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ABSTRACT

A study of the representation of the scattering
amplitudes Gk(s,t,u) having the symmetric properties
in s,t,u is made and unsubtracted Dispercsion Relations
for G1(s,t,u) and Gz(s,t,u) are derived. Then we use
these Dispersion Relations to extract information
about the ,Fﬂﬂ Regge residue function, X(t). Our
results are consistent with the result obtained by
E.P. Tryon, who based his analysis on experimental
data of Hyams et. al. and of Durusoy et. al., namely
:;(t) is found to vanish at t, = - 0.41 Gev2.

This technique of using homogeneous variables
is further applied in deriving new Dispersion Relations
for TR amplitudes which are symmetric in t and u only,
and we use these Dispersion Relations in unsubtracted
form to study the value of the amplitudes at the
symmetry point.



INTRODUCTIICN TC DISPZR3IO0L RILATIONS

A. Dispersion Relations in High Energv Pnysics

Dispersion relations as arplied to nign energy physics
was first suggested by Kronig (1). His suggestion was carried
through and develored by Gell-Xann (2, 3), Goldberger (4-7),
Yandelstam (8-12), among others (13=-15).

working from the causzlity postulate, Gelli-llann, Gellberger
and Toirring (2) rroved that tae amrlitude for the forward
scattering of pnotons by Nucleons satisfies a dispersion

relation

A dv' In (v
T ‘-
o v-wv

Re A(v) =

Goldverger (4) thern generalized such dispersion relations
to the scattering of particles with mass, such as pions, by
Nucleons. Goldberger's proofs of his relations were
mathematically unsound, as they involved integrations over
divergent exponentials but rigorous proofs were late given by

Symanzik (16-19) and by Bogoliubov (20).




Crossing, analyticity and unitarity are believed to be
powerful constraints on the behaviour of the scattering amplitude
and may alone define a unique nontrivial S-matrix (20).

However, the unitarity condition involves a summation over an

infinite number of states, and approximations will have to be
made if we are to obtain a soluble system of equations. In the
case of W= scattering for example, until we are considerably
above thresnold, we know from experience that the amplitude for
- pion production is very small, so that it is a good apprroximation
to restirict tne summalion t0 intermediate pion-nucleon states
only , Cnce the energy becomes too high, above about 600 iev,
the approximation fails., In general, the aprroximation to the
unitarity condition will consist in restricting the summation to
states with small numbers of particles. '

The difficulty in the proofs arises from the contribution
of the unphysical region to the dispersion integral (21-25).
For forward scattering of massless particles there is no unpnysical
region and the proof is straightforward. For forward scattering
of pions by nucleons, the intermediate one-nucleor state is in
the unyrysical rezion (as it occurs at a value of s below (M+M)2,
(M = nucleon mass, A = pion mass) and more work is involved. On
extending the relations to non-forward scattering one also
encounters a continuum in the unpnysical region, as there is a
range of values of s for which the cosine of the angle is less
than -1. Lehman (24-25) nas shown that the dispersion relations

are valid provided that

O¢-ty32 2i+k &
< (3 N-r M




The limitation on the value of t is ratner due to the
method of proof and not to a breakdown in the validity of the
dispersion relations (26,27). However, when |t] increases
sufficiently, the range of cosine becomes large enough to
cause the breakdown of the proofs we have at present.

Dispersion relations for nucleon-nucleon scattering have
not yet been proved rigorously, even in the forward direction.
The difficulty is due to a large unphysical region in the
dispersion integral. As usual, one nas to determine the imaginary
part of the scattering amplitude at negative kinetic energies
by means of the crossing relations. Tne crossed reaction is
nucleon-anti-nucleon scattering, whose imaginary part will be
non-zero above the energy of the lowest intermediate with the
same quantum numbers. This is the two-pion state, even the
one-pion state will contribute a pole term. However, the physical
region only begins at an energy of two nucleon masses. There is
thus a large intermediate unpnysical region which contributes
to the dispersion integral. In the hypothetical case where the
mass of the nucleon is less tnan (1 +{2) times the mass of the
pion, the.dispersion relations for nucleon-nucleon scattering
have been proved rigorously by Bremermann, Cehme and Taylor (14).
Proofs of dispersion relations for scattering of strange
particles on nucleons are subject to the same limitations as

for nucleon-nucleon scattering.

B. Aralytic Proverties of Disversion Relations

Lehman (24,25) has shown that the amplitude A(s,t) for TW-N

scattering is an analytic function of_s, the square of the energy,



in the cut plane when the momentum transfer t is fixed, he also
showed that tne amplitude has analytic properties as a function
of t when s is kept fixed.

The scattering amplitude is an anelytic function of Z = cosf ,
in an ellipse surrounding the physical region in the complex

Z-plane (13). The foci are at ¢ 1, and the major axis Z° is given by

» 2
2 2M+
2 = 1 +
° [ e e - (M-2p)?] ]
where

Z = cosf = —= + 1
2q

q: center of mass momentum

osqu -% corresponds to - & £ o & ~|

Notice that, as s approaches infinity, the ellipse closes
down on the physical region.

The absorptive part is an analytic function of Z in a larger
ellipse and its major axis is 225 - 1.

hccording to a well-known theorem in aralysis, the Legendre
expansion for a function may be used within its ellipse of
analyticity, therefore we may use the Legendre expansion to

calculate Im A(s, t), even in the unphysical region, provided

M 13
0<-e< B Frti-m

This is deduced from the condition l1 + t/2qzl < 223 -1




C. ™unection of Two Variables

Aprlications of analytic properties of scattering amplitudes
to dynamical calculations reguire a knowledge of these :troperties
as a function of two variables, s arnd t, both complex. In general
such properties nhave not been proved rigorously. The one exceprtion
is pion-pion scattering, where certain rigorous properties nave
been obtained (Mandelstam 1960 b).

Mandelstam (195%) has given the general form of the

dispersion relation (8,12):

(s=s,)(t=t,) o Ayz(st,t’)
A(s,'t) = “ ds'dt ’(’gl-so)(s!-s7(tv-toj(t|_t)
(t-to)(u-uo) A23(t',u')
- dt'éu’ 0 ' < O
T TET=t 0t —E (@ gy (o)
(s-so)(u-uo) & A12(S"u')
* T ds7du’ TETISI (s s (R mug (e =u)
s=S ' f,(s*)
* -z ds G'-SO)TS'-ST
u-u_ ' £,(u')
+ 5 du Tu'-uo)(u'-u)
|
t-t (¢!
. o 3(t') . A

p A IR IS A



where A13(s',t'). A23(s'.t'), A12(s',t') are the so-called

"double spectrsl functions" and are connected with the absorptive

rarts A,, AZ ang A3 througn the equations:

t-to . A13(S',t')
Ay = 5ls) = AN AR AR

u=u A,~(s',u')
+ o g du'! e

T Tu'-uo)(u'-u)

D. Axiomatic Scattering Amplitude

Before going on with the discussion of T scattering,
let us nave a short review of scme of the general rrover<ies
of scattering amrlitudes resulting from axiomatic field

theory. Using the asymtotic condition a scattering

)
amrlitude A(p1, Po» Dz p4) is expressed as the rourrier
transform of the vacuum exPectation value of retarded or
advanced products of field operators. This expression

2
i) of

allows an off-shell continuation (pf:# m
A(p1, Py» Ps» p4) and the locality of the field operators
implies analyticity prorerties of the scattering
amplituge (28-33). Assuming that the retarded or advanced
products are tempered distributions implies that
A(p1, Pys Pz p4) is polynomially bounded as the p;'s tend
to infinity. Now, if one uses the method developed by Bros,
Epstein and Glaser (33,34), one first determines a domain
of holomorphy 4 of A as a function of the vectors p,. Then
one determines the intersection D of A with the complex

2

mass shell (pi = mi). D can be described in terms of the

usual invariants s, t and u.
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Let AI(s,t,u) be the isospin I s-channel amplitude. The
relevant properties of D are contained in fhe following
statements:

a) Every paysical point of the s-channel (s> 4, t< 0, u<0)
is on the boundary of D. AI(s,t,u) is the boundary value of

an analytic function FI(s,f.u), holomorphic in D:
I . I . .
A (s,ty,u) = 1lim F (s+it , t, u-ie )
b) D ensures crossing symmetry. There is a path in D
connecting ary panysical point of the s-channel to any physical

point of the t- or u-channel. One has the crossing relation:

lim Fl(s, t+i¢ , u-if ) =% Cig al'(s,t,u)

if t 24, 8¢0, uso

where
1/3 1 5/3
CII' = 1/3 1/2 -5/6
1/3 . -1/2 1/6

c) AI(s,t,u) verifies fixed-t dispersion relations for

-t ,4t ¢0. This means:

{s,t \ t=t1'. -toi ‘c1 L0, s$4+), s#-t1-)\. A20 k C_ D

d) for s34, FI(s,t,u) is holomorphic in the Lehmann

ellipse E(s); i.e.



1

Is,t)s=s,, 5,784, teE(s) ) D

Z(s) = ellipse of t-plane, foci at t
r 6
major axis a(s) = #(s=4) L1 + 3%2:27]

z 0 and t = =(s=-4), semi

e) FI(s,t,u) is holomorphic in 8 and t in a neighbourhood

of every point of the domain described in ¢):

{s,t hs-s1|<3(s1,t1), lt-t1Ky(s1.t1), -t ¢t 40, s1$4+h, 51?-t1-h,
/\>/°}]C.D

The properties listed until now are conseguences of
locality and the mass spectrum of the pion-pion systems. As
it was shown by Martin, the holomorphy of FI(s,t,u) as a
function of the two complex variatles s and t , in an
arbitrarily small neighbourhood of the points (s1.t1) leads
to a2 finite and large domain of holomorphy in s and t. This
result is obtained from the positivity properties implied by
unitarity. These positivity properties are readily seen if
we write the s-channel partial wave expansion of AI(s,t,u):

Fl(s,t,u) = 2 (21« 1) 7l(s) f (1 4 22

£eo
As a consequence of unitarity:

I, |2
In AL(s + i¢ ) = \lf’-—;—‘-'- (Al(s)l

for s 774, we have Inm A{(s + it) ) 0. Furthermore:

'Q’_” P(%) 50 for Z %1
2 ¢

L
Therefore 0 1m al(s + ie, t) y/ %Y

at"



“z

for s)4 and those positive values of t for which the rartial wave

exrarsion converges (i.e. at least for t in the Lenmznn ellipse =(s) ).

Z. Pion=-Pion Scatterine

The fact that the two crossed reactions are the same as the
direct reactior means tnat we do not get coupling of the ecuations
with those for other processes, and the absence of srin also

simplifies the problem greatly.

Let us start with a general equation. Assuming charge
independence, we write the complete amplitude as
A(s,t,u) &F gﬁ + B(s,t,u) E*F fP; + C(s,t,u)&‘ EFr
The connectior between A, B, C and the amplitudes for well-defined

total I-spin in the s=-channel turns out to Dbe:

A° = 34+ 3B+ C
A = B-cC
A2 = B+ C

In TV scattering, there are no poles and the continuous
spectrum in the Mandelstam representation begins at#ﬂ;in each
of the s,t,u. variables. The region in which any double srectral
function J’(x.y) fails to vanish turns out to be bounded by

the curves
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The large distance to the boundary from trhe corner y=x=4 is
associated with the absence of three-pion vertex. If muitiparticle
singularities - in this case due to 4T and higher configurationsa
are consistently to be ignored, then in the MW problem one
nged not worry at all about the double spectral functions, bdbut
can represent the entire amplitude by one dimensional dispersion
integrals. Such would not be the case if a three-pion vertex

existed, since the boundary then would be the dashed curve.

Introducing the CM variables v and cos# , the crossing
conditions become
A(v, cos &) = A(v, =-cosb )
C(v, =-cosb )

B(v', cosb')

B(v, cos@ )
A(v, cos §)

where:

a

V- gl

vt = = (1+ cos ) = (v + 1)

(1 + cos®) + (v + 1)

ni<g

cos § =
(1 + cosB) = (v + 1)

i<

14
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Trere is 2 point of maximum symmelry at s=t=u or

; 1]
v=v'=v ==2/3 ™mg cos® = cos® =o0

At this point A, B, C are all real and equal to each otner.

It is tnerefore natural to introduce tae arbitrary parameter by

the definition:

a(-2/3, 0) = B(-2/3, 0) = C(-2/3, 0) = = A

i.e.
A0(-2/3, 0) = =54
al(-2/3, 00 = ©
£2(-2/3, 0) = =2 A

Based on a study of the analytic properties of the
general fourth-order Feynman diagram and a clever use of
unitarity, Manaelstam formulated his famous representation
of the scattering amplitude (8-12). This ambitiously
describes the amplitude in the whole of the Mandelstam plane.

The Mandelstam representation by its global nature
assumes the amplitude to be analytic in the whole of the cut-s
and cut-t planes. The assumption of such a domain of analyticity
has been postulated by Chew to be basic to §-matrix theory
under the name of "maximal analyticity of the first kind" (21=23).

Unfortunately, we have no guarantee that the Mandelstam

representation embodies the correct analytic structure of the
amplitude. The technical difficulties of attempting such a
global approach together with the vastness of the problem have
led to a more limited scheme of study.
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This is based on using only those analyticity properties
deducible from axiomatic field theory (33). From such assumptions
increasingly larger domains of analyticity in the complex
s and t space have been proved for the iy scattering
amplitude (33). .

It is well known that % dynamics is the simplest
example of strong interaction amplitudes, and, therefore, the
most interesting from the fundamental point of view; since all
crossed channels are identical, it is tne ideal place to
play the "Analyticity-Crossing-Unitarity" game. Martin (36)
has derived rigorous inequality constraints on the ™ i\ partial
wave amplitudes in the unphysical region o::ag.4m5 . Roskies (39)
has found sum rules involving integrals of the paétial-wave
amplitudes over o0« sf.4m§ , which follow from crossing symmetry.
However, the main disadvantage of these methods lies in the fact
that the crossing relations, or constraints, are written and
used in unphysical regions. First crossing constraints in
physical T partial waves hawbeen obtained by wanders (50)
and by Roskies (61). However, tneir basic drawback is that
s- and p-wave amplitudes are absent in those relations which
only constrain higher waves. Recently, Roy (63) has written
Wt equations which, in connection with the above remarks,
can be seen to have the features of a) expressing each partial-
wave amplitude in the physical~region cver physical absorptive
parts, and b) being well-defined up to energies zround 1700 NMev,
therefore providing direct consistency tests for experimental
data. Roy uses crossing to express the t-dependent subtraction
functions in twice-subtracted fixed-t dispersion relations,
and then projects on partial waves. More recently, E.P. Tryon (43)
has derived a new representation which expresses i1 amplitudes
in terms of a single subtraction parameter and integrals over
physical region absorptive parts. This representation is



valid over the same portion of the physical region as the
twice-subtracted representations of Roskies and Roy, and
therefore constitutes a more powerful tool for studying the

T\ interaction.

17
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CHAPTER I1

TOTALLY SYr2ETRIC SCATTZRING AMPLITUDE

A. Introduction

The amplitude for W scattering in the s-channel can

pe written as

g!{ A(h,tm) ¥ g‘f gP& B(O,t,u) +g°“ 8‘5)’ C(n,(‘,

tw) = &?

Adr,?i (o

where dP (KS) denote the isospin indices of the outgoing
(incoming) pions.

By crossing symmetry

A(s,t,u) = A(s,u,t) (I11)
B(s,t,u) = A4(t,s,u) (112)
C(s,ty,u) = Aa(u,t,s) (113)



In the s-ckannel, the isospin amplitudes are giver by

A7 (s,t,u) = 3a(s,t,u) + A(t,s,u) + Alu,s,t) (114)

Al (s,t,u) = A(t,s,u) - A(u,s,t) (115)

Al (s,t,u) = A(t,s,u) + A(u,s,t) (116)
o) 1 2

The amrplitudes A y A , and A will be compatible with
crossing symmetry and isos2in invariance if and only if we can
finé a function A(s,t,u) subject to (II1=II3) such that
(I14~116) are valid.
As a function of three variables, A can be written as a
linear combination of functions which transform irreducibdly
under the permutation group operating on the variables s,t,u.

R. Roskies (38) has shown trat tne most general A can be

written as:
A(s,t,u) = £(s,t,u) + (2s-t-u) g (s,t,u) + (25°-t°-u?) h(s,t,u)

where f, g, h are totally symmetric in s, t, u. In terms of

these new functions, we can write:

A o“'(s,'t:,u) = 5f(s,t,u) + 2(2s-t-u) g(s,t,u) + 2(252-t2-u2) h(s,t,u)
. (117)
At (s, tu) = 3(t-u) gl(s,t,u) + 3(t%-u?) n(s,t,u)
(118)
A% (s,t,u) = 2f(s,t,u) + (t+u-2s) g(s,t,u) + (t2+ u-2s) n(s,t,u)

(119)




: c , 1 2
The amrlitudes A sy A sy A

will be consistent with crossing
and isospir invariance if and only if there exist three <otally

symmetric functions f, g, n such tnat (I117-119) hold.

The three symmetric functions f, g, n now can be written

in the vector form as:

2] . .2
¢ (s,t,u) = Alsytu) , 2a7(s,tyu)
] 3 3
1 1
G,(s,t,u) = A (s,tu) | A (T,u,8) | A1[u,s,t)
-~ 1 '
Al(s,t,u) _ A'(t,s u)] 1
= - 1 =3 4
Galentow) \_ t-u s-u- s-t

LA1 t,u,S) A1§u,t,s)] 1

U= tes t-u

+[A’ust>- A’_lg_sltmq BN



Due to the arntisymmetry of A1(s,t.u) with respect to t and w

(30se statistics), the denominators apgrearing in G, and P
de no* induce new singularities at t = u, u = 8 and s = t,
In fact, the functions G (s,t,u) have the same aralyticity
properties as the amrlitudes AI(s,t,u).

Using the crossing relations

al(s,t,u) = ci%' al'(t,s,u)
AI(s,t,u) = Cii' AI'(s,u,t)
al(s,t,u) = Cii' al(u,t,)
where:
RV 5/3 |
Car = /3 /2 -5/6 !
1/3 -1/2 1/6
- 1
i 1 0 o |
- \ -
Coy = | 0 1 o)
\o 0 1
[ -~
N -
= - \
Cqy = ‘1/3 1/2 5/6i

L1/3 1/2 1/6 p

ra)



Vie can write AI(s,t,u) in terms of Gk(s,t,u):

A°(s,t,u) = % Go(s,t,u) + %(35-4) G,(s,t,u) - %7(352-16»6tu) uz(s,t,u}

A1(s,t,u) = LE%B) G1(s,t,u) + ﬁl:B%Llé:i) Gz(s,t,u)

- 2 \
A%(s,t,u) =%G°(S.t.u) - -QS-—“ G,(s,tyu) + {3s ;?*6“" G,(s,t,u,

b .Homogeneous Variatles

Because of the symmetry properties of Gk(s,t,u). we

can express G in terms of the symmetric variables:

(st + tu + us)

t]

"

]
;J_n

1
y = a stu

The singularities associated with this change of
o . : i
variables do not appear in Gk(x.y)z a‘ﬁs,t,w).'l‘he only singularities of
~
Gk(x,y) are the images of the singularities of Gk(s,t,u) through

the mapping (s,t,u) —y (x,¥).
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This change of variables maps the rezl (s,t,u)-plane onto
a domain R of the rezl (x,y)=-plare. This domzin is boundeé by
two curves C+ anéd C_
t: constant
16x = =t{s + u) = us
= t(t = 4) - us
= t(t-4)-ua'
2
= t(t-4) - (Y
- 2
= (t - 4) (4 + 1)
nerefore:
3t 1,2 1
3x + 1) = (5§ -3 xD-7
3 4.2
27y = 25T -3E-DH o+
Ct
y, = %7 {1-3(3x+1):2(3x+1)3/2}

Real (x,y) points which
values of s, t, and u.

Given x and y, the

are outside R correspond to complex

corresponding values of s, t and u

are the roots of the third degree equation:

3 2

27 = 4z

- 16xz - 64y = O




C. Analytic Properties of Gk

Througn tne mapping, the amrlitude G becomes a function
g(x,y) = G(s,t,u). Due to the symmetry properties of G, 5 is
obviously a one-valued function wherever it is defined. In
fact, the symmetry of G(s,t,u) entails a stronger result:

~

~
the function G(x,y) is analytic on the image D of analiticity

domain D of G(s,t,u).

24
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The analytic properties of g(x,y) (from now on we write
G(x,y)) ere-not simple because its holomorpny domain is not a
topological product of cut planes. iievertheless, we get simple
properties if we consider the values of G(x,y) on the plane
y = a(x - xo) or y = ax + b, where a and b are real.

G(x, ax + b) is holomorrnic in the complex x-rlane rrovided

with a cut on the real axis x1(a,b) & X Loo, x1(a,b) is

defined in the following way: consider C_ and its tangent at

A(x = 1, y = =1), The part of C_ below A and the part of tangent
above A define a curve r’. Tne real section of y = ax + b cuts-f7

at a point U whose abscissa is x,(a,b).

It is readily seen that if (x,y) -» in (x,y) plane
s & 4\x
t H-4a
X = = %3 I:s(4 - 85) + tu]
~ 52 .
- '-"z 009240;

y & ax = %T 4 Vx t(4-4Vyx-t)
or t - -4a (or t 2 4(x, s -»-4a, etc.)

D. Totally Symmetric Dispersion Relations

Using the known bounds on the asymtotic behavior of AI(s.t,u)(28,35j

as 8 - oo at fixed t, we see that the definitions of G(s,t,u) in
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terms of AI(s,t,u) imply that Gk(x, a(x - xo)) verifies
a once substracted dispersion relation. In fact we could

write an unsubstracted dispersion relation for Gz(x, a(x - xo)).
G (x, alx = x.)) = G (xy, alxy = x,))

Disc. G (x', a(x' = X))
dx!
T (x' = x)(x"' = x)

Cl&/l‘)

Disc. G is the discontinuity of 6, across the cut Cla, x4).
Disc. G (x, a(x -~ x_)) = %I G (x + ig, a(x - ié= x))
- Gk(x - i¢, a(x - ig = xo))
for (x, a(x = xo)) éE C(a,xo)
In terms of s,t,u the DR looks like:

Gk(s.t,u) = Gk(s1, tyo u,) +«% ds' Disc. Gk(s',t')(s’-t')(25'+t'-0
4

1 1
x [(s'-s)(s'-t)(s’-u) = (s'-s1)(s'-t1)(s'-u1z/7

(1110)

Where: J—
t' = t'(s', a, x;) = 4'2'3' + -%-\l'(s'-d»)z - %—?—%ﬁ Ls'(s'-4) - xg

We verify that lim | t'(s', a, xo) = -4a
p Hoe




The right-hané side integral is defined as long as a and X,
are sucn that t'(s', a, xo) is inside the aralyticity domain of

Disc Gk(s',t') for all s'» 4 , It is convenient to consider the
special case where gi= ﬁp.Then.we may choose:

t = 0

u, = =(s,5 - 4)

s, = 8, = 2(1 + 11 + 4xo)

o0

Gk(s,f) = Gk(so,O) + % g ds' Disc.Gk(s',t')(s'-t')(25'+t'-4;
o

-

1 1
x L(s'-s)(s'-t)(s'-u} - s'(s'-so)(s'+s°-4)’7

(I111)

Zruetions (II10) and (II11) can be expressed in the following
form, which is very reminiscent of the Cini~Fubini rerresentation:

o0

S

%
2 2 2
82 12 . u2 ) 5, ) t ) u,
Xlses " 5=t 5'=u s'-s1 s'-t1 §Tlu1

G(s,t) = G(s1, t1) + %, S Q?% Disc.G(s',t')

And

]
G(s,t) = G(so. o) + %_‘E: %%5 Disc.G(s',t')
2

2
« s2 . t2 . u2 ) 5o ) (4 so)
§'-8 s'=t s'=-u s'-so s'+s°-4
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e are now ready to write DR's for the amplitudes AI:

(s, 1) =%[5Go(so'°) + 4(35-4) G,(s5,0) = £(3s%-16) G,(s,0)

+ ;—“S és' (25'+t"4)(3'-t')l(s|_s)(sj_t)(s'_u7

"
- 1
s‘(s'-so)(5'+so-47

xt.-EDisc.Go(s',t')* 2(3s-u) Disc.G(s',t')- S=(3s°-16+5m) Disc.sz(s',y]

(1112)
X (t-u) [
4'(s,1) = g0 [”1(50.0) + (3s-4) Gz(so'°)]
m -
= 3 (] ' ' t 1 1
-+ L_ﬁﬂjds' (s'=t')(2s'+t -4)\(5'-5)(3'-4)\5'-117 - sqs;_so)(sc_,_so-‘ti]
Y

x K?Disc.G1(s',t') + (3s~-4) Disc.Gz(s',t')J

(I113)
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T 2
Az(s.t) = % ZGo(so'o) - il%:il G1(so,o) + (3s ';6+6§31 GZ<so’°L]
m -
1 t ] L ] | 1 1
T &'ds (s'=t')(2s'+t'=4) [(s'-s)(s'-t)?s'-ﬁT - s'(s'-so)(s'+so-417
"

-

2
x {?Disc.Go(s',t') - Lﬁ%:&l Disc.G1(s',t') + (3s ';6+6tu)Disc.Gz(s'.t'£l

(1114)

where:
l
3

Disc.Go(s',t') Im A°(s',t') + 2Im Az(s',t')

Disc.Gy(s',t") = 6(s'-ts%%;;?zt'-4y&?ImA°(s'.t') - SImAz(s'.t'{J

1 (2t'+s'=4) R
+&§'+2t'-4 - 2(s'-t')(2s'+t'-4)] Ima (s',t")

P

Disc.Gz(s',t') = - 2(3'-t'722$'+t'-4)t?Ion(s"t') - SImAZ(s',t')

3(3s'=4) P
* T A (st et (2 e gy tmA (sh.r)

From equations (II12) and (1I14) we have:

2y = 2 Go(4,0) + 38 G,(4,0) - 8% 6,(4,0)
a, = % G°(4.°) - % G1(4,O) + %% 52(4'°)
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Note that ezuations (II12) and (II14) also give us
the so-called Olsson's sum rule (52).
Equations (II12) and (II14) imply:

8(361(4,0) - 402(410)) -
2a, = 5a2 = 3

If G1(s,t) and Gz(s,t) obey unsubtracted DR's:

( It will be seen later that indeed G, and G, obey unsubtracted Di's)

x 1 o« . ~ \ 2 .-A
G1(A,O) = FYCS' DlSC.kL,(S',O) S'S s'=4)

Y3

_1 . 2s'=4

G2(4,O) = 3 Sﬂ;s' Dlsc.GZ(s',o) ST (s'=4)

"
Then:

00

8 ) n NP ~ (e 2s'-4

22 = %23 = 3 Sds' (3Disc.3,(s",0)-43isc.5,(c",0)) 5vreioy)

M

= %r 3—'-?—:——:-—:1) ImT"(S‘,o)
Q

The practical consequence of this relation is that

instead of the scattering lengths a_ and a, taking arbitrary

o
values in the (ao, az) plane, physical solutions to Hoy-tyre
equations (64-67), with two subtractions, have a, and a,
lying on a universal curve generated by that egquation. This
universal curve was first found by kKorgan and Snaw (68) and

it aprears to be a general feature of physical®W amplitudes

that their scattering lengths lie on such a curve (69,70).
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Furthermore, we have: -
F,(s,0) = —§— LBG (s,0) + (3s-4) G,(s, 0)]
AS 5 =>4
al = $3[36,(4,0) - 46,(4,0)] + 48 ¢,(4,0)
(2a_ - 5a,)

_ o 2 48

= T8 v 37 G,(4,0)
or: o 0 4-3*"
_ 9 16 lgs+ 2ima (s',0) - SImnggs',o) + 3Imal(s',0) 13703
¢a0-5a2-18a1 = ;? s'2(s'-4)

w
(1115)

Equation (II15) is exactly the Wanders' sum rule (39).

As a matter of fact eq. (II10) provides us with a means to

write an infinite sets of sum rules; the only constraints are
that a and X, should be such that the lines on which the
dispersion relations are written, do not enter the forbidden
region, where the dispersion relations are not valid. We may

for example remove G(so,o) in favor of G(4,0) which is related to
the scattering lengths, by writing (II11) for the special case
a=0,8=4, t =0=t'., The result is:

oQ

G(4,0) = G(so,o) + 1-& ds'Disc.G(s',0)s'(2s'-4)
W [ 4

[ 1 1 ]
X 'i2 - ] t ?
(s'-4)s s'(s -so)(s +s°—4)
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or:

G(s,t) = G(so,o) +%gﬂds' Disc.G(s',t')(s'-t')(2s'+t'-4)

§ 1 1
x {(s'-s)(s'—t)(s'-xﬂ - s'ﬁ'-so)(s'+so-47]

= G(4,0) + 1 KZS' Disc.G(s',0) s'(2s'-4)

=]

_ ¥
1 1
Ls'(S'-so)(s'+so-4) s'%(s'-4) ]

o0

+ j ds' Disc.G(s',t')(s'-t')(2s'+t'~4)
%

= j-

1 1
X[(s'-s)(s'-t) (s"=u) s'(s'-so)(s'+s°-47]

(II16)

Now, if equation (II16) is written for two different values
of s, = 2(1 + 1+4x,) and s, = 2(1 + 1+4x2) and substracted

from one another, we get this sum rule:

() .
] 3 ] t ] 1 - 1
%[ds Disc.G(s',0)s'(2s -4)[3'(5"‘31)(5'4-81-47 sc(sv-sz)(s'.,.sz-q_j’
L g
—
=.L ds' Disc.G(s',t! 'at! LS AR
1& P)(s tP)(2s a 4)
4
- 1 ) 1
(s"—s)(sT-t/j(s'-uT s'Ts'-sz)(s'+52-4

.._.;- ds' Disc.G(s",td')(s'-taz)(Zs'Hi;-«l-)
¢

1 1 ]
[(s'—s)(s'-t)(s'—l}) - s'(s'-s17(s'+s1-—4§




where

L = j'(s',a1,x1)

t' = t'(s',az,xz)
and

a el —L——

1 x-ﬂx1

a - —L—

2 x-x2

Each set of sum rule corresponds to a set of x, and x,,
such that the lines with slopes a, and a, are outside tne

forbidden region.
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DETZRMINATION OF THE SLOPE OF REGGE RESIDUE
FUNCTION: A SURVEY

Sefore attemrzting to exiract information about the ﬁﬂf
Regge residue furnction from this new rerresentation, we will

revare trze groundwork for such endeavour by discussing in

L{d ]

some detail some recent calculations of Y (t). These will put
our calculations in perspective.

Kaiser (4Q,41) has calculated MM Regge residues from
continuous momernt sum rules (CMSR), using tne data of
Carroll et al (42). Thes¢data go up to s/2- 1.45 Gev, and

beyond that energy he assumes Regge benaviour has set in.

Kaiser finds the \.P trajectory function, d(fd:) , to be
described rather well by linear form_ with intercept near 0.5.

He calculates the full Regge residue Pd,(.f) for -1 Gev?

4 t &0,

and finds Rfda has a zero close to t = -0.4 GevZ. Since Yo, the
imaginary part of the residue is directly proportional to 7)‘,(0,

it too has a zero at tnis value of t, wnile the real part of the
residue (~P¢(t)tan f14/2) not only has this zero but also nas

another zero nearby at t = =0,6 Gevz, when &(t) = 0.

34
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Tryon (43) has also used the data of Carroll et al to
determine }&(t). To do this recall that the residue must be
known at some value of t, since eq. (4) of Ref. (43) essentially
only determines the derivative of?& . By taking differences
between fixed~-s and fixed-t DR's, he was able to eliminate the
substraction terms and, themby obtain sum rule equating certain
integrals over absorptive parts to zero. Then this sum rule was
used to extract the‘?«ﬂ Regge residue function for a wide range
of momentum transfer.

The useful feature of eq. (6) (Ref. 43) is that if}? is
known for any single value of its argument, this value can be
substituted for s on the right-hand side of the equation and
then X'(t) can be computed over a wide range of t from a knowledge

of Im T1(s,t) between threshold and (\ , together with knowledge

0f the rapidly convergent integral n(s,t). He notes tzat

frox the Zata of Carroll et al Im T1(s.t) has a zero

2

around t = «0,52 Gev®, This is for st £ 1.48 Gev.

He assumes that this zero continues to be at this fixed

value of t above that ernergy. Then {r(t) was given witlzin -
4% over the interval =1 Gev2 £t {0.2 Gev2 by the sizple
curve:
\G(t) ~ 0.82 + 2.C4(t/5) + 0.88(%/5)°
with 5 = 1 Gevz, using the standard linear\f trajectory

with fgaegtercept of 1/2. Ee also checks that his results
. 1 .
for Xé(t) do indeed make Im Taegge(s't) the local average
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2 4y

of the actual absorptive part Im T1(s,t) for -1. Gev
£ 0.25 Gev? and for energies where Carroll et al have data
0.60 Gev £ sﬁ 4 1.48 Gev. rfe finds that it does. In a

later work (44) the same sum rule is used together with

the TN data of Hyams et al (45) (for S, P, D, F waves, I=0,1)
and Durusoy et al (4€) (for S, D waves, I=2) which extend:
up to M““ = 1.9 Gev., The integrand of the sum rule receives
no contribution whatever from S waves, so that we will be
spared from tre ambiguities which have plagued experimental
studies of the I=0 S wave. Thus for A4 (1.1 Gev)? the
integral in eq. (4) (Ref. 44) is determined almost entirely
by the @’resonance, since D-wave absprtive parts are

negligible telow 1.1 Gev. Furthermore, the integral defining

h(s,t) is rapidly convergent, and is thus determined
2
)

primarily by the\f resonance. as /\ increases above (1.1 Gev)%,

D waves begin to contribute to the integral but in such

a way that X’(t) is nighly stable against variations of
N\ . Here [ (t) is found to vanish at t, = -0.42 Gevz,
and the value of ¥ (t) is given wthin + 0.01 over tne

2

interval -1.0 £t £0.1 Gev® by:

Y\;’(t) = 0.67 + 1.78(t/3) + 0.41(t/5)% = 0.17(2/3)>

It is to be noted that the value )’(O) = 0.82 (Ref. 43)

s
and !;(O) = 0.67 (Ref. 44) is only slightly different
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from the one required by Morgan and Shaw (47), namely,
!}(O) = 0.68. But it is much larger than the one deduced
by Olsson, Y, (0) = 0.17 (48). This latter author has used
T N charge g;change data together with universality to
arrive at the result §C1I dotal = 0.6 v'éjt'z, where
v = &(56“}- 4)., I+t follows that Im T; = 0.048 v%, where
TI denotes the forward amplitude in the t channel. In
terms of the normalization in Ref. (43) and Ref. (44)

Y (0) would be 0.17.

The author of Ref. (44) has also attempted to calculate
}{(t), by interchanging s and t in eq.'s (1) and (4), thus
;ynew equation is obtained, where 1}(t) is completely
determined by integrals over absorptive parts, together
with a known function f. However, ]{(t) ovbtained in this

way proves to be extremely sensitive to the fyand g
resonance parameters., Hence it is difficult to obtain

a reliable result for (&) in this way. The left-hand side
of equation (13) (Ref. (44) ) is independent of s, so the
right-hand side should be independent of s also. Yowever,
using the experimental values for resonance parameters,
the right-hand side is found to depend strongly on s,
unless values for the f, and g parameters are very near
the experimental ones.

Ukawa et 21 (49) has also used the data of Carroll et al.
to calculate 1T Regge residues from continuous moment sum

rules (CMSR). For |t £ 32 they find the same results as




38

Kaiser, namely X’(t) has a zero g¢lose to t = -0.4 Gev2.
For t between O and -2.4 Gev® (which is =123 in pion mass
units) they also calculate both the real and imaginary parts
of the residue. It is doubtful whether such a computation is
too reliable much beyond t = =32, since they are then
integrating across the s-u double gpectral region.

Another set of sum rules was derived and the slope of
the Regge residue function was calculated by Wanders (50).
The idea of the method is to find gquantities which can be
expressed either by a fixed-t dispersion integral or by a
fixed-u dispersion integral. The sum rules express that
these two integrals are equal. The method here is similar
to the one developed by Tryon (43,44), the only difference
consists in that the sum rules here involve derivatives of
absorptive parts with respect to the transfer t. The inputs
are the data of Rarita et al. (51) obtained througn factorization

from their analysis of TN and NN scattering. It is assumed that:
| ol &
Im]T vut) = ﬁptt‘) v

where V = (s=4)/4 and t are in pion mass square units, which
define the scale of p"(t)

with:
P@(°) s .M
dw(" - 0.5
. 0.017

Cﬂ}nﬂ




39
And:
&g (E)

IwT°cv.t) = pr) v ‘) PP‘ &) v P
MR e o Ayio) = 0.0057

Pe () =73 P‘P‘” = 0.063

df" o =0 57 og‘?. o = O.0k3

Py = 16. % F'P'(o)z - 1. 63

]
The value J") was calculated at different value of Voo

which separates low and intermediate energies from high

energies, Yy

Vo = (/)., 2 1.8Gev) s
Rpp) z0.77 - 023X - 322 Fgq ki)

Ua:\l :"I(V% -rVJ:) i
r)'\rlo) = o8l - L7 FbG )

Ve :lcfu \f# *Vﬂ) :
e} = Ooé‘- A.5 FBG (16)

If we assume that Fag vo) is small and the inelasticity

factor for g-meson x ¥ 0.3, then

. ' ~ .10

'U'm : PJ,M 2 o1

v,z s hf!o) 2 0.8l
: o 0,66

In the n&‘mahzatlog of Ref (43) and Ref. (44), we
i
would have: . ~ 0.%)
\[‘n. : }:P(o)
V:L‘ : )&,ro) o 0_“0

V‘m . Y o o 0.35
Another estimation of FJ"“) was obtained from a crude
interpolation of the residue tetween t = 0 and t = td,

4 !
wnich gives '?’l')g_'o.86 or Y<0.43,. All these results,




obtained from a very rough apsroximation, seem to be consistent
with those given in Ref. (44), at least in tneir order of
magnitude.
In the Regge role model, the high energy behavior of tne

charge exchange amplitude, which has pure isospin one in
the t-channel, T1, is controlled by the J’Regge pole. Since
X (t) L1 for t 4_m; , we expect the amplitude ! to satisfy
a(once sutstracted dispersion relation for all t & (=-28,4).
From the s-u antisymmetry of this amplitude, the sutstraction
function is cetermined and we znave:

oo

ds' ( 1 1

~ 1
57=s - sou) mm T (s',t) (1I11)

(s,t) = =
T
u
One immediate consegquence of this equation is that the
two substraction constants of the twice substracted dispersion
relations and hence of Roy's ecuations, namely ag and ag ’
become related to each otner: if eguation (III1) is evaluated
at s=-channel tnreshold, we get:
00
222 - 5a§ = F"-SE—,{—;{T) Im T'(s',0) ' (1112)
(!

Equation (I1II2)is called the Osson sum rule (52).
Souza (53) calculates the imaginary and the real part of the

d? Regge residue by using the dispersion relation of eq.(III1).
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The low energy inzut for the s and p waves, are tazken from
the two solutions of Basdevart et 2l. (54) ani Le Guillou
e* 21.(5%). For the nigher partial waves, Souza uses
Breit~Wigner forms for the fo and g resonances and assumes

Regge behaviour beyond s = é(m% + mg) = 115, He finds that

2

for t ¥ -0.2 Gev®, both the real and imaginary parts of the

&Pre31due vanish., This corresponds to a large value of the
scattering length a° (2 0.6).

Using a sunm rule similar to the one in Ref. (43),
Zasdevant and Schomdblond (5€) try tc calculate (t) in tais
way: first with s = o they assume'f(oj is givern, they
calculate Y'(t) as a function of t, thereby they find a direct

o*relat;on between the assumed)’(o) and t, for which )’(t )=0C.

Then Olsson sum rule is used to get a relationship bevween )’(o)

: : . o
and ag . This gives a correlation between t, and a5 . Tney

2

conclude that t, = -0.2 Gev® is favoured by all values of

ag > C.16. This is to be compared with Tryon's value of

t,~ -0.52 Gev? (43), Ukawa et al.'s t, = -0.4 Gev® and

Eguchi et 2l.'s t, 2 -0.3 (57,58).
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CHAPTZR 1v

DETZRNINATION OFfﬂﬂ RZSIDUE FULCTIO.N USING
TCTALLY SYIMIMZITRIC REPREZSIWTATICY

A. Introduction

In this study, our purpose is to establish some sum
rules for Mfl scattering which are physically meaningful
consequences of analycity,crossing symmetry anrd unita-
rity. analyticity, crossing symmeiry and unitarity are
believed to be rowerful constraints on the benaviour
of the scattering amplitude, and may alone define a
unique nontrivial 3-matrix. The three conditions are of
quite a different nature and this makes it hard to ex-
ploit them simultaneously and exhaustively. Crossing
symmetry, by its very nature, depends on analytically
continuing the scattering amplitude from one region to
another. Therefore, its practical implementation depends
strongly on the analytic properties we believe the am-
plitude to have and the tools we use to exploit them.

The Mandelstam representation assumes tne TIYf amplitude
to be analytic in the whole of the cut-s and cut-t planes.
However, we have no guarantee that the Mandelstam repre-
sentation embodies the complete and correct analytic

structure of tne amplitude.




43

From the results of axiomatic field theory it has been proved (33)

that the W1 scattering amrlitude satisfies fixed momentunm
transfer dispersion relations for a limited region of t,
namely, -284& t4& 4 ( in rion mass units). rioreover Jin and
Martin (59) have shown that such dispersion relations

require at most two substractions. It is in terms of such
fixed-t representatibns for the amplitude, rather than
Mandelstam's two variable representation, that in practice
we impose these rigorous analytic properties in canstructing
model N amzlitudes. we can z2lso write a disjersiorn relation
at fixed-s. Thus we have rerresented tne amzlitude in two
differen* ways. The s-channel partial wave dispersion relations
involve contributions for the t- and u-channels tarough the
left hand cut. However, these contributions cannot be
evaluated in a closed form. Ve can write fixed-t and fixed-s
dispersion relations, and by crossing symmetry tnese
expressions must be equal in their common region of wvalidity.
Indeed, within such domain, namely s,t & (-28,4), using twice
subtracted dispersion relations, we can write down necessary
and sufficient conditions for crossing symmetry as has been
done by Wanders (60), Roskies (61), Lyth (62) and Roy (63).
In W scattering, because all three channels are identical,
crossing symmetry is a particularly powerful constraint, that
we want to exploit as fully as possible. As was discussed in

Chapter II, a rigorous improvement on the one-dimensional
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fixed-t disrersion relations discussed atove is Zrovided by
the representation written in the (x,y) plane, which nas three
channel symmetry. This corres»onds to continuing the

amplitude not at fixed s or t but along more complicated
curves in the s-t plane thenpy making fuller use of the
rigorous analyticity domains available.

In this chapter we develop an approabh which takes into
account the full crossing symmetry. The scattering amplitudes
G(s,t,u) we consider have simple symmetry properties in the.
varizbles s,t,u and they satisfy once subtracted disrersion
relations. The difficulty mentioned at the teginning aprears
here too; the analyticity properties of G(x,y) are intricate
and it is not easy to express unitarity in terms of this
function. Nevertheless, it is possible to extract from
analyticity of G(x,y) some new type of dispersion relation
in one variable. Tais can be done if we consider only values

taken by G(x,y) or the complex plane y = a(x - xo).

B. Unsubtracted Disversion Relation for G?(xlx)

We can write an unsubtracted dispersion relation for

G1(x’y):

- r 3 1 ; -
Convergence of the integral is ensured by familiar tenets
of Regge theory.
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In terms of s and t, after some calculation we get:

*Q
«y = 1 v (s'=t')(2s5'-1'=4) .
Gy(s,2) = I ds'  (STIsT(sTet)(sTowy ise.Gy(s',t')  (1v4)
i
Wnere: - e
-s! 162
tt = t'(s', a, x5) = 425 + %V—Es'-4)2 - 57573 Ls'(s'-4) - x{}
We shall denote the WW amplitude with Isospin I in tae -

s-channel ty AI(s,t). We normalize the AI(s,t) such that:

. © £
i (s,t) =€Z (28« AP I (1 - 25
<0

where pion mass square unit has been used., we note tnat
for energies less than 1.9 Gev, only the S, P, D and F waves
have non-negligible absorptive parts.,

rfurthermore, above 1.9 Gev, Regge theory provides

good approximations for absorptive parts. Therefore, it is

convenient to introduce a parameter A and to treat the
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region s' LA and s°> A in different ways, wnich exploi®
these facts. We also assume that for s)ﬂ,Imfks,t)=o,

In this spirit, we write G1(s,t) as:

A
G1(5.t) =%S G._s)(s?f;j(sy_u)l[ZImA(O)O(sn) - SImA(O)Z(S')] MO(S')
7y
+ 2ImA(2)°(s') - SIMA(2>2(5'X] SMe(s')P,y (2')
+ -3ImA(1)1(s') + 7ImA(3)1(sy) ZDS(Z'ﬂ}H(s'oz}
i L
+ 3 ds' | ‘MO(S') + M,(S'.Z')/zz'] ImT (s',t")
T (s'=-s)(s'=-t)(s'-u t
h ) i_Mo<s') N M1(S'»Z')/32'] ImTo(s'.t')}
) (1v2)
where:
Hols') = (3s' - 2)/6
.. ((35' - 4)2 - 32?(5' - 4)2
l-‘1(s"2') = HS' -4)
z' = 1+ 2t'/(8s' - &) i
Y
>(z9 = 0.5(3z' - 1)

2

ZD3(z') = l;(Z')/Z'
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and

al'(s,t)

My

1(s,t) Cirv

Il

i i i bove eguation lies in
The only agproximation made in the a q

the fact that ImA(l)I(s') nas been set equalto zero for

t 74, s <A I

For s'pA, we have expressed q(s t) in terms of T because
these are the amplitudes for which Regge theory prescribes
simple asymptotic behavior. We assume that

1“‘\‘1(;.*) s UW) (/5) (f

where !} is related by a well-known factor to the residue of
the\? pole21n the J plane and¥ denotes the‘f trajectory. we

use s=1Cev , which defines the scale of ]{ A . 1n our
calculations, we assume that

ol %)  =0.5 + 0.9(t/5)
We shall assume that in the Regge region, T°is dominated
by Pomeron and £, exchange?

t) x, ¢t)
Tw T = W) W) B Ch) 1

Duality equates resonant absorptive parts with those

resulting from exchange of normal Regge trajectories. Since

L3 ° ' LS
A=T/3 «T/2 + T/6

contains no resonances, it follows that

Y%d)/s - }\t)/l L)

ol{d:) : o\(f )
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whercré 'tcharacterizes the contribution of f exchange to
Im fdl t;. we incorporate an asymtotic total cross section
of 20 no in our assumption:

LSRR
A= 1.4 . 6(1/8)

For s'¢A we use the experimental results of Hyams et
al (for I=0 and 1) and of Durusoy et al (for I=2). These
results are presented in the form of S,P,D and F waves
phaseshifts and inelasticities over the energy range
.64 s%¢1.9 Gev .

First we write G4(s,t) at s=4, t=27.165 (x=46.122,
==46.122). This is the point where the lines of maximum
and minimum slopes allowed meet in the x,y-plane, and
therefore we expect to extract more informations by writing
Gy(s,t) at this point. G,(s,t) is written on the lines
with slope ''a'' varying from -1 to 10,75, the only lines
allowed, which are outside the forbidden region.

Nx, (t) is assumed to have the form:
J t
‘5«*’ = Y«-; ¥ f_—‘ (/s)

N is the number of terms to be included in the approximation.
We do not expect Yg(t) to have many terms. As a
matter of fact, fig. (3) of Ref. (43) and fig. (2a)
of Ref. (44) show that Y (t) is roughly linear in t.
In eur calculation;{ however, the number of terms

included are from 2 to 15, varying tne values of a's,
(from -1 to 10.75 in equal intervals) to have a set of



49

N equations with N unknowns, Since E.P. Tryon, using the

same experimental data in his calculations, finds that ’
(0)=0.67, we assume (0)=0.67 as input. The value of !;IO)

starts to stabilize with the second cycle of calculations (3

terms ). Here are some of the values of Y (t) we get:

?(t)=0.67+&(t/§)+0.35(t/§)2 (Iv4)
y(t)=o.67+1.e1 (t/3)+0.55(t/5)2-0.75(t/3)> (IV5)

5(t)=0.67+1.81(t/§)+0.54(t/§)2-0.74(t/§)3+0.01(t/'s')4 (1V6)

‘{(t)=o.67+1.8-1(t/§)+o.53(t/§)2-0.67(t/§)3+o.12(t/§)"+c.06(t/§)E
Y (IVT7)

If we approximate the absorptive parts in the
low energy region by their resonances, we expect our
results to depend strongly on N\ . The reason is simple:

we have written

G, =G

1 1L * G

where G1L is the wvalue of G1 in the low energy region
(the contribution fromJ’, f, and 8o resonances), G1H is
G1 in the high energy region (the equation integrated
from A toeoo ), then

Gy = Gy = Gy (1V8)

1
The left hand side of equation {V8) is a2 constant,

whereas tne right hand side depends on the value we give

to N\ .
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In the low energy  region the contribution fromLf
G

resonance is the largest. w's.vary from 0.109 to 0.156

for the values of a's, the slope of the lines on which

DR's are written, from -1 to 10.35 (x, from 0 to 50.41).

This confirms our suspicion that G1 is dominated by‘P

. . . < nces
resonance. The contribution from f and g, resonanc

are small (G%s take tane vzlue from 0.002 to 0.CC3,

G's frem C.010 to 0.0C7). |

it has teen rroved by Rosxies (71) and otners (72-75)
thzt the size 0f the imaginary part of the d-wave controls
the size of the imaginary parts of all the higher partial
waves taken together. Therefore, tihe fac! tha' we neglect
all partial waves with.z73 will not affect our results.

'T (t) is valid over a rznge of t from =43 to 4 in
zion ﬁiss urits, or from -0.82 to 0.C3 Gevz. Tnis coincides
with the line of mzximum slore a2 = 10.75, and a = -1 in the
(x,v) plarne. The integration in the high energies region is

h

made from A = 1.8 Gev, to over 72 x 10® m% and the error

from this approximation is orly (M/s')? 2 0.0014 or 0.14%.

Equation (IV1)'s advantage over other usual fixed-t
and fixed-s DR's lies in the fact that ‘(v,ct) extracted
from it has a larger domain of validity (t varies from
-43 to 4).

From equation (IV1) we can derive an equation the
integrand of which is independent of S waves, so that
we will be spared from the ambiguities which have plagued
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experimental studies of the I=0 S waves, by doing in this way:
first, we write G4, on a line with a slope a1,then we write G1 at

the same point (s, t, u) but dispersed on a line with 2
slope ase. If we take these two equations and subtract from
each other, all S waves will disappear. The ecuzation looks

like: (see next page).

We define:

tho= by (shhagxgy)
ty = té (s',az,xoz)

2t}

z; = 1+ Py puy)

2t

2

zé = 1+ 5T7

2D3(2}) = P;(Z%)/Z%

2D3(z))

P3(Z§)/zé
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A
1 ds’ _ (256, (2)2) .0y 25H0(s"),. 2 2
T Ts'-s)fs'-s-t)(s'-u [721“"\ "P(st)-51ma < (s J-+ (z} - 2}
("
(1)1, -y ' et P
+ 3ImA (s') (s 4)(21 -z} )/ 4
+ 7Im3(3)1(s'){(2'21(s',z_£ )233(21' ) -
1'21(5',zé )ZJB(Zé ))J}
a0
1 ds’ 9ImT (s',t')/2-ImT%(s"',t!)~
x |(s'=-s)(s'=t)(s"'-u) ) ! '
A

\ 9ImT1(s',t.,'.)/2 + ImTo(s',t;)] Mo(s!')
+ ImT"(s',t;)/Z + ImTo(s',t'a)/B] 1'11(5'.2;)

-’.ImT1(s',tJ!.)/2 + Im’i‘o(s'.t,',)/3] M1(S'.Z}3} =0

(1v10)

Ecuation (IV10) involves only P, D, F waves., %e can
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now evaluate tais ezuation at different values of a's
and thereby get 2 set of N equations with N unknowns.

The solution of this eguation gives us:

N (t) = 0.69 + 1.84(t/5) + 0.50(t/5)2 - 0.75(t/5)’
J

C. Unsubtracted DR for ngx,x)

Now we write unsubtracted dispersion relation for
G, and try to extract information about the\g“ Regge

residue function from this egquation. The unsubtracted

szs,t) has the form:

G (x,a(x=-x)) = 1 ' 1 ; ot '
2 ) n\gdx xox Disc.G,(x',a(x'-x,))

or in terms of the variable s,t,u:

a

=21 v (s'-t')(2s'+t'-4) . t ot
G,(s,t) = v ds'  (SYTTITETeEy(su)~ Disc.Gy(s',t)

"
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I1f all parziel waves with 1> 4 are neglected for s'(l\

We can write Gz(s,t) as:
A

. 1 ds’ (002, vy - (0)O, .
Gz(s,.) = Eﬁg(s'-sj(s'-t)(s'-u){ SIma (s') 2Ima (st*)

Y
[5(5Im (2)2(4 ZImA(2>C(s')JPZ(z)

+ oIma T (sr) (3sr-)/(s1-4)

21Im(3)’gs') L“s'-4)"“3£z )}

(s'=4)
* %i- (s'-s)(q?.s.;)ksv_u){ "lmo(s' t') - 9I'n’“ (s',t'))
n
mOr o 1) 1 ' , '
+ (ImT°(s',t*) Es:-‘%;@‘_ﬁs ,t')) (3s 4)j
where:

z' = 1+ 2t'/(s'-4)

&
Pg(z') = 0.5(3z' - 1)

3
P3(z") = 0.5(5z' - 3z!)
Z2D3(z') = p}(zn)/z.
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FOor the same reason stated previously in the case of

G1(s.t), we write Gz(s,t) at 8=4,t=27.165 (x=46.122,y==46.122) .we

assume that the contribution to 62 of waves nhigaer taan

T is negligitle. This is inferred from the fact that,
within all reasonable estimates, the contribution of F
and G waves is indeed negligitle. Here again\P resonance
dominates G, (q' = 0.14). Gz(s,t) involves not only P,

D and * waves, but also S-waves, however we can use the

same method as in the case of G1 to eliminate S-waves.

More information will be gained if we solve the
equations for G1(s,t) and Gz(s,t) simultaneously. The

results will be displayed in figure (4) and figure (5).
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Figure 1:

57

Solid line displays Y,q,ﬁ defined by equation
(7) of Reference (44).

Closed circles depict !t)defined by (Iva),
(IVs),(IV6), and (IV7). Number of terms included
are from 3 to 6. Note that the values of g!t)
are the same everywhere for t from -0.9 to
0.1 . From this graph Y(U:O, with

2 J

tz = =-,40 Gev .,
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Figure 2:

Solid line displays values of Y(,C)

0
assuming ImT (s,t)=0.

Closed circles depicts values of ]r(t),
assuming \(\t) =1.34 (s/§)' and x{xt) =3/2 {d;)’
1

c;gt) = ?Pd:)

The closeness of the two curves shows

)

0
that the contribution of ImT (s,t) to J b

is negligible.
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Figure 3:

2

Values of Yp(t) for t from -0.9 to 0.1 Gev“, obtained

by solving unsubtracted Dispersion Relatiom for G, (s,t).

Closed circles are for values of Yo(:) obtained frou;

equation Gl(s,t) =- GL(s,t) + Gyg(s,t), where GL(s,t)

is the value of Gl(s,t) in the low energles region,

Gy value of G (s,t) in the high energies region,eq.(IV2).
Line is for values of Yo(t) obtained from

equation Gl(s.t) - Gl(s;t) = (O, where Gl's are written

on the lines with slopes a_ and a This equation does

1 2’
not include S-waves, eq.(IV10).
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Figure 4:

Values of () obtained by solving unsubtracted
Dispersion Relations for G1(s,t) and Gz(s,t)

simultaneously.

So0lid line displays values of Xt?) with 3

terms, including :;h) = 0.74.

Values ofJ(O) are found to fluctuate from
0.71 to 0.82 if the number of terms in the

approximation varies from 4 to 10,
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Figure 5:

Values of Yp(c) obtained by solving Gl(s,c), and by

solving Gl(s,t) and Gz(s,t) are compared.
Line represeng values of Yp(t) from Gl(s,t).

Closed circles display values of Yp(f-) when Gl(s,t)

and Gz(s,t) are solved simultaneously.
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Figure 6:

Values of 3; (t) obtained by solving
unsubtracted Dispersion Relation for
Gz(s,t). we assume 1& (0)=0.67, ImTo(s,t)=
1.34(s/§§¥32nd the number of terms included

in the approximation are from 3 to 6.
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CHAPTER V
PARTIALLY SYMMETRIC AMPLITUDES
A. Introduction

In this part we show how the use of homogeneous variables
can be arplied to the case of a scattering amplitude which is
not totally symmetric. We consider tne scattering of identical
spin zero mesons described by the s-channel amplitude A(s,t,u).
This amplitude is symmetric under the exchange t<-u. we
assume now that the symmetric t- and u-channels are distinct
from the s-channel. Therefore, crossing symmetry implies no

new symmetry for 4(s,t,u) and we have:
A(s,t,u) = A(s,u,t) (v1)

B. Homogeneous variables

As a consequence of eq. (V1), we can write A(s,t,u) as

a function F(x,y) of the variables

x = Tz (t+u) = 1g(4-s)

1
y=-g™

without introducing kinematical singularities.




This change of variables maps the real (s,t,u) plane onto a

domain R of the real (x,y)-plane.

The image of a straight line t = real constant

(or u = real constant) is a tangent to the boundary C of R.

2
Ps: §724 we—0 > xKO -%(y(o
P,: 124 —> x)% y 720
S_,: sD4, t24
st ’ x {0 y )n% - X
and s 24, uj4
1 x2 1
Stu: u>4,t)4——-)x7-2- -z<y(z-x

69
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C. Partiallv Symmetric Dispersion Relations

The analytic properties of F(x,y) are not simple, nevertheless,
we get simple properties if we consider the values taken by
F(x,y) on the complex plane y = a(x - x,) (a, x, real).
F(x, a(x-x,) ) is holomorphic in the cut x-plane. There are
two cuts:
a left-hand cut -e® x40

and a right-hand cut Xy £ X {0

The lower limit is the solution of the ecuztion:

a(x - x;) = 741(x)
1. x for x (-l
Zz 2
Y1 =
2
X i
-7 for x'7 >
For x => -% , y = a(x - x)
s = =16x

y Cax 2-Zr tu= - &7 tla-s-t) = - 37 t(4+16x-t)

ax ~ -%—t- — t 5 -4a
For x = o0 we have

t o~ 16x, u —» -4a
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We know that unitarity and analyticity imply the following,
fixed t, asymtotic bound (35-37):
\Im A(s.t,u)\ L ¢ s, € L1 for s = % , t ¢ &

Therefore, we have

|Iz F(x, a(x - xo))\ L ¢ x{1 ) for x 5% , a -1

Thus,even without assuming Regge theory, we can write Dispersion

Relations which require at most two subtractions (59).

For instance, we may write:

F(x, a(x - xq)) = %1{?(x1, a(x1 - xo)) x - F(o, -axo)(x - x1X}

0
+lx(x-x1) { dX'-I'mF(x' + 164 aﬁx’ +i£-x

T x'(x' - x17(x' - X) (v2)
~oQ
oo
C e e
X,

Evidently we cannot use equation (V2) to make any meaning-
ful calculation, simply because the subtraction constants are
unknown,

It will be seen later that even Regge theory is assumed,
the amplitudes in this representation do not obey ‘nsubtracted

Dispersion Relations. However, by combining amplitudes with
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different isospins an unsubtracted Dispersion Relation can

be obtained. Tnerefore,first, we write unsubtracted Dispersion
Relations for single isospin amplitudes (the integrals of
which diverge):

-t
) '
P (x,ax+d) = _-3-‘_ dx'm’c’rx ’_‘x ax'+b)
oo

Por I = 0,2 we have:

o0
)
Al(s,t) = ,1_sds..y_.§§_¢.)
—ald
[
I, v 4 ' ' =t' '
. %S‘és'——‘—a—lm‘,.fs )+ Lot (-1)deu'rag‘l‘ﬁ?37r Int ' (u'yt,) (V3)
4 4
Where:

t' = %{4-3' + 0(3'-4)2-1633'-16‘0 }

u' = % {4-3' - VQ;'-4)2-16as'-16b )

-4(au'~-4a-b)
= u'+éda
{2 6 10
-1|2
st © @

Lz -3 9

Al(s,t) = MI(t,8)

C

When 8' -0 t'— -4a
u! -9 co tu-—y -4a
1
4 (8,t) is not t,u symmetric, therefore, we write Dispersion

1
Relation for A (s,t)/(t-u). Then for 1=1, we have:
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1(s,t) = -Sds'-(—-.l—j-(L-——)ImA (s',t')
- 2zc)t'(- 1)I'Jdu'(u—,-(_t~§-‘(‘-h)1m'rl'(u'.tu) (V4)

D. few Sum Rules and their Applications

Equations (V3) and (V4) have the advantages of being

simple and having explicit contributions from the s~channel
and the t,u-channel. However, they do not converge and
therefore, do not satisfy unsubtracted Dispersion Relations.

But, we get a convergent suxz rule by writing Dispersion

Relatioa for Ao(s,t)—Az(s.t).

0 2 =1
A”(s,t)=A(s,t) = = ds Bi s

A
& .Ionjs{LtL)fImAZLs',t')

h A ] ]
- 2 u'(-ﬁ-,—-&u -1 [ImA1(u',tu)-ImA2(u',tu)]

o |2 -t)Tu"-uj
“
' %{%'“s[m O )
- g.. . (G‘"S‘;S"Z:")u) ImT’(u'.tu)-ImTz(u'.tuﬂ (vs5)

where N\ = (1.9 Gev)?
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We choose s=t=u=C =4/3, then AO(CO.CO)-AZ(CO.CO) = =3},

. 2
from this choice we have (assuming ImT (s',t')=0 for S'"PA):
A

A xz = %.1? ?}‘%ﬁ'- LIon(C'.t')’ImAz(l'.t')]
(o)
hh ;
* -12-1\8 du'(ﬁé&i;z [Imﬁ1(u'otu)-1mlt2(u'.tu)]
"

1
.I T ' t' ’ '-t' 1 ,
|ﬁds o s': . ) . du -}‘;—.—_—é—ogz ImT (u ,tu)J (V6)
A

We can also write Dispersion Relation for

° : 1 2
A gg,t) - (s-ggt-ugs.t) , AS(s,t) (V1)

'
i

The value for A can be calculated from the com-

bination (V7) by choosing s=t=u=4/3 :
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A

A
2 1
|0 2Ima% (st )eTma%(er,t') , 2| ,  ImA' (8", 2")
A .“jds O TE +ﬂ§da ——T—L——-I—‘ Py

& M

1 A T (zure24a+4 (Ion(u',tu) ImA1(u',tu) 7ImA2(u',tu
*;d“[zﬁ%mﬁ‘m iy Skl P

"

- ('9“'2*2_{11"16) (IﬂAo(U',qu)- InA’(u',_t"g)- SIMZ(H'.;!))
9u'?+72au'-96a=16 6 4 12
y 1
1 , t'=4 ImToga',t') InT (s',t')
* :|.r ds (4=38"'){t'=u )( + 4 )

+

A
0 b |

1 .:u' QP'*Z"’a*&)__ (36au'+12u’-48a-16) (IDT (u'.tu)- InT (u"t\l
T (4=3uT)Tut+48) (9y12,72au'-962-16) & T 7

A (vs)

Equations (V6) and (V8) are valid only if the line
y=ax+b, on which the Dispersion Relations are written, does
not cross the forbidden regions ( the double spectral region
and the regions outside the large Lehman ellipses).This puts - 1. -:
restrictions on the maximum value that s and a can have.Investigations
of the boundary curves of the Mandelstam double spectral
functions and of the large Lehmann ellipses show that

- 2 -
Spax = 120.31 m‘“and Bpax = 9.57.




The line which passes through the point s=t=u=4/3

and does not cross the forbidden regions has the muximum slope

a = 3.87. Thedoretically, we can use e3.'s V6 and V8 to
calculate A . To do so, between threshold and Hﬂtz 0.9 Gev,

we use the parameirization derived in reference (44)

77

Between 0.2 and 1,9 Gev, the experimental data of Hyams et. al.

t. al. are used. Above 1.9 Gev, we assume

and of Durusoy

Regze tneory to evzluate ImTo(s,t) and ImT’(s,t).
However, results from these calculations are not

reliable, because the exact value of the cut-off A is
unknown. More accurate informations will be obtained if we
write unsubtracted DR's on a line with a maximum slope

a for which P5\z)=0, at s=s_=2,84 Geva; because this line

g
does not pass through the point s=t=4/3, we also write once-

subtracted DR's on a line with slope a=0 (equations V9 and V10).

The results are displayed in figures 7 and 8.The uncer-
tainties of our results come from the uncertainties of the
experimental data for SO. 82 waves as well as for‘r » £
and g resonances. We found that A)\ =0.015 (equation V9)

and AN =0.012 (equation V10).
The results obtained from these equations are con-

sistent with the one obtained by E.P. Tryon, namely
A =-0.013£0.010.
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(s ,t,) = 43(s,,t,) = A%(s,t) = A(s,t)
A

ds'| =1 - 5.18] [Ion(s",ta) - ImAz(s',ta)]

[
38 Bo

"4

]

g ~ o

d)
-

R STS:d [S,_s - S,ISJ Int'(s*,t2)
Al

-
1 1 1
ds' + =T - s'lt - s'-u] ImT (s',to)

A
= 11‘ S -s-?-f—;- [ImA°(s'.t') - ImAz(s'.t')J

% S ‘,"s - s. s [ImA°(s',t5) - ImAz(s',tc'))]
("
% gds'[s, T s'-u -3 +4a] [ImA (s',t, ) - ImAz(s'.t )}
. .
22; y ds'[ s'-u - s'lt - s,lu][ImA (s',to) - ImA (s',:oi
v vy )
+ %S’sdf; ImT1(s',t') + %S ds'[s,ls - s'-s] Im'.l‘ (s', t )
A v °
- LS' ds? [ L S, H— ] ImT'(s',t.)
2 ) s'=t " s'-u s'+4a *u
A
® o [ 1 1 1 Mg T
- %S ds [a'-to * 5'-u, T s'-t s'-u] InT (8", t,)
[

(Vv9)
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o

@0
O/t 41 2(ar s'=g
J s! ___(.__.l__l____i._.a_ZIEA s'y,t + ImAS(s',t') 4“Sda (t'-u')(:'-s) IIIIA (s',t?)
|

(=%

(']
5: w = + o - o) (T80, t) - 2Ial (u',t,) + §1mrz(u'.tu§‘

v (s -8 ) InT%(u',t ». ImT1(u',tu) SImTz(u'.tu))
5 du'(“"t7(u'-u) ( ) - Z -3

|
g‘ds' (ZIon(s'.té) + ImAZ(B'.té)) (,113 - 8'13
o

|
ad 1 ] | ] 1 ] ! -
. ImA (8 ,to) 1 ig! ImA'(s .to)(sé so)
tT-ug N (tg-uy)(s'-s)
v

o
1 I 1 - O(..4
3 du' (u'-to + uo-uo 1'=u u'-t) (ImT (u 'to)

"
o~
- %ImT1(u'.QL) + %ImTz(u',to))
Y
al-s, 8l-8, )(ImTo(u' t ) ImT’ (u',t )
(ur=t )j{uf-u, )T (uw'=t)(u'-u) 2
\ SImTz(u',to)
- 2
where
(vi0)

.5 4-5'-+q7;'-4)2-16b}

~ 4bd
ty = YU

[ad
o-
H
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CONCLUSION

“we have studied an aprroach waich ta<es into account
tae full crossing symmetry. The scattering amplitudes
Gk(s,t,u) we considered have simple properties in the

variables s,t, and u.

We have written unsubtracted dispersions in this
new representation and tried to extract information
aboutyﬂﬁf Regge residue function. It was founq that

) >

% »
eX_ =1.81. This is to be compared with Y = 1.78 by
@ P Vg

E.P.Tryon, who used the same inputs in his calculations.

0

Although, in our equations, the contributions of ImT (s,t)
are small, the lack of precise knowledge of the Pomeron
parameters make it difficult to have a more accurate

knowledge of the}!} parameters., Wwe found that :;u) fluctuates
between 0.71 and 0.82.

We'have also written Dispersion Relations which are
symmetric in t and u only, and we used these Dispersion
Relations to study the value of the amplitudes at the
symmetry point . Here again the uncertainties of our results
come from the uncertainties of the experimental data we
used. We found that 4\=0.015 (equation V9) and A)\ =0,012

(equation V10).




However, we did not exhaust all the advan-
tages that the new representation might offer:
the restriction y = a(x = xo) limits tne applications to
only a family of curves in the (s,t,u) space. Other
relationships between x and y will oped@he way to the
applications to other families of curves. The problem
here is to find these relationships, which might enlarge
- further the domain of validity of our equations. This

possibility may merit further study.
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