INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI fiims
the text directly from the original or copy suomitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is deperident upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with small overlaps.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations appearing
in this copy for an additional charge. Contact UMI directly to order.

ProQuest Information and Leaming
300 North Zeeb Road, Ann Arbor, Mi 48106-1346 USA
800-521-0600

®

UMI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Homotopic Residual Correction Algorithms for
General and Structured Matrices

Hilya CEBECIOGLU

A dissertation submitted to the Graduate faculty in Mathematics in
partial fulfillment for the degree of Doctor of Philosophy.

The City University of New York.

2001

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3024770

®

UMI

UMI Microform 3024770

Copyright 2001 by Bell & Howell information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

Bell & Howell Information and Leaming Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, M! 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This manuscript has been read and accepted for the Graduate Faculty in

Mathematics in satisfaction of the dissertation requirement for the degree of

Doctor of Philosophy.
Date Chair, of Examining Committee
Date
MICHAEL ANSHEL

ALEXEI MIASNIKOV

VICTOR Y. PAN Mifur F

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

Homotopic Residual Correction Algorithms for
General and Structured Matrices
by

Hilya CEBECIOGLU

Adyvisor: Professor Victor Y. PAN

Newton’s Iteration is a fundamental algorithm of numerical and algebraic
computing. We focus on its application to the approximation of the inverse or
Moore—Penrose generalized inverse of a matrix. This application was studied
by Schultz in 1933 and since then by many authors. The algorithm is strongly
stable numerically (in fact it is self-correcting) and converges quadratically,
provided that an initial approximation to the (generalized) inverse is avail-
able.

An initial approximation can be crude, but must have a resiual norm less
than 1, and some known recipes (see in particular [PS91]) give approxima-
tions with the initial norms slightly below 1. Most effective, however, are
applications of Newton’s iteration where the input matrices are structured
(celebrated examples are the Toeplitz, Henkel, Vandermonde, and Cauchy

iii
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matrices), and in this case approximations obtained based on the above
recipes is generally too crude. The computation by N.I is reduced essen-
tially to repeatedly performing matrix multiplication, and this operation can
be performed very effectively, in nearly linear time, when the matrices are
structured (versus cubic time for general matrices). The structure, however,
tends to deteriorate gradually as N.I. progresses. Special techniques for pre-
serving the structure have been proposed in [P92], [PBRZ99], [PRWa].These
techniques, however, require sufficiently close initial approximations, sub-
stantially closer than those supplied by the known recipes, including the
recipes of [PS91]. The problem can be solved, however, based on a new
homotopic approach which is our subject in the thesis.

We apply this approach to general input matrices. The resulting homo-
topic version of N.I. turns out to be competitive with non-homotopic version
for Hermitian (or real symmetric) input matrices. For the homotopic ver-
sion, the computational cost is roughly the same as for the non-homotopic
one where the input matrix is positive definite and is substantially less where
it is indefinite. We also study application of this approach to structured ma-
trices, in which case each iteration step is dramatically accelerated and is
performed in nearly linear time, because some special techniques preserve
the structure during the entire iterative process. Numerical experiments re-
ported in [PKRCa] confirm the effectiveness of the resulting algorithms in

the case of Toeplitz input matrices.
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1 Introduction

Summary: We present and analyze homotopic Newton's iteration algo-
rithms for the computation of the inverses of general and structured matri-
ces. For unstructured indefinite Hermitian input matrices, we substantially
accelerate the known best non-homotopic algorithms, with no sacrifice in
their numerical stability and self-correction property. For structured matri-
ces, the homotopic algorithms, like the known residual correction methods,
perform each iteration in nearly linear time. Unlike the non-homotopic algo-
rithms, however, superlinear convergence to the inverse is guaranteed even
where no initial approximation is available. Numerical tests with Toeplitz
input matrices show greater power of both homotopic and non-homotopic

approaches than the theoretical study predicts.

Key Words: Newton's iteration, residual correction, homotopic algorithms,

structured matrices, rank of a matrix, generalized inverse

1.1 Newton’s iteration and Residual correction (RC)

processes

Residual correction processes (in particular Newton’s iteration) compute the
inverse or the Moore-Penrose generalized inverse of a general n x n matrix
M [S33], [B-166], [B-IC66], [IK66], [SS74], [PS91]. The processes involve p
matrix multiplications in each step to achieve convergence of order p, for
any p > 2. With appropriate scaling of the process, however. one may
reach the order of p > 2 by using only two matrix multiplications per step
[PS91]. Hereafter, we will write RC for “residual correction”™ and MM for
“matrix multiplication”. The RC processes can be directed to the numerical
generalized inverse and are known for their strong numerical stability and

self-correcting property [PS91].
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Let us recall the two main problems with these processes. (For simplicity
here and actually throughout until Section 11, we assume non-singularity
of the input matrices M. In Section 11, we show extension to the singular
case and to the numerical computation of the Moore-Penrose generalized

inverses.)

a) The RC processes require additional techniques for the computation
of an initial approximation to the inverse. The known techniques of
[B-166], [B-1C66], [SST4], and [PS91] produce a crude initial approxima-
tion. Then it takes the order of log, k(M) RC steps (k(M) = cond(M)
denoting the condition number of the matrix M) to refine the approx-

imation to the level from which the iteration very rapidly converges.

b) For general matrices, MM is an expensive operation, comparable to
matrix inversion in its computational cost. Such an operation, however,
is dramatically simplified in the highly important case of structured
matrices, represented by their displacements in a compressed form.
Namely, the displacement of an n X n matrix occupies memory space
O(n), and multiplication of n x n compressed structured matrices uses
O(nlogn) or O(nlog? n) flops. Consequently, the RC processes can be
also performed by using small memory space and little computer time
as long as compression performed throughout the computation does
not destroy rapid convergence of the process. Here some advanced
compression techniques are applied, first proposed in [P92] and then
elaborated in [PZHD97], [PBRZ99], [PRO1], [PRWa].

For the sake of completeness of our study, we briefly review this develop-
ment in Sections 2-4, and in the thesis we refer to the RC processes covering

Newton's iteration as their special case for p = 2.

N
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1.2 Homotopic RC processes

The solution techniques for problems a) and b) do not always match one an-
other, however. That is, compression perturbs the computed approximation
and may easily destroy convergence at the initial stages of the RC processes
where the convergence is fragile. This implies additional requirements of
achieving either much stronger initial approximations than can be yielded by
the known techniques of [B-166], [B-IC66], [SS74], and [PS91] or compression
causing much smaller perturbations of the computed approximations to the
inverse than the current study ensures. The original approach of [P92] allows
a very natural heuristic modification towards the latter goal. Recent exper-
iments show that such a heuristic is surprisingly effective in the important
case of Toeplitz input matrices, but no convincing theoretical results support
such a development. In this thesis, our main subjects are new techniques for
computing the initial approximation. Their efficiency is confirmed by both
experiments and proofs of the estimates for the computational work of the
resulting algorithms. The methods are homotopic, based on the inversion
of an auxiliary readily invertible matrix M, such as My = [ and on the
subsequent homotopic transition to the matrix M along the trajectories

M, = (1 —th)."r['i'thl\[o, h=0,1...., (1.1)
or
My =M+ tydMy, h=0.1,..., (1.2)
where
ko>t >...>tg =0, (1.3)

to = 1in (1.1) and is a sufficiently large value in (1.2). We arrange the
homotopy to keep the trajectories M(t) away from singularities for t; >
t > 0; we prove that for ¢t > 0 the condition numbers of the matrices M (¢)
reach their maximums where ¢t = 0. Then, by choosing the step sizes ¢, —
tpy1 sufficiently small, we may always ensure that the matrix M, Mgy is
close enough to the identity matrix; then the approximation to the inverse
M computed at the h-th homotopic step would serve as a good initial

approximation at the next, (h + 1)-st homotopic step.
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1.3 Preceding and related works

Newton’s iteration for the inverse of a matrix was covered in some detail
in the papers [S33], [B-166], [B-IC66], [SS74], [PS91]. Higher order RC pro-
cesses were also well studied (see [[K66, pp. 88-89|, [PS91]). The paper
[PS91] accelerated Newton’s iteration by using scaling, extended the itera-
tion to the computation of the numerical generalized inverses of a matrix,
and proved strong numerical stability of the original and modified iterations.
The paper [P92] worked out Newton’s iteration for Toeplitz-like matrices
(with the compression of the displacement by the truncation of its singular
values) as well as the homotopic process for the initialization. The paper also
estimated the perturbation of the computed approximations to the inverse
caused by the compression (the problem was further studied in [P93]) and
proved that nearly linear overall number of flops is sufficient for Toeplitz-like
inversion provided that log k(M) = O(logn). Parallel implementation of this
approach was studied in the papers [P92] and [P93a] in the Toeplitz-like case.
[PZHDY7] studied extension to the Cauchy-like input (with a distinct policy
of compression). The paper [PBRZ99] published in [KS99] presented some
elaboration of Newton'’s iteration under both approaches to the compression
in the Toeplitz-like case; [BM,a] did the same with the compression approach:
technically, the study of Newton's iteration in both papers remained within
the frameworks of [P92] and [PZHD97). No further works on the homotopy
approach followed since [P92], except for the proceedings paper [P01]. A
unified method for the extension of Newton’s iteration to various classes of
structured matrices was proposed and analyzed in [PRO1] and [PRWa]. On
an alternative general approach to the unification, based on transformation

of the associated displacement operators, see Remark 4.1.
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1.4 Organization of the thesis

In Sections 2-4, we recall some known results on the RC processes for general
and structured matrices. In Sections 5-8 and 10, we elaborate the choices of
the initial approximations and the step sizes, which use fewer RC steps for
positive definite and indefinite Hermitian input matrices; we prove substan-
tial acceleration in the latter case versus the non-homotopic approach. We
briefly cover the extension to structured input matrices in Section 9. In this
case the homotopic approach supplies the only known proof of convergence
of the RC processes in nearly linear time where no initial approximation is
available from the outside sources and the input matrix is well-conditioned.
In the cases where numerical generalized inverse is structured, the same ap-

proach can be extended to its effective numerical computation (Section 11).

2 Residual Correction Processes (RC Processes)

Hereafter, M7, vT, M*, and v* denote the transposes and Hermitian (con-
jugate) transposes of a matrix M and a vector v, respectively. We write
o; = oj(M), k(M) = a,/0,. o; denote the singular values of a matrix M
where r = rank(M), j=1,...,150<0_<0,<... <0 <0, k(M)is the
condition number of M. e;_; denotes the i-th coordinate vector, i = 1,...,n.
[x] is the smallest among the integers not exceeded by a real r.

A sufficiently close initial approximation .y to the inverse of a non-

singular matrix M can be rapidly improved by means of a scaled RC process
[S33], [1K66], [PSO1]:

p—~1
‘\’i+l =C,’+1.\’,’ZR5, i=0.l...., (21)
k=0
where we write
R,' = R(."[, '\’i) =1- ;‘I.\’,‘. (22)
b
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Already for the unscaled process, that is, under the simplest choice of
¢; =1 for all 4, (2.3)
(2.1) and (2.2) imply that
Ri=(R)”, IRl < [Roll”, i=1,2,.... (24)

This shows that the unscaled RC process (2.1). (2.3) converges with the order
p to the matrix M ™' provided that

”R()”? S f < 17 RO = R(l‘/lv -YO)'

Suppose that the latter bound holds for a fixed §. Then the computational
work per step (2.1), (2.3) or, equivalently, the number of steps required to
ensure the desired upper bound on the norm ||R;|| is minimized for p = 3
[[K66, pages 86-88).

Now suppose that no initial approximation Xj to the matrix M~' is

available. Then one may choose

2
Xo=coM* = - 2.5
Xo=coM*, ¢ 7 to. (2.5)
to yield that
[|Roll2 £ 1~ ) +.~'i’ ke =kKe(M)=0,/0_. (2.6)

Now, it is sufficient to apply at first
i = 2log, £+ + O(1)

unscaled critical RC steps (2.1), (2.3), to decrease the residual norm || Ry
below 1/2, and then

Jj = [log, log,(1/€)]
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additional refinement RC steps (2.1), (2.3), to decrease the norm below any
fixed positive ¢ < 1/2 [SS74]. In Section 7 we will use the threshold value
1/e = 0.367819. .. instead of 1/2; this may change ¢ at most by 1.

The scaling policy of choosing ¢;4; in (2.1) was optimized in [PS91] in the
case of Newton's iteration,

Xiy1 = i Xi(I + Ry), (2.7)

that is, of RC process (2.1) for p = 2. Namely, by choosing p = 2,

20_ 2
y Cipl = ——————, € = 2—-c e e :
o +0_ Gitl 14 (2 _ ci—)ci— Cir1 ( ¢ )ct G+t (2 8)

G =

fori =0,1,..., one obtains that

1
"R‘“2 < d_[gga%(“ |T24 ('y:z: + J)VIT2‘ (6)| < |T2‘ (J)I

where v = 2/(04 — 0_), § = —1 — v0, and Tj(z) = cos(j arccos z) is the j-th
degree Chebyshev polynomial of the first kind on [-1,1]. It follows [FF63,
Chapter 9, Section 9] that

2 L
(6+ V2 -T1)L + (6 — V&% - 1)L’

this bound is substantially smaller than §%. In particular, the number of

|| Rill2 < =2

critical steps decreases roughly by twice versus policy (2.3), namely to the
level
i = log, k4 (M) + O(1/K2(M)). (2.9)
In other words, the optimal scaling of (2.8) is equivalent to increasing the
order of convergence of the critical steps from g = 2 to q = 4 for the same
RC process (2.7) (that is, (2.1) for p = 2).
The asymptotic bound i_ = log, x(M) + O(1) on the number of critical

RC steps is achieved also under the simpler initial choice of
Xo =M /(|IM]|1,[|M]|o0)-

7
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Furthermore, for a Hermitian (or real symmetric) and positive definite matrix
M, one may further decrease the number of critical RC steps (2.7) roughly
by twice [PS91] with an appropriate choice of the initial approximation X,.
In particular we have the desired decrease where

Xo = 1/|IM]|r, unouzsﬁ—:(M—), (2.10)

|M||r = trace (M*M) denotes the Frobenius norm of the matrix M, and
M is a Hermitian and positive definite matrix.

The paper [PS91] has also shown some advantages of using a scaled cubic
RC process (2.1) for p = 3 and a modification where Newton’s RC processes
for p = 2 converged to numerical generalized (Moore-Penrose) inverse M.,
that is, the generalized inverse of the matrix M, formed via the truncation of
the smallest singular values of M (up to a fixed tolerance ¢). This is achieved
by first applying iteration (2.7)-(2.8) but with

o = 04¢, ¢ = ce, ¢ = min(2/(o + €2), p/e?), (2.11)

p=(1+v3/2=1.366... (Under the scaling of (2.11) the value p partitions
the range for the spectrum of the matrix XoM; the partition is induced by
the respective partition by ¢ of the singular values of the matrix M. Note
that the bound o_ is not needed in this variation of the iteration.) The
iteration is performed until we arrive at ¢; > p for some integer i. Then
the matrix .; is scaled, that is, replaced by the matrix (p/c;)X; and the
iteration is continued based on the expressions

Xi-H = (—2X,A’[ + 3[)X,’1"IX,’, 1= 0, 1, . (212)

The singular values o;(M) are partitioned by € into two groups: those ex-
ceeding € correspond to the eigenvalues A% of X;M that lie in the interval
1/2 < A® < p: iteration (2.12) sends them towards 1. The other eigenvalues
of X;M lie in the interval [0,1/2); they correspond to the singular values

8
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0j(M) < e. lteration (2.12) sends them towards 0. This is exactly the de-
sired convergence to the matrix M;*. Convergence is ultimately quadratic
but is slow near 1/2 and p. Iteration can be immediately extended to the
computation of the matrices M, = MMM and IVI( = M — M, and the
numerical rank trace(M.M.}).

It was proved in [PS91] that both original and modified Newton'’s (RC)
processes are numerically stable.

3 Toeplitz Residual Correction Processes

fM=T-= (t,'_,-);‘;,,l is a non-singular Toeplitz matrix, then RC processes
(2.1) can be accelerated dramatically, based on the known formulae for the
inverse matrix X = T~! via a pair of its products by vectors [GS72], [HR84],
[AG89], [BP94], [VHKa], [BM,a].

Let us recall two such formulas and describe respective accelerations of
Newton’s RC processes by following [PBRZ99]. The same techniques im-
mediately produce an RC process for Toeplitz inputs wherever a basic RC

process (2.1) and a Toeplitz inversion formula are specified. Write
0 1
J= =(eﬂ—lv--'1e0)T
1 0

for the n x n reflection matrix, and

0 ... 0 f
| B 0
Zy = | =(eney... eny, feg)
0 1 0
for a unit f-circulant matrix, where e; is the (1 + 1)-th coordinate vector
of dimension n. Then Z;(v) = Y0/ v;Z} denotes the f-circulant matrix
9
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of size n x n with the first column vector v = (v)’!. Z(v) = Zy(v) is a
lower triangular Toeplitz matrix, Z,(v) is circulant. In the next sections, we
denote a diagonal matrix by D(v) = diag(v;)" for v = (v;)%.
Write
Ty =€, Tx=t (3.1)
where

t= (w,atl - btl_,.,atg - btz_m coey at,._l - bt-[)T (32)
for three fixed scalars w, a, and b.
In particular by choosing @ = 0, b = —1, and any w, we obtain that

t= (w, tl-m ey t_l)r, (33)

and then we have the following expressions for X = T~! via the vectors
y = Xep and x = Xt:

X =2(x)Z2T(2Jy) - Z(y)Z"(ZJx - e). (3.4)

To yield an alternative expression via f-circulant matrices instead of tri-
angular Toeplitz matrices, fix any pair of values b # 0 and w, write a = 1,
[ #1/b, and obtain the vector

t = (w,t, —bty_n,tp = bty_pn,... tnoy —bt_y)T (3.5)

and the equation

1

X = 7257 G Zisx) - Z(x - (1~ bf)ea) Zu(y)) (3.6)

which expresses the matrix X via the vectors y = Xe, and x = Xt.
Now let us modify RC processes (2.1) by expressing similarly the approx-

imation matrices X; via the pair of vectors X;ey and X;t, for all i. Fix the

10
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vector t of (3.2) and post-multiply (2.1) by the n x 2 matrix (e, t), having
the columns ey and t:

p-1
Xiri(eo,t) = i1 X; Y RE(en, t). 3.7)

i=0

In particular for p = 2 we obtain the following extension of process (2.7):
Xis1(eo,t) = ciri Xi(I + Ri)(e, t). (3.8)

Now, instead of defining the matrix X;,, via X; based on (2.1), we define
it via the vectors y;;1 = Xi.1€9 and x4y = X1 t, by substituting X;,, for
X, ¥is1 for y, and x;4, for x in (3.4) or (3.6), respectively. This completely
defines a Toeplitz RC process. For each i, its i-th step is reduced to a few
multiplications of Toeplitz matrices by vectors, which are performed fast
based on FFT, that is, each step uses O(nlogn) flops versus the order of n2
flops required for multiplication of a general n x n matrix by a vector.

Remark 3.1. For a Hermitian or real symmetric non-singular Toeplitz ma-
triz T, one may represent the inverse matriz X = T~! via its first column
only [GS72], [AG8Y)]; this would save memory space but would involve di-
vistons by the (0,0)-th entry of X, which may vanish or nearly vanish for

indefinite matrices T, thus causing numerical stability problems.

Let us recall the estimates of [PBRZ99] for the convergence rate of the
Newton-Toeplitz Iteration defined by (3.8), in both cases for ¢;;; = 1. Let
us write p(i) = ||/ - XiT|}1, e(d) = max(||x; — x|l /lIxIl1, lly: — ¥lls/llyll0)-
Furthermore, let us write either 1 = ||y ||, (2(r—1)(2+p(0)e(0))|Ix|l; +1) pro-
vided that the Toeplitz RC process relies on (3.1)-(3.4), or u = |ly||: (||x]}, (1+
p(0)e(0)) + 1) provided that the Toeplitz RC process relies on (3.1), (3.2),
(3.3), and (3.6). Assume that

p(0) <0, e(0)||Tlhn<0 (3.9)

11
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for a fixed 6, 0 < 8 < 1. Then it is proved in [PBRZ99] that p(i) <
6%, e(i) < 6%~'e(0), i =1,2,..., which shows quadratic convergence under
assumptions (3.9). To satisfy (3.9), however, we must have a sufficiently close
initial approximation to the inverse matrix 71

4 Residual Correction Processes for Struc-

tured Matrices

Extensions of unscaled RC processes (2.7), (2.3) to Toeplitz-like matrices
can be found in [P92], [PBRZ99, Section 7.4]. Let us next follow [PZHD97,
[PBRZ99], [PRO1}, [PRWal, [Pa] to outline such extensions in a unified way
- simultaneously to various classes of structured matrices, in particular, to
Toeplitz, Hankel, Vandermonde, and Cauchy matrices (see Table 4.1) and
the matrices with the structures of these four types. This covers the most
popular classes of structured matrices.

4.1 Structured matrices and the displacement rank ap-
proach

With two operator matrices A and B we associate a linear displacement

operator L, of Sylvester type L = V 4 g,
Vas(M)=AM - MB (4.1)
or Stein type L = A4 p,
Aap(M)=M - AMB (4.2)
where M is an n x n matrix.
Typically, 4, B € {D(s), D(t), Z., Z] } for appropriate vectors s and t

and scalars e and f, which covers the cited four most popular classes of

structured matrices. We have the following properties:

12
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Table 4.1: Four classes of structured matrices

Toeplitz matrices (ti_j):'d;lo Hankel matrices (hiv;)}7
b to1 o+ ti-a ho hy -+ hay
bhotp - G hy ha 7 hy

S N A -
taey -+ 4 to ho-t ha -+ hanoo
Vandermonde matrices (& )::0 Cauchy matrices (ﬁ)::lo
1ty - to—l -’01‘0 - 30‘:n—l
1t .- t'l'“ szito cee 31—:n-l
1ty - tﬁii ’"_:_to cee sn-li‘"-l

a) the matrix L(M) has a small rank, r for a structured matrix M and an

associated displacement operator L (r is called the displacement rank
of the matrix M),

b) the operator L~! is linear, furthermore there are simple expressions for
the matrix M = L~'(L(M)) through its displacement L(M), and

c) an n x n structured matrix can be multiplied by a vector fast, in
O(nrlog®n) flops for d < 2 (cf. Table 4.2).

The first and the most celebrated demonstration of these properties was
given in the seminal paper [KKM79] for Toeplitz-like matrices M, associated

with the operators L, = Az zr and L_ = Ayr ;. In particular, it was proved
that the matrix equations

L(M)=GH", G=(g,,...,g), H=(h,...,h,) (4.3)

13
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Table 4.2: Parameter and flop count for matrix representation and
multiplication by a vector

Number of parameters Number of flops
Matrices M
per an m X n matrix M for computation of Mv
general mn 2mn—-n
Toeplitz m+n-1 O((m + n) log(m + n))
Hankel m+n-—1 O((m + n) log(m + n))
Vandermonde m O((m + n) log*(m + n))
Cauchy m+n O((m + n) log*(m + n))
imply that
M= Z(g)Z"(h;) (4.4
=1
for L =L, and
M=) Z"(Jg;)Z(Jh;) (4.5)
Jj=1

for L = L_. It is easy to observe that

| rank(L(M)) — rank(L_(M))| £ 2,
for any matrix M, and that

rank(L(M)) <2, rank(L_(M)) <2

where M is a Toeplitz matrix. This motivated the definition of Toeplitz-like

matrices M as the ones with displacements L, (M) and L_(M) having small

14
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ranks. Expressions (4.4), (4.5) enable multiplications of such a matrix by a
vector in O(rnlogn) flops.

Similar simple expressions have been obtained for displacement opera-
tors associated with matrices of Hankel, Vandermonde, and Cauchy types
[HR84], [BP94], [GO94], [PWa], [Pa], enabling compressed representations
of an n x n structured matrix via 2nr entries of the matrices G and H.
Note that orthogonal representations (4.3) for a given matrix L(M) can
be immediately obtained from its SVD [P92], [P93] (e.g., in the real case,
LM) =UTVT, UTU=VTV =1I,, G=U%, H=VY)and if L(M) is
a Hermitian matrix then from its eigendecomposition too.

Compressed representations can be also derived based on some singu-
lar displacement operators. For instance, in [PBRZ99] the following known
representation of an n x n Toeplitz-like matrix has been exploited,

e r
M = Zpi(Mea-) + ——5 > Z/(Zy8;) Z1)e(b) (46)
j=t

provided that (4.3) holds for L = V s where e and f are two scalars,
e# f,ef #0, and Z;(v) denotes the f-circulant matrix of size n x n
with the last column v. (Note that Z;' = Z[,.) Table 4.3 shows some
displacement operators associated with structured matrices.

According to the displacement rank approach, one should operate with
structured matrices M represented in a compressed form such as (4.3)-(4.6)
and when required, recover the output (such as the solution of a linear system
of equations) based on their linear expressions via the displacement L(M).

The entire approach can be represented by the following flowchart:
COMPRESS, OPERATE, DECOMPRESS.

At the OPERATE stage, the following simple results can be used [KKM79],
[CKL-A87], [P90], [P00a], [Pa].
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Table 4.3: Some pairs of operators V4 g and structured matrices

operator matrices class of structured rank of

A B matrices M Vas(M)
YA Zo Toeplitz and its inverse <2
Z zZy Hankel and its inverse <2
Zo+ 2T | 20+ 2T Toeplitz+Hankel <4
D(t) Zy Vandermonde <1
Zy D(t) | inverse of Vandermonde <1
VA D(t) | transposed Vandermonde | <1
D(s) D(t) Cauchy <1
D(t) D(s) inverse of Cauchy <1

16
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Theorem 4.1. For any linear operator L (in particular, for L =V 4 p and
L = Ay B, for any pair of matrices A and B) and any pair of scalars a and
b, we have L(aM + bN) = aL(M) + bL(N).

Theorem 4.2. For any 5-tuple {A, B,C, M, N} of n x n matrices, we have

VA,c(]w, N) = VA,B(M)N + A/IVB'C(N),
AA|c(M, N) = AA'B(M)N + AMVB,C(N).

Furthermore,
Aac(MN) = Ass(M)N + AMBAg-1 ¢(N),
if B is a non-singular matriz, whereas
Aac(MN) = Aps(M)N - AMAg c-(N)C,
if C is a non-singular matriz.
Theorem 4.3. Let M be a non-singular matriz. Then
Ve a(M™')=-M"'V, g(M)M™".

Furthermore,
Apa(Mt) = BM™'App(M)B~'M™!,

if B is a non-singular matriz, whereas
AB,A(A/I-l) = A’I—lA—lAA'B(I‘/[)M_lA,

if A is a non-singular matriz.

17
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4.2 Structured RC processes

Based on the latter results and properties a)-c) of structured matrices listed in
the previous subsection, one may perform structured matrix multiplications
fast. So O(qnr? log® n) flops are sufficient per an RC step (2.1), which outputs
ashort displacement generator of the matrix X;,,, provided that the matrices
M and X; are given in compressed form (4.3) and q is the order of convergence
of a process (2.1). Special care is required, however, to contain the growth
of rank(L(X;+1)). With no care the rank rapidly increases; it may be tripled
already in each Newton step (2.7). Thus processes (2.1) should be modified
as follows where the input matrix M is structured:

p—-1
Xiy1 = X(Yin), Yini = canX; Z RE. 4.7
k=0

Here, the matrix X;;, = X(Y;;1) approximates the matrices Y;,, and M~!,
and ri;; = rank(L(Xi4)) either equals or only slightly exceeds r. To com-
plete the definition of the structured RC process (4.7) for fixed parameters
D, Ci+1, let us specify the transition from the matrix Y;,, to the matrix X;,,,
where both structured matrices Y;;, and X;,, are represented by their dis-
placements [P92], [P92a], [BP93|, [PZHD97], [PBRZ99], [PRO1], [PRWa.

Approach 1. Truncation of the smallest singular values of the dis-
placement. Compute the SVD of L(Y;;,) and truncate the smallest sin-
gular values to obtain a displacement matrix L(X;,,) having r;;, (non-zero)
singular values, for r;y; =7 or riy; = r. (In the case where L(.X;) is a Her-

mitian matrix, one may rely on its eigendecomposition instead of its SVD.)
Approach II. Substitution of a computed approximation for the

inverse in the inversion formulae. Compute the displacement L(.X;;,)

18
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based on Theorem 4.3, where M~! is replaced by X;. That is, write
Va(Xin1) = =XiVa p(M)X;, (4.8)

Apa(Xis1) = X;A A p(M) XiA, (4.9)

where the operator matrix A is non-singular, or
AB.A(XH»I) = BX.-A,"B(M)B“X;-, (4.10)

where the operator matrix B is non-singular. The previous section actually
covered Approach II specified to Toeplitz input matrices M and based on
two known explicit formulae for the Toeplitz inverse M.

Approach [ relies on the observation that

NL(Xin1) = L(Yip))l| < [IL(Xi) = LMY

under the 2-norm and the Frobenius norm. This observation is due to Theo-
rem 4.3 and to the well known results on the lower rank approximation based
on the truncation of the singular values [GL96]. Thus we bound the norms
IL(Xi+1) = LM Y)|| and || Xipy — M7Y| < L7 L(Xiv1) = LMY} in
terms of the norm ||L(Yi4,) — L(M™Y)]|.

In Approach II, we bound the same norms by combining (4.8)-(4.10) with
Theorem 4.3.

Specific estimates for the approximation errors, the convergence rate, and
the initial residual or error norms which ensure rapid convergence for both
approaches can be found in [P92], [PZHD97], [PBRZ99], [PRWa], and [Pa].

Algorithm 7.4.1 of [PBRZ99] computes the displacements L_(Xiy() =
L_(X(Y;+)) by applying Approach I to Toeplitz-like matrices M and by
using the displacements L, (M) and L_(X;) and expressions (4.4), (4.5).

It is proved that in this case

1Xi1 = M7Y|2 < (14 2(ri = r)n)|| X = M7z (4.11)

19
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where r; = rank(L_(Y;)).
Algorithm 7.4.2 of [PBRZ99] implements Approach II and relies on (2.3),
(2.8), and (4.6). In this case the matrix X;,, is defined by its displacement

V1271 (Xin) = GinH],,,

Gis1 = Y1 (2] — MY))Gipr, HE, = HE Yipi(2] - MYiy)

and its last column
Xirino1 = Yi (2 = MYy )en_y,

provided that V-1 5-1(Yin1) = Gin HT,.

In [PRWa] both Approaches [ and II have been elaborated and analyzed
in a unified way for various classes of structured matrices (based on the
displacement rank approach). The results of [SS74] and [PS91] on the con-
vergence of Newton's and other RC processes cited in Section 2 do not apply
to processes (4.7) because of the compression of the displacements L(Y).
The following theorems from [PRWa| (extending their preliminary versions
of [P92], [PZHDY7], [PBRZ99], and [PRO1]) state the estimates for the error
norms of the computed approximations. The statements of the theorems

involve the norm ||L~!||; of the inverse of the displacement operator L,
L~ ke = SIAI{P(HM||1/||L(M)||I), 1=1,2,00.

Upper estimates for this norm, ||L™'||; for various customary operators L
associated with the most popular classes of structured matrices have been
deduced in [PRWa] and [PWal.

Theorem 4.4. [PRWa/. Let unscaled Newton’s process (2.7), (2.3) be applied
to a non-singular structured matrizc M. Let all its steps be performed with

compression according to (4.7) and Approach I such that all the singular

20
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values of the displacements L(Y;), ezcept for the r largest ones were truncated
where r = rank(L(M~!)). Then we have

1X: = M7l < |1 = XaM|jz |M7)]2 < 6%||M~"lo/n,
i=1,2,..., provided that
0 = || - XoM||n,
1= (1+ (||Allz + ||Bll2)IIL ™" [|l2)o1 (M) /on(M) for L =V ag,
n=(1+(1+||All2l|BIIIL™ [l2)or(M)/on(M) for L = Ans.

Theorem 4.5. [PRWa]. Let structured unscaled Newton’s process (2.7),
(2.3) be applied to invert a non-singular structured matric M. Let (4.7)
and Approach II be used for the compression of the displacements L(Y;),
i=1,2,.... Write

i = [|[I = XiM ||,

e =1Y; = M7,

€ = || Xi = M7||;,

I=1,2,00 i =0,1,2,...

Letrg <1, e <|IM7Y|i, l=1,2,00; i=0,1,2,...,
Ci = 3||L™"[le {[L(M)]]e (I Xolla/(L = ro4) for L = V4,3,

Co= 3L e 1L 1M1k Ml 11 Xollt/ (1 = ro4) for L= Apg.

Then
éig < Cleig, iy < (Ceig)?||M |,

and therefore,

2 . : .
T€ip1y < (‘nel,l) 7 T= l) 21 ce l= 1121 0a,

where v = CE||M||;.

21
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Remark 4.1. Newton-Structured Iteration with compression was first stud-
ied for Toeplitz-like matrices (see [P92]). In the papers [PR01], [PRWa] the
algorithms were eztended to various other classes of structured matrices in
a unified way, adapted in this section. In an alternative general approach
of [P90], it was proposed to extend successful algorithms available for one
class of structured matrices to various other classes by means of the trans-
formation of the associated displacement operators, and sample transforma-
tion techniques were shown for the transformation in all directions among the
operalors associated with the matrices having structures of Toeplitz, Hankel,
Vandermonde, and Cauchy types. In particular, these techniques apply to ma-
triz inversion and thus enable immediate eztension of our RC and HRC pro-
cesses. For input matrices with the structures of Cauchy and Vandermonde
types, the transformation approach may lead to some addtional advantages.
Namely, multiplication by a vector requires fewer flops for a Toeplitz or Han-
kel matriz than for a Cauchy or Vandermonde matriz (see Table 4.2) and is
more stable numerically. Since the algorithms of this section are ultimately
reduced to multiplication by a vector of structured matrices of a given type,
we may decrease the overall computational cost by reducing the problem to the
Toeplitz-like or Hankel-like case. So far, the most acclaimed application of
the transformation approach has been the reduction of the practical solution
of Toeplitz and Toeplitz-like linear systems of equations to the Cauchy-like
case via the transformation of the associated displacement operators [H95],
[GKO95].

22
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5 A Homotopic Residual Correction (HRC)
Algorithm for a Positive Definite Matrix

A reliable solution of the initialization problem for the RC processes is given
by homotopic RC processes, to be referred to as HRC processes and studied
next. RC processes (2.1) (both scaled and unscaled and with any selected
levels of compression in the case of structured input) may serve as a black
box subroutine in each homotopic step.

Let M be a Hermitian positive definite matrix, and let spectrum(M) =
{A1,. .-, An}, where

A2A=[Mllz2A>-2 2\ >0 (5.1)

and where A is a known precomputed value. Fix some values 6y, 0 < 6, <
1, h=0,1,..., and write (cf. (1.2), (1.3))

My =M+, to =X /8, Xo=1t;'I, (5.2)

My =thl +M=M,-Apd, Ay=th—ths1 >0, h=0,1,.... (5.3)
Then, for the residual R, of (2.2), we have

Ry = R(Mo, t5'I) = I —t5' My = —t5' M, 1o = ||R(My, t5"' )|z < 0. (5.4)

Therefore, the matrix M, can be inverted rapidly by process (2.1) unless the
vound 6, is close to 1.
Further, deduce from (5.3) that

R(Myoi, M) = AaM,
Thet = |[R(Mpsr, M)z = AnllMy 2 = An/(th + M) (5.5)

Compute an upper bound 7, on the norm

1

M2 = .
I e =

(5.6)
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Write
Mg =1/mn = ta S| IMFl2 — th = A (5.7)
and observe that the value A\, = A, , satisfies bound (5.1). Choose

Ah=0h/7)ln h=l,2,...,H—1, (58)

which implies that
Th+l < 0'. for all h. (59)

Recursively invert the matrices My, by applying a selected RC process (2.1)
as long as t,,; remains positive. As soon as we arrive at {5 < 0, we invert
the input matrix M instead of My.

The algorithm is completely defined as soon as we fix the parameters 6,
and RC processes (2.1) (including their stopping criteria and, for structured
matrices M, their policies of the compression of the displacements) applied
at the h-th homotopic steps for h =0,1,..., H.

In the next two sections, we estimate the overall numbers of the RC
steps required for the inversion of a general unstructured Hermitian positive
definite matrix M and optimize this number by choosing appropriate bounds
6, for a fixed order of convergence q of the basic RC process. In Section 8, we
extend the algorithm to the case of a general indefinite matrix M. In Section
9-11, we cover extensions to the cases where the matrix M is structured and
compression of the displacements is applied, where the matrix M is singular,
and/or where a numerical inverse of M is computed.

Remark 5.1. We have |M;'|\/vn < IMiY2 < Myl for annx n
Hermitian matriz M, '. Sharper upper bound n,, on the matriz norm can be
obtained by applying the power or Lanczos methods [GL96]. If an estimate
1w is sufficiently sharp for a fized h = k (say for h = 1), close upper bounds
Mk+i can be computed based on the following simple expression:

1

Mhe+i = tk+i +/\n,k,

/\"yk=1/7’k_tk1 i=1,2,...

24
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(see (5.3)-(5.8)).

Remark 5.2. The homotopic process of (5.2), (5.3) has trajectory M(t) =
M + tI which for t > 0 is better conditioned than the input matric M. That

is, one may easily verify that
k(M(t)) < k(M) for t > 0. (5.10)

The same inequality can be easily verified for the modification of the homo-

topic process of Section 8 proposed in the indefinite Hermitian case.

Remark 5.3. The approach allows variations. For instance, instead of pro-
cess (5.2), (5.3), we may apply homotopic process (1.1) or the dual process

M’H-l = I+th+lM =Mh+ (th+l - th)M1 h =0, 11'"1

followed at the end by a single step (5.3) or a few steps (5.3). The resulting

computations can be analyzed similarly to process (5.3).

Remark 5.4. Homotopic processes (5.3) and (8.5) of Section 8 exploit the
techniques of variable diagonal (cf. [P00b] and references therein).

6 The Number of Homotopic Steps

To simplify our subsequent analysis, we next assume that the values A,
are invariant in h, that is, A, = A; for all A > 1 (cf. (5.6) and Remark
5.1). Then by virtue of (5.3), (5.6), (5.7), and (5.8), we have ¢4,y + A\, =
(1=0n)(th + A;), h=0,1,..., H — 1. Therefore,

h
e+ A7 = o+ 2) [J(1-6), h=0,1,....H-1,
1=0
H-1
tr <0 f A, > (to+27) [0 - 6w
h=0
25
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Let us next estimate the number H of homotopic steps. For simplicity,
assume that the parameter ), is invariant in h, that is, let 8, =  for all A.
Substitute tg = A] /0 of (5.2) and rewrite the latter inequality as follows:

g 2 MR +1

H > —log(1 + \{/(6A;))/ log(1 - 0).

Choose the minimum integer H satisfying this bound, that is,

_ [los(2 + AT/(M;))]
H= [ 61
homotopic steps are sufficient. Substitute
0=K/(1+K) (6.2)
and rewrite (6.1) as follows:
_ [log(1+ (K + 1)Af/(K)))
= [ log(1 + Ié) ] ) (6:3)

7 The Overall Number of the Residual Cor-
rection (RC) Steps

Let us next complement estimates (6.1)—(6.3) by counting the RC steps. At
each homotopic step, their number depends on the bound # on the initial
residual norm (to be assumed invariant at all homotopic steps), the order g
of convergence of the selected RC process, and the stopping criterion for this
process. We assume some fixed order q for each process (2.1) given a general
unstructured matrix M and scalars p and ¢;;, t =0,1,.... In particular,

q = p for unscaled processes (2.1), (2.3).
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7.1 Critical and refinement stages of an RC process

Estimating the number of RC steps at the i-th homotopic step, we will treat
separately its initial critical stage, where the residual norm decreases below
1/e = 1/2.718281... = 0.367819..., and the subsequent refinement stage,
where the residual norm decreases below a fixed target bound v; for the
output approximation X; to M{" (compare a similar partition of a non-
homotopic process in Section 2). We write vy =€ and y; = v for all ¢ < H,
and choose the scalar v = v(6) sufficiently small to ensure that the computed
approximations are close enough to the matrices M, to serve as initial
approximations at the next homotopic steps.

7.2 The number of RC steps at the refinement stages

Processes (2.1) with the order of convergence q decrease the residual norm
from 1/e to e™® in g RC steps (cf. (2.4)). Therefore, at the H-th homotopic
step, the refinement requires

7 = [(logIn(1/e))/ log q] (7.1)
RC steps, whereas
B = [(logIn(1/v))/ logq] (7.2)
refinement steps suffice for the transition from 1/e to v for each i < H
Summarizing, we have a total of at most

P=y+(H-1)8 (7.3)

RC steps at the refinement stages of all homotopic steps of the HRC algo-
rithm. Bound (7.1) applies to the number of all refinement RC steps of the
non-homotopic processes of Section 2 (for the same q and €¢). Bound (7.2)
covers the (H — 1) refinement RC steps particular to the HRC processes.

Practically, 3 is quite small. For instance, for ¢ = 4, the bound e '¢ is
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achieved in two steps. The specific choice of the bound v can be guided by

the following simple estimate.

Proposition 7.1. Let
I~ XMy_if < v, (7.4)

I = Mt Mill < 6, (7.5)
for any fired matriz norm. Then
W — XMl < (1+ )0, +v.

Proof. "I—XM,." < U+I|XM'|_1+XM'." < V+"XM;...1" ||I-M,,‘_‘1M,.]| <
v+ (1+v)6h. a

7.3 The number of RC steps at the critical stages

Let a denote the number of RC steps used at the critical stage of a homotopic
step. Then we have

1/67 = (1+1/K)" ~ e, ¢° = 1/In(1+1/K) ~ K, a = (log K)/ logq (7.6)

provided that @ is close to 1, that is, that K is large.
By combining (6.3) and (7.6) for 8, = 0 for all h, we estimate the overall
number of RC steps at all critical stages of the entire HRC process:

N=aH = ((log(\{/A;))log K)/((log(K + 1)) log )
< N =(log(A{/A7))/ logg. (7.7)

7.4 The overall number of RC steps in homotopic and

non-homotopic processes

Based on (6.3), (7.2)-(7.5), and (7.7), one may immediately estimate the
overall number,

N+P=aH+v+(H-1)8
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of the RC steps of the entire HRC algorithm. This is the same bound as in
Section 2 for non-homotopic RC processes both with scaling (for g=4) and
without it (for q=2).

8 Extensions to the Inversion of Indefinite

Non-singular Input Matrices

We may extend our HRC algorithm of Section 5 to compute numerically the
inverse M ™! of any non-singular matrix based on the equations

M~ = M*(MM*)™! = (M*M)~*M* (8.1)

because the matrices MM* and M*M are Hermitian (or real symmetric)
and positive definite. Such a standard symmetrization, however, has the
well-known price of squaring the condition number and, consequently, of a
substantial slowdown of the HRC algorithm (cf. (7.7)). Let us next show a
simple remedy in the case where M is a non-singular Hermitian (or a real
symmetric) but indefinite matrix M. Recall that the inversion of any non-

singular input matrix M reduces to the inversion of the Hermitian or real

symmetric matrix
0o M
N = , (8.2)
M 0

N-lz( 0 (M')-l)’
M=t 0
k(N) = k(M).

Let A~ and A* be two fixed positive values such that
AT AT

for every eigenvalue A of M. Then for any fixed sequence of real 8, 0 < 6, <
1, h=0,1,..., we define an HRC process by (5.2), (5.3), and (5.8), for 7,
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still denoting an upper bound on the norm ||M;||; but with the matrix /
replaced by the matrix /\/—1. That is, our new HRC algorithm (which can
be applied to any Hermitian input matrix M) is defined by the equations

My =M+ tIV-1, to= A"/, (8.3)

Xo = —t:' V=1 (8.4)
(replacing (5.2)), and

Mipr =t IV=1+M = My = ApIV-1, Ay =ty —ty1 >0, h=0,1,...
(8.5)
(replacing (5.3)). (8.3)-(8.5) immediately imply bounds (5.4) and (5.9) for
mh > || My ||z and A, of (5.8).
Let us extend our analysis presented in Sections 6 and 7. First note that
the equation
Ml = (6 + (A7)?) 72 forall h (8.6)

replaces (5.6). Then again let us simplify the analysis, similarly to Sections
6 and 7. Assume that n, = (£ + (A™)?)~"/2 (cf. Remark 5.1) and ), = 8 for
all A. It follows that

that =th—Ap=th — (B + (A7))V20 <ty - Omax{ty, A"}, h=0,1,....

Therefore, th4; < 0 where (1—6)"ty < #A~. Substitute t = A*/6 and obtain
that ty < 0 where

H -1 =log(A*/(6°A7))/ log(1/(1 ~ 0))].

The latter bound is within the term n = 1+ [(log(1/6))/ log(1/(1~6))] from
bound (6.1) for A} = A* and A; = A~. This term is at most 2 for # > 1/2.
On the other hand, our estimates of Section 7 for the numbers of critical and

refinement steps performed in each homotopic step remain unchanged (these
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estimates are completely defined by the parameters ¢, v, and ). Therefore,
up to the replacements of A; by A~ and A{ by A* and performing at most
a = n[log,((logv)/ log #)] additional RC steps, the estimates of Sections 6-7
apply to the Hermitian indefinite case as well. We view the latter bound a as
relatively small and ignore it in Table 8.1, which summarizes our estimates
for the overall numbers of RC steps in the HRC processes and non-homotopic
RC processes applied to the same general Hermitian matrix M. (Table 8.1
uses v of (7.1), H of (6.1), (6.3), and k.. (M) equal to either A} /A, or A*/A~.)
According to these estimates, the HRC processes use roughly as many RC
steps as non-homotopic RC processes for the inversion of a Hermitian pos-
itive definite input matrix M where M is positive definite and roughly by
twice fewer critical RC steps and as many refinement RC steps where M is
indefinite.

Table 8.1: Numbers of RC steps required for numerical inversion of
Hermitian matrices M.

RC HRC
Processes Processes

indefinite M | log, k. (M) +v+0(1) |05logyx (M) +v+O(H)

positive | 0.5log, k(M) +v+O(1) | 0.5logy x4 (M) +v + O(H)
definite M
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9 RC and HRC Processes with Compression

for Structured Matrices

Suppose an RC process with compression has been applied to a structured
input matrix M. Then compression of the displacements perturbs the com-
puted approximations to the inverse, and this may destroy convergence, par-
ticularly at the critical RC steps, at which the convergence is more fragile.
A natural recipe is to use no compression or limited compression until close
approximations X; to M~! are computed. (Recall that Approach I of Sec-
tion 4 allows us to vary the level of compression by truncating more or fewer
singular values.) How close should these approximations be?

(3.9) and Theorems 4.4 and 4.5 show the level of approximation starting at
which rapid convergence is guaranteed even under the mazimal compression,
such that the number of the untruncated singular values of the displacements
of the computed approximations is set to be equal to the displacement rank of
M. On the other hand, the techniques of Section 2 (cf. (2.7) and (2.10)) fall
short of even approaching this level. If we start with an initial approximation
supplied by the recipes of Section 2, then to reach the desired levels of (3.9)
or Theorems 4.4 and 4.5 with using no compression, we should allow an
increase of the displacement rank to n, which means complete loss of the
matrix structure. In this case already a single RC step would become too
expensive in terms of the number of flops involved.

Practically, the non-homotopic structured RC processes may still be ef-
fective, however. That is, according to the experiments reported in [PKRCa],
the initial approximation policies of Section 2 under the maximal compres-
sion or under compression close to the maximal frequently enable sufficiently
rapid convergence in the Toeplitz case, suggesting that the estimates of (3.9)
and Theorems 4.4 and 4.5 are overly pessimistic.

HRC processes with compression is an alternative approach supported
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both experimentally (see [PKRCa]) and theoretically [P92]. It is proved in
[P92] that O((n log® n) log k(M) + (n logn) loglog(1/e)) flops are sufficient
to approximate M ! for an n x n Toeplitz-like matrix M. The latter bound is
supported in [P92] by an HRC algorithm with the maximal compression (to
the level of the displacement rank of M) throughout the computations, and
the convergence is controlled via the choice of the sizes of the homotopic steps.
Further progress could be achieved based on simultaneous optimization of two
groups of parameters, that is, the tolerance values 8, defining the step sizes
A4 and the levels of compression based on experimental computations.

HRC processes could be further improved for specific structures of the
input matrices. For instance, for real non-singular Toeplitz matrices T, one
may achieve symmetrization without doubling the matrix size, simply in the
transition to the Hankel matrices JT or TJ, which are real symmetric and
satisfy the equations 7! = (JT)~'J = J(TJ)™".

On the other hand, the structure of Cauchy or Vandermonde types is not
generally preserved in the transition from a matrix M to the matrices My of
(5.2) and (8.4). The problem is solved in the next section where we extend
the HRC processes to the case where M is a Hermitian matrix and M, = M
or My = M v/—1 for any Hermitian and positive definite matrix M.
Example 9.1. Pick matrices M = P = (E—&:)n where w; and vi

%+ 2 ) k=1
are vectors of a fired dimension d; z; are scalars, Im z; > 0, and 2; are the
complez conjugates of z; for alli and k. Pick matrices define the Nevanlinna-
Pick celebrated problem of rational interpolation [BGR90] and the matriz
Nehari problem of rational approzimation [BGR90a/, [GO94b], [OP98]. The
problem is solvable if and only if the Pick matriz is positive definite. One
may apply our HRC processes, but the Cauchy structure of the Pick matrices
M = P is not preserved in the transition to the matrices My of (5.2) and

(8.4). The structure is much better preserved, however, if we choose M, =
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n

1 \" .
M+ ity My, My = ( ,) or, more generally, My = (_f*y—"')
%t %/ k= Zi+2)
where x; and yy are l-dimensional column vectors for a fized small non-

negative integer . Qur extension of the HRC processes in the next section

covers the above initialization proposed in the case of Pick matrices.

10 A Homotopic RC Process with a Gener-
alized Initialization Rule

Motivated by the applications to the inversion of structured matrices, let
us extend homotopic processes and their analysis by allowing more general
choice of the initial matrix M.

First assume that M and M, is any fixed pair of positive definite matrices,
where M, is readily invertible, spectrum(Mp) = {u, ..., un},

pf > >pe > > g >y >0, (10.1)

and the values uf and u; are available. Now recursively define scalars
t1,...,tg—1 and matrices

A’Ih+l = th+lM0 + A’I = A/Ih + (th+l - th)Mo, h = 0, 1, ey H - 1, (102)

where ty >t > - >ty >ty =0.
One may rewrite (10.2) as My, = My(tn] + My;'M) and apply our
previous study to the inversion of the matrix M; ' M, but we avoid shifting

to this matrix directly. We deduce that
I = (1 Mo) ™ Ml < 1M M/t < 1M INIMIL /8 < AY /(fusg),
for AT of (5.1) and choose
te = A{/(Bonz) (10.3)
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so that || — (tho)'lMlnz < 6. Invert M, by applying processes (2.1) for
Xo = ti My.
Now deduce from (10.2) that
I— My Myy1 = (b — thir) M M,

1 = My Myl < (6 — tar)IIMG )| Mol - (10.4)

Substitute the bound
”MO”z < uf

and obtain that ||[I — My 'Mpii|l, < On if (8 — the)isf || M ]2 < Oy or,

equivalently, if tn1 > th — 0a/(u7 || M, "||2). Recall that, clearly,
| M 1, < 1/ (s + A7)
for all A and for A of (5.1) [Par80, p.191], write

thtr = th — (tapty + A7)0n/pt, (10.5)

and deduce (5.9). Now, invert the matrices M}, by applying processes (2.1)
for Xo = M;' and for h = 1,2,..., H — 2, until the value ¢, of (10.5)
becomes non-positive for h = H —1. Then at the last homotopic step, invert
M instead of My.

Clearly, the estimates of Section 7 for the number of RC steps at each
homotopic step apply to the above generalized HRC process, too.

Let us next estimate the number of homotopic steps H, in terms of the
parameters t;, O, &% = uf/p;, the lower bounds A\ and u; on the
eigenvalues of the matrices M and M,. Substitute the expression k* = puf/
g, into (10.5) for A =0,1,..., H — 1 and obtain that

thar = th(l = On/KT) — Ou A, /1t

o + KA fpn = (ta + &M /0f)(1 = On/K7)

h
= (+st /) [Ja-0/6%).  (108)

=0
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Therefore, we have ¢, < 0 if

h
(0 + w05 fua) [T - 6/6%) 2 6505 i,

=0
that is, if
h
L+t /(O0nn®) 2 1/ [] (1 - 0/x%)
1=0
Assuming that 6, = @ is invariant in h, we arrive at t; < 0 for

H =1+ [(log(1 + tuuz /(A767)))/(log(1 - 8/k*)~")] (10.7)

and ¢, of (10.3).

Finally, if M is any non-singular matrix, we may apply symmetrization
recipes (8.1) or (8.2) to extend our algorithm of this section. In particular,
recipe (8.2) reduces the problem to the case where M is a Hermitian (or
real symmetric) but not necessarily positive definite matrix. Then we may
extend HRC process (10.2)-(10.5) where we keep equations (10.2)- (10 3),
choose the matrix My equal to M \/— for a fixed positive definite matnx M
and modify (10.4)-(10.5) to ensure that [|] — M, ' M,,,|l2 < 8, for all h.

Let us complete the description of such an extended homotopic process.
Assume that bounds (10.1) still hold where {g, ..., .} = spectrum(M) and
each eigenvalue A of the input matrix M satisfies the bounds

0<A <A <A (10.8)
for two fixed positive values A\~ and A*. Now write

thit = th — (On/ B} (AT/ED) + () D)2, &Y = pf g, (10.9)

h=0,1,....H-1.
Let us deduce bounds (5.9). Recall the following well-known theorem
[Par80, proof of Theorem 15-3-3].
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Theorem 10.1. Let M and M be two Hermitian matrices. Let the matriz
M be positive definite, such that

M=usr (10.10)

Jor a unitary matriz U, UU = UU* = I, and a diagonal matriz ¥ =
diag(o,)™,, uf > 02 > 02> ... > 02 > p; > 0. Then there ezists a unitary
matriz V, V*V =VV* = [, such that

D=v'T'\U'MUT"'V (10.11)
is a real diagonal matriz.

Corollary 10.1. Under the notation of (10.1), (10.8), and Theorem 10.1,

we have
1M1 < (o) 20O [ 2 +80) 7™ = (/6% P+ (thg)?) ™ for h = 1,2, ..
where k* = ul /u;.
Proof. By combining (10.10) and (10.11), obtain that
My =M + t,/=IM = USV(D + t,[V=1)V°'SU",
M ' =US'WV(D + thIV-1)"'V*E- U,

Therefore,

1\2 1 -05
165 < 122 10+ VD e < () (me + )
pa/ \IID7Yf3
On the other hand, we deduce from (10.1), (10.8), and (10.11) that
1D~z < (12232 MYl < uf /A7

Substitute the latter bound into our estimate for the norm || M, '||; and
obtain that

1M < (o) (/) +80)71 = (/8% + (tap)) ™
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O
Relations (10.1), (10.2), (10.4), (10.9), and Corollary 10.1 together imme-
diately imply (5.9). Let us compare the estimate of Corollary 10.1 and the
bound ||M; ||z < 1/(¢aps;; + ;). The two estimates are close to one another
provided that the terms A; and A~/k* are dominated by the term tyu;. If
the term A~/x* dominates, the bound of Corollary 10.1 may be larger by
roughly the factor of x*A;/A~.
(10.9) implies the crude bounds

ther < tn — (On/py)(A7/6Y +tapg), h=1,2,....

Consequently,

A

thr+ A7 /] < (1=00/K¥)(ta+ A7 /0f) < ... < (tl+1\-/#T)H(1'9i/"+)-
i=1

The latter inequality implies that the value ty is non-positive for

H <1+ [(log(1+ tyu /A7) /log(1 - 0/x%)7"]

provided that 8, = @ for all A.

11 Extensions and Generalizations

It is well known and easily verified that unscaled RC processes (2.1), (2.3)
and scaled processes (2.7), (2.8) converge to the Moore-Penrose generalized
inverse M* where the input matrix M is singular. Now recall that scaled
RC processes (2.7), (2.8), (2.11), (2.12) converge to the numerical generalized
inverse matrix M. The analysis and the estimates of our thesis (including
the ones for the HRC processes) can be extended provided that the 2-norms
o-2(W) = ||W~1||, are replaced throughout by ar"(f)(W), where o7, (W) is
the smallest singular value of the matrix W not exceeded by €. This enables
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various refinements from noisy perturbations of the input. Furthermore, the
computation of M} does not depend on whether the matrix M is singular
or not. In particular, we may apply HRC processes to compute M} for a
positive ¢ where M is singular. If e is small enough, the HRC processes
output M+ = M}, even though the same processes may diverge if we apply
them directly to M and use the iteration (2.1), (2.3) or (2.7), (2.8) as a Basic
Subroutine.

For the extension of the RC and HRC methods to the computation of
the numerical generalized inverse M} (and in particular M* = M) for
a structured matrix M, an additional problem is the compression because
the displacement L(M) does not completely define the matrix M} even for
€ = 0. For Toeplitz and Hankel matrices and for ¢ = 0, the problem can be
circumvent [HH93], [HH94|. The following simple results solve the problem
also for other classes of structured matrices wherever rank(M;* M —1I) = n—r,
is small.

Theorem 11.1. For any positive ¢ and any triple of n x n matrices A, B,
and M we have

Va.a(M?) = MY AMM — 1) = (MM} = BM; — M}V 5 g(M)M;.

Corollary 11.1. Under the assumptions of Theorem 11.1, we have
rank(Vp (M) < rank(V 4 g(M)) + 2n - 27,

where r, = rank(M;) = rank(M,).

Note that the level of the truncation of the singular values in Approach I
can be defined by Corollary 11.1.
Finally, here is a sample generalization of the HRC process (5.3):

M1 = MoFpyy + M = My + Mo(Fry1 — Fy) (11.1)

where Fy, Fy, F5, . .. is a sequence of matrices converging to 0 and satisfying
| M Mo(Fht1 — F)|| < 0 for fixed scalars 0, < 1, h =0,1,....
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12 Conclusion

We first recalled RC (residual correction) algorithms and then specified and
analyzed homotopic RC algorithms for matrix inversion and generalized in-
version. The homotopic algorithms require as many matrix multiplications
as the best non-homotopic RC algorithms for the inversion of unstructured
positive definite matrices and substantially fewer matrix multiplications for
Hermitian indefinite matrices. The homotopic RC processes (unlike their
non-homotopic counterparts) generate initial approximation to the inverse
where it is not available from outside. The latter feature supports the reli-
able application of the homotopic RC algorithms to the inversion of struc-
tured matrices where recursive compression of the displacements of computed
approximate inverses enables all the matrix multiplications in nearly linear
time. Non-homotopic RC algorithms have no proved rapid convergence re-
sults where compression is maintained throughout but in fact the results
of experimental tests with Toeplitz matrices are more optimistic than the
theoretical estimates.

We conclude with listing some natural directions for further theoretical
and experimental study (in this listing we use the notation of our thesis).

1. Theoretical and experimental estimation of the order of convergence ¢
for Structured RC Algorithms.

2. The choice of the parameters p and ¢;;, for RC process (2.1) for struc-
tured matrices (cf. [FF63, Chapter 9] and [PS91] on the similar problem
for general unstructured matrices) and for the homotopic versions of

this process.
3. Gencralization of the HRC processes such as (11.1).

4. Experimental tests of the presented results for general matrices and for

structured matrices of various classes; experimental specification and
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optimization of the parameters t, of (5.2), (8.4), ¢, of (10.3), 0, and v
(v defining the stopping criteria at the intermediate homotopic steps)
provided that variation of the parameters ), with A is allowed in the
case of RC processes with the compression of the displacements L(X;).

5. Specification and analysis of homotopic and non-homotopic processes
for structured matrices where the compression is weakened (by the
truncation of fewer singular values); the choice of the best balance
in combining weakened compression with the homotopy, in particular
simultaneous optimization of the compression level in Approach I of
Section 4 and homotopic step sizes.
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