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Abstract

Homotopic Residual Correction Algorithms for 

General and Structured Matrices

by

Hiilya CEBECIOGLU  

Advisor: Professor Victor Y. PAN

Newton’s Iteration is a fundamental algorithm of numerical and algebraic 
computing. We focus on its application to the approximation of the inverse or 
Moore-Penrose generalized inverse of a matrix. This application was studied 
by Schultz in 1933 and since then by many authors. The algorithm is strongly 
stable numerically (in fact it is self-correcting) and converges quadratically, 

provided that an initial approximation to the (generalized) inverse is avail­

able.
An initial approximation can be crude, but must have a resiual norm less 

than 1 , and some known recipes (see in particular [PS91]) give approxima­

tions with the initial norms slightly below 1. Most effective, however, are 

applications of Newton’s iteration where the input matrices are structured 

(celebrated examples are the Toeplitz, Henkel, Vandermonde, and Cauchy
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matrices), and in this case approximations obtained based on the above 

recipes is generally too crude. The computation by N.I. is reduced essen­

tially to repeatedly performing matrix multiplication, and this operation can 
be performed very effectively, in nearly linear time, when the matrices are 
structured (versus cubic time for general matrices). The structure, however, 
tends to deteriorate gradually as N.I. progresses. Special techniques for pre­
serving the structure have been proposed in [P92], [PBRZ99J, [PRWaJ.These 
techniques, however, require sufficiently close initial approximations, sub­

stantially closer than those supplied by the known recipes, including the 
recipes of [PS91]. The problem can be solved, however, based on a new 
homotopic approach which is our subject in the thesis.

We apply this approach to general input matrices. The resulting homo­
topic version of N.I. turns out to be competitive with non-homotopic version 
for Hermitian (or real symmetric) input matrices. For the homotopic ver­
sion, the computational cost is roughly the same as for the non-homotopic 
one where the input matrix is positive definite and is substantially less where 
it is indefinite. We also study application of this approach to structured ma­
trices, in which case each iteration step is dramatically accelerated and is 
performed in nearly linear time, because some special techniques preserve 
the structure during the entire iterative process. Numerical experiments re­
ported in [PKRCa] confirm the effectiveness of the resulting algorithms in 

the case of Toeplitz input matrices.

iv
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1 Introduction

Summary; VVe present and analyze homotopic Newton’s iteration algo­

rithms for the computation of the inverses of general and structured matri­
ces. For unstructured indefinite Hermitian input matrices, we substantially 
accelerate the known best non-homotopic algorithms, with no sacrifice in 
their numerical stability and self-correction property. For structured matri­
ces, the homotopic algorithms, like the known residual correction methods, 
perform each iteration in nearly linear time. Unlike the non-homotopic algo­

rithms, however, superlinear convergence to the inverse is guaranteed even 
where no initial approximation is available. Numerical tests with Toeplitz 
input matrices show greater power of both homotopic and non-homotopic 
approaches than the theoretical study predicts.

Key W ords: Newton’s iteration, residual correction, homotopic algorithms, 

structured matrices, rank of a matrix, generalized inverse

1.1 Newton’s iteration and Residual correction (RC) 
processes

Residual correction processes (in particular Newton’s iteration) compute the 

inverse or the Moore-Penrose generalized inverse of a general n x n matrix 
M [S33], [B-I6 6 ], [B-IC6 6 ], [IK66], [SS74], [PS91]. The processes involve p 
matrix multiplications in each step to achieve convergence of order p, for 
any p > 2. With appropriate scaling of the process, however, one may 

reach the order of p > 2 by using only two matrix multiplications per step 

[PS91]. Hereafter, we will write RC for “residual correction’’ and MM for 

"matrix multiplication”. The RC processes can be directed to the numerical 

generalized inverse and are known for their strong numerical stability anil 

self-correcting property [PS91].

1
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Let us recall the two main problems with these processes. (For simplicity 

here and actually throughout until Section 11, we assume non-singularity 
of the input matrices M. In Section 1 1 , we show extension to the singular 

case and to the numerical computation of the Moore-Penrose generalized 

inverses.)

a) The RC processes require additional techniques for the computation 
of an initial approximation to the inverse. The known techniques of 
[B-I6 6 ], [B-IC6 6 ], [SS74], and [PS91] produce a crude initial approxima­

tion. Then it takes the order of log2 K(A/) RC steps (k(A/) = cond(A/) 
denoting the condition number of the matrix M) to refine the approx­
imation to the level from which the iteration very rapidly converges.

b) For general matrices, MM is an expensive operation, comparable to 

matrix inversion in its computational cost. Such an operation, however, 
is dramatically simplified in the highly important case of structured 
matrices, represented by their displacements in a compressed form. 
Namely, the displacement of an a x n matrbc occupies memory space 

O(n), and multiplication of n x a compressed structured matrices uses 
0 (n  log n) or 0{n  log2 n) flops. Consequently, the RC processes can be 

also performed by using small memory space and little computer time 
tvs long as compression performed throughout the computation does 
not destroy rapid convergence of the process. Here some advanced 

compression techniques are applied, first proposed in [P92] and then 

elaborated in [PZHD97], [PBRZ99], [PR01], [PRVVa].

For the sake of completeness of our study, we briefly review this develop­

ment in Sections 2-4, and in the thesis we refer to the RC processes covering 

Newton's iteration as their special case for p =  2.

9
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1.2 Homotopic RC processes
The solution techniques for problems a) and b) do not always match one an­
other, however. That is, compression perturbs the computed approximation 
and may easily destroy convergence at the initial stages of the RC processes 
where the convergence is fragile. This implies additional requirements of 
achieving either much stronger initial approximations than can be yielded by 
the known techniques of [B-I6 6 ], [B-IC6 6 ], [SS74], and [PS91] or compression 
causing much smaller perturbations of the computed approximations to the 
inverse than the current study ensures. The original approach of [P92] allows 
a very natural heuristic modification towards the latter goal. Recent exper­
iments show that such a heuristic is surprisingly effective in the important 
case of Toeplitz input matrices, but no convincing theoretical results support 
such a development. In this thesis, our main subjects are new techniques for 
computing the initial approximation. Their efficiency is confirmed by both 
experiments and proofs of the estimates for the computational work of the 
resulting algorithms. The methods are homotopic, based on the inversion 
of an auxiliary readily invertible matrix iV/ 0 such as A / 0  =  I  and on the 
subsequent homotopic transition to the matrix M  along the trajectories

Af/i =  (1  — th)M +  thMo, h = 0 , 1— , (1.1)

or
A/fc = \[  + thM0, /i =  0 , 1, . . . ,  (1.2 )

where
t0 > t{ > . . .>  tH = 0, (1.3)

tQ =  1 in (1.1) and is a sufficiently large value in (1.2). We arrange the 
homotopy to keep the trajectories M(t) away from singularities for tQ > 

t > 0; we prove that for t > 0 the condition numbers of the matrices M{t) 
reach their maximums where t = 0 . Then, by choosing the step sizes -  

th+1 sufficiently small, we may always ensure that the matrix M^AIh+i is 
close enough to the identity matrix: then the approximation to the inverse 

A/ ^ 1 computed at the h-th homotopic step would serve as a good initial 

approximation at the next, (h + l)-st homotopic step.

3
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1.3 Preceding and related works

Newton’s iteration for the inverse of a matrix was covered in some detail 

in the papers [S33], [B-I6 6 ], [B-IC6 6 ], [SS74], [PS91]. Higher order RC pro­
cesses were also well studied (see [IK6 6 , pp. 88-89], [PS91]). The paper 

[PS91] accelerated Newton’s iteration by using scaling, extended the itera­
tion to the computation of the numerical generalized inverses of a matrix, 
and proved strong numerical stability of the original and modified iterations. 
The paper [P92] worked out Newton’s iteration for Toeplitz-like matrices 
(with the compression of the displacement by the truncation of its singular 

values) as well as the homotopic process for the initialization. The paper also 
estimated the perturbation of the computed approximations to the inverse 
caused by the compression (the problem was further studied in [P93]) and 
proved that nearly linear overall number of flops is sufficient for Toeplitz-like 

inversion provided that logK(A/) = O(logn). Parallel implementation of this 
approach was studied in the papers [P92] and [P93a] in the Toeplitz-like case. 
[PZHD97] studied extension to the Cauchy-like input (with a distinct policy 
of compression). The paper [PBRZ99] published in [KS99] presented some 

elaboration of Newton’s iteration under both approaches to the compression 
in the Toeplitz-like case; [BM,a] did the same with the compression approach; 
technically, the study of Newton’s iteration in both papers remained within 
the frameworks of [P92] and [PZHD97]. No further works on the homotopy 

approach followed since [P92], except for the proceedings paper [P01]. A 

unified method for the extension of Newton’s iteration to various classes of 
structured matrices was proposed and analyzed in [PR01] and [PRWa]. On 

an alternative general approach to the unification, based on transformation 
of the associated displacement operators, see Remark 4.1.

4
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1.4 Organization of the thesis

In Sections 2-4, we recall some known results on the RC processes for general 
and structured matrices. In Sections 5-8 and 10, we elaborate the choices of 

the initial approximations and the step sizes, which use fewer RC steps for 
positive definite and indefinite Hermitian input matrices; we prove substan­

tial acceleration in the latter case versus the non-homotopic approach. We 
briefly cover the extension to structured input matrices in Section 9. In this 
case the homotopic approach supplies the only known proof of convergence 
of the RC processes in nearly linear time where no initial approximation is 

available from the outside sources and the input matrix is well-conditioned.
In the cases where numerical generalized inverse is structured, the same ap­
proach can be extended to its effective numerical computation (Section 11).

2 Residual Correction Processes (RC Processes)

Hereafter. A/r , vr , A/*, and v ’ denote the transposes and Hermitian (con­

jugate) transposes of a matrix A/ and a vector v, respectively. We write 

Oj =  Oj(A/), k{M) =  <T[/crr. (Jj denote the singular values of a matrix A/ 
where r =  rank(A/), j  =  I , . . . ,  r; 0  < er_ < err < . . .  < ay < er+; n(M) is the 
condition number of M. ej_i denotes the i-th coordinate vector, i — 1,. . . ,  n.
|Y| is the smallest among the integers not exceeded by a real x.

A sufficiently close initial approximation A'o to the inverse of a non­

singular matrix M can be rapidly improved by means of a scaled RC process

[S33], [IK66], [PS91]:

(2 . 1)

where we write

Ri = R{M,Xi) = I -  A/.Yj. ( 2 .2 )

o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Already for the unsealed process, that is, under the simplest choice of

Ci =  1 for all i, (2.3)

(2 .1) and (2 .2 ) imply that

Ri = (Ro)p\  ||/2j|| < ||i?o||p\  * = 1 ,2 .......  (2.4)

This shows that the unsealed RC process (2.1). (2.3) converges with the order
p to the matrix A/ -1  provided that

||Ao||2 < 9 < 1, R0 = R(M,X0).

Suppose that the latter bound holds for a fixed 6. Then the computational 
work per step (2.1), (2.3) or, equivalently, the number of steps required to 

ensure the desired upper bound on the norm \\Ri\\ is minimized for p = 3 

[IK6 6 , pages 8 6 - 8 8 ].
Now suppose that no initial approximation .Y0 to the matrix A/ -1 is 

available. Then one may choose

X 0 = c0M *, c0 = — (2.5) 
a+ +  a_

to yield that

||flb | | 2 < 1 ~ , k+ = «+(A/) =  (2 .6 )

Now, it is sufficient to apply at first

t =  2 logpK + + 0 (l)

unsealed critical RC steps (2 .1), (2.3), to decrease the residual norm \\Ri\\-> 

below 1/ 2 , and then
j =  flogp log.,(l/e)l 

6
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additional refinement RC steps (2.1), (2.3), to decrease the norm below any 

fixed positive c < 1 /2  [SS74]. In Section 7 we will use the threshold value 
1/e =  0.367819... instead of 1/2; this may change i at most by 1.

The scaling policy of choosing Cj+i in (2 .1) was optimized in [PS91] in the 

case of Newton’s iteration,

X M ^ C i+ iX iil + Ri), (2.7)

that is, of RC process (2.1) for p =  2. Namely, by choosing p = 2 ,

7^+ 71’ C,+, =  l +  (2 (2.8)

for i = 0 , 1 , . . . ,  one obtains that

1
||Ri||2 < max \T^{jx + S)\/\T2,(5)\ <«_<*<»+ |T2< (5)1

where 7  =  2 /(o+ -  <r_), 8 =  - 1  -  7 a,  and Tj(x)  = cos(j arccosx) is the j-th 

degree Chebyshev polynomial of the first kind on [-1,1]. It follows [FF63, 

Chapter 9, Section 9] that

~  (<S +  s / W ^ \ ) L +  (8 -  1  =  2 '

this bound is substantially smaller than 8L. In particular, the number of 
critical steps decreases roughly by twice versus policy (2.3), namely to the 

level
i =  log2 k+(M) + 0 (1 /k2+(M)). (2.9)

In other words, the optimal scaling of (2.8) is equivalent to increasing the
order of convergence of the critical steps from q = 2 to q = 4 for the same

RC process (2.7) (that is, (2.1) for p =  2).

The asymptotic bound i_ =  log2 /c(M) + 0(1) on the number of critical 

RC steps is achieved also under the simpler initial choice of

x Q =  iV r/„, ,;il|A/||oc).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Furthermore, for a Hermitian (or real symmetric) and positive definite matrix 
M, one may further decrease the number of critical RC steps (2.7) roughly 

by twice [PS91] with an appropriate choice of the initial approximation X0. 
In particular we have the desired decrease where

X , =  / / | |M ||P, Hfi.ll, < ^ g - y  (2.10)

||Af||f =  trace (M +M) denotes the Frobenius norm of the matrix M, and 
M  is a Hermitian and positive definite matrix.

The paper [PS91] has also shown some advantages of using a scaled cubic 
RC process (2.1) for p =  3 and a modification where Newton’s RC processes 
for p =  2 converged to numerical generalized (Moore-Penrose) inverse Me+, 
that is, the generalized inverse of the matrix Mt formed via the truncation of 
the smallest singular values of M  (up to a fixed tolerance e). This is achieved 
by first applying iteration (2.7)-(2.8) but with

c0 =  (T+c, Cq =  ce2, c =  min(2 /(a + + e2),p/c2), (2 .11)

p =  (1 + n/3/2 = 1.366... (Under the scaling of (2.11) the value p partitions 
the range for the spectrum of the matrix X qM; the partition is induced by 
the respective partition by e of the singular values of the matrix M. Note 
that the bound cr_ is not needed in this variation of the iteration.) The 
iteration is performed until we arrive at c~ > p for some integer i. Then 

the matrix Xi is scaled, that is, replaced by the matrix (p/cf)X{ and the 
iteration is continued based on the expressions

Xi+l = { - 2 X i M  + ZI)XiAfXi,  i = 0 , 1 , . . . .  (2 .1 2 )

The singular values try (A/) are partitioned by e into two groups: those ex­

ceeding e correspond to the eigenvalues A^ of X{M  that lie in the interval 

1/2 < < p; iteration (2.12) sends them towards 1. The other eigenvalues

of X{M  lie in the interval [0 , 1/ 2 ); they correspond to the singular values

8
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<Jj(M) < e. Iteration (2.12) sends them towards 0. This is exactly the de­
sired convergence to the matrix A/e+. Convergence is ultimately quadratic 

but is slow near 1/2 and p. Iteration can be immediately extended to the 
computation of the matrices Mt = MM+M  and Mf = M -  Mt and the 
numerical rank trace(MtMt+).

It was proved in [PS91] that both original and modified Newton’s (RC) 
processes are numerically stable.

3 Toeplitz Residual Correction Processes

If M  =  T  =  (tj_j)”"0l is a non-singular Toeplitz matrix, then RC processes
(2 .1) can be accelerated dramatically, based on the known formulae for the 
inverse matrix X  =  T ~l via a pair of its products by vectors [GS72], [HR84], 
[AG89], [BP94], [VHKa], [BM,a].

Let us recall two such formulas and describe respective accelerations of 
Newton’s RC processes by following [PBRZ99]. The same techniques im­
mediately produce an RC process for Toeplitz inputs wherever a basic RC 
process (2.1) and a Toeplitz inversion formula are specified. Write

J  -
0 A

1 0

—  ( 6 n - l i  • • • i C o )

for the n x n reflection matrix, and 

/n  n A

Z t =

0

1 0\ u  ,  u y

for a unit /-circulant matrix, where e; is the (1 + i)-th coordinate vector 

of dimension n. Then Z/(v) =  £ ”T0l ViZ'j denotes the /-circulant matrix

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of size n x n with the first column vector v  =  (u)"T0l. Z { \ )  =  Z0(v)  is a 

lower triangular Toeplitz matrix, Z\  (v) is circulant. In the next sections, we 

denote a diagonal matrix by D(v)  =  diag(u<)|,J'0l for v  = (vi)£Tffll.
Write

T y =  e0, Tx =  t  (3.1)

where

t  =  (w , ati -  &i-„, at2 -  bt2- n, • • •, a*n- 1 -  b t.i)T (3.2)

for three fixed scalars w , a, and 6 .

In particular by choosing a =  0, b =  - 1, and any u;, we obtain that

t  =  (w ,tl_n, . . . , t _ l)T, (3.3)

and then we have the following expressions for X  = T ~ l via the vectors 
y  = Xe0 and x  = X t:

X  = Z ( x ) Z T(Z Jy )  -  Z(y)Z T(Z Jx  -  e„). (3.4)

To yield an alternative expression via /-circulant matrices instead of tri­
angular Toeplitz matrices, fix any pair of values b 0  and w, write a = 1, 
/  1/ 6, and obtain the vector

t  =  ( ty 6ti_n, t2 bt2- ni. . . , £n_i 6t_i) (3.5)

and the equation

x  =  Y ~  (Z/(y)Zi/.(x) - ? / ( * - (  1 -  6/)eo)Z,/t(y )) , (3.6)

which expresses the matrix X  via the vectors y  =  Xe0 and x =  X t.

Now let us modify RC processes (2.1) by expressing similarly the approx­

imation matrices X* via the pair of vectors Xjeo and X,t, for all i. Fix the

10
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vector t  of (3.2) and post-multiply (2.1) by the n x 2 matrix (e0,t) , having 
the columns e0 and t:

p- i

•Xi+i(®o> t) =  Ci+lXi /if (eo, t). (3.7)
«=o

In particular for p =  2 we obtain the following extension of process (2.7):

^«+i(eo>t) =  Ci+\Xi(I + R»)(eo> t)- (3.8)

Now, instead of defining the matrix Xj+i via Xi  based on (2.1), we define 
it via the vectors yi+i = Xj+ieo and xi+i =  X<+lt, by substituting A\ +1 for 
X ,  y,+i for y, and Xj+i for x in (3.4) or (3.6), respectively. This completely 
defines a Toeplitz RC process. For each i, its i-th step is reduced to a few 
multiplications of Toeplitz matrices by vectors, which are performed fast 
based on FFT, that is, each step uses O(nlogn) flops versus the order of n2 

flops required for multiplication of a general n  x n  matrix by a vector.

Remark 3.1. For a Hermitian or real symmetric non-singular Toeplitz ma­
trix T, one may represent the inverse matrix X  =  T~l via its first column 
only [GS72], [AG89J; this would save memory space but would involve di­
visions by the (0,0)-th entry of X ,  which may vanish or nearly vanish for 
indefinite matrices T, thus causing numerical stability problems.

Let us recall the estimates of [PBRZ99] for the convergence rate of the 
Newton-Toeplitz Iteration defined by (3.8), in both cases for Cj+i = 1. Let 

us write p{i) = | | /  -  XiT\\lt e(i) =  max(||x,- -  x ||i/||x ||i, ((ŷ  -  y ||i/||y ||i). 
Furthermore, let us write either p =  ||yi|| i (2(n—l)(2-hp(0)e(0))[|x||l + 1) pro­

vided that the Toeplitz RC process relies on (3.1)-(3.4), or p = ||y ||i(||x ||i(l+  

p(0)e(0)) +  1) provided that the Toeplitz RC process relies on (3.1), (3.2), 
(3.5), and (3.6). Assume that

p(O)<0, e(O)||T||1#i < 0  (3.9)

11
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for a fixed 9, 0  < 9 < 1. Then it is proved in [PBRZ99] that p(i) < 
92\  e(i) < 92'~le(0), i — 1 , 2 , ,  which shows quadratic convergence under 

assumptions (3.9). To satisfy (3.9), however, we must have a sufficiently close 
initial approximation to the inverse matrix T~l.

4 Residual Correction Processes for Struc­
tured Matrices

Extensions of unsealed RC processes (2.7), (2.3) to Toeplitz-like matrices
can be found in [P92], [PBRZ99, Section 7.4], Let us next follow [PZHD97],
[PBRZ99], [PR01], [PRWa], [Pa] to outline such extensions in a unified way 
- simultaneously to various classes of structured matrices, in particular, to 
Toeplitz, Hankel, Vandermonde, and Cauchy matrices (see Table 4.1) and 
the matrices with the structures of these four types. This covers the most 
popular classes of structured matrices.

4.1 Structured matrices and the displacement rank ap­
proach

With two operator matrices A and B  we associate a linear displacement 

operator L, of Sylvester type L =  V-i.b,

V a,b{M)  =  A M  ~  M B  (4.1)

or Stein type L =  &a,b ,

Aa ,b { M )  =  M -  AM B  (4.2)

where M  is an n x n matrix.

Typically, A ,B  6  (D(s), £>(t), Ze, Z j}  for appropriate vectors s and t 

and scalars e and / ,  which covers the cited four most popular classes of 

structured matrices. We have the following properties:

12
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Table 4.1: Four classes of structured matrices

To<jplitz matrices 

to t _ i  • • • t i - , , '  

t\  to •• :

: •• •• t _ ,  

J n - l  • • • to

- I
J=0 H ankel matrices 

he h x • • • /in _ t 

h \  /12  •• hn

y ^ n - l  hn  ••• h2n-2j

0

Vane ermonde matrices (tj

f l  <o • • •  * r l> 

i  t x • • •  « r i

1 < . . .  ifl—1
\ A e» - l  ln - \ J

c Ciluchy matrices ( ^ 7 :)
f  1 ' S

Jo-to »0 - tn - l  
1 1 

Sl-to

. . .  1 
1 ^0 — I  ̂n — 1 t

-1

=0

a) the matrix L( M) has a small rank, r  for a structured matrix M  and an 
associated displacement operator L (r is called the displacement rank 
of the matrix M),

b) the operator L~l is linear, furthermore there are simple expressions for 
the matrix M  =  L~l(L(M))  through its displacement L(M),  and

c) an n  x n structured matrix can be multiplied by a vector fast, in 
0(nrlogdn) flops for d < 2 (cf. Table 4.2).

The first and the most celebrated demonstration of these properties was 

given in the seminal paper [KKM79] for Toeplitz-like matrices M,  associated 

with the operators L+ =  Az,zT and L_ =  Azt  2 . In particular, it was proved 
that the matrix equations

L ( M ) = G H t , G  = (bi, H  = (h „ . . . , h r) (4.3)

13
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Table 4.2: Parameter and flop count for matrix representation and 
multiplication by a vector

Matrices M
Number of parameters 

per a n m x n  matrix M

Number of flops 

for computation of Mv

general mn 2 mn  -  n

Toeplitz m + n — 1 0 ((m + n) log(m + n))

Hankel m + n — 1 0((m  + n) log(m + n))

Vandermonde m 0 ((m + n) log2(m + n))

Cauchy m +  n 0((m  + n) log2(m + n ))

imply that

M = £ z ( g ; ) Z T( (4.4)
J=1

for L =  L+ and
r

M  = £  ZT(ygi)Z(./hj) (4.5)
j=l

for L = L_. It is easy to observe that

| rank(L+(A/)) — rank(L_(A/))| < 2,

for any matrix M, and that

rank(L+(A/)) <  2, rank(L_(Af)) < 2

where M  is a Toeplitz matrix. This motivated the definition of Toeplitz-like
matrices M  as the ones with displacements L+(M) and L_(M) having small

14
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ranks. Expressions (4.4), (4.5) enable multiplications of such a matrix by a 

vector in 0(rn  log n) flops.

Similar simple expressions have been obtained for displacement opera­
tors associated with matrices of Hankel, Vandermonde, and Cauchy types 
[HR84], [BP94], [G094], [PWa], [Pa], enabling compressed representations 
of an n  x n structured matrix via 2nr entries of the matrices G and H. 
Note that orthogonal representations (4.3) for a given matrix L{M) can 
be immediately obtained from its SVD [P92], [P93] (e.g., in the real case, 
L(M) =  t/E 2VT, 1FU =  VTV =  7r, G = UH, H  =  VE) and if L{M) is 
a Hermitian matrix then from its eigendecomposition too.

Compressed representations can be also derived based on some singu­
lar displacement operators. For instance, in [PBRZ99] the following known 
representation of an n x n Toeplitz-like matrix has been exploited,

r

M  = (4-6)
e ’  J=i

provided that (4.3) holds for L =  Vz-i z-i, where e and /  are two scalars, 

e ^  /» e/  #  and Zf.ic(v) denotes the / - circulant matrix of size n x n 
with the last column v. (Note that Z j l =  Z ^ .)  Table 4.3 shows some 

displacement operators associated with structured matrices.
According to the displacement rank approach, one should operate with 

structured matrices M  represented in a compressed form such as (4.3)-(4.6) 

and when required, recover the output (such as the solution of a linear system 
of equations) based on their linear expressions via the displacement L{M). 
The entire approach can be represented by the following flowchart:

COMPRESS, OPERATE, DECOMPRESS.

At the OPERATE stage, the following simple results can be used [KKM79], 

[CKL-A87], [P90], [POOa], [Pa].

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 4.3: Some pairs of operators V a ,b  and structured matrices

operator matrices class of structured rank of

A B matrices M

Zi Zo Toeplitz and its inverse < 2

Zi Hankel and its inverse < 2

z a + zZ Zo + z s Toeplitz+Hankel < 4

D(t) Zo Vandermonde < 1

Zo D( t) inverse of Vandermonde < 1

Z?o D( t) transposed Vandermonde < 1

D{ s) D( t) Cauchy < 1

D( t) D(s) inverse of Cauchy < 1

16
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Theorem  4.1. For any linear operator L (in particular, for L =  V ^a and 

L =  Aa,b , for any pair of matrices A and B) and any pair of scalars a and 

b, we have L(aM  4- bN) =  aL(M) + bL(N).

Theorem  4.2. For any 5-tuple {A ,B ,C ,M ,N }  o f n x n  matrices, we have

V a,c(M, N) =  V a,b (M )N  +  M V BjC{N),

A AtC(M, N) =  A AtB(M )N  + A M V b,c (N).

Furthermore,

A a,c(MN) =  A a>b (M )N  + AM B& b- i,c (N), 

if B is a non-singular matrix, whereas

Aa ,c(MN)  = Aa,b (M)K -  AM&B'C- i (N)C, 

if C is a non-singular matrix.

Theorem  4.3. Let M be a non-singular matrix. Then 

Furthermore,
A bA M ' 1) =  B M -1A a,b(M )B -1M ~ \  

if B is a non-singular matrix, whereas

if A is a non-singular matrix.

17
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4.2 Structured RC processes

Based on the latter results and properties a)-c) of structured matrices listed in 

the previous subsection, one may perform structured matrix multiplications 
fast. So 0(qnr2 logd n) flops are sufficient per an RC step (2.1), which outputs 
a short displacement generator of the matrix -Xi+i, provided that the matrices 

M  and X, are given in compressed form (4.3) and q is the order of convergence 
of a process (2.1). Special care is required, however, to contain the growth 
of rank(L(X<+i)). With no care the rank rapidly increases; it may be tripled 
already in each Newton step (2.7). Thus processes (2.1) should be modified 
as follows where the input matrix M  is structured:

Here, the matrix X i+i = X{Yi+i) approximates the matrices Vj+i and M-1, 
and r i+i =  rank(L(Xj+i)) either equals or only slightly exceeds r. To com­
plete the definition of the structured RC process (4.7) for fixed parameters 
p, c,+i, let us specify the transition from the matrix K,+l to the matrix Xl+i, 
where both structured matrices Yi+i and Xj+i are represented by their dis­
placements [P92], [P92a], [BP93], [PZHD97], [PBRZ99], [PR01], [PRWa].

A pproach I. T runcation of the  sm allest singular values of th e  dis­
placem ent. Compute the SVD of £(Vi+l) and truncate the smallest sin­
gular values to obtain a displacement matrix L(Xi+i) having r i+l (non-zero) 

singular values, for ri+i =  r or rl+l «  r. (In the case where L(X,) is a Her- 

mitian matrix, one may rely on its eigendecomposition instead of its SVD.)

A pproach II . Substitu tion of a  com puted approxim ation for the 

inverse in  th e  inversion formulae. Compute the displacement L(Xl+i)

p - i

(4.7)

18
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based on Theorem 4.3, where M  1 is replaced by Xj. That is, write

V B,A(Xi+1) =  - X i V ^ W X u (4.8)

where the operator matrix A  is non-singular, or

(4.9)

(4.10)

where the operator matrix B  is non-singular. The previous section actually 
covered Approach II specified to Toeplitz input matrices M  and based on 
two known explicit formulae for the Toeplitz inverse M~x.

Approach I relies on the observation that

under the 2-norm and the Frobenius norm. This observation is due to Theo­
rem 4.3 and to the well known results on the lower rank approximation based 
on the truncation of the singular values [GL96]. Thus we bound the norms

||I(X i+,) -  and ||Xi+, -  M -‘|| < | | i r ' | |  ||£(Xi+i) -  £(M “ ‘)|| in
terms of the norm ||L(Yi+i) — L(M~l)\\.

In Approach II, we bound the same norms by combining (4.8)-(4.10) with 

Theorem 4.3.
Specific estimates for the approximation errors, the convergence rate, and 

the initial residual or error norms which ensure rapid convergence for both 
approaches can be found in [P92], [PZHD97], [PBRZ99], [PRWa], and [Pa].

Algorithm 7.4.1 of [PBRZ99] computes the displacements L_(Xi+l) = 

L-(X (Y i+i)) by applying Approach I to Toeplitz-like matrices M  and by 

using the displacements L+(M) and L-(X i) and expressions (4.4), (4.5).

It is proved that in this case

||L(Xi+l) -  L(Ym )|| <  ||L(X *,) -  L{M~l)\\

||Xi+i -  M - l | | 2 < (1 +  2(n -  r)n)||Xj -  M ~ l | |2 (4.11)

19
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where ff =  rank(L_(Vj)).
Algorithm 7.4.2 of [PBRZ99] implements Approach II and relies on (2.3),

(2.8), and (4.6). In this case the matrix Xj+1 is defined by its displacement

^  =Gi+iHf+l,

Gm  = Ym (2I -  MYi)Gi+i, H i , =  H S ,r j+,(2/  -  MYm ) 

and its last column

X i + i e „ _ i  =  Yi+\(2I  —  MYi+\)en-i ,

provided that Vz-i z-i(Yi+i) =  Gi+iHj+l.
In [PRWa] both Approaches I and II have been elaborated and analyzed 

in a unified way for various classes of structured matrices (based on the 
displacement rank approach). The results of [SS74] and [PS91] on the con­

vergence of Newton’s and other RC processes cited in Section 2 do not apply 
to processes (4.7) because of the compression of the displacements L(Yj). 

The following theorems from [PRWa] (extending their preliminary versions 
of [P92], [PZHD97], [PBRZ99], and [PR01]) state the estimates for the error 
norms of the computed approximations. The statements of the theorems 
involve the norm ||L- l |l< of the inverse of the displacement operator L,

| |£ -1||t =  sup(||M ||,/||L(M )||i), I =  l , 2 ,oo.
M

Upper estimates for this norm, ||£<~l ||t for various customary operators L 
associated with the most popular classes of structured matrices have been 

deduced in [PRWa] and [PWa].

Theorem  4.4. [PRWa]. Let unsealed Newton’s process (2.7), (2.3) be applied 

to a non-singular structured matrix M. Let all its steps be performed with 

compression according to (4-7) and Approach I such that all the singular
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values of the displacements L(Yi), except for the r largest ones were truncated 
where r =  rank(L(A/-1)). Then we have

I I *  -  M - ' | b  <  | | /  -  * M ||2 H A T ' l k  <  r i l M - ' I b M  

i =  1, 2 , . . . ,  provided that

0  =  | | /  -  XoM||2//, 

r, =  (1 +  (||X ||, +  ||B ||2) | | i - ' | | 2)0 l (M )K (M ) for L = V„.B, 

r, = (1 +  (1 +  IMI|2 ||B ||2) | | / '- 1||2)o,(A/)/(7n(A/) for I  =

Theorem  4.5. /PRWa]. Let structured unsealed Newton’s process (2.7),
(2.3) be applied to invert a non-singular structured matrix M. Let (4 .7) 
and Approach II be used for the compression of the displacements L(Yi), 
i =  Write

Ti,i =  | |/  -  XiM\\i,

ei,i = \\Y i-M ~ l \\h

Ci,l =  ||Aj —

I =  l , 2 ,oo; i =  0 , 1, 2 , . . .

Let r 0 < 1, eiti < ||A /"l ||/, / =  1,2,0 0 ; t = 0 ,1 ,2 ,...,

C ,= 3 | | t - ' | | ,  ||i(M )||, | | * l l i / ( l - r o j ) f o r i  =  VAB,

C, =  3 ||L -‘||, ||L(M )||, ||A/||i ||M +||, ||X „||,/(l -  r0J) for i  =

Then
£i,i < Cieiti, ei+it/ < (Cie,,/)2 ||M ||i,

and therefore,

7«Ci+u ^  (7«ei,i)2‘. * =  1, 2 , . . . ; /  =  1 , 2 , 0 0 , 

where 7 j =  Cf\\M\\i.

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R em ark 4.1. Newton-Structured Iteration with compression was first stud­
ied/or Toeplitz-like matrices (see [P92]). In the papers [PROl], [PRWa] the 

algorithms were extended to various other classes of structured matrices in 
a unified way, adapted in this section. In an alternative general approach 
of [P90], it was proposed to extend successful algorithms available for one 
class of structured matrices to various other classes by means of the trans­
formation of the associated displacement operators, and sample transforma­
tion techniques were shown for the transformation in all directions among the 
operators associated with the matrices having structures of Toeplitz, Hankel, 
Vandermonde, and Cauchy types. In particular, these techniques apply to ma­
trix inversion and thus enable immediate extension of our RC and HRC pro­
cesses. For input matrices with the structures of Cauchy and Vandermonde 
types, the transformation approach may lead to some addtional advantages. 
Namely, multiplication by a vector requires fewer flops for a Toeplitz or Han­
kel matrix than for a Cauchy or Vandermonde matrix (see Table 4-2) and is 
more stable numerically. Since the algorithms of this section are ultimately 
reduced to multiplication by a vector of structured matrices of a given type, 
we may decrease the overall computational cost by reducing the problem to the 
Toeplitz-like or Hankel-like case. So far, the most acclaimed application of 
the transformation approach has been the reduction of the practical solution 
of Toeplitz and Toeplitz-like linear systems of equations to the Cauchy-like 
case via the transformation of the associated displacement operators [H95], 
[GK095/.

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5 A Homotopic Residual Correction (HRC) 
Algorithm for a Positive Definite Matrix

A reliable solution of the initialization problem for the RC processes is given 
by homotopic RC processes, to be referred to as HRC processes and studied 
next. RC processes (2.1) (both scaled and unsealed and with any selected 
levels of compression in the case of structured input) may serve as a black 

box subroutine in each homotopic step.
Let M  be a Hermitian positive definite matrix, and let spectrum(M) = 

{Ai,...,A n}, where

and where A+ is a known precomputed value. Fix some values 0/,, 0 < 0/, < 
1, h =  0 ,1 ,. . . ,  and write (cf. (1.2), (1.3))

A/ft+i =  t^+il + M = Mh -  Afc/, A/, = t/, -  h+i > 0 , h =  0 , 1 , —  (5.3) 

Then, for the residual Rq of (2.2), we have

Ro = R{M0, tv lI) =  / - t o lA*o =  - tolM , rQ =  \\R(M0, 7 ) | |2 < 0O. (5.4)

Therefore, the matrix M0 can be inverted rapidly by process (2.1) unless the 
oound 0o is close to 1 .

Further, deduce from (5.3) that

r „+1 =  ||R(Mk+„  Mk ') ||a =  Ak||Mk ' | | 2 = V ( ‘» + U  (5.5)

(5.1)

Aio =  M  + 10/ ,  to =  Aj"/0o, Ao — ^ l/, (5.2)

Compute an upper bound % on the norm

(5.6)
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Write

A,* =  1 h n  ~ h <  l / ||M fc- l | | 2 - t h = An (5.7)

and observe that the value A“ =  A„,a satisfies bound (5.1). Choose

Ak =  0fc/ih , ft =  1,2, . . . , / f  — 1, (5.8)

which implies that

r/i+i <  Oh for all ft. (5.9)

Recursively invert the matrices by applying a selected RC process (2 .1) 
as long as th+i remains positive. As soon as we arrive at tfj < 0, we invert 
the input matrix M  instead of Mh .

The algorithm is completely defined as soon as we Sx the parameters Oh 
and RC processes (2.1) (including their stopping criteria and, for structured 
matrices M, their policies of the compression of the displacements) applied 

at the ft-th homotopic steps for ft =  0 ,1 ,. . . ,  H.
In the next two sections, we estimate the overall numbers of the RC 

steps required for the inversion of a general unstructured Hermitian positive 
definite matrix M  and optimize this number by choosing appropriate bounds 
Oh for a fixed order of convergence q of the basic RC process. In Section 8 , we 
extend the algorithm to the case of a general indefinite matrix M. In Section 

9-11, we cover extensions to the cases where the matrix M  is structured and 
compression of the displacements is applied, where the matrix M  is singular, 

and/or where a numerical inverse of M  is computed.

Rem ark 5.1. We have ||Afhl | | i /^ n  < \\Mj^ l \\2 < ||M ^l ||i for an ti x  n 
Hermitian matrix Mt“l . Sharper upper bound Tjh on the matrix norm can be 

obtained by applying the power or Lanczos methods [GL96]. If an estimate 

i]h is sufficiently sharp for a fixed h = k (say for h = I), close upper bounds 
qic+i can be computed based on the following simple expression:

Vk+i =  T ! « » V *  =  ^/tfk i — 1, . . .
tfc+i +  *n,k
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(see (5.3)-(5.8)).

Rem ark 5.2. The homotopic process of (5.2), (5.3) has trajectory M(t) =  
M + t l  which for t > 0 is better conditioned than the input matrix M . That 
is, one may easily verify that

n(M{t)) < k(M) for t > 0. (5.10)

The same inequality can be easily verified for the modification of the homo­
topic process of Section 8 proposed in the indefinite Hermitian case.

Rem ark 5.3. The approach allows variations. For instance, instead of pro­
cess (5.2), (5.3), we may apply homotopic process (1.1) or the dual process

Mh+i =  /  +  h+iM = Mh + (th+i — th)M, h = 0 , 1, ,

followed at the end by a single step (5.3) or a few steps (5.3). The resulting 
computations can be analyzed similarly to process (5.3).

R em ark 5.4. Homotopic processes (5.3) and (8.5) of Section 8 exploit the 
techniques of variable diagonal (cf. [POOb] and references therein).

6 The Number of Homotopic Steps

To simplify our subsequent analysis, we next assume that the values An^ 

are invariant in h, that is, Xn^  =  A" for all h > 1 (cf. (5.6) and Remark 

5.1). Then by virtue of (5.3), (5.6), (5.7), and (5.8), we have t/,+i + A“ = 
(1 -  9h){th +  A“ ), h =  0 ,1 ,. . . ,  H -  1. Therefore,

h
tk+i +  — (*o +  ) J"J(1 — 0i)j h =  0 ,1 ,. .. ,  H — 1,

i= 0
H-l

tf{ < 0 if A" > (t0 + A~) J J (1  -  9h)-
k=0
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Let us next estimate the number H  of homotopic steps. For simplicity, 

assume that the parameter 9* is invariant in /», that is, let 9 ^ = 9  for all h. 
Substitute to =  A*/9 of (5.2) and rewrite the latter inequality as follows:

( i T f l j i f  s  K I Q K )  + 1 .

H > - l o 6 (H -A + /(9A ;))/log (l-()).

Choose the minimum integer H  satisfying this bound, that is,

r iog ( i + v / ( 0 \ - ) ) -
log(l/(l -  «)) 

homotopic steps are sufficient. Substitute

9 =  K / ( l  +  K)

and rewrite (6 .1) as follows:

'log(l +  (K  +  l)Ar/(ATA-))

(6.1)

(6.2)

H  =
Iog(l +  JC)

(6.3)

7 The Overall Number of the Residual Cor­
rection (RC) Steps

Let us next complement estimates (6.1)-(6.3) by counting the RC steps. At 

each homotopic step, their number depends on the bound 9 on the initial 
residual norm (to be assumed invariant at all homotopic steps), the order q 

of convergence of the selected RC process, and the stopping criterion for this 

process. We assume some fixed order q for each process (2.1) given a general 

unstructured matrix M  and scalars p and c,+i, i =  0,1, —  In particular, 

q =  p for unsealed processes (2.1), (2.3).
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7.1 Critical and refinement stages of an RC process

Estimating the number of RC steps at the i-th homotopic step, we will treat 

separately its initial critical stage, where the residual norm decreases below 

1/e =  1/2.718281... =  0.367819..., and the subsequent refinement stage, 
where the residual norm decreases below a fixed target bound Vi for the 

output approximation X j to M fl (compare a similar partition of a non­
homotopic process in Section 2). We write vu =  e and v, =  v  for all i < H, 
and choose the scalar v  =  u{Q) sufficiently small to ensure that the computed 
approximations are close enough to the matrices to serve as initial 
approximations at the next homotopic steps.

7.2 The number of RC steps at the refinement stages

Processes (2.1) with the order of convergence q decrease the residual norm 
from 1/e  to e~*  in g RC steps (cf. (2.4)). Therefore, at the H-th homotopic 
step, the refinement requires

7 = r(logln(l/e))/log9] (7.1)

RC steps, whereas

0  =  [(log ln(l/i/))/log</| (7.2)

refinement steps suffice for the transition from 1/e to u for each i < H 

Summarizing, we have a total of at most

P  =  7  +  (H -  1)13 (7.3)

RC steps at the refinement stages of all homotopic steps of the HRC algo­

rithm. Bound (7.1) applies to the number of all refinement RC steps of the

non-homotopic processes of Section 2 (for the same q and e). Bound (7.2) 

covers the (H — 1)0 refinement RC steps particular to the HRC processes. 

Practically, (3 is quite small. For instance, for q = 4, the bound e-16 is
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achieved in two steps. The specific choice of the bound v can be guided by 
the following simple estimate.

Proposition 7.1. Let
\\I -  XJWjft-tH < v, (7.4)

| |/  -  u ^ u k II <  eh (7.5)

for any fixed matrix norm. Then

\ \ I - X M h\ \ < ( \  + v)6h + v.

Proof. \ \ I -X M h\\ < u+\\XMh^ X M k\\ < u+WXM^W  H Z -M ^ A y  < 
v + (1  +  v)9h. □

7.3 The number of RC steps at the critical stages

Let a  denote the number of RC steps used at the critical stage of a homotopic 
step. Then we have

\ / e f  =  (1 +  1 / K ) qa w e, qa w l / ln ( l  +  l /# 0  (log K ) /  log q (7.6)

provided that 9 is close to 1, that is, that K  is large.

By combining (6.3) and (7.6) for 9 ^ —0 for all h, we estimate the overall
number of RC steps at all critical stages of the entire HRC process:

N = aH  «  ((log(A+/A;))logA:)/((log(A: +  l))logq)

< iV+ =  (log(A+/A;))/log?. (7.7)

7.4 The overall number of RC steps in homotopic and 
non-homotopic processes

Based on (6.3), (7.2)-(7.5), and (7.7), one may immediately estimate the 
overall number,

N  +  P = a H  +  7  +  {H — 1)0 
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of the RC steps of the entire HRC algorithm. This is the same bound as in 

Section 2 for non-homotopic RC processes both with scaling (for q=4) and 

without it (for q= 2 ).

8 Extensions to the Inversion of Indefinite 
Non-singular Input Matrices

We may extend our HRC algorithm of Section 5 to compute numerically the 
inverse A/ -1  of any non-singular matrix based on the equations

A T 1 =  M*(MM*)~l =  (M*M)~lM* (8 .1)

because the matrices MM* and M*M are Hermitian (or real symmetric) 
and positive definite. Such a standard symmetrization, however, has the 
well-known price of squaring the condition number and, consequently, of a 
substantial slowdown of the HRC algorithm (cf. (7.7)). Let us next show a 

simple remedy in the case where M  is a non-singular Hermitian (or a real 
symmetric) but indefinite matrix M. Recall that the inversion of any non­
singular input matrix M  reduces to the inversion of the Hermitian or real 
symmetric matrix

k (N) = k(M).
Let A-  and A+ be two fixed positive values such that

A-  < |A| < A+

for every eigenvalue A of M. Then for any fixed sequence of real 9^, 0 < Oh < 

1 , h =  0 ,1 ,... ,  we define an HRC process by (5.2), (5.3), and (5.8), for tj/,
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still denoting an upper bound on the norm ||M^ l | | 2 but with the matrix /  
replaced by the matrix J> /-L  That is, our new HRC algorithm (which can 

be applied to any Hermitian input matrix M)  is defined by the equations

A/o =  M  +  to =  A+/0o> (8-3)

X 0 =  - t o l /> /-L  (8.4)

(replacing (5.2)), and

M h + i  =  t/,+ i / \ / - F + M  =  Affc-  Afc =  t h  - t f t+ i >  0, /i =  0 , 1 , . . .

(8.5)
(replacing (5.3)). (8.3)-(8.5) immediately imply bounds (5.4) and (5.9) for 

Vk > ||A/fc 11| | 2 and of (5.8).
Let us extend our analysis presented in Sections 6  and 7. First note that 

the equation

l W l l »  =  ((4  +  ( * ' ) V /> for all ft (8 .6 )

replaces (5.6). Then again let us simplify the analysis, similarly to Sections
6  and 7. Assume that r)h =  (t^ + (A- ) 2) - 1 / 2 (cf. Remark 5.1) and Oh = 0 for
all h. It follows that

h + i =  h  -  =  t h  -  { t 2h  + (A~)2)1/20 < t h  -  0max{fh,A"}, /i =  0,1, —

Therefore, th+i <  0 where (1 - 0 ) Ato < 0X~.  Substitute to =  A+/ 0  and obtain 

that t// < 0  where

H - I  = r i o g ( A V ( 0 2 A - ) ) / l o g ( l / ( l  -  0 ) ) 1 .

The latter bound is within the term q =  l +  [(log(l/0 ))/log (l/(l-0 ))] from 
bound (6.1) for A+ =  A+ and A~ =  A- . This term is at most 2 for 0 > 1/2. 

On the other hand, our estimates of Section 7 for the numbers of critical and 

refinement steps performed in each homotopic step remain unchanged (these
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estimates are completely defined by the parameters e, t/, and 6). Therefore, 

up to the replacements of A“ by A" and A+ by A+ and performing at most 
a =  r/[log,((log i/)/ log 0)1 additional RC steps, the estimates of Sections 6-7 

apply to the Hermitian indefinite case as well. We view the latter bound a as 

relatively small and ignore it in Table 8.1, which summarizes our estimates 
for the overall numbers of RC steps in the HRC processes and non-homotopic 
RC processes applied to the same general Hermitian matrix M. (Table 8.1 

uses 7  of (7.1), H  of (6.1), (6.3), and k+(M) equal to either A^/A" or A+/A“ .) 
According to these estimates, the HRC processes use roughly as many RC 
steps as non-homotopic RC processes for the inversion of a Hermitian pos­
itive definite input matrix M  where M  is positive definite and roughly by 
twice fewer critical RC steps and as many refinement RC steps where M  is 
indefinite.

Table 8.1: N um bers of RC steps required for num erical inversion of 
H erm itian  m atrices M.

RC HRC
Processes Processes

indefinite M log2 K+(M) +  7  +  0 (1) 0.5 log2 k+{M) + 7  +  0(H)

positive 0.5 log2 k+{M) +  7  +  0(1) 0.5 log2 k+{M) +  7  + O(H)
definite M

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9 RC and HRC Processes with Compression 
for Structured Matrices

Suppose an RC process with compression has been applied to a structured 
input matrix M.  Then compression of the displacements perturbs the com­
puted approximations to the inverse, and this may destroy convergence, par­
ticularly at the critical RC steps, at which the convergence is more fragile. 
A natural recipe is to use no compression or limited compression until close 
approximations Xi to M ~l are computed. (Recall that Approach I of Sec­
tion 4 allows us to vary the level of compression by truncating more or fewer 
singular values.) How close should these approximations be?

(3.9) and Theorems 4.4 and 4.5 show the level of approximation starting at 
which rapid convergence is guaranteed even under the maximal compression, 
such that the number of the untruncated singular values of the displacements 
of the computed approximations is set to be equal to the displacement rank of 
M. On the other hand, the techniques of Section 2 (cf. (2.7) and (2.10)) fall 
short of even approaching this level. If we start with an initial approximation 
supplied by the recipes of Section 2, then to reach the desired levels of (3.9) 
or Theorems 4.4 and 4.5 with using no compression, we should allow an 
increase of the displacement rank to n, which means complete loss of the 
matrix structure. In this case already a single RC step would become too 
expensive in terms of the number of flops involved.

Practically, the non-homotopic structured RC processes may still be ef­
fective, however. That is, according to the experiments reported in [PKRCa], 

the initial approximation policies of Section 2 under the maximal compres­

sion or under compression close to the maximal frequently enable sufficiently 

rapid convergence in the Toeplitz case, suggesting that the estimates of (3.9) 

and Theorems 4.4 and 4.5 are overly pessimistic.

HRC processes with compression is an alternative approach supported
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both experimentally (see [PKRCa]) and theoretically [P92]. It is proved in 

[P92] that 0 ((n  log3 n) log k+(M) +  (nlogn)loglog(l/c)) flops are sufficient 
to approximate M -1  for an n x n Toeplitz-like matrix M. The latter bound is 

supported in [P92] by an HRC algorithm with the maximal compression (to 
the level of the displacement rank of M) throughout the computations, and 
the convergence is controlled via the choice of the sizes of the homotopic steps. 

Further progress could be achieved based on simultaneous optimization of two 
groups of parameters, that is, the tolerance values fy, defining the step sizes 
Ah and the levels of compression based on experimental computations.

HRC processes could be further improved for specific structures of the 
input matrices. For instance, for real non-singular Toeplitz matrices T, one 

may achieve symmetrization without doubling the matrix size, simply in the 
transition to the Hankel matrices J T  or T J, which are real symmetric and 
satisfy the equations T~l =  (JT)~lJ  =  J(TJ)~l.

On the other hand, the structure of Cauchy or Vandermonde types is not 
generally preserved in the transition from a matrix M  to the matrices Mo of 

(5.2) and (8.4). The problem is solved in the next section where we extend 
the HRC processes to the case where M is a Hermitian matrix and M0 = M  
or Mo =  Myf-V  for any Hermitian and positive definite matrix M.

Exam ple 9.1. Pick matrices M  =  P  =  ( ^ V- ; ] where u, and v*
\ Z j  Jr zk J i tk - \

are vectors of a fixed dimension d; z, are scalars, Im z\ > 0 , and are the 

complex conjugates of z* for all i and k. Pick matrices define the Nevanlinna- 
Pick celebrated problem of rational interpolation [BGR90J and the matrix 

Nehari problem of rational approximation [BGR90a], [G094b], [OP98J. The 
problem is solvable if and only if  the Pick matrix is positive definite. One 

may apply our HRC processes, but the Cauchy structure of the Pick matrices 

M  = P is not preserved in the transition to the matrices M0 of (5.2) and
(8 .4 ). The structure is much better preserved, however, if we choose Mh =
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M + thMa, Mo =  ( — — | or, more generally, M0 =  ( — —- )
\ 2 i + zkJ ik_x \  Zi +  zk )  ik=l

where x* and y* are l-dimensional column vectors for a fixed small non­
negative integer I. Our extension of the HRC processes in the next section 
covers the above initialization proposed in the case of Pick matrices.

10 A Homotopic RC Process with a Gener­
alized Initialization Rule

Motivated by the applications to the inversion of structured matrices, let 

us extend homotopic processes and their analysis by allowing more general 
choice of the initial matrix Mq.

First assume that M  and Mo is any fixed pair of positive definite matrices, 
where M0 is readily invertible, spectrum(Af0) = {hi , . . . , p„},

M* > Mi > M2 > • • > Mn >Mn > 0, (10.1)

and the values n f  and are available. Now recursively define scalars

tft-1  and matrices

Mh+i = th+iMo + M  =  Mh + {th+i — th)Mo, h = 0 ,1 ,. . . ,  H -  1 , (10.2)

where ti > t2 > • • • > > t// =  0 .
One may rewrite (10 .2 ) as M/,+1 =  A/0( ^ /  +  Mq XM) and apply our 

previous study to the inversion of the matrix Mq lM, but we avoid shifting 

to this matrix directly. We deduce that

| | / -  (tiA/0)-lA/i||2 < ||Mo-lAf/*ill2 < WM.-XWMiyt, < Xt/ihfi-), 

for of (5.1) and choose

*i=A +/(0o/O  (10-3)
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so that ||7 -  (*iA/0)_lAfi| | 2 <  0$. Invert M\ by applying processes (2.1) for 

X q =  t\Mo.
Now deduce from (10.2) that

/  -  M ^ M h+l =  (th -  th+x) M ^ M 0,

||7 -  Mj^xMh+i\\2 < (th -  <fc+i)||A/A- l ||2 ||A/0||2. (10.4)

Substitute the bound

M i l  <

and obtain that |[/ -  ‘A/*+i||j < 0h if (th -  (ii+i)( tf ||M j ‘ | | 2 < 9* or,

equivalently, if lh+i > th -  ^Iv)- Recall that, clearly,

\ K % < m * k i i + K )

for all h and for A“ of (5.1) [Par80, p. 191], write

tk+l = t h ~  (*fcMn + K W h / t f  i (10.5)

and deduce (5.9). Now, invert the matrices by applying processes (2.1) 

for X 0 =  and for h =  1 , 2 , . . . , / / -  2, until the value tk+i of (10.5) 
becomes non-positive for h =  H — 1. Then at the last homotopic step, invert 
M  instead of Mh -

Clearly, the estimates of Section 7 for the number of RC steps at each 
homotopic step apply to the above generalized HRC process, too.

Let us next estimate the number of homotopic steps H, in terms of the 

parameters t lt 0/,, k+ =  the lower bounds A" and n~ on the

eigenvalues of the matrices M  and M0. Substitute the expression =  i i \ /
into (10.5) for h =  0 ,1 , . . . , / /  — 1 and obtain that

th+l= t h( l - 0fc//c+) - 0hA ; K ,  

th+i +K+\-/tl~ =  (th +  /C+A~//i+)(l -  dh/K+)
h

= f t  +  k+X;/^~) f [ ( l  -  0i//C+). (10 .6 )
i = 0
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Therefore, we have th+\ < 0  if

h
(<! +  K+X~/H~) J J (1 -  6i/K+) > K+\ 

i=0

that is, if
h

1 +  t l H n / ( K K+) >■ V  n ^ 1 ~  ° i / K+)- 
«=0

Assuming that Oh —9 is invariant in h, we arrive at tu < 0 for

H = 1 +  r(log(l + t , r t / ( A„-Kt )))/(log(l -  ®/k+) - ‘)1 (10.7)

and 11 of (10.3).

Finally, if M  is any non-singular matrix, we may apply symmetrization 
recipes (8.1) or (8.2) to extend our algorithm of this section. In particular, 
recipe (8.2) reduces the problem to the case where M  is a Hermitian (or 
real symmetric) but not necessarily positive definite matrix. Then we may 

extend HRC process (10.2)-(10.5) where we keep equations (10.2)—(10.3), 
choose the matrix Mo equal to Af>/—1 for a fixed positive definite matrix M, 
and modify (10.4)-(10.5) to ensure that \\I -  1 ||2 < Oh for all h.

Let us complete the description of such an extended homotopic process. 
Assume that bounds (10.1) still hold where {/zt . . . ,  /i„} =  spectrum(Af) and 
each eigenvalue A of the input matrix M  satisfies the bounds

0 < A" < |A| < A+ (10.8)

for two fixed positive values A-  and A+. Now write

th+i = t h -  ( 0 h / r t m - / K +)2 +  ( * f c / 0 2 ) l / 2 , « +  =  ( 1 0 . 9 )

/i = o,i, . . . , /r-i.
Let us deduce bounds (5.9). Recall the following well-known theorem 

[Par80, proof of Theorem 15-3-3].
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Theorem  1 0 .1 . Let M  and M be two Hermitian matrices. Let the matrix 

M be positive definite, such that

M  =  UT,2U* (10.10)

for a unitary matrix U, U'U =  UU* =  and a diagonal matrix £  = 
diag(<7j)"_i, p i  > a \ > a\ > . . .  > a \ > p~ > 0. Then there exists a unitary 
matrix V, V*V =  VV* =  /„, such that

D =  V Z - ' I T M U Z - ' V  (10.11)

is a real diagonal matrix.

C orollary 1 0 .1 . Under the notation of (10.1), (10.8), and Theorem 10.1, 
we have

II V l l 2  < ( ^ ) - a((A -//C)a+ « )_l =  ((A 7*+)2+ ( W 0 2) - 1 for h =  1 , 2 , . . .

where k + =  / n ~ .

Proof. By combining (10.10) and (10.11), obtain that

Mk =  M +  ths / ^ l M  =  UEV(D +  tkI y / ^ i ) V X U \

A/* 1 =  UT,~lV(D +  tfcZ/^T) - 1 V*£"l£T.

Therefore,

l|M4- ' | | 2 < ||E - 2 ||2 ||(D + W v ^ T ) - > | |2 < + t ( j 0,5

On the other hand, we deduce from (10.1), (1 0 .8 ), and (10.11) that

||/r l||2 < ||£2||2

Substitute the latter bound into our estimate for the norm ||A/ ^ l ||2  and 
obtain that

11 v i g  < ( ^ ) " 2 ((A7 ^ ) a + s r l =  ((A7 *+)a + ( « 2r l -

3 7

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



□
Relations (10.1), (10.2), (10.4), (10.9), and Corollary 10.1 together imme­

diately imply (5.9). Let us compare the estimate of Corollary 10.1 and the 
bound HiW^lla < 1/(£/,/*“ +  A“). The two estimates are close to one another 

provided that the terms A“ and X~/k+ are dominated by the terra i / , /v  If 
the term X~/k+ dominates, the bound of Corollary 10.1 may be larger by 
roughly the factor of k+A~/A".

(10.9) implies the crude bounds

ta+i < th -  {0h/ t f  )(A"/k+ + /» =  1,2.......

Consequently,

A
th+l+ X - / r i  < ( l-0 /,/K +)(tfc +  A-/p+) < . . .  < (*l + A 7 /X + )H (l-0 i/K+).

i=l

The latter inequality implies that the value tH is non-positive for 

H < 1 +  f(log(l +  «lMf/A -))/log(l -  0/«+)"ll 

provided that 9^ = 9 for all h.

11 Extensions and Generalizations

It is well known and easily verified that unsealed RC processes (2.1), (2.3) 
and scaled processes (2.7), (2.8) converge to the Moore-Penrose generalized 
inverse M + where the input matrix M  is singular. Now recall that scaled 

RC processes (2.7), (2.8), (2 .11), (2 .12) converge to the numerical generalized 

inverse matrix ME+. The analysis and the estimates of our thesis (including 

the ones for the HRC processes) can be extended provided that the 2-norms 

a ~ 2( W )  =  ||H^—1[|2 are replaced throughout by a r i ) ( w ) ’ where ° % ) { w ) is 

the smallest singular value of the matrix W  not exceeded by e. This enables
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various refinements from noisy perturbations of the input. Furthermore, the 

computation of A/{+ does not depend on whether the matrix M is singular 

or not. In particular, we may apply HRC processes to compute M+ for a 
positive e where M  is singular. If e is small enough, the HRC processes 
output M+ = A/e+, even though the same processes may diverge if we apply 
them directly to M  and use the iteration (2.1), (2.3) or (2.7), (2.8) as a Basic 
Subroutine.

For the extension of the RC and HRC methods to the computation of 

the numerical generalized inverse A/e+ (and in particular A/+ = M£) for 
a structured matrix M,  an additional problem is the compression because 
the displacement L(M) does not completely define the matrix A/+ even for 
t  =  0. For Toeplitz and Hankel matrices and for e =  0, the problem can be 
circumvent [HH93], [HH94]. The following simple results solve the problem 
also for other classes of structured matrices wherever rank(Af+ M - I )  =  n - r t 

is small.

Theorem  11.1. For any positive e and any triple of n x n matrices A, B, 
and M  we have

V bA K )  =  M t A { M M t  -  /)  -  (MM+ -  l )BM ?  -  M+VA<B(M)M+. 

Corollary 11.1. Under the assumptions of Theorem 11.1, we have 

rank{Vb,a {Mi )) < rank(V/4iB(Af)) +  2n -  2r£ 

where r( =  rank(A/e+) =  rank(Aft).

Note that the level of the truncation of the singular values in Approach I 

can be defined by Corollary 11.1.

Finally, here is a sample generalization of the HRC process (5.3):

Mi+i =  A/o^m-i + M  = Mh + Mo(F/i+i — F^) (11*1)

where F0, F l? Fj, . . .  is a sequence of matrices converging to 0 and satisfying 

\\M^1 M0(Fh+i -  Ffc)|| < Bh for fixed scalars 9  ̂< 1, h =  0 ,1 ,....

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12 Conclusion

We first recalled RC (residual correction) algorithms and then specified and 

analyzed homotopic RC algorithms for matrix inversion and generalized in­
version. The homotopic algorithms require as many matrix multiplications 
as the best non-homotopic RC algorithms for the inversion of unstructured 
positive definite matrices and substantially fewer matrix multiplications for 
Hermitian indefinite matrices. The homotopic RC processes (unlike their 
non-homotopic counterparts) generate initial approximation to the inverse 

where it is not available from outside. The latter feature supports the reli­
able application of the homotopic RC algorithms to the inversion of struc­
tured matrices where recursive compression of the displacements of computed 
approximate inverses enables all the matrix multiplications in nearly linear 
time. Non-homotopic RC algorithms have no proved rapid convergence re­
sults where compression is maintained throughout but in fact the results 
of experimental tests with Toeplitz matrices are more optimistic than the 
theoretical estimates.

We conclude with listing some natural directions for further theoretical 
and experimental study (in this listing we use the notation of our thesis).

1 . Theoretical and experimental estimation of the order of convergence q 
for Structured RC Algorithms.

2. The choice of the parameters p and c,+i for RC process (2.1) for struc­

tured matrices (cf. [FF63, Chapter 9] and [PS91] on the similar problem 
for general unstructured matrices) and for the homotopic versions of 

this process.

3. Generalization of the HRC processes such as (11.1).

4. Experimental tests of the presented results for general matrices and for 

structured matrices of various classes; experimental specification and
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optimization of the parameters to of (5.2), (8.4), t\ of (10.3), Oh and u 
{v defining the stopping criteria at the intermediate homotopic steps) 

provided that variation of the parameters Oh with h is allowed in the 
case of RC processes with the compression of the displacements L(Xi).

5. Specification and analysis of homotopic and non-homotopic processes 
for structured matrices where the compression is weakened (by the 
truncation of fewer singular values); the choice of the best balance 
in combining weakened compression with the homotopy, in particular 

simultaneous optimization of the compression level in Approach I of 
Section 4 and homotopic step sizes.
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