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Abstract
GEOMETRICAL ASPECTS OF LINEAR DIFFERENTIAL EQUATIONS
OVER COMPACT RIEMANN SURFACES WITH REDUCTIVE
DIFFERENTIAL GALOIS GROUP
by

Camilo Sanabria Malagén

Adviser: Professor Richard Churchill

Suppose L(y) = 0 is a linear differential equation with reductive Galois
group over the function field of a compact Riemann surface. We prove that
any solution to the equation can be written as a product of a solution to a
first order equation and a solution to the pullback of an equation of a special
form (a “standard equation”). We classify standard equations using ruled
surfaces. We relate the symmetries of L(y) = 0 to the outer-automorphisms

of the differential Galois group.
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Chapter 1

Introduction

Let k denote the field of meromorphic functions on a compact Riemann
surface X, and let v denote a derivation on k. Equivalently, one can regard v
as a meromorphic tangent vector field on X. By a linear differential equation

over X we mean an equation of the form
L(y) = anv"(y) + an-10""(y) + ... + a1v(y) + agy =0,

where a; € k for i € {0,1,...,n}.

In this thesis we study equations having reductive differential Galois
groups.

For the necessary background on differential Galois theory we refer to
[21], [25]. For the basic properties of equations with reductive differential
Galois group see [8]. For background on Riemann surfaces see [10], [15] or
[11].

The thesis is divided into two parts. The first concerns pullbacks, which



can defined as follows. Consider a subfield ky C k, with ky # C. If X
is a compact Riemann surface with field of meromorphic functions kg, the
inclusion kg C k corresponds to a ramified covering 7w : X — Xj. Let vy be a

derivation on kg, and consider a differential equation Ly(y) = 0 over ko, say

Lo(y) = anvf (y) + cne1vg " (y) + ...+ a1vo(y) + oy = 0,

where «; € ko fori € {0,1,...,n}, and let Fy,..., F, a full system of (locally
defined) solutions of Ly(y) = 0. We say that L(y) = 0 is the pullback of
Lo(y) =0viarwif Fyom,..., F,on is a full system of solutions of L(y) = 0.
In Chapter 2 we will deal with the question of determining whether a given
equation is a pullback. More precisely, given L(y) = 0 we ask the question:
do such a kg and Lo(y) = 0 exist? If so, can they be determined? We prove

that under the reductive hypothesis the answer to both questions is yes.

L(y) = 0 is the pullback of an equation defined over its projective Fano

curve.

Closely linked to the study of pullbacks is the study of projective equiva-
lence. Assume we are given second equation L;(y) = 0 over k with full system
of solutions fi,..., f,. We say that L(y) = 0 and L;(y) = 0 are projectively
equivalent if the functions f - f1,..., f - f, form a full system of solutions of
L(y) = 0, where f is the solution of some first order ordinary linear differ-
ential equation over k. An early result by Klein in this subject asserts that
if k = C(z), v =4 and L(y) = 0 is of second-order with finite projective

Galois group, then L(y) = 0 is projectively equivalent to the pullback of a
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hypergeometric equation [2] (the projective Galois group is the quotient of
the Galois group by its center). This result by Klein has been extended to
arbitrary compact Riemann surfaces in [1] and to third order equations in
[3]. The collection of hypergeometric equations arising in Klein’s theorem
can be reduced to a finite collection of “standard equations”. Chapter 2 of-
fers an extension of this result to arbitrary order for equations with reductive

Galois group.

If L(y) = 0 has only algebraic solutions then it is projectively equivalent

to the pullback of a standard equation over its projective Fano curve.

Using this extension of Klein’s result we can say that the solutions of
L(y) = 0 are of the form f - (F o m) for some solution F' of a standard
equation. This leads to the following question: can one classify the standard

equations? We conclude Chapter 2 by proving that
Standard equations are classified by ruled surfaces.

The second part of the thesis examines symmetries of equations, which
can be defined as follows. Assume o : X — X is an automorphism, or
equivalently that ¢* : £ — k is a C-automorphism. We say that o is a
symmetry of L(y) = 0 if the equation L(y) = 0 is the pullback of itself via o.
In other words, if f1,..., f, is a full system of solutions of L(y) = 0 then so is
fioo, ..., fnoo. Note that if k is Galois over kq and L(y) = 0 is, as above, the
pullback of Lo(y) = 0 via 7; then any automorphism o* of k over kg induces

a covering transformation o : X — X of 7 which is a symmetry of L(y) = 0.



It follows that if o is a symmetry of L(y) = 0 then L(y) = 0 is the pullback of
an equation over the fixed field k7. Symmetries, also called reversibles, will
be studied in Chapter 3. In particular, we will link symmetries of L(y) = 0

to the outer-automorphisms of the Galois group using the Fano group.

The group of symmetries of a standard equation corresponds to the

inner-automorphisms of the Fano group that fix the Galois group.

The Fano group is a generalization of a primitive version of the Galois
group used by G. Fano [9], [27].

The main tool in this work is a result of E. Compoint which gives us the
algebraic relations among the solutions of L(y) and their derivatives [7]. We
recall and generalize Compoint’s theorem in Appendix A.

Because the results of the thesis allow us to describe the solutions to
L(y) = 0 in terms of covering maps, solutions of first order equations, and
solutions of standard equations, all these entities can be applied to construct
closed form solutions to our given equation. The second appendix, Appendix
B, gives some computational applications. For details on the computations
involved we refer to [18].

Although the results of the thesis have thus far been given in the lan-
guage of ordinary linear differential equations, our restriction to equations
over compact Riemann surfaces allows for a formultation in terms of con-
nections. In general there are three different, but equivalent, approaches to
the study of linear differential equations: differential operators; differential

modules; and connections. The equivalence between the three approaches is
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meticulously covered in [25]. T will assume readers are comfortable jumping
from one viewpoint to another. On occasion I will recall specific aspects of
the differential Galois theory of linear differential equations, but in general I
assume this topic is familiar.

In addition to Riemann surfaces, we will also make use of vector bundles,
sheaves, connections, and pullbacks. References for the first two concepts
is [11] and [12]; references for the latter two are [23] and [20].

The exposition in Chapter 2 is algebraic-geometric in nature, whereas the
exposition in Chapter 3 is analytic-geometric. In particular, local coordinates
will play a key role during our analytic approach. Most of the concepts
and tools that will be used are introduced in Chapter 2. Some of these
concepts will be revisited in Chapter 3. Because of the difference between
the two viewpoints it seems appropriate to give equivalent formulations in
that chapter using the analytic language. Compoint’s theorem will be stated
once in each of these two chapters, in accordance with the two viewpoints.

The concept of a meromorphic vector bundle is ubiquitous in this thesis.
One may choose to work with holomorphic vector bundles with meromor-
phic connections, but the formalism would become quite cumbersome in the
context of projective equivalences. A short exposition of the concept of a
meromorphic vector bundle and its link to that of a holomorphic vector bun-

dle is found in Appendix C.



Chapter 2

Pullbacks and Standard

Equations

In [1], [2] Baldassari and Dwork give a contemporary formulation of a result,
known to Klein, on second order ordinary linear differential equations with
algebraic solutions. The result is most easily stated in terms of projective

equivalence.

Theorem 2.0.1. If an ordinary second order linear differential equation has
finite projective Galois group, it is projectively equivalent to a pullback, by a

rational map, of a hypergeometric equation.

An extension of this result for the third order case was obtained by M.
Berkenbosch [3], who simultaneously gave an algorithmic implementation of
Klein’s result which simplifies Kovacic’s algorithm. Berkenbosch introduces

the concept of a “standard equation” in order to state his generalization. A



standard equation is an ordinary linear differential equation which is minimal
in the sense that any other ordinary linear differential equation must be a
pullback thereof. The purpose of this chapter is to formulate an extension
of Klein’s theorem that also covers many non-algebraic cases. We treat the
problem in terms of differential modules and connections. The author be-
lieves that a geometric, rather than algebraic, approach to the problem is
much more elucidating.

Our main tool in achieving this extension is a theorem of E. Compoint
That result gives a very concrete description of the maximal differential ideal
involved in the construction of a Picard-Vessiot extension for the connection.
In the first part of the chapter we introduce the geometric concepts involved.
In the second we give an algebraic interpretation of these concepts. In the
third and final part, we prove the generalization, study some of the conse-

quences for the algebraic case, and introduce the classifying ruled surfaces.

2.1 Geometric considerations

We first establish notation. X denotes a compact Riemann surface, k :=
C(X) is the associated field of meromorphic functions, and II : £ — X
is a rank n holomorphic vector bundle induced from a meromorphic vector
bundle over X (Appendix C). The sheaf of meromorphic sections associated
to II will be denoted by &, and the sheaf of meromorphic functions on X by
A . The sheaf of meromorphic 1-forms on X, and the sheaf of meromorphic

tangent fields on X, will be denoted by Q', and 7 X respectively. The



sheaf of differential forms Q', is the meromorphic dual of ZX. Given an
[ € k there is a global meromorphic differential form df € Q',(X) defined

as follows:
df : 7X(X) — &k
v o— df(v) :p > v(f).

Any global tangent field v € X (X) induces a derivation in k, i.e. the

map

vk — k

o= o) = up(f)

is additive and satisfies the Leibnitz rule:

o(f+g) = v(f)+v(g)
o(fg) = v(f)g+ folg), V([ g) €k

Once we fix v, the field k together with the derivation defined by v is a
differential field. The field of complex numbers C can be identified with a
subfield by regarding the complex numbers as constant functions. With this
identification in mind we see that the kernel of v, known as the constants of

the differential field, is C provided v # 0.

REMARK 2.1.1. In broad terms what we do in this chapter is to study the

following geometric construction. Consider a linear differential equation

o(f)=dif?, ie{l,...,n}, d €k
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and an open U C X over which we have a full-system of solutions (y;) The

analytic map
U — GL,(C)
p — (y(p))
induces an algebraic map
U — GL,(C)/G
p — (y;(p)-G

where G is the Galois group of our linear differential equation. Because
the last map is algebraic, it can be extended to a meromorphic map defined
globally over X. The idea is to see to which extend this last map characterizes

our differential equation.

2.1.1 Differential Modules

Fix a non-trivial derivation v € .7 X (X) of k.

Definition 2.1.2. A differential k-module (rigorously a (k,v)-module) is a

finite dimensional k-vector space M together with an additive map
oM —M
satisfying the Leibnitz rule:

8(m1 + mg) = 8m1 + amg V(ml, mg) € M2

dfm = o(f)m+ fom V(f,m)ekxM

An m € M such that Om = 0 is called a horizontal element.



REMARK 2.1.3. If f is a constant, i.e. if v(f) = 0, the Leibnitz rule implies
that dfm = fOm. The collection of horizontal elements thus forms a vector

space over the field of constants C.

REMARK 2.1.4. Fix a basis ey, ..., e, of M and set
dej = —ale; Vje{l,....n}.
If m = fle;, then
om = v(fe;+ f'Oe;
= v(f)ei — flale;
= (u(f) - a;'fj)ez‘-
Solving the equation dm = 0 therefore amounts to solve the matrix differen-

tial equation
v(f") = a;'-fj, ie{l,...,n}.

REMARK 2.1.5. Consider two differential k-modules (M, 0;) and (Ma, 0s).
Given (f,my,mg) € k x M; x My, consider the two following equalities in
My @ Ms:

oL fmi @mg+ fmy ® 0yme = v(f)(m1 @ my)

+f(O1m1 ® ma) + f(m1 ® damy)
dmy @ fmg+my ®afmy = f(O1my @ my)

+o(f)(m1 ® ma) + f(m1 @ Oymy)
So we conclude that under the map
81®82:m1®m2 —>01m1®m2—|—m1®82m2
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the k-vector space M; ® My inherits a differential k-module structure. The
same holds for symmetric and exterior powers: given (m,m;,my) € M3, in

M &, M we have

0®0(m; @mg—me®@my) = (0mg @ mg —my ® Imy)
—(0my ® m1 —my @ Omy)
I@Ime@m) = (Om+m)® (Im+m)

—(0Om ® Om +m @ m).

Inductively we see that symmetric products and exterior powers of differential
modules inherit differential structures. The same holds for the dual M* :=

Homy (M, k) of M. By defining
0" s [m > v(ja(m)) — p(Om)
for any pu € M* one sees that

O (fu) :m e (v(f)p+ fO7p)(m).

In particular, if m is horizontal then 0*u(m) = v(p(m)). Summarizing, a
differential k-module endows a canonical differential structure on any tenso-
rial construction (duals, tensor products, symmetric powers, exterior powers,

sums, . ..) over k.

REMARK 2.1.6. If we denote p(m) by < u,m > the formula for the dual

structure becomes the classical Lagrange identity

v< p,m >=< 0" p,m >+ < p,om > .

11



REMARK 2.1.7. In most of the cases, given a differential k-module M, we

will not be able to find a basis composed of horizontal elements.

The definition of a differential k-module depends on our choice of a deriva-
tion on k, in our case it was v. Since we are in the realm of Riemann surfaces,
which are actually one dimensional manifolds over the complex numbers, we

can circumvent this restriction using connections.

2.1.2 Connections and Pullbacks

A meromorphic connection is a C-linear map (linear over the constants)
Ve — &R,
M
satisfying the Leibnitz rule
V(fV)=Vedf+ fVV  Y(f,V) ek x&X).

Given a meromorphic tangent field v, we define the .#-linear contraction

map by

w: £, — &
M

Veow — w)V.

Not every element in & ®; Q', can be written in the form V ® w, but as
the map is .#-linear, it suffices to define the map on such elements. The
composition of V followed by this contraction map is denoted by V,. This

is commonly called the covariant derivative along v.
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REMARK 2.1.8. The k-vector space of global sections &(X) of II is isomor-
phic to k™ (see Appendix C), so (&(X), V,) is a differential k-module.

REMARK 2.1.9. Derivations on k are in a natural bijective correspondence
with global sections of .7 X and .7 X (X) ~ k. Suppose v € Q' is the dual
of a derivation v € 7 X, i.e. v(v) = 1. Because ', is one-dimensional, for
every w € !, we have w = w(v)r, and we conclude that tensoring with v is

the inverse to #,. Define the following map V'

Ve — &R0,
H

Vo V.V o
Then

VV = V,V®v
= ,(VV)®v

= VV.

Endowing &(X) with a differential k-module structure is thereby seen to
be the same as defining a meromorphic connection over &. In particular,
all tensorial constructions over meromorphic vector bundles with connection
inherit a connection. This remark is independent of the fact that X is one-

dimensional.

We now define connection pullbacks. Take a meromorphic vector bundle
Iy : By — X over a compact Riemann surface together with a meromorphic

connection V and a morphism f : X — X,. If [I : E — X is the pullback

13



of Iy : Ey — Xo, and (f, f) : (E,X) — (Ep, Xo) stands for the canonical

vector bundle morphism (i.e. Il o f = f o II):

The pullback (connection) f*Vo at p € X is given by

[(f"V0),V](p) = (Vo) .o fVI(f ()

(the vector field f,v is well defined only locally, but since (Vy).e is tensorial
on . the value of [(Vo)1..fV](f(p)) is uniquely determined by f.v(p) ).

2.1.3 Projective equivalence

Given a second vector bundle P : L — X with a meromorphic connection V’
and associated sheaf of sections .Z, the tensor product induces a canonical

meromorphic connection V@ Von PRIl: L®x F — X:
VoV WV VIV +WeVV.
REMARK 2.1.10. If W happens to be horizontal, i.e. V'W = 0, then
(VoVIWeV=WeVV.

Assume now that P : L — X is 1-dimensional (i.e. a line bundle), and

fix a global non-zero meromorphic section s € Z(X). We can then identify

14



& with £ ® & through the morphism V +— s ® V. It must be noted that

this identification is not unique, since it depends on the choice of s.

Definition 2.1.11. Given another meromorphic connection V; on Il : £ —
X, we say that V and V; are projectively equivalent if there exist a 1-
dimensional meromorphic vector bundle P : L — X with a connection V’
such that

Vi~V ®V.

REMARK 2.1.12. In view of the non-uniqueness of the identification of &
with .2 ® &, we need to clarify this definition. As every choice of s € Z(X)
gives a different identification, the notation V; ~ V' ® V indicates only that

for some such s we have
s®[Vi,(V)=Vis@V +s®V,V.

We will see below that this means that the map V +— s ® V is a horizontal
isomorphism (E, 11, V) — (L®x E, PRI, V'®V). Under this identification,
if Vs =0 then V1V = s ® VV when V; and V are projectively equivalent.
REMARK 2.1.13. Note that since (P,V') : L — X is 1-dimensional, the
same holds for the dual (L*, P*, V"*). Under the canonical isomorphisms we

have

L*® YL ~Hom 4( L, L)~ M.

Moreover in terms of the basis s = s; of Z(X), if s! € £* is such that

15



s'(s1) =1, then

[V*@ V'], (s' @s1)s1 = [Vrst](s1)s1 4+ s (s1)V'sy
= (v(s'(51)) = 8" (Vy51))s1 + V'sy

= V's; —s'(V.s)s; = 0.
So the connection on .Z* ® £ is trivial, and if V; ~ V' ® V then
VeV, 2V @V @V ~V.

We conclude that projective equivalence is an equivalence relation.

2.1.4 Linear first integrals and Fano curve

We now study symmetric products and duals of vector bundles with connec-
tions in more detail. For the remainder of this section we set M = &(X) and

we fix a non-zero derivation v € .7 X (X).

Definition 2.1.14. Let ¢ € M* = Homy (&' (X), k). We say that ¢ is a linear

first integral (of (E,V)) if ¢(V) € k is constant whenever V' is horizontal.

REMARK 2.1.15. Let ¢ be alinear first integral and let V' € M be horizontal.
Then

0 = v((V))
= [Viel(V).

In particular, linear first integrals form a vector space over the constants.

16



Definition 2.1.16. Denote by S{(M) the C-vector space of linear first in-
tegrals of the d-th symmetric product of (E,V). As a convention we set

SY(M) = C. We define the graded algebra of linear first integrals of M as
Sk(M) = @Si(M)
d>0
REMARK 2.1.17. If V € M is horizontal, then so is V¢ in the d-th symmetric
power. Thus, given ¢ € S¢(M), ¢(V?) is constant. The elements in S¢(M)
are called first integral of M. Once we fix a basis of M, an element in S{ (M)
is given by a homogeneous polynomial of order d in the coordinates on M.
With this in mind Si (M) corresponds to the collection of rational C-valued

functions over E containing horizontal sections of & within their level sets.

REMARK 2.1.18. If we pick a V' € M we obtain a homomorphism

of C-algebras by evaluating each first integral in S{(M) at V4.

REMARK 2.1.19. Let U C X be an open set and pick V' € &(U), then we
can evaluate first integrals in S{(M) at V' to obtain an element of .# (U).
Indeed, since the first integrals in S{(M) are globally defined meromorphic
functions we can restrict them to II7*U and evaluate them at V<. So in this

case V can be identified with a homomorphism

of C-algebras. Note that the latter remark is the particular case U = X.
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REMARK 2.1.20. The fundamental theorem of ordinary differential equa-
tions guarantees that if p is not a singular point of V, then for a sufficiently
small open set U C X containing p we can find a frame (V1,...,V,,) of &(U)

composed of horizontal elements.

Definition 2.1.21. Let H be a (local) horizontal invertible element of the
differential k-module Hom(&(U),&(U)) ~ [6* ®.4 £(U), ie. a frame of
&(U) composed of horizontal sections. The Fano curve of (E,V) is defined

as the C-valued point
H : Sp(Homy(8(X),&(X))) — CC . #(U)

(see Remark 2.1.19). If Si(Homy(&(X),&(X))) is finitely generated we de-
fine the projective Fano curve Xy to be the non-singular model of the pro-
jective variety defined by the maximal homogeneous ideal contained in the

kernel of the Fano curve (i.e. in the kernel of H).

REMARK 2.1.22. There are many aspects of this definition that require

elaboration.

e The Fano curve is C-valued: by definition, a first integral is constant

when evaluated at a horizontal element.

e The Fano curve is independent of the choice of H up to isomorphism:
if H is another (local) horizontal frame defined over U, then it dif-
fers from H by an element of GL,(C) which one can see as acting on

Sk(Homg(&(U), &(U))) sending one Fano curve to another.

18



e The Fano curve is also independent of the choice of U up to isomor-
phism: if U is another open set where one can define a (local) hori-
zontal frame, then by taking a path from U to U we can prolong H
holomorphically to a frame over U. Because H is horizontal and the
first integrals are constant over horizontal sections, as well as being
globally defined, the prolongation does not change the homomorphism

of C-algebras.

REMARK 2.1.23. Let ¢ ®V € [£* ®.4 &](X), so that:
V*oV]|(epaV) = Voo V+¢aVV.

Then under the canonical isomorphism Homy (&(X), &(X)) ~ [6*®.4 &)(X)
we obtain:
V'@ V(e V) (W) = [VigW)V +e(W)V,V
= (v(e(W)) = o(V, W)V + ¢(W)V,V
= Vu[s(W)V] = ¢(V.W)V
= V[(@aV) (W) - (6@ V) (V.W).

This implies that H € Homy(&'(X), & (X)) is horizontal if and only if it is a

connection preserving map, i.e.
VIH(W)| = H(VW).

(In terms of differential k-modules, H is horizontal if and only if H is a

morphism of differential modules).
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REMARK 2.1.24. Given a (local) horizontal endomorphism of vector bundles
H: E — F and a frame F' for &(X), we associate to H an n x n matrix. The
Fano curve describes the rational level sets of H in E* ® x E in terms of the
associated matrix. The projective Fano curve will play a similar role with
classes of projectively equivalent connections, but the explanation requires

some algebraic preliminaries.

2.1.5 The geometric Galois group

As above, we fix a (local) horizontal frame H for &(U). The collection of

(local) horizontal frames H for & (U) defining the same map
H : Si(Homy(&(X),&(X))) — C

as H will be denoted by 0. In particular, if we see the frames as invertibles
in Hom 4 (&, &)(U), the collection of elements in H~'O forms a group. The

group G = HO is called the geometric Galois group of V.

REMARK 2.1.25. As in the case of the Fano curve, it follows from this
definition that the geometric Galois group is independent of H and U, up
to isomorphism. Given another frame H over U, there is a g € GL,(C)
such that H = Hg, and the geometric Galois group determined by H is the
conjugate of G by g.

REMARK 2.1.26. The geometric Galois group measures the rational sym-
metries of the connection. More explicitly, given a g € G and the (local)
horizontal frames H and Hg cannot be distinguished using rational (global)

first integrals.

20



2.2 Algebraic Interpretation

To give an algebraic interpretation of the geometric objects introduced above,
we require a global frame F' = ¢'®e; € Homy(&(X),&(X)) =~ [£* Q.4 E(X)
of E'— X so that we can do some computations using coordinates.

As above, we fix a derivation v € 7 X(X). As discussed earlier, the
solutions to the equation V,V = 0 are given by the solutions to the matrix

differential equation
v(fi):a;-fj ie{l,...,n}, (2.1)

where f' = ¢/ (V) and V,¢; = —ale;.

7

2.2.1 Picard-Vessiot Extensions and Galois groups

Let H = (V4,...,V,) be a frame of &(U) composed of horizontal elements.
If we denote by 3! = ¢'(V;) € .#(U) the coordinates of these horizontal
elements in our original frame F', then

v(y;) = ay;
and the Picard-Vessiot extension is given by the subfield

K = /{;(y;)
of #(U). The inclusion map into this extension is given by the restriction
map:

ke~ #(X) — #(U)
f— flv.
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Formally, the Picard-Vessiot extensions can be obtained as follows (a rigorous

exposition may be found in [25]). Consider the ring

which results from the ring of polynomials k[X}] in n x n variables by in-
verting the determinant polynomial det := det(X JZ) We turn this ring into

a differential ring extension of (k,v) by setting

v(X)) = aj X}

1%

and using the Leibnitz rule and the quotient rule
v(ab™) = [v(a)b — av(b)]b~?

we extend the derivation to the whole ring. An ideal I C k[X}, 1-] is dif-
ferential if it is closed under derivation, i.e. v(I) C I. Maximal differentials
ideal are prime. We obtain a Picard-Vessiot extension for V by taking the
fraction field of the quotient of k[X?, s-] by a maximal differential ideal 1.

Note that we can make GL,(C) act on k[X;, é] by differential automor-
phisms over k by setting for (¢7) € GL,(C)

. 1 1

D k[XE — k[XI, —

(g]) [ j?det] — [ ]’det]
X — X/g,

We can identify the Galois group G with the elements of GL,,(C) sending

to itself. In particular, we may take I as the kernel of the evaluation map of
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k-algebras:

P
HXG =] — (D)

REMARK 2.2.1. Probably the most striking feature of the Galois group is

that it is an algebraic group.

Let us consider with more care the relationship between the geometric
Galois group and the (algebraic) Galois group. As above, H will denote
the (local) frame of &(U) composed of the horizontal sections (V1,...,V,)
and we set yt = €'(V;). An element of Sy/(Homy(&(X),&(X))) corresponds
on the frame F to a homogeneous polynomial P(X}) of degree d such that
P(y}) = ¢, where ¢ € C. So P(X}) — c is in the kernel I of the evaluation
map. Moreover, if g = (g;) € GL,(C) is in our algebraic definition of the
Galois group, then P(Xligg) — ¢ is again in I, meaning that P(y}gé) = ¢, S0
the geometric Galois group contains the (algebraic) Galois group.
REMARK 2.2.2. In [7, Theorem 4.2] Compoint proves that when the (al-
gebraic) Galois group is reductive and unimodular, the geometric and the

(algebraic) Galois group coincide. In view of Compoint’s result we will re-

strict ourselves to that case.
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2.2.2 Compoint’s Theorem and the projective Fano

Curve

In analogy with classical Galois theory, differential Galois theory also admits
a Galois correspondence. In particular, the fixed field K¢ is the ground
field k. Furthermore using the action in the previous section, if P(X}) €
k:[X;] is invariant under the action of G, then the Galois correspondence
implies P(y) € k. From now on we will assume that G is unimodular
and reductive. In particular this will imply that Si(Homy(&'(X), &(X))) is
finitely generated, and so we will be able to associate to V a projective Fano

curve Xy. We now introduce a theorem that allows us to effectively compute

Xo.

Theorem 2.2.3 (Compoint). If G is reductive and unimodular, then I is
generated by the G-invariants it contains. Moreover, if Py, ..., P. is a set of
generators for the C-algebra of G-invariants in C[X;], and if fo,.... fr €k
are such that P; — f; € I, then I is generated over k[X¢ -L]| by P; — fi,

J7 det
i€{0,...,r}.

REMARK 2.2.4. Compoint’s theorem says that I is uniquely determined by

the restriction of k[X}, -] — K to C[X!]® — k. We will denote by J the
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maximal homogeneous ideal contained in the kernel of the last map.

w?
C[xil¢

J

K
k

Proposition 2.2.5. Keeping the same notation and hypotheses as in the
theorem and remark, the projective variety defined by the homogeneous ideal

J 1s isomorphic to the projective Fano curve of V.

Proof: Let P(X}) € J of degree d, then P(X?) corresponds, in our frame F,
to a first integral of degree d, i.e. an element A € Si(Homy(&(X),&(X)))
vanishing at H = (V4,...,V,) (being pedantic, it vanishes at H¢). This
means that A is in the homogeneous ideal defining the projective Fano curve.
Conversely [7, Theorem 4.2] says that such a A, i.e. a first integral of degree
d vanishing at H, corresponds to a homogeneous polynomial invariant under
the G-action of degree d, P(X?) € C[X}], such that P(y;) =0, i.e. P(X}) €
J. *
REMARK 2.2.6. We keep the notation from Compoint’s theorem, and we
denote by n; the degree of P;. Then the function field of the projective Fano

curve is

fi
¥
Consider the canonical projection pr : SL,(C) — PSL,(C) and set

(C(Xo) = C( ]mmz = m;n;, fj 7é 0)

G :=pr ' (PQ),
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where PG = G/Z(G) (and Z(G) stands for the center of G). Then Z(G) is
the cyclic group of n elements and the elements fixed in (C(y;) by this center

are C(y})z(é) = C(z—i, (5)"| i # 0). Also, because
Clyp)® = [Cu)* )¢ (PG = PC)
we then have
Cly)® = C(Xo)
provided that P(y}) = 1 for some homogeneous P(X}) € (C[Xj]é \ C of order

n. Let us make this last assertion explicit.

Lemma 2.2.7. If P(y}) =1 for some homogeneous P(X}) € (C[X;]é \ C of
order n, then (C(yji-)é = C(Xo).

Proof: From the equality (C(y;.)z(é) = C(z—;,(y;)ﬂ y. # 0) we see that

(C(y;-)z(é) is generated as an algebra over C by the ratios 5—; together with

K

the functions parameterizing a horizontal frame of the n-th symmetric power
of V. So (C(y;-)é = [C(yé)z(é)]PG is generated as an algebra over C(X,) by
the rational first integrals of the n-th symmetric product of V. Dividing
each of this rational first integral by powers of P(y?) = 1 we obtain them as
elements in C(Xy), so we have C(y;)é = C(Xo). *
REMARK 2.2.8. A particular case of the previous lemma occurs when
det(y;:) =1.

Lemma 2.2.9. Under the hypotheses of Compoint’s theorem, if det(y;'.) =1
there is a choice of v € X such that in (2.1) one has

(a5) € Muxn(C(X0)) + a(k),
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where g s the Lie algebra of G.

Proof: Let P, = P(X}) € C[X}]é, for I € {1,...,7} be generators of G-
invariant subalgebra C[X;]é. Let f; € k be such that P, — f; € I, | €
{1,...,7}. We denote by %(X;) the partial derivative of P, with respect

to X,.

-----

variables, with derivation vy defined by:

to(y;) = biyy

(b)) = 0.

Using the chain rule we obtain

WA = i)

aPl T L
W(yj) Ayﬁu

We extend the action of G on C(y;) to C(y2)(bL)umef1,...ny by letting each b,

.....

be fixed by G. The chain rule then implies that for (9) € G one has

~ 7 aPl ) ~ L
to(P(yig)) = aXL(ylgé)vo(yygﬁ)
apl PR AY NN
= _aX’:(ylgj) NI

The equality Py(y}) = P(y{g}) in turn implies

Ot iy = 90
ax: Vil = gx

(Widh)ungh Y i, A,

for all (g%) € G, whence 221 (i)ys € (C(y;-)é for each ¢, \.
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Let v be a non-trivial derivation of C(Xj) = (C(y;'-)é (unless C(X,) = C,
in which case we let v be any element in .7 X). Note that since P, is G-
invariant we have P(y}) = fi € C(Xy) € C(y;). Consider the following

system of linear equations in the variables b4 with coefficients in C(Xj):

SR = o) L€ [0.r) (2:2)
This system has solutions in k (apply v on both sides of the equalities Pl(y;) =
fiin K). The system of equations is therefore consistent, and the system
can thus be solved in the field of coefficients C(Xj). Specialize b4 to such
solutions, so that (b%) € My, (C(Xo)). When we apply v on P(y}) = fi in
K, we obtain the solutions aj to (2.2). Hence the (a}) — (V%) is a solution
to the homogeneous system associated to (2.2); but the left hand side of the
equations in the system are the polynomials defining g, so (a}) — (b%) € g(k).

*

REMARK 2.2.10. We have

Definition 2.2.11. We say that the projective Fano curve X is degenerate
if C' is not 1-dimensional, i.e. if C(X,) = C.
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Proposition 2.2.12. The projective Fano curve is degenerate if and only if
G is connected and (C(y;) corresponds to the field of rational functions over

a coset of G in GL,(C).

Proof: Let I¢ be the kernel of the evaluation map C[X7}, 1] — K sending
Xi+— yi. Then Ic is a prime ideal. I¢ is invariant under the G-action, so
passing to the quotient we see that (Ic)“ = I is the kernel of the restriction

of the evaluation map to C[X?, =] — K% = k. Again, I is a prime ideal.

37 det
Because the Fano curve is degenerate, the maximal homogeneous ideal .J
contained in I corresponds at the level of varieties to a line, and I to a point
in that line. So we conclude that G acts transitively by left multiplication
over the subvariety of GL,(C) defined by Ic. In other words, I¢ defines a
coset of GG. Finally, because I¢ is prime, this coset is connected, whence G
is connected. This proves the necessity in the statement of the proposition.

The sufficiency follows immediately by noting that G acts transitively on its

cosets. Y

REMARK 2.2.13. When G is connected the field of rational functions over
a coset of GG is isomorphic to C(G) because the coset and G are isomorphic
varieties.

REMARK 2.2.14. When C(X,) = C, the system (2.2) is homogeneous so

(a5) € g(k).
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2.2.3 Projective Equivalence and Pullbacks

Let us consider the algebraic properties of projective equivalence and of pull-
backs.

We put another meromorphic connection Vi on II : F — X and we
assume that V and V; are projectively equivalent. This means that there
is a 1-dimensional meromophic bundle P : L — X with connection V' such
that V; can be identified with V' ® V. We make this identification explicit
by fixing (as before) a (global) frame F' for &(X) and a non-zero (global)
section s' € Z*(X). The mapping V + s; ® V is a horizontal isomorphism
(E,1I,V,) = (L®x E,P®1,V'® V), where s'(s;) = 1.

Let U C X be an open set avoiding the singularities of V and of V',
and let h € Z(U) be such that V'h = 0. We set f := s'(h). As usual, we
choose L = (V4,...,V,) a (local) horizontal frame of &(U) with respect to
V., and y; = €'(V;). In particular the coordinates of h ® V; on the frame
(s1®@e1,...,51 Qey) are s' @e'(h@ V) = fy).

Let W; € &(U) be defined for j € {1,...,n} by

W; = fyj-ez‘,
so that s' ® ¢'(s; @ W) = fy; and s, @ W; = h ® V;. Thus
ViW; =V'@V(soW;) =V @V(haV;)=0.
In particular, a Picard-Vessiot extension for V; is generated by ( fy;)

Proposition 2.2.15. Under the hypotheses of Compoint’s theorem, if V and

V1 are projectively equivalent then their projective Fano curves coincide.
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Proof: Let P(X!) € C[X]“ be homogeneous of degree d such that P(y}) = 0.
Then P(fy}) = f*P(y) = 0. *

To ease notation we will forget the fact that (b%) defines the connection
giving us the Picard-Vesiot extension (C(y;-) / (C(y;)G This will simplify our
algebraic explanation of the pullback. Let Il : £y — X be an n-dimensional

meromorphic vector bundle with connection Vq given by

V()voei = —b?ej

7

for a given (global) frame Fy = €' ® ¢; of &(Xy). The pullback to X of
(Eo, Iy, Vy) is (algebraically) defined by taking the tensor product

go ®<//0 ’%
and regarding it as a sheaf of differential .Z-modules. In particular
(9@0 ®///0 %(X) = éa()(Xo) ®(C(X0) k.

Definition 2.2.16. Let ky be a subfield of k. We say that V is defined over
ko if in (2.1)
(a;) € Mnxn(kﬂ) + g(k)

REMARK 2.2.17. It follows from the definition and Lemma 2.2.9 that when

V is such that det(y!) = 1 the connection is defined over Xj.

Theorem 2.2.18. If V has reductive Galois group the connection is projec-

tively equivalent to a connection defined over its projective Fano curve.
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Proof: We fix the notation as above; in particular the horizontal sections of

V satisfy the linear differential equation
u(f) = aif.

It is a well-known fact that if we tensor V with the connection given by the
equation

u(f) = aif
then the resulting connection has unimodular Galois group [25, Exercises
1.35.5]. In particular we may take (y%) such that det(y}) = 1. Furthermore,
8, Proposition 2.2] guarantees that the Galois group remains reductive af-
ter tensoring. We may therefore assume that V satisfies the hypotheses of

Compoint’s theorem. The result now follows from Lemma 2.2.9. *

REMARK 2.2.19. In view of Proposition 2.2.12, the classification of connec-
tions with degenerate Fano curve is very simple: they correspond to exten-
sions isomorphic to G(k)/k. Indeed, they are just the pullbacks of extension

C(G)/C, where G is a connected algebraic group.

Definition 2.2.20. We say that V is standard if K = (C(y;) and k is Galois
over C(Xp).

Corollary 2.2.21. Assume V has reductive Galois group and its projective
Fano curve is not degenerate. The connection V 1is projectively equivalent to
the pullback by a rational map of a standard connection over Xy if and only

if in Lemma 2.2.9 one has
(a}) € Mpxn(C(Xo)).
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In particular, if G is finite then V is projectively equivalent to the pullback

of a standard connection over X.

Proof: After tensoring like in the proof of the theorem we obtain the following

C(Xo)

diagram:

K
k

If V is the pullback of a standard connection over X then in Lemma 2.2.9,
al is a solution to the system 2.2 in C(Xy) and so (a?) — (b5) = 0. Con-
versely (a%) € Myxn(C(X))) defines a connection in a rank n bundle over X
and since K = k:(y;), we conclude that V is the pullback through the map
C(Xo) — k.

The algebraic case follows from the fact that if G is finite then g = 0. %

2.3 The algebraic case

REMARK 2.3.1. The content of this section is a generalization of the pre-

sentation of [1, Lemma 1.5] to higher order.

Given a n-th order linear differential equation L(y) = 0 over X with

algebraic solutions, and a point p € X, we denote by

E(L,p) ={a1p, qap, .., nyp}
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the collection of generalized exponents of L(y) = 0 at p, ordered so that

ap < ajp if i < j. We set
A(L,p) =anp—a1,—(n—1)

and we let e(L,p) be the least common denominator of E(L,p) — E(L,p) =
{a —b|l a,be€ E(L,p)}. If S C X we set
A(L,S) =Y A(L,p).
pes
As E(L,p) = {0,1,...,n — 1} for almost all p € X, we have A(L,p) = 0
for all but finitely many p € X, and for a sufficiently large S, the number
A(L,S) attains limiting value A(L).

Lemma 2.3.2. Let f : X — X be a morphism of compact Riemann surfaces
of degree M, and assume that L(y) = 0 is the pullback of Lo(y) = 0 through
f. Furthermore, assume all solutions to Ly(y) = 0 are algebraic. Then, if g

(resp. go) denotes the genus of X (resp. of Xo), we have:

A(Ly)

n—1

A(L)

n—1

M( —2(g0—1)) = —2(g—1).

Proof: Let Sy € X be a finite collection of points containing all ramifications

of f and all singularities of Lo(y) = 0, and set S := f~1(Sy). So, if e,, denotes
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the ramification index of py in f, then

AL f o) = S A(Lp)

plpo

= Zan,p -y, —(n—1)

plpo

= 3 e (g — 1) — (0= 1)

plpo

M
= _(epo (O'/mpo - al,Po) - (n - 1))
Po

= M(A(Lo, po) + (n —1)) = Card(f ™' (po))(n — 1).
Thus A(L, £~ (po)) + (n — 1)Card(f~(po)) = M(A(Lo, po) + (n — 1)) and
A(L, S) + (n — 1)Card(8) = M(A(Lo, So) + (n — 1)Card(Sp))
As Sy contains all ramifications of f, the Hurwitz genus formula implies
2(g—1) — 2M(go — 1) = M Card(Sy) — Card(S).

Combining the last two equalities we obtain the desired conclusion by notic-

ing that Sy contains all singularities of Lo(y) = 0. *

Corollary 2.3.3. Under the hypotheses of the lemma we have:

1 2(g—1)
Z <€(Loapo) N 1> =200 —1)- M

PoESo

Proof: Suppose f corresponds to the field extension

C(Xo) CC(Xp)[L, ... Iy,

bl

Yn Yn
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where y1, ..., y, denote a full system of solutions of Ly(y) = 0. Then e,, =

e(Lg, po), and it follows that

1 1
——(MA(Lo) = AL) = —={M Y (@npy =1y — (=)
PoESo
n—1
—-M Qppy — Ol pg — ———— }
p;o( »P0 1,po e(meO))
M n—1
= ——(n—-1
712 (g ~0)
-y ( 1) |
poeSo0 Lo, po)
The statement now follows from the previous lemma. *

EXAMPLE 2.3.4. Consider the three following equations: Ulmer’s G54 equa-
tion [28§]

" 33z 1) ,,  221a* — 20622 +5 , 37425 — 673x* 4 25422 + 5
2z - D+1)? T 1222 - )2z + 127 5423(z — 1)3(z + 1)°

y=20

with singular points at 0, 1, —1 and oo, with respective exponents

114 114 114 14

1
Ceash Uess Uessh Ueas

I

the Geiselmann-Ulmer Fii“® equation [14]

w5927 + Wz +9) ,  5(812® + 18522 + 220z + 81)
822z + 12 7 43223 (z + 1)3

y=20

with singular points at 0, 1 and oo, with respective exponents

and the equation

w1412 2502445, 1 3642° — 66522 + 1030: — 405
B o VT (z —1)%2

y=20
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with singularities at 0, 1 and co with respective exponents

3 .5 1 3 4 13 7
S Y e Tt VO SR L
{47 ’4}7 {2’ ’2}’ { 37 127 12}
For the first equation we have gg = 0, M = |PGsy| = 18 and eg = e; = e_1 =

€oo = 2, SO that

i€{0,1,—1,00}

for the second equation we have gg = 0, M = |F3s| = 36 and eg = e, = 4,
e; = 2 so that

1
> (1-7)-2
ie{0,1,00} €i
and, for the third equation we again have gy = 0, M = |F3| = 36 and
€9 = €so = 4, e = 2. This tells us that the algebraic extension given by the

ratio of solutions is a curve of genus 1. Indeed, the three equations are related

to the generalized hypergeometric equation defining 3F2(—%, %, %, %, %; z), i.e.
3 52—3 1 432—-9 1
" /! /
= = - =0.
Ve Tuzeon? T imee oY

The first of our equations is projectively equivalent to the pullback of this one

1 (2241) o the second one is projectively equivalent

by the map Z(I‘) = 16 22 (@4 1)2(z—1)2

to the pullback by the map z(z) = %; and the third one is the normalized
form which is standard. If one takes three linearly independent solutions to
each of these equations, we can see that they satisfy a homogeneous equation

of degree 3 in three variables defining an elliptic curve.

EXAMPLE 2.3.5. Consider the following two equations. The first is van
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Hoeij’s H2 equation [28], i.c.

L 202 — 24z —1 , 1 443723 — 597322 + 171z — 683
0 =y + Y+ Y
(322 +1)(z—1) 48 (3x2+1)%(z — 1)
+L 13338z* — 226473 + 198322 — 7297z — 737
216 (322 + 1)3(z — 1) v

B

i

The singular points are 1 (which actually is an apparent singularity),

_%g and oo, with respective exponents

3

7 1 1 7 1 1 13 4 19

1 s — s g —

{0’ ’3}’ { 127 3’ 12}’ { 127 3’ 12}’ {12’3’12}
The second is

w1 4052% —46924384 1 109352% — 1880327 + 27196z — 10368 0
432 (z —1)222 11664 (z —1)323 o

Here the singular points are 0, 1 and co, with respective exponents

2 4 5 8 14 ) 3
21,0y, (20 =2 g0y
{3’ 73}7 {9797 9 boAd 4" 4}
For the first equation we have go = 0, M = |Hzs| = 72 and e,y5 = €_, 5 =
3 3

€so = 4, so that

(IS B REUCL

jE{%,—%,OO}
For the second equation we have gy = 0, M = |Hy14| = 216 and ey = 1 = 3,
€so = 4, so that
1\ 25 2(10-1)
- ) =220
i€{0,1,00}

This tells us that the algebraic extension given by the ratio of solutions is a

curve of genus 10. Indeed, the two equations are related to the generalized
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hypergeometric equation 3F2(—3—16, %, ;—g, %, %; z), i.e.

L, 111z2-6 , 1 -96+757=, 17 1
32(:—1)7 432 2z —1) 7 583222(z — 1)

=0.

The first of our equations is projectively equivalent to the pullback of this

(z+1)3 |

T3 whereas the second one is the normalized

one by the map z(z) = 1
form and is standard. If one takes three linearly independent solutions to
each of these equations, we can see that they satisfy a homogeneous equation

of degree 6 in three variables defining a curve of genus 10.

2.4 The classifying ruled surfaces.

For the remainder of the chapter we will assume that the projective Fano
curve X, is non-degenerate. Recall that this curve is defined by the homo-

: 11G
geneous elements in C[X7]

vanishing when we evaluate them at (y%). The
aim of this section is to explain how we can associate a ruled surface to each

class of projectively equivalent standard connections over Xj,.

Definition 2.4.1. A ruled surface is a surface ¥ (a two dimensional C-
variety), together with a surjective map 7 : ¥ — Xj, where X, is a curve
(a one dimensional C-variety), such that the fibers 7'y are isomorphic to

PY(C), for every y € Xo.

Consider an irreducible standard connection Vg over X, with unimodular
reductive Galois group G' and fundamental system of solutions (y}); and we

fix P(X}) € C[X/]9 such that P(yi) = 1. Let Pp,...,P. € C[X/]° be
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homogeneous generators of the subalgebra of G-invariants in (C[X;] We

denote by I¢ the kernel of the evaluation C-morphism

CIX]% — C(X,)

J

R(X) — Py) Vie{l,....r},

which includes the homogeneous ideal J that defines the Fano curve. Geo-

metrically we have a curve V(I¢) in (C"™")¢ generating the cone V (J).
We embed C™*™ into P™*"(C) by introducing the homogeneous coordi-

nates (3 : t}) for P***(C) and identifying C*** with 3 = 1. In particular we

put X7 = %J We extend the action of G on C™*™ to P"*"(C) by declaring

(g%) 13 3, L — 195

Now consider P"™"(C) x P™*"~1(C), where the second factor has homogeneous
coordinates (t);) Again, we extend the action of G by declaring that on the

second factor we have
(95) = 0} = vig;.
So that the variety Y defined by the homogeneous equations ;;'»1); — ;21); is

invariant under the G-action. Indeed,
(97) (k505 — £05) = 992 (w5 — Kav;)-
So we have a commutative diagram

Y( ]men((:) X annfl((c)

T

P (C)
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of G-morphisms which yields

Y6 (B(C) x B (©)°

T |
(N
We set ¥ := @'V (J).
Lemma 2.4.2. The map:
Tm:x — Xp
(G:50) G — (9)-G

defines a ruled surface.

Proof: Let (¢.) - G € Xo. Let R(X}) € C[X!]“ be homogeneous and such
that R(qy) # 0. If Q(X;:) € C[X]’:}G is such that Q(¢") = 0, and if (pz) .G e
P"=1(C))% is such that (3 : p},g.) € X, then

Q(p)R(qs) — R(p})Q(qy) = 0,

implying that Q(p5) = 0. Therefore (p%) = (q.). We have then 7" (q.) =

{(3:4¢,q.) - G| 5 € C}, so that 7~ (q},) is isomorphic to P'(C). *

K

REMARK 2.4.3. If follows from the proof that the ruled surface ¥ is deter-

mined by the homogeneous polynomials

Q) R(v,) — RE;)QMvy). QX)) € J, R(X]) € CIX]]°.

In particular two projectively equivalent standard connections have the same

ruled surface because their ideals J coincide. Now we will prove that the
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connection is uniquely determined then by 7 : ¥ — X together with the

curve w H(V(Ig)).

Lemma 2.4.4. To a standard connection Vo over Xq with unimodular reduc-
tive Galois group we associate a ruled surface m : 3 — Xo. If two standard
connections are projectively equivalent then their associated ruled surfaces co-

incide. Among the connections associated to w : % — Xq, Vg is characterized

by the curve wH(V(Ig)).

Proof: The first two statements in the lemma follow from the previous one
and the remark just above. Now if we restrict ourselves to the open set
U ={3# 0} on P"*"(C) and to the open set V = {P(¢.) # 0} on X, then

the map (using the notation from Compoint’s Theorem 2.2.3)

CIX))Y — C(Xy)

J

B o—

sends V' into V(Ig). This map is the one defining the maximal differential

ideal I in Compoint’s Theorem. *

REMARK 2.4.5. The ruled surfaces obtained by blowing-up the vertex of a
cone can also be obtained by taking the projective bundle defined by a rank-
two holomorphic vector bundle over the base curve X,. In order to obtain X
through a vector bundle, we are going to construct a two-dimensional vector
bundle over P**"~1(C)“ which we will then pull back to X,. We adapt the
exposition in [15, Example V.2.11.4] to our specific setting.

Given a positive integer N we denote by C[X7]S the C[X}|%-algebra of
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polynomials of degree greater than or equal to N. Note that
= P Xy
meN
where C[X}]$ denotes the polynomial of degree m; and
il = DClx
meN
can both be used as homogeneous coordinates of P"*"~1(C)%.

Now assume Py, ..., P, € C[X/]¢ is a minimal set of generators of C[X|%.
Denote by n; the degree of P;,; i € {1,...,r},and by N = [nq,...,n,| the least
common multiple of these degrees. Set My = C[X!|“ and My = C[X/]y.
(My is graded by deg — N.) Each of these two free graded C[X!]“-modules
define two rank one holomorphic vector bundles Ly — P~ 1(C)¥ and Ly —
P n=1(C)% respectively. Let V — P**"~1(C)% be the fibred sum of Ly and
Ly. Denote by & the sheaf of holomorphic sections of Ly — P**"=1(C)¢
and by O(N) the sheaf of holomorphic sections of Ly — P~ 1(C)Y. In
particular we have that the sheaf of sections of V. — P™"(C)% is ¥ =
O @& O(N).

We want to construct the graded C[X!]“-module giving V. Set

CIX1°1Z] @cpxipe CIXjISy =: CIXIIZ]IY 1SN,

J

where Z will have degree 0 and C[Yj]g ~ Will be graded, as above, by deg — V.

To obtain the desired module we take the quotient algebra defined by the

43



C[X}]%-morphism

CIGI°2IY7 1y — ClXG)©

Z — 1

QY)) +— Q(Xj), for Q(Y)) € C[Y]ISy.
The kernel of this morphism is generated by the elements
QIX)R(Y)) — R(X))Q(Y]) Q(X)), R(X;) € C[X]]Sy,

which would yield the same ideal defining Y if instead of using C[X}|“ as
homogeneous coordinate ring of P™"~1(C)% we were to use C[X;]ﬁv]. So we

conclude that Y'¢ corresponds to the projective bundle defined by V' — P™<™.

REMARK 2.4.6. Now we denote the pullback to Xy of ¥ (resp. of €, of
O(N)) by ¥x, (resp. by Ox,, by Ox,(N)). Then as Y¢ is obtained as the
projective bundle from 7', the portion ¥ over X is obtained by taking the
projective bundle defined by #,. In particular, since ¥x, = Ox, ® Ox,(N)
and O, is the sheaf of holomorphic functions over X, we conclude that X
is uniquely determined by Ox, (V).

It is costumary to normalize ¥ by tensoring with & (—N) = Homg(O(N), 0).
This does not change the induced projective bundle, so that the rank two

vector bundle inducing ¥ is Ox, ® Ox,(—N).

Theorem 2.4.7. Let Vo and V be two standard connections, with reductive
Galois groups, defined on the same meromorphic vector bundle E — Xj.
Then Vo and V are projectively equivalent if and only if their associated

ruled surface coincide.
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Proof: The necessity has been already established in Lemma 2.4.4. We retain
the same notation as above for the connection V. In particular 7 : ¥ — X is
the associated ruled surface, and P(y}) = 1 for some fixed P(X}) € C[X/]¢.

Because V(J) is a projective variety of dimension two, we have that the

irreducible variety V' (Ig) is in the closure of the curve V(J) NV (P(X}) — 1),
and they coincide if V(J) N V(P(X}) — 1) is irreducible. Without loss of
generality we may assume that Vy and V are normalized so that their n-

th exterior product has rational sections. In such a case P(X}) = det(X}),

P(X}) — 1 is prime and V(Ig) = V(J) N V(P(X}) — 1). It follows that the
curve in ¥ defining Vo and V coincide (cf. Lemma 2.4.4), whence V = V.
*
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Chapter 3

Symmetries of linear

differential equations

In 1900, G. Fano addressed the following problem [9]: what are the conse-
quences of algebraic relations between the solutions of a linear differential
equation? The problem was apparently proposed to him by F. Klein. A
particular concern was whether or not a linear differential equation with so-
lutions satisfying a homogeneous polynomial can be “solved in terms of linear
equations of lower order”. This has been successfully studied by M. Singer,
cf. [27], and more recently by K.A. Nguyen, cf. [24].

Fano considered the group of projective automorphisms of the projective
variety having the solutions of the differential equation as coordinate func-
tions. This could be viewed as a primitive version of the differential Galois
Group. Here we replace the Fano group with one slightly smaller: the group

of projective automorphisms of the projective variety having as coordinate
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ring the C-algebra generated by the solutions of the differential equation to-
gether with the i'th derivatives, i € {1,...,n — 1} (where n is the order of
the equation).

We treat the problem in terms of connections. Suppose we are given a
ramified covering map ¢ : X’ — X of compact Riemann surfaces, together
with a meromorphic vector bundle F with a connection V over X. We
can use ¢ to pull back the bundle and the connection, obtaining £’ = ¢*FE
together with V' = ¢*V. In this context one obtains [23, Appendix B] a
natural injection

Gal(V') — Gal(V),

where the induced map on the Lie algebras is an isomorphism (i.e. the
connected components of 1 are isomorphic). Note that, a covering transfor-
mation o € Aute(X’) of ¢ : X' — X lifts to a horizontal automorphism of
the vector bundle (£’, V’). The automorphisms lifting to the connection are
called symmetries (of the connection). A concise exposition on symmetries
is given in [6].

Conversely, suppose we begin with a connection on a meromorphic vector
bundle over a Riemann surface which admits a symmetry (such equations
are often called reversible). We can then consider the quotient Riemann
surface with the canonically induced vector bundle and connection. This
new connection has Galois group with bigger monodromy subgroup, but
with identity component isomorphic to that of the original Galois group.

Checking for symmetries of a given connection over the Riemann sphere
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is quite easy (just consider permutations of singular points). Methods for
revealing them in arbitrary contexts are far from simple. For example, one
can consider the work by Dwork and Baldassarri [1], [2]. The study of
symmetries is intimately linked to the study of descent conditions and to the
identification of pullbacks. These pullbacks, on their turn, are important in
the classification of equations and in algorithmic implementations.

The purpose of this chapter is to suggest how the outer-automorphisms
in the Fano group of the Galois group correspond to symmetries of the con-
nection, and to give a proof in the case when the Galois group is reductive
and unimodular and the connection is standard (Theorem 3.2.12). For ease

of reference we will recall some definitions from the previous chapter.

3.1 Algebraic justification

REMARK 3.1.1. The argument behind the proof of Theorem 3.2.12 is of
a geometric nature. Nevertheless, it is possible to describe the phenomena
studied in this chapter algebraically. We do so informally in this section. For
instance, the examples in the last section correspond more to the algebraic

point of view than to the geometric one.

We consider a field k£ over C of transcendence degree one, together with
a non-trivial derivation v. Recall that a non-trivial derivation is a non-zero

additive map v : k — k satisfying the Leibnitz rule:

v(fg) =v(f)g+ fu(g).
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The collection of linear differential operators over (k,v) forms a noncommu-

tative ring extension k[v] of k& with multiplication given by

v-f=v(f)+f-v.

As a consequence we see that every linear differential operator L € k[v] can

be written in the form
L =a,v" 4 ap_ 10"+ ..., a0 + ag

with a; € k for i € {0,1,...,n}.
Let 0* € Autc(k) be an automorphism k over C. We can naturally lift

o* to an automorphism of k[v] by setting
ov: fru(ef)

Note that o*v is a non-trivial derivation. In particular, since the k-module
of derivations of k has rank one over k, there is a non-zero element v(o) € k

such that:

1
— .
v(o)

One can define ¢* to be a symmetry of L if o*L = f, - L for some f, € k.

ocfv =

This means that the solutions to the equation L(y) = 0 and to o*L(y) = 0
coincide; classically we say that ¢* is a period of L.

Assume now that v is invariant under o* (i.e. that v(c) = 1). Then v
determines a derivation on the subfield k¢ C k fixed by o*. In this case,
if o* is a symmetry of L, then L has coefficients in k" and L restricts to a

differential operator on (k" ,v). Theorem 3.2.12 says that the symmetries of
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L manifest themselves as outer-automorphisms of the Galois group of L over
(k,v).

REMARK 3.1.2. In broad terms the geometric idea behind proof of the
main result is the following. Let X be the projective algebraic curve with
C(X) = k. We fix a point p € X. The differential module k[v]/L defines a
vector bundle with connection over X [25, Chapter 2]. The Galois group G
of L over k acts on a fiber over p of this vector bundle. Given o* € Autc(X),
it defines an automorphism o of X. If ¢* is a symmetry of L. we have two
ways of identifying the fiber over p and the fiber over o(p): by analytic
extension through a path from o(p) to p, or via the symmetry o. Jumping
from one identification to the another amounts to acting on G by an outer-
automorphisms provided L is standard (cf. Definition 3.2.8). The geometric
interpretation of L having coefficients in k°° when v is o*-invariant is: the
connection defined by k[v]/L descents to a connection over X?. Explicitly it

descends to the connection defined by k7" [v]/L.
REMARK 3.1.3. Let us illustrate the standard hypothesis with an example
from number fields. We take as base field Q(i). Consider the Galois extension
of the polynomial

X —i=0;
namely Q(7)(es*). The Galois group is Z/47Z, and is generated by

est i jest

The arithmetic interpretation of the standard hypothesis is that



which implies Q(i) C Q(es?). We can act on the extension Q(i) C Q(7)(es?)
by complex conjugation. Complex conjugation transforms the polynomial
X* — i into X* +i. Notice that the Galois extension over Q(i) of these two
polynomials is the same. As above the Galois group of X* + i is generated
by e ‘> ies ’, ie. by

est s —iest = Pest,

We put everything together in the tower

Q Qi) € Qi)(e™)

corresponding to the polynomial X® + 1 = (X* —¢)(X* +4). The Galois
group of the tower is the dihedral group of order 8, and complex conjugation
corresponds to the outer-automorphism of the cyclic subgroup inside the

dihedral group. The discussion is summarized by the exact sequence

1 — Z/AZ — Doy — (i — —i) — 1.

3.2 Setting and definitions

REMARK 3.2.1. We remind that we use the Einstein summation convention

for indices.

Let X be a (connected) compact Riemann surface with field of meromor-
phic functions k. Let
II:58— X
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be an n-dimensional meromorphic vector bundle, with a meromorphic con-
nection

ViE—0, @8

where !, denotes the meromorphic differential forms over X and & the
meromorphic sections of II. We also denote by .7 X the vector fields of

meromorphic tangent vectors to X. There is a natural map
TX @, — k
ven — n(v)
which canonically extends to
TX A, 0,8 — &
1N®X — (v,nRX) :=n()X.

Given a meromorphic tangent vector field v € 7 X we denote by V, the
derivation on &

Vo (X) = (v, VX).

Definition 3.2.2. Let 0 € Autc(X) (or equivalently o* € Autc(k)). We say

that o is a symmetry of V if there is a horizontal vector bundle morphism
g:(E,V)— (E,V)

lifting o, i.e. 6(V,X)=V,.,0(X)and coll =1lo0g.

E---"-- ~E
H\L II
X X,

The group of symmetries of V will be denoted by Auty(X).
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REMARK 3.2.3. A symmetry of V permutes the singular points.

Let (U, z) be a holomorphic chart of X centered at p € U, where U C X
is an open ball avoiding the singularities of V. E' is holomorphic and trivial
above U and V induces a holomorphic connection V/ on II7'U — U. Let
(IT7U, z,y*, ..., y") be a trivializing chart of E. There exists a holomorphic

horizontal frame Vi,...,V,, over U, i.e.

vi(2) = y'(Vi(2))

with v?(z) holomorphic in U such that V', V; = 0 and det(v7)(2) does not
oz
vanish in U (see Remark 2.1.20 or [19]).

Definition 3.2.4. The Fano group G of V is the subgroup of GL, (C) fixing
the homogeneous ideal in (C[X;] generated by the G-invariant homogeneous

polynomials P[X!] € C[X}] vanishing at v}.

REMARK 3.2.5. The Fano group defined here differs from that considered
in [24]. In fact our group G contains the group Gt used in [24]. For
instance, if the connection is standard (cf. Definition 3.2.8) and the Galois
group is finite, Gt coincides with G but Gr may be larger (cf. Example
3.6.1). In [9], G. Fano worked with automorphisms of projective varieties,

so our approach is in the same spirit.

REMARK 3.2.6. It follows directly from the definition that there is a canon-
ical inclusion of the representation in GL,(C) of the Galois group G given

by vj- into the Fano group Gr. Let us make this remark more explicit.
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Fix v € X, v # 0, and a global meromorphic frame (ey,...,e,) of
&, i.e. an n-tuple of meromorphic sections such that on some Zariski open
subset X’ C X, the n-tuple (e1(q),...,e,(q)) is a basis of II7!(g) for each

g€ X' Let aé- € k be such that

i
Vye; = —aje;

(recall Remark 3.2.1). Thus, in this frame, the equation V,X = 0 is equiva-
lent to X' = AX, where A = (a}) and X' = v(a’)e; if X = a'e;, 2* € k.

We review the construction of a Picard-Vessiot extension from the previ-
ous chapter. We define the differential ring extension (k[X?, 1], 0) of (k,v),

where (X?) is an n x n matrix of indeterminates, det := det(X?) and
0(X)) = ap X7

Note that we can make GL,(C) act on k[X}, s=] through differential auto-

morphisms over (k,v) by setting for (¢5) € GL,(C)

. 1 o1
DEXE -] — kX, —
(91) £ KIX —] — KIXE, -]

X — X/g|
A Picard-Vessiot extension of k for the matrix differential equation X’ = AX

is given by the quotient field of

;1
KX, =)/

where I is a maximal differential ideal. Since GL,(C) acts through differen-

tial automorphisms, the action permutes the maximal differential ideals. A
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representation of the differential Galois group of V is given by [21, Corollary
4.10]
G ={(¢g)) € GL.(C)] (g)) : [ = I}

the stabilizer of I under this action.

Let us assume that the holomorphic chart (U,z) and v are such that
v restricted to U coincides with 2. Fix an injection ¢ : k& — C[L][[]].
Identifying v}(z) with their power series expansion we have a differential

homomorphism

O (k[X

such that ®(f) = «(f) if f € k, i.e.

KX, g) — CL:][]]
=

If we set I = ker(®), then [ is a maximal differential ideal and the choice of
v!(z) induces the representation of the Galois group of V by G.
In order to state our theorem we need to introduce the following con-

cepts [17] [3]:

Definition 3.2.7. Let P[X}] € C[X}] be a homogeneous non-constant poly-
nomial. If P[v}](z) = ¢(f) for some f € k we say that f is a dual first integral
of V with degree defined to be the degree of P. We denote by ky the field

generated over C by the quotients of dual first integrals of the same degree.
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Definition 3.2.8. The connection V is called:

o standard if k(v}) = C(v}) and k is Galois over ky.

e basic if k = ky.
REMARK 3.2.9. We already defined standard connection in the previous
chapter. Both definitions coincide as kv = C(Xj), where Xj is the projective
Fano curve of V.
REMARK 3.2.10. Since ky € C(v}) then if V is basic we have C(v}) =
ky(v}) = k(v}). In particular basic connections are standard.

REMARK 3.2.11. As a corollary of Lemma 3.4.2, we will see that, under the
unimodular and reductive hypothesis, the automorphisms of k over ky can
be identified as a subgroup of the symmetries of V provided k is standard. In
particular, this means that V would descend to a connection over ky. Note
that k£ and kv are C-algebras. Another approach to the descent problem is
seen in [16], where the treatment is in terms of Galois cohomology and deals

with descent on the field of constants.

Theorem 3.2.12. Let V be a standard connection. If the Galois group of V

18 unimodular and reductive the sequence
1 — Z(G) — G — Autg,(G) — Auty(X) — 1
15 exact.

REMARK 3.2.13. In the statement above Autg, (G) denotes the image, in
the group of automorphisms of G, of the normalizer Ng.(G) of G in Gp.
Z(G) denotes the center of G.
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The remainer of the chapter is devoted to a proof of this theorem. As in
the previous chapter, the hypothesis on the differential Galois group allows

us to use the following result [7]:

Theorem 3.2.14 (Compoint). When G is reductive and unimodular the ideal
I is generated by the G-invariants contained therein. Moreover, if Py, ..., P.
s a set of homogeneous generators for the C-algebra of G-invariants, with
respective degrees my,...,N,, in C[X;], and if fi1,...,f, € k are such that

P,—f; € I, then I is generated over k:[XJ’:, ﬁ] by P,— f;, wherei € {1,...,r}.

REMARK 3.2.15. In [7] and in [4] the statement of this theorem is reserved
for k = C(z) and v = £. But the proof by F. Beukers in [4] carries through
mutatis mutandis when C(z) is replaced by k. The careful reader would
note that F. Beukers does not make the unimodular hypothesis explicit in

his paper, but the assumption is needed to guarantee the invariance of det.
REMARK 3.2.16. In the notation of the theorem we obtain

kg = C(%){(i,j)e{l ..... rY2| mini=mng, fi£0}-
j
Proposition 3.2.17. If V is such that k(v}) = C(v}) and 1 is a dual first
integral of V (i.e. if there is a homogeneous P(X!) € C[X!%\ C such that
P(v}) = 1), then k/ky is Galois with abelian Galois group. In particular, V

18 standard.

Proof: The assumption on V implies that C(vi)? = k(v})¢ = k. In the
notation of Theorem 3.2.14 we therefore have C(v})¢ = C(fy,..., f.). By
]

hypothesis there is a homogeneous P(X}) € C[X!]“ such that P(v!) = 1.
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Denote by d the degree of P(X}), and by [d,n] := dm; = myd; the least
common multiple of d and of the degree of Fj(X}), n;. Now

d;
d _ Ji
R Bpoy

1mu

Thus k is the splitting field over the C-algebra ky of the polynomial

T

[I7 5

=1

*

REMARK 3.2.18. It is easy to produce examples to justify the unimodular

hypothesis of the theorem. Indeed, consider

/

() 2z 0 ()
Yo 0 % + 2z Yo

A fundamental system of solutions is given by

and the connection is therefore basic. Indeed Y;/Y}' = z. The Galois group

is G,, ¢, which is represented by

reCr
0 A

The ideal of homogenous polynomials vanishing at the solutions is generated
by zX] — X2 , X5 and X7. There is no vanishing G-invariant homogeneous

polynomial of order greater than 0. It follows that G is GLy(C), Ng,.(G) =
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Gr, Gr/G = PGLy(C), but the connection is symmetric only with respect

to z — —z. Indeed, one can lift this symmetry by mapping (yi,y2) into
(Y1, —¥2).

REMARK 3.2.19. An example justifying the requirement on V to be stan-
dard is a little more delicate; when one lifts a standard equation with sym-
metries by means of a Galois covering, the symmetries are lifted together
with the equation. So the way to obtain the example is by lifting an equa-
tion with symmetries, say the standard Ds., equation [3] defined on the
z-sphere, through a non-Galois covering, say through = — z(z — 1)?, to the

z-sphere.

3.3 (Geometric construction: a covering space
with covering group Autg,(G)

REMARK 3.3.1. We keep the same notation from the previous section, we
will assume, from now on, that V has reductive unimodular Galois group

and that V is standard or basic.

Following J.A. Weil [29] we will work with first integrals (i.e. with the
solutions of the adjoint system) rather than with horizontal sections. Recall,
from Definition 2.1.14, that a linear first integral of V', over II7*U refers to

o0z

a function @ : II71U — C of the form

0P

= a—yj(z)yj,

(IJ(z,yl, NS
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where aq;( ) is holomorphic in U and constant on the horizontal sections of
V', e if V’ =0 then z — ®(X(z)) is a constant function.
dz

Let @' i € {1 ...,n}, be a system of linear first integrals of V', over

oz

II7U such that g% is an invertible matrix. We call such a system a funda-

mental system of linear first integrals.

Let F be the homogeneous ideal in C[X}, {-]¢

adt
t 5%

generated by the homoge-

neous polynomials of C[XJ’:}G vanishing a
Lemma 3.3.2. The ideal F' is prime.

Proof: Without loss of generality we may assume that a‘bl # 0, so that X|
=] = k(vl) s X 92 So

is not in the kernel of the evaluation map C[X

J7 det oyl
we define the map
X (xhr 0P’
J 1

— — .
[Xll’ det ] (8y3)

X o

X1 e

1 oyl

Every element in the kernel of this map defines, after homogenizing with
X1, a homogeneous element in the kernel of the evaluation map. Conversely,
every homogeneous element of degree d in the kernel of the evaluation map,
after dividing by (X1)?, defines an element in the kernel of this map. Thus,
since k(%) is an integral domain and the homogeneous elements in the
kernel of the evaluation map form a prime ideal. The lemma now follows by
letting G act and taking invariants. *

Note that if AX = X’ is the matrix equation form of V, X = 0, the adjoint
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system? for the linear first integrals is given by X(—A) = X’. Indeed, if S is

a fundamental system of solutions for AX = X’ then from
S8 =1,

and we see that S~! is a fundamental system of linear first integrals. More-
over

0=1 = (59 =(S)YS+ S!S = (S!S +514S
and therefore (S7')’ = —S7!'A. When considering first integrals we use the
differential ring extension (k[X?, 1],7) of (k,v), where X} = —Xja¥, and
we let GL,(C) act to the left.

A maximal differential ideal I determines a representation of the Ga-
lois group G C GL,(C) given by the stabilizer of I. On the other hand I
also determines the homogeneous ideal F' C (C[X;]G generated by the ho-
mogeneous elements in I N C[X;]G. According to Compoint’s Theorem, any
maximal differential ideal of the differential ring (k[X7, 5], 7), with stabilizer
G and defining the ideal F', is uniquely determined by a C-homomorphism

¢ : R — k. Indeed, in the notation of the statement of Compoint’s theorem

we have a map

) 1 G

P — fi

The ideal F', by definition, is contained in the kernel, so this map factors

through a unique map ¢ : R — k.

IThe common notation is X’ = —A*X but our notation is aimed to make more trans-

parent the interplay between both systems.
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Lemma 3.3.3. The group H := Auts,.(G) acts on ky.

Proof: The group H = Ng,.(G)/Z(Ng,(G)) acts on the Zariski open subset
of Proj((C[X}]) defined by det # 0, and by the definition of G this action
fixes the Zariski closed subset defined by the homogeneous ideal generated
by F'in C[X}]. So passing to the quotient by the action of G/Z(G), we have
that H acts on Pro j((C[X}]G), leaving the variety defined by the homogeneous
prime ideal F' invariant. In particular, it defines an automorphism of the field
of meromorphic functions over this variety, which is actually k. *

In particular, if V is basic the group also describes automorphisms of &

(cf. Definition 3.2.8).

k[XE 2)/1

J7 det

kv

(kv)™

We will now give a geometric construction that will make clear the inter-
play between all the groups and fields involved.

Fix a meromorphic tangent vector field v over X. Let p € X over
which V, is not singular and fix a frame of holomorphic horizontal sections
Vi,...,V, of V, around p. We lift the connection to the frame bundle G L(IT).

We extend U C X to the maximal open set X' over which the frame
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(Vi,...,V,) can be extended holomorphically (as a multi-valued frame).

The extension of (V,...,V,), together with its orbit under the Galois
group G, defines a subsheaf § of GL(II) [x whose sections are horizontal
holomorphic frames under V,. The sheaf § gives rise to a regular covering
of X’ with covering group G [22] [5, Théoreme 5.3.1]. Denote by X’ the
covering space corresponding to the center Z(G) of G.

The diagram above implies the following tower of covering spaces:

—~

X/

(Xg)"
where X¢ corresponds to the projection of X’ to the Riemann surface with
meromorphic functions ky. In the case that V is basic we have X' = Xg.
So we obtain X’ covering X' with covering group PG, and X' covering
(X5)! with covering transformations H = Autg,(G). By the Galois cor-
respondence, if V is basic, the covering group of X’ over (X&) is given
by the outer-automorphisms of G in Gr. If V is standard then the outer-
automorphisms of G in G define covering transformations of X’ over (X¢)#

since G fixes X¢ and X' is Galois over Xg.
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3.4 The map Autq,(G) — Auty(X)

Given a maximal differential ideal I C k[X ;, ﬁ], we obtain a representation
of the Galois group, namely, the stabilizer G C GL,(C) of I. Any g €
GL,(C) sends I into another maximal differential ideal 19 := g(I). The
stabilizer of 19 is now the conjugate gGg~! of G. So the collection of maximal
differential ideals whose stabilizer is GG, or equivalently, whose representation
of the Galois group is G, will be given by the orbit of I under Ngr, (c)(G).
We set

T:={I g€ Nagr,(c)(G)}

On the other hand, each maximal differential ideal 19 € Z defines the homo-
geneous ideal FY := g(F) C (C[X}]G given by the homogeneous elements in

"N C[X]]°. So we consider the sub-collection
Fo={I?cI| F = F9}

of Z which is precisely the orbit of I under the elements of G N Ner, (c)(G).
So we have

F :={l g € Ng,.(G)}.
Compoint’s Theorem implies that for every 1Y € F we have a unique map
g R — k.

Note that since g € Ng,.(G) fixes F' C R, it defines an automorphism of R.

In particular,

¢Og:¢g'
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REMARK 3.4.1. The open set X’ from our previous section is the variety
given by X \ S, where S is the collection of points where ¢(det) vanishes,

together with the singular points of V.

Consider a g = (g;) € Ng,.(G), so that now we have two k-valued points
¢ and ¢g,-1. The k-valued point ¢ = ¢, corresponds to the ideal I and ¢,
to 19 ". Under the action notation we write ¢ = ¢g-1 0 (g;) Similarly, one
can see (g5) acting on ky (Lemma 3.3.3). Indeed, instead of seeing (g}) as
acting linearly on G-invariant polynomials, one can see it as acting linearly
on quotients of rational first integrals of same degree. On the other hand, & is
Galois over kv, so the automorphism (g;) on ky lifts to an automorphism of k.
We denote by o* such a lifting (g5). In this fashion we obtain a commutative

diagram:
(95)

Reversing the arrows:

(g8)*
X~ Xy

¢;1T \ T¢;1

X’ - X’

Lemma 3.4.2. The automorphism o (or equivalently a lifting of (g})*) is a

symmetry of V.
Proof: If P[X!] € C[X!]¢ and f € k are such that ¢ -1 (P[X!]) = f, then
S(PIXG]) = g1 (PlgiX]])
= U*Cbg*l (P[X;])
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ie.,

We again take holomorphic charts (U, 2) and (77U, z,9',...,y") as be-

fore in Section 3.2. Set V' = ¢(U) and consider a chart of E giving a vector

bundle trivialization (IT7'V,w, 2!, ..., 2") with w o ¢ = 2. Note that
0 0 0
75z (W) = 5o (0o = g =1,
o _ 0
hence O'*a = 3w

Let p € U (o(p) € V) and consider some linear first integrals g_‘l’? defined

2J
by ¢,-1 in II"'V. Since the k-valued point given by Compoint’s Theorem
is nothing other than the restriction of the evaluation homomorphism, the

equalities above implies

0P S OUk
ot
= (o)),
hence that
0P ot ot oy
G5 = o) = Srlem) g5 em) (31)
But % is invertible in U, whence
O’ oy, oW
a—yl(U(P)) = @(p)a—y(o'(?))

= fl(p).
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Letting G act on both sides of (3.1), it follows that flj describes (by analytic
extension) a meromorphic function over X (Galois correspondence). So the

map U — V described by

w(z,yt,..,y") = o2)

Pyt oyt = Ry

gives the transform on the fiber coordinates that lifts the covering transfor-
mation o to a horizontal automorphism. *

If there is another o’ with the property ¢* = ¢p-10 o’ then

¢*007100/:¢ *7100_I:¢*.

— /
*Locoog too = ¢;

g

This says that 0=t o0’ is a covering transformation of ¢*, and so o and ¢’ are
two liftings of the automorphism of kv defined by (g;) The previous lemma
asserts that o’ is a symmetry. Conversely, given a symmetry of the form in the
previous lemma (e.g. the identity or ), then for any covering transformation
of ¢* (or equivalently any Galois automorphism of k over ky), the symmetry
composed with the covering transformation gives us another symmetry. So we
conclude that V descends to a connection over the compact Riemann surface
with field of meromorphic functions ky. This last connection with Picard-
i

) is by construction a basic connection. We

Vessiot extension ky(v}) = C(v}

obtain the following proposition:

Proposition 3.4.3. Any standard connection V is the pullback of a basic

connection over the Riemann surface with field of meromorphic functions ky .
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Finally, as H = Autg,(G) acts on ky as symmetries of this last basic
connection (Lemma 3.4.2), we can in turn descend the vector bundle and
connection all the way down to the Riemann surface X, with field of mero-
morphic functions (kv)? =: ky. Denote by Ej this quotient vector bundle
over Xy and by V, the resulting quotient connection. Then by definition
(E, V) is the pullback of (Ey, Vj), and we have the following tower of Galois

extensions:

k(1)) 2©)
k
ko
Lemma 3.4.4. ko(v}) = k(v}) is a Picard-Vessiot extension for Vo. The

Galois group of Vy is represented by a subgroup of Ng,.(G) with projective
Galois group H = Aute,.(G).

Proof: The first statement on the lemma follows from the fact that V is

the pullback of V(. The establish the second assertion it suffices to notice

ko = (k)™ = (C(vj)# ). *
To obtain the map Autg,(G) — Auty(X) identify the group of sym-
metries with the Galois group Auty,(k), where in the map is seen to arise

from the Galois action on the tower immediately before the statement of the

lemma.
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3.5 Right exactness

Take 0 € Auty(X). Put V = o(U) and consider a chart of E giving a vector
bundle trivialization (IT"'V, w,x!,... 2") with w o 0 = 2. Denote by V’ the
holomorphic connection on V' induced by V. Since ¢ is a symmetry there is

a horizontal vector bundle isomorphism
g:(II'u,v) — (M v,v)

lifting 0. Note that 6w = wod = (woll)d = wooll = zoll = z and

o _ o
9«5 = duw-

The hypothesis o0 € Auty(X) implies that each pullback 5*¥* along & of

a fundamental system of linear first integrals W' of V', over II"'V is a linear
ow

first integral of V', over II"*U. In other words, there exist ¢} such that
0z

AdF(z,yt .y = &zt )

L oV’ n
Ay W = G NT Ty,

Taking z* such that 6*27(y*,...,y") = 3/ we have

. OOk oV
g ?) = o) (3.2)

Choose f € k such that f(0(q))veq) = (040)o(q), for every ¢ € X. If

AX = X' is the matrix equation form of V,X = 0, then on U we have
V'X = (AX - X')® dz
Let v be a path from p € U to o(p) € V avoiding the singularities of V. If
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V'y X =0, and if X is analytically extended along v, we have
o0z

Vo X = <(AX—X/)®dZ,O'*2>

x5, 82
= ((AX — X')®dz, f(z)%>
= f(z)V;@X
= 0.

So we may take U’ as the analytic extension of ®' along ~, and (3.2) becomes:

LODE 0
Ghggr 2 = g @2) (3.3)

Lemma 3.5.1. The matriz (¢}) defined on (3.3) is in the normalizer of G

Proof: As in the previous section, let Xy be the Riemann surface obtained
as the quotient space of X by the group of symmetries Autg(X). By the
definition of symmetry there exists a vector bundle Ey and a connection V,
such that (E, V) is the pullback of (Ey, V) under the covering map induced
by the action.

The projection 7o of v to Xj is a closed curve, and (c}) therefore defines
an element of the monodromy of V.

Let P[X]] € C[X]]%, i.e. a G-invariant polynomial such that

0P
oy’

Pl==](2) = u(f)(2)

for some f € k.
If f = 0, then under analytic continuation along =, it remains the case

that P[c};%(z)] = 0. This implies (c}) € Gr.
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On the other hand, k is an extension of the field of meromorphic functions
over Xy. Under analytic continuation along 7,, an arbitrary non-zero f is
mapped into f, by a covering (i.e. Galois) automorphism of X (of k) over
Xo (over C(Xp)). Whence P[c}fa‘bj( )] = «(f,)(2), and so by the Galois
correspondence P[X}] is invariant under Gk) (the conjugate of G by ().

A symmetric argument allows us to conclude that the invariant polyno-
mials under G and under G(%) coincide. So Compoint’s Theorem implies
G) = G. This completes the proof. *

The Lemma implies the map defined in Section 3.4 is surjective, and the

theorem follows.

3.6 Examples

EXAMPLE 3.6.1. Consider the elliptic curve defined by the equation z3 —
z = w? with field of meromorphic functions C(z,w). We take its invariant
differential form = and its dual tangent vector field v = 2w . We denote by
o the fourth order automorphism o : w — iw, z — —z; so that o,v = —iv.

The differential equation

3(522 -3 11942* — 23022 4 108 4 36426 — 6652% + 103022 — 405
By — 0= =8 2 4 L : oY) — = ' y=0
w 3 w 27 w
has differential Galois group Ga7. Indeed, written in terms of z and , the

equation corresponds to:

N . 17724 12222 +81 , 1 3642° — 6652* +10302% — 405 0
PRRT (23 —2)? N (23 —2)3 y="u
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This equation is irreducible and has unimodular Galois group. Further-
more to get the Galois group using methods of [28] we notice that it has a
two-dimensional space of third degree invariants, which corresponds to the
dual first integrals 0 and z3w3. The wronskian of the equation in terms of
v, z,w is zw, the ratio of two sixth degree invariants is z and the ratio of two
ninth degree invariants is w, so the induced connection is basic.

If X, Y and Z are the solution based at point p : (z(p), w(p)) = (0,0),
with respectively z-exponents 2, 3/2 and 5/2, and leading coefficient 1, then

1
Y27 + X?Y — gz?’ =0.

This vanishing homogenous polynomial is a GG97 invariant which describes an
elliptic curve, and the subgroup of G L3(C) leaving this elliptic curve invariant
is the lifting of F3s C PSL3(C). So the group Gr/Z(Gr) is F36. The group
PGy; (the projective version of Ga7) is a normal subgroup of index four in
F36; the quotient is a cyclic group of order four. On the other hand the

equation is invariant under ¢ and we obtain
1 — Z(G27) — Go7 — F36 — (U) — 1.

The equation descends into the Riemann sphere parameterized by x = 22

to an equation with Galois group Fg,%LS, ie.

wo 141e? =500 4+45 , 1 3642 — 66522 + 1030z — 405
18 2(x-12 77 a3 23z — 1)°

y =0,

which is given in terms of x and a%.
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Algebraically we have v = 2w = 4wz2 and C(z,w) 2 C(z) 2 C(z),
with C(z) = C(z,w)” and C(z) = C(z,w)?. We also have that 2 is invariant
under o2 and that a% is invariant under . We thus have the following tower

of linear operators:

C(z, w)[v]
C(2)[2] — (C(z,w)[])”
Clz)[2] — (C(z,w)[v])"

The first of the equations corresponds to an operator in C(w, z)[v], which
when written in terms of % defines the operator in the second equation,
which is in C(z)[£]. Finally writing it in terms of &, we obtain the operator
in C(z)[Z] corresponding to the third equation. So the operator in the first

equation is actually an operator in the bottom of the tower.
EXAMPLE 3.6.2. Consider the differential equation L(y) = 0 given by:

4 2
w2 =327 -1

1+ 2% y=0

Two linearly independent solutions are given by:

1 _ 1
}/1:\4/,24_1@va4—1, Yy = V2t — le ve=4

So according to the Kovacic algorithm, the Differential Galois group is the

infinite dihedral group Du. A basis of invariants of this group on C[X7] is
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given by

X2’1 = X11X22 — X12X21 — —2
Xig = (X1X5)? — 2t -1
6 4 2
L v2v232 (2° = 2" +1)
X472 = (XlXQ) — (24 — 1)3
12 2v1)2 42°
Xya o= (X{ X)) (X] X5+ X7X5) — 22°
2 3(,6 _ 4 1
Xis = (XX 4 x2xY) o ZEZEE
| (=17
28—t 41
Xyp = X11X21X12X22 — —a 1

where the arrow refers to the image on the Picard-Vessiot extension under

the map
Xij — Y;(i_l).
We have:
4X41 + X3, B
0X14

So the equation is basic. The homogeneous relations that vanishe under this
evaluation homomorphism are given by the homogeneous ideal generated by
XyaXas — Xa6Xa3
Xiﬁ — X41X42
Xan Xy — ILG(X4’3 - X22,1)2
X4,3X22,1 — (X435 — 2X46)°
X34 — Xu1Xus

2
Xis— X42Xy3.
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All of these are invariant under the group G generated by D, together with

and so correspond to automorphisms of the space
PrOj(C[X2,1,X4,1, X4,2,X4,3, X4,4,X4,5, X4,6])-
Again we have an exact sequence:
1—G—Gp — (22— —2) — L

EXAMPLE 3.6.3. We study in more detail the comments in Remark 3.2.19.

Consider the differential equation [28] L(y) = 0 given by

an 3(322-1) N 22124 — 20622 +5 N 374z — 6732% + 25422 +5 0
Y T - De+DY T 122@—1)2@+ 127 54r3(z — 13zt 13 7

Its Picard-Vessiot extension has differential Galois group G54 of order 54.

The singular points of L(y) = 0 are 0, 1, —1 and oo, with respective exponents

15 =2 15 =2 15 =2 11 17 4
Foesh Ueesh Ueesh togsh
The ramification data in 0, 1 and —1 is the same, so one can expect some kind
of symmetry in between these three points. A quick glance at the equation
reveals that all the coefficients of the numerator have even power of =, and
the denominator present the same exponents for x — 1 and for x + 1. This
equation admits one symmetry x — —zx.

With some computation we can see that if X denotes the solution based

at 0 with exponent —%, Y the one with —% and Z the final one, then
1
YZP+ X° — 8—(15)(1/2 = 0.

75



This corresponds to an elliptic curve. The other third degree Gs4-semi-

invariant is given by:

39 256 1 2
X224+ 2 xty 4 20y ()
162 * 10683 (xS(a:? — 1)3>

The vanishing Gs4-invariant polynomials are then spanned by

(Y22 + X? — EXY?)(X 22 + Z XY + 3255V3)

(YZ? + X3 — é—fXYQ)Q.
Now, as in the case of the equation in the first example over the elliptic curve,
we obtain the projection version of G54 as a normal subgroup of index two in
F36. Although it may seem like the theorem applies to this case, the problem
here is that the equation is neither basic nor standard. In fact, if we take

the symmetric product of this equation with

,2(1 1 v 0
y 3\z z+1 -1 22+1 y=

we obtain the equation

5z —1 , 1 4528 4+ 2020 — 1302* 42022 -3 , 20 % —62%+1

"1 - - s & w0
Vit i@ on@+n? T2 2@-2@+12 Y Za@+13@ - 1)

y = 0.

The solutions to this last equation are given by the solutions to the former
multiplied by ¢/ % The Galois group is unmodified, as are the van-
ishing homogeneous Gs4-invariants. This equation has group of symmetries
isomorphic to the dihedral group of order eight:

1 -1 —x+1 z+1 z+1 z—1
{r—ze— —jo— -0~ — 2 T T L\ Ty ——
T T z+1 r—1 —x+1 z+1

2

and it descends to the sphere parameterized by z = %% to the

basic equation

p 185 , 5225 5 1
22— 17 T2 -1)"7  864(z - 1)37

0,
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which is expressed in terms of z and %. The quotient group of F3¢ by PGsy

corresponds to the symmetry coming from lifting this equation to the sphere

(z°+1)

parameterized by /z = %mv

and the remaining symmetries arise
from the lifting to the original sphere parameterized by z.
EXAMPLE 3.6.4. Consider the differential equation [26] L(y) = 0 given by

= 21z —xz+1) ,  21(—22%+ 32* — 5z + 2)
9522(z — 1)2 7 5023(z — 1)3

y = 0.

Its Picard-Vessiot extension has differential Galois group As, the rotational
icosahedral group of order 60. This equation admits one symmetry: z —
—z41. The equation is a symmetric power of a second order linear differential

equation and so its solutions satisfy the equation
XY —7Z?=0.

The group of automorphisms obtained by conjugating As within the sub-
group of GL3(C) fixing the homogeneous ideal generated by this conic is S;
(conjugation with a diagonal matrix with determinant —1 together with the
inner automorphisms). As in the previous example, because the equation is
not standard, the quotient group corresponds to the symmetries of another
equation which can be pulled back to obtain this one. Indeed we can take

the symmetric product with the equation
, 2 /(1 n 1
4 3\z x-1 Y

w22z -1) , i163x2—163x—|—13 ;1 223 — 32% — 31 + 2
2@-07 T 2@-12 71350 a3z —1)°

I
o

to obtain

y =0,
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which is an equation with the same Galois group, but with symmetries

forming the group Ss:

1 z—1 1 T

11—z, - )
{z, YT ’1—x’x—1}
The equation then descends to the sphere parameterized by z = %%
as the basic equation
w1724 1 1389z — 200 , 11 1 Y =0

2::—1Y T900 2(=1) Y 5400 2(z = 1)
which is expressed in terms of z and %. The quotient group of S5 by As

corresponds to the symmetry arising from lifting this equation to the sphere

(z—c)®
z(z—1)7

#; the remaining symmetries come

parameterized by where ¢ =

from the lifting to the original sphere parameterized by .

3.7 Comments

The computations involved in obtaining the Fano group, as well as the nor-
malizer of the differential Galois group, are quite complicated. Among other
things, they require extensive use of Van Hoeij and Weil’s algorithm [17]. In
the case where the Galois group is finite, things may be simplified. Indeed,
if the charts (U, z,y',...,y") are taken so that the section (z,1,0,...,0) is
cyclic under V,, then the Picard-Vessiot extension is given by L(/{)[%]. So
we should be able to replace R with C[X{]/F,, where Fy is the contraction

of F. This ideal is what Fano originally considered, cf. [27].
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Appendix A

Compoint’s Theorem

Let K = C(X) be the field of meromorphic functions over a connected com-
pact Riemann surface X. By fixing a non-zero meromorphic tangent vector
field v over X, we see K as a differential field with field of constants C. Given
f € K, we denote its derivative v(f) by f'.

We consider a matrix linear differential equation
(v') = ajy’,  (a))1<ijon € Muxn(C(X)),

and a full system of (locally defined) solutions f; We pose the following
question: What are the algebraic relations among the {f;}lgi’jgn? In other
words, what are the polynomials P(X}) € K[X/]1<;j<n such that P(f}) =07

Under appropriate hypothesis on the Galois group of the equation above,
the problem has been completely solved by Compoint [7]. Compoint’s solu-
tion asserts that these algebraic relations can be written in terms of invariant

polynomials (Theorem A.0.5 below). Now, to fully obtain a basis of invariants
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one can rely on the algorithm by M. van Hoeij and J.A. Weil [17] together
with the bounds obtained in [8]. In his paper Compoint also asserts that his
solution fails if we relax his hypothesis. However by modifying his argument,
we are able to generalize his result to a larger class of equations (Theorem
A.0.6). Our proof will follow F. Beukers’ [4]. We treat the problem in terms

of differential modules.

Definition A.0.1. A differential module M over K is a K-vector space

together with an additive map 0 such that
dfm = f'm+ fom

for every f € K and m € M. We refer to 0 as the differential of the module.

If Om = 0 we say that m is horizontal.

REMARK A.0.2. It is quite evident that the collection of horizontal elements
forms a vector space over the field of constants. Now, given a differential mod-
ule M and a basis eq,...,e,, if de; = ), —aéei, then to solve the equation

Om = 0 in this basis amounts to solving the system of equations
N
(z") = aja’.
Indeed if m = 27¢;, then

om = (z7)e;—a’ Zaé-ei
= ((@") —dja!) e
Let M; and M, be two differential modules over K with differentials
01 and 0Oy respectively. We turn M; ®f My into a differential module by
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differentiating as follows: m; ® mo +— Jymy ® Mo + my ® doms. Note that

this map is well-defined since

01 fmy @ me + fmq @ Ogme = f'my @ my + fO1M1 @ Mo + fmy @ Oams
= m ® f'mg+my @ fmy +my @ fOymy
= my ® s fme + my ® O fma.

More generally, starting with a differential module M, any tensorial con-

struction on M inherits a unique differential module structure.

Definition A.0.3. Given a finite dimensional differential module M over K,
a Picard-Vessiot extension for M is a differential field extension £ of K such

that:
a) the constants in E coincide with the constants in K;

b) the differential module F ®x M has a basis over E composed of hori-

zontal elements; and

c) If{f; = f}@@i}lgjgn is a basis of horizontal elements over E of EQx M,
then £ = K(f;)lgi,jgn-

REMARK A.0.4. In the context of the definition, it is common to refer to
the matrix (f;)lgmgn as a fundamental matriz of solutions. One can easily

see that condition ¢) does not depend on the choice of the K-basis ey, ..., e,

of M.

A Picard-Vessiot extension for M can be obtained as follows. Take the

ring of polynomials with coefficients in K and n x n variables, K[X?]1<; j<n,
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where n is the dimension of M. We turn it into a differential ring extension
of K by setting

(X5)" = a, X5

and we extend the differential to K'[X?, 7]1<; j<n where W = det(X!)1<; j<n,

by putting (%)/ = % whenever a,b € K[X]’:]lgm-gn. Finally, to obtain a
Picard-Vessiot extension it suffices to form the quotient of K[X?, i-]1<i j<n by
a maximal differential ideal I, which turns out to be prime, and to take the
field of fractions of the resulting quotient domain. For a rigorous exposition
of the details involved one could, for example, read [25, Section 1.3].

Each Picard-Vessiot extension has an associated Galois group . This
group is an algebraic group, but for this exposition the full structure is not
needed. For our purposes it can be described as follows: the group GL,(C)
acts from the right on K[X?, i]1<j<n by differential K-automorphisms by

setting

(95 )1<ap<n X; — X,ig;?.

The Galois group G is then the stabilizer of the maximal differential ideal I.

Again, full details are in [25, Section 1.4]. Now we state Compoint’s theorem:

Theorem A.0.5 (Compoint). In the context above, if G is reductive and

unimodular then the ideal I is generated by its G-invariants.

The remainder of this appendix is devoted to proving the following gen-

eralization:
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Theorem A.0.6. In the context above, if G is reductive and the image of
det : G — C* is finite then I is the radical of the ideal generated by the

G-invariants it contains.

In the hypotheses of the theorem it may seem that the image of the
determinant map depends on the representation of the Galois group. This is
not the case as we will see in the third part of the appendix.

The statement of the generalization of the theorem should come as no
surprise to a reader having some familiarity with the topic. As a matter of
fact, it should be enough to convince him/her to consider an N-th symmetric
product of M with N > 0, and notice that for such a module the Galois group
is unimodular. One can then apply Compoint’s theorem to this symmetric
power and recover the original ideal I. The proof below is just a rigorous
exposition of that heuristic.

The most important aspect of Compoint’s theorem, Corollary A.1.5 be-
low, is that we obtain an explicit, finite, simple and useful set of generators

of 1.

A.1 The proof

We start by fixing some notation. Given a g = (¢})i1<ij<n € GLn(C), the

image by the above-mentioned right action on P € K[X}, i-]1<ij<n will be

denoted by PY. Similarly, there is left action:
(98)1<apen « X} — Zg,iX]’?
k
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and the image of P will be denoted by 9P. We also extend both actions and

their corresponding notation to the field K (X})1<; j<n

Theorem A.1.1 (First main theorem of Invariant Theory). Let
P e C[Xj]i<ij<n

and assume that there is a character x : GL,(C) — C* such that for every
g € GL,(C), P9 = x(g9)P. Then P = \det(X}){,; ;<, for some N € N and

some A € C. Furthermore, x(g) = det(g)V.

Proof: We may start by assuming that P is homogeneous. As y is a character
of GL,(C), x(g) = det(g)™° for some Ny € Z. Hence P is homogeneous and
invariant under SL,(C), and therefore P = Adet(X}){; ... The proof of
these statements may be found in [13, Paragraph 15]. We now explain why
the hypothesis forces the polynomial to be homogeneous. Indeed, we just
proved that the theorem can be applied to each homogeneous component of
P, so that under the action of g € GL,(C), each component is multiplied
by det(g)™ for some Ny depending on the degree. However, because every
component is multiplied by the same coefficient x(g) we conclude that P has

a unique component, and is therefore homogeneous. *

Corollary A.1.2. Letr € K(X})1<ij<n and assume that there is a character
X : GL,(C) — K* such that for every g € GL,(C), r? = x(g)r. Then

r = Adet(X)\, i<, for some N € Z and some X € K. Furthermore,

x(g) = det(g)".
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Proof: Let P,Q € K[X;]lgmgn be such that r = P/Q, where P and @ have
no common factors. From the equality 79 = x(g)r we obtain the relation
PQ? = x(g9)P?Q, which implies that P divides P/Q. As K[X(]i<;j<n is a
unique factorization domain and P and () are co-prime, we conclude that
P divides PY9. Symmetrically, P9 divides P, hence P9 = xp(g)P for some
xr(g9) € K. Similarly Q¢ = xg(g)Q for some xg(g) € K. So in order to
complete the proof, it suffices to prove the result for r € K[X}]1<ij<n-
Given a € X, denote by r,, 79 and x,(g) the specialization of r, r¢ and
x(g) to a. We now have 7, € C[X}]1<; j<n, and for every g € GL,(C) there is
a Xa(g) € C* such that 9 = x,(g)ra. The previous theorem implies that r, =
Ao det(X)IL, o, for some N € N and some A, € C. The function a — N
takes integer values, so it is locally constant, and since X is connected, it must
be constant. Finally, specializing at X} = 0%, we see that a — A\, = r4(0%) is

meromorphic over X, hence r = Adet(X!){, ;, for some \ € K. *

Proposition A.1.3. Let Py,..., P, € K[X}, ili<ij<n be linearly indepen-

dent over K. Moreover, suppose that they generate an r-dimensional K-

vector space stable under the right G L, (C)-action. Then there exist elements

g1, .-, 9r € GL,(C) such that
det(gi.Pj)lgi’jST = /\det(X;)iVSi’an

for some A € K* and N € 7Z. Furthermore, one can choose g1 = e, the

tdentity element.

Proof: Consider the vector space (K(X;)1§i7j§n)T. Denote by s the rank

85



over K(X})1<;j<n of the set of vectors
{(¢P,...,7P,) € (K(X})1<ij<n) | 9 € GL,(C)},

and choose g1,...,gs such that the vectors (% Py,...,%P,), 1 < i < s, are
linearly independent. Replacing g; by ¢; '¢; we may assume g; = e.
We claim that s = r. Assume to the contrary that s < r. As g; = e, the

determinant of the (s + 1) x (s + 1)-matrix

Pl PS+1
ap ... 91PS_|_1
gSPI QSPS+1

is zero. Expanding this determinant along the top row we have
PlAl — PQAQ + ...+ (—1)SPS+1AS+1 = 0.

By re-indexing the P/s if necessary, we may assume that the last minor

Agp1 = det(% Pj)1<i j<s does not vanish, and we obtain

A, A LA,
P — P+ ...+ (1) —P,=—(—1)°P,
B TR e TR T

Since the left GL,(C)-action acts on the rows of our (s + 1) x (s + 1)-

matrix, each minor A; is multiplied by the same quantity under a g € G,

and AAL is invariant, implying that these minor quotients are actually in K.
This contradicts our hypothesis on the linear independence of Py, ..., P.. So

sS=r, and det(giﬂ>1§i7j§7« 7é 0.
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The right and left G L, (C)-actions commute, and since the K-vector space
spanned by P, ..., P, is invariant under the right GL,,(C)-action, we con-
clude that the right GL,(C)-action acts on the columns of det(% P})i<; </,

so that for every g € GL,(C) there is a x(g) € K* such that
(det(" Pj)i<ij<r)’ = Xx(g) det(? Pj)1<ij<r-
The corollary above now implies this proposition. *

Before we prove our theorem we need the following consequence of the

Galois Correspondence.

Lemma A.1.4. If P € K[X;,%]lgid'gn is G-invariant, then there is an

f € K such that P — f € 1.

Proof: Under the canonical map K [X7, wli<ij<n — K[X], i]1<ij<n/I, the

J
image of P is invariant under GG, so by Galois correspondence P maps to an
f in the ground field K. Thus, the image of P — f under the canonical map

1S zero. *

Proof of Theorem A.0.6: Let Q € K[X}]i<ij<n. As the GL,(C)-action does
not modify the degree, the degree of the elements in the orbit of () is bounded,
and these elements therefore span a finite dimensional K-vector space. The
same holds if Q € K[X, irli<ij<n, for W9 = det(g)WV.

Now take Q € I. We will prove that a power of @) lies in the ideal
generated by the G-invariants in I. Denote by QOGL"(C) the K-vector space

spanned by {QY},ecr.(c), and by ro its dimension. Similarly, denote by QF
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the space spanned by {Q9},c¢ and by t, its dimension. Note that Q§ C I as
I is G-stable. Let @q,...,Q,, be a basis of Q(?L”(C) such that ¢); = @ and
Q1,...,Qy, is a basis of QF. Additionally, as G is reductive we can assume
that Qu11, .- ., Qr, span a G-stable space. Indeed, this last condition follows
since every linear representation of a reductive group over C is completely
reducible.

Let Ny > 0 be such that if g € G then det(¢™°) = 1. Denote by Q%*»(©
the space spanned by the Ny-fold products of the Q)i,...,Q,,, and by r its
dimension. Similarly denote by Q¢ the sub-space spanned by the Ny-fold
products of the Qy,...,Qy,, and by t its dimension. Note that Q¢ C I.
Let Py, ..., P. be a basis of Q*»(© such that P, = QNo, P;,..., P, is a
basis of Q¢ and the space spanned by P, 1, ..., P, is G-stable. The previous

proposition implies that there exist g1 = e, g, ..., g. € GL,(C) such that
det (" Pj)i<ij<r = Adet(X})]lvgi,jgn

for some A € K* and N € Z. Notice that the action of GL,(C) on Q¢*(©)

C), thus N is a multiple

is the Nyp-th symmetric power of the action on QS;L"(
of Ny and det(g)™ = 1.

As det(X?)1<;j<n = W is a unit in K[X?, 35]1<; j<n, we must have

det(X;)lSiVan g 1.
Expanding the determinant det(? P;),<; j<, through the first row, we see from
Py,...,B €I that t <7 (or else t = r and we would have W € I).

We compute det(% Pj)i<; j<, by expanding through the first ¢ columns:

given a collection of ¢ indices J = {j1,...,ji}, with 1 < j; <jo <...<j <
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r, we denote by P; the determinant
Py = det(%s Py )i<jp<t,
and by (), its co-determinant so that

det(“P)i<ijer = ) PsQy.
7

Note that P; € I if 1 € J. But, as det(% P})1<;j<r € I, there is a collection
of indices & = {ki,...,k;} such that 1 ¢ k. Because P® is G-stable and
the left and right actions commute, for every g € G there is a x(g) € K
such that P = x(g)P; for every J. Similarly, because the space spanned by
Pii1,..., P is also G-stable, for every g € G there is a x'(g) € K such that
9 = X'(9)Qy for every J. Thus, from the expansion of det(% P;)i<; j<, we
read that x(¢)x'(g) = det(g)" = 1. In particular, for any two collection of ¢
indices J and L, P;Q) is G-invariant.
The previous lemma implies that there is an f € K such that P,Qr— f €
I. Since P;Q) & I we know that f # 0.

Set ko =1, Py = P, = Q. Denote by k(s) the sequence
{kosky, .o ke Ky}

where the hat indicates omission. In particular k£(0) = k. Also, the determi-

nant of the (¢ +1) x (¢ + 1) matrix

kg PO Ik Pl ce gkopt
9kq PO Jkq Pl R gklpt
Gk PO Gk Pl cee Gk Pt

89



is zero since the two first columns are the same. Expanding along the first

column we have
0=QNP, —% QNP+ ...+ (=1)" Q" Pyy.
Multiplying by @ on both sides and then subtracting fQ"° we obtain

—fQYN = QM (PQy — [) = M1 QN P Qi + .. + (=1) % Q™° Py Q.

Finally, note that if s > 0 then 1 € k(s) and so Pys) € I. Whence we have

an expression for Q™0 as a linear combination of G-invariants in 1. *

Corollary A.1.5. Assuming the context of Theorem A.0.6, suppose the poly-
nomials Py, ..., P. generate the C-algebra of G-invariants in C[X}]lgmgn,

and fi,...,f. € K are such that P, — f1,..., P, — f. € I. Then I is the

.....

Proof: Because G is reductive, the C-algebra of G-invariants in C[X ]’:]19»7]-91
is finitely generated. If P € C[X!, i-]i<ij<n then WNP € K[X!]1<; j<p for
some N > 0. Additionally, if P is G-invariant, and if N is such that W¥

is G-invariant, then W~ P can be written as a K-linear combination of G-

invariants in C[X}]1<; j<n. *

A.2 Comment

If our original differential module M happens to be one-dimensional, then GG

is either C* or is a finite cyclic group of roots of unity. In the last case the
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Picard-Vessiot extension is given by the adjunction of the radical of an ele-
ment of K. In general, withdrawing the unidimensionality of M, if ( f;)lgi,jgn
is a fundamental matrix of solutions and w = det(f;)1<;,j<n denotes the wron-

skian, then one can prove that

w' = tr(a?)lgmgn - w,

where tr denotes the trace. Indeed, consider the n-th exterior power of M,

and, by abuse of notation, denote its additive map by 0:

et AeaA...Ney) = (al)ejNey...Nep+er A(ad)e; Ao Ney+ ...
+e1Nes AL A(dl)e;
= aiel/\62.../\en+61/\a362/\.../\en—|—...
+eNesA...Naye,

= tr(az.)el ANea A...N\e,.

If (gi) € G, then it sends f; into figy and det(f}) into det(f}) - det(gy). In
particular, if the image of det : G — C* is finite, then w = {/f for some
N € N and some f € K.

Using these facts we can make a coordinate-free characterization of the
hypotheses of Theorem A.0.6. We define the determinant group of G as the
Galois group of the differential module given by the n-th exterior power of M.
So Compoint’s Theorem A.0.5 holds whenever the Galois group is reductive
and its determinant group is trivial, and its extension Theorem A.0.6 holds

whenever the Galois group is reductive and the determinant group is finite.
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Definition A.2.1. We say that M; and M, are finitely projectively equivalent

if there is a one-dimensional differential module M, over K such that:
a) My can be identified with My ® M; as differential modules over K; and
b) the Picard-Vessiot extension of M, is algebraic over K.

REMARK A.2.2. This is a special case of the concept of projective equiva-
lence introduced in [16]. It follows immediately from the definition that, in

the same notation, we have:

a) if (f}) is a fundamental matrix solution of M; with respect to a basis,
and if ¢ is a horizontal section of My then (gf}) is a fundamental matrix

solution of Msy;

b) as M, is one-dimensional and g is algebraic over K, ¢ € K for some

N € N*; and,

c) if in My the differential is given by de = ae, with a € K, then the

differential in My in the basis {e ® e1,...,e®e,} is
de @ ej = (ad} + a’)e;.

Proposition A.2.3. The determinant group of G is finite if and only if M
is finitely projectively equivalent to a differential module whose Galois group

18 unimodular.

Proof: If the determinant group is finite then the wronskian w, as above, is

algebraic. Tensoring with the module defining the n-th root of %, we obtain
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a module with unimodular Galois group. Conversely, the hypothesis on M
implies that the wronskian is an element of K™* multiplied by a radical of an
element of K, say an N-th root, so the determinant group of G is cyclic of

order dividing N. *

Corollary A.2.4. G is reductive and the determinant group of G is finite if
and only if M is finitely projectively equivalent to a differential module whose

Galois group is unimodular and reductive.

Proof: 1t suffices to use the previous proposition and to notice that the
property of being reductive is not lost by finite projective equivalences. This

follows from [8, Proposition 2.2] and Remark A.2.2 above. *
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Appendix B

Computational examples

There is a well-known correspondence between n-th order ordinary linear
differential equations with coefficients in the field of meromorphic functions
of a compact Riemann surface and n-dimensional meromorphic connections
on meromorphic vector bundles over that surface (cf. [25]).

In a similar fashion, there is a correspondence between the approach to
projective equivalence considered in [1] and the approach in [16]. In [1],
two second order linear differential equations are projectively equivalent if
there basis of solutions with identical ratios; and in [16], two meromorphic
connections are projectively equivalent if one can obtain one from the other
by tensoring with a 1-dimensional vector bundle with connection.

The advantages of considering equivalent classes of projectively equivalent
equations, rather that working with a single equation, are heavily exploited
in the literature. The best-known advantage is the reduction to the case

of equations with constant wronskian. Indeed, to achieve this reduction it
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suffices to multiply each solution by the inverse of an n-th root of the wron-
skian. Equations with constant wronskian have the powerful characteristic
of having a unimodular Galois group.

In this appendix I will use several examples to illustrate one more applica-
tion of this idea of jumping from one equation to another through projective
equivalence. This new application will allow us to uncover symmetries of
the connection, and as a result to descent to a quotient Riemann surface.
In particular we will obtain the pullback explained in [1] in a more explicit
way. Essentially, this new approach does not differ from that of J.A. Weil
in [29], since the second order case is a geometric interpretation of his algo-
rithm. The algorithm in [29], [18] represents joint work of M. van Hoeij,
M. Berkenbosch and J.A. Weil. For the definition of symmetry I refer to
Chapter 3. In colloquial language a symmetry of a connection is a change of
coordinates which leave the equation invariant.

We will start by showing three examples of second order. Among the
three examples, the second is of special interest since it explains, among other
simplifications, how an equation corresponding to the Schwarz triple (%, %, %)
is actually a pullback of an equation corresponding to the triple (%, %, %)
In the third example we deduce an expression in terms of radicals for the
solution to the standard equations with projective Galois groups A4 and Sj.
The remaining examples deal with third order cases. In contrast to the former
examples, where the classification explained in [1] [2] relies completely on
Galois coverings of the sphere by the sphere, the third order cases may involve

coverings by surfaces of higher genus. Remarkable identities will arise in the
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cases where the solutions describe curves having prescribed genus. This last
assertion will be made more explicit in due time.

In must be noted that a generalization of the above mentioned second
order classification to third order has been carried out by M. Berkenbosch [3].
Our approach differs in that we rely solely on symmetries in order to achieve
standard equations.

To obtain the Galois group of the new equations, as well as the first

integrals, we use the algorithms in [17] and in [28].

B.1 Pépin’s equation, 1881

The equation

"y 21 22 —r +1 _ 0
100 22(z — 127 —

has Galois group A‘g L2 [26], and the singularities are 0, 1 and oo with re-

spective exponents

37 37 -7 =3
{1_07E}7 {E71_0}7 {EJE}
After tensoring with
1,1 1
/
_ (= -0
y=glot o
the equation becomes
y,,+22x—1 , lle_x+ly:0,

3x(r — 1)y 900 22(x — 1)2
and the exponents at 0, 1 and oo are now

-1 11 -1 11 -1 11

{%’%}7 {%7%}7 {%)%}
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The tensored equation is invariant under the group of symmetries

1l z—-1 1 x

S =7, 1-— X, —, ) ) )
s =1 r l—a - 1}
and descends to the sphere parameterized by z = 1_3‘”_(553)5’53”6 as

T2-15 11 1
(z—6)(4z+3)7 900 (z —6)(4z + 3

1/

9
2 — 0
3 )Y

The singularities at 6, % and oo have respective exponents

1 1 -1 11
{0>§}> {075}7 {E7@}

This equation, after the Mobius transformation
z+— —(4/27)2 4+ 8/9,

is the same as J.A. Weil’s S, equation [29].

B.2 The triples (%,%,%) and (%,%,%) are pull-

backs of the triple (3,3, )

Consider Weil’s Sy, equation [29]

1 72—4 , 1 1

1/ - -
vor Y 48 x(x — 1)

6x(x—1) y=0

The singularities are 0, 1 and oo, with respective exponents

1 1 -1 1
{0,5}, {075}, {E’Z}'
Tensoring with
, 11
DI



one obtains
, 2 2r—1 5 1

VW T T (r - 1)

i ~0
3z(x—1 ’

with exponents at 0, 1 and oo given respectively by

-1 5 1

1
{075}7 {E’E}a {07§}

The equation is invariant under the change of variable x % and descends

to the sphere parameterized by z = % as
= 2 2z+1 , 5 1 ~0
Y320 +2! 1220 +2)Y

The singularities are now at 2, —2 and oo and the respective exponents are

1 -1 5 1
{075}7 {ﬂ7ﬂ}> {073}

This equation, under the change of variable z %, is the same as J.A.

Weil’s Sg, equation [29].

Comparing solutions of the original and tensored equations we obtain the

identities
112 15 2 4z
F___, — _11/12F___,_—
Pilggp3ie) = @D RRAGE L ST
17 2 P 7132 4o
e S R 1 e S §
Veohi(p 5ogin) = @=1) oy T po )

Now we focus our attention on Weil’s Sp, equation [29]

120-1 , 1 1
2 (z— 1):vy 16 (x — 1)z

1

y = 0.
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The singularities are 0, 1 and oo, with respective exponents

1 1 -1 1

{075}7 {075}7 {T>Z}

After tensoring with
11 n 1
122 x—1

)y =0

we obtain
p, 2 201 - 5 xQ—x—l—ly:O‘
3(z—1)x 144 (x — 1)%a?

The exponents at 0, 1 and oo are now

-1 5 -1 5 -1 5

{575}7 {573}7 {E7E}

The tensored equation is invariant under the group of symmetries

1l z-1 1 x

S - ]- — 4y T ) )
s =1 YT 1-zva— 1}
and descends to the sphere parameterized by z = 1_3$_(§’§i:§’§3+m6 as
2 Tz —15 5 1
y// + = z ’ y = 0.

3(z—6)(dz+3)” ~ 144(z — 6)(42 + 3)

The singularities are now 6, % and oo, and the respective exponents are
1 1 -1 5

{075}7 {0>§}7 {ﬂ7ﬂ}

This equation, after the Mobius transformation

z— —(4/27)z + 8/9,

is the same as J.A. Weil’s Sg, equation.
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We obtain the identities:
iz 2440/ De = el - Da.m(oL 2 2 AE 2t D,

2472473727 x2(x —1)2

1 .4 (22— 1)3 13 2 4 (22— 1)3
= Wy S (LB 2 A et )
€/4x—2+4x/(a:—1)ac a?(z —1) v?(z —1)

If 2 = %%, then

1 N V3 /A3 + (32 — 1)AY3 + 2(92 — 8)
2" 2 VA ’
where A = 272% — 3622 + 82 + 8V/22 — 23

Tr =

Combining these identities we obtain radical expressions for the solutions to

Sg, and Sy,.

B.3 The triple (%, %, %) descends to the triple

(

Consider Weil’s Sp,, equation [29]

Co12—1, 1 1
2 (x— 1)xy 4dn? (x — 1)z

11
’ 20 2(2n))

N —

y = 0.
The singularities are 0, 1 and oo, with respective exponents

}

1 1 -1 1

{075}7 {075}7 {%7%

The equation is invariant under the change of variable x — 1—x and descends

to the sphere parameterized by z = 4(x — 2?), resulting in

i 121, 1 1 L
Yoo Tagner o T

This is Weil’s Sp,, equation.
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B.4 A standard equation with projective Ga-

lois group Fjq

B.4.1 Ulmer’s (G5, equation

Consider the equation [28]

o 3B22-1)  ,  2212*—2062%+5 , 37425 — 673z* + 25422 + 5
2@ - D@+ T 12220z — 1)2(x + 1)2” 5423 (z — 1)3(z + 1)3

y=0.

It has Galois group Gy of order 54. The singular points are 0, 1, —1 and

oo with respective exponents

15 2 15 2 15 2 11 17 4

ook teesh teesh 5ot
We tensor it with
1,1 1 1
/
(= =0,
U ey gy 9L
obtaining
y,,,+3 322 -1 s 1 8zt —1122 -1 2x6—5x4—5x2+1y:0.

2w —De+n! T3P -1+ T U B 1P+ 1P
The space of third degree invariants of this equation is of dimension 2, and
its Galois group is not unimodular. The singularities 0, 1, —1 and oo, have

exponents

114 114 114 114
Cewsh tewsh tewsh Uewsh

So the equation is invariant under the group of symmetries

1 -1 —2+1 24+1 2+1 z-—-1
DSZ{x7_7_I7 ) ) ) )
T r x+1 -1 —2x+1 xz+1

2
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and it descends to the sphere parameterized by

Z_i(2(1—i—7:z:2—i—7x6—|—9[;8)_ )_i (22 +1)*
C 320 22z +1)2(z — 1)2 C1622(z + 1)2(z — 1)2

as
352—-3 , 1 432—-9 , 1

n = . _
Ve TuseonY T im0

y=0.

This differential equation corresponds to the generalized hypergeometric

differential equation defining 3F2(—%, %, %, %, %; z). It has singularities at 0,
1 and oo with exponents
11 1 -11 2
0,—, = 0,-,1 —, =, =}
{ 7472}7 { 727 }7 {127673}

A solution to our original equation is therefore

1 1 1213 1 (2% 4+ 1)*
sho(——, =, 5,5, 7 ;
Vaz —1)(z+1) ( )

B.4.2 The Geiselmann-Ulmer F:fﬁLB equation

The equation

o 597 + 14z 4+ 9) B 5(81x3 + 18522 + 229x + 81)
1822(x + 12 7 43203(z + 1)3

y=0

has Galois group Fii® of order 108 [14]. The singular points are 0, 1 and oo

with respective exponents

We tensor it with




obtaining

L 35:-2 , 14502—28z-8 , 1 -2
vy o e
4(x—1)x 24 (x—1)>% 27 (x — 1)%x

The singularities 0, 1 and co now have exponents

114 11 11
- -z 0.- = 0.- =
6’373}7 {’ }7 {7472

{ 42 b

The equation is invariant under the change of variable x — —*5 and descends

to the sphere parameterized by

where the equation becomes

W 35228, 143:-9 1
12:-1)7 T 2422 - 1Y T 10822(z — 1)

y=0.

This is the same as the generalized hypergeometric equation of the previous

example, and a solution to our original equation is therefore given by

. ; 1 1213 4z-1)
2 — Dz o (——m — — — = ——— 7).
X (ZL’ ) 3 2( 12’67372747 2 )

B.4.3 The 3 (-3, 1 2 1 3. %) equation

We now center our attention on

W, 35228, 143:-9 1
1217 T 2422 - 1Y T 10822(z - 1)

y=0.

Since two projectively equivalent linear differential equation have the same
projective Galois group, instead of computing the group of this equation we
can work with that of its normalization, i.e.

wo 141222502445 , 1 3642° — 66522 + 1030z — 405
8 (122 Y73 (z — 1)32°

y=0.
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The singularities are 0, 1 and oo with respective exponents

3.5 13 4 13 7
- 1,- - 1,= -, ——,——}
{4’ ’4}’ {2’ ’2}’ { 37 127 12}
The equation has two semi-invariants of order two and degree three, so the
Galois group is Fiy®. The sixth degree invariants have value 0 and 2°(z—1)?,

the ninth degree 0 and z7(z — 1)?, so in particular the ratio of two eighteenth

z
z—1"

degree invariants is

Probably the most important feature of this example is the fact that the
solutions describe an elliptic curve. By this we mean that if X denotes the
solution with exponent %, Y the solution with exponent 1 and Z the solution
with exponent % around 0 (normalized to have first coefficient 1 in their

power series expansions), then X, Y and Z satisfy the homogeneous relation

1
X722 -Y?Z - —X3=0
81

corresponding to a curve of genus 1 in the projective plane. If we set g = 1
M = |F3] = 36 and eg = e5, = 4 and e; = 2 (the values coming from
the exponents of the ratio of solutions to the equation) then we have (recall

Corollary 2.3.3):

1€{0,1,00}
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B.5 A standard equation with projective Ga-

lois group Hoig

B.5.1 van Hoeij’s H%L3 equation

Consider van Hoeij’s H3 equation [28]:
. o 2la?— 24w —1 , 1 44372% — 597322 + 171z — 683
B2+ Dz —1)7 " 48 (322 + 1)2(z — 1)
n 1 13338z — 2264723 + 198322 — 7297z — 737
216 Ba2+ 13z — 1) v
The singular points are 1 (which in fact is an apparent singularity), %g’ _%g

and oo, with respective exponents

7 1 1 7 1 1 13 4 19

1 s = S .Y
L3y -3 b Uy b igyp!

Tensoring with
, 9O 1

Vo glg =0

we obtain

w Wz —14e—1 1 7572 —13332% + 112 — 203 , 17 2® —32® 4+ 3z — 1 _0
G2t e-—1Y T8 B2r0e—1) Y 216  (322+17

and the exponents become

1 217 1 217 1 217

1 S S —— 2
0135 =553 3593 35036

So the equation is invariant under a cyclic group of order three that rotates
the points %g, —%ﬁ and oo and leaves 1 invariant. It therefore descends to
the sphere parameterized by

2_1 (z+1)°
©2(1+ 322)
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as
p 1z=6 , 1757296, 17 1
32(:— 1) T13222(z—1)7 " 583222(z — 1)

y = 0.

This equation has singularities at 0, 1 and oo and with respective expo-

nents

12 1 1 217
0,-, - 0,-,1 - =, =
{ 7373}7 { 737 }7 { 3679736}7
This is the generalized hypergeometric differential equation defining the func-

tion 3F2(—%, %, %, %, %; z). A solution to van Hoeij’s equation is therefore
given by

(31’2 + 1)83F2(—
1 2 17 1 2, :
B.5.2 The 3F5(—55,5, 35 3, 3 2) equation
We will follow the same reasoning (and phrasing) from the previous example,

now centering our attention on

yo 112-6 , 1 —96+757=, 17 1
32(z—1)7 432 2(z—1) 7 583222(z — 1)

=0.

As two projectively equivalent linear differential equation have the same pro-
jective Galois group, instead of computing the Galois group of this equation

we consider its normalization

w1 4052% — 46924384 , 1 10935z° — 188032 + 271962 — 10368
432 (z-1222 Y 11664 (z — 1)33

The singularities are 0, 1 and co with respective exponents

2 4 58 14 5 3
1= 22 = 21, -2
3lgh gggh t=p-L-3
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The third symmetric power of the associated operator has a second order

right factor

) 29225 158527649z 221 ,
32(z— 1)y 48 22(z — 1)?

Furthermore, the space of fourth degree invariants of this second order factor
is one-dimensional, spanned by 2%(z — 1)7. We conclude that the Galois
group is Hy%* [28]. The ninth degree invariant of the normalized operator
has value 25(z — 1)®, so the ratio of two twenty-fourth degree invariants is
z — 1. It is remarkable that the solutions to the equation describe a curve of
genus 10. By this we mean that if X denotes the solution with exponent g,
Y the solution with exponent g, and Z the solution with exponent % around
1 (normalized with first coefficient 1 in their power series expansions), then

X, Y and Z satisfy the (horrible) homogeneous relation:

174142586880000 16 26741631626956800v3 773 6 169126071054336000 372
5821656268296953Y B 5821656268296953Y ARNARS 5821656268296953 XY=z

_ 61786141208337600 5 _ 356644017930240000 v 213 262289575363968000 y 2 74
5821656268296953 X7z 5821656268296953 XY°Z + 5821656268296953 Xz

250765325107200000 v 31,3 79529414492160000 3 73 590778725990400000 4 72
+ 5821656268296953 XY — 831665181185279 X°Z° + 5821656268296953 Xz

250765325107200000 5 71 __
"~ 5821656268296953 Xz =0

corresponding to a curve of genus 10 in the projective plane. If we set g = 10
M = |Hy6| = 216 and ey = e; = 3 and e, = 4 (the values coming from the
exponents of the ratio of solutions to the equation) then we have:

2 - ) (1—6%):#.

1€{0,1,00}
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Appendix C

Meromorphic vector bundles

over compact Riemann surfaces

Although we assume familiarity with vector bundles, reviewing the definition
will prove useful for introducing the meromorphic case. A more detailed

exposition of the concept of holomorphic vector bundle may be found in [12].

C.1 Holomorphic vector bundles

We fix a compact Riemann surface X and denote the field of meromorphic
functions over X by k. Given an open set U C X the collection of holo-
morphic functions ¢ : U — C will be denoted by H(U). Given any product
A x B we will denote respectively by I1; : AxB — Aand by Il : AxB — B

the first and second canonical projections.
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Definition C.1.1. A rankn (holomorphic) vector bundle over X is a complex
manifold E together with a holomorphic map I : £ — X and a collection

{(Ua, ®a) }aca, where {Uq, }aca is a covering of X and for each a € A,
bo : T HU,) — Uy x C"
is a bi-holomorphic map with IT; o ¢, = II, satisfying the following properties:

1. for any two a, 8 € A such that U, NUp # 0 there is a holomorphic map
9sa : Uo MUz = GL,(C) such that

$p 0 & Tvanv,= idu,nu, X 9ga;
2. for any two «, 3 € A such that U, NUsz # 0
N,
that is gga(p) = (gas(p))~* for every p € U, N Ug;
3. for any three a, 5,7 € A such that U, N Uz N U, # O we have
Yva = Gv8YBas

ie. gya(p) = g,8(p)gpa(p) for every p € U, N Up.
If U C X is an open set such that II7'(U,) ~ U, x C", we say that U

trivializes the vector bundle.

REMARK C.1.2. We can define vector bundles in terms of cocycles in Cech

cohomology. A holomorphic map g : U — GL,,(C) can be seen as an element
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in GL,(H(U)). Indeed given a standard coordinate system (xé‘)i,je{l,‘..,n} of

GL,(C), if we denote by gj- the element in H(U) given by the composition
g;=150g,

then we can identify g with the matrix having ij-th entry gé, for each 7,7 €

{1,...,n}. Since X is compact, we can cover this Riemann surface by a

finite collection {U, }aea of trivializing open sets. The vector bundle IT gives

us, for each non-empty intersection of two trivializing open sets U, and Usg,

a transition element gz, € GL,(H(U, N Ugz)). So we obtain an element

se [] GLu(HU.NUs))

(a,B)EAXA

whose (o, §) entry is precisely gga, that is (s)(,3) = gsa. We can map the
product [] 4.4 GLy(H(Us NUp)) into [[4yaxa GLn(H(Uy N Uz N U,)) via

Figure C.1: vector bundle as a cocycle
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the coboundary map ¢ defined by

(08) (@81 = (€) () (&) .8 (&) (.0) Tvwrtsrr, -

So a combination of Items 2. and 3. in the definition of vector bundle tells

us that

(55)(0"577) = g’;o]z-g"fﬁg/ja onmU,gﬁU7

= Id,

where Id stands for the identity operator in GL,(H(U, N Uz N U,)). This
means that s defines a l1-cocycle in the Cech cohomology. Conversely, a 1-
cocycle in Cech cohomology gives the transition elements defining a vector

bundle. To get the total space E we start with the disjoint union
|_| U, x C",

and we identify elements in (U, NUgz) x C* C U, x C" with elements in
(Usa NUg) x C* C Uz x C™ via the transition map gs,. The projection II is

given by the projections on the first factor.

REMARK C.1.3. In analogy with the definition of cocycles in terms of the
intersection of two trivializing sets and a co-boundary map, we can also
define cocycles using the trivializing sets and a co-boundary map into the
intersection of two trivializing sets to get the zeroth Cech cohomology. Indeed
we define the coboundary map from [[ , GL,,(H(U,)) into [ [ 4, 4 GLn(H(UaN
Us)) by:

(08)(a) = (€)' (E)ar-
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We say that £ € [[, GLn,(H(Uy)) is a cocycle if (0€)(a,5) = Id for all (o, B) €
A x A
REMARK C.1.4. Although we defined vector bundle using local holomorphic

functions, the bundles that we will use will be defined using functions that

are meromorphic over X.

Definition C.1.5. Given an open set U C X, a (holomorphic) section of 11

over U is a holomorphic map ¢ : U — FE such that the diagram

T

U X

w

commutes (i.e. IToo =1y), where 1y : U — X is the inclusion.

REMARK C.1.6. Consider a trivializing set U, and a bi-holomorphic map
b : IT7HU,) — U, x C". Given a section o over U, we have I1; 0 ¢, 00 =
I[Too =1y and

I[lyo¢p,00:U — C".

Thus, if e!,...,e" is a system of linear coordinates for C", we have n holo-

morphic functions
e'ollyogao0=:f € H(U,), i€{l,...,n}.

Conversely, n holomorphic functions f!,..., f* € H(U,) define a unique

section o over U,, i.e.

o= ¢t o (idy, x ' x ... x f7)
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REMARK C.1.7. In general holomorphic vector bundles may not have global

holomorphic sections (holomorphic sections over X).

Definition C.1.8. A meromorphic section of Il over U is a holomorphic
section o of IT over U \ S, where S C X is a discrete set, such that for every
trivializing open set U, C U (with bi-holomorphic map ¢, : II"*(U,) —

U, x C™) the holomorphic functions

fli=¢€ollyop,o00 s, @€{l,...,n},
define meromorphic functions over U,.

REMARK C.1.9. Just as a holomorphic section over U, is given by n holo-
morphic functions, a meromorphic section over U, is given by n meromorphic

functions.

Lemma C.1.10. The collection of global meromorphic sections of 11 form

an n-dimensional k vector space.

Proof: From [11, §29] we obtain that the collection of global meromorphic
sections of II is a non-zero k vector space. Let s be non-zero global mero-

morphic section of II. Give a p € X set
sp = {f(p) - s(p) CII"'(p)| f meromorphic at p, f - s holomorphic at p}.

The subspace Upexs, C E describes a rank 1 subbundle of II. The lemma
follows by considering the quotient bundle with fibers II"*(p) /s, and applying

induction on n. *
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C.2 Meromorphic vector bundles

A more detailed exposition of the concepts introduced here may be found in
[23].

The definition of a holomorphic vector bundle makes reference to a total
space, but it is completely determined by the transition maps. With this
observation as a motivation, we can define meromorphic vector bundles, not
by a total space satisfying some prescribed properties, but by a 1-cocycle in
the Cech cohomology. We denote by M the sheaf over X of meromorphic

functions. In particular M(X) = k.

Definition C.2.1. A rank n meromorphic vector bundle is a 1-cocycle in
the Cech cohomology of the sheaf over X given by U + GL,(M(U)). That

is, such a bundle consists of:
1. a finite covering {U, }aca; and

2. for every pair (a, ) € A x A a gz, € GL,,(M(U, N Ug)) such that
98a = Gui
and such that

3. for every (o, 3,7) € A x A x A one has

Jva = Gv8YBa

on U, NUzNU,.
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We say that a meromorphic vector bundle is trivial if it is given by the trivial

cocycle, that is every gg, is the identity map.

REMARK C.2.2. Let us consider the relation in between holomorphic and
meromorphic vector bundles. As every holomorphic function is meromor-
phic, every holomorphic vector bundle defines a meromorphic vector bundle.
Assume, conversely, that we have a meromorphic vector bundle as defined
above. Let S = {pi,...,p.} be the collection of poles of all the transition
maps g3, (a, 3) € A x A. We refine our covering as follows. Let B = AU S,
for every a € A we set

Vo :=Us \'S;
for every p € S, we pick a;, € A such that p € U,, and we set
V= Vo, U{p}.

Thus UaeaVo = X \ S and S C UpesV), so that UpepV, = X. Now for any
a,b € B such that a # b, SN(V,NV,) = 0, so the transition functions defined
by

hga = Gga lvarvy

hps =" Gapp IVa,nvs
hgy = 9Bay rVapﬂV[g
hpq ‘= Yayay rVapmVaq

are holomorphic. This way we obtain a holomorphic 1-cocycle in the Cech

cohomology, thereby defining a holomorphic vector bundle whose induced
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meromorphic vector bundle coincides in the cocycle sense with our original
bundle. It must be noted that this holomorphic vector bundle is not unique,
different representatives of the same meromorphic 1-cocycle may lead to dif-

ferent holomorphic vector bundles.
Proposition C.2.3. Every meromorphic vector bundle over X is trivial.

Proof: Given a meromorphic vector bundle there is an induced holomor-
phic vector bundle as in the remark above. It follows from Lemma C.1.10
that the global meromorphic sections of this holomorphic vector bundle are
isomorphic to k™. A k-basis of the space of global meromorphic sections,
by restriction to the V,’s, defines a 0-cocycle in the Cech cohomology that

through the coboundary renders our meromorphic bundle trivial. *

Definition C.2.4. Given a meromorphic vector bundle over X, let Il : £ —
X be an induced holomorphic vector bundle. If U C X is an open set, a
(meromorphic) section of the meromorphic vector bundle over U will mean

a meromorphic section of II over U.

REMARK C.2.5. In view of the above-mentioned relation in between holo-
morphic vector bundles and meromorphic vector bundles, we refer to the
meromorphic vector bundle by the map Il : E — X corresponding to an in-
duced holomorphic vector bundle and refer to the rank of IT as the rank of the
meromorphic bundle. In this thesis every vector bundle is considered with
its meromorphic structure. In particular, we only deal with meromorphic

sections unless otherwise stated.
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Definition C.2.6. Let I1 : £ — X and II' : £/ — X be two meromorphic
vector bundles of respective ranks n and n/. By refining the coverings of X
trivializing IT and II" we may assume that both bundles are trivialized by the
same covering {U, }aca. A bundle morphism ¢ of II to II' is a collection of

meromorphic linear maps ¢, € M,/ x,(M(U,)) such that:
©8 [UanUs © 980 = 9pa © Pa [U.nUs
for every (a, B) € A x A.

REMARK C.2.7. Although a morphism of vector bundles does not corre-
sponds to a holomorphic map of the total spaces, it proves convenient to

denote the bundle morphism ¢ by

2 E,,
e
X

Indeed, the morphism corresponds to a holomorphic map of total spaces once

E

we remove the poles of the ¢,’s from X, for we are then dealing with the

meromorphic maps

idy, X ¢ : Uy x C* — U, x C".

C.3 Meromorphic connections

Consider a meromorphic vector bundle II : £ — X and denote by & the

sheaf of sections of I (i.e. given an open set U C X, &(U) is the collection
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of meromorphic sections of IT). Similarly, denote by 7 X the sheaf of mero-
morphic tangent vector fields over X and by !, the sheaf of meromorphic
differentials. Note that the sheaves X and Q', correspond to the mero-
morphic sections of the tangent bundle and of the bundle of differential forms

respectively, so that &(X) ~ k", 7X(X) ~ k and Q',(X) ~ k.
Definition C.3.1. A meromorphic connection over II is a C-linear map

i.e. for every open U C X amap &(U) = &(U) @ mw) Q' (U) satisfying the
Leibnitz rule

Vfo=oc®df + fVo

for every section ¢ of II. A section ¢ is called horizontal if Vo = 0.

REMARK C.3.2. Since !, is the meromorphic dual of 7 X we have a

canonical M-linear map
QoM TX — M.

In particular, if we fix a v € 7 X (X) we have an evaluation map Q!, — .#
given by w — w(v). The composition of V followed by this evaluation map

on the Q! -factor will be denoted by V,. We then have
Vo =v(f)o+ fV,0.

REMARK C.3.3. Because .7 X (X) is of dimension 1 over k, Vo = 0 if and

only if V,o = 0 for some non-zero v € 7 X (X).
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REMARK C.3.4. Because every meromorphic vector bundle is trivial, a con-
nection V on II is completely determined by its action on the global sections.

So to obtain a connection it suffices to define a map
E(X) — E(X) @ 2, (X)

satisfying the Leibnitz rule. Thus if we have a basis of global sections
01,...,0, in the n-dimensional k-vector space &(X), the connection V is

uniquely determined by the global sections Voy, ..., Vo, in &(X)®,Q, (X).

Definition C.3.5. &(X) is an n-dimensional k-vector space. We say that V
is decomposable if there are two non-zero proper subspaces V, W C &(X) such
that £(X) =V @& W and V and W are respectively mapped to V @, Q! (X)
and to W ®;, Q,(X) via V. If no such subspaces V and W exist we say that

V is indecomposable.

C.4 Pulling back bundles and connections

We recall the following standard result.

Proposition C.4.1. Let 7 : X = X bea holomorphic morphism of compact
Riemann surfaces. Then m is either constant or surjective.

Proof: Non-constant holomorphic maps U C C — V C C are open. Thus if
7 is not constant, then 7 is an open map so W()?) C X is open. On the other
hand, since X is compact and X is Hausdorff, W()N( ) C X is closed. Because

X is connected w(X) = X. *
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We consider a (ramified) covering 7 : X > X of X by another compact
Riemann surface X. Algebraically, this corresponds to an algebraic extension
E, the field of meromorphic functions over X , of k. Indeed k can be mapped

into k by a pulling back the meromorphic functions over X to X via 7

kE — k

f — fom.
More generally, we have an injective map for every open U C X i.e.

MU) — Mz(r7'0)

fo— fom,

where M (V') denotes the field meromorphic functions over an open set
V C X. In this way any element of GL,(M(U)) can be seen as an element
of GL,(M(x~'U)). In analogy with the holomorphic case, an element g €
GL,(M(U)) correponds to a meromorphic map ¢ : U — GL,(C) which we

can pull back to X via 7.

Definition C.4.2. The pullback of 11 through 7 is the meromorphic vector
bundle over X defined by the cocycle given by the pullback gg, o 7 of the

transition maps g, to GL, (M (71U, N Up))).

REMARK C.4.3. Topologically, the total space of the pullback bundle is
obtained by patching the complex manifolds 7='U, x C", a € A, via the
transition maps gs, © m. (To be precise: we patch and use the transition

map of the refinement giving the induced holomorphic structure on I1.) The

120



pullback of IT : £ — X via 7 is denoted by 7*Il : m*FE — X. On the
level of the complex manifolds £ and 7*E we have a commuting diagram of

holomorphic morphism of complex manifolds

K

o o

X T X

(ITo ™ = 7 o *II) which is locally given by:

U, xC" — U, xC"

(p,z) — (7(p), ).

REMARK C.4.4. Since a meromorphic section o of Il over a trivializing open
set U, is given by a collection f!,... f* € .#(U,) by pulling back these
functions via 7 to 7 f!,... 7 f" € M5 (7w 'U,), we see that the section
o lifts to a meromorphic section 7*c of 7*II over 7~ (U,). In particular,
global meromophic sections lift to global meromorphic sections. The sheaf

of meromorphic section of 7*II : 7*E — X will be denoted 7*&.

Definition C.4.5. Given two meromorphic vector bundles Il : £ — X and
II: E — X, a morphism of II to Il is a pair (m,®), where 7 : X > Xisa

holomorphic morphism of Riemann surfaces and ¢ : E—mFEisa morphism
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of meromorphic vector bundles making the following diagram commute

""""" Lo mtE
X E
\ lﬂ
X

REMARK C.4.6. Consider a morphism of compact Riemann surfaces

Tm: X — X.

Because the elements of .7 X (X) correspond to derivations of M(X), the
pullback via 7 of the tangent bundle of X lifts to a subbundle of the tangent
bundle of X. Similarly, the bundle of differential forms over X is pulled-back

to a subbundle of the bundle of differential forms over X.

REMARK C.4.7. A basis of global sections oy, ..., 0, in the n-dimensional
k-vector space &(X), lifts via m to a basis of global sections 7*0y, ..., 7%,
in the n-dimensional k-vector space m*& ()? ). Similarly, the global sections
Voi,...,Vo, in &(X) @ Q,(X) lift to global sections 7*Voy,...,m*Vo,

in 1&(X) @ L, (X).

Definition C.4.8. Let V be a meromorphic connection on Il : £ — X and
let 7: X — X be a morphism of compact Riemann surfaces. The pullback
connection 7V on 7*II is the connection such that if oy, ..., 0, is a basis of
&(X) then

mV(r*o;) =7*(Ve;), ie€{l,...,n}
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REMARK C.4.9. A more geometric, but equivalent, definition of pullback

connection is given in Chapter 2.
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