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Abstract

RELATIVISTIC NEUTRON GAS INTERACTING THROUGH A
SPIN 2 FIELD AND ITS ASTROPHYSICAL APPLICATIONS

by

Bhaskar Datta
Adviser: Dr. V. Canuto

In this thesis we first present a Lagrangian formalism
for an interacting massive spin 2 field. We then study, as
a model for super-dense matter, a system of zero-temperature
neutrons interacting via the exchange of scalar, vector and
spin 2 mesons. The thermodynamic properties of the system
are calculated in the relativistic Hartree approximation.
The resulting equation of state is used to compute the bulk
properties of a neutron star. The maximum mass and moment of
inertia for a stable neutron star are found to be 1.75 Mg
(Mg = solar mass) and 1.68 x 10*% gm cm?, in very good agree-
ment with the presently available observational bounds. The
corresponding radius is found to be 10.7 km.

We find that the inclusion of the spin 2 interaction
narrows the divergence of the existing relativistic and non-
relativistic theories in their predictions of masses and

moments of inertia for neutron stars.
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Chapter 1
INTRODUCTION

The recent great interest in the study of high-density
matter has arisen because of the role played by neutron stars
in current models of pulsars and compact binary X-ray sources.
Specifically, the interest focuses on the allowed maximum
mass of neutron stars due to the following reasons.

First, recent attempts to detect black holes rely
entirely on the possibility of differentiating a black hole
from a neutron star by its mass. TFor instance, observations1
of the compact X-ray source Cygnus X-1 suggest it contains an
accreting compact object of mass > 4 M0 (M°= solar mass),
orbiting around a normal supergiant star. 1If one can show
that a neutron star (even if rapidly rotating) cannot possibly
have such a large mass, then the compact object in Cygnus X-1
could be identified with a black hole.

Second, the existence of high-mass neutron stars would
put constraints on nuclear physics, the theory of gravitation,
or both. Nuclear physics in principle provides the equation
of state of matter at high densities, which then determines,
given a specific theory of gravitation, the limiting mass of
a stable neutron star. Existing many-body nuclear theories,
together with Einstein's theory of gravitation, predict a
limiting mass in the range 1.4 - 2.7 Me, (Refs. 2-4). How-
ever, by modifying the theory of general relativity, one can

construct a stable neutron star of almost any mass.5’6
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Third, according to the generally accepted theory of
stellar evolution, a highly-evolved massive star develops a
degenerate core that grows by accreting mass from the sur-
rounding envelope. As the core mass approaches the Chandra-
sekhar limit ( ~ 1.4 M0 ), a thermonuclear runaway and/or
dynamical collapse takes place which presumably leads to a
supernova event and, in some cases, to the production of a
neutron star remmant. A neutron star, formed in this process,
will have a mass that 1s comparable to that of the core of
the precursor star (i.e.~ 1.4 Mo ). If the majority of ob-
served neutron stars are found to have masses near 1.4 M0 ,
this will naturally lend support to conventional theories of
advanced stellar evolution and neutron star formation.

The matter inside neutron stars is cold by microscopic
standards. Within a few days of their formation, they cool
by neutrino emission to interior temperatures of less than
1 MeV (=~ 10!° °K), and throughout most of their early life
the temperature is ~ 10 - 100 KeV (Refs. 9,10). The physics
of the equation of state of such matter divides into four
general density regions. (i) At the very lowest densities,
there is a lattice of bare nuclei (°®Fe) immersed in a degen-
erate electron gas.11 This state persists to densities up
to 107 gm em~2®. (ii) The next density region is charac-
terized by neutron-rich nucleil2 (up to ''®Kr) which come
about bécausé protons undergo inverse beta decay, in order
to lower the electron fermi enmergy. (iii) At a density of

4.3 X 10'! gm cm™® (called the '"Neutron Drip" point), the



nuclei become s0 neutron-rich that with increasing density
neutrons start to "drip'" out of the nuclei.lz’13 This
region is characterized by neutron-rich nuclei permeated by
a sea of superfluid neutrons.14 (iv) At nuclear matter
density, 2.4 x 10'* gm cm™?, the nuclei merge into each
other, losing their individual identities, and forming a
fluid of uniform neutron matter, with a small percentage of
protons and electrons and possibly pions and hyperons.15’16
The density regions (i) - (1ii) are well-understood,
qualitatively as well as quantitatively, in terms of the
presently available models, and the results are fairly well-
established. The same, however, cannot be said for region
(iv). Firstly, the very short-range component of the nucleon-
nucleon interaction plays an important role in this region.17’18
None of the presently available computations has seriously
focused on this problem. Secondly, at these densities conven-
tional many-body calculations, which eliminate the explicit
mesonic degrees of freedom in favor of a static potential
description of the interaction, are of uncertain reliability.
A fully relativistic theory is desirable. The few relativistic
calculations available in the literature contain the assunption
that the exchange of vector mesons between two nucleons provide
the dominant interaction at high densities, and that this can
be meaningfully extrapolated to obtain the behaviour of super-
dense matter. In this dissertation we dispute the validity of

this line of thought, and contend that when the nucleon-nucleon

separation is very short (£ 0.4 fermi), attractive forces due



to the exchange of spin 2 mesons cannot be neglected.

Thus, this dissertation aims at presenting a relati-
vistic many-body description of high-density neutrons in
which, for the first time, forces deriving from the exchange
of spin 2 mesons have been included in a consistent manner,
in addition to the traditional scalar (spin 0) and vector
(spin 1) interactions. The many-body calculations have been
confined to zero temperature since neutron stars are essen-
tially a T = 0 system. We find that the inclusion of spin 2
interaction brings strikingly new features in the behaviour
of high-density matter. It provides the dominant force at
high densities, and makes the equation of state.(pressure—
density relationship) rather soft. Moreover, beyond a cri-
tical density (which depends on the f° coupling constant),
the pressure decreases monotonically with increasing density,
approaching a negative asymptotic value.

The outline of this dissertation is as follows. 1In
Chapter 2 we give a brief review of the previous work on high-
density matter and underline the need to consider the f%meson
interaction. The theory of higher spin fields, especially if
they happen to be in interaction with external fields, presents
non-trivial dynamical problems. In Chapter 3 we give a general
review of a massive spin 2 field and an extended discussion of
the problems that one encounters in formulating an interacting
theory. The full formalism is developed in Chapter 4. Chap-
ter 5 gives the detailed physical properties of a gas of neutrons

interacting through a tensor field. The inclusion of scalar and
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vector fields and the full coupled field theory is presented
in Chapter 7. The various theoretical models for dense

matter that are presently available give substantially dif-
ferent values for the maximum mass of stable neutron stars.
Our theory, by taking into account the spin-2 interaction in

a relativistic manner, is able to reduce this discrepancy, and
furthermore, it is in satisfactory agreement with the observa-

tional bounds.



Chapter 2
BACKGROUND

The basic input for the analysis of dense matter is the
equation of state (i.e., pressure as a function of mass
density T’(?) ). The earliest computation on dense matter
and neutron star structure, due to Oppenheimer and Volkofflg,
was based on the assumption that dense neutrons are degene-
rate but non-interacting. Since then, several models for
the equation of state have been proposed. However, at nuclear
and super-nuclear densities, all versions of the equation of
state differ because of different assumptions about the
nucleon-nucleon interaction and different techniques em-
ployed to handle the many-body aspect of the problem.

Irrespective of detailed models, certain general state-
ments can be made regarding the asymptotic behaviour of P(¢).
For a system composed of relativistic free fermions, the en-
ergy per particle is proportional to n1/3 , where n is the
fermion number density and one gets P - pc/3. It was first
shown by Zel'dovich20 that if baryons interact with each
other through a vector field, then the energy per particle
will go like n, and one gets P pcz. One can argue, on the
basis of causality, that asymptotically P cannot exceed pcz;
for if it did, the velocity of sound g = (?P/éf)i would
exceed the velocity of light. However, this is not rigorously

true, since it can be shown21 that if the medium is an "active"

or amplifying one (like in a laser), ¢;>¢C does not amount to



a violation of causality; it does, however, if matter is
in its ground state.

Specific attempts to describe high-density matter fall
into the following general categories: (i) non-relativistic
theories, (ii) statistical models and (iii) field theore-
tical models. A general review can be found in two articles
by Canuto.22,23 At high dehsities, mesonic degrees of
freedom are inadequately represented by a static potential.
Hence the non-relativistic theories are of uncertain relia-
bility.

Methodsz4'26 based on statistical mbdels (essentially the
statistical bootstrap models of Hagedorn27 and Venezianozs) describe
dense matter as a system of non-interacting zero-width baryon
resonances, with a specific mass spectrum that supposedly takes
care of all the interactions. Analysis of the mass spectrum
however shows that it does not include the full repulsive com~
ponent of the nucleon-nucleon interaction.23

The third approach aims at giving a relativistic micro-
scopic description, by considering nucleons interacting
through boson fields. One of the first such models was
suggested by Zel'dovichzo, who considered baryons interacting
through a classical massive vector field. Similar theories
but involving purely scalar interactions have been discussed
in the context of dense matter by Kalman.29 Recently,
Walecka30 has proposed a relativistic mean-field calculation
of high-density matter by considering the nucleon-nucleon

scalar and vector interactions; the results indicate that



asymptotically P - Pcz. A similar model that includes non-
linear interactions of the scalar field has been considered

by K#llman.31

This approach is related to the theory of
abnormal nuclear state proposed by Lee and Wick.32 It
suggests the possibility of a vanishing nucleon mass in sym-
metric nuclear matter. It is not clear whether one should
expect such abnormal states in neutron star matter.

Recently, Canuto and Lodenquai33 have considered ultra-

dense matter in terms of Landau's hydrodynamical model34

and attempted to deduce the velocity of sound in super-dense
matter from high-energy p-p collision data.

From the theoretical standpoint, there is a priori
no reason why one should stop with the scalar and vector
interactions, especially as the density increases. Since
the mass of the exchanged boson is inversely proportional
to the range of the nuclear force, one must include the
exchange of spin 2 mesons (mass 1260 MeV) in order to account
for the very short-range ( £ 0.4 fermi) components of the

nucleon~-nucleon interaction.



Chapter 3
MASSIVE SPIN 2 FIELD: GENERAL REVIEW

3-~1. Introduction.

The theory of higher spin fields was first proposed by
Dirac35, Fierz3% ang finally Fierz and Pau1137. It was later

38 and various other workers.

developed by Rarita and Schwinger
Generally speaking, there exist two different approaches to
describe the field theory of higher spins. In the first
approach,39‘41 the physically interacting field operators

are the asymptotic field variables before and after the
interactions have taken place. This approach has the advan-
tage that it requires no complicated Lagrange function to
describe the asymptotic field variables. Furthermore, these
asymptotic field variables can be easily quantized by means

of expansion in terms of creation and annihilation operators.
Although this approach is simple and successful in perturba-
tive applications, it has the disadvantage that the detailed
structure of the interactions cannot be studied. Consequently,
the dynamical aspects of the problem remain missing. The
second approach, due mainly to Fierz and Pauli37, gives empha-
sis to a Lagrangian formulation by requiring that all field
equations and constraint conditions associated with higher
spin fields be derivable from a generalized action principle,
The advantage of this (classical) approach is that interactions
can be introduced explicitly, and that Green functions can be

computed. With a dynamical theory as our aim, we shall take
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this second approach. We shall first present, in Section 2,
& discussion of the free spin 2 field together with a brief
review of the earlier work. The theory of free spin 2 fields
is a linear theory. That is. the equations of motion are
linear in the field variables and their derivatives, and are
derivable from a Lagrange function that is quadratic in these
variables. The linear theory becomes inadequate when inter-
actions are present. To incorporate source terms in the mas-
sive spin 2 field theory is a non-trivial problem, and in some
sense there is no unique way of doing it. These points are
discussed in Section 3 where we also present the criterion that
we employ to develop the (non-linear) theory of interacting mas-

sive spin 2 fields.

3-2. Free Spin 2 Fields.

A massive spin 2 field can be described by symmetrical
tensor of rank two, 4n*q . Such a tensor field has ten
linearly independent components, and in general will contain
spin 2, spin 1 and two spin 0 components. It will describe
spin 2 only after we have removed from it the (3+141 )-component
vector source (3"'%I q) and the scalar source (#w 4;‘ g) by means of

the following constraint conditions:
M =
I ¢y = O (3.1)

7 By-=09, (3.2)

V]
7" = diag. (-1,1,1,1).
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When the constraint conditions (3.1) and (3.2) are satisfied,
the residual multiplicity of five will correspond to a spin 2
particle of non-zero mass. As long as the spin 2 field is
a free field, a Lagrangian quadratic in the field variables
and their derivatives can be devised that guarantees the
constraint conditions (3.1) and (3.2), and gives a linear
field equation. Single-parameter Lagrange functions having

42 and Nath?3,

such properties have been devised by Rivers
Bhargava and Watanabe44 have formulated a three-parameter
Lagrange function from which they derived the field equations,
the constraint conditions and also the condition that the
field variable be symmetric in its indices. The significance
of the parameters introduced by theée authors is not clear;
however, physical results such as the energy-momentum tensor,
the free-field commutators, etc. are not dependent on these
parameters. Prescription for constructing the generalized
Lagrange function for a free system with arbitrary spin has
also been given by Chang45, who used the method of spin
projection operators first introduced by Fronsdal4®., This
method gives non-local field equations., The non-localities
are removed by introducing certain auxiliary fields. Chang
has also constructed explicit Lagrangians for systems having
spin £ 4. For spin = 0,%4,1, the results agree with the well-
known local Lagrange functions; for spin = 3/2,2, Chang's
results are egquivalent to the ones previously obtained by

Rarita and Schwinger38 and by Fierz and Paulid?,

The simplest form of the (linear) free spin 2 field
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equation, from which the constraint conditions (3.1) and

(3.2) follow, can be written as follows:

A A
(-3+mi) e, + 2,3 ¢, + 32 AN

— 2 K>
hav [(-F+m*) ¢ 4 3 2, ¢ 1 = o (3.3)
where f'E ™ ?r

¢ = ‘t'r. ¢f“" = ’7"‘\’4’[&\'

m mass of the spin 2 particle.
The Eq. (3.3) can be derived from the following quadratic

Lagrangian:

2 A py ¢
7 .2 faV v
24 3,¢-me ) -%d» “’*?.,4’ a“dsv (3.4)

Now, taking the divergence of both sides of (3.3), we get .

a P N o RS TSN
— a

aaq;w + m ¢Fu+33¢w +2‘)“3‘,3A¢

2 1 2 k>
-3¢ + 3¢ - m 2, ¢ _aqakaxqa = O
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which can be re-written as
—3 e 4 m* M +azah¢ +333¢’"}‘
p p AV VoA

30 ¢ 90,4 -m ¢~ 23,39 ¢ - o

mz( 3”¢,.v -%¢) = o (3.5)

The trace of (3.3) is

— Wy MY, AN py A
(-+m*) & + 71 A W VI BN

'“"7“3,;3\,4: — 4 [(-m) & + 3, 3, ¥t ] 0

Or, -3Im ¢ + 2 Q‘cp ~ 23k3)‘¢“ o (3.6)

i

®
Solving (3.5) and (3.6) algebraically for 2 ¢F“ and ¢

we get

w = 0 (3.1)

¢ = 0 (3.2)

It is important to note here that in order to obtain
(3.1) and (3.2), the mass term in the Lagrangian must be of
the form given in Eq. (3.4), namely

— Lm (¢4 - %) (3.7)
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This is the so-~called Pauli-Fierz mass term for the spin 2
field. It is easy to verify that with other choices of mass
terms:
2 A 2
R 2 - a a # 1
L (479, #) | a#

one cannot retain the conditions (3.1) and (3.2) simultan-
eously. Hence, without the Pauli~-Fierz structure there will

be mixtures of lower spins, which may give rise to the

negative-energy ghost properties.

3-3. Interacting Spin 2 Fields.

The source for an interacting spin 2 field must be a
conserved tensor current, and the candidate for this is the
total energy-momentum tensor of the system47. Coupling of
this nature leads to a modification of field equations from
linear to non-linear form. A familiar example is provided
by the theory of gravitation, which corresponds to a mass-
less spin 2 field. When one deals with interactions for a
massive spin 2 field, the non-linear modifications of the
mass term are not immediately clear. We shall consider the
problem in two steps. First, we shall consider interactions
for the massless case, and then we shall consider the problem
of adding a mass to it. This is legitimate because the na-
ture of the coupling to external fields is not influenced by
the mass of the spin 2 field.

Setting m = 0 in Eq. (3.3), the equation of motion for
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a free massless spin 2 field is:

X A A\
-2 dLu + ?P 2 thl + 9,9 4L3 - ahav‘¢

!
O

2 KA
+ 7”“ ( 0 ¢ — akgA¢ )
In the presence of interactions, this should become

z

A A
— 2 —
O R SR N AR A ¢

1 KX
+’r’pv( LA Ik 3\ ¢ ) = (5] (3.8)

where va is some source function.

Now, the divergence of the left-hand side of (3.8) is iden-
tically zero. Therefore, for consistency, & g must be a

P
conserved quantity:

M
3 ep.v = 0 (3.9)

The physical quantity that has this property is the total

energy-momentum tensor of the system. The non-linearity
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of the problem now becomes obvious. In addition to the
energy-momentum tensor of external fields ( ‘tpv ), epv
must contain the stress tensor QS:L that arises from the
Lagrangian ﬁ}ll which 1s responsible for the left-hand

side of Eq. (3.8). This means that the total Lagrangian

should be
) 3) 2) v (@)
,w
(3) . (3]
Now L , in turn, will give a cubic stress tensor @

py o
and the series continues to all orders making the final

equations non-linear. When all the ‘va ~-dependent terms
in epy are included by imposing the condition (3.9), one

gets (as shown by Deser48) the well-known Einstein equations‘49

G = R

|
v W3

oD
A
]

- K 'trq . (3.10)

where K characterizes the strength of spin 2 field's coupling.
Eq. (3.10) is derivable from the following Lagrangian (

stands collectively for all the external fields):

L Ly + L£(%9) (3.11)

by noting the variations
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1 84
M T T RN (3.12)

L sLue)

2’[_—5 -Ta'F‘-’- P\J (3.13)

\
where S/Sg" stands for the Euler-Lagrange variation.

Here,

AY)
‘a, = dat. %p

(3.14)
e
e =09 ¢ R, (3.15)
« _p < P
=rrf . « o
RP‘“ Rp =V ';w ‘:(p + av I;,( - a.(rp\v (3.16)
r< _

[
W= 2 G (3"%?»4-31"?""9[5 31,‘\,) (3.17)

We next turn to the problem of adding a mass in
Eq. (3.10). The fully interacting theory with zero mass
being non-linear, there is no reason for the mass term to be
linear. The problem is further complicated by the fact that
we do not have here an equivalent of the Pauli-Fierz mass
criterion of the free field (or weak source) case. We shall
think of the mass term in terms of a Lorentz-invariant theory,

namely as a term E§|4Pv to be added to GP” in Eq. (3.10).
2
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Since the mass implies a range or asymptotic fall-off of
forces, I*MV must be independent of field derivatives. Thus
we shall write the equation for the interacting massive spin 2

field as
T
Guv + m Ho = -kt (3.18)

The corresponding Lagrangian will be of the following form:

] 2
.;(( L +mEn) + L (99g) (3.19)
where Lm denotes the massive part of the Lagrangian,

and is independent of field derivatives.

At this point we stress the essential difference between
the massless and the massive cases. Unlike the massless case,
there is no (Riemannian) geometric interpretation of the
massive theory. Consequently, no general covariance is
implied in the massive theory, and as far as the dynamics is
concerned, the analogy to gravitation is purely formal. All
tensor indices indicate Lorentz indices. Because of the
above reasons we shall introduce different symbols ﬁpv and
its reciprocal h"ﬂ . Raising or lowering of indices will
be performed solely by using the Minkowski tensor qu , and

WY

not or %'P“ . Thus for example



and not 9 =

Instead of (3.15), &£,  will now be defined by

oCE = -F-g I‘LPVR-F‘J ...-PVR

1}

ad

P.V

is still defined by (3.16), but now

pv

r N

pvo= 5 b (9 %90 - 2,90)

o M v
J
%— = dﬂ‘t-? = ————
det. hMY
Vv
qPo = 'f;“ = —-/._;__3- minor §

Lastly, instead of (3.12) and (3.13) we now have

(3.

(3.

(3.

(3.

(3.

(3.

19

20)

21)

22)

23)

24)

25)
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, SL(%9)
27J-3 s h&Y B {pv (3.26)
In addition,
I H _ I 88m
S = - .20

The determination of .Cn, is not entirely free of
ambiguities. In the absence of any stronger guideline, the
criterion that we shall adopt to determine &Lm is the
following. Since the (linear) theory of free spin 2 is
uniquely known, we shall demand that £7n reduce to the

Pauli-Fierz mass structure (3.7) in the linear approximation:

?[w = Tt K"\L'N

Use of the above criterion rules out the cosmological

term Af:§ of the Einstein theory as a possible candidate

for J:"‘
Going back to the massive spin 2 equation (3.18), we

note that for any dynamical source, +{,, will be automatically

v
"covariantly" conserved by virtue of the ¢ -field equations

alone (see Appendix A). Likewise, G}#v is identically

conserved: G

w3 v = 0 . This means that the '"co-
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variant" divergence of pr must vanish. This divergence
condition provides, as in the linear theory, the four condi-
tions to remove the vector and one of the scalar fields

present in an arbitrary 10-component ¢MN . The trace of

Eq. (3.18) implies

p 2, kY [
~h Rp.v +Limk H;,w - Kh tpu (3.28)

Now, the left~hand side of Eq. (3.28) involves terms which
depend on field derivatives. Therefore, the trace condition
(3.28) can no longer be considered as a constraint condition,
as it wag in the linear theory. The fully interacting the-
ory will thus always contain a scalar mode. However, the
important point is that notwithstanding the ambiguities of
the massive non-linear theory, in our treatment we make sure
that in the linear approximation we recover the unique Pauli-
Fierz mass structure, so that at least in the linear limit
the theory is free of ghost excitations.

Lastly, we mention two papers that have attempted to
construct a general theory of interacting massive spin 2

fields. Ogievetsky and Polubarinov®? have constructed
Lagrangians, characterized by two parameters P and 3_ s
that lead to the subsidiary condition

M K
J ¢Pu + a a\! ¢P" = 0
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instead of (3.1) and (3.2). TFor a particular choice of the
parameters ( qg = 0; P = -2), this theory corresponds to
a field of pure spin 2. Their source term, however, is not

the total energy-momentum tensor -va but rather

=

ot - ! z. A
jay ep\} 3_;;:.(2,,..9\'4-17“\}3)6)5

fll

The physical interpretation of such a source term is not
quite clear. Freund et al.91 have tried to construct a
massive version of Einstein's equations taking an approach
similar to the one outlined in this section. However, their
theory is unsatisfactory even at the linear level, as their

mass term does not satisfy the Pauli-Fierz criterion.

To summarize, we have shown that when interactions are
present, a massive spin 2 theory must necessarily be non-
linear. For the mass term we adopt the criterion that in
the linear limit, the theory should reproduce the unique
Pauli-Fierz mass structure. The determination of the mass

term is carried out in the next chapter.
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Chapter 4

THE INTERACTING MASSIVE SPIN 2 FIELD

4-1. The Lagrangian Formulation.

The Lagrangian formulation of the interacting spin 2
field will be given based on the postulate (as in the case
of gravitation) that the symmetric energy-momentum tensor
constitutes the source. For gravitation (massless spin 2

field), the Lagrangian formalism can be summarized as follows:

(i) the Lagrangian for the field is
L = L & =-2L 3R 4.1
K c 2K 9 h pv ( )

[see Eq. (3.20)].

o
(ii) 1let us choose the "contravariant" h.P as the

variational variable and calculate the variation of the

Lagrangian:
§L = 3 2L oL
Sk.}p v }':(pr ghdp (4.2)

AP <
In terms of the variable 9 = J-9 h P ,

sL _  §& 437
5 5370 4P

(4.3)
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« B
Now, d'ﬁﬂp = dl"qpx/:—? + h'd 3
But
= - -4 42
475 =
= -4 2 h"“dq
= =
[ MK
— Y Fa l\ dﬂAK
AK
= —-1/3 e db (4.4)
of
since WP ?pr = 3 Y

)

4% 5
d3 = J-9 (dff _ith o‘,.Ath)‘K) (4.5)

Using (4.5), (4.3) 1is

3 3 )8 BRI

SkP 53" 2 537 p (4.6)
For convenience, we shall use the variable Tde instead
of hdp

(111) we note the (Eddington) identity®2
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5K Py oL
g—‘(P aad'ﬂr a.ﬁel.F
= R"‘P (4.7)

5L 12l
o -2 (de - L *Pk Rﬁ) (4.8)
Setting
G- = R - t ?S
“p = %p = 3y h' Rys (4.9)
we get
Sk
N [-2 G«F (4.10)

(iv) the canonical stress tensor density of the gravitational

field is (in mixed components)

_x W ag o 3
I
M o
= 9£ - of
%’ﬁ W Sp I 8 (4.11)
9% .«
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_
Here S B stands for the symmetrizing Belinfante term. It

depends on the derivatives of the field; but for the present,

its detailed form is irrelevant.

(v) we can re-write Eq. (4.9) in mixed component form as

s «<Y o Yo
h & = h R___ 1
B 8 zzf_., h Rys (4.12)
LY
The quantity h ‘5YP can be split into two parts: one

linear in 'Q*P and the other non-linear, which can be
identified with the stress tensor of the gravitational

field.53 We write this as

|:Tq. ' Ty | =
= GY 4+ LT (4.13)
P -3 o Al ¢
Y
""'“_) \ 2 _Yd Yol - T :
where G =- < () g ¥ DP"' 3 | (4.14)
DPO_ = 7 afar ~ 'ST ? % - sf 32 (4.15)

(vi) the Einstein field equations then are

e Kk R+
VF - WF (4.16)

)
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where -t'fP is the energy-momentum tensor of matter

[given by Eq. (3.28)].
Separating the left-hand side of (4.16) into terms that
are linear and non-linear in the variable ‘g’n' , we can

re-write (4.16) as

| ( 2 _Y«X  of po = of
= 4 " 3 + D 3 + T
-9 vﬁ" ¢ pr 9 ) P
XY
= — 2k h -t’fp . (4.17)

4-2, Criterion for the Mass Part.

Following the above procedure, the massive spin 2

equation can be set up as follows:

(i) the equation should have the form

3N
i
I

|
P -k -t"‘P (4.18)

where m is the mass of the spin 2 particle. The correspond-

ing Lagrangian should be of the form
2
L = .?:'E(JE + m J:m) (4.19)

where £1h denotes the massive part of the Lagrangian,
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Being the mass term, an will be assumed to be free of

field derivatives. Furthermore, like Eq. (4.10) for Gro(

i4*P should be given by
Lom H = .Ini .Eflf
S & 3 spp
ml '}&n‘\.
- FF SR (4.20)

since there is no derivative coupling in £1n

(i1) 1ike Go(p , H“‘P should be decomposable into a

linear and a non-linear part in the following manner

ECTOLEY L) m? o o
=m R m_ H(L | —
2 + - (m) (4.21)
B F3 ) 2 lpr 2 T™g
where :ﬁ"' = energy-~momentum tensor arising
from the massive part of the Lagrangian.
n %
I — XP fm (4.22)
The bar over HW stands to indicate that H“ is
— Yl
a tensor density. We shall determine HWL by requiring

that in the linear approximation

u“" = ,'l"u — K ¢M\J
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H™ should be identical to the Pauli-Fierz structure

(with the appropriately redefined field variables). That is

)y

T 34
HW = "—:':4 (4.23)
2 ¢

)
where &q“ represents the Pauli-Fierz form, (3.7), for

the massive part of the Lagrangian.

4-3. The Determination of £_ .

As discussed in Section 2 of Chapter 3, the Pauli-Fierz

mass structure for the spin 2 field is

(L)
L = -4 ( ¢""¢w - %) (4.24)

Now, Eq. (4.21) is, using (4.20) and (4.22),

mz ,.:(Y 9£m 2 o

Yo
| mt, T %
= —J = H) m L .
ﬁ 9"\5]’ -1 {2. 737 SP i (4-29)

Using Eq. (4.24), Eq. (4.23) becomes

T« Yol e
W) = - (& -7 ¢
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Since we linearize according to

Vv Y
2"~ kgt (4.26)

kf

T
therefore, for correct dimensionality, we shall write H )

as
o
H™ (¢) = —-K(t# -7 ¢) (4.27)
"'f‘\,
Since we have been using 9 as the variational

variable, we shall use, instead of (4.26), the following

(equivalent) linearization:

_ v v v
I p K pM

3 = 7 -

(4.28)

vV
We note the following connection between «p“y and #J*

v

aP = A (4.29)
where 0 ‘\P}w'qﬂv = -cf' (4.30)
In terms of 4 , Eq. (4.27) is
ﬁt’g‘ & = -k kpﬂ + Ly 077‘4) (4.31)
From (4.28), we have
tr. gt o T = 4- kY (4.32)
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Eq. (4.31) now yields the following tensor:

Y o Yo
HO' ) = B (9) /1

_ oo (L e _ ol
Fg{? = +(LF-2) v } (4.33)

ol
We can express the quantity &d&m /3h P in terms of

Dﬁm/ BE&P by noting (4.5):

Y
h 94
LAy = ﬁ(r dm _ X dEm (Y
oo = LML
2h }apr 2 g 93‘“ (4.34)

Then, Eq. (4.25) becomes

. - BT B o a h
3P 23M

The trace of this gives

Y
—h 2m -.:_L{bi_g—-?xm} (4.36)

w3
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Let us re-write the Einstein Eq. (4.17) as

1 P PP Y — B AP
2 + D 7o (o)
d b 7OTEL 4 2K (4.37)
where the index (0) on :?F has been put to mean that the

equation refers to the massless spin 2 field, and

P 5 AT WP

Y3

Using (4.33), the following modification of (4.37) is

suggestive when we have a massive spin 2 field:

2 __O(P Ap _
N AT PP
oY —_ — B ¢
= ’7 (T‘“’ﬁ + T{M,Y) -+ 2k t P (4.38)

As for the massive part, we should have, using Egs.

(4.25) and (4.33),

2 (XY 3¢ 2| X X « — X
2m h __;% = m[(? —SF,)+ L?_sp(g-‘t)]qt Tm  (4.39)

The divergence of (4.38) yields

-Ap B —
94‘1 + 12 9 =0 (4.40)
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Using (4.6) and (4.22), we can re-write Eq. (4.39) as

XY 2&m 5* 2 8m §r“‘
J 95"? P ggf’"
= g —35q+l‘6°<§ — 58 (4.41)
P 27g pom )

Now all we have to do is to find an &wm obeying Eq. (4.41).
In principle Xq“ ., which does not depend on the derivatives
of the field, can depend on any invariant that we can build
out of the field components. One such invariant is p= /-3
If Xn, were to depend only on p, then Eq. (4.41l) could not
be obeyed [because of the presence of the term §;' 1. In
addition to p, &n, has to depend also on at least one more

Lorentz-invariant quantity. The simplest such quantity is

- MV o JAV
9 = 'r]w 9 . We shall assume that K,, depends on g
only through the invariant combinations p and q.
Noting that

2P 1

3_57‘" = — Jw (4.42)

29

e T T (4.43)

o
<Dl
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we get
Ay Y 28 o4
23 2ém _ 5 (—'—- — 4 ___'.'.‘)
% ?§YP ? Z a:'P BF ’?{P aq,
== S Bim =% aJ:m
P P 2p + 2 35 '74“- (4.44)
38m _ pr ] ddm
-_— == —_ e g‘c‘mn po
95 po % ( 2 3(:0‘ ?‘; + "]ra_ ——g ﬁ_ )
d&m &
= 2 —_ gom
p 3F + 9 >q (4.45)

Substituting Eqs. (4.44) and (4.45) into Eq. (4.41), we get

o
3 L — — od 34 2dm
P{zgﬁ 3 g""*g;é'm*zf’g;m*h"ﬂ']s

+§°;(4_2 ?_‘E."‘)

'aq_ = 0 (4.46)

< —
Unlike @& B 3’P in general does not have all its
diagonal elements identical; hence Eq. (4.46) does not have
a unique solution for fn,

In order to remedy this, we proceed as follows. We

reconsider Eq. (4.38), in which we identified the part of
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Ap

£m that is non-linear in C as

:r-{m)dp

, in analogy
to gravitation. As we have just seen, such an analogy does
not lead to a consistent solution for .fw‘. We shall try the

following replacement in Eq. (3.38):

Tom T m) X 4.47
™ a - (1+=) T 8 (4.47)

where z is a number to be fixed. To compensate for this

added term, the divergence condition (4.40) gets modified to
P &
I a —

Instead of (4.46), we then have the following equation for ﬁh

S;{izq -3 - (142) &+ 9 LBy i&ﬂz

23 o

+ Tiﬁp (1— 2 ¥) _ ¢
g (4.49)

Eq. (4.49) suggests the following solution:
S 19 + Kip) (4.50)

Substituting (4.50) into (4.49), we get

—~3 4 q { b~ L (!+z)1$ — (+2) Kip) +Pdkm O  (4.51)
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It is now easy to see that (4.50) and (4.51) are consistent

only if we set
z =1 (4.52)

Putting (4.51) into (4.51), we get

dRO) _ o K(p) = 3 (4.53)
dp
Integrating,
2 2
K(p) = - 3 + ap (4.54)

where O is an arbitrary constant of integration. Substi-

titing for K(p) into (4.50), we get
3 2 2
LKen = — - + 7 4+ ap (4.55)

The constant of integration @ can be chosen by requiring

that Loy = O
- %P B
when 9 = 7
o
i.e., when 4 P = 0

B«
Now, we note that when 9 =7 P , we get the following

values for p and q:
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so that

0 = Lu(3P=7%) = -2 44-44+a

which determines & to be

a = -%

Substituting for @ into Eq. (4.55), we finally get the

following consistent solution for & m :

Lo = %_(3-+ 9 -3 )

(4.56)

Going back to the divergence condition (4.48), we note

that the right-hand side of (4.48) is (with z = 1):

p 3

o B
A U U Y A W

S

-3 (g + 373

(4.57)
using (4.56).
Using (4.57) in (4.48), we obtailn
_p B
% 3 = 39 ¢9 (4.58)

On the other hand,
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—<p — B
2T - A (F )

3 (pwP)

i

and L 39? = \F'—? QPJ':‘?

2.

= b Fp,

so that Eq. (4.58) can be written as

g({p(ﬁ‘P— -;M“ﬁ')g

il
o)

_JXP 2 A
9(% —JiP’?P) (4.59)

«

I

Eq. (4.59) is thus the divergence condition in the non-

linear theory.
Turning now to the trace condition, the trace of Eq.

(4.38) with "F"")P -5 (l+-‘:‘)?h'e) = q_?lEJ , 1is
b ] o Y

2 _Xp
Pt g R %,
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Substituting for 'T"ms which is now

—m P i P
T v = - ™M 5‘_ &m

= "%’-_155 (9+9-3) (4.61)

and carrying out the algebra, Eq. (4.60) becomes

3 + 2323wt (5-29-6)
= TW o+ 2k (4.62)
L -
where T = ﬂqu Tl P
¥ =
"I,<P

Because Eq. (4.62) contains derivatives of the field, it is
no longer a constraint condition. Thus in the interacting
theory, the trace condition cannot be retained as a constraint
condition.

To sum up, we have developed an expression for the
Lagrangian of an interacting massive spin 2 field, which is

where IE and &, are given by Egqs. (4.1) and (4.586).
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The resulting equations of motion, which are non-linear, are

2

where GPN and ‘4P” are given by Eqs. (4.10) and (4.20),
and “HMJ represents the energy-momentum tensor of external
fields. We have constructed the mass term in (4.19) in such
a8 way that when the weak source or the linear limit is taken,
we recover the uniquely known Pauli-Fierz structure of the

free spin 2 theory.
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Chapter 5
NEUTRON GAS INTERACTING THROUGH A
SPIN 2 FIELD

5-1. Introduction.

In this chapter we present a relativistic description of
a system of neutrons whose interactions are mediated via the
exchange of massive spin 2 mesons. Thus, in the formalism
developed in the preceding chapter we shall take fermions as
providing the source term for the spin 2 field. We shall take
the system to be at zero tempergture, and by resorting to Har-
tree approximation, derive its thermodynamic properties. The
Hartree approximation, in contrast to its non-relativistic
counterpart, constitutes a non-trivial many-body problem. The
parameters that determine the theory are (i) the density, or
equivalently the fermi momentum, (ii) the spin 2 coupling con-
stant and (iii) the mass of the spin 2 meson. However, in the
Hartree approximation the latter two quantities do not enter
independently; only their ratio is the relevant parameter. As
we shall show, the properties of a fermi gas interacting
through a spin 2 field are quite different from those of an
ideal gas. At high densities, the pressure becomes a monoton-
ically decreasing function of the density, eventually reaching

a negative asymptotic value that is suggestive of collapse.
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5-2. The Lagrangian,

As explained in Section 3 of Chapter 3; the total
Lagrangian density of a system of fermions coupled to a
massive spin 2 field can be written as

_ ! 2
‘cm = -2—;(£5+'m{,,.)+ J:(w,'a)’ (5.1)

KE and £m being given by (4.1) and (4.56). To write down
J:(qgg ), we shall use a formal analogy to gravitation. For
representing a fermion field, this is done by using the vier-

bein formalism. We shall introduce two sets of vierbein

a
fields dP‘“ and QP' (pja.:a,l,?-,s ) defined by
a b a
d’ dva)(.\f: = d,d, = G v (5.2)
Mmo Vb ke _ mv
€ ¢ T)QL = € o = h™ (5.3)

Then I.(wgg) has the following structure (see Appendix B):
Lvy) = -9 (v Ly, + my)¥ (5.4)
L

where TnN stands for the mass of the fermions. We have
used natural units h=1=¢ ; 70' are the usual Dirac matrices

satisfying the anti-commutation rule

b
b (-8
{’Y“, L } = -7 (5.5)
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In our convention,

ob -} O O o
(1) 7 = Ta = © 1 o o
0o 0| o
o o o]
(i1) R o Tk
’r = k— "2‘3’
)
T 0

where Uk are the usual Pauli spin matrices.

0
(iii) ° = [ 1

where I is8 2 X 2 identity matrix.

vey'vtyd

it

(iv) T
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The "covariant'" derivative V

" acting on a spinor field has

the following form

be
vV ¢ = Y — W o (5.86)

p m bpc
where GPbc are the generators of the Lorentz group belonging
to a given representation and the wbuc are functions of
the product of the vierbein field and its derivatives (see
Appendix B).
Once we know the Lagrangian, the equations of motion
follow easily. The fermion field satisfies the equation

(v Lw, +m)w =o0

M (5.7)

The equation for the spin 2 field is obtained by noting the

following variations

v
XJ:E /3'\ = j:-é Gl"p.\) (5.8)
Sdm /sHY  _ £ 3 Hpo (5.9)
L .
Bitea) /50 = 1T 4y (5.10)

so that the spin 2 equation is

Guo + L™ Hpw = =kt (5.11)
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We shall write m = m to lndicate that it refers to the

¢

spin 2 meson, and shall set
2
K = 8TI'-Fz/m~

where f2 is the (universal) spin 2 coupling constant. Eq.

(5.11) can be re-written as (see Appendix C):

2

where + = WP -tdp (5.13)

Straight~forward evaluation of (5.10) using (5.4) gives

(see Appendix D):

'tpv = & d‘uafr“_'._ v, V¥ (5.14)
[A
Eq. (5.13) then gives
t = -m, By (5.15)

where we have made use of Eq. (5.7).
Finally, we note from (5.7) and its hermitian conjugate
that (see Appendix E)

“W(very) =o (5.16)
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which implies that (see Appendix F)
- -8
3,,‘_(]—_5 L e}; 1 9 LP) = 0 (5.17)

5-3. The Hartree Approximation,

The unambiguous approach to the study of the many-body
system described by the Lagrangian (5.1) and the equations of
motion (5.7) and (5.12) consists in applying the standard
many-body Green's function technique. In the present case,
however, the coupled nature of the equations make this a very
difficult task. Further complicating the situation is the
fact that the coupling constant involved is not small (unlike
the situation in quantum electrodynamics), thus making useless-
any perturbation-type calculation. We can, nevertheless, in-
troduce considerable simplification and at the same time gain
a lot of insight into the problem by resorting to the Hartree
approximation., Simply stated, the Hartree approximation con-
sists in assuming that the fermions ''see" an average, effective
cloud of the spin 2 mesons. The meson field can then be re-
placed by its constant expectation value. Such an approxima-
tion can be justified when the fermions are very dense so that
the source terms are large and therefore the quantum fluctua-
tions about the expectation value of the meson field are small.
This type of relativistic Hartree calculation for nucleons

29

has been used by Kalman for the scalar interaction, and
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Zel'dovich20 for the vector interaction. More recently,
Walecka30 has employed the same technique to study the pro-
perties of dense neutron matter interacting through a combi-

nation of scalar and vector fields.

We shall, therefore, make the assumption that 6#“ has
the following space-isotropic and diagonal structure:
-(1+¥) ©O o o
v 0 1 N o] o)
= O 1sa O (5.18)
0 o o b4+

where X and A are space~time independent.
For case of notation, we shall introduce the quantities x

and Y s defined as

x* 1+ X

(5.19)

I+ A

L
i

(5.20)

Then

L
g = detg, =det PV o 20 (5.21)
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and, I { . -y
v kyu -9

o
I

|

n

i
3
g
<
0

(5.22)

Eq. (5.2) and (5.3) then yield the following values for the

vierbein field components:

2 -1 3

doo = X ¥ (5.23)
2 2 2

d, = dz:. = dyy = Xy (5.24)
o\ F -3

%) = x V¥ (5.25)

z Z 2,

| — ez - 3 _ .- | -1

Since the vierbein fields in the Hartree approximation are
constants (i.e., independent of space-time), the functions
that appear in Eq. (5.6) vanish, so that we can make the

following replacement

V¥ > Ouv
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in the fermion field equation (5.7). Eq. (5.7) then becomes

( ! e du + 'm,u) ¢ =0 (5.27)

o l—

Furthermore, (5.14) becomes

tuy = $d, L 3w (5.28)

Mo v

The expression for <t , namely (5.13), however remains
the same.
Substituting (5.15) and (5.28) in (5.12) and remembering

that 1{p0 vanish in the Hartree approximation, the spin 2

equation becomes

lenf - o -
J:_g 9#\;—")’,‘\; = -;n“f;;( q"”l“: -,E-avw + igpvm,,w?) (5.29)
£ON

— Qa —
Next, we evaluate the quantities ‘Pd.MT ..13"‘? and WV
A
for the quantum ground state of the fermion system. The
quantizing is done by expanding the fermion field wave func-

tion into normal modes:
'k 'R X
v | 35, LR ) ~IR.X
v((X) = = a u(R)e + b _R) e (5.30)
where the ':'s are momenta satisfying periodic boundary

+ .4
conditions, T is the helicity index, akr(bkr) and (lhr(bhr\

are respectively the fermion (anti-fermion) creation and anni~
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hilation operators and 4 and VY are respectively the posi-

tive and negative energy spinors. We choose the following nor-

malization of the wave-function:
o & o o}
J-Tﬁﬁo v = | =]9e5,9 0 (5.31)

From (5.17), it follows that the conserved fermion

current is

J-9 $eflyry
Therefore, the integral
- —_
fdx ) ¢ e Y*®
v

is a constant of motion, and can be identified with the total

fermion number operator B. The fermion number density is then
h,::B/V

Evaulated for the ground state of a system of nucleons charac-

terized by the wave function (5.30) and a fermi momentum kF ,

we get
ke
X T 3
h-(m"’ dk = @3 hF , (5.32)
]

where ¥ is the spin degeneracy factor. ( ¥ is 4 for nuclear

matter and 2 for pure neutrons).

Let us re-write the fermion field equation (5.27) as

(e Ry +my) ® =0 (5.33)
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-
where R, is the momentum 4 -vector: R = (€, |k ).

Eq. (5.33) then yields the following dispersion relation

v b o L
(ebT ky ot v kP-'mN) Y = o
\ 2
or, ( ~k, N Ry - my) % =0 (5.34)
Written explicitly, (5.34) gives
2 oo 2 1 'R
€. h + R b+ my = o, (5.35)

22 3
Ssince in the Hartree approximation h" = h =h 3 .
Thus we get the following eigenvalue equation for the single-

particle energies:

t 52 Ak
€, - & = ¢t (k“' + ) (5.36)
= 1 1 o -
where R¥ = (_ ,b;_o)z k = x—'y R (5.37)
h
and o - _ma iy (5.38)
N7 = X ¥y my )

=2

*
Since m, 1is independent of momentum, a fermi energy

EF can be defined in the usual way. Furthermore, the
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identification between the chemical potential  and €

can be made:

o2 X2 Yz
w o= g+ ™M, (Re) (5.39)

Because of the implicit density dependence of .?;; , 1t is
not immediately apparent that M , as defined by (5.39),
satisfies the usual thermodynamic identities. We shall how-
ever show later that this is indeed the right definition.

We can regard ;? and T;: as the effective (field-
dependent) momentum and mass, replacing E and ™y, in the
single-particle energy. However, it must be kept in mind

-
that the physical momentum states are still R 'S, and not

-4 -5
R¥ 's . For a given k , the following equations
o B | - -+
»
( « + T my ) MR} = €, 4, (R)  (5.40)
- =3 - - ~»
and (o(.h* 4+ 'rDmt, )0T(k) = ek \’r(R) , (5.41)

where atg1ﬂri, give a complete set of the fermion wave
functions.

Since we are dealing with neutrons, and not anti-
neutrons, we shall consider only the first of these above

equations, namely (5.40), which we re-write as

- * " * 2 -
( o R* + ‘r"mN) M = (k‘-!— ™, ) U (5.42)
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Taking the hermitian conjugate of (5.42), we get

-l
w ( d-R* + r"m:) = (K + wf:)z wh (5.43)

.'..
Multiplying (5.42) from the left by 4 and (5.43) from the

right by 4 , and adding them together, we get

— T

*  + *$2 )%
m. UM = ( K + my ) T (5.44)

where we have used

{20 -

The average values of the quantities $ ¢ and TPdF“YOT'.B P

< Y

that appear on the right hand side of (5.29) can now be
evaluated for the nucleon ground state.

Using (5.44), (5.30) and (5.31), we get

Rr
»
-_ Y -
$o = L (dh__™w - (5.45)
@)° F3e° ey min.),_
o N
For ¥ duY =3, % , we note that it will have only

diagonal elements, and its space elements will be all equal.
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The 0 - 0 component is

- a — o -~ o
T ¢ %D,LP = Pd ¥YLAW = -pd T W

¥ ) kF-a 2 /2
= —_— X %2
* @m)? ng dR(h +mN) (5.46)
using (5.30), (5.31), (5.36) and the following relation (see
Appendix B):
v
d}m = Juv o (5.47)

The 1 - 1 component is then

- a _ = o |
v ¥ _;:a,w = $9,%7Y E'B"P
3
I X a | AP
3 M ( Egl 954 2 L J)

il

Il
|
w
€
N
Mw
]
P
.(
)
[-—
Ly
N
£
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where in the last step we have used (5.27).

From (5.47),

v
doa

Il
w
& ]
<
®
P

il
!
®

0o
so that €y = h d,oa (5.49)

Using (5.45), (5.486) and (5.49), Eq. (5.48) is

€|
_ﬁu
)
.4(
)
|-
W
<=
§]
|
|_.
w
o
[+
€l
A
o
8
o
)
arl—
oV
.e
wl—
w0
?_5*
€l
-

il
|
l-
»
3-0
0
| "
o
=3
/"“\
L
»
+ »
23*
»
—
Ty
‘J

.—)2

Y dk k"
- — - 5.50
3 (?.Tr)?’ y? ("x"+ e /2 ¢ )
0

The integrals that appear in (5.45), (5.46) and (5.50) are

easily evaluated, and we re-write them in the following



fashion:

b o

j db

———————
o 43 l,l
o (l‘- +m~ )

hF..) -1 L
S db (& + 0t

i

by

N

—
-
&
"]
S

L
+
23

o Qa"\qr
W&
ﬁ}

So, finally

56

2

» 2 Y N . N
i} Y {k':(kf ’“‘7"‘:)/ -~ xym 4n k. + (#*Wm)]}

(’0’ m ) Va

——

(5.51)
b4

i!

-E;-{le (hf+xym,q) —

1
o o) [ ]

("Ym:')"l

1
x|2
|

2 (5.52)

|
c kF xy m: (k;-&uyn,:)/’- _ 31)' - Eh[kp"' (LP-& Xer) :l}

(KYm )”2
= T9 7T
X 3 (5.53)
ly'
= — N T,
@m?® xy

(5.54)
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= X_ 171
48T xy 3

Using (5.54), (5.55) and (5.56), the equation (5.29) for
the spin 2 field takes the following form:

1) 0-0 component:

3
Flwy) =2 % - x3y6 - ay'.[2+ lamtx;'L:o (5

2) 1-1 component:

3 5 2
G(xy) = 3xy -~ 3xy _aIs-é.avmxyI‘—_:o (5
- 2.
where a = _I_E_..__ (5.
L 2
T ﬂ%,?n

Y .IZ. (5.

(5.

57

55)

56)

.57)

.58)

59)

Equations (5.57) and (5.58) together determine the spin 2

field in the Hartree approximation. These equations are
coupled and non-linear, and can be solved ( numerically)

yield the values of X and y and hence X and A as

to

functions of the fermi momentum kF‘ (or equivalently the
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fermion number density n ), which we shall take as the inde-

pendent parameter of the theory.

5-4. The Total Energy-Momentum Tensor and the Equation of
State.

The conserved total energy-momentum tensor of the

spin 2 field and the fermion field is given by (see Appen-

dix G):
o = L= (5.60)
v v a
Here T‘: is the energy-momentum tensor of the spin 2 field
given by
ok
Tt = hf\a :;5 —-3:&-4- §’: (5.61)
]
where N = spin 2 Lagrangian
ml
= |en:cl ("(1-: + 'm:&m) (5.62)

J‘E and &m being given by (4.1) and (4.56). 5\, is
the symmetrizing Belinfante part of 9‘: , and depends on
the field derivatives. tw is given by (5.28) in the
Hartree approximation.

In the Hartree approximation terms depending on the
derivatives of the spin 2 field are taken to wvanish. Then

(5.61) reduces to
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—-—M M
T, = - Sv FV
- . .
= M o
6T F2 ™ (5.63)

Substituting for JL“ from (4.56) and using (5.18) and
(6.21), (5.63) becomes

2 2
- K mem ¢ 2
T = 1N 26t 3y?
v 5 e g (3 +&°~ " ~3y?) (5.64)

We shall assume that the fermi gas we deal with can be
regarded as a perfect fluid, with the ground state being an
eigenstate of total energy E and vanishing three-momentum:

P = (E,0,0,0). For such a system the toial energy-momentum

tensor can be written as®4
i
BM - PT)F" +(P/c +9) w, u, (5.65)

where P and 9 are the pressure and the total mass density
of the system and ‘u1L is the four-velocity satisfying
~ - z
u JA}h = —=C
From (5.65), we can make the following identification

for the total energy density ( € ) and pressure ( P ):

€ = Oa6 (5.66)
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22
The underlying motivation of our theory is now clear.
Once the spin 2 field equations (5.57) and (5.58) have been
solved self-consistently as a function of the fermion number
density 1 , the diagonal components of el“" are easily
evaluated. Egs. (5.66) and (5.67) then yield a parametric

form of the equation of state of the system, the parameter

being the fermion density:

P = P(n) (5.69)
Explicit evaluation of the components of e}pq in terms of

the spin 2 field variables yields

2 2
€ = MyMy

C 3y’ oxdy®3) + ¥ 9% 1 5.70
3?-1Tf" y b ) Ib'ﬂ" X 2 ( )

2 [ S
_ _lhgﬂ\ () 2 2 ¢
P = 3—;-;17’-%- (X +3y°-xy°=-3) 4+ ¥_ l‘; I, (.71)
q48n* x

As a relevant point we note here that the first law of

thermodynamics:

Pdv = -_dE (5.72)
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yields an alternate, thermodynamic definition of pressure

which is

P = _ € +n d€/dn (5.73)

€ = E/N omd. n= B/V

For the Hartree Approximation scheme to be self-consistent,
both the kinetic and the thermodynamic definitions of pressure
namely Egqs. (5.71) and (5.73) must yield identical values.

In other words, € and P , as computed from (5.70) and
(5.71) must in principle satisfy the thermodynamic consistency
conditions (5.73). For non-relativistic, spatially uniform
many-body systems, this type of self-consistency criterion is
a trivially simple matter. However, for relativistic systems
where the particle energy acquires complicated density depen-
dence, this is not the case. We stress that it is an impor-
tant feature of our treatment of the relativistic many-body
spin 2 interaction that the above-mentioned self-consistency
criterion is satisfied (see Appendix I). Eq. (5.73) can

also be used to obtain the thermodynamic definition of the
chemical potential. This is

M s (P+e) (5.74)

Both (5.39)and (5.74) are found to yield identical results.
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5-5. Computation of the Equation of State.

The equation of state is computed by determining the
density dependence of the pressure, energy and chemical
potential, For this, we must first obtain a self-consistent
solution for X and y from the field equations (5.57) and
(5.58):

F (%, y)

il
o

(5.57)

G Cx.y} =0 (5.58)

x and Yy being related to the spin 2 field variables X%
and A by means of (5.19) and (5.20). Inspection of the
specific terms occurring in (5.57) and (5.58) shows that an
analytic solution cannot be obtained, except in the following

limiting cases:

(i) Low-density (i.e. non-relativistic) limit &g << my

In this case, (5.57) and (5.58) give the following roots
(See Appendix H):

8 3
A= — Re (5.75)
QW'mf My
2
3
x = o f k- (5.76)
Trm?m,
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(ii) High-density (i.e., relativistic) limit kp>7 m“:

In this case, we get (see Appendix H)

-l/3

A = 4 -1 (5.77)
28/9, 2 2 2f3 8/3

X = .%_. f may (kF )
3 \wm® /] \My (5.78)

$
The general numerical solution
L = ’M(‘k,:)
A = A(kp)

is presented in Figures 1 and 2. In performing the
numerical calculations, we have made the following choice

of the parameters involved:

Masses (see Particle Data Groupss):

m, = 939.5527 MeV (neutron)
7n¥ = 1260 MeV (f° meson)

The coupling constant of f° meson is not known exactly.
Three experimental values are cited by Pilkuhn et a1.56,

and these correspond to

2.9

2
6.556

'Faxp =
7.44
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The chemical potential, (5.39), in terms of the field

variables X and A is

A (s s L, 9
= i x Re + (42) (14 %) m,,.-% (5.79)

It is plotted against the density in Figure 3 for several
values of the spin 2 coupling constant-Fz. The total energy
per particle €/m is presented in Figure 4 as a function of
the density. We see that both  and €/n exhibit non-
monotonic dependences on the density. The next quantity of
interest is the pressure, which is given by (5.71). Figure
5 shows the pressure-density relation for different values
of fz.

We can now construct a general picture of the equilibrium
properties of the system. The behaviour is determined by two
parameters: the density n (or the fermi momentum kF ) and
the spin 2 coupling constant le Let us first consider the
low~density case. In this 1imit X and A are given by (5.75)
and (5.76), Then (5.79), (5.70) and (5.71) yield (see Appen-

dix H)
2 s
- Re > 3o ke 6
K= my 4+3_,;l.z..2«kF T oo 3o e+ (5.80)
N N
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€ : 3
_— = ™ 1 4+ gL .Et. -
I« ke
o 2 6
- — =X _ 34
o m2 o } (5.81)
4 5 7 g
P o~ M LR 0 ke 4« kp
T 3pr Y5 mE 14 ™ S s
3w M M ™y
lo i
o R z
PR LM A L e
mz' S mS
N ’
where f = & __'Fz

2
9n ‘I'\‘!N -m.F

The leading terms of the above expressions are identical to
the corresponding gquantities for an ideal non-relativistic
fermion gas (except that @ and €/mn here include the rest
energy).

More interesting results ensue from the evaluation of
the high-density limit. The corresponding limiting values
of ¥ and A are provided by (5.77) and (5.78). One then
gets the following asymptotic result (see Appendix H):

i V3 %3 2/3 |
™me M ~1/3
po= T2 T8 TN g

1411‘1 _F2-/3

(65.83)
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| /3 2 _
E _ _“/3 37/3 m‘F mN/S kF ;’3
" (5.84)
2:1!/4 _Fa./s
2/3 ZJ3
m m g[3
P = — * h Rf (5.85)

419 2/3 5/3
2 3I 1

2/3
£

The striking feature of the above is that the pressure
becomes negative at high densities (as can be seen from
Figure 5). Furthermore, (5.84) and (5.85) yield

? = - € (5.86)

i
9
This is radically different from the characteristics of an

ideal fermi gas whose pressure is always positive and which,

in the ultra~relativistic limit, satisfies the relation57

)
P = 3 € (5.87)

Thus, left to itself, the spin 2 interactions will eventu-

ally bring about a collapse of the fermion matter.
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Chapter 6

NEUTRON GAS INTERACTING THROUGH
SCALAR, VECTOR AND SPIN 2 FIELDS

6-~1. Introduction.

A neutron gas interacting exclusively via the exchange
of spin 2 mesons does not correspond to a realistic physical
situation. In order to have a complete description of dense
matter, we must include interactions that arise from the ex-
changes of scalar and vector mesons. The importance of such
interactions in theories of nuclear matter is well-
established.58 We shall not consider the pseudoscalar pion-
exchange interaction as the pion has a relatively large
Compton wavelength, and therefore, does not play a signifi-
cant role in the description of dense matter.

The sections of this chapter are parallel to those of
the previous chapter, with the difference that we now have,
in addition to a fermion field, scalar and vector fields in

interaction with the spin 2 field.

6-2. The Coupled Field Theory.

The source for the spin 2 field will now be provided by
the fermion field ( ¥ ), scalar field ( o ), vector field (AP)’
and their interactions. For the fermion field the appropriate
Lagrangian can be written using the vierbein formalism, as was
done in the last chapter. The Lagrangian for the scalar and

vector fields and their interactions can be written using



68

similar formal analogy to gravitation. We recall that for
the gravitational case this is done by using the principle of
minimal coupling (see e.g. Weinberg59). It consists in taking
. the respective special-relativistic expressions for the La-
grangians, and making the following replacements: (i) qﬁv
by %l“‘) and (ii) 53;‘.0‘ by the covariant derivative.

Thus the Lagrangian density describing nucleons inter-

acting through scalar, vector and spin 2 mesons is given by

( h=t=c):

N

= _MA 2 T M _a
Lo = lsﬂzcoce-n-m{_,:m) -G ® (egr Ly m )¢

- pv 7
—%(aﬂﬂ‘h ava- +*m2;0")

-9 | pr vp ! 2 MY
= L3 (LR RTRTE L m Al

+ 9.9 Foor + cgwjl?@é:Y“tPAr_ (6.1)

In this expression the first two terms on the right-hand side
represent the Lagrangian of the spin 2 field, fE.and. fn,being
given by (4.1) and (4.56). e"; are the vierbein fields
given by (5.3). FP*" = VPA" - VY An , where VP_ is the
covariant derivative. mg and my are the masses oftthe scalar
and vector fields, and gg and g, represent their coupling
strengths to the nucleons.

The equations of motion that follow from (6.1) are
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1) Fermion field:
H a .
{ - - —
e.a"&’ Z(‘;"' "SDAH.)+ MN 950'}“{’ = O (6.2)
2) Scalar field:
%L 2 —
(=3"+ml) e = 4mg Ty (6.3)
3) Vector field:
S LA (BER R = dng FT T
[5 m A+ T, AT eV (6.0
4) Spin 2 field:

z 2
- Me(r - gre

R’A\J 2 (f_g 9’1\' 7}&\] ) = = m2 .efl\)— .,i 9
.F

where tVN is the energy-momentum tensor of the source fields,

and is given by

(6.6)

where £, = £ - n (& +melm) (6D
Tt ewfr\ €
v

Lastly, t = W' tav (6.8)
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The evaluation of (6.6) yields (see Appendix D):

= @ & \ l
tuw = b LY T(V"""gvA")q’ + =3I

____l_ AP T 2 ] 2
o7 e (3T R0 + ma ) gy Ay

n
_ _l_- 2 AB | F'.l\,lv

g M 3)“ ét h AF + qm Fp.w' F,,,f,"‘
— g E, PP

o 9MY Taps Fap (6.9)

d»o_ being defined by (5.2).

As in the previous chapter, we shall take the source
terms appearing in the ﬁéson field equations to be average
quantities over the ground state of the nucleons. In the
present case, however, we have to deal with three coupled
partial differential equations corresponding to three meson
fields. As before, we shall use the Hartree approximation to
obtain the physical properties of the system.

We shall use the same operator representation for ¢ ,
namely Eq. (5.30) with (5.31) as the normalization. We note,

from (6.2) and its hermitian conjugate, that (see Appendix E)

w(®dory) =o (6.10)

This implies (see Appendix F)

3,; (\77‘5 Vel v ‘P) = 0 (6.11)
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so that
n = J-9 ¥ e v*p (6.12)

can be interpreted as the operator giving the fermion number

density. Furthermore,
Fo (6.13)
hF = fermion momentum of the nucleon gas.

6-3. Hartree Approximation for the Coupled Fields.

The Hartree approximation provides a simple way of
handling the coupled field theory presented in the preceding
section. In such an approximation the meson field variables
assume constant expectation values, and their space-time

derivatives are not of physical significance. Thus, for the

}

scalar and vector fields we shall make the following replace

ments

o - T (6.14)
(]
Ap = 34 Ao | (6.15)

where T, and Ao are assumed space-time independent. For the

spin 2 field we shall assume the same diagonal, space-

isotropic structure as in the last chapter, namely Eq. (5.18).
Eqs. (6.2), (6.3) and (6.4) then become respectively



K a f —
(.ta,mr_"'l;)},L +'m~) ¢ = 0 )
where Df* = V,u _4}96 A
= V #Lguaf"Ao
’ A—
and M= My - 97
o = T gy
mg
417 —_
AB h? = .__gy ¢ e;:Yq‘+
m,
Eq. (6.9) becomes
*@v = ¥ APJLY -T:DV‘P - M Fuv 7
mt o ?
+ = ApAS 50 _ Mo 0o
qu 2ok T gm gL AR A
Using (6.21) and (6.16), (6.8) becomes
2
t :—m’tF(P - M 2 mn.;l oo
N 2.”“3 —-—&-_,';th A,
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(6.186)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)
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The evaluation of the quantities ¢4 and ¢dF’T“.§ D, ¥
L

for the fermions' ground state can be performed in exactly

the same way as in Chapter 5. This yields

/
Ty = L. M
v it oy (6.23)
1' _ T \1_
vd ¥ - Dy = E;‘—,_-;-B J, (6.24)
v d Yq..l_‘]) y - > - a
o , = 2 2 $d; v*LD. W
L 3 j-r' 3’ (™ ?
oY
= G xy U3 (6.25)

where x and y are given by (5.19) and (5.20) and J,, J, and
J3 are equal to I1 , I, and 13 [1.e. equations (5.51), (5.52)
and (5.53)], but with the replacement

/
MN a4 mN — mH —_ %Sa-o

Using Eqs. (6.21) - (6.25) and remembering that in the

Hartree approximation va =0, the equation for the spin 2

field, (6.5), becomes

1) 0-0 component:
12 2 2
¥t - xAyE - a,xy T+ 2a,mMy Xy© T,

33 2 ¢
4 azx y® o - o hF

A O (6.26)
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2) 1-1 component:

3x3yr—3xy—q3 éaﬂm'z J r 2
e T BTN YY) —3aXye = 0 (g.27)
Here,
2
o, = Tf .
n‘rq; h:; (6.28)
8
a = 2 £% ms
z = 6.29
2,1 2
&Y
a, = L (6.30)
A m m e
Tm, my,

Substitution of (6.23) into (6.19) gives for the scalar field

/
Xy o, - a,my 9 = O (6.31)
where a, = T4 /_sz. (6.32)
4 = 5 s *
Noting that
-]
€.

-]

LDO

the equation for the vector field (6.20) becomes
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7 3
x A, + ac ke = o© ’ (6.93)
yRe 4
where o = q: (6.34)
s T m,

6-4. The Total Energy-Momentum Tensor and the Equation of
State.

The conserved total energy-momentum tensor of the system

is (see Appendix G):

R =M A
6y v * Rt (6.35)

"
—~

where =f: and tho are given by (5.61) and (6.21). We note
that x and y, which determine the spin 2 field components,
have now implicit dependences on the scalar field o . Writing
the right-hand side of (6.35) in terms of the field variables,
and identifying the total energy density (€ ) and pressure

(P) with the diagonal components of BP“’ , we get

2 ¢
€ =MCXZ+372_szG—3)+_I_3

327 4% b1 X 2
2 2.2 4
+ _...__ms X 3032 + ¥ %\’ kF

(6.36)
¥ Ii‘l\"‘m:' xz
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1 2

m

P = Ty (Xz+372-x1y("3)+—1——- -'13'3
2 X

Ty 16T

2 a 2 2 A
- I xy?c? 4+ Y9 R oo

m l?n3w@' x* ]

The equation of state, namely the evaluation of (6.36)
and (6.37), is determined by first solving (numerically) the
set of equations (6.26), (6.27), (6.31) and (6.33). In doing
the calculations we have kept the mass and the coupling con-
stant of the spin 2 meson to be the same as in Chapter 5.

For the scalar and vector mesons, we have chosen the follow-

ing standard values:°9,56
™mg = 700 MeV
2
% = 13.9
my = 784 MeV
2
30 = 10.0

The energy per particle ( €/m ) and the pressure (P) as
functions of neutron density are presented in Figures 6 and 7.
The chemical potential of the system, defined by Eq. (5.39),
is plotted in Figure 8 as a function of the neutron density.

Because of the complication brought about by the intro-
duction of scalar and vector fields, it is not possible to
verify analytically that the values of pressure and energy

density as given by (6.37) and (6.36) satisfy the thermo-
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dynamic consistency criterion (5.73):

n (6.38)
We have, however, made a numerical check and we find that

(6.38) is indeed satisfied. Thus our coupled field theory is

thermodynamically consistent.
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Chapter 7

ASTROPHYSICAL APPLICATIONS

7-1. Introduction.

In this chapter we shall present the calculations of
masses and moments of lnertia of neutron stars using as
input the equation of state derived in the preceding chapter.
Historically, the earliest numerical computation of the
structure of neutron stars was performed by Oppenheimer and
Volkoff.1? They assumed that the degenerate neutrons
making up the star are non-interacting, and obtained the
result that the maximum mass for a stable neutron star is
0.72 Mo’ Of course, we know that at the densities prevalant
inside a neutron star, the interactions among neutrons cannot
be neglected. 8Since the pioneering work by Oppenheimer and
Volkoff, numerous improved equations of state for matter at
nuclear and super-nuclear densities have been proposed. A
detailed account of the neutron star structures corresponding
to the presently available models of the equation of state

60

can be found in a survey by Arnett and Bowers. Irrespec-

tive of detailed models, however, certain general conclusions
are available. Assuming the correctness of the equation of

1.13  up to pr 5x10'" gm cm”?,

state as given by Baym et a
Sabbadini and Hart1e61 have shown, on general grounds, that
the maximum mass of a neutron star cannot exceed Siqb, what-
ever the equation of state at higher densities. If one im-

poses the condition of causality, P < fcz, on the equation
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of state, then, as Rhoades and Ru:ffin:l.62 have shown, the
maximum mass is reduced to 3.2 M, . Similar limits have
also been found by Nauenberg and Chapline.63
We shall first briefly review the general astrophysical
considerations regarding neutron stars, and then present
the results that our equation of state [namely, Eqs. (6.36)
and (3.37)] yields. TFor condensed objects such as neutron
stars, the temperature is effectively zero on the scale of
microscopic energies (unless the star is very young). So
we shall confine our attention to zero temperature. For
purpose of calculating the mass, we shall neclect the rota-
tion of the star. (The effect of rotation is to cause
changes in the moment of inertia and mass in the lowest
and second order, respectively, of the angular velocity.)
The moment of inertia will be calculated for slowly-rotating
models using the non-rotating model for the mass. Finally,
we shall present a comparison of the results of our theory
with the presently available observational data on pulsars,

and also with the predictions of the various other theore-

tical models.

7-2. The Mass, Radius and Moment of Inertia.

The calculation of the mass, radius and moment of
inertia of a neutron star will be done assuming that the
star is in its normal state, characterized by the conditions
of thermal and hydrostatic equilibrium. Since a neutron star

is essentially a zero temperature system, it is in a state
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of thermal equilibrium. The hydrostatic equilibrium is

provided by equating the gravitational force to the pressure
force that acts on each mass element. Non-relativistically,

this is expressed by the following equation

v P(?®) = G P(?JG dy’ _PC¥) (7.1)
|y -7 1

where P(¥) stands for the pressure and P(?) for the mass

-y
density at the point ¥ in the star. G is the gravitational
constant = 6.6732x 10™°% c.g.s. units. Neglecting the effects

of rotation, we can put Eq. (7.1) in the spherically symme-

tric form:

2P (r) = - G P(r) mr) (7.2)
3 r r*
T
where m(r) = S 41\'\"2?(7" dr’ (7.3)
(o]

-
represents the mass contained within a radius vector T

The pressure'P, in general, is a function of the density
¢, the entropy per nucleon and the chemical composition.
Since in a neutron star the temperature is essentially 0 °K,

the entropy per nucleon is constant throughout. We shall
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furthermore, assume that matter, in the region of our inter-
est, has uniform chemical composition. We can then regard
the pressure P(r) as a function of p(r) alone, with no ex-
plicit dependence on r. Physically, the significant point
is to know the equation of state of the star. Given PI(T)

as a function of 'P(P(")) , we can write

ar ?? or (7.4)

Substitution of (7.4) into (7.3) gives the differential

equation that determines the density profile:

2 _ _gp mm

or (3Pfap) T*

(7.5)
The initial conditions for solving the equations (7.3) and
(7.5) are

m(o) = © (7.6)

p @ = f (7.7)

where Q' is a specified central density. Egs. (7.3) and

(7.5) can be integrated out from the center of the star

until P drops to zero at some value r R. We can then
interpret R as the radius and m(R) = M as the total mass of
the star having a central density fa . In general, the
stiffer the equation of state, the larger the value of the
maximum mass; the lower the central density, the higher the

radius and the moment of inertia.
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For actual calculations we shall use the relativistic

generalization of Eq. (7.2), also known as the Tolman-Oppen-

heimer-Volkoff equation64:

2P G‘r[p(r)-i-P(\r)lc"] [rﬂ(v)+4nr'!h P(r)/c‘]

- —

AT — 5 (7.8)
- [1 - 2G mr)/rc? ]

2
In Eq. (7.8) the terms that are proportional to 1/0 are
the corrections due to general relativity. Inspection of
this equation shows that the (Schwarzchild) singularity in

the denominator prevents the existence of stars having

mir) > x<
2G

Neutron stars of too large a mass are unstable against
gravitational collapse, whereas those with too small a mass
are unstable against radial oscillations. The locus of the
points M versus QC is a curve which is shown schematically

in Figure 9. The region of stable equilibrium is given by

dM(p.)
d P,

This is a necessary (but not sufficient) condition for

O

stability. For sufficiency, one must, in addition, have65

r9

Fr o= 2

> 3
3

L ¥

5
P 29
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We shall write the mass m(R) as

m (R) = Mg (7.9)

the suffix G indicating it the gravitational mass of the
star as measured by a distant observer in Keplerian orbit
around the star. It represents the total energy of the
star and its gravitational field. It is instructive to
compare (7.9) with the quantity

MB = mBN , (7.10)
where my is the baryon rest mass and N is the total number
of baryons in the star: MB represents the total energy that
the stellar matter would have, if dispersed to infinity. 1In
terms of the neutron number density n(r), (7.10) can be

written as66

R

M 41 v n(r) dr
g = My (7.11)

[1- 2amm/rc?]'

o
A qualitative consideration of the equations presented

so far can already give us some feeling for the structure
of a neutron star. For simplicity, let us consider the
non-relativistic equation (7.5). If we approximate the
quantities ¢ and 9P/3¢ , that appear on the right-hand
side of (7.5), by their values ft and (9?/3? )c at the
center of the star, we obtain

o v ali br

- gum
A——————

(7.12)
er 3 (D'P/af)c




B4
Integration of (7.12) gives

: 22
er) = Mg _fe  (R¥-n7)
3 (I}Plap)c( (7.13)

where the density has been constructed to vanish for r 2 R,
R being the radius of the star. If we set r = 0 in Eq. (7.13),
then P[o)= Fc , and we get the following expression for the

radius

1/2
R = 3 (?T/QP)C
= y— ° (7.14)
[

The total gravitational mass of the star is, using (7.3),
(7.13) and (7.14),
M T 3
= XL § R (7.15)
& | c
5
For a slowly-rotating star, the moment of inertia (I)
can be determined from the structure of the non-rotating

67 et us use 0 and Ww(r) to

model, as shown by Thorne.
denote respectively the angular velocity of uniform rotation
measured at infinity and the angular velocity of the fluid

relative to particles with zero angular momentum. Due to the

dragging of inertial frames, @(¥)# AL but satisfies the
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following differential equation

L d 1. 4 4 di

- &% aw o~ _

e dr( 1 dr) + ¥ Ir w =0 (7.16)

. —d(r) ) /2
where ?(7) = R [;{_ Q-G"'m”] (7.17)
r¢?
and ¢ is given by
E] 2
dé G m(r) 4+ 4uv’ Piv) /¢
T - rc2 (7.18)

1-26G mlv)/rc‘

The boundary conditions are

(fl_e ) = O (7.19)
r T=o

and & (0 ) = AL (7.20)
Outside the star
wir) = 4 -— 23@‘3: ’ (7.21)
T c

where J is the angular momentum of the star.

follows that

From (7.21) it
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¢t a4/ d®

GG'- dr Jvr=R (7.22)
Eq. (7.17) implies that

J(R) = 1

However, we note that since Eq. (7.26) is linear in j, for
purpose of integration ¢ (r) need only be defined to within
an additive constant. Consequently, & (0) can be taken as
any non-zero constant, since w(r), L and J ecan all be
scaled after the integration. This scaling does not affect
I, which is defined as

I=J/50 (7.23)

To integrate (7.16) we introduce an auxiliary variable
w = vt dw/dr

This then yields two coupled first-order equations:

ijl_’i:. + (u+ 473) %-(Qh,}) = o (7.24)
do _ 4 (7.25)
dr r4

Equations (7.3), (7.8), (7.11), (7.16), (7.17), (7.24) and
(7.25) can be numerically integrated outward from r = O,

given the equation of state 2(9) . From (7.21), (7.22) and
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(7.23), it follows that

kA
o TR SRy 4 AR ] (7.26)
66 3R

7-3. The Equation of State and Numerical Results.

The equation of state is the basic input in calculating
the bulk properties of a neutron star. 1In Chapter 6, we have
presented our equation of state for neutron matter for dif-
ferent values of the spin 2 coupling constant. In order to
facilitate the comparison with other equations of state, we
have presented in Figure 10 all the relevant equations of
state proposed in recent years. In addition, in Table 1 we
present the numerical values of P and ¢ as functions of the
baryonic density m for two values of the spin 2 coupling con-
stant. For densities lower than the last entry in Table 1,
our results join smoothly with the values of P as given by
Malone, Bethe and Johnson3 (Model V). For still lower den-
sities we have used the equation of state given by (i) Baym,

\ L -
Pethick and Sutherland? for 1262 xi0? S PS l.o44x|o4 qm em

and (ii) that given by Feynman, Metropolis and Teller11

for P < 1.160 Xl03 gm cr;'3

The physical constants used are:

¢ =2.9979 X 10'" cm sec™?
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G

m, = 1.659 x 10" 2%gm

6.6732x 107° cm® gm™! sec™?

In converting masses in grams to solar units, we have used
M, = 1.987 x 103%% gm
The equations of state have all been used in the form
of discrete data points. Entries for P (dynes cm‘z),
f (gm cm™ %) and n (cm™®) are read in to four significant
figures ( as given in Table 1). Values between two tabulated
points such as (fJ:”Pi ) and (f.

AT T
the standard SPLINE interpolation subroutine. Eqgs. (7.3),

11+| )} are obtained by using

(7.8), (7.11), (7.16), (7.17), (7.24) and (7.25) are then
simultaneously integrated from the center to the surface
using the Euler method with a step size of one meter. The
numerical integration was terminated with the last step
before p £ 7.86 gm cm™®. This is the density of iron nuclei
and corresponds to the surface of a neutron star. The
FORTRAN computer code for the whole integration scheme is
given in Appendix J. The overall accuracy of the program
was checked by recalculating the results obtained by Arnett
and Bowers®0 in their review article. Our results agree

with their published values to within a per cent.

7-4. Results and Discussion,

The results for the calculation are shown in Figures 11-
14. Figures 11 and 12 indicate that the maximum mass for
stable neutron stars is sensitive to the spin 2 coupling con-

stant. (This however is expected from an inspection of the
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slopes of the pressure-density curves, Figure 7, correspond-
ing to the different spin 2 coupling constants.) The cri-
tical densities at which the maxima come about all 1lie close
to the value 2 x10!% gm em™?, and are not so sensitive to
the spin 2 coupling constant. In Table 2 we have summarized
our results.

We now present a critical comparison of our results
with the available observational information on pulsars and
also with the results predicted by relevant models available
in the literature. Let us first consider the mass, and
refer to Figure 15, which is taken from Canuto.?2 On the
right-hand side of this figure are quoted two sets of recent
observational results due to Joss and Rza.pp:;tport68 and Avni.eg‘
The ranges of masses given by these authors are respectively
1.4 My - 1.84 Mg, and 1 Mg - 2.3 Mg . Let us now look at
the various theoretical models. Curves A-G are based on non-
relativistic computations, and yield the maximum masses that
are all less than 1.84 Mc:' Although these values seem to
be quite compatible with the observational bounds, we stress
that at the densities prevalant in the core region of a neu-
tron star, any non-relativistic theory is an inadequate de-
scription.

Curves L, N and O give somewhat higher values for the
mass. Curve L is the result of computations by Pandharipande
and Smith?Q who included pion tensor interaction in a non-

relativistic way. A recent analysis by Brown71 has indi-

¢cated that much of the repulsion inherent in Pandharipande
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and Smith's calculation is actually largely cancelled if
higher order terms are included in their many-body treatment;
this will then lower the mass.

Curve O is from the work of Bowers et a1.72

, who used
perturbation method and an effective Lagrangian formalism to
derive the equation of state.

Curve N corresponds to a relativistic calculation by
Walecka30 that takes into account scalar and vector inter-
actions among nucleons.

Finally, the result of the present work has been indi-
cated by the dashed curve. The maximum mass turns out to be
1.75 Mg ,» corresponding to the spin 2 coupling constant

{:¢»= 2.91, Our result is in agreement with the observa-
tional bounds, and bunches together with the results of the
models A-G. Thus, incorporation of spin 2 interactions in
a relativistic manner narrows the disagreement between the
sets of results A-G and L,N,0. We would like to point out
that the closeness of our result with those of the non-rela-
tivistic models A-G is a coincidence, and cannot be taken to
mean that the non-relativistic theories provide an adequate
description of high-density matter. The reason for this
closeness is due to the competition, in our theory, of two
important physical aspects which are (i) the inclusion of
relativistic effects and (ii) the treatment of the very
short-range attractive NN interaction due to the exchange of

spin 2 mesons. Hence, in so far as a fully relativistic

theory is imperative to describe high-density matter, our
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theory clearly provides a more realistic and adequate de-

scription.

Turning now to the moment of inertia, the corresponding
comparison is presented in Figure 16. The two arrowé in
this figure indicate the value of the moment of inertia thqt
is required if a neutron star is to be held responsible for
the luminosity of the Crab Nebula as well aé the kinetic

3. We see that our theory,

energy of the expanding gas.
corresponding to the case (b), can satisfy this requirement
for masses in excess of 1 Mg, .

Recently, it has been suggested74 that neutron matter
will undergo phase transition to quark matter at very high
densities. If such is indeed the case, then our theory can
fill an important gap in the understanding of dense matter
in the region of density starting from nuclear matter density

up to densities where neutrons are expected to merge into a

quark soup.
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TABLE 1. Mass density (?), energy per particle (€/n) and pressure

(P ) of neutron mtter as a function of neutron number density for two

values of the spin 2 coupling constant. The scalar and vector coupling
a

constants are: 9:' = 13.9 and 9, =10.0.

2 = 2,01 2 = 6.55

¢ €/mn P [~ e/n P
-3 3 - - -2
(fm”) (gmem™?) (MeV) (Dynes cm 2) (gmem™3) (MeV) (Dynes cmi—?)

n

7.295 1.837x10'% 1.412x10° 1.076x10°° 1.317x10!¢® 1.012x10° 2.442x1035

6.500 1.647 1.402 1.068 1.186 1.010 2.572
5.931 1.471 1,391 1.057 1.065 1.007 2.679
5.318 1.307 1.378 1.040 9.519x10'%  1.004 2.762
4,749 1,155 1.364 1.017 8.466 1.000 2.817
4.222 1.014 1.348 9.890x10%° 7,492 0.995 2.845
3.735 8.849x10'% 1.329 9.545 6.592 0.990 2.844
3.287 7.663 1.308 9.132 5.764 0.983 2.810
2.877 6.583 1.283 8.648 5.006 0.976 2,742
2.502 5.604 1.256 8.089 4.314 0.967 2.638
2.161 4.724 1.226 7.452 3.688 0,957 2.495
1.853 3.937 1.192 6.738 3.124 0.946 2.312
1.576 3.242 1.154 5.949 2.620 0.932 2.088
1.327 2.635 1,113 5.095 2.172 0.918 1.822
1,107 2.111 1.070 4.193 1.780 0.902 1.519
0.912 1.687 1.025 3.271 1.441 0.886 1.186

0.741 1.297 0.981 2.367 1.150 0.870 8.367x10%"
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TABLE 2. Properties of the maximum-mass stable neutron star,
as predicted by the present theory. Cases (a), (b) and (c)

refer to the cases where f2 = 0, 1.21 and 6.55 respectively.*

Case (Madmax My ?c R I MBind

M, M, (gmem?) (km) (gmem?) Mg
(a) 2.48 3.03 2.0x101% 11.49 3.38x10%° 0.55
(b) 1.75 2.09 2.4x10%5 10.72 1.68x10"5 0.3
(c) 1.00 1.14 2.4x10!5 10.30 6.68x10** 0.14

* Here (MG)max is the maximum gravitational mass of a stable
neutron star, Mg 1s the corresponding baryonic mass, QE

is the central density, R is the radius, I is the moment of
inertia and Mgjnq = Mg - Mg = binding mass of the maximum-

mass star.
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FIGURE 3. Chemical potential of neutron matter (in units of neutron rest

mass) versus fermi momentum for several values of the spin 2 coupling constant.
Scalar and vector interactions are absent,
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Scalar and vector interactions are absent. .
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relationship for neutron stars.
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Appendix A
CONSERVATION OF THE SOURCE STRESS TENSOR

Consider the action corresponding to the source

Lagrangian:

S = §F«g £ q) dix

The variation of S under infinitesimal transformations

vanishes because 8 is an invariant. The variation of S

however yields

S
(-———) g+ (.EE& ) X
3y 8 Qv .
The first term vanishes by virtue of the Euler-Lagrange

equations. The second term is proportional to %v t"M

for arbitrary '§g . Hence

P‘,

» P

110
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Appendix B

THE VIERBEIN FORMALISM

As discussed in the text (Chapter 3), interaction of a
massive spin 2 field with external fields can be written in
formal analogy to gravitation. For an integer system as the
external field, this is done by taking the special relati-
vistic equations that govern the system in the absence of
gravitation, and then replacing (i) all the Lorentz tensors
with quantities that are tensors (or tensor densities) under
general coordinate transformation, (ii) ordinary coordinate
derivatives with covariant derivatives and (iii) 7,
with 9#0 . However, when the field in question is a spinor
field, this prescription does not work. This is because
there exists no representation of the group GL(4) of general
linear 4 x4 matrices which behaves like a spinor under the
subgroup of Lorentz transformations. The formalism of vier-
bein fields is introduced to '"remedy" this situation.

The vierbein field d_;’._ is defined by

qQ
d.;(‘x=)t) = [ 2%x™ (B.1)
gxp 'I:X

a.
where '%sxfx) (a = 0,1,2,3) characterize a locally inertial
Lorentz frame. Under coordinate transformations xﬂ-a :L'F ,
the vierbein field transforms as a covariant world vector,

Under homogeneous local Lorentz transformations L, it trans-
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forms as a Lorentz vector:

o’ v
dy (x) = _“2:,# d% (1) (B.2)
’ b
d® = L* (x) d (B.3)
" ( x) X x P(x)

Fermion fields 4 can be introduced into general relati-

vity75

by describing them with respect to local Lorentz
frames. They are defined to be world scalars and transform
as ordinary spinors under local Lorentz transformations of
the vierbein frames. Now, the ordinary derivative ?p4P is
a covariant world vector, but not a proper Lorentz spinor.

A covariant derivative VL}P can be introduced such that

ﬁLw is a covariant world vector and a Lorentz spinor:

v O\b
Vu¥ = 2y — 5 “app T Y, (B.4)

b ¥
where a‘a = 3} [Tq YLJ (B.5)
2. Fl
Using Eq. (B.1) and the definition of the line element
2 a b
(ds) = d% d%¢ 7,

one gets d; d.t;, "7‘\5 = 9,“: | (B.6)

The Latin index in 43u is associated with local Minkowski

coordinate system and the Greek index with general coordi-
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o
Doy = Fpb (B.7)

d

Mo (B.8)
The structure of the spin connection a’aﬁmb can be

determined by requiring that the operations of raising and

lowering of indices and the operations of changing index-type

76 Just as the con-

commute with covariant differentiation.

dition 9pﬂ'x=’°’ in Riemannian geometry, leads to the iden-
E]

tification of affine connection with the Christoffel symbols,

similarly the condition

leads to the following identification of &%+;b:

d.c

/Y b= "

)
o 3

v by v )Y
{olm( aba\,d,_ -~ d, 9, db)

+°§,,(°‘Z%°‘I-°‘Z a\’dé)
- d Y o, dd
(d L‘ dy audy, )} (B.10)

We can now write down the Lagrangian density for a spin
2 field that is invariant under (i) arbitrary coordinate

transformations and (ii) local Lorentz transformations. It
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is given by77

L£(¥9) = —dw{"adi-!:VMJr m?( b (B.11)
where d = det dpa = 3 | (B.12)
g = dét g, (B.13)

In the formalism for a massive spin 2 theory no general
covariance, as understood in general relativity, is implied.
Hence, we shall distinguish CL?Q from its '"contravariant"
counterpart by denoting the latter by eﬁba . We then have

the following equivalent of Eq. (B.5) for eM® .

(B.14)
MV
where h is the reciprocal of Gpy
Correspondingly, we re-write Eq. (B.8), (B.10) and

(B.11) as

v
dua = Juu %a (B.15)

A

— c Y v by
wapb = 3 dP {"'Aa(eb;"e’c - e, 9\,6&)

V) A
+ d)‘L(Qcan-: - eva_ Q-Jec)

_ d Vv A\ N 5N
Me ( a8, - % a,e,) (B.16)
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LCwg) = -d & (efly 1m)e (B.17)

i
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EQUATION OF MOTION FOR THE SPIN 2 FIELD

In this appendix we derive the form (56.12) for the
equation of motion for the spin 2 field. We note that
Egs. (5.92) and (5.11) give

2
G + 0 ey
» =Ty My (C.1)
Writing & m / 3 hpg in terms of S fm / bY 5'&0
[see the relation (4.5)], we get
2| §& 88m o
G, .l — h = -kt (c.2)
# sgh &gk v v
Let us put
Shm = B
Tg'%"pv = Pny (C.3)
d nv c.4
an B}A\) h = B ( )
Then, Eq, (C.2) becomes
2
G“u*m(epv”-!;-_aﬂuB) = - K tuy (C.5)
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Taking the trace of both sides,
v 2
W G - m B = -Kt (c.6)
Y
where t = -k tuy (C.7)
From the definition (4.9) of Gy
G = Ray = 4 g9y R (C.8)
we get
pv _
b Gﬁuu = 7 R (C.9)
Substituting this in Eq. (C.6), we get
2
R+ m B = Kt (C.10)
(C.5) now becomes
(C.11)

(C.8) and (C.10), Eq.
- K (tﬂﬂ = é v f)
, we get; using

Using Eqgs.
Z
From the expression (4.56) for I,n
(C.3),
L 29
= 3 (G )
373 ,
= 3 9w ,

Since
ag"
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|
Bﬁ*" = - ;(F—ff 9#" - 7)‘*") (C.12)
Therefore, Eq. (C.11) becomes

z
™m
Rw = 3 (F-_j gpv-"')w):—K tpv-_;_gwt) (C.13)

With m = My
z
g f
and kK = 3
™
N

the above equation is identical to Eq. (5.12), presented in
Chapter 5.
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Appendix D

THE SOURCE TERM FOR THE SPIN 2 FIELD

The Lagrangian appropriate for a system of coupled
fermion, scalar and vector fields that provide the source

term for the spin 2 field is [see Eq. (6.1) in Chapter 6]:

L =9 Tﬁ(‘(“ac’:-f- Vi +m,.)‘¥

L
| mv
—-S-FJ:_S (3“0‘1\ 9,7 + m’s'(r?')

= l pA Sp 2, w
- mFE (RN e + 2 M Aub A)

+ CJS,FE vW¥o 4+ ngé WZ‘:TQ(‘) A .15

where VP‘P E(BP":%..‘ “‘Jb}&C) ¢y .
The expression for QJb;Lc is given by Eq. (B.16) in
Appendix B.

The Lagrangian is always hermitian; therefore, in the
second term on the right hand side of Eq. (D.1) only the
anti-symmetric part of the matrices ‘Yaa-bc will contribute.
This removes the terms with a=b or a=c¢ , which are

proportional to the symmetrical matrices Y°T% . For af b’C,

we can write
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a _be ir® b ¢
T o = = [ Y,v
. abcc,.
= (€& 'T'd Ts (D.2)
where Eab‘:d is the Levi-Civita tensor.
Setting
.._c‘ ! chd. ¥ )
& = - e X e
4 ave b (D.3)
we re-write & as
—_ e Fa o a | - _Q
L = j—?lq’("fea-iaﬁ+iwvavs+m~)“’
— 1:5 - R
. (3,,."' ' 9o + mgo )
9 (1 mh Ve | o2, B )

-q ¢ o M
Fo -3 ¥¥ o 4+ 9 [[ Ty AL o

Equations of motion (the Euler-Lagrange equations) that

follow from the above Lagrangian are:
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1) Fermion field:

vt 1 - - a M _ -
( a7 Bp, T W T T 9,Y 2a A+ ™, gso-)\v = 0 (D.5)

2) Scalar field:

(-—a’“+m:)0' = 41\'95 L o (D.6)

3) Vector field:

=5t A WV wr vp
j_gva#k + ;;P(r-@ FAPh h ):41Tg\’f:§q;YeaLp (D.7)

The stress tensor 'tH” corresponding to the Lagrangian

£ is given by’8

1 - _ oL oL
59 {}N = ‘3: T
Bk,q oh
= - .2;‘2._‘, y (D.8)
rYie
since J; does not involve derivatives of }Juv . To
evaluate qu , we note the following variations'?
v
5q = - 3 b
E 1 Jp (D.9)
! o
3€a = 3 dya 3h (D.10)
-d bed 3
— 1 M
Sk = g € dpawwcs}\ (D.11)
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Using Eqs. (D.4) and (D.9)-(D.11), (D.8) yields

to = "% FYTL LAY+ Bty i
PR AL 4 g T o
_.9‘“, mWvYy — é v Ba‘a-hdﬁapa_ _ &%’ra‘a‘a\,"'
- gm,:;gpu ‘- TE_;SF\J dpl:“hpp p + = Mffpgp
- %‘2’ Juv “l:‘PAP + M Ap Ay + 9 Qv Ty

+ T Xt —
‘3\’9#\,'4’6“7 W -“\’( - 3‘,3:? tpdoa'\’“q: A (D.12)

Re-arranging terms,

— Q ~d
'tpu = -9 Lp{Q:T __’3 —-'—_ LTy T, -.guéi'r“‘A

Y o 2w Y @R Fap (D.13)
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Because W satisfies Eq. (D.5), the first four terms on the
right hand-side of Eq. (D.13) do not contribute to -tﬂv
Also, since the stress tensor is always symmetric in its
indices, we can re-write the fifth, sixth and seventh terms

as

T d
P _|__ ™3 i abe a
na 97 v t e Dge Yy ¥ - 9,7 Ay ko

which is equal to

¢Y“d»a{% W — 9 A } P

where - \ be
V‘, = 9’* - ';‘COBPC o
Therefore, Eq. (D.13) becomes
t+ = $7%4d 1 - - 1
v Y pa( LV\) ‘ﬂuAv)q’ I QPU‘ 9,7
gr YAV [3 zn opd
2 2
+ Mo AL A —~ Mg R
ar HY gn oA Ak A
- = dw b ":hﬂPPF + L Pe (D.14)
lor "B «p MW U 4r pa VP '
When the scalar and vector fields are absent, this
hecomes — & |
t = ¥ d!m'.; Vo ¥ (D.15)
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Appendix E
"COVARIANT'" CONSERVATION OF FERMION CURRENT

The fermion field equation is given by [see Eg. (5.7)]

» =
( r 4 Vi + my )«P O (E.1)
where r* = e“; v & (E.2)
To prove V, (Pr*w ) = 0 , we first obtain the

hermitian conjugate of Eq. (E.1l) by proceeding as follows.
We re-write Eq. (E.l1) as [see Eq. (D.5) of Appendix D]:

d

Iy b = -
(r_i'Dl,.-ﬁmYde +m,,,)‘l’_0, (E.3)

- d
the expression for @ being given by Eq. (B.10) in Appen-

dix B. We choose the Dirac-Pauli representation for Y% .

namely:
o T 0]
R /o Tk ) (E.5)
—fL (o)

where OWR are the usual Paull spin matrices.

We note that
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.,.-

(ve) = ¥°
+ _  _ vk
(.YR) = Y
+
(Ts) = =¥
Eq. (E.3) is
R op o M| 24
(”k:’f‘*“o PR -gBU%emy) Y =0 e

Taking hermitian conjugate of Eq. (E.6), we get

+ +
b ¥ 9 +
2x1 2x° R axt o

Multiplying this equation by 'Y° from the right, and noting

that
{Y"i 'rb} ="“7GL, ‘JGL-‘- diag (=t 1 1:1)
we get
_.'E (%%" e:'rk + :—x—i e.':T") +
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Or,
-\ m > Gt t_d_, —
i(DPQ’)r +ZL(P TSYC( w ¥ o+ nLq, =0 (E.7)
Noting that
+ _d e _d
Eq. (E.7) becomes
-1 (%)r* L7 &° § =0
L("") +;1-,:tp & Y, ¥ + MY
which is
| T —_—
—.{(va)r"" + my¥% =0 (E.8)

This is the hermitian conjugate of Eq, (E.1). Now, we multiply

Eq. (E.1) by P from the left and Eq. (E.8) by ¥ from the

right. This gives

i
G

Ot T+ mu) v (E.9)

and - LL (Vu )T ¢ + my TV =0 (E.10)

Subtracting (E,10) from (E.9), we get

Prrswt b L(wg)yrte <=0

L
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or,

I
o,

| — —
< Vu AP THE) % (vt ) e

Now we note that

This gives

v
A A eya)em

Also, we know from general relativity that the covariant

derivative of the metric vanishes. Therefore, since e:,4=o

we have
Mo
= O
V& e
Hence, v r™ = O
P

Eq. (E,11) then gives

g r*e = 0
v, (® )

Note that if, instead of (E.1), we have Eq. (6.2},

namely:

}*G..L v_.l' A - gq’ = 0
{eo.y,;(f* 9y An ) + My 9.7

we once agaln get

(E.11)

H
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v.(grm¢) =o

Since AP- and ¢ are hermitian.
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Appendix F

CONTINUITY EQUATION FOR THE FERMION CURRENT

From Eq. (3.21), we note

« o «p
let = 20 (%3FP+3qu- anM) (F.1)

Changing the positions of the indices B and o in the

third and first terms in parentheses, we see that these

two terms cancel each other, so that

r:q = L WP % (F.2)
We also note
dg = g KFdg,
=719, dhP (F.3)
.. From (F.2) and (F.3), we get
oo Lo = F.4
px =g W8 = 2 (4n13) (F.4)

Now, the ''covariant" divergence acting on a vector field
AP' is
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v. AR = g At 4 Y (F.5)
Using Eq. (F.4), this becomes

M v
A —_ F' -
VP' 9’,_}\ + A Qq(ﬂth)

!
= 5 (3 at) (F.8)

Therefore, if one has
M
v =
. A = O (F.7)
it follows that

%A(f'—fl AY) = o (F.8)

Since V.(® el v*y) = o , the above

reasoning gives

(g Felvrv) - o (F.9)
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Appendix G
THE CONSERVED TOTAL ENERGY-MOMENTUM TENSOR

)
Given a Lagrange function A ( qm’ 32}“ saxt )
where qf‘) (¢=1,2,3,...) denote the field variables, the

energy-momentum tensor is given by80

M
&, = Z‘f)” XA SN (G.1)
) ,am v
L e
and it is a conserved quantity:S8°
2. 8" - o (G.2)

Evaluation of this conserved quantity (G.,1l) for a system
in which a spin 2 field is in interaction with external fields
can be done in formal analogy to gravitation (which is simply
a massless spin 2 field). 1In dealing with a spin 2 field,

Eq. (G.1) will get modified into

M (0
9, -_-Zq f*a(f-‘y\)_gﬁf%,\ (6.3)

! (2)
P
L ?'v

In applying this formula to external fields which serve as

the source for the spin 2 field, the quantities q(‘) are

different from gﬂu ; then we can take }-g out from
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under the sign of differentiation, and the right-hand side
of (G.3) becomes equal to [-g -l:-'u\, , where ‘{:r:, is the
energy-momentum tensor of the external fields. This -Ef, and
the definition given in the text, namely Eq. (6.6), are
identical (see reference 78). When applying Eq. (G.3) to
the spin 2 field, we must set [TgA = £ , where &£ is given

(¢

by Eq. (4.19), and take the quantities 9 as the components

of gﬂv ; this gives us ?u [see Eq. (4.11)]. In our nota-~
N
tion, 'tg = h# %xq . Hence the conserved total energy-

momentum tensor is given by

M =V ®A
6, = Ty + [F3h ¢ (G.4)
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Appendix H

LOW AND HIGH DENSITY LIMITS OF THE EQUATION
OF STATE OF NEUTRONS INTERACTING THROUGH A SPIN 2 FIELD

First we obtain the analytical solution for the components
of the spin 2 field in the limiting cases of low and high den-
sities., For neutrons interacting through a spin 2 field, the
equations that determine the spin 2 field are [see Egs. (5.57)
and (5.58) in Chapter 5]:

x>~ ¢ _ayI, + 2am wy¥ I, = o (H.1)
3
3x” — 3xy*_ ay I -6 amzN xyl I, =0 (H.2)
2 2
where a = 2F /'rr)fb}zmN (H,3)
ke
= Y A It Y2
II = i_'r;:( gdh/(h” + m:']- (H.4)
.0
T 2 X "7 2 "2
= X - -+ %2
2 VS k(R mi) (H.5)
)
RE , L2 2 Y2,
I, - %5 dk R/ (R ) 8.6)
O
- A
R* = YRt (H.7)
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(H.8)

(1) Low density limit ( hF<< mo)

In this limit I4, Ia,
and I3 take the following form:

—-Y2 =Mz 3
T = 2
' 5m,," y RF (H.9)
_ 8my _th lj2 3
I, = 5 X Y ke (H.10)
1 = ¥mn -2 —V2 5
3 - —g— X Yy kf: (H.11)
Eqs. (H.1) and (H.2) then become
3 36 4 Vo 3)2 3
X — Xy "3“me F = o (H.12)
3 6 3 2 ga -la 2 Ve. 32 3
3xy = 3%y - 82 k. -4am x y ke = O (H.13)
5m,
Now, X and Yy are related to the spin 2 field
components % and A by
|/2.
X = (|+ x) (H.14)

/2
y = {1+ A) (H.15)
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Using Eqs. (H.14) and (H.15) and remembering that %, A << 1

in the low density limit, Eqs. (H.12) and (H.13) become

3
-3 - ﬂ;a.m,; kF = O (H.18)
_ %a 3 >
3% + 6 A é._’.“IQF.-élaumla,_-—c: (H.17)
N
These yield
3
2
kR
4 - 8 f Fz (H.18)
q“'"”‘wk
a; _ ‘RJFA 16 Fi- k3
2 2 i F
qumumf g"mu m+”
40 £* 3

(4

(H.19)
(ii) High density limit ( kF» m ): In this 1imit, we have

1,

R
ol

F (H.20)
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4
I,. ~ 2 kF (H.21)
T 4
Egs. (H.1) and (H.2) then become
3 3 6 kq 2 2 i
x> — x°y ~ 2ayRg + Sla'mN Xy Rg = © (H.23)
A 6 4 2 2 2
3y — 3xy - 2ay kF - bam, xy kg = © (H.24)

Examination of these equations shows that the solutions will
be of the following form:

Y = Y, = constant, independent of Rg (H.25)
4/3
x k':
4/3
Let X = ARg (H.26)

where A is the constant of proportionality.

Keeping the leading terms, Eqs. (H.23) and (H.24)

become respectively (since kg #0 ):

3
ANC1=y°f) = 2ay,
3 A’y = Zay,
oy
These give Yo = 2 /3

(H.27)
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x is then evaluated using Eq. (H.27) in Eq. (H.23).

We get
I/q i3
2 £ my ke \#/3
x = l z (H.28)
3/3 TrmF my
Therefore, we get
2 -2/3
A== Y-l = 2 - (H.29)
% = xz -
r B
~ X
22/q 2 2/3 §/3
2
- 2 fmy (kr
3213 Tm2 | \ my (H.30)

We now get the limiting expressions (corresponding to

low and high densities) for the equation of state. The chemical

potential ( (4 ), energy density ( € ) and pressure (P ) are
given by [see Eqs. (5.39), (5.70) and (5.71) in Chapter 5]:

#2 s

/2 )2
mo= (k,:+m~ ) = -;-(k:+x7mf,) (H.31)

e m. z o ‘o
R T
o
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ke

mi. m?. d._)h _"1
2
P = . Nl(xz.'_?,y’-_x:y‘_,}) +
31ng 3(an)” (w‘ p )

(H.33)

(i) Low density 1limit: 1In this 1imit, the solution for %

and A are given by (H.18) and (H.19):

3
A = - kg (H.34)
3
X = 5o Rg (H.35)
A
Where A = %— (H.386)
qTrthnN
We note that
3
Vy/x = 1= 3& k¢
3
and Xy = |+ 2«Rg

Then, Eq. (H.31) gives
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3 2 /2
po= (1- 3 kp){ Re + (¢+a-dk3p)mzn}
I N
= m“{ i+ ke _ 2 & k:_:

zm),
> ¢

~ 3%Rp _ 342 Rp (H.37)

zm:"

To evaluaté € and P , we note that in the low density limit

we have
Z 2 z ¢
X + 3y - XY - 3 ~ o (H.38)
ky
3 7 o . o 4 3 )
S dh( hxzi- m,:) ~ 4Tl"n'\N kF + RF
0 BmIB\l 10 mz
é 2 9
_ 24Re 3 Rkp « ke
3 " 3 (H.39)
3"& 'o,“N 'hN
kE
- .2 5 2
S dk B* aand | ke kF 4« ky
- 2 - -
(R s mit)" N osm 14m? Sm
1o il
7 3

4 m (H.40)
N Em
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Therefore, Eqs. (H.32) and (H.33) give

3 s 6 3
€ = M ke + ke _ 2dke _ dARe xth :Ir (H.41)
72 | 3 tom® 3 0 Mg F
m‘:, k,f k: 4 hs,: 3o R': 3»«1h;'
P = wch bl + — + - (H.42)
mfSm 4m sm 14m sm

The energy per particle is

S
€ Re 3 9ok 2 ¢
S m i+ — 2k — — . — 34 kg (H.43)
n N 2 F a
IomN o my

(ii) High dengity limit: 1In this limit, we have

N ~-2/3
=2, = 7# -4 (H.44)
g/3
X = Re (H.45)
22/q 2 23
where p = z (H.46)
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We note that, in this limit,

- -4/3
y/x = (|4-A°)UZ 8 2 R

1 4/
(‘+ %o) < PI’Z kF 3

12

xy

Eq. (H.31) then gives
fl. = (+ O) P kF kF + (H' Ao) ﬁ 2 kF }

i vy 23 23
S WO me My ~ 113

14/ 2/3 F (H.47)

i

To evaluate € and P , we note that in the high density

limit we have

2)3 2 s
(xz+3y1~x276‘3) = Bkg + 3, - BY, k:ls _ 3
6 §/3
=~ B (1% ) &
— 3 8/3
= = P ke (H.48)
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ke
- a2 2 T
‘( dh(5‘+m:z) ~ T (1+3s) &/3
7 Re (H.49)
0 P 2
Rp
- -!xl l
dR Kk T () 2/
-l‘l A2 ',z - '}2_ F (H-SO)
R +mN) B
0
Then, Eq. (H.32) and (H.33) give
4/3 2)3 2/3
e 3/ mp My |‘z‘&'l3
ala sz 2> ¢ (H,51)
2 w {
2/3 /3
P = o s (#,52)
3 2w f
Finally, the energy per particle is
c 712 y3 2/3 2]3
3 0w o om, my
— = : ro /3 (H,53)
n F

4/ 23
2



143

We note that in the high density limit we get the fol~

lewing relationships between M , € and P
no= g(e/n) (H.54)

P = ""!Ei € (H.55)
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Appendix I
SELF-CONSISTENCY OF THE HARTREE APPROXIMATION SCHEME

Consider the total energy of a system of neutrons
interacting through spin 2 mesons. In the Hartree scheme,
this is given by (V=volume)

E=Ve (I.1)
where € 1is the total energy density, given by Eq. (5.70).

We can re-write (I.1) as

E = %'nkéfh + YW (I.2)
where
3/ |
€, = l+A  p* (1+2) ta)
kK~ —_—k + m (1.3)
[+ % (14x)"2
W = - 2 F (”,A) (1'4)
b -
z = ™M™
2wF? (1-9)
3
F(y)) = xA+xA"+JSxA3+A1+.éA (1.6)

If Eq. (I.2) is thermodynamically correct expression
for energy, appropriate for the ground state of the neutrons,

then we should have
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°%E  _ o (1.7)
il 4

S5E

o — ——1 o .
TN (I.8)

Field equations:

In the Hartree scheme, % and X

are determined by the 0-0 and 1-1 components by Egq. (5.12)
with R =o0:
P

?_m;' Cﬁgpu'vpv) = + Kﬂ‘Fz (":pv - 4 t )

Z Jpv (1.9)

We can re-write this as

| 1- m?.. 7.0(
"i"lc“’f?pv - ;_‘“’)Pu*' %‘*’hpg
B

2
+ 5;2—‘;-_ -L-w (I.10)
N

v

Now, we note, from Eqs. (5.28), (5.46) and (5.50), the
following relations:

t = 7 € .
» e <€ (1.11)
h'l
£ . >
" Y < 3¢, (I.12)

Using Egs. (I.10) and (I.11), and remembering that in the

Hartree approximation g

has the form (5.22), Eq. (I.10)
becomes
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0 - 0 component:

2‘+§3+31A+3>\ R leng” n <€ 7 -
"
N
1 - 1 component:
2 3
a3 aaxn 43 A a3 4 x X = —-—"’“‘c . (K ) (1
, 3€p

Let us now go back to Egqs. (I.7) and (1.8). From

Eq. (I.2) we note

€K I +A = [+X

52 - T ze 3T Tt '1 (1
R U+X) |+¥

d€nr | 2 | A

—_— = — _k* o4 2 (1

PN 26&. l+X 2 |+x

From Eq. (I.2), we also have

4

2
+A ¥ 2 €r R*
m = — - (I.
I+ N 4+ X2 i+%
Using (I.17), (I.15) and (I.16) become

9€x

_— = —_— I.

2%k 3 !

TR Sl 1Y (x

13)

.14)

.15)

.16)

17)

18)

.19)



147

where 7
9, = [+ A k*
kR~ ™ ek (I.20)
Also, fraom (I.6),
2F 2 3
a7, = i
% A+ A+ F A (1.21)
.§;§ = L HF2A 4+ 2EAFA 4 XAT (I.22)
Then, Eqs. (I.7) and (I.8) become
3 L
n ( ¢ - )
Z ™ iy (G5
2 2
— 2V (X+ 224+ 20+ A +)cx) = 0 (123
| -z V 2 13
—-Sn Ceg+9. ) - ZY (A+XN +L = 0 (I1.24)
% R 4()) R ( 32
Solving the above equations for % N Ex  and % "%, .
we get
|
— )h € = X A +2F(x, A
oy Z x €k + X, A) (1.25)
|
-1 Smn = + Fx, A) (1.26)
zv% e, X + 55X + 6F (X

These equations can be re-written as
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3 A lon £2
--;-L- + -3?- +3F(X,X)=---,-_—F m <€k> (I.27)
ﬂ\’hN
¥
5 A * 2
—ii- + —5— FIFLN = - Adlhs n(l+m<k > (1.28)
mﬂz m{_?. (H- x ) 36#

We see that Egqs. (I1.27) and (I.28), derived from the
minimization of the total energy, are identical to the field
equations (I.13) and (I.14), derived as the Euler-Lagrange
equations from the Lagrangiah. Hence, our approximation
scheme is self-consistent, and should, therefore, comply with
the first law of thermodynamics. To give a specific demon-
stration of this, we consider the case of high density limit

( kF>7th ). In this case we have (see Appendix H):

%/3 %/
€ ~ kF A~ m (I.29)

Then, the thermodynamic consistency criterion:

1>=-e+nf';€- (I.30)
mn
gives the pressure to be
i
P = _.‘.,e (I.31)

We have shown in Appendix H [see Eq. (H.55)] that (I.31l) is
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indeed true in the high density limit. Turning now to the
chemical potential ( M ), the thermodynamic consistency cri-

terion gives [see Eq. (5.74) of Chapter 51]:
— |
K= o (P+ €) (1.32)

With € and P given by (I.29) and (I.31) in the high den-

sity limit, it follows that
g
po= -51(5/7‘) (1.33)

In Appendix H, we have shown that this is indeed valid in the

high density limit.
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Appendix J

FORTRAN CODE FOR THE MASS, RADIUS
AND MOMENT OF INERTIA OF A NEUTRON STAR

MAIN
COMPUTING MASS,RADIUS, MOMENT OF INERTIA OF A NEUTRON STAR

IMPLICIT REAL*8(A-H,M,p-7)
XN=MASS DENSITY,FN=PRESSURE ,EN=NUMBER DENSITY
N IS THE NUMBER @F XN,FN,EN PQINTS

DIMENSI@N XN(100),FN(100),INDEX(100),EN(100),581(100),
1INDEX(100)

N=100

READ(2,50) (XN(J),J=1,N)

READ(2,50) (FN(J),Jd=1,N)

READ(2,50) (EN(J),J=1,N)

CALL SPC@EF(N,XN,FN,S, INDEX)

CALL SPCQPEF(N,XN,EN,S1,INDEX1)

CENTRAL DENSITY AND INITIAL INCREMENT
READ(2,70) RQ

IF (RQ.EQ.0.DO) G@ TP 99

WRITE(3,80) RQ

P=SPLINE(N,XN,FN,S, INDEX,RQ)
DERY=DERIV(N,XN,FN,S, INDEX,RQ)

DELR=1.D2

M IS THE GRAVITATI@NAL MASS

M=12, 56637062D0*DELR*DELR*DELR*RQ
DEN=SPLINE(N,XN,EN,S1, INDEX1,Rp)
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FACTOR=DELR-1.484986855D-14*M
DEN@M=DSQRT (FACTQ@R )
MB IS THE BARY@NIC MASS

MB=20.84760886D0%(DELR**3.5)*DEN/DEN@M
SPECIFY ARBITRARY (®MEGA AT CENTER

@MEG=1,82342D0
DFDR=7 .424934275D-15% (M+12 . 56637062D0* (DELR**3)*P) /

1(DELR*FACT@R)
U=4.D0x (DELR*%4 ) *PMEGx (DFDR+9 . 933044759D-14 % (DELR*%2 ) *

1RQ/FACT@R-7.42493427D-15%M/ (DELR*FACTOR)
R=DELR

NL@@P=100

DY 30 I=1,150

D@ 20 L=1,NLQ@P

A=RQ+D

B=M/R+12.56637002D0*R*R4P
C=R-1.484986855D-14M
DR@P=-7.424934275D-15%A*B/ (C+DERY)
RP=RO+DRP*DELR

IF (RP.LE.7.86D-14) G@ TQ 40
M=M+12.56637062D0*R*R*RP*xDELR
DEN=SPLINE(N,XN,EN,S1, INDEX1,RQ)
FACTOR=R-1.484986855D-14xM
DEN@M=DSQRT(FACT@R)

MB=MB+20 .84760886D0* (R#%2.5) *DEN*DELR/DEN@M
P=SPLINE(N,XN,FN,S, INDEX,R@)
DERY=DERIV(N,XN,FN,S, INDEX,Rp)
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DFDR=7.424934275D-15% (M+12 . 56637062D0% (R**3)*P) /
1(R*FACTPR)
@MEG=@PMEG+DELR*U/ (R**4 )
U=U+DELR* (U+4 . DO% (R**3 ) x@MEG* (DFDR+9 ., 33044 759D-14%
1(R+*2)*R@/FACTOR-7.424934275D-15%M/ (R*FACTOR) )
R=R+DELR

20 C@NTINUE

30 CPNTINUE

40 R=R-DELR
MASSES IN S@LAR UNITS
M2=M/1.987D0
M2=MB/1.987D0

AJ IS ANGULAR MOMENTUM
AJ=2.244688781D13%U
PM=PMEG+U/(3.DO*(R*%*3))

AT IS MPMENT @F INERTIA
AI=AJ /M
WRITE(3,60) R,M1,M2,QM,AJ,ATI
GP TP 10
50 FPRMAT(6D12.6)
60 FPRMAT(1X,'R=',D14.6,3X, 'M1=',D14.6,3X, 'M2=',D14.6,
13X, 'OM="',D14.6,3X, 'J=',D14.6,3X, 'I="',D14.6//)
70 FPRMAT(D12.6)
80 FPRMAT(1X, 'DENSITY=',D12.6/)
99 ST@P
END

SUBRPUTINE SPCQEF(N,XN,FN,S,INDEX)
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IMPLICIT REAL*8(A-H,P-Z)
DIMENSION XN(N),FN(N),S(N),INDEX(N),RHP(150),TAU(150)
NM1=N-1

Dp 1 I=1,N

INDEX(1)=1

D@ 3 I=1,NM1

IP1=I+1 |

D@ 2 J=IP1,N

II=INDEX(I)

I1J=INDEX(J)

IF (XN(II).LE.XN(1J)) Gp TQ 2

ITEMP=INDEX(1I)

INDEX(1)=INDEX(J)

INDEX(J)=1TEMP

CPNTINUE

CPNTINUE

NM2=N-2

RHP(2)=0.D0

TAU(2)=0.D0

DP 4 I=2,NM1
IIM1=INDEX(I-1)

II=INDEX(I)

IIP1=INDEX(I+1)
HIM1=XN(II)-XN(IIM1)
HI=XN(IIP1)-XN(II)
TEMP=(HIM1/HI ) (RH@(I)+2.D0)+2.D0
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RH@=-1.D0/TEMP

D=6 .DO*( (FN(IIP1)-FN(II))/HI-(FN(II)-FN(IIM1))/HIM1)/HI
4 TAU(I+1)=(D-HIM1*TAU(I)/HI)/TEMP

S(N)=0.D0

DY 5 I-1,NM1

IB=N-1I

S(IB)=RH@(IB=1)*S(IB+1)+TAU(IB+1)
5 CPNTINUE

RETURN

END

FUNCTI@N DERIV(N,XN,FN,S, INDEX,X)
IMPLICIT REAL*8(A-H,p-Z)
DIMENSI@N XN(N),FN(N),S(N),INDEX(N)
I1=INDEX(1)
IF (X.GE.XN(I1)) GP T 1
I2=INDEX(2)
H1=SN(I2)-XN(I1)
DERIV=( (FN(I2)-FN(I1))/H1-H1xS(2)/6.DO0)
RETURN

1 IN=INDEX(N)
IF (X.LE.XN(IN)) GP T9 2
INM1=INDEX(N-1)
HNM1=XN( IN)-XN( INM1)
DERIV=( (FN(IN)-FN(INM1))/HNM1+HNM1%S(N-1)/6.D0)
RETURN

2 Dp 3 I=2,N
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II=INDEX(I)
IF (X.LE.XN(II)) Gp TQ 4
3 CPNTINUE
4 L=I-1
IL=INDEX(L)
ILP1=INDEX(L+1)
A=XN(ILP1)-X
B=X-XN(IL)
HL=XN(ILP1)-XN(IL)
DERIV=-S(L)*(3.D0%A*A/HL-HL)/6.D0+S(L+1)*(3.D0*B*B/
1HL-HL) /6 .DO+(FN(ILP1)-FN(IL))/HL
RETURN
END

FUNCTION SPLINE(N,XN,FN,S,INDEX,X)

IMPLICIT REAL*8(A-H,Q-Z)

DIMENSI@N XN(N),FN(N),S(N), INDEX(N)

I1=INDEX(1)

IF (X.GE.XN(I1)) G T@ 1

I2=INDEX(2)

H1=XN(I2)-XN(I1)

SPLINE=FN(I1)+(X~XN(I1))*((FN(12)-FN(I1))/H1-H1%S(2)/
16.D0)

RETURN
1 IN=INDEX(N)

IF (X.LE.XN(IN)) GP T9 2

INM1=INDEX(N-1)
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HNM1=XN( IN)-XN(INM1)
SPLINE=FN(IN)+(X-XN(IN))*( (FN(IN)-FN(INM1))/HNM1+HNM1
18(N-1)/6.D0)

RETURN

D@ 3 I=2,N

II=INDEX(I)

IF (X.LE.XN(II)) Gp TP 4

C@NTINUE

L=I-1

IL=INDEX(L)

ILP1=INDEX(L+1)

A=XN(ILP1)-X

B=X-XN(IL)

HL=XN(ILP1)-XN(IL)
SPLINE=A*S(L)*(A%A/HL-HL) /6 .DO+B#S(L+1)*(B*B/HL-HL)/
16.D0+(A*FN(IL)+B*FN(ILP1))/HL

RETURN

END
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