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Abstract

COMPUTATTONAL COMPLEXITY OF THE EULER TYPE AICORITHMS

FOR THE ROOTS OF COMPLEX POLYNOMIALS

by
Myong-Hi Kim

Adviser:Professor Mike Shub
In this thesis we show that the Euler type algorithms find
i) a ccmplex mumber z such that |£(2) |<¢ ,for any £> 0, approximately,
with 6672 (d(d+log|logt|)M(26(G+|1logg|) binary kit operations,
ii) an arproximate zero for a polyncmial of degree d without multiple
roots with average bit complexity approximately,

6672(d M(256¢)) binary kit cperations,
where M(n) denctes the bit comelexity for the multiplication of two n-

digit murbers.
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Chapter 0. Introduction
1. Probhlems

In this thesis, we study the computational complexity of Shub &
Srzle's algoritimic approach to the Fundamental Theorem of Algebra “(FIR).
For z polynamial £ of degree d , the FIA guarantees the existence of a
camplex solution of the equation £(z) = 0. However, most existence
proofs in mathematics are not constructive in the sense that they do not
lead to z2lgorithms that can be used to find zeros.

In rmmerical analysis, cne is interested in constructing algoritims,
| in particalar efficient algorithms, +o locate approximate solutions
of complex polyncmials. The total cost, or rurming time on a camputer
is called the camputational complexity of the algorithm. (Borodin &
Moiro, 3lun&Shub)

One approach to the analysis of the computational complexity of
algeb.zaic probiems presupposes a model of camputation with arithmetic
exact and of wnit cost,for example the real mmber model. But actual
rachines use a finite discrete process of camputing. In othsr words,
themadmjnean@mentmlyafmite set of mmbers and the arith-
metic operations defined for the machine differs from the usual arith-
metics of mathematics.For example, machine miltiplication takes two
n—digit mmbers (n is called the machine precision) as input and produces
an n-digit mmber cutput. The error between machine arithmetics and
matheratical arithmetic is called the round-off error.
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in the actual machine, all the arithmetic cperations in algorithms
are replaced by machine arithmetic. as the algorithm proceeds,
rourd-off errors are accumilated and may be harmful .Neverthless the
study of tolerable rourxd off errors and achievable accuracy is often
neglected in the algorithmic approach to a2 mmerical problem and the
theory of its cost. mispmblemwasraisedndthrespecttoﬂuefﬁin
Smale[1], Shub & Smale [I] [II]; They proved the FTA by an algoritimic
approach based Lpon'a modification of Newton's method (called Euler's
method) and estimated the cost of their algoritim on a real mumber model
machine.

More precisely, the main concerns of this thesis are;
i Prcblem 1. (Smale 1981) 2anzalyze the BEuler and related algoritims for

éthemmthrespecttomnﬁ-offerrors, i.e. in the machine.

 Problem 2. (ShubsSmale[2]) Iet Py(1) ={2a;z ; agsl,lal<l ).
) i=0
Find the average cost over Pd(l) of an BEuler iterational schame to
locate an approximate zero of £ in the machine, where average is

istakenoverthelebesquemeasureonPd(l)C C‘i

Roughly speaking, 2 iscaliedanappmdmateze_rooffif
n .
1£(2)1 < 1/2% |£(z)|, vhere z_=N(z) and N is Newton's iteration.

This notion is due to Smale.
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The cost deperds on the input size (eg, the mumber of decimal digits)
and the machine precision as well as the machine model. Mearwhile the
machine precision and the input size should be determined by the sensi-
vity of the algorithm with respect to input perturbation and round-off

errors, for the success of the algorithm.

2.Results.

We solve problem 1 and use the result to answer problem 2.

By relative error we mean the following ; Suppose a is represented

~ ~ |2 - a
by some mmber a. Then the relative error of a is
lal

Then for problem 1, we have

Theorem 2.18 . There is an algorithm based on the Euler iteration
vwhich locates ¥ such that |£(%)|<¢ , for anyf> 0, provided
f(z) and £'(2z) are computed with a relative error less than 1/4000.

In particular, each coefficient a; of £ is to be represented by at least

(11+ dlog' |z| + logd =log Min(|£'|,|£]) ) exact digits.

Our main theorem concerns the algorithm FAST-ROOT. (See Chapter 3)

. 1et M(n) dencte the mmber of bit operations to multiply two n-bit
mmbers. See Chapter 4.
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Main Theorem. The algorithm FAST-ROOT locates an approximate zero of

of any £ with no multiple root with average cost over P4(1) less than

i) cl(d2 M(d)) bit operations,

ii) c,d Euler iterations » where Co = 846, Ci=EE02.

Remark. For the special case of the real mmber model, O(d%) arithmetic

cperations may be dbtained by taking M(n) =1.

The algoritim referred to in the above theorem is FAST-ROCT which
we constructed in this thesis ; it is Newton's method applied to a trans-
lation of a given polynamial £, and related to the algorithm develcoped
in SS[II],ard also studied in Smale [II]. Smale also proved linear dependency
of the rumber of iterations in Smale[TI].

We note that FAST-ROOT refines the estimetes of SS[II]; this is due

to the subroutine Approximate-Test,an application of the following theorem.

Theorem A.2. Iet £(2) be a polynamial of degree 4. Then z is an

approximate zero of £ if

@) 1/3-1
| £ | | £ (2] 1 _
| | | < - ,for 211 j =2,..,4.
| £'(2) | 3£ (2)] 42

Conversations with Demnis Sullivan were useful in formilating this
result. Smale has recently extended it to Banach Spaces with a better
constant.
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CHAPTER 1 . Preliminaries.

Iet £ : C —>C be a complex polynamial of degree d. Topologically,
f is a branched covering of degree d with branch points at the critical
points { 6;} of f,ie those points £'(f}) = 0. In particular, £ does not

admit a glcbal imverse if 4 > 1. However, ifzécisnotacriticalpoim:
of £, i.e. £ (zo) ¥ 0, then there is a localy well defined analytic

=1

‘e -1 =
rverse fzo of £ such that fzo(f(zo)) = 2Zge

Ist D bethema;dmalopendiskabmrtf(z)wiﬂzradiust vhere
’ZO‘ 0 'ZO

f'z'l is well defined. Thus Re , is the radius of convergence of the power
0 0
series expansion for f;l about £(z) -
o ;

It is well known that ;(cf,Smale 1)
Fact 1. Rf'zo = | £(zg) - £(8)| for some critical point 6; of f.

E > min [f - £(8){.

In the situation where 0€D, , , We can campute the location of a root

12q

by evaluating the power series expansion of f;J‘
0

not occur in general. The idea of Shub and Smale is to contimue to invert

. However, this will

£ by a power series along the ray (0,£(z) ] (that is by analytic
contiruation ) until one obtains a z sud:thatOEsz, cr came as close
14

0 a root as desired for the case of miltiple roots. (We note that there
is always such a gz, since there are at most (d-1) critical points of f).
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Re,z,
More precisely, let W, = (1-h)f(z0) for h < . Note that wleDf 2
| | 1£(z,) | ’
o A _ el _ E(zy)
we cbtain 2, = fzo (wl) = fzo ((l-h)f(zo)) such that 1-h = f—(?o—) .

Fd zo
.
=
I’ g
)
_ O
Figqure 1.1

We contimie this process (24, ¥y ) replacing the pair (2pr Wp) -

To wderstand this process in a more consistent way, we consider a
wedge shaped domain. Ietwfz be the maximal open wedge domain
0

-1
centered at £(z,) with anlge A; , <V2 , vhere £, is analytic.
, 1Zp= ‘ 0

-1
’ K =0 , Where A =5up {e: f is amalytic on K ¥, =
- T4z f.2,h e K12 2 , £,2,0

D<

figure 1.2 wedge & ={w: iwi{ 21£(2)3,}
1,28

argu/f(z)idad
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Iemma 1.1 H z>sinA
4

-1
£ £,2 1. for any ZEfzo[(o,f(zo)].

Proof. Since f;]' is amalytic on Wy , , from Trigonometry,
1

Rf,z>= |£(2) lsinAf,z > [f(z)lsinAf'za

. S P RN
Iesth < sin Af,Zo' Define inductively, 2™ fzn ( (1 h);(zn)).

Corollary 1.2. (1-h)E(z,) ED, 2"

Proof. This is immediate since the wedge contains the circle of radius

£ £

s:.nAf'znlf(zn)l centered at f(zn) and sina ’an sina 12,

logf £z /6]

Theorem 1.3 Forany £ > 0, let N <

h
£z | <€ -
. n
Proof. Since {f(zm_l)l = (l—h)[f(zn)l we have lf(zn)l = (1-h) f(zo)l.
h -1
Since (1 -h) Te , ash| 0, we have
N - I/h(logl£(zy) 1+]1eg £])  -loglf(z, )+ logé
{1-h) < (1-h) <e = m————,
[£(z4) |

Clearly, the step size N depends on the initial point Zy: in particular,
on its angle size Be o1 and the size of |f(z.)].
; ,z0 0
Thus it is reasonable to analyze the average cost , in terms of
probability of getting an initial point of a certain property,eg. a point

with a good angle size A . (c£f,SSII, Sectionll).
. f,z . .
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Shub and Smale introduced the following ideas from probability theory.

R
Letsg'bethecircleofradiusof3and endow it with uniform
1
_ probability measure. Let ste the countable product of S with itself and
3

impose the product measure on it. For a fixed polynomial £, define
m-((2;)) = if m is the smallest mmber such that A. , >TV/12.
4
m

Theorem 1.4 (Shub&Smale) The following is true for all £ Pd(l).

i) Prcbabilistic estimates : j m < 6.
Q. £ -

3
Inotherwords,mtheaverage,thesb:thtryofthepoiztsonsé will
give Ag >T/12, where st ={zs: |z] =3}

-4 3

ij) Deterministic estimates. At least 2d ocut of 244 points spread

evenly around S- have A_ _> T/12.
3 £,z

We now introduce an implementing the discussion above and estimate its
cost.

Hereafter,wewillcallzanjnitialpointgoodifAfz >T/12,
4

Theorem.1.5 Given > 0, the following algorithm IDEAL produces zNe c
such that lf(zN)l <{ with the average cost cver%,
less than 24((d+l)1log3 +|log £])

Proof.We note that we can use h = 1/4 since sinTyl12 > 1/4.

Hence if +the chosen point 2, has angle > T/12 then by Theorem 1.3, we
. ) d+l
find such 2y with N =4((d+1)1log3+ |log §)and lf(zN)l <g, since lf(zo)l<3 .

Since this process terminates at sith times on the average from theorem 4%,
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the proof is camplete. QED.

JTDEAT,
1 CHOOSE |z,| = 3. Set N = 4(d + |1oggl)-
2 DO n=1 to N
z_..=f£% (3/4£(z)]
ml Zn n
3 If |£(zp| >§,THEN GO TO 1.
4 TERVINATE WITH 2N GUTEUT Zy.

In practice, IDE2L Las the following difficulties;

=1
Q 1. fz

camputationally infeasible. One must approximate f;l .

Howdoesmeappro&dmatefgl?

Q 2. What about the round-off error ?
Q 3. What should be the criteria that z is a root ?

Q 1. is answered in SS I and II. They define a k-th order Euler's
iterational scheme and estimate the resulting cost.

Definition.l.l A k~-th order Euler's iteration is the map parametrized

by a camplex nmumber h  and an integer X, %ch’ C —>C
/4

where By (2) = T, £ T (1-0)£(2)), vhere T, 5 a2 = Kot
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Theorem (Shub&Smale) There is an algoritim based on the Euler's iteration

vwhich finds a z such that |£(2)] <& with the average cost cverQ‘; >
0 ( 4 +]1cgtl) k-th order Euler's iteration,

vhere k = Max (logd, log|logel ).

A more detailed discussion amminpmaraultsmlbedjsdassed
in chapter 2.

Q 2. will be discussed in chapter 3. In fact we show that Newton's method
applied to a translation of a given polynomial is cheap and stable.

Now, we consider Q 3.

Defirnition 1.3 ( Shub& Smale) z is called an approximate zero for E K

£ +1) 7
| )l e

I EG | pwere z =E (2), b<l.

-1

Ist /Df z = adius of convergence of £, at the origin.
I’

Yie note that [Df:—-gzn /)flzg [)flz.Also we note that

0 € Dy, if |£@)] < yz{of'z.
In fact cne can show that

1
Iema Suppose [£(2)] <3 f'zi'hen z is an approximate zero of £

for all k.
Proof See chapter 2 and Proposition 3.3.

Usir_:g the following probability estimates on Pd(l) ; Shub & Smale cbtained

an average cost estimate of an algorithm based on the Euler's iteration
to find an approximate zero of f.
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WeimposeanomalizedlebesguemeasureonPd(l)Ccd.
Iemma_ (Shub & Smale)
. de(l) llogff] < 1/2logd +1

Df
ii) Iet£5= ———— , vhere Df is the resultant of £ and £'. (cf. lang).
4d
(29)

Then £f< /Df

and p.(1) l10g Ef\ = 0 (d log §)
_Proof.See SSI chapter 3.
Their main result is then @

Theorem There is an algorithm based on the Euler iteration to find an

approximate zero of £ with average cosi: less than

i) O (d lcg d) k-th order Buler's itzrations, where
k = Max(logd,log|logd).

ii) o ( (dlogd)z) arithmetic operations.

Proof) See SSI chapter 3.
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Chapter 2. Euler Tteration and the Distortion lemma.
Section 1.

The main purpose of this section is to prove the three Theorems: below.
We remark that the basic result of theorem 2.2 is done in SS1,but here
we improve the result and present a different proof.

( 1+r§ rk

5 -

Iet T = +1
B, (r) (1) ——

Ist 7, and I, be the smellest solutions respectively to
Bk(r) M=x (1, r/1-r) =1

and Bk(r) Max (1, r/1-r) = 1/2.

thethatrk'l‘ik |[1las kX Te. Atableofvaluasofrka:ﬁ;kare

presented below.

Re,z

Recalle’z= &1 - See Chapter 1.

Theorem 2.A. For any r < Ty and |[h|=r Hf,z' let z'= Ek,h(z) .

Then we have
£(z") 4
= 1-h (1-¢), where |f] < B (x).
£(2) )
| _ g
I t 2’ 57 12)
{ 1-hf (2)) f2)
o| o
|
Figure 2.1
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w

| | 1 ] 2 | 5 | 10 | 20 |40 | 100 200 {1000 |
i Ty | -148 | .225 | .366 | .495 | .624| .737| .852| .908| .973i
|

~s

rkl .106 ! .188 ' .338 ' 474 ’ .6011 .720! .836’ .898, .969,

Table of Ty and Ty

Remark. We remark that rkis better than innSSI , where xk’f .178

Theorem 2.B. For any ¥ < §k and |h|=r H ,, let 2'= E_, (2).
! {4

Supose | % - z'| < |F(2)h f‘;—"li-g( , F(2)= ~£(2)/£'(2).
A

Then we have
£(2)

= 1l=-h (1 -¢), where [¢]] <ZBK(r).
£(z)

More generally, we have ;

Iet z' = f;"((l-h)f(z))' for [h] = H ,, T <L

Theorem 2.1. Suppose |z - z'| < |F(z) M for < B

+1 . ‘
f,2 3 Min{r,1-xr].

(141

3
Then Z = £1((1-F)£(z)), for some i such that |B - h| <ML~L(H3 Hi
1+x)

Now we begin the details.

We recall the definition of B h(z) from chapter 1.
7
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Definition. E, , (2) = T £, [(1-h)£(2)].

Here Tk is a k-th order trmcation of a power series.

o

= i_ Xk i
. I.e. T 232 —ifaiz .

Following Shub and Smale, it is advantageous to introduce
an auxillary function for a given polynomial £ of degree d

ard a given point z. We define, §(w) =w+e W + ... +6dwd.

_(=£en it D
where 65 _(f'(z)) 11E7(2)

The following facts are proven in SS1, .
Fact 2 . 1) Ietszbe‘.:heradiusofcorNe.rgenceoffz at £(z),
— 7

thens'-lhas'arad.iusofconvergenceﬁfz=-[?1:-fz-)h"lE about the origin.

_ii) 6-1 is univalent. I.e.6+ is one to one amd analytic on B (0).
: £,2
1i1) §10) = o, £¥r(0) =1.

iv)  £1((1-h)E(2)) = z + F(z)§ ~(R), where F(z) = - £(2)/£' (2).

and T LT ((I-h)E(z) =z + F(z)wks‘l(h).

Now we have a following definition equivalent to Definition 1.1 .

Definition 2.1 (Shub&Smale).

B p(2) = 2z +F(2) BS 1@).
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Then Theorem 2.1 can be reduced as foliows.

Iet 2' = B ,(2) = ka;1 ((1-h)£(2)).
We will show that z' = £,7(w), for same v = (1-h")£(2)
such that  |h'-h | < 1B (1).
By the Fact 2 iv) it is reduced to £ind k' such that TE'(R) =4 ().
Recall that §1 is univelent and €2(0) = .o, gl (o) = 1.

The main tools used in this cha;;teraretheBiebemach conjecture and
the Roebe distortion theorem for a schlicht function. £ is called
schlicht if it is one to one analytic en Dl(O) and £(0)=0, £'(0)=1.

Theorem 2.3. (Biberbach Theorem) Iet g(z) = z + gzzz-i- g323+... be
schlicht. Then lgkl <k.

_ Proof. See Acta Mathematica 198S.
The following Iemma is the Corollary to Theorem 3.

Iemma 2.4. (Shub&Smale) Iet g be schlicht. Then

+1
4
| o® - Tem | < (1113:2 (IB| = <.
- T

Proof. From Theorem 1.3, we have :

. +1 k+1
lgm) - Tom < Z Jir* [ < (—9—{- ) < R or.
i1=k+1 1-r (1-x)
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Theorem 2.5. (Distortion Theorem) Iet g be schlicht. Then for |h|=r,

r r
—, < lgm)! <
a+r)? =18 -1?
. 1-r 1 4r
—— <M < 3
1+ 1) L-r)

Proof. See Hille[5].
This gives the following corollary.

Iemma 2.6. IetgbetmivalentonDR,(z). Then for |h| =r <R

lg* (2)h] Ig' (2)h|
——— =3 <lg(z+h) -g(z) | £——3
(1 + a) .

where a = r/R.

2
Figure 2.2 ; M = |[g'(z)h|/(1+a)

1 1

Proof. Iet £(h) = — [ g(z + Rh) -g(2) ]

g'(z) R

Then it is easy to check £ is schlicht.
Hence by theorem 2.4, for any |[h|<R, a = |h/R]|, we have

lg' (2)h] lg' (2)h|
—3 IR | —7
(1 + Q)

(1-a)%
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17

Since g(z + h) - g(z) = Rg'(2)£(h/R), we have

fg' (z2)R|a ig'(z)Rla
———— <l gz ~g@ | g——s—
1+a) (1-a)
. Since |h|=Ra we have the claim. Q.E.D.

Provosition 2.7. Iet g be schlicht. Then for a given point z£ D, (0),

amd r <1 - [z], we have g(D.(2)) = Dy(g(2)),

vhere M= —= Qa-lz)’,
Q-lzl+)?  @+z)3

Figure 2.3

Proof. By Iemma 2.6 we have  g(D_(2))DD,(g(2)), vhere

. lg'(2) I o 15" (2} > (1-lz1)
= T 3 - Since [g'(2)] 22—y
T+ 32720 (+zh)

by Theorem 2.5 we have

(1-1z}) r

v

a+z))® @+ =50

3
(1-]z]) 3 Q.E.D.

a+z)®  (-1z|-0)?

From the Proposition 2.7, we cbtain the Quarter Theorem at an arbitrary
point. '

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

2
Corollary 2.8. Suppose M g_l _(_3_-__]_2]_)3
4 (I+]z])

Then  Du(g(z))Cg (O, (2)-

. Proof. 2pply Proposition 2.7 with r =1 -|z| . Q.E.D.

In the work to follow, we are particularly interested in the case of

r<|z].
Corollary 2.9. Supcpose that r < Min (|z|, 1-]|z]|). Then

. 3
S(D,.(2)) DDy(g(2)), vhere M=y (=120
(2+]z])

Proof. Immediate £rom Proposition 2.7 since

a-1z1)> __r s ¢ (1-1z)? 0.E.D.
(+z)®  -jz)4f (12>

Corollary 2.10. Ist g be univalent on D, (0). and g(0) = 0, g'(0)=1. Then

for r < |z|, g(D.(0)) DD,(g(z)), vhere M =r %ﬁi—B , a=|z|/ H

Proof. £(z) = 1/H g(Hz) is schlicht. Apply Corollary 2.9 to f.
The Corollary 2.10 is stated as the following in terms of & L.

Recall H, , denote the radius of canvergence of &L at o.

For any ¢ < Hf’zMin (xr,1-x), wehave

. ) .
6 (0, m)On, (&1 @) , vhere M=¢ ‘&:33 ;T = lzI/Eg ,
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In other words, if let ¥ < -11-513 Min (r,1-r), then
(1+x)

3
if |w-gtMm)| <Mthen w=E& (') for |a'-h| <¢ =p LD __
_ ' (1-1)

Proof of Theorem 2.1. From the Fact 2, we have for any |h| <Hfz'-
’

£7 (NE@) =2+ F2) 6 @)

Fix h and let z' = £ S((1-R)£(2)) = z + F(2) €~ (h).
By Remark 2.11 we have

if T =z + F@) (6@ +5) for same 8] < M, then

Z =z+F(2) §1(h) = f;l((l-ﬁ)f(z)) for same § such that

Q.E.D.

Proof of Theorem 2.2 and 2.B.

Since -%-Hf 5'1(3f zh) is schlicht, from Iemma 2.4 one can easily show
12 ! ) )
-1 -1 rk+1 rk
that | R -T, g M | <H: (k+1) = h(k+l) —=——3 =M.
S k £,2 (1-0)2 (1-1)2

since B, (r) = 9—“—‘"1%{ (+r)° < Min[1,1-z/r]
(1+x)

3
aadd M = b ol {ix) ’
th(.) (1r)

3 .
we note M < h (33E) Min[l1,l-r/r}, forr<r,.
= (1—r)3 k
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3
|B-b | <& -np ).
(1-x)
Similarly, cne may prove Theorem 2.B. Q.E.D.
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Section 2.

Iet Bk(r) = (k+1) .(_;).)__Ek as before.
-r

Iet M= 0.0525 ,}(= 0.0333 M, [}, }>1 be the solutions to

k+2 1-r

Blx—*) = 53— (1
k+2 1-r

Bl%—T) =s3w3y - (2)

Recall that Ap < M/ 2 denctes the angle of the largest wedge
. re= i
centered at £(z) where f;]' is analytic.

Theorem 2.12 For apolynumialfandacmnplexmmberzo ; SUppose

n
'l:’na‘t:.ZL=Af’z > 0. Then for h = r sim, r?{k, set w, = (1-h) £(zy) ,20,1,-..

-Ietzm —Tf ( 1)’ ’menwehave

£(z,)
i) Tzn“=l+hgn’lgnl<_]]£_+i
n

1
ii) Forany £€> 0, let N = & (Loglf(zy) | + |logEl).

Then [£(z))] <& foralln>N.

Proof will be given later.

Theorem 2.13 For apolynaxualfarﬁacmpla:mmberzo,suppose
that A = Af, > 0. Then for h = r sinA and r</4,k
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- - : 4 £
Suppose Z, = fzz((l-go)f(zo)) for 1Sol< gy - et vy = NG n=0,,,.

satisfy i 2 -'zmﬂ < |F@Ey)| hﬂ‘“’—'l)-z-k ,

ad ' 2z
T vhere z .= kagi' (w), F = £(z)/£'(z) . Then we have
£(z.)
1) _wﬁ—=l+h5n’|gnl<-k_-]{-'i
n

ii) For any €> 0 , let N= 1/b (log|£(z,)] + |1cgf]).
Then |£(Z )| <€ foralln>XN.

Proof will be given later.

X | L | 2 | 5 | 10 | 20 |40 | 80| 100 |

I
|
| Ayl -054 ] .110 | .242 | .370 | .521] .666] .779| .809|

| Mg| .357 | .089 | .221 | .360 | .512| .658| .774| .805]
I . |

Table of 4 and ;{'k 3

The folowing Iemma is useful to have.

Iemma 2.14 i) Iet £ be a polynomial ard let g(z) = £(2) - ¢ for same

camplex mmber c. Iet Rf,z r R denste the radius of convergence of

o 9%

f;l and g;l at £(z,) and g(z,) respectively. Then
0 (o}

1) Re, z4 = Ry, z,
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~1 -1
ii) Further if | w = £(2j5) I< Rf'zo then fzo(w) = gzo(w-c), and

Ty f;:; W) =T g%w—c)
Proof. This is immediate by noting that

if z = f;l(w) then z = g;'l(w-c) . Q.E.D.
0 0

Remark 2.315. Iet g (2) = £(2) - v, , where w_ as in Theorem 2.12 and 2.13.

Wen Tl (Mos) = D1 ()

and hence E}:,hh,f(zn) = Ek,l,gm_izn)
Note that computation of Fk,l is simpler than Fk,h‘ We will use Ek,.l,g
n
when evaulating 2. For example , when using k=1 , we have
£(2p) = ¥y
zn*-l'-'—'zn-———f'(zrl-')' o.

Proof of Theorem 2.12 and Theorem 2.13.
We will prove the theorems by an induction on n.

: £(2,)

w
0

= -1 =
We recall that 20" Tk fzn(wm-l) = %L%, f(zn)

£(z) = Wnyq
vhere hn = f(zn) . (3)
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£ (zn)

Now suppose that _w;_ = 1 + h&, lgl(kil

melufrmthemgormemyardbythemargle inequality ,

- (@) 1£(z) =Vl S IEED=] + v - W

e |

h
< +|wr;\-]-{_*-;-l— by an induction hypothesis.

k+2 k+2

2 TR e Tipin A

(5) Re,p Elp|sina - 1£(z) - v

2 [fsioh - bl g
. r -
;lwr}smA(l - 'Tc-l—-i) , Since h = rsina.
- kt2
& I By | £Gr) “¥pn | i T
n " Rf x
£z, 2 1=
k+ 2)r (k+2)r
= — < (6)
K+l -xr k
. k+2
Note that r, < I . since T T<I by equation (1).
Now by Theorem 2.2, we have
£(z,.4)
T+l
——= = 1-h () , |fl <B (), (7)
f(zn) n n
where 204 f(zn) !

= Bt M= TEEy
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Hence f£(z_..) = £(z)) (-h) + £(z) hn§
=W

niy NS

£(2Zpyy) \Zp) = VW ¢
™Tis @ —————= 1 + 18| < B (x.).
Vi Yn+ ! %
£(z) W k+2 w.h
Now ! r’*1é‘|<|—-——-—n—(§| by (4)
Vi KL Vo
| k2 o | k2 | Be(ry)|
=} -=—h-—1] <h | 1 by (7)
| X1 1-h | kX1 | 1-h |
k+2 Bk(rn)
<h '
k+1 1-r
k+2
k+2 Bk(Tr)
<h ' by (6)
X l-1r
1
<h— by (1) a definiten of .
X+1 : X
. £(znyy)
Thus we established o =1+ hé‘nﬂ, 16! < 5530

This proves Theorem i) of Theorem 2.12.
One proves i) of Theorem 2.13 in a similar way.

i/h -1
For ii) nctethat (1 -h) . 4 e as h | 0. Thus for any >0,
1/h log[|£(z) I/€] - -loglf(zy) ] + logE g
(1 - h) < e =
If(zo)l
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Iet N = — (log|£(z,)|/&). Then for all n> N,
h .

n N 12
wol = (I-h) {£(z5)| < (1-h) |£(zp)] =T§5'6)-| 1£(z5) ] =€

In other words for all n > N , we have |£(z)] <g.

Similarly cne proves ii) of Theorem 2.13.

k+2)xr k+2
We remaxk that forthe case of k=1 , we use ——— rather than —r
k+1-r k

in (3) since the loss is significant. i.e. My=-0525 , /{,{l=.034 are cbtained from

2r 3r
B{sz 1 Blzzx) 1
= , = -g— , respectively.

l-1x 3 l-r

In this thesis, frequently we are work on the assumption that 2 > T/12.
. : £,2
0
IetuscallzoisagoodinitialpointifAfz >T/12. Note that
o

sin /12 ~.258 > 1/4.

The following are the special case of Theorem 2.12 and Theorem 2.13 ,

when lzol=3 is a good initial point.

Corollary 2.16. Suppose 2z ,|2z5] =3 is a good initial point. Iet féPd(l).

Iet_h=£?—c. Define 2, as in Theorem 2.12. Then for any 1> £ > O,

1
lf(zn)l <§, foralln> N, vhere N = —;1— ((&+1)1og3 + |logf]) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Mx
Corollary 2.17. Suppose Z, is a good initial point. Iet h = T

Define En as in Theorem 2.13. Then for any 1> € > 0,

~ 1
f(z)[ <¢ , foralln> -h_ ((&+1)1og3 + |logt]).

d i
Proof. Just note that lf(zo)] < lzol + ...-i-]aiz ]+...+]a0]

< v ]zOI:L since lail < 1.

atl

< 1723 on [z] =3

Bence loglf(zo)] < (é+1)1og3.

Thus it is immediate from Theorem 2.12. Q.E.D.

Remark 2.18 . Special case of Corollary 2.17 with k=1.
1 1

3 128°

a| -

‘since 1/32 <M, =0.033 , we use h =

Swpose 3, = f;z(u -§)E(z)) 4 for [§] < 2.

£f(z) - W n+l
- T _ n ntl _ 127 =
et 2 = 2 L= WRETRe W0 = T3 E(Z).
£1(Z)
n
- 1£(z) | / 1£(z) |
amd |, -] < P A 2R o [f'(Izl)['
[£'(z )| 128 (1-1/32) n

Then forany 1>¢> 0, |f(§n)|<g_ , for all n > N,

. where N = 128 ((d+1)log3 + |1og€l).
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We recall the algorithm IDEAL in Chapter 1. The following algorithm
which is based on Theorem 2.12 generalizes IDEAL.

ROOT (k,e)

0. Seth=j£k/ 4.

1 Choose lzol =3. Set wo=f(zo).

2. Don=1%to N= 1/h[(é+1)lcg3 +|1og€!]

Wy SARV, 255 E"k,l,f-w (z;,)
n+l

3. If |£(2)| 7€ then GO TO 1.

4., If f(zN)ég then Terminate with 2y

We note that ROOT («,) is IDEAL.
One can design a similar algoritim based cn Theorem 2.14.
In particular, when using k=1 , we have the following result.

Theorem 2.19 There is an algoritim based on Euler algoritim which f£find
such that [£(3) |[<t ,for any £>0, provided for all the iterates z ,
£(z) and £'(2) are camputed with a relative error less than 1/4000.

Proof. Immediate from Remark 2.18. cf preof of Theorem 4.3 in page 43.
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Chapter 3. FAST-ROOT

The goal of this chapter is to construct an efficient algoritm and
analyze its complexity. This algorithm is closely related to ROOT in
Chapter 2 and called FAST-ROOT. Its advantage is that it proceeds fast

ance an iterate becomes an approximate zero.

We state the main complexity results.
. . d
We impose a normalized product measure on ,Q3de(1)C£23x C

Theorem 3.1 FAST-ROOT finds an approximate zero for any £ Pd(l)

without miltiple roots with average cost over QB X P4(1) less than

i) Cld Euler Iteratians,

ii) c:zc‘l2 Arithmetic operations.

Theorem 3.2 FAST-ROCT finds z such that [£(2)]| <ffor any £ &P &1
with the average cost over _Q3x B, (1) less than

i) = (4 + log |log €] ) Euler iterations,
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ii) c2( & +a4d logllogé]) aritimetic operations.

Here Cl =528, Cz > (05¢

-

FAST-ROOT mainly has the three parts.

1. Choose a starting point.
2. Evaluate an Euler Iteration , Fkh
14

3. Test Approximate zero.

Once the algorithm reaches an approximate zero , we will use h = 1.
i.e. 2= Fk,l(zn) . Hence it is important to determine if a given
iterate is an approximate zero. We refer the reader to the Appendix 1
that the test below , TEST-APPROXIMATE, suffices to determine an

approximate zero.

TEST- APPROXIMATE (f,2)

3) 3-1
£ £(z)|
|

[

Set T=
j 31 f'(2)

£'(2)
J-1

k

Herérkisasind).apterz, and(rk/s) T 1/6 as X Tw.
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Proposition 3.3 . If TEST-APPROXIMATE (f,2) = YES then 2z is an

approximate zero of f.
-1
Proof. If TEST-APPROXDMATE = YES then [le < (—:}]5) , for a1l j= 2,..,q.

Hence by Corollary A.2 in Appendix 1, we have

Re 2 6 1 1
H. = > D —
£,2 |£(2) ] T, 3-2]2 0.572r;

Hence we can apply Thecrem 2.A to z with b=l.

Inductively define

| £(z_..) | x
1 1 1
Z = (z.) . Then |=m==== <B(==~) & (== )
1 = Bx,1%n f(z,) By Hf'zn Hf'znv
i Rez . Rz 1£(z)]
Wenote that Bz .. T TTEzL,y | © TRzl 1EE
k1
Hence Hf, z .y = Hf’zn , and we have
[£(z_,4)] n
| ol | < b D" b < DN 0.E.D.
f(zn) .

The follcwihg Corollary is immediate from Proposition 3.3.

Corollary 3.4. Suppose 2z is an approximate zero of £. Then for £ > 0,

|£(z))| <&, foralln >N,
vhere z, = F;':,l,f(?-) and N = log logf£(2) 14 ]-

Now we describe the algorithms.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

2Approximate -Root.

0 set h =//4.

1 Choose lzol = 3. Set'w6= f(zo)
2 WELE(If(zn)|>l) Do

REDUCE (h).

If |£(z,9)] > IW] GO TO 1.

3 WHIIE ( TEST-APPROXIMATE = NO ) DO
REDUCE (h)

IF lf(zm_l)] >[wn| GO TC 1

4 SUCCESS: Ho ho ho!"Found an approximare zero"

5 REUEM) : Set W =AM 2y =SBy rg o(z)

3) j-1
6 TEST-APFROXDMATE & Set T. = —0—=  |Z)
I [£'(2)]
r J1
IS |70 < X forall =242

Remark. In step 2, the control is over to step 1 if if (zn +1)l7tw n‘ Because

this indicates the chosen initial point is a bad initial point.
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FAST-ROOT (£) .

0 Set h =/'4c/4.

1 Choose lzol. = 3, Set W= f(zo)

-2 WHIIE (|£(z )| >1) IO
REDUCE (h) .
If |£(z,,) > 1w, G DL

3 WHITE ( TEST-APFROXTMATE = NO ) DO
REDUCE (h) '
IF |£(2,9) | >lw | O TO1
IF [£(2,,;)] <f GO TO SUCCESS

4 Set h = 1.

5  WHIE (]£(z))| >f) D0

REDUCE (h).
6  SUCCESS: Ho ho ho! Found |£(z)] <£.

~]

REDUCE(R) : Set W, =(1-hWw_, 2z, Eklf—w L(z) °

(3) -1
f c2y |£(2) [
8 TEST-2DPROXIMATE : Set Ty = ———  |——— |
I sy [£1(2) |
j-
x
Is lTj] <z for 211 § =2,..4 ?
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Section of Proofs.

It us take a look of the computational aspects of the evaluaticn
of %{,h; For a given polyncmial £ and a point z, %c’hisd&scribedas

' k+1
E .y ¢ CxXPy(l)) ——> ¢C —————
'4

> (£@), 2@t @) —> By L)

(z, £)

There are two ingredients in this evaluations :
i) Computation of the first k Taylor coefficients of £ at z.

ii) Evaluation of the inverse map f;]‘ at £(2).

Algorithxhs camputing the inverse of the power series are called
reversion algorithms. The best known algorithm is that of Brent & Kung.
Their result is;

Temma 3.5. (Brents Kung)
The evaluation of an nth order reversion at a given point costs
O(nlogn) arithmatic ‘ope:.ations.

2roof. See [3].

Now we discuss camputing the Taylor coefficints. There are many
algorithms computing Taylor coefficients of a polyncmial of degree d.
2mong the known algorithms, the Shaw-Traub algorithm has the least mumber
of miltiplication ard @ivision for the first m derivatives of the polynomial
for m large.{ For =0, m=1, Horner's methed and Munro's method are known
to be better.) '
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Iemma 3.6. (Shaw Traub)

d i .
Iet £(2) =i=zoai z . Then the algorithm below produces

. 3 :
'I‘jd= %—%Q- zj, j=0,1, ...k, ard uses 2d mltiplications

and k4 additions.

Algoritim. Set

-1 a-i-1

Ti = ad_i_l 2 ll =.o' l' s e d-l

3 a .

Tj = a2 , J=0,1, ...k

3 3-1 3 3=0,...X
Ty= Ty + T i=541,...d.

Proof. See [63].
First we will establish the following estimate on ROOT (€).

Iet £€P4(1).

Theorem 3.7 ©On the average over the choices of 1251 =3, with
respect to normalized Iebesgue measure on ]zol = 3, ROOT (k,& )

terminates with less than

24

1) :@ ( dlog3 + |loggl ) evaluations of E -
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48
ii) /—{-—- d (dleg3 + | 1log €] + O(kKlogk)) mltiplications
k .
48
.- -/?— kd ( dlog3 + | loggl+ O(Klogk)) additiens,
k

vhere #; is as in chapter 2. (/{lzo.os and 41 as k199 )

4
Procof. If z is a good initial point, it takes N=7 ((&+1)log3 + |logf))

° x
evaluations ofEkhtoobtain z such that [£(2)| < £, by Corollary 2.16.
'4 .
By Theorem 1.3 , can the average cne ocut of six choices of |z]=3 is a
good initial point, ROOT finds z such that |£(z)] <§£, with an average

4
mmber of iterations less than 6]{-]—{ ((8+1)icg3 + |logg|)

24
= T (dlog3 + |loggl)

Thus we have i).

For ii) note that evaluation of the first k Taylor coefficients of £
costs less than 2d miltiplication and dK additiens, and that evaluation
of reversion uses O(klogk) arithmetic cperations (see Brent-Kung) .QED .

We emphasize that thseestmates depend only on the degree of f.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

Remark. For k =1, ROOT(£) terminates with less than
i) 480 (dlcg3 + |1cgé | ) Newten iterations.
ii) 960 d ( dlog3 + |logg¢] ) additions and multiplications.

Proof. Estimate Theorem 3.7 with H = 0.05. Q.E.D.-

Proof of theorem 3.1) First we note that the result in Theorem 3.7 is
independent of £. By Proposition 3.3 axd Corollary 22 in Appendix 2,

i i 2 < < .
Approximate~Root terminates when ﬂf,l/z;z [£(2) | ff,g

Hence by Theorem 3.5 the mmber of iterations used to termiante with an

4 4
approximate zero-is — logj42 £(z ) //3[ = =— (Glog3 +6+|1lcg€| .
o /£ Vil
k k

Now by the estimates in Theorem 1.7 , we have

] [logP | <1/2logd+1.
(*) £
P

1
JD g(<)l

Hence we have i.
Iet us estimates the cperation mmbers used for TEST-APPROXIMATE.
Note that the mumber of TEST-APEROXTMATE called is |1og/'f’ /82| ,

recalling that one starts the TEST from the point |£(2)] < 1.
Since TEST- APPROXIMATE uses 2d miltiplications once the Taylor
coefficients are cbtained. Hence the average mmber of mltiplications

48 .
used is less than — d(dlog3 +.]logff/42| + lcgf:/42)

k
48
<

d (qlog3 +llogr/42) < 960 d (dlog3 + |logé [)
0.0525 £
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m:sm‘meaverage,ﬂuedminapttemisom) which gives i) anxd

the constant are approxdmately, €< 528, C,< ]o56. ;
Q.E.D.

Proof of Theorem 3.2

By Corollary 3.4, the mumber of Euler's iterations to reach z such that [f(2)] <&
after the algorithm reaches an approximate zero is

< 1og | 1ogl§ /g | = log['alog@._-.log-g;'] Q.E.D.

Together with Theorem 3.1 we are done. Q.E.D.
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Chapter 4. Bit Complexity of PRECISION-ROOT

In chapter 3, we studied the algoritim ROOT ;which presuppose the
" use of a'real mmber model machine. As we discussed in chapter 0, -there
is no guarantee that ROOT (FAST-ROOT) will succeed on a finite machine
model ; (We recall Q1 and Q2 in chapter 0.)

In this chapter, we design an algoritim (called PRECISION-ROOT) which
effectively models ROOT (FAST-ROOT) on a finite machine model and analyze

its complexity.

Precision -ROOT is designed with . variable precision. In other
words, each stage of an algorithm uses 1 different precision deperding
on the sensitivity of error at that stage. (See the flow diagram cn page
§) . "Those who prefer a fixed precision, may take the maximm precision
of all the intermediate precisions. The final result obtained here is -
for a fixed precision and hence we expect the camplexity for a variable
precision to be better.

The camplexity result will depmernd on the machine model as well as
the precision used.
Iet M(n) dencte the mmber of bit cperations to multiply two n-bit
mmbers.
Iemma 1. M(n) =§n2 with hard calculation.
Iemma 2.M(n) = O (n log n ) on a Turing machine when the Fast Fourier

Transform is used.

Proof. See Kmuth{4].
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Ismma 3. M(n) = O(n) on a pointer type machine . .
Proof. See[1.].
The main results of this chapter are the following.

Theorem 4.1 There is an algoritim which produces z such that |f(z)k &

with the average mmber of bit cperations c:ve.r-Q:-3 X P5(1) less than

c,[6% dlog|logf|] M[26(G+|10ge])].

Theorem 4.2 There is an algerithm which produces an approximate zero
with an average mmber of bit operations less than

c,[6°M(26)].
,where c3 =L6T2.

. Here,the average is taken c.vver_CZ3 b4 Pd(l) ‘%x Cd with a normalized

lebgesgue measure, and the algorithm we refer to is Precision-ROOT.

2nzalysis shows that taking X1 in the algoritim E, improves the bit
complexity at each stage at most by a factor of 30 provided when
|£(2) |<]£'(2)| where z = z = Fk(zn-l) ard worsens the camplexity if
1£(2) [>]£'(2) | . (See section 2). . . in this chapter we will emghasize
the case of k=1, and cbtain an upper bound of the bit complexity of
Buler type algorithms.

We refer the reader to read appendix 2 for the arithmetic details ,

especially for the camplex floating arithmetic and its error.
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Section 1.
The main goal of this section is to prove Theorem 4.1 and Theorenm 4.2.
. _ RecallthatzoisagoodinitialpointifAfz >T/12 and that
. lo"

on the average over |z|=3 ,cne cut of six choices on [2]|=3 is a god

initial point. See Theorem 1.3.
Also we recall the following from Remark 2.18

Supposezoisagoodinitialpoint.

- 1 [£(z)] £(Z) - w
Suppose (1) | z_,- 2_.41< 2, vhere z_ =7 - —2 "
Tt o+l 1922 |f! (zn)'l o+l n £ (zn)

107 B - -1 1
Vo =g T s @A E = £ (A ~dEG) 1] < 55

_Then for any € >0 , [£(z) | <ffor N =128[dleg3 - logg) (2)
Hencethemaintaskistoshowthatsuchinmaybeobtainedasthe
campated value of z, ona finite type machine, eg. a machine using floating

point arithmetic. The crucial estimate is cbtained in Corollary 4.7,
whose proof will be given later.

Corvllary 4.7. Let sE = 17 + 26(8 + |1logE]).

If'zoisagood initial point, thenﬂlesébizmaryfloati:xgpoiﬁtariﬂnxetic

camrtation of z, satisfies (1).
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Now we begin the proof of Theorem 4.1.

Proof of Theorem 4.1,
Suppose z, is a good initial point. W Corellary 4.7 and Remark 2.18,

we cbtain zg such that |£(z) | <&, vhere

(3) N =128 [ dlog3 - 1logE ] < 141 (@ + |logE)),

(4) Each aritimetic is performed with less than 17 + 26(d&+|logg|) binary
binary digits.
I.e. One maltiplication costs less than M(17+26(&+|1cgp|)) binary
bit operations.

(5) Each camputaion of z, costs 2&+2 camplex mutiplications, since
camputation of £(z) and £'(2) costs 28 complex multiplications.
This is equivalent to 8d+8 real mitiplications.

) Herpeﬂzetotalmmﬂoerofbitcperationsusedforthisproceséis
< (83+8) (141( & + |logg|) M(26(d +]1oggl))

~ 1112 d (d + |logf]) M(26(d+]1ogt]) binary bit operations. (6 %)
Ifzoisnotagocdinitialpointitmymtprcducesucth. Then we
we will txy with ancther initial point. Since it takes only six choices
on the average, the average estimate over S% ={]2]=3} is six times (6 *).
I.e. For any £ in P4(1) , the average cost to find 2 such that |£(2) | <E£, is
6672 d(d + |1ogf|)M(26(&+l1og¢l) bit operations,

vhere the average refers to Pr-odud’ measure cver_Qj.
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Note that this estimate is independent of £.
Now, recall that Approximate-Root termiates when

(7) 1/42/;. < 1E@)] < 1/7/‘%12. (See Proof of Thecrem 3.1).

. ~ Also from the proof of Theorem 3.1 we recall that the cost used for

Test-Approximate is less than 2d|log {Df/42| camplex multiplications,
which is equvalen to 8d|log (/42| real miltiplications.

Hancet’netotalavragecostwer?d(l) is obtained as

_/ Py 6672(d+2|10g Lo/42|)M(26 (| 1og /; /82])
&5

~ 6672 d M(264) ,

s:l:::tc.:e‘j‘P (l).llog@] < logd +1 . (See Theorem 1.3)
<1
£

The proof of Theorem 4.2 is immediate from Theorem 4.1 and Theorem 3.2.

Q.E.D.

The following sequence of results 4.3 through 4.6 will be used to
prove Corollary 4.7. We note that Theorem 4.3 and Iemma 4.6 are of

Theorem 4.3. The computed value zm_lof 2 with Sy binary floating

point arithmetic satisfies the condition (*), provided

s;=3/2[11+ log d + dlog |z,| - log Min[I£(2) 1, 1£'(Z)1)]

where log+a = Max (0,logm).
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Proof Fram the following lemma one can easily show that
£(2z) = £(2) (+ P , 1Y < 174000,

;' (2) = £'(2) (1+7ﬁ) . 171 < 1/4000,.
where 'f\'(z) and?_"(z) dencte the computed value in s floating point
arithmetic. By the property of fleating point arithmetic we have

*:"(z) =F(z) (1 +d), |8l < 1/1922,

vhere F(z)= £(2)/£'(2) ,ard F(2) is the computed value of F(z).
QR.E.D.

2n error analysis of computing the derivatives of real polynomials
using Shaw-Traub has been carried out. If camplex arithmetic is performed
with a double accumilater as in 2ppendix 2, one cbtains the same error

Temma 4.4. (Wozniakowski )

(3)
£ (z)
_ LetT be the camputed value of T in f1 camputation where T = ——
3 3 t j 3t
S x
DE =F (5 e @2 1Yl <2

ii) If £€P4(1), then
i i"jzj - szjl < 2" Sy | 1.
Proof For i) see W[L]. Nowbyi) , we have
EAEE N f— (5 17 i

<@ 2% yax (1219,1212 ), since Jag| < 1. Q.E.D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



From Theorem 4.3 we note that the bit complexity depends crucially

cn the size of |£f] and [f']|. We nead the followin Iemma to estimate |[£'].
Ist §be the induced polyncmial from £ at z , as in Chapter 2.

let z' = £ 1[(I-))£(z)], for h=aH, , for a<l.
r

Iemma 5.1) Lz =g'l'm) .

£1(z")
(1-a) 1-£%(2) | l1+a
and ii) < <
(1+2)> | £#12n] @3

Proof. Recall that for h < Hfz'
I 4

2 = £ (A-nEE@) =z - FEtm (2
By differentiating (2 *) with respect to h, we have

/
~£(2) (1) (- £(2)) = %@”ﬁfm
T (z

since (£31)((1-M£(2)) =(£]) (£(z") = ;(Zs) ,

.x-- We have 1).
ii) is immediate from the distortion theorem. Q.E.D.
: -1
RecallthatAfz dencte the angle of the largest wedge where fz can
’ .

be analitically contimued.

[£(z') | ' -1
lemma 4.6 Suppose If—(z-)-l =Land 2 =fz (w) , for wg(o,£(2)].
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(93]

~4logl/sinA | £'(2") | 4lcgly/sinA
Then we have e < ] < e
| £'(2) |
_l .
Proof. Define 2oy = fz ((l-h)f(zn)) , h==SinA and a<l.

By applying Iemma 4.4 recusively,cne cbtains

1£1(z) | 1oa B
>[—-—3] ; where h = a sin 3,
(1+a)

1Tz |
Since z'=zN with N = lcglyh , one has
logIyh
[£'(2") | 1-a
57| >[(1+a) 4 ’

This is true for all O<a<l, h=aSina, and hence

(lcg L) / asin A
[£'(2") | . (1-=2)

£zl = 3

a20 {(1+a)

~4 (logLl) /sina
= e

Similarly, for the the upper bound. Q.E.D.

Corollary 4.7 . Suppose z, is a good initial point.

i) For all n such that ]f(zn)]<£wehave

logif!(z )| > logd +dlog3 - 16 (dlogd - logg), and

s, <3/2[11 + 24 (d+116gﬁl)1< 17 + 2_6(d+llog£l), for all such n.
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i) |£(z

n+88)l < [f(zn)[ for anyn ,axd for 1 < m < 88

+ .
Sn+m < sn 24

Proof First note that jlog [ (zo)[ > legd + (d-1)1og3 -l)

log|£(zg) | < (&1)1eg3 ,

because for a polynamial £(z) = z° + ..+ aii‘ + ..+ 2y with Ja;| g1,
£1(2)] > 5- 3% am (£(zp] > 230 on jz =3 .

2Also note that s:InAfz >1/4 , foralln,
4
n

Tz 11
since sinarg —— < — — < 0.02 , axd sin 2 > 0.258.
W 128 f,zo
Hence by Lemma 4.6 with sinA = 1/4 we have
log|£'(z )| > |logf’ (25) | - 16 [loglf{zy)l - loglf(z))]] .

> logd +dlogd - 16 (dlog3 - log£),
for all z such that lf(zn)i >t.

Thus we obtain the estimate s_ in Theorem 4.3 as a binary digit,
S, < 3/2[11 + logd +dlogs - Min[log|£'(2) [, 1£(z ) 1]]

< 17 + 26 [&+|logfl], for all such n.

For ii), the first statement is immediate from Theorem 2.13, since we use
88

127 1
h =1/128 and (——) < —' ., The second statement is from Iemma 4.6
128 2

with L =1/2 and from Theorem 4.3.
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Remark. We design PRECISION-ROOT to use the computational precision as
follows. For the flow-Diagram see page 49.

1. Initial Precision Sy = 12 + log d.

2. Update the precision every 88 steps.

Set s =24 + 11 + log d + dlog lz | - Mzn[log]f(z)l loglf' (2) | 3.
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Precision-Root

lwo = 1/2 W,
lPrecisi = 35+logd+dlog|z I

- log Min [£(24) |, lf'(zo)l
Do r=0 to 88

127/128 W

£(z) = Vg

zZ_..° - ———
ntl®" %n T (z,)

i
3]

|
|
{
| Ve
|
|
|

E(zgg) | <l

—— —— — —— — St} S S E———— SA————— . GE— G ei— Sr—— S S S—— —— >

No j——
| f(288)| <e?’? >|z0 =2gg '
I

) | Yes
l Print  2gq }
|

-
b
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Precision-Approximate -Root

C EEGIN
>

l
| Choose z, from )z°]=3l
| Precision :=12+logd{
l
|
l

l Wyt = f(zo)
I
| <
|
Iwo = 1/2 L)

lPrecisi := 35+logd+dlog] zo[l
- log Min [£(z,) [, If'(zo)ll

= 1
el %n £r( zn)

I =0 to 88 - }

|

} W 3= 127/128 W_ !

| £(2) = Vg |
YA =2

| |

I |

——— —— —— ——————— ———— ——" S — (—— A" (T——S—— —— — i S S—————— S S—— —

s et e s S St e s St St S St e St B, St Pt o
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section 2

In this section we will generalize the analysis of section 1 to the

case of k >1.
The main result in this section is the following.

Imose a normalized Produameasure cn,QJ and .(%x.Pd(l)C S:j;:t:v::d

Theorem 4.8 i) Fast-Root finds z such that |£(2) <&, for any £EPL (D), -

for any with the average cost over N, 3 less than

0 (&° +d|log]logf] |[+X°) (M(26k(G+|1ogé]) bit cperations.

ii) Fast-Root finds an approximate zero for any féPd(l) without
mltiple roots with an average cost over%x?d(l) less than
0 (aM(kd) + GKM(kd)) bit operations.

Proof will be given later.

4
Remark. Recall that ROOI'k takes /-‘Z;,’( (log]f(zo) V@ iterations to cbtain

|£(2) I<f, vhere{,= .0333, and 4| 1 as kI .See Thearem 3.7. We

campare the above result with that of thecrem 4.1 and 1.2 and conclude

that the advantage of taking a higher k can be only by a factor of 30,
vwhile the precision required is increased by a factor of k.
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AsinSectionlcuraimistoobtainEn in Theorem 2.13 as the
computed value on a machine using floating point arithmetic.
Assuming that we have a good initial point, we let h=xr /4 , r</4{,
and campute %{’h(z) so that the computed value Fk,h(z) satisfies

~ | X
@%@ - F (@ | < [F@| 2D ay

(1-x)
The following Theorem estimates the sufficient precision to obtain

such %{,h(z) .

Theorem 4.9 Computation of Ek n with t floating point arithmetic
(4

satisfies (1 *) , provided

~ +
: t= (k+t1)[3 + logd - 109//%" log [£(2) [/1£'(2)1]

-+
tdiog [z| - Min [log|f(z)|, log|f'(z){].

Proof.

-1
We recall that E ,(z) =z - F(2) Tké (z).

vmmconputingEkh we use the following sequence of algoritims;
/4

3o c
(z,f) — > (£ = /3) —>(6) —>F 4
ST REV

- ? -1 .(3)
£(2) £ z

g = \f'(z)j' STEE ¢ and ST abbreviates the

Shaw-Traub ard REV1 is described in apperdix 3.
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Iet E, T',F be the camputed value of £(z), £'(z) and F(z)= =&
' £'(2)

respectively, and (5;._) , REV(6) be the computed values of 5=(6i) and REV(S).
Then ik,h(z) =z + F(2)RVE), and hence

| B (@) - B p(2) | = |FREV(E) - FREV(B) |
< |F||REV(6) - REV(S)|

+ |F||REV(6) - REV(g) |

+ |F - F [ IRV I.

Hence in order to satisfy (1 *) it is sufficient to have

(2 *) |REV(6) - REV(6)| < 1/2 b},

GH  RVE) -TVE)| <= u,
Caa 6w [FEE IO <34,

ihere A= GLIF
© a-p)?

To obtain (3 *) , it is encugh to have

) 155 - 65 | s
(5 *) '—(;3-:1—' <‘ '
vwhere 8:1 2 ,a=Max|6,]l/J:'.l
' 2 K(sah)n-l i
Tl

This is because by Theorem A in 3pperdix 3, (5 *) implies that

IREV(@E) - RV(E)| <éh ¥ (ean)™* =114
=1 4
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Hence (3%) is reduced to cbtain 8; satisfying (5 *).

We need the following Iemma 4.10 for (5%).

/
Iet a=max |6, (/1

-~ j-l ‘.
Icma 4.10 I{gt f. =fj +5; vhere |%| < l&fl(aﬁ) | +3=2,.--

3

and]c(;[ <4ﬁf1 .
1& - &1
Then L o

(32)3 2

Proof. By the Mean Value Theorem (See Appedix 3)

&. : 5. 6 .
R R R e R
6 , s, .
Note that —z =3z Fsince 6j=f3.
‘ 3 1 1
By the hypothesis Ofc(j we have
Jfll § l -l j-l
1651 %] <dle, 3 F =4
| &1 I£11651 .
lé?ol ‘g&jl <.§ —-l-f-l—J <& a) ,
. £]16- :
and I&ll i-fii <:§.\l—l—l—-:l'-' < §a32,
Hence 5 - 6}_ | d_asias <§ . oE.D. 1mea.

(3a3 2
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Now by Iemma 4.4 and by ILemma 4.10 above, for (5%) it is sufficient to

have
-t _} 1l . j"l
2 < — Min [[£],|£'],(a/aF) ].
& Max(1,2%  2g<k
1 A 1 1 ) j-1
= - n N Min [[ff, L], (a/F) ].
4 £ (6am)™ &2 Max(1,2% 255k
=1
1 4 24h
Since == < a < -=— we have (6ah) < < 24r,
s Hf,z Hf,:o:. Hf,z

k
and A< (k+1)rk<§ﬂ)% , it is enocugh to have t such that
1-r

k
(e1) T -
<3 1 3 win )£, 1£'], (2/aF) 9.

4 x 2a0FT @ Max(1,29 2<<«

2—t

Hence for the condition (3 *) it is enocugh to take ¢,

. +
t >(k-1)log24 + (K+1)logd +dlog |z| -Klog

k log (I£(2)|/]£'(2)|) = Min[log|£],log|£' [}
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For the condition (2 *) it is encuch to have (See Theorem C in Appendix 3),
t > log + 2.5k > kKlogi+ log k#l +2.3k, since log3/2ah <0.
k

For the condition (2%), we note that the hypothesis of ILemma 4.10 implies

£ -£] £ - £
that ————— <f angd —

[£] |£']

< f , and hence (5%) implies

F-F
that | l< zf.
|F]

Recelling that &1 is wnivalent and §71(0)=0 ana 6711 (0) =1,

by Iemma 2.4 we have ]Tké_l(h)[ < 3/2 h . Togethe with (3%), we have
that |REV(B) ] < 2h. Thus (2*) follows from (5%).

Hence it is sufficient to have

o+
t = (k1) [3 + logd - log A+ log [£(2) [/1£'(2) |]

_Kilog |z| - Min [lcg|£(z)], log]f'(2)]]- ~ Q.E.D.

Proof of Theorem 4.8 Note that the estimate in Theorem 4.9 gives
5.< O (k (&|logg] ) = M(26k(@ + |logfl)) binary digit,
for all the iterates such that 1f(zn)[ <€ . (cf. the proof of Theorem

4.1 and 4.3). Together with Theorem 3.1 we camplete the proof. Q.E.D.
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Section 3.

In this section , we analyze the bit complexity of N—EE (N-E) algorithm
which are studied in SSII. These algoritlms have the advamtage of being

iterative ,but employ increasing k.

Algorithm N = EE
1. Set k = Max [ logd, logjlogg| 1 ,h = 1/500, N= 600 (d +[{logil)

2. CHOOSE |z.]=3.

ol

3 REDUCE : DOm=1TON
Zni1 Ek,h(zn)'
4. If |£(z )| <¢ THEN TERMOINATE.

EISE GO TO 2.

Algorithm N - E

0. £=1
1. £=¢&/2

2. CHOOSE |z,l=3.
3. Set k = Max [ logd, logllogf| 1 ,h = 1/500, N= 600 (d +|1logf])

4 REDUCE : DOr=1TON

Zhe1”= E'k,h(zn) :
S. If TEST-AFPFROXIMATE = YES THEN T=RMINATE.

EISE GO T0 1.
END,
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Impose a normalized Isbesgue measure on% X Pg(1).

. 2 3
THEOREM 10. i) N-E uses O (d +d|logf|+k ) M(32(logd+log|logt]) (G+]1logt])

. ~ bit operations to locate an value of f.
ii} N-E finds an approximate zero of any £ without multiple roots and

with an average cost over £2xP (1) of
3 d
2

0 [4 +d logd )M(32dlcgd) ] bit operations, .
where the constant are 24b00.

The proofs are slight modifications of theorem 4.8 and Theoren 4.9,

Proof. We note that the only situation here different from FAST-ROOT

r=/t{k is replaced by a 1/125, a:ﬂAf’z assumes > 11 /24 wpon all iterates
n

if an initail point zhas 2 >T/12. and the estimate of |£']

0 £,z
0

can be at worst 32 (dlog3+|logf]).(See lemma 4.6) . Thus this can be
dealt with as a special case of Xk = Max [logd, log|logf|] of Theorem 4.8
and Theorem 4.9. Now as in Theorem 4.8 it is sufficient

tocapute z =E (z ) with a coputational precision

n k,h n-1
+ + -
s = (k+l) (8+logd+leg |£]/]£']) +dlog 2| - Min[log|f],log|f']].
n
Now the result is styraight corollary of Theorem S. Q.E.D.
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APPENDIX 1. DOMAIN OF INJECTIVITY AND ITS APPLICATION TO
AN ATLGORTTHM.

SECTION 1. Damain of Injectivity.

Theorem A1. let £(2) =z+a222+...beapm¢erseri$arﬁgbethe

camposticnal inverse of £ . Then g is well defined amd one to cne

1 4 1/i-1
onDR(O),mere —;—a<R < —a— arnd a=sEP[ai|

Proof. Suppose on |z] = r that
i) [£(2)=-z]| < r,
ii) |£(z) | > R.
mengiswelldefinedonDR(O), because i) and ii) implies that the

winding mumber of the axrve £(]z| =r) with respect to each point at

|z| <Ris cme. Now [£(2)] = |z]| |1+ 2,z + agz®+... |

>r|1- (@) (@) +...]

ar
>r (- — ) on |z][] ==r.
l-ar
ar 3-2.42 2-f2
Batr (1 = — ) achieves the maximm wnen r =
l-ar a 2a
‘Also | £(2) ~z | = | a2z + agzte.. |
= 3
ar 2 =\2
<r <r oan |z| =
- l-ar 2a
3-2J2 1 1
HernegiswelldefinedeR(O) , where R = 3 555 &
For the upper bound see Smale [1]. . Q.D.E.
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The following is a simple corollary.

Corollary A2. Iet £(z) be a polynomial of degree d and z be a camplex

mmber. Iet f;]' be the inverse of £ such that f;lf(z)--z. Then

- f-l

2 cansidered as a power series at £(z) has a radius of corvergence

[£'(2) ] 1/i-1
Rf,z >—-—6—a— ,wherea=maxlTil

and T. = =————————e
I £(z)3e

Proof. Ietf(W) =w -i-62w2 + aae +%wd.
Then it is known that [f(z) lR6',0= Re z(See Chapter 2 Fact 2.)

But R{,O > 1l/6a by the previcus Thecrem. Q.E.D.
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Section 2. Arplication to an alcorithm.

Applying the estimates in Section 1, we design an algorithm. It is
purely iterative and it always converge tc a root or a critical point of
£ vhen applied to a polyncmial £.

ATGORTTHM.
£(2)
Define I(2) =z-—hz —,
£'(2)

1] £(2) | £1(z) 51
vhere h =Min[1l, — r
z L4 e I £(2) l l £0) (z)

Theorem 3. {I(2)} is a purely iterational scheme and always converges to
a zero or a critical point of £, when applied to a polyncmial f.

Proof. First note that the fixed points of are exactly zeros ard
critical points . Also note that hz satisfies

hz

—_—< < ay by Theorem 21,
H 7

£,z

where Hf,z = Rf,z / 1£(2)] amd Rf,z is the radius of corvergence of
f;l at £(z) as before. Hence by Theorem A in Chapter 2 we have that
[£(z) | is strictly decreasing, where z, = ™ (2) for any z with £'(z)=0.

Thus if it does not converge to a zero then it carwerges to a critical
pcintoffmerethestepsizehz terds to a zero.
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A note on comlex arithmetic and its error.

We refer the reader to W[ ], Xmuth[ ] for the details and concepts of

of floating point arithmetic. In this Appendix we find that floating point

floating point arithmetic with double accumilator (usually denoted by i)
¢ . is highly satisfactory. Roughly speaking ﬂ2

" performs +,~- as a double precision mmber.
performs X,/ as a single precision mmber.
stores mmbers as a single precision mmber.

The following lemmas are the standard results and can be fourd in W[G].

Iemma 1  For real mmbers X and ¥

fl(xy) = xy(4g), |Elg2™
vhere = +,-,X,- and t is the machine precision ard division by zero
is not permissible.

Iema 2 i) fl,(abicd) = (abkcd) (1),  |€I<2

-2t

ii) Suppose 3/2 n 2 < 0.1. Then

n n
2“. -
l ﬂz(rl a:.bl) 1—1 J. l 'é 12—:1a1b1 ?.q;l’alblell !

where | ‘g < 27r and | £4] < 3/2 1.06 (mt2-i)2 2"

We consider a complex mumber as a pair of real mumbers and camplex
arithmetic is carried cut in the usual way, i.e.

Iet X = (xl,xz) 4 =(yl,y2) be camplex mumbers.
iH)X+y¥= (%, + Yy %5 + Y, ) ,carries two real additions.
1)xy =(%,¥; = XY, XY+ xzyl) , carries 4 real multiplications and two

real additions.
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1i)x/¥ = X¥ /(¥ ¥),carries 6 real multiplications and one real division
We define f1(X) = (ﬂ.xl,ﬂxz)‘ , for X = (xl, X %,
and f1(2Z) = f1(X ¥) =(ﬂz1', flz,) ,for Z = Xo¥ = (2,, 2,) ,

mo=+’-,x’/o

Then we have the following result.

Theorem 1 1) f1(EY) = (X% Y) (1+¢)

vhere ¢ a complex mmber, |2 =
2) A1(XY) =X¥(1 +¢),
where € a camplex mmber, 161((5/2)2""'

3) L1(Y/Y) = XYL ¥£),  |g] £6 2°F

(Proof) Iet X =(xil XZ yand ¥ =(Yll YZ)'

"1) Addition and Subtraction ; Iet Z2 =X+ ¥ = (zl, z,)

(X +Y) = (£1(x +¥,) ,£105 + V)
=((x +y)) A +£7), (x5 +¥,)(1+E))

=0 T Y% T Y,) F (60 Y. TY,))
=02 20+ (élzl' £272)+

where £, 2z, £2,) 1 < Max (161,161 {2y, 2,)1 <2 1Zg.

Similarly for the subtraction.
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2) Muliplication
Z = (zl’ZZ) =Xy = (xlyl- X2Y2 7 xlyz + xzyl)
fl(z,) = £y, - xy;)
=Gy (146) - Y, (1+E)) (+E) , [€5l< 2T
=( xlyl_x2y2) (l+£) + (lelil - X2Y2€2) (3+¢)
= Zl(l'i'ﬁ) + (xlylfl- XZYZQZ) (1+¢)
Similarly,
fl(z,;) = 21(4y,* X¥,)
=z, (l+'7) + (xlyz';)‘-l- X2Y171) (1+7) .
Thus we have
£1(2) = Z +[(E21/32,) + (((¥qe- XY,8) (I+E), (V0 X¥;7) (1+9))]

We note that |xy,+ 2y, | < [X¥],
because | Xy;+ XY,| = [Re(X¥)| < [X¥| = |x¥|

and | xy,- Xyl = [ReXY¥] < [XY].

-t

Hence lelxlyl-fzx2y2| < Max [lflllllellzl <2 12]

-t
Similarly, |7,%¥, + 7%y, | < Max ( {50, 13,1 ) 12] <2 |2Z].

Hence | ((1+8) (Y161 X¥,65) r (149) (5¥,00+ %717, |

<L+, 42 121 < 32 25zl (1)
Also note that |( 2y, 2, )| < Ma{el, 1313121 <2751z (2)
Thus £1(Z) = Z +4 , where |4] < 5/2 2 °|z].
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w

3) Division.
XY= (DA =T /(7 45 )

Since £1(y2 + 2 ) = (Y2 (W€ ;) + Y3(1+E)) (1+€ )

(5 + Y5 ) (149 + €y +EYL ) (1+6),

- ‘ -+
whexe[g]<2t, |£i;<2 ,

ve have fl(y2 + y2 ) = (¥2 + Y2 ) (1+£), l¢] < 2-1.062°C

-t

Also fI(XY) =X¥(1 +€), | & <5/22 " from2).
Hence we have
£f1(2) = ﬂ[ i ]— i ( 1+4)
RN Ry
=z (1), 13 <6 27t Q.E.D.

Theorem 2. i) £1,(Xo¥) = (Xo¥) (1) , I€] <2
vhere o=+, -, X

-t
ii) £1,(%/Y) = ¥/¥ (1+6), lel <32

Proof.i) 2addition and Subtraction are trivial.

Multiplication .
By Iemma 2 we have
£1,00) = ((gy;- 3%,3,) (48, (Ly#y,) (1+)

-t
= Xy (1+§), |d] <Max[|£],[31] <2

ii) Division
2e0 A, "

since £1,(X/¥) = fl,——= = (4+€), ld <2 .
2,0 )
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Now £l,(0) SKE(H+E), 1§1<2  , by i)
and £1,(Y¥) = (v5+ ¥5 ) (1+5,), 1§ I< 2" by Iemm 2.

Hence we have

£, (%/¥) = ¥/¥ (1), | A< 327

Q.E.D.
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2ppendix 3. The reversion Algoritim and its Exror Analysis

The functional inverse of a formal power series is called a
'‘Reversion Series'. The problem is to solve the eguation

(1) z=t+ v2t2+ v3t3+ ... for t,

and cbtain the coefficients of the power series

_ 2 3
(2) t—z+wzz+w3z+ oo

The main purpose of this chapter is to study the error behavior of a

reversion series. More precisely, we study

I) The behavior of the reversion series (2) uder a perturbation of the
coefficients Vi of the power series (1).

IT) The round-off error behavior of a reversion algorithm.

We note that I) does not depend on a specific choice of algorithm,
vwhile IT) depends on the specific algoritlm to compute a reversion
series. We will analyze the algorithm REV which we construct in the
next section. We will see that REV is stable in the sense that the round
-off error effect is camparable with the input error effect.
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Section 1. Formilation and Algorithm

We recall Iagrange's Inversion Formular;

Iemma 1. Iet z = V(2) =t+v2t2+... ard
t=W2) =2+ w222+... be a reversion of V.

I.e. W(V(L)) =t and V(W(z)) = 2.

1
Then wn = un_l, where .
n-1 - [v(t)]
uo+u1t+ cee +un_lt +eee T

Proof See L1353

We need the following lemma.

IetP=z+zz+z3+. . « axd let Pk=25(P§zn
=

1 n-l
k=1; P=1=( ) .
n 0

In general, Pk+1= PkP
= (2 PFY(z+2% ... )

=K n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

68



A3-3

k+1 n-l k
n T o

n-2 k-1 ) ]
= (k-l) + eee + (k-l) by an induction step.

( n-1 ) by Vardermonde's Formular. Q.E.D.
k

t =V(t

. _ .
Iet Q(f) = = (Vb + Vat+.. ) = —f and Qg dencte the

t? coefficient of 0O(t)3

Proposition 3. W_ =

Proof. By Iemma 1 we have
u., = 71 coefficient of ( )

= %1 coefficients of (1 + Q + Q%... )T

- + 9
= 71 c:oe:i'".:E::.cle.l'r'c.c>fri-rl_'(n—:":j 07 by Iemma 2,.

=1 n-1
_n=1 ( n~1+j ) 0 3 ,
3=1 n-1 n-1
. Q.E.D
where W, T hm W, . .E.D.

Based on Proposition 3 we construct the following algorithm called

REV.
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INEUT Vyreee Vg

OUTPOT Wopese Wy

BEGIN ; DO STEP 1 TO STEF K-l

STEP 1 SET Q = (Q,Q seeer Q) = (Voreens =Vg)

1 1
SET S =0 = @&
1
OUTPOT W2= Sl
STEP .I er,voo'K-l
3 n=j+1 3-1
%D = i= L &
3 J-1 1 nt) J
S = 5 *mlal%
J

3 J
Remark. In RV, {Q, in=73,...,k1} = T ,(Q
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Theorem 4. i) REV is an reversicn algorithm.

I i-l i
ii) Iet U(2) be a reversion series of < vh Z . Then +Hr amy &
S .
X X n A 0 1-1
hS U == Wh ,h where W(z) is the reversion series of S vZ.
=ln =1 n iz 1

Preof i) is 2 simple conseguence of Propostion 3.

ii) is immediate because 1/hW(hz) is the reversion series of 1/hHV(hz).
Q.E.D.

Remark 5 By Proposition 3,
W =G (Q)=

1 n-ln-m @+l i+
=— = & ( ) Q

n+l m=j i=1 n n

We call themap G a j~th tail of REV, and we will define them
precisely in the next section. -
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Section 2. Error Analysis and Mean Value Theorem

Consider the mumerical problem of calculating y=g(x),for the given

inputx-—e(xl,...,:&n),andtheftmction g:D:T_—>cn andDLCcm

Definition 1. 2n algorithm for the given mummerical problem y=g(x) is

. n,
a sequnce of maps (gl : Dy =>D, ., Diccl i=0, .,.,r,)

suchthatg=grogrbl aglogo

In other words, an algoritim is a factorization of g into a seguece

of maps whose camposite is g.

Suppose G = (oF , ..., g° ) is the algorithm to campute y=g(x). In
practice, the actual irput by which X is computed is & = @ ,...,3° ),
where Eiisapermﬁoationsofgi.ﬁencetheconputedcutputis
dependent on the error behavior of the chosen algorithm.

It is essential for us to develcp a method of estimating the error
of algoritims. We will need the following notions.

Definition 2. For an algoritim G = (gr,...,go), Gi= g{':....gi is called

an i-th tail of the algoritim G.

Definition 3. An algoritim H is called an ¢-approximation of G at x
if |H(x) - G(x)] <€.
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. ; 0
For a given imput x%, consider‘dxealgorltlmG=(g?, . «,9 ) where
g=gr...g°. Assmnethatthegi areclmapsandD. are convex domains

n,
inc?t Supposethatgare e‘-apprc}cmatlmsofg and that

G =(F, eer &, st ) =x', P =y

Indnctively, set ¥ +=g* (y* ), and
41 _~i i, _alad-l =0
vi=g ¢t) =FF ... ®

. . . . -
otl =y:"-x:L mth(]o%ll< gl.
Furtherweassmnethatyle Di .

The following diagram illustrates the algorithms G and G .

Figure 1.

Then we have the following propesition.

Ml_t:@_ﬂ.@ IG () -G () | <= SUP IDG naﬂ
i=1 ¢t t

<= suyunsug ,
i=1 t
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-~ . r i =
) 16,0 -6 I < 5 P (e | £ .
whereGnamEndenotetheccmpmerrtmapsofGandé,

i i
and t runs over the line segment joining X" and y .

We will use the following standard Mean Value Theorem to prove
Proposition 6.
Mean Value Theorem Iet F: D]_--—>D2 beaclmapbetweenconvexdcmains

p c® and D,cc? . Then
“ F(pl) - F(Pz) u <__SQP “DFtH ﬂpl = Pz“l
vmezetmscvertheljzzesegmautjoizﬁ:gplto pz.

Proof of Proposition &7
We have g(x) = G- (x}) =G- (v -dD),

so that (67 (7Y ~ g(x) | < PP 1DGTHek
< spe Ioegl €°

' 1 1
vwhere t runs over the line segment between x™ and y~.
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Inductively, Gi(xi) = Gl(yl -o(i). Hence we have

1t o - odyn ¢ s el g
'wheretnmsoverthelﬁuesegma'rtbetweenxi andyi.
since G (yY) = &), by the trangle inequality, we have

180 ~C@I= 1y -g(x) |

=] é 1+1 .‘.L-rl Gi (xi) I
i=1

= Ejdeh -
i=31

<Z sUp |G o

i=1 ¢

<é SUP e Igi-l
i=1

ii) is immeadiate from 1). Q.E.D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

75



Section 3 Error Analysis of Reversion.

We need the following lemmas

n-1 k-1 n-2 2 n-1
Iemma 7 1) = ( ) () < - 6 .
k= -l k-1 3
n-m-l1 ntk n-m-1 n n-1-1

i)y == () ( ) < 23
k=1 n k-1

m ikt m-1 nj ml
idd) 2= ( Y () < 2 3 .

Proof. First note that

n-1 n1
d__Jn (1+x)n—2 R - S n?—E ( n-1 ) Ln
dxn-l d&k k=0 k
= (n-1)1n£" (m'k) (n'?‘) L
k=1 n-1 k
n-2 mk 02 1 &1n n-2
=0 n-1 k (n-1)! ax jx=1

1 :::n (1+x) n=2

2mJ (x-l)n

< [ ™2
27 |%-1]=1 L (x-l)n l
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= 2n 31'1"2 - 2 sn-l
3

Remark 6 can be replaced by 3 + 2J2 = 5.83 <6

n
n-m-1l Kk n-m-l d n n=m-1
ii) == ( )« )= — X (1+x) |
=1 n k-1 ax |3=1
1 R (R

2hi (x-1) nl

n . n-m-l

<2 3 i Q.E.D.
n
m mk+] w1 d nHj )m-l l
ii =— ){ )= — x (O
) k=1 n K1 ax |==1

1 T aed?
2 (x-1)7*L
n+j m-1

<2 3 Q.E.D.
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-1.k

Pn:ofl’.etQk= (vzz Fouot szK 1)
S Xk .n
T & ?

X - <~ X! i . s
Ther: we have Q =~ = - ﬂvi by the multinomial formula,

-1 3 1 1
n-1 ae%'k a21a3.... an

where’;ft = (az’""an)éAn,k iff

[ a,+...+a =k
|
|

ajt... +(n-1)an=n-1 .
Bet 3 = C2,, .., 3)€A . withay %0 iff
a2‘-!-.-i-(aj -1)+..-+an=k-1

|
{- a2+...+(j-1) (aj =1) + ...+(n-1)an=n-j

That is iff

(azl"‘la'j-ll°l %) € An—j+l,k—l .

y& = Kt “v?if:é
e

Hence 3 tal... al
3 v 3k x 3 4
a.x0
3
S Gl Tyt

‘seAn’k ayles (D! .ol vy
33 x0
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= k-1 i
=ﬁ.> a2! a3! ...%! 'ﬁvi
aeAn—j+l,k—1

k-1
=k 0Q Q.E.D.
n=j

Now we are ready to give an error estimate of reversions. The input
error and the camputational error effect will be treated separately in
the following two Theorems.

Theorem A. (INPUT ERRCR effect of REV)

I_et:V(z)=z+v222+. . . be an almost it formal power series and

-~ _ - 2 - =
V(z)—z+vzz+...+ ,wherevi vi+Ai.

z +w222+ ..+ be the reversion of V(z2) and

Iet W(z)

let W(z) = z +§2z2+ ... be the reversion of V(z) . Then we have

the following estimates?

n
~ n 2 n-i
| W-W) < &5 & (Ga) 14
vhere a =mlx ||vy] +mi||l/1’?

i=2

Proof. From the mean value Theorem, we have

1 ~
|y =Wl s ol @ T - e
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G (2Wn
TR E | 1
Using Ismma 8, we have
W
n 1n-1l n-13k k
— = == ( )} Q
Vi nkl k n-1
1 nz-__l n-1+k k=1
= fk2( n1 ) ¥%ns
néi n-1+k k=1
= k=2 ( n-1 ) Qn—i
n=i-1 n-2+k k-1
= = p1 ) S
k k n-i n-i-1 n-i
: _ ; Trom Iema Z
Since | Qn-il < Pn-ia ( X-1 ) r
o i~ i i -
e have l Wnl =]n§-1:1 (n+k) (n- 1) 1 e
| 2V | =2 n k-1 -
i
<2yl 1 ongy i by kemma T |
6 6
Hence we have the desired result. Q.E.D.
i-1
Corollary. If |4;] <{(32)*™" then
~ n n__n Jn-1
| ¥, -W,| <n2'(3) e (6a) <.
Proof. Inmediate. EPD.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



81

The following Theorem shows that REV is stable in the senge that
the round off error is compatible with the input error on REV.

I.etglbethemappezfomedinstepiinREVandletabeas:I.nmeoremA.

Theorem B. (Round—off error effect on REV)

I,etV(z)=z+v2z2+ . « . be an almost unit formal power series and

Suppose REV = ( ?’1..--,51), vhere g* are £ -approximation of g,
Ist W= {WZ’W3"“'WK} =REVK(V) . Then we have

n-1

| B-wl< ¥ex[ ()7 4" al.

Proof .We recall from Remark 5, that

5 3 1 n=1 n=m o+ 1§
¢ () =—2Z Z.( ) Q.
n

Ml i<l  n n-m m
. R 3 3
We note that G- are linear in Q ,and hence DG = G .

3 1l n=1 n=m i-
= eecses Z_
’ Gn l ni-lmz=:3: i= ( n ) Qn—ml
1l nZ-J:. n-m i) n-m-l n-m
S £ ( n V(4 ) ,yleam2,
1 m nH+j] mlm
il m=l i=1 n i-1

by a change of variable,
Ay ool om

<
" nHl =

by Iemma 7.
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By Proposition 6,

= _ 3
P W™ ¥ <53é=1i|Gn|

< 2= 2 od gyt
3 .l Js1 m=l
. £ 21'1 ‘% n= 23 (3a)m
3 nl =1 =1
<L E P2 (R
3 nHl m=1 j=1
3 nHl =1 .
“n
= 4E 2 (@)
n+l =1
cS3e (62)™ if 3a/2 >1
" 4Pa if 3a/2<1 Q.E.D.

Recall Theorem 4 that<$ Wh' =hZU_,
n=i b=}

where {U_} is the reversion series of {vihl-l}

Theorem C. Iet {En} = REV (vihl-l) using t-fl, camputation. Then

ST - §_’wnhn | <275, provided that t > s + 2.5(K-1) + 2(X-1)1c973/2 ..
n=} =
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J
-Br-o—oLCOnsider‘meccmputaimofX in REV ;

n=j+1 j-l
X -8 X0

By lemma 2 in Appendix 2, we have

1B - < @0 23 11'+Xn€'

where [€] < 2%, and |£;] < 3/2 (m2~i)2 2%
Since |Xj1<(1.1)an, S X‘:‘ l]Q|<( ) a®, we have
n ‘3 3

1B -8 1<) @ 2tae®h

) @™, m,... 51
3

tF Doy 1, (@) F T 3, for all n,3.

Now by Theorem B,

| 5T -hZU | <¢h &5 Max [ 3/2 ah, (3/2 ah)
Hence it is sufficient to have

27F waxra, ()™ 7 noMaxp S5, (e ¥h < 27S
Hence it is sufficient to have

t4K‘]Max[}, @) ¥ - ey (45T, () < 278

Or sufficient to have

t>s+ 2(R-1)logd + (K1)log'ah + (K-1)log 3/2ah.
Or sufficient to have

t> s+ 2.5(K1) + 2(k-1)log'3/2 ah -tk

K—l]

Q.E.D.
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