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A bstract

A Study of Isosinglet Meson Resonances 

W ith J+ + = 0 ++, 2++, and 4++ Below 2 Gev

by

Jam y Goo 

Adviser: Professor S. J . Lindenbaum

A large num ber of da ta  sets on meson-meson system became available including 

those from a high statistics experiment of ir exchange production of the K gK g  

system in which the author participated. These da ta  on the 7T7T, K K , rjr), and 

r]T]' systems come from fixed-target(hadronic) experiments. These da ta  which have 

been obtained using the O PE hypothesis, along with other data  for J/ip  —»• M M 7 

and pp —> pp7r+7r- , are studied in detail. A re-analysis of the 7T7T data  of the type 

B-solution which is the only consisent solution relating the 7r+n~  and 7r°7r° data 

sets shows outstanding inconsistencies among the S -wave amplitudes. The average 

of the 7T7T data  was derived using the adiabatic averaging method. The data



iv

on the K K  from the hadronic production experiments (with 7r beam) are con­

sistent. We then perform a coupled-channel analysis based upon the K --matrix 

formulation of the S  m atrix  to study processes irn —* M M .  The results indicate 

th a t a unitary description of the 2++ mesons is achieved. In particular the /2(1720) 

is not seen in the hadronic channels. The /2(1810) is established in the hadronic 

channels. Only preliminary work on the unitary description of the 0++ mesons has 

been done. We require a t least seven resonances to  roughly understand the scalar 

meson spectra.
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C hapter 1 M otiva tion  for S tudies o f  M eson-M eson  System s

1.1  In trod u ction

The success of the standard model is so overwhelming th a t we can now regard the 

model as the established model of the electro-weak interactions. Unless some dras­

tic discrepancy between experimental results and theoretical predictions including 

higher order corrections shows up, the electro-weak theory based upon a gauge 

group 517(2) x 17(1) will be regarded as the correct theory.

A natural extension of the theory based upon a larger group 517(5) has not 

been established yet, although it is very difficult to doubt correctness of the group 

517(3). W ithout color degrees of freedom, it is virtually impossible to understand 

various things, three examples are: a)the relative hadron production cross section 

(R  ratio), b)the decay rate  of n° —> 7 7 1, c)cancellation of triangle anomalies2. On 

the other hand it is to  be noted th a t it is very difficult to  implement the color 

degrees of freedom in the Monte Carlo programs th a t are used to study hadron 

productions in e+e-  or pp collisions, although the effective coupling constant used 

in their algorithm has a behavior of asymptotic freedom as prescribed by Quantum  

Chromodynamics(QCD). In particular, processes related to the soft gluon emis- 

sion(and exchange) are exceptionally difficult to deal with. Therefore, the claimed 

agreements between the experimental results and the Monte Carlo predictions are 

not necessarily direct verification of the gauge group 517(3).

Substantial progress has been made toward understanding of mesons in the past 

both  experimentally and theoretically as it is attested in numerous review papers, 

yet it is reasonable to say th a t many problems are still unsolved in meson spec­

troscopy below 2 Gev. This is to be compared to the state of affairs in the studies



2

of mesons th a t belong to the J/tf) and T families. The difficulty is, of course, rig­

orous perturbative pictures from the first principles are not available below 2 Gev 

especially in strong interactions. Above 3 Gev, one can choose not to  take a per­

turbative approach and rely on a model of quarks in an effective potential, since 

often perturbative calculations become exceedingly complex upon introduction of 

QCD. The successes of the potential models are sufficient to  make us sta te  th a t 

meson spectroscopy above 3 Gev is understood. These successes are further sup­

ported by the fact th a t the lattice Monte Carlo simulation also gives a potential of 

one of the desired forms(Coulobmic and linear)3. Efforts are being made to study 

non-perturbative aspects of the gauge theory, however satisfactory pictures of light 

mesons have not emerged yet. For those who study light-meson spectroscopy, this 

is clearly unfortunate and frustrating. Theorists created many phenomenological 

models, their predictions challenged experimental findings. In many cases, only 

qualitative agreements have been seen, and sometimes even qualitative understand­

ing of experimental results was difficult to  achieve. There are still a large volume 

of data  th a t has not taught us much about light mesons unless we take highly phe­

nomenological viewpoints. It is hoped th a t the Monte Carlo simulation of the lattice 

gauge theory will produce the detailed description of mesons in terms of Q uantum  

Chromodynamics. This might take a long time for two reasons: a)current limita­

tions in computational power; b) difficulties in treating fermion fields on the lattice.

Having stated th a t meson spectroscopy below 2 Gev is unclear, an experimen­

talist might ask the following question : Do we really understand the available data  

on meson resonances ?

In order to  answer this question, it was decided to do systematic studies of the 

available meson spectra in a particular sector.
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1.2 M otivation

Many hadronic meson-meson production experiments had been performed in the 

past. This was perhaps motivated by the fact th a t mesons th a t decay into two 

identical mesons are relatively easy to study. Availability of such two- meson pro­

duction da ta  is generally good. Indeed several meson resonances had been seen 

after rigorous analysis of the data. Since a given resonance has more than one 

decay mode as kinematics and the conservation of quantum  numbers dictate, it is 

im portant to establish branching ratios with reasonable accuracy. From analysis of 

the data, determinations of mass and width of a given resonance in a compatible 

and consistent way dealing w ith different data sets become possible. This sort of 

param eter determination is highly significant to establish a consistent picture of the 

meson resonance. Thus we are naturally compelled to consider the necessity of a 

multi- channel analysis of the data.

Tools th a t can be used to  do such a  global study of the meson production data  

are available.

One-particle-exchange(O.P.E.) mechanism makes it possible to extract interac­

tion amplitudes from the raw data. Thus data from a reaction,

7T ~p  —► 7r+ 7r“ n

can be studied to extract the amplitudes for the reaction,

7T- 7T+  —► 7T~7r+ .

Similarly one can obtain the amplitudes for other reactions such as,

7r“ 7T+  - *  K ~ K +

7T~7T+ —> r\r\.



4

Obviously two mesons can come to interact with each other and form a resonance 

state and then decay into two mesons. The ideal is to  do experiments on meson- 

meson productions simultaneously using the same 7r-beam and the same detector. 

This is, of course, technically very difficult in the fixed-target setting. Problems 

th a t arise from this difficulty are numerous, one of which is the difference in the 

beam m om enta among experiments. Fortunately this problem is not severe since the 

beam momentum dependence is known in the expression for a cross section derived 

in the one- particle-exchange model. Another problem is systematics coming from 

the acceptance of detectors, but here one assumes th a t experimentalists carefully 

studied the characteristics of their detectors and the acceptance calculations had 

been relibably done to make needed corrections to the data.

It should be noted th a t this O.P.E. mechanism has been rigorously applied to 

many reactions w ith mostly satisfactory results.

The S-m atrix is unitary, this is most simply realized by defining a  new m atrix 

K  through the 2’-matrix. Thus by performing a coupled-channel analysis one can 

directly determine each element of the m atrix from which a consistent and com­

patible set of param eters of resonances may be obtained. As it is discussed later, 

implementation of this unitarity  will lead us to complicated non-linearity which 

makes fits time-consuming. Also introduction of the iif-matrix requires th a t one 

appropriately extract resonance mass and width. Finally this non-linearity makes 

error estimates even more time-consuming.

Problems to be investigated are numerous.

The scalar sector seems to  be in the darkest part of meson spectroscopy below 2 

Gev. One can make a separate study on scalar mesons if problems can be reasonably 

solved. History of light meson spectroscopy tells us th a t nobody has achieved such
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a goal. A conventional argum ent is th a t scalar mesons have quantum  numbers same 

as those for vacuum and vacuum effects are not understood well. The scalar sector 

of the J/tj) and T families seems relatively problem-free. This is a good contrast if 

one remembers th a t some of these states are classified as 2a+1L j  = 3 Po according 

to the quark model.

Among the scalar mesons the most difficult one is the /o (1300). Param eters 

of this state are not yet accurately known. The reported values for the parameters 

of this state appear to be split into two sets: 1) around m=1.25 G ev/c2, T=300 

M ev/c2, 2) around m=1.45 G ev/c2, T=150 M ev/c2. Other states recently claimed 

such as the /o(1240) or the /o(1730) have not been confirmed yet.

Mesons with J p c  =  2++ are better understood. Yet there are problems to be 

extensively investigated. One state, the /2(1720) discovered a t SLAC, has never 

been observed in the hadronic meson production experiments. One does not nec­

essarily need to do partial wave analysis to establish highly narrow objects. Unfor­

tunately the /2(1720) is as wide as any ordinary hadronic states, the phase motion 

th a t is im portant to study this state as a resonance (or other) has never been ob­

served although its spin-parity assignment is fairly definite, accepting the fact that 

the “bum p” seen a t SLAC is a  particle or a t least a meson resonance, the crucial 

problem to be studied is to establish with confidence th a t this state  is seen in the 

hadronic data. This is not a  trivial problem, since resonances can exhibit inter­

ferences. A resonance seen in one hadronic channel as a “bump” may not be seen 

in another channel. A well-known example is the /2(1525) which is clearly seen in 

the K + K ~  spectra from experiments using incident K  beams, this state does not 

appear as a clear peak in other hadronic channels. Another state /2(1810), regarded 

as a  radial excitation of the /2(1270), is yet to  be established.
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Finally we may ask if we have seen a strange partner of the /4(2030).

In short, unsolved problems in meson spectroscopy below 2 Gev are m any and 

much work should be done.

In the present work, the meson systems in the sector of J p c  = 0++, 2++, and 

4++, are systematically studied.
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1.3 O rganization  o f  th e  W ork

The present work is organized in the following manner.

Two chapters (Chapter 2 and Chapter 3) are devoted to the studies of the data  on 

the two im portant systems, namely the tttt and the K K  systems. Since a  substantial 

am ount of time was spent to  study the tcti system, Chapter 2 is somewhat long. 

But it contains an im portant description of a new averaging procedure along with 

the results of a  re-analysis of the existing tttt data carried out by the author (in 

some cases re-analysis was necessary).

Chapter 5 contains discussions on various data sets available to the present 

author. Among these the most im portant is the data  on the rjr] system th a t became 

available only recently. O ther data sets form auxiliary data  sets in a sense since our 

prim ary objectives are to  understand the meson-meson systems seen in hadronic 

production experiments. These auxiliary sets are the 7T7t and K K  da ta  from the 

SLAC experiments on the radiative decay of the J/V ’ and the tttt data  taken from 

the pp collision experiment performed at CERN.

Throughout these three chapters, the author’s emphasis is upon observation of 

the details of the data  and inference from the facts. The experimental details on 

each experiment, in particular on the subject such as apparatus, are not included. 

The only exception is the KgKg production experiment performed a t the BNL 

MPS II facility in which the present author has participated, this experiment forms 

a  major part of the basis of this work. A description of the experiment and analysis 

procedures is given in Chapter 4.

Chapter 6 describes the details of the method we used in this analysis. The 

K -matrix has been around for a  long time, rigorous discussions on the subject can
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be found in many textbooks and papers. Therefore discussions on the K -matrix 

are kept minimum in the chapter. The detailed results of this investigation are 

presented and discussed in Chapter 7 along with tables of the param eters obtained 

in the fit. Some of these results have been already published.

Chapter 8 contains general comments and summary of this work.
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C hapter 2 T he 7r7r D a ta

2.1 In trod u ction

Traditionally the tttt scattering has been an excellent testing ground for theorists 

and experimentalists as well. The model of Lovelace-Shapiro-Veneziano4 was one 

of the earliest attem pts to verify fundam ental ideas in the theories of strong inter­

actions such as duality and trajectories. At the moment there is no rigorous way 

to  understand the itit interactions directly from QCD. In this chapter, we review 

the currently available sets of the tttt amplitudes. Discussions on the experimental 

details and theoretical interpretation will be kept to minimum. Our prim ary goal 

is to  construct the world averages of these amplitudes.

2.2 T he D a ta  Sets

We have chosen the following sets of amplitudes available to us, these are all from 

the (unpolarized) fixed-target experiments.

(1) Cason et al.5

(2) Apel et al.6

(3) Corden et alJ

(4) M artin-Pennington, /3-solution8

(5) M artin-Pennington, /^-solution8

(6) Estabrook-M artin 9

(7) Hyams et al.16

The tttt scattering in hadronic reactions are known to be dominated and suffi­

ciently described by the one-particle-exchange (OPE) mechanism in the region of
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a small t, the four-momentum transfer to the nucleon squared. Usually the events 

distributed in t  are selected by introducing a  cut in |t|. The 7r-exchanged amplitudes 

can be obtained by extrapolating the raw data  to the ir pole in the OPE expression, 

this is to be discussed in the next section in more details. One important thing is 

that these are extracted quantities, not real data. But these will be called the data. 

The data  sets (3) through (7) come from the reaction

7r“ p —>ir+ir~n,

whereas the sets (1) and (2) come from the following reactions

ir+p—►7r°7r°A++

7 r ~ p —>7r°7r°n

respectively, and these data determine the amplitudes for the process,

7r+ 7r- —>7r°7r°.

Differences in the beam m om enta have been corrected in the process of the am­

plitudes extraction through the use of the OPE expression. One should note that 

the features of the to tal cross section for the mr production, especially those in the 

t  distributions, predicted by the OPE model are generally valid up to 175 Gev/c 

incident beam  m om entum 12.

The set (3) is the so-called jB-solution. The observation of the p(1600) which 

is now regarded as a radial excitation of the p(770) in the recent inr production 

experiment13 in a reaction,

'y p —>ir+ i r ~ p

demonstorated th a t the G-solution favored by Corden et al. is a  wrong solution, the 

origin of which can be traced to their choice of an inappropriate combination of the
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Barrelet zeroes for the amplitude construction, this solution can now be regarded 

as a  good example of the well-known problems of ambiguities which manifest itself 

in the process of decomposing the moments into the partial waves. The validity of 

the B-solution in the analysis of Corden et al. and the variant /? and $  solutions 

obtained by M artin and Pennington and separately by Estabrook and M artin is 

established by the analysis of the 7r°7r° data5’6. We have reconstructed the 17- 

solution from the G-solution of Corden et al. by following the usual steps to derive 

the amplitudes from the moments in a reverse order, correctness of these procedures 

and consistency of the results with the original data  were checked by requiring that 

the optical theorem be satisfied. This direct application of the theorem is based 

upon the fact th a t the to tal cross section should be the same no m atter which 

solution one chooses. The application of the theorem is, in this sense, a strong 

constraint on the phases of the individual waves. This extensive re-analysis was 

m otivated by the fact th a t the only data  sets th a t extend to  the im portant mass 

region above 1.8 G ev/c2 are the sets (l) and (3). The observation of a radial 

excitation of the /2(1270) a t around 1.8 G ev/c2 in the analysis of Cason et al. 

justified our choice of the B-solution. There are two other independent sources of 

evidence for this state / 2(1810):

(a) the £)-wave spectrum  found in the analysis of the rjri data  from the reaction,

n~p—*r)T)n

shows this state (to be discussed in chapter 5).

(b) the mass spectrum  of the 47T system obtained in the reaction,

7r+ d —*Tr+ ir+ i r ~ ir ~ p p
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shows a  modest enhancement on top of a background, the mass and width deter­

mined by fits are consistent w ith those of / 2(1810)n .

The 7T7T amplitudes have to satisfy a  set of constraints derived from analyticity 

and unitarity. The solution (3 was obtained in this manner. In the process, another 

solution was discovered almost accidentally, “in a seemingly distant part of a pa­

ram eter space5’8. It turned out th a t this solution, the ()' solution, was equally good 

except in the minor details8.

Our prim ary interest is the 1=0 part of the S-,D -, and G-waves. Both of the 

7T+7T-  and the 7r°7r° amplitudes contain the isospin 2 part. These amplitudes are 

decomposed in the following way,

1_ 2 
3 3

where Jo and J j are the isospin 0 and isospin 2 parts respectively. A simple sub­

traction has to  be performed to obtain the isospin 0 components. The results from 

numerous experiments on the reaction,

7r+p—>7r+ir+n

provided a  useful param etrisation of the amplitudes of the 1=2 components14, we 

have used this param eterization to determine the 1=0 amplitudes.

The phases of the J= 2  component are negative and small both for the S-  and 

D-waves. Typically at 0.9 G ev/c2, the S — and I?—phases are around —20 degrees 

with errors of 5 degrees and —2 degrees with errors of 0.5 degrees respectively. The 

phases stay approximately constant above 1.0 G ev/c2, and do not greatly influence 

phases of the 1 = 0  parts when subtractions are performed.



The 1—2 component of the G-waves is not known, this makes the isospin as­

signment uncertain. This will be discussed in section 2.4.

2.3 T he O PE  M odel and  A m p litu d e A m biguities

In this section the most fundamental aspects of the O.P.E. model and the amplitude 

ambiguities are briefly discussed. Procedures to  obtain scattering amplitudes are 

mostly empirical, since general methods to find a unique set of amplitudes do not 

exist.

Historically the One-Particle-Exchange model is a product of: a)the original 

suggestion by Yukawa th a t strong force is mediated by 7r, b)the Feynman diagram­

matic way of viewing the strong interactions.

In many simple processes such as N N '  —> N N 1 (nucleon-nucleon interactions) 

the scattering amplitudes satisfy dispersion relations defined on a complex plane of 

the kinematic variables (Men delstam variables),

T ( s , t ) = T Bo rn { s , t ) + T c{s,t),

where T^orn(s,t) is the Born amplitude and Tc(s,i) is the remaining am plitude in 

a contour integral form defined on the same complex plane. In a certain kinematic 

region, the Born amplitude dominates strongly. Because of this dominance of the 

Born amplitudes, Chew suggested a method to  determine the m agnitude of the 

strong coupling constant which is the residue of the Born amplitude. The 7r pole 

in the Born amplitude is located in an unphysical region if one has a f-channel 

exchange of 7r. One can evaluate the following quantities which are free from 7r 

pole(which is the nearest t  channel pole),
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where ^  is the measured differential cross section. This method was later general­

ized by Chew and Low15 in order to  study more complex processes. The outcome 

is the m ethod to  determine the cross section for the nn  scattering from the cross 

sections for n N  —> n n N .  For the reaction ir~p —* n +n~n, the expression for the 

cross section is,

^  1 9^____________ 2 donx
dtdm n„dn 2nm 2Np2 An (t — m 2)2**™™ dft ’

where m.w is the nucleon mass, p the incident n~ laboratory momentum, g2/An  

the 7r-nucleon coupling constant, q the n + momentum in the nn  center of mass 

system, the dipion effective mass, and dfl is the differential solid angle. The 

nn  differential cross section has the following familiar expression,

This expansion in terms of Legendre polynomials give the scattering amplitudes,
bnam

/ ( COS0) =  ^ ( 2 /  +  I)d/P/(COS0).
1=0

The fact th a t we only measure the absolute modulus squared of the amplitude 

|/(cos 0) |2 is the source of the problems of the amplitudes ambiguities. The above 

amplitude is a  polynomial in cos 0 when Legendre polynomials P/(cos 6) are ex­

pressed in terms of cos 0. Extending cos 0 into the complex plane, we can write 

z  =  cos 0. It is elementary to show th a t the amplitude can also be w ritten down in 

a factorized form,

/(* ) = c  i f  ( * “ &/)>
i=i

where c is an over-all coefficient and 6/ are the zeroes of the polynomials. Also we 

can rewrite the above factorized form into the following form,
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where / ( l)  is the forward scattering amplitude. The differential cross section is 

proportional to,
Imam

1=1

obviously complex zeroes appear in conjugate pairs in the expression. If one of 

zeroes in the expression for the amplitude is replaced by its complex conjugate,

m̂am
f ( z )rn =  C n  ( 

l=l,ly£m

we obtain an amplitude f ( z ) m  entirely different from the original am plitude f ( z ) .  

But this amplitude gives the same differential cross section. There are 2lmam ways 

of making different amplitudes tha t give the same differential cross section. As 

it was mentioned in the previous section, if one amplitude set is given, one can 

reconstruct the rest of the amplitude sets by numerically exploring the amplitude 

polynomial on the complex plane. The partial amplitudes, (o/,Z =  0 , l max) ,  change 

as a  function of energy, the invariant mass of tttt in our case. This is equivalent 

to stating th a t an amplitude vector aj moves inside an Argand circle as energy 

changes. As this change takes place, complex zeroes (6/,/ =  1 , l max)  move on the 

complex plane making complicated trajectories. The choice of complex zeroes is 

made to make these trajectories continuous. And each set of continuous trajectories 

defines a solution set of partial amplitudes. These trajectories themselves do not give 

clear physical pictures, instead one studies Argand plots of the amplitude vectors 

th a t resulted from the sets of trajectories. A large num ber of possibilities can be 

eliminated by this method. Particular difficulties arise when a higher wave is added 

to the amplitude. When this takes place, ambiguities become twice larger. Also 

noteworthy is a  factor 2Z+1 in front of the Z-th partia l wave amplitude. Higher wave 

amplitudes are magnified by this factor, in the expression for the cross section this
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appears as a  factor of (2/ +  1). Therefore differential cross section is particularly 

sensitive to  the higher wave amplitudes. This makes the choice of lmax im portant 

in any analysis. However the dynamics is such th a t below 2 Gev reasonable choices 

of lmax can be made.

The optical theorem constraint which was used takes the following form,

0Ttn =  y p l  +  l)Im ag(aj).
r  (

2.4 T h e  G e n e r a l  F e a t u r e s  o f  t h e  D a t a  S e t s

The general features of the data  sets are now discussed. All the plots of the 

amplitudes modulus squared are those of (2/ +  l ) |a j |2. Figures 2.1 show the 5- 

and D-waves of the set ( l) . These were obtained by re-analyzing the published 

moments. This re-analysis was motivated by the unavailability of the D-wave phases 

in their publication. They give only 7 sets of da ta  points between 1.5 G ev/c2 and 

2.1 G ev/c2. In this mass region, one half of the data  shown here were obtained 

by linear interpolation between the mass bins. The /o(1300) and the /2(1270) are 

unmistakable in the spectra. A region around 1.80 G ev/c2 of the 5 -wave in which 

we expect the /o(1720) will require a  careful analysis, whereas the /2(1810) is easily 

seen. The elasticity of the 5-wave around the /o(1300) is slightly large, this is one 

outstanding problem shared by the amplitudes th a t belong to  the class of the the 

B-solution. We notice th a t a minimum of |5 |2 around 1.6 G ev/c2 is not small , 

this is a consequence of the fact th a t 5-phase of 7r°7r° is not canceled by the isospin 

subtraction, this is a  feature also noticeable in the phases of the -solution.

Figures 2.2 come from the  second set. The over-all features agree w ith those 

of (1). The D-phases of the sets (6) and (7) were used to obtain the 5-phases of 

this set. A discontinuity a t 1.18 G ev/c2 comes from the fact th a t we connected two
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solutions one with <f>8 — <$>& > 0 and the other with <f>a — fa  <  0 so th a t we could 

minimize violation of unitarity  while m aintaining reasonable error bars. The bin at 

1.18 G ev/c2 is an appropriate one to make this connection.

Figures 2.3 are the 5-solution. Large error bars in the 5-phases around 1.6 

G ev/c2 are the unavoidable features shared by these solutions. There are two ways 

to  represent amplitudes in an Argand plot. We use one representation in which 

phases are measured from the positive real axis. In this representation phases carry 

large error bars when the am plitude vectors stay near the origin. In the other 

representation phases carry large error bars when the vectors are near the center of 

the Argand circle. Figures 2.4 to 2.6 are the /?-,/? -, and the 23- solutions, these are 

extensively discussed8’9’10. The elasticity of the 5-waves of the set (4) is slightly 

smaller. The difference is th a t the 5-wave amplitudes of the /3-solution completes 

an Argand circle from outside, whereas those of the ($'- solution stay inside of the 

circle. This difference manifests itself in the last three mass bins, 1.58, 1.62, and 

1.66 G ev/c2. On the Argand plot one can draw ellipses around data  points showing 

the errors in lengths of the amplitude vectors and the phases. The amplitude vectors 

in the region around 1.6 G ev/c2 are all reasonably close to  each other in spite of 

this difference in the phase motion. Between 1.5 and 1.8 G ev/c2 the thresholds of 

three im portant channels(rjrj', pp, and ww) open. The pp and ww systems have been 

studied16 in the radiative decays of the J/ip , a t present we have no hadronic data 

on the pp and u u  systems. On the other hand it was reported th a t the r\r\ system 

around 1.6 G ev/c2 from the reaction 7r- p —» rpq n  is purely 5-wave. The 5-wave of 

the rir) system does not have a  minimum around 1.6 Gev/c2, instead one observes 

a  resonance in th a t region.
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Figures 2.7 through 2.9 show the behavior of the sets (7), (1) and (2) in a region 

below 1.2 G ev/c2. This region has long been plagued by inconsistency among the 

data  from the old 7r°7r° production experiments 5’17. The elasticities of the 5-waves 

of (1) and (2) show this typical discrepancy below 0.9 Gev/c2. If one takes the 

estim ated uncertainty repbrted in the analysis of Apel et al, the error bars of |5 |2 

in the set (2) can be large enough to cover those in (7). And this makes data points 

of (1) somewhat isolated from the other two. The 5-phases of (7) and (2) are 

consistent enough to make us observe a broad enhancement a t around 0.8 G ev/c2, 

whereas the set (1) could possibly make the enhancement look like a  resonance state. 

We comment th a t phase motion of the D -wave of (l) has no significance since \D\2 

shows no structure and is negligibly small below 1.0 Gev/c2, the same observation 

can be made on the JD-wave of (7). Let us note th a t the processes considered in (1) 

and (2) are fundamentally different only in one respect, a pnn+ vertex is not the 

same as a  p A ++n~  vertex. B ut this difference was presumably taken into account 

when the O PE extrapolation was performed. The 7r°7r° production experiments 

axe advantageous in th a t the ambiguity of amplitudes is easier to resolve above 

1.0 Gev/c2, bu t experiments are generally very difficult to perform compared to 

the production experiments. Figures 2.10 through 2.11 show the G-waves of 

the sets (1) and (3). Figures 2.11 show an almost pure Breit-W igner shape. One 

wonders why the G-phases of set (1) are different from those of (2) in the low mass 

region. We have considered a  hypothesis th a t the amplitude th a t describes the set 

(1) is a  sum of a  pure Breit-W igner amplitude and a  background of the form,

A  — A i  +  A%

  _________ m h ^ 7T7T_________

m l -  Sxn -  im hTh
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a .  =  qB {rq)c
m KK

Tnx =  qB{rq)T2 = D Th

I '
where I \  is the to tal width of the /4(2030), being its 1tit partial w idth, B(rq) 

is the Blatt- Weisskopf barrier factor determined by a  param eter r and momentum 

g(the precise form is given in Chapter 6). D  and C  are real and complex parame­

ters respectively. T is another param eter which represents the 7rx coupling of the 

/4(2030). By fitting the set (1) we could describe its phase motion as an interference 

between the Breit-W igner amplitude and a background a t a 2a  level w ith acceptable 

mass and width of the /4(2030). The result is th a t the |G |2 of (1) is systematically 

smaller than  th a t of (2) as shown in Figures 2.11. We emphasize th a t there is no 

assurance th a t the G-wave of (3) contains no appreciable background. The param ­

eters for the /4  (2030) obtained from a fit w ithout assuming any background could 

lead to an overestimate of the 7T7T-coupling of this state.

If we exclude the data points below 1.78 G ev/c2, both  results are consistent 

therefore they can be averaged, w ithout the hypothesis of a background for (l) .

The D- and G-waves are consistent and can be readily averaged by the standard 

method of least-square averaging18. Difficulties exist in the region above 1.80 G ev/c2 

of the D-waves and in the above-mentioned region of the G-waves. In the region 

of the D-wave above 1.80 G ev/c2 where only two da ta  sets exist, the arithm etic 

averages with errors reflecting the range of values were used.

2.5 T he A verages o f  th e  D a ta
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A m ethod we propose here is reasonable and conservative, all the data  sets are 

included. Averages and errors are estimated adiabatically in this method as ex­

plained below. Averages and errors are calculated according to the least-square 

formula with weights. The im portant assumption we make is th a t discrepant re­

sults had been obtained because some of these values belonged to the tail parts of 

the Gaussian distribution, one of them  could be right near the true mean, this we 

do not know. When x 2 is calculated, each datum  is reviewed. Only the data  points 

th a t made large x2 contributions are selected, the errors of those th a t gave x 2 larger 

than  a  specified x2 (64 for the first cycle in our case) are scaled by J1/2 where
Xcut

X2 comes from the particular data point not from the to tal x2 and Xcut== 64 in  *he 

beginning. The new averages and errors are calculated using the same data  includ­

ing the deviant data  points with scaled (larger) error bars. The shift of the new 

averages due to this scaling is mild because the scaling only applies to the deviant 

points from the main body of the data  defined by the averages and errors. The 

next cycle is gone through w ith a smaller x 2> 16 in our case. The cycles will be re­

peated till the convergence is achieved, the convergence is achieved when Xt0t/(N-1) 

becomes equal or less than  1 where N is the to tal num ber of data sets in each mass 

bin. One should be careful when the first averages are computed, since deviant 

points with small errors influence the central values which in tu rn  change x 2* One 

can expand errors of those points by hand to see if this occurs. If expansion of an 

error by la  does not change the central values w ithin la ,  this error expansion is not 

necessary. The first value of x 2ut chosen by looking for the maximum x 2- The 

resulting series of values of x 2ut define a  set of <r-hypotheses by which we mean th a t 

selected deviant points are away from the estim ated mean a t least by this specified 

a. The result is a quite conservative estimate of averages and errors.
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Figures 2.12-2.13 show the results of the averages with errors by this method(see 

Tables 1 and 2), the points above 1.8 G ev/c2 including those of the G-wave are 

the arithm etic averages w ith errors reflecting the range of values from two sets. 

For comparison Figures 2.14 show the averages of the G-waves obtained from the 

standard least- square averaging method without weights (see Table 3). One should 

note th a t the errors of the 5-wave around the K ^-th resho ld  should be much larger 

than  those shown here due to  a rapid phase motion of the /o(975). The continuity of 

the phases is generally good. To summarize, we have constructed the world averages 

of the 1=0 7T7T amplitudes of the type 5-solution. In spite of the difficulties in the 

5-waves, a  resulting picture is satisfactory.
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Table 2.1 The averages of the 5 - and D-waves.

Mass(7T7r) |S |2 6\S\* \D\* | 6\D\* <f>s 6<f>s 4>d 6<f>o
0.66 0.803 0.074 0.006 0.005 58.54 8.42 1.76 1.98
0.70 0.897 0.053 0.010 0.005 70.80 6.80 2.49 1.99
0.74 0.964 0.032 0.015 0.005 81.07 5.82 3.46 1.99
0.78 0.975 0.035 0.017 0.018 82.07 6.79 4.21 9.22
0.82 0.991 0.017 0.069 0.057 89.08 5.58 1.97 2.99
0.86 0.997 0.012 0.053 0.028 89.00 5.15 2.23 2.00
0.90 0.979 0.027 0.090 0.024 99.70 3.67 14.22 7.36
0.94 0.881 0.055 0.134 0.057 110.63 4.22 34.45 6.22
0.98 0.710 0.061 0.196 0.069 103.79 4.97 29.78 5.39
1.02 0.622 0.056 0.302 0.068 77.97 5.32 20.78 9.21
1.06 0.581 0.060 0.452 0.052 75.40 3.18 19.59 4.98
1.10 0.716 0.073 0.712 0.055 78.55 2.84 23.96 3.72
1.14 0.966 0.090 0.947 0.069 84.50 3.15 29.36 3.83
1.18 0.855 0.140 1.550 0.108 86.32 1.76 35.45 5.52
1.22 0.783 0.113 2.821 0.152 95.73 6.49 62.82 3.11
1.26 0.912 0.142 3.503 0.057 105.06 7.89 81.31 4.07
1.30 1.091 0.216 2.957 0.104 113.31 14.92 105.19 5.35
1.34 0.944 0.097 2.268 0.095 123.32 10.97 118.54 5.92
1.38 0.878 0.138 1.502 0.073 125.13 16.31 125.20 7.46
1.42 0.690 0.074 1.042 0.064 133.61 17.66 125.84 6.17
1.46 0.455 0.050 0.681 0.087 138.52 16.30 141.00 7.02
1.50 0.273 0.047 0.411 0.048 146.37 16.25 133.52 7.17
1.54 0.082 0.042 0.360 0.030 149.20 15.87 131.01 6.60
1.58 0.075 0.044 0.299 0.053 103.42 28.40 132.81 6.01
1.62 0.039 0.026 0.332 0.044 43.41 76.34 138.60 6.96
1.66 0.071 0.020 0.298 0.128 112.82 28.39 140.26 6.85
1.70 0.196 0.046 0.307 0.077 87.38 29.78 137.01 12.17
1.74 0.492 0.143 0.514 0.096 86.60 16.15 128.64 8.41
1.78 0.516 0.134 0.806 0.281 77.76 16.74 104.03 13.44
1.82 0.512 0.188 0.948 0.278 126.72 19.22 153.83 9.82
1.86 0.523 0.211 0.926 0.267 126.71 8.41 149.91 8.11
1.90 0.523 0.276 0.758 0.223 125.47 7.91 136.88 7.41
1.94 0.459 0.262 0.565 0.195 119.50 10.75 130.90 7.08
1.98 0.490 0.239 0.541 0.062 121.02 13.43 145.00 6.44
2.02 0.464 0.131 0.392 0.060 120.32 17.67 144.39 6.83
2.06 0.448 0.154 0.343 0.052 132.24 14.34 158.28 5.18
2.10 0.682 0.070 0.298 0.056 159.70 33.00 157.00 4.20



Table 2.2 The averages of the G-waves versus the mass of 7T7r(Gev/c2). The |G |2 

is in the unit of 9x  Argand unit squared (unitarity limit is 9).

Mass(7T7r) |G |2 6 G |2 4>g | 6<I>g

1.82 0.012 0.007 62.00 17.00
1.86 0.049 0.017 65.65 9.00
1.90 0.186 0.098 73.53 6.74
1.94 0.215 0.103 91.58 5.81
1.98 0.080 0.033 116.24 7.62
2.02 0.136 0.047 121.64 23.10
2.06 0.065 0.018 137.16 11.70
2.10 0.010 0.058 153.20 47.90

Table 2.3 The averages of the G-waves versus mass of 7r7r(Gev/c2) using the 

standard  least square averaging method without weight.

Mass(7T7r) G 2 6 G 2 <f>G S(j>G
1.78 0.064 0.021 36.77 9.40
1.82 0.098 0.033 67.97 16.03
1.86 0.059 0.028 67.74 8.84
1.90 0.172 0.041 67.85 11.61
1.94 0.246 0.049 85.60 13.99
1.98 0.129 0.044 105.69 28.39
2.02 0.219 0.045 89.61 14.85
2.06 0.096 0.017 120.85 10.63
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C hapter 3 T he K K - D a ta

3.1  T he 7r-induced K K  d ata

The following da ta  sets for 7r-induced K K  production are available.

i) V. A. Polychronakos et al.19

ii) W. Wetzel et al.20

iii) D. Cohen et al.21

iv) G. Costa et al.22

v) MPS I experiment23

vi) MPS II experiment24

The amplitudes were again extracted from the raw data  by assuming the one- 

particle-exchange mechanism.

The amplitudes to describe the following two reactions,

7r~p-*K+K ~ n  (3-1)

7r ~p—*K °K °n  (3-2)

are denoted by AK +K -  and A k0^ q, these amplitudes can be decomposed,

A r +k -  = lo + Ii 

— Iq ~  I \

where I q and I \  are the isospin 0 and 1 parts. By charge independence the ampli­

tudes for the reaction,

•jr+n -* K +K ~ p  (3-3)

is A k 0j£0. Consequently a comparison of the amplitudes from two reactions (3-1) 

and (3-3) can be made in order to determine the amplitudes w ith specific isospin.
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Cohen et al. studied the isospin components measured in the two reactions. The 

^-distributions of the squared modulus of the partial amplitudes th a t are separated 

into these isospin channels show th a t the isospin 0 part indeed dominate the cross 

section in the low |<| region if one considers the S -  and 2?-waves. Since their analysis 

covers the low mass region (below M Kg= 1.6  G ev/c2), one can not make rigorous 

statem ents about the high mass region. B ut one can safely assume th a t the partial 

amplitudes (5-, D-, and G-waves) in the reaction,

ir~p—>KgKgn 

are dominated by the 7=0 amplitudes.

Fig. 3.1 and Fig. 3.2, taken from the ref. 23, show the squared modulus 

of the /^-amplitudes and the S  — D  relative phases of these data  sets i) through

v) as a  function of the K K  invariant mass. The over-all agreement is reasonably 

good. The same statem ent can be made about the D -wave amplitudes upon a 

comparison of these data  sets. The data  sets v) and vi) cover the largest region 

in the K K  invariant mass up to 2.40 G ev/ c2 and the to tal num ber of events 

of the set v) was approximately 15000, this num ber is clearly enough to do any 

meaningful analysis. The analysis of this data  set was done(ref. 23 and ref. 25). 

The m ajor discrepancy among the data  sets is seen in the S  — D  relative phases 

around the K K  threshold. In the analysis, moments (Ytm) w ith m =2 were all set 

equal to  zero by hand in the process of extracting amplitudes from the moments. 

This constraint introduced systematic problems making the /S'-waves and D -waves 

develop correlations. Correlations of this kind are dangerous especially near the 

K K  threshold where the \D\2 is very small. In the analysis of new data  from a 

high-statistics(40494 events)experiment a t MPS II, the data  set vi), the moments 

w ith m = 2 were set free. It should be noted th a t the techniques employed to perform
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the moment analysis were essentially the same in the new analysis. This is described 

in the old publication (ref. 23). The resulting S  — D  relative phases turned out to 

be large (roughly 180 degrees) w ith large error bars. Fig. 3.3 and Fig. 3.4 show 

new results along with the old ones. The discrepancy is resolved now in favor of 

the large relative phases near the threshold. A general conclusion is th a t the S  — D  

phases in KgKg production are around 180 degrees and difficult to determine with 

reasonable accuracy near the threshold of the KgKg invariant mass. This high- 

statistics experiment a t the MPS II had made use of drift chambers which gave 

better resolution than  the old spark chambers. This fact is reflected in the smaller 

error bars of the data points and the finer sizes of mass bins. These features clearly 

constitute our taking this KgKg data  for the multi-channel K -m atrix fit.

The general features of the KgKg data  v) and vi) are now discussed.

Two sets of amplitudes below M(lf® if®)=1.6 Gev/c2 and four sets of amplitudes 

above this mass exist due to  the ambiguities inherent in the amplitudes. In our 

analysis, one particular set was chosen which was the same as the old set in the 

old analysis. Its criteria was th a t these amplitudes had the smallest num ber of 

resonances, also physical consistency among the mixing angles of the established 

resonances was confirmed in this choice of the am plitude set.

A prominent structure is seen both in the S -wave and the D  wave below 1.60 

G ev/c2. In the mass-dependent fit, two resonances, the /o(980) and the /o(1300), 

were necessary to  understand the S-phases in this region. One im portant result of 

the old study was th a t the statistical significance of the /o(980) was merely 0.6o 

and its effect was seen only a t the threshold. The modulus squared of the 5-wave, 

|5 |2, around 1.30 G ev/c2 presented substantial difficulties in the old analysis as



50

it is seen clearly in Fig. 3.3. In the region around the /o(1300) the fit is indeed 

seen to be rather inadequate. Small error bars of \<f>s — 4>d \ between 1.20 G ev/c2 

and 1.60 G ev/c2 apparently made these relative phases more significant statistically 

than  the amplitudes modulus squared in the fit. This was remedied later (ref. 25) 

by introducing another state /o(1240) (Fig. 3.3c, 3.3d), the statistical significance 

of this state was determined to be 7<r, the improvement is clearly seen in the J <So |2 * 

It is clear from Fig. 3.4 th a t the structure in |So|2 around 1.30 G ev/c2 is different 

somewhat. This difference may be related to the above-mentioned fact th a t the 

moments with m =2 were all set free in the new moment analysis. This new state 

claimed in the old analysis did not change the previous understanding of the relative 

phases, bu t the statistical significance of this sta te  /o(1240) came mainly from the fit 

to the 15o|2 data, its significance is illustrated by the shoulder around 1.30 Gev/c2. 

The understanding of the S -wave spectrum  above 1.60 Gev/c2 required another 

state, /o(l730), upon a careful investigation of the relative phases \<f>s — <f>D| which 

indeed showed a  remarkably rapid forward motion of approximately 100 degrees in 

the interval of 300 M ev/c2 . The statistical significance of this was 10a, necessity 

of this state to understand the spectrum  is thus highly impressive.

The region above 2.10 G ev/c2 in the new data  contains a modest enhancement 

peaked a t around 2.20 G ev/c2, the relative S  — D  phase is roughly 50 degrees. This 

phase motion is marginal to assume a new state in this region. However this mass 

region is im portant since several resonances have been claimed, examples are the 

X(2020) observed a t SLAC and the /o(2240). An attem pt was made to  fit this part 

of the K^Kg  S'-wave spectrum  by a relativistic Breit-W igner form,

T  = -------- - — :----
m 2 — s — im T
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where m  is the mass of the assumed resonance, s is the squared invariant mass and 

T is the w idth of the state, and /  is another parameter.

The best fit gave the following values of the parameters,

m  =  2.240Gev/c2

T =  0.202Gev/c2

/  =  0.471 x  10_1 (Gev/c2)2 
with the to tal x2 of 2.71 for 8 bins. This is, of course, an excellent fit. The fit results

show th a t the structure of the spectrum  in this mass region is consistent with one

almost purely Breit-W igner shape, and a background is unnecessary to  understand

the region.

The D -wave spectrum  did not create any serious difficulties, an interference 

between the f% (1270) and the /2(1525) adequately described the spectrum  up to 

1.70 G ev/c2. The region above 1.60 Gev/c2 is seen to be almost structureless, one 

broad background of the Breit-W igner form was sufficient. The region between 

1.60 G ev/c2 and 1.80 G ev/c2 was extensively investigated in this analysis as we 

report the detailed results later. The motivation for this analysis was to see the 

possibilities to  establish the /2(1720) in the hadronic JFC®JRC® production. In the old 

analysis the /2(1720) was not necessary, bu t it was thought th a t with smaller bin 

sizes due to  the improved mass resolution and smaller error bars of the data  points 

the new data  might show fine structure in this mass region. The predicted phase 

<f>D was used to  determine the 5 -wave phases (f>s as seen in Fig. 3.5, since only 

the absolute m agnitude of the difference of the phases \<f>s — <!>d \ is measured in the 

KgKg production experiment.

The G-wave extends from 1.6 G ev/c2 to  2.4 Gev/c2. One Breit-W igner form 

was used to  fit the data. The fit appeared to  be rather inadequate to  understand
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the G-wave amplitudes bo th  in |Go| and <j>c- In the new moments analysis the 

moments with /=10 were all seen to be consistent w ith zero. Two spectra (new 

and old) are completely consistent with each other. One may naturally ask whether 

the G-wave contains two resonances. Several resonances w ith higher spin states, 

such as the / j ( 2300) and the /e(2510), have been claimed. The state /4(2300) is 

reported to have a it it decay mode. Because of a  highly stable phase motion as seen 

in the \(j>G — 4>d \ data, it will be difficult to build a hypothesis along this line, unless 

the D -wave amplitude contains a structure not seen in the |Z?o| bu t with a phase 

motion. This view is also supported by the fact th a t the acceptance of the detector 

decreases above 2.40 Gev/c2, measurements of higher moments are made difficult 

due to  this problem.

A remark should be made about the ratios of the visible cross sections of these 

waves above 2.0 G ev/c2. One integrates the areas of the spectra, the ratios of these 

areas are directly proportional to  those of the production cross sections. We obtain 

the following ratios,

a s  : <?d  : — 1*0 : 7.2 : 4.1

Another independent determ ination of the ratio of the area under the /2(1270) peak 

to  the area above 2.0 G ev/c2 can be carried out. These numbers along w ith the 

well-known production cross section of the /2(1270) give a value of 400 nb for the 

cross section of the D -wave in this region.

3.2 T h e  if - in d u c e d  K K  D a ta

if-induced K K  production experiments have not been done extensively. One data  

set available to  us comes from a  CERN experiment27. The analysis carried out by 

the CERN group concentrated on the shape of the spectra. Based upon a fit to the
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F-wave spectrum , a state /a  (1850) was observed. A very im portant assumption 

they made was th a t waves w ith spin larger than  3 are negligible. Their data  set 

extends to 2.0 G ev/c2, clearly waves w ith higher spins become significant in the 

region above 1.8 Gev/c2. Thus it is highly im portant to verify their assumption in 

the future by performing high-statistics experiments.

The D -wave spectra are completely dominated by the f'2 (1525) (figure will be 

seen in chapter 7). Due to the unavailability of the phase information in their 

publication, this data  set is useful to study the width of the f'2 (1525) in a consistent 

way, since we do not see this state as an enhancement in the 7T7T or 7r-induced K K  

data. The da ta  from the JC-induced K K  production experiments yielded small 

statistics, the to tal num ber of events in these data vary in a range of 100 to  650. 

One clearly sees needs to  perform high-statistics production experiments.

Finally a remark is to be made. The 7r7r data  from a IT-induced 7T7t production 

experiment should describe amplitudes for a  process K K  —> 7T7T, when a if-exchange 

is assumed through the O.P.E. mechanism. The amplitudes modules squared for 

this process should look the same as those for a process 7T7T —> K K ,  if the O.P.E. 

mechanism is exact. Unfortunately they do not look the same. This m ight invalidate 

our picture of the Hf-exchange in the reaction K ~ p  —> K +K ~  A. We can, however, 

consider exchanges of other particles in addition to K . It is very difficult to isolate 

these exchange processes from the if-exchange. We will not attem pt this.
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C h a p te r  4  T h e  E x p e r im e n t o n  n~p  —> K 8K 8n  a n d  M o m e n ts  A n aly sis

An experiment to study the reaction

n -p -> K Q8K 08n

at 22 Gev/c was performed using the MPS II detector a t Brookhaven National 

Laboratory.

This experiment superseded the previous one23 in various ways. The spark 

chambers were all replaced by drift chambers and the data  acquisition system had 

been upgraded28. These resulted in over-all improvements in mass resolution and 

event rates. The veto counters around the hydrogen target had been improved, so 

th a t efficient detection of large-angle charged particles and photons from the target 

became possible. The basic configuration of the detector was otherwise similar to 

the previous one, and the trigger requirement for this experiment was essentially 

identical to  the old one. The trigger ra te  was ~  1 trigger per 1 .7 x l0 5 beam  7r’s.

The to tal num ber of observed 4-prong events was 3.5x10s. The following kine­

matic cuts were used for the final event selection:

i) cuts in the 7r+7r_ effective-mass a t 0.475 G ev/c2 and 0.525 G ev/c2, yielding

2.2 xlO 4 events.

ii)a MM2(missing mass squared) cut at 1.6 (G ev/c2)2, with this cut 82111 events 

were selected.

iii) a i-cut, t= \ t  — tmt*„|<0.1, was finally applied to obtain 40494 events.

The event distribution in the Gottfried-Jackson variables Q =  (cos6,<f>) was 

expanded in terms of normalized spherical harmonics as before,

5 ® S n - ^ . 0 / ( n )
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where N ( M , t )  is the num ber of events in a  given t  and mass M  bin, and the 

angular distribution is given by

m  =  E « Y “)«i»Yi0(n ) + ! E ( r u J i < r ( 8 ) ] ,
l m

where expansion coefficients X ^ o b a  are t îe observed moments. A M onte Carlo

simulation was performed to  study the geometric acceptance and other systematic 

biases. The techniques used in this M onte Carlo study were the same and described 

in detail in the previous publication23. In this new analysis, we introduced a new 

procedure to determine statistical significance of each moment. This procedure is 

described below in details.

The geometric acceptance A(f2) was used to calculate the acceptance moments 

by performing the following integral numerically over the allowed solid angle for 

each mass bin,

g {" =  ^ A ( n )y /m(n )d n .

The acceptance-corrected moments, (Yjm)c, are those th a t minimize the negative of 

the log-likelihood function,

= Etaiffii) -  £  Grw "> c
t  l,m

where the first summation is over the selected events in a given mass bin. We also 

computed the acceptance matrices simultaneously,

g™™1 =  I  A{n)Y im{ n ) Y ^ l {n)dn

These matrices are directly related to  the acceptance moments,

• v —v '  u  11/~tmm    \  rpm m  m  r im

■//_//



66

where

T!?Fm"= / YrityY™ {n)Yp {n)dn.

The acceptance matrices in tu rn  gave expected observed moments from the cor­

rected moments through the following relation,

E i ir*mm /\rm  \ 
ll' ''I* ' c'

I m

These expected moments and the observed moments were used to perform x 2 tests 

in each mass bin to see goodness of our moments determination.

In the previous moments analysis, the moments with m —2 together w ith (Yg1) 

and (Yg1) were all consistent w ith zero. W ith a larger event sample this was no longer 

the case. In this new analysis, (Y22) and (Y42) below M (2 f° lf° )=  1.588 G ev/c2, 

and (Yg1) above M (K®Kg)— 1.613 Gev/c2 were introduced. The moment (Yg1) 

was seen to  be consistent w ith zero. By the above-mentioned x 2 tests, statistical 

significance of these moments turned out to  be 3<r below 1.588 G ev/c2 and 4.5er 

above 1.613 G ev/c2. Clearly moments with m =2 are im portant to understand the 

KgK% production. W ith this set of new moments we extracted amplitudes. The 

Barrelet-zero m ethod29 was used to obtain one set of amplitudes.
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C hapter 5 T he rjr} D a ta  and  O ther D a ta  Sets

5 .1  T h e O ld rjri D a ta

Experiments to study the rfrj system are difficult to  perform. Indeed large fractions 

of events one observes in a typical experiment are,

i r ~ p  —> 7r°7r°n,

and

i r ~ p  —*• 7r°tjn.

Since isospin of the rjrj system has to  be zero and its spin can be only even, analysis 

is relatively straightforward once data  are obtained. The difficulties are to  extract 

da ta  by doing reliable experimental identification of good events which is technically 

complicated by the presence of massive combinatorial backgrounds. It is to be 

noted th a t the 7r°7r° production cross section is roughly 30 times larger than  the rjrj 

production cross section at a  beam momentum of 38 Gev/c. Only recently da ta  with 

reasonable statistics became available30. In the first phase of the present analysis 

this d a ta  set was used to  investigate the 2++ sector. This experiment was performed 

using a 38 Gev/c tt~ beam. Since other data  sets discussed so far come from the 

experiments a t lower beam momenta, we have scaled the data  through the use of 

the O.P.E. expression along with corrections in the t-distribution. These corrections 

turned out to  be rather small and the shapes of the spectra did not change much 

except by an over-all scale factor. The spectra extend up to 1.89 G ev/c2.

The threshold region is dominated by the S-wave. Identifying the structure 

around the threshold with the /o(1300) might be possible, bu t the peak position, at

1.2 G ev/c2, is slightly below the generally accepted value. The structure around 1.6
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Gev/c2 was fitted by a  Breit-W igner form in their analysis yielding the param eters,

m  =  1.592 ±  0.025Gev/c2 

T =  0.210 ±  0.040Gev/c2 

This is the first observation of a  scalar meson in this mass region with a  definite 

isospin assignment.

The D -wave spectrum  shows one peak with a  width of 240 M ev/c2 which is on 

top of a rising tail. This tail was interpreted as a background by the authors in the 

publication. This peak, the /2(1270), is shifted by about 100 M ev/c2. They point 

out th a t this shift is due to the kinematic effect in th a t the Breit-W igner form has a 

factor of p5(p is the m omentum of one of the r/’s in the rest frame of the resonance). 

The relative phases do indeed show a typical forward phase motion in this general 

region of the mass. In their publication they did not consider the presence of the 

/2(1525) in their data. We have, however, allowed the 7777 coupling of this state in 

the analysis.

5 .2  T h e  N e w  rji] D a t a

The new data  set came from a recent experiment performed at CERN SPS using a 

100 Gev/c jt~ beam31. By comparing the new data  with the old data, one sees a 

remarkable consistency among these, sets up to  1.9 Gev/c2 as far as the shape of the 

spectra are concerned (figures will be given in Chapter 7). The event distribution in 

t  is a  typical one expected by the O.P.E. mechanism if the region of low t(\t \ <  0.1) 

is selected. The data  have been analyzed and two possible solutions are known. 

These are solutions due to the ambiguities of the amplitudes, the difference is seen 

only in the region above 1.8 G ev/c2 where the G-wave begins. Clearly one of the 

solutions is not physical. Indeed the results of their analysis of one solution (solution
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I) show th a t the region around 2.0 Gev/c2 in the D -wave spectrum  is not of a Breit- 

Wigner form. This solution (solution I) has an anomalously rapid phase motion, the 

relative D  — S  phase changes by 360 degrees within the entire range of the rji\ 

invariant mass. Although introducing another Breit-W igner term  in the fit might 

have helped improve their fit of the amplitudes modulus squared of the Z?-wave, it 

would be extremely difficult to understand the phase motion of this nature. On the 

other hand, the solution II does not contain any unusual structure. This solution is 

compatible with the particular solution obtained in the analysis of if®if® data.

The S -wave mass spectrum  below 1.8 G ev/c2 contains two peaks. The pa­

ram eters for the /o ( l5 9 0 )  are consistent w ith the old ones listed in the Table 5.1. 

The param eters for the /o ( l3 0 0 )  are, m =1210±30 M ev/c2 and T=315±60 M ev/c2. 

The mass param eter, if this identification is correct, is the lowest among those ever 

reported32. The region above 1.8 G ev/c2 in the S -wave spectrum  is clearly domi­

nated by one structure. The phase motion is seen to be comparable to th a t of the 

i f  ®if ® data. The visible cross section in this region is large.

The structure observed around 1.8 Gev/c2 in the 25-wave spectrum  was regarded 

as a rising background in the analysis of the old rjrj data. The width and the position 

of the peak of this structure make it possible to identify this w ith the / 2(1810) which 

was previously seen only in the 7T7T channel and possibly in the 4ir channel as we 

discussed in Chapter 2.

The G-wave spectrum  show two clearly enhanced structures. The phase motion 

is rather difficult to  understand, if one assumes presence of two resonances. They 

fitted the G-wave with one Breit-W igner form.

A general remark upon comparison of the ijrj spectrum  w ith the 7T7T and the 

I f  ®if ® spectra can be made.
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The JD-wave spectra do not show noteworthy difference. A peak due to  the 

/2(1270) followed by a m inim um  at around 1.6 G ev/c2 is the common feature. The 

spectra are compatible w ith each other. This sort of common feature is shared 

by the 7T7T and Kg Kg 5-wave spectra, bu t the S -wave rjrf spectrum  appears to  be 

different especially in the region between 1.4 G ev/c2 and 1.8 Gev/c2.

Table 5.1 Param eters for the resonances in the r)t) mass spectra(solution II) 

from the CERN-IHEP Jo in t Experiment ref. 31, numbers are in units of Gev/c2.

state mass ta ta l width
0++ 1.210±0.030 0.315±0.060

1.590±0.030 0.300±0.030
2.090±0.040 0.215±0.030

2++ 1.310±0.030 0.215±0.030
1.525 0.050

1.890±0.040 0.250±0.030
4++ 2.070±0.050 0.500±0.100
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5.3  T h e  r)T)' D a ta

The da ta  set on the 7777 system comes from an experiment performed on the reaction,

9

71* p—n w  n

using the 38 Gev/c 7r beam33. One particular decay mode 777/—>47 was studied. This 

decay mode has an extremely small decay probability, 7x 10-3 . The presence of large 

combinatorial background from other processes makes the experiment exceptionally 

difficult to  perform. The to tal num ber of events after kinematical cuts is 610, and 

the event distribution extends from the r\r\ threshold to  1.8 G ev/c2. The angular 

distribution of the events indicates th a t the entire spectrum  consists of the S-  

wave. A fit was made to the spectrum  using a  Breit-W igner form and the following 

param eters were obtained,

m =  1.568±0.033Geu/c2

T =  0 .2 6 0 ± 0 .0 6 0 Gev/c2 

The values of these param eters are consistent with assuming th a t this sta te  is the 

/o (1 5 9 0 ) . W ith this identification they derive the following ratio of the branchings,

=  2 7 ± 0  8

This ratio  is consistent w ith the predicted value of 3 based upon an assumption of 

a  scalar bound state  of gluons decaying to  7777' (Ref. 33). However this sta te  has not 

been observed in the radiative decay modes of the J/V '.
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5.4 T he 7T7T and  K K  D a ta  from  th e  R ad iative  D ecays o f  th e  J/ip

The literature on the subject of experimental and theoretical studies of the J  /rp 

has grown enormous. Among those we see th a t studies on the radiative decays of 

this sta te  have been extensively done. If one considers all of the possible modes of 

the radiative decays of the one finds th a t the to tal of the branching ratios is 

around 0.0434. This is a ra ther small num ber, studies of each of the radiative decay 

modes are made rather difficult due to this over-all rarity.

Among these channels we are particularly interested in the following:

J/^>—►/y7r7r,

In the mass spectra35 of the 7T7T and K K  the /2(1270) and the f'2(1525) are unmis­

takable. The presence of these states in the spectra was indeed the main reason for 

us to  consider these da ta  in our global analysis.

Only the regions below 1.9 G ev/c2 in the 7T7T and K K  spectra were taken for the 

fits in the present analysis since it is not known if the spectra above 1.9 G ev/c2 are 

also dominated by the D-wave. Also a background estim ated by the SLAC group 

has been subtracted from the raw spectra.

During the fit it was always checked to see if the following im portant ratio,

„ r(y>—>'7/2(1525))
r(0-+7/a(127O))

was in the vicinity of the reported value of 0.54±0.19.

5.5 T h e  7tjt d a ta  f ro m  pp-*ppir+n
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The centrally produced 7r’s in a reaction36,

pp-*ppir+n~

are the example of the 7T7T production through double pomeron exchange. Here 

“central” means th a t two protons are scattered by typically 5 m rad and its kine­

matics is characterized by 0.01< |i| <  0.06 G ev/c2, xp  >0.95, and |y|(rapidity) ~  

4.2. This kind of special production mechanism has been extensively studied the­

oretically. It has been pointed out th a t the pomeron exchange can be regarded as 

multiple gluon exchange36, since 7r’s  are produced in this gluon-rich environment, 

it has been argued th a t one may expect to  see a bound state of gluons in the data. 

This particular 7T7T data  will be called the Pomeron 7r7r data.

The 7T+7T- data  are dominated by the S-wave, up to  1 G ev/c2 where the Z?-wave 

becomes significant.

As a preliminary study, an attem pt was made to fit the Pomeron nn  data  with 

one Iif-matrix pole and an arbitrary production am plitude of the form,

. |(i -
11 M i .  ’

where the production amplitude is defined as,

cry
P -

One-pole iif-matrix is simply given by

72K ~  1
™ 2 ~  M nn  ’

m  is the mass of the pole, M n„ is the invariant mass of the tttt system and a is 

an arbitrary param eter. For the param eter set, m = 0.767 G ev/c2 together with 

7=1.292 G ev/c2 and a=3.296 G ev/c2, the to tal x 2 was 48 for 29 bins. Large



contributions in x 2 came from 0.937 Gev/c2 and 1.0125 Gev/c2 bins(x2=10 and 11 

respectively), the quality of the fit was good otherwise.

Here we conclude our study of the data. We now go on to describe the tools of 

the analysis. i
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C hapter 6  if-M a tr ix  and P aram eter D eterm in ation

6 .1  if-M a tr ix

A representation of the following form,

=  ( l  — t i f ) -1 ( l  + iK )

=  1 +  2* (1 -  i 'if)-1 i f  ’ 

guarantees unitarity  of the 5-m atrix. The m atrix elements of a  transition m atrix

5 - 1
T  =

2i ’

are specified by the channel indices, *=initial meson-meson state, /= fin a l meson- 

meson state. In our study the channel index (1,2,3,4,5,6,7) corresponds to (rnr, K K ,  

r\r\, ee, pp, ww, rjrj') respectively. This correspondence is according to the order of 

the increasing threshold energies of these meson-meson systems. Thus a m atrix 

element T n  is for the interaction 7T7T —> irir, T u  is for the interaction 7T7T —»• K K ,  

and so on.

A real symmetric m atrix  is defined as,

UuUtj
m? — s

1 = 1 , n  1

where s is the energy of the center of mass of a meson-meson system squared, mj is 

the mass param eter which we call the /-th  If-m atrix  pole, and t / ’s are the coupling 

constants to be discussed shortly. This definition is almost unique since a  one- 

channel single resonance case shows th a t the If-m atrix  will lead to a form of the 

Breit-W igner amplitude.

6.2  M eth od s for P aram eter D eterm in ation
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One defines a  Iif-matrix,
U2

K  =
D  + iU2’

by identifying D  = m 2 — s — iU 2 we obtain a relativistic Breit-W igner amplitude,

m U2
t = d ■

The width of the resonance is formally defined as,

r =
m

this is equivalent to  U2/m .  The width is evidently a function of y / s ,  the full width 

of this resonance is the value of T evaluated a t y/s =  m.

The iif-m atrix now takes the following form if the case of two poles is considered,

K _  p ?  . p?
D i +  iU l D i +  i U l '

then the T-m atrix will become,

^  U1D 2U1 +  U2D 1U1 — 2 U1D 12U2 
T  = ------------- D , D , - D \ , ------------- ' ( M )

Here we defined,

D 12 =  —iU\U2,

and Di — m 2 — s — iU 2, [I =  1,2). The equation(5-l) can be expressed compactly 

in the following form,

T  = Ut D ~1TJ,

where,

and,

B, ') 1
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The equation (5-1) is already rather complicated. This expression, however, can be 

separated into two terms,

with,

* - ( £  £ ) •  m

The first term  and the second term  in the equation (5-3) are both of a  Breit-W igner 

form, the second term  carries an over-all phase which is a  function of energy. Indeed 

with the following identification,

det Dm 2 — s — imV
Di

mT  =  |d e tW /I? i |2
(5-5)

=  M*>

e*e =  ck2/|ck|2,

we obtain the amplitude,

_ miTi m l V 0
T =  — s — ^  +m \ — s — irriiTi m 2 — s -  im T  ’ 

where we set U2 = m iT i .  The identification of the second term  in the above expres­

sion for the am plitude with a Breit-Wigner form is purely formal since a complicated 

functional dependence of the phase 0 on y/s might distort its shape. This procedure 

is based upon the ideas introduced by Goebel and McVoy37. Notice the mass of the 

second resonance is not the same as the mass param eter m 2 th a t appears in the 

original expression for the -matrix. The resonance mass m  computed from the 

equation (5-5) is a  function of y/s, m  = m(y/s). We formally define the mass of the 

second resonance,

m (y /T 0) =  V^o,
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the particular value at which m(y/s)  and y/s are equal to each other.

The generalization of the above procedure to the case of M  channels and N  

poles is exceedingly complicated, bu t the following ansatz formula for the T-m atrix 

elements (a, 6 =  1 , . . .  ,M )  can be derived based upon equation (5-3),

m _  tt'T j —I tt1 , det Wa det d det Wh twT + - U . d  Ub + i e t J )  d e U  . (5-6)

Here D  is an N  by N  symmetric m atrix similar to  equation (5-2), d is a sub­

m atrix constructed from D  by removing the N-th column and the N-th row, Wa is 

a m atrix essentially the same as D  except the last column (N-th column) is replaced 

by a column vector Ua similar to equation (5-4), U'a is a column vector the same 

as Ua except the last component is removed, therefore it is a  vector of dimension

(N  — 1). The last part of the equation (5-6) is of a  Breit-Wigner form if one makes

identification,
o . _ det D  m — s — tm T  =  ,

det d

m r a =  | det Wa/d e td |2

=  lal2,
(5-7)

=  « 7 |a |2.

Since the first two leading terms in the first line of equations (5-7) are m 2N — s, we 

will define the mass of the N-th resonance to be,

1/2/ _  ..d e t I?. y /£
(RealW > +y ■

The value evaluated by the method discussed already, i.e. through the condition 

m(VS) =  y/s, is used in the equations (5-7) to compute the partial widths and 

to tal width of this resonance. In particular the imaginary part of the first line 

of equations (5-7) gives the to tal width of the resonance, the partial widths are
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computed from the second line. Masses and widths of all the remaining resonances 

are computed by following the algorithms through cyclic perm utations,

l , 2 , . . . , J V - >  N ,  1 , 2 , . . . ,  N -  1 —> 2 ,3 , . . . ,  1.

This m ethod has been used in a  study of the <f><f> system38.

Formally a  resonance is defined as a  complex pole in the 5-m atrix. As one sees 

the definition of the 5-m atrix  through the iif-matrix, a complex pole is inside the 

m atrix (1 — *ijf)-1 . If one calculates, (m2 — s )( l — iK ) ,  one obtains the expression 

denoted by A which is the inverse of a complex pole,

A =  m 2 — s — iU 2

For the general case of M  channels and N  poles, one defines the following expression 

for A corresponding to the iV-th resonance,

_ nt (m? -  s) d e t(l -  iK )
H -  s) d e t( l -  iK N)

where K  is the M -channel(M  by M )  iif-matrix with N  poles, ifjv is the same 

M -channel iif-m atrix w ith the iV-th pole removed. The appropriateness of this 

definition can be seen if one studies simple cases. A major difference between this 

method and the first method is th a t one is concerned with only one M  by M  m atrix 

in this m ethod no m atter how many poles one introduces in the fit. Again the mass 

of the JV-th resonance is close to  the mass param eter mjy of the iV-th pole but 

dependent on the energy y/s,

m  =  (Real A +  s)1/2,

T =  —Imag(—).
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The partial widths of the resonance is defined to be,

r«  =  l ^ P i .  -  O l .
7 ft /

where Taa is the (a, a) element of the T-m atrix computed from K ,  and T'aa is the

(a, a) element of the T-m atrix computed from K n .

6 .3  A uxiliary  D a ta  Sets

As we discussed previously, we do not have detailed information concerning the 

unitarity  limits of these da ta  sets. We can not use the if-m atrix  representation of 

T-m atrix. We can write the production amplitude

decay of resonances, the result of this is to  relax the unitarity  constraints.

T  =  (1 -  iK )~ l P ,

where P  is given through the use of arbitrary complex param eters Cj,

This param eterization follows the generalization considered by Aitchison39 and has 

been successfully applied to the analysis of the 37T data40. The central observation 

from which this generalization was considered was th a t in the definition of the T- 

m atrix the (1 — z'JRC)- 1 term  describes the propagation of two-body intermediate 

states and the additional factor K  is for the formation and decay of these states. 

Thus replacing one of the coupling constants w ith arbitrary  complex param eters to 

form the P-vector is equivalent to introducing arbitrariness in the formation and

6 .4  K in e m a tic s



The coupling constant Uu for the Z-th If-m atrix  pole and the i-th  channel is of the 

following form,

Uu =  '1iiB{rqi),

where m  is a  free param eter to be determined by fit, B(rqi)  is the Blatt-Weisskopf 

barrier factor which is a  function of the effective m omentum of the meson-meson 

system in the *-th channel and another free param eter r of dimension length. This 

param eter was 5.0 in our fits. For the S -wave this factor is equal to  g,-. For the 

higher waves they are of the following forms,

=  9 (rq)4 + 3(rq)2 +  9 ’

for the I?-wave, and

B(ra) =  ___________________ N ) ! ___________________
(rq)8 +  10(r9)6 +  135(rg)4 +  1575(rq)2 +  11025’

for the G-wave.

Among seven different channels, the ee and the pp channels are different from 

the others, since the e(the old e a t around 720 M ev/c2) and the p both  have non- 

negligible widths. These channels represent th a t of a  broad 4 7r continuum  back­

ground rather than  a  real 2 meson decay channel. The phase space integral is 

defined on a 4-body phase space (2 pions versus 2 pions), and it requires Monte 

Carlo computations to perform this integral. Instead, we used the standard formula 

from the 2-body kinematics,

.2 _  (s -  (m i +  m 2)2)(s -  (mi -  m 2)2)
9 — A >4a

modified by introducing complex masses, m i and m 2, and w ith use of a param eter 

0 to adjust the threshold,
* a o . 9
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The values of the effective m om enta used in the fit are obtained from the real part 

of q defined above. The param eters, the imaginary parts of m i  and m 2 and 0 

were chosen so th a t the effective momenta calculated are approximately identical 

to those obtained by the Monte Carlo calculations. The values which we obtained 

were,
m e =  0.720 +  0.0401t'Gev/c2 

0e =  0.0127(Gev/c2)2 

m p =  0.770 +  0.023iGev/c2 

0P =  0.0053(Gev/c2)2.
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C h a p te r  7 F i ts  to  th e  D a ta  

7 .1  M eso n s  w i th  J p c = 2++ a n d  4 ++

The fact th a t the tttt and K aK a data  are both dominated by the /2(1270) below 

1.6 G ev/c2 made the first part of the fit relatively smooth. A if-m atrix  pole was 

introduced a t 1.2 G ev/c2 and the 7T7T and K K  couplings were opened to  fit these 

two da ta  sets below 1.6 G ev/c2. When the phases of the 7T7T were fitted and the 

convergence was reached, the second if-m atrix  pole was introduced a t 1.5 G ev/c2 

with the 7T7T and K K  couplings. This second pole improved the to tal x 2 dram ati­

cally. Then we introduced the if-induced K K  data to the fit, in order to  constrain 

the to tal w idth of the second pole as well as the K K  partial w idth of the first pole. 

Clear improvements in the widths of these poles were seen. The 7777 couplings of 

these poles were then opened at this stage to avoid unnecessary constraints among 

the param eters. The widths and masses of the states were always computed at 

each mass bin every tim e a fit was performed. The th ird  pole was then introduced 

at 1.6 G ev/c2 w ith three couplings{tttt, K K , and 7777), while the range of the fit 

was extended to  1.8 G ev/c2. When the convergence was reached, the 7777 da ta  were 

introduced. The 7777 and pp channels needed to be opened to achieve unitarity. The 

fit was constrained by the to tal and partial widths of these poles. We then intro­

duced the SLAG xtt and K + K ~  data  sets with the helicities separated explicitly 

according to  the claims made by the SLAC group. The entire range of the 7T7r and 

K aK a da ta  were fitted with the ww couplings turned on.

A reasonable fit was found using 5 poles. This fit, which we called F it I, has a x 2 

of 273 for 225 degrees of freedom. The param eters were listed in the Table 7.3. By
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the x 2 test described in the Ref. 23, this is a 2.3 a  fit. The large x 2 contributions 

come from three different regions:

a)the region around 1.7 G ev/c2 in the SLAC tttt data  especially in the helicity 

2 p a rt of the spectrum.

b)the region around 1.6 G ev/c2 in the if-induced K +K ~  data.

c)the 7T7T phases between 1.5 G ev/c2 and 1.9 G ev/c2.

The contribution a) is the largest. The over-all quality of the fit was otherwise 

satisfactory as seen in the Fig. 7.1 through Fig. 7.3. The param eters in the Table

7.3 show th a t these poles can be identified with /2(1270), /2(1525), /2(1720), and 

/2(1810). This fit and the all other fits to be described below required a broad pole 

located a t higher masses shown in the Table 7.9. The most noteworthy aspect of 

this fit result is seen in the to tal and the partial widths of the /2(1270) and the 

f'2{1525).

Upon comparing these param eters w ith the published values, we found that 

the branching ratios of the /2(1720) were rather inconsistent. In particular the 7T7T 

branching ratio  of this sta te  appeared to  be too small,

=  0.036.
r  total

this num ber is almost half the published value. Also noteworthy is the substantial 

inelasticity seen in the ratio,

F e e  +  P p p  +  Pfaw _  o  7 2

r total

this num ber has never been measured since decays of the /2(1720) into these chan­

nels have not been seen.
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We then attem pted a  constrained fit to see compatibility of the branching ratios 

of the /2(l720) with the reported values. The resulting fit is called F it II, the pa­

rameters are listed in the Table 7.4. The to tal width of the /2(1720) is substantially 

smaller.

Though the helicity separation we used was done according to  the assumption 

made by the SLAC group, it is clear th a t their assumption had never been verified 

explicitly. We have also considered the possibility th a t this helicity component 

separation of the SLAC 7T7t data  around the /2(1720) region relied on a wrong 

assumption. To see if this possibility was reasonable we attem pted another fit 

in which the helicity 2 part of the SLAC tot data  was dropped. The resulting 

param eters are given in the Table 7.5. This fit (Fit III) is not different from the Fit 

II except th a t the to tal w idth of the fourth pole is larger by roughly 100 M ev/c2. 

The x 2 per degrees of freedom of the F it II and F it III are also similar. In both 

cases extra contributions to the total x 2 comes from the above-mentioned region

b ). The conclusion we draw from this result is th a t the assumption of the helicity 

separation is not significant in understanding the smallness of the irn branching 

ratio of the /2(1720).

We have attem pted three more different fits. The first fit (Fit A) was done 

w ithout including the SLAC data. This fit was a  1.26er fit.

The second fit (Fit B) had a highly im portant purpose to see the general signifi­

cance of the /2(1720) in the hadronic data. The SLAC data sets were dropped and 

the pole at 1.7 G ev/c2 was removed. The quality of the fit did not change except 

in the region b). The fit basically failed to describe this region because in this fit 

we have only one pole strongly coupled to the K +K ~ .  This is a  2.9<r fit.
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The th ird  fit (Fit C) was a  study of the significance of the pole a t 1.8 G ev/c2. 

In this fit this pole was removed bu t the th ird  pole located a t 1.7 G ev/c2 in the F it 

A was retained. This fit could not describe the 7T7T data, both  the phases and the 

amplitudes modulus squared, in the region between 1.5 G ev/c2 and 1.9 G ev/c2.

Two im portant conclusions emerged from these fits. One of them  is th a t the 

/2(1720) is not seen in the hadronic channels. High-statistics data  from the K -  

induced K K  production experiment in the future could shed light on this point. 

The /2(1810) is definitely established in the hadronic tck channel by 7.8a.

During these fits, the G-wave amplitudes were also studied. Since the old r\r\ 

da ta  sets do not contain the G-wave, we only used three couplings(the irjt, K K ,  

and the pp channels). All six fits(I, II, III, A, B, and C) gave similar results for the 

/4(2030),
m =  1.980l°;°°?

r  total =  0.3301°;°°?, 

with the following branching ratios,

t — 0  n7O+°.004 r - — o n44+0 001JT7T — U.U I »_0.002 > XK K  ~~ U-Uftft-0 .001/

The phases of the K g K g  above 1.85 Gev/c2 were exceptionally influential in deter­

mining these param eters mainly because of their small error bars. Also these phases 

made it extremely difficult to introduce another state  above 2.0 G ev/c2, although 

it is evident th a t the fits to  the |G |2 of both the tttt and the Kg Kg  da ta  require 

another state which may be a  background.
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Tables of the fit results 

Table 7.1 The fits w ith description. h= 2  means helicity component 2.
fit description
I the best global fit
II fit w ith SLAC branching ratios
III fit w ithout SLAC 7tjt ( h= 2)
A the best global fit w ithout SLAC data
B fit without /a (1720)
C fit w ithout / 2(1810)

Table 7.2 The channel labels and the processes.
channel process

1 7TJT —*• 7TJr
2 7T7T —> K K
3 7TJT —> tjrj
4 JT7T —> ee
5 7T7T —> p p
6 7T7T WW



93

Table 7.3 The param eters of the F it I. The numbers in the first row are channel 

labels from the Table 2. The numbers are all in the units of G ev/c2. Those in the

parentheses are the K -m atrix pole positions.

state mass width 1 2 3 4 5 6

h (1-281) 1.283 0.185 0.156 0.009 0.001 0.000 0.019 0.000
/ ;  (1.537) 1.548 0.114 0.001 0.065 0.025 0.014 0.010 0.000
h  (1-728) 1.725 0.194 0.007 0.037 0.010 0.018 0.014 0.108
h  (1-887) 1.856 0.406 0.082 0.002 0.003 0.010 0.253 0.056

X2/d .f .= 2 7 3 /2 2 5 = 1 .2 1

Table 7.4 The param eters of the F it II.

state mass width 1 2 3 4 5 6

/ 2 (1-283) 1.286 0.192 0.162 0.009 0.001 0.000 0 .020 0.000
/ ;  (1.541) 1.553 0.114 0.001 0.062 0.028 0.011 0.014 0.000
h  (1-740) 1.729 0.119 0.005 0.047 0.024 0.020 0.023 0.010
h  (1-801) 1.787 0.183 0.041 0.004 0.007 0.017 0 .050 0.065

X2/d .f .= 3 0 7 /2 2 5 = 1 .3 6

Table 7.5 The param eters of the F it III.

state mass width 1 2 3 4 5 6

h  (1-283) 1.286 0.191 0.160 0.009 0.001 0.000 0 .019 0.000
/ ;  (1.541) 1.557 0.110 0.001 0.059 0.026 0.011 0.013 0.000
h  (1-717) 1.718 0.115 0.002 0.053 0.024 0.013 0.013 0.010
/ 2(1.811) 1.806 0.276 0.054 0.004 0.008 0.083 0.084 0.056

X2/d .f .= 3 1 0 /2 2 5 = 1 .3 7 8



Table 7.6 The param eters of the F it A

94

state mass width 1 2 3 4 5 6

/2  (1.287) 1.289 0.184 0.156 0.009 0.001 0.000 0 .019 0.000
/*  (1*543) 1.556 0.111 0.001 0.062 0.025 0.014 0 .009 0.000
/2  (1.700) 1.697 0.212 0.003 0.058 0.014 0 .019 0.011 0.107
/2  (1.905) 1.876 0.458 0.082 0.001 0.001 0.014 0.297 0.063

X2/d .f .= 1 8 9 .4 /1 6 7 = 1 .1 3

Table 7.7 The param eters of the F it B

state mass width 1 2 3 4 5 6

/ 2(1.282) 1.284 0.189 0.168 0.011 0.001 0.000 0.025 0.000
/*  (1*526) 1.533 0.101 0.002 0.062 0.002 0.008 0.009 0.000
/2  (1.880) 1.838 0.429 0.075 0.002 0.000 0.113 0.238 0.000

X2/d .f .= 2 4 1 .6 /1 7 3 = 1 .4 0

Table 7.8 The param eters of the F it C

state mass width 1 2 3 4 5 6

/a(l*277) 1.278 0.185 0.157 0.009 0.001 0.000 0.019 0.000
/a (l-5 4 1 ) 1.551 0.112 0.001 0.063 0.025 0.013 0.009 0.000
/a (l*719) 1.731 0.175 0.005 0.029 0.014 0.030 0.024 0.088

X2/d .f .= 3 2 9 /1 7 3 = 1 .8 4
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Table 7.9 The if-m atrix  pole mass parameters for the background pole.

F it pole position
I 6.000
II 6.387
III 6.402
A 6.071
B 5.974
C 5.962

Table 7.10 The masses and widths of the f% (1270) and /2(1525) w ith errors in 

the units of M ev/c2 from the F it I.

state mass Ttot Tnn Tk R r 11
/ 2(1270) 1283±| 1861® 157±f 9-ol8:I io l8 :I
/'(1525) 15471J0 1 0 8 l| 1 4+lo—0.5 6 3 lf 24- l

Table 7.11 The param eters for the / 2(1810) and the /2(1720) from the F it I.

The fourth raw are the param eters for the /2(1720) from the F it II for comparison.

state mass width X njr X fc jf x m Xother
M 1810) 1858l£? 3 88 ljf n 9 i+ 0.02 

0.03 0 003'*'0,019 U.UUO—0.002

00 « 
cs o 
oo 
oo+ 

Ij
00 

j
ooo n 77+0.03 

U-‘ -0.07
/ 2(1720) 17 25 l| 1961*, n n K  +0.004 U.UOO —0.020 0.1918;*? o-o5lS:J? 0 CO 1 

+ 
op

o

/ 2 (1720) 1730lj0 122 US o rm + 0-002 u.uoy_0024 0.38 1™S o - i s i K 0 41+0-33 u,41- 0.11
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radiative decay of J/rJ> in events as a function of 7r+ jr~ invariant m ass(G ev/c3); 
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of K + K ~  invariant mass (G ev/c2). The solid curve is the F it I; the short dashed 
curve is the F it II; the long dashes are F it B.



99

|G|2
0 .3 6

0 .2 9

0 .2 3

0 .1 7

0.12

0 .0 6

0.00
2.222 .0 41 .9 6

G-PHASE
180

160

120

— f—90

60

30

2 .0 4 2.221.88 2.121 .9 61 .8 0

Fig. 7.4 a) The results of the  F it I  to  the jtjt G-wave as a  function of tttt invariant 
mass (G ev/c2); a) The m odulus Bquare of G-wave world averages from  chapter 2; b) 
T he G-wave phase in degrees, j



100

|Go!2
0 .0 5

0.04

0 .03
-X -

-  J

0.02

0.01

0.0 1 .91.6 2.2 2 .51.0  . 1 .3

M ass(KsKs)
|0 g~ 0 dI

360

-56-
300

240

180

'120

60

2 .52.21 .91.61.0 1 .3

Mass(KsKs)
Fig. 7.5 T he results o f the  F it I  to  the K K  (7-wave as a  function of K K  invariant 

m ass(Gev/c2); a) The m odulus square of (7-wave am plitude; b) The relative phase 
14>G ~  4>d \ ia degrees.



101

7.2 P re lim in a ry  In v e s tig a tio n  o f  M esons w ith  J p c  =  0++

We recall the general strategy in the fit of the D -wave da ta  sets. The parts of the 

spectra around the /2(1270) and the /2(1525) made the beginning of the fit very 

smooth. The data  points around the /2(1270) were even used to  “calibrate” the 

phase motion. Upon making a qualitative comparison of the IS^2 of the 7T7T, K K ,  

and the r\r\ data, one finds th a t they do not share similarities (the kinds of similarities 

th a t we observed in the |Z?|2 simply do not exist). The most outstanding difference 

in the |5 |2 is seen in the region around 1.6 Gev/c2 in the r\r\ data. This along 

w ith the to tal absence of narrow structure in the 5-waves makes the fit extremely 

difficult. In this section, some of the results of the fits th a t are still in progress axe 

presented and discussed.

We have taken the F it I and fixed all the param eters for the Z>-waves and 

G-waves, we proceeded according to the following order:

1) fit the |5 |2 of the 7r7r da ta  up to 1 Gev/c2.

2) the |£ |2 of the K §K g  data  added and the 7T7T data  extended to  1.5 G ev/c2.

3) the |5 |2 of the rjrj da ta  added to 1.5 G ev/c2.

4) the Pomeron tttt data  added.

5) the phases of the tttt, K^K%, and rji] added.

6) the r\v\ data  added.

7) the steps 1) through 5) were repeated with data  points extended to  2.5 

Gev/c2.

At present fit results based upon 7 K -matrix poles indicate th a t this fit is 

possible except in the region between the threshold and 1.8 G ev/c2 of the |5 |2 in
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the rirj data. These fit results had been presented already. The masses and widths 

of these resonances are:

a) the low mass region(below 1.0 Gev/c2),

m i =  0.99Gev/c2 

Tx =  0.03Gev/c2 

m 2 =  0.96Gev/c2 

1?2 =  0.17Gev/c2.

b) the medium mass region(1.0 G ev/c2 to 1.60 G ev/c2),

m3 =  1.32Gev/c2 

T3 =  0.59Gev/c2 

m 4 =  1.51Gev/c2 

r 4 =  0.29Gev/c2.

c) the high mass region(1.60 Gev/c2 to 2.0 G ev/c2),

ms =  1.74Gev/c2 

r 5 =  0.33Gev/c2 

me =  1.75Gev/c2 

r 6 =  0.34Gev/c2.

d) the region above 2.0 Gev/c2,

m^ =  2.30Gev/c2 

r 7 =  0.27Gev/c2.

The following Table shows the branching ratios of these seven states.

Table 7.12 Branching Ratios of the Scalar resonances.

(7-3)

(7-4)
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state &Kir X K R x w

m i 1.0 0.0 0.0
m 2 1.0 0.0 0.0
m 3 0.55 0.35 0.02
WI4 0.13 0.00 0.52
m s 0.25 0.05 0.07
m 6 0.57 0.01 0.00
rri'j 0.10 0.01 0.47

In addition to these, we obtained £w /=0.25, 0.23 for the fifth and the sixth 

states respectively.

The 7rjr world averages presented in Chapter 2 are extremely close to the data 

set obtained by Hyam et al. in the CERN-Munich experiment (Ref. 10). The data 

set 7) taken from their experiment dominated in the averaging process. This is due 

to the fact th a t their data  points have very small error bars. Their data  set also has 

smaller bin sizes. W ith this da ta  we made efforts to understand the 7T7T data  below 

1 Gev/c2 independent of other data  sets. This is possible since the elasticity of the 

7T7T amplitudes is 1 up to the K K  threshold, simple fits to the 6q (the isospin=0 

5-wave phases) were attem pted using various ways of param etrization. The most 

im portant conclusion of these independent fits is th a t two resonances are definitely 

necessary to  understand the 7T7r data  below the K K  threshold. These resonances 

are one extremely narrow and one extremely wide ones,

m i =  1.017Gev/c2 

Ti =  0.067Gev/c2,
(7-5)

m 2 =  1.038Gev/c2 

1*2 =  1.710Gev/c2.

The second resonance may be regarded as a background because of its extreme 

width. These param eter values (7-5) become the values (7-1) when other channels
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axe introduced, also the qualitative feature(one narrow state  and one wide back­

ground) change dramatically. This necessity of two poles can be seen most clearly 

if one considers the cot 6ff as a  function of the invariant mass of the 7T7T system. 

Recall th a t the elastic scattering amplitude can be w ritten as,

/  =    ;
cot — i

and usually the cot is expanded as a Taylor series in terms of to obtain a 

classical Breit-W igner form. One can see th a t the data  points of cot 6$ can not be 

approximated by a linear function of m m  neither can they be represented as a  cubic 

function of m**, whereas the da ta  points around the p region can be sufficiently 

represented by a linear function up to  0.85 G ev/c2. The same observation based on 

the relativistic Breit-W igner is possible.

The fit result in Fig. 7.6 shows th a t the pomeron tttt data  can be reasonably 

understood by two if-m atrix  poles below 1 G ev/c2.

The resonances in the medium mass region (7-2) are consistent with w hat we had 

known already. These resonances are the /o (1300 ) and th e /o  (1590). The resonances 

in the high mass region(7-3) are rather puzzling to  us, bu t the inadequacy of the 

present fit to  describe the rjrj spectrum  from the threshold to  1.8 Gev/c2 will be the 

key to  improve the results.

The necessity of the seventh if-m atrix  pole appears to be overwhelming, since 

the region of the K g Kg  and the r/ij data  above 2.0 Gev/c2 can not be described 

without this pole.
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C hapter 8  G en eralities and  Sum m ary

8 .1  Low  E nergy Q C D  an d  L ight-quark S p ectroscop y

In this chapter we discuss some of the available results from theoretical studies of 

light-quark spectroscopy. There are three totally different approaches: l)  potential 

model approach, 2) bag model approach, and 3) lattice gauge theory approach. At 

present none of these is free from problems.

Studies of light-quark mesons in the lattice field theory have not reached full 

m aturity  yet. Most of the available results are for baryons and low-lying mesons, 

mesons w ith 0-+  and 1 . The ratios of proton mass to  those of the p and the

A have been calculated on larger lattices with dynamical quark loops explicitly 

included41. Things are rather encouraging.

The potential models are now capable of giving realistic results for light-quark 

spectroscopy. Among the potential models, the one recently developed by Godfrey 

and Isgur42 appears to be reasonably successful in describing spectra of qq mesons.

They use a relativistic Hamiltonian,

Ho =  (P2 +  m2)1/2 +  (P52 +  m2)1/2 

together with a potential of the form,

V  = + br + c) + H spin-spin + H apin-orbit +  R
3 r

to  solve a Schrodinger equation. The last term  in the potential, H a, is for the an­

nihilation processes of qq and is im portant for isoscalar mesons. The large-distance 

behavior of the running coupling constant a 8(r) was controlled by a smearing func­

tion w ith an im portant assumption th a t ot8 saturates a t some value a c/ tUcal=0.7. 

Even if this assumption makes sense, we really do not know if the coupling constant



I l l

is definable a t very low energies, neither do we know how to  measure its value below 

2 Gev. Totally 14 free param eters were employed to  calculate the meson spectra 

of light and heavy quarks. The masses of u- and d-quarks turned out to  be around 

220 M ev/c2, while the mass of s-quark was 419 M ev/c2.
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Table 8.1 Light isoscalar mesons from the potential model of Godfrey and Isgur, 

masses are in Gev/c2.

state name j P C predicted mass
13P2 / 2++ 1.28

t 1.53
23P 2

4
1.82

/* 2.04
i 3p 2 Sf 2.05

S'f 2.24
13P0 € o++ 1.09

1
e 1.36

23P0 CR 1.78
/

eR 1.99
i 3p 4 h 4++ 2.01

h! 2.20

Some of the predicted states are listed in Table 8.1. States with J p c = 2++, 

and 4++ are in agreement. There are three 2++ states above 2.0 G ev/c2, since 

these states are expected to be wide they are difficult to  look for in the data. The 

continuum structure in the Kg Kg JD-wave above 1.60 G ev/c2 may contain these 

states, one background pole was used to describe this region. The region above 2.0 

Gev/c2 in the D -wave r\r\ da ta  is also structureless. The most noteworthy feature 

of this predicted spectrum  of tensor mesons is the absence of a  state th a t would 

correspond to the /2(1720). A phenomenological scheme in which states above 2 

G ev/c2 together with a gluon-bound state are mixed would be possible, by a  proper 

choice of mixing param eters one of these states could have its mass a t 1.72 G ev/c2. 

But even with such a scheme one can not necessarily explain why the /2(1720) is 

not observed in the hadronic two-meson final states.

As to the spectroscopic assignment of the /o (9 7 5 ) and ao(980), two closely 

related possibilities43 are available:
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a) /o(975) and ao(980) are K K  bound states,

b) /o(975) and oo(980) are two members of the low-lying “cryptoexotic” qqqq 

nonet.

The qqqq wave function in the potential model appears to  describe two weakly 

bound color-singlet mesons, and the potential model predicts th a t probably only the 

K K  system binds suppressing other members of the nonet. The narrow widths of 

these scalars follow from the fact th a t the K K  wave function is large enough to make 

the 7T7r-production improbable. This line of observation naturally suggests th a t the 

above-mentioned possibilities are both  reasonable description of these scalars.

Turning to  other scalar states, the potential model gives the following predic­

tions where x m m  stands for the branching ratio:

a) e(1090) has r=^850 Mev, xffff2i0 .86, and xK^c^0.14.

b) e'(1360) has r ~ 6 0 0  Mev, x„„c*0, xK^^O .S , and x nnc^0.2.

c) cr(l780) has TcilOOO Mev, x„nzi3xK% -Cl.

None of the reported values for the mass and w idth of the /o(1300) comes 

close to  those of the e(1090) or of the e(1360). Our fit to the scalar amplitudes 

gave entirely different results. Although we can not reject these predicted scalars 

until we thoroughly explore possibilities, it is likely th a t we will continue to  see 

discrepancies.

8 .2  Sum m ary

The analysis of the available 7T7T data  sets show several outstanding discrepancies in 

the 5-wave and the Cr-wave amplitudes. A ttem pts were made to derive the averages 

using the adiabatic averaging method with weights.
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The data  sets on the K K  systems from the fixed target experiments with r̂ 

beams are consistent with each other as the results of a recent experiment on ir~p —> 

K g K g n  a t 22 Gev/c indicate.

W ith these amplitudes sets along with the ijrj and other available data, a 

coupled-channel analysis was carried out using the if-m atrix  formalism.

The results of the fits to  the D -wave amplitudes were very successful. The fit 

results gave consistent param eter values for three states, /2(1270), /2(1525), and 

/ 2(1810). The necessity of the /2(1720) was seen only with respect to  the data  from 

SLAC experiments on the J/ff) radiative decays. The evidence seen in the available 

da ta  indicates th a t this state  is not formed in the hadronic meson-meson channel.

The 5-wave amplitudes need further work. At least seven states are necessary 

to describe the spectra from 0.6 Gev to  2.4 Gev.
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A p p e n d ix

Given two hypotheses, we would like to  know which hypothesis is better than the 

other and by how much. The num ber of cr’s by which two hypotheses differentiate 

themselves is given by,

f-ff =  V2 ~  Vu

where

y t  =  (2x l ) 1/2 -  (2 « i> , -  i ) ' l \

for the k -th  hypothesis and x \  and Nj)h are the x2 and num ber of degrees of freedom 

for the

fit to  the same da ta  based upon the k-th  hypothesis. These definitions come 

from the standard  x2 distribution in the limit of the num ber of degrees of free­

dom, N j), being large enough to make the x 2 normally distributed about N p  with 

standard deviation a  of 1. Let x 2 and N d 1 represent the best fit w ith the ratio of 

approximately 1. W ith the assumptions th a t Sx2Jx\  and n /N j) t are small where,

xl  =  Xi +  6X2

and

N d 2 =  N Dl +  n,

we obtain,

n ,  «  (2X; ) ' /2(«X2/2X? -  n /(2 N D l -  1)).

Further neglecting the last term  in the above equation, we obtain the following 

simple formula.

n .  «  i x V ( 2 x ? ) , / 2 -
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