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Abstract

Heat Diffusion on Graphs 

by

Debe Bednarchak

Advisor: Professor Edgar Feldman

We derive the heat kernel for integer lattices and for regular trees, and 

use it to investigate the evolution of heat distribution on sets of various 

geometries, with particular attention to the movement over time of the locus 

of maximum tem perature.



A cknowledgem ents

I would like to  thank my advisor, Professor Edgar Feldman, for his in­

sight, guidance, and cheerfulness. I would also like to thank Professor Isaac 

Chavel for getting me interested in discrete heat diffusion, and Professor 

Burton Randol for suggesting I work on hot spots. I also thank the other 

members of the differential geometry/analysis on manifolds group, Professor 

Jozef Dodziuk and Professor Leon Karp.

My deepest thanks and appreciation to my friends Gordon Crandall, 

Randi Lerohl, Sal Liriano, Despina Polemi, and Burt Randol.

I thank Harold Finz for his support, assistance, and encouragement.



Contents

1 B ackground 1

1.1 The Heat Kernel for Riemannian M a n ifo ld s .................... 1

1.2 Hot Spots in Riemannian Manifolds .................................................  4

1.3 The Combinatorial L a p la c ia n .........................................................  9

1.4 The Heat Kernel for G ra p h s ............................................................  14

2 Z" 17

2.1 The Heat Kernel for Zn ....................................................... 17

2.2 Hot Spots in Z n ................................................................................  22

3 Trees 45

3.1 Heat Kernel for Trees ......................................................................  45

3.2 Hot Spots on T re e s .............................................................................  80

B ib liography 86

vi



C hapter 1

Background

1.1 The H eat K ernel for R iem annian M anifolds

We briefly review the heat kernel for Riemannian manifolds [3]. Let M  

be a connected Riemannian manifold with Laplace-Beltrami operator A. 

M  is viewed as a homogeneous isotropic medium. We begin, at time t = 

0, with a tem perature distribution concentrated a t a  point y in M ,  with 

to tal tem perature 1, and ask for the tem perature at x in M  at time t. 

The equation tha t describes the conduction of heat through M  is the heat 

equation A =  T hat is, the tem perature a t x at time t will be given by 

a  continuous function p(x, y , t) tha t is C 2 in the space variable x, C 1 in the 

time variable t, and satisfies

Q
A Xp {x ,y , t )  = —p ( x , y , t )

Jim p ( x , y , t )  = 6y( x )

1
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where 8y is the Dirac delta function. The function p ( x , y , t ) is called the heat 

kernel of M .  If the initial tem perature distribution is given by </>(?/) then 

the solution of the heat equation

c) 
A u(x , t)  = — u(x, t)

will be given by

u ( x , t ) =  p{x ,y,  t)(f>(y) dV(y)
Jm

satisfying

cj>(x) = Jim /  p(x,  y, t)<f>(y)dV(y).
JM

To derive the heat equation, we observe tha t given a regular domain J7 

in M ,  and assuming tha t for t > 0 heat is neither supplied to nor withdrawn 

from D, the instantaneous change in to tal tem perature in with respect 

to  time, must equal the flow of heat across the boundary of SI. T hat is,

= L r v {w' t )d A (m )

where v  is the outward unit normal vector field on dSl. Applying Green’s 

formula, we have

I I   ̂dV(x) = J J  Aku(x,t) dV(x)

or

J in ^  ~~ § i ^ X,t d̂V^  = °

for all such domains Si.

For compact manifolds, the existence of the heat kernel follows from a
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construction of M inakshisundaram and Pleijel, and the uniqueness from an 

application of Green’s formulas ([3], Chapter VI). For noncompact mani­

folds, we want the minimal positive solution to the heat equation. It is 

constructed as follows ([7], [3], Chapter VIII): Choose a sequence • • •

of regular domains in M,  with smooth boundaries, such tha t

Cl Hj-j-i
oo

( J fi; = M -
j =i

For each j ,  let qj be the heat kernel on tl j  with Dirichlet boundary condition, 

i.e.:

qj : Uj X Uj X [0, oo) -> R
Q

A<7j ( x , y , t )  = — qj(x ,y , t )  

q j ( x , y , t ) = 0 if x or y E dUlj.

We can regard q j ( x , y , t ) as a function on M  X M  x  [0,oo) by defining it to 

be zero if either x  or y is outside Slj. By the maximum principle, {qj} is an 

increasing sequence, and we define

P(x ,y , t )  = lim qj(x, y, t ) .
J —*oo

It can be shown tha t p(x,  y, t) is a fundamental solution of the heat equation 

on M  and is minimal in the sense tha t p ( x , y , t ) < q ( x , y , t ) for any other 

positive fundamental solution q.

In both cases, the heat kernel is positive, finite, and symmetric in the
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space variables. For compact manifolds, and for M  noncompact but com­

plete with Ricci curvature bounded below, the heat kernel satisfies the con­

servation of heat property

Note tha t the heat kernel is a function only of t and the distance between x 

and y. Furthermore, p decreases as the distance between x and y increases. 

For hyperbolic spaces the heat kernel also depends only on t and the distance 

between x and y, and for each t > 0, decreases as the distance increases ([3], 

Chapters VI,X,XI).

1.2 H ot Spots in Riem annian M anifolds

The starting point for our work is the paper “Movement of Hot Spots in 

Riemannian Manifolds” by Isaac Cliavel and Leon Karp [5]. In this section, 

we present those theorems and proofs th a t we will refer to in later sections.

As in Section 1.1, for a Riemannian manifold M,  let p ( x , y , t ) be the 

minimal positive heat kernel. Then, for any smooth, non-negative function

/  P(x ,y , t )dV(y)  
Jm

For arbitrary noncompact M  we have

[  p (x ,y , t )dV (y )  < 1. 
JM

On R n , a fundamental solution of the heat equation is

p(x,  y, t) = (4?rt) n/ 2e 1 «



C H A P T E R  1. BACKGROUND 5

(j) with compact support in M ,

Pt<Kx)= [  p(®»y»0̂ (y)d̂ (y)
JM

is the minimal positive solution to the heat equation satisfying

lim Pt<b = <j>. 
t-* o

The “hot spots” are the points in the set

H(t  \ 4>) = {x : Pt<j>(x) =  maxFf^(7/)}.

We are interested in the behavior of H(t\ <j>) as t —> oo.

For M  =  R n,

Pt4>{x) =  f  (47xt)~nl2e ' V  <f>(il)d(y).
Jr."

Let S ^ denote the support of >̂, and the closed convex hull of 5^. We 

recall tha t the center of mass of (j) is the point such tha t

/  (rnj, -  y)<f>{y)dy =  0.
Jnn

T h e o re m  1 (Chavel, Karp) For each t > 0, the function Pt(j) has a maxi­

mum value, and it can only be attained at points of C$, i.e.,

( 1 . 1 )
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Furthermore,

H(i; <j>)—* {m$}  as t —> oo. (1.2)

Proof: For each x G R n \  C$, there is a unique point px G dC$ for which 

d{x ,C (j>) = \x — px|. For any y in the interior of S^, the function

decreases as £ moves from x to px along the line segment xpx . Since the heat 

kernel increases as the distance between x and y decreases, Pt<f) increases as 

£ moves from x to px along xpx . This implies (1.1).

For (1.2), note tha t we have

{VPt(j)){ x)  = -(4?vt)~n/2 J  -X 2 t V-~e ^  4>{y)dy.

This implies tha t for every maximum point ht of Pt<!>,

J {ht -  y)e ' ^  <f>(y)dy = 0.

Let (tk) be a  sequence converging to +oo as k —► oo. Since all the points 

htk are in the compact set C$, (htk) possesses a subsequence (h t,) which 

converges to some point hQ0 G C$. Consequently

J  {hoc -  y)<f>(y)dy = 0,

i.e., hoo ~  m$.  Therefore, the sequence {htk) converges to Since the 

sequence (htk) is arbitrary, we have (1.2). 1

From another point of view, one might ask to what extent does the
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asym ptotic behavior of Pt<j> determine the initial data  </>. In particular, if for 

two domains f t i , f t 2 , P tln j agrees with P tln 2 on an open set up to order 

as t —* oo, must ft] =  ft2 ? We will discuss this question in Section 

2.2. Chavel and Karp prove the following “Hot Potato  Kugel Theorem” :

T h e o re m  2 (Chavel, Karp) Given a relatively compact open set (resp., a 

solid) ft and an n-disk B  in R n, suppose that the limit

L ( x ) = lim t 2 +1Pt( 1Q -  l B)(x)
t —>oo

exists and is identically equal to 0 for x in some open set U contained in 

the interior of  R n \  (B  U ft). Then ft =  B  up to a set of  measure 0 (resp. 

D = B).

Proof:

(47r)?t = +1Pt( ln  -  1 B)(x)

= t [  e ' V 1 ( i n -  1 B)(y)dy 
Jr."

=  1 £  ' 1 ?  I  \x ~ y \ 2k( l n - l B ) ( y ) d y  
k ■ jRn

= t f  (In  -  l B ) ( y ) d y -  \  [  \x -  y\2( ln  -  l B ){y)dy + 0 { t~ 2).
j R n 4  j R n

The existence of the limit implies Vol(Sl) = Vol(B)  and therefore 

j { N 2 -  2{x,y)  + |2/ |2}(ln  -  1 B){y)dy = 0
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on U. Differentiating with respect to x we have

J  y(la -  1 B)(y)dy = 0
so 0  and B  have the same center of mass. This implies

J  M2(in - iB)(y)dy = o
which implies D =  B  up to  a  set of measure zero. I

The terminology is derived from the Potato Kugel Theorem of [1], a re­

sult about the uniqueness of gravitational potentials. Consider the question: 

Given two solids in R 3 whose gravitational potentials

Potn(x)  = [  -— -— j-dy
J n \ x ~  VI

agree on some open subset of the unbounded component of R 3 \  (Di U D2 ),

must Oi =  D2 ? It is shown in [1] (see also [13]) tha t the answer is yes if one

of the solids is a 3-disk in R 3, but no for arbitrary solids.

Chavel and Karp also investigate the movement of hot spots in H n, the 

n-dimensional hyperbolic space. The solution to the heat equation with 

initial data  cj> is

Pt(j)(x)= f  p(x, y, t)4>(y)dV(y),
J H n

where p(x,  y, t ) is the heat kernel of H n. p (x ,y ,  t ) depends only on t and the 

distance between x and y so we have

p ( x , y , t )  = P (d (x ,y ) , t ) .
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It is known tha t for each / > 0, P(d(x,  y ), i) decreases as d increases.

T h eorem  3 (Chavel, Karp) In I I n, for any <j) > 0, H(t\4>) C Cj, for all 

t > 0 .

Proof: For any x £ H n\C$,  there is a unique px £ dC$ for which d(x, C$) = 

d{x,px). Let j x be the geodesic connecting x  to px . Using the first variation 

of arc length formula it can be shown tha t for any y £ C ^ ,d ( ( , y )  decreases 

as £ moves along ~]x from x  to px . Consequently, Pt<f>(£) increases. 1

Chavel and Karp also prove tha t in H n hot spots do not necessarily tend 

to one fixed point in C$. If is sufficiently small then there is a single point 

hoo such tha t H{t,(j)) —> {hoo}, but if S$ is large enough then there may be 

more than one hot spot.

1.3 The Com binatorial Laplacian

The analogue for graphs of the Laplace-Beltrami operator on manifolds is 

the combinatorial Laplacian. Combinatorial Laplacians have been studied 

by many authors (see [6], [8], [9], [11], [10], [4]). Many properties of the 

Laplace-Beltrami operator on manifolds have analogues in the discrete case 

including the maximum principle, the Harnack inequality, and Cheeger’s 

theorem bounding the lowest eigenvalue. In this section we present defini­

tions and collect those properties tha t we will need.

A graph G  consists of a set V  of vertices and a set E  of unordered pairs 

of elements of V.  For x , y  £ V  we say there is an edge joining x  and y 

if (x , y ) £ E.  G  is art infinite graph if V  is an infinite set. A path from 

x to y is a sequence xq, x \, . . . ,  x n of elements of V with xo = x , x n = y 

and (a:j,a;,+i) £ E  for i =  0 , . . . ,  n — 1. The length of this path is n. G
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is c o n n e c t e d  if for all x , y  £ V  there is a path from a; to y .  G  is s i m p l e  if

E  contains no elements of the form (x , x ) and if there is a t most one edge

joining any pair of distinct vertices. The degree  m ( x )  of a vertex x  is the 

number of edges with x  as an endpoint. A graph is q- regular  if m(x) = q  for 

all x  E V.

If (x , y )  E E  we say x  and y are neighbors. For a fixed x E V,  Y ,
y~a:

will mean the sum over those vertices y  tha t are neighbors of x .  We will 

sometimes want to consider d i r e c t e d  edges. [ x , y \  will denote the directed 

edge from x  to y .  E* will denote the set of all directed edges, so if ( x ,  y )  E E  

then both [ x , y \  and [ y , x ]  are in E*.

Let G  be a simple, infinite, connected graph. We define the following

Hilbert spaces as in [11]:

L l  =  { /  : V  - *  R  | Y  ™ { x ) f 2{ x )  <  o o }

and

L \  = R  | 4>{[x,y])=-4>{[y,x]) V [x, y] E E*,

Y ,  ^ 2([*»»]) < 00}
( x , y ) £ E

The sum in the definition of L\  is independent of the choice of direction for 

each edge. The inner product in L i  is defined by

(/> ff) =  Y  m (x ) f ( x )9{x) 
xev
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and the inner product in L \  by

[x, y]£E*

Consider next the linear operator d : Lq —► L \  defined by 

df([x,y]) = f ( y ) -  f ( x ) .

We note th a t d is bounded since

( d j , d f )  =  £  ( / ( ! ! ) -  / ( x ) ) 2
( x , y ) e  E

< 2  £  ( / 2( » ) + / 2M )
( x , y ) € E  

= 2( / , / ) .

The adjoint of d is the linear operator (5 : Lj —» L q defined by

U M )  = {.df,<t>)

for all /  £ L q and ^  6 i j ,  where the inner product on the left side is in L q 

and on the right side in L\.

We can calculate 6<j> as follows:

{d fA )  = \  Y l  d/([*>»])^([*»y])
t .̂i/]e JS*

[x, y]£E*  

x e V y ~ x
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= £ m ( * ) / ( * ) - ; ^ Z > ( [ 0 » ® I )
x<=V m \ X ) y ~ x

= ( f M ) -

So

\ / yr̂ X

The Laplace operator A : Lq —► L q is defined by

A =  -6d .

T hat is,

A f ( x )  =  —6(df)(x)  
1

S  #([»>*])m(x)

V / yr̂>X

y~r

A domain D  in G  is a subset of V along with whatever edges were present 

in G. The boundary of D  is the set of edges with one endpoint in D  and 

one endpoint not in D,  i.e. the edges joining D to its complement in G. We 

have the following Green’s formulas:

L e m m a  1 For f , g  G Ll,  (g, A /)  = ~(dg,d f) .
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Proof:

~ (dg ,d f )  = J 2  (a(y) -  g ( x ) ) { f ( y ) -  f ( x ) )
[x,y]QE*

=  \  1 2  (9 { y ) f i x ) -3r g { x ) f { y ) - g { y ) f { y ) - g { x ) f { x ) )
[x, y]£E*

=  1 2 s i x)12f(y)  ~ 12 ™(x)g(x)fix)
x e v  x e v

= E  ■»(*)»<*>• ( ^ E / < » ) -/<*>)

= (<7, A /) .  I

C o ro lla ry  1 For f  E L%, ^2x e V m ( x ) A f ( x )  = 0

Proof: Apply Lemma 1 with g = l y -  i

L e m m a  2 I f  f ,  g G L q and g has finite support D then

(g, A /)  +  (dg, d f)D =  ] T  g(x)
xGD

£ ( / «  -  / ( * »
* y~x  \y*D

where (dg ,d f )o  means we sum over those edges with both endpoints in D.

Note tha t the sum on the right side is an ‘integral’ over the boundary.

Proof: We split (dg ,d f ) into a sum over edges entirely in D  plus sums over 

edges with at least one endpoint not in D.

{dg,df) = (dg,df)D + Y 1 1 2 ( 9 ( y )  -  g (x ) ) ( f ( y )  -  /(* ) )
i g D y~x yZD

+ 1 2 1 2 ( M -  y ( x ) ) ( f { y ) -  /(* ) )
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Since support g — D,  we have

(dg,df)  =  (dg ,d f)D

+ Z D - «  / (»)- /(*))
xgD y(2D

or

(ff, a / )  +  (dg, d f)D = 1
xg£> y~x y£D

1.4 T he H eat K ernel for Graphs

Let G  be a simple, infinite, connected graph with Laplace operator A. To 

derive the heat equation, we view G  as a uniform conductor of heat and 

observe, as in the Riemannian manifold setting, tha t the to tal change in 

tem perature, with respect to time, in a domain D  C G must be equal to  the 

flow of heat across the boundary (assuming, for t > 0, tha t heat is neither 

supplied to nor withdrawn from D).  Letting u ( x , t ) be the tem perature at 

vertex x a t time t , we have

d
m {x) -~ u {x , t )  =  u(x, t)) .

x£D x£D y~xy$D

Applying Lemma 2 to the right side, with f  — u{ , t)  and g the characteristic 

function of D,  we have

2  = 2 « ( * . < ) )  
x g D x g D y~x

x £ D  v ~ xy*D
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= (g, Au(  ,<)) + (dg,du)D

= (a, A u ( , 0 )

= X  m (x ) A u ( x , t )
x g D

i.e., A u ( x , t ) =

The heat kernel, p(x, y, t), is the solution to the heat equation with initial 

condition one unit of heat concentrated at y £ G:

p : G x G  X [0, o o ) —► R
Q

A xp (x , y , t )  = — p (x , y , t )

i \ m Y m (x )p(x ^ y ^ ) f ( x ) = f ( y )  V/  G L o-

For an initial tem perature distribution 4>(y), the solution to the heat equa­

tion is

«(*><) = X
y e G

T h eorem  4 For a simple, infinite, connected graph G,

i) X  m (x )p(x iy f i )  = 1 vt
x g G

ii) Y  m ( x )u (x , t ) =11,
x g G  x g G

Proof: i)

X  m(®)p(x, y, 0) = X  m(*)p(® >
x g G  x g G

= ty(y) = 1
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and

d 9
- j r ^ m { x )p{x , y , t )  =
0 xeG xeG

= Y m (x )A  *p(®»y>0
x £ G

= 0 by Corollary 1.

So J2xeG Tn,(x)p(x, y, t ) =  constant =  1.

H)

St Y  m(x)u(x ,  t) = Y  m(x)S:u(x> 0
a t x £ G  x £ G

— Y j m (x )A u (x ,  t ) 
xeG 

= 0.

Therefore,

Y m (x )u (x ^t ) =
x £ G  x £ G

= Y  m (x ) 1 2  w»(^)p(a?* ° M ( y )
x( :G \  VyEG

=  Y  m { x ) ^ x ) .  1
X & G
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zn

2.1 The H eat K ernel for Zn

In this section, we extend the results of “Movements of Hot Spots in Rie- 

mannian Manifolds” to Z n .

Let G be the graph whose vertices are the points in the integer lattice 

Zn , and whose edges join a  vertex (x j, X2 , ■ ■ x n) to its 2  n neighbors

G is obviously simple, infinite, and connected. Let (j> be a positive real valued 

function defined on a finite subset of Z n. We will solve the heat equation 

A u ( x , t ) =  Jyu ( x , t ), with initial da ta  (j>, by taking the Fourier transform of 

each side with respect to  the space variable, solving the resulting differential 

equation, and then applying the inverse transform.

17
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Our g o a l is to  fin d  u : Z n X [0, o o ) —> R  su ch  th a t

Q

A u ( x , t ) =  — u ( x , t ) (2.1)

limu(a:,<) =  (f>{x). 
t—̂o

The Fourier transform of u is

u(C,t) = 5 2  < x , t ) e i(x<) C e / r .
x € Z n

The Fourier transform of A n is

=  Au(x ,  t) el(x'
x e z n

{ 1 n
— ^ (̂^(^1 > • • • > ®i T 1 j • • • j ®nj 0  > ■ ■ ' > ®t !)•••» 0)®  ̂ ^
2 71 i=l

=  V  u (x , t )  / —  fe!'^ 1+lKl + e'^Xl_ 1K1 +  • • • +  +  e*'(*n-i)Cn] _  c*(*-0 \
xiZ" l2 n V  1 ]

=  £  «(®, t)e‘'(a;'0  { (e' Cl + e-1^1 +  • • • +  e!'<" +  e- * ") -  1 j
^ 2n J

=  ^ 2  u(x,  t)el(x’̂  |  —(cos 0  +  ■ • • + c o s — l |
ie z "  1 n J

= u ( ( , t )  j^ ( c o s ( l  H----- +  COsCn) -  l j  •

So (2.1) becomes

j^ (co sC i +  • • • +  cosCn) -  l j  u ( ( , t )  = |U ( C ,<)■
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A solution is

U((,t) = C‘(i(cos(1+-+cos<,.)-l)fl̂ 0j 

or since u(( ,  0 ) =  <̂ (C)>

«(C,t) =  e‘(n(cos^ + - + cos^ ) - 1) <£(£) 

which we will write as

u(C,0 = c_tC"C(ĉ (C).

To recover u, we apply the inverse transform

u{x, t)  = (27r)"n /  e ^ e & l Q f a O  e ^ x^ d (
JRn

= e~t(2n)~n [  e»c M V  ^ e ^ e - ^ d C  
jRn y6Z”

= e~t (2n)~n Y  <Kv) I  enC^)ei{y<)e-i^Od(l.
y€Z" Rn

For a point source at y,

u ( x , t ) =  c " ‘(2jt)~n f  cSc (Oe''(»-C)c- ‘'(* -0 ^
Jnn

= e~t(2ir)~n f  " cos<1 e—*(̂1 —1/’ )Cl . . .e*VcoS<ne-«'(zn-!/nKn̂£_
Jnn

Making the substitution Q — 0j -f § we have

— /  e £ 008 <;e"''I1'-»>><> rfCi 2tt Jr  Sj

2tt 7/i J
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=  e- ' (x>-ŷ J {X}_y]){it ln)  

where JT is the Bessel function of order r. So we have

<*,() = ) J(XI V (Xn_9„)(i(/« ).

Since e~ t T 2 JT(i t /n )  = I r( t / n ) ,  the modified Bessel function, we have, w rit­

ing p ( x , y , t ) instead of u ( x , t ) to emphasize the point source,

p{x, y, t) = e~iI(Xl- m){t /n)  • • • I(Xn- yn)(t /n) .

T h e o re m  5 p ( x , y , t ) is a solution of  the heat equation on Z n .

Proof: We may assume the point source is at the origin. Then

A xp(x ,0 , t )

= A x {e~tIXl( t /n )  ■ ■ ■ IXn( t /n)}

= / n) • • ~ (</»)' *' Ixn( t /n)
Z~X

= ]C U x d t / n )  ■ " I x i + i t t M  ■ • ' I xn ( t / n )
1 =  1

+ IXi( t / n ) • • ■ IXi- i { t / n ) Ixn( t fn)}

- e~lIXl( t / n ) • ■ •IXn( t / n )

and

— p (x ,0 ,t)  = g j{e~ iIXl( t / n ) - - - I Xn(i/n )}



C H A P T E R  2. ZN 21

- e  iIXl( t / n ) - - - I Xn( t / n )

= A xp(x,Q, i ) .  1

A path  from x to y in Z n is a sequence of points x = xo, x j , . . . , x T =  y , 

where x,- and x t+i are neighbors. The length of this path is r. The distance 

between x and y , d(x,y) ,  is the smallest integer r for which there exists a

path  of length r from x to y. For x = (x i, x2, . . . ,  x n) and y = ( y i , y 2 , ■ • •, 2/n)>

we have
n

d(*»y) = £  ls/j -  ®il-
j=i

A path  from x to y is minimal  if its length is d(x,y) .

T h e o re m  6  i) p ( x , y , t ) z.s symmetric in the space variables.

ii) p ( x , y , t )  decreases as the distance between x and y increases.

Hi) p ( x , y , t )  satisfies the conservation of heat property:

^ 2 p ( x , y , t ) =  1 for all t.
X

Proof: All three assertions follow from well-established facts about modified 

Bessel functions.

i) is equivalent to h(s) = I -k(s )  if & *s an integer.

For (ii), let 7  be a minimal path from y to x. Let 2  and q be neighbors 

on 7  with d ( z , y ) > d(q,y).  Since z and q are neighbors, they differ in only 

one coordinate, say the j th. We have

p { z , y , t )  =  e tI\yl - z 1\ { t / n ) - - - I ]yj- Zjl( t / n ) - - - I lyn_Znl( t /n)
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^  e I \ y i - q i \ ( t / n ) ’ ' ' I \ y j - q } \ ( t / n ) - "  ' I \ y n - q n \ ( t / n )

=  p(q,y,t)

since Ik{s) is decreasing as a function of k.

For (iii), we may assume the point source is at the origin. Then

5 ^ P ( * .0 , 0  =  e“ * ^ / Sl(*/n) ••■/*„(*/!*)
X  X

O O  C O

=  e ~ l  Y 1  t A t / n ) - - '  Jj'(*/n )
j — — oo O O

=  e ~ l • e 1!11 • • • e4/"

=  1

since E ^ - o o  ^ 0 ) =  eS- ■

For initial data  (j) the solution to the heat equation is

u(x , t )  =  e~l J 2  ^(y)p(x ^ y ^ )  
ye  Z n

= ^ I \ y ^ \ A l n ) - - ' I \yn-xn\ { i h ) .
y e  Z"

We will often write Pt<t>(x) instead of u(x, i) .

2.2 Hot Spots in Z n

In this section we investigate the movement of hot spots in Z n . We begin 

with a description of convex sets.

We recall from the previous section tha t a path from x to y in Z n is a 

sequence of points x = xq, x i , .. . , x r = y, where x,- and x l+j are neighbors.
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The length of this path is r. The distance between x and y, d(x ,y ) ,  is the 

smallest integer r for which there exists a path of length r from x to y. For 

x = ( x i , . . . , x n) and y = ( y i , . . . , y n), we have

71
<*(*>») = E l Vj ~ xi\-

j =i

A path  from x  to y is minimal  if its length is d(x , y). Minimal paths are not 

necessarily unique. We will use the following definition of convexity:

D efinition: A set C C Z n is convex if for all x , y  6  C\ C  contains all

minimal paths in Z n from x to y.

This is analogous to strong convexity for domains in Riemannian manifolds.

By an interval in Z x we mean a subset of the form {x & Z x : a < x < b], 

which we will denote [a, b]. A rectangular solid in Z n is the Cartesian product 

of intervals

[®1 j ^l] X • * • X [flni ^n]- 

It is possible tha t one or more of these intervals consists of only one point.

P rop osition  1 i) A convex set C in Z x is an interval, 

ii) A convex set C  in Z n in a rectangular solid.

Proof: i) If x , y  G C  then all points z, x < z < y, must be also.

ii) Suppose x  = ( x \ , . . .  , x n) and y = ( y \ , . . . , yn) are in C. Then C  must 

contain all paths from x to  y of length d(x,y) .  Therefore, C  must contain 

all points of the form ( z , x 2 , ••■,£«) where z increases (or decreases) one 

unit a t a time from xi  to y\.  Similarly for the other coordinates. So C  must 

contain all points in [x i, 2/1] X • • ■ x [xn, y n]. 1
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D efin ition: The convex hull Cb  of a set B  C Z n is the smallest convex

set containing B ; tha t is, if C is any convex set containing B  then Cb  C C.

D efin ition: The distance, d ( x , C ), between a set C  C Z n and a point

x £ C  is the smallest integer r for which there exists a  path of length r  from 

x  to some y in C.

P ro p o s i tio n  2  I f  C is a convex set in Z n and x £ Z n \ C , then there is a 

unique point y G C such that d ( x , C ) = d(x,y) .

Proof: In Z 1, convex sets are intervals and y is the endpoint of C  closer to 

x.

In Z n , n  > 2, suppose there were two distinct points y , z  6  C  with 

d ( x , C ) =  d(x ,y )  =  d(x ,z ) .  For convenience suppose x =  (0, Since

y ^  z, some yi 7  ̂ z,-; say |y,-| < |z,|. Consider the following path  from z to y: 

s ta rt at ( z i , . . . ,  zn), decrease (or increase) the i th coordinate until we reach 

( z j , , zn), then take any minimal path to ( y i , . . . ,  yn). The length 

of this path is
n

\*i -  Vi\ +  XJ \z3 “  Vi\ =  d(y> z)

so ( z i , . . . ,  y,-,. . . ,  zn) is in C. But the distance from x  to this point is

\Vi\ +  Y l  N  < Y \ zi\ = d(x , C )
J= 1

which is a contradiction. i

P ro p o s itio n  3 Given C ,x ,  and y as in Proposition 2, for any y 6  C,

d(x, y) = d(x,y)  +  d(y,y) .
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Proof: Assume x is the origin. C  is a product of intervals [ai,&i] X • ■ • X 

[an, 6 n]. Suppose first tha t no interval contains 0. Then, by taking reflections 

if necessary, we may assume all a,, 6 ,- > 0. In this case, y = (a * ,. . . ,  an) and

d(0 , y ) +  d(y, y) = J 2  +  ^ ( V i  ~  «.) =  Vi = rf(°> »)•
t : t

Now suppose one interval, say the j th, contains 0. Again by taking re­

flections if necessary we may assume a,-, 6 ,- > 0 ,i  /  j .  In this case y = 

( a i , . . . ,  0 , . . . ,  an) with the 0 in the j th place. Then

d(0,y)  + d(y ,y )  = ]T a ,' +  ~  a.) +  \yj\

=  S w  +  lwl

= d(0,y).

The proof can easily be modified if more than one interval contains 0. I 

Next we discuss the center of mass of a function. We recall for (j) defined 

on a domain B  C R n, <j> > 0, the center of mass m  of <f> is the point in R n 

for which

/  { m -  y)(f>(y)dy = 0 .
J Rn

For Z 1, we make the following definition:

D efin itio n : For a function </> defined on a domain B  C Z 1, ^  > 0, the

center of mass m  of </> is

/ EfcgB fc0(fc)\

\  Z k e a m '
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where {r ) means the integer nearest to  r; if — — is exactly halfway
E keBm

between two integers then m  is the set

E f c g B ^ W  1 E f c g B ^ M  l |

.. Z t e a m  2> '£ fa = B « * 0  2J
For convenience, let (r)*, for r E R,  denote the integer nearest to  r, if this 

is well defined, or {r — | , r  +  |}  otherwise.

In comparison with the R n definition we note tha t m  minimizes

] £ ( n  -  k)(j>(k) 
keB

for n in Z. To see this, write |E /tgB(n -  | as

n Y1 k) “ 5Z
fces fceB

If n  were real, i.e., not necessarily in Z, then the minimum would occur at★
E«=»**<*> . . . . j Z keBw ) \n =  -------------- ; ii we require n in Z, the minimum occurs at ( ---------------  ) .

P ro p o s i tio n  4 Let (j) be a function with finite support S  C Z 1 and let Cs  

be the convex hull of S. Then the center of  mass m  of <f> is in Cs-

Proof: For k E Cs \  S, define <j){k) = 0 . Cs  is an interval [a, b]. If m is one 

point then

_ / e k j c k m \  / E * e c w * o \

'  Z k e c W ) '  X ^ k e c m /
m = b.
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Similarly, m  > a. 

If

E k z c k(t>{k) i E k e c k(K k ) 1

then — — -f i  must be < b. Suppose not, i.e., suppose
E t e c W

Efcec k(f>(k) i 
 +  > 6 + 1 .

E kec<f>(k) z
Then

X X * o >  ' E v + b m ,
k e c  k£C

but k < b for all k in C.

Similarly, ^ c ^ - -  -  i  > a. I
Etec# )

In Z n we define the center of mass coordinate by coordinate: 

D efin itio n : For a function </> defined on a domain B  C Z n , let

  /  E x € B  > • • ■ i x n )  \
m' ~  \  E s e f l ^ 1  i i ■••>*».) /

The center of mass m  of <j> is mi x • • • X m n.

Note tha t each m; is either one integer or a set containing two integers; 

therefore, the center of mass of </> is either one point or a  set containing a t 

most 2 " points.
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Example: Let B  = [0,3] X [0,2] C Z % and <f— I b - Then

/ E xeBXi<t>(xux2) \ *  _  /  1 8 \ * f -

_  I H x e B ^ { x i , x 2) V  _  / 1 2 \ * _ 1 

2 \  E r e s  f { x \ , x 2) /  \  1 2 /

and the center of mass of is the set { 1 , 2 }  x  { 1 }  or { ( 1 , 1 ) ,  ( 2 , 1 ) } .

P ro p o s i tio n  5 Let cj> be a function defined on a finite set S  C Z n and let 

C s be the convex hull of  S. Then the center of  mass m  of  <f> is in Cs-

Proof: For x E Cs  \  S, define <j>(x) = 0.

Cs  is a product of intervals [nl5 hi] x  • • • x  [an, &„]. By Proposition 4, mi  

is in [ai,bi\ for each i, therefore m is in C. 1

For a function f  > 0 with finite support S  C Z n, the solution to the 

heat equation with initial data  is

Pt(f)(x) = e - t
y € Z "

Let //(<; 4>) = {x G Z n : Pt(f>(x) =  m a x ^ r ,  Pt<f){z)}.

T h e o re m  7 II{t\ <j>) C Cs for all i.

Proof: By Proposition 2 , for any x  £ Z n \  Cs,  there is a unique y E . C s  

such th a t d(x ,y )  =  d(x,Cs)-

Let 7  be a minimal path from x  to y. For any z E 7 , d (z ,C )  = d(z ,y )  

and by Proposition 3 for any y E C, d (z ,y )  =  d(z ,y )  +  d(y,y).  Therefore, 

d (z , y) decreases as z moves along 7  from x  to  y. Therefore, by Theorem 6 , 

p ( z , y , t ) increases as z moves along 7  from x to y. I
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T h e o re m  8  For large t , H(t\<j>) = m, the center of mass o f  (f>.

Proof: Suppose first th a t m is one point.

We may assume tha t m is the origin.

We then want to  show Pt<f)(0 ) > Pt<t>{x) for large t, for all x. 

For large t ,

Therefore,

y

~  e - ‘(2 j )  { 1  -  +  0 ( r  J)

Multiplying out we have

Similarly,

( 27r t / n ) n/ 2Pt<j)(x)

4 (2/1 — a:i) 2 — 1 4(yn — x n)2 — 1
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Subtracting we have

(27rt/n)n/ 2(P t0(O) -  Pt(x))

ryj E *»> { +  ■ ■ •+ + °(-2)
= ? — 2^ iy i + - - - + S *  -  2a:ni/n } +  0 ( t “ 2)

+ - + i ^ { ^ E M  - x » E s » # » ) j + ° ( r 2 )-

Assuming the center of mass is the origin means mt- = 0 for each z; i.e.,

/ z , m m \ 0 foreach!.
\  Zy<Kv) I

or 1 „ Eyyi<t>{y) „ i
2  £ y <Ks) 2 ’

So

- \  Y h W v )  < yr f iy)  < \ ' 5 2  f t y )  for e ach *•
y v v

If 0 < £ ,  yi<t>{y) < \ E y <Ky)»then

Y  X I _  *•' X^ J 2  yi<Kv) ~ x < yr f iy)
y y y y

= (%i -  x i) X I yrf iy)
y

> 0
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If - \ E y 4>(y) < E y  2/ ^ ( 2/) < o, then

y y y y

= (*? +  ® i ) ( - E ^ ( » ) )
y

> 0.

i f  E y  =  ° > then

y
> 0.

Since some a;,- must be nonzero we conclude Pt<p(0) > Pt4>(x).

Suppose now tha t the center of mass is not one point; i.e., some m,- 

consists of two points.

We may assume m; = {0,1}; i.e.,

E y  yi(Kv)  _  1 

Ey<^(2/) 2

or

Y l V i M  =  »)■ (2-2)
y y

The center of mass consists of two points: the origin and the point e,- whose 

i th coordinate is 1 with zeros everywhere else. First we show Pt<j)(0) —
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Pi<f>(ei) ~  0 for large t.

= 0 by (2.2).

Then

Y  J2 M  ~ Xi J2 y ^ y ) = (®*? ~ *•■) J2 y ^ y )  > 0
y y y

for X{ 0  , 1 . 1

Next we prove an analogue in Z n of Chavel and K arp’s “hot potato  

kugel” theorem and extend the results of “Hot Spots” for R n by answering 

a question posed by Chavel and Karp: Is Theorem 2 true for one of

which is only assumed to be convex?

Using the usual graph metric in Z n , i.e., counting edges, the disk with 

center c and radius r is

n

B(c\ r) =  {x : d(x,  c) < r} =  {x : ^  |xj — C j \  < r}.
i =l

The Z n analogue of the R n theorem is, however, not true for disks as we 

will show by example below. We must consider instead disks in Z n defined 

using the Euclidean metric. The Euclidean-disk with center c and radius r 

is the set

B(c-,r) = {a; : \x i ~ cj | 2 ^  7'2}-3 =1
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The Euclidean-disk of radius r contains the disk of radius r since

n

Y  \x i -  ci\ ^  r3=1
implies

Y \ X3 ~ C312 < \ Y \  X3 ~ C3 3=1 \3=0
We want to emphasize tha t in Z n, disks and Euclidean disks are not convex. 

This leads one to believe th a t in R n the real issue is not convexity.

We will also need to define open sets in Z n . A  set U contained in Z n is 

open if some x in U has 2n neighbors also in U. The idea is to  be able to 

take a spatial derivative in every direction from at least one point.

T h e o re m  9  Let B  =  j3 ( c ; r) be an Euclidean disk in Z n and ft a finite set. 

Suppose

lim ( t / n ) ? +1(Pt In  -  Pt lg ){x )  =  0
t  1 1 O O

for all x in an open set U C Z n \  (B  U ft). Then ft =  B.

< r

Proof:
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For large t , this is asymptotic to

( t /n )  2 +1e - 1 • ( e ‘/ n )n ((27T t /n )~ ^ 2)n-

( v -' f i  — a;i) 2 — 1 4(o;n — a:n ) 2 — 1

' ( ^ 1  ^  W "  + 1 '
^ [ 1 4(6X -  mt) 2 — I 4(i>„ — xn)2 — 1 , rt(4-

8  t / n  8 t /n  + 1

+ (i/n) { h T  ( s )  -  *<)2 - 1 ) - E E ( % - * . - ) ’ - 1)

Our hypothesis is that the limit of this expression as t —* oo is 0.

This implies i ) ii and B  have the same volume (contain the same number 

of points) and

“ ) “  xt)2{ln  -  lf l} (« ) | =  0 for alia: e  U.
z £ Z n I  i J

ii) is true for some x = ( x i , X 2 , . . . ,  x n) and also for (a:i +  1 , 0:2 , ,  x n) so 

we have for x

J 2  { Y l ( Zi +  Xi ~  2 x i Zi ) { U l  ~  l f l K * ) }  =  0 (2 -3 )
2ez" I t J

and for (a:! +  l , x 2, .. - , x n)

£  j ( 2 H  + 1 -  2Zl) +  £ ( 2 ? +  x i ~ 2x izi ) \  {In -  1 b ) ( z ) =  (2 -4 )
zgZ"  I  i J
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Substituting into (2.3) we have

E ( 2®i + 1 -  2zi){ln -  16 }{z) = 0
Z

which implies

(2.5)
Z

since x is constant.

Similarly for the other coordinates; consequently and B  have the same

center of mass, which we may assume is the origin. Since (2.5) is true for

each coordinate we have

£ X > { l n - l f l } ( * )  = 0  ( 2 .6 )
z i

which implies

E zix i{ ̂  — lfl} (z) = (2-7)
z t

Substituting into (2.3) we have

E ~ = 0
or

?{?*■!- ? { ? 4
Suppose Si ^  B.

We know B (£ Si and SI <f_ B  (equal volumes) so B \  SI /  0 and S l \  B  ^  0.
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Since the same set B  D fi is removed from B  and from Q, we have

vol(B \  Q) — vol(il \  B)

and

e { e *?}=-e { 5 > ? } -  (2-8)
B \ Q  '  * '  Q \ B  « >

But B  \  ft contains only points tha t satisfy b2 < r 2 and fi \  B  only points 

tha t satisfy > t2. So we have

Y  Y b? ^ 7,2 - voK̂ \fi)
B \ n  '

Y  Y u? > 7,2 ‘ voI(ft \ B)
n \ B  *

contradicting (2 .8 ). B

As mentioned above, this result is not valid for disks. We will present a 

counterexample in Z 2 and indicate how to find counterexamples in Z n ,n  >

2. Let B  be the disk of radius 8  centered at the origin and let

Sl = B  \  { ( 7 ,1 ) , ( - 7 ,1 ) , ( 7 , - 1 ) , ( - 7 , - 1 ) }

u  {(5 ,5) , (5 , -5) , ( -5 ,5) , ( -5 , -5)} .

Then

lim (t/n )7 + 1 {F(l n - P Jl fl}(a;) = 0  Vz e Z 2 \ { B  U 12).
t— ► O O
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To see this, note tha t we have, as in the proof of Theorem 9, for large t

( t/n)%+1{Pt l n -  Pt l B}{x)

~  (</n)(27r)-n/2
I U b J

I 6 i w t J

B  and ft have the same volume so

w b

B and ft also have the same center of mass (the origin), and satisfy

B  i n  i

Therefore

“  *‘‘)2} = S { 2 (W*‘ ~  Xi
B  i Q i

and the limit is 0. We can use this example to construct examples in higher

dimensions. In Z 3 , let B  be the disk of radius 8  with center at the origin. For 

ft, delete from B  the points (7 ,1 ,0 ), (7, —1,0), ( — 7 ,1 ,0), ( —7, —1,0) and add 

the points (5 ,5 ,0 ), ( 5 ,-5 ,0 ) ,  (—5,5 ,0), ( - 5 , - 5 ,0 ) .  ft has the same volume 

as B  and, because of the symmetry, the same center of mass.

From the proof of Theorem 9 and the examples above we see th a t we 

actually have
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T h e o re m  10 In Z n ,

lim (< /n ) t+1{P(l n -  P t ln 2}(a;) = 0t—►OO

for  x in some open set U is equivalent to fix and f i2 satisfying the following 

three conditions: i) Oi and fi2 have the same volume; ii) Hi and f i2 have 

the same center of mass; Hi) £ ni £ ,• u? =  J2q2 E i •

Turning next to convex sets, Theorem 9 is not valid for H i ,0 2 one of 

which is only assumed to be convex. In fact we will show how to find pairs 

of sets in Z n ,n  > 3, both convex, satisfying

lim (* /n )£ + 1 {P tln -  Pt ln 2}(x) = 0 (2.9)
t —¥ OO

for all x  in Z n \  (0 j  U fi2) but Hi ^  f l2. For convenience, we will work in Z 3 

since the method easily generalizes.

We are assuming Hi and fi2 are convex so they are products of intervals,

say,

i ll  =  [xi ,x i  +  (m  -  1)] X [x2, x 2 +  (n — 1)] X [a:3 , x 3 +  (p -  1)]

2̂ = [yi, yi + (q -  l)] x [2/2 , z/2 + (r - l)] x[y3,y3 + ( s -  l)].

By Theorem 10, Hi and fi2 have the same volume, so mnp  =  qrs. Hi and 0 2 

also have the same center of mass, which means tha t the average of the i th 

coordinates in Hi equals the average of the i th coordinates in fi2. Explicitly,
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for the first coordinates,

Equivalently,

771 — 1 9 — 1
np- J^(®i+i) = r3 •^ (» 1+j). (2.10)

j -o  j —o

( m -  l ) r a \  /  ( q — l)q
np m i l  + ------„-------) =  rs [qyi  + ------------

or

mnp  ( x\  + ""2 =  qrs ^t/i +m — 1 \  /  ? -  1
■+• " '

Since mnp  =  grs we have

W ~  1 9 _  1 /r. ^
s i  +  ■ = 2/i H 7, • (2 .1.1 )

Similarly,

72 +  ^  = !/2 +  —  (2 .1 2 )

*3 + ^ - j— =  53 + p p  (2.13)

Note tha t these equations imply tha t m  and q have the same parity, as do

n and r, and p and s. Condition (iii) of Theorem 10 says

E E “ ? =  E E " . 2- <2-14)
i n2 *

We have

5 3 ^ 1  =  np ■ {xl  +  (a;i + l ) 2 +   b (z i +  (m -  l ) ) 2}
fti
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=  np ■ { x 2 +  x \  +  2xi  +  1 +  f- x \  +  2(m  -  l ) x j  +  ( m -  l ) 2}

( m — 1 m — 1
m x2 +  2xa 3  + YZ ^

j = 0  j = 0

= np .{m ,; + 2s, + ■fo.- J M 2? -- .1-)}

= mnp ■ js?  4- (m -  l)x a + — — ^ ( 2m— — j  .

So (2.14) becomes

x \  +  (m — l)x i +  ^ (m  -  l)(2m  — 1) +  x2 -f (n — l)x 2 +  — l)(2n  -  1)
6 6

+  x§ +  ( p - l ) x 3 + ^ ( p - l ) ( 2 p - l )  (2.15)

=  y\  + {q -  1 )2/1 +  (̂<7 -  1)(2q -  1) +  2/2 +  (r -  1 )2/2 +  ^ ( r  -  1 )(2 r -  1 )

+  2/3 +  (s -  1)2/3 +  ^(5 -  l)(2s -  1)

From equations (2.11), (2.12), and (2.13) we have

x l  +  ( m  -  l ) x i  +  =  2/x +  (g -  l ) z i  +

x j  + ( n -  l ) x l + ^ - ~ -  = y% + {r -  l )x!  +

x j  + (p ~  l )x i  + ^ ~ ~ ~  = 2/3 +  (5 ~ 1 ) ^ 1  + ^  •

Substituting into (2.15)

^ (m  -  l)(2m  -  1) -  ^ (m  -  l ) 2 +  ^ ( n  -  l)(2n  -  1) -  i ( n  -  l ) 2 

+ ^ ( P ~  l ) ( 2 p -  1) -  ~ ( p -  l ) 2 

=  I ( ,  -  1 ) (2<7 -  1) -  i ( ,  -  I)2 +  I ( r  -  l ) (2r  -  1) -  ±(r  -  l ) 2
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+  I ( , - 1 )(2 S - 1 ) -

This is equivalent to

(m  -  l)(m  +  1 ) + (n -  l) (n  +  1 ) +  (p -  l)(p  +  1 )

=  ( ?  - ! ) ( ? + ! ) +  (r -  l ) ( r  +  1 )  +  ( a  -  l ) ( s  +  1 )

or
2 i 2 i 2 2 . 2 , 2m + n  + p  = q +  r + 5 .

So we seek two triples of integers m, n, p and q, r , s such tha t mnp = qrs and

m 2 + m 2 + p2 = q2  + r 2 + s 2  and corresponding parities match. One solution

is to  take for q, r, s an allowable perm utation of m , n , p .  In th a t case, ^ 2  is 

a  rotation of S7i. There are also nontrivial solutions. One is 12,10,1 and 

4 ,2 ,15 . Explicitly, we could take

111 = [-5 ,6 ] x [-4 ,5 ] x [0,0] 

n 2  = [-1 ,2 ] x [0,1] X [-7 ,7 ].

Since we worked coordinate by coordinate, the discussion generalizes. In 

Z n we want two rectangular solids f ii, ^ 2  of dimensions m i, m 2 , . . . ,  m„ and 

9i> 9 2 ) • • • 5 <7n > respectively, such tha t

m 1m 2 ---m„ =  <7192 • • 1 <7n

2 , 2 , 1 2  2 , 2 , , 2m ] + m 2 + - - -  +  m„ = qx +  q2 +  • • ■ +  qn .
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The Z 3 example extends to an example in Z n by taking

m i, m 2, . . . ,  m n = 1 2 , 1 0 , 1 , v, v , . . . ,  v

91,92, ■■■,7n = 4 ,2 ,15 ,

where n is any integer.

In Z 2, the situation is different. We want pairs of integers m, n and q, r 

such tha t m n  — qr and m 2  +  n 2 = q2 +  r 2. If m  and n are given, then q and 

r are determined; either q = m  and r = n, so 0 . 2  =  Oj or q = n  and r =  m, 

so 1^2 is a rotation of Oi

Turning now to R n, Chavel and Karp ask if Theorem (2) is true for 

one of which is only assumed to be convex. Our results in Z n show 

us how to find sets , S72 satisfying (2.9) for all x in R n \  (Oi U O2 ), both 

convex, but ^  O2 . The proof of Theorem (2) shows tha t (2.9) implies 

and 1^2 : i) have the same volume; ii)have the same center of mass; and iii) 

satisfy

/ d2 (x, y)dy  = / d2 (x , y )dy  for all x in U.
J f̂ 2

Running the proof backwards, we can see tha t conditions (i), (ii), and (iii) 

imply (2.9) for all x in U. So we have

T h e o re m  11 In R n,

liiri {t./n)' i+1 {Pt l n -  Pt ln 2 }(a;) = 0
C — K X >

for x in some open set U C R n \  (Oi U H2 ) is equivalent to fij and O2 satis­

fying the following three conditions: i) flj and SI2 have the same volume; ii) 

ill and H2  have the same center of  mass; iii)fnx d2 ( x , y )dy  = f n d2 ( x , y)dy
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for all x in U.

Condition (iii) says

f -J1' f .n.
/  5Z(*? ~  2 *i%' +  y])dy = /  £ ( * ? -  2 ®i% +  y])dy'JQl j - j  j = l

This is equivalent to, using (i) and (ii), f Qt y]dV = f n 2 £ 7=1 y]dV- Tlie 

natural analogue to consider in i?n of a rectangular solid in Z n is an ellipsoid. 

So we ask can we find two ellipsoids satisfying these three conditions. Again, 

for convenience, we will first present an example in three dimensions. The 

volume of the ellipsoid

is |7ra6c, its center of mass is the origin, and

/  X  yjdy  =  -^7rahc(a2 + 62 +  c2).
J q  “  15

Therefore, we again want solutions to the system

mnp = abc (2.16)

m 2 + n 2 + p 2 = a2  + b2 + c2 (2-17)

but we are no longer restricted to integers. In fact, given any ellipsoid, 

except a ball, there are infinitely many other ellipsoids satisfying conditions 

(i), (ii), and (iii) and, therefore, (2.9). Any solution to the system, where 

a, b, and c are given, corresponds to an ellipsoid with the same volume and
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center of mass as il tha t also satisfies condition (iii). In R n, given an ellipsoid

a \  a n

any solution to the system

777-̂ 772-2 * ' ?̂'7i — ^ 1 ^ 2  * * *

2 i 2 i i 2 2 i 2 i « 2i\ + m 2 -\ h m n = ^ + 0 ,2  + -----h < .

corresponds to an ellipsoid

mn

such tha t (2.9) holds. 

If Oi were a ball,

the system would be

=  { y '■ 5 3  y* -  ®2
j= i

m\m,2 • • - mn  = an

m 2 +  m l + ■ — b = n a2.

This system has only one positive solution.



C hapter 3

Trees

3.1 H eat Kernel for Trees

We recall tha t a path in a graph G = (V", E ) is a sequence xq, x i ,  . . .  , x n of 

elements of V  such tha t (x{, Zi+i) is in E  for i = 0 , 1 , . . . ,  n — 1. The path  is 

c lo s e d  if x n = xq. A closed path is a c y c le  if the vertices X j , j  = 1,2, . .  . , n  

are distinct. A tree is a connected graph with no cycles. A tree with q edges 

at each vertex is called q-regular. We will consider only infinite trees.

Let T  be an infinite (p +  l)-regular tree. Its adjacency matrix A  is the 

infinite square matrix whose rows and columns are labeled by the vertices 

of T,  and whose axy entry is 1 if m and y are neighbors and 0 if they are 

not. Each row and column has only p + 1 nonzero entries. Powers of the 

adjacency matrix count the number of paths between each pair of vertices: 

aky , the xy  entry in A k, is the number of paths of length k  joining x and y. 

We can view the m atrix A as a linear operator acting on functions defined

45
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on the vertices of T. For /  £ L q( T )

A f (x ) =  XT
y S  T  

= ] £ / ( # ) ■
yrvx

The identity m atrix I  also acts on functions:

I f ( x ) = X  **»/(»)
y€T 

= /(* )•

S in c e

we have

A f (x ) =  X  / ( ^ )  -  / (* )
r ' y™X

A  = - ^ — A - I .  (3.1)
P +  1 v '

Now suppose we are given a nonnegative function <j> defined on a finite

subset of the vertices of T. We seek the solution to the heat equation on T,

with continuous time param eter, and initial data  cj>. T hat is, we want

u : T  x  [0, oo) —> R

such tha t
Q

A u (x , t )  = — u(x, t )

and

lirn u(x,  t ) =  <j>(x).
t—*0
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The Laplacian is a bounded linear operator on the Banach space £ q(T) 

so a formal solution is

u ( x , t ) = (etA(j))(x).

b j  (3.1) we have

(etA<j))(x) =  (e^p+ l /4  p)(x).

Since
l °° i /  i \ k

( e H ^ V X * )  = J 2  *T ( ^ t )

our formal solution is

°° i / 1 \  k
«(*.<) = E  h ( f t t )  ‘

or
00 1 /  1 \  k 

=  1 * ^ ^ ) .  (3.2)
fc=o 7 y~x

Now we begin to study the matrices A k. Following M. Burger [2], we 

define the following functions on pairs of vertices of T  :

So{x,y) =
1 if x = y 

0  otherwise

and

f>n(x,y) = <

We also define the operation * as follows:

1 if d(x, y) = n 

0  otherwise.

(6 r * 6 s ) (x , y)  = ^ 6 r ( x , z ) 6 a(z,y) .  
2
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We have

and

Note tha t

(6 n * 6 0 ) ( x , y )  = Y L 6 n(x, z)S 0 {z,y)
Z

= 8 n(x , y)

p +  1 if d(x,  y) — 0  

1 if d(x , y )  =  2

0  otherwise

( $ i * $ n )  =  ^ 2 S i ( x , z ) S n ( z , y )
Z

/
p if d(x , y) =  n — 1 

1 if d(x, y) = n + 1 

0  otherwise.

Si * 8 \ — 8 2  +  (p +  l)$o (3-3)

8 1  * 8 n = $n+i -f- pSfi—1 . (3-4)

Let $j = $1 * $1 x. We want to point out the relationship between the 

entries in the matrices A k and the functions 8 k. Note first th a t axy = $ i(s , y).
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Then

and

a x y }  ] 0‘xzQ‘zy 
z

z

= (5i * 6 \ ) ( x , y )

.fc-lt'xzQ'zy
z

z

= (tfx *flf-1 )(a:,y) 

=  6i(x,y)-

So our formal solution (3.2) is now

Since 8 i ( x , y )  is the number of paths of length k  joining x and y , it is a 

function of k and of p. To derive explicit expressions for 8 \ { x , y )  we begin 

by expanding the first few using the relations (3.3) and (3.4):

Si =
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— +  (p  +  1)<$0

6? = S i*  Sf

=  6j * {$2 +  (p +  l)^o}

=  <5i * 62 +  (p  +  l)(^ i * 0̂ )

=  <̂3 +  p h  +  (p +  l)«5i

= tf3  +  (2 p + l ) « i

6\ = St * 6 ? 

=  Si * {<^3 +  (2 p +  l)^i}

=  <5i * ^ 3  + (2 p +  l)(<5i * ^1 )

= 64 + pS2 + (2p+1){S2 + (p + l)So)
-  64 +  (3 p + 1 )S 2 +  (2p + l ) (p + 1 )6 0.

Let C(k , d)  be the coefficient of 6 4  in the expansion of <5j.

Remarks:

1 ) is expressible in terms of 6 j ,  where j  and k have the same parity, 

j  < k. The proof is by induction on k. We see above tha t it is true for 

k = 1 ,2 ,3 ,4 . Assume it is true for k, i.e.

6 * = C{ k , k) 6 k +  C ( k , k -  2)6k - 2 + • • • +  C(k,  k -  r)th-r

where

k — r = <
0  if k is even

1 if k is odd.
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Now use 6 \ * 6 n = <5n + 1  +  p6 n- i-

2 )When 6k(x , y )  is evaluated, only the 6d term , where d = d(x , y) ,  is 

nonzero. Since 8d{x,y) — 1, 8k(x , y)  = C(k,d) .  Therefore, C ( k , d ) is the 

number of paths of length k joining any pair of vertices tha t are distance d 

apart.

We now have.

°° i /  1 \  k
«{x,  t) =  e - ‘ • £  £  J  i‘ £ . C(k,  d ( x , , M s ) .

Now we shift our focus to find explicit formulas for C(k,d) .  To begin, 

we show how to obtain the coefficients in the expansion of (5f+ 1  from the 

coefficients in the expansion of 8k. For k even we have

6k =  C(k,  k)6k + C ( k , k -  2 ) h - 2  +  • • ■ + C(k,  0)6o

6k+1 = ^*<5*

=  C(k,  k)(6t * Sk) +  C(k,  k -  2)(Si * h - 2 ) + • • ■ +  C(k,  0)(«i * 60)

= C(k , k )8k + l + PC(k , k )6 k - 1

-(- C(k,  k — 2)8k- i  -f- pC(k,  k — 2)8k^s

+ C i k ^  + p C i k ^

+ C(k,0)S  J .
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Comparing coefficients we have

C7(Jfe + l,Jfe+l) = C(M )

and

C{k  +  1, k  -  1) =  C(k,  k -  2) +  pC(k,  k)

C(k  + l , k - 3 )  = C ( k , k - 4 )  + p C ( k , k - 2 )

C ( k +  1,1) = C(k,0)  + pC(k,2) .

If k  is odd we have

=  C(k,  k)8k + C{k,  k -  2)<5fc—2 +  • ■ • +  C(k,  1)«!

and

^  = C(k , k ) (8 l *6k) + C ( k , k - 2 ) { 6 1 *8k- 2) + --- + C(k ,0) (61 

= C(k,  k) 6 k + 1 +  pC(k,  k)8k - 1  

+ C ( k , k - 2 ) 6 k- i + p C ( k t k - 2 ) 6 k- 3

+ C(k,l)82 + {p+l)C{k,l)S0

So again

C(k  + l , k +  1 ) = C(k , k )
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and for r = 1 , 3 , . . . ,  k — 2 ,

C(k  + l , k  — r) = C ( k , k  — r — 1) +  pC(k,  k — r +  1)

but

C(fc +  l , 0 )  =  ( -p+l )C(fe, l ) .

To summarize, we have, for all k ,

C ( k +  l , k +  1) =  C(k,  k)

which implies C ( k , k )  = 1 for all k  since C ( l , l )  =  1. Note tha t all this 

says is if x  and y are distance k apart then the number of paths of length k 

joining them is 1. We also have C(k,d)  — 0 if k and d have different parities, 

or if d > k. If k and d have the same parity then, for d ^  0,

C(k,  d) = C(k  -  1 , d -  1) +  PC(k -  1 , d + 1) (3.5)

and, for  k  even,

C(k,0)  = (p +  l )C(k  — 1,1) (3.6)

Using (3.5) and (3.6) we can derive explicit formulas for the coefficients 

C(k,d) .  For example:

C ( k , k -  2)  = C(k  — 1,1b — 3) + p C { k -  l , k  — 1)

= C(k  — 1, k -  3) + P 

=  C ( k - 2 , k - 4 )  + p C ( k - 2 , k - 2 ) + p  

= C(k - 2 , k - 4 )  + 2p
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= C(2,0) + (fc-2)p

= (k  — l)p  + 1 

i.e.,

C ( k , k - 2 )  = ( k - l ) p + l .  (3.7)

k—d 
2 •P rop osition  6 C(k,  d) is a polynomial in p of degree s =

Proof: Changing notation we want to show

C(d  +  2s, d) =  1 + A\p  + A 2 P'2 +  • • ■ +  A sps .

The proof is by induction on s. We’ve already shown

C ( d , d ) =  1 (3.8)

and

C(d + 2 , d ) = l  + ( d + l ) p .  (3.9)

Assume true for s -  1; i.e.

C(d  + 2(s — 1 ) ,d)  — l  +  A i p + , , -  +  As_ ip s 1. (3.10)

By (3.5),

C(d + 2s,d) = C(d + 2s -  1 , d — 1) +  pC(d  +  2s — 1 ,d -f 1).

The second term on the right side can be written pC(d  +  1 +  2(s — 1),d + 1).
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Applying the induction hypothesis (3.10), we have

C(d + 2s, d) = C(d  +  2 s -  1 , d -  1) +  p (l +  B \ p  -\-------1- B s- \ p s_1).

Now apply (3.5) to the first term on the right side to get

C ( d + 2 s , d )  = C(d + 2 s - 2 , d ~ 2 )  + p C { d + 2 s - 2 , d )

+ p{i  + B i p +  ■ • • +  B s^ i p s~l ).

The middle term  on the right side can be written pC(d+2(s—l) ,d) .  Applying 

(3.10) we have

C (d +  2s,c/) =  C(d  +  2s — 2, d — 2) 4 - p (l -h E\ p  -f • • • +  E s—\ps *) 

+  p( l  + B i p +  h i?s_ ip s-1)

=  C(d  +  2s — 2, d — 2) +  p{2 +  F\p  +  • • • + Fs- \ p s ^). 

Continue alternately applying (3.5) and (3.10). After d steps we have

C(d  +  2 s ,d) == C (2 s ,0) +  p(d +  L\p  -}-••• +  L s~.\ps *). (3.11)

By (3.6),

C (2 s, 0 ) = (p+  l)C ( 2 s -  1 , 1 )

= (p+  1)C(1 +  2 (s -  1), 1)

=  ( p +  1)(1 +  M i p +  • • • +  M s- i p s~x).
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Substituting into (3.11) we have

C (d -)- 2 s, c?) =  1 T R \ p  T ■ ■ ■ T R sps. I

Since C ( k , d ) counts the number of paths of length k joining any pair of 

vertices tha t are distance d apart, we expect it to decrease as d increases. In 

fact, C ( k , d ) is not only greater than C ( k , d  -f 2) but the first terms

of C ( k , d ) constitute the polynomial C ( k , d +  2 ). We have

P ro p o s i t io n  7 C(k,d)  =  C( k , d  + 2 ) +  the p ~  term of  C(k ,d) .

Proof: Change notation to C ( k , k  — r). The proof is by induction on r , r

even. We want to show

C(k,  k — r) =  C(k,  k — r +  2 ) +  Ap ? .

For r = 0, C(k,  k) = 1 . For r — 2, we have already shown (3.7)

C(k,  k — 2 ) =  1 +  (k — T)p = C ( k , k) +  (k — l)p.

Assume true for r — 2, i.e.

C(k,  k -  (r — 2)) =  C(k,  k — (r -  2) +  2) +  A p ~ . (3.12)

From (3.5) we have

C{k,  k -  r) -  C(k,  k -  r +  2)

= C(k  — 1 , k — r — 1 ) +  pC(k — 1, k  — r +  1 )

— { C { k — l,fc — r  + l)  +  pC(k — 1 , k  — r +  3)}
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=  C ( k - l , k - r - l ) - C ( k - l , k - r  + l )

+p{C(k  — l,fc — r  +  1) — (?(£ — l,fc — r  +  3)}.

From the induction hypothesis (3.12) the last expression in the brackets is
f _  2

equal to  A p ~  since C(k  — 1, k — r + 1) =  C(k  — 1, k — 1 -  ( r  — 2)). So we 

have

C ( k , k -  r ) -  C ( k , k - r  + 2 ) = C(k  — l , k - r —l) — C ( k -  1, k -  r -f 1) +  A p %.

Applying (3.5) again, the right side is equal to

C(k  — 2 ,k -  r — 2) +  pC(k  — 2 , k  — r) 

— {C(k  - 2 , k  — r) + pC(k  -  2, k -  r + 2)} +  Ap2 

= C(k -  2, k -  r — 2) -  C(k  - 2 , k  — r) 

+p{C(k — 2, k — r) — C(k  — 2, k -  r -f- 2 )} -f Ap * .

Since C(k  -  2, k -  r) = C(k  - 2 , k  — 2 — ( r -  2)), the expression in brackets 

is equal to  B p ? . So we now have

C ( k , k - r ) - C ( k , k - r  + 2)

= C(k  -  2 , k — r -  2 ) -  C(£ -  2, A; -  r) +  (A +  B ) p ? .

Continuing, we have

C ( M -  0 -  C ( k , k -  r +  2 ) 

=  C ( r , 0 ) - C ( r , 2 )  + i ^ .
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= (p +  1 ) C ( r -  1 , 1 ) -  {C(r  — 1,1) +  pC(r  — 1,3)} +  Fp*.

= p{C(r  -  1 , 1 ) -  C(r  -  1,3)} + F p?.
r~2 r.

= pGp 2 +  F p 2 

- Ap2 . i

Proposition 7 says tha t the coefficient of ps in C(k ,d) ,  1 <  s < does 

not depend on d since it is also the coefficient of p3 in C(k,  0), if k  is even, 

or C(k,  1), if k  is odd. We derive explicit formulas for these coefficients, and 

these formulas will be functions of s and of k. We know

C { k , k ) =  1 

C ( k , k -  2) =  l  + ( l fc - l )p  

C { k , k - A )  =  1 +  (A: -  l ) p + A 2p2.

To find A2, write

A2 p2 = C ( k , k  — A) — C ( k , k  — 2)

and apply (3.5) to  get

A2p2 =  C { k -  l , k -  5) + p C ( k -  l , f c - 3 )

— {C(k  — l , k  — 3) + pC(k — l , k  — 1)} 

=  C ( k -  l , k - 5 ) - C ( k -  l , f c - 3 )

+p{C(k -  1 , k -  3) -  C(k  -  1 , k -  1)}.

=  C(k — l , k  — 5) — C(k  — 1, A: — 3)

+p{(k — 2)p + 1 - 1 }  by (3.9) and (3.8)
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=  C(A — 1, A — 5) -  C(k  — 1 , A — 3) +  (A — 2)p2.

Applying (3.5) again we have

A 2 P2  = C(k  — 2 , k — 6 ) +  pC(k — 2 , k — 4)

~ { C ( k  -  2, k -  4) + pC{k  -  2, k  -  2)} + (A -  2)p2

= C(k  -  2, A — 6 ) -  C(A -  2, A -  4)

+p{C(A -  2, k -  4) -  C(A -  2, A -  2)} +  {k -  2)p2

= C(k  — 2, k ~  6) — C(k  — 2, k -  4)

+p{(k -  3)p +  1 -  1} + (k -  2)p2

=  C(fc -  2, k -  6 ) -  C(A -  2, A -  4) +  (k -  3)p2 +  (A -  2)p2.

After applying (3.5) k -  4 times, we have

A2 p2 = C (4 ,0 ) — C (4 ,2 ) +  3p2 +  4p2 +  ■ ■ • +  (A — 2 )p2

= (p +  1 )C (3 ,1) -  {C (3 ,1) +  p C (3 ,3)} + 3p2 +  h (A -  2 )p2

= p { C (3 ,1) -  C{3,3)} + 3p2 +  • • • +  (k -  2)p2

= p{2p +  1 -  1} +  3p2 +  b (k -  2)p2

= 2 p2 +  3p2 H-------b (A -  2 )p2

i.e.,
k —2

A 2p2 = C { k , A -  4) -  C(A, A -  2 ) = p2 J ]  j .  (3.13)
i = 2

To find the coefficient of p3 we sta rt with

A 3p3 =  C(A,  A -  6)  -  C(A,  A -  4)
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and, as before, apply (3.5):

A3p3 =  C(k ,  k -  6 ) -  C(k,  k -  4)

=  C( k  — 1 , k — 7) +  pC(k — 1 , k — 5)

~ { C ( k  — 1, k — 5) + pC(k  -  1 , k -  3)}

=  C ( k - l , k - 7 ) - C ( k - l , k - 5 )

+p{C(k  -  1, k -  5) -  C{k  -  1, k -  3)}.

The last expression in brackets can be written

C ( k -  l , k -  1 - 4 ) - C ( k -  l , k -  1 - 2 )

and, by (3.13), is equal to p2 J- We have

f c - 3

A3p3 = C(k  -  1, k -  7) -  C(k  -  l , k  -  5) +  p3 Y , j -
J = 2

By (3.5) the right side is equal to

C(k  -  2, k -  8 ) + pC(k  -  2, k  -  6 )
k - 3

-{C(A; -  2 , k  -  6 ) +  pC(k -  2 , A; -  4)} +  p3  j
J —2

= C ( k - 2 , k - 8 ) - C ( k - 2 , k - e )
k - 3

+p{C (fc- 2 , k - 6 ) - C ( k - 2 , k - 4)} +  p3  i
.7 =2

k —4 A:—3

= C(A: — 2 , A: — 8 ) — C(k — 2 , k  — 6) + p • p2 X ^ j  + P 3 X Z ^
j = 2  J = 2
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We continue applying (3.5) and (3.13) until we have

4  5  f c - 3

&3P3 =  C (6 ,0 ) - C ( 6 , 2 ) - j - p 3 ]T.7 + p 3 Y ^ j  +  ■■■ + P3 Y ^ j -
j = 2 j = 2 j = 2

By (3.6),

C (6 , 0 ) - C ( 6 , 2 ) =  ( p + l ) C ( 5 , l ) - { C ( 5 , l )  +  pC7(5,3)} 

= p{C (5 ,1) -  C (5,3)}

=  p3h -
3 = 2

i.e.

Therefore,
f c - 3  i 

t = 3  j = 2

f c - 3

C(k,  k -  6 ) -  £ (* , & -  4) = P3

• = 3  j = 2

P ro p o s i t io n  8  The coefficient of  ps in C ( k , k  — 2s) is

k —s  I h  i

E E ••EE;
l = s  m = s — 1 i = 3  j = 2

Proof: The proof is by induction on s.

Assume true for s — 1, i.e.,

f c - ( s - l )  f

C ( k , k  — 2 (s — 1)) -  C ( k , k  — 2 (s — 1 ) +  2) =  ps~1 £  (3‘14)
( = s —1 j = 2



C H A P TE R  3. TREE S 62

By (3.5)

C ( k , k - 2 s ) - C ( k , k - 2 s  + 2) = C(k  -  1, k -  2s -  1) +  pC{k -  1, k  -  2s + 1)

-{C(A: — 1, k -  2s +  1) +  pC(k  -  1, k -  2s +  3)} 

=  C(k — l , k  — 2s — 1) — C(k  — l , k  — 2s + 1)

+ p { C ( k -  l , k - 2 s +  1) -  C(k  — l , f c - 2 s  +  3)}.

The last expression in brackets can be written

C(k  -  1, k -  1 -  2(s -  1)) -  C(k  -  1, k -  1 -  2(s -  1) -f 2)

and by the induction hypothesis (3.14) is equal to

fc- l-(s-l)  r i

f - 1 £  £  • • • ! >
T=s — 1 m=s—2 j —2

We have

C(k,  k — 2s) — C(k,  k — 2s + 2) = C(k  -  1, k -  2s -  1) -  C{k -  1, k  -  2s +  1)
k —a r  i

+ p s £  £  • • •  £ i -
r = s — 1 m = s —2 j = 2

Continue applying (3.5) and the induction hypothesis (3.14) until we have 

C { k , k - 2 s )  -  C { k , k - 2 s  + 2) = C(2s,  0) -  C{2s,  2)
2 s —( s —1) i

£  • • • £ j
r = s — 1 j = 2
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k —s  i

+ p s E  ■■•Ej-
r = s —1 j = 2

From (3.5),(3.6 ) and (3.14)

C (2s,0 ) -  C ( 2 s , 2 )

=  (p  +  l ) C ( 2 s  - 1 , 1 ) -  { C ( 2 s  - 1 , 1 )  +  p C ( 2 s  -  1 , 3 ) }

=  p { C ( 2 s  — 1, 1)  — C ( 2 s  -  1 , 3) }
2 s —1 —( s—1) i

= p - p s~1 5 3  ■■•E-?
r = s —1 j —2

= v ’ t  ■■■'Ei-
r = s - l  2

Consequently

fc—s / t
C(fe, k -  2s)  -  C(fc, k -  2s +  2) =  i '" L  E  -  E i .  i

l = S  T = S —  1 j —  2

Since C ( k , d ) = 0 if k  and d have different parities or if k  < d, 

solution is

{ °° 1 /  1 \  ) 
S ( 5 + » ) !  ( ? + t )  + *.<0«ir)}

where d =  d(x, y). We have shown

d + 2 k - 2

C ( d  +  2 k , d )  — 1 +  p(d  +  2k -  1) +  p 2 ^  j
3 = 2

3 i tf+fc / i

+ p 3 5 3  E >  +  - - - + / E  E  - E i -
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T h eorem  12 The heat kernel for the ( p +  I ) —regular tree is

oo -j /  1 \

p ( x ' 9 ' t ) = ( f + t )

where d = d(x, y).

Proof: For convenience, write p(x,  y, t ) as e~f(7 (Z, d), where d =  d(x,  y). Each 

vertex x  ^  y in T  has one neighbor one unit closer to  y and p neighbors one 

unit further from y. Therefore

A Xp ( x , y , t )

= —|-r ^ v { z , y , t ) -  p(x,y,t)
r * z~x

= e-<—j— 1 ) +  e~l —j — g(t ,d  + 1 ) -  e"^(Z ,d ) 
p + 1 p +  1

1 ° °  1 /  1 \  d- l+ 2k
= e - ‘— V  7 . ----------- TTT ( ---------- ) td~1+2kC ( d - l  + 2 k , d -  1)

p +  1 "  ( d - l  + 2k)\ V p + 1 /

_ t  p  “  1 /  1 \ d+ ' + 2k
+ e _ < — - —  7 3    r-rr — —  Zd +1 +2 fc C ( d + l  +  2 M + l )

P +  l l t a  ( d + l  + 2k)\ V P + 1 /

We also have

^ p { x , y , t ) = ^ { e lg{t,d)}

= e~l ^ g { t , d )  — e~lg(t, d)
a  oo , /  1 \  d+ 2  k

-  E f J + S j i  ( t t y )

^ 0 (d + 2 k - i y .  \ p + i j  1 '

dt  k

= e
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- e  g ( t , d )
1 /  1 \  d

' {d
oo ■, / I N  d+2k

+ ' - ‘ E ( 5 T 5 r i ) f ( ? + T )  t M k ~ ' c ( i +  2 M )

Now apply (3.5) to the middle expression to  obtain

1 (  1
G t t  )  t d ~ ' C { d ’ d )(d -  1)! \ P +  1 

oo 1 /  1 \  rf+2fc

+ ( f + t ) ,J+2‘"’ 1)
oo i /  1 \  ^+2fc+ ^ ‘£(i+jrri)i (rn) 'J+2t-1‘w - M +D

-  e~lg(t ,d) .

Combining the first two expressions and re-indexing the third we have

oo i /  1 \  d+2ke- t ^  1 t  \Y  -----1------  ( ------- td+2k~1C(d + 2 k - l , d -  1 )
t ' 0 ( d + 2 k - i y .  \ p  + i j  v ;

oo 1 / I N  d+2k+\
+ • " ■ 'g iT i i rn j i  (?+t) «j+2‘+‘^ + « + m +i)
-  e

=  A Xp (x , y , t )

To show l im ^ o P ^ z M )  =  6y(x)  write
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oo 1 /  1 \  d+ 2fc

+ " - £ ( S + w  ( ? n )

For d 0, clearly limt_op(a:, y, t) =  0.

For d = 0,

lim p(x,  y, f) =  lim e~lt° =  1 . Ii—*0 ’ t-0

T h e o re m  13 z) p ( x , y , t ) is symmetric in the space variables, ii) p ( x , y , t ) 

satisfies the conservation of heat property.

Proof: i) p ( x , y , t ) depends only on 2 and the distance between x and y.

ii) We will show tha t Y^xP(x ^Ufi) constant as a function of t and we 

already have Y^xP{x iV>0) = 1- For a fixed vertex y, there are p +  1 vertices 

at distance 1 from y, p(p+  1 ) vertices a t distance 2 , and pn - 1 (p +  1 ) vertices 

at distance to. Therefore,

X

X

{ oo '
e~lg(t, 0 ) +  e~l ^  pn_1(p +  l)$ (i, n)

n = l  >

= e ~ l  { ^ T [ ( P  +  l ) s ( M ) - s ( i , ° ) }
oo

- e  1 j Z j p "  *(P +  J ) P(*»n ) j

=  e~l{g(t, 1 ) — g(t, 0 ))
(  OO '

+e~l \g ( t , 0 )  + p g ( t , l ) +  1 )
n = 3
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+e * | 5 3 p n5(*,™+

{ OO >

(p + 1 M t ,  i ) + X)  pn-1( p + n )
n = 2 >

oo oo

= e _ t5 3 p n5,( ^ 7i) +  e-< 5 3 p n-10(<’n )2
oo

- e  <5 3 ?,n 1 ( P + 1 M * .n)
2

= 0 . 1

Next we show tha t C(d,+2k , rf) can also be expressed in terms of binomial 

coefficients. We need the following easy lemma.

L e m m a  3
n

Y ^ ,B { j , r )  = B(n  + l , r  +  1).
j — T

Proof: The proof is by induction.

For n = r : B(r,  r ) =  B(r  +  1, r +  1). 

For n = r + 1 :

B(r,  r)  + B{r  +  1, r) = 1 + r + l

=  r + 2

= B(r  +  2, r  -f 1)

Assume true for n — 1. Then

71 —  1

J 2 B ( j , r )  = Y . B i h r ) + B M
j —T j=r

= B ( n , r  +  1) + B (n , r )
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?i! n!
(r  +  l)!(n  — r — 1 )! r!(n  — r)!

( n + 1 )!
(r +  l)!(n  — r — 1 )!

=  B(n  +  1, r +  1). 1

P ro p o s i tio n  9 The coefficient of ps in C(d  +  2k, d), for  1 < s < k, is

B(d  +  2k, s) — B(d  +  2k, s — 1).

Proof: Let n =  d + 2k.

For 5  = 1 , we have n — 1 =  B{n,  1) — B{n,  0).

For 5  =  2, we want to show

n —2

£  j = i?(n, 2)-5(71,1)-
3 =2

n —2

Z i
3=2

and 

n{n — 3) 
2 '

n —2

= £ i - i
J=1
(n — 2 )(n — 1 ) 

2 
?z(n — 3)

-  1
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For s =  3, we want to show

We have

£ X ) j  = 5(n,3)-5(n,2).
t = 3  j —2

n —3  x 3  4  n —3

E E j = E  ̂+ E •? +---+E-?'
i = 3  j = 2  j = 2 j = 2  j = 2

=  5 ( 5 ,2 ) - 5 ( 5 ,1 )

+ 5 ( 6 ,2 ) - 5 ( 6 ,1 )

+ 5 ( n  -  1,2) — 5 (n  -  1,1) 

=  E * ( ; , 2 ) - £ 5 ( ; , l )
j = 5  3 = 5

— 5 (n , 3) -  5 (n , 2) by Lemma 3.

Assume true for s -  1 : i.e.,

= B ( n , s - 1 ) ~  B ( n , s - 2 ) .
l = s —l  3 = 2

Then

n —s  r  i  s i  s + 1  i  n —s  t

V E  -T ,i  = E  - E ;  + E  - E i  + - +  E  ■■■'Li
r = s l = s - 1 j = 2  l = s - 1 J = 2  l—s —1 j = 2  l = s - 1 j = 2

= 5 (2 s  — l , s -  1) -  5 (2 s  -  1 , 5  -  2)

+ 5 (2 s ,s  -  1) -  B(2s ,s  -  2) 

+ 5 ( n -  l , s — 1) — 5 ( n  — l , s - 2 )
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= £  B ( j , s -  1 ) -
j = 2 s - 1 j

= B (n , s )  — B ( n , s  — 1] 

L e m m a  4 For n even, we have, for

C(n,  0) =  1 + A ip  +  A 2p2 -

and

C(n  + 1 , 1 ) =  1 +  F\p +  F2pl

i) s • A s > 1 + A\  +  A 2 +  • • • +  A s- \

i i)  5  • An. — 1 -f  A i  -f- A 2 +  • • • +  A n—2 '  z 2 2

in) s • Fs > 1 +  -Fi + F2 +  • • • +  Fs_i 

iv) ^ • .Fn =  2(1 +  + F2 +  • • ■ + Fn- 2 )

Proof:

s • A s = s { B (n , s )  — B ( n , s -  
f n\

S i  s!(n -  s)! ( 5  -
nl(n -  2 s +  1 )

(s — l)!(n  — s +  1 )!

E B(hs ~ 2)
i = 2 s - l

) by Lemma 3. I

f  f- A n p 2
2 1

! +  • • •+  Fnp%, 

l < s <  f

l < s < f

1)}
n! \

l)!(n  -  s +  1 )! J

1 -f A\  +  A 2 +  • • • +  A s- \  — 1 +  B ( n , 1) — B(n,  0)

+ B(n,  2) -  B(n ,  1)



C H A P TE R  3. TREES 71

+B(n ,  s — 1) — B(n ,  s — 2)

= B(n,  s — 1) 
n!

( 5  — l)!(n  — s +  1)!' 

But
n\(n  -  2 s + 1 ) > nl

(s — l)!(ra — s +  1 )! (s -  l)!(n  -  s +  1 )!

with equality if and only if s = | .  This gives (i) and (ii).

For (iii) and (iv),

s • Fs =  s { B (n  + l , s )  -  B(n  + l , s  -  1)}
_  f  ( n + 1 )! (n +  1 )! \

5  1 s!(n + 1 -  s)! (s — l)!(n  — s +  2 )! J 
(n +  l)!(n  -  2 s +  2 )
(s — l)!(n  — s +  2 )!

and

1 +  F\ +  F2  +  • • • + Fs- i  — B ( n - \ - l , s — 1)

_ (n +  ^)'
(s -  l)!(n  — s +  2 )!'

We have
(n +  l)!(n  -  2 s +  2 ) (n + 1 )!
(s -  l)!(n  -  s +  2 )! > (s -  l)!(n  — s +  2 )!

for 1 < s < f , and for s = j  the right side is twice the left side. I

L e m m a  5 For A > 0, Bj > 0, and p > 1, A  > Bo + B\  -f • • • +  B s- \  implies 

Aps > B q +  B\p  +  • • ■ +  B s- \ p s~l . The inequality is strict for p > 1 .

Proof: For s =  1, A > Bo implies Ap > B q , and for p > 1, Ap  > B q .
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For s = 2 , we want to show A > Bo + B\  implies

Ap2 > B0 +  Bip.

For p  =  1, there is nothing to show.

For p > 1, note tha t

- ^ [ A P2] =  2AP >  2P(£o + B x) > Bi  = ^j-[Bo +  Bip].

Therefore, the left side of (3.15) increases faster than the right side. 

Assume true for s — 1.

Then we want to show A > B q -f B\  -f • • ■ +  1 implies

Aps > Bo + B \p  H +  B s- i p 3—1

Again, for p = 1, there is nothing to show.

i lFor p > 1, 4z[Aps] -  sAps 1 and

sA  > s{B0 +  B  i +  • • • +  B a- 1 )

> B\  +  2i?2 +  • • • +  (s — l ) B s- i .

Therefore, by the induction hypothesis,

sA / " 1 > Bx + 2B2p + - - -  + { s - l ) B s_xps~2

= Bo + B lP + --- + B s_xps- 2] 

so the left side of (3.16) increases faster than the right side. I

(3.15)

(3.16)
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T h e o re m  14 For t fixed, p { x , y , t ) decreases as the distance between x and 

y increases.

Proof: We want to show e~lg(t, d) > e~lg(t, d + 1) or, equivalently, g( t , d) > 

g( t , d -j- 1) for all d. For convenience, let m  — p + 1. Write

t M c { d + 2’d ) + -

as

A 0td +  A ^ 2 +  A 2td+4 + • • • +  A ktd+2k + ■■■

and

as

B 0td+1 + B ! td+3 +  B 2td+5 +  • • • +  B ktd+1+2k +  • • •

We will show

1) A 0td + \ A i t d+2 > B 0td+1

2) \ A ktd+2k + l A k+i t d+2k+2 > B ktd+1+2k.

1 ) We want

h ( s )''1‘d* (i)M lM c<-d+ 2 ,< i )>  ( J f i ) !  ( m ) i+1

or equivalently (multiply by 2 (d +  2 )! m d+2, rearrange)

td{C(d  +  2, d )<2 -  2m(d  +  2)t +  2m 2{d +  2)(d +  1)} > 0. (3.17)
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The discriminant is

4m 2(d -f- 2 ) 2 -  4 • 2m 2(d +  2)(d + 1 )C(d  +  2, d )

=  4m 2 (d -f 2){d +  2 — 2(d +  l ) C ( d + 2, d)}

=  4m 2(d +  2 ) { d + 2 - 2 ( d + l ) ( l  +  ( d + l ) p ) }

< 0.

Therefore, since (3.17) is true for £ =  1, (3.17) is true for all t > 0.

2) We want

1 1 (  l \ d+r ,rl_  „ . 1 ^ i^r f+r+2
2  (d +  r)

/  1 \ “+r 1 /  1 \a+r+z

i t )  , ' ' + ' C ^ > + P 7 7 W  t )

1 /  1 \  rf+r+1
> TTZ— TTTT -  <d+r+1 C (d + r  +  M + l )(d +  r  +  1 )! \ m j

or equivalently (multiply by 2(d +  r +  2 ) 1  m d+r+2, rearrange)

td+r{C(d + r + 2 ,d)t2 -  2 m ( d + r  + 2)C(d + T + l , d + l ) t

+  (d + r +  2)(d +  r + 1 )m 2C(d  +  r, d)} > 0.

Here, r is even and r > 2. We will show tha t the expression in the brackets is 

always positive by showing tha t its minimum value is positive. The minimum 

occurs at
2m{d +  r +  2)C{d +  r +  1, d +  1)

1 =  2 C ( d + r  + 2,d)

and the minimum is

2 _ , , . m 2(d +  t  +  2) 2 C 2(d +  r +  1 ,  d +  1 )
(d + r + 2)(d +  r  +  1 )m C(d  + r,d)  —

C(d  +  r +  2, d)
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So we want to show

(d+ r  + l )C (d + r ,d )C (d + r  + 2 , d ) - ( d + T  + 2)C2(d+r  + l , d + l ) > 0. (3.18) 

Using (3.5), we have

C(d  -f r +  1, d +  1) =  C (d +  r,d) + pC(d + r, d +  2) 

and, for d > 2 ,

C(d + r + 2,d)  = C ( d +  r +  l , d — 1) + pC(d + r +  l , d  +  1)

=  C(d  +  r, d — 2 ) +  pC(d  +  r, d)

+p{C(d + r,d) + pC(d  +  r, d)}

= C(d + r, d -  2 ) +  2 pC(d +  r, d) + p2C(d + r ,d  + 2 ).

Therefore, (3.18) is equivalent to

( d + r +  1 )C{d + r, d){C(d + r , d -  2) +  2 pC{d + r , d )  + p2C(d + r ,d  + 2)} 

-  (d + r + 2){C(d + r,d)  + pC(d A r , d +  2 ) } 2 > 0

or

p2C(d  +  r, d +  2){(d +  r  +  1 )C(d +  r, d) — (d +  r +  2)C(d  -f r ,d  + 2)} 

+  2pC(d  +  r, d){(d +  r +  1 )C(d +  r,d)  -  (d +  r +  2 )C(d + r, d +  2)}

+  C(d  +  r, d){(d +  r +  l)C (ri +  r, d -  2) -  (d + r +  2)C(d  +  r, d)} > 0.
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We will show tha t the expressions in the brackets are positive.

i ) (d +  r + 1 )C(d  +  r,d)  > (d +  r + 2)C(d + r , d  + 2) :

From Proposition 7,

C(d  +  r, id) = C(d  +  r, d +  2) +  the term of C(d + r, d). 

Therefore, (3.19) is equivalent to

(d +  r +  l){ the p 2 term  of C(d + r, d)} > C (d +  r, d +  2) 

or, letting s =  |

(d +  2s +  l ) / l sps > 1 +  A\p  +  • • • +  A s- \ p s *.

Since s < and d +  2s +  1 > s, Lemma 4 implies

(d -}- 2 s -f l ) / l sps > 1 +  Ai  +  • • • +  A 3- i 

and the result follows from Lemma 5.
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(3.19)

ii) (d + r +  l ) C ( d + r , d - 2 )  > (d + r + 2 ) C { d + r , d ) : (3.20)

From Proposition 7,

C(d + r, d -  2) = C(d  +  r, d) +  the p ^ ~  term  of C{d + r, d -  2).
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Therefore, (3.20) is equivalent to

(d +  r +  l){ the  p -^- term of C(d  + r, d — 2)} > C(d  +  r, d) 

or, letting s =

(d +  2 s — l ) / l sps > 1 +  A \p  +  • • • +  j4s_ ip s 1.

Since s < and d +  2s — 1 > s, this follows from Lemma 4 and Lemma 5.

There are two cases left: d =  0 and d — 1. For d = 0, we want, from 

(3.18),

(r +  l)C (r ,0 )C (r  + 2,0) > (r +  2) C \ r  +  1,1). (3.21)

By (3.6), C(r + 2,0) =  (p +  l)C (r  +  1,1) so (3.21) is equivalent to

(7- +  l)(p  +  l )C(r ,  0) > ( r  +  2)C (r +  1,1)

or

(r +  l){ (p +  1)C(7',0) -  C(r  +  1,1)} > C(r  + 1,1). (3.22)

By (3.5), C(r  + 1 , 1 )  = C(r,  0) + pC(r,  2) so (3.22) is equivalent to

(7- +  l){(p  +  1 )C(r,  0) -  C (r, 0) -  pC(r,  2)} > C(r,  0) +  pC(r,  2)

or

(r +  l)p{C (r, 0) -  C(r,  2)} > C(r,  0) +  pC (r, 2).
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Using Proposition 7, this becomes

(r +  1 )p {the p 2 term  of C (r , 0)} > C(r,  0) +  pC(r,  2).

Letting s =  §, we want to show

(2s + l )p A sps >  1 +  A i p +  • • • +  A sps

+ p (l +  Axp+  • • • +  As_ ip s_1)

or

(2 s +  T)pAsps > 1 +  (1 +  j4i)p +  {A\ +  A 2 )p2, • • • +  (-i4s-i +  A s)ps.

But by Lemma 4

(2s +  1)AS =  l +  l +  i4i +  -Ai +  A i  +  • • • +  A s - 1  +  A s

and the inequality follows from Lemma 5 for p > 1.

For d =  1, we want, from (3.18),

{r + 2)C(r  +  1 , 1  )C(r + 3 ,1) > (r + 3)C 2(r +  2,2). (3.23)

From (3.6), C(r  +  2,0) =  ( p +  l )C(r  +  1,1). Substituting into (3.23) we now 

want

(r + 2)C{r + 2 ,0 )C (r + 3,1) > (r +  3)(p +  l)C 2(r +  1,1). (3.24)
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From Proposition 7,

C(r  + 2,0) =  C(r  -p 2,2) +  the p~t~ term  of C(r  +  2,0) 

i.e., letting s =  r^ ,

C (2s,0 ) =  C(2s,2)  + A sp3.

From (3.5)

C{r + 3 ,1) =  C(r  +  2,0) 4- pC(r  +  2,2)

=  C(2s,2)  + A sps + PC(2s,2)  

= ( p + l ) C ( 2 s , 2 ) +  A s p 3.

Therefore, the left side of (3.24) is equal to

(2s){(p +  1 ) C 2( 2 s , 2 ) +  (p + 2)C(2s, 2)AsPs +  {Asps)2}

and the right side is

(2 s +  l)(p  +  l )C 2 (2 s, 2 ).

Subtracting (2 s ) ( p+  l)C 2 (2 s , 2 ) from each side, we now want to show

(2s)Asps{(p +  2)C(2s, 2) +  A sP3} > { p +  l ) C 2(2s, 2)

or

(2s)Asp3{(p +  2)(1 -f A \p  +  • ■ ■ +  A s- \ p 3 x) +  A sps}
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> (p +  1)(1 +  A lP +  • • • +  A ^ p 3- 1)2. (3.25)

From Lemma 4

(2s)/13 > 1 +  A\  +  • • • +  j43_x

so by Lemma 5 ,

{2s)Asp3 > 1 +  Aip  H +  A s - ip 3*1.

Therefore we have (3.25) and the result follows. I

3.2 H ot Spots on Trees

Regular trees are in some ways discrete analogues of hyperbolic spaces. One 

expects the movement of hot spots on trees to mimic the movement of hot 

spots on hyperbolic spaces. We show tha t the hot spots are contained in the 

convex hull of the support of the initial data  and, as in the case of hyperbolic 

spaces, the hot spots do not necessarily tend to one fixed point.

Let T  be a regular tree. A set C C T  is convex if it contains all minimal 

paths from x to y for all pairs of vertices x , y  in C. Since minimal paths in 

T  are unique, a set will be convex if and only if it is connected. The convex 

hull Cb  of a set B  C T  is the smallest connected set containing B.  If C  is 

convex and x £ C  then there is a  unique yo 6  C  such tha t d(x,  C) = d(x, yo).

T h e o re m  15 Suppose <f> > 0 is defined on a finite set S  C T. Let Cs  be the 

convex hull of S  and let H(t\<j)) =  {x £ T  : Pt4>{x ) = maxzg;r Pt<f>(z)}. Then 

I i( t ; (j>) C Cs for all t.

Proof: For x (£ Cs,  let yo £ Cs  be the unique vertex such tha t d ( x , C s ) =
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d(x,yo).  Then for any y 6  C s ,d (y0, y ) < d(x,y) .  Therefore by Theorem 14

Pt<j>{x) = e~l Y  9{t,d{x,y))4>{y) 
y£Cs

< Y  9{t,d(y0,y))<f>(y) 
y£Cs

=  Pt${yo)- S

We turn  next to the question of the nonuniqueness of hot spots. We 

have

T h e o re m  16 Let T  be an m —regular tree. I f  m  > 4 and i f the initial 

temperature distribution consists of two point sources distance 4 apart, then 

there are two distinct hot spots. I f m  = 3, starting with point sources distance 

8  apart guarantees distinct hot spots.

Proof: Let support <j) = {p, q) with (f>(p) = cj)(q) = 1.

The convex hull C  of the support of (j) is the unique minimal path  joining 

p and q. For the m  > 4 case, we will write this path as { p , y , x , z , q } .

Clearly, Pt<j){p) =  Pt^iq)  f°r all I an(l Pt<t>(y) — Pt<f>{z ) for all t so we 

only have to show tha t x is not the hot spot.

p t<j>{p) = Pt4>{q) = e~l{g(t,0) + g(t,4)}  and Pt4>{x) =  e~l{2g(t, 2 )}. We 

will show th a t g{t , 0) +  g(t,  4) > 2g(t, 2) for all t.

Recall
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and

29(i’2) = + i ! ^ C(4’2)‘4 + '

Comparing the coefficients of <2, we have

C (2 ,0) > 2C (2 ,2) 

since C (2 ,0) = m  and C (2 ,2) =  1.

Comparing the coefficients of t4 we want

C (4 ,0) +  C (4,4) > 2C(4,2).

This is equivalent to, with p = m  — 1,

l +  3p +  2p2 +  1 > 2(1 +  3p)

or p > 3 /2 , i.e., m  > 3.

For t2n we want

C(2n,  0) +  C (2 n, 4) > 2 C (2 n, 2 ).

From Proposition 6  we have

C (2n,0) =  1 +  A\p  -f A 2 P2  +  • • • +  A npn .

C(2n,  2) =  1 +  A\p  +  A2P2 +  ■ • • + A n- i p n 1.

C(2n,  4) =  1 +  Aip  + A 2p2-H------+  A n- 2pn~2 ■
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We want

1 +  A ip  +  • • • +  A npn+

1 +  Aip  +  • • • +  An- 2pn~2 > 2(1 +  A i p +  • ■ • +  i4n_ i p n _1)

or

A npn > A n- \ p n~l

or

p y ^ F 1 - (3-26)

From Proposition 9

A n = B(2n,  n) -  B(2n, n -  1) =

and
3(2n)!

A n - 1  =  B(2n, n -  1) -  B(2n,  n - 2 )  = ^  

so (3.26) is equivalent to

3(2n)! n\
P > ( n -  l)!(n  +  2)! ' (n +  1)!

or
3 n

V > v r *

Since p must be an integer (3.26) is true for p > 3, i.e., m > 4.

For the m  — 3 case we start with p and q distance 8 apart and show 

Pt<j>{p) — Pt<f)(q) > Ptij>(x) where x is the vertex tha t is distance 4 from p 

and distance 4 from q. We have Pt4>(p) = Pt4>{q) = e~*{<7(<, 0) +  <7( t , 8 )} and
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Pt<j)(x) =  e t {2g{t, 4)} with

g(t ,0)  + g(t,8)  =  1 +  — —jC (2 ,0 ) t2 +  —— C(4,0)f4 +  • ■ •

+ S ^ C(8' 8)‘8 + M i 5 <:(10' 8)‘,0 + -

and

2«(M) = 2 { i i C(4,4)1- + ~ C ( 6 , 4 ) i 6 + . . . } .  

Comparing the coefficients of t4 we have (7(4,0) > 2(7(4,4) since

(7(4,0) =  1 +  3 -2  +  2 - 22 and (7(4,4) = 1 .

Comparing the coefficients of t6 we have C (6,0) > 2(7(6,4) since

(7(6,0) =  1 +  5 • 2 +  9 • 22 +  5 • 23 and (7(6,4) = 1 +  5 • 2.

For t 2n , n > 4, we want

C(2n,  0) +  C{2n, 8) >  2(7(2n, 4).

T hat is, with p = 2,

1 +  A \p  + • ■ • +  A npn -{■

1 +  A \p  + • • • +  A n-4pn 4 > 2(1 +  Aip  +  • • • +  A n-2pn 2)

or

An_]2n_1 +  A n2n = An- 32n~3 +  An_2 2 ""2. (3.27)



C H A P TE R  3. TREES 85

Using Aj  =  B ( 2 n , j )  -  B ( 2 n , j  — 1) (Proposition 9), we have

(2 n)l
=

An—1 —

An-2 =

An—3 =

n!(n +  1)!
3(2n)!

( n  — l)!(ra +  2)!
5(2n)!

(n — 2)\(n + 3)! 
7(2 n)!

(n — 3)!(n +  4)! 

so 3.27 is equivalent to

3(2n)! • 2n_1 (2n)\ ■ 2n > 7(2n)!-2n~3 +  5(2n)! • 2n~2
(« -  l)!(n  +  2)! 7i\{jx 1)! (n -  3)!(n +  4)! (n — 2)\(n + 3)!

or

3-22-7i(7z+4)(7i+3)+23-(7i+4)(n+3)(77+2) > 7 -n (n -l)(n -2 )+ 5-2 -T 7(n -l)(7 r+ 4) 

or

(n +  4)(n +  3)(20?r +  16) > n(n — l)(17n  +  26)

which is easily seen to be true for n > 4. i
Note tha t for m  — 2 the “tree” is Z l and in tha t case, for large t, the 

hot spot is always the center of mass (Theorem 8).
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