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A b stract

CCMPUTAJTIONAL COMPLEXITY OF THE EULER TYPE ALGORITHMS 

FOR THE ROOTS OF COMPLEX POLYNOMIALS 

by

Myong-Hi Kim 

A dviser: P ro fe sso r  Mike Shub

In  t h is  t h e s is  we show th a t th e  E u ler ty p e  a lgorith m s fin d

i)  a  com plex number z such  th a t  |f ( z )  ]<£, ,f o r  any £>  0 , approxim ately,

w ith  6672(d (d + lo g |lo g £ | )M (26(d+| lo g £ |) b in ary  b i t  o p era tio n s,

i i )  an approxim ate zero  fo r  a polynom ial o f  degree a  w ith ou t m u ltip le

r o o ts  w ith  average b i t  com p lexity  approxim ately,

6672 (d M(25d)) b in ary  b i t  o p era tio n s, 

where M(n) d en otes th e  b i t  com p lexity  fo r  th e  m u ltip lic a tio n  o f  two n - 

d ig it  numbers.
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Chapter 0 . In trod u ction

1

1 . Problem s

In  t h is  t h e s is ,  we stu d y  th e  ccm putatianal com p lex ity  o f  Shub & 

S u s ie 's  a lg o r ith m ic  approach t o  th e  Fundamental Theorem o f  A lgebra ‘(F32A). 

For a  p olynom ial f  o f  d egree d , th e  F3ZA guarantees th e  e x is te n c e  o f  a  

com plex s o lu tio n  o f  th e  eq u ation  f  (z) =  0 . However, m ost e x is te n c e  

p ro o fs in  m athem atics a re  n o t c o n str u c tiv e  in  th e  se n se  th a t  th ey  do n o t 

le a d  t o  a lgorith m s th a t  can b e u sed  to  fin d  ze r o s.

In  num erical a n a ly s is , one i s  in te r e ste d  in  co n stru c tin g  a lgorith m s, 

in  p a r tic u la r  e f f ic ie n t  a lg o r ith m s, t o  lo c a te  approxim ate so lu tio n s  

o f  com plex p o lyn om ia ls. The t o t a l  c o s t , o r  running tim e an a  computer 

i s  c a lle d  th e  com putational com p lexity  o f  th e  a lgorith m . (Borodin &

Munro, 31um&Shub)

One approach to  th e  a n a ly s is  o f  th e  com putational com plexity  o f  

a lg e b r a ic  problem s p resup poses a  model o f  com putation w ith  a r ith m etic  

e x a c t and o f  u n it  c o s t , fo r  ex a rp le  th e  r e a l number m odel. But a c tu a l 

m achines u se  a  f in i t e  d is c r e te  p ro cess o f  compu tin g . In  o th er  w ords, 

th e  m achine can rep resen t o n ly  a  f in i t e  s e t  o f  numbers and th e  a r ith ­

m etic  op era tio n s d e fin ed  fo r  th e  m achine d if f e r s  from  th e  u su a l a r ith ­

m etics o f  m athem atics.For exam ple, machine m u ltip lic a tio n  ta k es two 

n - d ig it  numbers (n i s  c a lle d  th e  machine p r e c isio n ) a s  in p u t and produces 

an n - d ig it  number ou tp u t. B is  erro r  betw een m achine a r ith m etics and 

m athem atical a r ith m etic  i s  c a lle d  th e  rou n d -off err o r .
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In  th e  a c tu a l m achine, a n  th e  a r ith m etic  o p era tio n s in  a lgorithm s 

a re  rep la ced  b y  m achine arithmetic. As th e  a lg o rith m  p roceed s, 

ro u n d -o ff err o rs  a re  accum ulated and may b e harm fu l. N ev erth less th e  

stu d y  o f  to le r a b le  round o f f  err o rs  and a ch iev a b le  accuracy i s  o fte n  

n e g le c te d  in  th e  a lg o r ith m ic  approach t o  a n um erical problem  and th e  

th eo ry  o f  i t s  c o s t . T h is problem  was r a ise d  w ith  r e s p e c t to  th e  FES. in  

S m a le [l], Shub & Smale [ I ]  [ H ] ; They proved th e  IT& by an a lg o rith m ic  

approach based  upon a  m o d ific a tio n  o f  N ew ton's method (c a lle d  E u le r 's  

method) and estim a ted  th e  c o s t  o f  th e ir  a lgorith m  on a  r e a l number model 

m achine.

More p r e c is e ly , th e  main concerns o f  t h is  t h e s is  a re;

i Problem 1 . (Smale 1981) A nalyze th e  E u ler and r e la te d  algorith m s fo r  

? th e  PEA w ith  r e sp e c t t o  ro u n d -o ff err o r s , i . e .  in  th e  m achine.

i Problem 2 . fShub&Smaler2~n L et P .( l )  ={ a  .z^  ; a .= l  , | a • | <1 } .
Q i= o x

Find th e  average c o s t  over P ^ (l) o f  an E u ler ite r a t io n a l scheme t o  

lo c a te  an approxim ate zero  o f  f  in  th e  m achine, w here average i s  

i s  tak en  over th e  leb esq u e m easure on P ^ (l) C  cf^.

Roughly sp eak in g, z  i s  c a lle d  an approxim ate zero  o f  f  i f  

|f ( z n ) | < 1 /2 2  | f ( z )  | ,  w here zn=  ^ ( z )  and N i s  N ew ton's ite r a t io n .

Th-Sg n o tio n  i s  due t o  Sm ale.
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tHa c o s t  depends on th e  in p u t s iz e  (eg , th e  number o f  d ec imal  d ig it s )  

and th e  -machine p r e c is io n  a s  w e ll a s  th e  machine m odel. Meanwhile th e  

machine p r e c is io n  and th e  in p u t s iz e  should b e determ ined by th e  s e n s i-  

v it y  o f  th e  algorithm  w ith  r e sp e c t t o  input p ertu rb ation  and rou n d -off 

err o rs , fo r  th e  su ccess o f  th e  algorithm .

2 .R e su lts .

We s o lv e  problem 1 and u se  th e  r e s u lt  to  answer problem  2 .

By r e la t iv e  erro r we mean th e  fo llow in g  ; Suppose a i s  rep resen ted
|a  -  a |

by same number a . Then th e  r e la t iv e  error o f  a i s  -----------
|a |

Then fo r  problem  1 , we have

Theorem 2 .33  . There i s  an algorithm  based on th e  E u ler ite r a t io n  

w hich lo c a te s  f such th a t | f ( f )  |<£. , fo r  any£> 0 , provided  

f  (z) and f 1 (z) are computed w ith  a  r e la t iv e  error l e s s  than  1 /4000 .

In  p a r tic u la r , each c o e f f ic ie n t  a^ o f  f  i s  t o  b e rep resen ted  by a t  le a s t  

(1 1 + d log+ |z | +  lo g d  - lo g  M i n ( | f 1 1 , | f  |) ) ex a ct d ig it s .

Our main theorem  concerns th e  algorithm  EftST-RDOT. (See Chapter 3)

l e t  M(n) denote th e  number o f  b i t  operations to  m u ltip ly  two n -b it  

numbers. S ee Chapter 4 .
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Main Theorem. The a lgorith m  EAST-ROOT lo c a te s  an approximate zero  o f  

o f  any f  w ith  no m u ltip le  r o o t w ith  average c o s t  over P ^ (l) le s s  than

i )  CL^d2  M(d)) b i t  o p era tio n s,

i i )  C_d E u ler ite r a t io n s  ?

2•Remark. For th e  s p e c ia l c a se  o f  th e  r e a l number model,- 0 (d  ) arith m etic  

op era tio n s may b e  ob tain ed  by ta k in g  M(n) =1.

The algorith m  r e fe rred  t o  in  th e  above theorem  i s  EAST-ROOT which 

we co n stru cted  in  t h is  t h e s is  ; i t  i s  Newton's method ap p lied  to  a  tra n s­

la t io n  o f  a g iv en  polynom ial f , and r e la ted  to  th e  algorithm  developed  

in  S S [H ],a n d  a ls o  s tu d ied  in  Smale [ H ] .  Smale a ls o  proved lin e a r  dependency 

o f  th e  number o f  it e r a t io n s  in  S m ale[H ].

We n o te  th a t  FAST-ROOT r e f in e s  th e  estim ates o f  S S [H ] ; t h is  i s  due 

t o  th e  su b rou tin e A pproxim ate-T est, an a p p lica tio n  o f  th e  fo llo w in g  theorem .

Theorem A. 2 . L et f  (z) b e  a  polynom ial o f  degree d . Then z i s  an 

approxim ate zero  o f  f  i f

(j) 1 / j - l
I f ( z )  I I f  ( z ) |  1
j ---------- j j   j < —  a n  j  =2 , . . , d .
| f ' ( z )  j I j i f ' f z )  | 42

C onversations w ith  D ennis S u lliv a n  were u se fu l in  form ulating t h is  

r e s u lt . Smale h as r e c e n tly  extended i t  to  Banach Spaces w ith  a  b e tte r  

co n sta n t.
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CHAPTER 1  . P re lim in a r ie s .

l e t  f  : C  >C b e a  com plex polynom ial o f  d egree d . T o p o lo g ic a lly ,

f  i s  a  branched co v er in g  o f  d egree d  w ith, branch p o in ts  a t  th e  c r i t i c a l  

p o in ts  { ©£> o f  f , i e  th o se  p o in ts  f * ( 6^) =  0 . In  p a r tic u la r , f  d oes n o t

admir a  g lo b a l in v e r se  i f  d  > 1 . However, i f  z £ C  i s  n o t a  c r i t i c a l  p o in t

o f  f  , i . e .  f 1 (zQ) =% 0 , th en  th e r e  i s  a lo c a ly  w e ll d e fin ed  a n a ly t ic

in v e r se  f ”^ o f  f  such  th a t  f z ^(f(ZQ)) = z Q.

l e t  D- b e th e  maximal croen d isk  about f  (zn) w ith  ra d iu s R~ where 
'  0 ~ u ZfZo

f ” 1  i s  w e ll d e fin ed . Thus L  i s  th e  ra d iu s o f  convergence o f  th e  power
0  x ,zo

s e r ie s  expansion  fo r  f ” 1  about f  (zQ) .

I t  i s  w e ll known th a t  ; ( c f ,  Smale 1)

F act 1 . Rp _ = |  f ( z n) -  f ( 6 ) 1 fo r  same c r i t i c a l  p o in t 0 . o f  f .
X / Z q  U 1  i

Hence R~ > m in | f ( z n) ~ f (S ) l*
Z,ZQ~ f • ( © ) = 0  u

In  th e  s itu a t io n  where 0 £D p , we can compute th e  lo c a tio n  o f  a  r o o t
Z/Zo

by ev a lu a tin g  th e  power s e r ie s  exoan sicn  o f  f ” 1  . However, t h is  w i l l
z 0

n o t occu r in  g en era l. The id e a  o f  Shub and Sm ale i s  t o  con tin u e t o  in v e r t  

f  by a  power s e r ie s  a lon g  th e  ray  (0 , f  (zQ) ] (th a t i s  by a n a ly tic

co n tin u a tio n  ) u n t il  one o b ta in s a  z  such  th a t  0 6 D ~  , o r  came a s  c lo s er , z

t o  a r o o t a s  d e s ir e d  fo r  th e  c a se  o f  m u ltip le  r o o ts . (We n o te  th a t  th e r e  

i s  alw ays such  a  z Q s in c e  th e r e  a re  a t  m ost (d -1 ) c r i t i c a l  p o in ts  o f  f ) .
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More p r e c is e ly , l e t  w^ =  ( l - h ) f ( z 0) fo r  h  <

8 f Z

| f ( z 0)I
. N ote th a t w ,€D - „ 1  f , 2

f (z , )—1 - 1  ;
and we o b ta in  z., =  f  (wn) =  f  ( (1 -h) f  (zn) ) such. th a t 1 -h  =  •

■L z n *L z n u r lzn7

F igure 1 .1

We con tin u e t h is  p ro cess (z ^  w.̂  ) r ep la c in g  th e  p a ir  (zQ, wQ)

To understand t h is  p ro cess in  a  more c o n s is te n t way, we con sid er a

wedge shaped domain. L et W- b e th e  maximal open wedge domain
r ' z  n

- 1
cen tered  a t  f  (zn) w ith  a n lg e  < ‘/ 2  , where f  i s  a n a ly tic , 

u z ' zo~ o

-1

K S  H , where A = Sup (c: f  is  analytic on H 1 . ^
•f, 2  c £*72 z f , z , a

Ot

f ig u r e  1 . 2  wedge tf
{,z,o

z
L et Hf  =

t , z  | f ( 2 )!
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Lemma l . l  Hf  2 > s in  Af  2 , fo r  any 2 e f ^ f O j f  (2Q) ] .

P roof. S in ce  f ” 1  i s  a n a ly tic  onW . ,  , from Trigonom etry/Z I /Z

Rf , Z ' 1 f ( z )  1 s in a f , z > I W I s i lA f , 2 •

L et h  < s in  A- „ . D efin e in d u c tiv e ly , z . = f ” 1  ( ( l - h ) f ( z f ) .
' 0  n f l  n n

C orollary  1 .2 .  (1 -h )f  (zn ) 2  .

P roof. T his  i s  im m ediate s in c e  th e  wedge co n ta in s th e  c ir c le  o f  rad iu s

sinA p „ | f  (z„) | cen tered  a t  f  ( z )  and sin A - > sin A - r , z n  n  n  x ,z n  r , z Q

logff<z ) l /cj
Theorem 1 .3  For any 2. > 0 , l e t  N <  , th en

h

1 ^ ) 1  < £  •

n
Proof. S in ce  I f f c ^ )  I =  ( l - h ) | f ( z n) |  we have | f ( z n ) |  = (1-h) f ( z Q) | .

1 /h  - 1

S in ce  ( 1 - h )  'f e  , a s  h  ^ 0 , we have

N l / h ( l o g | f ( z 0) |+ | l o g  £ | )  - l o g | f ( z Q) + l o g £

(1-h ) < (1-h) < e     . QED.
| f ( z 0)l

C lea r ly , th e  s te p  s iz e  N depends on th e  i n i t i a l  p o in t zQ: in  p a r tic u la r ,

an i t s  a n g le  s iz e  A^ z , and th e  s iz e  o f  | f  (zQ) | .

Thus i t  i s  reason ab le t o  an alyze th e  average c o s t  , in  o f

p r o b a b ility  o f  g e tt in g  an i n i t i a l  p o in t o f  a  c e r ta in  p rop erty , e g . a  p o in t

w ith  a  good a n g le  s iz e  A . (c f,S S H , S ectio n  1 ) .
f , z
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Shub and Smale in trod uced  th e  fo llo w in g  id ea s from p r o b a b ility  th eory , 

l e t  Pa (l> =  { g ,  a / 1 : ad  =  1 , la ^  < 1 } .

L et b e th e  c ir c le  o f  rad iu s o f  3 and endow i t  w ith  uniform

1

p r o b a b ility  m easure. L et £i b e  th e  countable product o f  S w ith  i t s e l f  and
3  3

in p ose th e  product m easure an i t .  For a fix e d  polynom ial f , d efin e

nif ( ( z L)() =  m i f  m i s  th e  sm a lle st number such th a t  A^ z >"^/1 2 .
' m

Theorem 1 .4  (Shub&Smale) Ih e  fo llo w in g  i s  tru e  fo r  a l l  f  P g (l) •

i )  P r o b a b ilis t ic  e stim a tes  :

In  o th er  w ords, an th e  average, th e  s ix th  t r y  o f  th e  p o in ts  on w il l  

g iv e  A - >"^/12, where =  { z : |z | =3 } .

i i )  D eterm in istic  e s tim a te s . A t le a s t  2d ou t o f  24d p o in ts  spread

evenly around have A - > "Vl2.•3 X;Z

We now in trod u ce an im plem enting th e  d iscu ssio n  above and estim ate i t s  

c o s t .

H erea fter , we w i l l  c a l l  z an i n i t i a l  p o in t good i f  A - > T'/1 2 .r ,z

Theorem. 1 .5  G iven > 0 , th e  fo llo w in g  algorithm  IDEAL produces z^E C 

such th a t  | f  (z ^  | <£. w ith  th e  average c o s t  o v e r ly ,  

le s s  than  2 4 ( (d f l ) lo g 3  + | l o g  £.1)

P roof .We  n o te  th a t  we can u se  h  =  1 /4  s in c e  sin"1/ ^  > 1 /4 .

Hence i f  th e  chosen p o in t z Q h as an gle > Tl/12 th en  by Theorem 1 .3 ,  we

d+ 1
fin d  such w ith  N = 4 ((d tl)lo g 3 +  |l o g Q) and | f  (z^) | < £ ,  s in c e  | f { z Q) |<3 .

S in ce t h is  p ro cess term in ates a t  s i t h  tim es on th e  average from theorem
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the proof is complete. QED.

IDEAL

1 CHOOSE |z  | = 3 .  S e t N = 4 (d  + | l e g £ | ) .

2 DO n = l t o  N

W C  <3 / 4 f ( Zn) l
n

3 I f  IffZjjJI > £ /THEN GO TO 1 .

4 TERMINATE TOTH AN OUTEOT z ^ .

In  p r a c tic e , IDEAL h as th e  fo llo w in g  d i f f ic u l t ie s ;

Q 1 . f ” 1  i s  g iv en  a s  an in f in i t e  power s e r ie s  and t h is  i sz
com pu tation ally  in fe a s ib le . One m ust approxim ate f  1  .z
How does one approxim ate f  ^ ?

Q 2 . What about th e  rou n d -off error ?

Q 3 . What should  b e  th e  c r it e r ia  th a t z i s  a  r o o t ?

Q 1 . i s  answered in  SS I  and H . Ih ey  d e fin e  a  k -th  order E u ler 's

ite r a t io n a l scheme and estim a te  th e  r e su ltin g  c o s t .

D e fin itio n . 1 .1  A k -th  ord er E u ler 's  ite r a tio n  i s  th e  map param etrized

b y a' complex number h  and an in te g e r  k , E^ C  > C

where E ^ h (z) =  ^ “^ ( l- h j f  ( z ) ) , where Tk  ^  a^z1  =  ^  a^z1 .
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Theorem (Shub&Smale) There i s  an algorithm  based on th e  E u le r 's  it e r a t io n  

which, f in d s  a  z  such th a t  | f  (z) | < £ . w ith  th e  average c o s t  o v e r ^  >

where 3c = Max (lo g d , lo g |lo g £ ,| ) .

A more d e ta ile d  d isc u ss io n  and same improved r e s u lt s  w i l l  b e d iscu ssed  

in  ch ap ter 2 .

Q 2 . w i l l  b e  d iscu sse d  in  ch ap ter 3 . In  fa c t  we shew th a t  N ew ton's method 

a p p lied  t o  a  tr a n s la t io n  o f  a  g iv en  polynom ial i s  cheap and s ta b le .

New, we co n sid er  Q 3 .

D e fin itio n  1 .3  ( ShubS Smale) z i s  c a lle d  an approxim ate zero fo r  E

fo r  a l l  3c.

P roof S ee ch ap ter 2 and P re p o sitio n  3 .3 .

U sing th e  fo llo w in g  p r o b a b ility  estim a tes an P ^ ( l ) , Shub & Smale ob tain ed

an average c o s t  e stim a te  o f  an a lgorith m  based on th e  E u le r 's  ite r a t io n  

to  fin d  an approxim ate zero  o f  f .

0  ( d  + llog£.\)  3c-th order E u ler 's  ite r a tio n ,

l e t a t  th e  o r ig in .

In  f a c t  one can show th a t

z i s  an approxim ate zero  o f  f
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We im pose a  norm alized  Lebesgue m easure an P ^ (l) Ccf^ . 

lemma (Shub & Smale)

9 J*a<M ' l0gff l < 1/2 109 d + 1

Df
i i )  l e t  £  =  ---------  , where D f i s  th e  r e s u lta n t o f  f  and f 1. ( c f . Lang).

* 4-d(2 d)

Then ^ f  <

and ^ p d ( i)  l l ° g  =  0  ( d l o g d )

P roof. See SSI ch ap ter 3 .

T h eir main r e s u lt  i s  th en  :

Theorem There i s  an a lgorith m  b ased  on th e  E u ler ite r a t io n  to  fin d  an 

approxim ate zero  o f  f  w ith  average cos': l e s s  th an

i )  0  (d lo g  d) k -th  ord er E u ler ’s  it e r a t io n s , where

k  = M ax(lcgd, lo g | lo g  ) .

2
i i )  0  ( (dlogd) ) a r ith m e tic  o p era tio n s.

Proof) See SSI ch ap ter 3 .
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Chapter 2 . E u ler I te r a t io n  and th e  D isto r tio n  Lemma.

S e c tio n  1 .

H ie m ain purpose o f  t h i s  s e c t io n  i s  t o  prove th e  th r e e  Theorems- belcw . 

We remark th a t  th e  b a s ic  r e s u lt  o f  theorem  2 .A i s  dene in  S S I,b u t h ere  

we im prove th e  r e s u lt  and p r e se n t a  d iffe r e n t  p r o o f.

l e t  r-^ and b e th e  sm a lle s t  so lu tio n s  r e s p e c t iv e ly  to  

Bj^(r) Max ( l ,  r / l - r )  =1 

and Bj^r) Max ( l ,  r / l - r )  = 1 /2 .

N ote th a t  r-^ r^  11  a s  3c . A ta b le  o f  v a lu e s  o f  r^  and r^  a re

p resen ted  b elcw .

l e t  B ^ r ) = (3c+l)

Recall 2= ĵ T-r. . See Chapter 1,

Theorem 2 .A. For any r  < r^  and |h [=  r  2 , l e t  z '=  ^ ( z ) .

Then we have
f ( z ' )  = 1 - h (1 -f ), vhere |f | <R(r).
f(z) ^  ■

o

1-hJf(rjJ

F igure 2 .1
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k  1 1  1 2  | 5 1 1 0  1 20 | 40 | 1 0 0 1 2 0 0  [ 1 0 0 0  |

rk  | .148  | .225  | .3 6 6  | .495 | •624| .737J . 8521
1

•908 | .9 7 3 J

r3 c | .106  | .188 | .338  | .474 | •601J .720J . 836| .8 9 8 | .9 6 9 J

T ab le o f  r-  ̂ and

Remark. We remark th a t  i s  b e tte r  than ^  in  SSI , where . 178

Theorem 2 .B . For any r  < r^  and |h |=  r  z , l e t  z '=  E^ ^ (z)

Suppose | z  -  z ' |  < |F (z )h | , F (z)=  - f ( z ) / f  ( z ) .
(i~ r )

Then we have  

f ( z )

f ( z )
=  1  -  h  ( 1  -  € ) / **ere  \{ | < 2  B ^ r)

Mare g e n e r a lly , we h ave ;

L et z» =  (z ))  fo r  |h | =  x S ^ z , r  < 1.

Theorem 2 .1 .  Suppose |z  -  z 11 < |F(z) |M fa r  M< Hf  z ^ ^ ^ M in f r ,  1 - r ] ,
'  (1+ r)

3
Then z  =  f _1 ( ( l - h ) f  ( z ) ) ,  fo r  same h  such th a t |h  -  h | < M ]

(1 +r)

New we b eg in  th e  d e t a i l s .

We r e c a ll  th e  d e f in it io n  o f  E^ ^(z) frcm ch ap ter 1 .
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D e fin it io n . E ^ z )  = \  f " 1  [ ( l - h ) f ( z ) ] .

H ere i s  a  k -th . ord er tr u n c a tio n  o f  a  power s e r ie s .

I *e * T3c  £ 0  a±z±  =  i ^ F a i  z l  *

F o llow in g  Shub and Sm ale, i t  i s  advantageous to  in trod u ce  

an a u x ilia r y  fu n c tio n  fo r  a  g iv en  polynom ial f  o f  d egree d

and a  g iv e n  p o in t z . We d e f in e , q (w) = v  + S^w2  +  . . .  +6 ^wd.

^ p v p  r- - f - f j z ) ) 1' 1 - f ( i )  (z ) where i i f ' (z)

Ih e  fo llo w in g  f a c t s  a re  proven in  SS I, .

“J-
F act 2 . i )  L et 2  b e  th e  ra d iu s o f  convergence o f  ±z a t  f  ( z ) ,

“ 1  zth en  S’ h as a  ra d iu s o f  convergence z = about th e  o r ig in

i i )  S '""1  i s  u n iv a le n t. I . e . g ^ 1  i s  one to  one and a n a ly t ic  on Fu (0 )
f ' z

i i i )  <f2 (0) =  0 , s 1 ' ( 0 ) = 1 -

iv )  f^ C C l-h J f (z))  =  z + F C z )^ 1 ^ ) , vfcere F(z) =  -  f  ( z ) / f 1 ( z ) . 

and Tj^f” 1  ( ( l - h ) f ( z ) )  =  z + F f z J T ^ C h ) .

Now we have a  fo llo w in g  d e f in it io n  eq u iv a len t t o  D e fin it io n  1 .1

D e fin itio n  2 .1  (Shub&Smale).

E ^ h (z) =  z  +  F(z) Ty.S'L(h ) .
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Then Theorem 2 .1  can  b e  reduced a s  fo llo w s .

^  z ' = ^ h ^  “  V ?

We w i l l  show th a t  z ' =  f ( w ) , fo r  same w =  ( l - h ' ) f ( z )z

such  th a t  Ih*- h  | < hB^Cr).

By th e  F a ct 2 iv )  i t  i s  reduced t o  fin d  h 1 such  th a t  T ^ f h )  =  ̂ 1 (h)

R e c a ll t h a t f f 1  i s  u n iv a le n t and ^ ( 0 )  =  0, 5 ~' (0) =  1 .

D ie  m ain t o o ls  u sed  in  t h i s  ch ap ter are th e  B ieberbach co n jectu re  and 

th e  Kbebe d is to r t io n  theorem  fo r  a  sd h lic h t fu n c tio n , f  i s  c a lle d  

s d h lic h t  i f  i t  i s  one t o  one a n a ly tic  on D1 (0) and f  (0)=0, f 1 (0)=1.

Theorem 2 .3 .  (Bdberbach Theorem) L et g(z) = z +  g2 z2+ g3 z3+ . . .  b e  

s d h lic h t . Then ig^J < k  .

P ro o f. S ee A cta M athem atica 1985.

The fo llcw d n g  lemma i s  th e  C orollary  t o  Theorem 3 .

lemma 2 .4 .  (Shub&Smale) L et g  b e  s d h lic h t . Then

| g(h ) -  Tj,g(h) | < f |h | =  r < l.
*  ( 1  -  r ) 2

P roof. Prom Theorem 1 .3 ,  we have ,

15 (h) -  Tkg(h ) \< 2 L  l i r 1  i < r  f - ^ 1 ] < i M l l | ^  q . e .
i=3c+l V i - r  > ( l- r )
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Theorem 2 . 5 .  (D is to r tio n  Theorem) l e t  g  b e s d h lic h t . Then fo r  |h [

2 < igch) i <
(1 + r ) (1 -  r)‘

1 -  r 1 +r

(1 + r)
3 ~ < lg '  (&)I <

(1 -  r y
P ro o f. S ee H i l le [ 5 ] .

T h is g iv e s  th e  fo llo w in g  c o r o lla r y .

lemma 2 .6 .  l e t  g  b e  u n iv a le n t on D ^ z ) . Then fo r  |h | = r  < R

|g* (2)^1 Ig' (z)h|
 2~ < I g(z + h) -  g(z) I <

( i  + a r  ( 1

where a  =  r /R . 2r

F igu re 2 .2  ; K =  ig 1 ( z )h | / ( l+ a )

1  1
.P roof. l e t  f (h )   ----------------- [ g ( z  +  Rh) -g (z )  ]

g'(z) R

Then i t  i s  ea sy  t o  check  f  i s  s c h lic h t .

Hence by theorem  2 . 4 ,  f o r  any |h|<R, a  = | iy R |,  we have

|g ' ( z ) h |  | g f (z)h |
 ^  < | f  ( V  R) I < — —  *
Cl + a  Y (l~a)
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S in c e  g (z  +  h) -  g (z )  =  Kg1 (z ) fQ V £ ) /  we have 

|g « (z )R |a  |g ' ( z ) R |a
 —  < I 9 ( z  ■*) ~  g (z)  I 1  — “ — —
(1 + a  )

S in c e  |h |=R a we have th e  d a m .

(1-a)'

Q.E.D.

P ro p o sitio n  2 . 7 .  l e t  g  b e s d h lic h t . Then fo r  a  g iv en  p o in t z £  D1 (0) 

and r  < 1  -  i z [ ,  we h ave g P r ( z ) ) 3 l ^ ( g ( z ) ) ,

,3
w here M =

( l - | z | + r ) 2  ( l + | z | ) 3 *

F igu re 2 .3

N.

P ro o f. Ey lemma 2 .6  we have g(Dr (z ) )3 > I^ (g (z ) ) ,  where.

| g ' ( z ) | r  ( l - | z | )
M = ----------- =-------- 2  . S in ce  Ig 1 (z) | > -------------- 3  by Theorem 2 .5  we have

(l+|z|)-

M >
d-iz|)

( l + | z | ) 3  ( 1  +  - ^ - ) '

.3f l - l z l V  
( l + | z | ) 3  ( l - | z | - r ) 2

Q.E.D.

Fran th e  P re p o sitio n  2 . 7 ,  we ob ta in  th e  Q uarter Theorem a t  an a rb itrary  

p o in t .
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2
C oro llary  2 . 8 .  Suppose M < -

4 ( l + |z i )

d e n  I^ (g (z> ) C  9  P i - j z | (*) > •

P roof. A pply P r e p o sitio n  2 .7  w ith  r  = 1 - | z [  . Q.E.D.

In  th e  work t o  fo llo w , we a re  p a r tic u la r ly  in te r e s te d  in  th e  c a se  o f  

r  < | z | .

C oro llary  2 . 9 .  Supcpose th a t  r  $  Min ( | z j , 1— | z i ) .  d e n

3
S P r ( z ) ) Z> I ^ ( g ( z ) ) ,  w here M =  r

d + ! z | )

P ro o f. Im m ediate from P re p o sitio n  2 .7  s in c e

- Q zl Sil   E  > r  _ l l H z ! l  Q.E.D.
( l + | z | ) J ( l - | z j + r j  ( l + |z | )

C oro llary  2 .1 0 .  L et g  h e  u n iv a le n t on D1 (0). and g (0 )  =  0 , g ’ (0 )= 1 . d e n

3
fo r  r  < | z | , g(D (0)) D E U (g (z ) ) ,  vh ere M =  r  , a  =  | z | /  H.

(1 +a)

P roof. f ( z )  =  1/H g(Hz) i s  s d h lic h t . Apply C oro llary  2 .9  t o  f .

H ie C oro llary  2 .1 0  i s  s ta te d  a s  th e  fo llo w in g  in  term s o f  S’”1 .

R e c a ll H f z  d en ote th e  ra d iu s o f  convergence o f  a t  0 .

For any € < ^Min ( r , l - r ) ,  we have

6  (^ .(h j jD E ^ s 1 ^ ) )  , vfoere M =  $ , r =  |z | /H f ẑ
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3
In  o th er  w ords, i f  l e t  M < — Mi n ( r , l - r ) ,  th en

(1 +r)
3

i f  | w -  ^ ( h )  | < M th en  w =  ^ ~ ( h l ) f o r  ih '-h |  < i  =  M —
( l “r )

P roof o f  Theorem 2 .1 .  From th e  F act 2 , we have fear any [h | < H,. ,X, 2

f " 1  ( ( l - h ) f ( z ) )  = z + F(z) s_1(li).

F ix  h  ard l e t  z 1 = ^ ( ( l - f a j f  (z)) =  z  + F(z) ^ ( h ) .

Ey Remark 2 .1 1  we have

i f  £  = z  + F(z) ( ^ ( h )  +£) fo r  seme l£ | < M, th en

z =  z + F(z) ^ ( h )  =  f ^ C d - H j f  ( z ) ) fear scare h  such  th a tz

|E  -  h  I < M . Q.E.D.
( 1 -r )

P roof o f  Theorem 2.A  and 2 .B .

1  _ - lS in c e xj- 6 " (H-. _h) i s  s d h lic h t , from lemma 2 .4  one can  e a s ily  show 
* t , z  z ,z

- 1  —1  r ^ + 1  3^th a t | 6 X(h) -  Tk  5  (h) | <  H (k+1) - ± — T =  h (k + l) — 5  = M.
K 1 / 2  (1 - r ) 2  (1 - r ) 2

S in ce  B ^ r) =  (1+r) 3  < M in [ l,l- r /r ]

a n iM  =  hBk.(r) ,

(1 +r)

I3  

(1 -r )

k3
we n o te  M < h  M in [ l ,l - r /r ] ,  fo r  r  < r . .

(1 - r ) 3  *
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Now b y  theorem  2 .1 .  we have th a t

3
| h  -  h  | < M -£3221 =  h  B. (r)

(1-r)3 ^
S im ila r ly , one may p rove Theorem 2 .B . Q.E.D.
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S e c tio n  2*

3 J c
le tW r )  = (Jc+l) 13S L J T ' as before. 

x  (1 - r )

L et 0 .0525 7̂ =  0.0333 k > l b e  th e  s o lu tio n s  to

k+ 2  1 - r
\ (  r  ) = k+2 “ » f1)

k+ 2  l - r
B^c r  ) =  2  (k+2 )" *

R e c a ll th a t  A^ 2< TT /  2 d en otes th e  a n g le  o f  th e  la r g e s t  wedge

cen tered  a t  f ( z )  where f ” 1  i s  a n a ly tic .z

Theorem 2 .1 2  For a  p olynom ial f  and a com plex number z Q , suppose
n

th a t  A =  A f fZ °* 2 3 1 5 1 1  fa r  11 =  r  sin S -/ r  5 ^ /  s 5 1 1  wn  =  (I**) f ( z 0) /H=0/1/

L et zrrfl =  T ^ f^ C w ^ i).  Then we have
n

^  wn  1  + h ^ n  ' l^n* < k+ 1

1

i i )  For any £  > 0 f l e t  N =  - g -  ( l o g | f ( z 0) | +  | l o g 0 ) .

Then | f ( z n) l  < £  fo r  a l l  n  > N. 

P roof w i l l  b e  g iv e n  la t e r .

Theorem 2 .13  For a  polynom ial f  and a com plex number z Q , suppose

>

0

th a t  A =  Af  2  > 0 . T hai fo r  h  =  r  sinA  and r  <J l^
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Suppose zQ =  f “J ( ( l - ^ 0 ) f ( z 0))  fo r  |£ 0 |<  j ^ . l £ t w n = ( l - h ) f ( z ^ n  = 0 , , , .  

aad 5w l s a t i s f y  |  1 ^  -  z ^ l  < |F(5n) | ,

vh ere zr r f_1  =  (wn) , F =  f  ( z ) / f 1 (z) . Then we have
n

f ( z j  ,
»  = 1 + hl5n' 1^1 < T&

i i )  For any £ >  0 , l e t  N =  1 /h  ( l o g | f ( z Q) i +  l l o g £ | ) .

Then | f ( 5 n ) | < £  fo r  a l l  n  > N.

P roof w i l l  b e  g iv en  la t e r .

k  i i  i 2  I! 5 1 1 0  | 20 | 40 | 80 | 1 0 0  |

■ * * 1
.054 | . 1 1 0  |I .242 1 .370 | .521 | . 6 6 6 | .779 | .809 |

h \ .357 j .089 ]| . 2 2 1  1 .360 | .512 | .658) .774] .805]
i

T able o f  /f^and

The fo lcw in g  Lemma i s  u s e fu l t o  h ave.

Ienrna 2 .1 4  i )  L et f  b e  a  polynom ial and l e t  g (z )  =  f ( z )  -  c  fo r  same

com plex number c . L et P~ , R_ _ denote th e  ra d iu s o f  convergence o f
E/Zg g ' Z 0

f ” 1  and g” 1  a t  f  (zQ) and g ( z Q) r e sp e c tiv e ly . Then

« S f-zo =  V 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



23

-1  -1
i i )  F u rther i f  i w -  f  (zn) |<  R - th en  f  (w) =  g  (w -c) , and

u x ' zo 0  0

Tk  f ZQ(w) =  Tk

P roof. TVn'g i s  im m ediate by n o tin g  th a t

i f  z =  f ”1 ^ )  th en  z =  g" 1  (w -c). Q.E.D.
z 0  z 0

pgma-rk 2 .1 5 .  l e t  g ^ z )  =  f ( z )  -  wn  , w here wn  a s  in  Iheorem  2 .12  and 2 .13 .

t°)n

a n i hen ce <*n> = Ek , l , ^ Sn)

N ote th a t  com putation o f  ^ i s  sim p ler than  E^ We w i l l  u se  E^ ^

when e v a u la tin g  z^ . For exam ple , when u s in g  k = l , we have

£ (zn> -  wi * l  
zn*-l =  zn  f'fZjj) •

P roof o f  Theorem 2 .12  and theorem  2 .13 .

We w i l l  prove th e  theorem s b y an in d u ctio n  on n .

*C«n>

n

H ie c a se  n = 0  i s  t r i v i a l  b ecau se ———  = 1 .w
O'

0

He r e c a ll  th a t  z ^ -  ^  ^ V ^ )  = ^ . h ^ V

f  ( O  -  VU+,
' 4 )e re  ^  =  — 5 ^ 5 --------- • (3 )
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Now suppose th a t
f ( z n )

wn 1  +  h ^ n '  < k+ 1  *7n ‘ k+ 1

Then from, th e  trigon om etry  and by th e  tr ia n g le  in e q u a lity  ,

(4) | f ( 2 n ) - W ^ i l  < | f ( 2 n )-Wn l + |Wn -  W ^ l

h
< jw^h + jwn\  b y  an in d u ctio n  h y p o th esis.

k+ 2  

=  " k tl
k+ 2

=  T M  r lŵ i n  a -

(5 ) % ,2 n =|wn l ^  - | f ( W

h

Hence r„  =  n

> [w^inA-Cl -  , s in c e  h  =  rsin A .

k+ 2

H.
f / 2  r

_  1 f  (̂ r>) ~ I ^ k+ 1

n 1  - k+ 1

(k  + 2 ) r  (k+2 ) r
  < ----------

k  + 1  - r
(6)

k+ 2

N ote th a t  rn  < rk  , s in c e  r  < by eq u ation  (1).

Now by Iheorem  2 .A, we have

f < W
f e y

•where z.

=  1  -  h  (1+£) , IcTl <  B (r  ) ,  
n n

f <2 n> ~ wn + l

(7)

!n f l "  f ' ( z n )
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HenDe f ( W  = f <*n> + f(zn> *l>S

= wn f l  + £ 'zn > V

Thus

=  + ( f ( z j  -  ^ ) c T  by (3).

f ( 2 n + l} f ( z - } "

n' ' m-r  

'n> * wn fl
w. =  1 +

n f l w.n + 1

£  , |S | < B k.(rn) .

Now f<zn> - Vl g
wn f l

k+ 2  w_ h  I
I T -  cb I by (4) 

n f lk+ 1

k+ 2 k+ 2£  I I V ^ l
=  |   h  —  | < h    | ---------  | by  (7)

I k+ 1  1 - h  I k+ 1  I 1 -h  I

Thus -we e s ta b lish e d

< h

< h

k+ 1  1 - r

k+ 2

k + 2  V l T :«

k+ 1  

1  

k+ 1

f ( W

< h

by (6)
1 - r

by (1 ) a  d e f in ito n  o f

w.n f l n f l '  |Un f l ‘ k+1 *

I b i s  p roves Theorem i )  o f  Theorem 2 .1 2 .

One proves i )  o f  Theorem 2 .1 3  in  a  s im ila r  way.

1 / h  - 1

For i i )  n o te  th a t  ( l - h ) . ^ e  a s h ^ O .  Thus fo r  any >0,

1 /h  lo g [  j f  (zQ) | / a  • - lo g j  f  (zQ) | +  lo g £  
(1 - h )  < e

| f ( z  ) l  
0
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1
l e t  N  -----  ( l o g | f ( z  ) [ / £ ) .  Then fo r  a l l  n> N,

h  0

n  N 8 .
!wn j =  (1 -h ) | f ( 2 0) |  < (1 -h ) l f ( z 0) |  =  | f ( z 0) I =  £

In  o th er  words fo r  a l l  n  > N , we have | f  (zn) | < £ .

S im ila r ly  one p roves i i )  o f  Theorem 2 .13 .

(k+2 ) r  k+ 2

We remark th a t  fo r  th e  c a se  o f  k  = 1  , we u se  ------------- ra th er  than  — r
k + l-r  k

in  (3) s in c e  th e  lo s s  i s  s ig n if ic a n t , i . e .  J{^=.0525 , ^ = . 0 3 4  a re obtained  from

3 r  3r
^  ^ r   ̂ 1  Bl^  2 ^r * 1

----------------- = ----- , --------------------  =  ----- , r e sp e c tiv e ly .
1 - r  3 1 - r  6

In  t h is  t h e s is ,  fr eq u en tly  we are work an th e  assum ption th a t  A > 1 /1 2 .
ffZ  ’

0
l e t  u s  c a l l  z Q i s  a  good i n i t i a l  p o in t i f  A^ 2  > 11 /12 . N ote th a t  

s in  IT/12 - .2 5 8  > 1 /4 .

The fo llo w in g  a re  th e  s p e c ia l c a se  o f  Theorem 2 .12  and Theorem 2.13 , 

when |z 0 l=3 i s  a  good i n i t i a l  p o in t.

C oro llary  2 .1 6 . Suppose z Q , | z Q| =3 i s  a  good i n i t i a l  p o in t. l e t  f £ P . ( l ) .
X kl e t  h  =  - j - .  D efin e zn  a s  in  Theorem 2 .12 .  Then fo r  any 1> £  > o ,

1
| f ( z n ) | < £ , fo r  a l l  n  > N, \h e r e  N = —  ({<2+l)log3 + | l o g £ J ) ,

h
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A *
C orollary  2 .1 7 .  Suppose zQ i s  a  good in i t i a l  p o in t. 1 s t  h  =  

D efin e zn  a s  in  Theorem 2 .1 3 .  Then fo r  any 1> £  > 0 ,

| f ( z _ )  I < £. , f o r  a l l  n  > ----- ( (d f l ) lo g 3  + | l o g £ | ) .
n  h

d i
P roof. J u s t n o te  th a t  | f ( z Q) l  < |z Q| + . . .+ |a ^ z  | + . . . + | a Qi

< S .  IZqI1  s in c e  |a± l 1 . 1 .

<_ 1 /2  3d * 1  cn  | z | =3

Hence l o g | f ( z Q) |  < (d f l ) lo g 3 .

B u is i t  i s  im m ediate from Theorem 2 .12 .  Q.E.D.

Remark 2 .18  . S p ec ia l ca se  o f  C orollary 2 .17  w ith  k = l.

U  1 1 1
S in ce 1 /32  =0.033 , we u se  h  =

a p p o se  z Q = f ”1 ^ !  - $ ) f ( z Q))  , fo r  | | .

f  (zn) “ wn f l  ._____   127 n f l
^  Vl = 2n Wnfl= 355 f(Zo)/

and i t  I | £(Z^ 1 1 2 1 /32  _  _ 1 _  lf(Zn} 1

n n  | f ' ( z  ) |  128 (1 -1 /3 2 )2 2322

Then fo r  any 1 > £>  0 , I < £. > ^or n  > N,

v iiere N = 128 ( (d+1) log3  +  | logfcj) .
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We r e c a ll  th e  algorithm  IDEAL in  Chapter 1 . The fo llo w in g  algorithm  

which i s  based  on Theorem 2 .12  g en era lize s  IDEAL.

ROOT (k ,t )

0. Set h = J \ /  4.

1 Choose | z 0 l =3. S e t w 0= f ( z 0) .

2 .  Do n  =  1 to  N =  l/h [(c tt-l)lo g 3  + | lo g £ | ]

W» 1  =<1-h>wn ' Vl= **,1,** (zn>
n+1

3. If jf(zN)(7€ then GO TO 1.
4. If f(z„)C.f then Terminate with z„.N "» N

We note that ROOT (»,£) is IDEAL.

One can d esig n  a s im ila r  algorithm  based on Theorem 2 .1 4 .

In  p a r tic u la r , when u sin g  k = l , we have th e  fo llo w in g  r e s u lt .

Theorem 2 .19  There i s  an algorith m  based an E u ler a lgorith m  which fin d  

such th a t I f  (f) I< t  , f o r  any £>0 , provided fo r  a l l  th e  it e r a te s  z , 

f  (z) and f 1 (z) a re  computed w ith  a  r e la t iv e  erro r l e s s  than  1 /4000.

P roof. Immediate from Remark 2 .1 8 .  c f  p roof o f  Theorem 4 .3  in  page 43 .
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Chapter 3 . EAST-ROCT

The g o a l o f  t h is  ch ap ter i s  t o  co n stru ct an e f f ic ie n t  algorithm  and 

an alyze i t s  co n p lex ity . This algorithm  i s  c lo s e ly  r e la te d  t o  ROOT in  

Chapter 2 and c a lle d  EAST-ROOT. I t s  advantage i s  th a t  i t  proceeds f a s t  

once an it e r a te  becomes an approxim ate zero .

We s ta te  th e  main c c a p le x ity  r e s u lt s .

We im pose a  norm alized product measure on (1) c i ^ x  C

Theorem 3 .1  EAST-ROOT fin d s  an approximate zero  fo r  any f  P ^ (l) 

w ith ou t m u ltip le  r o o ts  w ith  average c o s t  over 3^ x  P^Cl) l e s s  than

i)  Cjd E u ler I te r a tio n s ,

2n )  C2d A rith m etic o p era tion s.

Theorem 3 .2  EAST-ROCT fin d s  z  such th a t | f ( z )  | < f fo r  any f  e-P ^1) 

w ith  th e  average c o s t  over -&3x  P  ̂(1 ) le s s  than

i )  ( d + lo g  ( lo g  £ |  ) E u ler ite r a t io n s ,
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i i )  C ,( d2  + ,d l o g | l o g £)) arith m etic  o p era tio n s.

Here s: 5^8 , Ĉ  3 : /o56

E&ST-3300T m ain ly h as th e  th r e e  p a r ts .

1 . Choose a  s ta r t in g  p o in t.

2 . E valu ate an E u ler I te r a tio n  , E^ ^

3 . T est Approximate zero .

Once th e  algorith m  reach es an approxim ate zero  , we w i l l  u se h =  1 .

i . e .  z . =  E. n (z ) . Hence i t  i s  im portant t o  determ ine i f  a  g ivenH-rl JC/X 21

it e r a t e  i s  an approxim ate zero . We r e fe r  th e  read er to  th e  Appendix 1

th a t  th e  t e s t  below  , TEST-AEERDXM&IE, s u f f ic e s  t o  determ ine an

approxim ate zero .

TEST- AH®OXIMATE ( f ,z )

(j) j “l
f  (z) I f(z)i

S e t  T =  ---------------- | ------ |
j  j !  f ' ( z )  | f ' (2 ) I

j - 1

I s  |T j |  < ) f o r  j  = 2 , . . . ,  d ?

Here i s  a s  in  Chapter 2 , and (r^ / 6 ) -f 1 /6  a s  k  feo .
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P ro p o sitio n  3 .3  . I f  TEST-AEESOXDEIE ( f ,z )  = YES th en  z i s  an 

approxim ate zero  o f  f .

/ z j 1
P roof. I f  TEST-APEPDXIMKIE = YES th en  |Tj| < \— J , f o r  a l l  j=  2 , . ,  

Hence by C orollary  A .2 in  Appendix 1 , we have

Rf , z  6  1  1

Hf /Z i f ( z )  | > rk  3=2p  > 0.972r^

Hence we can apply Iheorem 2.A  t o  z  w ith  h=L. 

In d u ctiv e ly  d e fin e

V i =  • Tben
f(w

f ( v ) ~  <T r" )
Hf , 2 _  Hf ,Zn

We n o te  th a t  H, -  -  —
f , z n f !  lf t W  ~ lf ^ f  lf ( W I

k+ 1

Hence H _ ' s  L  ,  and we have
7 n f l  7 n

j j < b  (k+1)" / b  < D*11* • Q.E.D

The fo llo w in g  C orollary i s  im m ediate from P rop osition  3 .3 .

C orollary  3 .4 .  Suppose z i s  an approximate zero  o f  f . Then fo r  £ > 0 

i f ( z n ) | < £ ./  fo r  a l l  n  > N ,

where zn =  * £ / 1 / f (z} and N =  l o g  logjjf(z) | £ ] .

New we d escr ib e  th e  a lgorith m s.
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Approximate -B oot.

0 S e t h  = f iy /A'

1 Choose |Zq | =  3 . S e t  wQ= f ( z Q)

2 WHILE ( | f ( z n ) | > 1 ) DO

REDUCE (h).

I f  i f ( 2 rH-l)! > ,Wn' S O I .

3 WHUE ( TEST-AEERDXDEIE =  NO ) DO

REDUCE (h)

^  | f ( : W  >|Wn ! 5 0  S O I

4 SUCCESS: Ho ho ho! "Found an approximar e  zero" !!

5  REDUCE® : S e t 2» 1  =  Ek . l , f - « 1M.1 <zn) '

fC3) Iff*}
6  TEST-AEEROXIMaiE : S e t T. =  ——  I-*-*- |

3  j ! f 1 | f ' ( z )  I

IS |T j | < -g —  f o r  a l l  j  = 2 ,.- .d  ?

Remark. In step 2, the control is over to step 1 if jf (zn+ )̂|7{wj.
this indicates the chosen initial point is a bad initial point.

i

B ecause
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FAST-SOOT (£ ) .

0 S e t h

1  Choose | z Q| =  3 . S e t  w0= f  (zQ)

• 2  muz ( | f ( z n ) I > i  ) do

SEDUCE (h ) .

I f  |f(5W  > Iwn ! 0 0  TO 1 .

3 WHHE ( TEST-AEESOXIMKEE = NO ) DO

SEDUCE (h)

2F I f  (Z n n ) I >|wn l GO TO 1 

IF  | f  ( Z ^ )  1 <£. GO TO SUCCESS

4 S e t h  =  1 .

5  WHUE ( | f ( Z n ) |  > £ )  DO

SEDUCE (h ) .

6  SUCCESS: Ho ho ho! Found I f ( z ) (  < £ .

7 SEEUCECh) : S e t  w ^ d - h j w ^  Z n fl = *

(j)  j - 1
f  cz-) I f  (z) |

8 TEST-ASSRCKIKKEE : S e t T • = -------- | ------  |
3  j l f ' c z )  | f ' ( z )  I

r l ’ 1 k
IS  |Tj | < - g — f o r  a l l  j  = 2 , .  .d  ?
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S e c tio n  o f  P ro o fs.

L et u s  ta k e  a  lo o k  o f  th e  com putational a sp ec ts  o f  th e  e v a lu a tio n  

o f  E^ For a  g iv e n  polynom ial f  and a  p o in t z , E^ ^  i s  d escr ib ed  a s

k+ 1

Ek./h  : c  X Pd ( l)  ------------- > c ---------------- > c

( z , f  ) ----------> ( f ( z ) , f « ( z ) , . . . , f W (z) )  — >

There a re  two in g r e d ie n ts  in  t h is  ev a lu a tio n s :

i )  Computation o f  th e  f i r s t  k  T aylor c o e f f ic ie n t s  o f  f  a t  z .

i i )  E va lu ation  o f  th e  in v e r se  map f ” 1  a t  f  ( z ) .z

A lgorithm s com puting th e  in v e r se  o f  th e  power s e r ie s  a re  c a lle d  

re v e r s io n  a lgorith m s. The b e s t  known algorithm  i s  th a t  o f  B rent & Kang. 

T h eir r e s u lt  is?

'lemma 3 . 5 .  fBrentS Kung)

The ev a lu a tio n  o f  an n th  ord er rev ersio n  a t  a  g iv e n  p o in t c o s ts  

O(nlogn) a r ith m a tic  o p era tio n s.

P roo f. S ee [^ ] .

New we d i scu ss  com puting th e  T aylor c o e f f ic in t s . There a re  many 

algorith m s com puting T aylor c o e f f ic ie n t s  o f  a  polynom ial o f  d egree d .

Among th e  known a lg o r ith m s, th e  Shaw-Traub a lgorith m  h as th e  le a s t  number

o f  m u ltip lic a tio n  and d iv is io n  fo r  th e  f i r s t  m d e r iv a tiv e s  o f  th e  polynom ial 

fa r  m la r g e . ( For m=0, m =l, H om er's method and M unro's method a re  known 

t o  b e  b e t t e r .)
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Tpmrna 3 .6 .  fShaw Traub) 

d_ i
l e t  f  (2 ) =Jf^a^ 2  .  Then th e  algorithm , b elcw  produces

£  T
3

and kd a d d itio n s .

iQ. =  2? ,  j  =  0 , 1  , . .  .k  , and u se s  2 d m u ltip lic a tio n s
& J .

A lgorithm . S e t

- 1  d - i - 1  #
= z / l  — 0/ 1/ . . .  dr1

3 d
T* — cUZ f 3 — 0 / 1 / • • .k .

J a

j  j - 1  j  j= 0 , . . . k
Ti  =  Ti - 1  +  Ti - 1  i = j + l , . .  .d .

Eroof. S ee  C & 3.

F ir s t  we w i l l  e s ta b lis h  th e  fo llo w in g  estim a te  on BOOT (£ ) .  

l H t f £ P d ( l ) .

theorem  3 .7  On th e  average over th e  ch o ices o f  | 2 Q| = 3  , w ith

r e sp e c t t o  norm alised  le b e sg u e  measure an |z Q| =  3 ,  BOOT (k ,£  )

term in a tes w ith  l e s s  th an  

24
i )  - — ( d log3  +  |lo g £ | ) ev a lu a tio n s o f  E. .
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48
i i )  —;—  d ( d log3 + | lo g  | + 0 (k lo g k )) m u ltip lic a tio n s

A c

48
  kd ( d log3 +  | lo g £ |+  O (klogk)) a d d itio n s ,
A

wtsere/^  i s  a s  in  ch ap ter 2 . * 0 .0 5  and l  a s  k  /\ oc )

4
P roof. I f  z i s  a  good i n i t i a l  p o in t , i t  ta k es  N  ----- ( (d f l) lo g 3  + |lo g £ |)

o A ,,

ev a lu a tio n s o f  ^  t o  o b ta in  z  such th a t  | f ( z )  | < £ ,  b y  C oro llary  2 .1 6 .

By Theorem 1 .3  , an th e  average one o u t o f  s ix  c h o ic e s  o f  | z  1=3 i s  a  

good i n i t i a l  p o in t, BOOT f in d s  z  such  th a t  | f ( z )  | < £ ,  -with an average

4
number o f  it e r a t io n s  l e s s  th an  6  7 7 -  ( (d fl)  lo g 3  + 1 lo g £ |)

/ t k

24
=  (dlog3 +  ] lo g £ |)

Thus we have i ) .

For i i )  n o te  th a t  ev a lu a tio n  o f  th e  f i r s t  k  T aylor c o e f f ic ie n t s  o f  f  

c o s ts  l e s s  th an  2 d m u lt ip lic a tio n  and dK a d d itio n s , and th a t  ev a lu a tio n  

o f  re v e r s io n  u se s  0(KLcgk) a r ith m etic  o p era tio n s (s e e  Brent-Bung) .QED .

We em phasize th a t  th e s e  e stim a te s  depend o n ly  on th e  d egree o f  f .
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Remark. Far k  = 1, POOT(£) term in ates w ith  l e s s  than

i )  480 (d lcg3  + I lo g  £  | ) Newton it e r a t io n s ,

i i )  960 d  ( d log3 + |lo g £ | ) a d d itio n s and m u ltip lic a tio n s . 

P ro o f. E stim ate Theorem 3 .7  w ith  }{^- 0 .0 5 .  Q.E.D.

P roof o f  theorem  3 .1 )  F ir s t  we n o te  th a t th e  r e s u lt  in  Theorem 3 .7  i s  

independent o f  f .  By P re p o sitio n  3 .3  and C orollary  A2 in  Appendix 2 , 

A pproxim ate-Poot term in a tes when ^  ^ / 4 2  < I f  (2 ) I < Q  •

Hence b y  theorem  3 .5  th e  number o f  ite r a t io n s  u sed  t o  term ian te w ith  an

4 4
approxim ate z e r o - is   lo g  142 f ( z  ) / p  \ =    (d log3 +6 + 1 lo g  £  [ .

A  0  / f  A
k  ‘ k

New b y th e  e stim a te s  in  Theorem 1 .7  , we have

|log P | < 1/2 log d + 1.
(*) I ‘ f

pd a )  
f f < x

Hence we have i .

l e t  u s  e stim a te s  th e  op era tion  numbers used  fo r  TEST-APPROXIMATE.

N ote th a t  th e  number o f  TEST-APPROXIMATE c a lle d  i s  |lo g j  ̂ /4 2 | ,

r e c a llin g  th a t  one s ta r t s  th e  TEST frcsn th e  p o in t | f  (z) | < 1 .

S in ce  TEST- APPROXIMATE u se s  2d m u ltip lic a tio n s  once th e  T aylor 

c o e f f ic ie n t s  a re ob ta in ed . Hence th e  average number o f  m u ltip lic a tio n s

- r  d (d log3 +  | lo g P /4 2 1  + lo g f  /4 2 )fi 'f
u sed  i s  l e s s  than

/
k

48
<  d  (dlog3 + |lo g f/4 2 )  < 960 d  (dlog3 +  |lo g fc  \ \

0.0525 [f
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Thus an th e  a v erage , th e  dom inant term  i s  0(d) w hich g iv e s  i )  and 

th e  co n sta n t a re  ap p roxim ately , G,< 5 % , C_< ]'Q5&.
Q.E.D.

P roof o f  Theorem 3 .2

By C o ro lla ry  3 . 4 ,  th e  number o f  E u le r 's  ite r a t io n s  t o  reach  z  such th a t | f ( z )  | <£  

a f t e r  th e  a lg o rith m  reach es an approxim ate zero  i s

< lo g  | l o g j ^ /  g  | =  lo g [ . l o g ^ - . l o g - g  ] Q.E.D.
s *

T ogether w ith  Theorem. 3 .1  we a re  done. Q.E.D.
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Chapter 4 . B it  C om plexity o f  IBEC1SI0N-B0OT

In  ch ap ter 3 , we s tu d ie d  th e  a lgorith m  BOOT rwhich presuppose th e  

u se  o f  a  "'real number "model m achine. As we d iscu sse d  in  chapter 0 , -th ere  

i s  no guaran tee th a t  BOOT (EAST-BOOT) w i l l  su cceed  on a f in i t e  machine 

m odel ; (We r e c a ll  Q1 and Q2 in  ch ap ter 0 .)

In  t h is  ch ap ter/ we d esig n  an algorith m  (c a lle d  EREC23I0N-BDOT) which 

e f f e c t iv e ly  m odels BOOT (EAST-BOOT) on a  f in i t e  m achine m odel and an alyze  

i t s  co m p lex ity .

P r e c is ia n  -BOOT i s  d esign ed  w ith  . v a r ia b le  p r e c is ia n . In  o th er  

w ords, each  s ta g e  o f  an a lgorith m  u se s  i  d if fe r e n t  p r e c is ia n  depending 

an th e  s e n s i t iv i t y  o f  erro r  a t  th a t  s ta g e . (See th e  flo w  diagram  an page 

«•?). ’Ih o se  who p r e fe r  a  f ix e d  p r e c is io n , may ta k e  th e  maxi-mum p r e c is io n  

•of a l l  th e  in term ed ia te  p r e c is ia n s . The f in a l r e s u lt  ob ta in ed  h ere i s  - 

fa r  a  f ix e d  p r e c is ia n  and hence we ex p ect th e  com p lexity  fo r  a v a r ia b le  

p r e c is io n  t o  b e  b e t te r .

Ih e  com p lex ity  r e s u lt  w i l l  depend on th e  m achine model a s  w e ll a s  

■the p r e c is ia n  u sed .

l e t  M(n) d en ote th e  number o f  b i t  op era tion s t o  m u ltip ly  tw o n -b it

numbers.

lemma 1 . M(n) = |n 2  w ith  hand c a lc u la tio n .

lemma 2.M(n) =  O (n lo g  n  ) on a  Turing m achine when th e  East- F ou rier

Transform  i s  u sed .

P ro o f. S ee K nuth££].
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Lemma 3 . M(n) =  0(n) on a  p o in te r  ty p e m achine . .

P roo f. See[:7. ] .

She main r e s u lt s  o f  t h i s  ch ap ter are th e  fo llo w in g .

Theorem 4 .1  There i s  an a lgorith m  which produces z  su ch  th a t | f  (z)\< 6 . 

w ith  th e  average number o f  b i t  op eration s over-P* x  P ^ (l) le s s  than

C3  [d2+ d lo g |lo g £  | ] M[Z6 (d f | l o g £ | ) ] .  ::  :

Theorem 4 .2  There i s  an a lgorith m  w hich produces an approxim ate zero  

w ith  an average number o f  b i t  op eration s l e s s  th an

cyd ?M (26a)] .  : : :

,where C3 ~ £ 6 ?2L

.3
H ere,th e average i s  tak en  over x  P ^ fl) x  c  "with a  norm alized  

Iebgesgue m easure, and th e  a lgorithm  we r e fe r  t o  i s  P recision -R X T .

A n a ly sis  shews th a t  ta k in g  k > l in  th e  a lgorith m  drproves th e  b i t

ca n p le x ity  a t  each s ta g e  a t  m ost by a  fa c to r  o f  3 Q  p rovided  when 

| f  (z) J< J f  * (z) | where z  = z^= 3 1 1 3  "worsens th e  ca n p lex ity  i f

| f ( z )  | > | f 1 (z) 1. (See s e c t io n  2 ) . . In  t h is  ch a p ter we w i l l  em phasize

th e  c a se  o f  k = l, and o b ta in  an upper bound o f  th e  b i t  ca n p lex ity  o f  

E uler ty p e  a lgorith m s.

We r e fe r  th e  read er t o  read  appendix 2 fo r  th e  a r ith m etic  d e t a ils  , 

e s p e c ia lly  fo r  th e  com plex f lo a t in g  a r ith m etic  and i t s  error.
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S e c tio n  1 .

The m ain g o a l o f  t h i s  s e c t io n  i s  t o  prove Theorem 4 .1  and Theorem 4 .2 .

R e c a ll th a t  z_ i s  a  good i n i t i a l  p o in t i f  A„ > 7T/12 and th a t  
o f /Z Q —

on th e  average over |z |= 3  ,o n e  ou t o f  s i x  c h o ic e s  on |z |= 3  i s  a good 

i n i t i a l  p o in t . S ee Theorem 1 .3 .

A lso  we r e c a ll  th e  fo llo w in g  from Remark 2 .18

Suppose z Q i s  a  good i n i t i a l  p o in t.

1  | f ( z  ) I _  f ( z  ) ~ v
Suppose ( l)  | z -  z  | < --------  — i   , where z = z  ^

M  M  1922 |f*  ( O - l  M  n  f ‘ ( 5 )n  ' n

wn + l = 128” ’ 331(1 Z0 =  f Z0 ^ X “^Cpf Ẑ0 ^  '^ 0 ^  < 256

Then fo r  any £  >0 , Iffz^) I < £ f o r  N =  128[d log3 -  lo g £ ] (2)

Hence th e  m ain ta s k  i s  t o  shew th a t such z  may b e  ob tain ed  a s  th en

computed v a lu e  o f  zn  an a  f in i t e  ty p e  m achine, e g . a  m achine u s in g  flo a tin g

p o in t a r ith m e tic . The c r u c ia l estim a te  i s  ob tain ed  in  C orollary  4 .7 ,  

w hose p ro o f w i l l  b e  g iv e n  la t e r .

C oro llary  4 . 7 . L et s^  =  17 + 26(d  +  | l o g £ | ) .

I f  z 0  i s  a  good i n i t i a l  p o in t, th en  th e  b in ary  f lo a t in g  p o in t arith m etic  

com putation o f  zn  s a t i s f i e s  (1 ) .
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New we b eg in  th e  p ro o f o f  Theorem 4 .1 .

P roof o f  Theorem 4 .1 .

Suppose z Q i s  a  good i n i t i a l  p o in t. 2y C oro llary  4 .7  and Bsmark 2 . IS ,

we o b ta in  Zĵ  such  th a t  | f  (z^) | < £  , where

(3 ) N =  1 2 8  [ d log 3  -  l o g E ]  < 141 (d + | l a g £ | ) ,

(4) Each a r ith m etic  i s  perform ed w ith  l e s s  th an  17 +  2 6 (d + | lo g £ |) b in ary  

b in ary  d ig i t s .

I . e .  One m u ltip lic a t io n  c o s ts  le s s  th an  M (17+26 (d+ |log£J))  b in ary  

b i t  o p era tio n s.

(5) Each ca n p ita ia n  o f  z^  c o s ts  2d+2 can p lex  m u tip lic a tia n s , s in c e  

ccm putatian o f  f  (z) and f 1 (z) c o s ts  2d can p lex  m u ltip lic a tio n s .

T+ne; i s  eq u iv a le n t t o  8d+8 r e a l m u lt ip lic a t io n s .

Hence th e  t o t a l  number o f  b i t  cp era tia n s u sed  fo r  t h is  p ro cess i s  

< (8d+8) (141 ( d  + | lo g £ |) M (26(d + llog£J))

-  1 1 1 2  d  (d + jlo g £ |)  M(26(d+|logEj) b in a ry  b i t  c p e r a tia n s . ( 6  *)

I f  z 0  i s  n o t a  good i n i t i a l  p o in t i t  may n o t produce such  z^ . Then we 

we w i l l  t r y  w ith  an oth er i n i t i a l  p o in t. S in ce  i t  ta k e s  o n ly  s ix  ch o ic es  

on th e  average, th e  average estim a te  over ={ | z ] =3} i s  s ix  tim es ( 6  * ) .

I . e .  For any f  in  Pd ( l)  / th e  average c o s t  t o  f in d  z su ch  th a t  [ f ( z )  | < £ ,  i s

6672 d (d  +  |lo g £ |)M (2 6 (d + |lo g 0 ) b i t  c p e r a tia n s , 

where th e  average r e fe r s  t o  product, measure overjR j.
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N ote th a t  -th is e stim a te  i s  independent o f  f .

Now, r e c a ll  th a t Approxim ate-Root term ia tes when

(7) 1 /4 2 /^ z< | f ( z )  [ < V 7̂  2 - (See P roof o f  theorem  3 .1 ) ,

A lso  frcm  th e  p ro o f o f  Theorem 3 .1  we r e c a ll th a t  th e  c o s t  u sed  fo r  

Test-A pproxim ate i s  l e s s  than  2 d | lo g  /^ /4 2 | cartplex m u ltip lic a tio n s ,

which i s  equvalen t o  8 d | l o g  4 2 1 r e a l m u ltip lic a tio n s .

Hence th e  t o t a l  avrage c o s t  over P ^ (l) i s  ob ta in ed  a s

p (1) 6672 (d+21 l e g  ^ 4 2 | )M(26(<3+1log £ / 4 2 1 )

Z, 6672 d M(26d) , 

s in c e  j p  ^ . [ lo g  | < lo g d  +1 . (See Theorem 1 .3 )

The p ro o f o f  Theorem 4 .2  i s  im m ediate frcm  Theorem 4 .1  and Theorem 3 .2 .

Q.E.D.

The fo llo w in g  sequence o f  r e s u lt s  4 .3  through 4 .6  w i l l  b e  u sed  to  

prove C orollary  4 . 7 .  We n o te  th a t  Theorem 4 .3  and lemma 4 .6  are o f  

in te r e s t  in  th e ir  r ig h t .

Theorem 4 .3 .  The compute d  v a lu e  z ^ ^ o f z ^  1  w ith  sR b in ary  f lo a t in g  

p o in t a r ith m etic  s a t i s f i e s  th e  co n d itio n  (* ) ,  provided

s n= 3 /2 [11+  lo g  d  +  dlog+ 1z^\ -  lo g  M in [ | f (z n ) | ,  | f ' (zn ) i )3

where lo g +a =  Max (O ,loga ) .
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P roof From th e  fo llo w in g  lemma one can e a s ily  shew th a t  

f  (Z) =  f  (Z) (1+ <£) , < 1 /4000,

f ' ( z )  =  f ' ( z ) ( i + 7 j )  , t f l < V^ooo,.
a/

•where f  (z) and f ' (z) d en ote th e  computed v a lu e  in  s  f lo a t in g  p o in t 

a r ith m e tic . By th e  p rop erty  o f  f lo a t in g  p o in t a r ith m etic  we have

F(z) =  F(z) (1 +cT), |<f| < 1/1922,

where F (z )=  f  ( z ) / f  • (z) ,an d  F(z) i s  th e  computed v a lu e  o f  F (z ) .
Q.E.D.

An erro r  a n a ly s is  o f  com puting th e  d e r iv a tiv e s  o f  r e a l polynom ials 

u s in g  Shaw-Traub h as been  ca rr ied  ou t. I f  com plex a r ith m etic  i s  perform ed 

w ith  a  d ou ble accum ulater a s  in  Appendix 2 , one o b ta in s  th e  same erro r  

estim a te  .

lemma 4 . 4 .  (WozniaJccwski )

(j)  
f  (2 )

L et T b e  th e  compute d  v a lu e  o f  T in  fL com putation where T  ---------  .
j  j  t  j  j !

«  % < j  > ^  1V < a 2 ‘ t -

i i )  I f  f 6 Pd ( l ) ,  th en

| TjZ-̂  -  TjZ^ | < 2 ”  t d^+'Imax(|z? , Jzf ) .

P roof For i )  s e e  W[DJ.  New b y i )  , we have
ef

| T j Z 3 -  < j |  ( £ >  I ^ H V ^

< d *+ 1  2 "* Max ( | z p , | z l d  ) ,  Since Ia± | < 1 .  Q.E.D.
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Item  Theorem 4 .3  we n o te  th a t  th e  b i t  c a n p le x ity  depends c r u c ia lly  

an th e  s iz e  o f  | f |  and | f 1 1. We need th e  fo llo w in  Lemma t o  estim a te  | f 1

L et 5"b e  th e  induced polynom ial from f  a t  z  , a s  in  Chapter 2 . 

l e t  z ‘ =  f ^ t t l - h J f C z ) ] ,  fo r  h  = a  H- , f o r  a < l.Z Z/Z

Lemma 5 . i )  - I l l S L  = g ‘ “1 *(h) .
f ' ( z ' )

(1 -a )  | f ' ( z )  I 1  + a
and i i )  ---------- <   < -----------

(1 +a ) 3  | f ' ( z 1) |  (1 - a ) 3

P roof. R e c a ll th a t  fo r  h  < H- .

z* =  f " 1  ( ( l - h ) f ( z ) )  =  z  -  ( 2 *)

By d if fe r e n t ia t in g  (2 *) w ith  re sp e c t to  h , we have

- f ( z ) ( f - 1 )/ ( ( l - h ) f ( z ) )  =  = £ M (S'"V(h)
2  f ' ( z )

S in ce  ( f ^ / u i - h j f t z ) )  ( f ( z ' ) )  =   -------- ,
v 2  J 2  f » ( z !)

h<.- we have i ) .

i i )  i s  im m ediate from th e  d is to r t io n  theorem . Q.E.D.

- 1

R e c a ll th a t  A_ d en ote th e  an g le  o f  th e  la r g e s t  wedge where f  can z>z z

b e a n a lit ic a lly  con tin u ed .

| f ( z ’ ) I - 1

Tpmma 4 .6  Suppose j | =  L and Z1 =  f z (w) , fo r  w £ ( o , f ( z ) ] .
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-4 1 o g I/sin A  | f ' ( z ' ) |  4 lc g I /s i nA
Ihen  we have e  < j  j < e

I f ' ( z )  I

- 1

Proof. D efin e z  1  =  f z ( ( l - h ) f ( z n))  , h=aSinA and a < l.

By ap p ly in g  lemma 4 .4  r e c u s iv e ly , one o b ta in s

1-a n n

lf ’ <z0>! I (1+a)3
, v h ere h  = a  s in  A,

S in ce  z ' =  Zjj w ith  N =  lo g l /h  , one has

lo g ty h

-3
| f ' ( z ' ) |  p l - a  1

> r — ]If (z ) Ifl+a)

TTn'fi i s  tr u e  fo r  a l l  CKa<l, h=aSinA, and hen ce

(lo g  L) /  a s in  A
| f ' ( z ' ) |  (1 -a )

if ,<z )i -  i r  i w

-4  (logL) /s in A
= e

S im ila r ly , fo r  th e  th e  upper hound. Q.E.D.

C orollary  4 .7  . Suppose i s  a  good i n i t i a l  p o in t.
mm

i )  For a l l  n  such th a t  | f ( z n) | < £  we have

l o g j f 1 (zn) | > lo g d  +dlog3 -  16 (dlog3 -  l o g £ ) , and

s n  < 3 /2 [1 1  + 24 ((3 t |logC |)]<  17 + 2 6 (d + | lo g £ |) ,  fo r  a l l  such n .
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i i )  | f ( z ^ , BB) | < | f ( z , J  | fo r  any n ,and fo r  1  < m < 8 8
iiroo Ii

P roof F ir s t  n o te  th a t | l o g  [ f 1 (zQ) | > lc g d  + (d-1) log3  -1

l o g | f ( z 0) |  < (d+l)log3

j

b ecause fo r  a  polynom ial f ( z )  = z + . . +  a^Z1 + . .  + aQ, w ith  |a^| < 1

| f '  (z) | > - § -  3d 1  arri | f  (zQ) | > -§ -3 d on |z | = 3 .

A lso  n o te  th a t  sinA^ > 1 /4  , fo r  a l l  n

1  1

s in c e  s in  arg  ------  < ----------< 0.02 , and s i n  A > 0 .258.
wn 1 2 8  3  f , z „

Hence by Lemma 4 .6  w ith  sin A  = 1 /4  we have

l o g | f » ( z n ) |  > | l o g f ' ( z 0) l  - 1 6  [ l o g | f ( z 0) | -  l o g | f ( z n) | ]  .

> logd  +dlog3 -  16 (dlog3 -  l o g £ ) ,  

fo r  a l l  z such  th a t  l^ (zn) I > £■•

Thus we o b ta in  th e  estim a te  s^  in  Theorem 4 .3  as a b in ary  d ig it ,  

s n < 3 /2 [1 1  + lo g d  +dlog3 -  M in[log| f ' (zn ) | , | f  (zn) | ] ]

< 1 7  + 26 [ d + | lo g £ | ] ,  fo r  a l l  such n .

For i i ) , th e  f i r s t  statem en t i s  im m ediate from Theorem 2 .1 3 ,  s in c e  we u se

88

h = 1 /128  and <
2

1

. The second sta tem en t i s  from Lemma 4 .6

w ith  L = 1 /2  and from Theorem 4 .3 .
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Remark. We d es ig n  RRECISION-ROOT t o  u se  th e  ca n p ita tio n a l p r e c isio n  a s  

fo llo w s . For th e  flow -D iagram  s e e  page .

1 . I n i t ia l  P r e c is io n  s Q = 12 + lo g  d .

2 . Update th e  p r e c is io n  ev ery  88 s te p s .
+

S e t s  = 24 + 11 + lo g  d  + d lo g  |z  | -  M in [ lo g |f  (z) | , l o g | f ' (z) | ] .
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P recisio n -R o o t

( g g p Q  
 -5 n
 I___________________

| Choose zQ frcm  | z Q | =3 

| P r e c is io n  :=  12 +  lo g d

| wQ : =  f ( z Q)

I __________________________I <------------------

No

Yes

No

Yes

w 0  :=  V 2  wQ
P r e c is io n s  3 5 flo g d fd lo g | z

i
-  le g  Min | f ( z Q) | ,  | f « ( z o; 
Do 15=0 t o  8 8

W . - :=  127/128 W

C  END

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



50

P recision-A pproxim ate -R oot

C BEED Q
—> n

J Q ioose zQ from |z QJ=3 J
| P r e c is ia n  := 12 + lo g d  | 
I I

wQ : =  f ( z Q)

w 0  := V 2  wQ
P r e c is io n  :=  35+-lcgd+dlog| z Q | 

- l o g  Min | f ( z 0 )L, | f ’ (z0)l 
Do n=0 t o  8 8

W -  127/128 Wn

f  (zn> -  wn f l
V l:= zn “ f ' ( z n)

No

Yes

No
'88

No
-APEROXIM&EE (zspV?

Yes
I

Z88 13 a
Approxim ate zero .

( "END j
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s e c t io n  2

In  t h i s  s e c t io n  we w i l l  g e n e r a liz e  th e  a n a ly s is  o f  s e c t io n  1  to  th e  

ca se  o f  3c >1 .

Ih e  main r e s u lt  in  t h is  s e c t io n  i s  th e  fo llo w in g .

Impose a  n orm alized  p rod u ct m easure o n a n d  . jC^xP^(l)CS^xC^.

Theorem 4 .8  i )  F ast-R oot f in d s  z such  th a t  | f ( z )  |< ^ ,f o r  any f^ P ^ C l) ,   ̂

f o r  a n y  w ith  t h e  a v e r a g e  c o s t  o v e r l e s s  th a n

0  (d2  + d |lo g |lo g £ | |+k3 ) (M (26k(df|log£ |) h i t  o p era tio n s.

i i )  F ast-R oot f in d s  an approxim ate zer o  fo r  any f £ p ^ ( l )  w ith ou t 

m u ltip le  r o o ts  w ith  an average c o s t  o v er-i^ x P ^ (l) l e s s  than

0  (d^O cd) + dk3 M(kd)) b i t  o p era tio n s.

P roof w i l l  b e  g iv e n  la t e r .

4
Remark. R e c a ll th a t  ROOT  ̂ ta k e s  -^ r  ( lo g [ f  (z^) |/ £ )  it e r a t io n s  t o  ob ta in

*s"
| f  (z) |< £ , w h e r e ^ ^  .0333 , and 1 a s  .S e e  Theorem 3 .7 .  We 

compare th e  above r e s u lt  w ith  th a t o f  theorem  4 .1  and 1 .2  and conclude

th a t  th e  advantage o f  ta k in g  a  h ig h er  k  can b e  o n ly  b y  a  fa c to r  o f  30, 

w h ile  th e  p r e c is ia n  req u ired  i s  in crea sed  by a  fa c to r  o f  k .
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As in  S e c tio n  1 our aim i s  t o  o b ta in  z_ in  Theorem 2 .13  a s  th en

computed v a lu e  an a  m achine u sin g  f lo a t in g  p o in t a r ith m e tic .

Assuming th a t  we have a  good i n i t i a l  p o in t, we l e t  h=r / 4  , r < ^ , 

and compute E^ ^ (z)  so  th a t  th e  computed v a lu e  E^ ^ (z)  s a t i s f i e s

( 1  1 ^C ,h(Z) " Ek/h (Z) 1 < |F(Z) I * (1*)

D ie fo llo w in g  Theorem estim a tes  th e  s u f f ic ie n t  p r e c is ia n  t o  ob ta in  

such  E ^ h ( z ) .

Theorem 4 .9  Computation o f  ^  w ith  t  f lo a t in g  p o in t a r ith m etic

s a t i s f i e s  ( 1  *) , p rovid ed

^  +
t  =  (k+1 ) [3 + lo g d  -  l o g / 4  + lo g  | f ( z )  | / | f «  (z) I]

n
+

•fdlog |z |  -  Min [ l o g | f ( z ) | ,  l o g ] f 1 (z).| ] .

E roof.

We r e c a l l  th a t  E^ ^ (z)  =  z -  F(z) Ty.6  ( z ) .

When c a n p itin g  E^ ^  we u se  th e  fo llo w in g  sequence o f  a lgorith m s;

( z , f )  ------------- > ( f j  = f  / j ! )  ------ >( 6 k) -------------> E ^ h

ST REV

( - £ (Z )? '1 f (j) (z)

6j  “  iF T ij j  j i  f ' ( z )  'where o . =  v . t- H • rr— , and ST ab b rev ia tes th e

Shaw-Traub and REV1 i s  d escrib ed  in  appendix 3 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



53

L et f , f 1 , f  b e th e  computed v a lu e  o f  f ( z ) , f ' (z) and F(z)=
f ' (z)

r e s p e c t iv e ly , and (5^) , REV(6 j b e  th e  can p ited  v a lu e s  o f  6 = (6 ^) and EEV(<$) 

Then h (z) =  z + F ( z ) ^ V ^ ) , and hence

1 % , h (z) " Ek ,h (z) 1 =  I
< ]F| |REV(6 ) -  REV(?) |

+ ] F | | REV (6 ) -  REVfcf) |

+ |F  -  F | |REV(6 ) | .

fe n c e  in  ord er t o  s a t is f y  ( 1  *) i t  i s  s u f f ic ie n t  t o  have 

(2 *) |REV(6 ) -  REV(tf) | < 1 /2  

(3 *) |REV(6 ) ~ REV(0 | < -  h 2 ,
4

a n d ' (4 *) F - F 
F 1REV(£)| < | h^,

v h ere A =  .
(1 - r ) 2

To o b ta in  (3 *) , i t  i s  enough to  have

_

(Sa) 3  1

v h ere —-  , a  =  Max |o" ^
2 ^ ( e a h ) 31-1 i

Thig i s  b ecau se by Theorem A in  Appendix 3 , (5 *) im p lies th a t

| REV (6 ) “  REV(6 ”) | < £ h  k  (Sah) 11* 1  = -
n = l 4
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Hence (3*) i s  reduced t o  o b ta in  5 j s a t is fy in g  (5 * ) . 

We n eed  th e  fo llo w in g  lemma 4 .1 0  f o r  (5 * ) .

l e t  a  =  max 1

Lemma 4 .1 0  l e t  f j  = fj td iere |6 ^ | < ItSf^Ca/F)*  ̂ , j= 2 , .

and |s Q  < C \t \  .

Then
1 5 - C i

P a ) ’  1

P roof. By th e  Mean V alue Theorem (See Anpedix 3)

'*5- <1^ 4}
_  <5T,

+ a - u S o  - J - + ^ 1  f x

6, f .
N ote th a t 2  =  F ^ s in c e  6.=  I^-1  ^  .

f D f l

By th e  h y p o th e sis  o f  ^  we have

, f . ,  f l  ~  ■ MK ,

0  \ 6 . \  o  !f H ^  
^  i r * !  i f f

< r a ’ - 1 .

i f i i C :

|g i  ~ gj  1 < < T M - i - H ) < £  .Hence
(3a? - 1 (3a} - 1

Q.E.D. LEMMA.
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Now by Lemma 4 .4  and by Lemma 4 .1 0  above, fo r  (5*) i t  i s  s u f f ic ie n t  to  

have

- t  jf- 1  j - 1

2 < _L_ --------  Min [ | f I , | f 11/ (s/^F) ]•
d2  Max(l,z^) 2 <j<k

1  A  1 1  j - 1

 ------ ;---------------    Min [ j f  i , I f ’ ! / (a/dF) ]•
4 j L ( 6 ah) n - 1  d2  I f e x ( l ,z d) 2<j<k
15=1

1 4 24h
S in ce  r - r r  < a  < — we have (6 ah) < -==—  < 24r,

6  Hf , z  Hf , z  Hf , z

and A .< (k + l)r^  < , i t  i s  enough t o  have t  such th a t
(1 -r )

(k + l)rk
 Min [ j f  1, j f ! l/Ca/dF)-*"1]-

4 k  (24r)k_1 d2  Max(l/ zd) 2<j«dc

fe n c e  fo r  th e  co n d itio n  (3 *) i t  i s  enough t o  ta k e  t ,

+
t  > (k -l)lo g 2 4  + (K + l)logd  + d log  |z | -k lc g  ^  

k  lo g  ( | f ( z )  j / j f ' (z> | ) -  M in [lc g |f  j , l o g | f 1 •
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For th e  c o n d itio n  (2 *) i t  i s  enough t o  have (See Theorem C in  Appendix 3 ) ,
V

t  > lo g  + 2 .5 k  > k l o ^ +  lo g  k+1 +2 . 3k, s in c e  lo g 3 /2 a h  <0.
k

For th e  c o n d itio n  (2 * ) ,  we n o te  th a t th e  h y p o th esis o f  lemma 4 .10  im p lie s

| f - f |  r  If' - f ' l  r
th a t    < 6 and   < ^ , and h ence (5*) in d ie s

IfI If'I

|F  -  F | r
that -------------<20 .

|F |

R e c a llin g  th a t  6 ” 1  i s  u n iv a le n t and 6 _1 (0 ) = 0  and (0 ) =1 , 

by Jemma 2 .4  we have 11 .̂6 ^(h) | < 3 /2  h  . T ogethe w ith  (3 * ) ,  we have

th a t  |EEV(85 | < 2h. Thus (2*) fo llo w s from (5*) .

Hence i t  i s  s u f f ic ie n t  t o  have
+

t  =  (k+1) [3 +  lo g d  -  lo g /^ +  lo g  | f ( z )  | / | f '  (z) | ]

+ d log  |z | - M i n  [ l o g j f ( z ) | ,  l o g | f ' ( z ) | ] .  Q.E.D.

P roof o f  Theorem 4 .8  N ote th a t  th e  estim a te  in  Theorem 4 .9  g iv e s  

s n< 0  (k (d f | lo g £ j  ) x. M(26k(d + | l o g £ | ) )  b in ary  d ig i t ,

fo r  a l l  th e  it e r a t e s  such  th a t  | f  (z^) | < £  . ( c f .  th e  p ro o f o f  Theorem

4 .1  and 4 . 3 ) .  T ogether w ith  Theorem 3 .1  we com plete th e  p ro o f. Q.E.D.
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S e c tio n  3 .

In  t h i s  s e c t io n  , we an a lyze th e  b i t  c a n p lex ity  o f  N-E^ (N-E) a lg o r i 

w hich a r e  stu d ie d  in  S S H . T hese algorithm s have th e  advantage o f  b eing  

it e r a t iv e  ,b u t em ploy in c r e a sin g  k .

A lgorithm  N -

1 . S e t  k  = Max [ lo g d , log |log£J  ] ,h  =  1 /5 0 0 , N= 600 (d + |log£J)

2 . CHOOSE | z q |=3 .

3 REDUCE : DO n = l TO N

V l= ^ h ^  *

4 . I f  | f (Z  ) |  < £  TEEN TERMINATE.

ELSE GO TO 2 .

END.'

A lgorithm  N - E

0 . £ =  l

1. e = £/2

2 . CHOOSE | z q |=3 .
3 . S e t k  =  Max [ lo g d , lo g |lo g £ | ] ,h  =  1 /5 0 0 , N= 600 (d + | l c g £ |)

4 REDUCE : DO n = l TO N

Zn t l=  '

5 . I f  TEST-APEROXIMATE =  YES SHEN TERMINAIE.

ELSE GO TO 1 .

END.
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Impose a  n orm alized  Ieb esg u e m easure on x  Pd ( l ) .

2 3
THEOREM 10 . i )  N-E u se s  O (d  4 d |lo g £ |+ k  ) M (32(logd + log |log£ |)  (d f | l o g £ |)

b i t  o p era tio n s t o  lo c a te  an £ v a lu e  o f  f .

i i )  N-E f in d s  an approxim ate zero  o f  any f  w ith o u t m u ltip le  r o o ts  and

w ith  an average c o s t  o v er-£ lx P  (1) o f
3 d

2
0 [d  4d  lo g d  )M (32dlogd) ] b i t  c p e r a tia n s ,. 

where th e  co n sta n t a re  24000.

D ie p ro o fs  a re  s l ig h t  m o d ific a tio n s o f  theorem  4 .8  and Theorem 4 .9 ,  

and we w i l l  b e  b r ie f .

R o o f . We n o te  th a t  th e  o n ly  s itu a t io n  h ere d if fe r e n t  from  EAST-ROOT

r = / {  i s  rep la ced  try a  1 /1 2 5 , and A assum es > IT/24 upon a l l  ite r a te s  
k  f , z

n

i f  an i n i t a i l  p o in t z h a s A >”ff /1 2 . And th e  estim a te  o f  | f 11
0  f , z

0

can b e a t  w orst 32 ( d lo g 3 + | lo g £ | ) . (S ee lemma 4 .6 )  . Thus t h is  can b e

d e a lt  w ith  a s  a  s p e c ia l c a se  o f  k  = Max [lo g d , l o g | l o g £ | ]  o f  Theorem 4 .8

and Theorem 4 . 9 .  New a s  in  Theorem 4 .8  i t  i s  s u f f ic ie n t

t o  compute z = E (z ) w ith  a com putational p r e c is io n  
n  k ,h  n - 1

+  + 
s =  (k+1 ) (8 + lo g d flo g  | f | / | f ' | )  + d log  Jz| -  K i n [ l o g | f | , l o g | f ' 1 1 ] .  

n

New th e  r e s u lt  i s  s tr a ig h t  c o r o lla r y  o f  Theorem 9 . Q.E.D.
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APPENDIX 1 . DCMAEN OF INJECl'IVIIY AND ITS AEFEZGliaN TO 

AN ALGORITHM.

SECTION 1 . Domain o f  I n je c t iv it y .

2Theorem A l. L et f  (z) =  z  + a^z + . . .  b e a power s e r ie s  and g  b e th e

cam postianal in v e r se  o f  f  . Then g  i s  w e ll d efin ed  and one t o  one

1 4 1 / i - l
on 0 ^ (0 ) ,  w here ------ < R <   and a  =  SgP |a^|

6 a  a

P roof. Suppose can |z | =  r  th a t  

i )  | f ( z ) - z |  < r ,

i i )  | f ( z )  I > R.

Then g  i s  w e ll d e fin ed  an D (0 ) ,  because i )  and i i )  im o lie s  th a t  th e
R

w inding number o f  th e  cu rve f ( | z |  =r) w ith  r e sp e c t t o  each  p o in t a t  

|z |  < R i s  one. Now | f ( z )  | =  | z |  |1  + a ^  + a ^ 2+ . . .  |

> r  | 1  -  ( (a r )2+ (ar ) 3  + . . . ) |

ar
> r  (1 -    ) an |z |  =  r .

1 -a r

a r  3 -  2 ^ 2  2  - l2*
But r  ( 1 ----------) a ch iev es th e  maximum  wnen r  =  — —

1 -a r  a 2 a

3A lso  | f ( z )  -  z | = | a^z +  + . . .  |

=  |z |  le^Z + a ^ + . . .  |

a r  2  -^2
< r  < r  an Izl = r ------------1-ar 2a

3 -  2J 2  1  1

Hence g  i s  w e ll d efin ed  an 1^(0) , where R = —  --------  ~5~§3a > ~6a.'

For th e  upper bound s e e  S h a le  [1 ] . Q.D.E.
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The fo llo w in g  i s  a  sirrp le  c o r o lla r y .

C oro llary  A2. l e t  f  (z) b e  a  p olynom ial o f  degree d  and z  b e a complex

number. L et f ”1 b e th e  in v e r se  o f  f  such th a t f ^ f  (z )= z . Then z  z

f ”1 con sid ered  a s  a  power s e r ie s  a t  f (z )  has a  ra d iu s o f  convergence

|f'(z)l Vi-1
> ---------- , where a  = max| T-1

x ,z  6a 1

and T . =
f 1 (Z)

P roof. L et 6"(w) =  w +6 w2 +  . . .  +6Zw^.2 T *•• d.

Then i t  i s  known th a t  [ f  (z) |R^- Q= R^ z (See Q iapter 2 F act 2 .)

But 0 > 2 /6a. b y  th e  p rev io u s Theorem. Q.E.D.
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S e c tio n  2 . A p p lica tio n  t o  an a lgorith m .

A pplying th e  e stim a te s  in  S ec tio n  1 , we d esig n  an a lgorith m . I t  i s  

p u re ly  it e r a t iv e  and i t  alw ays converge t o  a r o o t o r  a  c r i t i c a l  p o in t o f  

f  when a p p lied  t o  a polynom ial f .

ALGORITHM.

f ( z )
D efin e I (z )  = z  -  h  ------  ,

Z f'(z)

w here h  =  Min [ 1 ,  —  
Z 42

f'(z) f ’(z) jI
f(z) fCS)(z)

1 / j - l

] •

Theorem 3 . { I (z )  > i s  a  p u re ly  ite r a t io n a l scheme and alw ays converges to  

a  zero  o r  a  c r i t i c a l  p o in t o f  f ,  when a p p lied  t o  a polynom ial f .

P ro o f. F ir s t  n o te  th a t  th e  f ix e d  p o in ts  o f  are e x a c tly  zero s and 

c r i t i c a l  p o in ts  . A lso  n o te  th a t hz s a t i s f ie s

hz
< < a^ b y  theorem  A l,

Hf,z  7
where Hf  2 = 2 /  j f (z )  j and 2 i s  th e  ra d iu s o f  convergence o f

f l 1 a t  f  (z) a s  b e fo r e . Hence fcy Theorem A in  C hapter 2 we have th a t  z
| f  (zn ) | i s  s t r i c t l y  d ecrea sin g , where zn =  iP’ (z) fo r  any z w ith  f 1 (z)= 0.

Thus i f  i t  d oes n o t converge t o  a  zero  th en  i t  converges t o  a c r i t ic a l  

p o in t o f  f  where th e  s te p  s iz e  h2 ten d s t o  a zero .
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A n o te  on com plex a r ith m etic  and i t s  erro r .

We r e fe r  th e  read er t o  W[ ] ,  Knuth[ ] fo r  th e  d e t a ils  and concepts o f  

o f  f lo a t in g  p o in t a r ith m etic . In  t h is  Appendix we f in d  th a t  f lo a t in g  p o in t  

f lo a t in g  p o in t a r ith m etic  w ith  double accum ulator (v isu a lly  denoted by f l 2 )

f . i s  h ig h ly  s a t is fa c to r y . Roughly speaDdng fl^

perform s + ,-  a s  a  double p r e c is ia n  number,

perform s x , /  a s  a  s in g le  p r e c is io n  number,

s to r e s  numbers a s  a  s in g le  p r e c is ia n  number.

H ie fo llo w in g  lemmas a re  th e  standard r e s u lts  and can b e  found in  W [£].

Lemma 1 For r e a l numbers x  and y

f l ( x y )  = x y ( l- t £ ) ,  | ^ 2 _ t  

where = -f , - , x , -  and t  i s  th e  machine p r e c is ia n  and d iv is io n  by zero  

i s  n o t p e r m iss ib le . : : :

lemma ~2 i )  f l 2 (ab+cd) =  (abfcd) (H £ ),

i i )  Suppose 3 /2  n  2~" < 0 .1 . Hien

n  n  n n

where | £ |  < 2~^ and | £ ± \ < 3 /2  1 .0 6  (n + 2 -i)2_ 2 t : : :

We co n sid er  a  .complex number a s a  p a ir  o f  r e a l numbers and complex 

a rith m etic  i s  ca rr ied  o u t in  th e  u su a l way, i . e .  

l e t  X =  (x 1 ,x 2) , Y = (y1 ,y 2) b e complex numbers.

i )  X + Y =  (x^ + y 1# x^ + y2 ) , c a r r ie s  two r e a l a d d itio n s .

ii)X Y  = (x1y 1 -  *2 *2 ' x l y 2+ ^ ^ l^ ' carr ê s  4 2:631 m u ltip lic a tio n s  and two 

r e a l a d d itio n s .
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i i i ) X /£  =  XY /(Y  Y ), c a r r ie s  6 r e a l m u ltip lic a tio n s  and one r e a l d iv is io n  

and tw o r e a l a d d itio n s . : : :

We d e fin e  £L(X) = ( f lx ^ f lx ^ )  , fo r  X =  (x ^  x

and f l(Z ) = £L(X Y) = ( f lz 1 / £Lz2) ,f o r  Z =  X°Y =  (z ^  z2 ) ,

■where o =  +, -  , x  , / .  : : :

Then -we have th e  fo llo w in g  r e s u lt .

Theorem 1 1) flpT+Z) = (X +  Y) (l+ £)

where £  a com plex number, | £,( <2~'̂

2) fl(X Z ) = XZ(1 + £ .) ,

where £  a com plex number, |£.}"£(5/2)2_ t

3) £L(VY) = V Y (1  + £ ) ,  ie/ < 6  27fc

(Proof) l e t  X = (x 1 , X2  ) and Y = (y1 , y2) .

' 1) A d d ition  and S u b traction  ; l e t  Z =  X + Y =  (z ^  z 2 )

£L(X +  Y) = (£L (x1 +  + y2 ))

= {(X1 + y l> (1 + £ 1>' (X2 + y25 {1 +  £ 2>)

= (Xi + y^Xj + y2) + (^(a^ + y1) , 4 ( x 2 + y2))

= ( z 2 , z2) + ( E ^ ,  £2z2) ,  

v4iere fe. z i '  t z2> 1 <Max (I^M^DICZif <2 >zt-

S im ila r ly  fo r  th e  su b tra c tio n .
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2) M u lip lic a tio n

Z =  (z 1 /z2 ) =  XZ =  ( x ^ -  3^y2 / acjy2 +  ^ i )

flfz-jj = f l ( x 1y2 -  x2y1)

= ( 3 ^ ( 1 + ^ )  -  x 2y 2 ( l+ ^ ) ) ( l+ £ 3) , | £ . | < 2 - t  

= ( x - ^ - x ^ )  (l+ £) + ( s ^ y ^  -  a^y2 f 2) (l+ O  

= z1 (l+ £ ) +  (x1y 1 f 1-  y^t2Z2) (1+ 0  

S im ila r ly ,

f l ( z 2 ) =  £ 1 (3 ^ 2 +  x ^ )

=  z2 (l+ ))  +  ( ^ y27)+ (1 + f) .

B ia s we have

£L(Z) = Z + [(£ z1 ,T)Z2) + ( (X jY ^- x ^ t )  ( l+ i ) , (acjy2^+ (1+Jj)) ]

We n o te  th a t  1 * ^ +  I -  1^1 /

b ecau se | 3 ^ +  x ^ l  = iHepGT) I < I^YI =  |XZ|

and | x ^ -  x^y2 ! =  |ReX£| <_ |XY|.

Hence I ^ y 2 1 <M ax [ |E 1 I, | f 2 I] |Z| < 2_ t |Z|

- t
S imi l a r ly ,  I |  < Max ( 1 ^ 1 ,  |J 2 | ) |Z| < 2  |Z | .

Hence | ( ( l+ Q  ( x ^ ^ -  x ^ ) , (l+ j) (x1y ^ 1+ a y t f  2 ) |

< | ( l + £  , 1  + }) |2_ t 1Z| < 3 /2  2_ t |Z | . (1)

A lso  n o te  th a t  | ( z ^  z2 ) | < Maxj)i|, | ^ | ] |Z |  S 2 _ t |Z| (2)

Thus f l (Z )  =  Z + 4  , w here \&\ < 5 /2  2 ^ \ Z \ .
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3) D iv is io n .

V Y  =  (XY)/YY = XY / ( y £  + y | ) .

S in ce  £L(y* + y* ) =  (y* ( i+ £  ^  + y *(l+ Q )  ( l+ £  )

=  (y j  + y§ ) (i+£) + fey* +£ay*  ) (i+ £) ,

vhsre | £J <  2_ t  , | ^ |<  2 *  ,

we have flC y* + y* ) =  (y* + y* ) (l+ £  ) ,  | £| < 2 1 .0 6 -  2_ t

A lso  fl(XY) = 2 2 (1  + £ ) ,  | £| < 5 /2  2_ t  from 2 ) .

Hence we have
fl(XZ)

£L(Z) =  f l   5 - r -  =  -------- 5 5~ < 1+/-)
. fi(y +y ) fi(r+y2)

f i(x y )

= Z ( 1+^) , |^ | < 6 2“*  Q.E.

theorem  2 . i )  f l 2 (XoY) =  (X«>Y) (l+ £) , J£| < 2~“
where <=>=+, x

- t
i i )  £L2 (2^Y) =  V Y  ( l+ £ ) / |£ |  < 3 2  

P r o o f.i)  A d d ition  and S u b traction  are t r iv i a l .

M u ltip lic a tio n  .

By lemma 2 we have

£L^(XY) =  ( ( x ^ -  x^y2 ) ( l+ £ ) ,  (x2y 1+x1y2) (1+^))

- t
=  XY(1+J), |<T| < M a x [ |£ | / |^I] < 2 

i i )  D iv is io n

fl^fXY) f l 2 (XY) _t

S in ce  £ U (V Y ) =  f l 2 —    “  ( l+ € ) , I £] < 2 .
^ z  fl^ Y Y ) f l 2 (YY)
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-t
New f l 2 (ST) =XZ(l+£1) / 2 , by i )

a id  £L2 (YY) =  ( y j f  y^ ) ( 1 + ^ ) ,  | |  |< 2Z by Lemma 2 .

Hence we have

£ L 2 ( V * )  =  V Y  ( 1 + ^ / t ) ,  I/C |<  3 - 2 " * Q.E.D.
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Appendix 3 . She re v e r s io n  A lgorithm  and i t s  E rror A n a ly sis

D ie fu n c tio n a l in v e r se  o f  a form al power s e r ie s  i s  c a lle d  a 

•R eversion  S e r ie s* . D ie problem  i s  t o  s o lv e  th e  eq u ation

(1) z =  t  +  v2t 2+ v 3t 3+  . . .  fo r  t ,

and o b ta in  th e  c o e f f ic ie n t s  o f  th e  power s e r ie s

"> 3(2) t  =  Z + W2Z~+ W3Z + . . .

D ie main purpose o f  t h is  chapter i s  t o  stu d y  th e  erro r  behavior o f  a 

rev e rsio n  s e r ie s . More p r e c is e ly , we study

I )  D ie b eh avior o f  th e  rev e rsio n  s e r ie s  (2) under a  p ertu rb ation  o f  th e  

c o e f f ic ie n t s  v^ o f  th e  power s e r ie s  (1 ) .

H )  D ie ro u n d -o ff erro r  b eh avior o f  a  rev e rsio n  a lgorith m .

We n o te  th a t  I )  d oes n o t depend cn a  s p e c if ic  ch o ic e  o f  algorithm , 

w hile  H )  depends an th e  s p e c if ic  algorithm  t o  compute a  reversion  

s e r ie s . We w i l l  an a lyze th e  algorithm  REV w hich we co n stru c t in  th e  

n ex t s e c t io n . We w in  s e e  th a t  REV i s  s ta b le  in  th e  se n se  th a t th e  round 

- o f f  erro r  e f f e c t  i s  com parable w ith  th e  in p u t erro r  e f f e c t .
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S ec tio n  1 . Form ulation and A lgorithm

We r e c a l l  la g r a n g e 's  In version  Formulary

2
Lamma 1 . L et z  = V(z) =  t  -f v^t  + . . .  and

2t  = W(z) =  z  + w2z + . . .  b e  a  r ev e rsio n  o f  V.

I . e .  W(V(t)) =  t  and V(W(zJ) =  z .

1
ttien wn = ~  V r  'l* ere

uo + ui t +  ••• +V i tn"1 + -  = LYt £i]

P roof S ee C l33

We need  th e  fo llo w in g  lemma.
4

l e t  P =  z  + z2+z3+ . . .  and l e t  P5̂  = -< L  pjjzn
n=k n

k  n -1
Tpmma 2 . ?n  =  ( ) f°T  a l l  n> k .

P roof. Ih e  p ro o f w i l l  b e  proceed by an in d u ctio n  an k .

1 n -1
kKL; P =  1 =  ( ) .

n  0

In  g en era l, Pk + 1 =  A .

=  ( S  Pkz”) (  z  + Z2+  . . .  )
n=k n
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A3-3

k+1 n -1  k
Pn  =  j=k  Pj

n-2 k-1
=  ( ) + . . .  + ( k -1  ) by an in d u ctio n  ste p .

=  ( n_1 ) by Vandermonde's Form ular. Q.E.D.

l e t  Q(t) =  -  (v2t  +  v 3t 2+ . . • ) = — and Q? denote th e  

tP  c o e f f ic ie n t  o f  Q(t)^

1  n—1 n -l+ j j
P ro p o sitio n  3_. WR = —  ? =  ( ^

P roof. By lemma 1 we have
n

u ^  =  t* -1  c o e f f ic ie n t  o f

=  t 11-1 c o e f f ic ie n t s  o f  ( 1 + Q + Q2+ . . .  )n

=  t n_1 c o e f f ic ie n t  o f  ( n-1+  ̂1 q  ̂ b y  l e mma 2 , .
j = l v n -1  ;

(  n " 1 + j ) Q j  /  
j = l  n -1  n -1

1
where wn  =  tjj-  Pn_1 • Q.E.D.

T̂ ĉ ari on p ro p o sitio n  3 we con stru ct th e  fo llo w in g  algorithm  c a lle d

KEV.
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INPUT V2 / . . . , V K

OUTPUT w2 / . . . , w K

BEGIN ; DO STEP 1 TO STEP K -l

1  1 
SET S =  Q = Q.

1
OUTPUT W2 = S1

step  i  n = j , . .  • ,K -1

j  n - j+1 j -1
9n ~  i = l  9 n - i ®i

j  j - 1  1 n fj j
Sn  -  Sn  + S 2  ' n  > ^

  j
OUTPUT Wj+ 1  =  Sj

END

j  3
Remark. In  REV, {C^ ; n  =  j , . . .  ,k - l  } =  T ^C Q )
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'Theorem 4 . i )  REV i s  an rev ersio n  algorithm .

i -1  i
i i )  L et U(z) b e a  rev ersio n  s e r ie s  o f  ^  v h  z  . Then -fey 1c

A '-l 1
K K n  oo l - l

h £ U  =2E. W h  , where W(z) i s  th e  rev e rsio n  s e r ie s  o f  g _ v  2 . . 
n = l n  n = l n  \=» i

P roof i )  i s  a  sim p le consequence o f  P rqpostion  3 .

i i )  i s  im m ediate because l/hW (hz) i s  th e  r e v e r s io n  s e r ie s  o f  l/h V (h z ).

Q.E.D.

T?«anwHf F By P rep o sitio n  3 ,

j  1 n -1  n-m iH-j+i i  j
w =  G (Q ) =  —  ( ) Q Q

n f 1 n  n+1 m=j i= l  n  n-m m

1 nr-1 n-m n+ j+ i i+ j
= —  SL ( ) Q

n+1 m==j i= l  n  n

We r a n  th e  map <P a  j - t h  t a i l  o f  REV, and we w il l  d e fin e  them  

p r e c is e ly  in  th e  n ex t s e c t io n . ::
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S ectio n  2 . Error A n a ly sis and Mean V alue Theorem.

C onsider th e  num erical problem  o f  c a lc u la tin g  y=g(x) ,fo r  th e  g iv en  

in p u t x  =  ( x ^ . . .  ,x^) ,and th e  fu n ctio n  g:D j—> C?1 and Dp C?1.

D e fin itio n  1 . An a lgorithm  fo r  th e  g iv en  num erical problem  y=g(x) i s

a  sequnce o f  maps ^ g^  :  > D̂ +1, D X C  ^ i= 0 , . . .  ,r ,J

such th a t  g  = g^og1”1 og^og0 : : :

In  o th er  w ords, an algorith m  i s  a fa c to r iz a tio n  o f  g  in to  a  sequece

o f  maps whose com posite i s  g .

Suppose G = (g^ , g °  ) i s  th e  a lgorith m  to  compute y = g (x ) . In

p r a c tic e , th e  a ctu a l in p u t by which, x  i s  computed i s  G =  (g , . . .  ,g  ) ,

where g1 i s  a  p ertu rb ation s o f  g1 . Hence th e  computed output i s  

dependent an th e  erro r b eh av ior o f  th e  chosen a lgorith m .

I t  i s  e s s e n t ia l fo r  u s  t o  develop  a  method o f  estim a tin g  th e  error  

o f  a lgorith m s. We w i l l  need th e  fo llo w in g  n o tio n s.

D e fin itio n  2 . For an algorith m  G = (g^ ,. . .  , g ° ) , Ĝ  = g®.. .  «g^ i s  c a lle d  

an i - t h  t a i l  o f  th e  a lgorith m  G.

D e fin itio n  3 . An a lgorith m  H i s  c a lle d  an ^-approxim ation o f  G a t  x  

i f  |H(x) -  G(x) | < £ .
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•  r* 0For a  g iv en  in p u t x , co n sid er th e  algorithm  G = (g  , . . ,g  ) vh ere

g=g^".. .  g ° . Assume th a t th e  g1 are C1 maps and a re  convex domains

-o * iin  C . Suppose th a t  g  a re  g* -ap p rcsd ratian s o f  g  and th a t

G = (gr  , g ° ) . S e t  g°(x) = x1 , g°(x) =  y 1 .

In d u ctiv e ly , s e t  x 1+1 '= g1 (y1 ) ,  and

y1+1 = g1 (y1 ) = g1 g 1"1 . . .o g ° (x) 

d £  =  y i  -  x 1 w ith

Further we assume th a t  yX G  .

Ih e fo llo w in g  diagram i l lu s t r a t e s  th e  algorith m s G and G .

D P:0 P r D>

F igure 1 .

H ien we have th e  fo llo w in g  p ro p o sitio n .

P rop osition  -S - || G (x) -G (x) { < SDP |XXG1 }8dj1*)f 
r  ~ i= l t  t

•  •  _

<%_ SDP JDG1 ! £ 1_1 , 
1 = 1  t  t
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where Gn  and Gn  denote th e  canpanent maps o f  G and G,

anti t  runs over th e  l in e  segm ent jo in in g  x 1 and y 1 .

We w i l l  u se  th e  fo llo w in g  standard Mean V alue Theorem to  prove 

P rep o sitio n  6 .

Mean v a lu e  Theorem l e t  F: — > D2 be a  C1 map betw een convex domains

D1 C C ?  and . Then

ft F(p^) -  F(p2) j) < SgP l|DFt J f|P l -  p2l | ,

where t  runs over th e  l in e  segm ent jo in in g  p  to  p  -
1 2

P roof o f  P rop osition  ■&:

we have g (x ) = G ^ x1) =G1 (y1 - r t 1) ,  

so  th a t  q G1 (y1) -  g(x) | < S£P ft DG1!! Jpt1 [i

< SgP llDC l̂l 6 °  ,

■where t  runs over th e  l in e  segm ent between x 1 and y 1 .
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In d u c tiv e ly , G^(x^) =  G ^ y1 -  o ^ ) . Hence we have 

| G1 (y1) -  G1 (x1) il < SgP ilDG Îl i : ' 1 ,

•where t  runs over th e  l in e  segm ent betw een x1 and y 1 .

S in ce  G1 (y1) = G1+1(x'I'+1) , by th e  tra n g le  in e q u a lity , we have 

0G(x) -G(x)H= I j y ^ - g f x ) ! )

G1+1(x1+1) -  G ^x1)
i= l

=  iL jlG 1 # 1) -  G1 (x:l ) 
i= l

< r

i= l  t

< § :  SOP IDG1 !!^ 1”1 . 
i= l  t

i i )  i s  im m eadiate from 1 ) . Q.E.D.

/
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S ectio n  3 E rror A n a ly sis o f  R eversion .

We need th e  fo llo w in g  lemmas

n -1  n fk -1  n -2  2 n -1
Lemma 7 i )  ZEL ( ) ( ) < -  6 .

k = l n -1  k -1  3

n-m -1 n+k n-m -1 n  n -1 -®
i i )  2= T  ( ) C ) < SLz

k = l n  k -1

m ntk+j m-1 n+j m-1
i i i )  2 Z  ( ) ( ) < 2 3 .

h=1 n  k-1

F roof. F ir s t  n o te  th a t

n -1  n -1

= (n -1 )! 2  ( ^  ) ( 11-2 ) 3^+1

 ------ 3 ^  ( l+ X )31" 2

d ^ 1

d n -2  . n -1  . ^kfn
  t
dx k=0 k

k = l n -1 k

n -2  n fk  n -2 1  d0"1 n  n -2
  —  x  (1+x)
(n -1) i dxk=0 n -1  k |x = l

, f  Xn(l+ x )n_21
- 1 -  27TMax | --------------- |
2TT |x - l |= l  [  (x -1 )n  J
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Remark

i i )

i i )

Lemma 8

= 2n  3n' 2 = ^ 611"1 
3

6 can b e rep laced  by 3 + 2 J2  = 5 .8 3  <6

n
n-m-1 rri-k n-m -1 d n  n-m -1
'S H  ( ) ( )=  —  x  (l+x) |
k = l n  k -1 dx |x = l

1  r ^ 1 ■(i+k?-1’1-1 

2nd. <j \ n + i

< 2 n  3 n-m -l Q.E.D.

n
•m . rrik+j m-1 d nt-j m-1 

2 H  ( ) ( )=  —  x  (l+x) |
k = l n  /r-1 dx 1 x = l

1  r ^ c i +3r 1

2 D i ^ (x -l) rri-l

n+j m-1 
< 2  3 Q.E.D.

acg k -1
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'Thor, -we have Qk ' =  —------------ 7T by th e malti'roni al formula,
^  |fcAh ,k  a2*a3* • • • an*

where ^  , an)^  ^  k  i f f

j- 8 2 + . . .  + a n  =  k  

| 3 2 + . . .  + (n -l)a n= n -l .

But a  =  '  , a^ € w i t h  a^ V 0 i f f

f  8 2  + .+ (a j  -  1 ) + . .  + aft =  3c -  1

a2 + . . . + ( j - l )  (a^ -1 ) + . . .+ ( n - l) a n==nr-j

B oat i s  i f f

a^) £  ^Sa-j+l/fc-l *

g —  t s h ,k  W -  V  Vi

(k-1) I fe TIvfJ-

a « V k  a2 ! - ”  (aj - 1)! an' v j  

*5 *0
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a€A h - j + l ,k - l  32

k -1
=  k  Q Q.E.D.

n -j

Now we are ready to  g iv e  an erro r  estim a te  o f  rev e rsio n s. H ie in pu t 

erro r  and th e  com putational erro r  e f f e c t  w i l l  b e  trea ted  sep a ra te ly  in  

th e  fo llo w in g  two Theorems.

Theorem A. (INPUT ERROR e f f e c t  o f  RET)

2L et V(z)=t2 +  v 2z +  . . .  b e  an alm ost u n it  form al power s e r ie s  and

— — 2 —V(z) =  z  + v 2z + . . . +  , where v^ =  +J}̂ .

2l e t  W(z) =  z +  w2z + . • .  b e th e  rev ersio n  o f  V(z) and

_  — 2 —
l e t  W(z) =  z  +  w2z + . . .  b e th e  rev ersio n  o f  V(z) . Then we have

th e  fo llo w in g  estim ates^

n
n 2 rt-i 

I V  wn> < T  (3a) ] A ‘ ]

where a = rSx | |v. | +|£. 111̂  ^
i=2 x 1

P roof. From th e  mean v a lu e  Theorem, we have

I wn - " nl s /o ' - VJI cat
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% s  l3"n 1^1
t

U sing lemma 8 , we have

Wn  1 n -1  n -l+ k  k  
"vT _  n  k = l  ̂ k   ̂ ® n -1

1 n - i  n -l+ k  k -1  

n  k=2  ̂ n -1   ̂ ® n - i

S in ce

n - i n -l+ k k-1
te=2 ( n -1 > Q n-i

n - i-1 n -l+ k k -1

3s=l K n -1 > 9 n -i

k  n-- i n - i-1
P .a  n - i = ( k -1  )

k  k  n - i  n - i-1  n - i  -  ,mi _ miL=i _a  r rrcrn lemma X ,

^Wn | _  n - i - 1 , n+k x , n - i-1  x _ n -i
we have

< -  2'n3n -^an -^= -  2n (3a) .n~^ ^  Le-wtno. 7
6 6

Hence we have th e  d esired  r e s u lt . Q.E.D.

. i - 1C oro llary . I f  |4^ | c / p a ) 1 -  th en

Wn -  Wn | < n  2n (3a)n  =  - § -  (Sa)*"1/ ,

P roof. Immediate. g>h£ P  .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



81

The fo llo w in g  Theorem shews th a t REV i s  s ta b le  in  th e  senge th a t  

th e  round o f f  erro r  i s  com patib le w ith  th e  in p u t erro r  on REV.

l e t  g1 b e th e  map perform ed in  step  i  in  REV and l e t  a be a s  in  Theorem A. 

Theorem B. (R ound-off erro r e f f e c t  an REV)

L et V(z)=z +  v 2 + ’ * * ^  311 a^ aDst u n it  form al power s e r ie s  and

Suppose REV =  ( cp"1 , . . .  /g 1) , vhere g1 a re  £  -apprm dm atian o f  g u ,

L et W =  {W2 ,W3 / . . .  =  REV̂  (V) . Then we have

1 wn' < ^  c (6a)^"1 4n”1 a

P roof .We r e c a ll  from Remark 5 , th a t

j  j  1 n -1  n-m n f i f  j  i  j  '
G <0. ) =  —  n  X .  ( ) Q • Q
n  n f l  m=g i= l  n  n-m m

i  3 3 3
We n o te  th a t  GJ a re  lin e a r  in  Q. , and  h e n c e  DG = G .

j  1 n -1  n-m n f i f j  i

Gn n f lm = g : i= l   ̂ n  ̂  9n-nJ

1 n -1  n-m n f i f  j  n-m -1 n-m
< —rr 1EZ ( ) ( . ) a  , by Lemma 2 ,—n f l  m=g x = l v n  ' v l - l  ' ’

1 n -j m n fi+ j m-1 m
<  —  ( ) ( ) a  /

n f l  m=l i= l  n  i - 1

b y a  change o f  v a r ia b le ,

< _ i_  g  S®"1 am
“■ n f l

b y  Lemma 7 .
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By P ro p o sitio n  6 ,

i W  V i '  < 1 4  i

< - i -  —  A  s ?  2W j (3a)”
3 ■ rri-1 j ^ l  m-1

=  - i -  2n  £  g  2j  (3a)”
3 rri-1 j = l  m=l

< - i -  —  2”  A  (3a)”  ̂  23
3 rri-1 m=l j= l

= I i ; ” |  (3a)” 2M ‘, i
3 rri-1 m=l .

=  4 —  J t  (3 a /2 )m 
n f l  m=l

5” 2 /3  4 (6a)n  i f  3 a /2  >1

4na  i f  3 a /2 < l Q.E.D.

R e c a ll Theorem 4 th a t^ W  hn =  h^U  ,
n=i n  h = \ n

vh ere {U } i s  th e  re v e r s io n  s e r ie s  o f  {v^h1 -1 }
—   i - i

Theorem C. l e t  {U_} =  REV (v^h ) u sin g  t - f l ,  com putation. Then

I h j u ,  -  5.W hn  I <& “s / provided  th a t t  > s  + 2 .5 (K-1) + 2 (K-1) lo g +3 /2
hll 11 »=) 11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



mngi^P>T th e  ca n p ita ia n  o f  X in  REV ; 

j  i ^ + l  j - 1
^  =  5 i  V i Q r

By lemma 2 in  Appendix 2 , we have

where \ t \  < 2_ t , and |£ : |  < 3 /2  (n f2 -i)2 ~ 2 t .

S in ce \ lP\  < ( n ) a11, £1  X 'jJ- | |Q J < f n ) a11, we have 
n  '■j "L Kj

I -  x £  | < (?  ) (ah)11 2 _ t(1  +2*2 ”2 tJ

J  ( n  ) (ah)1̂  , n = j , . . . , K - l
*  j

< 2“t 4K_3Max [ 1 , (ah)K_1 ] ,  f o r  a l l  n , j .

Now by Theorem B,
| h £ u n  -  h £ u n  I < £ h  4K"1 Max [ 3 /2  ah , (3 /2  ah)*

Hence i t  i s  s u f f ic ie n t  t o  have

2~t  M ax[l, (ah)*"1 ] Max[ 4K-1 , (6ah)K_1] < 2~S . 

Hence i t  i s  s u f f ic ie n t  t o  have

2_ t4K~1Max[^/ (ah)K_1] 4K"1Max [4K_1, (6ah)K_1] < 2 

Or s u f f ic ie n t  t o  have

t  > s  + 2 (K-1) lo g 4  + (K -l)lo g +ah. + (K-1) lo g *  3 /2ah . 

Or s u f f ic ie n t  t o  have

t  > s  + 2 . 5 (K—l )  +  2 (K -1)log+3 /2  ah h .

- s

Q.E.
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