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Abstract

Heat Diffusion on Graphs
by

Debe Bednarchak

Advisor: Professor Edgar Feldman

We derive the heat kernel for integer lattices and for regular trees, and
use it to investigate the evolution of heat distribution on sets of various
geometries, with particular attention to the movement over time of the locus

of maximum temperature.
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Chapter 1
Background

1.1 The Heat Kernel for Riemannian Manifolds

We briefly review the heat kernel for Riemannian manifolds [3]. Let M
be a connected Riemannian manifold with Laplace-Beltrami operator A.
M is viewed as a homogeneous isotropic medium. We begin, at time ¢ =
0, with a temperature distribution concentrated at a point y in M, with
total temperature 1, and ask for the temperature at = in M at time t.
The equation that describes the conduction of heat through M is the heat
equation A = %. That is, the temperature at = at time ¢ will be given by
a continuous function p(z,y,t) that is C? in the space variable z, C! in the

time variable ¢, and satisfies

o
Agp(z,y,t) = Ep(:v, Y, t)

lim p(z,9,1) = 6y(2)
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where 6, is the Dirac delta function. The function p(z,y,t) is called the heat
kernel of M. If the initial temperature distribution is given by ¢(y) then

the solution of the heat equation
Mz, 1) = rula, 1)
will be given by |
wo,t) = [ ple,0,0)8(0) dV(0)

satisfying
#(z) = fim [ p(o,3, 06V ().

To derive the heat equation, we observe that given a regular domain 2
in M, and assuming that for ¢ > 0 heat is neither supplied to nor withdrawn
from (2, the instantaneous change in total temperature in 2, with respect

to time, must equal the flow of heat across the boundary of . That is,

// (2,1) dV(z) = /BQZZ(wt)dA(w)

where v is the outward unit normal vector field on 92. Applying Green’s

formula, we have

S Seate,av@) = [[ suta, av(a)

or

//Q(A - %)U(w, 1)dV(c) = 0

for all such domains 2.

For compact manifolds, the existence of the heat kernel follows from a
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construction of Minakshisundaram and Pleijel, and the uniqueness from an
application of Green’s formulas ([3], Chapter VI). For noncompact mani-
folds, we want the minimal positive solution to the heat equation. It is
constructed as follows ([7], [3], Chapter VIII): Choose a sequence 4,2y, ...

of regular domains in M, with smooth boundaries, such that

N

j Q41

o2

= M.

j =

o0
U
j=1

For each j, let g; be the heat kernel on §; with Dirichlet boundary condition,

ie.:

qj:ﬁjxﬁj X [0,00) > R
J
A(Ij(wv:%t) = '52(1]("37 yvt)
gi(z,y,t) = 0 if zor y €0Q;.

We can regard g;(z,y,t) as a function on M x M X [0,00) by defining it to
be zero if either z or y is outside Q;. By the maximum principle, {g;} is an

increasing sequence, and we define
p(z,y,t) = lim g;(z,y,1).
J—+00

It can be shown that p(z,y,t)is a fundamental solution of the heat equation
on M and is minimal in the sense that p(z,y,t) < ¢(z,y,t) for any other
positive fundamental solution q.

In both cases, the heat kernel is positive, finite, and symmetric in the
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space variables. For compact manifolds, and for M noncompact but com-
plete with Ricci curvature bounded below, the heat kernel satisfies the con-

servation of heat property

/ p(z,9,1)dV(y) = 1.
M .

For arbitrary noncompact M we have

/ p(ma?ht)dv(y) <1.
M

On R™, a fundamental solution of the heat equation is

—z—y[?
p(z,y,t) = (4mt) T w0
Note that the heat kernel is a function only of ¢ and the distance between z
and y. Furthermore, p decreases as the distance between z and y increases.
For hyperbolic spaces the heat kernel also depends only on ¢ and the distance
between z and y, and for each ¢t > 0, decreases as the distance increases ([3],

Chapters VI, X,XI).

1.2 Hot Spots in Riemannian Manifolds

The starting point for our work is the paper “Movement of Hot Spots in
Riemannian Manifolds” by Isaac Chavel and Leon Karp [5]. In this section,
we present those theorems and proofs that we will refer to in later sections.

As in Section 1.1, for a Riemannian manifold M, let p(z,y,t) be the

minimal positive heat kernel. Then, for any smooth, non-negative function
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¢ with compact support in M,

P(e) = [ 3(@,3,080)V ()

p
M
is the minimal positive solution to the heat equation satisfying
}1_{{(1) Pip = ¢.
The “hot spots” are the points in the set
H(t;¢) = {z: Pg(z) = max Pid(y)}.

We are interested in the behavior of H(¢;¢) as t — oo.
For M = R™,

Pa(e) = [ (a2 gl )

Let §,4 denote the support of ¢, and Cy the closed convex hull of 54. We

recall that the center of mass of ¢ is the point mgy such that

[ (ms = n)le)dy = 0.
Rn

Theorem 1 (Chavel, Karp) For each t > 0, the function P;¢ has a mazi-

mum value, and it can only be attained at points of Cy, i.e.,

H(t; ) C Cy. (1.1)
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Furthermore,

H(t;¢) — {mg} as t— oo. (1.2)

Proof: For each z € R™\ Cy, there is a unique point p, € 0Cy for which
d(z,C4) = |z — p;|. For any y in the interior of S4, the function

il (]

decreases as £ moves from z to p, along the line segment Zp;. Since the heat
kernel increases as the distance between = and y decreases, P;¢ increases as
£ moves from z to p, along Tp,. This implies (1.1).

For (1.2), note that we have
(VPg)(@) = ~(am) 2 [ LB gay,
This implies that for every maximum point h; of P;¢,
.ﬂM~J £ o(y)dy = 0.

Let () be a sequence converging to +oo as kK — oo. Since all the points

he, are in the compact set Cy, (h:, ) possesses a subsequence (h;) which

k

converges to some point ho, € Cy. Consequently

/M y)¢(y)dy = 0,

i.e., hoo = my. Therefore, the sequence (h;, ) converges to my. Since the
sequence (hy, ) is arbitrary, we have (1.2). 1

From another point of view, one might ask to what extent does the
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asymptotic behavior of P;¢ determine the initial data ¢. In particular, if for
two domains €;,$;, P;lq, agrees with P;1g, on an open set up to order
72t as t — 0o, must 2y = Q3?7 We will discuss this question in Section

2.2. Chavel and Karp prove the following “Hot Potato Kugel Theorem”:

Theorem 2 (Chavel, Karp) Given a relatively compact open set (resp., a

solid) Q and an n-disk B in R, suppose that the limit
L(z) = lim tz2+ P(1g — 15)(x)

exists and is identically equal to 0 for xz in some open set U contained in
the interior of R* \ (B U Q). Then @ = B up to a set of measure 0 (resp.
Q=5)

Proof:

(4m)zt2 ! Py(1g — 1g)(z)
- / e (10 - 18)(y)dy
o0 -~k
= t}g L—% / ) |z — y**(1q - 18)(y)dy

= tf (la-1a)) du——/ o — y%(1q ~ 18)(y)dy + O(t72).

The existence of the limit implies Vol(§2) = Vol(B) and therefore

[AIal® = 2(z,5) + 19 }H(1a - 18)(s)dy = 0
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on U. Differentiating with respect to « we have

[ vtia - 1a)w)dy =0

so Q and B have the same center of mass. This implies

[P0 - 1a)(w)dy = 0

which implies = B up to a set of measure zero. 1
The terminology is derived from the Potato Kugel Theorem of [1], a re-
sult about the uniqueness of gravitational potentials. Consider the question:

Given two solids 1,5, in B3 whose gravitational potentials

1

agree on some open subset of the unbounded component of R®\ (2, U £5),
must Q; = Q7 It is shown in [1] (see also [13]) that the answer is yes if one
of the solids is a 3-disk in R3, but no for arbitrary solids.

Chavel and Karp also investigate the movement of hot spots in H™, the
n-dimensional hyperbolic space. The solution to the heat equation with
initial data ¢ is

Pé(e)= [ ple,u, 08wV ()

where p(z,y,t) is the heat kernel of ™. p(z,y,t) depends only on t and the

distance between z and y so we have

p(z,y,t) = P(d(z,y),1).
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It is known that for each ¢ > 0, P(d(z,y),t) decreases as d increases.

Theorem 3 (Chavel, Karp) In H™, for any ¢ > 0, H(t;¢) C Cy for all
t>0.

Proof: For any ¢ € H™\Cy, there is a unique p; € 0Cy for which d(z,Cy) =
d(z,pz). Let v; be the geodesic connecting z to p;. Using the first variation
of arc length forrﬁula it can be shown that for any y € Cy,d(§,y) decreases
as £ moves along v, from z to p,. Consequently, P;¢(£) increases.
Chavel and Karp also prove that in /™ hot spots do not necessarily tend
to one fixed point in Cy. If Sy is sufficiently small then there is a single point
heo such that H(t,¢) — {hw}, but if Sy is large enough then there may be

more than one hot spot.

1.3 The Combinatorial Laplacian

The analogue for graphs of the Laplace-Beltrami operator on manifolds is
the combinatorial Laplacian. Combinatorial Laplacians have been studied
by many authors (see [6], [8], [9], [L1], [10], [4]). Many properties of the
Laplace-Beltrami operator on manifolds have analogues in the discrete case
including the maximum principle, the Harnack inequality, and Cheeger’s
theorem bounding the lowest eigenvalue. In this section we present defini-
tions and collect those properties that we will need.

A graph G consists of a set V' of vertices and a set I of unordered pairs
of elements of V. For z,y € V we say there is an edge joining z and y
if (z,y) € E. G is an infinite graph if V is an infinite set. A path from
z to y is a sequence zg,Z,...,2, of elements of V with z¢9 = z,2, = y

and (z;,zi41) € E for i = 0,...,n — 1. The length of this path is n. G
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is connected if for all z,y € V there is a path from = to y. G is simple if
E contains no elements of the form (z,z) and if there is at most one edge
joining any pair of distinct vertices. The degree m(z) of a vertex z is the
number of edges with z as an endpoint. A graph is g-regular if m(z) = ¢ for
allz e V.

If (z,y) € E we say = and y are neighbors. For a fixed z € V, Z
will mean the sum over those vertices y that are neighbors of x. We &Tﬁ
sometimes want to consider directed edges. [z,y] will denote the directed
edge from z to y. E* will denote the set of all directed edges, soif (z,y) € E
then both [z,y] and [y, z] are in E*.

Let G be a simple, infinite, connected graph. We define the following

Hilbert spaces as in [11]:

LA={f:V—-R| Zm(x)fz(m)<oo}

zeV

and

Li={¢:E" >R | ¢(z,y])=~¢(y,z]) Vlz,y)€E",
Yo #*([z,9]) < o0}

(zy)€E

The sum in the definition of L? is independent of the choice of direction for

each edge. The inner product in L2 is defined by

(f,9) = ) m(z)f(z)g(x)

zeV
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and the inner product in L? by

@w)=5 3 ol u)(les))

[z,y]€eE*

Consider next the linear operator d : L2 — L? defined by
df ([z,9]) = f(y) = f(=).

We note that d is bounded since

df,dfy = Y (f(y)- f(=))?
(z,y)EE
< 2 3 (fAy)+ =)
(zy)eE
= 2(fvf)

The adjoint of d is the linear operator § : L2 — L2 defined by
(f,68) = (df, ¢)

for all f € L2 and ¢ € L%, where the inner product on the left side is in L2

and on the right side in L3%.

We can calculate §¢ as follows:

5 Y )i

[z.y]eE*

(df, )

2 2 (W) - 1))

[zy]eE"

> 2 @)y, =])

zeV y~z
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S m(z)f(z)- ,—n—f—5 S (. o))

zeV y~z

= (f,é9).

So
56(z) = ,—n% S #([y, z]).

y~T
The Laplace operator A : L3 — L3 is defined by

A = —éd.

That is,

—6(df )(z)
> df([y,z1)

1
m(z) =3

;1%5 S () - f(2))

— " f(y) - f(z).

m(z) 5z

Af(z)

A domain D in G is a subset of V along with whatever edges were present
in G. The boundary of D is the set of edges with one endpoint in D and
one endpoint not in D, i.e. the edges joining D to its complement in G. We

have the following Green’s formulas:

Lemma 1 For f,g € L, (9,Af) = —(dg,df).



CHAPTER 1. BACKGROUND 13

Proof:
—(dg,df) = Z (9(y) - 9())(F(¥) - f(=))
[w,y]EE‘
= -21- 3" (9@ f(z)+ 9(x) f(v) — 9(v) F(w) — 9(z) £ ()
[zyleE"
= > 9=)d fly) =D m(z)g(z)f(z)
zeV Y~z zeV
= Y m(z)g(z)- ( > fy) - )
zeV m(m) y~z
= (gvAf)

Corollary 1 For f € L2, Y, cym(z)Af(z)=0
Proof: Apply Lemma 1 with g\=' y. B

Lemma 2 If f,g € L% and g has finite support D then

(9,Af)+ (dg,df)p = ) g(z) (Z(f(y) - f(fv)))

D y~z
z€ vgD

where (dg,df)p means we sum over those edges with both endpoints in D.
Note that the sum on the right side is an ‘integral’ over the boundary.

Proof: We split (dg, df) into a sum over edges entirely in D plus sums over

edges with at least one endpoint not in D.

(dg,df) = (dg,d)p + D> (9(y)— 9(2))(f(y) - J(x))
xeDggg

+ Y > (9(y) - 9(@)(f(y) - f(=z))
z@¢D y~z

ygD
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Since support g == D, we have

(dg,df) = (dg,df)p
+ 3 S (@) (f(y) - f(z))

D y~z
wel Ueb

or

(9, M)+ (dg,df)p =D > g(z)(f(y) - f(z)). 1

zeD ¥~z
1.4 The Heat Kernel for Graphs

Let G be a simple, infinite, connected graph with Laplace operator A. To
derive the heat equation, we view G as a uniform conductor of heat and
observe, as in the Riemannian manifold setting, that the total change in
temperature, with respect to time, in a domain D C G must be equal to the
flow of heat across the boundary (assuming, for ¢ > 0, that heat is neither
supplied to nor withdrawn from D). Letting u(z,t) be the temperature at

vertex z at time ¢, we have

Z m(x)—g—t-u(m,t) = Z Z(u(y,t) — u(z,1)).

D D y~z
z€ € ygD

Applying Lemma 2 to the right side, with f = u( ,t) and g the characteristic

function of D, we have

Z m(m)%u(m,t) = Z Z(u(y,t) — u(z,1))

D D y~zx
z€ wel Jeb

= 2 9(2)3 (u(y, 1) - u(z,1))

D y~z
€ ygD
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= (g1Au( ,t))+ (dg,du)D
= (g,4u(,1))
= Z m(z)Au(z,t)

z€D

ie., Au(z,t) = Zu(z,t).
The heat kernel, p(z,y, 1), is the solution to the heat equation with initial

condition one unit of heat concentrated at y € G

p:GxGx[0,00) - R
0
Azp(:E’y’t) = —6_tp(x’y’t)
lim > m(2)p(z,y,1)f(z) = f(y) Vf € Lg.

:L'GG
For an initial temperature distribution ¢(y), the solution to the heat equa-
tion is

u(z,t) = > m(y)p(z,y,t)d(y).

yeG

Theorem 4 For a simple, infinite, connected graph G,

i) Z m(z)p(z,y,t) =1 Vi

zelG
i1) E (z)u(z,t) = Z m(z)p(z).
el z€G

Proof: 1)

E m(z)p(z,y,0) Z m(z)p(z,y,0)b,(x)

z€G zeG
6y(?/) =1
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and

25 mepte,ny = ¥ me) g ny

z€G

z€G

= Zm(m)Axp(w,y,t)
reG

= 0 by Corollary 1.

So ¥ eq m(z)p(2,y,t) = constant = 1.

i)
d 0
- m(z)u(z,t) = m(z)z-u(z,t
i S = 3 g
= Zm(m)Au(z,t)
z€G
= 0.
Therefore,
Z m(z)u(z,1) Z m(z)u(z,0)
z€G z€G
> (m(w) (E m(y)p(z,y,0)6(y)
z€G y€G

Z m(z)p(z). B

el

)

16
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7n

2.1 The Heat Kernel for Z"

In this section, we extend the results of “Movements of Hot Spots in Rie-

mannian Manifolds” to Z™.
Let G be the graph whose vertices are the points in the integer lattice

Z", and whose edges join a vertex (z1,23,...,2Z,) to its 2n neighbors
{(z1,22,- sz + 1,0 520), (21,22, ., T — 1,y 20) hi= 1, n.

G is obviously simple, infinite, and connected. Let ¢ be a positive real valued
function defined on a finite subset of Z*. We will solve the heat equation
Au(z,t) = %u(z, t), with initial data ¢, by taking the Fourier transform of
each side with respect to the space variable, solving the resulting differential

equation, and then applying the inverse transform.

17
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Our goal is to find u : Z™ X [0,00) — R such that

Au(z,t) = %u(m, t) (2.1)

}i_r’rtl) u(z,t) = ¢(x).

The Fourier transform of u is

w(t)= Yy, we,0)eF) (e R

zeZ"

The Fourier transform of Au is

Au((, 1)

Z Au(z,t) €=

AL

1 & )
Z {%Z(u(zl,...,xi+ L., zn, )+ u(z1,. ..y @i — 1,...,mn,t))e'(x'<)
T€Z™ =1
—u(T1,y...,Tn,yt) ei(r'c)}

E u(w t) {_].; (ei(Z‘I'\Ll)(l + ei(zl—-l)cl + .. + ei(z‘n—l)cn + ei(zn_])cn) - e,(z()}
’ 2n
reZn
. 1 /. . . .
W(z€) ] (¢ —-i( iln ~in) _
zEEZ"u(m,t)e {2n (e The ™ ...t emte ) 1}

Z u(:z:,t)e"(“”'O { 1 (cosCy+ -+ +coslp) — 1}

z€eZ" n

(0o {3 (cosr o+ cosGa) — 1],

So (2.1) becomes

{%(cos(l + -+ cosCp) — l} (¢, t) = %ﬂ((,t).
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A solution is
’ll((,t) = et(%{(cosCl+"'+cos(")—1),&(c’0)

or since 4(¢,0) = QS(C),

() = ellaleortitteostn) D) g
which we will write as
a((,1) = e~'enOg(().
To recover u, we apply the inverse transform

U(:B,t) = (27r)-n /R" e_te#C(C)QS(C) C;i(z'c)dc
= e—t(27‘”)—n/ enC) Z ¢(y)ei(y~4)e—i(z-¢)dC
Rn

yezn

= lem T Y ¢l [ eFTer e,
yegn B

For a point source at y,

u(z,t) = e t(2n) [ exClOeilvOe=il=Og,
nR_n

e—t(gﬂ)—n/ etk eostr g=iler=u)r . gtk costn g=ilzn=vn)ln g

Making the substitution (; = 8; + 5 we have

1 Lo —i(z;—

é—;/Re"C s (s o—i(; y;)C;d(J.

= ——1—~/ e‘f(xJ‘yJ)ge:niSinafe_i(mj_yj)ojdaj
2r Jr
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— e—i(zj—yJ)g'J(mj_yj)(it/n)
where J, is the Bessel function of order r. So we have
u(z, 1) = e~t(e~ @13 ...e—i(mn—yn)%)J(zl_yl)(it/n) ez gy (it/1).

Since ez J,(it/n) = I,(t/n), the modified Bessel function, we have, writ-

ing p(z,y,t) instead of u(z,t) to emphasize the point source,

p(:L‘, y,t) = e‘tf(xl_yl)(t/n) . 'I(a:,,—y,,)(t/n)-
Theorem 5 p(z,y,t) is a solution of the heat equation on Z™.

Proof: We may assume the point source is at the origin. Then

Azp(.’l:,(), t)
= Ag{e™' L, (t/n) - I, (t/n)}
= o Y L (4/n) L (tf0) — e Ly () L (4])

n

= e Y () L (/) L (1)
i=1
+ Iy (t/n) - 'Izi—l(t/") o Ig, (t/n)}
e Ly (1) -+ Loy (/)

and

2 pa,0,) = e uy(tfm) ooy ltf)
- Z {le(t/n) . <Ix.+1(t/n)2'*;llz‘.—l(t/n)> e Ixn(t/n)}
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e Ly (t/n) - Lun (i)
= A;p(z,0,t). B

A path from z to y in Z" is a sequence of points ¢ = zg,21,...,2, = ¥,
where z; and z;41 are neighbors. The length of this path is r. The distance
between z and y, d(z,y), is the smallest integer r for which there exists a
path of length r from z to y. For z = (21,%2,...,Zp) and y = (Y1, ¥2,- - -+ ¥n)s

we have

d(z,y) =) ly;i — =jl.
J=1
A path from z to y is minimal if its length is d(z, y).

Theorem 6 i) p(z,y,t) is symmetric in the space variables.
i) p(z,y,t) decreases as the distance between z and y increases.

i) p(z,y,1) satisfies the conservation of heat property:

S p(z,y,t) =1 forallt.
T

Proof: All three assertions follow from well-established facts about modified

Bessel functions.

i) is equivalent to Ix(s) = I_g(s) if k£ is an integer.

For (ii), let 7 be a minimal path from y to z. Let z and ¢ be neighbors
on vy with d(z,y) > d(q,y). Since z and g are neighbors, they differ in only

th

one coordinate, say the 7. We have

p(z’ Y, t) e_tl'yl “zl,(t/n) o .Ily]—zj'(t/n) v .Ilyn—zn'(t/n)

e_tIly] ”‘qll(t/n) n .IlyJ_QJI‘*‘l(t/n)' e Ilyn"‘fhll(t/n)
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< e—tjlyx —qu|(t/n) -+ Ty, —g ) (/). - djy g (/)

= p(q,9,t)

since Ii(s) is decreasing as a function of k.

For (iii), we may assume the point source is at the origin. Then

S p(2,0,) = et Y Ly (t/n) - Lo (t/n)
= et S Lm) - S Lit/n)

j=~00 j=~o00

—~ et. et/n .. _et/n

= 1

since 332, Ii(s)=¢*. 1

For initial data ¢ the solution to the heat equation is

u(z, 1)

e Y #(y)p(z,y,t)

yezZn

e Y d(yy—zy (/1) - Ly (L)

yEZ"

We will often write P;¢(z) instead of u(z,1).

2.2 Hot Spots in Z"

In this section we investigate the movement of hot spots in Z™. We begin
with a description of convex sets.
We recall from the previous section that a path from z to y in Z™ is a

sequence of points ¢ = zg,21,...,2, =y, where z; and ;4 are neighbors.
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The length of this path is . The distance between z and y, d(z,y), is the
smallest integer r for which there exists a path of length = from z to y. For

z =(z1,...,2,) and y = (¥1,-..,Yn), we have
n
d(z,y) = ) |y; — ;1.
i=1

A path from z to y is minimal if its length is d(z,y). Minimal paths are not

necessarily unique. We will use the following definition of convexity:

Definition: A set C C Z" is convex if for all z,y € C, C contains all

minimal paths in Z” from z to y.

This is analogous to strong convexity for domains in Riemannian manifolds.
By an interval in Z' we mean a subset of the form {z € Z! : @ < z < b},

which we will denote [a, b]. A rectangular solid in Z™ is the Cartesian product

of intervals

[@1,b01] X -+ X [@n, by].
It is possible that one or more of these intervals consists of only one point.

Proposition 1 i) A convez set C in Z! is an interval.

ii) A convez set C in Z™ in a rectangular solid.

Proof: 1) If z,y € C then all points z, < z < y, must be also.

it) Suppose z = (z1,...,2,) and y = (¥1,...,¥n) are in C. Then C must
contain all paths from z to y of length d(z,y). Therefore, C' must contain
all points of the form (z,zq,--,z,) where z increases (or decreases) one
unit at a time from z; to y;. Similarly for the other coordinates. So C' must

contain all points in [z1,91] X +*+ X [Zn,ys]- B



CHAPTER 2. ZN 24

Definition: The convex hull Cg of a set B C Z™ is the smallest convex

set containing B; that is, if C is any convex set containing B then Cp C C.

Definition: The distance, d(z,C), between a set C C Z™ and a point
z ¢ C is the smallest integer r for which there exists a path of length r from

z to some y in C.

Proposition 2 If C is a convez set in Z" and x € Z™ \ C, then there is a

unique point § € C such that d(z,C) = d(z,7).

Proof: In Z!, convex sets are intervals and % is the endpoint of C closer to

T.

In Z®,n > 2, suppose there were two distinct points y,z € C with
d(z,C) = d(z,y) = d(z,z). For convenience suppose z = (0,...,0). Since
y # z,some y; # zi; say |y;| < |z]. Consider the following path from z to y:

start at (21,...,2,), decrease (or increase) the it

coordinate until we reach
(215 +»Yis+ .+, 2n), then take any minimal path to (#1,...,¥n). The length

of this path is

T
lzi —wil + D |z -yl = d(y, 2)
=1y

s0 (21,...,Yi,...,2y) is in C. But the distance from z to this point is

lyil + D 1zl < Y1z = d(=, C)

i#i i=1
which is a contradiction.

Proposition 3 Given C,z, and § as in Proposition 2, for any y € C,

d(z,y) = d(z,9) + d(F, ).
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Proof: Assume z is the origin. C is a product of intervals [a1,b;] X - - X
[@n, bs]. Suppose first that no interval contains 0. Then, by taking reflections

if necessary, we may assume all a;, b; > 0. In this case, ¥ = (ay,...,a,) and
d(0,9) +d(Fy) = D ai + Y (v — @) = Y vi = d(0,y).

Now suppose one interval, say the j**, contains 0. Again by taking re-
flections if necessary we may assume a;,b; > 0,¢ # j. In this case § =

(ay,...,0,...,a,) with the 0 in the jt* place. Then

d(0,7) + d(7,y) = Zai + Z(?/i —a;) + |y;l

# i
= > wi+ |yl
iZi
= d(0,y).

The proof can easily be modified if more than one interval contains 0. 1
Next we discuss the center of mass of a function. We recall for ¢ defined
on a domain B C R™, ¢ > 0, the center of mass m of ¢ is the point in R™
for which
| m= s =o.

For Z!, we make the following definition:

Definition: For a function ¢ defined on a domain B C Z!,¢ > 0, the

center of mass m of ¢ is
< LkeB k¢(k)>
2 ren (k)
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ZkeB kd’(k)

Lken (k)

where (r) means the integer nearest to r; if is exactly halfway

between two integers then m is the set

ZkeB k‘f’(k) 1 ZkeB kd’(k)
—— e .2_, - . +

1
> ken 9(k) ' Ykep 9(k) 2

For convenience, let (r)*, for r € R, denote the integer nearest to r, if this
is well defined, or {r — 1,7 + 1} otherwise.

In comparison with the R™ definition we note that m minimizes

> (n— k)p(k)

keB

for n in Z. To see this, write |3>_rcg(n — k)@(k)| as

n Y ¢(k)= ) k(k)

keB keB

If n were real, i.e., not necessorily in Z, then the minimum would occur at

2oken koK)
n=—

ke ’°4’(")>
2ren $K) 2ken (k)

;if we require n in Z, the minimum occurs at <

Proposition 4 Let ¢ be a function with finite support S C Z' and let Cg

be the convez hull of S. Then the center of mass m of ¢ is in Cs.

Proof: Tor k€ Cg\ S, define ¢(k) = 0. Cs is an interval [a,b]. If m is one

- <Z_’??_(’“_)> < <Z_b?a(_k_>> "
S rec ¢(k) ~\ Zreo 9(k)

point then
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Similarly, m > a.
If

Trec kd(k) 1 Xkec ko(k)
m={ T o, S

2kec Plk) >kec O(k)

N

Ekec ké (k)
n ——e
Zkec $(k)

the

+ 1 must be < b. Suppose not, i.e., suppose
L) pp

P kec k(k) .
Zkec (k)

>b+1.

DD | =

Then
S koK) > Y0+ 5)6(H),

keC keC
but & < b for all k£ in C.
Trecktld)
> kec (R)

In Z™ we define the center of mass coordinate by coordinate:

>a. 1

[S1E

Similarly,

Definition: Tor a function ¢ defined on a domain B C Z", let

m; = <Z$GB 112,'45(1,‘1, . -amn)>*
' Zz‘EBd)(ml)"',mn) '

The center of mass m of ¢ is m; X -+ - X m,,.
Note that each m; is either one integer or a set containing two integers;
therefore, the center of mass of ¢ is either one point or a set containing at

most 2" points.
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Ezample: Let B =[0,3]x [0,2] C Z? and ¢ = 1g. Then

_ [ Zeenmd(z,m2)\" | 718\ _
™= < Z$€B¢(ml’m2) > B <12> —{1’2}

_ [ XseB z28(21, T2) *_ 12\* _
™= < erB¢($17$2)> B <12> =1

and the center of mass of ¢ is the set {1,2} x {1} or {(1,1), (2,1)}.

Proposition 5 Let ¢ be a function defined on a finite set S C Z™ and let

Cs be the convex hull of S. Then the center of mass m of ¢ is in Cg.

Proof: For z € Cs\ 9, define ¢(z) = 0.

Cs is a product of intervals [a;,b1] X - - - X [an, b,]. By Proposition 4, m;
is in [a;,b;] for each i, therefore m is in C.

For a function ¢ > 0 with finite support S C Z™, the solution to the

heat equation with initial data ¢ is

Pip(z) = e D d(9) -z |(t/0) - Lypezn| (/7).

yezn
Let H(t;$) = {z € Z™ : P,¢(z) = max,ezn Prgp(2)}.
Theorem 7 H(t;¢) C Cs for all t.

Proof: By Proposition 2, for any z € 2" \ Cg, there is a unique § € Cgs
such that d(z,7) = d(z,Cs).

Let 7 be a minimal path from z to §. For any z € v, d(2,C) = d(2,7)
and by Proposition 3 for any y € C, d(z,y) = d(2,7) + d(,y). Therefore,
d(z,y) decreases as z moves along y from z to §. Therefore, by Theorem 6,

p(2,y,t) increases as z moves along v from z to 5. 1
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Theorem 8 For large t, H(t; $) = m, the center of mass of ¢.

Proof: Suppose first that m is one point.
We may assume that m is the origin.
We then want to show P,¢(0) > P,¢(z) for large t, for all z.
For large t,

472 — 1
i

L(t) ~ (2mt) /2t {1 - + O(t"z)} .

Therefore,
P#(0) = —tz¢ Yy, (t/n) -1y, (t/n)
~€4@“WY”%WW§:G@%1 %” +0(4ﬁ

4yn - -
--%— St/ +0(2ﬁ>

Multiplying out we have

2_1 42 — 1
(2rt/n)*P0) ~ T 6(0) { -t e O(t-Z)}-
Similarly,
(2mt/n)"/? Pig(c)

A(yy — 71)? ~ 1 4(yn — 2n)2 - 1 _
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Subtracting we have

(27t /n)"}(P,p(0) - P(z))

4y — z1)? — 4yl Ayn — Tn)? — 492 _
~ Xy:qﬁ(y){ 5t/n Lt 81/ +O(t 2)}

Zy:qb(y)# {z% —2myy1 4+ 22 = 20050 } + O(7?)
(E2

{/}; {'2—1 Zy:qb(y) - I }; l/1¢(y)}

e+ t/in {% > d(y) —an Zynqb(y)} +0(t7?).

Assuming the center of mass is the origin means m; = 0 for each ¢; i.e.,

2y ¥id(y)\ oy
< Eyd)(y) ) =0 for each
or (
1 D) 1
2T, 2
So

__;. Zq&(y) < Z vid(y) < %Z #(y) for each .
y y y
I 0< 3, 5:6(y) < § 5, #(y), then

322 Sody)—zi Y widly) > 2> vid(y) -2y vid(v)
= (2 —2))_ vid(y)

> 0
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If —% >y d(y) < X, vid(y) < 0, then

\Y

2
%’Esﬁ(y) —zi ) yid(y) ~2 > vid(y) — =i ) vid(y)

(zf + 2:)(= D_wi(v))
0.

v

I3, vid(y) = 0, then

By

22
5 2_8(y) — 5 D _vid(v)

= —j;qﬁ(y)

> 0

Since some z; must be nonzero we conclude P,¢(0) > Ppo(z).
Suppose now that the center of mass is not one point; i.e., some m;
consists of two points.

We may assume m; = {0, 1}; i.e.,

Ly uid(y) 1
Y, 0(y) 2

or

5 uidly) = 5 5 6(0) (22)

The center of mass consists of two points: the origin and the point e; whose

sth

1" coordinate is 1 with zeros everywhere else. First we show P,¢(0) —
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P,¢(e;) ~ 0 for large t.

i — 1)2 2
P,¢(0) - Pig(e;) ~ Z‘f’(y){%gt/nl) _8?7"}

= Q—f/—n;m)(l ~ 2y)

_ #{;¢(y)—2;yi¢(y)}

= 0 by (2.2).

Then
2?
5 Yo d(y) -z ) yid(y) = (aF —2:) Y 9id(y) > 0
Yy K Yy

forz; #0, 1. 1

Next we prove an analogue in Z* of Chavel and Karp’s “hot potato
kugel” theorem and extend the results of “llot Spots” for R™ by answering
a question posed by Chavel and Karp: Is Theorem 2 true for ;,§2; one of
which is only assumed to be convex?

Using the usual graph metric in Z", i.e., counting edges, the disk with
center ¢ and radius 7 is

n

B(e;r)={z:d(z,c) <7} ={z: leJ —-¢;| <7}
i=1
The Z" analogue of the R™ theorem is, however, not true for disks as we
will show by example below. We must consider instead disks in Z™ defined

using the Euclidean metric. The Fuclidean-disk with center ¢ and radius r

is the set

B(e;r) = {=: Z |z; — c]-l2 < r?}.

i=1
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The Euclidean-disk of radius r contains the disk of radius r since
n
Yolzj—cl<r
Ji=1

implies
n n 2
Szl < [ Slei -l | <o
7=1 j=0

We want to emphasize that in Z™, disks and Euclidean disks are not convex.
This leads one to believe that in R™ the real issue is not convexity.

We will also need to define open sets in Z™. A set U contained in Z" is
open if some z in U has 2n neighbors also in U. The idea is to be able to

take a spatial derivative in every direction from at least one point.

Theorem 9 Let B = B(c;r) be an Euclidean disk in Z"™ and Q a finite set.

Suppose
- 241 Pl ) =
tll’rgo(t/n)i’ (Plg — Plg)(z)=0

for all z in an open set U C 2™\ (BU Q). Then Q = B.

Proof:

(t/n)%+l(Pt].Q — Plg)(z)

= (t/n)E*le {Z Ly ) (/) - 'I|wn—xn|(t/n)}

weN

— (t/n)g-l'le_t {Z I|bl—11|(t/n) .- 'Ilb,,—z,.l(t/")} .

beB
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For large ¢, this is asymptotic to

(t/n)FHe™t - (/™) ((2mt/n) /2y

Ywy ~21)%~ 1 Y w, —zn)% =1 _
(w {1 1 8t/n T 8t/n +0( 2)}

Xb: {1 4(bs ;t-’"/tl)z ~1 A —8;7;)2 -1y O(t—z)})
= (@t/n) (%) {21—21}
wm ()" (&) {5t 2= 1) - £ St w2 - 1)}

Our hypothesis is that the limit of this expression as t — oo is 0.

This implies 4)  and B have the same volume (contain the same number

of points) and

i1) Z {Z(zi —z;)*{lg - 13}(2)} =0 forallz € U.

F{VAL i

i1) is true for some z = (z1,q,...,%,) and also for (zy + 1,22,...,2,) sO

we have for z

2 {Z(Z? + 2} - 22i2){1a ~ 15}(2)} =0 (2.3)

zEZ" 1

and for (z1 + 1,22,...,2,)

Z {(2:1)1 +1-22)+ Z:(zl2 +z? - 2:1:;2,‘)} {lo—15}(2)=0. (2.4)

ETVAL
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Substituting into (2.3) we have
> (281 +1-22){la—15}(2) = 0

which implies

ZZ]{].Q -15}(z) =0 (2.5)

since z is constant.

Similarly for the other coordinates; consequently £ and B have the same
center of mass, which we may assume is the origin. Since (2.5) is true for

each coordinate we have
>_ 2 a{la—15}(2) =0 (26)

which implies

2.2 zmi{la = 15}(2) = 0. (2.7)

Substituting into (2.3) we have

Z{ZZ?{ln - 113}(2)} =0

o
z

or
s{zuf-s{ra}
5 S a U3

Suppose Q # B.

We know B ¢ Q and Q ¢ 8 (equal volumes) so B\ # 0 and Q\ B # 0.
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Since the same set B N is removed from B and from 2 we have
vol(B\ Q) = vol(R\ B)

and

> {Zb?} =3 {wa}- (2.8)

B\@ ‘i B ‘i
But B\ £ contains only points that satisfy 3°,; ? < 72 and 2\ B only points

that satisfy y_; w? > 72. So we have

Z Eb? < 1% vol(B\ Q)

B\a ¢
Yo Y wE o> r? vol(Q\ B)
oM\B i

contradicting (2.8). §
As mentioned above, this result is not valid for disks. We will present a
counterexample in Z2 and indicate how to find counterexamples in Z",n >

2. Let B be the disk of radius 8 centered at the origin and let

Q=B \ {(7’1)’(_771)7(7>_1)1(_77—1)}
U {(5v5)v(5’—5)’(_5,5)7(_57_5)}'

Then

tlingo(t/n)'z""”{l’glg — Plp}z)=0 VzeZ:\(BuUQ).
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To see this, note that we have, as in the proof of Theorem 9, for large ¢

(t/n)e*{Pilg — Plp}(z)

~  (t/n)(2r)"™? {21 -3 1}
w b
1. ,/0, 7
/) {Z Sl =2 - 1) = Y Yl - ) 1)}.
b 1 w ot
B and Q have the same volume so
Y1->"1=0.
w b
B and 2 also have the same center of mass (the origin), and satisfy
PROBLIED BRI
B i Q i
Therefore

S D b —2:)?} =D D (wi — 7))
B 1 0 1

and the limit is 0. We can use this example to construct examples in higher
dimensions. In Z3, let B be the disk of radius 8 with center at the origin. For
2, delete from B3 the points (7,1,0),(7,-1,0),(-7,1,0),(=7,—1,0) and add
the points (5,5,0),(5,-5,0),(-5,5,0),(=5,—5,0).  has the same volume
as B and, because of the symmetry, the same center of mass.

From the proof of Theorem 9 and the examples above we see that we

actually have
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Theorem 10 In Z™,
Jim (¢/n)3*! {Pla, = Pila, }(z) = 0

for z in some open set U is equivalent to )y and Sy satisfying the following
three conditions: i) Qy and Q, have the same volume; ii) Qy and Q, have

the same center of mass; iii) 3 q Y ;wf = Y.q, >;wi .

Turning next to convex sets, Theorem 9 is not valid for €4,; one of
which is only assumed to be convex. In fact we will show how to find pairs

of sets in Z™,n > 3, both convex, satisfying
Jim (t/n)E*'{Plg, - Plo,}(z) = 0 (2.9)

for all z in Z™\ (2, UR;) but Q; # Q. For convenience, we will work in Z3
since the method easily generalizes.

We are assuming £y and (2, are convex so they are products of intervals,

say,

N = [z,z14+(m—=1)]x[z2,204 (n—1)] X[z3,23+ (p~1)]

Q = [m,n+@=-DIx[y2y+(r-1)] x[ys,y3+ (s~ 1))

By Theorem 10, 2, and §2; have the same volume, so mnp = ¢rs. ; and Q2
also have the same center of mass, which means that the average of the it*

coordinates in 2, equals the average of the i** coordinates in ;. Explicitly,
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for the first coordinates,

m—1 g—1
np - Z(a:1+j)=rs -Z(yl—i—j). (2.10)
J=0 J=0
Equivalently,
' ~1 ~1
np (mzl N (m ' )m) s (qy1 " (¢ s )Q)
or

m—1 g-—1
mnp z1+——2—— = qrs y1+——2— .

Since mnp = qrs we have

m—1 -1
$1+——2-—' = y1+1—2—. (211)
Similarly,
n-1 r—1
T2t = nt— (2.12)
p—1 s—1
23+ —5— = Y3 + 5 (2.13)

Note that these equations imply that m and ¢ have the same parity, as do

n and 7, and p and s. Condition (iii) of Theorem 10 says

PIOITED PP (2.14)
Q i 0 i
We have

Sof = np{ef @+ D2t (o (m - D))
93}
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= np-{zi+2}+ 20 +1+- - +22+ 2(m =1z +(m-1)?}
m-1 m—1

= np-{m:cf+2z12j+ ij
j=0 j=0

(m—l)m+ (m—l)m(2m—-1)}

2 6

(m - 1)22m— 1)}

= np- {mx'f + 21

= mnp- {x% + (m - 1)z +
So (2.14) becomes

22+ (m— 1)z, + —é(m -1)(2m—-1) + 224 (n— 1)z, + é(n —-1)(2n -1)
+ ah4 (o= Dast 5= D - 1) (215)
= B (a-Dntgla-D@—1) +3+( -yt 5= 1)(2r= 1)

+ ﬁ+@-n%+é@-m%—n

From equations (2.11), (2.12), and (2.13) we have

__~12 _12
zpwm—nm+ﬁ?rl = ﬁ+@—nm+ﬁ%rl
_12 _12
At n-err B = e o pe+ U5
—1)? s—1)2
%+@—Um+££TL = ﬁ+@—nm+( f

Substituting into (2.15)

gm-nmm-n—%mp4ﬁ+ém—n@n—n—im—n2
2= 1Ep-1) - 3(p— 1)

= = DEa- - =)+ 5 - DEr-1) - 3 =17
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+ é(s ~1)(2s- 1) - %(s ~1)%.
This is equivalent to

(m=1)(m+D)+(n-1)(n+1)+(p-1)p+1)
= (q=Dg+D)+E=1D(Fr+1)+(s-1)(s+1)

or

m2+n2+p2-___q2+7,2+32'

So we seek two triples of integers m, n,p and ¢, r, s such that mnp = ¢rs and
m? +m?+p? = ¢ +r2 + 52 and corresponding parities match. One solution
is to take for q,r,s an allowable permutation of m,n,p. In that case, Q3 is
a rotation of Q. There are also nontrivial solutions. One is 12,10,1 and

4,2,15. Explicitly, we could take

N = [_5,6] X [_415] X [an]

Q = [-1,2]x[0,1]x [-7,7].

Since we worked coordinate by coordinate, the discussion generalizes. In
Z™ we want two rectangular solids €2y, Q5 of dimensions my, ma,...,m, and

q1, 92, - - -5 qn , respectively, such that

mymg---My = q192°°°qn

mitmit otmy = g+t
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The Z3 example extends to an example in Z™ by taking

mi,My,...,m, = 12,10,1,v,v,...,v

1,925+ -3qn = 4,2,15,’(),’0,...,’0

where v is any integer.

In Z2, the situation is different. We want pairs of integers m,n and ¢,r
such that mn = gr and m? + n? = ¢ 4+ r2. If m and n are given, then q and
r are determined; either g = mand r = n,s50 2y = Qorg=nand r =m,
so €15 is a rotation of £,

Turning now to R™, Chavel and Karp ask if Theorem (2) is true for
Q1, 3, one of which is only assumed to be convex. Our results in Z™ show
us how to find sets 1, satisfying (2.9) for all z in R™ \ (©; U Q3), both
convex, but Qy # §;. The proof of Theorem (2) shows that (2.9) implies €,
and Q3 : i) have the same volume; ii)have the same center of mass; and iii)

satisfy
/ d*(z,y)dy :/ d*(z,y)dy for all z in U.
Q] Q2

Running the proof backwards, we can see that conditions (i), (ii), and (iii)

imply (2.9) for all z in U. So we have

Theorem 11 In R,

Jim (¢/n)2*! {Plg, — Pila,}(2) = 0
for z in some open set U C R™\ (2, U2) is equivalent to @y and Q, satis-

fying the following three conditions: i) @y and Qy have the same volume; ii)

2y and Q3 have the same center of mass; i) fo d*(z,y)dy = [o, d*(z,y)dy
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for all z in U.

Condition (iii) says

[ (@ - 205+ uDdy = [ 3 (2~ 2050 + y)dy.
Q sz:l

1 j=1

This is equivalent to, using (i) and (i), fo, >j=1 ¥7dy = [q, ¥ ;=1 yidy. The
natural analogue to consider in R™ of a rectangular solid in Z™ is an ellipsoid.
So we ask can we find two ellipsoids satisfying these three conditions. Again,

for convenience, we will first present an example in three dimensions. The

volume of the ellipsoid
2 2 2
- 3.9 Y W3
9—{y€R Pt 51}
is 4§7rabc, its center of mass is the origin, and
2 4
/ S y2dy = —rabe(a? + b2 + c?).
L 15

Therefore, we again want solutions to the system

mnp = abc (2.16)

mi4ni+p? = a?+b1 40 (2.17)

but we are no longer restricted to integers. In fact, given any ellipsoid,
except a ball, there are infinitely many other ellipsoids satisfying conditions
(i), (ii), and (iii) and, therefore, (2.9). Any solution to the system, where

a,b, and c are given, corresponds to an ellipsoid with the same volume and
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center of mass as {2 that also satisfies condition (iii). In R™, given an ellipsoid

12 2
a a

1 n

any solution to the system

mlm2---mn a1a2---an

2 2 2 2 2 2
mi+my+ -4 my ajtay+---+a,.

corresponds to an ellipsoid

2
92={y1—y~17+--'+y—"251}

my my

such that (2.9) holds.
If ©; were a ball,

the system would be

mmsa---My = a

2 2 2
mi+my+---+m,;, = na’.

This system has only one positive solution.
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Trees

3.1 Heat Kernel for Trees

We recall that a path in a graph G = (V, E) is a sequence z9,z1,...,Z, of
elements of V' such that (z;,z;41) is in E for i = 0,1,...,n — 1. The path is
closed if z, = z¢. A closed path is a cycle if the vertices z;,7 = 1,2,...,n
are distinct. A tree is a connected graph with no cycles. A tree with ¢ edges
at each vertex is called g¢-regular. We will consider only infinite trees.

Let T be an infinite (p 4+ 1)-regular tree. Its adjacency matriz A is the
infinite square matrix whose rows and columns are labeled by the vertices
of T, and whose agy entry is 1 if z and y are neighbors and 0 if they are
not. Each row and column has only p + 1 nonzero entries. Powers of the
adjacency matrix count the number of paths between each pair of vertices:
ak . the zy entry in A, is the number of paths of length k joining z and y.

Ty

We can view the matrix A as a linear operator acting on functions defined

45
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on the vertices of T. For f € L3(T)

Af(z) = Z sy f(y)

yeT

> ).

y~z

The identity matrix I also acts on functions:

If(iL‘) = E izyf(y)

=
= f().
Since
Af(e)= > 16)- @)
we have
A= ﬁ—lA _ 1L (3.1)

Now suppose we are given a nonnegative function ¢ defined on a finite
subset of the vertices of 7. We seek the solution to the heat equation on T,

with continuous time parameter, and initial data ¢. That is, we want
v:T x[0,00) > B

such that
Au(z,t) = gt—u(z,t)

and

P_If(l) u(z,t) = ¢(z).
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The Laplacian is a bounded linear operator on the Banach space L3(T')

so a formal solution is

u(z,1) = (¢ 4)(x).

L, (3.1) we have
(2 9)(z) = (T4 D) (a).

Since

(9@ =3 & (4 ) (4 $)(a)

our formal solution is

1

k
u(z,t) = e Z o (m) t*(A*¢)(x)

or

k
u(z,1) =e! Z 5 (51—1> 5" ak b(y). (3.2)

y~z

Now we begin to study the matrices A*. Following M. Burger [2], we

define the following functions on pairs of vertices of T :

1 ifz=y9
60(1:?:’/) =
0 otherwise
and
1 ifd(z,y)=n
bn(z,y) = (=)

0 otherwise.

We also define the operation * as follows:

(6 % 65)(z,y) 26 (z,2)05(2
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We have

(611*60)(1:’:‘/) = Zén(maz)60(37y)
= 6n(x’y)

and

(61*61) = Zél(m,z)al(z,y)

( p41 ifd(z,y)=0

1 ifd(z,y)=2

0 otherwise

(61%6,) = Z&l(x,z)én(z,y)

p ifdlz,y)=n-1
= 1 ifd(z,y)=n+1

0 otherwise.

Note that
51 * 61 = 62 + (]) + 1)60 (33)

61 * 6n = 6n+1 + pén_l. (3.4)

Let 6F = & * 65=1. We want to point out the relationship between the

entries in the matrices AF and the functions §f. Note first that azy = é1(z,¥).
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Then
az-y = Za:czalzy
= 251($,2)61(Z,y)
= (61%61)(z,y)
= 612(33’3/)
and
a’;y = Zamafy_l

= Y61z, 2)8 (2,9)
(61 * 65_1)("1:1 y)

= 6(z,y).

So our formal solution (3.2) is now

11N
u(z,t):e kZ___‘BF (m) tk;(ﬁ(z,y)qﬁ(y).

Since 6F(z,y) is the number of paths of length k joining z and y, it is a
function of k£ and of p. To derive explicit expressions for 6{‘(:v,y) we begin

by expanding the first few using the relations (3.3) and (3.4):

(51 = (51

6 = 6, %6
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62+ (p+ 1)bo

6 = & %67
= 61+ {62+ (p+1)bo}
= 61 %62+ (p+ 1)(61% o)
= b3+ pbi+(p+1)b
= 63+ (2p+1)6,

6 = 61 %6}
= 61 +{63+ (2p+ 1)61}
= 6y %83+ (2p+ 1)(61 * 61)
= 04+ pba+ (2p+ 1){é2+ (p + 1)b0}
= 04+ 3p+ 12+ (2p+ 1)(p+ 1)bo.

Let C(k,d) be the coefficient of 6, in the expansion of 6F.
Remarks:

1) 6F is expressible in terms of §;, where j and k have the same parity,
J < k. The proof is by induction on k. We see above that it is true for

k=1,2,3,4. Assume it is true for k, i.e.
6F = C(k, k)b 4 C(kyk — 2)8k—2 + -+ -+ Ckyk — 7)0k—r

where
0 if kis even

1 if kis odd.

k—r=
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Now use 6; * 6, = 0,41 + POn—1.

2)When 6f(z,y) is evaluated, only the §; term, where d = d(z,y), is
nonzero. Since é4(z,y) = 1, 6§(z,y) = C(k,d). Therefore, C(k,d) is the
number of paths of length k joining any pair of vertices that are distance d

apart.

We now have

1

a(o,t) = et S (——-—)kt’“ZC(k d(s | 1)é(y)
b - k=0 k! p+1 ” 9 ,y J .

Now we shift our focus to find explicit formulas for C(k,d). To begin,
we show how to obtain the coefficients in the expansion of 65! from the

coefficients in the expansion of §f. For k even we have
6% = C(k,k)6k + C(ky k = 2)6k—2 + - - - + C(k, 0)bo
and

&Y = § x6F
= C(k,k)(6y % 6,) + C(k, b — 2)(61 * 8g—2) + - - -+ C(k,0)(81 * &)
= C(k, k)81 + pCk, k)6k-1
+ C(k,k—2)bk—y + pC(k,k — 2)b_3

+ C(k,2)63+pC(k),2)51
+ C(k,0)é;.
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Comparing coefficients we have

Clk+1,k+1)=C(k,k)
and

Ck+1,k—1) = C(kk—2)+pC(k,k)
Clk+1,k-3) = C(kk—4)+pC(k,k—2)

Clk+1,1) = C(k,0)+pC(k,2).

If k is odd we have
6F = C(k,k)bx + C(k,k = 2)6k—2 + - - + C(k, 1)6;
and

SEYU = C(k, k)(61 % 6k) + Ckyk — 2)(61 % 6k-2) + -+ + C(k,0)(61 % 6;)
= C(ka k)6k+1 + Pc(k7 k)ék—l
+ C(k,k—2)6k_1 +pClk, k — 2)8k—3

+ C(k7 1)62 + (P + 1)C(k’ 1)60

So again

Clk+1,k+1) = C(k, k)
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and forr =1,3,...,k- 2,
Ck+1,k-r)=C(k,k—-r-1)+pC(k,k—1r+1)

but
Ck+1,0)=(p+1)C(k,1).

To summarize, we have, for all &,
Ck+1,k+ 1) = C(k,k)

which implies C(k,k) = 1 for all k since C(1,1) = 1. Note that all this
says is if z and y are distance k apart then the number of paths of length &
joining them is 1. We also have C(k,d) = 0 if k¥ and d have different parities,
orif d > k. If k and d have the same parity then, for d # 0,

Clk,d)=C(k—1,d—1)+pC(k - 1,d+ 1) (3.5)

and, for k even,

C(k,0)=(p+1)C(k-1,1) (3.6)

Using (3.5) and (3.6) we can derive explicit formulas for the coefficients

C(k,d). For example:

Clhk,k—2) = Ck—1,k—3)+pC(k—1,k—1)
= Clk—1,k-3)+p
= Clk—2,k—4)+pClk—2,k—-2)+p
= C(k-2k—4)+2p
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C(2,0)+ (k - 2p

i.e.,

Clhk—2) = (k- )p+ 1. (3.7)

Proposition 6 C(k,d) is a polynomial in p of degree s = E;—d.

Proof: Changing notation we want to show
C(d+2s,d) =1+ Aip+ Aap” + -+ + A;p°.

The proof is by induction on s. We’ve already shown

C(d,d) =1 (3.8)
and
C(d+2,d)=1+(d+ 1)p. (3.9)
Assume true for s — 1; i.e.
Cld+2(s—1),d) =1+ Aip+ -+ A;1p" L. (3.10)

By (3.5),
C(d+2s,d)=C(d+2s-1,d— 1)+ pC(d+2s - 1,d + 1).

The second term on the right side can be written pC(d+ 1+ 2(s—1),d+ 1).
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Applying the induction hypothesis (3.10), we have

C(d+2s,d)=C(d+2s—1,d—1)+p(1+ Bip+---+ Bs_1p°1).
Now apply (3.5) to the first term on the right side to get

C(d+2s,d) = C(d+2s—2,d~2)+pC(d+2s—2,d)

+ p(l4 Bip+---+ By_1p®™ ).

The middle term on the right side can be written pC(d+2(s—1),d). Applying
(3.10) we have

C(d+2s,d) = C(d+25—2,d—2)+p(1+ Ep+---+ Es1p™?)
+ p(l+Bip+ -+ Beo1p®™?)
= C(d+28—2,d-—2)+p(2+F1p+..._*_Fs_lps—l).

Continue alternately applying (3.5) and (3.10). After d steps we have
C(d+2s,d) = C(25,0) + p(d + Lip+ -+ -+ Ls—1p° ). (3.11)
By (3.6),

C(25,0) = (p+1)C(2s—1,1)
(p+ 1)CA+2(s-1),1)
(p+ 1)1+ Mip+---+ Ms—lps_l).
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Substituting into (3.11) we have
Cd+2s,d)=1+Rp+---+ Rsp*. 1

Since C(k,d) counts the number of paths of length k joining any pair of
vertices that are distance d apart, we expect it to decrease as d increases. In
fact, C(k,d) is not only greater than C(k,d + 2) but the first E_:'ig_‘*%l terms
of C(k,d) constitute the polynomial C(k,d + 2). We have

Proposition 7 C(k,d) = C(k,d +2) + the pz° term of C(k, d).

Proof: Change notation to C(k,k — 7). The proof is by induction on r, 7

even. We want to show
C(k,k—1)=C(k,k—r+2)+ Ap=.
For r =0, C(k,k) = 1. For r = 2, we have already shown (3.7)
Clkyk-2)=1+(k—-1)p=C(k,k)+ (k- 1)p.
Assume true for r — 2, i.e.
Clk,k — (r —2)) = C(k, k— (r —2) +2) + Ap=". (3.12)
From (3.5) we have

Clk,k—1) = Clk,k =7+ 2)
= Clk-1Lk-r-1)+pClk-1,k-r+1)
—{C(k-1,k—r+1)+pC(k~ 1,k ~ 7+ 3)}
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= Clk-1Lk—r-1)—-Ck—-1,k—r4+1)
+p{C(k—1,k-r+1)-C(k-1,k—7+3)}.

From the induction hypothesis (3.12) the last expression in the brackets is
equal to Aplg_2 since C(k—-1,k—r+1)=C(k-1,k—1—(r—2)). So we

have
Clk,k=1)=Ck,k—142)= Clk—1,k—r—1)=C(k—-1,k—r+1)+ Ap=.
Applying (3.5) again, the right side is equal to

Clk—2,k—71-2)+pClk—2,k—r)
—{C(k=2,k—7)+pC(k — 2,k — 7 +2)} + Ap?
= Clk-2k=r—2)—C(k—2,k—7)
+p{C(k =2,k — 1)~ C(k— 2,k — 1 + 2)} + Ap?.

Since C(k — 2,k ~ 1) = C(k -2,k —2 — (r — 2)), the expression in brackets

is equal to Bpz. So we now have

Clk,k—r)-C(k,k—7+2)
= Clk=2,k—1—-2)—C(k—2,k—1)+ (A + B)p>.

Continuing, we have

Clkk—7)—C(k,k—1+2)
= C(r,0)—C(r,2) + Fp2.
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(p+ I)C(T - 111) - {C(T- 171)+pC(T - 1’3)} + Fp'z;
p{C(r—1,1)— C(r — 1,3)} + Fpz.

Il

r=2

pGp T + Ip

L
2

W

= Apz. B

Proposition 7 says that the coefficient of p* in C(k,d),1 < s < Lv%é does
not depend on d since it is also the coefficient of p*® in C(k,0), if k is even,
or C(k,1),if k is odd. We derive explicit formulas for these coefficients, and

these formulas will be functions of s and of £. We know

Clk,k) = 1
C(k,k—2) = 14(k—1)p
C(k,k—4) = 14 (k=1)p+ Ap®.

To find A2‘, write
Axp? = C(k,k—4) — Clk,k —2)
and apply (3.5) to get

Agp® = C(k—-1,k-5)+pC(k—-1,k—3)
~{C(k -1,k —3)+pC(k -1,k — 1)}

= Clk=1,k-5)—C(k—1,k—-3)
+p{Ck—-1,k=3)-C(k -1,k 1)}.

= Clk-1,k-=5)—=C(k—1,k—-3)

+p{(k —2)p+1—1} by(3.9) and(3.8)
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= Clk—1,k=5)~C(k—1,k-3) + (k - 2)p%.
Applying (3.5) again we have

Ap? = C(k—2,k—6)+pC(k -2,k — 4)
—{C(k =2,k —4)+pC(k — 2,k — 2)} + (k- 2)p*
= Ck—-2,k—6)—C(k—2,k—4)
+p{C(k =2,k —4) - C(k — 2,k — 2)} + (k — 2)p*
= C(k—2,k—6)—C(k—2,k—4)
+p{(k=3)p+ 1 -1} + (k- 2)p?
= Ck—2,k—6)—C(k—2,k—4)+ (k- 3)p* + (k- 2)p*.

After applying (3.5) £ — 4 times, we have

C(4,0)— C(4,2) + 3p* + 4p> + - - -+ (k — 2)p°
= (p+1)C(3,1) = {C(3,1)+pC(3,3)} + 3p* + - - + (k — 2)p
= p{C(3,1) = C(3,3)} +3p* +-- -+ (k — 2)p’

Agp?

= p{2p+1-1}+3p"+ -+ (k- 2)p"

= 22 +3p" + o+ (k- 2)p?

i.e.,

Ayp* = C(k,k—4)—C(k,k—-2)=p Z]. (3.13)
To find the coefficient of p3 we start with

Aap® = C(k,k - 6) — C(k,k —4)
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and, as before, apply (3.5):

Azp® = C(k,k—6)—C(k,k—4)
= Clk—1,k—7)+pC(k—1,k-5)
—{Clk—1,k=5) +pC(k— 1,k — 3)}
= Clk-1,k=7)=C(k-1,k—5)
+p{C(k =1,k =5) = C(k -1,k - 3)}.

The last expression in brackets can be written
Clk-1,k-1-4)=C(k—1,k—1-2)

and, by (3.13), is equal to p? f;g Jj- We have

k-3
Asp® =Clk~ L,k=T7)~C(k-1,k=5)+p* > _j.
_ =
By (3.5) the right side is equal to
C(k =2,k —8)+pC(k -2,k — 6)
k—3
~{C(k-2,k-6)+pC(k—2,k—4)}+p> > j
. 1=2
= C(k—-2,k—8)—C(k~2,k~6)
k-3
+p{C(k=2,k—6) - C(k—2,k—4)} +p* > j
71=2
k—4 k-3

Clk—2,k~8)—Clk~2,k—6)+p-p*>.j +p° 3 J.

j=2 j=2
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We continue applying (3.5) and (3.13) until we have

4 5 k-3
Asp® = C(6,0)-C(6,2)+p°> j+p° D 7 +--+p°D_J.

j=2 j=2

By (3.6),

C(6,0)- C(6,2) = (p+1)C(5,1)~ {C(5,1)+ pC(5,3)}
= p{C(5,1)- C(5,3)}

3
= p°)_J.
j=2
Therefore,
k-3 i
Ag=3 2
1=3 j=2
i.e. s i
Clk,k—6)~C(k,k~4)=p>> > .
1=3 j=2

Proposition 8 The coefficient of p* in C(k,k — 2s) is

1

l h
> oY
1=3 j=2

=8

k—s

Proof: 'The proof is by induction on s.
Assume true for s — 1, i.e.,

k(s 1) i
Clh,k—2(s—1)) - C(kk=2(s=1)+2)=p""" > - Z] (3.14)

I=s—1
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By (3.5)

C(k,k—2s)—C(k,k—2s+2) Clk—1,k—2s—1)+pC(k—1,k—2s+1)
—{C(k-1,k-254+ 1)+ pC(k -1,k - 25+ 3)}
= Ck-1,k-2s—1)-C(k—1,k—-2s+1)

+p{C(k—1,k—2s+1)-C(k—1,k-2s+3)}.
The last expression in brackets can be written
Clk-1,k=1-2(s=1))=Clk=1,k—=1-2(s— 1) +2)

and by the induction hypothesis (3.14) is equal to

k—l—(s—l) r

DD D ZJ

r=s5—-1 m=g-2

We have

Clk,k—2s)— Clk,k—25+2) = C’(k—lk 25— 1)~ C(k— 1,k ~2s+ 1)

+p2 Z ZJ

r=s—~1m=s5-2

Continue applying (3.5) and the induction hypothesis (3.14) until we have

C(k,k—2s)-C(k,k—2s+2) = (C(2s,0)—C(2s,2)

25— {5~1) i

+p° > X;J
]:

r=s—1



CHAPTER 3. TREES 63

k—s

+p* D0 ZJ

r=s-1

From (3.5),(3.6) and (3.14)

C(2s,0) - C(2s,2) |
= (P+ 1)0(23 - 17 1) - {0(23 - la 1) +pC(2S - 1’3)}
= p{C(2s~1,1)— C(2s - 1,3)}

2s5—-1—(s—1) 1
= p.-p*! Z Z]
r=s-1 j=2
s i
= p° Z Z]

r=s-1 j=2

Consequently

C(k,k—2s)—C(k,k—2s+2)=p Z Z Z] |

=3 T=3-—-1

Since C(k,d) = 0 if k and d have different parities or if £ < d, our

solution is

t 1 d+2k d+-2k
u(z,t) = e E{Z(d i Gar) C(d+2k,d>¢(y)}

where d = d(z,y). We have shown

d4-2k-2
C(d+2k,d) = 1+pd+2k—1)+p* > j
j=2
d+2k=3 i d+k i

+p° S i 4+ Zl: Y g

=3 j=2 1=k r=k-1 3=2
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Theorem 12 The heat kernel for the (p + 1)—regular tree is

B 00 1 1 d+4-2k daok
p(z,y,t)=e tkz_%(d-i-?k)! (p—{-l) t4+25C(d + 2k, d)

where d = d(z, y).

Proof: For convenience, write p(z,y,t) as e~g(t, d), where d = d(z, y). Each
vertex ¢ # y in T has one neighbor one unit closer to y and p neighbors one

unit further from y. Therefore

Azp(z,y,t)
= z,y,t)— p(z,y,t
pH;IJ p(z,y,1)
= t,d— ~t P d11)—etg(t
e p+1g(,d 1)+e erlg(t, +1) — e g(t,d)
= et i ( ! )d~1+2ktd‘1+2k0(d—1+2kd 1)
B p+1k0 —1+2k)' p+1 ’
=t = 1 Ltk d+14-2k
p+l (d+1+2k)' <p+1) EHRC(d 4 1 4 2k, d+ 1)
—e_tg(t,d).

We also have

9 0,
'a_tp(zvyat) - at {e g(t’d)}
- e—@q(t,d) ~e-‘g<t,d)

1 d+2k
— —t d+2k -t
= En E (d—{-Zk: (p+1> t C(d+ 2k,d) —-e "g(t,d)

i
= et
- Z(cl+21c—1 (p+1

d+2k
) 14+ 2-10(d + 2k, d)
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—e—tg(t,d)
_ -t 1 (1 )d -1
= € (d-—l)' = C(d,d)
_t Z ( 1 )d+2ktti+2k—lc(d+2k d)
(d+2k—1)' p+1 ’
—e"‘g(t,d).

Now apply (3.5) to the middle expression to obtain

d
et ( ! )td"l(](d,d)

(d-1!'\p+1
+ e—ti 1 ( 1 >d+2ktd+2k_10(d+2k;—1 d—1)
s (d+2k-1)! \p+1 '
—t 1 1o\
o Z(d+2k—1)' p+1 t C(d+2k—1,d+1)
k=1 :
~- e7'g(t,d).

Combining the first two expressions and re-indexing the third we have

—‘Z ( . )d+2ktd+2""0(d+2k—ld—1)
(d+2lc—1)' p+1 ’

¢ 1 1 d+2k+ d+2k+1

- t d+2k+1,d

+ pe ;2;(“%“)! <p+1) C(d+2k+1,d+1)
- e_tg(t7d)

= A.’L‘p(may7t)

To show lim;_ p(z,y,t) = §,(z) write

1 1 \¢
f) = et~ (—) ¢¢
p(z,y,t) e o (p+1>
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+e't§: . (1 )Mktd“"c d+2k,d
—(d+2k) \p+1 ( d)-

For d # 0, clearly lim;—o p(z,y,t) = 0.
For d =0,

. T =140 _
%%p(m,y,t)_lgr(l)e t°=1. 1

Theorem 13 i) p(z,y,1) is symmetric in the space variables. i) p(z,y,t)

satisfies the conservation of heat property.

Proof: i) p(z,y,t) depends only on t and the distance between z and y.

ii) We will show that }"_ p(z,y,t) is constant as a function of ¢ and we
already have ", p(z,¥,0) = 1. For a fixed vertex y, there are p 4 1 vertices
at distance 1 from v, p(p4-1) vertices at distance 2, and p"~!(p+1) vertices

at distance n. Therefore,

0 0
a7 P v:t) = > 5750, 1)

= Y Ap(z,y,t)

= A {e“‘g(t, 0)+ e i P H(p+ Dy(t, n)}

n=1

il
o

- {p—_}ﬁ(p + 1)g(t,1)— g(t,())}

N (R 1 P
+e {;p 1(27+ 1) (mg(t,n— 1+ mg(t,n+ 1))}
. {ip"”l(p + 1) g(t,n)}

= e Hg(t,1) - g(,0)}
+et {g(t, 0)+pg(t, )+ > p"'g(t,n— 1)}

n=3
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Y

+et {i "g(t,n + 1)}

n=1

—et {(p + 1)g(t,1) + i P p+ 1)glt, n)}

n=2
(oo} [o o]

= ¢t ang(t, n)+ et an"lg(t, n)
2 2

e " (p + D)g(t,n)
2

= 0. B

Next we show that C(d+ 2k, d) can also be expressed in terms of binomial

coefficients. We need the following easy lemma.

Lemma 3
n

> B(j,r)= B(n+ 1,7 +1).

J=r
Proof: 'The proof is by induction.
Forn=r:B(r,7)=B(r+ 1,7+ 1).
Forn=r+1:

B(r,7)+ B(r+1,7) = 1+47r+1
= r+2

= B(r+2,7+1)

Assume true for n — 1. Then

S2B(r) = 30 Blir)+ B(n,)

= B(n,r+1)+ B(n,r)



CHAPTER 3. TREES
n! n!
GrDn—r=1! " =1
(n+ 1)!

(r+ ) (n—-7r-1)
B(n+1,r+1). &

Proposition 9 The coefficient of p* in C(d + 2k,d), for 1 < s < k, is
B(d + 2k,s) — B(d+ 2k,s — 1).

Proof: Let n =d + 2k.
For s = 1, we have n — 1 = B(n, 1) — B(n,0).

For s = 2, we want to show

n—2
Y i=B(n,2)- B(n,1).
2

n—2 n—2
>0 = D i-1
j=2 =1

_ (n—2)(n—1)__1

2
_ n(n — 3)
2
and
n! n!
B(n2) - B(n1) = 555 ~ = 1)1
n(n — 3).

2

68
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For s = 3, we want to show

We have

n-3 1

2.2

1=3 j=2

3 s
= Y i+ i+
j=2 j=2

n-3 1

>3 j= B(n,3) - B(n,2).

1=3 j=2

n-3

i=2

= B(5,2) - B(5,1)

+B(67 2) - B(Ga 1)

+B(n-1,2)- B(n—1,1)

n~1 n-1
= > B(,2)- Y B(,1)
j=5 j=5
= B(n,3) - B(n,2) by Lemma 3.

Assume true for s — 1:1i.e.,

Then

n—s r

r=sl=3-1

n—(s—1)

2

[=s—-1

i

Z]

i=2

-y j=B(n,s-1)- B(n,s - 2).

j=2

s 1 s+1 1 n—s
[=s5—1 j=2 {=s5-1 j=2 l=s—-1

B(2s—1,s~1)— B(2s — 1,5 - 2)

+B(2s,s — 1) — B(2s,5 - 2)

+B(n-1,s—1)=B(n-1,s—2)

- 69
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n—1 n—1
= > B(j,s-1)- > B(js-2)

j=2s—1

j=25-1

= B(n,s)— B(n,s ~ 1) by Lemma 3. 1

Lemma 4 For n even, we have, for

C(n,0) =14 Ayp+ Agp> + -+ + Azp

and

C(n+1,1)= 1+ Fp+ Fop® + -+ -+ Fap2,

n
2

ol

i)s- A >1+Ai+A2+-+A4,1  1<s<§
ii) 3 Az =14 A+ g+ Anz

iii)s Fys>1+ R +F+-+F_; 1<s<®
iv}%'Fg=2(1+F1+F2+---+Fg_§_2).

= {s!(n ) (s- 1)!(:!— s+ 1)t }

Proof:
s-A; = s{B(n,s)— B(n,s-1)}
n!
nl(n —2s+ 1)
(s=DYn—-—s+1)!
and

L+ A+ Ag+ -+ A =

1+ B(n,1) - B(n,0)
+B(n,2) - B(n,1)

70
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+B(n,s — 1) — B(n,s — 2)

B(n,s - 1)
n!

(s—Di(n-s+ 1)

But
nn—-2s+1) _ n!
(s—Di(n—=s+1)!~ (s—=Dl(n—-s+1)!

with equality if and only if s = 7. This gives (i) and (ii).
For (iii) and (iv),

s I

s{B(n+1,8)-B(n+1,s—1)}

.s{ (n+ 1)! 3 (n+1)! }
sfn+1-38)!  (s—=1)(n—-s+2)!

(n+ 1) (n—2s+2)

(s=1Dl(n—s+2)!

and
1+F1+F2+"'+Fs—1 = B(n+173—1)
_ (n+ 1)!
- (s=D(n—-s+2)
We have

(n+ Di(n - 2s +2) (n+ 1)!
(s—= Dl (n-s+2) " (s—1l(n—-s5+2)

for 1 < s < %, and for s = % the right side is twice the left side. |}

Lemma 5 For A>0,B; >0,andp>1, A> Bo+ By + -+ By_y implies
Ap®* > Bo+ Byp+ - -+ Bs_1p°~t. The inequality is strict for p > 1.

Proof: For s =1, A > DBy implies Ap > By , and for p > 1, Ap > By.
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For s = 2, we want to show A > Bg + By implies
Ap? > Bg + Bip. (3.15)

For p = 1, there is nothing to show.

For p > 1, note that

d d
E;[Apz] =2Ap > 2p(Bo+ B1) > By = EZ;[BO + B p].

Therefore, the left side of (3.15) increases faster than the right side.

Assume true for s — 1.

Then we want to show A > By 4 By + -+ -+ B, implies
Ap® > Bo+ Byp+ -+ Boyp°! (3.16)

Again, for p = 1, there is nothing to show.

Forp > 1, %[Aps] = sAp*~! and

sA > s(Bo+ By+---+4 Bs_1)

> B +2B2++(S—- 1)B3_1.
Therefore, by the induction hypothesis,

sAP"™Y > Bi+2Bap+ -t (s = 1)Beyp®?

d
= d_p[BO + Bip+---+ Bso1pP )

so the left side of (3.16) increases faster than the right side. 1
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Theorem 14 Fort fized, p{z,y,t) decreases as the distance between z and

y increases.

Proof: We want to show e~tg(t,d) > e g(t,d+1) or, equivalently, g(¢,d) >
g(t,d + 1) for all d. For convenience, let m = p + 1. Write

L1V, L (1™
sthd= () ¢ T2 () c@r2a-

as

Agt? + A2 4 Agttt - Attt

and

t,d+1 ——'—1—(1)d+1 1ty ! (-1—)d+3td+30(d+3 d+1)+
9(t,d+1) = T @+3) \m ’

as

We will show
1) Agt? + L Ayt4+2 > Botdt!
)L Aptd+2k 4 LA gd+2k42 5 By gd1+2k,

1) We want

1 /1N, 1 1\ L, 1 1\9+
(L 1 d _t (1 +1
dl (m) Pt aT (m) rreld+ 2,d) > o (m) f

or equivalently (multiply by 2(d + 2)! m?t2, rearrange)

tHC(d + 2,d)t? — 2m(d + 2)t + 2m?(d + 2)(d + 1)} > 0. (3.17)
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The discriminant is

4m?(d + 2)% - 4-2m*(d + 2)(d + 1)C(d + 2, d)

i

4m2(d + 2){d + 2 — 2(d + 1)C(d + 2,d)}
Am?(d + 2){d+2 - 2(d + 1)(1 + (d + 1)p)}

Il

< 0.

Therefore, since (3.17) is true for t = 1, (3.17) is true for all ¢ > 0.

2) We want
1 1 1 d+r dtr 1 d+4r+2 dr 42

1 1 d4r+1 y X
>m(a) WA LA+ )

or equivalently (multiply by 2(d + r + 2)! m@+7+2, rearrange)

T {Cd+r+2,d)t2 — 2m(d4+r+2)Cd+r+1,d+ 1)t
+ (d+7+2)(d+ 7+ 1)m*C(d +r,d)} > 0.

Here, 7 is even and r > 2. We will show that the expression in the brackets is
always positive by showing that its minimum value is positive. The minimum

occurs at
. 2m(d+r+2)C(d+r+1,d+ 1)
- 2C(d+ 7+ 2,d)

and the minimum is

m¥(d+r+2)2C%d+r+1,d+1)
C(d+r+2,d) '

(d+r+2)(d+r+1)m*C(d+r,d) -
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So we want to show
(d+r4+1)C(d+7,d)C(d+7r+2,d)~(d+7+2)C*(d+r+1,d+1) > 0. (3.18)
Using (3.5), we have
Cd+r+1,d+1)= C(dl-{— r,d)+ pC(d+ r,d+2)
and, for d > 2,

Cd+r+2d) = Cd+r+1,d=1)+pC(d+r+1,d+1)
= Cd+rd-2)+pC(d+r,d)
+p{C(d + r,d) + pC(d + r,d)}

= C(d+7r,d-2)+2pC(d+r,d)+ p*C(d +r,d +2).

Therefore, (3.18) is equivalent to
(d+74+ DC(d+r,d){C(d+r,d—2)+ 2pC(d + r,d) + p*C(d + r,d + 2)}

—(d+7+2){C(d+7,d)+pC(d+r,d+2)}? >0

or

pC(d+r,d+2){(d+r+ 1)C(d+r,d) = (d+7+2)C(d+r,d+2)}
+ 2pC(d+ r,d){{d+r+ 1)C(d+r,d)—(d+ 7 +2)C(d+r,d +2)}
+ Cld+rd){d+r+1)Cd+r,d-2)—(d+r+2)C(d+r,d)} > 0.
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We will show that the expressions in the brackets are positive.
i) (d+r+1)C(d+7,d)>(d+7+2)C(d+r,d+2): (3.19)
From Proposition 7,
C(d+r,d)=C(d+r,d+2) + the p2 term of C(d + r,d).
Therefore, (3.19) is equivalent to
(d + 7 + 1){the p? term of C(d + r,d)} > C(d +r,d +2)

or, letting s = %

(d+ 25+ 1)Ap° > 14+ Ap+ -+ Asm1p" L
Since s < 4{—’ and d + 2s + 1 > s, Lemma 4 implies

(d+2s+ DA;p° > 14+ Ay + -+ A,

and the result follows from Lemma 5.

i1) (d+7+1)C(d+7,d=2)>(d+r+2)C(d+r,d): (3.20)
From Proposition 7,

C(d+r,d—2)=C(d+r,d)+ the p5" term of C(d + r,d — 2).
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Therefore, (3.20) is equivalent to
(d+ 7+ 1){the przﬂ term of C(d+ r,d —2)} > C(d + r,d)
or, letting s = %’—2
(d+2s-1)A,p° > 1 +)A1p Foot Agp

Since s < 4251 and d+2s—1 > s, this follows from Lemma 4 and Lemma 5.
There are two cases left: d = 0 and d = 1. For d = 0, we want, from

(3.18),
(r 4+ D)C(r,0)C(7 +2,0) > (r + 2)C*(r + 1, 1). (3.21)

By (3.6), C(r+2,0) = (p+ 1)C(r + 1,1) so (3.21) is equivalent to
(r 4 D(p+1)C(r,0) > (r+2)C(r + 1,1)

or

(r+ 1){(p+ DC(r,0)-C(r+1,1)} > C(r + 1, 1). (3.22)

By (3.5), C(r 4+ 1,1) = C(r,0) + pC(r,2) so (3.22) is equivalent to
(r+ D{(p+ 1)C(r,0) - C(r,0) - pC(r,2)} > C(,0) + pC(r,2)

or

(r+ Dp{C(r,0) - C(r,2)} > C(r,0) + pC(r, 2).
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Using Proposition 7, this becomes

(r + 1)p {the p? term of C(r,0)} > C(r,0) + pC(r,2).
Letting s = 5, we want to show

(2s+ 1)pAsp° > 1+ Aip+---+ Asp°
+p(1+ Aip+ -+ A,l1p®7h)

or
(25 4+ 1)pAsp® > 1+ (1 + A)p+ (A1 + A2)p® -+ + (As=1 + 45)p°.
But by Lemma 4
(2s+ VA; =1+ 14+ A1+ A1+ Ag+ -+ Agq + A

and the inequality follows from Lemma 5 for p > 1.

For d = 1, we want, from (3.18),
(r+2)C(r +1,1)C(r + 3,1) > (r + 3)C*(r + 2,2). (3.23)

From (3.6), C(r+2,0) = (p+1)C(r +1,1). Substituting into (3.23) we now

want

(r+2)C(r +2,0)C(r +3,1) > (r + 3)(p+ 1)C?*(r + 1, 1). (3.24)
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From Proposition 7,
C(r +2,0) = C(r + 2,2) + the p™+* term of C(r + 2,0)
ie., letting s = T2,
C(2s,0) = C(2s,2) + Asp°.
From (3.5)

C(r+3,1) = C(r+2,0)+pC(r+2,2)
C(2s,2) + A;p° + pC(2s,2)

(p+ 1)C(25,2)+ Asp®.

Therefore, the left side of (3.24) is equal to
(25){(p+ 1)C*(25,2) + (p + 2)C(25,2)A0p" + (A;P")"}

and the right side is
(2s + 1)(p+ 1)C?*(2s,2).

Subtracting (2s)(p + 1)C?(2s,2) from each side, we now want to show
(25)Asp°{(p + 2)C(25,2) + Asp’} > (p + 1)C%(25,2)

or

(28)A;p°{(p+ 2)(A + A1p+ -+ + As—1p° 1) + Aep°)
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>(p+ 1)1+ Ap+---+ Ag_yp* V)2 (3.25)

From Lemma 4

(25)Ag > 1+ Ay + -+ Ay

so by Lemma 5 ,
(28)A;p° > 14+ Aip+ -+ A,yp° L

Therefore we have (3.25) and the result follows. 1

3.2 Hot Spots on Trees

Regular trees are in some ways discrete analogues of hyperbolic spaces. One
expects the movement of hot spots on trees to mimic the movement of hot
spots on hyperbolic spaces. We show that the hot spots are contained in the
convex hull of the support of the initial data and, as in the case of hyperbolic
spaces, the hot spots do not necessarily tend to one fixed point.

Let T be a regular tree. A set C C T is convex if it contains all minimal
paths from z to y for all pairs of vertices z,y in C. Since minimal paths in
T are unique, a set will be convex if and only if it is connected. The convex
hull Cp of a set B C T is the smallest connected set containing B. If C is

convex and z ¢ C then there is a unique yy € C such that d(z,C) = d(z, yo).

Theorem 15 Suppose ¢ > 0 is defined on a finite set S C T'. Let Cs be the
conver hull of S and let H(t;¢) = {z € T': Pyp(z) = maxer Pi¢(2)}. Then
H(t; ) C Cs for allt.

Proof: For z ¢ Cg, let yg € Cg be the unique vertex such that d(z,Cg) =
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d(z,yo). Then for any y € Cs,d(yo,y) < d(z,y). Therefore by Theorem 14

Pp(z) = et ) g(t,d(z,y)b(y)

y€Cs

< et S gt d(yo,1)d(w)

y€Cs

= Pd(yo)- B

We turn next to the question of the nonuniqueness of hot spots. We

have

Theorem 16 Let T be an m—regular tree. If m > 4 and if the initial
temperature distribution consists of two point sources distance 4 apart, then
there are two distinct hot spots. If m = 3, starting with point sources distance

8 apart guarantees distinct hot spots.

Proof: Let support ¢ = {p, ¢} with ¢(p) = ¢(q) = 1.

The convex hull C of the support of ¢ is the unique minimal path joining
p and q. For the m > 4 case, we will write this path as {p,y,z, 2, ¢}.

Clearly, Pi¢(p) = Pid(q) for all ¢t and Pig(y) = Pig(2) for all t so we
only have to show that z is not the hot spot.

Pi(p) = Pip(q) = e *{g(t,0) + g(t,4)} and Pig(z) = e~*{2g(2,2)}. We
will show that g(¢,0) + g(t,4) > 2¢(t,2) for all ¢.

Recall
11 2, 11 4
g9(t,0) + g(t,4) = 1+ ;!WC(ZO)t + EE}C([lvO)t S

11 L 11 .
+ Al 5= C(6, 90+ -
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and

11 11
20(6,2) = 2{5;—C(2,2)t" + 5;—C(4,2)t" + -}
Comparing the coefficients of t2, we have

C(2,0) > 2C(2,2)

since C(2,0) =m and C(2,2) = 1.

Comparing the coefficients of t* we want

C(4,0)+ C(4,4) > 2C(4,2).
This is equivalent to, with p = m — 1,

14 3p+2p* + 1> 2(1 + 3p)

or p>3/2,ie.,m>3.

For 2" we want
C(2n,0) + C(2n,4) > 2C(2n,2).
From Proposition 6 we have

C(2n,0) = 14+ Ayp+ Agp* + -+ App™.
C(21,2) = 14 Ayp+Aep® 4+ + Apcip™ L.
C(2n,4) = 14+ Ayp+ Ap* 4+ Apopp™ 2
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We want

1+ Aip+-- -+ Anp"+
1+A1P+"'+An—2pn—2 > 2(1+A1p+"'+An—1Pn—1)

or
Anpn > A'n—lpn—1
or
An-—l
3.26
P> - (3.26)

From Proposition 9

A, = B(2n,n) — B(2n,n - 1) = %
and
n)!
An-1 = B(2n,n —1) = B(2n,n - 2) = (n -31()2!(72+ 2)!

so (3.26) is equivalent to

3en)
m—D)(n+2)! (n+1)

p>

or
3n

n+2

p>

Since p must be an integer (3.26) is true for p > 3, i.e., m > 4.

For the m = 3 case we start with p and ¢ distance 8 apart and show
Pyp(p) = Pid(q) > Pip(x) where z is the vertex that is distance 4 from p
and distance 4 from q. We have Pi¢(p) = Pid(q) = e~ *{g(t,0) + ¢(¢,8)} and
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Pip(z) = e~t{2¢(¢,4)} with

11 11
9(:0)+ 9(t,8) = 1+ 5—3C(2,0)t" + 75— C(4,0)t" + -

11 s 1 1
+ =—5C(8,8)t +T(i_7—n-16

8i 8 C(10,8)t!% 4 ...

and

| 11 11
29(t14) = 2{;{;"'”?0(4,4”4 + 6";7—166'(6,4”6 + - }

Comparing the coefficients of t* we have C(4,0) > 2C(4,4) since
C(4,0)=14+3-2+2-2% and C(4,4) = 1.
Comparing the coefficients of 16 we have C(6,0) > 2C(6,4) since
C(6,0)=1+5-24+9-2245.23 and C(6,4)=1+5-2.
For t?*,n > 4, we want
C(2n,0)+ C(2n,8) > 2C(2n,4).
That is, with p = 2,

L+ Aip+ -4 Anp™+
1+A1p+...+An_4p"—4 > 2(1+A1p+“'+An——2pn—2)

or

An 120 4 AL2™ = A, 32770 4+ A, 0272, (3.27)
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Using A; = B(2n,j) — B(2n,j — 1) (Proposition 9), we have

(2n)!
An nl(n + 1)!
3(2n)!
An-1 (n—1)l(n + 2)!
~ 5(2n)!
An-2 (n = 2)!(n + 3)!
A 7(2n)!
nd (n—3)i(n+4)!
so 3.27 is equivalent to
3(2n)-271 (2n)!-20  7(2n)!. 273 5(2n)! - 2n2

=D 12) T allnt )~ (n-3)(n+4)! " (n-2)(nt3)

3-22-n(n+4)(n+3)+23-(n+4)(n+3)(n+2) > 7-n(n—1)(n-2)45-2-n(n—1)(n+4)

or

(n+4)(n+ 3)(20n + 16) > n(n — 1)(17n + 26)

which is easily seen to be true for n > 4. 1§
Note that for m = 2 the “tree” is Z! and in that case, for large ¢, the

hot spot is always the center of mass (Theorem 8).
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