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ABSTRACT

Self-Phase Modulation and
Self-Steepening in Cubic and
Fifth-order Dispersionless Maedia

with Non-Zero Relaxation Time

by

Mustafa-Aref-Mustafa

Adviser: Professor Jamal T. Manassah

The research presented here deals with some analytical solutions
for self-phase modulation (SPM) and induced-phase modulation (IPM). In
solving the clectromagnetic wave equaitons, the mecthod of multiple-
scales is utilized. New sets of quasi-linear partial differential equations to

describe the pulse shape and the phase associated with the propagation of

an ultrashort intense pulse through a cubic nonlinear X(s)and a fifth-

(5)_

order nonlinear X media, are summerized. The treatment neglects

group velocity dispersion and therefore is valid for thin medium.

The solution of the quasi-lincar differential equations show that
the pulse shape is skewed towards the trailing edge, and that this
asymmetry can give rise to optical shock deformation unless balanced by

dispersion. The intensity and medium thickness required for the pulse
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amplitude and phase to steepen are analysed. The pulse phase is shown to
be asymmetric and its maximum is shifted from the maximum
corresponding to the amplitude. The spectral distribution of the pulse is
computed for different pulse intensitics. We find that the anti-Stokes
cextent of the spectrum is larger than the Stokes side. With nonzcro
rclaxation time, additional asymmctry and downshift towards thc Stokes

side of thc spectrum appear.

We also show that the interference patterns produced by an SPM
ultrafast pulsc have their fringe positions shifted with respect to that of a
plane wave duc to the existence of the amplitude-phase maxima time shift.
Further discussions center on the Fourier transform of the Young
interferometric intensity distribution. We show that its range s

determined by the same paramecters as those of the spectral extents,

We then analyse the effect of an amplitude filter on the outgoing
pulse shape (i.e., width, amplitude, and position of its maximum). Our
rescarch specifies the conditions under which the amplitude filter can be

used to compress pulses.

The effects of strong pump signal on a weak second harmonic
probe signal propagating simultaneously into a nonlinear medium (IPM)
is examined. The superbroadening of the spectrum of a weak probe signal
and the deformation of its pulse shape are investigated analytically.
Finally a numerical method is used to determine the amplitude and phase
of the pump signal and probe, when the probe signal is of comparable

magnitude to that of the pump.
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CHAPTER 1

INTRODUCTION

1.1 Background

Supcrcontinuum (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] gencration is
the¢  production of ncarly white continuous spectrum by propagating
picosccond and subpicosecond laser pulses through nonlincar media.
This supcrbroadening is used to produce intense, ultrashort pulses in the
spectral range from the ultraviolet to the infrared. The amplitude, phase
and extent of spectrum generated arc functions of the nonlinear index of
rcfraction of the medium, the initial shape, wavelength, width, intensity,
and rclaxation time of the material, and the propagation length of the
pulse in the medium. Experimentally it is obscrved that the spectral
extent is shifted morc towards the blue than the red by a factor of
approximately two [1]. The generated superbroad frequency band is used
for time-resolved absorption spectroscopy [14] and nonlinear optical
ceffects [15). The supercontinuum finds several applications [11], in
ranging, 3-D imaging, atmospheric remote sensing, and optical fiber

characteristics.

Induced supercontinuum [16] is the superbroadening of the
spectrum of a weak pulse due to the presence of a strong pulse

propagating simultaneously with it in a nonlinear medium.



Sclf-phase modulation was first observed, by Shimuzu (17], when a
modulated spectrum occurred after self-focusing has taken place in a
liquid-filled cell. Shimuzu cxplained his obscrvation as phase modulation
due to the intensity-dependent refractive index. Shimuzu's expcriment
was followed by Alfano's ct al obscrvation [8, 18] in crystals and gascs.
The asymmetry in the Stokes and anti-Stokes region [1, 2, 3, 4, 5. 15, 19, 20]
is attributed to contributions from plasmas [21] , sclf-steecpening of the
pulsc amplitude and/or the timec response of the nonlincar index of

rcfraction.

The sclf-stcepening, or the deformation of the pulse, [1, 2, 3, 4, §] is
gencrated in the non-lincar medium because the pulse peak (21, 22] faces
a larger refractive index than the leading and trailing edges; therefore,
the pulse pcak travels at a slower velocity than the edges. Consequently,
as the pulse propagates in the medium, its trailing edge become steepened.
This deformation can give rise to an asymmetry in the spectrum. De
Martini et al {23] showed that, this sclf-steepening leads to an asymmetry
in the spectrum (1, 2, 3, 4, 5, 24]. Likewise, Gustafson et al [25] showed that
the incorporation of finite relaxation time in the expression of the Kerr
index of refraction also generates an asymmetry and a downshift (towards

the Stokes side) of its spectrum.

In this rescarch, detailed results are shown for the self-steepening
pulse amplitude, phase, spectral shape and shift in the spectral
distribution maximum intensity in 2® and X media. The calculation is
performed in the plane-wave approximation for dispersionless media but

with sclf-steepening and material relaxation.



We show that the amplitude-phase time shift present in the SPM
signal is responsible for the shifts in the positions of the SPM
interferometric  intensity extrema. Furthermore, we derived an
cxpression for the Fourier transform of this interfcrometric intensity
distribution and rclated its range parameters to the spectral distribution

cxtents and frcquency shift of the supcrcontinuum.

The ecffects of amplitude filters on ultrafast self-phase modulated
pulses in x‘” and X(s)— mcdia arc computed. Wc analyse the dependence of
the outgoing pulse shape (i.e.. width, amplitude. and maximum position)
on the sclf-phase modulation parameters and filter characteristics. In
particular, we show that amplitude filters can be used in certain

conditions to compress pulses.

3 .
An analytical solution of the IPM in X( & medium is obtained to
compute the amplitude, phase and the spectral distribution of the probe

pulse.

3

Finally, a numerical solution of the IPM in x‘ ). medium is derived

to examine the amplitude and phase of a pump and a probe when the
relative strength of the second-harmonic signal to the primary is

approximately unity.



1.2 Thesis Work

This thesis summarizes in chapter 2 through 10 recent work done
at City College in which the author participated and in chapter 11

presents ncw numerical results by the author.

In chapter 2, the nonlincar v ¢ cquation and the method of

. . &) (%) .
Multiple-Scales in X and X - mcdia arc presented

. . . (H
In chapter 3. the quasi-lincar form for thc wave cquation in X

(3) . .
and X media arc obtained.

) s
In chapter 4, the solution for the pulse amplitude in X~ and 2.

media are calculated.

In chapter 5, the solutions for the pulse phasec and instantaneous

. (3) (5) .
frcquency sweep in X and X - media are computed.

(&)}

s
In chapter 6, the pulse spectral distribution in X~ and X( ). media

are illustrated.

. . . ) 5
A method for direct time measurement of the phase in X and X -

media is examined in chapter 7.

In chapter 8, the interference pattern of the superocontinuum

3
generated by SPM in X()and X(”- media arec determined.



3 s
The filter transform of a pulse outgoing from X”and X( g media

arc described in chapter 9.
In chapter 10, the analytical solution of the induced phase

. . (3 . . .
modulation in X~ mecdium of a wcak probe is obtained.

Finally in chapter 11, a numcrical solution to compute the
amplitudes and phasc of a probe and a pump pulse of approximately cqual

amplitudes, in the presence of induced phase modulation is presented.



CHAPTER 2

NONLINEAR WAVE EQUATION AND METHOD OF
MULTIPLE-SCALES IN X AND x®.DISPERSIONLESS
MEDIA

2.1 Nonlinear wave equation and method of multiple-scales
. 1§ .
in X - medium

. (®)) . .
The Maxwell's cquation in a X - nonlincar medium [1, 3], where

the dispersion of the index of refraction and its imaginary part are

neglected, is given by:

(2.1-1)

The last term in the above equation represents the material  relaxation
term. In Gordon's notation [27], we are considering the first two terms of
the noninstantancous nonlinecar polarization, where ¢, is the first
moment of the delayed response Kemel which is related to the Raman
gain coefficient.  Practically, ¢, is, up to a numerical factor of 0(1), equal

to the material relaxation time [3], n is the linear index of refraction, n, is

the nonlinear index of refraction and c is the speed of light in vacuum.
In this research, we neglect diffraction cffects (i.e we suppose an infinite
transverse extent for the pulse) and group velocity dispersion. i.e. our

results are valid for thin medium and for large beam sizes.



The above cquation reduces to

2 2
E E nn
a_z_ 1 a_? = _22 a_z IEFE - ¢,E i)_|[:‘|2
dz u2 ot ¢t o ot
g (2.1-2)

under the assumption that onc component of E is only present and the

transverse  variation of Eis neglected and where

To convert the above differcntial cquation to a dimcensionless form [1], we

bring in the new dimensionless variation @, T, Z defined as:

T=vy, Z=zv,1, E=EH (2.1-3)

where 1, is the characteristic time associated with the pulse (pulse width),

v, is the group velocity in the medium, and E, is the maximum value of

the electric field amplitude at the entrance plane of the medium. ¢ is the

dimensionless nonlinear coupling constant, defined as:

2
e = M2 [Eq

n
and
2
eV = n, ‘Eol z/ct (2.1-4)
v is defined as

Y=ot (2.1-5)



By using the above assumptions, ecquation [2.1-2] reduces to the following

dimensionless form

bl
-

2
-6 = ea—2 {Io ¢_Y¢i|¢|2}
o7 T

(2.1-6)

Typical values for the above paramcters are

-13
L= 10 " sec

n, = 102 . 10%°

11

MKS (10 - 107" esyl

8
v, = 2x 10 m/sec

The critical power for self-focusing (28] is

3
R€yC

2
nzﬂ)

PC=

(2.1-7)

and the distance from the input plane to the self-focusing point is (for P

>>P.)

5, Kot o[
) P (2.1-8)
Consequently, if the sample thickness is much smaller than S; one can

declare that the supercontinuum observed does not have its origin in sclf-



focusing or optical breakdown. In Table 2.1-1, we summarize the values of

the different experimentally pertinent parameters for an incoming pulse
. -13

with the following characteristics: A=10 6m. T, ~10 s, and spot size

a =10°m.

The method of multiple-scales [1, 3, 29] is used to obtain a new sct of
quasi-lincar partial diffcrential cquations. The method is summarized as

follows:

The functional dependence of @ on Z, T, and € in the solution of
cquation (2.1-6) is not disjoint. To first order in g, ® depends on the

combinations €T and €¢Z, as well as on the particular T, Z, and e. Carrying
the perturbation to higher orders, ® depends additionally on 2T, €2Z, 3T,

€3Z etc. Thercfore. it is suitable to write ®(Z, T; £) as

Mz, T;e)= o (Zo. To, Zy, Ty, Z3, Tay ... '€ (2.1-9)

where the new scaled variables Z), T), Z,, Ty etc., are defined as

2
T0=T. Tl:gT, T2=eT, ......... . Tﬂ:e"Z (2.1-10)
2 n
20=2,2Z,=¢€¢Z, Z,=¢€Z,......... . Z,=¢T (2.1-11)

Ta.'s and Z,'s describe different time and distance scales.

® is defined as a function of the old and new variables.

Additionally, we scarch for a uniform expansion solution to @ in the form

d = ¢0(T0, 2y, Ty, 2y, Ty 2y, )+ @,(To,zo, T,, Z,, Ty, zz,..)
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2
+ €Dy (Tq. Zo, Ty\ 2y, Ty, 25, (2.1-12)

To represent the drivatives in (2.1-6) as functions of the ncw variables,

we make use of the chain rules for derivatives; then

d d d 2 9
— = — + E— + €& — +.......
oT aT, oT, aT,
d d 29
—_— = + E— + € + ..
0Z 0Z, dZ, 07,
2 2 5 2 a2
9 = 9 + 2 +€ (2 9 + +onnn
2 2 2
oT aTO‘- E)TOOTl 90T, dT, aT,
82 d 82 2 82 82
> = + 2 + 2 + 3 + ...
Y 8202 azoazl 820322 BZl
(2.1-13)
If an asterisk denotes a complex conjugate
- . - 2 =
¢ =0,+ €d, + €0, (2.1-14)

then

o = 0.0" = [oof + € 0007 +c 000, + € 0005 + € |0y

2 .

+E 99, (2.1-15)

and
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2 2 s 2, 2 2 2
¢’o| ¢, +E€0,0, + 2 |°o| 0, + 2 ¢’o|°1|

lo[ o = |o0|2¢0 + 2

2 2 = 2 ¢ 2
+E G0 +E 00 (2.1-16)

The first term on the R.H.S of cquation (2.1-6) becomes

2 2;)2 2 =
¢ + € — 0990,

e—é; [Io|2 Q] - € _8? |¢0|2 0, + 252_3__2_ |00

T T, T, aT,

2 9 2 3 a
lool Oy + € (O) + € (0)
dT,dT,

+ 2¢

(2.1-17)

also

2 9 .
+ e — 090
aT,

2
d [ 2] N 2 9 ( .
Q-a—_l: |¢| =€ 'a':r*o l%l ¢ + € -aTr-; 699,

+ ez J |<p0|2 + 6(53,
1

9T (2.1-18)
The second term on the R.H.S. of equation (2.1-6) becomes
62 0 2 d 0 2 2 9 d
e— °a_rl°|}=e_? 00 =5 [0 | + & =5 1% 000
oT dT, aTo aT, 0
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2 2
v o ol 28 e foo o]

2 oT JdT, oT JdT
aTo 0 0 1 0
(2.1-19)
The terms on the L.H.S. of cquation (2.1-6) bccome
2 2 2
0 d 0 d 2 d ad
) e 2¢ +€|2 +—
oZ oT 9Zy dZ, dZ, 0Z,0Z, 0Z1
aZ 2 ) a2 a2
- 2 9 - 2 + >
aT, aTo oT, aT, aTz aT,
(2.1-20)

Using the equations (2.1-12) through (2.1-20) in the partial equation (2.1-
16), and ecquating the respective coefficient of €", one obtains the

following equations for the terms multiplying co. e!, and ¢? respectively:

- ®o=0 (2.1-21)




0 0
L
|o¢| i‘l_‘g o ie_ 0% °.L_e 0g z_e +
(4 e e . e e
[4 [4
0 0
L
1o %0 o;l‘g g Ef |o¢| 'Le 0p |* : A-
. e e z e e
[4 ré
0 0
L L
‘1o 0% = i + o o : ez+°¢> ol Leve t=
(4 e z e (4 e
[4 [4 [4
21 p0 2700 'Le 'Ze
°0 le“le . Ze7ze . z z .
e e ¢ e e
[4 [4 [4 [4
0 0
[ oLe'te  °ze'ze . e 2t
- + — —
¢ e e |°7 %l e e
< Z < [
(Y442 r o o (z)'Le
0¢ - 0¢ —_—A-
(zl l e e
0 0 0
L Z
N o _og le'le  ‘ze'ze| o E_e i_e
el = e e | e e
4 [4 [4 [4

t1
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82 82 2
+2 —— @y = |0
aT,dT, -
0 (2.1-23)
The incoming pulse is represented by
@, = f(Z - T) exp [iKZ - iwT) (2.1.24)

Where W = wt and f(Z - T) is the pulse form function, for a Gaussian pulse

2(z - 1) = exp[-(z - T)z] (2.1-25a)

and for a hyperbolic secant pulse

£2(Z = T) = sech®(z - T) (2.1-25b)

It is convenient to use a new coordinate system which is moving with the

pulse, denoting the new coordinates by U, and Vn where the Up's and Vp's

families are decfined by:

Uo=2Z,-To Vo =2
Uu =2 -T Vy = Z,
Uy =2Z,- T, Vy, = 2,

Up=2Z, - Ta Vo= Z, (2.1-26)



The partial derivatives can be described in the ncw coordinates

15

as:

Jd 0 ' d
Jz, JU, dV, (2.1
oo
o, U, (2.1
2 2 2 2
J d 0 d
- = 3 + + 2
9Zy Uy avi o ULV, .
2 2
o __9_
2 2
JoT oU, (2.1
2 2 2 2 2
d 0 d d d
= + + +
9Z2,dZ,, dU,dU, 49V, 9oV, dU,dV, dU_ 0V, (2.1
Equation (2.1-17) can be simplified as
az 2 32 2 2 az 2 2.9 2
e — [|¢| o =€ — |0 05 + 26 — 0] 6, + € — 0, 0,
ou aU, dUg 0
) a2 82 62 82 )
+ 2¢ + + + l%l [

dUgdU, aV,dV, aUgdV, aU,av,

-30)

-31)

(2.1-32)
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and cquation (2.1-19) is simplified to

82 d .2 82 d 2 2 82
o o] - - o o] <
3T oT

(2.1-33)

In a similar manner, we can make the same substitution in equation (2.1-
20). The partial differential cquations ¢2.1-21) through (2.1-23) can,

respectively, be written as

2 22 2]

v} dUy dVy
(2.1-34)

2
AP PP I N RO I
dU, v, 09Uy 3V, aV, aV,

(2.1-35)
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2
d 3 2 pol 2,2 2 0 3,
U, AV, U, 3V, U, 3V, @V, av,

a+2aa~|»zaa+zaa+2—a—-i0

2 dU, 3V, U, aV, dU, aV, oV, v,

(2.1-36)

The above simultancous differential equations can be solved

through the ansatz

¢0 = A (U]. Vl' Uz, V2) cxp(i KUo)

¢, =0

®, = C (U, Vi, Uy, Vy) exp(iKUg (2.1-37)
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Where K = wt =W, o is the pulse center frequency.

It is worth noting that the specific form of C cannot be obtained
from the above cquations. For cascs under consideration, € < 1 and @ can

be sufficicntly approximated by @®,. Thus, the solutions are obtained for

eV =0(1)
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2.2 Nonlinear wave equation and method of Multiple-Scales
in X*- medium

. . &) . .
The Maxwell's cquation in a X - nonlincar mcdium [4,5] where the

dispersion of the indcx of refraction and its imaginary part are ncglected,

is given by:
2. 2
" 9
2. E dnng 0 - 2. =0 == 2
vVE- 22T 2 [CEESE- C,EZ<ED
¢t oo ¢t ot

-
(3]
(]

f
~—

The last term in the above ecquation represents the material relaxation
term. We are considering the first two terms of the noninstantaneous
nonlinear polarization, ng is thc quartic nonlincar Kerr coefficient, C,, is

the rclaxation time, C and all the assumptions arec the same as in section

2.1

The above equation becomes

o%E

2= nn 2
T T L
oz vg ot ¢t o

(2.2-2)

this equation reduces to
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2 9 2 [ 3 1.
- = ¢=e'—2{|¢| ¢—y'¢—|¢|}
oT

2 2
0Z oT oT
(2.2-3)
where the dimcnsional paramcters €' and Y arc given by
_ n4|E0|
n
(2.2-4
and
. 4
€'V =ny|Eq| zct
(2.2-5)
Rclaxation time is defined as
v =Gt (2.2-6)

Equation (2.2-3) is parallel to equation (2.1-6) in the previous section.

The method of multiple-scales is used to obtain a new set of quasi-

linear partial differential equations as in section (2.1).

The terms in equation (2.2-3) can be simplified as follows
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Joo| = [0of + € [0 0 07 + €'|0d] @0 &, + € |og] 0 0,

2 2 . 2 2 2 2 . 2 2 o
+ €' |¢0| ¢ ¢, + €' |¢o| |¢1| + € |¢0| b0 0, + € ¢o ¢

2 2 2 2 . 2 2 2 ‘2 2
REININ PN SIREIN N SR
(2.2-7)

and
ol 0 = [od] 00 + 26" [0 05 01 + 3€ |0 &, + & [00] 00 03

2, 2 2 4 2 3 o 2, 2

+3e” || 0o|0i + 2 [0) 0, + € 0 6, +3e [0 & ¢
2 2

+2¢ |¢o| %o |¢1| (2.2-8)

The first term on the R.H.S. of equation (2.2-3) becomes

2 2 2
] 4 d 4 2 d 2 2 o
€' _2 |¢| ¢=¢ [—2' |¢o| 4’0] + &' [2—2 |¢o| ¢0 q>l
aT aT, aT,

2 2
d 4 P, 4
* 38’1"(2, |°°| o+ 2 dT, dT, |¢°I %] .

then, the second term on the R.H.S of equation (2.2-3) becomes
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82 82 4 8’ 82 4 82 82 4
dierd el il e Ko b Mrrr el Ml
oT aTO 0 0 1 0

2 82 62 4
i (Y
2 {77 aT,
9Ty (2.2-10)
The Ts and Zs partial differcntial equations arc
d d
T =5 %=0
92y 9Ty (2.2-11)
82 82 82 82 d 2
— -] +2 - % = — |od| 90
9z, 9T, 9Z,9Z, JT,aT, 3T,
82 d 4
-y — b9 — |¢o|
aT, aT,

(2.2-12)
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82 82 82 82
NERNE A - h
dzZ, T, 92,92, oT,aT,

t9

2 2
oo 00+ 2 2 oo 00 01 + 3 [od]
aTo 9Ty

= 2
dT,dT,

4 82 aZ 4
o 10l |+ = {00 led
aT, | aT,

(2.2-13)

By using equations (2.1-27) through (2.1-31), the final partial differential
equations, which are respectively parallel to equations (2.1-34) through

(2.1-36), are given by:

9

ave aUO Vo (2.2-14)
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d o d d ) d
—+ 2 — — 9, +2 + +
v oU, aV, U, aV, odU, oV, aV, 9V,

3 4
6o —— %l )
(2.2-15)

AN NS IR RN B NN 1Y
: U, aV, U, aV, dV, aV,

a+aa+zaa+2aa+zaa%

avi AU, av, Uy @V,  dU; 9V, AV, 9V,

+
[\

2

2 2

ad 2 2 ) 4 d
=2 o G0+ 3 =5log & +2

an BUO aUOaUI

o]

2
, 3 3 RN
sy 2 30, (% S0, || ) + EJE % v ||

(2.2-16)

The above differential equation can be solved through the same ansatz

in equation (2.1-37).

The value of €' is less than 1.
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CHAPTER 3

QUASI-LINEAR FORM FOR THE WAVE EQUATION IN
13 AND x°)- DISPERSIONLESS MEDIA

%)) .
3.1 Quasi-Linear Form in X - Dispersionless Medium

In this chapter, we will derive the quasi-lincar form for the wave
cquation [1, 3]. Beginning with cquations (2.1-34, 2.1-35, and 2.1-36), we
obtain a system of quasi-lincar partial differential cquations  for the
amplitude and phase of the pulse.

Decnote A by:
A=ae (3.1-1)
Where a is the amplitude and a is the phase of the pulse; a and a are

functions of (U, V. U,, V,).

Substituting equations (3.1-1) and (2.1-37) in equations (2.1-34) through

(2.1-36)
where
99
%_o
Vo (3.1-2)
__a_g‘_’__ =0
dU(dV, (3.1-3)
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_jl_ . _ji_ o = eia ciK Us |iK _QE_ - K a EHE_
(3.1-4
82 0 4
JdU,, 0 (3.1-5)
2
4 2 . .
az °oi|°0|)=-4l{ ¢ ® etk (a‘—aa—)
an aUl aul
(3.1-6)
2
2 . .
d _ |¢0| 0, = “K2a%ei® i K Vo
dU,
3.1-7)
2 2
da o Jda

(3.1-8)
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2 2
0 d ia iKU, . 0« Jda ., da da
— . — 0, € ¢ 1a + + 1 .
dVv, dU, av, dU, av, dU,

+ 1 Ja (m da + da
oV, U, 5U1’

(3.1-9)

) FPL RN
U, v, v, vV,

(3.1-10)

2 ) .
—a—.—i—|¢0| 6o = iK e ® e Y ia’ Ja + 3a’ %
dU, dU, au, U,

(3.1-11)

When we equate the real and imaginary parts in equations (2.1-34)

through (2.1-36), the new set of partial differential equations are:

da
av,

=0

(3.1-12)
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o K 2
___.=—2—a
av,
(3.1-13)
3a’ % =2 %
U, v, (3.1-14)
l7§—a4+2 Ja =a’ Jo +2KY3‘—’aa
oV, ou, U, (3.1-15)

The above four equations can be represented as functions of the variables

U and V, using the chain rule technique

Jd ] 0 2 9
—_— = —+t+ € — + & ——
vV 9V, Vv, v, (3.1-16)
] d d 2 9
—_ = + € + £
oU  dU, U, au, (3.1-17)
we obtain
2
92 _19da 1 da e Jdo
oV, €090V € 90V, € 9V, (3.1-18)

and

(3.1-19)



and the same technique can be used for the pulse amplitude a.

Hence equations (3.1-12) through (3.1-15) can be reduced to

oda 3 7 oda

— - —a" " —=0

ov 2 oU (3.1-20)
Ja € 2 Jda Ke 2 K ? Ja

— oo =54 - g€ + yKea —

ov. 2  ou - oU (3.1-21)

Equations (3.1-20) and (3.1-21) are the quasi-linear partial differential

cquations corresponding to the propagation of a pulse in a X(”mcdium
where dispersion and absorption have been neglected, correct to order e?
{3].

The partial differential equations for zcro rclaxation time (y= 0) are

given by [1]:

a3 ek _g
av 2 ou (3.1-22)
2

da _€ 292 _Ke 2 Ke
v 2 U 2 8 (3.1-23)

The above equations represent the quasi-lincar partial differential
. . , . , . )
equations correlating with the propagation of a pulse in a nonlincar X

medium where
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absorption and dispersion have bcen necglected, correct to order €2, with

zero rclaxation time.

The previous quasi-linear partial

below:

differential

A - Traditional Thcory (Conventional thcory) [8]

n
Vv
g
ov

The above two cquation do not include the sclf-steepening term

B - Slowly Varying approximation [26]

3“_-3 azé_-_-o
oV oU

da 200 Ke
oV au 2

C - Yang and Shen Approximation [13]

cquations

are listed

(3.1-24)

(3.1-25)

0a
— term|.
ou )

(3.1-26)

(3.1-27)
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avV 2 ou (3.1-28)

a 3 a
v 2 oU (3.1-29)

Table 3.1-1, summarizes the above cquations.
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3.2 Quasi-Linear Form in 1(5)_ Dispersionless Medium

In this scction [4, 5], the same mcthod and assumptions have bcen
used as in section (3.1).
Substituting cquations (3.1-1) and (3.1-37) in equations (2.2-14) through

(2.2-16), where

-

-} 4 2 S ia iKU,
—z—lcbO‘ 9o=-Kae e

JoU,
(3.2-1)
EINE I
dU, dVy (3.2-2)
d 9
-_ . — ¢0 = 0
av, dVY, (3.2-3)
d 32 4
0 |¢o| =0
ULV, | ° U, 2.4

4 o
6o 0 |¢o| =-4K2a4-aizc'ac'xu°
au?

(3.2-5)
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Then, cquating the real and imaginary parts in equations (2.2-14)
through (2.2-16), a ncw sct of first order partial differential cquations arc

obtained:

da
IV, (3.2-6)

Ja K 4
2

= a
oV, (3.2-7
534 da -5 da
%as_4aa+2_8g_=4x,38a

By using the chain-rule technique in equations (3.1-18) and (3.1-19), the

final partial differential equations (4, 5] for a and a are given by:

—=-=¢t"a —=0

v 2 18] (3.2-10)
‘40 , 4 2 8

3_a_€_a4__<i=_2l££a_TKe a+ 2!(‘{'8':13i

v 2 218 1]

3.2-11)

These equations are the parallel equations to (3.1-20) and (3.1-21)

respectively.
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The U-partial derivatives, on the left-hand side of the above equations,
are responsible for self-steepening and Yy term represents the rclaxation
term in 1(5)-mcdium.

We can notice, from equation (3.2-10), that the relaxation time docs not
affect the amplitude cquation.

The partial diffcrential cquations for zcro rclaxation time (y') arc [4]:

da 5 . 41 da

A _ et R

oV 2 ou (3.2-12)
da €' 4 0da K ,4 K 23
—-—a-—=>¢a- g¢€a

Vv 2 U (3.2-13)

The above equations represent the quasi-linear partial differential

. . . . . 5
cquations corrcsponding to the propagation of .a pulse in a nonlinear )
medium where absorption and dispersion have been neglected, correct to

2 . . .
order €', with zero relaxation time.

The general solution of equations (3.1-20), (3.1-21) and (3.2-12), (3.2-13)

will be given in the next section.
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CHAPTER 4

SOLUTION FOR PULSE AMPLITUDE IN x3) AND
x(5). DISPERSIONLESS MEDIA

3
4.1. Solution for Pulse Amplitude Xx?.in Medium

In this section, specific solutions [1. 3] to cquation (3.1-20) will be
found whose shape function at the input plane is cither Gaussian or

sccant hyperbolic. The quantity €V will repeatedly occur in the original

2
coordinates €V =( ny |Eo|” t,_) )

The general solution of cquation (3.1-20) can be represented by [30]:

dv. _ -2dU _ da

1 2 0
3ea (4.1-1)

a=q (4.1-2)

and

U + -3—eVa2 = C,
2 (4.1-3)

The general solution will be in the form of

¢ = f(c) (4.1-4)
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hence
a=flU+ %eVa2
(4.1-5)
A, Gaussian Pulsc [1]

The pulse amplitude a is given by the transcendental cquation:

2
U +%e\laz)]

a’ = exp[-

(4.1-6)

The Gaussian pulsc shapes, as a function of €V, arc plotted. In Fig. 4.1-2 the

trail of the pulse stcepens as &V increases. This pulse is deformed as it

propagates. The maximum of the pulsc takes effect when da/dU = O at

-3
Uy = —=¢V
M~ 2 (4.1-7)

The (amplitude)? of the pulse at U = 0 is given by the solution of

2
(ev)2=- g_ ___l"i 0. V)
a0, V) (4.1-8)
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This solution is valid as long as no shock wave is formed [24], i.ec.,

da”
AU is finitc; this implies that V at the cxit plane, signified by V.

should fulfill the incquality:

N 172
eV, < {2¢) ~ _ 0.777
3 (4.1-9)

The way to determine the valuc of €V, at the shock is cxplained next in

thc dcerivation for an initial hyperbolic sccant pulse. For a larger valuc of
e V. the above solution nceds to be modified ncar the curve sharp cdge by
including higher dcrivatives in the approximate differential equation.

B. Hyperbolic secant Pulse 1]

The pulse amplitude solution is given by:

a’ = sech?|U + % eVa2]
(4.1-10)
for the boundary condition
aU, 0} = sech(U}) (4.1-11)
The amplitude is maximum (ay = 1)
U= =%V (4.1-12)

The (ampliludc)2 of the pulse at U = 0 is given by the solution of
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(4.1-13)
or
1/2
"
eV = —"2— In 1 + Lz -1
33 a() lln
(4.1-13)
where ap = a (0,V)

In Fig. 4.1-1, az((), V) is plotted as a function of eV.

In Fig. 4.1-2, a? is plotted as a function of U for different pulse intensities
(eV). This figure shows more asymmetry as the pulse energy increases

(i.c, €V increasing).

The partial derivative of the pulse amplitude with respect to U can

be derived by taking:

a = sechiU + % eVaz)
(4.1-15)
from which we write
sech 'la=U+ 3 eVal
2 (4.1-16)
giving:
1
ﬁ = 3eVaﬁ

+av1 -a 9U ouU

(4.1-17)
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and Qa_ is then:

ou

o -aft - a])

ouU B 2 '/
3eVa (l -a) 1 (4.1-18)

where (+) refers to U > -3/2 and (-) 1o U < -3/2.

The general solution for the pulse amplitude is valid only for €V <(ﬁf2).

This incquality can be dcrived by sectting da/dU to infinity and finding the

value of ¢V which leads to an optical shock in the pulse amplitude, i.c.,

1/2
3€v32(1 - az) - l = O (4]_19)
Hence
1 1
all-a (4.1-20)

then, we take the derivative of the numerator in the above equation to

find the max value of a which leads to the shock.

Hence,

23(1 - az)”2 + 1 2—@”——

(4.1-21)
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From the above equation. the pulsc amplitude at the shock is cqual

3 (4.1-22)

Substituting c¢quation (4.1-22) into cquation (4.1-20), we get

= —V,z ~ 0.866
2 (4.1-23)

A%

crit
For, €V 2 {Y3/2) an optical shock [24] in thc trailing part of the pulse will
develop.  This shock is smoothed by including the higher time derivatives
in  Maxwell's cquation [24, 31). These terms are ncglected in  our

approximation.

ay
In Fig. 4.1-3, du is plotted as a function of U, for different pulse

intensities.

The U-partial dcrivatives, on the left-haid side of equations (3.1-
20) and (3.1-21), are responsible for sclf-steepening and, the term
proportional to y represents finite  material relaxation time. To illustrate
the impact of the above two effects, we shall index the parameter (a) by
two indices where the first index refers to sclf-steepening and the second
to finite relaxation time. [Each index takes the value (0, 1) for the effect
being (absent, present). We introduce four cases ap. 0. aj,0 . 3,1, 31,1

(1, 3]

ag, o = sech{U) (4.1-24)

ag,) = ag,o = sech{U) (4.1-25)
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af.o = sech’ |U + % eVa2]

(4.1-26)
2 2
1 = Ao (4.1-27)
The a, | is the general solution to cquation (3.1-20) and (3.1-21)

It is clear, from ecquation (4.1-25) and (4.1-26), that the nonzero rclaxation

timc docs not affect form of the pulse amplitude solution.



4.2. Solution for Pulse Amplitude in 157, Medium

In this section, we determine the gencral solution of cquation (3.2-
10) by using thc samec techniques as those of scction (4.1). Therefore, the

pulsc amplitude a solution is given by:

az= f(U +§&:Vad)

We consider the casc that the initial pulsc shape is a hyperbolic sccant.

The pulse amplitude a is given by:

a’ = scchz[U + % e'Va4]
(4.2-2)
The pulse amplitude is maximum ay = 1 when a%U =0 a
U, = iE'V
2 (4.2-3)

The (amplitudt.:)2 of the pulse at U = 0 is given by the solution of

(4.2-4)
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or
172
e'V-—z—zln 51—+ _15-1
Sa 0 ag
(4.2.5)
where a9 = a0, V)

In Fig. 4.2-1, the stcepened pulse amplitude is plotied as a function of U for
different pulse intensitics. This figure shows that, as €'V incrcases, the
pulse is skcwed more toward the left-hand-side of U = 0 and becomes morc

asymmetric.

The partial derivative of the pulse amplitude with respect to U can
be derived in a similar manner as in cquations (4.1-15) through (4.1-17).

Thercfore, the slope of the pulse amplitude is given by

1”7
da _ ~a(l - aj
au . w
10e'Va (l - aj + 1 (4.2-6)
where (., +) corresponds respectively to U (smaller, larger) than :Z-S—E'V-

The solution of equation (4.2-2) is deduced under the condition of no
dispersion and no absorption and is valid for all values of V < Vgrii Verjy is

the critical value of V at which the optical shock

gcncratcs(i-c-,aa/aU=>°°). This shock is smoothed by including the
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higher order derivative in Maxwell's equation. The value of Vi can be

derived in a similar manner as in section 4.1. a = ’V% at the shock and,

E\'cm = —37‘ = 0349 (42-7)

It is worth noting that, as in 13- dispersionlcss medium, the nonzcro

rclaxation time does not affect the amplitude solution.

In Fig. 4.2-2, the slope of the stcepencd amplitude pulse is plotted as a

function of U for diffcrent pulse intensitics.

The U-partial derivatives, on the left-hand side of equations (3.2-
10) and (3.2-11) arec rcsponsible for sclf-stcepening and, the term
proportional to y' is responsible for material relaxation. We index the
paramcter a by two indices as in scction (4.1). The four possible cases are

20,0, 3.0, .1, a1,1. [4.5]

09,1 = 39,90 (4.2-9)
af,o = sech? |U + % e'Va4]
(4.2-10)

2 2
41,1 = 319 (4.2-11)
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CHAPTER §

SOLUTIONS FOR PULSE PHASE AND

INSTANTANEOUS FREQUENCY SWEEP IN x(3)AND
x(5). DISPERSIONLESS MEDIA

5.1 Solutions for Pulse Phase and Instantaneous Frequency

(3

Sweep in Medium

In this section we will find the general solution of equation (3.1-
2
23) the phase and its derivatives o, d/dU and 9 cx/aU2 will thus be

determined {1, 3].

Let

a' =ao + KU (5.1-1)

the equation for a' is given by

da'

2
20" -—-Ke 4

—_ = a

€

The above equation can be converted to the following form
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a = a
)
v 2 au 8 (5.1-3)

From equation (5.1-3), the solution for a is given by

U
K 2 v
a = —KU -~ ,E f az(p.V) dp - % Ke f aJ(O,q) dq + f
o 0

(5.1-4)
The V and U panial derivatives of the above equation arc
v 2
2 f
a_a=—1(2£ ———aa ‘p‘v)dp—§85€ aA(O,V)+_?_
oV oV ov
0
(5.1-5)
and
K of
22: —K——;az'U,V)'F——
U du
(5.1-6)

by substituting equations (5.1-5) and (5.1-6) into equation (5.1-3), the

resultant becomes
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{'525 2] [a w1 a0, v] - 2K atiow + 2

2

€ 2 Ke » of Ke 2 Ke 4

- —Qa —K—Ta + — =-2—8-—8—‘8

2 U (5.1-7)

and

of 2 of
aA_E2Y

ov 2 ou

(5.1-8)

The boundary condition imposed by the physical condition of no initial
chirp is that, at the input plane (i.e., V = 0), a should be zero of all values

of U. this implics that, for an incoming scch pulse,

U
a{U,0) =0 =-KU -%f a2(p.0} dp + f(U,0)
0 (5.1-9)
Y2
where fsechpdp = tanh p|p - o
[}

Hence

fiUu,0) = KU + EZE tanh U
(5.1-10)



Ja da )
for small V. —, — and a are given by:

U
a—‘£=-K—¥+K+§£=O
JoU < -
) K ’

2 K

'_E——,E—a (u.0) - 25 a*(u.o)
IAY < 2

2

K 2 K
= ,,C sech™{U) - —28— scchd(U)

4

2

sech* (U} - KTE sech®U | U

Ke

a = 3

To find f, we try the following formula

v u
f =f as(U.q)dq + zf a(p,0)dq
0 €Y0

]
o

a U
_ ,0ld
avfo““”"

p) U
—a;j; a(p,0}dp = a(U,0}
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(5.1-11)

(5.1-12)

(5.1-13)

(5.1-14)

(5.1-15)

(5.1-16)
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d vV, 3
— } a’(U.gldq = a*{U,V)
oV Jg (5.1-17)

\"%
if 33(U,q)dq = 2 [a(U.V) - a(U,O)]
JdU €
0 (5.1-18)

then

o e’ of )
S -2 Z so+duv-E R a(Uu,0) 2,2 afUu,v) - z a(U,0)
oV 2 JU 2 € € €
=0
(5.1-19)
The general solution of F(f) can be derived by
F _OF o
v  df aV (5.1-20)
and
aF _F A
du of dU (5.1-21)

looking at V=0, a (U, 0)=0
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U
f(U.0) =0 + 2 f alp.0ldp = 2 sin" ftanh U)
€ €
0

(5.1-22)
and
Ke .- ;
a(U,0)=0=-KU - - tanh U + KF[sm I(‘.th)
(5.1-23)
hence
F(v) tanh ' (siny) + £ sin
)= S = s
’ ey My (5.1-24)

To check the value of y which satisfies the above equation, try

tanh "’ (sin sin”' tanh U) P sin(sin'lmnh U)

F sin Y tanh U -

U+ £ anhU
2 (5.1-25)

The final form of a is given by [1]

2 3 2 Vi
a=-KU- = a (p,V)dp - g Ke a (0,q9)dq
0

_ K
+Kuanh 'sinf(U, V) + —;:sin £(U,V)
(5.1-26)

where
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Y
f{U,V) = Sf a3(U.q)dq + sin”' tanh U
2 Jy (5.1-27)

To check cquation (5.1-26), the boundary condition V. = 0, a =0

a(U,0) = 0 = -KU - 525 wnhU + 0 + Kmnh"sin[sin"mnh U]

Ke . [. 1
+ 3 sm[sm tanh U] =0

The maximum of a, cxpressed by ay,, and its position, expressed by U,, are

respectively given by

o KeV
M™ 2 (5.1-28)
and
Ug = €V (5.1-29)

From the above two ecquations, we can observe that the positions of the
maxima of a and a are shifted from each other. Additionally, this shift is
linear in eV. Also, observe that the maximum of the amplitude is equal to

(1) for all €V, ay, increases linearly with €V. In Fig. 5.1-1, the pulse phase

is plotted for different pulse intensities. It can be observed, for small

values of €V, a is symmetric and its maximum is centered at U = 0.

However, as €V increases, the a-curves are skewed at its maximum to the



left-hand side of the comoving coordinate U = 0. In Fig. 5.1-2, the

calculated values of ay, and U, are plotted as function of €V. The

computed coordinates of the maxima of the curves are in close agreement

with cquations [5.1-28 and 5.1-29].

The cxpression for the partial derivative of the pulse, with respect

to U, is called the instantancous frequency swecep and is given by {1]:

[

Kiig =;' = -1 + a(U,V)[cosf(U.V)J!

U

<5}

+ £ {a(U.V)[cosf(U.V)] - az(U,V)}
2 (5.1-30)

In Fig. 5.1-3, the instantaneous relative frcquency sweep is plotted for

differcnt values of eV.

In Fig. 5.1-4, a, a, and d0/dU are plotted for €V = 0.4; this figure shows that
the |Ua| and |U.| do not coincide with each other which is the source of
the fringe position shifts, as will be discussed in a later chapter. In Fig.
(5.1-5), we plot the maximum and minimum instantaneous frequency
sweep as a function of €V with different v; this figure shows that as Y
| (aE) | .

increases |— increases, especially for large values of €V.

max

In Fig. 5.1-6, we plot the maximum and minimum instantancous
frequency sweep for zero relaxation; this figure shows the comparison

between the steepencd pulse and the conventional SPM.
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The second partial derivative of the pulse is given by

2
g 25 = a = 20N 4 i 0, an e, wfcos 10, v
L E aa(UV)[ sf(U, V)]— a (U V) sinf{U, V)
2 dU
_2aU, V)aa(UV)
du

(5.1-31)
In Fig. 5.1-7, we plot the second partial derivative of the pulse for
different pulse intensities. It can be observed that ;' and ;" for a self-
phase modulation pulse differ drastically from their respective
expressions associated with a chirped Gaussian pulse, where in that
instance a' is linear in U and a” is constant. Consequently, the pulse, in
the time domain for small eV, can be approximated by a chirped gaussian;

in the frequency domain, however the detailed forms of values of a'and

o" are critical, and such an approximation is not valid. This point will be

discussed in the spectral distribution and the filter transform chapters.

The general solution of equation (3.1-21) which includes self-steepening

and non-zero relaxation time is given by:

ar = a + Ky [lna - In (sech(ltanh'l (sin ﬂ))] (5.1-32)
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where ap is the total pulse phase with sclf-steepening and nonzero
relaxation, and @ is the pulse phasec with self-steepening but zero

relaxation.

To verify the above equation, we have to find the U and V partial

derivatives of ar.

Ja
_I=§E+Ky[%:—a+atanf]
ou u U (5.1-33)
o 3
——I=22+K'Y la_a.;..%mf
vV oV a av
(5.1-34)

By substituting the above two equations (5.1-33) and (5.1-34) into equation
(3.1-21), the Y terms contributions on both sides will cancel each other.

and the solution is verified.

We use the same representation of section 5.1 with the indices, to exhibit

the different forms of a. The four possible cases are given by:

- eV 2
(04 = — sech™ U
0.07 72 (5.1-35)
- eV 2 2
o = —— sech”(U) — yeV sech tanh (U
0,1 2 ( ’ Y (U, ( ’ (5.1-36)

U
€ 2 3 2,V , a1,
0‘1.0=‘U—; a(p,V)dp—ge a (0,q)dq + tanh “sinf{U, V)
0
o
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+Esinf(u.v)
2

(5.1-37)
;1.1 =a) g+ Yinfa, o - 'Yln[scch[tzmh'l sinf(U.V)]] (5.1-38)
where
o = Laq
1) K 1) (5.1-39)
and
€ v 3
f(U,V) = —f aj,olU,qldq + sin‘l(tanhU)
2 Jy (5.1-40)

The (1, 1) solution is the gencral solution of the pulse phase with self-
stecpening and nonzero relaxation time material. We can observe that the

nonzero relaxation time term affects the pulse phase solution. In Fig. 5.1-

8, we plot l—(ao'l - ao'o)as a function of U for selected values of pulse
Y

intensities. This figure shows that this quantity represents the part of the
phase, due to nonzero relaxation time, which is approximately linear in U
and with negative slope, which translates into a stokes shift in the

instantaneous frequency as previously shown by Gordon {27]. In Fig. 5.1-

9, we plot l(a,.l - oy o) for different values of intensities (€V) and
Y

different relaxation times. This figure shows the effects of self-

steepening on the Stoke's shift which will be discussed in section (5.2).
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In Fig. 5.1-10, we plot &) | which is the pulsc phase including the

rclaxation and self-stecpening, as a function of U for different pulse
cnergics and different relaxation times. This figure shows that the
presence  of the rclaxation term and sclf-stecpening term, shifts the
position of the pulsc maximum more toward the left-hand side of U = 0. In
Fig. 5.1-11, we plot the nomalized total frequency sweep with respect to U
for different pulsc intensitics (€V) and different relaxation times (y). The
maximum and minimum of this graph spccify the spectral frequency

cxtent on the anti-Stokes and Stokes side respectively.
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§.2 Solutions for Pulse Phase and Instatantaneous Frequency

Sweep in x(s)- Medium

In this scction, we will find the gencral solution of cquation (3.2-
2
2
13) to obuain o, da/dU, and 9 a/0U " [1, 4, 5).

Lect

a' =a + KU (5.2-1)

the cquation for o' is given by

da' €' 4 da' K 238

—-_Ta—_——=-g¢€a

AY 2 duU (5.2-2)
Hence

da € 490a ~Ke 4 K 23

—=-—-a —=-—F—a -z a

oV 2 JU (5.2-3)

From equations (5.2-3), the solution for (a) is given by

u
Ke' 2 VY
a=—KU-—Zixf ad(p.V)dp-—%Ke' yf a“(0,q)dq +g
0
0

(5.2-4)
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where x, y. d and ¢ arc constants. We next determine the exact cocfficient
of cach term in the above cquation. The U and V partial derivatives of the

above cquation arc

Kl
a—a=—K-——7€—xad(U,V)+§£
ou - oU (5.2-5)
0 K d d+4 K : d
Ja 5 Ke'x + 5 Ke' x d+4
=L — U V) + % —— 0,
v o Ty UMyt OV
5 2
—gke yao.v e %
oV
(5.2-6)

by substituting cquations (5.2-1), (5.2-5), and (5.2-6), into cquation (5.2-3),

the we obtain:

/ 2
5 Ke' xd

d+4 d+4 N og
\’Zm—[d (U,V)—a (O,V)] —-8-K€ ya‘O,V) + —

av
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by equating the power and the identical coefficients on each side. the

values of x, y, d, and B are 1/3, 1/3, 4, and 8 respectively. The general

solution for o« is given by [4]

U
Ke' 2 rV
a = -KU - —()E—f ad(p,V)dp - 25—4 Ke' f as{O.q)dq +g
0
0

(5.2-8)
g obeys:
ag — 8_.34_a£ =0
A" 2 ouU
(5.2-9)

The boundary condition imposed by the physical condition of no

initial chirp is that at V = 0, a should be zcro of all values of U. This
implies that, for an incoming sech pulse,
' U
Ke
a(U,O)=O=—KU - Tf 34 (p,O)dp + g(U,O)
0 (5.2-10)

3
where soch“pdp =(tanhp—t—aig——g) o
p:

and

1] 3
g(U.0) = KU + -K6—e(tanhU - b} U)

(5.2-11)



To find g, we try thc following solution:

A%
5 2 U
g =f a’ (U,q)dq + —,f a(p, O} dp
€ 0

) \Y

= | a’(U.qdg = 2’(U. W
v J,

h) 0]

— afp,0)dp = 0

).

d U

e a ,O)d = ‘wvo)
oy j; {p,0)dp

v
2 f a*(U,qldq = 2 [a(U, V] - a(u, 0]
u J e

The gencral solution of G(g) can be derived by noting that

G 6 2
v 3g v
oG JG og

and —=—. —
U o9g aU

looking at V=0, a(U,0) =0
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(5.2-12)

(5.2-13)

(5.2-14)

(5.2-15)

(5.2-16)

(5.2-17)

(5.2-18)
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U
3 .
g{U,00 =0 + lf alp,0)dp = lsin l(tanh U)
€' €'
0

and
3
Ke' Ke' tanh’ U
a‘U,O’:():_KU_ 3 tanh U + - :
.
+ K G [sin (tanh U)]
€' €' | si 3
Gly) = tanh“(sin y) + — siny — — sin (sin' 51n3 y)
6 6

To check the value of y which satisfy the above cquation, try

G [sin'l(tanh U)]= tanh'l(sin sin”' tanh U) +%' sin [sin'l tanh U]

_£ sin |sin™! tanh” U
6 3

' ' 3
-U+ £ apy- £ 0 U
6 6 3 (5.2-22)

The final form of a is then given by

U
- 8' 4 5 '2 v 8
o =-U - < a'(p,V)dp - 57 € a'(0,q9)dq
0
0

(5.2-19)

(5.2-20)

(5.2-21)
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+ tanh'][sin g(UV] + £ sing(U,V) - £ sin3g(U.V)
6 18

(5.2-23)
where

, A\
g(UV) = e—f aS(U.q)dq + sin”' wnh U
= o (5.2-24)

The above two cquations (5.2-23) and (5.2-24) should satisfy the boundary

condition that at V = 0, a = 0. The maximum value of a cxpressedby a,,.

and its position, cxpressed by Ug. are respectively given by

o Ke'V
M© 2 (5.2-25)
and
3
Uaz—z-e\’

(5.2-26)

The maxima of the amplitude and the phase are shifted with respect to
each other. This result gives rise to a shift of the minima of the

interference pattern which will be discussed in a subsequent chapter.

The U, and Uy are deduced by comparing equations (4.2-3) and (5.2-26).

The first derivative of a with respect to U is given by

t L}

Ja £ 4 a
aU 6 Cos g

+ 56_ alcosg) - % a (sinzg)(cos gl

(5.2-27)
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In Fig. §.2-1, the pulse phase a is plotted for different pulse intensitics.
These figures show that the pulse phase is asymmectric with respect to the

U-axis. This is a conscquence of the amplitude sclf-stecpening.

In Fig. 5.2-2, wec plot the instantancous frequency sweep a%U for
diffcrent pulse intensitics. This figurc shows that the decrivative of the
pulse phasc is asymmetric with respect to the U-axis. This is the reason
for the asymmectry of the spectral distribution between the Stoke's and

anti-Stoke's portion of the spectrum.

a
The absolute value of the maximum of — is always greater than

that corresponding to its minimum value; therefore, the anti-Stokes

extent is larger than the Stokes extent of the spectrum.

In Fig. 5.2-3, we plot a,, andanl as a function of €'V and, in Fig. 5.2-4, the

maximum and minimum instantanecous frequency sweep are plotted for
differcnt values of relaxation time. The second derivative of the total

pulse phase is given by

3 e'
2,338_a 1 aa+azsmg+_

da 2 .2
+ — cosg— - a sin" g
oUu 9S8 gu coszg 6 u

€. 2 da 2.3 ) 2
— —|sin“g.cosg— - a“sin" g + 2asing.cos" g
6 ou

(5.2-28)




64

In Fig. 5.2-5, we plot a" for different pulse intensities (e'V).

The gencral solution of equation (3.2-11) which includes sclf
stecpening and matcrial relaxation [5], will follow the same procedures as
in scction(5.1), i.c., cquations (5.1-32) to (5.1-36) will bc the samc as in
x(3). dispersionless medium.

We use the same represcntation of the paramecter a, with the indices, to

represent  the presence/absence of the nonzero rclaxation time and sclf

steepening. The four possible cases arc given by:

—_— a ’
0.0 _ v scchd(U)

K 2 (5.2-29)

Qg0 =

o, = £y sech4(U) -2Y'€eV scch4(U) tanh (U)
2 (5.2-30)

u v
- € 4 5 8
@0 =-U—-6’f ax.o(P.V)dP-z—4f ar, (0, q)dq
0 0

+ tanh.lsing1U.V) + & sin g(U,V)- e—gsin3[g(U,V)]
6 1

(5.2-31)

;1,1 = ;1,0 +Y'lnfa, 4 - y'ln[scch[tanh'l(sing(U.V))]]
(5.2-32)
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Where

1
b= T K T (5.2-33)

and

e Vs y
g{U,V) = —f a) o(U,gldq + sin (tanh U}
2 J, (5.2-34)

The (1, 1) solution is the gencral solution of pulse phasc with sclf-
steepecning and nonzcro rclaxation time. Wc can observe that the nonzero

rclaxation time affects the pulse phase. In Fig. 5.2-6, we plot

1~ - .
—\%o,1 - ao.o) as a function U. This figure shows that the phase with
,Yl

nonzero rclaxation time for €'V < 1 is approximately linear in U with a
ncgative slope: this causes a Stokes shift in the instantancous frequency.

This shift is equivalent to Gordon's self frequency, derived for x(3)

1 (— -
medium In Fig. 5.2-7, we plot —'((!1'1 - &) o] for different values of
Y

intensities (e'V) to illustrate the effects of seclf-steepening on this Stoke's

shift.

In Fig. 5.2-8, we plot oy | which is the pulse phase including the

self-steepening and nonzero relaxation time as a function of U. This
figure shows that the existance of seclf-steepening and nonzero relaxation
time term shifts the pulse maximum more toward the left-hand side of U =

0.
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The cxpression of the normalized frequency sweep, for this pulse,

is decrived by taking the U-partial derivative of a and is given by:

Ja e at s 2 +i'a(cos gl - e a (sinzg“cosg)
au 6 cosg 6 " g

, 1 da
+v |aftang} + - —
2 9u

(5.2-35)

In Fig. 5.2-9, we plot the normalized total frequency sweep with respect to
U. The maximum and minimum of this graph specify the spectral

frequency extent on the anti-Stokes and Stoke's side respectively.
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CHAPTER 6

PULSE SPECTRAL DISTRIBUTION IN X3 anp x5).
DISPERSIONLESS MEDIA

e

6.1 Pulse Spectral Distribution in Medium

The spectral  distribution  for the signal at the cxit planc s
proportional to thc magnitude squarcd of the time Fourier transform of

the electric field, which is given by [1]

2

S{w',z) @ |E(w'. 2 (6.1-1)
Where E((O'.ze) is the Fourier transform of the eclectric field at the plane

zZ =1z

g(m',ze’ =1 explio't) Eft, zdt
2n iiad (6.1-2)

Where 2z, is the coordinate of the exit plane. In the U - V coordinates,

where W = @ 1, and , W'= o' 1., the expression for E is given by (2, 6, 7, 32,

33, 34]
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~ Eo1p -
E(W.V, )= au. exp [i(W - W)U au.v,). exp i (U, vy)
2n
(6.1-3)
Where V. corresponds to the V of the exit plane
The general equation of the spectral distribution is given by:
EKY) = f exp(-iK'U) E(U)dU
- (6.1-4)

The spectral intensity of self-phase modulation was computed from
the specific values of a and a, previously found. However, to obtain an

intuitive feeling for this spectrum structure, we used the method of

stationary phase [35, 36] to simplify E(K) as follows;

EK') = f-a(U) exp (-iK'U) . exp ﬁa(U)). exp (iKU)}.dU

(6.1-5)

hence

- ik[5 + o)
E(K") = a(U) . du

- (6.1-6)

Here a(U) and [8 + a(U)] are rcal functions (no analyticity is necessary).
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Assume that there is one point Up in the interior of (-°°.°°), having

the property that; (5 + a(Uo)) also, let (5 + a(UO]) 20 In accordance

with the above assumption of the mecthod of stationary phase, we assume

that only the necighborhood of the point Uy is of significance, and we can

cxpand

—

i[5+ aU)] = ik [(8 s afUg)+ 5 (84 ;lu()))" (U - Uy z}

(6.1-7)

Substituting (6.1-7) into (6.1-6), new equation of E(k)bccomcs

\

Ew = [ alug exp{ iK [(8 +apg)+ 3 (o awd (u- UO)z} J

x dU
(6.1-8)
then
172
E(K) ~ _21: ] a(Ug exp [iK(S + o (UO)’ t 14£]
Ka" U
(6.1-9)

where the + or - sign is chosen for @"{Ug) > 0 or < 0, respectively. Since

we have two stationary points (U, & U;) for each value of §, the

approximate solution for the pulse spectral distribution becomes (2]
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TEI BN Uy) cxp[ik (8 ra (U,)) + i1:/4]
- 1%
[‘1 (Ul)] 2

L2l exp| 1K (8 + @ U3 - im

172

2r

K

EK) =

i

(6.1-10)
where K - K' = 8K, U, and U, are the roots of the equation:
d+a'(U)=0 (6.1-11)

i.c., the stationary points, and U, and U, are chosen such that:
a (U;)) > 0 and a (Uy < 0. Two stationary points exist for any (- &) in the
interval spanning the domain of a. The chirped gaussian pulse, on the
other hand, has only one solution for the equivalent equation (6.1-11),
the function o has no finite maximum and minimum, and the function a
is symmetric. These differences is responsible for the qualitative
differences of the self-phase modulation spectrum from the spectral

distribution of a chirped gaussian pulse.

~2
In Fig. 6.1-1, we plot the spectral distribution |E| for different pulse

intensities with y = 0. From the above figure, we can observe the
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following features for the spectral distribution of the self-phase

modulated supercontinuum:

(1)  The spectral cxtents are given by:

lw - wl,., ~ Max (aﬁi)
anti-Stokes U
(6.1-12)
IW' - w]S ~ Min a—a)
tokes (-)U
(6.1-13)
Ja . [oa
since Max (——) > | Min (-—— as in Figs. 5.1-5 and 5.1-6, the spectral
oU oU

extent on the anti-stokes side (8 < 0), is larger than the corresponding
quantity on the stokes side. This is clearly understood by observing the

results in Figs. 6.1-1 and 6.1-2.

(2) The existence of two stationary points in the integrand of equation
(6.1-5) or, equivalently, the existence of two solutions to equation
(6.1-11) for all 8 in the domain limited by the maximum and mini-
mum of a' implies the existence of an interference-like pattern

in the spectral intensity distribution.
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a . ..
3) The shallowness of the — curve near its minimum values, causcs

the cxistence of the pcak on the edge of the stoke's portion of the

spectrum.

(4) The number of oscillations in the spectral distribution (M), is
cstimated by the mcthod of stationary phasc approximation to be

given by cquation (6.1-10) as:

M

KeV
M=
bi

2 (6.1-14)

which is in a good agrccment with the numerical computed values. The

above equation is dcrived by using equation (5.1-28).

From cquation (6.1-14), it is worth mentioning that M increcases with both
K (i.c.,, 1) and €V. The modulation frequency of these oscillations is then
approximately given by the frequencey extent (proportional to the
extrema of a') divided by the number of oscillations. Combining equations
(6.1-12) through (6.1-13) we conclude that this quantity depends on eV

and is independent of K.

(5) The envelope of the maxima of the spectral distribution can be

directly estimated from equation (6.1-10), and is given by [2]
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Iélz-%[ Wy, sy |
— 172 —_ 1/2
(o (U ) I“"(Uﬂl (6.1-15)

The cutoff points for the envelope arc dctermined by (max ;) and(min E)
The cnvclope maximum is in the shallow rcgion of the a'curve; as
obscrved in Fig. S5.1-3, this shallowness is in rcgion of (min a').
Physically, this translatcs into the spectrum having a sharp band cdge
close to its Stokes maximum ecxtent. In Fig. 6.1-3, the cnvclope of the
spectral maximum is plotted for sclected values of €V, using the
approximate expression of equation (6.1-15). We will refer to the
displacement of the spectral maximum from the incoming pulse center
frequency as the SPM-spectral Maximum shift. For all practical purposes,
the magnitude of this shift follows closely the stokes frequency extent to

within half a modulation curve.

Physically, fhc SPM spectral-Maximum-shift can be explained by noting
that the x‘¥ nonlincarity does not change the total number of photons in
the pulse, thus since the the spectral anti-Stokes extent is larger than the
stokes extent, in order to conserve ecnergy it is necessary that the peak of
the spectral intensity be shifted to the Stokes side. Mathematically the

SPM-spectral Maximum shift can be approximated as function of eV by

Ay eV

K 4 (6.1-16)
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In Fig. 6.1-2, the pulse spectral distribution in the presence of sclf-
stcepening and matcrial relaxation, is plotted versus A. The important

fcatures of Fig. 6.1-2, are that

(1) as ¢V increascs the spectrum is more asymmetric, the spectral
maximum is shifted to the stokes side, and ncar the stokes maximum

cextent the spectrum falls off rapidly.

(2) as y increases, the spectrum is further shifted to the Stokes side and
the maximum frcquency extents arc consistent with the result in

Fig. 5.1-5.

In Fig. 6.1-4, we plot the spectral maximum peak position as a function of

€V for different values of relaxation times. This peak's stokes shift
increcascs, for a fixed value of €V, with an increase of Yy as will be shown

in the following analysis.

The mean frequency of the pulse normalized to the original center

frcquency can be shown to be given by (3]

1 + — a2dU

- (6.1-17)

for small eV, this quantity, for 1(3) medium, is given by:
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(6.1-18)

this corresponding to the stokes shift discussed carlier.




6.2
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Pulse Spectal Distribution in 1‘5’- Medium

The spectral distribution of the supcrcontinuum is obtasined by

taking thc amplitude square of the fouricr transform of the electric ficld

(1.

In this scction we used the same cquations for the spcctral

distribution as in scction (6.1).

~2
In Fig. 6.2-1. we plot the spectral distribution |E| for different pulse

intcasitics with ¥ = 0 [5]. From the spectral cxtent figures. we obscrve the

following fcatures:

()

The calculated spectral cxtents are in a good agreement with the

estimated values of equations (6.1-12 and 6.1-13).

The number of oscillations in the spectral distribution can be
estimated. using the stationary phase approximation to the Fourier

transform of the electric ficld, to be:

Ns_ﬁ'_l!_ke'v

4 2r (6.2-1)

This estimated value is in close agreement with the computed values.

(3)

(4)

The existence of the spectral peak on the edge of the stoke's portion
Jo
of the spectrum is a result of the shallowness of the dU curve

near its minimum value.

The envelope of the maxima of the spectral distribution is given as

in equation (6.1-15) of section 6.1.
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In Fig. 6.2-2, the spectral maximum shift can be approximately as

function of € V by

K 3 (6.2-2)

~2
In Fig. 6.2-1, the ,E, is plotted for ¥ = 0, a spectral pcak at A = 0 is obscrved,
which will be discussed later. In Fig. 6.2-3, the pulse spectral distribution
in the presence of scif-steepining and material relaxation is plotted for '

= 0.2. The important fcaturcs found from the spectrum are that:

(1) As €'V increases, the spectrum is more asymmetric, and near the

Stokes maximum extent the spectrum falls off rapidly;

(2) As ¥' increascs, the spectrum is further shifted to the Stokes side
and the maximum frequency extents are consistent with the result

in Fig. 5.2-4.

(3) The spectral shape has a peak at the center frequency, a new
feature not present in the 1(3)- dispersionless media. This is the
result that the instanteneous frequency in the x(s) medium has

more roots than the corresponding one in 1(3) medium.

The role of the non-zero relaxation time in the Stokes shift is illustrated
by claculating the mean frequency of the pulse normalized to the
original center frequency. The normalized first moment of the frequency

can be expressed in the time domain form as (5):
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da
1 + —
( au

f a’(U)dU
- (6.2-3)

(5)

a2 dU

kel

for small €'V, this quantity, for the g medium, is given by:

lim K
e€Ve<l K

=1-03y (ev)
(6.2-4)

the second term on the right hand side corresponds to the numerically
computed Stokes shifts. This shift is linear in the thickness of the

material, and in the relaxation time and is quadratic in the intensity.
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CHAPTER 7

DIRECT TIME MEASUREMENT OF THE PHASE IN (3
AND x() DISPERSIONLESS MEDIA

7.1 Introduction

In order to characterize an optical pulse completely, onc must
mcasurc the slowly varying phase a(U). The phasc of the pulse can be
directly mesured using the interference technique {37]. Rothenberg and
Grischkowsky were the first to apply this technique. A Mach-Zehnder
interferometer with Fabry-Perot étalon in one arm, is used. The ¢éualon,
tuned to resonant with the input pulse, provides the monochromatic
rcference pulse. The delay and the alignment of the interferometer are
adjusted to ensurec that this rcference pulse interferes (heterodynes) with
the input pulse, which passes unaltered through the other arm of the
interferometer. Furthermore, because of the case of adjustment of the

delay of the interferometer, the phase of the entire pulse can be obtained.
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7.2 Direct Time Measurement of the Phase in x(3) -  Medium
The direct technique to measurc the phase of the pulse consists of
adding two pulscs, a reference pulse of given width and zero chirp and a
signal pulse described by the amplitude (a) and phase (a) which we found
previously, then subtracting the sum of the intensities of the signal

pulse and the mcasured reference pulse from the modulated pulse.  The

resultant intensity is given by |2]

H{U) = 2R[U). a(U) . cos [a{U] (7.2-1)

If the reference pulse R(U) is a part of the incoming pulse i.e., sech U,

then the intensity I(U) is given by

1{U) = 2sech(U) afU) cos |a (U)] (7.2-2)

For conventional SPM, where

a(U) = sechU (7.2-3)
and
a(U) = K;V sech’ U
(7.2-4)

The intensity for conventional SPM is
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Vv
[{U) = 2 sech’ U .cos[K% sech? U]
(7.2-5)

In Fig. 7.2-1, I(U) for the conventional SPM and sclf-stecpened effect are
plotted as function of U. The intensity of the conventional SPM s
symmetric duc to ncglecting the sclf-stecpening effect. The shift between
the maxima of the amplitude and phase and the asymmetry in their
shapes produce an asymmetry in (U). Thc degree of asymmetry increascs

with increasing eV.
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7.3 Direct Time Measurement of the Phase in x(s) ~ Medium

In this scction the same tcchnique is used as in scction (7.2).

Equations (7.2-1) through (7.2-3) arc valid.

For conventional SPM,

2 (7.3-1)

The intensity for conventional SPM s

I{U) = 2sech’U . cos [K‘;V sech‘u]
(7.3-2)

In Fig. 7.3-1, I(U) for the conventional SPM and self-steepened effect are
plotted as a function of U. From this figurc, I(U) of the conventional SPM
is symmetric due to neglecting the sclf-steepening effect. The shift
between the maxima of the amplitude and phase and the asymmetry in
their shapes translate an asymmetry in I(U). The degree of asymmetry

. . . . 1
increases with increasing e V.
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CHAPTER 8

INTERFERENCE PATTERN OF THE SUPERCONTI-
NUUM GENERATED BY SELF-PHASE MODULA-
TION IN ¥(3AND %(3) -~ DISPERSIONLESS MEDIA

8.1 Introduction

In this chapter, we compute the interference pattern gencrated by
a plane-wave scif-phase-modulated ultrafast pulse (5]. We prove that for
high intensities, the presence of the time shift between the maxima of
the amplitude and the phase of the SPM pulse leads to a shift in the
position of the interferometric intensity extrema (fringe position shifts)
as in Fig. 5.1-4. These shifts are functions of a parameter related to the
pulse energy and the pulse width and to the nonlinear index of refraction
and the thickness of the nonlincar medium that generated the SPM signal.
Furthermore, we calculate the Fourier transform [38] of the interferometric
intensity distribution and relate its range to the extrema of the frequency
sweep (i.e, the derivative of the pulse-phase funtion, ) which were shown
to identify the supercontinuum speciral extents and the spectral maximum

shift.

In all interferometric problems {6, 39, 40, 41] , the method of analysis
of non-monochromatic light is to find first the intensity distribution for

specific frequency as function of the paths diferences (or time delays) of
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the particular geometry, then to sum incoherently over all frequency
components intensitics. The gencral cxpression for the interferometric

intensity for ultrashort pulse characterization is summarized in [6].
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8.2 Interference Pattern of the Supercontinuum Generated by

Self-Phase Modulation x(3). Dispersionless Medium.

The interference pattern can be derived as follows; The incident
light on an interfcrometric system has an input spectral distribution

given by [, (w), the resultant (output) intensity is given by [6]
Iout(A)zf I, (w) H{w,A)dw

where Ais the set of time dclays associated with the problem's geomtry,

and H (w, A) is the response of the system to an incoming field of unit
amplitude and frequency . The monochromatic response function for

the Young double-slit configuration is given by:
H(w,A) = 2{1+cos(w A)} (8.2-2)

-1 . . . .
where A = dx{lLc} , d is the separation between the slit centers, L is the
distance to the screen, x is the distance of the observation point from the

center of the screen, and C is the velocity of light.

The electric field of the incoming pulse is parameterized as follows:
Einlt) = exp (iogt) ald) exp [i e (1) (8.2-3)

where wq is the carrier frequency, a(t) is the envelope function, and a(t)

is the phase function.

The Fourier transform of the pulse is given by
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1

Eulo) = —L - [“empl- iwx)Eqd @

2x - (8.2-4)

From ecquations (8.1-3) and (8.1-4)

Ein(co) = —11—/2 [ -a(t)cos (m - (oo)t - afy] d
= J st )

_f-a(t)sin[(n) - @t - i dt]

(8.2-5)

The intensity I, (0) is equal to

IEin(w)|2 = lin(“’) = i f a(()exp{ -i [(w-mo)t —a(t)]} dt

X f a(t')cxp{—i[(m—(oo)t'—a(t')]} drv

(8.2-6)

The output intensity becomes

Tow () = 1{a) 8.2-7)
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Hence from equations (8.2-2), (8.2-6) and (8.2-7)

I (A) = 51; f-d(o f:dt I:dt' aft) aft') exp {i[a(t) - a(t')]

+iwft'- g + ioy (t-t) } [2 + exp GmA) + exp (—io)A)]

(8.2-8)

By interchanging the order of integration and wusing the Fourier
representation of the Dirac delta function, the intensity I(A) can then be

written as

1(a) = 1, (8) + 1,(a) + 15 (a) (8.2-9)

where

1, (a) =2 f aZ(t)dt

(8.2-10)

1, (a) = f- aft). aft - a)

X exp {i[a(t) - a(t - A) + moA]} dt

(8.2-11)



88

I, (A) = f- aft). a(t + A)

x [ - - \
exp \n[a(t) alt +a) “’OA]; dt (8.2-12)

The relative intensity for any A normalized to the intensity at the center

is given by
Ha) 11
I(O) 2 2

f- af) a (t - A) cos {moA + o) - a(t - A)} dt

f a’() dt
. (8.2-13)

where (a) is the pulse amplitude, (a) is its phase, and w, is its center

X

frequency. For cw radiation, the minima of the interferometric intensity

are located at:

(8.2-14)
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In normalized time T (i.e., time mcasured in units of t, the pulse width),
the normalized frequency K = wot and the normalized timec declay A/t is

paramecterized as y/K. In these units the cw minima correspond to (6]

yin)={2n + I} n (8.2-15)

and the cxpression for the relative intensity of the interference pattern

reduccs to [6]:

19} »—

1
Ily) = 5 +

dT a(T) a(T - y/K) cos [y +ofT) - “(T' y/x)]

f- a?(T) dT

(8.2-16)

In Fig. 8.2-1 we plot Ir(y) for fixed K (i.c., fixed pulse width) but with
different pulse intensities (eV). From the above figure, we can observe
that, both the values and positions of the extrema change with eV .
Furthermore, for large n, the ratio of the magnitudes of a maximum
intensity to its necighboring minimum intensity decreases with

increasing €V. This ratio goes asymptotically, for large n, to 1.
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In Fig. 8.2-2, we plot the shifts in the position of the third minimum (i.c.,
the minimum that corresponds to y(2) = 5x for cw radiation) as function of
K, but fixed eV. From the above graph, it is clear that this shift depends
only weakly on K. This approximate scaling (i.c., the strong dependence
of the shift in fringe positions on eV, the ratio of the pulse intensity over

the pulse width alone) will be discussed later.

The phase that we have derived earlier, depends only on the parameter K

through a multiplication factor, i.e., @ = Ka, where a depends only on

the parameter €¢V. Consequently, if for y/{( <1 we approximate equation

(8.2-16) by the leading term of its Taylor series, we obtain [6]

da
1 + —
)

du az(Ut cos |y

11

Iﬁ ()’)"f t3 =
de a’(U)

il (8.2-17)

This approximate expression for Ir does not have an explicit dependence
on K. From Fig. 8.2-2, we can observe that this asymptotic value for Iy is
alrcady within 2% of its exact value for K = 90 (i.e., a 30 fs pulse for

A = 0.628 um). Furthermore, from equation (8.2-17), it is clear that €V

dependent amplitude- phase time shifts is responsible for the

da
interferometric minima shifts, in effect — # 0 for U = U,, and the
oU

argument of the cosine function at that point is ¢V dependent.
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A
In Table 8.21, the shifts in thc position of the Iz minima are

tabulated as functions of the order of the minima and of the paramcter eV.
The shift is defined as the difference between the actual minimum of IQ‘Y)
and the cw minimum as dcfined in cquation (8.2-14). As can be noticed,
cach ¢V has a distinct signaturc for the shifts.

An alternative nonspectroscopic mecthod to derive €V is by
analysing the fourier transform of l}:. The cxpression for the Fouricr
transform can be dircctly derived from cquation (8.2-17), and the integral
representation  of the Dirac delta function, and the dclta  function

property:

L]

5015 [ - o ay = &2 |

Yy=yo, flygd=a

& |

(8.2-18)
where g(y) and f(y) are any mathematical functions

Consequently the spatial Fourier transform of the interferometric

intensity defined by:

Fw=f}”wm-ﬂw

is then given by:

(8.2-19)

2 2
_ = a"(U) a (U
DRRT ) R S
i o iloa
pur Py

aU” ju=y; dU” Ju=y;
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(8.2-20)
where Uj and Uj arc respectively the solutions of:
x + 1 + _8_(1 =0
JuU (8.2-21)
da
x-1-—=90
JoU (8.2-22)

. 2 . . N . .
and N is the a° intcgral normalization factor. F(x) is cven function of x.

dat
For x > 0, only cquation (8.2-22) has a solution since |[—| < 1. The
function F(x) is not identically zero in the interval [a, b],where:
a= a_a + 1
oU (8.2-23)
b = 9& +1
ou (8.2-24)

(i.e., a dectermination of the range of F(x) specifies the value of the

parameter eV).

In Fig. 8.2-3, we plot F(x) for specific value of ¢V with different relaxation
times and in Fig. 8.2-4, F(x) is plotted for different pulse intensities. From
the F(x) figures, we can observe that as €V incrcases (high pulse energy),

the broadening increases and there will be no peak on the R.H.S. of the
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curves. This happens, due to the fact, that the pulse spreads its energy in
the broadening and it does not have enough cnergy to show on the R.H.S.
pcak (due to the cnergy observe law). Also. wec have previously observed

in chapter 6, that the spectral distribution extents on the stokes and the

anti-stokes sides are also dctermined by the cxtrema of dJdo/dU.

Furthermore, thc SPM frequency shift is also dctermincd by min(awaU).
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8.3 Interference Pattern of the Supercontinuum Generated
by Self-phase Modulation in 1 (5. Dispersionless Medium

X(S)- medium can be derived in the

The interference pattern in
samc fashion as in scction (8.2). Equations (8.2-1) through (8.2-24) are

used here to find the relative intensity for any A normalized to the

. A
intensity at the center and the Fourier transform of Ig.

In Fig. 8.3-1, Ig(Y) of fixed K is ploticd for different pulse intensities €'V,
From the above figure, the values and positions of the extrema change
with €'V. Additionally, for large n, the ratio of the magnitudes of a
maximum intensity to its neighboring minimum intensity decrcases with
increasing the pulse intensity €'V. This ratio becomes asymptotically, for

large n, to 1.

In Fig. 8.3-2, the Fourier transform of F(x) is plotted for specific value of
(e'V) with different relaxation times and in Fig. 8.3-3, F(x) is plotted for
differcnt pulse intensitiecs. From the F(x) figures, as &'V increases the
broadening increases and the magnitude of the peak on the R.H.S. of the

curves decreases. From Fig. 8.3-3, the following features can be observed:-

a . da
1. As we explained in chapter §, MAX — js greater than MM —  This
ou ou

inequality leads for x > 0, the left peak of the F(x) closer in notation
to the peak at x = 1 than the right peak.
2. The spectral shape has a peak at x = 1. This peak is associated with

the spectral peak at the center frequency.
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CHAPTER 9

FILTER TRANSFORM OF A PULSE OUTGOING
FROM x(3) AND x(S)-DISPERSIONLESS MEDIA

9.1 INTRODUCTION

In this chapter, we compute the cffect of amplitude filters on
ultrafast sclf-phasc modulated pulses [7]. We find the dependence of the
outgoing pulse shape (i.c., width, amplitude, and maximum position) as
functions of the self-phase modulation parameters and filter
characteristics.  Specially, we show that the amplitude filters can be used
in certain conditions to compress pulses. The physical setup we are
considering consists of an SPM pulse passing through a nondispersive
Kerr media (X3 and %(5)- individually) following which the pulse passes
through an amplitude filter. We denote by superscript 1 quantities at the
entrance plane of the nonlinear medium, by superscript 2 quantitics at
the input of the filter, and by subscript 3 quantitics at the output of the

filter.
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9.2 Filter Transform in 1(3)- Medium

It was shown in [7) that if the amplitude filter transfer function is

given by

H(K') = exp {'[{K' - Kf)/ZAf‘r} (9.2-1)

where K = w1, A is the filter spectral halfwidth, wg is the filter center

frequency, 1t is the initial pulse width and o is the incoming pulse center

frequency. E(z)(U) is given by

2 . .
E( ‘U) = Ega(U) exp [la(U)] exp [iKU] (9.2-2)
the outgoing electric field from the filter E? s given by (7]

EB)(U) = E, 9—f£ exp(iK;U) f-dU' alU') exp [idU')]

v

x exp[i(K - KJ U] exp [ v - vy (At‘)z] (9.2-3)

where U is the pulse comoving coordinate that we defined previously, Egis
the magnitude of E(l). a and a arc the amplitude and phase of the pulse
exiting from the nonlinear mediumz, as defined before. In Fig. 9.2-1, we
plot the numerical values of |Em| for different values of the filter's center
frequency and specific eV.

We assume E(1) 10 be given by:
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(1) .
E'"'(U) = Eq sech({U) exp (i K U) (9.2-4)
i.c., the initial pulsc is taken to have a secant hyperbolic shape.

2
In the casc of very large (A¢t), specially (Aft, >> K(EV)» and using

the following representation of  the dirac delta function:

slu-u’) = m_1 exp/——(U'—_U)-z—\

Y= 0yvn \ 72 /

E® reduces 1o E?).  This physically, means that the filter is transparent

(9.2-5)

to all frequencies, i.e., there is no modification to the pulse.

2
On the other hand, if, 1<<(Aft) << K(EV) we can cvaluate equation

(9.2-3) by the method of the stationary phase [35, 36], as follows:

Yy = E, %‘_3 f T U, exp [—(U' - U)2 (Art)z]
T .

X exp {ix[a + Z(U')]} . du

(9.2-6)

Here a(U') and [8 + a‘U')]arc real functions. Suppose that there is one

point Up in the interior of (-oo,oo). having the property that

(8 + ;(UO)) = (: also, let (5 + ;(U)) # 0. In accordance with the above
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assumption of the method of stationary phase we assume that only the

ncighborhood of the point Ug is of significance, and we can expand

iK[S + E{U)] = iK (8 + ;(UO}) + ;— (8 + ;(Uo)) (U - Uo)z]

9.2-7)

substituting cquation (9.2-7) into (9.2-6), the ncw cquation of E]U)

becomes

E(U) = E, ?/—%f a(Uy) . cxp[—(‘Uo - U)2 (Art)?-]

x exp n([s +alUf +5 (8 +a (UO))" (u- Uo)z] du'

(9.2-8)

then

_ Az . 12 | B .
E(U) = Eg 1/% [K';(Udl] [a(UO) x cxp[nl((& + a(UO})] + 12]

X exp [-(Uo - vy’ (Aﬁ)z] (9.2-9)
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where the + or - sign is chosen for, @"{ug) > 0 or < O respectively.  Since
we have two stationary points (U;, U;) for cach value of 5, the

approximate solution for the pulse spectral distribution becomes [6]

5 1/2
M) = B (ag) (K’

(a(U,) . exp [i K[5+ au)]+i n/4]

[ ;" ‘U l)]l/2

s o] oo - o

Ul exp i K[8 + afuy] - i wa )

— 172
|a" ()
(9.2-10)
where U; and U, are the roots of
d+a{U)=0 (9.2-11)
i.e., the stationary points of the integral, and where

U, and U, are selected so that a"(Uy) > 0 and a" (U} > 0. There are two
stationary points exist for any (' 51) in the interval spanning the values of

a’. From equation (9.2-10), we can observe the following features:
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(2)
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EG) decribes two pulses centered at U, and U, and of width Agt.

When (—8‘) is close to the maximum or minimum of &', the

stationary points are very close to cach other and the two pulses

merge into one pulse, which is called daughter pulse.

The above results arc different from that associated with chirped gaussian

(CG) pulses, these arc

(1)

(2)

(3)

(4)

For small (eV), although the phasc function a for SPM and CG
pulses (o = -KeV U?) coincides in the region around the maximum

of a, the respective derivative function o' and a" are quiet seperate.

For CG pulses, a' is linear in U (a'= - 2 KEV U) and its magnitude is

symmetric with respect to an axis of symmetry and a” is constant

(a" =.~2 KeV). While for the SPM pulses, as we have previously

seen, a' is asymmetric and is bounded, it has two extrema.

Approximating a for SPM pulse by the CG pulse can be acceptable
in the time domain in certain specific instances, it is never so in

the frequency domain.

The transformation by the filter is a frequency domain calculation,
so there should be major differences between the SPM and the CG

pulses going through the amplitude filters, namely:
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(4.1) For CG pulses, equation (9.2-12) has one solution whereas for SPM
pulses, it has two, one or zero solutions depending on the value
of 8¢. Physically, while thc CG pulse produces only a single
daughter pulse by passing through the filter. For an SPM pulse
input, two pulses arc thc normal output from the filter. Scc Fig.

9.2-1 .

(4.2) The output from two filters with center frequencies cquidistant
from the pulse center frequency (ex: in 1(3)- medium, we are
using K - Ky = -30 and K - Ky = 30) have a similar shape for a CG
input pulsc, but they are not for an SPM input pulse. This asym-
metry is demonstrated through the amplitude, shape and width

of the outgoing pulses. See Fig. 9.2-1 (iv) and (x).

(4.3) In the SPM spectrum, the a' asymmetry leads to different Stokes
and anti-Stokes, while for a CG pulse the spectral distribution is
symmetric. The axis of symmetry is the line passing through the

pulse carrier frequency.

(4.4) In the CG case, the time of arrival of the pulse peak for different
filter center frequencies is a linear function of the detuning with
the pulse carrier frequency. For SPM pulses this curve is given by
the o' graph. This curve for SPM does not intersect the U axis at

zero detuning [7].

An effective compression scheme [7] will occur for values of Kfg

where a single daughter pulse is produced (i.e., near the frequency
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maximum ec¢xtent). The values for the position of the pulse maximum and
width are in good agrcement to 10% with the approximate values of the

stationary phase approximation from ecquation (9.2-5).

In the intermediate region, i.c., when (Art)z =~ K(ev). the stationary
phase approximation should be replaced by the mcthod of stecpest descent
[35] which is applicable in casec that the argument of the cxponent in the
integrand is complex and thc cxponent is multiplied by a large number,

in this case, K.

In Fig. 9.2-2, we plot the compression ratio (C) and the intensity
3
magnitude of SPM pulses outgoing form the filter (Is)) as a function of

(Agt) in the case of efficient compression.

It can be observed from the above figure, as the filter is broadened,
: 2
i.e., more light passes through, then the magnitude of |Em' is increased.
(1
The compression ratio is defined as the ratio of the pulse width of |E 4

(i.e., sech pulse width) divided by the pulse width of IEMIZ. increases to a
maximum then decreases. As (4¢t) becomes very large (i.c..((A¢t) >> KeV)
the compression ration approaches 1. An approximate value of the
compression ratio for the case of one daughter pulse can be estimated by

the method of steepest descent. It is given by [2, 7]
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¢~ (ag) - o ol + 1

[(Aft) + 1]2 g’ (9.2-13)

where, g=Ka" (U, Ug is the average value of the two colapsing stationary

points.  This approximate cxpression for the compression ratio (C) agrees

to betier than 20% with the computed values in Fig. 9.2-2.

Finally, we study the cffect of €V (i.c., the laser source fluctuations)

on the shape of the filter output. In Fig. (9.2-3, it can be observed that

changing (eV) by *25%, which corresponds to *25% fluctuation in the

1
incoming laser intensity l(o’. By keeping (A¢t) constant, the effect of

increasing (eV) is to create two daughter pulses. This could be explained
by observing that the maximum of a' increases with (gV). Consequently,
an incrcase of ¢V mcans the rcappearance of two well-separated
stationary points. On the other hand, as (eV) decrcases, E(3) magnitude
will be extremely reduced but with only slight variations to the shape.
Consequently, in dcsigning a physical set-up for specific compressor [7],
the ecxperimental nonlinear parameters should be seclected to

overcompensate the positive fluctuation.

We note that the above compression scheme produces ultrashort
pulses but with center frequency different from that of the incoming
laser signal. The above scheme permits, inter alia, the gencration of
femtosecond pulse in new regions (ultraviolct) of the spectral domain

using a laser pulse, with center frequency in the visible region.
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Finally, in Fig. (9.2-4), the computed normalized intensity, shape and
position of SPM pulsc outgoing from an optimum compression filter and
the normalized intensity shape of the incoming pulse prior to SPM and

filtering.
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9.3 Filter Transform in X(s)- Medium

The filter transform in X(®)- medium can be deduced by the same
tcchnique as in scction (9.2). Equations (9.2-1) through (9.2-11) are used
here to dctermine the pulse spectral distribution E(3)(U) and the
compression ratio C. The samec discussions and comparisions between the
CG pulscs and SPM are valid as in scction (9.2).

2
In Fig. 9.3-1, we plot the nomalized values of |Em| for different values of
the filter's center frequency and specific €' V.  From the above figure, two,

onc, or zero solutions are produced depending on the value of din

cquation 9.2-11, whereas for CG pulses has a single solution.

From Fig. 9.3-1, the output from two filters with center frequencies
cquidistant from the pulse center frequency, i.e., K - Kf =20 and K - Kf = -
20 also K - Kf = 30 and K - K¢ = -30 have similar shapes for a CG input pulse,
but they are not for an SPM input pulse. This asymmetry is proved

through the amplitude, shape and width of the outgoing pulses.

In Fig. 9.3-2, we plot the compression ratio (C) and the intensity

3
magnitude of SPM pulses outgoing from the filter It)’ as a function of Ast.

In Fig. 9.3-3, |E|2 is plotted for different pulse intensities (e'V), to study the

cffect of the laser source fluctuations on the shape of the filter output.
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From Fig. 9.3-3, we can observe the cffects of fluctuation in €'V on the
shape of the filter output. By kceping At constant then incrcasing the
pulsc intensity (e'V) will create two daughter pulses. This can be
demonstrated by obscrving that the maximum of a' increcases with (e'V),
then any incrcase of (¢'V) mcans the rcappearance of two well-scperated
stationary points. On the other hand, as (¢'V) decrcases, IEMI will be
rcduced with slight variations to the shape. The same discussion about
designing a physical sct-up for specific compressor is carried-out as in

section (9.2).
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CHAPTER 10

ANALYTICAL SOLUTION FOR SMALL SIGNAL
INDUCED-PHASE MODULATION IN x(3)- MEDIUM

10.1 Introduction

When a wcak probe pulse and an intense pump pulse of different
frequencics are introduced together into a nonlincar medium, the pump
pulsc can modulate the rcfractive index of the weak pulse [16, 42, 43]. In

this analysis, we neglect the following:
(1) the pump shape distortion due to group velocity dispersion

(2) higher derivatives beyond the first derivative of the index of

refraction.

In this chapter, we consider induced phase modulation when the
pump intensity produces self-steepening [16]. The partial differential
cquation describing this case can be solved by the method of multiple
scales [1, 2, 3, 16, 29] used in chapter 2. By using the same notation as in
chapter (2), we specialize our treatment to the case of the probe at the

second harmonics frequency of the pump.
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10.2 Induced Supercontinuum and Steepening of an Ultrafast

Laser Pulse

The analytical solution for induced-phase modulation in x(3).

mcdium is summarized as follows;

The boundary condition at the entrance plane is

KU n _2iKU
¢, = sechU e + 8 sech (1.76 U)e " ° (10.2-1)

where 8 measures the relative strength of the second harmonic signal to
the primary frequency signal. In equation (10.2-1), the incoming
primary mode pulse from function is assumed to be given by sech(U) and
the incoming second harmonic pulse form function is assumed to be

given by scch (1.76U).

Equations (2.1-34) through (2.1-36) can be solved for this case

through [44]

0o = A(Up Vi, Uz Vo) % + 8 B (U}, Vy, Uy Vy) 757
0, = C(Vy, Uy, Uy, V) K
0, = 2D, (U Vi, Uy Vy) e"KYe

n

(10.2-2)
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where A corresponds to the pump and B to the probe. C and Dp are
complex amplitudcs associated with © and no signals respectively.
Assuming the velocity of propagation of the wave to be the same for w and
2w in the medium. The pump pulsc A and the wecak probc B arc

rcpresented by [16, 42].

A =ae (10.2-3)
— he'b
B =be (10.2-4)

where a, b are thc pump and probe amplitude respectively, and a, B are

the pump and probe phase respectively.

Consider the polarization to be proportional to|¢| 9, the term-by-term

solutions of equations (2.1-34) through (2.1-36) with y = 0 are:

_I%l 6 = —5 [( ¢ + 28 ab’ ) K

U,

3 ) i2KU,
(8 b'e®+ 25a7be® )c ]

- K? (a +23 ab) i giKUa

+

2 {3 3 2) iB _i2KU
4K (8 b” + 28a"bj e " e ° (10.2-5)



and

9 9 ciKU" +8B -2Ka — ¢
oV, aU, 9V,

dp P 2o
v,

-4Kdb

2K Jda ei® KU
ov,

+i|{4K?d 9 P ¢2Ko
av,

The rest of the terms of equations (2.1-34) and (2.1-35) are

. . ia KU,
cquating the rcal and Imaginary terms of € €

cquation (2.1-35), the following ecquaitons are given by:

2
29__%(32+25 bZ)
Vv,

and

da
v,

then

i
and ¢
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i2 Ja ia KU
cl KU, - 1 Cl 0

(10.2-6)

zero. By

12KU
cl ®of

(10.2-7)

(10.2-8)
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B _x (2312 +8 b2)
oV, (10.2-9)
and
9% _
IV, (10.2-10)
The term-by-term solutions of cquation (2.1-36) with ¥ =0
arc:
3 d
2——|¢0| @, = -ZK(a + 28 ab) 2 KU
U, aU, U,
2 .
+i 2K(3a +28°b ) 9, 8K 5 ab—2 | cKUe
v, v,
2 . .
-4K5b(2a2 +5 b2) 9B e 2KV
0 1
2 . .
‘2a2 + 38 b’) B L aab2 | 4k5 &P KV
au, au,
(102-11)

and
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2
_3_2 .= d : [a &% KUs | o0 iB ciZKU‘i
2 2
da da ia KU,
= 1-ayl—— e e
v, 8Vf
: da Ja 2 a i@ KU,
+i2 : +a e e
WV, AV,
B\ ?
+| -8b _B + 8 db clﬂ chKUo
oV, av3
(10.2-12)
then
d 0 az az
22— [¢0] =l-2a a 2 a ia clKUo
du, dVv, oV, U, au,av,
da_ 0 Y ) )
+il 2 a o 22 o 2 a a ia elKUo
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oA oas db — 25b d B ciB ' 2KUo
dU,dV, av,dU,
2
vil 280 Jdp + 25 b dB B ¢i2KUo
dU, oV, au, 4V,
(10.2-13)
and
aU, dV, av, oV,
_| 451 ap P 12KV,
av,
+il 8K db ciB 2KUs
av,
(10.2-14)

The rest of the terms of equation (2.1-36) are zero
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By equating the rcal and imaginary coefficients of ciu ciKU°and

ciB ciZKU° of cquation (2.1-36), the following sct of partial differential

cquations are given by:

2 2 2
-aa—a +ﬂ—2aaa 8a+2 Ja —2Kaa—a
oV, avi oV, aU, oU 0V, oV,
= —2K(u3 +28 ab’ _a_a_
U (10.2-15)

d d 82 d d 32 o d

y P AL S S S PR B BT
aV, aV, avf aV, aUl aUlaVI aU] avl

2
2K 2 - 2KE£+28 ﬁyﬂl
av, au,

2
+8Kd ab 9%
oU,
(10.2-16)
3 2 a2 a2 2
_on [P} 4590 05 9% 55 0B _ 45kp B
av, av? oU, aV, oV, U, av,
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=—4K8b(23 + Sb) P

aU, (10.2-17)
2 2
28 — db aB bﬂ + 25b————a——p——+28 -a—b—. 9B
avl ()Vl avf aU]avl aUl aVI
raKks 2 . ( 38b) LTINS
oV, U, ou,
(10.2-18)

Substituting ecquations (10.2-7) through (10.2-10) into equations (10.2-14)
through (10.2-18), another sct of partial differential equations are given

by:

2 9% (324 2669 22 4 45 ab-22| = 0
v, v, v,
(10.2-19)
2
2:—“ -( 2+:2sz) Ja =—%K (a2+25b2’
Va2 9 (10.2-20)
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2 % _ ( 2552 + 223 92 4 4ab 92| = 0
v, U, U,
(10.2-21)
) 2
2 )
) 9B —(5b2+2a“)im— = -5 K (232+8b2)
v, v,
(10.2-22)

By wusing chain rule technique that is given in cquations (3.1-18) and
(3.1-19), the partal diffcrential cquations for the amplitude and phase of

the pump and probe pulses are given by [16]:

2 2
% —%e[(332+26b2’ % +48ab—ab— 0

av au U
(10.2-23)
2 2
9a -—;—e(a2+28b2 L %Ke(a2+28 b
av au
2 2 2
Sy K(a2+28 b?
(10.2-24)
2
a—b—%e(Zsz 2 4 40 2 |0
av au 3

(10.2-25)



2 2 2
9B —;—£(8b2+2a)i=l(€(282+5b2)
ov JU

2
2 2
_! € K(S b’ + 2a2)
4

(10.2-26)

The above four cquations cannot be solved analytically, in the gencral
case. A numecrical mcthod [44, 45, 46, 47] that will be introduced in the
ncxt chapter will bec used to solve this sct of partial diffcrential cquation.

However, in the case of, 82 << 1, the above cquations reduce to [16] .

da 3 2 da

—-5€a —=0

ouU oU (10.2-27)

2

@--—%e 23&:%!(53—%1(8 a“

ov U (10.2-28)

LI R L

ov ou JoU (10.2-29)
2

ﬂ - ea2 _GE = 2Kea2-e Ka4

av au (10.2-30)
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The equations of a and a are similar to those corresponding in
chapters (3 and 4 ), and the solutions for b and B are respectively given
by:

4
b(U.V) =a'(U,V] L,{U, V) (10.2-31)

and

U
B(U.V) = -2KU + 45Kf aztp.V)dp
0

2 v
+ 3Ke +4er a*(0,q/dq + KL,(U, V)
(/]

(10.2-32)
Where L; and L, satisfy the partial differential cquation
dL, dL,
B e
aVv U (10.2-33)

The solution of equation (10.2-33) is given by

L(U,V)

L(efva6(U.q)dq + fva"(p,OPdp )

L{r)
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=L efva“(u.q)dq + anhU - % tanh> U
0

(10.2-34)

The initial conditions for the parameters a, b, a, and B arc:
a(U.0) = sech(U) (10.2-35)
b(U, 0} = sech(n U) (10.2-36)
a{U,0) =0 (10.2-37)
B(U,0) =0 (10.2-38)

The function L; and L, are given by the following parametric
rcpresentation (where s is the paramcter):

L,(X) = (cosh4 s) sech (ns) (10.2-39)

where n = 1.76

X = tanhs — + tanh’s
3 (10.2-41)
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The frequency extent of the induced supercontinuum centered at the

probe frequency (i.e., 2w) is given by the maximum and minimum of

3
3K U where:

JL
(21_1( gg) = —1+2¢€a’(UV)+ % [ aim] a' UV

(10.2-42)
and the derivative of L2 in parametric form is:

dL, 2 ~ 4esech’s

X sech’s — (tanh®s) (sech?s) (10.2-43)



121

10.3 Results and Discussions

In this chapter, the analytical solution for induccd-phasc
modulation in %(3). medium is investigated for wcak pulscs. The probe
(wcak signal) amplitude, phase, dcrivative of the phase, and spectral
distribution arc plotted for sclected values of eV.

In Figurc 10.2-1, the probe amplitude is plotted as a function of U
for different vaules of ¢V with n = 1.76. From this figurc, thc probe
amplitude is asymmetric and skewed towards the trailing cdge, also that
the induced steepening of the probe signal depends on the intensity of

the strong wave.

In Figure 10.2-2, the normalized probe phase is plotted as a
function of U for sclected values of ¢V with n = 1.76. From this figure, the
probe phase is asymmctric with respect to the U axis. This is a result of the
amplitude sclf-stcepening. Both the amplitude and the phase of the probe

pulse are driven by the amplitude of the strong wave.

In Figure 10.2-3, the derivative of the probe phase is asymmetric
with respect to the U axis. This results in an asymmetry of the spectral
distribution between the Stokes and the anti-Stokes portions of the
spectrum. The absolute value of the maximum of B' is always bigger than
that corresponding to its minimum value. Given that the spectral extents
on the Stokes and anti-Stokes sides are given, respectively, by

o

IW' - \Vlm'ni-Slokesz 2 x max —
oU (10.3-1)
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o

IW' - wlSlokes' 2 x min —
ou (10.3-2)

The anti-Stokes cxtent is larger than the Stokes extent of the spectrum.

In Figures 10.2-4 and 10.2-5, the probe spectral distributions are

plotted for ¢V = .5 and ¢V = .8 respectively. the important features found
that
1. As €V increcases the spectrum is morc asymmetric, the spectral

maximum is shifted to the stokes side, and ncar the Stokes maximum
extent the spectrum falls off rapidly.

2, The existence of the spectral peak on the edge of the Stokes portion
of the spectrum is a result of the shallowness of B' curve near its
minimum value.

3. The detailed features of the calculated spectral extents conform

well with the estimated values of relations (10.3-1) and (10.3-2).

In figure 10.2-6, the induced frequency extents are plotted as a
function of €V. This figure shows that, the induced supercontinuum
frequency extents as a function of eV grow faster than those

corresponding to SPM.
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CHAPTER 11

NUMERICAL SOLUTION FOR INDUCED
SUPERCONTINUUM OF AN ULTRAFAST LASER
PULSE IN x3- MEDIUM

11.1 Introduction

In this chapter, we summarize the basic concept of the Grid (Mesh)
method (44, 45, 46, 47]) in its simplest possible form. We use a finite-
difference technique to solve the partial differential equations (with
bounary and initial conditions), expressed in rcctangular coordinates. A
nctwork of grid point is employed to solve the set of four, simultancous,
nonlinear partial differential given by equations (10.2-23) through (10.2-
26).

In this set of partial differential ecquations, we have two independent
variables U and V, and four dependent variables a, b, a, and B. The
respective grid spacing are AU and AV. Subscripts, i and j are used to
denote the space point having coordinate iAU, jAV, and also called the
grid-point (i, j). Let the e¢xact solution to the partial-differential
equations be a = a(U, V), b = b(U, V), a=aU, V), and B = B(U, V). The
analysis for (a) is shown. similar analysis for b, a and B were also

performed.
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Assuming that (a) possesses a sufficient number of well dcfined partial
derivatives, the values of (a) at the two points (U, V) and (U + h, V + k) are

rclated by Taylor's expression:

aflU + h,V +kl=a(lU,V) + hi+ Ki a(U, v
dau A
2
+§l'— h2—+K-§— a(U,V) +......
: ou A%
5 n-1
1 d
+m(ha—6+K5; a‘U.V)”'Rn
(11.1-1)
where the remainder term is given by
n
Ry=+(h 2+ k2| afu+en v+ ) 0<E<l
"\ au oV
(11.1-2)
 That is,
R, = 0 Inl+ x| "] (11.13)

By equation (11.1-3), we mean there is a positive constant M such that

|Rq| € M{ ||+ [k] )" as both h and k tend to zero.
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The space point (iAU, jAV) is surrounded by the ncighboring grid
points down in Fig. 11.1-1. Expanding in Taylor's series for &i.i.j about

2; +i.j about the central value 3i,j, we obtain

(av)’ (au)
A, =3~ AU.ay+——ayy - " ayyu
3
(Ax)
+ ' dyvuvu
4! (11.1-4)
and
3
AU
aj i, = a,; + AU au*‘(z.) vu * ) ayyu
4
(ax)
: dyuvuu
4! (11.1-5)

2
2
where, ay = 030U, ayy = 3 aPU" etc., and all derivatives are evaluated
at the grid-point (i, j). By taking these equations singly, and by adding or
subtracting one from the other, we obtain the following finite-difference

formulas for the first-and second-order derivatives at (i, j):

9 _2ie1j T 8, o(au)
oU AU (11.1-6)



oa a,

J _ 3,7 3ic1g, g(au)

dU AU (11.1-7
% _ie1jT -1, (AU)I]

ou 2 AU (11.1-8)
2

Jda _Ri-n, ” 2a; j +a 4, N ()[(AU)Z]
2 2

ouU (AU)

(11.1-9)

Equations (11.1-6) through (11.1-8) are known as the forward, backward,

and central diffcrence forms respectively. Similar forms exist for da/dV

2
and d a/3V2. It may also be shown that

2
da _ @j4n,j+1 7 Bi-1,j+1 84, j-1135-,j+1
dU oV 4AU . AV
2
+o(au + av)

(11.1-10)

For a square grid (AU = AV), the following nine-point approximation is

available for the Laplacian in two dimensions and will have the specified

truncation error, provided that ayy (y + ay y = 0 is being solved:
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A _qje1 YA 500t A4

+4ai_,'j - 20ai.j + 4ai+1.j

aza 82a A RIS PRI S LT TP I
+ =
2 2 5
Ju aVv 6(AU)
(aul]
+0jay (11.1-11)

By taking more and more ncighboring points, an unlimited number of

other approximations can bec obtained, but the above forms are the most

compact.

For convenience, the central-difference operation 5x will be used

occasionally. It is defined by

A5~ ai—;—.j
8X al’J=
AU (11.1-12)
whence
82 Aoy m 23 YA,
xal.j 2

(au) (11.1-13)
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11.2 Difference Equations for the Amplitude and Phase of the

Probe and Pump Pulses

In this scction, we derived the difference cquations for a, b, o, and

B. The term-by-term solution for cquations (10.2-22) through (10.2-25)

_‘23_= A+ 7 A
oV AV (11.2-1)
a=3a,; (11.2-2)

da - ai+l.j_ ai’j
ouU AU (11.2-3)

The same technique is applicable for b, a, and B.
Therefore, equation (10.2-23) become
2 22
ai.j+l=AV(0.5£ 3a + 298 bi.j (a“l_j-ai.j)/AU

i,

2
+48 ai'j bi,j (bi+l'j—bi_j)/AU)+ai'j

(11.2-4)
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Equation (10.2-24) becomes

ai.j+l =AV(

+0.5£K(a'2‘-+28 b~_)

2
0.5 ¢ (aiz'j +290 biz.j) (ai+l.j - ai.j)/AU

(11.2-5

Equation (10.2-25) becomes

2 2 2
b j+1 = AV (0.5 € (2 o bi j+ 2ai.j) ("Hl.j - bi-i)/AU

+ 4 ai_j bi,j (ai*i'j - a,'J)/AU) + bi.j

(11.2-6)

Equation (10.2-26) becomes

Bi.j+l = AV (

2
+ KE(Zaiz.j + 8 blz'.l)

05 ¢ (82 be + 2ai2,j) Bir1;- Bs.j)/AU)

2
2 2
_ % K € (8 biz_j+2ai2'j) )+Bi'j 1127
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The initial conditions are:

at V=0 a ) = scch (U), bi. | = sech (o U),

where the cases o = 0.5and 1 arc trcated

The set of four simultancous, nonlinear partial differential

cquations (10.2-23) through (10.2-26),are¢ solved by establishing a
nctwork of grid points throughout the region -6<SU<6 and 0S V<SS,

with grid spacing AU = 2/N, AV = 1/M, where M and N are arbitary

intcgers.
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11.3 Results and Discussions

In this resecarch, a numerical solution for induced-phase
modulation is devcloped in x(3). dispersionless mcdium where the relative
strength of the probe signal to the pump is closc to unity. A Mesh (Grid)
mcthod, specifically a finite-diffcrence techniaue, is used to solve the
partial differential cquations cxpressed in . _:angular coordinatcs. The
asymmetry in the pump and the probe amplitude. phase, and spectral

Stokes and anti-Stokes regions arc analysed.

In Figures 11.2-1 and 11.2-2, the pump amplitude and the probe amplitude
are plotted as a function of U for selccted values of eV with 8§ = 1and o = .5,
1. In Figures 11.2-3 and 11.2-4, the normalized pump phase and probe
phase arc plotted as a function of U for different values of ¢V with § =1

and o= .5, 1.

In Figures 11.2-5 and 11.2-6, the pump amplitude and the probe amplitude
arc shown for selected values of ¢V with o =.5, 8 =0, .5 and 1. In Figures
11.2-7 and 11.2-8, the normalized pump phase and probe phase are plotted
for selected values of ¢V with o =.5, 8 = 0., .5 and 1. The spectral
distributions of the pump and the probe, with 8§ =1, 06 = 1 for selected
values of eV, are shown in Figures 11.2-9, 11.2-10. In Figures 11.2-11 and
11.2-12, the spectral distributions of the pump and the probe are plotted
for different values of ¢V with 8 =1 and o0 = .5. In Figures 11.2-13 and 11.2-
14, the spectral distributions of the pump and the probe are shown for

specific value of eV (= 4) witheo =5and & =0, 0.5.
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The following featurcs are observed for the pump amplitude (a) probe
amplitude (b) pump phase (a), probc phase (B), and, the spectral

~2
distributions of the pump and probe IEI :

On_the pump amplitude (a)
1. The sclf-stcepening is more pronounced as eV incrcases, as is the
asymmeltry.

tJ

The position of the value of the amplitude maximum denoted by U

and a, rcspectively, are given by

U,=££V
2 (11.3-1)
apm= 1 (11.3-2)
3. The pump amplitude is independent on the probe width (o) and the

relative strength of strong pulse to the weak pulse (3).

On the probe amplitude(b)
1. The probe amplitude is asymmetric and skewed towards the trailing
edge. Also, the probe amplitude increases as eV increasing.
2. With a fixed value of €V, and where & is approximately unity,
(i) the width of the probe amplitude increases with smaller
value of o.
(i)  the position and the value of the probe maximum denoted

by IUbI and (byg). respectively, increase with smaller value

of 6.
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3. For fixed values of €V and o, the position and the value of the
probc maximum, incrcase with larger value of §.
On the pump phase (a)

The pump pulse is asymmetric with respect to the U-axis. This

asymmetry incrcases as €V increcasing.

With a fixed value of ¢V, and where & is approximatcly unity

()

(i)

(iii)

thc width of thc pump phasc incrcases with smaller value of

c.

the position and valuc of the phasc maximum denoted by U |

and (opg). respectively, increase with smaller value of o.

the sharpness on the edges of the pump phase, increases
with larger value of o. This results into a larger extent on
the Stokes and anti-Stokes portions of the pump spectral

distribution.

For fixed values of ¢V and o,

(i)

(ii)

(iii)

the position and the value of the phase maximum, increase
with larger value of §.

the width of the pump phase increases with larger value of
5.

the sharpness on the leading and trailing edges of the pump
phase, increases with larger value of 8. This results into a
larger extent on the Stokes and anti-Stokes portions of the

spectrum.
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On_the probe phase (§)

The probe phase is asymmetric and its maximum is shifted with

respect to the U =0 .

With a fixed value of ¢V, and where § is approximatcly unity,

(1)

(ii)

(iii)

thec width of the probc phase incrcases with smaller valuc of
.

the position and the value of the phasc maximum dcnoted by
lUB| and BM . respectively, are independent on the probe
width (o).

thc sharpness on the lcading and trailing cdges of the probe
phase, increases with larger value of o. This results into a
larger extent on the Stokes and anti-Stokes portions of the

probe spectral distribution.

For fixed values of ¢V and o,

(1)

(ii)

(iii)

- the width of the probe phase increases with larger value of

8.

the position and the value of the phase maximum increase
with larger value of §.

the sharpness on the trailing and leading edges of the probe
phase, increases with larger value of 8. This results into a
larger extent on the Stokes and anti-Stokes portions of the

spectrum,
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The spectral distributions of the pump and probe are asymmetric
between Stokes and anti-Stokes portions. As €V increases, the
spectrum is more asymmetric, and near the Stokes maximum cxtent
the spectrum falls of rapidly.

The maximum peak of the spectral distributions of the pump and
probe, is shifted to the Stokes side.

The number of oscillations of the probe spectral distribution are
more than the corresponding onc in the pump. This is a result of
the proportionality of the number of oscillations with the probe
phase (B) and pump phasc (a), and (8) is grcater than (a) for a

fixed value of the pump intensity. Also, the number of oscillations
of the spectral distribution increase with increasing eV.

The spectral extents of the pump and probe spectral distributions
increase with larger value of the probe width (o). This is a result of
the sharpness of a and B curves with larger value of o.

The spectral extents of the pump and probe spectral distribution
increase with larger value of (§). This is a result of the sharpness

of a and B curves with larger value of 8.
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Table 2.1-1: Range of experimental parameters in super-
continuum generation experiments (Source wavelengh = 1 pm,

pulse width = 10-13 5, and beam diameter at input plane = Imm
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Amplitude Equation Phase Equation
Traditional SPM da da X
Theory w 0 0-; * ;“
Slowly varying & ;“!.‘3 a0
X du o «
Amplitud w w —ctl—e=
mplitude W ¢ w3 d
Yang and Shen o M da Ll &
w 2w w’ za-u'?"’
d& ) , 0 da «'da & ex
Our results —ecu'— 0 . S LI T AL
v 1w’ v Iw 1T

Table 3.1-1: Quasi-lincar partial differential equations forms

ncar medium.

for the amplitude and phase of a pulse propagating in a cubic nonli-
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Fig. 4.1-1: The magnitude of the steepenend (amplitude)2
at U = 0 as function of €V in X3)- medium
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Fig. 4.1-2: The steepend pulse (amplitudc)2 as function of
U, with different intensities in X(’. medium
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Fig. 4.1-3: The slope of the stecpend pulse as function of

U in 1(3)- medium.
(a) eV =0.1 (b) €V =€V (c) eV =028
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Fig. 4.2-1: The stecpend amplitude of a pulse propagating
in dispersionless 2105). medium as function of U with different in-

tensities
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T
1.4 2. .0

Fig. 4.2-2: The slope of the steepend amplitude of a pulse
propagating in dispersionless x5). medium as function of U with

different intensities.
(@ €'V =0.05 (b) €V =02 ) €V =0.34
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Fig. S5.1-1: The normalized phase of the steepend pulse as

function of U in 1(3)- medium.

(a) & =1, 2 3 4
(b) €V =5 6 .7 .8
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Fig. 5.1-2: The computed magnitude and position of the
maximum of the steepened pulse phase as function of €V in x (3.

medium
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Fig. 5.1-3: The slope of the normalized steepend pulse

phase as function of U in 23). medium.
(a) €&V =11, 2, 3, 4
(b) €V =.5 .6 .7, .8



Fig. 5.1-4: The stecpened pulse amplitude, phase of the

steepened pulse, and slope of the pulse phase as function of
U for €V = .4 in - medium .
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Fig. 5.1-5: The values of the extrema of the slope of the

steepened pulse phase for different relaxation time as function
of &V in 2® medium .
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STOKES

Fig. S5.1-6: The values of the extrema of the slope of the
steepened pulse phase as function of €V in 1) medium.
(a) maxima (b) minima
(broken line: conventional SPM, full line: steepened pulse)
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Fig. §.1-7: The normalized second partial derivative of the

pulse phase as function of U with different intensities in 2 (3.

medium .
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Fig. 5.1-8: The normalized phase portion due to nonzero

rclaxation time, in the absence of self steepening in dispersionless

x‘3)~ medium as function of U with different intensities
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Fig. 5.1-9: The normalized phase portion due to nonzero

relaxation time, in the presence of self-steepening as function of

Uin x‘3)- medium with different intensities
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eV=0.8, 7=0

Fig. §.1-10:  The normmalized total pulse as function of U

with different intensities and relaxation times in 1(3)- medium .
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Fig. 8.1-11: The pulse normalized instantancous frequency
sweep as function of U with different intensities and relaxation times

in x®. medium .
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Fig. 5.2-1: The normmalized phase of the electric field in

dispersionless %), medium as function of U.
(a) €V =0.05 (b) €V =02 () €V =034
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Fig. 5.2-2: The normalized slope of the phase in disper-

sionless 1(5)- medium as function of U.
(a) €'V =0.05 ®) €V =0.2 () €V =0.34
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Fig. §5.2-3: (a) The computed magnitude and (b) position
of the maximum of the steepened pulse phase as function of €'V in

x(s ). medium .
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Fig. 5.2-5: The normalized second partial derivative of the

phase of a steepened pulse propagating in dispersionless 1.
medium as function of U with different intensities .
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Fig. 5.2-6: The normalized phase portion due to nonzero

relaxation time, in the absence of self-steepening in dispersion-
less x5). medium as function of U with different intensities .
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Fig. 5.2-7: The normalized phase portion due to nonzero

relaxation time, in the presence of sclf-steepening in dispersion-
less 2(3). medium as function of U with different intensities .
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Fig. 5.2-8: The pulse normalized total phase in dispersion-
less X(S)- medium as function of U with different intensities and

relaxation times
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Fig. §5.2-9: The pulse normalized instantaneous frequency
sweep in dispersionless x). medium as function of U with different

intensities and relaxation times
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Fig. 6.1-1: The normalized computed spectral distribution

of the self-phase modulated steepened pulse as function of the
13

frequency difference multiplied by the pulse duration = 107 s
(K= 300} in 2. medium. Lefi is anti-Stokes side.
(a) €V =01 (b) &V =04 (c) €V =08
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Fig. 6.1-2: The pulse spectral distribution as function of

the frequency difference multiplied by the pulse duration in x3).
medium. Left is the anti-Stokes side. K = 300, €&V =08, y=0.2
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Fig. 6.1-4: The spectral maximum peak position as function
of €V , K=300 with different relaxation times in 13). medium.
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Fig. 7.2-1: The difference signal between the output from

a Mach-Zchnder interferometer and the sum of the input pulse to
the interferometer, i.c., the SPM pulse, and the reference pulse i.e.

sech pulse in 23, medium
K =300, €V =05

(a) conventional SPM theory
(b) self-steepened theory



a Mach-Zehnder interferometer and the sum of the input pulse to

Tl
o VY
o] , Vo
1Tl
S i

Fig. 7.3-1:

The difference signal between the output from
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the interferometer, i.c., the SPM pulse, and the reference pulse i.c.

sech pulse in 15). medium

K = 300,
(a)

eV =2

conventional SPM theory
(b) self-steepened theory
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&V 0 1

0.1 -0006 -0016 -0021 -0029 -0.034
02 =-0018 <0051 =007 0045 -043
03 -0040 <0101 -0010 1L.14 29
04 <0072 -0I77 1.4 202 22
0% -0113 0115 ]} 2.20 36
06 <-0.16] 1.29 1.59 .18 4.59
07 -0213 1.19 262 384 0
08 -0.2% 1.04 3] 4.01 $.67

Table 8.2-1: Shifis in the positions of the asymptotic interfero-

metric intensity minima for various orders and ev values.
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Fig. 9.2-1: The ficld intensity outgoing from an amplitude
filter, where the input is a steepened SPM signal (K = 300 ,
eV =04, At =5) in 2. medium. All the intensities are normalized
to the maximum value of the pulse resulting from the filter with the
same center frequency as the incoming pulse
(i K-Ki=-60 (i) K-Kg=-50 (i) K-K;=-40
(iv) K-Kg=-30 (v) K-Kg=-20 (vi) K-Ki=-10
(vii)) K - K¢ =0 (viii) K-Kg=10 (ix) K-Kp=20
(x) K-K;=30 (xi) K-Kp=34 (xii) npormalized sech? pulse .




Fig. 9.2-2: (a) The compression ratio and (b) the

intensity magnitude of the steepened SPM pulses outgoing from
a filter as function of (Agt) in 1(3)- medium

(i) K=300, €V =04, K-Ks=-60
(ii) K=30, eV =04, K-K;=-6
(iii) K=300, €V =08, K-K;=-210
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Fig. 9.2-3: The effects of fluctuation €V (i.c. laser inten-

sity) on the shape of the filter output in 23, medium
(K=300.K-Ks=-60, At =5)

(i) eV =03 (ii) €V =04 (iii) €V =05
The peak intensities are, respectively:
827 x 1073, 603 x 1072, 2.54 x 107!
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and the normalized intensity shape of the incoming pulse prior to
SPM and filtering in x(¥- medium .
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Fig. 10.2-1: The amplitude of the induced phase modulated
steepened second harmonic pulse as function of U with different
intensities with n = 1.76 .



189

)

1.00-
1. 40
1. 20
1.004
.. ”-l
8. 60+
8. 48

0.0+ - '
S 1 I X W | "0 1.0 2.9 3.0
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modulated steepened second harmonic pulse as function of U with

different intensities with n=176.
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Fig. 10.2-6: The induced frequency sweep extents (maxima
and minima of the derivative of the induced phase) for a steepened
second harmonic pulse in dispersionless 23). medium as function
of EV.
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