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ABSTRACT

The Command Generator Tracker Approach 

To Model Reference Adaptive Control 

of Multi-Input Multi-output Plants 

by 

Vei Su

Adviser: Professor Kenneth M. Sobel

The command generator tracker approach to model reference

adaptive control has become a very efficient method for

controlling plants with unknown or partially known

parameters. However, most of the earlier work in this area

only considers linear time invariant plants which are *
almost strictly positive real or which can be made almost 

strictly positive real through feedforward augmentation.

This dissertation presents six new adaptive algorithms for 

the control of both linear time invariant and a class of 

nonlinear multi-input multi-output plants. For linear time 

invariant plants which are not almost strictly positive 

real, we use supplementary dynamics which are inserted 

into the adaptive controller in various locations to form
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three different algorithms. Furthermore, we propose two 

additional algorithms In which the parameters of the 

supplementary dynamics are computed on-line as part of the 

adaptive mechanism.

For nonlinear plants, we propose an adaptive algorithm to 

control a plant with nonllnear1tles of known form, but 

with unknown parameters.

Design rules are described for each adaptive control 

algorithm. A stability analysis Is provided which shows 

that the output tracking error will be bounded In the 

presence of bounded Input and output disturbances, and 

asymptotic output tracking will be achieved under some 

additional conditions.
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1. INTRODUCTION

1.1 Background

Adaptive control has evolved as an attempt to implement 

high performance control systems when the plant dynamics 

are poorly known. Among numerous alternative adaptive 

control methods, the use of the technique known as model 

reference adaptive control (MRAC), developed in the later 

1950’s, seems to be a feasible approach for the 

implementation of adaptive control systems. One of the 

prime innovations of this technique is the presence of a 

reference model which specifies the desired performance. 

The objective of the adaptive algorithm In model reference 

adaptive control is to find an adaptive control law in 

order to make the plant output track the model output.

Model reference adaptive methods may be classified as 

evolving from three different strategies. First, is the 

full state access method described by Landau [1] which 

requires that the state variables are measurable. Second 

is the input-output method which originates from 

Monopoll’s augmented error signal concept [2| in which 

adaptive observers are incorporated Into the controller to 

overcome the inaccessible plant states. Third is the



command generator tracker (CGT) approach originated by 

Sobel, Kaufman, and Mabius [3], which does not require 

explicit Identification of the plant.

For more than a decade, considerable research has been 

done In the area of the command generator tracker approach 

to model reference adaptive control. However, most 

research work has concentrated on linear time Invariant 

(LT1) plants which satisfy some strictly positive real 

condition. Recently, linear-time varying (LTV) and 

nonlinear plants have been considered, but the conditions 

which the plants must satisfy are still restrictive.

In this research, several adaptive control algorithms for 

not almost strictly positive real (non-ASPR) LTI plants 

and a class of nonlinear plants are discussed. For 

non-ASPR LTI plants, we Insert supplementary dynamics into 

the adaptive controller to form five different algorithms. 

As a significant contribution, we neither require the 

supplementary dynamics to be ASPR and nonsingular nor do 

we utilize feedforward augmentation. Therefore, a large 

class of plants can be controlled and asymptotic output 

tracking becomes possible. For nonlinear plants, we extend 

the adaptive algorithm to plants with nonlinearltles of 

known form but multiplied by unknown parameters. Unlike
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previous work, we do not use either virtual linearization 

or full state feedback nor do we restrict the 

nonlinearitles to be bounded.
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1.2 Historical Review

1.2.1 Algorithms for SPR and ASPR Plants

The CGT based MRAC approach was originated by Sobel, 

Kaufman, and Mablus [3] for a linear time invariant (LTI) 

almost strictly positive real (ASPR) plant. That is. for a 

plant represented by the triple (A ,B ,C }, there exists ap p p
feedback gain K such that {A -B K C , B , C } is pe p p pe p p p
strictly positive real (SPR).

The plant described in reference 3 is as follows

x {t 
P

A x (t) 
P P

B u (t) 
P P (1 .1 )

t) = C x (t ) P P ( 1 .2 )

where x (t) e Rn , u (I) e Rm and y (t) € Rm . The plantP P P
matrices A and B are not explicitly known and only the 

P P
output of the plant is accessible.

An asymptotically stable reference model, which generates 

the desired performance, is described by (3]
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x (t) m A x  (t) + B u (t) m m  m m (1.3)

y (t) m C x (t ) m m (1.4)

n
where x (t) e R m , u (t) e Rm and y (t) € Rm . m m  m

It. Is allowable that

dim|x (t)] >> dlm[x < t ) ) p m (1.5:

The objective of the adaptive control algorithm Is to

seek, with limited knowledge of the plant, the adaptive

control law u^(t) such that the plant output y (t)

asymptotically tracks the model output y (t). When perfectm
output tracking occurs ( I.e. when e (t)=y (t)-y (t.)=0yp m p

*
and e (t)=0), the corresponding state, output, and Input 

trajectories are defined to be the ideal plant state,

Ideal plant output, and ideal plant Input, denoted by
* * *

x (t), y (t), and u (t) respectively, In other words, thep p p
Ideal trajectories will be maintained If the plant Is 

forced by the Ideal Input.



b

Mathematical Iy,

x (t) = A x (t ) + B u (t) P P P P P ( 1 .6 )

y (t) = C x  (t) - y  (t) P P P m (1.7)

However, for the linear model following problem, this 

ideal situation cannot always be obtained because it is 

not reasonable to assume that the plant output will follow 

an arbitrary model output. A simple example is that the 

type 1 plant may not be able to track a parabolic 

function. Therefore, assumptions for either the plant or 

the model will have to be made to ensure that the ideal 

plant Input exists.

Sobe1, Kaufman, and Mablus [3] adopted Broussard's [41 CGT 

assumptions which assume that the ideal trajectories are 

linear functions of the model state and model Input. 

Mathemat i ca11y ,
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x* (t ) 
P

u\t)
p

S 11 S 12 

S21 S2 2  J

x (t)' m

m
( 1 , 8 )

A solution for the S^j in Eq.(1.8) exists provided that

(1) u Is a constant, and (11) the plant and model m
satisfy the following restrictions:

S, , A S, , B " A  B S, s.„1 1 m  1 1 m - P P 11 12
C 0 C 0m P J L 21 22 J

(1.9)

When y (t) differs from y (t) at t=0, we may achieve p m
asymptotic tracking provided that a stabilizing feedback 

is included in the control law. Therefore, in steady 

state, the output error will approach zero and the plant 

will be excited by the ideal input described in Eq. (1 .8) , 

To see this, Sobel, Kaufman, and Mablus [31 defined the 

state error and output error as follows:

e ( t ) = x ( t ) - x ( t )  xp p p

e ( t ) = y ( t ) - y ( t )  yp Jp Jp

( 1 . 1 0 )

( 1 . 1 1 )
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If the plant were known, then the control law would simply 

be chosen as

u (t) = 
P

K e (t pe yp K x (t) px m K upu m 1 . 12:

where K , K and K are constant matrices, and where pe px pu
K is chosen to stabilize the plant. When the output pe
tracking error approaches zero, Kq. 11.12) becomes

u (t) 
P K x px m t) K u pu m (1.13)

Therefore, If a solution for the S in Eq.(1.8) exists,

then the gain matrices will be chosen as K =S„,, andpx 21
=S__ such that the plant will be excited by the Ideal pu 22

*
input jp{t). However, for most adaptive control problems, 

knowledge of the plant is not explicitly known. In this 

case, the explicit values of the constant gain matrices 

cannot be determined. Hence, an adaptive control law must 

be employed which Is in the form of [3]
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u (t) = K (t)e (t) +K (t)x (t )+K (t)u (1.14)p pe yp px m pu m

with the gain matrices K (t), K (t) and K (t.) beingpe px pu
adapt i ve.

Define:

K(t) = [K (t) pe K (t ) px K (t) 1 pu (1.15)

and

T T T Tr (t ) = |e (t) x(t) u ]  yp m m (1.16)

Then, the control law becomes

u (t) = K (t ) r ( t ) (1.17)P

The adaptive gains are computed as a combination of an
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Integral gain and a proportional gain as shown below [3]

K(t) = KP (t) + K*(t) (1.18)

KP (t> = v(t)rT (t)T (I.19)

K 1(t ) = v(t)rT (tIT (1.20)

v (t) = e (t ) (1.21yp

where T is a positive definite symmetric matrix and T is a 

positive semi-definite symmetric matrix.

A block diagram of the adaptive algorithm for ASPR plant 

is shown in Figure 1.1.



1

PLANT

M odel

Figure 1.1 Adaptive Control for the ASPR Plant
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In summary, the plant output will follow the reference 

model output under the assumptions that the model command 

Is a constant signal, the ideal input exists, and the

satisfaction of the sufficient conditions for stability as 

follows [31:

(1) P (A -B K C ) + (A -B K C 1TP = -LLP (1.22)p p pe p p p pe p

(2) PB = CT (1.23)P P

where P is a real symmetric positive definite matrix and [, 

is a real matrix. Eqs.(1.22) and (1.23) are equivalent to 

requiring that the transfer matrix

C (sI-A + B K C )_1B is SPR (1.24)P P P pe p p

Later, Bar-Kana and Kaufman [5] showed that the step model

command restriction is not required. Perfect output

tracking may be achieved for a general class of model

commands which are described by
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u ( t ) = E Z a . , t ^ s i n ( w it + f l t) (1.25)m l j 1 j 1 i

That Is, the model command Is generated by unknown 

dynamics of the form

v (t) m A v (t) v m

u (t) m C v (t) v m

(1 . 2.6 )

(1.27)

and satisfies the rank condition as follows:

dim[v (t)) < dim(x (t)] + dlm[u (t )] (1.28)m m in

The asymptotic stability of this adaptive algorithm is 

ensured by using Lyapunov’s second method. Although the 

ASPR requirement, f\q.(1.24), Is restrictive, this approach 

has the following advantages:

(1) A multi-input multi-output plant Is allowed
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(2) Perfect output tracking will be obtained.

(3) The adaptive mechanism Is relatively simple compared 

with other adaptive algorithms.

(4) Full state access Is not required.

(5) An adaptive observer Is not needed.

(6) Explicit knowledge of the plant is not necessary.

(7) The order of the model could be much lower than the 

order of the plant.
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1.2.2 Algorithms for Non-ASPR Plants

A modified approach, described by Sobel, Kaufman, and 

Mabius[3], extended the applicability of the CGT based 

MRAC algorithms to non-ASPR plants by redefining the 

adaptive gain computation in Eq.(1.21) as follows:

v(t)=Q [y (t)-y (t)]+G (u (t)-u (t)+K Ey (t )-y (t)]} p m  p P P  P pe rn p
1 . 29 )

where Q and G are chosen by the designer, u (t) is the 
P P P

ideal plant input which produces perfect tracking and K 

is an output feedback gain which stabilizes the plant. The 

ASPR requirement in Eq.(1,24) is modified as:

J + C (s I - A + B K  C 1 !B Is SPR (1.30)P P P pe p p

and

Q G > J P P
(1.31 )

Eqs.U.30) and (1.31) imply that asymptotic stability will
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be ensured even If the plant is not ASPR. This algorithm

has not received much attention in recent years because 
* ~

knowledge of Up(t) and K ^  in Eq.(1.29) requires knowledge

of the plant. However, It is shown In [3] that a bounded
*

error can be guaranteed if u^ (t) Is replaced by a nominal
* m

value u (t) which is an approximation to u (t).pnoin p

Bar-Kana and Kaufman [5] consider the plant with 

disturbances which Is described by

x (t) = A x (t) + B u (t) + d, (t P P P P P IP (1.32 )

y (t) = C x (t) + d (t) P P P op (1.33)

where the bounded input and output disturbances are

denoted by d, e Rn and d e Rm , respectively.J Ip op ' e

To , eir.ove the ASPR restriction on the plant, Bar-Kana and

KaufmanlSI insert feedforward dynamics G (s) in parallela
with the non-ASPR plant as shown in Figure 1.2, such that 

the augmented plant satisfies the ASPR requirement. The 

supplementary dynamics represented by G (s) are describedci
by
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x (t) = A x (t) + B u (t) (1.341

y (t) = C x (t) (1 .35)

However, a steady state output tracking error will exist 

all the time because the output tracking error contains 

the feedforward signal ft).

The control law is defined as

u (t) = K (t)e (t)+K (tlx (t)+ K (t)u (t) (1.36)p pe ypa px m pu m

where e (t)=y (t)-[y (t)+yr(t)] Is the differenceypa m Jp Jf
between the model output and the augmented plant output.



i

U,

dil lop

I
PLANT + t

: y p

' +

Kpu

am £ MODEL --- 4 c-rn
'Th

Figure 1.2 Non-ASPR Plant with Feedforward Compensation
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The adaptive gains are computed as In Eqs.(1.18)-{1,20) 

except that the Integral gain computation Is modified by 

Incorporating Eoannou’s[6] fixed cr-modl f icat ion. Without 

this modification, the integral gain in Eq.(l.ZO) may 

steadily increase and lead to practical divergence because 

of the existence of plant input and output disturbances. 

Therefore, the Integral gain is now computed by using

K ( t )  = v (t ) r (t > T - trK (t) T 1 . 37:

where the signal v(t) in both the proportional gain and

integral gain is replaced by v(t)=e (t), and where cr isypa
a positive scalar.

Since perfect output tracking is not possible for this

algorithm, Bar-Kana and Kaufman [5] define the fictitious
• *

state x (t), the fictitious output y (t) and the
P P

fictitious input u^ft). These fictitious target 

trajectories are described as follows:

x ( t ) = A x ( t ) + B u ( t )  P P P P P (l. :)8)
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y * ( t ) = C x * m = y ( t )  (1 . 39)P P P ™

It is important that the reader does not confuse the 

fictitious target trajectories described here with the 

ideal trajectories described in Eqs. (1.6)-(1.7 ) . Although 

the same notation will be used for both cases, it will be 

clear from the context which is being used.

The fictitious target trajectories do not necessarily

satisfy the plant dynamics. The fictitious dynamics 
* *

{A ,B ) are assumed to be of the same (unknown) order as P P
the plant dynamics {A^B^l but they may be entirely

different, and only the output matrix C Is Identical.
P

Furthermore, reference 5 assumes that

x*(t) = Sx (t) (1.40)p m

where S is a real constant matrix.

The existence of a solution for S in Eq.(1.40) requires

that
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rank[ C C ] = rank[ C ] (1.41)p m  p

All states, errors, and gains In the adaptive algorithm 

will bounded provided that

i) G^(s ) is known and nonsingular

ii) G _1(s) is ASPRa

ill) [ I+G (s)G (s) ) *G (s) is asymptotically stable p a  p

where G (s) is the transfer function matrix of the plant.P

Recently, Neat, Steinvorth, and Kaufman [8] modified 

Bar-Kana’s [51 algorithm by incorporating feedforward 

dynamics G (s), into the reference model as well as into 

the plant, Figure 1.3, such that the error which is 

expected to be bounded is the difference between the 

augmented plant output Zp(t) anc* * he augmented model 

output z (t). That Is,
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z tt) = y (t) + g(t)*u (t) (1.42)
P P P

z (t) = y  (t)+g(t)"{u (t )—K (t)[z (t)-z (t)]> (1.43)m m p pe m p

y (t )-y (t) = z (t)-z (t)+g(t)MK (t)[z (t)-z (t)]) m p m p pe m p
(1 .44)

where git) Is the impulse response of ^ (s) anc* 1 

notation • is the convolution operator.



M odel wi

Fig. 1.3 Non-ASPR Plant with Dual-feedforward Compensation
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Thus, It appears that if z (t) approaches z (t), thenp m
y (t) will approach y (t) In steady state. However, the p m
incorporation of into the reference model forms a

time-varying model which results In a complicated 

stability proof.

Sobel [9] presented an algorithm for non-ASPR plants

without the need for parallel feedforward by introducing

constant matrices G and Q into Eq.(1.21) to obtain
P P

v (t) == Q ep yp t> G K (t ) r I P (1.45)

where Q and G are chosen by the designer to satisfy the P P
sufficient conditions for stability.

This algorithm modified the sufficient conditions in 

Eqs,(1.30) and (1,31) to

J + (Q +G K )C (sI-A -B K C )B is SPR (1.46)p p p e p  P P Pe p p

and
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T TJ + J + G + G < 0 (1.47:

Eqs.(1.46) and (1.47) have more freedom than either

Eq.(1.24) or Eqs.(1.30) and (1.31) because of the

additional matrices Q and G . Furthermore, if the
P P

stabilizing gain K Is known, then we can choosepe
Q =-G K Then, the condition In Eq.(l,46) reduces to p p pe
J>0, which is trivially satisfied. However, only the 

boundedness of the errors, states, and gains in the 

adaptive system are ensured-
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1.2.3 Algorithms for Linear Time Varying ASPR Plants

Extension of the CGT based MRAC algorithms to linear time 

varying plants has been Investigated by Abida and Kaufman 

110). They consider the LTV plant given by

which is excited by an adaptive control signal (t} as 

described by Eqs.(1.14l- (1,21) such that the plant output 

tracks the output of a linear time invariant reference 

model described by Eqs.(1.3) and (1.4).

Ablda and Kaufman) 10] show that the plant output will 

asymptotically track the model output provided that

(1) The model command u is a constantm
(2) The dimension of the plant input is equal to the 

dimension of the plant output

(3) There exist  ̂(t). S2 1 ^ ’ anC* ^ 2 2 ^  which

satIsfy:

A (tlx (t) + B (tlu {L1 P P P P (1 .48)

y ( t) = C x (t ) 
P P P ( 1 . 49)
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S,,(t) = A (t)S.,{t)-S,,(t)A (t)+B (t)S (t) (1.50)11 p 11 11 m p 21

S,_(t) = A (US.-ttJ-S, . (t)B (t)+B (t)S (t) (1.51)12 p 12 11 m p 22

C S. ft) = C (t) (1.52)p 11 m

C S.,(t) = 0 (1.53)P 12

(4) There exists a time varying positive definite matrix 

P(t) and nonslngular matrix S such that

P (t) + P (t)[A (t )-B (t)K (t)C )+[A (t )-B (t)K C ]TP(t]<0 P p e p p  p e p
(1.54)

C=(STS)_1BT (t)P(t) (1.55)
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1,2.4 Algorithms for Non-linear Plants

Ablda and Kaufman [10] extend the MRAC technique to 

nonlinear plants by using virtual linearization.

The nonlinear plant is described by

x (t) = g(x (t), u (t), tl + p(x (t), u (t), t) (1.56) P P P P P

y (t) = C x (t) 
P P P

(1 .57 )

This algorithm is used for a class of nonlinear plants

which can be linearized to yield a linear time varying

plant as described by Eqs.(1.48) and (1.49). In other

words, if g(x (t),u (t),t) and p(x (t),u (t),t) in P P P P
Eq.(1.56) can be written as A (x (t),u (t),t)*x (t) and

P P P P
B (x (t),u (t),t)*u (t), respectively, with
P P P P

A (x (t),u (t),t) and B (x (t),u (t),t) bounded, then 
P P P P P P

Eq.(1.56) will be considered as a linear time varying 

plant as shown below:
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x (t)=A (x (t),u (t),t)x (t)+B (x (t),u (t),t)u (t)P P P  P P P P P  P
(1.58)

y (t) = C x (t) (1.59)
P P P

The objective Is for the output of the linear time varying 

plant to track the output of the linear time invariant 

model which is described by Eqs.{1.3) and (1.4). The 

control law is chosen as In Eqs.(1.17)-(1.21).

Abida and Kaufman!10] show that asymptotic output tracking

Is obtained provided that all the conditions in section

1.2.3 are satisfied. Since the matrices A (x (t),u (t),t)P P P
and B (x (t),u (t),t) are functions of x (t), u (t), and P P P  P P
t, the ASPR conditions, Eq.(1.54) and (1.55), must be 

satisfied for every possible state and Input trajectory 

for all t£0.

Bar-Kana 111) extends the model reference adaptive control 

algorithm to a plant with bounded nonlinearities described 

by

x (t) = A (x (t))x (t) + B (x (t))u (t) (1.60)P p p p  P P P



y (t) = C (x (t))x (t) 
P P P P (1.61)

Reference 11 states that the plant will follow the linear

time Invariant model with bounded error if the

nonlinear 11les A (x(t)) and B (x(t)) In Eq. (1.61) are 
P P

bounded, and if the plant is almost passive via some known 

feedforward augmentation.

Ambrosino et. al. 112) propose an adaptive control 

algorithm for nonlinearities with known form. This plant 

is described as

x (t) = A x (t )+A j(x (t),t )+B R u (t) +E d (1.62)p p p  I P O O p  p i p

where x (t) € Rn is the accessible state, u (t) e Rm is 
P P

the input, d. e R^ is a constant disturbance, y(x C t),t) 
ip P

xe R Is a vector of nonlinear functions of known form,

is a known constant matrix, A , A „ and E are unknown
P 7 P

constant matrices, and is a positive definite unknown

constant matrix. The plant will track a linear time 

Invariant reference model of the form described by 

Eqs.(1.3) and (1.4) where the full state feedback control
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signal is described by

u ( t )  = -K ( t ) x  ( t ) - K  ( t ) y ( t ) - K t t ) u  (t ) -K (t ) (1.63)p x p y u m d

where K (t), K (t), K (t), and K . (t ) are adaptive gain >: y u d r c
matrices defined by

K (t) =f F v(t)xT (t)G (r)di (1.64)
x Jt P 0

o

K^(t) =J F jV(t )G^(x)dT (1.65)

K (t) =f F v (r ) ( t )G (t )dr (1.66)
Um t 2

Kd (t) =1 F3v(r)dT (1.67)

where

Fj = F^Fj, i = 0.1,2,3 ( 1 .6 8 )



are positive definite matrices and where

v ( t ) = C( x ( t )  P
X ( t ) )m (1 .70)

(1.71)

ATP + PA (1.72)m m

where Q is positive definite

The stability proof of this algorithm is based on 

hyperstabl11ty theory in which the Popov Integral 

inequality is used. Ambrosino et . al. IIP) show that 

asymptotic stability of the state error between the plant 

and model can be ensured with the satisfaction of 

the conditions shown below:

rank I A : B„ ] = rank [ E i  EL ) = rank [ B ] (1.73)7 0 p 0 0
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rank [ A -A 1 B_ ] = rank [ B p m 0 iI B ] = rank [ B j  (1.74) m u u

ATP +■ PA m im -Q (1 .75)

PB, T C (1.76 )0

This algorithm not only requires that the order of the

plant equals the order of the model but also requires full

state feedback in order to implement the control law.

Furthermore, the satisfaction of the rank condition,

Eq.(1.74), Is not easy especially when the dimension of

the plant input Is much less then the dimension of the

plant state. This is because A is square and nonsingularm
and hence, the rank of [A -A B„1 Is usually larger thanp m 0
the rank of B^.
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1.3 Contributions

The contributions of this dissertation Include:

1. Incorporation of supplementary dynamics into the 

adaptive loop in different locations to form different 

algorithms for non-ASPR plants

2. Introduction of supplementary dynamics which are not 

restricted to be ASPR and nonsingular. Design rules are 

proposed for implementing the adaptive controllers.

3. Introduction of a new control law with an additional 

adaptive gain (t) which multiplies y^(t).

4. Introduction of adaptive supplementary dynamics in 

which all the parameters are adjusted on line as part of 

the adaptive computation.

5. Introduction of a larger class of plants which can be 

controlled by the command generator tracker approach to 

model reference adaptive control. The new class includes 

all controllable and observable plants.

6. Introduction of a metasystem representation which is a
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generalized form for the CGT adaptive control algorithms. 

This metasystem simplifies the stability analysis.

7. Introduction of model reference adaptive control

algorithms for nonllnearItles of known form but multiplied 

by unknown parameters. Neither full state access nor the 

boundedness of the nonllnear1ties are required. The

nonlinearity Is treated without the use of linearization 

techniques.

8. Introduction of conditions for an asymptotically

vanishing tracking error if no disturbances exist and the 

reference input is constant for tfct
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1.4 Outline

Chapter 2 discusses adaptive algorithms 1, 2, and 3 for

linear time invariant plants which are not almost strictly 

positive real. Design rules are presented for the adaptive 

controllers, stability Is proven by utilizing the

metasystem representation, and conditions are given for 

asymptotic output tracking.

Chapter 3 presents algorithms 4 and 5 with adaptive 

supplementary dynamics to control not almost strictly 

positive real plants where the parameters of the 

supplementary dynamics are computed on line by the

adaptive mechanism. Design rules are presented. and

conditions are derived for a bounded error and for 

asymptotic output tracking.

Chapter 4 extends the adaptive algorithms to plants which 

include nonlinearities of known form with unknown

parameters (algorithm 6). Conditions for bounded and 

asymptotic output tracking are derived.

Chapter 5 gives the conclusion of this dissertation, and 

discusses problems and recommendations for further 

research.
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2. ALGORITHMS WITH FIXED SUPPLEMENTARY DYNAMICS

2.1 Introduction

Three new algorithms are proposed for controllable and 

observable linear time Invariant multi-input multi-output 

plants which are not almost strictly positive real (ASPR). 

We insert supplementary dynamics either in feedback with 

the plant or in parallel with the plant or in cascade with 

the plant. A generalized metasystem Is proposed by 

introducing metastates and metamatrices. This new 

metasystem is used to simplify the stability analysis.

The earlier non-ASPR algorithms [5,7] which only guarantee 

a bounded tracking error are shown to be a special case of 

the new parallel dynamics approach. However, our new 

approach (i) does not require the parallel dynamics to be 

ASPR and nonsingular, (11) provides design rules for the 

adaptive controller, (ill) and achieves asymptotic output 

tracking provided that some conditions are satisfied.

A stability proof is shown with conditions for cither 

bounded or asymptotically vanishing tracking errors. 

Examples are presented including the well known Rohr’s
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example, an unstable single-input single output plant, and 

a two-input two-output representation of the F-8 aircraft.
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2.2 Problem Formulation

A linear time-Invar 1 ant plant with input and output 

disturbances is described by

x (t) = A x (t) + B u  (t) + Ed, (t 
p p p p p p ip

(2 . 1 )

y ( t ) = C x ( t ) + d  11) P P P op (2 .2 )

where x (t) e Rn , u (t) e Rm , and y (t) e R̂ . The bounded 
P P P

input and output disturbances are denoted by d^ (t) e Rm , 
fand d (t) e R , respectively. The matrices A and B are op p p

unknown, but their entries are assumed to be bounded with 

known bounds.

The objective Is to find, without explicit knowledge of A^

and B , the control u (t) such that the plant output P P
vector yp (t) approximates "reasonably well'' the output of 

a reference model. In particular, we would prefer that 

the error between the plant and model outputs is 

asymptotically vanishing.

The asymptotically stable reference model is described by
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x (t) = A x (t) + B u (t) (2.3)m m m  m m

y (t) = C x (t) (2.4)m m m

n « m
where x (I) e R m ’ y (t) € R , and u (t) € R m . m m m

We emphasize that the order of the reference model may be 

much less than the order of the plant, The adaptive 

control algorithm will utilize supplementary dynamics 

which will be inserted into different locations inside the 

adaptive loop. In all cases, these supplementary dynamics 

will be Internal to the adaptive controller. The state 

representation for these dynamics is given by

yf (t) = C x m  (2.6)

where the form for u^_(t) will depend upon whether the 

supplementary dynamics are Inserted in a parallel path, a
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feedback path, or a cascade path with the plant and where 
n I

x^(t) € R , y^(t) e R , and uf (t) e Rm . The constant

matrices Â ., and C are chosen by design rules which

will be discussed In a later section.

Remark 2.1:

Unlike previous work[5], the supplementary dynamics In 

Eqs.(2.5) and (2.6) are not restricted to be ASPR and 

nonsingular. A much larger class of supplementary dynamics 

can be selected including some unstable dynamics.



42

2.3 Fictitious Target System

If the plant were known, then we could choose the control 

law to be

u_( t J = K e (t)-K _y_(t)+K x (t) *K u (t P pe yp pf f px m pu m (2.7)

such that if “Ideal" output tracking Is possible, then the 

plant output asymptotically tracks the reference model 

output. Mathematically,

t) = y (t) m (2 .8 )

where the plant output error is given by

e (t) = y (t) - yp m y (t) 
P

(2.9)

It is important to note that for the linear model 

following problem, the "ideal" situation described by
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Eq.(2.7) Is not always possible. Therefote, for the 

adaptive control problem we utilize the approach of 

Bar-Kana [5] which only assumes that there exists a 

fictitious target system of the form

x (t) = A x  (t) + B u  (t) P P P P P {?,. 1 0 )

y ft) « C x (t) P P P (2.11)

which achieves y (t) * y (t) when forced by the fictitious p m
*

Input u ft). Note that although Eq.(2.10) Is assumed to be 

of the same order as Eq.(2.1), these two systems may be 

entirely different and it Is only assumed that their 

measurement matrices are identical.

In order to check the existence of bounded fictitious 

target trajectories, Bar-Kana [5] assumed a fictitious 

state trajectory as follows

x*(t) = S y (t) (2.12)p 1 1 m
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where is a constant matrix satisfying

C S, = C (2.13)p 11 m

Thus,

y (t) = C x (t) = C S, x (t) = C x (t) = y (t) (2.14)p p p  p 11 m m m  m

It Is shown in Bar-Kana [5] that Eq.(2.13) has a solution

for the matrix S., if 11

Rank [C C ] = Rank [C i (2.15)p m p

which is satisfied In general, especially when

dim[x (t ))» di m [x (t )]. p m
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2.4 Algorithm 1 (Feedback Supplementary Dynamics)

In this new algorithm, we insert supplementary dynamics 

into the output feedback path as part of the adaptive 

mechanism. As shown in Figure 2.1, the supplementary 

dynamics process the output error to produce a signal 

which is multiplied by a new adaptive gain K  ̂(t ), such 

that the control law is of the form,

u (t)=K (tie (t) —K _(t)y,(tl+K (tlx (t)+K (tlu (t) p pe yp pf f px m pu m
(2.16)

where K ( t ) , K r(t),K (t), and K (t) are adaptive gainpe pf px pu
matrices. The plant and supplementary dynamics are 

concatenated to form an (n + n̂ .) order metasystem as 

fo1 lows:

= y (t} - C x (t } m p p d (t)op (2.17)
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di. •op

p e

MODEL

Figuie 2.1 Block Diagram of Algorithm 1
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X ( t )
p

X^t t ) ■B C 
f P

0

A,

x (t) 
P

xf( t )

["e (t)lyp
B -yf mP IK (t) K _(t) K (t) K (t)] T +
0 pe pf px pu X ( t )L m

u (t )

E d.P IP
B (y (t) f m

(

y (t) c o 1 r x tt.) d (t)
P p p + op

yf (t) u_
Uo X ( t ) 0

(t)

-d (t ) )op

2. 18) 

2.19)
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2.5 Algorithm 2 (Parallel Supplementary Dynamics)

The configuration of Algorithm 2 is shown in Figure 2.2, 

where the supplementary dynamics in this case are in 

cascade with the plant. Therefore, we have

„(t)=u..(t)=K {t )e (t)-K r<t)y_(t)+K (t) x (t)+K (t)u ItP f pe yp pf f px m pu myp Pf px pu
(2 .20 )

where K (t), K-tt), K (t), and K (t) are adaptive gain pe pf px pu
matrices. The plant and supplementary dynamics are 

concatenated to form a metasystem as follows

x (t) P
Xj. ( t ) 0

0

A,

x (t) 
P

Xf ( t )

B
[K (t) K ,(t ) K (t) K (t )1 pe pf px pu

e (t)yp

-y f (t )

X (t)m
um (t)

Ed. (t) P lp
0

(2.21)

[ y (t) p c p 0 X (t)
p +

d (t) op

y f (t) 0 cfJ xf (t ) 0
(2 .22 )



4D

m

p u

PLANT

S U P P L E M E N T A R Y
DYNAMICS

Figure 2.2 M o c k  Diagram of Algorithm 2
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2.6 Algorithm 3 {Cascade Supplementary Dynamics)

An alternative Implementation Is shown In Figure 2.3, 

where the output of the supplementary dynamics Is 

multiplied by an adaptive gain (t ) to form an Inner 

Feedback loop for the supplementary dynamics. The Input of 

the plant Is the combination of the output of the 

supplementary dynamics and the control signal uf (t ) via 

the constant matrix D̂ . as shown below:

u (t ) = D u  (t ) - y {t) p f f f

= Dfuf(t) - C x (t) (2.23)

u (t)=K (t)e (t)-K r(t)y,(t)+K (tlx (ti+K (t)u (t) f pe yp pf 7f px m pu m
(2.24)

Therefore, the metasystem will be in the form of

r x ufp

. 
—

,

■X
............ j

A -B Cr P P f x (t) 
P

x̂ . (t )
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[K (t) K ft) K (t) K (t)] pe pi px pu

e (t)yp

~yr (t)

X (t)m
um (t)

E d. (t)' P lp

(2.25)

r y (t) 1p _
C 0 1 p x (t) P ■4-

' d (t) 1 op
yf (t) 1

uo

X (t) 0



yp

yy>

PM

re

px

PLAN!

MODEL

Figure 2.3 [ilork Diagram oi Algorithm 3



s;i

2.7 Metasystem Representation

The metasystem is formed by concatenating the plant 

dynamics with the supplementary dynamics. Referring to the 

metastates and the metamatrices listed In appe nd ix  A, we 

may write the metasystem equations more compactly for 

algorithms 1, 2, and 3 as follows:

Plant Eauat ions

x(t) = Ax U )  + BK(t)r(t) + d (t) (2.27)

= A x U )  + Butt) + d (t)

y(t) = Cx(t) + d (t) (2.28)o

where

‘ X (t) 1 r y (t>
X ( t ) = p y(t) = p

Xf ( t ) i . yf(t) .

(2.29)
d (t) 1op c =

c
p

0

0 • 0 cf ■
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and where for Algorithm 1:

A =
'A O ' 1 P B =

BP
d i =

r E d. (t) 1 p Ip

- BfCf Af - » 0 B (y (t)-d (t ) ) L f m op
(2.30)

Algorithm 2:

A =
AP 0

B =
BP

d i =t

r e d < {t) ip ip
0 Af - P - Bf - 0

(2.31)

Algorithm 3:

A 1 P p f B =
r b d , ip f

d l =
’ E d. (t) P ip

0 A 0f J L f J
(2
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Adapt 1ve g a I n  matrlx

K ( t ) = ( K ( t ) K ( t ) K ( t ) ]  (2.33)e px pu

where

K (t) = te K (t) pe K _(t) Pf (2.34)

e (t ) yv
r (t) = x (t )ID

u ( t ) m

(2.35)

and where

e (t ) = yv
e (t) yp
-yf(t)

(2.36 )
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The adaptive gains which form K(t) are chosen to be a 

combination of proportional and Integral terms. The 

Integral term uses Bar-Kana’s [5] modification of an idea 

of Ioannou and Kokotovic [6] by introducing the positive 

scalar <r in order to guarantee robustness in the presence 

of parasitic disturbances. The gain matrices are 

shown below:

K(t) - KP (t) + K 1(t) (2.37)

where

p
K (t = v (t ) r (t ) T (2.38 }

. IK (t = [ v(tlrT (t) - crK1 (t )'k] T (2.39 )

The matrix 41 1 s a positive diagonal matrix which allows cr

to be weighted differently in the adaptive gains K. , K° pe pf
K , and K and where the initial integral gains are px pu
given by
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K 1(0) = [ K 1 (0), K 1_CO). K 1 (0), K 1 (0) ] (2.40)pe pf px pu

The signal v(t) is chosen based upon the Lyapunov

stability analysis and is given by

v(t) = Qe (t) + CK(t)r(t) (2.41)yv

where Q = ( Q Q r ]
P f

and where matrix T is positive definite symmetric and T is 

positive semi-defin Ite symmetric.

Remark 2.2

If the plant is stablllzable through a static output

feedback gain, then Eqs.(2.27) and (2.28) will reduce to

an n-th order plant as discussed in reference 9. Further,

in Eqs.(2.39) and (2.41), if we choose <r=0 and G=0,

respectively, Fqs.(2.27) and (2.28) become the algorithm
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in reference 3. Therefore, this metasystem is a 

generalized form for earlier model reference adaptive 

control algorithms [3,5,7,91. Finally, we remark that 

algorithms 4 and 5 which we will discuss in later sections 

are also special cases of the metasystem.

0



2.8 Error Equations

We define the plant state error as

and the plant output error as

= C e (t) - d (t) p xp op

59

e {t ) = x (t) - x  (t) (2.42)xp p p

e ( t ) = y ( t ) - y ( t )  (2.43)yp m P

= y* (t) - y (t) 
P P

We also define the supplementary dynamics state error as

e (t ) = x*(t) - x (t) (2,44)xf f f

where x̂ . (t ) is the supplementary state tra jectory when the
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plant output Yp(t) Is equal to the model output y^^)- 

Then, the metastate error Is of the form

e (t ) = x
e (t) xp
e ft) xf

= X (t ) - X ( t )
(2.45)

and the error derivative will be

e (t) = x (t) - x(t) x (2.46)

= x (t) - Ax(t ) - BK(t)r(t) - d (t)

Furthermore, suppose that there exists a constant matrix K 

given by

K = [K , K , K ]e px pu (2.47)

such that



Is a s t ability matrix.

Next, use Eqs.(2.45) and (2.46) to obtain

e (t)=x*(t)-A[x*(t)-e (t) ]-B((K (t)-K)r(t)]-BKr(t )-d, (t) x x 1
(2.49)

Define z(t) = [K{t)-K]r(t ). Then, Eq.(2.49) becomes

e (t) = x  (t) - A x  (t) + Ae (t) - Bz(t) - BKr(t) - d,(t) x x i
(2.50)

Substitute Eq,(2.47) into Eq,(2.50) to obtain

. . * *
e (t)=x (t)-Ax (t)+Ae (t)-Bz(t) x x

-B[K e (t)+K x (t ) +K u (t)l-d.(t) (2.51)e yv px m pu m 1
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De f i ne

e (t J v
e (t} xp
-xf (t)

and

xQ (t) =
0

xf (t)

such that

e (t ) = Ce (t ) - d yv v o

and

e (t) = e (t) - x (t) v x 0

(2.52)

(2.53)

(2.54)

(2.55)

Substitute Eqs.(2.48), (2.54) and (2.55) Into (2.51) to

obtaIn
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e tt) = A e (t) - Bz(t) - F,(t) (2.56)X C X 1

where

F,(t) = -x (t )+Ax (t)-BK Cx-(t) 1 e O

+B[K x (t)+K u (t )-K d (t) J+d,(t) (2.57)px m pu m e o i

Remark 2.3

. • *
Note that F,(t) Is bounded because x (t), x (t), x (t), 1 m
* ~ ~ 

x„(t), u (t), d.(t), and d (t) are bounded and K , K0 m i o e px
and K are constant,pu
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2.9 A Special Case of Parallel Supplementary Dynamics

We consider the adaptive control algorithm described by

Bar-Kana and Kaufman [5,7] which augments the plant with a

parallel transfer function matrix G ^(s) chosen such thata
G^ts) is a dynamic output feedback compensator which

stabilizes the plant and such that the plant in parallel

with G  ̂(s ) Is ASPR. We will show that the algorithm a
proposed by Bar-Kana [5,7] is a special case of our new 

parallel supplementary dynamics algorithm. The block 

diagram for Bar-Kana's algorithm Is shown in Figure 1.2. 

The equations which define Bar-Kana's adaptive control law 

are given by [5,7]

u(t) = K (t)e (t) +K (t)x (t)+K (t )u (t) (2.58)pe ypa px m pu m

where

e (t) = e 11) - yf(t) (2.59)ypa yp f

and where the signal v(t) is defined as
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v (t) = e (t J ypa (2.60)

Lemma 2.1:

The adaptive control algorithm described by 

Eqs. (2.58 )-(2.60) Is a special case of the parallel 

supplementary dynamics algorithm, section 2.5, with

Qp = Qf = 1 (2.61)

G = 0 (2.62)

0. 51 (2.63)

0.51
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T =

It

11

11

11

33

44

(2.64)

1 1

11

11

11

33

44

(2.65)

where and T^j are submatrices of appropriate dimensions.

d l m [ y ] = d i m [ y ] = d l m [ u ]  (2.66)p f p

Kp e ,0) " C ' 0 ’ 12 67)

Proof: First, It Is obvious that Eq.(2.60) Is a special

case of Fq.(2.41) with Q =Q =1 and G=0. Next, consider theP f
proportional gain in Eq.(2.38) given by
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KP (t) = v (t )rT (t)T (2 .68)

Using Eq. (2. 60) the gain KP (t) becomes

KP (t) = [e (t)-y (t)][eT (t), -yl(t), x7 (t),u7 (t )]T yp f yp f m m
(2.69)

and using T described by Eq.(2.65) yields

KP (t) = e (t)[eT (t)T. . , eT (t)T11t x7 (t)f . u7 (t)T..,.: ypa ypa 11 ypa 1 1 m  33 m 44

P P P PIK (t), K (t), K (t.), K (t)) pe pe px pu (2.70 )

Next, consider the Integral gain In Eq.(2.39) given by

K 1 (t ) = E v (t ) rT (t) - <rKT (t )«*« JT (2.71)

Using Eqs.(2.60), (2.63), and (2.64) yields



Let K 1 (0) = K 1 (0) . Then K 1 (t) = K * U )  for all t £ 0 pe pf pe pf

Thus,

K Itt)=[[e (t)eT (t ) -crK 1 (t) ] T ,L ypa ypa pf 11

[e [tl-o-K^ (t)]T [e a (t }xT ( t ) -<rK1 (t))T ,ypa ypa pf 11 ypa m px 33

[e (t )u^[ t )-<rK* (t)]T.,l ypa m pu 44J
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K(t) = KP (t) + K 1(t)

= IK (t) K (t) K (t) K ( M  ! pe pe px pu (2.74}

Finally, the adaptive control law becomes

u(t) = K (t} r (t)

= tK (t) K (t) K (t) K (t)l pe pe px pu

e ( t )yp
-yf (t )

x (t) m
u (t) m

K (t)e (t) + K {t )x (t) + K (t)u (t) pe ypa px m pu m
(2.75}

which is Bar-Kana and Kaufman's [5] parallel feedforward

algor i thm.
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2.10 Stability Analysis

Theorem 2.1:

Consider the metasystem representation given by Eqs.(2.27)

- (2.41) with the controllable and observable LTI plant

described by Eqs.(2.1) and (2.2). Further, suppose that

there exists a real symmetric positive definite matrix P
Tand real matrices J, 1., W, K^, and R, (R+R )>0 such that 

P(A-BK C) + (A-BK C)TP = -LLT-R < 0 (2.76)e e

T T ~T T PB = C (Q + K G )  - LW e (2.77)

(2.78)

T TJ + J + G + G < 0 (2 .79 )

where the matrices T and T are positive definite symmetric 

and positive semi-definite symmetric, respectively. Then, 

all states, gains and errors in the adaptive system are
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bounded.

Remark 2.4:

The three new MRAC algorithms presented In the previous 

section are special cases of the metasystem, Eq. (2.27) -

(2.41), with the metastates and metamatrices listed in 

Appendix A. Thus, the stability for these algorithms is 

ensured by Theorem 2.1 with the sufficient conditions 

given by Eqs.(2.76)-(2.79).

Remark 2.5:

The stability is analyzed using a Lyapunov approach by 

forming a quadratic function which is positive definite In 

the state variables of the adaptive system, e^(t), and 

K^(t). We assume there exists positive definite symmetric 

matrices P and T. Then, the Lyapunov function candidate, 

which is positive definite, is chosen as

V(e V )  = eT (t)Pe (t ) + t r [ (K1 (t ) -K ) T~1 (K1 (t) -K )T ] x x x

(2.80)
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where K Is a constant gain matrix which does not appear In 

the adaptive control algorithm. If the sufficient 

conditions, Eqs . (2.76)-(2.79), are satisfied, then the 

derivative of the Lyapunov function candidate, Eq.(2.80), 

becomes (refer to Appendix B)

V (e .K1) = -eT (t)Re (t)-[LTe (t )-Uz(t)]T [LTe (t)-Wz(t)] x x x x x

+ z (t}T (J+JT+G+GT )z (11 - 2vT (t)v(t)rT (t)Tr(t)

-2<rtr| (K1 (D-Kl + tK1 (t)-K)T l - 2<rtr E (K1 (t)-K )*KT )

-2e^(t)PF (t) - 2 z T (t)P (t J (2.81)

where

F =(Q+GK )Cx*(t)-G[ K X (t)+K u (t))-(Q+GK )d (t)2 e O  p x m  p u m  e o
(2.82)

We observe that there exist some positive constants 

otj, oĉ , . such that
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V(ex>K I) a -a1||ex (t)||2-a2 || [K(t)-ic]r(t)||2-a3||K(t )-K||2

-a4 ||v(t)||2 || r (t ) ||2 + as||ex (t)| ♦ a j  [K ( L )-K) r ( t) J 

+«7 || (K( t )-K] || (2.83)

If either || e (t ) || , || [K (t ) -K ) r (t ) || , or ||K(t)-K|| increase

beyond some bound, then the negative quadratic terms in

Eq.(2.83) will become dominant, and thus V becomes

negative. The quadratic form of the Lyapunov function

Vte ,K^) then guarantees that e (t), K*(t) and e (t) arex x y

bounded.

Remark 2.6:

The first three sufficient conditions, given by Eqs.(2.76) 

- (2.78), are equivalent to requiring that the transfer

matrix given by

H(s) = J + (Q+GK )C(si-A+BK C)e e (2.84 )
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Is strictly positive real (SPR). The definition of strict 

positive realness is discussed in detail in reference 10.

Lemma 2.5:

The sufficient conditions, Eqs. (2.76)-(2 . 79J, can be 

satisfied by algorithm 1 for any controllable and 

observable plant.

Proof:

If the plant is controllable and observable then there 

exists a compensator, denoted by the quadruple

(A ,B ,C ,D ), which stabilizes the plant. Thus thec c c c
composite plant/compensator system is represented by

Acomp

where A is a stability matrix. Next, we observe fromcomp

A + B D C P p e p

B C

B C P c
(2.85)
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Eqs,(2.18) and (2.19) that the composite system for 

algorithm 1 Is given by

(2.86 )A, = A-BK C = 1 e

A - B K C 
P P Pe P

-B,C

-B K Cr p pf f

which Is required to be a stability matrix for some gain 

Ke=[K ,K 1. Thus, by comparing Eqs. (2.85) and (2.86) we 

observe that the choice

K = -D pe c

K = -Cpf f c

=  - R  f c

A = Af c

(2.87)

(2 .88)

(2.89)

(2.90)

will result in A^ being a stability matrix. Now, we need

to show that Eqs. (2.79) and (2.84) can be satisfied. Let

C =1 and Let K =[K , K _) = [ -D , -C ] . Choose G=—j-, I andf e pe pf c c 1
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J=7^l wh e r e  are positive scalars so that Eq.(2.79),

J+J^+G+G^=2y l-2j- I<0, is satisfied.. Then, let Q=y.K so 1 2  1 e
that Eq.(2,84) reduces to J=y^l>0. Hence, there exists Q, 

G, K^, and J which satisfy Eqs.(2.79) and (2.84).

Lemma 2.6:

The sufficient conditions, Eqs.(2.79) and (2.84), can be 

satisfied by algorithm 2 for the class of plants which are 

output stabllizable with a proper but not strictly proper 

compensator, denoted by (A^,Bc , ) ,  which satisfies the 

mild restriction that

Rank [ B ] = Rankc (2.91 )

Proof:

The composite system consisting of the plant with the 

compensator ( , Cc ,Dc ) Is given by the stability matrix 

A of Eq.(2.85). We observe from Eqs. (2.21) and (2.22)comp

that the composite system for algorithm 2 is given by



wh i c h  is required to be a stability matrix for some gain

K ,K ]. Thus, by comparing Eqs.(2.85) and (2.92) wee pe pf
observe that the choice

K = -D pe c (2.92)

C,. = I , K , = -C f pf c (2.94)

-B K = B (or B H  = B ) f pe c f c c (2.95)

A = A - B,.C f c f c (2.96)

will result in A^ being a stability matrix where must 

not be a zero matrix and where Eq.(2.95) has a solution 

for Bj. if Eq.(2.91) Is satisfied. Then, Q, G, and J can be 

chosen to satisfy Eqs.(2.79) and (2.84) by using the 

constructive method shown in the proof of Lemma 2.5.



Lemma 2.7

The sufficient conditions, Eqs.(2.79) and (2.84), can be 

satisfied by algorithm 3 for the class of plants which are 

output stabillzable with a proper but not strictly proper 

compensator, denoted by (A^,B^, ) ,  which satisfies the 

mild restriction that

Rank (II | = Rankc (2.97:

Proof:

The composite system consisting of the plant with the 

compensator ( A ^ , ,Cc *Dc ) is given by the stability matrix 

A of Eq.(2.85). We observe from Eqs. (2.25) and (2.2.6)comp

that the composite system for algorithm 3 is given by
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which Is required to be a stability matrix for some gain 

Ke= [K , ] . Thus, by comparing Eqs. (2.85) and (2.98) we

observe that the choice

D = I, K * -D (2.99)f pe c

C = I , K = -C -I (2.100)f pf c

-BfK = B (or B D = B ) (2.101 )f pe c f c c

A = A - Br (C +1) (2.102)f c f c

will result in A being a stability matrix where D must >3 c
not be a zero matrix and where Eq.(2.101) has a solution 

for B̂ . if Eq. (2.97) is satisfied. Then, Q, G, and J can be 

chosen to satisfy Eqs.(2.79) and (2.84) by using the 

constructive method shown in the proof of Lemma 2.5.

Remark 2.7:

We note that the class of plants which can be controlled 

by algorithms 2 and 3 is more restricted than the class of
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plants which can be controlled by algorithm 1. However, 

algorithms 2 and 3 may be the preferred controllers 

because we will show in section 2,11 that algorithms 2 and 

3 will yield an asymptotically vanishing error provided 

that some additional conditions are satisfied.
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2.11 Asymptotic Output Tracking

The stability analysis in the preceding section only 

ensures that all signals In the adaptive system are 

bounded. In this section, we derive conditions for 

algorithms 2 and 3 under which the output error Is 

asymptotically vanishing provided that there are no 

disturbances and provided that the model input is constant 

for t £ tj. This new result is based upon extending 

Broussard’s [4] command generator tracker (CGT) for model 

following control of known plants to the metasystem 

described by Eqs.(2.271-(2.41),

When perfect tracking occurs (I.e., e (t)=e (t)=0), we
yp yp

define the corresponding metasystem state and control

trajectories to be the Ideal metasystem state and Ideal

metasystem control trajectories, respectively. These Ideal
* •

trajectories will be denoted by x (tl and u (t), 

respectively, where

(t) =
xf (t)_

(2.103)
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* •
and where x (t) Is the ideal plant state and x,(t) is the P f
ideal supplementary dynamics state. It is Important that 

the reader does not confuse the ideal trajectories 

described here with the fictitious target trajectories 

shown in section 2.3. Although the same notation is used 

for both cases, it will be clear from the context which is 

being used.

By definition, the ideal metasystem Is such that it 

satisfies the same dynamics as the real metasystem. In 

addition, the output of the ideal plant is defined to be 

identically equal to the model output. Mathematically, we 

have

x*(t) = Ax*(t) + Bu*(t) for all t £ t (2.104!

and

V 1 = y ( t )  or [C 0)x = C x ( t  m p m m (2.105)

Hence, when perfect tracking occurs the real metasystem 

trajectories become the ideal metasystem trajectories, and 

the real plant output becomes the Ideal plant output which



Is d efined to be the model output.

Let us assume that the model input u is constant and thatn
the ideal trajectories are linear functions of the model 

state and the model input u^. Mathematically, we

have that

* 1+•>X*.
.

ini

S 2 r *m

. U* u)

II

■ S 31 S 32 - uL m

where

S1 =
r s i r s i11 C ^ 12.

2 ~ s21 22
(2.107)

Thus,

x\t)P
S x (t ) + S u 

1 1 m  1 2 m
2.108 )
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u (t ) * S x (t ) + S u 31 m 32 m (2 .110)

Upon combining the Ideal metasystem, Eq.(2.104), with the 

Ideal plant output, Eq,(2.105), yields

. *
x (t)

y (t ) P

B

1C 01 0
P

x (t )

u (t )
(2.111)

and upon substituting Eq.(2.106) Into Eq.(2-111), we 

obtain

' X (t) '

. y 1

ii
t--

-

[C 0] 0
P 31 32

x (t) m

m
(2 .1 1 2 )

Now we differentiate x (t) In Eq.(2.106) to obtain

x (t ) = S, x (t) 1 m (2.113)



where we have used the assumption that u is constant.m

Next, we substitute the equation of the model dynamics 

into Eq.(2.113) to obtain

. •
(t) = S.A x (t) 1 m m + S.B u 1 m m (2.114)

We concatenate Eq.(2.114) with the reference model output 

to obtain

r  * 1x (t ] F S, A 1 m S, B 1 1 m r x ( D  im
y  (t) L m cL m 0 u (t) L m

Comparing Eqs.(2.112) and (2.115) we obtain
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If we define

c ^12 ‘ A b

- fl21 n22 - I C O ]  0 L p

-1

(2.117)

then

‘ S 1 V)

*

■ Q ll n i2 S, A 1 m S.B 1 m

- S31 S32 - - °21 1(\lN
a C1 m 0

(2.118 )

Broussard [4] has shown that an equation of the type given

by Fq.(2,118) has a solution for S^, S^, , and if

(I) u Is a constant, (11) dim[y (t)]=dim[u (t)3, and m p
(111) no eigenvalue of is equal to the Inverse of an

eigenvalue of A .m

Coro 1lary 2.1:

Let the adaptive controller be algorithm 2 or 1. The 

adaptive control algorithm described by Theorem 2.1 yields
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an asymptotically vanishing output error if the conditions

of Theorem 2.1 are satisfied and if (i) u is constant form
t £ tj , (11) no disturbances exist and <r = 0, (ill) a

solution exists for the matrices Sj , S , S , and S^2 In 

Eq. (2.116), and (iv) there exists a real matrix E of 

dimension m * n such that

G = -EB,

and

Qfcf = EAf

(2.119)

(2 .1 2 0 )

Furthermore, if det[Aj.l * 0, then Eqs. (2. 119) and (2.120) 

reduce to

G = -Q C A *B (2.121)

Proof:

The Lyapunov derivative, Eq.(2.81), with {T=0, dj=0T and
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cIq =0 becomes

V (e ,K 1 } = -eT (t)Re (t) - [LTe (t)-Wz(t )]T [LTe (t)-Wz(t)JX X X X X

+z(t)T (J+JT+G+GT )z(t)-2vT (t)v(t)rT (t)Tr(t)

-2eT f t)PF, - 2zT (t)F_(l) (2.122)x 1 2

where

F,(t) = [-x*(t ) +Ax*(t )] - BK Cx*(t) + B[K x (t)+K u 11 e 0 px m pu m
(2.123)

F = (Q + GK )Cx*(t) - G( K x (t) + K u (til (2.124)2 e 0 px m pu m

Next, we obtain conditions such that F ̂ (t )=0 and

^ *
From Eq.(2.104) and K Cx„(t) = 1C ,CFx..(t), we obtain M e 0 pf f f

F (t) = -Bu*(t) - BK C x*(t) + B [K x (t)+K u ] 1 p pf f f px m pu m
(2.125)



Then, we apply Eqs.(2.109) and (2.110) to yield

F ft) = -B [ S x (t )+S u ) - BK C [S x (t)+S,_u ] 1 31 m 32 m pf f 21 m 22 m

+B[K x (t) ♦ K u ] px m pu m

-B[(K -S -K -C-S-, Ix (t ) + (K -S -JC )u ]px 31 pf f 21 m pu 32 pf f 22 m
(2.127)

F„(t) = (Q +GK 1C_[S_,X (t) +S u (t)l - G (K. x (U+K u ] 2 f pf f 21 m 22 m px m pu m

l(Q +CK r JĈ -S -GK ] x (11 + [ (Q +GK _)CfS -GK ]u f pf f 21 px m f pf f 22 pu m

[Q C S +G(K C S -K )J x (t) f f 21 pf f 21 px m

+|Q C S +G(K C S..-K )]u (2,128)f f 22 pf f 22 pu m

Next, using Eqs.(2.119) and (2.120) obtain



EA [S x (t)+S0 u ]+EB,(S x (t)+S~_u ] f 21 m 22 m f 3 1 m  32 m

+ EB (K -K X rS. -S„,)x (t) f px pf f 21 31 m

+EB (K -K rC S -S„_)u f pu pf f 22 32 m

E [ Arx (t )+ B u (t)l + EB (K -K fC_S„ -S_, f f f p f px pf f 21 31

+EB (K -K C S_ -S )u f pu pf f 22 32 m

ES x (t)+EB (K -K ,CfS^,-S„.)x (t) 21 m f px pf f 21 31 m
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We choose

(2.130)

(2.131)

such that F,(t)=Q, and F_. (t }=ES„, x (t) which vanishes 1 2 21 m
asymptotically because u is constant for tst, .m 1

Finally, the Lyapunov derivative becomes

V(e .K1)=-eT (t)Re (t)-[LTe (t)-Wz(t)]T [LTe (t)-Wz(t)]X X X X X

+ z (t )T (J +JT+G+GT )z (t)-2vT (t)v {t)rT (t)Tr(t )+ 2zT (t )ES„,x (t)21 m
(2.132)

T Twhere R>0, TeO, and J + J +G+G <0

INote that V(e^,K ) is not negative definite or 

semi-definite due to the last term in Eq.(2.132). However, 

if we define

K =K -C-S^.+S-. px pf f 21 31

pu pf f 22 32



such that

V, (e V  ) < V, (e , K 1 ) s O  1 x 1 x (2.134}

where

' V A e  .K1 )=-eT (t)Re (t)-[LTe (t ) -Wz (t ) 1T [ LTe (t)-Wz(t)]1 X X X X X

+ z( t)T (J+JT+2G)z (t)-2v T (t)v(t)rT (t)Tr(t)

W (e , K*) = 2zT (t)ES x (t) and2 x 21 m

V V K I} = -aillextt)|2"a2i[K(t)_̂ lr(t)|2"a3llvtt)l|2 llr(t)f2

and where , a^, and are some positive constants.

Then,
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tim W (e , K* ) = 0 (2.135)tooo 2 X

which yields

V (e V )  -* V, (e .K.1) as t -> so (2.136)x 1 x

We call the "limiting derivative of the Lyapunov

function. '*

In Theorem 2.1, we have shown that all states, gains, and

errors, in the adaptive system are bounded. Therefore,

Vfe^.K*) is bounded (this is required by LaSalle’s

invariance set principle). Further, Eqs.(2.133)-(2.136)

show that Vie ,k S  will approach W, (e ,K*) as W„(e ,K*) x 1 x 2 x
vanishes. However, Eq.(2.134) shows that W, (e ,K*) is1 x

I Ibounded by W, (e ,K ) s 0. Thus, we know that V(e ,K ) is 1 x x
negative semi-definite, A modified version of LaSalle’s 

invariance set principle [14] ( Theorem C In Appendix C ) 

Is used for the stability proof of the "limiting 

derivative of the Lyapunov function" which shows that all 

signals in the adaptive control system are bounded and 

that the output tracking error vanishes asymptotically if 

Eqs(2.133)-(2.136) are satisfied.



94

It can be seen from Eq.(2.132) that the transient of the 

plant depends on the transient of the model. The 

asymptotically vanishing tracking error will be obtained 

In steady state while the bounded output tracking error 

will be ensured for all t*0.

Lemma 2.8:

Let the adaptive controller be algorithm 2 or 3 and let

the plant belong to the class described by corollary 2.1

with the additional restriction that Ac=0, Suppose that

(i) u Is constant for t£t,( (ii) no disturbances exist m l
and tr=0, and (3) a solution exists for the matrices S 

S^, S^j . and in Eq. (2.116). If there exists a real

matrix E of dimension m * such that

EBf > 0  (2,137)

then the sufficient conditions for a bounded and

asymptotically vanishing error can be satisfied.
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Proof:

Let the supplementary dynamics and the gain K be chosen
G

as In Lemma 2.6 (algorithm 2), or Lemma 2.7 (algorithm 3) 

Then, choose Q̂ . and G to satisfy Corollary 2.1. That is,

Q = EAf (2.138)

G = -EBf (2.139)

We choose

Q = -EB..D (2.140)p f c

and use Eqs.(2.138) and (2.139) to obtain

Q + CK = [Q , Q,I - I EB K , EB K _] e p f f pe f pf

= [-EB D -EBrK , EA -EB..K _] f c f pe f f pf
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-EB,(D +K ), E (A ~B K ,)] f c pe f f pf (2.141 )

From Lemma 2.6 or 2.7 we obtain K =-D and A =A -B^K ,.-0.pe c c f f pf
Thus

Q + GK = t-EB,(D ~D ), EA !e f e e  c = 0 (2.142}

and the sufficient condition given by Eqs.(2.84) and 

(2.79) reduces to

H(s) = J > 0

J + J + G + G < 0

(2.143)

(2.144 )

Let us choose

J=3r3EBf. with 0<y3<l (2.145)
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Then

J = J"3EBf > 0 (2. 146)

and

J + JT + G + GT = y3 fEBf + B^ET ) - ( EBf + bJe T )

=(y-l)(EBf + B^ET )<0 (2.147)

Hence, the sufficient conditions for a bounded error given 

by Eqs.(2.79) and (2.84) and the sufficient conditions for 

an asymptotically vanishing error given by Eqs.(2.119) and 

(2.120) are satisfied.

Remark 2.10:

A trivial solution for Lemma 2.8 Is to choose E=Bj. such 

that EBf=B^Bf>0.
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Remark 2.11:

If det[A^.]*0, we can choose

Q =GD . This is a special case p c

such that G=-Q^A^Bj_<0, and 

of Lemma 2.8 with E^-Qj.A^1

Remark 2.12:

Lemma 2.9 shows the relationship between the sufficient 

conditions for a bounded error and the sufficient 

condition for an asymptotically vanishing error. In 

particular, Lemma 2,9 shows that it Is possible to satisfy 

all of the sufficient conditions for a rather large class 

of plants. One example of a compensator which satisfies 

the assumptions of lemma 2.9 Is a proportional + Integral 

(PI) controller.
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2.12 Summary of Constraints and Design Rules

Ob lect 1 ve:

To find a control signal by means of adaptive computation 

such that the plant, which is not ASPR, will follow the 

reference model with a bounded, or an asymptotical ly 
vanishing tracking error. The plant, model, and adaptive 

control law employed In algorithms 1, 2, and 3 are

described as follows:

Plant:

x (t) = A x (t) + B u (t) 
P P P P P

y (t ) = C x (t) 
P P P

Mode 1:

x (t ) = A x (t) + B u (t) m m m  m m

y (t) = C x (t ) m m m
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Adaptive Control Law:

Up(t) = K(t)r(t) for algorithms 1 and 2

Up{t) = D̂ .K( t )r (t )-ŷ , (t) for algorithm 3

where

K(t) = KP (t) + K 1(t)

KP (t) = v(t)rT (t)T

K J(t) = I v (t >rT ( t J -crK1 (t)} T

v(t) = Qe (t) + Gu (t) yv p

rT (t) = [ eT (t) xT ( U  uT (t) ] yv m m

eJv(t) = [(yTn( U “yp (U)T "Vf ( U  ]

T>0 and T^O
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AssumptIons:

Bounded Tracking Error:

Rank[C ;C ) = Rank[C ] p m  p

Asymptotically Vanishing Tracking Error:

ti) u is constant for t t t,, m 1
(11) No disturbances exist and <r=0.

(ill) A solution exists for the extended CGT condition, 

Eq.(2.116).

Then, the constraints and design rules for designing the 

supplementary dynamics and choosing parameters G and Q are 

as follows:
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Alg o r l t h m  (Bounded Tracking Error)

Constraints:

(1) There exists a compensator (A ,R ,C ,D ) whichc c c c
stabilizes the plant

where J is a positive definite matrix.

SuppIementarv Dynamlcs:

x (t) = A x (t) + B [y (t)-y (t )] i f f f m p

(2.148)

(ii ) Q + GK = 0 (2.149)e

(1 i i ) J + JT + G + GT < 0 (2.ISO)

Deslgn Method:

(1) Choose C = I (2.151)
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(li) Choose K = [K K ] = t-D -C ] (2.152)e pe pf c c

(111) Choose B = -B (2.153)f c

(lv) Choose A, “ A (2.154)f c

(v) Choose G<0 (2.155)

(vl) Choose 0 = [Q Qr 1 = G [D C ) (2.156)p f c c
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Algor 1thm 2 : (bounded tracking error)

Constraints:

(1) There exists a proper, but not strictly proper, 

compensator (A^,Bc , , Dc ) which stabilizes the plant and 

which satisfies

Rank [ B ] = Rankc D
(2,157)

(11) Q + GK = 0  e (2.158)

d l l ) J  + JT + G + GT < 0 (2.159)

where J Is positive definite matrix

Supplementary Dynamics:

x (t) = A x (t) + Bru (t) f f f f p

y f (t) = C f x f (t)
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Design Method:

(1) Choose C = I (2.160)

(11) Choose K = [K K ] = [-D -C 1 (2.161e pe pf c c

(ill) Solve B_D = B for (2.162)f e e  f

(lv) Choose Ar = A -BrC (2.163)f c f c

(v) Choose G < 0 (2.164)

(vi) Choose Q = [Q Q,| = G[D C ) (2.165)p f c c
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Algorithm 2 : (asymptotleally v a n i s h i n g  tracking error)

Constraints:

(1) There exists a proper, but not strictly proper, 

compensator {A^,Bc ,Cc , )  which stabilizes the plant and 

which satisfies

Rank [ B ] = Rankc (2.166)

(ii) Q + GK = 0 (2. 167 )

(ill) J + j t + g + g t < o (2.168)

(Iv) G=-EBf and QfCf=EAf ; or G=-QfCfA B if det.[A ]*0

(2.169)

where J Is a positive definite matrix.

Supplementary Dynamics:

xr (t) = A x  (t) + Bru (t) f f f f p

y f (t) = C fx f (t)



107

Deslgn Method:

(i) Choose C = I (2.170)

(11) Choose K = [K K .] = I-D -C ) (2.171)e pe pf c c

(111) Solve B..D = B for B. (2.172)f e e  f

(Iv) Choose = -B,C (2.173)f f c

(v) Choose G * -EB < 0 (2.174)

(vl) Choose Q = IQ Q.| = G[D C ] (2.175)p f c c

Remark 2. 13:

If det[Af]*0, Eqs.(2.174) and (2.175) become G=-QfAf1Bf<0

and Q =GD .P c
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A lg o r i t h m  3 : (bounded tracking error)

Constraints:

(1) There exists a proper, but not strictly proper,

compensator (A ,B ,C ,D ) which stabilizes the plant andr c c c c
which satisfies

B
Rank I B  ] = Rankc

c (2.176)
D

(11) Q + GK = 0 e (2.177)

(111) J + JT + G + GT < 0 (2.178)

where J Is a positive definite matrix.

Supplementary Dynamics:

x (t) = A x (t) + B u (t) f f f f p

(t ) = CfXj- (t )
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Design Method:

(i) Choose Ĉ , = I and D̂ , = 1 (2.179)

(11) Choose K = IK K ] = (-D -C -I] (2,180)e pe pf c c

(111) Solve B^D = B for (2.181)f e e  f

(lv) Choose A.. = A - B J C  +1) (2.182)f c f c

(v) Choose G < 0 (2.183)

(vi) Choose Q = [Q ] = G [D C ] (2.184)p f c c
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Algor 1thm 3 : (asymptotleally van i s h i n g  tracking error)

Constraints:

(1) There exists a proper, but not strictly proper,

compensator (A ,B ,C ,D ) which stabilizes the plant andc c c c
which satisfies

Rank 1 B ] = Rank c
B

D
(2.185)

(11) Q + GK = 0  e (2.186)

( 1 1 1 ) J + J T + G + G T < 0 (2.187)

(iv) G=-EBf and Q C =EAf; or G=-QfCfAf Bf If det[A ]*0

(2.188)

where J is a positive definite matrix.

Supplementary Dynamics:

x „ (t. ) = A..X (t ) + Brii ( t ) f f f f p

y f (t ) = (t )
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Design Method:

(i) Choose C = I and Df = I (2.189)

(11) Choose K = [K K ] = [-D -C -1] (2.190)e pe pf c c

(111) Solve BrD = B for Br (2.191)f e e  f

(lv) Choose A = -Bf (C +1) (2.192)f f c

(v) Choose G = -EBf < 0 (2.193)

(vl) Choose Q - IQ Q ] = G[D C ] (2.194)p f e c

Remark 2.14:

tf det(Af )*0, Eqs. (2, 193) and (2.194) become G=-Qf.Af.1 Bf<0

and Q =GD .P c
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2.13 Examples

This section presents three examples to Illustrate the

application of the adaptive control algorithm. The

examples include the so-called Rohrs’ example 118), an

unstable single-input single-output plant which was

studied by Bai— Kana [5), and the lateral dynamics of the

F-8 aircraft which was studied by Sobel et. al . [3], The

adaptive gains K , K , and K will be Initialized to zero ^ e x u
In all of the examples.

The plant, model, and adaptive algorithm are simulated on 

a digital computer In order to determine the closed loop 

system performance. Therefore, In the simulations of the 

continuous systems we approximate the Integrations In a 

discrete representation with a step size of At, which is 

chosen for each example in a manner which trades off 

computation time and numerical accuracy. The control 

algorithm equation for the Integral gain update, given by 

Eq.(2.39), Is Integrated by using

K 1 (lAt+At) =KJ (lAt) + M[v(lAt)rT ( 1 At) - o-K1 (1 At )*]T

(2.195)
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The plant dynamics, which are described by Eq.(2.7), are 

Integrated by using

‘ “  ' Tit At ’
e dr [B u (!At)+d 11At}]P P iP

i

(2.196)

The model dynamics and the supplementary dynamics, 

described by Eqs.(2.3) and (2.5), respectively, are 

integrated in a manner analogous to Eq.(2.196).

x (lAt+At)=e
n nrP x UAt) + P
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Example X :

(Rohrs’ Example!18])

The so-called Rohrs’[18] example Is a difficult problem 

for many other adaptive algorithms. The plant is given by

Y (s) P

U (s) P

229
(2.197!

s + 1 s + 30s + 229

The output of this plant Is required to follow the output 

of the reference model which Is shown below:

Y (s) m

U (s) m 1 + s/3
(2.198)

Suppose we know that a stabilizing PI compensator is 

described by

-(10s+35)
G (s) =c {2.199)



] 1 ■>

Remark ?.. 15 :

Although the compensator described by Eq.(2.199) is 

stabilizing, it yields a closed loop system with a 

settling time greater than 500 seconds and a damping ratio 

in j I ()e dominant poles of less 1 Iran 0.001. The time 

response of the output to a square wave input is shown in 

Figure 2.4 where we observe that the performance is 

comp 1e te1y unacrept able.

-0 . 4

- 0.8
10

Time (sec)

Figure 2.4 Rohrs’ Example: 
Output with Non-adaptive Compensator

295^29 599^
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We remark that the choice of some stabilizing compensator 

which is needed for computation of the matrices Â ., B^,, Q, 

and G Is a much easier task than the computation of a 

compensator which satisfies stringent performance 

specifications for an unknown or poorly known plant.

The compensator described by Eq.(2.199) has a state space

realization given by A =0, B =10, C =-3.5, and D =-10. Toc c c c
illustrate the difference between algorithms, we simulate

Rohrs’ example by using algorithm 1, 2, and 3

successively. We use a square wave reference command of

magnitude 0.3 units and period of 20 second, and select

C =1, T=f=I, and d, (t)=d (t)=0.f ip op

Algorithm X ;

Using Eqs.(2.87)-(2.90) we obtain

K -D =10 (2.200)pe c

(2.201)

B,. = -B = -10 f c (2.202)
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= A = 0f c (2,2031

Therefore, the supplementary dynamics which are inserted 

into the output feedback path are of the form

Next, we choose Q =57.14, Q =20, and G=-5.714 such thatP f
the sufficient condition for stability Q+GK =0 ise
satlsfled.

The digital computer simulation is plotted in Figure 2.5 

which shows that the plant output tracks the model output 

with a small steady state error. This error may be reduced 

if the plant can be stabilized via a high gain output 

feedback loop.

-lOe (t)yp (2.204 )

y^(t ) = (t ) (2.205)



a lg o r  it im L j
mode 1 
plan t

- 0.2

- 0 . 3
0 5 10 15

time (sec)
Figure 3.5 Rohr s' Fxumpie:

Plant and Model Output (Algorithm 1)

Algor i t hm 7 :

Using Fqs. (2 . 93)-(2.96) we obtain

K = -U =10 pe t:

K _ = -C = 3 . 5  pf c

70i> )

.'07 )

B D = B => B = B / D = -1f e e  f e e (7.70K )
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Ar = -B_C = -3.5 (2,209)f f c

Since det[Aj.]*0, we can choose Q^.=20 such that

G=-QrA~1Br=-5.71428<0. Then, choosing Q =GD =57.1428, we f f f p c
obtain

Q = [ 57.1428 20 ] (2.210)

Cm = -5. 71428 (2.211

Therefore, the parallel supplementary dynamics are 

described by

t) = -3.5x,(t) -u (t 
f P

t) = x̂ . (t)

( 2 . 2 1 2 )

(2.213)

The plant and model outputs are shown In Figure 2.6. We 

observe the excellent transient behavior with zero error 

In approximately 2 seconds. We remark that the condition
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is necessary to achieve the asymptotically 

vanishing output tracking error . To demonstrate this, we 

simulate Rohrs’ example with the same design values except 

f 1= 10 The result is plotted in Figure 2 ,7 which shows 

that asymptotic output tracking Is no longer maintained.

Q.

- 0.2

- 0  . 4
15 20100 5

Time (sec)
Figure 2.6 Rohrs’ Example: G=-5.71428 
Plant and Model Output (Algorithm 2)



_alaQr_ithni__23

2

1

0

1

- 0.2

- 0 . 3
0 5 10 15 20

time (sec)
Figure 2, 7 Rohrs’ Example: U= 10 

Output with (i*-Q A~ (Algorithm 2)

Algor 1thm 3:

Using Eqs. (2 . 93)-(2.. 96) we obtain

D =1; K = -D =10 (2 714)f po r

K = -C -1 = 2.5 (2.215)pf c

B D = B =» Br = B / D - -1 (2.216)f e e  f c e

A = -B_C = -3.5 f f c (2.217)
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Since det[A^]*0, we can choose Q^.=20 such that

G=-Q,.A *B =-8<0. Then, we choose Q =GD =80 to obtain i l l  p c
the design parameters as shown below

Q = [ 80 20 ] (2.218)

G = -8 (2.219]

The parallel supplementary dynamics are described by

xr (t) = -2.5x (t) -u (t) (2.220)f f p

yf (t) = x (t) (2.221

The plant and model outputs are shown In Figure 2.8. We 

observe the excellent transient behavior with zero error 

in approximately 2 seconds. Finally, we simulate Rohrs’ 

example by choosing G=-20 such that G*-Q^A^. . A bounded

output tracking error Is observed from Figure 2.8(b).



fllaor̂ tnm _3— f

- 0.2 -

- 0 . 3

- 0  . 4
0 5 2010 15

time (sec)
Figure 2,8 Rohrs’ Example:

I’lanl and Model Output (Algorithm 3)

__-jnfllir.s_.alp3 ym yp

- 0.2

- 0 . 3
o 5 10 15 20

time (sec)
Figure 2.9 Rohrs' Example 

Output with (Algorithm 3)
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Summary :

Comparing the simulation results for Rohrs’ example shown

In Figures 2.4-2.8, we conclude that the output tracking

response of the plant with the non-adaptlve supplementary

dynamics, Figure 2.4, is not acceptable even though the

closed-loop stability condition Is satisfied. However,

Figures 2.5-2.8(b) show that a satisfactory output

tracking error can be obtained by using algorithm 1, 2.

and 3 with adaptive supplementary dynamics. Furthermore,

Figures 2.6 and 2.8 illustrate that an asymptotically

vanishing output tracking error will be guaranteed by

using algorithm 2 or 3 if the conditions In Corollary 2.1

are satisfied. However, it is hard to say which one Is

better between algorithms 2 and 3 because similar results

are obtained In simulation.Finally, Figures 2.7 and 2.9

shows that if the condition Is violated, then

the asymptotically vanishing output tracking error will

not be maintained. However, the plant will still follow

the model with a bounded output tracking error even though

the stability condition Q+GK =0 is not satisfied. Thise
indicates that a larger class of plants than those

described in Theorem 2 can achieve a bounded output

tracking error because Q+GK =0 is sufficient but notG
necessary.
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E xample 2:

(Unstable Plant using Algorithm 2 Parallel Dynamics)

Consider the unstable single-input single-output plant 

with transfer function given by

The output of the plant is required to follow the output 

of the reference model whose transfer function is given by 

Eq. (2.198) .

Suppose we know that a stabilizing PI compensator Is 

described by

200
(2.208)

U (s) P (s - 1 ) (s2+ 8s + 100)

-(3s+6)
G (s)c (2.209)

s

The compensator described by Eq,(2,209) has a state space
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realization given by A =0, B =3, C =-2, and D =-3. Usingc c c c
Eqs.(2.93)-(2.96) we obtain

K = -D = 3 (2.210)pe c

C = I ; K = -C = 2  (2.211f pf c

B..D = B ■* B = B  / D = -1 (2.212)f e e  f c c

A = -B C = -2 (2.213)f f e

Since det[A^.]*0, we can choose Q^.=20 such that

G=-Q̂ .Aj. ̂ B^.=-10<0. Then, choose Q^=GDc=30. The design 

parameters are given by

Q = [ 30 20 ]

G = -10

(2.214:

(2.215:

and the parallel supplementary dynamics are described by
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x^(t) = -2xf (t) u (11 
P (2.216)

yf (t) = xf (t ) (2.217)

The matrices T and T are chosen to be identity matrices, 

and the input and output disturbances are not considered. 

The plant and model outputs are shown in Figure 2.8 for a 

square wave reference command of magnitude 0.3 units and 

period of 40 seconds. We observe that the error is driven 

to zero in approximately 2 seconds albeit with a maximum 

overshoot of near 30 percent. The adaptive gains K and 

are shown in figures 2.9 and 2.10, respectively. We 

observe that the gains become momentarily large at t=0 and 

t=20 seconds In order to force the error to zero when the 

reference command is initially applied and when the 

reference command changes sign.
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Example 3:

(F-8 Lateral Dynamics using Algorithm 1 Feedback Dynamics)

Consider the F-8 lateral dynamics with the plant described 

by

*
p -3.59 . 1968 -35.18 0 ’ P " 14.65 6.538'

r -.0377 -.3576 5.884 0 r .2179 -3.087

0 .0688 -.9957 -.2163 .0733 0
+

-.0054 .0516

. * . n .9947 . 1027 0 0 . * . n 0 0

(2,218)

where p Is the roll rate, r the yaw rate, (3 the sideslip

angle, # the bank angle, & the aileron deflection, and 53 r
the rudder deflection.

The reference model Is chosen as in reference 3 and is 

described by
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r 4 ip -10 0 -10 0
*
r 0 1 o -J 0 0
*
0 0 -1 -0.7 0
4

. * -m 1 0 0 0

p '20 2.8"

r
+

0 -3. 13

0 0 0

. ♦ .m 0 0

(2.219)

This model has an eigenvalue at the origin In the complex 

plane which makes steady state tracking difficult.

To attempt matching of the plant and model roll rates and 

yaw rates, the measurements are chosen to be

" p P
y -mr n r

(2 .220)

m

Suppose we know that a stabilizing compensator is

described by the quadruple (A ,B , C ,D ) wherec c c c

A =c
-10

0

0

■10
(2.221)
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B =
-1

0

0

-1

c =
1000

0

0

10

D =
-50,000 0

0 20,000

[2.222)

(2.223i

: 2.224)

We choose algorithm 1 for this example which uses feedback 

supplementary dynamics and yields a bounded error. Using 

Eqs. (2.87 } -(2,90) from Lemma 2.5 we obtain

A_ = Af c

Br = -B f c

Cf « I

[K K ] = 1-C -D :pe pf c c

: 2.225)

(2.226)

(2.227)

(2.228)

Then, we use the constructive method from the proof of
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Lemma 2.5 to choose

G = -y I = 0.001

Then,

Q " ylKe = *lE~Dc ~Cc ]

which yields

Q - IQP Qf I
50

0

0

-20 0  - 0 . 01

Finally, we choose T=0.05I and T=0.1I.

The aileron model input Is chosen to be a

U^^tt) with period equal to one second

model input Is chosen to be U (t+0.25).sq
disturbance Is chosen to be

(2.229)

(2.230)

(2.231)

unit square wave 

and the rudder 

A constant input
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IP
0. 1

0. 1
for t > 1 sec. (2.232}

with matrix E = B and a sinusoidal output disturbance Is 
P P

chosen to be

d (t} = op
0.2sln30t 

0.lsln30t
for t>l sec. (2.233]

The robustness coefficient cr Is chosen to be

c =
0.0 

0. 1

for t < 1.6 sec 

for t £ 1.6 sec
(2.234)

We observe from Figure 2.11 that the plant roll rate 

exhibits excellent model following with virtually no 

steady state error while we observe from Figure 2.12 that 

the plant yaw rate exhibits good model following with a 

small steady state error. This model following Is obtained 

In the presence of both Input and output disturbances.
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3, ALGORITHMS WITH ADAPTIVE SUPPLEMENTARY DYNAMICS 

3.1 Introduction

This chapter introduces algorithms 4 and 5 which use 

adaptive supplementary dynamics to control non-ASPR 

plants. Unlike algorithms 1, 2, and 3, the parameters of 

the supplementary dynamics in algorithms 4 and 5 are 

computed on-line as part of the adaptive gain 

computations. The metasystem representation is used for 

both algorithms and a Lyapunov function is used to show 

either a bounded or an asymptotically vanishing output 

tracking error.
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3.2 Algorithm 4

Consider a linear t line- invar iant plant with input and 

output disturbances as described in Eqs.(2,l) and (2.2). 

We seek a control law which will cause the plant to track 

a linear time invariant reference model described by 

Eqs.(2.3) and (2.4), We choose the plant control signal to 

be

where y^(t) is the output of the supplementary dynamics 

which are shown below:

u (t) = y ft) P f (3. 1 )

xf(t) = -Af (t)x (t) + Bf (t)u (t) (3.2)

yf (t) = -C (t)x (t) + D (t)u (t) (3.3)

f fwhere x (t ) e R and ŷ . (t ) e R , and where
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(3.4)

Df (t) = [ Dfl(t) Df2(t) Df3(t) (3.5:

u f (t ) =

e (t)yp
x (t) m
u (t ) m

(3.6)

e ( t ) = y { t ) - y ( t )yp m 'p

Although the supplementary dynamics are Inserted In a 

output feedback path as In algorithm 1, the matrices 

ft), B̂ . (t ) , Cj. (t), Dj.(t) of algorithm 4 are updated 

on-line as part of the adaptive control mechanism.

A block diagram of algorithm 4 is shown In Figure 3.1



cIm
dot

1 1’*

PLANT ^ \

MODEL

figure 3.1 Block Diagram of Algorithm 4
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Using Eq.(3.3) we can rewrite the control law as follows:

u (t) = y,(t) = -C C t )x (t) + D (t ) u (t) p f f f f f

= -C (t) x (t )+D (tie (t)+D (tlx (t)+D_,(t)u (t) f f fl yp f2 m f3 m
(3.7)

Then, substitute Eq.{3.7) Into Eq.(2.1) to obtain the 

plant dynamics which are shown below:

x (t) = A (t)x (t) + B (t)D,,(t)e (t) - B C,x,(t)p p p  p n  yp p f f

+ B D„(t)x (t) + B D (t )u (t) ♦ E d  (t) p f2 m p f3 m p lp
(3.8)

y (t) - C x ft) + d (t) P P P op (3.9)

Next, substitute Eqs.(3.4)-(3. 6) into Eqs. (3.2)-(3.3) io 

obtain the supplementary dynamics which are shown below:
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x_(t> = -A-ttJx-ttJ+B,, (t)e (t)+B„,(t)x (t)+B (t)u (t) f f f fl yp f2 m f 3 m
(3.10)

y,(t) = -C_(t)x,(t)+D_.(t)e lt)+D,*(t)x (t)+D.,(t)u (t) f f f fl yp f2 m f 3 m
(3.11)

We now concatenate the plant dynamics described by 

Eqs.(3.8) and (3.9) with the supplementary dynamics 

described by Eqs.(3.10) and (3.11) to form a metasystem of 

order n+n^.. The metasystem state equation Is given by

X (t) 1p —

x_(t)I

B 0
+ P

E d (t) 
P ip

0

r x t t )
p

Xj. ( t )

0

0

Dfl(t) C (t) D (t) D (t ) 

Bfl(t) A (t) Bf2(t) B (t)

e (t )yp
-x (t )

X ( t )m
u (t) m

(3.12)

and the metasystem output equation is given by
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y (t) 1 P _
' cp 0 ' r x tt) ip +

r d (ti io p

xf (t ) 0 I X - ( t )L I J 0

(3.13)

To write the metasystem equations more compactly we 

def ine

r x tt) i r y (t)
x( t ) = p y (t ) = p

X ( t )L I * l X ( t )L I J

d (t) =
d (t) 1 op d =

r E d, (t)l 
p ip

o 0 1 0

> o ’ B 0 OU

A = P B = P c = p
0 0 t 0 I . 0 1

r(t) =
e (t) yv
x (t) m
u (t)*- m

e (t) = yv
e (t)
yp

-Xj. ( t )

uft)=K(t)r(t)

where
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K (t ) = [ K (t), K (t), K (t) 1 e x u

where

K tt) =e
Dfl(t) Cf tt) 

Bfl(t) A tt)

K (t) = x
Df2(t)

K (t) = u

We obtain a metasystem, which is In the same form as 

In section 2.7, and which is repeated below:

x(t) = Axtt) + BK(t)rtt) + d (t)

= Axtt) + Butt) + d tt) (3.14)

y (t) = Cx(t ) + d (t)o (3.15)
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where K(t) Is an adaptive gain matrix which is computed as 

show in Eqs.(2.37)-(2.41).

Remark 3.1:

Although algorithm 4 is different from the algorithms 

discussed in Chapter 2, their metasystem representations 

are identical. This Is significant because the met.asystem 

generalizes different algorithms Into one form such that 

the previous results on system stability can be extended 

to the new algorithm. Also, we remark that the metasystem 

used here is linear time invariant and tracks a linear 

time Invariant reference model. Therefore, our approach is 

different from the metasystem in reference 8 where a time 

varying reference model must be considered. Our approach 

yields a simpler stability proof with less restrictive 

conditions.
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3.3 Algorithm 5

In this section, we consider the case of an asymptotically 

vanishing output tracking error. The conditions for an 

asymptotically vanishing error can be derived by modifying 

algorithm 4. The new choice for the plant control signal 

is given by

t) = yf it) = (t ) Dre f yp t) 13.16)

Upon comparing Eqs. (3.1) and (3.16), we note that, in

Eq.(3.16), x (t) and u (t), are not fed forward to the m m
plant Input and matrices C and D̂ . are constant matrices 

which will be selected later. A block diagram of this new 

adaptive control system, which Is denoted as algorithm 5, 

is shown in Figure 3.2.



d o p

PLANT

W

m o d e l

Figure 3.2 Block diagram of Algorithm 5
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In Figure 3.2, Af (t) B {t ). and B (t ) are

adaptive matrices which are updated on-line as pait of the 

adaptive control mechanism. The plant, the reference 

model, and the state equation for the supplementary 

dynamics are the same as in algorithm 4. However, the 

output equation for the supplementary dynamics is 

different because matrices Ĉ . and D̂ . are not adaptive.

We substitute Eq.(3.16) into Eq.(2.1) to obtain

x (t) = A x (t) + B u (t ) + E d, (t) P P P P P P ip

= A x (t) - B C x (t1 + B Dre (t) + E d, (t)p p  p f f  p f yp p i p
(3.17)

y (t) = C x (t) + d (t) (3.18)p p p op

Then, concatenate Eqs.(3.10), (3.17), and (3.18) to obtain

the metasystem representation which is described by

X ( t ) A C_ X ( t )
p = P P f p

X (t)L I J i o o * xr (t)L I J



r v (ti i ' C O' x (t) r d tt)p = P P + op
xr ( t )'■I 0 I xf (t ) 0

(3.20)

We may write the metasystem equations more compactly by 

deflning

X ( t ) r y (t)
x (t ] = p y (t ) = p

xf (t)u I J X { t )L 1 J

A -B C 1 
p p f

Ao =
B D,C 0 p f p c =

cp 0

0 0 0 0 0 I

0 r E d (t)lP ip d (t)
B = d (t) = d (t) = op

I 0 o 0



u(t) = K(t)r(t)

where

K (t ) = t K (t), B__(t) ]e f 2 f 3

K (t) = [ B_, (t) A _ C t) ] e f 1 f

r (t ) =

e (t) yv
x tt) m
u (t ) m

e (t ) yv
e (t}yp
-x (t )

Thus, we have

x(t) = Ax(t) +■ Ane (t) + BK(t)rtt) + d.tt) O x  i

y(t) - Cx(t) + d (t)o

where the adaptive gain Ktt) Is computed 

Eqs,(2.37}-(2.41).

Although Eq.(3.21) Is not In the same form as Eq

149

(3.21)

(3.22)

as In

. (2.27),
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their metastate error derivative equations are identical 

as shown in the next section.
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3.4 Error Equations

The metasystem representation for algorithm 4 is the same 

as for the algorithms in Chapter 2. Therefore, the 

metastate error equation for algorithm 4 is obtained from 

the results of section 2.8 as shown below:

= A e {tc x Bz ( t F (t) (3 .2 3  )

where A = A-BK C (3.24)c e

Then, we show that the metastate error derivative equation 

for algorithms 4 and 5 are In the same form by inserting 

the metasystem dynamics of algorithm 5, Eq.t3.21), into

the the metastate error derivative equation, Eq.(2.46) to 

obta1n

e (t) = x (t)-x(t) x

=x*(t) - Axtt) - BK(t)rtt) - Ane (t) - d.tt)0 x 1
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=x (tJ+Ae (t)-Ax (t )-Bz(t)-BKr(t)-A_e (t)-d.(t) x 0 x i

=x* ( 1 )+Ae (t )-Ax*(t}-Bz(t )-BK (Ce (t)-Cx*(t ) - d „ ( t )] x e x 0 0

-B[K x (t)+K u (t)]-A e (t)-d.(t) x m u m O x  L

=[A-A„-BK C ]e (t)-Bz(t)+x*tt)-Ax*(t)0 e x

+BK [ Cx* (t ) +d (t) ] ~B [K x (t)+ic u (t]]-d,(L) e O  0 x m  urn 1

= A e (t) - Bz(t) - F (t) (3.25)c x 1

where

A = A-A -BK C (3.26)c 0 e

Remark 3.2:

The metastate error derivative equations for algorithms 4 

and 5, as well as for the algorithms In Chapter 2, are 

identical, and can be expressed by
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e (t) = x A ec x t) - Bz(t) K (t) !3.27 )

where the form of the matrices A and B are different forc
each algorithm as shown in Appendix A. The vector (11 is 

defined by Eq.(2.57), and is bounded as stated in Remark 

2.3. Therefore, the stability proof for algorithms 4 and 5 

will be the same as In section 2.10.



154

3.5 Stability Analysis

Theorem 3.1:

Consider algorithm 4 or 5 with a controllable and

observable LTI plant. Further, suppose that there exists a

real symmetric positive definite matrix P and real
Tmatrices J, L, W, K , and R, (R+R )>0 such thate

P (A-BK C) + (A-BK C)TP = -LLT-R < 0  t 3.28 ie e

PB = CT (QT + KTGT ) - LW (3.29)e

WTW = J + JT (3.30)

J + JT + G + GT < 0 (3.31)

where the matrices T and T are positive definite symmetric 

and positive seml-deflnlte symmetric, respectively. Then, 

all states, gains and errors in the adaptive system are 

bounded.
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Remark 3 . 3 :

Consider the quadratic function which Is positive

definite in the state variables of the adaptive system,

e Ct) and K^(t), as shown in Eq. (2.80). We see that the x
*

metasystem error e (t), the error derivative e (t) and thex x
adaptive gain K^(t) for either algorithm 4 or 5 are in the 

same form as in Chapter 2. Therefore, the Lyapunov 

derivative for algorithms 4 and 5 will be identical with 

the Lyapunov derivative for the algorithms in Chapter 2. 

Thus, the stability proof is the same as in theorem 2,1.

Remark 3.4:

The first three sufficient conditions, given by Eqs.(3.28) 

- (3.30), are equivalent to requiring that the transfer 

matrix given by

H (s ) = J + (Q+GK )C(sI-A+BK C)_1B (3.32)e e

is strictly positive real (SPR).
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Lemma 3 . 1 :

The sufficient conditions, Eqs.(3.31) and (3.32), can be 

satisfied by algorithm 4 for any controllable and 

observable plant.

Proof:

If the plant is controllable and observable then there 

exists a compensator, denoted by the quadruple

(A ,B ,C ,D ), which stabilizes the plant. Thus thec c c c
composite plant/compensator system Is represented by

comp

A ■+ B D C B CP P e p  p c

B C c p
(3.33)

where A is a stability matrix. Next, we observe fromcorop

Eqs.(3.12) and (3.13) that the composite system for 

algorithm 4 is given by



which Is required to be a stability matrix for some gain 

K& . Thus, by comparing Eqs.(3.33) and (3.34) we observe 

that the choice

Bf 1 - -B

fl = -D

(3.35)

( 3. 36 }

( 3 . 37 )

( 3 . 38 )

will results in being a stability matrix.
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Now we need to show that the conditions in Eq,(3.31) and

(3.32) can be satisfied. Let G=~y jl , where ^

are positive scalars. Let so that Eq.(3.32) reduces

to J>0. and Eq.(3.31) becomes J+J^+G+G^W.y^I-^yj I<0.

Hence, there exist Q, G, K , and J which satisfy thee
sufficient conditions for a bounded error.

Lemma 3.2 :

The sufficient conditions, Eqs. (3,31) and (3.32), can be 

satisfied by algorithm 5 for any controllable and 

observable plant.

Proof:

If the plant Is controllable and observable then there 

exists a compensator, denoted by the quadruple

(A ,B ,C ,D ), which stabilizes the plant. Thus thec c c c
composite plant/compensator system Is represented by

conp

A + B D C P P e p

B C c p

B C P c
(3.40;
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where A Is a stability matrix. Next, we observe fromcomp
Eqs.(3.21) and (3.22) that the composite system for 

algorithm 5 is given by

A =A-A ~BK C. =5 0 e

B D X  p f p

-B C fl p

-B cr 
p f

(3.41)

which Is required to be a stability matrix for some gain 

K . Thus, by comparing Eqs. (3.40) and (3.41) we observe 

that the choice

Ar = -A (3.42)f c

B = -B (3.43)f 1 c

C, = -C (3.44)f c

= -D (3.45)
i c

K = [ Br. A,] = I -B . -A ] (3.46)e f 1 f c c
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will result In A,. being a stability matrix. We note that

Â . Is not required to be a stability matrix, and the

dimension of K in Eq.(3.46) is different with that in e
Eq,(3,39) because the dimension of B In Eq.(3.27) is 

different in algorithm 4 and 5.

Next, we need to show that Eqs. (3.31) and (3.32) can be 

satisfied. Let G=-y^I, ' w^ere are Pos^lve

scalars. Let so that Eq.(3.32) reduces to J>0, and

Eq, (3.31) becomes J* J^+G+G^=2y2 1 ~27f̂  I <0. Hence, there 

exist Q, G, and J which satisfy the sufficient

conditions for a bounded error.
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3.6 Asymptotic Output Tracking

In section 2.11, we showed that the plant output will 

track the model output asymptotically by Inserting 

supplementary dynamics either in parallel or in cascade 

with the plant. In this section, we show that asymptotic 

output tracking can be achieved for algorithm 5 by 

inserting supplementary dynamics with adaptive parameters 

Into an output feedback loop which is inside the adaptive 

controller.

We extend Broussard’s (4) command generator tracker (CGT) 

for model following control of known plants to the

metasystem described by Eqs.(3.21) and (3.22) by defining
* * •

x (t), y (t), and u (t) as the ideal state, ideal output,

and ideal input, respectively as in section 2.11 such that 

in the ideal situation we have

x*(t) = Ax*(t) + Bu*(t1 (3,47)

and



162

y (t) = C x (t) = y (t) (3.48)
P P P

We note that Eqs.(3.47) and (3.48) are in the same form as

the Eqs.(2.104) and (2.105) discussed in Chapter 2

although Eq.{3.21) is different from Eq.(2.27). Thus,

there exist ideal trajectories in the form of Eq.(2.106)

provided that u Is constant and Eq.(2.116) has solutions m
for Sr  S2 , S31. and S32.

We extend Corollary 2.1 and propose a new corollary as 

follows

Coroilarv 3.1:

Algorithm 5 will yield an asymptotically vanishing output

error by choosing Qj-=0 if the conditions of Theorem 3. 1

are satisfied and if (1) u is constant for tat,, (11) nom 1
disturbances exist and tr = 0. (ill) a solution exists for 

the matrices Sj, S^, , and in Eq. (2.116).
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Proof:

The proof of Corollary 3.1 Is similar to the proof of

Corollary 2.1 Oy showing that F^(t)=0 and F^ttl-Kl as t-xio. 

However, from Remark 3.3, we know that the Lyapunov

derivative In algorithm 5 Is the same as in Eq.(2.122),

with Fj(t) and F^ft) as s^own below:

F.(t)=-x*(t)+Ax*(t)~BK Cx*+B[ K x (t)+K u ] 1 e 0 x m u m

= -Bu*(t ) - BK x*(t) + B [K x (t) +K u ] f f x m urn

•B[S x (t)+S_u 1 - BK IS x (t ) +S u ] 31 m 32 m f 21 m 22 m

+B[K x (t) + K u ] x m u m

-Bt(K -S, -K.S^lx (t) + (K - S - Y L rS„„)u ] (3.49)x 3 1  f 21 m u 3 2 f 2 2 m

and

F ft) = (Q+GK )Cx (t) - GIK x (t )+K u ] 2 e 0 x m u m

= (Qr+GK_)x ft) - GlK x (t) + K u ] f f f x m u m
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(Q +GK )IS x (tl+S00u 11)] - GIK x (t)+K u 1 f f 21 m 22 m x m  u m

[(Q +GK )S„.-GK ]x (t)+[(Qr+GK )S -GK ]u f f 21 x m f f 2 2 u m

[Q,S +G(K S -K )]x (t) + [ Q S + G 1 K S - K  ) Iu 
i 21 f 21 x m f 22 f 22 u m

(3.50)

Then, we use the sufficient condition In Corollary 3.1 

Q^=0, to obtain

K_(t) = G(K -K )x (t) + G(KrS_ -K )u 2 f 21 x m f 2 2 u m

G(K S -K -S +S„ )x (t)+G(K..S -K +S -S__)u f 21 x 31 31 m f 22 u 32 32 m

G[S x (t)+S_,u ] + G(K -KrS0 -S_, )x (t) 3 1 m  32 m x f 21 31 m

+G(K -K S -S )u u f 22 32 m

Gu"(t) + G (K -KrS ~S )x ft) + G (K -KrS -S,.,.) u x f 21 31 m u f 22 32 m

Further, from Eq.(3.19), we have



165

e (t)VP

“Xf(t)

X (t)m
u (t)m

= K(t)r(t) = u(t)

. * •
Thus, x^(t)=u (t) which yields

F (t) = Gx (t) + G(K -K-S.-S.Jx (t) + G(K -K S )u2 f x f 21 31 m u f  22 32 m

■ C S  x lt)+G(K*K.S -S.,)x (t)+G(K -K.S,,-S_,)u 21 m x f 21 31 m u f 22 32 m
(3.51)

Finally, we choose

K = K S +S x f 21 31 (3.52)

K = K Su f 22 32 (3.53)

to obtain F,(t)=0 and F„(t)=GS_,x (t) which will vanish 1 2 21 m



166

asymptotically because u Is a constant for tat, and them 1
reference model Is asymptotically stable.

Hence, Eq.(2.122) becomes

V (e ,K 1) = -eT (t)Re (t)-[LTe (t)-Wz(t )]T [ iJe (t )-Hz ft)]X X X X X

+ z (t)T {J + JT+2G)z (t )-2vT (t)V (t )rT (t )Tr(t )+2zT (t)GS„,x (t )21 m
(3.54)

Note that Eq.(3.54) is in the same form as Eq.(2.132) 

where the last term vanishes asymptotically. Therefore, 

the remainder of the proof of asymptotic output tracking 

is the same as In section 2.11.

Now we show that the conditions for a bounded output 

tracking error, Eq.(3.31) and (3.32), and for an 

asymptotically vanishing output tracking error, Q̂ .=0, can 

be satisfied simultaneously.

Lemma 3.3:

Let the adaptive controller be algorithm 5 and let the
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plant belong to the class described by corollary 3.1 with

the additional restriction that A =0. Then, the sufficientc
conditions for asymptotically vanishing error can be

satisfied if we choose G<0 and Q = GB .P c

Proof:

Let Ap , , Cp , Dp be chosen as in Lemma 3.2, and let

Q =0 as In Corollary 3.1. Then, we choose G<0 and Q = GBt p c
to obtain

Q ♦ GKe= [ Qp . Qf ] + G[ Bfl, Af 1

= [ Qp-GBn , Qf+CAf ]

= I GB *GEL, , -GA ] c f 1 c

= [ GB -GB , -GA )c c c

= 0 (3.55)

Therefore, the sufficient condition In Lq.(3.32) becomes
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J+(Q+GK )C(sI-A+BK C) *B = J Is SPR (3.56)e e

Further, we let J=-y^G with 0<y4<l.such that

J = -j^G > 0 (3.57)

J + JT+ G +■ GT = (-y G+G) + (-*4G+G)T

= (1-y )(G + G)T < 0 (3.58)

Therefore, the sufficient conditions for a bounded error 

given by Eqs.(3.31) and (3.32) and the sufficient 

conditions for an asymptotically vanishing error, Q^-O, 

are satisfied.
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3.7 Summary of Constraints and Design Rules

Algorlthm 4: (Bounded Tracking Error)

Constralnts:

(1) (A ,B ) controllable; (A ,C ) observable (3.59)
P P P P

(ii) Q + GK = 0 e (3.60)

ill) j + j t + g + g t < o (3.61)

Design Method:

(I) Choose K =
D Cc c
B Ac c

i 3.62)

(11) Choose G<0 (3.63)

(111) Choose Q = -GK (3.64)
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Al g o r i t h m  5: (Bounded T r acking Error)

Constraints:

(1) (A ,B ) controllable; (A ,C ) observable (3.65)P P p p

(11) Q + GK = 0e (3.66)

( 1 1 1 ) J + J T + G + G T < 0 (3.67}

Design Method:

(1) Choose G < 0 (3.68)

(II) Choose K = [-B .-A ]e c c (3.69)

(111) choose Cr = -C f c (3.70)

(1v ) choose = -Df c (3.71)

(v) Choose Q = -GK (3.72 )



A lg o r i t h m  5: {Asymptotic Tra c k i n g  Error)

Constraints:

171

(i) (A ,B ) controllable; (A tC ) observable (3.73)P P P P

( i 1 ) A = 0c (3.74)

(111) Q + GK = 0 e (3.75)

( i v ) J + J T + G + G T < 0 (3.76 )

Design Method;

(1) choose C . = -C f c (3.77)

(11) choose = -D f c (3.78)

(111) Choose G < 0 (3.79)

(v) Choose Q =GB ; Q =0 p c f (3.80)
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3.8 Examples

Example Jh

(Rohrs’ Example using Algorithm 5)

Rohrs' example Is given by Eq.(2,197) with the reference 

model given by Eq.(2,198). Suppose we know that a 

stabilizing PI compensator is described by

The compensator described by Eq.(3.81) has a state space

realization given by A =0. B =10, C =-3.5. and D =-10.c c c c
Using Eqs.(3.771-(3.80) we choose

-(10s+35)
G (s) (3.81)c s

C = -C = 3 . 5  f c (3.821

Df -D 10 (3,83)c

G = -1 < 0 (3.84)



Q = OH = -10; = 0p c f (3.85)

The matrices T and T are chosen to be T=T=5I. An 

asymptotically vanishing output tracking error is shown in 

Figure 3.3 for a square wave reference command of 

magnitude 0 3 units and period of ZO seconds. The adaptive 

gains ( t ) and A^(t) are shown In Figures 3.4 and 3.5, 

respectively. We observe that the gains become momentarily 

large.* at t =0 and t = 10 seconds in order to force the error 

to xero when tire reference command is initially applied 

and when the reference command changes sign.
Rohrs ,yp ...vm4

mode 1 
p] ant3

r ~2

1

0

1

-0 . 2

- 0 . 3

- 0  . 4 205 150 10
time (sec)

Figure 3.3 Rohrs’ Example: 
Plant and Model Output (Algorithm 5)



Rohr^ Bfl

- 0.2

- 0 . 4

- 0.6

-1 2010 1550
time (sec)

Figure 3.4 Rohrs’ Example: 
AdaptIve Gain B (Algorithm 5)

flohr̂  Af6

5

4

3

2

1

0
0 5 10 15 20

time (sec)
Figure 3.5 Rohrs' Example: 

Adaptive Gain Â _ (Algorithm 5)
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E xample 2:

(Unstable Plant using Algorithm 5)

Consider the unstable single-input single-output plant 

with transfer Function given by Eq. (2,208). The output of 

the plant is required to follow the output of the 

reference model whose transfer function is given by 

Eq.(2.198).

Suppose we know that a stabilizing PI compensator Is 

described by

-(3s+6)
G (s) = ------------- (3.86)c

The compensator described by Eq. (3.86) has a state space

realization given by A =0, B =3, C =-2, and D =-3. UsingJ c c c c
Eqs.(3.77)-(3.80) we choose

C„ = -C = 2 (3.87)

Dr = -D = 3  f c (3.88)



176

G = -1 < 0

Q_ = GB *c -3; Q r = 0

(3.89)

(3.90)

The matrices T and T are chosen to be T=T=5I. The outputs 

are shown in Figure 3.6 for a square wave reference 

command of magnitude 0.3 units and period of 40 seconds. 

We observe that the error is driven to zero in 

approximately 2 seconds albeit with a maximum overshoot of 

near 30 percent. The adaptive gains B^(t) and (t) are 

shown in figures 3.7 and 3.8, respectively. We observe 

that the gains become momentarily large at t=0 and t=20 

seconds in order to force the error to zero when the 

reference command is initially applied and when the 

reference command changes sign.



unstably vm yp4
mode 1 
pi ant2

0

- 0.2

4

- 0.6
0 2010 30 40

time (sec)
Figure 3.6 Unstable Plant:

Plant and Model Output (Algorithm S)

unstable bfl

- 0.2

- 0 . 4

- 0 . 5
0 10 20 3 0 4 0

time (sec)
Figure 3.7 Unstable Plant: 

Adaptive Gain (Algorithm 5)



unstable af3

2

l

o

1

- 0.2
- 0 . 3

- 0 . 4
0 10 20 30 40

t ime (sec)
F i g u r e  3.8 U n s t a b l e  Plant: 

A d a p t i v e  G a i n  Â . ( A l g o r i t h m  5)
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E xample 3:

(F-8 Lateral Dynamics using Algorithm 4)

Consider the F-8 lateral dynamics with the plant described 

by Eq.(2.218) with the reference model described by 

Eq.(2.219). Suppose we know that a stabilizing compensator 

Is described by the quadruple (A ,B ,C ,D ) where

A =
-10

0

0

-10
(3.91)

B
1

0

0

-1
(3.92 )

C =
1000

0

0

10
[3. 93)

D =
-50,000 0

0 20,000
(3,94 )

We choose algorithm 4 for this example which uses feedback 

supplementary dynamics and yields a bounded error. Using 

Eqs.(3.62)-(3.64) we choose
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K = - e

-50.000

0

-1

0

0

20,000

0

-1

1000

0

-1 0

0

0

10

0

- 1 0

(3.95)

G = -0,001 < 0 (3.96 )

50 0 -1 0

0 -20 0 -0.01

-0.001 0 0.01 0

0 -0.001 0 0. 01

(3.97)

Then, we choose T=0.05I and T=0.1I and choose u , d, (t),m lp
d (t ) , and <r to be the same as in example 3 of section op
2.13.

The time responses for the plant and model outputs are 

shown in Figures 3.9 and 3.10. We observe that the plant 

roll rate, Figure 3.9, differs from the mode] roll rate at 

the Initial time but this error is reduced quickly and
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vanishes at t = 0.03 sec. Then, the roll rate response 

exhibits excellent model following with virtually no 

steady state error. The plant yaw rate, Figure 3.10, 

starts with a large Initial error and exhibits good model 

following with a small steady state error. This model 

following is obtained in the presence of both input and 

output disturbances.



nu > d e  ] 
p 1 a n t2

1

0

1
0 . 5

- P i
1 . 51

t ime (sec)

F i g u r e  3.9 F-8: Plant and Model Roll H a t e  (Algorithm 4)

f.8 yp£ y.m2
------ m o d e  1
----- pI ant

0 . 50 1 . 51 2
time (sec)

Figure 3.10 F-8: Plant and Model Yaw Rate (Algorithm 4)
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4. ALGORITHM FOR NON-LINEAR PLANTS

4.1 Introduction

In the previous chapters, we have discussed the command 

generator tracker approach to model reference adaptive 

control under the assumption that the plant Is linear and 

time Invariant. However, a plant represented by linear 

dynamics is to some extent a mathematical abstraction that 

can never be encountered in the real world. It may be said 

that no physical system is completely linear since there 

are always some limits such as mechanical stops and some 

unexpected phenomena such as saturation or dead-zones 

which are inherent In the plant. When the effect of the 

nonlinearlty is very small, linear methods of analysis can 

be applied to give an approximate answer which is adequate 

for engineering purposes. Otherwise, a nonlinear 

representation will be essential for an adequate 

description of the plant.

The use of the command generator tracker approach to model 

reference adaptive control for nonlinear plants has been 

studied by other researchers. However, some assumptions, 

such as the boundedness of the nonlinear functions [10], 

the virtual linearization of the nonllnearity [11], and 

full access to the plant states [12], must be used in
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order to prove stability.

To overcome this problem, we present an algorithm, without 

the assumptions which are required in references 10, 11,

and 12, for plants with non-autonomous nonllnearlties of 

known form, but with unknown parameters. We show that the 

output tracking error will vanish asymptotically if the 

linear part of the plant is ASPR. Two examples are 

discussed which Include a pendulum oscillator and a ship 

autopilot.
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4.2 Problem Formulation

Let the nonlinear plant be described by

(4.1)

(4.2)

where x (t)e Rn Is the plant state which Is notP
accessible, u (t)e Rm Is the plant Input, y (t)e Rm Is the P P
plant output, y(C x ,u ,t)e Rr Is a nonlinear function ofP P P
known form, d. (t)€ Rm and d (t)e R^ are bounded unknown Ip op
disturbances. The matrices A , B , A , C and L areP P H P P
unknown with appropriate dimensions.

We desire that the plant output tracks a desired

trajectory which is generated by a linear time Invariant

reference model which Is shown below:

x (t)=A x (t)+A ?(C x , P P P 1 P P u t)+B u (t: P p +E d. (t) P IP

y (t) = P
C x (t) 
P P d (t) op

x (t m A x  {t) m m B u (t) m m (4,3)

m t ) = C x (t m m (4.4:
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n m
where x (t)e R m , y (t)e Rm , and u (tie R m m m m

We choose a control law, which Includes the nonlinear 

signal, as follows

u (t) = K (tie (t) + K (t)y(C x ,u . t > + K (t)x (t) P pe yp py p p p px m

+K (tlu (tl pu m (4.5)

or u(t) = K(t)r(t)

where

K (1 1 = [ K (t), K (t 1 , fC (t), K (t) pe py px pu (4.6)

and where r (t ) =

e (t )yp
y(C x ,u t ) 

P P P
x (11 m
u (t) m



187

The adaptive gain fC(t) is computed as follows:

K(t) = KP (t) + K 1(t1 (4.7)

KP (t) = v (t )rT (t)T (4.8)

K 1 (t) = [ v (t) rT ( t) -trK1 (t J41 ] T (4.9)

with the initial Integral gain set to

K !(0) * ( K 1 (0), K 1 (0), K 1 (0), K 1 (0) ] (4.10)pe py px pu

and where tr Is a positive scalar, T and T are positive 

definite and positive semi-defInite, respectively, and 

where the signal v(t) is chosen as

v (t ) = e (t)yp (4.11)
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4.3 Error Equations

We extend Bar-Kana’s [5] fictitious target system to 

nonlinear plants of the form described by Eqs.(4.1) and 

(4.2). The nonlinear fictitious target system is assumed 

to have the form shown below:

Note that although Eq.(4.12) is assumed to be of the same 

order as Eq.(4.1), these two systems may be entirely 

different and it is only assumed that their measurement 

matrices are identical.

To check that the fictitious target trajectories discussed 

in section 2.3 wlli be valid for the nonlinear plant, we 

assume that

. • * » « • •  • •
(4.12)

(4.13)

x (t) 
P

(4.14)
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Thus,

y* (t) = C x*(t) = C S x (t) (4.15)p p p p 11 m

If rank[C ]=rank[C C I, (4.16)P p m

then Eq. (4.15) has a solution for S

and

y ( t ) = y ( t )  (4,17)p m

Next, we define the state and output errors as shown 

be1ow:

e (t) = x (t) - x (t) (4.18)xp p p

e (t) = y (t) - y (t) (4.19)yp rn P

= y*(t) - y (t) p p

= C e (t ) - d (t ) p xp op
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The state error derivative Is given by

e ft) = x (t) - x  (t) xp p p

x (t )-A x (t )-A ?(C x ,u ,t)-B u (t)-E d. (t)P p r p p p  p p  p i p

x ft) + A [x (t)-x (t} ] * - A x  (t) P P P P P

-A y(C x tu ,t) - B [K(t)~K] - B [K e (t) 
V P P P P P Pe yp

+K y(c x .u ,t)+K x (t ) +K u (t)]-E d t (t) y p p p  p x m  p u m  p i p

:(A -B K C )e (t)-B z (t )+x*(t)+[-A S, -B K ]x (t) p p p e p x p  p p p l l p p x m

+ t-A S -B K ) u (t.) — f A +B K )y(C x .u ,t) p l 2 p p u m  If P t p p p

-E d, (t)*B K d ft) p ip p pe op

=A e (t)~B z(t)-F,(t) (4.20)pc xp p 1

where
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A = A - B K C Is a stability matrix pc p p pe p

z(t) = IK(t )—K )r{t)

K = [K . K , K . K J pe py px pu

and

F.ttJ— x (11 + IA S +B K ] x (t) + E d, (t)-BK d (t) 1 p p l l p p x m  p i p  p p e o p

+ [A S +B K ]u {t)+[A +B K ]y(C x ,u ,t) p 12 p pu m 7 P r P P P
(4.21)
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4.4 Stability Analysis

T h e o r e m  4.1:

Consider a nonlinear plant represented by Eqs.(4.1 ) and

(4.2J. Suppose rank[B )=rank[B :A ] and suppose therep p r
exists a real symmetric positive definite matrix P and

real matrices I. and K such thate

P (A-BK C) + (A-BK C)TP = -LLT< 0 (4.22)e e

PB = CT (4.23)

where the matrices T and T are positive definite symmetric 

and positive semi-definite symmetric, respectively. Then, 

all states, gains and errors in the adaptive system are 

bounded.

Remark 4.1:

The sufficient conditions, given by Eqs.(4.22) and (4.23), 

are equivalent to requiring that the linear part of the 

plant is almost strictly positive real.
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Remark 4.2:

If rank[B ]=rank[B A ), then there exists an S such that p p y 7
A +B S =0. (4.24)
7 P 7

Remark 4.3:

The stability is analyzed using a Lyapunov approach by

forming a quadratic function which is positive definite in

the state variables of the adaptive system, e (t) andxp
K*(t) as in Eq.(2.80). The Lyapunov derivative can be

obtained from Appendix B. However, the metasystem

representation is no longer needed for this nonlinear case

because supplementary dynamics are not used. Thus, we

define e (t)=e (t), e (t)=e (t), and choosing A =Ax xp yv yp c pc
B=B , Q=I, W=0, G=0, R=0 and J=0. If the sufficientP
conditions, Eqs.(4.22) and (4.23), are satisfied, then the 

derivative of the Lyapunov function In Eq.(2.81) becomes

V(e ,KJ) = -eT (t)LLTe (t) - 2vT (t)v (t )rT (t)Tr(t) xp xp xp

-2<rtrl (K1 (tl-K)vKK1 (t)-K)T ) - 2crt r [ (K1 ( t ) -K J+K1 1
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-2eT (tJPF.(t)-2zT (t)F„{t) (4.25)xp 1 2

where

F.(t)=-x*(t )+[A S +B K ]x (t)+E d, (t)-BK d (t) 1 p p l l p p x m  p i p  p pe op

+(A S._+B K ]u (t)+[A +B K ]y(C x ,u ,t) p 12 p pu m y p y  p p p
(4.26)

and

F_(t) = d (t) (4.27)2 op

Let K =S and substitute Eqs.(4.14) and (4.24) into 
7 7

(4.26)to obtain

F.(t )=-S x (t)+[A  S, +B K ]x (t )+E d ( t ) - B K  d (t) 1 1 1 m p l l p p x m  p i p  p pe op

+■1A S,^+B K ]u (t ) ■*■ {A +B S 1y (C x ,u ,t) p 12 p pu m r p y  p p p

-S,, x  (t ) + 1A S +B K ]x (t )+E d, (t)-B K d (t) 1 1 m p l l p p x m  p i p  p pe op

+ [A S,., + B K ]u (t) (4.28)p 12 p pu m
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which is bounded since d. (t), d (t) and u (t) arelp op m
bounded, and K , K , and K are constant, pe px pu

We observe that there exist some positive constants 

a,, a-,, a, such that1 Z O

V t e ^ . K 1) s - a j e ^ m l 2 - « 2 ||K (t )-K||2 - «3 ||v(t)|j2 ||r(t)||2

+ a4 iexp( U lf + *5 «lK(t)-Klr(t)| + «6 |lK(t)-K]|

(4.29)

If either ||e (t ) || , || r (11 |j , or j|K(t)-K|| increase beyondxp
some bound, then the negative quadratic terms in Eq.(4.29)

«
will become dominant, and thus V becomes negative. The

quadratic form of the Lyapunov function V{e ,K^) then

guarantees that e (t), K^(t) and e (t) are bounded, xp yp
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4.5 Asymptotic Output Tracking for Known Plants

To show asymptotic model following of the adaptive

algorithm we extend Broussard’s [4] command generator

tracker to the nonlinear plant by using the Ideal state
• * *

x (t), ideal input u (t), and Ideal output y (t). In the 
P P P

*
ideal situation, y (t)=y {t)=y (t), and the ideal plantP P m
satisfies the following dynamics.

x (t) = A x (t)+A y(C x ,u ,t) + B u (t) P P P  7 P P P  P P
f a  'in)

y (t) P C x (t ) P P [4.31)

* • *
where x (t), y (t), and u (t) are ideal trajectories which P P P
are different from the fictitious target trajectories used 

In section 4.3.

Next, we constrain the reference model command to be a 

constant and assume that the form of the ideal state and 

ideal input is as follows:

x (t} = S x (t) + S u p 1 m 2 m (4.32)
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u (t ] = S y(C x ,u ,t) + S x (t) + S u P T P P P  31 m 32 m (4.33)

We substitute Eqs.(4.32) and (4.33) Into Eqs.(4.30) and 

(4.31) to obtain

x (t) = A [S x (t)*S_u ] + B 1 x (t)+S__u ] p p l m  2 m  p 3 1 m  32 m

+ (A +B S )y (C x ,u , t) y p r p p p (4.34)

y U )  = C [S x (t )+S u ) p p l m  2 m (4.35)

Using ranktBp 1=rank[Bp ] and combining Eqs. (4.34) and

(4.35) we obtain

X ( t ) [ A  B 1 r s, s_ 1 r x (t)ip P P 1 2 m
*

y (t) C 0 s up J L P J L 31 32J L m
(4.36 )

Eq. (4-36) is the same equation as in the linear time 

invariant case which was discussed in Chapter 2. Thus, 

from section 2 .11, we have
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S. A S B 1 m 1 m a<
i

BP S 1 S2

n 3 O i cL p 1
o

S31 S32 -
(4.37)

and

~ S 1 S2 ' D 11 °12 r s ia1 m S B  1 m

- S31 S32 ■ - fl21 n 22 - CL m 0

where

A l fl12 '

1□a<i

a

^22 - [C ,0] 0 p J

Broussard [4] has shown that an equation of the type given

by Eq. (2. 118) has a solution for Sj , S^, , and S^2 if

(1 ) u Is a constant, (1 1 ) dimly (t)]=dlm(u (t)), and m p p
(11 1) no eigenvalue of Is equal to the Inverse of an

eigenvalue of A .m

If the plant were known, we could choose a control signal 

as follows:
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u (t) = K e (t)+K y(C x ,u ,t)+K x (t)+K u p pe yp PT P P P px m pu m
(4 . 38 )

where K K , K and K are constant gain matrices, pe y px pu

To Illustrate that Eq.(4.37) is sufficient to yield the 

perfect output tracking with the control signal in 

Eq.(4.38), we rewrite Eq.(4.37) as follow

S A  - A S  - B S  = 0  (4.39)1 1 m p 11 p 21

S, .B - A S - B S = 0 (4.40)1 1 m p 12 p 22

c S = C (4.41)p 11 m

C S = 0 (4,42)P 12

Under the assumption that d. ft)=0 and d (t)=0, the stateip op
error derivative equation will be

x (t)-x (t)=S x (t J —A x(t)-A y(C x ,u ,t)-B u (t) P P H m  P y p p p  P P

=S,,[A x (t)+B u )+A lx (t.)-x (t)l-A x (t) 1 1 m m  m m  P P  P P P
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-A y(C x ,u ,t)-B [K e (t)+K y(C x ,u ,t) 
V P P P  P pe yp ? P P P

+K x (t)+K u ] px m pu m

'(A -B K C )[x (t)-x (t) ] ♦ [S A -A S. -B K ]x (t) p p p e p  p p l l m p l l p p x m

+IS . B -A S -B K ]u -[A +B K ]y(C x ,u ,t) 1 1 m p 12 p p u  m y p y p p  p
(4.43)

For a known plant, we choose K =-S , K =S_,, K = S „ .py y px 21 pu 22
Substitute Eqs. (4.24). (4.39), and (4.40) into Eq.<4.43)

to obtain

x (t)-x (t} = (A -B K C )Ix (t)-x (t J J (4.44)P P P P P e p p  p

where K is chosen such that A -B K C is a stabilitype p p pe p
matrix. Therefore, the output tracking error will

vanish asymptotically. That is

y (t)-y (t) = y*[t)-y (t) = C [x*(t)-x (t)] -a 0 (4.45)nt Jp 7P 7P p p p
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4.6 Asymptotic Output Tracking for Unknown Plants

In the adaptive control problem, the plant is unknown or 

poorly known. Therefore, an adaptive control signal 

described by Eq.(4.5) Is used. An asymptotically vanishing 

output tracking error will be obtained for the nonlinear 

plant described by Eqs, (4.1) and (4.2) if the conditions 

in the following corollary are satisfied.

Corollarv 4.1:

Adaptive control algorithm 6 for the class of nonlinear

plants described by Eqs. (4.1) and (4.2) will yield an

asymptotically vanishing output error if the conditions of

Theorem 4.1 are satisfied and if (i ) u Is constant for tm
£ tj , (11) no disturbances exist and cr=0 , and (ill) a

solution exists for the matrices S^, S^, ancl s 32 in

Eq.(4.37).

Proof:

If d. (t)=0, d (t)=0, and <r=0 , then the derivative of the lp op
Lyapunov function, Eq.(4.25), will become
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V(e .K1) = -eT (t)LLTe tt) - 2vT (t)v (t )rT (t)Tr(t) xp xp xp

-2eT (t)PF, (4.46)xp 1

where

F (t )=-x*(t ) + 1A S . + B  K ]x (t)1 p p l l p p x m

+ [A S +B K ]u (t )+[A +B K ]y(C x ,u ,t) (4.47)p 12 p pu m 7 p jr P P P

= -S x (t)+[A S +B K )x (t) + [ A S, +B K )u 1 1 m p 11 p p x m  p l 2 p p u m

+[A +B K ) y (C x ,u ,t) 
7 P 7 P P P

-S [A x (t)+B u (t)]+|A S +B K ]x (t) 1 1 m m  m m  p l l p p x m

♦ (A S +B K ] u {t ) + [ A +B K ]jr(C x ,u ,t) p l 2 p p u m  7 P ?  P P P

[A S +B K -S..A ]x (t )+(A S +B K -S.,B ]u (t) p t l  p p x  1 1 m m p 12 p pu 1 1 m m

+(A +B K ]y(C x , u  , t )  ( 4 . 4 8 )
7 P 7 P P P

Let K =S , K =S.„ , and K =Ŝ .,, we obtain 7 7 px 21 pu 22



Finally, using Eqs.(4.24), (4.39) and (4.40), we obtain

Fj(t)=0 , and

V (e .K1) = -eT (t)LLTe (t)-2vT (t)v(t )rT (t)Tr(t)Xp xp xp
(4.50 )

which Is negative definite In e (t) and v(t). Thus,xp
e (t) — > 0 which implies that xp

e (t) = y  (t)-y (t)yp « p
= C x (t )-C x (t)m m  p p
= C S,,x (t)-C x (t)p 11 m p p
= C e (t) — » 0 P xp

(4. 51

Furthermore, the adaptive gain K (t) Is bounded because

V(e ,K*) cannot increase beyond its initial value, xp



4 .7 E x amples

1 Vndu I um Osc ilia tor : (Algorithm 6)

Consider the pendulum of Figure 4.1, which is 

discussed by Ambrosino et. al.[12). The pendulum dynamics 

are shown below:

Mb  ̂ u . d ̂ 0 {t ) . dO ( t J  ̂ .. Mbf ( - + Mn  ̂ + ^---------------  + HJsinOlt )=u ( t )
3 U d d t  2 P

(4.S3)

where u (t) is the control torque, g is the gravitational 

constant, f is the length of the link, is the

distributed mass of the link, Is a lumped mass, and $ 

is an unknown parameter representing the viscous friction 

coef flcient.

Lcntth £,

Figure 4.1 A Pendulum Oscillator
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Letting x ,(t)=0(t) and x (t ) = -^e ̂  ̂ , the corresponding Pl P2 d(

state-space equation is

x (t ) = 
P

0 1 0 '
x (t ) +

0 0 P 1
M l.

l 2 ( ~  * M )- 1 3 0 > L I 3 "o J

u (t ) 
p

M0 )
Mk

' h r  ♦ Mo )

sin x ,(t) 
Pi (4.53)

y ( t ) =  [ 1 0 ]x (t ) P P (4.54)

Assuming M =1.2kg, t=0.lm, 0=0.02, and Mq=0, we have the 

plant dynamics given by

0 1 0 0
x (t ) = x (t) + u [t) +P P P

0 "5 25° -147 _
(4.55)

y {t ) = [ 1 0 |x (t) 
P P

(4.56)
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The linear model to be tracked is [12l

x (t ) = m
0 1 0

x (t) +m
-68 -16 68

u (t) m (4.57)

y (t) = [ 1 0 ]x (t) m m (4.58)

Digital simulations have been performed by choosing a 

square wave reference model input with a frequency of 0.2 

Hz and an amplitude of 0.5 rad. The initial plant states 

and the gain weighting matrices T and T are

xT (0) = [ -0.1, 0 ] (4.59)P

T = T = diag[2, .02, 2. 2. 2 1 (4.60)

The plant and model angular displacements and velocities 

are shown in Figure 4.2 and 4.3, respectively, with the 

tracking error vanishing asymptotically even though only 

the plant angular displacement x^j(t) is accessible.



p e n d u l u m  xp} xml6
mode 1 
pi ant4

2

0

2

4

6
0 2 4 106 8

time (sec)
Figure 4.3 Pendulum:

Plant and Model Angular Displacements (Algorithm 6 )

pendL|lun) xp^ xm2
mode 1 
p 1 ant2 ■

- 1

-2
-3
- 4

-5 8 100 62 4
time (sec)

Figure 4.3 Pendulum:
Plant and Model Angular Velocities (Algorithm t>)
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Ship Autopjlot:

The dynamics of the ship discussed by VanAmerongen and 

Udlnk(16] are described by a third order equation as 

foilows

_ d W ) _  + c d Z(H t) + K
dt dt‘

, df l ( t )r A . de(t)a(------ ) + b-------
d t dt

= Ku (t) P

(4.61

where u^{t) is the rudder angle, 0 (t) Is the ship heading

or course, —*—  ̂ ̂  ̂ Is the course angular velocity, C, K, a, 
dt

and b are unknown parameters related to the hydrodynamic 

coefficients and the mass of the ship. We observe that 

this example cannot use Bar-Kana’s approach[ll] because 

the nonlinear term in Rq,(4.61) is not bounded.

■ tt! fn  d 2e(t) de(t) . . .Letting x , (t) =---- — — —  and x _(t )=— — — , we obtain
Pl dt2 P2 dt

-C -Kb ' K -Ka
X ( t ) = x (t) + u (t) +p P P

1 0 0 0
(4.62)

y (t) = [ 0 1 1 x (t)
P P

(4.63)
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A s s u m i n g  a=1.06, b=4, C=3.5, and K= 0 . 0 5  we have

x (t ] = P

-3.5 -0.2 0.05 -0.053
x (t) + u (t) +
P P

1 0 0 0
x^ (t)p2

(4.64)

y {t ) = [ 0 1 ]x(t) 
P P (4.65;

Ablda[15] controlled this plant by using virtual 

linearization in order to track a nonlinear reference 

model of the same form as In equation (4.62) except that 

the parameter b Is different. However. In our example, we 

show that the output of the plant, Eq.(4.65), will 

asymptotically track the output of a linear reference 

model described by

-3 -0.3 0 .1 '
x (t) + u {m m

1 0 0

y (t) = [ 0 1 )x (t) m m

(4.66 ) 

(4.67)
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Since the nonlinear term in the plant dynamics does not 

appear in the reference racdel, the model following problem 

becomes more difficult.

Digital simulations have been performed by choosing a
Osquare wave reference model input with an amplitude of 45 

and period of 20 seconds. The initial plant states are 

zero and the gain weighting matrices T and T are 20001. 

The plant and model angular velocities are shown in 

Figure 4.4 where the velocity of the ship perfectly 

follows the output of a linear time invariant reference 

model. In Figure 4.5, we observe that the acceleration 

tracking error vanishes asymptotically even though only 

the plant velocity x ^(t) is accessible. Our simulationsp2
show better model following than the results of Abida[15] 

which use virtual linearization.
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5. CONCLUDING REMARKS 

5.1 Conclusions

This research has developed algorithms for the command 

generator tracker approach to model reference adaptive 

control of multi-input multi-output linear and nonlinear 

plants.

Five algorithms are presented which provide different 

methods for controlling a linear time Invariant plant 

which Is not almost strictly positive real. Fixed 

supplementary dynamics are Inserted Into the different 

locations in the adaptive loop to form algorithms 1 , 2 ,

and 3, and adaptive supplementary dynamics are used in 

algorithms 4 and 5 where the parameters of the 

supplementary dynamics are adjusted on line as part of the 

adaptive computation. A metasystem representation Is used 

for system analysis and for the stability proof. A bounded 

output tracking error is ensured, in the presence of 

bounded input and output disturbances, for all 

controllable and observable plants while an asymptotically 

vanishing output tracking error will be obtained for 

algorithm 2, 3, and 5 with some conditions. These

algorithms are especially significant because they do not
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need the Implementation of a feedforward compensator. 

Therefore, the output tracking error may vanish 

asymptotically. Furthermore, we provide design rules for 

the supplementary dynamics.

For the plant with nonllnear1ties of known form but 

multiplied by unknown parameters, we propose an adaptive 

control algorithm without full state feedback. In contrast 

with previous work, neither the boundedness assumption nor 

the restriction on model dimension nor virtual 

linearization is required. Boundedness of all errors, 

states, and gains in the adaptive loop is guaranteed in 

the presence of plant input and output disturbances. 

Asymptotic output tracking will be achieved under some 

condi t ions.

Examples are presented using a digital computer simulation 

to Illustrate the theoretical results.
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5.2 Problems and Recommendations

Type of Model Input:

We have shown. In sections 2.11, 3.6, and 4,5, that

asymptotic output tracking may be obtained for both 

non-ASPR LTI plants and a class of nonlinear plants, If 

the Input and output disturbances are not present.

However, the extension of Broussard’s command generator 

tracker[4J requires that the reference model Input u^ be a 

constant. A further study Is needed to remove this 

restriction so that more general types of reference model 

Inputs can be used.

Switching er Approach:

The fixed o— modlflcatIon Is used to eliminate the

divergence of the integral gain in the adaptive

computation in the presence of disturbances. But as a 

trade off, the effect of integration Is lost which yields 

output tracking errors In steady state. To solve this 

problem, a switching tr-modificatlon [17] may be considered 

such that the tracking error Integration will be turned on
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(let (r=0 ) when the error becomes small in order to 

eliminate the steady state tracking errors. In other 

words, the scalar <r could be chosen as a function of the 

output error as shown below!17],

cr = <r [ ||e(t) ll/M -1 ]Q II H J
||e(t)I <

M <leCt)ll <
j| e (t ) | > 2Mt

Choices of the Weighting Matrices T and T:

The matrices T and T are used In the adaptive control 

computation as part of the proportional and integral 

gains. Theoretically, any matrices T and T satisfying T2O, 

and T>0, will be acceptable for the stability requirement. 

However, different selections of T and T provide different 

model following responses, such as overshoot, rise time, 

setting time, etc. Therefore, an on-line adjustment of T 

and T may be helpful in Improving the system behavior, and 

eliminating the need to select T and T a priori.
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Extension to a Larger Class of Nonllnear Plants:

Although algorithm 6 achieves asymptotic model following 

for a class of nonlinear plants, the assumption that the 

linear part of the plant is ASPR will restrict the 

application of the algorithm. We have tried to Insert the 

supplementary dynamics discussed in Chapters 2 and 3 Into 

the adaptive controller of algorithm 6 In order to remove 

the ASPR constraint. But, when we choose the signal v(t) 

in the adaptive control computation as

v (t )=Qe (t)+Gu (t) yv p

where

u (t)=K e (t p e yv +K r(C x .u ,t)+K x (t)+K u(t) PT p p p px m pu m

the nonlinear term y(C x ,u ,t) will show up In the
P P P

*
Lyapunov derivative V , Eq.(B8 ), which causes a problem in 

the stability proof. Therefore, further research is 

necessary to achieve asymptotic model following without 

the ASPR constraint on the linear part of the plant.
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Furthermore, other types of nonlinear plants should be 

studied.
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APPENDICES

A: LIST OF METASTATES AND METAHATRICES

Algorithm 1

' X (t) ■ t X ( t ) £ 0
X ( t ) = p

X ( t ) L I

X { t ) = p
X, ( t ) u I J

x0 (t) =
x, C t)L I J

y 11) *
f y It) 1 p y*(t ) =

r y (t) 1 
p *

. yf tt) . yf (t) .

u(t) = u (t) u*(t) = u*(t)
p p

r e d. (t) ip ip d (t) Id {t) = d (t) = op
Br [y (t)-d (t)] L f m op

o 0

e (t) r e (t) 1
= xp e (t) = yp

e _(t) y e ft)L xf J L yf
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e (t) = v
f e It) 1 e (t)xp e (t) = yp
-x (t )L I J

yv
-yf (t ) l 1

A O ' r b  i n o

A =■ P
-BrC Ar L f p f

B = p
0

c = P

■ °  Cf -

Q = I Cl Q PP pf

K(t) = [ K (t) e K (t) px K {t) ] pu

K (t) = (e K (t) pe v(t)

K1(0) = [ K1 {0} K1 f0) K1 (0) K1 (0) ] pe pf px pu

K = pe
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r (t) =

e 11) yv
x (t) m
u (t ) m
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Algorithm 2

X { t ) * X ( t ) f t 0
x(t) = p

X (t)
X ( t ) = p

x f (t)
X0 (t) -

X ( t )L I J

y(t) =
r y (t) 1p y*{t ) =

r y C U  1p*
. V u  . . vf (t’ .

u (t )=u (t)=u, (t ) 
P f

U (t)=U [t )= U r (t )
p f

d (t) =
E d. (t) 
P ip d ft 1 =

r d (t) iop
0 o 0

e (t ) x
e (t ) e {t )

= xp e (t) = yp
e _(t)L xf J

y e _(tl L y f  J

e (t)V
e (t) 1 e (t )xp e (t) = yp

_ x f ̂ 1 *
yv

-yf (t)
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Q = [

K C t ) =

K (t) e

K 1 (0)

K = [

K = [

0

A,

B c o '
B = P C = p

B r 0 CcL f J 1 f J

PP Pf
* = I

K (t) e K 11) PX K (t) pu

= 1 K (t ) pe K r (t) Pf

= [ K (0) pe K _ (0) Pf
K (0) PX K (0) ] pu

px pu

"pe pf
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r (t ) =

e (t) yv
X (t) m
u (t) m
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Algorithm 2 (special case for Bar-Kana*s algorithm)

X ( t ) =
—1 X

*
0

r+
i

X ( t ) =
X ( t ) 
p ■ x m  =

0
*

Xf ( t ) X ( t ) u I J
U x f ( I )

y(t) =
*

y (t) =
r y (t) 1P•

. yf (t) . . yf (t) .

u(t)=u (t)=ur (t) u (t)=u (t)=UJ.(t) p f p f

r E d, (t) 1p ip d (t) Id̂ t) = d (t) = op
0 o 0

e (t )X

e (t) 1 f e  (t) 1xp e (t ) = yp
e (t ) xf J

y e rt)L yf J

e (t ) v
e {t ) e (t)xp iio' yp

1 X
*+
i r
+ i

yv

i 1 r* \__
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A =
'A O '  P B =

B
P C =

i n
TS

0

-° Af- - Bf- 0 cf ■

Q = Q, = I G =0P f

0.51

* =
0. 51

T =

11

11

11

11
33

44

T =

11

11

11

11

33

44
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K (t) = [ K (t) K (t) K (t) e px pu

K (t) = te K (t) pe K (t) ] pe

K !(0) = K  (0) pe K _ (0 ) Pf K1 (0) K1 px pu

K = [ K K K ]e px pu

K = [ e pe pe

r (t } =

e (t)' yv
x (t) m
u (t) m

(0) 1
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Algorithm 3

X ( t ) * X ( t ) * 0
xt t ) = p

X ( t )L I J

X (t) =

r X f-* I

x0 (t) -
x ‘ (t)

r y n (t) 1 * r y o u )y ( t )  = p

. yf (t) .
y (t) = p

. y f u }

U ( t ) = U ( t ) U ( t ) = Uj. ( t )

djtt) =
[ E d ,  m  1 p Ip d (t) =

r d (t)op
0 o 0

f e  ft) I r e  ft)xp e (t) = yp
e (t) xf

y e ,(t)L yf

e (t) v
e ft) 1 e (t)

= xp e (t ) = yp
-Xj. ( t ) yv 1i
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A =
AP 0

B =
r b ip f c =

' c o 'p
0 Af - . Bf . . 0 cf ■

Q = QP Qf 1 * = i

K(t ) = I K (t) K (t) K (t ) ] e px pu

K (t) = [ K (t) K _(t) ] e pe pf

K !(0) = [ K 1 (0) K 1_tO) K 1 (0) K 1 (0) pe pf px pu

K = [ K K Ke px pu

K = [ K K ] e pe pf



2.2.9

r (t) =

e (t) yv
x (t) m
u {t ) m
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Algorithm 4

X ( t ) =
r x (t) ip
Xf { t )

x*(t) =
X ( t }
p

X ( t ) ‘- I  J

r °X (t) = .
[ Xf(t)

y (t) =
r y (t) 1

p
x (t )L 1 J

y* (t ) =
r y* (t) 1p
X ( t )L f

u (t) =
u (t ) P
X (t>

uV) = r u * l fc) 1p 
. *X ( t )L I J

r E d, (t) 1p ip ' d (t )d (t) = d (t) = op
0 o 0

e (t) e (t Jxp e (t) = yp
e f (t) xf

y

r a>
X

r+ t_

r e ( t )  i f e  ft) 1
e (t ) = xp e ( t )  = yp
V -Xf (t )L I J

yv "Xf(t)
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o< r o n o

A = p B = f c = P
1 o o 1 ° 1 0 1

Q = QPP

1
Urna

a

G =
G G PP Pf

L Qf P Qff J G_ „L fp ff J

K(t) = [ K U )  K (t ) K (t) 1 e x u

K (t) = e
Df (t) C (t) 

B (t) A (t)

K (t) = x
K (t) 1 r k  tt) ipx K (t) = pu

l

+JXt*-*

u K_ (t)L fu J

**(0) =
D*(0) C*(0)

B*(0) A*(0)

K1 (0) K1 px pu (0 )

Kj (0) K 1f x fu (0)
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K = px pu

K =x
' K Kpx

K =
pu

u Kfx L fu

r (t ) =

e (t)' yv
x (t) m
u (t ) m
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Algorithm 5

x (t) * X ( t ) *
x(t) = P X ( t ) = p* x m  =

Xf (t ) Xf ft) 

m

u

r y (t) ' * f Vn(t) 1y (t ) = p y (t) = p*
Xf ( t ) Xf { t )

0

x (t)

d i (t)
[ E d ,  (t) 1 P lp d C t ) =

r d  ( t i iop
0 o 0

e (t ) x
e (t) xp
e (t ) xf

e (t ) =y
e (t )yp
e ft) xf

e (t) v
e (t ) e (t )

= xp e (t) = yp
- x r (t) u I J

yv - X f {t )
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A -B C. I B D,C 0
A = P P f 

- ° -Af2 ■

HO< p f p 

0 0

0 ' c 0 '
B = c = p

I 0 I

K(t) = [ K (t) K (t) K (t) ] e p p

K (L) = [Bri(t) Ar,(t)]; K (t)=B,_(t); K (t)=B,„(t) e fl fl x f2 u f3

K1 (0) = t Bj (0) Ajj(0) bJ2(0) B̂ fO) )

K (t) = lBri(t) Af1(t)l; K (t)=Bro£t); K tt)=B__(t) e fl fl x f2 u fJ
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r (t) =

e (t) yv
x (t) m

uJ Um
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B: DERIVATION OF THE LYAPUNOV DERIVATIVE

Lyapunov Function Candidate:

Let V(e .K1) = V,(e .K^+V^fe ,K!) (B1x 1 x 2 x

where V,(e (t))=e^(t)Pe (t) (B2)I X  X X

and V2 (ej(,KI ) = tr[ (K1 (t) -K )T 1(K1(t)-K)T ] (B3)

and where P and T are positive definite symmetric matrices 

such that the Lyapunov function candidate V(e ,K*) is

positive definite.

Stabj11 tv Proof

We suppress the dependence on time for convenience. Then

V, = eTPe + eTPe (B4)1 x x  x x
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substituting from Eq.(2.56) yields

V = eT (PA +ATP)e - zTBTPe - eTPBz - F*Pe - eTPF i c c c x  X X  l x x l

(B 5 )

substitute Eq.{2.76) into Eq.{B5) to obtain

V = -eTRe -eTLLTe - 2eTPBz - 2eTPF. (B6)1 X X X X X X 1

T T Tadd and subtract -2e LWz + z W Wz in Eq.(B6) to obtainx

V,=-eTRe -(LeT-Wz)T (LeT-Wz) +2eT (-LW-PB1z+zTWTWz-2eTPF,1 X X X X X X 1

(B 7 )

Next, use Eq.(B3) to obtain

V2= tr|KrT 11K1-K}T ] + tr[(K!-K)T 1(K1)T ) (B8)
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• I
u s i n g  K from Eq.(2.39) into Eq.(B8) to have

V2=tr [ (vr1- ^ ^ )  (KI-K)T ]trl (K1 -K ) (vrT-<rK**)T ) ] (B9)

Substitute K* = K - KP = K - vr^T into Eq,(B9) and use 

the definition z = (K - K)r to obtain

V2 = tr[vz^] + tr[zv^) - 2vTvrTTr - 2<rtr [ (K 1 -K )i(IC1 -K )̂ ] 

-2<rtrl (K^KJ+ic1 ] (BIO)

substitute v = Qe +GKr = QCe -Qd +GKr in Eq.(BlO) toyv v o M
obta in

= tr[(QCe -Qd +GKr)zT ] + tr(z(QCe -Qd +GKr)T ]2 v o  v o

-2vTvrTTr-2(rtr [ (K1-K )*(KI-K )T ]-2<rt r [ (K 1 -K)*KT ) 

=2eJcTQTz+tr(G(Kr-Kr+Kr)zT )+tr[z(Kr-Kr+Kr)TGT )-2d^QTz



-2vTvrTTr-2trtr| (K 1 -K )* (K 1 -K) TICT ] -2crt r I (K 1-K)#KT ]

=2eTCTQTz+zT (G+GT )z+2zTG(K Ce -K d +K x +K u )-2dTQTz v e v e o x m u m o

-2vTvrTf r-2<rtr [ (K1 -K )* (K1 -K }Tj(T ]-2<rt r [ (KI-K)'tKT ]

T T T - T T  T T T ~ ~ - T 1=2e C (Q +K G ) z + z (G+G )z+2z G(-K d +K x +K u )-2d Q v e e o x m u m o

-2vTvrTTr-2<rtr[ (K1-K W K 1-K )TitT ]-2<rtr [ (K^KJ+K1 ]

(Bll )

substitute Eq.(2.55) Into Eq.(Bll) to obtain

V = 2(eT-x*T )CT (QT+KTGT )z + zT (G+GT )z + 2zTG(K x +K u i 2 x 0  e x m u m

-2z T {Q+-GK )d - 2o-tr [ (KT-K)*(KI-K)T } - 2<rtr [ (K1 -K )*KT ]e o

T T- •2v vr Tr

T T T ~T T T T T T -  T ~  I ~ T=2e C (Q +K G )z + z (G+G )z-2v vr Tr-2<rtr[ (K -K)*(K -K) ] x e

I T T  t
-2<rtr [ (K -K)*K ]+2z (G(K x +K u )-(Q+GK )d -(Q+GK )Cxn Ix m u m  e o  e O

T T T ~T T T T T T -  T ~  T ~ T2e C (Q +K G )z+z (G+G (z-2v vr Tr-2«rtr[ (K -K)*(K -K) 1 x e
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-2<rtr[ [KI-K)4'KT ]+2zTF2 (B12)

where F =G(K x +K u )-{Q+GK )d -(Q+GK )Cx* (B13)2 x m u m  e o  e O

combine Eqs.(B7) and {B12), to obtain

I = -tTke -(lJe -Wz)T (LTe -Wz) + 2eT [-LW-PB+C1 (QT+K GT )]z x x x  x x e

+ zT (WTW+G+GT )z-2vTvrrTr - 2<rtr [ {KT-K )*(K1-K )T |

-2fftr( (K^Kl+K1 ] - 2e^PF1+2zTF2 (B14)

Finally, substitute Eqs.(2.77) and (2.78) into Eq.(B14) to 

obta in

V (e .K1) = -er(t)Re (t)-(LTe (t )-Wz(t)]T [LTe ft)-Wzft)]X X X X X

+z(t)T (J+JT+G+GT )z(t) - 2v T (t)v(t)rT (t)Tr(t)



2crtr [ (KI(t)-K)'HKI (t) —K )T J

2crtr[ (K1 (t)-K)4'KT ]-2e^tt)PF1-2zT (t)F2 (t) (B15)
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C; THE LIMITING DERIVATIVE OF THE LYAPUNOV FUNCTION

This Is an extension of LaSalle’s Invariance Set Principle 

114], for nonautonomous differential equations when V(t) 

Is not necessarily negative semi-definite.

Let

= f(x,t) ( C l  )

be a general nonlinear nonautonomous differential equation 

and assume that

r f (x ,t ) dx < p(/3-a) (C2

where the function p(t) Is a modulus of continuity for the 

integral and (i(/3-a) Is bounded for any finite interval 

fi-a (where ot and ft are the limits of the integral).

Let V(x) be a differentiable function, bounded from below.
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Assume that the derivative V(x,t) "along the trajectories" 

of Eq.(ClJ Is

V(x.t) = V (x.t) + 1/ (x.t) (C3)

such that

V (x.t) s Cjfx) s 0 (C4)

where W^(x) Is a continuous function of x and where 

U^(x,t) Is a continuous function of x and piecewise 

continuous in t satisfying

tlm W (x, t) = tH>«3 2 (C5 }

Thus V(x,t) ^ V (x, t) as t ĉo and we call W (x.t) the 

"limiting derivative of the Lyapunov function."
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T heorem C; 11 4 J

Under the assumptions, Eqs. (Cl)-(C5), all bounded 

solutions of Eq.(Cl) approach asymptotically the set

a = 1 xjWjtx) - 0} (C7)

The reader is referred tc Appendix B of reference 14 for 

the proof of Theorem C.l.
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