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A bstract

Studies in Hohenberg-Kohn 

and
Quantal Density Functional Theories

by

Xiao-Yin Pan

Adviser: Professor V iraht Sahni

This thesis is concerned with the first Hohenberg-Kohn (HK) theorem, its 

extension to  the time-dependent case by Runge-Gross (RG), and the application 

and further extension of Q uantal Density Functional theory (Q-DFT). According 

to  the HK theorem, the ground sta te  density p(r) of a system uniquely determines 

its Hamiltonian H  to within an additive constant C,  and thus the physical system 

and its properties. In the RG extension, the density p(rt)  uniquely determines the 

time-dependent Hamiltonian H(t )  to  within a purely tim e-dependent function C(f), 

and hence the system and its properties. We prove, by construction, the corollary 

th a t degenerate {tim e-independent/tim e-dependent} Hamiltonians { H/ H{ t ) }  th a t 

represent different physical systems, but which differ by a {constant C /function 

C{t)},  and yet possess the same density {p(r) /p (ri)} , cannot be distinguished on 

the  basis of the H K /R G  theorem.

Q-DFT is a local effective potential energy theory th a t m aps the interacting 

system described by Schrodinger’s equation to one of noninteracting Fermions 

such tha t the equivalent density {p(r) /  p(rt)},  energy { E / E ( t ) } ,  and ionization 

potential are obtained. This m apping is in terms of ‘classical’ fields and quantal 

sources representative of electron correlations the model system  m ust account for,
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viz. those due to  the Pauli exclusion principle, Coulomb repulsion, Correlation- 

Kinetic and Correlation-Current-Density effects. The mapping contrasts with th a t 

of traditional Kohn-Sham (KS) DFT, which in the tim e-independent case, is in 

terms of an energy density functional for the ground state, and an energy bidensity 

functional for excited states, and of their functional derivatives. Here we apply time- 

independent Q-DFT to study the properties of the Hydrogen molecule in its ground 

state. We further extend tim e-independent nondegenerate Q-DFT to degenerate 

states for both ground and excited states, and for both pure sta te  and ensemble 

densities. This further provides a rigorous physical interpretation of the energy 

density and bidensity functionals, and their derivatives, of degenerate state  KS-DFT.
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1

C H A PT E R  1 

INTRODUCTION

One of the most extensively employed approaches to  the determ ination of the 

electronic structure of m atter is local (multiplicative) effective potential energy 

theory. The basic idea is to  map the interacting system as described by the  {time- 

independent /tim e-dependent} Schrodinger equation with Hamiltonian { H/ H( t ) }  

to  one of noninteracting fermions with equivalent density {p(r) /  p ( r t ) } . The model 

system of noninteracting fermions, whose wave function is a Slater determ inant 

is referred to  as the S system. Prom the S system, it is then possible 

to  obtain the equivalent energy { E / E ( t ) } ,  where E(t)  is the non conserved time- 

dependent energy; and in the tim e-independent case, the ionization potential or 

electron affinity. The principal reason for the construction of the S systems is th a t 

it is easier to solve N  single-particle equations than  to solve the one Schrodinger 

equation for the N  interacting electrons.

The m athem atical basis for the  construction of the S systems is the first 

Hohenberg-Kohn (HK) theorem [1] for the stationary state case, and its extension 

by Runge-Gross (RG) [2] to  the time-dependent case. According to  the { H K / R G }  

theorems, for a system of N  electrons in a local though arbitrary external potential 

represented by the operator {v(r /v(vt )} ,  there is a one-to-one correspondence 

between the electronic density {p(r) /p(rt )}  and the potential energy {v(r) /v(r t )}
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to  w ithin a {constant C /tim e-dependent function C(t)}.  Thus, the density 

uniquely specifies the external potential energy of the electrons. W ith the kinetic 

energy operator known, and the operator for the interaction between the electrons 

also assumed known though arbitrary, a  knowledge of the density {p(r) /p(rt )}  

therefore fully defines the Hamiltonian { H/ H( t ) }  of the system. Solution of 

the corresponding Schrodinger equation then leads to  the system wave function 

{ $ (X )/$ (X f)}  (X  =  Xi, x 2, ...Xyv; x  =  xa\ a  =spin coordinate) for all states: 

ground and excited. As a consequence of the {HK/RG} theorems, the wave function 

( v& (X )/1t(X t)}  is thus a functional of the density {p(r) /  p(rt )} , unique to  within a 

time-dependent phase in the tim e-dependent case. In the HK theorem, the density 

p(r) corresponds to the ground s ta te  density. The RG theorem in tu rn  is restricted 

to  external potential energies v(rt)  th a t are Taylor expandable about the initial 

tim e tQ. It is because the wave function is a functional of the density, and th a t all 

the information about a system is embedded in its density, th a t one is interested in 

constructing a model system of noninteracting fermions with equivalent density.

The mapping to  the S system, of course, must be such th a t  all the electron 

correlations of the interacting system are accounted for in the model system. The 

correlations are those due to  the Pauli exclusion principle and Coulomb repulsion. 

However, there are additional correlations th a t must also be accounted for in the 

transform ation to the S system. These are referred to  as Correlation-Kinetic and 

Correlation-Current-Density contributions. They arise, respectively, because of
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the difference in kinetic energy and current density between the interacting and 

noninteracting systems. Hence, it is only when all four types of correlations are 

represented in the local effective potential energy of the model fermions th a t their 

density will be the same as th a t obtained by Schrodinger theory.

It is only recently, within the framework of Quantal Density Functional Theory 

(Q-DFT) [3-16], th a t the mapping to the S system in terms of these correlations has 

been understood, and the contribution of each type of electron correlation explicitly 

given. Q-DFT is derived via the differential virial theorems for the  interacting and 

noninteracting systems. It is a description of the S system in term s of ‘classical’ 

fields, and their quantal sources th a t are expectations of Hermitian operators. These 

expectations are taken with respect to the interacting {'&(X)/\k(Xf)} and S system 

{$/$(£)}  wave functions. The fields are separately representative of the different 

electron correlations th a t must be accounted for by the S system. The local effective 

potential energy of the model fermions in time-independent Q-DFT is, in a manner 

similar to th a t of classical physics, the work done in the sum  of these fields. In 

the time-dependent case, it is the corresponding work done at each instant o f time. 

Again, as in classical physics, the energies { E / E( t ) }  are expressed in term s of the 

quantal sources, or in integral virial form in terms of the fields. The description of 

both ground and excited states is the same within Q-DFT, with time-independent 

Q-DFT being a special case of the time-dependent theory.
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The traditional approach to  the mapping from the interacting to the  model 

system with equivalent density is th a t of Kohn-Sham Density Functional Theory 

(KS-DFT) [1,2,17], the precursor to  Q-DFT. In KS-DFT, the fact th a t the wave 

function {'F(X)/'3>(Xt)} is a functional of the density {p(r) /p(rt )}  is explicitly 

employed. In the time-independent case, the energy which is the expectation of the 

Hamiltonian H,  is then a functional of the ground state  density p (r) : E  =  E[p). 

Thus, time-independent KS-DFT is a ground state theory. Now, according to  the 

second HK theorem [1], the ground sta te  energy functional obeys a variational 

principle with respect to  arbitrary variations of the density, and therefore leads to 

the ground state  energy for the true ground state  density. Thus, the  ground state 

density p(r) can be obtained via the Euler equation 5E[p]/5p(r) =  0, subject to 

the constraint of charge conservation. A comparison of this Euler equation to th a t 

of the Schrodinger equation for the S system then leads to  the definition of the 

local effective potential energy of the model fermions in KS-DFT as a functional 

derivative. Since the explicit dependence of $ (X )  on p(r) is unknown, the energy 

functional E[p] and its functional derivative are unknown. Thus, although it is 

implicit th a t E[p\ is representative of electron correlations due to the Pauli exclusion 

principle, Coulomb repulsion, and Correlation -Kinetic effects, there is no explicit 

description w ithin KS-DFT of how these correlations are incorporated in the energy 

functional or its derivative. There has been recent progress in tim e-independent 

KS-DFT for excited states [18]. For excited sta te  KS-DFT, one is concerned with a 

bidensity energy functional of the ground and excited state  densities: E  = E[po, pf\.
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where (po,Pi) are the ground and excited state densities. The corresponding 

potential energy of the model fermions is then defined as a functional derivative 

taken a t the excited state density.

In th e  time-dependent case, the wave function with some initial condition

'k(Xto), corresponds to a stationary point of a quantum-mechanical action integral 

A. Since the wave function is a functional of the density p(rt), th is action integral 

too is a functional: A  — A\p}. The action functional A[p] must have a stationary 

point a t the true density p(rt) with initial state '®,(X t0)- Therefore, the true 

density may be obtained via the corresponding time-dependent Euler equation 

5A[p]/5p(rt) =  0, with appropriate boundary conditions. Again, a comparison of 

this Euler equation with the tim e-dependent Schrodinger equation of the  model 

fermions leads to their local effective potential energy within KS-DFT being defined 

as a functional derivative. And again, as the functional dependence of 'P(Xt) on 

p(rt) is unknown, the functional A[p] and its derivative are unknown. As such, the 

manner in which the Pauli and Coulomb correlations, and the Correlation-Kinetic 

and Correlation-Current-Density effects, are incorporated into the action functional 

and its derivative are not described by KS-DFT.

Thus, although both  Q-DFT and KS-DFT are founded on the first { H K / R G }  

theorem, their route to  and description of the S system are different. Both, of 

course, describe the same S system. However, as the Q-DFT description of the
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potential energy of the model fermions and of the to ta l energy is in term s of fields 

representative of the various electron correlations present, the theory provides a 

rigorous physical interpretation of the unknown { energy/action} functionals and 

functional derivatives of KS-DFT.

In Chapter 2 we give the basic equations of time-independent Schrodinger theory, 

the corresponding S system, Q-DFT, and KS-DFT. We also describe the two HK 

theorems and the RG theorem. Chapter 3 is a description of a corollary to the 

first HK theorem and to the RG theorem[19]. In Chapter 4 we apply Q-DFT 

to study the Hydrogen molecule in its ground state [20], In Chapter 5 we extend 

nondegenerate Q-DFT to degenerate states for both ground and excited states, and 

for the cases of both pure state  and ensemble densities[12]. Concluding remarks and 

possible directions for future research are made in Chapter 6.
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7

CH A PTER 2

THE HOHENBERG-KOHN/RUNGE-GROSS THEOREMS 

AND DENSITY FUNCTIONAL THEORIES

2.1 Tim e-independent Schrodinger Theory

For a system of N  electrons in a local (multiplicative) external potential V  =  

E i 'c(rj), the time-independent Schrodinger equation is

m ( X )  =  Etf(X),  (2.1)

where the Hamiltonian H  = T  + V  + U . with the kinetic energy operator

f  (2-2)

the external potential operator

F  =  S > ( r O ,  (2.3)
i

and the electron-interaction operator

(2-4)
2 ^  Irt-r.-l

and where 'k(X) is the wave function, E  the energy, X  =  Xi,x2, ...xA';x  =  r a\ a the 

spin coordinate. The energy E  is the expectation of the Hamiltonian:

E  = ( V \ H m  = T  +  J v(r)p(r)dr + E ee, (2.5)
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where the kinetic energy

T =  (2.6)

the second term  is the external energy E ext, and the electron-interaction energy

E ee =  (2.7)

The density p(r) is N  times the probability of a particle being at r:

p(r) =  N ^ ,  J  1®r*(ror) X w_1)\l'(rff1 ~KN~1)dX.N~l =  (2.8)
i

where the density operator

p ^ ^ - r ) ,  (2.9)
i

with X-^"1 =  x 2, . . . ,Xjv,  /  d X N~x = f  dx2, ...dxN and J dx = J2a I  dr. Integration of 

the density then leads to  the electron number:

J  p(r)dr = N.  (2.10)

The spinless single-particle density matrix  7 ( r ,r ')  is defined as

7 ( r ,r ')  = I  ^ ( r a , X N- l ) ^ ( x ' a , X N- 1) d X N- 1 =  ( V \ X \ V) ,  (2.11)
<7 ^

where the operator

X  = A  + iB,  (2.12)
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is the sum of the Hermitian operators

“  r )Tf(a ) +  <Kr i -  r ') ^ ( a ) ] ,  (2.13)
j

and

5  =  y  £[<5(rj -  r)T j(a) -  <5(r,' -  O ^ K a)], (2.14)
j

Tj(a) is a translation operator such th a t

TJ (a )$ ( . . . , r j ...) =  ^(•••i r j  +  a...), (2.15)

and a  =  r ' — r. The diagonal m atrix element of the density m atrix  is the  density : 

p{ r) =  7(r,r ')-

The pair-correlation density g(r, r') is the density at r '  for an electron a t r, and 

is defined as the ratio of the expectations

g{r , r ')  =  P(r , r ' ) /p{r)  = ( ^ |P ( r ,  r ') |^ ) /p ( r ) ,  (2.16)

where P ( r, r ')  is the Hermitian pair-correlation operator

P ( r , r ' )  =  ^ £ ( r i -  - r ' ) -  (2-17)
i=tj

The pair-correlation density satisfies the sum rule

J  g(r, r')dv' =  N  — 1. (2.18)

The pair-correlation density can also be interpreted as the density p(r') a t r ' plus 

the reduction in this density at r ' due to electron correlations arising from the Pauli
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10

exclusion principle and Coulomb repulsion. The reduction in the density at r' is 

the quantum-mechanical Fermi-Coulomb hole charge distribution pxc(r, r'). Thus, 

we may rewrite the pair-correlation density as

Since the self-interaction contribution to  the Fermi-Coulomb hole charge is cancelled 

by the density, the pair-correlation density is self-interaction free.

The electron-interaction energy E ee can be afforded a physical interpretation in 

terms of the pair-correlation density as the energy of interaction between it and the 

electronic density:

g( r,r') =  p(r') + pxc(r,r'), (2.19)

and consequently the to tal charge of the Fermi-Coulomb hole for arb itrary  electron

position r  is

(2 .20)

(2 .21 )

From Eq.(2.19), the electron-interaction energy can be split further as

E ee — Efi  +  E xc, (2 .22)

where the Coulomb self-energy E h is

(2.23)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

and the  quantum-mechanical exchange-correlation energy E xc is

E x c  ~  2 / / (2.24)

which is the energy of interaction between the density and Fermi-Coulomb hole 

charge distribution.

The kinetic energy may also be w ritten in term s of the kinetie-energy-density 

tensor tap(r). This is a real, symmetric tensor defined in term s of the single-particle 

density m atrix 7 (r, r') as

The trace of the kinetic-energy-density tensor is the scalar kinetic energy density 

^(r ) =  Ha taaiT)- The kinetic energy T  is then

2.2 The Hohenberg-K ohn Theorem s

In this section we state w ithout proof the two Hohenberg-Kohn[1] theorems, and

(2.25)

(2.26)

provide a brief discussion of each. The theorems are for nondegenerate ground states.

T h e o rem  1. The ground state density p{r) determines the external potential
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12

energy v(r)  to  within a trivial additive constant C.

In the proof of the theorem, the mapping between external potential energies 

v(r) and ground state wave functions 'k(X ) is shown to  be injective (one-to-one) and 

therefore bijective (invertible). Then it is shown th a t the mapping between ground 

state  wave functions # (X ) and ground state  densities p(r) is also injective and 

hence bijective. Thus, for each nondegenerate ground state  density p(r) , there exists 

one and only one ground state wave function T (X ) th a t gives rise to this density. 

Since the map between 'k(X) and p(r) is invertible, there then  is a one-to-one 

correspondence between the ground state  density p(r) and the external potential 

energy v(r).

The consequence of the theorem is th a t the ground state  density p(r) of a physical 

system determines th a t system via its Hamiltonian H,  and hence all its properties 

by the solution 'P(X) of the corresponding Schrodinger equation Eq.(2.1). The 

integral of the electronic density leads to  the electron number N  (see. Eq. (2.10)). 

The cusps in the electron density which satisfy the electron-nucleus cusp condition 

determine the positions of the nuclei and their charge Z.  W ith the kinetic energy 

T  and electron-interaction potential energy U operators known, knowledge of the 

external potential energy v(r) then fully defines the Hamiltonian H  of the system 

to within a constant C.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

Another consequence of the one-to-one correspondence between the wave function 

and the  ground state density is th a t the wave function is a functional of the  density: 

'L(X) =  \F[p]. Thus, all expectations of operators O are unique functionals of the 

density: <  lIf[p]|0|'&[p] >. Thus, the energy is a functional of the  ground state 

density: E  = E[p}.

Theorem  2. The ground state  density p(r) can be determined from the  ground 

state  energy functional E[p] via the variational principle by variation only of the 

density.

Consider a trial ground state  density p '(r). From the first theorem, th is density 

determines the corresponding external potential energy u '(r), and trial ground state  

wave function 'F '(p'). From the variational principle for the energy it follows tha t

E ’ =  E[p'\ =  < tfV ] |jy |* y ]>  > E  fo r  p( r )  ^  p(r)

=  E f o r p f r )  = p(r). (2.27)

Thus, the exact ground state  density can be determined by minimization of the

functional E[p] for arbitrary variations 5p(r) of the density. Introducing a Lagrange

multiplier p  to  ensure particle number conservation J p(r)dr — N,  the stationary 

point is achieved via the variational principle at the vanishing of the first-order 

variation:

5 { E [ p ] - p { J  p ( v ) d r - N } } ^ 0 .  (2.28)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

Equivalently, the ground sta te  density may be obtained from the  corresponding 

Euler-Lagrange equation

6E\p] , ^
w  =  < 2 ' 2 9 )

Separating out the external potential energy component, the ground s ta te  energy 

functional E[p] may be written as

E[p] =  /  p(r)v(r)dr  +  FHK[p], (2.30)

where the functional

F„K\p] = (*\p]\T + U\*[p])- (2-31)

Note th a t Fh k  is universal in the sense th a t it does not depend on V. It is the 

same functional for arbitrary electron-interaction operators U.

The statem ents on invertibility, variational access, and universality constitute 

the classic formulation of the theorems of Hohenberg and Kohn.

2.3 The Runge-G ross Theorem

The Runge-Gross theorem{2] is an extension of the first Hohenberg-Kohn theo­

rem to time-dependent external potentials of the form V(t) = v ird)- The time-
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dependent Schrodinger equation is

=  H ( t )V (X t ) ,  (2.32)

where H(t)  =  T  + V(t) + U, and ’k(X f) the system wave function with initial state 

T (f0)- The external potentials v(rt)  are assumed expandable in a Taylor series 

about to-

R unge-G ross theorem . The density p(rt) corresponding to  an initial state 

T (t0) determines the external potential energy v(rt) to  w ithin a purely time- 

dependent function C(t).

Together with the kinetic T  and electron-interaction potential energy U operators, 

the Hamiltonian H(t )  is consequently known. Thus the density p(rt) determines 

the Hamiltonian to  within a time-dependent function C(t).  The Hamiltonian, via 

the Schrodinger equation Eq. (2.32), then determines the wave function T (X t) to  

within a time-dependent phase a(t).  In turn, the wave function determines the 

density p(rt) , the phase factors canceling out.

The consequence of the one-to-one relationship between the density p(rt) and 

the potential energy v(rt),  is th a t the wave function is a functional of the density 

and the initial state, unique to  within an arbitrary tim e-dependent phase factor. The 

expectation value of any operator 0 ( t ) is therefore a unique functional of the density, 

the phase factor once again canceling out.
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In the time-independent case, as a consequence of the second Hohenberg-Kohn 

theorem, the density p{r) is determined by the Euler-Lagrange equation Eq. (2.29). 

In the time-dependent case, the solution 'H(Xf) corresponds to a stationary point  of 

the quantum-mechanical action integral

A m  = £  m m § - t -  m \ m )  • (2.33)

Since the wave function is a functional of the density, there m ust exist some action 

functional of the density A[p] th a t has a stationary point at the true time-dependent 

density p(rt) corresponding to the Hamiltonian H(t)  and initial sta te  W(t0)- Thus, 

the correct density can be obtained by solving the Euler-Lagrange equation

2.4 N oninteracting Fermions w ith Equivalent D ensity— the S system

In time-independent theory it is assumed th a t the S system of noninteracting

fermions with density equivalent to  th a t of the interacting system  exists. The

Schrodinger theory differential equation corresponding to the S system  is

[ £ v 2 + vs(r)]<f>i(x) =  £i&(x ); i = 1, (2.35)

where

vs(r) =  n(r) +  nee(r), (2.36)
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vee(r) is the local electron-interaction potential energy of the model fermions incorpo­

rating all the many-body correlations due to  the Pauli exclusion principle, Coulomb 

repulsion, and Correlation-Kinetic effects, <^(x) the single-particle orbitals, and e, 

the corresponding eigenvalues. The resulting density is

P(r) = =  £  \4>i(rcr)\2, (2.37)
ia

where is the Slater determ inant of the orbitals <&(x). The state of  the S

system is arbitrary in that it may be in a ground or excited state.

For the S system, the idempotent Dirac density matrix  7s(r, r') is

7 s (r ,r ')  =  ( $ { ^ } |X |$ { ^ } )  =  £ £ 0 t*(r«r)&(r'ff), (2-38)
i  cr

and the pair-correlation density gs(r , r ')  is

5 i( r ,r ')  =  < $ { ^ } |P |$ { ^ } ) M r )  = p(r>) + px(r,v'), (2.39)

where px(r. r ')  is the nonlocal Fermi hole charge defined as

A c ( r ,  r ')  =  —|7s(r, r ') |2/2p (r). (2.40)

Since

J ^ ( r r ') d r ' ~  N  -  1, (2.41)

the Fermi hole satisfies the following sum rule

J  px ( r , r )dr '  =  — 1. (2.42)
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The S system pair-correlation density is also self-interaction free. In a m anner similar 

to th a t  of the interacting system, one defines the S system kinetic-energy density 

tensor t s_ap(r, [7 ,,]) in terms of 7s(r, r ')  as

+ - (2 .43 )

Thus the scalar kinetic energy density t s(r) =  J ]a fs,««(r ) and the non-interacting 

kinetic energy is

Ts =  = /  ts(r)dr. (2.44)

The to tal energy of the interacting system is then

E  =  Ts + J  v(r)p{r)dr + E ee +  Tc, (2.45)

or

E  = ~  /  vee(r)p(r)dr +  E ee +  Tc, (2.46)
i

where Tc is the difference between the kinetic energy of the interacting and non­

interacting systems, referred to  as the Correlation-Kinetic energy.

The nonlocal Coulomb hole charge pc(r, r ')  is defined via the  S system Fermion 

hole as

pc{r, r ')  =  pxc{r, r') -  px{r, r '), (2.47)
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so th a t the sum rule on the Coulomb hole charge is

J  pc(r, r')dr' =  0. (2.48)

Employing the definitions of the Fermi and Coulomb holes, the electron interaction 

energy E ee may also be expressed in term s of its Pauli and Coulomb components as

E ee = Eff + E x + E c, (2.49)

where E h is the Coulomb self-energy, E x the Pauli (exchange) energy, and E c the

Coulomb energy. The Pauli and Coulomb energies are the energies of interaction 

between the density and the Fermi and Coulomb hole charges, respectively:

E^ l l l pjr ^ r ird' ' ’ (2-50>

and

E ‘ = l J J PJv ^ r dIdr ' (251)

Finally, the highest eigenvalue of the S system differential equation corresponds 

to  minus the ionization potential or electron affinity[3,25-27]. The other eigenvalues 

have no physical meaning.

2.5 Quantal D ensity Functional Theory

As noted in the introduction, Q uantal density-functional theory[3] (Q-DFT) 

maps the interacting to  the S system  of noninteracting Fermions. It does so in a
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m anner in which the contribution of the various electron correlations are explicitly 

defined. In this subsection we provide the key equations of tim e-independent 

nondegenerate ground and excited s tate  Q-DFT, and refer the reader to  Ref. [3] 

for those of time-dependent theory. Degenerate state Q-DFT for both  ground and 

excited states is developed in chapter 5.

In Q-DFT, the electron-interaction potential energy uee(r) of the model Fermions 

is the work done to  move an electron from some reference point at oo to  its position

at r  in the force of a conservative field ^ ( r ) :

uee(r) =  -  / V ( r ' )  • dV. (2.52)
J OO

The work done is pa th -in dependen t since V  x lF(r) =  0. The field JF(r) is the

sum of an of electron-interaction field £ee(r) representative of Pauli and Coulomb 

correlations, and a Correlation-Kinetic field component Ztc( r) representative of these 

effects :

^ ( r )  =  £ee(r) +  ^ c(r). (2.53)

The fields £ee{r) and Ztc(r) are not necessarily conservative. However, their sum 

always is.

The field £ee(r) is derived by Coulomb’s law from the pair-correlation density 

g(r, r') so tha t

( 2 - 5 4 )
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The field Z4e(r) is the difference between two fields Z(r) and Z s(r) where Z (r) =  

z(r; W )/p (r)  and Zs = z5(r; [%})/p(r):

Ztc(r) =  Zs(r) — Z(r). (2.55)

The ‘forces’ z(r; [7 ]) and z s(r\ [7 ,,]) are defined, respectively, in term s of their com­

ponents as

za(r) =  o—ia/j(r;[7 ])» (2.56)
0 3

and

2s,Q(r) = 2 Y ;  - S - t s,af}{r] [7*]). (2.57)
3 ar0

The electron-interaction E ee and correlation-kinetic. Tc energy components of the 

to tal energy E  (see Eqs. (2.45), (2.46)) may be expressed in integral virial form in 

terms of the fields £ee(r) and Ztc, respectively as

E ee = J  P ( r ) r  • £ee(r)dr, (2.58)

and

TC = \ J  P ( r ) r  • Zu (r)dr. (2.59)

These energy expressions are independent of whether or not the  fields £ e e ( r )  and
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Ztc(r) are conservative.

For the systems such as spherically symmetries atoms, open-shell atoms in the cen­

tral field approximation, jellium and structureless pseudopotential models of metal 

surfaces and clusters, etc., the fields £ee{v) and Z tc are separately conservative. Thus, 

for such systems,

Uee(r) =  Wee(r) +  W tc( r), (2.60)

where

W ee(r) =  -  [ r £ e e ( r') • dV and W tc(r) =  -  f  Ztc(r') • dV, (2.61)
Joe J OO

The work done W ee(r) and W tc(r) are separately path-independent since 

V x £ee(r) =  V x Z tc =  0.

The electron-interaction field £ee(r) may be further subdivided into its Hartree 

£ h { r), Pauli-Coulomb £xc(r), Pauli ^x(r), and Coulomb £ c ( v )  components as fol­

lows. Using the partition of g(r, r') into its local p(r') and nonlocal pIC(r, r ')  parts,

and the further partition of pxc(r , r ')  into its Fermi p ^ r ,  r') and Coulomb pc(r, r')

components, the field £ee(r) may be written as

Fee(r) =  £h { r) +  £xc{*) =  £ h ( r) +  £ r(r) +  £c(r), (2.62)

where

<“ 3)
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U r )  = J ^ , r J r - r ^

From the above equations of the fields, the Hartree (Coulomb self-energy ) E h , 

Pauli-Coulomb E xc, Pauli E x, and Coulomb E c energies maybe be w ritten in virial 

form as

Eh =  J  p(r)r ■ £rr(r)dr, (2.67)

E xc =  j  p(r)r • £xc(r)dr, (2.68)

E x =  J  p(r)r • £x(r)dr,  (2.69)

E c — J  p(r)r • £c(r)dr. (2.70)

For those systems for which the field £ee(r) is conservative, its components £xc(r), 

£x(r), and £c(r) are also separately conservative. The field £ h { t ) is always conser­

vative as it arises due to  a local charge distribution, the density p(r). Thus, for such 

systems, we may write the electron-interaction potential energy vee(r) of the model 

Fermions as

23

(2.64)

(2.65)

(2 .66)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

^ee(r) = W h {t ) + W xc( t )  + Wtc(r)

-  W H {r) +  W x ( r ) +  W c(t ) +  W tc(r), (2.71)

where

W tf(r) =  -  j  £ h ( t ' )  ■ dl' =  /  P ff(r ')d r '/ |r  -  r'|, (2.72)

Wxc(r) = -  J  £xc{r')-dl' ,  (2.73)

W,(r) =  - j  £x(r') • dl', (2.74)

Wc(r) =  - J  £c(r') ■ dY. (2.75)

The above framework of Q-DFT is valid for transform ation from both nondegen­

erate ground and excited states. As noted previously, the sta te  of the S system is 

arbitrary in th a t it may be in a ground or excited state. The sta te  of the S system, 

is governed solely by the Correlation-Kinetic field Ztc(r) or equivalently the  kinetic 

field Zs(r), because it is only in the  expression for these fields th a t the orbitals 

of the S system appear. We refer the reader to Refs.[9.10 ] for an example of 

the transformation of an excited s ta te  of the interacting system to two S systems, 

one in its ground state  and the other in an excited state. For the transform ation of 

a ground state of the interacting system to two S systems, one in its ground state
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and the  other in an excited state  see Ref. [29]. For each S system, the same density 

and energy as th a t of the interacting system is obtained. Furthermore, the  highest 

occupied eigenvalue of each S system corresponds to the first ionization potential of 

the interacting system.

2.6 Kohn-Sham D ensity Functional Theory

Kohn-Sham(KS) density functional theory (DFT), the precursor to Q-DFT, is 

based on the two theorems of Hohenberg and Kohn. Hence, it is a ground state  

theory: the mapping is from a nondegenerate ground state of the interacting system 

to an S system also in its ground state.

The starting point of the theory is the ground state energy functional expression 

Eq.(2.30). By adding and subtracting the kinetic energy functional Ts[p] of the non­

interacting Fermions from this expression, the ground state  energy may be written 

as

E[p] =  Ts[p] + j  p(v)v(r)dv + E « s \p], (2.76)

where

E « s lp} = FHKl p \ - T s\p}. (2.77)

This defines the KS-DFT electron-electron interaction energy functional E^es \p\, in
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which the Pauli and Coulomb correlations as well as Correlation-Kinetic effects are 

embedded. Since the Hartree energy E H[p] is a known functional of the density, the 

functional may be further partitioned as

E « s \p} = E H[p\ + E « s \p}, (2.78)

which then defines the KS-DFT ’exchange-correlation ’ energy functional [p] - 

Note th a t this functional is representative of all correlations except th a t  of the 

Hartree or Coulomb self-energy.

The functional E xcs [p] is usually further partitioned into an exchange E x and KS 

‘correlation’ energy functional E f s [p\ components:

E * s  = E x\p] + E ? S\p\- (2-79)

The functionals Ts[p\, E^es [p], E^cs [p], E x[p], E ^ s [p] are all unknown. The 

kinetic energy Ts is determined directly from the orbitals of the  S system. It is 

also customarily to  replace E x {p) by the expression for the exchange energy of 

Hartree-Fock theory bu t to  employ the S system orbitals instead. It can be shown 

[3] th a t E x [p] is representative of Pauli correlations and lowest-order Correlation- 

Kinetic effects, and th a t E ^ s [p] is representative of Coulomb correlations (minus 

the Coulomb self-energy) and second- and higher-order Correlation-Kinetic effects.

As a consequence of the Hohenberg-Kohn variational principle Eq.(2.29), the local 

electron-interaction potential energy vee(r) is the defined as the functional derivative
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of E « s lp\:

, „ i r )  =  (2.80)

This potential energy may further be written in term s of its Hartree vH(r), KS 

‘exchange-Correlation’ vxc(r), ‘exchange’ nx(r), and KS ‘correlation’ nc(r) compo­

nents as

vee(r) = V f f ( r )  + wxc(r) =  vH(r) + vx (r) +  vc(r), (2.81)

where the  Hartree potential energy is defined as

and

5E_x_M / n SEx[p] SEc[p\
xc[ } Sp(r) ’ M  j 8p{r) ’ j 8p{r) ’

respectively. Thus, in contrast to  Q-DFT, the KS-DFT is in term s of functionals of 

the ground state  density and their derivatives.
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C H A PT E R  3

COROLLARY TO THE HOHENBERG-KOHN THEORY

3.1 Introduction and Corollary

In th is chapter, we provide further insight[19] into the first theorem  of Hohenberg 

and Kohn(HK), and of its extension to the time-dependent case due to Runge and 

Gross (RG), by deriving a corollary to  the theorem.

According to the first HK theorem, for a system of N  electrons in an external field 

;Fext(r) = —Vw(r), the g r o u n d  s ta te  electronic density p(r) for a nondegenerate 

state  determines the external potential energy v(r)  uniquely to  w ithin an u n k n o w n  

t r i v ia l  a d d i t i ve  c o n s ta n t  C. Since the kinetic energy T  and electronic-interaction 

potential energy U operators are known, the Hamiltonian H  is explicitly known.

In the extension of the first HK theorem to the tim e-dependent case, Runge and 

Gross (RG) prove th a t for a system of N  electrons in a tim e-dependent external 

field f ext(rt) =  —V n(ri), such th a t the potential energy v(vt) is Taylor- expandable 

about some initial tim e t0, the density p(rt) evolving from some fixed initial state 

T(fo), determines the external potential energy uniquely to  within an a d d i t i ve  

p u r e ly  t i m e - d e p e n d e n t  f u n c t i o n  C(t). Again, as the kinetic and electron- 

interaction potential energy operators are already defined, the Ham iltonian H ( t ) is
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known.

In the preamble to their proof, { HK / R G }  consider Hamiltonians { H/ H( t ) }  

th a t differ by an additive {constant C /function C(t) }to be equivalent. In other 

words, the physical sy s tem  under consideration as defined by the electronic 

Hamiltonian remains the sam e  on addition of this {constant/ function } which is 

arbitrary. Thus, measurement of properties of the system, other th an  for example 

the to ta l energy {E/E( t ) } ,  remain invariant. The theorem then proves th a t each 

density {p(r)/ p(rt)} is associated with one and only one Hamiltonian {H/ H( t ) }  

or physical system: the density {p(r)/p(rt)}  determines th a t unique Hamiltonian 

{H/ H( t ) }  to within an additive {constant C /function C(t)}.

{HK/RG}, however, did not consider the case of a set of Hamiltonians 

{ H} / { H( t ) }  th a t represent differen t physical systems which differ by an in tr in ­

sic  {constant C j  function C(t)},  bu t which yet have the  sam e  density {p(r) /  p(rt )} . 

By intrinsic {constant C /function C(t) } we mean one th a t  is inherent to  the 

system and not extrinsically additive. Thus, this {constant C /function C(t)}  

helps distinguish between the different Hamiltonians in the set { H} / { H( t ) } ,  and 

is consequently not  arbitrary. T hat the physical systems are d ifferen t could, of 

course, be confirmed by experiment. Further, the density {p(r)/p(rt)}  would then 

not be able to  distinguish between the different Hamiltonians { H/ H( t ) }  or physical 

systems, as it is the same for all of them.
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In this chapter we construct a s e t  of model systems with d i f f e r e n t  Hamil­

tonians { H / H ( t ) }  th a t differ by a {constant C / function C(t)}  bu t which all  

possess the same density {p(r) /  p( r t )} . This is the Hooke’s species: atom , molecule, 

all positive molecular ions with number of nuclei J\f greater th an  two. The { 

constants C /function C(t)  {contain information about the system, and are intrinsic 

to  distinguishing between the different elements of the species.

The corollary to the {HK/RG} theorem  is as follows: Degenerate Hamiltonians 

{ H } / { H ( t ) }  th a t differ by a {constant (7/function C(t)}  bu t which represent 

different physical systems all possessing the same density { p(r) /p(r t )}  cannot be 

distinguished on the basis of the {HK/RG} theorem. T hat is, for such systems, the 

density {p(r) /p(rt )}  cannot determine each external potential energy {u(r)/u(rf)}, 

and hence each Hamiltonian of the set { H } / { H ( t ) } ,  uniquely.

In the following sections, we describe the Hooke’s species for the tim e-independent 

and time-dependent cases to  prove the above corollary.

3.2 Tim e-Independent Case

Prior to  describing the Hooke’s species, let us consider the following Coulomb 

species of two-electron systems and M  nuclei: the Helium atom  (Af  = 1; atomic
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number Z  — 2), the Hydrogen molecule (J\f = 2: atomic number of each nuclei 

Z  =  1), and the positive molecular ions (Af  >  2; atomic number of each nuclei 

Z  =  1). (See Fig.l).

In atomic units, the Hamiltonian of the Coulomb species is

HM = T  + U + VN  (3.1)

where T  is the kinetic energy operator:

(3.2)
1 i = i

U the electron-interaction potential energy operator:

U =  1— (3. 3)
pi -  r 2|

and Vjv the  external potential energy operator:

=  (3-4)

with

M r J ^ / c l r - R , ) .  (3.5)
j = i

where

/ c ( r - R i ) = - - i — (3.6) 
|r — tLj \

Here r j and r 2 are positions of the electrons, R j ( j  = 1,...A/") the positions of the

nuclei, and f c ( r  — R j) the Coulomb external potential energy function. Each
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COULOMB SPECIES 

( ---------- COULOMB INTERACTION )

NUMBER OF ELECTRONS: N=2

NUMBER OF NUCLEIs M -  ABRITRARY

N =l N - l

Z = 2 Z = 1 Z = 1

HELIUM ATOM
( a  )

HYDROGEN MOLECULE
( b )

M=3.

Z = 1 Z - l Z = I

POSITIVE MOLECULAR IONS 
( c ) ,  ( d ) , ........

FIG . 1: T he Coulom b species com prises of two electrons and  an  a rb itra ry  num ber M  of nuclei, 

the  in teraction  betw een th e  electrons and  th a t betw een th e  electrons and  nuclei being Coulombic: 

(a)Helium  atom ; (b) H ydrogen molecule; (c), (d), Positive m olecular ions. H ere N  is th e  num ber 

of nuclei, Z  th e  nuclear charge, e~  th e  electronic charge. N ote th a t  each elem ent of th e  species 

corresponds to  a different physical system  .
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element of the Coulomb species represents a differen t physical system. ( The 

species could be further generalized by requiring each nuclei to  have a different 

charge.)

Now suppose the ground state density p(r) of the Hydrogen molecule were known. 

Then, according to  the HK theorem, this density uniquely determines the external 

potential energy operator to  within an additive constant C:

V  -  1 1 1 1
jV=2 k i - R- i l  |ri -  R2| |r2 -  R i| |r2 -  R 2|' 3 ?

Thus, the Hamiltonian of the Hydrogen molecule is exactly known from the  ground 

state density. Note th a t in addition to  the functional form of the external potential 

energy, the density also explicitly defines the positions Ri and R 2 of the nuclei.

The fact th a t the ground state  density determines the external potential energy 

operator, and hence the Hamiltonian may be understood as follows. Integration of 

the density leads to  the number N  of the electrons: J  p(r)dr — N .  The cusps in the 

electron density which satisfies the electron-nucleus cusp condition [21-25], determine 

in turn  the positions of the Af  nuclei and their charge Z.  Thus, the  external po­

tential energy operator Vy =  £» u y fo ) , and therefore the Ham iltonian H  are known.

The Hooke’s species (see Fig.2 )comprise of two electrons coupled harmonically 

to  a variable number Af  of nuclei. The electrons are coupled to  each nuclei with 

a different spring constants k j , j  = The species comprise of the Hooke’s
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HOOKE’S SPECIES

NUMBER OF ELECTRONS: N=2 
NUMBER OF NUCLEI: ABRITRARY

COULOMB INTERACTION 

HARMONIC INTERACTION

Afel N -2

1  =  1 1=1 1 =  \

HOOKE’S ATOM
(a)

HOOKE’S MOLECULE
( b )

N= 3

Z = 1

HOOKE’S POSITIVE MOLECULAR IONS 
( c ) , ( d ) .........

FIG . 2: T he H ooke’s species comprises of two electrons and an  a rb itra ry  num ber AT of nuclei, th e  

in terac tion  betw een th e  electrons and nuclei being harm onic w ith  spring constan t k, k \ ,  &2 , —kj^.  

(a) H ooke’s atom ; (b) H ooke’s molecule; (cj, (d), ...H ooke’s positive m olecular ions. H ere N  is th e  

num ber of nuclei, Z  th e  nuclear charge, e~ th e  electronic charge. N ote th a t each elem ent of the  

species corresponds to a  different physical system .
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atom  (Af  — 1, atomic number Z  — 2, spring constant k), the Hooke’s molecule 

(M  =  2 ; atomic number of each nuclei Z  = 1, spring constants Aq and k2), and the 

Hooke’s positive molecular ions (Af > 2, atomic number of each nuclei Z  — 1, spring 

constants ki, k2, k3...k_y). The Hamiltonian Hj^ of this species is the same as th a t of 

the Coulomb species of Eq.(l) except th a t the external potential energy function is 

f H(r  -  Rj) ,  where

//r(r  — Rj) =  (r — R j)2- (3-8)

Just as for the Coulomb species, each element of the Hooke’s species represents a 

d i f f e r e n t  physical system. Thus, for example, the Hamiltonian for Hooke’s atom  is

Ha = - i V j 2 -  ~V22 + I " r + h [ ( ri -  Rr)2 + (r2 -  R i)2], (3.9)2 2 |ri — r2| 2

and th a t of Hooke’s molecule is

Hm = - ~ V i 2 -  - V 22 + -j r + r{^i[(ri — Ri)2 +  (r2 — Ri)2
I  a (ri — r 2| £

+ &2[(ri — R 2 ) 2 + (f2 — R 2)2]}, (3.10)

where k ^  k\ ^  k2, and so on for the various Hooke’s positive molecular ions with

Af >  2 .

For the Hooke’s species, however, the external potential energy operator Va/ which

is

VN = \  X > , ( r i  -  Rj)2 +  kj(v2 -  R,)2], (3.11)
1 1
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may be rew ritten as

^  ~  (9  E  ^ ')[(r i ~  a )2 +  (r 2 — a)2] +  C({k},  {R},v\7), (3.12)
z  3 = 1

where the  translation vector a  iis

and the constant C  is

with

A' JV

a  =  E M V E * i >  (3-13)j = 1 j = 1

C = b ~ d  (3.14)

6 =  E % R 2, (3.15)
j = l

(3.16)
j=i j=i

or

C ^ E ' M ^ - R jO V E ^  (3-17)
Z i j= 1 J=1

From Eq.(3.12) it is evident th a t the Hamiltonians H/y of the Hooke’s species are 

those of a Hooke’s atom (YljLi kj = k), (to within a constant C({k},  {R}, A7)), 

whose center of mass is a t a. The constant C  which depends upon the spring 

constants {&;}, the positions of the nuclei {R}, and the number N  of the nuclei, 

differs from a trivial additive constant in th a t it is an i n t r i n s i c  part of each 

Hamiltonian Hjy, and distinguishes between the different elements of the species. It 

does so because the constant C({k},  {R}, AT) contains physical information about
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the system  such as the positions {R} of the nuclei.

Now according to  the HK theorem, the ground state density determines the 

external potential energy, and hence the Hamiltonian, to  within a constant. Since 

the density of each  element of the Hooke’s species is th a t of the  Hooke’s atom, 

it can only determine the Hamiltonian of a Hooke’s atom and not the constant 

C({k},  {R}, AT). Therefore, it cannot determine the Hamiltonian Hj\r for M  > 1 . 

This is reflected by the fact th a t the density of the elements of the  Hooke’s species 

does not satisfy the electron-nucleus cusp condition. ( It is emphasized th a t although 

the ‘degenerate Ham iltonians’ of the Hooke’s species have a ground sta te  wave 

function and density th a t corresponds to th a t of a Hooke’s atom , each element of 

the species represents a d i f f e r e n t  physical system. Thus, for example, a neutron 

diffraction experiment on the Hooke’s molecule and Hooke’s positive molecular ion 

would all  give different results).

It is also possible to  construct a Hooke’s species such th a t the  density of each 

element is the sa m e .  This is most readily seen for the case when the center of 

mass is moved to  the origin of the coordinate system, i.e. for a  =  0 . This requires, 

from Eq.(3.13), the product of the spring constants and the coordinates of the nuclei 

satisfy the condition

Af
Y  k jR j  = 0, (3.18)
j - 1
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so th a t the external potential energy operator is then

VMr) =  i E * i r2 +  l £ > JR5, <3 1 9 )Z J = 1 Z i= 1

where r  is the distance to the origin. If the sum J2jLi kj is then adjusted to  equal a

particluar value of the spring constant k of Hooke’s atom:

jV

Y ,  kj =  k, (3.20)

then the Hamiltonian Hj^ of any element of the species may be rew ritten as

W , A 0  =  Ha(k) + C ( { k }, {R}, A/"), (3.21)

where H a{k) is the Hooke’s atom  Hamiltonian and the  constant C{{k) ,  { R } ,N )  is

C ( { k } , {  R } , M )  = Y ki R2i- (3.22)
j=i

The solution of the Schrodinger equation and the corresponding density for each  

element of the species are therefore the same .

As an example, again consider the case of Hooke’s atom  and molecule. For Hooke’s

atom M  =  l ,R i  =  0, and let us assume k = \ .  Thus, the external potential energy

operator is

va(r) = \ k r 2 = ^ r 2. (3.23)

For this choice of k, the singlet ground state  solution of the time-independent 

Schrodinger equation ( H ^  =  E ^ )  is analytical[30-31] :

'F (r1r 2) =  D e - y2/2e - r2/8{l + r /2 ) , (3.24)
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where r =  r i - r 2,y  =  ( iq + r ^ /2 ,  and D = l / [ 27r5/4(5 v/7r + 8)1/2]. The corresponding 

ground sta te  density p(r) =  {'F|/3(r)|'I'), p(r) = E?=i <Kr ~  *i) is (6,31]

For the Hooke’s molecule, Af  =  2 ,R X =  —R 2, and we choose ki = k2 — | ,  so th a t 

the external potential energy operator is

where |R i | =  R. Thus, the Hamiltonian for Hooke’s molecule differs from th a t of 

Hooke’s atom  by only the constant |J ? 2, thereby leading to the s a m e  ground state  

wave function and density. However, the ground state energy of the two elements of 

the species differ by |f ? 2.

The above example dem onstrating the equivalence of the density of the Hooke’s 

atom  and molecule is for a specific value of the spring constant k  for which the 

wave function happens to be analytical. However, this conclusion is valid for 

arbitrary value of k  for which solutions of the Schrodinger equation exist but are 

not necessarily analytical. For example, if we assume th a t for each element of 

the species (Af > 2), all the spring constants k j , j  =  1,2, ...Af are the same and 

designated by k', then for the three values of k for the Hooke’s atom  corresponding

where

(3.26)

(3.27)
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to  k = 1 , 5 , 1 , the values of k' for which the Hooke’s molecule and molecular ion 

{Af =  3) wave functions are the same are k ’ — k’ =  k! = ±, respectively.

Thus, for the case where the elements of the Hooke’s species are all made to  have 

the s a m e  ground state density p(r), the density cannot, on the basis of the HK 

theorem, distinguish bewteen the different physical elements of the species.

Corol lary:  Degenerate time-independent Hamiltonians {H }  that represent

different physical systems, but which differ by a constant C  , and yet possess the 

same density p(r), cannot be distinguished on the basis of the Hohenberg-Kohn 

theorem.

3.3 Tim e-Dependent Case

We next extend the above conclusions to  the time-dependent HK theorem. Con­

sider again the Hooke’s species, bu t in this case let us assume th a t the positions of 

the nuclei are time-dependent, i.e. R j =  R j(t) . This could represent, for example, 

the zero point motion of the nuclei. For simplicity we consider the spring constant 

strength to be the same (k') for interaction with all the nuclei. The external potential 

energy vjg-(rt) for an arbitrary member of the species which now is

w ( r t )  =  \ k '  ] T ( r  -  R f f t ) )2, (3.28)
z  3= 1
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may then  be rewritten as

M r t) = ]-Afk'r2 - k ' J 2  R jW  ■ r +  \ k ’ ]T  R j(i)> (3.29)
z i= i  ̂ j= i

where a t some initial time t0, we have R j (to) = Rj,o- (Note th a t a  spatially uniform 

time-dependent field F(f) interacting only with the electrons could be further incor­

porated by adding a term  F (t)  • r  to  the external potential energy expression.) The 

Hamiltonian of an element of the species governed by the number of nuclei A f  is then

Hj^(vxT2 t) -  HAr 0 -  k' X )[R j( i)  -  Rj,o] ■ (ri +  r2) +  C ( k \  Af, f), (3.30)
j = i

where H y to is the time-independent Hooke’s species Hamiltonian Eq.(3.21):

Htffl  = Har(k'), (3.31)

and the time-dependent function

C { k \ A f A )  = k ' ^ l R ^ t )  -  R *0], (3.32)
i=i

Note th a t the function C ( k \ A r,t)  contains physical information about the system: 

in this case, about the motion of the nuclei about their equilibrium positions. It 

also differentiates between the different elements of the species.

The solution of the tim e-dependent Schrodinger equat i on( 'If (t) =

i d ^ { t ) l d t )  employing the Harmonic Potential Theorem [3,32] is

dz
T (r1r2f) =  exp{-i<f>(t)}exp[- i{Exfit -  25(f) -  2— • y}]\J/0(fT Ps), (3.33)

c t t
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where r7 =  r* -  z(t), y  =  (ri +  r 2)/2 ,

S(t) =  £ [ ^ ( f ? - ^ ' ) 2] <  (3.34)

the shift z(t) satisfies the classical harmonic oscillator equation

N
z(t) + kz(t )  -  k' ^ [ R j ( f )  -  R j)0] =  0, (3.35)

j= i

where the additional phase factor is due to  the function C ( k \  M ,  t),

f  C { k \ M , t ' ) d t \  (3.36)
Jto

and where at the initial tim e 4>(rir2to) =  W0 which satisfies =  £ ’.\r,o'f'o-

Thus, the wave function ’I '( r1r 2f) is the time-independent solution shifted by a time- 

dependent function z(t), and multiplied by a phase factor. The explicit contribution 

of the function C ( k ' ,A f , t ) to  this phase has been separated out. The phase factor 

cancels out in the determination of the density p(t) = (’I'(t)jpjT(t)} =  p (r — z(t)) 

which is the initial tim e-independent density p(rt0) = po(r) displaced by z(t).

As in the time-independent case, the ‘degenerate H am iltonians’ iTv'(r1r 2f) of the

time-dependent Hooke’s species can each be made to generate the s a m e  density 

p(rt) by adjusting the  spring constant k’ such th a t A fk ! — k, and provided the 

density at the initial tim e to is the  sam e .  The latter is readily achieved as it 

constitutes the time-independent Hooke’s species case discussed previously.

Thus, we have a set of Hamiltonians describing different physical systems but 

which can be made to  generate the same density p{rt). These Ham iltonians differ
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by the function C(k ' ,A f , t )  th a t contains information which differentiates between 

them. In such a case, the density p(vt) cannot distinguish between the different 

Hamiltonians.

Corol lary:  Degenerate time-dependent Hamiltonians {H ( t ) }  that represent

different physical systems, but which differ by a purely time-dependent function 

C(t). and which all yield the same density p{rt), cannot be distinguished on the basis 

of the Runge-Gross theorem.

3.4 Conclusions

The proof of the HK theorem is general in tha t it is valid for a r b i t r a r y  local 

form ( Coulombic, Harmonic, Yukawa, oscillatory, etc.) of external potential energy 

{v(r)/u(rt)}. (In the time-dependent case, there is the restriction th a t  v(rt)  must be 

Taylor-expandable about some initial tim e to-) For their proof, {HK/RG} considered 

the case of potential energies , and hence Hamiltonians, th a t differ by an additive 

{constant C /function C(t)}  to  be equivalent:

v(r) fv( r t )  — v' (r) jv '(rt )  — C/C(t ) .  (3.37)

By equivalent is meant th a t the density p(r) /p(r t)  is the same. The fact th a t the 

{constant C /function C(t)  } is a d d i t i ve  means th a t although the Hamiltonians 

differ, the physical system, however remains the same .  The theorem  then shows 

th a t there is a one-to-one correspondence between a physical system  (as described
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' |  addit ive J

v{r) /v(r t)  -  v ' ( t ) /v ' (r t )  -  C /C{t )

H O H E N B E R G -K O H N  C A S E  

|  C /C (t) } H /H { t )  «  p (r ) /p ( r t)

HOOKE’S SPECIES CASE

|  C /C (t) ]  { & } / { 6 { t ) }  ^  K r ) /p ( r t)
{ int ri ns ic  J

FIG . 3: A schem atic represen tation  of th e  H ohenberg-K ohn theorem  and  its  corollary.

by all these equivalent Hamiltonians), and the corresponding density {p(r)/p (rt)} . 

The relationship between the basic Hamiltonian { H / H ( t ) }  describing a particular 

system and the density {p(r) /p(rt )}  is bijective or fully invertible. This case 

considered by {HK/RG} is shown schematically in Fig. 3 in which the invertibility 

is indicated by the double-headed arrow.

The case of a set of degenerate Hamiltonians { H } / { H ( t ) }  th a t differ by a 

{constant C / function C(t)  } th a t is i n t r i n s i c  such th a t the Hamiltonians represent 

d i f f e r e n t  physical systems while yet all  possessing the same density {p(r) / p(r t ) } , 

was not considered by {HK/RG}. In such a case, the density c a n n o t  uniquely 

determine the Hamiltonian, and therefore c a n n o t  differentiate between the different
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physical systems. This case, also shown schematically in Fig.3, corresponds to the 

Hooke’s species. The relationship between the set of Hamiltonians { H } / { H ( t ) }  and 

the density {p(r)/p(rf)}  which is not invertible is indicated by the single-headed 

arrow.

We conclude by noting th a t the Hooke’s species, in both the tim e-independent 

and tim e-dependent cases, does not constitute a counter example to  the {HK/RG} 

theorem. The reason for this is th a t the proof of the {HK/RG} theorem  is 

in dependen t of whether the {constant C /  function C(t)  } is additive or intrinsic. 

The Hamiltonians in either case still differ by a {constant C /  function C(t)}.  A  

counter example would be one in which Hamiltonians th a t differ by more than  a 

{constant C /  function C(t)}  have the  same density {p(r)/p(rt)} .
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C H A PT E R  4

QUANTAL DENSITY FUNCTIONAL THEORY OF THE 

HYDROGEN MOLECULE

4.1 Introduction

In th is chapter we analyze the Hydrogen molecule (H2) in its ground-state 

electronic configuration (<Jgl s ) 2 from the perspective of time-independent Quantal 

density functional theory (Q-DFT). The in principle exact framework of Q-DFT 

for ground and excited states, both  nondegenerate and degenerate, has been 

dem onstrated by application to  exactly solvable model atomic systems[6,9-12] as 

well as by the use of essentially exact atomic correlated wave functions [5,7,33 ]. 

In its approximate form, Q-DFT has been applied to atoms, atomic ions, atoms in 

excited states, and positron binding, as well as to the many-electron inhomogeneity 

a t metallic surfaces and metallic clusters. We refer the reader to the review articles 

of Refs [5,34] for further references on these applications. This chapter constitutes a 

first step in the application of Q-DFT to molecules. Here we present the essentially 

exact analysis of the H 2 molecule via Q-DFT by employing the highly accurate 

correlated wave function of Kolos and Roothaan [35]. Beyond the  understandings 

achieved, a principal a ttribu te  of the calculation is the knowledge th a t  the structure 

of the corresponding Q-DFT properties for other diatomic molecules will then be 

qualitatively similar. Furthermore, these essentially exact properties can be used as
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the basis for comparison and testing of various approximations w ithin Q-DFT prior 

to their application to more complex molecules.

4.2 W ave functions, Orbitals, and Density

The purely electronic part of the Hamiltonian for H2 in atomic units (e =  m  =  

h =  1) is

H  = - \ v l  -  I v l -  —  -  —  -  —  -  —  + (4.1)
2 2 r la r2a r lb r2b r 12

where 1 and 2 are the electrons, and a and b are the nuclei. As the wave function

of the molecule in its ground s ta te  is unknown, we employ the  essentially exact

51-parameter correlated wave function of Kolos-Roothaan in our calculations. The 

symmetric spatial part of the wave function is

^ ( D r 2) =  e x p [ - 6 f a  +  6 )]  CmnjkP [Z?&rfiV2 +  Z i & V i r i V n  (4-2)
m n j  k l

with

Ci =  (Da +  n b ) / R i C2 =  (h2a +  r2b)/R]  (4.3)

Vi =  (j"ia -  r lb) /R] tj2 =  (r2a -  r2b) /R ,  (4.4)

where the variational param eters are 5 and the coefficients Cmnjkp, D 2 — |r i — r2|,

and R  = 2a is the internucleus separation. The values of the variational param eters

are given in the Appendix. The to ta l energy (inclusive of the internuclear potential
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energy Vnn =  1 / R ) is E tot(H2) =  -1.174448 (a.u.) at a =  0.7005 (a.u.). The kinetic 

energy T  =  —E tot, and the to tal potential energy E ext +  E ee + Vnn 2.348851(a.u.). 

The virial theorem ratio, which is the ratio of the to ta l potential energy to  

twice the to tal energy, is 0.999981. The electron interaction energy component 

E ee =  Q.58737(a.u.), and the external energy E ext = —3.65005(a.u.). The to tal 

energy [36] of the Hydrogen molecular ion H2 a t the equilibrium internuclear sepa­

ration of the Hydrogen molecule is Etoi(H2 )\a=o.7005 =  —0.56998 (a.u.). Thus, the 

ionization potential of the H2 molecule is I  — £ ’tot(^2’)la=0.7005 — E tot(H2) — 0.60447 

(a.u.).

For two electron systems such as the Hooke’s atom[30], Helium atom, or 

the Hydrogen molecule, the orbitals of the S system in its ground (singlet) 

state  th a t lead to  the interacting system density are known. These orbitals are 

4>i{r) =  \Jp{t)/2, i =  1, 2, and are therefore known to the same accuracy as the wave 

function or density.

The density p(0, z) along the nuclear bond z-axis is plotted in Fig.4. The density 

is extremely accurate throughout space except a t and very near each nucleus. Thus, 

although on the scale of this figure, it appears th a t the density satisfies the electron- 

nucleus cusp condition exactly, in fact it does not.

4.3. Fermi-Coulomb, Fermi, and Coulomb Holes
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FIG . 4: T h e  electron density  p (0, z) of th e  hydrogen molecule along th e  nuclear bond axis in atom ic 

un its  (a.u .). T he  nuclei are on th e  axis a t a =  0.7005 (a.u .) ind ica ted  by th e  tw o dots.

For the H 2 molecule in its singlet ground state, there are no correlations due 

to  the Pauli exclusion principle as the two electrons have opposite spin. However, 

within the S system framework, it is customary in local effective potential energy 

theories to  define the Fermi hole as px(rr') =  —p(r')/2.  (This is because the pair- 

correlation density as determined from the corresponding S system wave function is 

g{ r r ')  =  p( r')/2 .)
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3
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E  - 0 . 2 -  o
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Electron at r=0 (a.u.)

2 3 40 12 1-4 ■3

z' (a.u.)

FIG . 5: Cross-sections of th e  Ferm i-C oulom b pxc(r r ') ,  Ferm i ^ ( r r ' ) ,  an d  C oulom b pc( r r ')  holes 

along th e  nuclear bond  axis for an  electron a t  the center r  =  (0 ,0 ) of th e  bond. T h e  electron 

position  is ind icated  by the arrow.

In Fig.5 we plot cross-sections through the Fermi-Coulomb pxc{rv'), Fermi 

px{r r ') , and Coulomb pc(rr;) hole sources as a function of r ' =  (0, z') for an electron 

at the origin r  =  (0,0) at the center of the nuclear bond. (Because of the cylindrical 

symmetry of the molecule, cylindrical coordinates are employed throughout.) The 

electron position is indicated by the arrow. The three charge distributions, of 

course, have cylindrical symm etry about the bond axis. More significantly, they 

are symmetrical about the electron along the z' axis. Observe th a t  at the electron
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FIG . 6: Cross-sections of th e  Ferm i-C oulom b pxc{r r ')  and  Coulom b pc( r r ')  holes along th e  nuclear 

bond axis for an  electron a t  the center r  =  (0, a /3 )  of th e  bond  w ith  th e  e lec tron  position  indicated  

by the arrow.

position, both the Fermi-Coulomb and Coulomb holes exhibit a cusp corresponding 

to  the electron-electron cusp condition. (Based on the work of Ref. [37] it is known 

th a t the wave function does not satisfy this cusp condition exactly. It obviously 

satisfies it to  a good degree as evidenced by the figure.) As expected, at the electron 

position, the Fermi-Coulomb hole is more negative th an  the Fermi hole. Thus, in the 

region about the electron, the Coulomb hole is negative. (This is also the case for 

all the other electron positions considered.) As both the Fermi-Coulomb and Fermi
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FIG . 7: T he sam e as in F ig .6, b u t w ith  th e  electron a t  r  -- (0 ,2 a /3 ) .

holes satisfy the same charge conservation sum rule, there m ust then  be regions

where the former lies above the latter. This is clearly evident in the figure. Hence,

in the outer and classically forbidden regions of the molecule, the Coulomb hole is

positive. (The positive part of the Coulomb hole is more clearly evident in the  figures

th a t follow.) The Coulomb hole is both positive and negative as its to ta l charge is

zero. The positive part of the Coulomb hole is an indication th a t the  other electron

is equally likely to  be in the classically forbidden region on either side of each nucleus.

As the Fermi hole is independent of electron position, we now focus on the

Electron at r=(0, 2a/3)
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FIG . 8: T he sam e as in  F ig .6, b u t w ith  the electron a t r  =  (0, a).

Fermi-Coulomb and Coulomb holes. In Figs.6-8, we plot the cross-sections of these 

- holes for electron positions a t r  — (0, a /3 ), r =  (0 ,2a/3), r — (0, a). Again, observe 

the cusp at the electron position for bo th  the Fermi-Coulomb and Coulomb holes 

of each figure. Note also how the positive part of the Coulomb hole becomes more 

pronounced relative to the negative part as the electron is moved away from the 

center of the nuclear bond towards one nucleus. The positive p a rt of the Coulomb 

hole is also largest about the other nucleus, thereby indicating tha t the second 

electron is about this nucleus.

Electron at r =(0, a) (a.u.)

- 4 - 3 - 2 - 1 0  1 2 3 4

z‘(a.u.)
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FIG . 9: T he sam e as in  F ig .6 , b u t w ith  th e  electron a t r  =  (0 ,2 a).

In Figs.9-11, we plot the Fermi-Coulomb and Coulomb hole cross-sections for an 

electron in the classically forbidden region at r  =  (0 ,2a), r  =  (0 ,4a), and r  =  (0 ,6a). 

The positive part of the Coulomb hole continues to increase about the left nucleus 

a t the expense of the negative p a rt as the electron is moved further from the 

molecule. Thus, even for the asym ptotic position of an electron a t r  =  (0,6a), the 

other electron is still mainly about the left nucleus. For all electron positions, the 

Fermi-Coulomb hole pxc(r r ')  is negative.

(We note th a t the same cross-sections of the Fermi-Coulomb, Fermi, and

Electron at r=(0, 2a)

3 •2-4 1 2 30 1 4

z'fa.u.)
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FIG . 10: T he sam e as in F ig .6, b u t w ith  th e  electron a t  r  =  (0, 4a).

Coulomb holes for an electron position 0.3 (a.u.) to  the left of the  right nucleus, 

which corresponds approximately to  our Fig.7, has been plotted by Baerends et al 

[? ] in their study of the dissociation of the molecule. However, in their figure, 

the electron-electron cusp in the Fermi-Coulomb and Coulomb holes is no t present 

because the wave function employed by these authors is a eonfiguration-interaction 

type wave function.)

4.4. Fields, Potential Energies, and Energies

■ Electron at r =(0, 4a)

42 3-4 3 •2 -1 0 1

z'(a.u.)
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FIG . 11: T he sam e as in Fig.6, b u t w ith  th e  electron a t r  =  (0, 6a).

The electron-interaction field £ ee(r ) ,  and its Hartree £ # ( r )  and Pauli-Coulomb 

£xc(r) components along the nuclear bond axis axe plotted in Fig. 13. Observe tha t 

these fields all vanish a t the center of the bond axis or origin. This is because their 

corresponding sources -  the pair-correlation density g(rr'), the density p{r), and 

the Fermi-Coulomb hole charge p xc(r r ')  — are symmetrical about the  center of the 

nuclear bond for this electron position (see Figs.4 and 5). The existence (non-zero 

value) of these fields for all other electron positions is a consequence of the  fact th a t 

their sources are not symmetrical about the electron (see Figs.4 and 6-11). The 

fields are also all antisymmetric about the center of the nuclear bond. (This is a

Electron at r =(0, 6a) (a.u.)
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reflection of the symmetry about the x-y plane at the center of the nuclear bond. As 

such the potential energies obtained from these fields will be symmetric  about this 

point.) In the positive half-space, there is a maximum in the electron-interaction 

and Hartree fields, and a minimum in the Pauli-Coulomb field. The Hartree and 

Pauli-Coulomb fields are of the same order of m agnitude and opposite in sign. 

This is because their sources, p(r) and pxc{r r ')  respectively, are of the same order 

of m agnitude and opposite in sign. Asymptotically, in the z direction these fields 

decay as £ee(r) ~  1 /z2, £jj(r)  ~  2 /z 2, and £xc{r) ~  —1 j  z 2 as they m ust [6,33]. (It is 

interesting to  note th a t with a slight translation to  the right, the plots of the fields 

in the positive half-space, are strikingly similar to those of the Helium atom  [5,33].)

The Pauli £x(r) and Coulomb £c(r) field components of the Pauli-Coulomb field 

£xc(r) along the nuclear bond axis are plotted in Fig. 13. Again, these fields vanish 

at the origin and are antisymmetric about it. Hence, the corresponding potential 

energies obtained from these fields will be symmetric. In the positive half space, 

the Pauli field £ r(r) is negative as its source is a negative charge. The Coulomb 

field £c(r), on the  other hand, is positive in the inter-nuclear region and negative 

throughout the region beyond the right nucleus. This structure is attributable 

to the fact th a t the Coulomb hole has both a positive and negative component. 

Asymptotically, the Pauli field decays as £x(r) ~  —1 / z 2, whereas the  Coulomb field 

£c(r) has essentially vanished by about z =  5 (a.u.). (Once again in the positive 

half-space, the structure of these fields when translated slightly to the right, is
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F IG . 12: T he electron-in teraction  £ee(0, z)  field, and  its H artree  £ // (0 , z )  and  Pauli-C oulom b 

£xc(0, z)  com ponents along the  nuclear bond  axis.

similar to  those of the Helium atom. In particular, we note th a t the structure of 

the Coulomb holes of the Hydrogen molecule for electron positions z >  a (see Figs. 

6-8) is very similar to those of the Helium atom  for electron positions away from 

its nucleus (see Figs.3,4 of[33]).) As is the case for atoms, it turns out th a t the 

asymptotic structure along the nuclear bond axis of { ^ (r )  ~ £ h (t)} ~  £x(r) ~  - 1 / z 2 

. Thus, the asymptotic structure of the electron-interaction potential energy vee(r) 

minus the Hartree potential energy W h {t) is again due to  Pauli correlations: 

{ v j r )  -  W H{ r)} ~  W x(r) ~  —1/z  as shown in Fig. 14.
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FIG . 13: T he Pauli £x (0, z )  and Coulom b £ c(0 , z )  fields along th e  nuclear bond  axis. T h e  function 

- 1 /z 2 is also p lo tted .

Since in the S system description of two electron systems Sx(r) — —£ # (r) /2 , 

the curl of the Fermi field along the nuclear bond z axis direction vanishes: 

V x ^ (r ) !*  =  0, as it does in all directions. Hence, the work done Wx (0 , z ) 

plotted in Fig. 14 is path  independent. Along the nuclear bond axis, however, 

the V x £c{r)\z ^  0 and V x Z tc(r)\z ^  0 . But in this and all directions, the 

curl of the sum of the fields £c(r) and Z tc(r) vanishes: V x [£c(r) +  Z tc(r)])|2 =  0. 

Therefore, the work done in the sum of these fields in all directions, and hence
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FIG . 14: T he  P auli po ten tia l energy W.r (0, z)  along the nuclear bond axis. T he work done Wc(0, z) 

in th is d irection in th e  force of th e  Coulom b field £c(0, z),  and  th e  function  —1 /z ,  a re  also p lo tted .

along the nuclear bond axis uc(0, z) — W C{D, z) +  W tc(0, z) is path  independent. The 

calculation of the potential energy vc(0, z) is straightforward. However, our use of 

the Kolos-Roothaan wave function, in spite of its accuracy, leads to uc(0, z) being 

singular a t the nucleus. This occurs due to  the component Wtc (0, z)  th a t  requires a 

cancellation of the kinetic fields of the interacting and noninteracting systems. The 

underlying reason for the singularity, however, is th a t the wave function does not 

satisfy the electron-nucleus cusp condition exactly. In a recent paper [38], we have 

proved by employing the integral form of the electron-nucleus cusp condition , th a t
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W tc{Q,z) in  the force of th e  C orrelation-K inetic  field Z tc(0, z )  of F ig .13, a re  also p lo tted .

in local effective potential energy theories and for arbitrary symmetry, the potential 

energy vee(r) is finite at the nucleus. Furthermore, it is shown th a t  this finiteness is 

a direct consequence of the satisfaction of the electron-nucleus cusp condition by the 

Schrodinger wave function. (As a consequence, for example, th is potential energy 

is singular at each nucleus when determined either from Gaussian geminal [38] or 

configuration interaction [39] wave functions.) Hence, in order to  obtain nc(0, z), we 

have employed our calculated results in regions other than  near the nucleus, and
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smoothed the curve through each nucleus.( A comparison of our results with the 

work of Gritsenko et al[40] who in their self-consistent calculations assumed vee(v) 

to be finite at the nucleus show the two curves to  be indistinguishable throughout 

space.) The potential energy vc(0, z ) is plotted in Fig.15. Observe th a t uc(0, z), and 

thus the sum of the Coulomb and Correlation-Kinetic potential energies is an order 

of magnitude smaller than  W x{0, z), the Pauli contribution. The potential energy 

vc(0, z) has considerable structure, is symmetric about the origin, and is mainly 

positive, indicating thereby th a t its principal contribution is Correlation-Kinetic. 

(Recall th a t the Coulomb field is principally negative in the right-half space (see
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Fig. 13) so th a t the Coulomb potential energy W c(r) is negative.) The plot of 

i ' c ( 0 ,  z) translated to the right nucleus is very similar in shape and m agnitude to the 

corresponding potential energy vc(r) of the Helium atom  (see Fig. 4 of [5]).

To obtain a quantitative sense of the separate Coulomb and Correlation-Kinetic 

contributions to t>c(0,z), we plot in both Figs.14 and 15 the work done Wc(0,z) 

along the path  of the nuclear bond in the force of the Coulomb field £c(r). From 

uc(0, z) and WC(Q, z) we obtain Wtc(0, z) which is also p lotted in Fig. 15. The 

corresponding Correlation-Kinetic field Z tc(0, z) is shown in Fig.16. Note th a t this 

field too is antisymmetric about the origin. Once again, there is a striking similarity 

between the plots of W c(Q,z), Z tc(0,z), and W tc(0,z)  when translated to  the  right 

nucleus to  those of the corresponding properties of the Helium atom [5]. The 

Coulomb correlation part Wc(0, z) is negative throughout space and vanishes by 

about z =  5 (a.u.). The Correlation-Kinetic piece W tc{0, z) is throughout positive 

and asymptotically decays more slowly. The field Z tc(0, z) is principally positive 

throughout space. Thus, the Correlation-Kinetic energy Tc is positive: T  =  1.1745 

(a.u.), Ts =  1.1414 (a.u.), Tc = 0.0331 (a.u.) (The corresponding value of Tc for 

the Helium atom  is 0.0365 (a.u.)[33j). (We note th a t the W c(0,z)  and W tc(0,z)  

do not each separately represent a potential energy. Their sum which is i>c(0, z) does.)

4.5 C o n c lu d in g  R e m a rk s
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This work is the first application of the Q-DFT quantal source and field per­

spective to a molecule, and much has been learned as explained in the previous 

section. The symmetry of the H2 molecule dictates th a t the individual fields £x(r), 

£ h {r), £c(r), Z tc(r) representative of the Pauli and Coulomb correlations, and 

Correlation-Kinetic effects respectively, must each be antisymmetric about the 

center of the nuclear bond. The corresponding electron-interaction potential energy 

vee(r) representative of these correlations as determined by the work done in the 

force of these fields is then symmetric  about this point as also dictated by the 

symm etry of the molecule. The potential energy uee(r) is also finite a t each nucleus, 

as must be the case [38]. The Hartree £h {r) and Pauli £x(r) fields are the largest 

in magnitude and opposite in sign, the former being positive and twice as large as 

the latter. As such the principal contributions to the electron-interaction energy 

E ee and potential energy vee(r) are due to  the Hartree and the Pauli correlation 

terms. The Coulomb £c(r) and Correlation-Kinetic Z tc (r) fields tend to cancel 

each other, so th a t the contribution of their sum to the potential energy i>ee(r) is 

an order of magnitude smaller. However, as the potential energy component vc(r) 

representing the sum of these correlations is principally positive (see Fig. 12), it 

is evident th a t the Correlation-Kinetic effects are more significant. They are also 

more significant asymptotically, where the Coulomb correlation contributions to the 

potential energy vanish. Thus, Correlation-Kinetic effects play an im portant role in 

local effective potential energy theories of the H 2 molecule. We further note th a t 

in the construction of approximate KS-DFT ‘exchange-correlation’ and correlation
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energy functionals E^cs {r] and E ^ s [r) for molecules, Correlation-Kinetic effects must 

be incorporated if an accurate S system representation of molecules is to  be obtained.

On the basis of the Q-DFT results determined from the H 2 molecule, it is evident 

th a t the qualitative features of the quarxtal sources, fields, and potential energies 

for other diatomic molecules will be similar. However, the fields and hence the 

potential energies of these diatomics will have more structure as a consequence of 

the additional molecular subshells. We expect this added structure to  be similar to  

th a t observed in atoms as the number of shells is increased. Finally, we note th a t 

the accuracy of approximation methods within Q-DFT and KS-DFT can be tested 

by comparison with these essentially exact results.

We conclude by reiterating the striking similarity between the Q-DFT properties 

of the Hydrogen molecule and the Helium atom  for electron positions in the  positive 

half space. It is interesting th a t in spite of the presence of a second nucleus, and 

therefore of a different symmetry, the quantal sources and fields representative of 

the various electron correlations in the Hydrogen molecule are so similar to  those of 

the Helium atom. This speaks to  the commonality of properties of these distinct 

quantum  systems as exhibited within the framework of Q-DFT.
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C H A P T E R  5

QUANTAL DENSITY FUNCTIONAL THEORY OF 

DEGENERATE STATES

5.1 In tro d u c tio n

In this chapter we develop the Q uantal density functional theory of degenerate 

state for both the ground and excited state, and for the cases of both the pure and 

ensemble v-representable densities. To put our work in context, we note th a t the 

treatm ent of degenerate states within the context of Kohn-Sham density functional 

theory KS-DFT [17] is a problem of longstanding [18] and continued recent [41,42] 

interest. The basic idea underlying the KS-DFT methodology is the m apping from 

the interacting electronic system as described by Schrodinger theory to  th a t of a 

system of noninteracting fermions such tha t the equivalent density and to ta l energy 

are obtained. The existence of the model system is once again an assumption. 

Further, there is the distinction between the S system of noninteracting fermions 

whereby the equivalent density is obtained from a single Slater determ inant, and 

the noninteracting system whose orbitals could be degenerate so th a t the density 

is obtained from a weighted sum of the Slater determinants constructed from the 

orbitals. W ithin KS-DFT, the following cases have been considered. The mapping 

from: (a) a pure degenerate ground state [43]; (b) a pure degenerate excited 

state[18]. In addition, maps to  obtain the density and energy constructed from

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

(c) an ensemble of pure degenerate ground s ta tes[42], and (d) an ensemble of pure 

degenerate excited states[41], have been developed. The interest in the ensemble 

cases stems from a ground state theorem due to  Levy [44] and Lieb [45]. According 

to  the theorem, most ensemble densities constructed from pure degenerate ground 

states are not interacting v-representable. In other words, no single ground state 

wave function of the Schrodinger Hamiltonian will yield this ensemble density. Such 

ensemble densities are said to  be ensemble v-representable. The translation of the 

theorem to the S system [44] means th a t there is no single Slater determ inant 

tha t leads to this ensemble density. At this time, the question of interacting 

v-representability of the ensemble density of degenerate excited states is still 

unanswered [46]. In this chapter we propose a solution to  the problem of mapping 

from the interacting degenerate system to th a t of the equivalent noninteracting 

fermion model within the unifying physical framework of quantal density functional 

theory (Q-DFT).

In contrast to  the present work, the KS-DFT description of the noninteracting 

system is in terms of an energy functional of the density, and its functional 

derivative. For case (a), the energy is a functional of the degenerate ground state 

density; for (b), the energy is a bidensity functional of the ground and excited state 

densities, with the functional derivative taken at the excited sta te  density; for (c), 

the energy, which is a functional of the ground state ensemble density, is constructed 

by the ensemble generalization of the coupling constant scheme; and for (d) the
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energy is also a bidensity functional, in this instance of the ground sta te  and excited 

state ensemble densities, with the functional derivative taken at the ensemble density.

We describe here the Q-DFT of both ground and excited degenerate states, 

and for the cases of both the pure state and ensemble v-representable densities. 

In Q-DFT, the interacting system pure state density, and each component of the 

ensemble density, are interacting v-representable as they are obtained by solution 

of the Schrddinger equation. The assumption of existence of an S system in 

Q-DFT therefore means th a t the pure state  density and each component of the 

ensemble density are also noninteracting v-representable. (By an S system we mean 

a noninteracting fermion system whose wave function is a single Slater determ inant, 

and which maybe in a ground or excited state). We begin by ( i)  describing the 

Q-DFT of the individual degenerate pure state. For the mapping from a degenerate 

ground state of the interacting system, the corresponding S system is in its ground 

state. For the mapping from a degenerate excited state, the sta te  of the S system is 

arbitrary in th a t it may be in a ground or excited state. In either case, the highest 

occupied eigenvalue is the negative of the ionization potential. (The m apping from 

a nondegenerate excited state [9,10] is similar.) For the ground and excited state 

ensemble cases, we describe two different schemes within Q-DFT. Thus, (u )  in 

the first, the corresponding noninteracting system ensemble density is obtained by 

constructing g S systems, where g is the degeneracy of the state. Once again for 

excited states, the g S systems may either be in a ground or excited s ta te  or a
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combination of the two. Next, (Hi) we describe the Q-DFT whereby the ensemble 

density is obtained from a single noninteracting fermion system whose orbitals 

could be degenerate. The construction of this model system is a consequence of 

the linearity of the differential virial theorem. Here the highest occupied eigenvalue 

is degenerate, and the ensemble density is obtained from the resulting Slater 

determinants as described by Ullrich and Kohn [42] whose work in tu rn  is based 

on th a t of Chayes et al [47]. Again for the m apping from an excited state, the 

noninteracting system may be in a ground or excited state. The Q-DFT description 

then (iv) provides the physics underlying all the various KS-DFT degenerate state 

energy density and bidensity functionals, and of their functional derivatives. Fi­

nally, (v) we present examples th a t dem onstrate the above mappings within Q-DFT.

5.2 Q-DFT of the indiv idual degenerate pure state

The Q-DFT of the bound individual degenerate pure s tate  is as follows. The 

Schrodinger equation for a degenerate state whether ground or excited is

JTOn,„(X) = {T + V + U]'Fn,7j(X) = £?„*„,„(X), (5.1)

f  = - | E i  Vi2, V -  E iu (u ), u  = I Ei,y TF7=F7i ’ where n̂,*?(x ) and En are a 

bound degenerate state  wave function and energy, n corresponds to the state, and 

77 — I, ...gn the degeneracy, X  =  x 1; ...xN,x  =  r <7, with cr the spin coordinate. As 

the equations to  follow are valid for arbitrary states, we drop the subscript n. The 

degenerate pure state density p^(r) =  {\EQ | p | TQ , where p = E ;  ^(r  ~~ *i), and the
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energy E v =  | H  | ^ ) .

The corresponding differentia! equation for the S system of noninteracting 

fermions with the same density is

[ _ I y 2 +  v(r) +  veetr,{r)]<pi(x) =  e ^ x ) ;  i = 1, ...N, (5.2)

with

Pv(t) =  {$„{&} | f> | % { & } )  =  J 2  I <MX) P. (5-3)
2,<T

and is the single Slater determ inant of the orbitals <&(x). This is the S system

wave function. The electron-interaction potential energy vee,v(r) is representative of 

electron correlations due to the Pauli exclusion principle, Coulomb repulsion, and 

Correlation-Kinetic effects. Correlation-Kinetic contributions to  the potential energy 

are a consequence of the difference in kinetic energy between the interacting and 

noninteracting systems. The potential energy veeiV(r) is the work done to  move a 

model Fermion in the force of a conservative field ^ ( r ) :

veê (r )  =  -  f  E n(r') ■ dl', (5.4)
J OC

where E v{r) =  £ef,tV(r) +  2 tciV(r). The fields £eetV(r) and Z tc^ (r)  are not neces­

sarily conservative. Their sum always is. The electron-interaction field £ee<v(r)

is representative of Pauli and Coulomb correlation: £eê (r)  — eee<T](r) /  pv(r) ,

where the electron-interaction ‘force’ eeeif)(r) is obtained via Coulomb’s law as 

e ee,7}(r) =  f  dr'Pv (rr')(r  — r ') /  | r - r '  |3, where P ^(rr') =  ('P7,j.P(rr')|\K 7),
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with P ( r r ')  =  ]C' 8(r — rj)£ (r ' — r ; ). Equivalently, the field £eeiV(r)

may be thought of as being due to  its quantal source, the pair-correlation 

density gr,(vr') =  Pr?(rr ')/p ^ (r) . The Correlation-Kinetic field Z tc<v(r) =

Z s .n(r) -  Z v(r), Z v(r) =  z^(r; {%}) /  p ^ v ) , Z StV(r) =  zSi„(r; [y ^ D /p ^ r ) ,  and 

where 2^(r) and Z StV(r) are the interacting and S system kinetic fields, respec­

tively. The kinetic ‘force’ z^(r) is defined by its component z ^ a =  2 J^pd ta^/drp ,  

with tay)(r, [7^]) =  | [d2/dr'adr'p + d2 /  dr^dr'^)y ^ r ',  r" ) |r<=r//=r the  kinetic en­

ergy density tensor. The source of the kinetic field Z v(r) is - the spinless 

single particle density m atrix % ( r ,  r ')  =  (T ^ |X |T ^), X  =  A  — iB ,  A  =  

+  P  =  - r ) 7 - ( a )  -  5(r, -  r ')7 ) ( -a ) ] ,

T j ( a) is a translation operator, and a  = r ' — r. The field Z s(r) is de­

fined in a similar manner in term s of the S system Dirac density m atrix 

7*,T?( r ,r /) =  { $ ,{^ i} |X |$ ,{^} ) =  '£ i , a 4>*i{ra)<f>i { rV).

The proof of Eq.(5.4) follows by equating the differential virial theorems [3,9,11,13] 

for the interacting and S systems which are, respectively

Vv(r)  =  —F ??(r) and Vw(r) =  — F a^ (r), (5.5)

where F^(r) =  - £ eeiV(r) -)- V v(r) +  Z v(r), F ,^ ( r )  =  V v eetV(r) + V v(r) +  Z S>TI(r), 

the differential density field V ^ v )  =  d r](r)/pri(r), d ^ r )  =  — ~V V 2p,,(r). Thus, one 

obtains

V uee^r) =  —P 7(r), (5.6)
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from which the interpretation of Eq. (5.4) follows.

The to tal energy of the degenerate state 77 is then

E n -  TSiV +  J  p^(r)n(r)dr +  Eee^  +  TC:V, (5.7)

where TStV — ( ^ { ^ U T I ^ I ^ } )  is the S system kinetic energy, and the electron-

interaction E eê  and Correlation-Kinetic Tc,n energies in terms of the  respective fields 

are

These expressions are independent of whether the fields £ee>TI(r) and Z tc<v(r) are 

conservative or not.

The S system whereby the density and to tal energy equivalent to th a t  of the 

interacting system degenerate sta te  77 is defined by Eqs.(5.2)-(5.4) and (5.7). If 

the degenerate state  is excited , the S system may be constructed to  be either in 

a ground or excited state. Since the electron-interaction field remains unchanged, 

the difference between the corresponding potential energies is independent of the 

Pauli principle and Coulomb repulsion and due entirely to  the corresponding 

Correlation-Kinetic fields Z tctV(r). Hence, the potential energy vee^{x) is different 

depending on whether the S system is in a ground or excited state. In either case, 

the highest occupied eigenvalue of the S system differential equation is the negative

o.

(5.9)
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of the ionization potential. This follows by equating the asym ptotic structure of the 

density for the interacting and S systems.

In the transform ation from an excited pure degenerate sta te  to an S system in its 

ground state, the fact th a t the interacting system wave function has nodes is of no 

relevance. By construction, the S and interacting system density p(r) are equivalent, 

and the density p(r) >  0. Such a mapping for an excited pure nondegenerate state 

has been dem onstrated in Ref. [9,11].

5.3 Q-DFT of the ensem ble density o f the degenerate states

M e th o d  1

We next describe the first of two ways of obtaining the ensemble density and energy

of the degenerate states via Q-DFT. The interacting system ensemble density m atrix

operator D (X X ') is defined as

D ( x x ')  =  £  ^ ( X ^ ^ X ' ) ;  ! > „ .  =  1; 0<OJV < 1, (5.10)
7?= 1  77=1

so tha t the ensemble density pens(r) and energy E ens are respectively

g
Pensi r) =  tr(Dp) = ]T  u vpv( r), (5.11)

7̂ = 1

and

E e n s  = tr (D H )  =  '^U )vErt, (5.12)
T ] - l
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with pv(r) and E v as defined previously. (There are ensemble densities th a t  cannot 

be represented by a single Slater determinant. However, its pure state  component 

density can always be reproduced by an S system ).

For each degenerate state r?, the density pv(r) and energy E v can be constructed 

from an S system as described in section 5.2. Thus, the ensemble density and 

energy of Eqs. (5.11) and (5.12) may be obtained from g S systems. Each S system 

contributing to  the ensemble density may be in a ground or excited state. Note th a t 

the electron-interaction potential energy veê (r )  for each of the g S systems will be 

different. Further, veetV(r) will be different depending on whether the particular S 

system is in a ground or excited state as explained previously. Thus, the ensemble 

density and energy within Q-DFT are obtained by replacing the Prj(r) and E n on the 

right hand sides of Eqs. (5.11) and (5.12) by the corresponding S system equivalents 

of Eqs. (5,3) and (5.7), respectively.

M ethod 2

The ensemble density and energy may also be determined from a noninteracting 

fermion system whose orbitals could be degenerate as constructed within Q-DFT. 

According to  Chayes et al[47], the ground state  ensemble density may be determined 

as a unique weighted sum of squares of a finite number g of degenerate wave functions 

of this system. The potential energy vee(r) of these noninteracting fermions is then 

determined via Q-DFT as follows. Rewrite the interacting and noninteracting system
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differential virial theorems of Eq. (5.5) as

p en5( r ) V r ( r )  =  ^ ^ f , ( r ) ,  (5 .1 3 )
T)= 1

where f ^ r )  =  eee,??(r) -  d^(r) -  z7)(r), and

P e « s ( r ) V n ( r )  =  J ^ f ^ r ) ,  (5 .1 4 )
n~i

where f s„{r) =  pv{r)V veê (r)  -  d,,(r) -  z3i7)(r). Equating Eqs. (5.13) and (5.14) 

leads to

9 9
] L wrA (r)VlW r) = ^ w nq„(r), (5.15)
T) =  l  7)=1

where q,,(r) =  eeê (r)+ztcj7,(r), ztci,,(r) =  z5iJ,(r ) - z r?(r). Eq. (5.15) is a consequence 

of the linearity of the differential virial theorem. As we require a single effective 

potential energy va(r) = v(r) +  vee(r), we replace ve£tV(r), in Eq. (5.15) by vee(r) to 

obtain

Vuee(r) =  —Q(r), (5.16)

w'here Q(r) =  — (X)®=i pens(r), Thus, the electron-interaction potential en­

ergy vee(r) is the work done in the conservative field Q(r):

vee(r) = -  I  Q (r ')  • <21'. (5.17)
J o e

Note th a t the components q^(r) are conservative so th a t Q(r) is conservative, and 

hence vee(r) is path  independent.
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For the occupation of orbitals we follow Ullrich-Kohn [42]. Accordingly, all levels 

are occupied except the highest (h) which is q- fold degenerate and partially occupied. 

The number of the model fermions in these levels are N h <  2q. The ensemble density 

which is a weighted sum of the degenerate Slater determinants is

iV  — N h q

P ens{  r) =  J 2  l&(x ) |2 +  £ / t l # ( x ; # ) | 2, (5-18)
i,c7 i,cr

with 0 <  f i  < 1, and a>v0i,v where 0iiV =  1 if the orbital (p^{x;R) occurs

in the determinant ,,{</>;}, and 0 otherwise. Here the ^ ( x ; i ? )  are appropriately 

ro tated  (R) orbitals determined self-consistently together with the  f t and the lower 

lying orbitals leading to the ensemble density. The ensemble energy is obtained from 

the g Slater determinants as in M ethod 1. Once again for an excited sta te  ensemble 

density, the corresponding noninteracting system may be in a ground or excited state.

Note tha t the methodology of construction of the g S systems of M ethod 1 

also follows from Eq. (5.15). We believe th a t it is easier to  construct the g S 

systems of Method 1 than  it is to  construct the single noninteracting system of 

M ethod 2. This is because each of the g S systems may be constructed independently.

5.4 Conclusions and A pplications

From the above degenerate sta te  Q-DFT description it is then possible to  provide 

a rigorous physical interpretation for each energy functional and functional deriva­

tive of the corresponding KS-DFT. In each case, the local potential energy of the
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model fermions is the work done in a conservative field. The energy in tu rn  may be 

expressed in terms of the components of this field. Thus, for example, the KS-DFT 

degenerate ground state electron-interaction energy functional E^es [pens\[42 ] of 

the ensemble density is the ensemble sum of the electron-interaction E ee<n and 

Correlation-Kinetic TC)7J energies. The functional derivative is the work done to  

move the model fermion in the conservative field Q (r). The same interpretation 

applies to the bidensity energy functional E^es [pgr, pena] [41] of degenerate excited 

state KS-DFT, and of its functional derivative.

The Q-DFT mapping from a pure degenerate excited state to  an S system  can be 

demonstrated via the first excited triplet state of the exactly solvable Hooke’s atom  

[30]. This atom  is comprised of two electrons with a harmonic external potential 

energy v(r) = |w r 2. The triplet sta te  wave functions are of the form

* ( n r 2) -  C o e - ^ V ^ l  + C lyJ ^ r  +  C2( |) r 2 + C3( | ) 3/V]K ,m(0,<?), (5.19)

where <p) is the spherical harmonic with I =  1, m  = —1, 0,1, r  =  r 2 — r i, R  =

(r2 + r{)/2, and Co, C1; C2, C3 are constants. For each degenerate wave function, the 

corresponding S system, in either a ground or excited state, can be determ ined in a 

manner similar to the transform ation of the first excited singlet s ta te  [9,11]. These 

results will be presented elsewhere. The ensemble density of these degenerate states 

then follows from the 3 S systems. (Note th a t the ensemble density for this two 

electron model is v-representable. However, the methodology for constructing the g 

S systems is the same whether or not the ensemble density is v-representable.).
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Another example is th a t of the noninteracting Be atom [42], Here the ensemble 

density, which is not v-representable, is the weighted sum of the density of 4 S 

systems in the states l s 22s2, l s 22p2 (i — x , y , x ) .  This latter model atom  is also 

an example [42] of the noninteracting fermion system th a t leads to  the ensemble 

density with appropriately rotated highest occupied orbitals.

In conclusion, we have described via Q-DFT the physics of mapping from a 

degenerate state of Schrodinger theory to  th a t of a model system  of noninteracting 

fermions such th a t the equivalent density and energy are determined. The cases 

of both pure and ensemble v-representable densities are explained. The frame­

work is general and formally the same for both degenerate ground and excited states.
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C H A PTER  6 

CONCLUSIONS AND FU T U R E  W ORK

This thesis is concerned primarily with the fundamental aspects of density 

functional theory. A Corollary to the first Hohenberg-Kohn theorem  and the 

corresponding extension to the time-dependent case due to Runge-Gross have been 

derived. These corollaries lead to  an understanding of the lim itations of these 

fundamental theorems. In addition, the framework of Q uantal density functional 

theory has been extended to  degenerate states for both ground and excited states, 

and for the cases of both pure state and ensemble densities. This further provides 

a rigorous physical interpretation of the various energy density and bidensity 

functionals and functional derivatives of the corresponding Kohn-Sham density 

functional theories. Finally, we have applied Q-DFT to obtain properties of the 

Hydrogen molecule in its ground state. This is the first application of Q-DFT to 

molecular systems. The qualitative features of the results of this study will be the 

same for other diatomic molecules.

There are two areas of research in the context of Q-DFT currently being pursued. 

Thus far, the equations of time-dependent and independent Q-DFT have been 

derived within the Born-Oppenheimer approximation. We propose to extend 

Q-DFT to the case of multicomponent systems by incorporating the motion of 

different nuclei. This involves the derivation of the differential and integral virial
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theorems for both the interacting system and the corresponding noninteracting 

system with equivalent electronic density. The special case when two S systems with 

equivalent electronic and nuclear densities are constructed will also be considered. 

The corresponding force and torque sum rules will also be derived.

A second thrust of research is the development of approximate Q-DFT in 

which the electron correlations due to the Pauli principle. Coulomb repulsion 

and Correlation-Kinetic effects are all incorporated. Briefly, the basic idea is to 

construct an approximate, few-parameter correlated wave function functional to 

be employed within the framework of Q-DFT. The wave function is a functional 

in th a t it depends on a set of functions y: T  =  T[x]- The use of a wave function 

functional instead of a wave function helps reduce the number of param eters as 

the space of variations is increased. The form of the wave function functional 

being considered is th a t of the correlated-determinantal or Jastrow type. Thus, 

all three types of electron correlations can be accounted for. The wave function is 

determined by variational self-consistent solution of the Q-DFT S-system differential 

equation, the function x being obtained by the satisfaction of a constraint such as 

normalization or the Fermi-Coulomb hole sum rule, or by the requirement th a t the 

wave function functional reproduce a physical observable such as the diamagnetic 

susceptibility or density. In this manner, both a rigorous upper bound to the 

energy, as well as a specific property of interest, are obtained accurately. For finite 

systems, Q-DFT intrinsically leads [3] to  accurate highest occupied eigenvalues,
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and thus to  accurate ionization potentials. Finally, we are investigating the  use of 

Fermi-Hypernetted-Chain (FHNSC) theory[48] in the context of Q-DFT since the 

starting  point of FHNC theory is also the Jastrow  ansatz.
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APPENDIX: Wave function parameters

The values of the param eter 5 and the coefficients cmnjkp for the wave function of 

Eq.(4.2) are listed in the table I.
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TABLE T. V ariational p aram eters in th e  norm alized 51-param eter correlated  wave function  for the 

ground s ta te  of . # 2  [35].

No. of te rm s "5CT
6 =  0.995

Si Vl £2 V2 r  12 Coefficients
0 0 U 0 0 2.005908
0 0 0 2 0 1.282032
0 0 1 0 0 0.144619
0 1 0 1 0 -0.430253
0 0 0 0 1 0.787198
1 1 0 1 0 -0.235454
1 0 0 2 0 0.148273
0 0 2 0 0 0.109859
0 0 0 0 2 -0 .212159
1 0 1 0 0 -0 .081387
0 2 0 2 0 0.182892
0 0 0 2 1 0.198555
0 0 1 0 1 0.324658
1 1 1 1 0 -0.010794
0 0 1 0 2 0.077830
1 0 2 0 0 -0.055114
0 1 0 1 1 0.130714
0 1 0 1 2 -0 .050854
1 0 2 0 1 0.014963
0 0 2 0 1 -0.132980
1 1 1 1 2 0.000362
0 0 2 0 2 0.006992
1 0 0 2 1 -0.050940
1 1 1 1 1 0.018027
1 0 1 0 1 0.017554
0 0 0 2 2 -0.014601
1 0 1 0 2 -0 .015172
1 0 0 2 2 0.012656
1 2 3 0 0 -0.000202
2 0 3 0 0 -0 .000856
0 0 1 2 0 -0 .009469
0 0 3 0 0 0.036963
1 0 1 2 0 -0 .022325
0 1 2 1 0 0.053233
1 0 3 0 0 0.004690
1 2 1 2 0 0.004707
1 1 2 1 0 -0.017531
0 2 3 0 0 0.017270
3 0 3 0 0 0.000082
2 1 2 1 0 0.000031
0 0 1 2 1 0.094436
0 0 3 0 1 0.001789
0 0 3 0 2 -0.000394
0 0 1 2 2 -0.004475
2 0 3 0 1 -0.000121
1 0 1 2 1 -0.014893
2 0 3 0 2 0.000011
1 0 1 2 2 0.001016
0 2 3 0 1 -0.003443
0 2 3 0 2 0.000225
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