INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While
the most advanced technological means to photograph and reproduce this document
have been used, the quality is heavily dependent upon the quality of the original
submitted. ' '

The following explanation of techniques is provided to help you understand
markings or patterns which may appear on this reproduction.

1.

5'

The sign or “target’’ for pages apparently lacking from the document
photographed is “Missing Page(s)”’. If it was possible to obtain the missing
page(s) or section, they are spliced into the film along with adjacent pages.
This may have necessitated cutting thru an image and duplicating adjacent
pages to insure you complete continuity.

. When an image on the film is obliterated with a large round black mark, it

is an indication that the photographer suspected that the copy may have
moved during exposure and thus cause a blurred image. You will find a
good image of the page in the adjacent frame.

When a map, drawing or chart, etc.,, was part of the material being
photographed the photographer followed a definite method in
“sectioning’’ the material. It is customary to begin photoing at the upper
left hand corner of a large sheet and to continue photoing from left to
right in equal sections with a small overlap. If necessary, sectioning is
continued again — beginning below the first row and continuing on until
complete.

. The majority of users indicate that the textual content is of greatest value,

however, a somewhat higher quality reproduction could be made from
““photographs” if essential to the understanding of the dissertation. Silver
prints of “photographs” may be ordered at additional charge by writing
the Order Department, giving the catalog number, title, author and
specific pages you wish reproduced.

PLEASE NOTE: Some pages may have indistinct print. Filmed as
received.

Xerox University Microfilms

300 North Zeeb Road
Ann Arbor, Michigan 48106



e TR

73-22,739
MAYER, Evelyn Gail, 1946-
ERGODIC PROPERTIES OF GENERALIZED AFFINITIES OF
COMPACT NIIMANIFOLDS.

The City University of New York, Ph.D., 1973 5
Mathematics i

University Microfilms, A XEROX Company , Ann Arbor, Michigan ‘



ERGODIC PROPERTIES OF GENERALIZED AFFINITIES
OF COMPACT NILMANIFOLDS

by
EVELYN MAYER

A dissertation submltted to the Graduate
Faculty in Mathematics in partlal ful-
fillment of the requirements for the
degree of Doctor of Philosophy, The Clity
Unliversity of New York,

1973



This manuscript has been read and accepted for
the Graduate Faculty in Mathematlcs in satis-
faction of the dlssertation requirement for the
degree of Doctor of Philosophy.

1

ining Commi ttee

s/Z; 3 /]j

date Chalrman of Exam

/ / Exocutive OTF

date i1cer

Professor Herve Jacquet

Professor Martin Moskowitz

Professor Richard Sacksteder
Supervisory Comml ttee

The City Unliversity of New York



ACKNOWLEDGEMEN TS

I would like to thank my adviser, Prof. Louls Auslander,
for the many valuable suggestions he contributed towards the
writing of this thesis. Without his guidance, this thesis
could not have been written.,

I would also 1like to thank the Natlional Aeronautics and
Space Administration, the National Science Foundation, and
the Clty Universlity of New York Graduate Center for their

financial support during my years of graduate work,

ii



TABLE OF CONTENTS

Approval page p.l1
Acknowledgements p.ii
Introduction P.1
Part I: Preliminaries P.k4
The Generalized Mautner Lemma p. 11
Part II: Proof of Theorem A P. 17
Part ITII: Proof of Theorem B p. 18
Bibliography p. 20

Autoblographlcal Statement p. 22



INTRODUCTION

Let N be a connected, simply-connected nilpotent Lie
group and let ™ be a discrete subgroup of N such that N/I"
1s compact, Let A', an automorphlism of N, be such that
AY(P)C I . We will show that " /A'(") is finite and so A'
induces a mapping A: N/P~?» N/ which 1is a finite covering.
We will call A a generalized automorphism of N/ . Now,
since N is a unimodular group, Haar measure on N induces a
unique probability measure m on N/IP. Since A: N/I"—> N/ is
a finlte covering, 1t 1s well-known that A is a measure
preserving transformation. We note that A™, m in the set Al
of positive integers, is well defined but unless A'([)=T
A" m in Z+,is not,

Let n*e N. We define the mapping nf'—» n*A(n)I", neN,
as a generalized affinity and denote it by F, It is clear
that F is a measure preserving transformation of N/f* ., Our
problem in this paper 1s to give effective necessary and
sufficlent condltions for F to act ergodically on N/T* . This
problem has been studied by W, Parry in([71. However in this
paper we will follow the approach for determining ergodicity
of flows on solvmanifolds as presented by L. Auslander inf{al.

We will now define some concepts that will enable us to
state our two main results. Let L(N) denote the Lie algebra
of N and let A also denote the automorphism of L(N) that A
induces., Let Uy be the subalgebra of L(N) generated by the
subspace of L(N) on which A has eigenvalues with non-zero
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real parts. Let U be the subgroup of N with Lie algebra Ur
We will call U the unstable subgroup of W relative to A.

Let us adopt the notational convention that a subscript
zero denotes the identlity component of a group and a bar
denotes the closure operation. Wecen now state our first

main result.

Theorem A, Let A be a generallzed automorphism of the nil-
manifold N/[' . Then A acts ergodically on N/ if and only
if Nz (Ur )", where Uf" is the subgroup of N generated by U
and ,where U 1s the unstable subgroup of N relstive to &

In order to state our second main result we will have
to establish a few more ldeas., Let F==noA be a generallzed
affinity on N/ . By an inner automorphism of N we can
arrange 1t so that, if A, 1s the semisimple part of A, then
Ag(ng) =n . If the previous condition is satisfied we will
say that F 13 in standard position. We will call the unsta

ble subgroup of A the unstable subgroup of F,

Theorem B, Let F be a generalized affinity of N/f' in
standard position and let U denote the unstable subgroup
of N relative to F, Then F acts ergodically on N/ if and
only 1f 1, The action A¥ of A induced on N/(PU)g = N is
unipotent.
2. Let A*(t) be the unipotent group of automorphisms

*

3
of N such that A¥(1)= A¥, Let M be the nilpotent Lie

group A*(t)xN”. Let Pz P/(PUIZAM and let
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A = A¥m)x™ ¥, m in 2. Further let p(t) be the one parameter
group through n:‘; A¥(1) in M, Ten p(t) acts ergodically on
M/A .

Te basic new ingredient in this work that enables us
to go beyond the results in[Q] is the generalized Mautner

Lemma.



PART T
1. SOME PRELTMINARIES

In this section we shall review how, in the past,
ergodic properties of affinitles of the torus and of
compact nilmanifolds were analyzed using abelian harmonic
analysis, Thig 18 in contrast to the approach we shall take
later on of using nilpotent theory. We shall discuss, in
the following order, the results in(0}and Cid on ergodicity
of automorphisms and generalized automorphisms of the torus,
the results in(8lon ergodicity of generalized affinities of
the torus, and the results in [7)on ergodicity of generalized
affinities of compact nilmanifolds, We wlll then mention the
work on skew product flows in [}], showing how we can relate
the ergodic properties of an automorphism to the ergodic
properties of a group-induced flow,

Definitions. Let W/L denote the n-dimensional torus

group, where V¥ is the n-adimensional real vector space and L
the integer lattlice subgroup of V., Let A'be a linear
transformation of V* which maps L onto itself, Then A can
be represented as a matrix with integer entries and determin-
ant *1, which induces a measure-preserving automorphism, A,
of VW/L onto itself. For fELz(Vn/L) and x € W/L, define the
uni tary operator U,:f(x)-=»f(A(x)).

Let feL, let xeW™, and let l-x denote the dot product
in W, Ten the characters e2nil:x, denotea by ¢9.(X)’ can

be viewed first as functions on W/L and second as an



orthonormal basis for LZ(W/L),

Theorem 1, ((t8) An automorphism A of the torus W/L

1s ergodic if and only if A has no eigenvalues which are
roots of unity.

Proof. It suffices to show that A 1s ergodic if and
only if Uy restricted to the group ”}3 of characters of W
has no finite orbits, i.e, Uj 4)1:: 4’_& implies +’_= 1, [SecC‘ﬂf.S'Sl
Let n be the least positive integer such that uﬂ«l’f tt""p_"’l
men for £24 4 Uy(h)e U2 + .. 2WTW), U ()= 1.
Furthermore, since the characters are orthogonal, the inner
product (f,1)= O, and since the characters are linearly
independent, £ # 0. Hence f 1sn't constant and so A is not
ergodic,

Conversely, assume there are no finite orbits of UA'

b4
Let p, demote the projection of feL (V/L) onto 4{( .

Then we méy expand f in a PFourler series, f:ELplez“il'x.
2nil-A(x) 2 2ai (A1)

We have U f(x):FL (fe 2 (f)esn ( -X

A c p&_ IGLp'l ’

where A' 1s the transpose of A acting on L., This, in turn,

equals °2ﬂ1!.-x. Therefore, taking the inner

-

ZeL” (U'-1) ()
product of both sides with each character, and using the
orthogonall ty property of the characters,

Uyf=f if and only if p,(f)=p F?. Hence we have
4 2 (Yar-1)¢

an infini te number of coefficients in the Fourier serlies of
f which are equal in modulus, since U, has no finite orbits

implies , UA"I(Q_I’ o 2A,-1)m‘l,,... are all distinct,

Suppose A is not ergodic. Then there is an f€ LZ(Vn/L) such



that U,f= f and f #constant., Thus there exlsts an 1,5‘ 0]
such that 1) #0, But Bessel's inequality glves us
(-]
é |p2\2 £ S ‘f(x)l 2dx L£°9 gnd we also have
Ww/L
!pl\ 2'|'p2 -*pz teose= QO,

el 2 -1(_0,) U pie1)™ (£)
which is impossible.
Definitions, Let A be a linear transformation of W

which 1s nonsingular and maps L into L. Then A can be
represented by a matrix 11 **° 21in

Az . . s 8 integers.
a a 1)
nl o0 nn

For any vector v=(vy,V,,...¥,), lot (W = (v 30 3o 3)
where the symbol i}denotes the fractional part. The elements
of ¥/L may be identified with the points ¥ in the unit cube

of W, with (V350005050007 ) and (vl,...,l,...vn) identified
whenever the zero and one components are in identical positions
Define ™(V)= (A(Tr')}: ((allv ese alnv;})’“’{anlvl ..annvnx).
We call T a generalized automorphism of V/L, It is shown in
Cifthat each polnt ¥ of the unit cube has an inverse image
under T and that the measure of the complete Inverse lmage of

a set equals the measure of the set.

Theorem LM Let T be a generalized automorphism of the

torus VW/L. Then if T has no eigenvalues which are roots of

unity, then T 1s ergodic,

onil- x
Proof. For ste(Vn/L), let f(x): £p,e and

1 -
Uy (x)s £ 'e2mlx mepn b ‘1 Sl £(a(x))e 2t AT X

1 (1 =211 .
f jf(A(x))e A(X)‘_Qp
0 Jo =Py

, since we can replace x with A (x)



and apply the change in variables formula for integration.
The remainder of the proof 1s as in Theorem 1,p.5.

Definitions. Let W/L, be a torus, A a generalized

automorphism of W/L, and v,e /L. We call T: VL9V A(V)L,
veW, a generalized affinity of W/L., For p a positive
integer, define KP(A) = kernel(A'P - I)N1L, where A' denotes
the adjoint of A, and I denotes the l1dentity. We say xo 1s
rationally independent over K; (A) if whenever n€K,(A) and
the inmer product (xgy,n) is rational, then n= 0,

Theorem 3. Let T be a generallzed affinity of the torus
V¥/L. Then if there exists an integer pY1l such that
Kl(A)pr(A), then T isn't ergodic, If O#Ky(4)= Kp(A) for
every p21l, then T i1s ergodic if and only if x5 1s ration-
ally independent over Kl(A).

Proof. Let U,Ipf(v)gf(Tp(v)), where feLa(Vn/L) and
v €W, As in Theorem 1, to prove the first statement it
suffices to show there is a character of V/L which has finite
orbit under Up, Define By= AP~1 4 gP=% eoctA*I, and assume nel,
A'P(n) =n, A'(n);‘n, n#0. For n'=(A'- I)n, we have n'#£0,

B;', n'=0, and A'P(n')=n'. Once again, let ‘bn denote the

character of W guch that &n(x)= eZui(n,x)_ Then
Up fur(x)= §, (Bxg) ., (AP(x))=

#B,n'(xo) 1>A'Pn'(X)= #n'(x), so ¢n' has finite
orbit. P

Now suppose there exists an neKl(A), n-fO, such that

X,n)
(x5n) = q/p. Then ¢n(x): 92"1( ! 1s a character with finite



orbit, as follows:

U (§) (%) = (B (x5)) 4, (4P (x))

(x.) (x)
4)(A'p-l+...+A'i'I)n *o ‘PA'p(n) *

4: n(xo) 4>n(x) = ‘y:ﬁ’n(ﬂ = #n(x).

p
Conversely, suppose T is not ergodic. This implies that

there is an n€ L, n%0, and an integer p such that (by X)) p.‘ﬂl) h
Upp dn(x) = $plxgs Alxg)*e oo v (x)) Uyp d(x)

=UA9(¢n6‘)) z ¢,(x). This implies

$pp(x) = UAp(*n(X)) = ¢Alp(n)(X)’ so that

‘n=A"P(n) or n éKp(A)z Ky(4). It also implies that

12§ (x5) (xg+ Alxy)+.. AP (x )2

)
(a'P=1 . 4' I)n(xo

= 4’pn(xo). Hence, the inner product

(Xgspn) = p(xy,n)=0 mod 1, so that (xo,n) is rational.

Definitions. Let N be a connected, simply-connected

nilpotent Lie group,l a discrete subgroup of N such that N/p
1s compact, For x" e N/I', n, &N, and A a generalized
automorphism of N/I* , define T: xI'—» noA(x)I" as a general-
1zed affinity of N/ . For fe LZ(N/T' ) define

Up(f)(x)= £(T(x)). We will call an eigenfunction of the

uni tary operator Up an eigenfunction of T acting on N/,
Let NDON 2 ...>83 ¥1=e, n*le (v,¥], ve the lower
central series of N,

Theorem (Qn. et T, N, Nl be as defined above, Then

T is ergodic on N/I* if and only if the map induced by T on



N/NL— N/NIP i3 ergodic. If T is ergodic, all its elgen-
functions corresponding to elgenvalue 1 factor through N/N]Tl.

Proof, It suffices to show that whenever an eigen-
function of T: N/Nif—»N/NY* factors through N/N1[', the same
is true for T: N/Nz*lr' - N/N'hlf' « (By T we mean the map
induced by T). Replacing N by N/Nﬂﬂ' and T by M*17 /N'Q'1 and
noting that (N/N‘('l)‘e"l-.: e, We see we may assume _{ = k.
Therefore 1f O#f'e L(N/M) and Uq (£1)=£', 1t suffices to
show f' factors through N/NK{?, Define the unitary represent-
ation, Uyk of NK acting on LZ(N/¥') as follows:

for ge N¥ and xe N/I, Ugf(x)=f(g"1x).
Note that Uyk acts as a compact abelian group NK[' /M. Hence
LZ(N/1 ) is a direct sum of 1l-dimensional subspaces invariant
under Ugk. Thus for c}) a character of N* annihilating NEAL
f' can be written as an orthogonal sum

fr= ?f?a Ugfq: Qﬁ(g)f . Now
Unp(f1): ‘l‘f* which, by hypothesis, = ft= % :@".

Now we will show T(f¢)= f¢: Let¥ = A restricted to NX,
Then T(f’)c f(; . We may assume, by considering T rather than
T, that A has no proper roots of unity as elgenvalues. Hence
either #qul in which case T(f*).-. G* as we want, or else
4)'\-1'1 are all distinet. However, using Bessel's inequality as
in Theorem 1, this second possiblility is ruled out.

Hence we have reduced the problem to showling f# factors
through N/NK{?, Dividing N/f! by the connected component of

the kernel of Q’ s Wwe may assume without loss of generallty

that N¥ 1s one-dimensional. We may also assume ‘f.\ =1l.



Now let Z be the center of N and consider the unitary
representation of Z{'\Nk"l given by
U f(x)= f(n"lx), ne Z0 W1,
Then as in our previous work, for © a character of ZN Nk-1
annihilating 2NNl L, we have
£o .-.—f§—ﬁ‘% .ffI'(fB): .fb_. ;U“fell-;fee(n)f(. .
where we meﬁ' ‘, © 'e,’ J?(fe)‘ f"a’, nt¥=©(n 'n reduced to
showing © ammlhilates NK. A brief summary of the rest of the
proof in lfollows:
Extend © to a continuous map from N to the complex
numbers by defining e(g)'—'S Ug(f)-f dm. Let

6= {ge ¥ 15U, = ©(g)r, and let G° be the identity

£
component of G, We will show that Nk: [N,Gd,]. Let
W= {veL.A.(Nk']): An(v)—?o mod L.A.(NK) as n->e°
V2 n n " n-»—°

V3 = (veL.A (WL (A-I)(v)= 0 mod L.A.(N¥) for some
positive integer n.
It is shown on p.761 [7] that ¢°Dexp i, 1=1,2,3.
Since W& is assumed to be l-dimensional, if (W,G%# N, then
[N,Go = e, However, this alternative implies
L.A.(Z)OL.A. (N1) = L.A. () DUV, @V,
and A acting on L.A. (Nf"1/2A¥"1) has eigenvalues of
absolute value 1 which are not roots of unity. But this
contradicts the fact that A acting on Nk'l/Zf\ -1 preserves

a lattice and thus must have a root of unity as an elgenvalueg

Hence (_N,Gd}sz, and we will show © annihilates [:N,Gc'] :

.Letting hy be a l-parameter subgroup of N and ge G°,
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©(h,) ©(8)= ©(hghi s eh, )= ©(hehtle  )o(g)oh,)
and e(htgh;;lg"l):l for all t, Hence 6 annihilates N¥,

Remark, We have thus related the ergodicity of a
generalized affinity on a compact nilmanifold to the
ergodiclty of the induced map on a torus, and we may therefore

apply the results of Theorem 3,

We shall now discuss the work of L.Auslander in(}]
on relating the ergodicity of an automorphism to the
ergodicity of a group-induced flow,

Definitions. Let N, L, and A be as previously defined

and let A(t) be a l-parameter group through A. Let Y denotse
N/L X (0,0 with (x,0) identified with (A(x),1), x ¢ N/L.
Then @ x dx), the product of the measure u induced on N/L
by Haar measure on N, with Lebesgue measure dx on (0,1,
induces a measure on Y, We now define a group of measure-
preserving transformations on Y called the skew product flow:
For x ¢N/L, se¢ (0,1}, and t a real number mgt<m4l, m an inte-
ger, t(x,s)z (AM(x),s+ t)mod 1) when s+(t mod 1)<l

t(x,8) = (A™1(x),(s+t)mod 1) when s4(t mod 1)1
We say t(x,s) acts ergodlcally on Y if the only measurable
subsets U of Y such that (t,s)(U)=7TU all t,s have the
property that the measure of U is zero or equals the measure
of Y,

Theorem. Let A(t) act by translation on A(t)eN/A(m)-L.
Then A is ergodic on N/L if and only if . A(t) acis ergod-
ically on A(t)eN/A(m)-L.

11



Proof. We first note that A is ‘ergodic on N/L if and
only if the reals act ergodically as the skew product flow,
since U 1s an invariant set under A if and only if U X[O,ZD
is invarlant under the skew product flow, Now, as in Lemmas
9%10 11, A(t)eN/A(m).L is homeomorphic to Y defined pre-
viously, and A(t) acts by translation on A(t)-N/A(m)» L as the

skew product flow. q.e.d.

Remark. We do a similar construction when analyzing
ergodlic properties of affinities., In that case, we form the
semidirect product NeA(t)/Ne«A(m), which 1s homeomorphic to
N/ X©,11 with (n,1) identified with (n,0), ne NA" .

For n,e¢ N, the affinity T: n\"—?noA(n)I" is given by the
component in N/ of translation by (n,,A) in N-A(t)// - A(m),
If we can put a l-parameter group (no(t),A(t)) through (ng,4)
then translation by (n,,A(t)) in N-A(t)/p-A(m) will act as a
"slanted" skew product flow. This flow will be ergodic on
N-A(t)/r<A(m) 1f and only if T 1s ergodic on N/p .,

Definitions, Let N3 be the set of matrices

1 73
NB:‘ 0 1 xp s Xy real 1=1,2,3
0O 0 1

which we may denote by t?e set of triples {(xl,xz,x3)} .
Let L= {(m,m,,1/2 mq)

I8v u~ Lu..(l,nl.é,?.,’; 1.;3,,3,1..im}ntegera,i =1,2,3.

Then N3/L is a compact nilmanifold.

Teorem (L11), Tet A be an automorphism of N3 which

maps L onto 1tself such that A on L.A.(NB) is given by

1z



e 0 0
o &to Mo,
O 0 1
Then A induces an ergodic map on N/P ,

Proof. Using the skew product flow, it suffices to
show A(t) acts ergodically on A(t)e N/A(m)-L. Now translation
by A(t) induces a unitary representation of A(t) on
L2(A(t)-N/A(m).L) given by

TUp(t)f(x) = £(A(t) (x)) where £ &L(A(t)eN/A(m)L )
This may be extended to a unitary representation, UA(t)'NB'
Now A(t) is ergodic if and only if U,(4)f =f implies f is
constant, But it can be proved that the foilowing Mautner
property holds:

UA(t)f::f impllies UA(t),N f=f,
But since A(t).N3 acts transitively on A(t)*N3/A(m)1L, we
have that A is ergodic on N/N ,

L.Auslander has also used these ideas of skew product
flow and Mautner property to analyze the ergodic properties
of affinities of the torus. We will, in Part II and Part III,
generalize these methods to obtain ergodic properties of
generalized asutomorphisms and of generalized affinities of

any compact nilmanifold,
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PART I
1.S0ME PRELIMINARTIES, continued.

Theorem 1., Let N be a connected,simply-connected
nilpotent Lie group,[™ a discrete subgroup of N such that
N/ is compact. Let A' be an automorphism of N sendingr'
intol” ., Then " /A1 (") is finite.

Proof, Let NQ be the rational nilpotent subgroup of
N containing I . Let P'= A'(P), Since "' ¢ *,the rational

algebraic hull of ', a.h.(')&N .. But by the fundsmental

Q
extension property of automorphisms of nilpotent groups
A:?—= "', which is an 4isomorphism, 1s uniquely extendable
to an automorphism (A!)*: NQ—>a.h.(l" '), It then follows

that (A")%z a'

and a.h, (" ')= NQ; Thus we see that [' and
M ' are discrete cocompact subgroups of NQ and so are

‘commensurable,
2. GENERALIZED MAUMTNER LEMMA

We will begin by introducing some groups and semi-
groups and proving a preliminary result before stating our
main assertion,

Let Gy = ZXR be glven by the matrix representation

oA v A% 0 a fixed real number
e (o 1) nez, yeR.
By Gf’ we will mean the subsemi-group Z"'«R where Z' denotes

the positive integers. Let (X,n) be a finite measure space.

Assume further that the semi-group G'l" acts as a semi-group

1



of measure-preserving transformations of (X,u). Let
£ e1?(X,u). Then clearly if

Ug(f)= fog ge®y
2 -
then Ug 1s an isometry of L°(X,n) and U52U81' U51U52°

Lemma, UpUs = Un"l tnUn.
Proof.  UyU f=foten=fene(n 'tn)=U _; T

n tn
because ton= n(n-ltn) in Gl'

Generalized Mautner ILemma: Let Gl be as above and

assume that G;’ acts as a semi-group of measure-preserving
transformations on (X,n)., Let V¥ eLZ(X,u). If
U, ¥=¥  for all n€z',

then
U, Y =¥  for all teR.

0 1y \Q 1/ \O
_ 1 e’nlfj
'(9 1 :
Then }li;m“*n(t) = e, the identity of Gl' Now for t€R and

Proof. Let 4n T N ™ o\/1 s\ [" o
1/ Lo 1

V¥ e 12(X,u),
b &Y. =G, 1)

since Un is a Hilbert space isometry. Hence by the lermma,

(UtY:‘Y> = (Un-l tnUn*’ UnY> = @n-l tn '’ Y)

since Unﬂf-: ¥ by hypothesis. Since 1im U .q =e, we have
nye n tn

15



(th,’ Y):: & ,Y> .

We may proceed as in (3] to complete the argument.

Consider the semi-group G; consisting of all pairs
(m,z), m€ 7zt and z in the set C of complex numbers, and

multiplication 1s defined by

(my,29) (mo,25) = (my + mo, (e(l-iﬁ)mg)zl_‘_ z,) where

6 7 0 and real and i=J=1. Let U be a representation of the
semi-group Gg analogous to the one we dlscussed for G+.
Then if W 1s such that

U Y=Y all mez?t

then

This assertion is proven exactly as above.
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PART II
PROOF OF THEOREM A

Theorem A, Let A be a generalized automorphism of
the nilmanifold N/I' . Then A acts ergodlcally on N/ if and
only if N = (U )", where U is the unstable subgroup of N
relative to A,

Proof. We may apply the reasoning in Teorem 3.5 (3],
substituting our stronger Mautner Lemma to conclude that A
is ergodic on N/ if and only if A induces an ergodic
transformation on N/(" U)~, Now, again as in(3],we have
that ("U), , the identity component of (7" U)™, is normal
in N and so we may form the groups

M=N/(FU)y and A=pP/(FT) AT
and conclude that M/A is a compact nilmanifold. Further A
induces a generalized automorphism B of M/A. Since U is
the unstable subgroup of A, we have easily that B has
determinant Y1 and so B is an automorphism of M/A and all
the eigenvalues of B have absolute value one., Thus A 1is
ergodic on N/P if and only if B is ergodic on M/A. But it
18 a classical result that the elgenvalues of B must be
roots of unity and no non-trivial automorphism of a nil-
manifold can be ergodic 1f 1t has eigenvalues that are
roots of unity. Hence B is ergodic if and only if M/Ais a
point on N= (TFU)
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PART I1I1
PROOF OF THEOREM B

It will be convenient to introduce the group G= Nxa™
for me Z, Then the affine motion of geG on N is given by
the component N of gn for nel. |

Lemma_1. Let As denote the semli-simple part of A
acting on N and let g=n,A, no€ N. Then we may choose an
inner automorphism of G by an element of N such that if
n'lgn =g'=nd A, Ag(nl) =n}.

(M™is is essentially Theorem2.2of 1],p.68.)

We will henceforth always assume that thls has been done.

Lemma 2, Let g=n,A and let M be a normal subgroup
of N invariant under A, Then the image of g in @/M defines
an affine action on N/M.

(Te proof is trivial).

Theorem, Let ge G, Ten the action of g on N/I* is
ergodic if and only if the action of g induced on N/(TVU)™
is ergodilec.

Proof. Consider gNg"l

= B, Bs where Bu is unipotent
and Bg 1s semi-~-simple., Then B, lies on a one parameter group
of unipotent automorphisms B,(t) and we may form

M= Bu(t)KN.
Note that B = A . Choose XeL(M) such that

1. A (X)= AX Nreal.

2, X 1s in the lowest possible term of the

18



lower central serles with property 1.

Since B, and A commute, B, (X) = X' also has the property 1.
But then B, (X)= X+X'' where X'' 1s in a lower term of the
lower central series than X and obviously

Ag(XwX11)= Ag(X) + Ag(XT1)= AX+Ag (X'?)
and Ag(X+X'"')= A(X+X'')= AX+ AXx'1,
Hence A (X'')= AX'!,which contradicts the definition of
X unless X''= 0, Tis proves that g and exp(X) generate a
group isomorphic to Gy. We may repeat the argument in
Theorem 3,2 pg.76 of (11 to prove our theorem. (Of course
the case where A is imaginary with positive real part goes

the same way.)

Lemma. In order for g&G to act ergodically on N/T
it is necessary that A be unipotent when acting on N/([*U).

Proof, This may be seen by observing that if g acts
ergodically,its action on N/(PPU) = M/A must be ergodic.
which implies 1ts action on M/A CM,M] is ergodic, as in
Theoreml.2pg 5TH). Since M/([M,M] is abelian,it is well-known
that A must have no roots of unity when acting on M/{M,M),
if A is to he ergodle, But then A is unipotent since we
have divided by U,the unstable subgroup of N relative to A.

We are now in a position to prove Theorem B of the
Introduction. But this amounts now to nothing more than

verifying- using the skew product flow as in Ci1 . conditim 2

19
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