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ABSTRACT

The interaction between slow electromagnetic waves and drifting
carriers in a semiconductor is studied considering two species of charge
carrier, collision, recombination, cold circuit, and diffusion loss mech~
anisms. It is shown that for high resistivity materials the effect of the
minority carrier may be neglected resulting in a dominant carrier dis-
persion equation. A perturbational solution to this equation is St-udied by
root locus technique to reveal the effects of the various parameters.

The dispersion equation of a slow wave circuit suitable for use in
studying the above interaction is developed taking into account the effects
of 2 multi-layered medium, Experimental results verifying the above
theory arepresented.

Interaction for highly asynchronous velocities are studied by extend-
ing the range of validity of the perturbational assumptions. The modal ex~
citation problem is solved revealing that the collision dominated assumption
may not be utilized.

Numserical results for this interaction, when using the above slow wave
circuit, are presented showing that the construction &f a circuit with a cut-
off frequency of Qapproximatel_y one third the collision frequency is required
to obtain a practical device, |

A new numerical method is presented that is useful in solving n

degree algebraic equations of the type found in wave interaction problems.
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momentum relaxation time
recombination lifetime
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reduced collision frequency
plasma frequency
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CHAPTER 1 - INTRODUCTION AND BACKGROUND

The interaction of drifting charge carriers in a semiconductor and
slow electromagnetic waves on an external circuit was first hypothesized by
J.R. Pierce L in 1955 in the form of a patent for the solid state analog of
the vacuum traveling wave tube. In this device a semiconductor filament
would replace the electron beam of the traveling wave tube as shown in
Figure 1.1, thus not requiring an electron gun and its associated focusing
devices., The drifting charge carriers in the semiconductor, analogous to
the electrons in the vacuum device, would interact with the slow electro-
magnetic wave resulting in a convective instability. No analytical or experi-
mental work was attempted at the time.

The first analytical work performed concerning this interaction
appeared as an appendix to a report by Sandbank, et. al., on the velocity
modulation of charge carriers in semiconductors 2 . In their analysis
Solymar and Ash presented the beginnings of a one di.mensional model of
the semiconductor traveling wave amplifier. They assumed a single species
of charge carrier with infinite recombination lifetime obtaining a character-
istic equation for the interaction that is reduceable to the well known vacuum
traveling wave tube case. The range of validity of this single carrier assump-
tion was not considered for a system where two carrier species, electrons
and holes, seem more appropriate.

In solving this equation by a perturbational technique Solymar and

Ash made two, as it will be shown, incorrect assumptions; first, it was
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assumed that the four roois to the characteristic equation were widely sep-
arated and se2ond, the cold circuit attenulation loss was assumed to be pure-
ly additive and not included in the perturbational solution, S , i.e. Re (§) =
Re (g) - Re ( § o)+ These assumptions resulted in an expression for only
the growing mdde, one that is not reduceable to the well known ;racuum
traveling wave tube case,

’ In an atiempt to e*falua:te the gain of a particular device Solymar
and Ash urilized the interaction impedance calculated by Butcher I for
infinitely thin ladder lines in free space. Since the tape line considered,
the meander ling, is dielectrically loaded and has finite boundaries this
appi‘oximation is most questionable. The dispersion characteristics and
interaction impedance of such a structure constructed on layered dielec~
tric media are unknown.

The problem of mode excitation was not treated by Solymar and
Ash,

Tw;) numerical designs for n-iype silicon devices were presented
for liquid helium and room temperatures. The lack of daia for the cir-
cuit precludes the confirmation of the calculated gain and its comparison
with the fuller model to be developed.

Sumi 4 in 1966 published an analysis of traveling wave am-
plification by drifting carriers in semiconductors in which he predicted

100 db/mm gain for InSh device operated at 4GHz at ligquid nitrogen tem-

perature. The analysis consisted of evaluating the transverse admittance



at the surfaée of a collision dominated semiconductor and equating it to the
iransverse admittunce at the surface of a developed helix, restricting the

analysis to this particular structure and thus not having the same wide ap-
plicability as the Pierce type one dimensional model, There is strong ex-

H

perimental evidence to indicate that the assumption of no surface
charge or current at the semiconductor surface, used in equating the two
admiitances, is incorrect, thus invalidaiing the dispersion equation so
found as illustrated in Figure 1.2. Zotter 7 , using Sumi's analysis,
has numerically evaluated the available gain for different semiconductor
materials, a5 shown in Figure 1.3, predicting an even higher gain per
millimeter,

The work of Sumi and Zotter is not reduceable to the well known
vacuum traveling wave tube case because of the collision dominated as-
sumption made. The mode excitation problem was not treated.

Vural and Steele 8 have exte:!ded Sumi;s analysis to consider
the interaction with a generalized admittance wall including the effects of
surface charge and currents. While allowing one to determine the mode
behavior for various assumed admittances it does however require the
evaluation of the transverse admittance for the particular slow wave cir-
cuit under consideration. Unfortunately, as will be shown, the calculalion
of the transverse admittance of the meander line slow wave circuit requires
the knowledge of higher order ﬁlodes propagating along the structure; i.e.

when calculated using only the dominant mode the admittance is zero.
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Study of this case in the inertia dominated limit reveals five constant am-
plitude modes which in the presence of non~zero admittance is modified to
include a convective instability. The mode excitation problem was not
treated.

Hammer 9,10 , fqllowing the Solymar and Ash treatment but
using 2 Taylor series expansion for the effective mass, has shown that
the presence of negative differental mobility in the collision dominated
limit inhibiis the inferaction when the mean electron exceeds the cold
circuit phase velocity; however, when the mean electron velocity is less
than the cold circﬁit phase velocity gain enhancement is predicted.

The study of the interaction of drifting carriers in a semicon-
ductor and slow electromagnetic waves on an external circuit has been
initiated by several authors revealing the need for further work. This
work should be directed towards the development of a model that is ap-
plicable to 2 generalized slow wave circuit while still facilitating the
evaluation of the individual case; in particular both the helix and dielec-
trically loaded meander line, and should include all the effects inherent
to the semiconductor plasma. The model should be reduceable to the
vacuum traveling wave tube case such that the effecis of the semicon-
ductor plasma may be ascertained. The mode excitations have to be de-
termined fo allow the calculation of device gain such that comparison

with experiment may be made,



CHAPTER 2 ~ DISPERSION EQUATION FOR THE INTERACTION or SLOW
ELECTROMAGNETIC WAVES WITH DRIFTING CARRIERS IN A SEMICON~

DUCTOR.

The subject matier of this chapf_;er is the development of a "one~
dimensional” normalized dispersion equation characterizing the interac-
tion of a slow eleciromagnetic wave with drifting carriers in a semicon~
ducior. Although only longitudinal waves are considered, the coefficients
of the dispersion equstion are calculated by taking into account the trans-
verse field variztions. For completensss . the derivation is started at a
fundamental point: namely the Boltzmann transport equation as derived

. 11,12,13
Yy many authors .

2.1 The Bolizmann Equilion

‘The distribution function of the sth carrier species, f (T,0,t),
is defined as the density of sf type carriers at the point (T,u) in phase
space. The most probable number of sth type carriers in an infinitesmal

volume d*rd®u about (¥, @) is fs(i",“ﬁ, t) d*rd®u. The velocity space

—

average of a quantity g( T, 1, t) is given by

f ﬂ—(ﬁa’%) —{:s (?16‘)-{:) dsu

Ei(ff{t) = (2-1)

[ f.(21:4) &

the denominator of (2-1) is recognized as the sth type carrier species

density in position space, to be referred to as "the carrier density”,



ns(Ft) = f {S(F,Glt)-cﬁ% ) (2-2)

(2-3)

The Bolitzmann equation may be derived by considering the various
metbods of aliering fS {?, 0, t). Carriers may move into and out of the
region (¥,u) due to diffusion. The momentum (thus velocity) of a car-
rier may be altered by an externally applied force according to the law

—t
= F/ ‘F\ . 14 A carrier may be "scattered” from one
point in phase space Yo another, Uniike the gaseou; plasma the collision
terms are nbnwnegiigible because of the higher earrier densities in a
snlid-state plasma,

The many scattering mechanisms present in a solid include
scattering by optical and acoustic laitice vibrations, scatiering by lattice
imperfections, scattering by jonized impuriiies, and lasily scatiering by
other carriers. The predominanf, secattering mechanism depends on the
plasma selected and the carrier temperature; e.g, in non-polar semi-
conductors (germanium =znd silicon) opiical phonon scatiering deter-

mines the energy loss while acoustic phonon scattering controls the
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momentum dissipation at moderate and high temperature, whereas scat-

- tering by latiice imperfections and ionized impurities predominates at low
temperature 15 . Only the weakest of these mechanisms are present
in a gaseous plasma.,

Finally. carriers may be generated or recombine with another
carrier specias: e.g. conduciion band electro?s may recombine with
either holes in the valence band, iermed direct recombination because
of the band to band transition, or with “traps', termed indirect recom-
bingiion because recombinution occurs via intermediate localized energy
levels in {he forbidden gap.

-

The Boltzmann equation is

B-E-ruV)Ca- V-F @f_ + of (2-4)

ot

coll, ot 9-r
The two terms on the right hand side representing respectively the
rate of change of the distribution function due to collisions (secattering)

and generation-recombination of carriers.

2,2 Macroscopic Egquations Derived From the

Boltzmann Eguation,

The Boltzmanu equation is a microscopic equation; i.e. it de-
scribes the individual carrier behavior. It is useful to derive general
macroscopic laws by taking moments of the Boltzmann equation. This
approach yields the continuity and momentum transfer equs;tions. which

are more useful because the dependent variables are macroscopic and
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observable. This method, however, also results in an open set of equations
that must be closed by making a simplifying hypothesis about one of the hy-
drodynamic moments.

The continuity equation (conservation of particle number) is de-
rived by taking the zeroth moment of the Boltzmann equation; i.e. multi-

1
plying by u° and integrating over velocity space 7 , yielding

an, NORY
E)n + oo (NsVs) = fia-ili W+ f%%_ du. (2-5)

The momentum transfer equation (conservation of particle mo-
mentum) is derived by taking the first moment of the Boltzmann equation;

i.e. multiplying by u' and integrating over velocity space 18 , yielding

a(ﬂs{}-?) + V,- '-P + Vr'(nsvsvS) - ns—ﬁ

ot m¥ - m&
| (2~6)
-‘-j[iéfz dh-&-f’d?fé d’u
at coll, ot '

where ‘HD = m; Ng (—Gs"‘d\-}s) (ﬁs __"'\",S) is a pressure tensor.
To proceed further one must evaluate the integrals in the con-
tinuity and momentum transfer equations. One would express the rate
of change of the distribution function due to scattering in terms of the
density of states and transition probability functions 19 . This, how-

ever, requires inferring these functions from either theory or experi-
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ment, The phenomenological approach, that of approximating the scat-
tering terms, yields simpler usable results.
First, one assumes that the equilibrium (zero convection current)

distribution function is Maxwellian and isotropic in velocity; i.e.,

' 3/2 * 2
ms* — g U
- n S _— . (2—7)
3, T) o clewt) SP\ e )

Furthermore, one assumes that the effect of any distrubance is to alter the
carrier temperature and mean velocity while not appreciably changing the
form of the distribution function; i.e. the non-equilibrium distribution func-
tion is a displaced Maxwellian of higher temperature as shown in Figure 2.1,
This technique allows extrapolation to "hot electrons" although it is known
that at very. high drift velocities departure from Maxwellian form may oc-
cur 20 . Upon removal of the disturbance the non-equilibrium distriby-
tion function, ES (??S U, 'I_é) » relaxes to the equilibrium distribution function ’
fs (0,1, T1 ). The equilibrium condition is attained when both T, decreases

to T 1 and the mean carrier velocity is zero, The rate of change of the dis-

tribution function due to collisions may be expanded as

-i = éfi ._Yf. a? T s (2-8)
ot i, \OV% 3tmu, \OTN At fea,

Phenomenologically assuming that relaxation times for energy (tempers-

ture) and momentum {velocity) are valid; i.e. ,
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'gs (V» U, T)

T>T,
%(O,Q,Tﬂ) | A\ W, T)
|

Fieure 2.1  Disreiturion Funerions

% (Omu‘;Tﬁ.) = eq)u'\\'llor"tum Maxwellian
& (\!s‘u,‘\‘) — Yion - equi libriom o\r'-tf‘\—ed

Mm&men'lan



14

M) . —(T5-Th) ) (2-6)

ot coll. ‘te

and
Ns) = - Nso, (2-10)
ot coll. ’EP

results in

.l_ a_'& - .FSlVS;u\TA) _{S(O)Ly];l + {S(OJU:T) ‘f;(?»ufﬂ) . (2-11)
ot coll. TP o Té
The effects of phonon emission caused by supersamic carriers‘ 21 may
be studied by expanding the relaxation times as functions of velocity and
temperature; howevwer, in this study TP and Ie are assumed to be
congtant, Subsfitution of (2-1i) in (25} and (2-6) results in collision

integrals of the form

In'{:‘s = f'a"-Fs('\?s}u’T) clsu, (2-12)
1

3

o A no.4 ...
.._For n odd and VS equal to zero, In,o = O-{_,. p since u  ig’odd and

fS(o, u, T) is even, For n equal to zero, I = = ns independent

o.VS

-y
of V . Therefore,
8
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g’—Ll—) £u =0 | (2-13)
J 3, _

This is anticipated since intuitively it is expected that collizions cannot
create or destroy particles. It is noted that the above does not depend on
the Maxwellian form of fs ("\'r's, u, T) but rather upon its eveness property.

The integral -

ot coll,

fﬁ EE‘. | CPU\ , ' (2-14a)
reduces {o

-1 Vg (2-14b)

J TF

N = —fﬁ ¥s(vs,u,T2)c\3L1

I, 'V is independent of '[e ; i.e. the conservation of momentum is not

effected by the energy relaxation time. Evaluating (2-14b) yields,

2 = —NnsV | -14
Il,vs S5 - (2-14c)

The generation-recombination terms are considered next. A de-
rivation similar to that for the collision terms does not adequately represent

many observed phenomena; e.g. minority carrier recombination as in the
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Haynes-Shockley experiment., These effects are frequentljr represented by
assuming a constant carrier generation rate, Gs’ and a recombination rate
that is proportional to the excess carrier concentration N s , resulting

in the continuity equation

an + vr.(nsvs)-_: G — ANg . (2-15)
ot 5T,
In non-polar semiconductors Ts ( carrier recombination

lifetime ) is in the range 10"5 to 10"2 seconds and indirect recombination
predominates, For polar semiconductors, in which direct recombination pre-
dominates 'TS is in the range 1(]"8 to 10-6 seconds and may not be negigible.
It is noted that the recombination lifetime may vary from sample to sample
prepared from the same material because of differences in the treatment of

the surfaces,

Substitution of (2-14c¢) in (2-6) yields

ANVe), Voo By Ve (V)= s F = =05 | (2
ot mg m3* Te

Assuming that the pressure tensor is isotropic and defining temperature by

the equation of state P € nk Tg to terminate the moment equations results in

dVs + % - E — , Vehs

\ (2-17)
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where the thermal velocity of the sth carrier species is defined as

Vg, = 38T /ms .

2.3 .Disgersion Equation

.- The dispersion equation for the system; i.e. the relationship be-
tween wave vector and excitation frequency for the semiconductor and circuit
is found by appiying the principle of self consistency to the one diﬁlensional
mod_el. First, the RF convection current density in the semiconductor is cal-
culalted from an assumed electric field in the circuit. The electronic admit-
tance is defined as the ratio of the RF convection current density to the cir-
cuit RF electric field when calculated in such a mammer, Next, the circuit RF
electric field is calculated from an assumed RF convection current densgity in
the semiconductor. The circuit admittance is defined as the ratio of the RF
convection current density to the circuit RF electric field when calculated
in this manner, The circuit admittance is then equated to the electronic ad-
mittance.

To derive the above admittances wave dependence for the vari-
ables of the form EXP (jw‘t -3 Z) is assumed. Additionally,

small signal theory is used to write

— ey

J=J, + i, exp(Jmt—?fZ) X
= E, exp (Jw’c ~¥2) |
= —\-}o + -\7‘ QXF (JUJt-dZ))

(2-18)

<l jni
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an N = Ne+ nexp(jwt-¥2) ,

where it has been assumed- that higher order terms are negligibly small and
Ec is the circuit electric field, Two carrier species, e.g. electrons and
holes, are considered being represented by the subscripts A and B. The

convection current density is therefore
w— . - _a s
J= qs NsVg = GV + G NeVe | (2-19)
S

Substitution of {2-18) into the continuity equations for carriers

A and B results in

100 = B (NoaVia + NiaVea) = =D (590

Tan

and

jmnls -3 (nos\jl& + NieNos) = _-_%IE 0 (2-21)
&

Substitution of (2-18) into the momentum transfer equations

for carriers A and B results in

(ju=¥Ven+2a)Vin = LB+ Vg ¥ Ny

> (2-22)
Moa
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and

(j 03— ZVDB'\" ))B) V|B = 7: ETI t v:hﬂ z_ng ¢ (2-23)
0B

The total electric field in the semiconductor may be written as the summa-
tion of the circuit electric field and the localized space charge electric

field; i.e.,
—_— —h, —
ET = Ec + ESP . (2-24)

The I;orentz force is neglected in (2-23) since I'V XB ,2 << IEG I )
Substitution of (2-18) in Poisson's equ.":ltion Vr . B = P £
complete:s the set of eﬁuations necessary to derive the electronic admit-
tance., Defining the effective permittivity of the semiconductor plasma,
€ ) ‘:”1 B =& E , (Derived for a two component plasma in
Appendix 1) results in v‘_ ) ET = P‘F / € -; Since the
circuit electric field exists without space charge, vl' . EC. = Q N

-results in

4.l ek

£

—

Ve Er= Ve (EC*ESP) = Vi Ege® Vi Ese =

, (2-25)

or

— §Esp = ?ﬁnm + cgsnm L (2-252)
€ :
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The RF densities are found as functions of the RF velocities from

(2-20, 21) -
Nis = Y NosVis (2-26)
‘-*)RS
where the "reduced” recombination frequency, wRS , 1s defined by
2 . -1
Wes = Cjw—¥Vost Tes' ) (2-27)

Substituting (2-24, 26a) into the momentum transfer equations (2-22, 23)

results in

wCFIVIPt = rlt El - r{: [%Anu:ﬁ"te' %Bnug__ZI + “ﬁ‘ht n,A 5 (2-28)
Noa

and

P _ < )
ot -] o

where the "reduced"” collision frequehcy, (*)CS » is defined by

Wes & (Jw-—UVos-l-))S) ) | (2~30)
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Substituting (2-26) into (2-28, 29) and defining the plasma fre-

quency of the &t type carrier, (,UPg ,a5

2 ¥* .
Wps 2 MNsQsMos : (2-31)
e .

results in the set of coupled equations,

2 2 2 2 - ¥
| (wCAU)RA+ Wea = Vih, b ) Rwﬂs Vig Maen Ey
= ; (2-32)

o2 2 202 Tk
R Wpp (wcsmke+ UO?B"U\%B?i ) Vis QBLORBEI
where
*
R & q_ﬂ)ﬁ‘_ . (2-33)
¥*
Mo Wee
Defining
2. - 2 Z 2
Ws = Wesrs + Wps =y ¥, (2-34)
and solving (2-32) results in the RF velocities
3 ' 2 oz
VIA = r(ﬂwm (U)CBMRB—U-H,BH )E_| R (2-35)

WA WE — LA WEe
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and

Vm_, = rltwﬁﬁ(mmwkﬁ.“\ﬁhgtz) E'l .
L3R L' — Lden LYFa (2738)

The RF convection current density is fround from (2-12) as

- %“‘ (n""‘vlﬁ t n'h\loh) t %B(noBVJB+ nlBVoﬁ). (2-37)

ubstituting (2-26, 35, 36) into (2-37) results in the electronic admittance

of 2 two component plasma,

(2-38)

\_eA[ (b '«é)('ﬂ%)*—L(‘%a - "1)('+J‘°TRB)]
l}e; | W2 WE — Wi Wes ‘

JA
E

The electronic admittaﬁce includes the effects of carrier lattice
collisions, diffusion recombination and space charge through the parameters,
LQCS ) U‘.l"'?\-s X Wes , and LO;S respectively. Diffusion and
space charge are two entirely different loss mechanisms; diffusion loss
resulting from the carrier density gradient while space charge loss is
caused by the mutual forces between drifting charged carriers.

In deriving the electronic admittance, J' | A | the effects of a

Ey
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tr_a_nsverse electric field variation were neélected in Poisson's equation,
These effects may be included by utilizing a reduced plasma frequency,
w‘é < Wi . 23 "

The circuit RF electric field excited by an i.mpressed RF convec-
tion current density is next calculated 24 by expanding in terms of the

normal modes resulting in -

e M m wmh et B MY g e e M e WE B e A TR W e el mE L W mm v e SN mm ek W e EE R A SR ST e A o e RS

Poisson's equation V.- ~Er = P-;- / & may be rewritten
without approximation as

o -1
V-.E = _E‘E[ v'E.E‘.!“] .
z' Egp < |+_—V;'Esp

In the previous derivation it has been assumed that V_b . ESP = O,
The concept of utilizing a reduced plasma frequency is to improve upon
this approximation by calculating this term in the following mauner. As

will be shown, \/;-Egsp = —¥Esp = -—-J Pe Esep such that
the correction term is

D AT Ese]
PeEse

and depends on the transverse boundary conditions. This correction term
is related to the plasma frequency reduction factor LU&' / W

This term can in principle be evaluated from the geometrical configuration
of the boundary,
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where Zn is the "interaction impedance"” of the nth space harmonic ofEr

defined as
2
£, 2 | Ezn | ,
— . (2-40)
2BLP
Cpnsider the case when X ~ + Uo . For Nnx O , the term

2 2 2
J°— 3n will .be large when .compared to H- Xg‘ . Additionally, the
numerical value of the term Zn bﬂ?j 3 Un ) will not be appreciably
altered-by changing various parameters. Hence (2-39) may be rewritten

as

E TA -znx JO +._J__ (2-41)
LA LN XS

where m; is a constant, having dimensions of admittance, that repre-

sents the effects of all the passive modes ( nx 0_) and the term

+ ] / We A . The first term is derived from a field that has approxi-~
mately the same spatial variation as the circuit field; i.e. X ~ ¢ Yo ;
From (2-24)} it is seen that the second term may be interpreted as the

space charge field. Hence,

JA o —¥* L e
E.| CKT XZXDZ
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The dispersion equation is found by applying the principle of selfconsis-
teneyto J,A[E;  ;i.e. equating (2-42) to (2-38), or by apply-
ing the principle of self—consistenby to :J-l A / ET . The former of
these requires the evaluation of the plasma frequency reduction factor
while the latter requires the evaluation of the admittance m; . Since
data is more readily available for plasma frequency reduction factors

the former approach is taken resulting in the dispersion equation

€A [:“é%(wcg%-lﬁg"’xlﬁm @T«%(wm;f)(lqwrﬂg,)] R e R

W Wa* — Waa Ll  ¥loZa

2.4 Collision Dominated Dispersion Egquation

The dispersion equation of the interaction (2-43) is a sixth de-
gree algebraic equation in ‘6 ‘with complex coefficients, It is there-
fore useful to examine the equation for the semiconductor case to see
how it may be simplified for numerical calculation, The interaction is
said to be collision dominated when the condition .))5 > (JN —\(Vog)
is satisfied for-all carrier species, for which wcs — Vs .
Assuming that the effects of diffusion are negligible {(as will be shown),
and considering the case when the recombination lifetime 1s arbitrarily
large, (Wles >> | ,  suchthat wRS —> (Jw — KVOS)’

the dispersion equation may be rewritten as
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= (it s)+%‘,;foﬁ ) oy

%Uﬁeﬂ ]ﬁf J+ (Jﬁ* —¥ B y)_ Jwel"!ozna

a quartic equation in K with complex coefficients, Assuming the solu-

Fs

) (2-44)

tions for ) will have a magnitude approximately equal to the electronic
wave number allows the derivation of a condition for which the interaction

may be characterized by the dominant carrier; i.e. when
BQA Be: (2-45)
—_ >>. —
Bhﬂ Pes
equation (2-44) may be approximated as
2 2 2
E’an 60 T x
Bm(j?’ea—ﬁ) Jmeﬁiﬁoan

The dominant carrier condition (2-45) may be rewritten for n and p - type

. | (2-48)

materials respectively as

| | .
Ny, = Nt (.."leilg_) y (2-472)

Po = Nt m:i;“n__ ) (2-47)
Me Me |
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thus defining for each material a maximum resistivity for which this ap-
proximation is valid, (A tabulation for different materials is given in
table 2.1) Equation (2-46) is not reduceable o the vacuum traveling wave

tube case because of the collision dominated assumption made.

2.5 Dominant Carrier Dispersion Equation

.'I‘he dominant carrier dispersion equation may be derived in an
alternate manner that retains the collision, diffusion, and recombination
2
dependence. Letting wab_’ O . the dispersion equation (2-43) re-

duces to

2 2 y2
éA BQ'\ — EO _K ) ( 2—48)

[(l\ﬁca"‘iﬂﬁa,‘X')Be,q-ﬁMf,; (| _)\?;A Hz] o sz;o 7 ﬁ'__éﬁ&

and has been written to display the effects of carrier recombination. When

(-Utm >> I » the case of negligible carrier recombination as in Ger-

manium and Silicon, equation (2-48) reduces to the case studied by Solymar

2
and Ash 6 . The major effect of nonnegligible carrier recombination

is to modify the interaction impedance to

Zoe = Zn[l-j(w'tm)-|] ,  (2-49)

thus affecting the growth rate,
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2.523 Pert.ur.bational Solution of the Dominant Carrier Dispersion Equation

The cold ciréuit transmission line supports two waves, circuit
waves, that.propagat_e'in opposite-directions along the line, When car-
riers are drifted through the semiconductor the "system" supports six waves;
the four additional waves being called carrier waves, electrokinetic waves,
a.nd/ or space charge wavés . The perturbational solution of the dominant
carrier dispersidn equation v.vill,-because of its reduced degree, result
in two cireuit and two carrier waves.

Periurbations of the cold circuit waves are attempted for two
reasons; first, it is expected that if the interaction is weak, then =zt Uo )
and second, to obtain a strong interaction, corresponding to an appre-
ciable Zn' the circuit admittance should be minimized. This condition

A 2
is satisfied when § — §o 2 O . Let
) = JBEA_- 5 , - (2-50)

and

U°= 0(0+JE0 = D(lo-l—‘j (BeAJr I,..A) . . (2-51)

The circuit admittance is approximated as

.—Z(og"'b(o'*':]hhi) ) ' ( 2-52)
E' cKkr | ﬁe& Z“‘ |
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Bal>> [ |5 |Aal>> |51

and most importantly I ﬁe.n. I>> l h A l , thus restricting the range of per-

O

contingent upon the conditions

turbational validity to near synchronism.

The perturbed dominant carrier dispersion is therefore the cubic
5 ( f)c:wf),in 0(0‘+J h;)52+‘[(ﬁ;+ﬁ,:a)(oé+‘] L;)+ ﬁc'n ﬁm; +
2 _ |
E’;A(H)\zmﬁ;ﬂs + [ﬁ;ﬁ p,mL+ £(|.+)§AB;):I | (2-53)
‘ E}(;+jh:°:]+ ] | =0,

-where C is Pierce's coupling coefficient defined as

NS
C = 'Zl’ltJ-oAA Q: 3 N ' (2-54)
_ 2_\/0:-

1l

and the“:pl;ime, henceforth tc; be s'uppreséed,_ denotes division by ﬁmc .

The perturbational solution to the dominant carrier dispersion e‘quation is

reduceable to the vacuurﬁ traveling wave tube casé studied by Pierce

with provision for studying the effects i)resent in senﬁconducfpr plasma.
The effect of diffusion is seen to be'negligible since -for most

semiconductors,

| 2o 2 | _
%] = [ @] <« S
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For Vi =v,, v would have to be approximately w,, 10 sec™!, for diffusion

effects to occur.

2.8 The Effects of Collision and Cold Circuit Attenuation on the Pertirbed
Solution of the Dominant Carrier Dispersion Equation at Synchronism

The synchronous case is studied because it is the simplest mathematically
and is the best perturbational approximation. Additionally, let the carrier
recombination lifetime be arbitrarily large and the reduced plasma wave number

negligibly small but non-zero, Equation (2-53) reduces to

8+ 8% (Bny + ) +Sla, Bop) *3 =0 (2-56)

Tl;\e collision and cold circuit attenuation loss mechanisms are not purely
additive as suggested by Solymar and Ashzs.

| There exists a solution to (2-56) with positive real part for all.values of
'the real coefficients BC A and @ . This coxresponds to the presence of a con-
vective instability (gaining wave) even though appreciable collision damping may
be present,

The above statement may be proved as follows. Inspection of the
coefficients reveals that a pure real or pure imaginary solution is not possible
gxcépt for infinite loss, a case never occurring in practice. Consider the
lossless case, o, = BCA = 0. Equation (2-56) reduces to 8% + j = 0 whose solution
is known to have a root with positive real part; i.e. S, = (+ J3- j)/2 in the fourth
quadrant of the S-plane. Since the roots of a polynomial equation are continuous

functions of the coefficien{s (Hurwitz's theorem), and may not cross the axes,

the positive real part root is constrained to the fourth quadrant, | Q.E.D.
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The effects of the variation of either loss parameter may be studied by
root locus technique, Letting o, = 0, and rewriting (2-56) in root locus form
results in

2
B CA S

1+ = O (2-57)

The points of origin of the loci are the solution to the lossless case s*+3=0.

’i’he points of convergence of the loci are the double zero at the origin and one
zero at ipfinity._ The complete xoot locus is shown in Figure 2,2. Increasing

the collision frequency (decreasing the momentum relaxation time) decreases

the growth rate of the xoot in the fourth quadrant., Even for large ‘BC A there
is'net growth, It is noted that the magnitude of B, is not one of perturbational
‘assumptions,

Whena, % 0, (2-56) may be rewritten in root locus form
a,S(S+ BCA)
S*+5°Bcp ]

1+ =0 (2-58)

The points of origin of the loci are the zeros of 5 + 8%, + } which is the
previous root Jocus studied., The points of convergence are one zexo at

8= -BC a¢ One zero at the origin and one zero at infinity. The complete root
locus is shown in Figure 2,3. The effect of cold circuit attenuation is to

reduce further the net growth rate.

2.7 The Effects of Space Charge and Diffusion on the Perturbed Solution of
the Dominant Ca_rrier Dispersion Equation at Synchronism,

When the only mechanisms present are space charge and diffusion,

equation (2-56) reduces to



dm(s)
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Re(s)? 0 indicates
growing mode

Figure 2,2 Root locus of synchronous dominant carrier
dispersion equation for o, = 0.

Points of origin are indicated by X, Points of
convergence are indicated by 0, Arrows indicate increas-
ing gain constant B-,. This locus is calculated for the
case when only collision loss is present,

Bcp S’
§%+j

1+ =0,

Re (s)
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Re{s) > 0 indicates
growing mode

Figure 2.3 Root lozus of synchronous dominant carrier
dispersion equation

Points of origin are indicated by X, as determined
by the collision wave number, BC . Points of convergence
are indicated by 0. The dashed curve is the root locus for
the case ¢, = 0. Axrows indicate increasing gain constant a.
This loss is calculated for the case when collision loss and
cold circuit attenuation are present,

& S(5 + By )
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| + Bm(\3+>\DABea)S _ = O. (2-59)
S+ -

The c:omplete root locus is shown in Figure 2,4. It is noted that there is-always

one pure imaginary solution corresponding to an unattenuated mode, The growth
rate of the root in the fourth quadrant decreases \;ith hcreasing plasma wave
number and Deb-ye wavelength although as previously explained the latter effect
is minoxr,

When all loss mechanisms are present, the dispersion equation (2-56)

reduces to

S3+S (Bm+ot,,)+s [%A%#’m(li-x Beaj"'o( ﬁm(“‘)‘ )+.J O (2-60)

G';
the effects of recombinaticn being considered negligible, Rewriting (2-60)

in root locus form

BGA (H')\mﬁﬁﬂ )(S+°<°) = O), (2-60a)
S+ S*(Rent Vo) + S(Bnllo) +

! +

where the denominator, determing the points of origin of the loci, corresponds
to equation (2-68) that has already been studied. The points of convergence are
one zero at § = -a _, one zero at the origin and one zero at infinity.

The complete root locus is shown in Figure 2,5. As the plasma wave
number increases a value is reached such that all three roots have negative

real part. There exists, therefore, a maximum value for f3 qA . B2 GAM such
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Re(s) > 0 indicates
growing mode

Figure 2,4 Root locus of synchronous dominant carrier
: dispersion equation, Bq $0

Arrows indicate increasing reduced plasma
wave number B_,, Loss mechanisms considered are
diffusion and space charge,
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Re(s) > 0 indicates
growing mode,

Figure 2,5 Root locus of synchronous dominant carrier
dispersion equation
( all loss mechanisms )

Arrows indicate increasing reduced plasma wave
number B_,. Locus indicates that there exists a maxi~
mum value of ﬁlﬁ such that a growing wave exists, Loss
mechanisms considered are collision, cold circuit
attenuation, diffusion, and space charge,

Bq}i(l + J\EABGAZ)(S te)
g3+ SE(BCA +ar5) +S(B o 2o) +j

Re(s)
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that a convective instability exists for finite BC A and o,. Substitution of

S = jS, in (2-60) results in the simultaneous equations

S:’ — S [ﬁ;m(l-+kg‘ﬁ‘ 2) + ﬁ,@( (XO:I -] = O ) (2-61)

and

Sf (Bca"" D(o) — ¥, E’Qim(“‘)\bfﬁef) = 0O ) (3

for imaginary and real parts respectively. The imaginary axis crossing occurs

at

| 2 2 Y
— " o E’aﬂm('*l')lmﬁej-)- z : -63
s =3[ (Pont o) ] -

Substitution of (2-63) in (2-61) results in a cubic equation for ﬁQAM as.a
function of ( ﬁm} v o A DA fbeA ). Although a method for solving the cubic
exists29 a formula for the solution as a function of the coefficients does not.
Another technique will be used to solve for the maximum allowable carrier

density for net growth to exist.

2.8 The Effects of Carrier Recombination on the Peri_:urbed Solution of the
Dominant Carrier Dispersion Equation at Synchronism.

When the only mechanism present is carrier recombination, equation

(2-56) reduces to

2
o, e

although Pierce's coupling coefficient, “C, as defined by equation (2-54), is no
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longer pure real. It is noted that equation (2-64) has the same form as

equation (2-57), the case when only collision loss is present, It differs from
that case in that the "gain constant" ﬁRA / ﬁec is no longer pure real. The
root locus, however, has the same points of origin and convergence. The effect
of decreasing the recombination lifetime, i.e. increasing the recombination

wave number 3 , is to decrease the growth rate as shown in Figure 2, 2.

RA

2.9 Reflected Circuit Wave Perturbational Solution of the Dominant Carrier
Dispersion Equation

The system's quartic dispusion equation was found in Section 2.4. Three
forward traveling wave solutions were found as perturbations of the forward
traveling circuit: wave, The fourth solution is found as a perturbation of the
circuit wave traveling in the direction opposite to the drifting carriers. This
wave is called the reflected circuit wave and is excited by improper termination

of the slow wave circuit at the output, Therefore, let
b= - jf—S.

. The circuit admittance is approximated as

JAY _ —Z(S—Mo——j ]'\A) ‘) (2-66)
& b BiE.
B&& >2 I“o ’ IBEA >> IS’ I :

&A l>> lhA |. The perturbed dispersion equation becomes

2, \2p200""
S= 0t J"L\AJr[z—'%-ij)—ij(H)m@mﬂ ’ (2-87)

also contingent upon the conditions

and




the effects of recombination being considered negligible, The Re(s) > 0 is

expected since the wave attenuates as it travels in the negative z direction.

2.10 Conclusions

For most semiconductors, with the exception of high resistivity
germanium, the effect of the minority carrier may be neglected resulting in
the dominant carrier dispersion equation. The solutions to this equation are
two circuit and two carrier waves, a situation directly analdgous to the
vacuum traveling wave tube. A theorem was proved revealing the existence
of a convective instability (gaining carrier wave) in the presence of collision
damping and cold circuit attenuation for high resistivity semi.conductor
although the growth rate becomes vanishingly small. Root locus techniques
were found to be useful to reveal the existence of a maximum carrier density
for which a convective instability exists at synchronism., The effects
peculiar to the semiconductor decrease the growth rate and require device
operation at very low drift velocity, i.e. velocities three orders of magnitude
less than the intrinsic velocity of s.emiconductor thus necessitating the
development of a slow wave circuit with a slowing factor of approximately

one thousand.
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CHAPTER 3 - THE STUB -~ LOADED MEANDER LINE SLOW WAVf: CIRCUIT .

The purpose of this chapter is to characterize a slow wave
circuit suitable for use in studying the interaction by evaluating two
of the circuit's parameters; namely, 'lfo , the cold circuit propagation
constant, and Zn, the interaction impedance of the nth space harm.onic
as defined by equation (2—40).

Planar slow wave circuits are particularly well suited for devices
utilizing the studied interaction. Very large slowing fact'ors are required
because the maximum attainable non-saturated carrier driftlvelocity is
several orders of magnitude less than the intrinsic phcf;se velocity of
semiconductors. Fabrication by evaporation deposition ancl/or photo-
lithograph_ic etching facilitates the copstrué_:tion olf ‘circuits.yvith the
necessary dimensions. Additionally,jby selecting a high thermal con-

ductivity substrate, the circuit is able to dissipate large amounts of

power before physically deforming.

3.1 Description of the Slow Wave Circuit

The structure investigated is the stub-loaded meander line as
shown in Figure 3.1. The circuit's aspect ratio is defined as the ratio
of the interline shorting link to center line distance, a, to the half width,

b, i.e.

aspect ratio £ (3-1)

a.
b
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The metallization ratio is defined as the ratio of the interline distance,
q, to the half period, p, i.e.

metallization ratic 2 %_ . (3-2)

The thickness of the conducting tape is taken as nominally
zero. The passivation layer, or in the case of some devices the printed
circuit board, is of thickness d. A dielectric plate of thickness t is
used to obtain additional slowing.

The circuiil may be thought of as a transrlnission line in the

transverse direction and a periodic structure in the longitudinal

direction. As such, the approximate slowing factor is 2a/p.

3.2 Fletcher's Method of Analysis

While an exact electromagnetic analysis of the circuit is
desirable it is not achievable because an infinite number of modes
are required to satisfy the boundary conditions exactly. The circuit
is analyzed using an rapproximate method introduced by Fletcher 30
and later corrected and extended by Walling 31 . 'fhe boundary
conditions are expressed in terms of transmission line voltages and
currents that are calculated from the lowest order electromagnetic
fields. To solve the field problem each iiéld component is approxi-
mated by a sum of space harmonics that propagate as T.EM waves in

the plane of the line; i.e. it is assumed that the majority of the stored

energy is in the TEM components of the total field.
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1f the entire slow wave circuit is filled with a single homo-
_geneous 1 materi_al the boundary conditions are satisfied exactly by a
TEM mode, (except at the interline shorting link which is far from the
, active area of the semlconductor) where the subscript y denoteé a

- transverse direction. In the case at hand, in which there are Iseveral
_differen_t media, a unique effective intrinsic phase velocity is derived
‘by'ex_te_nding the'_w‘ork of Chen 32 and Hgddad 33 o‘nltre’iv'eling wave
maser- - structureg. -The approximate solutions found repreéeﬁt only the
lo_w-e_st order TEN'I" mode that may be excited in the cl:irc'uit}':'i.e. higher
o_rde.r mode amplitudes are considered negligible altho'L'lgI‘u: required to
precisely satisfy the boundary conditions.

The longitudinal power transfer is. calculated b.y‘ ﬁ‘:ultiplyir}g
the stored energy per unit length by the energy velocity;; -It has been
shown 34 that the energy velocity in a periodic circuit equals the
group velocity., It is notéd that this is the only method of calculat-
ing the longitudinal power transfer because the exact field céwmponents

“are not known. Since the nature of the approximatioh is to set

'EY = Hy = 0, calculation of longifudinal power transfer by t’he average

- Poynti}ig vector method would lead to the incorrect result.

3.3 Dispersion Equation of the 'Stub-Loaded Meander Line |

The voltage in the ith region of the mth transmission line is

 written as e
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(3-3)

Vi (21 4:38) =S Fmalie) e (-8

where Xy is the position of the tape, and Bn is the phase shift per

h
unit length of the nt space harmonic, given by

= [+ 20T = B4 N, (3-4)
Bo= for BT = Bor O

The phase shift between one line and its neighbor, en , is given by

On= Bp = B, + NI, (3-5)
where eo is real and Q < eog_ " .

For biperiodic circuits (circuits with two bars per period;
i.e. P= 2p) only two spacé harmonics are distinguishable at the
tapes as shown in Figure 3.2. Since the boundary conditions are
expressed only for the tape position the summation in (3—‘3) may be
terminated at n = 1. It should be emphasized that this restriction
to only two voltage space harmonics in the derivation of the‘ dispersion
equation does‘l nlo.t_prevent on= from subsequently deriving the amplitudes
of the electromagnetic field space harmonics, usirig the dispersion
equation so found, in conjunction with an approximate field theory.

Eguation (3-3) may be rewritten to reveal the assumed TEMY

mode in the three regions of the structure
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shown -For /@oP = %‘r

Figurz 3,2 Space Harmonic Relationships in a Biperlodid Clroult

Consider cos an = gosg( BO + -3-;?1" ) z . Evaluating at z =~%I§-
where M is the number of bars per period and m is the index of a

particular bar results in

cos P,z = Cos [&%—P“ + an(%).] »

which for M = 2 may take on only two independent values for a
given bar for all n .



i ' —'m@ K '
V'zf{l = (Aécos ®+A§smgo) '™, (A:w,’s'm <p+Agcoscp)eJm‘e°+“) (3.—6)

3m 9 1o " BT X )

where @ = Z“H/Aeﬂ' . The current in the mth- line is found from

the transmission line equation,

. V'Lm
Tim = JYi(6) g(p ) (3-7)

where Yi (8) is Fletcher's Admittance Function defined as

Y.(8) & Lim ) | (3-8)

im
evaluated for a wave traveling in the +y direction. Hence,

. \ _imB,
I.m = J Y, (90)(Az cos@— Aésm CP) e J
2m 2 9

Zm 3 10 A i -—'m(e+m
+le (B'I'TT)( éc;os'(P ...AE sIn (P) e jm(e;
2
3 . .

‘ n 12 o

(3-9)

The circuit boundary conditions are enumerated in table 3.1.
Imposing the condition that a non-trivial solition exists

(derivation in Appendix 2) results in the determinantal equation:

47

'tan (f{a) 'tan (f{b) X(@o) - ‘tanz (_?19_) =0 . (3-10)

)

where 'ﬁ_ = 217/)\8.[:;: and X(eo) = Y(&:VY(&:"‘“) * X(eo) !

the ratio of two real admittarices, is positive real. When the aspect
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Position Voltage | Courrent 1
Ni(me1) =Neme)| T, (1) — To (1)
\ifm) = Ve (m) |+ I (m42) = To(me2)
V, (m+l)=\/,(m+2) =0

V, (rm—l) = \{3(m+l) L(m) - I CW\)
y==a | \i{m)=Valm) |+ Ti(mn)- Is(mg—l)

Nim)=Mmr)| =0
| Lim)=0

lj:JrE | L(m+)=0

Y=+a

Table 3.\ StUlD"’\_Od.d ed Méaﬁder Ll'ﬂe
Bound ary _Cbndi‘l‘ 1DNS |
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ratio is one (a = bi there exists a solution eo_for all k; i.e. the
circuit ig all pass. For this case, the meander line without stub
loading, tan (ka) tan (kb) = tan® (ka) 2 0; precisely the co,ndition for
a solution to exist.

When the meander line is stub-loaded (a< b) the circuit is
bandpass. The cutoff regions are determined by tan (ka) tan (kb)< 0.

The cutoff frequencies are therefore

-Fca = ‘-%e—g—:—— ) (3~11a)
and 'j:cb — s ) | (3-11b)

4b

where the subscfipts a and b denote sign chang_es in the respective
tangentis.

The aispersion characteristics of a periodic circuit are not
completely represented by the most elementary solution to the dispersion
equation 35 . Sipce the circuit is symmetric ébout any plane,

z = (m+3) p, there must correspond to each solution eo » the possibility
of a reflected wave —eo . Additionally, the space harmo‘nics of this
reflected wave exist as en= —eo-l- ntt . |

To calculate the complete-dispersion characteristics. the Fletcher
Admittance Function, X(eo] ’ musi: be evaluated. Before doing this,
however, several cohclusions are summari_zed. First, the meander line,

with and without stub loading, can support both forward and backward
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v_vaves. Second, the line without stﬁb l‘oading has the l_argest bandwidth
and highest slowing factor. It has been noted by several authors

36, 37 that one may inqréase the interaction impedance of a slow

wave ciréﬁit by sacrificing slowing factor. This is indeed the case as
will be shown in section 3.8c.

3.4 Fletcher's Admittance Function

Fletcﬁer' s Admittance Function is evaluated for two diffelljent
experimental configurations. The first of these is the " cold test”
eXperiment open-fyperlow wéve circuit show'n in f‘igure 3.3. The
circuit is open -such that it may be probed to reveal the fieid con-
figuration. The second ig the "hot test” experirhent closed-type slow
wave circuit -shown in Figure 3.4, This circuit is govered and closed
to achieve additional slowipg through dielectric loading. In both of the
above it is assumed that the circuit is uniform in the y direction,
except at the shorting link; t.here_'fgre the Fletcﬁer' S Admittance
Functions of the three fegions are equal, i.e. YI ( 90) = Yz(eo)
=,Y3(eo) = Y(eo) .

Fletcher's Admittance Function if found by calculating thé

current flowing on the mth tape, Im’ when a voltage exists of the form,
Vm = A, ed’e . (3-12)

Assuming that the electric field is uniform between the tapes yields
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_ : y _,( _L)eo e
E3 = (Vm»rlij Vi) = Eoe" e e i3 ) (3-13)
X=0

where Eo = Z_I AO s (%9.)/% . It is necessary at thils point

to proceed with the development of Y(Q) for each case independently.
4 ‘

3.4a Fletcher's Admittance Function of an Open-'i‘ype Planar Slow
Wave Circuit ‘

The electric fields in the three different media are written ag

E}l = Z [Emo sinh Ry (dex) + F, costhﬁmx,!d :lx..} ] é‘j‘Pe—jﬁ,,g (3-14a)
N=-ca . cos b

sinh R,,d

o0

E = E\z Sinhﬁn(d-l-‘t-rx.) ‘Jq’ -JBng (3-14b)
¥ Z,, @D -

}
Nn=-—co

where the absolute value of ﬁxs is chosen in (3-14c) to insure that
all space harmonics decay away from the circuit and
211 \2 2 _ 3-15
Ry - [(Ef+B]+ Rg=0. (3-15)
X3 Nett . ok
The Fnio»Fer Fnez» and Fp, are the various mod‘e coefficients.

The numbered subscripts refer to the different media as illustrated in



54

Pigure 3.3. Solutions have been selected to satisfy the boundary
conditions for E, at x =~ (d +t)and x5 ,
The mode coefficients are evaluated by imposing suitable

bounciary conditions at each interface. Eqﬁating Ej,(x,: 0)) E33 (X= 0) )

and ields
EB X=0 ’
Z ( Friot Fne) éjfpe-jﬁn}= Z P G_J(Pe_jﬁ”é (3-16)
Eoe _ % -Jq) {or (m+ ’P 3’-(3( m+2_ ‘P-I-%-)
®) , otherwise .

Multiplying by e""_}ﬁ"a and integrating over the orthogonality
interval z=mptoz= (m+ 1) p results in
(met)p+3

(Fr\lo+Fn|e)P an‘P f Eo e-—J(m-\-—)QOe+Jﬁn3Cl (3-17)

(meilp~-%
Evaluating the integral yields
+ ] (m"'%xe ~60)
o= B Sofi TR,
where R is the metallization ratio q/p and Sa (x) = sin x/x the

met

" sampling function. Inspection of the exponential reveals that since



both m and n are integers

[ Yo —a)l- (s — \n 3-19
erpljmes)e el exp(jimeiamd = (1), oo
where use has been made of the relationship en = eo +2n1r .

It is noted that the relationship is different than equation (3-5)
because in evaluating the Fletcher's Admittance Function of a typical
cross section the period P equals the interline spacmg P. Therefore

ﬁnz ﬁ ot Zng = By + ZyTT . Substitution of (3 19) in (3-18)

yvields.

= ()" BaRuer | h
Fas ( |) EDRMET_SCL(_._E___ . (3-20)

The transverse electric fields are found by imposing the TEM
condition, I—Iy = 0, namely

€,

[e}% 33 |

3-21
= O ) ( )

resulting in

i [t e, oo

55
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J Z( xz)Fn?_Coshﬁxz(d +1’:+x.) eJ‘P Jﬁng .(‘3-2213)
Sinh R (d+1)

n
n= —00

=} i (IEHI)F e [k hL Xk _JBQ (o230

N=—oo

The longitudinal magnetic fields are found by dividing Ex by

the intrinsic impedance of each medium; i.e. Ha;_=— Exl fori=1,2,3,

M

yielding

JZ(ﬁxu)[ mshﬂ;,(d+x)+ﬁesanhﬁ (clﬂt)] -J(P JB} (3-23a)

(% )F cosh R,o(dst+x) "J‘Pe Je’n} (3-23b)
B, Sinh Re(d+t)

H33 = *j i (l'&m‘) e Iﬁxsl'x-e—j‘P e—J#g o (3-23 c)

Matching Ez at x = -d results in
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Fme = an_ sinh ﬁxz't cosh ﬁ,qd /anh kx:(d'l'-t) . (3-24)

Matching Ha at x=-d results in

F o= Fm(m&xz) cash Ryt smhﬁx‘d/-sin]n @m(dﬁ;). (3-25)

Tk

Simultaneously solving (3-17, 3-24, 3-25) yields

|
Fm.= Ewas‘\ﬂlﬂﬁn(df‘t)[‘s‘.h\’l f%'_t Coshﬂmd+(%%)ash%qjcsinhﬁ,€| (3-26)

Fie = Fus E+ ﬂ.%) t:"ni%;i ] , (3-27)

ke tFanh Ruat

S

The current flowing in the mJc tape in the +y direction is

mp (59

im - f (Hy-Hg)|

Py

0

2
Evaluating the magnetic fields at the tape and substituting in

Cl} . (3-29)
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(3-29) resulis in _
mp+(2H)

L= é”zmi'gﬁ""*(ﬁi“p‘n)(ﬁ.oco*h%aaﬁﬁnh@ajﬁ{i% . G-50)
Y

Performing the iﬁtegration, :

mp+ (&) S |
fe =i clg = e sin I:en(l_RMFI')/Z]
(B ~

results 1n

Im= '"Zj e"jqe“jmea i sin [Br;(l"Rmer)/Z]

Ba ' (3-32)

(3-31)

N= =00

E\E Il&ﬂ'& 1
ottt Red + Fopchrh o)

As previously defined \{(BQ) = —];!-"— which yields finally
' .

1.4

Yig,) = —Zsin(%)Z(—l)"(|~Rm) Sa

N=-—ro

. E&xal o (I+@;f%+@h&.d+mh%atﬂ _

MBa  Nibs +anhﬁla+(%§)+agnﬁ,¢

engmn S(;L(eng |-RMET)J‘ (3-33)
Z
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3.4b Fletcher's Admittance Function of a Closed - Type Planar
Slow-Wave Circuit

The development of Fletcher's Admittance Function of a closed-
type planar slow wave circuit follows essentially the same method as
in the previous section with the addition of boundary conditions to be

met at x =+ tu. The fields in the third medium are therefore modified

to -
= sinhRe(tu-%) -j9 o—jPn (3-34a)
E33 MZMF!B snh '&xz,'tu e e } 3
N BWG \§ u
o= =i, (i bt et o
and

= +J W ’3«3 - ash R (fu-x) 9 APy (3-34c)
z ® sinh Rea t u.x S .

3

=

Evaluating the magnetic field at the tape yields .

. Z _’9 F. coth Bata. eﬁ)e Jﬁ 3 (3-35)

X=0 N=-c0

which when substituted in equation (3-29) results in

Y(BQ) = -2 sin\ge) i(.q)"(l_ Ruer) 'Sa(&ﬂrﬂ Sa(en(lz-&ﬁ)

n=~-co

hocoibity . R, (|+ﬂ%)+@m+unm)
e T o bud+{igedtonh Rt /] *

(3-36)
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As -tu - 00 equation (3-36) reduces to equation (3-33) for th:e_open

type as anticipated. Since cosh x = 1.0000 to four signific’aﬁt figures
for )g>5 the circuit may be considered as esseﬁtialiy open for -ﬁxs'tu?'s .
To evaluate ]‘;“xa from equation (3-15) first requires the evaluation |

of the effective wavelength.

3.5 Effective Intrinsic Phase Velocity of Planar Slow Wave_e Qircuits
Fabricated on Stratified Media.

The intrinsic phase velocity of a medium is given by
-1

'U'F;_ £ (Qeﬁ-‘eeﬂ-‘) , (3-37)

where r(eFF is the effective intrinsic irﬁpedanqe of the stratified media
and G-.z-ﬂi is the effecti_ve‘ dielectric constant of the stratified media.
‘Without changing the ge ometry of the metallic boundaries the
stratified media ie repiaced py one homogenous medium. The effective
dielectric constant of this medium is chosen by equating the charge per

unit ler:gth on a tape in the effective case to that in the actual case;

i, e. ‘ f (QBEX3— €|E)(1) ClS

E a K=0 - (3-38)
e -
5 J(Ee—Ea)| _ dS
X=0
where fche integrations are carried out over the surface of the tape.

For the effective case

Ean = N Fra ‘anlnB_...(‘l:-l'di-x.) -qu "jBn} (3-39a)
: Z  sinh B (t+d) € e ’

n=-co
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= z Fn sinh Bn ('Lu-x.) -J‘-? —’jpng- (3_39b)
— sinh Bat. . ’

As before T = = . i
eforeF =F , = (- )" E R .. a(en e t/2) Solving for

Exa and Bxb’ evaluating at the surface, and substituting in (3-38)yields

3-40
C. €, (3-40)

where

pctblid . €, fie R
Z(—I)S"‘%‘)&PM et ;(&%ﬁfﬂ_gﬂ:&t\ (3 41)

= ﬂ=-w

Z(,|)"50_ Qn%n)sa(ﬂ'é—)) [sgn (n)+ coth Ba (t+d):|

The effective dielectric constant is a function of tape gecmetry,

the dieléctric constants ar;d the permeabilities of the various media. By
exte_nding Haddad' s technique 38 an_effective intrinsic impedance
modeling the actual casé may be obtained. This effective intrinsic
impedance is nbt_ equal to (-}"-o/ee.ﬂ-‘ )VZ as in Haddad's model. The
effec{:ive intrinsic impedance is chosen by equating the current flowing

on a tape in the effective case to that of the actual case; i.e.
-l - | ) .
-, f (rla Exa'_ 8 Exn x odg (3-42)

eff =— ‘
[ (Be—Ea| _,ds

In a similar manner,
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-1 '
Qeﬁ‘ = Cq Ns ) (3-43)

where

Reestikt,, 1 o ket
SR 8T e (el bt |

; . (3-44)
z—l)"Sa(e"g"j"‘Sa(a"(ER"’a) l:sqn‘(n)'qh coth Palt+ d)]
h=-20 '

This method avoids the difficulty of having to choose between
an effective dielectric co;}staht derived from either an equal burrént or
equal charge approximation 39 that a‘r‘e different. If 6ne wére to seek
an effective dielectric-copstant based on an equal current approxima-
tion and an effective intrinsic impedanc_e based on-an equal charge
approximation, thle .converse of th_e preceeding'de_rix}ation, one obtains
| exactly the same result; i. e. The EQH: and Pleﬁ_- éré' unique.

The effective wavelength is found from

Nege — [Vt h, — [Ca N5 . (3-45)
To evaiu_ate the reduction factor C,z /CE requires simultaneocusly
solving equatic_)ns (3—_;5, 3_-41, 3-44, 3—45)._‘ This diffidhlty may be
‘avoided by utilizing the properties of slow waves. Since the wave is
-slow, it is reasonable to assume

F- F-¢y

Ness

(3-46)

=
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Equation (3-15) therefore becomes
R )
XL At n (3-47)

thus allowing the direct e'valuation of equations (3-41, 3—4'4, and
3-4I5).

The ratio of effective to intrinsic wavelength, )\eH; /)\3 is
plotted in Figure 3.5 for the case €= €3 = |0 €, Wwiththe
geometrical dimension stated in the figure. It is seen that the effective
wavelength decreases monotonically with eo . Physically this may
be interpreted in the following manner. At higher eo the fields decay
awa'y from the tape more rapidly with more of the eriergy being stored
in the high dielectric constant medium 3. It is noted that the metalla-
tion ratio has little if any effect in‘determining )\e{:_? / )\3 .

The effects of increasing the dielectric plate thicknesé» to period ratio
are shown in Figure 3.5. Increasihg the plate thickness increases the

effective wavelength.

3.6 Evaluation of Fletcher's Admittance Function

Fletcher s Admittance Function, ( ) is plotted in Figure 3. 6
for the case 6 = €3 lOé » With the geometrical dimensions
stated in the figure. The me’gallization ratio, Rmet’ markedly effects

Bo) ) Y(Bo) - decreasing with__ipcér_easing Rmet as anticipated., It is

also noted that Y(Bo) increases monotonically with eo .
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0 (radians)

Figure 3 5 Effective Wavelength.
lj=37.5 mils; 1=125 mils, #,—»0)
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Figure Fletcher's Admittance Function.
(d=62.5 mils; =125 mils; 1,—>)
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X(@o) == Y(ea)/Y(Ba-!-TT) Vs, eo . is plotted in

Figure 3.7 for the above case; It is noted that X(eo) is independent

of Rm ot

ot Hence the dispersion equation is independent of Rm .

3.7 Solution of the Determinantal Equation

The methods for evaluating the parameters of the determinantal
equation have been discussed in the previous sections. The interval-
halving method 40 is particularly well suited for solving the determi-
nantal equation because convergence to a solution within one degree is
assured in eight iterations.

The solutions to the determinantal equation so found are plotted
in Figure 3.8 for several aspect ratios, afb. It is noted that increasing
the aspect ratio décreases the phase velocity, the slope of a radius

vector to a point on the curve, for a given frequency. Near cutoff,
)\eff = AH, y Or alternately, S:c-:' Veﬁ-‘/q'b » the group velocity (the

slope of the curve) is non-zero. This error occurs because the assump-
tion of uniform inter-tape electric field is not valid at high phase shift

per unit length.

3.8 Interaction Impedance of the Stub-ILoaded Meander Line

The interaction iﬁlpedance, zn’ of the nth'space' harmonic of

the I_c)ngitudina_l electric field is defined by equation (2-40)

2
Zn a |E3n l : (2-40)
2P
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where P is the power flowing along.the line. As previously sfated, the
power flowing along tt.i;a ‘line is found by multiplying the stored energy
per unit length by the group velocity. Hence, thel evaluation of the
interactic)n- impedanée additionally req_uirés the .calcul.ation of the stored
energy per unit 1éngth of a planar tape slow wave circuit and the cal-

culatipn of the space harmonic amplit udes,

3.8a) Stored Energy per Period of a Planar Tape Slow Wave Circuit

Consider the power flowing in the transverse direction along the

th
m  tape, ,

Y= JZ—‘VM];T = %_—VMY(GQ)V:: = Wsm Ve = Wsm Vg (3-48)

Hence, the time average energy stored per unit transverse length on one

tape, Wsm’ is

Wep = Y(eo)VmVr:f . (3-49)
2,

Of interest ig the total average stored energy for one tape, WSM ’

-where

3 iz
IW Y, (8 _
Wow= D" 5 [ ViV s oo
j .ﬂ' i

L=

For-the line under consideration,
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-jm8, _im(ey
\/-Lm= (A-ucosq)+ ALzSinCP)e_J - (AiasinQ+Az4ccsq)) eJm@e ‘.") (3-51)

It is shown in the second appendix that Vu-nV:.:- is indepen-

dent of m and is given by

VOV = codq AN - Fo AN i (A FoAR) -5

u
J
where S‘Ls and '?M- are pure imaginary relational coefficients that

are known functions of line geometry and phase shift per unit length.

~\
As required \{\J{ > O . Defining

C.L{ é AL; A-ﬁ (‘ - %f-ﬁi) J | (3-53a)

AuAt(&f—-?é) , (3-53b)

[l

Ciz

where A
‘&-b £ _’5_':2_ ; (3-54)
A .
results in
3 @iz
Ml = \nl Y'I.{eo! 2 .2 -
WSM" Ws = Z 20 E! (Cucoscp +CizSin C{’) dg, (3-55)
=3 i1 '

Since the circuit is biperiodic, the stored energy per period Ws'r
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equals twice the stored energy per tape. Evaluating (3-55) vields

Wsr Z _L_[ (CLﬁC.;_X(Pu CP;.)—\-( mesmz%p-sm@uﬂ (3-56)

L=t
The stored energy per period, Ws-\- » is plotted vs. _e° for the case

E‘Z — 63 -— |Oe‘ » in Figure 3.9 for severlal different aspect
ratios a/b. The stored energy per period is seen to decrease with
increasing aspect ratio or phase shift per unit length and hence with

increasing frequency.

3.8b Stub-Loaded Meander Line Space Harmonic Amplitudes

Assuming that the intertape electric field is uniform results in

Eb = _'I:( Hm+1 Vlm) ] | (3-57)
%

Substitution of equation (3-6) in (3-57) yields

- -J("‘“l)e [2 Asm(_g_)] e.l('“&)(eoﬁ‘)[sz"st—J] (3-58)
f" | %
Expanding in Fourier Series form,

C o= N Ry " (3-59)
Eg Z E}nlﬁ ,

n=-—oo

A=0
Y=o

Eq o=

such that

Fp = 08 Irg@engued,
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Figure 3.9 Stored Energy per Period vs. 6.

(d=62.5 mils; t=125 mils; t,—» %)
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where Gi(8,) 2 sin(%) Sa(QnZRMrr) ) (3-61a)

and

g 4(90) =X Sin (-6-9%'1[) Sa [(60+(?.n1-1)w)8£_4_5‘_ﬂ . ‘(3-61b)

It is noted that 8. (BD) and %4_(90) are real while A; and A4 are
in general complex. As a consequence of the properties of the
relational coefficients, ‘5_': s the space harmonic amplitudes are

found to be

|E5n|2= %E AA [%'2(60) — {é-&f?‘f(ea)] . (3-62)

3.8c Ewvaluation of Interaction Impedance

The interaction impedance is evaluated from equations (2-24),
(3~48), (3-56), and (3-62) at the surface of the tape. The interaction
impedance, Zn’ is plotted vs. eo for the case 62 = 63 = \0 e_‘ s
in ?igure 3.10 for _several different aspect ratios _q-_.. . It is seen that
2  decreases monotonically over five orders of magnitude for Q¢ eo
< Tr for all aspect ratios. As anticipated decreasing the aspect ratio
increases the interaction impedance. When compéred with_ Figure 3.8

it is seen that the increase in interaction impedance is unfortunately

accompanied by an increase in phase velocity.
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° ‘ 8, (radions)

Figure3. 10 Interaction Impedance vs, 8.

(d=62.5 mils; t=125 mils; ¢, %)
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3.9 Conclusions

A slow wave circuit suitable for use in experimentally study-
ing the interaction between drifting carriers in a semiconductor énd
slow electromagnetic waveé has been investigated. The dispersion
characteristics and interaction impedance of this planar type slow
wave circuit, the'stub_ loaded meander line, have been obtained using
a modification of Fletcher's method of analysis. The unique effective
intrinsic phase velocity of this circuit fabricated on stratified media
has been derived.

Examination of the stub loaded meander line analysis, keeping
in mind the required circuit construction technology, reveals that a
minimum phase velocity of IOqc,m/sec. is possible with
dielectric materials having ér‘: 25 . Lower veloc_lities will be
attainable by utilizing higher permittivity matéi"ials, when they be-
come available, and by improving. the photolithographic ”t.echnology.
Interaction _impedapces greater than one hundred ohms are anticipated

because of the very low group velocity.
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GHAPTER FOUR - THE STUB LOADED MEANDER LINE SLOW WAVE
CIRCUIT - MEASUREMENTS

7 ‘The purpose of this chapter is to synopsize the methods avail-
able to measure two parameters characterizing the stub loaded meander
line; namely, the cold circuit propagation constant, Ko , and the
interaction impedance c?f the nth space harmonic, Zn' The design and
instrumentation of experiments will be discussed al.md results will be
compared to the theoretically predicted values as developed in chapter

three.

4.1 Measurement of the Cold Circuit Propagation Constant

The measurement of the real part of the propagation constant,
(Xo , 1s accomplished by terminating the circuit with its character~
istic impedance and determining its insertion loss, a_nd will therefore
not be discussed further; The measurement of ﬁo is more difficult
and leads directly to @ knowledge of the circuit phase and gfoup
veloéities; ie. Vg = w/Po, and Vg = w/3p,

There are three common techniques for measuring E’o . The
first and simpleét is to construct a resonant section of thé circuit N
periods long 41 by placing electric field shorts [or opens] at planes
of mirror symmetry. The circuit is then weakly coupled at both ends
(to maintain high-Q for the resonant cavity) and transmission measure~
ments through the cavity are made while varying the excitation fre-

quency.
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The points of relative maximum transmission occur when the cavity is
resonant, a condition cotresponding to the cavity being an integral

number of half wavelengths long. The equation for ﬁo is found to be

8, = AT, | (&1
NP
where n is the resonance index (n=1,2,3, ... N-1), and P is the
period of the circuit, |

In practice there are. three major difficulties in utilizing this
method. First, to minimize end effects, i. . non - perfect short
and/or placement at planes of non - mirror symmetry, a large number
of sections should be chosen. Second, the index of a resonanée has
to be determined by field probing and /or'by the sequential observation
of all resonances. Third, the resonances must be sharp and -distinct.
This latter requirement may be achieved only when low loss circuits
with sufficiently high unloaded Qo may be constructed. Additionally,
coupliﬁg to the cavity has to be weak to insure that external loading
does not lower the unloaded Qo.

For the high slowing factor circuits under consideration dis-
tinct resonances were obtainable only when the geometric slowing
factors were less than twenty-five. Experiments were conducted on
a circuit with aspect ratio = 0.5, line width = 250 mils and circuit
width = 5000 mils, constructed on a 500 mii thick styrofoam slab, as’

shown in Figure 4-1. The input and output couplers were empirically
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desighed to give sharp resonances with adequate output level. Distinct
resonances were obt'ailnalsle onlfr at frequencies below 150 MHz. Thus
’limiting the maximu'nf measureable Bo. The results of this experiment
are shown in Figure 4-2, TheAresonance indices were obtained by the
observation of successive resonances. It is seen that there is good
agreement between the ‘experimental and theoretical curve for the fre-
quency range covered.

The second technique for measuring Bo is to employ time
domain reflectometer techniques to measure the "effective distancé "
between obstacles on the circuit. Unfortunately, this method does
not correspond to single frequency excitation and requires involved
techniques 42 (too involved in this case to justify their performance)

to find Bo (w). It does however reveal the existence of either "slow"

or "fast" waves along tﬁe circuit. In one test, perf ormed on a circuit
with line width = 25 mils and circuit width = 10,000 mils, an .obstacle
one iﬁch f;om the sourcé appeared ten meters away on the time domain |
reflectometer indicating a slowing of approx%mately four hundred.
(Note: 2 a/p in fhis case is four hundred.)

The third tech_nique forl measuring BO is to probe the field of
the slow wave circuit that is terminated by a short c¢ircuit. The re-
flected wave interfers with the incident field to form a standing wave
pattern even in the presence of moderate attenuation due to circuit

loss; the distance between successive minima or maxima being
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)‘3 /2 g This technique may be instrumented by either a movable probe

or movable short 43, 44

.» For the case at hand it was simpler to con-
struct the movable probe technique. |

The circuit assembled for test is shown in Figure 4-3 and
consists of a HP model 809B slotted line carriage modified to accept
a specially designed probe. The probe is a magnetic field loop
approximately 1000 mills-square cross sectional area and 40 mils thick
as shown in Figure 4-4. The. maximum sensitivity direction could be
changed by rotating.. the supporting jig.. The circuit has aspect ratio
= 1.0, line width = 25 mils, and circuit width = 10,000 mils. The circuit
board is photolithographicall? etched REXOLITE 2200, 62.5 r'nils thick
with 1 oz. copper one side and a relative dielectric constant of 2.53.
It is mounted above a 125 mils dielectric pl'ate, Custom Matérials Hi-
K 707, with relative dielectric constant 25.0 to give additional non-
geometric slowing. This experimenlt therefore also tests the theory
devel_c;ped for calculating the effective intrinsic velocilty of layered
media chapter 3, section 3.5.'

Field plots obtained at various frequencies are shown in
Figure 4-5. The probe was oriented to detect Hz at the center of the
circuit. This data is processed to obtain wavelength vs. excitation
frequency, Figure 4-6, and phase shift per un_it length vs. frequency,
Figure 4-7. At low frequency the agreemen‘t between .experimer_lt and

theory is good. At higher frequency the forward mode is not excited,
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the detected field being atiributable to the excitation of then = + 1
backward mode. This is 'unavoidable since no precaution was taken
in this experiment regarding the relative amplitudes of mode excitation,
Even at lower frequencies the field patterns reveal the existence of
other mo‘des. The effect of having two nearly equal wavelength modes
propagating on a loss less circuit is shown in Figure 4-8, The result-
ant field pattern is most similar to the experimental plot taken at 250
MHz, the point at which the two modes have nearly equal wavelength.
The discrepancy between the predicted and measured backward
mode at higher frequency is c;’:tused by tﬁe uniform electric field assump-
tion used in calculating )\eﬂ: and \((Bo) This assumption is poorest
at large eo necessary to produce the small el = — 9°+11' .
The zero transverse magnetic field assgmption TEMy, (or
IH.jlz O ) was tested using the same expe;'imental apparatus. The
probe was rotated 900 to make the y directlon sensitivity maximum.
The Various plots were repeated for different transverse positions. It '
was found that the magnitude of I-Iy was greater than 60 db down from
the magnitude of Hz at all positions (except directly over the interline

shorting link) and frequencies tested thus confirming the intuitive

assumption made in the theoretical analysis.

4.2 Empirical Matching Techniques

Two experiments.were performed in an attempt to improve the
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(a) wave'number one - cos wt

[

(b) wave number two - cos kwt , k= 0.9

(c) wave number one + two ~ 0.5 ( cos wt + cos kut }
(d) detected field - | 0.5 ( cos wt + cos kut ) |

Figure 4.8 Standiﬁg Wave Pattern for Double Mode Excitation
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input VSWR and to favor the excitation of the forward wave at higher
frequencies. The idea béhind these experiments was to excite more
than one line and to adjust the relative phases such that the proper

Bo for a given () was attained. The two configurations tried are shown
in Figure 4-9. The resulis of these experiments were disappointing
since there was no appreciable improvement in the forward wave

excitation.

4.3 Measurement of Interaction Impedance

th
The interaction impedance of the n space harmonic was defined
. a 2 2 '
in chapter two as zn = | E}n\ Zﬁn P  and may be rewritten

as

; _ i
2= (] &) (ES) (4-2)
2Biv J\ E2 )\ W |

where W is the time average stored energy per unit length. The direct
measurement of Zn involves _determing; the above three quantities by_ ’
cavity perturbation techniques 45 . The first quantity is evaluated
from the measurement of the cold circuit propagation constant as pre-
viously outlined whereas the second and third are found by perturbing
the resonant frequency of a cavity formed from the slow wave circuit.

It has been shown 46 that the relative change in resonant frequency

is given by
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fo _ - L(FEEE)ar

w, T ZNLW ) (4-3a)
which for a small metallic circular bead reduces to
Y |
fw _ —36&T [ES (4-3b)
Wa, - ZNL W

where T is the volume _of the volume of Vthe bead and Ea ig the
unperturbed electric field at the position of the bead. A blot of

E, (‘b) maylthus be obtained from which -E-"_z and |E;nlz are found

by Fourier analysis. As previously mentioned, however, any cavity
techniqué depends upon the ability to obtain sharp distinct resonances.
For the circuits beiné studied sufficiently sharp resonances were not
' obtaipable due to 1a1_-ge circuit loss. It was not pos siblé, therefore,

to measure the interaction ir_nﬁedance by this method,

- There 1s, however, another technique for measuring i_ﬁteraction
impecignce that has been employed for high slowi ng factor circuits 47‘. |
This technique.Vessemtiallyr a substitution method. consists 61" construct-
ing a variable ldw voltage vacuum traveling wave tube wi;ch a control-
lable beam cross secFion. Gain frequency measurements are taken with
a standard (e. g. a helix) and then the text -circuit. The intéraction

impedance of the test circuit may then be calculated from the gain-fre-

quency measurements.



92

This latter method is both costly and time consuﬁing. It was
felt that since the gain varies approximately as vas » and the cal-;
culated values and .freqqency dependence were within reasonably
expected values of known structures (e.g. the helix) that this experi-

ment was unwarranted. It was therefore not undertaken.
4.4 Conclusions

The_theoretically pradicted dispersion characteristics of the
stub~loaded meander line wére experimentally verified with good
agreement. The required slowing factors for studyi ng the interaction
between slow electromagnetic waves and drifting carrieré in a
semicon&.uctor are marginally obtainable for the fundamental space
harmonic.

Difficulties encountered in obtaining distinct resonances,
due to circuit loss, prevénted the measurement of the interaction
impedance by a perturbation of reéonant frequency technique, Dis-
crepancy between experiment' and theory at high phase shift per unit
length indidicates the need for higher order field approximlation.
Techniques invéstigated for the preferential excitation of the forward
wave have proved unsatisfactory and thus limit the excitation fre-
quency to approximately one third the cutoff frequency; i.e. the

forward wave is excited strongly for -S: < ;Fc. = Ue{.t; ’
3 12b



93

CHAPTER FIVE - TOPICS PRELIMINARY TO THE CALCULATION OF

IHE GAIN OF DEVICES UTJLIZING THE INTERACTION

'BETWEEN 5 ELE E S
DRIFTING CARRIERS IN A SEMICONDUCTOR

The purpose of this chapter is the consideration of topics preliminary to
the caleulation of the gain of devices utilizing the interaction between slow
electromagnetic waves éﬁd drifting carriers in a semiconductor,

As the mean carrier velocity is varied to calculate the gain-voltage
characteristics, the perturbational assumption |h| <<|pe| is very often not
satisfied. The range of validity of the perturbational solution of the dominant
carrier dispersion equation will be extended to include highly asynchronous
operation, The simultaneous interaction with more thah one space harmonic is
investigated using this solution,

The calculation of the gain of a device requires the knowledge of the ex-
citation amplitudes and phéses of: the various modes as well as their growth rates.
The effects of collisions and space charge on the modal excitations are determined,

The development of a growing mode criterion allowing one to deterr'r&ne
the existence of a convective instability without having to calculate its growth
rate is of interest. An expression for the maximum allowable carrier density
for which a convective instability exists is found as a function of the device

parameters using the analytic theoxy of continued fractions.

5.1 Asynchronous Perturbational Solution of the Dominant Carrier Dispersion
Equation, .

The dominant carrier dispersion equation, (2-48), is developed in the

second chapter. Substitution of equations (2-50, 2-51) into (2-48) without using
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the condition | hy] <« |Beal resultsin
5%+ (ﬁm+ Beat 0(04-‘]}“)5" + [(&mi-ﬁm)(% +Jha) + Bm ﬁm
+ Ban (1 + Ao Bea )] S+ [Bmﬁmﬁ-ﬁ@,\ (I+)\mﬁeﬁ,)] (5-1)
[(x +jha] + JPlhy) =

where P(h, ) is a synchrenization function defined as

PU"A) = 2 (l'i'hAC) — Z (y‘f_) . (5-2)
(2+h,¢) (l-l- —:y-"-‘ﬁ-)

P

and is plotted in Figure 5,1. For the synchronous case, voa

=¥, (or hy =0),

P(hy) = 1 and equation (5-1) reduces to (2-53). The synchronization function has

v i .
a pole at ;9*'& = ~]1 that does not coxrespond to any physical condition but rather
p

is a result of the perturbational assumption \S- |-¢< | &,‘ not being met,
Of interest is the :i.;‘lteraction with space harmonics of the circuit wave.
As the drift velocity is decreased from synchronism with the fundamental mode
a point is f_eached where interaction with a space harmonic is possible, Since
the interaction impedance of the space harmonic is smaller than the fundamental

mode interaction impedance, the overall space harmonic growth rate will be

smaller (if growth at all occurs). The growth zate vs, drift velocity is
plotted in Figure 5.2 as the drift velocity is varied such that interaction

with the first two space harmonics occurs. It is noted that in obtaining
the above results a linearizing assufnption was made; i e., it was assumed
that the interaction with the nth space harmonic. occurs independently of the

interaction with the (n+1)th space harmonic. This is justified
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since the synchronization function is much smaller than one thus reducing the

nth space harmonic growth rate when v

oA is in near synchronism with the

(n+1)th space harmonic.

5.2 Growing Mode Criteria

It is useful to determine the necessary and sufficient conditions for a
convective instability {growing mode) to occur. This is done by applying several
theorems £rom the analytic theory of continued £ractions to the problem at
hand.

Consider the polynomial
n n-1| h-2
Pa) = 24 S2 e ST e e B, e
where the complex coefficients are

Sk = Pt %

The alternant of P(Z) is defined as

(5-4)

(5-5)

, -1, n-2 n-
Qz)= p27+ 19,277 p2" 0

In general, the quotient of QAZ) y. a J-fraction expansion of the form

P(Z)
P(zz)=cz+1+k +1 = 1 (5-6)
1 17 m g al ob e
czz+kz+csz+k3+.
.. 1
'+(:nz+kn

called the test fraction of P(Z). The coefficients of the test f£raction, Cp

and kp, are listed in Table 5,1 as functions of py and qy for the casen = 3 and

may in general be found by an algorithm48. Stating a theorem due to Wall49
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_ Qs
[Cl.. (Qoy_olu - Qoo = Coy alz) 1 aouaf?_ :|

Co

. 2 . |
C"b == a“ a\3 + Qolaual?’_ aOD Ql?.al3 - Qo3all]
C2 Gu®

. Eﬁ[ Qi+ C;_ Eall (ao[0|3 "'003 ll) - aﬁca'IZQIBJ :I
Ci-ll ( olo‘z.au —"Qoo Gt3 -—ao.am) + aog ali

where  Oeo= |
ao;.=cj%| Qn= ‘Pl
Qoz = P2 Qiz = \J%ﬂ-
Qpz = ‘:\%5 Qi3 = P=

Table 5.1

Coefficients of the Test Fraction of P(2Z)

Theorem: IE£ P( Z) has a test fraction in which m of the
Cp are negative and (n-m) of the CP are positive, then m
of the roots of P(Z) = 0 have positive real part and ( n-m)
have negative real part.
Therefore, the growing mode criterion is that there exist at least one negative

Cp in the test fraction expansion of the dispersion equation.
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5.3 Dominant Carrier Growing Mode Critexion

The growing mode criterion for the dominant carrier dispersion equation
is too involved to study by hand; rather, several simpler cases will be studied.
The first example, a trivial one that is presented in the second chapter,
illustrates the method used. Consider the case when recombination lifetime
is arbitrarily large, cold circuit attenuation is zero and the interaction is

synchronous. Under these conditions equation (5-1) reduces to
3 2 = 2 2 R (5_7)
S”+ BC_AS + B@A(I"')\M)&eﬂ)s +J:=O .

The coefficients of the test fraction are calculated to be

- -8:
C| — ﬁcp\ (5-8a)

C'Q e ﬁ(_; ) (5-8b)

O BE (1 Nk )

Co =— B 1+ 2284 )° . (5-8c)

Pea

Inspection of the coefficients reveals that since By, Bth kb A° and ﬁék

are all positive real, two of the coefficients are always positive and the third
is always negative, It is therefore concluded that for all possible values of
the coefficients of equation (5-7) there are two roots with negative real part
and one with positive real part as shown in Figure 2,5, fora, = 0.

The next case considered is that of the high resistivity semiconductor

in which recombination lifetime is negligible, Under these conditions
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equation (5-1) reduces to
$*+ (Peat o+ jhy )"+ Bea(6+jha)s + jP(ha)= 0. ©9

The coefficients of the test fraction are calculated to be

= ( ﬁCA + “o)ﬂ‘ (5-10a)
C, = Bea + o(c. )
ﬁ‘A 0(0[] -f' QA-I'D( :, (5-10b)
and
2
_ 6CA o [I’TA -+ (E?cﬁ + Xp )ZJ
(5-10c)

P( 1’\‘r>()C.z_r( BCA-F b o) [Bcalﬂn - P( L‘“)CZ:]

Inspection of the coefficients reveals that two of the roots always have

negative real part and the third can have positive real part, if and only if

P(ha)Co > B ha (5-11)

Since maximum gain is anticipated near synchronism it is reascnable to assume

that “‘A\ &< | ﬁm-l- oo which allows C; to be approximated as

C ~ ﬁcé. + KXo (5-12)
BC& Ko

resulting in the growing mode criterion
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_h_ﬁ__ < Bea + oo ‘ (5-13)
Pha) — B,

Below synchronism, hA< 0, the condition is satisfied subject to the above

approximation since P(hy) == 1; however, above synchronism, h, > 0, the
condition is very severe and limits the maximum mean drift velocity for which
a growing mode may exist to slightly above synchronism.

The last case considered is that of a semiconductor with negligible
recombination lifetime operating under synchronous conditions, Egquation (5-1)

becomes

-] 2 ‘
S + (Bt )5 + [ﬁCA% P (1402 Pef\ )]S + o(OB:A(H Aoafer) += 0 (519
The coefficients of the test fraction are calculated to be

-1

¢, = (BCA'I'O(o) 5 (5-152)

(‘_2 = Bea+ 0o

Pen 0o+ Beatkot P (1+AaPE)] : (5-15%)

and

oo — P Bndot BnCNap)] o
> obfPanCteNba)[or Beaot Ban(Xoafia)] = Ca (Boxt o)

Inspection of the coefficients reveals that only C; may be negative under the

condition
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o B (102, B2 Yo Bt B (0] — Bt < © . -9

2
Equation (5-16) relates the maximum carrier density, 6GAM , for a growing
mode to exist under synchronous conditions to the other semiconductor and

circuit parameters, For most semiconductors and circuits

IB;\' SS \ 2 + &A%\ , (5-17)

thus allowing equation (5-16) to be rewritten approximately as

v Bci BG(Z — (ﬁm-%' Xo )2 < O (5-18)

resulting in

-

ﬁ . (BCA + o<t:o)2
{AM = beﬁfxo (5-19)

Since maximum gain generally does not occur at synchronism equation (5-19)
fnay be interpreted as giving an order of magnitude approximation for the
maximum carrier density for a growing mode to exist,

Although only simplified cases have been presented, the general case

may be calculated on the digital computer.

5.4 Excitation Matrix

In addition to knowing the exponential behavior of all the traveling
waves one raust know the excitation amplitudes and phases to be able to calculate

the RF output, The RF amplitudes and phase of ‘these waves are determined by
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boundary conditions at the inputj the output being considered perfe;tly
terminated thus not exciting reflected waves. Most frequently these
boundary conditions are: the sum of the electric field traveling waves
at the input equals the applied electric field, there exist no RF current
modulation at the input, and there exist no RF velocity modulation at

the input. These conditions are

i EL = Eaarrh'e.ol 3 (5-20a)
=1

n
— (5-20b)
S aso

=1
R {5-20c)
\JL - C> .
1=1

and n
Since strong interaction occurs with only one space harmonic (linearized
model) and assuming that the circuit is properly terminated thus not ex-
citing a reflected wave allows y} to be taken as three.

Each of the Ji and Vi may be expressed as functions of si and Ei'
From the electronic admittance of the dominant carrier case it is found

that neglecting recombination lifetime

T = jwe B,
Si(Si+ Pn) + Pan (V+Aoafid)

Reducing equation (2-35) to the dominant carrier case results in

. (5-21)

(5-22)

\, = s & Ei
Noa [ ¢ (Sitfen)* Ban( 1+ donfi )]
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The boundary condition equations (5-20) may be rewritten as
/ I \ | v E.\ /Er)
[5.(5.+Bm)+ﬁ,.] 5 (&+f3m)+ﬁf] [5( S%.)Jrﬁf; E
b 5680 T Sont] GehA] B lof

i
O

(5-23)

where

2 a 6@”\ ( “_k ﬁe;) (5-24)

5.4a Low Density Excitation Matrix

At low density, e.g., high resistivity semiconductor, such that

| 87| << |5, (5,4 Bea) | » 0o excitation matrix seduces vo
/ ‘ N T
S [S, G+ ﬁca)]-l [Sz(SzfﬁA)]_l [&(g;ﬁtﬂ)]-l (5-25)
| Gl Gorha! (SRl

Since each column of the matrix is a function of a single variable the

determinant of the matrix may be written as

IE-M-|= (Su’§3)(gz—ga)(g3-.-g|) , (5-26)
8555 (S Pea)(Setfen ) (Sst Pen)
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Letting )Lifé 5}' and solving equations (5-23) for this case results

in

L= %iXe(1r%fa) Eap (5-27)
(g (- )
for cyclic interchange of 1, j, k =1, 2, 3. E. G., consider the well
known synchronous lossless case for which the roots of the dispersion
equation (2-49) are I, = -I-'J ) S = 0,5 (\ré _(J ) )
and Ss=-0,5(J3+J) . Substitution in equation (5-27) yields

E.|= E, = Ez = -é— E“-PP 5 | (5-28)

i.e., the three traveling waves are excited equally and in-phase.

The solutions to the boundary condition equations (5-25} are not
in general expressible in simple algebraic form as is the collisionless
case result; equation (5-27). The effects of collision on the excitation
amplitudes and phases have been determined by digital computer solution
of equations (5-25) by Cramer's rule for a wide range of the parameters
ﬁhqq and 0(0 . These results are plotted in Figures 5.3 and 5.4 for the
synchronous case. The three waves are denoted by encircled numbers, one
referring to the gaining wave, two refe?ring to the slightly attenuating
wave, and three referring to the strongly attenuating wave. At low col-
lision frequency (the inertia dominated limit), 1°g\o{:ﬁ£A ) = -5, each
wave is equally excited, 1/3 E app, and they are in phase. As the cold
circuit attenuation increases there is a slight difference in amplitude
even at low ﬁ“ . Increasing the collision wave number to 10° results
in increased excitation of the géining wave (one) and the circuit wave
(two) while the strongly attenuating wave (three) is not excited. There

is a wide range of collision frequencies for which the growing wave is
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excited with larger amplitude, approximately 0.5 Eapp, than in the

collisionless case, approximately 0.33 Eapp. In the collision dominated

limit, log > {&h ) > G , only the circuit wave is strongly excited.
Study of asynchronous cases results in very much the same format and

is therefore not presented.

5.4b High Density Excitation Matrix

At high density, low resistivity semiconductor, such that |B|_2,

> I S'L (FL -{-BQA)I the excitation matrix reduces to

I I l

~2. -2 -2 . -
f-”:. B:_ 51. . (5-29)

sB0 SpT &AT

E.M,

If

where because of the approximation made the determinant of the excitation
matrix is non-zero, i.e., row two of the matrix is not identically but
rather approximately a multiple of row one. The magnitude of the strong-
ly attenuating root (three) usually far exceeds the magnitude of either
the gaining wave root or the slightly attenuating wave, resulting in the
amplitudes of one and two far exceeding the amplitude of three. Equation
(5-29) therefore reduces to the 2x2 matrix yielding EE| = Ej = 1/2 Eapp,
all in phase. This behavior is very similar to the low density case where

the collision wave number is in the range 10l to 105.

5.5 Conclusion

The range of validity of the perturbational solution to the dominant
carrier dispersion equation was extended to include highly asynchronous

operation. Topics from the analytic theory of continued fractions were
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reviewed and used to derive a growing mode criterion for several simpli-
fied cases indicating that high resistivity materials (resistivity
dependent on collision frequency and cold circuit attenuation) should be
studied numerically. The effects of collisions, cold circuit attenuation
and carrier number density on the relative excitations of the traveling
waves were studied revealing the necessity of not making the collision
dominated assumption. For high resistivity materials it was shown that
the modal excitation is predominantly determined by the collision fre-
quency. For 16w resistivity materials the strongly attenuating mode is
not excited while the growing and slightly attenuating modes are equally
excited in phase.

Having considered these topics the numerical evaluation of device

gain may now be undertaken.
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CHAPTER SIX - NUMERICAL EVALUATION OF THE GAIN OF DEVICES UTILIZING THE
INTERACTION BETWEEN SLOW ELECTROMAGNETIC WAVES AND DRIFTING
CARRIERS IN A SEMICONDUCTOR

The purpose of this chapter is to outline numerical methods used in
studying the interaction between slow electromagnetic waves and drifting
carriers in semiconductors, present numerical results and compare them

) . . 50 51 52
with the analysis of Sumi ', Zotter ", and Vural and Steele . Numer-
ical results will be compared with a recent experiment performed by
Sumi 53 using Indium Antimonide at liquid nitrogen temperature.
A new numerical method, based upon the analytic theory of continued

fractions, will be developed to circumvent difficulties encountered with

roundoff error in present methods.

6.1 Numerical Methods

Equations developed in the previous. chapters were solved by digital
computer as outlined in Figure 6.1, a flow chart of the programs used.
The detailed programs are listed in Appendix Three. The program is divided
into three main sections; evaluation of slow wave circuit dispersion char-
acteristics, evaluation of the dominant carrier dispersion equation coeffi-
cients from both semiconductor data and circuit dimension, and calculation
of device gain vs. frequency and mean carrier velocity.

The determinantal slow wave circuit dispersion equation (3-10) is
solved using the interval halving method, It is known that the solution,

if it exists, must be bounded by 0+ andT[-therefore, a trial value equal
i1

( 2

series expression for x(eTEST) decrease as fast as Sa* (x) forty temms were

) is tested as a possible solution to (3-10}. Since the terms in the
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required to insure correct evaluation of x(eTEST) to eight significant

figures. The function f(k,ﬁTEST) = 'L‘an ('ﬁ\q)-kan(vkb))((e_'m) _-}a}-'(a:s'l)

was tested to determine its sign. Two points were then selected, either

8; =0 and 92_2-' eTgsT or el= eTESTG!d 6,_=TT'- , such that
-?(ﬁle|)-f(§)92)<o. The process was then repeated eight times until eo

was known within one degree. This process required 2.6 seconds of machine

4(‘&:9!)_{(&)92 -he I1BM 360/50. The effective dielectric constant, effective
intrinsic impedance, and the effective intrinsic velocity were then evalué-
ted at eo'

The coefficients of the dominant carrier dispersion equation were
then evaluated. The phase velocity, group velocity, frequency, stored
energy per period and the interaction impedance were calculated utilizing
the results of the first part of the program. Data regarding the semi-
conductor was read and used to calculate the remaining coefficients.

For each data point the density was checked to insure fluid behavior;
i.e. the slow wavelength was compared to the Debye wavelength. The roots
of the dominant carrier dispersion equation were calculated using Cardan's
method due to Tartaglia 54. It was necessary to rewrite this method to
avoid excessive roundoff error. The roots were then ordered by descending
real parts and used to evaluate the elements of the excitation matrix.

The amplitude and phase of excitation of each wave were calculated and used
to compute the overall device gain which was printed in table form.

Modifications of the above program were written to allow the computa-
tion of individual sections of the main program. The results of such a

program are presented in the next section.
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6.2 Numerical Solutions of the Perturbed Dominant Carriers Dispersion

Eguation

Equation {2-55) was solved as outlined above. The results are pre-

sented graphically in Figures 6.2a and 6.2b. It is seen that the effects
of space charge and cold circuit attenuation are to appreciably reduce
the overall growth rate. When the carrier velocity is optimized the
growth rate increases as shown in Figures 6.3a. b amd ¢ while maintaining
basically the same behavior. It is seen that in the collision dominated

limit the optimum velocity is near synchronism.

6.3 A Numerical Example

The usefulness of the growing mode criteria is demonstrated by the
following numerical example. Consider the following device; 10\2 collisions/
second, 10db/sec cold circuit attenuation, 10 cm/sec phase velocity, 1 ohm
interaction impedance such that C=1.0, and 108 sec"I excitation frequency.
Equation (5-1) is solved by digital computer as the drift velocity is varied
from one to twice the phase velocity and is plotted in Figure 6.4. It is
noted that the net growth rate changes very rapidly about synchronism.
Applying the growing mode criterion (5-13) to the problem at hand it is seen
that net growth is possible for h £ ,0376.

Furthermore, although the net growth rate becomes exceedingly small it

does extend to velocities well below synchronism; e.g. in the above case to

V. =0.5V_.
o P

6.4 Comparison With Other Analytical Results

- . . . .
In a recent paper Sumi ,5 performs a two dimensional analysis revealing
the possibility of microwave amplification by the interaction of slow
electromagnetic waves and drifting carriers in a semiconductor. His

approach is to make a collision dominated assumption for a semiconductor
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material, calculate its surface admittance, and then equate this to the
surface admittance of a developed helix leading to a dispersion equation.
A report by Zotter 56 has revealed that Sumi's paper contained several
algebraic errors. Zotter subsequently corrected these and numerically
evaluated a number of’interactions with different materials., His cal-
culations predict gains from 400 to 2000 db/mm for the various materials,
a result that has not been experimentally observed.

An extension of the above theory was made by Vural and Steele 57.
Their analysis consists of studying the interaction with a generalized
admittance wall rather than-the particular one used by Sumi. Unfortunate-
ly, for several slow wave circuits of interest, e.g. the stub-loaded
meander line, the admittance may not be calculated from the lowest order
fields; i.e. when calculated in this manner the admittance is infinite,
since for the lowest order fields Hy=0'

Sumi 58 has most recently performed an experiment using Indium Anti-
monide at liquid nitrogen temperature in which he observed a change in
transmission through a meander line circuit; i.e., without current in the
semiconductor he observed 13 db circuit attenuation at 2 (GHz while in
the presence of current the circuit attenuation was between 13 and 12 db
as shown in Figure 6.5. Using the above mentioned computer programs to
calculate the device gain results in a much closer approximation to the
experimental results, than any previous method as shown in the figure.

It is noted that several of the experimental parameters not supplied by
Sumi were estimated and are tabulated in the figure. This model is the
only one of the above that takes into account excitation amplitudes and

phases of the various modes.
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6.5 Alternate Numerical Method

Solutions to algebraic equations of degree less than or equal to
four are known 59. These solutions are not in general suitable for ma-
chine calculation because excessive roundoff error may propagate
through the solution and invalidate its accuracy. Numerical techniques
have been developed by Hamming 60 and Richter 61 in which regions of the
solution plane are searched along constant phase contours. These tech-
niques, although allowing solution of equations of higher degree, in-
volve the evaluation of the polynomial functions at grid points of de-
creasing size and are therefore time consuming.

A new method is presented that allows one to generate an equivalent
set of equations for the imaginary and real parts of the roots of the
original algebraic equation of arbitrary degree such that these equations
are separated and linear; i.e., the equation P"(S) =0 with complex roots
M 0h,--- I';,, will be transformed into a set of equations for Re(r;),
Re(rz) Ve Re(rh)) and another set of equations foxr IM (fj },

Im (3 )--- Im (f:.s).

The required transformation involves generating the coefficients of
the test fraction of Prw(sj. ( See Chapter 5 Section 2) The new set of
equations are formed by equating the numerators and denominators of the
test fraction to zero, (when possible) and looking for changes in sign of
the test fraction coefficients. This method is illustrated by example in

Appendix Four.

6.6 Conclusicns

The methods used to solve the dominant carrier dispersion equation
were outlined and found to require special care to avoid excessive round-
off error. Numerical results were presented for the synchronous and
asynchronous cases showing that as the collision wave number, reduced

plasma frequency wave number, or cold circuit attenuation increases the
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growth rate decreases:; in some cases growth does not exist at all.

Examination of Figure 6.2areveals that for the semiconductor region,
log o &géﬁfﬁ , collision damping is the predominant loss mechanism. For
semiconductors,ﬁ%(x'rn where n 1is from 1 to 2.5. Operation at liquid
nitrogen temperature decreases log . ﬁc by the factor N ,OC]‘D 2-;?%—-): 058 n,

For low resistivity materials the carrier density decreases
with temperature therefore decreasing the reduced plasma frequency wave
number. The result of operation at liquid nitrogen temperature is a
significant increase in the growth rate. While operation at still lower
temperature is desirable from the above viewpoints it presents insurmount-
able difficulties with thermal expansion of the slow wave circuit.

The effect of varying the mean carrier drift velocity was studied
showing that the growing mode exists well below synchronism although its
growth rate becomes'exceedingly small; whereas the growing mode does not
exist above synchronism.

Experimental results obtained by Sumi using InSb at liquid nitrogen
temperature were compared to values theoretically predicted by this model
and found to be in close agreement. The discrepancy between experimental
and theoretical values at low voltage is caused by the perturbaticnal
assumption‘S(',l <« 1 not being met.

A new numerical method to be used as an alternative to presently
available methods, of use in solving nth degree algebraic equations
typically found in wave interaction problems, was derived. This method,
illustrated by example in Appendix Four, allows the separate refinement

of the real and imaginary parts of a solution.
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CHAPTER7 - SUMMARY AND_CONCLUSIONS

The purpose of this chapter is to complete this dissertation
by summarizing and drawing conclusions regarding its contents and
outlining suggestions for further work

The main subject studied within the dissertation is the inter-
action of drifting carriers in a semiconductor and slow electromagnetic
waves. A one dimensional model for the interaction has been developed
including the effects of carrier-lattice collisions, carrier recombina-
tion; space charge, diffusion, mean carrier drift velocity and slow wave
circuit configuration through its propagation constant and interaction
impedance. The model, allowing for two mobile carrier species,
resulfs in a sixth degree algebraic equation for growth rates of the
various modes. The dominant carrier case which is reduceable to
thé Pierce model of the vacuum traveling wave tube was studied first
by root locus technique and then numerically. The root locus tech-
nique surprisingly has not been previously applied to wave interaction
problems where it readily reveals the wave dependence on a given
parameter:

Another subject studied within the dissertation is the develop~
ment of a slow wave circuit capable of achi eving the required velocity
for which a "strong" interaction occurs. A circuit that satisfies the

necessary criteria is the stub loaded meander line; a planar evapora-



tion deposited structure constructed on layered media. Theory
developed to characterize this device, based on a uniform inter-
line electric field, has been experimentally verified at frequencies
up to approximately one-half the cutoff frequency; however, diffi-
culty has been encountered in exciting the forward mode at the
higher frequencies. Further work directed toward multiple line
excitation 1s required including the investigationof techniques

to lower the VSWR. Extension of the uniform interli ne electric
field approximation to include higher describing functions should
improve the predicted dispersion characteristics near cutoff. This
may be accomplished by applying a variational technique to refine
the interline electric field as outlined below:

1. Express the interline electric field as a traveling wave
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in the plane of the circuit with a constant and parabolic dependence,

i.e.

(EO + Eg,’Z_z-l-. ) ) e—ije_jCP) between the lines,

X=0 O . on the lines,

2. Search for the particular set of coefficients, Eo, E2y «ev

that minimizes the stored energy per period while maintaining a

constant interline voltage.
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3. Having obtair_1ed these coefficients as a function of eo .
calculate K (Bo) and the resulting dispersion characteristics.

It is anticipated that the dispersion characteristics so found
will more closely model the circuit performance since the interline
electric field has been more realistically selected. Uﬁfortunately,
the search time rapidly increases with the number of coefficients
involved.

The perturbational solution of the dominant carrier dispersion
equation was studied by numerically evaluating its solution for
various semiconductor materials using the stub loaded meander
line as the slow wave circuit., Experiments to verify the one
dimensional model have been undertaken using Germanium at room
temperature. The technique is to look for a change in RF trans-
mission thru the circuit when the semiconductor carriers are drifted
as shown in Figure 7.1. These experiments have not resulted in the
observation of the interaction because the small transmission change
(less than 0.1 db) is masked by spurious effects; e.g, mixer noise,
multiple inter_nal RF reflections, current pulse top ripple, etc.

Numerical analysis indicates that increased gain is obtain-
able by operation at higher frequency and lower temperature. To
operate at higher frequency requires a decrease in the dimensions
of the slow wave circuit demanding photolithographic technology

for construction that is not yvet available. Although this difficulty is
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less severe when high dielectric constant materials are utilized
operation at X-band is not yelt feasible. A possible method for
constructing an X-band device has recently been suggested by
Ettenberg 62 . This technique consists. of consfructing the
slow wave circuit by diffusing a high conductivity pattern into a
high resistivity substrate thus permitting finer line widths to be
"etched".

Throughout this disserte_ition emphasis has been placed on
studying the interaction for realizable physical dimensions. The
maximum obtainable gain vs. frequency, without regard to the
present ability to construct the device, is also of interest. Con-
sider Ia semiconductor at temperature T, collision frequency J) ’
with an applied electric field drifting majority carriérs at a veloci-
ty VO. The maximum gain-frequency curve is calculated in the fol-
lowing manner. A circuit of width b is excited at a frequency
resulting in an interline phase shift as shown in Figure 3.8. The
interaction impedance is found from Figure 3.10 and is used to
calculate Pierce's coupling coefficient C and the normalized
collision wave number ﬁc,' . The maximum gain per wavelength
is obtained from Figure 6.3a by selecting the period of the circuit
to optimize the phase velocity. The maximum obtainable gain vs.

frequency is plotted in Figure 7.2.
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At low frequency the gain increases with frequency since
the number of collisions per excitation period decreases rapidly
while the interaction impedance remains essentially constant. At
high frequency the gain decreases with frequency since the number
of collisions per excitation period is negligibly small, i.e. the
device is inertia dominated and the interaction impedance decreases
rapidly. For this example maximum gain is achieved at .(";). o 0,31

For most semiconductors this corresponds to Ka-band
excitation of a circuit designed to propagate the collision frequency.
Such a circuit when constructed on a dielectric with relative dielec-
tric constant twenty-five would have a line thickness of 125 E-
and an overall circuit width of 15 _microns: clearly an impractical
design. It is additionally noted that Figure 7.2 was calculated for a
high resistivity semiconductor, ﬁ; ~ 0,0} » and a low loss circuit,
(20,0} -

The problem of calculating the achievable gain while utilizing
the narrowest line width that’may be constructed at present (w1 mil )
is treated next., Utilizing the approximate formula for cutoff frequency
and slowing factor previously developed, one may write -ch;-', 'U'P /Z.P .
Letting the interaction occur at a phase velocity of 3 x '107 cmfsec
{ limited by the saturated carrier drift velocity of InSb } results in a

cutoff frequency of 3 x 109 Hz corresponding to the collision dominant

portion of the gain curve, Excitation at maximum wC product results
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in a growtﬁ rate 8 = 0.04 for high resistivity semiconductor and non-
lossy circuit; a gain of 2.16 db/wavelength. Experiments performed
by Sumi, 63 indicate that a circuit with one mil line width has a cold
circuit attenuation of approximately 30 db/cm yielding a 20 db excita-
tion attenuation loss at the input end and decreased growth rate;

S = 0,039. Hence at least 18.5 wavelengths ( ~ 175 mils ) are re-
quired to achieve net gain., Taking into account the finite resistivity
of the semiconductor ( approximately 10 ohm-cm maximum for InSb )
decreases the growth rate to 0.43 db/wavelength.

Close agreement has been found between experiments per-
formed at low temperature; e.g. InSb at LN2 as in Sumi's experi-
ment, and theoretically predicted gain based on the one dimensional
modél. A new numerical method, based upon the analytic theory of
continued fractions, has been developed to facilitate the solution of
wave interaction problems resulting in nth degree algebraic equations
avoiding excessive roundoff error that is found in presently available
methods. This method could be utilized to solve the two carrier
dispersion equation for optimum semiconductor resistivity.

Experiments to verlfy the calculated dispersion characteristics
of the stub lecaded meander line have resulted in good agreement
between theory and experimernt. The existence of the slow wave
suggests other uses for the circuit.

The stub loaded meander line is being considered for use in
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_ 64
a traveling wave parametric amplifier., Heilmeier and Sills 65

have analyzed a shunt and series traveling wave parametric'am—
plifier using straight transmission line. Sills 66 has constructed
a successful series loaded line which however requiréd a .s'eparate
pump wave for each diode. In 1959 Ettenberg 67 reported on a
feasibility study of such a device using an interdigital line. He
obtained a strong interaction and reasonable intéi‘action gain, but
with the lossy diodes then available, did not achieve a net device
gain,

By using a meander line however there are three possible
diode configurations, namely; shunt, interline, and series as shown
in Figure 7.3 a, b, c. The shunt diodes respond to E_( x,np ) while
the interline diodes respond to the field Ez (0,2 ) . Line parameters
suitable for propagating a signal at W s a pump at wp, and an idler at
j = W, = w, such that Bp = B, + B, » all along the same circuit may -
be determined in view of the refined meander line analysis. The
result of this analysis could make a miniaturized parametric amplifier
possible because of the slowing factor involved.

While the main subject investigated in this dissertation is the
interaction between drifting carriers in a semiconductor and forward
waves on a slow wave circuit, the interaction with backward waves
on the circuit could be utilized in the solid state analog of the back~

ward wave oscillator. The interaction with the forward wave may be
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illustrated by a lossless coupled mode diagram as shown in Figure
7.4a. There exists an excitation region for wr for which H pure
imaginary does not exi st. In this region the solution for 6 has a
real part and is called a convective instability. As loss increases
the growth rate decreases and the bandwidth increases. The anti-
cipated interaction with the backward waveris illustrated in Figure
T.4b. There exists an excitation region for Ui for which w pure
real does not exist. In this region the solution for w has an imag-
inary part and is called. an absolute instabllity. As loss is increased
the magnitude of the instability should decrease while it is antici-
pated that the bandwidth will increase. For semiconductors the start-
ing current may be prohibitively large, whereas for " vacuum " de-
vices the effect of introducing a small amount of loss ( e.g. by
intentionally introducing inert gas or cold circuit loss ) would be to
increase the frequency range while increasing the starting current by
a tolerable amount,

Extension to a two dimensional medel using the transverse
1ntéraction 1mpedance concept 68 should be difficult although fruit-

ful in determining the effects of a static transverse magnetic field.
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APPENDIX ONE

THE EFFECTIVE PERMITTIVITY OF A MULTIPLE COMPOMENT PLASMA

The semiconductor plasma has been represented as a collection of
carriers moving in a crystalline medium. It is therefore appropriate to set

—

D = & 'QE thus allowing the effects of the plasma to be repre-
sented by convection éurrents arising from the motion of charged carriers.
Alternately the plasma may be characterized as a complex dielectric medi~
um whose effective dielectric constant includes the plasma effects thus not
requiring separate knowledge of the density, velocity, etc. This may be
developed from the second Maxwell eguation, continuity and momentum

transfer equations. Using previously defined symbols these are respec-

tively;

% I+€ ZF\/ ooéET,J (1-1)

, —1
mels - bl(“osV:s** ﬂ|s\jos) = ““nls_CRS ; (I-2)
(Jw“ ﬁnos+Us) Vis = V(:E'.n"‘ U.}isw_ﬁ_ . (1-3)

nus
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Solving the continuity equation for the density and substititing in the mo- .

mentim transfer equation resulis in

*
V\s = r(s wks ETI (I-4)
)
wcs (*-)RS - \J;: 62
S
where
: | -1 1-5
(}Ogsé (Jw-——bl\losﬂ"[:gs , - (1°8)
A '
wcs 2 (’JUO — \d\jos"\' )Js) , (1-6)
and E is the total RF electric field in the semiconductor
!

plasma. The convection current is therefore

- _ 005 (s + Ves) _
T = Z ﬁs\]s = EJ‘E“Z wzme:i U{::s%z (1-7)

where the plasma frequency of the sth type carrier is defined as

. *
is é ?)S nos rls . . (1-8)
61

Maxwell's second equation becomes, Vx H = J'\.Ueﬂ‘er E
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where & g €r is the effective permittivity of the multiple component

semiconductor plasmis the effective permittivity of the multiple component

= — U.)p: ((Uas + UVOS) (1-9)
< | JZ Lo WesWes — V..fs ¥?)

and includes the effects of density, recombination, drift velocity, colli-
gion, and diffusion. If s is taken to mean electron and hole carriers
this latter equationrealistically represents the semiconductor plasma,
It may be expanded to consider heavy and light carriers of each type
when the densities of each are known. One dimensional wave propaga-
tion may thus be studied by combining thé above with Maxwell's first

equation resulting in the wave equation

_ . _ | . B

VE — ME € 0 E = V(V- E)_. (1-10)
' ot% .

Fdr sinuosoidal excitation, the solution to the homogeneous wave

equation is of the form

cplol D], e

thus characterizing the plasma behavior.
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APPENDIX TWO

The stub loaded meander line circuit boundary conditions are
enumerated in Table 3.1. Substitution of equations (3-6) and (3-9) in

the twelve boundary condition equations results in the homogeneous set

of equations

M| A = o, (-1)

where defining

—to. 2 +G-h %) ; (11-2)
A 2rtb
s 1 , _
1, an )\e“) (11-3)
T 2 :\ J('G.h %) ) (-n_4)
X(p,) & Y(8,) (1-5)
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Imposing the condition that a non-trivial solution exist; i.e.,

—

A x () . results in the determinantal equation

[ N ] = O . (11-8)
Diagonalizing the determinant by the Gauss-Jordan algorithm 69 results
in
2
X + T2 = o (11-9)
Relational Coefficients

Inspection of the matrix |{M) reveals that certain relation-

—
ships exist between various members of the column vector A . Let-
ting Au=A,As,Aq, Az = A, Ac, Ao, Aiz= As Ag Au,
and A4 = A4, Ag, A. -E-or L = l, 2_l 3 respectively
and defining
%La A A (-10)
Al
and
A .
Sie 2 Au , (1-11)
Aiz
it is found that
e
'?ls = (11-12)
—_, _

T,
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'g_ia _¥33— e—Jm"'tb | (1-13)

T )
-
fu= — €34+ ) (I-14)
and T
. -J'mTI'
'S:24 = ¥34 — T-t[, . (II-15)

It is noted that all the relational coefficients are pure imaginary since m
ig an integer,

Futher inspection of the matrix (M ) reveals that

AL?. = ‘%i Ai..l . (H-16)

where k; is a real number. Multiplying
% 2 * 2 ¥\ . ). o R, ¥
VieVim = ces@ (Auﬂh— fis AizAiz)+smq)(AuA;;— ?BAhA'u) , (II-17)

where use has been made of a relationship derived from equation (JI-16) ,'

(Af Az — AuAl) = o | (-18)

Finally equation (II-17) is independent of m, therefore

V. VF = Ay AL [cos2 Q(1-GiRE)+ s{nZ‘(P (k- gfs):] . (LI-19)
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APPENDIX THREE

LISTING OF COMPUTER PROGRAMS

MAIN PROGRAM

SUBROUTINE
SUBROUTINE
SUBROUTINE
SUBROUTINE
SUBROUTINE
SUBROUTINE
SUBROUTINE

INIT
ONE
TWO
THREE
XEDC
CARDAN
SELECT
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MAIN PROGRAM

REAL KB,MUl,MU2,MU3+N1,N2yN34N3Y4N3YIsNUM,DNMyDNM2,NEFF,VIEFF4KA
COMMON CTH(20),CEPEFF{20),CNEFF({20},CVIEFF{20)+CX{20),CYTH(20),
LFN3Y(20)4SF(20) s THU20}sCVPH{20),W{20) 4 WST(20)+CVG(20),CZNI20),
2F(20)4ABsRyNLyN2yN3yT+P4D4yBsNF1,WF2,EP1,EP2,EP3,VIEFF+NEFF .EPEFF,
3X2YTH,PI

PI = 3.1415927

DATA REQUIRED

B = CIRCUIT HALF WIDTH - MILS

T — SEMICONDUCTOR THICKNESS - MILS

D - PASSIVATION LAYER THICKNESS - MILS

P — CIRCUIT INTERLINE SPACING — MILS

R — METALLIZATIDN RATID

AB - ASPECT RATIO

MUL — PERMEABILITY REGION
~ MU2 - PERMEABILITY REGION

MU3 - PERMEABILITY REGION

EPL — PERMITTIVITY REGION

EP2 -~ PERMITTIVITY REGION

EP3 — PERMITTIVITY REGION

LEVIN L S s SV K T

4 WRITE(6,1)

N1
N2 -
N3
WF1
WF2
Xl
X2
X3
X4
X5

mown o

([

READ(5+2) AB+T4+D,BsPsRyMUl,MU2,MU3,EP1,EP2,EP3,MDDE

SQRT(MUL/EPL)*377.

SQRT(MUZ2/EP21%377.

SQRT{MU3/EP3)%*377.
EPL/EP3

-N3/N1

2.%B

Pttlo-R)

T

D

FLOAT(MODE}

9%1



1l
2
3

0O =~ O N

TEO -

nuun

T%#2.54E-05

D*2.54E-05

B*2.54E-05

P%2 .54E-05

WRITE(643) X19X2+X3+X4yRyAByEPL2EP2+X5

CALL INIT

CALL ONE

CALL TWO(MGDE)

CALL THREE

GO TD 4

FORMAT(1H1)

FORMAT({12F5.2,12)

FORMAT(T43, CIRCUIT WIDTH -~ ,1PEl10.2, MILS +/7,
T43, LINE THICKNESS - ,1PElD.2, MILS //
T43, DIELECTRIC THICKNESS - +1PEL0.2, MILS +//»
T43, CIRCUIT BOARD THICKNESS - +1PE10.2, MILS o7/
T43, METALLIZATION RATIO - 4+1PEl10.2,/7,
T43, ASPECT RATID - +1PE1Q.2:+//,
T43y CIRCUIT BOARD PERMITTIVITY - 41PELO.2,//,
T43, DIELECTRIC PERMITTIVTY - L1PEL10.2,//,
T43, SPACE HARMONIC NUMBER — +1PE10Q.24////)

END
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SUBROUTINE INIT

REAL KByMULyMU24MU3+N1+NZ2sN3sN3YsN3YI+NUM:DNM,DNM2 ¢ NEFF VIEFF ;KA
COMMON CTHU20)+CEPEFF(20)CNEFF(20),CVIEFF{20),CX%{20),CYTH(20),
1FN3Y{20),5F(20),TH{20) ,CVPH(20),WI20),W5T{20),LVG{20},C2ZN(20},
2F120) s ABsRy NIy N2y N34T 4Py DyByNF1yWF2+EPLLEP2+EP3,VIEFFNEFFEPEFF,
3XyYTH.PI :

THIS SECTION INITIALIZES
THE ARRAYS

DD 13 I = 1,20
CTHLI) = 0.
CEPEFF(I) = 0.
CNEFF(I) = Q.
CVIEFF{I) = Q.

CxX{I) = 0.
CYTH(I) = 0.
FN3Y{(I}). = 0.
SF(1} = 0.
CVPHI{L)} = 0.
W(l} = 0.
WST{I) = Q.
CVG(I} = 0.
CIN(I} = 0.
RETURN

END
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oOoOO000

13

T4

71

10

72

SUBROUTINE ONE

REAL KByMULyMU23+MU33NL3NZ2yN3aN3Y,N3YI,NUMyDNM,DNM2,NEFF 4 VIEFF,KA
COMMON CTH(ZOlaCEPEFF(ZO)yCNEFF!ZOl'CVIEFFIZDl CX{20),CYTH{20),
LFN3Y(20)},SF(20) s TH(20}yCVPHI20)9W(20)+WST(20),CVG(20)+CZN(20)
2F (20} yABsRyNLyN2¢yN3,T,PsDsBsWFL,WF24EPL,EP2,EP3,VIEFFNEFF,EPEFF,

3X:YTH.PI
WRITE[6,101)

THIS SECTION SETS THE FREQUENCY

THPR = 0.0
D01 I = 1,20

KB = FLODAT(I)*0.16

TESTA = ABS(COS(AB*KB})
TESTB = ABS(COS(KB)}
IF{TESTA-D.001) 71,73,73
IFITESTB-0.001) 71,74.74
FA = SIN{AB#KB)/COS{AB*KB)
FB = SIN{KB)/COS(KB)
IF(FA®FB) TO0,T1,72
WRITE(649114) 14KB

GO VO 25

WRITE(6,115) I,KB

GO 1O 25

THIS SECTION SOLVES THE EQUATION

THL = 0.0000001

THH = 3.1415920

DO 3 J = 3,12

THUJ) = (THH+THL)/2.
THETA = TH(J)

CALL XEDCUTHETAsRsNLyNZyN3yTyPyDsWF Ly WF24EP34VIEFF+NEFF+EPEFF X,y

1YTH)

691



IFUJ-121) 4,43,3 :
4 TN = SIN(TH{J)/2.)/COS1{TH{J)/2.])
FT = FA®*FB*X-TN*TN
IF(FT) 300,301,302
300 THH = TH{J)
GO T0O 3
302 THL = THLJ)
3 CONTINUE
301 THETA = THETA - Pl
IF{THETA-THPR) 25,264,426
26 THPR = THETA
CTH{I) = THETA
CEPEFFIL1}Y = EPEFF
CNEFF{I} = NEFF
CVIEFF{1) = VIEFF
CYTHII)} = YTH
Cxtry = X
WRITE(64102)I,KB,CTHI{I),CEPEFF(I),CNEFF{I},CVIEFF(I),CYTHII).CXI[I]
1 CONTINUE
25 CONTINUE

RETURN
10} FORMAT[20X,3H I,3X,12H KB +12H CTH I 412H CEPEFF 1
1 412H CNEFF I 412H CVIEFF I ,12H CYTH I 412H CX I y
271}

102 FORMAT{20X,13,3X,1P7TE12.2)
114 FORMAT(20X,13,3X+1PE12.2,15X,24HDEGENERATE PI ROUT FOUND)
115 FORMAT(20XsI3,3X+1PEL2.2,15Xy L9HSTRUCTURE IS CUTOFF)

END . '

osl



SUBROUTINE TWO(MODE)} .

DIMENSION WVLNTH{20}, WVLMTHIZ0)

REAL KByMUL,MU2,MU3sNLyN2yN3,N3Y4N3YIyNUM,DNM,DNM2yNEFF,VIEFF,KA
COMMON CTH{20),CEPEFF(20},CNEFF(20)+CVIEFF(20},CX(20),CYTH{20},
1FN3Y{20),SF{20),THI20),CVPH{20),W(20),WST(20),CVG(20),CZN(20),
2F{20) 4AB,Ry, N1y N2yN34T4P,+DsB,WF1,WF2,EPL+EP2,EP3,VIEFF,NEFF,EPEFF,
3XsYTH,.PI

OO

81

80

11
13

THPR = 0.

Do 8O0 I = 1,20

IF(CTH{I}) B81,80,81

SFUI) = CTH(I)}*B/{P*0.16%FLOAT(I))

CVPHITI) = CVIEFF(I)/SF(I)

W(I) = CVPH{I)*=CTH{I)/P

CVPHUI} = CVPH(L)*CTHIT)/(CTH{I)+PI*FLDAT{MODE))

CVG(I) = (PCVIEFF(I)/B)*(0.16/(CTHII}-THPR))
THPR = CTH(I)
CONTINUE
THIS SECTION SOLVES FOR THE
INTERACTION IMPEDANCE
WRITE(6,103)
DO 12 I = 1,20
IF(W{E)) 11,12,11
IF(CVG(I)) 12,13,13
X = CX(I)
THETA = CTHI(I)
TT = SIN{THETA/2.}/COS{THETA/2.)
TT = TT#TT
KB = FLOAT(I1}%*0.16
KA = AB#KB
FA = SINIKA)/COS(KA)
FB = SIN(KB)/COS(KE)
TA = FA%FA
TB = FB¥FB

F135Q = 1./(TT*TA)
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ANNTINDD 271

(1
TINZDS(ITLSMECTIIOAD (T HAAD“ (T IHIWIAM (T JHINTAM®* (T334 1 (H0T1%9)31 1M
({1148 VIIHL)/{T}LV0Tdadd43 1A= 9T={ 1) HLWTAM

T {HIAT

X8443dI JIINPJSITACEdI2EM A TIMA D L ENZNA TN Y v 13HL)}DA3X TVD
Id+V13H]1-=V13H1

{I1)4/7(1)HdAD:"00T = (IYHINTAM
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(CEIOADE(T ) ISMENHEENHL%"2] /2OVHWNdd%d = (TINZD
(d%d)}/Z(0SHI=TI2TI2DSHTL+BSTD )"y = ZOVANS

%9%x%9 = DSH9

{*2/{Id+NHL) Y} /("2 /d=xNHL}SAD*(*2/vL3HL)SOD = #D

19%19 = 0819

(*2/7¥2NHL}/(“Z/7UxNHLINIS%(*Z2/VLI3IHLINIS = 19
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(BSHT42T1I%T1I+°1) = 11D

{g42V4+°T1/(VI%TI-"1) = 60
{(G9d4#Vd+°T)/{Vd=T1I+°T) = &Q

gd4- = €2
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(9Lx10)/°T = DSHES

i1/91 = 0Seed
(91x11)/°1 = DS%»Zd
11/61 = BSedd
1L/vL = 0S%1d
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RETURN

103 FORMAT(1HO,19X+3H 1I+3Xy12H F(I}) +12H FWL(I) ,12H BW
LL(I) +12H CVPHII) +12H CVG(I) 412H WST(I) ,12H CZIN{
21} +/7) -

104 FORMAT(20X,13,3X,1P7EL12.2)

END

SUBROUTINE THREE

REAL*4KA KBy MUL,MUZ2 ,MU3 ,NLy N2y N3 yN3Y+N3YI+NUMsDNMsDNM2 s NEFF ,VIEFF,
IHyI1212+134NUsJOsLD+PRALyPRHyPRBCsMRysMEsMUsNOsK+EIMAG,10(20),LENO,
2LENL +MR1,ERL,TEl,AREALs ALPHAL,RES]1, MU0

COMMON CTH(20),CEPEFF(20)yCNEFF(20Y,CVIEFF(20}),CX120),CYTH{20),
1FN3Y(20) ,SF{20) yTH{20)} yCVPH(20)»W(20),WST(20),CVG(20)3,CZN{20),
2F(20)yAByRyNL¢NZ2 N3y TyPyDyByWF1l4WFZ2,EPL,EP2,EP3,VIEFF4NEFF4EPEFF,
3X,¥YTH,PI

COMPLEX#8 ElEI,E2EI,E3E],EOUT1,EOUT2,EOQUT3sYDeYLlsY2,Y3,RD0T»
1C514CS2,CS3

COMPLEX*16 A21,A22,A23,A31,A32,A33,M1,M2,M3,DET

COMMON/AL1A/ CS1,C52.C53

DIMENSION CVD{20}+CGAIN{10+20)CVPHCMIZ20),IN(10),CVOLT(20),
L1CCS1{10,20)

WRITE(6,111)

K = (1.38E-23)
ME = (9.1E-31)

EC = (l.6E-19)

ETA = (1.76E+11)
EQ = (8.86E-12)
READ 546 N
DO 1 Jl=1,N

REQUIRES LENGTH IN CMy ALPHA IN DB/CM.
RESISTIVITY IN OHM-CM, AND AREA IN MILS-SQUARE

gGT



READI(5,20) RESCM:HR.ER'MU,TE'AREA,ALPHA,LENO,LENI'RQP,MUO
READ(5,40) (IN(II),II=1,10)
RES1 = RESCM '

MR1 = MR
ERL = ER
MUl = MU
TEL = TE

AREA1l = AREA -

ALPHALl = ALPHA

RES = RESCM/100.0

MU = MU/1.0E+04

MUO = MUD/1.0E+04

ALPHA = ALPHA*100./8.68

AREA = AREA#*2.54E-05%2.54E-0D5
LENO = LENO*0.01

LENL = LENL#*0.01

NO = l./{EC*MUD#*RES)

RHO = NO%*EC

TAU = MR*=MU/ETA

VIH = SQRT(K*TE/{ME*MR) )

DC = VTH*VTH*TAU

WP2 ETA/ (ED®MREER*RES*MU)
DD 2 J2 = 1,9

CVOLT(J2) = 20.*%FLOAT{J2)
VO = CVOLT(J2)#MUO/LEND
cvo{J2) = vDo*100.

J0 = RHO*VD

[0(d42) = JO*AREA

BP2 = WP2/V(G/VO

LD = DC/{WP2*TAU)
WRITE(643) RESyMR,ERyMUyTEyAREA+ALPHAsWP24VD
WRITE(6,108) '
DO 14 I = 1,20

CVPHCM{I} = CVPH(I)*100.
IFIW(I)) l4y14,16

2!



L6
L7

18

23
19
21
22
15

IF(CZN{L)) l4414,17

BE W{I1)/VO oo

c3 CINIT)#JOXETA*XAREA/ (2.%VO*VO*MR)
C = EXP{(ALOGIC3)1}/3.)

BEC = BE*C

BC = l«/{VO*TAU)

PRBC = BC/BEC

PRAL = ALPHA/BEC

IF(LD} 15,15,18

SWL = CVIEFF(I)/(SF{IM*F(I})
IF({SKWL/LD)-10.} 23,23,19
WRITELG,106) SWL,LD

IF((SHWL/LD)~10.} 154+15,21
IF{{SWL/LD)-100.) 22,422,415
WRITE(64107) SWL,LD

CONTINUE

X =:VO/CVPHI(I)

PRBP2 = BP2/BEC/BEC

PBQ2 = RQP*RQP*PRBPZ2*(1.+LD*LD*BE*BE)
PRH = W(I}*(l./CVPH(I)-1./VD)/BEC

Rl = PRBC+PRAL

I1 = PRH

R2 = PRBC*PRAL+PBQ2

12 = PRBC#PRH -

R3 = PRAL*PBQ2

I3 = PRH*PBQZ +(2.#X/(1.+X))
Y0 = CMPLX{1.0,0.0)

YL = CMPLX{R1,I1)

Y2 = CMPLX{R2,12)

Y3 = CMPLX(R3,13)

CALL CARDAN{YOsY1lsY2,Y3)

CALL SELECT

CCS1(J2,1) = REALI{CS1) .

lo/ (CS51%#{CS1+PRBC)+PBQ2)

AZ21 =
A22 = 1./ {CS2%{(CS2+PRBCI+PBQ2)
A23 = 1./ (CS3%(CS3+PRBC1+PBQ2)
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41

42

45
14

A3l = A21%*CS1

A32 = A22%(CS2

A33 = A23%CS3

ML = A22%A33 - A23%A32

M2 = A21%A33 - A31%AZ3

M3 = A21#%A32 - A31%A22
DET = MI-M2+M3

E1El = M1/DEY

E2El = ~M2/DET

E3EI = M3/DET

PI2Z = 2.%P1

PH1 = AIMAG{CS1}*LENL*BEC
PH2 = AIMAGICS2)}#LEN1*BEC
PH3 = AIMAGICS3)}*LENL*BEC
PH1 = AMOD(PH1,PI2)

PH2 = AMDDIPH2,PI2)

PH3 = AMOD(PH3,PI2)

AM1 = REAL(CSL1)*LEN1*BEC
AM2 = REAL{CSZ2)*LENL*BEC
AM3 = REAL{CS3)*LENL*BEC

IF{AM1-170.) 42,42441
CGAIN{J2,I} = 0.0

GO TO 45

EOUTY = EXP{AM1)*CMPLX(COS[PHL),SEN{PHY1))}*ELEI
EQUTZ = EXP(AMZ2)*CMPLX{COSIPHZ2),SIN(PH2} }*E2EI
EOUT3 = EXP(AM3)*CMPLX(COS{PH3),SIN{PH3))*E3EI

EOUT = CABSIEOUT1+EOUT2+EOUT3}

CGAIN(J2,1) = 20.*ALOGLO(ABS{EQUT))

E1MAG = CABS{ElEI)

WRITE(6,109) I, EL1MAG ,CS1,(52+(53,BE,C+CGAIN{S2,1)
CONTINUE

WRITE{64+110}

IF{(FLOAT(J2)/3.)-FLOAT(J2/311 30,30,2

WRITE{&6,111}

CONTINUE

WRITE(6s4) (IN(II)yII=1410)+4MR14ERLyMUL,TEL,AREAL,VTH,LENO,LENL,
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LALPHAL,RESL,{I0{L)+L=1,9),(CVOLT{L)},L=1,9),({CVOIL)},L=1,9}
WRITE(6+5) (F(L)sCZNIL)»CVPHCMIL)» (CGAIN{MyL)yM=143)4L=1,10)
WRITE 64111
WRITE(644) (IN(II),II=1,10},MR1,ERL4MULl,TEL,AREAL,VTH,LENO,LEN]1,

LALPHAL,RESLs{I0(L)sL=1y9), (CVOLT{L}sL=1+2},(CVO(L)sL=1+%)
WRITE(64+5) (F(L)4CZN(L),CVPHCMIL)},(CCS1 (MyL)yM=1+9),L=1,10)
WRITE(6,111)

1 CONTINUE
RETURN
3 FORMATI(TZ26, RES MR ER MU TEMP
1 AREA ALPHA Wp2 ) +/+26X,1P9E10.2)

4 FORMAT(T38, MATERIAL ~ +10A&4,//,
T38, RELATIVE MASS - L 1PE10.2+//»
T38, RELATIVE PERMITTIVITY - 1PE10.2://+
738, MOBILITY - 4+1PElQ.2,T60y CM*2/VOLT-SEC ,//,
738y TEMPERATURE - +1PE10.2+T65y DEG. KELVIN /7,
T38y AREA - +1PE10.2,758, MILS*2 +//
738, THERMAL VELDCITY — L1PEl10.2:T70, CM/SEC ,//,
T38, SEMICONDUCTOR LENGTH — +1PE10.2,T75s METERS +//»
T38y SLOW WAVE CIRCUIT LENGTH - +1PEl10.2,778s METERS +//
T38, COLD CIRCUIT ATTENUATION - ,1PELO.2,T78y DB/CM ,//,
738, RESISTIVITY - 41PE10.2,T65, DHM~CM ////,
T30y CURRENT sT419lP9E10.2¢/
T30y VOLTAGE +T4ly1P9ELQ.2://
T30, VO CM/SEC +T41ly1POSELO24//
Tl0y, FREQUENCY ,T20, INT. IMP ,T31ly CVPHCM /)
5 FORMAT(TXs1P3EL1D.2¢3X+1P9ELQ.2+/)
6 FOGRMAT({I2)
20 FORMATI(5El0.2)
40 FORMATI(10A4)
106 FORMAT{1HO,10Xs24HFLUID MODEL IS NOT VALID,lOX,6HSHL = 1PE10.2,5X
1s5HLD = ,1PEL10.2)
107 FORMAT{1HD,10X,27HFLUID MODEL IS QUESTIONABLE,7X+6HSWL = 1PEL1O0.2,
15X+5HLD = ,1PELD.2) '
108 FORMAT{1HO,6Xs3H I s11H E1MAG o, 12H RCSL ,12H ICS1
1L ,12H RCS2 ,12H ICS2 ,12H RCS3 y12H ICS3

NMPWNFODJTNPS W -
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212H BE +12H C y12H GAIN 4/}
109 FORMAT{6X+1341P10EL12.3) :
L10 FORMAT{1HO,/)
111 FORMATI{LHI1)
END

SUBROUTINE XEDC(THETAsRyNLeNZ2sN3sTyP+sDsWF1,WF2,EP3,VIEFFNEFF,

LEPEFF X5 YTH)

DIMENSION FL1{501),F3(S50),F4(50),F5(50),FN3Y{10)

REAL N1sNZ2+N3+NUM,NEFF

PI = 3.1415927

NUM 0.0

DNM 0.0

DNMZ = 0.0

DC & K=1~|2

FN3Y(K)} = 0.0

IFIK=2) 64727
7 THETA = THETA + P]
6 TEST = -l1.

F2 = 2.%(1«—RI*SIN({THETA/2.)

DO 5 M=1,:49

TEST = -TEST

THM = THETA+6.2831B54%FLOAT{M-25)

FLIM) = (SIN((L.—RIF{THM/ 2 1)ESIN{RE(THM/2. 1}/ {{1.-R)=RE(THM/ 2. 1%

L{THM/2. }Y%TEST ‘

SGNM = -1,

IFIFLOAT(M-25)+0.5) 9,8,8
8 SGNM = =S5GNM
9 F3({M) = NZ2FTANH{THM=T/P)}/NIL

F&4{M) = TANH{THM=D/P}

FOIM) = [La+F&(MIEXF3{M}I}/(F&{M}+FI(M))

IF(K-2) 10,545

861



OO O

1O

Il

NUM NUM+F1{M}F={SGNM+WF1=FS(M])
DNM DNM+FLIM)*={SGNM+F5({ M)} .
DNMZ2 = DNMZ2+FLUIM}*{SGNM+WF2%=F5{M})
FN3YIK) = FN3Y{K)} + FL{M)IFF2%([SGNM+WF2%FS5{M}JI/N3
IF{K=2) lisa&

EPEFF = EP3%#NUM/DNM

NEFF = N3*#DNM/ (DNM2#%#377.)

VIEFF = 3.E+0B/ (NEFF*EPEFF)
CONTINUE

X = FN3Y{1l}/FN3Y(2)}

YTH = FN3Y{l)}

RETURN

END

SUBRBUTINE CARDAN{AOsAL+AZ2sA3)

THIS SECTION FINDS THE
ROOTS OF THE GAIN EQUATIDN
USING CARDANS SOLUTION
DUE TO TARTAGLIA

REAL#*8 THR3,5QR3

COMPLEX*8 AO,+ALl,A2,A3,C51,CS52,CS3

COMPLEX*16 CW.CP,CG,CPCUBE,CQyXHyXGsZ1422,5UM
COMMON/ALA/ CS1,C52,C53

21 = Al/3.

22 = AZ2/3.

XH = AD%Z2-71%11

XG = AO*AQ*A3-3.%A0%21%71242.%Z1%21%71

SUM=A3#A3-6.%A3¥ 21 %7244 3 AL 1 £ 1 %71 -3 %2 1% 1 %712%22
144 . %72%72%72
SUM = SUM=AQ*AD

6ST
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CPCUBE = -XG/2.—-0.5%CDSQRT{SUM}
IF{CDABS(CPCUBE)) 11,10,11 ‘

CP = CDEXP{{CDLOGICPCUBE)})}/3.)

IFICDABS(CP)) 12,410,112

CQ = —XH/CP

THR3 = 3.

SQR3 = DSAQRT{THR3)/2.

Cw = ('0-510-"+SQR3*(0.11-)

CS1 = {CP+CQ-Z1)/AD

CS2 = {CP#CWHCW+CQ*CW-Z1)}/A0
CS3 = (CP*CW+LQ*CW=CW-Z1)/AD
GO TO 20

CS]. = (0.10-,

CS2 = (04+40.])

€S53 = (0a40.}

CONTINUE

RETURN

END

SUBROUTINE SELECT
THIS SECTION ORDERS THE ROOTS
COMPLEX CS1.CS2,CS3

COMMON/ALA/ CS1,L52,CS83
DIMENSIDN CR{20}.CI{20)

CR{1) = REALICS1)
CRI2} = REAL{CSZ2)
CR(3) = REAL{CS3)
CI(L) = AIMAGICS1)
CIl2) = AIMAGICS2)
CI{3} = AIMAG{CS3}

091



22

21

DO 21 K=1,2
N0 21 J=1,2

IF(CRIJI-CR{J+1}) 22+21.21

TEMPL
TEMP2
CR{J}
CitJ)
CR{J+1)

CitJ+l)

CONTINUE
cs1 CMPLX(CR{L1},CI{1))

CR{J)
City
CR{J+1)
CI(J+1)
TEMPL
TEMP2

ot n

cs2 CMPLX(CRI2),CI(2}}
€CS3 = CMPLX{CR13},CI(3}}
RETURN

END

191
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APPENDIX FOUR

EXAMPLE OF NEW NUMERICAl. METHOD

Consider the trivial algebraic equation

3 —
ST+ 3= O (IV-1)

whose roots are known,
o= +j,
7= 053 —j) )
ra?'" 0‘5(—\1—%-_‘;]).

(1Iv-2)

The real parts of the solution using the above method are determined first.

Letting (= S — S, » where So is pure real, results in reducing

equation(IX-1) to

W 35,6+ 358X+ 52+ = O. (1v-3)
Generating the test fraction coefficients yields
—1
Cl - (3 So) 5 ’ {IV-4a)
- :
— 3
C,= (_c)_ So) ) (IV-4b)
51253
and Cz= 1Z 20 . . (IV-4c)

Z(LAS,°—27)

Investigation of the test fraction coefficients reveals that sign changes of

occur at § =i1§ , and So= O as shown in Figure IV-1, Counting
T ——
2
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the number of test fraction coefficients that are negative for any value of
S0 reveals the number of roots with real pa‘:t‘t greater than or equal to So' |
Thus the singularities of the test fraction coefficient represent all the‘
possible solutions for the real part of the roots of Pn (’S) = O.
For example in region three of Figure IV-1 there is only one negative fest
coefficient, hence there is only one root with real part greater than any
value of So in this region.

The imaginary parts of the solution are found next, Letting
= ——J S-S, ) whefe So is pure real, results in reducing

equation (IV-1) to

3 2 2 3 _ V-5
Y3+ BS X+ BSSX +S2—-| = O, (1V-9)
Generating the test fraction coefficients yields

C, = (BSDY') (1V-6a)

2
C, = 9S.

= 5 (IV-6b)
8s2 + |

and Cz = 33.(% 50_3+ 1) . (IV-6c)
So>—|

Investigation of the test fraction coefficients reveals that sign changes
occurat S = -3, §,=0, and§ =+1 as shown in Figure IV~2, Al-
though sign change does occur at SU=O the number of negative test co-

efficients does not change; therefore, there is no root with zere real part.
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Ficure TN-2  Test Fraction CoerricienTs +or
the Imaa'nnat‘ﬂ Part O(‘Hhe Roots O‘g S3+ 1= 0.
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Combining the above results in six possible solutions to the equa-
tion P“(S) = 53+J = 0O as shown in Figure IV-3. The
remainders of the function are evaluated at each possible solution. The
correct solutions are chosen by comparing the remainders; i.e. choosing
the three with smallest remainder,

The effects of roundoff error in the test coefficients are not ser-
ious for the follpwing reasons, Consider the two cases shown in Figure IV-4
where an error in numerical evaluation ocours in C; at So= O. Both
cases indicate that an error has occured and must be corrected; the in-
dication being that the number of roots with real part greater than So
must be a monotonic function of So as is not the case herein.

This numerical method is extremely useful in refining only the
real part of a root; this being of major concern when determining the

growth rate of various waves in interaction type problems,
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gm(Lso)
I
S . H_ GD _________ ;_ -

| ;

_ |
. :
. J
.' !
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|
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