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THE p-SPECTRUM OF THE 
LAPLACIAN ON COMPACT 

HYPERBOLIC THREE MANIFOLDS

Jeffrey McGowan* 

April 29, 1992

1 In tro d u ctio n

In th is paper we will s tudy  the  spectrum  of th e  Laplacian A  =  d6 + 6d, acting 
on differential form s on com pact three dim ensional m anifolds of constan t 
curvatu re  - 1 . M uch is known abou t the  spectrum  of the  Laplacian A /  =  
div(grad  f) on functions on m anifolds M n of dim ension n >  2 w ith constan t 
negative curvature. A lower bound for A i(M "), th e  first positive eigenvalue, 
was given in [19];

( 1)

where c(n) is a constan t depending only on the  dim ension, and V  is the  
volume of M n. A bound on th e  num ber of small eigenvalues for n  dim ensional 
m anifolds was given in [3] for n >  3,

N  ( o , {n 4— })  <  c l/ ,  (2)

where N (o ,a )  is th e  num ber of eigenvalues in the  interval (0 ,a ) . Sim ilar 
results have been obtained  in m ore general settings, for M  of pinched negative

*1 wish to  thank several people. Burton Randol for getting me interested in this subject 
in the first place. Edgar Feldman, for helpful suggestions on how to organize my thoughts. 
And most of all Jozef Dodziuk, for being a mentor, in all the best senses of th a t word.
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curvatu re  and d im ( M )  > 3 [19],[12],[4]. T he behavior of the  spectrum  of the  
Laplacian on functions for a  sequence of com pact A/, approaching a  non-

n =  2,3, [9] th a t  the  small (<  (n  — l ) 2/4 )  eigenvalues of the  Mi converge to 
those for M  as the  M, converge to  M .

For A p, th e  Laplacian acting on form s of degree p, Mazzeo and Phillips

T hus if n  =  3, p  =  1 the  essential spectrum  is [0, oo). T his is true  for A/ 
non-com pact with V o l(M )  finite, and we can take a  sequence of com pact 
M, approaching M ,  and see th a t we do not expect any th ing  like (1) or (2) 
to  hold for n  =  3, p  =  1. We will investigate the  behavior of the  spectra  
near 0 as Mi approach A/, show th a t there  are  m any sm all eigenvalues, and 
dem onstra te  a t w hat ra te  they accum ulate a t 0 .

A s tan d ard  technique for estim ating  th e  eigenvalues of the  Laplacian on 
functions is to  dissect th e  m anifold into “m anageable” pieces, and study  the  
eigenvalues on the  pieces w ith appropriate  boundary  conditions (so-called 
D irichlet-N eum ann bracketing [5, pps. 17-19]). T he  m ethod works as follows. 
Let Di, i =  1 . . .  m be pairw ise disjoint dom ains in M .  Im pose either Dirichlet 
or N eum ann boundary conditions on form s on dZ?,. If we are using N eum ann 
boundary conditions, then  we m ust have

th en  we consider the  space of functions which,when restric ted , are  zero on 
th e  boundaries o f the  £),. Eigenvalues are  given by applying th e  m ini-m ax 
procedure to  th e  quadra tic  form

com pact M  has also been studied, and Colbois and C ourtois have shown, for

have shown [16] th a t th e  essential spectrum  of A p on geom etrically finite 
hyperbolic m anifolds of dimension n fills the  half-line

In th is case, consider the  space of functions which, when restric ted  to  the  D, 
satisfy no boundary  conditions, in o ther words they  m ay have “ju m p s” a t the  
boundaries of the  Di. If we are  considering Dirichlet boundary  conditions,

(3)
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over these spaces of functions, and the  larger space of functions will give 
smaller  eigenvalues.

T hus, if {/*,}“ , is the  sequence consisting of all Neum ann eigenvalues of 
all dom ains Dj, th e  corresponding sequence for D irichlet boundary
conditions, and the  eigenvalues for functions on M , and we order them  in 
an increasing sequence w ith repetitions according to  m ultiplicity

0 < / i ,  (4)

0 <  i/\ < v2 <  • • • (5)

0 <  A, <  \ 2 < ■.. (6)

then
bk < < vk (7)

for all k.
Notice th a t  the  sequence of eigenvalues for Neum ann boundary conditions

will contain m (the  num ber of dom ains) zeros, so the first meaningful lower
eigenvalue bound on M  will be

^  Pm + li (8)

where m  + 1 may be quite  large. If we were to  a tte m p t to  estim ate  the  
eigenvalues for forms using a  variational characterization as above, we study  
the  quadra tic  form

u  —► (duj,duj)  +  (6u>,6u>). ( 9 )

For every U,, the  space of L 2-forms such th a t  <Lj — Su; = 0 is infinite d i­
m ensional, and we have no hope of getting  a lower bound for any Xn. As 
an exam ple, consider the  unit disk D  in the  complex plane w ith Poincare
m etric. Then the  space of harm onic forms of degree one, is given by

Til (D ) = { u i n L 2\(L} = 6 v  = 0}

= ju> = a d x  +  b d y  \ bz — a y =  a x + bv = 0, j  J ^ ( a 2 + b2) d x d y  <  ocj ,
in o ther words, W1 can be identified w ith the  space of square-integrable 
holom orphic functions on the  disk, which is infinite dim ensional.

We will need to  use a modified technique, based on the  M eyer-Vietoris 
form alism , to  bound the  num ber of small eigenvalues for th e  Laplacian acting 
on forms of degree p  >  1 on A/. As an application of it, we prove
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T H E O R E M  1.1 Let M  be a compact hyperbolic three dimensional m ani­
fo ld , V o lu m e (M )  < V .  Let R  be the diameter o f  M .  Then

(10>
where N(X)  is the number o f  eigenvalues o f  A p, p = 1,2 which are less than 
or equal to X, and c\ and  cj are universal constants.

Theorem  1.1 is qualita tively  sharp , since it is easy to  give exam ples of 
m any forms w ith Rayleigh-Ritz quotient of order 1 / R 2, where R  =  d ia m (M ) ,  
and in fact the  following is true:

T H E O R E M  1.2  Let M  be as in Theorem 1.1. Then the dimension o f  the 
space o f  co-exact eigenforms o f  degree one on A/  with eigenvalues in (0, 
is at least c3V  i f  the diameter R  is sufficiently large .

This paper is organized as follows. In Section 2, we will discuss tl._ b a d :  

ground analysis, in p articu la r the  Hodge theory  for com pact m anifolds, and 
a  variational characterization  for the  eigenvalues of th e  Laplacian on exact 
forms. T hen we will prove a  technical lem m a which will allow us, given an 
open cover of a  th ree  dim ensional manifold M , to  use lower eigenvalue bounds 
for th e  pieces of the  cover to  get a  lower eigenvalue bound for exact forms 
of degree one on M .  I would like to  th ank  Jeff Cheeger for suggesting this 
technique, which appears in an unpublished m anuscrip t. In Section 3, we will 
discuss the  geom etry of hyperbolic th ree  dim ensional m anifolds, and choose 
a  dissection for such M  which will allow us to  apply Lem m a 2.3. In Section 4 
we will combine the  results of Sections 2 and 3 and prove Theorem s 1.1 and 
1 .2 .

2 T h e  A n a ly sis

2.1 H odge T heory
T he Laplacian on differential forms is defined as

A  = dS + Sd, (11)
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where 6 =  ( —l ) n'>+n+1 *d* is the  form al adjoint of d. D irichlet and N eum ann 
boundary  conditions for functions are generalized by relative and absolute 
boundary  conditions respectively [5],[10],[18]. A bsolute and relative bound­
ary conditions are  given by decom posing a  form u> into tangentia l and norm al 
com ponents a t any point x  €  d M , u  — u>tan +  u>norm, and requiring th a t

^norm  — 0 , ( ^ ) norm — 0  ( 1 2 )

for absolute boundary  conditions, and

Wt0n =  0, (<M ,an =  0 (13)

for relative boundary  conditions. T he boundary value problem s can be re- 
form ultated  in an 1? framework. We study  the  operators d, dc, 6, 6C acting 
on the  space of sm ooth forms on a manifold M  with

dom ain (dc) =  {u> € C£°AP(A/)} (14)

dom ain(d)  =  {u; € C°°Ap(A/)|u>,du> e  L* ( M) }  (15)

dom ain(6c) =  {u> € C£°Ap(Af)} (16)

domain(S)  =  {u> €  C°°Ap(A /)|w ,6u  G L 2( M ) }  . (17)

We take the  closures of these opera to rs in the  L 2 sense, and denote them
3, 3 C, 3, 7C. 3  is the  adjoint of 3C, likewise for 3  and I c [13]. To develop a
form alism  which allows one to  work on every  R iem annian m anifold, regardless 
of com pactness or com pleteness, one defines the  operators

A d — 3c3-f 3 3 c (18)

A n  = d 6 c + 6cd. (19)

A d  and A n  a re  unbounded and self-adjoint. For M  w ith boundary, we 
sim ply replace M  by i ts ’ interior and use A d for relative boundary  conditions, 
and A n  for absolute boundary conditions. If M  is com pact and w ithout 
boundary, A  =  A d  — A n - It is enough to  study  the  spectrum  of one of 
these operato rs, since th e  Hodge sta r o pera to r m aps eigenspaces of A d  into 
eigenspaces of A n  and vice-versa, w ithout changing th e  eigenvalue. Note 
th a t  Aj\rA =  0 if and only if hh  =  }>ch = 0. Cheeger [6 ], [7] has shown th a t
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Hodge theory  for these operators works if M  is th e  in terior of a  m anifold 
w ith corners. In particu lar, every L 2 form can be decomposed

=  d a  © /i © 6c/3 (20)

w ith a  €  dom (d), /? G dom(6c), and A ^ h  = 0 (18). Eigenforms for e ither
choice of boundary  conditions form  an orthonorm al basis of L 2 for all p  and
either choice of boundary  conditions. If E P(X) is the  space of eigenforms of 
degree p  w ith eigenvalue A >  0, Ejj(X) and E p(A) th e  spaces of exact and 
co-exact eigenforms with eigenvalue A respectively, then

E p( A) =  Ej (X)  © E f ( \ )  (21)

£J(A ) =  d E r ' W  (22)
El{X)  = 6 E p~ \ X )  (23)

For w € E p~l (X),

(dui, <Lj ) =  (6du),uj) = (Au>,u>) = X(u,  u )  (24)

so
d - . E T ' W - E i W  (25)

is an isom orphism  w ith norm

||d || =  v ' l  (26)

In order to  prove Theorem  1.1, we will cover M  w ith  overlapping  pieces, 
and use techniques sim ilar to  those used in the  proof of the  M eyer-Vietoris 
Lem m a (2). It will be enough to look a t exact form s of degree two, since forms 
of degree th ree  will have the  same eigenvalues as functions, and  exact forms 
of degree one have th e  sam e eigenvalues as the  functions they are  m apped to  
by 6.

2.2 C haracterizing E igenvalues
We will use the  following characterization of eigenvalues [11].
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P R O P O S I T I O N  2.1 The spectrum o f  the Laplacian, 0 <  /i]>p <  P2 ,p < ■ ■ ■< 
on exact degree p fo rm s which satisfy absolute boundary conditions can be 
computed by:

P i ,  = inf  sup i j f ^ : \ d0 = v } ,  (27)
Vl * !€ V ,\{0 }  [  (0 ,0)  J

where V, ranges over all dimension i subspaces o f  C°° fl L 2 exact p  forms, 
a n d O e  L 2(Ap- i ) n C 00.

PR O O F: F irst, notice th a t  tak ing  the suprem um  in (27) can be done in 
two stages. For each t) we choose 6 to  maximize

j m -  <28>

We take any 0 such th a t dO =  rf with Hodge decom position 0 = da  + h +  60
and set 0O = 6/3, which will give us 60 G ?c( ^ p) by (20). Thus

'" f SUP = 5vf SUP { 7o '^ \ } (29)« j€ V .\{ o }  U M )  J v> n € V , \ { 0 )  U ^ o , ^ o ) J

f ( d 9 0,de0) \
= >nf SUP i  (a ■ (-*0)

Wt t ) € W .\{ 0 }  { (P O , 00) J

where Wi ranges over subspaces of dimension « of 2>c( n p). Since 60o =  0,

(d0o,d0Q) +  (60o, 60o).

Thus, the  right hand side of (30) gives the  standard  m ini-m ax characteriza­
tion of the  i-th  eigenvalue of A p_i on co-exact form s, which is the  sam e as 
the  t-th  eigenvalue of A p on exact forms.

Q .E .D .
This characterization has an in teresting consequence, nam ely th a t  the 

eigenvalues vary continuously when the  m etric  varies continuously in the  
C° topology (there  are  no derivatives of th e  m etric  in (27)!). For a  precise 
s ta tem en t of th is  , see Lem m a 2.2.

T he following two lem m as will allow us to  com pute lower eigenvalue 
bounds for manifolds w ith one m etric, and then  apply  th e  results to  ano ther 
m etric.

7



L E M M A  2.1  Suppose

<0 ? Bl -  c ^ o  da \ ’2 f or every 0 ° f  de9n e  P ~  1 witfl df) f\V'>v)g2

where (, )Sj denotes the L 2-inner product fo r  the metric g} . Then (p,,p)gj >  
c{Pi,p)n> where (pitP)gj is  the i-th eigenvalue o f  the Laplacian on exact degree 
p form s satisfying absolute boundary conditions fo r  the metric g} .

PR O O F: Choose an exact eigenform u; w ith eignevalue (p,,p). By P ropo­
sition 2.1,

( * > )  - =  ipf “ P <31>(u>,u>)y, V, n€v,\{0} { {V,V)gi J

By assum ption,

( M ) „  -  ( M ) „
for every t) =  d0. Therefore,

(M ) * i  > c i M k  (3 2 )

• - ( 1s t )  * - ( » ) ■
and

(/^..p)p i = > n f  sup } >  c i " f SUP ( i ! ’ ! H  =  c ( f a ) f l ' (34)
v > r,€V.\{o} J v > v e v , \ { o )  )  3

Q .E.D .
T he following is due to  Dodziuk [11], and is a consequence of Proposi­

tion 2 .1 .

L E M M A  2 .2  Suppose the metrics g r and g2 on M  satisfy

&9i < 92 < Tgx.

Then
1 / a W a + p  i  / T \ n / 2 + P

~a \ t )  — (P><p)t2 — ~  y ~ J  (Pi,p)m

where (Pi,p)gj  is as in Lemm a 2.1.
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To com pute the  eigenvalues for a  product manifold M  =  N  x  O, we will 
use th e  K unneth  form ula [14] (a consequence of Fubini’s Theorem ),

V i * ( M ) =  E  ( V i A N )  + V i AO ) )  (35)
r + » = p

which says th a t  the  eigenvalues of a  product space are th e  sums of the  eigen­
values of the  factors.

2.3 A Technical Lem m a
Let M  be an n-dim ensional m anifold, and {f/i}*_0 an open cover of A/. 
Denote by Ua0...Ok th e  intersection n “̂ O0f/,. Choose and fix {p} a partition  
of unity  subord inate  to  this cover. Set

max, m axzCi/, |V p ,(x ) |2 
cD = ---------

Let

and
• j

N 2 = ^ 2  dim1-Qb(Uijk) =  the  num ber of
i , J , k

Let N  =  JVi +  A j +  1. We will now prove a lem m a which will allow us 
to  use lower bounds for the  first positive eigenvalues of A p with Neum ann 
boundary  conditions on f /,’s to get a lower bound on the  N - t h  eigenvalue of 
A p on exact forms on M .

L E M M A  2 .3  Let M  be a compact n-dimensional manifold, and  {C,}*L0 an 
open cover o f  M  as above. Let fi(Uao...a,) be the smallest positive Jqenvalue  
o f  A  on exact fo rm s o f  degree 2 — 1 satisfying absolute boundary conditions  
on Ua0...a,, I — 0 ,1 . Then

VN,2 > — —7-----------   c- (36)

S o  + jr i  + (•riv  + z f e ) )

where p r%l is the rth eigenvalue o f  the Laplacian on exact fo rm s  o f  degree s 
on M , and m i is the number o f  j ,  j ^ t i ,  fo r  which Ui D

9



PR O O F : Let {$ , } be an orthonorm al basis of exact eigenforms of Q2( A/), 
0 , =  dXii  w ith  X, co-exact for all t, and thus unique. Let p s  be  th e  N th  
eigenvalue of A  on exact forms of degree two on M .

P n  =
( $ N , $ N )

( x n , X n )
(37)

Then for every <p 6  Span  { 0 i} f , <P =  th ere  is a unique x €
Span  {X i}f, X =  T,iLi a.Xn such th a t  <j> = d \ ■ M oreover,

( $ s , $ n ) ^  (<P,4>)
p s  =  ---------   >

( X N , X / v )

for every choice of a .’s. It follows from  (20)

( x , x )
(38)

(4,4>) > (<P,<P) 
( x , x )  “  ( V » , 0 )

(39)

for every ip with <f> = dip. Thus, a  lower bound on (39) for any pa ir (xp, <p) 
w ith <P — dip will give a lower bound on p y .  We will construct a  one form ip 
satisfying dip = <p in such a way th a t the  L 2-norm  of ip is controlled in term s 
of the  £ 2-norm  of <p. In order to  do this, we will be  forced a t two points 
during the  proof to  m ake specific choices of a ,’s.

Knowledge of eigenvalues on the  pieces and double intersections allows 
us to  construct ip locally. We then  use a  partition  of unity  to  com plete the 
argum ent. T he proof uses the  Cech-deRham  (generalized M eyer-Vietoris) 
form alism  (see diagram  below) [2].

0 _  & ( M )  - i *  n n 2m 6 n n 2(c/u ) 6

T d u u
0 f i i ( M )  - i *  n f m ) S n  n'(Uii) S

U  T d u
0 n°(M)  - u  n n ° ( t / , ) S nn 0(C/0) 6

T * T *
-- » -- »

T T
0 0

(40)
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Here, r  is th e  m ap which restricts global forms on M  to  each t/,, r ( u>) =  
{w\u, d  is the  exterior derivative on each com ponent of the  p roduct Qq{U{-)),
and 6 is th e  difference opera to r, which for u> G II w ith “com po­
nen ts” u>ao...ap G W {U a0...Op) is defined as

H-i
(ia>)O0...op+i ^  ]( ~  1 ) tL>on...o....ui^ti

«=0

w ith the  caret denoting omission. In our case, while th e  rows of (40) are 
exact, th e  colum ns are  not, since the  Hodge osition gives

n* =  d n * -1 ® n k ® 6 n k+1, (4 1 )

and the  H k's are  not trivial in general.
We are  interested in lower bounds for exact two forms, so we will pick 4> 

in Span  { $ i} f \  the  first N  exact eigenforms of degree two. R estrict <f> by r  to 
get {fa}  €  n n 2(t/,)- Since <(> is exact, we can choose {V\} G Q 1 ( t/*) so th a t 
dip, = <px. Now we can use the  fact th a t  we have a lower eigenvalue bound for 
exact forms of degree two on t/, for all i to  choose V’i ’s with bounded L 2 norm.
We will then  piece together these ip, into a  form defined on all of M .  It is not 
in general tru e  th a t ip, =  ipj on t/y , i.e. th a t  6{0,} =  0. Set 6 (0 ;}  =  {t^y}, 
where w,; =  ipj — ip, on t/y . Notice th a t  <koX] =  d(xpj — ip,) = 4> — <t> =  0, so we 
can w rite u>y =  drjji +  A,; w ith Ay harm onic. We can choose <p =  a,$>, ^  0
initially  so th a t  Ay =  0 for each t/y  , and th e  dimension of th e  space of such 
<t>'s will be a t least N  — N\  =  7Vj -I-1. We pick the  unique r/y so th a t u>y =  dr/y 
and r/y is co-exact. Therefore,

|42>
L e t  { j / y * }  =  6 { r / y }  =  { r /,*  -  t1]k +  r / y  | U , ] k ) .

0
u U
to) & f 1 ^—► to ) —► 0
u u U
{r.} 6 t i 6—► to) —» to*}

u

(43)
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We w ant to  replace V’i’s w ith 0 , ’s which are restrictions of a  globally 
defined form , and such th a t

dip, =  dip, = <p,

on £/,. T he exactness of the  rows of (40) would allow us, if all i/.-j* are zero, 
to  find t ,  G nn°(£ /.-) so th a t 6 {tv} =  {17,,}  =  { t ,  -  \u,r>u}} • An explicit
choice is given by [2]

T« =  5Z PrtH* (44)
j

where p3 is our p artition  of unity  subord inate  to  {U3}. However, so far we 
can only claim  th a t  dv,3k =  0 (see (43)). T hus, are constan ts, and we 
will use the  fact th a t <p is in a space of dimension a t least 7V2 -f 1 to  choose 
a  <t> =  ^  0 such th a t all i \3k =  0. Then d6 {r;} =  6d{r,}  =  {w^}, so
if we take ip, =  ip, — d r,, then  6 { ip,} =  ip3 — ip, — d(r3 — r ,)  =  ip3 — ip, — uj,3 =  
{0}. T hus, ip, = ip\u, where ip is a globally defined C°° form. Notice th a t 
dip, =  dip, = <p, on U,.

Now (ip, ip) < T.i(ipi,ipi), so th a t

( 6 *)_ < (
Z,('P,,'I’,) ~  (Vs VO'

A lower bound on

E , ( 0 . , 0 ,) ( }
will give a  lower eigenvalue bound for exact two forms on M .  We will get 
th is bound by estim ating  ||V’, ||2 in term s of ||<£||2. N ote th a t  all norm s are L 2 
unless otherw ise ind icated , and are com puted on th e  appropria te  open set, 
for exam ple ||T?ij ||2 is the  norm  on U, fl U3.

ip, =  ipi -  dr, =  ip, -  d ( J 2  PjVji) ( 4 7 )

j

NW<iiwi! + H E w ) l l !. («>
so

Proposition  2.1 gives, since <P, is th e  restriction of <p to  {/,,
| 2  I U . I I 2M il > MC > m , i

W I M P  ( 1 ( )
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which implies th a t

II0.II2 <
m )

¥ ( £ .  M j i ) \ \ 3 ^  +  Y l P M T} j ' ) \ \ 2
3 3 3 .

< E (l lw l lJ + Ill'll2)
3

<  £ M r f  +  l l< % l l2)-

(50)

(51)

Since we have chosen T)Jt so th a t (42) holds,

,, „ a <  \ \ * i n II2 l i f t - 0,-II2 ̂ ( I h M I 2 *  \U '3

n’w l  -  M u )  M u )  ~

| f e l l a <  I l 0 i - ^ l l a < 2 ( | | 0 . - | | a  +  | | 0 i | | a )  

Com bining (51), (52), and (53), we get

P . l l 2 <  M t  +  2 £
m )

M L
m )

c,(  l l t y i + M l i 2)

(52)

(53)

+ 2 E

M u )
\c / M L  +  JM L )

M i i )

+  ii0 . i r + n v > ; i i 2

+  M a +  lh M la

Therefore J j M  < + 1 1
M u )  +  m )  m )

Since

we get

JWJ1 >  !_____________

11011 S ,  ( a + 2 £,  ( i A  + 0  ( x f o  + t o ) )

54)

(55)

(56)

Q .E .D .



It is in teresting to  note th a t  Lem ma 2.3 can be generalized to  higher de­
gree forms. T he argum ent m ust simply be extended to  account for additional 
corrections which will be necessary to  reach the  “b o ttom ” of the  diagram ; in 
o ther words it will be necessary to  take further steps to  account for differences 
on intersections. T he real difficulty in a  generalization is not in obtain ing  
a  result analogous to  Lem m a 2.3 for higher degree form s, b u t in getting  a 
covering of M  which will allow the  com putation of the  new lower eigenvalue 
bounds on the  pieces and their intersections. For exam ple, if d im ( M )  =  6 , 
and we wish to  com pute a lower bound for exact forms of degree three, we 
will need lower bounds for exact forms of degree two on double intersections, 
and exact forms of degree one on triple intersections. It is easy to  see th a t  
things m ight get very com plicated very quickly, unless a covering is devised 
which will give a great degree of control over the  n a tu re  of the  higher order 
intersections.

3 T h e  G eo m etry

We will be working on com pact hyperbolic (i.e. constan t curvatu re  — 1 ) 
m anifolds of th ree dimensions. There are several facts abou t these manifolds 
which will play a  large p a rt in the  proof of th e  m ain resu lt, and  we will review 
them  here.

T he M argulis Lem m a [1] implies th a t  there  exists a  constan t e which does 
not depend on th e  m anifold, such th a t  if p  6  M  is any poin t, and 7 1 ,7 2  are 
geodesic loops a t p  w ith lengths <  2 e then  71 and 72 generate  an alm ost 
abelian subgroup of jri(A /,p ). This has as a  consequence th a t  Af can be 
decom posed into so-called ‘th ick’ and ‘th in ’ parts. For our purposes, p  £  M  
belongs to  A/thi<k if th e  injectivity  radius 1 (p) is g reater th an  or equal to  e, 
and to  Mtiua otherwise. In particu lar, A/thick =  is nonem pty, and
Mthick is connected.

If A/thiek^A/, i.e. if A/thin^0> then  A/.t,;„ is a  finite union of tubes J 1,, t =  
1 . . .  K ,  where each tu b e  can be described as follows [4]. 7} contains a  geodesic 
7 , of length less than  2e. For any point p  €  7 ,, and every u n it speed geodesic 
ray 6 from  p  in the  direction of a  tangen t vector v  perpend icu lar to  7 j, if 
*(^(s)) <  e for all s 6  [0 , a ], then  t(6 (s)) is a  stric tly  increasing function of s 
in [0, a ]. We will call 7 , th e  core geodesic, since moving away from  7 , increases

14



the  in jectivity  radius. Clearly, for each p and u, there is some R  such th a t  
i(6 (R ))  =  e(R )  is the  d istance along 6 from the  core geodesic to  M ^ck-  In 
a m ore general se tting  than  ours, R  can vary with p and v, b u t when M  
has constan t sectional curvature, and is 3 dim ensional, then R  is constan t 
(the  tubes are round) [3]. T, is the  union of all these arcs. Since different 
S'a are d istinct (except possibly for initial po in ts), T% is diffeomorphic to  the 
set of norm al vectors to  7 , of length less th an  or equal to  one. Thus it is 
diffeomorphic to  7  x  B 2, where B 2 is an open ball in R2.

In the  case under consideration the  boundary between A/thick and A/thin 
consists of tori which are sm ooth and flat in the  induced m etric since the 
tubes are  round. T he diam eter of these boundary tori can be estim ated  
cruedely in term s of th e  d iam eter of M . W hile there are only a finite num ber 
of topological types of bo th  A/thick and A/It,i„. given V o l(M )  < V , th e  identifi­
cations used a t the  boundary gives an infinite num ber of hom otopy types for 
A/. O ur principal result, Theorem  1.1 involves th e  d iam eter of M  which need 
not be  be bounded. As a  m atte r  of fact, given a non-com pact finite-volum e 
th ree  dim ensional hyperbolic manifold M ,  there  exists a sequence {A/,} of 
com pact hyperbolic m anifolds such th a t

V ol(M t)  S  V o l(M )  (57)

D ia m (M i)  —* 00 ( 5 8 )

and Mi  are  approaching M  in the  appropriate  sense [15],[21]. As t increases, 
the  m anifolds Mi in th is  sequence have tubes of larger and larger radii. These 
tubes become cusps in the  lim it. We will see below th a t th e  increasing radius 
of tubes is responsible for the  appearance of small eigenvalues.

3.1 D issectin g  th e M anifold
We will work with A/thin first, then  la te r we will discuss A/thick- Recall th a t 
A/thin consists of a collection of tubes T,, i =  1 . . .  t around core geodesics 7 ,, 
and th a t  each tu b e  is round, i.e. th e  d istance between 7 , and th e  boundary  of 
A/thick >8 * constan t B, for each 7). T he num ber of such tubes  is finite; in fact 
a  crude upper bound on their num ber can be given in term s of th e  volume 
of A/, t <  cV .  This is true  because the  injectivity radius a t  the  boundary
of the  tubes is large, and we can em bed a ball a t each such boundary  (see
diagram  below).

15



Mthick

Each tu b e  can be describe as follows: Let 7i be a  com ponent of th e  inverse 
im age of 71, in the  universal cover H3. Then

Tt = T / <  A* > ,

where <  A ,, >  is the  cyclic group of isometries of H w ith axis 7 , generated 
by Ay, corresponding to  [7 ,] in x i(A /). In term s of Fermi coordinates the  
m etric in 7i is

d s2 =  d r 2 +  cosh2 r d t2 +  sinh2 r  dO2 (59)

and
A,, : (r, t, 0) -+ (r, t +  /(7 «), 0 +  0,)

for some $i 6  [0,2ir), w ith l( j j)  equal to  the  length of 7 ,. Thus T< is ob tained  
from the  cylinder {(r, <,0)|O < r < R , 0 < t < /(7 ^), 0} by identifying (r, 0 ,0) 
w ith (r, +  0i). If 0i 0, than  we will say th a t Ti is “tw isted” .

Each tu b e  will be decomposed into a union of two pieces. O ne piece is the  
solid torus of rad ius 2  around the  core geodesic 7 , , which will be  denoted by 
Ti,i- T i j  is ob tained  from  the  p ictured  cylinder by identifying the  opposite  
faces, w ith the  centers (i.e. th e  ends of 7 ,) identified, and one face ro ta ted  
an angle of 6{ around th e  center, as described previously.

16



T he second piece is a “solid annular to ru s” , around the  core geodesic, 
s ta rtin g  at a  d istance 1 and continuing ou t to  d istance R ,,  i.e. th e  d istance 
from the  core geodesic to  dT t .

T,.i =  {p G M  | 1 <  d(p, 7 ,) <  /?,} (60)

This piece is a solid torus with a hole bored through the  center, and has 
overlap w ith Titi of identical struc tu re , w ith annular radii 1 and 2. We will 
replace the  m etric (59) of w ith the  m etric

da2 =  dr2 +  e2r(dt2 +  dO2). (61)

These two m etrics are  quasi-isom etric with controlled constan t c which is in ­
dependent of R  and V, since r > 1 . T hus, Lem ma 2.2 implies th a t  eigenvalue 
bounds in term s of the  m etric (61) are equivalent to  bounds for the  m etric 
(59).

O n A/thick* we will use a  very sim ple decom position. Take a  m axim al set 
of po in ts in A/thick d istance a t least e/ 2  from  each o ther, and take  the  set
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of open balls of radius e centered a t these points. T here  will be a t m ost

cV
- T  (62)

of such balls. They will cover A/thicki and balls of radius e/4  centered a t the 
sam e poin ts will be disjoint [3].T he intersections will look like convex lenses.

4 M ain  R e su lts

4. 1  T,nwer E igenvalue B ounds
In o rder to  apply Lem m a 2.3, we will need to  give lower bounds for the  first 
positive eigenvalue of th e  Laplacian in several cases -

1. For exact forms of degree two satisfying absolute boundary  conditions 
on and t balls on A/thick-

2. For exact forms of degree one, which are  the  sam e as functions, satisfy­
ing absolu te boundary  conditions on intersections of pairs of the  pieces 
described above.

In th e  following Lem mas, the  constan t c is independent of th e  m anifold, bu t 
its exact value m ay be different in different contexts. U ltim ately c will be 
chosen sufficiently small so th a t  all Lemmas are  true.

L E M M A  4.1 On balls o f  radius t  on A/thick>

p 0,2 >  c. (63)
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PR O O F:A  hyperbolic e ball in A/thick is quasi-isom etric to  an Euclidean 
e ball w ith controlled constant. Lemma 2.2 then implies th a t  the  eigenvalue 
problem  for the  epsilon ball in M  can be com pared to  an epsilon ball in  the 
Euclidean m etric, and for an Euclidean ball of radius r  it is well known (using 
a scaling argum ent) th a t

c
f*0.2 >  - j -  r 2

In th is case, r  =  e, and we are done.
Q .E .D .

L E M M A  4 .2  On intersections between two e-balls or between an t ball and 
Tia

>  C, (64)

where fi10 is the first positive eigenvalue fo r  A 0 on functions  satisfying ab­
solute boundary conditions. Since  /ij j =  p lt0, > c.

PR O O F: We will first tran sla te  the  problem  to  the  upper half space model 
of hyperbolic space. Homogeneity allows us to  m ap to  a  geodesic in “H3 

which is a vertical line, and e balls to  balls in a s trip  bounded away from  the 
boundary  of H3. In fact, given hyperbolic m etric

\d z? (65)

where zn is the  n -th  com ponent of a  point z , we can tran s la te  th e  balls into 
a s trip  between zn = 1 and zn = e2c. Ti will be m apped into a  cone.

T he intersections will be convex for the  Euclidean m etric, so we can use 
Lem m a 2.2 to  com pare eigenvalues since 1 <  zn < 1 +  e in (65). Payne and

19



W einberger [17] have shown th a t  for any convex dom ain in Rn with d iam eter 
D,  Aj >  t 2/ D 2 which com pletes the  proof.

Q .E .D .

L E M M A  4 .3  On T ,^, the positive eigenvalues o f  A 2 are bounded above and 
below by constant multiples o f  the eigenvalues o f  A 2 fo r  a solid torus with an 
untwisted metric.

PR O O F: Let I = l('fi). We will lift 7 , and the torus around it to  a k-fold 
cover, where we choose k so th a t  the  tw ist 0 * =  kO (m o d 2 n ) in th e  covering 
torus is less th an  or equal to  /. Given /, k  can be found so th a t  k < 2 t t / / [3]. 
T he eigenvalues of A p on the original torus in M  form a  subset of th e  set of 
eigenvalues on the  covering torus via pullback, and we will show th a t  these 
are bounded above and below by constant m ultiples of the  eigenvalues for an 
untw isted torus.

®k

(
kl

QZ3
1

On a flat torus,
dsFUt = d*2 +  d r 2 +  e/0 2, (6 6 )

where t is the  position along the  core geodesic, 0  <  t < kl, and r  and 0 are
polar coordinates in the  disk. Now, m ap

(67)

This m aps a to rus w ith no tw ist to a to rus w ith a tw ist 0*. Therefore

</0 —> </0 +  -(7 - 7  (6 8 )
k I

and 0*// <  1. Thus, on the  untw isted to rus, the  pullback m etric  is

d s Twi§t =  d r 2 +  d t 2 +  (d0  +  — )2 (69)
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= dr’ + ^  + O + l ) * 2 * ^ .  (70)

We w ant to  bound th e  pullback m etric above and below by constan t 
m ultiples of the  flat m etric, dr2 is the sam e in both  m etrics, so we will 
com pare th e  quadra tic  forms

d02 + d t2 (71)

and
x , 7 2dOdt

d62 + ( l  + p ) A a +  - p - .  (72)

This will clearly allow us to bound the eigenvalues of the  tw isted torus in 
term s of those on the  flat torus. To do this, we will bound th e  quotient

d P  + ( l  + W  + v p
Jf> + dt’ ' ’

from above and below. This am ounts to  estim ating  the  eigenvalues of the 
m atrix

One checks th a t

3 — \ /b  dO2 +  (1 +  -p)dt2 +  3 +  \ /5
— 2 ~      5  ~ 2 —  (14)

Now, we can use Lem m a 2.2 to get bounds on the  eigenvalues /i, p on the 
tw isted to rus in term s of those on the  flat to rus, and the  constan ts in (74). 
T he eigenvalues of the  untw isted torus can be com puted using the  K unneth  
form ula, which gives

^ 1,p — D 2 '
where D  is the  d iam eter of the  torus. In our case, th e  d iam eter is th e  larger 
of 2  or kl < 2 jt, which com pletes the  proof.

Q .E .D .

L E M M A  4 .4  On T,a ,

> j p -  (75)
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PR O O F: Let p  =  — r , so th a t  p m easures the  d istance in th e  tube  
from  the  boundary, no t from the  core geodesic. We will obtain  the  de­
sired lower bound by showing th a t the  eigenvalues for T , t2 w ith the  m etric 
d s7 =  dp7 + e~7p(d x 7+ d y 7) (notice th a t  we are  changing m etrics slightly from 
th e  s tandard  hyperbolic one, see page 17). T he eigenvalues in th is m etric will 
be shown to  be larger th an  those for the  Euclidean case d s7 = dp7 -f d x 7 -f d y 7. 
We will estim ate  the  desired bound on the  product of a  to rus w ith an interval 
w ith Euclidean m etric using Fubini’s Theorem .

' a V 
i i

" A(r,\
i i 

\ w / 
V

I I
V

Let u) = adp +  bdt -f cdO be a  form of degree one. We will com pute the  
quotient

/ 1 < H W
/ M W  ( *

in bo th  m etrics, and show th a t its value in the  hyperbolic m etric  is always 
larger th an  its value in th e  Euclidean m etric. This will imply, by Lem m a 2.1, 
th a t  the  eigenvalues for the  hyperbolic m etric will be larger th an  those for 
the  Euclidean m etric.

For th e  flat m etric , (76) becomes

f  (\bp - a <|2 -f \cp - a e \ 7 4 - jc« -  be \7)dpdtd0  
f ( \ a \ 7 + \b \7 + \c\7)dpdtd0

(77)
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T he sam e com putation  in the  cusp like m etric will give

/  (e2p\b„ -  a , | 2 -I- e2p\c , -  a , ] 2 4- e ^ l c  -  6, | 2) e~2<>dpdtd6 
f  ( |a |2 +  e2p\b\2 +  e2p\c\2) e~pdpdtd6  

/  (|fep -  a , |2 -|- |c„ -  ag |2 +  e2p|ct -  6»|2) dpdtdO 
f  (e~2p\a\2 +  |6 |J +  \c\2) dpdtdO

(78)

It is qu ite  clear th a t  (78) m ust be greater than  or equal to  (77) for any given 
u). Now we can use Lemma 2.1 to  see th a t

where (/i,tj ) / / ,  {Pi,i )e  indicates the given eigenvalue in the  hyperbolic or 
Euclidean m etric respectively.

To get the  desired bound in the  Euclidean m etric, we will use th e  K unneth 
form ula [14]. In our case T , j  is the  product of a  flat two dim ensional torus 
w ith the  interval [1,/?]. We can estim ate  the  eigenvalues for the  torus, 
A*i,i ^  p i  — W  8*nce d iam eter of the  torus is bounded by the  d iam ­
eter of M .  On the  interval, only functions and forms of degree one will 
con tribu te , and they have the  sam e eigenvalues since d  m aps eigenfunctions 
to  eigenforms preserving eigenvalues (25). This leaves us w ith, in th e  worst 
case, the  eigenvalues of functions on the  interval [1,7?], Xi >  -jp, which is the 
bound we wish to  prove. It is im portan t to  note th a t  the  sam e argum ent will 
work for the  intersection of T t \ and i  w ith  R  =  1, so the  eigenvalues there 
are bounded below by a constant.

4.2 T he N um ber o f  Sm all E igenvalues
T H E O R E M  1 .1  Let M  be a compact hyperbolic three dimensional mani­
fold, V o lu m e (M )  = V . Let R  be the d iameter o f  M . Then

where N( X)  is the number o f  eigenvalues o f  A p, p  = 1,2 which are less than 
or equal to  A, and C\ and cj are universal constants.

(/*«.i )h — ’ (79)

Q .E .D .

(80)
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PR O O F : We need only consider the  case p  =  1, since the  Hodge s ta r  
opera to r will then give bounds for p = 2. Recall th e  th e  Hodge decom position

n \ M )  =  dn°(M)  © n\M) © sn2(M).
Using th e  M eyer-Vietoris argum ent, it is easy to  show th a t  th e  dimension 

of is a t m ost c V , which implies d im (7 i l ) < cV .  E xact one forms
will have th e  sam e eigenvalues as functions, so we need only consider forms 
uj €  6 n 2. We will get the  desired bound for these by using Lem m a 2.3 to  get 
a  bound for exact forms of degree two, which under * gives us the  desired 
bound on co-exact forms of degree one.

In order to  apply Lem m a 2.3, we will first dissect the  m anifold as de­
scribed in Section 3.1, then  use the  lower eigenvalue bounds from  Section 4.1 
to  get an estim ate  on M .  We will also choose a  p a rtition  of un ity  {p,} sub ­
o rd inate  to  the  covering {£/,} as follows. Define functions p j which are 1 on 
the  e/ 2  balls which cover A/thick, and drop linearly to  0  as functions of the  
rad ius of the  e balls as the  radius goes to  e. On 7;,,, define as th e  function 
equal to  1 for 0 <  r  <  1 , and then  equal to  2 — r  for 1 <  r  <  2. On 7 i>2, let 
p j be  the  function which equals 1 for 2 < r < R  — e /2 , and which drops off 
linearly to  0 a t each end. Define

(si)
Pj

We can now com pute cp as for Lem ma 2.3 in term s of the  derivatives of (81), 
which are easily seen to  be bounded by a  constant.

T he o u ter sum  in Lem m a 2.3 is over all pieces Ui, so we will have three 
types of sum m ands

1. U, a  ball of rad ius e in Mthick

2 . Ui =  TV,, a  tw isted to rus around a  core geodesic 7* .

3. Ui =  r * >2, a  solid annu lar to rus surrounding 7*,,.

We will exam ine the  con tribu tion  of each sum m and separately. N ote th a t  
th e  constan t c appearing in each estim ate  can be chosen uniformly. It is the  
sm allest of th e  constan ts required in th e  th ree  cases.

C ase 1 - (/, an  ( ball
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Each of these will contribu te  a  term  in the  denom inator of (36) which is

( ^ ) + ^ y ) '  (82)

T he first term  in (82) is always th e  sam e,

1
<  c,

from  Lem m a 4.1. For th e  sum  over j ,  we will first note th a t  m  is bounded 
above (since the  m axim al num ber of disjoint c/4 balls in an c ball is bounded 
in term s of e only). For each j ,  we can use Lem ma 4.2 to  estim ate  the  first 
factor in th e  sum  in (82)

T he second factor for each j ,

°p < c.

1 1 
+m )  u r n '

will be  less th an  o r equal to  2c if Uj  is an  c ball, and

c + R 2

if Uj  is a  tube. Here we use Lemma 4.4 to  bound f i ( Uj ) .  P u ttin g  everything 
together, we get th e  bound

c ( l  +  R 2) . (83)

C a s e  2  - Ui =  7^,i
T he argum ent is very sim ilar to  Case 1 . Each Ui will con tribu te  a  term  

which is

+ + (84)

T he  first term  is always

1 <  c, (85)
m )
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from Lem m a 4.3. In this case, m  =  1, and we can use the  fact th a t  the 
intersection of 7^j with T, i2 is simply a solid annular to rus w ith R  =  1, thus

m , )

T he second factor,

1 <  c. (8 6 )

1 +  —7777’ (87)
m )  m v

will be less th an  or equal to c +  R 2. P u ttin g  everything together, we get the 
bound

c ( l +  R 2) , (8 8 )

the  sam e as in case 1 .
C a s e  3 - [/, =  T ,2
The argum ent is very sim ilar to  cases 1 and 2. Each tu b e  will con tribu te  

a term  which is

+  +  +  (89) 

The first term  in (89) is always

1 <  c R 2, (90)
m )

from Lem m a 4.4. For the  sum  over j ,  we will note again th a t  m  is bounded. 
For each j , th e  first factor will be bounded (by Lem m a 4.1 if Ui is and e ball; 
Lem m a 4.3 if Ui =  7 i,j). T he  second factor will be R? +  c in e ither case, 
which gives us the  bound

c (l +  R 2) (91)

again.
Thus, applying Lem m a 2.3,

-  c,v(i + R 2) '

where N  is th e  integer used in Lem m a 2.3. Therefore N  = c2V .  T he  volume 
V  enters in the  denom inator because we have a  num ber of sum m ands which
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equals th e  num ber of open sets of the  covering, so th a t  the  denom inator is 
p roportional to  V. This gives the  desired result.

Q .E .D .
If th e  volume of M  is bounded above, we can give exam ples of forms with 

R ayleigh-R itz quotient ~  jjj . Given M , V o l(M )  = V, M  non-com pact, we 
will take a  sequence of Mi which approach M  in th e  sense of T hurston  [21]. 
T here  will be a t least one tu b e  in M,  with Ri —► oo, and we will show th a t 
for R  large, A/, has a t least c3V  orthogonal co-exact degree one forms with 
small positive eigenvalues for A j.

T H E O R E M  1.2  Let M  be as in Theorem 1.1. Then the dimension o f  the 
space o f  co-exact fo rm s  o f  degree one on M  with A] eigenvalues o f  order -jp 
is at least c V  i f  the diameter R  is sufficiently large.

PR O O F: As rem arked in the  proof of Theorem  1 .1 ,

d i m H l (M „R ) < cV.

We fix an  integer N  > 2cV. Fix one tube  w ith R  —♦ oo as described above.
, NDefine N  functions { / ' ( r )}i=j on th e  tube  as shown in the  figure below.

f(r)

R/N R/N R/N

Let oj* =  f %(r)dt, (it is easy to  check th a t u  is co-closed). We can com pute 
the  R ayleigh-R itz quotient for u a s  follows.

du '  
(du)\ duj')
(w'V)

=  f r(r)dt  A dr 

I \ f r \2 N *
f  I/I2 ~ R 2

(93)

(94)
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as R  —» oo.
Clearly, / '  is perpendicular to  f*  in L 2Ql (M )  for i ^  j .  Therefore, we 

have exhibited  a space W  of co-closed forms on which the  Rayleigh-Ritz 
quotient

(<fu>, duj) +  (6u>, 6u>)
(u>,u>)

is less th an  or equal to  -fa. Since the  dimension of W  is twice th e  dimension 
of H 1(M i,R )  =  cV, the  num ber o f eigenvalues of order j p  is a t least c V .

Q .E.D .
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