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A B S T R A C T

The in te rac tion  between slow electrom agnetic  waves and drifting  

c a r r ie r s  in a  sem iconductor is  studied considering two species of charge 

c a r r ie r ,  co llis ion , recom bination, cold c ircu it,, and diffusion loss m ech­

an ism s. It is  shown that fo r high re s is tiv ity  m ateria ls  the effect of the 

minority, c a r r i e r  m ay be neglected resu ltin g  in a dom inant c a r r ie r  d is­

persion  equation. A pertu rbational solution to th is equation is  studied by 

root locus technique to reveal the effects of the various p a ra m e te rs .

The d ispersion  equation of a slow wave c ircu it su itab le  fo r use in 

studying the above in teraction is  developed taking into account the effects 

of a m u lti-lay ered  m edium . E xperim ental re su lts  verifying the above 

theory a re "p resen ted .

In teraction  fo r highly asynchronous velocities a re  studied by extend­

ing the range of validity of the pertu rbational assum ptions. The modal ex­

citation p rob lem  is  solved revealing  that the collision dom inated assum ption 

may not be u tiliz e d .

N um erical re su lts  fo r th is  in te rac tion , when using the above slow wave 

c irc u it, a re  p resen ted  showing that the construction  df a c ircu it w ith a cut­

off frequency of approxim ately one th ird  the collision frequency is  requ ired  

to obtain a p ra c tic a l dev ice ,

thA new num erical method is  p resen ted  that is  useful in solving n 

degree a lgeb raic  equations of the type found in wave in teraction  p roblem s.
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CHAPTER 1 -  INTRODUCTION AND BACKGROUND

The interaction of drifting charge c a r r ie rs  in a semiconductor and 

slow electrom agnetic waves on an external c ircu it was f irs t hypothesized by 

J . R .  P ie rce  * in 1955 in the form  of a patent for the solid state -analog of 

the vacuum traveling wave tube. In this device a semiconductor filament 

would replace the electron beam of the traveling wave tube as shown in 

Figure 1 .1 , thus not requiring an electron gun and its associated focusing 

devices. The drifting charge c a r r ie rs  in the semiconductor, analogous to 

the electrons in the vacuum dev ice , would in teract with the slow electro­

magnetic wave resulting in a convective instability. No analytical or experi­

mental work was attempted at the tim e.

The firs t analytical work perform ed concerning this interaction

appeared as an appendix to a repo rt by Sandbank, et. a l . , on the velocity

2
modulation of charge c a rr ie rs  in sem iconductors . In the ir analysis 

Solymar and Ash presented the beginnings of a one dimensional model of 

the semiconductor traveling wave am plifier. They assumed a single species 

of charge c a r r ie r  with infinite recombination lifetim e obtaining a character­

istic  equation for the interaction that is reduceable to the well known vacuum 

traveling wave tube case . The range of validity of this single c a r r ie r  assum p­

tion was not considered for a system  where two c a r r ie r  sp ec ie s , electrons 

and holes, seem m ore appropriate.

In solving th is equation by a perturbational technique Solymar and 

Ash made two, as it  will be shown, incorrect assumptions; f ir s t , it was



I

RF INPUT RF OUTPUT
iY r

— 1
,_____ , v _ .

_____ ^ = u a '.nq ..5 °t*irM d__________ _____
^ -S lo w  VOave G r c u i t - \ i\ . _ _

< E
1 k lAAM/MA/WWML >

.. r~.

Electron Gun Collector

Figure 1.1 a  -  ’Vg.c.uum Traveling Wove Tube

RF INPUT

___ £ S
I

Slow Wgve Circuit-

■/ , t  t  . t  f  
i e m ic o n a u c t o r

RF OUTPUT

HD-!

-•m i

F ig u re  l.lfc-  S o l id  S t a t e  o f  Tro^gl»n<| Wave Tube



3

assum ed that the four roots to the c h a rac te ris tic  equation w ere  widely sep­

a ra ted  and second, the cold c irc u it attenuation loss was assum ed to be p u re ­

ly additive and not included in the  pertu rbational solution, £  , i . e .  Re ( ft) =-• 

Re ( £ )  -  Re ( J(0 ) .  T hese assum ptions resu lted  in an expression  for only 

the growing mode, one that is not reduceable to the well known vacuum 

trave ling  wave tube ca se .

In an attem pt to evaluate the gain of a  p a rticu la r device Solymar
3

and Ash utilized the in teraction  impedance calculated by B utcher fo r 

infinitely thin ladder lines in fre e  space . Since the tape line considered, 

the m eander line , is  d ie lec trica lly  loaded and has finite boundaries this 

approxim ation is m ost questionable. The d ispersion  c h a rac te ris tic s  and 

in terac tion  im pedance of such a s tru c tu re  constructed on layered  dielec­

tr ic  m edia a re  unknown.

The problem  of mode excitation was not trea ted  by Solyma r and

A sh.

Two num erical designs fo r n-type silicon devices w ere  presented 

fo r liquid helium  and room  te m p e ra tu re s . The lack of data fo r  the c ir ­

cuit p rec ludes the confirm ation of the calculated  gain and its  com parison

w ith the  fu lle r model to be developed.
4

Sumi in 1966 published an analysis of traveling  wave am­

plification  by d rifting  c a r r ie r s  in sem iconductors in which he predicted 

100 db /m m  gain fo r  InSb device operated  a t 4GHz at liquid n itrogen tem ­

p e ra tu re  . The analysis consisted  of evaluating the tra n sv e rse  admittance



4

at the su rface  of a collision dominated sem iconductor and equating i t  to the 

tra n sv e rse  adm ittance a t the su rface  of a  developed helix , re s tr ic tin g  the 

analysis to th is p a rtic u la r  s tru c tu re  and thus not having the sam e wide ap­

p licab ility  as the P ie rc e  type one dim ensional.m odel. T here  is  strong  ex-

5 6perim en ta l evidence ’ to indicate that the assum ption of no surface

charge o r  cu rren t at the sem iconductor su rface , used in equating the two

adm ittances, is  in c o rre c t, thus invalidating the d ispersion  equation so
7

found as illu s tra ted  in F igu re  1.2.  Z o tte r , using Sum i's ana ly sis , 

has num erica lly  evaluated the available gain fo r d ifferent sem iconductor 

m a te r ia ls , as shown in F ig u re  1.3,  p red ic ting  an even h igher gain p e r  

m illim e te r.

The work of Smni and Z o tter is  not redueeable to the  w ell known 

vacuum trave ling  wave tube case  because of the collision dom inated a s ­

sum ption m ade. The mode excitation p rob lem  was not t r e a te d .

8Vural and Steele have extended Sum i's analysis to  consider 

the in terac tion  with a generalized  adm ittance wall including the effects of 

su rface  charge and c u rre n ts . While allowing one to determ ine  the mode 

behavior fo r various assum ed adm ittances i t  does however req u ire  the 

evaluation of the tra n sv e rse  adm ittance fo r  the p a rtic u la r  slow wave c i r ­

cuit under consideration . U nfortunately, a s w ill be shown, the calculation 

of the tra n sv e rse  adm ittance of the m eander line slow wave c ircu it req u ire s  

the knowledge of higher o rd e r  modes propagating  along the struc tu re ; i . e .  

when calculated using only the dominant mode the adm ittance is  z e ro .
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Study of this case in  the inertia  dominated lim it reveals five constant am ­

plitude modes which in the presence of non-zero adm ittance is modified to
4

include a convective instability. The mode excitation problem  was not 

treated .

9 10
Hammer ’ , following the Solymar and Ash treatm ent but

using a Taylor se rie s  expansion fo r the effective m ass , has shown that 

the presence of negative differental mobility in the collision dominated 

lim it inhibits the interaction when the mean electron exceeds the cold 

circuit phase velocity; however, when the mean electron velocity is  le ss  

than the cold c ircu it phase velocity gain enhancement is  predicted.

The study of the interaction of drifting c a r r ie r s  in a semicon­

ductor and slow electrom agnetic waves on an external c ircu it has been 

initiated by several authors revealing the need for fu rth er work. This 

work should be di rected towards the development of a  model that is  ap­

plicable to a generalized slow wave circuit while s till  facilitating the 

evaluation of the individual case; in particular both the helix and dielec­

trically  loaded m eander line, and should include a ll the effects inherent 

to the semiconductor plasm a. The model should be reduceable to the 

vacuum traveling wave tube case such that the effects of the semicon­

ductor plasm a may be ascertained . The mode excitations have to be de­

term ined to allow the calculation of device gain such that comparison 

with experiment may be m ade.
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CHARTER 2 -  DISPERSION EQUATION FOR THE INTERACTION OF SLOW 

ELECTROMAGNETIC WAVES WITH DRIFTING CARRIERS IN A SEMICON­

DUCTOR,

The subject m atter of this chapter is  the development of a "one- 

dimensional" norm alized dispersion equation characterizing the in terac­

tion of a  slow electrom agnetic wave with drifting c a r r ie r s  in a semicon­

ductor . Although only longitudinal waves are  considered, the coefficients 

of the dispersion equation a re  calculated by taking into account the tran s­

verse  field varia tions. F o r  com pleteness, the derivation is  started  at a

fundamental point: namely the Boltzmann transport equation as derived 

11,12,13ay many authors

2.1 The Bolt? mann Equation

The distribution function of the s ^  c a r r ie r  species, f  ( r , u , t ) ,s

is defined as the density of s ' type c a rr ie rs  at the point ( r  ,u) in phase

"tilspace. The most probable number of s type c a r r ie rs  in an infinitesmal

volume d3r d 3u about ( r ,  u) is  f  ( r ,  u, t) d3r,d3u . The velocity space 
\ s

average of a quantity g ( r , u , t ) is  given by

/}<«■« £ OvVt) A
^ ( r j t J  «    ( 2- i )

/  fs (f, u,t) A
tilthe denominator of ( 2- 1 ) is  recognized as the s type c a r r ie r  species 

density in position space, to be re fe rred  to as "the c a r r ie r  density" ,
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n , given by s

ns(r,t) = /  f,(f,u ,t) d3u J (2-2)

such that

5 (- t ) _  J a f f a , J * u

n s ( r , t )
(2-3)

The Boltzmann equation may be derived by considering the various

region ( r ,  u) due to diffusion. The momentum (thus velocity) of a ca r­

rie r may be a ltered  by an exte rnally applied force according to the  law

point in phase space to another. Unlike the gaseous plasma the collision 

term s a re  non-negligible because of the higher c a r r ie r  densities in a 

solid-state p lasm a.

The many scattering mechanisms p resen t in a solid include 

scattering by optical and acoustic lattice v ibrations, scattering by lattice 

imperfections, scattering by ionized im purities, and lastly sca ttering  by 

other c a r r ie r s . The predominant scattering mechanism depends on the 

plasma selected and the c a r r ie r  tem perature; e .g .  in non-polar sem i­

conductors (germ anium  and silicon) optical phonon scattering d e te r­

mines the energy loss while acoustic phonon scattering  controls the

methods of a ltering  f { r , u , t ) .  C arriers may move into and out of thes

14
A c a rr ie r  may be “scattered” from  one
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m om entum  dissipation  at m oderate  and high tem p era tu re , w hereas sc a t­

te r in g  by lattice  im perfections and ionized im purities predom inates a t low

in a  gaseous p lasm a .

Finally , c a r r ie r s  may be generated o r  recom bine with another 

c a r r i e r  species: e .g .  conduction band e lectrons may recom bine w ith 

e ith e r  holes in the  valence band, term ed d ire c t recom bination because 

of the  band to band tran sitio n , o r  with " tra p s '5, te rm ed  ind irec t recom ­

bination because recom bination occurs v ia in te rm ed iate  localized energy 

le v e ls  in. the forbidden gap.

T he two term s on the right hand side rep resen tin g  respective ly  the 

r a te  of change of th e  d istribution function due to collisions {scattering ) 

and gene ration-recom bination  of c a r r i e r s .

B o l t z m a n n  E q u a t i o n .

The Boltzm ann equation is  a m icroscopic equation; i . e .  i t  de­

s c r ib e s  the individual c a r r ie r  behavior. It is  useful to derive  general 

m acroscopic  law s by taking m om ents of the  Boltzmann equation. T his 

app roach  yields th e  continuity and momentum  tra n s fe r  equations, which 

a r e  m ore useful because the dependent va riab les  a re  m acroscopic and

tem p era tu re 15 . Only the w eakest of these  m echanism s a re  p re sen t

The Boltzm ann equation is 16

(2 -4 )

2 .2  M a c r o s c o p i c  E q u a t i o n s  D e r i v e d F r o m  t h e■iir'Wn'1 ■■ ■ i l ■ ,n i pj iti ■ — ■■■ — mm ■ f ■— it i I ■ 1 fft
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observable . T his method, how ever, also re su lts  in an open s e t  of equations 

that m ust be closed by m aking a sim plifying hypothesis about one of the hy­

drodynam ic m om ents.

The continuity equation (conservation  of p a rtic le  num ber) is  d e ­

rived  by taking the zero th  m om ent of the Boltzm ann equation; i . e .  m ulti­

plying by u° and in tegrating  over velocity space ^  , yielding

_ / $ ) * ♦  j g \ A .
'C o l | .  / ^ - r

The momentum tra n s fe r  equation (conservation of p a rtic le  mo­

mentum) is  derived  by taking the f i r s t  m om ent of the Boltzmann equation;

18i . e .  m ultiplying by Tr and in teg rating  over velocity  space , yielding

c*(ns'4') + Vr • TP + Vr*(flsVsVs) — n sF 
a t  m *  m s*

-  f u ^ c J V  +  ,
J  d t  /co„ J  d t  j

w here p  =  TY1* n s  ( u s“ ' - V S)  ^  a p re s su re  te n s o r .

To p roceed  fu rth er one m ust evaluate the in teg rals in the con­

tinuity and momentum  tra n s fe r  equations. One would express the ra te

of change of the d istribution function due to  sca tte rin g  in te rm s  of the

19density of s ta te s  and tran sitio n  probability  functions . T h is , how­

ev e r, req u ire s  in ferring  th ese  functions from  e ith e r  theory  o r  experi-

(2 -6 )
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m ent. The phenomenological approach, that of approxim ating the sca t­

tering  te r m s , yields sim p ler usable re s u l ts .

F ir s t ,  one assum es that the equilibrium  (zero convection current) 

d istribution function is  Maxwellian and iso trop ic  in velocity; i . e .  ,

F u rth e rm o re , one assum es tha t the effect of any distrubance is  to  a lte r  the 

c a r r ie r  tem pera tu re  and m ean velocity while not appreciably changin g the 

fo rm  of the d istribution function; i . e .  the non-equilibrium  distribu tion  func­

tion is  a  displaced Maxwellian of higher tem p era tu re  as shown in F igure  2 . 1 .  

This technique allows extrapolation to "hot e lectrons" although it is  known

that a t very  high d rift velocities departu re  from  Maxwellian fo rm  may oc- 

20cu r . Upon rem oval of the disturbance the non-equilibrium  distribu­

tion function, f ( v , u , T ) ,  re lax es  to the equilibrium  d istribu tion  function, s s ^

f (o , u , T ). The equilibrium  condition is  attained when both T decreases S I  *

to T j and the m ean c a r r ie r  velocity is z e ro . T he ra te  of change of the d is­

tribution function due to collisions may be expanded as

Phenom enologically assum ing that relaxation tim es fo r energy (tem pera­

tu re )  and momentum (velocity) a re  valid; i . e .  ,

(2 -8 )
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= -  ( J s  -  I s )
U

(2 -9 )

and

5 v . s \  =S "* Vs
L .  Tp *

(2-10)

results in

_  cj-fs\ _ — Is(^i^jXl) I "£(^^ 1̂ 5) — (2-11)

L „. t f  ^

21
The effects of phonon emission caused by superscnic c a r r ie r s  may 

be studied by expanding the relaxation tim es as functions of velocity and 

tem perature: however, in this study and T e  a re  assumed to be

constant. Substitution of (2-11) in (2-5 ) and (2-6) resu lts  in collision 

integrals of the form

I n , v s "  /  U nf s ( V S )U ,T )  < f u . (2- 12)

F o r n odd and \ J ^  equal to ze ro , ^  0 ~  O  since ^  is^odd and 

f (o , u , T ) is  even. F o r n equal to z e ro , I -* S  fls  independentS  01V/ »

o fy  . T herefore ,
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/

This is  anticipated since intuitively i t  is  expected that co llisions cannot

c re a te  o r destroy  p a r t ic le s . It is  noted that the above does not depend on

the Maxwellian form  of f ( v , u , T )  but ra th e r  upon its eveness property .s s

The in teg ra l

reduces to

T  ~  / u - f s O ^ u . T j d u
-L  I u  — --------------------- ;---------------------------, Vs "  — ^ ----------------- — — --------------------------  <2- 14b)

TLr
Ii is  independent of ; i . e .  the conservation of m om entum  is  not 

effected by the energy relaxation  tim e. Evaluating (2-14b) yieldSj

I | \ /  =  ~  H g V s  ,  (2 -14c)
'lvs TLp

The generation-recom bination  te rm s a re  considered  next. A de­

rivation s im ila r  to tha t fo r the collision te rm s  does not adequately rep resen t 

m any observed phenomena; e .g .  m inority  c a r r ie r  recom bination as in the



Haynes-Shockley experim ent. These effects a re  frequently rep resen ted  by

assum ing a  constant c a r r ie r  generation r a t e ,  G , and a recom bination ra tes

that is  p roportional to the ex cess  c a r r ie r  concentration , resu lting

in the continuity equation

+ VP-(nsVs)= G . (2-15>
d x  5  t s

In non-polar sem iconductors *£5 ( c a rr ie r  recom bination 

-5  -2lifetim e ) is  in the range 10 to 10 seconds arid in d ire c t recom bination 

p redom inates. F o r po lar sem iconducto rs, in  which d ire c t recom bination p r e -  

dom inates ,"£5 is in the range 10 to 10 seconds and m ay  not be negig ib le. 

It is  noted tha t the recom bination lifetim e m ay  vary from  sam p le  to sam ple 

p rep a red  from  the sam e m a te r ia l because of differences in  th e  treatm ent o f 

the su rfaces .

Substitution of (2- 14c) in (2-6) y ie ld s

X ^ V s ) + V r - I P V r- (esVsVs)- F =  - n s %  # (2.16)
m *  m *  T p

A ssum ing th a t the p re s su re  te n so r  is  iso tro p ic  and defining tem pera tu re  by 

the equation of s ta te  P  £  n k  to te rm in a te  the moment equations r e s u lts  in



where the therm al velocity of the s c a r r ie r  species is  defined as

\ 4 =  .

2.3 D ispersion Equation

. The d ispersion  equation fo r the  system ; i . e .  the relationship be­

tween wave vector and excitation frequency fo r the sem iconductor and c ircu it 

is found by applying the princip le  of se lf consistency to the one dimensional 

model. F ir s t ,  the RF convection c u rren t density in the sem iconductor is  cal­

culated from  an assum ed e lec tric  field in the c ircu it. The electronic adm it­

tance is  defined as the ra tio  of the RF convection cu rren t density to the c i r ­

cuit RF e lec tric  field when calculated in such a m anner. Next, the c ircu it RF 

e lec tric  field  is calculated from  an assum ed RF convection curren t density in 

the sem iconductor. The c ircu it adm ittance is defined as the ra tio  of the RF 

convection curren t density  to the c ircu it R F  e lectric  fie ld  when calculated 

in th is m anner. The c irc u it  admittance is  then equated to the electronic ad­

m ittance .

To derive the above adm ittances wave dependence for the v a rf

ables of the form is  assum ed. Additionally,

sm all signal theory is  used  to w rite
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and n  — H o +* H i j

w here i t  has been assum ed-that h igher o rd e r te rm s  a re  negligibly sm all and

E is  the c irc u it e le c tric  fie ld . Two c a r r ie r  sp ec ie s , e .g .  e lec trons and c

h o les , a re  considered  being rep re se n te d  by the subscrip ts A and B , The 

convection c u rre n t density is  th e re fo re

J =  ^  <^sn sV s =  ‘J / ’aVa -I- ^ 6  fieV s - (2' 19)
s

Substitution of (2 -18 ) in to  the continuity equations fo r  c a r r ie r s  

A and B re su lts  in

+  IfilAVov) “  ~~ 0 tA j  ( 2- 20 )

and

(^ n o f iV i& + • O i l  o ( 2-21

Substitution of (2 -18) into the momentum  tra n s fe r  equations 

fo r c a r r ie r s  A and B xesu lts  in

(jtO-WoA-^-^O l̂A = ^ E T1+ t̂iiAlTllA y { 2 - 22)

Ho*
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and

(  l lx l— 2 fV t© +  — l? 6 E T | +  y  f ) i 6  .  ( 2 - 2 3 )

n N

The to ta l e lectric  field  in the sem iconductor may be w ritten  as the sum m a­

tion of the c ircu it e le c tr ic  field  and the  localized space charge e le c tric  

field; i . e . 7

E t  *  E c  +  E sp (2-24)

The Lorentz fo rce  is  neglected in  (2 -23) since | V X B «  | E c | .
i  *

Substitution of (2-18) in P o isso n 's  equation Vr • D =  

com pletes the se t of equations n e ce ssa ry  to derive  the  electronic adm it­

tan ce , Defining the effective perm ittiv ity  of the  sem iconductor p lasm a ,

£  ) D  ^  3 (Derived fo r  a two component p lasm a in

Appendix 1) re su lts  in V r - E x =  / £  0  Since the

c irc u it e lec tric  field  ex is ts  without space  c h a rg e , V r  • E t  =  O ,  

-resu lts in

Vr* Et -  Vr*(Ec+Ew) = V,- E * -  Va- Esp = S - , (2-25)

o r

—  3 E S P  =  A ■*" IB (2 -2 5a)
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The RF densities a re  found as functions of the RF ve loc ities  from  

( 2- 2 0 , 2 1 )-

n , s  — ^  H o s  V i s  (2 -26 )

w here the  "reduced" recom bination frequency, » is  defined by

W R5  4  (, j  W  — V05 +  T ^ ’ )  , (2 -2 7 )

Substituting (2 -24 , 25a) into the momentum  tra n s fe r  equations (2-22 , 23) 

re su lts  in

« c X  =

and

WcbVi6 =  'f^E , -1^6 +  ^ 6 ^ ®  * (2_29)

w here the  "reduced" collision  frequency, COcs , is  defined by

fcs =  (  j  to — ^  -h -^S . <2-30>
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Substituting (2-26) into (2 -28 , 29) and defining the plasm a fre- 

th
quency of the s type c a r r ie r ,  (■dps ,as

u f ,  =  ,
£

re su lts  in the set of coupled equations,

(2-31)

(^ câ ra* ^ pa-  ^ â  ) R̂ Ae)

R ^ ) /  Vifc/

y  (2-32)

where

R ^ ^  k V  # (2_33)

Defining

U )s  =  L ^cs^es  - M ^ f s  - ■ % JSZ ,  (2-34)M
and solving (2-32) resu lts  in the EF velocities

VlA = E t }  (2-35)

~  (>Va O^PB
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and

V ia  =  £ i

W a  W b2 -  W pa  (jOp b  ( 2 ' 36>

The RF convection cu rren t density is  fround from  (2 -19 ) as

J |  — ( ^ oaVja +" +" H ibVob) ,  (2 -37)

ubstituting (2 -2 6 , 35, 36) into (2 -37 ) re su lts  in the  electronic adm ittance 

of a two component p lasm a,

;a \ _ £Aj a

E, u)ft2(Aia — cOpaUVb

(2-38)

T he e lectron ic  adm ittance includes the effects of c a r r ie r  la ttice

co llis io n s, diffusion recom bination and space charge through the p a ra m e te rs ,

2  Z
b d c s  ) j ^ R .S  ’ and ^ P S  respec tive ly . Diffusion and

space charge a re  two en tire ly  d ifferent loss m ephanism s; diffusion loss

resu lting  from  the c a r r ie r  density  gradient while space charge loss is

caused by the m utual fo rces between d rifting  charged c a r r ie r s .

In deriv ing  the e lec tron ic  adm ittance , J a  , the effects of a
e,
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tra n s v e rse  e lec tric  field varia tion  w ere  neglected in P o isso n 's  equation. 

T hese  effects m ay be included by u tilizing  a reduced p lasm a frequency ,

U ) PS
22, 23

The c irc u it RF e le c tr ic  field  excited by an im p ressed  E F  eonvec-

24tion c u rre n t density  is next calculated by expanding in te rm s  of the 

n o rm al m odes resu lting  in

n

z n n „ AeA (2 -39)

“P o isso n 's  equation \ J r  * E t  ~  P 4? / €  may be rew ritten  
without approxim ation as

V a - E SP =  h I + ESP

M  * E sp ■]

- i

In the prev ious derivation  it has been assum ed that v * .  E s p — o. 
The concept of utilizing a reduced p lasm a frequency is  to im prove upon 
th is approxim ation by calculating  th is  te rm  in the following m anner. As 
w ill be shown, * E sp  — — E sp ~  — -if^&EsP such that
the  co rrec tio n  te rm  is

I -f- 1 Mr * Esp 1
P'eEsp J

and depends on the tra n sv e rse  boundary conditions. T his co rrec tion  te rm  
is  re la te d  to the p lasm a frequency reduction fac to r OOcT /  ^ P  
T his te rm  can in princip le  be evaluated from  the geom etrical configuration 
of the boundary.
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th  p*
where Z is  the "interaction impedance" of the n space harmonic of t - r -  

n *

defined as

.2
2 n =  i §-zn

2 -(Sn2 P
.. (2-40)

Consider the case  when ^  &  + 2f0 . F o r H %  O  , the term

^  will be large when compared to ^ . Additionally, the

num erical value of the te rm  2?n ^ f n / ( J f “ will not be appreciably 

altered-by changing various param eters . Hence (2-39) may be rew ritten

as

E — — T a T 4-  1
(2-41)

where is  a constant, having dimensions of admittance, that rep re ­

sents the effects of all the passive modes ( n \ o )  and the term

4- j / w s A  . The f irs t te rm  is derived from  a field that has approxi­

m ately the sam e spatial variation as the c ircu it field; i . e .  £ V© .

F rom  (2-24) it  is  seen that the second te rm  may be interpreted  as the 

space charge field. Hence,

J,A
i

=  - ' t o ' "  y 2_________  # (2-42)

ckt y2, y0  z o
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The dispersion equation is  found by applying the principle of selfconsis­

tency to 3 1A/E, ; i . e . equating (2-42) to (2 -3 8 ) , o r  by apply­

ing the principle of self-consistency to t, a / e t . The fo rm er of 

these  requ ires the evaluation of the p lasm a frequency reduction factor 

while the la tte r  req u ires  the evaluation of the adm ittance m i . Since

25
data is  m ore readily  available fo r p lasm a frequency reduction factors 

the fo rm er approach is  taken resu lting  in the dispersion equation

eA _ tt-v (2-43)

2 .4  Collision Dominated D ispersion Equation

The d ispersion  equation of the interaction (2-43) is  a sixth de­

gree  algebraic equation in 'Jj w ith complex coefficients. It is  th e re ­

fore  useful to examine the equation fo r the sem iconductor case  to see 

how it may be sim plified fo r num erical calculation. The in teraction is 

said  to be collision dominated when the condition 

is sa tisfied  fo r a ll c a r r ie r  sp e c ie s , fo r which (j ^ qg — >  U s  • 

Assum ing that the effects of diffusion a re  negligible (as w ill be shown), 

and considering the case  when the recom bination lifetim e is a rb itra rily  

la rg e , »  |  ̂ such that ( j U )  — W o s ) ?

the d ispersion  equation may be rew ritten  as
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ft 2 . , . /) 2   M '
P g

a quartic equation in \  w ith complex coefficients, Assuming the solu­

tions for w ill have a magnitude approximately equal to the electronic 

wave number allows the derivation of a condition for which the interaction 

may be characterized by the dominant ca rr ie r ; i .e .  when

A i  (2"45)
£ ca P>c t>

equation (2-44) may be approximated as 

a  v  2a * -  v z V-
P q a  Wo 0

(2-46)
jU Jefif0^ A

The dominant c a r r ie r  condition (2-45) may be rew ritten  for n and p -  type 

m aterials respectively as

%  »  M / J & k . ,  > (2.47a)
I7 )? U h

p a »  n l / < n a_ \  ,

\ W e J U e  ]
(2-47b)
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thus defining for each m ateria l a maximum resistiv ity  for which this ap­

proxim ation is  valid. (A tabulation for different m ateria ls is given in

table 2.1) Equation (2-46) is  not reduceable to the vacuum traveling wave 

tube case  because of the collision dominated assum ption m ade.

2 .5  Dominant C a rrie r  D ispersion Equation

The dominant c a r r ie r  dispersion equation may be derived in an 

a lternate  m anner that reta ins the collision, diffusion, and recombination 

dependence. Letting 60̂  o , the d ispersion  equation (2-43) re -

manium and Silicon, equation (2-48) reduces to the case studied by Solym ar

duces to

n „ 2 „  | l ± g 5 s j
;  (2 -4 8 )

and has been w ritten  to display the effects of c a r r ie r  recom bination. When 

(-0 »  | , the case of negligible c a r r ie r  recombination as in G er-

and Ash 26 . The m ajor effect of nonnegligible c a r r ie r  recom bination

is to modify the in teraction impedance to

( 2-49)

thus affecting the growth r a te .
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2 .5a  Perturbational Solution of the Dominant C a rrie r  D ispersion Equation 

The cold circuit transm ission line supports two w aves, circu it

r ie rs  are  drifted through the semiconductor the "system " supports six waves; 

the four additional waves being called c a r r ie r  w aves, electrokinetic w aves, 

and/ or space charge w aves. The perturbational solution of the dominant 

c a rr ie r  dispersion equation w ill, because of its  reduced d eg ree , resu lt 

in two circu it and two c a r r ie r  w aves.

and second, to obtain a strong interaction, corresponding to an appre­

ciable Z , the circuit admittance should be minimized. This condition

waves, that propagate in opposite directions along the line. When c a r-

Perturbations of the cold circuit waves a re  attempted fo r two 

reasons; f i r s t ,  it  is expected that if the interaction is  weak, then ^  i  Ifo

n

is  satisfied when f  o  . Let

(2-50)

and

(2-51)

The circu it admittance is approximated as

(2-52)



contingent upon the conditions 1/eA I > 

and m ost importantly IfU >>■ I hA I j
|^ A  | > >  | ^ »  | 1 | / L *  | »  | £  | J

and m ost thus restric ting  the range of p e r­

turbational validity to near synchronism.

The perturbed dominant c a r r ie r  dispersion is therefore the cubic

and the p rim e, henceforth to be suppressed, denotes division by reft'--

The perturbational solution to the dominant c a r r ie r  dispersion equation is

27
reduceable to the vacuum traveling wave tube case studied by P ierce  

with provision for studying the effects p resen t in semiconductor plasm a.

The effect of diffusion is seen to be negligible since for most 

sem iconductors,

(2-53)

where C is  P ie rce 's  coupling coefficient defined as

(2-54)
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F o r  VQ = vth , to would have to  be approx im ate ly  tOp, 1012 sec-1, f o r  d iffu sion  

e f f e c t s  to  occur.

2. 6 The E f f e c t s  o f  Collision and Cold C ircu it A tten u a tio n  on th e  P e r tu rb e d  
Solution o f  th e  D om inant C a r r ie r  D ispersion  E quation  a t  Synchronism

The synchronous case  is  s tu d ied  because i t  i s  th e  s im p le s t m ath em atica lly

and is  th e  b e s t  p e rtu rb a tio n a l approx im ation . A dditionally , l e t  th e  c a r r ie r

recom bination  l i f e t im e  be a rb i t r a r i ly  la rg e  and th e  reduced  plasm a wave num ber

negligibly sm a ll b u t  non-zero . E quation  (2-53) red u ces  to

S' + S2 (fiCA + “°> + S(“» PCA> + 3 = 0  (2- 5 8 )

Tl\e collision and cold c irc u it  a tte n u a t io n  lo ss m echanism s a re  n o t purely

28ad d itiv e  a s  su ggested  by Solym ar and A sh .

T here  e x is ts  a so lu tion  to  (2-56) w ith  p o s itiv e  r e a l  p a r t  f o r  a ll  values o f 

th e  re a l c o e f f ic ie n ts  j 3 ^  and ofQ. T h is corresponds to  th e  p resence  o f  a con­

v e c tiv e  in s ta b il i ty  (gaining wave) even though appreciab le  collision damping may 

be p re se n t.

The above s ta te m e n t  m ay be proved as fo llow s. Inspection  o f  th e  

c o e ff ic ie n ts  re v e a ls  t h a t  a  pu re  r e a l  o r  pure  im aginary  so lu tion  is  n o t possib le  

excep t f o r  in f in i te  lo s s , a  case  n ev er occurring  in  p ra c t ic e .  C onsider th e  

lo s s le s s  case , a 0  -  P q a  ~  0- E quation  (2-56) reduces to  S3 + j = 0 whose so lu tion  

is  known to  have a r o o t  w ith  p o s itiv e  r e a l  p a r t;  i .  e . SQ = (t/3%  j) /2  in  th e  fo u r th  

quad ran t o f th e  S -p lane. Since th e  r o o ts  o f  a polynom ial equation a re  continuous 

fu n c tio n s  o f th e  coeffic ien ts (H urw itz 's  theorem ), and m ay n o t c ro s s  th e  axes, 

th e  p o sitiv e  r e a l  p a r t  ro o t  is  c o n s tra in ed  to  th e  fo u r th  quadran t. Q. E .D .
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The e f f e c ts  o f th e  v a ria tio n  o f  e i th e r  lo ss  p a ra m e te r  may be s tud ied  by 

ro o t  locus technique. Letting  a Q = 0, and rew ritin g  (2-56) in ro o t  lo cu s fo rm  

re s u l ts  in
J3 S2

l  + - § r - -  = 0 t2' 57>S + j

The p o in ts  o f  origin o f th e  loci a re  th e  so lu tion  to  th e  lo ss le ss  c a se  S3 + j = 0.

The p o in ts  o f convergence o f th e  loc i a r e  th e  double z e ro  a t  th e  o rig in  and one 

zero  a t  in fin ity . The com plete  ro o t  locus is  shown in F igu re  2 .2 . Increasing  

th e  co llision  frequency (decreasing  th e  m om entum  re la x a tio n  tim e) d ec rease s  

th e  g row th  r a t e  of th e  ro o t  in  th e  fo u r th  quadran t. Even fo r  la rg e  P q A  th e re  

is  n e t  g row th . I t  is  no ted  th a t  th e  m agnitude of (3^^ Is  n°b one o f  p e rtu rb a tio n a l 

assum p tions .

When o!0 ^ 0, (2-56) may be r e w r i t te n  in  ro o t  locus fo rm

“ o s <s + < W
1 + ■ °  <a- 58>

The p o in ts  o f orig in  o f  th e  loci a re  th e  z e ro s  o f s3 + szpCA + y  which i s  the  

p rev ious ro o t  locus s tu d ied . The p o in ts  o f convergence a re  one z e ro  a t  

S = -/3_. , one zero  a t  th e  orig in  and one zero  a t  in f in ity . The co m p le te  ro o t
v A  *

locus i s  shown in F ig u re  2. 3. The e f f e c t  o f cold c i r c u i t  a tte n u a tio n  i s  to  

reduce  f u r th e r  th e  n e t  g row th  r a t e .

2 .7  T he E f f e c ts  o f  Space Charge and D iffu sion  on th e  P e rtu rb e d  S o lu tion  of 
th e  Dom inant C a r r ie r  D ispersion  E quation  a t  Synchronism .

When th e  only m echanism s p re s e n t  a re  space charge  and d iffu s io n ,

equation (2-56) reduces to



'Sm (s)i

R e(s)>  0 in d ica te s  
growing mode

F ig u re  2 .2  R o o t locus o f  synchronous dom inant c a r r i e r  
d ispersion  equation  f o r  a Q =  0.

P o in ts  o f  orig in  a r e  in d ica ted  by X, P o in ts  o f 
convergence a re  ind ica ted  by 0. A rro w s in d ica te  in c re a s ­
ing gain c o n s ta n t £pA ' l ° cus ca lcu la ted  f o r  th e
c a se  when only collision lo s s  i s  p re s e n t ,

S2
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• M s )

Re(s)

Re(s) > 0 in d ica te s  
growing mode

F igure 2, 3 R oo t locus o£ synchronous dom inant c a r r ie r
dispersion equation

P o in ts  o£ o rig in  a re  indicated  by X, as de te rm ined  
by th e  collision wave number", /3q^ 0 P o in ts  o f convergence 
a re  indicated by 0. The dashed curve is  th e  ro o t  locus fo r  
th e  case a Q -  0. A rrow s indicate  increasing gain c o n s tan t a Q ,  
This locus is  ca lcu la ted  fo r  th e  c a se  when collision  lo ss  and 
cold c irc u it  a tte n u a tio n  a re  p re s e n t .

a Q S(S + 0 )
1 + - r — ---------------- = 0

S + ^CAS + j
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(2-59)

The com plete ro o t  locus is  shown in F igure 2 .4 . I t  is  noted th a t  th e re  is  always 

one p u re  imaginary solution corresponding to  an u n a tten u a ted  mode. The grow th 

r a t e  o f  th e  ro o t in th e  fo u rth  quadran t decreases w ith  increasing plasm a wave 

num ber and Debye wavelength although a s  previously explained th e  l a t t e r  e f f e c t  

is  m inor.

When all lo ss  m echanism s a re  p resen t, th e  d ispersion  equation (2-56) 

red u ces to

th e  e f f e c t s  of recom bination being considered negligible. R ew riting  (2-60) 

in r o o t  locus fo rm

w here th e  denom inator, determ ing th e  po in ts o f orig in  of th e  loci, corresponds 

to  equation (2-58).t h a t  has already been studied. The po in ts o f convergence a re  

one zero  a t  S = one zero a t  th e  origin and one zero  a t  in fin ity .

The com plete ro o t locus is  shown in F igure 2. 5. A s th e  plasm a wave 

num ber increases a  value is  reached such th a t  a ll th re e  ro o ts  have negative 

r e a l  p a r t .  There e x is ts , th e re fo re , a maximum value fo r  /3̂ 2 , ( 3 ^ ^  , such

* S3 +  S \ ^ + K 0) l - < M o )  +  j
= • O  y  (2 -60a)
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Refs) > 0 in d ica te s  
growing mode

Re(sJ

F ig u re  2 ,4  R o o t locus o£ synchronous dom inant c a r r ie r
d ispersion  equation , 0 f  0

*1

A rrow s in d ica te  increasing  reduced  p lasm a 
wave num ber L oss m echanism s considered a re
d iffu s io n  and space charge.

S3 + j
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Refs) > 0 ind ica tes 
growing mode.

F igure  2 .5  R oot locus o f  synchronous dom inant c a r r ie r
dispersion equation

( a l l  l o s s  m echanism s )

A rrow s ind ica te  increasing  reduced p lasm a wave 
num ber 0^ *  ^ocus in d ica te s  th a t  th e re  e x is ts  a maxi­
mum value o f such t h a t  a growing wave e x is ts . Loss 
m echanism s considered a re  collision, cold c irc u it  
a tten u a tio n , d iffusion , and space charge.

S3 + S2<3CA+ ao>+S(0CA“ o)+3
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t h a t  a  convective in s ta b ility  e x is ts  f o r  f in i te  and a Q .  S u b s titu tio n  of 

S = jS Q in (2-60) r e s u l ts  in  th e  sim ultaneous equations

-1 =  0 (2-61)

and

So ( fica+ ~  W $ca  )  *” o (2-62)

f o r  im aginary  and re a l  p a r t s  re sp ec tiv e ly . The im aginary ax is  c ro ssin g  occurs 

a t

S = ~ J /z (2-63)

L (&* +« (> )

S u b s titu tio n  o f (2-63) in  (2-61) r e s u l t s  in  a  cubic equation f o r  P qaM as a

fu n c tio n  o f ( q ( q  X DA > fieA Although a m ethod f o r  solving th e  cubic

29e x is ts  a  fo rm u la  f o r  th e  so lu tion  a s  a  fu n c tio n  o f th e  c o e f f ic ie n ts  does n o t. 

A n o th er technique w ill be  used to  solve f o r  th e  maxim um  allowable c a r r ie r  

density  f o r  n e t  grow th  to  e x is t.

2 .8  The E f f e c t s  o f C a r r ie r  Recom bination on th e  P e r tu rb e d  Solution o f th e  
D om inant C a rr ie r  D ispersion  E quation a t  Synchronism .

When th e  only m echanism  p re s e n t  is  c a r r ie r  recom bination , equation

(2-56) reduces to

I +
A * s : (2-64)

although P ie rc e 's  coupling c o e ff ic ie n t, C, a s  defined by equation  (2-54), is  no
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longer pure rea l. I t  is  noted th a t  equation (2-64) has th e  same fo rm  as 

equation (2-57), th e  case when only collision loss is  p re sen t. I t  d if fe rs  fro m

ro o t locus, however, has the  same points o f origin and convergence. The e ffe c t  

o f  decreasing the  recom bination life tim e , i. e. increasing the recom bination

2. 9 R eflec ted  C ircu it Wave P e rtu rb a tio n a l Solution o f th e  Dominant C a rrie r  
D ispersion Equation

The sy s tem ’s quartic  dispusion equation was found in Section 2 .4 . Three 

fo rw ard  traveling wave solutions were found as pe rtu rb a tio n s o f the  fo rw ard  

trave ling  circuit: wave. The fo u rth  solution is  found a s  a pe rtu rba tion  o f the  

c irc u it  wave traveling  in the  direction opposite to  the  d rif tin g  c a rr ie rs . This 

wave is  called th e  re f le c te d  c ircu it wave and is  excited  by im proper te rm ina tion  

o f th e  slow wave c irc u it  a t  th e  output. T herefo re , l e t

is  no longer pure rea l. The

wave number / 3 ^ ,  is  to  decrease the  grow th r a te  as shown in Figure 2. 2 .

(2-65)

. .The c irc u it adm ittance  is  approxim ated a s

J D—  ■') D
)

(2- 66)

also contingent upon th e  conditions I

and The perturbed  dispersion equation becomes

S -  'x'o -i- j \ +  , (2-67)
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th e  e f f e c ts  o f recom bination being considered negligible. The Re(s) ^>0 is  

expected since th e  wave a tte n u a te s  as i t  tra v e ls  in th e  negative z d irection ,

2 .10 Conclusions

F o r m o st sem iconductors, w ith th e  exception o f high re s is t iv i ty  

germanium, th e  e f fe c t  of th e  m inority  c a r r ie r  may be neglected resu lting  in 

th e  dominant c a r r ie r  dispersion equation. The solutions to  th is  equation a re  

two c irc u it and two c a rr ie r  waves, a s itu a tio n  d irec tly  analogous to  the  

vacuum traveling  wave tube, A theorem  was proved revealing the  existence 

o f a convective in stab ility  (gaining c a r r ie r  wave) in the  presence of collision 

damping and cold c irc u it a tten u a tio n  fo r  high re s is t iv i ty  sem iconductor 

although th e  grow th r a te  becomes vanishingly sm all. Root locus techniques 

w ere found to  be usefu l to  reveal th e  existence o f a maximum c a r r ie r  density  

f o r  which a convective in s tab ility  ex is ts  a t  synchronism. The e f fe c ts  

peculiar to  th e  sem iconductor decrease th e  grow th r a te  and requ ire  device 

operation a t  very  low d r i f t  velocity , i. e, ve locities th ree  o rders o f magnitude 

le s s  than  th e  in trin s ic  velocity o f sem iconductor thus n ecessita tin g  th e  

development o f  a slow wave c irc u it  w ith a slowing fa c to r  o f approxim ately 

one thousand.
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CHAPTER 3 -  THE STUB -  LOADED MEANDER LINE SLOW WAVE CIRCUIT •

The pu rp o se  of th i s  c h a p te r  i s  to  c h a ra c te r iz e  a  slow  w ave

c irc u it  s u i ta b le  for u s e  in  s tu d y in g  th e  in te ra c tio n  by e v a lu a tin g  tw o

of th e  c i r c u i t 1 s p a ra m e te rs ; nam ely , Tf0 , th e  co ld  c irc u it  p ro p ag a tio n

thc o n s ta n t ,  and  th e  in te ra c tio n  im p ed an ce  of th e  n sp a c e  harm onic 

a s  d e fin e d  by  e q u a tio n  (2 -4 0 ).

P la n a r slow  w av e  c irc u its  are p a r tic u la r ly  w e ll su ite d  for d e v ic e s  

u til iz in g  t h e  s tu d ie d  in te ra c t io n . Very la rg e  s low ing  fa c to rs  are  req u ire d  

b e c a u se  th e  maximum a tta in a b le  n o n -s a tu ra te d  c a r r ie r  d rif t v e lo c ity  is  

s e v e ra l o rd ers  o f m agn itude  l e s s  th a n  th e  in tr in s ic  p h a s e  v e lo c ity  o f 

se m ic o n d u c to rs . F a b ric a tio n  by e v ap o ra tio n  d e p o s itio n  a n d /o r  p h o to ­

lith o g ra p h ic  e tc h in g  f a c i l i t a te s  th e  c o n s tru c tio n  o f c ir c u i ts  w ith  th e  

n e c e s s a ry  d im e n s io n s . A d d itio n a lly , by s e le c tin g  a h ig h  therm al c o n ­

d u c tiv ity  s u b s tr a te ,  th e  c ir c u it  is  a b le  to  d is s ip a te  la rg e  am ounts o f 

pow er b e fo re  p h y s ic a lly  deform ing .

3.1 D e sc r ip tio n  o f th e  Slow W ave C ircu it

The s tru c tu re  in v e s tig a te d  is  th e  s tu b - lo a d e d  m eander l in e  a s  

show n in  F ig u re  3 .1 . The c i r c u i t 's  a s p e c t  ra tio  i s  d e f in e d  a s  th e  ra t io  

of th e  in te r l in e  sh o rtin g  lin k  to  c e n te r  l in e  d is ta n c e ,  a , to  th e  h a lf  w id th , 

b , i . e .

a s p e c t  ra tio  -  a .  (3 -1 )
b

i
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Figure 3 .1 Stub Loaded Meander Line.
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The m e ta l l iz a t io n  ra t io  i s  de fin ed  a s  th e  ra t io  of th e  in te r l in e  d i s t a n c e ,

q ,  to  th e  h a lf  p e r io d ,  p ,  i . e .

m e ta l l iz a t io n  ra t io  -  . (3-2)
P

The th ic k n e s s  o f th e  c o n d u c tin g  t a p e  i s  ta k e n  a s  nom ina lly  

ze ro . The p a s s iv a t io n  la y e r ,  or in  th e  c a s e  o f som e d e v ic e s  th e  p rin ted  

c i rc u i t  board , i s  of th ic k n e s s  d . A d i e l e c t r i c  p la te  of th ic k n e s s  t  is  

u s e d  t o  o b ta in  a d d i t io n a l  s low ing . /
The c i rc u i t  may b e  though t of a s  a t r a n s m is s io n  l in e  in  th e  

t r a n s v e r s e  d ire c t io n  an d  a  p e riod ic  s t ru c tu re  in  th e  lo n g itu d in a l  

d i re c t io n .  As su c h ,  th e  app rox im ate  s lo w in g  f a c to r  i s  2 a /p .

3 .2 F l e t c h e r 1 s M ethod o f A n a lysis

While an  e x a c t  e le c t ro m a g n e tic  a n a l y s i s  o f th e  c i r c u i t  is  

d e s i r a b le  i t  i s  not a c h ie v a b le  b e c a u s e  an  in f in i te  num ber o f m odes

are  req u ired  to  s a t i s f y  th e  boundary  c o n d i t io n s  e x a c t ly .  The c irc u i t

' 30i s  a n a ly z e d  u s in g  an  approx im ate  m ethod in tro d u c ed  by F le tc h e r

31and l a t e r  c o rre c te d  and  e x te n d ed  by W all in g  . The boundary

c o n d it io n s  a re  e x p re s s e d  in  term s of t r a n s m i s s io n  l in e  v o l ta g e s  and 

c u rre n ts  th a t  are  c a lc u la t e d  from th e  lo w e s t  o rd e r  e le c tro m a g n e tic  

f i e ld s .  To so lv e  th e  f i e ld  problem  e a c h  f ie ld  com ponen t i s  ap p ro x i­

m ated by a  sum of s p a c e  harm onics  th a t  p ro p a g a te  a s  TEM w a v e s  in 

th e  p la n e  of th e  l in e ;  i . e .  i t  i s  a s su m e d  th a t  th e  m ajority  o f  th e  s to red  

energy  i s  in  th e  TEM com pon en ts  of th e  to ta l  f ie ld .
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If th e  e n t i re  s low  w av e  c i r c u i t  i s  f i l le d  w i th  a  s in g le  hom o­

g e n e o u s  m a te r ia l  th e  boundary c o n d it io n s  a re  s a t i s f i e d  e x a c t ly  by a  

TEMy m ode, (excep t a t  th e  in te r l in e  sh o r t in g  l in k  w h ich  i s  f a r  from th e  

a c t iv e  a re a  o f th e  sem icond uc to r)  w h e re  th e  s u b s c r ip t  y  d e n o te s  a  

t r a n s v e r s e  d i r e c t io n .  In th e  c a s e  a t  h a n d , in  w h ic h  th e re  a re  s e v e ra l

d if fe ren t  m ed ia ,  a  un ique  e f fe c t iv e  in t r in s ic  p h a s e  v e lo c i ty  i s  d e r iv ed

32 33by e x te n d in g  th e  work of C hen and  H addad  on t r a v e l in g  w ave

m ase r  s tru c tu re s '.  The approx im ate  s o lu t io n s  found  r e p re s e n t  o n ly  th e

lo w e s t  o rd e r  TEM mode th a t  may be  e x c i te d  in  th e  c irc u it ;  i . e .  h ig h e r

o rd er  mode am p litu d es  a re  c o n s id e re d  n e g l ig ib le  a lth o u g h  re q u ire d  to

p r e c i s e ly  s a t i s f y  th e  boundary  c o n d i t io n s .

The lo n g itu d in a l  pow er t r a n s fe r  i s  c a lc u la te d  by m ultip ly ing

th e  s to re d  en e rg y  pe r  un it  le n g th  by  th e  e n e rg y  v e lo c i ty .  I t  h a s  b e en  

34show n th a t  th e  energy  v e lo c i ty  in  a  p e r io d ic  c i r c u i t  e q u a ls  th e  

group v e lo c i ty .  I t  i s  no ted  th a t  t h i s  i s  th e  on ly  m ethod o f  c a l c u l a t ­

ing  th e  lo n g itu d in a l  pow er t r a n s f e r  b e c a u s e  th e  e x a c t  f ie ld  com ponen ts  

a re  not know n. S ince  th e  n a tu re  o f th e  ap p ro x im atio n  i s  to  s e t
j f

E = H -  0 f c a lc u la t io n  of lo n g itu d in a l  pow er t r a n s fe r  by th e  a v e rag ey 7
Poynting v e c to r  m ethod w ould  l e a d  to  th e  in c o r r e c t  r e s u l t .

3.3 D is p e r s io n  Equation of th e  S tub -L o ad ed  M ean d e r  Line

The v o l ta g e  in  th e  i reg io n  of th e  m t r a n s m is s io n  l in e  i s  

w r i t te n  a s
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v J M . v t ) = X  F- » M ex P D H - M 1  ( 3 " 3 )

n = o
w here  x^ i s  th e  p o s i t io n  o f  th e  ta p e ,  a n d  is  th e  p h a s e  sh if t  per

thun it  le n g th  o f th e  n s p a c e  harm onic , g iv en  by

&  = A.+  ^  = P o + i n i . . (3-4)p p
The p h a s e  sh if t  b e tw ee n  o ne  l in e  and  i t s  ne ighbor, 0  , is  g iven  by

Q n  =  Pnp = 8 a + nn  , ( 3 - 5 )

w here  is  rea l  and 0 < 6 < T T  .

For b ip er io d ic  c i r c u i t s  (c i rc u i ts  w ith  two b a rs  p e r  period; 

i . e .  P = 2 p ) only tw o s p a c e  harm on ics  a re  d is t in g u is h a b le  a t  the  

ta p e s  a s  show n in  F igure  3 .2 . S ince t h e  boundary c o n d i t io n s  are 

e x p re s s e d  on ly  for th e  t a p e  p o s i t io n  th e  sum m ation in  (3-3) may be 

te rm in a ted  a t  n = 1. I t  sh o u ld  be e m p h a s iz e d  th a t  t h i s  re s t r ic t io n  

to  on ly  tw o  v o ltag e  s p a c e  harm onics in  th e  d e r iv a tio n  of th e  d i s p e r s io n  

eq u a t io n  d o e s  not p re v e n t  one  from s u b s e q u e n t ly  d e r iv in g  the  a m p li tu d e s  

of th e  e le c tro m a g n e tic  f ie ld  sp a c e  h a rm o n ic s ,  u s in g  th e  d isp e r s io n  

e q u a tio n  so  found, in  c o n ju n c tio n  w ith  an  approxim ate  f ie ld  theo ry .

E quation  (3-3) m ay be re w r i t te n  to  reveal th e  a ssu m e d  TEM^

mode in  th e  th re e  re g io n s  o f th e  s t ru c tu re
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m
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i

shouon -for $ o ?  — *gT

Figure  3.2 S pace  H arm onic  R e la t io n sh ip s  in  a  B iperiod ic  C irc u i t

C o n s id e r  c o s  B  z  =  c o s (  J3 + " r r M  z  . E va lua tin g  a t  z =  “ ? “ n o P M
w here  M i s  th e  num ber o f b a rs  p e r  p e r io d  and m i s  th e  in d ex  o f  a 

p a r t ic u la r  b a r  r e s u l t s  in
a  _ f i f i o m P  ^  z w r / J O E L j l

co s p„z. =  cos 1_— j5 T  +  I M J J  »
w h ic h  fo r  M = 2 m ay ta k e  on  o n ly  tw o in d e p e n d e n t  v a lu e s  fo r  a  

g iv en  b a r  fo r  a l l  n  .



47

Vim =  /^i cos (P+ A2 sin (ji\ (hs sun <p+ A4Cosg>\ e ^ 9o+1T̂  <3_6)
IE [ i  t  I  W , /  >

w here  9  =  2- " y / \ h t  - The cu rren t in  th e  l ine  is  foun d from

th e  t r a n s m is s io n  l in e  e q u a t io n ,

- I™  = j Y i ( e ) | ^ ,  <3-7)

w here  ( 0 )  i s  F l e t c h e r ' s  A dm ittance F u n c tion  defined  a s

\ ( B )  =-  <3 - 8 >

V im
e v a lu a te d  for a w av e  tra v e l in g  in  the  +y d i re c t io n .  H en ce ,

_jmSo

lm 1 ' r  ,3-9)
I i m  =  j  Y.(e„) A |cosC p- A isincp e '

\  10 9 I

+ j  Y* (B+ir)[cos(p -  s >n <p] e  'Jmt0o+ir)
z  \ 11 12 I
3  '

The c i r c u i t  boundary  c o n d it io n s  a re  enum era ted  in  t a b le  "3.1. 

Im posing  th e  c o n d it io n  th a t  a  n o n - t r iv ia l  so lu tio n  e x i s t s  

(deriva tion  in  Appendix 2) r e s u l t s  in  th e  d e te rm in an ta l  equation*

" ta n  ( f ta )  t a n  ( i t )  X(©0) -  t a n  (-^ -) =  O  > <3' 10>

w h e re  %  =  2 ^ / X g f f  an d  X(©J =  Y(8„)/Y (61>+Tr) • X(6o) .

th e  ra t io  o f tw o re a l  a d m it ta n c e s ,  i s  p o s i t iv e  re a l .  W hen th e  a s p e c t
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P o s i t i o n N / o H t x a e C u r r e n t

i j - h a

V i ( m - n )  = N t ( I M + i) I |  ( m - i - l )  —  I z . ( M t l )

+  I , ( w + 2 ) - I 4 ( w « )  

=  0V i  ( ™ + i )  =  V | ( m - t - 2 )

r - ~ A

V ) ( m  4 - 1 )  =  V s ( W i ) X , ( m )  -  I s ( w )

+  T > ( w h - | ' )  -  X 3 ( w + i )  

=  O

V i  W  -  V s O ^ )

V i ( m ) * V , ( * h - » )

0 ] = + b
T 2 ( m ) =  o

I Q ( W i -h )  =  O

y = - b
I 3  ( ™ )  = ■  O

T o.M e 5 » \ S t u b - L o a d  e.d  M e a n d e r  Luoe 

B o u n d a r y  C o n d it io n s
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ra t io  i s  one  ( a  = b )  th e re  e x i s t s  a  so lu tio n  0 ^  for a l l  k ;  i . e .  th e  

c i r c u i t  i s  a l l  p a s s .  For t h i s  c a s e ,  the  m ean der  l in e  w ith o u t s tu b  

lo a d in g ,  t a n  ( k a )  t a n  (k b )  = t a n 2 ( k a ) >  0; p r e c i s e ly  th e  c o n d it io n  for 

a  so lu t io n  to  e x i s t .

W hen  th e  m eander l in e  i s  s tu b - lo a d e d  ( a <  b )  th e  c i r c u i t  is  

b a n d p a s s .  The cu to ff  reg io n s  a re  de te rm ined  by  ta n  ( k a )  t a n  ( k b ) <  0. 

The cu to ff  f r e q u e n c ie s  are  th e re fo re

-f = ) ( 3 - l l a )Tca 4a
and  ( 3 - l l b )

4 b  5
w h e re  th e  s u b s c r ip t s  a and b den o te  s ign  c h a n g e s  in  th e  r e s p e c t iv e  

t a n g e n ts .

The d i s p e r s io n  c h a r a c te r i s t i c s  of a  p e r io d ic  c irc u i t  a re  not

c o m p le te ly  r e p re s e n te d  by th e  m o s t  e lem en ta ry  so lu tio n  to  th e  d i s p e r s io n  

35e q u a t io n  . S ince  th e  c i r c u i t  i s  sym m etric  about any p la n e ,

z = (m+Y) P» th e re  m ust co rre sp o n d  to  e a c h  so lu t io n  0^ , th e  p o s s ib i l i ty

of a re f le c te d  w a v e —A . A dd it ion a lly ,  th e  s p a c e  harm on ics  of th is
0

r e f le c te d  w a v e  e x i s t  a s  f i  =  -  B +  n i r  .n o
To c a l c u l a t e  th e  c o m p le te -d is p e rs io n  c h a r a c t e r i s t i c s  th e  F le tc h e r  

A dm ittance  F u n c tio n ,  x(e0) , m u s t  be  e v a lu a te d .  Before doing  t h i s ,  

h o w ever ,  s e v e ra l  c o n c lu s io n s  a re  sum m arized . F i r s t ,  th e  m eander  l in e ,  

w ith  and  w ith o u t s tu b  lo ad in g ,  c a n  support b o th  forward and  backw ard
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w a v e s .  S econ d , th e  l in e  w ith o u t  s tu b  lo a d in g  h a s  th e  l a r g e s t  bandw id th  

and h ig h e s t  s lo w in g  factor. I t  h a s  been  n o ted  by se v e ra l  a u th o rs

w av e  c irc u i t  by s a c r i f ic in g  s lo w in g  fa c to r .  T his i s  in d e e d  th e  c a s e  as 

w il l  be show n in  s e c t io n  3 .8 c .

3 .4  F le tc h e r 1 s  A dm ittance F unc tion

F l e t c h e r ' s  A dm ittance  Function  i s  e v a lu a te d  fo r 'tw o  d if fe ren t  

e x p e r im en ta l  c o n f ig u ra t io n s .  The f i r s t  o f t h e s e  i s  th e  " c o ld  t e s t "  

exp erim en t o p e n - ty p e  slow  w a v e  c irc u i t  show n  in  F igure  3 .3 .  The 

c i r c u i t  i s  open  su c h  tha t ' i t  m ay be probed to  re v e a l  th e  f ie ld  c o n ­

f ig u ra t io n .  The se c o n d  i s  th e  " h o t t e s t ' '  exper im en t c lo s e d - ty p e  slow  

w a v e  c irc u i t  sh ow n  in  F igure  3 ,4 .  This c i r c u i t  i s  co v ered  and c lo s e d  

to  a c h ie v e  a d d i t io n a l  s low in g  th rough  d ie l e c t r i c  lo a d in g .  In bo th  of the  

abo ve  it  i s  a s s u m e d  th a t  th e  c i r c u i t  i s  uniform in  th e  y  d i re c t io n ,  

e x c e p t  a t  th e  sh o rt in g  link; th e re fo re  th e  F l e t c h e r ' s  A dm ittance 

F un c tio n s  o f  th e  th re e  reg io n s  a re  e q u a l ,  i . e .  V,(e0)= y J,(e0)

A ssum ing th a t  th e  e le c t r ic  f i e ld  i s  uniform b e tw ee n  th e  t a p e s  y ie ld s

3 6 37’ th a t  o ne  may in c r e a s e  th e  in te ra c t io n  im pedance  of a  s low

F l e t c h e r ' s  A dm ittance  F u n c t io n  i f  found by c a lc u la t in g  th e  

tJlcu rren t  f low ing on  th e  m t a p e ,  Im, w hen  a  v o l ta g e  e x i s t s  o f th e  form,

(3-12)
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Medium 3

Medium 1

Mediu

Metal Conductor

Figure 3 .3  Open Type Slow Wave Circuit 
Crots Section.
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Mata I Conductor

Medium 3

Medium 2

Metal Conductor

Figure 3 .4  Closed Type Slow Wave Circuit 
Cross Section.



w h ere  =  2  j . I t  i s  n e c e s s a ry  a t  th i s  po in t 

to  p ro ceed  w ith  th e  d ev e lopm en t of fo r  e a c h  c a s e  in d ep e n d en t ly .

3 .4a  F l e t c h e r ' s  A dm ittance Function  of an  O pen-T ype  P la n a r  Slow 
W ave  C irc u i t

The e l e c t r i c  f ie ld s  in  th e  th ree  d i f fe re n t  m edia  are  w r i t te n  as
OO i

E ?, =  y  [Fmo sink + F„..cosli'Ud+xi l A ~ j ^  (3- 14a)
4—1 sinh fej.-d cosh an=-oo  ̂ ‘ r'-Ki

OO

E 12 = /  Fn* sink (d + ttx )  a  . (3-l4b)
s i n h ^ d + t )

E j s  =  J  F n s  e ” , i y  *  e - - ^  e " j ^  ,  <3 - 1 4 c >

m=-co

w h ere  th e  a b s o lu te  v a lu e  o f  ftx3 is  c h o s e n  in  (3 -l4c) to  in s u re  th a t  

a l l  s p a c e  h a rm o n ics  d e c a y  aw ay  from th e  c i r c u i t  and

X3 ^  03

The Fnio'»Fme» ^na * and ^n?  a re  v a r io u s  mode c o e f f ic ie n t s .

The num bered s u b s c r ip t s  r e f e r  to  the  d i f fe re n t  m edia a s  i l l u s t r a te d  in
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Figure 3,3. Solutions have  been  s e le c te d  to  sa t is fy  the  boundary

conditions for E a t  x  = -  ( d + t ) and x . z

The mode co e ff ic ien ts  are eva lu a ted  by imposing su itab le  

boundary conditions at each  in te rface . Equating E^l(*= 

and £  y ie ld s
« lx * o

^  ( Fn,o+- Fn,e) e jV ^ =  ^  Fhs (3-16)

n = - «  n=-°°

Ec, •*’  f o r  < }<

0  o+Viertoise .

M ultiplying by and in tegrating  over the  orthogonality

in terval z = mp to z = ( m + 1 ) p re s u l ts  in

( R i i o + F m J p  =  f v » f ) =  /"  Eo

Evaluating th e  in tegral y ie ld s

F „ = ^ I U S j ^ ) e * j W X ^ .

w here R is  the  m e ta ll iz a t io n  ra t io  q /p  and Sa (x )  = s in  x / x  the  met ' '

sampling function . In sp ec tio n  of the  exponentia l rev ea ls  th a t  s ince

(3-17)
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b o th  m and n a re  in te g e rs

exp [j(m+F)(Qn- 0 a)]= exp[j('m+^)2nTf] =  ( —l ) r‘1 (3' I9)

w h e re  u se  h a s  b e e n  m ade of th e  r e la t io n s h ip  §n = 0 O + 2 ,  nTT •

I t  i s  noted th a t  th e  re la t io n s h ip  i s  d i f fe re n t  than  e q u a t io n  ( 3 - 5  ) 

b e c a u s e  in  e v a lu a t in g  th e  F le tc h e r 1 s Adm ittance F u nc tio n  of a  ty p ic a l  

c ro s s  s e c t io n  th e  period  P e q u a ls  th e  in te r l in e  s p a c in g  p. T herefo re  

/3n = ft0 +£DlT = f t-  +  2m r . S u b s titu t io n  o f  (3-19) in  (3-18)
P

y ie ld s .  v

Fn3 = . (3-20

The t r a n s v e r s e  e le c t r ic  f ie ld s  are  found  by im posing  th e  TEM^. 

c o n d it io n ,  H = 0 , nam elyy

" f tE ,  c )E x  ^  (3-21)
i  _  i ± 2L =  o  >

"d x  c>3

r e su l t in g  in

n=-oo

F" cosh h <  (d+x) j .  F  Sinln ̂ ti(^tx) 
s in h  + r " , e c c s h $ * d
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Exz -  j IV
n=—oo A

F;,Coslnftxz(.d +t+x) 
Sinh >̂<2 (d+"t.)

E „ -  j 2 f f H ) F~ e  .
i n - —oo ' n

The lo n g itu d in a l  m agne tic  f ie ld s  a re  found by d iv id ing  E
3

th e  in t r in s ic  im p ed an ce  of e a c h  medium; i . e .  |4„; — ^Xt for i = 1,2

* »?ty ie ld in g

•  CO

n a ~)^n">(2TrS%^+ Fr,,£ sinhi (d+xjjVi /L s,n̂  R*id cosh fe,d i

H « =  - i . ' V  ( V \  F„ cosh (^ (ift+ X .)
3 Z J  ft, j  sinh^ (dtt) C  e  )

H j 3 = i  t  f r i )  Fns e e"J’̂
!» „4=i\ P «  I

(3-2 2b)

(3 -22c)

c by 

:,3,

(3 -23a)

(3-23b) 

(3-23 c)

M atch ing  E^ a t  x  = -  d r e s u l t s  in
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Rue Rnz sinln coslo fc<,c| /  Smh feX2(d+t) , (3-24)

M atching  H* at x  = -  d r e s u l ts  in

FB10= cash'W: sinh^d/sinK <3 25)
< l X

Sim ultaneously  so lv ing  (3—17, 3 -2 4 ,  3-25) y ie ld s

Rn.“ sinli U :co sli^ 4 f ■(3-26)

R u e  — F n s
r ,  +  f o * M  t a n k  fey.d ~||_ vf&Ml -hxnfi J > (3-27)

Fnio R )3
I j _ ~Wnln fexib (3-28)

The current flowing in  the  tap e  in the  +y d irec tio n  i s

I m
X-=0

(3-29)

Evaluating  the  m agnetic  f ie ld s  a t  th e  ta p e  and su b s t i tu t in g  in
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(3-29) r e s u l t s  in

I . -  1 \ .

n ? - ( £ ± )
n = ~(x>

(3-30)

Performing th e  in te g ra t io n ,

. ♦ f f i SmP+ r r

/e - J ^ d 3 = Ze~jm6a sin [Q„HJ/^]
mP - ^

(3-31)

Z
r e s u l t s  in

T  = - 2 ; e _J V _0 mS-“ Y  s i n ^ ( '  Rmft) / ^  -J-m Je e  Z j B„
n - -co I

(3-32)

(j ^ ” ' +  + Fme+onUxid)]

As p re v io u s ly  d e fin ed

vr i . p ,

Vm
w h ic h  y ie ld s  f in a l ly

00

Y(Qo) ”  - Z s i n ^  y ( “ l) ( 1 S a  §rî MfT So. Qn(l~Rmet) (3-33)

n = -»

Ifesl t ~fei /l+(^l^'h^hfet«cl'h>nhfe)ttt
^3Pn Ph \" ta n k fe tid  -V- I
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3 .4b F le tc h e r 's  Admittance Function of a C losed  -  Type Planar 
Slow-W ave C ircuit

The developm ent of F le tc h e r 's  Admittance Function of a c lo s e d -

type p lana r  slow wave c ircu it  follow s e s s e n t ia l ly  the  same method as

in the prev ious sec t io n  w ith  the  add ition  of boundary conditions to  be

met at x  = + t . The f ie ld s  in the  th ird  medium are therefore modified u

to OO

E  y F n i  s i n h - y v x )  e -j<» e - j  H
* / —j Sink -fecatu •*

n= -«
OO

(3-34a)

p  =  -  ] ' V  f-is.) p  cosh -W-fcu-x)
t i a  J  v /  r"3 sinh e  j (3-34b)

ft -  - Co

and

H «  =  + 1 ' Y  N  (3' 34c)
% n= — oo

Evaluating th e  m agnetic  field  at the  tap e  y ie ld s

H
*=0 ^  « — «

which w hen  su b s ti tu ted  in  equation  (3-29) re s u l ts  in

Y(9j = -2 s in ||jy (- i)n(i-R MCT)5 a|S|ffl Sa|M b&a

(3-35)

n - - »

,c tfH ifcaL  +  fey,

^3pn  *]»Pn \+£XaJi )

(3-36)



As "t - >  oo e q u a t io n  (3-36) re d u c e s  to  e q u a t io n  (3-33) for th e  open

ty p e  a s  a n t ic ip a te d .  S ince  c o s h  x  = 1.0000 to  four s ig n if ic ’an t f ig u res

fo rX > 5  t h e  c irc u i t  may be  c o n s id e re d  a s  e s s e n t i a l l y  open  for

To e v a lu a te  k from e q u a tio n  (3-15) f i r s t  re q u ire s  th e  e v a lu a t io n  
X3

of th e  e f fe c t iv e  w a v e le n g th .

3.5 E ffec tive  In t r in s ic  P h a se  V elocity  o f P la n a r  Slow W ave  C ircu its  
F a b r ic a te d  on S tra tif ied  M edia .

The in t r in s ic  p h a s e  v e lo c i ty  o f a medium i s  g iv e n  by

<3- 37>

w here  i s  th e  e f fe c t iv e  in t r in s ic  im pedance  of th e  s t r a t i f ie d  m edia

and is  th e  e f fe c t iv e  d ie l e c t r ic  c o n s ta n t  o f th e  s t r a t i f ie d  m edia .

W ithou t chang ing  th e  g e o m e try  of th e  m e ta l l ic  b o u n d a rie s  th e  

s t r a t i f ie d  m edia i s  r e p la c e d  by one  hom ogenous medium. The e ffe c t iv e  

d ie le c t r ic  c o n s ta n t  o f th is  medium is  c h o s e n  by e q u a t in g  th e  ch arg e  p e r  

unit l e n g t h  on a ta p e  in  th e  e f fe c t iv e  c a s e  to  th a t  in  th e  a c tu a l  c a s e ;  

i .  e .
/  ( ^3^X3” £iEw) I d s

1 x = o JX~0 . (3-38)
—

■” *  / ( E « - E . ) L a s

w here  th e  in te g ra t io n s  a re  c a r r ie d  ou t o v e r  th e  su r fa c e  of th e  ta p e .

For th e  e f fe c t iv e  c a s e
OO

E y  — F „ a sinla f L  Hr-t-cUy.) ( 3 - 3 9 a )

Z_i sinh Ph(-ttd) C >tl=:-oo
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and
BO

E ,  =  Y  F n B s ',nt> e - j ^ e “ j P , > ,
»  • Z _ .  s l n h ^ .

(3-39b)

n--co

As b e fo re  F = F ,  = f - l ) n E R S ( A R . / 2 ) .  Solving for na  nb ■ ’  o met a- O n  m et '

and E , e v a lu a t in g  at th e  s u r f a c e ,  and  s u b s t i tu t in g  in  (3-38) y ie ld sx a xb

“  Q  € 3  >
(3-40)

w here
feioCctf'lfcak. £ |  /l+

f t , (3-41)

Y ( - i) fSa.(a H S a .H |H l [sc|n(n)+ ast-hp„(t+a)]
n - -o o

The e f fe c t iv e  d i e l e c t r i c  c o n s ta n t  i s  a  func tion  o f t a p e  geom etry ,

th e  d ie le c t r ic  c o n s ta n t s  and  th e  p e rm e a b i l i t ie s  o f th e  v a r io u s  m edia . By

3 8ex te n d in g  H a d d a d ' s te c h n iq u e  an  e f fe c t iv e  in t r in s ic  im p ed an ce  

m odeling  th e  a c tu a l  c a s e  may be o b ta in e d .  T his  e ffe c t iv e  in t r in s ic  

im p ed an ce  is  n o t  e q u a l  to  ^ ,jLL0/ ^ e^  j  ^  a s  in  H a d d a d 's  m odel. The 

e f fe c t iv e  in t r in s ic  im pedance  i s  c h o s e n  by e q u a t in g  th e  c u rre n t  flowing 

on  a  ta p e  in  th e  e f f e c t iv e  c a s e  to  th a t  o f  th e  a c tu a l  c a se ;  i . e .

dS (3-42)

/ ( Exf t  E ka) |  J S

In  a  s im ila r  m anner,
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1 :
(3 -43)

w here

<V *H

M . U ; fi, M t o u u w m

_ ft. % \taD + fe )u u j|
| j ^ n ( n ) + c o U  p n t t+ d ) ]

(3 -4 4 )

h=-#>

T his  m ethod a v o id s  th e  d if f icu lty  o f h av in g  to  ch o o se  b e tw e e n

an  e f fe c t iv e  d ie le c t r ic  c o n s ta n t  d e rived  from e i th e r  an  equal c u r re n t  or

39 ■equal c h a rg e  approx im ation  th a t  are  d i f fe re n t .  If one w ere  to  s e e k

an e f fe c t iv e  d ie le c t r ic  c o n s ta n t  b a se d  on an  e q u a l  current ap p ro x im a­

t io n  and an  e f fe c t iv e  i n t r i n s i c  im ped an ce  b a s e d  on-an  equal c h a rg e  

appro x im atio n , th e  c o n v e rse  of th e  p re c e e d in g  d e r iv a tio n ,  one o b ta in s  

e x a c tly  th e  sa m e  re su l t ;  i .  e .  The anc* ^ e f f  a re 'u n iq u e .

The e f fe c t iv e  w a v e le n g th  i s  found from

Xeff =  X, == /CqJ  X; (3 -45)

:C,

To e v a lu a te  th e  re d u c tio n  f a c to r  Cr  ̂ j C ^  r e q u i r e s  s im u lta n eo u s ly  

so lv ing  e q u a t io n s  (3-15, 3 -41 , 3 -4 4 ,  3 -4 5 ) .  T h is  d iff icu lty  may b e  

avo ided  by u t i l iz in g  th e  p ro p e r t ie s  o f s low  w a v e s .  S ince th e  w a v e  i s  

s lo w , i t  i s  r e a s o n a b le  to  a s su m e

w; (3 -46 )
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Equation (3-15) therefore  becom es

. z  R  2
•^Xjl * * *  K r\ (3-47)

thus  allowing th e  d irec t eva lua tion  of equations  (3-41, 3 -44 , and 

3-45).

The ra tio  of e ffec tive  to  in tr in s ic  w a v e le n g th } Ae.ĵ , /  A 3 is  

p lo tted  in  Figure 3.5 for the  c a s e  — £ 3  “  l O C j  w ith the  

geom etrical d im en s io n  s ta te d  in  th e  figure. It i s  seen  th a t  the  e ffec tive  

w avelength  d e c re a se s  m onotonically  w ith  A . Physica lly  th is  may 

be in te rp re ted  in the  following manner. At h igher A  the  f ie ld s  decay  

away from the  tape  more rapid ly  w ith  more of th e  energy being stored  

in  the  h igh d ie le c tr ic  co ns tan t  medium 3. It i s  noted th a t  the  m e ta lla -  

tion  ra tio  has  l i t t le  if  any e ffec t in  determining /  A 3

The e ffec ts  of in c reas in g  the  d ie le c tr ic  p la te  th ic k n e ss  to  period ra tio  

are shown in  Figure 3 .5 . Inc reas ing  the  p la te  th ic k n e s s  in c re a s e s  the 

e ffec tive  w aveleng th .

3.6 Evaluation of F le tc h e r1 s Admittance Function

F le tc h e r ' s Admittance Function  ̂  j i s  p lo tted  in  Figure 3.6

for th e  c a s e  e ,  =  < = : , =  \ o e ,  , w ith  th e  geom etrical d im ensions z  o  1

s ta te d  in  the  figure. The m eta ll iza tio n  ra tio , R , markedly e ffec tsmet

m ) ,  Y ( e 6 )  d e c rea s in g  w ith in c reas in g  Rm 0 t  a s  an tic ip a te d .  It is  

a lso  noted  th a t  in c re a s e s  m onotonically  w ith  Qq .
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•ff

0.57- ■

10.0

= 5 . 00.55--

4 - 0.50.53--

Not*: Practically Independent 
of M etallization Ratio R

6 (radians)

Figure 3 .5  Effectiv* Wav*l*ngth. 
(d*62.5 mils; t=125 mils, tu-^oo)
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Yte)

7 - -
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4-

3 - - '

2 - -

1-

8 (radians)

Figure 3 fi Fletcher's Admittance Function. 
(3=62.5 mils; t=125m ils; tu -*-00)
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x ( e . V «  Y ( e 0) / Y ( e 0+ T r )  m s. S 0  i s  p lo t te d  in

Figure  3.7 for th e  ab o v e  c a s e .  It i s  no ted  th a t  i s  in d ep e n d en t

o f R H en ce  th e  d is p e r s io n  eq u a tio n  is  in d ep e n d en t  of R m0 L met

3.7 Solution o f  th e  D e te rm in an ta l  Equation

The m ethod s  fo r  e v a lu a t in g  th e  p a ra m e te rs  of th e  d e te rm in a n ta l  

e q u a t io n  h av e  b e e n  d i s c u s s e d  in  the  p rev io u s  s e c t io n s .  The in te rv a l -

a s s u re d  in  e ig h t  i t e r a t io n s .

The so lu t io n s  to  th e  d e te rm in an ta l  e q u a t io n  so  found a re  p lo tted  

in  Figure 3.8 fo r  s e v e ra l  a s p e c t  r a t io s ,  a / b .  It i s  no ted  th a t  in c re a s in g  

th e  a s p e c t  ra t io  d e c r e a s e s  th e  p h a se  v e lo c i ty ,  th e  s lo p e  o f a  rad iu s  

v e c to r  to  a p o in t  on th e  cu rv e , for a g iv e n  freq u e n cy . N e ar  cu to ff ,

-  4 t  , o r  a l t e r n a te ly ,  , th e  group v e lo c i ty  (the

s lo p e  of th e  cu rve) i s  n o n -z e ro .  This e rror o c c u rs  b e c a u s e  th e  a s su m p ­

t io n  of uniform in te r - t a p e  e le c t r ic  f ie ld  i s  not v a l id  a t h igh  p h a s e  sh if t  

p e r  un it le n g th .

3 .8  In te ra c t io n  Im p ed an ce  of th e  S tub-L oaded  M eander Line

h a lv in g  m ethod 40 is  p a r t ic u la r ly  w e ll  s u i te d  for so lv ing  th e  determ i

n a n ta l  e q u a tio n  b e c a u s e  co n v erg en ce  to  a so lu t io n  w ith in  on e  d eg ree  is

 ̂ til
The in te r a c t io n  im p ed an ce ,  £  , t ^ e n sp a c e  h a rm on ic  of 

th e  lo n g itu d in a l  e le c t r i c  f ie ld  i s  de fined  by e q u a t io n  (2-40)

(2-40)



Figurt3 .7  X(0O) vs. 60. 
(d-62.5 mils; t=125 mils; tu-*oo)
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Zxrb
‘eff

T fIT
2

0 O (  r a c h c u n s )

F i g u r e  3 , 8  D i s p e r s i o n  E g u a t i o k j  

( d  =  b 2 , 5  m i l s  - k =  1 2 5  m i l s  "tu.-* » )



69

w h ere  p  i s  th e  pow er flow ing  a lo n g  th e  l in e .  As p re v io u s ly  s t a t e d ,  the  

pow er flow ing  a long  th e  l in e  i s  found by  m ultip ly ing  th e  s to red  energy  

p e r  un it  l e n g th  by th e  group v e lo c i ty .  H ence , th e  e v a lu a t io n  of th e  

in te ra c t io n  im pedance  a d d it io n a l ly  req u ire s  th e  c a lc u la t io n  of th e  s to re d  

energ y  p e r  u n i t  len g th  o f  a  p la n a r  t a p e  slow  w av e  c i r c u i t  and th e  c a l ­

c u la t io n  o f  th e  s p a c e  harm on ic  a m p l i tu d e s .

3 .8a) S tored  Energy p e r  Period of a  P lanar  Tape Slow W ave C ircu it

=  £ v M Y ( e 0) v ;  =  w , Mv e  =  W s m V 3  <3- 48>

H e n c e ,  th e  t im e  a v e rag e  energ y  s to r e d  pe r  un it  t r a n s v e r s e  len g th  on  one 

t a p e ,  W  , is

C o n s id e r  th e  po w er flowing in  th e  t r a n s v e r s e  d irec tio n  a lo n g  th e

thm ta p e ,

sm

(3-49)

Of in te r e s t  i s  th e  to ta l  a v e ra g e  s to re d  energy for o n e  t a p e ,  w

w here
3 , . fit

(3 -50)

For th e  l i n e  under c o n s id e ra t io n ,
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\4>1= (A'u« s < ^  A i * s i n 9 ) e jm \  ( A b * i |+ A w « < p ) e J " ,(^ ?  (3- 51>

I II t  i s  show n in  th e  se c o n d  ap p en d ix  th a t  VimVlrh i s  in d e p e n ­

den t o f m and i s  g iv e n  by

V{,Vl* = cos2 (huh* -  { i3 (3-52)

w h ere  and a re  pure  im ag inary  r e la t io n a l  c o e f f ic ie n ts  th a t

a re  know n fu n c tio n s  o f lin e  geom etry  and p h a s e  sh if t pe r u n it le n g th .
% !

As re q u ire d  Vi. V i, >  O  • D efin ing

C u  =  A n  A *  (3' 53a)

C i i  =  AM  A ll  ( & *  — -fl3 )  j (3 -5 3b)

w here

(3-54)

A ii *

r e s u l ts  in

VsJShA= W s = y  J^-f  (CuCDSCp l - C i a S i 'h ^ )  dcp  ,  (3-55)
<■=» ^ l l  _

S ince  th e  c irc u it  i s  b ip e r io d ic . th e  s to red  e n e rg y  per p e rio d  W sT
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e q u a ls  tw ic e  the  s to re d  energy  p e r  ta p e .  E va lua ting  (3-55) y ie ld s

Wsr= 2 ^(&0) ( 3 ' 5 6 )
4 ^

L=f ___
The s to re d  energy p e r  p e rio d , VJsT » i s  p lo tte d  v s .  for th e  c a s e  

€ 3 =  I0 € ,  , in  Fig.ure 3 .9  fo r s e v e ra l d iffe ren t a s p e c t

ra t io s  a / b .  The s to re d  en erg y  p e r p e r io d  is  s e e n  to  d e c re a s e  w ith  

in c re a s in g  a sp e c t r a t io  o r p h a se  s h if t  p e r u n it len g th  and h e n c e  w ith  

in c re a s in g  frequency .

3 .8b  S tub-L oaded  M e an d e r Line S p ace  H arm onic A m plitudes

A ssum ing th a t  th e  in te r ta p e  e le c tr ic  f ie ld  is  uniform  r e s u l ts  in

^ x = o -  [(VKmw) ~ Vim)|x=e] (3-57)

S u b s titu tio n  of e q u a tio n  (3-6 ) in  (3 -57 ) y ie ld s

_ j-2 .A)sin ( D ] + g  J ™) [2jA4s i n ( ^ ]  (3-58)

%
=  £  X = 0  _

E xpanding in  F ourier S e r ie s  form,
00

2  2 _ , T  >

(3-59)

su c h  th a t
n= -00

E j n  (  0  [ A ) , ( 6 0)  +  A 4  Q 4  ( $ o \ ]  >
(3 -60)
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-4

Figure 3.9 Stored Energy per Period vs. 80. 
(d-62.5 mils; t-125 mils; tu-*ao)
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w here n  . ( (3" 61a)$' (e.) =  sin (I) S J

a nd

^4(eo) =  s in (§ f4 l)S ol (e0+ ( in ti)tr j^ ir j  • <3-6ib)

It is  no ted  th a t <j, ( 6 c.) and $ + ( & < , )  a re  rea l w h ile  Ai and A4 are  

in  genera l com plex. As a co n seq u en ce  of th e  p roperties of the  

re la tio n a l c o e ff ic ie n ts , ^  , th e  sp ace  harm onic am plitudes are

found to  be

|Ey>f = % A,At -  £ * # & ) ]  . <3-62>

3.8c E valuation  of In te rac tio n  Im pedance

The in te rac tio n  im pedance is  ev a lu a ted  from equations (2 -24), 

(3 -48), (3-56), and (3-62) a t the  su rface  of the  ta p e . The in te rac tio n  

im pedance, Z^, is  p lo tted  v s . 0 Q for th e  c a se  €z= e 3 =  \o e , • 
in  Figure 3.10 for sev e ra l d ifferen t a sp e c t ra tio s  . It is  se e n  th a t

b
Zn d e c re a se s  m onotonically  over five  o rders of m agnitude for o<e 0 

<  TT for a ll a sp e c t ra tio s . As an tic ip a te d  d ecrea sin g  th e  a s p e c t  ra tio  

in c re a s e s  th e  in te rac tio n  im pedance. W hen com pared w ith  Figure 3.8 

i t  i s  se e n  th a t  th e  in c re a se  in  in te ra c tio n  im pedance is  unfo rtunately  

accom panied  by an in c re a se  in  p h a se  v e lo c ity .
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4- -

0- ■

86 (radiant)

Figur«3.10 Interaction Impedance vs. 6q. 
(d-62.5 mils; t*125 mils; tv —► 00)
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3.9 C onc lu sio n s

A slow  w ave  c irc u it s u i ta b le  for u se  in  ex p erim en ta lly  s tu d y ­

ing th e  in te ra c tio n  b e tw ee n  d riftin g  c a rr ie rs  in  a sem iconducto r and 

slow  e le c tro m ag n e tic  w aves h a s  been  in v e s tig a te d . The d isp e rs io n  

c h a ra c te r is t ic s  and in te ra c tio n  im pedance  of th is  p lan a r ty p e  slow  

w ave c irc u it ,  th e  s tu b  loaded  m eander l in e ,  have b een  o b ta in ed  u sin g  

a m odifica tion  of F le tc h e r 's  m ethod of a n a ly s is .  The un ique e ffe c tiv e  

in tr in s ic  p h a se  v e lo c ity  of th is  c irc u it fa b ric a te d  on s tra tif ie d  m edia 

ha s b een  d e riv ed .

Exam ination of the  s tu b  loaded  m eander lin e  a n a ly s i s , keep ing  

in  mind th e  requ ired  c irc u it c o n s tru c tio n  tech n o lo g y , re v e a ls  th a t a

a tta in a b le  by u til iz in g  h igher p e rm ittiv ity  m a te r ia ls , w hen  th ey  b e ­

come a v a ila b le , and  by im proving the  ph o to lith o g rap h ic  tech n o lo g y . 

In te ra c tio n  im p ed an ces g rea te r  th a n  one hundred ohms are  a n tic ip a te d  

b e c a u se  of th e  very  low  group v e lo c ity .

minimum p h a se  v e lo c ity  of is  p o s s ib le  w ith

d ie le c tr ic  m a te ria ls  hav ing  € r = 2 5  . Lower v e lo c it ie s  w ill be
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CHAPTER FOUR -  THE STUB LOADED MEANDER LINE SLOW WAVE
CIRCUIT -  MEASUREMENTS

The purpose  of th is  c h a p te r  is  to  sy n o p s iz e  the  m ethods a v a il­

ab le  to  m easure  two param eters ch arac te riz in g  the  stub  loaded  m eander

in strum en ta tion  of experim ents w ill be d is c u s s e d  and re s u lts  w ill be 

com pared to  th e  th e o re tic a lly  p red ic ted  v a lu es  as developed  in  ch ap ter

4.1 M easurem ent of the  C old C ircuit P ropagation C onstan t

The m easurem ent of th e  real part of th e  propagation  c o n s tan t, 

CXq > is  accom plished  by term inating  th e  c irc u it w ith i ts  c h a rac te r­

i s t ic  im pedance and determ ining  i ts  in se rtio n  lo s s ,  and w ill therefo re  

not be d is c u s s e d  further. The m easurem ent of is  more d ifficu lt

and lead s d ire c tly  to  a know ledge of th e  c irc u it phase  and group

There a re  th ree  common techn iques for m easuring . The

f irs t  and s im p le s t is  to c o n s tru c t a reso n an t se c tio n  of th e  c irc u it N

of mirror sym m etry. The c irc u it  is  then  w eak ly  coupled a t both ends 

(to m aintain  h igh -Q  for th e  reso n an t cav ity ) and  tran sm iss io n  m easure­

m ents through th e  cav ity  are  made w hile  varying the  e x c ita tio n  fre ­

quency.

lin e ; nam ely, th e  cold c irc u it propagation c o n s ta n t, , and th e

in te rac tio n  im pedance of th e  n**1 space  harm onic, Z . The d esig n  and

th ree .

periods long ^  by p lac ing  e le c tr ic  fie ld  sh o rts  for opens | a t  p lan es
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The points of re la tive  maximum transm iss ion  occur when th e  cavity  is 

reso n an t, a  condition corresponding to  th e  cav ity  being an in teg ral

w here n is  th e  resonance index  (n = 1 ,2 ,3 , ... N - l ) ,  and P is  the  

period  of the c ircu it.

In p rac tice  there are  th ree  major d ifficu ltie s  in u tiliz in g  th is  

m ethod. F irs t, to  minimize end e ffec ts , i .  e . non -  perfect short 

a n d /o r  p lacem ent a t p lanes of non -  mirror symmetry, a large  number 

o f sec tions should be ch o sen . Second, th e  index of a resonance  has 

to  be determ ined by field probing and /o r by the sequen tia l observation 

o f a ll reso n an ces . Third, th e  resonances m ust be sharp and d is tin c t. 

This la tte r  requirem ent may be achieved only when low lo ss  c ircu its  

w ith  su ffic ien tly  high unloaded Q may be c o n stru c ted . Additionally,

coupling to  th e  cavity  has to  be weak to  in su re  th a t ex ternal loading 

d o es  not low er the  unloaded Q .

For the  high slowing fac to r c ircu its  under considera tion  d is ­

t in c t  resonances were ob tainab le  only w hen the geom etric slow ing 

fac to rs  were le s s  than tw en ty -fiv e . Experim ents w ere conducted on 

a c ircu it w ith a sp ec t ratio  = 0 .5 , line  w idth = 250 m ils and c ircu it 

w idth  = 5000 m ils , constructed  on a 500 mil th ick styrofoam s la b , a s ' 

show n in Figure 4 -1 . The inpu t and output couplers were em pirically

number of ha lf w avelengths long. The equation  for |2>0 is  found to be

(4-1)

o

o
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RF Output

RF Input

F ig u re  4 - I R e so n a r ft  ExPerI rv\erit o n
"Lbe S t u b -  L o a d e d  M e a n d e r  L m s  

t i m e  Luidfb = 250  rnik i c ir c u it  u  id+L 
= 5060 mil’s )



79

desig n ed  to  g ive  sharp  reso n an ces w ith  adequate  ou tpu t le v e l. D is tin c t 

re so n an c es  w ere  ob tainab le  only a t  frequencies below  150 M H z. Thus 

lim iting  th e  maximum m easureable  0q . The re s u lts  of th is  experim ent 

are shown in Figure 4 -2 . The re so n an ce  ind ices w ere  ob tained  by the  

ob serv a tio n  of s u c c e s s iv e  re so n a n c e s . It is  se e n  th a t there  is  good 

agreem ent be tw een  th e  ‘experim ental and th eo re tica l curve for th e  fre ­

quency range covered .

The second  techn ique for m easuring 0q i s  to  employ tim e 

dom ain re flec to m eter techn iques to  m easure th e  " e ffec tiv e  d is ta n c e  " 

be tw een  o b s ta c le s  on the c irc u it. U nfortunately , th is  method do es

not correspond  to  s in g le  frequency ex c ita tio n  and req u ires  invo lved  

42tech n iq u es (too invo lved  in  th is  c a se  to ju s tify  th e ir  perform ance)

to find 0 (w). It does however re v e a l th e  e x is te n c e  of e ither “ slow " o *

or " f a s t"  w aves along the  c irc u it. In  one te s t ,  perform ed on a c irc u it 

w ith  line  w idth = 25 m ils and c irc u it w idth = 10,000 m ils , an o b s ta c le  

one inch  from th e  source appeared  te n  m eters aw ay on th e  tim e dom ain 

reflec tom eter in d ica tin g  a slow ing o f approxim ately  four hundred.

(Note: 2 a /p  in  th is  c a se  is  four hundred.)

The th ird  techn ique for m easuring  0q is  to  probe the  fie ld  of 

th e  slow  w ave c irc u it tha t is  te rm ina ted  by a sho rt c irc u it. The re ­

flec te d  w ave in te rfe rs  w ith the  in c id e n t field to  form a standing  wave, 

p a tte rn  even  in  th e  p resence  of m oderate a ttenua tion  due to c irc u it 

lo s s ;  th e  d is ta n c e  betw een s u c c e s s iv e  minima or maxima being
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M a x i m u m  , F g r a u E ^ J C v , a t  l J M i c h  t > i s r i  Met  R e s o n a M ces  
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.2  . 3  A  , 5  . 7  , 8  A  1 ,0

Figure. ^-,2. D ( s p e : ( 2.S ‘i o m  C V iA K .A a 4 e H s + 'C £ .  O ly tam ed  
■ft-orA R e s o n a n c e  ExpeR.iME:MT
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• This technique may be instrum ented by e ither a movable probe 

43 44or movable short ' .. For the case  a t hand it w as sim pler to  con­

struc t the  movable probe technique.

The c ircu it assem bled  for te s t  is  shown in Figure 4-3 and 

c o n s is ts  of a HP model 809B slo tted  line carriage modified to  accept 

a specia lly  designed probe. The probe is  a magnetic fie ld  loop 

approxim ately 1000 m ils-square  cross sectional area and 40 mils thick 

as shown in Figure 4 -4 . The maximum sen sitiv ity  d irection could be 

changed by rotating the supporting jig.. The c ircu it has aspec t ratio  

= 1.0, line  width = 25 m ils, and circuit width = 10,000 m ils. The circu it 

board is  photolithographically  etched REXOLITE 2200, 62.5 mils thick 

w ith 1 oz. copper one s id e  and a rela tive  d ie lec tric  constan t of 2.53.

It is  mounted above a 125 mils d ie lec tric  p la te , Custom M aterials H i- 

K 707, with re la tive  d ie lec tric  constant 25.0 to  give additional non­

geom etric slowing. This experiment therefore a lso  te s ts  the  theory 

developed for calcu lating  the effective in trin sic  velocity  of layered 

media chapter 3, section  3.5.

Field p lo ts obtained a t various frequ en c ie s  are shown in 

Figure 4 -5 . The probe w as oriented to detect a t the cen ter of the 

c ircu it. This data  is  p rocessed  to obtain w avelength v s . excita tion  

frequency, Figure 4 -6 , and phase shift per unit length v s . frequency, 

Figure 4 -7 . At low frequency the agreement be tw een  experiment and' 

theory is  good. At higher frequency the forward mode is  not excited ,
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F i g u r e  4 . 3  C i r c u i t  U n d e r  T e s t



Solder Contact 
to  B rass

0.20

Captured Center 
Conductor on 

UG 294/U

O -O IO LOO

0 . 0 3 5

Figure 4 .4 . Probe D etails fo r  t e s t  jig
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F^ure. 4 . 5  Meander Line Fiel<i Plofs
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X(cm)

Nole: At loo MHz Fr.ee Space Wavelength 
is 300 cm . Sloioed Wavelength is 3cm,

-0 -

(lOOMHz)

F\<surtt 4■.(> UJaVelemgth vs. Eitcrta+Ion FeeaoeMCV
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the detected field being a ttributable to the excitation of the n = + 1 

backward mode. This is  unavoidable since no precaution was taken 

in th is experiment regarding the rela tive  amplitudes of mode excitation. 

Even at lower frequencies the field patterns reveal the ex istence  of 

other modes. The effect of having two nearly equal wavelength modes 

propagating on a lo ss le s s  c ircu it is  shown in Figure 4 -8 . The resu lt­

ant field pattern is  most sim ilar to the experimental plot taken at 250 

MHz, the  point a t which the two modes have nearly equal wavelength.

The discrepancy betw een the predicted and measured backward 

mode at higher frequency is  caused by the uniform e lec tric  field assump­

tion used in calculating Xe^  anc* Y(0O) * T^is assum ption is  poorest 

at large 0 ^ necessary  to produce the small 0 i  =  - Q o+ n-  

The zero transverse magnetic field  assum ption TEM^, ( or 

O ) was tested  using the same experimental apparatus. The 

probe w as rotated 90° to  make the y d irec tion  sensitiv ity  maximum. 

The various plots were repeated for different transverse positions. It 

was found that the magnitude of Hy was greater than 60 db down from

the magnitude of H at all positions (except directly  over the  interline z
shorting link) and frequencies te s ted  thus confirming the intuitive 

assum ption made in the theoretical analysis .

4.2 Empirical Matching Techniques

Two experiments .were performed in an attempt to  improve the



(a) wave ’number one -  cos w t

(b) wave number two -  cos kwt t k = 0.9

(c) wave number one + two -  0,5 ( cos wt + cos kwt )

(d) detected  field  -  | 0,5 ( cos u t + cos kwt ) |

Figure 4,8 Standing Wave Pattern for Double Mode Excitation
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input VSWR and to favor the excitation  of the forward wave at higher 

frequencies. The idea behind these  experiments w as to  excite more 

than one line and to adjust the relative phases such th a t the proper 

for a given {0 w as attained. The two configurations tried are shown 

in  Figure 4-9 . The resu lts  of these  experiments were disappointing 

since there was no appreciable improvement in the forward wave 

excitation.

4.3 Measurement of Interaction Impedance

thThe interaction impedance of the n space harmonic was defined

where V J  is  the time average stored energy per unit length. The d irect 

measurement of Z involves determing the above three quantities by

from the measurement of the cold circu it propagation constant as pre­

viously outlined whereas the second and third are found by perturbing 

the resonant frequency of a cavity formed from the slow wave circuit.

in chapter two as and may be rewritten

as

(4-2)

n
45cavity  perturbation techniques . The first quantity is  evaluated

46It has been shown that the relative change in resonant frequency

is given by



90

(a) M ethod Number One

£
f l . 0” 1 '

1 I
r

— _ J ----------------------------------------------,— -

1 T

(b) M ethod Number Two

&F Input

Figure 4 .9  Empirical M atching Experiments
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CO* 2. NIL Vj 3 <4'3a>

w hich for a sm all m etallic  c ircular bead reduces to

Sjw  _  3 € » X  l £ l \  (4-3b)

Wn 2. NIL \ K) j

w here T is  the volume of the  volume of the  bead and E is  thea
unperturbed e lec tric  field  a t the p osition  of the bead . A plot of

Ea may thus k® obtained fron* w hich and | £ ^  |a  are  found

by Fourier an a ly s is . As previously mentioned, however, any cavity

technique depends upon the ability  to  obtain sharp d is tin c t resonances.

For the  c ircu its  being studied  sufficiently  sharp resonances were not

ob tainab le  due to  large c ircu it lo s s . I t w as not p o ss ib le , therefore,

to  m easure the in teraction  impedance by th is  method,

• There i s ,  however, another technique fo r  m easuring in teraction
47im pedance th a t has been employed for high slow i ng factor c ircu its 

This technique, e sse n tia lly  a substitu tion  method, co n sis ts  of construct­

ing a variab le  low voltage vacuum traveling  wave tube w ith a control­

lab le  beam cross sec tion . Gain frequency m easurem ents are taken  w ith 

a standard  ( e . g .  a helix) and then th e  tex t c ircu it. The in teraction  

im pedance of the te s t  c ircu it may then be calcu lated  from the g a in -fre - 

quency m easurem ents.
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This la tte r method is  both costly  and time consuming. It was 

fe lt that since the gain varies approximately as Z . and the ca l­

culated values and frequency dependence were w ithin reasonably
i

expected values of known structures (e.g. the helix) that th is experi­

ment was unwarranted. It w as therefore not undertaken.

4.4 Conclusions

The theoretically  predicted dispersion charac teristics  of the 

stub-loaded meander line  were expe rimentally verified with good 

agreement. The required slowing factors for studying the interaction 

between slow electrom agnetic waves and drifting carriers in a 

sem iconductor are marginally obtainable for the fundamental space 

harmonic.

D ifficulties encountered in obtaining d istinc t resonances, 

due to circuit lo ss , prevented the measurement of the interaction 

impedance by a perturbation of resonant frequency technique. D is­

crepancy betw een experiment and theory at high phase shift per unit 

length ind ld icates the need for higher order field approximation.

Techniques investigated  for the preferential excitation of the forward 

wave have proved unsatisfactory  and thus limit the excitation fre­

quency to approximately one third the cutoff frequency; i.e . the 

forward wave is  excited strongly for • f  <  -fc -  V fcff •

3  12b
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CHAPTER FIVE - TOPICS PRELIMINARY TO THE CALCULATION OF

THE GAIN OF DEVICES UTILIZING THE INTERACTION 

BETWEEN SLOW ELECTROMAGNETIC WAVES AND 
DRIFTING CARRIERS IN A SEMICONDUCTOR

The purpose of th is  chapter is  the consideration of topics preliminary to  

the calculation of the gain of devices utilizing the interaction between slow 

electromagnetic waves and drifting ca rrie rs  in a semiconductor.

As the mean ca rrie r velocity is varied to  calculate the gain-voltage 

characteristics, the perturbational assumption | h | « | ̂ |  is very often not 

satisfied. The range of validity of the perturbational solution of the dominant 

carrier dispersion equation will be extended to  include highly asynchronous 

operation. The simultaneous interaction with more than one space harmonic is 

investigated using th is solution.

The calculation of the gain of a device requires the knowledge of the ex­

citation amplitudes and phases of the various modes as well as their growth ra te s . 

The e ffec ts  of collisions and space charge on the modal excitations are  determined.

The development of a growing mode criterion allowing one to  determine 

the existence of a convective instability without having to  calculate i ts  growth 

ra te  is of in te res t. An expression fo r the maximum allowable carrie r density 

fo r  which a convective instability exists is found as a function of the device 

param eters using the analytic theory of continued fractions.

5.1 Asynchronous Perturbational Solution of the Dominant C arrier Dispersion 
Equation.

The dominant carrie r dispersion equation, (2-48), is developed in the 

second chapter. Substitution of equations (2-50, 2-51) into (2-48) without using



94

the condition ) h^| «. | | results in

S^Pta+Pw+Cfe+jlvJS** [(Pw + PwX^o+ J ^ J + ^ I S ra

■*" AaA ( '  +■ Pm ) ]  s  +  [& * £ « >  +■ ^  (1 +• AjJjjZ£h ) ]  (5-1)

• I V j M  +  jP(Virt) =  o  ,

where P(h^) is  a synchronization function defined as

W l 2  f H ~hX ) -  t  1 ^ ) ____ , (*-=>

■ W  K )

and is p lotted in Figure 5.1, For the synchronous case, (or h^ =0),

P(h^) = 1 and equation (5-1) reduces to  (2-53). The synchronization function has 

voAa pole a t  ----  -  -1  th a t does not correspond to  any physical condition but ra th e r
VP

is  a resu lt of the perturbational assumption |f|<< (j^Jnot being m et.

Of in te re s t is  the interaction with space harmonics of the circuit wave.

As the d r if t  velocity is decreased from  synchronism with the fundamental mode

a point is  reached where in teraction with a space harmonic is  possible. Since

the interaction impedance of the space harmonic is sm aller than the  fundamental

mode interaction impedance, the overall space harmonic growth ra te  will be

smaller (if growth a t  all occurs). The growth ra te  vs, d r if t  velocity is
p lo tted  in F igure 5.2 as the  d r i f t  velocity i s  varied such th a t interaction

w ith the f i r s t  two space harmonics occurs. I t  is noted th a t in obtaining
the above resu lts  a linearizing assumption was made; i. e . , i t  was assumed

thth a t the interaction with the  n space harmonic: occurs independently of the
thi nteraction with the (n+1) space harmonic. This is justified
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3 -•3  -■

- z OA

Figure 5.1 Synchronization function
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Normalized
Growth Rate

r ~ l

o po * 
synchronous 

with the fundamental

vo vpi» 
synchronous 

with 1 st Space

vo
synchronous 

with 2nd Space
Harmonic 

Z2 0.04 Z,
Harmonic

Zj ** 0 .1  ZQ

Figure 5.2 Illustrating the e ffec t of space harmonic interaction
as the  mean d r if t  velocity is varied
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since th e  synchronization function is  much sm aller than one thus reducing the  

tHn space harmonic growth r a te  when is  in near synchronism with the 

(n+1)^1 space harmonic.

5. 2 Growing Mode C rite ria

I t  is  useful to  determ ine th e  necessary and su ffic ien t conditions fo r  a 

convective in s tab ility  (growing mode) to  occur. This is  done by applying several 

theorem s from  th e  analytic theory of continued frac tio n s to  th e  problem a t  

hand.

Consider the  polynomial

P(a) = z" + Siz"‘'+ £ z n " 2 + • • • + f„ , <5-3>
where th e  complex coeffic ien ts a re

(5-4)
~  15* +' j

The a lte rn a n t of P(Z) is  defined as

In general, th e  quotient o f has a J -fra c tio n  expansion o f the  form
F ( Z )

f i tz i  _ ------------------1— t ---------------------------------------------  ( 5 . 6 j
P ( Z )  C tZ  +  1 + k t + _ _ 1 ______

C 2Z +  k 3 +

+ CnZ + k„

called th e  t e s t  frac tio n  of P(Z). The coeffic ien ts  of the  t e s t  frac tio n , Cp

and kp, a re  lis te d  in Table 5.1 as functions of pj  ̂and f o r  th e  case n = 3 and

48 49may in general be found by an algorithm  . S tating  a theorem  due to Wall
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c. = fl-oo
i a01

a,?
ĵ Qn CXoo^-i's “ Q.010 -12. j+* GtooQii J

=  - £ i i - I <3t3 +■ Clo«^«i^>3— G.ooG-it.Qi3 Q o3 ^ u

a 7  .

■̂11 ( CL02.O.U — &DoQt3 — Qoi^-12.) +  Qoo

X ^ z Q iJ  ~|
o 0 .12. J

u o V e re  Q-do = I

Q . 0 \  “ j % l

O-oe =  *pz 

<*03 =  j% 5

a. i= -p,
<*12 -  j f y

a (3 =  p 3

Table 5.1

C oefficients of the  T es t F raction  of P( Z)

Theorem: If P( Z) has a t e s t  frac tio n  in which m of the

0^ a re  negative and ( n-m) of th e  C^ a re  positive, then m 

of th e  ro o ts  of P( Z) = 0  have positive rea l p a r t  and ( n-m) 

have negative rea l p a rt.

T herefore, th e  growing mode c rite rio n  is th a t  there  ex ist a t  le a s t  one negative

Cp in the t e s t  frac tio n  expansion of the dispersion equation.
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5. 3 Dom inant C a r r ie r  Growing Mode C rite r io n

The growing mode c r i te r io n  f o r  th e  dom inant c a r r ie r  d ispersion  equation 

i s  too  involved to  study by hand; r a th e r ,  se v e ra l s im p le r c a se s  w ill be stud ied . 

The f i r s t  exam ple, a t r iv ia l  one t h a t  is  p re se n te d  in  th e  second c h ap te r, 

i l lu s t r a te s  th e  m ethod used. C onsider th e  ca se  when recom bination  l ife tim e  

is  a r b i t r a r i ly  la rg e , cold c irc u it  a tte n u a tio n  i s  z e ro  and th e  in te ra c tio n  is  

synchronous. Under th e s e  conditions equation (5-1) reduces to

S 3 +  A c A s 2 - t " Aq a  0  +  ^ o a | ^ a ) s  +■ j  =  O  .  (S ?)

The c o e f f ic ie n ts  o f  th e  t e s t  f r a c t io n  a re  ca lcu la ted  to  be

r  -  A <5-8a)
l— | -  /“ 'cA ,

C o  =   O&h  ;  (5-8b)

AjA C 1 +• PeA )

C ,  = _  & £ (  .  ( s . 8 c )

4 a

Inspection  o f  th e  c o e f f ic ie n ts  re v e a ls  t h a t  since  |3q^# PqA* X ^  * a*id 

a re  a ll p o s itiv e  re a l ,  tw o o f  th e  c o e ff ic ie n ts  a re  alw ays p o s itiv e  and th e  th ird  

i s  always n eg a tiv e . I t  is  th e re fo re  concluded t h a t  f o r  a ll possib le  values o f 

th e  c o e f f ic ie n ts  o f  equation  (5-7) th e re  a re  tw o ro o ts  w ith  negative  r e a l  p a r t  

and one w ith  p o s itiv e  r e a l  p a r t  a s  shown in F ig u re  2 .5 , f o r  aQ = 0.

T he n ex t case  considered is  t h a t  o f th e  high r e s is t iv i ty  sem iconductor 

in  which recom bination  l i f e t im e  is  negligible. U nder th e se  conditions
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equation  (5-1) red u ces to  

•3 . /  n i \ J 2S + ( M t f 0+ jU s 2+ £ * ( 0 ^ ) 5  4- j  p ^ A) = o  . <5-9>

The c o e ff ic ie n ts  o f  th e  t e s t  f r a c t io n  a re  ca lcu la ted  to  be

- I
(5 -10a)

C o  -

and

C -  feA (X e + ( b e f t t « o ) a]

(5 -10b)

P(^a)Cz( ^ 0 [ A A -  p(l )c2]
(5-10c)

Inspection  o f th e  c o e ff ic ie n ts  rev e a ls  t h a t  tw o o f th e  ro o ts  alw ays have 

negative  re a l p a r t  and th e  th ird  can have p o sitiv e  re a l  p a r t ,  i f  and only i f

P (Ia a ) C z > £ca lnA , (5-11)

Since m axim um  gain i s  an tic ip a ted  n e a r  synchronism  i t  is  reasonab le  to  assum e 

t h a t  \ \ «  l ^ c^-hOfo j  which allows C2 to  be  approxim ated  a s

C
Aca +■ (5-12)

AcA (Xo

re s u ltin g  in th e  growing mode c r i te r io n
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K A fteA +  0 ( o  , (5-13)

P (h*) A vi <*e
Below synchronism , 0, th e  condition i s  s a t is f ie d  su b jec t to  th e  above

approxim ation  since P(h^) ss  1; however, above synchronism , h ^ ^  0, th e  

condition is  very  sev ere  and l im its  th e  m axim um  m ean d r i f t  ve locity  f o r  which 

a growing mode m ay e x is t  to  slig h tly  above synchronism .

The l a s t  c ase  considered  is  th a t  o f  a  sem iconducto r w ith  neglig ible 

recom bination  l i f e t im e  o p e ra tin g  under synchronous conditions. E quation  (5-1) 

becom es

S3 + [^0io )]s + <X̂ (l+ =0,(5'14)

The c o e f f ic ie n ts  o f  th e  t e s t  f ra c t io n  a re  ca lcu la ted  to  be

C, =  (P cA+<*°)~',

£  —  P c A - t - O t p ________________

2 & a[ocdN- M X c + f ^ O + A ^ ) ]  (5' 16b)
and

q ^  PcA (fic*  Ô p ) [ ° 4  •+ ^ ft®A Q + X g ^ ) ] _______  (5-15c)

+  feflX o t [ W ^ X dA(&)J “  Cz ( t*o)

Inspection  o f  th e  c o e ff ic ie n ts  rev ea ls  t h a t  only C3 m ay be  negative under the  

condition
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O .  (5-16)

2
E quation  (5-16) r e la te s  th e  maximum c a r r ie r  density , * £°r  a growing

mode to  e x is t  under synchronous conditions to  th e  o th e r  sem iconductor and

(5-17)

c irc u it  p a ra m e te rs . F o r  m o st sem iconducto rs and c irc u its

I ^  I ^ 0  +  1 >

th u s  allowing equation (5-16) to  be r e w r it te n  approx im ate ly  as

- ( f W + 0 2< o (5‘18)
re su ltin g  in

a  V(0Cft+ Mg)

P a f tM  =  J  t i < x 0  (5- 19)

Since maxim um  gain generally  does n o t occu r a t  synchronism  equation (5-19) 

may be in te rp re te d  a s  giving an o rd e r o£ m agnitude approxim ation  f o r  th e  

m axim um  c a r r ie r  d en sity  f o r  a  growing mode to  ex is t.

A lthough only s im p lified  cases have been  p resen ted , th e  general case  

m ay be ca lcu la ted  on th e  d ig ita l com puter.

5 .4  E x c ita tio n  M atrix

In addition  to  knowing th e  exponential behavior o f a ll  th e  trav e lin g

waves one m u st know th e  ex c ita tio n  am p litudes and phases to  be ab le  to  ca lcu la te
I

th e  R F o u tp u t. The R F am plitudes and phase  o f  th e se  waves a re  de te rm ined  by
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boundary conditions a t  the in p u t; the output being considered p e rfe c tly  

term inated thus not e x c itin g  re f le c te d  waves. Most frequen tly  these  

boundary conditions a re : the sum o f the e le c t r ic  f ie ld  t ra v e lin g  waves

a t the input equals the  app lied  e le c t r ic  f i e ld ,  there  e x is t  no RF cu rren t 

modulation a t  the  in p u t, and th e re  e x is t  no RF v e lo c ity  modulation a t 

the  inpu t. These cond itions are

Since strong  in te ra c tio n  occurs with only one space harmonic ( lin e a r iz e d  

model) and assuming th a t the  c i r c u i t  i s  p roperly  term inated thus not ex­

c it in g  a r e f le c te d  wave allows n  to  be taken as th re e .

From the e le c tro n ic  adm ittance o f the dominant c a r r ie r  case i t  i s  found 

th a t  n eg lec ting  recom bination l ife tim e

(5-20a)

1= t 
n

o  , (5 -20b)

and L*l

(5-20c)

Each o f the and may be expressed as functions o f  ^  and E^.

(5-21)

Reducing equation (2-35) to  the dominant c a r r ie r  case r e s u l ts  in

\ / 'c =  R a  S i  E l _____________________________  ̂ (5-22)

Voa[$V /W 0 + \w iP e 0 ]
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The boundary condition equations (5-20) may be rewritten as

xk\ 
&

/y
o

(5-23)

\
o

where

(5-24)

5 .4 a  Low D ensity  E x c ita tio n  M atrix

At low d e n s ity , e .g . ,  h igh  r e s i s t i v i t y  sem iconductor, such th a t  

| £ lz | «  | £ ( S i + ^ ca) |  , th e  e x c i ta t io n  m a trix  reduces to

/

E.M. =

\

(5-25)

Since each column o f  th e  m a trix  i s  a  fu n c tio n  o f  a s in g le  v a r ia b le  th e  

determ inan t o f  th e  m atrix  may be w r it te n  as

E.M. = ( s , - y ( k - k K k - s )
5, S k  S 3  (  S ( + ^ c a ) ( ^ z ^ ^ c a X ^ 4 - ^ c a )

(5-26)
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Letting * and solving equations (5-23) for this case results

m

P .  _  ( l  + X l f i c A ' )  (5-27)

fo r  c y c lic  in terchange o f i ,  j ,  k = 1 , 2 , 3. E. G., consider the w ell 

known synchronous lo s s le s s  case fo r  which th e  roo ts o f  the d ispersion  

equation  (2-49) are  5 ( •= + j   ̂ ss 0 , 5  (v f3  —J  ) >

and $3= - 0 ,  5 ( J S + j )  . S u b s titu tio n  in  equation (5-27) y ie ld s

£ | *  E 2 . =  £ 3  ”  3 " E * f p  ;  (5-28)

i . e . ,  the  th ree  tra v e lin g  waves a re  ex c ited  equally  and in -phase.

The so lu tio n s  to  the  boundary cond ition  equations (5-25) a re  not 

in  general ex p ress ib le  in  sim ple a lg e b ra ic  form as is  the  c o l l is io n le s s  

case r e s u l t ,  equation (5-27). The e f fe c ts  o f  c o ll is io n  on the e x c ita t io n  

am plitudes and phases have been determined by d ig i ta l  computer so lu tio n  

o f  equations (5-25) by Cramer's ru le  fo r  a wide range o f  the param eters 

and D(0 . These re s u l ts  a re  p lo tte d  in  Figures 5 .3  and 5.4 fo r  th e  

synchronous case . The th ree  waves are  denoted by e n c irc led  numbers, one 

re fe r r in g  to  th e  gaining wave, two re fe r r in g  to  the  s l ig h t ly  a tte n u a tin g  

wave, and th ree  re fe rr in g  to  the  s tro n g ly  a tten u a tin g  wave. At low c o l­

l i s io n  frequency (the in e r t i a  dominated l im i t ) ,  = each

wave i s  equally  ex c ited , 1/3 E app, and they are  in  phase. As the cold  

c i r c u i t  a tten u a tio n  increases th e re  i s  a s l ig h t  d iffe ren ce  in  amplitude 

even a t  low ^  . Increasing  th e  c o ll is io n  wave number to  10° r e s u l ts  

in  increased  e x c ita tio n  o f  th e  gain ing  wave (one) and the  c i r c u i t  wave 

(two) while the  stro n g ly  a tte n u a tin g  wave (th ree ) i s  not e x c ited . There 

i s  a wide range o f  c o ll is io n  frequencies fo r  which the  growing wave i s
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e x c ite d  w ith  la rg e r  am plitude , approxim ately  0 .5  Eapp, th an  in  th e  

c o l l i s io n le s s  case , approx im ately  0 .33 Eapp. In  th e  c o l l i s i o n  dominated 

l im i t ,  l o g ^  ) >  (q  , only th e  c i r c u i t  wave i s  s tro n g ly  e x c ite d .

Study o f  asynchronous cases r e s u l t s  in  very  much th e  same form at and 

i s  th e re fo re  no t p re se n te d .

5.4b High D ensity  E x c ita t io n  M atrix

At h igh  d e n s ity , low r e s i s t i v i t y  sem iconductor, such th a t  | }

>■> | i  'V ^ c a ) |  th e  e x c i ta t io n  m a trix  reduces to

E,M o =

I i i \
-■2( C  a:

s , p r  k p : 2 /
—2.

. (5-29)

where because o f th e  approxim ation made th e  dete rm inan t o f  th e  e x c i ta t io n  

m atrix  i s  n o n -ze ro , i . e . ,  row two o f  th e  m atrix  i s  no t id e n t i c a l ly  b u t 

r a th e r  approxim ately  a  m u ltip le  o f row one. The m agnitude o f  th e  s tro n g ­

ly  a t te n u a t in g  roo t ( th re e )  u su a lly  f a r  exceeds th e  m agnitude o f  e i t h e r  

th e  ga in ing  wave roo t o r  th e  s l i g h t ly  a tte n u a t in g  wave, r e s u l t in g  in  th e  

am plitudes o f  one and two f a r  exceeding th e  am plitude o f  th r e e .  E quation 

(5-29) th e re fo re  reduces to  th e  2x2 m a trix  y ie ld in g  = E^ = 1/2 Eapp,

a l l  in  phase . This b eh av io r i s  very  s im ila r  to  th e  low d e n s ity  case  where
1 5th e  c o l l i s io n  wave number i s  in  th e  range 10 to  10 .

5 .5  Conclusion

The range o f  v a l i d i ty  o f  th e  p e r tu rb a t io n a l  s o lu t io n  to  th e  dominant 

c a r r i e r  d isp e rs io n  eq u a tio n  was ex tended to  in c lu d e  h ig h ly  asynchronous 

o p e ra tio n . Topics from th e  a n a ly tic  th eo ry  o f  con tinued  f r a c t io n s  were
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reviewed and used  to  d e riv e  a growing mode c r i t e r io n  fo r  se v e ra l s im p li­

f ie d  cases in d ic a t in g  th a t  high r e s i s t i v i t y  m a te r ia ls  ( r e s i s t i v i t y  

dependent on c o l l i s io n  frequency and co ld  c i r c u i t  a tte n u a tio n ]  should  be 

s tu d ie d  n u m erica lly . The e f f e c ts  o f  c o l l i s i o n s ,  c o ld  c i r c u i t  a tte n u a t io n  

and c a r r i e r  number d e n s ity  on the  r e l a t i v e  e x c i ta t io n s  o f  th e  t r a v e l in g  

waves were s tu d ie d  re v e a lin g  the  n e c e s s i ty  o f  no t making th e  c o l l i s i o n  

dominated assum ption. For high r e s i s t i v i t y  m a te r ia ls  i t  was shown th a t  

th e  modal e x c i ta t io n  i s  predom inantly  determ ined by th e  c o l l i s io n  f r e ­

quency. For low r e s i s t i v i t y  m a te r ia ls  th e  s tro n g ly  a tte n u a tin g  mode i s  

no t e x c ite d  w hile  th e  growing and s l i g h t l y  a tte n u a t in g  modes a re  e q u a lly  

e x c ite d  in  phase .

Having co n sid ered  th e se  to p ic s  th e  num erical e v a lu a tio n  o f  device 

ga in  may now be undertaken .
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CHAPTER SIX - NUMERICAL EVALUATION OF THE GAIN OF DEVICES UTILIZING THE
INTERACTION BETWEEN SLOW ELECTROMAGNETIC WAVES AND DRIFTING 
CARRIERS IN A SEMICONDUCTOR

The purpose of th is  chap ter i s  to  o u tlin e  num erical methods used in  

studying the in te ra c tio n  between slow electrom agnetic  waves and d r i f t in g

c a r r ie r s  in  sem iconductors, p resen t num erical r e s u l ts  and compare them
50 51 52with the  a n a ly sis  o f Sumi , Z o tte r , and Vural and S teele  . Numer­

ic a l  r e s u l ts  w ill  be compared w ith a recen t experiment performed by 
53Sumi using Indium Antimonide a t  l iq u id  n itro g en  tem perature.

A new num erical method, based upon the  a n a ly tic  theory o f  continued 

f ra c tio n s , w ill  be developed to  circumvent d i f f i c u l t i e s  encountered with 

roundoff e rro r  in  p resen t methods.

6.1 Numerical Methods

Equations developed in  the  p rev io u s .chapters were solved by d ig i ta l  

computer as o u tlin ed  in  Figure 6 .1 , a flow ch art o f  the  programs used.

The d e ta ile d  programs are l i s t e d  in  Appendix Three. The program i s  d iv ided  

in to  th ree  main se c tio n s ; evaluation  o f slow wave c i r c u i t  d isp e rs io n  ch ar­

a c te r i s t i c s ,  evaluation  of the dominant c a r r i e r  d isp e rsio n  equation  c o e f f i ­

c ie n ts  from both semiconductor da ta  and c i r c u i t  dimension, and c a lc u la tio n  

o f device gain vs. frequency and mean c a r r ie r  v e lo c ity .

The determ inantal slow wave c i r c u i t  d isp e rsio n  equation (3-10) is  

solved using the  in te rv a l halv ing  method. I t  i s  known th a t  th e  so lu tio n , 

i f  i t  e x is ts ,  must be bounded by 0+ a n d lf - th e re fo re , a t r i a l  value equal
Tf

(— 0 i s  te s te d  as a possib le  so lu tio n  to  (3-10). Since the  terms in  the  

s e r ie s  expression  fo r  X^TEST^ decrease as f a s t  as Sa (x) fo r ty  terms were
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requ ired  to  in su re  c o rrec t evaluation  o f  X^QteST'* t0  s ig n if ic a n t

f ig u re s . The function f ( k ,0 TEST) = - t a n C ‘̂ O l) 'b a n ( 'f tb )X (^ Br)

was te s te d  to  determine i t s ,  sign . Two p o in ts  were then  se le c te d , e i th e r

0, “ O  G-vaci -  G pesj o r  qj^J ^  ~ TT~ » such th a t

Process was repeated  e igh t times u n t i l  0 ^

was known w ith in  one degree. This p rocess requ ired  2.6 seconds o f  machine 

time on the  IBM 360/50. The e ffe c tiv e  d ie le c t r ic  co n stan t, e f fe c tiv e  

in t r in s ic  impedance, and th e  e ffe c tiv e  in t r in s i c  v e lo c ity  were then  evalua­

te d  a t A . wo
The c o e f f ic ie n ts  o f  th e  dominant c a r r i e r  d isp e rsio n  equation were 

then evaluated . The phase v e lo c ity , group v e lo c ity , frequency, s to red  

energy p e r p e rio d  and th e  in te ra c tio n  impedance were c a lc u la te d  u t i l i z in g  

the r e s u l ts  o f the f i r s t  p a r t  of the  program. Data regarding the semi­

conductor was read and used to  c a lc u la te  the  remaining c o e f f ic ie n ts .

For each data po in t th e  density  was checked to  in su re  f lu id  behavior;

i . e .  the slow wavelength was compared to  the Debye wavelength. The roo ts

o f  the dominant c a r r ie r  d isp e rsio n  equation  were c a lcu la te d  using Cardan's
54method due to  T a rtag lia  . I t  was necessary  to  rew rite  th is  method to  

avoid excessive  roundoff e r ro r .  The ro o ts  were then  ordered by descending 

re a l p a r ts  and used to  eva lua te  the elem ents o f th e  e x c ita tio n  m atrix .

The amplitude and phase o f  e x c ita tio n  o f  each wave were ca lcu la te d  and used 

to  compute th e  overa ll device gain which was p r in te d  in  ta b le  form.

M odifications of th e  above program were w ritte n  to  allow the computa­

tio n  o f in d iv id u a l se c tio n s  o f the main program. The r e s u l ts  o f  such a 

program a re  presented in  th e  next s e c tio n .



115

6.2  Numerical S o lu tio n s o f  th e  P ertu rb ed  Dominant C a rr ie rs  D ispersion  
Equation

Equation (2-55} was so lved  as o u tlin e d  above. The r e s u l t s  a re  p re ­

sen ted  g ra p h ic a lly  in  F igures 6 .2 a  and 6 .2 b . I t  i s  seen  th a t  th e  e f f e c ts  

o f  space charge and co ld  c i r c u i t  a tte n u a t io n  a re  to  a p p re c ia b ly  reduce 

th e  o v e ra ll  growth r a t e .  When th e  c a r r i e r  v e lo c ity  i s  op tim ized  th e  

growth r a te  in c re a se s  as shown in  F igu res 6 ,3 a . b and c w hile  m ain ta in ing  

b a s ic a l ly  th e  same b eh av io r. I t  i s  seen th a t  in  the  c o l l i s io n  dominated 

l im it  the  optimum v e lo c ity  i s  n e a r  synchronism .

6 .3  A Numerical Example

The u se fu ln e ss  o f  th e  growing mode c r i t e r i a  i s  dem onstrated by the

fo llow ing  num erical example. C onsider th e  fo llow ing  d ev ice ; 10 c o l l i s i o n s /

second, lO db/sec co ld  c i r c u i t  a t te n u a t io n , 10 cm/sec phase v e lo c i ty ,  1 ohm
8 - 1in te r a c t io n  impedance such th a t  C=1.0, and 10 sec e x c i ta t io n  frequency .

Equation (5-1) i s  so lved  by d i g i t a l  computer as th e  d r i f t  v e lo c ity  i s  v a r ie d

from one to  tw ice th e  phase v e lo c i ty  and i s  p lo t te d  in  F igure  6 .4 . I t  i s

no ted  th a t  th e  n e t growth r a te  changes very  ra p id ly  about synchronism .

Applying th e  growing mode c r i t e r io n  (5-133 to  th e  problem  a t  hand i t  i s  seen

th a t  n e t growth i s  p o ss ib le  fo r  h £  .0376.

Furtherm ore, a lthough  th e  n e t  growth r a t e  becomes exceed ing ly  sm all i t

does ex tend to  v e lo c i t i e s  w ell below synchronism ; e .g .  in  th e  above case to

V = 0.5 V . o p

6 .4  Comparison With O ther A n a ly tic a l R esu lts
55In a re c e n t paper Sumi perform s a two dim ensional a n a ly s is  re v e a lin g  

th e  p o s s ib i l i ty  o f  microwave a m p lif ic a tio n  by th e  in te r a c t io n  o f  slow 

e lec tro m ag n e tic  waves and d r i f t i n g  c a r r i e r s  in  a sem iconductor. His 

approach i s  to  make a c o l l i s io n  dom inated assum ption f o r  a sem iconductor
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m a te r ia l, c a lc u la te  i t s  su rface  adm ittance, and then equate th is  to  the

surface  adm ittance of a developed h e lix  leading to  a d isp e rs io n  equation.
5 6A re p o rt by Z o tte r  has revealed  th a t  Sumi's paper contained severa l 

a lg eb ra ic  e r ro r s .  Z o tter subsequently  co rrec ted  these  and num erically  

evaluated  a number of in te ra c tio n s  with d if fe re n t  m a te ria ls . His c a l­

c u la tio n s  p re d ic t gains from 400 to  2000 db/mm fo r  the  various m a te r ia ls , 

a r e s u l t  th a t  has not been experim entally  observed.
57An ex tension  o f the  above theory  was made by Vural and S te e le  

T heir an a ly s is  c o n s is ts  o f studying the  in te ra c t io n  with a genera lized  

adm ittance wall ra th e r  than the  p a r t ic u la r  one used by Sumi. U nfortunate­

ly , fo r  sev era l slow wave c i r c u i t s  o f in te r e s t ,  e .g . the  stub-loaded  

meander l in e , the  admittance may not be c a lcu la te d  from the  lowest o rder 

f ie ld s ;  i . e .  when ca lcu la ted  in  th is  manner the  adm ittance i s  i n f in i t e ,  

since  fo r  the lowest o rder f ie ld s  H =0.y
58Sumi has most re c e n tly  performed an experiment using Indium A nti-

monide a t l iq u id  n itrogen  tem perature in  which he observed a change in

transm ission  through a meander lin e  c i r c u i t ;  i . e . ,  w ithout cu rren t in  the  

semiconductor he observed 13 db c i r c u i t  a tte n u a tio n  a t  2 GHz while in  

the  presence o f cu rren t the  c i r c u i t  a tten u a tio n  was between 13 and 12 db 

as shown in  Figure 6 .5 . Using the above mentioned computer programs to 

c a lc u la te  the  device gain r e s u l ts  in  a much c lo se r  approxim ation to  the 

experim ental r e s u l t s ,  than any previous method as shown in  the  f ig u re .

I t  i s  noted th a t  several o f th e  experim ental param eters not supp lied  by 

Sumi were estim ated  and are ta b u la te d  in  the  f ig u re . This model i s  the

only one of the above th a t  tak es in to  account e x c ita tio n  am plitudes and

phases o f the various modes.
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6.5 A lterna te  Numerical Method

Solutions to  a lg e b ra ic  equations o f degree le s s  than o r equal to  
59four are  known . These so lu tio n s  are  not in  general su ita b le  fo r  ma­

chine ca lcu la tio n  because excessive roundoff e r ro r  may propagate 

through the  so lu tio n  and in v a lid a te  i t s  accuracy. Numerical techniques 

have been developed by Hamming ^  and R ich ter ^  in  which reg ions o f  the  

so lu tio n  plane are searched along constan t phase contours. These te c h ­

niques, although allow ing so lu tio n  o f equations o f  h igher degree, in ­

volve the  evaluation  o f  the polynomial functions a t  g rid  p o in ts  o f  de­

creasing  s iz e  and are  th e re fo re  tim e consuming.

A new method i s  p resen ted  th a t  allows one to  generate  an equ iva len t

se t o f equations fo r  th e  imaginary and re a l p a r ts  o f the  ro o ts  o f the

o r ig in a l  a lgeb raic  equation  of a rb i t r a r y  degree such th a t  th ese  equations 

a re  separa ted  and l in e a r ;  i . e . ,  th e  equation P n (S) =0 with complex ro o ts

(”i , fj,,  w ill be transform ed in to  a se t o f equations fo r

Re. t  *2. )  **» anc* ano ther se t o f  equations fo r  IM ( rj ) ,

Im ( rz  ) —  Im ( )  .

The required  tran sfo rm ation  involves generating  the  c o e f f ic ie n ts  o f

the  t e s t  f ra c tio n  o f P n (s) . { See Chapter 5 Section  2^ The new s e t  o f

equations are  formed by equating th e  numerators and denominators o f th e  

t e s t  f ra c tio n  to  zero , (when p o ss ib le ) and looking fo r  changes in  sign  of 

the  t e s t  f ra c tio n  c o e f f ic ie n ts .  This method i s  i l lu s t r a te d  by example in  

Appendix Four.

6 .6  Conclusions

The methods used to  solve th e  dominant c a r r ie r  d isp ersio n  equation 

were o u tlin e d  and found to  req u ire  sp e c ia l care to  avoid excessive round­

o f f  e r ro r . Numerical r e s u l ts  were p resen ted  fo r  th e  synchronous and 

asynchronous cases showing th a t as the  c o ll is io n  wave number, reduced 

plasma frequency wave number, o r cold c i r c u i t  a tte n u a tio n  in c reases  th e
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growth r a te  d ecreases ; in  some cases growth does not e x is t  a t  a l l .

Exam ination o f  F igure 6.2®re v e a ls  th a t  fo r  th e  sem iconductor reg io n , 

log 3  j c o l l i s io n  damping i s  th e  predom inant lo ss  mechanism. For

sem iconducto rs, ^  where yi i s  from 1 to  2 .5 . O peration  a t  l iq u id

n itro g e n  tem pera tu re  decreases log  (Q |2C by th e  f a c to r  n  loCj,0

For low r e s i s t i v i t y  m a te r ia ls  th e  c a r r i e r  d e n s ity  decreases 

w ith  tem pera tu re  th e re fo re  d ecreasin g  th e  reduced plasma frequency wave 

number. The r e s u l t  o f  o p e ra tio n  a t  l iq u id  n itro g e n  tem pera tu re  i s  a 

s ig n i f ic a n t  in c re a s e  in  th e  growth r a t e .  While o p e ra tio n  a t  s t i l l  low er 

tem pera tu re  i s  d e s ira b le  from th e  above v iew poin ts i t  p re se n ts  insurm ount­

ab le  d i f f i c u l t i e s  w ith  therm al expansion o f  th e  slow wave c i r c u i t .

The e f f e c t  o f  vary ing  th e  mean c a r r i e r  d r i f t  v e lo c ity  was s tu d ie d  

showing th a t  th e  growing mode e x is ts  w ell below synchronism  although i t s  

growth r a te  becomes exceed ing ly  sm a ll; whereas th e  growing mode does not 

e x is t  above synchronism .

E xperim ental r e s u l t s  o b ta in ed  by Sumi using  InSb a t  l iq u id  n itro g e n  

tem pera tu re  were compared to  v a lu es  th e o r e t ic a l ly  p re d ic te d  by t h i s  model 

and found to  be in  c lo se  agreem ent. The d iscrepancy  between experim ental 

and th e o r e t i c a l  v a lu es  a t  low v o lta g e  i s  caused by th e  p e r tu rb a tio n a l  

assum ption |SC-I «  1 not being  met.

A new num erical method to  be used as an a l te r n a t iv e  to  p re s e n tly  

a v a i la b le  m ethods, o f use in  so lv in g  n degree a lg e b ra ic  equations 

ty p ic a l ly  found in  wave in te r a c t io n  problem s, was d e riv ed . This method, 

i l l u s t r a t e d  by example in  Appendix Four, allow s th e  s e p a ra te  refinem ent 

o f  th e  r e a l  and im aginary p a r t s  o f  a s o lu t io n .

( # ) « a s y r > .

i
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CHAPTER 7 -  SUMMARY AND CONCLUSIONS

The pu rpose  of th is  c h a p te r  i s  to  com plete  th is  d is s e r ta t io n  

by sum m arizing  and draw ing c o n c lu s io n s  regard ing  i ts  c o n te n ts  and 

ou tlin in g  su g g e s tio n s  for fu rther w ork

The m ain s u b je c t s tu d ied  w ith in  the  d is s e r ta t io n  is  th e  in te r ­

a c tio n  of d rifting  c a rr ie rs  in  a sem iconducto r and  slow  e le c tro m ag n e tic  

w a v e s . A one d im en sio n a l model fo r th e  in te ra c tio n  has b een  d ev elo p ed  

in c lu d in g  th e  e ffe c ts  of c a r r ie r - la t t ic e  c o ll is io n s , c a rrie r  recom bina­

t io n , s p a c e  c h a rg e , d iffu s io n , m ean  ca rrie r d rift v e lo c ity  and slow  w ave 

c irc u it  co n fig u ra tio n  th rough  its  p ropaga tion  c o n s ta n t  and in te ra c tio n  

im p ed an ce . The m odel, a llow ing  fo r two m obile c a rr ie r  s p e c ie s ,  

re s u l ts  in  a s ix th  d eg ree  a lg e b ra ic  eq u atio n  for grow th ra te s  o f th e  

v a r io u s  m odes. The dom inant c a r r ie r  c a se  w h ich  is  red u ceab le  to  

th e  P ie rce  m odel o f th e  vacuum  tra v e lin g  w ave tu b e  w as s tu d ie d  f ir s t  

by root lo c u s  tec h n iq u e  and th en  num erica lly . The root lo cu s  te c h ­

nique  su rp ris in g ly  h a s  no t been  p rev io u s ly  a p p lie d  to  w ave in te ra c tio n  

problem s w here  it  re a d ily  re v e a ls  th e  w ave d ep en d en ce  on a  g iv en  

p a ram ete r.

A nother s u b je c t s tu d ied  w ith in  th e  d is s e r ta t io n  is  th e  d ev e lo p ­

m ent o f a slow  w ave c irc u it  c a p a b le  of ach l ev ing  th e  requ ired  v e lo c ity  

for w h ich  a  " s tro n g "  in te ra c tio n  o c c u rs . A c irc u it  th a t s a t i s f ie s  the  

n e c e s s a ry  c r i te r ia  is  th e  s tu b  lo a d e d  m eander l in e ;  a p lan a r e v a p o ra -
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tio n  d e p o s ite d  s tru c tu re  c o n s tru c te d  on la y e re d  m ed ia . Theory 

d e v e lo p ed  to  c h a ra c te r iz e  th is  d e v ic e , b a se d  on a uniform  in te r ­

lin e  e le c t r ic  f ie ld , h a s  b e e n  e x p erim e n ta lly  v e r if ie d  a t f re q u e n c ie s  

up to  ap p ro x im ate ly  o n e -h a l f  th e  cu to ff freq u en cy ; h o w ev er, d iff i­

c u lty  h a s  b e en  en co u n te red  in  e x c itin g  th e  forw ard  m ode a t th e  

h igher f re q u e n c ie s . F u rth e r w ork d ire c te d  to w a rd  m u ltip le  l in e  

e x c ita tio n  i s  requ ired  in c lu d in g  th e  in v e s tig a tio n  of te c h n iq u e s  

to  low er th e  VSWR. E x te n s io n  o f th e  uniform  in te r l i  ne  e le c t r ic  

f ie ld  app rox im ation  to  in c lu d e  h ig h e r d e sc r ib in g  fu n c tio n s  shou ld  

im prove th e  p re d ic te d  d is p e r s io n  c h a ra c te r is t ic s  n e a r  c u to ff . This 

may be a c c o m p lish e d  by ap p ly in g  a  v a r ia tio n a l te c h n iq u e  to  re fine  

th e  in te r lin e  e le c tr ic  f ie ld  a s  o u tlin e d  below ;

1. E xpress th e  in te r l in e  e le c tr ic  f ie ld  a s  a  t ra v e lin g  w ave 

in  th e  p la n e  of th e  c ir c u it  w ith  a c o n s ta n t  and  p a ra b o lic  d e p en d e n ce ,

i .e .

b e tw e e n  th e  l in e s

O on  th e  l in e s .

2. S ea rch  for th e  p a r t ic u la r  s e t  of c o e f f ic ie n ts ,  Eo, E2, . . .  , 

th a t  m in im izes th e  s to re d  e n e rg y  p e r  pe riod  w h ile  m a in ta in in g  a 

c o n s ta n t in te r l in e  v o lta g e .



3. H aving o b ta in ed  th e s e  c o e ff ic ie n ts  a s  a fu n c tio n  of 0 ^  , 

c a lc u la te  X(e0) and th e  re su ltin g  d isp e rs io n  c h a ra c te r is t ic s .

It i s  a n tic ip a te d  th a t th e  d is p e r s io n  c h a ra c te r is t ic s  so  found 

w ill more c lo s e ly  model th e  c irc u it  perform ance s in c e  th e  in te r lin e  

e le c tr ic  f ie ld  h a s  b een  more r e a l is t ic a l ly  s e le c te d . U nfo rtuna te ly , 

th e  se a rc h  tim e rap id ly  in c re a s e s  w ith  th e  num ber o f c o e ff ic ie n ts  

in v o lv ed .

The p e rtu rb a tio n a l so lu tio n  of th e  dom inant c a rr ie r  d isp e rs io n  

eq u a tio n  w as s tu d ie d  by num erica lly  e v a lu a tin g  i ts  so lu tio n  for 

va rio u s sem iconducto r m a te ria ls  u s in g  th e  s tu b  lo ad ed  m eander 

lin e  a s  th e  slow  w ave  c irc u it . E xperim ents to  verify  th e  one 

d im ensiona l m odel have  b een  u n d ertak en  u s in g  Germanium  a t room 

tem p era tu re . The tech n iq u e  i s  to  look for a  change  in  RF t r a n s ­

m iss io n  th ru  th e  c irc u it  w hen th e  sem ico n d u c to r c a rr ie rs  a re  d rifted  

a s  show n in  F igure 7 .1 . T h ese  experim en ts hav e  not re s u lte d  in  th e  

o b se rv a tio n  of th e  in te ra c tio n  b e c a u se  th e  sm all tra n s m iss io n  change  

( le s s  th a n  0.1 d b )  i s  m asked  by sp u rio u s e ffe c ts ;  e .g . m ixer n o ise , 

m u ltip le  in te rn a l RF re f le c t io n s ,  cu rren t p u lse  top  r ip p le , e tc .

N um erical a n a ly s is  in d ic a te s  th a t in c re a se d  g a in  is  o b ta in ­

ab le  by o p e ra tio n  a t h igher frequency  and low er tem p era tu re . To 

o p e ra te  a t h igher frequency  re q u ire s  a d e c re a s e  in  th e  d im en sio n s 

of th e  slow  w ave  c irc u it  dem anding ph o to lith o g rap h ic  tech n o lo g y  

for c o n s tru c tio n  th a t  is  not y e t a v a ila b le . A lthough th is  d iff icu lty  is
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l e s s  se v e re  w hen h igh  d ie le c tr ic  c o n s ta n t  m a te r ia ls  a re  u til iz e d

o p e ra tio n  a t X -band  i s  not y e t  f e a s ib le .  A p o s s ib le  m ethod  for

c o n s tru c tin g  an X -band  d e v ic e  h a s  re c e n tly  b e e n  s u g g e s te d  by 

6 2E tten b erg  . T h is te c h n iq u e  c o n s is t s  o f c o n s tru c tin g  th e  

slow  w av e  c irc u it  by d iffu sin g  a  h igh  c o n d u c tiv ity  p a tte rn  in to  a 

h ig h  r e s is t iv i ty  s u b s tra te  th u s  p e rm ittin g  f in e r  l in e  w id th s  to  be 

" e tc h e d  " .

Throughout th is  d is s e r ta t io n  e m p h a s is  h a s  b e e n  p la c e d  on 

s tu d y in g  th e  in te ra c t io n  for r e a l iz a b le  p h y s ic a l  d im e n s io n s . The 

maximum o b ta in a b le  g a in  v s . f req u e n cy , w ith o u t reg a rd  to  th e  

p re s e n t  a b ili ty  to  c o n s tru c t th e  d e v ic e , is  a ls o  o f in te r e s t .  Con­

s id e r  a  sem ico n d u c to r a t tem p era tu re  T, c o l l is io n  freq u en cy  ,  

w ith  an  a p p lied  e le c t r ic  f ie ld  d rif tin g  m ajo rity  c a r r ie rs  a t  a  v e lo c i­

ty  V • The maximum g a in -f re q u e n c y  cu rve  i s  c a lc u la te d  in  th e  fo l -  o

low ing  m anner. A c irc u it  of w id th  b  i s  e x c ite d  a t  a  freq u en cy  

re s u l t in g  in  an  in te r lin e  p h a se  sh if t  a s  show n in  F igure  3 .8 . The 

in te ra c t io n  im p ed an ce  i s  found from  F igure 3 .10  and  i s  u s e d  to  

c a lc u la te  P ie rc e ' s coup ling  c o e ff ic ie n t  C  and  th e  no rm alized  

c o l l i s io n  w ave num ber . The maximum g a in  p e r  w a v e le n g th

i s  o b ta in e d  from F igure  6 .3a  by s e le c tin g  th e  p e rio d  o f th e  c irc u it  

to  o p tim ize  th e  p h a se  v e lo c ity . The maximum o b ta in a b le  g a in  v s . 

freq u e n cy  is  p lo tte d  in  F igure 7 .2 .
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At low  frequency  the  ga in  in c re a se s  w ith  frequency  s in ce  

th e  number of c o llis io n s  per ex c ita tio n  period  d e c re a se s  rap id ly  

w hile  th e  in te ra c tio n  im pedance rem ains e s s e n tia lly  c o n s ta n t. At 

high frequency  the  ga in  d e c re a se s  w ith  frequency  s in c e  th e  number 

of c o llis io n s  per e x c ita tio n  period is  neg lig ib ly  sm a ll, i .e .  the  

d ev ice  is  in e rtia  dom inated and th e  in te rac tio n  im pedance d e c re a se s  

rap id ly . For th is  exam ple maximum gain  is  ach ieved  at — 0 . 3
V

For m ost sem iconductors th is  co rresponds to  K -b an da

e x c ita tio n  of a c irc u it designed  to  propagate  th e  c o llis io n  frequency .

Such a c ircu it when co n stru c ted  on a d ie le c tr ic  w ith  re la tiv e  d ie le c -
o

tr ie  c o n s tan t tw en ty -fiv e  would have a  lin e  th ic k n e s s  of 125 A 

and an o v e ra ll c irc u it w idth  of 15 m icrons; c le a rly  an im practica l 

d e s ig n . I t i s  ad d itio n a lly  noted th a t Figure 7.2 w as c a lc u la te d  for a 

high re s is t iv i ty  sem iconductor, AT a* 0 .0 1 .  and a low  lo s s  c irc u it, 

0 ^ 0 , 0 1 -

The problem  of c a lcu la tin g  th e  ach iev ab le  g a in  w h ile  u tiliz in g  

th e  narrow est lin e  w idth  th a t may be co n stru c ted  at p re sen t ( r v l  mil ) 

is  trea ted  n e x t. U tiliz ing  th e  approxim ate form ula fo r cu to ff frequency 

and slow ing fac to r p rev iously  developed , one may w rite
7

Letting th e  in te rac tio n  o ccu r a t a  p h a se  v e lo c ity  o f 3 x  10 c m /se c

( lim ited  by th e  sa tu ra ted  c a rrie r  drift v e lo c ity  of InSb ) re s u l ts  in  a
g

cutoff frequency  of 3 x  10 Hz corresponding  to  th e  c o llis io n  dom inant 

portion o f th e  gain  cu rve . E xcita tion  a t maximum uC product re su lts
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in  a g row th  ra te  S = 0 .0 4  fo r h igh  r e s i s t iv i ty  sem ico n d u c to r and  n o n -

lo s s y  c ir c u it ;  a ga in  o f 2.16 d b /w a v e le n g th . E xperim ents perfo rm ed  

63by Sumi , in d ic a te  th a t  a c irc u it  w ith  o n e  mil lin e  w id th  h a s  a  co ld  

c irc u it  a tte n u a tio n  of ap p rox im ate ly  30 d b /c m  y ie ld in g  a 20 db  e x c i ta ­

t io n  a tte n u a tio n  lo s s  a t  th e  in p u t end  and d e c re a s e d  grow th ra te ;

S = 0 ,0 3 9 . H ence  a t l e a s t  18.5 w a v e le n g th s  ( /v  175 m ils ) a re  re ­

q u ired  to  a c h ie v e  n e t g a in . Taking in to  a c c o u n t th e  f in ite  r e s i s t iv i ty  

o f th e  se m ic o n d u c to r ( ap p ro x im ate ly  10 ohm -cm  maximum fo r InSb ) 

d e c r e a s e s  th e  grow th ra te  to  0 .43 d b /w a v e le n g th .

C lo se  ag reem en t h a s  b e en  found b e tw e e n  e x p e rim e n ts  p e r­

form ed a t low  te m p e ra tu re ; e .g .  InSb a t LN a s  in  S u m i's  e x p e r i -  

m en t, and  th e o re tic a l ly  p re d ic te d  g a in  b a s e d  on th e  one d im e n s io n a l 

m odel. A new  num erica l m ethod , b a s e d  upon th e  a n a ly tic  th e o ry  of 

c o n tin u ed  f ra c t io n s ,  h a s  b e e n  d e v e lo p ed  to  f a c i l i ta te  th e  s o lu tio n  of 

w av e  in te ra c t io n  p rob lem s re s u ltin g  in  n ^ 1 d e g re e  a lg e b ra ic  e q u a tio n s  

av o id in g  e x c e s s iv e  roundoff e rro r th a t  i s  found  in  p re se n tly  a v a ila b le  

m e th o d s . T his m ethod c o u ld  be  u t i l iz e d  to  so lv e  th e  tw o c a r r ie r  

d is p e rs io n  e q u a tio n  fo r optim um  sem ic o n d u c to r r e s i s t iv i ty .

E xperim ents to  v e rify  th e  c a lc u la te d  d isp e rs io n  c h a r a c te r i s t ic s  

o f  th e  s tu b  lo a d e d  m ean d er l in e  h av e  re s u l te d  in  good ag reem en t 

b e tw e e n  th eo ry  and e x p e rim e n t. The e x is te n c e  of th e  slow  w av e  

s u g g e s ts  o th e r  u s e s  fo r  th e  c ir c u it .

The s tu b  lo a d e d  m eander l in e  i s  b e in g  c o n s id e re d  fo r u s e  in
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64 65a  tra v e lin g  w ave  p a ram etric  a m p lifie r . H e ilm e ie r  and S ills

h a v e  a n a ly z e d  a sh u n t and  s e r ie s  tra v e lin g  w ave  p a ra m e tr ic  am -

66p l if ie r  u s in g  s tra ig h t t r a n s m is s io n  l in e  . S il ls  h a s  c o n s tru c te d

a  s u c c e s s fu l  s e r ie s  lo a d e d  l in e  w h ic h  ho w ev er req u ired  a  s e p a ra te

67pum p w ave  fo r  e a c h  d io d e . In  1959 E ttenberg  rep o rted  on  a 

f e a s ib i l i ty  s tu d y  o f su c h  a  d e v ic e  u s in g  an  in te rd ig ita l  l in e .  He 

o b ta in e d  a  s tro n g  in te ra c tio n  and  re a so n a b le  in te ra c tio n  g a in , bu t 

w ith  th e  l o s s y  d io d es  th e n  a v a i la b le ,  d id  no t a c h ie v e  a n e t d e v ic e  

g a in .

By u s in g  a m eander l in e  h o w ev er th e re  a re  th re e  p o s s ib le  

d io d e  c o n fig u ra tio n s , nam ely ; sh u n t, in te r l in e ,  and s e r ie s  a s  show n 

in  F igure  7 .3  a , b , c .  The sh u n t d io d e s  re sp o n d  to  E ( x ,n p  ) w h ileIK

th e  in te r lin e  d io d e s  re sp o n d  to  th e  f ie ld  E ( 0 ,z  ) . L ine p a ra m e te rsz

s u i ta b le  fo r  p ro p ag a tin g  a s ig n a l a t  u s , a  pump a t wp , and an  id le r  a t 

Uj = Up -  u s  su c h  th a t 0 p “= , a ll a long  th e  sam e c ir c u i t  may

b e  d e te rm in ed  in  v iew  o f  th e  re f in e d  m ean d er l in e  a n a ly s is .  The 

r e s u l t  o f th i s  a n a ly s is  co u ld  m ake a  m in ia tu rize d  p a ra m e tric  am p lifie r 

p o s s ib le  b e c a u s e  o f th e  s lo w in g  fa c to r  involved*

W h ile  th e  m ain s u b je c t  in v e s tig a te d  in  th is  d is s e r ta t io n  i s  th e  

in te ra c t io n  b e tw ee n  d rif tin g  c a r r ie r s  in  a  se m ic o n d u c to r and  forw ard  

w a v e s  on  a  s lo w  w ave c ir c u i t ,  th e  in te ra c t io n  w ith  b ack w ard  w av es  

o n  th e  c ir c u it  cou ld  be  u t i l iz e d  in  th e  so lid  s ta te  ana log  o f th e  b a c k ­

w ard  w av e  o s c i l la to r .  The in te ra c t io n  w ith  th e  forw ard  w av e  m ay be
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I l lu s tr a te d  by a  l o s s l e s s  co u p le d  m ode d iag ram  a s  show n in  F igure 

7 .4 a . T here e x is ts  an  e x c i ta t io n  reg io n  fo r fo r w h ic h  %  pu re  

im ag in ary  d o e s  n o t e x i s t .  In  th is  reg io n  th e  so lu tio n  fo r  $  h a s  a  

re a l p a r t  and i s  c a l le d  a c o n v e c tiv e  in s ta b i l i ty .  As l o s s  in c re a s e s  

th e  g row th  ra te  d e c r e a s e s  an d  th e  bandw id th  in c r e a s e s .  The a n t i ­

c ip a te d  in te ra c t io n  w ith  th e  b ack w ard  w av e  i s  i l lu s t r a te d  in  F igure  

7 .4 b . T here e x is ts  an  e x c i ta t io n  reg ion  fo r fo r w h ich  to pure  

r e a l  d o e s  no t e x i s t .  In  th is  reg io n  th e  so lu tio n  fo r to h a s  an  im ag­

in a ry  p a r t  and  i s  c a l le d  an  a b so lu te  in s ta b i l i ty .  As lo s s  i s  in c re a s e d  

th e  m agn itude  o f th e  in s ta b i l i ty  shou ld  d e c re a s e  w h ile  i t  is  a n t ic i ­

p a te d  th a t  th e  bandw id th  w ill in c r e a s e .  For se m ic o n d u c to rs  th e  s t a r t ­

ing  c u rre n t may be  p ro h ib itiv e ly  la rg e ,  w h e re a s  fo r " vacuum  " d e ­

v ic e s  th e  e ffe c t  o f in tro d u c in g  a  sm all am ount o f lo s s  ( e .g .  by 

in te n t io n a lly  in tro d u c in g  in e r t  g a s  o r c o ld  c ir c u it  l o s s  ) w ould  be  to  

in c r e a s e  th e  freq u en cy  ran g e  w h ile  in c re a s in g  th e  s ta r tin g  cu rre n t by  

a  to le r a b le  am ount.

E x ten sio n  to  a  tw o d im e n s io n a l m odel u s in g  th e  tr a n s v e rs e

68
in te r a c t io n  im p ed an ce  c o n c e p t shou ld  be  d if f ic u lt  a lth o u g h  f ru it­

fu l in  d e te rm in in g  th e  e f fe c ts  o f a  s ta t ic  t r a n s v e r s e  m ag n e tic  f ie ld .
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APPENDIX ONE

THE EFFECTIVE PERMITTIVITY OF A MULTIPLE COMPOMENT PLASMA

The semiconductor plasm a has been represented as a collection of 

c a rr ie rs  moving in a crystalline medium. It is  therefore appropriate to set

sented by convection curren ts arising  from  the motion of charged c a r r ie rs . 

Alternately the plasm a may be characterized as a complex dielectric  medi­

um whose effective d ielectric  constant includes the plasma effects thus not 

requiring separate knowledge of the density, velocity, etc. This may be 

developed from  the second Maxwell equation, continuity and momentum 

transfe r equations. Using previously defined symbols these are  respec­

tively;

thus allowing the effects of the plasm a to be rep re -

( 1- 2 )

(1-3)
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Solving the continuity equation for the density and substituting in the mo- . 

mentum transfer equation results in

^As =  ^ 5  E-TI________  ^

where

^ R S  =  ( j C d — - # V o s  +  >
(1-5)

^ c s  ”  C j tO  -  ^ V o s  +  }  (1-6)

and C  is the total RF electric field in the semiconductor*-T\
plasma. The convection current is therefore

- r  _  V  A\l  — r  C  flVos)

J  " 4 - r 5 "  ^ > 4 -

(1-7)

fchwhere the plasma frequency of the s type ca rrie r is defined as

w j ,  4  f e n ° 5 ^  .  ( M )

S .
Maxwell’s second equation becomes, X H  =■ j  £
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is the effective perm ittivity of the multiple component 

semiconductor plasma and is  given by

(1-9)

and includes the effects of density, recombination, drift velocity, colli­

sion, and diffusion. If s is taken to mean electron and hole c a rrie rs  

this la tte r equationrealistically represents the semiconductor plasma,

It may be expanded to consider heavy and light c a rrie rs  of each type 

when the densities of each a re  known. One dimensional wave propaga­

tion may thus be studied by combining the above with Maxwell's f irs t 

equation resulting in the wave equation

F or sinuosoidal excitation, the solution to the homogeneous wave 

equation is of the form

-

( 1- 10 )

>

(1-11)

thus characterizing the plasma behavior.



141

APPENDIX TWO

The stub loaded meander line circuit boundary conditions are 

enumerated in Table 3 .1 . Substitution of equations (3-6) and (3-9) in 

the twelve boundary condition equations results in the homogeneous set 

of equations

a  =  o  j  ( n _ i>

where defining

T  =  j + ar, {—) j (n-4)

X  > <n - 5 >

Y(0Ô )



-  e 'j" * ' t  i e '5™ 4 ^ “

e -j>™ • t c i 1*  t

e J *  - t f f . t r - r  o  o

- tfe ? * " ' T e .-jm'r - x  t *  tT£fj""r - T e )w

- e J ™  t t *  - t .  l  o  o

& m  i o  O

e 'j" "  -  i e - j " '- t r  t o o

f J e T '  T e r f  X ^  0  o

0  0  0  O ^"jMir

0 0 o o  -fcbcjW-e^Mlr

A - I o o O o

A - I o o o o

0 0 o o 0 o

X - t f c 0 o o o

0 o e-jnw ,\€F* t . -1

0 0 1 a. i Lc-'r - 1

0 o o o o 0

o o - { * * £ > " -TeJ"T-X - t x

X A x 0 0 o o

X A * O O o o

o o X

o o
_£J- X •tiX



143

Imposing the condition that a non-trivial solution exist; i . e . , 

A O * resu lts  in the determinantal equation

[m ] = o . (n-8)

69Diagonalizing the determinant by the Gauss-Jordan algorithm results

m

+ T z = o  . (n'9)
Relational Coefficients

Inspection of the matrix {M  ) reveals that certain relation­

ships exist between various members of the column vector A . Let­

ting A i, -  A |, A s  1 A l i  — Az,  Aio j A 13 *  A a  1A7, A»i »

and Au = As, A12. f o r  I ~ l } 2 ( 3  respectively

and defining

A
Au

and

* A;

r A13 (n-io)
J i s  —  A .  > v

$  L+ =  ™ ± _  . < n - i i )
A 12.

it is found that

1-  im-rr
f s  -  e ' J I

(11-12)
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— i rorr

T

■fw =  “  (n-i4)
T

and
_ j noTf

fit = -  fit =  T t b ' <n"15)
It is noted that all the relational coefficients a re  pure imaginary since m

is an integer.

Futher inspection of the m atrix ( M ) reveals that

A u  =  -k i  A u
where k- is a real number. Multiplying

VimVirt = CcsCp (Au^u-Jfl+ A&A'n)+sin(j)̂ Au.Att- fisAiiAci)  ̂ (n-17)

where use has been made of a relationship derived from  equation (1-16),

(AifAu — Al.Au ) =  o  (n-18)
Finally equation (n-17) is independent of m, therefore

= A-uA* [cos>(\- s.VvCj)(-fc;1- £ ) ]  _ <n-i9)



145

APPENDIX THREE 

LISTING OF COMPUTER PROGRAMS

1. MAIN PROGRAM
2. SUBROUTINE INIT
3. SUBROUTINE ONE
4. SUBROUTINE TWO
5, SUBROUTINE THREE
6. SUBROUTINE XEDC
7. SUBROUTINE CARDAN
8. SUBROUTINE SELECT



o
o

o
o

o
o

n
n

o
n

o
o

o
o

n
o

o

C MAIN PROGRAM
REAL K B , M U l , M U 2 ? MU3f N l , N 2 , N 3 , N 3 Y » N 3 Y I t N U M t DNM, DNM2f N E F F , V I E F F , K A  
COMMON C T H ( 2 0 ) » C E P E F F l 2 0 I , C N E F F ( 2 0 ) » C V I E F F ( 2 0 ) t C X ( 2 0 ) » C Y T H 1 2 0 ) *  

l F N 3 Y t 2 0 ) , S F ( 2 0 ) , T H l 2 0 ) , C V P H < 2 0 ) , W ( 2 0 ) , W S T ( 2 0 ) , C V G ( 2 0 U C Z N ( 2 0 )  , 
2 F ( 2 0 ) , A B , R , N l , N 2 , N 3 , T t P , D t B , W F l , W F 2 , E P l , E P 2 , E P 3 , V I E F F * N E F F f E P E F F ,  
3 X » Y T H , P I  

P I  = 3 . 1 4 1 5 9 2 7

DATA REQUIRED

B -  C I R C U I T  HALF WIDTH -  MI LS
T -  SEMICONDUCTOR THI CKNES S  -  MI LS
D -  P A S S I V A T I O N  LAYER T HI CKNESS -  MI LS
P -  C I R C U I T  I N T E R L I N E  SPACI NG -  MILS
R -  METALLI ZATI ON RATI O
AB -  ASPECT RATI O
MU1 -  P E RME ABI L I T Y REGION 1
MU2 -  P ERMEABI LI TY REGION 2
MU3 -  P ERMEABI LI TY REGION 3.
EP1  -  P E R M I T T I V I T Y  REGION I
EP2  -  P E R M I T T I V I T Y  REGION 2
EP3  -  P E R M I T T I V I T Y  REGION 3
MODE

4 W R I T E I 6 i 1 )
READ( 5 , 2 )  A B » T j D » B » P » R f MU1* MU2»MU3» E P l f E P 2 » E P 3 ? MODE  
N1 = S Q R T ( M U I / E P i ) * 3 7 7 .
N2 = S Q R T ( M U 2 / E P 2 ) *=377.
N3 = S Q R T ( M U 3 / E P 3 ) * 3 7 7 .
WF1 = E P 1 / E P 3  
WF2 = N 3 / NL  
XI  = 2 . * B  
X2 = p * l l . - R )
X3 = T 
X4 = D
X5 = F L O A T ( MODE)



(VI in 
J- •!

T = T <=2 . 5 4 E - 0 5  
D = D * 2 . 5 4 E - 0 5  
B = B * 2 . 5 4 E - 0 5  
P = P # 2 . 5 4 E - 0 5
W R I T E ( 6 , 3 )  X 1 , X 2 , X 3 , X 4 , R » A B , E P 1 , E P 2 , X 5
CALL I N I T
CALL ONE
CALL TWO( MODE)
CALL THREE 
GO TO 4  

L FORMAT( 1 H 1 >
2 FORMAT( 1 2 F 5 . 2 , 1 2 )
3 F 0 R M A T I T 4 3 ,  C I R C U I T  WIDTH -  , 1 P E 1 0 . 2 ,  MI LS  , / / ,

1 T 4 3 ,  L I NE  THI CKNESS -  , 1 P E I 0 . 2 ,  MI LS , / / ,
T 4 3 ,  D I E L E C T R I C  THI CKNESS -  , 1 P E 1 0 . 2 ,  MI LS , / / ,
T 4 3 ,  C I R C U I T  BOARD THI CKNESS -  , I P E 1 0 . 2 ,  MI LS , / / ,
T 4 3 ,  METALLI ZATI ON RATI O -  , 1 P E 1 0 . 2 , / / ,

5 T 4 3 ,  ASPECT RATI O -  . I P E 1 0 . 2 , / / ,
6 T 4 3 ,  C I R C U I T  BOARD P E R M I T T I V I T Y  -  , 1 P E I 0 . 2 , / / ,
7 T 4 3 ,  D I E L E C T R I C  P ERMI TTI VTY -  , I P E 1 0 . 2 , / / ,
8 T 4 3 ,  SPACE HARMONIC NUMBER -  , 1 P E 1 0 . 2 , / / / / )

END
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SUBROUTINE I NI T
REAL K B f M U l »MU2» MU3» N 1 , N 2 » N 3 « N 3 Y *N3 YI , NUM» DNM» DNM2 , NE F F , VI E F F » KA 
COMMON C T H 1 2 0 ) , C E P E F F ( 2 0 ) , C N E F F t 2 0 ) , C V I E F F { 2 0 ) , C X t 2 0 ) , C Y T H 1 2 0 ) ♦ 

1 F N 3 Y ( 2 0 ) , S F ( 2 0 ) , T H ( 2 0 ) , C V P H ( 2 0 ) , W ( 2 0 ) , W S T 1 2 0 ) , C V G { 2 0 ) , C Z N ( 2 0 ) ,  
2 F ( 2 0 ) , A B , R , N 1 , N 2 , N 3 , T , P , D , B , W F 1 , W F 2 , E P 1 , E P 2 , E P 3 , V I E F F , N E F F , E P E F F ,  
3 X» YTH» P I

T H I S  SECTI ON I N I T I A L I Z E S  
THE ARRAYS

DO 13  I = 1 , 2 0  
CTH11 ) = 0 .
C E P E F F ( I ) = 0 .
C N E F F ( I )  = 0 .
C V I E F F I I )  = 0 .
C X ( I )  = 0 .
C Y T H ( I ) = 0 .
FN3Y11 I . =  0 .
S F ( I )  = 0 .
C V P H ( I )  = 0 .
M I )  = 0 .
WSTt I )  = 0 .
C V G ( I )  = 0 .

13  C Z N ( I )  = 0 .
RETURN
END
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SUBROUTINE ONE
REAL K B , M U 1 , M U 2 , M U 3 , N 1 , N 2 , N 3 , N 3 Y , N 3 Y I , N U M , D N M , D N M 2 , N E F F , V I E F F , K A  
COMMON C T H ( 2 0 ) , C E P E F F I  2 0 ) , C N E F F ( 2 0 ) , C V I E F F { 2 0 ) , CXI 2 0 1 , C Y T H ( 2 0 ) ,  

1 F N 3 Y ( 2 0 ) , S F ( 2 0 ) , T H 1 2 0 ) , C V P H ( 2 0 ) , W ( 2 0 ) , W S T ( 2 0 1 , C V G ( 2 0 ) , C Z N ( 2 0 ) *
2 F ( 2 0 ) , A B , R , N 1 , N 2 , N 3 , T , P , D , B , W F 1 , W F 2 , E P 1 , E P 2 , E P 3 , V I E F F , N E F F , E P E F F ,  
3 X , Y T H , P I  

W R I T E ( 6 , 1 0 1 )

T H I S  SECTI ON SETS THE FREQUENCY

THPR = 0 . 0  
2  0 0  I  I = 1 , 2 0

KB = F L O A T ( I ) * 0 .  16 
TESTA = A B S ( C O S ( AB* KB) )
TESTB = A B S ( C O S ( KB) )
I F ( T E S T A - 0 . 0 0 1 )  7 1 , 7 3 , 7 3

7 3  I F ( T E S T B —0 . 0 0 1 ) 7 1 , 7 4 , 7 4
7 4  FA = S I N ( A B * K B ) / C O S ( A B * K B >

FB = S I N I K B I / C O S I K B )
I F ( F A * F B )  7 0 , 7 1 , 7 2

71 W R I T E ( 6  * 1 1 4 )  I , K B  
GO TO 25  

7 0  W R I T E ( 6 , 1 1 5 )  I , K B  
GO TO 2 5

T H I S  SECTI ON SOLVES THE EQUATION

7 2  THL = 0 . 0 0 0 0 0 0 1  
THH = 3 . 1 4 1 5 9 2 0  
DO 3 j  = 3 , 1 2  
T H ( J )  = ( THH+THL) / 2 .
THETA = T H U )
CALL XEDC( T H E T A » R » N 1 » N 2 , N 3 , T , P » D » W F I , W F 2 , E P 3 » V I E F F , N E F F » E P E F F » X ,  

1YTH)
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I F I J - 1 2 )  4 , 3 , 3  
4  TN = S I N ( T H ( J ) / 2 . ) / C OS  I T H U  ) /  2 .  )

FT = FA*FB=t=X-TN*TN 
I F ( F T ) 3 0 0 , 3 0 1 , 3 0 2

3 0 0  THH = T H U )
GO TO 3

3 0 2  THL = T H U )
3 CONTINUE

3 0 L THETA = THETA -  P I
I F { THETA- THPR)  2 5 , 2 6 , 2 6  

2 6  THPR = THETA 
C T H ( I ) = THETA 
C E P E F F I I )  = E P EF F  
C N E F F I I ) = NEFF 
C V I E F F U )  = V I E F F  
C Y T H ( I )  = YTH 
C X ( I >  = X
WRITE 1 6 , 1 0 2 )  I , K B , C T H 1 1 ) , C E P E F F ( I ) , C N E F F 1 1 ) ,  C V I E F F (1 ) ,CYTH [ I ) , C X t I )  

1 CONTINUE 
2 5  CONTINUE 

RETURN
101  FORMAT 1 2 0 X , 3H I , 3 X , 1 2 H  KB , 12H CTH I  , 1 2 H  C E P E F F  I

1 , 12H CNEFF I , 12H C V I E F F  I , 12H CYTH I , 12H CX I ,  
2 /i

10 2  F 0 R M A T ( 2 0 X , I 3 , 3 X , 1 P 7 E 1 2 . 2 )
1 1 4  F O R M A T ( 2 0 X , I 3 , 3 X , 1 P E 1 2 . 2 , 1 5 X t 2 4 H D E G E N E R A T E  P I  ROOT FOUND)
1 1 5  FORMATt 2 0 X , I 3 , 3 X , 1 P E 1 2 . 2 , 1 5 X » 1 9 H S T R U C T U R E  I S  CUTOFF)

END
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SUBROUTINE TWOtMODE)
DI MENSI ON WVLNTH( 2 0 ) ,  WVLMTHl2 0 )
REAL K B , M U I , M U 2 , M U 3 , N 1 , N 2 , N 3 , N 3 Y , N 3 Y I , N U M , D N M , D N M 2 , N E F F » V I E F F , K A  
COMMON C T H ( 2 0 ) , C E P E F F ( 2 0 ) , C N E F F l 2 0 ) , C V I E F F ( 2 0 ) t C X I 2 0 ) , C Y T H { 2 0 ) ,  

I F N 3 Y I 2 0 ) , S F ( 2 0 ) , T H I 2 0 ) , C V P H l 2 0  ) , WI 2 0 ) , WS T ( 2 0 ) , C V G ( 2 0 ) , C Z N ( 2 0 ) ,  
2 F ( 2 0 ) , A B , R , N 1 , N 2 » N 3 , T , P , D , B , W F 1 , W F 2 , E P 1 » E P 2 , E P 3 , V I E F F , N E F F , E P E F F ,  
3 X » Y T H , P I  

THPR = 0 .
DO 8 0  I  = 1 , 2 0  
I F ( C T H { I ) )  8 1 , 8 0 , 8 1  

8 1  SF ( I ) = C T H ( I ) * B / ( P * 0 . 1 6 * F L 0 A T ( I > )
C V P H ( I )  = C V I E F F ( I ) / S F ( I )
W( I 1  = CVPH{ I ) * C T H ( I l / P
C V P H ( I )  = C V P H t I ) * C T H ( I ) / ( C T H ( I ) + P I * F L O A T ( M O D E ) )
C V G ( I )  = ( P * C V I E F F l I ) / B ) * ( 0 . 1 6 / ( C T H I  I I - T H P R ) )
THPR = C T H 1 1 >

8 0  CONTINUE
C

T H I S  SECTI ON SOLVES FOR THE 
I NTERACTI ON IMPEDANCE

W R I T E ( 6 » 1 0 3 )
DO 1 2  I = 1 , 2 0  
IF (W( I )) 11,12,11 

11 I F ( C V G ( I ) )  1 2 , 1 3 , 1 3
13 x = cxm

THETA = C T H 1 1 )
TT = S I N t T H E T A / 2 . ) / C O S ( T H E T A / 2 . )
TT = TT*TT 
KB = F L O A T ( I ) * 0 • 1 6  
KA = AB*KB 
FA = S I N ( KA) / C O S ( KA)
FB = S I N ( KB) / C O S ( KB)
TA = FA*FA 
TB = FBSFB 
F 1 3 S Q  = 1 . / ( T T * T A )

151



F1
4-

SQ
 

= 
T

A
/T

T

152

LL
LL

Z
M
O

<  <*z x
•It #  

• •
CM CM

a
UJ

•t
U.LL
LU

to

It
c
LL
1

m
ll
#
<
t -
i t
<
h-
UJ
I

X —1__ CDCQV. LLLL— *t— < <t i—*
1- U. LLa# + + </)CD • •LL H pHHCQ CO tt LLH*< S  S ■ItU. ■>»» pH

H K 1 < < aH )- <1 u. u. #H 1- 4̂UJ H o• CQ • X a  o +H >111— + 1 •
# cQ « • *4

CD

11 II II II X  ID IL H  ^

o a a o1/1 to W 1/1 II II II II II m st m -J-
i l i l i l i l o u u q q u

in
o
i tin
a
i t

a
in
4 -
CMa  u.

in  i t
m  cm i-H o
LL It 
+  CM 
i-H Oo  + 
It t

o  —
II II
CM .-I 
- •  CM 
O  O

O'
o
It

in  O' a ait it in —a a
I t </|
— 't  
o  m  
in  l l  
m it 
cm cn 
IL t_> + it
cm m  o  oit +
cm •

(M

0
1

in in 
l In  rti

CD CO 
^  1C 
It *  

• • 
IM CM

U

It

z  z  a.
■ -H- I/I i/l -

CM CM It 
cm m  *
l_> O  CM 
I I —

<
x
it

CM

ac
it

CM CM m  
—- O  O  
Z  — —  *-< + +in 

O' It
Q  t
It CM 
O' +a —
■It CM

Of (j 
i n  +  
m  - 4  cn —t 
ll u  
+
ffl It O < 
•It X  
m  it
u  •
— 'i*

CM CM
cm <nID O 
+  +  
^  rH
cm cn0  a
■it -it

< < 1C !C1 I
CO CD 
X  :£

■It It 
•  •

CM CM

— CMcn — -s. in LU a: 
2  0 #  
+  O  Z  
CM £  X
in — i- 
2  t -  — 
+  <  Z—I Q I—I
in —i in 
2  ll -it
w  #  —
•it i— •
—  CL
l-l #

X  CM I- + 
>  < 
O  I -  

UJ 
II X

CM
X
<

CM

a.
+

■»a.

*
CM
•v
□£
It
Z
X

II II II II II II *-•

CM
•N. 
<

I -  H-
LLI r—l LU
X  O  I  I— -H- I—
■—» H  w
z  o  m 
->  oin ii o

10 
— >  a. o
■it i t  a. —
— I—I
X  —
^  h
a  in 
<n 2  
'i-  i t  co z  •It x

ino
o
■it

o
#■-i
o
■ita
in
•j-
i-i
LL
+a>
in
o  
1—*

«* It 
tO • # •#
O II
II

Itz  x
t -  
4t 

«
CM

X
CM —  
O  >-< 
<1 CL 
£  It 
Z  • 
LL CM 
*  —  
a .  x  
It — Q. i-i

IL
LLLU

mCLLU
*

CM
U.

a
►CL

i-i CM
—  Z
X  ►CL —I> zu  •-
i t  a.

►h <
a. t- 
+
<

LU
X

II

CM ■—l CM -4  
cm cn cn in  
0 0 0 2

—  n 
cm m i— z  in in m x
2  2  2  t -

O  II
in

r—l ■—I M"o  o  o

CM —O  i—i
a  < ----in £  z «  M- Z  in! — 
(3  LL O  X

LU 
XII 3Cw|- — I 
II 

<  
h— 
LU 
X  
t -

10

t-4 X  
—  a
LL >
■It OCQ f. 
■It — <f i-i I— — 
LU X  
X  I -

s  > — 2

< —
CO X

#  _f CL > 
■It 2  
IL »  
LL —■ 
UJ ■-■

>  IL It *•
• *—i

iO — -> <t
II o

LU
3LU — MlX X — z

I -  LU 1-1
-J  —* X  h— t—-J I  —I — z
< I— >  cc o
O  S- 2  2  — O

CM



r> 
o 

o

RETURN
1 0 3  FORMAT( 1 H 0 , 1 9 X , 3 H  I , 3 X , 1 2 H  F ( I )  ,  12H F W L ( I )  , 1 2 H  BW

1 L ( I ) , 1 2 H  C V P H ( I )  , 12H C V G ( I ) ,  12H W S T ( I )  , 1 2 H  CZNt  
21) , / )

1 0 *  F O R M A T 1 2 0 X , I 3 , 3 X , 1 P 7 E 1 2 . 2 )
END

SUBROUTINE THREE
R E A L * 4 K A , K B , M U 1 , M U 2 , M U 3 , N 1 , N 2 , N 3 , N 3 Y , N 3 Y I , N U M , D N M , D N M 2 , N E F F , V I E F F ,  

1 H , I I , I 2 , I 3 , N U , J O , L D , P R A L , P R H , P R B C , M R , M E , M U , N O , K , E I M A G , I D ( 2 0 ) , L E N 0 ,  
2 L E N I , M R 1 , E R 1 , T E 1 , A R E A 1 , A L P H A 1 , R E S 1 , M U 0  

COMMON C T H t Z O 1 , C E P E F F 1 2 0 ) , C N E F F t 2 0 ) , C V I E F F ( 2 0 ) , C X 1 2 0 ) , C Y T H 1 2 0 ) ,  
1 F N 3 Y ( 2 0 ) , S F ( 2 0 ) , T H I 2 0 ) , C V P H ( 2 0 ) , W 1 2 0 ) , W S T ( 2 0 ) , C V G ( 2 0 ) , C Z N { 2 0 ) ,
2 F ( 2 0 ) , A B , R , N 1 , N 2 , N 3 , T , P , D , B « W F 1 , W F 2 , E P 1 , E P 2 , E P 3 , V I E F F , N E F F , E P E F F ,  
3 X , Y T H , P I

C0MPLEX*8  E 1 E I , E 2 E I , E 3 E I , E O U T 1 , E 0 U T 2 , E Q U T 3 , Y 0 , Y 1 , Y 2 , Y 3 , R D 0 T ,
I C S 1 , C S 2 , C S 3

C0 MP LEX* 1 6  A 2 1 , A 2 2 , A 2 3 , A 3 1 , A 3 2 , A 3 3 , M 1 , M 2 , M 3 , D E T  
COMMON/A1A/  C S 1 , C S 2 , C S 3
DI MENSI ON C V 0 1 2 0 ) , C G A I N l 1 0 , 2 0 ) , C V P H C M l 2 0 ) ? I N t 1 0 ) , C V 0 L T 1 2 0 ) ,  

1 C C S H 1 0 , 2 0 )
W R I T E ( 6 , 1 1 1 1 
K = ( 1 . 3 8 E - 2 3 )
ME = I 9 . 1 E - 3 1 )
EC = ( 1 . 6 E - 1 9 )
ETA = 1 1 . 7 6 E + 1 1 )
EO = ( 8 . 8 6 E - 1 2 )
READ 5 , 6  N 
DO 1 J 1 = 1 ,  N

REQUI RES LENGTH IN CM, ALPHA IN DB/ CM,
R E S I S T I V I T Y  IN OHM-CM, AND AREA I N MI LS- SQUARE
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READ 15 , 2 0 >  R E S C M , M R , E R * M U , T E , A R E A , A L P H A , L E N 0 , L E N 1 , R Q P , M U 0  
READ( 5 , 4 0 )  ( I N C I I ) , 1 1 = 1 , 1 0 )
RES1 = RESCM
MR1 = MR
E R l  = ER
MU1 = MU
TEL = TE
AREA1 = AREA
ALPHA1 = ALPHA
RES = R E S C M / 1 0 0 . 0
MU = M U / 1 . 0 E + 0 4
MUO = M U 0 / 1 . 0 E + 0 4
ALPHA = ALP HA* 1 0 0 • / 8 . 6 8
AREA = A R E A * 2 . 5 4 E - 0 5 * 2 . 5 4 E - 0 5
LENO = L E N 0 * 0 . 0 1
LEN1 = L E N i * 0 . 0 1
NO = 1 . / ( E C * M U 0 * R E S )
RHO = NO*EC
TAU = MR*MU/ET A
VTH = S Q R T ( K * T E / I M E * M R  ) )
DC = VTH*VTH*TAU
HP2 = E T A / ( EO*MR*ER*RES*MU)
DO 2 J 2  = 1 , 9  
C V D L T U 2 )  = 2 0 . * F L 0 A T I J 2 )
VO = C V O L T t J 2 ) * M U 0 / L E N 0  
C V 0 1 J 2 )  = V O * l O O .
J O = RHO*VO 
I 0 ( J 2 )  = JO*AREA 
BP2 = WP2 / VO/ VO 
LD = D C / ( W P 2 * T A U )
W R I T E t 6 , 3 )  R E S , M R , E R , M U , T E , A R E A , A L P H A , W P 2 , V 0  
WR I T E ( 6 , 1 0 8 )
DO 1 4  I = 1 , 2 0  
C V P H C M ( I )  = C V P H l I ) * 1 0 0 .
I F i W l I U  14-,  1 4 ,  1 6



1 6  I F I C Z N I I ) )  1 4 , 1 4 , 1 7
1 7  BE = W < I ) / V 0

C3 = C Z N m * J 0 * E T A * A R E A / l 2 . * V 0 * V 0 * M R )  
C = E X P ( ( A L 0 G I C 3 ) ) / 3 . )
BEC = BE*C
BC = l . / ( V O * T A U >
PRBC = BC/ BEC 
PRAL = ALPHA/ BEC 
I F ( L D ) 1 5 , 1 5 , 1 8

18  SWL = C V I E F F ( I ) / ( S F ( I ) * F I I ) )
I F  t I S H L / L D ) - 1 0 . ) 2 3 , 2 3 , 1 9

2 3  W R I T E ( 6 , 1 0 6 )  SWL, LD
1 9  I F  C( S W L / L D ) - 1 0 . )  1 5 , 1 5 , 2 1
2 1  I F { ( S W L / L 0 ) - 1 0 0 ■ )  2 2 , 2 2 , 1 5
2 2  W R I T E ( 6 , 1 0 7  t SWL, LD 
15  CONTINUE

X = ; V O / C V P H ( I J  
PRBP2 = B P 2 / B E C / B E C
PBQ2 = R Q P * R Q P # P R B P 2 * ( 1 . + L D * L D * B E * B E ) 
PRH = W ( I ) * ( 1 . / C V P H ( I ) - l . / V O ) / B E C  
R1 = PRBC+PRAL
11 = PRH
R2 = PRBC* P RAL+ P 8 Q2
12  = PRBC*PRH 
R3 = PRAL*PBQ2
13  = P R H* P 8 Q2  + ( 2 . * X / ( l . + X J )
YO = CMPLX( 1 . 0 , 0 . 0 )
Y l  = CMPLX{ R 1 , 1 1)
Y2 = C M P L X I R 2 , 1 2 )
Y3 = C M P L X ( R 3 , 1 3 )
CALL C A R D A N ! Y 0 , Y 1 , Y 2 , Y 3 )
CALL SELECT
C C S 1 t J 2 , I  ) = R E A L ( C S l )
A21 = 1 . /  ( C S 1 * ( C S 1 + P R B C ) + P B Q 2 )
A22  = 1 . /  ( C S 2 3* { CS2  + P R B C ) +PBQ2 1 
A23  = 1 . /  I C S 3 * I C S 3 + P R B C ) + P B Q 2 )

cncn



A31 = A 2 l * C S l
A32  = A 2 2 * C S 2
A33  = A 2 3 * C S 3
ML = A 2 2 * A 3 3  -  A 2 3 * A 3 2
M2 = A 2 1 * A 3 3  -  A 3 1 * A 2 3
M3 = A 2 1 * A 3 2  -  A 3 1 * A 2 2
D6T = M1- M2+M3
E L E I  = M l / D E T
E 2 E I  = - M 2 / D E T
E 3 E I  = M3 / DE T
P I 2  = 2 . * P I
P HI  = A I M A G ( C S 1 ) * L E N 1 * B E C  
PH2 = A I M A G I C S 2 ) * L E N 1 # B E C  
PH3 = A I M A G I C S 3 ) * L E N 1 # B E C  
P HI  = AMODI P H I  * P I 2 )
PH2 = AMOD( PH2 » P I 2 )
PH3 = AMODIPH3 » P I 2  I 
AML = REAL I C S 1 ) * L E N 1 * B E C  
AM2 = R E A L ( C S 2 ) * L E NL * BE C 
AM3 = R E A L ( C S 3 ] * L E N 1 * B E C  
I F ( A M I - 1 7 0 . ) 4 2 , 4 2 , 4 1

4 1  C G A I N t  J 2 , 1 I  = 0 . 0  
GO TO 4 5

4 2  E0UT1  = E X P ( A M I ) # C MP L X ( COS I P H 1 ) » S I N ( P H 1 )  )<=E I E  I 
E0 UT2  = E X P ( A M 2 ) * C M P L X ( C 0 S ( P H 2 ) , S I N ( P H 2 ) } * E 2 E I  
E0 UT3  = E X P ( AM3) * CMP LX( COS I P H 3 J » S I N ( P H 3 l ) 4 E 3 E I  
EOUT = C A B S I E 0 U T 1 + E 0 U T 2 + E 0 U T 3 )
C G A I N ( J 2 , I ) = 2 O . * A L O G 1 0 ( A B S ( E O U T ) )
E1MAG = C A B S ( E 1 E 1)

4 5  W R I T E ( 6 1 1 0 9 )  I ,  E1MAG , C S 1 , C S 2 , C S 3 , B E , C , C G A I N ( J 2 , 1 )
1 4  CONTINUE

W R I T E ( 6 , 1 1 0  )
I F ( ( F L O A T ( J 2 ) / 3 . ) - F L O A T  I J 2 / 3 ) I  3 0 , 3 0 , 2  

3 0  W R I T E ( 6 , 1 1 1 )
2  CONTINUE

W R I T E ( 6 , 4 )  I I NI  I I ) , 1 1 = 1 , 1 0 ) , M R 1 , E R 1 , M U 1 , T E 1 , A R E A 1 , V T H , L E N O , L E N 1 ,
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1 A L P H A 1 , R E S 1 , I I 0 ( L ) » L = 1 , 9 ) , ( CVOLT( L ) , L = 1 , 9 ) , ( CVO( L ) , L = 1 , 9 )
WRITE 1 6 , 5 )  ( F ( L ) , C Z N ( L ) t C V P H C M ( L ) , t C G A I N ( M . L ) , M=1 , 9 ) , L = 1 , 1 0 )  
WRITE 6 , 1 1 1
WRITE 1 6 , 4 )  I INC I I  ) , 1 1 = 1 , 1 0 ) , M R 1 , E R I , M U 1 , T E 1 , A R E A 1 , V T H , L E N 0 , L E N 1 ,  

I A L P H A 1 , R E S 1 , t I D ( L ) , L = 1 , 9 ) , ( C V O L T I L ) , L = 1 , 9 ) , ( CVO( L ) , L = 1 , 9 )
W R I T E ( 6 , 5 )  ( F ( L ) , C Z N ( L ) , C V P H C M ( L } , I CCS 1 ( M , L ) , H = 1 , 9 ) , L = 1 , 1 0 »
W R I T E 1 6 , 1 1 1 )

1 CONTINUE 
RETURN

3 F 0 R M A K T 2 6 ,  RES MR ER MU TEMP
1 AREA ALPHA WP2 VO , / , 2 6 X , I P 9 E 1 0 . 2 )

4  F O R M A T t T 3 8 , MATERIAL -  , 1 0 A 4 , / / ,
1 T 3 8 , RE L AT I VE  MASS -  , 1 P E 1 0 . 2 , / / ,
2 T 3 8 , RE L AT I VE  P E R M I T T I V I T Y  -  1 P E 1 0 . 2 , / / ,
3 T 3 8 , MO B I L I T Y  -  , 1 P E 1 0 . 2 , T 6 0 ,  C M * 2 / V O L T - S E C  , / / ,
4 T 3 8 , TEMPERATURE -  , 1 P E 1 0 . 2 , T 6 5 ,  DEG.  KELVI N » / / »
5 T 3 8 , AREA -  , 1 P E 1 0 . 2 , T 5 8 ,  M I L S * 2  , / / ,
6 T 3 8 , THERMAL VELOCI TY -  , 1 P E 1 0 . 2 , T 7 0 ,  CM/ SEC , / / ,
7 T 3 8 , SEMICONDUCTOR LENGTH -  , 1 P E 1 0 . 2 , T 7 5 ,  METERS , / / ,
3 T 3 8 , SLOW WAVE C I R C U I T  LENGTH -  , 1 P E 1 0 . 2 , T 7 8 , METERS , / / ,
9 T 3 8 , COLD C I R C U I T  ATTENUATION -  , 1 P E 1 0 . 2 , T 7 8 , DB/ CM , / / ,
1 T 3 8  , R E S I S T I V I T Y  -  » 1 P E 1 0 . 2 , T 6 5 ,  OHM-CM , / / / / ,
2 T 3 0 , CURRENT , T 4 1 , I P 9 E 1 0 . 2 , / ,
3 T 3 0 , VOLTAGE , T 4 1 , 1 P 9 E 1 0 . 2 , / / ,
4 T 3 0  , VO CM/ SEC , T 4 1 , 1 P 9 E 1 0 . 2 , / / ,
5 T I O , FREQUENCY , T 2 0 ,  I N T .  IMP , T 3 1 ,  CVPHCM , / )

5 F O R M A T ( 7 X , I P 3 E 1 0 * 2 , 3 X , 1 P 9 E 1 0 . 2 , / )
6  FORMAT( 1 2 )

2 0  FORMAT( 5 E 1 0 * 2 )
4 0  F O R M A T ( 1 0 A 4 )
1 0 6  FORMAT( 1 H 0 , 1 0 X , 2 4 H F L U I D  MODEL I S  NOT V A L I D , 1 0 X , 6 H S W L  = , 1 P E 1 0 . 2 , 5 X  

U 5 H L D  = ,  1 P E 1 0 . 2  )
1 0 7  F O R M A T ! 1 H 0 , 1 0 X , 2 7 H F L U I D  MODEL I S  QUEST I DNABLE, 7 X , 6HSWL = , 1 P E 1 0 . 2 ,  

1 5 X , 5 H L D  = , 1 P E 1 0 . 2 )
1 0 8  F 0 R M A T { 1 H 0 , 6 X , 3 H  I , 1 1 H  E1MAG ,  12H RCS1  , 12H I C S i

1 , 12H RCS2 , 12H I C S 2  , 12H RCS3  , 1 2 H  I C S 3  ,



2 1 2 H  BE ,  12H C , 12H GAIN , / J
1 0 9  F 0 R M A T I 6 X , I 3 , 1 P 1 0 E 1 2 . 3 1  
L1 0  FORMAT( 1 HO » / I 
H I  FORMAT t I H I J  

END

SUBROUTINE XEDC( T H E T A , R » N l » N 2 , N 3 , T , P , D , W F 1 , W F 2 , E P 3 , V I E F F , N E F F , 
1 E P E F F , X , Y T H )

DI MENSI ON F H 5 0 ) , F 3 [ 5 0 ) , F 4 ( 5 0 > t F 5 ( 5 0 ) , F N 3 Y ( 1 0 )
REAL NL » N2 1 N3 1  NUMfNEFF
P I  = 3 . 1 4 1 5 9 2 7
NUM = 0 . 0
DNM = 0 . 0
DNM2 = 0 . 0
DO 4  K = 1 , 2
F N 3 Y I K )  = 0 . 0
I F t K - 2 )  6 , 7 , 7

7 THETA = THETA + P I  
6  TEST = - 1 .

F2  = 2 . * ( l . - R ) * S I N ( T H E T A / 2 . )
DO 5 M = l , 4 9  
TEST = - T E S T
THM = T H E T A + 6 . 2 8 3 1 8 5 4 * F L 0 A T ( M - 2 5 )
F 1 1 Ml = ( S I N  ( I l . - R ) $ ( T H M / 2 .  ) )  * S  IN t R=MTHM / 2 . ) ! ) / (  ( l . - R  ) * R * ( T H M / 2 .  

1 t T H M / 2 . I  1 $ TEST 
SGNM = - 1 .
I F ( F L O A T ( M - 2 5 ) + 0 . 5 )  9 , 8 , 8

8 SGNM = -SGNM
9 F 3 ( M )  = N 2 * T A N H ( T H M * T / P ) / N 1  

F 4 ( M )  = TANH( THM*D/ P>
F 51M)  = ( 1 . + F 4 ( M ) * F 3 l M } ) / ( F 4 t M ) + F 3 ( M ) )
I F ( K - 2 ) 1 0 , 5 , 5

1
5

8



o
o

o

1 0  NUM = NUM+F1 { M) ^ ( SGNM+WF1*F5I M ) J 
DNM = DNM+F1 ( M) * ( S GNM+F5 ( M) )
DNM2 = DNM2 + F 1 I M ) * { 5 G N M+ WF 2 * F 5 ( M) )

5 F N 3 Y I K )  = F N 3 Y I K )  + F 1 t M 1* F 2 * I 5 G N M + W F 2 * F 5 I M ) 1 / N 3  
I F I K - 2 )  1 1 , 4 , 4

11 E P E F F  = EP3*NUM/DNM
NEFF = N B ^ D N M / I D N M 2 * 3 7 7  »)
V I E F F  = 3 . E + 0 8 / ( N E F F * E P E F F )

4  CONTINUE
X = F N 3 Y 1 1 > / F N 3 Y ( 2 >
YTH = F N 3 Y ( 1 )
RETURN
END

SUBROUTINE C A R D A N ! A O , A l , A 2 » A3)
C
L T H I S  S E C T I O N  F I N D S  THE
C ROOTS OF THE GAIN EQUATION

U S I NG CARDANS SOLUTION 
DUE TO TARTAGLIA

REAL*8  T H R 3 , SQR3
COMPLEXES A 0 , A 1 , A 2 , A 3 , C S 1 , C S 2 , C S 3  
CQMPLEX*16  C W , C P , C G , C P C U B E , C Q , X H , X G , Z 1 , Z 2 , S U M  
COMMON/A1A/  C S 1 , C S 2 , C S 3  
Z1 = A l / 3 .
Z2 = A 2 / 3 .
XH = A 0 * Z 2 - Z 1 * Z 1
XG = A 0 ^ A 0 * A 3 —3 - * A 0 ^ Z l 1(:Z2 ' ,: 2 . * Z l * Z l :i:Z l  
SUM=A3*A3-6.*A3=S=Z U Z 2 + 4 .  * A3 * Z  1*Z 1*Z 1 - 3 . ^ Z  1*Z l * Z 2 « Z 2  

1 + 4 . * Z 2 * Z 2 * Z 2  
SUM = SUK*AO*AO
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n
o

n

CPCUBE = - X G / 2 . - 0 . 5*CDSQRT I SUM > 
I F ( C D A B S ( C P C U B E ) )  1 1 , 1 0 , 1 1

11 CP = C D E X P { ( C D L O G ( C P C U B E ) ) / 3 . )
I F ( C D A B S ( C P ) )  1 2 , 1 0 , 1 2

12  CQ = - X H / C P  
THR3 = 3 .
SQR3 = D S Q R T ( T H R 3 ) / 2 .
CW = ( - 0 . 5 , 0 . > + S Q R 3 * £ 0 . , 1 .  >
CS1  = ( C P + C Q - Z 1 ) / AO 
CS2  = ( C P * C W * C W + C Q * C W - Z 1 ) / A 0  
CS3  = ( CP * C W+ C Q* C W* C W- Z 1 > / A0  
GO TO 2 0  

10  C S l  = ( 0 . , 0 . )
C S 2  = ( 0 . , 0 . J  
CS3  = ( 0 . , 0 . )

2 0  CONTINUE 
RETURN 
END

SUBROUTINE SELECT

T H I S  S ECTI ON ORDERS THE ROOTS

COMPLEX C S L , C S 2 , C S 3  
COMMON/A1A/  C S l , C S 2 , C S 3  
DI MENSI ON C R 1 2 0 ) , C I ( 2 0 )
C R l i )  = R E A L ( C S l )
C R I 2 J  = R E A L I C S 2  J 
C R ( 3 )  = R E A L ( C S 3 1 
Cl  ( 1 )  = A I M A G I C S l )
C l ( 2 1  = A I M A G ( C S 2 )
C 1 1 3> = A I MA G I C S 3 )

i
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DO 2 1  K = l , 2  
DO 2 1  J = 1 » 2
I F t C R ( J J - C R t J + 1 ) I 2 2 , 2 1 , 2 1  

2 2  TEMPI  = C R ( J )
TEMP2 = C I t J )
C R ( J )  = C R ( J + l )
C I 1 J )  = C l t  J + l  1 
C R ( J + l I  = TEMPI  
C H J  + l l  = TEMP2 

2 1  CONTINUE
C S l  = C M P L X t C R ( l ) , C I t l )  ) 
CS2  = C M P L X l C R ( 2 ) , C I ( 2 > )  
CS3  = C M P L X ( C R 1 3 > , C I 1 3 > >  
RETURN 
END
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APPENDIX FOUR

EXAMPLE OF NEW NUMERICAL METHOD

Consider the trivial algebraic equation

S 3  1- j  =  O  } ( I V -1 )

whose roots are  known,

r ' =  ;

^  0 . 5 ( 1 3 " — i )
J  ; (FV-2)

r3 = o.5 ( - 1 3 - j ) .

The real parts of the solution using the above method are  determined f i r s t . 

Letting \  =  S  — *S0 . where Sq is pure rea l, results in reducing

equation (EC-1) to

X 3 +■ 3  S o * 2 +■ 3 S o  *  +  s 03  +■ j =  o
Generating the test fraction coefficients yields

C , -  ( 3 s 0 )"'

C z -  C t s o ) ' \

(IV-3)

(IV-4a)

(IV“4b)

and. C -3 =  5 1 2. O p ______________  ̂ (IV-4c)

3 ( ^ 5 0(o- Z 7 )

Investigation of. the test fraction coefficients reveals that sign changes of 

occur at 5  =  , and S = O as shown in Figure IV-1. Counting
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C*

i on
F o u r

Fig i) re IS -  I Test Fraction Coe£F i*c it r\ Fs For
4V.e Re.*'. Tis.rt' ot FUe. Roots c£ s3 + J =
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the number of test fraction coefficients that a re  negative for any value of

Sq reveals the number of roots with real part g reater than o r equal to Sq .

Thus the singularities of the test fraction coefficient represent all the

possible solutions fo r the real part of the roots of p n ( s ' j  =  O  •

For example in region three of Figure IV-1 there  is only one negative test

coefficient, hence tbsre is only one root with rea l part greater than any

value of S in this region. o
The imaginary parts of the solution a re  found next. Letting 

"X. -  —j  S  — S  0  > where Sq is pure r e a l , results in reducing

equation (IV-1) to

Y ? +  3 S 0XZ+  3 S 02 X +  S 03 _  | =  o  .

Generating the test fraction coefficients yields

(IV-5)

c ,  =  ( 3 s Dy ' ; (IV-6a)

*“? s  ^
C 2 =   ' ° °  ;  ( I V - G b )

8 S 0s +- I 

C ,  =  3 s 0 ( ' g 5 03 + I )  .and T  i J  # (IV-6c)

> os d3 - i

Investigation of the test fraction coefficients reveals that sign changes

occur at S - - i  , S = 0 , and S =+1 as shown in Figure IV-2. Al- o o o
though sign change does occur at S =0  the number of negative test co-U
efficients does not change; therefore, there is no root with zero real part.



165

c*
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■ F F e  I m a 0 t n ^ r i j  R a x t  cJt *Fh<£ R o c t^ S  eft S  +  J  =  O .
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Combining the above resu lts in six possible solutions to the equa­

tion P  ^ ( s  ^ J  “  O  as shQWn in Figure TV-3. The

rem ainders of the function are  evaluated at each possible solution. The 

correct solutions a re  chosen by comparing the rem ainders; i .e .  choosing 

the three with sm allest rem ainder.

The effects of roundoff e rro r  in the test coefficients are  not se r­

ious for the following reasons. Consider the two cases shown in Figure IV-4

where an e rro r  in numerical evaluation occurs in C3 at S = 0 , Botho

cases indicate that an e rro r  has occured and must be corrected; the in­

dication being that the number of roots with real pa rt greater than Sq

must be a monotonic function of S as is not the case herein.o
This numerical method is extremely useful in refining only the 

rea l pa rt of a rootj "this being of m ajor concern when determining the 

growth rate of various waves in interaction type problem s.
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