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1. Introduction

1 .1 . T h e  S u b je c t

T h is  essay concerns open induction domains. These are ordered rings satis fy ing a lim ite d  

fo rm  o f the p rinc ip le  o f mathem atical induction . In an open induc tion  dom ain A, the 

p rinc ip le  o f in d u c tio n  is required to hold for fin ite  unions o f sets defined by systems o f 

equations and inequa lities made from  polynom ials w ith  coefficients in A.

The study o f th is  class o f rings begins w ith  Shepherdson [SHEP], where i t  is shown 

th a t a d iscretely ordered ring .4 is an open induction  dom ain i f  and on ly  if  for every 

element r  o f the real closure o f A , there is an element a o f A  such th a t a <  r  <  a +  I. 

The  la tte r  cond ition  means tha t an analogue o f the integer p a rt operator, w ith  A  in 

place o f the s tandard  integers, can be defined on the real closure o f A.

There are n a tu ra l open induction  domains iden tified  in [SHEP]. The ring  S  o f 

Puiseux po lynom ia ls w ith  integer constant terms and real algebraic coefficients is one 

example. (See Section 2.3 for the defin ition  o f Puiseux po lynom ia l.) A n  im p o rta n t d if­

ference between open induction  and more powerful theories, such as Peano a rithm e tic , 

is th a t the axioms o f  open induction  are not the o n ly  source o f in fo rm a tion  about open 

induc tion  dom ains. M uch can learned about open induction  by s tudy ing  specific open 

induc tion  domains and th e ir subrings.

We shall be concerned w ith  two m ain problems.
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(i)  W h ich  polynom ials have a zero in  a t least one open ind u c tio n  dom ain? Does the 

set o f a ll such polynom ials have an algebraic o r num ber-therore tic description? Is th is  

set e ffective ly  enumerable? The la tte r  question seems to have been raised fo r the firs t 

tim e  by W ilke  in  [W j. Van den Dries [V D l]  gave an effective procedure for de te rm in ing  

i f  a po lynom ia l in  two variables has a zero in a model o f open induction . H is resu lt does 

no t seem to  generalize to  inequalities  in  two variables. The  problem  for equations in 

three variables remains open.

(ii)  How strong a set o f axioms fo r a rithm e tic  can an open induction  dom a in  sat­

isfy and s t i l l  be given so th a t the r in g  operations are effective ly computable? A sharp 

question a long these lines was posed in [A.V1L]: Are there e ffective ly presentable open in­

duc tion  dom ains A ^  Z  such th a t every system o f po lynom ia l equations and inequalities 

unsolvable in  Z  is unsolvable in /l?

We shall consider problem  (i) in  a more general form: W h ich  systems o f equations 

and inequalities  have a solution in an open induction  domain? We have found a number- 

theore tic  descrip tion o f these systems, given in Theorem 3.7. We do not know  i f  th is 

descrip tion  is effective. O ur descrip tion is a consequence o f an V[ ax iom atiza tion  o f the 

class o f d iscre te ly  ordered rings tha t extend to a model o f open induction . T h is  is given 

in  Theorem  3.4.

In  an e ffo rt to  approach problem  (ii)  we study the theory consisting o f the  axiom s for 

open induc tion , together w ith  a ll universal sentences in  the language o f { + ,  —, -, < , 0 , 1 }
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th a t are true  in  the r in g  o f integers. Following [A M L ], we call th is  theory Diophantine  

correct open induction . We give an axiom atization th a t e lim inates induction  entfrely. 

Specifically, we show th a t D iophantine correct open induction  is axiom atized by all 

sentences <r o f the form

V x i . . .V x n3 j/0 (x ,y )

such th a t 0  is a quantifie r free form ula and a  is true  in  Z . Th is  is Theorem 5.6.

F ina lly , we consider the class o f ordered rings A  w ith  the property tha t every un i­

versal sentence in  the language o f {+ ,  •, 0 , I, < }  ho ld ing in  Z  holds in A. These are the 

D iophantine correct ordered rings. We would like to  b u ild  D iophantine correct models 

o f open induction  as unions o f chains o f very simple D iophantine correct ordered rings. 

In  o rder to  do so, we have to  be able to recognize these rings. In  Theorems 6.4, 6.5 and 

the subsequent examples, we connect the problem o f dete rm in ing  whether an ordered 

ring  is D iophantine correct w ith  a class o f problems in D iophantine approxim ation.

1 .2 . S o m e  D e ta i ls .

In  th is  section we give a more detailed sum mary o f our problems and results. The 

reader who is on un fam ilia r ground can proceed d ire c tly  to  Section 2 w ith o u t loss o f 

con tinu ity .

Each linear com bination over the reals o f f in ite ly  many ra tiona l powers o f a single 

variable t  determines a func tion  from  (0, oo) in to  R. Let p  be the set o f a ll such functions.
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p  forms a r in g  under po in tw ise  add ition  and m u ltip lica tio n . We in troduce an ordering 

on p  by defin ing  a func tion  to  be positive i f  i t  takes on positive values for a ll suffic iently 

large t. (See Section 2.3.)

We are going to  s tudy  subrings of p, especially fin ite ly  generated subrings, o f two 

special types: D iscretely ordered rings, and D iophantine correct rings. In  o rder to bu ild  

open induction  domains w ith  various properties, we would like  to  know how to  recognize 

these types o f rings. T yp ica lly , they w ill be generated by fin ite ly  many functions whose 

defin ing coefficients are given as algebraic functions o f an a lgebra ica lly independent 

tup le  /'. We w ill want to  know  how the properties o f the ring  depend on r .

I f  / i  i / ‘2 • • • € p, then Z [ / ]  w ill denote the ordered subring o f p  generated by the 

f i . The sym bol 0(x) w il l denote a system o f fin ite ly  many equations p (x ) =  0  and 

inequalities q(x) >  0 , where p(x) and q(x) are polynom ials w ith  integer coefficients, and 

x  is a fin ite  tup le  o f variables. Elements a €  Z [ / ]  w ill satisfy 0 i f f  each o f the equations 

p (a (t))  =  0  and inequalities q (a (t)) >  0  ho ld  fo r a ll su ffic iently large t.

For some choices o f / ,  the ring  Z (/] w ill solve systems o f equations and inequations 

(p 7̂  0) w ith  no integer solutions. In  Z [t, s/21] for example, the generators satisfy x  ^  0  

and 2x2 =  y 2. We can avoid th is s ituation, i f  we wish, by requ iring  th a t the functions 

f i  be algebraica lly independent over Q. T he  ring  Z [ / j  w ill then  be a po lynom ia l ring 

over Z. In  any such ring , a system o f equations and inequations is solvable if f  it  has 

solutions in  integers.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Even i f  Z [ / ]  does not disagree w ith  Z  w ith  respect to  the so lvab ility  o f equations, i t  

can do so w ith  respect to  the so lvab ility  o f inequalities. For example, Z [ / ]  can be densely 

ordered. T h is  w ill be the case i f  Z [ / ]  contains elements x  and y such th a t x  <  y <  x  + 1 . 

R ings in  w h ich these inequalities arc unsolvable arc said to  be discretely ordered. I t  is 

perhaps surpris ing th a t a discretely ordered ring which solves on ly  those systems o f 

equations and inequations w ith  integer solutions can s til l solve systems o f inequalities 

w ith  no integer solutions. B u t th is is so. For example, the r in g  .4 =  Z [ t . a t  — j ] ,
i f

where a €  R is the real cube root o f 2 and r  € R is transcendental, is a d iscretely 

ordered po lynom ia l r in g  in  two variables. A ny system o f equations and inequations 

w ith  a so lu tion  in  A  has an integer solution. In Example -1 fo llow ing  Theorem  fi.5, we 

prove th a t there are systems o f inequalities solvable in A  bu t not in Z. Specifically. A 

violates R o th ’s theorem.

D iophantine correct rings can d iffe r from  Z  in very sim ple ways. For example, Z[t\ 

is D iophantine correct, b u t t €  Z [t\ is ne ither even nor odd. T h is  does not cause any 

system 0 to  con flic t w ith  Z . The reason th a t t  is neither even o r odd  is th a t a certian 

element, th a t behaves like  is m issing from  the ring. VVe can add such an element:

The ring  Z [ | ]  is a D iophantine correct extension o f Z [t\ in  which I  is even.

In  fact a ll o f the diTerences between Z [t\ and Z  expressible in  the firs t o rder language 

{ + ,  —, 0 , 1 , < }  o f ordered rings are correctable in the sense th a t they can be removed 

by ad jo in ing  more elements to  the ring. Z [ / ] ,  in o ther words, extends to  an ordered
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r in g  th a t satisfies a ll firs t order sentences true  in  the ordered r in g  Z .

T h is  extension cannot take place inside p  since, e.g., the elements o f p  are po lyno­

m ia l^  re lated. T h is  leads to the question: W hich  firs t-o rder discrepancies between Z[t\ 

and Z  can be removed by extending Z [i] to  a larger D iophantine correct sub ring  o f p ‘! 

M ore generally, w hat subtheories o f true a rith m e tic  can a subring  o f p  satisfy?

In  [S O ], norm al open induction  domains were found as subrings o f p . A n  in tegra l 

dom a in  A  is "no rm a l” i f  every element the quo tien t fie ld o f .4 sa tisfy ing a m onic po ly­

nom ia l w ith  coefficients in  A  is an element o f A. For example, Z  is a norm al open 

in d u c tio n  dom ain. Norm al open induction  can be axiom atized by adding an in fin ite  set 

o f V j sentences in  the language o f rings to  the axioms o f open induction . N o rm a lity  

im plies, for example, th a t .4 cannot have tw o elements whose ra tio  is \ f l .

We do no t know whether p  includes a D iophantine correct model o f open induction  

o th e r than  Z . Nor do we know whether the models given in [BO] are D iophantine 

correct. T he  idea th a t they m igh t be was suggested to  the au th o r by M . O tero , who 

a ttr ib u te d  the suggestion to W ilk ie .

As we mentioned, the problem  w ith  Z [f], th a t t is ne ither even nor odd, can be fixed 

by  extend ing  i t  to  Z [ | ] ,  w h ic li is also D iophantine correct. Observe th a t the element |  

o f  p  is no t a fin ite  distance from  any element o f Z [t\. For every element o f p  algebraic 

over Z [t\ b u t no t a fin ite  distance from  Z [t], one can construct a sta tem ent true  in  Z  

b u t no t in  Z [t]. For example, \ /2 t  is such an element o f p. We can w rite  the inequa lities
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y <  \ j2 x  <  y +  1 as a system 0(x, y) using polynom ials w ith  integer coefficients. The 

sentence V x3yd (x , y) is true  in  Z  bu t false in  Z[£j.

In  th is  case, we know o f a D iophantine correct extension o f Z [t\ conta ined in p  in 

w h ich  V x3yd(x , y) becomes true, namely Z [t, \ /2 t  — r j,  fo r any r  transcendental over 

Q. (See Example I fo llow ing Theorem 6.5.) In [BO] open induction  dom ains are 

constructed by ca rry ing  ou t th is k ind  o f extension repeatedly. We would like  to know 

when such extensions preserve D iophantine correctness.

We shall give a m ethod for trans la ting  each question “ Is Z [ / ]  D iophantine correct?" 

in to  a prob lem  in number theory. Here are some sample translations. (The  assertions 

made here are proved in  Section 6 .)

(i) Let S  be the set o f a ll values o f the quadratic  form

x (2 * x  -  y)

as x  and y  range over Z . Then Z [t, 23f — £], w ith  r  transcendental, is D iophantine 

correct i f f  r  is a l im it  po in t o f S.

L it t le  is known about the d is tr ib u tio n  o f the elements o f S. In p a rticu la r, S' is not 

know n to  have positive elements in  every neighborhood o f 0. See [L D A  II.2 , page 25].

13 2
' *  ,

as n  and m  range over the positive integers. The ring  Z [t2 , t 3  -  ^ 7 ], where r  is a real
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transcendental, is D iophantine correct i f f  r  €  S.

H a ll’s conjecture [R I, Section C2, page 249] asserts th a t the  nonzero values of 

, where n  and m  range over the positive integers, are a ll greater than  some

fixed pos itive  constant c.
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2. Preliminaries.

In  th is  section we give a num ber o f defin itions and theorems that w ill be used in sub­

sequent sections. A ll o f the  defin itions given here are standard. A ll o f the  theorems are 

known, and none are due to  the author.

2.1. Logic.

W e shall be concerned exclusively w ith  first-o rder languages in  which equa lity  is a logical 

sym bol. Lower-case G reek letters w ill denote form ulas. VVe shall use over-bars, as in

x , to  denote fin ite  tuples o f objects x i . x a   W hen the in tention is clear, we shall say

i g S  when we mean th a t x  is a tup le  o f elements o f the set S.

I f  0  is a form ula and x  is a tup le  o f variables, we shall use the n o ta tio n  o (x )  to 

ind ica te  th a t the free variables o f 0  appear among the x ,. I f  / I  is a s truc tu re  and 0 (x ) 

is a fo rm ula  in  the language o f A, then

A  (= 0 (a)

means th a t 0 , w ith  a j,  . . .  assigned to  aq, x ? . . .  respectively, is true  in  A.

A  form ula  is open i f  i t  has no quantifiers. A  fo rm u la  is o f type V! i f  i t  consists o f a
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s tr in g  o f universal quantifie rs followed by an open form ula. A  fo rm u la  is o f type 3 i i f  i t  

consists o f a s tring  o f ex is tentia l quantifiers followed by an open form ula. A  form ula is 

o f  type  V -2 i f  i t  consists o f a s tr in g  o f universal quantifie rs fo llowed by an 3 i form ula.

A  theory  is a set o f sentences. I f  T ' is another theory in  the same language as T  and 

i f  every model o f T  is a model o f T \  we shall w rite  T  =t> T ' . I f  0  is a sentence in the 

language o f T  and 0  is provable from  T , we w rite  T  0 . We w ill not define p rovab ility  

here, since, in  view o f the G odel’s Completeness Theorem [SH. Section 4.2]. one can 

restate the meaning o f th is sym bol in terms o f models: T  I- 0 i f  and on ly  i f  every model 

o f  T  is also a model o f 0 .

I f  T  is a theory, then V j(T )  denotes the set o f V[ sentences 0 in the language o f T

such th a t T  I- 0 ; s im ila rly  fo r 3[ and V j.

We shall say th a t T  is an V i theory i f  V i(T )  =► T ; s im ila rly  fo r 3 1 , etc.

A  theory T  adm its e lim ina tion  o f quantifiers  i f  fo r every fo rm ula  0 {x )  there is an

open fo rm u la  0 {x )  such th a t T  t- V x (0 (x )  *-* 0 (x )).

I f  A  is a s truc tu re  and /  is a function  sym bol in  the language o f A  then f  A w ill 

denote the corresponding function  o f .4; s im ila rly  for re la tion  and constant symbols. I f  

0 (ar 1 . . . x n ) is a form ula in  the language o f A, we w ill use 0 A to  denote the subset o f 

A n defined by 0 . Note th a t 0 A depends on the specification o f x .

W hen the meaning is clear, we w ill use the same sym bol fo r a s truc tu re  and its  

dom ain.
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I f  A  is a s tructu re , and i f  the structure  A ' is obtained from  A  by adding new 

functions, re lations, o r d istinguished elements, we shall say th a t A ' is an expansion o f 

A , and th a t A  is a reduct o f A '.

I f  .4 is a s tructu re , /  : .4”  —*■ .4 is a function, and f  G .4, then /  is definable in  A 

fro m  parameters f  i f  there is a form ula 4>{u,x\ . . . x n ,y )  in  the language o f A  such th a t 

fo r a ll « t . . .  an , b G / l ,

A  |= 0 (/“ , d, b) ift / ( d )  =  b.

I f  A  is a s truc tu re  and f  €  4 , then a subset S of A n is definable in  A  fro m  f  if  there 

is a form ula 0 (ft, x [ . . .  x n) in the language o f /I, such th a t for a ll f i[  . . .  an € .4.

4  )= 0 (r ,  d) if f  d € 5’.

I f  A  is a s truc tu re  fo r a language L , then T h (A )  w ill denote the set o f a ll sentences 

o f L  true in  A. V i( 4 )  w ill denote the set o f all V[ sentences o f L  true  in .4, and s im ila rly  

fo r 3 1 , etc.

A  theory is satisfiable i f  i t  has a model. A  theory T  is f in ite ly  satisfiable i f  every 

f in ite  subset o f T  has a model. A  theory is consistent i f  no con trad ic tion  (0  A for 

a sentence 0 , say) can be proved from  it .  As mentioned above, we w ill not discuss the 

concept o f p ro va b ility  here. However, as satis fiab ility  and consistency are equivalent in  

v iew  o f G odel’s Completeness Theorem [SH Section 4.2], the two terms w ill be used
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interchangeably.

T he  Compactness Theorem asserts tha t a fin ite ly  satisfiable theory is satisfiable. 

T h is  was firs t proved by Godel. See e.g. [HO, Theorem 6 . 1 . 1 ).

I f  A is a structure , we define a set o f formulas D (A ), the  diagram  o f A. as follows: 

A d d  to  the language o f A a new constant symbol c„ for every element a o f A. Expand 

A  to  a s tin c tu re  A ' for the new language by p u ttin g  c:;,' =  a. Let D (A )  be a ll open 

sentences o f T h (A ') .

The  m ethod o f diagrams in model theory goes back at least to  Abraham  Robinson’s 

1949 P h .D . thesis. Hodges [HO, chapter I, page 22] traces i t  to  W ittgens te in ’s Tractatus  

logico-philosophicus. The proofs o f fo llow ing three propositions are well known examples 

o f th is  m ethod.

P r o p o s it io n  2 .1 . Let A be a structure, a n d T  a theory in  the language o f A. Then the 

fo llo w in g  are equivalent:

(1) A  \= V [(T ) .

(2) T  U D (A ) is consistent.

(3) A  is a substructure o f a model o f T.

Sketch o f Proof. For (1) => (2), assume (2) is false. Use the fact tha t an inconsistency 

in  T  U D (A )  w ould  mean the existence o f a sentence -up, where </’ is a con junction  o f
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sentences from  D (A ), such th a t -up is satisfied by the expansion o f every model o f T  to  

the language o f D (A ).  T h in k  o f the d iagram  constants in  ip as variables and take the 

universal closure, to  ob ta in  a sentence o f V i(T )  inconsistent w ith  D (A ).  T h is  contrad icts

(D -

For (2) => (3), le t B  |= T U  D (A ). Then A  is embedded in  B  v ia  the map c A i-» cB , 

where c is an a rb itra ry  diagram  constant o f A .U

P r o p o s it io n  2 .2 . T  is an V[ theory i f f  every substructure o f a model o f T  is a model 

o /T .

Sketch o f Proof. For the i f  d irec tion , suppose T  is not V |. Choose ip €  T  such 

tha t V i (T )  4- ~>tp has a model A. By the last P roposition, A  extends to  a model o f T . 

C on trad ic tion . ■

For com plete proofs, see [C H K  Theorem  3.2.2, page 124], and [HO  Lemma 8.5.1, 

page 391].

I f  A  is a s truc tu re  and 5  is a subset o f the dom ain o f A, then (S )A w ill denote the 

in tersection  o f a ll substructures o f A  inc lud ing  S. A  is f in ite ly  generated i f  fo r some 

fin ite  subset 5  o f / l ,  we have (S) =  A. We shall need:

P r o p o s it io n  2 .3 . Let T  be an V[ theory, and A a structure f o r  the lanyuage o fT .  Then 

A satisfies T  i f f  every f in ite ly  generated substructure o f A  satisfies T . ■
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2 .2 . T h e  p - a d ic  In te g e r s

The d e fin itio n  o f p-adic integers and a ll results about them in  th is  section are due to 

K . Hensel.

Let p be a prim e number. There are unique ring  homomorphisms tin ■ 1‘ l y n’L  —» Z /p “ ~ 1 

fo r each n  >  1 . The r in g  o f p-adic integers, Z p, is defined to be the subring o f the  p rod ­

uct r in g  f i  Z /p nZ  consisting o f a ll sequences a such tha t for n  >  1 ,
n >  1

hn ( f ln ) =  -  1 •

The  frac tion  fie ld o f Z p, called the fie ld  o f p-adic numbers, is denoted by <QP.

Each rin g  Z p contains an isom orphic copy o f Z, namely, the subring o f eventua lly  

constant sequences.

P r o p o s it io n  2 .4 . The ring  Zp has exac tly  one m axim al ideal. I t  is generated by p, 

and consists precisely o f a ll non-un its  o fL p .

Sketch o f  Proof. The ideal o f m ultip les o f p in  Zp consists o f a ll elements a such 

th a t a i =  0 in  Z /p Z . To prove tha t a ll non-units have this property , we choose a 6  Z p 

such th a t a i 0, and show tha t a is a u n it.  To prove the la tte r, choose b\ €  Z /p Z  such 

th a t a \b \ =  1 . Prove inductive ly  the existence o f bn €  Z /p nZ  such th a t anbn =  1 and 

hn(bn ) =  6 n_ i,  using the fact th a t / in(on) — « n - i-  Then b w ill be the required inverse 

o f a. ■
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For a proof, see [SE Section 1.2 P roposition  2].

G ive each ring  Z /p nZ  the discrete topology, and give f [  Z /p " Z  the p roduct topol-
n>  1

ogy. Zp then  acquires the subspace topology. One easily checks th a t Z p is closed in 

n  z / p n Z . Since the la tte r  is compact, so is Z p.
n> 1

To decode th is: Tw o elements o f Z p are close i f  they agree, as sequences, on a long 

in it ia l segment. A  basic open subset o f Z p consists o f all elements th a t have a given 

in it ia l segment. Z p is closed in ["[ Z /p nZ  because n € Z /p r,Z  satisfies the cond ition
n > 1 n > l

hnicin) =  an_ t i f f  every in it ia l segment o f a satisfies that condition.

N ote th a t a d d itio n  and m u ltip lica tion  are continuous in Zp. T h is  m erely says tha t i f  

a and a' agree on a long in it ia l segment, and i f  b and U agree on a long in it ia l segment, 

then so do a 4- b and a' +  6 ', and so do nb and a 'b '.

We shall need

P ro p o s it io n  2 .5 . Z  is dense in  Z p.

P ro o f.  The  statem ent o f the proposition means th a t every open subset o f Z p contains 

an element o f Z . I t  suffices to  prove th is  for basic open subsets, each o f which consists 

o f a ll elements o f Z p w ith  some given in it ia l segment cvi . . .  q „ .  B u t the element a o f Z p 

such th a t at =  a i  fo r i  =  1 . . .  n, and such th a t a, =  a n fo r i  >  n, represents an element 

o f Z.B

F ina lly , we m ention the p-adic m etric. Define the function  (pp : Z p —► R  as follows: 

4>p(0) =  0 , and fo r non-zero a €  Zp, 4>p(a) =  p -m , where m  is the least pos itive  integer
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such th a t a,n ^  0. T he  function  <pp measures the num ber o f zeros a p-adic num ber a 

“ begins w ith ” , w h ich is the same as the power o f p th a t divides a. The func tion  <pp( x —y) 

gives a m etric  on Q p th a t defines the p-adic topology described above. For a discussion 

o f th is  sec [SE Section 1.2 P roposition 3].

2 .3 .  O r d e r e d  R in g s

Rings  are structures o f type { + , —. - , 0 . 1 } satisfying the usual axioms [LA ]. Note th a t 

o u r rings have u n it elements. A  ring  is an integral dom ain  i f  i t  satisfies

Vu\ y (xy  =  0 —» x  =  1) V g — 0).

A n  Ordered R ing A  is a structu re  o f type {+ .  —, - ,0 ,1. < }  sa tis fy ing  the axioms fo r a 

com m uta tive  ring, and add itiona l axioms for <  tha t we describe, a fte r [PF], as follows: 

Let

P = { a e A : a  > A 0 },

and le t

— P  =  { —a : a €  P } .

For A  to  be an ordered ring, we require tha t P  be closed under +•*' and • 'l , th a t 

P f l  — P  =  0, and th a t P U —P u  {O ^} =  A.

The  above conditions im p ly  th a t < A is a to ta l o rdering  o f the dom ain o f A  th a t is
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com patib le  w ith  the ring  operations in the usual way.

I t  is s tra igh tfo rw a rd  to  w rite  down V i sentences th a t form ulate each o f the  above 

cond itions. We shall refer to  th is  set o f V i sentences as O R , the theory o f o rdered rings.

The significance o f our de fin ition  o f ordered r in g  is given by the fo llow ing , firs t 

proved by A r t in  and Schreier [AS].

P r o p o s it io n  2 .6 . Let A he an in tegra l domain. Then A has an expansion to  an ordered 

r in g  i f f  0  '$ is not a sum o f  non-zero squares o f  elements o f  A.

Sketch o f Proof. Let S  be the set o f all P  C A  such tha t P  is closed under -K 1 and 

and — L £  P. Then S is no t em pty since the set o f sums o f squares is an element o f 

S. By Zorn 's Lemma, take a m axim al element P  o f S’. Show th a t fo r P  m axim a l, the 

rem ain ing  properties hold: P H  — P  =  0, and P U  — P U  {U '1} =  A. ■

For a com plete proof, see [PF, Chapter 6. C o ro lla ry  1.6].

We shall o ften  make reference to  ordered ring  p  defined as follows: The dom ain  o f p

/
is the  set o f a ll functions from  (0 ,oo) in to  R o f the fo rm  t  »-» Jf. ct t'h . where c* €  R, and

« = l

q i , . . .  ,q i are ra tiona l numbers. A d d itio n  and m u ltip lica tio n  o f elements o f p  is defined 

po in tw ise. The positive elements o f p  are those functions /  such th a t f ( t )  is positive 

fo r a ll su ffic ien tly  large t.

I t  is sim ple to  check th a t p  is a ring. As fo r the  ordering, we shall ve rify  th a t for 

every func tion  /  €  p  d iffe rent from  0 , e ither /  o r —/  is positive.
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i
Since /  ^  0, we can w rite  /(£ )  in  the form  51 Citqi, w ith  q\ <  q i <  . .  ■ <  qi, and

i = i
i

ci ^  0. Then  51 Citqi~qi tends to  q  as t tends to  in fin ity . Since 
i= l

I

t =  l

i t  follows th a t f ( t )  is e ither positive for large t , or negative for large f, depending on

the sign o f q . Therefore e ither /  o r —/  is positive.

I f  /  €  p,  then Z [ / ]  w ill denote the substructure o f p  generated by the / , .  T h is  is 

again an ordered ring , consisting o f a ll functions g ( f ( t ) )  such th a t g is a po lynom ia l

w ith  integer coefficients.

l
A  Puiseux po lynom ia l is an element o f p  o f the form  t i—* 51 where the r/i ar 

non-negative. I t  is more custom ary to th ink  o f Puiseux po lynom ia ls as form al objects 

ra th e r than  functions. For our purposes i t  w ill be harmless to b lu r  th is  d is tinc tion , and

we shall do so. T he  Puiseux polynom ials form  a subring o f p.

A  discretely ordered ring  is an ordered ring  satisfy ing the a d d itio n a l axiom

Va;(-iO <  x  <  1 ).

T h is  is the same as requ iring  th a t an ordered ring  satisfy

Vx, y(-<x <  ty <  x  -F 1).
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W e shall refer to  the theory o f discretely ordered rings^s  D O R . N o te  th a t D O R  is an 

Vx theory.

A  d iscrete ly ordered ring  A  is p-adically correct i f  for every p rim e  p there is a 

hom om orphism  from  A  in to  Z p. Theorem 3.1 and proposition 2.1 im m ed ia te ly  im p ly  

th a t th is  class is V i axiom atizable.

A n  ordered ring  is Diophantine correct if  i t  satisfies the theory V i(Z ) ,  where we 

regard Z  here as an ordered ring.

2 .4 . R e a l C lo s e d  F ie ld s .

A n  Ordered F ie ld  is an ordered r in g  whose reduct to {+ . —. 0 , 1 } is a field.

A  fie ld  is fo rm a lly  real, i f  zero is not a sum of non-zero squares.

A  Real Closed F ield  is a fo rm a lly  real field F  such that no fo rm a lly  real fie ld E  

p rope rly  inc lud ing  F  is algebraic over F. The defin ition  o f real closed fie ld  and the 

fo llow ing  three theorems are from  A r t in  and Schreier [AS].

T h e o re m  2 .7 . Let F  be a  fo rm a lly  real Reid. Then F  is real closed i f f

(1) Every element o f  F  o r its negative is a square in  F. and

(2) Every one-variable polynom ial o f odd degree with coefficients in  F  has a root in  

F .U

I t  follows th a t the class o f real closed fields is first-order axiom atizable .
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For a p roo f o f the theorem, see [LA , C hapter X I, Section 2, P ropos ition  2.1, and 

Theorem  2.2].

Every real closed field F  has one and on ly  one expansion ( F, < )  to  an ordered field, 

obta ined  by tak ing  P  ( in  the de fin ition  o f ordered ring) to  be the set o f squares o f all 

non-zero elements. W hen F  is a real closed field, and there is no danger o f confusion, 

we shall no t d istinguish between F  and (F , < ).

I f  A  is an ordered ring, then a real closure o f A  is an ordered fie ld  F  extend ing  A  

such th a t F  is real closed, and every element o f F  is algebraic over / l .  The  existence 

o f a real closure o f an ordered ring  follows easily from  Zorn's Lemma. T he  fo llow ing 

uniqueness result is deeper.

T h e o re m  2 .8 . Let A be an ordered ring. Let F  and F ' be real closures o f  A . Then 

there is an isomorphism o f  ordered rings h : F  —* F ' fix in g  every element o f  A. ■

In  lig h t o f the last Theorem, we shall speak o f "the" real closure F  o f  an ordered 

r in g  A  when we care only about the isom orphism  type o f the pa ir (A , F ) .

We shall use the abbrevia tion R C F  fo r the theory o f real closed fields.

T h e o re m  2 .9 . R C F  is complete and adm its  e lim ina tion  o f quantifiers. ■

T he firs t assertion follows from  the second, by showing th a t a ll quan tifie r-free  sen­

tences are decidable in R C F. The theorem is due to  Tarski. For a proof, see [M M P, 

C hap te r 1 , Section 2, Theorem 2.3 and C oro lla ry  2.4].
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We shall make repeated use o f

T h e o re m  2 .1 0 . (T h o m ’s Lem m a.) Le t F  be a real closed fie ld. Le t f i ( t )  ( i  =  1 . . .  n) 

be po ly jiom ia ls  in the variable t  w ith  coefficients in  F. Suppose th a t fo r a ll i  there is 

some j  such th a t f j  is the form al derivative o f  f i  w ith  respect to  L. Le t □ , denote any 

one o f  the sym bols  > , = , o r <  . Then the set o f  t  €  F  such th a t

t

is e ithe r em pty  o r a s ingleton o r an open in te rva l w ith  endpo in ts in  F  U {± o o } .

n
The form al de riva tive  o f a po lynom ia l 51 Cj£* in the variab le  t  w ith  coefficients c* in

i —0
n

an a rb itra ry  ring  is the po lynom ia l £  ted1-1.
i = l

Sketch o f Proof. By the completeness o f R C F  i t  suffices to  prove the theorem for R. 

The p roo f is by induc tion  on n. I f  n  =  1 then / ]  is the zero po lynom ia l, and the Lemma 

follows. Suppose n  >  1. We can assume / „  has m axim al degree. I f  / „  has degree 1 then 

each form ula /*(£)□*() defines e ither the em pty set, a singleton o r a half-line, and the 

intersection o f such sets satisfies the requirements o f the lemma. Assume f n has degree 

greater than I .  By induction  the polynom ials f \ . . . f n- \  sa tis fy  the conclusion o f the 

Lemma. I f  the set S  defined by f \ i<n f i ( t ) ^ iO  is e ither em pty  o r a singleton, then so 

w ill be A i< n  / i ( 0 c-I»0. Suppose 5  is neither em pty nor a singleton. Since f 'n is one o f the 

f i  and f n has degree greater than I, i t  follows th a t f 'n has no roo t in  S. f n is therefore
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s tr ic t ly  increasing o r s tr ic t ly  decreasing on S. I f  / „  does not change sign on S, then 

the  set defined by A»<n / i ( 0 DtO w ill e ither be em pty, o r the same as the set defined by 

A i< n  / i ( 0 ° iO .  I f  fn  does change sign on 5, then i t  w ill have a single roo t r  €  S. In  th is  

case, A i< n / i ( O n iO w ill define e ither { r } ,  o r an in te rva l w ith  one endpo in t r  and the 

o th e r an endpo in t o f S. ■

For deta ils  see [VD3, C hapter 2, Lemma 1.2].

From T h o m ’s Lem m a we shall derive the fo llow ing well-known fact:

Proposition 2.11. Let F  be a real closed field. Le t a €  F. Suppose r  € F  is algebraic 

over the fie ld  Q (a ). Then there is mi open form ula  o (x . y) such tha t 0 (ri. y) defines r  in 

F.

Proof. Since r  is algebraic over Q (a), we can choose a po lynom ia l / ( x \  y ) w ith  integer 

coefficients such th a t / ( a ,  r )  =  0, bu t f { a , y )  is not the zero po lynom ia l. Let f ' ( x . y ) 

be the fo rm a l deriva tive  o f f ( x ,  y)  w ith  respect to the variable y. Let 0 1 be the form ula 

f { x ,  y ) =  0. Consider the d is juc tion  6(x ,y)  defined as follows:

(01 (£,2/) A / ^ x , ! / )  =  0) V (<j>i(x,y) A f ' ( x , y )  >  0) V ( 0 i ( x , y)  A / ' ( £ ,  y) <  0). (2.1)

In  F, 6(a, y ) defines the same subset as <pi(a, y). Let 0 2 (x , y) be any one o f the three 

d is junc ts  o f <5(x, y), chosen so th a t 0 2 («> >’) holds in F. Define 0 3  from  0 2 , 04 from  0 3 , etc, 

in  a s im ila r way, d iffe ren tia tin g  /  i  times for the de fin itio n  o f <pi+\. Then  the conjuncts
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o f 0 n(a, y), where n  is the (/-degree o f / ,  give a sequence o f po lynom ia l equations and 

inequa lities th a t is closed under form al derivatives, in  the sense o f  the hypotheses o f 

T h o m ’s Lemma. I t  follows from  T h o m ’s Lemma th a t the set S' defined by 0 „ (d ,  y) in 

R  is e ithe r empty, a singleton, o r an open interval. O u r construction  puts r  €  S. Since 

the conjuncts o f 0 conta in  at least one non-triv ia l equation, i t  follows tha t S =  {7-}. 

Therefore 0 „  is the required form ula 0 . ■

2.5. Open Induction.

A n  Open Induction  Dom ain is a d iscretely ordered ring  satis fy ing a ll sentences

Vy ((0(0, y) A Vx >  0 (0 (x . y) - *  $ (x  +  I . y ) ) )  — Vz >  U 4 {z .y ) )  (2.2)

such th a t 0 (x , y)  is an open form ula. We shall use the abbrev ia tion  O I  for the theory, 

in  the language o f ordered rings, consisting o f DOR. plus the above sentences.

Theorem 2.12. (D ir is io n  Theorem) I f  A  is an Open Induction  Domain, then the fo l­

low ing  sentence is true  in  A :

Vy >  0 Vx 3 !<7 , r ( x  =  j/ij +  r A O < r <  y).
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Proof. Le t y  G A  be positive. We prove firs t tha t for every x  >  0 there is some q G A 

such th a t

y q < x < y ( q + l ) .  (2.3)

O therw ise, assume x  >  0 and there is no such q. Let S  be the subset o f A  defined 

by the fo llow ing  form ula cr(q) :

q >  0 A yq <  x .

C learly  0 G S’. I f  q G S then by assumption

A (= -> yq <  x  < y(q  4- 1).

Therefore y(q  +  I)  <  x . Hence q +  I €  S.

VVe have shown tha t the open form ula  a(q) satisfies the hypotheses o f a sentence 

o f the form  (2 .2 ). Since A  is an open induction  domain, S contains a ll non-negative 

elements o f A. Bu t, from  o u r choice o f 5, x  +  1 £  A. C ontrad ic tion . T h is  proves (2.3). 

Next, we define q and r  and prove they are unique.

G iven y  >  0 and x  >  0, choose q such tha t

yq <  x  <  y{q+  I ) ) .  (2.4)
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Put r  =  x  — yq. Then x  =  yq +  r  A 0 <  r  <  y. Suppose also x  

Then

yq' <  x  <  y(q +  1 ).

Since A  is an in tegra l dom ain, ('2.4) and (2.5) im p ly  tha t

< /< < / +  1A < / <<7 + 1 .

Thus

q <  q +  I <  q - f  2 .

Since A  is d iscrete ly ordered, ( f  4 - 1 =  q +  I . Hence </ =  q and r '  =  r .

F'inally, i f  x  <  0, carry ou t the same argument w ith  — x . T hen  w rite  - x  =  yq  +  r  in 

the fo rm  x  =  y ( —q — 1 ) +  (y — r). ■

Theorem 2.13. I f  A is an open induction  dom ain , and n € Z  is a positive in teger. 

then the quo tien t r in g  A / n A  is isomorphic to 'Ljn'L.

Proof. One need on ly  show th a t A / n A  has n elements. T he  last theorem im plies th a t 

every x  €  / l  has the form  nq +  r  fo r exactly one r  €  [0 , n ) . ■

VVe shall need the fo llow ing theorem due to Shepherdson.

Theorem 2.14. Suppose A  is  a discrete ly ordered ring , w ith  real closure F. Then  

A  )= O I  i f f  every element o f F  is a fin ite  distance from  some element o f  A.

25

=  yq/ +  r '  A 0 <  r '  <  y.

(2.5)
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Sketch o f p ro o f Suppose A O I .  Suppose, e.g., r  €  F  is positive. For some a 6  / l ,  

r  is definable in  F  by a an open form ula  0(a,x) .  E lim ina te  over R C F  the quan tifie r 

in  3z(0(a, z) A x  <  2 ), to  ob ta in  an open form ula 1l ’(a, x ) .  A rgue th a t i f  ii’(a , x )  has no 

greatest clem ent in  .4, then the set o f non-negative elements o f .4 sa tis fy ing  (/’(«. x ) is 

inductive . Then  argue th a t there are non-negative elements o f A th a t do not satisfy 

i { j (a,x).  Conclude th a t there is a largest element in A  sa tis fy ing  ti<(a,x). T h is  element 

w ill be a fin ite  distance from  r.

For the o the r d irection , one shows th a t every subset o f A  definable by an open 

form ula is a fin ite  union o f sets (r, r ')  f l  A, where (r, r ' )  is an in te rva l in  F. For sets o f 

th is form  the induc tion  axioms can be d ire c tly  verified. ■

For a proo f, see [VD2, Section 3, Theorem  3.1].

2.6. Valuation Rings

Let F  be a fie ld. A  subring V  o f F  is a valuation ring  i f  for every nonzero element 

x  G F. e ither x  o r x _ 1  is in  V. A  va luation  ring has a unique m axim al ideal I . consisting 

o f a ll the non-un its  o f V. V  is said to  be real i f  the fie ld V /1  is fo rm a lly  real. V /1  is 

called the residue fie ld  o f V.

I f  F  is an ordered ring  and 5  C F  is a valuation ring, then  S  is convex in  F  i f  any 

element o f F  between two elements o f S  is in  5.

The fo llow ing  theorem was proved by Baer 1927, and K ru ll 1932.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

T h e o re m  2 .1 5 . Suppose F  is a fie ld  and V  C F  is a real valuation ring . Then F  has 

an expansion to  an ordered fie ld  such tha t V  is convex in  F .

Sketch o f proof. The field V / I  can be ordered, since i t  is fo rm a lly  real. F ix  one such 

ordering. Since F  is the fraction  fie ld o f V, any ordering on V  extends un ique ly  to  an 

o rde ring  on F. VVe construct an ordering on V  whose extension to F  makes V  convex.

F irs t, show th a t an ordering o f V  tha t makes /  a convex subset o f V  extends to  an 

o rde ring  on F  m aking V  convex. (Use the de fin ition  o f va luation  ring.)

N ext, find  an ordering on V  so tha t /  is convex: S ta rt w ith  the set Pq o f a ll linear 

com binations

such th a t 0 ^  Ui €  V, and such th a t a € V  has a positive image in  V / I . Pq w ill have a ll 

the properties required o f an o rdering  on V. except perhaps th a t V  ^  P qU  —Pq U {0 } . 

Such a subset is called a precone. Extend Pq to  a m axim al precone P  inc luded in  V  

v ia  Zorn 's  Lemma, and argue th a t m axim al precones have the missing p roperty . P  w ill 

then give an o rdering  o f V.

I f  x  €  P  then the image o f x  in  V / I  cannot be negative. O therw ise, by o u r choice 

o f Pq, —x  6  Pq. Th is  is impossible since P  is an ordering and Pq C P.

T hus the p ro jec tion  hom om orphism  h : V  —► V / I  preserves the re la tion  <  . I t  follows 

(us ing on ly  th a t V  and V / I  are ordered rings and the p ro jec tion  map h preserves < )
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th a t I  is a convex subset o f V. ■

For a com plete p roo f see [PS, III.2 , Satz 10].
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3. An Axiom atization o f Vi(OZ).

Follow ing Shepherdson’s discovery o f recursively presentable non-standard models of 

Open Induction , W ilk ie , Van den Dries and others [VV], [V D l] ,  [VD2], [M M ], [SM], 

stud ied techniques fo r constructing such models. They considered the fo llow ing s itua ­

tion : One is given a fin ite ly  generated com m utative  ring  extension A =  Z[a\  . . . a „ ]  o f 

Z . Let I  be the ideal o f all polynom ials in Z [x \  . . . £ „ ]  tha t vanish a t a. Then Z [a ] is 

isom orphic to the quo tien t ring  Z[x } /1 .  By the H ilb e rt Basis Theorem  [LA , C hap te r IV , 

Section 4, Theorem  4.1] I  is f in ite ly  generated. Thus A can be specified by g iv in g  a 

fin ite  num ber o f polynom ia ls f \ . . .  f m th a t generate / .  One w ou ld  like to  know, g iven / ,  

w hether there is an ordering on A  th a t makes A  in to  an ordered subring of some open 

induc tion  dom ain. Can this be determ ined effectively? A t issue is how to determ ine 

w hether the sentence

3 x / \ f i ( x )  =  0

i

is consistent w ith  O I .  VVe can make th is  dete rm ina tion  i f  we know  which sentences

V x / \ f i ( x )  £  0
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belong to  the theory V i(O Z ). T h is  leads to  the more general question,

“ Is V j(C )/) a recursive theory?”  (3.1)

T h is  can be considered a va ria tion  on H ilb e rt’s Tenth Problem : The la t te r  asks, in 

effect, whether V i(T )  is a recursive theory, where T  is the theory o f the ordered r in g  Z.

The most im p o rta n t th in g  we know about V [ ( 0 / )  was discovered by W ilk ie  [W ]. 

Le t us say th a t a “ Z —Ring” is a D iscretely Ordered R ing satisfy ing a ll sentences

Vx3y { n y  <  x  <  n(y  +  1 )),

such th a t n  is a positive integer. W ilk ie  [W j proposed this de fin ition , and he proved

T h e o re m  3 .1 . A Discretely Ordered Ring A extends to a model o f Open Induc tion  i f  

and only i f  any one o f the fo llow ing  conditions hold:

( 1 ) A extends to a "L—Ring.

(2) For each positive integer n, and each prim e p 6  Z , there is a r in g  hom om orphism  

fro m  A  onto the r in g  7LjpnTL.

(3) For each p rim e  p, there is a r in g  homomorphism fro m  A  into the p -ad ic  integers

Zp.
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Sketch o f  Proof. Suppose A  extends to  a model B  o f O I.  Then  Theorem 2.12 

im plies th a t B  is itse lf a Z -R ing . This proves ( 1 ). ( 1 ) =>(2) follows from  the axioms fo r 

Z —Rings, w ith  p n replacing n. For (2)=>(3), le t

hn : A -  Z /p " Z

be on to  r in g  hom omorphisms. Let kn be the cannonical map from  Z /p " Z  onto  Z / p n~ l Z . 

As is exp la ined in  Section 2.2, Zp is the subring o f JJ^pn consisting o f a ll sequences a
n

such th a t kn(an ) =  un - i -  Note that the maps hn are unique: Each is determ ined by 

the image o f 1 £  A. From this, deduce tha t k n o hn =  Now define h : A  —> Z p as

follows: h (a )n =  hn (a). I t  follows from kn o hn =  /in - i  th a t h (a ) £  Z p. I t  remains on ly  

to  check th a t h is a homomorphism. Th is completes the case (2)=>(3).

F ina lly , we assume (3) and prove tha t .4 extends to  a model o f O I .  T h is  is the po in t 

o f w ha t W ilke  d id . I t  happens in two stages. F irs t, one shows how to  use the maps hv 

from  A  in to  Z p to  extend A  to  a Z —Ring A ' included in : a £ A  A n £  Z + }. The 

construc tion  is as follows: P u t ^  in A! if f  fo r a ll p, n  d ivides hv{a) in  Zp. T h is  gives us 

A ' . We extend A'  to  a model o f O I  by trans fin ite  induction . A t  each stage we have a 

Z —R ing  and we add an “ integer pa rt”  o f some element o f its  real closure, and extend 

to  another Z —Ring. Eventually, we ob ta in  a Z —Ring B  such th a t every element in  

the real closure o f B  is a fin ite  distance from  B.  Th is means B  is a m odel o f O I .  (cf.
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Theorem  2.14.) ■

In  th is  section, we shall use W ilke ’s result to give an ax iom atiza tion  o f ' i \ { O I ) .  We 

sha ll need the fo llow ing

Definition 3 .2 . A  polynom ia l f  €  Q [ i ]  is said to  be integer valued i f  / ( h )  6  Z  fo r  

every tup le  n €  Z. I f  F  is an integral domain o f characteristic zero, and S is a subset 

o f  F, we shall use Z  (S) to  denote the  subring o f the fraction fie ld  o f  F  consisting o f  

a ll / ( s )  such th a t s €  S and f  is an integer valued polynom ia l. We shall often take S 

to  be subset { . r j . . .  x n } o f  the po lynom ia l r in g  Z[x\ . In  th is  case, we shall w rite  s im p ly  

7L{x\ . . .  x n ) instead o f  Z  { { ^ i  . . .  x n } ) .

The  integer-valued polynom ials were characterized by Polya and Nagel. T h e ir  main 

resu lt is sum m arized by

T h e o re m  3 .3 . For t a positive integer, let

x (x  — 1 ) • • • (x  — i +  I)
h i ( x )  —

i\

L e t I i q ( x )  =  1. A  po lynom ia l in Q [^ - j. . .  j n ] is in teger valued i f f  i t  is an integer linea r 

com b ina tion  o f  p roducts  o f  the form

h i i  ( 2 *1)  * * '  h i n  )  r
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where i i ,  i ' i . . .  are non-negative integers.

A  proo f can be found in  [NAR1, C hapter I I ,  Theorem 2.1]. ■

VVe shall prove

T h e o re m  3 .4 . V i ( O I )  is axiom atized by the set o f  sentences T  consisting o f  O R  (the  

axiom s fo r O rdered Rings) together w ith  a ll sentences

Vx (->0 <  f ( x )  <  n),

such tha t f  is a po lynom ia l w ith  integer coefficients, n is a pos itive  integer, and is 

an integer-valued polynom ial.

P ro o f.  VVe consider firs t the d irection V [ ( O f )  => T . Since T  is an V| theory, it  suffices 

to  show th a t O I  => T .

Suppose A  |= O I .  C learly A  \= OR.  Le t a G A,  and suppose is in teger valued. 

We have to  show th a t

A (= ->0 <  / ( d )  <  n. (3.2)

VVe w ill prove th a t the element o f the  quotient fie ld o f A  is in  fact an element 

o f A.  Since A  is a D iscretely Ordered Ring, cannot be between 0 and 1. Thus (3.2) 

w il l  follow.
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Since A  |= O I ,  there is a ring  hom om orphism  t t  : A  —► Z /n Z  w ith  kernel n A .  (See 

Theorem  2.13.) The  po lynom ia l f ( x )  vanishes at a ll tuples from  Z /n Z ,  since is 

in teger valued. T liu s  / ( t t (« ) )  =  0. Since tt is a hom omorphism , t t ( f (a) )  =  0. T h is  means 

f (n)  €  n A ,  the kernel o f tt. Hence g A. Th is proves O I  => T.

N ext, we show th a t T  = >  V [ ( 0 / ) .  Suppose A (= T. In  order to  prove th a t A  satisfies 

V i ( O I ) ,  i t  suffices to  show tha t every fin ite ly  generated subring o f A  satisfies V i (O I ) .  

Le t d =  a i . . .  arn be a tup le  from  .4, and le t B  =  Z [d], Since T  is an V i theory, B  |= T. 

We sha ll prove th a t B  satisfies V i ( O I ) .

I t  follows from  the de fin ition  o f T  th a t B  is a D iscretely O rdered Ring. By Theorem  

3.1, B  w il l satisfy V ^ O / )  i f  for a ll prim es p and a ll positive integers n there is a ring  

hom om orph ism  from  B  on to  Z /p nZ.

Le t I  be the ideal in Z f c i .. .u:m] consisting o f a ll polynom ials /  such th a t f ( a )  =  0, 

so th a t B  is ring-isom orphic to  Z [ x i  . . . x m\ / I .  By the H ilbe rt Basis Theorem , I  is 

generated by a fin ite  set o f polynom ials g\ . . . g i .  I f  we knew th a t there was a tup le  o f 

integers f i  such th a t for a ll i ,

=  O m odp", (3.3)

then  we cou ld  construct a hom om orphism  h : B  —► Z /p nZ as follows:

h(k(d) )  =  k(p.) + p nZ,
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fo r a ll k  G Z [ x i . . .  x mj. T h is  de fin ition  o f h  makes sense because i f  ki  €  Z[x-t . . .  x m] and 

k \ [a )  =  k-i(d), then k \ ( x )  — k i ( x )  G / .  From  this, and (3.3), it  follows th a t

ki(p-) 4- pnZ  =  A:2 (/x) +  p»Z.

I t  is im m ed ia te  th a t h is a homom orphism . Since h( 1 ) =  L -Fpf‘Z, it  follows th a t /;. maps 

B  onto  Z /p nZ.

Thus we are reduced to  showing th a t there are integers ft such th a t (3.3) holds. 

Assume, by way o f contrad iction , th a t there is a positive integer n  and a prim e 

p such th a t the polynom ials <ji have no common integral zero m od p ". Under these 

cond itions, we shall construct a po lynom ia l /  G Z[ir] such tha t is integer valued, 

and

B  |= 0  <  / ( d )  < p " ,

con tra ry  to  our assum ption th a t B  (= T.

Le t n  . . .  r t  be a ll the integers between 0 and pn th a t are not d iv is ib le  by p. Define 

the p o lynom ia l f ( x )  by

/< * )  -  u p - + n L ,  n ' „ ,  - r “ >• (3 -4>
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where the /i, are defined in  the statement o f Theorem  3.3, and

Since for a ll v, gv(a) =  0, and since, for a ll w, hp™(0) =  0, it  tollows th a t

/(«)=MPn+nl, i t i  ni:!/--)-

I t  fo llows from  our choice of M  tha t / ( a )  is the unique integer in the in te rva l [0, pn ) 

congruent to []£ = i n L = i rKL=o(_ r «) n io d p ". Since the r , are not d iv is ib le  by p, i t  follows 

th a t 0 <  / ( d )  <  pn. I f  we show tha t is an integer-valued polynom ia l then the p roo f 

o f Theorem  3.4 w ill be complete. To this end, we shall need

L e m m a  3.5 . I f  w €  Z  is non-negative, and i f  y €  Z . and i f  p does not d iv ide  y. then p 

does not d iv ide hP̂ ( y p w)-

Assum ing th is Lemma, let us show tha t is integer valued. Let x  €  Z . VVe have 

to  show th a t €  Z . Since the polynom ials gv have no common zero m od p " , i t  follows 

th a t fo r some c, gv{x)  has the form  pwy , w ith  0  <  tu <  n  — 1 and y  no t d iv is ib le  by p. 

Lem m a 3.5 implies th a t hpw(gj(x))  is not d iv is ib le  by p. Thus for some u,

hpw(gv (x))  =  r u m o d p ".
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B u t then  the facto r hp*>(gv(x ))  — r u in  (3.4) is d ivisib le by p " . Thus €  Z . Th is 

completes the p roo f o f Theorem  3.4.

P roo f o f Lemma 3.5. Le t vp{n) be the exact power o f p in  the non-zero integer n. 

We have

, , ypw(ypw -  i ) - - - { y p w - p ' u + 1 )
V n a p  ) = --------------------------------------------------- •

Using the m u ltip lic a tiv ity  o f vp, we find  th a t

nw _ I
imw

vP(hp«(ypw)) = r) + E  ^ upw ~ -  *-v(fc)) •
P k = I

Since p does not d iv ide y, the firs t sum m and is 0. We cla im  th a t each term

v P { y p w  ~  k )  -  up ( k )

o f  the second summand is also 0. We make use o f the fo llow ing  easily verified  fact: I f  x  

and y  are integers d ifferent from  0 . and i f  vp(x) <  vp(y),  then up(y  — x )  =  vp(x) .

Since for each term  o f the  above sum, k <  pw, i t  follows th a t vp(k)  <  up(ypw). T lius 

vp(ypw — k) =  vp(k),  and the Lemma is proved. ■

R e m a rk  1. The technique fo r construc ting  f  in the last theorem is  taken from  the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission



38

p ro o f o f  Skolem 's Theorem th a t every function from  TLjpn’L  to  Z /p ,lZ  has the  fo rm

z pnZ  >—* 5 (2 ) 4" pn^

fo r some integer- valued po lynom ia l g. A  p roo f o f th is  Theorem can be fo im d  in  [N A R 1, 

C hap te r 1, Section 4j.

Example.

Let A  =  Z[£, ^-3-^], where t is an indeterm inate. VVe regard A  as an ordered ring  

by em bedding it  in  p. (The ordered ring' p is defined in Section 2.3.) Thus the positive 

elements o f A are those po lynom ia ls in t whose leading coefficients are positive. The 

r in g  A  is d iscrete ly ordered, bu t does not satisfy V [ ( 0 / ) .

To see th a t A  is discretely ordered, we use the fact th a t the ideal /  in the po lyno­

m ia l ring  Z [x ,y \  consisting o f a ll /  such that /(£ , —^ )  =  0  is generated by the single 

po lynom ia l g {x , y )  =  3y  — x 2 — 1 . (T h in k  of g as a po lynom ia l in  y  w ith  coefficients in 

Q (x ) .  I t  has ■ as a root, and is irreducible, hence every po lynom ia l in  Q(ar)[p] th a t 

has x - £ 1 as a ro o t is d iv is ib le  by g in  Q (x )[y ]. Gauss's Lemma [L A  C hap te r 4, Section 

2, Theorem  2.1] im plies tha t th is  d iv is ib ility  holds in  Q [x][p ], hence in  Z [ x ][y ].)

Now g has a zero in  the nine-element field F, nam ely x  =  > /—T, V — 0- We define a
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hom om orphism  h : A  —*■ F  as follows:

=  0),

fo r every /  € Z [x , y|. T h is  makes sense because i f  f \  (£, p p - )  =  / 2 (f. p j'M ? t h e n / i ( x , y )  — 

/ 2 ( ^ ,y )  €  /• Therefore / i ( \ / =T , 0 } -  h ( \ / ^ d , 0 )  =  0, from  which it  follows tha t

I t  is easy to  check th a t h is a hom omorphism .

I f  A  is not d iscrete ly ordered, then some element a  o f / I  has the fo rm  p .  w ith  a 

an integer not d iv is ib le  by 3 in Z , and n >  0. Since 3 does not d iv ide  a in  Z, we can 

choose integers u  and v  such tha t au  4- 3c =  1. A p p ly in g  h to th is equation, and using 

a  =  3 "a , we ob ta in  0  =  1 in  F.

To see th a t A  does not satisfy V [ ( 0 / ) ,  we shall (in  order to illu s tra te  the last 

theorem ) use the fact th a t the congruence

g ( x , y ) =  0 m o d 3

(where g is defined above) has no integer solutions. G iven th is data , the theorem  con­
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s truc ts  the fo llow ing integer valued polynom ia l H ( x , y )

h i { g ( x , y )  -  l ) h i(g (z , ! / )  - 2 )
3

T h is  w orks ou t to be

(3y -  x 2 -  2)(3y  -  x 2 -  3)
3

S u b s titu tin g  t for x, and for y, we ob ta in  which confirms, according to  Theorem 

3.4, th a t A J(=V i(O I).

Theorem 3.6. I f  A  is an O rdered R ing then .4 (= V[ ( O I )  i f f Z  (.4) is d iscre te ly  ordered.

Proof. Suppose A \= V t ( O I ) .  Let h be an integer-valued po lynom ia l, and let a €  A. 

Choose n  €  Z  such tha t h\  =  r ih has integer coefficients. By Theorem 3.4

A  f= - i0  <  h i (a )  <  n.

Thus

Z ( A )  (= - 0  <  h(a) <  1 .

Since the elements o f Z  (A ) are a ll o f the form  h{a) fo r some integer-valued po lynom ia l 

h and some tuple a G A , i t  follows tha t Z  (A ) is d iscrete ly ordered.

Conversely, suppose Z  (A ) is d iscretely ordered. Suppose h\  is a po lynom ia l w ith
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integer coefficients and n is an integer such th a t h =  ^  is integer valued. I f  a €  A. then

Z  (A)  j= ~>0 <  h(a)  <  n.

Hence

A  ^  “ >0 <  h \(d )  <  n.

Thus, Theorem  3.4 im plies th a t A \= V i (O I ) .  ■

Remark 2. Keeping the nota tion  o f  the last theorem, note tha t Z  (Z  (A))  =  Z  (A)  . 

Th is  is true  because the integer valued polynom ials are closed under com position. 

Therefore, by the last theorem, i f  A is an ordered ring, then Z (.- l)  f= V i ( O l )  i f i  Z  (.4) 

is d iscrete ly ordered.

Theorem 3.7. Let cp be an open form ula. Then

O f  I- V i  - i<p(x)

i f f  there are po lynom ia ls f i  . . .  f t  w ith  integer coefficients and positive integers riy . . .  nt. 

such th a t is an in teger valued po lynom ia l and
n i

I
R C F  h  V i  (0 ( i )  V  0  <

i= l
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P r o o f .  Suppose 0 1  h  V x -i0 (:r), and ju s t suppose R C F  does not prove any such 

sentence (3.5). I f  x  =  x j . .  .x ;.  let c =  c \ . . .  c\ be new constants. Let T  be the theory 

consisting o f R C F  plus 0 (c) plus a ll sentences ->0 <  / ( c )  <  n such th a t /  is a po lynom ia l 

w ith  integer coefficients and £ is integer valued. Then T  is consistent.

Let F  be a model o f T .  Suppose a =  c! . I t  follows from  the choice o f T  th a t Z  (a) 

is d iscrete ly ordered. Thus, by the remark fo llow ing Theorem 3.6.

Z ( d ) ( = V ! ( 0 / ) .

T h is  means Z  (a) extends to a model A o f O I .  B u t 0 (a) holds in Z  ( a ) , hence also in 

A.  T h is  is impossible, since O I  I- ' i x  ->0 (x ).

Conversely, suppose there are integer-valued polynom ials /* such th a t (3.5) holds. 

Since every model o f O I  extends to  a real closed field, O I  b  V [ ( R C F ) .  Thus O I  proves 

the sentence o f (3.5). By Theorem  3.4, fo r every po lynom ia l /  w ith  integer coefficients, 

and fo r every integer n  such th a t £ is integer valued,

O I  I- Vx (->0 <  f ( x )  <  n).

Thus O I  b  Vx ->0(x). ■
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Since R C F  is a com plete Theory, cond ition  (3.5) holds i f f  the sentence

Vx(<p(x) -*• \ / 0  <  f i ( x )  <  ri i) (3.6)
i

is true  in  R. Now the fo rm ula  <p{x) —> \Ji 0 <  f i ( x )  <  n, defines a subset o f R n . I t  follows 

from  the M R D P  theorem ([M A T , C hapter 5 Section 6 ] th a t there is no a lg o rith m  for 

determ in ing , fo r a rb itra ry  open 0 , whether o r not 0 R has an integer po in t. B u t i t  may 

well be decidable whether the complements o f subsets o f th is fo rm  have integer points. 

I f  so, then V [ ( 0 / )  is recursive.

In Lem m a 2 o f [V D l] ,  Van den Dries gives a purely ring -theore tic  cond ition  for a 

r in g  to  have an expansion to  a discretely ordered ring. VVe shall use Theorem  3.6 to  give 

a s im ila r resu lt for models o f V i(O f) .

P r o p o s it io n  3 .8 . Let A  bean in tegra l dom ain ex tend ingZ , w i th  frac tion  fie ld  F. Then 

A  has an expansion (A , < )  satisfying  V i ( O f )  i f f  there is a real va luation  r in g  V  C F  

such th a t V  n  Z  (A ) =  Z.

P ro o f .  A ll notions about valuation rings used here are explained in Section 2.

Suppose, firs t, th a t A  has an expansion ( / l .  < )  satisfy ing V i ( O I ) .  T he  ordering on 

A  extends un ique ly to  an ordering on F. Regarding F  in th is way as an ordered field, 

le t V  be the subring  o f F  consisting o f a ll elements w ith  absolute value less than  some 

standard integer. C lea rly  V  is convex. I t  follows th a t V  is a real va lua tion  ring. ( I f
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x  €  F, and i / O ,  then e ither |x| <  I, or |x - 1 | <  I. Hence e ithe r |x| or |x _1| is in  V. 

B u t x  =  ±  | x | .) B y Theorem  3.6, Z  (A)  is discretely ordered by < . I t  follows from  th is, 

and the de fin ition  o f V, th a t V  (1Z  (A)  =  Z . This proves the le ft- to -r ig h t d irection .

Conversely, assume th a t there is a real valuation ring  V  C F  such th a t V n Z  (A)  =  Z . 

By Theorem  2.15, there is an order re la tion on F  m aking V  convex. We a rb itra r ily  select 

one such re la tion  < . I f  we prove tha t Z  (A ) is discrete ly ordered by < , i t  w ill fo llow  

from  Theorem  3.6 tha t ( A , < ) V j ( 0 / ) .

Suppose, on the contrary, tha t h €  Z  ( A ) , and 0  <  h <  1 . Since V  is a subring o f F, 

the r in g  V  contains 0 and 1 . B u t V  is convex. Therefore h £  V. Since V  D Z  ( / l )  =  Z, 

i t  follows tha t h €  Z. B u t (Z , < )  is an ordered ring, since it  is a substructure o f ( F, < ) .  

The ordering <  on Z  must coincide w ith  the usual one, since there is on ly one o rdering  

m aking Z  in to  an ordered ring. Hence U <  h <  1 is impossible. Thus Z  (A ) is d iscre te ly 

ordered by < . ■

T he  p roo f o f the last P roposition actua lly  shows th a t i f  there is a real va luation  

r in g  V  C F  such th a t V  f l  Z  ( / l )  =  Z, then not on ly  does A  have some expansion 

(i4, < )  sa tis fy ing V i(C>/), b u t in fact i f  <  is any order on F  m aking V  convex then
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4. R ings of Polynom ials w ith Algebraic Coefficients

Let /  G s? be polynom ials whose defin ing coefficients are algebraic. (See Section 2..1 for 

the d e fin itio n  o f the ordered ring  p.) In th is  section we consider the question: W hen is 

true th a t Z [ / |  (= V i( 0 / ) ?  We shall prove

T h e o re m  4 .1 . Let f  =  f \ . . . f n £  be po lynom ia ls w ith  algebraic coefficients. Let 

[  C. Z [ x i . . .  x n] be the ideal o f  a ll po lynom ia ls g such tha t g ( f )  =  0. Then  Z [ / ]  f= 

V j ( O f )  i f f  fo r  a ll prim es p, I  has a zero in  the p-adic integers Z  p.

P ro o f.  - l. lL e t A =  Z [ / ] .  Suppose A  f= V j ( 0 / ) .  By Theorem 3.1, fo r each prim e p  and 

each integer n >  1 , there is a hom om oiphism  it  : A —* Zp. I f  <y G /  then the equation 

g ( f )  =  0 holds in /I, hence g ( i t f )  =  0 holds in Z p. Thus [  has the zero i t f  in  Z p.

Conversely, suppose for a ll primes p €  Z . /  has a zero in Zp. By Theorem  .'1.6. in  order 

to  prove th a t A  V i ( O f ) ,  i t  suffices to  show tha t Z  (A)  is d iscretely ordered. Suppose

h ( x )  is an integer-valued polynom ia l and h ( f )  is fin ite . Since h ( f )  is a po lynom ia l, i t  

follows th a t h ( f )  is a real algebraic number. I t  w ill be sufficient to  show tha t

h { f )  G Z.
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To th is  end, le t p €  Z  be a prim e, and let 7  be a zero o f I  in  Z p. There is a unique

hom om orphism  A from  Z[x\  in to  Zp tak ing  x  to  7 . I f  g \ (x )  and g2(x )  are in  Z [x ], and

9 i ( f )  =  92( f ) ,  then g i ( x )  -  g2(x )  €  / .  Therefore <71(7 ) -  <7 2 (7 ) =  0- >-e., ^ ( 7 ) =  <7-2 (7 ). 

I t  follows th a t the m ap t t  from  .4 to  Zp, defined by

*($(/)) = <7(7 )

is well defined. One easily checks th a t t t  is a homomorphism .

One can extend t t  to a hom om orphism  from the subring  4[<Q>] o f the fraction  field 

o f 4  in to  Q p. T h is  extension is possible because Z p has characteris tic  zero, hence t t  

restric ted  to  Z  is one-to-one. We shall call the extended m ap t t  as well. Since h ( f )  is 

a lgebraic over Q, there is an irreducib le  polynom ial g(x)  €  Z [x \ such th a t g ( h ( f ) )  — 0 .

A p p ly in g  t t , we ob ta in  in <QP the equation

<7(/i(7)) = 0 .

We c la im  th a t in  fact h(7 ) €  Z p, hence g has a zero in Z p.

Suppose h ( x )  has the form

h i ( x )
Tps '
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w ith  h i  a po lynom ia l w ith  integer coefficients, r  an integer not d iv is ib le  by p, and s a 

non-negative integer.

Choose a tup le  o f integers m so close to  7 , in  the sense o f the p-ad ic m etric, th a t 

hi(-y)  — h i { m )  is d iv is ib le  by p* in Zp. (See Section 2.2 for a d e fin itio n  o f the p-adic 

m e tric .) Since h is integer-valued, h i ( m )  is d iv is ib le  by pa in  Z , hence also in  Z p. I t  

follows th a t / i i ( 7 ) is d iv is ib le  by p3 in Z p. Since r  is a u n it in  Zp, i t  follows tha t h 1 (7 ) 

is d iv is ib le  by rp 3 in  Z p. Thus h(7 ) € Z p.

We have shown th a t g has a zero in Zp. Since p was a rb itra ry , th is  is true for every 

p rim e p. Since Z p/p Z p is isomorphic to Z /p Z , i t  follows tha t g has a zero in  Z /p Z  for 

every p rim e  p.W e shall now prove that th is is possible (fo r g irreduc ib le  over Z [x ]) i f f  

g(x)  has the form

± x  4- c

fo r some integer c.

I f  g is linear, le t us say g(x) =  bx +  c, and i f  p €  Z  is a prim e d iv id in g  b. then p 

m ust also d iv ide  c, else g has no zeros mod p. B u t then g is d iv is ib le  by p, contrary to  

the irre d u c ib ility  o f g over Z[x\ .  Thus i f  g is linear, then b =  ± 1 , and g has the fo rm  

± x  +  c.

I t  remains to  show th a t g must be linear. For this, we make use o f the fo llow ing  

theorem  due to  Hasse.
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T h e o re m  4 .2 . Suppose f  €  Z[x\ is an irreducib le po lynom ia l o f degree greater than  

1 . Then there are in fin ite ly  m any prim es p €  Z  such th a t f  has no zero  m od p. ■

A  useful sketch o f the p ro o f can be found in [CF, page 362].

The po lynom ia l g constructed above has a zero m od p  fo r every p rim e  p. Thus, by 

Hasse’s Theorem, g is linear. We have shown that g m ust have the form  ± x  +  c for 

some c € Z . Since g (h ( f ) )  =  0 , we conclude tha t / ; ( / )  € Z. ■

Example.

Le t / I  =  Z [ / ] ,  where the coefficients o f the / ,  are algebraic. Let I  C  Z [x] be the 

vanish ing ideal o f / .  I f  /  has a zero in Z , then A [= V j (O f) .  This is tru e  because i f  /  

has an integer zero, then /  has a zero in Z p for every p rim e p.

Example.

We show th a t the ring

.4 =  Z [t, S i t 1 -  1 -  17) ( t2 -  221)]

satisfies V i (0 1 ) .

N ote th a t the po lynom ia l

y *  -  2 (x 2 -  13)2(X2 -  17)2(x 2 -  22 1 ) 2 (4.1)

has a zero in  A , bu t not in  Z .
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We sketch the proof. A  com puta tion  using the law o f quadratic rec ip roc ity  shows 

th a t the po lynom ia l

f ( t )  =  ( t2 -  13)(£2 -  17)(£2 -  221)

has zeros m od p for every prim e p. See [BS, page 3].

I f  p is an odd prime, then a t least one o f the three factors o f /  does no t have a 

m u ltip le  roo t m od p. T h a t factor w ill have a p-adic zero. (T h is  can be deduced from  

Hensel’s Lemma, which is a p-adic analogue o f New ton’s M ethod. From a sim ple zero 

m odp  one obta ins successively zeros mod p2. p'! , etc., thus constructing  a p-ad ic zero.) 

Thus i f  p  is an odd prime then f ( t )  has a zero in the p-adic integers. As for p =  2. it  is 

shown in  [BS, C hapter 1, Section 6 ], Theorem 2, tha t any number Sri 4 - I, in  p a rticu la r 

17, is a square in  Z?. I t  follows th a t the po lynom ia l (4.1) has a zero in Z p fo r every 

prim e p.

F ina lly , to  apply Theorem 4.1, we have to  iden tify  the vanishing ideal I  C Z [x ] o f 

the tup le

t, V 2 ( t2 -  13)(t2 -  17)(£2 — 2 2 1 ).

One easily checks th a t I  is the ideal generated by (4.1). O u r argument shows th a t [  

has zero’s in  Z p for a ll p. Thus .4 V \(O I) .
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5. D iophantine Correct Open Induction

Let A  be a d iscretely ordered ring, and r  an element in some ordered fie ld  inc lud ing  

the real closure o f /t. One w ould  like to  find  conditions on r  for the extension / l ( r j  to 

be d iscre te ly  ordered. Very l i t t le  is known about th is, even in  the case where .4 is a 

f in ite ly  generated ring  o f polynom ials. But i f  one requires tha t .4 }= Vj (O f) ,  and th a t 

r  be transcendental over A, then there are sufficient conditions, found by W ilk ie  [W , 

Lem m a 3.1] for / l [ r ]  to satisfy V i ( 0 / ) ,  namely, tha t r  no t be a fin ite  d istance from  the 

subring  A [Q ] o f the quotient fie ld o f .4, and tha t r  not be in fin ite ly  close to  any element 

o f the real closure o f A.

Suppose now tha t the ordered ring .4 is D iophantine correct, and suppose r  is chosen 

to  sa tis fy  W ilk ie ’s conditions. M ust / 1 [7-] be D iophantine correct? We do no t know the 

answer to  th is  question. In  an e ffort to approach it, we have made the fo llow ing  s tudy 

o f  V i(Z )  +  O I.  (Here Z  refers to  an ordered ring.)

We shall use the abbreviation D O  I  (D iophantine correct Open In d u c tio n ) to  mean 

V j(Z )  + O I .

In  th is  section we shall prove th a t D O  I  is equivalent to  the set o f a ll sentences o f 

T h ( Z ) o f the form

VaqVxa • • .V x„3(/0 ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

w ith  4> an open form ula. As preparation for the proof, we begin w ith  a Lemma on the 

s truc tu re  o f the definable subsets o f a real closed field.

Suppose th a t F  is a real closed field, and <p(x.y) is a fo rm u la  in the language o f 

ordered rings. I t  is well known (see, for example, [VD3, page 2]) th a t for each r  €  F, 

the subset o f F  defined by <p(x,r) can be expressed as a fin ite  un ion  / | U . . . U / n , where 

the U are e ithe r singletons o r open intervals w ith  endpoints in  F U  { ± 0 0 }.

We shall need to  know th a t the intervals It  can be defined in  term s o f f  in a un ifo rm  

manner.

L em m a 5 .1 . Le t 4>(x,y) be a form ula in the language o f  ordered rings. Then there is 

a fin ite  lis t o f  open form ulas  7 i(x ,  y) such th a t R C F  proves the fo llow ing  sentences:

( 1 ) V x ,y ((A (x ,(/) ~  V 7 .0 E .'/))
i

(2) A V77 (
t

( - a x 7 i ( x , y ) )  V

(3 lx - f i ( x ,y ) )  V

(3 2 V x (7 j(x ,y )  x  <  2 )) V

(3 2 V x (7 i(x ,y )  *-► x  >  2 )) V

(32 , it 'V x  ( 7 i ( x , y )  z <  x  <  w)))

Proof. To exp la in  these sentences: T h in k  o f ij as a tup le  from  some real closed fie ld

F . Let S,j denote the set o f x  in  F  such th a t y)  holds, and le t Gg denote the set o f
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x  in  F  such th a t 7 i(,x, y) holds. Then the firs t sentence says th a t Sg is the  union, over 

i ,  o f the G xg. The second sentence says th a t G't is e ither empty, a singleton, o r an open 

in te rva l. The po in t is tha t the intervals CPg are described, in  terms o f y, by  a fixed set 

o f form ulas.

To prepare for the proof, le t us say a con junction  o f form ulas f i ( x , y ) □*(), where □ , 

is one o f the symbols > , < , = ,  is a Thom fo rm u la  i f  fo r every i  there is some j  such th a t 

f j  is the form al deriva tive  o f f i  w ith  respect to  x . (T hom ’s Lemma is Theorem  2.10.)

Every form ula  f ( x , y ) D 0 is equivalent in R C 'F  to a d is junction  o f T h o m  formulas. 

We prove th is by induction  on the x-degree o f / .

I f  /  is the zero po lynom ia l then f { x , y ) DO is a Thom  formula. O therw ise, R C F  

proves

f { x , y ) n o  ~  ( ( f ( x , y ) a O A f '( x . y )  >  0) V 

( / ( x , y ) D 0 A / '( x , y )  =  0) V ( / ( x ,  </)□() A - / ' ( x . i / )  > 0)).

B y induction , w rite  each o f / ' ( x ,  y) >  0 , / ' ( x ,  y) =  0 , and —/ '( x ,  y) >  0  as a d is junc tion  

o f T hom  form ulas, and rearrange to get f { x ,  y )DO as a d is junc tion  o f T h o m  form ula.

Note th a t the set o f d is junctions o f Thom  formulas is closed (up to  log ica l equiva­

lence) under con junction .

Since every open form ula  is equivalent in  R C 'F  to  a d is junc tion  o f conjunctions
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o f form ulas f ( x , y )D 0 , where □  is =  or >  o r < , it  follows th a t every open form ula is 

equivalent in  R C F  to  a d is junc tion  o f Thom  formulas.

To prove Lemma 5.1, we can assume th a t the form ula 0  is open, since R F C  adm its

e lim in a tio n  o f quantifiers. Therefore we can assume tha t <p(x, y) is a d is junc tion  Thom  

form ulas ' yi (x,y) .  Statem ent (1) o f the Lemma is now im m ediate. I f  F  is any real closed 

fie ld, and i f  s €  F, then statem ent (2) o f the Lemma, w ith  the quantifiers Vy ins tan tia ted  

by  s, m ust be true in F  according to  T hom ’s Lemma. ■

L em m a  5 .2 . Let A be an ordered ring. Let, F  be its  real closure. For every r  6  F,

there are n. b €  .4 such th a t a <  r  <  b.

P r o o f .  I f  r  €  F. then there is a polynom ial f ( x . y )  w ith  integer coefficients and a tuple 

c G A  such th a t f ( x , c )  is not the zero polynom ial, and f ( r . c )  =  U. In [B R U  Chapter 

6 , Section 3, Proposition 6.3.1], an exp lic it construction is given o f po lynom ia ls a(y ) ,  

0 (y )  w ith  integer coefficients depending on ly  on /  such th a t a (c ) <  r  <  0 (c ). ■

F ina lly , we shall need the fo llow ing fundamental fact about Open In d u c tio n  due to 

Shepherdson [Shep].

L em m a  5 .3 . Open induction  proves the least number p rinc ip le  fo r open formulas. 

SpeciGcally, fo r  every open form ula <p(x, y), Open Induction  proves

V y ((3 x  >  0 4>(x,y)) -+  3z >  0 (4>(z,y) A Vu; (0 <  w <  z —* ~xt>(w,y))).
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Proof. (Sketch.) Suppose A  is an ordered r in g  and F  is its real closure. Then  A 

satisfies open induction  i f f  every element o f F  is a fin ite  distance fro m  some element o f 

A. (See Theorem  2.14.)

Suppose <t>(x,ij) is an open form ula. A  is a model o f O I. a. b €  .4. and

A 4>{b, ii)  A b >  0. (5.1)

We have to  show th a t there is a least element b o f A  satisfying (5.1).

The form ula

<p ( x , a)  A x  >  0

defines a fin ite  union o f pairw ise d is jo in t intervals in  F, w ith  endpo in ts in F U  {± o o } .  

(Th is  is a consequence o f Lemma 5.1. For a d irect proof, see [V D 3 ].) By the de fin ition  

o f b. one o f the intervals /, meets A. Choose the in terva l /, m eeting A  w ith  the smallest 

le ft-hand  endpoint, and call it  I .  Choose U 6  .4 to  be a fin ite  distance from  in f I .  Choose 

n  €  Z  such th a t b1 +  n <  in f  [  <  b' 4 - n  -I- 1. Since I  contains an element o f .4. and .4 is 

d iscre te ly ordered, one o f b' +  n, b' +  n  +  1 must be in I .  The sm alle r o f the tw o th a t is 

in  I  w il l  be the least non-negative element o f A  sa tisfy ing 0 (x , a). ■

For the rem ainder o f th is  section, a ll formulas w ill be assumed to  belong to  the 

language o f ordered rings.

L e m m a  5 .4 . For every fo rm u la  V x <p(x, y) w ith  <p open, there are open form ulas y)
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such th a t

0 1  h Vy ((V x 0 ( i,y ))  *-* / \ 3 x i i p i ( z i , y ) ) -  
i

Proof. B y  Lem m a 5.1, there is a f in ite  lis t o f  open form ulas ~n(x, i j )  such tha t R C F  

proves

(1) V x . y  ij)  «-+ \ /~t i (x ,y) ) ,  and
I

(2) A V y  (
t

{■^3x~fi{x, i}))  V 

(3b r7 i(x , y) )  V 

(3zVx(~t i (x .y)  * -  x <  2 )) V

(3zVx(7i(ar,77) ~  x >  2 )) V

(3z , w V x (7 i(x ,y )  *-* 2  <  x  <  ■«;))).

Note the negation symbol in  the firs t sentence.

For each i, choose quantifie r free form ulas a i ( z , y )  and pi ( z . y )  such tha t R C F  proves

V z , y ( d i { z , y )  *-* Vw(~f i (w.y)  — 2 <  te)) (5.2)

and

Vz , y{ j 3 i { z , y ) + - > V w ( i i ( w , y )  - >  w <  2 )). (5.3)

Th is  is possible because R C F  adm its e lim ina tion  o f quantifiers.
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Take ip i(% i,y) to  be the form ula

<Xi(xi,V) A f t ( x *  +  I,* /) .

I f  F  is a real closed field, and f  £  F, then ( x i , r )  defines a ll elements x t o f  F  such tha t 

Xi is less than  any element o f the set defined by f i ( x ,  r ) ,  and X{ +  I is greater than  any 

elem ent o f th a t set.

VVe shall prove tha t the sentence

VJ7((Vx0(z,27)) *-» / \ 3 x i4 ’i( x i,V ) )
i

holds in every Open Induction  Domain .A.

For the le ft-to -r ig h t d irec tion  o f the equivalence, let a be a tup le from  an Open 

In d u c tio n  Dom ain A, and suppose th a t / I  |= V x 0 (x ,n ) .  For each t. we have to  find  

some 27 in  / I  such th a t

A  N  at(<7,«) A p i ( g  +  I ,  a ). (5 .4)

Let F  be a real closure o f A. Let Si be the subset o f F  defined by the fo rm ula  

7 i ( x ,a ) .  By de fin ition  o f 7 j, Si is e ither empty, o r an in te rva l w ith  endpoints in  F. I f  5, 

is em pty, then the d e fin itio n  o f cu and f t  implies th a t any g €  A  w ill make (5.4) true. 

Suppose Si is not em pty. We c la im  tha t S', is a bounded in terva l. O therw ise, Si
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w ou ld  have the form  (r,o o ) o r ( —o o ,r), for some r  £  F. B y Lemma 5.2, Si w ou ld  then 

meet A . B u t Sentence (1) holds in  /I, since i t  is universal and holds in  F. Sentence (1), 

together w ith  ou r assumption th a t A f= V x 0 (x ,a ) ,  im plies th a t Si is d is jo in t from  .4. 

I t  follows th a t Si is a boim ded interval.

B y  Lemma 5.2, and the fact tha t St is bounded, there is an element <j[ o f  A  greater 

than  any element o f Si. By (5.2), the open form ula c ti(z .a )  defines in F  the set o f 

elements less than every element o f S’,. Thus, fo r some z £  .4,

A  f= q<(2 , a) A z <  g \. (5.5)

B y Lem m a 5.5, there is a greatest element z o f .4 satisfying' (5.5). Call it  g. Since .4 is 

d iscre te ly  ordered, g +  1 <  g \. From the m ax im a lity  o f g , i t  follows tha t

.4 \= -<ai(g +  l .a ) .

T h is  means g +  1 is at least as large as some element o f 5 ,. B u t Si is an in te rva l d is jo in t 

from  A. Hence g -1- I is greater than every element o f .S’,. YVe conclude from  (5.5) tha t 

the fo rm u la  3t (g +  l ,a )  is true  in  F. and therefore in  .4.

VVe have shown tha t A  f= c ti(g ,a )A P i(g +  l , a ) .  T h is  proves the le ft-to -r ig h t d irec tion  

o f o u r equivalence.
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For the o ther d irection , assume th a t fo r every /, we have some 6 , in  A  such th a t

A  (= Q i(b i,a ) A 0i(b i 4- I , a).

Then th is fo rm ula  also holds in  F. Thus, fo r each t,

F  [= Viu (7 i(io , a) —* bi <  tu) A Viu (~ti(iu,a) —► w <  bi +  I) .

Thus every element b o f F  satisfying •yi(b.a) lies between 6 , and 6 t +  1 . Since A  is 

d iscrete ly ordered, there can be no such element b in A. Thus, fo r every b €  A. we have

A f= - 1 V l i  (&' “) •
I

I t  follows from  (1) th a t A  f= V x 0 ( x . a), as required. ■

C o r o l la r y  5.5. Le t A  and  B  be Open Induction  Domains. Suppose A  is a substructu re  

o f  B . Le t <(> be an open form ula. Let a be a tup le  from  A. Then A \= V i 0 (x ,a )  i f f  

B  ^= 'ix (p (x ,a ). I

We come now to  the po in t o f th is  section.

T h e o re m  5.6. D O  I  is equivalent to  the theory T  consisting o f  a ll sentences o fT h (Z )

o f  the form

V x iV x 2 ... 'ixn3tj(p,
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w ith  <j> an open form ula.

P ro o f .  Consider firs t the im p lica tion  T  =► D O  I .  By hypothesis, T  => D O R +  V [(Z ). 

So we have on ly  to  verify  th a t T  proves all instances o f the induction  scheme fo r open 

formulas. B u t for each open form ula 0, the induc tion  axiom

Vx ((0 (x , 0) A Vy > 0 (<p(x, y) — <t>(x, y +  1))) - *  Vz >  0 <p(x,z))

is log ica lly  equivalent to

V x V z 3 y (z  >  0 

(y  >  0 Ad»(3,0) A ((0(x,/y) — & (x .y  +  1) ) - *  <l>(x.z))))

The la tte r  belongs to  T .

Conversely, we show th a t D O  I  = »  T. Suppose th a t A D O  I .  Let <p(x,y) be an 

open form ula  such th a t Z  f= V x 3 y<t>(x,y). We have to  show that

A  [= V x 3 ( /0 (x , j/ ) .

B y  Lem ma 5.4, there are open formulas t/'j such th a t 0 1  proves the equivalence

V x ( (3 //0 (x , (/)) <— > \J \/z ii> {x ,Z i) ) .  (5.6)
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T h is  equivalence is therefore true in  Z . Hence Z  satisfies

V x \ /V z j if;(x, Zi)).
i

B u t th is  sentence is universal, so i t  holds in A. Since A  is an Open Induc tion  Dom ain, 

i t  satisfies (5.6). Therefore A  f= V x3y4>(x ,y ), as required. ■
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6. A  Criterion for Diophantine Correctness.

In  th is  section we give a num ber-theoretic description o f the fin ite ly  generated D iophan­

tine  correct rings Z [ / ] ,  where f  €  p. Here p  (see Section 2.3) is the ordered ring  o f 

functions from  (0 ,oo) to  R defined by fin ite  real linear com binations o f ra tiona l powers 

o f a variable t. The  ring  Z [ / j  has the ordering it  acquires as a subring  o f p

We shall regard Z [ / ]  as "given” i f  we are given a transcendence basis f  fo r the field 

generated by the coefficients o f the / , ,  and i f  for each coefficient c o f each o f the / , .  we 

are given a form ula </’((!, u) in the language o f ordered rings such th a t p ( f .  /:) defines c 

in  R. From th is data , we shall translate each question "Is Z [ / ]  D iophan tine  correct?" 

in to  a problem  in number theory. We shall need:

L e m m a  6 .1 . Let £ P- Let 0 ( f )  be an open form ula. Then  Z [ / ]  |= 0 ( f )  i f f

fo r  a ll su ffic ien tly  large u  E R, R f= 0 ( / ( t i) ) .

P ro o f .  I f  0 is atom ic, then we can assume it  has one o f the forms G ( f )  =  0 , o r 

G ( f )  >  0, where G  is a po lynom ia l w ith  integer coefficients. Suppose 0 has the form  

G ( f )  =  0. Assume Z [ / ]  [= 0 ( f ) .  Then the value o f the term  G ( f )  in  the s truc tu re  Z [ / ]  

is the zero-function. The le ft-to -r ig h t d irection  o f the statement o f the Lem ma follows. 

For the r ig h t-to -le ft d irection , we appeal to the fact tha t a non-zero po lynom ia l can
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have only fin ite ly  m any roots. This im plies th a t G ( f ( t ) )  is the zero func tion . Hence 

Z [ f \ \ = G ( f ) = 0 .

I f  0 has the form  G ( f )  >  0, the Lemma follows from  the fact th a t the value o f the 

te rm  G ( f )  in te rp re ted  in  the structure Z [ / ] ,  namely the ring  element G ( f ( t ) ) .  is by 

de fin ition  positive i f f  G ( f ( u ) )  is positive fo r large u.

I f  0 is not a tom ic, the Lemma is proved by induction on the com p lex ity  o f 0. The 

case where 0 is 6\ A 0% is immediate. Suppose 0 is - '0 \. For the Ie ft-to -r ig h t d irection  

o f the Lemma, suppose Z [ / ]  satisfies ->0 \ { f ). Then by induction  we deduce tha t for 

in fin ite ly  many pos itive  u €  1 , I t  |= ->0j( / ( « ) ) .  The set o f positive u €  R  such tha t 

R  -> 0 \(f(u ))  is a un ion o f fin ite ly  m any intervals. (T h is  is true o f any subset o f 

R  definable in the language o f ordered rings.) I t  follows th a t for all su ffic ien tly  large 

u  6  R, R (= -><?i(/(u)). The righ t-to -le ft d ire c tio n  is im mediate. ■

L e m m a  6 .2 . Le t f i  . . . /  6  p. The ordered r in g  A =  Z [/J  is D iophan tine  correct i f f  lo r  

every  open form ula  4> such tha t A  |= </>(/), there is a tup le  rh € Z  such th a t Z  |= 0 (m ).

P ro o f .  Suppose / I  is no t D iophantine correct. Choose ip (x) open and a €  A  such tha t 

A  j=  i/’(c) and Z  |= Vx-v0 (x ). Let Qi be po lynom ia ls w ith  integer coefficients such tha t 

° i  =  Let be the open form ula
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T hen  A  satisfies 0 ( / ) ,  yet there are no integers rn such th a t Z  (= 0 (m ), a con trad ic tion . 

Conversely, suppose A  is d iophan tine  correct. Suppose 0  is open, and A  (= 0 ( / ) .  Then 

it  cannot be true  th a t Z  f= V0 ->0 (0 ). So for some integers m , Z  f= 0 (m ). ■

L e m m a  6 .3 . Suppose 0 (0 ) is a form ula in the language o f  ordered rings, and f  €  R n is a 

tup le  o f  reals algebraica lly independent overQ . I f  R f= 0 ( f ) .  then there is a neighborhood  

U o f f  in  R " such that U  C 0 R.

P r o o f .  Since / iC F  adm its e lim ina tion  o f quantifiers, we can assume 0 (0 ) is open. We 

can w r ite  0  as an equivalent ( in  R C F )  d is junction  o f form ulas o f the form

/ \ f i ( x )  =  0 A / \ g i ( x )  >  0.
i

where the f i  and gi are po lynom ia ls w ith  integer coefficients. One o f the above disjuncts 

w ill ho ld  a t 0  =  f .  For th a t d is junc t, each / ,  must be the zero po lynom ia l, else f  would 

not be algebraica lly independent over <Q. Thus f  belongs to the open subset U  o f R n 

defined by

/ \ g i ( x )  >  0.
t

C lea rly  U  C  0 R. ■

We are now ready to give ou r characterization o f the D iophan tine correct rings Z [ / ] .  

F irs t we consider the case where not a ll the coefficients o f the f i  are algebraic.
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T h e o re m  6 .4 . Let f i . . . f n 6  p- Assume th a t fo r  every i, | / ; |  tends to  in f in ity  as I 

tends to  in fin ity . Le t F  be the he ld generated by the coefficients o f  the f i .  Assume F  

has transcendence degree at least 1 over Q . Let

T =  7 * t . . . 7 '/

be a transcendence basis fo r F  over <Q>. Then

(1) There is an open fo rm u la  0 {x \ . . . x i , y \  . . .  yn ) in  the Language o f Ordered Rings 

such that fo r  a ll ij €  R, R 0 (r, ij) i f f  fo r  some t >  L, / \ t iA =  / i ( 0 -

(2) I f  0 is as in  ( I ) ,  then Z [ / ]  is d iophantine correct i f f  f o r  every open set U  C 

R z conta in ing  f ,  and fo r  every M  >  0. there are points .s €  U. r ii €  Z “  such that

R ( / \  |m j| >  A /) A 0(s , rii).
i

P ro o f .  T o  prove ( 1 ), le t c be a ll the coefficients o f the /<. E v iden tly  there is a fo rm ula  

6\ in  the  language o f ordered rings such th a t fo r a ll ij €  R, 0 i(c , y) holds in  R  i f f  for 

some t  >  1, f \ i  Vi =  /«(£)• Each o f the Cj is algebraic over the fie ld  Therefore each 

Ct is definab le from  f  in  R. (T h is  follows from  Proposition 2.11.) P art ( 1 ) now follows 

from  the  fact th a t R C F  adm its e lim ina tion  o f quantifiers.

To prove (2), suppose, firs t, tha t Z [ / ]  is D iophantine correct. Let r, 0 be as in  (1).
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Let U  G R* be an open set conta in ing f .  Suppose M  >  0. VVe have to  find  s €  U  and 

m  €  Z n such th a t

®  N  A  lm ’ l >  ^  A r*1)'
i

VVe can assume M  is an integer.

Let 'f ( x )  be an open form ula in the Language o f Ordered Rings defin ing a neigh­

borhood o f f  included in  U. There is such a 7  since, e.g., we can place a box con ta in ing  

f  w ith  ra tiona l corners inside o f U. Choose, by quan tifie r e lim ina tion , an open form ula 

9 \(y )  such th a t R C F  proves

0 M  3x  ( ( A \Ui\ >  AO A 7 ( 0  A 0{x, (/)). (6 . 1 )
t

Each function  \ f i ( t ) \  tends to  in fin ity  as t  tends to in fin ity , according to  our assumptions. 

Thus, for a ll su ffic ien tly  large I,

R M i ( / i  (*),.. ., /n(0).

(We can witness the existentia l quan tifie r in  (6.1) w ith  f . )  Thus, by Lemma 6.1,

z [ / ) M i  ( / ) •
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Z  ^  £?i(m).

Since R C F  proves sentence (6 . 1 ), we conclude that A t lm *l >  anci tha t, for some

s €  R ',

R [= 7(.s) A 0(s, i n ) .

The  de fin ition  o f 7  implies tha t .s € U.

Conversely, suppose th a t fo r every neighborhood U  o f r  and every M  €  R. there are 

po in ts .s €  U, m  6  Z n such tha t

R  A  lm «l >  M  A " l )-
t

We want to show th a t A  is D iophantine Correct. Let 0  be an open form ula  such th a t 

A  f= </>(/). By Lenuna 6.2, i t  suffices to  find integers m such th a t 0 (m ) holds in  Z . 

Since 0  is open and Z [ / ]  (= 0 ( / ) ,  by Lemma 6.1 there is a Ar >  1 such tha t

Vf >  A*, R M ( / i ( ‘ ) ....... /« (0 ) -  (6-2)

The set o f po in ts ( f i ( t ) , . .. , f n ( t) )  such tha t 1 <  I <  k  is com pact. C all it  S. Choose
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M  6  Z  so large th a t, fo r a ll y  €  R ",

m in \i j i \  >  M  = >  y  £  S .

Then, fo r a lH  >  I,

m in \ f i( t ) \  >  M  = >  t >  k. 

Thus, from  (6.2) and the de fin ition  o f 6,

R t= (6.3)

where u<(x) is the form ula

V y  ( ( 0 ( x , y )  A ( f \ \ y i \  >  M ) )  - *  ( b ( y ) ) .

i

Since f  is a lgebra ica lly  independent over <Q, the subset o f IRi defined by (/’ must 

include a neighborhood U  o f f .  (See Lemma 6.3.) By our in it ia l hypothesis, we can 

choose .s e  U  and m  €  Z n such th a t

Since R  j= 0(.s), we conclude from  (6.3) tha t R  \= (p(m), as required.
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N ex t, we describe the algebraic case:

T h e o re m  6 .5 . Suppose f i  . . .  f n €  P have algebraic coefficients. Assume th a t fo r  every 

i ,  | / i ( £ ) |  tends to  in f in ity  as t  tends to  in fin ity . Then Z  [ / ]  is D iophan tine  correct i f f  there 

are a rb it ra r i ly  large real numbers u such tha t f ( u )  £  Z n .

P r o o f .  Since much o f the p roo f is a s im plified version o f the p roo f o f Theorem  6.4, we 

shall be brie f. Suppose Z [ / ]  is D iophantine correct. Then there is an open form ula 0(y) 

such th a t for a ll i j £  R, R \= 0 (y) i f f  fo r some I >  I . A t 1/* — /« (£)- Using Lemma 6.1 

we deduce th a t for every integer M .

n i } \ = o ( f ) A ^ \ f i \ > M .
i

Since Z [ / ]  is D iophantine correct, we can choose rii £  Z  such tha t

Z  (= O(rri) A |m| >  M .
i

Let v  £  R. We have to  find u £ R  such th a t u  >  u. and /(■«) £  Z n . Since the / ,  are 

bounded on com pact subsets o f [1, oo), we can choose M  so large th a t i f  1 <  u  <  i: then 

| / ( u ) |  <  M .  By o u r choice o f 0, there is some u >  L such th a t f ( u )  =  m . B u t |m| >  M , 

therefore u >  v, as required.

Conversely, suppose there are a rb itra r ily  large real numbers u  such th a t / ( t t )  £  Z n.
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Let 0  be an open form ula such tha t Z [ / ]  [= 0 ( / ) .  VVe shall prove tha t 0  holds a t some 

tu p le  o f integers. I t  w il l fo llow  from  Lemma 6.2 th a t Z [ / ]  is D iophantine correct. B u t 

according to  Lem m a 6.1, for a ll suffic iently large u  € R, R  [= 0 ( /(u ) ) .  Therefore, i f  we 

choose u  6  R suffic ien tly  large, w ith  f ( u )  £  Zn , then f ( u )  w ill be the required tup le  o f 

integers. ■

The fo llow ing examples showing how these theorems relate to  num ber-theoretic 

problems. In each case we w ill consider a fam ily  o f rings param etrized by an a lgebraica lly 

independent tup le r  varying over an open set U C R " ,  and we w ill use Theorem 6.-1 to 

describe the f  6 U for which the corresponding ring  is D iophantine correct.

As a concession to readability, we shall make use o f radicals to abbreviate formulas 

belonging to the language o f ordered rings.

Example I.

Let / l r  =  Z [£, f i ( t )  —r i ,  f n(t)  — r „ ] ,  where the /*  are nonconstant po lynom ia ls

w ith  real algebraic coefficients. Theorem 6.4 im plies th a t A? is D iophantine correct (fo r 

f  a lgebraica lly independent) if f  for every e >  0, and every M  >  0, there are integers 

m o . . .  m n such th a t

y \  (\m i\ >  M )  A \f i{m o )  -  m i -  n |  <  e ) . (6.4)
t

The conditions fo r these inequalities to ho ld  are described in  [KO  Kap. VTII Satz 9.10).
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They are as follows: (6.4) is solvable in integers m  for every f  and t  i f f  no integer-linear 

com bination  o f the f i  d iffers from  an integer polynom ial by a constant.

Example 2.

Let S  be the closure, in  R, o f the set o f a ll real numbers o f the fo rm  j , as n

and m  range over the positive integers. Let A r be the ring  Z[£2, t3 — where r  is a real 

transcendental. We shall prove th a t A  is diophantine correct i f f  r  €  S. H a ll’s conjecture

3 2
(R.I, Section C2, page 249] asserts th a t the non-zero values o f n j -P , where n  and 

m  range over the positive integers, are a ll greater than some fixed positive constant c. 

Thus fo r 17*| <  c, A r w ould fa il to  be D iophantine correct.

Follow ing Theorem  6.4, we begin by e lim ina ting  t from  the form ula

31 >  l ( l / l  =  tl  A i/2 =  tA “  2̂ )•

to  ob ta in

r  =  2 y i ( V i  - t o ) ,  (6 -5 )

together w ith  lower bounds y i >  k, y-i >  k  for some k. Theorem  (6.4) implies th a t 

A r is D iophantine correct i f f  there are sequences o f positive integers V j. \ ’i  such th a t 

2 Y i(Y ?  — V2 ) tends to  r.
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To connect th is  w ith  H a ll’s conjecture, observe th a t the ra tio

v j-A
y/m

- i n )
(6.6)

is equal to

<»' + /» > . (6.7)

*Vi

a
(We assume here th a t the i/j are chosen so tha t y — y-i ^  0.) I f  e ithe r the num erator 

o r the denom ina to r o f (6 .6 ) tends to  r, then y j  — y<i tends to  0. Hence (6.7) tends to  1. 

The num erator and denom inator o f (6 .6 ) therefore have the same lim it  points as the tji 

run th rough  positive  integers such th a t y f  — y-i ^  0 .

Example 3.

Let S  be the (topo log ica l) closure, in  R, o f the set o f values assumed by the quad ra tic  

fo rm  x (23£  — y ), as x  and y  range over the integers. We sha ll prove tha t the ring  

A r =  Z [£, 12a £ — j \ ,  where r  is a real number transcendental over Q , is D iophantine 

correct i f f  r  €  S. I t  is not known whether S has elements a rb itra r ily  close to zero. See 

[L D A  II.2 , page 25].

Follow ing Theorem  6 .-1, we e lim ina te  t from

31 >  l(i/i =  t A y 2 =  2 U -  j ) ,
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to  o b ta in

r  =  y i ( 2 * y i  -  y-2),

together w ith  lower bounds i/j >  k, y2 >  k  for some k. By Theorem 6.4, i t  is now 

im m ed ia te  th a t Ar  is D iophantine correct i f f  r  €  S.

Example 4- 

Le t

Ar =  Z[ l ,a l  -
t i

where a  is an algebraic irra tio n a l and /• is transcendental. Then A r is not D iophantine 

correct. To see this, we use Theorem 6.4 to obta in  the cond ition : A r is D iophantine 

correct ifF there are sequences o f positive integers X  and Y  tending to  in fin ity , such th a t 

X f ( a X  — Y )  tends to r. R o th ’s theorem (see [CA, C hapter 6 , Theorem  l] )  im plies th a t 

fo r any algebraic a , th is  sequence tends to  ±oo.

Example 5.

L e t A  =  Z [£, \ /2 t  — r i ,  \ f l r \ l  — 7*2 ], where rq and v2 are a lgebraica lly independent 

over Q . We w ill use Theorem  6.4 to show th a t A  is not D iophantine correct. T he  fie ld 

o f coefficients has transcendence base rq, rq. By E lim in a tin g  quantifie rs from

>  1 (y i =  t  A 1/2 =  \ /2 1 -  ;q A </3 =  \f2 r \L  -  r 2),
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we ob ta in , fo r 0,

i'i =  \ /2 tji -  y-2 A r 2 =  2yj  -  ' f ly iy - i  -  ya,

together w ith  un im po rtan t lower bounds on the </*. By Theorem  6.4, A  is D iophantine 

correct if f  every open set in  R 2  containing (rq, r 2) contains a po in t o f the form

( \ / 2 m \  — m 2 , 2 m 2 — \ / 2 n ii m 2  — m 3 ), (6.8)

fo r integers m* greater than any prescribed M .  We can see tha t th is is not the  case from

the id e n tity

2 rnj  — m 2 -  2m$ =  2(2m j — y/2m\m- i  — rn3 ) — ( \ / 2 m | — m 2)2.

I f  we w r ite  (6.8) as (u ,v ) ,  then the iden tity  im plies th a t 2v — u2 €  Z . I f  there were

a sequence o f points (u ,, vt ) o f the form  (6.8) tending to (r, s). then 2 t \  — u2 would

eventua lly  be equal to some fixed integer. T h is  would im p ly  2s — r 2 €  Z . B u t th is 

is impossible since r  and s are algebraically independent. Thus .4 is not D iophantine 

correct.
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