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INTRODUCTION

L et N be a connec ted , s im p ly -connec ted  n l l p o t e n t  Lie 

group and l e t  P be a d i s c r e t e  subgroup o f  N such t h a t  N/F 

i s  compact. L e t A», an automorphism o f  N, be such t h a t  

A ' t n c r  . We w i l l  show t h a t  P / A ' t f )  i s  f i n i t e  and so A1 

in d u ces  a mapping A: N /P—* N /P  which i s  a f i n i t e  co v e r in g . 

We w i l l  c a l l  A a g e n e ra l iz e d  automorphism o f  N /P  . Now, 

s in c e  N i s  a unim odular group , Haar m easure on N in d u ces  a 

un ique p r o b a b i l i t y  m easure u on N /P  • S ince  A: N / r —* N/P i s  

a f i n i t e  c o v e r in g ,  i t  i s  w ell-know n t h a t  A i s  a measure 

p r e s e rv in g  t r a n s fo rm a t io n .  We n o te  t h a t  Am, m i n  the  s e t  Z+ 

o f  p o s i t i v e  i n t e g e r s ,  i s  w e l l  d e f in e d  b u t  u n le s s  A»(P)=r} 

A"m#ra i n  Z+, i s  n o t .

L e t n * e  N. We d e f in e  the  mapping nt*—> n*A(n)T , n e N >  

as  a g e n e ra l iz e d  a f f i n i t y  and denote  i t  by P. I t  i s  c l e a r  

t h a t  P i s  a measure p r e s e rv in g  t r a n s f o rm a t io n  o f  N/P . Our 

problem  i n  t h i s  paper  i s  to  g iv e  e f f e c t i v e  n e c e s s a ry  and 

s u f f i c i e n t  c o n d i t io n s  f o r  P to  a c t  e r g o d ic a l ly  on N/P . This 

problem  h as  been  s tu d ie d  by W. P a r ry  i n t 7 J  . However I n  t h i s  

p ap e r  we w i l l  fo l lo w  the approach  f o r  d e te rm in in g  e r g o d ic i ty  

o f  f low s on so lv m an ifo ld s  as p r e s e n te d  by L. A uslander in[3L\.

We w i l l  now d e f in e  some c o n cep ts  t h a t  w i l l  enab le  us  to  

s t a t e  our two main r e s u l t s .  L e t L(N) denote  th e  L ie a lg e b ra  

o f  N and l e t  A a l s o  deno te  the  automorphism o f  L(N) t h a t  A 

In d u ces .  L e t be the su b a lg eb ra  o f  L(N) g e n e ra te d  by the 

subspace o f  L(N) on which A h as  e ig e n v a lu e s  w ith  n o n -ze ro



r e a l  p a r t s .  L e t U be th e  subgroup o f  N w ith  Lie a lg e b ra  U .̂

We w i l l  c a l l  TJ th e  u n s ta b le  subgroup o f  N r e l a t i v e  to  A.

L e t us adop t th e  n o t a t i o n a l  co n v en tio n  t h a t  a s u b s c r i p t  

ze ro  d en o te s  th e  i d e n t i t y  component o f  a group and a b a r  

d en o te s  the  c lo s u re  o p e r a t io n .  Wecan now s t a t e  our f i r s t  

main r e s u l t .

Theorem A. L e t A be a g e n e ra l iz e d  automorphism of th e  n i l -  

m a n ifo ld  N/p . Then A a c t s  e r g o d ic a l l y  on N/P i f  and o n ly  

i f  N = (UP )“  where U p  i s  th e  subgroup o f  N g e n e ra te d  by U 

and P jw h e re  TJ i s  th e  u n s ta b le  subgroup o f  N r e l a t i v e  to  A/*

I n  o rd e r  to  s t a t e  our second main r e s u l t  we w i l l  have 

to  e s t a b l i s h  a few more id e a s .  L e t F ssnQA be a g e n e ra l iz e d  

a f f i n i t y  on N / r  . By an in n e r  automorphism o f  N we can  

a r ran g e  i t  so t h a t ,  i f  Aa i s  th e  sem isim ple p a r t  o f  A, th e n  

As (n0 ) * n 0 . I f  th e  p re v io u s  c o n d i t io n  i s  s a t i s f i e d  we w i l l  

say  t h a t  P i s  i n  s ta n d a rd  p o s i t i o n .  We w i l l  c a l l  th e  u n s ta ­

b le  subgroup o f  A th e  u n s ta b le  subgroup o f  P.

Theorem B. L e t  P be a g e n e ra l iz e d  a f f i n i t y  o f  N/P i n  

s ta n d a rd  p o s i t i o n  and l e t  U deno te  th e  u n s ta b le  subgroup 

o f  N r e l a t i v e  to  P. Then P a c t s  e r g o d ic a l ly  on N /P  i f  and 

o n ly  i f  1 .  The a c t i o n  A# o f  A induced  on N /(P U )“  s  N* i s  

u n ip o te n t .

2 . L e t A ( t )  be th e  u n ip o te n t  group o f  automorphisms 

o f  N such t h a t  A * ( l )»  A*. L e t M be the  n i l p o t e n t  L ie  

group A*(t)#cN*. L e t P 4= T / (  r u ) “ C\V  and l e t



^  x  A^OtOkP*, m i n  Z. F u r th e r  l e t  p ( t )  be the  one param ete r  

group th rough  n£ A *(l)  i n  M. Then p ( t )  a c t s  e r g o d ic a l ly  on 

M /^  .
The b a s ic  new i n g r e d ie n t  i n  t h i s  work t h a t  en a b le s  us 

to  go beyond th e  r e s u l t s  inC^Q i s  the g e n e ra l iz e d  Mautner 

Lemma.
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PART I

1 . SOME PRELIMINARIES

I n  t h i s  s e c t io n  we s h a l l  rev iew  how, i n  the  p a s t ,  

e rg o d ic  p r o p e r t i e s  o f  a f f i n i t i e s  o f th e  to ru s  and of 

compact n i lm a n ifo ld s  were ana lyzed  u s in g  a b e l ia n  harmonic 

a n a ly s i s .  This i s  i n  c o n t r a s t  to  the approach we s h a l l  take 

l a t e r  on o f  u s in g  n i l p o t e n t  th e o ry .  We s h a l l  d i s c u s s ,  i n  

the fo l lo w in g  o rd e r ,  the r e s u l t s  i n  00}and CIO on e r g o d ic i ty  

o f  automorphisms and g e n e ra l iz e d  automorphisms o f  the to r u s ,  

the r e s u l t s  inO flon  e r g o d ic i ty  of g e n e ra l iz e d  a f f i n i t i e s  o f  

th e  to r u s ,  and the r e s u l t s  i n  t^Hon e r g o d ic i ty  o f  g e n e ra l iz e d  

a f f i n i t i e s  o f  compact n i lm a n ifo ld s .  We w i l l  th en  m ention  the  

work on skew p ro d u c t  flows in£ |"J , showing how we can r e l a t e  

the  e rg o d ic  p r o p e r t i e s  o f  an automorphism to  th e  e rg o d ic  

p r o p e r t i e s  o f  a group-induced  flow .

D e f in i t i o n s . L e t iP/L  denote  th e  n -d im en s io n a l to ru s  

group, where V*1 i s  the  n -d im ens iona l r e a l  v e c to r  space and L 

th e  i n t e g e r  l a t t i c e  subgroup o f  V11. L et A’ be a l i n e a r  

t r a n s fo rm a t io n  of V11 which maps L onto i t s e l f .  Then A' can 

be r e p re s e n te d  as a m a tr ix  w ith  i n t e g e r  e n t r i e s  and d e te rm in ­

a n t  1 1 ,  which induces a me a s u r e -p re s e rv in g  automorphism, A, 

o f  L onto i t s e l f .  For f  € L ^ (^ V L ) and x  € T^/L, d e f in e  the  

u n i t a r y  o p e ra to r  UA: f ( x ) - » f ( A ( x ) ) .

L et JfccL, l e t  x e lP ,  and l e t  Jt*x deno te  th e  d o t  p ro d u c t  

i n  V*1, Then th e  c h a ra c te r s  e^n i& Jt, deno ted  by ^ ( x ) ,  can 

be viewed f i r s t  as fu n c t io n s  on AP/L and second as an

k



orthonorm al b a s i s  fop L ^ ( ^ / L ) ,

Theorem 1. ( m  2, An automorphism A o f  the  to ru s  V11/ !  

i s  e rg o d ic  i f  and o n ly  i f  A h as  no e ig en v a lu e s  which a re  

r o o t s  o f  u n i t y .

P ro o f . I t  s u f f i c e s  to  show t h a t  A i s  e rg o d ic  i f  and 

on ly  i f  UA r e s t r i c t e d  to  th e  group o f  c h a ra c te r s  o f

has no f i n i t e  o r b i t s ,  i . e .  TĴ  im p l ie s  [See 0*1 p-**).

L et n be the  l e a s t  p o s i t i v e  i n t e g e r  such t h a t  

Then f o r  f=  + ♦ V ^ ) +  ^A*2 ^  + • • • UA( f ) * f .

Furtherm ore , s in c e  th e  c h a r a c te r s  a re  o r th o g o n a l ,  the  in n e r  

p ro d u c t ( f , l ) = 0 , and s in c e  the  c h a ra c te r s  a re  l i n e a r l y  

in d ep en d en t ,  f £ 0 .  Hence f  i s n ’ t  c o n s ta n t  and so A i s  n o t  

e rg o d ic .

C onversely , assume th e re  a re  no f i n i t e  o r b i t s  o f
2Let denote the  p r o j e c t i o n  o f  f e L  ( VyL) onto  9^ .

Then we may expand f  i n  a F o u r ie r  s e r i e s ,  *= ^ TP»e 

We

•x

have TJAf ( x ) r

where A1 i s  the  tra n sp o se  o f  A a c t in g  on L. This, i n  tu r n ,  

e q u a ls  j2E.p „  e 2 u i l* x  T here fo re , ta k in g  the in n e r
fc .€ L ^ (V - l ) (£ )

p ro d u c t o f  b o th  s id e s  w ith  each  c h a r a c te r ,  and u s in g  the 

o r th o g o n a l i ty  p r o p e r ty  of the  c h a r a c te r s ,

UAf  s f  i f  and o n ly  i f  p ,  ( f ) ;  p TT „ (f). Hence we have
t  (uA '- 1 ) ( i f

an i n f i n i t e  number o f  c o e f f i c i e n t s  i n  the F o u r ie r  s e r i e s  o f  

f  which a re  equa l i n  modulus, s in c e  UA has  no f i n i t e  o r b i t s  

im p l ie s  , trA*_i(^|, . . .  ^A »-l^m ^j»  • • • a re  a11 d i s t i n c t .

Suppose A i s  n o t  e rg o d ic .  Then th e re  i s  an f ? L  (Vn/ h )  such

5



t h a t  f  and f  ^ c o n s t a n t .  Thus th e re  e x i s t s  an<£0g^ 0

such t h a t  pt / ° -  But B e s s e l 's  i n e q u a l i ty  g ives  us

|p42 f  | f ( x ) |  and we a lso  have
JLe. L * J ^ V l

l p , f  n.2 *  p 2 «x+ - ‘ *+ P2 + . . . =  f te ,
„ A ^  1  ^  * V - M J K )  V - U 1* ^which i s  im p o ss ib le ,

D e f in i t i o n s . L et A be a l i n e a r  t r a n s fo rm a t io n  o f  V1 

which i s  n o n s in g u la r  and maps L i n t o  L. Then A can be 

r e p r e s e n te d  by  a m a tr ix  . . .  a^n '

As ( . • I , a^ , in te g e rs ,
*nl V

For any v e c to r  v = ( ▼1 , v2>, , ,  vn ) , l e t  (v) = (

where the  symbol deno tes  th e  f r a c t i o n a l  p a r t .  The elem ents 

of ^ / L  may be i d e n t i f i e d  w ith  the p o in t s  v i n  the u n i t  cube 

o f  tf1, w ith  (v1 , , , , , 0 , , , . v n ) and ( , ,  , , 1 , . . .  vn ) i d e n t i f i e d  

whenever the zero  and one components are i n  i d e n t i c a l  p o s i t i o n s  

D efine t ( t ) ,  (a (v )}  = ( . . .  al n vT>, . .  • • ann Tn V '

We c a l l  T a g e n e ra l iz e d  automorphism of i^ /L .  I t  i s  shown i n  

C*tflthat each p o in t  v o f  the u n i t  cube has an in v e r s e  image 

u nder  T and t h a t  the measure o f  th e  complete in v e rse  image of

a s e t  eq u a ls  the  measure of th e  s e t .

Theorem cm L et T be a g e n e ra l iz e d  automorphism o f  the 

to ru s  A^/L, Then i f  T has  no e ig en v a lu es  which are  r o o t s  o f

u n i t y ,  then  T i s  e rg o d ic ,
2 . r\ / x , v 2tiiJ£- xP ro o f ,  For f  * L  ( ^ / L ) ,  l e t  f (x ) s  J f e p a n d

U*f(x)s ^ . p ,e 2wi^*x . Then p ’ t = ^  C1 f (A (x ))e  2ni ^  =
A *. A ( I )  JO Jo

f  1 f l  - 2n i  a U) - $
J  f (A (x ))e  s  pi t s in ce  we can  r e p la c e  x w ith  A (x)

6



and app ly  the change i n  v a r i a b le s  form ula f o r  i n t e g r a t i o n .

The rem ainder o f  the  p roo f i s  as i n  Theorem l,p.5>.

D e f l n l t i o n s . L e t be a to r u s ,  A a g e n e ra l iz e d

automorphism of ^ / L ,  and v0 fc V V l. We c a l l  T:vL-^vQA(v)L, 

v t f ,  a g e n e ra l iz e d  a f f i n i t y  o f  l^ /L . For p a p o s i t i v e  

i n t e g e r ,  d e f in e  Kp(A) = k e rn e l (A lp -  I ) f \L ,  where A* denotes 

the a d j o in t  o f A, and I  deno tes  the i d e n t i t y .  We say x 0 i s  

r a t i o n a l l y  independen t over K^(A) i f  whenever n tf  K-^A) and

the in n e r  p ro d u c t  (xQ,n )  i s  r a t i o n a l ,  then  n s  0 ,

Theorem 3» L et T be a g e n e ra l iz e d  a f f i n i t y  of the to ru s  

v’V l .  Then i f  th e re  e x i s t s  an in te g e r  p > l  such t h a t  

Ki(A)^i Kp (A), then  T i s n ' t  e rg o d ic .  I f  0 ^ K ^ (A )s  Kp(A) f o r  

every  p ^ l ,  then  T i s  e rgod ic  i f  and o n ly  i f  xQ i s  r a t i o n ­

a l l y  independen t over K^(A).

P ro o f . L et U ^ f  (v) = f  ( T? ( v ) ) ,  where f e L ^ i ^ / L )  and 

v € As i n  Theorem 1, to  prove the f i r s t  s ta tem en t i t  

s u f f i c e s  to  show th e re  i s  a c h a ra c te r  o f  ^ / L  which has f in i t e

o r b i t  under Uip. Define Bp = Pp~^"+ A? “%-. .  and assume n«L,

Alp ( n ) s n ,  A ' ( n ) ^ n ,  n ^ O .  For n ’- (A , “ I ) n ,  we have n ' ^ 0 ,

Bp n ' s O ,  and A ' P t n ' l s n 1. Once a g a in ,  l e t  ^>n denote the 

c h a ra c te r  o f  ^  such th a t  <j>n (x)= e2*»i(n,x)^

t a ' U )  = $ n ' (V c° )<f>n > (AP(* , ) -

K v ' * 0 ’ + A 'P „ '(X>S K ' (X)’ 30 ^ n '  ha3 f l n l t e
o r b i t .  P

Now suppose th e re  e x i s t s  an n € K ^(A ), n ^ O ,  such t h a t  

(xQ,n )  :  q /p ,  Then A n ( x ) -  e 2wi(x , n  ̂ i s  a c h a ra c te r  w ith  f i n i t e

7



o r b i t ,  as fo l lo w s :

V (f n ) ( x ) -  <f’n (Bp (*o>> 4n <AP<*>>

^ (a 'P -A4- . . .+ A V i)n ^ X°^ i ' P ( n ) U )

<j> (^o^ = j>^(x).

C onversely , suppose T i s  n o t e rg o d ic .  This im p lie s  t h a t  

th e re  i s  an n £  L, n ^ O ,  and an i n t e g e r  p such t h a t  ( t y  M p  f t i )

1V <h i (x) = ^ n ^ x o+ A(x0)‘* . . - ' r AP'”1 (x0 )) DA p4n<3c)

-U  p ( f n W )  s ^ n ( x ) . This im p lie s  
A

tynU )  '  UAP($n<x >> = $ k ' V ( n ) U ) ’ 30 t h a t

n s A 'P ( n )  o r  n  6 Kp(A)= K-j/A). I t  a l s o  im p lie s  t h a t

i -  >̂n (xo) U Q+ A(x0 ) + . . .+ A P -1 (x0 ) ) s  f . (xQ)
V A  *  • • •  A  X / X l

-  <j.p n (x0 ) .  Hence, the  in n e r  p ro d u c t

(xo lp n ) s  p (x o , n ) $ 0  mod 1 , so t h a t  (xQ,n) i s  r a t i o n a l .

D e f in i t i o n s . L et N be a connected , s im p ly -connec ted  

n i l p o t e n t  L ie group,P  a d i s c r e t e  subgroup o f  N such t h a t  N/p 

i s  compact. For x r  e N/p , n 0 € N, and A a g e n e ra l iz e d  

automorphism o f  N/P , d e f in e  T: x P -*  nQA (x )r  as  a g e n e ra l ­

i z e d  a f f i n i t y  o f  N/P . For f e L 2 ( N / r  ) d e f in e  

UT( f ) ( x ) « f ( T (x )) .  We w i l l  c a l l  an e ig e n fu n c t io n  of the  

u n i t a r y  o p e ra to r  Uip an e ig e n fu n c t io n  of T a c t in g  on N/P .

L et N ^ N 1 . . . l ? N k ^  Nk+1 -  e ,  N1*1 * [NjN1] , be th e  lower 

c e n t r a l  s e r i e s  o f  N.

Theorem (tffl). L e t T, N, N'*' be as d e f in ed  above. Then 

T i s  e rg o d ic  on N/P i f  and on ly  i f  th e  map induced  by T on

8



N/N1 !-1 —> N/N^P i s  e rg o d ic .  I f  T i s  e rg o d ic ,  a l l  i t s  e ig en ­

fu n c t io n s  co rresp o n d in g  to  e igenva lue  1 f a c t o r  th rough  N/lrV*« 

P ro o f .  I t  s u f f i c e s  to  show t h a t  whenever an e ig e n ­

fu n c t io n  o f  T: N/N*P-*N/N-V f a c t o r s  th rough  N/N^ P , the  same 

i s  t r u e  f o r  T: N/N^*^P N/N^+^ P • (By T we mean the map

induced  by T). R ep lac ing  N by N/N^*1 and P by /h®' 1 and

n o t in g  t h a t  e ,  we see we may assume £  = k .

Therefore i f  O ^ l f 'g  L ^(N /P  ) and UT ( f ^ s f ,  i t  s u f f i c e s  to  

show f 1 f a c t o r s  through N/Nk P .  Define the u n i t a r y  rep resen t*  

a t i o n ,  UNk o f  Nk a c t in g  on L2 ( N / P )  as fo l lo w s :

f o r  g £  Nk and x e N / P  , Ugf (x)  « f  (g“^-x).

Note th a t  U^k a c t s  as a compact a b e l ia n  group Nk P / p .  Hence 

L ^ N / p  ) i s  a d i r e c t  sum o f  1 -d im en s io n a l subspaces in v a r i a n t  

under  T%k« Thus f o r  a c h a ra c te r  o f  Nk a n n i h i l a t i n g  Nk AL- 

f '  can be w r i t t e n  as an o r th o g o n a l sum

ugf<f "  ^ 6 ) f  • Now
TJ«p(f» ^  Tf^ w hich, by h y p o th e s is ,  = f ’ s: ^  •

Now we w i l l  show T(f^>)*= f ^  : L e t 'V  ~ A r e s t r i c t e d  to  Nk .

Then T (f^)«  f ^  . We may assume, by c o n s id e r in g  T*1 r a t h e r  than  

T, t h a t  A h as  no p ro p e r  r o o t s  o f  u n i ty  as e ig e n v a lu e s .  Hence 

e i t h e r  i n  which case  T(f^)s. 9 ^  as we want, o r  e l s e

<|>'Vn a re  a l l  d i s t i n c t .  However, u s in g  B e s s e l ’s i n e q u a l i t y  as 

i n  Theorem 1, t h i s  second p o s s i b i l i t y  i s  r u le d  o u t .

Hence we have reduced  the problem to  showing f ^  f a c t o r s  

through N/Nk P . D iv id ing  N/p by th e  connected component o f

th e  k e rn e l  of ^  , we may assume w ith o u t  lo s s  o f  g e n e r a l i t y

t h a t  Nk i s  o n e-d im ensiona l.  We may a l s o  assume J f j l s l .

9



Now l e t  Z be the  c e n te r  o f  N and co n s id e r  the  u n i t a r y  

r e p r e s e n ta t i o n  o f  ZAN^”1 g iven  by

TJnf  (x) -  f  (n- 1x ) , n e Z A N 10"1 .

Then as i n  our p re v io u s  work, f o r  © a c h a ra c te r  o f  ZA N1*"-1- 

a n n i h i l a t i n g  Z r tN ^ ^ A L ,  we have

f*  = £  f e  , T(f#) =f£ ,  Unf © i  © ( n ) f ,
©

where we may assume | f j j - l .  Hie problem h as  been reduced  to

showing © a n n i h i l a t e s  N^. A b r i e f  summary o f  the  r e s t  o f  the

p ro o f  i n  Kl fo llo w s  :

Extend 0  to  a continuous map from N to  the  complex

numbers by d e f in in g  © (g)=J U g ( f ) - f  dm. L e t

G- £ g e  N̂ "1 e Ugf c e ( g ) f ,  and l e t  G° be the i d e n t i t y

component o f  G. We w i l l  show t h a t  Nk x [N,G(̂ 1. L e t

Vl s  £v eL .A .(N k "^j An (v )-» 0  mod L.A.(Nk ) as n ->»°
V2 _ n it m

V-j = (v £ L .A . (Nk"-ty: (A -I)n ( v ) i O  mod L.A.(Nk ) f o r  some 

p o s i t i v e  i n t e g e r  n .

I t  i s  shown on p . 761 L73 t h a t  G0,3>exp Vj_, i *  1 ,2 ,3*

Since  Nk i s  assumed to  be 1 -d im en s io n a l ,  i f  (lj,G°\^Nk , then 

(N ,G °\=e. However, t h i s  a l t e r n a t i v e  im p lie s

L.A. (Z) fV L.A. (Nk _ 1 ) r  L.A. ( G ° ) p  V ©  Vj 

and A a c t in g  on L.A. A Nk - 1 ) has e ig en v a lu es  of

a b s o lu te  value 1 which a re  n o t  r o o t s  o f u n i t y .  But t h i s
k -1  / a k -1c o n t r a d ic t s  the f a c t  t h a t  A a c t in g  on N / Z ^ N  p re se rv e s  

a l a t t i c e  and thus must have a r o o t  o f  u n i ty  as an e ig e n v a lu e  

Hence (N,G°}-Nk , and we w i l l  show & a n n i h i l a t e s  Ql,G°) : 

L e t t in g  h t  be a 1 -param eter  subgroup of N and ge G°,



0 (h t ) © (g)=  ©(h-t gh^1g"1 gti^.)- © (h t gh^1g“ 1 )0 (g)0 (h t ) 

and 0  (h ^ g h ^ g ”^ ) -  1 f o r  a l l  t .  Hence £  a n n i h i l a t e s  N^.

Remark. We have thus r e l a t e d  the  e r g o d ic i ty  o f  a 

g e n e ra l iz e d  a f f i n i t y  on a compact n i lm a n ifo ld  to  the 

e r g o d ic i ty  o f  th e  induced  map on a to r u s ,  and we may th e re fo r e  

app ly  the  r e s u l t s  o f Theorem 3.

We s h a l l  now d is c u s s  the  work of L .A uslander i n C Q  

on r e l a t i n g  the  e r g o d ic i ty  o f  an automorphism to  the  

e r g o d ic i ty  o f  a g roup-induced  flow .

D e f in l t l o n s . L e t N, L, and A be as p re v io u s ly  d e f in e d  

and l e t  A( t )  be a 1 -p aram ete r  group through A. L et Y denote 

N/L X (0,13 w ith  (x ,0 )  i d e n t i f i e d  w ith  ( A ( x ) , l ) ,  x e N /L .

Then (ji x dx), th e  p ro d u c t  o f  the measure u induced on N/L 

by Haar measure on N, w ith  Lebesgue measure dx on (0>l}* 

induces a measure on Y. We now d ef in e  a group o f  m easure- 

p re s e rv in g  t r a n s fo rm a t io n s  on Y c a l l e d  th e  skew p ro d u c t  f low : 

For x £ N /L ,  s £ (5 , i )  , and t  a r e a l  number m£t<ein+l, m an i n t e ­

g e r ,  t ( x , s ) -  (Am(x) ,(s + t)mod 1) when s-+(t mod 1 )^ .1

t ( x , s )  x (Am+l ( x ) , ( s + t)mod 1) when s-*( t  mod 1) ^ 1  

We say t ( x , s )  a c t s  e r g o d ic a l ly  on Y i f  the  o n ly  m easurable 

su b se ts  TJ of Y such t h a t  ( t ,  s ) (TJ) «  TJ a l l  t , s  have the  

p ro p e r ty  t h a t  the measure o f  U i s  zero o r  equa ls  the measure 

of Y.

Theorem. L et A( t )  a c t  by t r a n s l a t i o n  on A(t)»N/A(m)*L. 

Then A i s  ergod ic  on N/L i f  and on ly  i f  . A( t )  acts e rgod ­

i c a l l y  on A( t)» N/A(m)* L.

1 1



P ro o f .  We f i r s t  n o te  t h a t  A i s  e rg o d ic  on N/L i f  and 

on ly  i f  the  r e a l s  a c t  e r g o d ic a l ly  as  the  skew p ro d u c t  f low , 

s in c e  U i s  an in v a r i a n t  s e t  under A i f  and on ly  i f  TJ X(0,lj 

i s  i n v a r i a n t  under the  skew p ro d u c t  f lo w . Now, as i n  Lemmas 

9&10 P J ,  A(t)*N/A(m)*L i s  homeomorphic to  Y d e f in e d  p r e ­

v io u s ly ,  and A(t )  a c t s  by t r a n s l a t i o n  on A(t)°N/A(m)* L as  the 

skew p ro d u c t  f low , q . e . d .

Remark. We do a s im i la r  c o n s t ru c t io n  when an a ly z in g  

e rg o d ic  p r o p e r t i e s  o f a f f i n i t i e s .  I n  t h a t  c a se ,  we form the 

s e m id ir e c t  p ro d u c t  N®A(t)/P • A(m), which i s  homeomorphic to  

N/p X{0,ll w ith  ( n , l )  i d e n t i f i e d  w ith  ( n , 0 ) ,  n e  N/P .

For nQ£ N, th e  a f f i n i t y  T: n r - £ n QA(n)P i s  g iven  by the 

component i n  N/p o f  t r a n s l a t i o n  by <n0 ,A) i n  N»A(t ) /p -A(m).  

I f  we can p u t  a 1 -param ete r  group (nQ( t ) , A ( t ) )  th rough  (n0 ,A) 

then  t r a n s l a t i o n  by (n0 , A( t ) )  i n  N*A( t ) / p •A(m) w i l l  a c t  as  a 

" s l a n t e d ” skew p ro d u c t  flow . This flow  w i l l  be e rg o d ic  on 

N»A(t)/p*A(m) i f  and o n ly  i f  T i s  e rg o d ic  on N/P •

D e f in i t i o n s . L et be the  s e t  o f  m a tr ic e s

maps L on to  i t s e l f  such t h a t  A on L.A.(N^)  i s  g iv en  by

which we may denote by the  s e t  o f t r i p l e s  •

in t e g e r s ,  i  - 1 , 2 , 3 .

Then N^/L i s  a compact n i lm a n ifo ld .

Theorem ( £ H ) . Let A be an automorphism o f  N^ which
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Then A induces an e rg o d ic  map on N/P .

P ro o f .  Using the skew p ro d u c t  f low , i t  s u f f i c e s  to  

show A( t )  a c ts  e r g o d ic a l ly  on A( t)* N/A(m)* L. Now t r a n s l a t i o n  

by A(t )  induces  a u n i t a r y  r e p r e s e n ta t i o n  o f  A( t )  on 

L2 (A(t)«N/A(m).L)  g iven by

UA(t ) f  (x) -  f  (A(t )  ( x ) ) where f  6 L^(A(t)*N/A(m)«L \  

This may be extended to a u n i t a r y  r e p r e s e n t a t i o n ,  U^(t)»N^»

Now A(t )  i s  e rg o d ic  i f  and o n ly  i f  UA( ^ ) f  s f  im p l ie s  f  i s  

c o n s ta n t .  But i t  can be proved t h a t  th e  fo l lo w in g  Mautner 

p ro p e r ty  h o l d s :

UA(fc)f  = f  im p l ie s  trA(fc)>N3f = f .

But s in c e  A(t )*N^ a c t s  t r a n s i t i v e l y  on A(t )  'Ny'A(m) ’L, we 

have t h a t  A i s  e rgod ic  on N/P ,

L .A uslander has a l s o  used  th ese  id e a s  o f  skew p ro d u c t 

flow  and Mautner p ro p e r ty  to  ana lyze  the  e rg o d ic  p r o p e r t i e s  

o f  a f f i n i t i e s  o f  the to r u s .  We w i l l ,  i n  P a r t  I I  and P a r t  I I I ,  

g e n e ra l iz e  th e se  methods to  o b ta in  e rg o d ic  p r o p e r t i e s  o f  

g e n e ra l iz e d  automorphisms and o f  g e n e ra l iz e d  a f f i n i t i e s  of 

any compact n i lm a n ifo ld .



PART I

1 . SOME PRELIMINARIES, con tinued

Iheorem 1 . L e t N be a connected,simply**connected

n i l p o t e n t  Lie g r o u p ,P  a d i s c r e t e  subgroup o f  N such t h a t

N/P i s  compact. L e t A' be an automorphism of N s e n d in g P

i n t o P  . Then P / A » ( P )  i s  f i n i t e .

P ro o f .  L e t Nq be th e  r a t i o n a l  n i l p o t e n t  subgroup of

N c o n ta in in g  P . L e t P ' - A ^ p ) .  S ince P ' C  P ; the  r a t i o n a l

a lg e b ra ic  h u l l  o f  p  ' ,  a . h . ( P ’ ) t fN . But by the  fundam ental
*

e x te n s io n  p ro p e r ty  o f  automorphisms o f  n i l p o t e n t  groups 

A ' : P —> p ’ , which i s  an Isomorphism, i s  u n iq u e ly  ex ten d ab le  

to  an automorphism (A1)*: Nq—* a.h . ( P  1) .  I t  th en  fo llo w s  

t h a t  (A1) ^  A* and a .h .  ( P  ' ) »  Nq. Thus we see t h a t  P  and 

P 1 a re  d i s c r e t e  cocompact subgroups of Nq and so a re  

commensurable.

We w ill  b e g in  by In t ro d u c in g  some groups and semi­

groups and p ro v in g  a p re l im in a ry  r e s u l t  b e fo re  s t a t i n g  our 

main a s s e r t i o n .

L e t -  Z*<R be g iv en  by the m a tr ix  r e p r e s e n ta t i o n

the p o s i t i v e  i n t e g e r s .  L e t (X,n) be a f i n i t e  measure space .

2. GENERALIZED MAUTNER LEMMA

© y \  A.^1 0 a f ix e d  r e a l  number

,0 1 }  nfe Z, y €R .
*♦* 4- -t-By G  ̂ we w i l l  mean the  subsemi-group Z ft R where Z deno tes

Assume f u r t h e r  t h a t  the  semi-group Ĝ " a c t s  as  a semi-group



o f  m e a su re -p re se rv in g  t ra n s fo rm a tio n s  o f  (X,*i). L et 

f  e L ^ ( X , u ) .  Then c l e a r l y  i f

Ug ( f ) =  f«g g C ^ i  

th en  Ug i s  an i  some t r y  o f  L 2 (X,*i) and ^ ^ g -̂ 5

I*™™- ¥ t *  Un - l t n Un*

P ro o f .  UnTJ.f = f o t «>n- f «no(n  ^ tn )  = TJ _-i U f
z  n  tn  n

because  to n  = n (n  ^ tn )  i n  G- .̂

G en e ra lize d  Mautner Lemma: L e t Ĝ  be as above and

assume t h a t  G-̂  a c t s  as a sem i-group o f  m e a su re -p re se rv in g  

t r a n s fo rm a t io n s  on (X , ju) .  L et ^  6 L2 (X,ju), I f

U n 't 's 'Y  f o r  a l l  n £ Z *

th en
f o r  a l l  tfcR .

P roo f. L et |  n  A  A  {e ~U ° \  I 1 A  A *  A

\0  1 / ( 0  1/ \ 0  l )  \p 1)

i :

Then lim  <Pn ( t )  = e ,  the i d e n t i t y  o f G1# Now f o r  t 6 R and 
n-»®°

Y  e i , 2 ( x , u ) ,
<utY ,r> = 4yJtY> DnY>

s in ce  Un  i s  a H i lb e r t  space iso m e try .  Hence by th e  lemma,

<Pt Y ,Y >  = « Jn - l tn 'r *r >

s in c e  T J ' V  by h y p o th e s is .  S ince lim  TJ «  e ,  we have
nr* n tn



<ut T , Y > =

We may proceed  as i n  C31 to  com plete the argument.

Consider th e  semi-group G-̂  c o n s i s t in g  o f  a l l  p a i r s
J,

(m,z) ,  m€ Z and z i n  the  s e t  C o f  complex numbers, and 

m u l t i p l i c a t i o n  i s  d e f in e d  by

(m1 , z i )  (m2 ,Z2  ̂ = (ml + m2 > 1̂“ i ® în2 )zi-v z2 ) where

6 7 0  and r e a l  and i= FI. L e t U be a r e p r e s e n ta t i o n  of the

sem i-group Ĝ " analogous to  the  one we d isc u s se d  f o r  G^\

Then i f '4'“ i s  such t h a t

U a l l  m e z  +m * 1
then

U = Y  a l l  Z 6 C, z
This a s s e r t io n  i s  proven e x a c t ly  as above.
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PART I I

PROOF OF THEOREM A

Theorem A. L e t A be a g e n e ra l iz e d  automorphism of 

the  n i lm a n ifo ld  N/p • Then A a c t s  e r g o d ic a l ly  on N /P  i f  and 

on ly  i f  N s ( U T  )~  where U i s  the  u n s ta b le  subgroup o f  N 

r e l a t i v e  to  A.

P roo f. We may ap p ly  the re a s o n in g  i n  Theorem 3 .5  £3}/ 

s u b s t i t u t i n g  our s t r o n g e r  Mautner Lemma to  conclude t h a t  A 

i s  e rgod ic  on N /n  i f  and on ly  i f  A induces an e rg o d ic  

t r a n s fo rm a t io n  on N / ( p U ) “ . Wow, aga in  as inL33/we have 

t h a t  (PTJ)~ , th e  i d e n t i t y  component o f  ( r u ) " ”, i s  normal 

i n  N and so we may form th e  groups

M ' - N / ( r u ) ;  and A = r / ( r n ) “ A r  

and conclude t h a t  M/A i s  a compact n i lm a n ifo ld .  F u r th e r JA 

induces a g e n e ra l iz e d  automorphism B o f  M /A . S ince  U i s  

th e  u n s ta b le  subgroup o f  A, we have e a s i l y  t h a t  B has  

d e te rm in an t £ l  and so B i s  an automorphism o f  M/Aand a l l  

the  e ig e n v a lu e s  o f  B have a b s o lu te  value one. Thus A i s  

e rg o d ic  on N/P i f  and only  i f  B i s  e rg o d ic  on M /A . But i t  

i s  a c l a s s i c a l  r e s u l t  t h a t  th e  e ig e n v a lu e s  o f  B must be 

r o o t s  o f u n i ty  and no n o n - t r i v i a l  automorphism of a n i l ­

m an ifo ld  can  be e rg o d ic  i f  i t  h a s  e ig en v a lu es  t h a t  a re  

r o o ts  of u n i t y .  Hence B i s  e rg o d ic  i f  and on ly  i f  M/A i a  a 

p o in t  on N -  (PTJ)"”.
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PART I I I

PROOF OF THEOREM B

I t  w i l l  be co n v en ien t to  in t ro d u c e  the group G* N*Am 

f o r  m g Z .  Then the  a f f i n e  m otion  o f  g e G  on N i s  g iv e n  by 

the  component N o f  gn f o r  n € N.

Lemma 1. L e t  A_ denote th e  sem i-sim ple  p a r t  o f  As
a c t in g  on N and l e t  g = n QA, n 0 £ N , Then we may choose an 

in n e r  automorphism o f  G by an e lem ent o f  N such t h a t  i f  

n-1 gn s g ' s n ^ A ,  As (n£) = n<».

(This i s  e s s e n t i a l l y  Theorem2.2 o f  [l4- l ,p .6 8 . )

We w i l l  h e n c e fo r th  always assume t h a t  t h i s  h as  been done.

Lemma 2 . L e t g s n QA and l e t  M be a normal subgroup 

o f  N i n v a r i a n t  under  A. Then th e  image o f  g i n  G/M d e f in e s  

an a f f in e  a c t io n  on N/M.

(The p ro o f  i s  t r i v i a l ) .

Theorem. L e t g e  G. Then the  a c t io n  o f  g on N /P i s

e rg o d ic  i f  and only  i f  th e  a c t io n  o f  g in d u ced  on N / ( p U ) “  

i s  e rg o d ic .

P ro o f . Consider gNg”1 =■ Bg where Bu i s  u n ip o te n t  

and Bs i s  sem i-s im p le .  Then Bu l i e s  on a one p aram ete r  group 

o f  u n ip o te n t  automorphisms B ^ t )  and we may form

M=Bu (t)KN.

Note t h a t  B = A _ .  Choose X€L(M) such t h a t
3  S

1 . As (X)- 7S.X X r e a l .

2. X i s  i n  the  lo w e s t  p o s s ib le  term o f  the



low er c e n t r a l  s e r i e s  w i th  p r o p e r ty  1 .

S ince  Bu and commute,BU(X)= X’ a l s o  h as  the  p r o p e r ty  1.

But th en  BU(X) » X-t-X’ 1 where X11 i s  i n  a low er term o f  the  

low er c e n t r a l  s e r i e s  th an  X and o b v io u s ly

Aa ( X f X '  ' ) = A a (X) + AS( X ' ‘ ) »  \ X  + AS( X " )  

and AS (X + X’ «)= A ( X + X ’ »)= AX + Ax* ».

Hence Ag ( X ' f )= A X ’ *, which c o n t r a d i c t s  th e  d e f i n i t i o n  o f  

X u n le s s  X* • = 0 . This p roves  t h a t  g and exp(X) g e n e ra te  a 

group isom orph ic  to  G '̂i We may r e p e a t  th e  argument i n  

Theorem 3 .2  p g .7 6  o f  CiO to  p rove our theorem . (Of cou rse  

th e  case  where A i s  im ag in a ry  w ith  p o s i t i v e  r e a l  p a r t  goes 

th e  same w ay .)

Lemma. I n  o rd e r  f o r  g e G  to  a c t  e r g o d ic a l ly  on N/T1

i t  i s  n e c e s s a ry  t h a t  A be u n ip o te n t  when a c t in g  on N /(p U )T  

P ro o f .  This may be seen  by o b se rv in g  t h a t  i f  g a c t s

e r g o d ic a l l y  yi t s  a c t io n  on N/ ( P TJ)"“= M/A must be e rg o d ic ,  

which im p l ie s  i t s  a c t i o n  on i s  e rg o d ic ,  as  i n

Theoreml|.2/pg6$C>̂-l» Since i s  a b e l i a n , i t  i s  well-'known

t h a t  A m ust have no r o o t s  o f  u n i ty  when a c t in g  on 

i f  A i s  to  he e rg o d ic .  But th e n  A i s  u n ip o te n t  s in c e  we 

have d iv id e d  by U ,th e  u n s ta b le  subgroup o f  N r e l a t i v e  to  A.

We a re  now i n  a p o s i t i o n  to  p rove Theorem B o f  th e  

I n t r o d u c t io n .  But t h i s  amounts now to  n o th in g  more than  

v e r i f y in g -  u s in g  the  skew p ro d u c t  f low  as  i n  €13 • co n d i t io n  2.
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