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Abstract
STUDIES IN THE STRUCTURE OF SUMSETS

by

SHU-PING SANDIE HAN 

A dvisor: P rofessor M elvyn B. N ath an son

Many studies have been done on the structure and the cardinality of sum of sets. 

In particular, let h be a positive integer, and let A be a finite subset of Zn. We 

are interested in hA,  the /i-fold sumset of A and its structure and cardinality for h 

sufficiently large. In this research, we are interested in extending some of the concepts

on h A  to hxA \  d +  hrA r , where A i, . . . ,  Ar are finite subsets of Zn and h \ , . . . , h r

are positive integers.

It was found by Nathanson that when A is a set of integers, the structure of the 

h-fold sumset of A consists of an interval of consecutive integers and the cardinality 

of h A  is a linear function of h. If we consider A to be a finite set of lattice points in 

Zn, Khovanskii has found a polytope in R n such th a t h A  contains all of the lattice 

points in the polytope. Khovanskii found the cardinality of hA  to be a function of 

hn.

The objective of this paper is three-fold. In Chapter 1, we let A i , . . . , A,, be finite 

subsets of integers, and let / i j , . . . ,  hr be positive integers. We are able to generalize 

N athanson’s theorem to a sum of sumsets h iA \  +  • • • -f hrA r and determ ine the 

structure  and estim ate the cardinality of h±A\ +  • • • +  hrA r for all sufficiently large 

integers h{.
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In C hapter 2, the author will present a modified proof of Khovanskii’s theorems 

concerning h A .  Furtherm ore, we let A i , . . . ,  A r be finite subsets of Zn, and h i , . . . ,  hr

be positive integers, we are able to generalize Khovanskii’s theorem  to h i A x-{ (-hrA r

and determ ine its structure for h, sufficiently large. We are also able to estim ate the 

cardinality of th e  linear form in the case of Z2.

In C hapter 3, we look at specifically the fine s tru c tu re  of the /i-fold sumset of a 

set A  in Z2. It is found that the distribution of h A  in the boundary region of the 

convex hull has a consistent regular pattern . To study  the  distribution of hA  in the 

boundary region of the convex hull of hA, we partition  th e  boundary region into many 

smaller regions and find tha t the distribution of h A  in each small boundary region is 

identical, the elem ents from one region and the elem ents from another region differ 

by a translation.
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Chapter 1 

The structure of sumsets in the 

case of the integers

1.1 In tro d u c tio n

Let A be a set of integers and let h be a positive integer, Nathanson had found th a t 

the /i-fold sumset of A  contains an interval of consecutive integers. In this chapter, 

we let A i , . . . ,  A r be sets of integers, and let . . . ,  hr be positive integers, we will 

explore the structure of h iA i  +  •• • 4 - hrA r which is the sum of sets of integers in a 

linear form.

In the first section of the chapter, we will go over some basic definitions and 

notations. In the second section of this chapter, we will look at the struc tu re  of the 

sum of arithm etic progressions in a linear form. Arithm etic progressions are special 

sets of integers. Its regularity makes it easy to  study the sum in the linear form . In 

the th ird  section of this chapter, we will look a t the structure of the sum of arb itra ry

1
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sets of integers in a  linear form. It is found that, ju st as in the case of h A , the  sum 

of sets of integers in the linear form also contains an interval of consecutive integers. 

Throughout this chapter, we will adopt the following definitions and notations. 

Let A be a finite arithm etic progression. This means th a t A is a set of integers of 

the form

A =  {a, a +  <5, a +  26, . . . ,  a +  (k  — 1 )£}

If a =  0, then  we say A is normalized. Let |A| denote th e  cardinality of A. Thus, for 

the set A m entioned above, |A| =  k.

Let A and B  be finite sets of integers. Then

A +  £  =  {a +  6 | a € A ,  6 €  B }

We denote

2A =  A -F A =  {ai +  a2 | a i , <12 €  A},

where a\ and a2 are not necessarily distinct. For every positive integer h, we can 

define the sum set h A  in a  sim ilar way:

h A  =  A +  • • • +  A =  {ai +  • ■ ’ +  | a,- 6  A, for i =  1, . . . ,  /1},
h times

where a i , . . . ,  are not necessarily distinct. Define h A  =  {0} for h =  0. Let 8 be a 

positive integer, define

5 • A  =  • a | a 6  A},

and if a0 is an integer, define

ao +  A =  {geo +  a. | a E A}.

R ep ro d u ced  with p erm issio n  o f  th e  cop yrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



3

Let A i , . . . ,  A r be finite sets of integers, and let h \ , . . . , h r be positive integers. 

Then the sumset h iA \  H +  hrAr is called a linear form  and

hi A i  -(-••- +  hrA r =  {ai +  - • • -+* &r | Qi €  h,Ai, for i =  1, . . . ,  r}.

Also, throughout this chapter, we will denote

[a, 6] =  {n 6  Z  | a <  n <  6}

(a, 6] =  {n €  Z  | a < n  <  6}

[a, 6) =  {n €  Z  \ a < n <  6}

(a, 6) =  {n €  Z  | a < n < 6}

1 .2  T h e  s tru ctu re  o f  th e  su m  o f  a r ith m e tic  p ro ­

g ressio n s

Let Ai, A2, . . . ,  A r be r arithm etic progressions. In this section, the structure and 

th e  cardinality of the sum of arithmetic progressions is determined. Furtherm ore, let 

h i,  h 2, . . . ,  hr be positive integers, the structure  of hi A \  +  h2A 2 +  • • • +  hrA r is also 

determ ined.

First, let us consider the normalized arithm etic progressions A and B  where A =  

{0, a, 2 a , l ) a }  and B  =  {0, 6 ,2 6 ,. . . ,  (I — 1)6}. If n  6  A +  B,  then there exist 

nonnegative integers i and j  such that 0 <  i  <  k — 1 and 0 <  j  <1 — 1 and n =  ia + jb .  

T he  following few lemmas prove some interesting properties of those integers n  th a t 

can be expressed as ia +  jb.
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L e m m a  1.1 Let a,h be positive integers with gcd(a,6) =  1 . Let n be an integer such 

that 0 <  n < ah, then n is uniquely represented by n =  ia + jb  where i 6  Z , and j  is 

an integer such that 0 <  j  <  a — 1.

Proof.

Since gcd(a, b) =  1, 3 x, y  E Z  such that n = xa + yb. Let m  be an integer such that 

0 <  y — ma < a — 1.

n  =  xa + yb — mab +  mab 

= (x  +  mb)a +  (y — ma)b 

=  ia +  jb

where i =  x  +  mb 6  Z,  and j  =  y — ma, 0 <  j  < a — 1.

For uniqueness: Let x  =  ia + jb, x' = i'a + j'b  and 0 < x , x '  < ab where i, i' €  Z, 

and 0 <  j ,  j 1 < a — 1. If i ^  i’ and j  ^  j 1, assume x  — x'

=>• ia + jb  =  i'a +  j 'b  

=► (i — i')a =  (j-/ — j)b

Since gcd (a ,6) =  1, equality occurs if i — i' =  tb and j '  —j  =  ta, for some nonnegative 

integer t. i — i' +  tb, and j 1 = j  + ta. Since j '  ^  j ,  so t ^  0. But then 

j '  =  j ' +  ta > a — 1, which is a contradiction. Thus x ^  x ' . □

L e m m a  1.2 Let k and I be positive integers such that k — 1 >  6 and I — 1 >  a. Let 

A  =  {0, a, 2 a , . . .  , (k  — l)a}  and B  =  {0, b, 2b, . . . , ( /  — 1)6}, gcd(a, 6) =  1. Without
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loss o f  generality, we can assume b >  a. Let

S  =  {n | n =  ia + jb, i, j  £  Z, i > 0, 0 <  j  < a — 1, 0 <  n < a 6}

S '  =  { n £ A Jr B \ Q < n <  ab}

Then S  = S '.

Proof.

Let n £  S ,  then n = ia +  jb  such that 0 <  n < ab and i > 0, 0 <  j  < a — 1. This 

implies th a t 0 <  j  < I — 1. We can also assume that i <  b < k  — 1, otherwise,

n  =  ia > ab. Thus, ia £  A,  and jb  £  B .  Therefore, n £  A  + B,  this implies that

5 C 5 ' .

On the o ther hand, We need to prove th a t S ' C S: Let n £ S', then n  =  i a + jb  for 

some nonnegative integers i , j .  Suppose j  >  a, then n =  ia + jb  > ab, contradicting 

the fact th a t n < ab. Thus, 0 <  j  <  a — 1. So n £  S  and S '  C S.  □

L em m a 1.3  Let A  =  {0, a, 2a , . . . , { k  — l)a}  and B  =  {0, b, 2b, . . . , ( /  — 1)6}. The

largest element less than ab and not in A  + B  is ab — b — a.

Proof.

From Lemma 1.1, an integer n, such th a t 0 <  n <  ab, has a  unique representation as 

n  =  ia + jb, where i , j  £  Z  and 0 <  j  < a — 1. By Lemma 1.2, the elem ents th a t are 

less than  ab and not in A  +  B  are exactly those n = ia + jb, where i <  0. To find 

the largest of such an element, we let i , j  be the largest it can be. We let i =  —1 and 

j  =  a — 1. Thus we have (a — 1)6 — a = ab — b — a as the largest element not in A  +  B  

and is less th an  ab. □
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R em ark  1 .1  Let c =  ab—a—6+1, then we have [c, ab) C A + B ,  since c—1 =  ab—a —b 

is the largest element less than ab that is not contained in A  + B .

L em m a 1 .4  Let U = {n \ n  =  ia + jb, i , j  £  Z, i >  0, 0 <  j  < a — 1, 0 <  n <

(a — 1)6 — a}, then \U\ =  (a — 1)(6 — l ) / 2 .

Proof.

Let

V  =  {n  | n =  ia + jb, i , j  £  Z, i <  0, 0 <  j  < a — 1, 0 <  n <  (a — 1)6 — a}

Define a function /  : U — > V  such that

f{ ia  + jb) =  - ( i + l)a  +  [(a -  1) — j]b

This function is well defined, one-to-one and onto since

f ~ \ i a + j b )  =  ~ ( i +  l)a  +  [(a -  1) -  j]b

Thus /  is an isomorphism. Therefore U = V  and \U\ =  \V\. Since U ft V  =  0 and

U  U V  =  [0, (a — 1)6 — a] we have

\U\ = [(a -  1)6 -  a +  l]/2  =  (a -  1)(6 -  l) /2 .

□

L em m a  1.5 Let A = {0, a, 2 a , . . . ,  (k  — l)a  =  a ’} and B  — { 0 , 6 , 2 6 , — 1)6 =

6*}, gcd(a, 6) =  1, k — 1 >  6, and I — 1 >  a. I f  n  is an integer such that ab < n <

a* +  6* — ab, then n £ A  + B .
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Proof.

Since gcd(a, 6) =  1, there exist integers x  and y  such tha t n = xa + yb. Let u' be the 

least nonnegative residue of x  mod 6, then

n  =  u'a mod b where 0 <  u! <  b — 1

Let v' be an integer such that

n  =  u'a +  v'b

So

v'b = n — u'a > n — (b — l)a  >  n — ab >  0

Thus v' > 0.

If n — {k — l)a  >  0, then let 1 be a nonnegative integer such that

v! +  tb < k — 1 <  u' +  {t + 1)6 ( 1-1)

If n — (fc — l)a  <  0, then let t be a nonnegative integer such that

0 <  n — [u' + tb) < ab (1-2)

Let u  =  u' +  tb and v =  v' — ta , then

n =  u'a -f v'b

= u'a +  tab +  v'b — tab 

= {u' +  tb)a +  {v' — ta)b 

= ua + vb

In the case of either equations (1.1) or (1.2), we have 0 <  u  <  k — 1, also

vb =  (y' — ta)b =  v'b — tab =  (n — u'a) — tab =  n — (u' + tb)a =  n — ua >  0
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Implying th a t v  >  0.

Furtherm ore, if n — (k — l)a  >  0, then

vb =  n  — ua

=  n  — (tb +  u')a

< (k  — l)a  + (I — 1)6 — ab — (tb +  u')a 

=  [(fc — 1) — (tb +  u ) \a  +  (/ — 1)6 — ab

< ba + (I — l)b — ab

=  (I  —  1)6

implying th a t v < I — 1.

On the o ther hand, if n — (k  — l)a  <  0, then

vb = n — (tb + u')a <  ab, =>• v < a < I — 1.

also implying th a t v < I — 1.

Thus, if n  is an integer such that ab < n < a“ + b~ — ab, then n = ua + vb where 

0 <  u <  k — 1 and 0 <  v <  / — 1. Hence, n  6  A  +  B .  □

R e m a r k  1.2  Lemma 1.5 implies that A  +  B  contains an interval o f consecutive in­

tegers. Specifically,

[a6, a* +  6* — a 6] C A  +  B

L em m a  1.6 Let A  =  {0, a, 2a, . . . ,  (k — l)a  =  a*} and B  = { 0 , 6 , 2 6 , — 1)6 =

6*}, gcd(a, 6) =  1. I f  x  G A + B, then a* +  6* — x  € A + B .
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Proof.

Let x  =  ia +  jb  E A  +  B  where 0 <  i <  k  — 1, 0 <  j  < I — 1. Then 

am + bm — x  =  (k — l)a  +  (/ — 1)6 — (ia +  jb)

= [(£ ~  1) ~  i\a +  [(/ -  1) -  j]b

=  i'a +  j 'b

where i' =  (k  — 1) — i, 0 <  i' < k — 1 and j '  = (I — 1) — j ,  0 <  j '  < I — 1. Thus 

a* +  6* -  x  e  A  + B.  □

T h e o re m  1.1 Let A  =  {0, a, 2 a , . . . ,  (k — l)a  =  a*} and B  =  { 0 ,6, * 2 6 , — 1)6 =  

6*}, gcd(a, 6) =  1, where k — 1 >  b, and I — 1 >  a. Then

A + 6  =  C U [c ,a ‘ +  6’ - c ] U a *  +  6’ - C  (1.3)

where c =  (a — 1)(6 — 1) and C  C [0, c — 2]. Moreover,

\A +  B\ =  a +  6* — ab -f a +  6 or ka + lb — ab (1-4)

Proof.

Lemma 1.5 indicates that [a6, a* +  6* — a 6] C A + B. If we let c =  ab — a — 6 +  1 =

(a — 1)(6— 1), Lemma 1.3 further indicates tha t [c,a6) C A + B .  By Lemma 1.6, the

sym m etry of arithm etic progressions and their sum, we have, (a”‘4-6’“ — a 6, am+ b '—c] C 

A  + B .  Let C = {n \ n = ia + jb, i > 0, 0 <  j  < a — 1, 0 <  n < (a — 1)6 — a}.

Since (a — 1)6 — a ^  U, C  =  U, and C  =  [0, c — 2] D {A + B ) .  By symm etry,

a* +  6* — C  C A  + B. P u t all these together, we have the struc tu re

A  +  B  = C  U [c, a '  +  6'  -  c] U a* +  6* -  C.
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Since \C\ — (a — 1)(6 — l ) /2  and |[c, a* +  6* — c]| =  a* +  6“ — 2c +  1, we have the 

cardinality:

\A + B\ =  a* +  6 * - 2 c + l + 2 ( ( a - l ) ( 6 - l ) / 2 )

=  am + b m — 2(a — 1)(6 — 1) +  1 +  (a — 1)(6 — 1)

=  a ~F 6 — (a — 1)(6 — 1) ~t" 1 

=  am + bm — ab + a + b 

or \A + B\ = (k — l)a +  (I — 1)6 — ab + a + b = ka + lb — ab

□

C o ro lla ry  1.1  Let A  = {0, a, 2 a , , (k — l )a  =  a*} and B  =  {0, 6, 2 6 , — 1)6 =  

6*}, g cd (a ,6) =  1. Let hi and h2 be positive integers such that h \ ( k  — 1) > 6  and 

h 2{l — 1) >  a, then

hi A  + h2B  =  Cu[c, h ia “ + h2b“ — c] U hia~ + h2b“ — C  

\h iA  +  h2B\ =  hiam + h2bm — ab + a + b

where c =  (a — 1)(6 — 1) and C  C [0, c — 2].

Proof.

Note th a t h iA  and h2B  are also arithm etic progressions where

h iA  =  {0, a, 2a , . . . ,  h iam} =  {0 , a, 2a , . . . ,  h x{k — l)a}  

h 2B  =  { 0 ,6 ,2 6 ,...,  626“} =  { 0 ,6 ,2 6 ,... ,h 2(l — 1)6}
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Apply the sets h \A  and h2B  to Theorem 1.1 by using h ia “ and h2a~ in equations 

(1.3) and (1.4) instead of a* and 6*, we have the result:

h \A  “b h2B  =  C  U [c, h\d  4- h2bm — c] U hia  4~ h2b — C

\hiA  + h2B\ =  hia* + h2bm — ab + a + b

where c =  (a — 1)(6 — 1) and C  C [0, c — 2]. □

R e m a r k  1 .3  For h i , h 2 sufficiently large, \hiA  +  h 2B\ =  h^a“ +  h2bm — p is a first

degree function in hi and h2 with a constant term p =  ab — a — b.

Let A i , . . . ,  A r be r  arithm etic progressions, such th a t

A{ = {a{,ai +  5i,a{+ 2 5 , , . . .  ,a { + (ki — l)5i}  for z' =  l , . . . , r  

If g cd (^ i,. . . ,  8r) =  8 ^  1, we can normalize A \ , . . . ,  A r in the following way:

4 " ’ =  =  {o, 4  K  . . . ,  ( h  -  I K '} ,  where =  *,•/*

Thus, gcd(£'-, . . . ,5 'r) =  1. Then

L A ( N )  _  h / A i  —  h / a i

* ~  s

or

h{Ai =  hia/ +  8 • h/A\N^

Therefore,

h \A \  +  • • • +  hrA r =  b’idi +  5 • h ,A\ ^
t=i «=i

Thus, it suffices to study the structure of the normalized sets. [4]
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L em m a 1 .7  Let A \ , . . . ,  A r be r normalized arithmetic progressions such that

Ai =  {0, a , - , 2 a , — l)a,- =  a ’} /o r  (1.5)

I f  x  £  Ai -b • • • -b A r, then a  ̂ -b ■ ■ * ~b a* — x £  A^ -b • • • -b Ar .

Proof.

If x €  Ai -I b Ar , then x =  n \a x H b n r ar for some n,- such th a t 0 <  n,- <  A,- — 1.

Then

<*1 +  * • • +  nr — x  =  ( -̂i — l ) a i “b ■ ■ • "b (hr — l)nr — (^iAi ~b • * • +  n rar)

=  (fcx — 1 — n x)ai H b (A:r — 1 — n r)ar

=  n\a i  H b n'Tar

where n\ =  fc,- — 1 — n,- and 0 <  n\ <  k{ — 1. Thus, a^ H b a ” — x 6  A\ H b Ar . □

C orollary  1.2 Let A i , . . . , A r be r normalized arithmetic progressions defined in 

equation (1-5). Let h \ , . . . , h r be positive integers, then i f  x  £  h \A \  -b ••• +  hr A r, 

then h\CL̂  ~b • • ■ *b hra* — x £ h \A \  -b • • • ~b hrA r .

Proof.

Note th a t for i  =  1 , . . . ,  r,

h{A{ =  {0 , a,-, 2a,-,. . . ,  A,-(&,- — l)a,- =  A,-a* }

is an arithm etic  progression. Thus, using the result of Lemma 1.7, we have h \a \  +

• • • -b hra* — x £  h \A \  -b • • ■ *b hrA r. Cl

We call this property the sym m etry property of the arithm etic  progression.
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T h e o re m  1.2  Let Ax, A 2 , . . . ,  A r be r arithmetic progressions such that

Ai  =  {0 , a,-, 2a,-,. . . ,  (fct- — l)a t- =  a '}  /o r  eac/i i =  0 , 1, . . . ,  r

where gcd(ax, 02, . . . ,  ar) =  1 . For all k{ sufficiently large, there exists a nonnegative

integer c, and a set C  C [0,c — 2] such that

A i  -f- A 2  ~F • • • +  A r — C  U [c, +  -••-(- a* — c] U aj +  • • • +  a* — C

and

\Ai H h A r | =  a\ +  • • • +  a“ — p

fo r  some constant p independent of k{.

Proof. Define

m i =  +  • • • +  a*

Prove by induction: When r  =  2, Theorem 1.1 shows th a t there exists an integer c 

and a set C  C [0, c — 2] such that

Ai  T  A 2 = C  U [c, a^ (I2 — c] U dj (Z2 — C

=  C  U [c, m 2 — c] U m 2 — C

and

\Ai + A 2\ =  a i +  03 — a i fl2 +  +  Q2 =  m 2 — p

where p =  a xa2 — ai — a2.

Assume true  for r  — 1. For i — 1 , . . . ,  r  — 1, let c,- denote the smallest integer >  0

such th a t [c,-, m t- — c,] C A x +  • • • +  A,-, then c,- — 1 ^ Ax +  • • • +  A,-. Also note that
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since 0 £  At- for each i  =  1 , . . . ,  r ,  A x A • • • A A  y C Ai  A - • • A,- for all j  < i. T hus

Cj > C{ and [cy, m.j — cy] C [c,-, m t- — c,-] for all j  < i. Therefore,

0 <  Cr-i <  c,—2 <  • • • <  c2 =  a ia 2 — — a2 A 1-

Also denote C,- =  (Ai A • • • A Ay) fl [0,c,- — 2]. Thus by the inductive assum ption,

A i   + A r- l = C r - 1 U [c ,-! ,™ ,.!  -  Cr.x] U {mr- X — Cr- l)  ■

We want to show the same structure for sum of r sets:

Ai A - • • A Ar_j A Ar 

=  (C ,—1 U -  Cr-x] U ( m r . j - C r - i ) )  A Ar

=  (Cr- i  +  Ar) U ([c,—i , m r- i  — cv_i] A Ar ) U ((mr_i — C,—i) +  Ar ) (1.6)

Let us first consider

k r - i

[Cr_i, 772r _ i  Cr—i] T  Ar — (̂ ] [cV—j , 772,—  j Cr— I ] A ,7 ̂ r (  ̂  • 7 )
j = 0

If k{ is sufficiently large, a* will be sufficiently large so that for j  =  0 , 1 , . . . ,  A:r — 1,

m r_! — < ^ .- .1  + j a r > cr_ 1 A (j A l ) a r 

Then the intervals on the right hand side of equation (1.7) will overlap, therefore,

[Cr—l , 772,—  i  Cr—i] A A r —  [c,—  i , 772,—  1 c,—  y A or]

=  [Cr_i, 771 r C,— y]

Let us now consider the other sets in equation (1.6). Since Cr_i C [0, cv.x — 2], we 

have

C,—i A Ar C [0, a '  A Cr-i — 2]
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also

(m r_! — Cr- i )  + A r C [mr_t — Cr_i +  2, m r_! +  a ”]

-  m r -  [0 , a“ +  Cr- ! -  2]

By Corollary 1.2, the sum  of arithm etic progressions is sym m etric, thus we only need 

to  study Cr~i +  A r.

Define to be the sm allest integer >  0 such th a t [<v, m r — cv] C Ai +  • • • +  A r. 

Note th a t 0 <  <v <  Cr-i <  • • • <  Ci and <v — 1 ^  A\  +  • • • +  A r otherwise cv — 1 is 

the smallest integer such th a t [<v — 1, m r — Cr +  1] C A \  +  • - • +  A r contradicting our 

assum ption of Cr.

We will examine the elem ents of Cr- i  +  A r in three disjoint intervals:

Cr- 1 + Ar  =  (Cp—X +  A r) fl [0 , Cr ~  2] ( J

(C r-i 4- -Ar) n  [Cr, Cr-l]

(Cr—1 +  A r) fl [Cr_x +  1, u* +  Cr_i — 2]

Claim

(C r-l +  A r) n  [Cr, Cr_l] =  [Cr, Cr-l] C Ai  +  - • • +  A r

Otherwise we have an elem ent, say d, such th a t 0 < Cr < d < Cr_i and d is the smallest

integer >  0 th a t satisfies [d ,m r —d\ C AxA (-Ar , thus im plying^—1 ^  At H (-Ar .

But Cr <  d — 1, contradicting the fact that cv is the smallest integer th a t satisfies 

[cr, m r — Cr] C Ax +  • • • +  Ar . Also

(Cr_x +  Ar) n  [Cr-l +  1, a “ +Cr_x -  2] C [Cr_x, m r -  Cr_x]
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Thus, we have

A i  +  • ■ • +  A r  =  ( C r - l  +  A r )  [J([Cr_i, m P_ !  —  C r - i ]  +  A r )  —  C r - l )  +  A r }

=  {(Cr_i +  A r )  n [0, Cr -  2]} (J[cv, cr_x] (Jfcv-!, m r -  c,—1_]

(J[mr -  Cr-U m r -  tv] (J {mr -  {(Cr_i +  Ar ) n [0, tv -  2]}}

=  C r  [ t V  i T f l r  C r \  VTlr  C r  

— Cr l^J[tv5 tix +  • • • +  ar — tv] (̂ J aj +  • • • +  hra '  — Cr

where Cr =  (C r_i +  A r) H [0,tv — 2]. Let C  =  Cr and c =  tv, we then have proven

the theorem . Furtherm ore,

I A\ +  • • • +  A r | =  m r — p

=  \Cr | +  +  • • • +  a* — 2tv +  1 +  | Cr |

=  a\ -\--------1- a '  — p

where p =  2tv — 1 — 2 |Cr | is a constant independent of k{. □

C o ro lla ry  1 .3  Let Ai, A2, . . . ,  Ar be r arithmetic progressions such that

A{ = {0 , a,-, 2a,-, — l)a,- =  a*} fo r  each i =  0 , 1, . . . ,  r

where gcd(tzi, <Z2, . . . ,  tzr ) =  1. For all hi sufficiently large, there exists a nonnegative 

integer c, and a set C C [ 0 , c - 2 ]  such that

h \A \  -(- h*iA2  “f* hrA r — C  U [c, h\a-y -f- • • • -(- hra* — c] U h \a j -f- • • • -f- hrar — C
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and

+  • • • +  hrA r | =  hia \  +  • • • +  hra~ — p 

fo r  some constant p independent o f  hi.

Proof.

N ote th a t for i =  1 , . . .  , r ,  each is an arithm etic progression where

h{A{ =  {0, a, 2 a , . . . ,  h,-(A;t- — 1) =  h,a*}

For h{ sufficiently large, we can apply Theorem 1.2 to h t-Ax-, so there exist integers 

c and the set C  C [0, c — 2] such th a t

hi A i + • • • + hrA r = C  U [c, hia\ H -f h,-a“ — c] U hia \  H +  hra“ — C

\h\A\  +  • • • +  hrA r | =  h\a \  +  • • • +  hr a* — p

where p =  2c — 1 — 2 |Cr | which is a constant independent of h. □

In conclusion of this section, because of the symmetry in the sum of arithm etic 

progressions, for h 's  sufficiently large, the cardinality of the sum of the arithm etic 

progressions in a linear form is a linear function in h i , . . . ,  hr. Its structure consists of 

C  and J2 ^ iai ~  C, and an interval of consecutive integers. The set C  is contained in

a finite set and the cardinality of C  does not change as hx, . . . ,  hr grows into infinity.
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1.3 T h e  s tru ctu re  o f  th e  su m  o f  f in ite  s e ts  o f  in te ­

gers in  a lin ear  form

Let A i , . . . ,  Ar be any arbitrary finite sets of integers, let h i , . . . ,  hr be positive inte­

gers. In this section, the structure of hxA \  4 - • • • -f hrA r is determ ined for h i , . . . ,  hr 

sufficiently large. Nathanson had determ ined its structure for r  =  1 and had shown 

th a t h A  contains an interval of consecutive integers and th a t the  cardinality of h.A 

is a  linear function of h. The result can be generalized to the sum  of r  finite sets of 

integers in a linear form.

An arb itrary  finite set A  of integers is called ” normalized” if it consists of 0 and a 

nonem pty set of relatively prim e positive integers. If A is a finite set of integers with 

|A | >  2, we can normalize A as follows. Let a0 be the least elem ent of A, and let 5 

be the greatest common divisor of the positive integers of the form a — a0 for a E A. 

The normalized form of A is the set

Then

A =  a0 +  S ■ A(iV)

Let h be a positive integer, then

h A  = ha0 + 6 • /iA(JV)

T h e o re m  1.3 (Nathanson)

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow ner. Further reproduction  prohibited w ithout p erm issio n .



19

Let k  >  2 and let A  =  {ao, a i , . . . ,  a/t-i} be a finite set o f integers such that

0 =  a0 <  a x <  • • • <  a k - i

and g c d (a i , . . .  ,afc_i) =  1. Then there exist integers c and d and sets C  C [0,c — 2] 

and D  C  [0, d — 2] such that

h A  =  C  U [c, hak-i  — d] U (hak-1 — D ) 

fo r  all h > m ax{  1, (k  — 2 )(aJt_i — l)a;t_ i). [6]

N athanson’s Theorem  has shown that hA  contains a set C, an interval of consec­

utive integers, and the set hak-i — D  which is a translation of set D. T he cardinality 

of sets C  and D are constants independent of h, because, as h grows to infinity, sets 

C  and D rem ain the  same. Therefore, the cardinality of h A  depends on th e  num ber 

of integers in the interval [c, hak-i — d\ which depends on h. Hence, we have a  linear 

function in h for the  cardinality of hA.

We say th a t the  system of sets Ax, . . . ,  A r is normalized, if each A,- is a finite set 

of nonnegative integers, if 0 G A,- for i =  1 , . . .  , r ,  and if U{=i A.t-\{0} is a  nonem pty 

set of relatively prim e positive integers.

Let A i , . . . , A r be arbitrary  nonempty finite sets of integers such th a t  |A,-| >  2 

for all i. We shall normalize this system of sets as follows. Let a,to be th e  smallest 

elem ent in A,-. Let 5 be the greatest common divisor of the integers in th e  set

r

U  j  ®t,o | O]i,j G At'}. 
i=i
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Let

4 " ,  =  I e  a , }  .

The system of sets A ^ , . . . ,  A ^  is normalized, and

A,- =  at\o +  & • A \   ̂

for all i =  1 , . . . , r. For any positive integers h i , . . . ,  h r, we have

Y .  /i, A,- =  / /ijOi.ol +  & • ^  hiA jN^
«'=! I i=l ) i= 1

To study the sum of arbitrary finite sets of integers in a linear form, it suffices to 

s tudy the sum of a normalized system of finite sets of integers. [4]

Let A be a set of nonnegative integers that contains 0. Let gcd(A) denote the 

greatest common divisor of the elements of A. Let

a” =  max(A)

We define the reflected set

A =  a ' — A  =  {a* — a | a (E A}

The A is also a set of nonnegative integers that contains 0, and

max(A) =  max(A) =  a" 

gcd(A) =  gcd(A)

and

A — A
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For any positive integer h, we have 0 6  h A , and

max(/iA) =  ha“.

and so

h A  =  | x j ( a “ -  ay) | ay 6  A

f h= ha" — < ^3  ay | ay 6  A 

=  ha“ — hA  

=  hA.

L e m m a  1 .8  Let Ax , . . . ,  A r be a normalized system o f finite sets o f  integers, and let 

a“ =  max(A,) for  i =  1 , . . . ,  r. The reflected sets A i , . . . ,  A r also fo rm  a normalized 

system. For any integer x,
r

x  €  )  ] h{A{
i=i

i f  and only if
r  r

^  ̂h{ai i  G )   ̂h{Ai. 
i= 1 «= 1

[4]

Proof.

For i =  1 , . . . ,  r , let £,• =  gcd(A,). If the system A i , . . . ,  Ar is normalized, then

1 = g c d  j j M { 0 ) )  = ( < ? ! , - . ,  Sr).

Since, gcd(A,-) =  gcd(A t) =  it follows that

gcd ^ | J  A ,\{0}^ =  (<5x,. . . ,  Sr) =  1.
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and so the system  A j , . . . ,  A r is also normalized.

If
r  r

x £  ̂  ̂hjAj — hiAi),
i=1 « = i

then there exist integers 6,- 6  /i, At- such that

r

X =  XX/i,-<  -  6,-),
« = i

and so

X > a * - x  =  £ >  €  X A t-At,
t = i  i = i  i = i

Conversely, if
r  r

X ̂ «G* - x e X A*A-
t = i  i = i

then there exist integers 6,- 6  /i,A,- such that

X hial -  x  =  X &i
i = i  t = i

bu t then  we have

* = X hiai e  Y1  ̂ *'a" ~  h<A i 
1 = 1  1 = 1  : = 1  1 = 1

B ut

=  jZ i.h iai - h iA i) =  X A .X - =  X M ,  
1 = 1  1 = 1  1 = 1  1 = 1  1 = 1

Thus, we have z  6  Z!i=i D

T h e o re m  1 .4  Let A x , . . . , A r  6e a normalized system o f  finite sets o f integers. Let 

a" =  m ax(A,) fo r  i  =  1, . . . ,  r. There exist integers c and d and finite sets

C  C [0,c -  2] and D C [ 0 , d - 2 ]
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and there exist integers h \ , . . . ,  h* such that, i f  hi > hf fo r  all i = 1, . . . ,  r, then

c, 'y ’ h{ai d
»=i

u .
u'=l

Moreover, there exists a nonnegative integer p independent o f h such that

|/ii Ai  +  • • • +  hrAr | — ^2 h{a“ — p
1=1

Proof.

For i =  1, . . . ,  r, let

where ki =  |A,-|, and

For i =  1 , . . . ,  r, let

=  gcd(at-, x , . . . ,  aitki)

Since Ui=i ^ i\{ 0 }  *s a nonem pty set of relatively prime positive integers, it follows 

th a t gcd(£i , . . .  ,Sr) =  1. Let

A'i — | a ij  £  A , |  ,

then

Ai =  Si-A'i 

hiAi =  S{ • hiA'{

we have gcd(AJ) =  1. Let

m ax(A ') — =  =O'i —1
Si Si

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm ission .



Applying Theorem 1.3 to each of the set A'-, we have for hi sufficiently large that there 

exist integers c,- and d,- and sets Ci and £\- such that Ct- C [0, c,-—2] and D{ C [0, d ,—2],

h,A ' =  Ci u [a, hib\r -  di\ u (htb- -  Di).

Then

Si ■ hiA'{ — Si - Ci U Si - [a, hibl — di] U Si ■ — A )

=  £,• • Ci U (Sid +  Si ■ [0, hib" — Ci — d,-]) U (Sih{b* — • A )

=  Si ■ Ci U (Sid +  Si • [0, hib~ -  Ci — d,]) U (dta* — S, ■ Di)

Note th a t for i =  1, . . . ,  r , gcd(£i, =  1, so we have th a t S{ ■ [0 , d,-6” — ct- — dx-j is

a system  of arithm etic progressions in the normalized form. Thus, by Theorem 1.2 , 

we have for all hi > h], h'{ sufficiently large, there exists a nonnegative integer c' and 

a set C' C [0, d  — 2] such that

i=l
5 3  S i ' [°> hib’i — ct — di]

i

=  C' u [d, £  Si (hib- - a -  d i ) - d ] u £  Si (hib: - C i - d i ) -  C'
1 = 1  1 = 1

=  C' U [c, 53  (hid’ -  Sid — Sidi) -  d] U 53  (hia’i — Sid — Sidi) — C'
i = l 1 = 1

Thus, we have

53  (Sid + S • [0, hib: - d ~  di]) =  53  Sid +
i=i i=i

c', 53 ~  SiCi -  Sidi — c'
t=l

c' +  53 S{di 53 SiCi +  ~  ^  ~~ Sidi) -  £
1=1 1=1 1=1

= [c + 53 ‘fo'i Y K hiai -  Sidi) -  c]
1=1 1=1

C hi Ax +  • • • +  hrAr
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Let c and d be the nonnegative integers with the property th a t [c, J2 hia 1 — d] is 

the  largest interval of integers contained in hi Ai  H +  hrA r. This implies that

c - l £ £  hiAi

and

We see th a t

0 <  c <  c' -f ^  S{Ci
i=i

r

0 < d <  c' + ^  6{di
»=i

thus, c and d are bounded and are constants independent of Let

C  =  [0,c — 2] n  {h iA i  +  • • • +  hrA r)

D — [0, d — 2] D h{Q{ — h iA i + • • • + hrA ^ j

Then

hi A i  H +  hrA r =  C ( J [ c , ^  hid* — d] U ^  h ,a ” — D
t=i

We need to show that C  and D are independent of h{. Let a,-to =  rnin(At-\{0}), let

b{ G hiAi\(h{ — 1)A,-, then for all hi >  c,

^ 6,- >  ^  hidifl > c  => ^ b i £ C  
t=i t=i i=x

This implies th a t result from the sum of /i,-A,-\(/it- — l)A t- does not show up in the set

C.  Thus, C  is stabilized. Let pi =  |Cj, then p x is independent of hi.

Similarly, let

a,“o =  m in(A ,\{0}) =  m in(a“ — a,- | a,- G A ,\{0})
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And let

Then for all hi >  d,

bi €  h{Ai\(hi  -  1)A,-

53  b{ > 53  h e llo >  d
t'=i i'=i

This implies th a t £ D , by Lemma 1.8, this implies £Z bi £ YLhia‘ — D. This

means new result from the sum of hiAi does not show up in D, hence, in £Z h{a~ — D.

Thus we say D  is stabilized. Let p2 =  \D\, then p2 is independent of /i,-.

I t follows th a t for all nonnegative integers h i , . . .  ,h r, such tha t if

hi > h^ =  max{A'-, c, d},

then there exist sets C C [ 0 , c - 2 ]  and D C [0, d — 2] such tha t

h \A \  +  • • • H- hrA r — C U c, 53 hia'i -  d
i ' = i

U ( 53  b-ia' -  D
w=i

Furtherm ore, we conclude

\h iA i  +  • • • +  hrA r | =  pi +  53  biai — c — d + l + p 2
i ' = i

=  E  bia1 -  P
i=i

where p = c +  d — p x — p2 — \  which is a constant independent of h. □

In conclusion, if we consider the sum of arbitrary  finite sets of integers in a linear 

form , for h^s sufficiently large, the structure consists of an interval of consecutive 

integers depending on the Its cardinality is a linear function in h i , . . . ,  hr.
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Chapter 2 

The structure of sumsets in the 

case of the lattice points

2.1  In tro d u ctio n

One of the  conclusions of Chapter One is that if A  is a finite set of integers, hA  

consists of an interval of consecutive integers and the cardinality of hA  is a linear 

function of h. In this chapter, we consider a finite set, A, of lattice points in Zn. 

Khovanskii was able to find a polytope such that h A  contains all of the lattice points 

in the  polytope. Khovanskii called this polytope A (/i, C). The cardinality of h A  is 

bounded by the cardinality of A  hA O Zn and A (h, C ) D Z” which is a function of hn.

In the first section of this chapter, we will go over the notations used throughout 

the chapter. In the second section of the chapter, the author will present Ivhovanskii’s 

theorem s concerning the sets h • A ^, A (h ,C ),  and h A , with proofs provided by the 

au thor. In the last section of this chapter, the author will generalize Khovanskii’s

27
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theorems to sets in the linear form, h iA i  +  • • • +  hrA r where A t , . . . ,  A r are subsets 

of Zn, and h i , . . . , h r are positive integers. The author will estim ate the cardinality 

of h iA i  H b hrA r for A,- the subsets of Z2.

Let A be a finite subset of Z” , Z” C R n. Denote the convex hull of A by A a . 

Throughout most of the paper, we assume that A contains the origin. Since otherwise 

we may consider the shifted set A — a, where a G A. Let A =  where k  =  |A|

is the cardinality of A. Thus, we define A a for A th a t contains the  origin to be

A,a =  ^ ^-n I a i ^ -̂5 A« ^ 0 <  A,-<  1, A <  l |

Let h be a positive integer, we define h times the convex hull of A as:

h -  A a = {hy  6  R n | 7  € A a }
L e m m a  2.1

h ■ A a  =  A*a* I a* ^  A« ^  A* — A* —

Proof.

Let x £  h • A a such th a t x  =  /17 where 7  G A a- But by definition of A a , if we let 

a,- G A, then 7  =  J2 A,-af for some A,- G R , and H  A,- <  1. Therefore,

x = h j  = h A,a:- =  /iA.a,- where ^  hX{ =  /i ^  A,- <  h

On the other hand, let x  G h • A a such tha t x  =  XI A,-a,- where a t- G A and XI A, <  h.

Let S{ =  then

x  =  X ) A«a ‘' =  (x) a ‘‘

=  h Y l  f a t
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where

E * _ E £ .

thus, if let 7 =  $iai then 7 €  A a and x = h'y. □

We define the h-fold sumset of convex hull of A as

h& A  =  {71 H f  l h  I 7t 6 A ^ }

L e m m a  2.2 /i • A a =  /iA a-

Proof.

Let x  6  h • A a  such th a t x =  /17 for some 7  (E A a- Note that

x  =  /i7  =  7  +  • • • +  7
' -------------------V-------------------'

h times

Thus x €  /iA a-

Conversely, let x €  ̂ A a , such that x =  71 +  • • • +  7/1 where 7 ,- € A,-. For

i =  1 , . . . ,  h, let 7; =  Aijdj, where a,- 6  A  and J2j A,7 <  1. Then

— ”Yi d* * * * d- 7/1 — }  ! A i j d j  -I- • • • -f- }  '  X^j dj

Let

=  Aii d- — d-

Then

x = 53 5i a j where 13 Si  = E  13 A0 ^ A
t=i :

Thus, x  E h • A a- E

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithou t p erm issio n .



3 0

We also define the /i-fold sumset of the finite subset A of Zn as

hA  =  {ai +  • • • -j- o-h | ai S A}

=  hidi | a t- E A, h{ E Z, hi > 0, ^  hi <

Denote by A  hA to be the convex hull of the set hA ,  defined by:

A  ha =  { J 2  6  R n | b{ E hA,  A, e  R , 0 <  A,- <  1, £  Af <  l}

L e m m a  2 .3  h ■ A  a =  /*Aa =  A hA-

Proof.

The first p a rt of the equality is proven by Lemma 2.2. It remains to  show that

h • A  a  =  A  hA- Let x  E h ■ A  a, then from the definition,

x  =  ^ 2  A,a,-, where ai E A, A,- 6  R , A, >  0, ^  A, <  h.

Let

<£,• =  —— and 6,- =  ha,-
h

Then

x =  5^At-at- =  (6a,-) =  51  ^

But bi E h A  and Si > 0. Moreover,

Z 4 -

Thus, x  E A  ha, implying that h • A a C A^a-

Conversely, let |A| =  k and \hA\ =  k ' . And if x E A ka-, then

k'
x  =  A,-6,- where 6,- € 6A, A,- 6  R , A,- >  0, ^  A, <  1.

i=i
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Since € hA, for i  =  1, . . . ,  k ', there are integers h a , . . . ,  such tha t

k
bi =  hua i  +  b hikCLk, where <  h

3 =  1

Then

Let

k ‘ w  (  k  \  k  k '

x  =  53  A*'6‘ =  £  A« £  hHa3 I =  J 2 Y 1  K h ijaj
t = i  i = i  \ j = i  /  j —i  i = i

k'

— 'y ^ ih ij, 
1 = 1

for j  =  1, . . . ,  k. Then

where

k k  k ’

E * i  =  E E  M u
j  =  1 j = l  1=1

kf k
=  t A. - S > ;

«=i i=i 
k’

< *52 k h  
1 = 1

k'

=  » E * . '
t=i

<  /»• 1

=  h

Let A i , . . . ,  Ar be finite subsets of Zre, Z" C R n, and A  a , , • • •, A at be their convex 

hulls, respectively. Let h i , . . . ,  hr be positive integers, then

hi&Ai +•■■•+• hr Aa,. =  A  hiAi +  • • • +  A/,ri4r

= {7i+-- -  +  7 r e R r*l7. € A fc|Ai}
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and the  sum of Ax, . . . ,  Ar in the linear form is

h iA i  + - ’ - + hrA r =  {au +  • • - +  Gv E Zn | a,- E h,At-}.

If for i =  1 , . . . ,  r ,

Ai =  {aij}j'=l and 0 E A { 

where k{ =  |A,-| is the cardinality of A,-, then

h i ^ A i  +  —  +  hr Aa,.

{ r  h i  k ,  'j

Y Z  Y .  AtJa<:,' E Rn I a,-,- E A,-, AtJ- E R, A{j >  0 , and Y Z  <  h t f (2-1)

«=i i= i j=i J

and the sum of Ax, . . . ,  Ar in the linear form is 

hi Ax +  • • - +  hrA r

{ r  k i  k ,  ' j

YlYZhijO-ij | a,i E A,-, /iij E Z, hij > 0, and YZ h‘j ^  ^  ( (2-2)

i=i j—i j=i J

Throughout m ost of the chapter, we will assume that A, contains the origin, thus 

we will work m ostly with definitions (2 . 1) and (2 .2).

Let x  and y  be two points in R " , let d is t(x ,y )  =  \x — y\ denote th e  distance 

between x  and y. Let X  and Y  be two finite subsets of R n. Define th e  distance 

between and sets to be

d i s t ( X ,Y )  =  min d is t(x ,y )  
yeY

Similarly, we define the distance between a point x  E Rn and the set Y  C Rn to be

d i s t ( x ,Y ) =  m m d is t(x ,  y) 
y€ Y

Also let d X  denote the boundary of the set X .  Throughout the paper, we will make 

num erous references to d A w h i c h  will mean the boundary of the convex hull of hA.
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Also throughout the paper we will make references to polytopes. Here, a polytope 

is the convex hull of a finite subset of R n. By lattice poly tope we mean a poly tope 

whose vertices are lattice points of R n.

2 .2  T h e  s tr u c tu r e  o f  th e  /i-fold su m se t  o f  a  f in ite  

se t  in  Zra

Let A be a finite subset of Z71, Zn C R n. Let h be a positive integer. Khovanskii 

had shown that for large h, if A generates Zn, then the cardinality of h A  is of order 

Vn(A A )h n, where V ^ A a ) is the volume of the convex hull of A in R n. The author 

will present Khovanskii’s theorems in this section. See [5].

Let A be a finite subset of Zn containing the origin, such th a t the subgroup 

generated by the elements of A coincides with the group Zn. Let |A| =  k  be the 

cardinality of A. Let AT be a subset of lattice points in Z” defined in the following 

way:

X  =  {x  E Zn | x  =  ^ 2  A,-a,-, 0 <  A,- <  1, a{ E A}

L e m m a  2 .4  X  is finite.

Proof.

If x  6  X ,  then x  =  £)At-a,- such th a t 0 <  A,- <  1, where a,- E A. This implies

lx l = i=i

<
t=i
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There are finitely many lattice points whose distance from the origin is bounded by 

fcmax|a,-|, thus, X  is finite. □

For every x  £  X ,  we fix a representation of the form x  =  ^2pi(x)a.i, where 

P i ( x ) £  Z. Such a representation exists because the elements a,- £  A  generate the 

group Zn. Define
k

c  =
»=i

Next, we will define a  polytope, A (/i,C ), which is a subset of &hA'-

A (h, C) =  ( 5 3  6  R n | a,- €  A, A,- € R , A, >  C, £  A,- <  h -  c | . (2.3)
lt=i 1=1 J

We note th a t for h sufficiently large, A (/i, C) ^  0.

T h e o re m  2 .1  A be a finite subset o f  Zn containing the origin. Let the group 

Z n(A) generated by the elements of A  coincide with Zn . Then every lattice point o f  

the polytope L±.(h,C) belongs to the sumset hA.

Proof.

Let |A| =  k. Let z  be an arbitrary lattice point of A (h ,C ) ,  then z  =  YLi= 1 Aia t for 

some A,- £  R , Af >  C  and £,-=i A,- <  h -  C.

Let [At-] denote the greatest integer less than or equal to A,- and let {A,} =  At- — [A,]. 

Then

k
z = A*a«'

i=l
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— ([A*'l +  {^>}a «)
t=l

=  0 A«'K' +  H ( Ai K  
1 = 1  1 = 1

Since z  is a lattice point and Hf=1[At-]a,- is a  lattice point, thus H^=1{A,}at- is a lattice 

point. Furtherm ore, 0 < {A,-} < 1. If we let x  =  Z)f=1{Ax-}a,-, vve have x  E X .  Then 

x  has a  representation of the form x  =  Yli=i P i { x ) a i i  where P i { x )  £  Z. Therefore,

k

z  =  5I)[A,-]at- + x  
1 = 1

k

= S [ A«']a *' +  i r P ‘(x )a *'
i=i

k

— ^  ] Tlj'flj"
t=l

where n,- =  [A,] +p , ( x ) .

Since the set A  contains the origin, the sum set h A  consists of the points of the 

form J2i=i n x\&i, where a,- €  A, rii 6  Z, n,- >  0, and <  h. We need to show

th a t z  6  hA.

For each z, we note that [A,] >  A,- — 1 >  C — 1. Since C  is an integer, this implies 

th a t [At] >  C . Hence,

ni =  [A,-] +  pi(x) > C  +  pi(x)  >  0

Also,

k k
=  E l A«l +  M X)

t=l i=l

=  £ [ A<] +  ]C  ?•■(*)
i=i 1=1
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^  S A*'+ S lP * '(a:)i
i=l i=1

<  h - C + C  

=  h

Thus, z  belongs to hA .  □

Let us index the  elements of A:

A  — j * — 1 , . . . ,  Ar

so th a t a i , . . . ,  ar are the  vertices of the convex hull of A. The elements ar+1, . . . ,  a^ 

are those elem ents of A  th a t are in the interior of the convex hull of A.

Denote by d&hA the boundary of A h.A. Denote by 5 A (h, C ) the boundary of 

A (/i, C). T he vertices of the convex set A y  are {0, h a i , . . . , har }. Define

am =  C  • ^ 2  a,-
i=i

We also notice th a t the vertices of the convex set A {h, C)  are

, a -F (A — Cr(Ar> —J— l))cti, . . . ,  a -f- (A — C{ k  1) )ar }■.

The next lem m a summarizes our observation about A(A,C) .

L e m m a  2 .5  Let A  be a finite set o f  lattice ■points in Zn containing 0, and A  generates 

Z n, then

&( h , C)  =  a* +  A h 'a where h1 =  h — C (k  + I)

R ep ro d u ced  with p erm issio n  o f th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



3 7

Proof.

Let |A | =  k.  By (2.3), we have the definition

A (h, C) =  Xnn E R n | a,- € A, At- € R , A,- >  C, £  Af <  /i -  c l  
lt'=l i'=l J

Since A contains the origin. We also have for the definition of a* +  A ^ ,  

a* A^/a =  a +  ^ 5 3  A,-a:- E R n | ot- E A, A,- E R , A,- >  0, A,- <

where h' = h — (k  +  1)C.

Let x E A (/i, C ), then x =  5Zf=1 A,-at- for some A,- E R  such tha t A,- >  C  and 

E,-=i A i < h -  C.  Thus,

fc fc
x — )  ' A,-a,- =  n -f- )  XA{ C)o,-

i=i t=i

where A,- — C  >  0, and

E(a,- -  C )  = t ^ - k C  
1 = 1  1 = 1

<  h - C - k C  

=  h -  { k + l ) C

Thus x  E am 4- &h’A-

On the other hand, let x E am +  A ^ ,  then x =  am +  E£=i Ai°i where A,- > 0 ,  and 

E L i  A,- <  h!.

=  a" +  E  Atai
k

x  “ !
«=i

=  E(A,- +  C)at-
t=i

=  Sid  
i=1
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where =  A,- +  C, thus 5{ > C  and

k  k

=  £ ( a ,  +  c )
1=1 t = l

k

= £ Xi +  kC  
1 = 1

<  h' + kC

= h - ( k  + l ) C + k C  

= h - C

Thus, x  E A (h, C).  Hence, we have proven A (h, C)  = a~ + A h'A- 1=1

Let us consider a simple example: Let A be a  subset of Z2 consisting of three 

elements: {(0,0), (1,1), (1,0)}. Thus, |A| =  k  =  3, and the convex hull of A is a 

triangle. Let h  =  30, then A h,a is the triangle w ith vertices {(0,0), (30,30), (30,0)}. 

If we let C  =  5, then A ( h , C)  is the triangle with vertices {6l5 62, ^3}, where

6X =  a- =  5 ( 0 , 0 ) + 5 ( 1 , 1 ) + 5 ( 1 , 0 )  =  (10,5)

b2 = a +  (30 — 5(3 +  1))(1 ,1) =  (10,5) +  10(1,1) =  (20,15)

63 =  a* +  (30 — 5(3 +  1))(1,0) =  (10,5) +  10(1,0) =  (20,5)

Please see Figure 1 for an illustration.

L e m m a  2 .6  There exists a nonnegative real number p independent o f h such that i f  

y  6  9  A  hA, then

dist(y, A ( h , C ) )  <  p

Proof.

Let y  E 9 A ka- Let F  be the face th a t contains y. Suppose F  contains th e  ver-
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tices { h a . i t ha.it} where t  is a positive integer less than or equal to r  and atj £ 

{ a i , . . . ,  ar}  is the set o f  vertices o f  A ^ . N ote that F  is th e  convex hull o f the set 

{hai}yj=l. Then
t

V =  Xjha{] where Xj  =  1 
i = i

Let x  be an elem ent such that

x  =  a* +  ^ 2  \ jh 'a i j 

where h' =  h — (k +  1 )C,  then x  £  A (h,C).  Thus,

dist(y,  A(A, C)) < \y -  x\

= |]CX J h a h  ~  (a* + 5Z x j h ' a i j )|

<  |a*| +  \h -  ti\ | AyafJ

<  |a*| +  (k +  1 )C  ^  |a t-,

<  |a*| +  {k +  1 )C ( y .  |a t-|^

Let p =  la*! +  (k +  1 )C  ( H |a , |) .  Since the expression o f p is independent o f h, this 

proves th at p is independent o f h , thus proves the lem m a. □

T h eo re m  2 .2  Let P i , . . . , P r be lattice polytopes in R n. Let h i , . . . , h r be integers 

> 0. Define

h{Pi =  {Ap | A £ R, 0 <  A < hi, p £  P,}

then the cardinality \{h\P\ +  • • • +  hrPr) D Zn| is a polynomial in h i , . . . ,  hr .

[1]
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W hen r =  1, w e have the exp licit formula

|(/i.P) n  Z n| =  anhn +  an- i h n 1 +  ■ • • +  a.\h +  aQ

T he polynom ial is called the Ehrhart Polynom ial, because Ehrhart was the first to 

study the ”polynom ia lity” of th e num ber o f lattice points in a polytope. This poly­

nom ial was later shown to have th e coefficients:

an -  Vn(P),  an_ i =  | l 4 - i (  ^2 / ) ,  and aQ =  V0  =  1
f e F

where is the volum e com puted in its ith  dim ension, F  is the set o f  all faces o f P , 

and /  is a face o f  P.  [3]

T h e o re m  2.3 Let A  be a finite subset o f  Zn . Suppose that the group Z n(A) generated 

by the differences in the elements o f  A  coincides with Zn . Then the ratio o f  the number 

o f  points lying in h A  to the number Vn( A A)hn tends to I as h —>• oo, where V ^ A ^ )  

is the volume o f  the convex hull o f  A.

Proof.

T h e convex hull, A. a , o f A  is a la ttice  poly tope. A pplying the Ehrhart Polynom ial 

to  /lAyi and applying Lemma 2.3 which says A h  a  =  h A A ,  we have a form ula for the 

cardinality o f th e  la ttice  points contained in A /^:

|AhA  n  Z| =  |/iA^ n  Zn | =  K j(A A)hn + an- \ h n 1 4- • • • +  a0.

Lem m a 2.5 and Lem m a 2.3 give us the relationship

A(h ,  C) — a” +  A h 'a — a' h i A  a
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where a* €  Z n. we have a sim ilar form ula for the cardinality o f the la ttice  points  

contained in A (ft, C ):

|A ( f t , C ) n z n| =  \ h ' A A n z n \

=  Vn ( A A) ( h T + b n. l ( h T - l +  - "  +  b0 

=  Vn ( A A){h -  C ( k  +  l ) ) n  +  f e ^ f t  -  C ( k  +  l ) ) " - 1  +  • •  •  +  6 0

=  Vn ( A A)hn +  +  • • •  +  6 0

We can see that both lA ^ H Z 71! and |A (ft, C ) C \ Z n \ are o f order Vn ( A A)hn as h  —»■ 00. 

W e also have th e set relationship:

A ^ n z n D h A  D A ( h , C ) n z n

thus the cardinality o f h A  is bounded above by the cardinality o f Ah.A fl Z n and below

by the cardinality o f A (ft, C ) fl Zn:

\ A h A O Z n \ > \hA\ >  |A (f t ,< ? )n Z n|

B oth  the upper and lower bounds are of order Vn( A A)hn , therefore |ftA| is also o f  the  

order Vn( A A) h n . In other words,

M l777-7—7 ---------> 1, as n — > 00
Vn{ A  A)ft»

C o ro lla ry  2 .1  Let Zn(A) be the group generated by A. Suppose that the lattice Z n(A) 

has a finite index in Z n, denote it by ind A .  Then the ratio of  the number o f  points 

lying in h A  to (ind  A )~ l Vn( A A)hn tends to 1  as h —f 00 .
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Proof.

W e m ay assum e that the set A  is contained in the group Zn(A ), otherw ise vve consider 

a sh ifted  set A —a, where a E A.  Let Ui , . . . ,  u n be the basis o f Z n(A ) and e j , . . . ,  en be 

the basis o f Zn. Let F (Z n(A )) denote the fundam ental parallelep iped  o f the la ttice  

Zn(A ) w ith  respect to the basis u i , . . . , u n . Let F ( Z n) d en otes the fundam ental 

parallelepiped o f the la ttice  Zn w ith respect to the basis ex, . . . ,  en. Then the ratio o f  

the volum es o f F (Z n(A )) to  F ( Z n) is equal to the ind A.  Let Vn( A a , Z n(A )) be the  

volum e o f the convex hull o f  A w ith respect to the lattice Zn (A ). Let K i(A ,i)  be the  

volum e o f the convex hull o f  A  w ith respect to the lattice Zn. T hen

Vn( A A, Z n (A)) =  =  (ind A ) - 1 1 4 (A a )

Thus

h A
(ind A ) ~ W n( A A)hn

□

1, as h — y oo.

2.3  T h e  s tr u c tu r e  o f  th e  su m  o f  f in ite  s e ts  in  Z n in  

a  lin ear form

Let A i , . . . ,  Ar be finite subsets of Zn, Zn C R n, and / i i , . . . ,  h r be positive integers. 

The au thor will generalize Khovanskii’s theorem  concerning th e  cardinality  of the set 

h A  to the  cardinality of the sums of sets in a linear form: h { A i+ / i2A2 +  - • • + hrA r . We 

will use some basic concepts concerning sum of convex sets to prove the generalization
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o f K hovanskii’s theorem . The notation  becom es much more com plex. T he result 

yields a m ixed volum e problem.

W e w ill first prove some fundam ental concepts concerning sum  o f convex sets.

L e m m a  2 .7  Let K x and K 2  be two convex sets in R n . Then K x +  K 2  is also convex.

Proof.

Let i , y  6  K x +  K 2. We need to show that Ax +  (1 — A)y £  A'x +  K 2 for som e A such  

that 0 <  A <  1. Since x £  K\ +  K 2, there exist elem ents Xi, x 2 such that x =  x t +  x 2  

wherer x x £  K\  and x 2  £  K 2. Similarly, there exist yx,y2 such that y = y i + y 2  where 

J/i €  K \  and y2  £  K 2.

Since K \  and K 2  are convex, for som e A such that 0 <  A <  1, we have

Z\ =  Axi +  (1 — A)yx £ K i

z 2 =  Ax2 +  (1 — A)j/2 €  h . 2

then

Ax +  (1 — A )y =  A(xx +  X2) +  (1 — A)(j/x +  2/2)

=  Axx +  (1 — A)yx +  Ax2 +  (1 — A)y2

=  Zi + z 2

£ K \  +  K 2

Thus, K \  +  K 2  is convex. □

L em m a  2.8  Let K\  and K 2  be two convex sets in R n. Let y  £  d { K x + K 2). Suppose 

y  =  yx +  y2 where yx £ K x, and y 2  £  K 2, then y x £ d K x and y 2  £  d K 2.
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Proof.

Suppose either 2/1 £  d K \  or y2 ^ d K 2. W ithout loss o f generality, we can assum e th a t  

y i  £  d K i ,  then yi  £  I n t ( K i ) .  Then there exists an open ball B { y \ )  centered around  

t/i such that B ( y i )  C I n t ( K x ) .  B ut B (y i )  +  2/2 is an open ball centered around 2/1 +  2/2 

such th at 5 (2/i) +2/2 C I n t ( K \  +  K 2). Thus, y  =  y x +  y 2 is an elem ent of the interior  

of Kx  +  K 2, contradicting our assum ption that y  £  d ( K \  +  I \ 2). □

L e m m a  2.9 Let K  be a convex set, let 8 be a nonnegative real number ,  define

K { 5) =  { x e K \  d i s t { x ,d l< )  > 8}

T h e n  K ( 8) is also a convex set.

Proof.

Let x , y  £  K { 8 ), then d i s t ( x , d K )  > 8 and d i s t ( y , d K )  > 8. Let z  =  Xx +  (I  — X) y ,

we need  to show that d is t ( z ,  d K )  >  8.

Let B s ( z ) be a ball o f radius 8 around z .  Let z ' £  Bg(z) ,  then \z' — z\ <  8. Let 

w  =  z '  — z .  Then w  +  x  and w  +  y  are in Bg(x)  and B $(y ) respectively. B ut b o th  

B g(x )  and B$(y)  are contained in K  because d i s t ( x , 3 K )  > 8 and d i s t [ y , d l \ )  >  8 .

T hus, w  +  x  and w  +  y  are in K . Since K  is convex,

X(w  +  x ) +  (1 -  X) ( w  +  y)  £  K

Then

A(m +  x ) +  (1 — X){w +  y)  =  w  +  Ax +  (1 — X)y  =  z  +  w  =  z'  £ K
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This is tru e  for all z '  E Bs(z),  thus Bg{z) C K.  Furtherm ore, B${z) C K  implies that 

dist(z,  d K )  > S. Therefore, z  E K{5), hence K(5)  is convex. □

If K ( 8 ) ^  0, then K ( 8 ) is a convex set contained inside K .  Throughout the rest 

of this chapter, we will assume tha t K ( 8 ) ^  0.

L e m m a  2 .10  Let K  be a convex set and K '  a convex subset o f  K ,  then i f  y E d K ,  

then

d is t (y , K')  =  dist(y,  dK ' )

Proof. By definition,

d is t (y ,K ')  =  min dist(y,  x)

Let x  E K '  such that d is t {y , K')  =  dis t (y ,x ) .  Suppose x  ^ d K ' ,  then x  E In t(K ') .

T here ex ists  an open ball o f radius e such that B t (x)  C K ' . Then there exists

an elem ent Xi E B c(x) C K '  such that d i s t ( y ,X i ) <  d i s t ( y , x )  contradicting our 

assum ption  th at d i s t ( y , x ) is the minimum distance betw een  y  and the elem ents of 

K ' . H ence, x  E d K ' . □

Let K \ ,  K 2  be two convex sets o f R n. For i =  1,2, define

Ki( 8 i) =  { i E  Ki | dis t(x ,  dKi)  >  £,} (2-4)

and define

D ( K i ( 5i)) =  m ax d is t (y , K i ( 5i))  (2.5)yedKi

to be th e  m axim um  distance from the boundary o f Ki  to  th e convex subset A^(5;). 

Also define

D { K X{8 X) +  K 2 (S2)) = ™ax dist(y,  K x( ^ )  +  K 2 (52)) (2.6)
yed[Ki+K2 )
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to  be the  maximum distance from the boundary of the sum K\  +  K 2  to the convex

subset K i ( 8 i) +  K 2 (8 2).

L em m a  2 .11

D { K X{SX) +  K 2 {8 2)) < D { K X{8 X)) +  D ( K 2 (8 2))

Proof.

Let y  E d ( K \  + K 2) such that

d i s t f a K t t f t )  +  K 2 {8 2)) = D ( K X(8 X) + K 2 (S2))

There exist elements 7/1 E Ki  and y 2  €  K 2  such th a t y  =  yi + y 2. By Lemma 2.8, we 

have j/i E d K \  and y2  E d K 2. Let x i  E such that

dis t (yu Xi) =  dist(yu  K X(8 X))

Let x 2  E K 2 ( 8 2) such that

dist(y 2 , x 2) = dis t(y2l K 2 (52))

N ote th a t for i = 1,2, dist(yi, K i ( 8 {)) < D(A/’t-(£,)). Let x = xi  +  x 2, then x  E 

Ki(5 i )  +  K 2 {8 2). Therefore we have,

D{KX{8 X) + K 2 {52)) =  d i s t ( y , K l (8 l ) + K 2 (8 2))

=  m in dist(y,  z)

< dist(y,  x)

=  \ y  -  x \

=  \yi + Vi -  {x\ + x 2)\
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<  \yi  — aril +  |j/2 + Z 2 I

=  dist(yx, x x) +  dist(y2, x2)

=  eh's% i, AT(£i)) +  dist(y2, AT2(£2))

<  £> (*!(* !))+  D (/r2( j2))

□

L e m m a  2 .12 Lei K x, . . . ,  K r be r convex sets in R n. F o r i  = 1 , . . . ,  r , let KfiSi) 

be a convex subset o f  Ki defined by (2 .4 ) and let D(Ki(3i)) be the property o f  KfiSi) 

defined by (2.5). Let

D ( K X(SX) -\ b K r(Sr)) = max dist(y, K X(5X)  b K r (5r))yedhi-1 bRr

D { K X(SX) +  • • • +  K r(5r)) < D ( K X(5X)) +  • • • +  D ( K r(Sr))

Proof.

We will prove by induction. By Lemma 2.11, the statem ent is true for r  =  2. Assume 

it is true  for r  — 1. Thus,

D { K X{5]) +  • •• +  ATr-l(*r-l)) <  £>(AT(*l)) +  ••• +  D ^ K r ^ S r - x ) )

Let y  €  d ( K x +  • • • +  K r ) such that

dist{y,  K X(8 X) + ■ ■ ■ + K r(Sr)) =  D (I \X(5X) + ■ ■ ■ + K r(Sr ))

There exist elements y x €. K x + • • ■ +  AV-i and y2 6 Kr such th a t y  =  y x +  y2. By

Lemm a 2.8, we have

yx 6  d ( K x +  ••• +  Ar_,)

2/2 € d K r
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Let x i  6  /vi(<Si) +  • • • +  ATr-i(^r-i) such that

dist(yu xi )  =  dist(yu K i(5x) 4------- 1- A'r_ 1(Jr_ 1))

By th e  inductive hypothesis

dist{yx ,x i)  = dist(yx, K i ( 5 i )  1- /vr- i(£ r - i) )

<  D(Ki(Sx) +  • • • +  /vr_i(<yr_x))

<  D i K i f a ) )  +  • • • +  £ > ( A T - l ( £ r - l ) )

On th e  other hand, let x 2 6  K r(5r ) such that

dist(y 2 , x 2) = dist(y2, K r(8 r)) < D ( K r(8 r))

Let x  =  x x + x 2, then x  € Ai(£x) +  • • • +  ATr- i( ^ r - i )  +  K r {5r). Therefore,

D ( A T ( ^ )  +  --- +  K r(5r)) =  d i s t ( y ,K l (Sl ) + -.- + Kr( 8 r))

=  min dis t (y , z)
zeKi(5l)+-+Kr(5r)

< d i s t ( y ,x )

=  \y — x\

=  | y i +  y2 — ( * i + ® 2)|

<  \yi -  i i |  +  [s/2 -  x 2 \

=  d is t (y i ,x i )  +  dist(y2, x2)

<  D i K t f t ) )  +  • • • +  D C A T -i^ -O ) +  D ( K r(8 r))

□
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Let A i  and A 2  be two finite subsets of Zn such th a t each contains the origin and 

the subgroup generated by each set Ai  and A 2  is Zn. Let A/hAi and A ^.42 be the 

convex hulls of h iA i  and h 2 A 2. Let A i ( h i , C i )  and A 2 (h2 ,C2) be subsets of Ah.lAl 

and Ah.2 A2 respectively and define them  similar to definition (2.3) from the previous 

section:

A Ci) =  ^ ^  Kjo-ij E R a [ &ij E A,-, Ai j  6  R , Ai j  > Ctl ^  A <  /z,- — C, ^

(2.7)

for i =  1,2. By Lemma 2.6, there exists a positive real num ber pi such th a t if 

y  E d A hiAi, then

dzst(y, A,'(/i{, Ci))  ^  Pi 

Let us denote A h , A i ( P i )  to be the set such th a t

A hiAiipi) = { i E  A hiAi | dist(x,  dAhiAi) >  P i }

we note th a t for hi sufficiently large Ah.,Ai(Pi) 7̂  0- It also follows from Lemm a 2.9 

th a t AhiAi(Pi) is convex.

L em m a 2 .1 3  For hi sufficiently large,

A i h . A i ( P i )  Q A i ( h i , C i )

Proof.

For hi sufficiently large, We note th a t A h iAi{pi) and A,(h,-,C.) are both nonem pty 

convex subsets of A hiAi. Suppose th a t A /^.(p ,-) A,(/i,-, C,), there exists an elem ent

y  €  d A ^ A i  such th a t

dist{y,  AhiAiiPi)) ^  dzst(y, A,‘(/z,’, f?,')) pi
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This implies th a t there is an element x  E A hiAi(Pi) such th a t

dist(x,  y ) <  pi

contradicting our definition of A kiA,(Pi)- Thus, we have A hiA,{Pi) Q A,-(/zt-, Ct). □ 

R e m a rk  2.1 We have the relationship

A  hiA.(Pi) Q A  i(hi,Ci)  C A  h,A,

T h e o re m  2 .4  Let A  be a finite subset o f L n . Suppose that the group Z n(A) generated 

by the differences o f  the elements of A  coincides with Zn . Let h be a positive integer. 

Then for  h sufficiently large, there exists a nonnegative real number p independent o f  

h such that every latttice point o f  the polytope A ^  whose distance from the boundary 

o f  the polytope is more than or equal to p belongs to hA.

Proof.

We can assume th a t A  contains 0, otherwise, we can consider a shifted set A —a for a E 

A.  By Lemma 2.6, there exists a nonnegative real num ber p such that for y  E d A .̂a -, 

we have dist(y,  A (/i,C ')) <  p. Also by Lemma 2.6, we let p =  |a*| +  (k +  1)C(5Z |a,-|) 

which is independent of h. The set of lattice points whose distance from the boundary 

of A  hA is greater than or equal to p is precisely the set A/i a {p )- By Lemma 2.13,

A m ( p ) C  A ( h ,C )

Thus, by Theorem  2.1,

Aw (/))nzn c  A(/i,C)nzn c  hA
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Proving the theorem. □

Although we know that each lattice point of A C . )  belongs to it does

not guarantee th a t each lattice point of the sum Ai(Ai ,  Cf) + A 2 (h2, C2) is a sum of 

the lattice points from A t(/ii,C i)  and A 2 (h 2 ,C 2). Let m,- be a positive real num ber, 

we define a smaller set A hiAiiPi +  m i) in a sim ilar manner:

&hiAi(Pi +  rm) = {x  e  &hiAi | d i s t ( x , 9 A M i) >  p{ +  m t-} (2.8)

Specifically, if we look instead at the sum of the sm aller sets,

^hiAi(Pl) + &hiA?(P2  -+- 2 y/n)

where n  is the dimension of Zn, then we can show th a t  every lattice point of Ah, a, {px)+  

A h2 A2 (P2  +  2-yf n )  is a sum of lattice points from Ai ( Ai ,C i )  and A 2 (h2 , C 2).

Before presenting the next proof, we will first introduce a subset of R n defined

by:

t f = { £ A«e«- |A, € R ,  | A , | < l }  

where e,- is the standard basis of R n. Let r  =  A,-et- be an element of R , then

M <  E A«'e«i 

<  l E e«i

=  y/n

T h eo rem  2.5 Let A\  and A 2  be finite subsets o f  Zn. For i =  1,2, let A htAi be 

the convex hull o f  hi Ai, and let A  i{hi,Ci) be defined by (2.7) and A  h{Ai{pi +  m,-) be
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defined by (2.8). Then fo r  hi and hi sufficiently large, every lattice point o f  the set 

AfiiAtiPi)  +  Ah^A2 (P2  +  2 y/n)  is an element o f  h xA x +  h 2 A 2.

Proof.

Let z be an lattice point of AhiAi(pi)  +  A h 2 a2 (P2  + 2 y/n).  Then there exist E 

A h lAi{Pi)i and z2 E A k2 a2 {P2  + 2 y/n) such th a t z  =  z x +  z 2. If z x and z 2 are both 

la ttice  points, then we are done. Suppose they are not.

Let z \  =  Xx +  yi such th a t x x is a  la ttice  point of and y x E R.  Then,

|yi| =  \zx - x x\ < y/n

Similarly, let z2 =  x 2 +  yi  such tha t x 2 is a lattice point of A h2A2{pi +  2 \ / t i )  and 

y 2  E R. Then,

\V2\ =  \z2 - X 2\ < y/n 

N ote th a t y x +  y2  is a  lattice point, and

I2/1+I/2I < \yi\  +  \V2 \ <  2y/n

Thus, if we let

z x =  x x

z 2  =  x 2 + y x + y2

then  bo th  z x and ~z2 are lattice points. Since ~zx =  x x is a  la ttice  point of A f tlAl (pi) 

which is a  subset of A x(hx, C 1), this implies tha t J x is an elem ent of h xA x.

Also, since x 2 is a lattice point of A u 2 a2 {P2  +  2y^n) we have z 2 =  x 2 +  y x +  y 2  is a 

la ttice  point of A h 2 A2 {p2 ) which is a subset of A 2 (h2 ,C 2). This implies th a t z 2 is an
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elem ent of h 2 A 2. Thus,

z — Z\ +  Z2 =  z\ z 2  €  h iA i  +  h 2 A 2

□

L e m m a  2 .1 4  Let A  be a finite set o f  lattice points in Zn . Let h be a positive integer. 

Let p be a nonnegative real number independent of  h. Then

&hA{p) + A a C A (fc+lM(p).

Proof.

If Xi €  A hA(p), and x 2  €  A a . There exists an open ball B p(xx) centered around x t 

w ith radius p such th a t B p(xx) C A/,A, then B p{xi) +  x 2  is an open ball centered 

around x x +  x2 with radius p such that

B p(xi)  + x 2  C AhA +  A a =  h A A +  A a =  (h +  1)A a =  A(/l+[)^

Thus, xx +  x2 €  A (/i+x)a(/9). □

L e m m a  2 .15 Let ho be the minimum nonnegative integer such that A h0a { p )  if- ®- 

Then fo r  all h >  ho, D (A h A{p)) is a constant independent of  h.

Proof.

For all h > hQ, the set A hA{p) f  0- Let y  6  d A (/h-i)a- There exist yx and y2  such th a t 

yx 6  dAhA  and y2 €  d A A. Let Xx 6  A k a { p )  such th a t d is t (yx ,xx) =  dist(yx, A k a { p ) ) -  

Also let x2 =  y2 G A a . Then x =  xx +  x2 €  A^+xj^Oo) by Lemma 2.14. Thus,

dist fy ,  A (m.x)a(p)) <  d is t (y ,x )

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



5 4

= \ y ~ A  

=  |yi +  y2  — (^1 +  x 2)\

=  I2/1 — s i|

=  d i s t ( y ,A hA(p))

<  D (AhA(p))

Since this is true for all y  G 8 A^+i)Ai  we conclude that

D(&(k+i)A(p)) < D ( A ha{p ))

Hence, D (A h A(p)) is independent of h, for all h >  ho, □

C o ro lla ry  2.2 There exists a nonnegative real number p independent o f  hi such that 

every lattice point that is more than or equal to p distance away from the boundary 

o f  AhU i  +  &h2 A2 belongs to h \A \  + h 2 A 2.

Proof.

Let p =  D ( A fllAl {pi)) + D (A k i A2 (P2  + 2y/n ) ) .  By Lemma 2.15, we see that D{Ah.,A,) 

is independent of hi, thus, p is independent of Define the set

(A /t jA l “h ^ / i 2.A 2)(p) =  {•£ £  AhlAl -(- A / i2j42 I dist{x,8[^Ah^Al ~F A / 1 2A2 ))  — p\  

Claim that

(A  hiAl +  &h2 A2 )(p) <= A/nA^Pl) +  A  h2 A7 (P2  + 2 \ /n )

Suppose not. Then there exists an element y €  d(A fHAl +  A h2 A2) such that 

d is t (y , ( A hlAl +  A h2A2 )(p)) < dis t (y , A Aia ,(p i)  +  Aa2a2(P2 +  2y/n))
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<  D ( A f llAl (pi) +  Ah.2A2(p2 +  2a/ti))

<  D ( ^ h . i A i ( P l ) )  +  D ( A h 2A2 (P2 +  - \ / n ) )

= p

Thus, there exists an element x  6  (A /,,^  +  A h2 A?){p) such th a t d is t ( x ,y )  <  p 

contradicting our assum ption of the set.

By Theorem  2.5 every lattice point th a t is more than  or equal to p distance away 

from  the boundary 5 (A ^ lAl +  A h2 a2) belongs to A hlAl(pi) +  A h2 A2{p +  2 y/n), thus, 

belongs to h iA i  + h^Ai.  □

Let A i, A2, . . . ,  Ar be finite subsets of Z71, Z" C R n, such th a t the  subgroup 

generated by the elements of each set A ,-  coincides with the group Zn . Suppose that 

the  cardinality | A i |  =  fc,-, for each i =  1, . . .  , r .

Let A h.iA, be the convex hull of / i , - A t- and define A,(/i,-, C,-) the same as in equation

(2.7). Also for each pair A ^Ai  and A C t), there exists a real num ber p,- such that 

if y  €  d A hiAt , then

dist^y,  CV)) ^  pi

Let A hiAi(Pi) be a subset of A ^Ai  defined in equation (2.8). Let m,- be a  positive real 

num ber, we note the set relationship:

A/ljJ4i (pt‘ H" m i) C AhtAiiPi)  C A ,(/it-, Ci) C A  h{Ai 

Thus, each lattice point of A/i„4t (p,) belongs to /i,A,-.
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T h e o re m  2 .6  Let Ax, . . . ,  A r be finite subsets o f  Zn . For i =  1, . . . ,  r, let A ,•(/*,-, C:) 

6e defined in equation (2.7), and A 6e defined in equation (2.8). Then every 

lattice point o f  the set

^hiAi(Pl)  +  A h2 A2 (P2  +  2 -\/n) H +  AhrAriPr +  2y/n)

belongs to h iA i  +  * • • +  hrA r.

Proof.

We will prove by induction. Theorem 2.5 shows th a t the statem ent is true for r  =  2. 

Assume the statem ent is true for r  — 1. Thus, every lattice point of the set

AfiiAi(Pl) +  A/,2a2(P2 +  2y/n) +  • • • +  A  hr-iAr-i(Pr-l +  2 y/n)

belongs to h xA \  4- • • • +  /ir_x Ar_x.

Let z be a lattice point of the set A ^ a / P i )  +  A k 2 A2 {P2 Jr2y/n)  H-------b A hrAT{Pr +

2y/n)  Then there exist elements zx and z2 such th a t z =  z\ +  z2 and

z\  €  A /ha^P i) +  A/,2a2(p2 +  2 y/n)  +  • • • +  &hr-iAr- i(Pr- i  +  2 y/n) 

z 2  €  A/lrAr (pr +  2i/n )

If z\  and z2 are lattice points, then we are done. Assume zx and z2 are not lattice 

points. Let

z i =  Xi + yx

such th a t xi  is a lattice point of A ^A ^pO d- A h7 A2 (p2  + 2 y/n)-\------ h A ^ a , . . ,  (pr- i  +

2 \ /n ) ,  and yi €  R , then

|yi| =  \ z i - x x\ < y / n
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Sim ilarly, let

£2 =  £2 +  2/2

such th at x 2 is a lattice point o f A hrAr(Pr +  2 \ / n ) ,  and y2 6  R , then

lifel =  |«2 - « 2| <

N o te  th at y i  +  y2 is an integral point such that

\ y i+ V 2 \ <  1 J/x| (2/21 < y/n + yfn =  2y/n

T hus, if  we let

Z x =  £ x

2 2 =  £ 2 +  2/1 +  2/2

th en  both  21 and z 2 are la ttice points. Since x x is a lattice point o f A hiAi (pi )  +  

^ h 2A2(P2 +  2>/n) H h +  2v ''ra), by the inductive hypothesis,

z x =  x x E ^l-di +  • • • +  h r- XA r- X

Since £ 2 is a la ttice  point o f A /,rJ4r(pr +  2-y/n), we have £2 +  yi +1/2 is a la ttice  point

o f A /ir>ir(pr), thus implies

22 =  £2 +  Vi +  2/2 €  h rA r

T ogether,

£ =  £1 +  Z2  =  £1 +  £2 £  Ax̂ 4-x +  • • • +  hrA r
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C o ro lla ry  2.3 There exists a nonnegative real number p independent o f  h such that 

every lattice point that is more than or equal to p distance away from  the boundary 

A hlAl H------ f- A h rAr belongs to h iA i  H h hrA r .

Proof. Let

p =  D (A f llAi(pi)) +  D ( A h 2 A2 {P2  + 2 \ /n ))  ^-----+ D ( A k rAr{Pr +  2y/n))

B y Lem m a 2.15, we see that D(AhiAi{p i  +  m i))  is independent o f  hi,  thus, p  is 

independent o f fi,-. Define

(Afcli4lH------h A hrAr){p) =  {x  €  A AlAl H h A hrAr | dist(x ,  d ( A h lAi H h A hrAr) > p}

(2.9)

then we claim  that

( A hlAi H i A M r ) W  Q A h lAl{pi) +  Ah 2 a2 (P2  + 2 y/n)  H h A ArAr(pr +  2 y/n)

T he rest o f proof is sim ilar to  the proof o f Lem m a 2.2 □

Let P  be a lattice po lytop e in R 2, then the P ick ’s iden tity  says:

| P n z 2| =  K ( f ) + l ( b o u n d a r y o f P ) n z ’ l +  i
2

[3]. B y  using Pick’s theorem  we can derive a sim ilar conclusion for sum s o f  sets in a 

linear form hi A i  +  • - - +  h rA r in Z2 as Khovanskii did for sum  o f one set hA.

T h e o re m  2 .7  Let Ax, . . .  , A r be finite subsets o f  Z2 containing 0. Suppose that the 

group generated by the the elements o f  each set A,- coincides with Z2. Then 

\h\A\  +  • • • +  h rA r |
V i & h i A i  +  • • * +  A h . rA r )

1, as each hi — > oo, fo r  all i =  1, . . . ,  r,
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where V (& hlA1 +  —  +  &.hrAr) is the volume of  the sum o f  the convex hulls measured 

in R 2.

Proof.

Let K  =  A/uAi H V &hrAri then K  is a la ttice  polytope. Applying Pick’s identity,

we have:

|A 'n  Z2| =  V ( K )  +  * 0  n  z ’ l +  !

where

V ( K )  = ' £ ' £ V ( A A„ A Al)hih,

and the  coefficient V^A^,, A ^ )  is called the mixed volume of A^, and A ^ .  [2]

Also

|(boundary of K )  fl Z2| <  length of boundary of K  =  1(f)
f e F

where F  is the set of all faces of K  and 1(f)  is the length of a face of K.  So ^2 1(f)  

measures the to tal length of the boundary of K . However, the boundary of K  does 

not contribute significantly compared with V ( K )  as hi -+ oo. Since the boundary is 

of the order h{ and V( K )  is of the order h{hj. Thus

\ K n z 2\
V ( K )

On th e  other hand, let

1, as h{ — »■ oo

p — D (A h 1 Ai(pi))  +  D ( A k 2 A2 (p2 +  2 \ /n ) )  + ----- h D ( A hrAr(pr +  2 \ /n ))

which is independent of hi, and let

K 1 —  i ^ h i A t  H---------- b & h rA r ) ( p )
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be the  set defined by (2.9). We estim ate the cardinality of the lattice points in K':

\K 'C \Z 2\ — |K  C\ Z2| — | la ttice  points that are in K  but not in K '  j

>  \ K n Z 2\ — ^(length of the boundary of K)

B ut p is independent of the h{ and th e  length of the boundary of K  is of the order 

hf, which does not contribute significantly compared with \ K  fl Z2| which is of the 

order hihj.  Thus \K'  fl Z2| is also of the  order as \K  fl Zn | which is V ( K ) .  Since

hi A i  +  • • • +  hrA r is bounded above by K  fl Z2 and below by K'  fl Z2,

\ K C \ Z 2\ >  |h iA i  + --- + hrA r \ > \ K ' n Z 2\

So \h\Ai  +  • • • +  hrA r | is also of order V{ K) .  Thus

\hiA\  +  • • • +  hrA r\ \ h i A \ + hrA r\
x r /  r s \  “  _ . / . A \  ̂ *■ i 3>S t%i ) OO^(^•) H----+A/lrJ4r)

□
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Chapter 3

The fine structure of sumsets in 

the case of Z

3.1 In tro d u c tio n

In the second chapter, we have found that the integral points th a t are p distance 

interior of the convex hull of h A  belong to hA.  This discovery has perm itted  us to 

use the volume of the convex hull for the approximation of th e  cardinality of hA.  

In the third chapter, we will instead look at the distribution o f  the  elements of hA  

within p distance of the boundary. In the case of Z2, we not only have found th a t 

the cardinality of the elements of h A  in the boundary area to b e  linear, we have also 

noticed a regular patte rn  in the distribution of these elements.

We will first go over some notations used in this chapter an d  present two simple 

examples in Z2. In the second section of this chapter, we will restric t our attention 

to the distribution of h A  in the boundary region, where A is a subset of Z2. We will

61
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partition  the boundary region of A  ha into congruent parallelograms. We find th a t 

the elements of h A  in one parallelogram are a translation of the elements of h A  in 

another parallelogram , thus indicating th a t the cardinality in each parallelogram  is 

identical. Finally, in the third section of this chapter, we will pu t the  result obtained 

from C hapter 2 together with the result obtained from Section 3.2 to give us a be tte r 

idea of the d istribution of the elements of h A  in the case of Z2.

Let x, y, a , b be elements in R 2. Let /(x, y ) denote the line segment connecting the 

two points x  and y. Let dist(a, b) denotes the distance between the  two points a and 

b. The set

{a | dist(a, l (x,  y))  < p}

denotes the set of all elements a such th a t a is less than p distance away from  the 

line segment / (x,y) .  Similarly, the set

{a | dist(a, l (x,  y))  =  p}

denotes the set of all elements a such that a is exactly p distance away from the  line 

segment Z(x, y).

Let us look a t some simple examples.

Suppose A  is a  set of integral points in Z2 such th a t A  contains only three elem ents. 

Let A =  {0, cti, 02}, where 0 =  (0,0) and a\ 7  ̂ka 2  for some real num ber k.  The convex 

hull of A is a  triangle. Let h be a positive integer, then

h A  =  {Arxai +  k 2 a2 | ki = 0 , 1 , . . . ,  h and k 2  =  0 , 1 , . . . ,  h  — Â }
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T he cardinality of hA  is

I M - (* +  *>(* +  ! ) , g  + g  +  1

Looking a t the boundary in particular:

\hA  fl boundary\ =  3h

To com pute the cardinality of h A  in the boundary area with a thickness p, we 

define the following boundary areas:

Fi =  F i(k ,p )  =  {a €  A hA | dist(a ,l(0 ,hai)  < p}

F2 =  F2{h,p)  =  {a €  A hA | d is t(a ,l(0 ,ha2) < p}

F3 =  F3(/i,p) =  {a € A/,a | d is t(a ,l(ha i,ha2) < p}

Let m i , m 2, m 3  be three positive integers. Each m,- computes the num ber of layers of 

h A  contained in F,-. A layer of h A  consists of all those elements of h A  th a t are the 

sam e distance away from one face of the boundary, for instance, F t-fl (boundary of 

A ^x). We formally define m,- as follows:

m j =  |{n €  nonnegative integer|dzst(na2, 1(0, ha\) < p}| =  |{0 , 1, m x — 1} |

m 2 =  |{n €  nonnegative integerjdzst(na!, /(0 , ha2) < p}\ =  |{0 , 1, . . . ,  m 2 — 1}|

m 3 =  |{n €  nonnegative integer|dist(/iai — nai, l(ha\, ha2) < p}| =  |{0 , 1, m 3 — 1}|

The cardinality of hA  in the boundary areas can be computed:

\hA  fl (Fi U F2 U F3)| =  |hA  n  F i| +  |hA  n  F2\ +  |hA  Pi F3| 

-  I h A  n ( F i  n f 2 ) |  -  I h A n { F 2 n F 3 ) |  -  | h A  n (Ft n f 3 ) |
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Note th a t here we make the assumption, th a t p is small in comparison to the set A h.A 

so tha t Fi fl F2 D F3 =  0.

To com pute the cardinality of hA  contained in each F{, we notice that F,fl (bound­

ary of A h.a ) contains h +  1 elements of hA.  We call this the Oth layer. Each j th  layer 

contains (h +  1) — i elements of h A , thus

mj- 1
\hA n  F l  =  E  h +  1 -  i 

y=o
3 m i m?

=  hm i + — ---------±

and

|hA fl (F{ D F j)| =  m,-mj

Then the num ber of elements of hA  that are less than p distance of the boundary of 

the convex hull of h A  is

 ̂ c\yy) • 777 ?
|h A n ( F 1 u F 2 U F 3)| =  ^ 2 h m i + — 1  r -  -  E  m «mj

«= i  z  1  i < j

= C h - D

Since m i,  m 2 , m 3  are constants, we have C  and D are constants where

C = m i  +  m 2 +  m 3

n  r —v 171: 3  m ,  v —v
D =  —  +  E m ‘m;

t'=i t'<i

Please see Figure 2 for an illustration.

Next, we look at the set A =  {0 ,ai =  (n i ,0 ) ,a 2 =  (0 ,n 2) ,a 3 =  (n i ,n 2)}, where

rii 6  Z. We can also easily see that the convex hull of A is a rectangle, and the set

h A  consist of elements in this form:

h A  =  {fciai +  fc2a2 | ki =  0 ,1 , . . . ,  h, and fc2 =  0 , 1 , . . . ,  h}
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thus the cardinality can be computed easily:

\hA\ = (h + l )2 =  h2 + 2 h  + l

Clearly, the distribution of the elements of h A  in the boundary area is regular, see 

Figure 3. Thus we can easily figure out the num ber of hA  in the boundary:

|hA  fl  boundary | =  Ah

Define boundary areas:

Fi =  Fx{h,p)  =  {a € &hA I dist(a,l(0 , hai) < p}

F2 =  F2(/i,p) =  {a €  AhA  | dist(a,l(0 , hax) < p}

F3 =  F3(h,p)  =  {a 6 Ah.A | dist(a,l(Q, hai) < p}

F4 =  F4(/i, p) =  {a € A  hA I dist(a,l(0 , hai) < P}

Also define

m i =  Kn € nonnegative integer | dzsf(na2, / ( 0 ,/m i) <  p}|

m 2 =  |{n 6  nonnegative integer | dist(ha\  — na u l(hai, ha3) <  p }|

m 3 =  |{« €  nonnegative integer | dist(ha2 — na2, l(h a 2, ha3) <  p } |

m 4 =  |{n 6  nonnegative integer | dist{na\, l(01 ha2) < p}|

Note th a t m i =  m 3 and m 2 =  m 4.

Since the intersection of any three boundary strips is empty, using the basic rect­

angular formula, we can com pute the num ber of hA  within p distance of the boundary 

to  be:

\hA  n  (F i U F2 U F3 U F4)|
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— \hA  n  Fil +  |hA  D F21 4* |h A  H F3| 4~ \hA  D F4|

-  |h A n ( F i  n  F2)| -  \ h A n { F 2 n F 3)\ -  |/*An (F3 n  F4)| -  \ h A n ( F l n  f 4 ) |

=  (h +  1)toi + (h + 1 )m 2 + (h + l)m 3 +  (h 4- 1 )m 4 — m 1m 2 — m 2m 3 — m 3m 4 — m  L m 4 

=  hrrii +  h m 2 4- h m 3 4- hm^ 4- m  1 4- m 2 4- tti3 4- — m \ m 2 — m 2m 3 — m 3m 4 — m \ m A

=  C h - D

where

C = m i 4- m 2 4- m 3 4- m 4

Z) =  m i m 2 4- m 2m 3 4- m 3m 4 4* m im 4 — m i — m 2 — m 3 — m 4

3 .2  D is tr ib u t io n  o f  /zA in  th e  b o u n d a r y  reg io n  o f

A hA in  Z2

Let A be a finite set of integral points in Z2. Let h be an integer >  0. Let A ^ ,

A/i.4, and h A  be defined the same way els in C hapter 2 to denote the convex set of

A, h tim es the convex set of A, and the h-fold sumset of A, respectively. Let p be 

a real number. In this section, we will exam ine the distribution of the elements of 

h A  w ithin a distance p from the boundary of A  hA- The two examples in Z 2 from 

Section 3.1 illustrate tha t the distribution of the elements of h A  in the boundary area 

has a regular pattern , and the cardinality of h A  in the boundary area can be easily 

com puted to be a linear term . Although, an arb itrary  set h A  may not exhibit such a 

regular patte rn  as seen in the two examples, the author has found th a t if we consider 

the  special case where the set A is a finite subset of Z2 such th a t no element of A is
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contained in the convex hull formed by the other elements of A, then the distribution 

of h A  in the boundary area is shown to have a consistent pattern . This consistent 

and repeating patte rn  allows us to study the s tructu re  of the boundary area in details 

and allows us to estim ate the cardinality of hA  in the boundary area.

Let A =  {ao =  (0 ,0 ),ax ,a2} be a subset of Z2. For an integer h, the convex 

hull of h A  is a  triangle. We would like to p artition  this triangle into h strips of 

trapezoids with equal width, in the following way: For n such th a t 0 <  n < h — 1, 

l{nax,n a x -\-(h — n )a2) is the line segment tha t m arks the boundary of each partition. 

Each of these line segments is parallel to the vector a 2. (See figure 4) Let ai =  (xx, t/x) 

and a2 =  (x2, y2). If we consider the line segment as part of the infinite line, the slope 

of the infinite line is m =  ^-. Thus, the general equations for these infinite lines are

2/2 , , y — nyi =  — (x — n x i)  
x 2

L em m a 3 .1  Let ln be the infinite line that coincides with the line segment l (n a i ,n a x + 

(h — n)a2), then

ln+l = In + a 1 — a2

Proof.

Let ax =  (x j, yi)  and a2 =  (x2,i/2), then the infinite line ln has the equation y — n yx =  

^■(x — n x i). We want to prove /n+1 =  +  ax — a 2, we let (x0, yo) G In, we want to

show th a t (xo +  xx — x2,y 0 +  2/i — 2/2) G /n+i- Thus, let

2/o =  — {xq — nxx) +  n y x 
x 2
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2/2y — (yo +  2/1 -  y2) = —(x -  (x0 + xi -  x2))
x 2

y - y o - y i  + y2 = - ( x - x Q — x i + x 2)
x 2

y — ( — (x -  n x i)  +  nyi)  -  +  y2 =  - ( x - x 0 - x i ) + y 2
x 2 x 2
2/2 1 x . y i , .y  \XQ -  n i l )  — nyi - y r + y 2 =  — ( x - x 0 - x l ) + y 2
x 2 x 2

y — (« +  l)y i =  — {x — x 0 — X!) +  —  (x0 — nx i)
x 2 x 2

y  — (n +  l)y! =  — ( r  — x0 — x x +  x Q — n x x)
x 2

y  — (n +  1)7/! = — (x-(n+l)x!)
x 2

R e m a r k  3 .1  Although, it is also true that /n+1 =  ln 4* a\ or that ln+\ =  ln +  a2, 

the reason fo r  choosing to prove /n+1 = ln + ai — a2 is that a\ — a2 is parallel to the 

boundary line l(h a i ,h a 2). Translation by ai — a2 will preserve the distance between 

the point being translated and the boundary line l(ha\, ha2).

Let us consider a special subset of Z2. Let A be a finite set of la ttice  points in Z2 

such th a t 0 €  A and no element of A is contained in the convex hull formed by the 

other elements of A. In other words, let V  be the set of vertices of the convex hull of 

A, then V  = A.

D e fin itio n  3 .1  Let a and b be two vertices of a polytope. We say that a and b are 

adjacent vertices i f  the line segment connecting a and b is an edge o f  the polytope.

Let k  be the cardinality of A. Since all the elements of A are the  vertices of the 

convex hull of A, we will number the elements of A clockwise:

A =  {ao =  0, a i, a2, . . . ,  a*,-1}
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so th a t a{ and a,-+i are the adjacent vertices of A ^ , and a^-i is adjacent to a0 = 0 .

We can partition  the convex hull of hA  into k  — 2 triangles. Each triangle has 

vertices {0, hai, We will consider one triangle at a time.

Let =  {0, a,-, a t+i} for i =  I , . . .  , k  — 2. We denote by A  h.A, the convex hull 

form ed by 0, hai, We know A hAi has the shape of a triangle. Let denote

th e  infinite line which coincides with the line segment l(nai, nai + (h — n )a t+1). Define

F i(h ,p ) =  {x  €  A hAi\dist(x, l(hai, ha ;+.)) <  P)

to be the  region containing all those elements of A hAl tha t is less than p from the 

boundary line l(hai,ha{+1). Define

li{h,p) =  {x G A w , | d is t(x ,l (h a i ,h a i+ l)) =  p}

to be the  line th a t intersects A h.Ai, parallel to l(hai, ha{+1) and is p distance away 

from l(hai,

Let us define a subset of A /^ : Let a 6  A, define A /^ ^ a} )  to be the convex hull 

of the  set hA ',  where AI =  A \{a}  is the subset of A  which contains all elements of A  

except for one element. Let

A i =  A m A (A MA\{0i}) U A MAV[a,.+l}))

denote the  subset of A hAi th a t does not intersect w ith the convex hulls of 

and  &h.(A\{ai+l})- This set A,- represents a small region in the boundary area. We will 

p artition  Fi(h,p)C\ A,- by the infinite lines /,-jn for n,-ti <  n < h — n ti2- The values of n tii 

and  n ,t2 depend on where /ia,+i) and l(ha{, hai+2) intersect li{h,p). Note th a t
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l(hai-.i, hai+i) and Z(Zia,-, Zm1+2) are the boundary lines of A /l(A\{a,}) and A A(A\{oi+l}) 

respectively.

The reason for such a restriction is because if we select w € h A  fl A,-, then w can 

be translated  by a,- — a,-+i and w +  a,- — a,-+i £  hA.  The details are presented later in 

this section.

Also note th a t the two lines Z(Ziat-_i,Zia,-+i) and /(Aat-, hat+2) intersect each other 

in AhAi- Consider an h large enough so that Z(Zm,-, Ziat-+2) and Z(Zia,-_i, Ziat+1) intersect 

in the region th a t is outside of F,-(Zi,p). In other words, pick an h large enough so 

th a t if x  €  l(ha.i, ha.i+2 ) H (Z(Zia,-_i, ha,-+i)), then x  £  A hAi\Fi(h, p). (See Figure 5) 

Let tii be the intersection of Z(haj_i, Ziat+i) with Z,(Zi,p) and let u2 be the inter­

section of Z(Zia,-, Zmt+2) with /,(/i,p). Let v\ and v2 be two points on the line Z(0,/ia,) 

such th a t the lines l(u i ,v i)  and l(u2,v2) both have slopes equal to the vector a1+l 

thus, parallel to Z(0, ha,-+i). Since u i,u 2 6  Z(0,/ia t), there exist real numbers Ai and 

A2 such th a t iq =  Ai<zi and v2 =  (A —A2)ai. Note th a t we assum e Ax <  (h — A2). If we 

consider a  h large enough so tha t the intersection of l(ha.{, ha{+2) and Z(/ia,_1, ha{+i) 

occurs in &hAi\Fi(h,p), then we will have Ai <  (Zi — A2).

L e m m a  3 .2  Ai and X2 are both constants independent o f  h.

Proof.

F irst, we will prove tha t Ai is a constant independent of h. Let ui(Zi') and u 1(Zi//) be 

two points defined in the following ways for two different values of h.

ui(Zi') =  Z(Zi/a,_i,Zi/a,+1) fl l(h',p)

Ul(h") =  Z(Zi"a,_x,Zi"at+i) n  l(h",p)
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Let w(h') = Ui(h') — h'a.i+l and w(h") =  Ui(h") — Let r(h ')  be a point on

l(h,'a.i, h'a.i+i), the boundary of A h.'At, such that |tii(/i') — r (h ') | =  p. Let r(h") be 

a  point on /i"at+1), the boundary of A h»AiX such th a t |u i(/i")—r(h")\ =  p .  Since

th e  two triangles formed by the vertices {ui(h'), r(h'), /&'a,-+1} and {ui (/*"), r(h"), /i"at+1} 

are congruent, we conclude w(h')  =  w(h"). Let w =  w(k')  =  w(h"),  also assume 

h," > h/, then,

ui(h ')  =  h'ai+i +  w 

Uj(/i ) =  h a,-+i d* tw

thus, ui(h")  =  ui(h')  +  (h" — h/)at+1

Let lui(h') be the line that goes through the point Ui(h') with the slope th a t is equal 

to  the  vector at+i and ZUl(A") be the line that goes through the point ui(h")  with the 

sam e slope at+i. Then the infinite line lUx(h') coincides with Thus, if Vi(h') =

lui(h') n  1(0, h'di), and if Vi(h") =  lui(k") H Z(0, h"a.i), we conclude th a t Vi(h') =  u1(/i//), 

since lUl(h‘) =  Let iq =  tq(/i') =  iq (/*"), tq is independent of h. Furtherm ore,

let Ai be a constant such that iq =  Aicq, then Ai is a constant independent of h.

Next, we will prove tha t A2 is a constant independent of h. Similarly, let ZU2(/i') 

and  lU2(h") be two lines that pass through the points u2(/i') and u 2(/i") respectively 

and  both with slopes equal to a,+i. Let u2(/i') be the point where lU2[h') inter­

sects the line l(0,k'a,i) and let v2(/i") be the point where lU2{h") intersects the line 

Z(0, h"a.i). We note that the two triangles formed by the vertices {u2(/i'), u2(/i'), Zi'a,-},

and  {u2{h"),V2 {h"),h"ai}  are congruent. Thus, h'a{ — u2(h') =  — u2(fi"). Let

A2 be a constant such that h'di — u2(/i;) =  A2a,- u2 =  A2a,-, then A2 is a constant
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independent of h. Let v2 = (h — A2)a,-, then hai — v2 — A2a! is a  vector independent 

of h.

Let n,-,i =  [Ax] the least integer greater than  Xx and let n ,-i2 =  (_A2J the  greatest 

integer less than  A2. Note that n tji and n ,i2 are both constants independent of h, 

since At and A2 are constants independent of h. □

Let 6if„(A) be a  point on the line segment /(Aa,-, ha,-+1) determ ined by n  and h:

&i,n(h) =  nai + (h — n)at+1

Let 7 be a real num ber such that (h — 7 ,)a t+1 E li(h,p). Then for each nonnegative 

integer n, 0 <  n  <  h — 1, we can define a parallelogram:

^»,n(A) — ^«,n(A) -(- 52(a,' (3.1)

where 0 <  <  7 ,-, 0 < S2 <  1

Note th a t for those n such that ntjl <  n < h — n t)2 — 1, each is a parallel­

ogram  bounded by the lines /ia,-+i), and including the sides

bounded by /(ha,-, ha,+1), but not including the side bounded by /t-,n+i and l{(h,p). 

Furtherm ore,

B itn(h ) C />) n  A;

Define

=  U  (3.2)
n = l

f t i ( A )  =  ( U  B U h )
\n=h—nit2

n  Fi(h,p) (3.3)
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So, is the area th a t is bounded by the lines /(/iat-, /ia,-+ l), /,(/i,p ), /(0 ,/ia t+j,

and li,ni'i(h) including the sides bounded by /(/ia,-,/ia,+i), and /(0 , /ia,+1), but not 

including the side th a t is li,niA(h) and li(h,p). On the other hand, B i^{h )  is the area 

th a t is bounded by the lines /(/ia,-, /iat+1), /,-(/i,p), li,nia{h), and /(0 , hai) including all 

the sides except l{(h,p).

Let Si,n(h) denote the subset of hA  tha t belongs in the parallelogram . Let Ui{h) 

and Vi{h) denote the subset of h A  that belong in the first and the last cell respectively, 

thus, we have the following definitions:

Si,n(h) =  h A  D Bi,n(h) for n,-  ̂ < n < h — n ,-i2 — 1 (3-4)

Ui(h) = h A  fl Bi<F(h) (3.5)

Vi,{h) =  h A r \ B iiL{h) (3.6)

T he interesting finding of this research is th a t for all n,,i < n < h — niti — 1, we 

can translate  each element of S,-,n(h) by a,- — a ,+1 to get St> + i{h), thus indicating 

\ s u v i  = \Si >n+i(/i)|. Furtherm ore, as h increases to infinity, |5,,n(/i)| stays a con­

s tan t, thus indicating th a t the cardinality of hA  in each parallelogram  is a constant 

independent of h. The researcher has also found that the cardinality  of (J{(h) and

V{(h), the first and the last cell of each A hAii is a constant independent of h. There­

fore, the cardinality of h A  in the boundary region of A ha, is

l^i,n(^)| ‘ ( number of cells ) +  \Ui(h)\ +  |K (^ )|

T he only component of the above expression th a t depends on h is the  num ber of cells 

which is determ ined by the num ber of partitions into parallelograms. T he details of 

the  proof are presented next.
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L e m m a  3 .3  Let A  be a finite set o f lattice points in Z2 containing 0 such that no 

element o f  A  is contained in the convex hull formed by the other elements o f  A. Let h 

be a positive integer. Let i be an integer E [1, k — 2]. Let Ai =  {0, hai, define

A i = A hAi\ (A /l(A\{ai}) U A &(A\{«i+1}))

I f  to E h A  and i f  w  E A then w — ai and w — a,-+i are both in (h — 1 )A.

Proof.

Let
k - 1 k - 1

w =  ^ 2  hjaj where y ^ h j  = h
j=o j=o

If both  hi 7̂  0 and /i,+1 ̂  0, then we are done with the proof. So we can assume that

either hi =  0 or /it+i =  0. If hi = 0, then w E A(0, hai, • • •, h a ^ i ,  /iat+1, . . . ,  h a k - i ) 

contradicting our assum ption of w. If =  0, then w  E A(0, hax, . . . ,  hai, hai+2, ■ ■ ■, ha^-i)

again contradicting our assumption of w. Thus, hi 0 and ^  0, therefore,

w — ai =  (hi — l)a,- +  ^ hjaj 6  (h — l)A

and

w — ai+x — (hi+x -  l)a i+x + h jaj E (h -  I )A
j#*+i

□

N ote th a t A,- ^  0, since w =  (h — l)a t- +  a,-+i E A,-.

C la im  3 .1  Let h be a fixed positive integer, n a nonnegative integer. For 0 <  n <

h 2, Bi<n+i(h'j =  Bi<n(h) -F ai ai+x.
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Proof.

Let x =  biiTl(h) — 5i<ii+i +  82(d{ — a,+x) E 5,-,n(/i) for some 8X and 52 such th a t

0 <  ^  <  7,-, and 0 <  S2 < 1. Then

x  =  b{ttl(h) — (5xa«+x +  S2{ai — a t> i)

=  net,- +  {h — n )a:+j — <$xflt+i +  52(d{+x — a,-) 

x  +  a t- — a1+x =  (n +  l)<zt' +  (h — (n +  l ) ) a t+x — <$x<z,-+x +  ̂ 2(0 ,+i — at)

=  & i ,n + l ( ^ )  — ^lQj+X +  ^ ( ^ i + X  — a «)

By definition, x  +  a,- — a ,-+1 6  5 t-,n+1(/i). Thus, £?,>(/*) +  ai — a t+x C B^n+i(h).  

Conversely, if x  E Bi<n+i(h), then

x = bitTl+i(h) — Sidi+i + S2(ai — a,-+i)

=  (n +  1 )at- +  (h — (n +  l))a«+i — ^lOi+i +  £2(0 .' — a t+1)

=  n d i  -f* ( h  — r i )d i+ \  — <Jxa,+x +  S2(d {  — <z»+x) +  a i ~  a i+ i

=  b{tTl( h )  — <̂ xat+x +  S2(d{  — a,+x) +  a t- — a,+x

Let y  = bitn( h ) - 8 id i+l+82( d i - d i+i) E Bi<n(h), so x = y + d i~ d i+1 E 5.-,n( /i)+ a t- - a l+ l. 

Thus, B iin+l(h) C B ijn(h ) +  a,- -  a,-+i. Therefore B itn+i(h) =  B^n(h) +  a, -  a,-+1- a

C la im  3 .2  For n such thdt n,-tx < n < h — riii2 — 2, i>t,n+x(^) =  SitTl(h ) -f a,- — a,+x.

Proof.

Let x  E Sitn(h), then x  E /*A and x  E £»>(/&)• We want to prove th a t x 4- a,- — 

a ,+1 6  Bitn+i(h).  Claim 3.1 implies th a t x  +  a,- — a t+1 E x(/i). We need to

prove th a t x +  a,- — a l+1 E hA.  Since for n  such th a t n ti 1 < n < h — n ,-i2 — 1,
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B itn(h) C (F{(h,p)  fl A,-), thus, x E A,-. By the previous lemma, both  x  — a,- and 

x  — a,-+i are in (h — 1)A. Thus,

x  +  a,- — cti+i == — ®i+i) d- €  {h — 1)A ~i~ A  = hA

Therefore, x  +  a, — a ,-+1 E Si,n+i(h) and thus Si,n(h) + a,- — a i+1 C S«->n+i(/i)

Conversely, ifx  E Siltl+i(h), by definition, x E ftA and x 6  B^n+i(h). The previous 

claim shows th a t there exists an element y  E BitTl(h ) such th a t x =  y  +  a t- — a,-+i. So 

y =  x — a,• +  a t-+i. Again, since Z?t>n+1(/i) C F{(h,p) fl A,-, meaning x E A,-, thus 

x — a,- and x — a,-+i are both in (h — 1)A. Therefore,

y  =  x — a,- +  at+1 =  (x — a,) +  a,-+i 6  (h — 1)A + A  — h A

implying y  E Si<n(h) which implies x 6  £ ,>n(/i) +  a,- — a,+1. Hence, 

d" ®t+i* Hence, S{tn̂ .i(h) =  Siyn(h^ -I- o,- O

C la im  3 .3  For n such that 0 <  n  <  h — 1, B{iTl(h +  1) =  B{^n(h ) +  a ,-+1.

Proof.

Again, let x 6  then for some <5i and <£2 such th a t 0 <  < 7t-, 0 <  S2 <  1, we

have

X =  -(- <^2(^1 ® i+ l)

=  nat- +  (h — n)a,+i — +  ^ ( ai ~  ai+ i)

x +  at+1 =  na,-+  ((fi +  1) — n )a t+i — +  ^2(a t-~  a t+1)

=  bi<n(h +  1) — <Sia,-+i -+- <̂ 2(a t — a«+i)

Thus, x +  a,+i E B i>n(h +  1) implying £{,„(/*) +  a ,-+1 C B itTl(h +  1).
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Conversely, if a: €  Bi<n(h +  1), then

x  =  +  1) -  <W+i +  £2(a«- — ai+i)

=  na,- +  ((h + 1) — n)a i+i — Stai+x +  £2(at- — at+l)

=  na,- +  (/i — n)a ,-+1 — <5ia,-.|-i -f- — ai'+i) d- a«+i

=  bi>n(h) — 8idi+i +  ^2(a« — o,-+i) +  a ,-+ 1

There exists an element y =  6,-n(/i) — <Sia,-+i +  i ) E such that

x =  y d- a,-+1, thus, x E Bi>n(h) + a,-+i implying F,-,n(/i +  1) C Biyn(h) +  a,-+1. Hence,

Bf,n(A +  1) =  Bi^n(h) +  a,+1. □

C la im  3 .4  For n snc/i f&ai n t>1 < n < h — niy2 — 1, S^n{h +  1) =  Siin(h) +  a t+1. 

Proof.

Let x E Si<n(h), then x €  h A  and x  E Bi>n(h). By Claim 3.3, x+a,-+i G F,-,n( / i + 1) and

x +  a,+i E /*A +  A =  (h +  1)A. Thus x +  a ,-+1 G S,-,n(/i +  1) implying Si,n(h) +  a t+1 C

Si,n(h +  1).

Conversely, let x E Si,n{h +  1), then x E (/i d- 1)A and x E B^n{h d- 1). Again 

by Claim 3.3, there exists an element y E such th a t x =  y +  a,-+i. Since

y =  x — a ,-+1 G /iA, x E Si,n(h) +  a,-+i, thus, 5,-,n(/i +  1) C 5,,n(h) +  a,-+ l. Hence, 

Sitn{h +  1) =  Si^n(h) -+- a ,+ i -  O

C la im  3 .5  Bi^{h  +  1) =  Biyp{h) +  a,-+i-

Proof.

Using equation (3.2), we have

B i^ i j l )  d" Qt+1 =  LJ ^i<n{h') d~ &i+l
n = 0
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=  ‘( j  B itn(h +  1)
n = 0

=  BitF(h -f 1)

Thus proving the claim. □

C la im  3 .6  F,-,l(/i +  1) =  B i^ {h ) +  <z,-+i 

Proof.

Let x E BitL,(h), then x  E Fi(h,p ) and x  E B^n{h) for some n such th a t h — n {i2 <  

n  <  h — 1. By Claim 3.3, we have x +  a1+1 E BiiTl(h +  1). We now need to  prove 

th a t x  +  a I+i E F{(h +  l ,p ) . Let w be a point on the line /(ha,-, /m,+1), such th a t 

\w — x\ — d < p. Since w +  a l+i is a point on the line l((h  -f l)a,-, (h +  l ) a t> i) ,  then

|x +  a,-+i — l((h  -+• l )a t', {h +  l)fl«+i)| <  (w +  a t+i) — (x +  ai+i)| =  \w — x\ =  d < p

Thus, x + a ,+i E F{((/i+ l),p), therefore x + a t+i E B itL(h+ l)  implying Bi<L(h )+ a i+i C 

Bi,£,(h +  !)•

Conversely, let x E Bi^{h  +  1), then x E F,-(/i +  l ,p)  and x 6  B^n{h +  I). There 

exists an element y  E F ,iTl(/i) such th a t x =  y +  Oi+i- Using similar argum ent as 

above shows th a t y  E F ,(/i,p), thus y  E implying x E Bi^{h)  +  u.+i- Hence,

proving the claim. □

C la im  3 .7  Ui{h +  1) =  U{(h) + a,-+i and  VJ\{h 4- 1) =  Vi{h) +  a,+i.

Proof.

Refer to equations (3.5) and (3.6) for the  definitions of C/,(h) and Vi(h). T he result 

follows directly from Claims 3.5 and 3.6. □
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T h e o re m  3 .1  Let i be an integer €  [1, k — 2]. Let A  = {a0 =  0, a i, a2, . . . ,  a&-i} be 

a finite set o f  lattice points in Z2 such that A  generates Z2 and that no element o f A 

is contained in the convex hull form ed by the other elements o f  A . Also the elements 

o f  A  are numbered so that consecutive elements are the adjacent vertices o f  A a- Let 

h be a positive integer and p a nonnegative real number. F o r i  =  l , . . . , f c  — 2, let 

Ai =  {0, a,-, a ,+i} . Define

F{(h,p) =  {a: €  A h.Ai\dist(x, l(hai, ha i+ i ) )< p }  (3-7)

Then fo r  h sufficiently large

\ Ffih, p) n  hA  [ =  Ct- • h — D{

where Ci and D{ are some constants.

Proof.

Let n tii and n ,-,2 be two constants determined by the intersections of the lines /mI+1)

and /(ha,-, hai+f) w ith p. Recall th a t n,-,! and n t-i2 do not depend on h. For all integers 

n  such that n,,! <  n  <  h — — 1, let be the infinite line th a t passes through the

point na,- and has slope equal to the vector a,-+1. By Lemma 3.1, and /,,n+i are 

parallel, and

li,n+l — lt,n "4* Q,' ®t"+l

Refer to equations (3.1), (3.4), (3.5), and (3.6) for the  definitions of B,->n(/i), Si,„(/i), 

Ui(h), and Vfih).

For h sufficiently large, we have

h—nit 2—1
F i ( h ,p ) n h A  =  U  •,„(/») u  Ui(h) u  Vi(h)
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where the intersection of any two sets in the union is empty. Thus the cardinality is

\F i (h ,p )n h A \  = £  |S ,> (h)| +  \C/i(h)\ +  \V{(h)\

By Claim 3.2, we see th a t for n such that n tii < n < h — n ,-t2 — 1,

Si,n+l(h) =  Si,n(h) +  Ct,' — a t+i

we see th a t th e  distribution of the elements of hA  is identical in each set 5',->n(/i). 

Thus,

\Si,n+l(h)\ =  \Si,n(h)\

Furtherm ore, by Lemma 3.4, the cardinality of SiyTl(h) is independent of h. For all n  

such tha t n ,tx <  n  <  h — n ,-12 — 1, let C,- =  |5’1-in(^-) |, then C,- is a constant independent 

of h.

Moreover, by claim 3.7, we have the cardinality of U{(h) and V,\(h) are both con­

stants independent of h.

Therefore, the number of elements of hA  th a t are within p distance away from 

the face Z(ha,-, ha ,+1) is:

=  Y .  |S,.n(MI +  Wi(h)\ +  |K(A)I
*=ni, l

=  (h -  n ,i2 -  n iA)Ci+  | U{(h) | +  | Vi(h) |

=  C i - h - D i

where D{ =  (n itl +  n i<2) • C{ -  \Ui{h)\ — |V;(h)|. □
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T h e o re m  3 .2  Let A  be a finite set o f lattice points in Z2 such that A  generates Z2 

and that no element of A  is contained in the convex hull formed by the other elements 

o f A . Let h be a positive integer. Define

FA(h ,p ) =  {x e  A hA | d is t{x ,d & hA) < p}

to be the region that is less than p distance away from the boundary. Then for  h 

sufficiently large

| hA C \F A{h,p)  | =  C -h  + D 

where C  and D are some constants independent o f h.

Proof.

We can assume that 0 € A, since if 0 ^  A, we can translate the set A  by an element 

of A. Let A  =  {ao =  0, ai, a>i, ■. .,  a/t-i}, where the elements of A  are num bered so 

th a t the  consecutive elements are the adjacent vertices of A a . For i  =  1 , . . . ,  k  — 2, 

let F{(h, p) be the set defined in (3.7). For i =  1, . . . ,  k  — 2, apply Theorem  3.1 to the 

set A{ =  {0 , a,-, ax+i}, we have

\hA  n  Fi(h,p)\ =  Cih -  Di

Define the remaining two boundary regions of A  hA in the following way:

F0(h,p) =  {x  e  A hAi I d is t (x , l (0 ,h a i)) <  p}

Fk-i{h,p)  =  { 1 6  A m w  | dist{x ,l(f) ,hak- i) )  <  p}

To be able to apply Theorem 3.1 to the case of \hAC\ Fo(h,p)\ and \hA  fl F k - \ (h ,p )|, 

we will translate the set A  by ak- 2 • Thus we will consider the set A! =  A  — ak- 2 • Let
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a'o — ak- 2 ~  Ojt_2 =  0; a\ =  a^-i — a*_2; <*2 =  ao — <2*—2; and a'3 = ai — ak- 2 - Now we 

can apply Theorem  3.1 to {0, a * ,^ }  and {0 , 02, 03}. Thus,

\hA  n  F0(k,p)\ = \hA' H F0(h,p)\

and

jh A  n  Ffc_!(h, p )[ =  \hA' fl F,t_i(h, p)\

P u tting  it all together we have for i  =  0, and k  — 1,

|hA n  Fi(h,p)\ = |hA ' n  Fi{h,p)| =  Cih -  Di 

For i =  0 , 1 , . . . ,  A: — 2, let

Ti(h) =  hAC\ F i(h ,p ) fl Fi+1(h,p)

For i = k — 1, let

Tk-i(h) = h A  n  Fk- i(h ,p )  D F0(h,p)

We note th a t for all i = 0 ,1, . . . , k — 1,

Ti(h) C (U i(h )u V i+l(h))

By Claim 3.7, we see the elements of Ui(h + 1) and Vi(h + 1) are simply the translation  

of the elem ents of Ui(h) and Vi(h) by a t+i. Thus, the elements of +  1) are also 

translation of the elements of Tt(/i) by a,-+1. Thus, if we let £,• =  |T{(/i)|, then £,- is a 

constant independent of h. Therefore, we have the cardinality of hA  in the boundary 

region to be:

| h A  n  FA(h,p)  | =  >̂2 \ h A n F i( h , p ) \ - J 2 t i
i '= 0  t = 0
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=  x  C i - h -  Di -  u
t = 0

=  C - h - D

where C  =  £ 1=0 C« and D = £*1 0 Di + t {. □

T h e o re m  3 .3  Let A  be a finite subset o f  Z2 such that no element o f A  is contained 

in the convex hull formed by the other elements o f A. Let h be a positive integer. 

Then fo r  h sufficiently large, there exists a nonnegative real number p independent of  

h such that

h A  =  ( A M ( p ) n z 2)  u  ( F A { h , p ) n h A )

where \FA(h,p) fl hA\ is a linear function in h.

Proof.

By definition

A ka{p ) =  {x € A hA | d i s t ( x ,d A hA) >  p}

p) — {x £ A hA | dlst^X, SA/t/i) <Z p }

we see th a t

A i ia(p ) H Fx(/i,p) =  0.

By Theorem  2.4, there exists a real num ber p such th a t A hA(p) fl Z2 C h A .  Also by

Theorem  3.2, \FA(h,p) fl hA\ is a linear function in h. Thus proven the theorem . □

In conclusion, Theorem 3.3 has presented a general structu re  for h A  where A  is 

the special finite subset of Z2 such tha t no elements of A  is contained in th e  convex
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hull formed by the other elements of A. The general structure is this: There exists 

a  nonnegative real num ber p such that all lattice points whose distance from the 

boundary of A  hA is greater or equal to p belong to hA.  If we look at the distribution 

of h A  less than p distance away from the boundary of A  hA, we see a regular repeating 

pattern . Moreover, the cardinality of hA  in the boundary region is \FA(h,p) fl Z2| 

which is a linear function in h. We also know from Theorem 2.3 that hA  is of the 

order V ^A a )^2. Thus, the cardinality of h A  in the boundary region is one less degree 

in h than the cardinality of hA.

It is the author’s wish to continue with the research in the structure of h A  and 

hope to obtain a result sim ilar to that of the E hrhart’s polynomial in the general 

case.
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Figure #2
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Figure #3
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