

ds _ <=
a8 =% S ’ (2.2.22)
so that if U is any function of ? and & , we have
A3
(2.2.23)

dv i.égu + 35U = 37823 U+ 3V

—
—

o s

w



2.2 Theory 37

and also

a’s
'3‘51 = (3253%)Es + 3 (3 S) =

2 2 }
1 - - - \ - -
E%a(ws)+1§z(kssﬁ]=5&\1@%‘3%%531 ©o(2.2.24)
2
Using these formulae and W =1 and cylindrical coordinates
(axial symmetry assumed), we obtain for the eikonal, energy,
and ray equation

2 _ :
(eS)+23S =L Re m,(I)+ ;ﬁég‘(eégﬁ )’

-‘é-ze(lgégﬂ-\-}gl =-gLI Imm.(T) , (2.2.25)
de
a‘?‘ =B?S Y

As an example, let us solve Egs. (25a) and (25b) for an
empty spherical resonator. Then m,(1)=0, and assume §§?==Qfé§
,0,0), the field polarized in x-direction. Exact solutions

may be written as

2

-
- = - 2
SQ—R(g) (28+1) tan 2§ | (2.2.26)

.-_z_g_ 2 2_91
I, = | e L¢<w:.> 2 (2.2.27)

where
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2 (g)
Wi E)= |+ @25) , R(S)= \-M—Q%— (2.2.28)

and L,(x) are the Laguerre polynomials. The ray equation

becomes

ds 489

——— —

g |+ (26} > (2.2.29)

which yields the hyperbolic rays

S = So\[1+ () , (2.2.30)

where S, is the radius of the ray at § =0.

For the resonator with an active medium we must go to
the numerical investigation. Before going into details of
numerical methods applied, let us cast Egs. (25) into a more

convenient form. Introduce a set of new variables:

Kz nl ,Z=9l§=78 (=¥ ,é'—::ébys (2.2.31)
After some algebra, the equations become

K Tmm. (k) -2Edgl@2) |

dZ

de _ __»2

A=z- C+d2aP | (2.2.32)

P= Rem, + eBQsQKﬂ)sQKHQ}’;K]
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A8 __oeqe
az

These are the equations in the moving frame, Q=Q(Z). In the

fixed frame Q is Z-independent and equations get the form
3K =-TImm, -2e(3q(00) +Q2%K],

d286=dyRem, +€BQ[(QEQK+2)3GK+2Q3§K—Qé‘] , (2.2.33)
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2.3 Resonator Model

In this analysis of unstable resonators our purpose is
twofold,
(a) to further the theoretical understanding and numerical
handling of unstable resonators, and
(b) to explain, at least qualitatively some of the available

experimenal data.

Naturally, to this end, the resonator model chosen here
will resemble as closely as possible the actual experimental
setup. We will consider an open three dimensional wunstable
optical resonator consisting of two spherical mirrors
coaxially placed at a distance d appart. The mirrors are
rectangular in shape and unequal in size. Arbitrarily, we
set the smaller one to be on the left-hand side and convex,
with the radius of curvature R, < 0 , and the transverse
dimensions a, and b, . Correspondingly, the other, larger,
RHS mirror is of the radius R, > O and transverse

dimensions a, and bz . In between the mirrors there is
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either an active, lasing medium or vacuum (bare resonator).
The active medium is chosen to extend from the distance d,
away from the small mirror to the distance d, away from
the large mirror, its thickness being d-(d, + d,). If only
one transverse dimension of .the mirror is mentioned (eg. a
or a,), we will have a square mirror in mind, without

explicitly saying so.

The unstable resonator is a divergent periodic focusing
system - the lowest order mode expands on repeated bounces
to £ill the entire cross section of at 1least one ‘of the
laser mirrors, however large it may be. The laser output is
taken as a diffraction—coupled beam passing around rather
than through the output (small) mirror. As of the present
day situation, it seems that the "unstable resonators have
proven their wusefulness and utility in laser applications,
based on the following facts : Unstable resonators
(a) can have large mode volume even in very short resonators,
(b) can have very substantial discrimination against higher-
—~order transverse modes,

(c) provide e2fficient energy extraction from a wide variety of
high-energy and high-power, CW and pulsed lasers, and

(d) allow for adjustible (large) diffraction output couplings.

It now seems clear that for any type of laser system
characterized by large gain per pass and by a large Fresnel
number, the optimum laser cavity will be an unstable reson-

ator =~ it provides the best practical method for nearly
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complete energy extraction from the laser medium, combined
with high beam quality and a practical resonator structure.

(15)

Let us define some basic parameters for the unstable

resonators. The g—-parameters are given with

d o

g=|-—= 4, 9, = |- — (2.3.1)
' Rl 2 Rz
In order for resonator to be unstable it must be that

9,9, <0 or 9,9, > | R (2.3.2)

o . . . (16)
conditions arrived at by a simple geometrical argument.
Another important resonator parameter arising from the geom-

etrical analysis is the round-trip magnification M,

K
M / gz} (2.3.3)

Descriptively, M corresponds to the rate of increase of the
(linear) beam-spot size in one round-trip cycle. The geom-
etrically predicted loss of the unstable resonator arises
from the output coupling of the magnified wave past one (or
both) of the resonator mirrors. This geometrical coupling
ratio is 1independent of the mirror sizes or Fresnel number
and depends only on M. For three—-dimensional spherical

mirrors it is
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C=]- ‘ (2.3.4)
Another universal parameter is the Fresnel number

LT N = %— (2.3.5)
where 1=kaf is the diffraction length connected with some
resonator mode. The most useful of all appears to be the
confocal (or telescopic) unstable resonator, primarily
because it automatically produces a ccllimated output beam.
According to the position of the common focus, the confocal
resonators are either negative-brancﬁ or positive-branch.
For negative-branch the focus is inside the resonator, for
positive-branch it is outside. The negative-branch confocal
configuration has significant practical advantages 1in the
form of more easily obtainable shorter—-radius mirrors and
easier mirror alignment tolerances. However, the positive
branch resonator seems to be universally employved in
practice because the internal focal point in the negative-
branch case leads to unacceptible difficulties with optical
breakdown. In this analysis we will be mainly interested in

the positive-branch confocal unstable resonators.

Since for the confocal resonator with spherical mirrors

Ri+R, = 24 (2.3.6)
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it follows

R2
M=-__R_\ 5 (2.3.7)
and
_ M+ M)
d,= Y > 9,_-—-—2—-—,\—/-‘— (2.3.8)

In order that all the radiation incident on the large mirror

be returned to the resonator, its minimal size must be

A, =Ma, . (2.3.9)
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2.4 Modified Predictor-Corrector

The system of equations of interest (2.32) or (2.33) is
a system of nonlinear partial differential equations. At
present there is no mathematical method which can treat it
analytically. Therefore we resorted to numerical methods.
The first method we tried was the Hammings modified
predictor~corrector method for solving systems of first

order differential equations of the form

Y '=%(¥,2) (2.4.1)

with given initial value Y = ¥(Zy) . Z is the 1independent
variable and Y is the unknown function vector. The version
we used was the fourth order integration procedure that
requires the evaluation of the right;hand side of the system
(1) only two times per step. This 1s a great advantage
compared with other methods of the same order of accuracy,

for example the Runge-Kutta method which requires the

evaluation of the right-hand side four times per step.
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Another advantage 1is that at each step the evaluation
procedure gives an estimate for the local truncation error;
thus the procedure is able, without a significant amount of

calculation time to choose and change the step size h.

On the other hand, Hammings predictor-corrector method
(HPC) itself 1is not self-starting; that is the functional
values at a single point are not‘ enough to get the
functional wvalues ahead. Therefore, to obtain the starting
valuesla special Runge—-Kutta procedure followed by one
iteration step 1is added. Starting HPC method requires the
function and derivative values at four equidistant points,
that is 2Z,, Zo+h, Zo+2h, Ze+3h. The values Y, and Y./=f(Z
,Yo) are specified by the input; the rest is found by this
special procedure. Thus, knowing the result at the
equidistant points Zj-%' ZJ-Z' ZJ_,, Z; the result at 2Z;,
is first predicted, then modified, then corrected. The final
result includes the predicted and corrected values. Then the
whole procedure repeats for as many steps as needed. The
difference between predicted and corrected value, which is
available at each step 1s also the measure for the local

truncation error.

The entire input of the procédure is
(a) Lower and upper bound of the integration interval, initial
step size h of the independent variable, and upper bound for
the local truncation error.

(b) Initial values of the dependent variables and the number
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of equations N.
(c) As external subroutine subprograms, the computation of the
RHS of the system is required; for the flexibility in output,

an output subroutine is required.

For better accuracy we worked in double precision. 1In
actual computations we interchangably used the system
library version DHPCG and Professor Lax's modified version
DHPCU which we found more conveniént. The results were
identical. 1In the modified version the starting procedure
is simplified, resulting 1in a faster and less core space
consuming code. The step size changing allowance has been
dropped (often you dont want to changé your step size) and
the entire code has been rewritten 1in ratfor, making it

easily readable and understandable.

As for the programming considerations, we assumed that
the number of equations is a multiple of 3. Then we reserved
the first third locations in the vector ¥ for K(Z,Q), the
second third for Q(Z) and the last third for &(Z,Q). Thus
we got N/3 transverse (Q) points, i.e. we considered N/3
rays. As it is seen from (2.32), the RHS of our system
involves derivatives with respect to Q. We needed therefore
a reasonable number of transverse points, for a reasonable
accuracy in the first and second derivatives. It turned out
that even 22 transverse points was not unreasonable. To
evaluate the derivatives we used DDGT3 subroutine from the

system library, which employs the Lagrangian interpolation
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polynomial of degree 2. It consequently uses three succesive
points to evaluate the derivative at the middle point. In
the beginning and at the end the formula is modified. Since
later on we encountered stability problems, we decided to
smooth out all arrays which are input to the ' derivative
routine. As the smoothing procedure we applied a five point
least square fitting to a parabola. We placed the center of

the parabola at the mean of these five points

—2.'-——-—‘,3(2\'*'7-2_‘\' I3+ Zy+ Zg ) (2.4.2)
Let
— 2 —
L= a(z-Z) + b(z-Z) + C > (2.4.3)
and
Z) + b(z?)
Lo =0(z-2) +blzgz) + C . (2.4.4)

The least square fitting method requires that

5 2
P=70 (5= (2.4.5)

be a minimum. ¥; are the functional points which correspond

to Z,. The minimum conditions

2P =3,P =2.P =0 (2.4.6)



2.4 Modified Predictor-Corrector 49

are then used to determine a, b and c. If we define

L= Z\"n (2.4.7
Mn= = 2, (2-2) \ -4.7)
5 =
and
{ S — L )
\)ni—‘-gz Yo (Z2i-2) (2.4.8)
L=

then the conditions are

Ha Hy Ma | [ &
My M My b =1 V, " (2.4.9)
M éA‘ C**o c Vo

which is easily solved for a, b, c.

The effect of smoothing was favorable, although the
stability problem was not removed. In the end it was this
problem as well as the difficulties in applying the
algorithm to the three dimensional case that made us change
the whole numerical method. However, we kept the ©predictor-
corrector method as an independent check on the new, FFT
method. It turned out that they agree excellently for

identical sets of parameters,
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Another related problem that we succesfully overcame
with the smoothing was the Nyquist criterion. As it is well
known, when solving a differential equation which contains,
say, a first order derivative in z-variable and a second
order derivative in x-variable, then there is a condition
(called the Nyquist criterion) on the grid increments in x

and 2z directions of the form
T
C(any 2 oz (2.4.10)

where C 1is a constant of order unity. In other words, €for
a reasonable accuracy (not too few transverse points) the
step in z-direction is supposed to be small. This, of course
makes the code time consuming, which is hardly desirable. A
suppression of instabilities introduced by the smoothing
procedure allowed wus to 1increase the constant C to the
order of hundred (for a similar number of steps) and enabled

us to propagate much further along the z-axis.

We wrote two sets of programs to accomodate both the
Lagrangian (moving frame) and Eulerian (fixed frame) sets of
equations. We run those programs both forward and backward.
As we ran from Z=0 to some Z and then backwards to Z=0, the
Lagrangian programs reproduced the inﬁut at 2=0 exactly,
while the Eulerian did not. In general, this is not hard to
explain: as the wave propagates, it expands while (in the

Eulerian case) the transverse grid extension remains fixed -
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some information is being lost. Therefore the initial inf-

ormation cannot be retreived completely.
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2.5 Fast Fourier Transform

Fourier transform (FT) 1is an alternative method ¢to
difference systems in solving differential equations. By way
of an example, let us solve the bare resonator paraxial wave
equation (free space propagation) using FT. The wave

equation for one transverse field component is given by
. 2‘ -
(2Le+3 ) P, (P8) =0 (2.5.1)

Let us take the Fourier transform of this (linear) equation

with respect to transverse coordinates

(203-92)¥,(2,8) =0 (2.5.2)
where

— 2 '“f‘

Y(g,8)= d’e YeEoe e (2.5.3)

@y

is the direct PFT, and
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o o w=b

. — . £.2
W(3 ) =SAZQ (F(Q,f)ec

is the inverse FT. We can now solve Eq.

L 2

- L't —
4,(Z,6)=C"" %(209)

53

(2.5.4)

(2.5.5)

where (ﬁ(iﬁ» is the FT of the initial field Qéﬁio) of Eq.

(1). Symbolically

3} Ty -
P En=(FTY'E T FT) %o

(2.5.6)

and if, for example, the initial field is Gaussian-like

-
‘Po(§,03=€ ,
then
_ e
5 oL 7
¥ (2,0) We ,
so that ot
- - Z(1+2c8)
_ Py 4
wED=FT)
2
Y
_ \ T w208
- |~ 2.8 .

In order to recognize the 1=0 solution from Sec.

(2.5.7)

(2.5.8)

(2.5.9)

2, wWrite
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Ltan '2¢

1+218 = 1« C . (2.5.9)

and

z ?L |

2 s e

LP@'E)--————-‘ e‘ms)‘“[\*(u)” :
oV /T

\l I+ (28)? ?

which the same as Egs. (2.26) and (2.27).

(2.5.11)

Proceeding along the same lines, let us consider the

u7)
full nonlinear paraxial equation (active medium propagation) :

(2Lh§+3§-;)w =-glm,(I¥1*) Y(s¢g) (2.5.12)
and write the solution symbolically as
§
Lies de'|, o .
LPL’e‘.ss.—.Tgez[&" +aLjme E]‘P<s’.0>=-—- U¥E0) |, (2.513

where T% is the § -ordering operator, and U satisfies

(203¢ +52§\U=-9Lmou \ (2.5.14)

Let us call

2
3

|

’ (2.5.15)
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- ] Mo
B(&'i)'—;‘-.%—- . (2.5.16)

If we look for a solution in the form

+ AS
et ot C nsan

then
i‘g =CEDT | (2.5.18)

and
Gt p et La-Srar 2.5.19)

Iterative solution to this pair of equations leads to

§
C=B+-‘,:[_A,SBd§’-§B]+--- i (2.5.20)

If B 1is a constant, the second term vanishes and the error
resides 1in the double commutators. However, this is not the

case, so assume that B(ag) is expandable in § :
BR=R(8)+B(8)5+ . (2.5.21)

Then to first order

2
C=5B- [.PUBJ‘ET . (2.5.22)
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2
Thus, the corrections in C are of order g and for[’
3 . . .
are of order § . For this particular choice of U the
second order errors cancel, which is why this particular U

has been chosen. 1If we neglect the third order corrections,

Eq. (13) simplifies to

62l gmoas etf i3z

pEn=C* T

g0y | (2.5.23)

More generally, if we ©propagate for A% , from §nto §hﬂ)

the appropriate solution is

St N
N B?:“ LQLSmodgl LM‘X

Y= T E*F WE s . (2.5.24)

This is the main working formula. Tt may be visualized as if
a sequence of three operators is acting on the initial field
Y(35,) Producing propagation of the field for A€ in the
active medium. The first operator is simply the free space
propagation for A%Q , as it might be seen by inspecting Eq.
(1) The second one is the gain correction over the whole
interval A§, and the third one 1is again the free space‘
propagation for the remaining A%Q. The whole active medium
region can be divided into some number of A§{ steps, each of
those steps having a gain-sheet in the middle. Then the
active medium propagation is broken into a number of free

space propagations for A%&, and gain corrections at the gain
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.U :
stations . The accuracy of the method presumably is better

when there are more gain stations.

Let us look into the gain.correction in more detail.
Consider some n-th step, so that the appropriate gain

factor is

Sn

G= exp -E-?ESm dg’ , (2.5.25)

fn
Since Af is assumed small, 1let us apply a simple

trapezoidal formula to the integral in the exponent

St

Sm.,(%o\ﬁ’ x o (P& A+ L Xm (PEnsn)) = ((e(em.gag

= ‘E Lmo(ﬁ\’(ﬁ.‘\) +Mo(\PL§M,ﬂ1A§ . (2.5.26)

However, W(luy) 1S not known as yet; only WGW) is known.
Therefore, at the gain sheet some iteration procedure must
be devised. The simplest one is the one point iteration:
assume in the first approximation that %}Q§WH)“ Wisn) ,
then correct for the gain, propagate freely for As& and
evaluate a new, presumably more correct value for‘Pﬁwﬂ)=H4n
Then repeat the whole procedure as many times as it 1is
felt necessary. In the actual computations, however, we
found more convenient not to do the 1iteration but to

approximate the integral simply by m,(§,)ag and take a

smaller a4¢ step. The results were very close and the appeal
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of the simplified procedure is in the saving of computer

core space .

The next part of the resonator problem is mirror
reflection. It consists of two ©parts, one being the
multiplication of the propagating field by theb reflection
coefficient and the other multiplication of the field by the
cutoff function. The order of these two operations doesn't
matter. The reflection coefficient fakes into account the
change in the phase and intensity of the field by reflection
and the cutoff function takes into account the finite size
of mirrors and introduces so-called guard bands . A suitable
choice of the cutoff function also‘suppresses the Gibbs

(19)

overshoot . The notion and reason for the existance of guard

bands comes from the following argument.

The fast Fourier transform (FFT) procedure actually
solves the ©problem of an infinite array of identical cells
located side by side with spacing equal to the full width of
the transverse grid. TIf close to the edge of the cell the
field is not zero, by doing FFT the diffracted field will
spill into adjacent cells (i.e. into itself), making the
result inaccurate and unreliable. Thus each <cell must be
separated from the adjoining cells by an adequate g;ard band

where the field is essentially zero.

Another problem connected with the FFT method 1is the

Gibbs overshoot. When a wave pattern with a sharply cutoff
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edge is sampled at discrete intervals, FF transformed and
then reconstructed by inverse transformation,

the sampled points are reproduced exactly. However,
propagation of the original function by FFT methods will
usually produce a significant overshoot on either side of
the step discontinuity. Part of this overshoot is real,
since the diffracted wave pattern includes edge-wave
contributions also. However, part of the overshoot also
represents a Gibbs phenomenon associated with the truncation
of the FT at the maximum frequency of the FFT.
Straightforward application of the FFT to the FT is
equivalent to multiplying the FT of the input wave front by
an ideal lowpass filter or a data window. To reduce the
Gibbs—phenomenon overshoot it is desirable to multiply the
FT by a data window having more gradually tapered high-
frequency edges, or equivalently to soften the sharp edge of

the original wave—-front.

Let us now derive the appropriate reflection
coefficient. Using the standard boundary condition for the

tangential components of E field, it is
E(86,2e) + EilS26) = Bl 2) (2.5.27)

at the mirror surface. E, is the reflected field, E, is the

incident field and E4 is the transmitted field. By defin-

ition,
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E,(2,2m)=ReEil82Zx) (2.5.28)
E&.(g,zm\ = S‘EE—’L(QFZ—\M) > (2.5.29)

where 2z, is the mirror site, and Rg and Tg are the
reflection and transition coefficients. Note that Tg is
nearly real, E; and E; being almost in phase. Rg is clearly

complex. As assumed in the section 2 on theory,

+ikz

E.*—; =& L\’f (e,2) (2.5.30)

where {P:%QZ) is the envelope function, slowly varying in
the propagation (% z) direction. The mirrors are assumed
spherical, and let us also assume that the 1left-hand side,
small mirror 1is placed at the coordinate origin 2=0. Then
the right—-hand side, large mirror is placed at z=d, where d
is the 1length of the laser cavity. Let us first consider
?eflection from the large mirror. Then the equation of the

mirror surface is

kA 2z z
R'= o5 + [2¢- (d-R)] ’ (2.5.31)

where, according to our resonator model we chose R pos—
itive (a concave mirror). In order to obtain the reflection
coefficient we must interpolate Eq. (27) to the Zm = d

plane where the coefficients are defined. Therefore
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=2+ 02 y Sm= 8.+ O¢ (2.5.32)

where 5Z.> 0 for concave, and é} < 0 for convex mirrors.
Furthermore , é} is an order smaller than Jz , Since we
are in the paraxial approximation, and hence it will be

neglected. Rewriting Eq. (27)
E (8n,2Zm-92)+E (8 Zm=3) =E (Sm,2-d2) , (2.5.32)

orx

_52} " —52.}2 -JZ)
e i Er(em,zm\+€ E (Sm2m)=C Et (CwmiZm) . (2.5.33)

Since the Y -functions are slowly varying in z,

i‘d’\?.m + -.tdlzm -
}zme t\) (Qm"Zm) -\--\.gle "V (P, Zm) (2.5.34)
and also
*
£ (d2m) Etk?m‘zm)z%(-hdﬂE- (S Zm)  (2.5.35)

for the forward (+) and the backward (~) propagating fields.

Therfore, at the large mirror

3 ik dz ~ikdz
ec ‘e (9m,2m)+e Elomm) = € Ee(®m2m) ,  (2.5.36)
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or

k2
E (0mzm)=- € (1= Te) E((Cmzm) . (2.5.37)

Using Egs. (31) and (32) it is possible to represent §z via

R and §, , namely :

R™= 8% + (d2-RY

(2.5.38)
and
z
3 S
Z= 9 (2.5.39)
Finally
ile 9:.
\ R
RE ""\SZE\e ) (2.5.40)
where
\RE\ =\"'TE ) (2.5.41)

Since 0 & Ty & 1 it follows 0 |IRgl € 1 also. Note that

the reflection coefficient for Y-fields, RV is given by

2:82m 2iled

qu,=‘Rge = R , (2.5.42)
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However, the round-trip condition 2&d==21r is satisfied

for confocal resonators, so that in the propagation of -

fields we can use the same reflection coefficient

?w—"—?\e'——’-ﬂ (2.5.43)

Analogously, for the small mirror
Zm=0 R =(2¢-R) +§>s (2.5.44)

where we assumed R negative (a convex mirror). Since now

dz ==2¢ >0 ,  Sm=& (2.5.45)
it is
2
= . Ss
9z = 2R ) (2.5.46)
Also
9(ko2
Er(?\"\,z\rv\\:'e (\- TE\EL(9M12N> (2.5.47)

since the sense of the propagation of fields 1is now
opposite. Therefore the same result (except for the sign of

R) follows for Rg .

As the wave gets reflected, a new problem arises. We
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plan to move the wave back and forth until it eventually
stabilizes. We have in mind here the wave which satisfies
Eq. (12) , which we will call forward or main wave. However,
the wave which moves backward is different, it satisfies a
different equation, in the same way as the bare resonator

allows two different solutions,

o
Wt = __‘___. - T2is , (2.5.9)
| +2(€
and
?1
(-\Job'—" T_'_\{"(‘é' e | -2L€ . (2.5.9")

which satisfy two different equations:
NS
(20 +2d8 )W, =0 (2.5.1)
and
z o
(_1@§+5§3q)0 =0 . (2.5.17)

(Admittedly, this situation is somewhat simpler because the
equations and therefore the solutions are simply complex
conjugate of each other). Moreover, forward and backward
waves do 1interfere and the stable, settled solution is a
sort of standing wave. Actually, the gain function involves

both forward and backward intensities, so that the full
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20) ;
problem( requires a solution to the system of coupled
equations

. 2

(2L3§+3'§)“P5‘ =—9me<I:f-,Ib) (P-F 9 (2.5.12)

z b b b
(-203s+ 38 )P = -gLm, (1,,1,) ¥° , (2.5.12")

where

- ~\Jor-wr
Tee S (\ - =& ) (2.5.48)

\J o 2T/
QL= \-k-_ﬂ_l*-.[.g'*‘l\o 5 ‘O‘= Z\iI{,I\, ) (2.5.49)

and I+ and Ik are the forward and backward intensities.
This general problem 1is a bit too formidable for our
resources. So we devised an equivalent procedure which is
slightly simpler but also converges to an equivalent

steady—~state solution. The philosophy is as follows.

Consider some point inside the resonator. Two waves are
collapsing on that point, the forward coming from the left,
and the backward coming from the right. Each wave satisfies
its own equation, (12) or (12'), subject to some boundary
condition at the LHS and RHS mirror. In order to integrate
these equations or to propagate these waves to adjacent
points we need know the fields at our point. As a matter of

fact we need know both fields simultaneously at any point in
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the resonator. Therefore, we must integrate Egs. (12) and
(12') simultaneously starting, say, from the LHS mirror.
Naturally, the active medium plays different roles for
forward and backward waves -~ it is a gain-medium for the
forward and loss—medium for the backward wave. We start at
the LHS mirror with some initial fields and as we arrive at
the RHS mirror we are tempted to simply reflect the fields
and 1let the thing evolve by itself. However, in such a
process the backward wave would quickly diminish and we
would be 1left with a one-field problem which, as we
mentioned does not correspond to the actual situation. To
the actual, steady-state situation both forward and backward
waves in some sense "equally" contribute. So, 1instead of
reflecting the backward wave, we will set it equal to the
forward wave at that.place. Tn a sense we are restating the
boundary condition to one which is presumably more close to
the correct, steady—-state condition. Now the waves propagate
again, and the backward wave repeats values of the forward
wave of the previous run. This is exactly what we wanted it
to do, because this 1is what happens in the steady state
(when any fun is the same as the previous run) and because
it will help the whole procedure converge to the steady
state. It is our experience that this procedure of
simultaneous integration and continuous improvement of the
boundary condition converges efficiently and rapidly to the
steady solution. Moreover, it seems to us that even the

physics of the problem is imitated closely by the procedure.
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Furthermore, the computer core requirements for this
procedure are by far less then for the methods of similar

g
accuracy advocated by others(l)

As mentioned earlier, a way vto reduce the Gibbs
overshoot 1is to soften the sharp edge of the wave front. We
did that whenever we found it necessary. However, at the
most sensitive place -~ small mirror reflection — we decided
to eliminate the overshoot altogether; Instead of using FFT
which causes the overshoot, we used an alternative
procedure, devised by Lax, Agrawal and LouisellaJ{ named the

continuous Fourier transform (CFT).

An ordinary FFT program is doing a very simple thing:
you supply an array of (complex) numbers aj j=1,...,N
as an input, and as_the output you obtain an array of
numbers  a, =Z:E?F. o}

atively easy to incnrporate this fact into the approximation

1 =1,...,N ., It is then rel-

of the one-dimensional or two-dimensional FT integrals. In

CFT, however, the Fourier integrals of the type

;(M= g £(2) e““ dz (2.5.50)

=%

are dealt with differently. Firstly, a spline fit to the
input function f(z) is obtained,

N~
L(2)= _Z\QJ' Bj, (%) (2.5.51)
j=1
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where l—-th order B spline (basic spline) BJ,L (2) is a
polynomial of degree 1-1 1in each (zJ,zj+|) interval and
zerd,outside. Ny is the number of mesh points 2z; = jh , Jj
= l,...,Nyy which may have nothing to do with‘the grid of
sample poinﬁs at which the function £f(2) 1is supplied. B
splines form a numerically stable set of basis functions and
can be obtained from recurrence relations or from the table
of splines. On substituting Eg. (51) into Eg. (50) we
obtain

Z 4!

.

- \k’L
£(k) '-'—‘IJ;O*J ;BJ,LR‘)& YA (2.5.52)
J

Integral in Eg. (52) can be done analytically, by doing a
partial integration 1-1 times and taking into account a
recurrence relation between the B splines. The final answer

is of the form
Nm’!,

_ - _ikjh
£ () =hL e dP&(k) (2.5.53)

J=1

where ¢¥(k) acts as a window factor 1in the frequency

domain and is given by

ikh L
bt = ( th; | 3 = P (k) (2.5.54)

We should mention that, at both ends, because of multiple

mesh points, the mesh is not uniform and proper end
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corrections should be applied. We checked the procedure by
propagating a square pulse in the bare resonator firstly us-
ing FFT and then CFT for identical sets of parameters. The

CFT results were more accurate,
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CHAPTER 2. High Power Laser

2.6 Programming Considerations and Results

When all parts of the problem were assembled, a fairly
long and complicated code resulted. It included main program
and 8 subroutines, totalling well over one thousand lines.
All the subroutines perform some function which is
repeatedly met in the main code. So, there are three kinds
of propagation routines — the free-space-~propagation (FSP)
routine, which propagates the field for some distance in the
empty space, the active-medium-propagation (AMPR) routine,
which propagates the field for some distance in the active
medium and the free-space-CFT (FSC) routine which propagates
the field with a sharp edge. Furthermore, there 1s the
initialization routine, the reflection routine, the gain-
factor routine, the output routine and the plotting routine.
All the propagating routines use a FFT program and an
auxiliary program called the symmetric~half-point-FFT
(SHPFFT) which enables us to obtain a full FFT by using only
one quarter of the available data poinﬁs. Namely, because of

the X=%-X , X=>y , and y—»-y symmetry of the problem
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only one eighth of the grid points carries independent
information. We succeeded in using only twice this minimal
number, effectively cutting the core space requirement by a

factor of 4. And it was not so easy as it sounds!

The program code is as follows: Starting froﬁ the LHS
mirror at which initial fields are supplied, the fields are
propagated for the distance d, using FSC for the forward and
ordinary FSP for the backward wave. Af d; the active medium
begins and AMPR is being used for both waves. 1In anyd4§
step each of the waves is propagated freely for 4%/, then
corrected for the gain and finally propagated freely for the
remaining A%Q.. In order to save CPU time two adjacentdai
propagations are lumped together. Since the gain medium ends
somewhere in the transverse directions (most probably it
does not extend beyond the large mirror) we cut it near the
grid edge. This 1insures that the field at the grid edge
does not grow uncontrolably and unrealisticly. From d-4d, ,
where the active medium ends to the RHS mirror at d we
again propagate freely using FSP. At the mirror site the
forward wave is reflected and the backward wave is reset to
the forward wave at that place. And then the whole procedure
repeats itself in the reverse order, completing a full
cycle. In the second leg of the cycle, however no FSC is
being used. And then the whole procedure repeats itself for
certain preset number of cycles or until a stable solution

is reached. We note that the code can be applied to one
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transverse dimension as well - then we have a two

dimensional amplifier.

As for the results we present some in Figs. 2, 3, and
4, The stable intensity distribution at the output mirror is
presented for various sets of parameters. One striking fact
is apparent immediately: intensity distribution for the
three dimensional case is proportional to the product of the

two dimensional distributions,
() (€A}

We do not have an adequate explanation for this numerical
result. However, it suggests a possibility of obtaining
three dimensional distributions from the two dimensional
ones, 1in which case all storage problems are superficial.
We also note apparent gqualitative simmilarity between the
experimental intensity distribution along one of the main
axes, given in Fig. 5 and the two dimensional distribution

with many points given in Fig. 4.
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Figure captions

Figure 1. (a) Typical stable and unstable resonators

(b) Positive- and negative-branch confocal or telescopic
unstable resonators.

(c) The round-trip magnification M characterizes the

geometrical properties of an unstable resonator.

Figure 2. A plot of 2-dim. intensity distribution I(X,2=0) in

units of the saturation intensity, where X=i2% NF%‘., Z= a

=
is the small mirrer half-width, d is the mirror separation and
Ng 1is the Fresnel number. A confocal configuration was used
with a round-trip magnification of 2.5, and the Fresnel

number obevyed Jiﬁrﬁg = 7.5 . The small one way signal gain

is gd = 10 and the active region length is divided into

six gain sheets. Roundtrips 8,9 and 10 are not distinguishable

on the plot.

Figure 3. A plot of 3-dim. intensity distribution I(X,Y,Z=0) for
six values of Y. Parameters are the same as in Fig. 2. A perfect
symmetry and striking resemblence with the two dimensional

case 1s obvious.

Figure 4. Same as in Fig. 2, only values for the parameters
are different: Qzﬂ'NF = 12.8, gd=17.25, number of transverse

points is 1025.

Figure 5. An experimental, actual laser intensity output at the
small mirror. A number of qualitative agreements with the

predicted outputs in Figs. 3 and 4 is evident: (a) Within the
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small mirror the intensity distribution is fairly uniform,

(b) Right after the small mirror edge the intensity drops
rapidly and then peaks rapidly, (c) Right before the large
mirror edge the intensity peaks rapidly and then drbps rapidly,
(d) Outside corners of the small mirror show low intensity,

and inside corners of the large mirror show high intensity.
Admittedly, the agreement is neot very.pronaunced, because
neither of the theoretical cavities corresponds exactly to the
experimental one. Also the small mirror holders (which are not
provided for in the theoretical case) are evidently producing a

large effect.
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CHAPTER 3. Solar Heat Pump'

3.1 Introduction

This section addresses the question: If we shine 1light
on a physical system, is it capable o¢of acting as a
refrigerator. If the answer is in the affirmative, some
rather attractive and far reaching consequences for solar
energy utilization may be forseen. Some insight into this
question may be gained by asking what limitations, if any,
are imposed by thermodynamics. The device we will ultimately
propose consists of an array of semiconductor and metal
elements. Part of the device acts as a solar battery and
part of the device acts as a Peltier junction. The electric
current produced by the "solar battery" is delivered te the
Peltier Jjunction and the net result 1is a light-driven

refrigerator.

Not much, even conceptually has been done on this

(1,2)

subject. In some papers on optical refrigeration a

different mechanism is being proposed, a tunneling—assisted

3)

photon emission , 1n which an electron makes transition
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across a forward-biased p-n jdnction by a two—-step process:
tunneling and photon~emission. It has been found that in a
number of diodes the energy of the luminescent photons
exceeds the voltage drop across the junction, the energy
difference coming from the lattice. 1In the result, light is
being emitted, the junction region gets cooled and the bat-
tery does the work. In a sense we envision a completely
reverse process: sunlight 1is being absorbed, the junction

region gets heated and the sun does the work.

Consider the diagram illustrated in Fig. 1. The upper
and lower rectangles depict two thermal reservoirs at
temperatures T] and 'Ti respectively, where Tf>11 . The
circle labeled "A"™ is symbolic of the photovoltaic junction,
whereas the circle labeled "B" denotes the Peltier junction.
Let E be the optical energy delivered to the cell S in some
time interval. A fraction & of this energy 1is converted
to electrical energy and 1is delivered to the Peltier
junction. Let <QL denote the heat extracted from the system

and R, the heat delivered to the environment. Then

Q,=SE*Q, . (1)

In order for the system to be cooled, we must have

(\—FYE < Q, . (2)
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The coefficient of performance of the Peltier cell acting as

a refrigerator is

Qz
SE ‘ (3)

W =

An upper limit on this coefficient is provided by the Carnot

exnression for a reversible refrigerator:

w < AL (4)
T\'—Tz *
Combining the above relations leads to the expression
\ - ¢ T2 (5)
% T\"T')_
or
T
- = . (6)
S¥\- %

Typically we might expect & to be as large as 0.1 , so
for T,=300°K we mav have T= 270°K .

This estimate appears quite encouraging from a practical
point of view. If the device is operated in the reverse
direction it can act as a heat pump to drive a thermal
current from hot to cold - a current above and beyond the
normal conduction current. This would be desirable 1in

situations where solar heating is to be envisaged.
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This chapter is organized in the following way. Secﬁion
2 concerns 1itself with the kinetic theory basis of the
physical equations needed to describe the conversion of
light "energy into the driving forces for thermal currents.
In section 3 we develop a set of semi-phenomenological
equations to describe the effect. 1In section 4 these
equations are analyvzed under some simplifying assumptions.
In section 5 the thermal currents are studied in some detail
and in section 6 a device is proposed which would act as a

light-driven refrigerator.
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3.2 Kinetic Theory

We are interested in describing a physical system which
'is subjected to external radiation ‘and which exhibits
thermal and electrical current flows. In order to obtain a
complete theory it is perhaps wise to choose a fundamental
starting point and svstematically develop the formalism from

that point. This is the goal of the present section.

Our primary interest will be in semiconductor systems
with two tvpes of carriers - electrons and holes. Let fp
be the phase space distribution function for the electrons

and fp the corresponding function for the holes. The Bol-

tzmann equation for £y, is

0
M-a- =1 (3.2.1)

-> e _
2t U Fa -;“—;B-‘:‘P.}f,:%n ===

Here m, denotes the electron effective mass, which will

be assumed scalar. The electrostatic potential is denoted bvly,
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The distribution function relaxes to the quasi-Fermi
distribution fh 1in a relaxation time %n . The generation
rate of 'electrons due to radiation and recombination is den-

oted by g . The quasi?Ferﬁi distribution is given by
n

-\ '
£ —_—-L\ + exp P(E—e}\ﬁ_q\\] ) (3.2.2)

where E is the electronic energy, (5 is i/kT , and
is electrons electro-chemical potential referred to the
bottom of the conduction band. An equation similar to Eq.
(1) will apply to the holes but with e replaced by -e, n
replaced by p, and ¢¥ referred to the top of the

valence band. In the thermal equilibrium situation we have

¢n+¢p=Ec-EV=E‘9 R (3.2.3)

where Eg is the gap energy. We shall be interested in

the non-equilibrium case, however.

The electron density is given by the integral over

velocity space 6f fp :

Y\:S.&,haau. : (3.2.4)

and the electron current density is

- —_ q
Tn= gv{'“dv . (3.2.5)
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The zeroth moment of the Boltzmann equation is

—p
AN+ Wwda =G 5 (3.2.6)
where G is the net generation rate per unit volume:

G=&q“<;\3u . : (3.2.7)

The effect of lattice collisions is simply to redistribute

population within a band, so

g a3 A =0 (3.2.8)
Bn

The first moment of the Boltzmann equation with respect to

energy is
S[E-e‘\’-“}énﬂ—-ﬁ-};’s +@'B P35, +&“ S -d 163 . (3.2.9)

Assume henceforth a steady state , so B{:frt= 0 . Let Rpn
denote the energy transfer rate to the lattice (per unit

volume) due toe collisions:

S[_E—e}\’l%“ IS“ Pv . (3.2.10)

The energy generation rate is
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GQn'-—'-—S (E-eW)Gndw . (3.2.11)

Hence Eq.(9) may be written as

—
¥ Ju=- R+ GRy (3.2.12)
-—p
where 3bn denotes the energy current associated with
the electrons. Now let us expand fpn around the gquasi-

Fermi distribution. Let §K=%%*'Eﬂ' and define a linear

operator
LY\EU’-B‘\F +-?-‘n->n-‘\-\)-\ﬁ . (3.2.13)
n

The Boltzmann equation becomes

w ‘

0 n

bnSn+ Lnfi=- =2+ 9 - (3.2.14)
We will make the local approximation and assume that IL,,Fh!

<<\E7%h\. This is equivalent to saying that the collision
time is sufficiently short so that only local thermodynamic

properties are of importance. Then

Fa=0,.5n - %n\_h.g_: (3.2.15)

SO
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fn=5p +3nBn- Bulntn (3.2.16)

Define
M= S‘S': d3v 2 o (3.2.17)
Sn= Sg,:sno\”’u . (3.2.18)

and note that
S’Gn\—n&z dv = 0. (3.2.19)

Then n=n+dn, and

LoSn= -(\;J—Bg‘?&I(E'?-‘V)'\_}-B;p-%-B; (P‘\)Ql , (3.2.20)

so

:57“:: —SZG%BE%;BE’ &\P)I}E?{B'T}SB? (Pé"{) CPU' , (3.2.21)

We will assume an effective isotropic semiconducter with

parabolic bands, so that we may make the replacement

<Uu;H= %:‘: cha = L) =1,2,3 (3.2.22)
N

Let us define a set of collision integrals
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g _ B (mEiaSn &y (3.2.23)
SO
—_ CE(‘) ‘GU) (\)
21.
In= T ( B -Q\P'—)B*r’""" (['54’3] (3.2.24)

Next we look at second moments and find

(3.2.25)

A similar equation may be written for the energy current
transported by the holes. We shall assume that energy is
transported bv the lattice (phonons) according to the wusual

Fourier law
T kK, 3T kLTé 3.2.26
U—‘ L}—" —— (s ¢ (o . )
The total energy current is the sum of the contributions

from the electrons, holes, and phonons

-—p

-— — -—
Ty = Jun+ '3u‘,+ TUL . (3.2.27)

Energy may be transfered from the electrons or holes to the

—

phonons so TTU , rather than the individual energy
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currents is of primary concern. We are neglecting any direct

coupling of the electrons toc the heles in this calculation.

In the following we will be interested in three types

of currents. These are the electric current density
— — —
T = e(jp—j\n) , (3.2.28)

the heat current density

— —

-— - - «2.29
and the particle current density
N onnt —
T = jY\+3—F . (3.2.30)

It is perhaps interesting toc note that these currents are

gauge~ invariant. That is if we make the replacements

W —> Y+ const,

Cbn-a P, - e const, C‘QP——-" <\PP+ e tonst

then the equations and the above currents are invariant.
The energy current, on the other hand 1is not gauge

invariant. These equations will be analvzed in more detail

in the next section.
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3.3 Phenomenological Equations

Let us summarize the results derived so far and regard
them as a set of phenomenological equations. We will
augument them by whatever additional assumptions are .needed

to close the set. From Egs (2.24) and (2.25) we have

?‘." L ) 0 Lo AF(—P(b“)
;P = 0 laz La |[3Lpe)
’ Ly Lo Ly \ 2FP y (3.3:-1)

where we have introduced a set of ‘—Lj coefficients

2o CG'::) )
Ly = S o ’ (3.3.2)
W
‘2_?‘\0 :z;('-:" - e A
L= 2 My, (3'-‘- & ” (3.3.3)
2P, YW

T - 3.3.4
pRp R 3vv\\° p ( )
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(£ 4))
29, (BF> Ce
Lz‘s—— 3W\ (5" + QL\) (3 ? (3.3.5)
s Sk d
"
l_'l.\ L(E(.\\
F
4 2% pRA gt; +Qe\\’ + (ew) —“] + ke . (3.3.6)
3mp - O ¢ R
The L;& matrix is verified to be symmetric, in agreement

with the Onsager relations.

From Egs. (2.6) and (2.12) we obtain the continuity

relations for the electron, hole, and energy currents

¥ TIn=G , (3.3.7)

W Jp= &, (3.3.8)

= G(d>“+¢r§ S (3.3.9)

where we have set Q“-\'Q‘. of Eq. (2.11) equal to (bn-\-(\)P .
This replacement is made on physical grounds. The effect of
absorbing radiation 1is assumed to be to create an electron
on the top of the electron Fermi sea and a hole at the
bottom of the hole Fermi sea. The electron and hole

densities are given now by

.“,;._S%ndau (3.3.10)
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and

3
P’&*Pé‘r . (3.3.11)
Poisson's equation is
2
dpP=- L*Te['“'uﬂ-t—‘e n - Mt’l R (3.3.12)

where €&, 1is the lattice dielectric constant, "lﬁ“ is

the doping density, which may be an inhomogeneous. function
of space, and tdtr denotes the contribution due to
trapped carriers. Equations (1), (7) - (9) and (10) =(12)
provide us with a complete set of equations to solve for the
unknown variables G, ¢M' ¢P' n,p., ¥, ﬁi, 3}, and
fu.A solution to this system as applied to a certain model
with appropriate boundary conditions is the wultimate goalj;
it would provide us with the quantities that describe the
system: particle currents, temperature, electro—-chemical
potentials, and densities. However, it is evident that a
rigorous solution presents 1insuperable difficulties. A

simplified procedure must be devised, based on physically

reasonable approximations and reasonably powerful computers.

If we define an éntropy current 3} ,

TS=-($¢“3n'($¢PjF+GTU > (3.3.13)
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we may derive an expression for the entropy production rate

per unit volume
v Ty = IELed )+ Tpdelpd )+ Ve L (3.3.14)

The terms involving BF(T3¢Q\ and B?Cﬁ3¢?) describe both
diffusion and electrical conduction. Since the entropy
production rate is expressible as a sum of products of
currents with generalized forces one has an aposteriory

justification of the Onsager relations.

Let us now consider the generation process in more

detail. 1In order to describe the recombination process we
{C))

employ the Schokley-Read mechanism |, Let Ny be the
density of recombination centers , Ny be the density
of empty recombination centers and Nz_ the density of

recombination centers that have trapped a carrier. For the
sake of definitness assume the sequence to be first the
capture of an electron followed by the capture of a hole,
leading to recombination. The process involved may be
symbolized as the first recombination step

T,+n = Ty (3.3.15)

the second recombination step
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T+ p—> T, (3.3.16)
and the photoproduction process
¥ —> nt+p (3.3.17)
The rate equation for V¢1 is
];11-.—. CnN|Y\-CPN2_P—XnN,_+XPN4 , (3.3.18)
and Kh =- Nz since N\"'Nz‘; Ng¢.

In particular, for thermal equilibrium the rate of change

of N,  must vanish, so
O=CNP 0= CoNI P - GNG + ERNT (3.3.19)

where the superscript zero denotes thermal equilibrium. The

net rate of change of electrons is

dn _

It AN EN+bE —benp —anp (3.3.20)
where e denotes the radiation intensity. Again at

equilibrium
14
0 =-CalNiNe+¥ Ny +b8, - NP - A NP, (3.3.21)

The rate of change of intensity is governed by
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X

= =-bg+benp ranp ,

and at equilibrium

O=-o¢.+ Ggo\nopo-\- QNolP,

Hence

The black body radiation formula is

2'5 W
Lo = ol
€o -b\wALo )

Where AL is a typical bandwidth over which

takes place. Furthermore

)
V\o'(’o——M N e

and Eg='\7\w, so b'= aQ , and

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

absorption

(3.3.26)

(3.3.27)

(3.3.28)
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Also
NG
= CnNo — |
En nee : > (3.3.29)
and
N2 .
¥ o= CpPo T (3.3.29")
SO

on Ny (Q+rw ) -0@fnp-an
:S-%—:-C“N‘V\-\—C“V\o-@-i' flV\oP,, ) Qa ? P P * (3.3.30)

°
2

For steady state, Ny=0, so

-] M?
O=N.En“+c—\o\%& ]-—N K_QPP“‘ Cnho""“';‘x . (3.3.31)
e |2 NG
Hence
Sn = o | Qe (Nop,-0P) + NoP, 5 —ap \*
3t o
NbC.V\C—p(NPe"“P\
Al Ny n N2 @ ' (3.3.32)
0 2\ «3e
Cv\(v\-\- \N: \)-’r C—p (P-\‘ T‘\:

Note that the populations are given by
] (E-&;'Ec)
N{Re _ Ny, >
-]
2.

(3.3.33)
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and
NgP o P(EUTES)
g~ e

’ (3.3.34)

where Eit denotes a trap level. Using the fact that

§
%%‘g% = (& ” ' (3.3.35)

we obtain

G=a NN, = __,_9 ap (1 oy L@ﬁ

N{; QV\CP(V\OP,,‘ Y‘-P) .
+ o

C_n(“+ “o""\"(‘CP(‘p‘\'P‘) N°>

(3.3.36)

The first term represents the photogeneration and
spontaneous and stimulated radiative recombination
processes. The second term represents the Schockley-Read
generation and recombination processes. If we neglect rad-

iative recombination we may simplify the expression for G to

s, e

= ) 3.3.37
G R n+an + Pxrap ( )
Here e is defined as the optical absorption
coefficient, I is the 1incident 1light intensity, and'kw

is the incident photon energy. We have defined
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AN = NC_EME"'EC) (3.3.38)
a
and
(5(Eiu"Eiii§
AR = N
F Ue’ ‘ (3.3.39)

If we identify rdtr of Eq. (\2) with ¥JL we have

N (Chan+Cpap)
N, = (3.3.40)

Cr (n+2an) + Cplp+apd

This expression can be suitably modified if the recombin-
ation process involves capture of holes followed by capture

of electrons.
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3.4 BAnalysis of the Equations

One of the systems of interest will be p-n junction. We
will 1limit our attention to the case of extrinsic doping.
Rather than attempt to solve the three dimensional equations
we will restrict our attention to a one dimensional
geometry. The analysis will be valid even for three dim-
ensional systems when the transverse dimensions of the

system vary slowly in space.

Since the size of the junction region is likely to be
small we will analyze the phenomenoclogical equations subject
to the <condition P:&omst . This presents a slight
complication because Eqg. (3.9) cannot then be strictly
valid. Keeping a constant temperature 1is equivalent to
having the junction in contact with a thermal reservoir. The
reservoir will provide a source of energy to the system so,

strictly speaking, one must generalize Eq. (3.9) to

};.?U=CI(¢“+¢P>‘\‘ S (1)
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Since the reservoir, in actuality, does not exist, this is
just a device for eliminating Eq. (1). It has been replaced

by the equation

(‘5: c,onsf. (2)

We make further assumption of neglecting the charge in the
recombination traps and of neglecting specific surface
recombination mechanisms. The phenomenclogical equations
then reduce to

dd,
d x (3)

dd
TP:'—PDP(S dxp , (4)

(5)

ATn _

dx =G, (6)
aJ,

A _ &

d-x (7)
e Nce”(d?“* ep)

? (8)

P ) (9)
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dv° _ 4yTe
— - (N + ‘V{l . (10)
)(7' Eo [_'VL P ‘
We have dropped the subscripts of n and P for
convenience. The diffusion constants Dnh, are defined by
(D
I) — :L?;VP
P 3 Muye p |

Using Egs. (8) and (9) we

may eliminate (bn and Cb’, to
obtain a

set of six coupled first

order differential
equations
dwn D.,nE (12)
Tv\=—Dv\‘cW —Q(’; T 9
dp D pE (13)
Jp= -Opg +eCVrF )
dn = &, (14)
ok %
3\&% =G , (15)
%%%i =="Ei p) (16)
AE _ 4T
Ix T e (17)

where E 1is the electric field and Q 1is the charge
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Q=e(M+p-m) . (18)

With the exception of the term G , these -equations are
familiar from the theory of the p-n junction rectifier.
There are no known analytic solutions te this system. We
could not obtain one either. Since the first 6fder systems
are suitable for numerical integration, there are many
papers which treat the problem numericall¢5>. There are
also many qualitative and/or asymptotic treatments in

7,8
literature and textbooks(h )

which provide a good
understanding of the processes involved. We also created
and ran our own programs and, not suprisingly, we discovered
that for our purposes a qualitative analysis is best suited.
Since we are rather interested in conceptual problems of
existence of the effect (sun-powered heat transfer) and do
not need accurate quantitative relations, we will drop the

numerical analysis here and pursue more qualitative argum-

ents in the coming sections.
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3.5 Thermal Currents

Since our goal is to propose a device that would pump
heat, it 1is appropriate to review Phow the heat current:IQ

is connected with the quantities that describe the systenm,
Tg =T -¢nj“"¢|°7f' . (3.5.1)

In order to simplify this expression, let us back up a step
and clarify the expressions for the Onsager coefficients.
First assume that the relaxation time ‘EW%(E) is a power
function of energy , CE,,,PLE) 'G,,IP , So that for example,

in the case of electrons:

m;‘n“ {5y (BB (E-E) J—zg? (EEc) Du(E-Ec)dE
Te

A+ z
= 6,0 (&""’“3”- EE)&S- " (pd+epw) | (3.5.2)
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where

D, (EY= Do JE (3.5.3)

o . .
is the electronic density of states, {m is .the quasi-

Fermi distribution, and

o Y
@&((ax):—'-g (0E) d (PE)

(3.5.4)
(e-%)
|+ ef
is the Fermi integral of order A~ . Since
Dn(e)dE
g J’éﬁm 'BI;_ @\/ (pe, +e(3\3> (3.5.5)
it is
W A+t Ve %Mi—‘/:—((m“*e(w) .
6 T (3.5.6)
[ q?VLL(5<\>.,,+ epw)

Using degenerate and nondegenerate approximations to the
Fermi integral,

5_8 (px) = (P}X)‘ ) (3.5.7)

and
nd (>
@J\ (px) = U(an) €© ) (3.5.8)

it 1is easy to recover the familiar expressions for
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degenerate and classical kinetic coefficients:

‘6‘,‘."*—3—5—“ (pharepw)

Aty -\

zind_ B [0x%)
TR

Similar expressions follow for the case of holes:

F° = (5'3/1_ \, Pq> FW) 5
P OAEAY ém-%, U“\%r epWw)
& §‘/7_((5¢F—Qp£\))

To simplify notation, let us introduce

()

T = B, (phorepw)

@i = %i((}q)\o—E(ik\)) 3

and

D Onjp Bryp
F, —_—
Iy ERMATS o

W

(3.5.9)

(3.5.

(3.5.

(3.5.

(3.5.

(3.5.

(3.5.

Now rewrite the expressions for the Onsager coefficients

LH = FY\ (57\-\-317_ LA 3

A+ ¥ e
\—21'= F; (;%*”z.€ER+VZ.7

10)

11)

12)

13)

14)

15)

.16)

.17)
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-\-5'/7. -\-3/2_ % 'X
L‘a —'Fh (5"*"/2 H‘s/ 7«\-3,,_ AtY,

%*S)L 'A‘t’ /L §
Lay=h [ h x*% R Lav'a )

(3.

N 2 S2Y)Y L>\+’s/
\—33 = F ‘H"Iz.ékf S —leY (3’**5”—%)\“'3/ 7‘*’:— %\’f Y2 }

26T gf N 2 T
FPY.(&""’-'/L{)XES/L-‘—QQ’L\, PM\'Z/‘I—%A 3 ( \\)) ;3;‘—{))“"/3*_ —‘E; v (3

In order to simplify further calculations, define

K“”’___ £ i+ Yy @“lr
JU= "My (Sx\-\‘\.\.\/z_ A=Y

Then
= -Xupwer G -ed Tagp
Tp=-Ki pxd, PRS- w il Tagp

-’:\;u:K\(g\-&- Ka\ + _,E;_}B;:(s —K [?_‘Pn\o;(’, +P\¢¢;\+

e nprpand, |- kL8 et L+ KO e ) o

with

w“E¢M+eq>) KPF d? —e\y |

(3.

(3.

. 5.

.
wn

199

.18)

19)

.20)

.21)

.22)

.23)

. 24)

. 25)
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After some rearranging,

-53,’: {K;\ -% K:\ ¥ ﬁ—[\;(; v L“‘mK\v‘\“\Y&‘\)’\\-‘F (5 +(Q—Y:d?n} +

-k-l\(:\'k\),,\&; ?(\{K;-LPFK\P}%’PXF fs+'(s>;4’,,}+ K;-;-r\?ﬁ
Since

L{)n}i:{i*_ (gé‘Fd?'ﬂ: _\:_ZV’Y.KQ‘BPP "—Sn—& p)
and

B b= D(“}’ - 1

we can write

e, P _ u k. T
Ka K= Ka, B?(H- K:.\ L&PP TP ’a;(&
\

The last equation, written in the form

F,= ferlapn + BTa+ B3
(*

with

(3.5.26)

(3.5.27)

(3.5.28)

(3.5.29)

(3.5.29")
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Kror = K - \'(P‘*' \,<L (3.5.30)
is a familiar equation for the heat current
expressed as the sum (actually, the difference) of heat
currents caused by the temperature gradient and particle

currents. key,and P are the carrier thermal conductivities
le "le

and Peltier coefficients,

W we L
e, , P le
L< _‘_(3 Kay Wi = WKay X
Np = (> T Wp (3.5.31)
e “p Wy
D = Kaor-tup K 2t Towon W : (3.5.32)
o — s 1]
Vo hip 23 e I
e \\ ("( /"3 § A/
In Fig. 2 we have provided a graph of the function '(Bﬁiox).
Note that the 1large negative @X corresponds to the
non—-degenerate case and 1large ©positive (}X - to the
degenerate case. The theoretical discussion provided in

these past few sections provides the basic equations
necessary to discuss a general semiconductor device which is
to act as a solar powered heat pump. We now turn to the more
practical question of analvzing a particular device which we

shall propose.
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3.6 The Device

Most of the content of the present section is taken
from the Ref. 9. A cross-sectional view of the proposed
device is presented in Fig. 3. Uight (1) impinges on the
top of the device, passes through a metallic mesh (2) and
through a semiconductor 1layer (3) onto a semiconductor
substrate (4) whose conductivity type is different from the
layer above it. At the sides of the aforementioned sem-—
iconductors is a region of thermal and electrical insulating
material (6). On the other side of this insulating material
is semiconductor material (5) whose impurity doping density
is different than in (4). At the base of the device 1is a

metallic layer (7).

By way of example, consider the case where one sem-
iconductor (3) 1is of n type, another (4) is of p type with

doping density denoted by Np , and the third semiconductor
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(5) is of p type with

doping density dencoted by Nk . The photocurrent that is
generated at the 1interface between regions (3) and (4)
circulates through the inner p-type semiconductor (4),
through the metallic base (7), up through the outer p'-type
semiconductor (5), through the metallic mesh (2), and back
through the n-~type semiconducter (3). In regions (4) and (5)
the majority carriers are heles. 1In addition to carrying
electrical charge, these carriers transport thermal energy.

Let us apply expression for the thermal current to the

device model. For the p-tvype region
kel
T;-: - -——E—Bxf: + P_S\n (3.6.1)

whereas for the p' region

ke T

P, t /
Jg = Bx(g-\— P T, (3.6.2)
If the doping densities are arranged properly, more heat may
be transported by the carriers upward through (5) than are
transported downward through (4). This 1is the physical
origin of the Peltier effects that occur at the junctions

between regions (4) and (7) and between regions (5) and (7).

In addition to the above thermal flows, there exists a
thermal flow associated with the phonons of semiconductors

(3)-(5). Material (6) is chosen to have a sufficiently 1low
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thermal conductivity so 1its contribution to the heat flux

may be neglected.

Let the cross—sectional area in a direction
perpendicular to the symmetry axis of Fig. (3) be denoted by
Ay o i=2,...,7 and 1let ki denote the toﬁal thermal
conductivities of the wvarious materials. Assume for the
moment that p:= const.; The whole device is in contact with

a reservoir and just starting to operate. Then the net rate

of heat transported up is
/
ATQ:-.P'T#—PTP =(P—P>T\. (3.6.3)

since the particle current is the same. We want 532_> o
and it 1is seen that the effect 1is largest when the p
material is in the nondegenerate region and p' 1is in the

degenerate region. Then

P':k\)P' (3.6.4)

while pP is constant in the same order of approximation.
It is unlikely that (_J,P=7\+S/z_ is very meaningful in a
real situation, however we will use it as an estimate. Now
that we are 1in the degenerate region, we may solve for

using the appropriate limit

p'= N:J ((sk\)rff/l (3.6.5)
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Effectively, in the bulk p' material the hole density

equals the doping density N; ; So that

@LP (N"‘ Y/B i (3.6.6)

v

Thus the pumping rate is given with
O

(N"‘/NJ) i (S )

>

As the device starts to operate, a temperature difference

AS?.’:AP:)—P = TF (3.6.7)

develops and both terms in Jq9 are supposed to be taken
into account. The net heat current flowing up through (5) is

then

ksks

1;_=P, Tz> . (3.6.8)

The net heat current flowing down through the lower part of
(4) is

Ky Ay
Ry

I,=PL.+ (T-T2) (3.6.9)

Where T, is the temperature of the metallic mesh , and T,
is the temperature of the metallic base . The net heat

current upward through the device is

aly =(P-P) 1, - Q____..i KSNB( -T2 (3.6.10)
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For refrigeration of the base to occur, We must have Airz >
0. Let us now estimate the maximum temperature difference
this device might produce. When §perating at this maximum
temperature difference, no heat 1is removed ffom the cold

end, so that

AI?_-:API‘F—(B"H\_T: + k‘;_\p‘; \ATW\W'—-: O (3.6.11)

To get a quantitative estimate we need an expression for Ip.

To this end let us review the theory of the photovoltaic
effect in p-n junctionsuo{ We consider the Jjunction with
no external voltage and ask what effects will take place
when light produces electron-hole pairs. The pairs within a
diffusion 1length on the two sides diffuse to the barrier,
where they are separated by the électrostatic field of the
junction. The holes float into the p~region, the electrons
sink to the n-region, and in doing so they produce a voltage
which tends to 1lower the Jjunction barrief, just as if a
forward voltage were to be applied. In principle if there
were no dark current, the charge separation could continue
until the barrier were completely wiped out. Since the

lowering of the barrier tends to produce a forward current

in the junction, a bhalance of two effects is soon reached.

Let us consider an equivalent circuit diagram for the

device, presented in Fig. 4 . The photocurrent 1is
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represented by a current generator TIp, and is opposite in
direction to the forward bias current of the junction I .
R 1is the electrical resistance of ¢tz circuit and is

approximately

1 He « nfy '>
R:’-‘— E NAUqu NPZUSAS' (3.6.12)
where u, and ug are the majority-carrier mobilities of
semiconductors (4 and (5). The current Iq 1is the
injection current which would flow through the Jjunction

under the influence of a forward bias

\J
10\7— L (ee_(z - | > . (3.6.13)

Here T, is the saturation current, representing free
carriers which can flow through the junction, overcoming the

junction barrier under the influence of thermal activation.

Let g denote the number of hole—~electron pairs
generated per unit volume per wunit time in the junction
region. It is related to the incident flux I through the
relation

91

d= — (3.6.14)

¥ Hs

where hf 1is the mean energy of an incident photon and q

is the quantum efficiency for electron-hole production. The
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photocurrent is then

L= gelhy (3.6.15)

where L is the diffusion 1length of the junction. The

output current is given by (see Fig. 4)

T=1Ph—1° (QQ(N— \) : (3.6.16)

The short circuit current is given simply by

Te= Len | (3.6.17)

and the open circuit voltage is obtained when there 1is no

output current

E;sc
\/oc_=£‘(‘5€/"'L "I:"'\> . (3.6.18)

Since the power output is VyyyIouT , the maximum power
output can be found by differentiating the product and

setting the result equal to zero
MPAX
Eom ""’X-w\\)w\ (3.6.19)

where

Q.(E\/vn
(135'“1 ) —‘:Q(B\/m (3.6.20)
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is the current ocutput at the maximum power and

Vm I.t e Vbc
ot (1 epVm) = |+ = = et

(3.6.21)

allows the voltage at maximum power output to be calculated.
Referring back to Eg. (11), for the highest power output we
should use Im as Ipyr . However, for the highest
temperature difference it is best to be as close as possible

to Ige . As an estimate we will use 1Ige for Igyy . Then

a1 LA A i) |
hE$Ha ( % L kshe

ATway = ' (3.6.22)
He

A criterion for the device to be non-Ohmic is that the gap

energy for semiconductor (4) be larger than the Ohmic

voltage drop

Eig TZ; €i¥2~]LPk.

. (3.6.23)

Now let us consider the operation of the device in the
heat-pump mode. Referring back to Eq. (3), assume that the
doping in the semiconductors is such that P' < P . The heat
current will now be negative, indicating a flow away from

the iluminated side - a heat pumping action.

In summary, we have proposed an integrated solid-state

structure which acts as a solar—powered heat transfer
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device. Depending on the exact design specifications, the

device may act as a refrigerator or a heat pump.
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Figure captions

Figure 1. Schematic thermodynamic diagram depicting the flows
of energy. The upper rectangle denotes a thermal reservoir at
temperature T, and the lower rectangle symbolizes a reservoir
at temperature T, . The circle labeled A represents a photo-
voltaic junction and the circle labeled B represents a set of

Peltier junctions.

Figure 2. A plot of the Peltier coefficients for some A .
In heat transfer processes only fl is te be used.
Note that the large negative (X corresponds to the nondegene-

rate case and large positive px to the degenerate case.

Figure 3. A cross-sectional view of the proposed device. Light
(1) passes through a metallic mesh (2), through a thin layer of
semiconductor (3), and illuminates the photoveltaic junction (the
interface between (3) and (4)). On the sides is a semiconducting
shaft (5). At the bottom is a metallic base (7). A thermal and

electric insulator (6) separates the semiconductor columns.

Figure 4. (a) An equivalent circuit of an ideal solar cell,
(b) A realistic equivalent circuit, with series and shunt
resistances. (c) Volt-ampere characteristic of an ideal solar

cell - (1) in the dark, (2) when illuminated.
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Figure 1.
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Figure 3.
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CHAPTER 4., Band Spectrum of a Solid in a Laser

4,1 Introduction

The system consisting of a solid in an external laser
field presents a rather interesting challenge to the
theoretical physicist. On the one hand the spatial period-
icity of the solid leads to the conventional band theory of
solids. The one electron states are characterized by the
crystal momentum whose value 1is restricted to the first
Brillouin zone and a band index (as well as a spin 1index).
On the other hand the temporal periodicity imposed by the
laser field combined with a Floquet analysis of the problem
leads one to a picture in which one need only considexr the
band structure in a range 0¢ € ¢Rew . A preliminary
analysis of this problem has been presented in the

1iterature(').

A basic question remains to be answered about this
problem. What 1is the mathematical nature of the spectrum?
Since the band structure problem has been reduced to a

knowledge of the spectrum in the hyper-rectangle defined by
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Ee 15t Brillouin Zone i 0s¢e ¢ R (4.1.1)

how are the eigenvalues distributed? Are they dense (i.e. do
they completely £ill the hyper-rectangle)? Do gaps exist?
Are there discrete eigenvalues? Are the residues of the
Green's function dense? These possibilities are illustrated
in Fig.l, where hypothetical band structures are depicted. A
rigorous answer to these questions is difficult to obtain,
so we set out on a more modest course. We studied a simple
model which displays all the difficulties of the general
problem, and tried to give some answers. Then we addressed
the general case, stated the problems and outlined some

avenues for future research.
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CHAPTER 4. Band spectrum

4.2 Modified Kronig—-Penney Model

The model to be considered is a simple generalization

of the one dimensional Kronig-Penney model

TV 2TAPS . §(4-
H=,_:- 1:0 7.9 (z-ma) — wpg‘.‘:“t n%)

Me-00

ob = W = 257 (4.2.1)

This Hamiltonian describes a one dimensional solid which is
periodically perturbed by a train of electric field pulses.
The strength of the electric field is preportional to A and
the strength of the crystalline field is proportional to V.

We look for solutions to the Schrodinger equation

HY = R W (4.2.2)

(2)
which are of the Flogquet—-Bloch form:

L(hz-et) :
Pzr)= Up)E (4.2.3)



130 4. Band spectrum

The function U is doubly periodic, i.e.

Ulzt)=U(z+at) = U (21+%) . | (4.2.4)

Before going into details of the calculations, it might
be appropriate to review the ordinary Kronig-Penney model,
which we may treat as one extreme case (A—+»0) of our model.

The Hamiltonian of the ordinary KP model is given by

_ P amy -
He = X = %.5(2 ma) (4.2.5)

The solution is sought in form of Bloch-waves

ez
\P(z\.—_u(z)EL (4.2.6)

where u is periodic, and can be Fourier-decomposed

wnbz
&l’l\sze May (4.2.7)
n

When this solution is substituted, a system of equations for

the Fourier coefficients follows
L O
ZH'A{‘SM“LE_BQ““M’)"E:\ -\/\g Uy =0 (4.2.8)

and the allowed energies come from the secular equation
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dek ZW(Ex) = O | | (4.2.9)

Lo (Bl = Ovan - ~ - (4.2.10)
" %;\(‘k-\-W\\o)—E

In a customary fashion these allowed -energies are grouped
into a series of energy bands separated by a series of
energy gaps. However, by a slight manipulation, a more

explicit dispersion relation can be cbtained. Denote

L =0, Un (4.2.11)

Then from Eg. (8) it immediately follows

\

- = =0 (4.2.12)
L VL}:# & Uarmb) ~E ’

and the dispersion relation takes the form

V-V E5(ER)=0 (4.2.13)

where

|
B(E)k) = Zvl-“l %(Q-{-MB)I"E—

M Ty T (ks .
=mxwt—‘g(k--{ 7_ME3-C¢%‘;(&+E ME) | (4.2.14)
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The series summation is easily accomplished by the residue

method. This form is equivalent to the more customary form

cos‘!m..c,os—— 9 ME - Sw\_. TME (4.2.15)

V\ IME
(3)

usually derived in textbooks.

The other extreme case (V—=»0) of ocur model 1is treated

similarly. The allowed energies come from
| - -—E-—C,c‘t? ( _-';\g_>=_o (4.2.16)

and we have a continuous spectrum. Note that & now stands

for quasi-energy.

Now let us turn to the general MKP. The doubly periodic
function U in Egq. (4) can be Fourier decomposed in z and t

variables.

Lm' b2-n'wt)
U(zﬁc\=z. Uw'y € . (4.2.17)
W'Y
When this selution is substituted 1into Eq. (1) a doubly

infinite set of algebraic equations follows for the

coefficients uy,, .

Amum-:\lz;uwn»ewkmm\&uw ; (4.2.18)
m’ w
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where
’ VF X
Ammaz—g(kdmb) -R(ernw) . (4.2.19)

A further simplification is achieved by letting

La= ZV:T A vain > : (4.2.20)
Rp = 1o Mwmn . (4.2.21)
w/

After some algebra one finds a system of equations for the

singly subscripted variable Rwm
T, Kwm Rt =0, (4.2.22)
m

where

V ’V\({Q“’ W"b\
HKmw= O = T ey Ty 7 ronboin (1N 5,

(4.2.23)

M 5w N
{g‘;\;_b,(k— &_‘;(emw)-@g@ﬁm) Y (4.2.24)

Kb\ 2MR (€ +rw)

and
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Vtm(e\k\_ —_— 2 (‘.A;\: T %}(k—rw‘o?*t\ é} (4.2.25)

which is evaluated as before. An analegous system for the

variable Ly, 1is obtained in a similar manner

Z,;T Brawlw =0, (4.2.26)
where
i wlkimb) A Vo .
%ﬂv\p =én“l - VE“Z \ v\(k‘\'“b)A“M AW\“A“\V\' (4. 2. 27)

Spectra of A and B , defined by

MJ’(:O O\Ji@a"—’O (4.2.28)

are identical. An exact evaluation of these spectra, how-
ever turned out to be very difficult and not within our
reach. Therefore, from now on our analysis will rather be

qualitative and/or numerical in nature.

Firstly, let us consider the system without interaction
- in some units the electron's energy is simply E = kz .
Its quasi-energy is depicted in Fig. 2, where we assumed b
= 1 and W = 1 for simplicity. The quasi-energy is

obtained in a standard manner - by slicing the parabola and

bringing 1its pieces down tc the principal hyper-rectangle.
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The pieces cross each other at many points and the density
of  crossing points 1is not uniform , although the parabola
segments cover the whole hyper-rectangle fairly uniformly,
producing a dense spectrum. In other words, the electron can
find itself~arbitrafily close to any point in the hyper-
rectangle. The number of crossings is at most denumerable.
As the interaction is turned on, gaps open at the creossings.
However, since most of the crossings are multiple (i.e. more
than two segments cross at the same point), it is not clear
in which way the gaps open, or in which way the band
splitting takes place. Therefore we did not try to present a
more detailed band structure in Fig. 2. Also it is not clear
in which way the gaps change the appearence of the spectrum.
It seems unreasonable that they would eject band lines from

any (wide) area in the hyper-rectangle.

In order to support these qualitative statements we
have developed a numerical truncation algorithm to solve for
the rocots of Egs. (22) and (23). The program computes the
determinant as a function of the quasi-energy for a given k
. One may vary the size of the matrix whose determinant 1is
to be evaluated. 1In the 1limit of large matrix size one
approaches the solid-in-laser problem. Our goal is tc study
the distribution of the zeros of the determinant. In Fig. 2
a low order case is presented, where three space cells and
three time cells were involved. Small circles on the figure

represent the numerical points. We ran higher order cases as
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well. It appears that roots occur for very many quasi-energy
values, lending credence to the conjecture that the spectrum
may, in fact, be dense in the hyper-rectangle. 1In order for
this fact to be fully established, however, one must await a

rigorous mathematical proof.



- 137 -

CHAPTER 4. Band spectrum

4.3 General Theory

Consider a solid interacting with an electromagnetic

field. The one electron Hamiltonian in the Coulomb gauge and

MKS units is of the form

— 2 '

H‘\B')?"“"I‘F«(ﬁ’ew'm + \J(¥Yy (4.3.1)
where

V(F+RY = V() (4.3.2)

-y
is the crystal potential, R being any lattice vector, and e
is the electronic charge. We will consider here the case of

the space—~homogenecus time-periodic vector potential
—_ —
A(t+%)= AL (4.3.3)

In this case the problem of solving the time-dependent

Schrodinger equation
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L"R}J&{%? = H(F\F\t3 LPt> (4.3.4)

2
is simplified by the use of the Floquet theory( ) of
differential equations with periodic coefficients.

Accordingly, the state vector may be chosen as

et

Wy = e U™ ' (4.3.5)

[

where
Uisg ? =0.> (4.3.6)

and upeon performing the Fourier transformation in t and the
Bloch analysis 1in '?, the problem is reduced to the

evaluation of quasi-energy bands
En==¢enlh,w) . (4.3.7)

Before going to details of the evaluation, let us wuse

the general statement of gauge invariance

AR FR) L B
HEFrH =€ Hiprn €
= H(p-wd , TR LE) - RO A | (4.3.8)

to pick the gauge most convenient for calculations. By way
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of an example, just note that the choice
- e ‘_.
’)\‘Lrﬁc\="-ﬁr‘ r (4.3.9)
-k
brings up the E:r gauge
L PN ‘ T A .-v.: .
H(P.r.ﬂ':'{;,‘\"*\’“'\ eE 5 (4.3.10)

another choice .

t
2 I /
A= EQM;% | Ny dt (4.3.11)

brings up the A‘B gauge, and the cheoice

e ! z
Ay lpit)=- %A‘Po&"‘ ,_ehkghlobtl (4.3.12)

—

brings up the Kramers gauge. We will work in the A-p gauge,
in which

—
I4

’L - v—m
H (\3“?‘H=%+\/(M‘§EJ\A'\° : (4.3.13)

Upoen applying the Floquet theorem and Fourier
transformation, an infinite set of operator equations is
obtained

[fi+\/(7-‘\—‘v\(e«v\w)]uv\>= F.Z;\_R“_Mum> (4.3.14)
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where
T t
\ L
Uny = 7% & < Ue> dut (4.3.15)
-
" S
nwl - -
I8 ______.\._& e At ot (4.3.16)
n zﬁr’n_ 2
and
ws =17 . (4.3.17)
Let us call
B 2
Ho(\o‘r\a—i—;«'*\/("') ' (4.3.18)

One way to proceed is to go to the Schrodinger picture

[Ho(-tﬂr F)-R(ex nwﬂoh(vfw%—,\(-im?)'z,ﬁn_m R (7)) (4.3.19)
™m

and then perform the Bloch analysis, i.e. pick the

solution
in the form

R .
UnlFy= & VW (¥) (4.3.20)

where

2+R) =5 (7
VL (FeR () (4.3.21)
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-l
and then Fourier analyze in r,

—

N (KF -
15“LM=%€ neo (4.3.22)
(T |
VIFy= 2. € Ve |, (4.3.23)

K

-
where K is any reciprocal lattice vector. The result is a.

doubly infinite system

— 1T
Eﬁ (+k)-1Tle +v~w)]u“§ + Z V'\Z-\Z' U =
i g ol

— _Q_J'_*__(kd«-ﬁ \‘ZK n—w\UM-\Z
™M ™

(4.3.24)
and zeros of its Hill determinant
Al B =
dak {32, dos + | &/*‘.M'-%E(E&)-ﬁ JE%
T B (k) m o M w4, 3.25)

determine the “eigenvalues"tém(E¢») . Although this form of

is not convenient for calculations, some general properties

of the spectrum €En(%,w) follow from ittH,

Firstly, as in the conventional solid-state case, the
-y
Hill determinant is invariant under translations of k bv a

reciprocal lattice vector
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A({Z+ﬁ,e3= A({Z.e) (4.3.26)

Hence, it follows that one need only study the first

Brillouin zone. Secondly, the Hill determinant is invariant

under translations of € by any number of w:

Al e+ mw) = ak,e) (4.3.'27)

Hence, one need only study the interval [0,w] in €. Aall

the band structure associated with this problem is contained

in a fundamental hyper-rectangle in the (€& ,E) plane.

The other way to procede is to project the system (14)
(e

on the (ideal solid) Bloch states <rin'k> =€ Wi (7))

4“,,2\l\_\oq,;l?)-t(e-\'hw\luv\):%(h'ﬁ\F-zm',.ﬁ“_muw7 « (4.3.28)

However,

HwWE> = BEptidin' > (4.3.29)

where B“,(ﬁ) is the band energy of the unperturbed solid.

Also

CWRITBIWE"Y = [ BNFS de (R PR =
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A * -l —b
= CY‘E"E" E"E'Jh’vx" - R gd'}rw“,(r) },F Wy (F )1 5 (4.3.30)

and the only way in which energy bands couple 1is wvia the

momentum matrix elements

[y ) Rlerno) QW 0n> = %—;a.a,\- W 0w —

. ¥ . -
@E‘-ZZ— SCPV- wu (FJpwel®) Ay "o > . (4.3.31)

YA W

This place is usually a branching peint for any research.
From now on usually more specific aspects of the problem are
addressed and various approximations introduced - like two-
band (or one-band) 'models, a monochromatic laser, various
approximations for Bloch states, etc(.‘n A common reason 1is
self-evident - intractability of the general problem. This
area of solid state physics is still very much alive and in
a sense controversial. We hope to be able to set aside more
time in the future and continue research in this interesting

and important field.

We will finish this <chapter with an 1illustrative
example : a linear chain subjected to a monochromatic laser,
in the tight-binding approximation. An analysis based on

the system (31) then leads to a coupled set of equations

ij[‘-‘)’w‘wj‘-‘ TY_C"“.'\-H* C""\j-\—) +
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+ UE :\+\+Cm-uﬂ]+ U [C‘M’f'j-l + C,.,‘_‘ 3_‘] (4.3.32)

where A is a site energy, T 1is a hopping integral and U
is the strength of the external field. The form of the
interaction with the external field 1is special in that
absorption or emission of a "photon" causes hopping from one
site to a neighboring site. Egs. (32) may be solved by

letting

| Lo
CV‘M:XME (4.3.33)

SO
o gby gl o -0
Kmie—k-mw—_\'—’ﬂb“m Cosb+ u[Xme & & ¥, L ] (4.3.34)

In the limit where U = 0 (the external 1interaction 1is

turned off) we have
€ =A+mw+ LT cosh (4.3.35)

which, aside from the mw term, is the usual tight-binding
result. The mwl term Jjust accounts for the fact thate
is the quasi-energy and not the actual energy. For finite U

let

_ 20¢tesh
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_ €-2"2Teosh ; (4.3.37)
w
SO
() = (B(X.M.H*Km-ﬁ . (4.3.38)

A solution to this difference equation is

Lo = Jtom(2) (4.3.39)

as may readily be verified by the recurrence relation for

the Bessel functions:
Tn_\(z\-\-jm\(i):%_jh("’-) (4.3.40)

(another possible solution involves Bessel functions of the
second kind Yy )s For U =+=0 , @ -» 0 and we only have a
non-vanishing ¥ when d=m. This Jjust reduces to the
previously obtained expression for the spectrum. For U %
Q0 it would appear that any € is an acceptable solution
(for a gi§en value of b ). However near b =‘t%§ ,(3 gets
to be small and we must ask if ¥m remains finite at these

points. Any physically acceptable solution should remain

finite. For small values of the argument

_(zV )
_‘7\:(7'3’ (‘i‘) T(v+1) ' (4.3.41)



146 4, Band spectrum

where V# -1,-2,-3,... Hence if VY 1is not an integer we

will have divergent behaviour for negative V . Thus o > M
or

E-A=2Ttxnb ¥y mw (a.3.42)

Inspection of the above asymptotic form shows that Jy has
a cusp behaviour at the zone edge - again an unphysical

behaviour. Te avoid this we must have V an integer, so

E-N2Teosh =mw (4.3.43)

is the dispersion relation. A typical band structure 1is
sketched in Fig. 3. ©Note that, aside from the dispersion
relation being taken modulus itself, no distortion of the
band structure occurs. This is characteristic of a one-—band

model.
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Figure captions

Figure 1, Sketch of hypothetical band structures

in a laser field.

Figure 2. Band structure for the medified Kronig -~ Penney model.
Circles represent some of the numerical values for not too

strong external field.

Figure 3. A typical band structure for one-band model in the
tight-binding approximation. We have taken A = -2T and T < 0

for simplicity.
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Figure 3
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