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Abstract
STUDIES IN THE STRUCTURE OF SUMSETS

by
SHU-PING SANDIE HAN

Advisor: Professor Melvyn B. Nathanson

Many studies have been done on the structure and the cardinality of sum of sets.
In particular, let A be a positive integer, and let A be a finite subset of Z". We
are interested in hA, the h-fold sumset of A and its structure and cardinality for A
sufficiently large. In this research, we are interested in extending some of the concepts
on hA to hjAy +---+ h.A,, where A,,..., A, are finite subsets of Z™ and h,,...,hA,
are positive integers.

It was found by Nathanson that when A is a set of integers, the structure of the
h-fold sumset of A consists of an interval of consecutive integers and the cardinality
of hA is a linear function of h. If we consider A to be a finite set of lattice points in
Z™, Khovanskii has found a polytope in R™ such that hA contains all of the lattice
points in the polytope. Khovanskii found the cardinality of hA to be a function of
h™.

The objective of this paper is three-fold. In Chapter 1, we let A;,..., A, be finite
subsets of integers, and let A,,..., k. be positive integers. We are able to generalize
Nathanson’s theorem to a sum of sumsets hjA; + --- + h.A, and determine the
structure and estimate the cardinality of hjA; + --- + h A, for all sufficiently large

integers h;.
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In Chapter 2, the author will present a modified proof of Khovanskii’s theorems
concerning hA. Furthermore, we let A,,..., A, be finite subsets of Z™, and hy,..., A,
be positive integers, we are able to generalize Khovanskii’s theorem to hy A;+- - -+h, A,
and determine its structure for h; sufficiently large. We are also able to estimate the
cardinality of the linear form in the case of Z2.

In Chapter 3, we look at specifically the fine structure of the A-fold sumnset of a
set A in Z2. It is found that the distribution of AA in the boundary region of the
convex hull has a consistent regular pattern. To study the distribution of ~AA in the
boundary region of the convex hull of hA, we partition the boundary region into many
smaller regions and find that the distribution of ~A in each small boundary region is
identical, the elements from one region and the elements from another region differ

by a translation.

+
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Chapter 1

The structure of sumsets in the

case of the integers

1.1 Introduction

Let A be a set of integers and let h be a positive integer, Nathanson had found that
the h-fold sumset of A contains an interval of consecutive integers. In this chapter,
we let A;,..., A, be sets of integers, and let Ay,..., A, be positive integers, we will
explore the structure of h;jA; + --- + h.A, which is the sum of sets of integers in a
linear form.

In the first section of the chapter, we will go over some basic definitions and
notations. In the second section of this chapter, we will look at the structure of the
sum of arithmetic progressions in a linear form. Arithmetic progressions are special
sets of integers. Its regularity makes it easy to study the sum in the linear form. In

the third section of this chapter, we will look at the structure of the sum of arbitrary
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sets of integers in a linear form. It is found that, just as in the case of hA, the sum
of sets of integers in the linear form also contains an interval of consecutive integers.
Throughout this chapter, we will adopt the following definitions and notations.
Let A be a finite arithmetic progression. This means that A is a set of integers of
the form

A={a,a+d,a+25...,a+(k—1)8}

If a =0, then we say A is normalized. Let |A| denote the cardinality of A. Thus, for
the set A mentioned above, |A| = k.

Let A and B be finite sets of integers. Then
A+B={a+bla€e A be B}

We denote

2A=A+ A= {a; +az|a,a; € A},

where a; and a, are not necessarily distinct. For every positive integer h, we can

define the sumset hA in a similar way:

hA=A+---+A={a1+---+ap|a;€A, for i=1,...,h},
r times

where a;,...,an are not necessarily distinct. Define hA = {0} for h = 0. Let § be a

positive integer, define

§-A={6-ala€ A},

and if aq is an integer, define

ag+A={a+al|ac A}
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Let A;,..., A, be finite sets of integers, and let h;,..., A, be positive integers.

Then the sumset Ay A; + - -- + h, A, is called a linear form and
hiAy+---+hAr={a1+--+a, |a; ERA;, fori=1,...,7}.
Also, throughout this chapter, we will denote
[a, )] ={n€ Z]|a<n<b}

(a, b)]={n€Z|a<n<b}
[a,0)={n€Z|a<n<b}

(a, ))={n€ Z]a<n<b}

1.2 The structure of the sum of arithmetic pro-

gressions

Let A;, A,,..., A, be r arithmetic progressions. In this section, the structure and
the cardinality of the sum of arithmetic progressions is determined. Furthermore, let
hi,ha,...,h, be positive integers, the structure of h1A; + hoAs + -+ - + h. A, is also
determined.

First, let us consider the normalized arithmetic progressions A and B where A =
{0,a,2a,...,(k—1)a} and B ={0,5,2b,...,({ —1)b}. If n € A+ B, then there exist
nonnegative integers ¢z and j suchthat 0 <: < k—1and 0 <j <!—1andn =ia+jb.
The following few lemmas prove some interesting properties of those integers n that

can be expressed as ia + jb.
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Lemma 1.1 Let a,b be positive integers with gcd(a,b) = 1. Let n be an integer such
that 0 < n < ab, then n is uniquely represented by n = ia + jb where i € Z, and j is

an integer such that0 < j<a-—1.

Proof.
Since gcd(a,b) =1, 3 z,y € Z such that n = za + yb. Let m be an integer such that

0<y—ma<a-1.

n = za+yb— mab+ mab
= (z + mb)a+ (y — ma)b

ta + b

wheret=z+mbe€ Z,and j=y—ma,0<j<a—-1.
For uniqueness: Let z =ia + jb, 2’ =i'a+ j’band 0 < z,z’ < ab where 1,1’ € Z,

and 0<7,5'<a—1. Ifi#7¢ and j # j/, assume z = z’

= ta+jb=1ia+3'b

= (i=)e=(j"~j)b

Since ged(a,b) = 1, equality occurs if i — ¢’ = tb and j' — j = ta, for some nonnegative
integer t. = 1 = ¢’ +tb, and 3 = j + ta. Since 7' # j, so t # 0. But then

j' =7+ ta>a—1, which is a contradiction. Thus z # z/. O

Lemma 1.2 Let k and [ be positive integers such thatk — 1> b andl —1 > a. Let

A ={0,¢a,2a,...,(k—1)a} and B = {0,b,2b,...,(l — 1)b}, gcd(a,b) = 1. Without
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loss of generality, we can assume b > a. Let
S = {n|ln=da+3b i,7€Z,i1>0,0<j<a-1, 0<n<ab}

S = {n€eA+B|0<n<ab}
Then S = S'.

Proof.
Let n € S, then n = 7a + jb such that 0 <n <aband i > 0,0 < j <a-—1. This
implies that 0 < 5 < [ — 1. We can also assume that : < b < k — 1, otherwise,
n = ia > ab. Thus, ia € A, and jb € B. Therefore, n € A + B, this implies that
SCJS.

On the other hand, We need to prove that §’ C S: Let n € S, then n = za+ b for
some nonnegative integers z,j. Suppose j > a, then n = ia + jb > ab, contradicting

the fact that n < ab. Thus,0<j<a—-1.Son€Sand $'C S. O

Lemma 1.3 Let A = {0,a,2q,...,(k — 1)a} and B = {0,b,2b,...,(l — 1)b}. The

largest element less than ab and not in A+ B is ab—b—a.

Proof.

From Lemma 1.1, an integer n, such that 0 < n < ab, has a unique representation as
n = ta + 3b, where ¢z, € Z and 0 < 7 < a—1. By Lemma 1.2, the elements that are
less than ab and not in A 4+ B are exactly those n = ia + jb, where : < 0. To find
the largest of such an element, we let 7, 7 be the largest it can be. We let 7 = —1 and
J =a—1. Thus we have (a —1)b—a = ab— b — a as the largest element not in A+ B

and is less than ab. O
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Remark 1.1 Letc = ab—a—b+1, then we have [c,ab) C A+ B, since c—1 = ab—a—b

is the largest element less than ab that is not contained in A + B.

Lemmal.4 LetU={n|n=1da+jb {,j€Z, :>0,0<j;<a—-1,0<n<

(a —1)b — a}, then |U| = (a — 1)(b—1)/2.

Proof.

Let
V={n|n=ta+3b ¢7€Z,i<0, 0<j<a—-1, 0<n<(a~-1)b—a}
Define a function f : U — V such that
fEa+3b) =—(+1l)a+[(a—1)—j]b
This function is well defined, one-to-one and onto since
flEa+3b)=—-(G+1)a+[(a—1)—j]b

Thus f is an isomorphism. Therefore U = V and {U| = |V]|. Since UNV = ( and

UuV =[0,(a—1)b— a] we have

Ul =[(a—1)b—a+1]/2 = (a = 1)(b~ 1)/2.

Lemma 1.5 Let A = {0,q,2qa,...,(k—1)a =a"} and B = {0,5,2b,...,(l —1)b =
b*}, ged(a,b) =1, k—=12>0b, and | —12>a. Ifn is an integer such that ab < n <

a* +b* — ab, thenn € A+ B.
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Proof.
Since ged(a, b) = 1, there exist integers z and y such that n = za + yb. Let «’ be the

least nonnegative residue of z mod b, then
n=ua modbd where 0<u' <b-—1

Let v’ be an integer such that
n=1u'a+v'b
So

vb=n—-va>n—-(b-1)a>n—-ab>0

Thus v/ > 0.

If n — (k—1)a > 0, then let ¢ be a nonnegative integer such that
W+th < k-1 < v+ (t+1)b (1.1)
If n — (k- 1)a <0, then let ¢t be a nonnegative integer such that
0 < n—(u +1tb) <ab (1.2)
Let u = u' + tb and v = v’ — ta, then
n = ua+v'b
= u'a+tab+ v'b—tab

= (u' +tbla+ (v' —ta)b

= ua+vb
In the case of either equations (1.1) or (1.2), we have 0 < u < k — 1, also

vb = (vVV—ta)b = v'b—tab = (n—v'a)—tab = n— (' +th)a = n—ua > 0
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Implying that v > 0.

Furthermore, if n — (kK — 1)a > 0, then

vb = n—ua
= n—(th+u)a
< (k=1a+({—-1)b—ab~ (tb+u')a
= [(k—1)—(tb+u)]a+ (I —1)b—ab
< ba+(l—1)b—ab

= (I—1)b

implying that v <[ —1.

On the other hand, if n — (k — 1)a < 0, then
vb = n—-(th+u')a < ab, = v < a < [-1.

also implying that v <[/ —1.
Thus, if n is an integer such that ab < n < a* + b* — ab, then n = ua + vb where

0Lu<k—1land0<v<[!{—1. Hence,n€ A+ B. O

Remark 1.2 Lemma 1.5 implies that A + B contains an interval of consecutive in-

tegers. Specifically,

[aba” +b" —ablC A+ B

Lemma 1.6 Let A = {0,q,2a,...,(k—1)a =a*} and B = {0,6,2b,...,({ —1)b =

b*}, gcd(a,b) =1. Ifz € A+ B, thena*+b~—z € A+ B.
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Proof.

Let z =ia+jb€ A+ B where0<:<k—1,0<j<[—1. Then

a"+b"—z = (k—1)a+(l—1)b— (ia + 5b)

[(k—1) —da+[(l—1) —j]b
= da+j'b

where i/ = (k—-1)—:, 0< ¢/ <k—-landj=(U—-1)—4 0< 5 <!—1. Thus

a+b"—rx€A+B. 0O

Theorem 1.1 Let A= {0,a,2a,...,(k—1)a=a"} and B ={0,b,2b,...,({ -1)b =

b*}, ged(a,b) = 1, wherek—1>b, andl —1 > a. Then
A+B=CU[¢a"+b"—cUa"+b"-C (1.3)
where ¢ = (a — 1)(b—1) and C C [0,c — 2]. Moreover,
[A+B|=a"+b"—ab+a+b or ka+lb—ab (1.4)

Proof.

" Lemma 1.5 indicates that [aba” + b —abl C A+ B. Ifwelet c=ab—a—-b+1=
(a —1)(b—1), Lemma 1.3 further indicates that [¢,ab) C A+ B. By Lemma 1.6, the
symmetry of arithmetic progressions and their sum, we have, (a*+b~—ab, a*+b"~c] C
A+B LetC={n|n=tda+3b, 120, 0<j<a-1, 0<n<(a—1)b—a}.
Since (a —1)b—a ¢ U, C = U, and C = [0,c— 2] N (A + B). By symmetry,

a* +b* — C C A+ B. Put all these together, we have the structure

A+B=CU[e, a+b"—cJUa"+b"—~C.
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Since |C| = (a—1)(b—1)/2 and [[c,a" +b" — ]| = a*+ b —2c+ 1, we have the

cardinality:
|A+ B| = a”+b"—2c+1+2((a—1)(b-1)/2)
= ¢ +b"-2a-1)b-1)+1+(a—-1)(b—-1)
= a"+b" —(a—-1)(b-1)+1
= a" +b —ab+a+b
or|[A+B| = (k—=1)a+(l—-1)b—ab+a+b=ka+1b—ab
a

Corollary 1.1 Let A= {0,a,2a,...,(k—1)a =a"} and B = {0,5,2b,...,({—1)b=
b}, gcd(a,b) = 1. Let hy and h, be positive integers such that hy(k — 1) > b and

ho(l — 1) > a, then

h1A+th = CU[C,hla'-f'hzb*—C]Uh]_a‘-l"hgb'—c

|hiA+ hyB| = hia” + hob™ —ab+a+b

where ¢ = (a —1)(b—1) and C C [0,c — 2].

Proof.

Note that h; A and A, B are also arithmetic progressions where

hA = {0,a,2a,...,ha"} = {0,a,2a,...,h(k—1)a}

hoB = {0,b,2b,...,h0"} = {0,6,2b,...,hy({ — 1)b}
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Apply the sets hy A and hy B to Theorem 1.1 by using h;a™ and h,a”™ in equations
(1.3) and (1.4) instead of a* and b*, we have the result:
hlA + th = C U [c,hla' + hgb' - C] U hla' + hgb‘ - C
|hiA+ heB| = hja"+hb™—ab+a+5b

where ¢ = (a —1)(b—1) and C C [0,c~2]. O

Remark 1.3 For hy, h, sufficiently large, |h1A + ho B| = h1a™ + hb™ — p is a first

degree function in hy and h, with a constant term p =ab—a —b.

Let A,,..., A, be r arithmetic progressions, such that
A; ={ai,a; + 6;,a: + 265, . ai+ (ki — 1)6;} for e=1,...,r

If gcd(é1,...,4,) =& # 1, we can normalize Ay, ..., A, in the following way:

A,’ — a;

AN = = =1{0,6,28;,..., (ki — 1)5;}, where 6; = 5,/

Thus, gcd(d;,...,8.) = 1. Then

h,‘A,‘ - h,-a,-

hAN) =
: s

or
hiA; = hja; + 6 - h,'A‘(N)

Therefore,

hiA1+---+h A = Ehiai +4- EhiA‘(N)

=1 =1

Thus, it suffices to study the structure of the normalized sets. [4]
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Lemma 1.7 Let Ay,..., A, be v normalized arithmetic progressions such that
Ai={0,a;,2a;,...,(ki—1l)a; =a’} for i=1,...,r (1.5)
Ifzre Ay +---+ A, thenal+---+a;—z €A +---+ A,.

Proof.

fze Ai+---+ A, then z = nya; +-- - +n.a, for some n; such that 0 < n; < k; — 1.

Then

ai+---+a—z = (ky—1)ay+---+(k — 1)a, — (a1 +--- + n.a,)

(kl—l—nl)al+"'+(kr_1_nr)ar

niay 4+ nla,
where n! = k;—1—n;and 0 < n! < k;—1. Thus,aj+---+a-—z € A;+---+A,. O

Corollary 1.2 Let A,,...,A, be r normalized arithmetic progressions defined in
equation (1.5). Let hy,...,h, be positive integers, then if x € hiA; + --- + h,-A,,

then hial +---+ hral —z € hiA, + -+ - + h A,.

Proof.

Note that forz =1,...,r,
h,,;A,' = {0, a,-,2a,-, ceny h,‘(ki - l)ag = h,-a{}

is an arithmetic progression. Thus, using the result of Lemma 1.7, we have h,a] +
"'+hra: —z € h1A1+"'+hrAr- .

We call this property the symmetry property of the arithmetic progression.
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Theorem 1.2 Let Ay, A,, ..., A, be r arithmetic progressions such that

A; ={0,a;,2a;,...,(ki — 1)a; = a}} for each 1 =0,1,...,r

where ged(ay, az,...,a,.) = 1. For all k; sufficiently large, there ezists a nonnegative

integer ¢, and a set C C [0,c — 2] such that

A+ As+---+ A, =CU]c, a]+---+a—c]JUaj+---+a - C

and

As 4+ Al =ai - al—p

for some constant p independent of k;.

Proof. Define

Prove by induction: When r = 2, Theorem 1.1 shows that there exists an integer c

and a set C C [0,c — 2] such that

Ai+A;, = CUJ[c,ai+a;—cUaj+a;—C
= CUle,m2—c]Umy—C
and
|A1+A2l = a;+a;—-a1a2+a1+a2 = Mo —Pp

where p = a a2 — a; — a,.
Assume true for r — 1. For: =1,...,7 — 1, let ¢; denote the smallest integer > 0

such that [e;,m; —¢] C Ay +---+ A, then i — 1 ¢ A; +--- + A;. Also note that
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since 0 € A; foreachi=1,...,7r, Ay +---+ A4; C Ay +--- A; for all j < 7. Thus

¢; > ¢; and [¢j,mj — ¢;] C [e;, mi — ¢] for all j < i. Therefore,
0<cg1<casl---Laa=qna—a —a+1.
Also denote C; = (A; +--- + A;) N [0,¢; — 2]. Thus by the inductive assumption,
Ai+--+ A =Cry U [eor,mecy —crct] U (Mg — Crsy).
We want to show the same structure for sum of r sets:

Al +---+ A+ A,
= (C -1 U [Cr—hmr—l - cr—l] U (mr—l - Cr-—l)) + Ar
= (C -1 + A,-) U ([Cr—la Me_y — cr—l] + Ar) U ((mr-l - Cr—l) + Ar) (1-6)

Let us first consider

kr—1
[Cr-l, Me_y — Cr—1] + A = U [Cr—l’mr-l - Cr—l] + ja, (1-7)

Jj=0
If k; is sufficiently large, a7 will be sufficiently large so that for 7 = 0,1,..., k. — 1,
Myoy — Cro1 + JaGr 2 Gy + (] + 1)(1,-

Then the intervals on the right hand side of equation (1.7) will overlap. therefore,

ety et — ] + A = [Gre1, Mo — 6o a7
= [cr—l) my — CT—].]

Let us now consider the other sets in equation (1.6). Since Cr—; C [0,¢,—; — 2], we

have

Cr—l + Ar Q [O, a: + Cr—1 — 2]
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also

(mr—l - r—l) + Ar Q [mr—l —Cr—1+ 27 me_y + a:]

= m—[0, &l +cmy — 2]

By Corollary 1.2, the sum of arithmetic progressions is symmetric, thus we only need
to study C,._; + A,.

Define ¢, to be the smallest integef > 0 such that [¢,,m, —¢ ] C A1+ --- + A,
Note that 0 < ¢, < ¢y << cpcand e, —1 ¢ A +--- + A, otherwise ¢, — 1 is
the smallest integer such that [¢. — 1, m, —¢. +1] € A; + --- + A, contradicting our
assumption of c,.

We will examine the elements of C._; + A, in three disjoint intervals:

Crai+Ar = (Croi+A)N (0,6 — 21
(Cror + A)N ey, cr-l]U

(Crot + A) N [ermr + 1 af + 61 — 2]
Claim
(Coor + Ar)Nerermt] = ey rat] T AL+ + A,

Otherwise we have an element, say d, such that 0 < ¢, < d < ¢--; and d is the smallest
integer > 0 that satisfies [d,m,—~d] C A;+---+A,, thus implyingd—1 ¢ A, +---+ A,.
But ¢ £ d — 1, contradicting the fact that c. is the smallest integer that satisfies

[eryme —c] C AL+ --- + Ar. Also

(Croi+A) N1+ 1, a4+ 61 — 2] C 1, My — 6oy
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C Ai+---+ A,

C Ait--+A,
Thus, we have

A4+ A = (Cror + A)U(ler—1smrct = cot] + Ar) U{(mrt — Crct) + AL}
= {(Cmr+ A0 [0,¢ — 2} Uler, o] Uler—1,mr — o]
Ulme = ee—i,me — e ]l {me = {(Cro1 + A) N [0, ¢, — 2]}}
= G Uler,me =] Um, = C.

= CUlerai +---+af ~ ] Ja] + -+ + heal — C-

where C, = (Cr-; + A.) N [0,¢ — 2]. Let C = C, and ¢ = ¢, we then have proven

the theorem. Furthermore,

A+ +A | = m.—p
= |Cil+tai+---+a] —2¢ +1+]|C]

= aj+--tai—p
where p = 2¢, — 1 — 2|C,| is a constant independent of k;. O
Corollary 1.3 Let Ay, Az, ..., A, be r arithmetic progressions such that
A; ={0,ai,2a;,...,(ki — 1)a; = ai} for each 1 =0,1,...,r

where gcd(ay, as,...,a,) = 1. For all h; sufficiently large, there exists a nonnegative

integer ¢, and a set C C [0, c — 2] such that

h1A1+h2A2+'--+hrAr=CU[C, hla’l'+---+h,a:—c]UhlaI+---+hra:—C
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and

|hiAy + -+ + b Ar| = hial + -+ heal —p
for some constant p independent of h;.

Proof.

Note that for z =1,...,r, each h;A; is an arithmetic progression where
hiAi = {01 a, 2a7 R hi(kt' - 1) = hia:}

For h; sufficiently large, we can apply Theorem 1.2 to 37, h;A;, so there exist integers

c and the set C C [0, ¢ — 2] such that

hiAr+---+h A = CU[c,hial +---+hial —cJUha] +---+ hal = C

|h1A1+"'+hrA,-| = hlaI+-»-+h,.a,'.—p

where p = 2¢ — 1 — 2|C,| which is a constant independent of A. O

In conclusion of this section, because of the symmetry in the sum of arithmetic
progressions, for his sufficiently large, the cardinality of the sum of the arithmetic
progressions in a linear form is a linear function in Ay,..., .. [ts structure consists of
C and Y h;ai — C, and an interval of consecutive integers. The set C is contained in

a finite set and the cardinality of C does not change as hy,...,h,. grows into infinity.
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1.3 The structure of the sum of finite sets of inte-

gers in a linear form

Let A,,..., A, be any arbitrary finite sets of integers, let h;,..., k. be positive inte-
gers. In this section, the structure of h{A; + --- + h, A, is determined for hy,... A,
sufficiently large. Nathanson had determined its structure for r = 1 and had shown
that hA contains an interval of consecutive integers and that the cardinality of hA
is a linear function of A. The result can be generalized to the sum of r finite sets of

integers in a linear form.

An arbitrary finite set A of integers is called "normalized” if it consists of 0 and a
nonempty set of relatively prime positive integers. If A is a finite set of integers with
|A] > 2, we can normalize A as follows. Let ao be the least element of A, and let §
be the greatest common divisor of the positive integers of the form a — ag for a € A.

The normalized form of A is the set
A(N)z{%laef;}

Then

A= ag + 5 . A(N)
Let h be a positive integer, then

hA = hag + & - RAW)

Theorem 1.3 (Nathanson)
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Let k > 2 and let A = {ao,ay,...,ar-1} be a finite set of integers such that
0=ay<a, < < ar

and gcd(ay,...,ax—1) = 1. Then there ezist integers c and d and sets C C [0,c — 2]

and D C [0,d — 2] such that
hA = CU|c,hag—r —d] U (hag_, — D)

for all h > maz(1,(k — 2)(ak~y — 1)ak-1). [6]

Nathanson’s Theorem has shown that A contains a set C, an interval of consec-
utive integers, and the set hag_; — D which is a translation of set D. The cardinality
of sets C and D are constants independent of h, because, as h grows to infinity, sets
C and D remain the same. Therefore, the cardinality of A depends on the number
of integers in the interval [c, hax-; — d] which depends on A. Hence, we have a linear

function in A for the cardinality of hA.

We say that the system of sets A;,..., A, is normalized, if each A; is a finite set
of nonnegative integers, if 0 € A; for : = 1,...,r, and if Ui, A;\{0} is a nonempty
set of relatively prime positive integers.

Let A,,..., A, be arbitrary nonempty finite sets of integers such that |A;] > 2
for all 2. We shall normalize this system of sets as follows. Let a;o be the smallest

element in A;. Let § be the greatest common divisor of the integers in the set

U{ai.j —a;o | a;; € A,’}.

i=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

Let
R — ai
AgN) = {———a"] 0 l a;; € Ai} .
)
The system of sets A(IN), ..., AW is normalized, and
Ai =a;0+ é- A,(-N)
for all: =1,...,r. For any positive integers A,,. .., h,, we have

Zh,’A; = {i h,-a,-‘o} +46- i h,'A,(-N)
i=1

i=1 i=1

To study the sum of arbitrary finite sets of integers in a linear form, it suffices to
study the sum of a normalized system of finite sets of integers. [4]

Let A be a set of nonnegative integers that contains 0. Let gcd(A) denote the

greatest common divisor of the elements of A. Let
a” = max(A)
We define the reflected set
A=a —A={a"—-al|ac A}

The A is also a set of nonnegative integers that contains 0, and

max(A) = max(A)=a"

ged(A) = ged(A)

and
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For any positive integer h, we have 0 € hA, and
max(hA) = ha".
and so

J=1

RA = {i(a' —aj) | a; € A}

h

ha' —_ {Zaj I Clj € A}
Jj=1

= ha"—hA

= hA.

Lemma 1.8 Let Ay,..., A, be a normalized system of finite sets of integers, and let

a

a; = max(A;) fori =1,...,r. The reflected sets Al, ..., Ar also form a normalized

system. For any integer z,

S Zh;AAi

i=1
if and only if
Zhia; — € Zh,‘A;.
=1 i=1
(4]

Proof.

Foriz=1,...,r, let ; = gcd(A;). If the system A,..., A, is normalized, then

1=ged (U A,-\{O}) = (81, ...,5,).

i=1
Since, gcd(A;) = gcd(A;) = &;, it follows that
ged (U A,-\{O}) = (81,...,6,) = 1.

i=1
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and so the system Ay, ..., A, is also normalized.
If

z €Y hiAi =Y (hia} — hiAi),
=1

i=1
then there exist integers b; € h; A; such that

r = Z(h,a: - b{),
=1

and so

ih,—a,’—x = Zb, c ih,A,
=1

=1 =1

Conversely, if
Y hiai-z€ S hiA;
=1 =1

then there exist integers b; € h; A; such that

ihiaf - = ib,‘
=1

=1

but then we have

.’L‘=ihia:—2b; € ihia:_ihiAi
=1

=1 =1 =1
But
Zh;a: - ih,‘A,‘ = Z(h,a,’ —h{A;) = ihi‘Ai = Zh,‘z‘i,’
=1 =1 i=1 i=1 =1

Thus, we have z € 3"7_, h;A;. O

Theorem 1.4 Let A,,..., A, be a normalized system of finite sets of integers. Let

T =max(A;) fori=1,...,r. There ezist integers c and d and finite sets

C C0,c—2] and D C[0,d-2]
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and there ezist integers hi,...,h: such that, if h; > AT foralli=1,...,r, then

h1A1+"'+hrAr =CU [C, Zh,a:-d] U (Zh,a:- D) .
=1

=1

Moreover, there erists a nonnegative integer p independent of h such that

A AL+ -+ oA = 3 hial — p

i=1
Proof.
Forz=1,...,r let
A; = {aio,ai1,. .-, Ak},
where k; = |A;], and

0=aip<a;; < - <@ig-1 =

For:=1,...,r, let
8 = ged(ain,--.,aik)

Since J;=; A;\{0} is a nonempty set of relatively prime positive integers, it follows

that ged(d1,...,4,) = 1. Let

a;;
A:‘:'{ : |ai.j€Ai}7
then

A = & A

hidi = & -hiAl

we have gcd(A]) = 1. Let

Qi ki~1

d:

max(A;) = b = %_L: =
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Applying Theorem 1.3 to each of the set A%, we have for A; sufficiently large that there

exist integers ¢; and d; and sets C; and D; such that C; C [0,¢;—2] and D; C [0,d;—2],
h,A: =C;U [q, h,b: — a',] U (h,b: — D,)
Then

o; - h{A:- = §;-C;U¥; - [q, hib; — d,'] ué; - (h,b: — D,)
= 5,' . C,‘ U (J:C: + 5{ . [O,h,b: e d,]) U (J,h,b: — (S,' . D,)

= & -CiU(§ci+ & - [0,h:0] —ci — di]) U (hia; — 6; - D;)

Note that forz =1,...,r, ged(d1,--.,6,) = 1, so we have that §; - [0, h;b7 — ¢; — di] is
a system of arithmetic progressions in the normalized form. Thus, by Theorem 1.2,
we have for all h; > h!, h! sufficiently large, there exists a nonnegative integer ¢’ and

a set C' C [0,¢ — 2] such that

Z(S{ . [0, h,b: - C - d,]
=1

= C'U[c,Y 6 (hib] —ci—di) —=JU S & (hib} —c; —di) = C'

=1 =1

C'U[d,) (hiaf — bici — 8id;) — U D (hia] — §ic; — &:di) — C'
i=1

i=1

Il

Thus, we have

Z (5,6, +46- [0, h,b: - — d,]) = Z(S,Q + [C’, Z h,-a; — dici — 8:d; — C,]

i=1 i=1 i=1

= [c' + 3 i, D 8ici + D (hiai — bici — 8idi) — C']
=1

=1 =1
[C’ + Z 5,'6;, Z(h,a:‘ —_ J;d,-) —_ CI]
=1 t=1

g h1A1+"'+hrAr
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Let c and d be the nonnegative integers with the property that [¢, T h;a] — d] is

the largest interval of integers contained in hyA; + - -- + h.A,.. This implies that
c—1¢ Zh,-A,-
and
d—1¢ Zh,—a,’-‘ - Zh,-A,-.
We see that
0<c < d+Ybe
i=1
0<d < ¢+
i=1
thus, ¢ and d are bounded and are constants independent of A;. Let
C = [0,c=2]N(h AL+ --+hA)
D = [0,d-2]n (Zr:h;af—hlAl +---+h,A,)
i=1
Then
hiAy+ -+ h Ar =CU|[c, Y hia] —d Uih;a,‘-‘ - D
i=1
We need to show that C and D are independent of ;. Let a;0 = min(A;\{0}), let

b; € h;A;\(h: — 1)A;, then for all h; > ¢,

ibi > hiaig>c = > bi¢C
=1

=1 =1
This implies that result from the sum of h;A;\(h: — 1)A; does not show up in the set

C. Thus, C is stabilized. Let p; = |C], then p; is independent of A;.

Similarly, let

aio = min(A\{0}) = min(a} —a; | a; € A;\{0})

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



And let

b; € h; Ai\(h; — 1) A;

Then for all A; > d,

Zl;i > hiaio>d

=1 =1
This implies that 3~ 6; ¢ D, by Lemma 1.8, this implies 3 b; ¢ Y h;at — D. This
means new result from the sum of h;A; does not show up in D, hence, in }_ hja; — D.

Thus we say D is stabilized. Let p, = |D|, then p, is independent of A;.

It follows that for all nonnegative integers Ay, ..., A, such that if
h; > hY = max{h!, c,d},
then there exist sets C C [0,¢ — 2] and D C [0,d — 2] such that

htAy +---+h A, =CU [c, Zhia;‘—d] U <thaZ—D>.
=1

i=1

Furthermore, we conclude

lhiAL+ -+ h A = pr+ )Y hiai—c—d+1+p;

i=1
= i hia; —p
i=1
where p = ¢+ d — p; — p2 — 1 which is a constant independent of A. O
In conclusion, if we consider the sum of arbitrary finite sets of integers in a linear

form, for h!s sufficiently large, the structure counsists of an interval of consecutive

integers depending on the Als. Its cardinality is a linear function in A,,..., A,.
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Chapter 2

The structure of sumsets in the

case of the lattice points

2.1 Introduction

One of the conclusions of Chapter One is that if A is a finite set of integers, hA
consists of an interval of consecutive integers and the cardinality of hA is a linear
function of h. In this chapter, we counsider a finite set, A, of lattice points in Z™.
Khovanskii was able to find a polytope such that A contains all of the lattice points
in the polytope. Khovanskii called this polytope A(h,C). The cardinality of hA is
bounded by the cardinality of &Arq N Z™ and A(h,C)NZ™ which is a function of A™.

In the first section of this chapter, we will go over the notations used throughout
the chapter. In the second section of the chapter, the author will present Khovanskii’s
theorems concerning the sets h - &4, A(h,C), and hA, with proofs provided by the

author. In the last section of this chapter, the author will generalize Khovanskii’s
27
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theorems to sets in the linear form, hyA; + --- + h, A, where A,,..., A, are subsets
of Z™, and hy,...,h, are positive integers. The author will estimate the cardinality

of hyA; +---+ h,.A, for A; the subsets of Z2.

Let A be a finite subset of Z", Z" C R". Denote the convex hull of A by A,.
Throughout most of the paper, we assume that A contains the origin. Since otherwise
we may consider the shifted set A — a, where a € A. Let A = {a;}%_, where k = |A]

is the cardinality of A. Thus, we define A4 for A that contains the origin to be
AA={Z)\,'(Z;€R" Ia,‘EA, MNER, <AL I,Z/\;S ].}
Let h be a positive integer, we define h times the convex hull of A as:

h-Dg={hyeR"|y€ A4}
Lemma 2.1

h-Da={>Naila;€A NER, Ai>0, 3 A <h}
Proof.
Let £ € h- A4 such that £ = hy where v € A 4. But by definition of A4, if we let
a; € A, then v = Y~ A\;ja; for some A; € R, and 3" A; < 1. Therefore,
x=h7=hZ/\;a;=Zh/\;a; where th\;:hZ/\iSh
On the other hand, let £ € A - A4 such that z = 5~ A;a; where a; € A and " \; < h.

Let (5;::4)11, then
r = ) Xia; =Y h A a;
1t h t
= hz J;a,-
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where

;~|;~
i

pITI
e
thus, if let y = Y d;a; then y € A4 and £ = hy. O

We define the h-fold sumset of convex hull of A as
hAa={n+-+vm|v €}
Lemma 2.2 A- A 4= hD4.

Proof.
Let z € h - A4 such that z = hy for some v € A 4. Note that

T =hy =734+-+7

h times

Thus z € hA 4.
Conversely, let z € hA4, such that z = v + --- + v, where v; € A;. For

t=1,...,h, let v; = 3 Ajja;, where a; € A and 3_; A;; < 1. Then
T =7+t = Z’\ljaj+"'+z/\hjaj
Let
8 =Aj+ -+ s

Then

h
z=) dja; where > 6;=> > ANj<h

=1 3

Thus, z € h- Ay O
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We also define the A-fold sumset of the finite subset A of Z" as
hA = {ai+---+an|a; € A}
= {Shaila€A hi€Z, hi 20, S hi <h}
Denote by Apa to be the convex hull of the set hA, defined by:
Bra={ Mbi€R*|b;chA, N€R, 0S X\ <1, S A <1}
Lemma 2.3 h- A4 =hd 4 = Apa4.

Proof.

The first part of the equality is proven by Lemma 2.2. It remains to show that

h-ANg=O-0Apa. Let z € h- Ay, then from the definition,
T = Z/\;ai, where a; € A, ; e R, A\ >0, Z/\,- < h.
Let
5{ = - and b; = ha;
Then
A
But b; € hA and §; > 0. Moreover,

Ai

Ai
do& = Z}? = Zh <1

Thus, z € Ana, implying that A- Ay C Apa.

Conversely, let |[A| = k and [hA| = k'. And if z € Ap4, then

k’
:E=Z/\;bi where b; € hA, \; € R, A; >0, Z/\;Sl.

i=1
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Since b; € hA, for i = 1,..., K, there are integers h;1,..., hi such that

k
b; = hiay + - - - + hiray, where Y hij <h
Jj=1

k' k' k kK K
T = Zz\,’b,‘ = Z/\, (Zhijaj> = ZZ)\;h;jaj

7=1 1=11=1

kl
d; = Z Aihij,
=1

k
r = Zé'jaj

Then
t=1 =1
Let
for 7 =1,...,k. Then
where
k

=1

O

i=1

kK

2D Aihij

j=11i=1

I

k

kl
= DA his

=1 =1
kl
< Dok
=1
kl
= hZ/\;
i=1
< h-1

= h

Let Ay,..., A, be finite subsets of Z"*, Z" C R™,and Ag4,,..., 4, be their convex

hulls, respectively. Let hq,..., A, be positive integers, then

hlAAI + nte + hrAAr

I

Apay +-+ Dhoa,

m+-+7% R |1 € Lna}
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and the sum of Ay,..., A, in the linear form is
hiAi+---+h Ay ={a1+---+a- €Z" | a; € h;A;}.

Iffori=1,...,r,
A= {a;j}ff__l and 0 € A;

where k; = |A;] is the cardinality of A;, then

hIAAx + tec + h,-AA,.

r ki ks
= {ZZ/\,‘jaij eR" l a;; € A;, /\,'J' € R, /\,‘j >0, and Z/\ij < hi} (2.1)

=1 j=1 j=1

and the sum of Ay,..., A, in the linear form is
hidy + -+ hoA,

r ki ki
= {ZZhﬁa,—j I a;j € A,’, h{j € Z, h,‘j Z 0, and Zh,'j S /‘Lz} (2.2)

i=1 j=1 =1
Throughout most of the chapter, we will assume that A; contains the origin, thus
we will work mostly with definitions (2.1) and (2.2).
Let z and y be two points in R", let dist(z,y) = |z — y| denote the distance
between z and y. Let X and Y be two finite subsets of R®. Define the distance
between and sets to be

dist(X,Y) = mi)? dist(z,y)
vey

Similarly, we define the distance between a point z € R™ and the set Y C R" to be

dist(z,Y) = mindist(z,y)

Also let X denote the boundary of the set X. Throughout the paper, we will make

numerous references to A4 which will mean the boundary of the convex hull of A A.
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Also throughout the paper we will make references to polytopes. Here, a polytope
is the convex hull of a finite subset of R™. By lattice polytope we mean a polytope

whose vertices are lattice points of R™.

2.2 The structure of the h-fold sumset of a finite

set 1in Z"

Let A be a finite subset of Z", Z® C R". Let h be a positive integer. Khovanskii
had shown that for large A, if A generates Z™, then the cardinality of AA is of order
V(A a)h™, where V(A 4) is the volume of the convex hull of A in R®. The author

will present Khovanskii’s theorems in this section. See [5].

Let A be a finite subset of Z" containing the origin, such that the subgroup
generated by the elements of A coincides with the group Z". Let |A| = k be the
cardinality of A. Let X be a subset of lattice points in Z™ defined in the following
way:

X:{zéZ"lx:Z/\;a;, 0< X<, a; € A}
Lemma 2.4 X is finite.

Proof.

If z € X, then £ = 3 );a; such that 0 < A; < 1, where a; € A. This implies

k
lz| = | Niai

i=1

k
< DA

=1
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< kmax|a;

There are finitely many lattice points whose distance from the origin is bounded by

k max |a;|, thus, X is finite. O

For every ¢ € X, we fix a representation of the form =z = ¥ pi(z)a;, where
pi(z) € Z. Such a representation exists because the elements a; € A generate the
group Z". Define

k
C =max 3 |pi
max 3 lpi(=)|

Next, we will define a polytope, A(k,C), which is a subset of Ap4:

k k
A(h,C):{Z)\;a;ERnlaiEA, A; ER, )\iZC, Z/\; < h——C} (23)

=1 i=1

We note that fer A sufficiently large, A(R, C) # 0.

Theorem 2.1 Let A be a finite subset of Z™ containing the origin. Let the group
Z™(A) generated by the elements of A coincide with Z™. Then every lattice point of

the polytope A(h,C) belongs to the sumset hA.

Proof.
Let |A| = k. Let z be an arbitrary lattice point of A(k,C), then z = 55 | Aia; for
some A\; € R, A\; > C and Ef-;l AM<h-C.

Let [X;] denote the greatest integer less than or equal to A; and let {A;} = A =[]

Then

k
z = Z/\;a;

i=1
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k
= Y (M + {Ni}ar)

=1

k k
= Y [Aa: + Z{/\i}ai

=1 i=1

Since z is a lattice point and 35 [Aa; is a lattice point, thus 5, {\;}a; is a lattice
point. Furthermore, 0 < {};} < 1. If we let z = 35 {\;}a;, we have z € X. Then
z has a representation of the form z = 35, p:(z)a:, where p;(z) € Z. Therefore,

k

z = Z[/\,-]a,-—{-x

=1
k

= D [Mlai 4+ ) pi(z)a:

=1

k
= Z n;a;

i=1
where n; = [A;] + pi(z).

Since the set A contains the origin, the sumset AA consists of the points of the
form Zf-;l n;a;, where a; € A, n; € Z, n; > 0, and Zf-;l n; < h. We need to show
that z € hA.

For each 7, we note that [A\;] > A; —1 > C — 1. Since C is an integer, this implies

that [A\;] > C. Hence,

n; = [M] +pi(z) 2 C +pi(z) >0

Also,
k k
2 o= Y +pe)
k k
= YL+ Xp(@)
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k k
YA+ Ipil=)l

<

i=1 i=1
< h-C+C
= h

Thus, =z belongs to hA. O

Let us index the elements of A:
A={a,-}, i=1,...,k

so that ay,...,a, are the vertices of the convex hull of A. The elements a,,,...,ax
are those elements of A that are in the interior of the convex hull of A.
Denote by 82,4 the boundary of A,4. Denote by dA(h,C) the boundary of

A(h,C). The vertices of the convex set Apy4 are {0, hay, ..., ha.}. Define
k
a"=C- Za,-
=1
We also notice that the vertices of the convex set A(h,C) are
{a*, "+ (h—-C(k+1))a, ...,a"+(h —C(k +1))a,}.
The next lemma summarizes our observation about A(k,C).

Lemma 2.5 Let A be a finite set of lattice points in Z™ containing 0, and A generates
Z™, then

Ah,C)=a"+Aps  where kK =h-C(k+1)
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Proof.

Let [A| = k. By (2.3), we have the definition
k k
A(h,C) = {Z/\iai ER"|a;€ A, eR, ii>C, Y M <h-— C}
=1 =1
Since A contains the origin. We also have for the definition of a* + Ap 4,
k
a4+ Dpa =a'+{ZA;a;€R" | a; €A NER, N\ >0, 2/\, Shl}
=1
where A’ = h — (k + 1)C.

Let x € A(R,C), then z = 5 | M\a; for some A; € R such that A; > C and

=1

¥ X <h-—C. Thus,

i=1

k k
T = Z/\;a; = a"+2(/\;—C)a,—

i=1 =1

where \; — C > 0, and

k k
Yi—=C) = S A-kC
i=l =1
< h—C—kC
= h—(k+1)C

Thus z € a* + AhIA.
On the other hand, let z € a* + Apra, then z =a* + Zf___l A:a; where A; > 0, and
k<R

k
T = a'+z/\,-a,-

=1

Sk_:(/\i + C)a;

=1

k
= Z: 5;(1;

=1
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where 6; = A; + C, thus §; > C and

k k
Y& o= Y (M+0C)
=1 =
kl
= Z A + kC
i=1
< K +kC

= h—(k+1)C+kC
= h-C
Thus, z € A(h,C). Hence, we have proven A(h,C) =a~ + Dpy. O

Let us consider a simple example: Let A be a subset of Z? consisting of three

elements: {(0,0), (1,1), (1,0)}. Thus, |A| = k = 3, and the convex hull of A is a

triangle. Let A = 30, then A4 is the triangle with vertices {(0,0), (30, 30), (30,0)}.

If we let C = 5, then A(h,C) is the triangle with vertices {b1, b,, b3}, where

by = a* = 5(0,0)+5(1,1) +5(1,0) = (10,5)
by = a= + (30 —5(3+1))(1,1) = (10,5) + 10(1, 1) = (20, 15)

bs = a" + (30 —5(3+1))(1,0) = (10,5) + 10(1,0) = (20, 5)

Please see Figure 1 for an illustration.

Lemma 2.6 There ezists a nonnegative real number p independent of h such that if
y € 0Qpa4, then

dist(y, A(h,C)) < p

Proof.

Let y € 0Ar4a. Let F be the face that contains y. Suppose F contains the ver-
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tices {ha;,,...,ha;} where ¢ is a positive integer less than or equal to 7 and a;, €
{ay,...,a,} is the set of vertices of A4. Note that F' is the convex hull of the set
{ha;,;};—;- Then

t
y =) Mha;, where > X =1

i=1

Let z be an element such that
z=a"+)_ Ajh'a;
where b/ = h — (k + 1)C, then = € A(h,C). Thus,
dist(y, A(R,C)) < |y -z
= |XAihai, — (@™ + 3 Ajh'ay)|
< o+ 1k = K| Aa,
t
< m1+w+n0(zn%0
=1

< Il e+ 10 (3 lad)

i=1

Let p = |a*| + (k + 1)C (3 |a:|). Since the expression of p is independent of A, this

proves that p is independent of h, thus proves the lemma. O

Theorem 2.2 Let P,,..., P, be lattice polytopes in R™. Let hy,...,h, be integers
> 0. Define

hiP.={p|XER, 0<A<h;, pe P}

then the cardinality |(h1Py + --- + h.P,)NZ"| is a polynomial in hy,... A,

[1]
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When r = 1, we have the explicit formula
[(hRP)NZY = aph™ + an A"+ -+ ath + ao

The polynomial is called the Ehrhart Polynomial, because Ehrhart was the first to
study the "polynomiality” of the number of lattice points in a polytope. This poly-

nomial was later shown to have the coefficients:

an = Vo(P), an1= é‘/n—l(z f), andag=W=1
ieF

where V; is the volume computed in its zth dimension, F' is the set of all faces of P,

and f is a face of P. [3]

Theorem 2.3 Let A be a finite subset of Z™. Suppose that the group Z"(A) generated
by the differences in the elements of A coincides with Z™. Then the ratio of the number
of points lying in hA to the number V,(A4)h™ tends to I as h — oo, where V(A 4)

is the volume of the convez hull of A.

Proof.
The convex hull, A4, of A is a lattice polytope. Applying the Ehrhart Polynomial
to hA 4 and applying Lemma 2.3 which says Ap4 = hA 4, we have a formula for the

cardinality of the lattice points contained in Ag4:
IA’IA N Zl = |hAA N an = %(AA)}Z" + an_]_hn-l + -4+ Qagp.
Lemma 2.5 and Lemma 2.3 give us the relationship

A(h,C) =a" +Dpg=a" +h' Ay
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where a* € Z™. we have a similar formula for the cardinality of the lattice points

contained in A(k,C):
AR, C)NZ™ = |KALNZ
= Va(QA) R + b (R) + - + by
= Va(AA)(h=Ck+1))* 4+ bas(h — Clk + 1)) 4 --- + bg

= Va(QA)R™ +b_ A"t - 4 b

We can see that both |A,4NZ™| and [A(kh, C)NZ"| are of order V,(A4)h™ as h — co.

We also have the set relationship:
ApanNZ™ D hA D ARC)NZ"

thus the cardinality of A A is bounded above by the cardinality of Ap4NZ™ and below

by the cardinality of A(h,C) N Z":
8aaNZ7 > [RA] > |AGR,C)NZY|

Both the upper and lower bounds are of order V,(A 4)h"™, therefore |hA] is also of the
order V,(A4)h™. In other words,

|RA]
Vn(AA)h"'

» 1, as h — o0

Corollary 2.1 Let Z"(A) be the group generated by A. Suppose that the lattice Z™(A)
has a finite indez in Z™, denote it by ind A. Then the ratio of the number of points

lying in hA to (ind A)"'V,(AA4)h™ tends to 1 as h — oco.
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Proof.

We may assume that the set A is contained in the group Z"(A), otherwise we consider
a shifted set A—a, wherea € A. Let uy, ..., u, be the basis of Z*(A) and e, ..., e, be
the basis of Z™. Let F(Z™(A)) denote the fundamental parallelepiped of the lattice
Z™(A) with respect to the basis uy,...,u,. Let F(Z") denotes the fundamental
parallelepiped of the lattice Z™ with respect to the basis e;, ..., e,. Then the ratio of
the volumes of F(Z"(A)) to F(Z") is equal to the ind A. Let V,,(A4,Z"(A)) be the
volume of the convex hull of A with respect to the lattice Z"(A). Let V,(A4) be the

volume of the convex hull of A with respect to the lattice Z*. Then

n — ‘/ﬂ(AA) _ . -1
Va(Ba, ZM(A)) = 022 = (ind A)7'Va(D4)
Thus
hA . Y
(ind A)" W, (AR 0 BT
(]

2.3 The structure of the sum of finite sets in Z" in

a linear form

Let A,,..., A, be finite subsets of Z*, Z" C R", and h,,..., h, be positive integers.
The author will generalize Khovanskii’s theorem concerning the cardinality of the set
h A to the cardinality of the sums of sets in a linear form: h; A, +ho Ao+---+h.A.. We

will use some basic concepts concerning sum of convex sets to prove the generalization
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of Khovanskii’s theorem. The notation becomes much more complex. The result

yields a mixed volume problem.

We will first prove some fundamental concepts concerning sum of convex sets.
Lemma 2.7 Let K| and K, be two conver sets in R®. Then K| + K, is also convexz.

Proof.

Let z,y € K; + K;. We need to show that Az 4+ (1 — A)y € K, + K> for some A such
that 0 < XA < 1. Since z € K + K>, there exist elements z;, z; such that z = z; + 2,

wherer z; € K, and z2 € K. Similarly, there exist y;, y2 such that y = y; + y, where
y1 € K; and y; € K.

Since K; and K, are convex, for some A such that 0 < A < 1, we have

21 = A+ (1 -y € K
29 = /\.’Ez-i-(l—'/\)yz € 1\,2
then
Az +(1=Ay = Mzi+z2)+ (1= A1 +32)
= Az; + (1= ANy + Azz + (1 = A)ye

= z1+ 2

€ Ki+ K,

Thus, K; + K, is convex. O

Lemma 2.8 Let K, and K, be two convez sets in R™. Let y € (K, + K;). Suppose

Yy =1y; + y2 where y; € K, and y, € K>, then y; € K, and y, € 0K,.
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Proof.

Suppose either y; ¢ 0K, or y, ¢ K,. Without loss of generality, we can assume that
y1 ¢ 0K, then y; e-lnt(Kl). Then there exists an open ball B(y;) centered around
y1 such that B(y;) C Int(K1). But B(y1) +y2 is an open ball centered around y; + y2
such that B(y1) + y2 C Int(K7 + K,). Thus, y = y; + y2 is an element of the interior

of K| + K3, contradicting our assumption that y € (K, + K;). O

Lemma 2.9 Let K be a convez set, let § be a nonnegative real number. define
K(d) = {z € K | dist(z,0K) > 6}
Then K(8) is also a convez set.

Proof.
Let z,y € K(4), then dist(z,0K) > § and dist(y,0K) > 6. Let z = Az + (1 — A)y,
we need to show that dist(z,3K) > 4.

Let Bjs(z) be a ball of radius é around z. Let z' € Bs(z), then |2/ — z] < §. Let
w = z' — z. Then w+ z and w + y are in Bs(z) and Bj(y) respectively. But both
Bs(z) and Bj(y) are contained in K because dist(z,0K) > § and dist(y,0K) > 6.

Thus, w 4+ z and w + y are in K. Since K is convex,
Mwtz)+ (1 - (w+y) €K
Then

Mw+z)+ (1 -A)(w+y) = w+rdz+(1-ANy = z+w = 2’ €K
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This is true for all 2’ € Bs(z), thus Bs(z) C K. Furthermore, Bs(z) C K implies that
dist(z,0K) > . Therefore, z € K(6), hence K(§) is convex. O
If K(6) # 0, then K(4) is a convex set contained inside K. Throughout the rest

of this chapter, we will assume that K(&) # 0.

Lemma 2.10 Let K be a convez set and K' a convezx subset of K, then if y € 9K,
then

dist(y, K') = dist(y,0K")

Proof. By definition,

dist(y, K') = Eel}\g' dist(y, z)
Let z € K’ such that dist(y, K') = dist(y,z). Suppose z ¢ JK’, then z € Int(K").
There exists an open ball of radius € such that B.(z) € K’. Then there exists
an element z; € B.(z) C K’ such that dist(y,z,) < dist(y,z) contradicting our
assumption that dist(y,z) is the minimum distance between y and the elements of
K'. Hence, z € dK'. O

Let Ky, K, be two convex sets of R*. For z = 1,2, define
K,-(J,-) = {a: € K; [ dist(x,a[\,{) > 5,} (2.4)

and define

o
wn

D(K;(:)) = max dist(y, Ki(d:)) (
to be the maximum distance from the boundary of K; to the convex subset K;(4;).

Also define

D(K1(61) + K2(82)) = yeoT2X,., dist(y, (1(61) + K2(d2)) (2.6)
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to be the maximum distance from the boundary of the sum K| + K, to the convex

subset K;(é;) + K3(62).

Lemma 2.11

D(K (1) + K2(82)) < D(K1(61)) + D(K2(42))

Proof.

Let Yy € 3([(1 + Kz) such that

dist(y, K1(61) + K2(d2)) = D(K(d1) + K2(62))

There exist elements y; € K; and y; € K, such that y = y; + y,. By Lemma 2.8, we

have y; € 0K, and y; € dK>,. Let z; € K1(4,) such that

dist(yl, IL'[) = dist(yl, KI((;]_))

Let z, € K>(d2) such that

dist(yg, (132) = diSt(y% KZ((SZ))

Note that for ¢ = 1,2, dist(y:, Ki(d:)) < D(K;(8;:)). Let £ = z; + z,, then z €

K;(81) + K2(82). Therefore we have,

D(K1(61) + K2(82)) = dist(y, Ki(81) + K2(d2))
= ZEKl(gl}l-iI-le(Jz) dZSt(y’ Z)
< dist(y, )

= |y—z

= |y +y2 — (z1+ z2)|
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<y — ]+ |y2 + 22
= dist(y1,z1) + dist(y2, z2)
= dist(yl, Kl(é'l)) + dist(yg, [(2(62))

< D(K1(61))+D( ,2(62))

Lemma 2.12 Let K,...,K, be r convez sets in R*. Fori = 1,...,r, let Ki(6;)
be a convez subset of K; defined by (2.4) and let D(K(4;)) be the property of K;(4;)

defined by (2.5). Let
D(Ey(1) + - + K:(6)) = max - dist(y, Ki(8) + - + K- ()

D(K1(d1) +--- + Ko (ér)) < D(K1(61)) + --- + D(K-(6,))

Proof.

We will prove by induction. By Lemma 2.11, the statement is true for r = 2. Assume

it is true for r — 1. Thus,
D(K,(é1) + -+ Kr—1(6r-1)) < D(K;1(81)) + -+ + D(Kr-1(67-1))
Let y € (K1 + - -- + K,) such that
dist(y, Ki(é61) + -+ -+ K. (6,)) = D(K1(6:) + -- - + K. ()
There exist elements y; € K1 + --- + K,_; and y, € K, such that y = y; + y2. By
Lemma 2.8, we have
n € OKi+---+K.)

y. € OK.
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Let Ty € Kl((gl) +---+ Kr_1(5r_1) such that
dist(y1, 1) = dist(yi, Ki(é1) + -+ + Kr—1(6r-1))
By the inductive hypothesis

dist(y,z1) = dist(ys, Ki(61) + -+ - + Kor(6o_1))
< D(Ki(é1) + -+ + Kr—1(6r-1))

< D(Ky(é1))+ -+ D(K,-1(6r=1))

On the other hand, let z; € K,.(4,) such that
dist(yz, z2) = dist(y2, K. (6,)) < D(K.(4.))
Let z = z; + x2, then z € K (é;) + -+ - + Kr-1(6,-1) + K-(d;). Therefore,

D(Ki(01)+---+ K. (8;)) = dist(y, Ki(d1) +--- + K (8r))
26K, (’511)1“}'%-1-1+Kr(6r) dist(y, z)
< dist(y,z)

= |y—z|

= |1 +y2— (21 +22)|

< vy =z + [y2 — 22|

= dist(y1, z1) + dist(y2, z2)

S D(Kl(é})) + R D(K —1(6 —1)) + D(l\,r(ar))
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Let A; and A, be two finite subsets of Z™ such that each'contains the origin and
the subgroup generated by each set A; and A; is Z™. Let A4, 4, and Ap,4, be the
convex hulls of ~1A; and hyAz. Let A(hy, Cy) and Ay(h,, Cy) be subsets of Ay, 4,
and A, 4, respectively and define them similar to definition (2.3) from the previous

section:

Ai(h;, Cr) = {Z Aijai; € R™ | a5 € Ai, Aij € R, A 2 G, Z Aij L h; — C,-}
] (2.7)
for z = 1,2. By Lemma 2.6, there exists a positive real number p; such that if
Yy € 0Qhp;4;, then

dist(y, Di(hi, Ci)) < pi
Let us denote Ap, 4,(p:) to be the set such that
Ah-‘A.' (pf) = {z € AhiAi | diSt(za aAh.’Aa) 2 Pi}

we note that for h; sufficiently large Ap 4,(p:) # 0. It also follows from Lemma 2.9

that A 4,(pi) is convex.
Lemma 2.13 For h; sufficiently large,
Anoai(pi) € Di(hi, Ci)

Proof.
For h; sufficiently large, We note that Ap, 4;(p:) and A;(h;, C;) are both nonempty
convex subsets of Ay 4,. Suppose that A 4,(p:) € Ai(hi, Ci), there exists an element

y € O, 4, such that

dist(y, Dnai(pi)) < dist(y, Di(hi, Ci)) < ps
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This implies that there is an element z € Ay, 4,(p;) such that

dist(z,y) < p;

contradicting our definition of A, 4,(p;). Thus, we have Ay, 4,(p;) € Di(k:, C;). O

Remark 2.1 We have the relationship

Dpai(pi) C© Oi(hi,Ci) C Ora

Theorem 2.4 Let A be a finite subset of Z™. Suppose that the group Z™(A) generated
by the differences of the elements of A coincides with Z™. Let h be a positive integer.
Then for h sufficiently large, there erists a nonnegative real number p independent of
h such that every latttice point of the polytope Ana whose distance from the boundary

of the polytope is more than or equal to p belongs to hA.

Proof.

We can assume that A contains 0, otherwise, we can consider a shifted set A—a for a €
A. By Lemma 2.6, there exists a nonnegative real number p such that for y € 0,4,
we have dist(y, A(h,C)) < p. Also by Lemma 2.6, we let p = |a™| + (k + 1)C(T |ai|)
which is independent of A. The set of lattice points whose distance from the boundary

of Apa is greater than or equal to p is precisely the set Ap4(p).- By Lemma 2.13,

Dnalp) € AR, C)

Thus, by Theorem 2.1,

Dualp) NZ* € A(hC)NZ™ C hA
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Proving the theorem. O

Although we know that each lattice point of &;(h;, C;) belongs to h;A;, it does
not guarantee that each lattice point of the sum Ay(h1,C1) + Az(h2, Cy) is a sum of
the lattice points from A;(kh1,Cy) and Az(h2, C,). Let m; be a positive real number,

we define a smaller set Ap 4,(pi + ™;) in a similar manner:
Apai(pi + mi) = {z € Dpa, | dist(z, Dka) > pi + mi} (2.8)
Specifically, if we look instead at the sum of the smaller sets,

AhlAl (Pl) + Athz (P2 + 2\/5)

where n is the dimension of Z", then we can show that every lattice point of As, 4, (p1)+

Apya,(p2 + 24/n) is a sum of lattice points from Ay (hy,Cy1) and Az(hq, Cy).

Before presenting the next proof, we will first introduce a subset of R™ defined
by:

R= {2/\;6; l A ER, I/\i[ < 1}

where e; is the standard basis of R™. Let r = }_ A;e; be an element of R, then

Irl < Y Nedl
< D el
= n

Theorem 2.5 Let A; and A, be finite subsets of Z™. For i = 1,2, let Ap 4, be

the convez hull of h;A;, and let A;(h;, C;) be defined by (2.7) and Ap 4, (p: + m;) be
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defined by (2.8). Then for h; and h, sufficiently large, every lattice point of the set

Dhpya (p1) + Dhyay(p2 + 24/n) is an element of hi Ay + hoAs.

Proof.

Let z be an lattice point of Ap4,(p1) + Drya,(p2 + 21/n). Then there exist z; €
ADhia(p1), and z; € Ap,a,(p2 + 24/n) such that z = z; + z;. If z; and z, are both
lattice points, then we are done. Suppose they are not.

Let z, = z1 + y; such that z; is a lattice point of &g 4,(p1) and y; € R. Then,

[l = 2=z < Vn

Similarly, let zo = z; + y, such that z, is a lattice point of Ap,4,(p2 + 2\/n) and
y2 € R. Then,

ly2l = |22 — 22| < Vo
Note that y; + y2 is a lattice point, and
lvr + 32| < |+ ly2l < 2V
Thus, if we let

2 = I

Z2 = o+t

then both Z, and Z, are lattice points. Since Z; = z; is a lattice point of Ag, 4, (p1)
which is a subset of A;(h;, C}), this implies that Z; is an element of h; A;.

Also, since z; is a lattice point of Ap,4,(p2 +2/n) we have Zo = 29+ y; +y2 is a

lattice point of Ap,4,(p2) which is a subset of A,(hg, C2). This implies that =, is an

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

element of hyA;. Thus,

zZ = 1420 = Z14+ 2, € hiA; + h Ay

Lemma 2.14 Let A be a finite set of lattice points in Z™. Let h be a positive integer.

Let p be a nonnegative real number independent of h. Then

Dralp) + Da S Drenalp)-

Proof.
If 2, € Ara(p), and z2 € A 4. There exists an open ball B,(z;) centered around z;
with radius p such that B,(z,) C Apa, then B,(z1) + z; is an open ball centered

around z; + z2 with radius p such that
Bp($1)+$2 C Dpa+D4 = A4+ Dy = (h+ 1)AA = A(h+l)A
Thus, z; + z2 € Apre1yalp). O

Lemma 2.15 Let ho be the minimum nonnegative integer such that Dp a(p) # 0.

Then for all h > ho, D(Ara(p)) is a constant independent of h.

Proof.
For all A > ho, the set Dpa(p) # 0. Let y € A (h41)4- There exist y, and y; such that
y1 € 00h4 and y2 € 0D 4. Let 21 € Apa(p) such that dist(yr, z1) = dist(y1, Dralp)).

Also let 22 = y2 € A 4. Then z = 2y + 22 € Ayr1ya(p) by Lemma 2.14. Thus,

diSt(y’ A(h-{—l)A(p)) < d’LSt(y,iB)
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= |ly—z|
= |y1 +y2 — (21 + z2)|

= Iyl - 231!

dist(y, Dralp))

< D(ADra(p))
Since this is true for all y € dA(441)4, we conclude that
D(Aw+1ya(p)) < D(Analp))

Hence, D(Ara(p)) is independent of h, for all A > he, O

Corollary 2.2 There ezxists a nonnegative real number p independent of h; such that
every lattice point that is more than or equal to p distance away from the boundary

Of AhlAl + Ah2A2 belongs to hlAl + h2A2.

Proof.
Let p = D(Arya,(p1)) + D(Dhya,(p2 +24/7)). By Lemma 2.15, we see that D(Ay, 4,)

is independent of h;, thus, p is independent of ;. Define the set
(Dhyay + Dryay)(p) = {z € Dnyay + Diya, | dist(z,0(Dna, + Diya,)) 2 p}
Claim that
(Ahay + Dioay)(p) S Diar(p1) + Diyay(p2 +2v/7)
Suppose not. Then there exists an element y € 0(Ap, 4, + Ahya,) such that

diSt(ya (AhlAl + Athz)(p)) < diSt(yv Ahu‘h (pl) + Athz (Pz + 2\/7_7'))
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S D(AhlAl(pl) + Athz (p2 + 2\/5))
< D(Ana(p1)) + D(Dnyaq(p2 + 2v/n))

= p

Thus, there exists an element z € (Ap 4, + Diya,)(p) such that dist(z,y) < p
contradicting our assumption of the set.

By Theorem 2.5 every lattice point that is more than or equal to p distance away
from the boundary 0(Ar, 4, + Drya,) belongs to Ag 4, (p1) + Drya,(p + 21/7), thus,

belongs to A1 A; + hyAs. O

Let A;, Aa,..., A, be finite subsets of Z"*, Z* C R", such that the subgroup
generated by the elements of each set A; coincides with the group Z™. Suppose that
the cardinality |A:| = k;, for each ¢ = 1,...,r.

Let Ap, 4, be the convex hull of h;A; and define A;(h;, C;) the same as in equation
(2.7). Also for each pair Ay;4, and A;(hi, C;), there exists a real number p; such that
if y € 04, 4,, then

dist(y, A;(hi, C,)) < pi

Let Ay 4;(p:) be a subset of Ay, 4, defined in equation (2.8). Let m; be a positive real

number, we note the set relationship:

ODpiai(pi +mi) C Dpai(pi) C Di(hi, Ci) C Dpia,

Thus, each lattice point of Ay, 4,(pi) belongs to h;A;.
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Theorem 2.6 Let Ay,..., A, be finite subsets of Z™. Fori=1,...,r, let Ai(h;,C;)
be defined in equation (2.7), and Ai(p:) be defined in equation (2.8). Then every

lattice point of the set

Dpyay(p1) + Dngay(p2 + 2/m) + -+ - + Dpa (pr +2V/7)

belongs to hiA; +--- + h, A,.

Proof.
We will prove by induction. Theorem 2.5 shows that the statement is true for r = 2.

Assume the statement is true for » — 1. Thus, every lattice point of the set

AhlAl(pl) + Athz (P2 + 2\/H) +--- 4+ Ahr—[Ar—l(pr—l + 2\/7_7-)

belongs to h1 Ay + -+ A1 Ary.
Let z be a lattice point of the set Ay a,(p1) + Drya, (P2 +2v/n) + -+ -+ Dpoa, (pr +

2y/n) Then there exist elements z; and z; such that z = 2; + z; and

z1 € Ahle (Pl) + Athz (P2 + 2\/E) +--- 4+ Ahr—lAr—l (pr—l + 2\/77)

z2 € Opoa(pr+2v0n)

If z; and 2, are lattice points, then we are done. Assume z; and z, are not lattice
points. Let

21=21+W%

such that z, is a lattice point of &g, 4,(p1) + Dryar (P2 +2v/n)+ -+ Dh,_ya,_, (pr-1+
2\/n), and y; € R, then

|y1| = |21—$1| < \/7_7-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

Similarly, let

Zp=Z2+ Y2

such that z, is a lattice point of Ag 4 (p- + 2v/n), and y2 € R, then

ly2l = |z2—22] < Vo
Note that y, + y2 is an integral point such that
[y +y2l < Jnl +1gel < Vo+vn = 2Vn
Thus, if we let

21 = N

Za = Zotyity2

then both Z; and Z; are lattice points. Since z, is a lattice point of Ap 4,(p1) +

Apya,(p2 +2n) + -+ Dh,_ya,_, (Pr-1 + 24/7), by the inductive hypothesis,
Zy =z EmAr+ -+ hA

Since z is a lattice point of A 4,(pr + 24/n), we have z, + y; + y is a lattice point

of Ap,.4,(pr), thus implies
Z, = 22+ +y2 €EhRA

Together,

z = 2z142, =51 +Z2 €EhA+---+h A
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Corollary 2.3 There ezists a nonnegative real number p independent of h such that
every lattice point that is more than or equal to p distance away from the boundary

Dpa, + -+ Dy o4, belongs to hyAy +---+ h A,
Proof. Let
p = D(Bna (1)) + D(Dryar(p2 +2v/7)) + - - + D(Dp,a, (pr + 2¢/7))

By Lemma 2.15, we see that D(Ap,4;(p; + m;)) is independent of h;, thus, p is

independent of h;. Define
(Anay+ 4844 )(p) = {z € Diya, + -+ Dpoa, | dist(z,d(Dna, + -+ + Do) > p}
(2.9)

then we claim that

(Bpay +- -+ B )(p) C Dua(p1) + Brgaa(p2 +2v/n) + - -+ + Dpoa (pr +2V/n)

The rest of proof is similar to the proof of Lemma 2.2 O

Let P be a lattice polytope in RZ?, then the Pick’s identity says:

4 |(boundary of P) N Z?2|

|PNZ2 = V(P) 5

+1

[3]. By using Pick’s theorem we can derive a similar conclusion for sums of sets in a

linear form Ay A; +--- + h, A, in Z? as Khovanskii did for sum of one set AA.

Theorem 2.7 Let Ay,...,A, be finite subsets of Z* containing 0. Suppose that the

group generated by the the elements of each set A; coincides with Z?. Then

IhlAl +--- + hrArl

» 1, aseach h; — oo, foralli=1,...,r,
V(Opa, + -+ Do) I
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where V(Qp,a, + -+ + Dp, 4, ) is the volume of the sum of the convez hulls measured

in R2.

Proof.
Let K = Apja, + -+ QDn, 4., then K is a lattice polytope. Applying Pick’s identity,

we have:

|(boundary of K) N Z?|
- 5 +1

|KNZ2 = V(K)+

where
V(K) =Y 3 V(Au4, As,)hih;
and the coefficient V(Q4;, Dy,) is called the mixed volume of Ay, and Ay, . [2]

Also

|(boundary of K) N Z? < length of boundary of K = )_ I(f)
reF

where F' is the set of all faces of K and I(f) is the length of a face of K. So ¥ {(f)
measures the total length of the boundary of K. However, the boundary of K does
not contribute significantly compared with V(K as h; — oo. Since the boundary is
of the order h; and V(K) is of the order h;h;. Thus

|K N Z?|

h;
VIR — 1, ash; —

On the other hand, let
p = D(Dh 4, (p1)) + D(Dioay(p2 + 2v/1)) + -+ - + D(Dh 4. (pr +2V/7))
which is independent of A;, and let

K'=(Apa, +- -+ Droa)(p)
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be the set defined by (2.9). We estimate the cardinality of the lattice points in K':

|K'NZ?* = |KNZ?% — |lattice points that are in K but not in A" |

> |KNZ? - p(length of the boundary of K)

But p is independent of the h; and the length of the boundary of K is of the order
h:, which does not contribute significantly compared with |K N Z2?| which is of the
order h;h;. Thus |K’' N Z?| is also of the order as |K N Z™| which is V(K. Since

hiA; + --- + h.A, is bounded above by K N Z? and below by K’ N Z2,
IKNZ} > |hA +---+hA| > |[K'NZ3

So [h1 A1 + - - - + h.A,| is also of order V(K). Thus

|h Ay + -+ - + he Al _ |h1Ay + -+ R A
V(K) V(Bha, + -+ Daa,)

y 1, a,sh;—>oo
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Chapter 3

The fine structure of sumsets in

the case of Z?

3.1 Introduction

In the second chapter, we have found that the integral points that are p distance
interior of the convex hull of hA belong to AA. This discovery has permitted us to
use the volume of the convex hull for the approximation of the cardinality of hA.
In the third chapter, we will instead look at the distribution of the elements of AA
within p distance of the boundary. In the case of Z2, we not only have found that
the cardinality of the elements of kA in the boundary area to be linear, we have also
noticed a regular pattern in the distribution of these elements.

We will first go over some notations used in this chapter and present two simple
examples in Z2. In the second section of this chapter, we will restrict our attention

to the distribution of ~A in the boundary region, where A is a subset of Z2. We will
61
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partition the boundary region of A4 into congruent parallelograms. We find that
the elements of AA in one parallelogram are a translation of the elements of hA in
another parallelogram, thus indicating that the cardinality in each parallelogram is
identical. Finally, in the third section of this chapter, we will put the result obtained
from Chapter 2 together with the result obtained from Section 3.2 to give us a better
idea of the distribution of the elements of RA in the case of Z2.

Let z,y, a,b be elements in R2. Let {(z, y) denote the line segment connecting the
two points = and y. Let dist(a, b) denotes the distance between the two points a and
b. The set

{a | dist(a,{(z,y)) < p}

denotes the set of all elements a such that a is less than p distance away from the

line segment {(z, y). Similarly, the set
{a| dist(a, (z,y)) = p}
denotes the set of all elements a such that a is exactly p distance away from the line

segment [(z,y).

Let us look at some simple examples.
Suppose A is a set of integral points in Z? such that A contains only three elements.
Let A = {0,a1, a2}, where 0 = (0,0) and a; # kas for some real number k. The convex

hull of A is a triangle. Let & be a positive integer, then

hA={k1a1+k2a2|k1 =0,1,...,h and k2=0,1,...,h,—k1}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

The cardinality of RA is

_(h+2)(h+1) K 3h
|hA| = 5 =5+ +1

Looking at the boundary in particular:
|hA N boundary| = 3k

To compute the cardinality of AA in the boundary area with a thickness p, we

define the following boundary areas:

Fy = Fi(h,p) = {a € Ona | dist(a,l(0,ha) < p}
F, = Fy(h,p) = {a € Dra | dist(a,l(0, has) < p}

F3 = F3(h,p) = {a € Ana | dist(a,l(har, has) < p}

Let m;, m3, m3 be three positive integers. Each m; computes the number of layers of
hA contained in F;. A layer of hA consists of all those elements of hA that are the
same distance away from one face of the boundary, for instance, F;N (boundary of

Apa). We formally define m; as follows:

m; = |{n € nonnegative integer|dist(na,,[(0, ha;) < p}| = [{0,1,...,m; — 1}
m2 = |{n € nonnegative integer|dist(na,,{(0, hay) < p}| = |{0,1,...,m2 — 1}]
ms = |{n € nonnegative integer|dist(ha; — na,,l(hay, has) < p}| = [{0,1,...,m3 — 1}

The cardinality of hA in the boundary areas can be computed:

IhAﬂ (Fl UFu F3)I = IhAﬂ F1l + IhAn Fgl + IhA N Fal

— [RAN(Fi N B)| = |hAN (F2 0 F3)| — [RAN (FL N F))|
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Note that here we make the assumption that p is small in comparison to the set Axa
so that FiN Fo N F3 = 0.

To compute the cardinality of AA contained in each F;, we notice that F;N (bound-
ary of Ap4) contains h + 1 elements of RA. We call this the 0th layer. Each jth layer

contains (h + 1) — ¢ elements of hA, thus

m;~1
lhANF| = S h+1—i
2
3m; m?
= hmit ST

and
hAN (F; N Fy)] = mum;
Then the number of elements of hA that are less than p distance of the boundary of

the convex hull of hA is

hRAN(FLURUFR)| = S hmi+ = — =L =Y mm;

Since m;, m2, m3 are constants, we have C and D are constants where

C = my+me+ma
3. m? — 3m;

D = z——‘———{-Zm;mj
i=1 2 i<j

Please see Figure 2 for an illustration.
Next, we look at the set A = {0,a; = (n1,0),a2 = (0,n2), a3 = (ny,n,)}, where
n; € Z. We can also easily see that the convex hull of A is a rectangle, and the set

h A consist of elements in this form:

hA = {kia; + kaas | ky = 0,1,...,h, and k, =0, 1,...,h}
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thus the cardinality can be computed easily:
[hAl = (R + 1)  =h> +2h + 1

Clearly, the distribution of the elements of AA in the boundary area is regular, see

Figure 3. Thus we can easily figure out the number of A in the boundary:
|hA N boundary| = 4h
Define boundary areas:
Fy = Fi(h,p) ={a € Dra | dist(a,l(0, hay) < p}
Fy = Fy(h,p) ={a € Dpa | dist(a,l(0,hay) < p}
F3 = Fs(h,p) ={a € Dna | dist(a,l(0,hay) < p}

Fy = Fy(h,p)={a€ Ana|dist(a,l(0, hay) < p}

Also define
m; = |{n € nonnegative integer | dist(nas, (0, ha,) < p}|
my = |[{n € nonnegative integer | dist(ha; — na,,{(ha, haz) < p}|
mz = [{n € nonnegative integer | dist(ha, — naz,{(haz, haz) < p}|
mgy = |{n € nonnegative integer | dist(na,, (0, ha;) < p}|

Note that m; = m3 and m,; = mg4.
Since the intersection of any three boundary strips is empty, using the basic rect-
angular formula, we can compute the number of hA within p distance of the boundary

to be:

|hAN (FLU F, U F3U Fy))|
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= |hANF|+ [RAN Fy| + |hAN Fs| + [hAN Fy
—|hRAN(F N R)| - |hAN (F2a0 F3)| — [RAN (F30 Fy)| — [RA N (FL 0 Fy)|

= (h+1)my+(h+1)me+ (h+ 1)ma+ (h + 1)my — mimy — mymaz — mamy — mymy

hml + hmg + hm3 + hm4 +m; +mq + mg + myg — TNy — MMM3 — M3MNg — Ty

= Ch-D
where
C = my+my+ms+my
D = mym;+moms + magmy +mimy —m; —my —mz —my

3.2 Distribution of hA in the boundary region of
AhA in Z2

Let A be a finite set of integral points in Z2. Let h be an integer > 0. Let Ay,
Aha, and hA be defined the same way as in Chapter 2 to denote the convex set of
A, h times the convex set of A, and the h-fold sumset of A, respectively. Let p be
a real number. In this section, we will examine the distribution of the elements of
hA within a distance p from the boundary of Aps. The two examples in Z? from
Section 3.1 illustrate that the distribution of the elements of hA in the boundary area
has a regular pattern, and the cardinality of AA in the boundary area can be easily
computed to be a linear term. Although, an arbitrary set A may not exhibit such a
regular pattern as seen in the two examples, the author has found that if we consider

the special case where the set A is a finite subset of Z2 such that no element of A is
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contained in the convex hull formed by the other elements of A, then the distribution
of hA in the boundary area is shown to have a consistent pattern. This consistent
and repeating pattern allows us to study the structure of the boundary area in details

and allows us to estimate the cardinality of AA in the boundary area.

Let A = {ao = (0,0),a1,a,} be a subset of Z2. For an integer h, the convex
hull of AA is a triangle. We would like to partition this triangle into h strips of
trapezoids with equal width, in the following way: For n such that 0 <n < h — 1,
[(na;,na; + (h —n)ay) is the line segment that marks the boundary of each partition.
Each of these line segments is parallel to the vector a,. (See figure 4) Let a) = (z1,y1)
and a; = (x2,y2). If we consider the line segment as part of the infinite line, the slope

of the infinite line is m = £. Thus, the general equations for these infinite lines are

Y2
y—ny, = —(z —nz;)
I3

Lemma 3.1 Letl, be the infinite line that coincides with the line segment [(na,,na,+
(h — n)az), then

ln+l = ln+a1 — a2

Proof.
Let a; = (z1,y1) and a; = (z2,y2), then the infinite line [, has the equation y —ny; =
%(z —nz,). We want to prove [ 4, = [, + a; — a2, we let (zo,Y0) € [, we want to

show that (zo + 1 — T2,%0 + y1 — y2) € lnt1. Thus, let

Yo = y—z'(xo . n:z:l) + ny
T2
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y—=(o+m—y) = -:—2:1:—(1:0+1:1—2:2))
2
Y2
Y=—Y%—Nn+ty = ;—(-’1?—1‘0—1'31+-’1?2)
2
Y2
y—(—(x—nz1)+ny1)—y1+y2 = g2'(33-'11?o—$1)+y2
zy T2
Y2 1
y——(zo—nzi)—ny1 =1 +y2 = J—2($—$0—$1)+y2
I I
y—(n+ly = yi(x—xo—l‘l)'F’yl(xo—nxl)
T T
Y2
y—(r+1)y = z—(x—zo—x1+xo~nx1)
2
Y2
y—(n+y = x—x—(n+1)x1)
2

Remark 3.1 Although, it is also true that Iy, = [, + a; or that l,41 = [, + ay,
the reason for choosing to prove l,4y = I, + a; — as is that a; — a, is parallel to the
boundary line [(hay, ha,). Translation by ay — a; will preserve the distance between

the point being translated and the boundary line [(hay, ha,).

Let us consider a special subset of Z?. Let A be a finite set of lattice points in Z?
such that 0 € A and no element of A is contained in the convex hull formed by the
other elements of A. In other words, let V' be the set of vertices of the convex hull of

A, then V = A.

Definition 3.1 Let a and b be two vertices of a polytope. We say that a and b are

adjacent vertices if the line segment connecting a and b is an edge of the polytope.

Let k& be the cardinality of A. Since all the elements of A are the vertices of the

convex hull of A, A4, we will number the elements of A clockwise:

A= {ao = 0,a1,a2,...,ak_1}
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so that a; and a;4; are the adjacent vertices of A4, and ax_; is adjacent to ag = 0.
We can partition the convex hull of RA into & — 2 triangles. Each triangle has
vertices {0, ha;, ha;;, }. We will consider one triangle at a time.
Let A; = {0,a;,a:;41} forz = 1,...,k — 2. We denote by Apa, the convex hull
formed by 0, ha;, ha;y1. We know A4, has the shape of a triangle. Let [;, denote

the infinite line which coincides with the line segment [(na;,na; 4+ (h —n)a;41). Define
Fi(h,p) = {z € Dpa,|dist(z,l(ha;, haiyy)) < p}

to be the region containing all those elements of Ay4, that is less than p from the

boundary line {(ha;, hait1). Define
l,’(h,p) = {23 € AhA,’ l dist(x, l(ha,—, haH.l)) = p}

to be the line that intersects Ap,,, parallel to [(ha;, haiy,) and is p distance away
from {(ha;, haisr)-

Let us define a subset of Ap4: Let a € A, define Ap(4\(a)) to be the convex hull
of the set hA’, where A’ = A\{a} is the subset of A which contains all elements of A

except for one element. Let

A; = Dpa\ (Drgargaiy U Dnia(oish)

denote the subset of Apy4; that does not intersect with the convex hulls of Apa\(a,})
and Aja\{aiy,})- This set A; represents a small region in the boundary area. We will
partition F;(h,p)NA; by the infinite lines [; , for n;; < n < h—n;2. The values of n;,

and n;, depend on where [(ha;_1, ha;4+;) and [(ha;, ha;y,) intersect [;(h, p). Note that
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[(hai-1,ha;y1) and [(ha;, ha;ys) are the boundary lines of Anaviey) a0d Apiarfai
respectively.

The reason for such a restriction is because if we select w € hA N A, then w can
be translated by a; — a;41 and w + a; — a;4; € hA. The details are presented later in
this section.

Also note that the two lines [(ha;_y,ha;4+1) and [(ha;, ha;4+2) intersect each other
in Apy;. Consider an h large enough so that I(ha;, haiyz) and {(ha;_;, haiy,) intersect
in the region that is outside of F;(h,p). In other words, pick an A large enough so
that if z € {(ha;, haiy2) N ({(hai-1,hait1)), then = € Apa,\ Fi(h, p). (See Figure 5)

Let u; be the intersection of [(ha;_1, ha;y;) with [;(h,p) and let u, be the inter-
section of {(ha;, haiy,) with [;(h,p). Let v; and v, be two points on the line {(0, ha;)
such that the lines [(u;,v;) and [(u2,v;) both have slopes equal to the vector a;;,
thus, parallel to {(0, ha;4,). Since vy,v, € [(0, ha;), there exist real numbers A; and
Az such that v; = M@, and v, = (h— A2)a;. Note that we assume A; < (h—A;). If we
consider a h large enough so that the intersection of {(ha;, haiy2) and {(ha;~1, ha;y)

occurs in Apg,\ Fi(h, p), then we will have A; < (h — A;).
Lemma 3.2 A; and \; are both constants independent of h.

Proof.
First, we will prove that A; is a constant independent of 4. Let u;(h’) and u;(h") be

two points defined in the following ways for two different values of k.
ul(h') = l(h,a{_l, h'a,;,,l) N l(h,, p)

u1(h") = l(h"a;—1, K" as41) N I(R", p)
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Let w(h') = ui(h’) — h'a;y1 and w(h”) = ui(h") — h"aiy,. Let r(h’) be a point on
[(h'a;, h'aiy,), the boundary of Apiga,, such that |u;(R’) — r(h')] = p. Let r(h"”) be
a point on [(h"a;, h"ai41 ), the boundary of Apna,, such that [u,(h")—r(R")| = p. Since
the two triangles formed by the vertices {u1(h’), r(#'), A’aiy1 } and {ui ("), r(R"), h"a; 1}
are congruent, we conclude w(h') = w(h”). Let w = w(h') = w(h"), also assume

h"” > K/, then,

ul(h') = h'a,-+1 +w
u(h”) = hR'ajp +w

thus, ui(h"”) = wi(h') + (" —Rh)aim

Let l,,(x) be the line that goes through the point u;(h’) with the slope that is equal
to the vector a;4, and [, (5») be the line that goes through the point u;(h”) with the
same slope a;4;. Then the infinite line [, (4 coincides with [, (4»). Thus, if v,(h") =
Luy(nry N0, K'a;), and if vy (R") = Ly (nv) N0, h”a;), we conclude that vy (R') = vy (R"),
since ly, a1y = Ly, (any- Let v1 = vi(h’) = vi(h"), v; is independent of A. Furthermore,
let A; be a constant such that v; = A,a;, then ); is a constant independent of A.
Next, we will prove that A; is a constant independent of h. Similarly, let [,
and /., (1) be two lines that pass through the points u2(h’) and u,(h") respectively
and both with slopes equal to a@;i;. Let vy(h') be the point where [, (4 inter-
sects the line {(0,h’'a;) and let vo(h") be the point where /,,(x) intersects the line
[(0, h"a;). We note that the two triangles formed by the vertices {u2(h’), v2(h'), h'a;},
and {uz(h"),vs(h"),h"a;} are congruent. Thus, h'a; — vo(R') = h"a; — va(h"). Let

A2 be a constant such that h'a; — va2(h’) = Aja; v2 = M@, then A, is a constant
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independent of h. Let v, = (h — A;)a;, then ha; — v, = A2a; is a vector independent
of h.

Let n;; = [\;] the least integer greater than \; and let n;, = [A2] the greatest
integer less than A,. Note that n;; and n;, are both constants independent of A,

since A; and A2 are constants independent of k. O

Let b;n(h) be a point on the line segment I(ha;, ha;y,) determined by n and A:

bin(h) = na; + (h — n)aiy,

Let 7; be a real number such that (A — v;)a;41 € li(h,p). Then for each nonnegative

integer n, 0 < n < h — 1, we can define a parallelogram:

Bin(h) = bin(h) — d1ai41 + d2(a; — ait1) (3.1)

where 0<d; <7, 0<éd <l

Note that for those n such that n;; < n < A —n;3 — 1, each B;,(h) is a parallel-
ogram bounded by the lines l;n, i n41,l(ha;, haiy1), and [;(h, p), including the sides

bounded by [; », [(ha;, ka1 ), but not including the side bounded by {; n4+1 and {;(k, p).

Furthermore,
Bi,n(h’) - Fi(hap)nAi
Define
ni1-1
Bir(h) = |J Bia(h) (3.2)
n=1
h-1
Bir(h) = ( U B;.n(h))ﬂFe(h,p) (3.3)
n=h~-n; 2
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So, B; r(h) is the area that is bounded by the lines {(ka;, haiy1), li(h, p), {(0, hait1,
and l;n,, (k) including the sides bounded by [(ha;, ha;y1), and [(0, hait+1), but not
including the side that is /; »;, (k) and [;(k, p). On the other hand, B; (k) is the area
that is bounded by the lines {(ha;, haiyy), li(h, p), lin,,(R), and {(0, ha;) including all
the sides except [;(h, p).

Let Sin(h) denote the subset of hA that belongs in the parallelogram. Let U;(h)
and V;(h) denote the subset of 2 A that belong in the first and the last cell respectively,

thus, we have the following definitions:

Sin(h) = hAN Bin(h) for n;; <n<h-—n;p,—1 (3.4)
Ui(h) = hAN B;r(h) (3.5)
Vi(h) = RANB;(h) (3.6)

The interesting finding of this research is that for all n;; < n < h—n;; — 1, we
can translate each element of S;.(h) by a; — ai41 to get Sinyi1(h), thus indicating
|Sin(R)| = |Sin+1(h)|. Furthermore, as h increases to infinity, |S; (k)| stays a con-
stant, thus indicating that the cardinality of AA in each parallelogram is a constant
independent of h. The researcher has also found that the cardinality of U;(h) and
Vi(h), the first and the last cell of each A4, is a constant independent of A. There-

fore, the cardinality of A in the boundary region of Agy, is
|Sin(R)] - ( number of cells ) + |U; (k)| + [Vi(R)|

The only component of the above expression that depends on A is the number of cells
which is determined by the number of partitions into parallelograms. The details of

the proof are presented next.
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Lemma 3.3 Let A be a finite set of lattice points in Z? containing 0 such that no
element of A is contained in the convez hull formed by the other elements of A. Let h

be a positive integer. Let i be an integer € [1,k — 2]. Let A; = {0, ha;, hai, }, define

Ai = AhA.'\ (Ah(A\{ai}) U Ah(A\{a..“}))

If w e hA and if w € A, then w — a; and w — a;4; are both in (h — 1)A.

Proof.

Let

k-1 k-1
w=)_ hja; where Y hj=h

=0 7=0

If both h; # 0 and h;y; # 0, then we are done with the proof. So we can assume that
either h; = 0 or h;yy = 0. If h; = 0, then w € A(0, hay,...,ha;-1,hai1, ..., har-1)
contradicting our assumption of w. If h;y; = 0, then w € A(0, hay, ..., ha;, ha;ta, ..., har_1)

again contradicting our assumption of w. Thus, A; # 0 and h;;; # 0, therefore,

w—a; = (h;—l)a;+2hjaj € (h—1)A
J#i

and

W— Qi1 = (h{+1 - 1)0.;.{_1 + E hJaJ € (h - l)A
J#i+L

Note that A; # 0, since w = (h — 1)a; + a;1 € A

Claim 3.1 Let h be a fized positive integer, n a nonnegative integer. For 0 < n <

h —_ 2, Bi,n-i—l(h) = B{'n(h) + a; — Qi4-
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Proof.
Let z = b;n(h) — d1aiy1 + d2(a;i — aiy1) € B;n(h) for some &, and &2 such that

0<46, <7v,and 0 <4, < 1. Then

T = bia(h) —biaiy + 62(ai — aiy1)

na; + (h —n)aiy) — d1aiq1 + d2(@iy1 — ;)

z+a;—aiy = (n4+1)a;i+(h—(n+1))aiz — draips + d2(aip — a;i)
= bing1(h) — d1aip1 + 62(ait1 — a;)

By definition, £ + a; — ai41 € Biny1(h). Thus, Bin(h) + ai —aiy1 C Biat1(h).

Conversely, if z € B; n+1(h), then

t = bint1(h) — d1aips + 82(a; — aiy1)
= (n+lai+(h—=(n+ 1)aip1 — 61ai41 + d2(ai — aiy1)
= na; + (h —n)ai — 61ai41 + 82(a; — aiy1) + a; — aigy

= bin(h) — 616i41 + 82(a; — aip1) + @i — @it

Lety = b,-,n(h)—61a,-+1+62(a,-—a,-+1) € Bi,n(h)a sozr = y+a;—a;y) € Bi,n(h)+ai_ai+l-

Thus, B;nt1(h) C Bin(h) + a;i — aiy1. Therefore B;ni1(h) = Bia(h) + a;i — aip1. O
Claim 3.2 Forn such thatn;; <n<h—n;2~2, Sint1(h) = Sin(h) + a; — ai.

Proof.
Let z € S;n(h), then z € hA and =z € B;,(h). We want to prove that z + a; —
aiy1 € Bint1(h). Claim 3.1 implies that z + a; — aiy1 € Biat1(h). We need to

prove that = + a; — a;4; € hA. Since for n such that n;; < n < h—n;2 — 1,
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B;.(h) C (Fi(h,p)N A)), thus, z € A;. By the previous lemma, both z — a; and

zr — a;4; are in (h — 1)A. Thus,
T+ a; —aiq =(:I:—a,-+1)+a,- E(h—l)A-l—A:hA

Therefore, z + a; — aiy1 € Sint1(h) and thus Sin(h) + a; —aiy1 C Sing1(h)
Conversely, if £ € S; +1(h), by definition, z € hA and z € B; n+1(h). The previous

claim shows that there exists an element y € B; ,(h) such that £ =y + a; — a;4;. So

Yy =z — a; + aiy1. Again, since B;n+1(h) C Fi(h,p) N A, meaning z € A;, thus

z — a; and z — ai4, are both in (A — 1)A. Therefore,
y=z—a;+aip=(r—a;)+aip1 €hLh-1)A+A=hA

implying y € S;.(h) which implies £ € B;.(h) + a; — a;+1. Hence, S;.1(h) C

Sin(h) + ai — aiy1. Hence, Sipnp1(h) = Sin(h) + a;i — @iyr. O
Claim 3.3 Forn such that0 <n < h—1, Bis(h+1) = Bia(h) + aiy1.

Proof.
Again, let ¢ € B;,(h), then for some §; and J, such that 0 < §; <v;, 0 <3 < 1, we

have

z = bia(h) —b1ai41 + 82(ai — ait1)
= na;+ (h —n)aip1 — d1ai41 + d2(a; — aiqy)
z+ai41 = na;+((h+1)—n)ai1 — diaipr + d2(a; — aiy1)

= bin(h+1) = b1aia + 82(a; — aiy1)

Thus, z + ai41 € Bin(h + 1) implying B;(h) + aiv1 C Bin(h +1).
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Conversely, if z € B;,(h + 1), then
z = bi.(h+1)—-diaip1 + 62(a; — aip1)
= na;+ (h+1) —n)aiy) — diaiq + 62(a: — aiyy)
= na; + (h — n)aiy1 — 61aip1 + 82(a; — aiy1) + aig
= bia(h) — d10i41 + 62(ai — aiy1) + aipy
There exists an element y = b;,(h) — d1a:41 + 62(a; — aiy1) € Bin(h) such that
T =y + ait1, thus, ¢ € B; (k) + a;1 implying B;,(h+1) C B;.(h)+ a;+1- Hence,

Bin(h +1) = Bin(h) + aiy1. O
Claim 3.4 Forn such thatn;; <n<h—niz—1, Sip(h+1)=S;a(h) + ait:-

Proof.
Let z € S;n(h), then z € hAand z € B; .(k). By Claim 3.3, z+a:4+1 € B;n(h+1) and
z+aiy1 € hA+ A= (h+1)A. Thus z+ai41 € Sin(h+1) implying S; (k) +a;iy1 C
Sin(h +1).

Conversely, let z € S;.(h + 1), then z € (h+ 1)A and z € B;.(h + 1). Again
by Claim 3.3, there exists an element y € B;,(h) such that 2 = y + a;4;. Since
Yy =2z —ai41 € hA, = € S;n(h) + aiy1, thus, Sin(h +1) C Sia(h) + air1. Hence,

Sin(h+1) = Sin(h) + aiya- O
Claim 3.5 B;r(h + 1) = B; r(h) + ai41-

Proof.

Using equation (3.2), we have

Bir(h) + a1 = |J Bin(h) + ain
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U B;‘.,,,(h + 1)

n=0

= Bir(h+1)

Thus proving the claim. O
Claim 3.6 Bi'L(h + 1) = B;'L(h) + a;4

Proof.

Let z € B;(h), then z € Fi(h,p) and z € B;,(h) for some n such that A —n;, <
n < h — 1. By Claim 3.3, we have z + a;31 € Bin(h +1). We now need to prove
that = + aiy1 € Fi(h + 1,p). Let w be a point on the line {(ha;, haiy1), such that

lw —z| =d < p. Since w + a;4, is a point on the line {((h + 1)a;, (h + 1)a;41), then
|z + air1 — (R + Dai, (A + Dayi)| < (w + ai1) = (z t i) = lw—z[=d <p

Thus, z+ai41 € Fi((h+1),p), therefore z+a;y1 € B;L(h+1) implying B; (h)+aiy1 C
Bir(h +1).

Conversely, let z € B;(h + 1), then z € F;(h + 1,p) and z € B; ,(h + 1). There
exists an element y € B;,(kh) such that £ = y + a;4;. Using similar argument as
above shows that y € Fi(h, p), thus y € B; (k) implying z € B; (k) + aiy+;- Hence,

proving the claim. O
Claim 3.7 U;(h + 1) = Ui(h) + ai+1 and Vi(h + 1) = Vi(h) + ait1-

Proof.
Refer to equations (3.5) and (3.6) for the definitions of U;(h) and V;(h). The result

follows directly from Claims 3.5 and 3.6. O
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Theorem 3.1 Let i be an integer € [1,k—2]. Let A = {ap = 0,a;1,a2,...,a5-1} be
a finite set of lattice points in Z® such that A generates Z? and that no element of A
is contained in the convez hull formed by the other elements of A. Also the elements
of A are numbered so that consecutive elements are the adjacent vertices of /4. Let

h be a positive integer and p a nonnegative real number. Fori = 1,...,k —2, let

A; ={0,a;,ai+1}. Define
Fi(h,p) = {z € Apaildist(z,l(ha;, hairt)) < p} (3.7)
Then for h sufficiently large
| F;(h,p)NhRA|= C;-h— D;
where C; and D; are some constants.

Proof.
Let n;; and n; 2 be two constants determined by the intersections of the lines {(hai-1, ha;y;)
and [(ha;, haiy2) with p. Recall that n;; and n;, do not depend on k. For all integers
n such that n;; <n < h—n;;—1, let l;, be the infinite line that passes through the
point na; and has slope equal to the vector a;4;. By Lemma 3.1, {;,, and /; .41 are
parallel, and

Ling1 = lin+a; —aina
Refer to equations (3.1), (3.4), (3.5), and (3.6) for the definitions of B;.(k), Sin(h),
Ui(h), and V;(h).

For h sufficiently large, we have
h=n;2-1

Fi(h,p)hA = |J Sia(h) U Us(h) U Vi(h)

i=n;,
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where the intersection of any two sets in the union is empty. Thus the cardinality is

h-n;2-1
[Fi(h,p) NRA| = D [Sin(h)] + [Us(R)| + |Vi(h)|

i=n,;

By Claim 3.2, we see that for n such that n;; <n < h —n;5 — 1,
Sint1(R) = Sin(h) + a; — ainy

we see that the distribution of the elements of hA is identical in each set S;,(h).
Thus,

1Sinsr(R)] = |Sin(h)]

Furthermore, by Lemma 3.4, the cardinality of S; (%) is independent of h. For all n
such that n;; <n < h—n;,—1, let C; =|S;,(h)|, then C; is a constant independent
of h.

Moreover, by claim 3.7, we have the cardinality of U;(h) and V;(h) are both con-
stants independent of A.

Therefore, the number of elements of hA that are within p distance away from

the face [(ha;, haiyy) is:

h=n;2—1
| Fi(h,p)NhA| = _Z [Sin(R)] + |Ui(h)] + [Vi(h)]

= (h—niz2—ni1)Cit [ Ui(h) | + | Vi(R) |

= Ci-h—D;

where D; = (niy +ni2) - C; — |Ui(h)| — |Vi(R)]. O
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Theorem 3.2 Let A be a finite set of lattice points in Z? such that A generates Z2
and that no element of A is contained in the convez hull formed by the other elements

of A. Let h be a positive integer. Define
FA(h,p) = {:L' € Ana I dist(:l:, 8AM) < p}

to be the region that is less than p distance away from the boundary. Then for h
sufficiently large

| RAN Fa(h,p)|= C-h+ D
where C and D are some constants independent of h.
Proof.
We can assume that 0 € A, since if 0 ¢ A, we can translate the set A by an element

of A. Let A = {ap =0,a;,0a3,...,ak-1}, where the elements of A are numbered so

that the consecutive elements are the adjacent vertices of Ay. Forz =1,...,k -2,
let F;(h,p) be the set defined in (3.7). For i =1,...,k —2, apply Theorem 3.1 to the

set A; = {0, a;,a;4,}, we have
|hAN Fi(h,p)| = Cih — D;
Define the remaining two boundary regions of A4 in the following way:

Fo(h,p) = {z € Ara, | dist(z,!(0, hay)) < p}

Fk_l(h,p) = {.’13 € AhAk_z |di.st(:1:, l(O,hak_l)) < p}

To be able to apply Theorem 3.1 to the case of |hRAN Fo(h,p)| and (RAN Fi_i(k,p)l,

we will translate the set A by ax_,. Thus we will consider the set A’ = A —ar_;. Let
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ag = Qg2 — Gk—2 = 0; a] = ax_1 — Gk—2; @5 = ag — ak_2; and aj = a; — ax_2. Now we
can apply Theorem 3.1 to {0, a},a%} and {0,a’,a5}. Thus,

AN Fo(h, p)| = [RA' 0 Fo(h, p)|

and

|RAN Fi_i(h, p)| = |RA' N Fi_1(h, p)|
Putting it all together we have for ¢ =0, and k£ — 1,
|hA N Fi(h,p)| = |hA' N Fy(h,p)| = Cih — D;
For:=0,1,...,k—2, let
T:(h) = RAN Fi(h,p) N Fiya(h,p)

Fori=k—1, let

Tee1(h) = hA N Fe_i(h, p) N Fo(k, p)

We note that for all: =0,1,...,k —1,
Ti(h) C (Ui(h) U Viqi(h))

By Claim 3.7, we see the elements of U;(h+1) and V;(h+1) are simply the translation
of the elements of U;(h) and V;(h) by aiy1. Thus, the elements of T;(h + 1) are also
translation of the elements of T;(h) by ai+1. Thus, if we let ¢; = |T;(k)|, then ¢; is a
constant independent of h. Therefore, we have the cardinality of AA in the boundary

region to be:

k=1 k-1
|RAO Fa(h,p)| = 3. [hANFi(h,p)| =3 t:
1=0 i=0
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k-1

= ZCi’h—Di—ti
1=0

= C-h-D

where C = f;ol Ci;and D = Zf-:ol D; +t;. 0O

Theorem 3.3 Let A be a finite subset of Z* such that no element of A is contained
in the conver hull formed by the other elements of A. Let h be a positive integer.
Then for h sufficiently large, there ezists a nonnegative real number p independent of
h such that

hA = (Bra(p) N 2%) U (Falh,p) N hA)
where |Fa(h,p) N hA| is a linear function in h.

Proof.

By definition

Dualp) = {z € D | dist(z,0044) > p}

FA(h,p) = {:B € Npa I dist(:z:,aAM) < p}

we see that

Analp) N Falh,p) =0.

By Theorem 2.4, there exists a real number p such that A,4(p) NZ? C hA. Also by

Theorem 3.2, |Fa(h,p) N hA]| is a linear function in A. Thus proven the theorem. O

In conclusion, Theorem 3.3 has presented a general structure for hA where A is

the special finite subset of Z2 such that no elements of A is contained in the convex
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hull formed by the other elements of A. The general structure is this: There exists
a nonnegative real number p such that all lattice points whose distance from the
boundary of A4 is greater or equal to p belong to hA. If we look at the distribution
of hA less than p distance away from the boundary of Ay 4, we see a regular repeating
pastern. Moreover, the cardinality of hA in the boundary region is [Fa(h,p) N Z2|
which is a linear function in k. We also know from Theorem 2.3 that AA is of the
order V5(A 4)h%. Thus, the cardinality of A in the boundary region is one less degree
in A than the cardinality of RA.

It is the author’s wish to continue with the research in the structure of hA and
hope to obtain a result similar to that of the Ehrhart’s polynomial in the general

case.
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