
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 

the text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any type of 

computer printer.

The quality of this reproduction is dependent upon the quality o f the 

copy submitted. Broken or indistinct print, colored or poor quality illustrations 

and photographs, print bleedthrough, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and continuing 

from left to right in equal sections with small overlaps.

ProQuest Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Fault Tolerant Control for Aircraft Control 
Surface Failures

By 
Abderrazak Idrissi Belkharraz

A dissertation submitted to the Graduate 

Faculty in Engineering in fulfillment of 

the requirements for the degree of 

Doctor of Philosophy,

The City University of New York

2003

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



UMI Number: 3103081

___ ®

UMI
UMI Microform 3103081 

Copyright 2003 by ProQuest Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e r m is s io n .



This manuscript has been read and accepted for the Graduate 

Faculty in Engineering in satisfaction of the dissertation 

for the degree of Doctor of Philosophy.

f r l y  9  j  -Scrfa -ti
Date Chair of Examining Committee

Date Executive Officer

Professor K.M. Sobel, Mentor

Professor F.E. Thau

Professor G.M. Kranc

Professor J. Xiao

Dr. J.E. Piou, MIT Lincoln Lab

Supervisory Committee 

The City University of New York

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



iii

Abstract

Fault Tolerant Control for Aircraft Control Surface Failures

By

Abderrazak Idrissi Belkharraz

Adviser: Professor Kenneth M. Sobel

In recent years, fault tolerant flight control systems have gained an increased 

interest for high performance military aircraft as well as civil aircraft. Fault 

tolerant control systems can be described as either active or passive. An 

active fault tolerant control system has to either reconfigure or adapt the 

controller in response to a failure. In contrast, a passive fault tolerant con­

trol system uses a fixed controller which achieves acceptable performance 

for a presumed set of failures.

A passive fault tolerant flight control law is designed for the F/A-18 air­

craft which achieves acceptable handling qualities for a class of control sur­

face failures. The class of failures includes the symmetric failure of any 

one control surface being stuck at its trim value. A comparison is made of 

an eigenstructure assignment gain designed for the unfailed aircraft with a 

fault tolerant multiobjective optimization gain. We show that the time re­
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sponses for the unfailed aircraft using the eigenstructure assignment gain 

and the fault tolerant gain are identical. Furthermore, the fault tolerant gain 

achieves MIL-F-8785C specifications for all failure conditions.

An active fault tolerant control law is designed by using direct model ref­

erence adaptive control for multi-input multi-output plants. We augment 

the plant with a feedforward compensator such that the inverse feedforward 

stabilizes the plant over the set of allowable failures. We prove that the 

augmented output error is asymptotically vanishing for a loss of control 

effectiveness failure. A novel state space approach for computing the feed­

forward compensator is proposed. We demonstrate the use of our algorithm 

by application to a three input model of the linearized lateral dynamics of 

the F/A-18 aircraft.
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Chapter 1 

Introduction

1.1 Background

Aircraft flight control systems are designed with extensive redundancy to 

ensure a low probability of failure. During recent years, however, several 

aircraft have experienced major control system failures. These failures have 

caused an increased interest in fault tolerant flight control systems. The 

objective of fault tolerant flight control is to control and safely land the 

aircraft in case of severely damaged or inoperable control surfaces. The 

two approaches to fault tolerant control are active and passive control. An 

active fault tolerant control system has to either reconfigure or adapt the 

controller in response to the failure. One way is to reconfigure the controller

1
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based upon detection and identification of the failure. Another way is to use 

direct adaptive control to adjust the controller without explicitly identifying 

the failure. In contrast, a passive fault tolerant control system uses a fixed 

controller which achieves acceptable handling qualities for a given set of 

failures.

1.1.1 Eigenstructure Assignment Methods

Several authors have utilized eigenstructure assignment to design reconfig- 

urable flight control systems. Gavito and Collins [1 ] used eigenstructure 

assignment to recover the undamaged modal response under the assumption 

that the failure has been detected and identified. Napolitano and Swaim [2] 

used eigenstructure assignment to remove the lateral-longitudinal coupling 

induced by an asymmetric control surface failure. Jiang [3] used eigenstruc­

ture assignment to recover the dominant eigenvalues and eigenvectors of an 

aircraft longitudinal control system which has undergone some operating 

condition variations or system component failures. However, all of these 

approaches require an on-line identification of the parameters of the plant 

after failure.

Jiang and Zhao [4] used eigenstructure assignment to design passive fault
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tolerant controllers for actuator failures. This approach is based on ro­

bust regional eigenvalue assignment with the addition of a precompensator. 

However, this design method requires extensive redundancy. Gorrec et. 

al. [5] proposed a multimodel approach for the landing phase of a large 

transport aircraft. This method uses a bank of models covering the entire 

flight envelope. First, the authors design an initial gain for a chosen origi­

nal model. This gain is used to control all of the models and a multimodel 

analysis is used to detect the worst model. Then, a quadratic optimization 

procedure is used to improve the behavior of the worst model while keep­

ing good performance relative to the original model. However, the designer 

must be careful to avoid conflicting objectives.

Our first contribution is a new result for eigenstructure invariance when it is 

known which control surface is most likely to fail. We seek a constant gain 

output feedback controller such that the dominant eigenstructure is invari­

ant under this failure. We show mathematically that the solution is that the 

failed control surface should not be used. That is, if the j th control surface 

will fail, then the f 1' row of the constant output feedback gain matrix will 

be simply zero. For this purpose, we first derive a basis for the subspace in 

which the eigenvectors of the failed system must lie. Then, we show that
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there exists a constant output feedback gain matrix which yields an invariant 

dominant eigenstructure both before and after failure. Finally, we prove that 

the j th row of this feedback gain matrix will be zero.

Our second contribution is the design of a passive fault tolerant flight con­

troller for a control surface failure. We consider the linearized lateral dy­

namics of the F/A-18 aircraft. The class of control surface failures we con­

sider includes the symmetric failure of any one control surface being stuck 

at its trim value. It is not known in advance which control surface will fail. 

We compute an optimal feedback gain using an off-line multiobjective opti­

mization technique. A comparison is made of an eigenstructure assignment 

gain designed for the unfailed aircraft with the fault tolerant multiobjective 

optimization gain. We show that the time responses for the unfailed air­

craft using the eigenstructure assignment gain and the fault tolerant gain 

are identical. Furthermore, the fault tolerant gain achieves MIL-F-8785C 

specifications for all failure conditions.

1.1.2 Adaptive Control Methods

Model reference adaptive control is based upon matching the response of 

a system or “plant” to that of a reference model. The inputs to the plant
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(which are generated from the model inputs, the model states, and the error 

between plant and model outputs) drive the outputs of the plant to equal the 

outputs of the model.

Boskovic and Mehra [6 ] designed an adaptive control reconfiguration scheme 

for accommodation of actuator failures for a class of plants where the num­

ber of control inputs is larger than the number of measurements. Ref. [6 ] 

uses an adjustable adaptive control law to achieve the control objective 

based on the overall system response. Hence, no failure detection and iden­

tification is needed. However, the state of the system is required to be avail­

able. Later, Boskovic and Mehra [7] proposed a multiple model based re- 

configurable flight control for an advanced fighter aircraft in the presence 

of wing damage. This method is based on the concept of multiple models, 

switching, and tuning. Ref. [7] includes an output error feedback term in the 

controllers. This makes the overall system robust when the actual damage 

does not coincide with any of the models. However, the system becomes 

sensitive to noise. Furthermore, the plant is assumed to be invertible, mini­

mum phase, and full state feedback is required. More recently, Boskovic and 

Mehra [8 ] proposed an intelligent adaptive reconfigurable control scheme to 

improve the method described in Ref. [7], This scheme uses multiple ob-
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servers to find the reference model closest to the current plant dynamics and 

switches to the corresponding controller. However, the plant is still required 

to be invertible, minimum phase, and full state feedback is required. In 

their latest work, Boskovic and Mehra [9] proposed a multiple model adap­

tive control to accommodate different types of actuator failures. The design 

uses a parameterization for the actuator failures in terms of input signals 

and controller gains. This enables the inputs and gains to be estimated sep­

arately. Ref. [9] considers locked in place, hard over, and loss of control 

effectiveness failures. However, the state of the system is still required to be 

available. Moreover, the number of actuators has to exceed the number of 

states directly affected by the failure of these actuators.

Tao et. al. [10] proposed an adaptive control algorithm for systems with 

actuator failures using state feedback. Later, Tao et. al. [11] extended their 

approach to output tracking. However, the authors require that matching 

conditions be satisfied. In general, these conditions are restrictive and the 

design is applicable only to single output plants.

Kaufman et. al. [12] have developed direct adaptive control algorithms for 

multiple input multiple output systems. Stability is proven for plants that
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are almost strictly positive real (ASPR) for all possible plant parameter val­

ues. In Ref. [12] the authors insert a feedforward compensator around the 

plant so that the augmented system is ASPR. Ref. [12] presents time and 

frequency domain approaches for designing the feedforward compensator. 

The time domain approach is based upon satisfying constraints which en­

sure the stability of the characteristic polynomial of the closed loop system 

for all possible parameter variations. The frequency domain approach is 

based upon modeling the plant uncertainty as either additive or multiplica­

tive perturbations in the transfer function matrix.

Morse and Ossman [13] applied the algorithms of Ref. [12] to reconfig- 

urable flight control of the AFTI/F-16 aircraft. However, Morse and Oss­

man [13] assume that all state variables are measurable which significantly 

simplifies the controller design.

Our third contribution is a new result for direct adaptive control of multi­

input multi-output systems with control surface failures. We augment the 

plant with a feedforward compensator such that the inverse feedforward 

stabilizes the plant over the set of allowable failures. We prove that the 

augmented output error is asymptotically vanishing for loss of control ef­
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fectiveness failures. A novel state space approach for computing the feed­

forward around the plant is proposed. We use the MATLAB® LMI Tool­

box [14] and the MATLAB® Optimization Toolbox [15] to find a feedback 

gain K  which (1) stabilizes the plant for all possible failure configurations 

and (2) minimizes the inverse of the gain K. Then, the feedforward gain 

AT- 1  achieves the ASPR condition for all failure configurations. We demon­

strate the use of our algorithm by application to a three input model of the 

linearized lateral dynamics of the F/A-18 aircraft.

1.2 Historical Review

1.2.1 Eigenstructure Assignment for Linear Systems

Consider an aircraft modeled by the linear time invariant matrix differential 

equation described by

x  =  Ax + Bu ( l .l)

y  =  Cx (1.2)

where x  is the state vector (n x 1 ), u the control vector (m x 1 ) and y the 

output vector (r x 1). It is assumed that the m inputs and the r outputs are
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independent. If there are no pilot commands, the control vector u equals a 

matrix F  times the output vector y:

u = —Fy (1.3)

Theorem 1.1 [16]

Given the controllable and observable system described by Eqs. (1.1) and

(1.2), max(m,r) closed loop eigenvalues can be assigned and max(m,r) 

eigenvectors (or reciprocal vectors by duality) can be assigned with min(m, r) 

entries in each vector arbitrarily chosen using constant output feedback.

Andry et. al. [17] concluded that the eigenvectors v,- must be in the subspace 

spanned by the columns of (A.,7 — A)- 15. This subspace is of dimension m 

which is equal to the number of independent control variables. Thus, if we 

choose an eigenvector v,- which lies precisely in the subspace spanned by the 

columns of (X f - A ) ~ lB, it will be achieved exactly. In general, however, a 

desired eigenvector vj  will not reside in the prescribed subspace and hence 

cannot be achieved.

Ref. [17] describes a method for computing the “ best possible choice ” 

for an achievable eigenvector. This best possible eigenvector is the projec­

tion of vf  onto the subspace spanned by the columns of ( k j  — A) ~ XB (in the
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least square sense). In many practical situations, complete specification of 

v/ is neither required nor known, but rather the designer is interested only in 

certain elements of the eigenvector. Thus, assume that v,- has the following 

structure:

V? =  [ v / l , X, X, X, X, Vij, X, X, v in]T

where v/y are designer specified components and x is an unspecified com­

ponent. Define, as shown by Andry et. al. [17], a reordering operation { }R‘

such that

u

di
(1-4)

where is a vector of specified components of vf  and di is a vector of 

unspecified components of vf. The rows of the matrix (A,7- A) - 1  B are also 

reordered to conform with the reordered components of vf.  Thus,

Li

Di
(1.5)

Then, as shown by Andry et. al. [17], the achievable eigenvector vf is given 

by

vf = ( Xi I - A) - ' Bz i (1.6)

where Zi  =  I ,  I i and where (•)’*' denotes the appropriate pseudoinverse of (•).
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1.2.2 Pseudo Control

Sobel and Lallman [18] proposed a pseudo control strategy for reducing the 

dimension of the control space by using the singular value decomposition. 

Once the design is complete the controller is mapped back into the original 

control space. The following describes the pseudo control strategy.

Consider an aircraft modeled by the linear time-invariant matrix differen­

tial equation given by Eqs. (1.1) and (1.2).

Consider the singular value decomposition of the control distribution matrix 

B  given by

B = U 1VT

S 3 V I

0 * I 
....

where U is the matrix of left singular vectors, V is the matrix of right singu­

lar vectors, and 2  is a diagonal matrix containing the singular values in the 

order of descending magnitude.
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Suppose we partition the matrix X as follows

X3 =

Ob

22
( 1.8)

where

(1.9)

with e not necessarily close to zero. If we partition I/ 3  and V3 conformally 

with X3 , then we rewrite Eq. (1.7) as follows:

B = U1 U2 U0

2 i Vir

2 2 ^2

0

1

( 1.10)

Now let the system with pseudocontrol 8  be described by

x  =  Ax  +  58 

y = Cx 

where

( 1.11)

5  =  £/, ( 1.12)
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A feedback pseudo control 8  is designed for the system described by Eq. 

(1.11). Then, the true control u for the system described by Eqs. (1.1) and

( 1 .2 ) is given by

(1.13)

To derive the inverse control mapping given by Eq. (1.13), we observe that 

upon comparing Eqs. (1.1) and (1.11), we require

Bu =  Bh (1.14)

Solving for the true control u, we obtain

u =  5 +58 (1.15)

where the pseudoinverse 5* may be written as [19]

- 1  t j TBJ = Ui ( 1. 16)

Upon combining Eqs. (1.12), (1.15), and (1.16) we obtain

u =  )U\8 (1.17)

Using Eq. (1.10) yields

:- i
u. = V, V2

v - i
2

U l

v l
t / 1 6 ( 1. 18)
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Expand Eq. (1.18) to obtain

u = V i I ^ lU{Uib + V2I ^ lUjUib  (1.19)

But, from the properties of the singular value decomposition [19], we have

that U and V are unitary matrices. Hence,

U [ U i = I  (1.20)

and

U } U i = 0  (1 .2 1 )

Thus, we obtain the desired result that

ii =  V127*8 (1.22)

Later, Sobel and Shapiro [20] extended the pseudo control strategy to al­

low the designer more freedom by adjusting a two dimensional parameter 

denoted by a . Sobel and Shapiro [20] applied the extended pseudo con­

trol strategy to design a yaw pointing/lateral translation control law for the 

FPCC aircraft.

1.2.3 Model Reference Adaptive Control

Model reference adaptive control is based upon matching the response of a 

system or “plant” to that of a reference model. The inputs to the plant (which
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are generated from the model inputs, the model states, and the error between 

plant and model outputs) drive the outputs of the plant to equal the outputs 

of the model. Kaufman et. al. [12] have developed direct adaptive control 

algorithms for multiple input multiple output systems containing significant 

uncertainty and disturbances.

1.2.3.1 Basic Algorithm

Consider the plant described by

where xp(t) is the plant state vector ( n x l ) ,  up(t) the control vector ( m x l )  

and yp(t) the plant output vector (r x 1), and Ap and Bp are matrices with 

appropriate dimensions. The plant parameters are assumed to be bounded. 

The objective is to find without explicit knowledge of Ap and Bp, the con­

trol up(t) such that the plant output yp(t) approximates the output of the 

reference model:

•^7?(0 —  ApXp (t) +  Bpup (t) (1.23)

(1.24)

X m (?) — A mXm (?) 4* B m U/i](?) (1.25)

Jm (?) — C mXm ( t ) (1.26)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e r m is s io n .



16

We emphasize that the order of the plant may be much greater than the order 

of the reference model.

The adaptive control law [12] that forces the plant output to track the refer­

ence model output is given by

up(t) = Kxxm(t) + Kuum + Ke\ym( t ) - y p(t)] (1.27)

where Kx, Ku, and Ke are adaptive.

The adaptive gains are concatenated into matrix Kr{t) defined as

Kr{t)  = Ke(t),Kx(t),Ku(t) (1.28)

The concatenated gain Kr{t) is defined as the sum of a proportional gain 

Kp(t) and an integral gain Kj(t), each of which is adapted as follows:

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

Kr(t) =  Kp(t) + K,{t)

Kp(t) =  ey(t)rT(t)T

Kl(t)

hT'"***ii

K,( 0) =  Kf o

ey(t) =  (ym - y P)

rT(>)

where T , T are time invariant weighting

gain, and C„ is the time invariant plant output matrix.
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It is shown in [12] that the tracking error is asymptotically stable provided 

that the plant can be stabilized using a constant output feedback gain Ke 

and the stabilized closed loop transfer function matrix Hc[(s) =  Cp(s l~  

A p + B pKeCp)~lBp is strictly positive real (SPR). This special class of sta- 

bilizable minimum phase plants is defined as almost strictly positive real 

(ASPR).

1.2.3.2 Extension Using Parallel Feedforward

The algorithm of Section 1.2.3 requires the satisfaction of an ASPR condi­

tion on the plant. Therefore, parallel feedforward compensation was pro­

posed to relax these constraints. Furthermore, the plant will not be required 

to be minimum phase.

Define Rp(s) as a feedforward compensator with realization:

sp(t) = Assp(t) + Bsup(t) (1.35)

r P ( 0  ~  Dpsp{t) (1.36)

The augmented output to be controlled is then

zP( t ) = y P{t) + rp(t) (1.37)
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and the augmented plant is

Ga(s) = Gp(s)+ R p{s) (1.38)

The augmented tracking error will be

eay { t )  = y m( t ) - Z p { t )  = y m(t) - y p ( t ) - D pSp{t) (1.39)

and the adaptive algorithm becomes

Kr(t) =  Kp(t)+Ki{t) (1.40)

Kp(,) =  4 ( t ) r T(l)T  (1.41)

&(<) =  ej(l)rr (()r  (1.42)

'•r (0 =  [(e?)r « , * ) , < £ « ]  d-43)
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1.3 Contributions of the Thesis

1. A new result is obtained for eigenstructure invariance when it is known 

which control surface is most likely to fail. A basis for the subspace 

in which the eigenvectors of the failed system must lie is derived. We 

show mathematically, that if the j th control surface will fail, then the 

j th row of the constant output feedback gain matrix will be simply 

zero.

2. We obtain a passive fault tolerant flight controller for a control surface 

failure when it is not known in advance which surface will fail. An 

off-line multiobjective optimization technique to design an optimal 

control for a predefined class of control surface failures is proposed. 

We show that the time responses for the unfailed aircraft using the 

eigenstructure assignment gain and the fault tolerant gain are identi­

cal. Furthermore, the fault tolerant gain achieves MIL-F-8785C spec­

ifications for all failure conditions.

3. A new result is obtained for direct adaptive control of multi-input 

multi-output systems with control surface failures. The plant is aug-
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mented with feedforward dynamics such that the inverse feedforward 

dynamics stabilizes the plant over the set of allowable failures. We 

prove that the augmented output error is asymptotically vanishing for 

loss of control effectiveness failures.

4. A novel state space approach for computing the feedforward around 

the plant is proposed. We use the MATLAB® LMI Toolbox [14] and 

the MATLAB® Optimization Toolbox [15] to find a feedback gain 

K  which (1) stabilizes the plant for all possible failure configurations 

and (2) minimizes the inverse of the gain K. Then, the feedforward 

gain K ~ x achieves the ASPR condition for all failure configurations.

5. Design of flight control laws for the linearized lateral dynamics of the 

F/A-18 aircraft using our new multiobjective optimization and adap­

tive methods.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



21

1.4 Outline

Chapter 2 presents a new result for eigenstructure invariance when it is 

known which control surface is most likely to fail. The result is applied 

to a stability augmentation system for the linearized lateral dynamics of the 

F/A-18 aircraft.

Chapter 3 presents a passive fault tolerant flight control law for the F/A-18 

aircraft which achieves acceptable handling qualities for a class of control 

surface failures.

Chapter 4 shows an alternative approach to the aircraft flight control surface 

failure problem. This approach uses direct model reference adaptive control 

to adjust the controller gains in real time to maintain stability when a failure 

occurs. A novel state space approach for computing the feedforward is de­

scribed. The use of our algorithm is demonstrated by application to a three 

input model of the linearized lateral dynamics of the F/A-18 aircraft.
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Chapter 2 

Eigenstructure Invariance For An 

Anticipated Flight Control 

Surface Failure

2.1 Overview

In this chapter, we obtain a new result for eigenstructure invariance when it 

is known in advance which control surface is most likely to fail. We seek a 

constant gain output feedback controller such that the dominant eigenstruc­

ture is invariant under this failure.

22
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2.2 Problem Statement

Consider the linearized lateral dynamics of an aircraft described by

x  =  Ax+ B u  

y — Cx

(2 .1)

(2.2)

where x  E 91” is the state vector, u E $lm is the input vector, y  E W  is the 

output vector, and A, 5 , C are matrices of appropriate dimensions.

The states are augmented with first order actuator dynamics and a yaw rate 

washout filter. Therefore, A, B, and C can be described by

A =

5  =  8

C =

^ m x ( n - m )

A21 A22

I n

( C l 2 )  r x ( n - n

(2.3)

(2.4)

(2.5)

where A21 is the control derivative matrix, A22 is the stability derivative ma­

trix, and the submatrices - 8 /m and 5/,„ together represent the first order 

actuator dynamics. Here lm is the identity matrix and 8  is the location of the

poles of the actuators.
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Suppose that the aircraft is subject to a control surface failure which is mod­

eled by setting the corresponding column of the control derivative matrix 

A21 to zero. Each failure condition corresponds to one control surface being 

stuck at its trim value.

The aircraft, with a failure in the j th control surface, may be described by

x  =  A fX + B u  

y = Cx

where

A /  =  A + AA

Om Omx(n-m)

-AA 21 0
AA =

AA21 =

0 • • •  a ( m + \ ) j  ■■■ 0

0 . . .  a„j . . .  0

where

a,n j

(2.6)

(2.7)

(2 .8)

(2.9)

(2 .10)

is the j th column of the control derivative matrix Aj\.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .



25

2.3 Eigenstructure Invariance Main Result

Suppose we know which control surface is most likely to fail. We seek a 

constant gain output feedback controller such that the dominant eigenstruc­

ture is invariant under this failure. We will show mathematically that the 

solution is that the surface which will fail should not be used. That is, if the 

j th control surface will fail, then the j th row of the constant output feedback 

gain matrix will be zero. We present some interesting intermediate results. 

First we derive a basis for the subspace in which the eigenvectors of the 

failed aircraft must lie. Then, we show that a constant output feedback gain 

matrix exists which yields an invariant dominant eigenstructure both before 

and after failure. Finally, we show that the j ,h row of this feedback gain 

matrix will be zero.

2.3.1 Eigenstructure Invariance

The following lemma derives a basis for the subspace in which the eigen­

vectors of the failed aircraft must lie.

Lemma 2.1 Let Af, i — 1 ,2 ,...,  r be the set o f  desired eigenvalues. A basis 

fo r  the m-dimensional subspace spanned by the columns o f
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(k f l  — A f)  ]B is given by

0

0  

0 , 8  

0
0

a i 8

0

Yi
0

Yi

0

0

ctm 8

Ym

where

a*
( x f + s ) t o ( 4 t ) . ,  , 

ia(A‘)
m.

Y = =  8(A4/(A'))2iYi »---.Y»«

=  (Xf/ -Ay)

(Xf +  5)r (Ad j  (A')) ij 

(AdjiA1)) 21 (A ^(A '’) ) 2 2  

and where T =  diag{det (A'j j ) , . . . ,  det (A'kk) d e t  (Almm) }

Adj(Al) =

(2 .11)

(2 .12)

(2.13)

(2.14)

(2.15)

Proof of Lemma 2.1: See Appendix A

The following theorem is an existence theorem. It shows the existence of a
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constant output feedback gain matrix F  which yields an invariant dominant 

eigenstructure both before and after failure.

Theorem 2.1 There exists a constant output feedback controller 

u — Fy such that:

(Af +BFC)v{ = (A + BFC)vf = Xfvf;  / = l , 2 , . . . , r  (2.16)

Proof of Theorem 2.1: See Appendix B

The following theorem shows that the failure of the j th control surface 

causes the j th row of the constant output feedback gain matrix F  to be zero.

Theorem 2.2 The constant feedback gain F from Theorem 2.1 has all zeros 

in row j.

Proof of Theorem 2.2: See Appendix C
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2.4 Example

We consider the linearized lateral dynamics of the F/A-18A aircraft. The 

rigid body states are lateral(side) velocity(v), yaw rate (r), roll rate (p), 

and bank angle ((f)). These states are augmented with first order actuator 

dynamics and a yaw rate washout filter to yield a 9th order model. The con­

trol surfaces are asymmetric stabilator (8 SC), asymmetric trailing edge flaps 

(5tec), ailerons (8 ac), and rudder (5rc). The inputs are stabilator command 

(5SC), trailing edge flaps command (8 /ec), ailerons command (5ac), and rud­

der command (5rc). The measurements are sideslip angle (P), washed out 

yaw rate (rwo), and roll rate (p ). A control surface failure is modeled by set­

ting the corresponding column in the control derivative matrix A21 to zero. 

Each failure condition corresponds to one control surface being stuck at its 

trim value. The state space matrices A, B, and C are shown below:
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-30 0 0 0 0 0 0 0 0

0 -30 0 0 0 0 0 0 0

0 0 -30 0 0 0 0 0 0

0 0 0 -30 0 0 0 0 0

-6.93 0 -2.915 34.909 -0.245 -646.9 0.0285 32.189 0

-0.396 - 0.835 -0.896 -3.26 0.00849 -0.2460 0.112 0 0

11.86 13.06 13.14 4.4 -0.0256 0.73 -2.83 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0.5 0 0 -0.5

30 0 0 0  0 0  0 0 0

0 30 0 0  0 0  0 0 0
(2.18)

0 0 30 0  0 0  0 0 0

0 0 0 30 0 0  0 0 0

0  0 0 0 1/650 0  0 0 0

0  0 0 0 0 1 0 0 - 1 (2.19)

0  0 0 0 0 0  1 0 0

We consider a rudder failure which is modeled by setting the 4th column of 

the control derivative matrix A21 to zero.

First, we design an eigenstructure assignment controller for the unfailed

(2.17)
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condition by assigning the dutch roll mode to have a damping of 0.707 and 

a natural frequency of 2.83 r/s. The roll subsidence mode is assigned to 

its open loop value of -2.76. The desired dutch roll eigenvectors are cho­

sen for a sideslip and yaw rate mode which is decoupled from the roll rate 

and bank angle. The desired roll subsidence eigenvector is chosen for a 

roll rate mode which is decoupled from lateral velocity and yaw rate. The 

achievable eigenvectors can be computed using the orthogonal projection 

of the ith desired eigenvector v f  onto the subspace spanned by the columns 

of U  =  (kjl — A )~ lB as suggested by Andry et. al. [17]. An alternative 

representation is described by Kautsky et. al. [21], who showed that the 

subspace in which the eigenvector vf- must reside is also given by the null 

space of U[(kjl — A). The matrix U\ is obtained from the singular value 

decomposition of B, which is given by

B = Uo Ux
1 V T

0

(2.20)

The method of Kautsky et. al. [21] is the preferred method for numerical 

computation of subspaces and it is used to compute the achievable eigen­

vectors in our example.

The output feedback gain matrix using eigenstructure assignment is shown
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by Andry et. al. [17] to be

F = - ( Z - A i V ) { C V ) ~ l (2.21)

where A\ is a partition of the matrix A  in (2.1), V is the matrix whose 

columns are the r achievable eigenvectors, Z  is a matrix whose columns 

are related to the r achievable eigenvalues and eigenvectors, and C is the 

output matrix in (2.2). An alternative representation for the feedback gain 

matrix F  is shown by Sobel et. al. [22] to be

where the singular value decomposition of the matrices B  and CV are given

and where A is an r x r diagonal matrix with entries X,, i =  1,2, . . . ,  r. The 

method described by (2 .2 2 ) is the preferred method for numerical compu­

tation and is used for the design of our eigenstructure assignment controller 

for the unfailed condition.

F = - V b2 ^ lU w (V A -A V )V rZr (2.22)

by

5 =  Uw Ub\ (2.23)
0

CV =  UrO Url (2.24)
0
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The eigenstructure assignment output feedback matrix computed for the un­

failed aircraft is shown in Table 2.1. The time responses of sideslip angle, 

yaw rate, roll rate, and bank angle to a one degree initial sideslip using the 

eigenstructure assignment gain computed for the no failure condition are 

shown in Figure 2.1. Observe the degradation in the time responses after 

failure.

Table 2.1: Gain matrix computed for no failure

p rwo P

0.2412 0.0562 -0.0009 Sjc

0.1317 0.1742 0.0038 $tec

0.1352 0.1918 0.0047 Sac

-0.8366 0.9019 0.0379 8  rc

Next, we compute an optimal feedback gain using Theorem 2.2 by im­

posing simultaneous specifications on the unfailed and rudder failure con­

ditions. We require the dutch roll and roll modes for both the unfailed and 

failed conditions to be the same as for the eigenstructure assignment con­

troller. Furthermore, we require that the fourth row of the dutch roll and roll 

eigenvectors be zero for both the unfailed and failed conditions.
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Gain com puted for no failure
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Figure 2.1: Gain computed for no failure
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The parameter vector contains the quantities which may be varied by the 

optimization. This vector includes Re(Xdr), Im(Xdr), Xrou, zi,  and Z3- Here, 

the vectors Zi contain the free eigenvector parameters. That is, the ith eigen­

vector v/ may be written as

v/ =  Uzi (2.25)

where the columns of L/ =  {X-J — A) ~XB are the basis for the subspace in 

which the ith eigenvector must reside. Thus, the free parameters are the vec­

tors Zi rather than the eigenvectors v,-.

The optimization is performed by using the multiobjective optimization 

method which is implemented in the MATLAB® Optimization Toolbox 

[15] program ATTGOAL. The optimization is initialized with the eigen­

structure assignment controller and the free parameters of the unfailed con­

dition.

The output feedback gain matrix is shown in Table 2.2. Observe that the 

fourth row of this gain matrix is exactly zero. The initial condition responses 

using the optimal gain are shown in Figure 2.2. Observe that the eigenstruc­

ture invariance is achieved but with increased coupling from sideslip to roll 

rate and bank angle. To reduce the coupling, the number of eigenvector ob­
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jectives is reduced by only requiring the fourth row of the dutch roll eigen­

vector to be zero. The feedback gain matrix is shown in Table 2.3 where we 

observe that the gains in the fourth row are small but nonzero.

Table 2.2: Gain using theorem 2.2 (dutch roll and roll modes)

p rwo P

-9.1724 -5.6198 -0.2616

4.7829 4.8542 0.1423 $tec

-13.0675 5.2913 0.2041 5ac

0 0 0 §rc

Table 2.3: Gain using theorem 2.2 (dutch roll only)

P Fwo P

8.2678 -7.6184 -0.1597 5.SC

-4.0159 2.7116 0.0564 5/ec

-3.9988 4.5213 0.0944 Kc

0.0613 0.0298 0.0198 8rc

The initial condition responses using this optimal gain are shown in Figure 

2.3. We observe that the coupling from sideslip to roll rate and bank angle

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



36

has been significantly reduced, albeit at the expense of exact eigenstructure 

invariance.
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Gain com puted using theorem  for dutch roll and roll m odes together
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Figure 2.2: Gain computed using theorem 2.2 for dutch roll and roll
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Gain computed using theorem  for dutch roll only
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Figure 2.3: Gain computed using theorem 2.2 for dutch roll mode
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Chapter 3 

Passive Fault Tolerant Control for 

an Unknown Control Surface 

Failure

3.1 Overview

In this chapter, we design an optimal gain which is tolerant to a control 

surface failure. The class of control surface failures we consider includes 

the symmetric failure of any one control surface with the surface being stuck 

at its trim value. It is not known in advance which surface will fail. We 

compare an eigenstructure assignment gain designed for the unfailed aircraft
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with a multiobjective optimization gain designed to achieve (1 ) the same 

response for the unfailed condition as was obtained using eigenstructure 

assignment and (2) MIL-F-8785C specifications for all failure conditions 

belonging to our class.

Consider the linearized lateral dynamics of an aircraft described by

where x  E St" is the state vector, u E 9V" is the input vector, y  E ST is the 

output vector, and A, B, C are described by Eqs. (2.3)-(2.5).

Suppose that the plant is subject to a control surface failure. The class of 

control surface failures we consider includes the symmetric failure of any 

one control surface with the surface being stuck at its trim value. However, 

it is not known in advance which control surface will fail.

The aircraft, with a failure in the f h control surface, may be described by

3.2 Problem Formulation

x  =  Ax+ Bu (3.1)

y = Cx (3-2)

A /x  +  Bu (3.3)

y = Cx (3.4)
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where Ay is given by Eqs. (2.8)-(2.10).

We want to design an optimal controller which is tolerant to a control surface 

failure. Furthermore, this optimal controller should achieve (1) the same 

response for the unfailed condition as was obtained using eigenstructure 

assignment and (2) MIL-F-8785C specifications for all failure conditions 

belonging to our class.

3.3 Main Result

We propose an approach which uses off-line multiobjective optimization to 

design an optimal gain which is tolerant to a control surface failure. We use 

program ATTGOAL from the MATLAB® Optimization Toolbox [15] to 

solve the multiobjective goal attainment problem described by

minimize y s.t. F(x) -  wy < GOAL
x, y

where F(x),  w, and GOAL are given.

The function F(;c) is the objective function to be minimized at the point x. 

ATTGOAL attempts to minimize the function to attain the goal values given 

by GOAL. Alternatively, to make the objective function as near as possible 

to a goal value, the parameter OPTIONS(15) in ATTGOAL is set equal to
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the number of objectives required to be in the neighborhood of goal values. 

These objectives must be partitioned into the first elements of the function 

F(x). GOAL is a vector of values that the objectives attempt to attain. The 

weighting vector w is used to control the relative under-attainment or over­

attainment of the objectives. The weighting function may be set equal to 

w = abs(GOAL) to obtain the same percentage of under or over-attainment. 

When w is positive, ATTGOAL attempts to make the objectives less than the 

goal values. To make the objective functions greater than the goal values, w 

is set to be negative.

3.4 Example

We consider the linearized lateral dynamics of the F/A-18A aircraft which 

was described in Section 2.4. A control surface failure is modeled by setting 

the corresponding column of the control derivative matrix A21 to zero.

First, we design an eigenstructure assignment controller for the unfailed 

condition by assigning the dutch roll mode to have a damping of 0.707 and 

a natural frequency of 2.83 r/s. The roll subsidence mode is assigned to 

its open loop value of -2.76. The desired dutch roll eigenvectors are cho­
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sen for a sideslip and yaw rate mode which is decoupled from the roll rate 

and bank angle. The desired roll subsidence eigenvector is chosen for a 

roll rate mode which is decoupled from lateral velocity and yaw rate. The 

achievable eigenvectors can be computed using the orthogonal projection 

of the ith desired eigenvector vf onto the subspace spanned by the columns 

of Li =  (A,7  —A) ~XB  as suggested by Andry et. al. [17], An alternative 

representation is described by Kautsky et. al [21], who showed that the 

subspace in which the eigenvector v; must reside is also given by the null 

space of U f  (XJ  — A ). The matrix U\ is obtained from the singular value 

decomposition of B, which is given by

B = Uo Ux
I V T

0
(3.5)

The method of Kautsky et. al. [21] is the preferred method for numerical 

computation of subspaces and it is used to compute the achievable eigen­

vectors in our example.

The output feedback gain matrix using eigenstructure assignment is shown 

by Andry et. al. [17] to be

F  =  —(Z — A\V)(CV ) ~ 1 (3.6)
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where A\  is a partition of the matrix A  in (3.1), V  is the matrix whose 

columns are the r achievable eigenvectors, Z  is a matrix whose columns 

are related to the r achievable eigenvalues and eigenvectors, and C is the 

output matrix in (3.2). An alternative representation for the feedback gain 

matrix F  is shown by Sobel et. al. [22] to be

where the singular value decomposition of the matrices B  and CV are given

and where A is an r x r diagonal matrix with entries X/, i = 1,2, . . . ,  r. The 

method described by (3.7) is the preferred method for numerical computa­

tion and is used for the design of our eigenstructure assignment controller 

for the unfailed condition.

Table 3.1 shows the desired dutch roll and roll subsidence eigenvectors, the 

eigenvectors from the projections onto the achievable subspaces, and the 

eigenvectors of (A + BFC) where F  is the eigenstructure assignment output 

feedback gain matrix.

F = -V & ; 'u S > (V A -A V )V & - 'u X , (3.7)

by

B = Ubo Ub, (3.8)
0

C V =  Ul0 u rX (3.9)
0
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Table 3.1: Desired and Achievable Eigenvectors (actuator entries not shown)

Desired Projection (A + BFC)

Dutch Roll Roll Dutch Roll Roll Dutch Roll Roll

1 +  jx 0 1 +  yO 0 . 0 0 0 1 1 — y'59.4 0 . 0 0 0 1 V

x-F j l 0 0.0028 + j l -0.0168 0.0032+  ;1 -0.0168 r

0 + j0 1 -0.0137 + y'3.83 1 -0.012 + y‘5.24 1 P

0 + jO X 0.0006 +  ;2.14 -0.362 -0.0003 -  j2.52 -0.362 <t>

x +  ;x 0 -0.0008 + yO.034 0.0037 -0.0008 + ;0.08 0.0037 x9

First, from Table 3.1, we remark that the entries in the imaginary part of 

the dutch roll eigenvectors, which we desire to be zero, are not zero after 

projecting onto the achievable subspace. This will cause coupling to the roll 

rate response. The reason that we do not achieve the zero eigenvector en­

tries is that the L; are poorly conditioned. So to achieve a gain matrix with 

reasonable magnitude, we discard the smallest singular value when comput­

ing the pseudo inverse to obtain z,. If less coupling is required then another 

choice for the desired dutch roll eigenvectors should be made which speci­

fies fewer entries. Second, we remark that we have r < m (i.e. the number 

of outputs is less than the number of inputs) which is different from most 

aerospace applications of eigenstructure assignment which have appeared
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in the literature. Some authors have suggested assigning the left eigenvec­

tors when r < m. However, the right eigenvectors still lie in the subspaces 

spanned by the columns of (X,7 — A)~lB. Since we only assign r eigenval­

ues, we can also assign m entries in the corresponding eigenvectors. This is 

independent of the relation between r  and m. The eigenstructure assignment 

feedback gain matrix is shown in Table3.2.

Table 3.2: Eigenstructure Assignment Feedback Gain Matrix

p rwo P

0.2412 0.0562 -0.0009 8 jc

0.1317 0.1742 0.0038 8 tec

0.1352 0.1918 0.0047 8  ac

-0.8366 0.9019 0.0379 8 rc

The sideslip angle responses to a one degree initial sideslip for the unfailed 

and four failure conditions are shown in Figure 3.1 where the oscillatory 

response corresponds to a rudder failure. We remark that the response is 

unacceptable when a rudder failure occurs. In fact, the dutch roll damping 

is only £ =  0.18 when a rudder failure occurs. This is significantly less than 

the minimum value of £ =  0.4 which is required in MIL-F-8785C. We fur­
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ther remark that the asymmetric stabilator, asymmetric trailing edge flaps, 

and ailerons are all good producers of rolling moment, but only rudder is a 

good producer of yawing moment. Thus, a rudder failure is the most diffi­

cult condition for achieving desirable handling qualities.
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Figure 3.1: Sideslip angle responses
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Next, we design an optimized controller by imposing simultaneous spec­

ifications on the unfailed and four failure conditions. We use the multi­

objective optimization method which is implemented in the MATLAB® 

Optimization Toolbox [15] program ATTGOAL. Our objective is for the 

optimal unfailed responses to be the same as the eigenstructure assignment 

unfailed responses while also achieving MIL-F-8785C specifications for the 

failed responses. The MIL-F-8785C specifications for Level 1, Category A 

(CO and GA), Class IV flight are as follows: dutch roll damping and natural 

frequency greater than 0.4 and 1.0, respectively; roll subsidence time con­

stant less than 1 second; and spiral time to double amplitude greater than 1 2  

seconds. We remark that the eigenstructure assignment controller achieves 

all these specifications with the exception of the dutch roll damping which 

is 0.18 when a rudder failure occurs.

We compute an optimal feedback gain using the following objectives:

( 1 ) the dutch roll and roll subsidence modes are to be the same as for the 

eigenstructure assignment controller, and (2 ) the dutch roll and roll subsi­

dence modes are to achieve MIL-F-8785C specifications for the four failure 

conditions. We remark that we cannot directly specify the spiral mode when 

using a stability augmentation system (SAS) which does not feedback bank
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angle.

The optimization parameters are (1) the real part of the dutch roll eigen­

value Re(Adr), (2 ) the imaginary part of the dutch roll eigenvalue Im(Adr), 

(3) the roll subsidence eigenvalue Aron, (4) the free eigenvector parameters 

Zroii for the roll subsidence mode, and (5) the free eigenvector parameters 

Zdr for the dutch roll mode where real arithmetic is used. Here, the vectors 

Zi contain the free parameters. That is, the i‘h eigenvector v(- may be written 

as

v-t = LiZi (3.10)

where the columns of L,- =  (A,/ — A )~lB are the basis for the subspace in 

which the ith eigenvector must reside. Thus, the free parameters are the vec­

tors Zi rather than the eigenvectors v;. The parameters are initialized at the 

values obtained when using the eigenstructure assignment gain.

The objectives and weightings at the unfailed condition are

Aroil =  -2 .7 6  , w = abs(-2.76)

Re(Adr) =  — 2  , w =  abs(—2 )

Im(Adr) =  2  , w =  abs(2 )
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The objectives and weightings at the 4 failure conditions are

Cdr — 0-4 , w' =  - l ;  i = l , . . . ,4  

(<»«)* > 1 -0  , w‘ — —1 ; i=  1 , . . . ,4

The optimal gain is shown in Table 3.3 which required 2.04 seconds of CPU 

time and 52 function evaluations. The sideslip angle response to a one de­

gree initial sideslip is shown in Figure 3.1. We observe that all responses 

achieve the desired specifications. The dutch roll damping Cdr is now 0.4 for 

the rudder failure condition which achieves the MEL-F-8785C specification.

Table 3.3: Optimal Feedback Gain Matrix

p rwo P

5.2056 -2.851 -0.0605 8 5 c

-2.1993 1.4108 0.0292 8  tec

-2.651 1.9134 0.0400 S ac

-0.0766 0.4808 0.0293 S rc
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The yaw rate responses for an initial sideslip for the eigenstructure assign­

ment and multi objective optimization gains are shown in Figure 3.2. Again 

we observe that the eigenstructure assignment gain exhibits an unaccept­

able oscillation when a rudder failure occurs whereas the multiobjective op­

timization gain yields an acceptable response.

The roll rate responses for the eigenstructure assignment and multiobjec­

tive optimization gains are shown in Figure 3.3. Here we observe that the 

roll rate response with the multiobjective optimization gain exhibits a sig­

nificant coupling from sideslip to roll rate when a stabilator failure occurs.

The bank angle responses for the eigenstructure assignment and multiob­

jective optimization gains are shown in Figure 3.4. Again, we observe that 

the response with the multiobjective optimization gain exhibits a significant 

coupling from sideslip to bank angle when a stabilator failure occurs. How­

ever, the MIL-F-8785C specification on sideslip to bank angle coupling is 

that the minimum is increased if co^|(j)/3| >  20. For our aircraft with a 

stabilator failure we have j<)>/P| < (2.83)2(2.2) =  17.6 <  20. Therefore, 

our responses meet the MIL specification even though a smaller sideslip to 

bank angle coupling may be desirable.
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The responses for the unfailed aircraft to an initial sideslip are shown in 

Figure 3.5 for both the eigenstructure assignment and multiobjective opti­

mization gains. We observe that the sideslip and yaw rate responses are 

identical and there is only an insignificant degradation in the coupling from 

sideslip to roll rate. Figure 3.6 shows the responses using both gains for 

the unfailed aircraft until time t =  0.5 sec when a rudder failure occurs. 

We observe that the eigenstructure assignment gain allows oscillation and 

large settling time whereas the multiobjective optimization gain yields an 

acceptable response after failure.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



54

eigenstructure assignm ent gain

-0.5

multiobjective optimization gain

solid=no failure 
dot=stabilator failure 

dashdottrailing  edge flap failure 
dashed=aileron failure 
triangle=rudder failure

0(1)
1
(D•o
ffl

-0.5
2 2.5 3.5 4 4.50 0.5 1.5 3 5

time(sec)

Figure 3.2: Yaw rate responses

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e r m is s io n .



55

eigenstructure assignm ent gain

o0 mX
01 
ffl TJW
ffl
S
oL.

multiobjective optimization gain
solid=no failure

dashdot=trailing edge  flap failure
P - 4

dashed=aileron failure

trianqleprudder failure

time (sec)

Figure 3.3: Roll rate responses

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



56

eigenstructure assignm ent gain

a
0)c(0
X
ca£

-0.5

multiobjective optimization gain

0)ffl■o'W
ffl
acffl
X
caa

time (sec)

Figure 3.4: Bank angle responses

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .



57

solid=no failure with eigenstructure assignm ent gain 

dashed=no failure with multiobjective optimization gain
<D
oc10
a
M
ID
■o
M

-0.5

1.5

-0.5
4.50 0.5 1.5 2 2.5 4 53 3.5

2
0
ID0)
01 ffi

-2
4.50 0.5 1.5 2 2.5 3 3.5 4 5

time (sec)
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Chapter 4 

Adaptive Control in The Presence 

of Loss of Control Effectiveness

4.1 Overview

In this chapter, we extend a direct adaptive controller for multi-input multi­

output plants which was proposed by Kaufman et. al. [12] to plants with loss 

of control effectiveness failures. An important property of direct adaptive 

control is that the control gains are computed directly without an explicit 

identification of the system parameters. Furthermore, the direct adaptive 

control algorithm in [12] is applicable to non minimum phase systems, and 

the order of the plant may be much larger than the order of the reference

59
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model. In Ref. [12], stability is proven for plants that are almost strictly 

positive real (ASPR) for all possible plant parameter values. To achieve the 

ASPR condition, the authors insert a feedforward compensator around the 

plant so that the augmented system is ASPR.

We augment the plant with a feedforward compensator such that the in­

verse feedforward stabilizes the plant over the set of allowable failures. We 

prove that the augmented output error is asymptotically vanishing for a loss 

of control effectiveness failure. We propose a novel state space approach 

for computing the feedforward compensator. We use the MATLAB® LMI 

Toolbox [14] and and the MATLAB® Optimization Toolbox [15] to find a 

feedback gain K  which (1) stabilizes the plant for all possible failure con­

figurations and (2) minimizes the inverse of the gain K. Then, the plant 

augmented with the feedforward gain K ~ l achieves the ASPR condition for 

all failure configurations.

We demonstrate the use of our algorithm by application to a three input 

model of the linearized lateral dynamics of the F/A-18 aircraft. Simula­

tion results are presented which show that the adaptive controller exhibits 

improved model following as compared to a fixed gain eigenstructure as­
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signment controller.

4.2 Problem Statement

Let (7], 7)+i), i =  0 ,1 ,.. .,  qo, with To =  0, be the time intervals on which the 

control surface failure pattern is fixed. That is, control surfaces only fail at 

time 7}, i =  1 ,.. . ,  qo. Then, the plant on the interval (7}, 7}+i), i =  0 ,1 ,.. .,  qo 

is described by

xp(t) = ApXp(t) + B‘pup(t)
(4.1)

yP{t) =  CpXpit)

where Ap e 9\ n P x n ’>, Bp e Cp € W xni>, Blp =  Bpa l, and

Bp = B°p.

diag{a\,a!2,.. .,v !m}-, i=  1 ,2 , . . . , ^  
a ' =  { (4.2)

/; i =  0

0 < cd < 1, if the k?h control surface fails where k =  1 ,.. .,  m
(4.3)

ajL =  1, if the klh control surface does not fail, k = 1 ,..., m

Here the failure times are T„ i = 1 ,... ,qo\ which control surfaces fail at 7}, 

i =  1 ,... , 4 0  is unknown; the amount of the loss of effectiveness at 7} given 

by a ',  where aj. 6 (0,1) is unknown. Furthermore, once a control surface
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fails it may fail again later with a different amount of loss of effectiveness.

The plant is augmented with a single fixed feedforward compensator of the

form

K - l

1 + T S

A state space realization of H  1 (s) is given by

sP(t) = Assp(t)+ B sup(t) 

hp{t) — Cssp(t)

The augmented plant is then given by 

>J(0 =  CJxJ(f)
<P?:

(  \

where x?p = A a  —  Ap
\ s p  /

( \  
Ap 0

0 A, 7
c ap = ( Cp cs );

(4.4)

(4.5)

(4.6)

Bap a I _

(4.7)

< ■ \  Bp a ‘
*

v B s  >

and where x£(r) e  9V‘; up(t) G 9V"; andy^(t) €  9V7. 

Then, the augmented output to be controlled is

y aP{ 0  = y P{ 0 + M 0 (4.8)

where /in(f) is the inverse Laplace transform of H  1 (s).
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Rem ark 4.1 We note that the feedforward compensator can be either con­

stant or dynamic.

The control objective is to design an adaptive control signal up(t) such that 

all signals in the closed loop system are bounded and the augmented plant 

output y£(f) asymptotically tracks the output of a reference model given by

Xm(f) =  (4.9)

ym{t)  =  CmXm{t)  (4.10)

where Am € Bm G 9T'mX'”m, Cm € S\qxrlm.

Remark 4.2 We remark that the order o f the plant may be much greater 

than the order o f the reference model Furthermore, we restrict um(t) to be 

a step.

4.3 Command Generator Tracker Solution for 

a Known Plant with Unknown Failures

It is useful to incorporate the command generator tracker (CGT) concept 

developed by O’Brien and Broussard [23]. The CGT is a model reference 

control law for linear time invariant systems with known coefficients. When
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perfect tracking occurs (i.e., y ^ = y m for t >  0), then the corresponding state 

and control trajectories are defined to be the ideal state and ideal control 

trajectories, respectively. These ideal trajectories will be denoted by x*p(t) 

and u*p(t). The objective is that output of the augmented plant track the 

output of the reference model. When perfect tracking occurs, x?p =  x*p, up —

u*, and

x n = ApCp+B^a'ul (4.11)

(4.12)

v p p̂ p ' p— p

y'p  =

It will be assumed that the ideal trajectories are linear functions of the model 

state and model input. Mathematically:

5n S12

521 522 

Differentiate x* in (4.13)

(4.13)

Xp — 5nJCm + S i 2 M m i  Um— 0

yp — Cmxm 

Concatenate (4.11) and (4.12) to obtain

(4.14)

(4.15)

- ~ “ “

AaAp Bapo!

. yp .
ca . p 1

o

. UP.

(4.16)
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Aap B°a!

Ca 0

•Sll $12 

2̂1 S22 Un

Substituting (4.14) and (4.15) in (4.17) yields

S\\Am S\\Bm 

Cm 0

Since xm and um are arbitrary, (4.18) is satisfied if:

A° Bapa l

q  0 521 522

S\ 1 Am S \\B m

1
>• a Bapo} Sn S 12

Cm 0 ca . p
0 S21 S22

(4.17)

(4.18)

(4.20)

(4.19)

Rewrite (4.19) to obtain

(AapS 11 +  Bapo}S21) =  5i 1 

(AapS n  +  Bapa iS22) =  Su B m 

q s w  — Cm 

CpS \2 =  0

where Su  € 9t',xn«; Sl2 € 52i € SV”x"'n; S22 e

Therefore, we have nnm +  nm,„ +  mnm + 2mmm unknowns and nnm +  nmm +

qnm +  2qmm equations.

Remark 4.3 When m, the number o f  controls, is greater than or equal to q, 

the number o f  outputs to be controlled, there are at least as many unknowns 

as equations. For this reason, the CGT solution alm ost always exists.
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A more elegant, but not always solvable approach, is to define

&11 &12 A °p B pC t!

&21 &22 q , 0

Then the partitioned matrix equations to be solved are
r

Sn = QiiSnAm + £2i2Cm

S 12 = Q.uSnBm
< (4.22)

521 =^2lS\\Am + Q,22Cm

522 = ttllSuB m

Rem ark 4.4 The existence o f the inverse in (4.21) requires that q — m . I f  

m >  q, a pseudoinverse may be required, where as the case m < q  does not 

usually have a solution.

Note that the first equation in (4.22) is a Lyapunov equation, the solution o f 

which exists if£ l\ 1 has no eigenvalue which is the inverse o f  any eigenvalue 

o fA m. It can be shown that the inverse o f the eigenvalues o f Q.\\ are the 

transmission zeros o f the augmented plant. Therefore, i f  the, augmented 

plant does not have a transmission zero at the origin and i f  no transmission 

zero o f the augmented plant is equal to an eigenvalue o f the reference model, 

then the first equation in (4.22) has a solution [23 J.

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



67

4.4 Adaptive Control Algorithm

The adaptive control law that forces the augmented plant output given by 

(4.7) to track the reference model output given by (4.10) is

up(t) = Kxxm(t) + Kuum(t) + Ke\ym( t) - yap(t)] (4.23)

where Kx, Ku, and Ke are adaptive gains.

The adaptive gains are concatenated into matrix Kr(t) defined as

^ ( 0  =  ^ ( 0 , ^ ) . ^ ) ]  (4-24)

The concatenated gain Kr(t) is defined as the sum of a proportional gain

Kp(t) and an integral gain Kj(t), each of which is adapted as follows:

Kr{t) = Kp(t) + K,{t) (4.25)

Kp(t) =  eay(t)rT (t)T (4.26)

6 ( 0  =  e°y(t)rT(t)T (4.27)

'J W =  [(<?)r W . 4 ( ' ) . “J (0 ]  (4.28)

«?(») = (4-29)

where T, t  are time invariant weighting matrices, and e“(t) denotes the aug­

mented output error.
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The error equation is derived in Appendix D and is given by

ex = Acex -  B?pa!{Kr -  K ]r (4.30)

where A c —A p — Bapa lKeiCp and where K\ =  [Kei, Kxl, Kui\ are constant gains 

which are not needed for implementation.

4.5 Stability Analysis

In this section, we present two lemmas and one theorem describing the sta­

bility of the adaptive controller. Lemma 4.1 shows that positive definite 

quadratic Lyapunov functions exist such that their derivatives are negative 

semi definite. Lemma 4.2 describes a sufficient condition for the bounded­

ness of the Lyapunov functions at the failure instants. This condition limits 

the loss of control effectiveness failure to 50%. However, it will be shown 

via simulation that this is only a sufficient condition and that we still can 

accommodate more that 50% of loss of control effectiveness. Theorem 4.1 

shows the boundedness of all states and gains in the adaptive loop and that 

the augmented output error vanishes asymptotically.

Lemma 4.1 I f  the augmented plant T f  is ASPR , i.e., there exist positive
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definite matrices Pj, Qlt and a gain matrix Kei such that:

Pi{Aap -  BPpa % iC ap) +  (A° -  ̂ K e i C ^ P i  = -Q i < 0 (4.31)

(C£)r  =  PiFpV! (4.32)

and i f  dim\yp(t)\ < dim[up(t)] and T and t  positive definite symmetric, 

then a positive definite quadratic Lyapunov function Vj(eX:K/) can be se­

lected such that its derivative Vj- is negative semi-definite fo r  t E (7/, 7}+ 1), 

i — 0, 1, 2 , . . . ,  qQ.

Proof: See Appendix E.

Rem ark 4.5 We present an overview o f the proof o f Lemma 4.1. Choose 

the positive definite quadratic Lyapunov function as

Vi{ex,Kj) — ex Piex + tr[(K[ —Ki)T~l (Kj —Ki)T] (4.33)

then, the derivative o f (4.33) along the trajectories ofEq. (4.30) is

Vi = - e TKQiex - 2 ( e ay)TeayrTTr  <  0; t E (75,7}+,) (4.34)

Hence, V/ is negative semidefinite in (ex,K/) fo r t  E (7J, 7}+,).

Lem m a4.2 Let V/(r) =  Vi(ex(t),Ki(t)). I f  a ‘k > j ,  k =  1,2,...,wt, 

i =  1 ,2 ,... ,qo; then, the Lyapunov functions at the failure instants given 

by Vi(Tj), i =  1,2 , . . . , ^ 7 0  are bounded.
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Proof: See Appendix F

Remark 4.6 We present an overview o f the proof o f Lemma 4.2. Consider 

the first failure at t = T\. We show in appendix F  that V\ (7i) <  2Vq(T\) + 

eTx (Pi — 2Po)ex +  2&V\ where hW\ is constant. Vq(T\) is bounded because 

Vo(t) is monotone nonincreasing fo r t € [0,7i) and Vo(0) is bounded. We 

show that CLlk > k  =  1 ,.. . ,  m implies that e f  (P\ — 2Po)ex < 0. Hence 

V\ (T\) is bounded. This argument can be extended to obtain VfTi) < r)Vo(O) +  

3 where r] and 3 are constants.

Theorem 4.1 I f

1. the augmented plant T f  is ASPR, / =  0,1,2, . . .  ,<70

2 . dim['fp{t)\ <  dim[up (t)]

3. T and T  are positive definite symmetric

4. all a!k > \ ,  k = l , 2 , . . . , m ;  /'= 1,2, . . .  ,<70

then all states and gains in the adaptive loop are bounded, and the 

augmented output error vanishes asymptotically.

Proof: The boundedness of all states and gains follows from Lemmas 4.1 

and 4.2. The proof that the augmented output error vanishes is shown in 

Appendix G.
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4.6 Feedforward Design

We propose a method which uses the MATLAB® LMI Toolbox [14] and 

the MATLAB® Optimization Toolbox [15] to design a robust feedforward 

compensator. Each augmentedLTI plant , i =  0 , l , . . . , q o  must be ASPR 

using the same feedforward. However, we do not know in advance which 

failures will occur.

Suppose there are jo possible failure configurations (Pj, j  =  1 ,. . .  , jo.  Each 

possible failure configuration Pj corresponds to one surface failure, or two 

simultaneous surface failures, or three simultaneous surface failures, and so 

on. The P /s  are parameterized by a range of possible control effectiveness 

loss. Thus, the P /  s are different from the Pjs  in Eq. (4.1) because the PC s 

uniquely define a failure whereas the P /s  define a possible parameterized 

failure configuration. Also, let {Ap,BQp,Cp) correspond to the unfailed plant.

Consider an affine parameter dependent representation of Pj given by 
/

xp — Apxp + Bp(o)up
(4.35)

[ yp = £pxp

where BJp(a) =B°p -  j  =  L • • • > 70 and where kj is the number of

surfaces of 2y(cr) which simultaneously fail. Here BJk describes the failure
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of one surface and crj. describes the corresponding range of control effec­

tiveness loss. Typically ak € [0, j] because of the result in Lemma 4.2.

The following two lemmas due to Barkana [24] show that the feedforward 

compensator for a strictly proper plant has a simple form.

Lemma 4.3 [24] Let G(s) be any m x m strictly proper transfer matrix 

o f arbitrary McMillan degree. G{s) is not necessarily stable or minimum 

phase. Let K  be a nonsingular constant output feedback matrix such that 

the closed loop transfer matrix

Gd (s) =  [/ +  G(j)-K]“ ,G(j) (4.36)

is asymptotically stable. Then, the augmented open loop transfer matrix

Ga(s) = G (s)+ K ~] (4.37)

isASPR.

Lemma 4.4 [24] Let G(s) be any m x m strictly proper transfer matrix 

o f arbitrary McMillan degree. G(s) is not necessarily stable or minimum 

phase. Let H(s) — K(l  +  ts) be a stabilizing closed loop compensator of 

G{s). Then, the augmented plant

C „ ( s ) = G ( i ) + r lW  =  G (s)+ 1̂  (4.38)

isASPR.
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We want to minimize the norm of K ~l so that

f p i f )  =  y p (*) +  a p(0 ~  yp(*)  (4-39^

while ensuring that K  robustly stabilizes every (Pj( o) 

j = l , . . . , j o

Let 2y (a) be (Pj(o) with feedback K j  =  1,. . . ,  j o  

Mathematically

min|| K~l | |f  s.t (Pj (a) is robustly stable; j =  I , . . . , j o  (4.40)

We ensure that the fP/(a)’s are robustly stable by using program “pdlstab” 

from the MATLAB® LMI Toolbox [14] and program “ftnincon” from the 

MATLAB® Optimization Toolbox [15]. At each iteration of the optimiza­

tion, we call “pdlstab ” once for each !Py(cj), j  =  1, — , jo.  We require that 

the quantities t}min; j  = 1, . . . ,  jo  be negative. Here tJmin is computed by “pdl­

stab ” where tJmin < 0 ensures the existence of a parameter dependent Lya­

punov function for 2y(a). With tJmin < 0, j  =  1 , . . . ,  jo every LTI plant which 

belongs to &j(G), j  =  1, - • ■,yo is stable. We remark that on each interval 

t € (7/, 7/4-1) we have an LTI plant ¥■„ i =  l , . . . , q o .  Let 2) be the LTI plant 

(Pi with feedback K. Then, every LTI plant (Pi is one of the (Pj(o) for some 

values of j  and a. Thus, every LTI plant (Pt is stable. Then, it follows that
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every augmented plant T f , i =  1 ,... ,qo is ASPR.

Rem ark 4.7 The system in (4.35) with feedback H(s) =  K ( \  + 1 5 ) is given 

by

Xp=Aii(a)xp (4.41)

where

A'z(ct) = A P-  BJp(a)[I+'cKCpBJp(a)]- lKCp(I+TAp) (4.42)

which we observe is not affine in Bp(o) as required by program “pdlstab”. 

However, the closed loop system matrix with constant feedback K is given 

by

AJcl( a ) = A p -Bj ,(o)KCp (4.43)

which is affine in Bp(o).

This is the reason that we use “pdlstab” to compute a stabilizing constant 

feedback K instead o f the dynamic feedback £(1 + T 5 ).

Rem ark 4.8 The implementation o f a constant feedforward K ~x yields an 

algebraic loop which causes a problem in the computer simulation. There­

fore, we first compute a constant gain K which stabilizes AJd (a) in (4.43) 

fo r  all j  and a  by using “pdlstab” and “fmincon”. Then, we implement the
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feedforward H -1 (s) =  where x is sufficiently small. We show in The­

orem 4.2 that such a x exists 5 0  that H(s) = K(1 -l-xs) stabilizes AJcl(a) in 

(4.42) fo r  all j  and a. Therefore, H ~ i (s) =  satisfies lemma 4.4.

The following theorem is proposed in collaboration with Piou (2003) [25].

Theorem 4.2 Suppose A]d (&) in (4.43) is stable with a non-defective modal 

matrix fo r  all j  and a. Then, there exists x sufficiently small such that AJd (a) 

in (4.42) is stable fo r  all j  and a.

Proof: See Appendix H.

4.7 Example

We consider the linearized lateral dynamics of the F/A-18A aircraft. The 

rigid body states are lateral velocity(v), yaw rate (r), roll rate (p), and bank 

angle (<J)). The control surface deflections are asymmetric trailing edge flaps 

ailerons (8a), and rudder (8r). The measurements are sideslip angle 

(P), washed out yaw rate (rM,0), and roll rate(p). The unfailed aircraft is de­

scribed by the triple (Ap,B°p,Cp). The state matrices Ap, B°p, Cp are shown 

below
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A p  —

-0 .245 -646.9 0.0285 32.189 0

0.00849 -0.2460 0.112 0 0

-0.0256 0.73 -2 .83 0 0

0 0 1 0 0

0 0.5 0 0 -0 .5

K  =

c ,  =

0 -2.915 34.909

-0.835 -0 .896 -3 .2 6

13.06 13.14 4.4

0 0 0

0 0 0

1/650 0 0 0 0

(4.44)

(4.45)

(4.46)0 1 0  0 - 1  

0 0 1 0  0

The block diagram of the adaptive control system is shown in 

Figure 4.1.

An output feedback gain matrix Ketg is designed using eigenstructure as­

signment for the unfailed aircraft by assigning the dutch roll mode to have 

a damping of 0.707 and a natural frequency of 2.83 r/s. The roll subsidence
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ReFerence'Mddel

eig

■eig

Aircraft

Unfailed Aircraft Model

Figure 4.1: Block Diagram of Adaptive Control System
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mode is assigned to -4. The desired eigenstructure and the feedback gain 

matrix Keig are shown in Table 4.1. The reference model open loop and 

closed loop eigenvalues are shown in Table 4.2. From Table 4.2, we ob­

serve that the closed loop spiral mode is unstable. However, this instability 

is within the limits of MEL-F-8785C specifications which specifies that the 

spiral minimum time to double amplitude is 12 seconds.

Table 4.1: Desired Eigenstructure and Feedback Gain Matrix Keig

Dutch Roll Roll subsidence Keig

Xdr =  —2 ±  2 j f II 1 4̂ 0 rwo P

l +  ;‘X 0 V -1.8768 0.4583 0.1111 Sac

x +  y’l 0 r 1.7234 -1.2 -0.0656

to

O + jO 1 P

O + jO X <►

x +  y'x 0 *5

The achievable eigenvectors, which were computed using the default value 

for TOL in MATLAB® function “pinv”, are shown in Table 4.3. We ob­

serve that the assigned entries of the dutch roll and roll subsidence eigen­

vectors have been achieved almost exactly.

Here we only use rudder and aileron because these two control surfaces 

are sufficient to achieve desired handling qualities for the unfailed aircraft.
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Table 4.2: Reference Model Open loop and Closed Loop Eigenvalues

Open Loop Eigenvalues Closed Loop Eigenvalues Modes

-0.5 -0.6035 Filter

-0 .2804 +  2.2877; -2 .0000 +  2.0000; Dutch Roll

-0 .2 8 0 4 -2 .2 8 7 7 ; -2 .0 0 0 0 -2 .0 0 0 0 ; Dutch Roll

-2.7599 -4.0000 Roll Subsidence

-0.0002 0.0090 Spiral

However, the adaptive controller will use all three control surfaces in order 

to accommodate failures. The open and closed loop time responses of the 

reference model to a one degree initial sideslip are shown in Figures 4.2, 

and 4.3, respectively. Observe that the reference model exhibits desirable 

damping and sideslip to bank decoupling.

Table 4.3: Achievable Eigenvectors

Dutch Roll Roll subsidence

Xdr =  — 2 ± 2 ; K o ll  =  - 4

1 +  ;358.0777 0.0001 V

1.1878+  ;1 -0 .009 r

0 +  ;0 0.9999 P

0 +  ;'0 -0 .2 5 <t>

0.0175 — 70.3101 0.0013 * 5
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Figure 4.2: Open Loop Time Responses to One Degree Initial Sideslip 
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The unfailed aircraft with feedback Keig is not ASPR because there are 

two transmission zeros at z\ =  0.2028 x 10-13; and zi =  —0.0002 x 10~13 

one of which is non-minimum phase. The feedforward which satisfies the 

ASPR condition will be designed for the unfailed aircraft with feedback 

Keig. This closed loop unfailed aircraft is described by the triple (Ap -  

BQpKeigCp,B Qp,Cp). The reference model is chosen to be the same triple so 

that A m = A p -  B°pKeigCp, Bm =  B°p, and Cm =  Cp. Thus, when there are 

no failures the reference model is the aircraft with eigenstructure assign­

ment feedback Keig. Next, we show how the reference model input um is 

computed.

Um — Keig {ym yc)

P

— Kelg r WO

P -P c

Keig(lA) Keig( 1,2) Keig( l ,3 )  

Keig(2,1) Kejs (2 ,2) Keig(2,3)

— Keigym "H Pc (4.50)
Keig(h3)

Keig{ 2,3)

We use Eq. (4.50) to implement the reference model in Figure 4.1 where pc

0

(4.47)

(4.48)

P~P c

(4.49)
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is the pilot roll rate command.

We design a robust feedforward so that the aircraft with feedback Keig and 

feedforward K ~ l is ASPR for all possible failures. The affine parameter de­

pendent representation of the aircraft with feedback gain Keig is described 

by the triple (Ap -  BJP (a)KeigCp ,Bp (g ),Cp). It can be shown that the closed 

loop system for (Ap -  B}p(G)KeigCp,BJp(a),C p) with feedback gain K  is 

given by

xp =  A jcj(g )xp  (4.51)

where

Ajcl(G )= A p -B jp(G)[Keig + K}Cp (4.52)

The feedback gain K  is computed so that Eq. (4.51) is stable for all possible 

failures.

We perform the optimization in Eq. (4.40) by using program “fmincon" 

from the MATLAB® Optimization Toolbox [15] and program “pdlstab"

from the MATLAB® LMI Toolbox [14]. We use “fmincon" to minimize

the Frobenius norm of K ~x as shown in Eq. (4.40).
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We choose the possible failures to be the loss of control effectiveness of any 

one surface. However, we do not know which control surface will fail nor 

do we know the amount of control effectiveness loss. We have three failure 

cases where each failure case corresponds to one control surface failure. 

Thus, BJp(a) in Eq. (4.35) becomes

B{(a) = Bf‘p -a { B {  j =  1 ... ..3  (4.53)

where

B\=B°pdiag{l 0 0}; j =  1 (4.54)

B] = B°pdiag{0 1 0}; j  = 2 (4.55)

B] = B°pdiag{0 0 1}; j  = 3 (4.56)

Then

4 ( 0 )  =  Ap - ( ^ p -o \B [ )(K eig+K )Cp (4.57)

=  [Ap - & p(Klis+K)Cp) + a\B{(Kdl,+ K )C p (4.58)

Finally, the closed loop matrices for the three failure cases are given by: 

Trailing Edge Flap Failure ( j = 1)

A lcl(a) =  [Ap -B°p(Keis + K)Cp] + o \B \(K eig + K)Cp (4.59) 

=  A 10 + p \a \ (4.60)
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where

Aj =  [ A p - B ^ + J p C , , ]  (4.61)

A\ = B\(K,,S + K)CP (4.62)

p \ = a |  (4.63)

Aileron Failure ( j  =  2)

A*,(a) =  \A p-lfip(Keis+K)Cp) + ^\B {(K ,is + K)Cp (4.64)

=  A20 + p W i (4.65)

where

A20 =  [Ap -B°p(Keig + K)Cp] (4.66)

A] = B]{Keig + K)Cp (4.67)

p \ =  a? (4.68)

Rudder Failure (j  =  3)

4 l ( a )  =  {Ap - $ ( & ! , . + K)Cp] + o 3lB](K,is + K)Cp (4.69)

=  a I  + P]a \ (4.70)

where

Aj =  {Ap-lPp(Kelg + K)Cp} (4.71)

Aj =  B](Kelg+K)Cp (4.72)

p \ =  a ] (4.73)
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Our experience indicates that the optimization should be initialized with 

a nonsingular stabilizing gain. We compute this initial gain, denoted by 

Kinitiali by using eigenstructure assignment. This gain uses all three control 

surfaces because the adaptive controller will use all three control surfaces. 

The desired eigenvalues and eigenvectors are the same that were used to 

compute Keig. We attempted to obtain AT;mna/ using eigenstructure assign­

ment, but the unassigned eigenvalues were unstable. The (5 x 3) control 

distribution matrix B°p has singular values 35.3966, 18.6783, and 0.2101. 

The small singular value, which corresponds to a direction of weak con­

trol, causes some of the feedback gains to be on the order of 104. The 

physical explanation is that even with three control surfaces we can still 

only generate yawing moment and rolling moment. To alleviate this design 

problem, we use the pseudo-control strategy of Sobel and Lallman [18]. 

We choose the columns of the new control distribution matrix Bp to be the 

two singular vectors corresponding to the two larger singular values and 

use eigenstructure assignment to compute a (2 x 3) feedback gain matrix. 

Then, this (2 x 3) feedback gain is mapped back to the original matrix 5° to 

obtain the (3 x 3) gain AT,„,„a/. The designer must be careful when comput­

ing the achievable dutch roll eigenvectors because the pseudo-inverse of an 

ill-conditioned matrix is required. This ill-conditioned matrix has singular
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values given by 1.0000,1.0000, 0.9998, and 0.0028. The achievable eigen­

vectors were computed using MATLAB® function “pinv” with TOL=0.01. 

This has the effect of discarding the singular value at 0.0028 in the pseudo­

inverse computation. The initial feedforward gain Kinniai is shown in Ta­

ble 4.4.

Table 4.4: Initial and Optimal Gain Matrices

Kinitial Koptimal

P rwo P P fwo P

1.6456 -0.6527 -0.0067 75.224 15.937 17.504 5 / e

1.7811 -0.6997 -0.0072 22.535 -34.857 19.305 5 fl

-0.9257 0.2858 0.003 67.391 -43.849 -14.24 5 ,

We design a feedforward which allows up to 80% loss of control effective­

ness in any one control surface. We remark that Lemma 4.2 requires OLJk > j .  

However, we will show via simulation that we can accommodate failures of 

more than 50%. This is because Lemma 4.2 is only a sufficient condition 

and it is probably conservative. Therefore, the loss of control effectiveness 

parameters p\ are chosen to be p \ e  [0,0.8]; j  =  1 ,...,  3. We optimize over 

K  as shown in (4.40). The optimization converges with ||AT-1 ||f  =  0.83746.
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We restart the optimization with the final gain as the new initial gain. Then, 

the optimization converges to a new gain with j|/r =  0.19365. We re­

peat this restart process until ||AT-1 \\r has only a small change on successive 

optimizations. This required a total of five optimization runs which includes 

four restarts. The optimal robust stabilizing gain Koptimai is shown in Table 

4.4. The Frobenius norm has been reduced from || K~ftia[ | | f =  1.2 x 105 to 

|| K~ptimal | |f =  0.042809 and robust stability is ensured because all tJmin are 

negative. Hence, lemma 4.3 ensures that the aircraft with feedback Keig and 

feedforward K~^imal is ASPR for all control surface failures which belong 

to the set represented by p\ e  [0,0.8]; j  =  1 ,... ,3. However, we add dynam­

ics so that the plant is augmented with a dynamic feedforward compensator
K~ 1

H ~ l (s) =  -yjp™'' where x =  10-16 rather than with constant feedforward 

^optimal• This eliminates the algebraic loop associated with the use of a 

constant feedforward compensator. Finally, we remark that we used ver­

sion 2.2 of the Optimization Toolbox and version 1.0.8 of the LMI Toolbox. 

Earlier versions of the toolboxes may produce different answers for Koptjlna[.

The pilot command pc is chosen to be a roll rate step of 10 deg/sec. The ini­

tial conditions on both the aircraft and reference model are zero. A control 

surface failure occurs at t=l second. We perform a non-adaptive simulation
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of the aircraft with the fixed eigenstructure assignment feedback gain Keig 

for a 50% aileron failure. This corresponds to Kx — Ke — 0, Ku = / , and 

H ~ l (5) is omitted. The aircraft and reference model responses are shown in 

Figure 4.4. Observe the poor model following in sideslip angle, yaw rate, 

and roll rate. Here we plot the true yaw rate (r), but recall that we feed back 

the washed out yaw rate (rwo).

Next, we perform simulations of the adaptive system of Figure 4.1. We 

initialize the adaptive gains to be Kx =  Ke =  0 and Ku = I. This choice of 

initial gains corresponds to the eigenstructure assignment feedback which 

was designed for the unfailed aircraft. The weighting matrices T  and t  are 

chosen to be T =  T  =  /. The aircraft and reference model responses are 

shown in Figure 4.5. Observe the almost perfect tracking for sideslip angle, 

yaw rate, and roll rate as compared to the fixed gain controller.

The time responses for an 80% aileron failure using the fixed eigenstruc­

ture assignment feedback gain Keig are shown in Figure 4.6. Observe the 

poor model following in sideslip angle, yaw rate, and roll rate. Next, we 

perform simulations of the adaptive system of Figure 4.1 where T  and f  

are again chosen to be T  =  T  =  /. The time responses are in Figure 4.7.
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Observe the almost perfect tracking for sideslip, yaw rate, and roll rate.

The time responses for a 50% rudder failure using the fixed eigenstructure 

assignment feedback gain Keig are shown in Figure 4.8. Next, we perform 

simulations of the adaptive system of Figure 4.1 where T  and f  are again 

chosen to be T  =  T  = I. The time responses are shown in Figure 4.9. We 

observe that the adaptive controller yields almost perfect tracking whereas 

the fixed gain controller does not. Finally, the time responses for an 80% 

rudder failure for the fixed gain and adaptive controller are shown in Figures 

4.10 and 4.11, respectively.

We observe that the adaptive controller provides almost perfect tracking 

even though the amount of control effectiveness loss exceeds the value of 

50% which is allowed in Lemma 4.2. Finally, we remark that the same cho­

sen T and T  must be used for all simulations because we do not know in 

advance which failure will occur.

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



9 1

50% Aileron Failure (Rxed Gains)
0.05 _ _ J _ -

at
o -0.05

X I

- 0.1

-0.15
90 3 4 7 8 102 5 6

1.5

0.5

0
0 32 4 5 7 8 9 106

a2-

Solid=Plant
Dashed=Reference Model

0 3 4 82 5 6 7 9 10
Time(sec)

Figure 4.4: 50% Aileron Failure Using Fixed Gains

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



92

50% Aileron Failure(Tbar=T=l)
0.05

- 0.1

-0.15

k.

4 6 8 9 100 2 3 5 7

Dashed=Reference Modelq.2

Solid=Plant

0 2 3 4 5 6 8 9 107
Time(sec)

Figure 4.5: 50% Aileron Failure Using Adaptive Gains

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .



93

80% Aileron Failure (Fixed Gains)
0.05  i -  -

- 0.1

-0 .15
4 5 6 7 8 9 100 2 3

1.5

0.5

0
4 5 7 80 2 3 6 9 10

4

3
Solid=Plant
Dashed=Refe rence Model

0
4 5 6 72 3 80 9 10

Time(sec)

Figure 4.6: 80% Aileron Failure Using Fixed Gains

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w ith o u t  p e rm is s io n .



94

80% Aileron Failure( Tbar=T=l)
0.05

® -0 .05

- 0.1

-0.15
3 4 5 6 8 9 100 2 7

Dashed=Reference Modela  2

Solid=Plant

3 6 80 2 4 5 7 9 10
Time(sec)

Figure 4.7: 80% Aileron Failure Using Adaptive Gains

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



95

50% Rudder Failure (Fixed Gains)
0.2

0.1

0

- 0.1

- 0.2
7 8 9 100 2 3 4 65

1.5

0.5

0
2 3 7 8 9 100 4 5 6

4

3

Solid=Plant

Dashed=Reference Model

0
2 3 7 8 90 4 5 6 10

Time(sec)

Figure 4.8: 50% Rudder Failure Using Fixed Gains

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



96

50% Rudder Failure( Tbar=T=l)
0.05

- 0.1

-0 .15

k.

0 3 4 6 9 102 5 7 8

Dashed=Reference Model

Solid=Plant

3 4 5 6 90 2 7 8 10
Time(sec)

Figure 4.9: 50% Rudder Failure Using Adaptive Gains

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



97

80%  Rudder Failure (Fixed Gains)

5oJO

- 0.1

- 0.2
100 2 3 4 5 6 7 8 9

2

u

0

- 1
2 3 4 8 100 5 6 7 9

Solid=Plant

Dashed=Reference Model

0 2 3 4 6 85 7 9 10
Time(sec)

Figure 4.10: 80% Rudder Failure Using Fixed Gains

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



98

80% Rudder Failure( Tbar=T=l)

<84*(Dn

- 0.1

- 0.2

1.5

0.5

0
2 3 5 6 80 4 7 9 10

4

3

Dashed=Reference Modelq.2

Solid=Plant

0
2 3 5 6 8 90 4 7 10

Time(sec)

Figure 4.11: 80% Rudder Failure Using Adaptive Gains

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e r m is s io n .



Chapter 5

Concluding Remarks

5.1 Conclusions

This research has proposed new results for the design of passive and active 

fault tolerant control systems with application to aircraft flight control in 

the presence of aircraft control surface failures. The passive approach uses 

eigenstructure assignment and optimization to design fixed constant gain 

controllers. The active approach uses direct model reference adaptive con­

trol to adjust the controller gains in real time to maintain tracking when a 

failure occurs.

In chapter 2, one lemma and two theorems were proposed for eigenstruc-
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ture invariance when it is known which control surface is most likely to fail. 

Lemma 2.1 derives a basis for the subspace in which the eigenvectors of the 

failed aircraft must lie. Theorem 2.1 shows the existence of a constant out­

put feedback gain matrix which yields an invariant dominant eigenstructure 

both before and after failure. Theorem 2.2 shows that the failure of a control 

surface causes the corresponding row of the constant output feedback gain 

matrix to be zero. We applied our results to the design of a stability aug­

mentation system for the linearized lateral dynamics of the F/A-18 aircraft. 

To achieve exact eigenstructure invariance, we required the dutch roll and 

the roll modes for both the unfailed and failed aircraft to be the same as for 

an eigenstructure assignment controller. The eigenstructure invariance was 

achieved but with increased coupling from sideslip to roll rate. To reduce 

the coupling, we required only the dutch roll for both the unfailed and failed 

aircraft to be the same as for the eigenstructure assignment controller. The 

coupling has been reduced but at the expense of exact eigenstructure invari­

ance.

In chapter 3, we presented a passive fault tolerant flight control law for 

the F/A-18 aircraft which achieves acceptable handling qualities for a class 

of control surface failures. A comparison was made of an eigenstructure
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assignment gain designed for the unfailed aircraft with a fault tolerant mul­

tiobjective gain. We have shown that the time responses for the unfailed air­

craft using the eigenstructure assignment gain and the fault tolerant gain are 

identical. Furthermore, the passive fault tolerant controller achieves MDL- 

F-8785C specifications for all failure conditions.

In chapter 4, we presented a new result for direct adaptive control for multi­

input multi-output systems with control surface failures. Two lemmas and 

one theorem were proposed for the stability of the adaptive closed loop sys­

tem. Lemma 4.1 shows that positive definite quadratic Lyapunov functions 

can be selected such that their derivatives are negative semi definite. Lemma 

4.2 shows the boundedness of these Lyapunov functions at the failure in­

stants if the loss of control effectiveness failure does not exceed 50%. This 

condition has been shown via simulation to be only a sufficient condition. 

Theorem 4.1 proves the boundedness of all states and gains in the adaptive 

loop and that the augmented output error vanishes asymptotically.

We augmented the plant with a feedforward compensator such that the in­

verse feedforward compensator stabilizes the plant over the set of allow­

able failures. A novel state space approach for computing the feedforward
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compensator was proposed. The approach uses the MATLAB® LMI Tool­

box [14] and the MATLAB® Optimization Toolbox [15] to design a robust 

feedforward compensator.

We demonstrated the use of our algorithm by application to a three input 

model of the linearized lateral dynamics of the F/A-18 aircraft. We have 

presented simulation results which show that the adaptive controller exhibits 

improved model following as compared to a non-adaptive eigenstructure as­

signment controller.

The work of this thesis is documented in the following papers:

Belkharraz A.I., and Kenneth M. Sobel, “Fault Tolerant Flight Control for  

a Class o f  Control Surface Failures ”. Proceedings of the American Control 

Conference, Chicago, Illinois. June 2000, pp 4209-4213.

Belkharraz A.I., and Kenneth M. Sobel, “Eigenstructure Invariance fo r  an 

Anticipated Flight Control Surface Failure ”, Proceedings of the American 

Control Conference , Arlington, VA June 2001, pp 1833-1835
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Belkharraz A.I., and Kenneth M. Sobel, “Direct Adaptive Control fo r  Air­

craft Control Surface Failures”, Proceedings of the American Control Con­

ference, Denver, CO June 2003, pp. 3905-3910.

Belkharraz A.I., and Kenneth M. Sobel, “Direct Adaptive Control fo r  Air­

craft Control Surface Failures”, submitted to International Journal of Sys­

tem Science.

5.2 Problems and Recommendations

We applied our design methodology to the linearized lateral dynamics of 

the F/A-18 aircraft. We computed an optimal constant feedback gain using 

an off-line multiobjective optimization technique. We observed that the re­

sponse with the multiobjective optimization gain exhibits a significant cou­

pling from sideslip to roll rate when a stabilator failure occurs. A possible 

extension will be the use of dynamic compensators which offer more de­

grees of freedom. Therefore, a dynamic controller may exist which reduces 

the coupling from sideslip to roll rate. This can be done by modeling the 

plant and the compensator by a composite system. A second order com­

pensator can be tried first. If the desired dynamics are not achieved, then a
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higher order compensator can be used. An important issue to be addressed 

is the choice of the subeigenvectors corresponding to the compensator.

The direct adaptive control algorithms using output feedback developed by 

Kaufman et. al. [12] have been extended to multi-input multi-output plants 

with control effectiveness failures. Our new adaptive algorithm has been ap­

plied to the linearized lateral dynamics of the F/A-18 aircraft in the presence 

of a loss of control effectiveness failure. Here the class of possible failures 

is the loss of control effectiveness of any one control surface. Furthermore, 

we do not know which control surface will fail nor do we know the amount 

of control effectiveness loss. However, if the class of control surface fail­

ures includes two or more simultaneous failures, then a single model based 

adaptive controller may be too slow to achieve an acceptable response. A 

possible extension will be the consideration of multiple models where each 

model will correspond to one control surface failure scenario which includes 

the multiple failure cases. The output of the plant is compared to the output 

of every model to determine the actual failure scenario. Then, we switch to 

the controller corresponding to this failure scenario. An important issue to 

be addressed is a proof of stability for the closed loop adaptive system.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



Appendices

105

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



Appendix A

Proof of Lemma 2.1

( X j l - A f ) - '  =

(k f + b)Im 0OTX 

—A2 1+AA21 Xf  I —A 22

A d j ( X f l  — A f ) 

de t ( Xf l  — A / )

Let

(X f/-A / )=A '- 

Let Ad j(A ‘) = [cpq]T where the cofactors cpq are given by 

cpq =  ( - l ) p+q-det(A'pq)

Due to the special structure of A', it follows that

(Af+  5)-det(A ipq) i f p = q, p ,q =  1 ,2 ,. ..,m  

0 if/>^<7, P ,q =  1,2,
C p q  —
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(A.l)

(A.2)

(A.3)

(A.4)

(A.5)
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Therefore, the adjoint of A1 may be written as

Adj(A l) =
(Xf + b)T (Adj(A‘))\2 

(Adj(A1)) 21 (Ad j  (A1)) 22 

where T =  diag{det (A\ x),det (Al22)  , . . . ,d e t  (AJ^J}

Finally

( V f l - A f T 'B  =
A d j ( A ‘) - B

det(Al)

del (A!)

(^ f+ 8 )5 r  

8(/W/(Af))2i

Define

a
(Xf +  5)5r  

det(Al)

(Xf + 8)8<fa(4*).
rf«(A0

=  8(Ad;(A'))2!

Then, the basis vectors are given by (2.11).

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .

(A.6)

(A.7)

(A.8)

(A.9)
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Proof of Theorem 2.1

(Af  + BFC)v( = (A + AA + BFC)vf 

= (A + BFC)vf + AAvf (B.l)

Let the j th control surface fail. Then

AAv! ■■

m

0  • • •  a [m+l)j  • • •  0

: Q ( n - m ) x ( n - m )

0  . . .  a „ j  . . .  0

vf,

v/..

(B.2)
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From lemma 1, v f  may be written as

0

cxi5
0

0

0

+  ...  +  P;

ctj5

0 +  • • • +  Pm
0

0 (xm8

0
YmYi

Yj

Observe that all the basis vectors have a zero in row j  with the exception of 

basis vector j .

Choose (3; =  0. Then, AAvf = 0 and (2.16) is proven.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w ith o u t  p e rm is s io n .
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Proof of Theorem 2.2

Rewriting the eigenvalue-eigenvector equation we obtain 

( W - A /) v /  =  SFCvf (C.1)

We partition (C. 1) conformally mindful of the special structure of A f  and B. 

Let

v f  =

W i

(C.2)

Then, Eq. (C.l) may be rewritten as

(Xj +  8)7,„ 0m x (n- m)

- A 2 1 +  A A 2 1 h l ( n - m ) -  A 22

- “
Zi Zi

= 8 FC

W i ®(n-iw)xm W i
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Considering the first matrix equation from the partitioned form, we obtain

(A,,- +  8 )Im

- - ~

Z i Im Z i

=  8 FC

W i ^mx(n-m) W i

=  5FC

Thus

+  8^ 
(— )Z>

Let

Z =  

Vf =

Therefore

( ^ ) Z l .  ( ^ ) a .  ( ^ ) Z r

v f ,  v f ,  v f

Z =  FCVf

and

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)

f  =  z(cvfy (C.9)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Finally,

Zi 0 where the zero is in row j \  j  < m

So

F  = 0 0 0 (CVf) -1

where the zeros are in row j  of matrix F. Then, the result follows.

(C.10)

(C.11)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Derivation of Error Equation

Defineex = x*p —xap. Then, 

ex = x*p - x f lp

Add and substract A apX*p in Equation (D.l) and obtain:

ex =  X p - A ^ X p + A p C p - r f ,  

ex =  Si i Amxm +  Si \Bmum +  Si2iim — ApXp +  ApXp 

Aaprf> -  Fpdup

Recall that

Up =  Krr, where Kr — Ki + Kp and r =  [(<?")1 x^  ]r  

From Eq. (4.13) we have

Xp — S\ \Xm ~F S\2Um

113

(D.l)

(D.2)

(D.3)

(D.4)

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



Hence

ex =  Aapex - B apa ‘Krr+ S u A mxm + SnB mum +

2^m ~ApSi\Xm ApS\2Um

ex =  Apex - B apa!Krr+ (SnA m- A apSn)xm +

(S\\Bm — ApSi2)um

add and substract BapalKir in (D.6), where K, =  [Kei, KXi, Kui\

ex =  Aapex - B apa iKrr+ B apa iKir+ (S u A m- A apS n )xm + 

(Sn Bm - A apSn )um-B?pa!Keieay -  

B^uKjciXm Bapa K UjUm

Define the augmented output tracking error as

eay = y m - f p = / - y ap = capx;-cpap = q >ex

ex =  (Aap -  B?pa!Keiq ,)ex + (Si jAm -  AapS {, -  Bapa ‘Kxi)xm -  

B°pa ‘[Kr -  Kj]r +  (Si iBm -  AapSn  -

Let Kxi = S21; Kui =  S22; K*i =  S23, and define Ac = A ap -  Bapa lKeiCap

ex =  Acex - B apa i[Kr - k i]r+[SuAm - A apS u - B apa iS2i}xm- 

(S\\Bm —A pS\2 — BpCL S22)um

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)
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Since q < m ,  use Eq. (4.20) to obtain

ex = Acex -  B?-c£[Kr -  £ ] r  (D.10)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .
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Proof of Lemma 4.1

Consider the Lyapunov function:

V,(ex<K,) = elPiex +tr[(Ki -  K ,)T~'(K , -  if/)7'] (E.1)

where Pi is a n n x n  postive definite symmetric matrix, Ki is an unspecified 

matrix, T -1 is a positive definite matrix, and, “tr” denotes the trace. Note 

that V-, is positive definite in the state variables of the adaptive system, ex(t) 

and Ki(t).

The time derivative of Vi is

Vi- =  elP iex + elPiex + tr [ k iT - l(Kl - K i)T + 

{K i -K^T- 'K j }

Vi =  eTxPiex + eTxPiex + 2 tr { { K ,-k i)T -xkJ}

(E.2)

(E.3)
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Use Eqs. (4.25)-(4.29) to obtain

Vi = [Acex - B apa i{Kr - K i}r]r Piex + 

elP i[Acex - B apa i[Kr - K i]r\ +

2 tr[{Kj -  Ki)T~'lTr(eay)T} (E.4)

Vi = eTxA TcPiex +  eTx PiAcex -  [B^a^K, -  Ki)r}7 Piex -

elPiBPpo}{Kr -K ^ r + 2 { e ay)r { K i- k i ) r  (E.5)

Vi = e l{A 7cPi +PiAc)ex - 2 e 7x PiB?pa i{Kr - K i)r+

2 e \(C£)r Kir -  2eTx { q ) T Ktr (E.6)

V{ =  e7x {A7Pj +  PiAc)ex -  2e7x PiBapa}Krr +

2e7PtBapCLiRir+ 2 e7x {C“p)TK ,r - 2 e 7x (C j)r ff/r (E.7)

V  =  e l(A 7Pi + PiAc)ex - 2 e 7PiBapa i(K, + Kp)r +

2e7PiBapa ik ir +  2eTx {Cp)TK,r -  2e\{Cap)T K{r (E.8)

Vi =  e7x {A7c Pi + PiAc)ex - 2 e 7x PiB?pa iK ir - 2 e 7x PiB?pQLiKpr +

2elPiBapa ik ir+ 2 e7(C # 7 Ktr -  2e7x {C tf7Ktr (E.9)

Let (Cp)T =  PiB̂ OL1. Then, the time derivative of V/ becomes

V = e7x {A7cPi +  PiAc)ex -  2e[PtBPpCL%r (E. 10)

Substitute for Kp from Eq. (4.26) and recall (Cp)T =  PiBpa ' to obtain

V  = e l{A Tc Pi + PiAc)ex -  2e7x {Cap)Teayr7f r  (E .ll)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Vi =  eTx {ATc Pi+ PiAc)ex -  2{eay)TeayrTf r  (E.12)

Vi =  - e Tx Qiex - 2 { e ° ) Teay rTT r < 0  t e ( T u Ti+x) (E.13)

where <2, =  -  {A*Pi + P,AC)

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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Proof of Lemma 4.2

To prove the boundedness of Vj-(f) at the failure times 7}, we will begin with 

Vo(0 which is bounded. At the first failure time we switch to Vi(t) which 

will be proven to be bounded at T\.

Vo{t) = eTx P0ex + tr[(KI -K o )T - '(K l - K 0)T] f o r t e { 0,°°) (F.l)

When the first failure occurs at time T\, we will switch to V\(t )

Vx{t) = eTKP\ex + tr[(Kt -  K \)T ~ X{Ki -  R \)T) fo r  /€[0,oo) (F.2)

Recall that

V0 =  - e x QQex -2 (e y )TeyrTf r  fo r  t e[0 ,T \)  (F.3)

Vi =  - e TxQ\ex - 2 ( e ay)Teyrr f r  fo r  t e {T i,T 2) (F.4)
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where T2 is the instant of the second failure.

Observe that % < 0, and Vx < 0 .Therefore V0(t) and Vx (t ) are bounded 

monotone nonincreasing functions on t G [0,T\ ) and t G {TX,T2) respec­

tively. Therefore

For the purpose of the proof we will use the following.

Lemma F.l For any real constant square matrices, we have 

tr [ (A -B )T ~ 1( A - B ) T] < 2 tr{A T 'lAT) + 2 tr(B T -]BT) 

where T-1 is positive definite symmetric.

Proof: See Appendix I.

Let A = K[ — K0, and B = K \ -  Kq. Use Lemma F. 1 to obtain

tr[{KI - K i ) T ~ l (KI - K l )T} < 2tr[(Kl - K o ) T - l (Kl - K 0)T} +

Define AFj =  tr[(K\ -  Kq)T  1 (K\ -  Kq)t ] =  constant, then

tr[{Ki -  K \)T ~ l (K1 - K l )r }<2tr[(KI - k 0) T - [(KI - K o ) T} + 2AV,

V0(0) >  Vo(7j) (F.5)

Vx{Tx) > Vi(T2) (F.6)

2tr[{kx- k Q ) T - \ k x - k Q)T]

Vx{Tx) - e TKPxex < 2V0{Tx) - 2 e TxP0ex + 2AVx (F.7)

R e p r o d u c e d  with p e r m is s io n  o f  th e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w ith o u t  p e rm is s io n .
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Vi(7i) <  2Vq(T\) +  eTx Pxex - 2eTx PQex +  2AVi (F.8)

V i(ri) <  2Vq{Tx) +  eTx (P\ -  2P0)ex +  2AVj (F.9)

From Eq. (F.5) we have Vo(0) >  Vo(T\), and therefore

Vi(7i) <  2Vo(0) +  eTx (Pi -  2P0)ex +  2AVi (F. 10)

Since Vft(0) is bounded, and AV\ is a constant, then (Pi — 2Po) has to be at 

least negative semidefinite.

From the ASPR condition we have

( c p r =  PoSJ CF.ll)

( C t f  =  P,B°pO.' (F.12)

This implies that

PoBi =  P iZ ^a1 (F. 13)

By premultiplying both sides of (F. 13) by (Bap)T we obtain

( ^ ) r P0^ = ( ^ ) 7'P i ^ a 1 (F.14)

Lemma F.2 [26] IfPo G Slnxn is positive definite and B G 9\/,xm has rank m 

then

No = BtPqB

is also positive definite.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Since Pq and P\ are positive definite, then by applying Lemma F.2, we 

obtain

N0 = N xa l (F.15)

where Nq and N\ are also positive definite.

We present several results on congruence transformation.

Definition F.l [27]: I f  there exists a nonsingular matrix S such that 

B  =  ShAS we say that B is hermitian-congruent to A, and that B is obtained 

from A by a hermitian congruence transformation.

Lemma F.3 [27]: I f  xfi Ax is a positive definite quadratic form and 

B  =  ShAS, where S is a nonsingular square matrix, then xHBx is also a 

positive definite quadratic form. Similarly fo r  positive semidefinite forms, 

etc.

Lemma F.3 shows that the property of being positive definite is not affected 

by a congruence transformation. To show the boundedness one needs to 

show that (Pi — 2Pq) is at least negative semi-definite. This is equivalent to 

showing that (N\ -  2Nq), or (N\ -  2N\(xl) is at least negative semi-definite. 

To complete the proof we will use the following lemma.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Lemma F.4 [28]: I f  A and B are symmetric matrices and A is positive 

definite, there exists a nonsingular matrix S, such that

St {A+ B)S = I  + G

where G is a diagonal matrix whose elements are eigenvalues o f A ~ lB.

According to lemma F.4 there exists a nonsingular matrix 5 such that

Sr (Nl - 2 N la l )S =  I  + G (F.16)

where G =  d ia g fk iiN ^1 (—2N \a1))} =  -2 d ia g {k j(a 1)} = —2diag{ak}, 

which implies

ST(N\ -  2N ia l)S = I -  2diag{a\} (F.17)

Observe that according to Definition F. 1, (N\ -  2N\ a 1) and (I -  2diag{alk}) 

are related by a congruence relationship. Hence, the positive or negative 

definiteness property of these two matrices is the same. Finally, we have: 

then X/(7 -  2diag{ak}) are all negative, and (/ -  2diag{a\}) is 

negative semi definite. Since (/ -  2diag{alk}) is congruent to (Nj -  2 N \a l), 

then (N\ -  2NiCt{) and hence (Pi -  2Pq) are also negative semidefinite. 

From Eq. (F. 10) and using ej(P i -  2Pf)ex < 0 yields

V{ (Tx) < 2Vo(0) +  e\(Pi -  2Po)ex +  2AV, < 2V0(0) +  2AV, (F. 18)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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In the same manner, generally:

Vi(t) < Vi{Ti) < W - i  (7-) -f-8 <  . . .  <  riVo(O) +  p 

where y, 8, T], and {3 are constant.rreal numbers.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .

(F.19)



Appendix G

Proof of Theorem 4.1

We show that ex -»  0 as t °° by using the following Lemma.

Lemma G .l [29]

I f  / , / €  Loo and / €  Lp fo r  some p  € [1,°°) then f ( t )  - » O ast —

Consider the interval (Tqo,°°). It follows from (E. 13) that

Vqo < -k \\ex\\2\ k > 0  (G.l)

Therefore, Vqo is a bounded nonincreasing function. So it has a limit as 

t —» oo which we denote by K*. Furthermore, K[ and ex are also bounded, 

i.e., ex e  Loo. From (D.10), we observe that since Ac is stable, and ex, Kj, xm, 

um are bounded, then ex is also bounded, i.e., ex G Loo.
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We integrate both sides of (G .l) to obtain

poo poo

J o  *  - * / # M 2*

»*»2* 25 t I V ' = J j(V  - < -
Therefore, ex eL,2.

Since ex, ex E L *  and ex e  L2, then it follows from Lemma G .l that ex ->0  

as t -¥ 00,

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



Appendix H

Proof of Theorem 4.2

The system in (4.35) with feedback H(s) = /sT(H- t j )  is given by

i  = AJd (o)x  (H.l)

where

Ajcl{a) = A P -  Bjp{a)[ I+xKCpBjp(a)]~l KCp(l +  xAp) -  (H.2)

A necessary and sufficient condition for the existence of the inverse in (H.2) 

is that the eigenvalues X/ satisfy

l+ i& i{KCpBJp( o ) } ? 0  (H.3)

Use the matrix inversion lemma to obtain

Ajc,{(5) = A p -Bjp {o ) [ I -x K C p{I+xBjp{a)K Cp) -xBip{a)}KCp{ l + x A p)(AA)
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Rearrange (H.4) to obtain

A}d {a) =  (Ap - B Jp(a)KCp) + [xBjp{a)KCp{ l +  ̂ p{a)KCp)^B{{a)KCp{l +  xAp) -  

Bp(o)KCpxAp] (H.5)

where K  is computed so that (Ap — Bp(a)KCp) is stable for all j  and a.

Use the result from Sobel et. al. [30] that the system in (H .l) is stable if

a  > K 2{M)$ (H.6)

where

*

a  =  - m a x  Re[\j(Ap -  B̂p{<5)KCp)] (H.7)

K2(M) is the condition number of the modal matrix of (Ap -  Bp(c)KCp). 

and

\\zBjp(a)KCp{I+rBjp(a)KCpy l BJp(o)KCp(I+zAp)-B^{o)KCpxAp\\ < P(H.8)

It is clear that P can be made small by choosing t sufficiently small.

Let a mi„ be the minimum of a  over j ,  a ; and let K2max be the maximum of 

K2(M) over j ,  o.

Then, we require

(3 < O-minjKlmax (H.9)

Hence, there exists t sufficiently small such that (H.9) is satisfied which

implies that AJd (c) in (H.4) is a stability matrix for all j ,  a.

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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Proof of Lemma F.l

t r [ { A - B ) T ~ \A - B ) T] < 2tr(AT~1A r )+  2tr(BT~xBT) is true if

2tr(AT~xA T) +  2tr(BT~xBT) — tr[(A — B)T~X(A — B)T] > 0 (I.

L H S o f Eq. (1.1) =  2tr(AT~]AT) + 2tr(BT~1BT) -

tr[AT~xA T - A T ~ 1Bt - B T ~ 'A t + B T ~ XB 

=  2tr(AT~xAT + B T ~ xBt ) —

tr[AT~lA T - A T ~ xBt - B T ~ iAT + B T ~ lB 

= tr[2AT~xAT + 2BT~1Bt —A T ~1A t + 

A T ~ 1Bt + B T ~ 1A t - B T ~ 1Bt ]

= tr[A T -xA T + A T - {Br + B T - ]AT + B T - lB 

=  tr[(A +  5 ) r ~ 1(A +  fi)r ] > 0
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