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Introduction

Resonant fluorescence has become a subject of renewed interest dﬁe
to adyances in laser technology. Light nearly monochrdmatic and from a
tunable laser can be used to excite, on resonance, a particular transition.
The added capacity to produce intense radiation enables some continuous-
wave lasers to pump an atomic system strongly. In such a case one has both
the continual pumping of the atom and the continual production of fluorescent
light quanta.

In the long time limit, one is dealing with a non-perturbative problem.
The phenomena can not be thought of as disjoint one-photon processes but rather
as a multiphoton phenomena in which the evolution of the joint atom-field state
must be evaluated for arbitrary time. The treatment of the quantized field, in
such an analysis, has been the subject of many studies ) l.

The two-state atomic model has served as a simple example in which to
discuss the essentials of the interdependent nature of the evolution of atom and
field states, With a strong enough field, the rate of stimulated transitions is
greater than the rate of spontaneous transitions. The resultant spectrum will
be *widened' by the creation of additional peaks. At exact resonance, these
additional peaks will be symmetrically displaced from the center peak by an
amount equal to the Rabi rate (the rate of stimulated transitions). Spontaneous
transitions, as the source of radiative damping, are responsible for the various
widths and relative heights of these peaks. On resonance, the ratio of the

heights of either side peak to that of the center peak is 3:11-6’ 12-14. The full



widths of the side peaks and the center peakare 2 ¥ and 3 ¥ respectively
( § 1is half the Einstein A coeficient).

fnitially these results were arrived at by statistical mechanical methods .1
Various assumptions were made involving (1) the statistical factorization of
atomic and field density operators and (2) an atom-field coupling in the Markoff
approximation. Some of the earlier calculations treating the problem on a
purely quantum electrodynamical basis failed to arrive at the aforementioned
spectrum. It has been pointed oﬁt that the failure to inélude interference
effects between competing processes has lead to erroneous resultsz’ 5,6, 12.
The amplitude for the omission of the nth photon with wave vector k, must be
calculated by the addition of all amplitudes leading to this resuit. Correct
quantum mechanical results and validation of previous statistical models have
been established. Experimental results have been found to be in good agree-
ment with theorle’ 14.

In addition to the two state case, the three level case has also been analyzedl.5
In such a situation two different lasers can be used td cause two different tran-
sitions. If one is relatively weak, it can be thought of as a probe of the states
perturbed by the strong laser. Ionization of a strongly pumped two level atomic
system has also been investigated.

The proper inclusion of radiative damping and the subsequent state of the
atom are of interest to those who are concerned with processes occurring in

the presence of a laserlé. These processes could be single atom processes,

two body processes, or collective effects. Resonance fluorescence is of



especial interest in the study of optical bistability. 17 For great pressures,
an ihcrease of the incident intensity beyond a critical value results in a dis-
continuous transition from the stationary cooperative state to a stationary
state characteristic of a one-atom solution (i.e. the three peak AC Stark
effect).

Part I is a review of the general principles in which to analyze strong
field resonance fluorescence. Section 2 includes a discussion of the radiative
Hamiltonians with the laser field entered as a single mode, classical expréssion.
Section 3 covers the standard approximations: 'Rotating Wave Approximation®,
dipole approximation, and the resonant approximation. Radiative damping
is treated in Section 4 with a discussion of Mollow's approachz.

In Part II there is first a calculation of the long-time limit resonant
fluorescent spectrum of a particular four-state atom, strongly pumped by an
intense linear polarized monochromatic laser. The atomic structure of concern

involves two doubly degenerate energy levels (Fig. 1).
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Fig. 1. Four state structure



The ratio of the height of the center peak to the height of the side
peak for an on-resonance transition depends on the level structure and the
polarization‘of the fluorescent radiation. The 3:1 ratio is peculiar to the
non-degererate two level atom. For the structure illustrated in Fig. 1, cross
polarized fluorescence which results from transitions invalving change in the
magnetic quantum number, m, will exhibit a three peak spectrum where the
ratio of heights of the center to side peak is 7:3 (on-resonance). Identical in
both cases, however, is the 2:1 ratio of the area under the center peak to the
area under the side peak.

While a linear-polarized laser only couples the states in pairs, a calculation
of the evolution of the atomic states must include the total system as an inter-
dependent coherent state. The coherent nature is inescapable for a proper énalysis
as will be demonstrated.

In Section 6 the degeneracy will be removed by a constant time-independent
magnetic field, The shift of the atomic states depend on the strength of the
magnetic field as well as the quantum numbers of each state. The unequal shifts
will result in different resonant conditions for the two pairs of states of similar
magnetic quantum numbers. When one of the resonance conditions is met and
the magnetic field is significantly strong, optical pumbing will occur. When the
laser is not on-resonance with either pair of perturbed states but instead equally

detuned from both, each subsystem of a particular m will be pumbed equally.

The resultant asymmetrical spectrums are discussed in Section 6.



In order to relate the theoretical finding of Sections 5 and 6, with
possible experiments, an estimate of the effects of the deviations from mono-
chromaticity is needed. In Section 7 the spectrums of previous sections are
shown to be modified as the laser bandwidth becomes considerable.

The general method introduced is easily generalized to systems with
greater magnetic subdegeneracy. The natation of Appendix A can be conveniently
used for such a purpose. Generalization to multilevel atoms can be profitably

tackled by similar methods.
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2. | Deséription- of Incident and Fluorescent Fields
| The various properties desired of the incident field in the situation
under consideration are as follows:
polarization: linear
spectrums: monochromatic (provisionally)
statistical nature: coherent
intensity: - sufficient intensity to create a greater rate of
induced emissions than spontaneous emissions
(i.e. saturation)

The first requiremé nt is necessary for the problem involving degeneracy
if steady state long-time limit is desired. Circular polarization will pump the
atom between two states differing in magnetic quantum number (mj) by 1. Even-
tually spontaneous emission will remove the electron from these two states
permanently (see Fig. 2). Optical pumping in this manner will continue until
the system reaches the final two states or final state (depending on the structure)
(see Fig. 3).

As an example, consider the 'S, n 2P3/1 that can arise in the
Russel-Sanders coupling scheme. Fig. 2a shows the pumping between mj= -1/2
of the lower level and mj = 1/2 of the upper level. Eventually, due to the spon-
taneous decay, mj = 1/2 to mj = 1/2, the system will be pumped only between
mj = 1/2 and m, = 3/) states (Fig. 3a). This provides an example of an
effective two state. system. For the continual pumping among a greater number

of states, linear polarization is necessary (see Fig. 1).



Fig. 2 and Fig. 3. Optical Pumping.



Monochromatic radiation enahles the investigation of a specific transi-
tion and allows investigations as a function of the degree of resonance (i.e.
as a function of thé detuning of laser frequency from atomic frequency:

§ = W - Wy, ). Lasers provide radiation that is sufficiently monochromatic
(deviations from strict monochromatic incident radiation will be discussed in
Section 7).

Lasers are also a source of coherent radiation. Coherence involves
definitiveness of phase. The atomic sourcés of a laser radiate in bhase to
the extent that spontaneous radiation is negligible. Spontaneous radiation is
an incoherent process related to vacuum fluctuations (its contribution to the
laser’s deviation from strict coherence will be discussed in Section 7).

Classically, a coherent state has an electric field component

= ' <
E cos{wt ~Kr + &) (2-1a)

where ¢ is time independent non-stochastic., A simple example is radio
waves., For a non-cooperative radiating gas, however, ¢ is a stochastic
variable which describes self-coherence, For times, ™ , greater than the

inverse of the decay rate

I NN 45 AR AN
(e € / (2- 1b)

The normalized quantum field state which has an expectation value

equal to the classical coherent state Eq. (2-13) is
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where A" is the quantized field operator.
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1l
Oy (dk,') is the radiation field destruction

(creation) operator for transverse modes.
V is the normalization volume
The vector field operator satisfies the transversality condition

-

L] s 0
The transverse electric field operator is
Lo L AT
E = -2 3% - (2-10)

When the intensity is great enough to ignore fluorescence into the laser mode,
the operator for the laser mode can be replé.c‘:ed‘by its expectation value (i.e.
Eq. (2-5)). This is true not only for the coherent state but for any state in

which the average number of quanta per mode is much greater than deviations

from that average:

N > AN (2-11)

In this case the field operators, Uk and 6113; can be approximated
by the number VN . For an occupation probability distribution [ £(nyl?t

one has 2
iP
Aer F(n)lny = finje /R 1r (See Ref. 20)
= e SR am Y
B & = +7__h_-§,,, )
= fime CfN 15 g e
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The next significant term is of the order 7 and is small for distri-
butions satisfying Eq. (2-11).
For a coherent state, the probability of n quanta existing is described

by a Poisson distribution (from Eq. (2-2)k

ap et
tot) @
P(n) = .____.;__..__
. (2-12)
Eq. (2-1)becomes
2

which is valid for large intensities. However, for a coherent state it is '
possible by means of a suitable transformation, to use the classical-field
expression in the Hamiltonian without ignoring fluorescence into the laser

7
mode .2 Let Y be the untransformed state,

Yo=D Y (-14)

where D is the 'displacement operator'l9

t *
C(,(>, o - X ak/\

D=e (2-15)
D has the properties
-1 ’
D Gun ) = i + X (2- 16)

Gues D | vacuum) = o D |vacuum) 2-17)



13

Thus
- [ . --).-} # - +
TUAYD = - SEsin(wt -RE rg) - (2-18)
- . A
D E*D = Fcosfwt -RKF vd) 4, gt (2-19)
and
Yitzo) = Dy z lvacoumylatowm), (2-20)

The initial transformed state is the radiation vacuum while the Hamiltonian
includes the classical-driving field. A detailed expression will be given after
considerations concerning the Hamiltonian.

The total nonrelativistic Hamiltonian in the Coulomb gauge for a single

particle is%g

l '3 e A /A) ) o+ < (ﬁ -+ Z F"(U aIT a
=z T -~ ~ < < > 13
f 3m Ul T KN ko > 2-21)

Since V:-AL=0 , the Hamiltonian can be expressed as

e 3
| :_E_ 4_eql,-eA.L(X)’o - e_f_\____*-“ + S.?’sw Gv Ci
1 2m 2mce’ k> e M

l= N (2-22)

4
where A (x) is Eq.(2-7)at time t = 0.

Consider the transformation

. ) = ) )
IZ Wiy Gy, Gy W (2-23)

154

z =
—~
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Given

. T . +

Wiy T Clien Gy x =i Wiy Gry Gy .
A, € ) W a

T A © (2-24)
r
(Wix Cley Gy T t e"“‘-’n a:,\ Gy T + (W T

” P (2-25)

the wave equation for ¢ is

hY 2

i - 2 (x’+)
N W R AT
i# 2m " ¢ Amc?* (2-26)

With the dipole approximation, which will be considered further in the next

section, Eq.(2-26) can be transformed by the following gauge transformation:

’ T
1€ ..
- %Ef’“A“)
Y. = e
(2-27)
2 , - =
‘%Q_WE :(.E. + @ ¢ — erE(+)) Y
Y 2m . (2-28)
where E (1) is given by Eq. (2-10). The wave functions Yz and kf are
related by Eq. (2-27), however, a perturbation calculation requires some
further requirement before picking equation.(2-26) or 2-28). Consider the
matrix element
—> =
e AL (r)<aipiby
™ cC (2-29)

. Ec ’ -
and let A + be the classical expression - (i—u- sincet | yyith

(alpib)=imuwyg<alir|by (2-29)becomes
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- >
l‘ewa”<alr"b>'/_:a sinw T
w ‘ (2-30) -

This is to be compared with the matrix element

2 LR
-e(.curl )*E, coscwt (2-31)

Apart from phase factors these two matrix elements differ by “Wab /w

The first arises from Eq. (2-26), dropping the higher order A2 term, this
expression results for the interaction niairix. The second ariées from Eq.
(2-28). One cannot, however,. take with equal results the first two terms of
either Eq. (2-26) or (2-28) as the unperturbed Hamiltonian in light of Eq. (2-27).
These two results for the transition matrix (Eq. (2-30) and (2-31) were consid-
ered by L:a.mb21 who found the second expression to agree with experiment,

D.-H. Yang22

argues that it is Eq. (2-28) that should be used, with the first
two terms of the Hamiltonian representing the free atom and the interaction
matrix elements given by expression (2-31). The Heisenberg equations of

motion from the Hamiltonian in Eq. (2-28) have classical fofm and expectation

values which obey the correspondence principle. Consider

4P . LR e
;%(5'”’ e¢)~;ﬁ[2m+ LP’H] (2-32)

S
-—

- €P Ew
m (2-33)

The time rate of change of atomic energy equals the power operator. This
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is the classical expression.

In either case, near resonance, the term (qu».» w | is only slightly
different from 1. )

‘In general, we want to consider an electron in a more complex atom;

H, will stand for the Hamiltonian for this complex atom:

A
’ - - 7
f b4 = - ~, = (4
i h (Hy — €1 [:~ (H)) ¢ (2-34)
the transformation (2-14,with Eq.(2-16) results in
- > T .
if‘g:(HA'@F'E.,coswi'-el"E (+1) Y (2-35)
where
.r .
E'L A Ek). " £k>
k> (2-36)
£ 0= [2mhw 2 W
5 ! = & 7NN
<> v k> ky © (2-37)
and
tf//o} : | vacuum )/ atom + o) (2-38)

For the laser mode, the number operator a[ ¢i_ leads to the following

expectation value:

(¥ lala, v eI ala, pry ) @-39)
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<‘1",laza,_lv'>=’°dl Folylal y)y FodVlaiw) w(vial G vy (2-40)

All other modes

rd ’ g 1 |
(r)al,ag e )<Yl al an ey (2-40

The spectrum, in the long-time limit, will be shown to be equal to

for laser and non-laser modes.
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3. Standard Approximations

The dipole approximation, resonant approximation and'rotatihg wave
approximation" are, in some form, touched upon in a typical course in
quantum mechanics. The dipole approximation, when valid, involves the
omission of the spatial dependence of the incident radiation in the calculation
of the evolution of the atomic state., The resonant approximation consists of
the sole retention of the term involving 1/ ( w -w;, +; ) when the

frequency of the incident radiation (w) is nearly equal to the frequency

associated with the transition between state jand state kK { w;, ) and the
width /;“: is less than the separation of the resonant and non-resonant

states (i.e. states j and k are well defined). The rotating wave approximation
(RWA) involves retention of the terms /(w~-w;] as opposed to LW W) .
These specific forms of the RWA and resonant approximations are one photon
approximations. Both the form and validity of the RWA and resonant approxi-
mations for ongoing pumping will be reviewed in this section. However, the
dipole approximation which has been used in the previous section will be dis-
cussed first.

The dipole approximation is valid when the wavelengths ( 27 k) of
absorbed and emitted radiation are large compared to the linear dimensions

\

(a) of the atomic wavefunction (i.e. ka <</ ). Successive terms in the
power series of e'KT involve higher powers of ka, enabling one to approximate

elkT a5 1, (For atomic emission of optical radiation: ka ~ 10'3). The dipole

approximation cannot be made for transitions in which the dipale matrix element
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vanishes while the quadropole matrix element does not. The analysis,

therefare, is restricted to incident frequencies which are relatively near to

an allowed dipole transition and sufficiently far from a quadrupole resonance.
The resonant approximation is made by the retention of the two atomic

levels in which the frequency ofA incident radiation is equal or nearly equal tb

the frequency associated with the atomic transition. The validity of such an

approximation‘ is assured when the field is weak enough so that the probability

of excitations to other states is negligible as will be subsequently demonstrated.
The rotating wave approximation (RWA) is made by retaining the terms

of the interaction Hamiltonian corresponding to approximate energy conservation.
These approximations can be made as follows:
Let Juy exp(-iEF,t/h) and Ly exp(-iE_+/ %] (3-1)

represent the atom upper and lower state with energies EL1 and EL respectively.

The wave function is

-iEut /R S B A
Y(+) = b, (+][v) & ¥ b, (+)1L)e (3-2)

The atom is coupled to the laser field of frequency «w and amplitude E0

in the dipole approximation through the interaction:
H;M - Eo cos wt ‘ (3-3)

The wave function is governed by Schrodinger's equation:

Y '
ih 3: *(Hosom *H )Y (3-4)
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The effects of spontaneous emission will be covered in Section 4 and have
been for the moment omitted. Multiplying Schrodinger's equation from the
left by <V! and <(L! gives two equations for b and b

st

ndbe = AA cos wh e “et p,

dt
. v -iwg+ b .
4 db. . A coswt @ v (3-5a,b)
d*
where HhAz-EKvIrik)- -k, and ‘wy =E,"E.)/# . Atomic

states are defined up to a constant phase factor thereby enabling one to allow
A to be real.
The rotating wave approximation is made by dropping terms involving
Filw ) b Tilw-wa) +
e while retaining texrms involving &

The rapidly oscillating factor contributes only slightly as will be shown subse-

quently. Upon making the RWA, Eq. 3-5a,b becomes

) A
Cd /by © 3¢ } ou)
'ﬂ(bb ) " ( r et o /( b, (3-6)
2 .

where &  is the detuning of the laser from atomic resonance:
S 2w - Wy 3-7)

Eq. (3-6) is equivalent to
i St/ 1St/

. b”e )_'_('5 A)( b€ J+/2)
;o— et /2 | = -
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The time independent matrix allows for simple integration

b .e,-Jf/z _ii(/\o-x -Soz )t //'_)uu
( “ -;5“1)‘@ \5“)
L € (3-9a,b)
. bo.
(cos 1 (Ag -5 T tsmET)
2 2 L
where O are Pauli matrices: 0y =7 u’) o;={f} Qo) O'z‘-(cl, j}

b andb are initial amplitudes
Uo Lo

£ /TTE TR T
is the generalized Rabi frequency for § 7 ©

Use has been made of the anti-commutation relation

{7, @} s
in the expansion that has led from Eq.(3-9a)to Eq. (3-9b). One can replace A\
by Juf/\ (+) s’ for slowly varying electric field amplitudes such as the
adiabatic switching on of the laser.
For a system initially in the lower state, the probability of being in the

upper state at time t is:

];—-\{I(IFCO.';E#-}

[

- (3-10)
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On resonance upper and lower occupation probabilities are

[bh, 1

i
§~

Cos AT

"

b~

(0: /’f

5
-
~—

"
N -
D~

Thus, on resonance actual induced transitions occur at the Rabi rate.
The diagonalization of the matrix of Eq.(3-8 yields two eigenvalues
(1e/2) and two eigenfunctions. Consequently, the two solutions of

Eq. (3-4) when the rotating wave approximation has been made are:

-iE¥ ] -2 T
() = /\('}fa * +(E+5}{U)e ’
voo=€ \1£(£+5)( 71" ' /
(3-11a,b)
£ { =~ (‘:".‘J 1 ) i Q{ T )
(=) ’ET (C*S}{o’)e “ “//‘(,//e /
Y= Jagrers) /
Energy is represented by the operator 1 %; . Consequently, each solu-
tion above is a linear combination of two energy states,
Altogether, the energy eigenvalues are T ( 3‘; z 5: ) and ﬁ(‘ ¥2z)

(apart from an overall energy of (F,+F_) /2 ). One can expect transitions
of frequencies w , w +€ and w -£ (see Fig. 4).

That the energy eigenvalues and emission frequencies are indeed these
values, must be shown by an actual calculation of the fluorescent spectrum.
The "splitting” of energy levels by a strong oscillating field is referred to as

the dynamical or AC stark effect. The states of equations (3-1la,b) are the
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"dressed atom states" or combined atom-laser states,
The next higher order correction to the RWA is the Bloch-Siegert shi.ft24-
A 2 []
a shift of the atomic frequency by | i -, ) Wa . Thus, the RWA is a good

approximation when the field is weak enough that the strength of interaction

( A ) is small compared to the atomic binding:

A << w (3-12)

24-27  shirley?0

There are many treatments of the RWA and its corrections
approaches the problem by the use of Floquet's Theoreng. Let H(1) be an
n x n matrix and a periodic function of time with period T. By Floquet's Theorem,

" the equation

P v e M Wi+
d4 (3-13a)

has solutions of the form:
=9t
LA T (3-13b)
where @;(t rT)= . (t) is an n component column vector. The spatial
form of Floquet's Theorem is familiar to solid state physicists as Bloch's
Theorem. An equation of the form of Eq. 3-13a in classical physics is Hill's
equation27. It is advantageous to expand H and ¥ in a Fourier series. Let

h
“ij be the o component of the jth salution and define W) and H. 3

J

from the equations:



inwd T 4T
c

. h '
Yo (152 Yuy ©
h .
n inwt
Ha(l; (f) i nz Ho{p e
Schrodinger's equation becomes:

-k ‘ ko n
[ig] + W J\O‘Y Sk”}w\o’J - i\) VO(J

L {Hay

or

' EL+3W‘1)~ A/

."' N/ E nw-q; N/
f | E,r2w-4.  A/y
. N/ Eufw-‘i‘; A
| N/ Eorw=9; s/,
3 VYSE-
N2 £.~9,

(3- 14a)

(3- 14b)

(3-15)
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In lowest order consider

. l J
E, tw =% N2 ( YL
=0
7]
A/a E.-9% Y, (3-16)
The roots are 91 (E +E, rwig ) . Using these
eigenvalues, one can solve for Wul and %-I in terms of ‘-VL I and
\‘f/ o
_ Ald+4w T £ ; - AMSrtw T E) e
\}/ B - = -
O Temiraoe b and Y, ol za; Y, @3-17)
for € Kw
2 ,/_\. : h z .{}, 72
Wu : ¢ w \’/L- k"/t_ Y w M
(3-18)
The next order correction to Eq.(3-16) is:
At o
.EL—S’LHAJ'CL AN/ \L'VL
} ‘ : O
/] 2 ‘ J
N E + - kf/
/2 v g YT (3-19)
11 A bX )
Consequently, there is a shift of atomic frequency by ;/-Z/ ~ ( T ) “a

This small correction to the RWA is called the Bloch Siegert shift. Shirley

. . . /
has caiculated correction terms up to the sixth order in (w) .
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There have been several calculations of the RWA involving the two

state atom interacting with one mode of the quantized field. The one mode

QED interaction Hamiltonian in the dipole approximation is:

. - A + A
H"n4 > e'/ng(UIf”iL)'{ k;r ak} - ék} C{/‘)_){G; * J:)
Y - | (3-20)

where 7. and .  are raising and lowering operators. The RWA is

made by retaining only those terms which nearly conserve energy; @, d,,
+

and G- Gy

Consider the wavefunction and Hain iltonian in the interaction picture:
y; l. ’Jra T/ﬂ (7/ )
= &
Y (3-21)

. .+;u.+/ay - it/ h
{ = & ;

- 1 (3-22)
where the prime denotes interaction representation and H, is the non-
interacting atom and field Hamiltonian

. T ’ '
Hyo= FvtBl phi%e o s hw gl Ay, (3-23)
2 2 =
H" can be evaluated with the help of the fallowing identities:
. ) 4,
v Zeoy T -agy T liWa t
e gie S gL e
N - (3-24)
WG T -, Gla t - T

(3-25)
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W, alat ~iwey,gTa t 1 1Wer t
2 agte = g€ (3-26)

The energy non-conserving terms dropped from H* in the RWA are:

. ]
: 2T hi 2N, At [Wa tty)t g+ i)t
i e/ y (uH" |L7 /6“ Ol:)\ g; e - € C!,‘> G- e (3-27)

The remaining terms are those which invave the difference in frequencies:

y 5 - Ag + ,‘(Q/k)‘wa)'i’ A —}(Wk) -(A)q)‘f’
HRWA: ,' e/ W‘/ﬁw UIriLy (€, Gy, T2 € - D 0.€ (3-28)

Thus, the problem reduces to the evaluation of the slowly varying amplitude :

Id

" = - HRWA N (3-29)

The 'counter-rotating’ terms of Eq. (3-27) are included in a determina-

tion of the Bloch Siegert shift. Several authors have evaluated corrections to
. . 25-27 -

the quantized RWA up to the eighth order . In the limit of a large number
of quanta, both the semi-classical and one-mode quantized analysis of high
order corrections give the same results. The corrections to the RWA from
the intense radiation of the laser mode are most important. Even in this case
the corrections are insignificant since the intensity necessary for the long-time

limit resonant fluorescence experiments satisfies Eq. (3-12). Intensities in

which A~w , are too strong. In this case Hh A is raughly equal to



e E , where I, is the Bohr radius. fiw is of the order of
v

e?.

L 4

would be as strong as the binding field. If one can still refer to the target(s)

as an atom, ionization would soon occur. In various strong field transient

effects, other approaches are necessary28.

If A was nearly equal to w , the amplitude of the laser field

29.

The higher atomic energy states, omitted in the resonant approximation

will now be considered. By treating these states as a perturbation, our estimate

of error and requirement for omission can be found.

For an atom initially in its lower state, the amplitude for upper and lower

states at time t is, from Eq. (3~ 9a ,b).

-|51-/7- '/] . E
b, = € ("g&nir)
St/ Vet
lJf/Q ! 2 I'd 2
- S sinky .3 +
b‘_ . e cos &t ~1 =3 ”ET/- e.z____ {l 5}6 *[‘

For the higher states using first order perturbation theory, consider

the equation for the amplitude for state j:

5\)' :Z Zﬁ/‘Jke

k:L}U

(s - t
W)b(f . o -w

-

where _-<J'e'ﬁlk>"5’
A © 4

and W, = (EJ‘ E. )/f}

(3-31)

(3-32)

(3-33)
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b, to lowest order in coupling constant, /\Jk , is
J

+ “((")J'lc 'W){/ 7
bow =iy (a7 24 € b (t] + w m-w
S J K (3-34)
k /o :
The contribution to bj from the lower state is
. . 5-¢€)r
. w:. 2~
- v S4E) 1 RO /‘/
‘S _ +[1rz
—/)J'L (l ?.T) . -w + 8+ ¢& { Z,) TRy, +c5_‘_£ (3-35)
Ji -3 2
4+ W P rw
The contribution to b]. from the upper state is
S+¢
’ 7 - (s - - U“:’ }f
HWJV‘W‘&‘TEJT—/ e et s =
Ao Nle + '
__J_‘.J.-- 3 iy -t t oF€ 3-36
£- ('A’:')L/ ‘"(A./ + (5’2 v ’; ( ' )

4+ w B o-w

As in Eq. (3-5), the interaction strengths; 1)) /’Jk , are assured to be small
as compared to the energy difference of the levels. The laser is nearly tuned
to the transition from the lower to the upper state (L 2V ); thg detuning para-
meter (S5 ) is less than A or of the order of A . To consider the terms of

expression (3-35), notice that
WiL-w = Wy, -

NEY)

Consequently, the denominations are of the order of an energy difference

divided by #  (i.e. w,, ). Contributions from these terms are of the
order é_J_'_— << .

w',u
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The terms in Eq. (3-36), are insignificant only if [, =@ 1225 A M .

The validity of a two level resonant approximation depends on the absence of
higher "accidental” resonant states (see Fig.5). Assuming the higher states
are sufficiently off resonance that the detuning of the higher states (i.e. w-w;, )

is of the order of atomic energy-level differences, the terms of Eq. (3-35) are

- D

of order Aie < |
oJ J v

The corrections due to the higher states and the counter rotating terms
are of the same order and must be included together if greater accuracy is
desired.(omitting, again, the case of accidental res.omnces). The analysis to
follow will be within the limits of Eq. (3-12); hereafter the RWA and resonant

approximation are assumed.

Fig. 5. Higher level structure with no ‘accidental resonance’.
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4. Radiative Damping

The creation of electromagnetic radiation. is necessarily accompanied
by an alteration of the state of the source; this is apparent from the considera-
tion of conservation principles. However, a detailed description of the field
and the state of the source as they evolve in time, requires an analysis of the
equations of motion. In classical electrodynamics, there is Newton's Second
Law, an equation for the particle's acceleration in response t.O the Lorentz
Force, and Maxwell's differential equations, in which the effect of the sources
upon the fields is a fesult of the inhomogeneous terms: A(X, 4 and "5 T4}
In quantum electrodynamics, one can derive the analogous equations of motion
for the Heisenberg operators’ from the Hamiltmian and evaluate various expec-
tation values with use of the initial state,

In both of these cases; the interdependent nature of the evolution of source
and fields requires, in general, a simultaneous solution, However, in the

case when the rate of energy loss due to radiation is slow, an expression for

the radiation reaction force can be obtained and the equations of motion can be

solved., For classical periodic motion the radiation reaction force is42:
e RN ‘a
= . 2 =V = myYy
rad 3 ¢ (4-1)

For T Wws<<1 Eq. (4-1) can be approximated by

E ad

-~ MW, Ty
(4-2)
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Together with the external fields the problem reduces to the single second

order differential equation

- =
2 % o+ E
= -mw, +*
" X l a ex (4-3)
The energy decay rate due to radiation is:
2 4v
2 W,
" ; (4-4)
In quantum electrodynamics, when one works in the Schrodinger or
interaction pictures, one starts with a single equation. However, it will be-
advantageous to derive a second equation that is the quantum analogy of Eq.
(4-2). This will enable the elimination of the radiation operator in favor of
its relation to particle operators. The treatment to be given will follow
Mollo'w's? Other treatments are given in Refs. 1, 3,4, 30,31,
The wave equation in the interaction picture with the rotating wave
approximation is:
2 1Yy = Ho ()Y (0)
A = o
,%N} (4 Hz (4-5)
with
-84 &4 w9 2 -yt 7 "t
H;(%FM(@ a; +€ o:)+( Ojd“ o a. d g k,\) (4-6)
Formally + ,
-"—' H-Z ( + ) C]

4 +
) .
|y Te /”/’”):‘2”7,, (4-7)
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where T is the time ordering operator.

1+, [Y{o)) = | Y oiiom (0)>I\’ | (,7,1_>>rw'd | (4- 8a)

and

\e

0 =L (T a7
N ....n,-(-/cf',l‘ .

T - n =i (4-8b)
> =2
Consider the effect of . g %‘:H (#) on |+, For n) & ,
by Eq. (4-6) and (4- 8b)
> L
. - -5 S -,LJ
| ; ',i)(;§ s —.’..(i({’? )C‘T[ /1) /(xw/‘4 ‘;/Ee 5‘1? 1(/)
d.k) \Jk,\" l"/n ﬁ .:"‘-r‘l :; I k>\ Z, "\-.A B L
dn > -
J . -~ . , ,
o :Jf‘/‘**'l,-l.‘,;zc‘t Zkk\Jl"' \>73-/
ho) T ’ e
(4-9)
For v=¢& | , 1 o >
S g |t oy e G R T B
Vgld N—t)) / 7\(1,7', ) . |
R TR I R TRE R
Qa1,° )"
one finds
; Wz e
—— bl - -» - a9 dl,&; *;(d(.,'_-*’,'
! < ! . /.‘ H .z ! ‘ =y
2. [Cf‘é'k)ir,)i g1 _(4 /‘_/ T3 3n } dw w € (4-10)
KO /)

where W is a cut-off reflecting the nonrelativistic nature of the treatment. Because Eq.

(4-10) involves an expression which is highly peaked at t = t*, the first term of Eq. (4-9) car
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be approximated bv:

3 r W -wit’ st
,}3-51-3 {Jd%jdw w e ¢ }O‘:H>n—/ .
37 Jy o (4-11)
For large time
2 ~ Y , p -iwT
" _’.’);_f_l {;dww(ﬁé(w-,wa)-i__——-’ }@ f-!TZ"/
~ yme? (o wo-w (4-12)

The second part represents the level shift. However, a proper calculation

of the shift includes the upper states, renormalizat‘ion and relativistic effects,
A non-relativistic mass renormalization will account for the major part of the
Lamb shift and can be included in the usual way (see Sakurei, Ref. 20, p. 70,
for a.description of Bethe's treatment of the Lamb shift). Our concern here is
not with the level shift. Consequently, we will drop the latter part of Eq. (4-12)

and consider wj, to include the Lamb shift. The first term of Eq. (4-9) is,

finally
3 s ) - Wy f
2 d*w a ' S oiny a 117,

iss o € alt7,., e‘ o (4-13)

The second term of Eq. (4-9) involves E(+) 1475 : . From
the analysis above we see that E(H) 1+ ’)n_l is not appreciable - until

b7~ g';, (see Eq.(4-10)). A more detailed estimate will be given

shortly. Consequently, the second term is of order ;3 smaller than the



first term of E (+ AR DA . Eq. (4-9) can now be
expressed:
> - ) -1 Wa F /1
d-LE, i), s inre ey, 1 0(F)

k>

In addition

Q

g3 Elt)] )

k>

A final summation gives:
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(4-14)

(4-15)

- - Y - - i,
de T E 0 + L d L Ethlhy = sitive 0T,
kX N’ - >

a5 E, (1113 = -invame T
k>

where

~
w

o

LN}

Win

o |

w

3v E
)

This relation (Eq. (4-16)) between the field operator
operator ( 0~ ) is the desired analogy of Eq. (4-2).

absorption operator is related to the atomic current

(€ ) and the atomic
Thus, the radiation

operator. The wave

function must satisfy this equation as well as Schrodinger's equation. A

solution involves the use of the radiative relation (Eq. (4-16)) to eliminate

the absorption operator from Schrodinger‘s equation.

how this operator equation is used in Section 5.

We will see in detail

(4- 16)

(4-17)
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Now, let us return to the terms omitted in the above analysis to show
in detail that they are indeed negligible. The first point of approximation is
the replacement of the slowly varying function [+7%,., by [+ 7n-,

in Eq. (4-9) to get Eq. (4-11). I1+7) s related to 1+> as. fallows:

37 u"(}’, 1)1+

(4-18)
(g ] B ) |
! (4-19)
The next higher order correction to Eq. (4-11) is
o o . 17
2 iy -w)t” Twt v %
d 3 g “ L #
_;ﬁ}/dw w /df e e 7 Hy (+7)d /’L),,-, (4-20)
v 0 +

The intensity of the laser field is much greater than the fluorescent field;

thus, the dominant contribution comes from the first part of

-5t 547
He(+7 = I R

- ) + (non-laser terms)

o 3 =il -wlt’ iwt
Since 5 dw w”™ e e is a highly peaked

P4

function at t* ~ tand & is small compared to «w, , the slowly varying function

Hz(4’) can be evaluated at t'= t. Eq. (4-20) becomes:

‘. o P siltuy-coy T ciwt
_@C}M,',«I(ujdww}df e e e, e

-/
v

s o t —i{,—w)d T et
ng,’__,Hf(dew wB/-ii)ch'e e 1l (a-22)

dw



for long times
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, | o -lwt _
e ’4(4) dwcu3"_/ (7‘15(0\;—6\}4},,!"&)—?“)@ /7’7n_/
3 c3 Th , Jw : a
integration by parts yields
y o0 | -rwf
r 2 - e
o HI(U}dw (18w =) Pw w) “-Z/I'/ (4~ 23)
The added contribution to the radiative decay relation is
.| ZCJ‘LOJQ‘} HIH) }+>
e PR (4- 24)

A ‘ ..

This is of an order o smaller than Eq. (4-16). The shift contribution
a e .

of Eq. (4-23) does not diverge as severely as that of Eq. (4-12)

It also con-
tributes an added term of higher order which can be ignored

For the secand term of Eq. (4-9), it is necessary to evaluate

> el Cip 4147
k>

This is just Eq. (4-9) with the dummy variable

changed to + and the upper limit of the integrals change from t to t

S5 >
The first term of Z d EQG} 143

-’nlj/o d+’ Z[d Zk,\ el §/j>( ﬂ ”w”;ﬁ'H”)n—r

(4~ 25)
From Eq. (4-10) one finds
> Y 2 1-_/ ro s ~i(Cd, - W/+ o
Z G) Ek?‘ +)}+ 7 3@3/7/614' jdw W € A o J‘}_//)
k> U v .

(4- 26)
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The second term of Eq. (4-9) can be approximated by |

dl ' H (+/) f , 00 3 —i((,da-w).f_" - ot S
< ch/ : dt"\dw e e oo |+7,., @27
0 N ,

-

w i)

<t
)
The cv integral produces a highly peak function of + - + , i:hus, the
+” integration is only appreciable when 4 nears + . This enables the
slowly varying function H;(4°)  to be approximated by H; () . Eq.

(4-27) becomes

s (T (T S W W
_’ld - ch’ dt7 ] dW W+, ) €7 c (4~ 28)
33T % A o,
where a change of integration variable has been made ( W = w - w, ).

Upon time integrations:

) S F .
= T ‘:waf . W . T'Wf
_;‘_______.CL ;E(L/e )C}W(\/\/ -rwq)B e - ‘:’ lW'i’ @
< © -w

oo .
d X Halt) ~iwat y — - i W)
T Soma © /G'W(Wwaﬁi[—-—-——' = )
© JW 9%



40

for long times
- g

L. 1v0'1}41(f/e
. 3¢c’T

t(” |
£c¢wz'W+wa)3%/(;n5(WJ-%)

integration by parts yields

£0 .
T -wt
~ el Hylt) ! o L , P
e dW(W+wa) (T S(wW)-iL)
C% T '7’ o ) ( w (4- 29)
The correction is equal to that of Eq. (4-23).
In Section 5, the four state problem will have an interaction Hamiltonian
9
similar to that of Eq. (4-6) except for the operators J= and < . It
-
|
will be shown that the operators ,Ed", 71 are replaced by a generaliza-

tion which accounts for the various Clebsh~Gordon coefficient of the various

- A A
transitions. These are the \)/ and \'/1' operators of Eq. (5-9). The Y

’ A
operator can be expressed in terms of polarization vectors & ; and lowering

operators U’

- A :
B J
Y : E €, 0C (4- 30)
J -
: S
with éJ, €T 5,-J~ (4- 31)

A A
Consequently [ E‘)I , ik) . +, ZAJ -, 2 (4- 32)
/ ]
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One can now establish:

:cu"}

A+ . -
v ‘C”éJ"kZ)gHW:“‘ﬁX(T‘Je 147 (4-33)
or
) A J -fcuf
ICUZ;\ EL) (U)f7= 2"“5@ o e [+ (4-34)
k ;
and
} , <2 wt .
chgEH(”}*>-° SiEYYe o) (4-35)

This is the appropriate generalization for the four-state problems to

be treated in the next section.
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5. Fluorescence From an Atom with Degenerate Energy Levels

The effects of degeneracy on the spe;':trum can be investigated by con-
sideration of a two level structure in which each level is doubly degenerate.
An example of this type of structure within the Russell-Sanders coupling scheme

is the transition; in which the lower level is a =0 state

S127 Pyy2
coupled with a S=1/2 state and the upper level is { =1 state coupled
with a S=1/2 state. The latter coupling produces both P3/2 " and PI/Z
states. Because the laser pumps only to two of the upper states, the SI/Z-) P3/2
transition can also be treated as a .two level atom with only double degeneracy.
The two cases differ only by different Clebsh-Gordon coefficients.

Another important case of a I=1/2 to J=1/2 transition is
found in the hyperfine structure consisting of a lower state resulting from the
coupling of a grouna state of two. S electrons with a nuclear magnetic spin of
1/2. The upper state is the combination of the atomic L P1 and the nuclear
spin.

The four states can be designated by the orbital angular momentum quantum

number £ , and the magnetic quantum number of the total angular momentum

m . Fora S to PI/Z transition the four states, |} { , mJ.) are

j 1/2

(L 1/2) = R ({273 YUL—[T/? Y1101‘ )

|0, 1/2y= R @ (am~/21

I, -1/2y= RO (I3 Y J-{23y T

10, -1/2) = Ry (am~V2 ) (5-1)



where 14 } are the spherical harmonics; R,fr) and
2, M 0
R1 (r) are the appropriate radial functions whose explicit form will not
be considered, 'I‘ and |, are up and down spin states respectively.
The four states of Eq. (5-1) are considered a complete basis set given the

negligible probability of higher excitations (see Section 3). The wave functions

can be expanded in these basis vectors as:

~-iEyt /5

VP A, € 14, ;) (5-2)

- L. e L '
fz0,1 m; = L3 7

Ay includes the field state when the atom is in the state 2,6 m,
2 J .
Note that factorization of atom and field states is not assumed.
Schrodinger’s equations can be multiplied by each (,9/ m.| >
]

yielding four equations for the A These four equations can be

2, m,;

put into matrix form with the introduction of the vector

A e
A
) 0, 1/2 (5-3)
kf/ =
Ay, e }
LBy, -1/2/

The 4 x 4 matrices in the Hamiltonian can be expanded in any complete
set of 16 matrices (see Appendix A for the familiar Dirac matrices). Without

the interaction term, the Hamiltonian is

44
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- ] 1;- -1 -0 . -r
¢ ) 3 %= 7 Z /hwk,\ iy Gy (5-4a)

where (J; is'a Dirac matrix.

The interaction Hamiltonian is (from 2-35)

/

H :-eF’,

AN

cos w4+ - eF-(E t €-r) (5-4b)

5 , .
where EO cos wt is the applied laser field and £ ( {_T) is the field destruc-
tion (creation) operator. To express the interaction Hamiltonian in matrix

: -

form, first the dipole matrix, with elements <2 m e | £ V"‘j) , is

found. Using the relation

A A A A
-3 ) 4—,“.. A _ ®=1 X+i (5"5)
er-er\/3(Y1,Oz Yl,l ———-Y\/.Z. +Y1'_1—\j—-fy )
and making use of the orthogonality of the Y 's

X, ™

(Vo (o, 01Y. (&, ¢1an= 5, Su

the dipole matrix is:

1 0 2 0 }A(—l}/; \'\
A A LA
dipole _ iy z 0 x=-iy 0
matrix A A P (5-6)
0 X+iy 0 -2

A LA
| x+iy 0 -2 0



where

d = '1595“0 R; (r)Rl(r)r3 dr (5-7)

Rl and RO are each defined up .to an arbitrary constant phase factor.
These phase factors will be chosen to insure that d is real. The matrix of
Eq. (5-6) operates on the véctor of Eq. (5-3). The unit vectors in this matrix
will be multiplied with the polarization vector of the field (see Eq. (5-4b) and
Eq. (5-12a) below).

Eq. (5-6) can be expressed in terms of the Dirac matrices of Appendix A

and written in the form

dipole matrix =-d (Y + Yf) ' (5-8)

A A, ~
where Y:X/)G: -y IpPL+ZBGL

(5-9)

Y is the sum of the various lowering operators that arises in the evaluation

of the dipole matrix for the states of Eqs. (5-1). As discussed in Section 3,
the rotating wave approximation will be made by retention of the terms corre-
sponding to approximate energy conservation. The matrix form of the inter-

action Hamiltonian after the RWA is made is

46
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where

N=dE, /0 (E =2E,) ' (5-11)
/3} g- ) s //) are Dirac matrices
A
6 b Z ;gk ék) Gk) (5—123)
PEY
| - 217 K w
Je> / v k (5-12b)

The first two terms of the interaction Hamiltonian express the laser
coupling of the states of similar mj. The last two terms involve operators
for both linear polarized and circular polarized radiation. The dot product
between Y T and € isthe product of the unit vectors of Eq. (5-9) with

N
the polarization vector of the field ( €., of Eq. (5-12a)).

The goal is to find the spectrum in the long-time limit. The expectation
value of the number operator, (i.e. <q/(4) { a;/\ iy | ’\4/(%}) ) is
related to the total number of quanta for the kN mode that have been emitted
up to time t. To calculate the long-time limit spectrum one desires the time
rate of change of (v {+)] a,f\ Gy | ‘-r(+)> which gives the
rate that light is being radiated into the k. mode. It will be shown that

‘-’L <*-V ! a+ G q/> approaches a constant for each kand

o+ kX ¥ ) ; '
in the long-time limit. Transient effects basically decay exponentially. (For

slight deviations see Ref. 32).
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The auxiliary radiative damping relation, as discussed in Section 4, is

d Sy = -iksY ¥ (5-13)

An evaluation of it (¥ 1 dgy Al 7 will necessitate

an evaluation of CARZA /-7/“1‘*'7 o« 77 is one of the 16
matrices that span the space of atomic operators). With use of Eq. (5-13) and
its hermitian conjugate, vl a ,Z'> /7 Y can be related to
the expectation values of atomic operators ( (¥ //7* u‘) ). Reducing the
problem of an evaluation of field operator matrix elements to the evaluation
of atomic operator matrix elements is a crucigl step in the simplification of the
problem. It enables one to avoid an infinite set of coupled equations where each
field matrix element for the K > mode is connected to all other modes.
However, the joint effect of the continuum of field modes has been ‘absorbed’
in the damping relation (Eq. 5- 1.:3.). These points will be illustrated in the
calculation.

The 4 x 4 matrix operators can be expanded in terms of the 15 matrices

given on the left hand side of Table 1 on page S0 and the unit matrix. (The

unit matrix will not be explicitly written in the equations.) The operators
| r

3 projects onto the mj=1/2 or mj=-1/2 states:
| Q
| (-2 - %
L+ 3 - ' 2 o
2 0 i ]



In set one of Table 1, operators involving U+ are raising or lowering

operators for transitions of A m]. =0 . It will be convenient to consider

=
tiwt
these operators with the time factor e . Expectation values of

these operators will be seen to be slowly varying. Operators with the T3
matrix are "probability difference’ operators for the two states of particular
mj . The /3 operator is the ‘probability difference' operator for states of
m, = 1/2 over states of m, = -1/2 . The /7 matrix is

Operators which involve p are transition operators for transitions which

i These transitions, referred to as cross transitions, are associated
A
. . . . . L X Eiy
with the production of circular polarized fluorescent light { E .+ * )

change m

The operators <7\'J s P )3 obey the following rules of algebra:

[7, o] =27 € o

Lp,o]=o

[p, o] ° | (5-14)
jo,o) 28

/

{ppy =0
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~Where [ ] isthe commutator and { } is the anti-commutator.
The expectation values of field operators will be shown to depend on expecta-
tion values of the operators of Table 1; these expectation values will be found

first,

Let I, stand for the pth ~ matrix of the ith  set of Table I.

i ‘-‘;(Lﬂf;‘lw A1 oy +u ]

d

hd | I)\_y
el

)
ol
i
;11
N
[
% 3
o)
=
+
SY
H|>
=
N
Ve
9
m-.
g
1-
o
=
(D ]
E.
N

The last term involves matrix elements of every field mode operator. Using

Eq. (5-13) and its hermitian conjugate, the last term of Eq. (5-16) becomes: -

AR TN AR I ) -4

(Y, YT and )"’ﬂ" are matrices; the dot product, however, ‘is between the
unit vector X, ¥ and Zof Yand YT . (See Eq. (5-9).) Thus, the multimode
continuum is accounted for by the introduction of the damping constant as expressed
in Eq. (5-17). An infinite set of equations, index by the wave vector k and

polarization A , is thus avoided.

By use of Eq. (5-9), expression (5-17) is:
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Using the rules of algebra of Eqs. (5-14), this expression is-evaluated for each

f:," in Table 1 (on page 50 ).

Combining the results of Table 1 with the first two terms of Eq. (5-16), the

following equations result:

(5-19a)
LA )
AN 5-19b
. d N - 3 7 3>
. ANy = (5-19¢c)
{17y =MD |
where A
/—5-315 o -£ o o 0o 0o
A \
/ 0 J-348 3 0 0 0 0 \
! \
o= A -418 -iy -2i¥ 0 0 "\
| |
V= 0 0 —4i¥ -4i% 4% 0 0
0 0 -2if 18 -4y -A A ;'
'\\ A
\ 0 0 0 0 -5 §-3iy 0
\
L0 0 0 0 Q— 0 -g-3iy

(5-20)



Table 1
For f",", The decay term is:
Set 1
:w+
H‘_i-éa:elwf -3 b"f‘<“‘ﬁ >
jwt _ iy
|2L/3 - w "333"F\<,—2—@(7_;e w+>
. -5
'—;_—&‘7% -3irh -;xﬁ(}g>-&.’x¢; '_*it_gg—z>-1.rﬁ(’_5_ O})
A -4ivR{RY - Hivh( A o—z7++}m<%£ 0’;)
L;"—BU;'.£ -3i¥% +13"K<B> -l+,rﬁ<_£03>_2 35()*)3 >
- iwt , 1=B “lwy
SEae (R o e
‘—.:,_—B-O'.'e'w -3ivh (52 "“*}
Set 2
LBpae™? | 3irs (5 peeivh)
‘L;.i)’ﬁe"‘” -31m<’—{ﬁ,oo;e"'w+>
":i/-; 7z -lh’ﬁ<’_ﬂ})¢2> -z;yﬁ<"/3/b)
|+ +B )
=5/ ~wirh( L2 py ~uwind (R p a3
Set 3
5 g et | a2 ety
1—2/2'/07-2 —1:Y‘F\< /)0"> _2,({,<_£/)>
- 1=B
'_1_13/) -—‘-h?f\< /)> "'"""D"ﬁ< /30-—2>
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y
- -31% 0 0 -5 \)
) ; ‘z
0 §-31y 0 A '
2 2 :
Me = ]
0 D -21¥  -2i¥ |
/ 5-21
-A ~A -4i¥  -4i¥ ’/ ( .)
M3 (/\f = M? ('—/\ )" (5-22)
0
0
1
A = =-3id 0
1
‘\ 0 (5-23)
Voo
§ = w - (E-E, )/ 4 ' (5-24a)
A = dEy /R (5-24b)

The 1\/[i are time independent; Eqs. (5-19) are Markovian differential
equations. Dropping the subscripts, with the understanding that I Y stands for

a 4 or 7 component vector, formal solutions for <F“> are:

Nz B /{'7’ - 5 ":7— ' /\
(r')=e \ >a o T (5-25)
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where <[""), depends on the initial conditions. To understand the nature

of the solutions it is necessary to find the roots of the equation

det | %- M | =0 (5-26)

These roots describe the oscillatory and decay-like nature of the time dependent

part of the solutions. The roots for M2 are found from the equation:

detM- M% | - 0

4 2 2 2,
vt - g%y t A% 1py - 97282 - 0 (5-27)
where
y = X + 3i¥ (5-28)
and
£= S +s® (5-29)
H;‘-
(Terms of order 3 * have been dropped; interest is in the strong field case
Y<<A (=2 r<< €) ).
The solutions to Eq. (5-27) in power series in ¥ are:
—— 1 v 2
' /\21.//\41365?.) N o(%}
Yl,Z = 1}5( N (5-30a, b)
Az
V3,4 °

tE -t x(;é) o+ o) (5-30c, d)
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For finite & Amu< o and e consequently
decays tozeroas t = o . The initial state can be expanded in the eigen-

functions of M2 (the four eigenfunctions are orthogonal).

J -
<F‘ ) - Z A, Z?
° 2
where
2' .
M2, =X, 2,
and
Thus,
2, -0 X+
A S B :
— U — 0
S (T >0 = Z € 2 !
2
The roots of det ] » - M3} are the same as the roots of det] ¥ - m?)

since the determinant is unchanged by the transformation A = - A
(see Egs. (5-21), (5-22) and (5-27)).

The roots of M1 will be shown to be equivalent to the roots of the two matrices
of Eq. (5-31). From inspection of Ml, it is clear that det | x-M'] is indepen-

dent of the sign of A ; hence, the sign of the A terms will be dropped. Next,

rNep) . L+ .
consider the transformation, L, to the basis set{ 'Q_ . 2 22 ",
\ —
el oo Ti-le o Ca-Cp o pj-mi9
! 4 J = ¢
2 ) 2 2 2 J

Such a transformation has an inverse, L™1. Since det| Lot = 'y (= detfy-m
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the eigenvalues of the transformed matrix I_.'1 MlL and the eigenvalues of ml

are the same. By simple addition and subtraction of the equations for the { P//,>/

the transformed matrix is found to be:

-5=31¥ 0 12‘- \

| A \

0 S5+3ir 3 \\

\
A A -eif \
| |
ARVl LI ~4iy -4y 0 0 |
i |
\ |
! -2y =20y A A j
: A !i
0 5 6-31F 0 i

\ I\‘ ;r’
\ 0 0 0 -§-3i¥

(5-31)

A simple calculation of the secular equation for the eigenvalues of the 4 x 4

sub-determinant reveals that the secular equation itself and thus the roots
N X

are the same as in the case of M2 provided the substitution A=

is made (except within & ).

The roots for the 3 x 3 sub-determinant are given by the equation

v 4 31%y° —gly - 318 =0 (5-32)



57
~where y @7 3% (X - the root)

Again, in an expansion in powers of ¥ , the solutions, yj are:

. “,( 3%;5) (5-33ay
) . Al
v, 4=t 1922 (5-33b, ©)

All seven roots of Ml describe decay pnenomena.

As seen from Eq. (5-25), the decay-like eigenvalues of all three matrices

insures the decreasing effect of the initial conditions on the state of the system

as time evolves, The. solution for <}""> in the long-time limit is "il'A
M
_/:(5 y 3.5}
} ‘(52-_5{61
‘S Do resteigy I' © f
U S s Cgrlay ‘/ (5-34)
,/‘{(54-3'7‘) ;’I
’2" //
__/_1(‘5-31”. /l
2 /
Thus, 1 o
= [S -9y
| A ﬂ-[A |L- £ 45 #(BT7 (5-35a)
1,1/2‘ 0:1/2 :
_()"-‘M'l
L (5-35b)

lA]_ 1/2[1- }AO 1/2'Z= 2 1 2
;= M ¢ + STt laY
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RNV 1B 12 = A /2] *')Ao,-lkz |

Equationé (5-35a) and (5-35b) show how the parameters for laser pumping (£ )
detuning (S5) and spontaneou;s emission (¥) effectthe equalization of the
probabilities of upper and lower levels., The probability for occupation of the
upper level is diminished by detuning and equalization of probabilities is pro-
hibited by spontaneous processes. The maximum excitation o‘c.curs for &:=0

(%)

the difference in probability is 5 for strong fields [ ¥ << A )

Eq. (5-35c) expresses the equal probability for the m.=1/2 states and
i j
m, =-1/2 states, as expected since the two sets of equivalent states are

pumped equally and spontaneous processes effect both sets equally.

T
Consider, now .‘%{‘Hw‘)} Gy Gryl W)

| v Ny
: :_l';-<w(+)l ady a,, |y > (ol a,

By virtue of the definition of Y (see Eq. (5-9)) the right hand side of Eq. (5-37)

-iwt

' " P
is a sum of terms of the form (y(+)| o Gy T, wiH )

For an evaluation of these expectation values consider

. } , -iwr _F oAy, .
,’ﬁ /j:(%))e G D, 110y

—;.’AJA'{- - ~1 .. ‘lL’Jf" - .
<L‘y(.’)][e [;fk)‘)jr‘/H-'y")‘;/di'LAwe jk)lrﬂ;,'/-’{'{,/\)
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(5-35¢)

(5-36)

(5-37)

(5-38a)
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By the identity [ AB , C] A[B,c] + [a,cls one finds:
iwd : - iwd . ,
wd e al ni) e al e n]

Co + T ~iwi~ + i
+[Elw+ak)/ L f/“_!ﬂ Fir alc)P/ >

‘ 0

[N

(5-38b)
~ where the explicit reference to the state ¥(+) is omitted. By use of the
rules of algebra for the matrices and field operators, together with the ex-

pressions for.H, (Eq. (5-4a)) and H /(Eq. (5-10)) one finds:

R . . . i
, o -t N 2 M ~iw o +>
A e ™an ) s Ma e G D) rS A <

L

r
(e ' // (5-39)

*(w—wk)<@_'m ,\/‘7 > I3

“h

The first two terms of Eq. (5-39) were derived in the same way as Eqs. (5-19a-c)
were derived. Indeed, the commutator of the first term of Eq. (5-38b) is the
same as that of Eq. (5-15).

Define the frequency of the fluorescent light relative to the laser frequency:

K, - - (5-40)

oy Y, =Mt \
- X - r
e alr)y ¢ (a;r)
T M) - f)/ _
e , i ~rwl ,
+<CH = \ P ‘H \¥(+}/L Cprl) )k

‘[-A/*

/ - b .
J /‘1\‘#’( e g e }> (5-41)
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The first term depends on the initial conditions and decays to zero due to the

nature of the eigenvalues of M

The particular term, ( e 'u”a ,:) }'L ' > , necessary to evaluate Eq.

(5-37) depends on the polarization. Consider first, the polarization &,. 2

From Eq. (5-9)

. \’
€. VTl 5 p%

- (5-42a)
FsP oy o
¥ - - :
s - 2 —:— /)
€. Y o= | (5-42b)
For the polarization under consideration, Eq. (5-37) becomes:
d . r ' N oL / . T -jwt v y
;<V"’f5fk-aa.!¥(*1> == gﬁk fo (| e T Y (5-43)
p 1,
A
Define the unit vector &I = - (19,0,9) which operates on the vector
M* . From Eq. (5-41), and (5-42a), for long times,
L (y)|ala, vy =
o ¥ '
2 A /1‘. J(h =M1 Tt 2
Q. T r / sy -
%;3‘“/%20,',\0'*6 1e ’_31'.3/30:!_’ Jwirn\
(8] \ :
’ (5-44)

With use of Table 1



61

(5-45)

The entries of this vector are elements of set 1. Eq. (5-45) can be expressed:

. / . M'+ ’ / , /LT' ]
| _B 6‘ -w4 2 - e-' [_,, v Iy L / 9]
(Frae T17)=N ) <PA:M)‘ e (5-46)
{ o
where
0 0 0 -1/4 1/2 0 0
0 0 0 0 0 0 0
N o 0 0 0 0 -1 0 (5-47)
0 0 0 0 0 1 0
< K > o depends on the initial conditions. < K /)& - oo is given by equation

(5-34). The term which depends on the initial condition contains the integral:

f M=)
g at @ b e ) ) (5-48)

ARV

<. F")J can be expanded in terms of the eigenfunctions of M '



-
r), = 2 o2,
=

where Z,, satisfy the equation

J J J J
M Zm. N % m Z "
thus,
1 ’x’ + d
-im' T -1 X !
e KMy = 2¢ Ao 2 19
2 m :
Expand N Z; in terms of the eigenfunction of M2

- i 2
N2, D b, 2,

Eq. (5-48) is now
() , (. 7

HE R YO W R
. ) e Za

PR

’

7 +
ZZ Ey, 64,,,543‘,6

) tmz, N3

(ty . : -
~i Nt (= ) F

s e < |
- Zm
- {% Lj" am |'[~7(1< +(—>::,1)‘7!"4i);}7

An examination of the eigenvalues (see Eqs. (5-30) and (5-33)) reveals that
. {2 (o
o ( Xa - 7(,,”)3 7 O for all n and m provided A #o

Consequently, the denominator is non-vanishing. Due to the decay-like nature

of the roots, (5-53) vanishesas 4+ —= c¢v . One is left with
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(5-49)

(5-50)

(5-51)

(5-52)

(5-53)
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[ o T8
. A R TR CRTM N
F . 4dgt t . “ ' ‘ v
<ak-ak-> —';.6' /% O, jd% c ( 3 -,uf)
dt i ‘< < 4‘4_5’ 4
- -l.(.()‘f'
<’__B(71€ 0
2
(5-54)
From equation (5-34) and after integration: _‘
. . 2 / /\1/‘4 \x
&'Llﬂ/az:a!u)ii =7 j——d I Lm a,r’ 7('(——2 / A 0 "
J+ INEATENENE & M Lesenn o (s5s5)
R I /
i“é(i+3f¥} ;
P2 ‘
2 2 2 - 2 A,_ . + 2
__C’ i/l '7(K+12;3'7<,f-(5 YN HAEANN HEST)
- .2 L L CAm _ ’
g s eer) cietl X=M
| (5-56)
Lo 4 ’ 3 41 1 X 5
= 2 2 by 1
- 136 2 Vo pty/, 1y :
DlE +5 +18¢°) (’f\,‘ +f JOX 2T )((7(&-5)&,,_,—; }((752+€)1+/-;.) (5-57)
where t « [au T,
\ :3_(3~/\_\//\ .‘—3652)
2z°
(5-58)

The ratio of either side peak to center peak is

3N
(72565 (A +e5) (5-59
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which on resonance is 3/7

A4 A
For the polarization €, ° X ,: Y the results are trivially
V2

the same. In Eq. (5-54) M2 is replaced by M

3 and S by -B . Both changes

resultin A2 -A , however, Eq. (5-55) is again the result. This is
expected from the symmetry of the problem since initial conditions are lost.

The results (Eqs. (5-58) and (5-59)) agree with those obtained by different

rnethods33 . 34

The above approach is easily generalized for greater degeneracy
and can be generalized to.inciude magnetic fields as will be shown in the next

section,



6. Strong Field Resonant Fluorescence from an Atom Subjected to a Constant
Magnetic Field
The level structure of an atom is modified by the introduction of a constant
magnetic field, Thus, one can continuously vary the structure in which to in-
vestigate the multipeak fluorescence spectrum resultant from intense radiation.

..)
A constant magnetic field, H, can be represented by the vector potential

-~

A, - LHxT (6-1)

The total vector potential is the sum of AH and the vector potential describing
the quantized field. The terms in fhe Hamiltonian involving the vector potentials
are

2

21 e s 1.2 -
+A)p+2—;n-C2(AH+A) (6-2)

S

e
mc¢ ( AH
With Eq. (6-1) the first term can be written:

e_ '7'.°,* e_ .J..: - -
o HI o+ £ AT (6-3)

The second term of this expression has been dealt with in Section 2. With

the inclusion of spin, the term

eh
mc

S UX(Ay + A% (6-4)

is added (see p. 78 of Ref. 20). The second part of this term is of the order of
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\4 v
R )Ee~ L lrgE) = ThA | (6-5)

This term can be dropped since velocities are small enough to warrant the
non-relativistic treatment. The first part of Eq. (6-4) can be combined with
the first part of Eq. (6-3) to give:

. & F(T .28 6-6
Hong = smg B (L +28) (6-6)

This completes the analysis of the first term of Eq. (6-2).

The second term of Eq. (6-2) can be written as:

2 L2

=2 = 5 = = e e +2
-ée—-Z(er)'(HxR) + U—I-CZAHA + ;CZ A (6-7)
me
. eZ A
The last term has been dealt with in Section 2. The term, —m—cz AH A
can be shown to be small as compared to the term r-r%: A"Lp . Consider
2 =
e, L =
mcZ 2 (Hx fab )J (6-8)
e -
mc¢ ( pab )j

Pab can be related to r ab
1 2 m 1
p = -zm[p )= —ih[H r

Thus

. (6-9)
Pagp = M wabrab
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Eq. (6-4) can be written:

_.>
/(/B( Hx Tob )j

ih ('uab (ra b)j

where /(/B is the Bohrbmagneton

WithH = H_and [l ) | = |,y |
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(6-10)

(6-11)

(see Eq. (5-6))

‘The tersis of Eq. (6-5) are small provided:

VgH

houab

<1

(6-12)

This condition expresses the relation of the energy shift due to the magnetic

field ( i.e. /JBH ) and the energy difference of an optical transition ( 4 w, ).

The energy shifts of concern are of the order of 2 h A , which is the total

'width" of the spectrum in energy units. Magnetic field strengths are of the order

2h AN 2her , E

= b 70
s —

The first term of Eq. (6-7) is of the arder

2
&

8mc

compared to 2ZhA

2
m A Tab N
A

2, 2 2 2
2 Hi(x" +y) ~ 2mA 1

(6-13)

2 (6-14)

1 (6-15)
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This concludes consideration and elimination of (6-7). The remaining

magnetic terms in the Hamiltonian are given in Eq. (6-6). By evaluating

/ ’

the expression <f , "y I Hm,,j 3?/ 'MJ> with the states of Eq. (5-1)
one arrives at

T A ,//3 -2 h )

i nd& A2y, (6- 16)

where

o = 3 ; ! .

'AA 3 /(/[} }'"Jz (6-17)

Eq. (6-16) is an expression for the Hamiltonian due to a magnetic field in the 7
direction, the direction defined by the electric field component of the laser field.
The effect of the magnetic field is to shift the atomic states. The magnetic field

n N
components in the x and y directions can be expressed

] ' M

| S E e A O AR I IR

|’ ) (/‘/\ ;'\)( I \/> "‘://\‘l\/J"- A‘\ )

."X\/ : e = ; ‘ -

The Hamiltonian is
ST
’ . i e - N G Ty

N S T TS PR 0 I RN
| - x #

In matrix form, the Hamiltonian is
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/’ 0 0 ‘i/‘//? {Hx "“‘f} 0 '

i 0 0 0 Moy -5 H, )
(QMMWM 0 0 0

.. /

| 0 MplHyriby) 0 0 "

or

B TER(2pu - pOE, -2pPE, i)

This Hamiltonian would couple the 15 matrices of Table 1. The enegies A/ H\/

and Mg H, will be restricted:
/1/(5 “ Y y //0 HX < < A ¥
With the addition of Eq. (6-16), the energy diagram is as shown in Fig. é.
The radiative damping relationship,
= vi :
d Y- hYYY (6-18)

is still valid. This can be seen in two ways. In thederivation of Eq, (6~-18)
the wave equation in the interaction picture is considered and the formal solution
is shown to satisfy the radiative damping relation (Eq. 6-18). One can transform

to the interaction picture with the unperturbed atomic Hamiltonian and free field



- e ——tmteen

!
3% 2 My s

- -

old states ( no magnetic field)

perturbed states

Fig. 6. Perturbed atomic states.
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radiation Hamiltonian (i.e. =4 &)k) -a,}} qk A ), as before,
k)
and obtain
/ .
H + H (6-19)
m

where H' is given in Eq. (5-10) and Hm in Eq. (6-16). Eq. (4-9) is replaced

b
y o

;}Y 7/‘ “’\ : =L ’ r/'fc‘ [‘ el ’} -;wa",
tJ" "tk)« ){/:4 ﬁjd+ z LGJ,'LL;\T)/é:I Ck,\‘f

n
)
Lo
o
~
~
S
K

(6-20)

Hm will be restricted to the order of H/; this insures that the last term is
negligible. The next higher order correction from this term is given by Eq.

(4-29) with H_ reptaced by #~ r Hu

I
In the first term b7 is slowly varying as before and can be taken out
of the integral as in Eq. (4-11). The next higher order correction is given by
Eq. (4-24) with HI replaced by H + Hm . Eq. (6-20)
becomes Eq. (6-18). If one retained the magnetic Hamiltonian with the atomic
Hamiltonian, the transformation to the interaction picture will create exponential

factors with frequencies corresponding to the structure of Fig. 4. The ¥ that

results will have W, r O(A4) replacing Wa . Since AW, s
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small, ¥(w, + O(4)] & ¥ (%)
The addition of Hm- to the Hamiltonian results in new matrices in the
equations for’ <I"I] , <r‘ 27 , and (f" 3) . M;'y becomes:
;/ -5-A-31y 0 -/2
0 g+A-3iy A2
| -N N -4y -7 -‘-21 ¥
-4iy -4i¥ | 4i ¥y i

_2iy 1§ -4y =N A

N2 0 - S+.a-31Y
M2 b :
/u)) eCcomes.
/—5—2A-3i 0 0 -N/2

. 4

/ \.

{’ 0 S-2A-3i% 0 -1/2 1\

{ %

é 0 0 -24-2i7% A-2iy |

| |

A - A A - 4ix - 2A - 41 |

(6~21a,b,c)



1

The roots of M~ are found from the equation

5 _ 4iv@R® - A4t s @Y - 45%u%%°
+ 217 6RZRZ - A%RP? - 332 02ReR% - 2 i

- 2 .
-36133/\2(R -/\2) = 0

x7 4 241¥x6 - Zsz

where

X - an eigenvalue

R® A2 8%+ °
2. A% 4 (5En)?

R+
dEO L

A

The solution of the secular equation (6-22)can be solved as a power series in ¥

The real part of x to lowest order in ¥ is:

X = TR

1,2 S
X = * R .
3,4 - (6-24a.b,c,d)
X5 6.7 = 0

The roots of M2 are found from the equation
. 2 : 2 , :
v 121y - (RS - 613a)y% - 1¥(5R% + 5%+ A% - 361)y

£ (5202 _oivs2s + x20% £ 908 - 5415%2) = 0
(6-25)

(6—23a,b,c,d)‘
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where

Yy = x+24

e ..

(6 -2¢)
X = an eigenvalue of M2

and terms of order ¥*/A° amd ¥'/A4" have been dropped. The real

part of y to lowest order in ¥ is
i

= [ g? -
i 2 ® 2, >( R + R.R )

@-z?f
4 1, 2 §
y3,4 = /-—2.( R~ -~ R+R-_)

In dropping terms of order ¥’/ A, Ihave restricted the analysis to

strong magnetic fields (i.e. A >> ¥ ). The roots of l\/I2 (or M3). de-

VA 14
termine the peaks and widths of the spectrum, of light of palarization X /;z !
(or >-(-J—i_—2 . Aside from an overall shift of -2 A for ’7'_—1

A 4
polarization and 24  for “—f{r—l ‘ polarization, the two outer peaks

are shifted to \/ -21- (RZ +R +R )' off center while the center peak is split

by a frequency of 2 /31( RZ - R+R )' (Notice that this split disappears
X -
for w T G, )

The long time solution for <[ ')

is
[ LS +A -3i1)
,’i %‘(5+A +3iy)
’ I ogssa)t -9y’
F’ : . : : '
< >+—>0° TR W REYEE S A
~(s-41* =yt | (¢-28)
~A(5-aF3iY) /
Ays-a-3i4 ]
E(J'- ! /
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Thus
IAl,l/Ziz' \‘1\0.1/217'= !‘i:i,‘:;zzimr (6-29)
\Al,-1/2|L )Ao.-l/z"—= —g(f;i)*:;:f::a et (6-30)
{\Al,vzll" 0, 1/2*% - ,i‘ A el 1Ay l? ) E:;FAMg,_g ST (6-31)

From equation (6-29), thé mj=l/ 2 levels are nearly equalized when the laser
is detuned from the unperturbed atomic frequency, «, by - A& . This is con-
sistent with Fig. 6, which illustrates the perturbed level spacings: w/, * A
Eq. (6-31) describes the greater probability for the m; =1/2 states over the
mj =-1/2 states. When s = -4 the electron is predominantly in the
mj =-1/2 system, and (ffom Eq. (6-30)) most likely in the lower state. In this
case, the laser strongly pumps the m =1/2 system until the electron decays
to the lower m =_-1/ 2 state, which is weakly pumped by the laser.

For the spectrum itself, one evaluates

N \

, 17 il

dea) (49 ] ’ e |

Ty O 2 Dou Gt 1 .z ‘

|> \ Lovn A N /! o~ T

d+ < F> % j £.2 +ldl 3y}./ /xk_M 2( A”) )t
1(6-32)
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Define X * 7‘?*14 TR §

by

. N > ) A* 1y 2
, A x>r(3iv-a)x*=(5 r5 Jxnv(7-35)043
d /"‘0 >:‘./¢.J__f‘1k’ PR § A’-/«é’”’ N
’.-<Jk~ %= oty £+5 +2 def'[?‘.'k-/vy |
cl+
(6-33)
Terms of order /A% and 3¥/4" have been dropped. First consider
the case § =0
L Y 3 . -L'le"' A’.IK
4} + 0151‘) N X T+ {37¥-4)x 3 2
J%wkﬁk'}- m AT a T X gt AT 6iYA ) x i
(6-34)
The four roots of det { %, - mM*| are
~ ooz -2A“353
|
x, 0 20 v (3T
— RV VYN (6-35)
T 2 r -3 +
’qu; -4 ¥ A A (3 1//72+Al)
Define Nz

>

(6-36)
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Far the side peak at 7%, = -22 + /44 5° the ratio of side to

center peak is

I+ 2p? ~)/>,{,+/,1 )

(3+ 3 P)
> P47 +6P [T ‘
t 2
/ 1 6-37)
For the side peakat ¥, = - 24 - [1%, 2~ the ratio of side to

center peak is
(3+2pyy Lt 2T P lTep
| : . |
AR AR (6-38)

Consequently, it is the lower frequency peaks that are larger for strong

A

magnetic fields. For polarization ¢, = LJ‘:_‘__L ;P 7 . In this case,
PR

it is the upper frequency peaks that are larger for strong magnetic fields. See
Fig.7a,b.

Consider, now, the case ¢ = - A4

1\ 2

AR L Y
//,;: F A })(*:?é’i‘?d ;sﬁ’

d cata 7=‘(d9;‘il ALy x i g x-
- [ P hasaed / - o . 2 )
At - b J A JHAIVW RV R L L SR TTR O L SN L o

(6-39)

The real part of the roots of the denominator are

' . 4 /‘ i % -
Re Xk -(s/‘ AP e (6-40)

./)(, 4 //( N -
/‘PX;’H-—\ﬁ/l\LI/AJf ST+ up2 (6-41)
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The center peak is split into two. In the limit of a large niagnetic field; the
two larger peaks are inappreciable (see Fig. 8a). The position of the lower
peaks apl;roach —A by AZ (-2 A omittedf. The double nature of the spec-
trum, differing by the on-resonance Rabi frequency, N , is to be expected;

only two states are strongly pumped.
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Fig. 7a. Relative spectrum for radiation of polarization €,.. As the
external magnetic field is increased the center peak and high
frequency side peak are eliminated while the low frequency peak is
enhanced. The overall shift of the spectrum by 2A is omitted. The
parameters are §=0. ¥=.075A for all four cases and A= 1.5A,1A,.5A,

and 0 as indicated.
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Fig. 7b. Relative spectrums for radiation of polarization &, . .
The center peak is diminished and low frequency peak is enhanced.
Note the gradual shift in the side peak in both Fig.7a. and Fig. 7b.

(See Eq. 6-35). For polarization Sy o A=
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Fig. 8a. Two-peak spectrums for two~state optical pumping As the
magretic field shifts unequally the m, = 1/2 and m, = -1/2 states, the
laser can pump only one mj system by satisfyiag the new resonance

condition §=*A ( See Fig. 6.). The doublet nature of the AC Stark

Shift is apparent.
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7. Effects of the Finite Laser Bandwidth on the Spectrum:
Ample work on the inclusion of deviations from a monochromatic spectrum
has been done for the two-state problem by consideration of the stochastic

fluctuations involved in laser radiation 52 36, 38-40.

One can also treat slowly
varying drifts of amplitude and frequency by averaging the resultant expression
for the spectrum (Eq. (6-15)) with respectto A and 5 . In this section, laser
bandwidth due to phase fluctuations will be considered. As is commonly done

in the phase - diffusion model of the laser41

, the phase of the laser field is
treated as a time dependent stochastic variable. The phase is considered to be
highly fluctuating and described in the Markoff approximation by the following

correlation:

K@+1LG)Y =27, 514 -47) o

The calculation for the spectrum will be redone with the substitution,

w+ Dwt + ¥ , inthe elements )’/'," of Tablel and in the elements
e *ur1, 1’y . This will lead to the addition of ¥ (*}  to the diagonal

elements of the differential equations. Stochastic equations of this type have

been dealt with by Fox37.

Consider the general equation of the form

i %Lr s (P (7-2)
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where HO and H1 are n x n matrices and ) obeys Eq. (7-1).

Fox shows that Eq. (7-2) is equivalent to

C:I_ % H) ")3}_{4',’-’,)‘-}/
S (K o (7-3)

To arrive at stochastic equations for the fluorescence problem, redefine

the basis sets F',’u‘- by the prescription

wt T wt +f

Equations (5-19) become.
‘ , N , f
mj%<”7‘MY57"wﬁ7<C)*”£A (7-5)

where Ml is given in Eq. (5-20), (5-21), (5-22) or Eqs. (621) for the magnetic

case., The elements of Ml are

) ' v { .
for =1 m“ 2 “\/{77 = -l ”\/’h i {}\/{45‘ I (7-6)
(all other entries are zero)

for i=2 ﬁ\/f)-:-l .D%.:;:' (7-7)

1

(all other entries are zero)

for i=3 Mi B }‘\/},L | (7-8)

84

(7-4)
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Eq. (7-5) can now be written as:

o/

o iy oMM TS r S
(i) - (M MUK alA

The net change of the equations for ( r' ) involve the addition of -/

to each entry thathas & or -§ The matrix element < & +c”‘ -"m./_' » ;)

with the substitution (7-4)are- governed by different matrices than the < r /V‘ 7

o
‘The resultant matrices M ° are

[-5-4-31¢ 0 “A/2
0 s+4-31y-4i5, /2
A A —4iY =iV, -1y -2iy
oo ~4iy 4145, 413
~21% if -dlyer. oA A
-AJ2 §-p-3iF-4if, 0.
r/2 0 -544-31F
,,
~§=24-3iY% 0 0 -A/2 w
V2l 0 5 -24 -3i¥ -4i%, 0 -N/2 !
Lo 0 ~24 -2i% -i¥, A-20y |
(I -A A -4F  24-4i) -1,

(7-10)
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\lr‘ 71 * ! ’ \
ro | 4_((5+A-'s;x) \\
A .
S(5+d #3077
| =52yt v (377
4 N i HSA ,j
%/\‘m.{.s t4%44y7%) | | (7-11)
L Tl s
AL R //'
A e p e /
LT a8 d-3y)
where 377235 +7
One now evaluates
i '
= -/ YR
/"‘ L’ﬁ>+;<'i’z7\
1 Y } i
4d Fo—— J Q *!
2% O T | 5 o
4 I8 / _< /:?: T, @ ! > (7_12)
| IRy I R
i ‘.\ —_i (/* e )
where M’ Y is given in (7-5) and the elements of the column vector are given in
(7-6). When A=0 y 0 =0 the ratio of side peak to center peak is
3P+ 2y,
7% + 3% (7-13)
For § 72w see Fig. 9 . For 4#7v , §S-o0 see Fig. 10

For A=-3& see Fig. 117 .



From Figure 12 , the peaks for the on-resomnce non-magnetic problem
are shown to depend on &, . The peaks appear only for ¥_ less than or

on the order of ¥
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Fig. 9. Off resonance pumping. When Kc is increased, the high frequency

side peak and the center peak decrease while the low frequency peak

is enhanced. Kc is 0, .025A, and .05A as indicated.
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peaks are reduced by increasing )fc.
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Appendix A
Pauli Matricies:

0 1 0 -i e [1 0
o (0 o ot 0
! 1 0 1 0 0 -l

Dirac Matricies are the 4 X 4 matricies:

P 0 0 a.f
, J
UJ_:O:J p O<J: P )
o %0

v
N
o —
1
A o
—
~
W
—
— o
—t

I (unit matrix) P

5 P (=)
B iBp

A PP

The following relations hold:

Commutation relations:

[63/ 01] = 2iéike¢;

Anticommutation relations:

iﬁ,d‘,‘} RO
[ﬁ/PJ’lﬁ/’ {)3 ]’} :0
_EP,OT,]=0 ’

Lp, 73] =0

Jv.‘
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Raising and lowering operators:'

Cy= Oxtiay,
CL= Gy T ic—y
f +)3 - C—;P o - 7]
2 0: ( o (¥ ) = (7';
- -’ -
L - B g = ( 0O 0 ) . |
2 Q O';P
| + Vs P _ b=
.___13/3 T, ( 0 vy ) z 0’;,
2 g Q
_ 0 0 -1
I__'ﬁ g, = (O"P ’ J = O-;
2 +
The op erator o"+jk raises the system from the lower level
with m,= k to the upper level state with m,= 1 . To treat systems
i 2 i~ 2

of any degree of degeneracy one can introduce matricies which
have Pauli matricies as elements, similiar to those above. The

rules of algebra are:
ik lm _ 1 jm , jm
o'a G—-b - <Sk( L +1£abco—c

where 1jm is the matrix with a 2 X 2 unit matrix in the jth row

and mth column.
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