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ABSTRACT

Self-Phase Modulation and  

Self-Steepening in Cubic and 

F i f th -o r d e r  D isp ers ion less  Media  

with Non-Zero Relaxation Time

b y

M u s t a f a - A r e f - M u s t a f a

A dviser: P rofessor Jam al T. M anassah

T he research  p resen ted  here  dea ls  with so m e  a n a ly t ic a l  so lu t io n s  

for  se lf-phase  m odu la tion  (SPM ) and induced-phase  m odu la t ion  (IPM ). In 

so lv in g  the  e le c t ro m a g n e t ic  w av e  e q u a i to n s ,  the  m e th o d  o f  m u l t ip le -  

sca les  is u tilized . N ew sets o f  quas i- l inear  partial d ifferen tia l  equa tions  to

descr ibe  the pulse shape and the  phase associa ted  with the p ro paga tion  o f
(3)

an  u l t ra sh o r t  in ten se  pu lse  th ro u g h  a cub ic  n o n l in e a r  X and a fifth- 

o rd e r  n o n l in e a r  X ^ -  m ed ia ,  are  su m m e r iz e d .  T h e  t r e a tm e n t  n e g le c ts

g roup  ve loc ity  d ispe rs ion  and therefore  is valid  for  thin m edium .

T h e  so lu t io n  o f  the q u a s i - l in e a r  d i f fe re n t ia l  e q u a t io n s  show  th a t  

the  p u lse  sh ap e  is skew ed  to w ard s  th e  t r a i l in g  ed g e ,  a n d  th a t  th is  

a sym m etry  can  give  rise to op tica l  shock defo rm atio n  u n le ss  ba lanced  by 

d isp e rs io n .  T he  in ten s i ty  and m ed ium  th ick n ess  requ ired  fo r  the  pu lse



am plitude  and phase to steepen are analysed. The pulse phase  is show n to 

be  a s y m m e t r i c  and  i ts  m a x im u m  is s h i f t e d  f rom  the  m a x im u m  

co rrespond ing  to the am plitude . The spectral d istr ibu tion  o f  the pulse is 

c o m p u te d  for d i f fe re n t  pu lse  in te n s i t ie s .  W e find th a t  the  a n t i -S to k e s  

e x te n t  o f  the spec trum  is la rger  than  the S tokes  side. W ith  nonzero  

re lax a t io n  tim e , ad d it iona l  a sym m etry  and dow n sh if t  to w a rd s  the S tokes  

s ide o f  the spectrum  appear.

We a lso  show that the in te rfe rence  pa tte rns  p ro d u ced  by an SPM  

ultrafast  pulse have the ir  fringe positions shifted  with respec t  to that o f  a 

p lan e  wave due  to the ex is tence  o f  the am plitude-phase  m a x im a  tim e shift. 

F u r th e r  d i s c u s s io n s  c e n te r  on  th e  F o u r ie r  t ra n s fo rm  o f  th e  Y o u n g  

in t e r f e r o m e t r i c  i n te n s i ty  d i s t r i b u t io n .  W e sh o w  th a t  i ts  r a n g e  is 

de te rm ined  by the sam e param eters  as those o f  the spectra l  extents .

We then  analyse  the effect o f  an am plitude  f i l te r  on the  o u tgo ing  

p u lse  shape ( i .e . ,  w id th ,  am pli tude ,  and  pos i t io n  o f  its  m ax im u m ).  O u r  

re search  sp ec if ie s  the cond it ions  u n d e r  which the am p li tu d e  f i l te r  can  be 

used  to com press  pulses.

T he  e f fe c ts  o f  s t ro n g  p u m p  s igna l  on  a w eak  se c o n d  h a rm o n ic  

p ro b e  signal p ro p a g a t in g  s im u ltan eo u s ly  in to  a n o n l in e a r  m ed iu m  (IP M ) 

is exam ined. The superbroaden ing  o f  the spectrum  of a w eak  probe signal 

and  the d e fo rm a t io n  o f  its  p u lse  sh ap e  a re  in v e s t ig a te d  a n a ly t ic a l ly .  

F ina lly  a num erica l  m ethod  is used to de te rm ine  the am p li tu d e  and phase  

o f  the pum p signal and probe, w hen the p robe  signal is o f  com parab le  

m agnitude  to that o f  the pump.
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CHAPTER 1

1

INTRODUCTION

1 .1  B a c k g r o u n d

Supcrcontinuum [1, 2, 3, 4, 5, 6. 7, 8, 9, 10, 11, 12, 13] generation is 

the p ro d u c t io n  o f  nea r ly  w h ite  c o n t in u o u s  s p e c t ru m  by p ro p a g a t in g  

p ic o s e c o n d  and  su b p ic o s c c o n d  la se r  p u lse s  th ro u g h  n o n l in e a r  m ed ia .  

T h is  supcrb roadcn ing  is used to produce in tense , u l tra sho rt  pu lses  in the 

spectra l  range from the u ltrav io le t  to the infrared. T h e  am pli tude ,  phase 

and ex ten t  o f  spectrum  genera ted  arc functions o f  the n o n l in ea r  index o f  

re frac t ion  o f  the  m ed ium , the in itia l shape, w ave leng th ,  w id th ,  in tensity ,

and re laxa tion  tim e o f  the m a te r ia l ,  and the p rop ag a t io n  le n g th  o f  the 

pu lse  in the m ed ium . E x p e r im en ta l ly  it is o b se rv ed  tha t  the  sp ec tra l

e x ten t  is sh if ted  m ore  tow ard s  the b lue than  the red  by a' fac to r  o f  

approx im ate ly  tw o [1]. The genera ted  superbroad  frequency  band  is used 

fo r  t im e - r e s o lv e d  a b s o rp t io n  s p e c t ro s c o p y  [14] and  n o n l in e a r  o p t ic a l  

e f fe c ts  [ IS ] .  T h e  su p e rc o n t in u u m  f inds  sev era l  a p p l ic a t io n s  [11], in

r a n g in g ,  3 -D  im a g in g ,  a tm o s p h e r ic  re m o te  se n s in g ,  and  o p t ic a l  f ib e r  

c h a r a c t e r i s t i c s .

In d u c e d  s u p c r c o n t in u u m  [16] is th e  s u p e r b r o a d e n in g  o f  th e  

sp e c t ru m  o f  a w eak  p u lse  due  to the  p re se n c e  o f  a s t ro n g  p u lse

p ro p ag a t in g  s im u ltan eo u s ly  with it in a n o n l in ea r  m ed ium .
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Self-phase m odula tion  was first observed, by Sh im uzu  [17], when a 

m o d u la te d  sp ec tru m  o c c u r re d  a f te r  s e l f - fo c u s in g  has  tak en  p lace  in a 

liqu id -f i l led  cell. Sh im uzu  exp la ined  his observa tion  as phase m odula tion  

d u e  to the in te n s i ty -d e p e n d e n t  r e f ra c t iv e  index . S h im u z u 's  e x p e r im e n t  

was fo llowed by A lfano 's  ct al observa tion  [8, 18J in c ry s ta ls  and gases. 

The asymmetry in the Stokes and anti-Stokes region [1, 2, 3, 4, 5, 15, 19, 201 

is a t tr ibu ted  to co n tr ib u t io n s  from p lasm as  [21] , s e lf -s teep en in g  o f  the 

pu lse  a m p l i tu d e  a n d /o r  the  tim e re sp o n se  o f  the n o n l in e a r  index  o f  

r e f r a c t i o n .

The se lf-steepening, o r  the deform ation o f  the pulse, [1, 2, 3, 4, 5] is 

genera ted  in the n on -l inea r  m edium  because  the pulse  peak  [21, 22] faces 

a la rg e r  re f rac t iv e  index than  the lead ing  and tra i l in g  ed g es ;  th e re fo re ,

the pulse  peak trave ls  at a s low er  velocity  than the edges .  C o n sequen tly ,

as the pulse  p ropaga tes  in the m edium , its tra iling  edge  becom e steepened.

T h is  d e fo rm a t io n  can  give  r ise  to  an a sy m m etry  in the  sp ec tru m . De 

M artin i et al [23] show ed that,  th is  se lf -s teepen ing  leads to  an asym m etry  

in the spectrum [1, 2, 3, 4, 5, 24], Likewise, Gustafson et al [25] showed that 

the inco rpo ra tion  o f  f in ite  re laxa tion  t im e  in the  e x p re ss io n  o f  the K err  

index o f  refrac t ion  a lso  g enera tes  an asym m etry  and a dow n sh if t  ( tow ards  

the Stokes side) o f  its spectrum.

In th is  re sea rch , d e ta i led  results  are  show n for the se lf -s teep en in g  

p u ls e  a m p l i tu d e ,  p h a s e ,  s p e c t r a l  s h a p e  and  s h i f t  in  th e  s p e c t r a l

d is t r ib u t io n  m ax im u m  in ten s i ty  in X <3) and X <3) m edia .  T h e  ca lcu la t io n  is

pe r fo rm ed  in the p la n e -w a v e  a p p ro x im a tio n  for d isp e rs io n le s s  m e d ia  bu t 

w ith  s e l f - s te e p e n in g  and  m a te r ia l  re laxa tion .
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W e show  that the a m p li tu d e -p h ase  t im e  sh if t  p resen t  in the SPM

sig n a l  is r e s p o n s ib le  for  th e  s h i f t s  in th e  p o s i t io n s  o f  the  SPM

i n t c r f e r o m e t r i c  i n t e n s i t y  e x t r e m a .  F u r t h e r m o r e .  w e  d e r i v e d  an

e x p re s s io n  for the  F o u r ie r  t r a n s fo rm  o f  th is  in te r f e ro m e t r ic  in ten s i ty

d is t r ib u t io n  and re la ted  its range  p a ra m e te rs  to  the spec tra l  d is tr ib u t io n

e x ten ts  and f requency  shift o f  the su p c rco n t in u u m .

T he  e f fec ts  o f  am p li tude  fil te rs  on u l t ra fa s t  se lf -phase  m o du la ted

pulses in X ( * and X ( m edia  arc com puted . We analyse the dependence o f

the o u tg o in g  pu lse  shape  ( i .e . .  w id th , am p li tude ,  and m ax im um  posit ion)

on  the  s e l f -p h a s e  m o d u la t io n  p a ra m e te rs  and  f i l te r  c h a ra c te r i s t i c s .  In

p a r t i c u la r ,  we sh o w  th a t  a m p l i tu d e  f i l te r s  can  be u se d  in  c e r ta in

co n d i t io n s  to  co m p ress  pulses.

An ana ly tica l  so lu t ion  o f  the  IPM in X (3)- m ed ium  is o b ta ined  to

c o m p u te  the a m p li tu d e ,  phase  and the  spec tra l  d is t r ib u t io n  o f  the  p robe

p u l s e .

F inally , a num erica l so lu tion  o f  the  IPM in X (3>- m ed iu m  is d e r ived

to ex am in e  the am p li tu d e  and p h ase  o f  a p u m p  and a p robe  w hen  the

r e la t iv e  s t r e n g th  o f  th e  s e c o n d - h a r m o n ic  s ig n a l  to  th e  p r im a ry  is

a p p r o x im a te ly  u n i ty .
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1 . 2  T h e s i s  W o r k

T his  thes is  su m m arizes  in chap te r  2 th rough 10 recent work done

at C ity  C o l le g e  in w h ich  the a u th o r  p a r t ic ip a te d  and  in c h a p te r  11 

p resen ts  new  num erica l resu lts  by the author.

In c h a p te r  2. the n o n l in e a r  v c eq u a tion  and the m ethod  o f

M ult ip lc -S ca lcs  in X and X* m edia  arc p resen ted

V ( 3 )In chap te r  3. the quas i- l inca r  form for the w ave equa tion  in K

and X ( ' m ed ia  arc ob ta ined .

In chap te r  4. the so lution for the pulse am plitude  in X <3> and X (5>-

m ed ia  are ca lcu la ted .

In ch a p te r  S. the so lu tions  for the pulse  phase  and in s tan taneous

frequency sw eep  in X <3> and X<5>- m edia  are com puted .

In chap te r  6, the pulse  spectral d is tr ibu tion  in X (3> and X <5)- m ed ia  

are i l lu s t r a te d .

A m ethod  for d irect time m easurem ent o f  the phase in X <3) and X <5)- 

m ed ia  is exam ined  in chap te r  7.

In c h a p te r  8, the  in te r fe re n c e  p a t te rn  o f  the  s u p e ro c o n t in u u m

generated  by SPM in X(3> and X <5>- m edia  are de term ined .
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T he filter transform  o f  a pulse  ou tgo ing  from X (3> and X (5)- m ed ia

arc descr ibed  in chap te r  9.

In c h a p te r  10, the  a n a ly t ic a l  so lu t io n  o f  the  in d u c e d  p h ase  

m odula tion  in X<3> medium  o f  a weak probe is obtained.

F in a l ly  in c h a p te r  11, a n u m e r ic a l  s o lu t io n  to c o m p u te  the 

am plitudes  and phase o f  a probe and a pum p pulse o f  approxim ate ly  equal 

am plitudes ,  in the presence  o f  induced phase m odu la tion  is p resented .
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CHAPTER 2

NONLINEAR WAVE EQUATION AND METHOD OF 

MULTIPLE-SCALES IN X(3)AND X(5) DISPERSIONLESS  

MEDIA

2 .1  N o n l i n e a r  w a v e  e q u a t i o n  a n d  m e t h o d  o f  m u l t i p l e - s c a l e s
• y ( 3 )  j -in X - m e d i u m

The M axw ell 's  equation  in a X <3)- n on linea r  m ed ium  [1, 3], where 

the d isp e rs io n  o f  the index  o f  re f rac t io n  and its  im a g in a ry  part  are 

neglected , is g iven  by:

2_  2

V^E —  d E _  2n n 2 d
2 - . 2  2 - . 2  

C d t  C d t

_  _  _  -  d
< E . E > E  - CjE —  <E.E>

d t
( 2 . 1 - 1 )

The last term in the above equ a t io n  rep resen ts  the m a te r ia l  re laxation 

term. In Gordon 's  notation  [27], we are considering  the first two terms of  

th e  n o n i n s t a n t a n e o u s  n o n l i n e a r  p o l a r i z a t i o n ,  w h e r e  c ,  is the first

m om en t o f  the de lay ed  response  K ernel w h ich  is re la ted  to  the  Ram an 

gain  coeffic ien t.  P ractica lly ,  c ,  is, up to  a num erical factor o f  0(1), equal

to the m aterial re laxation  time [3], n is the l inear index o f  refraction, n 2 is 

the n on linea r  index o f  refraction  and c is the speed  o f  l igh t in vacuum. 

In this research, we neg lec t d if f rac t ion  e f fec ts  (i.e w e  suppose  an infinite  

t ran sv e rse  ex ten t  fo r  the pu lse)  and g ro u p  ve lo c i ty  d isp e rs io n ,  i.e. our 

results are valid  for thin medium  and for large beam sizes.
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The above  equat ion reduces  to

2
a  e

d z 2

1 a  e

a t '
g

|E|2 H -  c , E  — |E |2
a t

( 2 . 1 - 2 )

u n d e r  the a ssu mpt i on  that one componen t  o f  E is on ly presen t  and the 

t ransverse  varia t ion o f  E is neg lec ted and where

< E . E >  = | E | 2/ 2

To  conver t  the above  different ial  equa tion to a d imcns ionlcss  form [1], we 

br ing  in the new d imcnsionlcss variat ion <D, T, Z  defined as:

T  = t / t L , Z  = zA> * L , E  =  E 0 <|> ( 2 . 1 - 3 )

where  t l  is the character is t ic  t ime assoc ia ted with the pulse (pu lse  width) ,  

\>t  is the group veloci ty in the medium,  and EQ is the m ax im um va lue of

the e lect r ic  f ield am pl i tude  at the en trance p lane  o f  the mediu m,  e is the 

d im c n s io n le s s  n o n l i n e a r  c o up l in g  con s ta n t ,  de f in ed  as:

,2
e = n2 |E0

a n d

eV = n2 |E0| z /cx ( 2 . 1 - 4 )

y is defined as 

Y = c,/x ( 2 . 1 - 5 )
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By us ing  the above assumptions ,  equat ion  [2.1-2] reduces  to the fol lowing 

d i m c n s i o n l e s s  form

2 2 
a  a

2 2 
a z  a T

a  1. 12

a T \ a T
( 2 . 1 - 6 )

Typica l  va lues for the above parameters  arc

Tl = 10 sec

n 2 -  1 0 ' 22 - 1 0 ' 20 M K S  [ l 0 13 - 10 

8
u g »  2 x 1 0  m/sec

n  1 
esuj

The  cri t ical  po w er  for  se lf - focus ing [28] is

_ ^ 0 c 3
C -

ri ' tb)
( 2 . 1 - 7 )

and the dis tance f rom the input  plane to the sel f- focusing  point  is (for  P 

» P C)

C on se q u e n t ly ,  i f  the  s am ple  th i ckness  is m u c h  sm a l le r  tha n  Sf one  can 

dec la re that  the  supe rcont in uum  obse rved  does  not  have  its or ig in  in self-
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focus ing or  optical  b reakdown.  In Table 2.1-1,  we  summa r i ze  the va lues of  

the d i f fe ren t  ex p e r im en ta l ly  per t in en t  p a ra m e te rs  for  an in c o m in g  pulse

The method of  mul tiple-scales [1, 3, 29) is used to obtain a new set of  

q ua s i - l in ca r  part ial  di ffe ren tia l  equat ions.  The  m e th od  is sum m ar i zed  as 

fo l l o w s :

T he  func t iona l  d e p e n d e n c e  o f  <t> on Z ,  T, and e in the solution of

equa t i on  (2 .1-6)  is not  di sjoint .  T o  first o r de r  in e, 4> de pend s  on  the

c o m b i n a t i o n s  e T  and eZ,  as well  as on the part icular T,  Z, and e.  Car rying

2 2 3the perturbat ion to h igher orders,  depends  addit ionally on £ T ,  e Z ,  e  T ,  

e 3Z  etc. Therefore,  it is suitable to write <>(Z, T; e) as

where the new scaled var iables  Z j ,  T j ,  Z 2, T 2, etc.,  are defined as

• 6  I  A
with the fol lowing character is t ics:  A. =  10 m ,  *  s * a°d  spot size

a = 10 3m.

T 0 = T ,  T ,  = e T ,  T 2 = e  T .................  T n =  e”Z ( 2 . 1 - 10 )

2
Z q  — Z ,  Z j  — e Z  , Z 2 — £ Z ( 2 . 1 - 1 1 )

T n's and Z„'s descr ibe  di f fe ren t  t ime and dis tance  scales.

<t> is defined as a function of  the old and new variables.

Addit iona lly,  we  search for  a uni form expans ion  solut ion to in the form

4* =  <^0(^0  > Z 0 . T j , Z j , T 2 , Z 2 , . . ) +  (Tq , Zq , T j , Z j , T 2 , Z 2 , . . )



1 0

+  e  <D2 (T 0 , Z 0 , T , , Z j , T 2 . Z 2 , . . )
( 2 . 1 - 1 2 )

To represen t  the dr iva t ives  in (2.1-6)  as func tions o f  the new variables,  

we  make  use of  the chain rules for der ivat ives;  then

a  a  2 9
  + e   + e ------ +

a T  a T 0 a T ,  a T 2

a  a  a  2 9  
  =    +  £   +  £  —  +
a z  a z 0 a z ,  a z 2

a  .  a
  + 2e -------

d T  3 T ,
a T 0 a T ,

+ £

0 T ° a T 2 a T ,

2 2
a z  a z „

a z 0 a z .
+ e

3 Z 0 3 Z 2 »

If an aster isk denotes  a complex  conjuga te

( 2 . 1 - 1 3 )

* » * 2 *
<(> =  «J)0 + + e «|>2 ( 2 . 1 - 1 4 )

t h e n

•  I .2  •  * 2 *  2  *

= 4>.(t) =  |<j>0| + e 0 O0 , +  e <t> 0  *1 + E M 2  + e $ i |

2

+ E * 0 * 2  ( 2 . 1 - 1 5 )

a n d
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<J) =
2 *

<t>0 0 O + 2e 0O 0 , + e 0 O 0 , + 2e 0 0 0 2 -t- 2c <>0

2 2 *  2 •  *

+ e <J>0 (j)2 + e <>0 0 , ( 2 . 1 - 1 6 )

The  first term on the R.H.S of  equat ion (2.1-6) becomes

2

| * |  o. = e 0
2 a

0 O + 2e — 'o

0Tr a T ,

2 a  2 *
0 ,  +  E -----  0 O 0 ,

a i ‘

a l s o

+ 2e
a i 0 a T ,

0 0 00 + e? (0) +  e 4 (0)

( 2 . 1 - 1 7 )

0 —  

a T

a i I2 2 d 2 I *1 2 d
= W  *°  + E i r M  + £ ~  * ° * ‘

+ e 2  J L

d T ,
| 0 o f  +  0 (E1

( 2 . 1 - 1 8 )

The  second term on the R.H.S. o f  equat ion (2.1-6) becomes

2
a

e -----
2

♦ ± w i
aT

a
= e ------

2

a I a) 2 a
+ e -----

2
aT aT 0 aTo j aT0

a *
<>o — r  4>0 <»i 

d T n



T h e  t e rm s  on the L.H.S.  o f  equa t ion  (2 .1-6 )  b ec o m e

a z 2  9 T 2 /

d  ,  d    + 2 e -------------
9Z q d z 0  a z .

+ £
a  Z g  a  Z 2 a z

1 /

a T r

-  2 e -  E
aTg aT,

( 2 . 1 - 2 0 )

Using the equa t ions  (2 .1-12)  th rough (2 .1-20)  in the part ial  equa t ion  (2.1- 

16),  and  e q u a t i n g  the  re sp e c t i v e  c o e f f i c i e n t  o f  e 11, o n e  o b ta in s  the

ft 1 2fo l lowing  eq u a t i o n s  for  the terms  mul t ip ly ing  e , e , and e respec t ive ly :



f

i ° i e
° d ,  —  %

wi e
z ° 1 P

’ <d 0 <d  n  ° < d- - - - - - - - -+

u 1 e e
7 i *  e

J i e

h <d  °<i>
J i e

Jd>

uie '
z
------ + |°<D

l i e
ui e

'a> k -

u e u e

* '<d Oo j d> z  +  0<d ’a>
l i e ° i e

z =

z i e ° i e
z - Z z e ° z e

' i e  l z e

z +

0-7 n  I

< t >

z e ' z e
Ji e ° z e ^

u z - \ z )

M  - T  %

Ji e

■k -

Ji e

°d» =  0 d>
° i e l i e  ‘ ’ z e ’ z e

u e ° z e '

z + *<i>

e  i
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2 2d a i i2+ 2  ------- * 0 ----- |*o|
9 T0 aT,

9To ( 2 . 1 - 2 3 )

The  in comi ng  pul se  is represen ted  by 

<Din =  f  (Z  -  T)  exp  ( iKZ  -  iWT) ( 2 . 1 - 2 4 )

Where  W = cot and f(Z - T) is the pulse form function,  for  a Gaussian pulse 

f 2 ( z  -  T) =  exp  - ( Z  -  T )2]
( 2 . 1 - 2 5 a )

and for  a hyperbol ic  secant  pulse  

f2(z  -  T) = sech2(z  -  T) ( 2 . 1 - 2 5 b )

It is convenien t  to use a new coord ina te  system which  is m ov in g  with the 

pulse,  denot ing  the  new coord ina tes  by U n and Vn where  the Un 's and Vn 's 

fami l ies  are de f ined  by:

U 0 = Zo - T0 

U ,  = Z,  - T ,  

U 2 = Z 2 - T2

V0 = Zo 

V, = Z, 

V2 = Z2

u„ = z„ - Tn V „- Z„ ( 2 . 1 - 2 6 )
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The part ial  der iva t ives  can be descr ibed in the new coord ina tes  as:

a a a
—  =  —  +  —
a z n a u n a v n ( 2 . 1 - 2 7 )

aTn a u n ( 2 . 1 - 2 8 )

2
a “ a~ a" . a 

+   +  2
az;; auj; a v j  a u na v n

( 2 . 1 - 2 9 )

a ^  auj; ( 2 . 1 - 3 0 )

2 2 2
a a a 

 +  + ---------
a z na z m a u na u m a v na v m a u na v m a u ma v n a i . 31)

Equation  (2.1-17)  can be simpl if ied as

a i r
♦ = e

a i i 2 2 a i i2 2 a 2
a u j

M  + 2 g  — 2 M + e * 2a u  0

+  2 e

2 2 2
a a a  +  +  +

a u 0a u ,  a v 0av! a u 0a v ,  a i r a v o  t | 0o |  00

( 2 . 1 - 3 2 )
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and equat ion (2.1-19) is s implif ied to

0-
a 1.12

a T
= -  e

00 s u „  00
-  e

2 a
a u o

1 . T  ^a U n

-  £
2 a

au; au
-  E

2 a
au; 00 M  !0°l

2 a~ a 2
E -------- 0 ,  -------

auj a u 0
-  2 e

2 a
a u 0 au, Oo r  ***0a u 0

( 2 . 1 - 3 3 )

In a s imi la r  manner ,  we can m ake  the same subst itut ion in equat ion  (2.1- 

20) .  T h e  par t ia l  di fTcrcnt ia l  e q u a t i o n s  (2 .1 -2 1 )  th r o u g h  (2 .1 -2 3 )  can ,  

respec t ive ly ,  be wr i t ten as

avj a u 0 av0
o 0 = o

( 2 . 1 - 3 4 )

2
a a a O, + 2 a a a a a a

---- 7  + 2 ------ +  ------ —  + -------------
a v j a u 0 a v 0 a u . a v 0 a u 0 av ,  a v ,  a v 0

au
<D, O 0 +  y

au;
a 2

*o — <*>0au 0
( 2 . 1 - 3 5 )
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2
a a a O ,  + 2 a a a a a a---- +2 —  + — + ---------------

a v j a u 0 a v 0 a u , a v 0 a u 0 av , a v ,  a v 0

+ 2 +  2
av: a u ,  a v ,  a u 0 a v 2

0 a a .  a a 
+ 2  + 2 --------------

a u 2 a v 0 a v 2 a v 0
O,

=  2
a a

a u 0 au ,
o 0 O 0 + 2

au
a 2 •

* i  + — r  * o  * i
a u j

+  y

2

a u j
O r

au , * 0 * 1  +
a u ?

O r
a u . * 0 * 1

j.
a f a *  i2 i

2
a f a

a u j 0 a u 1\ 1
• « l  ) a u j * i  —3U„ «■»

+ 2 a 2 / a | 2 'On -----  O
a u 0a u ,  i 0 a u

( 2 . 1 - 3 6 )

T h e  a b o v e  s i m u l t a n e o u s  d i f f e r e n t i a l  e q u a t i o n s  c an  be  s o l v e d  

th ro u g h  the  ansa tz

0 0 = A (U„ V„ U* V2) cxp(iKUo)

01  = 0

0 2 = C ( U , t V, ,  U 2 , V 2) exp(iKUo)
( 2 . 1 - 3 7 )
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Where K = o x  = W , to is the pulse center  frequency.

It is worth no t ing  that  the specif ic  form o f  C cannot  be obtained 

from the above  equa tions .  For  eases  unde r  con s idera t ion ,  £  < 1 and <t> can 

be suf f ic ien t ly  a pp ro xi m a te d  by <X>0- Thus,  the solut ions arc ob ta ined for 

E V -  0(1)
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2 . 2  N o n l i n e a r  w a v e  e q u a t i o n  and m e t h o d  or  M u l t i p l e - S c a l e s
• v (5)in X - m e d i u m

v (5)
The Maxwel l ' s  equat ion in a X - nonl inear  med ium [4,5] where  the 

d i spers ion  o f  the index of  ref ract ion and its imaginary  part  arc neglected,  

is given by:

v 2 j? n 4 d
" •> T

c"  f)t“ c ‘ t)t‘

- -  1 - -  a :
< E.E > E - C ,E  — <E.E>

‘  a t

( 2 . 2 - 1 )

T h e  last  t e rm in the  abo ve  e qu a t ion  re presen ts  the  ma te r i a l  re laxa t ion  

term.  We are co n s id e r in g  the f irst  two te rms  o f  the  non in s t an ta n eo u s

n o n l i n e a r  p o l a r iz a t i o n ,  n 4 is the quart ic nonl inear  Ker r  coef f ic ien t ,  C 2 . is 

the re laxa t ion t ime,  C  and all the assumpt ions  arc the same as in section 

( 2 . 1 )

The above  equa t io n  becomes

3 2 E  

a z 2

a 2l
at2

n n 4

c 2 at:
|E|4 E - C 2 e |  |E |4

this equa t io n  reduces  to

( 2 .2 - 2 )

r



2 0

a a

a z  aT
<j> =  e '

3T

4 , 5
0 -  Y 0 —  

a T

where  the d im ens io na l  pa ram e te rs  e'  and y arc given by

( 2 . 2 - 3 )

, _  n 4 | E 0|4
e =

a n d

e’V = n 4|E0| z/cx

Relaxa t ion  t ime is def ined as

( 2 . 2 - 4 )

( 2 . 2 - 5 )

r  = c 2/t ( 2 . 2 - 6 )

Equat ion  (2.2-3)  is paral lel  to equa t ion  (2.1-6) in the prev ious  section.

Th e  m eth od  o f  mul t iple-sca les is used to obta in a new set o f  quasi -  

l inear  part ia l  di fferent ia l  equa t ions  as in sec t ion  (2.1).

The  terms in equa tion  (2.2-3) can  be s impl if ied as fol lows
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|4>o| = N  + e ’ |4*o $o $t + e |<>o| $i + e ’ |^o| $o 4*2

2 * , ,2 ♦ 2 , ,2 •

2 2 • 2 2 2  2 t  2 2 *
+  C' | 0 O| <*0 4*2 +  e ' |* o | |4>i| +  e ' |* o | 4*0 4>i +  e ' <>0 <>I

+ E’2 |<*o|2 | * i f  + e ' I ♦o f 4>o 4>i + e " |4>o| |* i f  + e ’ 4*0 4>i

( 2 . 2 - 7 )

.2 * 2 , ,2 . ,2 * 2

a n d

4 4 2 2 *  ^ 2 2 2 *
♦ = |<t>o| 4>0 + 2 e ' |4>0| 4>o 4>i + 3 e ’ K l  4>1 + e ' K l  4>0 <>2

2 , .2 2 3 * 2 , ,2 •
+ 3 e ’ |<>o| ♦ o |* i | + 2 e ’ |<*o| 4*2 + e ' 4>o 4*2 + 3 e  |4>o| 4>o 4*

2 e ' |4>0f  4>o |4>if ( 2 .2 - 8 )

The first term on the R.H.S.  o f  equat ion (2.2-3) becomes

e - ^ 7  |4»f 4> = £’ 
9 T

2
“

d 4 2

2 ♦ 0 4>o + £'

3T 0

d i i 2 2 *
2 — ~ j4»o| 4*o 4>i

9 T 0

+ 3-
a T o

4 4>, +  2 a
a T 0 a T ,

4*o| 4>o

( 2 . 2 - 9 )

then,  the second term on  the R.H.S o f  equa tion (2.2-3) becomes



2 2

3 T

2
a 4

0  —

3 T ,

=  e <>(]
3 T f

4

$ 0 + 2 e ’
a T 0 d T ,

*o
3 T ,

%

+ e
,2 a

a T r

a 4

1

o
O

/
( 2 . 2 - 1 0 )

T h e  Ts  and  Z s  par t i a l  d i f f e ren t i a l  e q u a t i o ns  arc

a z „ 3 T „

00 =  0

( 2 . 2 - 1 1 )

2

0 . + 2
a z n 3 T „

 r |t .|
a z , a z 0 3 T j 3 T 0 3 T r

-  r
3 T r 3 T r

( 2 .2 - 12 )
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a z 0  a T 0

<t>2 +  2 ♦  i

3 Z ,  9 Z 0 3 T , 8 T 0

— —  +  2 — —

a z ,  aT, a z 0 a z 2

-  2

a T 0 a i 2

=  2
d T 0 a T ,

3 T r

2 2 . a  
$0 + 3 2

9 T n

<!>o <>i

-  Y
a T 0 a T ,

2 2 2
* 0  f r  K f

8 T o J

a+ —  2 ♦o — *>0
4

aT0 a T ,

( 2 . 2 - 1 3 )

By using equa t ions  (2 .1-27) th rough (2 .1-31) ,  the final part ial  di ffe ren tia l  

eq u a t io n s ,  w hich  a re  re sp ec t iv e ly  paral le l  to eq u a t i o n s  (2 .1 -34)  t h r oug h 

(2.1-36),  are given by:

a v j aun  a v f 4>o= 0
( 2 . 2 - 1 4 )
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a 2 „ a a <j), + 2 a a a a a a+ 2
a v j  a u 0 a v 0 a u , a v 0 a u 0 av , av , av„

2 2 
a i . i 4 . . a

a u j
|o0| <>o + y' a u j i1"0 3 U 0 I*”1

( 2 . 2 - 1 5 )

r

a .  a a a a a a a a+ 2 <J>i + 2 —  + ----------------------------+  —

av„ au () av0 au, av0 a u 0 av, av, a v 0

a „ a a „ a a „ a a „ a a 
+ 2  + 2  + 2  + 2 -------------

av? a u ,  a v ,  a u 0 a v 2 a u 2 a v 0 a v 2 a v 0

=  2
a u ?

2 2 • a i i 4
$ 0  <>o <t>i + 3 2 m ) + 2a u j  1 1 a u 0a u ,

a  4 
<>0 <>0

+ y
a u 0au, <>0 au , K o f i

a u ?  a u i

( 2 . 2 - 1 6 )

Th e  abov e  d i ffe ren t ia l  e qu a t ion  can  be  so lv ed  thr ou gh  the s am e ansatz 

in equa t i on  (2.1-37) .

The  value o f  e '  is less than 1.
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CHAPTER 3

QUASI-LINEAR FORM FOR THE WAVE EQUATION IN 

X(3) AND X(5)- DISPERSIONLESS MEDIA

In this chapter ,  we will der ive the quas i - l i ncar  form for the wave 

equa tion [1, 3). Beginning with equat ions (2.1-34,  2.1-35,  and 2.1-36),  we 

o b ta in  a sy s t em  o f  q u a s i - l i n c a r  par t ia l  d i f f e re n t i a l  e q u a t i o n s  for  the 

ampli tude  and phase  o f  the pulse.

Denote  A by:

W he re  a is the ampl i tude  and a  is the phase o f  the pulse;  a and a  are 

funct ions o f  (Uj ,  V, .  U2. V2).

Subs t i tu t ing  equa t io ns  (3 .1-1)  and (2 .1-37)  in eq ua t io ns  (2 .1-34 )  th rough 

( 2 . 1 - 3 6 )

w h e r e

3 . 1  Q u a s i - L i n e a r  F o r m  in X <3>- D i s p e r s i o n l e s s  M e d i u m

A = a e ( 3 . 1 - 1 )

( 3 . 1 - 2 )

d u 0a v 0 ( 3 . 1 - 3 )
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a u 0  a v ,
<>0 =

i a  i K U 0 
e e i K

da

a v ,
-  K a

da

( 3 . 1 - 4 )

a u , 2,

a
0 , ) * 0

, a u ()
= o

( 3 . 1 - 5 )

a  

a u  I

( 3 . 1 - 6 )

a u j

„ 2  3 i a  i K U 0 
= -  K  a  C C

( 3 . 1 - 7 )

. i a  i K U o
0 o = c e

a v

+ 2i
da

a v ,  a v

2
d a  d a  

+ ------
a v

( 3 . 1 - 8 )

r
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a a 
a u ,  ’ av,

i a  i K U 0 
e c [ 2a a

i a ----------------- +

2a a
+  1

. d a  d a

av ,  a u ,  a v ,  a u ,  a v ,  a u ,

d a  I. da da i I
+ 1 ■ ( i a ^ u r  + ^ u 7 ) Jav

a a
a u 0 a v 2

• Tvr 1 I=  i K  e  e
d a  da

i a  +
a v ,  av.

( 3 . 1 - 9 )

( 3 . 1 - 1 0 )

a u ,  a u
iK  e‘ “ e iK u°

o
i a

d a

a u ,
+  3 a '

da

a u .

( 3 . 1 - 1 1 )

W h e n  we e q u a t e  the  real  and i m a g in a r y  par t s  in e q u a t i o n s  (2 .1- 34)  

th rough (2.1-36) ,  the new set o f  part ial  di f fe rent ia l  equa t ions  are:

^  =  o

5 V 1 ( 3 . 1 - 1 2 )
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9 a  K 2

9V, = T a

( 3 . 1 - 1 3 )

,  2 9a 9a
3 a   = 2 -------

9U, 9V2 ( 3 . 1 - 1 4 )

K 4 _ 9 a  2 9a  9a
— a + 2  -----  = a   + 2 K y a -----
4 9V-, 9 U , 9 U , ( 3 . 1 - 1 5 )

The above  four equa tions  can be represented  as func tions o f  the variables 

U and V, using the chain rule technique

9 9 9 2 9
+ e  + e

9V 9V0 9V, 9V2 ( 3 . 1 - 1 6 )

9 9 2 9
+ e   + e

9U 9Uq 9U , 9U2 ^  1 - 1 7 )

we obta in
2

9 a  l 9 a  1 9 a  e 9a

9V, e 9V e 9V0 e 9V2 ( 3 . 1 - 1 8 )

a n d

9 a

9V,

1 9 a

2 9V

1 9 a

2 9Vn

e 9 a  

}  d V ,
( 3 . 1 - 1 9 )
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and the same technique  can be used for the pulse ampli tude a. 

Hence equa t ions (3.1-12)  through (3 .1-15) can be reduced to

5a 3e 5a _ ^

5V 2 5U

5 a  e 2 5 a  Ke 2 K 2 4 „ 5a
------------- a —  = - i ~ a -  -  e a + 7  K e a —
5V 2 5U x 5U

( 3 . 1 - 2 0 )

( 3 . 1 - 2 1

Eq u a t i o n s  (3 .1- 20)  and (3 .1- 21)  arc the qu a s i - l in e a r  par t ia l  d i f fe ren t ia l
v (3)

equat ions  co r r e sp ond in g  to the propaga t ion  of  a pulse in a X m e d i u m  

where  d i spers ion  and absorp t ion  have  been neglec ted ,  co r rec t  to o rde r  £ 2

(3).

The par t ia l  d i f f e r en t ia l  e q u a t i o n s  for  zero  re la xa t io n  t im e  (y  = 0)  arc 

given by [ 1 ]:

5a 3 2 5a
----------------- E a ----  = 0
5V 2 5U

2
5 a  e 2 5 a  Ke 2 Ke 4------------- a —  = —  a ---------- a
5V 2 5U 2 8

( 3 . 1 - 2 2 )

( 3 . 1 - 2 3 )

T h e  a b o v e  e q u a t i o n s  r e p r e s e n t  th e  q u a s i - l i n e a r  p a r t i a l  d i f f e r e n t i a l  

equ a t i ons  cor re la t ing  wi th  the propaga t ion  o f  a pulse  in a n o nl in ea r  X(  ̂

m e d i u m  w h e r e
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absor p t ion  and d ispe rs ion  have been neglec ted ,  co r rec t  to order  e 2 , with 

zero re laxa t ion  t ime.

The  p re v io u s  q u a s i - l i n e a r  par t ia l  d i f f e r en t ia l  e q u a t i o n s  are l is ted

b e l o w :

A - Tradi t ional  Theory (Convent iona l  theory)  [8]

3a

dV
=  0

( 3 . 1 - 2 4 )

3 a

a v
—  =  0

( 3 . 1 - 2 5 )

The  above  two equa tion do not  include the se l f - s teepening  term 

B - Slowly Varying approximat ion [26]

da  T o  2 da n 3 e a ----- = 0
av  au

3a
—  term

(au

( 3 . 1 - 2 6 )

3 a  2 da  Ke 2  e a  = a
a v  3 U  2 ( 3 . 1 - 2 7 )

C - Yang and Shen Approximat ion [13]



da e 2 da 
----------- a  = 0
a v  2 au

d a  e 2 d a  Ke 2----------- a  = -=- a
av  2 au  2

3 1

( 3 . 1 - 2 8 )

( 3 . 1 - 2 9 )

Tabic  3.1-1,  summa r ize s  the above  equat ions.
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3 . 2  Q u a s i - L i n e a r  F o r m  in X ^ -  D i s p e r s i o n  l e s s  M e d i u m

In this sec t ion  [4, 5], the same method  and assumpt ions  have been 

used as in section (3.1).

Subs t i tu t ing  equa t io ns  (3.1-1)  and (3.1-37)  in equa t ions  (2 .2-14)  th rough 

(2 .2-1 6) ,  whe re

au,2.
<>

. , ,  2 5 i a  i K U0
0 n = -  K a e e

( 3 . 2 - 1 )

d d

a u 2 av0
( > 0 = 0

( 3 . 2 - 2 )

av, avf O o  = o
( 3 . 2 - 3 )

au 0au i
2a

$ 0  .k 3 U0
=  o

( 3 . 2 - 4 )

a u ?
$0  - —  <> au, 4 k V  ± - e ‘ “ e l l CU-

au?
( 3 . 2 - 5 )
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T h e n ,  e q u a t i n g  the  real  and  i m a g i n a r y  p a r t s  in e q u a t i o n s  ( 2 . 2 -1 4 )  

th rough (2.2-16),  a new set o f  first o rder  part ial  d if ferent ial  equat ions  arc 

o b t a i n e d :

3a

3V,
=  0

(3.2-6)

3 a  K 4
- — y  U

3V, ~ ( 3 . 2 - 7 )

,  4 3a _ 3a 
5 a ------ = 2------

3U, 3V2 ( 3 . 2 - 8 )

K s 4 3 a  3 a  , 3 3a
— a - a   + 2   =  4  K y a  -------
4 3 U j  3 V 2 3 U , ( 3 . 2 - 9 )

By using the cha in- ru le  technique  in eq ua t io ns  (3 .1-18)  and (3.1-19),  the 

final partial  differential  equa tions [4, S] for a and a  are given  by:

——- — — e ' a *  —— =  0
3 V  2 3 U  ( 3 . 2 - 1 0 )

da  e' 4 3 a  K , 4 K ,2 * , 3 3a
—  a ------- = -=- e  a  -  -g-  e  a  + 2 K  y e a  ------
3 V  2 3 U  2 8 3 U

( 3 . 2 - 1 1 )

T hese  equa t ions  are the paral lel  equa t ions  to (3 .1-20) and (3.1-21)  

r e s p e c t i v e l y .
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The U-par t ia l  der iva t ives ,  on the le f t -hand  s ide  o f  the above  equa t ions ,  

are re spons ib le  for  se l f - s te epeni ng  and y  t e rm repre sen ts  the re laxa t ion  

term in X ^ -  m e d i u m .

We can not ice,  from equat ion  (3.2-10),  that  the re laxa t ion  t ime  docs  not 

affect  the am pl i tu de  equa tion .

The part ial  di fferent ial  equat ions  for zero relaxat ion t ime (y') arc [4]:

5a 5 , 4 5a „
 E a   = 0
5V 2 5U ( 3 . 2 - 1 2 )

5 a  e' 4 5 a  K , 4 K ,2 8 ------------- a   = E a - -g- E a
5 V  2 5 U  ( 3 . 2 - 1 3 )

T h e  a b o v e  e q u a t i o n s  r e p r e s e n t  the  q u a s i - l i n e a r  p a r t i a l  d i f f e r e n t i a l

equa t ions  co r re spondin g  to the propaga t ion o f  .a pulse  in a non l inear  X(S>

m e di um  where  absorp t i on  and d ispe rs ion  have  been  neg lec ted ,  cor rec t  to 

t2
order  £'  , with zero relaxat ion time.

The  general  solut ion o f  equa tions (3.1-20) ,  (3.1-21) and (3.2-12),  (3.2-13) 

will be given in the next  section.



CHAPTER 4

SOLUTION FOR PULSE AMPLITUDE IN X(3) AND  

X(5)- DISPERSIONLESS MEDIA

4 . 1 .  S o l u t i o n  Tor P u l s e  A m p l i t u d e  X (3>- i n  M e d i u m

In this  sect ion ,  speci f ic  so l u t ions  [ I ,  3 |  to eq ua t io n  (3 .1 -2 0)  wil l  be

f o u n d  w h o s e  s h a p e  f u n c t i o n  at the  in p u t  p l a n e  is c i t h e r  G a u s s i a n  o r

s e c a n t  h y p e r b o l i c .  T h e  q u a n t i t y  £ V  wil l  r e p e a te d ly  o c c u r  in the  o r ig in a l

coord ina tes  eV =  ( n 2 | E 0|2 zjc t j  .

The  general  solut ion o f  equa tion (3.1-20)  can be represented  by [30]: 

dV - 2 d U  da

1 “J o 2 0
3ea ( 4 . 1 - 1 )

a = c, ( 4 . 1 - 2 )

a n d

U + ^ - e V a 2 = c ,
2 ( 4 . 1 - 3 )

The  general  solut ion will be  in the form of

ct = f(c2) ( 4 . 1 - 4 )



A. G a u s s i a n  Pul se  [1]

T h e  pu l se  a m p l i tu d e  a is g ive n  by the  t r a n s c e n d e n ta l  eq u a t i o n :

^  = exp

( 4 . 1 - 6 )

- U + j  e V a'

The Gauss ian  pulse shapes,  as a function of  eV, arc plotted. In Fig. 4 .1-2 the 

trail  o f  the pulse s teepens as e V  increases.  This  pu lse  is d e fo rm ed as it 

propaga tes.  The  m a xi m um  o f  the pulse takes effect  when  9 a /3 U  =  0  at

U M =  ^ e V
2 ( 4 . 1 - 7 )

Th e  ( a m p l i t u d e ) 2 o f  the pulse at U = 0 is given by the solution of
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This  solution is valid as long as no shock wave  is formed [24], i.e..

LI is f inite; this implies  that V at the exit  p lane ,  s ign i f ied  by V c . 

should  fulfill  the inequa li ty :

The  way to de te rmine  the value of  E V C at the shock is expla ined  next in 

the der ivat ion for an initial hyperbol ic  secant  pulse.  For  a larger  value of  

eV.  the above solut ion needs to be modif ied near the curve sharp edge by 

in c lu d in g  h ig he r  der iva t ive s  in the app ro x im a te  d i f fe ren t i a l  equa t io n .

B. Hyperbol ic  secant  Pulse [1]

The  pulse ampli tude  solut ion is given by:

2 . 2  . .  3 2a = sech U + j  t  V a
( 4 . 1 - 1 0 )

for  the b o u nd a ry  condi t ion

^U.O) = sech(U) ( 4 . 1 - 1 1 )

The ampli tude is maximum (aM = 1)

( 4 . 1 - 1 2 )

y
T h e  (am p l i tu d e )  o f  the pulse at U = 0  is given by the solution of



2 I 2a0 = seen %  E V a o)

3 8

( 4 . 1 - 1 3 )

o r

1 / 2

eV =
3a o

In —  + -  1

( 4 . 1 - 1 4 )

w h e r e a 0 = a (0, V)

In Fig.  4 .1-1,  a “ ((), V) is plot t ed as  a funct ion o f  e V .

y
In Fig.  4.1-2,  a is plot ted as a function o f  U for  d ifferent  pu lse  intensi t ies 

(eV) .  This  f igure sh ow s more  asymmetry  as the pulse  en ergy  increases

(i.c, eV  inc reas ing) .

The  part ial  deriva t ive  o f  the pulse ampl i tude  wi th respect  to U can 

be derived  by taking:

a = sech | U + j  e V a2
( 4 . 1 - 1 5 )

from which  we write

sech' ' a s U  + ^ - e V a 2
( 4 . 1 - 1 6 )

g i v i n g :

1 9a 9a
- —  — —  = 3 e Va —
+ aV i -  a* dll 0 U ( 4 . 1 - 1 7 )
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. Da . .
and ----- is t h e n :

DU

Da^

DU

a 1 - a l
1 / 2

3 e  V a 2 (l  - a 2) ±  1 ( 4 . 1 - 1 8 )

where (+) refers to U > -3/2 and ( -)  to U < - 3 / 2 .

The  general  solut ion for  the pulse  ampli tude is va l id on ly for  EV <(V?/2).  

This  inequali ty can be derived by set t ing Da/DU to infini ty and f inding  the

value of  eV which leads to an optical  shock in the pulse ampl itude , i.e.,

>1/2
3 e V a 2 (l  -  a 2) - 1 = 0 ( 4 . 1 - 1 9 )

H e n c e

a 2 ( 1 - a 2
1/2

( 4 . 1 - 2 0 )

then,  w e  take the der iva t ive  o f  the nu m era to r  in the above  equa t ion  to 

find the max value o f  a which  leads to the shock.

H e n c e ,

2a  ( l
2\1/2 1 2 

+ 2 aa I
(2a)

( l  -  a 2)
1/2

=  0

( 4 . 1 - 2 1 )
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From the above equa tion ,  the pulse ampli tude  at the shock is equal

S u b s t i tu t in g  e q u a t i o n  (4 .1 -2 2 )  in to  eq u a t i o n  ( 4 . 1 - 2 0) ,  we get

VT
e V c r i ,  =  A f -  -  0 . 8 6 6

cri 2  ( 4 . 1 - 2 3 )

For,  e V  >  ( V T / 2 ) a n  opt i ca l  shock [24] in the t r ai l ing  par t  o f  the pul se  will

dev e lo p .  T h i s  sh oc k  is sm o o t h e d  by in c lu d i ng  the h i g h e r  t im e  de r i va t iv es

in M a x w e l l ’s e q u a t i o n  | 2 4 ,  31 ) .  T h e s e  t e r m s  a rc  n e g l e c t e d  in o u r

a p p r o x i m a t i o n .

i n t e n s i t i e s .

The  U-par t ia l  de r iva t ive s ,  on the left -hai  d s ide o f  eq ua t io ns  (3.1- 

20)  and  ( 3 .1 - 2 1 ) ,  a re  r e s p o n s ib le  for  s e l f - s t e e p e n i n g  and ,  the  te rm 

propor t iona l  to y  r epresents  finite mater ial  re laxa t ion t ime .  To  i l lustrate 

the impact  o f  the above two effec ts ,  we  shall  index the pa ram e te r  (a) by 

two indices where  the first index refers to se l f - s teepening  and the second 

to finite relaxa tion time. Each index takes the va lue  (0, 1) for  the effect  

being (absent ,  present).  We introduce four cases ao. o • a i . o  , ao, i , a j ,  j

( 4 . 1 - 2 2 )

In p lo t ted  as a fun c t i on  o f  U, fo r  d i f f e r e n t  pu lse

[ I .  31

a 0 , o =  s e c h ( U ) ( 4 . 1 - 2 4 )

a o. l = a o, o = sech |U) ( 4 . 1 - 2 5 )



‘ 1 . 0 = sech U 3 2
+ 2 e V a

4 1

( 4 . 1 - 2 6 )

( 4 . 1 - 2 7 )

The a ,  , is the general  solut ion to equa tion (3.1-20) and (3.1-21)

It is clear,  from equation  (4.1-25) and (4.1-26) ,  that the nonzero relaxat ion 

time docs not affect form of  the pulse ampli tude  solution.
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4 . 2 .  S o l u t i o n  f o r  P u l s e  A m p l i t u d e  in M e d i u m

In this sect ion,  we de te rmine  the general  solut ion o f  equat ion (3.2- 

10) by using the same techniques as those of  section (4.1).  Therefore,  the 

pulse ampli tude a solut ion is given by:

a2 = f ( u  + |  e Va4j
( 4 . 2 - 1 )

We cons id er  the case that the initial pulse shape is a hyperbol ic  secant.

The pulse  ampl i tude a is given by:

a2 = sech2 U  +  |  e ’ V a 4

( 4 . 2 - 2 )

The pulse ampli tude  is maximu m aM = 1 when =  0  at

U . = ^ e ' V
( 4 . 2 - 3 )

2
T he  ( a m p l i t u d e )  of  the pulse at U = 0 is given by the solution of

2 u 2a0 = sech 5 . X/ 4
2  e V a 0

( 4 . 2 - 4 )



In Fig. 4.2-1,  the steepened pulse ampli tude is plotted as a function o f  U for 

d i f fe ren t  pulse  intensi t ies .  This figure shows that,  as e 'V increases ,  the 

pulse  is skewed more toward the lef t-hand-side of  U = 0 and becomes  more 

a s y m m e t r i c .

The  part ial  deriva t ive  o f  the pulse ampli tude  with respect  to U can 

be derived  in a s imi la r  m ann e r  as in equa tions  (4.1-15)  th rough (4.1-17).  

Therefore ,  the slope o f  the pulse ampli tude  is given by

The  so lu t io n  o f  equa t io n  (4 .2-2) is de duced  un d e r  the co n d i t io n  o f  no 

dispersion and no absorpt ion and is valid for  all values o f  V < Vcr jt ; Vcrit is 

t h e  c r i t i c a l  v a l u e  o f  V a t  w h i c h  t h e  o p t i c a l  s h o c k  

g e n e r a t e s  ( i . e . ,  da /5 U  ^  <»). T h is  sh o ck  is s m o o t h e d  by i n c l u d i n g  the

8a
8U

( 4 . 2 - 6 )

whe re  (_ ,  +) co r r e sp on ds  respec tive ly  to U (smal le r ,  la rger)  than
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h ig he r  order  deriva tive  in Maxwel l ' s  equa tion.  The  va lue  o f  V c r j t can be

relaxa tion t ime docs not affect the ampli tude  solution.

In Fig. 4 .2-2,  the slope o f  the s teepened ampl i tude  pulse is plot ted as a 

func t ion  o f  U for di fferen t  pulse intensit ies.

The  U-par t ia l  der iva t ives ,  on the le f t -hand s ide o f  equa t ions  (3.2- 

10) a nd  ( 3 . 2 - 1 1 )  a rc  r e s p o n s i b l e  for  s e l f - s t e e p e n i n g  an d ,  the  term 

p ro p o r t i o n a l  to y ' is re sp on s ib le  for  mater ia l  re laxa t ion .  We index  the 

parameter  a by two indices as in section (4.1). The four possible cases are 

a o . o • 3| . o . ao , i , ai ,  i , [ 4 ,5 )

der ived in a similar  manner as in section 4.1. a at the shock and.

E'Vcril = = 0.349
( 4 . 2 - 7 )

It is worth not ing that,  as in X‘̂ -  d i s p c r s i o n l c s s  m e d i u m ,  the  n o n / c r o

a0> o = sech (U) ( 4 . 2 - 8 )

a 0, 1 -  a 0. 0 ( 4 . 2 - 9 )

a i.o  = sech2 U + j  e' V a4
( 4 . 2 - 1 0 )

2 2 
a i .  l “  a i , o ( 4 . 2 - 1 1 )



CHAPTER 5

SOLUTIONS FOR PULSE PHASE AND 

INSTANTANEOUS FREQUENCY SWEEP IN X ^ A N D  

X<5)- DISPERSIONLESS MEDIA

S . l  S o l u t i o n s  f o r  P u l s e  P h a s e  a n d  I n s t a n t a n e o u s  F r e q u e n c y  

S w e e p  in  X ^  M e d i u m

In this sect ion we will find the general  solut ion o f  equa t ion  (3.1-

2 2
23) the phase and its derivat ives a, c)a/9U a n d  d a/dU  will thus be 

de te rmined  [1, 3],

L e t

a’ = a + KU ( 5 . 1 - 1 )

the  equa t ion  for  a '  is given by

2
d a ' e 2 d a ’ - Ke 4

 a  --------=  — - —  a
av 2 du 8 (5.l -2)

The above equa t ion can be conver ted  to the fo l lowing form
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2
d a  e  2 da  Ke 2 Ke 4

y  ^ 7 ® a ^
a v  2  a u  2  8

From equat ion (5.1-3),  the solut ion for a  is given by

a  = -  K U  -
Ke I.

u

(p, V) dp  -  ±  Ke
7 fl

The V and U partial  der ivat ives  o f  the above equa tion

U

d a _  Ke I  3 a V v )  d p _ 3 K  V (0 ^
a v  2  1  a v

/

a n d

_ K *
a u  2  a u

( 5 . 1 - 3 )

> 4
a (0, q) dq +  f

( 5 . 1 - 4 )

are

a f

a v

( 5 . 1 - 5 )

( 5 . 1 - 6 )

by subs t i tu t i ng  eq u a t i o n s  (5 .1-5)  and (5 .1-6)  into e q u a t i o n  (5 .1 -3 ) ,  the  

r e s u l t a n t  b e c o m e s
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a 4(U, V ) -  a4(0,V)l -  e a4|0,V) + —  
1 8 dV

e 2
— a
2

df_

5 U

Ke 2 Ke 4
- i r a - i r a

( 5 . 1 - 7 )

a n d

df e 2 af
 — a —  = 0
av  2 au

(5.1-8)

The bou n d a ry  cond i t ion  imposed  by the phys ica l  condi t io n  o f  no  ini t ial  

chi rp is that,  at the input plane (i.e., V = 0), a  should be zero o f  all values 

o f  U. this implies that,  for an incoming  sech pulse.

a (U ,0 ) = 0 = -  KU
A

U
a (p, 0) dp + f(U,0)

(5.1-9)

w h e r e
C U 2I sech p dp = tanhp|p = 0 

J  0

H e n c e

f(U,0) = KU + tanh U
(5.1-10)
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9a 0a
for small V; ------ ,   and a  arc given by:

0U 0V

0 a  Ke Ke—  = -  K — ^  + K + —  = 0
0U

^  = ^ a 2( u , 0 ) - ^ a 4(u,0) 
0V 2 2

=  “  sec lT(U)  -  s e c h 4 (U)
( 5 . 1 - 1 2 )

a Ke , 2 ,... Ke , 4 rr~Y  sech (U)-----—  sech U U
( 5 . 1 - 1 3 )

To find f, we try the fol lowing formula

f = f  a3 (U,q)dq + -  f  a{p,0)dq 
J  o e- 'o ( 5 . 1 - 1 4 )

r V
I a(p,0 ) dp = 0  

*/ o

_0_ r v  

0V ( 5 . 1 - 1 5 )

—  f  a(p,0)dp = a|U,0) 
0U o ( 5 . 1 - 1 6 )
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-j * v 
—  |  a 3(U,q)dq = a 3(U,V) 
dW J  o (5 .1 -17)

—  I a 3(U,q)dq = -  [a(U,V) -  a(U,0)j
dU I c

J  o ( 5 . 1 - 1 8 )

t li c n

iL-f2liL = 0 + aJ|U.V|-£a2
a v  2  a u  2

a(U,0) -  + -  a(U,V) -  -  a(U,0) 
e e e

= 0

( 5 . 1 - 1 9 )

The  general  solution o f  F(f) can be derived by 

_  3 F

av af av (5.1-20)

a n d

aF _ aF af 
au  af au ( 5 . 1 - 2 1 )

looking at V =  0, a  (U, 0) = 0
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c u
f(U,0) = 0 + — I a(p,0)dp = — sin'ltanhU) 

e l  e
"  0 (5 .1 -22)

a n d

Ke
a ( U , 0 )  = 0 = -  K U  tan 1̂ ^  + K F [ s i n  ( >unh U)

. -i

( 5 . 1 - 2 3 )

h c n c c

l E
F (y) = tanh (sin y) + y  sin y

( 5 . 1 - 2 4 )

To  check the value of  y which satisfies the above equa tion ,  try

F [sin '( tanh U) = tanh 1 (sin sin’1 tanh u)  + y  sin (sin ' tan h u )

(5 .1-25)

The final form o f  a  is given by [1]

a  = - K U  -
Ke I a2 (p,V)dp -  Ke f  a4 (0,q)dq

J o

1 Ke
+ K tanh sin f ( U , V) + - y  sin f (U,V)

( 5 . 1 - 2 6 )

w h e r e



To check equat ion (5.1-26),  the boundary condi t ion V = 0, a  = 0

K e l
a ( U , 0 )  = 0 = -KU - - j -  tanh U + 0 + K tanh sin sin tanh U

Ke .
+ - y  sin sin 1 tanh U = 0

The ma ximum o f  a ,  expressed by a M , and its pos it ion,  expressed  by U a , are 

r e sp ec t iv e ly  g i ven  by

a n d

KeV 
Ctw “  —T--

M 2 (5.1-28)

U “  “  ' eV  ( 5 . 1 - 2 9 )

Fr om  the above  tw o equa t ions ,  we  can observe  that  the pos i t ions  o f  the

max im a  o f  a and a  are shif ted from each other.  Addit iona lly ,  this  shift  is 

l inear  in eV. Also,  observe  that the maximum  o f  the ampli tude is equa l  to 

(1) for all e V ,  a M increases l inearly with e V .  In Fig. 5.1-1,  the pulse phase

is p lo t ted  for  d i f f e r en t  pu lse  intensi t i es .  It can  be  ob se rv e d ,  for  smal l

va lues  o f  e V ,  a  is symm et r i c  and  its m a x i m u m  is c en te re d  at U =  0.

However ,  as e V  increases,  the a - c u r v e s  are skewed at its m a xi m um  to the



5 2

l e f t -hand  s ide o f  the c o m o v i n g  coor d i na te  U = 0. In Fig.  5.1-2,  the 

ca lc u l a t ed  va lues  o f  a M and U a  are plotted as funct ion of  £V .  The

com pu te d  coord ina tes  o f  the m ax im a o f  the curves  are in close agreement  

with equa tions [5.1-28 and 5.1-29].

The  express ion  for the part ial  der iva t ive  o f  the pulse,  with respect  

to U. is cal led the instantaneous frequency sweep and is given by [1]:

—  = a '  = - 1  + a (U ,V )[cos  f ( U ,  V)| ' 
K dU

+
2
i  |a(U,V)[cos f (U, V)] -  a 2(U,V)}

( 5 . 1 - 3 0 )

In Fig.  5 .1-3 ,  the  ins tan ta neous  re la t ive  f requency  s w e e p  is p lo t ted  for

different  va lues o f  e V .

In Fig. 5.1-4, a, a ,  and 9 a / 8 U  are plotted for  EV = 0.4; this figure shows that 

the | U a | and | U aj do not  co incide with each o t he r  which  is the source  o f  

the fr inge posi t ion shifts,  as will  be d i scussed  in a later  chapter .  In Fig.

( 5 . 1- 5 ) ,  w e  p l o t  the m a x i m u m  and m i n i m u m  in s t a n t a n e o u s  f r e q u e n c y

sw eep  as a func tion  o f  e V  with d if fe ren t  Y; thi s figure shows that  as  Y

( a a \
inc re ase s  -----  increases,  especial ly for  large values o f  e V .

\ 3 U L a *

In F ig .  5 . 1 - 6 ,  we  p lo t  the  m a x i m u m  and  m i n i m u m  i n s t a n t a n e o u s  

f r equen cy  s w e e p  for  ze ro  re laxa t i on ;  this  f igure s h o w s  the  c o m p a r i s o n  

b e tw een  the s teepened  pulse and the convent iona l  SPM.
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The second part ial  der ivat ive o f  the pu lse is given by

2
1 9  a

8 a (U > V ) +  a 2 ( U , V )  t a n f { U ,  V) [ c o s f ( U ,  V ) ] 1

e  9 a  (U.V) 

2 9 U
[cos f  (U.V)] -  a 2 ( U . V )  sin f[ U , V)

( 5 . 1 - 3 1 )

In Fig.  5 . 1-7 ,  we  p lo t  the seco nd  par t ia l  d e r iv a t i v e  o f  the  p u ls e  for  

d if fe ren t  pu lse  intensi t i es.  It can  be observed  tha t  a '  and a "  for  a se lf ­

p h a s e  m o d u l a t i o n  p u l s e  d i f f e r  d r a s t i c a l l y  f r o m  t h e i r  r e s p e c t i v e  

e x p r e s s i o n s  a ss o c i a t e d  with a c h i r p e d  G a u s s i a n  p u l s e ,  w h e r e  in tha t  

in s t ance  a '  is l inear in U and a "  is cons tant .  C ons equent ly ,  the pulse,  in 

the t ime domain  for  small  e V , can be  approximated  by a chi rped gaussian;  

in the  f requency  domain ,  h o w eve r  the deta i led forms  o f  va lues  o f  a ' a n d  

a "  are cri t ical ,  and such an approximation  is not  val id.  This  point  will be 

d i scus sed  in the  spect ra l  d i s t r ibut ion and the f i l te r  t ransfor m chapters.

The  genera l  so lu t io n  o f  equa t i on  (3 .1 -21)  w hi ch  i nc lu de s  se l f - s te epen ing  

and no n-zero  relaxa t ion  t ime is given by:

( 5 . 1 - 3 2 )



w h e r e  Op is the  total  p u l s e  p h a s e  wi th  s e l f - s t e e p e n i n g  and  no n z e ro  

r e l a x a t i o n ,  a n d  a  is the p u l s e  p h a s e  w i th  s e l f - s t e e p e n i n g  but  zero  

r e l a x a t i o n .

T o  ver i fy the above  eq ua t io n ,  we  ha ve  to f ind  the  U and  V part ia l  

der iva t ives o f  < X j .

^a T _ 3a 
3U 3U

+  K y
1 da 
a 3U

+ a tan f
( 5 . 1 - 3 3 )

^a T 3a
= —  + Ky

3V 3V
1 3a ea , + —=— tan f
a 3V 2

( 5 . 1 - 3 4 )

By subs ti tut ing the above  two equat ions  (5 .1-33)  and (5.1-34)  into equa tion 

(3 .1-21) ,  the  y  t e rms  cont r ibu t ions  on  both  s ides  wil l  cance l  each  other,  

and the so lu tion  is verified.

W e  use  the  same representat ion of  sect ion 5.1 with the indices,  to exhibi t  

the di fferent  forms  o f  a .  The  four  possible cases are given by:

— eV 2 a 0 o = T  sech U
’ 2  ( 5 . 1 - 3 5 )

a 0 i = ^  sech2(U) -  yeV sech2(U)tanh (U)
2 ( 5 . 1 - 3 6 )
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+ — sin f  (U.V) 
2 (5 .1 -37)

« i .  i = « i , o  + Y1° (a ,. o) - Yin sech tanh * sin f  (U,  V)
( 5 . 1 - 3 8 )

w h e r e

a >• j K ( 5 . 1 - 3 9 )

a n d

f (U .V) = -  f  aj.o 
2 J q

(U,q)dq + sin' (tanh U)
( 5 . 1 - 4 0 )

The  (1, 1) solut ion is the general  solut ion o f  the  pu lse  phase  with self- 

s te epening  and nonzero  re laxa tion t ime mater ial .  We can obs erve  that  the

nonz ero  relaxa tion t ime term affect s the pulse phase solut ion.  In Fig. 5.1-

8, we plot — ( d o  |  -  a g  o as a funct ion o f  U for selected values  o f  pulse
Y

intensi t ies.  This figure shows that  this quanti ty  represents  the par t  o f  the

phase,  due  to nonzero  relaxat ion t ime,  which  is approximate ly  l inear  in U

and  wi th  n ega t i ve  s lope ,  w hic h  t r ans la te s  into a s to ke s  sh i f t  in the

ins tan taneous  f requency as prev iously shown by Gord on  [27]. In Fig.  5.1-

9 ,  we  plot  — (ot |  i - Otj o) fo r  d i f f e r en t  va l ues  o f  in te ns i t i e s  ( E V )  and
Y

d i f f e r e n t  r e l a x a t i o n  t im es .  T h i s  f ig u re  s h o w s  the  e f f e c t s  o f  se l f -  

s teepening  on the Stoke' s  shift  which  will be discussed  in sect ion (5.2).
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In Fig. 5.1-10,  we plot (X| j which  is the pulse  ph ase  inc ludi ng  the

re la xa t ion  and s e l f - s te epeni ng ,  as a func t io n  o f  U for  d i f f e r en t  pulse 

e n e r g i e s  and d i f f e r e n t  r e l a x a t i o n  t imes .  T h i s  f i gure  s h o w s  tha t  the 

p r e s e n c e  o f  the  re la x a t i o n  te rm and s c l f - s t c c p e n i n g  te rm ,  sh i f t s  the 

posit ion o f  the pulse maximum more  toward the lef t-hand side of  U = 0. In 

Fig. 5.1-11,  we plot the normalized total frequency sweep  with respect to U 

for d i f fe ren t  pu lse  intensi t ies  (EV)  and di fferen t  re laxa tion  t imes (y). The

m a x i m u m  and m i n i m u m  o f  thi s  g raph  spe c i fy  the spec t r a l  f requency  

ex tent  on the an t i -Stokes and Stokes  side respect ively.



5 . 2  S o l u t i o n s  fo r  P u l s e  P h a s e  a n d  I n s t a t a n t a n e o u s  F r e q u e n c y  

Sw eep  in M e d i u m

In this sect ion,  we will f ind the genera l  solut ion o f  equa t ion  (3.2-

2 2
13) to obtain a ,0a /0U ,  and 0 a /d U  [1, 4, 51.

L e t

oc' =  t t  + K U  (5 2-1 )

t he  e q u a t i o n  for  a '  is g iven  by

9 a '  e '  4 0 a '  K  ,2 «
------------- a  = ~ o -  e a
0V 2 0U 8 ( 5 . 2 - 2 )

H e n c e

0 a  £' 4 0 a  

0V 2 0U

- K e '  4 K
8 a - T e

( 5 . 2 - 3 )

From equat ions  (5.2-3),  the solut ion for ( a )  is given by
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where  x, y, d and e are constants .  We  next  de te rmine  the exact  coef ficient  

o f  each term in the above equat ion.  The  U and V part ial  der iva t ives of  the 

above  equa t io n  arc

  = -  K  x a ( U , V) + —
au  *■ au

2
a a  5 K e ' x d  d + 4 ( I , . n 5 K e '  xd d + 4 n
—  = - T i u i i  a  ( U . V) + j  — t t  a |0 .  V)f}V 4 (d + 4) 4 (d + 4)

c
K e ' y a (0, V) +

8 av

( 5 . 2 - 5 )

( 5 . 2 - 6 )

by subs t i tu t ing  equa t ions  (5.2-1),  (5.2-5) ,  and (5.2-6) ,  into equa t ion  (5.2-3),  

the we  obtain:

/
I

K e ' xd

I d T T
d d + 4 ( U , V ) a d + 4 (0 ,V) -  |  K e ' 2 y a*(0,  V) + - ^ -

8 av

e  4 
—  a

2

-  K -  ^  x a d(U,V) +
2 au

Ke' 2 
2 a

Ke' g
— —  a

( 5 . 2 - 7 )
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by equa t in g  the  p o w e r  and  the ident ical  c oe f f ic ien ts  on  each  s ide ,  the

values o f  x, y, d. and (1 arc 1/3, 1/3, 4, and 8 respec t ive ly .  The  general

solut ion for a  is given by [4]

/ U 2 r w
a 4 ( p , V ) d p  -  ^  K e '  J  a 8 { 0 , q ) d q  + g

o °

( 5 . 2 - 8 )

g obeys:

i l .  _  = 0
av  2 au

( 5 . 2 - 9 )

The b o u nd a ry  co nd i t i on  imposed  by the phys ica l  c o n di t io n  o f  no

initial chirp is that at V = 0, a  should be zero o f  all va lues  o f  U. This

impl ies  that ,  for  an incoming  sech pulse,

K e ' f  ^ a
a  (U, 0) = 0 = -  K U  g - I a (p, 0)dp + g(U

• 'o
. 0)

( 5 . 2 - 1 0 )

where j sech4 p dp = | tanh p -  —- j  ^

*  o

a n d

Ke’ I . tanh3U 'g(U,0) = KU + I tanh U -

( 5 . 2 - 1 1 )
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To find g, we try the fol lowing solution:

r v
= I  a 5 ( U , q } d q  +  — f  a ( p , 0 ) d p

I  £ '  0
0

- fsv  A
—  I a5 (u ,q)dq = a5 (U.V) 
OV

( 5 . 2 - 1 2 )

( 5 . 2 - 1 3 )

a  / * u
—  I a (p, 0) dp  = 0  
3V n

—  f  a ( p , 0 ) d p  = a{U,0)
9U J o

c v
—  I  a 5 ( U , q ) d q  = — fa(U, V) -  a(U,0)
au  J  e' L

0

( 5 . 2 - 1 4 )

( 5 . 2 - 1 5 )

( 5 . 2 - 1 6 )

The  general  solut ion o f  G(g) can be der ived by not ing that 

3 G  _  d G  dg

av dg av ( 5 . 2 - 1 7 )

a n d
3 G  _  d G  d g

au dg ’ au
( 5 . 2 - 1 8 )

looking at V = 0, a(U, 0) = 0
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c u
g { U , 0 )  =  0  + — ( a ( p , 0 ) d p  = — sin ' ( tanh U)

£ I ( 5 . 2 - 1 9 )

a n d

i n  ™ n  r r , ,  K e '  K e '  tanh U
a ( U , 0 )  = 0  = - K U  — t anh U + —g -----

+ K G  sin (tanh U) ( 5 . 2 - 2 0 )

G  (y) = tanh 1 (sin y) + —  sin y  -  —  sin sin 1 S1̂ =--
6 6 \ 3 I ( 5 . 2 - 2 1 )

T o check the va lue  o f  y which satisfy the above equa tion ,  try

G  [sin ' ( tanh U ) ] = tanh ' ( s i n  sin ' tanh u) + si n [sin * tanh U

sin
. - l  tanh U 

sin — =----

, i  , e '  , . IT e '  tanh U
= U  +  -T- tanh U  — 2-----------=---

0  O i ( 5 . 2 - 2 2 )

The  final form o f  a  is then given by

/ U 2 v  
a 4 (p.V) d p  - ^  e ’ J  a 8 (0,q) dq

0 0
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+ tanh ' [ s in  g(U,V) l  + —  s i n g ( U . V )  -  —  s i n 3 g(U .V )
6 18

(5 .2 -2 3)

w h e r e

(
V

a 5 ( U . q ) d q  + sin 1 tanh U

( 5 . 2 - 2 4 )

The  above two equat ions  (5.2-23)  and (5.2-24) should sat isfy the boundary 

condit ion that at V = 0, a  = 0. The maximum value o f  a  cxpresscdby  a M,

and its posi t ion,  expressed by Ua . arc respect ively given by

The  m a x i m a  o f  the ampl i tude  and the phase  are shi f ted  wi th  respec t  to 

each  o ther .  T h i s  resu l t  g ive s  r ise to a shi f t  o f  the  m i n i m a  o f  the 

in t e r f e r e n ce  p a t te rn  w h ich  will  be  d i s c u s s e d  in a s u b s e q u e n t  chapte r .  

The  Ua and Ua  are deduced  by compar ing  equa tions (4.2-3) and (5.2-26).

The  first der ivat ive of  a  with respect to U is given by

K e ' V
~ 2 ~ ( 5 . 2 - 2 5 )

a n d

U „ - y f v
( 5 . 2 - 2 6 )

da

au
( 5 .2 -2 7 )
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In Fig.  5.2-1,  the pulse phase a  is p lo t ted  for  d if fe ren t  pu lse  intensi t ies.  

These  f igures show that  the pulse  phase is asymmetr ic  with respect  to the 

U-axis.  This  is a consequence  o f  the ampli tude  sc l f- s tecpcning.

da/
In Fig.  5 .2-2 ,  we plot  the i n s ta n t a n e o u s  f r eq u en cy  s w e e p  / d U  f o r

d i f fe r en t  pulse  intensi t i es .  Thi s  f igure sh ow s that  the der iva t iv e  o f  the

pulse phase  is asymmetr ic  with respect  to the U-axis.  This  is the reason

for the a sy m m etry  of  the spect ra l  d i s t r ibu t ion  be twe en  the S t o k e s  and 

an t i -Stokc ' s  port ion o f  the spec trum.

da
The absolute va lue of  the m a x im um  of  -----  is a lw ay s  g re a t e r  than

a u

tha t  c o r r e s p o n d i n g  to its m i n i m u m  va lu e ;  t h e r e f o r e ,  the  a n t i - S t o k e s  

extent  is l a rger  than the S tokes  extent  o f  the spec trum.

In Fig. 5.2-3, we plot a M and | U a | as a function o f  e 'V and,  in Fig. 5.2-4,  the

m a x i m u m  and  m i n i m u m  i n s ta n ta n e o u s  f r equ ency  s w eep  a re  p lo t te d  for  

d i f f e r en t  va lu es  o f  re laxa t ion  t ime .  T h e  sec ond  d e r iv a t i v e  o f  the total  

pulse phase  is g iven by

~ „ 2  , 3 da 1 da
a  =  - T t a  —  +

2 sin g . e+ a ---- -r- + —
3  dU cosS dU cos2g

da 2 . 2  cos g  a sin g 
dU

6
. 2  da 2 . 3 „ 2sin g .c o s g —  - a sin g + 2  a sing, cos g 

dU

( 5 .2 -2 8 )



In Fig. 5.2-5,  we plot a "  for  di f fe ren t  pulse  intensi t i es  ( e ' V ) .

6 4

T h e  g en e ra l  so lu t i o n  o f  e q u a t i o n  ( 3 .2 - 1 1 )  w hi ch  in c l u d e s  se l f  

s t eepening  and mater ial  relaxa tion [5], will  fol low the same procedures  as 

in s c c t i o n (5 .1), i.e., equa t ions  (5.1-32) to (5.1-36)  will be the same as in 

d i s p c r s i o n l c ss  medium.

We use the same representa t ion  o f  the pa ra m e te r  a ,  with the indices,  to 

r ep re sen t  the p r e s e n c e /a b s en c e  o f  the n o n / c r o  re laxa t ion  t ime and se lf  

s teepening.  The four poss ib le  cases arc given by:

<*o o e'V 4
a 0, o = — — =   sech (U)

K 2 ( 5 . 2 - 2 9 )

a 0 j = sech4(U) - 2 y 'e 'V  sech4(U) tanh (U) 
2 ( 5 . 2 - 3 0 )

<*1,0 = ~ U  -
f v r w

- I  a J 0(P. V)dp -  ^  I a* 0(0, q)dq
5 J 0

+ tanh 1 sin g(U, V) + — sin g (U .V )-  — sin3[g(U, V)1 
6 18

( 5 . 2 - 3 1 )

<*i, l = <*i,o + Y'In{al t l ) - Y  In sech tanh' 1 (sin g (U, V))]

( 5 . 2 - 3 2 )
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W h e r e

a i. j K ( 5 . 2 - 3 3 )

a n d

E’ / * v  5 i
g ( U , V )  =  —  I a ,  0 ( U , q ( d q  + sin (tanh U) 

2 ( 5 . 2 - 3 4 )

The  (1,  1) so lut ion is the genera l  so lu t ion  o f  pu lse  phase  with self-

s teepening  and n o n / c r o  relaxa tion t ime.  We can obse rve  that  the nonzero  

r e l a x a t i o n  t i m e  a f f e c t s  th e  p u l s e  p h a s e .  In F ig .  5 . 2 - 6 ,  we  p lo t

— ( a 0 j - oCq o) as a func tion  U. This  Figure shows that  the phase  with
Y

nonze ro  re laxa t ion t ime  for e 'V  < 1 is approximate ly  l inear  in U wi th a 

nega t ive  slope;  this causes  a S tokes shif t  in the in s ta n t an eo us  f requency.  

This  shif t  is equi v a l e n t  to G or d o n ' s  s e l f  f r eque ncy ,  d e r iv e d  for

medium In Fig.  5.2-7,  we plot  — ( « i  i * a i o) for  d i f f e r en t  va lu e s  o fy 1 ' * * '

in tens i t i es  (e 'V )  to i l lust rate the e ffec ts  o f  se l f - s te epen ing  on this S toke ' s  

s h i f t .

In Fig. 5.2-8,  we  plot <Xj( j which  is the pu lse  phase  inc lud ing  the

se l f - s tee penin g  and no n z e ro  re laxa t ion  t ime  as a func t io n  o f  U. This

figure shows that  the  ex is tance  of  se l f - s te epen ing  and n onze ro  re laxa t ion  

t ime term shif ts the pulse  maximu m more toward  the le f t-hand side o f  U = 

0.
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The exp re ss i on  o f  the no rmal ized  f requency  sweep ,  for  this  pulse,  

is der ived by taking the U-part ial  der ivat ive o f  a  and is given by:

d a

au
£ 4  a £— a + -------  +-z-
6 cos g 6

+ 4 -  a (cos g) - — a (sin2 g) (cos g) 
6

+  V
1 5a

a (tang) +  -  —
a au

( 5 . 2 - 3 5 )

In Fig.  5.2-9,  we plot  the normalized total  f requency sweep  with respect  to 

U. The  m a x i m u m  and m in im u m  o f  thi s  g r a p h  sp e c i f y  the spec t ra l  

f requency  ex tent  on the ant i -Stokes and S toke 's  s ide respec tive ly .
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CHAPTER 6

PULSE SPECTRAL DISTRIBUTION IN X<3) AND X(5). 

DISPERSIONLESS MEDIA

6 . 1  P u ls e  S p e c t r a l  D i s t r i b u t i o n  in  M e d i u m

T he sp e c t ra l  d i s t r ib u t io n  for the  s igna l  at the ex i t  p lane  is 

p ropo r t io n a l  to  the m ag n itu d e  squared  o f  the t im e  F o u r ie r  transfo rm  o f  

the electric  field , which is g iven  by [1]

2
s(co ' ,zc) a  | e ( o ) \ z c)| ( 6  j . , )

W here E(co',ze) is the Fourie r  transform  o f  the e lec tr ic  field at the p lane

z = z.

e (g ) ' ,  ze) = —  I exp(iio' t) E(t,z)dt 
2 k  J

( 6 . 1- 2 )

W h ere  z e is the coo rd ina te  o f  the ex it  plane. In the U - V coord ina tes ,  

where W  = co tl and , W ’= to’ tl , the expression for E  is given by (2, 6, 7, 32, 

33. 34]
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E x  C M
E ( W ’, Ve ) = - ^  I dU .cxp  [i(w -  W’)u] a(U,Ve) . exp ( i a j U . V j )  

2 n  J .  -

( 6 .1 - 3 )

W h ere  V e corresponds to  the V o f  the exit p lane

The genera l equation  o f  the spectra l  d is tr ibu tion  is g iven  by: 

E(K ’) = / :  exp ( -  i K ' ll) E (U) dU
( 6 .1 - 4 )

T he  spectra l  in tens ity  o f  se lf -phase  m od u la t io n  w as  co m p u ted  from 

the specif ic  va lues  o f  a and a ,  p rev io u s ly  found. H o w ev e r ,  to  ob ta in  an 

in tu i t iv e  fe e l in g  fo r  th i s  sp e c t ru m  s t ru c tu re ,  w e u se d  th e  m e th o d  o f  

s ta tionary  phase  [35, 36] to  sim plify  E ( K ) a s  follows;

E(K') = J '  a(U) exp j - iK 'U )  . exp (iajU)).  exp (iKU).  dU

( 6 .1 - 5 )

h e n c e

i K [ 8 + a  (U)l 
E(K')  = I a(U) e du

J ( 6 . 1-6 )

Here a (U )  and 5 +  Ot(U)] are real func tions  (no ana ly tic i ty  is necessary ) .
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Assum e that there is one point Uo in the interior o f f -  00 . 00), h a v in g

the p ro p er ty  that; | 5  + CX (Uo| ] also, let |5  + Ot(Uo)) *  o  ,n accordance

with the above assum ption  o f  the m ethod  o f  sta tionary  phase ,  we assum e

that on ly  the ne ighborhood  o f  the point U() is o f  s ignif icance, and we can

e x p a n d

i K 5 + a  (U) = iK 6  + ot(U,4) + |  (5 + a  (U„)) (U -  U„)

( 6 . 1 - 7 )

Substi tu t ing  (6 .1-7) into (6 .1-6), new  equation  o f  E(k) b e c o m e s

/ • -  IE ( K) -  J '  a(Uo) exp ^ i (5 + a  (Uo)) + i  (8 + a(Uo|) (u  -  U0)
/

xdU

( 6 . 1- 8 )

t h e n

E |K )
2 tc

K |a " (Uo)|

1/2

a(Uo) exp iK(s  + c t | U „ | ) ± i £

( 6 .1 - 9 )

where the + or  - sign is chosen for Ot"(Uo) > 0  o r  <  0 ,  respective ly .  Since 

we h a v e  tw o  s ta t io n a ry  p o in ts  (U j & U 2) for each  va lue  o f  8 ,  the 

approx im ate  so lu tion  for the pulse  spectra l  d is tr ibu tion  b ecom es  [2]



where K -  K = 6K, U | and U2 are the roots o f  the equation:

6 + a'(U) = 0 ( 6 1 . U )

i .e . ,  th e  s t a t io n a r y  p o in ts ,  an d  U j  and U 2 a re  c h o s e n  su c h  th a t :  

a  {U1) >  0  and  a  (U 2) <  0. T w o  stationary points exist fo r  any (- 8 )  in the 

in terval sp an n in g  the dom ain  o f  a  . T he  ch irp ed  gau ss ian  pu lse ,  on the 

o th e r  h and ,  has  o n ly  one  so lu t io n  fo r  the  e q u iv a le n t  e q u a t io n  (6 .1 -11 ) ,  

the function  a  has  no  finite m ax im um  and m in im um , and the func tion  a  

is s y m m e t r ic .  T h e s e  d i f f e r e n c e s  is  r e s p o n s ib le  fo r  th e  q u a l i t a t i v e  

d i f f e r e n c e s  o f  the se l f -p h a se  m o d u la t io n  s p e c t ru m  f ro m  th e  s p e c t ra l  

d is tr ibu tion  o f  a ch irped  gauss ian  pulse .

I—12
In Fig. 6 .1 -1 , we p lo t  the spec tra l  d is t r ib u t io n  |E | f o r  d i f f e r e n t  p u lse  

in te n s i t i e s  w i th  y  = 0. F rom  the  above  f ig u re ,  we can  o b se rv e  the
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f o l lo w in g  f e a tu re s  fo r  the  s p e c t r a l  d i s t r i b u t io n  o f  th e  s e l f - p h a s e  

m o d u la te d  s u p c r c o n t in u u m :

( I ) The spectral ex ten ts  are g iven by:

W 1 -  W  . . = Max
a n t i - S t o k e s

> d a ]

J U i ( 6 . 1 - 1 2 )

W ' -  W
S l o k c s

= Min
da

[dU, ( 6 . 1 - 1 3 )

since  Max ( ------1 >
au

Min
fa a '

l a u j
as in Figs. 5.1-5 and 5 .1-6 , the spectral

ex ten t  on the an ti-s tokes  side (6 < 0), is la rge r  than the co rre sp o n d in g  

quantity  on the  stokes side. T h is  is c learly  unders tood  by ob se rv in g  the 

results in Figs. 6.1-1 and 6.1-2.

( 2 )  The ex is tence  o f  two sta tionary  po in ts  in the in tegrand  o f  equa tion  

(6 .1-5)  or, equivalen tly , the ex is tence  o f  two so lu tions to  equation  

(6.1-11) for all S i n  the dom ain  limited by the m axim um  and m in i­

m um  o f  a '  im plies  the ex is tence  o f  an in te rfe rence -l ike  pa tte rn  

in the  spectra l  in tens i ty  d is t r ib u t io n .
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d a  . . .
( 3 )  The shallowness o f  the ------  curve near its m inim um  values, causes

9U

the existence of  the peak on the edge o f  the stoke's portion o f  the 

s p e c t r u m .

( 4 )  The num ber o f  oscilla tions in the spectral d is tr ibu tion  (M ), is 

es tim ated  by the m ethod  o f  stationary phase approxim ation  to be 

given by equation (6 .1-10) as:

M
„  a  K e V
M = — - = --------

71 271 (6 .1 - 1 4 )

which is in a good agreem ent with the num erica l com pu ted  values . The 

above equation  is derived by using equa tion  (S. 1-28).

From equa tion  (6.1-14), it is worth m ention ing  that M increases  with both 

K (i.e ., t) and £V . The m odu la tion  frequency  o f  these  o sc i l la t io n s  is then

a p p r o x im a te ly  g iv e n  by the  f r e q u e n c e y  e x te n t  (p r o p o r t io n a l  to  the  

ex trem a o f  a ' )  d iv ided  by the num ber o f  osc i lla tions.  C o m b in in g  equa tions  

(6 .1 -12 )  th rough  (6 .1 -13)  we conc lude  that th is  quan ti ty  d e p en d s  on eV  

and is independent o f  K.

( S )  The envelope o f  the m ax im a  o f  the spectral d is tr ibu tion  can be 

d irectly  estim ated from equation (6 .1-10), and is g iven  by [2]
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« | U , |

(o” |U,|)' | a" (Û ll
1/2

( 6 .1 - 1 5 )

The cu to f f  poin ts  for the enve lope  arc de te rm ined  by ( m a x a ' J  a n d ( m i n a ' ) .  

T he  e n v e lo p e  m ax im um  is in the sh a l lo w  reg ion  o f  the  a '  c u rv e ;  as

o b s e rv e d  in F ig . 5 .1 -3 ,  th is  sh a l lo w n e s s  is in reg io n  o f  (m in  a ’) .  

P h y s ica l ly ,  th is  t ran s la te s  in to  the sp ec tru m  h a v in g  a sh a rp  band  edge

close  to its S tokes  m axim um  ex ten t.  In Fig. 6 .1-3 ,  the en v e lo p e  o f  the

s p e c t ra l  m ax im u m  is p lo t te d  for  s e le c te d  v a lu e s  o f  E V , u s in g  the

a p p ro x im a te  e x p re s s io n  o f  e q u a t io n  (6 .1 -1 5 ) .  W e w il l  r e f e r  to  the  

d is p la c e m e n t  o f  the sp ec tra l  m ax im u m  from  the  in c o m in g  pu lse  c e n te r

frequency  as the SPM -spec tra l  M axim um  shift. F or  all p rac tica l purposes ,

the m agn itude  o f  th is  sh ift  fo llow s c lose ly  the s tokes frequency  ex ten t  to

w ith in  h a lf  a m od u la t io n  curve.

P h y s ica l ly ,  the  SPM  sp e c t ra l -M a x im u m -sh if t  can  be ex p la in e d  by  no ting  

that the g (3> n on linea r i ty  does  not change  the total n u m b e r  o f  p h o to n s  in

the pulse , thus since the the  spectra l  an ti-S tokes  ex ten t  is la rger  th an  the 

stokes ex ten t, in o rd e r  to  conse rve  energy  it is necessary  tha t the peak  o f  

the spec tra l  in tens i ty  be sh if ted  to  the  S to k es  side . M a th e m a t ic a l ly  the 

SPM -spectra l  M axim um  shift can be approx im ated  as function o f  e V  by

a m eV

K 4 (6.1-16)
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In Fig. 6 .1-2, the pulse spectral d is tr ibu tion  in the presence  o f  self- 

s te e p e n in g  and m ate r ia l  re la x a t io n ,  is p lo t ted  v e rsu s  A. T he  im p o r ta n t  

features of  Fig. 6.1-2, arc that:

( 1 )  as eV  increases the spectrum  is m ore  asym m etric ,  the spectral 

m axim um  is shifted to the stokes side, and near  the stokes m axim um  

e x ten t  the spec trum  falls o f f  rapidly.

( 2 )  as y increases, the spectrum is further shifted  to the Stokes side and 

the m axim um  frequency ex ten ts  arc consis ten t with the result in 

Fig. 5.1-5.

In Fig. 6 .1-4, we plot the spectral m ax im um  peak posit ion  as a function o f

e V  fo r  d i f f e r e n t  v a lu e s  o f  re la x a t io n  t im es . T h is  p e a k 's  s to k e s  sh if t

increases , for a fixed value of  EV, with an increase o f  y  as will be  shown 

in the fo llow ing  analysis .

T h e  m ean  f re q u e n c y  o f  the p u lse  n o rm a l iz e d  to  the  o r ig in a l  c e n te r

frequency can be show n to be g iven  by [3]

K_
K

( 6 . 1 - 1 7 )

for small eV , this quantity , for m edium , is g iven  by:



7 5

l i m
—  = 1 -  —  v (ev) 

e V « i  K 15
( 6 . 1 - 1 8 )

this co rrespond ing  to the s tokes shift d iscussed  earlier.
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6 . 2  P u l s e  S p e c i a l  D i s t r i b u t i o n  in  X ^ -  M e d i u m

T he sp ec tra l  d is t r ib u t io n  o f  the su p c rc o n t in u u m  is o b ta s in cd  by 

tak ing  the am pli tude  square  o f  the fouricr  transfo rm  o f  the e lec tr ic  field 

[1, 2). In th is  sec t ion  we used the sam e e q u a t io n s  for the  spectra l  

d is tr ibu tion  as in section (6.1).

i~|2
In Fig. 6 .2-1 ,  we plot the spectra l  d is tr ibu tion  |E | fo r  d i f f e r e n t  p u lse  

in tensities  with y' = 0 [51. From the spectral extent figures, we observe the 

fo l lo w in g  fea tu re s :

( 1 )  The ca lcu la ted  spectral ex ten ts  arc in a good agreem ent with the

estim ated  values  o f  equa tions  (6 .1-12 and 6.1-13).

( 2 )  The num ber  o f  o sc i l la t ions  in the spectral d is tr ibu tion  can  be

es t im a ted ,  u s in g  the  s ta t ionary  phase  a p p ro x im a tio n  to  the F ourie r  

transform  o f  the e lectric  field, to be:

a M k e 'V
N »  -----  - -----------

n  2 n  ( 6 .2 - 1)

This  es t im ated  value  is in c lose  agreem ent with the com puted  values.

( 3 )  The ex is tence  o f  the spectral peak on the edge o f  the stoke 's  portion

d a /
o f  the spectrum  is a result o f  the shallowness o f  the / d U  curve 

n ea r  its m in im u m  value.

( 4 )  The enve lope  o f  the m ax im a  o f  the spectral d is tr ibu tion  is g iven  as

in equation  (6 .1-15) o f  section  6.1.
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In F ig . 6 .2 -2 ,  the  sp e c t ra l  m a x im u m  sh i f t  can  be  a p p ro x im a te ly  as 

function o f  e ' V by

A M E’V------  as--------

K 3 (6 .2 -2 )

In Fig. 6.2-1, the | e |  is plotted for y = 0, a spectral peak at A = 0 is observed, 

which will be discussed later. In Fig. 6.2-3, the pulse  spectral distribution 

in the p resence  o f  sc lf-s tccp in ing  and m ateria l re laxation  is p lo tted  for y' 

= 0.2. The important features found from the spectrum  are that:

( 1 )  As e 'V  increases, the spectrum  is m ore asym m etric , and near  the 

S tokes m axim um  ex ten t the spectrum  falls o f f  rapidly;

( 2 )  As y  increases, the spectrum is further shifted to the S tokes side 

and the m ax im um  frequency  ex ten ts  are c o n s is te n t  w ith  the  resu lt  

in Fig. 5.2-4.

( 3 )  The spectral shape has a peak at the cen te r  frequency, a new 

feature no t p resent in the x ^ *  d ispersionless media. T h is  is the

result that the ins tan teneous  frequency in the x ^  m edium  has

m ore roots than the co rrespond ing  one  in x ^  m e d i u m .

T h e  role o f  the non-zero  re laxation  tim e in the S tokes shift is  i l lu stra ted  

by c la c u la t in g  the  m ean  f re q u e n c y  o f  th e  p u lse  n o rm a l iz e d  to  the  

o r ig in a l  cen te r  frequency . T he  no rm a lized  first m o m en t  o f  the  freq u en cy  

can  be expressed in the time dom ain  form as [5]:



K r -

I a 2 (U )d U
( 6 . 2 - 3 )

for small e 'V, this quantity, for the x ^  m edium, is given by:

• v m  , I T  = 1 -  0  3 r  (E' V)e V «  1
( 6 . 2 - 4 )

the second  term  on the  r igh t hand s ide  co r re sp o n d s  to  the n u m erica lly  

co m p u te d  S to k e s  sh if ts .  T h is  sh if t  is l in e a r  in the  th ic k n e s s  o f  the  

m ateria l ,  and in the relaxation  time and is quadra t ic  in the intensity .
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CHAPTER 7

D IR E C T  T IM E  M E A SU R E M E N T  O F  T H E  PHASE IN x (3) 
AND x (5) D IS P E R S IO N L E S S  M E D IA

7 . 1  I n t r o d u c t i o n

In o rd e r  to c h a ra c te r iz e  an o p tica l  pulse  c o m p le te ly ,  one  m ust 

m easu re  the s low ly  v a ry ing  phase  a ( U ) .  The phase o f  the pulse  can  be 

d irec t ly  m csu red  u s ing  the in te rfe rence  techn ique  [37], R o th en b e rg  and 

G r isc h k o w sk y  w ere  the  f irst to app ly  th is  te c h n iq u e .  A M a c h -Z e h n d e r  

in te r fe ro m e te r  w ith  F ab ry -P c ro t  d ta lon in one  arm , is used . The d ta lon , 

tu n e d  to r e s o n a n t  w ith  the  in p u t  p u lse ,  p ro v id e s  th e  m o n o c h ro m a t ic  

re fe rence  pu lse . T he  de lay  and the a l ig n m en t  o f  the in te r fe ro m e te r  are 

a d jus ted  to  ensu re  that th is  re fe rence  pu lse  in te r fe re s  (h e te ro d y n e s )  with 

the  inpu t  p u lse ,  w hich  p asse s  u n a lte red  th ro u g h  the  o th e r  arm  o f  the 

in te r fe ro m e te r .  F u r th e rm o re ,  b e c a u se  o f  the  ease  o f  a d ju s tm e n t  o f  the 

de lay  o f  the in terferom eter ,  the phase  o f  the en tire  pulse  can  be ob ta ined .
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7 . 2  Direct  T i m e  M e a s u r e m e n t  o f  the  Pha se  in -  M e d i u m

The d irec t technique  to m easure the phase o f  the pulse  consis ts  o f

adding  tw o pulses, a reference pulse o f  given width and zero ch irp  and a

signal pulse described  by the am plitude  (a) and phase ( a )  which we found 

p re v io u s ly ,  then  su b trac t in g  the sum o f  the in ten s i t ie s  o f  the signal

pu lse  and the m easured  reference  pulse  from the m odula ted  pulse . The 

resultant in tensity  is given by |2]

If  the reference  pulse R(U) is a part o f  the incom ing  pulse  i.e., sech U, 

then the in tensity  I(U) is g iven  by

I |U )  = 2 R (U ). a(U) . cos  [ a (U |] ( 7 . 2 - 1 )

I (U)  = 2 sech  (U ) a  (U) co s fcx (U)] ( 7 .2 - 2 )

F or  conv en t io n a l  SPM , w here

a (U) =  sech  U ( 7 .2 - 3 )

a n d

(lT, K e V  2 . .  
a  (U) = — ^—  sech U

(7.2-4)

T he in tensity  for  conven tiona l  SPM  is
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I (U) = 2 sech U . cos K£V t 2 it —=— sech U
( 7 .2 - 5 )

In Fig. 7 .2-1, I(U) for the conven tiona l  SPM  and sc lf-s tecpcned  e ffec t arc 

p lo t ted  as fu n c t io n  o f  U. The in ten s i ty  o f  the c o n v en t io n a l  SPM  is 

sym m etr ic  due to neg lec ting  the se lf -s teep en in g  effect.  The shift betw een  

the m a x im a  o f  the am p li tu d e  and phase  and the  a sy m m etry  in the ir  

shapes produce an asym m etry  in l(U). The degree o f  asym m etry  increases  

with increas ing  t V  .
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7 . 3  D i r e c t  T im e  M e a s u r e m e n t  o f  th e  P h a s e  in x ^  ~  M e d i u m

In th is  sec t ion  the sam e tech n iq u e  is used  as  in sec tion  (7 .2). 

Equa tions  (7 .2-1) th rough (7 .2-3) arc valid.

For co n v en tiona l  SPM .

In Fig. 7 .3-1 , I(U) for the conventional SPM  and se lf-s teepened  e ffec t  are 

plo tted  as a function o f  U. From this figure, I(U) o f  the conventional SPM  

is s y m m e tr ic  d u e  to  n e g le c t in g  the  s e l f - s te e p e n in g  e f fe c t .  T h e  sh if t  

be tw een  the  m a x im a  o f  the am pli tude  and phase  and the  a sy m m etry  in 

th e ir  sh a p e s  t r an s la te  an a sym m etry  in I(U). T he  deg ree  o f  a sy m m etry  

in c reases  w ith  in c rea s in g  e ' V .

a ( U )  = se c h 4 U
( 7 . 3 - 1 )

The in tensity  for conven tiona l SPM is

( 7 .3 - 2 )
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CHAPTER 8

INTERFERENCE PATTERN OF THE SUPERCONTI­
NUUM GENERATED BY SELF-PHASE MODULA­
TION IN x(3)A N D x (5) " DISPERSIONLESS MEDIA

8 . 1  I n t r o d u c t i o n

In this chap te r ,  we com pute  the in te rfe rence  pa tte rn  genera ted  by 

a p lane-w ave sc lf-phase-m odu la ted  u ltrafast  pulse  [5). W e prove  that for 

high in tensities , the p resence  o f  the time shift be tw een  the m ax im a  o f  

the amplitude and the phase o f  the SPM  pulse leads to a shift in the 

pos i t ion  o f  the  in te r fe ro m e tr ic  in tens i ty  e x t re m a  ( f r in g e  pos i t ion  sh if ts)  

as in Fig. S . I -4. These shifts are functions o f  a param eter  related to the 

pulse energy and the pulse  w id th  and to the non linear  index o f  refraction  

and the th ickness  o f  the non linear  m ed ium  that genera ted  the SPM  signal. 

Fu rtherm ore ,  we ca lcu la te  the  F ourie r  t ransfo rm  [38] o f  the in te rfe rom etric  

intensity  d is tr ibu tion  and rela te  its range to the ex trem a o f  the frequency 

sw eep (i.e . the de r iva tive  o f  the pu lse-phase  funtion, ) w hich  were show n 

to identify  the  su p e rco n t in u u m  spec tra l  ex ten ts  and the  spectra l  m ax im um  

s h i f t .

In all in terferom etric  problem s [6. 39, 40, 41] , the m ethod  o f  analysis 

o f  n o n -m onochrom atic  l igh t  is to  f ind  first the in tensity  d is tr ibu tion  for 

specific  frequency  as function o f  the pa ths  d ife rences  (o r  time delays)  o f
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the  p a r t ic u la r  geom etry , then  to  sum in co h e ren t ly  o v e r  all f requency  

c o m p o n e n ts  in tens i t ie s .  T h e  genera l  ex p re s s io n  for the in te r fe ro m e tr ic  

in tensity  for u l trashort  pu lse  cha rac te r iza t io n  is su m m ar ized  in [6],
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8 . 2  I n t e r f e r e n c e  P a t t e r n  o r  t h e  S u p e r c o n t i n u u m  G e n e r a t e d  by  

S e l f - P h a s e  M o d u l a t i o n  X ^ -  D i s p e r s i o n l e s s  M e d i u m .

T he in terference pattern  can be derived  as fo llow s; The incident 

ligh t on an in te rfe rom etric  system  has an input spectra l  d is tr ibu tion  

given by I jn ( co)» the resultant (ou tput)  intensity  is given by [6]

W A )  =  f  • m M  H(CD,A)dC0J ( 8 . 2 - 1 )

w h e r e  A is the  set o f  tim e delays assoc ia ted  w ith  the  p rob lem 's  geom try ,

and H (0) ,  A) is the response  o f  the system to an incom ing  field o f  unit

a m p l i tu d e  and freq u en cy  to. T he  m o n o c h ro m a t ic  r e sp o n se  func tion  for

the  Y oung doub le-s l i t  con f igu ra t ion  is g iven by:

H(to,A) = 2{ l+cos(ci) A)} (8  2-2)

where A =  dxjLc) 1 , d is the separation between the slit centers, L is the 

distance  to the screen, x is the d is tance  o f  the observation  po in t from the 

cen te r  o f  the screen, and C  is the velocity  o f  light.

T he  electr ic  field o f  the incom ing  pulse  is param eterized  as follows:

E in(t) = exp(ico0t) a(t) exp [i ot (t)] (8 .2 -3 )

w h ere  (Oq is the carrier  f requency, aft) is the enve lope  function, and a ( t )  

is the  phase  function.

T he  Fourie r  transform  o f  the pulse is given by
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E i"(“ ) = — /  e x p ( - i o x ) E in|t) dt 

(2 n) ( 8 .2 - 4 )

From  equa tions  (8 .1-3)  and (8 .1-4)

e J c o )  = — L  

(2 . )

J  a(t)cos[(o> -  o)0) t  - a{t)J dt

- J  a(t)sin[(a> — co0) t - a(t)J dt

( 8 .2 - 5 )

The in tensity  I jn (to) is equal to

l E i n M | 2 =  l i n M  =  ^  J  a(t)exp |  -i [(co-  co0) t -  a  (t)Jj dt

( 8 .2 -6 )

T he ou tp u t  in tens i ty  becom es 

Iout( A ) =  I (A) ( 8 .2 - 7 )
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H ence from equa tions  (8 .2-2), (8 .2-6) and (8.2-7)

I (a ) =  J  dco J dt j  d t '  a(t) a ( t ')  exp  { i[o t(t)  -  o t ( t ')]

+ ico (t - 1) + ico0 (t - 1 ) } [ 2  + exp  (\coa) +  e x p  (- i(oA )J

( 8 .2 - 8 )

By in te r c h a n g in g  th e  o r d e r  o f  in te g r a t io n  and  u s in g  th e  F o u r ie r  

rep re sen ta t io n  o f  the  D irac  de lta  func tion , the  in tens ity  1(A) can  then be 

w ri t ten  as

I (a ) =  I ,  (a ) +  i 2 (a ) +  I 3 (a ) (8  2 _9)

w h e r e

I t  (A) =2 J  a2(t)dt

h  M  = J  »W- a(t -  a)

x exp  ji|a(t) -  a(t  -  a ) +  co0 a J |  dt

( 8 .2 - 10)

(8.2-11)
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(A) -  / a t(t + a )

exp ji a(t) -  a ( t  + a ) -  co0 A j dt
( 8 . 2 - 1 2 )

T h e  re l a t ive  in tens i ty  for  any A n o r m a l i z e d  to the in tensi ty  at the ce n t e r  

is g ive n  by

I W  1 . 1

i ( o ) 2 + 2

j* a(t) a (t — a )  c o s  j « 0 A + a(t)  -  a ( t  -  a ) |  

j a2 (t) dt

dt

( 8 .2 - 1 3 )

w here (a) is the pulse  amplitude, ( a )  is its phase, and (»0 is its center 

f requency .  F or  cw  rad ia tion , the m in im a  o f  the in te r fe ro m etr ic  in tens ity  

are located at:

A |n | . | 2 n *  11,1
“ o ( 8 .2 - 1 4 )
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In norm alized  time T (i.e., time measured in units o f  x, the pulse  width) 

the norm alized  frequency K = Wo* and the norm alized time delay  A/x is 

p a ram e te r ized  as y /K . In these units the cw m inim a correspond  to [6]

and  the e x p r e s s i o n  for  the r e l a t ive  in ten s i t y  o f  the  i n t e r f e r e n c e  p a t t e r n

re d uc es  to [6]:

In Fig. 8.2-1 we plo t In (y )  for  Fixed K (i.e .,  fixed pulse  w id th) but with

d i f fe re n t  pu lse  in ten s i t ie s  (eV ). From the above figure , we can  obse rve  

th a t ,  b o th  the  v a lu es  and p o s i t io n s  o f  the  e x t re m a  c h a n g e  w ith  e V  .

F u r th e rm o re ,  fo r  la rge  n, the  ra t io  o f  the m ag n i tu d e s  o f  a m a x im u m

i n t e n s i t y  to  i t s  n e i g h b o r i n g  m in im u m  in t e n s i t y  d e c r e a s e s  w i th

in c reas in g  eV. T h is  ratio goes asym ptotically , for large n, to 1.

y (n) = (2n + 1) 7t ( 8 . 2 - 1 5 )

x

( 8 .2 - 1 6 )
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In Fig. 8.2-2, we plot the shifts in the position o f  the th ird  m in im um  (i.e.. 

the m in im um  that co rresponds to y(2) = 5k  for cw  radiation) as function o f  

K, bu t Fixed eV. From  the above graph, it is c le a r  that th is  sh ift  depends 

only w eakly  on K. T h is  approx im ate  sca ling  ( i .e . ,  the s t ro n g  d ependence  

o f  the shift in fringe positions on eV , the ratio o f  the pu lse  in tensity  o v e r  

the pulse  width a lone) will be d iscussed  later.

The phase  that we have derived  ear lie r ,  depends  on ly  on  the  p a ram e te r  K 

th ro u g h  a m u lt ip l ica t io n  fac to r ,  i .e .,  a  *  Ka, where  a  d e p e n d s  on ly  on 

the p a ram ete r  eV. Consequently , if  for ^  < 1  w e  a p p ro x im a te  eq u a t io n

(8.2-16) by the leading term o f  its T ay lo r  series, we obtain [6]

T h is  ap p ro x im a te  e x p re ss io n  for  Ir does not have  an exp lic i t  dependence  

on K. From  Fig. 8.2-2, we can observe  that this asym ptotic  value  for  IR is 

a lready  w ith in  2% o f  its exac t  v a lue  for K  -  9 0  (i.e . ,  a 30 fs pulse  for 

X *  0 .6 2 8  | im ).  F u r th e rm o re ,  from eq u a t io n  (8 .2 -17 ) ,  it  is c le a r  tha t e V  

d e p e n d e n t  a m p l i t u d e - p h a s e  t im e  s h i f t s  is r e s p o n s ib l e  fo r  the

da
in te r f e ro m e t r ic  m in im a  sh i f t s ,  in  e f fe c t  -----  *  0  fo r  U  =  U ,  , and the

d l l  a 2 (U) cos  y

( 8 .2 - 1 7 )

au
argum ent o f  the cosine  function at that point is eV  d e p e n d e n t .
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- A
In T ab le  8 .21, the sh if ts  in the pos it ion  o f  the  »R m in im a  are

tabulated  as functions o f  the o rder o f  the m in im a and o f  the param eter  e V .
A

The shift is defined as the d ifference betw een  the actual m in im um  o f  I r (Y)

and the cw  m inim um  as defined  in equa tion  (8 .2-14). A s can be no ticed,

ea ch  e V  h as  a d i s t inc t  s ign a tu re  for  the  shi f ts .

A n  a l t e r n a t i v e  n o n s p c c t r o s c o p i c  m e t h o d  to  d e r i v e  e V  is by
A

a n a l y s i n g  the  f o u r i c r  t r a n s f o r m  o f  I R . T h e  e x p r e s s i o n  for  the  F o u r i e r

t r a n s f o r m  c a n  be d i r ec t ly  d e r iv e d  f rom e q u a t i o n  ( 8 .2 - 1 7 ) ,  and  the  in teg ra l  

r e p r e s e n t a t i o n  o f  th e  D i r a c  d e l t a  f u n c t i o n ,  a n d  t h e  d e l t a  f u n c t i o n  

p r o p e r t y :

/  g(y) 8 [f(y) -  a] dy =  sM  I
y = yo. f M  = ad f

d y ( 8 .2 - 1 8 )

w here  g (y) and f(y) arc any m athem atica l  functions

C o n s e q u e n t ly  th e  s p a t ia l  F o u r i e r  t r a n s f o r m  o f  th e  i n t e r f e r o m e t r i c  

in tens i ty  d e f in ed  by:

-  j  c'"F[x)

is then given by:

tf(y) - 2 dy

(8 .2 - 1 9 )

F(x) =
71

2 N
a2(U) a2(U)

_2
d  a j 3 a

3U2 bii3

a u 2 U  =  Uj
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( 8 . 2 - 2 0 )

w here  Uj and Uj arc respectively  the so lu tions  of:

x + 1 + -----  = 0
0U ( 8 . 2 - 2 1 )

x -  1 . ^  = 0
au ( 8 . 2 - 2 2 )

and  N is the a2 in teg ra l  n o r m a l i z a t i o n  fac tor .  F (x )  is e v e n  fu nc t i on  o f  x.

3a
F o r  x > 0, on ly  eq u a tion  (8 .2 -22 )  has a so lu t ion  since au <  1. The

function F(x) is not identically  zero in the  in terval [a, b],w here :

. 3 a  , a = min ----  + 1
au ( 8 .2 - 2 3 )

, ; 3 a  \b = max —  + 1
lau / ( 8 .2 - 2 4 )

( i .e . ,  a d e te rm in a t io n  o f  the  range  o f  F (x )  spec if ie s  th e  v a lu e  o f  the 

p a ra m e te r  e V ) .

In Fig. 8.2-3, we plot F(x) for specific value o f  eV with d if fe ren t  re laxation  

t im es and in Fig. 8.2-4, F(x) is plotted for d ifferent pulse intensities . From 

the F(x) figures, we can observe that as eV  inc reases  (h igh  pu lse  ene rgy ) ,  

the b roaden ing  increases  and there  will be no peak  on the R .H .S . o f  the
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curves. Th is  happens, due to  the fact, that the pulse  spreads its energy in 

the  b roaden ing  and it does not have enough energy to show  on the R.H.S. 

peak  (due to the energy observe law). Also, we have p rev iously  observed 

in ch ap te r  6, that the spectral d is tr ibu tion  ex ten ts  on the s tokes  and the 

a n t i - s to k c s  s id e s  arc  a lso  d e te r m in e d  by th e  e x t r e m a  o f  d a j d l j .  

Fu r the rm ore ,  the SPM frequency shift is also de te rm ined  by m in ( D a /d U ).
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8 . 3  I n t e r f e r e n c e  P a t t e r n  o f  t h e  S u p e r c o n t i n u u m  G e n e r a t e d

b y  S e l f - p h a s e  M o d u l a t i o n  in  X ^ -  D i s p e r s i o n l e s s  M e d i u m

T h e  in te r fe ren ce  pa t te rn  in X ^ -  m edium  can be d e r iv ed  in the

sam e fash ion  as in sec tion  (8. 2) .  E quations  ( 8 . 2 - 1 )  th rough ( 8 . 2 - 2 4 )  arc

used here  to find the re la tive  in tens ity  for any A n o rm a l iz e d  to the
.A

in tensity  at the cen te r  and the Fourier  transform  o f  I r .

In Fig. 8. 3-1,  Ir ( Y)  o f  fixed K is plotted for d ifferent pulse in tensities e ’V. 

From the above f igure , the values and p os it ions  o f  the e x t re m a  change

w ith  e 'V .  A d d it io n a l ly ,  for  la rge  n, the ra tio  o f  the m a g n i tu d e s  o f  a

m a x im u m  in tens i ty  to its n e ig h b o r in g  m in im u m  in tens i ty  d e c re a s e s  with  

inc reas ing  the pu lse  in tensity  e 'V. T h is  ra tio  beco m es  a sy m p to t ic a l ly ,  for 

large n, to 1.

In Fig. 8. 3-2 ,  the Fourier  transform  o f  F(x) is p lo tted  for specif ic  va lue  of  

(e 'V )  w ith  d iffe ren t  re laxation  times and in Fig. 8. 3-3 ,  F(x) is p lo t ted  for 

d i f fe re n t  pu lse  in tens i t ie s .  From  the F (x)  f igu res ,  as e 'V  in c re a s e s  the 

b roaden ing  increases  and the m agnitude  o f  the peak  on the R .H .S . o f  the

curves  decreases .  From  Fig. 8. 3-3,  the fo llow ing features  can be observed :-

da  . da
1. As we explained in chapter  5, n13*  is g rea te r  than  m i n ------ . Thisau au

inequality  leads for x > 0, the left peak o f  the F(x) c loser  in notation

to the peak at x = 1 than the right peak.

2.  T he  spectral shape has a peak at x = 1. This peak is associated with

the  spectra l  peak  at the c en te r  frequency .
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CHAPTER 9

FILTER TRANSFORM OF A PULSE OUTGOING 

FROM X(3) AND x(5 )-DISPERSIONLESS MEDIA

9 . 1  I N T R O D U C T I O N

In th is  c h a p te r ,  w e  c o m p u te  the e f fe c t  o f  a m p l i tu d e  f i l te rs  on 

ultrafast  se lf -phase  m odula ted  pulses (7). W e find the dependence  o f  the 

o u tg o in g  pu lse  shape  ( i .e . ,  w id th ,  am p li tu d e ,  and m a x im u m  p o s i t io n )  as 

f u n c t i o n s  o f  t h e  s e l f - p h a s e  m o d u l a t i o n  p a r a m e t e r s  a n d  f i l t e r  

cha rac ter is t ic s .  Spec ia lly ,  we show  that the am plitude  f ilters  can  be used 

in c e r ta in  c o n d i t io n s  to  c o m p re s s  pu lses .  T he  p h y s ic a l  se tu p  we arc 

c o n s id e r in g  c o n s is ts  o f  an S P M  pu lse  p a ss in g  th ro u g h  a n o n d isp e rs iv e  

K err  m ed ia  ( X ^  and X(5 )-  in d iv idua lly )  fo l low ing  w h ich  the  pu lse  passes  

th ro u g h  an am p li tu d e  f i l te r .  W e denote  by superscrip t 1 quan ti t ies  at the 

e n tran ce  p lane  o f  the  n o n l in e a r  m ed ium , by su p e rsc r ip t  2 q u a n t i t ie s  at 

the  input o f  the filter, and by subscrip t  3 q uan ti t ie s  at the ou tp u t  o f  the 

f i l t e r .
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9 . 2  F i l t er  T r a n s f o r m  in X M e d i u m

It was show n in [7] tha t i f  the  am plitude  f i l te r  t ran sfe r  function is 

g iv en  by

H ( K 1) =  e x p { - [ ( K 1 - K f ) / 2 A f x]2 }
( 9 .2 - 1 )

w here  K = c o t , A f  is the  f i l te r  spectra l  h a lfw id th ,  cof is the f i l te r  cen te r  

f r e q u e n c y ,  t  is the  initial pulse width and co is the  incom ing  pu lse  cen te r  

f requency. E (^ ( U )  is g iven by

E (2| u ) =  E 0 a |U )  exp[io (U )]  exp  [iKU] ( 9 .2 - 2 )

the  ou tgo ing  e lec tr ic  field from the  f i l te r  is given by [7]

E ,3,(U) =  E „  e x p (  i K f U)  f d U ’ a ( u ' )  exp  [ io t(u ’)]
Vn

[ , ( k - k J u ' ] « p  [ - ( u - -  U ) 2 ( 9 2  ;x exp  I , , . - ,  . . . .11 . ' I . . .  - ~ . 3)

w here  U is the  pu lse  com ov ing  coord ina te  tha t we defined  p rev iously ,  E o i s  

the  m agn itude  o f  E ^ \  a and a  are  the am pli tude  and p h ase  o f  the pulse  

ex iting  from the n on linea r  m ed ium , as defined  before . In Fig. 9 .2-1 , we 

plot the num erica l va lues  o f  1^ 1 for  d if fe ren t  va lues  o f  th e  f i l te r 's  cen te r  

f requency  and spec if ic  e V .

W e assume E ^  to  be given by:
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( 9 . 2 - 4 )

i.e., the initial pulse is taken to have a secant  hyperbol ic  shape.

In the case of  very large (Afx), special ly ( ^ f t )  »  k (eV), an(j us in g  

the fol lowing  represen tat ion  o f  the di rac de lta  funct ion:

1 .1 l*m 1
8 (U - U ) = _— y=  exp { -

Y = > O yOv Vir

( u ' - u )

( 9 . 2 - 5 )

E ^  reduces  to E ^ .  This  physica lly,  means  that  the  f i l ter is t ransparent  

to all frequencies ,  i.e., there is no  modif ica t ion  to the pulse.

On the other  hand,  if, 1 « ( A fT) «  k (e v ) we  can eva lua te  equa tion 

(9.2-3) by the method  o f  the stat ionary phase (35, 36],  as follows:

E ,3|(U) =  E 0 f "  a(U ’). exp  - ( u 1 -  u f  ( A fx f  
V n  J  -

exp {iK[s  + a(u ') ] |  . dU'

( 9 . 2 - 6 )

Here  a (U')  and 8 + a (u ' ) are  real func t ions .  S u p p o s e  tha t  there  is one

p o i n t U q in the  i n t e r i o r  o f  (- <», <*>), h a v i n g  th e  p r o p e r t y  th a t

(8 +  a  0 ;  also, let (5 +  a  (U)) *  0  • In accordance  with the above
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ass um pt io n  of  the  m e th od  o f  s ta t ionary  phase  we  a s su m e  that  on ly the 

ne igh borhood  o f  the point  Uq is o f  s ignif icance,  and we can expand

iK 5 + a  ( u ') = iK (s + a  (Uo|) + J  (5 + a  (Uq)) (lT - U0)2

( 9 . 2 - 7 )

s u b s t i t u t i n g  e q u a t i o n  (9 .2 -7 )  into (9 .2 -6 ) ,  the new  e q u a t i o n  o f  E |U )  

b e c o m e s

E(U)
~ E° X /

a (U 0 ) . exp - K  -  u f  ( A fx)2

x exp iK 8 + a(Uo) + 1 ( 8  + a  (Uoj) ( U' - U0) dU'

( 9 . 2 - 8 )

t h e n

Afx
E(U) -  E o - ^ r  

y n

2ti
1/2

'

K R ( U o)|.
a(Uo) x exp i k (5 + a(Uo)j] ± i -

x exp - | U 0 - U f M * ] (9.2-9)
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where the + or - sign is chosen for, t t ' (uo) > 0 or < 0 respectively. Since

we have two stationary points (Ut ,  U 2 ) for each value of  8 ,  the 

approximate solution for the pulse spectral distribution becomes [6]

E(?,(U) -  H0 (Afx) ( ^ )  (
a (U ,) . exp i K 5 + + i 7t/4

a " ( U ,
1 / 2

x exp - | U ,  - U)2 (Aft)‘ exp

i(U2I • exp i K [ 5 + ot(U2) -  i 71/4 )
“ • M l

1/2

( 9 . 2 - 1 0 )

where  U |  and U2 are the roots o f

8  + a  (U) = 0 (9 .2 - 1 1 )

i.e., the s ta t ionary  points  o f  the  integral ,  and  where

K - K r » 8 ( K  ( „ . 1 2 )

U i  and U2 are selected so that 0 t" (Uj)  >  0  and  a " ( U 2) >  0. The re  are two 

stat ionary po in ts  exist  fo r  any (~ $f) in the interval  spannin g  the  va lues  of  

a ’. From equ at ion  (9.2-10) ,  we  can observe  the fo l lowing  features:
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( 1 )  decr ibes two pulses centered at U] and U 2 and of  width A ft .

( 2 )  Whe n  (—8() is close to the maximum or minimum of  Ot', the

stat ionary points  arc very close  to each  other and the two pulses

merge  into one  pulse,  which is cal led daugh ter  pulse.

The  above resul ts  arc di fferen t  from that assoc ia ted  with chi rped  gaussian 

(CG)  pulses,  these arc

(1 ) For  small  (eV),  al though the phase function a  for SPM and CG

pulses ( a  = -KeV U 2) coinc ides in the region around the maximum 

o f  a ,  the respect ive der iva t ive  funct ion a '  and a "  are qu ie t  seperate.

( 2 )  For  CG pulses,  a '  is linear in U ( a ’ = -  2 K e V  U)  and its magni tude  is

symm etr ic  with respect  to an axis o f  symm etry  and a "  is cons tant  

( a "  = . - 2  K e V ) .  While for the SPM  pulses,  as we  have previously

seen,  a '  is asymmetr ic  and is bounded ,  it has two extrema.

( 3 )  A p p r o x i m a t i n g  a  for  SPM pulse by the CG pulse can be acceptable 

in the t ime  doma in  in certain specif ic instances,  it is never  so in 

th e  f r e q u e n c y  d om a in .

( 4 )  T h e  t ransf ormat ion  by the  f i l ter  is a f r equency  do m a in  ca lcu la t ion ,  

so there should be major  di fferences  be tween the  S P M  and the CG 

pulses  go in g  th ro ugh  the am pl i tu de  fi l ters ,  namely :
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( 4 . 1 )  For  CG pulses,  equat ion (9.2-12) has one  solution whereas for SPM 

pulses,  it has two, one or  zero solut ions depending  on  the value 

o f  8f. Physical ly,  while the CG pulse produces  only a single

da ughter  pulse by passing through the filter. For  an SPM pulse

input,  two pulses arc the normal  ou tput  from the ni ter .  Sec Fig. 

9.2-1 .

( 4 . 2 )  The  output  from two filters with cen te r  f requenc ies equid is tan t  

from the pulse cente r frequency (ex: in X ^ -  medium,  we are 

using K - Kf = -30 and K - Kf = 30) have a similar shape for a CG 

input pulse,  but  they are not for an S P M  input pulse.  This  a sym ­

me t ry  is dem ons t ra ted  th rough the am pl i tude ,  shape  and wid th

o f  the outgoing  pulses. See Fig. 9.2-1 (iv) and (x).

( 4 . 3 )  In the S PM  spect rum, the a '  asymmetry  leads to di ffe rent  Stokes  

and ant i -Stokes,  while for  a CG pulse the  spectral  di st r ibut ion  is 

symmetric .  The  axis o f  symmetry is the l ine passing through the 

p u l s e  c a r r i e r  f r eq u en cy .

( 4 . 4 )  In the CG case,  the t ime o f  arrival o f  the  pu lse  peak for  different  

f i l t e r  cen te r  f requenc ies  is a l inear  func tion  o f  the d e tun ing  with 

the  pulse  carr ie r f requency.  F o r  S P M  pulses  this curve  is g iven by 

the a '  graph.  This curve for SPM  does not  intersect the U axis at 

ze ro  de tuning  [7].

An ef fect ive compress ion  scheme [7] will occur  for  va lues o f  Kf

where  a s ing le d aug h te r  pulse  is p roduced  (i .e. ,  n ea r  the f requency
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m a xim um  extent).  The  values for  the posi t ion o f  the pulse m a x im um  and 

width are in good agreement  to 10% with the approximate  va lues  o f  the 

s ta t ion ary  phase  a pp rox im a t i on  from equat ion  (9.2-5) .

In the inte rmedia te  region,  i.e., when  ( A fT ) - k (e v ). the s ta t ionary

phase approximat ion  should be replaced  by the method  o f  s teepes t  descent  

[35] which is appl icable in case that the a rgument o f  the exponent  in the 

integrand is complex  and the exponent  is mul t ipl ied by a large number,  

in this case,  K.

In Fig. 9.2-2,  we plot  the compression  ratio (C)  and the intensi ty 

magni tude  o f  S P M  pulses ou tgoing  form the Filter ( i o )  as a funct ion o f  

( A f t )  in the case o f  e ff ic ient  compress ion.

It can be observed  from the above Figure, as the Filter is b roadened,

i.e. ,  more l ight  passes  through,  then the magni tu de  o f  | e (31 is increased.
j2

The  compress ion  ratio is defined  as the ratio o f  the pulse  wid th  o f  | E

(i.e.,  sech pulse width)  d iv ided by the pulse width o f  | e ^  , increases to a 

m a x im um  then decreases .  As (Aft )  becomes  very large ( i .e . ,( (Aft )  »  K e V )

the  c o m p r e s s i o n  ra t io n  a p p r o a c h e s  1. An a p p r o x i m a t e  v a lu e  o f  the  

comp re ss i on  rat io for the case o f  one  daug ht e r  pulse  can be  es t imated  by 

the method o f  steepest  descent .  It is given by [2, 7]
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_ 2  , A I2 (A fT)4 K Tf  +  1
c  ~ ( A f t ) --------------------------------

[ M + 1] & ( 9 . 2 - 1 3 )

where .  g = K a " ( U s), Us is the average value o f  the two colaps ing  stat ionary

points.  This approximate  express ion for the compress ion  ratio (C) agrees 

to be tter  than 20% with the computed values in Fig. 9.2-2.

Finally,  we study the effect  o f  eV (i.e., the laser  source  f luctuat ions)  

on the shape of  the fi l ter output .  In Fig. (9.2-3.  it can be observed  that 

c h a n g i n g  (eV)  by ± 2 5 % ,  which  cor r esponds  to ± 2 5 %  f luc tua t ion  in the 

i n c o m i n g  la se r  in tens i ty  Io^.  By keeping ( A f i )  cons tan t ,  the  e f fe c t  o f  

in c re a s in g  (eV)  is to create two daughter  pulses.  This  could  be explained 

by obse rv i ng  that the maxim um  o f  a '  increases with (eV) .  Co ns eq u en t l y ,  

an inc re ase  o f  e V  m e a n s  th e  r e a p p e a r a n c e  o f  t w o  w e l l - s e p a r a t e d  

s tat ionary points.  On the o ther  hand,  as (eV)  d ec re ases .  E(3> m a g n i t u d e  

will be  ex t r em e ly  reduced  but  with only sl ight  va r ia t io ns  to the shape .  

C ons equent ly ,  in des ig n i ng  a physica l  set -up for  spec if ic  c o m p r e s s o r  [7],  

t h e  e x p e r i m e n t a l  n o n l i n e a r  p a r a m e t e r s  s h o u l d  b e  s e l e c t e d  to 

o v e r c o m p e n s a t e  the p os i t i ve  f luc tua t ion .

W e  note  that  the a b ov e  co m p re s s io n  sc h e m e  p r o d u c e s  u l t r a sh or t  

p u l s e s  bu t  wi th  c e n t e r  f requency  d i f f e r en t  f rom tha t  o f  the  i n c o m in g  

la se r  s igna l .  The  a b ove  s ch em e pe rmi ts ,  in te r  a lia,  the  g ene ra t io n  o f  

f e m t o s e c o n d  p u ls e  in ne w reg io ns  (u l t rav io l e t )  o f  the  sp ec t ra l  do m a in  

using  a laser  pulse ,  wi th  cen te r  f requency  in the v is ible region.
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F ina l ly ,  in Fig.  (9 .2 -4 ) ,  the  c o m p u te d  no rm al ized  in te ns i ty ,  sha pe  and 

pos i t ion o f  SP M  pulse  ou tgo ing  from an opt imum co m p res s io n  f i l ter  and 

the norma l iz ed  intensi ty shape  o f  the incoming  pulse  pr ior  to SP M  and 

f i l t e r i n g .
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9 . 3  F i l t er  T r a n s f o r m  in X ^ -  M e d iu m

The f i l ter t ransform in X ^ -  me d iu m can be de duced  by the same

technique  as in sect ion (9.2).  Equat ions  (9.2-1) through (9 .2-11)  are used

(3)he re  to d e t e r m i n e  the  pu lse  s pec t r a l  d i s t r i b u t i o n  E v ' ( U )  and  the 

co mp re ss i on  ratio C. The  same d iscuss ions  and comp ar i s ion s  be tween  the 

CG pulses and SPM arc valid as in section (9.2).

In Fig. 9.3-1,  we plot the normalized values of  | e ^ |  for d i f fe ren t  va lues  of  

the filter's cen ter  f requency and specif ic e 'V.  From the above figure,  two, 

on e ,  or  ze ro  so lu t io ns  arc pr o d u ced  d ep e n d in g  on  the  va lue  o f  8  i n 

equa t ion  9.2-11,  whereas  for CG pulses has a single solution.

F r o m  Fig.  9 .3- 1 ,  the ou tp ut  f rom tw o  fi l t er s w i th  c e n t e r  f re qu enc ie s  

equid is tan t  from the pulse center  frequency,  i.e., K -  K f  = 20 and K -  Kf = -  

20 also K -  Kf = 30 and K -  Kf = - 3 0  have similar shapes for a CG input pulse, 

bu t  they are no t  for  an S P M  input  pu lse .  T h i s  a s y m m e tr y  is p roved  

through the ampl i tude ,  shape  and  width  o f  the ou tgo ing  pulses.

In F ig .  9 .3 - 2 ,  w e  p lo t  the c o m p r e s s i o n  ra t io (C)  a n d  the in tens i t y
(3)

magni tud e  o f  SP M  pulses  outgoing  from the  fi l ter Io as a function o f  Af t.

2 ,

In Fig. 9.3-3,  |E|  is plot ted for  di fferent  pu lse  intensi t ies  (e 'V ) ,  to study the

effec t  o f  the laser  source f luctua tions on the shape of  the f i l ter output .
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From Fig. 9.3-3,  wc can observe  the e f fec t s  o f  f luc tua tion  in e ’V on the 

shape  o f  the  f i l ter  output .  By keeping c on s ta n t  then in crea s in g  the

p u ls e  i n t e n s i t y  ( e 'V )  wi ll  c r e a te  tw o  d a u g h t e r  p u l se s .  T h is  can be 

d em on s t r a te d  by obse rv ing  that the  m a x im u m  o f  a '  increases  with ( e ' V ) ,  

then any increase of  (e 'V)  m ean s  the rea ppea rance  o f  two wcl l - s cpcra tcd  

s ta t ionary  points .  On the o the r  hand ,  as ( e 'V )  d e c r e a s es ,  1^ 1 wil l  be 

reduced with sl ight  varia t ions  to the shape.  The  same d iscu ss ion  about  

d es ig n i ng  a phys ica l  se t-up  for spec if ic  c o m p r e s s o r  is ca r r i cd -out  as in 

sect ion (9.2).
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CHAPTER 10

ANALYTICAL SOLUTION FOR SMALL SIGNAL 

INDUCED-PHASE MODULATION IN X(3)- MEDIUM

1 0 . 1  I n t r o d u c t i o n

W he n  a weak  probe  pulse and an intense p u m p  pulse  o f  different  

f requenc ies  arc in t roduced  to ge the r  into a n o n l i n e a r  m ed ium ,  the pum p 

pulse can modula te (he refract ive index o f  the weak pulse [16, 42,  43].  In 

this  ana lys is ,  we neglec t  the fol lowing:

( 1 )  the pum p shape  dis tor t ion  due to group  veloci ty  d ispers ion

( 2 )  h ig he r  der iva t ives  beyond the first der ivat ive  o f  the index o f  

r e f r a c t i o n .

In thi s ch apt e r ,  we  c o n s id e r  induced  ph ase  m o d u la t i o n  w h e n  the 

p u m p  in te ns i ty  p r o d u c e s  s e l f - s t e e p e n i n g  [16].  T h e  par t ia l  d i f f e r e n t i a l  

equ a t io n  d e s c r ib in g  this case  can  be  so lved  by the m e th o d  o f  mul t ip le  

scales [1, 2, 3, 16, 29] used in chapter  2. By using the same notat ion as in 

cha p te r  (2) ,  we spec ia l ize  ou r  t rea tm en t  to the case o f  the  probe  at the 

second  h a rm o n ic s  f requency  o f  the  pump.
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1 0 . 2  I n d u c e d  S u p e r c o n t i n u u m  a n d  S t e e p e n i n g  o f  an  U l t r a f a s t  

L a s e r  P u ls e

T h e  a na ly t ic a l  so lu t ion  for  i n d u c c d - p h a s e  m o d u l a t i o n  in x ( 3 ) .

medium is summar ized  as follows;

The  boundary  condi t ion  at the ent rance  plane is

0 in = s e c h U  e ,KU + 5  sech (1.76 U ) e 2iKU° ( 1 0  2 -1 )

where  8 m easur es  the relat ive st rength o f  the second  ha rm oni c  signal  to 

th e  p r i m a r y  f r e q u e n c y  s ig n a l .  In e q u a t i o n  ( 1 0 . 2 - 1 ) ,  t h e  i n c o m i n g  

pr imary mode  pulse from funct ion is assum ed to be g iven  by sech(U)  and 

the in c o m in g  sec on d  h a rm on ic  pulse  form func t io n  is a s s u m e d  to be

given by sech (1.76U).

E q u a t i o n s  (2 . 1-34)  th rough (2 .1 -36)  can be so lved  fo r  this  case  

th r o u g h  [44]

<J>0 = A ( U „  V „  U 2, V 2) e ™ 0 + 8  B (U j ,  V „  U 2, V 2) e 2iKUo

<>, = C ( V j ,  U i ,  U 2, V 2) e 3iKUo

02 = X  D n ( U ,, V lt U 2, V 2) e niKU<)
" ( 10 .2 -2 )



where  A co r r e sp on ds  to the pum p and B to the probe . C  and Dn are

c o m p l e x  a m p l i t u d e s  a s s o c i a t e d  w i th  to and nco s i g n a l s  r e s p e c t i v e l y .

Assuming  the velocity of  p ropagat ion o f  the wave to be the same for to and

2 to in the  m e d iu m .  The  p u m p  pulse  A and  the  w eak  probe  B arc

represen ted  by [16, 42],

where a, b are the pump and probe ampli tude  respect ive ly ,  and a ,  (3 are 

the  p u m p  and probe  phase  respect ively.

A = a e ( 1 0 . 2 - 3 )

( 1 0 . 2 - 4 )

C o n s i d e r  the  po la r i za t io n  to be propor t iona l the  t e r m - b y - t e r m

solu t ions o f  equat ions  (2.1-34) th rough (2.1-36) with y = 0 are:



a n d

1 1 0

a v ,  a u 0
A c , K U 0 +  5  B  c , 2 K U 0 _ „  3 a  i a  iKU0

-2 K a  ------- e c
a v ,

- 4 K 6 b
a p  ,(} i2KU0

 ------- c e
a v ,

+ i 2 K
3a

a v ,

ia  iKU0 
e e

+ i | 4 K 8 - ^ -  
3V, ( 10 .2 - 6 )

Th e rest  o f  the te rms  o f  eq ua t io ns  (2 .1-34)  and  (2 .1-35)  are zero.  By
i a  iKU0 ip i2KU0 ,

equat ing  the real and Imaginary terms o f  c  e and e  e o f

equa t ion  (2.1-35),  the fo l lowing  equa i tons  are g iven  by:

= £  a2 + 2 8 J b2 
3V, 2 ( 1 0 . 2 - 7 )

a n d

da

av, = 0
( 1 0 . 2 - 8 )

t h e n



i t
av,

= K 12a 2 + 8 b2

a n d

a b

av,
= 0

The t e r m - b y - t e r m  so lu t io n s  o f  e q u a t i o n  (2 .1 -3 6)  wi th  y  = 0 

a r e :

a u 0du,
<t>, <1>0 = - 2 K 1 a 3 + 28 ab) c 'a  e

3U

+ i 2 K (3 a 2  + 282 b 2 ) —  + 8 K 8
au ,

2 L a b
a b ------

au ,
i a  iKU, 

e e

- 4 K 5 b ( 2 a2 + 52b2) ^  ei a ei2KU
au,

+ 1 2 , - s 2 . 2 3 b  . . 3 a  
2a  + 38 b  / ------  + 4 ab ■

au ,  au .
4K8 c ip

a n d

1 1 1

( 1 0 . 2 - 9 )

( 1 0 . 2 - 1 0 )

iKU0

e i2KU0

(10.2-11)
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ia iKU0 s  . i0 i2KU0 a e  e + 8  be  c
av; av?

+ 1
aa

av, av,

2
3 a  d a  

+ *1 -------

av

i a  i K U 0e e

- 5 b  M h  + 6

2a b 
av?

i0 i2KU0e e

( 1 0 .2 - 1 2 )

t h e n

a a
au,  av. w  =

2 2
a a  ,  3 a

2a ------------ + 2av ,a u ,  au ,a v ,
ia  iKUa e e

+ i
„ da da  
2  ------    + 2  a

2a a
+  2

da d a ia iKUa e eav, au, au ,a v ,  au ,  av.
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26

2
a  b

a u , a v ,
-  26b

2
_ a j _

a v , a u ,

i[J i 2 K U 0 
e  e

+ i 26b

2

d P

a u , a v ,
+ 25

ab ap
a u ,  a v ,

,P , 2 K U 0 
e e

( 1 0 . 2 - 1 3 )

a n d

i  d da  L  1 _
4*o —

a u 0  a v 2  1 J
-  2 Ka

d a

a v ,

i a  i K U ,
c  c 0 + 1 2 K

da
a v ,

i a  i K U 0 
c  c

46  kb
a p  \  ,p i2 KU

 1 e c
a v -

+ i , 4S K - ^ - |  c i ? c i2KU"
a v ,

( 1 0 . 2 - 1 4 )

Th e  rest o f  the terms o f  equat ion (2.1-36) are zero
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By e q u a t i n g  the real  and  i m a g i n a r y  c o e f f i c i e n t s  o f  e'** e ' KU° a n d  

e '^  e uKU° o f  equa t ion  (2 .1-36) ,  the fo l lowing  set  o f  par t ia l  d i f fe ren t ia l  

eq ua t io ns  are given by:

3 a 9 ‘a

l a v , ) a v ;

da da 
- 2 a -----------------+ 2

a v ,  a u ,

a 2a
a u , a v ,

-  2Ka
da

a v ,

2 Kla3 + 2 5‘ a b : 1 da
a u , ( 1 0 . 2 - 1 5 )

,  da 3a  d a  „ da da  „ d a  ,  3a Jo
2 -----   + a   + 2 -----  .   + 2 a -------------- + 2 -----  . -----

a v ,  a v ,  a v ,  a u ,  a u , a v ,  a u ,  a v .

a v . r+ 2 K —  = I 2 K 3a2 + 2 8* b2 03
a u ,

2 a b  
+ 8 K 8  a b

a u . ]
( 1 0 . 2 - 1 6 )

- 8 b ( - ^ - |  + 8 —  + 2 8  — —   2 8 b —— -------- 4 8 K b
[ d v j  a v j  a u , a v ,  a v , a u ,  a v 2
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= -  4 K 8 b( 2a2 + 8 2b 2) —
3 U i (10 . 2 -17)

25iL^+5bAl + 28b_?i_ +25 iL.it
av ,  a v ,  a v j a u , a v ,  a u ,  av.

+ 4 K 8 - ^ L  = ( 2a2 + 3 8 V )  —  + 2 a b
a a

a v 2 a u ,  a u ,
( 1 0 . 2 - 1 8 )

Su bs t i t u t i ng  e q ua t io ns  (10 .2-7)  th rough (10 .2- 10)  into eq u a t i o n s  (10 .2 -14 )  

th rough (10 .2 -18) ,  another  set  o f  part ial  d i f f e ren t ia l  eq u a t i o n s  are g iven

b y :

3a

a v ,
( 3a2 + 28b2)

2\ a a  _2 a b  
-  + 4 8  a b

a u , a u ,
= o

( 1 0 . 2 - 1 9 )

2 —  -  ( a 2 + 282b 2) —  = -  4 -  K ( a 2 + 28*b2)
a v 2  7 a u ,  4  '

( 1 0 . 2 - 2 0 )



By u s i n g  c h a i n  ru le  t e c h n i q u e  tha t  is g iv e n  in e q u a t i o n s  ( 3 . 1 - 1 8 )  and  

( 3 .1 - 1 9 ) ,  the par t i a l  d i f f e r e n t i a l  eq u a t i o n s  for  the a m p l i t u d e  and  p h a s e  o f  

the  p u m p  and  p r o b e  p u l se s  arc g ive n  by  [16]:

da

a v

1
T e 3a + 28 b I + 4 8  ab

a u a u
= 0

( 1 0 . 2 - 2 3 )

a v

3<X 1 ( 2 T fi2. 2|  d a  1 ( 2 - , s 2 . 2—  -  e I a + 2 8  b I ---------= =- Ke la + 2 8  b
a u

1 2 2 e K la + 2  8  b
8

( 1 0 . 2 - 2 4 )

3b

a v
2 8  b + 2a'

3b

a u
+ 4 a b

da

a u
=  0

( 1 0 . 2 - 2 5 )



The above  four  eq ua t io ns  cannot  be solved ana ly t ica l ly ,  in the genera l  

ease.  A numer ica l  method [44. 45,  46, 47] that will be int roduced in the 

next  chapter  will be used to solve this set o f  part ial  d if fe rent ial  equa tion.  

However,  in the case of, 8 «  1, the above equations reduce to [16] .



1 1 8

The equa t ions  o f  a and a  are s im i la r  to th os e  c o r r e s p o n d i n g  in 

chapters  (3 and 4  ), and the solut ions for b and P arc respec t iv e ly  given 

b y :

b ( U , V) = a 4 ( U ,  V) L , ( U , V )  ( 1 0 . 2 - 3 1 )

a n d

P(U r v 2
,V )  = - 2 K U  + 4 e K J  a | p ,  V)dp

j  0

+  3 K e 2 +  4 e K  f  a 4 ( 0 , q ) d q  +  K L 2 (U,  V)
ft

W h e r e  L |  and L2 satisfy the partial  different ial  equat ion

3 L i 2 dL; 
 E a -----  =  0
a v  a u

( 1 0 . 2 - 3 2 )

( 1 0 . 2 - 3 3 )

The  solut ion o f  equat ion (10.2-33)  is given by

L ( U , V )  =  L  |  E ^  Va 6 ( U , q) d q  +  J ^ V f p . O J d p

= H r )



The initial condi t ions  for the parameters a, b, a ,  and P arc:

a ( U , 0) = sech (U) ( 1 0 . 2 - 3 5 )

b ( U. O)  = s e c h ( n U )  ( 1 0 . 2 - 3 6 )

a ( U , 0 ) = 0  ( 1 0 . 2 - 3 7 )

P ( U . 0) = 0  ( 1 0 . 2 - 3 8 )

T h e  f u n c t i o n  L i  and L 2 arc g i v e n  by  the  f o l l o w i n g  p a r a m e t r i c  

r ep re sen t a t ion  (whe re  s is the pa rameter ) :

L 1 (X) =  (c os h4 s) sech (ns) ( 1 0 . 2 - 3 9 )

where n = 1.76



The f r eq u en cy  e x t en t  o f  the i n du ced  s u p e r c o n t i n u u m  c e n t e r e d  at the 

probe  f r equency  ( i.e. ,  2 to) is g iven by the ma x i mu m and m in im um  o f

[ j _  a p )

\2K 3 0 /  whcrc:

( s r  ! & }  = - '  + + I.

( 1 0 . 2 - 4 2 )

a  L 2 (r)

dr
a (U.V)

and the der ivat ive o f  L 2 in parametr ic  form is:

2
aL, 2 -  4 e scch s

a x  scch2 s -  (tanh2 s) (sech2 s) ( 1 0 . 2 - 4 3 )



1 2 1

10.3 R e s u l t s  a n d  D i s c u s s i o n s

In t h i s  c h a p t e r ,  the  a na l y t i c a l  s o l u t i o n  fo r  i n d u c c d - p h a s c  

m odu la t io n  in m e d iu m  is inves t i ga ted  for  weak  pulses.  The  probe

(w eak  s ign a l )  a m p l i t u d e ,  phase ,  de r iv a t iv e  o f  the pha se ,  and  spect ra l  

dist r ibut ion arc plotted for selected values of  e V .

In F igure 10.2-1, the probe ampl i tude is plot ted as a function of  U 

for d if fe ren t  vau lcs  of  c V  with n = 1.76. From this figure,  the probe 

ampli tude  is asymme tr ic  and skewed to wards  the t rai l ing edge ,  also that  

the induced  s te epen ing  of  the probe  signal  depends  on the intensi ty  of  

the s t rong  wave.

In F igure  10.2-2,  the  n o r m a l i z e d  p r o b e  phase  is p l o t t ed  as a 

function o f  U for selected va lues o f  eV with n = 1.76. From this figure,  the 

probe phase is asymmetr ic with respect  to the U axis. This is a result  o f  the 

ampli tude  se l f - s teepening .  Both  the  ampli tude  and the phase o f  the probe 

pulse are dr iven by the ampli tude  o f  the st rong wave.

In F igu re  10.2-3,  the  deriva t ive  o f  the probe phase is asymme tr ic  

wi th respect  to the  U axis.  Thi s  resul ts  in an asymmetry  o f  the spectral  

d i s t r i b u t i o n  b e t w e e n  the  S t o k e s  and  the  a n t i -S to k e s  p o r t i o n s  o f  the  

spec trum.  The  absolute va lue of  the m a x im u m  o f  P ’ is  a lways b igger  than 

that  c o r re sp on di ng  to its m in im u m  value.  G iven  that  the spect ra l  ex ten ts  

on the S tokes and ant i -Stokes sides are given,  respect ive ly,  by

lW ’ - W lanti-Stokes =  2 X m ax  —
a u ( 1 0 . 3 - 1 )



The ant i -Stokes extent  is larger  than the Stokes  ex ten t  o f  the spectrum.

In F igures  10.2-4 and 10.2-5,  the probe  spect ra l  d i s t r ib u t io ns  are 

plot ted for eV  = .5 and e V = .8 respect ive ly ,  the impor tan t  features found 

t h a t

1. As e V  increases the spec trum is more  asymmetr ic ,  the spectral

ma xim um  is shifted to the stokes side,  and near  the Stokes maximu m 

extent  the spec t rum falls o f f  rapidly.

2. The  exis tence o f  the spectral  peak o n  the edge  o f  the Stokes por tion

o f  the spec trum is a result o f  the sha l lowness  o f  curve nea r  its 

m i n i m u m  va lue .

3. The  deta i led features o f  the ca lcula ted spectral  ex ten ts  conf orm

well with the est imated values o f  relat ions (10.3-1)  and (10.3-2).

In f igure  10.2-6,  the ind uced  f r equency  ex te n ts  are p l o t ted  as a 

func t io n  o f  e V .  T h i s  f igu re  s h o w s  tha t ,  the  i n d u c e d  s u p e r c o n t i n u u m  

f r e q u e n c y  e x t e n t s  as  a f u n c t i o n  o f  e V  g r o w  f a s t e r  t h a n  t h o s e  

c o r r e s p o n d in g  to SPM .
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CHAPTER 11

NUMERICAL SOLUTION FOR INDUCED 

SUPERCONTINUUM OF AN ULTRAFAST LASER 

PULSE IN X3- MEDIUM

11.1 I n t r o d u c t i o n

In this chapter ,  we summar ize  the basic concept  o f  the Gr id (Mesh)  

me th od  [44,  45 ,  46 ,  47] in its s im ples t  poss ib le  form.  We  use  a finite- 

d i f f c r e n c e  t e c h n i q u e  to so lv e  the par t ia l  d i f f e re n t i a l  e q u a t i o n s  (w i th  

bouna ry  and ini t ial  cond i t ions) ,  exp re s sed  in rec t angu la r  coor d in a t es .  A 

ne twork  o f  grid po in t  is emp loy ed  to solve  the set o f  four,  s imul taneous ,  

n o n l i n e a r  par t ia l  d i f fe ren t ia l  g ive n  by eq ua t i ons  ( 10 . 2 -23 )  th r ou gh  (10.2-  

26 ) .

In thi s  set  o f  par t ia l  d i f f e ren t ia l  e q ua t i on s ,  we have tw o  in de p e n d e n t  

va r ia b le s  U and  V, and  four  d e p e n d e n t  var iab le s  a,  b ,  a ,  and p. The  

r espec t ive  gr id spac in g  are AU and AV.  Subscr ipts ,  i and j  are used to 

den o te  the  space point  hav in g  coo rd in a t e  i AU,  jA V,  and also ca l led the 

g r i d - p o i n t  (i ,  j ) .  Le t  the  e x a c t  s o l u t i o n  to the  p a r t i a l - d i f f e r e n t i a l  

equat ions be a = a(U, V), b = b(U, V), a  = a ( U ,  V), and p = P(U, V). The  

ana ly s i s  for  (a)  is  shown,  s im i la r  ana lys i s  for  b,  a  and P were  also 

p e r f o r m e d .
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A s s u m in g  that  (a)  pos se sse s  a suf f ic ien t  n u m b e r  o f  wel l  def ined  part ial  

derivatives,  the values of  (a) at the two points (U, V) and (U + h, V + Ic) are 

related  by Taylor ' s  express ion:

a | U  + h ,  V + k) = a | U ,  V) + h —  + K —  a ( U ,  V)
9U d V /

2 !
h -  + K -  a ( U , V) +

a u  a v

n - 1

+ f i T T F  h —  + K  —  a | U ,  V) +  R n
>n  ■ \  a u  a v

where  the re m a in de r  term is given by

R " n!
a u I" a(u  + $h,  V  + £k) 0  <  £<1 

( 1 1 . 1 - 2 )

That  is,

‘ I ,  =  o [ |  | h | +  | k |  I "  ]
( 1 1 . 1 - 3 )

By equa t ion  (11.1-3) ,  we  mean  there  is a pos i t ive  cons t an t  M  such  that 

| R n|< ;  M ( | h | + | k |  )" as both h and k tend to zero.
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The  space point  ( iAU, jA V)  is sur rounded  by the ne ighbor ing  grid 

points  d ow n in Fig.  11.1-1. Expanding  in Taylor 's  series for a i - i . j about  

a i + i . j about the cent ral  value a i . j .  we obtain

. . , u u r  ( a u ) 3
a i -  i. j = a i. j -  AU  . a u  +  ———  a ULj  a u  u u2 ! 3!

+ (Ax)
+   a u u u u

4! (11.1-4)

a n d

a i + i, j “  a i. j + AU . a ĵ +
( a u )

2 ! au u +
(a u )

3!
a u u u

*  ( a *> a+  ---------  a U U U U
4! (11.1-5)

2
where ,  a ^  =  9a/3U, a y y  = d  a /dU  e tc. ,  and all de r iva t ives  a re  eva lua ted  

at the gr id-point  (i,  j) .  By taking these equa tions  s ingly,  and by adding  or  

su bt r ac t in g  one  f rom the other ,  we  obta in  the  fo l lo win g  f in i te -d i f fe rence  

formulas  for  the f ir st -and second-o rde r  der iva t ives  at (i,  j):

—  — ti l l  + o ( a u )
a u  a u ( 1 1 . 1 - 6 )
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= _Vj 1i z ± l  + 0 (au )
a u  a u

3a  _  a i + l . j ~  a i -  l ,

a u  2 AU
+ 0 (a u )‘

( 1 1 . 1 - 8 )

2
a  a 

a u 2

- a i . j  + a . ♦ l . j
+ 0

(a u )

(a u )*

( 1 1 . 1 - 9 )

Equa t io ns  (11 .1-6)  th ro ugh (11 .1-8) arc kn ow n  as the forward ,  backward ,  

and cen tral  d i f fe r ence  forms  respec t ive ly .  S im i la r  forms  ex is t  for  3a/3V  

2 2
and d  a / d V  . It may also be shown that 

2
3 a _ a i + l . j  + 1 ~ a i - 1 . j + 1 a  i + 1. j -  1 + a i - 1. j 1

a u  a v  4  a u  . a v

+  0 (a u  +  a v )"
( 1 1 . 1- 1 0 )

For  a square  grid (AU = AV) ,  the  fo l lo wi ng  n in e - p o in t  a p p r o x i m a t i o n  is 

ava ilab le  for  the Laplac ian  in two d im ens io ns  and wil l  have  the specif ied 

t runcat ion e rror ,  p rovided that  a y  u  + aV V =  ® ' s be ing solved:
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d  a
2

d  a
2

a i -  1,  j + 1 +  4 a i . j  + l +  a i + l . j  + l 

+  4 a i -  i . j  "  20a{ j +  4 a ;  + l f j

a i -  1.  j + 1 +  4  a i, j -  1 a i + 1 . j -  1
+

a u 2 6(a u )

+ o (a u )
4

By ta k in g  m ore  and m ore  n e ig h b o r in g  po in ts ,  an u n l im i te d  n u m b e r  of  

o th e r  ap p ro x im a tio n s  can  be ob ta ined , bu t the above form s are the  m ost 

c o m p a c t .

For  c o n v e n ie n c e ,  the  c c n t ra l -d i f fc rc n c e  o p e ra t io n  8 X will be used 

occasionally . It is defined by

AU ( 1 1 . 1 - 1 2 )

w h e n c e

( 1 1 . 1 - 1 3 )
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1 1 .2  D if fe r e n c e  E q u a tio n s  fo r  th e  A m p litu d e  and  P h a se  o f  th e  

P ro b e  and P u m p  P u lses

In this section , wc derived  the d ifference equations for a, b, a ,  and 

3- The te rm -b y - te rm  so lu tion  for e q u a t io n s  (10 .2 -22 )  th rough  (10 .2 -25)  

a r c :

_  a  i , j  +  1 ~~ a i . j

DV AV ( 1 1 . 2 - 1 )

( 1 1 .2 - 2 )

_  a j + l . j a j . j

au  a u ( 1 1 .2 - 3 )

T he  same technique is applicable for b, a ,  and p.

T h e re fo re ,  e q u a t io n  (10 .2 -23 )  becom e

i + 1, j '  a i, j ) /

( 1 1 . 2 - 4 )



Equat ion  (10 .2 -24 )  becom es

a i . J + l =  AV ( ( ° - 5 e (a

+ 0.5 e K (a? j +

2 2

E quation  (10 .2 -25 )  becom es

b i . j + t =  A V  ^ 0 . 5  e  12

+  4  a i . j  b i . j  (a

Equation  (10 .2 -26 )  becom es
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The initial co n d i t io n s  are:

at V = 0  aj | = scch (U), bj j = scch (o  U),

where the eases a  = 0 .5  and 1 arc treated

r a ,, 1 = °- P i .  1 =  0

T h e  se t  o f  fo u r  s im u l ta n e o u s ,  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  

e q u a t io n s  (1 0 .2 * 2 3 )  th ro u g h  ( 1 0 .2 - 2 6 ) , a re  s o lv e d  by  e s t a b l i s h i n g  a 

n e tw o rk  o f  g r id  p o in ts  th ro u g h o u t  the  reg ion  -6  £  U  ^  6  and 0  £  V  £  8,

w ith  grid  sp ac in g  AU = 2/N, AV = 1/M, where  M and N are arbitary  

i n t e g e r s .
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11.3 R esu lts  and  D isc u ss io n s

In  t h i s  r e s e a r c h ,  a n u m e r i c a l  s o l u t i o n  f o r  i n d u c c d - p h a s c  

m o d u la t i o n  is d e v e l o p e d  in x (3)_ d i s p c r s i o n l c s s  m e d i u m  w h e r e  the  r e l a t ive  

s t r eng th  o f  the  p r o be  s igna l  to the p u m p  is c l o se  to uni ty .  A M e sh  (Gr id )  

m e t h o d ,  s p e c i f i c a l l y  a f i n i t c - d i f f c r c n c e  t c c h n i o u c ,  is u s e d  to s o lv e  the  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  e x p r e s s e d  in . ^ a n g u l a r  c o o r d i n a t e s .  T h e  

a s y m m e t r y  in the p u m p  and  the  p r o b e  a m p l i t u d e ,  p h a s e ,  and  sp e c t ra l  

S to k e s  and  a n t i - S t o k e s  r eg i ons  arc an a l ys ed .

In F igures 11.2-1 and 11.2-2, the pum p am plitude  and the probe amplitude 

are plotted as a function o f  U for selected values o f  eV  with 8 = 1 and o  = .5,

I. In F ig u re s  11.2-3 and 11.2-4, the n o rm a lized  p u m p  phase  and probe 

phase arc plo tted  as a function o f  U for different values o f  eV  with 8 = 1 

and o  = .5, 1.

In Figures 11.2-5 and 11.2-6, the pum p am plitude  and the probe am plitude 

arc shown for selected values o f  eV  with a  = .5, 8 = 0., .5 and 1. In Figures

I I .2 - 7  and 11.2-8, the norm alized  pum p phase and probe phase  are plotted 

fo r  se lec ted  va lues  o f  eV  with a  = .5, 8 = 0., .5 and 1. The spectral 

d is t r ib u t io n s  o f  the pum p  and the  p robe ,  w ith  8 = 1, a  = 1 for selected 

values o f  eV , are show n in F igures  11.2-9, 11.2-10. In F igures  11.2-11 and 

11.2-12, the  spectra l  d is tr ibu tions  o f  the pum p  and the p robe  are plo tted  

for different values o f  eV  with 8 = 1 and a  = .5. In Figures 11.2-13 and 11.2- 

14, the spectra l  d is tr ibu tions  o f  the pum p  and the p robe  are show n for 

specific value o f  eV (= .4) with a  = .5 and 8 = 0., 0.5.
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T h e  fo l lo w in g  fea tu res  are o b se rv ed  fo r  the pum p  a m p l i tu d e  (a) probe 

a m p l i tu d e  (b )  p u m p  p h a s e  ( a ) ,  p ro b e  phase  ( P ) ,  an d ,  the sp ec tra l  

d is tr ibu tions  o f  the pum p and probe | e | :

On th e  d u b i d  a m p litu d e  fa )

1. The sc lf-s tccpcning  is more p ronounced  as eV  increases, as is the 

a s y m m e t r y .

2. The position o f  the value o f  the amplitude m axim um  denoted by U 

and a, respectively, arc given by

a M “ 1 ( 1 1 .3 - 2 )

3. The pum p am plitude  is independen t on the probe  w id th  ( a )  and the

relative strength o f  s trong pu lse  to the weak pu lse  (5 ) .

O n th e  p ro b e  a m p litu d e fb l

1. T he  p robe  am plitude  is asym m etr ic  and skew ed tow ards  the tra il ing

edge. Also, the probe am plitude  increases as cV  in c reas in g .

2. With a fixed value o f  eV, and where S is app rox im ate ly  unity,

( i )  the  w idth o f  the p robe  am plitude  increases  w ith  sm alle r  

value o f  a .

( i i )  the position and the value o f  the probe m ax im um  denoted 

by lU^I and (bM >, respec tive ly ,  increase  w ith  sm alle r  va lue

o f  a.
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3. For fixed values o f  e V and a ,  the position and the value o f  the 

probe m axim um , increase with larger va lue  o f  8.

On the num p nhase

1. The pump pulse is asym m etric  with respect to the U-axis. This

asym m etry  increases  as eV in c reas in g .

2. With a fixed value o f  eV, and where 8 is approx im ate ly  unity

( i )  the w idth o f  the pum p phase increases with sm aller  value of

o.

( i i )  the position and value o f  the phase m axim um  denoted by IUa l

and ( a ^ h  respectively , increase  with sm aller  value o f  <r.

( i i i )  the sharpness  on the edges  o f  the pum p  phase, increases 

with larger value o f  o .  T h is  results into a larger extent on

the S tokes and anti-S tokes portions o f  the pum p  spectral

d i s t r i b u t i o n .

3. For fixed values of  eV and o ,

( i )  the position  and the value o f  the phase  m axim um , increase

with larger value o f  S .

(ii) the w id th  o f  the pum p phase  increases with larger value of  

8.

( i i i )  the sha rpness  on the lead ing  and t ra i l ing  ed g es  o f  the  pum p

phase, increases  with larger value o f  S. This results into a 

larger extent on the S tokes and an ti-S tokes  port ions  o f  the 

s p e c t r u m .
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O n  th e  p r o b e  p h a s e  (B)

1. The probe phase is asym m etric  and its m axim um  is shifted with

respect to the U = 0 .

2. With a fixed value o f  eV, and where 8 is approx im ate ly  unity,

( i )  the w idth o f  the probe phase increases  with sm alle r  value o f

o.

( i i )  the position and the va lue  o f  the phase m axim um  denoted  by

jUp| and , respectively ,  arc independen t on the probe 

width (o).

(iii) the sharpness  on the lead ing  and tra il ing  edges  o f  the probe

phase, increases with larger  value o f  o .  This results into a

larger  extent on the S tokes and an ti-S tokes port ions  o f  the

p ro b e  sp e c tra l  d is t r ib u t io n .

3. For fixed values o f  eV and a ,

( i )  the w id th  o f  the p robe  phase  inc reases  w ith  la rg e r  va lue  o f

5.

( i i )  the pos i t ion  and the value o f  the phase  m ax im um  increase

with larger value o f  8.

( i i i )  the sharpness  on the tra i l ing  and lead ing  edges  o f  the  probe

phase , increases  with la rger value o f  S. This results into a

larger  extent on the S tokes and anti-S tokes portions o f  the

s p e c t r u m .

O n th e  pu m p  an d  P ro b e  sp e c tr a l d is tr ib u tio n s
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1. The spectra l  d is tr ibu tions  o f  the pum p and probe  are asym m etric

be tw een  S tokes and anti-S tokes portions. As eV  increases, the 

spec trum  is m ore  asym m etric ,  and nea r  the S tokes  m ax im um  ex ten t  

the spectrum  falls o f  rapidly.

2. The  m axim um  peak o f  the spectral d is tr ibu tions o f  the pum p and

probe, is shifted to the Stokes side.

3. The n u m b er  o f  osc illa tions  o f  the probe spectral d is tr ibu tion  are

more than the corresponding  one in the pump. Th is  is a result o f  

the p roport iona li ty  o f  the n um ber  o f  osc illa tions  with the probe 

phase  (P) and pump phase ( a ) ,  and (P) is greater than ( a )  for a 

fixed va lue  o f  the pum p intensity. A lso , the n um ber  o f  oscilla tions 

o f  the spectra l  d is tr ibu tion  increase  w ith  increas ing  e V .

4. The spec tra l  ex ten ts  o f  the pum p and probe spec tra l  d is tr ibu tions

increase  with larger  value o f  the probe width ( a ) .  Th is  is a result o f

the sharpness  o f  a  and P curves  with larger value  o f  a.

5. T he  spectra l  ex ten ts  o f  the pum p and probe spectra l  d is tr ibu tion

increase  w ith  la rger  value o f  (5). This  is a result o f  the sharpness

o f  a  and p curves  with larger value o f  5.
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T a b le  2 .1 -1 :  R ange o f  experim ental param eters in super­

continuum  generation  experim ents (Source w avelen gh  *  1 p m , 

pulse width =  1 0 '13 s. and beam diameter at input plane »  1mm
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T a b le  3 .1-1: Q u asi-lin ear  partial d ifferen tia l eq u ation s form s  

for the amplitude and phase o f  a pulse propagating in a cubic non li­

near medium.
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a*(o,v»

cV

F ig . 4 .1 -1 :  The m agnitude o f  the steepenend (am plitude)2 

at U = 0 as function o f  eV  in medium
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Y
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F ig . 4 .1 -2 :  The steepend pu lse (am plitude)2 as function o f  

U . with different intensities in medium
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(a)

i i

&g
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F ig . 4 .1*3: The slope o f  the steepend pulse as function o f  

U in m e d iu m .

( a )  eV = 0 .1  ( b )  eV = eV ( c )  eV = 0 .8
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F ig . 4 .2 -1 :  The steepend amplitude o f  a pulse propagating  

in d ispersion less medium as function o f  U with different in ­

tensities
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Fig. 4.2-2: The slope of the steepend amplitude of a pulse 
propagating in dispersionless medium as function of U with
different intensities.
(a) e 'V  = 0 .0 5  (b) e 'V  = 0 .2  (c) e 'V  = 0 .3 4
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F ig .  5 .1 -1 :  The norm alized  phase  o f  the s teepend  pu lse  as 

function o f  U in X ^ -  m e d i u m .

( a )  eV  * . l ,  .2. .3. .4

( b )  eV  = .5 ,  .6. .7. .8
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Fig. 5.1-2: The computed magnitude and position of the 
maximum of the steepened pulse phase as function of eV in X ^ -  
medium

r
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F ig .  5 .1 -3 :  The s lope o f  the norm alized  s teepend  pulse

phase as function o f  U in X ^ -  m e d i u m .

( a )  eV  = .1 .  .2. .3. .4

( b )  eV  = .5 .  .6. .7. .8



4

F ig .  5.1*4 : The steepened pulse amplitude, phase o f  the

steepened  pulse , and slope o f  the pulse phase  as function o f  

U for e V  = .4 in X ^ -  medium .



1 4 7

2. M-i

1.51

1. I I

1.91

1 . 99
I . I I  l . l l  9.29 9.39 9.«9 9.99 9 .M  9.79 I . N

Fig. 5.1*5: The values of the extrema of the slope of the
steepened pulse phase for different relaxation time as function 
of eV in medium .
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Fig. 5.1-6: The values of the extrema of the slope of the 
steepened pulse phase as function of eV in medium.

(a ) maxima (b)  min ima
(broken line: conventional SPM. full line: steepened pulse)
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Fig. 5.1-7 : The normalized second partial derivative of the 
pulse phase as function of U with different intensities in X ^ -  
medium .
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Fig. 5.1-8: The normalized phase portion due to nonzero 
relaxation time, in the absence of self steepening in dispersionless 
X<3>- medium as function of U with different intensities



Fig. 5.1-9: The normalized phase portion due 
relaxation time, in the presence of self-steepening as 
U in X<3>- medium with different intensities

to nonzero 
function of
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d isp ersio n less  X ^ -  medium as function o f  U.

(a) e 'V  = 0.05 (b) e*V = 0.2 (c) e ’V  = 0.34
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Fig. 5.2-2: The normalized slope of the phase in disper-
sionless medium as function of U.
(a) e’V =0.05 (b) e'V =0.2 (c) e'V =0.34
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Fig. 5.2*4: The values of the extrema of the slope of the 

steepened pulse phase in dispersionless medium, for
different relaxation times, as function of E'V .
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Fig. 5.2-5: The normalized second partial derivative o f the

phase of a steepened pulse propagating in dispersionless X ^ -

medium as function of U with different intensities .
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Fig. 5 .2-6: The normalized phase portion due to nonzero

relaxation time, in the absence of self-steepening in dispersion-

less medium as function of U with different intensities .
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Fig. 5.2-7: The normalized phase portion due to nonzero

relaxation time, in the presence of self-steepening in dispersion-

less X<5>- medium as function of U with different intensities .
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Fig. 5.2*8: The pulse normalized total phase in dispersion- 
less X<5>- medium as function of U with different intensities and 
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Fig. 6.1-1 : The normalized computed spectral distribution

of the self-phase modulated steepened pulse as function of the
-  13frequency difference multiplied by the pulse duration ■> 10 s 

(K= 300) in X<3>- medium. Left is anti-Stokes side.
( a )  eV  = 0 .1  ( b )  eV  = 0 .4  ( c )  eV  = 0 .8
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Fig. 6.1-2: The pulse spectral distribution as function of
the frequency difference multiplied by the pulse duration in X ^ -  
medium. Left is the anti-Stokes side. K = 300. eV = 0.8, y -  0.2
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Fig. 6.1-3: The approximate envelopes of the spectra of 
Fig. 6.1-1 obtained by the method of the stationary phase approxi­
mation in X ^ -  medium.
(a ) eV =0.1 (b ) eV =0.4 (c ) eV =0.8
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Fig. 6.1-4: The spectral maximum peak position as function 
of EV , K=300 with different relaxation times in X ^ -  medium.
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Fig. 6.2-1 : The spectral distribution of a steepened pulse 
outgoing from a dispersionless medium. The zero of A is the
center frequency of the original pulse.
(a) e'V =0.05 (b) e'V =0.2 (c) e’V =0.34
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o f  e 'V  , K =  300  with different relaxation time in X ^ -  medium .
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F ig . 6 .2 -3 : T he pu lse  sp ec tra l d is tr ib u tio n  as fu n c tio n  o f  

th e  n o rm a lized  freq u en cy  d iffe re n c e  m u ltip lie d  by p u lse  d u ra tio n . 

L eft is the  an ti-S to k es side. N orm alized  cen te r  frequency  .

K = 300, e'V = 0.2
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F ig . 7 .2 -1 :  T h e  d iffe re n c e  sig n a l be tw een  th e  o u tp u t from

a M ach-Z ehnder in te rfe ro m e te r and the  sum  o f  th e  inpu t pu lse  to

the in te rfe ro m eter, i.e ., the  SPM  p u lse , and the re fe ren ce  p u lse  i.e .

sech pulse in X ^ -  m ed ium  
K = 300, CV = 0.5

( a )  c o n v e n tio n a l SPM  th eo ry

(b) self-steepened theory



171

l.M-l

I.SI-

I. M

-1.51-

*1. II'
- 1.1 -M 1.1 1.1

u

1. I l l

I. M-

I. II

• I .  S»-

-1. M
-J .l -I. I 1.1

u

Fig. 7.3-1 : The difference signal between the output from 
a Mach-Zehnder interferometer and the sum of the input pulse to 
the interferometer, i.e., the SPM pulse, and the reference pulse i.e. 
sech pulse in X ^ -  medium 
K = 300, e'V = .2
(a) conventional SPM theory
(b) self-steepened theory
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Order
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0.1 -0.006 -0.016 -0.021 -0.029 -0.034
0.2 -0.016 -0.051 -0.073 -0.045 -0543
0.3 -0.040 -0.101 -6.010 1.14 129
0.4 -0.072 -0.127 1J4 102 120
0.5 -0.113 0.115 1.74 2.20 3.63
0.6 -0.161 1.29 159 3.15 4.59
0.7 -0.213 1.19 162 3.64 4.67
0.6 -0.254 1.04 151 4.01 5.67

T a b le  8.2*1: Sh ifw  in ihe p o iiiio n s  o f  the asym ptotic interfero- 

m etric intensity m inim a for various orders and ev  values.
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F ig . 8 .2 -1 :  T h e  Y o u n g /M ic h a e lso n  n o rm a liz e d  in te r fe ro -  

m e tric  in ten s ity  d is tr ib u tio n  I ^ ( y ) .  fo r  a s teepened  se lf-p h ase  m o ­

dulated  input, as function  o f  y( = coqA), K = 50 in X ^ -  m ed ium .

(a) eV =0.1 (b)  eV =0.5 (c) eV =0.8
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Fig. 8.2-2: The shifts in the position of the Young inter-
iferometric third order minimum, for a steepened self-phase modu­
lated input, eV = 0.5 as function of K( = cdqT) in X ^ -  medium .
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Fig. 8.2-3: The envelope of the Fourier transform of the 
Young visibility function with different relaxation times in X ^ -  
medium .
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F ig . 8 .2 -4 :  T he F o u rie r  tran sfo rm  o f  the  Y oung  in te rfe ro ­

m e te r  in ten sity  d is tr ib u tio n  fo r a s teep en ed  SPM  p u lse  a s  fu n c tio n  

o f  X in X<3>- m edium .

(a ) eV =0.1 (b ) eV =0.5 (c) eV =0.8
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F ig . 8 .3 -1 :  T h e  Y o u n g /M ic h a e lso n  n o rm a liz e d  in te r fe ro -  

m e tric  in ten s ity  d is tr ib u tio n  IR (y). fo r  a s teep en ed  se lf-p h ase

m odu la ted  inpu t in X ^ -  d isp ers io n less  m edium  as function  o f  
y( = o)0A). K = 50.

(a) e'V = 0 .0 5  (b) e'V = 0 .2  (c) e'V = 0 .3 4
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Fig. 8.3-2: The envelope of the Fourier transform of the 
Young visibility function in dispersionless X ^ -  medium with 
different relaxation times .
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Fig. 8.3-3: The Fourier transform of the Young interfero­
meter intensity distribution for a steepened SPM pulse in disper- 
sionless medium as function of X.
(a) e’V =0.05 (b) e'V =0.2 (c) £'V =0.34
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Fig. 9.2-1 : The field intensity outgoing from in amplitude

filter, where the input is a steepened SPM signal (K «= 300 ,
CV = 0.4 , Aft = 5) in X ^ -  medium. All the intensities are normalized

to the maximum value of the pulse resulting from the filter with the
same center frequency as the incoming pulse
(i) K -  Kf = -  60 fii) K -  Kf = -  50 (iii) K -  Kf * -  40
(iv) K -  Kf « -  30 (v) K -  Kf * -  20 (vi) K -  Kf -  -  10
(vii) K -  Kf r 0  (viii) K -  Kf = 10 (ix) K -  Kf = 20

(x) K -  Kf « 30 (xi) K -  Kf * 34 (xii) normalized sech2 pulse .
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Fig. 9.2-2: (a ) The compression ratio and (b) the 
intensity magnitude of the steepened SPM pulses outgoing from 
a filter as function of (Aft) in X ^ -  medium
(i) K = 300 , eV =0.4 , K -  Kf « -  60
(ii)  K = 30 , eV =0.4 , K -  Kf = -  6

( iii)  K = 300 , EV =0.8 , K -  Kf = -  210
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Fig. 9.2*3: The effects of fluctuation E V (i.e. laser inten­
sity) on the shape of the filter output in X*3 -̂ medium 
(K = 300 . K -  Kf = -  60 , Aft = 5)

(i)  eV =0.3 ( ii)  eV =0.4 ( iii)  eV =0.5

The peak intensities are, respectively:
8.27 x 10*3 . 6.03 x 10'2 . 2.54 x 10*1
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Fig. 9.2*4: The computed normalized intensity, shape and 
position of SPM pulse outgoing from an optimum compression filter 

and the normalized intensity shape of the incoming pulse prior to 
SPM and filtering in X ^ -  medium .
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Fig. 9.3-1: The field intensity outgoing from an amplitude 
filter, where the input is a steepened SPM signal (K = 300 , e'V = 0.2 

in dispersionless medium. All the intensities are normalized
to the maximum value of the pulse resulting from the filter with
the same center frequency as the incoming pulse.
(i) K -  Kf = -  60 (ii) K -  Kf = -  50 (iii) K -  Kf = -  40
(iv) K -  Kf = -  30 (v) K -  Kf = -  20 (vi) K- Kf = -  10
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Fig. 9.3-1: The field intensity outgoing from an amplitude 
filter, where the input is a steepened SPM signal (K * 300 , e'V >0.2 

in dispersionless X ^ -  medium. All the intensities are normalized 
to the maximum value of the pulse resulting from the filter with 
the same center frequency as the incoming pulse.
(vii) K -  Kf = 0 (viii) K -  Kf « 10 (ix) K -  Kf « 20 
(x) K -  Kf = 24 (xi) K -  Kf * 30 (xii) K -  Kf » 34
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Fig. 9.3-2: (a) The compression ratio and (b) the inten­
sity magnitude of the steepened SPM pulses outgoing from a filter 
as function of ( Aft ) in dispersionless X ^ -  medium.

( i)  K = 300 . £'V =0.2 . K -  Kf = -  50

(ii)  K = 30, e'V =0.2 . K -  Kf = -  5

(ii i) K = 300 , e'V =0.34. K -  Kf = -  210
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Fig. 9.3-3: The effects of fluctuation eV (i.e. laser inten­
sity) on the shape of the filter output. (K = 300 . K -  Kf = -  50 ,
Aft = 5) in X<5>- dispersionless medium

(a) e’V =0.15 (b) e’V =0.2 (c) e'V =0.25
The peak intensities are, respectively:
0.123 x l O ' 2 , 0.4711 x 10' 1 . 0.357 x 10°
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Fig. 10.2-1: The amplitude o f the induced phase modulated

steepened second harmonic pulse as function o f U with different

intensities with n «  1.76 .
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Fig. 10.2-2: The normalized phase of the induced phase

modulated steepened second harmonic pulse as function o f U with

differen t in tensities with n *  1.76 .
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F ig . 10.2-3: The derivative o f the normalized phase o f the

induced phase m odulated steepened second harmonic pulse as func­

tion of U with different intensities with n *= 1.76 .
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Fig. 10.2-4: The spectral distribution o f the induced phase

modulated steepened second harmonic pulse as function o f A with

eV = .5 with n = 1.76 .
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Fig. 10.2*5: The spectral distribution of the induced phase

modulated steepened second harmonic pulse as function o f A with

EV = .8 with n = 1.76 .
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Fig. 10.2-6: Tbe induced frequency sweep extents (maxima 
and minima of the derivative of the induced phase) for a steepened 
second harmonic pulse in dispersionless X*3*- medium as function 

of eV.
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Fig. 11.2-2: The probe amplitude as a function of U 
for 8 = 1 and o = .5, 1 with £V = . 1, .4, .8
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F ig . 1 1 .2 -3 : T he norm alized  pum p phase as a function  o f  U 

6 = 1  and o  = .5, 1 with EV = . 1, .4, .8
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Fig. 11.2-4: The normalized probe phase as a function of

U for 6 = 1  and a  = .5, 1 with eV = . 1, .4, .8
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o  = .5 and 5 = 0., .5, 1 with eV  = . 1, .4, .8
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Fig. 11.2-7: The normalized pump phase as a function o f U
for o  = .5 and 6 -  0., .5, 1 with eV = . 1, .4, .8
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Fig. 11.2-9: The normalized spectral distributions of the
pump and the probe as a function of A and A and respectively, for 
5 = 1, o = 1 and EV = . 1

(a ) pump spectral distribution
( b ) probe spectral distribution
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Fig. 11.2-10: The normalized spectral distributions of the
pump and the probe as a function of A and A respectively, for 6 = 1, 
o = l  and eV = . 4

(a ) pump spectral distribution
( b ) probe spectral distribution



Fig. 11.2-11: The normalized spectral distributions of the

pump and the probe as a function of A and A respectively, for 8 * 1, 

a  * .5 and cV * .  1

(a) pump spectral distribution
( b ) probe spectral distribution .
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Fig. 11.2-12: The normalized spectral distributions of the

pump and the probe as a function of A and A respectively, for S > 1, 

a « .5 and eV « . 4

(a ) pump spectral distribution
( b ) probe spectral distribution .



2 0 7

1. M-i

I. I I -

1 .4 1 -

I. I I
41 bl21-41 - 2 1•II •bl

1. II-.

1 .8 1 -

l . b l

1.41

1.21-

1.18-

(a)

(b )

-251
I 1

-211 -151 -111 111 151
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(a)  pump spectral distribution
( b ) probe spectral distribution .
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Fig. 11.2-14: The normalized spectral distributions of the

pump and the probe as a function of A and A respectively, for 

6 = A, o = .5 and £V * . 4 

(a )  pump spectral distribution 
( b ) probe spectral distribution .
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