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ABSTRACT

A s tu d y  o f  th e  r e p r e s e n t a t i o n  o f  t h e  s c a t t e r i n g  
a m p l i tu d e s  G ^ C s ^ u )  h a v in g  t h e  sym m etr ic  p r o p e r t i e s  
i n  s , t , u  i s  made and u n s u b t r a c t e d  D i s p e r s i o n  R e l a t i o n s  
f o r  G ^ t S ' t i u )  and G2( s , t , u )  a r e  d e r i v e d .  Then we u s e  
t h e s e  D i s p e r s i o n  R e l a t i o n s  t o  e x t r a c t  i n f o r m a t i o n  
a b o u t  th e  Regge r e s i d u e  f u n c t i o n ,  ®u r
r e s u l t s  a r e  c o n s i s t e n t  w i t h  th e  r e s u l t  o b t a i n e d  by
E .P .  Tryon, who based  h i s  a n a l y s i s  on e x p e r i m e n t a l  
d a t a  o f  Hyams £ t .  a l .  and o f  Durusoy e ^ .  a l . ,  namely

2
( t )  i s  found t o  v a n i s h  a t  t  = -  0 .41  Gev .

T h is  t e c h n iq u e  o f  u s i n g  homogeneous v a r i a b l e s  
i s  f u r t h e r  a p p l i e d  i n  d e r i v i n g  new D i s p e r s i o n  R e l a t i o n s  
f o r  •At a m p l i tu d e s  which a r e  sym m etr ic  i n  t  and u  o n l y ,  
and we u se  t h e s e  D i s p e r s i o n  R e l a t i o n s  i n  u n s u b t r a c t e d  
form to  s tu d y  th e  v a l u e  o f  th e  a m p l i tu d e s  a t  the  
symmetry p o i n t .
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CHAPTER I

INTRODUCTIC 'C DISPERSION r el at ion s

A. D i s p e r s i o n  R e l a t i o n s  i n  Hieh Energy P h y s i c s

D i s p e r s i o n  r e l a t i o n s  a s  a p p l i e d  to  h i g h  e n e rg y  p h y s i c s  

was f i r s t  s u g g e s t e d  by K ro n ig  ( 1) .  His  s u g g e s t i o n  was c a r r i e d  

t h ro u g h  and d e v e lo p ed  by Gel l-M ann ( 2 ,  3 ) ,  G o l d b e r g e r  ( 4- 7 ) ,  

Mandels tam ( 8 - 1 2 ) ,  among o t h e r s  ( 1 3 - 1 5 ) .

Working from th e  c a u s a l i t y  p o s t u l a t e ,  G e l l -H anr . ,  G o ld b e rg e r  

and C h i r r i n g  ( 2) p rov ed  t h a t  th e  a m p l i t u d e  f o r  t h e  fo rw ard  

s c a t t e r i n g  o f  p h o to n s  by N uc leons  s a t i s f i e s  a d i s p e r s i o n  

r e l a t i o n

G o l d b e r g e r  (4 )  t h e n  g e n e r a l i z e d  such  d i s p e r s i o n  r e l a t i o n s  

t o  t h e  s c a t t e r i n g  o f  p a r t i c l e s  w i t h  m ass ,  su c h  a s  p i o n s ,  by 

N u c le o n s .  G o l d b e r g e r ’ s p r o o f s  o f  h i s  r e l a t i o n s  were 

m a t h e m a t i c a l l y  u n so u n d ,  a s  th ey  in v o lv e d  i n t e g r a t i o n s  o v e r  

d i v e r g e n t  e x p o n e n t i a l s  b u t  r i g o r o u s  p r o o f s  were l a t e  g i v e n  by 

Symanzik ( 1 6 - 1 9 )  and by B o g o l iu b ov  ( 2 0 ) .

* Im A(V)
V 1 -  V



C r o s s i n g ,  a n a l y t i c i t y  and u n i t a r i t y  a r e  b e l i e v e d  to  be 
p o w e r fu l  c o n s t r a i n t s  on t h e  b e h a v i o u r  o f  t h e  s c a t t e r i n g  a m p l i tu d e  
and may a l o n e  d e f i n e  a  u n iq u e  n o n t r i v i a l  S - m a t r i x  ( 2 0 ) .
However, t h e  u n i t a r i t y  c o n d i t i o n  i n v o l v e s  a  summation o v e r  an

i n f i n i t e  number o f  s t a t e s ,  and a p p r o x i m a t i o n s  w i l l  have  t o  be

made i f  we a r e  t o  o b t a i n  a  s o l u b l e  sy s te m  o f  e q u a t i o n s .  I n  t h e

c a s e  o f  s c a t t e r i n g  f o r  exam ple ,  u n t i l  we a r e  c o n s i d e r a b l y

above  t h r e s h o l d ,  we know from e x p e r i e n c e  t h a t  t h e  a m p l i t u d e  f o r

p i o n  p r o d u c t i o n  i s  v e r y  s m a l l ,  so t h a t  i t  i s  a  good a p p r o x i m a t i o n

to  r e s t r i c t  t h e  summation to  i n t e r m e d i a t e  p i o n - n u c l e o n  s t a t e s  

o n ly  . Cnee th e  e n e r g y  becomes too h i g h ,  above a b o u t  600 Mev,

t h e  a p p r o x i m a t i o n  f a i l s .  I n  g e n e r a l ,  t h e  a p p r o x i m a t i o n  to  t h e

u n i t a r i t y  c o n d i t i o n  w i l l  c o n s i s t  i n  r e s t r i c t i n g  t h e  summation to  

s t a t e s  w i t h  s m a l l  numbers o f  p a r t i c l e s .

The d i f f i c u l t y  i n  t h e  p r o o f s  a r i s e s  from t h e  c o n t r i b u t i o n  

o f  t h e  u n p 'n y s ic a l  r e g i o n  to  t h e  d i s p e r s i o n  i n t e g r a l  ( 2 1 - 2 5 ) .

F o r  f o rw a rd  s c a t t e r i n g  o f  m a s s l e s s  p a r t i c l e s  t h e r e  i s  no u n p h y s i c a ]  

r e g i o n  and t h e  p r o o f  i s  s t r a i g h t f o r w a r d .  Fo r  f o rw a rd  s c a t t e r i n g  

o f  p i o n s  by n u c le o n s ,  t h e  i n t e r m e d i a t e  o n e - n u c l e o n  s t a t e  i s  i n
2t h e  u n p h y s i c a l  r e g i o n  ( a s  i t  o c c u r s  a t  a  v a l u e  o f  s be low (M+^c) ,

(K = n u c l e o n  m ass ,  fa « p i o n  mass)  and more work i s  i n v o l v e d .  On 

e x t e n d i n g  t h e  r e l a t i o n s  t o  n o n - f o r w a r d  s c a t t e r i n g  one a l s o  

e n c o u n t e r s  a  con t in uu m  i n  t h e  u n p h y s i c a l  r e g i o n ,  a s  t h e r e  i s  a  

r a n g e  o f  v a l u e s  o f  s f o r  which  t h e  c o s i n e  o f  t h e  a n g l e  i s  l e s s  

t h a n  - 1 .  Lehman ( 2 4 - 2 5 )  h a s  shown t h a t  t h e  d i s p e r s i o n  r e l a t i o n s  

a r e  v a l i d  p r o v i d e d  t h a t



The l i m i t a t i o n  on t h e  v a l u e  o f  t  i s  r a t h e r  due t o  t h e  

method o f  p r o o f  and n o t  t o  a breakdown i n  th e  v a l i d i t y  o f  t h e  

d i s p e r s i o n  r e l a t i o n s  ( 2 6 , 2 7 ) .  However, when | t |  i n c r e a s e s  

s u f f i c i e n t l y ,  t h e  r a n g e  o f  c o s i n e  becomes l a r g e  enough to  

c a u s e  t h e  breakdown o f  t h e  p r o o f s  we h av e  a t  p r e s e n t .

D i s p e r s i o n  r e l a t i o n s  f o r  n u c l e o n - n u c l e o n  s c a t t e r i n g  have  

n o t  y e t  b e en  p ro v e d  r i g o r o u s l y ,  ev en  i n  t h e  f o rw a rd  d i r e c t i o n .

The d i f f i c u l t y  i s  due t o  a  l a r g e  u n p h y s i c a l  r e g i o n  i n  t h e  

d i s p e r s i o n  i n t e g r a l .  As u s u a l ,  one h as  t o  d e t e r m i n e  t h e  i m a g i n a r y  

p a r t  o f  t h e  s c a t t e r i n g  a m p l i t u d e  a t  n e g a t i v e  k i n e t i c  e n e r g i e s  

by means o f  th e  c r o s s i n g  r e l a t i o n s .  The c r o s s e d  r e a c t i o n  i s  

n u c l e o n - a n t i - n u c l e o n  s c a t t e r i n g ,  whose im a g in a r y  p a r t  w i l l  be 

n o n - z e r o  above t h e  e n e rg y  o f  t h e  l o w e s t  i n t e r m e d i a t e  w i th  t h e  

same quantum num bers .  T h is  i s  t h e  tw o - p io n  s t a t e ,  even  th e  

o n e - p i o n  s t a t e  w i l l  c o n t r i b u t e  a  p o l e  t e r m .  However,  t h e  p h y s i c a l  

r e g i o n  o n l y  b e g i n s  a t  an  e n e rg y  o f  two n u c le o n  m a s s e s .  There  i s  

t h u s  a l a r g e  i n t e r m e d i a t e  u n p h y s i c a l  r e g i o n  which  c o n t r i b u t e s  

to  t h e  d i s p e r s i o n  i n t e g r a l .  I n  t h e  h y p o t h e t i c a l  c a s e  where  t h e  

mass o f  th e  n u c l e o n  i s  l e s s  t h a n  (1 +{2)  t im e s  t n e  mass o f  t h e  

p i o n ,  t h e  d i s p e r s i o n  r e l a t i o n s  f o r  n u c l e o n - n u c l e o n  s c a t t e r i n g  

have  been  p ro v ed  r i g o r o u s l y  by Bremermann, Cehme and T a y l o r  ( 1 4 ) .  

P r o o f s  o f  d i s p e r s i o n  r e l a t i o n s  f o r  s c a t t e r i n g  o f  s t r a n g e  

p a r t i c l e s  on n u c l e o n s  a r e  s u b j e c t  t o  t h e  same l i m i t a t i o n s  a s  

f o r  n u c l e o n - n u c l e o n  s c a t t e r i n g .

B. A n a l y t i c  P r o p e r t i e s  o f  D i s p e r s i o n  R e l a t i o n s

Lehman ( 2 4 , 2 5 )  h a s  shown t h a t  t h e  a m p l i t u d e  A ( s , t )  f o r  TT-N 

s c a t t e r i n g  i s  an  a n a l y t i c  f u n c t i o n  o f  s ,  t h e  s q u a r e  o f  t h e  e n e r g y ,
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i n  t h e  c u t  p l a n e  when t h e  momentum t r a n s f e r  t  i s  f i x e d ,  he  a l s o  

showed t h a t  t h e  a m p l i t u d e  h a s  a n a l y t i c  p r o p e r t i e s  a s  a  f u n c t i o n  

o f  t  when s i s  k e p t  f i x e d .

The s c a t t e r i n g  a m p l i t u d e  i s  an a n a l y t i c  f u n c t i o n  o f  Z ■ c o s 0  , 

i n  an e l l i p s e  s u r r o u n d i n g  t h e  p h y s i c a l  r e g i o n  i n  t h e  complex 

Z - p la n e  ( 1 3 ) .  The f o c i  axe  a t  i  1, and t h e  m a jo r  a x i s  ZQ i s  g i v e n  by

N o t i c e  t h a t ,  a s  s a p p r o a c h e s  i n f i n i t y ,  t h e  e l l i p s e  c l o s e s  

down on t h e  p h y s i c a l  r e g i o n .

The a b s o r p t i v e  p a r t  i s  an a n a l y t i c  f u n c t i o n  o f  Z i n  a  l a r g e r

A c c o rd in g  t o  a  w e l l -k n o w n  theo rem  i n  a n a l y s i s ,  t h e  L egendre  

e x p a n s i o n  f o r  a  f u n c t i o n  may be u se d  w i t h i n  i t s  e l l i p s e  o f  

a n a l y t i c i t y ,  t h e r e f o r e  we may u s e  t h e  L eg e n d re  e x p a n s i o n  t o  

c a l c u l a t e  Im A (s ,  t ) ,  e v en  i n  t h e  u n p h y s i c a l  r e g i o n ,  p r o v i d e d

1 + 2j l ( 2M+J0
1

z o

where

Z = c os  0

q:  c e n t e r  o f  mass momentum

q £ c o r r e s p o n d s  t o  _ cx> < Coo © < -  1

2
e l l i p s e  and i t s  m a jo r  a x i s  i s  2ZQ -  1

T h i s  i s  d educed  from t h e  c o n d i t i o n  | l  + t / 2 q ^ |  2Z\  -  1
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C. F u n c t io n  o f  Two V a r i a b l e s

A p p l i c a t i o n s  o f  a n a l y t i c  p r o p e r t i e s  o f  s c a t t e r i n g  a m p l i t u d e s  

t o  d y n am ica l  c a l c u l a t i o n s  r e q u i r e  a  knowledge  o f  t h e s e  p r o p e r t i e s  

a s  a  f u n c t i o n  o f  two v a r i a b l e s ,  s and t ,  b o t h  complex .  I n  g e n e r a l  

such  p r o p e r t i e s  have  n o t  been  p ro v ed  r i g o r o u s l y .  The one e x c e p t i o n  

i s  p i o n - p i o n  s c a t t e r i n g ,  where  c e r t a i n  r i g o r o u s  p r o p e r t i e s  have  

been  o b t a i n e d  (M andels tam  1960 b ) .

Mandels tam (1959)  h a s  g i v e n  t h e  g e n e r a l  form o f  t h e  

d i s p e r s i o n  r e l a t i o n  ( 8 , 12) :

A( s , t )
( s - s 0) ( t - t 0 )

IT ( S' - S QJ ( s '-65( t ’ - t 0 ) ( t ' - t ;

( t - t 0) ( u - u 0 )
d t ' d u ' ( t ' - t 0 ) ( t ' - t ) ( u ' - u

A23( t » , u » )

o ) ( u 1- u )

( s - s 0) ( u - u 0 )

1T
^  d s ' d u ' ( S ' -  S 0 ) ( s ' -  s )  ( u ' -UQ )"(u ' - u )

A12(s* , u *)



where A1j ( s , , t , ) f A g ^ s ^ t ' ) ,  A ^ C s ' j t ' )  a r e  t h e  s o - c a l l e d  

" d o u b le  s p e c t r a l  f u n c t i o n s "  and a r e  c o n n e c te d  w i t h  t h e  a b s o r p t i v e  

p a r t s  A1 , A2 and A^ th ro u g h  t h e  e q u a t i o n s  :

D. A x iom at ic  S c a t t e r i n g  Ampli tude

3 e f o r e  g o in g  on w i t h  t h e  d i s c u s s i o n  o f  ITtT s c a t t e r i n g ,  

l e t  u s  have  a s h o r t  r e v i e w  o f  seme o f  t h e  g e n e r a l  p r o p e r t i e s  

o f  s c a t t e r i n g  a m p l i t u d e s  r e s u l t i n g  from a x i o m a t i c  f i e l d  

t h e o r y .  U s in g  th e  a s y m t o t i c  c o n d i t i o n .^  a  s c a t t e r i n g  

a m p l i t u d e  A (p1f p2 , P^) i s  e x p r e s s e d  as  t h e  F o u r r i e r

t r a n s f o r m  o f  th e  vacuum e x p e c t a t i o n  v a l u e  o f  r e t a r d e d  o r

advanced  p r o d u c t s  o f  f i e l d  o p e r a t o r s .  T h is  e x p r e s s i o n
2 2a l l o w s  an o f f - s h e l l  c o n t i n u a t i o n  ( p ^ ^  mi ) o f  

A(p1t P2 » Pj» P^,) and t h e  l o c a l i t y  o f  t h e  f i e l d  o p e r a t o r s  

i m p l i e s  a n a l y t i c i t y  p r o p e r t i e s  o f  th e  s c a t t e r i n g  

a m p l i t u d e  ( 2 8 - 3 3 ) .  Assuming t h a t  t h e  r e t a r d e d  o r  advanced  

p r o d u c t s  a r e  tem pered  d i s t r i b u t i o n s  i m p l i e s  t h a t  

A (p1# P2 # Pj» P4) i s  p o l y n o m i a l l y  bounded as  t h e  p ^ ' s t e n d  

t o  i n f i n i t y .  Now, i f  one u s e s  t h e  method d e v e lo p e d  by B r o s ,  

E p s t e i n  and G l a s e r  ( 3 3 , 3 4 ) ,  one f i r s t  d e t e r m i n e s  a  domain 

o f  holoraorphy A  o f  A a s  a f u n c t i o n  o f  th e  v e c t o r s  pA. Then 

one d e t e r m i n e s  t h e  i n t e r s e c t i o n  D o f  A w i th  t h e  complex 

mass s h e l l  (p^  = m^).  D can be d e s c r i b e d  i n  te rm s  o f  the  

u s u a l  i n v a r i a n t s  s ,  t  and u .

+



T
L e t  A ( s , t , u )  be  t h e  i s o s p i n  I  s - c h a n n e l  a m p l i t u d e .  The 

r e l e v a n t  p r o p e r t i e s  o f  D a r e  c o n t a i n e d  i n  t h e  f o l l o w i n g  

s t a t e m e n t s :

a) Every  p h y s i c a l  p o i n t  o f  t h e  s - c h a n n e l  ( s ^ 4 ,  t ^  0 ,  u ^ O )  

i s  on t h e  bo u n d a ry  o f  D. A * ( s , t , u )  i s  t h e  b o u n d a ry  v a l u e  o f

an  a n a l y t i c  f u n c t i o n  F * ( s , t , u ) ,  h o lo m o rp h ic  i n  D:

AI ( s , t , u )  = l i m  F*(s+ifc  , t ,  u - i <  )

b) D e n s u r e s  c r o s s i n g  symmetry .  There  i s  a  p a th  i n  D 

c o n n e c t i n g  any p h y s i c a l  p o i n t  o f  t h e  s - c h a n n e l  t o  any p h y s i c a l  

p o i n t  o f  t h e  t -  o r  u - c h a n n e l .  One h a s  t h e  c r o s s i n g  r e l a t i o n :

l im  FI (s , t + i t  , u - i t  ) = £ C j j t A* ( s , t fu)

i f  t  *4» s £ 0 , u <  0
where

1/3 1 5/3
Cri, = 1/3 1/2 -5/6

1/3 -1/2 1/6

c)  AI ( s , t , u )  v e r i f i e s  f i x e d - t  d i s p e r s i o n  r e l a t i o n s  f o r  

- t , i t  ‘ 0 .  T h i s  means:

^ s , t  | t = t 1t - t Q i  t 1 i  0 , s +4+X , s ^ - t . ,  -  A , A}0  J  C.L. D

d) f o r  s F I ( s , t #u)  i s  h o lo m o rp h ic  i n  t h e  Lehmann 

e l l i p s e  E ( s ) ; i . e .
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E ( s )  = e l l i p s e  o f  t - p l a n e ,  f o c i  a t  t  * o and t  * - ( s - 4 ) ,  semi
f  256

m a jo r  a x i s  a ( s )  = * ( s - 4 )  I 1 + s ( s - 4 d

e)  F * ( s , t , u )  i s  h o lo m o r p h ic  i n  s and t  i n  a  n e ig h b o u rh o o d  

o f  e v e r y  p o i n t  o f  t h e  domain d e s c r i b e d  i n  c ) :

| s , t  | | s - s <|| < J ( s 1, t 1 ) t | t - t 1l ^ ( s 1 , t ^  , “ t Q5 11 t o , s . ,44+4,

The p r o p e r t i e s  l i s t e d  u n t i l  now a r e  c o n s e q u e n c e s  o f  

l o c a l i t y  and t h e  mass s p e c t ru m  o f  t h e  p i o n - p i o n  s y s t e m s .  As 

i t  was shown by K a r t i n ,  t h e  ho lomorphy  o f  F * ( s , t , u )  a s  a  

f u n c t i o n  o f  t h e  two complex v a r i a b l e s  s and t  , i n  an 

a r b i t r a r i l y  s m a l l  n e ig h b o u rh o o d  o f  t h e  p o i n t s  ( s ^ t , , )  l e a d s  

t o  a f i n i t e  and l a r g e  domain o f  ho lomorphy  i n  s and t .  T h is  

r e s u l t  i s  o b t a i n e d  from t h e  p o s i t i v i t y  p r o p e r t i e s  i m p l i e d  by 

u n i t a r i t y .  These  p o s i t i v i t y  p r o p e r t i e s  a r e  r e a d i l y  s e e n  i f  

we w r i t e  th e  s - c h a n n e l  p a r t i a l  wave e x p a n s i o n  o f  A * ( s , t , u ) :

FI ( s , t , u )  = £  (21 + 1) F j ( s )  £ ( 1  +
<̂■0

As a  c o n se q u e n c e  o f  u n i t a r i t y :

Im k \( .B  + it ) * lAl(o)l

f o r  s  ? /4 ,  we h a v e  Im A*(s + i C ) ^ 0 .  F u r t h e r m o r e :

T h e r e f o r e  Im AZ( s  + i t  , t )  ^  0
' I t*



1 *

f o r  s?4 and t h o s e  p o s i t i v e  v a l u e s  o f  t  f o r  which  t h e  p a r t i a l  wave 

e x p a n s i o n  c o n v e rg e s  ( i . e .  a t  l e a s t  f o r  t  i n  t h e  Lehraanr. e l l i p s e  Z ( s )  ) .

2 .  P i o n - P io n  S c a t t e r i n g

The f a c t  t h a t  t h e  two c r o s s e d  r e a c t i o n s  a r e  t h e  same a s  t h e  

d i r e c t  r e a c t i o n  means t h a t  we do n o t  g e t  c o u p l i n g  o f  t h e  e q u a t i o n s  

w i t h  t h o s e  f o r  o t h e r  p r o c e s s e s ,  and t h e  a b s e n c e  o f  s p i n  a l s o  

s i m p l i f i e s  t h e  prob lem  g r e a t l y .

L e t  us  s t a r t  w i t h  a  g e n e r a l  e q u a t i o n .  Assuming c h a r g e  

i n d e p e n d e n c e ,  we w r i t e  t h e  c o m p le te  a m p l i t u d e  a s

The c o n n e c t i o n  be tw ee n  A, B, C and t h e  a m p l i t u d e s  f o r  w e l l - d e f i n e d  

t o t a l  I - s p i n  i n  t h e  s - c h a n n e l  t u r n s  o u t  t o  b e :

A0 = 3A + 3 + C 

A1 = B -  C

I n  s c a t t e r i n g ,  t h e r e  a r e  no p o l e s  and t h e  c o n t i n u o u s  

s p e c t r u m  i n  t h e  M andels tam  r e p r e s e n t a t i o n  b e g i n s  a t v ^ i n  each  

o f  t h e  s , t , u .  v a r i a b l e s .  The r e g i o n  i n  which  any d o u b le  s p e c t r a l  

f u n c t i o n  j > ( x , y )  f a i l s  t o  v a n i s h  t u r n s  o u t  t o  be  bounded by 

t h e  c u r v e s

A2 B + C

x I 6y x ? yy -  4

y
l 6x

x -  4
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The l a r g e  d i s t a n c e  t o  t h e  b o u n d a ry  from t h e  c o r n e r  y*x*4 i s  

a s s o c i a t e d  w i t h  t h e  a b s e n c e  o f  t h r e e - p i o n  v e r t e x .  I f  m u l t i  p a r  t i d e  

s i n g u l a r i t i e s  -  i n  t h i s  c a s e  due  t o  4 1  and h i g h e r  c o n f i g u r a t i o n s  -  

a r e  c o n s i s t e n t l y  t o  be i g n o r e d ,  t h e n  i n  t h e  H f  p ro b lem  one 

need  n o t  w o rry  a t  a l l  a b o u t  t h e  d o u b le  s p e c t r a l  f u n c t i o n s ,  b u t  

can  r e p r e s e n t  t h e  e n t i r e  a m p l i t u d e  by one d i m e n s i o n a l  d i s p e r s i o n  

i n t e g r a l s .  Such would n o t  be t h e  c a s e  i f  a  t h r e e - p i o n  v e r t e x  

e x i s t e d ,  s i n c e  t h e  b o un d a ry  t h e n  would be t h e  d a sh ed  c u r v e .

I n t r o d u c i n g  t h e  CK v a r i a b l e s  v  and c o s  0 , t h e  c r o s s i n g  

c o n d i t i o n s  become

A(v, c o s  0 )  = A(v,  - c o s 6 )

B(v ,  c o s 0 ) * C (v ,  - c o s f i  )

A(v, c o s  0 )  * B ( v ' , cos  0 )

w h e r e :

v  = ^

v» * ^  (1 + c o s  ) -  ( v  + 1)

2 ( 1  + COS 0 ) + ( v  + 1)

c o s  0 *---- ----------- ---- ---------------------------
2  (1 + c o s  B ) -  ( v  + 1)
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There  i s  a p o i n t  o f  maximum symmetry a t  s= t= u  o r
i

v s v ' s v  s - 2/3 c o s 9 * cos  ft = o

At t h i s  p o i n t  A, B, C a r e  a l l  r e a l  and e * u a l  t o  each  o t h e r .

I t  i s  t h e r e f o r e  n a t u r a l  to  i n t r o d u c e  t h e  a r b i t r a r y  p a r a m e t e r  by

t h e  d e f i n i t i o n :

A(- 2 /3 »  0 ) = B C -2 /3 ,  0) -  C ( - 2 / 3 .  0 ) = -  *

i . e .

a° ( - 2 / 3 ,  0) = -5 ^

A1( - 2 / 3 ,  0) = 0

A2( - 2/ 3 , 0 )  = -2 A

Based on a  s tu d y  o f  th e  a n a l y t i c  p r o p e r t i e s  o f  th e  
g e n e r a l  f o u r t h - o r d e r  Feynman d iag ram  and a c l e v e r  u s e  o f  
u n i t a r i t y ,  Mandelstam f o r m u la t e d  h i s  famous r e p r e s e n t a t i o n  
o f  t h e  s c a t t e r i n g  a m p l i tu d e  ( 8 - 1 2 ) .  T h is  a m b i t i o u s l y  
d e s c r i b e s  th e  a m p l i tu d e  i n  t h e  whole o f  th e  Mandelstam p l a n e .

The Mandelstam r e p r e s e n t a t i o n  by i t s  g l o b a l  n a t u r e  
assumes th e  a m p l i tu d e  to  be a n a l y t i c  i n  th e  whole o f  th e  c u t - s  
and c u t - t  p l a n e s .  The a s su m p t io n  o f  such  a  domain o f  a n a l y t i c i t y  
h a s  been  p o s t u l a t e d  by Chew to  be b a s i c  to  ^ - m a t r i x  t h e o r y  
u n d e r  th e  name o f  "maximal a n a l y t i c i t y  o f  t h e  f i r s t  k in d "  ( 21- 23) .

U n f o r t u n a t e l y ,  we have no g u a r a n t e e  t h a t  th e  Mandelstam 
r e p r e s e n t a t i o n  embodies  th e  c o r r e c t  a n a l y t i c  s t r u c t u r e  o f  t h e  
a m p l i tu d e .  The t e c h n i c a l  d i f f i c u l t i e s  o f  a t t e m p t i n g  such  a  
g l o b a l  a p p roach  t o g e t h e r  w i t h  t h e  v a s t n e s s  o f  th e  prob lem  have 
l e d  t o  a  more l i m i t e d  scheme o f  s t u d y .
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T his  i s  based  on u s i n g  o n ly  t h o s e  a n a l y t i c i t y  p r o p e r t i e s  
d e d u c i b l e  from a x io m a t i c  f i e l d  t h e o r y  (33 )*  From such a s su m p t io n s  
i n c r e a s i n g l y  l a r g e r  domains o f  a n a l y t i c i t y  i n  t h e  complex 
s  and t  sp a c e  have been p rov ed  f o r  th e  s c a t t e r i n g
a m p l i t u d e  ( 33) .

I t  i s  w e l l  known t h a t  tTH dynamics  i s  th e  s i m p l e s t  
example  o f  s t r o n g  i n t e r a c t i o n  a m p l i t u d e s ,  and ,  t h e r e f o r e ,  t h e  
most  i n t e r e s t i n g  from th e  fu n d a m e n ta l  p o i n t  o f  v iew ;  s i n c e  a l l  
c r o s s e d  c h a n n e l s  a r e  i d e n t i c a l ,  i t  i s  t n e  i d e a l  p l a c e  to  
p l a y  th e  " A n a l y t i c i t y - C r o s s i n g - U n i t a r i t y "  game. M a r t in  (36) 
h a s  d e r i v e d  r i g o r o u s  i n e q u a l i t y  c o n s t r a i n t s  on t h e  *n i\ p a r t i a l

p
wave a m p l i t u d e s  i n  th e  u n p h y s i c a l  r e g i o n  o ;  8 «. 4m. . R o s k ie s  (39)

*" « •

h a s  found sum r u l e s  i n v o l v i n g  i n t e g r a l s  o f  th e  p a r t i a l - w a v e  
a m p l i tu d e s  o v e r  Oi s 4mt , which f o l l o w  from c r o s s i n g  symmetry. 
However, th e  main d i s a d v a n t a g e  o f  t h e s e  methods l i e s  i n  th e  f a c t  
t h a t  t h e  c r o s s i n g  r e l a t i o n s ,  o r  c o n s t r a i n t s ,  a r e  w r i t t e n  and 
u se d  i n  u n p h y s i c a l  r e g i o n s .  F i r s t  c r o s s i n g  c o n s t r a i n t s  i n  
p h y s i c a l  r ‘r  p a r t i a l  waves h a ^ b e e n  o b t a i n e d  by Wanders (50)  
and by R o sk ie s  ( 6 1 ) .  However, t h e i r  b a s i c  drawback i s  t h a t  
s -  and p-wave a m p l i tu d e s  a r e  a b s e n t  i n  th o s e  r e l a t i o n s  which 
o n ly  c o n s t r a i n  h i g h e r  waves .  R e c e n t l y ,  Roy (63)  h a s  w r i t t e n  
\sV\ e q u a t i o n s  w hich ,  i n  c o n n e c t i o n  w i th  t h e  above r e m a rk s ,  

c an  be s e en  to  have  th e  f e a t u r e s  o f  a) e x p r e s s i n g  each  p a r t i a l -  
wave a m p l i tu d e  i n  t h e  p h y s i c a l - r e g i o n  o v e r  p h y s i c a l  a b s o r p t i v e  
p a r t s ,  and b) b e in g  w e l l - d e f i n e d  up t o  e n e r g i e s  a round  1100 Kev, 
t h e r e f o r e  p r o v i d i n g  d i r e c t  c o n s i s t e n c y  t e s t s  f o r  e x p e r i m e n t a l  
d a t a .  Roy u s e s  c r o s s i n g  t o  e x p r e s s  t h e  t - d e p e n d e n t  s u b t r a c t i o n  
f u n c t i o n s  i n  t w i c e - s u b t r a c t e d  f i x e d - t  d i s p e r s i o n  r e l a t i o n s ,  
and t h e n  p r o j e c t s  on p a r t i a l  waves .  More r e c e n t l y ,  E .P .  Tryon (43)  
h a s  d e r i v e d  a  new r e p r e s e n t a t i o n  which e x p r e s s e s  a m p l i t u d e s
i n  te rm s  o f  a  s i n g l e  s u b t r a c t i o n  p a r a m e t e r  and i n t e g r a l s  o v e r  
p h y s i c a l  r e g i o n  a b s o r p t i v e  p a r t s .  T h is  r e p r e s e n t a t i o n  i s
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v a l i d  o v e r  t h e  same p o r t i o n  o f  t h e  p h y s i c a l  r e g i o n  a s  t h e  
t w i c e - s u b t r a c t e d  r e p r e s e n t a t i o n s  o f  R o s k ie s  and Roy, and 
t h e r e f o r e  c o n s t i t u t e s  a  more p o w e r fu l  t o o l  f o r  s t u d y i n g  th e  
~\\\\ i n t e r a c t i o n .



CHAPTER I I

TOTALLY SYMMETRIC SCATTERING AMPLITUDE

A. I n t r o d u c t i o n

The a m p l i t u d e  f o r  TTtT s c a t t e r i n g  i n  th e  s - c h a n n e l  can  

he  w r i t t e n  a s

A * . , r s C" ' U )  •  ^  f r r  A("'U )

t

5

where  ( YS) d e n o t e  t h e  i s o s p i n  i n d i c e s  o f  t h e  o u t g o i n g  

( in co m in g )  p i o n s .

3y c r o s s i n g  symmetry

A ( s , t , u )  = A ( s , u , t )  ( i n )

B ( s , t , u )  = A ( t , s , u )  (112)

C ( s , t , u )  = A ( u , t , s )  (113)



I n  t h e  s - c h a n n e l ,  t h e  i s o s p i n  a m p l i t u d e s  a r e  g iver ,  by

A 3 ( s , t , u )  = 3 A ( s , t , u )  + A( t , s , u )  «► A ( u , s , t )  (114)

A 1 ( s , t , u ) = A ( t , s , u )  -  A ( u , s , t )  (115)

A 2 ( s , t , u )  = A ( t , s , u )  + A ( u , s , t )  (116)

0 1 2 The a m p l i t u d e s  A , A , and A w i l l  be c o m p a t i b l e  w i t h

c r o s s i n g  symmetry and i s o s p i n  i n v a r i a n c e  i f  and o n ly  i f  we can

f i n d  a f u n c t i o n  A ( s , t , u )  s u b j e c t  t o  ( I I I —113) su ch  t h a t

( I I 4 - I I 6 )  a r e  v a l i d .

As a  f u n c t i o n  o f  t h r e e  v a r i a b l e s ,  A can  be w r i t t e n  a s  a

l i n e a r  c o m b i n a t i o n  o f  f u n c t i o n s  which  t r a n s f o r m  i r r e d u c i b l y

u n d e r  t h e  p e r m u t a t i o n  g ro u p  o p e r a t i n g  on t h e  v a r i a b l e s  s , t , u .

R. R o s k i e s  (38 )  h a s  shown t h a t  t h e  m ost  g e n e r a l  A can be

w r i t t e n  a s :

A ( s , t , u )  = f ( s , t , u )  + ( 2 s - t - u )  g ( s , t , u )  + ( 2 s 2- t 2- u 2 ) h ( s , t , u )

where  f ,  g ,  h a r e  t o t a l l y  sy m m etr ic  i n  s ,  t ,  u .  I n  t e rm s  o f  

t h e s e  new f u n c t i o n s ,  we can  w r i t e :

A ° ' ( s , t , u )  = 5 f ( s , t , u )  + 2 ( 2 s - t - u )  g ( s , t , u )  + 2 ( 2 s2- t 2- u 2 ) h ( s , t , u )

. (117)

A 1 ( s , t , u )  = 3 ( t - u )  g ( s , t , u )  + 3 ( t 2- u 2 ) h ( s , t , u )

(118)

A 2 ( s , t , u )  = 2f ( s , t , u )  + ( t + u -2s )  g ( s , t , u )  + ( t 2+ u 2- 2s )  h ( s , t , u )

(119)



3.0

^ 1 2The a m p l i t u d e s  A v , A , A w i l l  be c o n s i s t e n t  w i t h  c r o s s i n g  

and i s o s p i r .  i n v a r i a n c e  i f  and o n l y  i f  t h e r e  e x i s t  t h r e e  t o t a l l y  

sym m etr ic  f u n c t i o n s  f ,  g ,  h such  t n a t  ( I I 7 - I I 9 )  h o l d .

The t h r e e  sym m etr ic  f u n c t i o n s  f ,  g ,  h now can  be w r i t t e n  

i n  t h e  v e c t o r  form a s :

&0( s , t , u )  = A°( s j t xH) + .2A? ( S |  t iAu )

S . , ( s , t , u )  = (  s I t  ru ) + A ( t . u . s ) a 1 ( u .  s .  t )
x“u u - s  s - t

G? ( s , t , u )  = I A-lAiJLUi) .  A1( t , s , U) 1  1
* L t " u s - u  -1 s - t

+ I A1( t f u t s ) _ A1( u . t . s ) l  1
L u - s  t - s  J t - u

+ rA1( u t s , t ) _ A1( s . u . t ) 1 1
L s - t  u - t  J  u - s
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Due to  th e  a n t i s y m m e t r y  o f  A1( s , t , u )  w i t h  r e s p e c t  t o  t  and u 

(Bose s t a t i s t i c s ) ,  t h e  d e n o m i n a t o r s  a p p e a r i n g  i n  G., and G2 
do n o t  i n d u c e  r.ew s i n g u l a r i t i e s  a t  t  = u ,  u = s  and s  = t .

I n  f a c t ,  t h e  f u n c t i o n s  G ^ C s j t . u )  hav e  t h e  same a n a l y t i c i t y  

p r o p e r t i e s  a s  t h e  a m p l i t u d e s  A * ( s , t , u ) .

U s in g  t h e  c r o s s i n g  r e l a t i o n s

AX( s , t , u )  = AI , ( t , s , u )

AI ( s , t , u )  = C**’ AI ' ( s , U , t )

AI(s,t,u) = c” * AI ' ( u , t , s )

w h e r e :

'st

Ctu

1
' 1/3 1 5/3 !

= 1/3 1/2 -5/6 !

1 / 3  - 1 / 2  1 / 6

| 1 0 0
I 0 -1 0I
I 0 0 1

su

1/3

-1/3

1/3

- 1

1 / 2

1 / 2

5/3
5/6

1 / 6



We car. write A^Cs.t.u) in term? of Gk(s,t,u):

A ° ( s , t , u )  = ^  G0( s , t , u )  + | ( 3 s - 4 )  G1( s , t , u )  -  -|y( 3s 2- 16f 6t u )  G ~ ( s , t (u ;

A1( s , t , u )  = G ^ s . t . u )  + — } G2( s , t , u )

A2( s , t , u )  = |  G0( s , t , u )  -  G ^ s . t . u )  + i l § _ ^ 6_ £ t u ,  G ^ s . t . u ,

B . Homogeneous V a r i a b l e s

B ecause  o f  t h e  symmetry p r o p e r t i e s  o f  Gk ( s , t , u ) ,  we 

can e x p r e s s  G i n  te rm s  o f  t h e  sy m m etr ic  v a r i a b l e s :

x = -  «j-£ ( s t  ♦ t u  + u s )

y = ^  s tu

“The  s i n g u l a r i t i e s  a s s o c i a t e d  w i t h  t h i s  change  o f
e*/

v a r i a b l e s  do n o t  a p p e a r  i n  Gk ( x , y ) x  vS,t,o.).The o n ly  s i n g u l a r i t i e s  o f  

^ ( x i y )  a r e  t h e  im ages  o f  t h e  s i n g u l a r i t i e s  o f  Gk ( s , t , u )  th ro ug h  

t h e  mapping  ( s , t , u )  — -7 ( x , y ) .



T h is  change  o f  v a r i a b l e s  maps t h e  r e a l  ( s , t , u ) - p l a n e  o n to  

a domain R o f  t h e  r e a l  ( x , y ) - ? l a n e .  T h is  domain i s  bounded by 

two c u r v e s  C and :

t :  c o n s t a n t

1 6 x  = - t ( s  + u) -  u s

t ( t  -  4) -  u s

2
t ( t  -  A) -  u4*

t ( t  -  A) -  ( * - = - £ )

( t  -  A) ( | ^  + 1)

t h e r e f o r e :

(3x + 1 ) = ( | ^  -  4) x ;>

27y = 2 ( | i  -  7 ) -  3 ( | i  -  -J) + 1

C+ :

|  1 - 3(3x + 1) + 2(3x + 0 3/2j

R eal  ( x , y )  p o i n t s  which  a r e  o u t s i d e  R c o r r e s p o n d  t o  complex 

v a l u e s  o f  s ,  t ,  and u .

Given  x and y ,  t h e  c o r r e s p o n d i n g  v a l u e s  o f  s ,  t  and u 

a r e  t h e  r o o t s  o f  t h e  t h i r d  d e g r e e  e q u a t i o n :  

z3 -  Az2 -  l 6xz -  6Ay = 0
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C. A n a l y t i c  P r o p e r t i e s  o f  G^

Through t h e  m apping ,  t h e  a m p l i t u d e  G becomes a  f u n c t i o n  

G (x ,y )  = G ( s , t , u ) .  Due to  t h e  symmetry p r o p e r t i e s  o f  G, 

o b v i o u s l y  a  o n e - v a l u e d  f u n c t i o n  w h e r e v e r  i t  i s  d e f i n e d .  I n  

f a c t ,  t h e  symmetry o f  G ( s , t , u )  e n t a i l s  a  s t r o n g e r  r e s u l t :
<■* *j

t h e  f u n c t i o n  G (x ,y )  i s  a n a l y t i c  on th e  image D o f  a n a l i t i c i t y  

domain D o f  G ( s , t , u ) .
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The a n a l y t i c  p r o p e r t i e s  o f  G (x ,y )  ( f ro m  now on we w r i t e  

G ( x , y ) )  a r e - n o t  s im p le  b e c a u s e  i t s  ho lom orphy  domain i s  n o t  a  

t o p o l o g i c a l  p r o d u c t  o f  c u t  p l a n e s .  N e v e r t h e l e s s ,  we g e t  s i m p le  

p r o p e r t i e s  i f  we c o n s i d e r  t h e  v a l u e s  o f  G (x ,y )  on t h e  p l a n e  

y = a ( x  -  x Q) o r  y * ax + b ,  where  a  and b a r e  r e a l .

G(x,  ax + b) i s  h o lo m o r p h ic  i n  t h e  complex  x - p l a n e  p r o v i d e d  

w i t h  a  c u t  on t h e  r e a l  a x i s  x . , ( a , b )  c  x 4.c*> . x ^ a . b )  i s  

d e f i n e d  i n  t h e  f o l l o w i n g  way: c o n s i d e r  C_ and i t s  t a n g e n t  a t  

A(x = 1, y = - 1 ) .  The p a r t  o f  C_ be low  A and t h e  p a r t  o f  t a n g e n t  

above  A d e f i n e  a  c u rv e  H . The r e a l  s e c t i o n  o f  y  = ax + b c u t s  P  

a t  a  p o i n t  U whose a b s c i s s a  i s  x ^ a . b ) .

I t  i s  r e a d i l y  s e e n  t h a t  i f  ( x , y )  —> 00 i n  ( x , y )  p l a n e

s 4\fx

t  - > - 4 a

x

•  • s -  4 \|x

y Si ax  i  ^  4 t ( 4 - 4 \ [ x - t )

o r  t  - 4 a ( o r  t  -  4 f x ,  s  - 4 a ,  e t c . )

D. T o t a l l y  Sym m etr ic  D i s p e r s i o n  R e l a t i o n s

U s in g  t h e  known bounds  on t h e  a s y m t o t i c  b e h a v i o r  o f  A ^ ( s , t , u ) ( 2 8 , 3 5 ]  

a s  s  —> a t  f i x e d  t ,  we s e e  t h a t  t h e  d e f i n i t i o n s  o f  G ( s , t , u )  i n
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t e rm s  o f  A ^ s . t j u )  im p ly  t h a t  Gk ( x ,  a ( x  -  x Q) )  v e r i f i e s  

a  once  s u b s t r a c t e a  d i s p e r s i o n  r e l a t i o n .  I n  f a c t  we c o u ld  

w r i t e  an u n s u b s t r a c t e d  d i s p e r s i o n  r e l a t i o n  f o r  G2( x ,  a ( x  -  xQ)}

Gk ( x ,  a ( x  -  XQ) ) = Gic^X1 * a ^x i "  xo ^

x - x .  ( D i s c .  Gv ( x ' , a ( x '  -  x _ P
I T  J  d* ------------ (*■ -  » , ) ( » '  -  X) ■

Cia,m)

D i s c .  G^ i s  t h e  d i s c o n t i n u i t y  o f  Gk a c r o s s  th e  c u t  C (a ,  xQ) .

D i s c .  Gk ( x ,  a ( x  -  xQ) ) = Gk (x  + ifc , a ( x  * i c -  xQ))

-  Gk (x  -  i t ,  a ( x  -  i t  -  x

f o r  ( x ,  a ( x  -  X Q ) ) C ( a , x Q)

I n  te rm s  o f  s , t , u  t h e  DR l o o k s  l i k e  :

Gk ( s , t , u )  — Gk ( s 1f t 1f u t ) + -j I ds* D i s c .  Gk ( s t , t » ) ( s ’ - t ’ ) ( 2 s '  + t ‘ - ^

r  1 * 1 7
x Cs'-s)(s,-t)(s’-uT ~ (s’-s1)(s,-t1M s ' - u 1)7

( 1110)

Where:  ______________

f  -  f ( s ' ,  a ,  x„ )  = ^  ( s ' - 4 )2 -  £ s ' ( s ' - 4 )  -

We v e r i f y  t h a t  l i m  , t ’ ( s ’ , a ,  x ) = - 4 a
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The r i g h t - h a n d  s i d e  i n t e g r a l  i s  d e f i n e d  a s  l o n g  a s  a  and xQ 

a r e  su ch  t h a t  t ' ( s ' ,  a ,  x Q) i s  i n s i d e  t h e  a r . a l y t i c i t y  domain o f

D isc  s ' , t ' )  f o r  a l l  s ’ >  4 . I t  i s  c o n v e n i e n t  t o  c o n s i d e r  t h e  
s p e c i a l  c a s e  where = 3^, Then,we may ch o o se :

*1 -  0

u 1 = - ( s 0 -  4)

s 1 = s Q = 2(1 + Ifl + 4x0 )

oO

G, ( s , t )  = G, ( s n ,0 )  + -  \  a s ’ D i s c .G k ( s ’ , t ' ) ( s ’ - t ' ) U s ' - t - t ' - A ,iC K O ^  \ *•
J U

x j l s ' - s )  ( s ' - t )  ( s ' - u j  “ s '  ( s ' - S 0 ) ( S , -tS0- 4  ) J
(1111)

E q u a t i o n s  (1110)  and (1111)  can  be e x p r e s s e d  i n  t h e  f o l l o w i n g  

fo rm ,  which i s  v e r y  r e m i n i s c e n t  o f  t h e  C i n i - F u b i n i  r e p r e s e n t a t i o n :

oo

G ( s , t )  = G (s ,  * t , ) + i  I D i s e . G ( s \ t ' )

r s 2 t 2 u 2 s? _ i L  1 7
x s ' - s  + s ' - t  + s ' - u  " s ' - s 1 s ' - t . ,  S ' -u~  /

And

G ( s , t )  * G ( s ft, o) + i  I D i s c . G ( s ' , f )
0 ^  s *

r  _ s L  _ 1  u ~s°) 2 1
x L s ' - s  + s ' - t  + s ' - u  * s ' - s 0 s ’+ s 0- 4  /
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We a r e  now re a d y  to  w r i t e  DR's f o r  t h e  a m p l i t u d e s  A*:

A ° ( s , t )  = y [ 5 G 0( s 0 ,o )  + | ( 3 s - 4 )  G1( s 0 , o )  -  § ( 3 s 2- l 6 )  G2( s 0 ,o )

d s ’ ( 2 s ' + t ' - 4 ) ( s 1- t ' ) t ) ( s ' - u )

s ' ( S ' - s Q) ( s ' -*■ s Q- 4 ) J
- j i s c .GQ( s ' , t ' ) + - | ( 3 s - u )  Disc.G., ( s '  , t ' ) -  | ^ (  3 s2- 1 6+6tu )  D i s c .G 2( s '  , y j

( I I 12)

A1 ( s , t )  = ^ 9^  ( s 0f 0 ) + ( 3 s - 4 )  G2 ( s q , o  ) J

oo

+ I a s '  ( s ’ - t *  ) ( 2 s ’+ t ' - 4 ) ( s ' - s ) C s ' - t ) ( s ' - u }  “ s ' ( s ’ - s  ) ( s ' + s  -4 )

x ^ 3 D i s c . G 1( s ' , t ' ) + ( 3 s - 4 )  D i s c .G2( s ' , t ' )

(1113)

>



A2 ( s , t )  = j  |^2G0 ( s 0>o) -  G1( s q ,o )  + i ? .?-2r.^ t 6 .t u l

+ T H  j  d s , ^s , “ t ' ) ( 2 s ' + t ’ - 4 )  ^  ( s • - g ) ( s « - t )  ( s ' - u )  ~ s ’ ( s ' - s o ) ( s ' + s  0 ~ & ) J  

x ^ 2 D isc .G 0 ( s '  , t » )  -  D i s c . G ^ s ’ , t » )  + — ^D isc .G gC a* . t»

C I I 14)

w he re :

D i s c .G q ( s ' , t ' )  = j  Im A ° ( s \ t ' )  + 21m A2 ( s ' , t ' )

Disc. Ĝ ( s '  , t ' )  = g'Cs'»" v j f i p ~l t T-TT \^ lmA° (5 *»1 *) “ 5ImA2( s ' , f ) J

+ £ s 1 + 21 • -  4 "  2 ( s ' - t ’ ) ( 2 s * i t ' - 4 y J  ImA

Disc.G2( s ' , f )  = -  2( 8r,t»7 f 2 a »Tt"-T^[2ImA0(s, * } * 5ImA2( s * , t » ) J

+ 2 ( 2 t , + s , - 4 ) ( s ' - t , ) ( 2 s , + t , - 4 )  ImA t®***1)

From e q u a t i o n s  ( I I 12) and C I I 14) we h a v e :
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Note t h a t  e q u a t i o n s  (1112)  and (1114)  a l s o  (rive  us  

t h e  s o - c a l l e d  O l s s o n ' s  sum r u l e  ( 5 2 ) .

E q u a t io n s  ( I I 12) and ( I I 14) im p ly :

2a0 -  5 a 2
8 ( 3 0 ^ 4 , 0 )  -  4G2( 4 , 0 ) )

I f  G ^ S j t )  and G2( s , t )  obey u n s u b t r a c t e d  DR's:

( I t  w i l l  be s e e n  l a t e r  t h a t  in d e e d  G^and G^obey u n s u b t r a c t e d  DR's)

( 4 , 0 )  = 1  D i s c . G 1 ( s ' , o) 4;

g2 ( 4 , ° )  = ^  I ds* D i s c .G 2 ( s ' , o )
»ii

Tnen:

.oo

2 a 0 -  5 a 2 = | y s ’ ( 3 0 i s c . 3 1( s ' , o ; - i 3 i s c . 3 2( s ' , o ) )  j f f f j r r j )

The p r a c t i c a l  c o n se q u e n c e  o f  t h i s  r e l a t i o n  i s  t h a t  

i n s t e a d  o f  t h e  s c a t t e r i n g  l e n g t h s  a Q and a 2 t a k i n g  a r b i t r a r y  

v a l u e s  i n  t h e  ( a Q, a 2 ) p l a n e ,  p h y s i c a l  s o l u t i o n s  to  Roy- type  

e q u a t i o n s  ( 6 4 - 6 7 ) ,  w i t h  two s u b t r a c t i o n s ,  have  a Q and a 2 

l y i n g  on a  u n i v e r s a l  c u r v e  g e n e r a t e d  by t h a t  e q u a t i o n .  T h is  

u n i v e r s a l  c u r v e  was f i r s t  found  by Morgan and Shaw (6 8 )  and 

i t  a p p e a r s  t o  be a  g e n e r a l  f e a t u r e  o f  p h y s i c a l T f t t  a m p l i t u d e s  

t h a t  t h e i r  s c a t t e r i n g  l e n g t h s  l i e  on such  a  c u r v e  ( 6 9 , 7 0 ) .



F u r t h e r m o r e ,  we h a v e :

F ^ s . o )  = [ 3 ( ^ ( 8 , o )  + ( 3 s - 4 )  G2 ( s , o ) J

As s - —> 4

a 1 = T f [ ?G1 ( 4 ' ° )  “  4G2 ( 4 , o ) J  + G2 ( 4 , o )

^2 a o ~  5 a 2^ . 4 8
18 + J 2 .  G2 ( 4 , o )

o r :  r°° ~ -> . ( 4 - 3 3 ’ '
1 16 ds« 2ImA0 ( s S o l  -  5 I m A ^ ( s ' , o )  + 31mA1 ( s ' , 0) ( 3 ' - a )

2 a o“ 5 a 2 " 18a1 = -n s ’ 2 ( s ’ - 4 )

( 1 1 1 5 )

E q u a t i o n  (1115)  i s  e x a c t l y  t h e  W anders '  sum r u l e  ( 3 9 ) .

As a  m a t t e r  o f  f a c t  e q .  (1110) p r o v i d e s  u s  w i t h  a  means to  

w r i t e  an i n f i n i t e  s e t s  o f  sum r u l e s ;  t h e  o n ly  c o n s t r a i n t s  a r e  

t h a t  a  and xQ s h o u l d  be su c h  t h a t  t h e  l i n e s  on which  th e  

d i s p e r s i o n  r e l a t i o n s  a r e  w r i t t e n ,  do n o t  e n t e r  t h e  f o r b i d d e n  

r e g i o n ,  where  t h e  d i s p e r s i o n  r e l a t i o n s  a r e  n o t  v a l i d .  We may 

f o r  exam ple  remove G ( s Q,o )  i n  f a v o r  o f  G (4 ,o )  which  i s  r e l a t e d  t o  

t h e  s c a t t e r i n g  l e n g t h s ,  by w r i t i n g  ( i m )  f o r  t h e  s p e c i a l  c a s e
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o r :

G ( s , t )  = G(s |>0) ♦ 1  j  d s - D i s c . G ( s ' , t ' ) ( s ' - t ' ) ( 2 s ' + t ’ - 4 )

x 1 ■   1
( s ' - s ) ( s ’ - t ) ( s ' - u )  “ s ' ( S ' - S 0 ) ( s , +S0

= G( 4 *°) + J. I d s *  D i s c . G ( s ' , o )  s ’ ( 2 s ' - 4 )  
n  J ,

1 1 7
|_ s ' ( s ' - s 0 ) ( s ' + s 0- 4 )  s ' 2 ( s ' - 4 )  J

+ -  ds* D i s c . G ( s ' , t » ) ( s ' - t * ) ( 2 s ' + t ' - 4 )

- s )  ( s ' -  t )  ( s '  - u )  ” s '  ( s ' - s 0 J ( s , + s 0- 4

( 1116 )

Now, i f  e q u a t i o n  ( I I 16) i s  w r i t t e n  f o r  two d i f f e r e n t  v a l u e s  

o f  s 1 = 2 ( 1  + 1+4x.j) and  Sg = 2(1 + 1+4Xg) and s u b s t r a c t e d  

from one a n o t h e r ,  we g e t  t h i s  sum r u l e :

Oo

l l  ds* D i s c . G ( s ' , o ) s ' ( 2 s * - 4 )

T

 1  _ 1
s ’ ( s '  - S 1 ) ( S ’ + S . j -^y  ” S ' ( S ’ -S g  ) ( s ’ +Sg-4}

-i I d s '  Dlsc.0(a',t,)(3'-t,)(2s,+t,-4) 
•SJ .  P P f

['
 1   1_____________
( s ' - s )  ( S* - t j  ( S *-u)  ~ s ' ( s  ' -  S 2 ) ( S 1 + Tg-4 )

- - I d s '  D i s c . G ( s ' , t ' ) ( s ' - t )  ) ( 2 s ' + t ' - 4 )

[( s ' - s ) ( s ' - t ) ( s 1 - 4 )  ~ s ’ ( s ' - s 1 ) ( s ' + s 1-4]I
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where

= t ’ ( s ’ r a 1 , x 1 )

= t ' ( s ' , a 2 , x 2 )

and

1 x - x 1

2 x - x .

Each s e t  o f  sum r u l e  c o r r e s p o n d s  t o  a  s e t  o f  x 1 and x 2 , 

s u c h  t h a t  t h e  l i n e s  w i t h  s l o p e s  a^ and a 2 a r e  o u t s i d e  t h e  

f o r b i d d e n  r e g i o n .
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CHAPTER i n

DETERMINATION OF THE SLOPE OF REGGE RESIDUE 

FUNCTION: A SURVEY

B e f o re  a t t e m p t i n g  t o  e x t r a c t  i n f o r m a t i o n  a b o u t  t h e

Regge r e s i d u e  f u n c t i o n  from t h i s  new r e p r e s e n t a t i o n ,  we w i l l

p r e p a r e  th e  groundwork f o r  such  e n d e a v o u r  by d i s c u s s i n g  i n

some d e t a i l  some r e c e n t  c a l c u l a t i o n s  o f ) f ( t ) .  These  w i l l  p u t
i f

o u r  c a l c u l a t i o n s  i n  p e r s p e c t i v e .

K a i s e r  ( 4 0 , 4 1 )  h a s  c a l c u l a t e d  1111 Regge r e s i d u e s  from

c o n t i n u o u s  moment sum r u l e s  (CKSR), u s i n g  t h e  d a t a  o f
1 /?C a r r o l l  e t  a l  ( 4 2 ) .  Thfcs* d a t a  go up t o  s '  = 1 .4 5  Gev, and 

beyond t h a t  e n e r g y  he  assum es  Regge b e h a v i o u r  h a s  s e t  i n .

K a i s e r  f i n d s  th e  t r a j e c t o r y  f u n c t i o n ,  

d e s c r i b e d  r a t h e r  w e l l  by l i n e a r  f o r a ,  w i t h  i n t e r c e p t  n e a r  0 . 5 .

He c a l c u l a t e s  t h e  f u l l  Regge r e s i d u e  f o r  -1 Gev2 < t  £  0 ,

and f i n d s  h a s  a  z e r o  c l o s e  t o  t  = - 0 . 4  Gev2 . S i n c e  YCtt *

im a g i n a r y  p a r t  o f  t h e  r e s i d u e  i s  d i r e c t l y  p r o p o r t i o n a l  t o  *

i t  to o  h a s  a  z e r o  a t  t h i s  v a l u e  o f  t ,  w h i l e  t h e  r e a l  p a r t  o f  t h e  

r e s i d u e  ( * J ^ ( t ) t a n  f l* /2)  n o t  o n ly  h a s  t h i s  z e r o  b u t  a l s o  h as  

a n o t h e r  z e r o  n e a r b y  a t  t  = - 0 . 6  Gev2 , w h e n & ( t )  = 0 .

th e
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Tryon (4 3 )  h a s  a l s o  u s e d  t h e  d a t a  o f  C a r r o l l  e t  a l  t o

determine Y ( t ) .  To do t h i s  r e c a l l  t h a t  the r e s i d u e  must he 
i f

known a t  some v a l u e  o f  t ,  s i n c e  e q .  (4 )  o f  R e f .  (4 3 )  e s s e n t i a l l y

o n l y  d e t e r m i n e s  t h e  d e r i v a t i v e  o f  Y  . By t a k i n g  d i f f e r e n c e s

b e tw een  f i x e d - s  and f i x e d - t  DR’ s ,  he  was a b l e  t o  e l i m i n a t e  t h e

s u b s t r a c t i o n  te rm s  a n d ,  t h e a b y  o b t a i n  sum r u l e  e q u a t i n g  c e r t a i n

i n t e g r a l s  o v e r  a b s o r p t i v e  p a r t s  to  z e r o .  Then t h i s  sum r u l e  was

u s e d  t o  e x t r a c t  t h e  Regge r e s i d u e  f u n c t i o n  f o r  a  wide r a n g e

o f  momentum t r a n s f e r .

The u s e f u l  f e a t u r e  o f  e q .  (6 )  ( R e f .  43) i s  t h a t  i f  X  i s

known f o r  any s i n g l e  v a l u e  o f  i t s  a rg u m e n t ,  t h i s  v a l u e  can  be

s u b s t i t u t e d  f o r  s on t h e  r i g h t - h a n d  s i d e  o f  t h e  e q u a t i o n  and

t h e n  Y ( t )  can  be  commuted o v e r  a  wide  r a n g e  o f  t  from a knowledge 
^  1o f  Im T ( s , t )  be tw een  t h r e s h o l d  and (\ , t o g e t h e r  w i t h  knowledge

o f  t h e  r a p i d l y  c o n v e r g e n t  i n t e g r a l  h ( s , t ) .  He n o t e s  t h a t  

from t h e  d a t a  o f  C a r r o l l  e t  a l  Im T1( s , t )  h a s  a z e ro
0 < j

a ro u n d  t  = - 0 . 5 2  Gev . T h is  i s  f o r  s ‘ < 1 . 4 8  Gev.

He assum es t h a t  t h i s  z e r o  c o n t i n u e s  t o  be a t  t h i s  f i x e d

v a l u e  o f  t  above  t h a t  e n e r g y .  Then Y.( ' t )  was g i v e n  w i t h i n
2 *  2 4f> o v e r  t h e  i n t e r v a l  -1 Gev <  t  4. 0 . 2  Gev by t h e  s im p le

c u r v e :

Y " ( t )  £  0 .8 2  ♦ 2 . C 4 ( t / s )  + C . 8 8 ( t / s )
t

w i t h  1 = 1  Gev , u s i n g  t h e  s t a n d a r d  l i n e a r  J 5 t r a j e c t o r y  

w i t h  i f l s t e r c e p t  o f  1 / 2 .  He a l s o  c h ec k s  t h a t  h i s  r e s u l t s  

f o r  ^ ( t )  do i n d e e d  make Im Tgie g - e ( s »^  t iie  l o c a l  a v e r a g e
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1 ? o f  t h e  a c t u a l  a b s o r p t i v e  p a r t  Im T ( s , t )  f o r  - 1 .  Gev ^  t

£ 0 . 2 5  Gev and f o r  e n e r g i e s  where  C a r r o l l  e t  a l  have  d a t a

0 . 6 0  Gev £  £  1 .48  Gev. He f i n d s  t h a t  i t  d o e s .  I n  a

l a t e r  work (44)  t h e  same sum r u l e  i s  u se d  t o g e t h e r  w i t h

t h e  TTfl d a t a  o f  Hyams e t  a l  (45)  ( f o r  S, P, D, F w aves ,  1 = 0 ,1 )

and Durusoy e t  a l  (46)  ( f o r  S, D waves ,  1=2) which e x t e n d '

up to  = 1 .9  Gev. The i n t e g r a n d  o f  th e  sum r u l e  r e c e i v e s

no c o n t r i b u t i o n  w h a t e v e r  from S waves ,  so t h a t  we w i l l  be

s p a r e d  from t h e  a m b i g u i t i e s  which have  p l a g u e d  e x p e r i m e n t a l

s t u d i e s  o f  th e  1=0 S wave.  Thus f o r  ( 1 .1  Gev)^ t h e

i n t e g r a l  i n  e q .  (4)  ( R e f .  44) i s  d e te r m in e d  a lm o s t  e n t i r e l y

by t h e  ^  r e s o n a n c e ,  s i n c e  D-wave a b s r p t i v e  p a r t s  a r e

n e g l i g i b l e  be low 1.1 Gev. F u r t h e r m o r e ,  t h e  i n t e g r a l  d e f i n i n g

h ( s , t )  i s  r a p i d l y  c o n v e r g e n t ,  and i s  t h u s  d e te r m in e d
A

p r i m a r i l y  by t h e  ^  r e s o n a n c e .  As A i n c r e a s e s  above ( 1 .1  Gev) , 

D waves b e g in  to  c o n t r i b u t e  to  t h e  i n t e g r a l  b u t  i n  such  

a  way t h a t  Y ( t )  i s  h i g h l y  s t a b l e  a g a i n s t  v a r i a t i o n s  o f  

A  • Here  ^ ( t )  i s  found  t o  v a n i s h  a t  t 2 = - 0 . 4 2  Gev^, 

and t h e  v a l u e  o f  V ( t )  i s  g i v e n  w i h i n  + 0 .0 1  o v e r  th e  

i n t e r v a l  - 1 . 0  £  t  £ 0 . 1  Gev^ by:

Y  ( t )  = 0 .6 7  + 1 , 7 8 ( t / s )  ♦ 0 . 4 1 ( t / s ) ^  -  0 . l 7 ( t / s ) 3
V

I t  i s  t o  be n o t e d  t h a t  t h e  v a l u e  = 0 . 8 2  ( R e f .  43)
if

and ( 0 )  = 0 . 6 7  ( R e f .  44) i s  o n ly  s l i g h t l y  d i f f e r e n t
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from t h e  one r e q u i r e d  by Morgan and Shaw ( 4 7 ) ,  nam ely ,

Y (0 )  = 0 . 6 8 .  But i t  i s  much l a r g e r  t h a n  t h e  one deduced
V

by O l s s o n ,  Y (0 )  = 0 . 1 7  ( 4 8 ) .  T h i s  l a t t e r  a u t h o r  h a s  u se d  

I fN  c h a r g e  ex chang e  d a t a  t o g e t h e r  w i t h  u n i v e r s a l i t y  t o
■j - 2

a r r i v e  a t  the  r e s u l t  ^  ^Stota l  = v “ * ŵ e re  
v = i(s/(u,1 -  4 ) .  I t  fo l lows t h a t  Im Tp = 0 .0 4 8  v^,  where

T1 d e n o t e s  t h e  fo r w a r d  a m p l i t u d e  i n  t h e  t  c h a n n e l .  I n

te rm s  o f  th e  n o r m a l i z a t i o n  i n  R e f .  (43)  and R e f .  (44)

Y (0)  would be 0 . 1 7 .*p
The a u t h o r  o f  R e f .  (44)  h a s  a l s o  a t t e m p t e d  to  c a l c u l a t e

y ( t ) ,  by i n t e r c h a n g i n g  s and t  i n  e q . ' s  (1 )  and ( 4 ) ,  t h u s

a^new e q u a t i o n  i s  o b t a i n e d ,  where  i s  c o m p l e t e l y
v

d e t e r m i n e d  by i n t e g r a l s  o v e r  a b s o r p t i v e  p a r t s ,  t o g e t h e r  

w i t h  a known f u n c t i o n  f .  However,  Y ( t )  o b t a i n e d  i n  t h i s

way p ro v e s  t o  be e x t r e m e l y  s e n s i t i v e  t o  th e  and g 
r e s o n a n c e  p a r a m e t e r s .  Hence i t  i s  d i f f i c u l t  to  o b t a i n  
a  r e l i a b l e  r e s u l t  f o r  ^ i n  t h i s  way. The l e f t - h a n d  s i d e  
o f  e q u a t i o n  (13)  ( R e f .  (44)  ) i s  i n d e p e n d e n t  o f  s ,  so t h e  
r i g h t - h a n d  s i d e  sh o u ld  be i n d e p e n d e n t  o f  s a l s o .  However, 
u s i n g  th e  e x p e r i m e n t a l  v a l u e s  f o r  r e s o n a n c e  p a r a m e t e r s ,  
th e  r i g h t - h a n d  s i d e  i s  found t o  depend s t r o n g l y  on s ,  
u n l e s s  v a l u e s  f o r  t h e  ^  and g p a r a m e t e r s  a r e  v e r y  n e a r  
th e  e x p e r i m e n t a l  o n e s .

Ukawa e t  a l  (4-9) h a s  a l s o  u se d  t h e  d a t a  o f  C a r r o l l  e t  a l .  

to  c a l c u l a t e  Till Regge r e s i d u e s  from c o n t i n u o u s  moment sum 

r u l e s  (CMSR). F o r  ( t |  ^ 3 2  t h e y  f i n d  th e  same r e s u l t s  a s
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2
K a i s e r ,  namely V ( t )  h a s  a  z e r o  c l o s e  t o  t  = - 0 . 4  Gev .

pF o r  t  be tw ee n  0 and *-2.4 Gev (w h ich  i s  -1 2 3  i n  p io n  mass 

u n i t s )  t h e y  a l s o  c a l c u l a t e  b o t h  t h e  r e a l  and im a g in a r y  p a r t s  

o f  t h e  r e s i d u e .  I t  i s  d o u b t f u l  w h e t h e r  such  a  c o m p u ta t i o n  i s  

t o o  r e l i a b l e  much beyond t  = - 3 2 ,  s i n c e  t h e y  a r e  t h e n  

i n t e g r a t i n g  a c r o s s  t h e  s - u  d o u b le  s p e c t r a l  r e g i o n .

A n o th e r  s e t  o f  sum r u l e s  was d e r i v e d  and t h e  s l o p e  o f  

t h e  Regge r e s i d u e  f u n c t i o n  was c a l c u l a t e d  by Wanders ( 5 0 ) .

The i d e a  o f  t h e  method i s  to  f i n d  q u a n t i t i e s  which can  be 

e x p r e s s e d  e i t h e r  by a  f i x e d - t  d i s p e r s i o n  i n t e g r a l  o r  by a  

f i x e d - u  d i s p e r s i o n  i n t e g r a l .  The sum r u l e s  e x p r e s s  t h a t  

t h e s e  two i n t e g r a l s  a r e  e q u a l .  The method h e r e  i s  s i m i l a r  

t o  t h e  one d e v e lo p e d  by Tryon ( 4 3 , 4 4 ) ,  t h e  o n ly  d i f f e r e n c e  

c o n s i s t s  i n  t h a t  t h e  sum r u l e s  h e r e  i n v o l v e  d e r i v a t i v e s  o f  

a b s o r p t i v e  p a r t s  w i t h  r e s p e c t  t o  t h e  t r a n s f e r  t .  The i n p u t s  

a r e  t h e  d a t a  o f  R a r i t a  e t  a l .  (51)  o b t a i n e d  th r o u g h  f a c t o r i z a t i o n  

from t h e i r  a n a l y s i s  o f  "ffN and NN s c a t t e r i n g .  I t  i s  assumed t h a t :

I » T V ' t )  = f c w  v ° i r itr)

w h e r e ^ =  ( s - 4 ) / 4  and t  a r e  i n  p io n  mass s q u a r e  u n i t s ,  which 
d e f i n e  t h e  s c a l e  o f

wi t h :

& p O )  -- 4.M 

o i j o l  s 0 - 5

0^ , o )  = °-0'7
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And:

« 4 p i . )  - I

f t  1°> 2 7 . 3
1

cL p* i*) ■ 0. 5 7

p p' (0) = !<•»

i
p^f«) was c a l c u l a t e d

= p p «v y * V w +  p f . it) v * r l t }

w i t h  V ' 1 O ' 0 5 7

p p «o; = o.  oG3 

= o .  oH3

Ji' p> to) =• -  I • ^ 3
r

I
The v a l u e  was c a l c u l a t e d  a t  d i f f e r e n t  v a l u e  o f  v .o
which s e p a r a t e s  low and i n t e r m e d i a t e  e n e r g i e s  from h i g h  

e n e r e i e s .  4/
V 0 - it I ( 4* -  :

z q . i 1  -  o. %"!> X  - 3. <2 f a  <5.

V o :  l i  + V  •

p^to) r  O.Sl - 1*7 F f i g  t-1*)

Vo -  i  ( v 4 * V  ?

ft r io) m 0- 6 6 -  A • ^ Fft Cf
I f  we assume t h a t  ? n ~ \ v  ) i s  s m a l l  and t h e  i n e l a s t i c i t yDU 0
f a c t o r  f o r  g-meson x 2? 0 . 3 ,  t h e n

Hk 
Via.

^Oio) £  o . 7 °  
p^>> £  o- £ l

f c c  •* fcpf<» -  ^
I n  th e  n o r m a l i z a t i o n  o f  R e f .  (43 )  and R e f .  ( 4 4 ) ,  we

would h a v e :  yr
ii.

t
• V 0'

K t
•« V '”
«•

A n o th e r  e s t i m a t i o n  o f  f was o b t a i n e d  from a c ru d e

i n t e r p o l a t i o n  o f  th e  r e s i d u e  be tw een  t  = o and t  = 

which g i v e s  r -  0 . 8 6  o r  y  (*)£ 0 .4 3 . A l l  t h e s e  r e s u l t s ,
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o b t a i n e d  from a v e ry  rough  a p p r o x i m a t i o n ,  seem t o  be  c o n s i s t e n t  

w i t h  t h o s e  g iv e n  i n  R e f .  ( 4 4 ) ,  a t  l e a s t  i n  t h e i r  o r d e r  o f  

m a g n i tu d e .

I n  t h e  Regge p o l e  m odel ,  t h e  h i g h  e n e rg y  b e h a v i o r  o f  t n e  

c h a r g e  exchange  a m p l i t u d e ,  which  h a s  p u r e  i s o s p i n  one i n

t h e  t - c h a n n e l ,  T1 , i s  c o n t r o l l e d  by t h e  J*Regge p o l e .  S i n c e
2 1 Oi ( t )  O  f o r  t  ^  m“ - we e x n e c t  t h e  a m p l i t u d e  T t o  s a t i s f y

f  «r
a  once s u b s t r a c t e d  d i s p e r s i o n  r e l a t i o n  f o r  a l l  t  ( - 2 8 , 4 ) .

From th e  s - u  a n t i sy m m e t ry  o f  t h i s  a m p l i t u d e ,  t h e  s u b s t r a c t i o n  

f u n c t i o n  i s  d e te r m i n e d  and we h a v e :

,oo

d s * ( ST“£ “ I T ~ )  Im T1( s ’ , t )  ( m i )

r
T1( s , t )  = i

TT
M

One im m edia te  c o n se q u e n c e  o f  t h i s  e q u a t i o n  i s  t h a t  th e  

two s u b s t r a c t i o n  c o n s t a n t s  o f  t h e  tw ic e  s u b s t r a c t e d  d i s p e r s i o n  

r e l a t i o n s  and hence  o f  Roy’ s e q u a t i o n s ,  namely  a °  and a |  , 

become r e l a t e d  to  each  o t h e r :  i f  e q u a t i o n  ( I I I 1) i s  e v a l u a t e d  

a t  s - c h a n n e l  t h r e s h o l d ,  we g e t :

C
2ao -  5 a o 1 7 \ s ’'( s -'— ) I " > T 1( s ' . o )  ( I I I 2 )

H

E q u a t i o n  ( I I I 2 ) i s  c a l l e d  t h e  Osson sum r u l e  ( 5 2 ) .

Souza (53)  c a l c u l a t e s  th e  im a g i n a r y  and t h e  r e a l  p a r t  o f  th e  

^  Regge r e s i d u e  by u s i n g  t h e  d i s p e r s i o n  r e l a t i o n  o f  e q . ( i m ) .
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The low e n e rg y  i n p u t  f o r  t h e  s and p w aves ,  a r e  t a k e n  from 

t h e  two s o l u t i o n s  o f  Basdevar . t  et, a l*  (54)  and l e  G u i l l o u  

e* , s l , . ( 5 5 ) .  Fo r  t h e  h i g h e r  p a r t i a l  w aves ,  Souza u s e s

Breit-V.’i g n e r  fo rm s f o r  t h e  f Q and g r e s o n a n c e s  and assum es
2 2Regge b e h a v i o u r  beyond s = i ( m -  + m ) = 115. He f i n d s  t h a t
 ̂ ©p

f o r  t  y  - 0 . 2  Gev , b o t h  t h e  r e a l  and im a g in a r y  p a r t s  o f  th e  

^ r e s i d u e  v a n i s h .  T h i s  c o r r e s p o n d s  t o  a  l a r g e  v a l u e  o f  th e  

s c a t t e r i n g  l e n g t h  a °  ( i  0 . 6 ) .

U s in g  a sun r u l e  s i m i l a r  t o  t h e  one i n  R e f .  ( 4 3 ) ,  

Basdevar . t  and Schonb lond  (5 6 )  t r y  to  c a l c u l a t e  X ( t )  t h i s

way: f i r s t  w i t h  s = o th e y  assume £ ( o )  i s  g i v e n ,  t h e y
(T

c a l c u l a t e  Y ( t )  a s  a  f u n c t i o n  o f  t ,  t h e r e b y  th e y  f i n d  a  d i r e c t

c o r r e l a t i o n  b e tw een  th e  a s s u m e d L ( o )  and t z f o r  which ^ C ( t z ) =^*

Then O ls s o n  sum r u l e  i s  u se d  t o  g e t  a  r e l a t i o n s h i p  be tw een  Y J o )
v

and a® . T h is  g i v e s  a c o r r e l a t i o n  b e tw een  t z and a Q . They

c o n c lu d e  t h a t  t „  * - 0 . 2  Gev i s  f a v o u r e d  by a l l  v a l u e s  o fz
a°  ^ 0 . 1 6 .  T h is  i s  t o  be compared w i t h  T r y o n ' s  v a l u e  o f  

z
Eguchi  e t  a l . ' s  t  ££ - 0 . 3  ( 5 7 , 5 8 ) .

t  - 0 . 5 2  Gev^ ( 4 3 ) ,  Ukawa e t  a l . ' s  t  if  - 0 . 4  Gev^ and
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CHAPTER IV

determination  OF^fW r e s i d u e  f u ::c t i o :i USING
TOTALLY SYMMETRIC REPRESENTATION

A. I n t r o d u c t i o n

I n  t h i s  s t u d y ,  o u r  p u rp o se  i s  t o  e s t a b l i s h  some sum 

r u l e s  f o r  1TR s c a t t e r i n g  which a r e  p h y s i c a l l y  m e a n in g f u l  

c o n s e q u e n c e s  o f  a n a l y c i t y , c r o s s i n g  symmetry and u n i t a -  

r i t y .  A n a l y t i c i t y ,  c r o s s i n g  symmetry and u n i t a r i t y  a r e  

b e l i e v e d  t o  be p o w e r f u l  c o n s t r a i n t s  on t h e  b e h a v i o u r  

o f  t h e  s c a t t e r i n g  a m p l i t u d e ,  and may a l o n e  d e f i n e  a  

u n i q u e  n o n t r i v i a l  3 - m a t r i x .  The t h r e e  c o n d i t i o n s  a r e  o f  

q u i t e  a d i f f e r e n t  n a t u r e  and t h i s  makes i t  h a r d  to  e x ­

p l o i t  them s i m u l t a n e o u s l y  and e x h a u s t i v e l y .  C r o s s in g  

symmetry,  by i t s  v e r y  n a t u r e ,  d epends  on a n a l y t i c a l l y  

c o n t i n u i n g  t h e  s c a t t e r i n g  a m p l i t u d e  from one r e g i o n  to  

a n o t h e r .  T h e r e f o r e ,  i t s  p r a c t i c a l  i m p l e m e n t a t i o n  depend s  

s t r o n g l y  on t h e  a n a l y t i c  p r o p e r t i e s  we b e l i e v e  t h e  am­

p l i t u d e  t o  have  and t h e  t o o l s  we u s e  to  e x p l o i t  them.

The M andels tam  r e p r e s e n t a t i o n  assumes t h e  TTTT a m p l i tu d e  

t o  be a n a l y t i c  i n  t h e  whole  o f  t h e  c u t - s  and c u t - t  p l a n e s .  

However,  we have  no g u a r a n t e e  t h a t  th e  Mandels tam r e p r e ­

s e n t a t i o n  embodies  t h e  c o m p le te  and c o r r e c t  a n a l y t i c  

s t r u c t u r e  o f  t h e  a m p l i t u d e .
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From t h e  r e s u l t s  o f  a x i o m a t i c  f i e l d  t h e o r y  i t  h a s  been  p ro v ed  (33)

t h a t  t h e  TIT s c a t t e r i n g  a m p l i t u d e  s a t i s f i e s  f i x e d  momentum 

t r a n s f e r  d i s p e r s i o n  r e l a t i o n s  f o r  a  l i m i t e d  r e g i o n  o f  t ,  

nam ely ,  - 2 8 ^ t < 4  ( i n  p i o n  mass u n i t s ) .  M oreover  J i n  and 

M a r t i n  (59)  nave  shown t h a t  s u c h  d i s p e r s i o n  r e l a t i o n s  

r e q u i r e  a t  most  two s u b s t r a c t i o n s .  I t  i s  i n  t e rm s  o f  su ch  

f i x e a - t  r e p r e s e n t a t i o n s  f o r  t h e  a m p l i t u d e ,  r a t h e r  t h a n  

M a n d e l s t a m ' s  two v a r i a b l e  r e p r e s e n t a t i o n ,  t h a t  i n  p r a c t i c e  

we impose t h e s e  r i g o r o u s  a n a l y t i c  p r o p e r t i e s  i n  c o n s t r u c t i n g  

model iffi a m p l i t u d e s .  We can a l s o  w r i t e  a d i s p e r s i o n  r e l a t i o n  

a t  f i x e d - s .  Thus we have  r e p r e s e n t e d  t h e  a m p l i t u d e  i n  two 

d i f f e r e n t  ways.  The s - c h a n n e l  p a r t i a l  wave d i s p e r s i o n  r e l a t i o n s  

i n v o l v e  c o n t r i b u t i o n s  f o r  t h e  t -  and u - c h a n n e l s  th r o u g h  th e  

l e f t  hand c u t .  However, t h e s e  c o n t r i b u t i o n s  c a n n o t  be 

e v a l u a t e d  i n  a c l o s e d  form .  We can  w r i t e  f i x e d - t  and f i x e d - s  

d i s p e r s i o n  r e l a t i o n s ,  and by c r o s s i n g  symmetry t h e s e  

e x p r e s s i o n s  must  be e q u a l  i n  t h e i r  common r e g i o n  o f  v a l i d i t y .  

I n d e e d ,  w i t h i n  such  domain ,  namely  s , t £  ( - 2 8 , 4 ) ,  u s i n g  tw ic e  

s u b t r a c t e d  d i s p e r s i o n  r e l a t i o n s ,  we can  w r i t e  down n e c e s s a r y  

and s u f f i c i e n t  c o n d i t i o n s  f o r  c r o s s i n g  symmetry a s  h a s  b e en  

done by V/anders ( 6 0 ) ,  R o s k ie s  ( 6 1 ) ,  L y th  (62 )  and Roy ( 6 3 ) .

I n  TTTf s c a t t e r i n g ,  b e c a u s e  a l l  t h r e e  c h a n n e l s  a r e  i d e n t i c a l ,  

c r o s s i n g  symmetry i s  a  p a r t i c u l a r l y  p o w e r f u l  c o n s t r a i n t ,  t h a t  

we want  t o  e x p l o i t  a s  f u l l y  a s  p o s s i b l e .  As was d i s c u s s e d  i n  

C h a p te r  I I ,  a  r i g o r o u s  im provement  on t h e  o n e - d i m e n s i o n a l



f i x e d - t  d i s p e r s i o n  r e l a t i o n s  d i s c u s s e d  above i s  p r o v i d e d  by 

t h e  r e p r e s e n t a t i o n  w r i t t e n  i n  t h e  ( x , y )  p l a n e ,  which  h a s  t h r e e  

c h a n n e l  sym m etry .  T h is  c o r r e s p o n d s  t o  c o n t i n u i n g  t h e  

a m p l i t u d e  n o t  a t  f i x e d  s o r  t  b u t  a l o n g  more c o m p l i c a t e d  

c u r v e s  i n  t h e  s - t  p l a n e  th e n b y  m aking f u l l e r  u s e  o f  t h e  

r i g o r o u s  a n a l y t i c i t y  dom ains  a v a i l a b l e .

I n  t h i s  c h a p t e r  we d e v e l o p  an a p p r o a c h  which  t a k e s  i n t o  

a c c o u n t  t h e  f u l l  c r o s s i n g  symmetry .  The s c a t t e r i n g  a m p l i t u d e s  

G ( s , t , u )  we c o n s i d e r  have  s im p le  symmetry p r o p e r t i e s  i n  the .  

v a r i a b l e s  s , t , u  and t h e y  s a t i s f y  once  s u b t r a c t e d  d i s p e r s i o n  

r e l a t i o n s .  The d i f f i c u l t y  m e n t io n e d  a t  t h e  b e g i n n i n g  a p p e a r s  

h e r e  t o o ;  t h e  a n a l y t i c i t y  p r o p e r t i e s  o f  G (x ,y )  a r e  i n t r i c a t e  

and i t  i s  n o t  e a s y  to  e x p r e s s  u n i t a r i t y  i n  t e rm s  o f  t h i s  

f u n c t i o n .  N e v e r t h e l e s s ,  i t  i s  p o s s i b l e  t o  e x t r a c t  from 

a n a l y t i c i t y  o f  G (x ,y )  some new t y p e  o f  d i s p e r s i o n  r e l a t i o n  

i n  one v a r i a b l e .  T h is  can  be  done i f  we c o n s i d e r  o n ly  v a l u e s  

t a k e n  by G ( x ,y )  on t h e  complex p l a n e  y = a ( x  -  xQ) .

B. U n s u b t r a c t e d  D i s o e r s i o n  R e l a t i o n  f o r  G ^ x . y )

We can  w r i t e  an  u n s u b t r a c t e d  d i s p e r s i o n  r e l a t i o n  f o r

Convergence  o f  th e  i n t e g r a l  i s  e n s u r e d  by f a m i l i a r  t e n e t s  
o f  Regge t h e o r y .

G - j ( x ,y ) :

D i s c . G . ( x
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I n  t e rm s  o f  s and t ,  a f t e r  some c a l c u l a t i o n  we g e t :

G . ( s , t ) ( s ’ - t ’ ) ( 2 s ' - t ' - 4 ia s  / “TT—ZT7'-,  t S / -  I

Where:

We s h a l l  d e n o te  t h e  uf l  a m p l i t u d e  w i t h  I s o s p i n  I i n  t n e

where p ion mass square u n i t  has been used .  We note  tnat

f o r  e n e r g i e s  l e s s  t h a n  1 .3  Gev, o n ly  t h e  S, ? ,  D and F waves 

h a v e  n o n - n e g l i g i b l e  a b s o r p t i v e  p a r t s .

F u r t h e r m o r e ,  above 1 .3  Gev, Regge t h e o r y  p r o v i d e s  

good a p p r o x i m a t i o n s  f o r  a b s o r p t i v e  p a r t s .  T h e r e f o r e ,  i t  i s  

c o n v e n i e n t  t o  i n t r o d u c e  a  p a r a m e t e r  A and to  t r e a t  t h e

A* ( S , t ) = £ .
i s  0

G s -  4
s
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region s' 4 A  and s* > A  in different ways, which exploit 
these facts. We also assume that for s>A lml^s,t)=0.

I n  t h i s  s p i r i t ,  we w r i t e  G ^ ( s , t )  a s :

^  j  r s-‘- s T ( s % ( s - ^ ) l  [2ImA(0)° (3,) - 5I»A<°>2(s ' ) J  «„(•’ )

+ -  5ImA( 2) 2( s ' ) J 5K" ( s ' )PA-( z , )

+ | 5ImA( 1 ' 1( s ' )  + 7IttiA*3 ^ 1( s ' )  Z03( z ' j j s ,  ( » ' .  z ^

jK0 ( s ’ ) + M ^ s '  , z '  ) / 2 z ‘ J  I m T ^ s ’ , t * )

- Mo(s ' )  - M^s'  ,z* )/3z<J ImT^Cs' .t’ j J

00

* 1 \ ds-p- \ (s ’-sjCs'-tHs'-u]

(IV2J

w h e r e :

0 ( s *) = (3s* -  a ) / 6

( ( 3 s ' -  <i)2 -  3 z * ( s '  -  4 ) 2
4 ( S '  ' -A)

z '  = 1 f  2 t ' / ( a '  -  4)

??( z') = 0 .5 ( 3 z *  -  1)

ZD3(z») * ^ ( z ' ) / z ‘
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and

r Y s . t )
X.

= 2. c
j V o

' I I A1 ' ( s ,  t )

The o n ly  a p p r o x i m a t i o n  made i n  t h e  ahove  e q u a t i o n  l i e s  i n  

t h e  f a c t  t h a t  I m A ^ U ' )  h a s  t e e n  s e t  e q u a l  t o  z e r o  f o r

I  ^ » s '  ^  A • j
For s 1 >A* we have  e x p r e s s e d  ( ^ ( s , t )  i n  te rm s  o f  T b e c a u se  

t h e s e  a r e  th e  a m p l i t u d e s  f o r  which Regge t h e o r y  p r e s c r i b e s  
s im p le  a s y m p to t i c  b e h a v i o r .  We assume t h a t

A / \ <■* )

where ^  i s  r e l a t e d  by a  w e l l -know n f a c t o r  t o  th e  r e s i d u e  o f  
t h e  p o l e ^ i n  t h e  J  p l a n e  a n d ^  d e n o t e s  t h e  ^  t r a j e c t o r y .  We 
u s e  s=1Hev , which d e f i n e s  t h e  s c a l e  o f  ^  1 A  • I n o u r  
c a l c u l a t i o n s ,  we assume t h a t  $

o O * ;  =0 .5  + 0 .9 (  t / s )
. . V •
we s h a l l  assume t h a t  i n  th e  Regge r e g i o n ,  T i s  dom ina ted  

by Pomeron and exchange!

T V ) -- V*) y >  r / i f t
D u a l i t y  e q u a t e s  r e s o n a n t  a b s o r p t i v e  p a r t s  w i th  th o s e  

r e s u l t i n g  from exchange  o f  norm al  Regge t r a j e c t o r i e s .  S in c e

A*= T/3  -  T /2  + T)e  

c o n t a i n s  no r e s o n a n c e s ,  i t  f o l l o w s  t h a t

z  oY > h  -
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vhe^  c h a r a c t e r i z e s  th e  c o n t r i b u t i o n  o f  £  exchange  to  
Im ) .  We i n c o r p o r a t e  an a s y r a t o t i c  t o t a l  c r o s s  s e c t i o n
o f  20 jud i n  o u r  a s su m p t io n :

= 1.34
i t )  = J . +  . 6( t / s )  

?
F o r  s 1 < A  we u s e  t h e  experim ental r e s u l t s  o f  Hyams _et 

a l  ( f o r  1=0 and 1) and o f  Durusoy e_t a l  ( f o r  1= 2 ) .  These 
r e s u l t s  a r e  p r e s e n t e d  i n  t h e  form o f  S ,P ,D  and F waves 
p h a s e s h i f t s  and i n e l a s t i c i t i e s  o v e r  th e  ene rg y  ra n g e  
. 6 ^  s i  < 1 .9  Gev .

F i r s t  we w r i t e  G - j ( s , t )  a t  s=4,  t = 2 7 . l 6 5  (x = 4 6 .12 2 ,  
y = - 4 6 . 1 2 2 ) .  T h is  i s  th e  p o i n t  where t h e  l i n e s  o f  maximum 
and minimum s l o p e s  a l low ed  meet i n  th e  x , y - p l a n e ,  and 
t h e r e f o r e  we e x p e c t  t o  e x t r a c t  more i n f o r m a t i o n s  by w r i t i n g  
G^( s , t )  a t  t h i s  p o i n t *  G . j ( s , t )  i s  w r i t t e n  on t h e  l i n e s  
w i th  s l o p e  , , a ”  v a r y i n g  from -1 to  1 0 .7 5 ,  t h e  o n ly  l i n e s  
a l l o w e d ,  which a r e  o u t s i d e  t h e  f o r b i d d e n  r e g i o n .

^  ( t )  i s  assumed to  have  th e  form:

N i s  t h e  number o f  te rm s  t o  be i n c l u d e d  i n  t h e  a p p r o x i m a t i o n .

m a t t e r  o f  f a c t ,  f i g .  (3 )  o f  R e f .  (43)  and f i g .  (2 a )

o f  R e f .  (44)  show t h a t  V ( t )  i s  r o u g h l y  l i n e a r  i n  t .
vf

I n  o u r  c a l c u l a t i o n s ,  ho w ev er ,  t h e  number o f  te rm s  

i n c l u d e d  a r e  from 2 to  15, v a r y i n g  th e  v a l u e s  o f  a ’ s ,

We do n o t  e x p e c t  0 ( t )  to  have  many t e r m s .  As a

( f rom  -1 to  10 .75  i n  e q u a l  i n t e r v a l s )  t o  have  a  s e t  o f
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N e q u a t i o n s  w i th  N unknowns. S in c e  E .P .  Tryon,  u s i n g  t h e  
same e x p e r i m e n t a l  d a t a  i n  h i s  c a l c u l a t i o n s ,  f i n d s  t h a t  »

^  (0)=0.67,  we a s s u m e (0)=0.67 a s  i n p u t .  The v a l u e  o f  
s t a r t s  t o  s t a b i l i z e  w i th  t h e  second  c y c l e  o f  c a l c u l a t i o n s  (3

t e rm s  ) .  Here  a r e  some o f  t h e  v a l u e s  o f ' f ( t )  we g e t :

Y ( t ) = 0 . 6 7 + 2 , ( t / I ) + 0 . 3 5 ( t / I ) 2 ( IV4) 
vf
Y (  t ) =0 .6 7+ l . 8 l  ( t / I ) + 0 . 5 5 ( t / S ) 2- 0 . 7 5 ( t / I ) 3 UV5)
J 4
Y  ( t )  =0.67+1 *81 ( t / s K  0 . 54( t / s )  -0.74(  t / s )  + 0 . 0 1 ( t / I )  ( IV6)

L e

Y  ( t ) = 0 . 6 7 - 1 . 3 1 ( t / s ) + C . 5 3 ( t / I ) 2- 0 . 6 7 ( t / s ) 5+ 0 . 1 2 ( t / s ) A+ C . 0 6 ( t / s ) ' 

^  (IV7)

I f  we a p p r o x i m a t e  t h e  a b s o r p t i v e  p a r t s  i n  th e

low e n e r g y  r e g i o n  by t h e i r  r e s o n a n c e s ,  we e x p e c t  o u r

r e s u l t s  t o  depend  s t r o n g l y  on A . The r e a s o n  i s  s im p le :  
we have w r i t t e n

G. = G. T + G...- 1 1L In
where  G ^  i s  t h e  v a l u e  o f  G1 i n  t h e  low e n e r g y  r e g i o n  

( t h e  c o n t r i b u t i o n  f r omJ> , f ,  and g Q r e s o n a n c e s ) ,  G ^  i s  

G1 l a  t h e  h i g h  en e rg y  r e g i o n  ( t h e  e q u a t i o n  i n t e g r a t e d  

f rom A t o  ) ,  t h e n

G1 ~ G1L = G1H (IV8)

The l e f t  hand  s i d e  o f  e q u a t i o n  1V8) i s  a  c o n s t a n t ,  

w h e r e a s  t h e  r i g h t  hand s i d e  d e p en d s  on t h e  v a l u e  we g i v e  

t o  A .



50

I n  t h e  low e n e r g y  r e g i o n  t h e  c o n t r i b u t i o n  from 

r e s o n a n c e  i s  t h e  l a r g e s t .  G^’ s ^ v a r y  from 0 .1 0 9  t o  0 .1 5 6  

f o r  t h e  v a l u e s  o f  a ' s ,  t h e  s l o p e  o f  t h e  l i n e s  on which 

DR’ s a r e  w r i t t e n ,  f rom -1 t o  1 0 .7 5  ( * 0 from 0 t o  5 0 . 4 1 ) .  

T h i s  c o n f i r m s  o u r  s u s p i c i o n  t h a t  G1 i s  d o m in a te d  by J> 

r e s o n a n c e .  The c o n t r i b u t i o n  f rom  f  and gQ r e s o n a n c e s  

a r e  sm a l l  (G^s t a k e  t h e  v a l u e  from 0 .0 0 2  t o  0 .CC 3,

Gis  from 0.010 to  0.0C7) .
6

I t  h a s  been  p ro v ed  by R o s k i e s  ( 7 1 ) ana o t h e r s  ( 7 2 - 7 5 ) 

t h a t  t h e  s i z e  o f  th e  i m a g i n a r y  p a r t  o f  th e  d-wave  c o n t r o l s

t h e  s i z e  o f  t h e  i m a g i n a r y  p a r t s  o f  a l l  t h e  h i g n e r  p a r t i a l

waves t a k e n  t o g e t h e r .  T h e r e f o r e ,  th e  f a c i  'ha-  we n e g l e c t  
a l l  p a r t i a l  waves w i th  -fc*3 w i l l  n o t  a f f e c t  o u r  r e s u l t s .

'Y ( t )  i s  v a l i d  o v e r  a  r a n g e  o f  t  from - 4 5  t o  4 i n  

p i o n  mass u n i t s ,  o r  from - 0 . 6 2  to  0 . 0 3  Gev~. T h i s  c o i n c i d e s

w i t h  t h e  l i n e  o f  maximum, s l o p e  a  = 1 0 .7 5 ,  ana a  = -1  i n  t h e

( x , y )  p l a n e .  The i n t e g r a t i o n  i n  t h e  h i g h  e n e r g i e s  r e g i o n  i s
yv c 2

made from A = 1 . 9  Gev, t o  o v e r  72 x 10 and t h e  e r r o r
«»

f rom t h i s  a p p r o x i m a t i o n  i s  o n l y  ( A / s ’ )* -  0 .0 0 1 4  o r  0 . 1 4 £ .

E q u a t io n  ( I V 1 ) ’ s  a d v a n ta g e  o v e r  o t h e r  u s u a l  f i x e d - t  
and f i x e d - s  DR’ s l i e s  i n  t h e  f a c t  t h a t  X < t )  e x t r a c t e d  
from i t  h a s  a  l a r g e r  domain o f  v a l i d i t y  ( t  v a r i e s  from 
-4 3  t o  4 ) .

From e q u a t i o n  (IV1) we can  d e r i v e  an e q u a t i o n  t h e  
i n t e g r a n d  o f  which i s  i n d e p e n d e n t  o f  S waves ,  so t h a t  
we w i l l  be s p a r e d  from t h e  a m b i g u i t i e s  which have p lag u e d
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e x p e r i m e n t a l  s t u d i e s  o f  t h e  1=0 S waves ,  by d o in g  i n  t h i s  way: 
f i r s t ,  we w r i t e  G1 on a  l i n e  w i t h  a  s l o p e  a ^ t h e n  we w r i t e  G1 a t

t h e  same p o i n t  ( s ,  t ,  u )  b u t  d i s p e r s e d  on a l i n e  w i t h  a  

s l o p e  we t a k e  t h e s e  two e q u a t i o n s  and s u b t r a c t  f rom

e a c h  o t h e r ,  a l l  S waves w i l l  d i s a p p e a r .  The e q u a t i o n  l o o k s  

l i k e :  ( s e e  n e x t  p a g e ) .

We d e f i n e :

t} = t j  ( s ' , a 1 , x 0 1 )

t <2 -  t^  ( s ’ , a ^ , xq2^

2t*
z \  = 1+ ST—

2tA
Z2 = 1+ 8* T T

ZD3(z}) = P3 ( z ‘ ) / z *

ZD3(zi)  = p ( Z' ) / z »
c j 2



3ImA( l ) l ( s ’ ) ( s » - 4 ) ( z ' " '  -  z \w I

7ImA( 5 ) 1( s ' ) ( s ' f z '  )ZD3(z

K ^ s ' . z ^  )ZD3(z

OO

' ^9ImT1 ( s ’ , t .’ ) /  2 + ImT0( s \ t J )  J

+ j lm T1( s ' , t ^ ) / 2  * I m T ° ( s » , t ^ ) / 3 j

•  «

IinT1( s \ t : ) / 2  + I m T ° ( s \ t , ' ) / 3j-

)/4

Mo( s ' )

M, ( s • , z ' )I «•

m

M-Cs* , z ; ) 

(IV10)

E q u a t io n  (IV10) i n v o l v e s  o n ly  P, D, F w aves .  V.'e can



now e v a l u a t e  t h i s  e q u a t i o n  a t  d i f f e r e n t  v a l u e s  o f  a ' s  

and t h e r e b y  g e t  a  s e t  o f  N e q u a t i o n s  w i t h  N unknowns.  

The s o l u t i o n  o f  t h i s  e q u a t i o n  g i v e s  u s :

^  ( t )  = 0 . 6 9  + 1 . 8 4 ( t / I )  « - 0 . 5 0 ( t / s ) 2 -  0 . 7 5 ( t / s ) ;
vf

C. U n s u b t r a c t e d  DR f o r  G^ Cx . y )

Now we w r i t e  u n s u b t r a c t e d  d i s p e r s i o n  r e l a t i o n  f o r  
G2 and t r y  to  e x t r a c t  i n f o r m a t i o n  a b o u t  t h e ^ ^  Regge

r e s i d u e  f u n c t i o n  from t h i s  e q u a t i o n .  The u n s u b t r a c t e d

(>2( 3, t ) h a s  t h e  form:

G2( x , a ( x - x 0 ) )  = I l d x '  3- 7 -  D i s c .G2( x ’ , a ( x ' - x 0 ))

o r  i n  t e rm s  o f  t h e  v a r i a b l e  s , t , u :
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I f  a l l  p a r t i a l  waves w i th  1 ^ 4  a r e  n e g l e c t e d  f o r  $ < A  

«e can w r i t e  G2( s , t )  a s :

• t5(5ImA( 2^2( s ’ ) -  2ImA( 2)C( s ’ )h
+ 9 I m J l ) l ( s ’ ) ( 3 s ' - 4 ) / ( s ' - 4 )

^ 2^ I m A ^ 1( s » ) ( 3 s ' - 4 ) Z D 3 ( z » ) 7 + _  ( s 1- 4 ;  J

1 _ \ ds*2fl \ ( s ’ - s ) ( s ' - t ) ( s ' - u ) ' ( I n T ° ( s ' , t 1) -  9ImT ( s * , t * ))

* ( ImT°( s * . t  *) + i . 5 I mT1( s ’ , t ’ ))  ( 3 s ' - 4 ) V
( s ' ~4)2 J

w h ere :

' = 1 + 2 t ’ / ( s ' - 4 )

P2( z»)  = 0 . 5 ( 3 z ' -  1)

P ( z *) = 0 .5 ( 5 z *  -  3z»)
3

ZD3(z’ ) = P3U ' ) / z '
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For  th e  same r e a s o n  s t a t e d  p r e v i o u s l y  i n  th e  c a s e  o f  

G^Cs , t ) »  we w r i t e  G2( s , t )  a t  s = 4 , t = 2 7 . 165 (x = 4 6 .1 2 2 ,y = -4 6 .1 2 2 ) .W e

assume t h a t  t h e  c o n t r i b u t i o n  t o  G2 o f  waves h i g h e r  th a n  

F i s  n e g l i g i b l e .  T h is  i s  i n f e r r e d  from t h e  f a c t  t h a t ,  

w i t h i n  a l l  r e a s o n a b l e  e s t i m a t e s ,  t h e  c o n t r i b u t i o n  o f  F 

and G waves i s  in d e e d  n e g l i g i b l e .  Here  a g a i n  J* r e s o n a n c e  

d o m in a te s  G2 (G^ = 0 . 1 4 ) .  G2( s , t )  i n v o l v e s  n o t  o n ly  P,

D and F w aves ,  b u t  a l s o  5 -w a v e s ,  however  we can u s e  th e  

same method a s  i n  t h e  c a s e  o f  G1 to  e l i m i n a t e  3 -w a v es .

More i n f o r m a t i o n  w i l l  be g a i n e d  i f  we s o l v e  th e  

e q u a t i o n s  f o r  G ^ s . t )  and G2( s , t )  s i m u l t a n e o u s l y .  The 

r e s u l t s  w i l l  be d i s p l a y e d  i n  f i g u r e  (4 )  and f i g u r e  ( 5 ) .



\  c

F i G u f c t  \
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F i g u r e  1:

S o l i d  l i n e  d i s p l a y s  d e f i n e d  by e q u a t i o n

(7)  o f  R e f e r e n c e  ( 4 4 ) .

C losed  c i r c l e s  d e p i c t  ^ i f c jd e f i n e d  by ( IV 4 ) ,  

( I V 5 ) » ( I V 6 ) ,  and ( IV 7 ) .  Number o f  te rm s  i n c l u d e d  

a r e  from 3 to  6. Note t h a t  t h e  v a l u e s  o f
Cr

a r e  th e  same everyw here  f o r  t  from - 0.9 to

0 .1  . From t h i s  g r a p h  | £ ^ = 0* w i th  
2 >

t  = - . 4 0  Gev



1 1  <5T«\)

F< S u m  9
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F i g u r e  2:

S o l i d  l i n e  d i s p l a y s  v a l u e s  o f  X * )  - 
0

assum ing  ImT ( s , t ) = 0 .

C losed  c i r c l e s  d e p i c t s  v a l u e s ^ o f  1^*^) » 

a ssum ing  =1 .34  ( s / 3 )  * and =3/2  Y t * ) ,

The c l o s e n e s s  o f  th e  two c u r v e s  shows ,
o Y £ i t ) /

t h a t  t h e  c o n t r i b u t i o n  o f  IraT ( s , t )  to  ( f  

i s  n e g l i g i b l e .
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1. s • •  3- . 7

t  (  ( * l \ I1)

Ft 3



Figure 3:

2Values of Yp (t) for t from -0.9 to 0.1 Gev , obtained 

by solving unsubtracted Dispersion Relation for G^(s,t).

Closed circles are for values of Y_(t) obtained fromP
equation Gj^s.t) - GL (s,t) + GgCs.t), where G^Cs.t)

Is the value of G^(s,t) in the low energies region,

Gjj value of G^(s,t) in the high energies region#eq . (IV2) .

L in e  i s  for values of y  (t) obtained fromP
equation G^(s,t) - G^s.t) - 0, where Gj's are written

on the lines with slopes a^ and a^. This equation does 

not Include S-waves« e q . ( I V 1 0 ) .
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F i g u r e  4:

V a lues  o f  o b t a i n e d  by s o l v i n g  u n s u b t r a c t e d  

D i s p e r s i o n  R e l a t i o n s  f o r  G ^ s . t )  and GgCs . t )  

s i m u l t a n e o u s l y .

S o l i d  l i n e  d i s p l a y s  v a l u e s  o f  w i th  3

te r m s ,  i n c l u d i n g  * • >  = 0 . 7 4 .
(r

V a lu es  o f ^ ( O )  a r e  found  to  f l u c t u a t e  from 

0 .71  t o  0 .8 2  i f  t h e  number o f  te rm s  i n  th e  

a p p r o x im a t io n  v a r i e s  from 4 to  10.



1.0

1 .1- . 5-.7

t  C <Sty>') 

F K S u R t  5 “



F igure 5:

Values of y (t) obtained by solving G.(s,t), and by P A
solving G^(s,t) and G^Cs.t) are compared.

L ine  represent^ values of Yp(t) from G^(s,t).

Closed circles display values of Yp(t) when G^(s,t) 

and G2(s,t) are solved simultaneously.



t  i

F i Q u R t  6
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F i g u r e  6 :

V a lu es  o f  ^  ( t )  o b t a i n e d  by s o l v i n g

u n s u b t r a c t e d  D i s p e r s i o n  R e l a t i o n  f o r
n /  0G? ( s , t ) .  7,'e assume X ( 0 ) = 0 . 6 7 ,  ImT ( s , t )  =

1. 34( s / s ) »  and th e  number o f  te rm s  i n c l u d e d  

i n  t h e  a p p ro x im a t io n  a r e  from 3 to  6 .
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CHAPTER V 

PARTIALLY SYMMETRIC AMPLITUDES

A. I n t r o d u c t i o n

I n  t h i s  p a r t  we show how t h e  u s e  o f  homogeneous v a r i a b l e s  

can  be a p p l i e d  to  th e  c a s e  o f  a  s c a t t e r i n g  a m p l i t u d e  which i s  

n o t  t o t a l l y  sy m m e t r i c .  We c o n s i d e r  t h e  s c a t t e r i n g  o f  i d e n t i c a l  

s p i n  z e ro  mesons d e s c r i b e d  by t h e  s - c h a n n e l  a m p l i t u d e  A ( s , t , u ) .  

T h is  a m p l i tu d e  i s  sym m etr ic  u n d e r  t h e  ex change  t / .—>u.  We 

assume now t h a t  t h e  sym m etr ic  t -  and u - c h a n n e l s  a r e  d i s t i n c t  

from t h e  s - c h a n n e l .  T h e r e f o r e ,  c r o s s i n g  symmetry i m p l i e s  no 

new symmetry f o r  A ( s , t , u )  and we h a v e :

A ( s , t , u )  = A ( s , u , t )  (V1)

3 .  Homogeneous v a r i a b l e s

As a  c o n se q u e n c e  o f  e q .  (V1)* we can  w r i t e  A ( s , t , u )  as  

a  f u n c t i o n  F ( x , y )  o f  t h e  v a r i a b l e s

x = ( t  + u )  = {5 (4  -  s )

w i t h o u t  i n t r o d u c i n g  k i n e m a t i c a l  s i n g u l a r i t i e s .
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T h is  change  o f  v a r i a b l e s  maps t h e  r e a l  ( s , t , u )  p l a n e  o n to  a  

domain R o f  t h e  r e a l  ( x #y ) - p l a n e .

t  -  - h  t u  -  * h  -  - 1  *2

R: y > -  f 2

The image o f  a  s t r a i g h t  l i n e  t  = r e a l  c o n s t a n t  

( o r  u = r e a l  c o n s t a n t )  i s  a t a n g e n t  t o  t h e  b o u n d a ry  C o f  R.

x2
Ps : s }  4 ------------ > x < o  -  j  < y  < o

Pt : t  > 4 - -------------*  x y  > o

Ss t : s > 4 » t>4 x <  o y  >  i  -  x
and s u  >4-

2
s t u : u  > 4 » 4 — *x >  I
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p 3 » p h y s i c a l  r e g i o n s  o f  s -  and t - c h a n n e l s

S , t . S .̂u : d o u b l e - s p e c t r a l  r e g i o n s .



C. P a r t i a l l y  Symmetr ic  D i s p e r s i o n  R e l a t i o n s
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The a n a l y t i c  p r o p e r t i e s  o f  F ( x , y )  a r e  n o t  s i m p l e ,  n e v e r t h e l e s s ,  

we g e t  s im p le  p r o p e r t i e s  i f  we c o n s i d e r  t h e  v a l u e s  t a k e n  by

F ( x , y )  on t h e  complex p l a n e  y = a ( x  -  x Q) ( a ,  x Q r e a l ) .

F ( x ,  a ( x - x Q) ) i s  h o lo m o rp h ic  i n  t h e  c u t  x - p l a n e .  T he re  a r e  

two c u t s :

a l e f t - h a n d  c u t  .  o o  < x £  o

and a r i g h t - h a n d  c u t  x 1 ^  x < no

The lo w e r  l imit  is  the solution of the equation: 
a ( x  -  xQ) = y . , (x )

f o r  x <  -^

f o r  x J  ^

F o r  x —> -  ° °  ; y = a ( x  -  x Q)

s  = - 1 6 x

^  t ( 4 - s - t )  -  -  t ( 4 + 1 6 x - t )

ax -  -  — >  t  _ »  - 4 a

F o r  x -*> 00 we have

t  i  16x,  u  ->  - 4 a
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We know t h a t  u n i t a r i t y  and a n a l y t i c i t y  im p ly  t h e  f o l l o w i n g ,  

f i x e d  t ,  a s y m t o t i c  bound ( 3 5 - 3 7 ) :

| l m  A( s ,  t , u )  1 C s 1*4 , 6 < 1 f o r  s -> °° , t  <  4

T h e r e f o r e ,  we have

Jim F ( x ,  a ( x  -  xQ))  I 4. C' x^1  ̂ f o r  x -> , a  > -1

T h u s ,e v e n  w i t h o u t  assum ing  Regge t h e o r y ,  we can w r i t e  D i s p e r s i o n  

R e l a t i o n s  which r e q u i r e  a t  most  two s u b t r a c t i o n s  ( 5 9 ) .

F o r  i n s t a n c e ,  we may w r i t e :

oo

dx' Im F(x* a ( x '+ ifc. a( 
x ‘ ( x r -

X.

+ i €
:1) ( x ’

E v i d e n t l y  we c a n n o t  u s e  e q u a t i o n  (V2) t o  make any meaning­

f u l  c a l c u l a t i o n ,  s im p ly  b e c a u se  t h e  s u b t r a c t i o n  c o n s t a n t s  a r e  

unknown.

I t  w i l l  be s e e n  l a t e r  t h a t  even Regge t h e o r y  i s  assumed, 

t h e  a m p l i t u d e s  i n  t h i s  r e p r e s e n t a t i o n  do n o t  obey : n s u b t r a c t e d  

D i s p e r s i o n  R e l a t i o n s .  However, by combining  a m p l i t u d e s  w i th

(V2)
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d i f f e r e n t  i s o s p i n s  an u n s u b t r a c t e d  D i s p e r s i o n  R e l a t i o n  can  

be o b t a i n e d .  T n e r e f o r e , f i r s t ,  we w r i t e  u n s u b t r a c t e d  D i s p e r s i o n  

R e l a t i o n s  f o r  s i n g l e  i s o s p i n  a m p l i tu d e s  ( t h e  i n t e g r a l s  o f  

which d i v e r g e ) :

J r . .

F o r  I  = 0 , 2  we h av e :

J i m  ♦ 'I = 1 ( i1/-ImAl( 8 fA ( s , t )  * -  \ d s  Bi . s  
•LmO

to

^ ^ 6* 8r i s  + “  c s t  J  du ( u ' - t ) ( u » -

%  
W here:

ImT1*( u * , t u )

=  ̂^4-6• ♦ \|7s -̂402-l6as'-16b Jf

* I  I 4" 8 ' “ V ( s ’ - 4 ) 2- l 6 a s ' - l 6 b  J

• 4 ( a u * - 4 a - b ) 
u ' +4 a

' s t
! 2 6 10 

3 -5

-3  1

AI ( s , t )  = T ^ t . s )  

When 81 -~yor> t 1 —? - 4 a

U* —‘> 0 0  

1
t u - »  - 4 a

A ( 8 , t )  i s  n o t  t , u  sy m m etr ic ,  t h e r e f o r e ,  we w r i t e  D i s p e r s i o n  

R e l a t i o n  f o r  A ( s , t ) / ( t - u ) .  Then f o r  1=1, we h av e :

(V3)



D .  New Sun Rules and their Applications

E q u a t io n s  (V3) and (V4) have th e  a d v a n t a g e s  o f  b e in g  

s im p le  and h a v in g  e x p l i c i t  c o n t r i b u t i o n s  from t h e  s - c h a n n e l  

and t h e  t , u - c h a n n e l .  However,  th ey  do n o t  c o n v e rg e  and 

t h e r e f o r e ,  do n o t  s a t i s f y  u n s u b t r a c t e d  D i s p e r s i o n  R e l a t i o n s .  

B u t ,  we g e t  a c o n v e r g e n t  sum r u l e  by w r i t i n g  D i s p e r s i o n  

R e l a t i o n  f o r  A ° ( s , t ) - A 2( s , t ) .

Vhere  A = I 1 -9 Ge v ) 2
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We choose  s*t=u«C0«4/3» th e n  A°(C0 ,Co )-Az (C0 ,C0) « - 3 X »
2

from t h i s  c h o ic e  we hav e  ( assuming ImT ( s * , t ')=0 f o r  s ’ > A ) :

A * “ (  i T ~ ^  [lmA0 ( s ' , t ’ )-IfflA2 ( s \ t ' ) J

+ d u , ( u ^ ) 2 j > A i ( u \ t u ) - i » A 2 ( u ' , t u ) j

-  -  d u ' { # ^ 2 <T6>
'A

We can a l s o  w r i t e  D i s p e r s i o n  R e l a t i o n  f o r

A°(Sj t ) ( s - c )  ( s ,  t )  A ^ s ^ t )  (V7)
3 2( t - u  J + 6 v v , ;

The v a l u e  f o r  \  can  be c a l c u l a t e d  from t h e  com­

b i n a t i o n  (V7) by c h o o s in g  s= t= u = 4 /3  :
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j K
X .  1 L n ' 2I»Ac ( s ' . t - ) »ImA2( f . f ) 1 I ,  . Im*1i » y t ' )
^  -n P 5 4(4-5® ) 11 4 U i - u , J

J w •'m

1 C* J  ( 5 u ' - 2 4 a * 4 ) t „ )  7 I . * 2 ( u ’ , t »
* TT J  | 2 C 4 - 3 u 'M u '4 a ) \  5 4 12  J

( -9 u | 2 +24u ' - 16) I » * , ( u - , t u ) 5 I ^ Z( u - . t u ) \

9u ,2+72au '-96a-16 V 5 4 12 '  J
/•o

1 ( . . .  3 t ' - 4  /  IoT°(®' , t ’ ) , )
* \  d ,  ( 4 - 5 8 ' ) U t -uT)  I  V -  4 4 *

A

„ 1  ( ( ?6au'*l?«’-48a-ia)

(V8)

£  \ ^u ' ( 4 - 3 u '  J(u'+4a)  ( j 7 T ^ au ,

E q u a t io n s  (V6) and (V8) a r e  v a l i d  o n ly  i f  t h e  l i n e  

y=ax+b, on which th e  D i s p e r s i o n  R e l a t i o n s  a r e  w r i t t e n ,  does  

n o t  c r o s s  t h e  f o r b i d d e n  r e g i o n s  ( t h e  doub le  s p e c t r a l  r e g i o n  

and t h e  r e g i o n s  o u t s i d e  t h e  l a r g e  Lehman e l l i p s e s )  .T h i s  p u t s  * i.. 

r e s t r i c t i o n s  on th e  maximum v a l u e  t h a t  s and a  can  h a v e . I n v e s t i g a t i o n s  

o f  the  boundary  c u r v e s  o f  th e  Kandels tam  d ou b le  s p e c t r a l  

f u n c t i o n s  and o f  th e  l a r g e  Lehmann e l l i p s e s  show t h a t

s _ _  = 120.31 and a mov, = 9 .5 7 .  max max
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The l i n e  which p a s s e s  th r o u g h  t h e  p o i n t  s= t= u= 4 /3

and does  n o t  c r o s s  t h e  f o r b i d d e n  r e g i o n s  h a s  t h e  maximum s l o p e

a  = 3. 87. T h e o r e t i c a l l y ,  we can u s e  e q . ’ s  76 and V8 t o

c a l c u l a t e  A . To do s o ,  be tw een  t h r e s h o l d  and = 0 . 9  Gev,

we u se  th e  p a r a m e t r i z a t i o n  d e r i v e d  i n  r e f e r e n c e  (4 4 )

Between 0 . 9  and 1 .9  Gev, th e  e x p e r i m e n t a l  d a t a  o f  Hyaas ejt.  a l .

and o f  Durusoy e t .  a l .  a r e  u s e d .  Above 1 .9  Gev,  we assume

Regge t h e o r y  to  e v a l u a t e  I m T ° ( s , t )  and ImT1( s , t ) .
However, r e s u l t s  from t h e s e  c a l c u l a t i o n s  a r e  n o t

r e l i a b l e ,  b e c a u se  t h e  e x a c t  v a l u e  o f  t h e  c u t - o f f  A  i s  

unknown. More a c c u r a t e  i n f o r m a t i o n s  w i l l  be o b t a i n e d  i f  we

w r i t e  u n s u b t r a c t e d  DR's on a  l i n e  w i t h  a  maximum s l o p e
2

a  f o r  which P ^ z ) = 0 ,  a t  s = sg=2 .84  Gev ; be ca u se  t h i s  l i n e  

does  n o t  p a s s  th ro u g h  th e  p o i n t  s = t=4/ 3» we a l s o  w r i t e  o n c e -  

s u b t r a c t e d  DR's on a  l i n e  w i th  s l o p e  a=0 ( e q u a t i o n s  V9 and V 1 0 ) .

The r e s u l t s  a r e  d i s p l a y e d  i n  f i g u r e s  7 and 8 . The u n c e r ­

t a i n t i e s  o f  o u r  r e s u l t s  come from t h e  u n c e r t a i n t i e s  o f  t h e
0  2  Ae x p e r i m e n t a l  d a t a  f o r  S , S waves a s  w e l l  a s  , fg

and g r e s o n a n c e s .  We found t h a t  a ) \  =0 .015 ( e q u a t i o n  V9)

and A *  =0 .012 ( e q u a t i o n  V10).

The r e s u l t s  o b t a i n e d  from t h e s e  e q u a t i o n s  a r e  con­

s i s t e n t  w i th  t h e  one o b t a i n e d  by E .P .  Tryon,  namely

A =-0.01340.010.



A° ( so t O  * A2( s . , t  ) * A°(8,  t )  -  A2 ( s , t )

7 8

ImA ( s ' , t^)  -  ImA ( s '

-  h [  * F ^ £  * F ^ t  * T ^ ] [ ImAl(e'**o ) -

+ i r j " d s ' [ ^ 5 ;  * f ^ i ]

-  h y “ ' [ r ^  + f ^ s ;  -  -  f ^ i ]  i“T1(»’.V

» j j  I ^ r z j  [ l " > A ° ( s ' , t ' )  -  ImA2( s * , t > ) J

+ i  J d 3 ' [ ^ \  ‘ ^ i / [ ImA°<a’,ti) - I’,A2(3'lti)J
H

’ If J d3’[FF  + F^I ‘ F h s ] [ ImAl(»’*tu) * i“A2(8-,tu)J

~ 2% r  d s ' ^ a * - t 0 + a ' - u Q " a ' - t  " a» -u} [ ^ mAl^3 , *t o  ̂ ~ ImA2 ( s , , t 0j

+ | j - J  d3' [ 574 i - - I74 5 ] l m I 1( a - , ? 0 )

JA

■ I f  j  d 3 ' [ s ' - t  + a ' -u  * a'+4a ] I®T1( s ' , t u )

r d s ’ + ^  ^  i m i i ( s , i 7 ° )
.  i -

2tl

(V9)
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1 I 2ImA°( s'. t') + ImA2(s'.t') 1 L  . 8 '“80
12% ds  k * ~ s ' -a  ---------- + 1% I 48* ( t » - u t ; T»t ^5) InA (a •* >

M

+ ^  - ^ 4 S ) ( ImT°(u,»tu ) * J « V , V  ♦ |lmT2(u»,tu)

1 C  ( 8t * Bo> #lBT°(u*,tu ) IaT1( u ' , t u ) 5ImT2( u ' , t u) i
35T J du,(u"-tTCu'-u) i— 3--------------------- 2--------------------5----------/

fds- (2I-A0(.*,t*) + ImA2(e',t')) ( j t^  -

ImA1(8',t£)(s£-s0 ) 
iB< I t ’ - U ' H s ^ s )

,  f*  ImA1( 8 - , t J )  , (

w ]  4u ' ( « * = £  * s i i s , -  s * = s  -  s t ? )

-  | l n l 1( u , . t ’0 ) + J l o l 2 ( u ' , t 0 ) )

1 L  . t  » o - o  Bi - s o
\  \ ( u » - t 0H u * - u 0 ) ( u ' - t j t u ' - u ) / !  3 2

5IaT2( u ' , t  )o'
-5----------- )

where

t& = . 5| 4 - s ’ + \ | ( s , - 4 )  -16b
(V10)

m 4b 
t O = “
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i

Exp. u n c e r t a i n t i e s  

E q u a t io n  V9 
A a s  i n p u t

m

OK

- A



/\* . 3 1 *-*) A  /( t -< Q  tA

E x p . u n c e r t a i n t i e s  
E q u a t io n  VI0

A a s  i n p u t

•1%

- A
F i G u H e .  g



8 2

CONCLUSION

We have  s t u d i e d  an a p p ro a c h  which  taV es  i n t o  a c c o u n t  

t h e  f u l l  c r o s s i n g  symmetry .  The s c a t t e r i n g  a m p l i t u d e s  

G ^ s . t . u )  we c o n s i d e r e d  h a v e  s im p le  p r o p e r t i e s  i n  t h e  

v a r i a b l e s  s yt ,  and u .

We h av e  w r i t t e n  u n s u b t r a c t e d  d i s p e r s i o n s  i n  t h i s  

new r e p r e s e n t a t i o n  and t r i e d  t o  e x t r a c t  i n f o r m a t i o n  

a b o u t  Regge r e s i d u e  f u n c t i o n .  I t  was found t h a t

x. V  = 1 .8 1 .  T h is  i s  to  be compared w i th  Y  = 1 .78  by
^  v f

E .P .T ry o n ,  who used  th e  same i n p u t s  i n  h i s  c a l c u l a t i o n s .
0

A lthough ,  i n  o u r  e q u a t i o n s ,  th e  c o n t r i b u t i o n s  o f  ImT ( s , t )

a r e  s m a l l ,  t h e  l a c k  o f  p r e c i s e  knowledge o f  t h e  Pomeron

p a r a m e t e r s  make i t  d i f f i c u l t  t o  nave a  more a c c u r a t e

knowledge o f  th e  p a r a m e t e r s .  We found  t h a t  Yte) f l u c t u a t e s
\P

between  0.71 and 0 . 8 2 .

We have  a l s o  w r i t t e n  D i s p e r s i o n  R e l a t i o n s  which a r e  

symmetr ic  i n  t  and u o n l y ,  and we u se d  t h e s e  D i s p e r s i o n  

R e l a t i o n s  t o  s t u d y  th e  v a l u e  o f  th e  a m p l i tu d e s  a t  t h e  

symmetry p o i n t  . Here a g a i n  t h e  u n c e r t a i n t i e s  o f  o u r  r e s u l t s

come from t h e  u n c e r t a i n t i e s  o f  t h e  e x p e r i m e n t a l  d a t a  we 

u s e d .  'We found t h a t  a \ = 0 . 015 ( e q u a t i o n  V9) and a A  =0.012 

( e q u a t i o n  V 1 0 ) .



However, we d i d  n o t  e x h a u s t  a l l  t h e  ad van ­

t a g e s  t h a t  t h e  new r e p r e s e n t a t i o n  m ig h t  o f f e r :  

t h e  r e s t r i c t i o n  y = a ( x  -  xQ) l i m i t s  t h e  a p p l i c a t i o n s  t o  

o n l y  a  f a m i l y  o f  c u r v e s  i n  t h e  ( s , t , u )  s p a c e .  O t h e r  

r e l a t i o n s h i p s  b e tw ee n  x and y w i l l  open^the way t o  t h e  

a p p l i c a t i o n s  t o  o t h e r  f a m i l i e s  o f  c u r v e s .  The p rob lem  

h e r e  i s  to  f i n d  t h e s e  r e l a t i o n s h i p s ,  which  m ig h t  e n l a r g e  

f u r t h e r  t h e  domain o f  v a l i d i t y  o f  o u r  e q u a t i o n s .  T h is  

p o s s i b i l i t y  may m e r i t  f u r t h e r  s t u d y .
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