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ABSTRACT

The Command Generator Tracker Approach
To Model Reference Adaptive Control
of Multi-input Multi-output Plants

by

Wei Su

Adviser: Professor Kenneth M. Scbel

The command generator tracker approach to model reference
adaptive control has become a very efficlent method for
controlling plants with unknown or partially known
parameters. However, most of the earlier work In this area
onlv considers linear time lInvarlant plants which are

almost strictly positive real or which can be made almost

strictly positive real through feedforward augmentation.

This dissertation presents six new adaptive algorithms for
the control of both linear time invariant and a class of
nonlinear multi-input multi-output plants. For linear time
invariant plants which are not almost strictly positive
real, we use supplementary dynamics whlich are tinserted

into the adaptive controller in varicus lcoccations to form



v

three different algorithms. Furthermeore, we propose two
additional algorithms in which the parameters of the
supplementary dynamics are computed on-line as part of the

adapt ive mechanism.

For nonlinear plants, we propese an adaptive algorithm to
contrel a plant with nonlinearities of known form, but

with unknown parameters.

Deslgn rules are described for each adaptive control
algorithm. A stability analysis is provided which shows
that the output tracking error wlll be bounded in the
presence of bounded Input and output disturbances, and
asymptotic output tracklng will be achieved under some

additional condltions.
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1. INTRODUCTION

1.1 Background

Adaptive control has evolved as an attempt to implement
high performance contrel systems when the plant dynamics
are poorly known., Among numerous alternative adaptive
control methods, the use of the technique known as model
reference adaptlve contrel (MRAC), developed In the later
1950's, seems to be a feasible approach for the
implementation of adaptive control systems. One of the
prime innovations of this technique is the presence of a
reference model which speclfies the deslired performance.
The objective of the adaptive algorithm In model reference
adaptive control is to find an adaptlve contrel law in

order to make the plant output track the model ocutput.

Mecdel reference adaptive methods may be classified as
evolving from three different strategles. First is the
full state access method described by Landau [1] which
requires that the state variables are measurable. Second
is the input-output method which originates from
Monopoli's augmented error signal concept [2] in which
adaptive observers are incorporated into the controller to

overcome the inaccessible plant states. Third 1is the



command generator tracker (CGT) approach orlginated by
Sobel, Kaufman, and Mabius (3], which does not require

explicit identiflication of the plant.

For mcre than a decade, consliderable research has been
done in the area of the command generator tracker approach
to model reference adaptive control. However, most
research work has concentrated on linear time Iinvariant
(LLT!) plants which satisfy some strictly positive real
condition. Recently, linear—-time wvarying (LTV) and
nonlinear plants have been considered, but the conditions

which the plants must satisfy are stlill restrictive.

In this research, several adaptive control algorithms for
noct almost strictly positive real (non-ASPR) LTI plants
and a class of nonlinear plants are discussed. For
non-ASPR LTI plants, we insert supplementary dynamlcs into
the adaptive controller to form five different algorithms.
As a significant contrlbution, we nelther require the
supplementary dynamics to be ASPR and nonsingular nor do
we utlillize feedforward augmentation. Therefore, a large
class of plants can be controlled and asymptotic output
tracking becomes possible. For nonlinear plants, we extend
the adaptive algorithm to plants with nonlinearitles of

known form but multiplied by unknown parameters. Unlike



previous work, we do not use elther virtual linearization
or full state feedback ner do we restrict the

nonlinearities to be bounded.



1.2 Historical Review
1.2.1 Algorithms for SPR and ASPR Plants

The CGT based MRAC approach was originated by Sobel,
Kaufman, and Mablus [3] for a linear time invariant (LTI}
almost strictly positive real (ASPR) plant. That is, for a
plant represented by the triple {Ap.Bp.Cp}, there exists a
feedback gain Epe such that {A -BK_ C B, C} 1is

p ppep p p
strictly positive real (SPR).

The plant described in reference 3 is as follows

x {(t) = A x (t) + Bu (t) (1.1)
p p'p pp

It

y (t) Cpxp(t) (1.2}

where xp(t) € R", up(L] e R" and yp(t] € R". The plant
matrices Ap and Bp are not explicitly known and only the

output of the plant is accesslble.

An asymptotically stable reference model, which generates

the desired performance, is described by [3]



x (t) = A x (t) + Bu (t) (1.3)
m m m m m

y (t) = mem[t] {1.4)

n
where x {t) € R m, u (t) € R™ and y (t) e R™.
m m m

It is allowable that

dimi{x (t)] >> dimlx (t)] {1.5)
p m

The objective of the adaptive control algorithm is to
seek, with limited knowledge of the plant, the adaptive
control law up[t} such that the plant output yp(t]
asymptotically tracks the model output ym(t). When perfect
output tracking occurs ( 1l.e. when eyp{t)=ym(t}—yp[t]=0
and éyp{t]=0). the correspondlng state, output, and input
trajectories are defined to be the Iideal plant state,
ideal plant output, and ideal plant input, denoted by
x;(t}. y;(t], and u;(t} respectively. In other words, the
ideal trajectories will be malntained if the plant |is

forced by the ideal input.



Mathematically,

®
—
~
S’
1l

» L
A x {t) + Bu (t) (1.6)
PP pp

L -»
(t) = Cx (t) =y (t} (1.7)
p P p m

However, for the linear model following problem, thls
ideal situation cannot always be obtalned because 1t is
not reasonable to assume that the plant output will fellow
an arbitrary model output. A simple example is that the
type 1 plant may not be able to track a parabnlic
function, Therefore, assumptions for either the plant or
the model will have to be made to ensure that the ideal

plant Input exists.

Sobel, Kaufman, and Mablus [3] adopted Broussard's [4] CGT
assumptions which assume that the lideal trajectories are
linear functions of the model state and model input.

Mathematically,



% () s.. S x (t)
p m

P . 11 712 (1.8)
up (4) S,y Syy u

A solution for the S1J in Eq.{(1.8) exists provided that

(1) u is a constant, and (i1) the plant and model

satlsfy the followlng restrictions:

B
11°m “1t'm p p 11 12 (1.9)

When yp(t} differs from ym(t) at t=0, we may achieve
asymptotlic tracking provided that a stabllizing feedback
is included in the control law. Therefore, 1In steady
state, the output error wiil approach zero and the plant
will be excited by the ideal input described in Eq.(1.8],
To see this, Sobel, Kaufman, and Mabius [3] deflned the

state error and output error as follows:

(t)

-
x {t) - x (t) (1.10)
P P

e (t)

*
{t) - t {1.11}
yp yP ‘ YP( }



If the plant were known, then the control law would simply

be chosen as

uit) =K e (t) +¥ x (t) +K u (1.12)
p pe yp px m pu m

where K , K , and K are constant matrices. and where
pe X pu

Epe is chosen to stabllize the plant. When the output

tracking error approaches zero, Eq.(1.12) becomes

u (t) = K _x (t) + K u (1.13)
X m pu

Therefore, if a seolution for the S in Eq.{(1.8) exlsts,

i
then the gain matrices willl be chosen as pr=821 and

Kpu=822 such that the plant will be excited by the ldeal
input J;{t). However, for most adaptive control problems,
knowledge of the plant is not explicitly known. In thls
case, the explicit values of the constant gain matrices

cannot be determined. Hence, an adaptive control law must

be employed which is in the form ot [3]



u (t) =K (t)e (t)+K {t)x (t)+K (t)u
P pe YP pX m PU m

with the gain matrices K
pe

adaptive.

Define:

K(t) = [K_(t) K
pe pX

and

T = fel (1) xi(t) ull
Yp m m

Then, the control

u (t} = K(tir(t)
n

(t),

(t} K _(t}]
pu

law becomes

K

(1.14)

(t}

(t)
px 1

and Kpl being

(1.15)

(1.16)

(1.t7)

The adaptive gains are computed as a combination of an
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integral gain and a proporticnal gain as shown below [3]

K(t) = kF (v« kn (1.18)
kP(t) = vior (T (1.19)
e = v TeoT (1.20)
vit) = eyp(t) (1.21)

where T is a positive definite symmetric matrix and T is a

positive semi-definite symmetric matrix.

A block diagram of the adaptive algorithm for ASPR plant

is shown In Figure 1.1.



11

Figure 1.1 Adaptive Contrel for the ASFR Plant
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In summary, the plant output will follow the reference
model output under the assumptions that the model command
is a constant signal, the ideal input exlsts, and the

satisfaction of the sufficlent condltions for stability as

follows [3}:
~ ~ T T
(1) P(A-BK C ) + {(A-BK C)P=-LL (1.22)
P r pep p ppep
(2) PB_ = C! (1.23)
E P

where P is a real symmetric positlve definite matrix and |,
is a real matrix. Egs.(1.22) and (1.23) are equivalent to

requliring that the transfer matrix

C (sI-A +B K C ) 'B is SPR (1.24)
p p p pep P

Later, Bar-Kana and Kaufman [5] showed that the step model
command restriction 1is not required. Perfect output
tracking may be achieved for a general class of model

commands which are described by
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- J
um(t) ?? aljt sin(wit + Gi] (1.25)

That 1is, the model command 1s generated by unknown

dynamics of the form

]

v (t) = Av (t) (1.26)
m ¥vom

u (t) C v (t) (1.27
m vom

and satlsfles the rank condition as follows:

dim[v_(t)} < dim(x (t)] + dim[u (t}] (1.281
m m m

The asymptotic stabllity of this adaptive algorithm is
ensured by using Lyapunov’s second method. Although the
ASPR requirement, Fgq.{1.24)}, is restrictive, this approach

has the following advantages:

(1] A multi-input multi-output plant 1s allowed.
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(2) Perfect output tracking will be obtained.

(3} The adaptive mechanlsm is relatively simple compared
with other adaptive algorithms.

(4) Full state access Is not required.

(5) An adaptive observer is not needed.

(6) Explicit knowledge of the plant is not necessary.

(7) The order of the model could be much lower than the

order of the plant.
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1.2.2 Algorithma for Non-ASPR Plants

A modified approach, descrlbed by Sobel, Kaufman, and
Mabius(3), extended the appllicability of the CGT based
MRAC algorithms to non-ASPR plants by redefining the

adaptive gain computation in Eq.(1.21) as follows:

» ~
t )= t)- t X t)- t)+K t)- (t)
vit) Qp[ym{ ) yp[ ]]+Gp{up( up{ + peEym{ ) yp 1}

(1.29)

L
where Qp and Gp are chosen by the designer, up[t) is the
ideal plant input which produces perfect tracking and ﬁpe

1s an output feedback gain which stabilizes the plant. The

ASPR requirement in Eq.(1.24) is modifled as:

-1

J+C (sl -A +BK C) B is SPR (1.30)
p p p pe p p

and

ol > 3 (1.731)

P P

Eqs.(1.30) and (1.31} imply that asymptotic stability wiil
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be ensured even if the plant is not ASPR. This algorithm
has not received much attention in recent vyears because
knowledge of u;(t] and Epe In Eq.(1.29) requires knowledge
of the plant. However, 1t is shown In [3} that a bounded
error can be guaranteed if u; (t) is replaced by a nominal

-

L 3
value u ft) which is an approximation to u (t).
pnom P

Bar-Kana and Kaufman [5] <consider the plant with

disturbances which 1s descrlbed by

x {t) = A x (t) + Bu (t) +d, (t) (1.32)
P PP pp ip

y (t) = C x (t) +d_(t) (1.33)
P PP op

where the bounded Iinput and output disturbances are

denoted by d e R"” and dop € Rm. respectively.

ip
To (emove iLhe ASPR restrictlion on the plant, Bar-Kana and
Kaufmanl5] insert feedforward dynamics Ga[s] in parallel
with the non-ASPR plant as shown in Figure 1.2, such that
the augmented plant satisfles the ASPR regqulrement. The

supplementary dynamics represented by Ga(S} are described

by
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x . (t)

Afxf[t) + Bfuf[t) (1.34)

{1.35)

I
™
}
x
—_—
-
—

yelt) = Cexe

However, a steady state output tracking error will exist
all the time because the output tracking error contains

the feedforward signal yf{t).

The control law 1s defined as

u (t) = K_(tle  (t)+K (t)x (t)+ K_ (tlu (t) (1.36)
p pe ypa px m pu m

where eypa(t]=ym(t}—[yp(t}+yf{t]] Is the difference

between the model output and the augmented piant output.



a‘p dop

++,L
PLANT —=_ H
uP — + 1 P
‘—{ G'(S) ]
KPE’. —— @3pa ¢—
%*
Kpx

Uy Kim
i R

Figure 1.2 Non-ASPR Plant with Feedforward Compensation
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The adaptlive galns are computed as in Eqs.(1.18})-(1.20)
except that the integral gain computation 1s modifled by
incorporating Ioannou's(6] flxed eo-modification. Without
this modlification, the Iintegral gain in Eq.(1.20) may
steadily increase and lead to practical divergence because
of the exlstence of plant input and output disturbances.

Therefore, the integral gain i1s now computed by using

K1ty = vit)r (T - okl ()T (1.37)

where the signal v(t) Iin both the proportional gain and
integral gain is replaced by v{t}=eypa{t}, and where o is

a positive scalar.

Since perfect output tracking 1is not possible for this
algorithm, Bar-Kana and Kaufman [5] define the fictitlous
state x;(t}, the fictitious output y;(t] and the
fictitious input u;(t). These fictitious target

trajectories are described as folliows:

o ® - " .
x (t) = A x (t) + Bu (t) (1.38}
P PP p D
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L L
(t) = C (t) = (t} (1.39
yp PXP m )

It is 1important that the reader does not confuse the
fictitious target trajectorles described here with the
ideal trajectories described in Egs.(1.6)-(1.7). Although
the same notation will be used for both cases, 1t will be

clear from the context which is being used.

The {ictltious target trajlectories do not necessarily

satisfy the plant dynamics. The fictitious dynamics
» L]

{Ap,Bp} are assumed to be of the same {unknown} order as

the plant dynamics {Ap,Bp} but they may be entirely

different, and only the output matrix Cp is identical.

Furthermore, reference 5 assumes that

x‘(t) = Sx (t) {(1.40)
p m

where S is a real constant matrix.

The exlstence of a solution for S in Eq.(1.40) requires

that
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rank[ C C ) = rank[ C ] (1.41)
p m p

All states, errors, and gains In the adaptive algorithm

will bounded provided that

i) Ga[s] is known and nonsingular

11) G;l(s) is ASPR

111) I+Gp(s}Ga{SJ l‘le(s} is asymptotically stable
where Gp(s) is the transfer function matrix of the plant.

Recently, Neat, Steinvorth, and Kaufman [8] modified
Bar-Kana's[5] algorithm by lIlncorporating feedforward
dynamics Ga[S]. intoc the reference model as well as into
the plant, Figure 1.3, such that the error which is
expected te be bounded is the difference between the
augmented plant output zp(t) and the augmented model

output zm(t]. That is,
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t) t t)* t .42
zp{ yp( ) + g(t) up( ) (1.42)

zm[t) ym(t}+g(t)'{up(t]—er(t][zm(t}—zp(t]]} {(1.43)

ym(t)—yp(t] = Zm[t]—zp(t}+g[t] {er[tllzm(t)-zp(t}]}

(1.44)

where gl(t) 1s the Impulse response of Ga{s) and the

notatlon * is the convolutlon operator.



~ = PLANT f——
e - : z
L~———~—-- CTQQS)
kzpe -t

Fig. 1.3 HNon-AS5PR Plant with Dual-feedforward Compensation
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Thus, it appears that if zp(t] approaches zm(t}, then
yp{t} wlll approach ym(t} in steady state. However, the
incorporation of Ga(s) inte the reference model forms a
time-varying model which results in a complicated

stability proof.

Sobel (9] presented an algorithm for non-ASPR plants
without the need for parallel feedforward by introducing

constant matrices Gp and Qp into Eq.(1.2%) to obtain
vit}) = Qe (t} + G K(t)r(t) {1.45)
P YP p
where Qp and Gp are chosen by the designer to satisfy the
sufficient condltions for stability.
This algorithm modified the sufficient conditions in

Egs. (1.30) and (1.31) to

J + (Q+G K )C (sI-A -BK C )B is SPR (1.46)
p ppe p p ppep p

and



25

J+J +G+G <0 (1.47)

Fgs.(1.46) and (1.47) have more freedom than either
Eq.(1.24} or Egs.(1.30) and (1.31} because of the
additiconal matrices Qp and Gp. Furthermore, if the
stabilizing gain Epe is known, then we can choose

Q =-G K . Then, the condition in Eq.(1.46) reduces to
P P pe

1>0, which 1is trivially satisfied. However, only the

boundedness of the errors, states, and galns 1in the

adaptive system are ensured.
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1.2.3 Algorithms for Linear Time Varying ASPR Plants

Extenslion of the CGT based MRAC algorithms to llinear tlme
varying plants has been investigated by Abida and Kaufman

[10). They consider the LTV plant given by

x (t) = A (t)x _{t) + B (t)u (t) (1.48)
p P p P P

C x (t) (1.49)

(L)
o

which is exclted by an adaptive control signal up(t} as
described by Egs.(1.14)- (1.21) such that the plant output
tracks the outpul of a linear tlme invariant reference

model described by Fgs.(1.3) and {1.4).

Ablda and Kaufman[10] show that the plant output will

agymptotically track the model output provided that

{1} The model command u s a constant

(2) The dimension of the plant input is equal to the
dimension of the plant output

(3) There exist Sll(t)' Slz(t). SZl{t]. and Szz(t) which
satisfy:



)= Ap{t)sll{tJ—S“{t)Am(t)+Bp(t}521(t) (1.
.lz(t} = Ap(t)slz{t)_sll{t]Bm[t]+Bp[t}522(t) (1.
CpS5pp 1) = € (1) (1.
€ S1,(t) =0 (1

50)

51)

.53)

27

(4) There exists a time wvarylng positive definite matrix

P{t) and nonsingular matrix S such that

P(L)+Pt)[A (t)-B (1)K (t)C )+[A (t}-B (LK € 1 P(t)<D
p pr e tp T R p o ep

{1.54)

c=(s's) !

BL(L)P(1) (1.55)
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1.2.4 Algorithms for Non-linear Plants

Ablda and Kaufman [10] extend the MRAC technique to

nonlinear plants by using virtual linearization.

The nonlinear plant is described by

x (t) = glx (1), u {t), t) + p(x_(t), u (t), t)  (1.56)
P P P P P

v (1) = Cox (1) (1.57)

This algorlithm 1s used for a class of nonlinear plants

which can be llnearized to yield a linear time wvarying
plant as described by Eqs.(1.48) and (1.49). In other

words, if gix (t),u (t),t) and pix (t),u (t),t) in

P p P p
Eq.(1.56) can be written as A (x (t),u (t),t)ex (L} and
P P p p

B (x (t),u (t),t}.u {t), respectively, with
P p & p

A (x (ty,u (t),t) and B (x {(t),u (t),t) bounded, then
P P P P P P

Eq.(1.56) will be considered as a linear time varying

plant as shown below:
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x (t)=A (x (t),u (t),t)x (t)+B (x {t),u (t), tlu (t)
p PP p p PP p p
(1.58)

y,(t) = Cox (1) (1.59)

The objective is for the output of the linear time varying
plant to track the output of the linear time invariant
mode! which 1is described by Eqs.{1.3) and (1.4}, The

control law is chosen as in Eqs.{(1.17)~(1.21).

Abida and Kaufman[10] show that asymptotic output tracking

is obtained provided that all the conditions In section

1.2.3 are satisflied. Since the matrices Ap(xp[t],up(t),t]

and B (x (t),u (t),t) are functions of x (t}, u {(t), and
PP P P P

t, the ASPR conditlons, Eq.(1.54) and (1.55), must be

satisfied for every possible state and input trajectory

for all tz0.
Bar-Kana [11] extends the model reference adaptive control

algorithm to a plant with bounded nonlinearities described

by

x {t) = A {x (t))x (L) + B (x (t))u (t) (1.60)
p PP P I p
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y (t) = C_(x (t))x (t) (1.61)
p PP p

Reference t1 states that the plant will follow the linear
time invariant mode 1 with hounded error if the
nonlinearities Ap{x(t)) and Bp(x(t}) in Eq.(1.61) are
bounded, and if the plant is almost passive via some known

feedforward augmentation.

Ambrosino et. al. {12] propose an adaptive control
algorithm for nonlinearities with known form. Tthis plant

is described as

x (t) = A x (t)+A y{x (t),t)+B.R u (t)+E d (1.62)
p PP P 00p

0 pip

where x (1) e R" is the accessible state, u (1) e R" is
the input, dip '3 Rq 1s a constant disturbance, 7(xp[t}.t]
3 R3r is a vector of nonlinear functions of known form, BO
is a known constant matrix, Ap, A?, and Ep are unknown
coenstant matrices, and RO is a positive definite unknown
constant matrix. The plant will track a linear time

Invariant reference model of the form described by

Eqs. (1.3} and (1.4} where the full state feedback control
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slgnal Is described by

u (t) = -K (tix (t)-K (t)y{t)-K (t)u (t)-K (t) (1.63)
P x P ¥ u m d

where Ky(t]. Kw{t]. Ku(t). and Kd(t} are adaptive gain

matrices def ined by

t

K (t) =I Fv(t)x (1)6. (t)dT (1.64)
X ¢ O P 0
0
t T
K (t) =I Fovlit)y (1)G, (T)dT (1.65)
7 ¢ 1 1
o
t T
K (t) =J F.vit)u ()G (1)dt {1.66)
u 2 m 2
m t
0
t
Kd(t} =I{ ng(r]dr (1.67)
0
where
T
F, = F.F i =0,1,2,3 (1.68)
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G, = GG 1 =0,1,2 {(t.69)

are posltive definite matrices and where

vit) = Cl x_(t) - x (t) ) (1.70)
p m
_— :
C = BDP (1.71}
ATP + PA = —Q (1.72})
m m

where  1s positive definite

The stabillty proof of this aigeorithm 1is based on
hyperstability theory in whlich the Popov integral
lnequality 1is wused. Ambrosino et. al. [12} show that
asymptotic stability of the state error between the plant
and model can be ensured with the satisfaction of

the conditlons shown below:

rank { A B, ) =rank [ E i B, ] =rank [ B, ] (1.73)
¥ p O 0
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rank | Ap—Am{ B, ] = rank | B BO] = rank | BO] (1.74)
T

AP+ PA = -Q (1.75])
m m

PB T _ C (1.76)

This algorithm not only requires that the order of the
plant equals the order of the model but alsc requires full
state feedback In order to implement the control Jaw.
Furthermere, the satisfaction of the rank condition,
Eq.(1.74), 1s not easy especially when the dimension of
the plant input is much less then the dimension of the
plant state. This is because Am is square and nonsingular
and hence, the rank of [Ap—Am B 1 is usually larger than

0
the rank of BO'
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1.3 Contributions

The contributions of this dissertation include:

1. Incorperation of supplementary dynamics Iinto the
adaptive loop Iin different locations to form different

algorithms for non-ASPR plants

2. Introduction of supplementary dynamics which are not
restricted to be ASPR and nonsingular. Deslign rules are

proposed for implementing the adaptive controllers.

3. Introduction of a new caontrel law wlth an additlional

adaptive gain Kf(t) which multiplies yf[t].

4, Introducticon of adaptive supplementary dynamics in
which all the parameters are adjusted on line as part of

the adaptive computation.

5. Introduction of a larger class of plants which can be
controlled by the command generator tracker approach to
model reference adaptlive control. The new class includes

all controllable and observable plants.

6. Introduction of a metasystem representation which 1s a
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generalized form for the CGT adaptive control algorithms.

This metasystem slmplifles the stability analysis.

7. Introduction of model reference adaptive control
algorithms for nonllinearities of known form but multiplied
by unknown parameters. Neither full state access nor the
boundedness of the nonlinearities are requlred. The
nenlinearity is treated without the use of linearization

techniques.

8. Introductlon of conditions for an asymptotically
vanishing tracking error if no disturbances exlst and the

reference lnput is constant for tztl.
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1.4 Outline

Chapter 2 discusses adaptive algorithms 1, 2, and 3 for
linear time invariant plants which are not almost strictly
posltive real. Deslgn rules are presented for the adaptive
controllers, stability is proven by utilizing the
metasystem representatlon, and conditlions are glven for

asymptotic output tracking.

Chapter 3 presents algorithms 4 and 5 with adaptive
supplementary dynamlcs to control not almost strictly
positlve real plants where the parameters of the
supplementary dynamics are computed on line by the
adaptive mechanism. Design rules are presented. and
conditions are derived for a bounded error and for

asymptotic output tracking.

Chapter 4 extends the adaptive algorithms to plants which
include nenlinearitles of known form with unknown
parameters {algorithm 6). Conditions for bounded and

asymptotlc output tracking are derived.

Chapter 5 gives the conclusion of thls dissertation, and
discusses problems and recommendatlions for further

research.
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2. ALGORITHMS WITH FIXED SUPPLEMENTARY DYNAMICS

2.1 Introduction

Three new algorithms are proposed for controllable and
observable linear time invariant multi-lnput multi-output
plants which are not almost strictiy positive real (ASPR).
We insert supplementary dynamics elther in feedback with
the plant or in parallel with the plant or in cascade with
the plant. A generalized metasystem is proposed by
introducing metastates and metamatrices. This new

metasystem is used to simplify the stablility analysis.

The earlier non-ASPR algorithms [5,7) which only guarantee
a bounded tracking error are shown to be a special case of
the new parallel dynamics appreach. However, our new
approach (1)} does not require the parallel dynamlcs to be
ASPR and nonsingular, (ii) provides design rules for the
adaptive controller, {(ill1) and achieves asymptotic output

tracking provided that some conditions are satisfled.

A stability proof 1Is shown with conditions for +«ither
bounded or asymptotically wvanishing tracklng errors.

Fxamples are presented including the well known Rohr’s
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example, an unstable single-input single output plant, and

a two-input two-output representation of the F-8 alrcraft.
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2.2 Problem Formulation

A linear time-invarilant plant with {input and output

disturbances 1s described by

x (t) = Ax (t) + Bu (t) + Ed, (t) (2.1)
p PP PP p ip

H

y (t) = Cx (t) +d_ (t) (2.2)
P p P op

where xp(t] € Rn, up[t) € R", and yp(t] € RP. The bounded

(t) € R™,

input and output disturbances are denoted by dip

and dop(t) € R{, respectively. The matrices Ap and Bp are
unknown, but their entries are assumed to hbe bounded with

known bounds.

The objective is to find, without explicit knowledge of Ap
and Bp, the control up(t) such that the plant output
vector yp(t) approximates "reascnably well” the output of
a reference model. In particular, we would prefer that
the error between the plant and model outputs |is

asymptotically vanishing.

The asymptotically stable reference model is described by
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x (t) = Ax (t) + Bu (t) (2.3)
m m m m m

y () =C x (t) (2.4)

n ¢ m
where x (t) e R "’ y {t) € R, and u (t) € R
m m m

m
We emphasize that the order of the reference model may be
much less than the order of the plant. The adaptive
control algorithm will wutllize supplementary dynamics
which will be inserted into different locations inside the
adaptive loop. In all cases, these supplementary dynamics
wlll be internal to the adaptive controller. The state

representation for these dynamlcs is given by

xfft) Afxf{t] + Bfuf[tl (2.5%)

yf[t} Cfxf(t) (2.6)

where the form for uf(t} will depend upon whether the

supplementary dynamlcs are lnserted in a parallel path, a
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feedback path, or a cascade path wlth the plant and where

Ne te m
xf(t) € R, yf(t) € R, and uf{t) € R . The constant

matrices Af, Bf and Cf are chosen by design rules which

will be discussed 1n a later section.

Remark 2.1:

Unlike previous work[5], the supplementary dynamics 1n
Egs.{2.5) and (2.6} are not restricted to be ASPR and
nonsingular. A much larger class of supplementary dynamics

can be selected including some unstable dynamics.
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2.3 Fictitious Target System

If the plant were known, then we could choose the control

law to be

up(l) =K e (t)-Kp

) (t)+K x (t)+K u (t) (2.7)
pe "yp px'm pu’m

£Yf

such that if "ldeal" output tracking is possible, then the
plant output asymptotically tracks the reference model

output. Mathematically,

Yp(t) = ym{t] (2.8)

where the plant output error is given by

(t) =y (t) - y (t) (2.9)
®yp Y p

[t 1s 1important tco note that for the linear medel

following problem, the "ldeal" situation described by
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Eq.(2.7) 1s not always possible. Therefore, for the
adaptive control problem we utilize the approach of
Bar-Kana [5] which only assumes that there exists a

fictitious target system of the form

» [ . ] ® @
x (t) A x (t) + B u (t) (2.10)
p P P PP

H

- [ ]
yp(t) = Cox (t) (2.11)

p

which achieves y;[t) = ym(t) when forced by the fictitlious
input u;(t}. Note that although Eq.{2.10)} is assumed to be
of the same order as Eq.(2.1), these two systems may bhe
entirely different and it 1is only assumed that their

measurement matrices are identical.

In order to check the existence of bounded fictitlious
target trajectorles, Bar-Kana [5] assumed a fictitious

state trajectory as follows

-
x (L) =8,,»v (t) (2.12)
p 11'm
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where Sl] is a constant matrix satisfying
CpS11 = Cm (2.13)
Thus,
- L
y (t) =Cx (t) =CS5, x (t) = Cx (t} =y (1) (2.14)
p PP pllm mm m

[t is shown in Bar-Kana [5] that Fq.(2.13) has a solution

for the matrix S11 i f

Rank [C_ | C_) = Rank [C_} (2.15)
P m p

which is satisfied in general, especially when

dim[x (t))edim[x (t)].
p m
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2.4 Algorithm 1 (Feedback Supplementary Dynamics)

In this new algorithm, we insert supplementary dynamics
into the output feedback path as part of the adaptive
mechanism. As shown in Figure 2.1, the supplementary
dynamics process the output error to produce a slgnal
which is multiplled by a new adaptive gain Kpf(t). such

that the control law is of the form,

u (t)=K_ (tle (t)-K__(t)y (t)+K__{t)x (t}+K (t)u (t)
p pe yp pf f px m pu m

(2.16)

uf[t} ym(t] - yp[t}

y (Lt} - Cx (t) - d_ (t) (2.17)
m PP op

where K (t), K _(t), K (t), and K_ (t) are adaptive gain
pe pu

pf px
matrices. The plant and supplementary dynamics are
concatenated to form an [n+nf) crder metasystem as

follows:



SUPPLEMENTARY Cyp
DYNAMICS

X

Figure 2.1 Block Diagram of Algérithm 1
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pe pf px pu
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p
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|
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u (t)
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0

|
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E d
p ip

Bf(ym{t}_dop(t))

{t)

(2.18)

(2.19)

|
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2.5 Algorithm 2 (Parallel Supplementary Dynamics)

The configuration of Algorithm 2 is shown in Figure 2.2,
where the supplementary dynamics 1In this case are in

cascade with the plant. Therefore, we have

up[t]:uf{t):er{t)eyp(t)—Kpf{t)yf(t]+pr(t]xm{L]+Kpu(t)umll)

(2.20)

where X (t), K _(t), K _{t), and X_ (t) are adaptive gain
pe pf px pu

matrices. The plant and supplementary dynamics are

concatenated to form a metasystem as follows

% (t) A 0 x (t)
P | e P .
xf{t) 4] Af xf{t)
(e (t)]
yp
B Sy (1) Ed, (t)
Plik O K ) K () K ()] f +| PP
B p P p P x (t) 0
£ m _
L u (t]J
m
(2.21)
y (L) ¢ o x (t) d (t)
P = P p + | ©P (2.22)

yf(t] 0 C xf(tJ 0



Ciip dOP
o PLANT
-
" _| SUPPLEMENTARY
DYNAMICS
Kee [
KPQ L__ €up
+
, K ox
Kpu
umi —| MoDEL Km c.

4

Figure 2.2 Block Diagram of Algerithm 2
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2.6 Algorithm 3 {Cascade Supplementary Dynamics)

An alternative Implementation 1s shown in Filgure 2.3,
where the output of the supplementary dynamics 1is
multiplied by an adaptive gain Kpf{t] to form an Inner
feedback loop for the supplementary dynamlics. The input of
the plant 1s the combinatlon of the output of the

supplementary dynamics and the control signal uf[t) via

the constant matrix Df as shown below:

up(t) = Dfuf(t) - yf(t}
= Dfuf{t) - Cfxf(t) (2.231}

u {t)=K (tle {(t)-K _(t)y (t)+K {t)x (t)+K {tlu (t)
f pe vp pf f pX m pu m

{(2.24)

Therefore, the metasystem will be in the form of

x (t) A -B C T x (t)
o _ p P .

ko (t) 0 A X0



e (t)]
yp
BD -~y _(t)
pt (Ko (L) K () K (1) K (t)] £
B, P P P x (t)
m
u (t)
L m

(t) C 0 t
yf{t] 0 Cf xf(t} 0

51

Ed, (t)
. pip
0

(2.25)

} (2.726)
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Figure 2.3 Rlock Diagram of Algorithm 3
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2.7 Metasystem Representation

The metasystem 1s formed by concatenating the plant
dynamlcs with the supplementary dynamics. Referring to the
metastates and the metamatrices listed in appendix A, we
may wrlite the metasystem equations more compactly for

algorithms 1, 2, and 3 as follows:

Plant Equatlions

x{t) = Ax(t) « BK(t)r(t) + d, (t) (2.27)

Ax(t) + Bult) + di(t]

y(t) = Cx{(t) + do{t) (2.28)
where
x (t) y (t)
x(t) = | P yity = | P
xr{t) , yf(t)
(2.29)
dO (1) C 0
d (t) = p C = P
0 . 0 C



and where for Algorithm 1:

A 0 B E dl (t)
A: p B_—_ p di= p p
foCr Af , 0 . Bf(ym{t)_dop(t))

(2.30)

Algorithm 2:

A 0 B Ed, (t)
A= | P g=| P a = | PP
0 Ac ] B, |. 0

{2.31)

Algorithm 3:

A -BC B D Ed, (t)
pf pf - pip

(2.32}



Adaptive galn matrix

K(t) =

where

K {t)
e

rit) =

and where

e

y

(t)
v

{ K (t) K
e PX

[

|

K _(t)
pe

(t)
yv
x [(t)
m

u (t)
m

e [(t)

-yf(t)

|

(t

)

pu

(t)

55

(2.33)

{2.34)

(2.35)

(2.36)
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The adaptive gains which form K(t)} are chosen to be a
combination of ©proportional and Integral terms. The
integral term uses Bar-Kana’'s [5] modification of an ldea
of [oannou and Kokotovic [6] by lntroduclng the positive
scalar ¢ in order to guarantee robustness In the presence
of paraslitic disturbances. The gain matrices are

shown below:

k(t) = kK (t) « k(v (2.37)
where

kVit) = vitrr Lot (2.38)
k1) = vitrTn) - okl (2.39)

The matrix ¥ is a positive dlagonal matrix which allows o
to be wel hted differently in the adaptive gains er, Kpf‘

K X’ and Kpu and where the initial integral gains are

given by
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' o), ! (o), KIU(O) ] (2.40)

kloy = 1 k! (o), x
pe pf px p

The signal vI(t} is chosen based upon the Lyapunov

stabllity analysis and is given by

vit) = Qe (t) + GK(t)r(t) (2.41)
yv

where Q = | Qp Qf ]

and where matrix T is positive definite symmetric and T is

posltive semi-definite symmetric.

Remark 2.2

If the plant is stablilizable through a static output
feedback galn, then Egs.(2.27} and (2.28}) will reduce to
an n-th order plant as discussed in reference 9. Further,
in Egs.(2.39}) and {2.41), if we choose =0 and G=0,

respectively, Fgqs.(2.27) and (2.28]) become the algorithm
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in reference 3. Therefore, this metasystem is a
generalized form for earller model reference adaptive
control algorithms [3,5,7,9]. Flnally, we remark that
algorithms 4 and 5 which we will discuss in later sections

are also special cases of the metasystem.
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2.8 Error Equations

We definpe the plant state error as

-
e {t) = x {t) - » (t) (2.42)
xp P p

and the plant output error as

e (t)
Yp

it

ym(t) - yp(t} (2.43})

[ ]
(t) -y (t)
p p

Ce (t)-d (t)
P Xp op

We also define the supplementary dynamics state error as

»
exf(t) = xf(t) - xf(t) {2.44)

*
where xf(t} is the supplementary state trajectory when the
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plant output yp(t] Is equal to the model output ym(tL

Then, the metastate error is of the form

e (t) . (2.45)
e (t) = p = x (t) - x(t)

and the error derlvative will be

. .. .
ex(t) = x (t) - x(t) {(2.46)

= % (1) - Ax(t) - BK(t)r(t) - a, (1)

Furthermore, suppose that there exists a constant matrix K

given by

K=K, K K | (2.47)

such that
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A =A-BC (2.48)
[ e

ls a stablility matrix.

Next, use Eqs.(2.45) and (2.46) to obtain

. .. . ~ .

ex[t]=x (t)-Alx (t)—ex{t]]-B{(K[t)—K)r[t}]—BKr[t]—diit)
(2.49)

Define z(t) = [(K{t)-Klr(t). Then, Eq.(2.49) becomes

. - * -* _
ex(t) = x (t) - Ax {t) + Aex(t) - Bz{t) - BKr(t) - di(t]

{2.50)

Substitute Eq. (2.47) {into Eg.{(2.50) to obtain

» - *
e (t)=x‘[t}—Ax (t)+Ae (t)-Bzit)
% %

-BIK e (£)+K _x (t)+K_u (t)}-d (t) (2.51)
e yv pX m pu m 1
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Def ine
e, (t} (2.52)
ev(tJ = P
—xf[t]
and
- [ 0 (2.53)
x (t) =
O =
xf(t}
such that
e (t) =Ce (t) - d (2.54)
yv v o
and
»
e (t) =e (L) - x (t) {2.55)
v X 0

Substltute Egs.(2.48), (2.54) and (2.55) into (2.51) to

obtain
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e (t) = A e (t) - Bz(t) - F_(t) (2.56)
x c X 1

where
. - ~ [
F,(t) = -x (t)+Ax (t)-BK Cx_(t)
1 e 0O
+BIK  x (t)+K_u (t)-K d (t)]+d,(t) (2.57)
pX m pu m e o i
Remark 2.3

- B [ ]
Note that Fl(t) i1s bounded because x (t), x (t), xm(t).

L ] e
x (t), ut), d,(t}, and d (t) are bounded and K , K ,
0 m i o e px

and ﬁ are constant.
pu
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2.9 A Speclal Case of Parallel Supplementary Dynamics

We conslder the adaptive control algorithm described by
Bar-Kana and Kaufman [5,7] which augments the plant with a
parallel transfer function matrix G;l[s] chosen such that
Ga(s) is a dynamlc output feedback compensator whlich
stabilizes the plant and such that the plant 1ln parallel

1(5) is ASPR. We will show that the algorithm

with G_

a
proposed by Bar-Kana [5,7] is a special case of our new
parallel supplementary dynamlcs algorithm. The block
diagram for Bar-Kana's algorithm ts shown in Figure 1.2.

The equatlons which define Bar-Kana's adaptive control law

are given by [5,7]

uft) =K (t)e (t)+K  (t)x (t)+K (t)u (t) (2.58)
pe ypa pX m pu m
where
e (L) = e (t) - vy _{t) (2.59)
Ypa yp f

and where the signal v(t) is defined as
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vit) = e {t) (2.60)
ypa

Lemma 2.1:

The adaptive control algorithm described by

Egs. (2.58)-(2.60) 1is a special case of the parallel

supplementary dynamics algorithm, section 2.5, with

G = 0O (2.62)
[ 0.51 ] (2.63)
Q.51
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T11 T11 (2.64)
T T
1= | 1t 11
T33
L T44 J
T11 T11 (Z2.65)
T T
$.| 1 11 )
T33
T44 ]

where T and T are submatrices of appropriate dimensions.

1] 1)

dim[yp] = dim[yf] = dim[up] (2.66)

I L
Koe(0) = K (0) (2.67)

Proof: First, 1t is obvious that Eq.(2.60) is a special
case of Fq.(2.41) with Qp=Qf=I and G=0. Next, consider the

proporticonal gain in Eq.(2.38) given by



KP(t) = vitir (OF (2.68)
Using Eq.(2.60) the gain KP(L) becomes

P, B T T T T, 1=
K (t) = [eyp{t) yf[t]][eyp(t)' yf(t}. xm(t).um(t)]T

(2.69}

and using T described by Eq.{2.65) yields

KP(t) = e (tilel ()T, el (T . xI()T . ul (0T
ypa ypa 11 ypa 11 m 33 m
= kF ), k¥ v, K5, & e (2.70)
pe pe px pu

Next, consider the lntegral gain in Eq.(2.39) glven by

KLty = tvit)rTee) - okl (et (2.71)

Using Egs. (2.60), (2.63), and (2.64) yields

67
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Rltty=le (t1ef (T .-0.50k! ()T, -0.50k} ()T, ..
ypa ypa 11 pe 11 pf 11

T I I
eypa(t]eypa(t}T“—O.Soer(t]Tl1 U.Sakpf(t]Tll.

I I

T T
eypa(t)xm[t}T33 Gpr{t)T33, eypa[t}um(t)Tqa_aKpu[t]T44]
{2.72)
1 I I 1
Let K (0) = K _{0). Then K_(t} = K _(t) for all t =2 O
pe pf pe pf

Thus,

2 U T R
K (t}—[[eypa(t)eypa(t) oK (DT,

T I T I
leypa(t]eypa(t} oKpf{t]]Tll, [eypa[t}xm{t)—cpr(t}]Taa,

T I
[eypa[t)um(t}—oKpu(t)]T44]

= k! o, & o, kDo, kg (2.73)
pe pe PX pu

and
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K(t) = Ko(e) + xl(e)

= [K_(t) K _ (t) K _ () K (t)} (2.74)
pe pe px u
Finally, the adaptive control law becomes
ult) = K(t)r(t)
e  (t) ]
¥P
-yf(t)
= [K_{t) K _ (t} K__(t) K (t}]
pe pe pX pu x (t)
m
u (t)
m o
=K _(tle (L) + K_{t)x (t) + K_ (tlu (t)
pe ypa px m pu m
(2.75)

which is Bar-Kana and Kaufman's [5] parallel feedforward

algorithm.
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2.10 Stability Analysis

Theorem 2.1:

Consider the metasystem representation gliven by Eqgs. (2.27)
- {2.41) with the controllable and observable LTI plant
described by Egs.(2.1) and (2.2). Further, suppose that
there exlists a real symmetric positive definite matrix P

and real matrices J, [., W, ﬁe' and R, (R+RT)>O such that

P(A-BR_C) + {A—BﬁeC}TP = -LLI-R < 0 (2.76)

PB = C QT + KIGY) - 1w (2.77)

T
e
WiW=J+ ] (2.78)

T
J+J +G+G <0 (2.79)
where the matrices T and T are positive definite symmetric

and positive semi-definite symmetric, respectively. Then,

all states, gains and errors in the adaptive system are



A

bounded.

Remark 2.4:

The three new MRAC algorithms presented in the previous
section are special cases of the metasystem, Eq.(2.27) -
(2.41}, with the metastates and metamatrices llsted in
Appendix A. Thus, the stability for these algorithms is
ensured by Thecrem 2.1 with the sufficlent conditlons

glven by Eqs. (2.76)-(2.79}.

Remark 2.5:

The stabjlity ls analyzed uslng a Lyapunov approach by
forming a quadratic function which is positive definite in
the state varlables of the adaptlve systenm, ex(t). and
KI[t). We assume there exlsts positive definite symmelric

matrices P and T. Then, the Lyapunov function candidate,

which s positive definite, is chosen as

V{ex.KI) = e:(tlpex(tmrltx‘(t)—E)T”‘fKIm—E)TJ

{2.80)



T2

where K Is a constant gain matrix which does not appear in
the adaptive «control algorithm. If the sufficient
conditions, Egs.(2.76)-(2.79), are satlisfied, then the
derivatlive of the Lyapunov function candidate, Eg.(2.80),

becomes (refer to Appendix B)

Vie ,K'} = —eT[t]Re [t}-lLTe (t]—Uz(t)]T[LTe (L)-Wz(t)]
X X h. ¢ X x
+z(t}T(J+JT+G+GT]z(t) - ZVT(t}v{t]rT(t)Tr(t)
~zotr LK (O - ek 0)-B)T1 - 20trt (kT (L) K )RT)

T T
—Zex{t)PFltt] - 2z (L}Fz(t) (2.81)

where

~ - . ~ ~
P2={Q+GKe}Cx0{t]-G[ prxm(t)+Kpuum(t)]—{Q+GKe)d0(t)

(2.82)

We observe that there exist some positive constants

«., such that

20 0 %y



73

. I 2 ~ 2 ~ 2
Vie .K') s - fle ()] e, | [KEO)-K]r () ["-a,|Ktt)-K]|

2 2 ~
““4“V{t)“ "r[t)” + asnex[t)” + u6"[K[L)—K}r(L]"

vo [ IK (L) K] | {2.83)

If either e (t]], [(K(t)-Kir(t)f, or |K(t)-K| increase
beyond socme bound, then the negative quadratic terms in
Fq.(2.83) wlll become dominant, and thus V becomes
negative. The quadratic form of the Lyapunov function
V(ex,KI) then guarantees that ex(t). K[(t) and ey{t) are

bounded.

Remark 2.6:

The first three sufflclient conditions, given by Egs.[(2.76)
- (2.78), are equivalent to requiring that the transfer

matrix given by

H(s) = J + (Q+GEE)C(51-A+BEEC)'1B (2.84)
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Is strictly positive real (SPR). The definition of strict

positive realness is discussed in detail in reference 10.

Lemma 2.5:

The sufficient conditlons, Eqs.(2.76)-(2.79), can be
satisfled by algorithm 1 for any controllable and

observable plant.

Proof :

I1f the plant 1is controllable and observable then there
exists a compensator, dencted by the quadruple
(AC,BC.CC,DC). which stabllizes the plant. Thus the

composite plant/compensator system is represented by

A +BDC B C
p pc c
comp B C A
cp c
where A is a stability matrix. Next, we observe from

comp
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Fgs.(2.18) and (2.19) that the composite system for

algorithm 1 is given by

!
¢

A BK C -B K _C
P P pep ppff
A, = A-BK C = (2.86)

which 1s required to be a stability matrix for some gain

K =IK K

o pe pfl' Thus, by comparing Egs. (2.85) and (2.86) we

observe that the cholce

Epe = -D_ (2.87)
Epfcf = ~C_ (2.88)
B = -R_ (2.89)
A = A (2.90)

will result in A] being a stablility matrix. Now, we need

to show that Eqs.(2.79) and (2.84) can be satisfied. let

C.=1 and Let Ee=[E

f

,ﬁ I=[-D ,-C ]. Choose G=-y,1 and
pi c C 1

pe
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J=y_1 where 7<%, are positive scalars so that Eq.(2.79),

2
J+JT+G+GT=271!—2121<0. is satisfled.. Then, let Q=7lk’e S0
that Eq.(2.84) reduces to J=721>0. Hence, there exists Q,

G, Ee, and J which satlsfy Eqs.(2.79) and (2.84).

Lemma 2.6:

The sufflcient conditions, Egs.(2.79) and (2.84), can be
satlisfled by algorithm 2 for the class of plants which are
output stablilizable with a proper but not strictly proper
compensator, denoted by (AC.BC,CC.DC}. which satisfles the

mild restriction that

B
Rank [ B | = Rank < (2.91)
C
D
C
Proof :

The composite system consisting of the plant with the
compensator (AC,BC.CC.DC) is glven by the stability matrix
A‘mm of Eq.(2.85). We observe from Eqs.(2.21} and (2.22)
Lo

that the composite system for algorithm 2 is given by



T

A, = A-BK C = ~ (2.92)

whlich Is requlired to be a stabllity matrix for some gain

£ =(K K

e pe pf]' Thus, by comparing Egs.(2.85) and (2.92) we

observe that the cholce

er = -D_ (2.973)
C, =1, Epf = -C_ {2.94)
—Bfipe =B (orBD_ =B_) (2.95)
A_=A_ - B.C (2.96)

will result in A2 being a stability matrix where DC must
not be a zero matrix and where Eq.(2.95) has a solution
for Bf if Eq. (2.91) 1s satisfied. Then, @, G, and J can be
chosen to satlsfy Egs.(2.79) and (2.8B4) by using the

constructive method shown 1In the proof of Lemma 2.5.
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Lemma 2.7:

The sufficient conditlons, Eqs.{2.79) and (2.84), can be
satisfled by algorithm 3 for the class of plants which are
output stabilizable with a proper but not strictly proper
compensator, denoted by (AC,BC,CC,DC). which satisfies the

mild restriction that

Rank | BC ] = Rank ’ (2.97)

Proof :

The composlite system consisting of the plant with the
compensator (AC,BC.CC.DC) is given by the stability matrix

A of Eq.(2.85). We observe from Eqs.(2.25) and (2.26)

comp

that the composite system for algeorithm 3 is given by

A-BDK C -B (I+D K .)C
- p pipep p fpf’ f
A_ = A-BK C = (2.98)

3 e o~ ~
BpreCp Af Bprfo
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which 15 required to be a stability matrix for some galin

~

Kez[er’Kpf]' Thus, by comparing Eqs.{(2.85) and (2.98) we

observe that the cholce

D, =1, K__=-D (2.99)
f pe c
Lr =1, Kpf = —CC—I (2.100)
-B K =B (orBD =B ) (2.101)
f pe C fc c
Af = AC - Bf(CC+I) (2.102)

will result in AS being a stability matrix where DC must
not be a zero matrix and where Egq. (2.101} has a solution
for Bf if Eq.(2.97) is satisfled. Then, Q, G, and J can be
chosen to satlisfy Egs.(2.79) and (2.84) by using the

constructive method shown In the proof of Lemma 2.5.

Remark 2.7:

We note that the class of plants which can be controlled

by algorithms 2 and 3 ls more restricted than the class of
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plants which can be controlled by algorithm 1. However,
algorithms 2 and 3 may be the preferred controllers
because we will show In section 2.11 that algorithms 2 and
3 will yleld an asymptotically wvanishing error provided

that some additiconal conditions are satlsfied.
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2.11 Asymptotic Output Tracking

The stabllity analysis In the preceding sectlion only
ensures that all signals 1ln the adaptive system are
bounded. In this section, we derive conditions for
algorithms 2 and 3 under which the output error tis
asymptotically wvanishing provided that there are no
disturbances and provided that the model {nput is constant
for t = Li‘ This new result 1is based upon extending
Broussard's [4] command generator tracker (CGT) for model

following control of known plants to the metasystem

described by Eqs.{(2.27)-(2.41).

When perfect trackling occurs (l.e., e (t)=e {t)=0), we
yp Yp

define the corresponding metasystem state and control

trajectorles to be the ideal metasystem state and 1{deal

metasystem control trajectories, respectively. These ideal

- -
trajectories will be denoted by x (t] and wu (t},

respectively, where

=
x {t)
» p
x (1) = . {2.103)
xf[t]
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* [ ]
and where xp(t) ls the ideal plant state and x_(t) is the

f
ideal supplementary dynamics state. It is Iimportant that
the reader does not confuse the 1ldeal trajectories
described here with the fictitious target trajectories
shown in section 2.3. Although the same notation 1s used

for both cases, it will be clear from the context which is

being used.

By definition, the ideal metasystem Is such that it
satisfles the same dynamics as the real metasystem. In
addition, the output of the ldeal plant is defined to be

identically equal to the model output. Mathematically, we

have
™ » L
x (t) = Ax (t) + Bu (t) for all t = tO (2.104)
and
- L ]
yp(t} = ym(t} or le Olx = mem(t} (2.105)

Hence, when perfect tracking occurs the real metasystem
trajectories become the ideal metasystem trajectories, and

the real plant output becomes the ideal plant cutput which



is detined to be the model ocutput.

Let us assume that the model input u is constant and that
the ideal trajectories are linear functions of the model

state xm(t) and the model input u- Mathematlcally, we

have that
L
x (t) S1 52 xm(t)
- = (2.106)
u () 53 Sa2 Y
where
S S
s, = 511 s, = 512 (2.107)
21 22
Thus,
»
= 2.
xp(t) Sl]xm(t} + Sl2um ( 108}
L ]
xf{t] = (2.109)

S.,x (t) + S
m

21 22%m
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»
u (t) = S3lxm(t) + S3zu (2.110)

Upon comblning the ideal metasystem, Egq.(2.104), with the

ideal plant output, Eq.(2.105), yields

"
x (t) A B x (t)

. - . (2.111)
y (t ) [C_ ol o© u {(t)
P p

and upon substituting Eq.(2.106) into Eq.(2.111), we

obtain
.
x (t) A B S1 52 xm(t}
. = (2.112)
yp{t ) [Cp 0] o S31 532 um

L ]
Now we differentiate x (t) in Eq.{2.106) to obtain

% (t) =S x (1) (2.113)
1'm



85

where we have used the assumption that u. is constant.

Next, we substitute the equation of the model dynamics

into Eq.(2.113) to obtain

T’
x (t) =S, Ax (t) + S Bu {(2.114)
1 'mm 1"m m

We concatenate Eq.(2.114) with the reference model output

Lo obtalin
+ B
x [(t) S,A 5.8 x (t)
- 1''m 1'm m
y (1) C 0 u (t) (2-115)
m m m
Comparing Eqgs. (2.112) and (2.115) we obtain
S,A S.B A B 5 S
Im o bm ! 2 (2.116)
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If we define

Q,, Q,, A B
- (2.117)
Q, a,, (c, 01 o
then
S, 05, LR |
_ (2.118)
S;1 S 2 950 “n 0

Broussard [4] has shown that an equation of the type given

by Eq.(2.118) has a sclution for Sl' SZ’ 531, and 832 i

(i) wu is a constant, (11) dim[y {(t)]=dim[u (t)], and
m p Y

(ii1) no elgenvalue of 0 is equal to the inverse of an

11

elgenvalue of Am.

Corollary 2.1:

Let the adaptive controller be algorithm 2 or 3. The

adaptive contrel algorlthm described by Thecorem 2.1 ylields
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an asymptotically vanishing output error if the conditions
of Theorem 2.1 are satisfled and if (i) u!n is constant for

t = t1 , (11) no disturbances exist and o = 0, (i1i1i) a

solutlon exists fer the matrices Sl’ Sz. SB]' and 532 in

Eq.(2.116), and (iv) there exists a real matrix E of

dimenslion m ~ n_ such that

f
G = —EBf (2.119)
and
Qfo = EAf (2.120)

Furthermore, if det[Af] # 0, then Eqs.(2.119) and (2.120)

reduce to

G = —QfoAf Bf (2.121)

Proof :

The Lyapunov derivative, Eq.(2.81), with o=0, dl=0' and
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d0=0 becomes

Vie K} = —el(t)Re (t) - [LTe (t1-wz(t)]1 1L e (t)-Wz(t)]
h. ¢ b 4 x x x

ez (s aTecsc Dzt -2v vt r T () Trit)

—ZeT{t)PF - ZzT(t}F (t) (2.122)
X 1 2
where
® - ~ - ~ ~
Folt) = [-x (t)+Ax (t}] - BK Cx. (t) + BIK x (t)+K u |
1 e 0 px' m pu m
(2.123)
o L — o
F, =1{Q +« GK )Cx {t) - G[ K__x (t) + K u (t)] {(2.124)
2 e 0 px m PuU m

Next, we obtain conditions such that Fl[t}=0 and int)+0.

L]

~ . o~
From Eq.(2.104) and KeCXO(t] = Kprfxf(t}, we obtaln

. ~ . ~ -
F.(t) = -Bu_(t) - BK__C.x_(t) + BIK x (t)}+K u |
1 P pt £ f px m pu m

(2.125)
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~ * o ~
F2[t) = (Qf + GKpf)Cfxf(t) - GEprxm(t) + K u]

pu m
(2.126}
Then, we apply Eqs. (2.109) and (2.110) to yield
Fl(t) = *B[Salxm(t)+532um] - BKprflszlxm(t)+522um]
+BIK x (t) + K _u ]
px m pu m
= —B[[pr_531 Kpf P 21}x (t)+(K u_SJZ_KprfSZZ]Um]
(2.127}

FZ(tJ = {Qf+GKpf}Cf[521xm(t)+S um(t)] - G[prxm(t}+Kpuum]

22

B

[(Qf+GKpf]Cfszl—Gpr]xm(t)+[{Qr+GKpf)Cf522—GKpu]um

1

leCf521+G(K fcfs21 prllxm(t)

iQfoSZZ +G{K foS?? Kp ]]urn {2.128)

Next, using Eqs.(2.119}) and (2.120) obtain



F,(t) = {EAS,, EB(K C.S..-K_)Ix (1)
2 px m

pf 21

+[EA_S. EB (K_.C.S,.-K_)lu

{22 pf £ 22 pu m
= EAfS X (t)- EB (K fo N - 31+S3l]xm{t]
+EAf522 EB (K {Cfszz Kpu 32—532)um

= EAf[521xm[t)+S u J+EB_[S, x (t)+5_ _u ]

22 m f "31'm 32 m

+EBf(pr—Kprf521-531)xm(t)

+EBf(Kpu_KpfcfSZ2_S32)um

» - — —~
E[Afxf{t]+Bfup{t)l + EBf(pr—Kprf521—531}xm(t)

+EBf(Kpu_KpFCFSZZ_532)um

ESlem(t)+EBf(pr—Kprf521—S31)xm[tl

+E8f(Kpu_Kprf822_532]um

90

{2.129)
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We choose

pr=Kprf521 (2.130)

pu foSZZ 12 (2.131)

such that F_(t)=0, and F_.(t)=ES__ x (t] which vanishes
1 2 21’ m

asymptotically because um is constant for tztl

Finally, the Lyapunov derivative becomes

vie .K')=-e (t)Re (t)-ILTe (t)-wz(t)1 LTe (t)-Wz(t)]
= X X x o

sz () T Te6e6 Tz -2v T (v ) r () Tr(£)+22 ) (4 )ES % (t)

21
(2.132)
- T T
where R>0, Tz0, and J+J +G+G <0
Note  that Q(ex,KI] Is not negative definite or

semi-definite due to the last term in Eq.(2.132). However,

if we deflne
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Ve kD) = w (e k1) + W te k1) (2.133)
X 1 "x 2 x
such that
I ~ I
W. (e K) =W {e K)s0 (2.134)
1 X 1 "x
where

W.ole K )=—e (t)Re (t)=ILTe (t)-wz(t)1T (L e (t)-wz(t)]
1 x x » X X

sz () L e26) z)-2v (v (e L () Tr(t)

T .
2z {t}Eszlxm(t] and

x
o
=
-~
il

~ 2 = 2 2 2
Wile KT} = —a fle, (0] 7o, [ (KO -KIr ()| T-ay|v (T ()]

and where al, az, and a3 are some positive constants.

Then,



tim W (e ,KI) =0 (2.135]
tom 2 x
which yields

Vie k') s W (e K} as t 5w (2.136)
x 1 "%

We call Ul{ex,KI) the "limiting derivatlive of the Lyapunov

function.”

In Theorem 2.1, we have shown that all states, gailns, and
errors, In the adaptlve system are bounded. Therefore,
V(ex,KI) Is bounded (this is regquired by LaSalle’'s
invariance set principle). Further, Eqs.(2.133)-(2.136)
show that Q(ex.KI) will approach U][ex,KI) as Uz[ex,KI]
vanishes. However, Eq.(2.134) shows that Ul(ex,KI) is
bounded by gl(ex,KI) % 0. Thus, we know that Q(ex,KI} is
negative seml-definite. A modifled version of LaSalle's
invariance set principle [14] { Theorem C in Appendix C )
ls wused for the stability proof of the "limiting
derivative of the Lyapunov function” which shows that all
signals in the adaptive control system are bounded and
that the output tracking error vanishes asymptotically If

Egs(2.133)-(2.136) are satisfled.
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It can be seen from Eq.(2.132) that the transient of the
plant depends on the transient of the model. The
asymptotically vanlishing tracking error wlill be obtalned
In steady state while the bounded output tracking error

will be ensured for all tz0.

Lemma 2.8:

Let the adaptive controller be algorithm 2 or 3 and let
the plant belong to the class described by corollary 2.1
with the additional restriction that AC=0. Suppose that

(i1} no disturbances exist

(1) u is constant for tztl.

and ¢=0, and (3) a solution exlsts for the matrices Sl'

52‘ 831. and 532 in Eq.(2.116). If there exlsts a real
matrix E of dimenslon m =x nf such that
EE_ > O (2.137)

then the sufficient conditions for a bounded and

asymptotically vanishing error can be satisfled.
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Proof:

Let the supplementary dynamics and the gain ie be chosen
as in Lemma 2.6 (algorithm 2), or Lemma 2.7 (algorithm 3).

Then, choose Qf and G to satisfy Corollary 2.1. That is,

Q. = EA (2.138)

G = -EB (2.139)

We choose

Qp = -EB Dc (2.140)

and use Eqs.(2.138) and (2.139) to obtain

= [_EBch—EBpre' EAr-EBfKPf]



= [*EBf(DC+er}, E(Ar*Bpr

96

f)] (2.141)

From Lemma 2.6 or 2.7 we obtain K =-D and A =A_-B K _=0.
pe c c f °f

Thus

Q + GKe = [-EBf{DC~DC]. EAC]

and the sufficient

(2.79) reduces to

et us choose

J=73EB with O<73<1

£

pf

(2.142)

condition glven by Egs.(2.84) and

(2.143)

(2.144)

(2.145)
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Then

EB, > O (2.146)

and

1+ 3V 4G+ =73(E8f+B'fI:ET}—(EBf+B;EET)

T.T .
—(73—1)(EBf + th 1<0 {2.147)

Hence, the sufficlent conditions for a bounded error given
by Eqs. (2.79) and (2.84) and the sufflicient conditions for
an asymptotically vanishing error given by Egqs. (2.119} and

(2.120) are satisfied.

Remark 2.10:

A trivial solution for Lemma 2.8 is to choose H=BI such

B, >0.

that EB_=B £

f

o
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Remark 2.11:
If det[Aflto, we can choose Qf such that G=-Qf ;18 <0, and

f
Qp=GDC. This is a special case of Lemma 2.8 with E=-QfA;1

Remark 2.12:

[Lemma 2.9 shows the relationship between the sufficient
conditions for a bounded error and the sufficient
condition for an asymptotically wvanishing error. In
particular, Lemma 2.9 shows that it Is possible to satisfy
all of the sufficient conditlons for a rather large class
of plants. One example of a compensator which satlisfles
the assumptions of lemma 2.9 is a proportional + integral

(P1) contreoller.
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2.12 Summary of Constraints and Design Rules

Ob ject jve:

To find a control signal by means of adaptive computation
such that the plant, which Is not ASPR, wlll fcllow the
reference model with a bounded, or an asymptotically
vanishing tracklng error. The plant, model, and adaptive
control law employed 1In algorithms 1, 2, and 3 are

described as follows:

Plant:

x (t) = A x (t) + Bu (t)
p pp PP
y (t) = C x (t)

p pp

Model :

x (t) = A x (t) + Bu (t)
m mm m m
ym(t) = mem(t)
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Adaptlve Contreol Law:

up(t} = K{t)r(t) for algorlithms 1 and 2
up{t) = DfK(t}r(t]—yf(t) for algorithm 3
where

K(t) = K (t) + kL(t)
kKPit) = vit)r ()T
£l 1) = tviorT(O-ok (41T

vit) = Qe (t) + Gu (t}
yv P
PLt) = [ el (1) x(t) ul(ey ]
YV m m
T

_ _ T T
eyv(t) = [(ym(t) yp(t}} yf(t) ]

T>0 and T=z0
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Assumptions:

Bounded Tracking Error:

Rank[C iC ] = Rank[C ]
p m p

Asymptotlically Vanishling Tracking Error:

{1) u is constant for t = t1.

(11) No disturbances exlst and o=0,

(111) A solutlon exists for the extended CGT condition,

Eq.(2.116).

Then, the constraints and design rules for designing the
supplementary dynamics and chooslng parameters G and Q are

as follows:
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Algorithm 1: (Bounded Tracking Error)

Constraints:

(1} There exists a compensator (A ,B ,C ,D ) which
c'e' e Ve

stablllzes the plant

(2.148)
(11) Q+Gi€e=o (2.149)
(1ii) J + JT + G+ GT < 0 (2.150)
where J Is a posltive definite matrix,.
Supplementary Dynamics:
xf(t} = Afxf(t} + Bf[ym[t)_yp(t)]
yf(t) = Cfxf(t)
Design Method:
(1) Choose C_ =1 (2.151]}

f
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e

(11) Choose K_ = [K K 1 =1-D -C.} (2.152)
e pe pf c C

{111) Choose Bf = —BC (2.153)

(1v) Choose A_ = A (2.154)
f c

(v) Choose G<O (2.155)

(vi) Choose Q = [Q Q.1 = GID C ] {(2.156)
p c c

f
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Algorithm 2: (bounded tracking error)

Constralnts:

{1) There exists a proper, but not strictly proper,
compensator {AC.BC,CC,DC) which stabilizes the plant and

which satisfies

B
Rank [ B ] = Rank ¢ (2.157)
[
D
[
(1110+Gﬁe=0 (2.158)
(111) J + JL + 6 + Gl < 0 (2.159)

where ] is posltive definite matrix

Supplementary Dynamics:

xf{t) Afxf(t) + Bfup(tl

It

yf(t) Cfxf(t}
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Design Method:

(1) Choose Cf =1 {2.160)

(11} Choose K = [K K .1 =1(-D -C 1 (2.161)
e pe pf c c

{i11) Solve B.D =B for B (2.162)
fc c f

{(1v) Choose A_ = A -B_C (2.163)
f c fc

{v) Choose G < O (2.164)

{(vi) Choose Q = [Q_ Q_] = GI[D C (2.165)
P f C c
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Algorithm 2: (asymptotically vanlishling tracking error)

Constraints:

(1) There exists a proper, but not strictly proper,
compensator {AC.BC.CC,DC} which stabilizes the plant and

which satisfies

B
Rank [ B | = Rank ¢ (2.166)
C
D
C
(11) Q + Gie =0 (2.167)
(111) J+ J  + G+ G <0 (2.168)

==-F = . =— _1
{itv) G= EBf and chf EAf. or G QfoAf Bf if det[Af]tD

(2.169)

where J is a positive definite matrix.

Supplementary Dynamics:

xf(t) Afxf(tJ + B up(t)

f

yf{t) Cfxf(t]
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Design Method:

(1) Choose C{ = ] (2.170)

(11) Choose K_ = [K K 1 =1-D -C) (2.171)
e pe pf c C

{1i1) Solve B.D = E for B (2.172)
f e c f

(iv) Choose A_. = -B_C (2.173)
f fc

(v} Choose G = —EBf < 0 (2.174)

{vi) Choose Q = [Qp Q.] = G[DC CC] (2.175)

f

Remark 2.13:

If det(A 10, Eqs.(2.174) and (2.175) become G=-QfA;18f<O

and Qp=GDC.
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Algorithm 3:(bounded tracklng error)

Constraints:

(1) There exlsts a proper, but not strictly proper,
compensator (AC,BC,CC.DC) which stabilizes the plant and

which satlsfies

B
Rank | B | = Rank € (2.176)
C
D
[
{11) Q +Gie=0 (2.177)
(111)J+JT+G+GT<0 (2.178)

where J is a positive definite matrix.

Supplementary Dynamlics:

xf(t) Afxf(t) + B up(t)

r

yf(tl Cfxf[t)



Design Method:

(i) Choose Cf =

(i1} Choose Ee =

(1ii) Solve B _D
fc

(iv} Choose Af =

{v) Choose G < O

(vi) Choose Q =

I and Df =1

[er Kpf} = [_Dc
= BC for Bf
AC-Bf(CC+I)

[Qp Qf] = G[DC Cc]

-C -1}
C

(2.

(2.

(2.

(2.

(2.

(2.

109

179)

180)

181)

182}

183)

184)
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Algorlthm 3: (asymptotically vanishing tracking error)

Constralnts:

(i) There exlsts a proper, but not strictly proper,

compensator (AC.BC.CC,DCJ which stabillzes the plant and

which satisfies

B
Rank [ B_ ] = Rank © (2.185)
[y
D
C
(11) Q+GEe=0 (2.186)
(111) J + J  + G + gl <0 (2.187)

o _ ) __ ~1
{(iv) G=-EB_ and Qfo—EAf. or G= Q{CfAf Bf if det[Af]:O

f
(2.188)

where J Is a poslitive definite matrix.

Supplementary Dynamics:

"

xf[t} A xf(t) + B

£ up(t)

f

[t}

yf(t] Cfxf(t)



Design Method:

{i) Choose Cf =1 and D_ =1

(11) Choose K = [K K 1 =1[-D -C -1]
e pe pf C o

(ii11) Solve B.D =B for B
fc C

(iv}) Choose Af = ~Bf(CC+I]

(v) Choose G = *EBf <0

(vi) Choose Q = [Qp Q,] = G[IJC CC]

f

Remark 2.14:

[f det(A 120, Eqs.{2.193) and (2.194) become G=-QfA;

and Qp=GDc'

(2.

(2.

(2.

(2.

189)

. 190)

191)

.192)

193}

194)

1

B, _<0
t
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2.13 Examples

Thls sectlon presents three examples to illustrate the
appllcation of the adaptlive contrel algorithm. The
examples include the so-called Rohrs’ example [18], an
unstable single-lnput single-output plant which was
studled by Bar-Kana (5], and the lateral dynamics of the
F-8 ajrcraft which was studied by Sobel et. al. (3], The
adaptive galns Ke’ Kx' and Ku wlill be initlallzed to zero

in all of the examples.

The plant, model, and adaptive algerithm are simulated on
a digltal computer In order to determine the closed locp
system performance. Therefore, in the simulatlons of the
continucus systems we approximate the I1ntegrations in a
discrete representation with a step slze of 4t, which is
chosen for each example In a manner which trades off
computation time and numerlical accuracy. The control
algorithm equation for the integral galn update, given by

Eq.(2.39), is Integrated by using

KI(lAt+At) =KI{1At) + At[v(iAt]rT(iAt) - UKl(iAt)W]T

(2.195)
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The plant dynamics, which are described by Eq.(2.7), are

integrated by using

x(1At+at)=e ¥ x (iAt)+ e dr [I{B u (1At)+d, (1At}]
p pp p

A_At Jﬁt At
i

0

(2.196)

The model dynamics and the supplementary dynamics,
described by Egs.{(2.3) and (2.5), respectively, are

integrated in a manner analogous to Eq.{2.196).
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Example 1:

(Rohrs' Example[18])

The so-called Rohrs’'[18] example 1s a difflcult problem

for many other adaptlve algorithms. The plant s given by

Yp[s] 2 229

= " {2.197)
Up{s) s + 1 s + 30s + 229

The output of this plant is required to follow the output

of the reference model which 1s shown below:

Ym(s)
- - (2.198)
Um(s} 1 + s5/3

Suppose we know that a stabllizing PI compensator 1is

described by

-{10s+35)

G (s) = {2.199)
c
]




Remark 2.15:

Although the compensator descoribed by Fq.(2.199) is
stabilizing, it yields a closed loop system with a
settling time greater than 500 seconds and a damping ratlo
for the dominsnt poles of less than 0.001. The time
response of the output to a sguare wave input is shown in
Figure 2.4 where we observe that the performance 1is

completely unacceptable.

fht
I,
0Bl , )

Time (sec)

Figure 2.4 Rohrs' Example:
Output with Non-adaptive Compensator



We remark that the cholce of some stablilizing compensator
which 1s needed for computation of the matrlces Af. Bf. Q,
and G iIs a much easier task than the computation of a

compensator which satisfiles stringent performance

specificatlions for an unknown or poorly known plant.

The compensater described by Eg.(2.199) has a state space
realization given by AC=O, Bc=10‘ CC=~3.5, and DC=—10. To
fllustrate the difference between algorlthms, we simulate
Rohrs’ example by using algorithm 1, 2, and 3
successlively. We use a square wave reference command of
magnitude 0.3 units and pericd of 20 second, and select

C.=1, T=T=I, and d, (t)=d (t)=0.
t ip op

Algorithm 1:

Using Egs. (2.87)~(2.90) we obtain

K = -D =10 (2.200)
pe C

Kpr =-C_=23.5 (2.201)
B.=-B = -10 (2.202)



A=A =0 (2.203)

Therefore, the supplementary dynamics which are inserted

into the output feedback path are of the form

x. (t) = -10e (t) (2.204)
f ¥yp

yf(t) xf{t] (2.205)

Next, we choose Qp=57.14. Qf=2D. and (=-5.714 such that
the sufficient condltion for stability Q+GEE=0 is

satisfled.

The digital computer simulatlon is pletted 1n Figure 2.5
whlich shows that the plant output tracks the model cutput
with a small steady state error. This error may be reduced
if the plant can be stabilized via a high galn output

feedback loop.



‘, -- - model
i plant
l '.
| |
i | —]
] !
I
L
[ —
|
I 1 —_—
0 a 10 i8 20

Plant

Alporithm 2:

time (sec)

Figure 2.5% Rohrs'
and Model Output

Using Fgs. (2.93)-(2.96) we obtain

Exampie:
(Algorithm 1)

J200)

(2.207)

(7.

208D



A_ = -B CC = -3.5 (2.209)

Since det[Aflso, we can choose Qf=20 such that
ey A g oo _ _
G= QfAf Bf— 5.71428<0. Then, choosing Qp—GDC.—S7.1428, we

obtain

Q =1 57.1428 20 ] (2.210)
G = -5.71428 (2.211)
Therefore, the parallel supplementary dynamics are

described by

X (t) = -3.5%_(t) -u (t) (2.212)
f P

yf(t) xf{t) (2.213)

The plant and model outputs are shown in Figure 2.6. We
observe the excellent transient behavior with zero error

in approximately 2 seconds. We remark that the conditlon
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G:QfA;le is necessary to achieve the asymptotically

vanishing output travking error. To demonstrate this, we
simulate Rohrs’ example with the same design values except
;=-10. The result is plotted in Figure 2.7 which shows

that asymptotic output tracking is no longer maintalned.

Q.4¢ ———— -1 S
-t model
0.3t plant 7
|
0.2 I -
f 1
d
0.1} \ _
£ |
0 . .
= 1
~0.1 1 .
~0.2 ! .
-0.3+ h\,
...0.4 L....____ — 1 i 1
0 5 10 15 20

Time (sec)

Figure 2.6 Rohrs' Example: G=-5.71428
Plant and Model Output (Algorithm 2)
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- N

0 5 10 15 20
time (sec)

Figure 2.7 Rohrs' Example: G=-10

Output with G:—QtAglnf {(Algorithm )

Algorithm 3:

Using Eqs. (2.93)-(2.96) we obtain

D,=1; K = -D =10 (2 214)
f pe c

K. .=-C-1=25 (2.215)
pf c

BD =8 » B =8B D = -1 {2 216}
f ¢ c f C ¢

Af = _chc = =-3.5 (2.217)
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Since detlAfjto, we can choose Qf=20 such that
-1
= ==8H< = =
G QfAf Bf 8<0. Then, we choose Qp"GDc 80 to obtaln

the deslgn parameters as shown below

[ 80 20 ] {2.218)

o
il

G = -8 (2.219)

The parallel supplementary dynamics are described by

if(t} -2.5%x.(t) -u (t) (2.220)
£ p

yelt) f(t) (2.221)

il
x

The plant and model outputs are shown In Flgure 2.8. We
observe the excellent transient behavior with zero error
in approximately 2 seconds. Finally, we slmulate Rohrs'
example by choosing G=-20 such that G#—QfAEIBf. A bounded

output tracklng error is cbserved from Figure 2.8(b).
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Figure 2.8 Rohrs’ Example:
PPlant and Model OQutput (Algorithm 3)
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! !
! 1
0.1} ! .
]
|
0 | -
!
1
-0.1} l -
1
-0.2F k ]
-0.3 1 S B 4
0 5 10 15 20

time (sec)
Figure 2.9 Rohrs' Example

Output with G:—QfA;IBf (Algorithm 3)
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Summary :

Comparing the simulation results for Rohrs’ example shown
in Figures 2.4-2.8, we conclude that the output tracklng
response of the plant with the non-adaptive supplementary
dynamlics, Flgure 2.4, 1s not acceptable even though the
closed-loop stabllity condition is satisfied. However,
Figures 2.5-2.8(b} show that a satisfactory output
tracking error can be obtained by uslng algorithm 1, 2.
and 3 with adaptive supplementary dynamlcs. Furthermore,
Figures 2.6 and 2.8 1llustrate that an asymptotically
vanishlng output tracking error will be guaranteed by
using algorithm 2 or 3 if the conditions iIn Corollary 2.1
are satisfied. However, 1t is hard to say which one |is
better between algorithms 2 and 3 because similar results
are obtained in slmulation.Finally, Figures 2.7 and 2.9

shows that 1f the condition G=-Q A" !B

Ay By is violated, then

the asymptotically wvanishing output tracklng error will
not be maintained. However, the plant will still follow
the model with a bounded output tracking error even though
the stabllity condltion Q+Gie=0 1s not satisfied. This
indicates that a larger class of plants than those
described 1In Theorem 2 c¢an achleve a bounded output
tracking error because Q+Gie=0 is sufficient but not

necessary.,
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Example 2:

(Unstable Plant using Algorithm 2 Parallel Dynamics)

Consider the wunstable single-input slngle-output plant

with transfer functlon glven by

200
- (2.208)

Uy (s) (s - 1}(s°+ 8s + 100)

Y (s)
p

The output of the plant is required to follow the output
of the reference model whose transfer function is given by

Eq.(2.198).

Suppose we Kknhow that a stabilizing Pl compensator is

described by

-{3s5+6)
GC(S) = (2.209)

s

The compensator described by Eq.(2.209) has a state space
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realizatlon glven by AC=D, BC=3. CC=—2. and Dc=~3' Using

Eqs. (2.93)-(2.96) we obtaln

fc C f C C

Af = _BFCC = -2

Since det[Af]#O, we can choose Qf=20
-1

G-—QfAf Bf——10<0, Then, choose Qp—GDC—SO.

parameters are given by

Q=130 201
G = -10
and

(2.210)

(2.211)

(2.212)

(2.213)

such that

The design

(2.214)

(2.215)

the parallel supplementary dynamics are described by
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xf[t) —2xf(t) - up[t) (2.216)

I
x

ye(t) = x (t) (2.217)

The matrices T and T are chosen to be identity matrices,
and the input and output disturbances are not considered.
The plant and model outputs are shown 1ln Flgure 2.8 for a
square wave reference command of magnitude 0.3 unlts and
period of 40 seconds. We observe that the error is driven
to zero In approximately 2 seconds albeit with a maximum
overshoot of near 30 percent. The adaptlve galns er and
Kpf are shown in flgures 2.9 and 2.10, respectlvely. We
observe that the gains become momentarily large at t=0 and
t=20 seconds ln order to force the error to zero when the

reference command 1Is initlally applled and when the

reference command changes slgn.
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Figure 2.10 Unstable Plant:
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Figure 2.11 Unstable FPlant:
Adaptive Gain er {Algorithm 2)
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Figure 2.12 \Unstable Plant:

Adaptive Gain K

pf

(Algorithm 2)

40
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Example 3:

{F-8 Lateral Dynamlcs using Algorithm 1 Feedback Dynamics}

Consider the F-8 lateral dynamics with the plant described

by
" p 1 [-3.59 .1968 -35.18 0 ][ p ] [14.65 6.538]
r -.0377 -.3576 5.884 O r 2179 -3.087|[ &,
= +
B .0688 -.9957 -.2163 .0733|| B --0054 .0516(| 8 |
. 9947 1027 0 0 0 0
L ¢ )0 e Jpt ]
(2.218)

where p is the roll rate, r the yaw rate, B the sldeslip
angle, ¢ the bank angle, Sa the alleron deflectlion, and 5r

the rudder deflection.

The reference model 1s chosen as in reference 3 and is

described by
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"pl[-10 o -10 o13[p] [20 2.8

r 6 -0.7 © © r 0o -3.13[[ &
= +

B o -t -0.7 olfilal|o 0 s 1.

Le ] | 1 0 o o]jle],lo 0 |

(2.219)

This model has an eltgenvalue at the origin In the complex

plane which makes steady state tracking difficulit.

To attempt matching of the plant and model roll rates and

yaw vates, the measurements are chosen to be

y = y = (2.220)

Suppose we know that a stabillzing compensater |1is

described by the quadruple (AC.BC.CC.DC) where

-10 0
A = (2.221)
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-1 0
B = (2.222)
¢ 0 -1
1000 0
C = (2.223)
¢ 0 10
-50, 000 0
D_= (2.224)
0 20, 000

We choose algorithm 1 for this example which uses feedback
supplementary dynamics and yields a bounded error. Using

Eqs. (2.87)}-(2.90) from Lemma 2.5 we obtain

A=A (2.225)
f c
Bf = -B (2.226)
C
Cf = 1 (2.227)
K K ] =1(-C_ -D_] (2.228)
pe pf C C

Then, we use the constructive method from the proof of
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Lemma 2.5 to choose

G = —111 = (.001 (2.229)
Then,
Q= FIKe = ?1l~DC -CC] (2.230)

which vlelds

Q = {Q Qfl = (2.231)
P 0 -20 0 -0.01

Finally, we choose T=0.051 and T=0.11.

The alleron model! input 1s chosen to be a unlt square wave
Usq(t} with period equal tc one second and the rudder
model Input ls chosen to be Usq[t+0.25). A constant Ilnput

disturbance is chosen to be
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d = for t > 1 sec. {2.232)

wlith matrix Ep = Bp and a sinusoldal output disturbance is

chosen to be

0.2s1n30t
do (t)= for t>1 sec. (2.233)
p 0.1s1n30t

The robustness coefficient ¢ is chosen to be

0.0 for t < 1.6 sec
T = (2.234)
0.1 for t 2 1.6 sec

We observe from Figure 2.11 that the plant rell rate
exhliblts excellent model following with wvirtually no
steady state error while we observe from Figure 2.12 that
the plant yaw rate exhibits good model following with a
small steady state error. This model followlng is obtained

in the presence of both input and output disturbances.
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(Algorithm 1]



3. ALGORITHMS WITH ADAPTIVE SUPPLEMENTARY DYNAMICS

3.1 Introductiocn

This chapter introduces algorithms 4 and 5 which use
adaptlve supplementary dynamics to control non-ASFR
pltants. Unlike algerithms 1, 2, and 3, the parameters of
the supplementary dynamics In algorithms 4 and 5 are
computed on-line as part of the adaptive gain
computations. The metasystem representation 1s used for
both algorithms and a Lyapunov function is used to show
elther a bounded or an asymptotically wvanishing output

tracking error.



3.2 Algorithm 4

Consider a linear time-invariant plant with input and
output disturbances as described in Egs.(2.1) and (2.2}.
We seek a control law which will cause the plant to track
a linear time 1invariant reference model described by
£gs. (2.3} and (2.4). We choose the plant control signal to

be

u (t) = y(t) (3.1)

where yf(t) is the output of the supplementary dynamics

which are shown below:

xf(t) = —Af(t)xf(t] + Bf(t)uf(t] (3.2
yf(t) = -Cf(t]xf(t) + Df(t]uf(t) (3.3)
n !

where xf(t] € R f and yf(t) € R f, and where
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Bf(t] = | Bfl{t) sz{t] Bf3(t) | (3.4)
Df(t} = Dfl(t) sz(t) Dfatt) ] {3.5)
e (t)
yp
u,.(t) = x (t) (3.6)
f m
u (t)
m

t) = t) - (t}
eyp( ) ym{ yp

Although the supplementary dynamics are linserted in a
output feedback path as in algorithm 1, the matrices
Af(t). Bf(t], Cf(t). Df{t) of algorithm 4 are updated

on-line as part of the adaptive control mechanlsm.

A Dblock dlagram of algorithm 4 is shown in Figure 3.1



u + y
—F ——{ PLANT -
D, (1) - S

' o
?T— +.._ D{_)(t) g - - . e

T Eq4(t)-‘f
o L Cup ] +
X; (\ -+ —— S
t A
[ T Biyoe -
Ay (o) .
Cwm

Figure 3.1 Block Diagram of Algorithm 4
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Using Eq. (3.3} we can rewrlite the control law as follows:

up(t) = yf(t) = —Cf(t)xf(t] + Df(t]uf(t)

= -Cf{t)xf(t]+Df1(t)eyp[t)+Df2(t}xm(t)+Df3(t)um{t)

(3.7
Then, substitute Eg.{(3.7) intoe Eq.(2.1) to obtain the
plant dynamics which are shown below:
x (t) = A (t)x (t) + B (t)D_ (t)e (t}) - B C_x_(t)
P p o 7p poof1 yp poff

+ Bprz(t]xm(t) + BprB(t)um(t) + Epdip(t}

(3.8)

y (t} = Cx (t) +d_(t) (3.9)
P PP op

Next, substitute Egs.(3.4)-(3.6) into Egs.(3.2)-(3.3) to

obtain the supplementary dynamics which are shown below:
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Xf(t} = -Af{t)xf(t}*—BfI[t}eyp[t}+Bf {t)xm(t)+Bf3(t)um(t]

2
(3.10)

yf(t} = —Cf(t}xf(t)+Df1(t)eyp(t}+Df2(t)Xm[t}+Df3(t)um(t)

(3.11)

We now concatenate the plant dynamics described by
Egs. (3.8) and (3.9) with the supplementary dynamics
described by Eqs. (3.10) and (3.11) to form a metasystem of

order n+nf. The metasystem state equatlon ls glven by

x (1) A 0 x (t)
p _ p p
xr[t) 0 0 xf(t)
[ e (t) ]
Yp
) B 0 Dy (t) (1) D, (t) D (t) -, (t)
0 I Bpy (1) A (t) B, (t) B (1) x (t)
| u (t) ]
E d, (t)
+ pip (3.12)
0

and the metasystem ocutput equation is given by
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l:y(t}‘l [c 0}[x(t}} [d (t}]
p - p p . op
xp (1) 0 I (L) 0

(3.13)

Te write the metasystem equatlons more compactly we

def ine
x (t) y (t) ]
x{t} = [ P } ylt) = [ p
xp ()], x (1) ],
do {t) E di (t}}
d (1) = P d, = p lp
e} 0 0 '
A 0] B 0 C 0
A = p B = P C = P
0 o], 0 I , 0 1
e v(tﬂ
y e (t)
r(v) = | x (t) e (t) = yp
y ~xr[t]
u {(t)
m

ult)=K(t)ri(t)

where
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Kit) = [ K (t), K (t), K (t} ]
e X u

where
D.,(t) C_(t)
K (1) = { f1 f ]
Bfl[t] Af[t]
D__{t) D__{t)
K (1) = { fe } K (t) = l £3 }
sz[tl Bf3(t]

We obtaln a metasystem, which is in the same form as

In section 2.7, and which is repeated below:

x(t) = Ax{t) + BK{(t)r(t} + d, (1)
= Ax(t) + Bult) + d, (t) (3.14)
ylt) = Cx(t) + do(t) (3.15)
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where K(t) is an adaptive gain matrix which is computed as

show in Eqs.(2.37)-(2.41).

Remark 3.1:

Although algorithm 4 s different from the algorithms
discussed in Chapter 2, their metasystem representations
are ldentical. This is significant because the metasystem
generallizes different algorithms Into cne form such that
the previcus results on system stability can be extended
to the new algorithm. Also, we remark that the metasystem
used here 1is llnear time Invariant and tracks a linear
time Invarlant reference model. Therefore, our approach is
different from the metasystem in reference 8 where a time
varying reference model must be considered. Our approach
yields a simpler stabillty proof with less restrictive

conditions.



145

3.3 Algorithm 5

In thlis section, we consider the case of an asymptotically
vanishing output tracklng error. The conditlons for an
asymptotically vanishing error can be derived by modifying
algorithm 4. The new cholice for the plant control signal

is glven by

up(t} = yrlt) = —Cfxf{t) + Dfeyp(t] (3.16)

Upon comparing FEqs.(3.1} and (3.16), we note that, in
Eq. (3.16), xm(t) and um{t). are not fed forward to the
plant inpul and matrices Cf and Df are constant matrices
which will be selected later. A block diagram of this new

adaptlive control system, which 1s denoted as algerithm 5,

is shown In Figure 3.2.



]
T/ [)f B —
e —
B{-{ *) 4P
. +
+ Xf— ¥ r~—1
s S + B =)
| Bf 3 (t') U m
Ag(t)

R J = MODEL T i }

Figure 3.2 Block diagram of Algorithm 5
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In ¥Figure 3.2, Af(t] Bfllt], sz(t). and Bf3[t] are
adaptive matrices which are updated on-line as part of the
adaptive control mechanism. The plant, the reference
model, and the state equation for the supplementary
dynamics are the same as in algorithm 4. However, the
output equation for the supplementary dynamics is

dlifferent because matrlces Cf and D, are not adaptive.

f

We substitute Eq.(3.16) into Eq.(2.1) to obtaln

x (t} = Ax (t) + Bu(t) + Ed. (t)
p PP PP p ip

= Ax (t) -BC.x (t) + BDe (t) + Ed, (t)
pp pff p foyp p ip
(3.17)

y (t) =Cx (t) +d (t) (3.18)
p pp op

Then, concatenate Egs. (3.10), (3.17}, and (3.18) to obtain

the metasystem representation which 1s described by
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e (t)
ypP
[ 0 —xf(t)
+ ( Bfl(t} Af(t} sz(t) BrB{t} 1
I x [([t)
m
u (t)
- m -
’Bch 0 e [(t) Edi {t)
+ pEP xp + pip (3.19)
0 0 e _(t) 0
- xi

y (t) C 0 x_(t) d _(t)
xg (1) 0 I X (1) 0

We may wrlite the metasystem equations more compactly by

{3.20)

deflning
®x (t) y (t)
x(t) = P y(t) = P
xf(t) xf{t)
A -BC BDC O C a
A=l P pf A = pip c=| P
0
0 0 0 0 0 1
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ult}) = K(t)rit)

where

{t), B ., {t) ]

K(t} = [ Ke(t]. sz 3

Ke(t) = | Brl(t} Af(t}]

e {t)

v e (t}
rit) = | x (t) e () = yp

y *xf[t}

u (t)

M
Thus, we have
x(t) = Ax(t) + Age (t) ¢ BRIII(L) + d (t) (3.21)
y(t) = Cx(t) + d_(t) (3.22)

where the adaptive gain K(t) 1is computed as in

Egqs. (2.37)-(2.41).

Although Eq.(3.21) 1s not In the same form as Fq.(2.27),
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thelr metastate error derivative equatlions are identical

as shown In the next sectlon.
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3.4 Error Equations

The metasystem representatlon for algorithm 4 is the same
as for the algorithms 1in Chapter 2. Therefore, the
metastate error equaticon for algorithm 4 is obtained from

the results of section 2.8 as shown below:

e (t) = Ae (t) - Bz(t) - F.(t) {3.23)
x Cc X 1

where A = A-BK C {3.24)
[ e

Then, we show that the metastate error derivative equation
for algorithms 4 and 5 are in the same form by inserting
the metasystem dynamlcs of algorithm 5, Egq.(3.21), into
the the metastate error derivative equation, Eq.{(2.46) to

obtaln

. [ .
e (t}) = x (t)-x(t)
x

= (L) - Ax{t) - BK(t)r(t) - Ae (L) - d, {(t)
0 x i
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=% (t)+Ae (t)=Ax (t)-Bz(t)-BRr(t)-A.e (t)—d, (t)
X 0 'x i

.. » - .

—x (t)+Ae (t)-Ax (t)-Bz(t)-BK [Ce (t)-Cx.(t)-d. (t)]
X e X 0 0

-B[Kxxm(t)+Kuum(t}]-Aoex(t)—dl(t)

~ L ] L ]
[A-A -BK Cle (t)-Bz(t)+x {(t)-Ax (t}
0 e X

~ - ~ -~
+BK [Cx_(t)+d_ (t)}}~BlK x (t)+X u (t)]-d,(t)
e 0 9] x'm um i

= A e (t) - Bz(t) - F_(t) (3.25)
C X 1
where
AC = A—AO—BKeC (3.26)
Remark 3.2:

The metastate error derlvative equations for algorithms 4
and 5, as well as for the algorithms 1in Chapter 2, are

identical, and can be expressed by
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e (t) = Ae (t) - Bz(t) - F_(t) (3.27)
X C X 1

where the form of the matrices AC and B are different for
each algorithm as shown in Appendix A. The vector Fl(tl is
defined by Eq.{2.57), and is bounded as stated in Remark
2.3. Therefore, the stability proof for algerithms 4 and 5

will be the same as in section 2.10.
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3.5 Stabllity Analysis

Theorem 3.1:

Consider algorlithm 4 or 5 with a controllable and
observable LTl plant. Further, suppose that there exlsts a
real symmetric positive definlte matrix P and real

matrices J, L, W, Ee, and R. (R+R1)>0 such that

P(A—BEGC) + (A—BEeC)TP = -lLT-R < 0 (3.28)
PB = CT(Q' + EZGT) - LW (3.29)
Wi = J + J7 (3.30)
J o+ JT + G + GT <0 (3.31})

where the matrices T and T are positive definite symmetric
and positive seml-definlte symmetric, respectively. Then,
all states, galns and errors In the adaptive system are

bounded.



155

Remark 3.3:

Consider the quadratic functlon which 1s positive
definite in the state varlables of the adaptive system,
ex(t] and Kl[t}, as shown in Eq.(2.80). We see that the
metasystem error ex(t). the error derivative éx(t} and the
adaptive gailn KI(t] for either algorithm 4 or 5 are in the
same form as in Chapter 2. Therefore, the Lyapunov
derivative for algorithms 4 and 5 will be identical with
the Lyapunov derivative for the algorithms in Chapter 2.

Thus, the stabllity proof 15 the same as in theorem 2.1.

Remark 3.4:
The first three sufficient conditions, given by FEgs. (3.28]

- (3.30), are equivalent to requiring that Lhe transfer

matrix given by

His) = J + (Q+GieJC{sl—A+BEeC)'1B (3.32)

is strictly positive real (SPR}.



156

Lemma 3.1:

The sufficient conditions, Eqs.(3.31} and (3.32), can be
satisfled by algorlithm 4 for any controllabkle and

observable plant.

Proof:

If the plant is controllable and observable then there
exlsts a compensator, denoted by the quadruple
{AC,BC,CC,DC). which stablllizes the plant. Thus the

composlite plant/compensator system is represented by

A - (3.33)

where A is a stability matrix. Next, we ocbserve from
comp
Eqs.(3.12) and (3.13) that the composite system for

algorlithm 4 1s given by
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A, = A-BK C = . (3.34)

which ls required to be a stabllity matrix for some gain
Ke. Thus, by comparing Eqs.(3.33) and (3.34) we cobserve

that the choice

AL = -A_ (3.35)
éfl = -B_ (3.36}
Ef = -C_ (3.37)
ﬁrl = -D_ (3.38)

will results in A4 being a stabillity matrix.

(3.39)

Thus K
e

[vohy
i
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Now we need to show that the conditions in Eq.{3.31) and
(3.32) can be satisfled. Let G=~711, J=721, where 11>72
are positive scalars. Let Q=71Ee so that Eq.(3.32) reduces

T

to J>0, and Eq.(3.31) becomes J+J +G+GT=21 -2y, 1<0.

2 1
Hence, there exist Q. G, iEe, and J whlich satisfy the

sufficient conditlons for a bounded error.

Lemma 3.2:

The sufflicient conditions, Eqs.{(3.31) and (3.32)}, can be
satisfied by algorithm 5 for any controlliable and
observable plant.

Proof:

If the plant is contrellable and observable then there
exists a compensator, denoted by the quadruple
(AC.BC,CC,DC). which stabllizes the plant. Thus the

composlte plant/compensator system ls represented by

= (3.40)
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where Aco Is a stability matrix. Next, we observe from

mp

Egs. (3.21) and (3.22) that the composite

algorithm 5 is glven by

system for

{3.41)

which 1s requlired to be a stabllity matrix for some gain

Ee' Thus, by comparing Egs.(3.40) and (3.41)

that the cholce

f c
ﬁfl B _Bc
C, = -C_
D = -D_
K =[B., A l=1-B, -A_ ]

we observe

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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will result In AS being a stabllity matrix. We note that

Kf is not required to be a stabllity matrix, and the

dimension of Ke in Eq.(3.46) s different with that in

Eq,(3.39) because the dimension of B in Eq.(3.27) Iis

different in algorlthm 4 and S.

Next, we need to show that Eqs.(3.31) and (3.32) can be

satlisfled. Let G=—711. J=y.,1, where 71<72 are posltive

L)
scalars. Let Q=71Ee so that Eq.(3.32) reduces to J>0, and

Eq.(3.31} becomes J+JT+G+GT=2721—2721<0. Hence, there

exist Q, G, ie. and J which satisfy the sufficient

conditions for a bounded error.
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3.6 Asymptotic Output Tracking

In section 2.11, we showed that the plant output will
track the model output asymptotically by inserting
supplementary dynamics elther in parallel or In cascade
with the plant. In this sectlion, we show that asymptotic
output tracking can be achleved for algorithm 5 by
inserting supplementary dynamics with adaptive parameters
into an output feedback lcoop which is inside the adaptive

controller.

We extend Broussard's (4] command generator tracker (CGT)

for model following contrel of known plants to the

metasystem described by Egs.(3.21) and {3.22) by defining
[ 3 » »

x (t), ¥y (t), and u (t) as the ideal state, ideal output,

and ideal input, respectively as In section 2.11 such that

in the ldeal situation we have

.. - .
x (t) = Ax {t) + Bu (t) (3.47)

and
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] &
t) = C (t) = (t) 3.48
yp( ) pxp Y { )

We note that Eqs. (3.47) and (3.48) are in the same form as
the Eqgs.(2.104) and (2.105) discussed in Chapter 2
although Eq.{3.21) 1is different from Eq.({(2.27). Thus,
there exist ideal trajectories in the form of Eq.(2.106)
provided that u, is constant and Egq.(2.116) has solutions
for Sl' 52. 831' and 532.

We extend Corcllary 2.1 and propose a new coerollary as

fol lows

Corollary 3.1:

Algorlithm 5 will yleld an asymptotically vanishing output
error by choosling Qf=0 1f the conditlions of Theorem 3.1
are satisfled and if (1) u is constant for tzt,, (11) no

disturbances exist and ¢ = 0. (1iil} a solution exists for

the matrices Sl' 52, 831’ and 532 in Eq.(2.116).



Proof :

The proof of Corollary 3.1 is similar to the proof of
Corcllary 2.1 by showing that Fl{t)=0 and Fz(t)+0 as tw.
However, from Remark 3.3, we know that the Lyapunov
derivative in algorithm 5 is the same as in Eq.{(2.122),

with Fltt) and Fz(t) as shown below:

e . ~ L ~ -
F,(t)=—x (t)+Ax (t)-BK Cx_+Bl[ K x (t)+K u ]
1 e 0 X m um

» -~ * ~ ~
= -Bu (t) - BK xf(t) + BIK x (t)+K u )
x'm um

f
= -B[SSlxm(t)+532um] - BKf{SZIXm(t]+522um]
+BIK x (t) + K u )
Xxm um

= -BI(K -S..-K.S.,)x [t)+(K -5
X 217" m u

317K —Kfsz Jum] {3.49)

32 2

and
—~ L ~ ~
F2(tJ = (Q+GKe)Cx0(t) - Glexm(t]+Kuuml

~ - ~ ~
= [Qf+GKf]xf(t) - Glexm{t} + Kuum]
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(Qf+GKf)[521xm[t1+522um{t)] - Glexm(t)+Kuuml

[(Qf+GKf1521-GKx]xm(t)+[(Qf+GKf1522—GKu]um

[QfSZ]*G(Kfszl—Kx]]xm(t]*[Qf522+G{Kf822—Ku}]um

{3.50)

Then, we use the sufficlent condition In Corellary 3.1,

Qf:O. to obtain

Fz(t} = G(Kf521-Kx)xm{t) + h[KfSZZ—Ku}um

I

S3l)xm[t)+G(Kf522_Ku+S32_S32]um

n

G{Kf521-Kx—S31+

G[S31xm(t)+532um] + G[KX—K 521—S3l)xm(t}

f

tGIK K Son=Sq, uy

L — el Lot o~
Gu (t} + G(KX—Kf521-831)xm{t) + G(Ku—Kf822~S32]um

Further, from Eq.(3.19), we have
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e (t)
YP

—xf(t}

xf[t] [ BfI(t} Af(t) sz(t) Bfg(t) )

x ()
m

u {(t)
m -4

Kit)r(t) = u(t)

.. »
Thus, xf(t)=u (t} which ylelds

] ~ —~ - ~
F_(t) = Gx_(t) + GIK -K_.S__-S_.)x (t) + G(K -K._.S
f X 1 " m u

£°21 >3 322759,y

= GSlem(t]+G(Kx“K =3 -Sallxm(t}+G(Ku-K S,,-S }um

f 21 722 V32
{3.51)
Finally, we choose
Kx = Kr521+531 {3.52)
K =K.S,,+S (3.53)

to obtatn F (t)=0 and F,(t)=GS im(t) which will vanish

21
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asymptotlcally because u_ls a constant for tzt, and the
m 1

reference model Is asymptotically stable,

Hence, Eq.(2.122) becomes

vie k1) = —el(t)Re (t)-(LTe (t)-Wz(t)1T(LTe (t)-Wz(t)]
x b4 X b4 x

T

vz (s +2G)z(t)-2vT(t)v(tJrT(t)Tr(t)+zzT(t}G321§m(t)

{3.54)

Note that Eq.(3.54) is in the same form as FEq.(2.132)
where the last term vanishes asymptotically. Therefore,
the remalnder of the proof of asymptotic output tracking

is the same as in section 2.11.

Now we show that the conditions for a bounded output
tracking error, Eg.(3.31) and (3.32), and for an
asymptotically vanishing output tracking error, Qf=0. can
be satlsflied slmultaneously.

Lemma 3.3:

[et the adaptive controller be algorlthm 5 and let the
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plant belong to the class described by corollary 3.1 with
the additional restriction that AC=O. Then, the sufficlent
conditions for asymptotically wvanlshing error can be

satisflied 1If we choose G<0 and Qp = GBC

Proof:

Let Af, Bfl' Cf, Df be chosen as 1ln Lemma 3.2, and let

Q.=0 as in Corollary 3.1. Then, we choose G<0Q and Qp = GBF

f
to obtalin

Q+ GK = [ Qp. Qe 1 +GlL B, ALl
= [ Qp+GB“, Qp+GA, |
= [ GB_*GB_,, —GA ]

t

[ GB -GB , -GA ]
C C c

= 0 (3.55)

Therefore, the sufficient condition in Eq.(3.32) becomes
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J+(Q+G§e)C(sI—A+BieC)_lB = ] is SPR {3.56)

Further, we let J=-y G with 0<74<1.such that

q

J = —-IQG > 0 {(3.57)
J o+ JT+ G + GT = (~3qu+G} + (—34G+G)T

= (1-7)(G + )T <o (3.58)

Therefore, the sufficlent condltions for a bounded error
given by Egs.(3.31) and (3.32) and the sufficlent
conditlons for an asymptotically wvanishing error, Qr=0.

are satlsfled.
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3.7 Summary of Constraints and Design Rules

Algorithm 4: (Bounded Tracking Error)

Constralnts:

(1) {A ,B ) controllable; (A ,C ) observable
p'p p'p

(11) Q + GKe =0

T

(21i) J + J +G+GT<0

Design Method:

— D C\
(1) Choose Ke = - ¢ <
c

(ii1) Choose G<O

(111) Choose Q = —Gie

{3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)



Algorithm 5: (Bounded Tracking Error)
Constraints:

(1) (Ap,Bp) controllable; (Ap.Cp) cbservable
(i) @ + cK_ =0

(111) J + JT + G+ GT < 0

Design Method:

(1) Choose G < O

(11) Choose K = [-B ,-A )
e c c
{1i1) choose C_ = -C
f c
(iv} choose D_ = -D
f c

(v) Choose Q = —Gie

(3.65)

(3.66)

(3.67)

{3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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Algorithm 5: (Asymptotlc Tracking Error)

Constraints:
(i) (A_,B_ ) contrecllable; (A ,C ) observable (3.73)
P P p P

(ii) AC =0 {(3.74)

(111) Q+Gﬁe=o (3.75)

(iv) J + JT + G o+ GT < 0 {1.76)

Deslgn Method:

(1) choose C. = -C {3.77)
f c

(11) choose D_ = -D (3.78)

f c
(111) Choose G < O (3.79)

{(v) Choose Qp=GBC; Qf=0 {3.80)
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3.8 Examples

Example 1:

(Rohrs’ Example using Algorithm 5)

Rohrs' example is glven by FEq.(2.197) with the reference
model given by Eq.(2.198). Suppose we Kknow that a

stabilizing PI compensator ls described by

-(10s+35)
Gcls] = {(3.81)

The compensator described by Eq.{(3.81}) has a state space

realization gilven by AC=O. Bc=10' C =-3.5, and DC=_10_

Using Eqs. (3.77}-(3.80) we choose

C. = -C =35 (3.82)

D. =-D =10 (3.83}

G=-1<20 (3.84)



= (3 = =10}
Qp (HC 10; Q

1l
o

(3.85)

The matrices T and T are chosen to be T=T=51. An
asymptotically vanishlng output tracking error is shown in
Figure 3.3 for a square wave reference command of
magnitude 0.3 units and perled of 20 seconds. The adaptive
pains H“{t) and Af[t} are shown in Figures 3.4 and 3.5,
respectively. We observe that the gains become momentarily
large at t=0 and t=10 seconds in order to force the error

to zero when the reference command is Initially appliied

and when the reference command changes sign.

0. 4 T Rohrs IYD ¥ .
e mode | ]
0.3r1 i ] — plant
[
0.2 L —
1
1
0.1 m
0 —
-0.1F m
-0.2r —
-0.3r
-0.4 1 : 1
0 5 10 15 20
t ime (sec)

Figure 3.3 Rohrs’ Example:
Plant and Model Output (Algorithm 5)



Rohrg Bfi

——

1 i 1

5 10 15 20
time (sec)

Figure 3.4 KRohrs' Example:

Adaptive Gain Bi'l {(Alpgorithm 5)

Rohrg Af

1 L 1

5 10 15 20
time (sec)

Figure 3.5 Rohrs' Example:
Adaptive Gain Af {Algorithm 5)
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Example 2:

(Unstable Plant using Algorithm §)

Conslder the unstable single-input single-output plant
with transfer functlon given by Eq.{(2.208). The output of
the plant 1s required to follow the output of the
reference model whose transfer function s given by

Fq.(2.198).
Suppose we know that a stablilzing Pl compensator is

described by

-{3s+6)
GC(S] = (3.86)

The compensator described by Eq.(3.8B6) has a state space

realization glven by A =0, B =3, C =-2, and D =-3. Using
c c C c

Eqs. (3.77)-{3.80) we choose

c.=-C =2 (3.87)

. =-D =3 (3.88)



G=-1<0 {3.89)

Q =GB = -3, Q. =0 (3.90)

The matrices T and T are chosen to be T=T=51. The outputs
are shown 1in Figure 3.6 for a square wave reference
command of magnitude 0.3 units and period of 40 seconds.
We observe that the error 1is driven to zero in
approximately 2 seconds albeit with a maximum overshoot of

near 30 percent. The adaptive gains B__(t) and Af[t) are

f1
shown In figures 3.7 and 3.8, respectively. We observe
that the gains become momentarily large at t=0 and t=20
seconds 1In order to force the error to zero when the

reference command 1s initially applied and when the

reference command changes sign.



4 : unstablg YM yp

T
WA ——oo—y - —— mode |l
o - plant
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.4+ _
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Figure 3.6 Unstable Plant:
Plant and Model QOutput (Algorithm S)
0 . unstabge bfi
‘-
A =
2 ~
.3 . —
4+ -
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Figure 3.7 Unstable Plant:
Adaptive Galn Bfl (Algorithm 5)
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Example 3:

(F-8 Lateral Dynamics using Algorithm 4)

Consider the F-8 lateral dynamics with the plant described
by Fq.(2.218) with the reference model described by
Fq.(2.219). Suppose we know that a stabilizing compensator

s described by the quadruple (AC.BC.CC.DC) where

-10 0
A= (3.91)
0 -10
-1 0
B_= (3.92)
0 -1
1000 0
C.= (3.93)
0 10
-50, 000 0
D_= (3.94)
0 20,000

We choose algorlithm 4 for this example which uses feedback
supplementary dynamlcs and yields a bounded error. Using

Egqs. (3.62}-(3.64) we choose
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-50, 000 0 1000 0
g o= - 0 20,000 0 10
e
-1 0 -10 0
| 0 -1 0 -10 )
{3.95)
G = -0.001 <0 (3.96)
[ 50 0 -1 0 ]
q = -Gﬁe . 0 -20 0 -0.01
-0.001 0 0.0t 0
| 0 ~-0.001 0 0.01 |
(3.97)

Then, we choose T=0.051 and T=0.11 and choose u dlp[t]'
dop(t). and ¢ tc be the same as Iin example 3 of section
2.13.

The time responses for the plant and model outputs are
shown in Figures 3.9 and 3.10. We observe that the plant
roll rate, Figure 3.9, differs from the model roll rate at

the Initial time but this error is reduced quickly and
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vanishes at t = 0.03 sec. Then, the roll rate response
exhlblits excellent model following with virtually no
steady state error. The plant yaw rate, Figure 3.10,
starts with a large inltlal error and exhlblits good model
following with a small steady state error. This model
following is obtained in the presence of both input and

output disturbances.



—————— morde ]
plant

time (sec)

Figure 3.9 F-8: P'lant and Model Roll Rate (Algorithm 4)

1.57 ;- f8 ypg yme |

————— mode ] 1
-—-— plant

0 0.5 1
time (sec)

Figure 3.10 F-8: Plant and Model Yaw Rate (Algorithm 4}
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4. ALGORITHM FOR NON-LINEAR PLANTS

4.1 Introduction

In the previous chapters, we have discussed the command
generator tracker approach te model reference adaptive
control under the assumptlon that the plant 1s linear and
time JInvariant. However, a plant represented by linear
dynamics is to some extent a mathematical abstraction that
can never be encountered {n the real world. It may be sald
that no physical system is completely linear since there
are always some limits such as mechanlical stops and some
unexpected phenomena such as saturation or dead-zones
which are Inherent in the plant. When the effect of the
nonlinearity is very small, linear methods of analysis can
be appllied to give an approximate answer which is adequate
for englneering purposes. Otherwise, a nonlinear
representation will be essentlal for an adequate

description of the plant.

The use of the command generator tracker approach to model
reference adaptive control for nonlinear plants has been
studied by other researchers. However, some assumptlons,
such as the boundedness of the nonlinear functlons [10],
the wvirtual linearizatton of the nonlinearity {11], and

full access to the plant states [12]), must be used in
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order to prove stablility.

To overcome this problem, we present an algerithm, without
the assumptions which are required in references 10, 11,
and 12, for plants with non-autonomous nonlinearitles of
known form, but with unknown parameters. We show that the
output tracking error will wvanish asymptotically if the
Iinear part of the plant is ASPR. Two examples are
discussed which include a pendulum osclllator and a shlp

autopilot.
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4.2 Problem Formulation

Let the nonlinear plant be described by

% (t)=A x (t)+A 7(C x ,u .t)+B u (t)+E 4. (t) (4.1)
P PP ¥ PP P PP p ip

y (t) = Cx {t} +d__(t) (4.2)
p PP op

n is the plant state which 1Is not

where xp(t]e R
accesslble, up(t)e R" is the plant input, yp[t}e R" is the
plant output, r{Cpxp,up,t)e Rr is a nonlinear function of
known form, dip(t}e R™ and dop(t)e R2 are bounded unknown

disturbances. The matrices A, B, A, C and E are
p P ¥ p p

unknown with appropriate dimensions.

We deslre that the plant output tracks a desired
trajectory which 1s generated by a linear time Iinvariant

reference model which 1s shown below:

x (t) = Ax {t) + Bu (t) (4.3)
m mm m m

y (t) = C x (1) (4.4)
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n m

where x {t)e R m’ y (t)e Rm, and u {(t)e R m
m m m

We choose a control law, which i{ncludes the nonlinear

slgnal, as follows

u (t) = K (tle (t) + K (t)yp(C x ,u ,t) + K (t)x (t)
p pe Yp Py PP P PX n

+K  (t)u (t) {(4.5)
pu m
or uf{t) = K(t)r(t)
where
Ki{t) = [ K (t), K (t), X ({t}, K (t) ] (4.6)
pe Py pX pu
( e {t} 1
yp
and where rit) = y(C x ,u ,t)
PP P
x (t)
m
| um(t)
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The adaptive galn K(t) is computed as follows:

kit) = kP (0 + kN (4.7)
kP(t) = vit)r ()T (4.8)
1ty = ([ virrtt)-eklct)e 1T (4.9)

with the initial integral gain set to

ko) = 1 k! (0, k! (0), x! (o), k! (0) 1 (4.10)
pe Py px pu

and where ¢ is a posltive scalar, T and T are positive
definite and positive seml-deflinite, respectively, and

where the slignal v(t) ls chosen as

vit) = e (t) (4.11)
YP
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4.3 Error Equations

We extend Bar-Kana's[5] fictitious target system to
nenlinear plants of the form described by Eqs.(4.1) and
(4.2). The nonllinear fictltious target system is assumed

to have the form shown below:

. . » » . = " .
X (t)=A x (t)+A 3(C x ,u ,t}+B u (t) (4.12)
P P p ¥ PP P PP

L -
(t) = Cx (t) =y (t (4.13)
p p’p Yp!t)

Note that although Eq.{(4.12) is assumed to be of the same
order as Eq.(4.1), these two systems may be entirely
different and 1t 1s only assumed that thelr measurement

matrices are identical.

To check that the fictitious target trajectories discussed
in section 2.3 will be valid for the nonlinear plant, we

assume that

»
x (t) =5, % (t) (4.14)
p IT'm
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Thus,
() "t (t) (4.15)
t) = C.x (t) = C.S. % (t 4.15
b PP P 117m
If rank[C )=rank[C_:iC ], (4.16)
p pim

then Eq.(4.15) has a sclutlon for S11

and

-
yp(t) = ym(t} (4.17)

Next, we define the state and output errors as shown

below:
*»
e (t) = x (t}) — x (t}) (4.18)
Xp P P
t) = (t) - t 4.19)
eyp( ) Yo yp( ) (

[ ]
t) - t
yp( ) yp( )
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The state error derivative ls given by

. . .
e (t) =x (t) - x (1)
xp P P

. #
x (t)-A x(t)-A y(C x ,u ,t)-Bu (t)-E d, (t)
P p Y pp P PP pip

. » -
x (t) + Alx (t)-%x (t}] - A x (1)
P P P PP

-A 2(C x ,u_,t) - B [XK(t)-K] - B [K t)
¥ pp P P

K e (
P pe yp
+K 2(C x ,u ,t)+K x (t)+K u (t)1-E d, (t)
¥ PP P pX m pu m p ip

(A -BE C e (t)-B z(t}+x (t)+[-A S
p p p

-B K Ix (1)
P pPpPep X p 11 "ppx m

+[-A S, -BK_ Ju (t)-fA_+B K 12(C x_,u_,t)
pl12 ppu m ¥ P 7 PP P

-Ed, (t)+B K d (t)
p ip P pe op

A e {t)-B z(t)-F, (t) (4.20)
pc Xxp p 1

where
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A=A -BK C_ 1s a stability matrix
pc P P pe p

z(t) = IK(t)-Kir{t)

and

.. ~
Fl[t]=hxp{t)+[ApSI1+Bprx]xm(t}+E d

(L)-BK d (t)
p ip

p pe op

+[A S, +BK Ju (t)+[A +B K C x .u ,t
(8,8, 5,*B R Ju (1) 1A 4B K 17(Cx v, t)

(4.21)
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4.4 Stability Analysis
Theorem 4.1:

Conslder a nonllinear plant represented by Egs.(4.1) and
(4.2). Suppose rank[Bpl=rank[BpﬁAwl and suppose there
exists a real symmetric positive definite matrix P and

real matrices l. and ie such that

P(A-BK_C) + tA—BEecyTP - -LL'< 0 (4.22)

pB = C (4.23)

where the matrices T and T are positive definlte symmetric
and positlve seml-definlte symmetric, respectively. Then,
all states, galns and errors in the adaptive system are

bounded.
Remark 4.1:
The sufficient conditions, given by Egs.(4.22) and (4.23),

are equivalent to requiring that the linear part of the

plant 1s almost strictly positive real.
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Remark 4.2:

If rank[Bp]=rank[Bp;A?]. then there exlists an S? such that

A +B S =0. (4.24)
¥ P 7Y

Remark 4.3:

The stablllity is analyzed using a lyapunov approach by
forming a quadratic function which is positive definite in
the state wvarlables of the adaptive system, exp{tJ and
KI{t) as In Eq.(2.80). The Lyapunov derivative can be
obtalned from Appendix B. However, the metasystem
representation is no longer needed for thls nonlinear case
because supplementary dynamics are not used. Thus, we

define e (t)=e_(t), e [(t)=e (t), and choosing A =A
x Xxp v YpP c

b pC
B=B , Q=I, W=0, G=0, R=0 and J=0. If the sufficient
conditions, Eqs.(4.22) and (4.23), are satlsfled, then the

derivative of the Lyapunov function in Eq.(2.81} becomes

v ! el (ULLTe () - 2v (vt r (O)TriL)
xXp xp

<
1]

~
H

2atrt (K -Kwik -6 - 20tr (ko -Rowk T
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—2el (L)PF. (1)-22  ()F.(t) (4.25)
Xp 1 2

where

-« —~
F,lt)=-x_ (t)+[A S, +B K Ix (t)+E d
1 P P11l "'ppx' 'm

(t)-B K _d (t)
plp

P pe op

+[A S, +B K Ju (t}+[A +B K I¥(C x ,u ,t)
p 12 ppum ¥ P7Y PP P
(4.26)

and

Fo(t) =d_(t) (4.27)
2 p

Let K7=87 and substitute Eqs.{4.14) and (4.24) into

{4.26)to obtain

F. (t)=-S,.x (t}+[A S, +B K Ix (t)+E d
1 11'm pll "ppx' 'm

(t)-BK d (t)
p ip

1 p pe op

+{A S, *BK_ Ju (t}+{a +B S J13(C x ,u_,t)
pl2 ppu m ¥ Py PP P

=-S5, . x (t)+[A S, +B K Ix (t)+E d
m pill 'ppx' ' m p

i1 p(t)—B K_d_ (t}

1 p pe op

+|ApS 4B K lu (t) (4.28)

12 ppu m



195

which 1is bounded since d, (t), d (t) and wu (t) are
ip op m

bounded, and K R ﬁ , and K are constant.
pe px pu

We observe that there exist some positive constants

o LN a6 such that

. I 2 o~ 2 2 2
V[exp'K ) = —aluexp(t]" - aZHK(t)-K" - a3"v(t)ﬂ Ir(t)]

v ogle () + og | (KLY -KIr(t}] + e ff(K(t)-K]|

(4.29)

[, or "K(t)—ﬁ“ increase beyond

If either Je_ (t)|, |[r(t)
Xp
some bound, then the negative quadratic terms in Eq.(4.29)
willl become dominant, and thus V becomes negative. The
I

guadratlic form of the Lyapunov function V{exp.K )} then

guarantees that e (t), KI(t) and e (t) are bounded.
xp Yp
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4.5 Asymptotic Output Tracking for Known Plants

To show asymptotlc model following of the adaptive
algorithm we extend Broussard’s [4] command generator
tracker to the nonlinear plant by using the ideal state
x;(t), ideal 1input u;(t). and ldeal output y;{t}. In the
ideal sltuation, yp(t)=y;{t]=ym(t). and the ideal! plant

satisfies the following dynamics.

o » " = »
x (t) = A x (t)+A y(C x_,u_,t) + B u (t) fa 30)
p PP PP P pp

]

-
C x (t) (4.31)
p

t
yplt) = Gy

»n [ ] *
where xp(t), yp(t}, and up{t) are ldeal trajectories which
are different from the fictitious target trajectories used

in section 4.3.

Next, we constrain the reference model command to be a
constant and assume that the form of the ldeal state and

ideal input is as follows:

x.(t} = S x (t) + 8 (4.32)
P 1"m

2um



197

» L ]
u {(t] =S y(C x ,u ,t} + S % (t] + S_._u (4.33)
P ¥ PP P 31'm m

1 32

We substitute Egs. (4.32) and (4.33) into Egs.(4.30) and

{4.31) to obtaln

xp(t) = Ap[Slxm(t)*S um] + Bp[531xm{t]+532um]

2
- L]
+(A +B S )yI(C x ,u .t} (4.34)
T P ¥ pp P
»
yp(t) = Cp[Slxm(t}+82um] (4.35)

Using rank{Bp]=rank{BpfA7] and comblning Eqs.(4.34) and

{(4.35) we obtaln

= (4.36}

Eq.(4.36) is the same equation as in the llnear time
invariant case which was dlscussed in Chapter 2. Thus,

from section 2.11, we have



198

S A S.B A B 5 S
Im Am [ ] P p ! 2 (4.37)
c o c, © Sy Say
and
St S 2 B2 || 5ifa SiBy
S31 Sy 0y 8By Con 0
where
Q Q A B 1!
11 12
Q,, Q,, c .01 o

Broussard [4] has shown that an equation of the type given

by Eq.(2.118) has a solutlon for Sl' 52' 531.

(1) u is a constant, (11) dlm[yp(t)]=d1m[up(t]!, and

and 832 if

(111} no eigenvalue of is equal to the inverse of an

11

eigenvalue of Am.

If the plant were known, we could choose a control signal

as follows:
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u(t) =K e (t)+K 7(C x ,u ,t)+K x (t)+K u
p P Py PP P px m pu m

pe Yy
{4.38)

where K K_, K , and K are constant galn matrices.
pe pu

To 1llustrate that Eg.(4.37) is sufficient to yield the
perfect output tracking with the control signal Iin

Eq. (4.38), we rewrite Eq.(4.37) as follow

5,,B - AS - B S = 0 (4.40)
C S =C (4.41)

CS = 0 (4.42)

Under the assumption that d p(t}=0 and dop{t]=0, the state

i

error derlivatlive equation wlll be

v. - -
x (t)-x (t}=5 . x (t)-A x(t)-A 7{C x ,u ,t)-B u (t)
p p 117 m p T PP P PP

1

» -
=S ., [A x (t)+B_u J+A [x (t)-x_(t)}I-A x (t)
11 " mm mm PP P pp
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A y(C x ,u ,t)-B [K e (t)+K #(C x ,u .t)
Y PP P P Pe Yyp v PP P
+K x (t)+K u ]
pxm pum

—~ » ~
=(A -BK C J[x (t)-x (t)]+[S., A -AS .-BK Ix (t)
P ppep P P 11"m p711 "ppx m

+{sllsm-A S

-BK Ju-[A +B K ]y(C x ,u_,t)}
P12 ppu m 7 py 7 PP P

(4.43)

~ ~

F X =— P ==L .
or a known plant, we choose Kp7 S?, pr 521’ Kpu q22
Substitute Egs.(4.24), (4.39), and {4.40) into Eq.(4.43)

to obtain

a® . ~ »
x (t)-x (t}=(A -B K C Jix {t)-= (t]] (4.44)
P P P PPEP P P

where K is chosen such that A -BK C_ is a stability
pe P P pPePp
matrlx. Therefore, the output tracklng error will

vanlsh asymptotically. That lIs

- »
t)- t) = L}- t}) =C t)-x (t) 0 [(4.45)
ym{ ) yp( ) yp[ } yp( ) p[xp( ) xp ] —
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4.6 Asymptotic Output Tracking for Unknown Plants

In the adaptive control problem, the plant iIs unknown or
poorly known. Therefore, an adaptive control stgnal
described by Eq.{4.5) 1s used. An asymptotically vanishing
output tracking error will be obtained for the nonlinear
plant described by Egs.(4.1) and (4.2) if the conditions

In the followlng corollary are satisfled.

Corollary 4.1:

Adaptive control algorithm 6 for the class of nonlinear
plants described by Eqs.(4.1]) and (4.2) will vyield an
asymptotlcally vanlshing output error if the conditions of

Theorem 4.1 are satisfled and If (1) u is constant for t

= t1 , (ii) no disturbances exlst and o=0, and (iii) a
solution exlsts for the matrices Sl' 52' 831, and 532 in
Eq.(4.37).

Proof:

i
l.yapunov function, Eq.(4.25), will become

If d p(t)=0. dop(t)=0. and =0, then the derivative of the
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Ve k1 = el ()LTe (1) - 2vTtvi e () Tr (L)
xp xp Xp
T
-2e. (t)PF (4.46)
Xp 1
where
o _—
Fl(t]=—x (t)+1A S_,.+B K Ix (t}
p p 11 "ppx m
+[A S, +B K Ju {(t)+[A +B K )y(C x ,u ,t) (4.47)
pl12 'ppu m ¥ p 7 PR P
= —Sllxm(t)+[ApSIl+Bprx]xm(t)+[ApSlz+Bpru]um

+[A +B K 1¥(C x_,u_,t)
¥ pPY PP P
=—Sll[Amxm(t)+Bmum(t}]+lAp511+Bprx]xm(t}

+[A S

15*B K lu {(t)+[Aa +B K 1y(C x ,u
P ppu m Y P ¥ pp P

=lAS 1B K51 12 Bo¥ou 51

+{A +B K ]9(C x_,u_,t)
T P 7Y PP P

1

let Kz= ¥ px=521' and Kpu=522' we obtain

)

Alx (t)+[A S, +B K -S,.B Ju (t)
m m p mom

(4.48)
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Fl(tJ = [Aps +Bp521—sllAm]xm(tl+[ApSlz+BS - Bm]um(t)

1 p 22 11

+[A 4B S ]¥(C x ,u ,t) (4.49)
¥ pPY PP P

Finally, using Egs.(4.24}, (4.39) and (4.40), we obtain

Fl(t)=0. and

Ve k1) = el (tLTe (t)-2v (v e T (O Tr (L)
xXp xp

(4.50)
which 1is negative definite Iin exp(t) and v(t). Thus,

exp(t) — 0 which implies that

(t) = y (t)-y (t)
®yp m ' Yp

C x (t)-C x (1)
m m PP

H

CS, .x (t)-C x (t)
pit'm PP

Ce (t)] 5 0O {4.51)
p xp

furthermore, the adaptive gain KI(t) is bounded because

V{exp,KI) cannot Increase beyond its initlal value.



4.7 Examples

Pendulum Oscillator: {Algorithm &)

Consider the pendulum of Filgure 4.1, which is
discussed by Ambrosino et. al.[12])]. The pendulum dynamics

are shown below:

. 2 M
f‘e(._b + Mo]fi () + ¢M, + 82(,,7b

+ Mo)sinﬂ{t):u {t)
3 d dt 2 P

(4.52)

where up(t} is the control torque, g is the gravitational
constant, f is the length of the 1link, Mb is the
distributed mass of the 1link, Mo 1s a lumped mass, and ¢
is an unknown parameter representing the viscous friction

coefficlent.

1
1
|
|
k
1
1
r—
|
1

Figure 4.1 A Pendulum Oscillator
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Letting x _(t)=8(t) and x (t]=—g§iﬁl—, the corresponding
pl pa dt
state-space equation s
) 0 1 0
x (t)= x (t)+ u (t)
P . é p , p
2 Mb 2 Mb
El5 + ) Elz M)
- 0 -
M sin x , (t)
+ b pl {4.53)
g(-z- *+ My )
M
b
[ (5 M)
(ty = [ 1 0 Jx (t) (4.54)
p P
Assuming Mb=1.2kg, £=0.1m, ¢=0.02, and HD=O, we have the
plant dynamics glven by
. §] 1 O g
x {t)= x (t)+ u (t)+ sin x , (t)
p P p pl
0 -5 250 -147
(4.55)
y {(t) =10 Ix (t) {4.56)
p p
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The linear model to be tracked is [12]

. 0 1 0
X (t)= X (t)}+ u (t) (4.57)
m m mn
-68 -16 68
y (t) = [ 10 I=x (t} (4.58)
m m

Digital simulations have been performed by choosing a
square wave reference model input with a frequency of 0.2
Hz and an ampllitude of 0.5 rad. The initial plant states

and the gain welighting matrices T and T are

[ -0.1, O] (4.59)

=
T -

jo)

I

—
[}
-
H

dlagl2, .02, 2, 2, 2 1] (4.60)

The plant and model angular displacements and velocities
are shown in Figure 4.2 and 4.3, respectively, with the
tracking error vanishing asymptotically even though only

the plant angular dlsplacement xpl(t) is accesslble.



————— mode ]
0. plant |
0. m
-0.2 ¢ -
-0.4}F -
"0.6 i 1 i i
0 et 4 6 8 10

time (sec)

Figure 4.2 Pendulum:
Plant and Model Angular Displacements (Algorithm 6)

nendqlum xng xme

time (sec)

Figure 4.3 Pendulum:
Plant and Model Angular Velocities (Algorithm &)
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Ship Autopilot:

The dynamics of the ship dlscussed by VanAmerongen and
Udink([16] are described by a third order equation as

follows

3 2 3
d alt) +Cd a(t) +K[ a(M +b—d9(t] =](up(t]

de’ dt? dt dt
(4.61)

where up{t) is the rudder angle, 8(t) is the ship heading

or course.Aiggiﬁl 1s the course angular velocity, C, K, a,

di

and b are unknown parameters related to the hydrodynamic
coefflcients and the mass of the ship. We observe that
this example cannot use Bar-Kana's approach[11] because

the nonlinear term in Eq.(4.61) 1s not bounded.

2
Letting x 1[t)=—g—9——[—t—l—-and X 2[t}=~ggiil. we obtain
p dt P dt
. -C -Kb K -Ka 3
X (t)= x {(t)+ u {t)+ x ., (t)
p P p p2
1 O 4] 0O

(4.62}

y (t) = [ 0 1 Ix (t) (4.63)
p p
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Assuming a=1.06, b=4, C=3.5, and K=0.05 we have

. : ’ 3
xp(t}— xp(t)+ up(t]+ xpz(t}
1 0 0] 0
({4.64)
y {(t) = [ 0Ot Ix (t) (4.65)
p P

Ablda{t5] controlled this plant by wusing virtual
linearization in order to track a nonlinear reference
model of the same form as In equation {4.62) except that
the parameter b ls different. However, in cur example, we
show that the output of the plant, FEq.(4.65), will
asymptotically track the output of a llnear reference

model described by

x (t)
m

Il
x
3
~
+
c
3
~

(4.66)

ym(tl [ 01 ]xm{t) (4.67)
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Since the nonlinear term In the plant dynamics does not
appear ln the reference mcdel, the model followlng problem

becomes more difficult.

Digital simulations have been performed by choosing a
square wave reference model input with an amplitude of 45°
and perlod of 20 seconds. The initial plant states are
zero and the gain welghting matrices T and T are 20001.
The plant and model angular veloclitles are shown |in
Figure 4.4 where the velocity of the ship perfectly
follows the output of a linear time invariant reference
model. In Filgure 4.3, we observe that the acceleration
tracking error vanishes asymptotically even though only
the plant velocity xpz(t) is accessible. Our simulatlions
show better model following than the results of Abidaf15]

which use virtual linearization.



0.2 —-8hip xme xp2

————— mode ]
plant

1 S | . [

0 5 10 15 20
time (sec)

{
o
[
8}

Figure 4.4 Ship Autopilot:
Flant and Model Anpular Velooitics [(Algorithm ¢)

0.03 _—Ship xml xp1
0.02 T -
0.01 -
0 ]
~-0.01 —
-0.02
-0.03
-0.04 L 4 g
0 5 10 15 20

time (sec)

Figure 4.5 Ship Autopilot:
Plant and Model Angular Accelerations (Algorithm 6)
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S. CONCLUDING REMARKS

5.1 Conclusions

This research has developed algorithms for the command
generator tracker approach to model reference adaptive
control of multi-input multi-output linear and nonlinear

plants,

Flve algorithms are presented whlch provide different
methods for contreolling a linear time invariant plant
which 1is not almost strictly positive real. Flxed
supplementary dynamics are inserted into the different
locations in the adaptive loop to form algorithms 1, 2,
and 3, and adaptive supplementary dynamics are used in
algorithms 4 and 5 where the parameters of the
supplementary dynamics are adjusted on line as part of the
adaptive computation. A metasystem representation is used
for system analysis and for the stability proof. A bounded
output tracking error is ensured, in the presence of
bounded Input and output disturbances, for all
controllable and observable plants while an asymptotlically
vanlshing output tracking error will be obtalned for
algorithm 2, 3, and S with some conditions. These

algorithms are especially significant because they do not
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need the Iimplementation of a feedforward compensator.
Therefore, the output tracking error may vanish
asymptotically. Furthermore, we provide design rules for

the supplementary dynamics.

For the plant with nonllnearlties of known form but
multiplied by unknown parameters, we propose an adaptlve
control algoerithm without full state feedback. In contrast
with previous work, nelther the boundedness assumptlon nor
the restriction on model dimension nor virtual
linearlzation is required. Boundedness o¢f all errors,
states, and gains in the adaptive loop i1s guaranteed in
the presence of plant Input and output disturbances.
Asymptotic output tracking will be achieved under some

conditions.

Examples are presented using a diglital computer simulation

to iIllustrate the theoretical results,
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5.2 Problems and Recommendations

Type of Model Input:

We have shown, 1in sectlions 2.11, 3.6, and 4.5, that
asympteotlic output tracklng may be obtalned for both
non-ASPR LTI plants and a class of nonllnear plants, if
the 1Input and output disturbances are not present.
However, the extension of Broussard’'s command generator
tracker(4] requires that the reference model input u be a
constant. A further study 1s needed to remove this
restriction so that more general types of reference model

inputs can be used.

Switching o Appreoach:

The fixed o-modification s wused to eliminate the
divergence of the |Integral galn 1In the adaptlive
computation in the presence of disturbances. But as a
trade off, the effect of integration is lost which yields
output tracking errors in steady state. To solve this
problem, a switching oc-modificatlon [17]) may be considered

such that the tracking error integration wlll be turned on
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{let o=0) when the error becomes small in order to
elliminate the steady state +tracking errors. In other
words, the scalar ¢ could be chosen as a function of the

output error as shown belowl[17].

0 : lett)] <M

o = o [|e(t)|/M -1]; M <Jelt)] < 2M
o] 1 1 1

o : le(t)] > 2M
3] 1

Cholces of the Welghting Matrices i and T:

The matrices T and T are used In the adaptive control
computation as part of the proportional and integral
gains. Theoretlcally, any matrlces T and T satisfying T20,
and T>0, will be acceptable for the stability requirement.
However, different selections of T and T provide different
model following responses, such as overshoot, rise time,
setting time, etc. Therefore, an on-line adjustment of T
and T may be helpful in improving the system behavior, and

eliminating the need to select Tand T a priori.
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Extension to a Larger Class of Nonlinear Plants:

Although algorithm 6 achieves asymptotic model following
for a class of nonlinear plants, the assumption that the
iinear part of the plant 1is ASPR wlll restrict the
application of the algorithm. We have tried to insert the
supplementary dynamlcs discussed in Chapters 2 and 3 into
the adaptive controller of algorithm 6 in order to remove
the ASPFR constraint. But, when we choose the signal vi(t)

in the adaptive control computation as

v(t}=Qeyv(t)+Gup(t]

where

u (t)}=K e (t)+K y(C x ,u ,t)+K x (t)+K u (t)
P e yv P PP P px m pu m

the nonlinear term V(Cpxp.up.t) will show wup 1in the

Lyapunov derlvative v Eq. (B8), which causes a problem in

2
the stabllity proof. Therefore, further research Is
necessary to achleve asymptotlc model following without

the ASPR constraint on the linear part of the plant.
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Furthermore, other types of nonlinear plants should be

studied.
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A: LIST OF METASTATES AND METAMATRICES

Algorithm 1

-
x_(t) X (t) .
P x (ty=| P x () =
xf(t) xf(t)

]

L ]

y (t) . y (t)
yf(t) yf(t)
» »

(t) u (t) =u (t)
p

Ed, (t) d, (t)
plp d_(t) = P

Bflym(t)—dop{t)l 0

e, (t) e (1)
P ey(t] = Yp
exf(t] eyf{t]
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i
pp pf

K(t) = [ K (t) K _(t) K_(t) ]
e px pu

K (t) ={K (t) K _(t) ]
e pe pf

khor = 1« o) ko) k! o) k! 0} 1
pe pf 93,4 pu
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e (t)
yv

r{t) = x {t}
m

u (t)
m
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Algorithm 2
"(t)
¥ (t
x'(t) = E
xr(t)
‘{
t
=[”p}
L
yf(t)

L ]
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|
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u {tl=u (t)=u_(t)
P f
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= 1 v =1
Q ( Qpp pr
K(t) = [ K (t) K __(t) K (t) ]
e px pu
K (t) = [ K_(t) K _(t}) ]
e pe pf

klo) = 1 k! (0 k' x! (o) k! o)
pe pf px pu
K=K K K 1
e px pu
K =1K K ]
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Algorithm 2 (speclal case for Bar-Kana's algorithm)

»

x_(t) . X (t) . 0
x(t) = p x (t] = E xo(t] = .
xf(t] xf(t] xf(L)
(t) "(t)
b b4
yit) = [ P ] v () = [ p ]
ye (L) yo(t)

L ] L L ]
ultl=u (t)=u_(t) u (tl=u (t)=u_(t)
p f p f

Ed1 (t) do (t)
d,(t) = P lp d_(t) = P
0 0
e (t) e (t)
ex(t] = P ey[t} = Yp
exf(t) eyf[t)

e () e (t)
e, (t) P e, () = yp
—xf(t) —yf[t}
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11
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11

1

11

=31

11

Ll

11

b =

33

44

=y

33

=y

44
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K{t) = [ K (t} K__(t} K {(t) ]
e px pu

Ke[t) { er(t) er(t} ]

kloy = 1 k! (0 k! o k' o) k! o) ]
pe p x u

e (t)
yv

rit} x (t)
m

u (t)
m
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Algorithm 3

L ]
x (t) . % (t) . )
x{t) = { P x (t)y = | P xg(t) = .
xp (1) xe (1) xo (1)
(t) (1)
y, (t . y, (t
y(t) = [ P ] y (t) = [ p J
yf(t} yr(t}
" E
ult) =uf(t) u (t) —uf{t)
Ed (t) d_ (t)
d, (1) = pip d_(t) = P
0 0
e [(t) T e (t)
e (1) = Xp e, (t) = l yp
exf(t] eyf(t)
ex (t) e (t)
e (t) = p e (1) = P
-xf(t} -yf(t)
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A 4] BDf C 4]
A = p B = P C = P

0 Af Bf 0 ["r
Q=1 Qp Qf 1 v =1
K{t) = K (t) K (t) K (t) ]

e px pu
K{t) =K (t)y K _(t) ]
e pe pf

H

-
S
]
e
~
S
~
e

k! (o)
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Algorithm 4

x (t) . x‘(t} » 0
x(ty = | P x (ty = P xy(t) = .
xf(t} xf[t) xf(t]
y (1) yo (1)
yl(t) = [ P ] y (1) = [ P
xe (1) X (1)
-»
u (t) , u {(t)
utt) = [ P w (t)y = | %
xf(t) xr(t)
E d, (t) d (t)
d (t) = pp d (t) = | ©°P
0 o 0
e (t) e (t)
ex(t) = P ey(t] = yp
e (t) e (t)

e {(t) e (t)
ev{t] = P eyv[tl = yp
—xf(t) vxf(t}
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Up  r

K(t) = [ K (t) K_(t) K (t) }
e x u

D .(t) C.(t)
K_(1) = [ f £ }
B (t) AL(t)
K () K_ ()
K (t) = P K, (t) = P
K, () Kp, (t)
I I I I
1 Df(0) Cp0) K (0) K (0)
K (Q) = I I I I
Bp(0) A;(0) Kg (0) K. (0)
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Q=10 Q| Vo=

K(D = [K () K (1) K () ]

K (L) = (B (1) A (t)); K (=B (t); K (t)=B_,(t)
K'(0) = [ B}, (0) A[ (0) B[, (0) B, ,(0)
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e (t)
yv

r(t) = X (t)
m

um(t)
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B: DERIVATION OF THE LYAPUNOV DERIVATIVE

Lyapunov Functlon Candldate:

Let V(e .KI) = V. (e ,KI)+V (e ,KI) (B1)
X 1" "% 2 x

where V, (e {t))=eT(t]Pe (t) {B2)
1 'x X X

and v, (e kD=trik (-1 -0 (B3)

and where P and T are positlive deflnite symmetric matrices
such that the Lyapunov function candidate V[ex,KI) is

positive definite.

Stability Proof

We suppress the dependence on time for convenience. Then

e
n

eTPe + e Pe {B4)
X X X X



substituting éx from Eq.(2.56) ylelds

V. = e (PA +A'Ple - z'B'Pe - e'PBz - F'Pe - e!PF
1 c c C X X x 1" "x x 1

(BS)

substitute Eq.{2.76) into Eq.(B5) to obtain

V. = -e'Re -e'lLTe - 2e'PBz - 2elPF (B6)
1 X X X x x ¥ 1

237

add and subtract —2e1LHz + zTNTHz in Eq.(B6) to obtain

Y =—eTRe —[LeT—Hz}T(LeT—Hz}+2eT[-LH—PB)Z+2THTH2~2eTPF
1 X % X X x x 1
(B7)

Next, use Eq.(B3) to obtain
Ve trikI T Mk 0T s kTN &DHT) (BS)

2



238

using ﬁl from Eq.(2.39) into Eg.{B8) to have

G2=tr[(vrT—aKIw)(KI—E)T}trI(KI—EJ{vrT~aKIw1T)] (B9)

Substitute KI =K - KP = K - vrTf intoe Eq.(B9) and use

the definition z = (K - K)r to obtaln

02 = tr[va] + tr[sz] - 2vTvrTfr - 2atrl(KI—E)W(KI-ﬁ)T]

—20tr (K =K )eK ] (B10)

substitute v = Qeyv+GKr = QCeV~QdO+GKr in Eq.(B10) to

obtain

02 = tr[(QCev—Qd0+GKr)zT] + tr[z(QCeV—Qdo+GKr)T]

—ZvTvrTfr~2¢tr[(KI—E)W(KI—E)TI—thr[(Klwﬁ)WﬁT]

=2e3CTQTz+tr[G(Kr-Er+ﬁr]le+tr[z[Kr—ir+ﬁr)TGT]—2szTz
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—ZVTvrTfr—zatrI[KI—K}W(KI—ﬁ)TKTl—ZatrI(KI—KJWKTJ
=2eICTQTz+zT(G+GT)z+22TG(EeCev—Ked0+ﬁxxm+ﬁuum)~2szTz
*ZVTvrTfr—Zatr[(KI—EJW(KI—K}TKT]-Zotr[(KI—K)WET]

T.T, . T =T.T

—2e 1T (@ eRTGT ) 2427 (GG T )2422 G(-K d +K x +K u )-2d10'2
v e e 0 X m u m 8]

vl TTr-20t r [ (K =KWk -K) TR 1 -20t r [ (K -K) 4K T}

(B11)

substitute Eq. (2.55) into Eq.(Bi11) to obtain

. . ~ ~ ~
¥V, = Z(eT-x T)CT(QT+KTGTIZ + ZT(G+GT)Z + ZZTG(K ® +K u )
2 x 0 e X'm o u m

—2zT{Q+Gﬁe)d0 - 20tr LK -B)e kT K1) - 20tr 1k KK T
—2vTvrTTr

=2eicT(QT+EzGT)z+zT(G+GT)z-szvrTfr—zatr[(KT-Eywtxl-EJTl

~ ~ ~ ~ ~ - »
—20tr [(KI-K)WK 11422  {G(R x +K u )-(Q+GR )d -(Q+GK )Cx. 1
X m um e o e 0

= Ze:CT(QT+EZGT)z+zT(G+GT}z—ZVTvrTTr—Zatr[(KT—E)W(KI—K]T]
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—2atrl(K1-i)¢KT1+2zTF2 (B12)

— ~ ~— ~ »
where P2=G[Kxxm+Kuum}-[Q+GKe}do-[Q+GKe}CxO (B13)

combine Egs. (B7) and {(B12), to obtaln

» T —~—
v = e ke -(LTe -Wz)(LYe -Wz) + 2e [-Lw-PB+Cl(QI+K G712
x x b4 x X e
+zT[HTH+G+GT}z-2vTvrrTr - 2atr[(KT-K)W(KI—E)TI

—2otri (KI-B)WRT] - 2eIPF1+2zTF2 (B14)

Flnally, substitute Eqs.{2.77) and (2.78) into Eq.(Bl14) to

abtain

Vie k') = -el(t)Re (t)-(LTe (t)-wz(t)1T(LTe ()-Wz(t)]
x x x b4

ez () L (I+ITG+G )z (L) - 2v  (tIvit)r () Trit)
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2otr (kK () -K)wk () -B) T

—Zatrl(KI(tl—E)WﬁT]~2ez{t)PFl—ZzT(t)FZ(t] (B15)
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C: THE LIMITING DERIYATIVE OF THE LYAPUNOV FUNCTION
This is an extension of LaSalle’'s Invariance Set Principle
{141, for nonautonomous differential equatlens when V(t)

is not necessarlly negative semi-definite.

Let

fix,t) (C1)

.
n

be a general nonlinear nonautonomous differential equation

and assume that

IB flx,t) dt < pui(B-a) (cz2)
o

where the function pi{t) 1s a modulus of continuity for the
integral and up(B-a) 1ls bounded for any finite interval

- (where e and B are the limits of the integral).

Let V(x} be a differentiable function, bounded from below.
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Assume that the derivative Vi(x,t) "along the trajectories"”

of Eq.(C1) is

Vix,t) = Hl(x.t) + wzlx.t) {C3})
such that
W, (x,t) sﬁltx) P (C4)

where ﬁl(x) is a continuous function of x and where
Hz(x.t) Is a continuous functlon of x and piecewlse

continucus in t satisfying

m W, (x,t} =0 (CS)
[44]

Thus V(x,t} - Ul(x,t) as t o and we call Hl(x.t) the

"limiting derlvative of the Lyapunov function.”
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Thecorem C:[14}

Under the assumptions, Egs. (C1)-(CS), all bnunded

solutions of Eq.(Cl1) approach asymptotically the set

4

Q2 ( x|w, (x) =0} (c7)

The reader is referred tc Appendix B of reference 14 for

the proof of Theorem C.1.
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