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Abstract

RELATIVISTIC NEUTRON GAS INTERACTING THROUGH A
SPIN 2 FIELD AND ITS ASTROPHYSICAL APPLICATIONS

by
Bhaskar Datta 

Adviser: Dr. V. Canuto

In this thesis we first present a Lagrangian formalism 
for an interacting massive spin 2 field. We then study, as 
a model for super-dense matter, a system of zero-temperature 
neutrons interacting via the exchange of scalar, vector and 
spin 2 mesons. The thermodynamic properties of the system 
are calculated in the relativistic Hartree approximation.
The resulting equation of state is used to compute the bulk 
properties of a neutron star. The maximum mass and moment of 
inertia for a stable neutron star are found to be 1.75 MQ 
(M0 - solar mass) and 1.68 x lO^5 gm cm2, in very good agree­
ment with the presently available observational bounds. The 
corresponding radius is found to be 10.7 km.

We find that the inclusion of the spin 2 interaction 
narrows the divergence of the existing relativistic and non- 
relativistic theories in their predictions of masses and 
moments of inertia for neutron stars.
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Chapter 1 
. INTRODUCTION

The recent great interest in the study of high-density 
matter has arisen because of the role played by neutron stars 
in current models of pulsars and compact binary X-ray sources. 
Specifically, the interest focuses on the allowed maximum 
mass of neutron stars due to the following reasons.

First, recent attempts to detect black holes rely 
entirely on the possibility of differentiating a black hole 
from a neutron star by its mass. For instance, observations'*' 
of the compact X-ray source Cygnus X-l suggest it contains an 
accreting compact object of mass ^  4 M0 (M0 = solar mass), 
orbiting around a normal supergiant star. If one can show 
that a neutron star (even if rapidly rotating) cannot possibly 
have such a large mass, then the compact object in Cygnus X-l 
could be identified with a black hole.

Second, the existence of high-mass neutron stars would 
put constraints on nuclear physics, the theory of gravitation, 
or both. Nuclear physics in principle provides the equation 
of state of matter at high densities, which then determines, 
given a specific theory of gravitation, the limiting mass of 
a stable neutron star. Existing many-body nuclear theories, 
together with Einstein's theory of gravitation, predict a 
limiting mass in the range 1.4 - 2.7 (Refs. 2-4). How­
ever, by modifying the theory of general relativity, one can

C 0construct a stable neutron star of almost any mass. ’



2

Third, according to the generally accepted theory of 
stellar evolution, a highly-evolved massive star develops a 
degenerate core that grows by accreting mass from the sur­
rounding envelope. As the core mass approaches the Chandra­
sekhar limit ( 1.4 Mq  ), a thermonuclear runaway and/or
dynamical collapse takes place which presumably leads to a 
supernova event and, in some cases, to the production of a 
neutron star remnant. A neutron star, formed in this process, 
will have a mass that is comparable to that of the core of 
the precursor star (i.e.»v/ 1.4 M 0 ). If the majority of ob­
served neutron stars are found to have masses near 1.4 ,
this will naturally lend support to conventional theories of 
advanced stellar evolution and neutron star formation.

The matter inside neutron stars is cold by microscopic 
standards. Within a few days of their formation, they cool 
by neutrino emission to interior temperatures of less than 
1 MeV (a* lO10 °K), and throughout most of their early life 
the temperature is ̂  10 - 100 KeV (Refs. 9,10). The physics 
of the equation of state of such matter divides into four 
general density regions. (i) At the very lowest densities, 
there is a lattice of bare nuclei (56Fe) immersed in a degen­
erate electron gas.*1 This state persists to densities up 
to 107 gm cm-3. (ii) The next density region is charac­
terized by neutron-rich nuclei12 (up to 118Kr) which come 
about because protons undergo inverse beta decay, in order 
to lower the electron fermi energy. (iii) At a density of 
4.3 X 1011 gm cm-3 (called the "Neutron Drip" point), the
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nuclei become so neutron-rich that with increasing density 
neutrons start to "drip" out of the nuclei.*2,13 This 
region is characterized by neutron-rich nuclei permeated by 
a sea of superfluid neutrons.^ (iv) At nuclear matter 
density, 2.4x lO111 gm cm“3, the nuclei merge into each 
other, losing their individual identities, and forming a 
fluid of uniform neutron matter, with a small percentage of

4 e 1protons and electrons and possibly pions and hyperons. ’
The density regions (i) - (iii) are well-understood,

qualitatively as well as quantitatively, in terms of the
presently available models, and the results are fairly well-
established. The same, however, cannot be said for region
(iv). Firstly, the very short-range component of the nucleon-

1 7  1Rnucleon interaction plays an important role in this region. ’ 
None of the presently available computations has seriously 
focused on this problem. Secondly, at these densities conven­
tional many-body calculations, which eliminate the explicit 
mesonic degrees of freedom in favor of a static potential 
description of the interaction, are of uncertain reliability.
A fully relativistic theory is desirable. The few relativistic 
calculations available in the literature contain the assunption 
that the exchange of vector mesons between two nucleons provide 
the dominant interaction at high densities, and that this can 
be meaningfully extrapolated to obtain the behaviour of super- 
dense matter. In this dissertation we dispute the validity of 
this line of thought, and contend that when the nucleon-nucleon 
separation is very short (£0.4 fermi), attractive forces due
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to the exchange of spin 2 mesons cannot be neglected.
Thus, this dissertation aims at presenting a relati­

vistic many-body description of high-density neutrons in 
which, for the first time, forces deriving from the exchange 
of spin 2 mesons have been included in a consistent manner, 
in addition to the traditional scalar (spin 0) and vector 
(spin 1) interactions. The many-body calculations have been 
confined to zero temperature since neutron stars are essen­
tially a T - 0 system, ffe find that the inclusion of spin 2 
interaction brings strikingly new features in the behaviour 
of high-density matter. It provides the dominant force at 
high densities, and makes the equation of state (pressure- 
density relationship) rather soft. Moreover, beyond a cri­
tical density (which depends on the f° coupling constant), 
the pressure decreases monotonically with increasing density, 
approaching a negative asymptotic value.

The outline of this dissertation is as follows. In 
Chapter 2 we give a brief review of the previous work on high- 
density matter and underline the need to consider the f°-meson 
interaction. The theory of higher spin fields, especially if 
they happen to be in interaction with external fields, presents 
non-trivial dynamical problems. In Chapter 3 we give a general 
review of a massive spin 2 field and an extended discussion of 
the problems that one encounters in formulating an interacting 
theory. The full formalism is developed in Chapter 4. Chap­
ter 5 gives, the detailed physical properties of a gas of neutrons 
interacting through a tensor field. The inclusion of scalar and



vector fields and the full coupled field theory is presented 
in Chapter 7. The various theoretical models for dense 
matter that are presently available give substantially dif­
ferent values for the maximum mass of stable neutron stars.
Our theory, by taking into account the spin-2 interaction in 
a relativistic manner, is able to reduce this discrepancy, and 
furthermore, it is in satisfactory agreement with the observa­
tional bounds.
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Chapter 2 
BACKGROUND

The basic input for the analysis of dense matter is the
equation of state (i.e., pressure as a function of mass
density ). The earliest computation on dense matter

1 Qand neutron star structure, due to Oppenheimer and Volkoff , 
was based on the assumption that dense neutrons are degene­
rate but non-interacting. Since then, several models for 
the equation of state have been proposed. However, at nuclear 
and super-nuclear densities, all versions of the equation of 
state differ because of different assumptions about the 
nucleon-nucleon interaction and different techniques em­
ployed to handle the many-body aspect of the problem.

Irrespective of detailed models, certain general state­
ments can be made regarding the asymptotic behaviour of P(f). 
For a system composed of relativistic free fermions, the en­
ergy per particle is proportional to n*/3 , where n is the
fermion number density and one gets P-*pc*/j. It was first

20shown by Zel'dovich that if baryons interact with each
other through a vector field, then the energy per particle
will go like n, and one gets Is-* pc2 . One can argue, on the
basis of causality, that asymptotically P cannot exceed f>cz ;
for if it did, the velocity of sound Cs = would
exceed the velocity of light. However, this is not rigorously

21true, since it can be shown that if the medium is an "active" 
or amplifying one (like in a laser), &s> c does not amount to
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a violation of causality; it does, however, if matter is 
in its ground state.

Specific attempts to describe high-density matter fall 
into the following general categories: (i) non-relativistic
theories, (ii) statistical models and (iii) field theore­
tical models. A general review can be found in two articles 
by Canuto.22'22 At high densities, mesonic degrees of 
freedom are inadequately represented by a static potential. 
Hence the non-relativistic theories are of uncertain relia­
bility.

OA O ftMethods based on statistical models (essentially the
statistical bootstrap models of Hagedorn27 and Venezlano28) describe 
dense matter as a system of non-interacting zero-width baryon 
resonances, with a specific mass spectrum that supposedly takes 
care of all the interactions. Analysis of the mass spectrum 
however shows that it does not include the full repulsive com- 
ponent of the nucleon-nucleon interaction.

The third approach aims at giving a relativistic micro­
scopic description, by considering nucleons interacting 
through boson fields. One of the first such models was 
suggested by Zel'dovich2®, who considered baryons interacting 
through a classical massive vector field. Similar theories 
but involving purely scalar interactions have been discussed

OQin the context of dense matter by Kalman. Recently,
Of)Walecka has proposed a relativistic mean-field calculation 

of high-density matter by considering the nucleon-nucleon 
scalar and vector interactions; the results indicate that
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2.asymptotically *P -» pc . A similar model that includes non­

linear interactions of the scalar field has been considered 
31by Kallman. This approach is related to the theory of

q oabnormal nuclear state proposed by Lee and Wick. It 
suggests the possibility of a vanishing nucleon mass in sym­
metric nuclear matter. It is not clear whether one should 
expect such abnormal states in neutron star matter.

Recently, Canuto and Lodenquai33 have considered ultra- 
dense matter in terms of Landau’s hydrodynamical model3^ 
and attempted to deduce the velocity of sound in super-dense 
matter from high-energy collision data.

From the theoretical standpoint, there is a priori 
no reason why one should stop with the scalar and vector 
interactions, especially as the density increases. Since 
the mass of the exchanged boson is inversely proportional 
to the range of the nuclear force, one must include the 
exchange of spin 2 mesons (mass 1260 MeV) in order to account 
for the very short-range ( £ 0.4 fermi) components of the 
nucleon-nucleon interaction.
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Chapter 3

MASSIVE SPIN 2 FIELD: GENERAL REVIEW

3-1. Introduction.

The theory of higher spin fields was first proposed by 
Dirac^®, Fierz^® and finally Fierz and Pauli^. It was later

QQdeveloped by Rarita and Schwinger and various other workers. 
Generally speaking, there exist two different approaches to 
describe the field theory of higher spins. In the first 
approach,39“41 the physically interacting field operators 
are the asymptotic field variables before and after the 
interactions have taken place. This approach has the advan­
tage that it requires no complicated Lagrange function to 
describe the asymptotic field variables. Furthermore, these 
asymptotic field variables can be easily quantized by means 
of expansion in terms of creation and annihilation operators. 
Although this approach is simple and successful in perturba- 
tive applications, it has the disadvantage that the detailed 
structure of the interactions cannot be studied. Consequently, 
the dynamical aspects of the problem remain missing. The 
second approach, due mainly to Fierz and Pauli^7, gives empha­
sis to a Lagrangian formulation by requiring that all field 
equations and constraint conditions associated with higher 
spin fields be derivable from a generalized action principle. 
The advantage of this (classical) approach is that interactions 
can be introduced explicitly, and that Green functions can be 
computed. With a dynamical theory as our aim, we shall take
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this second approach. We shall first present, in Section 2, 
a discussion of the free spin 2 field together with a brief 
review of the earlier work. The theory of free spin 2 fields 
is a linear theory. That is. the equations of motion are 
linear in the field variables and their derivatives, and are 
derivable from a Lagrange function that is quadratic in these 
variables. The linear theory becomes inadequate when inter­
actions are present. To incorporate source terms in the mas­
sive spin 2 field theory is a non-trivial problem, and in some 
sense there is no unique way of doing it. These points are 
discussed in Section 3 where we also present the criterion that 
we employ to develop the (non-linear) theory of interacting mas­
sive spin 2 fields.

3-2. Free Spin 2 Fields.

A massive spin 2 field can be described by symmetrical 
tensor of rank two, • Such a tensor field has ten
linearly independent components, and in general will contain 
spin 2, spin 1 and two spin 0 components. It will describe 
spin 2 only after we have removed from it the (3+1 )-component 
vector source ( 3^4^) and the scalar source ( i * ^  ) by means of 
the following constraint conditions:

- ° (3.1)

(3.2)
y** - diag. (-1,1,1,1).
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When the constraint conditions (3.1) and (3.2) are satisfied, 
the residual multiplicity of five will correspond to a spin 2 
particle of non-zero mass. As long as the spin 2 field is 
a free field, a Lagrangian quadratic in the field variables 
and their derivatives can be devised that guarantees the 
constraint conditions (3.1) and (3.2), and gives a linear 
field equation. Single-parameter Lagrange functions having 
such properties have been devised by Rivers42 and Nath43. 
Bhargava and Watanabe44 have formulated a three-parameter 
Lagrange function from which they derived the field equations, 
the constraint conditions and also the condition that the 
field variable be symmetric in its indices. The significance 
of the parameters introduced by these authors is not clear; 
however, physical results such as the energy-momentum tensor, 
the free-field commutators, etc. are not dependent on these 
parameters. Prescription for constructing the generalized 
Lagrange function for a free system with arbitrary spin has 
also been given by Chang45, who used the method of spin 
projection operators first introduced by Fronsdal46. This 
method gives non-local field equations. The non-localities 
are removed by introducing certain auxiliary fields. Chang 
has also constructed explicit Lagrangians for systems having 
spin < 4. For spin = 0,4,1, the results agree with the well- 
known local Lagrange functions; for spin = 3/2,2, Chang's 
results are equivalent to the ones previously obtained by 
Rarita and Schwinger38 and by Fierz and Pauli37.

The simplest form of the (linear) free spin 2 field
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equation, from which the constraint conditions (3.1) and
(3.2) follow, can be written as follows:

C -  f +  m 1 ) ^  -I- 3 ^  3 4- 3  -  ^ 3 ^  <t>

“  1  “ °  (3.3)

4> = iT - V  * V " ,+ M

m = mass of the spin 2 particle.
The Eq. (3.3) can be derived from the following quadratic 
Lagrangian:

X  =  - x ( 3 4 4 ^  +  -m <f, 4 ^  -

9 4 - «V) - 3k+ \ +  + 4 ^  (3.4)

Now, taking the divergence of both sides of (3.3), we get ..

3l 3i 4 + 3̂  <J> -  m1 3. <(> -  3„ 3k sx 4 K = O
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which can be re-written as 

4

— 3 3m 9 ^  ^ — m  9^ <J> —  3̂ , =

70 ( ^  4j»v ” 3V cj> ] Q

The trace of (3.3) is

(-3W) * + V'V’X  + V^3* 3*4y>1
- "'j'*'’ <*> - 4 [(-3W ) 4> + aKak+ ^ ]  = o

Or, - 2> -mZ 4? + 2 3l+ - 2 3kaK<|>K> =s O (3.6)

Solving (3.5) and (3.6) algebraically for 3  ̂ and $
we get

^  = ° (3.1)

♦ ^ ° (3.2)

0

(3.5)

It is important to note here that in order to obtain
(3.1) and (3.2), the mass term in the Lagrangian must be of 
the form given in Eq. (3.4), namely

- m1 ( - <frl) (3.7)
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This is the so-called Pauli-Fierz mass term for the spin 2 
field. It is easy to verify that with other choices of mass 
terms:

-  I  rr\ f  ^  4  . - cl $  *x >■ p'* )

one cannot retain the conditions (3.1) and (3.2) simultan­
eously. Hence, without the Pauli-Fierz structure there will 
be mixtures of lower spins, which may give rise to the 
negative-energy ghost properties.

3-3, Interacting Spin 2 Fields.

The source for an interacting spin 2 field must be a 
conserved tensor current, and the candidate for this is the 
total energy-momentum tensor of the system47. Coupling of 
this nature leads to a modification of field equations from 
linear to non-linear form. A familiar example is provided 
by the theory of gravitation, which corresponds to a mass- 
less spin 2 field. When one deals with interactions for a 
massive spin 2 field, the non-linear modifications of the 
mass term are not immediately clear. We shall consider the 
problem in two steps. First, we shall consider interactions 
for the massless case, and then we shall consider the problem 
of adding a mass to it. This is legitimate because the na­
ture of the coupling to external fields is not influenced by 
the mass of the spin 2 field.

Setting in = 0 in Eq. (3.3), the equation of motion for
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a free massless spin 2 field is:

-  + - $ . 8v +  

+ v  ( a1 4 -  V a  4 K X J -  °

In the presence of interactions, this should become

+  "Hfiv ( 3 4 - 3 k 3A +  ) ss 0 ^  (3.8)

where /̂UkV is some source function.
Now, the divergence of the left-hand side of (3.8) is iden­
tically zero. Therefore, for consistency, B ^  must be a 
conserved quantity:

^  & - OfJL'J (3.9)

The physical quantity that has this property is the total 
energy-momentum tensor of the system. The non-linearity
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of the problem now becomes obvious. In addition to the 
energy-momentum tensor of external fields ( *fc ̂  ),
must contain the stress tensor that arises from the

n (2.1Lagrangian J- which is responsible for the left-hand
side of Eq. (3.8). This means that the total Lagrangian 
should be

JC(1’ £ (3) = ^  e(l'

Now JCC,) , in turn, will give a cubic stress tensor ,
r

and the series continues to all orders making the final 
equations non-linear. When all the (j>^ -dependent terms 
in 0 ^  are included by imposing the condition (3.9), one 
gets (as shown by Deser^®) the well-known Einstein equation^®

- V  - i = - K  (3.10)

where K characterizes the strength of spin 2 field's coupling. 
Eq. (3.10) is derivable from the following Lagrangian ( ^
stands collectively for all the external fields):

<CE + (3.11)*-*N

by noting the variations
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I
| 5’g»AV ” (3.12)

'__  SIC*,9) = (3.13)
3 ""

where SY&9M stands for the Euler-Lagrange variation. 
Here,

(3.14)

|Hv) (3.15)

£  -  i  | p c 3, 9 +  3,3P„ - 3P ^  )  (3.17)

We next turn to the problem of adding a mass in 
Eq. (3.10). The fully interacting theory with zero mass 
being non-linear, there is no reason for the mass term to be 
linear. The problem is further complicated by the fact that 
we do not have here an equivalent of the Pauli-Fierz mass 
criterion of the free field (or weak source) case. We shall 
think of the mass term in terms of a Lorentz-invariant theory, 
namely as a term 21 to be added to in Eq. (3,10).



Since the mass implies a range or asymptotic fall-off of 
forces, must be independent of field derivatives. Thus
we shall write the equation for the interacting massive spin 2 
field as

The corresponding Lagrangian will be of the following form:

and is independent of field derivatives.
At this point we stress the essential difference between 

the massless and the massive cases. Unlike the massless case, 
there is no (Riemannian) geometric interpretation of the 
massive theory. Consequently, no general covariance is 
implied in the massive theory, and as far as the dynamics is 
concerned, the analogy to gravitation is purely formal. All 
tensor indices indicate Lorentz indices. Because of the 
above reasons we shall introduce different symbols and

aits reciprocal h, . Raising or lowering of indices will 
be performed solely by using the Minkowski tensor >) v , and

+ "T H,,„ = -  k -tp-j (3.18)

(3.19)

where £  ̂  denotes the massive part of the Lagrangian,

not k^V or $  ̂  • Thus for example
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AW vpm  "" ~j ^

and not g — K

Instead of (3.15), <CE will now be defined by

^E =  "/"I ^  =  - g*** R^v (3.20)

R is still defined by (3.16), but now

•i «<pr
^  -  -k k  ( 3V V  (3,21)

Cf L0̂ ̂b = * p. (3.22)

1- =  d*+ ?.v = •; 1 7 7  <3-23>

n  _  I | _  ju^
M'' "" TZi =  —  ——  m m  or g (3.24)

** f1?

Lastly, instead of (3.12) and (3.13) we now have

_ L  ^£e —  Q  (3.25)
7 ^  S l T  v
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=  -t /UV (3.26)

In addition t

I  u I
* ^  = > R  i v 5 ( 3 '2 7 )

The determination of £ m  is not entirely free of
ambiguities. In the absence of any stronger guideline, the
criterion that we shall adopt to determine £ m  is the 
following. Since the (linear) theory of free spin 2 is 
uniquely known, we shall demand that «Cm  reduce to the 
Pauli-Fierz mass structure (3.7) in the linear approximation:

9/u» =  + *

Use of the above criterion rules out the cosmological 
terra of the Einstein theory as a possible candidate
for .

Going back to the massive spin 2 equation (3.18), we 
note that for any dynamical source, will be automatically 
"covariantly" conserved by virtue of the ^ -field equations 
alone (see Appendix A). Likewise, is identically
conserved: <5^ . ̂  s o . This means that the "co-
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variant" divergence of must vanish. This divergence
condition provides, as in the linear theory, the four condi­
tions to remove the vector and one of the scalar fields

Now, the left-hand side of Eq. (3.28) involves terms which 
depend on field derivatives. Therefore, the trace condition
(3.28) can no longer be considered as a constraint condition, 
as it was in the linear theory. The fully interacting the­
ory will thus always contain a scalar mode. However, the 
important point is that notwithstanding the ambiguities of 
the massive non-linear theory, in our treatment we make sure 
that in the linear approximation we recover the unique Pauli- 
Fierz mass structure, so that at least in the linear limit 
the theory is free of ghost excitations.

Lastly, we mention two papers that have attempted to 
construct a general theory of interacting massive spin 2 
fields. Ogievetsky and Polubarinov®® have constructed 
Lagrangians, characterized by two parameters and g, , 
that lead to the subsidiary condition

present in an arbitrary 10-component • The trace of
Eq. (3.18) implies

>A\> (3.28)
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instead of (3.1) and (3.2). For a particular choice of the 
parameters ( ^  = 0; £ > = -2), this theory corresponds to
a field of pure spin 2. Their source term, however, is not 
the total energy-momentum tensor Q  ^ but rather

The physical interpretation of such a source term is not 
quite clear. Freund et al.51 have tried to construct a 
massive version of Einstein's equations taking an approach 
similar to the one outlined in this section. However, their 
theory is unsatisfactory even at the linear level, as their 
mass term does not satisfy the Pauli-Fierz criterion.

To summarize, we have shown that when interactions are 
present, a massive spin 2 theory must necessarily be non­
linear. For the mass term we adopt the criterion that in 
the linear limit, the theory should reproduce the unique 
Pauli-Fierz mass structure. The determination of the mass 
term is carried out in the next chapter.



Chapter 4
THE INTERACTING MASSIVE SPIN 2 FIELD
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4-1. The Lagrangian Formulation.

The Lagrangian formulation of the interacting spin 2 
field will be given based on the postulate (as in the case 
of gravitation) that the symmetric energy-momentum tensor 
constitutes the source. For gravitation (massless spin 2 
field), the Lagrangian formalism can be summarized as follows:

(i) the Lagrangian for the field is

variational variable and calculate the variation of the 
Lagrangian:

(4.1)

[see Eq. (3.20)].

(ii) let us choose the "contravariant" K as the

(4.2)

(4.3)



Now, + K^ajri0<p
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But
c =  “ x  JjL 

* j=f

l _3_ V>XK dlfl
Z /=* ^ AK

Ak

* ̂  ^AK a K  j (4.4)

= S‘

1 - a (
.,-S ! LT5 J | W l^  -  4 h *> d  ̂ IAK

(4.5)

Using (4.5), (4.3) is

SX
=  a

SX

1 *
_i_2

SX i
t t s  k i (4.6)

__o(B
For convenience, we shall use the variable g instead 
Of K-P .

(iii) we note the (Eddington) identity52



Then (4.6) becomes

Sk*p =  n  ( R ctp i T*i 9 K R 
•<p )

Setting

we get

Y $

I s  -  ^  %

(iv) the canonical stress tensor density of the 
field is (in mixed components)

(4.8)

(4.9)

(4.10)

gravitat ional
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Here S p stands for the symmetrizing Belinfante term. It 
depends on the derivatives of the field; but for the present, 
its detailed form is irrelevant.

(v) we can re-write Eq. (4.9) in mixed component form as

Yp =  k i 5^ K R rS  (4.12)

L0̂  ✓>The quantity n ^Yp can be sPiit into two parts: one 
linear in 3°^ and the other non-linear, which can be 
identified with the stress tensor of the gravitational 
field.53 We write this as

W  S- =  J-L ) •*! Q “-> 4- i T “' ( (4.13)
"'P Fjj | 'p* * M

where Q fu> _ _ I [ ^ *| 4- P  _ 9 I (4.14)2.
Y* o/ acr^v ?  J,

-T* rot Y Y ^t> = v  a a - s a a. _ s, a 3 (4 .i5)p<r ' f £T <r f 1 <y

(vi) the Einstein field equations then are

*T *r
n Q- x - K K "fc (4.16)

if yp
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where ~t ̂  ̂  is the energy-momentum tensor of matter
[given by Eq. (3.26)].

Separating the left-hand side of (4.16) into terms that 
are linear and non-linear in the variable , we can
re-write (4.16) as

*■ T p

.°<y=  —  2.K K *tVp ’ (4.17)

4-2. Criterion for the Mass Part.

Following the above procedure, the massive spin 2 
equation can be set up as follows:

(i) the equation should have the form

Q- + i  m H =  - k - t

where m is the mass of the spin 2 particle. The correspond­
ing Lagrangian should be of the form

<£ =  4 tn ) (4.19)

where denotes the massive part of the Lagrangian.
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Being the mass term, X tk will be assumed to be free of 
field derivatives. Furthermore, like Eq. (4.10) for Q  , 
V4 should be given by

1  -m1 H = « ! l  H z
2 ‘‘P ^  X tfP

/=? 1 (4*20> 

since there is no derivative coupling in m

(ii) like » <̂<|5 should be decomposable into a
linear and a non-linear part in the following manner

a A r, i V4

%  = J =  +  *  S

—where _ => energy-momentum tensor arising
P

from the massive part of the Lagrangian.

= -  7na I* X m  (4.22)

The bar over M tc> stands to indicate that H*L) is
—  V o ta tensor density. We shall determine H ,L) by requiring

that in the linear approximation

= ^  _  K ^
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H CL) should be Identical to the Pauli-Fierz structure
(with the appropriately redefined field variables). That is

H =    (4.23)
3

r cl)where represents the Pauli-Fierz form, (3.7), for
the massive part of the Lagrangian.

4-3. The Determination of A  .m

As discussed in Section 2 of Chapter 3, the Pauli-Fierz 
mass structure for the spin 2 field is

=  ' i ( f t p  -  ♦ *) <4.24)

Now, Eq. (4.21) is, using (4.20) and (4.22),

Jill L?r f W Z 77 Illu m z ^  JT \  (a ocn
&  ?^r « i i V  ^  v  * i  c j

Using Eq. (4.24), Eq. (4.23) becomes



Since we linearize according to 30

It?'* = - k (4.26)

_ri<
therefore, for correct dimensionality, we shall write H fL̂ 
as

H w  C4) = -  K ( ^ r “ -  V ”1 * )  (4.27)

— jU VSince we have been using eĵ  as the variational
variable, we shall use, instead of (4.26), the following 
(equivalent) linearization:

_ i3 =  y  -  K t  (4.28)

We note the following connection between and :

4^° =  - 4  "7^ + (4.29)

uv ,where ^  nrj _ - cp (4.30)

In terms of ^  , Eq. (4.27) is

Yl)( Y*

H (u) 0+) =  ~ K  ( ?  +  ^ ^  j (4.31)

From (4.28), we have

"tr- y t* '*  =  4 -  k y> (4.32)



Eq. (4.31) now yields the following tensor:

^  H ,L' C-3) / F 3
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_  i (-** ro(l
V = j p  I -1 ) "7 j (4.33)

We can express the quantity in terms of
3 by noting (4.5):

7=5 — Sr ~  i?*  ^ im -  i f *  J l ')n >KP ^-pv * P - j p  K (4.34)

Then, Eq. (4.25) becomes

a  j * V
*(4.35)

The trace of this gives

tT  _  

9:'*’ ~ r ? l } j  _ 8 -  f  t n\
]

(4.36)



Let us re-write the Einstein Eq. (4.17) as
32

1 _f>tr <kY —  p

1 +  ^o- ^ ^  T ' \  +  (4.37)

where the index (0) on T has been put to mean that theP
equation refers to the massless spin 2 field, and

i - p  .  n  ^  s ’ -t
V I

Using (4.33), the following modification of (4.37) is 
suggestive when we have a massive spin 2 field:

-f Z k -t (4.38)

As for the massive part, we should have, using Eqs.
(4.25) and (4.33),

-  m L ^ p _ p ) + - L y r ^ r 1' <4-39>

The divergence of (4.38) yields
B

3,< ? +  * 3 ? =  0 (4-40)
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Using (4.6) and (4.22), we can re-write Eq. (4.39) as

» - * p  n r  9

_°< 0 | - r-°* _

-  9 p “ 3 5 P +  - S p & m  (4.41)

Now all we have to do is to find an <Cm obeying Eq. (4.41).
In principle £ m  , which does not depend on the derivatives
of the field, can depend on any invariant that we can build
out of the field components. One such invariant is
If <Cm were to depend only on p, then Eq. (4.41) could not

— ̂be obeyed [because of the presence of the term q a ]. InP
addition to p, <Cm has to depend also on at least one more 
Lorentz-invariant quantity. The simplest such quantity is

UV> _ lA'J^ = vj  ̂ g' . W e  shall assume that «km  depends on
only through the invariant combinations p and q.

Noting that

V

(4.42)

(4.43)
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we get

% b !£*>■ +. 2 ;1
p *i= V t i  (4-44)

Substituting Eqs. (4.44) and (4.45) into Eq. (4.41), we get

4  { - t *  - 3  -  ^  ^  ^  -  f  ^ 5

4- J* (>1 _  2 ]
3 P \ 39. J =  0 (4.46)

o{ _ o(
Unlike S ^ in general does not have all its

diagonal elements identical; hence Eq. (4.46) does not have 
a unique solution for cCm  .

In order to remedy this, we proceed as follows. We 
reconsider Eq. (4.38), in which we identified the part of
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that is non-linear in as ^ , in analogy

to gravitation. As we have just seen, such an analogy does 
not lead to a consistent solution for <Cm  . We shall try the 
following replacement in Eq. (3.38):

_» ( |+ a ) T"-'* (4.47)

where z is a number to be fixed. To compensate for this 
added term, the divergence condition (4.40) gets modified to

(4.48)

Instead of (4.46), we then have the following equation for £.i».

5 p ( - U  - 3  -  ^

4- f t  — 2 ) —  n* P ' ) “  °  (4.49)

Eq. (4.49) suggests the following solution:

=  i +  «((,) (4.50)

Substituting (4.50) into (4.49), we get

- 3 4  % £ '-LU+v\- fi+*)k((.) + ( > 1 ^ 0  (4 51)
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It is now easy to see that (4.50) and (4.51) are consistent 
only if we set

? = i (4.52)

Putting (4.51) into (4.51), we get

(, _ Z KC|0 = 3 {4.53)
ctfc>

Integrating,

K ( > )  =  -  -  +  «- f> (4 54)

where CL is an arbitrary constant of integration. Substi- 
titing for K(p) into (4.50), we get

3  3. z
= - - j  + ~  +  (4.55)

The constant of integration CL can be chosen by requiring 
that X ^  = O

when 9

i.e., when 'S' -  O

-°<PNow, we note that when g t= , we get the following
values for p and q:

p - 1 
q = 4



37
so that

o =  ) =  - |  + A _ 4  +«t

which determines a  to be
a = -i

Substituting for CL into Eq. (4.55), we finally get the 
following consistent solution for £ m  :

= 4 ( $ + 1 “ 3 ) (4.56)

Going back to the divergence condition (4.48), we note 
that the right-hand side of (4.48) is (with z = 1):

—  s x c P >,°< -
T ( l * "  o( ^

—  Tn' £rrv

— 'TV'Z f \1 i 3 ?  +  § J (4.57)

using (4.56).
Using (4.57) in (4.48), we obtain

2 a *? I rf%< 9 =  i. 3 $  (4.58)

On the other hand,
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and

3 ^  =

=

i *  t = F%

-  !> >p *\

so that Eq. (4.58) can be written as

=, { k i * -  i n * ) !

- u r ' - u V 1* ) (4.59)

Eq. (4.59) is thus the divergence condition in the non­
linear theory.

Turning now to the trace condition, the trace of Eq.
(4.38) with = *T‘fc . is* ' * v

o<p

<\Y / —  g —  £ _o(a
= ^  ) + ilo? *

r «<p
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Substituting for which is now¥

T <"»* «  - tt.2- ^
Y lr

i1 tP

and carrying out the algebra, Eq. (4.60) becomes

3 ? +  X ^  i- ^  ̂

=  T f’> + 2. K -b (4.62)

where s  -r^

^  = " L  +°(p

Because Eq. (4.62) contains derivatives of the field, it is 
no longer a constraint condition. Thus in the interacting 
theory, the trace condition cannot be retained as a constraint 
condition.

To sum up, we have developed an expression for the 
Lagrangian of an interacting massive spin 2 field, which is 
given by

ZK ( A w  ) (4.19)

where and are given by Eqs. (4.1) and (4.56).
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The resulting equations of motion, which are non-linear, are

+  4 rn «■ (4.18)

where and W^\j are given by Eqs. (4.10) and (4.20),
and "t^ represents the energy-momentum tensor of external 
fields. We have constructed the mass term in (4.19) in such 
a way that when the weak source or the linear limit is taken, 
we recover the uniquely known Pauli-Fierz structure of the 
free spin 2 theory.
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Chapter 5 
NEUTRON GAS INTERACTING THROUGH A 

SPIN 2 FIELD

5-1. Introduction.

In this chapter we present a relativistic description of 
a system of neutrons whose interactions are mediated via the 
exchange of massive spin 2 mesons. Thus, in the formalism 
developed in the preceding chapter we shall take fermions as 
providing the source term for the spin 2 field. We shall take 
the system to be at zero temperature, and by resorting to Har- 
tree approximation, derive its thermodynamic properties. The 
Hartree approximation, in contrast to its non-relativistic 
counterpart, constitutes a non-trivial many-body problem. The 
parameters that determine the theory are (i) the density, or 
equivalently the fermi momentum, (ii) the spin 2 coupling con­
stant and (iii) the mass of the spin 2 meson. However, in the 
Hartree approximation the latter two quantities do not enter 
independently; only their ratio is the relevant parameter. As 
we shall show, the properties of a fermi gas interacting 
through a spin 2 field are quite different from those of an 
ideal gas. At high densities, the pressure becomes a monoton- 
ically decreasing function of the density, eventually reaching 
a negative asymptotic value that is suggestive of collapse.
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5-2. The Lagrangian.

As explained in Section 3 of Chapter 3, the total 
Lagrangian density of a system of fermions coupled to a 
massive spin 2 field can be written as

= 2K C *E 4 ™  (5-1)

and £m being given by (4.1) and (4.56). To write down
.£('4', ̂  )» we shall use a formal analogy to gravitation. For 
representing a fermion field, this is done by using the vier- 
bein formalism. We shall introduce two sets of vierbein

yl jL
fields and -C. ( ̂ a = o (l,i,3 ) defined by

d  v <5.2)

(5.3)

Then JL (̂ , ̂ ) has the following structure (see Appendix B): 

£CVtf) =  - ^  J_ V +  W  (5.4)«■ * r /

where t a n stands for the mass of the fermions. We have
, Clused natural units TS ̂  I - b ; y  are the usual Dirac matrices 

satisfying the anti-commutation rule

j V *  = - 2. y (5.5)
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In our convention,

(i)
"  v,

(ii)

-1 o o o
o 1 o o
o 0 1 0
0 0 o 1

k = 1,2.3,

where <r are the usual Pauli spin matrices. K

where I is 2 x 2 identity matrix.

(iv) T. f y r  r
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The "covariant" derivative tt. acting on a spinor field has

r"
the following form

(5.6)

bewhere (T are the generators of the Lorentz group belonging
to a given representation and the w  bju.c are functions of 
the product of the vierbein field and its derivatives (see 
Appendix B).

Once we know the Lagrangian, the equations of motion 
follow easily. The fermion field satisfies the equation

The equation for the spin 2 field is obtained by noting the 
following variations

(5.7)

(5.8)

(5.9)

(5.10)

so that the spin 2 equation is

(5.11)



45
We shall write m  — m̂ , to indicate that it refers to the 
spin 2 meson, and shall set

7. / a.K =■ SiTf

where f2 is the (universal) spin 2 coupling constant. Eq,
(5.11) can be re-written as (see Appendix C):

V  -  £  cv=s v )  = -  - i v  * )  ( 5 -1 2 )
ti

where (5.13)

Straight-forward evaluation of (5.10) using (5.4) gives 
(see Appendix D):

V  = ?  Vv ^  (5.14)

Eq. (5.13) then gives

•t =: - m N Ip $ (5.15)

where we have made use of Eq. (5.7).
Finally, we note from (5.7) and its hermitian conjugate 

that (see Appendix E)

(5.16)



which implies that (see Appendix F)
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^ .̂) = o (5.1.7)
5-3. The Hartree Approximation,.

The unambiguous approach to the study of the raany-body 
system described by the Lagrangian (5.1) and the equations of 
motion (5.7) and (5.12) consists in applying the standard 
many-body Green's function technique. In the present case, 
however, the coupled nature of the equations make this a very 
difficult task. Further complicating the situation is the 
fact that the coupling constant involved is not small (unlike 
the situation in quantum electrodynamics), thus making useless 
any perturbation-type calculation. We can, nevertheless, in­
troduce considerable simplification and at the same time gain 
a lot of insight into the problem by resorting to the Hartree 
approximation. Simply stated, the Hartree approximation con­
sists in assuming that the fermions "see" an average, effective 
cloud of the spin 2 mesons. The meson field can then be re­
placed by its constant expectation value. Such an approxima­
tion can be justified when the fermions are very dense so that 
the source terms are large and therefore the quantum fluctua­
tions about the expectation value of the meson field are small. 
This type of relativistic Hartree calculation for nucleons

OQhas been used by Kalman for the scalar interaction, and
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20Zel'dovich for the vector interaction. More recently, 

Walecka^O has employed the same technique to study the pro­
perties of dense neutron matter interacting through a combi­
nation of scalar and vector fields.

We shall, therefore, make the assumption that 9 has 
the following space-isotropic and diagonal structure:

-O+'X) 0 0 0
0 l+X 0 0
0 0 l + X 0
0 0 0 l + x

(5.18)

where X and X are space-time independent.
For case of notation, we shall introduce the quantities x 
and y , defined as

xz 5 1+ X (5.19)

y2 = |+ Xy (5.20)

Then

%■ =  V  = (5.21)



and,
3,o = f t

juVrvtinor ^
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H 3 
‘*1 o o 0
O X y o o
o 0 xy o
o o o xy

\

/

(5.22)

Eq. (5.2) and (5.3) then yield the following values for the 
vierbein field components:

oo

II

-I 3 
X  i

z a.d ^ d „Zi 33 = xy

x y-3

(5.23)

(5.24)

(5.25)

(5.26)

Since the vierbein fields in the Hartree approximation are 
constants (i.e., independent of space-time), the functions 
that appear in Eq. (5.6) vanish, so that we can make the 
following replacement

-+ ^  v
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in the fermion field equation (5.7). Eq. (5.7) then becomes

(5.27)

Furthermore, (5.14) becomes

(S.28)

The expression for , namely (5.13), however remains 
the same.

Substituting (5.15) and (5.28) in (5.12) and remembering 
that RjULO vanish in the Hartree approximation, the spin 2 
equation becomes

for the quantum ground state of the fermion system. The 
quantizing is done by expanding the fermion field wave func­
tion into normal modes:

where the fe 's are momenta satisfying periodic boundary

are respectively the fermion (anti-fermion) creation and anni-

VfM
I t T T f 1

( (5.29)

Next, we evaluate the quantities ^ <L T V and V'J'
b* i u

conditions, T is the helicity index, a (b. ) and a, (fc>i.»\
fcr fcr' *»■ Rr }
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hilation operators and ax and V? are respectively the posi­
tive and negative energy spinors. We choose the following nor­
malization of the wave-function:

F \  <  - 4 = r ? e ° 0 / \ ?  (5.31)

From (5.17), it follows that the conserved fermion 
current is

f 1  'V r* 9

Therefore, the integral

V

is a constant of motion, and can be identified with the total 
fermion number operator B. The fermion number density is then

h. = B / V
Evaulated for the ground state of a system of nucleons charac­
terized by the wave function (5.30) and a fermi momentum , 
we get

kp

= ~~1 f ^  =■ tp , (5.32)(I n ) 1 J  S " ) 1  P  ’

where V is the spin degeneracy factor. ( Y is Ar for nuclear 
matter and X for pure neutrons).

Let us re-write the fermion field equation (5.27) as

( Y °‘ * V  +  "  0  ( 5 -3 3 >



where is the momentum 4 -vector:
Eq. (5.33) then yields the following dispersion relation

■y =  o

or, ( - k  K ^ k v  - ^  = o (5.34)

Written explicitly, (5.34) gives

,°° .z ,11 *- 
€ h h + R h  +• = ° ,  (5.35)

■ ii , zz ,55 since in the Hartree approximation h = K = h
Thus we get the following eigenvalue equation for the single­
particle energies:

- z y -*•*■ - ' 2.
(5.36)

- _jk
where k* = ill ̂ Z *y (5.37)

and =  (5'38)
FW°

4Since TnN is independent of momentum, a fermi energy 
6 p can be defined in the usual way. Furthermore, the
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identification between the chemical potential p. and €p 
can be made:

not immediately apparent that p. , as defined by (5.39), 
satisfies the usual thermodynamic identities. We shall how­
ever show later that this is indeed the right definition.

r* *We can regard k and w M as the effective (field-
—>dependent) momentum and mass, replacing fe and 'n'Y, in the 

single-particle energy. However, it must be kept in mind 
that the physical momentum states are still R s , and not 
K s • For a given k , the following equations

functions.
Since we are dealing with neutrons, and not anti­

neutrons, we shall consider only the first of these above 
equations, namely (5.40), which we re-write as

(5.39)

Because of the implicit density dependence of . , it is

and ( £k) , (5.41)

V t*where o( = y°x , give a complete set of the fermion wave

(5.42)



Taking the hermitian conjugate of (5.42), we get
53

Multiplying (5.42) from the left by -it*" and (5.43) from the 
right by -U , and adding them together, we get

-U h +  nr\H ^  ax XX ? (5 .4 4 )

where we have used

{ ^ * • 1  -
The average values of the quantities 4> y* and el Y ^

h* i v
that appear on the right hand side of (5.29) can now be 
evaluated for the nucleon ground state.

Using (5.44), (5.30) and (5.31), we get

e

kp

C  d f k  ,

*
(5.45)

For V  oLA Y*4- e>̂ 4> , we note that it will have only* X
diagonal elements, and its space elements will be all equal.
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The 0 - 0  component is

* oiYai r°i « - qp a °̂£, ^T OCL i o T oo £ 0 eo ft
r «joo r* V/a-

=  -  S H I :  1  d k ( k  +  3

"  +

if 9oo r^p -* / ,**, ** \,/a
P ?  J=3 )0 dk<^  + N 3 

(z*-)1  X 1  )  d t i V k  +  " ’'* '  < 5 '4 6 >

using (5.30), (5.31), (5.36) and the following relation (see 
Appendix B):

tV »  =  ( 5 -4 7 )

The 1 - 1  component is then

?  =  ^  9 m

= j f f  I  3 . A * *  4 3;)3  ̂ j=| ** t A /

=  3 S’ ̂ i ie'“-r*7 3> +  9 x 2 ^ 4  3=

= 3 3 ^ ( 1  e>rtt { 3, ) ̂
J = C

=  " 3  9.1 M' ( eI TaT 3o +  m N)N>
__ / o

(5.48)
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where In the last step we have used (5.27). 
From (5.47),

^ ool 9 oV ^ gl

"" 9 © o  ^  CL

=  J- e °o CL

so that zs. ^°O<:̂ 0et (5.49)

Using (5.45), (5.46) and (5.49), Eq. (5.48) is

5

I , o °  Tf I f  / * . *  j f z V ^ 2 ‘_  i  9 U   _L \ dfc ( k + m N J

N rfeF ™ n

(2tt)3 7^9 S-o 3 ĵ5'<14 TnJ2-) ̂ z
9.i ™

kF
i v  i f  ate k”
3 v* I t ̂  {5,50)C^r y J ( F t » V )

O
The integrals that appear in (5.45), (5.46) and (5.50) are 
easily evaluated, and we re-write them in the following



fashion:

- .
= ,  2-tt x  -p

  x i (5.51)

^ dt ( f c +  1̂  ) —  1L1  ^  ifef ( )£ y *  —

o ^
kF«y%(^P+yym^j4 __ xy2rn* in

i-i

L  t * y n tf')Va
= ]L1 I (5.52)

• 1 s —i - t  2
at k*

3 1  J  2.^ ( k£ 4- vyn'rt ) i -

s  X I  I (5.53)

So, finally
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^  =  y _  1 t z*• T 3 2- (5.55)IfcTT*- X

3
=  1 *F 3- *

*  j - l  g

”  zr\. —  (5.56)

Using (5.54), (5.55) and (5.56), the equation (5.29) for 
the spin 2 field takes the following form:

1) 0-0 component:
Ffx.yJ = X3 - x3y6 - ay J2 4 2. %y~ I1 = o (5.57)

2) 1-1 component:

3 S'<r(x,y) =  3x y - 3xy - a. 1̂  - (> a tv̂  xy 1̂ =  o (5.58)

where CL = ** ~P  (5.59)_  i. 2.T «■„

Equations (5.57) and (5.58) together determine the spin 2 
field in the Hartree approximation. These equations are 
coupled and non-linear, and can be solved ( numerically) to 
yield the values of x and y and hence %  and X  as 
functions of the fermi momentum (or equivalently the
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fermion number density n  ), which we shall take as the inde­
pendent parameter of the theory.

5-4. The Total Energy-Momentum Tensor and the Equation of 
State.

The conserved total energy-momentum tensor of the 
spin 2 field and the fermion field is given by (see Appen­
dix G) :

u. _ ̂  p-X
=  T v +  ^  ( s -60)

—  uHere is the energy-momentum tensor of the spin 2 field
given by

T s» = K ,V — ^  +  S V (5.61)

where &  = spin 2 Lagrangian
1
ln  / »  2  .  \— : + *  ^  (5.62)
2m.

IfcTT-P

-  /A
X E and being given by (4.1) and (4.56). is

hthe symmetrizing Belinfante part of 0 ̂  , and depends on 
the field derivatives. "t is given by (5.28) in the 
Hartree approximation.

In the Hartree approximation terms depending on the 
derivatives of the spin 2 field are taken to vanish. Then 
(5.61) reduces to
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*- w. H
T V  =  -  S Ji* VJ

2. 2.™n mx „

=  ~ "TTtTF *• (5-63)

Substituting for <Cm  from (4.56) and using (5.18) and 
(5.21), (5.63) becomes

11 2 == ffir W N / i 4 2. i \
T » =  T I T p  ( 3 - X “ ^  ) (5.64)

We shall assume that the fermi gas we deal with can be 
regarded as a perfect fluid, with the ground state being an
eigenstate of total energy £ and vanishing three-momentum: 
, f*"P = (E,0,0,0). For such 
tensor can be written as®^

if1p = (E,0,0,0). For such a system the total energy-momentum

%  = f  v  +  ^p/cL +  f } < v w '’ ( 5 ‘6 5 )

where I3 and ^ are the pressure and the total mass density 
of the system and IL̂ , is the four-velocity satisfying

U 1*' =r -  C 1

From (5.65), we can make the following identification 
for the total energy density ( £ ) and pressure ( V  ):

€  —  © a  o (5.66)
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? - e ^  - ©33 (5.67)

The underlying motivation of our theory is now clear. 
Once the spin 2 field equations (5.57) and (5.58) have been 
solved self-consistently as a function of the fermion number 
density r*. , the diagonal components of are easily
evaluated. Eqs. (5.66) and (5.67) then yield a parametric 
form of the equation of state of the system, the parameter 
being the fermion density;

e = ecn) (5.68)
P «= p m )  (5.69)

Explicit evaluation of the components of 0 ^  in terms of 
the spin 2 field variables yields

(5.70)

?  ~  * V  ” 3) +  —  ^  (5.71)4 £ttz *

As a relevant point we note here that the first law of 
thermodynamics;

? iV = _ d E (5.72)



61
yields an alternate, thermodynamic definition of pressure 
which is

j (5.73)

For the Hartree Approximation scheme to be self-consistent, 
both the kinetic and the thermodynamic definitions of pressure 
namely Eqs. (5.71) and (5.73) must yield identical values.
In other words, 6 and P  , as computed from (5.70) and
(5.71) must in principle satisfy the thermodynamic consistency 
conditions (5.73). For non-relativistic, spatially uniform 
many-body systems, this type of self-consistency criterion is 
a trivially simple matter. However, for relativistic systems 
where the particle energy acquires complicated density depen­
dence, this is not the case. We stress that it is an impor­
tant feature of our treatment of the relativistic many-body 
spin 2 interaction that the above-mentioned self-consistency 
criterion is satisfied (see Appendix I). Eq. (5.73) can 
also be used to obtain the thermodynamic definition of the 
chemical potential. This is

- i  (r+ e ) (5.74)

Both (5.39)and (5.74) are found to yield identical results.
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The equation of state is computed by determining the 
density dependence of the pressure, energy and chemical 
potential. For this, we must first obtain a self-consistent 
solution for X and y from the field equations (5.57) and

y and y being related to the spin 2 field variables % 
and % by means of (5.19) and (5.20). Inspection of the 
specific terms occurring in (5.57) and (5.58) shows that an 
analytic solution cannot be obtained, except in the following 
limiting cases:

(i) Low-density (i.e. non-relativistic) limit :
In this case, (5.57) and (5.58) give the following roots 
(See Appendix H):

(5.58):

F (*, y) = a (5.57)

Gr Cx,y) - o (5.58)

9tt rv»N
(5.75)

% 40 f 2 3 (5,76)
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(ii) High-denaity (i.e., relativistic) limit fcp» m  :N
In this case, we get (see Appendix H)

” * /3A = ^ - i (5.77)

zrh, i . «/3' ~  ^  J f a  ) (5’78)
The general numerical solution

% =  *ffep)
* =

is presented in Figures 1 and 2. In performing the 
numerical calculations, we have made the following choice 
of the parameters involved:

Masses (see Particle Data Group®®):

7a N = 939.5527 MeV (neutron)
= 1260 MeV (f° meson)

The coupling constant of f° meson is not known exactly. 
Three experimental values are cited by Pilkuhn et al.®®; 
and these correspond to

'•exp 6.55
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The chemical potential, (5.39), in terms of the field 

variables % and A  is

11 i + *  r . z  i  j . ,  7 1 / 2

l + pt \  F + ° ’+^  0 +*JX m M J (5.79)

It is plotted against the density in Figure 3 for several 
values of the spin 2 coupling constant -f . The total energy 
per particle e/n is presented in Figure 4 as a function of 
the density. We see that both /a and G/n. exhibit non­
monotonic dependences on the density. The next quantity of 
interest is the pressure, which is given by (5.71). Figure 
5 shows the pressure-density relation for different values 
of -f1 .

We can now construct a general picture of the equilibrium 
properties of the system. The behaviour is determined by two 
parameters: the density n (or the fermi momentum kp ) and
the spin 2 coupling constant ■f . Let us first consider the 
low-density case. In this limit % and A are given by (5.75) 
and (5.76). Then (5.79), (5.70) and (5.71) yield (see Appen­
dix H)

.32«( Rp , s 
w  kf2 ̂ (5.80)
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e
n

  —  Vf\M 4 + 3 ,

io m j

(5.81)

4  i i£ «« fe*
m N 14 K  5 ">2

+  T f  ^  + ......  I (5 -8 2 )

where * = J -  -O ->, j 3*0,71 W M ""f

The leading terms of the above expressions are identical to 
the corresponding quantities for an ideal non-relativistic 
fermion gas (except that and e/n here include the rest 
energy).

More interesting results ensue from the evaluation of 
the high-density limit. The corresponding limiting values 
of % and % are provided by (5.77) and (5.78). One then 
gets the following asymptotic result (see Appendix H):

'/3 */3 */3
jjl _  i t  3  m p  7 n N  f e f (5.83)



66

I/3 7/i 2/3
IT 3 *nn

4I/4 1/3 fef
-'/3

(5.84)

? =
m. 1/3r% ?/3

41/9 1/3 S/3 n 1/3I 3 TT -f
(5.85)

The striking feature of the above is that the pressure 
becomes negative at high densities (as can be seen from 
Figure 5). Furthermore, (5.84) and (5.85) yield

f = - 1  6 (5.86)
q

This is radically different from the characteristics of an
ideal fermi gas whose pressure is always positive and which,

57in the ultra-relativistic limit, satisfies the relation

? = I € (5.87)

Thus, left to itself, the spin 2 interactions will eventu­
ally bring about a collapse of the fermion matter.
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Chapter 6

NEUTRON GAS INTERACTING THROUGH 
SCALAR, VECTOR AND SPIN 2 FIELDS

6-1. Introduction.

A neutron gas interacting exclusively via the exchange 
of spin 2 mesons does not correspond to a realistic physical 
situation. In order to have a complete description of dense 
matter, we must include interactions that arise from the ex­
changes of scalar and vector mesons. The importance of such
interactions in theories of nuclear matter is well- 

58established. We shall not consider the pseudoscalar pion-
exchange interaction as the pion has a relatively large 
Compton wavelength, and therefore, does not play a signifi­
cant role in the description of dense matter.

The sections of this chapter are parallel to those of 
the previous chapter, with the difference that we now have, 
in addition to a fermion field, scalar and vector fields in 
interaction with the spin 2 field.

6-2. The Coupled Field Theory.

The source for the spin 2 field will now be provided by 
the fermion field ( ̂  ), scalar field ( <r ), vector field (A ), 
and their interactions. For the fermion field the appropriate 
Lagrangian can be written using the vierbein formalism, as was 
done in the last chapter. The Lagrangian for the scalar and 
vector fields and their interactions can be written using



68
similar formal analogy to gravitation. We recall that for 
the gravitational case this is done by using the principle of 
minimal coupling (see e.g. Weinberg59). It consists in taking 
the respective special-relativistic expressions for the La- 
grangians, and making the following replacements: (i) r)

by and (ii) iL^ by the covariant derivative.
Thus the Lagrangian density describing nucleons inter­

acting through scalar, vector and spin 2 mesons is given by 
( - I = C ):

XT«t = -fA sK * j y £ v ,,n'0*

- 3. f r if Jr .+ )
U  I T  *

+  % F $  F + r  +  (6 1 >

In this expression the first two terms on the right-hand side 
represent the Lagrangian of the spin 2 field, Xg. and X m being 
given by (4.1) and (4.56). e ^ are the vierbein fields 
given by (5.3). F^v = — Vv , where is the
covariant derivative. ms and mv are the masses of'the scalar 
and vector fields, and gs and gv represent their coupling 
strengths to the nucleons.

The equations of motion that follow from (6.1) are
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1) Fermion field:

2) Scalar field:

( - 37' + m ^ ) <r -  4TTg tp^ (6.3)

3) Vector field:

z juM X^ pH ^
P ?  A^K +  3jF§ F ^ ^ ) = ^ (6.4)

4) Spin 2 field:

vi ” ( F 3  9 - ̂  -  £ l f  ( +  _  I a +  ̂ (6.5)

where -fĉ  is the energy-momentum tensor of the source fields, 
and is given by

% S X,s
'•w \J  — ~r=~  TTii ( 6 . 6 )
r s r

where Si. s S -----—  (S. +  m t  £ m )  (6.7)5 Tet |W f A  6 f /

Lastly, (6 .8)



The evaluation of (6.6) yields (see Appendix D): 70

(6.9)

<t being defined by (5.2).LLAi

As in the previous chapter, we shall take the source 
terms appearing in the meson field equations to be average 
quantities over the ground state of the nucleons. In the 
present case, however, we have to deal with three coupled 
partial differential equations corresponding to three meson 
fields. As before, we shall use the Hartree approximation to 
obtain the physical properties of the system.

We shall use the same operator representation for , 
namely Eq. (5.30) with (5.31) as the normalization. We note, 
from (6.2) and its hermitian conjugate, that (see Appendix E)

(6.10)
This implies (see Appendix F)

(6.11)
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so that

ft =  J =i * (6.12)

can be interpreted as the operator giving the fermion number 
density. Furthermore,

Kp, = fermion momentum of the nucleon gas.

6-3. Hartree Approximation for the Coupled Fields.

The Hartree approximation provides a simple way of 
handling the coupled field theory presented in the preceding 
section. In such an approximation the meson field variables 
assume constant expectation values, and their space-time 
derivatives are not of physical significance. Thus, for the 
scalar and vector fields we shall make the following replace­
ments

spin 2 field we shall assume the same diagonal, space- 
isotropic structure as in the last chapter, namely Eq. (5.18). 

Eqs. (6.2), (6.3) and (6.4) then become respectively

er q-0 (6.14)

(6.15)

where and Aq are assumed space-time independent. For the



( < r * 4  t u  + K  ) ♦  = °

where = V̂ , - i ̂  Ar

" ~ i<3v A o

a n d  m „  s  m M .  ^ s o ;

a ?nf

A  kD ° =r H U ?  cp *° y *  a>o i ' «• 1

Eq. (6.9) becomes

JL

+ r * -  a a s° r  ""o oo
+  ^  -  v  v A» h A o

Using (6.21) and (6.16), (6.8) becomes

t = - —  o-Z a L°° a
nr ° “ 1 ^  *.k *■

72

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6 .21)

(6.22)
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The evaluation of the quantities and MkJ Y*_L ft. ̂A1* I

for the fermlons' ground state can be performed in exactly 
the same way as in Chapter 5. This yields

4irz *y (6.23)

xp a r4 i d if = JL ^ j
c ° 73 2 (6 -24>

^  d laLr *4- *  =• 4 ^  *  a* r a ' d. *  ,<x 1 ' 3 t »

"  3  (6-25)

where x and y are given by (5.19) and (5.20) and J , J JL and 
J3 are equal to 1̂  , 1 x and I3 [i.e. equations (5.51), (5.52) 
and (5.53)], but with the replacement

m N  =  - % ° o  •

Using Eqs. (6.21) - (6.25) and remembering that in the 
Hartree approximation R ^ =0, the equation for the spin 2 
field, (6.5), becomes

1) 0-0 component:
X4 - x4 y6 —  01, xy J2 + 2 O., -mi xaya*

+ - «3 kF‘ = o (6.26)
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2) 1-1 component:

3 * V  - 3** -  c.Jj _ 6 a ™ ;  x y J = °  (0.27)

Here,

TT m 2, rJ*" (6.28)

„2 Z.
a - z f  * 54 = “ a ~  (6.29)rr̂

1 l 2-Q —  t 6 Y -f ^3 = ----- - ■—  (6.30)o 3 1 i a-M tt rn rv̂

Substitution of (6.23) into (6.19) gives for the scalar field 

*V - %  "Vi J, = O  (6.31)

where C*4 =  Y / 7Tir£ (6.32)

Noting that
O o

?r- =OO (Too

the equation for the vector field (6.20) becomes
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l Ax + q 5 kf o , (6.33)

I'V <3where Ol. =   (6.34)
* 3 t  r*\Za

6-4. The Total Energy-Momentum Tensor and the Equation of 
State.

The conserved total energy-momentum tensor of the system 
is (see Appendix G):

fl' -  t C + {e.3B)

where T v and are given by (5.61) and (6.21). We note
that x and y, which determine the spin 2 field components, 
have now implicit dependences on the scalar field <r . WritingO
the right-hand side of (6.35) in terms of the field variables, 
and identifying the total energy density (6 ) and pressure 
(P) with the diagonal components of ®|uV ’ we

€ - J i S f C  x %  3ya - * y - 3) +  JC- 1  Jf 7 It-n1 x A

i z .
- ^ x / V Z +
^  x 4

(6.36)
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?

(6.37)I frTT3™© X1

The equation of state, namely the evaluation of (6.36) 
and (6.37), is determined by first solving (numerically) the 
set of equations (6.26), (6.27), (6.31) and (6.33). In doing 
the calculations we have kept the mass and the coupling con­
stant of the spin 2 meson to be the same as in Chapter 5.
For the scalar and vector mesons, we have chosen the follow­
ing standard values:55,56

The energy per particle ( €/ti ) and the pressure (P) as 
functions of neutron density are presented in Figures 6 and 7. 
The chemical potential of the system, defined by Eq. (5.39), 
is plotted in Figure 8 as a function of the neutron density.

Because of the complication brought about by the intro­
duction of scalar and vector fields, it is not possible to 
verify analytically that the values of pressure and energy 
density as given by (6.37) and (6.36) satisfy the thermo­

W-s = 700 MeV

= 784 MeV

C  = 10-°



dynamic consistency criterion (5.73):

T  + e = n
d rv

We have, however, made a numerical check and we find that
(6.38) is indeed satisfied. Thus our coupled field theory is 
thermodynamically consistent.

77

(6.38)
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Chapter 7 

ASTROPHYSICAL APPLICATIONS

7-1. Introduction.

In this chapter we shall present the calculations of 
masses and moments of inertia of neutron stars using as 
input the equation of state derived in the preceding chapter. 
Historically, the earliest numerical computation of the
structure of neutron stars was performed by Oppenheimer and

19Volkoff. They assumed that the degenerate neutrons
making up the star are non-interacting, and obtained the
result that the maximum mass for a stable neutron star is
0.72 M0 . Of course, we know that at the densities prevalant
inside a neutron star, the interactions among neutrons cannot
be neglected. Since the pioneering work by Oppenheimer and
Volkoff, numerous improved equations of state for matter at
nuclear and super-nuclear densities have been proposed. A
detailed account of the neutron star structures corresponding
to the presently available models of the equation of state

60can be found in a survey by Arnett and Bowers. Irrespec­
tive of detailed models, however, certain general conclusions 
are available. Assuming the correctness of the equation of
state as given by Baym et al.13 up to p 5 x 1011* gm cm"3,

61Sabbadini and Hartle have shown, on general grounds, that 
the maximum mass of a neutron star cannot exceed 5 1^, what­
ever the equation of state at higher densities. If one im­
poses the condition of causality, 7 < , on the equation
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fiOof state, then, as Rhoades and Ruffini0 have shown, the 

maximum mass is reduced to 3.2 Mg . Similar limits have
flOalso been found by Nauenberg and Chapline.

We shall first briefly review the general astrophysical 
considerations regarding neutron stars, and then present 
the results that our equation of state [namely, Eqs. (6.36) 
and (3.37)] yields. For condensed objects such as neutron 
stars, the temperature is effectively zero on the scale of 
microscopic energies (unless the star is very young). So 
we shall confine our attention to zero temperature. For 
purpose of calculating the mass, we shall neclect the rota­
tion of the star. (The effect of rotation is to cause 
changes in the moment of inertia and mass in the lowest 
and second order, respectively, of the angular velocity.)
The moment of inertia will be calculated for slowly-rotating 
models using the non-rotating model for the mass. Finally, 
we shall present a comparison of the results of our theory 
with the presently available observational data on pulsars, 
and also with the predictions of the various other theore­
tical models.

7-2. The Mass, Radius and Moment of Inertia.

The calculation of the mass, radius and moment of 
inertia of a neutron star will be done assuming that the 
star is in its normal state, characterized by the conditions 
of thermal and hydrostatic equilibrium. Since a neutron star 
is essentially a zero temperature system, it is in a state
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of thermal equilibrium. The hydrostatic equilibrium is 
provided by equating the gravitational force to the pressure 
force that acts on each mass element. Non-relativistically, 
this is expressed by the following equation

7 P t r )  =  <3- f>(r)  v   (7.1)
I It -  r  ' I

where Pfr) stands for the pressure and p(r) for the mass 
density at the point r in the star. G is the gravitational 
constant = 6.6732 x 10”® e.g.s. units. Neglecting the effects 
of rotation, we can put Eq. (7.1) in the spherically symme­
tric form:

? =  -  q- p e r )  r r \ ( r )  ( 7 . 2 )
} \r

where hn
i

(*•) =  f  4 i t r ' 1 p( \r ' )  d r '  ( 7 . 3 )

represents the mass contained within a radius vector T .
The pressure P, in general, is a function of the density 

p, the entropy per nucleon and the chemical composition. 
Since in a neutron star the temperature is essentially 0 °K, 
the entropy per nucleon is constant throughout. We shall
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furthermore, assume that matter, in the region of our inter­
est, has uniform chemical composition. We can then regard 
the pressure ? (r) as a function of p(r) alone, with no ex­
plicit dependence on r. Physically, the significant point 
is to know the equation of state of the star. Given T(r) 
as a function of FCp(f)) , we can write

9? _  Sf
2 r  ^  ̂  ^  (7.4)

Substitution of (7.4) into (7.3) gives the differential 
equation that determines the density profile:

<3- P mfr)
T -  ~   r“ (7.5)
^ Y ( W » f )  r

The initial conditions for solving the equations (7.3) and
(7.5) are

m.(o) = ° (7.6)

f C<0 = fc. (7.7)

where ^  is a specified central density. Eqs. (7.3) and
(7.5) can be integrated out from the center of the star 
until P drops to zero at some value r = R. We can then 
interpret R as the radius and m(R)s. M as the total mass of
the star having a central density ̂  . In general, the
stiffer the equation of state, the larger the value of the 
maximum mass; the lower the central density, the higher the 
radius and the moment of inertia.
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For actual calculations we shall use the relativistic 

generalization of Eq. (7.2), also known as the Tolman-Oppen- 
heimer-Volkoff equation :

2 1  _  $ [p r r )  +  P (* ) /c z]  [m(r) + W p f * ) / : 1]
Dr '  ~   j — ----------------    (7.8)

r [j - IQ  ^^)/rc2 J

In Eq. (7.8) the terms that are proportional to \/c are 
the corrections due to general relativity. Inspection of 
this equation shows that the (Schwarzchild) singularity in 
the denominator prevents the existence of stars having

m(r) > n L  
XG,

Neutron stars of too large a mass are unstable against 
gravitational collapse, whereas those with too small a mass 
are unstable against radial oscillations. The locus of the 
points M  versus P is a curve which is shown schematically 
in Figure 9. The region of stable equilibrium is given by

  >  0
* Pc

This is a necessary (but not sufficient) condition for
65stability. For sufficiency, one must, in addition, have



We shall write the mass m(R) as

^  Cf?) =  Mq.
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(7.9)

the suffix G indicating it the gravitational mass of the 
star as measured by a distant observer in Keplerian orbit 
around the star. It represents the total energy of the 
star and its gravitational field. It is instructive to 
compare (7.9) with the quantity

Mg = mgN , (7.10)
where nig is the baryon rest mass and N is the total number 
of baryons in the star: Mg represents the total energy that
the stellar matter would have, if dispersed to infinity. In 
terms of the neutron number density n(r), (7.10) can be 
written as®®

K

M _  m  (  ^  d r  8 S\"-----------------------------<7.11)
J  [ l -  1<t nKO/rc1']
o

A qualitative consideration of the equations presented 
so far can already give us some feeling for the structure 
of a neutron star. For simplicity, let us consider the 
non-relativistic equation (7.5). If we approximate the 
quantities f and , that appear on the right-hand
side of (7.5), by their values and ^ at the
center of the star, we obtain

■- fi. r  (7.12)
3 ( W > f )
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Integration of (7.12) gives

4L
f C r )  = 2 5 $. fc. (  R1 -  r 1 )

(JP/ap) (7.13)

where the density has been constructed to vanish for r ^ R,
R being the radius of the star. If we set r = 0 in Eq. (7.13), 
then p(0) - , and we get the following expression for the
radius

R  = 3 (yr/apl,
to* fc

(7.14)

The total gravitational mass of the star is, using (7.3), 
(7.13) and (7.14),

For a slowly-rotating star, the moment of inertia (I) 
can be determined from the structure of the non-rotating 
model, as shown by Thorne. Let us use JQ_ and ^ 0 )  to 
denote respectively the angular velocity of uniform rotation 
measured at infinity and the angular velocity of the fluid 
relative to particles with zero angular momentum. Due to the 
dragging of inertial frames, -H. but satisfies the
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following differential equation

where

and <J> is given by

The boundary conditions are

d co A 

T r  J r  =o

(7.16)
J- ±  ^ 4  d i  __
V4 dr  (, “  0

i l O  =  i ^ r) [ , _  (7.i»)

d<fr _  <5- [ Tnfr) +  4 u r *  p ( r )  / 12-
d r  “  ^ (7.18)1 _ 2G- mfv)/rtx

(7.19)

and to ( °0 ) — (7.20)

Outside the star

wfr) = .a  -  3J L I , (7.2i)
i r e

where J is the angular momentum of the star. From (7.21) it 
follows that
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7
6<t \ d r  J r -  R (7.22)

Eq. (7.17) implies that
j(R) = 1

However, we note that since Eq. (7.26) is linear in j, for 
purpose of integration $ (r) need only be defined to within 
an additive constant. Consequently, Co (o) can be taken as 
any non-zero constant, since co(r), SL and 7  can all be 
scaled after the integration. This scaling does not affect 
I, which is defined as

To integrate (7.16) we introduce an auxiliary variable
I » J/SL (7.23)

JUL =  r4 dco/dr

This then yields two coupled first-order equations:

(7.24)

d  cd _
"cTr r 4

(7.25)

Equations (7.3), (7.8), (7.11), (7.16), (7.17), (7.24) and
(7.25) can be numerically integrated outward from r = 0, 
given the equation of state F ■ From (7.21), (7.22) and



(7.23), it follows that 87

cx xcCR) (7.26)

7-3. The Equation of State and Numerical Results.

The equation of state is the basic input in calculating 
the bulk properties of a neutron star. In Chapter 6, we have 
presented our equation of state for neutron matter for dif­
ferent values of the spin 2 coupling constant. In order to 
facilitate the comparison with other equations of state, we 
have presented in Figure 10 all the relevant equations of 
state proposed in recent years. In addition, in Table 1 we 
present the numerical values of P  and f as functions of the 
baryonic density n  for two values of the spin 2 coupling con­
stant. For densities lower than the last entry in Table 1, 
our results join smoothly with the values of P as given by 
Malone, Bethe and Johnson2 (Model V). For still lower den­
sities we have used the equation of state given by (i) Baym, 
Pethick and Sutherland*2 for t2fc2xio4 ^ I. o<l4*io4 gm
and (ii) that given by Feynman, Metropolis and Teller**

3 -3for p $ l i?t> x lo gw> cwt̂
The physical constants used are:

C = 2.9979 X 1010 cm sec-1
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<T = 6.6732 x 10”8 cm9 gm"1 sec"2 

= 1.659 X 10"2 ‘‘gm 
In converting masses in grams to solar units, we have used

M = 1.987 X 1033 gm O
The equations of state have all been used in the form 

of discrete data points. Entries for V  (dynes cm-2),
^ (gm cm-3) and TV (cm-3) are read in to four significant

figures ( as given in Table 1). Values between two tabulated
points such as ( ft R ) and ( ft , ) are obtained by usingt 't+l 1 <-Tl
the standard SPLINE interpolation subroutine. Eqs. (7.3), 
(7.8), (7.11), (7.16), (7.17), (7.24) and (7.25) are then 
simultaneously Integrated from the center to the surface 
using the Euler method with a step size of one meter. The 
numerical integration was terminated with the last step 
before p < 7.86 gm cm-3. This is the density of iron nuclei 
and corresponds to the surface of a neutron star. The 
FORTRAN computer code for the whole integration scheme is 
given in Appendix J. The overall accuracy of the program 
was checked by recalculating the results obtained by Arnett 
and Bowers®® in their review article. Our results agree 
with their published values to within a per cent.

7-4. Results and Discussion.

The results for the calculation are shown in Figures 11- 
14. Figures 11 and 12 indicate that the maximum mass for 
stable neutron stars is sensitive to the spin 2 coupling con­
stant. (This however is expected from an inspection of the
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slopes of the pressure-density curves, Figure 7, correspond­
ing to the different spin 2 coupling constants.) The cri­
tical densities at which the maxima come about all lie close 
to the value 2 x l 0 15 gm cm"*3, and are not so sensitive to 
the spin 2 coupling constant. In Table 2 we have summarized 
our results.

We now present a critical comparison of our results 
with the available observational information on pulsars and 
also with the results predicted by relevant models available 
in the literature. Let us first consider the mass, and 
refer to Figure 15, which is taken from Canuto.^ On the 
right-hand side of this figure are quoted two sets of recent 
observational results due to Joss and Rappaport88 and Avni.69 
The ranges of masses given by these authors are respectively 
1.4 Mq - 1.84 Mq  and 1 MQ - 2.3 M0 . Let us now look at 
the various theoretical models. Curves A-G are based on non- 
relativistic computations, and yield the maximum masses that 
are all less than 1.84 M0 . Although these values seem to 
be quite compatible with the observational bounds, we stress 
that at the densities prevalant in the core region of a neu­
tron star, any non-relativistic theory is an inadequate de­
scription .

Curves L, N and 0 give somewhat higher values for the
mass. Curve L is the result of computations by Pandharipande
and Smith^O who included pion tensor interaction in a non-

71relativistic way. A recent analysis by Brown has indi­
cated that much of the repulsion inherent in Pandharipande



and Smith's calculation is actually largely cancelled if 
higher order terms are included in their many-body treatment 
this will then lower the mass.

72Curve O is from the work of Bowers et al. , who used
perturbation method and an effective Lagrangian formalism to 
derive the equation of state.

Curve N corresponds to a relativistic calculation by 
30Walecka that takes into account scalar and vector inter­

actions among nucleons.
Finally, the result of the present work has been indi­

cated by the dashed curve. The maximum mass turns out to be 
1.75 M0 , corresponding to the spin 2 coupling constant 
Tj^p = 2.91. Our result is in agreement with the observa­
tional bounds, and bunches together with the results of the 
models A-G. Thus, incorporation of spin 2 interactions in 
a relativistic manner narrows the disagreement between the 
sets of results A-G and L,N,0. We would like to point out 
that the closeness of our result with those of the non-rela­
tivist ic models A-G is a coincidence, and cannot be taken to 
mean that the non-relativistic theories provide an adequate 
description of high-density matter. The reason for this 
closeness is due to the competition, in our theory, of two 
important physical aspects which are (i) the inclusion of 
relativistic effects and (ii) the treatment of the very 
short-range attractive NN interaction due to the exchange of 
spin 2 mesons. Hence, in so far as a fully relativistic 
theory is imperative to describe high-density matter, our
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theory clearly provides a more realistic and adequate de­
scription.

Turning now to the moment of inertia, the corresponding
comparison is presented in Figure 16. The two arrows in
this figure indicate the value of the moment of inertia that
is required if a neutron star is to be held responsible for
the luminosity of the Crab Nebula as well as the kinetic

71energy of the expanding gas. We see that our theory, 
corresponding to the case (b), can satisfy this requirement 
for masses in excess of 1 M0 .

Recently, it has been suggested74 that neutron matter 
will undergo phase transition to quark matter at very high 
densities. If such is indeed the case, then our theory can 
fill an important gap in the understanding of dense matter 
in the region of density starting from nuclear matter density 
up to densities where neutrons are expected to merge into a 
quark soup.
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TABLE 1. Mass density ($> ) > energy per particle (€/rv) and pressure 
( F ) of neutron matter as a function of neutron nuntoer density for two
values of the spin 2 coupling constant. The scalar and vector coupling

a. »constants are: d = 13.9 and 9 =10.0.

f2 = 2.91 f2 = 6.55n
({«*)

9
(gmcnr3)

e/n
(MeV)

P
(Dynes cm-2)

f
(gmcm-3)

G/n
(MeV)

P
(Dynes cm'

7.295 1.837x1016 1.412xl03 1.076xl036 1.317x1016 1.012xl03 2.442x10
6.500 1.647 1.402 1.068 1.186 1.010 2.572
5.931 1.471 1.391 1.057 1.065 1.007 2.679
5.318 1.307 1.378 1.040 9.519xl015 1.004 2.762
4.749 1.155 1.364 1.017 8.466 1.000 2.817
4.222 1.014 1.348 9.890xl035 7.492 0.995 2.845
3.735 8.849x10*s 1.329 9.545 6.592 0.990 2.844
3.287 7.663 1.308 9.132 5.764 0.983 2.810
2.877 6.583 1.283 8.648 5.006 0.976 2.742
2.502 5.604 1.256 8.089 4.314 0.967 2.638
2.161 4.724 1.226 7.452 3.688 0.957 2.495
1.853 3.937 1.192 6.738 3.124 0.946 2.312
1.576 3.242 1.154 5.949 2.620 0.932 2.088
1.327 2.635 1.113 5.095 2.172 0.918 1.822
1.107 2.111 1.070 4.193 1.780 0.902 1.519
0.912 1.667 1.025 3.271 1.441 0.886 1.186
0.741 1.297 0.981 2.367 1.150 0.870 8.367x10!



TABLE 2. Properties of the maximum-mass stable neutron star, 
as predicted by the present theory. Cases (a), (b) and (c) 
refer to the cases where f2 = 0, 1.91 and 6.55 respectively.*

Case (MqW
Mo

Mg
M0

fe
(gmcrrf3)

R
(Ion)

I
(gmcm2)

%ind
Mo

(a) 2.48 3.03 2.0xl015 11.49 3.38 x 101*5 0.55
(b) 1.75 2.09 2.4 x 1015 10.72 1.68 xlO*5 0.34
(c) 1.00 1.14 2.4x 1015 10.30 e.esxio*'* 0.14

* Here (M{j)max is the maximum gravitational mass of a stable 
neutron star, MB is the corresponding baryonic mass, p 
is the central density, R is the radius, I is the moment of 
inertia and UQind “ MB “ MG “ binding mass of the maximum- 
mass star.
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FIGURE 3. Chemical potential of neutron matter (in units of neutron rest 
mass) versus fermL momentum for several values of the spin 2 coupling constant. 
Scalar and vector interactions are absent.
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f1 = 2- 91 
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Figure 4. Energy per particle of neutron matter (In units of neutron rest 
mass) versus fermi momentum for several values of the spin 2 coupling constants. 
Scalar and vector interactions are absent.
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FIGURE 5. Pressure of neutron matter (In dimensionless units) 
versus femri. momentua for several values of the spin 2 coupling 
constant. Scalar and vector Interactions are absent.
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2FIGURE 6. Energy per particle of neutron matter (in units of C. )
versus neutron nunber density for several values of the spin 2 coupling 
constant. The solid curve corresponds to the case where spin 2 mesons 
are absent. The scalar and vector coi$>ling constants have been taken 
to be: q2- = 13.9 and g1 = 10.0 (see text).5
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FIGURE 7. Pressure of neutron natter (in dimensionless units) versus neu­
tron number density for several values of the spin 2 coupling constant. The 
solid curve corresponds to the case where spin 2 mesons are absent. The 
scalar and vector coupling constants have been taken to be: g1 =13.9 and
o’- = 10.0 (see text). 5
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FIGURE 8. Chemical potential of neutron natter (in units of neutron rest mass) 
versus neutron nwfcer density for several values of the spin 2 coupling con­
stant. The scalar and vector coupling constants have been taken to be: 
g4 = 13.9 and g2" = 10.0 (see text).
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FIGURE 9. Schematic diagram shoving mass-central density 
relationship for neutron stars.
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FIGURE .10. Pressure versus mass density. Curves (b) 
and (cj correspond to the present theory. Curves A - 0 
correspond to other theoretical models (see Ref. 2).
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FIGURE 11. Neutron star gravitational mass, as 
predicted by the present theory, versus central 
density. Ihe three curves correspond to three 
different values of the spin 2 coupling constant.
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FIGURE 12. Neutron star baryonic mass, as predicted by the 
present theory, as a function of central density. The three 
curves correspond to three different values of the spin 2 
coupling constant.
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I(gm cm2)

10,44

(a) f2*0

j i i i i i i i ■ i ■ J L0 .2 .4 .6 .8 1.0 12 1.4 1.6 1.8 2.0 22 2.4 2.6 2.8 3.0
Mg/M0

FIGURE 13. Neutron star moment of inertia versus gravi­
tational mass, as predicted by the present theory. The 
three curves correspond to three different values of the 
spin 2 coupling constant.
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FIGURE 14. Neutron star gravitational mass 
versus radius. Curve (b) corresponds to the 
prediction of the present theory with f2=2.91. 
Curves A - 0 correspond to other theoretical 
models (see Ref. 2).
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FIGURE 15. Conparison of various theoretical models for 
neutron star gravitational mass. The horizontal scale 
denotes central density. For curves A - O, see Ref. 2. 
Insets on the right refer to recent observational infer­
ences for the mass (see Refs. 2, 68 and 69).



109

,46

43

1.0 1.25 150 1.75 2.0 2.25 2.50 2.75 3.0.25 5 0  .75
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FIGURE 16. Neutron star moment of inertia versus gravitational 
ness. Curve (b) corresponds to the present theory with f2 = 2.91. 
Curves A - 0 correspond to other theoretical, models (see Ref. 2).
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Appendix A

CONSERVATION OF THE SOURCE STRESS TENSOR

Consider the action corresponding to the source 
Lagrangian:

The variation of S under infinitesimal transformations

X'* . X* + y

vanishes because S is an invariant. The variation of S 
however yields

( £ ) ' *  * ( £ ) * • *

The first term vanishes by virtue of the Euler-Lagrange 
equations. The second term is proportional to

j ,

for arbitrary %  . Hence•'J



Appendix B 
THE VIERBEIN FORMALISM
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As discussed in the text (Chapter 3), interaction of a 
massive spin 2 field with external fields can be written in 
formal analogy to gravitation. For an integer system as the 
external field, this is done by taking the special relati­
vist ic equations that govern the system in the absence of 
gravitation, and then replacing (i) all the Lorentz tensors 
with quantities that are tensors (or tensor densities) under 
general coordinate transformation, (ii) ordinary coordinate 
derivatives with covariant derivatives and (iii) p>j 
with . However, when the field in question is a spinor
field, this prescription does not work. This is because 
there exists no representation of the group GL(4) of general 
linear 4 x 4  matrices which behaves like a spinor under the 
subgroup of Lorentz transformations. The formalism of vier- 
bein fields is introduced to "remedy" this situation.

The vierbein field cL̂ L is defined by

the vierbein field transforms as a covariant world vector. 
Under homogeneous local Lorentz transformations L, it trans-

(B. 1)

where «) ( <*■ = 0,1,2,3) characterize a locally inertial
^ p pLorentz frame. Under coordinate transformations x *'



forms as a Lorentz vector:
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d* C%') = 2JL d.av ( *) (B.2)
3x' “

lA ' I a  ,  \  , t>c T  C x )  =  £ * )  (B -3)

Fermion fields ^  can be introduced into general relati- 
75vity by describing them with respect to local Lorentz 

frames. They are defined to be world scalars and transform 
as ordinary spinors under local Lorentz transformations of 
the vierbein frames. Now, the ordinary derivative ^  is 
a covariant world vector, but not a proper Lorentz spinor.
A covariant derivative can be introduced such that
I ?  is a covariant world vector and a Lorentz spinor:

V *  *  i “V t r  v  , (b.4)

where — i. Q j| (B.5)

Using Eq. (B.l) and the definition of the line element

(d s )1’ = * $ 1 +

one gets d ^  d  ^ (B.6)

The Latin index in is associated with local Minkowski
coordinate system and the Greek index with general coordi-



nate system. Hence 113

= ‘V 1, (B.7)

‘V *  = V *  a  (B-8>

The structure of the spin connection can be
determined by requiring that the operations of raising and
lowering of indices and the operations of changing index-type

7 6commute with covariant differentiation. Just as the con­
dition g ^ B i emann*an geometry, leads to the iden­
tification of affine connection with the Christoffel symbols, 
similarly the condition

d ; V = ° (B. 9)

leads to the following identification of :

(B.10)

We can now write down the Lagrangian density for a spin 
2 field that is invariant under (i) arbitrary coordinate 
transformations and (ii) local Lorentz transformations. It



is given by7?

<CO, 9) = - d { V  + m  ^  (B. 11)

where ct s det d-yua = J-~j y (B.12)

9 = M  (B. 13)

In the formalism for a massive spin 2 theory no general 
covariance, as understood in general relativity, is implied. 
Hence, we shall distinguish from its "contravariant11
counterpart by denoting the latter by . We then have
the following equivalent of Eq. (B.5) for :

U.CL ^

where K is the reciprocal of
Correspondingly, we re-write Eq. (B.8), (B.10) and
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£ C  9) = - i  *f( i 7 + m ) (B.17)



Appendix C 
EQUATION OF MOTION FOR THE SPIN 2 FIELD

In this appendix we derive the form (5.12) for the 
equation of motion for the spin 2 field. We note that 
Eqs. (5.9) and (5.11) give

Writing / S  in terms of 5 £nv / S
[see the relation (4.5)], we get

ft + m M  - i H r  iff, l m  _ k + ,  (C.2)

Let us put

and B , «  B (C 4)fKO —

Then, Eq, (C.2) becomes

(C.5)
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- »  8 - -K-t (C.6)
mvwhere t = 'K (C.7)

From the definition (4.9) of :

~ ~ z Spitf R (C.8)

we get

Substituting this in Eq. (C.6), we get

£ + mX B = k -t

Using Eqs. (C.8) and (C.10), Eq. (C.5) now becomes

+  = - k ( V  - t V  t )

(C.10)

(C.ll)

From the expression (4.56) for S.m  , we get, using 
(C.3),

^  _  2 I _ 9
Since

-#W ~~ 2
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= ~ Z (C. 12)

Therefore, Eq. (C.ll) becomes

z \yl) ~ ^ ("^V ~ 4 9-^* ) <C -13>

With m  =  *m.

and k =
TM N

the above equation is identical to Eq. (5.12), presented in 
Chapter 5.



Appendix D 
THE SOURCE TERM FOR THE SPIN 2 FIELD
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The Lagrangian appropriate for a system of coupled 
fermion, scalar and vector fields that provide the source 
term for the spin 2 field is [see Eq. (6.1) in Chapter 6]:

£ <p ( Y*e.£ ±  Vh  4- «f

-  £  F 9  ( 3*0- k ^ V  + r ')

~  & &  ( ?  F„v ̂  ̂  F>p + i  )

+ 9sH  v (D1)

where = (3̂ ~ i  w  b/4.t) V  •
The expression for ^^juc is given by Eq. (B.16) in 
Appendix B.

The Lagrangian is always hermitian; therefore, in the
second term on the right hand side of Eq. (D.l) only the

o* beanti-symmetric part of the matrices Y <r will contribute. 
This removes the terms with ft. s=- t or a = c , which are 
proportional to the symmetrical matrices T ° T a . For b^C , 
we can write
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r ^ tc = i f [ rk,r‘J

a bed.
s  I €  r j  T g ( D . 2 )

ex b c d.where G is the Levi-Civita tensor,
Setting

_  d _ / abed, o
£0 —  - G  CO -€4 a\/C b (D.3)

we re-write £ as

£ ■ =  ~  f ( v \ £  4 3#_ + u“ra r s + m„) V

Ft (  ^  "■ + w i  <r’' )

+  f t  *■ +  9 < r  t < v * *  a ,  4

Equations of motion (the Euler-Lagrange equations) that 
follow from the above Lagrangian are:



1) Fermion field;
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1  to“ r r s - V * <£ ' V  + ,V 9 slr)M' = 0 (D.5)

2) Scalar field:

( -  dx +  Tttg )  <r =  4 ir  g (D.6)

3) Vector field:

J=9 m* AkM'’ + ^  f) = 4ir3 yrj q; YV  4, (D.7)

The stress tensor corresponding to the Lagrangian
&  is given by78

{ f t  +Mg =  3 J i p  -  i t
M 3k"V

= -  ii- 5 (D.8)
3k"J

since £  does not involve derivatives of . To
evaluate •bu>» , we note the following variations^®

r

H  = -9  V  5 ^  (D.9)

* • £  =  I d 0a Vk'*" (D 1Q)

(D.ll)



Using Eqs. (D.4) and (D.9)-(D.11), (D.8) yields
122

V  =  - 3 *  * ** e* I 3, «i» +  ¥  r a d*, 4 2 ^

+ 41 %■> ‘°<*rdri + 7* e'tedd co r r^ A 5 4l /j.a bic d f

-  — 4 a  n-Z  ̂ n  cr i°< ^  P I
*«r V  |fe„ V  *p K F P p + £  F f,

f, 9C'>iK Ap +  Â » A^ +  9S 9 M,, ■?¥•«-

9 A _ a J="5 n; j •*«„.*
» P  «• o< V  * ^  ~)clY ^  A /*- (D. 12)

Re-arranging terms,

V  -  - V ^ R ^ T i - T ;  a<V s

+ % - 3 4t } *  + '•' ( t\ t V  +

€a b c d ^  w ^ & r j Y s _ d^a Y a A|«. ) 'F

“ 4 V r , '»<r “ 6r V  ^  ^  3/J ~

^  V > ^  + jfif “  ?? V  A* K“%

_ rr 9in) F ^  4- 1 c t!^ rlln F *p +  4V *> FMp (D.13)

I '



Because satisfies Eq. (D.5), the first four terms on the 
right hand-side of Eq. (D.13) do not contribute to .
Also, since the stress tensor is always symmetric in its 
indices, we can re-write the fifth, sixth and seventh terms 
as

When the scalar and vector fields are absent, this 
becomes

which is equal to

where be

Therefore, Eq. (D.13) becomes

(D.14)

= * r* d,._ 1 v> Y (D.15)
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Appendix E
"COVARIANT" CONSERVATION OF FERMION CURRENT 

The fermion field equation is given by [see Eq. (5.7)] 

( 8=0 (E.l)

where r /W’ s e ^ Y ° t (E .2)

To prove ^  ( ip ) - O , we first obtain the
hermitian conjugate of Eq. (E.l) by proceeding as follows.
We re-write Eq. (E.l) as [see Eq. (D.5) of Appendix D]:

( ^  - ii ^ V s  + ) * = ° > <E-3)
 cLthe expression for Co being given by Eq. (B.10) in Appen­

dix B. We choose the Dirac-Pauli representation for H f , 
namely:

V  -  ( I ) (E.4)

T °

- <r, O
(E.5)

where <r^ are the usual Pauli spin matrices. 
We note that
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fr°)+ =  i-

f y K ) +  =  - Y *

(Y s ) + = -

Eq. (E.3) Is

( r %  i V  +  T ’4f  i ~ £ “  r«irs + "v*) *  =  0 <E -®>
Taking hermitlan conjugate of Eq. (E.6), we get

- ^ f _ i l +€ ftr k -  ^ + < r k + 9 ± V r ‘
‘ I 3x1 h **° k m *  -

O

+ 24: *° v » I  + I + , f  _
sx° J v r -»J “4i 5 = °

oMultiplying this equation by Y  from the right, and noting
that

-  X y  y  — oUag . ( - I .  I. *• I j

we get

i  /’ ’ I / /  + ^  z"r°) +
1 k +  S 7 »  ‘ / +
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Or,

^  H' fy u>d r° + = O (E. 7)

Noting that

W + ^  Y° = r° 5 Jr,rs _

Eq. (E.7) becomes

“  ~ ( ? ? , * )  f fX  +  "  ^  & **  r j r s +■ =  °t ' 4 1 “• ^

which is

^  -  0 (E.8)

This is the hermitian conjugate of Eq, (E.l), Now, we multiply 
Eq. (E.l) by from the left and Eq. (E.8) by ^  from the 
right. This gives

?  ( H * !  V  =  ° (Ei9)

and - t ( V^iF ) r'* lf> +  lvtN <P f =  O (E.10)c

Subtracting (E,10) from (E.9), we get

^ r^i 7„ f 4- 1 ^ - o
i  i
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or,
I■7 (*!-"<*') - ?  4 ( v M rM ) *  = o  (e .i i )L» I

Now we note that

U.O. ^  L  fxs>e e 97 =  h/at

This gives

V  k'*'’ =  2{Vx S a) CA

Also, we know from general relativity that the covariant 
derivative of the metric vanishes. Therefore, since ^ o  , 
we have

VA , -  - o

Hence, v  T M  = 0f*

Eq. (E,ll) then gives

v. (? r* v) = or

Note that if, instead of (E.l), we have Eq, (6.2), 
namely:

{ K y* T ( ~ ‘ 3» Ar ) + mN • V  I V = °
we once again get
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\  ( ? rM <(>) = o

Since A,. and (T are hermitian.r*
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CONTINUITY EQUATION FOR THE FERMION CURRENT 

From Eq. (3.21), we note

£  = i  i  V  +  H «  ■  ^  )
Changing the positions of the indices p and in
third and first terms in parentheses, we see that these 
two terms cancel each other, so that

m  =  4 ^  ^

We also note

<*9 = %

=

From (F.2) and (F.3), we get

rA  = r* =

(F.l)

the

(F.2)

(F.3)

(F.4)

Now, the "covariant" divergence acting on a vector field 
is



= 3 A'* 4 r'1 Ag' r NijU

Using Eq. (F.4), this becomes

^  ^  +- a* )

=  / =  V ( ^ * M)

Therefore, if one has

^  A* = o

it follows that

= O

Since 2̂  Y** — °  , the above
reasoning gives

\[n) = o
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(F.5)

(F.6)

(F.7)

(F. 8 )

(F.9)



131

Appendix G
THE CONSERVED TOTAL ENERGY-MOMENTUM TENSOR

Given a Lagrange function A  ( ^  ) ,
where (■£= 1,2,3,...) denote the field variables, the
energy-momentum tensor is given by®®

and it is a conserved quantity:80

3„ e'", = o (o.2)fk v

Evaluation of this conserved quantity (G,l) for a system 
in which a spin 2 field is in interaction with external fields 
can be done in formal analogy to gravitation (which is simply 
a massless spin 2 field). In dealing with a spin 2 field,
Eq. (G.l) will get modified into

=  y  3 (/t 9 a ) _  vr3 a  (<s,3)
L—  }

In applying this formula to external fields which serve as
the source for the spin 2 field, the quantities are
different from ; then we can take J=9 out from

fiv



under the sign of differentiation, and the right-hand side
*_  14of (G.3) becomes equal to j-g +  ^ , where is the

energy-momentum tensor of the external fields. This and
the definition given in the text, namely Eq. (6.6), are
identical (see reference 78). When applying Eq. (G.3) to
the spin 2 field, we must set P 9 A « £ , where Si is given
by Eq. (4.19), and take the quantities as the components
of ^  ̂ ; this gives us T 0 [see Eq. (4.11)]. In our nota- 

w uA 1tion, t^ » K . Hence the conserved total energy-
momentum tensor is given by
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Appendix H
LOW AND HIGH DENSITY LIMITS OF THE EQUATION 

OF STATE OF NEUTRONS INTERACTING THROUGH A SPIN 2 FIELD

First we obtain the analytical solution for the components 
of the spin 2 field in the limiting cases of low and high den­
sities. For neutrons interacting through a spin 2 field, the 
equations that determine the spin 2 field are [see Eqs. (5.57) 
and (5.58) in Chapter 5]:

(H.l)

3x3 -  3xy* _ a y  I 3 - 6 a xy1 1 = 0  (H,2)

where a  = 2 £ 2/ tt m 2 m* (H, 3)

I
o

(H.4)

T z
o

I

T V  _  vy*-
r  =■ Z  k

X1
(H.7)
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3 2* ymN S “  m« (H.S)

(i) Low density limit ( fe.<< ); in this limit Î , I2,
and I3 take the following form:

T _ z -va -)/x 3
11 ” x * kF <H -9>

1 = n?* x,;i ; /2 4 (H.10)

  Q frru — i/& — •/ <■ . -3 - _  x y kp (H. 11)

Eqs. (H.l) and (H.2) then become

3 1 & A 'h D *  3/  *J *.* "  ri vm v/ i_ ^x _ x y  y fep = O  (H.12)

3 x y  - 3*y - If: x'^y^fep-^orn^x^y3^ ^  = o (H.13)
SM„

Now, x and y are related to the spin 2 field
components %  and ^  by

* = (1+ X ) 7i (H. 14)

l/a
y = (1+ M  (H. 15)
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Using Eqs. (H.14) and (H.15) and remembering that %  , ^ <<  1 
in the low density limit, Eqs. (H.12) and (H.13) become

These

(ii)

(H.16)

s m
N

4 « m  fcF -  O (H.17)

yield

A = _ 8 f * fe-F (H.18)

% = 40 -f*
•lirmXhi ^

l*> f
£tt >1 +

40 I* .3 
‘frntm2- ^d f

=  - 5 A (H.19)

High density limit ( fep»  ): In this limit, we have

zI, fcp (H.20)
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T ~ Z kc

(H.22)

Eqs. (H.l) and (H.2) then become

a 6 „  i 4  2 X 1x- -  xJy - 2 ay l?F + 2 « w N x-y kF ?  O (H.23).3

3xSy6 - 3xy - 2 ay R* _ & a n £ x y % p  *  o (H.24)

Examination of these equations shows that the solutions will 
be of the following form:

y m  yo = constant, independent of Rp (H.25)

x *  *4f/3

A J /3Let X 3 A Rp (H.26)
where A is the constant of proportionality.

Keeping the leading terms, Eqs. (H.23) and (H.24) 
become respectively (since fcp =£ o ):

3 a 3 y04 =

-</3These give V =  2 ' (H.27)o
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x Is then evaluated using Eq. (H.27) in Eq. (H.23). We get

X -

Therefore, we get

2.~ X

ZZh  / 1 2 u v*/3

3 f

(H.28)

2 -2-/3
fl" X > “ l = 2  “ 'I (H.29)

I It m 2 / V / CH.30)

We now get the limiting expressions (corresponding to 
low and high densities) for the equation of state. The chemical 
potential ( ), energy density ( € ) and pressure ( T  ) are
given by [see Eqs. (5.39), (5.70) and (5.71) in Chapter 5]:

M  ® ( h F  + n£ ) = 7(fc£ + xy*Vi) (H. 31)

(H.32)
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i. 2. / . 1m N /r  4 c ^ 2 [ dk k
r - *  w  I e n - F )4 “ •“ >

(i) Low density limit: In this limit, the solution for ^
and ^ are given by (H.18) and (H.19):

3
X =  - feF (H.34)

(H.35)

?  -f ZWhere * =   (H.36)
^ tt m  nr.

We note that

V / x  c: I — 3 oC fêr

3
and x y  ^  I + 2 * feF

Then, Eq. (H.31) gives
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fL a  ( I -  3 4  fep ) feF +  (( +  2.o(fcp ) ^
1/2.

“ WN { * + - i t .  _  2 *  kp
i m N

3°< fep
l m N x *t }a _  3 K *  k *  v CH.37)

To evaluate G and V , we note that in the low density limit 
we have

2. o 2 2 4X + 3y - X y _ 3 2 - 0

j  j l  +  j l _
3 m» 10 m*

( H . 38)

6
2 . <4 fep 

3 m sN

, 8
3 4  fep

lo m

z t.*1
( H . 39)

dk k

(B
- ft 2.

+ m

r
4^  4Tim N 9ro‘

feF
14 m7N

4 4 kp 
s-mj

1034 kP
14 m7 M

„ ■*. . II34 (?p 
5 m.s (H.40)
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Therefore, Eqs. (H.32) and CH.33) give

IT1
3 9 6kF _tef_ _  ** kF
3 3

3 «< kp 
lo r**

m.
? % 7

i i
14 m7

lo
3 oi ftp 
14 m7

i ii
3* k" 
S  ms

The energy per particle is

- w i t F
lo m*

(ii) High density limit: In this limit, we have

-i/3
\ =  X = % -  1

,6/i X = p kF'

where
T m m

(H.41) 

(H.42)

(H.43)

(H.44)

(H.45)

(H.46)
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ffe note that, in this limit,

/ J lz -»/ *  “ 4/ 3y / x  ^  ( > + A 0 ) p

X V  *  f l + A . )  p /l kf

Eq. (H.31) then gives

J'i 1/3 ^3 V33 I T  - 1/3
14/q i/, (H .47)

* f

To evaluate € and V , we note that in the high density 
limit we have

( x l +  =  P  * F  *  +  ^ V . 1  -  P  v.* * p /J ~  J

-  P ( ^ ‘ ) k p
8-/3

—  3 R  k ® /3■  7  M f (H.48)
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TT f 1+ O  *“ KF
P «/i

T  Cl+Xfc)'^ ,*/3
kF

P I/a.

Then, Eq. (H.32) and (H.33) give

4/3 a/3 a/3
Tu­ rn

£ =s (4
4W4 SV3 2/3 a TT -f

Z/3
kF

?  = -
a/3 a/3 

m N
i/3 41/3 9/3 */3 

3 2  TT f

,*/3ftp

Finally, the energy per particle is

€
n

7/a 1/3 2/3 2/ 3
TT m. m, “ V3

41/9 */3

(H.49)

(H.50)

(H,51)

(H,52)

(H.53)
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We note that In the high density limit we get the fol­

lowing relationships between /U. , 6 and P  :

h- = | ( e /n ) (H.54)

?  = ~ M  ^ (H. 55)



Appendix I
SELF-CONSISTENCY OF THE HARTREE APPROXIMATION SCHEME

Consider the total energy of a system of neutrons 
interacting through spin 2 mesons. In the Hartree scheme, 
this is given by (V=volume)

where € is the total energy density, given by Eq. (5.70). 
We can re-write (1.1) as

e = ve d . i )

E  =  I  y\K +  v  w (1.2)

where

(1.3)

(1.4)

32-ir-f1 (1.5)

F ( X) — XX +  X X +■ 1 x  +- A - f l X6 O (1.6)

If Eq. (1.2) is thermodynamically correct expression 
for energy, appropriate for the ground state of the neutrons, 
then we should have
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I L  = o
9 y.
3E
*3X

_  O

Field equations: In the Hartree scheme, %  and
are determined by the 0 - 0  and 1 - 1  components by Eq. ( 
with R ■= o ;

- *■ CV ~ h 9H''t )
We can re-write this as

- ft) 5Mv - -n + 2* ^  9 _ t «2f 'l+ .
f ^  V  " Tt)1- ^

Now, we note, from Eqs. (5.28), (5.46) and (5.50), 
following relations:

t =  — — - < e k >no 1 + X  ft '

t  TV /  fe1rt /  R \
i+ a. \ T i T  /

(1.7)

(1.8)

5.12)

(1.9)

(1.10) 

the

(1.11)

(1.12)

Using Eqs. (I.10) and (I.11), and remembering that in thes
Hartree approximation g has the form (5.22), Eq. (I.10)

[Kv
becomes



0 - 0  component:

^  + ^  +  3 X *  + 3X1 + X3 +3XX!L+  X X3 =  .lfcTTf  -n <€. >

1 - 1  component:

\ +  ^  +  i X X  4  3 X %  X1 + 3 X X 2 +  X  ̂  = -  lfe'n f  V  / . £  >
TP-b* W

Let us now go back to Eqs. (1.7) and (1.8). From 
Eq. (1.2) we note

££k _L26 l + X  

(« + X)J +■ Z
3/i

36k
3X 26, l + X

£
2

i+x y /z
i + x J

From Eq. (1.2), we also have

(±±SrS = - A  - J L
\ 1 + X  / » l+X t+x

Using (1.17), (1.15) and (1.16) become

a3T =  “  ^ ; Cefc +  *k>

=  3 _ J. Q \
3X *  4(H-A) k ~ 5 ^
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(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18) 

(1.19)



where
i+x if  

h,i+x 6k

Also, from (1.6),

1  = X + ** + 1 X3

2E =  X - t - Z X  +  Z ^ A + A ^ + ^ A 1 3 A

Then, Eqs. (1.7) and (1.8) become

3x  h c e. - 4 <u )
k K 4 n+xj

-  e V ( x + 2 A + 2 X X + A 2 + A X 2 )  =  c

- J n  — L _  Cffc + O  - i  y ^  + Â  + i A 3)  =
% A 4 fl+X) * 3 '

Solving the above equations for Z  T\. €k and 2h. K t
we get

^5 I n K ek =  % +  x +2Ffx, xj

2V S ’1*** =  % +  5 X  + fcFfX.X)
K

These equations can be re-written as

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)
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3 X- 3X v Ifc-n-P2- . „  .—  + —  + 3F^,X>= - -  -  -n < € k >  (i.27)
*)f * H

J L  +  1 1  + 3 F ( x »  == _ ’iimVjL.\ ci.28)
"iT™/ ('+)!) 3eK '

We see that Eqs. (1.27) and (1.28)., derived from the 
minimization of the total energy, are identical to the field 
equations (1.13) and (1.14), derived as the Euler-Lagrange 
equations from the Lagrangian. Hence, our approximation 
scheme is self-consistent, and should, therefore, comply with 
the first law of thermodynamics. To give a specific demon­
stration of this, we consider the case of high density limit 
( fcp» ) ■ In this case we have (see Appendix H):

* / 3
t ^  n  (1.29)

Then, the thermodynamic consistency criterion:

f =  - € +  n  —  (1.30)
d n

gives the pressure to be

?  = ~ Zj 6 (1.31)

We have shown in Appendix H [see Eq. (H.55)] that (1.31) is
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indeed true in the high density limit. Turning now to the 
chemical potential C M  )» the thermodynamic consistency cri­
terion gives [see Eq. (5.74) of Chapter 5]:

f*- " 4  C £ + e ) (1.32)

With £ and P  given by (1.29) and (1.31) in the high den­
sity limit, it follows that

H- =  | ) (1.33)

In Appendix H, we have shown that this is indeed valid in the 
high density limit.



Appendix J
FORTRAN CODE FOR THE MASS, RADIUS 

AND MOMENT OF INERTIA OF A NEUTRON STAR

MAIN
COMPUTING MASS,RADIUS, MOMENT OF INERTIA OF A NEUTRON STAR 
IMPLICIT REAL*8(A-H,M,p-Z)
XN=MASS DENSITY,FN=PRESSURE,EN=NUMBER DENSITY 
N IS THE NUMBER 0F XN,FN,EN POINTS
DIMENSION XN(100),FN(100),INDEX(100),EN(100),S1(100), 
HNDEX(IOO)
N=100
READ(2,50) (XN(J),J=1,N)
READ(2,50) (FN(J),J=1,N)
READ(2,50) (EN(J),J=1,N)
CALL SPCpEF(N,XN,FN,S ,INDEX)
CALL SPC0EF(N,XN,EN,S1,INDEXl)
CENTRAL DENSITY AND INITIAL INCREMENT 

10 READ(2,70) Rp
IF (Rp.EQ.O.DO) Gp Tp 99
WRITE(3,80) Rp
P=SPLINE(N ,XN,FN,S ,INDEX,RP)
DERY-DERIV(N,XN,FN,S ,INDEX,R0)
DELR=1.D2
M IS THE GRAVITATIONAL MASS 
M=12.56637062D0*DELR*DELR*DELR*Rp 
DEN-SPLINE(N ,XN,EN,S1,INDEXl,Rp)



FACTOR=DELR-1.484986855D-14+M 
DENpM=DSQRT(FACTOR)
MB IS THE BARYpNIC MASS 
MB=20.84760886D0*(DELR**3.5)+DEN/DEN0M 
SPECIFY ARBITRARY PMEGA AT CENTER 
pMEG=l.82342D0
DFDR=7.424934275D-15*(M+12.56637062D0*(DELR**3)*P)/
1(DELR*FACT0R)
U=4.DO*(DELR**4)*PMEG*(DFDR+9.933044759D-14*(DELR**2)* 
lRp/FACTpR-7.42493427D-15*M/(DELR+FACTOR)
R=DELR 
NLppP=100 
DP 30 1=1,150 
Dp 20 L=l,NLppP 
A=Rp+P
B=M/R+12.56637002D0*R*R*P
C=R-1.484986855D-14+M
DRp=-7.424934275D-15*A*B/(C+DERY)
RP=Rp+DRp*DELR 
IF (Rp.LE.7.86D-14) Gp Tp 40 
M=M+12.56637062D0*R*R*Rp*DELR 
DEN=SPLINE(N,XN,EN,SI,INDEX1,Rp)
FACT0R=R-1.484986855D-14*M 
DENpM=DSQRT(FACTOR)
MB=MB+20.84760886D0*(R**2.5)*DEN*DELR/DENpM 
P=SPLINE(N,XN,FN,S,INDEX,Rp)
DERY=DERIV(N,XN,FN,S ,INDEX,RP)



DFDR=7.424934275D-15*(M+12.56637062D0*(R**3)*P)/ 
l(R*FACTpR) 
pMEG=pMEG+DELR*U/(R**4)
U=U+DELR*(U+4.DO*(R**3)*pMEG*(DFDR+9.33044759D-14* 
1(R**2)*RP/FACT0R-7.424934275D-15*M/(R+FACTOR) ) 
R=R+DELR 

20 CONTINUE 
30 CONTINUE 
40 R=R-DELR

MASSES IN SpLAR UNITS 
M2=M/1.987D0 
M2=MB/1.987D0
AJ IS ANGULAR MOMENTUM 
AJ=2.244688781D13*U 
PM=PMEG+U/(3.DO*(R* *3))
AI IS MpMENT PF INERTIA 
AI=AJ/pM
WRITE(3,60) R,Ml,M2,pM,AJ,AI 
GP Tp 10 

50 FpRMAT(6D12.6)
60 FpRMAT(lX,'R=1,D14.6,3X,'Ml=',D14.6,3X,'M2=*,D14.6, 

13X,* 0M=1,D14.6,3X,'J=',D14.6,3X,•1=',D14.6//)
70 FpRMAT(Dl2.6)
80 FpRMAT(lX,'DENSITY®1,D12.6/)
99 STpP 

END

SUBRpUTINE SPCpEF(N,XN,FN,S,INDEX)
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IMPLICIT REAL*8(A-H,p-Z)
DIMENSION XN(N) , FN(N) , S (N) ,INDEX(N),RHp(150)fTAU(150)
NM1=N-1
Dp 1 1=1,N

1 INDEXCI)*!
DP 3 1-1,NM1 
IP1=I+1
Dp 2 J=IP1,N 
II=INDEX(I)
IJ=INDEX(J)
IF (XN(II).LE.XN(IJ)) Gp Tp 2 
ITEMP=INDEX(I)
INDEX(I)=INDEX(J)
INDEX(J)=ITEMP

2 CpNTINUE
3 CpNTINUE 
NM2=N-2 
RHp(2)=0.D0 
TAU(2)=0,D0

DP 4 1=2,NM1 
IIM1=INDEX(I-1)
II=INDEX(I)
IIP1=INDEX(1+1)
HIM1=XN(II)-XN(IIM1)
HI=XN(IIP1)-XN(II)
TEMP=(HIM1/HI)*(RHP(I)+2.DO)+2.DO
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RHp=-l.DO/TEMP
D=6.DO*((FN(IIPl)-FN(II))/HI-(FN(II)-FN(IIMl))/HIMl)/HI

4 TAU(I+1)=(D-HIM1*TAU(I)/HI)/TEMP 
S(N)=0.DO
Dp 5 1-1,NMl 
IB=N-I
S(IB)=RHP(IB=1)*SCIB+1)+TAU(IB+1)

5 CpNTINUE 
RETURN 
END

FUNCTIpN DERIV(N,XN,FN,S,INDEX,X)
IMPLICIT REAL*8(A-H,p-Z)
DIMENSIpN XN(N),FN(N),S(N),INDEX(N)
I1=INDEX(1)
IF (X .GE.XN(II)) GP Tp 1 
I2=INDEX(2)
H1=SN(I2)-XN(II)
DERIV=((FN(I2)-FN(I1))/H1-H1*S(2)/6.D0)
RETURN

1 IN=INDEX(N)
IF (X.LE.XN(IN)) GP TP 2 
INM1=INDEX(N-l)
HNM1=XN(IN)-XN(INMl)
DERIVs1 ((FN(IN)-FN(INM1))/HNM1+HNM1*S(N-l)/6.DO)
RETURN

2 Dp 3 1=2,N
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II=INDEX(I)
IF (X.LE.XN(II)) G0 T0 4

3 CONTINUE
4 L=I-1 

IL=INDEX(L)
ILP1=INDEX(L+1)
A=XN(ILP1)-X 
B=X-XN(IL)
HL=XN(ILPl)-XN(IL)
DERIV=-S(L)*(3.DO*A*A/HL-HL)/6.DO+S(L+l)*(3.DO*B*B/ 
1HL-HL)/6.D0+(FN(ILP1)-FN(IL))/HL 
RETURN 
END

FUNCTION SPLINE(N,XN,FN,S,INDEX,X)
IMPLICIT REAL*8(A-H,0-Z)
DIMENSION XN(N),FN(N),S(N),INDEX(N)
I1=INDEX(1)
IF (X.GE.XN(Il)) G(! T(J 1 
I2=INDEX(2)
H1=XN(12)-XN(II)
SPLINE=FN(I1)+(X-XN(II))*((FN(I2)-FN(II))/H1-H1*S(2)/ 
16.DO)
RETURN 

1 IN=INDEX(N)
IF (X.LE.XN(IN)) TjJ 2 
INM1=INDEX(N-1)
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HNM1=XN(IN)-XN(INMl)
SPLINE=FN(IN)+(X-XN(IN))*((FN(IN)-FN(INMl))/HNM1+HNM1* 

lS(N-l)/6.DO)
RETURN

2 Dp 3 1=2,N 
II=INDEX(I)
IF (X.LE.XN(II)) Gp Tp 4

3 CpNTINUE
4 L=I-1 

IL=INDEX(L)
ILP1=INDEX(L+l)
A=XN(ILP1)-X 
B=X-XN(IL)
HL=XN(ILP1)~XN(IL)
SPLINE=A*S(L)*(A*A/HL-HL)/6.DO+B*S(L+l)*(B*B/HL-HL)/
16.DO+(A*FN(IL)+B*FN(ILP1))/HL 
RETURN 
END
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