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0 Introduction

Iterating a complex analytic map gives rise to a discrete conformal dynamical
system. The theory of these dynamical systems was first introduced by Fatou
and Julia in the 1920’s. Recently, interest in this subject has grown due to
the graphics capabilities of computers and to the infusion of techniques from
the theory of quasi-conformal mapping from the work of Sullivan, Douady
and Hubbard. While much progress has been made, the full theory, even for
quadratic polynomials of the form 27 + ¢ is not yet fully understood.

In [DK], Devaney and Keen began the development of an iteration theory
for meromorphic functions. They studied the class of meromorphic functions
with polynomial Schwarzian derivative. This thesis is a study of a particular
class of these meromorphic functions, the family T) : z — Atanz where
A€ C- {0} and C = CU {oc}. This family, like the quadratic family,
depends on a single complex parameter, and s0 we expect to see phenomena
that are generic for more general families of meromorphic functions.

As ig usual in the study of dynamical systems, we look at the following
two problems:

1. How does the dynamical system look for various values of the param-
eter A; that is, how does the z-plane divide into stable and chaotic
behavior?

2. How does the parameter plane divide into regions in which the dy-
namical systems are similar; that is, topologically or quasi-conformally
conjugate?

For the first problem, we give a description of the stable behavior by
studying the attracting periodic cycles. We see that T, has a single attract-
ing fixed point if and only if [A] < 1. There are at most two attracting
cycles; if T has only one attracting periodic cycle with period greater than
one, then the period of the cycle is an even number. If there are two cycles,
their multipliers are the same. We show that for appropriate values of A, T
has attracting periodic cycles of arbitrary period.

The Julia sets are fractals in general. When |A] < 1, J(T)} is a Cantor
set. When A > 1 or A < -1, J(T)) is a emooth submanifold; that is, the
real axis. When At is a pre-periodic point or a pre-image of a pole, J(T)) is
the whole complex plane.

For the second problem, we see that the bifurcation picture is quite
different from that for quadratic polynomials. There are infinitely many



simply connected components of the A-plane in which the functions T are
topological'y conjugate; their attracting cycles therefore all have the same
period. In analogy with the guadratic case, each component can be mapped
to the unit disk by sending the point A to the multiplier of an attracting
cycle. Here the map is not a conformal isomorphism, but a universal covering
of the punctured disk. We use this map to define internal rays inside the
component as pre-images of the actual rays (measured in turns} in the unit
disk.

Outside the unit disk, the components appear in pairs. The components
themselves do not possess a physical center where the multiplier varishes;
instead, each pair of components share a virtual center at their unique com-
mon boundary point. At such a virtual center, the asymptotic value, Ai is
a pole or a preimage of a pole. These poles and pre-poles can be identified
with the poles and pre-poles of the tangent function tan 2. This identifica-
tion gives us a coding of the component-pairs.

We show that the boundary of any component is piecewise smooth. On
the boundary of a component there are countably many saddle node bifur-
cation points. These bifurcation points are the end points of the rational
internal rays. Just as for the Mandelbrot set, there is a bud component at-
tached to this component at each of these rational bifurcation points. The
period of the attracting cycle of T, for A in a bud at the end-point of the
rational ray with argument ¢/p is the product of p and the period of the
attracting cycle of T for A in the root components. There is a one-one cor-
respondence between the rational internal arguments and the Farey series
which is generated by recursively inserting the rational number Hﬁ between
any two rationals § and §. Base on the Farey series, the diagram of circle
packing on an interval reproduces the pattern of the bud components along
a boundary piece with their periods and their sizes.

The organization of the paper is as follows :

In Section 1 we give the background and notation of the iteration theory
and some important results about the stable and unstable sets. In Section 2
we study the stable domains of T and give a classification of the attracting
cycles of T). In Section 3 we show that each component in the A-plane
corresponds to a quasi-conformal family of T,. In Section 4 we show how
we generate the computer pictures of the A-plane for 7. In Section 5 we
discuss the saddle node bifurcation around the unit circle and the relation
between the components attached to the unit disk and the internal angles
of the points on the unit circle. Then in Section 6 we generalize the results
to all components in the A-plane. In Section 7 we discuss the virtual centers



of component pairs and the period doubling bifurcation, and we give a way
to code these virtual centers. In Section 8 we use the Farey series and
corresponding circle packing diagram to describe the location of the bud
components, their periods and sizes. Then in the appendix we have a note
on generating computer pictures.



1 Background and Notation

Let F(z) : C — € be a meromorphic function. Let F™ denote the n** jterate
of F. Given a point z € C, the sequence {z,} defined by 2,4, = F(z,) =
F"+1(2) ia called the forward orbit of z and denoted by O*(z). For F non-
rational, because infinity is an essential singularity of F, F(z) is not defined
if 2 is a pole. We therefore terminate the orbit O*(z), hence O*(z) is finite
if z is a preimage of a pole.

If F*(29) = 20 for some n we say that zg is a periodic point, and O*(z)
is a periodic cycle. If n is the smallest integer with that property, then n is
the period of the cycle.

A number ¢ € C is called a critical value of F if F(z) = ¢ has a solution
with multiplicity greater than one. Any such solution is called a critical
point, Critical points are solutions of F'(z) = 0. A point ¢ € C is an
asymptotic value of F if there is a path v : [0,1) — C such that lim,_; v(2) =
oo and lime.y F(v(t)) = ¢. An asymptotic value ¢ of F is logarithmic if
there is a simply connected neighborhood U/ of ¢, and a simply connected
unbounded open set V C F~!(U)such that F|V : V — U —{¢} is a covering.
Critical values and asymptotic values are also called singular values.

Let zy be a periodic point of F with period p. The complex number
p(z0) = (FPY(z0) is called the multiplier of z5. By the chain rule alt the
multipliers p(zg), p( F(20)), " - -, p(FP~1(20)) are the same. So p is also called
the multiplier of the periodic cycle.

A periodic cycle and each periodic point in this cycle is:

L. attracting if |p| < 1

2. super-attracting if [p| = 0

3. neutral or indifferent if |p] = 1
4. repelling if |p| > 1.

Suppose z; is a periodic point of F(z) and p(z9) = €3***. Then zg is
indiflerent. When a is a rational number ¢/p, z is called a parabolic or
rational indifferent periodic point of F. A point 2z is called stable if there
exists a neighborhood N of z such that {F"|N} is a normal family. The set
of all stable points is called the stable set or Fatou set of F. Each connected
component of the stable set is called a stable domain or Fatou component.
The complement of the Fatou set is called the Julia set of F and is denoted
by J(F).



A stable domain D of F is:

1. an attracting domain if D contains an attracting periodic point of F.

2. a super-attracting domain if D contains a super-attracting periodic
point of F.

3. a parabolic domain if 8D contains a parabolic periodic point of F.

4. a Siegel disk if D is simply connected and F| D is analytically conjugate
to an irrational rotation of the unit disk. A Siegel disk has an irrational
indifferent periodic point in its interlor. Since this periodic point is
mapped to the center of the unit disk under the conjugation, it is
called the center of the Siegel disk.

5. an Arnold-Herman ring if D is conformally equivalent to an annu-
lus A = {z|r; < |z| < r3} and F|D is analytically conjugate to an
irrational rotation of the annulus A.

6. a domain at oo if for any z € D there exists a neighborhood ¥ C D
of z so that {F™} converges uniformly to oo on N.

Siegel disks and Arnold-Herman ringe are also called rotation domains.

Attracting and super-attracting periodic points are stable and repelling
periodic points are unstable. Near attracting or repelling periodic points
the map has a local linearization. That is (See [BL]):

Theorem 1.1 (Kaenigs Linearisation) Let 2y be a persodic point of a
meromorphic map F of period p. If the multiplier p satisfies |p] # 0,1,
then there ezists a local holomorphic function h with h(z) = 0 so that
ho FPo h~1(z) = pz in some neighborhood of the origin.

The situation for neutral periodic points is more delicate. Let F(0) = 0,
F'(0) = A. Suppose A = €3"®, Then the origin is a neutral or indifferent
fixed point of ¥. When a is a rational number ¢/p, the origin is a parabolic
fixed point. The dynamics near parabolic periodic points are depicted in the
Leau-Fatou Flower Theorem (See (BL]). Parabolic periodic points are in the
Julia set. At a parabolic fixed point the map F cannot be locally linearized;
instead we have the following theorem proved by Camacho (See [CA]):

Theorem 1.2 Let F(2) = Az 4 a32° + a32® + - - - be a holomorphic map in
the neighborhood of the origin, and let A be a p'* root of unity. Then either
F? is the identity or there is a local homeomorphism h, h(0) = 0, and an
integer k > 1 such that ho Fo h~1(2) = Az(1 + 2*P).



When o is an irrational number, the irrational fixed point 0 is stable if
and only if F is locally linearizable. There are essentially two different kinds
of irrational fixed points:

Siegel fixed points are the centers of Siegel disks where the map F can
be locally linearized; that is, F is locally conjugate to the irrational rota-
tion z — e¥™z, Roughly speaking this means that the Siegel points are
those with A = ¢?™® where a cannot be closely approximated by rational
numbere. Siegel points are in the Fatou set.

Cremer points are neutral irrational or periodic points that cannot be
linearized. If A = €™ one can think of the o as one that may be very
closely approximated by rational numbers.

Siegel proved that a Siegel disk exists if a is a Diophantine number; that
is, for n sufficiently large and for ¢ sufficiently small, the distance between
a and an arbitrary rational number p/q should satisfy |a — p/q| > ¢/q".

Recently Yoccoz gave the following complete characterization for Siegel
domains (See [MI]):

Theorem 1.3 (Bryuno-Yoccoz) For A = 2™ with a irrational, the fol-
lowing three conditions are equivalent:

1. the gquadratic map Az + z? possesses a Siegel disk,

2. every holomorphic map of the form z — Az 4+ O(2?) possesses a Siegel
disk,

3. Y ¢;'loggnss < 00, where the g, are the denominators in the contin-
tied fraction ezpansion of a,

Let 25 be an attracting fixed point of . Then the attracting basin of 2
is {z|F"(z) — 20 as n — 00}. The immediate atiracting basin of zg is the
component of the attracting basin containing zp. When zp is an attracting
periodic point of period p, the immediate attracting basin of z; is defined as
the union of the immediate attracting basin of 29, F(20),- -, FP~!(20) under
Fr(z).

A clasgic theorem due to Fatou states:

Theorem 1.4 For F a rational map, the immediate attracting basin of F
contains at least one singulor value of F'.

This theorem is at the heart of the classification of eventually periodic
stable domains. Sullivan proved the following “nc wandering domain” the-
orem.



Theorem 1.8 Let F be a rational map. Then all stable domains are even-
tually periodic.

Thus, the work of Fatou and Julia, together with Sullivan’s completes the
classification of the stable domains of rational maps (See [SU}). To summa-
rize, a periodic Fatou component for a rational map is one of the following:

1. attracting domain

. super-attracting domain

2
3. parabolic domain
4. Siegel disk

5

. Arnold-Herman ring.

Recall that the Schwarzian derivative S(F){z) of F(z) is defined as

(F’(z)'=)" F(z) 3 F"(Z)
Fi(2)-} ~ F(2) 2 F2)

Let M denote the class of meromorphic functions which have polynomial
Schwarzian derivatives. Fatou'’s proof of Theorem 1.4 applies equally well
to functions in M (See [FA]). Sullivan’s “no wandering domain” theorem
was extended to the critically finite entire transcendental functions; that is,
those with finitely many critical and asymptotic values (See [GK]). It was
also extended to the meromorphic functions in M (See [DK]). It was shown
that there are no wandering domains and no domains at oo for F € M.
The function we will study is T(z) = Atanz, it is in M and its Schwarzian
derivative S(T))(z) = 2. The Fatou-Sullivan classification of the Fatou
components holds in our case.

By a theorem of Nevanlinna in [NE) meromorphic functions with polyno-
mial Schwarzian derivative have only finitely many asymptotic values and no
critical values. Therefore super-attracting domains do not exist for F € M.
So we have the following:

S(F)(2) = w3 ) (1)

Theorem 1.8 For F € M, the stable domains are all eventually periodic,
the periodic domains are either

1. ottracting domaina

2. parabolic domaina



3. Siegel disks
{. Amold-Herman rings.

Some important standard properties of Julia sets and Fatou sets of poly-
nomials, rational functions and entire functions carry over to functions in
M. That is, for F € M we have (see [DK]):

1. J(F’) is the closure of the set of repelling periodic points of F.

2. Let z € J(F). Then J(F) = |22,{F-"(2)}, that is, J(F) is the
closure of the union of all pre-images of z.

In addition these functions satisfy

3. J(F) is the closure of the set consisting of the poles of F™ for n > 0;
that is, the closure of all the pre-images of poles of F', or equivalently
the closure of all points with finite orbit.

The first case holds for larger classes of meromorphic functions (See
[BKL)). It was shown in [DT] that Julia sets of entire functions may contain
forward invariant subsets that are homeomorphic to the product of a Cantor
set and the line [0,00). These are called Cantor bouquets. In [DK] it was
shown that these Cantor bouquets also occur in Julia sets of ' € M when
an asymptotic value is also a pole of F.

Now we are ready to discuss the dynamics of T).



2 Stable Domains of T)

The map Ti(z) has exactly two asymptotic values 1 Ai, because
ein - c—iz

T,\(Z) = Atanz = 'A':‘:——-{‘C—_i'

(2)

and e* — 0 (resp. o0), e~¥* — 0o (resp. 0) as z moves to the point at
infinity along a path in the upper (resp. lower) half plane. Since 7,(z)
has no critical points, the orbita of these two asymptotic values of T) play
a crucial role in the dynamics of T). For iterations of T\, we have the
following:

Lemma 2.1 For A€ C*=C— {0} and k =1,2,3,---
1L (-2} = -T*(z)
2. T§(2) = Th*(2)
3. T_xk(2) = (-1)*Thk(2)

Proof. These properties are due to the odd symmetry of the tangent func-
tion. In Expression (2) we substitute the conjugates of A and 2, A and Z, to
get T5(Z) = Tx(z). The proof follows by induction en £. O

For the derivatives of iterations of Ty, we have:
Lemma 2.2 For A€ C* and k = 1,2,3,---

L DM-2) = [T

£ (@)Y = DY

S [ToM(2)) = (DTN (2)

Proof. Since tan’'z = 1 + tan®z, we have T)\/(—z) = T3/(z). Then by the
chain rule and Lemma 2.1, we have

k k
[ID0 " (-2) = [] TV[-T Y (2))

i=1 =1

k
[[TI1(2)] = (M)
i=1

[TX(~2))

I
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[73)Y

]

& k
[T @) = [[TUT ()
i=1

k
= [IT/(M@) = (L)

i=1

k k
[Tk @) = [IT-NIT- (@) = [[ T2 T (2)
i=1

i=1

k k
= JI7-3 0@ = (D[ TV ()

=] i=1

= (-DHDMEY.

Theorem 2.3 Suppose T has an altracting periodic cycle. Then we have
one of the following cases:

1. T has only one altracting fized point. This can happen if and only if
0 < |A] < 1, and the fizred point is the origin. The attracting region is
a domain about the origin, [t is the full stable set.

2. T, has only one aliracting periodic cycle of even period p and the
periodic points appear in symmetric pairs. The stable set consists of
p Fatou components each contains a periodic point and the pre-images
these Fatou components.

3. T has exactly two attracting periodic cycles of the same period p which
are symmetric with respect to the origin. The multipliers of these two
attracting cycles are the same. The stable set consists of p symmetric
pairs of Fatou components conteining the periodic points of the two
cycles and their pre-images.

Proof. We saw in the previous section that each attractor absorbs a singular
value. So it is sufficient to follow the orbits of Ai and ~Ai to determine all
stable attracting periodic orbits of T)(z). Therefore, there are at most two
attracting cycles. From ldentity {2.1.1) we know that the orbits of the two
asymptotic values of Ty(z), A and —Xi, are {T3*(Xi)} and {-To*(Ai)}.

—
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1. Since T,'(0) = A, the origin is an attracting fixed point if and only if
JA| < 1. On the other hand, the origin is an attracting fixed point if and
only if {T\¥(Ai)} and {-T2*(Ai)} converge to the origin. Therefore
there is no other attracting cycle.

2. if {T\*(2i)} and {-Ty*(Ai)} converge to the same attracting cycle
with period p > 1 (excluding case 1), then {T2\"?(Ai)} and {-T\"P(Ai)}
converge to two non-zero periodic points which are symmetric about
the origin. Similarly, all the other periodic points in the cycle are
grouped by pairs under the central symmetry. Therefore the attracting
cycle itself is centrally symmetric and its period p is an even number,

3. The proof for two symmetric cycles is similar to that in case 2. Suppose
Zg is a periodic point of one of these two attracting cycles. Then -z,
is in the other cycle. So the two multipliers are p; = [T\*(20))' and
P2 = [TAP(~20)]’, then by Lemma 2.2 p; = p3. D

In Section 4 we will prove that the period in case 3 of Lemma 2.3 may
be any positive integer.

Corollary 2.4 For |A] > 1, suppose the period of the atiracting cycle of
T\ is an odd number. Then T has two atiracting periodic cycles which are
symmetric with respect to the origin.

Let ua consider the negatives and the complex conjugates of A for |A| > 1.

Proposition 2.8 For any A outside the unit disk, the attracting cycles of
T and T5 are complez conjugates of one another; so are their multipliers.

Proof. From (2.1.2), we have

Ta*(Ai) = T§(Xi) = TH-Xi) for k € Z*.
Therefore the orbits of the asymptotic values of T and T are conjugate.
Suppose 2o is a periodic point of T, with period p. Then % is a periodic
point of T5. Their multipliers are

p(2) = [Ty*(20)] and p(X) = [T2(%)))

80 by Lemma 2.2 p(2) = p(}). O
From Proposition 2.5 and (2.1.3), we have the following:
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Corollary 2.8 Suppose the period of an attracting cycle of T) is an even
number p. Then the attracting periodic cycles of Ty and T_, are identical,
and the periods of the attracting cycles of T_,, T and T_3 are all equal to

p.

Proposition 2.7 For |A| > 1, suppose the period of the atlracting cycle of
T) is an odd number p > 0. Then T_), has an atiracting cycle of period 2p
that consists of the periodic points of the two atiracting cycles of T). Let
p()) and p(—)) be the multipliers of the attracting cycles of T, and T._,.
Then p(2)? = p(~A).

Proof. Let z, be a periodic point of T, with an odd period p. Then by

(2.1.3)
T_2*"(20) = Ta»(20) = TZ*(Tx¥(20)) = 2.

Suppose that there exists an integer ¢ < 2p such that T_,%(2) = 2,
then g|2p (meaning ¢ is a factor of 2p).
If q were even, then by (2.1.3),

T_»%(z0) = TA%20) = 2,

but ThP(20) = zo and p is odd, therefore p < ¢ < 2p. This cannot happen
since ¢|2p and p is odd.

If ¢ were odd, ¢|2p implies g|p. Let d be the odd factor such that p = dgq.
By (2.1.4),

T-2%(20) = Th¥¥(20) = 20,

s0 p < 2¢ that implies d < 2. So ¢ = p. But T\*(2) = 2 and T_P(2) =
—T\P(20) = zo imply T\¥(2z9) = 0. This cannot happen either, since |A] > 1.
Therefore the period of the attracting cycle of T_), is 2p.

Now we prove that each periodic point of T) is also a periodic point of
T_y. Suppose T\P(z5) = 2. We will show that

T_\"(Ti*(20)) = Ts*(20) fork =0,1,---,p— 1.
When & is even, from (2.1.3) we have

T_x*"(T\*(20)) T_\"(T-s*(20)) = T_A*(T-»**(20))
= T_3*(20) = Tx\*(20).
When k is odd, from (2.1.4) we have
T_x*(Tx*(20)) T2\ (-T-3*(20)) = ~T-3*(T-2*(20))
~T_3*(20) = Th*(20).

u

I
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Suppose zp,2;,--+,235-1 are the 2p periodic points of T, and T_, in
such an order that zy = T-,%(2), ¥ =1,2,-.-,p - 1. By Lemma 2.1 and
Theorem 2.3, for £ =0,1,2,.--,p—1

2p4i = T_a"%(20) = T_»'[T_s*(20)} = T-»*(—20) = -T-»*(20) = - 2.

Since the multipliers of the two attracting cycles of T), are the same, we have

p=1 p=1
p(A) = [[ T'(z) = [ T'(—=).
i=0 i=0

For the multiplier of the attracting cycle of T_, we have

2p-1 p=1 p-1
p(-2)= [] T-¥'(z) = [] T-a"(z) [ T-»"(-20)-
i=0 i=0 i=0

So p(A)? = p(-A). O
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3 Quasi-Conformal Families

We are going to divide the parameter plane into regions in which the dy-
namical systeme are quasi-conformally conjugate. First let us recall some
facts about the quadratic map P.(z) = 2? + ¢. Any quadratic polynomial is
conjugate to a unique P,(z) by an affine transformation. The map P, has a
unique critical point at the origin that plays a crucial role in the dynamics
of P.. The Julia set J(F.) is either connected or a Cantor set depending
on whether or not the orbit {P*(0)} is bounded. The parameter plane is
decomposed into the Mandelbrot set

M = {c€ C| J(P,) is connected }

and its complement C — M. We now know that the Mandelbrot set M is
connected (See [DH]). It is conjectured that the interior of M is the set

M' = {c € C | P. has a finite attracting periodic cycle}.
For the tangent map T, an analogous set in the A-plane is defined as
N = {A € C| T, has a finite attracting periodic cycle }.

It is shown in [DK] that

Theorem 3.1 Suppose F(z) is in the class M of meromorphic functions.
Suppose all the asymplotic values of F(z)} lie in the immediate attracting
basin of an attracting fized point. Then the Julia set J(F) is a Cantor set
and F|J(F) is conjugate to the shift map on infinitely many symbols.

By Theorem 2.3 the two asymptotic values £ Ai of T lie in the immediate
attracting basin of a fixed point ifand only if A € D* = {A: 0 < |A| < 1}.
Therefore J(T)) is a Cantor set if A € D*. The fixed point is at the origin.
This contrasts with the situation for polynomial or entire maps in which
finite attracting fixed points always have a simply connected immediate
basin. However the component D* of H is more like the complement of the
Mandelbrot set C — M. For ¢ € C — M, the critical value ¢ of P, lies in the
immediate basin of the super-attracting fixed point at infinity and the Julia
set J{FP.) is a Cantor set.

One difference between T and P. is that there are points A € C — X
such that the Julia set of T’ is the whole sphere; by contrast, for all points
c € C J(P.) is never the whole sphere. We have
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Proposition 3.2 The Julia set of T), is the whole spheve, J(T)) = C, if A
satisfies one of the following:

1. The asymptotic values +)i of Ty are pre-periodic.
2, The asymptotic values +)i are poles or pre-images of poles of T',.

Proof. We use the classification of stable domains for T, in Theorem 1.6.
Since T does not have super-attracting domain, a stable component of T,
requires at least one asymptotic value with infinite orbit. By symmetry both
asymptotic values have infinite orbits or both have finite orbits. Therefore
when both asymptotic values are pre-periodic, the stable components cannot
exist.

If the asymptotic values are poles or pre-images of poles of T, then the
orbits of both asymptotic values are terminated at infinity, hence the stable
components cannot exist either. In this case the Julia set contains forward
invariant subsets called Cantor bouquets which are homeomorphic to the
product of a Cantor set and the line [0,00). D

To study the quasi-conformal families of 75, we need the following the-
orem.

Theorem 3.3 (Nevanlinna) Maps with polynomial Schwarzian
derivative of degree p—2 are exactly those functions which have p logarithmic
singularities, ag,---,a,_y. The a; need not be distinct. There are ezxactly
p disjoint sectors Wp,- -+, W,_, at oo, each with angle 32 in which F has
the foilowing behavior: there is a collection of disks B,, one around each
a,, satisfying F~1( B, — {a}) contains a unique unbounded component U,
contained in W, and F : U, — B, — {a;} is a universal covering.

We then use this to prove

Lemma 3.4 If F has ezactly two asymplotic values which are symmeiric
with respect to the origin and it has no critical points, and if F fizes zero,
then ¢~ F(cz) = Ta(z) where A and ¢ are uniguely determined by S(F)(z)
and the asymptotic value of F.

Proof. The two asymptotic values are logarithmic. This follows from the
proof of a lemma in [GK] which says that any asymptotic value of an entire
transcendental function with finitely many singular values is logarithmic.
By Nevanlinna's theorem, F(z) has a constant Schwarzian derivative, so
we have S(F)(z) = k where k is a constant. We are going to solve this
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Schwarzian differential equation. Let f(z) = (F' (z))“*, from Equation (1)
we get a linear equation

k
(2) + 3 4() = 0
Its general solution is

J(z) = AeV M35 L B~V k11 Ghere A and B are constants.

If fi and f2 are two linearly independent solutions, their Wronskian
determinant f] f — f1 f3 is a non-zero constant ¢, so (%)’ = ﬁ Therefore,

F(z) = 4 is a solution of S(F)(z) = & and the general solution can be
written as

AeV ki + BC_‘/_kIZ’
Ce‘/-k,h + De-\/-—k/h

Since F(0) = 0 and the asymptotic value 3 = —g, it can be rewritten

F(z) = where AD - BC is non-zero.

asa

AeV k2 _ A‘c-‘/—k/h
e\/—kfh +c—\/—k]2:

So we now have

y F iz y;e" -t [k
— F( ) = - . — = At/ —tanz.
i /_—;k P e et 2

2

where + 4 are the asymptotic values.

F(z) =

QED.

Theorem 3.8 Fach component of M corresponds to a quasi-conformal fam-
ily T»; that is, for any A* and A in the same component of M there ezists a
quasi-conformal map g such that T\.og =go T).

Proof. Suppose Ay € H and T, has an attracting cycle of period p. Let
29,21, --,2p—1 be the p periodic points in the attracting cycle of T),, and
let pg be the multiplier of the attracting cycle. By Theorem 1.1, there exists
a local holomorphic function h,, with A,,(2g) = 0 such that

Yoo = hoo 0 TF 0 h!l  has the form ¢ — po(
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in some neighborhood of the origin D,, = {z : |z| < ro}. Let N = h;}(D,,).
We can find an annulus

Ag = {(: rolpol < [l < ro}

that is mapped one-one by y,, onto the annulue

AL, = {< 1 rolpol? < €] < rolpol)-

Now pick any pin D, = {2:0 < |2| < r} where |pg] < r < 1. Let A, be
the annulus A, = {¢ : rolp| < || < ro} and set ,(() = p(.

We now define a measurable structure on A, as follows:
Let f: A,, — A, be a differentiable map such that

- _ %K
#a) 7.

is a measurable function and ||3({)|lc € k < 1. Extend j to D, by
(Y5, (C)) = (). We pull i back to N by p(z) = jio hy(z). Extend pu(z)
to the inverse orbit of h7}(A,,) under T} by

(T3 )(2)
(T, Y(2)

This defines the measurable structure in the whole attracting basin of
zg under Ti’o. This structure is copied to the basin of z; by Tio. If T,
has two attracting periodic cycles, by Proposition 2.3 the two cycles are
symmetric with respect to the origin. So we can copy the structure to the
other attracting cycle by central symmetry. Now we have the measurable
structure defined everywhere in the stable set. Set u(z) = 0 everywhere
else in C. By the measurable Riemann mapping theorem (See [AL]), we
can find a quasi-conformal map ¢ on the plane that is a solution of the
Beltrami equation ¢5{z) = u(z)g.(z). The map g(z) is uniquely determined
up to an affine transformation, therefore it can be determined by what it
does to two points. We will assume g fixes the origin and maps the two
asymptotic values to a pair of points symmetric with respect to the origin.
The map g o Ty, 0 g~! is meromorphic by construction, it fixes the origin
and has exactly two symmetric asymptotic values and no critical points. By
Lemma 3.4, there exist constants A and k such that T = (kg)oT), o(kg)~'.
One can check that A depends continuously on p with A, = Ag. Therefore

u(z) = WT(2)) for 2 € T5,"" (b (Aw)):
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A and Ag are in the same component §2 of H. Since it is possible for r to be
arbitrarily close to 1, the multiplier p induces a covering map p: Q@ — D*.
g

For example, we know that there is a component in the right half plane
for A in which T) has two fixed points. We denote this component by Q%.

When Ag = 1.3669957433...in Q;, p(do) = 1, and the Julia set J(T'x+) is the
real axis that is the equator on the Riemann sphere, and hence connected.
For A € Q} not real, J(T3) is a quasi-conformal image of J(7».) = R and

it is called a quasi-circle. In Fig. 1 we show the Julia sets J({T} 540.5;) and
J(T15+41.5) in one periodic section of period n. They are fractals; that is,

quasi-self-similar and their Hausdoril dimensions are greater than one (Sce
[MA]).

~ T

Figure 1: Julia sets for T} 5405; and T} 541.5

A
% ‘

i . I ] ‘%ﬁ.,, -:‘?"“

Figure 2: Julia set for T,y
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A picture of the Julia set is also shown for 73,,7; that has two symmetric
periodic cycles of period two.

Let us consider the A on the boundary of the component D*. Since the
multiplier 7'(0) = A = €?™*?, the origin is an indifferent fixed point.

When a = p/¢ with p,q € Q/Z the origin is a parabolic or rationally
indifferent fixed point. The dynamics near the parabolic fixed points are
depicted by the Leau-Fatou Flower Theorem and Theorem 1.2. We shall
show in Section 5 that there are components budding from D* at these A.
The parabolic fixed point, the origin in this case, is in the Julia set.

When a is irrational the origin is an irrational indifferent fixed point.
The stability of an irrational indifferent fixed point is equivalent to lineariz-
ability in a neighborhood of that point, so there are two kinds of irrational
indifferent fixed points: the Siegel points which are locally linearizable and
the Cremer points which are not. A Siegel point is in the stable set and the
maximal stable domain of T containing this point is called a Siegel disk. A
Siegel point is the center of the Siegel disk.

1T .
Figure 3: A Siegel disk for T

For a holomorphic map F(z) = Az+a2*+a32*+-- - in the neighborhood
of the origin, Siege! gave a sufficient condition that a be a Diophantine
number. A generalization of his theorem is the necessary and suflicient
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condition for linearizability given in Theorem 1.3. Therefore, for T, with
A € D, a Siegel disk exists if and only if the Bryuno condition holds. On
the other hand, no Arnold-Herman rings exist for T) when A € 8D. If an
Arnold-Herman ring were to exist for some T, then A would have to be on
the boundary of a component outside the unit disk.

An example of a Siegel disk is given in Fig. 3. We chose T}, at A = ¢¥me
where @ = (v5—1)/2 is the golden mean. The picture shows the Siegel disk
around the indifferent fixed point 0 of T and part of the Julia set. Since
the map tan z preserves the imaginary axis, T) maps the imaginary axis to
a straight line of slope 2xa — .
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4 Computer Pictures of the A-Plane

We know that an attracting periodic cycleof T, for A € X can be determined
by following the orbit of one of the asymptotic values of T. If there are
two attracting cycles, then they are symmetric, and therefore of the same
period.

We also know that each component ! € M corresponds to a quasi-

conformal family {T)\}req, and that the periods of the attracting cycles of
all T in this family are the same. Therefore we can generate a computer
picture of H by iterating 7),\"(As) to get the period of the attracting cycle of
T,. A rudimentary numerical experiment can be carried out on the computer
as follows:
First we set up a color lookup table C{p) for periods p by assigning a color
code to a period or several consecutive periods. Then we scan a rectangular
area in A-plane with a small grid. At each point A, T3(2) is iterated with
initial condition z = Ai and the orbit T),"(Ai) is kept in memory. At each
step n we trace back by setting p= 1,2,---, and check if

IT\™ (M) = TA"P(Ai)| < €7

H the inequality is true at some p, this pis returned as the period of T\(z). If
it is not true after a certain large number of steps, the number of iterations
is returned. We then draw the point A in color C(p). For example, if the
palette of a computer contains sixteen colors and we are going to iterate
about one hundred steps at each point A, then a color lookup table C(p)
can be set up as

1: White 2: LightRed 3: Red 4: Brown

5: Yellow 6: LightGreen 7. Green 8: LightCyan

14;: Cyan 16: LightBlue 28: Blue 32: LightMagenta
56: Magenta 64: LightGray 112 Gray p >112: Black

At each A, our program iterates at most 112 steps. Therefore all points A
in the parameter plane with period higher than 112 are drawn in black. For
those points where the periods < 112 but not listed in the table, the nearest
high order color is used. Starting from the number eight in the above table,
the next number ia twice the previous number. The advantage of this color
table is that the period doubling can be easily seen in a 16-color picture.

The computer graph we obtained is essentially the picture of a subset
H of H where

H' = {A € C: T) has an attracting periodic cycle with period < 112},
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Figure 4: The unit disk and its surrounding components in M’
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Figure 5: H' at oo (the center)
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The computer picture of H in Fig. 4 is drawn around the origin and the one
in Fig. 5 is drawn around the point at infinity.

In Fig. 4 the large disk centered at the origin consists of those A such
that 7\ has only one fixed point at the origin. By Theorem 2.3, it is the
open punctured unit disk D*.

In Fig. 5, the surrounding dark area is in the unit disk and the center
is the point at infinity. Let (§2;,£2) denote the component pair having a
common boundary point at infinity. The period pair of T, for A in 2; and
92 is (1.2).

These two pictures together cover the whole sphere. We see that all
the components except the unit disk appear in paire and each pair has a
common boundary point just like (£, ;). We see that the colors of some
component pairs are interchanged at the symmetric component pairs. Let
(k,1) be the period pair of the attracting cycles of (T),,T),)} for (A1, Az) in
a component pair (§2x,1;). Suppose k (or I) is an odd number. Then the
period pair of the central symmetric component pair (-, —) is (I, k).
By Proposition 2.7, = 2k (or k = 2 if | is odd). In fact, the period pair of
any component pair ({2&,8;) is either (k, 2k) or (2{,1) where k and { can be
any integers. We will come back to this later.

The symmetry of H can be explained by the results in the previous
section. From Proposition 2.5, we have:

Corollary 4.1 The set H is symrmetric with respect to the real azis.

From Corollary 2.6, if for A in a component T, has an attracting cycle of
even period, then the four symmetric components located around A, —A, A
and —A are in the same color. Namely, the periods of the attracting cycles
of T for A in these four components are the same. The following is a result
of Corollary 2.6 and Proposition 2.7 and shown in the computer pictures:

Corollary 4.2 If a component (Y conlains a section of the imaginary azis,
then the period of T for A € Q is an even number. The component {} ilself
18 symmetric with respect to reflection in the imaginary azis.



25
5 Bifurcations on the Unit Circle

Let Wi = {A € C: T\ has an attracting periodic cycle of period k}

and let §2 be a connected component of W,. We call I € W), a component of
period k. We will prove in Theorem 6.2 that the multiplier p of the attracting
cycle of T) for A € 2 induces a universal covering map p: 2} — D* which
is lifted to a conformal isomorphiem p : f — H where D* is the open
punctured unit disk D — {0} and H is the upper half plane.

Definition. A boundary point A € 81 is called a point of internal angle
if A = p~l(e?™),

The case 2 = D* C W, is special. Because the origin is the only attracting
fixed point of T) for A € D* and T{(0) = A, the map p : D* — D" is the
identity map. It extends continuously to the identity on the boundary. If a
boundary point A = e*™° has a rational internal angle « = ¢/p € Q/Z, the
origin is called a rational indifferent fixed point or a parabolic fixed point.
We want to study how the dynamics of T) change when A moves inside D*
toward a boundary point of rational internal argument and then goes out.
To this end, we first consider the boundary point A = €?"*® where a = 0;
that is, A = 1. Since T](0) = 1, the origin is a parabolic fixed point of
Ti(z) = tanz.
In a neighborhood of the origin, we have
2 4. 47 4

1,
TA(Z)-—'\Z(1+3Z + 5% t 3t +-e1) (3)

Therelore, for ¢ > 0 small,

T(z)=2+ %zs + 0(25)
1+
3

When 0 < A < 1, T}, has an attracting fixed point at the origin and
two real repelling fixed points +p approximated by +/3¢ /(1 — ¢).

When A = 1, the origin is a root of Tj(z) = z with multiplicity three.
The points near the origin on the real axis are moving away from it and those
near the origin on the imaginary axis are moving toward it under iteration
by T] .

£2%) 4+ 0(2%).

Ti4e(2) = 2+ 2(2e +



26

When A > 1, Ty, has a repelling fixed point at the origin and two
imaginary attracting fixed points +p approximated by +i\/3¢/(1 + £). This
change, or splitting apart is called a saddie node bifurcation.

Fig. 6 shows the orbits in these three cases.

4
{

-p P
~p

0<Aicl A=1 A>1

Figure 6: Phase portrait of T) for A near 1

We next consider o = 1/2; that is, A = —1, We have

T(2) =2 4 g-zs +0(%).
For £ > 0 small, if we perturb A = —1 by —¢, then T311+¢)(z) has a repelling
fixed point at the origin and two attracting fixed points on the imaginary
axis. These two points are the periodic points of T_(;4,) with period 2.
Again we have a saddle node bifurcation.
In fact, there are saddle node bifurcations at all points of rational internal
angle around the unit disk. We have the following:

Theorem 8.1 Let A = e'7 , g/p € Q/Z, and let k be I if p is even or 2
if p is odd. Then T(y, y11s5 has k altracting cycles of period p for |¢| small

and satisfying le — | < &.
As a corollary we see that cycles of arbitrary period exist.

Corollary 8.2 For any inleger p > 0, there ezists A € C such that T\(z)
has one or two atiracting cycles of period p.

To prove Theorem 5.1, we first prove the following:



27

Theorem 8.3 Let f(z) be analytic in a neighborhood N of zy such that
f(z0) = zo and f'(z) = A. Assume further that A is a p-th rool of unity.
Then there is a map f, called a perturbation of f, such that f has one
repelling fized point at zo and a finite number of attracting periodic cycles
of pericd p in N,

Proof. With a parallel translation { = z — 2y, we may assume f(0) = 0.
We can locally express f(z) by a power series

f(z)= Az 4 a2 +a32® .

Then by Theorem 1.2, there is a local homeomorphism h, h({(0) = 0, and an
integer k > 1 such that

hofoh™!(z) = A(z + 2.
Hence the p-th iterate of f(2) satisfies
ho fP o h™(z) = AP(z 4+ pz*PH1) + O(2*P*?) = 2 4 psP1! 4 024743,

and therefore zero is a root of ho fPoh~!(z) ~ 2 = 0 with multiplicity kp+ 1.
Let f = &~! o(l+ €)'/Pho f. Suppose |1 + €| > 1 and [¢] is small. Then
we have that Ao fPoh™!(2) =

=L+ ez +[1+Q+)% 4+ (1 + )P0k RrH1} | g(2F#43) =

sz+z{e+ 4+ )1+ +)* +. -+ (1+)FDEP} 4 (47,

Therefore ho f? o h=1(z) — z = 0 has kp + 1 roots in the neighborhood of
zero. They are zero and the kp non-zero roots §; approximated by the kp
roots of

kp _ —£
z "(1+E)[1-}-(]+5)k+(l+5)2k+...+(1+5){9—1)k]-

Compute the derivative:
[ho fPoh-1(2)) =
l+e+(14e)kp+ D)1+ +e)* +(1+6)* 4+ -+ +)P- 1) AP L O+,

Evaluating it at z = 0 we have [he fPoh™}(2)}i_o = 1 + ¢. Therefore when
|1+ €] > 1, zero is a repelling fixed point of ho fP o A~!(z). For the non-zero
fixed points we evaluate at §; and get

[ho fPoh(2)]\ue, = 1 — kpe + O(e'* ).
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We see that if |¢ - #| < ti then all the &, 1 < ¢ < kp are attracting
fixed points of Ao f? 0 h=1(z). Here the inequality |¢ — ;,l;l < 1}; implies
|1 4+ ¢] > 1. Therefore if £ is chosen so that |¢ — #l < %— the topological
conjugacy h gives a one to one correspondence between the set of periodic
points of fP(z) and those of Ao f? 0 A~1(z) and f is the perturbation of f
we are looking for. O

Proof of Theorem 5.1. From Expression (3), in a neighborhood of the
origin we may assume that

TaP(z) = Az(1+ Y ai2?
i=1
One can check by direct calculation that:
when p is even, a; has a factor 1 + A2 + A ... 4+ A2 for i < p/2,
when pisodd, a; has a factor 1 + A+ A2 4 -- + A?~! fori < p.

AP ] = -1+ 2+ 4 ...+ 2% ifpiseven
T1O-D+A+A 4427 ifpisodd

Suppose A # +1, then a;, = 0 for i < kp. So we have
T\P(z) = z 4+ az*?*! 4 O(2*P+3)

wherea#1 and k=1ifpisevenor k=2 if p is odd. Let g(z) —-(9)‘1'
Then
goT\P og~!(z) = z 4 pz***! 4 O(2+%).

On the other hand, following the proof of Theorem 5.3, we know that
for T’ there exists a local homeomorphism A, A(0) = 0, and an integer k > 1
such that ) )

hoT\? o h~'(z) = z + p2** 4 O(*7*3).
So k£ = k and h(z) = constant + z. The perturbation T of T is

h™ lo(l+.¢:):-hr.‘1",\(.z)—(1~|—.&‘)l"n"',1u(2)— (14e }”( z)

Therefore, an estimate of the diameter of the component attached to D* at
22 I
e * is

1

{(1+£)=e3!5n ol P —| < — i)

QED.
Definition. Given a component 2 the component attached to 2 is called a
bud component of Q.
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Corollary 6.4 Let a be any rational number q/p with gcd(g,p) = 1. Then
there is a bud component attached to D* at the point €*™*, For ) in this
component, the period of the atiracting cycle of T, is p.

We denote this component by Q H and call it the bud component of D*
of internal argument g. For instance, 2 1 is the component of period one in
the right half plane attached to D* at 1, and 2, is the component of period
two in the left half plane attached to D* at —1.2ﬂ§ and Q% are components
of period four attached to D* at i and —i (See Fig. 7).

Figure 7: Internal rays in D* of angle % and components of period p
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Note that the larger the period p is, the smaller the size of the bud
component. However, when p is odd, the bud component of period p and
the bud component of period 2p are about the same size. Let p be an odd
number and let ¢; and g; be such that ged(p,¢1) = 1 and ged(2p,q3) = 1.
Let Y be a bud component of period p attached to D* at the point of
internal argument %, and let Qf_ be a bud component of period 2p at the

point of internal argument n By Theorem 5.1 an estimate of the period p
bud component 2 u is gwen by

1 Imgyt
r

1 1
1 +¢)re e - —l < —1},
{(1+e) e 351 < 35)

while the period 2p bud component Q;g is estimated by

1
2p"

The size of the bud component of period 2p is slightly smaller than the one

of period p; they differ at most by a factor (1 + 5‘;)#. Therefore when p is
large they are about the same size.

We can characterize the periods of the bud components of D* at each
bifurcation point of internal angle ¢/p.

{(t + 5)515995?: : e~ —| < —

Proposition 5.5 Let Q be the component of period p attached to D" at
€?™ then the period p* of the component N° attached to D* at —e*™'* i3

given by
[ p/2 fp=2(2k+1)

pPP=<p if p = 4k

2p ifp=2k+1.

Proof. The period p* of the symmetric component 2* to { is determined

. - . . . ; e Am3gtp)
by the point —e?™*>, This point can be written as e™e P =¢ 3 . Let

us check the internal argument 3'%2:

If p = 2a and a is odd, then ¢ is odd and a + ¢ is even; but 3%2 = latda _
L“—tanogcd( ,a)=1and p* = a = p/2.

If p=2a and a is an even number, then -m -’-‘"—
odd, so ged(q + a,2a) = 1 and p* —2a_p

If pis odd, then 2¢ + p is odd and ged(2¢ + p,2p) = 1. Sop* = 2p. O
Check in Fig. 7 for some examples.

but ¢+ ais

24’
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6 Internal Rays and Buds

We saw in Section 3 that the component D* of H for T) is like the com-
plement of the Mandelbrot set C — M for the quadratic maps. To study all
the components in H we will pursue the analogy with the quadratic maps
P.(z) = 22 + c. The set M’ is an open set with infinitely many connected
components. In [DO] Douady and Hubbard proved the following:

Theorem 8.1 For each component W of M', the multiplier p induces a
conformal isomorphisrn pw : W — D that extends to a homeomorphism of
W onto D.

This implies that each component W has a unique c-value such that
p(c) = 0. That point is called the center of W. Let R(a) denote the pre-
image of the radins with argument a of D under p()); that is,

R(a)={AeW |p(A)=re®™™, 0<r <)

Then R(a) is called the internal ray of W with argument a.

The component D* = D — {0} € M is special. The map p: D* — D" is
the identity and the internal ray with argument a is the radius {re?™'2|{0 <
r < 1}. For T the set W — D* is analogous to M’. We have the following
result in analogy to the quadratic case:

Theorem 6.2 For each component } of H — D*, the multiplier p induces
a conformal isomorphism 5 : {} — H.

Proof. Let p be the multiplier of the attracting cycle of T) for A € .
Following [DO] we showed in Theorem 3.5 that p induces a covering map
p:Q — D* A re?™, Let 1 be a component of period p. For any A in
there exists a periodic point 2, of period p and p = (T\P)'(z1). We solve for
z) to get a local analytic solution, and then we substitute 2, in 2y = T)\?(z,)
to get a function ¢(A,p) = 0. For example, for any A € Q } We can solve for

z) from p = T)/(z)) to get 2, = +arctan /{p — A)/A, and then substitute

zx in Ta(zy) = z) to get
A = pcos? \[A(p - A).

Let w = 2ra—ilogr. Then the exponentiaimapx : H — D*, w — €% js
a universal covering map, where the covering space H is the upper half plane.
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So we can lift p: 1 — D* to get § : 2 — H which gives a commutative

diagram
. _H
Ve
Q—~D*
The universal covering map x is invariant under translation. To determine
the lift 5, we choose a point from the set p~}(}) and denote it by A},,.
We then choose the internal ray containing 4\?,3 as the internal ray with
argument zero and denote it by R(0). Let 5 map Af,, to —ilog4. Then
the lift j is unique. For any real number a the internal ray R(a) of 0 is
mapped to a vertical line w = 2xax in H. One can check that 5: 2 — H is
a homeomorphism and so is its inverse, hence the two covering maps p and
p are equivalent. Therefore p: 2 — D* is a universal covering too. Since p
and x are holomorphic, 5 is a conformal isomorphism. O
Under the map 5 : ! — H, the boundary of §2 corresponds to the real
axis. Another difference between W for quadratic maps and our {0 is that
the component 2 does not have a physical center, The common end-point
of all the internal rays of §! is a boundary point of @ that corresponds
to the point at infinity under 5. We call this point the virtual center of
. Let S = {w € H| 2kx < real part of w < 2(k + 1)x} where k =
0,%1,%2,---. Every open set S is a vertical strip of H. Let Vi = 5~1(5,).
The countably many pairwise disjoint open subsets {V,} of ) are obtained
by cutting Q along R(k) for all integers k. Then 8V, consists of three
curves R(k),R(k + 1) and {p~'(2xa) | k < a < k + 1} together with their
end-points. These three curves are all regular simple arcs. Hence 8V is a
Jordan curve. By the uniformization theorem and Carathéodory theorem
the conformal isomorphism j|y, extends to a homeomorphism of V; onto

Sk

Corollary 6.3 For any two components 2, and §}, of M, there ezists a
conformal isomorphism u : {}, — Q.

The boundary piece {~!(2xa) | k < a < k + 1} of  is a regular arc.
It may not be regular at the end-points 5~'(2kx) and p~1(2(k + 1)x). For

ﬂ}, one can check that gi;lé“:—ﬂﬂ|,=gk,,p=o =0fork=+41,£2,.--. So we

have

Proposition 8.4 The boundary of 1 is a union of piecewise smooth curves.
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The points where the boundary of S} fails to be smooth are called the cusps
of (2. Each cusp is mapped under 5 to a point 2kx for some integer k.

Fig. 8 shows three cusps of the component 1 } in the right half plane. It
shows the smooth boundaries of Vy, V}, V; and part of V3. The components
Q} in the right half plane and ﬂ* in the left half plane are symmetric with
respect to the imaginary axis.

The computer pictures show that there are saddle node bifurcation points
along the boundary of any component 2 € N and there are components
attached to {1 at those points. To give proofs that these pictures are really
what happens we need to generalize Theorem 5.1 and Theorem 5.3.

Proposition 8.8 Let the multiplier p of a periodic cycle of period n of f(z)
be a p-th root of unity and let f(z) be analytic in a neighborhood of the
periodic cycle. Then there is a perturbation f of f such that f has a finite
number of attracting periodic cycles of period np.

Proof. Let z;, i = 1,---,n be n periodic points of f in an attracting cycle
of period n. Let N, i = 1,--.,n be n disjoint neighborhoods of z;. Then
f* is analytic in Ny, f*(z)) = z, f*(zi) = p and p* = 1. By applying
Theorem 5.3 to f* in N;, there is a perturbation f* of f™ that has a finite
number of attracting periodic cycles of period p in N;. But the image of
a periodic point of period p under f* in N, is actually mapped under f
through all n disjoint neighborhoods

Ni—=Njyp—-Nyar2—--- 2 Ny N = Np—---= N,.

So a periodic point of /™ with period p is a periodic point of f with
period np. O
Now we can apply this to our situation.

Theorem 8.8 For a given component {1, of period n, there are components
flnp, called buds altached to (1, at the points of internal argument 1 where
p > 0 and ged(q,p) = 1. The period of Q1 is np.

Proof. Let R(’) = {A € N,]p(A) = re e ,0 < r < 1} be the internal ray
with argument 1 p- We can locate the point A* € 89, of rational internal
argument . So lim‘\g p(A) = llmlg” rai(@) = ¢, Then by
Proposmon 6.5 there is a perturbation T of T).; namely the perturbation
A of A* such that the period of the attracting cycle of T is np. All these \'s



Figure 8: The boundary pieces with cusps of Q% and Q%
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make up a compounent of period np budding from @, at A*. This component
is denoted by Q,,. The point A* where the bud 2,; attached to R, is called
the root of Q. D

Let €1,, be the bud component attached to {1, at the boundary point
A* of Q, of internal argument %. The point A* ie the root of 2,,. Let p:
{1,y — D" be the conformal projection induced by the multiplier. Following
the proof of Proposition 6.5, there are n periodic points z,{ = 1,2,---,n
of Ty« of period n with %, T.(%) = . For A € Qp, in each of the
n disjoint neighborhoods N, of z;, there are p periodic points §; of T of
period np and £;; — 2, a8 A — A* for § = 1,2,.--,p. Therefore in the bud
1, the multiplier of the attracting cycle of period np satisfies

p(}) = HHTA(&,)—' I 75t = [T = ¢ as A~ "

i1=1 j=1 Jy=li=1 J=1

Therefore, like the cusps, the root A* of a component {2 is mapped under
P to a point 2kx for some integer k. The computer pictures show that the
boundary of Q is smooth at its root A*. For Q 1 Wwe can show that 8Q 3 is
smooth at its root 1.

Some components may have two roots. If a component intersects the
imaginary axis, by Corollary 4.2 this component is symmetric with respect
to the imaginary axis and of even period. If the root of this component is
not on the imaginary axis, then the reflection of the root with respect to the
imaginary axis is also a root of this component.

By the same arguments in the proof of the thearem, the buds in turn have
buds. For any component §} we can locate the bud components attached
to 2 by following the internal rays of rational argument. We denoted the
bud component of D* attached to it at its boundary point of internal ar-
gument 2 4 by 1. The component has period p;. We can then locate the

"
bud components of Qn The one attached to it at its boundary point with
internal argument 2  j |s denoted by ¢ & . This bud component has period
mp2. Suppose we are at a component hnn a of period p1p; -- - px where

gl $2 ... are all in Q/Z. Following the lnterna.l ray of g & u of ar-
17 P2 Pk P2 P

gument gﬂ-‘; € Q/Z, we can locate a bud component attached to it at the

point of internal argument g':-‘:-:-. The period of this bud is pyps- - pxpis1.
This gives us a way to code the components.



36

However, we may need to locate a component attached to the current
component at the virtual center. In this case, we will see in Proposition 7.1
that the period of that component is either twice or half the period of the
current component. Since all components except the component D* appear
in pairs and each pair has a unique virtual center, such that the two compo-
nents are attached at their shared virtual center, coding the virtual centers
gives a coding of the component pairs.
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7 Virtual Centers and Coding

We have seen in the computer pictures that all components except the unit
disk appear in pairs and each component pair has a unique common bound-
ary point. We know that the point at infinity is the unigque common bound-
ary point of the two components £2; and 1, and it is the common end-point
of all internal rays in both components where the multipliers vanish. It is
called the virtval center of the component pair. This component pair serves
as a model of all component pairs. We have the following:

Proposition 7.1 Let B, = {A € C[T\"~!(Ai) = 00} and

B = |22, B.. Then B is the set of the virtual centers of all component
pairs. For any component pair (§1,,51,), suppose their periods are (p,q) and
p < q. Then for A € Q,, T\ has two attracting cycles of period p, and for
A € Uy, T has one attracting cycle of period ¢ = 2p.

The set B consists of the point at infinity and all A such that the asymp-
totic values + i are poles or pre-images of poles of T». For A € B, we know
that J(T,) = C by Corollary 3.2.

Proof. If n = 1, B, contains only one point, the point at infinity; it is the
unique common boundary point of the component pair ({1, Q;) To see the
period doubling bifurcation near the point at infinity we foliow the angle zero
internal ray in the component pair that is on the real axis. For A > 1, T
has two symmetric attracting fixed points tyi on the imaginary axis. We
rewrite Atan(yi) = yi as tanhy = X, When A moves along the positive
real] axis toward the point at infinity, the two fixed points tyi move along
the imaginary axis to infinity (See Fig. 9. Left), and the two multipliers
Atan’(tyf) go to zero. For A < —1 on the real axis, T) has two symmet-
ric attracting periodic points tyi on the imaginary axis. When A moves
along the negative real axis toward the point at infinity, the two period two
points +pyi move along the imaginary axis to infinity (See Fig. 9. Right),
and the multiplier A2 tan’(gn) tan’{—pi) goes to zero. The point at infinity
is the virtual center of (§1;,;). Since the multiplier is zero there, we can
think of the limit point of yi at infinity as a “super-attracting” fixed point
with multiplicity two (See Fig. 9. Center). Of course, there is no basin of
attraction for this fixed point. It splits up into two attracting fixed points
as A moves to the right half plane, or into two attracting periodic points of
period two as A moves to the left half plane.
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Figure 9: The solutions of tanhy = %

When n = 2, the set D; consists of those A such that T)(Ai) = oo; that
is,
_(2m+1)m

By = {dm = ——|m = 0,£1,£2,-+}.

The points in B; are evenly distributed on the imaginary axis at intervals
of ». They accumulate at infinity; limmpeeo Am = 00. Each A, € B3 is
a unique common boundary point of a component pair with period (2,4).
For example, Ag = 7’5‘ is the unique common boundary of the component
pair ({2, §,Q}) with period (2,4). Again we follow the angle zero internal
ray in the component pair that is now on the imaginary axis. Let A = li.
For ! > % so that A € QH’ T, has two symmetric attracting cycles of
period two. Each cycle consists of a periodic point z on the real axis and a
periodic point yi on the imaginary axis. We rewrite Atan(Atanyi) = yi as
tan{ltanhy) = &. As/ goes to Z from above, the two periodic points tyi
of period two go to infinity along the imaginary axis (See Fig. 10. Left),
and the two period two points £z go to the two poles £ 3 along the real
axis. Meanwhile the two multipliers A3 tan’(+z) tan’(2yf) go to zero. When
I<AK F,A€ Q}, Ty has an attracting periodic cycle of period four that
consists of two real periodic points 4z and two pure imaginary periodic
points tys. As I goes to 7 from below, the two periodic points +yi of
period four go to infinity along the imaginary axis (See Fig. 10. Right), and
the two period four points £z go to the two poles +J along the real axis.
The multiplier A*tan’z tan’(yi) tan’(~z) tan’(—yi) goes to zero. The point
Ao = % is the virtual center of (QH'Qf)' At the virtual center Ag, we can



39

yi yi
J:,/':'oo/,. -z Fre——t e — 7 z@ -z
—.y‘;‘ x " . "
>3 =3 7>i>1

Figure 10: The solutions of tan({tanhy) = %

think of the point at infinity as an attracting periodic point of period two
with multiplicity two (See Fig. 10. Center). It splits up into two attracting
periodic points of period two as { moves up, or into two attracting periodic
points of period four as { moves down.

In general, when n > 2, the set B, consists of the common boundary
points of all component pairs with period (n,2n}. For any given component
pair (£,,5) with period (n,2n). The virtual center can be located by
tracking along an internal ray as the modulus of the multiplier goes to zero,
For A € 1, suppose T)?(z,) = z,. Since tan’z = 1 4 tan?z, TW'(z) =
A{14[3T(2)]?}. Then the multiplier of the attracting cycle can be written
as

) = [] T ) = A T+ 5D
k=1 k=1

In the polar coordinate systemn [I)\*(zx)]' = re*™@. Suppose A moves
along the internal ray R of angle a to a limit point A* as r — 0; that
is, limxn,\.[T,\"(zA)]’ = 0, Therefore the point A* is the virtual center of €,.

For some 1 € k < n we have

- ke, w2
,\li‘fl,:- 1+ [AT,\ (z))]* = 0,
50

lim T3*(2)) = £A% and lim T0*"!(23) = oo.
AZ e PRI
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Therefore,
lim 75" * (£Ai) = lim 73"~ [Th%(22)] = lim TZ™(z2) = lim z) = z).
AR LY AZae 2 E,.
and
im T3"~! (£28) = lim TW*"! [T (22d) = lim Th*? (2)) = .
AR AZae AZ e

So Th«""2 (£2%) is a pole. The period doubling bifurcation near the com-
mon boundary point A* of 2, and Q; is shown in Fig. 11. When A reaches

i
.—o-! ‘Cn

* 00 Po =Po * o0
-l v
Two period n cycles +py are poles One period 2n cycle
AEN, A= A" A€

Figure 11: The attracting cycles of T}

the virtual center A* from inside of both 1, and {},, the multipliers van-
ish. In this sense the point at infinity plays the role of a super-attracting
periodic point of period n with multiplicity two. It has the two asymptotic
values as its images and the two poles tpy as its pre-images, so it looks
like a saddle node. We know that the Julia set of T« is the whole sphere.
However the two cycles of Ty., (00,£A", Tae(£A%), -+, The" " *(£A*)) have a
property of super-attracting cycles; that is, each contains a singular value,
the asymptotic value.

We continue our development of the coding for the virtual centers with
n = 3. The set B3 consists of A such that Th3(Af) = oo; that is, T)(Ai)
is a pole. Let p,, = &"L;:.!l! where m = 0,%1,%2,--.. Then A can be
determined by solving the equation T)(Af) = pm. The numerical solution
A = (z,y) can be obtained by iterating Axq1 = w(Mx) = (w1(Ax)s wa(Ai))-

From Mgy, = —farctan 'ﬂ‘ we get the following formula
423 ﬂ+ +’)_ 2
pi(z,y) = §in YRty
wi(z,y¥) =%arctan=1,_m+nx nel

An index n has been introduced to indicate the branch of the solution of
the arctangent. So we have

B3 = {Amn € C|) is a solution of T\(Ai) = pm,m =0,+1,42,---}.
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When m goes to infinity, §,, goes to infinity and T)\(Ai) = é, becomes the
formula used to define B;. So we have

mll-.-l.l‘w Am'n - A"l G 82.

The Ap '8 are the centers of the component pairs of period (3,6). These
pairs are located in the wedges of the component pairs of period (2,4),
and they accumulate at the centers A, of the component pairs (2,4). For
example, we used the iteration to get

Ao = (0.600791,1.035870) Ao, = (0.510192,3.237279)
Ao = (0.326474,1.493972) A, = (1.014660,4.130291)
Ao = (0.199102,1.544433) A, = (0.659176,4.586390)
Aso = (0.142588,1.557564) A3, = (0.451528,4.662387)
Ao = (0.110996,1.562848) A, = (0.344152,4.685051)

We can see that limm o0 Am,o = §i and limpooo Amy = i,

B, consists of all the solutions of T3?(Ai) = §,,. One more index has
been introduced and A, q,n, i8 the center of the component pair (4,8).
Similarly we have

ﬂ]ll-!'noo An:,n:,n; = Anz,n; € B3 ﬂl.!lillE'OO ’\ﬂhn:.ﬂa = A," € B2'

In general, any point in By can be coded as Ay, ,,....n,_, Where the indices
are determined by the branches of the solutions in all intermediate steps.
The point An, ny,..,npy i8 in the neighborhood of X,,_,. When n,_, > 0
(resp. < 0), the B, point is in the upper half (resp. lower half) plane. Each
B, point is the virtual center of a component pair with period (p, 2p). This
gives us a way to code all the component pairs in the A-plane.
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8 Farey Series and the Ordering of Buds

For any component §2 € H of period n, all the bud components of §} along
05} are arranged in a certain order. This order is determined by the periods
np of the bud components which are in turn determined by the internal
arguments ¢/p of the root points and the period n of . The computer
picture shows that there is a certain pattern of the locations, the periods
and the sizes of all the bud components along the boundary of a component
). In this section we are going to give a description of this pattern as an
ordering of the buds.

Let p : @ — H be the conformal isomorphism induced by the multiplier
map p. We define the boundary pieces G of {2 as

Gy={p'(2xa) | k <a < k+1)} for all integers k.

Since the covering map r : 2 — H commutes with translation, and g : 2 —
H is the lift of the multiplier map p: 2 — D*. We have the following.

Corollary 8.1 For each component Q, the orderings of the periods of the
bud components along Gy for all integers k are the same. Moreover for all
components with the same period, the orderings of the periods of the bud
components along the boundaries of these components are the same.

For example, there are only two components of period one in X which
are D* and 0} i- The ordering of the periods of bud components along the
boundary of D*, {¢2™ | 0 < a < 1} and the boundary pieces G of 2y for
all integers k are all the same. These can be seen in Fig. 8. However, in
terms of sizes of the buds, the patterns of the arrangement of the buds are
different along D* and G,.

By observation, we found an equivalent relation between the Farey series
and the periods and sizes of the bud components along each boundary piece
G. We then drew a diagram by packing circles on the interval [0,1] based
on the Farey series. The pattern of the circle packing matches that of the
arrangement of the buds, their periods and their sizes along G,.

Definition. The Farey addition of the fractions is defined as

E@E_"___“
b  d b+4d

Suppose § < §. Then § @ § lies between § and §; that is, § < 3§ < §.
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We will construct the Farey series for the components of period one, 2

and D*. To depict the ordering along the boundary piece G, of ﬂ*, we
construct the Farey series between 0 and 1 in the following way:
Given two points § < §, we mark the point § & §. Starting with 0 and 1
which are written as £ and 4, we mark the point § & 1 = 1, then we mark
?ol=landi@l =4 andthenwemark @l =1and i}l =13
repeat this procedure to get our points of the first stage:

0 111112345 1

1 654323456 1
At the second stage new points are obtained by applying the Farey addition
to all marked points in the firat stage. We get

22223579

1197557911

The process of adding new points by the Farey addition is then repeated on
all the marked points from the previous stages to get the points of Stage 3:

3 3 3 3 3 333457 810111314

17 16 14 13 10 11 8 7 7 8 10 11 13 14 16 17

Proceed inductively to get the Farey series between 0 and 1. The points of
the Farey series are exactly those in the Farey diagram defined in [SE]. We
will show that any given rational number has a position in the Farey series.

Proposition 8.2 Let p and ¢ be lwo integera such that 0 < ¢ < p. Then
the rational number q/p is in the Farey series between 0 and 1.

Proof. We wil! start with the first stage points $ and 1. For a fixed
integer ¢ > 0, then -&; < 2 < ifand only if ng < p < (n+ 1)g. We
want to show that all possibre rational numbers with numerator ¢; that is,

all rationals n_q'i-'l"ﬁ’ﬁv ree, Eq_fq_-f are in the Farey series. We now write

down the points at each stage:
n+l L
-
Inl
— —
3n43 3n41
in+43 Sn43 Sn4+2 4n+41

5 _T_  _8_ -8 -
Sn44 nes Bn+43 Tn+4d Tn4d Sn4d n+2 BSn+l
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The Farey series between ;17 and 1 forms an infinite binary tree. For each
fixed integer ¢, all rationals A5, 595, -, ;7i5=7 can be located in this
binary tree. The proof follows by induction on ¢. O

There is a one-one correspondence between the marked points in Farey
series and the points on the boundary piece Gg of 2 1 with rational internal
argument. In fact, the periods of the bud components along this boundary
piece are arranged in the same order as the denominators of the Farey series
points between O and 1. Therefore the ordering itself is symmetric with
respect to the middle point -;— These can be seen in the computer pictures.
Each stage of the marked points in the Farey series corresponds to a level
of bud components attached to ﬂ}.

The relation between the Farey series and the periods and sizes of the
bud components becomes clearer in the diagram of circle packing of the
interval [0,1] in Fig. 12. First we draw an interval [0,1], and then at each
rational point ¢/p € [0,1] we draw a circle with radius ;’}. The interval
[0,1] is the common tangent line of the infinitely many circles. The radius
is selected from 2 < r < 3 and r = 2.2 in Fig. 12.

_ ~
t35x 35437 2 $88% §48%2 1

Figure 12: The circle packing on [0, 1)

-jo

The punctured open disk D* is the other component of period one. We
will generate a circle packing diagram to match the pattern of the locations,
periods and sizes of the bud components of D* in the first quadrant. The
diagram for the ordering in the other three quadrants can be obtained from
this one. Let ¢/p be a point in the Farey series between 0 and } that corre-

sponds to a point on the unit circle in Quadrant . Then % - g corresponds
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to the reflection of that point in Quadrant IT, } + 1 corresponds to the ro-
tation of that point in Quadrant II1, and 1 — £ corresponds to the complex
conjugate of that point in Quadrant IV. See I'rig. 7 for some exampies.

We generate the Farey series between ‘1' and } by choosing the first stage
points as

— 4 Ry e— e S o

1 14 12 10 8 6 4
and then use the Farey addition to get the second stage points

2 2 2 2 2 2

30 26 22 18 14 10

cancelling by 2 we get
o111
15 13 11
The union of the first stage and second stage points is exactly the set of the
first stage points smaller than } in the previous construction of the Farey
series for 2;. It is more convenient however, not to reduce the fractions but

to proceed with these points to get the third stage points:
3 333 3 3 3 3

Faa mr e—— om— o — — m— —

34 32 28 26 22 20 16 14

Continue inductively without reduction of fractions to get the Farey series.
Using the same method we can show that any given rational number has
a position in the Farey series. One can check that this is the same as the
one constructed with different first stage points. The circle packing diagram
is shown in Fig. 13. The interval [0,1] is the common tangent line of the
sequence of circles. At each rational point ¥ € [0, 1], we draw a circle with
radius % where % is a point in the Farey series (without reduction of the
fractions). This diagram corresponds to the first quadrant in Fig. 7.

Given a component §1,, of period n, by Theorem 6.6, if a bud component
is attached to £, at the point of internal argument £ where p > 0 and
ged(q,p) = 1, then the period of that bud is np. Therefore the Farey series
and the corresponding circle packing diagram can be adapted to the study
of the periods and sizes of buds of a component f), of any period n.

For quadratic maps P., Yoccoz gave an estimate of the size of the buds of
a component of the Mandelbrot M. Let  be a component of the Mandelbrot
set M and suppose b € 392 is a point of internal argument ¢/p € Q/Z. The
connected component of M attached to {2 at bis called the limb of M relative
to 2 of internal argument ¢/p and denoted by Mg /.. Yoccoz proved the
following.

O -
-] -
|
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Figure 13: The circle packing on [0, §]

Theorem 8.3 For any camponen! S of M, there ezists a canstant Cq such
that the Euclidean diameter of Mq g, is < 58 for all ¢/p € Q/Z.

For T, we obtained an under-estimate in Theorem 5.1 for the bud com-
ponents attached to D*. Our computer pictures indicate that there should
be an estimate on the size of the components of H analogous to Yoccoz'
result.

Conjecture. For any component {2 jn M, there exists a constant Cpy such
that the Euclidean diameter of the bud component attached to 2 at the
point of internal argument g/p is < %ﬂ- for all ¢/p € Q/Z.

Along each boundary piece G of Q}, bud components of any period
exist. These boundary pieces G are disjoint open subsets and accumulate
at infinity. So we have

Proposition 8.4 Let N be a neighborhood of infinity, Then for any intcger
P > 0 there is A € N such that Ty has an attracling cycle of period p.

This reminds us of the classical theorem of Weierstrass. By that tlieorem
the holomorphic function Ty comes arbitrarily close to any complex value in
every neighborhood of infinity for infinity is an essential singularity of T,
This is analogous to a situation for the quadratic map P.(z) described in
[TL); that is, there exists a similarity between the Julia set in the z-plane
and the Mandelbrot set in the ¢-plane around every Misiurewicz point.
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Appendix: A Note on Generating Computer Pictures

In Section 4 we described a procedure to generate computer pictures of
T in the A-plane. The inequality used in that procedure to get the period
of an attracting cycle may sometimes give us wrong information.

Recall that at the n** jterate we checked if the inequality

ITs™ (M) — Ta*P(Ai)] < €?

is true for some p, and if so this p is returned as the period of the attracting
cvele of Ty,

A problem occurs near all saddle node bifurcation points. Since these
bifurcation points are dense on boundaries of all components, the problem is
spread over the boundary area of all components. We explain this problem
by an example. For A in component 2, we know that T, has two attracting

fixed points, and there is a bud compolnent attached to §1; at the boundary
1
point of internal angle 3. For A in this bud component T has two attracting

periodic cycles with period three. Let £ be an attracting fixed point of T,
for A € 2, near the boundary point of internal angle 1. Then the absolute

value of the multiplier is close to one, and the orbit of the asymptotic value
Ot (Ai) approaches £ very slowly. The orbit looks more like a period three
cycle. For some given ¢ we will have

ITR(A8) — TR73(M) < € but [TP(A) — TPH(Ad)] > ¢

TR 3( i)

o™

I e > T3 (M)
A

Figure 14: A false period 3 cycle obtained at a fixed point

This situation is shown in Fig. 14. There are many ways to fix the
problem. We used a very simple way to 4o it. When the inequality holds
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for some p, instead of using the returned p, we replace the £ with a much
larger £* and then trace back by setting p = 1,2,:-:,n — 1 to check the
inequality again. Suppose in our example shown in Fig. 14 the orbit of
the asymptotic value {T¥(Af)} is in the neighborhood |z — &| < £*/2 of
£, then |TP(Ai) — TP~ Y(Ai)| < £*. Hence we get the correct period of the
attracting cycle. Qur computer experiment shows that this method works
in all components in the A-plane.

Our computer pictures were generated on an IBM PC/AT compatible
computer with a VGA monitor and a math coprocessor, and these pictures
were printed out on an HP LaserJet I printer. Both are currently the
most widely available e uipment around. Since there are a lot of graphics
tools libraries for the C [anguage, we chose it as our programming language.
However the Fortran language is much more convenient to compute the
complex functions. So the programs we wrote are in mixed languages. Most
of our programs are large and take dozens of hours of computing time on
a personal computer. As an example we will list the source code of the
program which computes the Siegel disk at the golden mean. [t will take
several minutes to draw a picture of the Siegel disk and part of its boundary
near the point at infinity on a VGA monitor,

The complex function subroutine is kept in file LTAN.FOR and the C
main program is kept in file SIEGEL.C. The compilers we used here are
Microsoft C V5.0 and Microsoft Fortran V5.0. To compile the programs
and link them with large model 80X87 floating point library, type in:

FL /AL /c LTAN.FOR

CL /AL /¢ SIEGEL.C

LINK /NOE SIEGEL+LTAN,, LLIBC7+LLIBFOR7
Then type in SIEGEL to run the program,

The fortran subroutine in the file LTAN.FOR:

C Fortran subroutine: T=L*tan(Z)
SUBROUTINE LTAN (L,Z,T)
COMPLEX*16 L [FAR, REFERENCE]
COMPLEX*16 Z [FAR, REFERENCE]
COMPLEX*16 T [FAR, REFERENCE]
T = L*CDSIN(Z)/CDCOS(2)
END
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The C main program in the file SIEGEL.C:

#include < stdio.h >
#include < math.h >
#include < graph.h >

extern void fortran Itan (double far *, double far *, double far *);
double far L[2], Ul2), V[2]; /* Declare the complex numbers */

main()

{

int i, j, k=1;

double x, y, v0, vl, d;

x=4.*atan(1.)*(sqrt(5.)-1.); /* Let a be the golden mean */
L[0]=cos(x); L[1]=sin(x); /* Let lambda=exp(2%ia) */
x=639./8.8; y=479./6.6; /* window area= [-4.4:4.4,-3.3:3.3] */
setvideomode( _VRES16COLOR); /* Set VGA 16-color mode */
for(i=1; i<=15; i++)}{ /* The foliation and the boundary */
U[1]=U[0)=.25+i/18.; /* Pick a start point for a circle */
if(i==15){ /* Pick the start point for boundary */
U[0]=-L[1]; U[1]=L]0]; /* Get the inverse of the asymptotic value */
k=10;
}
setcolor(i); /* Select a color for a circle */
for(j=0; j<200+i*k*100; j++){ /* Iteration # depends on start point */
Itan(L,U,V); /* Iterate lambda*tan(z) */
d=V[0]*V([0}+ V[1]*V[1];
v0=V[0]/d; vi1=-V[1]/d; /* Get the inverse of the point */
setpixel((short) ((4.44v0)*x), (short) ((3.3—v1)*y)); /* Draw a point */
setpixel((short) ((4.4—v0)*x), (short) ((3.34+v1)*y)); /* & its reflection */
Ufo}=Vv[o]; U[1)=V{1];
}

}
printf{"%c",7); /* Beep when it is done */
while{getch(}!="q’){}; /* Wait for pressing Q-key to quit */
setvideomode( _.TEXTC80); /* Set text mode */
}
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