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Abstract
Extended Particles in Quantum Field Theory
by

Antal Jevicki

Adviser: Professor Bunji Sakita

In this thesis a detailed review of the collective coordinate
approach to extended particles in quantum field theory is presented.
We consider field theories possessing finite energy particlelike
classical solutions and give a complete gquantum treatment of cor-
responding extended particles. In order to preserve the symmetries
respected by the classical solutions we introduce new dynamical
variables (collective coordinates), associated with the symmetry de-
grees of freedom. This forms the basis of the collective coordinate
method which we formulate employing the Feynman path integral
quantization procedure. We consider explicitly two spacetime di-
mensional scalar quantum field theories for simplicity. Applying the
method of collective COOrd'inates we develop a systematic weak coup-
ling perturbation expansion about extended particle states. For the
one particle sector a set of Feynman rules is derived which can be
used to perform perturbative calculations to an arbitrary order in
coupling constant. Furthermore, for the sine~Cordon model we pre-
sent a quantum treatment of soliton scattering and compute the two

soliton scattering amplitude both in tree and one loop approximation.
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1. INTRODUCTION AND SUMMARY

In the usual perturbative approach to quantum field theory the
particle spectrum is obtained by neglecting first the interaction and then
quantizing free fields. It has built into it the assumption that the as-
ymptotic states of a field theory are free fields and so it represents only
a partial solution to the full interacting problem. For quantum electro-
dynumics and weak interactions this method is very successful but it
cannot provide a complete computational framework for strong interactions.

It was noticed long ago that nonlinear classical field theories

(1)

possess particlelike classical solutions By now a large number of
classical solutions are known for a variety of nonlinear field theory mod-
els. The simples are the exact classical solutions in two space~time
dimensional scalar field theories. In x¢4 theory with the wrong sign of
the mass term we have the "kink'" solution and in sine-Cordon theory the
soliton and the antisoliton classical solutions., These static solutions
have finite energy and the field configuration is topologically different
from that of the vacuum classical solution. In the sine-Cordon theory
even exact multi-soliton solutions are known as in addition there are per-
iodic time dependent classical solutions. By the application of inverse
scattering method to this theory all the classical solutions with finite en-
ergy have been derived and it has been shown that this model is classically
completely integrable (2) .

For classical field theories in four dimensions approximate classical
solutions have been found recently. In the Abelian Higgs model a stringlike

(3)

classicai solution was obtained by Nielsen and Olesen which is the



analogue of vortex lines in type II superconductors. The string has finite
energy per unit length and by introducing Dirac magnetic monopoles one
obtains a finite length stringlike classical solution confining magnetic

(4)

monopoles In a non-Abelian gauge theory a spherically symmetric

finite energy classical solution possessing magnetic charge was found(s)
by G. t' Hooft arid independently by A. Polyakov. The magnetic charge
is of topological origin.

In these theories the classical energy of the static solution is
finite and proportional to inverse of the coupling constant. Because of
the Lorentz invariance of the theory there exist always time dependent
classical solutions which are obtained from the static solution by Lorentz
boosts. Since the relativistic energy-momentum relation is satisfied and
since the energy density has spatial extent these solutions represent
classical extended particles. We adopt the name "soliton" to denote such
a particle of finite energy.

The existence of classical extended objects leads to the expecta-
tion that the full quantum theory possesses a much richer spectrum than
that obtained by ordinary perturbation theory. Over the last few years it
has been demonstrated that to these classical objects there correspond
particle states in quantized theory. Several different methods dealing with
this problem were developed.

First, a semiclassical WXB method was formulated by Dashen, Has-

(6)

slacher and Neveu to study the particle spectrum in quantum field theory.
This method requires as an input the knowledge of classical solutions to
the field equations and leads to the existence of the corresponding particle

states in the spectrum of the quantized theory. Tor the case of weak coupling



they show that the time independent classical solution is relevant and that
there will exist a corresponding quantum particle with large mass. In gen-
eral, in this method it is necessary to know all the classical periodic sol-~
utions to field equations or at least a whole family of periodic classical
solutions. Dashen, Hasslacher and Neveu show that the energy spectrum
is obtained by imposing the WKB quantization condition on the action of
classical motions. But in this method it is not known how in a systematic
way to evaluate corrections to the WKB result.

An approach based on coupling constant expansion is formulated by

(7)

Goldstone and Jackiw using the method of ¥erman and Klein. It starts
with a set of initial assymptions about the existence of a particle with
large mass (soliton) at the quantum level and also about order in coupling
constant of the field operator matrix elements in the one soliton sector.
Then, saturating the commutation relations and equations of motion it is
possible to demonstrate the self-consistency of these assymptions and to
calculate the explicit form for the one soliton sector matrix elements. In
particular, the static classical solution is recovered in quantum theory as the
matrix element of the field operator between localized one soliton states.
This gives a very simple understending of the relation between classical and
quantum theories but in this method it becomes complicated to perform high-
er order calculations. Also, it is not clear how to discuss more difficult
questions like, for example, scattering of solitons in this approach.

An entirely different approach to extended particles which is also
based on coupling constant expansion is the collective coordinate metl'lod(g)(g)(lo)(1 1

It represents -the generalization of the collective coordinate method of many-

body theory to quantum field theory. It was originally developed to study



(12)

the static strong coupling model where it leads to a perturbation ex-

pansion in inverse of the strong coupling constant.

In this thesis we will present a detailed review of the path integral
collective coordinate method. All the results which will be given are ob-
tained in collaboration with J.-L. Cervais and B. Sakita. Throughout'this
work we consider for simplicity two space~time dimensional .sca‘.lar field
theories. In formulating the collective coordinate approach to extended
particles we employ the Feynman path integral quantization procedure.
Although collective coordinates can also be introduced using the operator

method(1 3)

, the relevance of classical particlelike solutions to the quantum
theory is best seen in the path integral approach. Furthermore, the path
integral method becomes truly advantageous when discussing the quantum
scattering of solitons.

To understand the relevance of classical solutions to the quantum
theory we start with the observation that in theories with spontaneous sym-
metry breaking one has to shift the quantum field by the classical vacuum
solution in order to develop a perturbation expanison. This means that in
the path integral expression for the vacuum generating functional only the
paths near the classical vacuum solution contribute. Then in analogy with
spontaneous symmetry breaking we are led to the idea that a perturbation
expansion about the soliton state can be developed by translating the field
by the classical soliton solution and considering small fluctuations around

it. But by doing this we break the translational invariance of the theory

and consequently, in the spectrum of small oscillations, a zero frequency



mode (Goldstone boson) appears leading to an infrared problem. In order
to preserve the translational invariance when shifting by the classical
solution we introduce a new dynamical variable representing the center
of mass coordinate and separate the translational degree of freedom.
This means that we translate the field variable by a classical solution
in which the constant classical position is promoted to a dynamical
variable. The center of mass coordinate is introduced into the path in~
tegral expression for the one soliton sector transition amplitude through
a 8 -function condition. This & -function condition is arbitrary and
we call it a gage condition. It completely eliminates the zero frequency
mode from the path integral and consequently, there is no infrared problem.
Now it is straightforward to develop a systematic weak coupling
perturbation expansion about the one soliton state and dervie a set of
Feynman rules which can be used to perform calculations to arbitrary order
in coupling constant. Since we shifted the field by the classical solution
physical quantities will have a classical part which is non-analytic in
coupling constant and the quantum corrections are given as a power series
in coupling constant. So in the leading approximation the soliton mass
agrees with the classical mass.
This method can be easily generalized to treat more complicated
classical extended particlelike solutions which sespect more than one con-

(14)(15). Now the arbitrary parameters appearing in the

tinuous symmetry
classical solution are to be promoted to dynamical variables and their con-
jugate variables are the infinitesimal generators of continuous symmetries,

We call these new variables collective coordinates and they are introduced

in the path integral through a set of &—function conditions and a canonical



transformation generated by the symmetry generators. Half of these

é) ~function conditions represent constraints and the rest are gauge
conditions. The separation of symmetry degrees of freedom assumes
that the invariances are present at the quantum level also and further-
moré, the zero frequency modes are completely eliminated by the gauge
conditions. Now one can develop a consistent perturbation expansion
free of the infrared proble. For the presentation of the general method
of collective coordinates we essentially follow the discussion given in
reference (15).

The main application of the general method we discuss in this
thesis is the formulation of soliton-~soliton scattering formalism. In
sine-Gordon theory exact multi-soliton classical solutions are known
and we can generalize the one soliton sector discussion to the multi-
soliton sector case. Specifically we consider the soliton-antisoliton
scattering and develop a method for computing the scattering amplitude.
The collective coordinates introducedlin this case are conjugate variables
to the total momentum and the energy of the system. The general formal-
ism then leads to a path integral expression for the soliton-antisoliton
scattering phase shift. The leading term is given by the classical phase
shift which is non-analytic in coupling constant and the quantum cor-
rections are in powers of the coupling constant. We evaluate the first
guantum correction.

In chapter II we present a detailed discussion of the Feynman
path integral method. vSince we use point canonical transformations when

we introduce collective coordinates, we give a careful treatment of point



canonical transformations in this chapter.

In chapter III we start with the investigation of extended particles
in quantum field theory by developing the collective coordinate method
for one soliton sector. A systematic weak coupling perturbation expansion
is formulated and perturbative calculations of the soliton mass and one
soliton sector Creen functions are carried out.

The general method of collective coordinates is developed in
chapter IV,

Finally, in chapter V we apply this general method to the problem
of soliton scattering. A systematic quantum formalism for scattering of
solions for the sine-Gordon theory is developed and the scattering phase

shifts are calculated both in tree and one loop approximation.



II. FEYNMAN PATH INTEGRAL QUANTIZATION

In this chapter we give a detailed discussion of the Feynman
path integral method. Special emphasis is on topics not much dis-
cussed in the literature but which appear to be relevant to our work.
In section 1 we present a review of the phase space path integral
methoa with special emphasis on the path integral measure. In
section 2 we investigate point canonical transformations using the
Feynman diagram technique and in section 3 we give a treatment of

point transformations in the path integral approach.

II.1 Phase Space Path Integral

In this section we will review the quantization procedure
based on phase space path integration. In the literature path inte-
gral methods are mainly used in Lagrangian formulation developed
originally by R. Feynman, but there are certain advantages to the
phase space approach. FTFirst of all in the canonical phase space
path integral method the integration measure is simple and by inte-
grating over the momentum variables one can deduce the non-trivial
measure required in the Lagrangian path integral. Second, there is a
direct correspondence between phase space path integrals and ordered
Hamiltonian operators. That is the main reason why we choose to use
the canonical phase space path integral method throughout this work.
We consider a dynamical system of n-degrees of freedom de-

noting our canonical variables by q=(q1 Ay e .qn) and p=(pl, e pn) .



The operators ﬁi and ai are represented as follows:

Rolay = 2:l2)
Poley=53 1)

and the dynamics is described by the Hamiltonian operator ﬁ . In
Heisenberg picture the operators evolve in time like

~ _{;. ~ A -.\-_o\

2.6)= oxHt § o wht
and the corresponding eigenstates as

L0

2.ty = sxHt |9

~

2@ e ty=212,t)

The main object of our discussion is the calculation of the
time evolution operator matrix element
K( “'t“' 'tl) _ < \W \\\ Voo "W “—LH(‘U-‘-'U) \ \
e't;o.t') = {it'la, ) = ("] e 9"

usually referred to as the kernel. It can be expressed in the following

phase space path integral form:

Kzt 2 ) zig{;mo exp {= AlP, 2]}

M) =
wheethe functlonal in the exponent is the action

Alp.2 1= g (Z P 9. ~ Hpw, 2“’5)

This representation for the evolution operator appears to be
very attractive being expressed entirely in terms of classical mechan-
ical ingredients and it looks like it defines a canonicaly invariant
guantum theory. But unfortunately at present there is no consistent
way of performing general canonical transformations in the path inte-
gral formalism. The correct treatment of general point transformations

is nevertheless possible and we will present a detailed discussion of

this problem in sections 2 and 3 of this chapter.

-9 -
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In the litzrature one also finds statements that the ordering
problem which appears in the operator quantization procedure when
the Hamiltonian contains non~comuting factors doesn't appear at all
in the path integral method, or, the opposite claims that the
path integral formalism appears to be ambiguous and unsafe especially
with respect to the ordering problem. Naturally both of these state-
ments are incorrect and in what follows we will present a clear formu-
| lation of the phase space path integral method with special emphasis
on the ordering problem. We essentially follow the work of Berezin

The above mentioned intricacies are connected with the very
definition of the integration over paths. As yet there exists no rig-
orous mathematical definition of this integral and it is defined by
subdividing the time interval t" - t' into N segments so that

t" - t' = Ne

tye =1t +ke k=0.1....N
alt,) = a(k)
p(t,) = p(k)

and replacing the exponent by the integral sum
Alp,e] = ): A (o, 2w, 20a)

with subsequent f1n1te dimensional integrations

(%)
“[HT 4g o KTYO ST R

The final answer is then obtained as a limit when N-= 0,

In general different finite dimensional approximations will have
different limits and that is precisely the way how the ordering problem
appears in the path integral method. So the above definition has mean-

ing only if additional specifications are made concerning the short time

- 10 -

(18)



action A(p(k) s alk+1), g(k)). These specifications are in direct cor-
respondence with the order of factors in operator approach. Namely
the finite dimensional definition of the path integral can be derived by
using the completness relation for state vectors \q(k) , tk> so that
K2t 9'') = Srgo\gm S A D Comta) 2 e

R CACDR T T ACE IR A G- X O ST A O I TD B
Here we denoted q(0) = q' and q{(N) = g", If the Hamiltonian has a

simple form A A A
H=AZP +\/(Z) (1.10)

the short time matrix element is approximated as follows:

(o len| €5 M g tay = | 4B o fLThe (glenrpe)- e (s (1))

2Tk (1.11)

In this case the final answer appears to be insensitive to how we
approximate the short time action. i.e. whether we have q(k+1) or

g(k+1) + a(k) or some other linear combination in the potential instead
Z

of q{k). But. for more general Hamiltonians which contain non-com-
muting factors {t is not so. Thus we specify the definition of the
path integral in precise correspondence ordering of non-commuting

factors in the operator Hamiltonian,
A A ‘
a. p g Ordering Procedure

In this quantization procedure with every classical volvnomial

function Win

%(’Ps‘i,\ ='2—_S§m.m,_ My, V"‘\n’ﬂ . ﬁm"zvj“ N

(1.12)

we associate an ordered operator

\
My AWM,

An
2. 2w (1 13)

\
AR

¢ ‘ ' \ A
% = Z %V\'\‘Vhl...mn‘wl__mn /PA .. /P

n

- 11 -



such that 8 always stands to the left ofa This correspondence is one
to one. So if our operator Hamiltonian [,—\I is associated with the classical
Hamiltonian function in the above sense we approximate the short time
matrix element as jollows First

(.| g xeH o) = (o ] [‘l-" e ) 2m) (1 14)
and then inserting a complete set of states to the right-hand side becomes

& Azﬁ? evp | & bt (gexn 1(@)} {1- LeHlpw, o)} a9

So the path integral for the ken:e} of this &Qerito'r(:heory hE?S‘\EPF form
At ey = b ST 000 A e [ T
[t () -2ews) - & H(per, g.<1) ] § (1 16)
In the Hamiltonian appearing in exponent of (1.16). one is not
allowed to substitute g(k) by, for example g(k+1), since this would give a
theory with the a 6 ordering of factors.

Next we will present a more symmetric specification for the path inte-

gral which will be used consistently throughout this work,
b, Symmetric or Weyl Ordering Procedure

hm
The Weyl ordered operator (E)o"ql’corresponding to the classical

¢ m

polynomial p is defined through the relation-

(4643 )" = I grm, < B" (B2, 117)
For example . we have

o~ ~ ~ o~
G )w:( CZZ/FZM’PQ )/(Mh ) (1.13)
"n the symmetric or Weyl quantization procedure with every classical
polynomial function f(p,q) we associate the following operator-
wmy A W‘n.)

,SE:: Z: (%m‘m,_.-mmvw“...\m‘h (/\%,MA:M‘) (/Pn

the bracket denoting that this non-commuting factors are Wev! ordered.

(1.19)

- 12 -



This correspondence is also one to one and furthermore there is a
simple inverse relation expressing the classical function f(p,q) in

terms of the corresponding Weyl ordered operator f 2 (19)

fp.2)= iauex'?“réi—%\ gx\ﬂ\’f%> (1 20)
This transformation is called the Weyl transform and to prove it one
first shows by induction thet
(ahp +09)'= dealﬁ/\o“r@;%\(o@ NCAMPTE Y (1.21)
and so

/\DQQ‘M: N Sl 2 I ( P12 )| 243D 1 22

Now the relation (1.20) follows

Using relation (1. 20) we easily prove the following

usetful correspondence 'f
"

% <> SS(!\OJQ
then /P g‘ - (/bo Lz 2{ ) %'(,f)ﬂ.)
§oBe (pr g, )a0e2)

2 0% (1 23)
Tn order to derive an expression for the short time matrix
element we use the followmg relation
215 1ey = § 4 2% PO L(p, 202 12
which can be proved starting with the identity
' | F 1y = §ag dipdg,dp Lolpd dpda) >
el T ey G dp ey (1.29)

and making the change ot variables

U =g 0 Py*P
2 2

t
el

— - -— - {
a9, v P,~D, u (1 26)

- 13 -



so that the right-hand side becomes .
S %_"‘KT?_\_Q'\‘EP({‘L?“)XAGL‘%(Z- e )Xm Q‘}E‘Q#< g -y \% VoerX > 29
Thus relation (1.24) follows
Now we are ready to deduce the approximation for the short
time matrix element N
{20, un } 210,46 Y 2 {2n) \(\-i;eH) V2007 1 2
We consider a theory with the operator Hamiltonian % associated
with the classical Hamiltonian function J(o qg) in accordence with
the Weyl quantization procedure (which means that H(p q) is

N
the Weyl transtorm of H). Then using relation (1 24) we have

Ll R 90u) 1) = § A/pley xu/\o{L et (2tee)-2 ) -

2T R
- e H(pro , 2len reca) Y 0 20
2.

and thus the precise form of the phase space path integral follows:

R0 = L P00 02
NV K=y

N—,K:Q 2T G
l i)
"’WP{?EDA(W“%Z“*‘))?“‘)” (1.30)
with the "midpoint" short time approximation for the action in the
2(k+l ) + 9 )
t: 1) -
PRI A1, 2 (e, g 10 ) = pla-(gtern) gt )- e H (pre, )
(1.31)

Summarizing our result we conclude that the path integral

gAY e g
SGPDQ‘ Quwp { L AEA@Q] X (1.32)
) ¢! X
with additional specification that the short time action is to be

evaluated at the midpoint q(k) q(k+1) + q(k) describes a theorv

with operator Hamiltonian h.obtamed by Weyl quantization oroce-
dure from the classical Hamiltonian function H(p.q) appearing ‘n the
action of (1.32) . Tt is this midpoint specification of the path inte-

gral which we accept and use throughout this work,

- 14 -



As an example we consider a theory given by the following
ordered operator Hamxltoman
7:%( \p%(z)%(zﬁ/ﬁa%@)" (1 33)
where g i denotes the inverse of gij and g=det gij' This operator
is not Weyl ordered and consequently H(p q) appearring in the phase
space path integral expressic{n‘ of the kemel is not
P O S PR (1 34)
To find the classxcal Hamiltonian function we first reorder H so
" anha @k - X a@ g te) 4@ (1],
2% YA @ N s
and then use the correspondence relation (1 23) to find

1B IOR; < L(p-152, ) (p s 28 3% ‘o)

\ (1 36)

so for the classical Hamiltonain function we obtain

Hp,2) = -‘izi)f"ﬁ’u"ﬁ‘au(‘i) + aN(9) (1.37

where
H(Q))“'])a'

sN(e) = B g'te), %m‘*[% (2900

\—

v‘./\~
N
a—o !

- 15 -



II.2 Canonical Transformations and Feynman Diagrams

In this section we will make some observations concerning
the problem of performing canonical transtormations in functional
method. We restrict ourselves to point canonical transformations
only.

In the literature on functional methods one often finds the
" statement that point transformations can be performed by simply
changing integration variables in functional integralé%o)ézil!lz:e there

'exists a direct correspondence between functional integrals and
Feynman diagrams, all manipulations carried out with functional
integrals can be explicitly checked using the diagram technique.
Thus, in this section we will use the Feynman diagram technique to
question the statement about point transformations made above.
Namely, we will demonstrate by explicit calculations ona simple
example that in general it is not correct to perform point canonical
transformations by just making naive changes of variables in the
functional integral. The fact is that after this naive change of
variables we end up with a quantum theory entirely dirrerent from
the original one. These two theories are only identical at the tree
and one loop level. The difference between them appears already
at the two loop level. That is what we are going to demonstrate
in what follows.

Although point canonical transformations can be discussed in
Lagrangian functional formalism we prefer to use the phase space path
integral method throughout this section. Let us consider a simple

example of N free harmonic oscilators coupled to external sources:

- 16 -



n ‘
- U pr s Ato® -
Hylpi)= 2 (4 pT+ duel -Tagy]
The generating functional is defined as usual and is represented in
path integral form by:
= (T op D Qalpg -H,(52)]
Z(]) = a!H )Fo\ 2o x /6) J
With the small negative imaginary part added toW 2 we obtain the
answer for this path integral as: .
A
_ A NG — ! +'
Z(1) = ewp { 5 g’&kn JatA (2-#) Jp(H] ?(

‘where we have the Feynman propagators

Adt('{""l") = gdb AF ("L"tl)
v V(- t') 7
-+~ / = _d__\) e e i e
Now, we perform a general point transformation from the old

variables P, 9g to new canonical variables Pi’ Qi as follows:

2.= F (&)
Pa = Frle)qa)
We denote Y '{:o‘@ )

.0
Tul@) = =4
[Py
9:i(0)= 2 TR, (e
o=
and g1J (Q) represents the inverse matrix of gij (Q). The Jacobian of

this transformation is one and thus by simply changing integration

variables in the path integral expression for the generating functional

we arrive at the new path integral:

2= [3 SR 20 el {0 P -HE O]«

with the new Hamiltonian H:,given by

Hy(R&) = H, (p(BQ), 2(0))

2.

We denoted this path integral expression for the generating func-

tional by a differnt symbol _f(I} since it is not clear whether the naive

change of variables is a correct step or not. Indeed in what follows we

- 17 -



are going to demonstrate that contrary to naive expectétions Z(1) is
not equal to Z(J).

Since our Hamiltonian expressed in termbs of new canonical
variables Pi and Qi contains in general complicated interaction terms
the only way we can calculate the new generating functional is by
perturbation theory. To find the Feynman rules of this perturbation
expansion we write as usual:

Z(I)" U/\’{ QMH\-«( S—K)n&j)} ZO(T)W) \K’;O (2.9)

where the free generating functional is given by
W . . .

Z,(3,6) = § FORD0 wg {43 12 -

L (PR 4 QQ)+ 1@+ K BT (2.10
We introduced additional sources Ki coupled to momentum variables
P. since the interaction Hamiltonian contains derivative interactions.
The free generating functional Z (I K) is ea511y found to be
Z,(3,K) = ol - 3 0arat (3ut0-R AV (-4 (Th- Ry 60) 2o
giving the propagators: + '5;_ ? ak KE.” \/<\'(+) }

”~ A .
AT{ AL Q@1 = Yoj Aple-+)
| iRren Qe o) = 81 & pe -4 2.12)
_ A A -~ .o \

GITR, R0 =t [ Shast-er-c §(+-¢) ]

represented graphically by Fig.1. The Feynman rules are completed

A}

by an infinite set of vertices obtained by expanding o (Q) and gij (Q)
in powers on :
FQ) = F'e FoeQus 4, B0 QuQy s L, il QoG-
C&‘(Q): ‘§\+ ‘dt‘QQQ 4%! %“EQWQ{QM+.... (2.13)

For simplicity we choose F® = 0 and FJ°.L‘= (Sai' The Hamiltonian from

Wt

which we read of the vertices is now:
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%—? ? (gz‘]'i*‘g\\&eiri‘—!‘a‘;iw&q&w,r..)
O R 4 F 0:y8, + (4 Thiet 5 T Pl 0.010,0004]
'ffa( T”q @&dv---) (2.14)

we >4\

The first few in this series of vertices are represented graphically

I
s"" S-B

at Fig. 2

Now we have a loop expansion for _Z—(I) One can easily see
that due to cancellations of graphs when calculating ?(I). at tree
“and one loop level the result is equal to Z (I) As an example of
such cancellations consider the one loop tadpole diagrams shown

at Fig. 3.a, 3.b, and 3.c. Their respective contributions are:

(0) == (Tl +2F m)i‘mfa(ﬂ

Lw
b} = == T Leg&f( LW (2.15)
oy = ﬁio i Rk et
where we used the 1dent1ty
\\
%m(&): “la ) 4 (ew‘% Nl) (2.16)

Obviously the sum of these three terms is zero. For a general
discussion the reader is referred to reference (21).

But, unfortunately these cancellations do not persist already
at the next two loop level. Consider for example all the two loop
bubble diagrams whown at Fig. 4.a, 4.b, and 4.c. After some

calculation using the integrals

§o\7u_\F(+ Al =1 e (2.17)

we find the contributions of these graphs:

sk R S S
(&) = l{?‘%t‘iﬂ LS\’];Q \T('Fvil V’H T 2‘?“\ v “

SN "R U =L N il o
(\Q) "& ﬂT3C1 F) 1
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: a Q. v
(= 22 (LT FY By Fore )

X v (2.18)
The sum of these three terms does not give zero but rather:
N Q — \‘
b+ ()= L& LY #o
(&)’I‘( 5"'( ) 8 F,\.\ &——,‘Q (2 19)

This explicit calculation shows that E(I) is indeed different
from Z(J). So the new path integral (2.7) with the Hamiltonian
fI-I(P,O) dies not define the same theory as the original one. This
result means that it is incorrect to formally perform point transform-
ations in path integral and that more care is needed when doing so

In the following section we will present a careful treatment
of this problem and it will be shown that it leads to additional po-

tential terms in the action of the new path integral (2.7). They

are of the form:

IN(SE .“g% F;(Q)Ffieﬁ“&)%"\‘(&)@Q?@.)
| Qv
~ i(cﬁ&)%,gﬂ)%w\% () } (2 20)

This means that the modified Hamiltonian
0 L) = W (P,0) + o\ (Q) (2.21)

represents the same theory as the original one HI(p q) . Indeed we

see that this additional term gives at the two loop level the following

1 N
_?— F;L‘i \ 3@

contribution

(2 22)
which precisely cancels out the sum of two loop bubble diagrams

(2.19)
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II.3 Point Canonical Transformations In Path Inteqral Method

The path integral method is often considered as of heuristic value
only, with the understanding that all results derived in this approach are
to be checked by parallel calculations in the operator formalism. There
is also a belief that path integrals can safely be used only through their
correspondence with the diagram technique, so that manipulations with
path integrals just represent manipuiations with Feynman diagrams.

We don't accept such limited definitions of the path integral meth-
od, especially in view of the fact that this method proves to be extremely
useful in developing non-perturbative techniques. Although as of yet
there exists no rigorous mathematical definition of integration over paths,
there is still a precise enough formulation of the method which allows us
to derive conclusions as rigorously as with the operator tormalism. This
is the original definition introduced by Feynman who defined

the path integral as a limit of finite dimensional integrations. It was
discussed in detail in section 1.

In this section we make use of this precise definition in order to
demonstrate how it allows for a rigorous treatment of point canonical
transformations in the path integral method (1 7).

We consider a general theory described by the Lagrangian:

L(‘l,?:)=";;? 2 0 =N (gm) (3.1)
The kernel to go from some initial point q' = (q‘l,q"z, ...) at time t' to
some final point q" = (q"l,q"z, ...) at time t" is given by the tollowing

path integral:
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the right-hand side being defined as the limit of finite dimensional
integrations. Namely, we subdivide the time t"-t' into N equal in-
tervals denoting t) = t' +€k and ag (k) =q, (tk). Then the precise

expression for this path integral reads:

L \nN\Tlf‘Lﬁ‘-ﬁ,‘i’ L %)W{ & A(g(um,‘u\q”

Noos D 6 et (TR 1T
with qa(O) = qa and qa(N) = q'é. In the exponent we have the short

time action:

A(Q('&H) 9 (K/) -L < 2, (QH\-Z’*(K))— e\V(a))
We now perform. a general point canonical transtormation

q, (¥ = F?(Q(4)) to new variables Q = (Q,Q,....). This means

that in the finite dimensional integral we have to change variables

substituting qa(k) = Fa(Q(k)). Then the new integration measure is

given by: Vo

g0 = [duk g (awn] T d Qi

and the new short time action is simply:

(3.3)

(3.95)

A (G, 000) = 4 (TV(OL(W) 6« )lw \[ [Flawn)

At this point it is tempting to use the expansion

Floka))- Foakl ] = F2(QW) Q) +
i Fyla) sl aly oy

and approximate the short time action (3.6) as

A (akn), Q) = se & % (Q0) 6Q (0 a Byl -
- e— \/(F(mw))

thus dropping the higher order terms inAQi(k) = Qi(k+1) -~ Qi(k)'

- 24 -
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But the above approximation appears to be incorrect and would
lead us to erroneous results. In fact, it is equivalent to the naive
change of variables discussed in section 2. The mistake which would
be made by making this approximation has its origin in the fact

that higher order terms in the short time action of the form A%3and
B(_Df still contribute to the path integral and thus cannot be dropped.
Naémely, due to the stohastic nature of path integrals we have that
AQ £ O(e) but ratherA.Q‘2 = O(e). This observation is due to Edwards
and Gulyaev who investigated the change from Cartesian to polar co-
ordinates in the path integral formalism(zz).
So in order to correctly approximate the short time action we

have to keep all terms effectively of O(¢). We choose to expand the

functions F° (Q(k+1)) and e (Q(k)) about the midpoint ai(k) =Qi(k+1)+Qi(k)
2

and thus it is the symmetric ("midpoint") definition of the path integral
which we adopt. Then keeping terms of up to the fourth order in&Q we
obtain the followin‘g approximation for the short time action:
A (R, Q) = 2&[ 03 (BI) A0 (0 AR (k) +
T Tot (G)F e ) AR a050 88 (a8l [ 3.9
- e V(T (@Ewm))

We now have the correct path integral expression for the kernel in terms

of new variables Q & @ (
)

\l T 42!
[Mé’i (o) 4 ﬂt\(& X g“ \—\m.em

T I, Qo) sq{ L A (@), Q(0) | (3.10)

N—Joo

with the Jacobian given by

Tlamn,@) = |dat g, (CM«H) ) & A (@ | : (3.11)
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In order to have the symmetric path integral we still need to
expand the Jacobian about Qi(k) keeping quadratic terms inAQi(k)

since they still contribute being of O(€). Using the identity

A A+D ) = Ad A M(MA 3)»&«};&{% v (A™'B)
+ %(TVA \V(A'%) j (3.12)

we obtain after some calculation o ( 3) s
I(QWH),Q ©) ) NLM 3 (&) ® D ! u:( 4 &) ()41\:%
+‘} @,)% (Q))AQ AQw \@ (3.13)
Although now we have a correct path integral expression for
the kernel in terms ot the new variables Qi it is not very useful since
in the action ot (3. 9 ) there are additional terms of the form L\Q:1 and
also in the Jacobian terms of the form(AQ\Z. One would prefer téc; elim-
inate these terms in favor of a potential like term of the form AV(Q)¢
That can be done and a detailed discussion of this problem was already
given by Mclaughlin and Schulman in connection with the path integral
quantization in curved spaces where the same problem appears {Ne
will not repeat their arguments here but only give a short derivation of
our results.
We start by approximating the exponential in (3. IO)
wp { ooy o (Bw) 2808Q - e V(T (Ge)) | = |
2“6"“(@\\:”,2,« INCR AQ\AGQAQ“, } (3.14)
so that the effectxve Jacobian has the followmg form:
BB {1 el 4@ AR * L0l 4ol Taacm
¥ —5— Foul@) T, \{k(&) AQ DR (A Qed Om 3 (3.15)

WK
Then making use of the following integrals

-1
i’\"&)( vy que% X ; Xd—XY,( ——(’2 NCeT ) 2 % T (C’Rr:— 6&
C s [y ks KT Yk s =[icke 3§ BT
* ‘ (%0‘0%'(1 %?’6_" c& ﬂxa>

Al
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we substitute the additional terms in the Jacobian (3.15) by potential

like terms of the torm

éA\/(é = é't\‘\/ { (%\\{&) éi\ rQV‘— %\ (&)%”’(&\> (&)

+ L) F,“ga)( i) " (w%mﬂ NE) -
Now using the identity (&)% (&) 5'}

5(«_(_&) &) = %\\ (&) 4y, 4(&)

we simplify this expression to [ & \\((_ N Qw(&)
‘ D Q O -
NGB = 't« i\-t (&) T L89S 9
&) .. % (8
L(‘g(&\(’%,e ) % (&) k
Next introducing the Christoffel symbols defined by
2 X

T \\I&\ = Uy (6 )y T (&

we find that

1'(
P (00 5 ety (0) = T (&’%“‘“%(‘W A

which together with the identity
\ L ( 1
leads us to the very compact form for the add1t10na1 potential term:

(@)= 5 CR(B)ML@) 9% @)

So our final path mtegral expression for the kernel in terms

b

(@),

of the new variables Qi reads: % N- A @ ()

K(2't"yq' t') = [qa) ‘3(“‘)1 %!na TN AR I

. ._'j.'i‘o %(&(K)) /-L-Q)Uf {.-—‘\—{ A&“_<®(\0)A&(\<)) k

with the following effec'tive short time action:

Aeq(&(“’ )A&(“)) Zj % (&) 6Q (A B W) -
- & Y_\)(F(G(«)\) + AN/( () I

This is the main result ot this section and the following
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observations are in order. First, the eftective short time action (3.25)
differs from the "naive" one by just the additional potential term av(Q)
proportional to'hz. This then explains why the formal change of
variables breaks down starting at the two loop level. Second, every-
where in the above path integral we have the midpoint coordinate

éi(k) and not Qi(k) or Qi(k+1) due to the fact that we adopted the sym-
metric definition for the path integral. Had we choosen to use a dif-
‘ferent definition the form of the additional potential term would naturally
be different.

Next it is instructive to write down the equivalent phase space

path integral which has the form: NP ()
" T T ) IR = R ot AR
Lga 4(Q 3} n %::0 8 0 I &Q‘MJL e
\ -\ —
L (-2 Qo — H (P, B (w }
"W{‘QEQE? ( ) )] (3.26)

with the following classical Hamiltonian function

H(RR) = L% ¢ (0B B+ V(F@) «2V(®) (.29

)\ .
We now observe that the operator Hamiltonian corresponding to the

above phase space path integral contains non-commuting tactors.
That is precisely the reason why the careful treatment of this section
was necessary. Namely, there is a unique ordering of non-commuting
factors so that the final operator Hamiltonian describes the same quan-
tum theory as the original one.

We can easily demonstrate that the operator Hamiltonian cor-
responding to the above midpoint phase space path integral is indeed
the correct one. Using the results of section 1 we conclude that this

operator Hamiltonian has the following form

H = L (r@;’%“gc((ﬁ))w*\“ﬂ&ﬂ + sV (&) (3.28)
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The non-commuting factors in (3.28) are Weyl ordered in view of the
fact that in (3.26) we have the symmetric path integral.
Next we perform a point transformation in the operator formal-
ism. Starting with the original Hamiltonian in coordinate representa-
. L
tion —Z’L_E' 11—(‘_\](%)
2 = V2, (3.29)

and making the change of variables a = I (Q) we get for this dit-

ferential operator

v ‘/L
i L 2 gt 6) 2 & ()
with the following scalar product

(bW, ) = ST de; q (61" WiFeI W F@) oy

Redefining the Hilbert space so to eliminate the measure from this
scalar product we write the operator Hamiltonian (3.30) in the form:

A=t Ag(&)‘ﬁ P46 4QE P a (65 +N(F(R) (5.5
Finally we reorder the non-commuting factors in (3.32) and using
he relati ~ .y A "y 0 ST
the relation 3. %k\(&)zi _ {?{(§{ g \(&)}w*_ % @)‘\(\-d) .
rewrite the operator Hamiltonign (3.32) as

f=y 122 9@ T V(R®) + 2N Q) 6o
with \ .. o *—’;—’4 " o -1
VR RN e R O TR CTENE N PR
Now it is straightfor:va\rd to show that the additional poten-
tial termsAV\(Q) andAV(Q) are indeed equal which finishes the proof
that our final path integral corresponds to the correctly ordered oper-

ator theory.
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I1I. EXTENDED PARTICLES IN TWO -~-DIMENSIONAL FIELD THEORILES

In this chapter we start with the discussion ot exfended particles
in field theory. For simplicity we consider two space-time dimensional
scalar field theories, Tirst in section III.1 we study classical particle
like solutions and point out several difficulties in conection with their
. quantum interpretation. Then in section III.2 we present a method which
leads to @ complete quantum treatment of extended particles associated
with these classical particle like solutions. In section III.3 we develop
a systematic perturbation expansion about extended particle states. Finally
in section III.4 we show how one is to compute Creen's functions in the

extended particle sector.

III.1 Particle-like Classical Solutions

Let us consider as a specific example the two-dimensional scalar

c\DL‘ theory described by the Lagrangian

L0 = 3 Qb N (&)
V()= §wmid™ s 3 ™ | -0

where the mass term appears with opposite sign. This model is often

A
q

used to illustrate the phenomenon of spontaneous symmetry breaking.

Namely, the potential functional
VIid] = %o\x (3¢ -LmF 00 +2 470 )
m
has a local maximum at C\> = 0 and absolute minima at d> =X -ﬁ—

The perturbation expansion is then developad by expanding about either

of this absolute minima and this is achieved by first translating the
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field by the classical value * X0

A
We now observe that the equations of motion possess other

classical solutions besides O , = ._V_V“_,_. . There are two static solutions
A
'.‘_'q)o ( X ) where
W ¢ )
X = e
C'Pa( ) = +n = (1.3)

This is the so called "kihk" solution and obviously for X—~ £ o2 it

approaches the two degenerate vacuua + -—(v%_— . Then the energy of

this classical solution differs by a finite amount from the vacuum en-

o - N8N ] -
= gd\f[ <\> (xl —V\« (cb (x) - >+’{\‘(¢3L'(X)"%-‘; )]—
z('f MB (1.4)

= 3 Y
Next we demonstrate that the kink is a classically stable solution,

namely, that it is a local minimum of the potential functional \/ [‘pj .
First we note that due to the translational invariance of our theory a
general static solution has the form 4’0 (X‘* x@-) where Xo is an

arbitrary constant. Translating the field by this static kink solution

F(x) = & (x+xs) + M (x) (1.5)
we obtain '\7[4)1 =\ [d‘)o-} N i\"_, %‘1% 'YLOC) [_ %::_" Ml+3tx+klmé§x°)\]n(¥)

W W (k¥ Ko) o0 A H
+)\—T—;\§U'H\ Té:—:"/n(x) ey gd\X(Vk (x)

So in order to study small perturbations about the kink solution we

(1.6)

need to solve the following eigenequations:

[ -4, + V(3,00 1) [ = o Yl
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Since c\>°()< +Xu) satisfies the classiial equations of motion

- %( cbb(k»fxo) +\/\(4)°(k+x°)) =0 (1.8)
we immediately conclude that

- 4

Y, 00 = 5. &%, P, (x+x,) "o
is a zero frequency eigenfunction of (1.7) ., Obviously, l\’a (") does
not have nodes and it is the lowest energy eigenfunction of this
Schrodinger equation. Then all the other eigenfrequencies are neces-
sarily positive which implies the stability of the kink classical sol-
ution. The zero frequency mode associated with translation symmetry
expresses the fact that there is an infinite family of solutions obtained
from Lbo<k ¥} by translation.

Next we observe that the static solution can be boosted by

velocity W to obtain a time dependent solution

Gt) = G XU X
(&U\( D) d)n( F:L_': > (1.10)

The energy and momenta of this solution are

(e (L dutem +4 @y et + V(utxt))-V ()
Mo
M- u?
o, = §d¢< &M(u.f)fgu(\ut) = m (1.11)

and so the energy-momentum relation

il

Eu

=

2 2
Ey - = Mo (1.12)

follows expressing the particle like property of this time dependent

classical solutions.
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In general, if the potential has the form

V(dtet)) = 5 U (TR &)

(1.13)
the classical solution ‘bu (x.t) will be proportional to 4/
and the mass Mo ~ ’}‘_ . So tor weak coupling we have a heavy
particle at the classical level and the question is whether there is
a related particle in the full quantum theory aléo.
In order to study the quantum theory one is immediately led
to the ideas of treating the static solution cbb(w X, ) in complete an-
alogy with spontaneous symmetry breaking. That is to translate the
field by the static solution and develop a perturbation expansion in
a straightforward way. So we consider a one extended particle sector

generating functional

Z (3;e7) = om08 Wiet, e Lét] el [Aln 2 fo3e]

(1.14)
Translating the tield ¢(K.ﬂ = Cbu(\c*X.) 4~’VUY:\°) we get for the

action:

Alw,01 = Ale, 8T+ 3 gamﬁr e (- A N )
i Qs N e pe) Ww

the propagator of this perturbation expansion is now
v -1Y)

A(’c—'t x,x') = E L}/ x)g U \,\/ (x')

VI 100 (1.16)

(1.15)

But there are two serious problems with this straightforward approach.
First,since we translated the field by a space dependent solution the
translational invariance is not preserved. Second,the progator (1.16)
contains a zero frequency mode Wa (K) leading to an infrared problem.
This is actually the Goldstone boson associated with the spontaneous
breaking of translational symmetry. Naturally we cannot accept such
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an interpretation and in the next section we develop a consistent

treatment free of infrared problem.

III.2 Translational Invariance and Collective Coordinates

In general we will use the name soliton for the extended

. particle associated with a classical particle like solution. To give
a consisteﬁt quantum treatment of solitons we rpgst pay special at-
tention to translational invariance of our theorly, As the first step
it is important to spécify more precisely the initial and final sol-
iton states when defining the one soliton sector generating func-

tional. So we write

Z (1) = Lim Somo0 W ToGA0T Wplel4:)]

«eup {-—fﬁgd}\o{x{"w(x.ﬂ&)(\wﬂ - RT3 St | z 2.1)

where p‘._and p,f denote the initial and final soliton momenta. OCbvi-
ously, we treat the soliton states in analogy with the vacuum state,
namely, using wave functionals defined as |
W leOT = < der1h)
CTP(x) ) bery = ) V)Y (2.2)
The external source —J(X ,+) appearing in this generating functional
serves to generate Creen's functions of the fundamental scalar field
d>(¥ t) in the one soliton sector, Then using reduction formula
we can create an arbitrany number of fundamental gquanta in addition
to the initial and final solitons.

Translational invariance imposes strong conditions on the
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form of this generating functional. For example if the external source
is zero, we have the one soliton transition amplitude
o ' * . -
Gy e:im \oiy = S.’O\TD¢ %[a(-m )]%_M('mﬂ Jw({i-ﬁ A\T\Ml -
‘ 2.3

which can be written in the form

(2.4)
the momentum conservation condition appearing as a consequence
of translational invariance. Before we develop a method for cal-
culating the one soliton sector generating functional it is important
to assure the translational invariance of our theory. To achieve
this we first separate our the center of mass motion. This is done
by introducing new dynamical variables X ({') and /P(“L) correspond-
ing to the center of mass coordinate and the total momentum:
v, 67 = %dt\c’ﬂ(xﬂ) &' (x4) (2.5)
These variables we call collective coordinates and they are intro-
duced into the one soliton matrix element (2.3) (or the generating

functional (2.1)) using the following identities:
o Q
DX T & QTTE-Xende-xw),07) 2R =
§Dxe T 6( QTTEKeNG6-x0,0]) T2 = 4 |
SopeT & (pe) -ETT,6T) = 4 @.6)
The last identity which we call the constraint, serves to identify
the variable /P(Jc) with the total momentum of the system while the

first represents the gauge condition associated with the constraint.

G\. can be arbitrary. We notice that QB X

’39% - {atnes, Prmelf,

is given by the Pois-

son bracket:
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In order to transfer the collective coordinates from the 5 -con-

ditions into the action we perform the following change of variables:

Dlxt) = $(x + K& ,t)

W) = T (e X y+)
? = X *X(-(—) _ (2.8)

—~
—

introducing new field variables q; and (| . Then using the

constraint we get

Qo e (T ~R(W#)) = iaxc{/\ocﬂx&n%&ghw X(T,4))]

and since the initial and final soliton states are momentum eigenstates
@) ts ~
1\’ o()te) ] = o 2K (epe) W}) L& ,+0]
JP& 'P“,'P(a

From the first expression we see thatX H) is the conjugate variable

(2.10)

to /P(:H . Our new expression for the one soliton transition ampli-

tude then reads:

SQP@X R ,PX S.omodp W H>()++)IU( M (40T
'W 8(!3@&)—?%,@1) S(RIT,ET) {@J}w,ﬂ ,"Ein/b]‘]?,b

. ovp | gmw(ﬂxm + %o\\a(’w IR(T,46)) 1 } 2.11)

As X(_+) appears only in the term /p X , we can immediately

integrate over X (Band /?Cf) which leads to
(ot oty = (@m) 8 (o) S0 F W TeL, 1) 10T,
 S0p-B) 3 QB lze ang LA TR - “Qt’wb)]k

(2.12)
where /?—: /\‘9,\-—_- /PR— . So we succeeded in extracting the momen-

tum conservation condition in front of our path integral. Now one

can develop a perturbation expansion about the one soliton state

withour the danger of violating the translational invariance of the

theory. We note that for the more complicated case of the one soliton
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generating functional (2.1) it is not possible to integrate out the
collective coordinates due to the source term in the action which
depends on X ()

de Tl d(xt) = %dg‘j(g;)((&),)c) g(?ﬁ)

(2.13)
In this case the collective coordinates will appear explicitly

in our calculations and their main function is to ensure the trans-

lational invariance. We continue by observing that the path inte-

gral (2.12) has its main contribution from the stationary point of

the action with constraints. So we consider the following varia-

tional equation

§ (SR (T8~ REH)-neo (y-PITES )=

(2.14)
where K is a Lagrange multiplier. One obtains, for the lowest

energy stationary point (d>¢ = o) , exactly the soliton solution

dap(?) = & ( i’\—& P2 (?*X°>>

To(p) = L & ¢ |
et etnr 1 )

(2.15)

where d>§ is the solution of the static soliton solution

N ()

— d)“ 1= — \ = D :
) Od | (2.16)

The corresponding classical energy is found to be \\N%* E;L and

this is how the classical particle like solution enters the quantum
theory. Naturally (2.15) is a solution of the variational problem

if the gauge condition Q {ﬁ/$3 is chosen in such a way as to allow

this classical solution. This is a time independent solution and
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also there exists a time dependent solution

G et = &, (TTB% (% 40t/ T +Xa ) )

Tett) = & 00t)
oA(L) = o (2.17)

which correspdnds to a time dependent gauge condition.
At this point, we observe that, due to the property of our
~L
potential, C‘),f(x) is of the order of W * : accordingly, Mo is of

the order of J(“ . We can develop the perturbation expansion in

\)\ around the classical solution

$(e,+) = Bt + U(xt)
_ﬁ— (p,t) = 'IT@(X) + @1t (2.18)

Here ()( and 9 are considered order zero and represent small
qguantum fluctuations around the classical solution. In the case
when the initial and final states contain only one soliton, the shift
(2.15) (2.17) gives, in the relativistic form for the soliton energy
and we may develop a relativistic perturbation theory for the one
soliton transition amplitude.

On the other hand, if the momentum is considered- OC(4)
one can alternatively shift by the zero momentum classical solution
4)5 (?) , because our method only requires that the function used
in the shift be a classical solution to leading order, so that, in the
final expression, one does not get zeroth order terms which are linear
in fX: ((’,‘t) . Since this last case appears to be more appropriate when
calculating Green's functions in the one soliton sector we will dis-

cuss it in detail.
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But before translating the field by these static solutions we
comment on the choice of gauge condition Q(“)H. Although arbi-
trary choice would lead us to a consistent perturbation expansion

free of infrared divergences, we prefer to use a linear gauge condi-

o QL @ Gexey ) T = §ax §6a & (X, ©)

2 QL o by
WG}—:_g&x?%()d)(k X(+),t)

in order to eliminate the zero energy mode in a simplest possible
way. Here %(x) is still an arbitrary function and, identifying it later
with the zero frequency eigenfuaction, we will completely eliminate
the zero energy mode from our functional integral. Now we linear-
ize the constraint which is quadratic in fields, byrmaking the fol-
lowing change of variables

- %E(ﬁ’,f)(& %P,H*Ys(f’))ﬁf’
\Scp1 & 4 4y

:FY(Q,H{[+%(Q)

Then the constraint becomes:
b (- [T & e ) = o Vag &It

Computing the Jacobian of this transformation, we get

o (31)= (e )

so, it exactly cancels out the {@:Ez term which is given by (2.19).

Now the Hamiltonian becomes more complicated

_(p- =5 e L 8N S
H=fp 2 = WD Pfap[am b b+ V(E)]

2
We used the normalization condition S‘AS %(?) = /) . The transi-

tion amplitude is now of the form
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(2.20)
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(2.22)



~ X
Spnste\ ooty =6mS (- ) § DT D& W4T -
LRI T (A Blem) S YA heVILeet) >
o4 ful JeTen ey - HLE, %)) -
and since both the gauge condition and the constraint are linear
in fields, one can easily develop a perturbation expansion.
So we continue our discussion by making the shift
b ()= & (p) + X (£t
T (g4 = Tolest) (2.24)
with the corresponding choice of% :
_ N
Sepy = ie) = 7 R(0) 6.25)
The Hamiltonian becomes
! > ~ ., i el o
H= (p-S@rd) ga?[ L +iX ﬁ;-,wk))( 1+,
M. (1 =)

[~]

§= (e & i) Cort) (2.26)
At this point we must face the fact that the above effective

Hamiltonian is derived by making formal changes of variables in

path integral. In the previous chapter we learned how a formal

éhange of variables leads to incorrect reéults and also that the

more careful treatment gives additional potential terms in the action

of the path integral. Now it is a straightforward task to compute

the explicit form of this additional term for this specific case. We
introduced the collective coordinate X(’H through the following

point canonical transformation:

Pxit) = & (x+X@) + Y+ X0) ) (2.27)
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where (b°(x +X) is the classical soliton solution. The 7(,—field

describing the small oscillations satisfies the gauge condition

Qe W, keer U (e el y4) =0

and LV, is the lowest energy wave function in a complete set

(2.28)

{"\’40“ y1=0t,e - } . We write the following expression for

the 7( ~field:

KA (x+X0),t) = z:' Y (x+X () Q. l¢)

(2.29)
leaving out the zero frequency mode due to the gauge condition
(2.28).

We denote XU’) = Qo(+) and then using the notation of

section II.2 we have

P(RY) = b (x+@.0) « T Y, (x+ Qo) Guelt)

(2.30)

and so

%{5(&)=§&x F:L-(QJ F:.(Gl) Yi= 0 -
2 T (@) Fel®) = (ax Fi@ Flul0)

(2.31)

The matrix gij(Q) is explicitly given by
%D()(Q) = %&x ( (bo‘(x) +'X;'(Y»+))l = ( (.\)‘)d?')
%cv\(&,:’ %v\o(.&) = X&\L \k\(\()((b;(x)vx'(w{_)) = ([,l;n )(b\)
ﬁV\V\‘(Q\ = g\’\\f\| V\)V"‘: \)1’)?> - (2.32)

and its determinant is easily calculated to be

oy = dat g (8) = (., #)°

(2.33)

We also need the inverse matrix glj (Q) which can be read off
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directly from the phase space path integral derived earlier

9 (o0 = (wo,cm o

own no V\)

4 B1= g7(al = (%,cb\
w! \ n!

%v\ (Q) = S <WMC(P\4/U¢('\> UM \ .34

Next we simply use the general formula (3. 19 ) obtained

in section II.3 to calculate the additional potential term for this

specific case. After some calculation we find:

2 P () W (W 4") |, (wlet)
A\/-?[ .d ) 3(\}/ ST Zm (\P°,4? j (2.35)

Now, the one soliton sector generating functional is expres-

sed in the following phase space path integral form
) \‘ X(H
Z(T; i) = Sopox & B TN Pom oy
(301 E(U) Y, W axp T §ax Do Ree-
H oy (P8, X) RioT (e-XW, 1) &9+ X (g4)) ] } 2.36)
with the understanding that this is a symmetric path integral, namely

the one with the additional specification that the short time action

is to be evaluated at the midpoint. The total effective Hamiltonian
reads:
' ) ?Ea% RN
H,, (0,®,X)= M, (AD—————’—— s\ co )7
i /P) ’ ) ﬁ l"("\/o)d)):— 2—-:1@'
A A\] (x ) (2.37)

In comparison with the effective Hamiltonian derinted before by

making formal changes of variables in path integral it contains the
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additional potential term AV( % ) . Since it is proportional

o
to Vit starts contributing at the two loop level.

I1I, 3 Perturbation Theory and Feynman Rules

Based on the formalism developed in the previous section
we can now formulate a systematic perturbation expansion in powers
of the coupling constant. TFor definiteness we consider the % CPLr
theory and the expansion is a weak coupling perturbation expansion.
We will present in this section a detailed derivation of Feynman
rules. Using these rules, one can then make perturbative compu-
tations of energy, matrix elements and Creen's functions to arbi-’
trary orders in coupling constant.

Since we are translating the field by the static solution in
this perturbation expansion Lorentz invariance is not manifest, but
one can show that higher order corrections in coupling constant,

9
Sum up to restore the Lorentz invariance(. )So we consider the fol-

lowing generating functional y

_ o Q[ Qap (@ L+T KB)-H ]
Z (3%) =\ K0 i(fk®) ¢ Ll -
where H is the total Hamiltonian given by Eq. (2.37) and J and K

are external sources. We separate the Hamiltonian into a quadratic

//K ~field part and an interaction part given by:

Ho= Mo §ap T4 1 =4 (wim2n o) X ]
(3.2)

- L/P’?de@xl)z’ . > 5\ Y
e 2 M, (A+ S/mY) Q&?(M&)ax * *—LT?C )m\}(x)

(3.3)

- 43 -



where % = ( Cbo‘>7<‘ ). Then the generating functional can be written
in the form:

b (L L8 (T, )
2300 = e fu b ($ & S )] 2.9 -
“where Z°<:r,"<}is the free generating functional

2 (3,%6) = SorDm s Qwx) 8 f\WE) -
¥ %{\SM&?{@X—%Q"- IX *l(m Yad, yx "'I'X*'\/(@I;f

5)
This quadratic functional integral can easily be evaluated by
expanding the fields(X and@ in terms of eigenfuctions Lpn(e)which
are solutions of the following eigenequation:
iﬁ_ 1“\) = LQ\;L L}IHCP)
Dy =~ X‘«e oI NE (P (3.6
There are two discreet eigenvalues for n=0 and n=1, and the W= O

eigenfunction is ]ustw -r~ d>l There is also a continuous spectrum

for 0)(2) Z+ZM The normalized eigenfuhctions are

moe
\‘\/ () = ':;)'1 ZL\L\,L:E_ > W = V"‘E

Yoler= 4 ezgtw ML 3 BLE T - ~2 & T
Ng = 25 (zfzm)(2§m) (26 (5tsm™) (3.7)

Here L is the length of the box. We use the box normalization

and periodic boundary conditions. Introducing the notation

Wn6) = § 10 A (6) ValP) = (K, Vo)
€, (0 = [dp DEt) Y lf) = (D, %)

(3.8)

we have

Koty =2 %M 4. (F)
ET(pt) = 2‘5’ &, ) \7”: (F)
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and the &integral is now .
QEBOE}K S(8s) W{\KMZ‘S {a:\(y"\"' Mh)”‘z@v\g}u-‘(}
= e L1 § L (R KL (W W)

\
Here the sum E is such that the zero frequency mode {(n-<=0)

(3.10)

is omitted.

Next one has the following X—integral
Cr D, §(s) o { 1G0T [ i G + QeRILTE

where

— | ~
V= (-Remn e ) §(t-1)

(3.12)
and the answer is
e ¢ S L T (3 K2 )G (T K ) |
(3.13)
Now in the (?,*’) representation the Creen's function
is given by
( Av oV (% +‘ ,
G (et ye¢") EW‘@ w (')
'V w“ (3.14)
defining \ “
A-¥5pp') = -t S0+ Walp) W te) -
.1

We can write the final form for the generating functional

Z (1K) = e { el a'ae [ 4 (F(0m-ke0) G (+456p7):
(3‘(+ o )- K () + 3 WKipt) alt-tipe') W(g')t") ]1 (3.16)

From this free generating functional one can deduce the
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Feynman propagators. We see that there are three types of pro-
pagators, i.e., by differentiating with respect to sources J and

K we get the K- ’)[ , K- @ and the & - o propagators

respectively:

5 1L s )| = G(+-t',pp
g SS(?(") d QT(FI‘”)—Z ( [K=K: oq ’ F F ) (3.17)

1§ A % ( _ ‘ -t I
v TRt v T (el ? (T,%) 1's=v<3§C (t-t'jp P ) (3.18)
L S L 220 | =00Gleter) s & ()

(
K T=k=0 . (3.19)

It is important to note that since in (3.14) and (3.15) the zero
frequency mode is excluded, these propagators avoid the infrared
divergences associated with it. This is the consequence of the
subsidiary conditions, i.e. & -function cenditions in (3.1).

The vertices of our perturbation theory are determined by
the interaction part H'. Besides the ordinary vertices /\ C\L 'X
and % YH , we have an infinite series of vertices coming from
the non-local terms in H'

(=82 2r Hlw ) CAN) ) (G &)
[ (W P (@) (') (W, o)

o

Lo ( ¢ /) )l &

(3.20)
S -
Since /U is of the order )\ our perturbation expansion will
T
be in the powers of A . Expanding 4/('* (s/ﬂo) one gets
the first set ot vertices proportional to PZ-
cé'b
— _A?___ < Z % .{,."3 L% “-—L‘ ..
PRI Mo

(3.21)
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L% €
which are of the order of >\ , )\ . ... successively.

The second set of vertices is proportional to P and are given

by
- Y
|
- e (125 38 Sy B L)
no ”D no" [
_ (3.22)
It is important to observe here that these vertices are local in
time but non-local in the space variable.
It is trivial to generalize these Feynman rules to arbitrary
A
two-dimensional field theory described by the C = ‘l_'(’)d’\ -—\{ (4’) p
which has a classical solitary wave solution 4" (%) . Then the
propagators have the same forms as those given by Eq. (3.14) and
’ g
Eqv (3.15), but now with \k« and (Dw obtained from the fol
lowing eigenequation:
1 \ “
[-4 N (be) [, 1= o Y, i)
dov
4 (3.23)
The ’)( — field vertices are given by the cubic and higher terms
in the expansion of the potential
; ° Q
o ()
U(d+¥)=T o L (&) X
Re=ao M (3.24)

and depend on the specific form of the potential. Finally, we ob-
serve that the meson-solitonanon-local vertices remain the same
as that given by Eq. (3.20).

As an explicit calculation we will next evaluate the first
quantum correction to the soliton mass My. Because by the ultra-
violet divergences appearing in this calculation we now have to face
the problem of renormalization in the one soliton sector. This two-

dimensional field theories are made finite by normal ordering which
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gives infinite counterterms in the Hamiltonian appearing in our path
“integral. The fact is that these counterterms which make the non-
soliton sector of our field theory finite renormalize the one soliton
sector. Thus, one needs no new counterterms to cancel all the
divergences which appear. This is similar to the situation with
spontaneously broken field theories, where the divergence structure
of a renormalizable theory is not affected by the occurance of spon-~
taneous symmetry breakdown, so that the same counterterms which
renormalize the theory with the unbroken vacuum are enough to re-
normalize the corresponding theory with the spontaneously broken
vacuum,
First subtracting the classical vacuum energy we write
our Hamiltonian density as
" . -\ L
(e =Lma L g™ 2 (b= 7))
(3.25)
To cancel the divergent self-energy diagram we next normal order
this Ham iltonian. To normal order an interaction Hamiltonian we
must specify the mass of the free Hamiltonian through which the
creation and annihilation operators are defined. Choosing a differ-
ent normal ordering mass has the same effect as choosing a differ-
ent renormalization point. We choose thiis mass to be (2 m and

then the Hamiltonian becomes
N

o= N {4 L &7+ 4 (8- 577
Next we use the identity

Ud) = Np o(36 250 ) U@

(3.26)

(3.271
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where A is found from

qD(x): NH(_b(xl + A\ (3.28)
to read ( \ = 1 Pau 1

A =7 55wy 2 ) 2 ()

Ku= S ) mm othen, (3.29)

and write the Hamiltonian density in the form

oy S B +A(c&>———)_i5m(¢— ) 71 L (k)

- 35X
gm BXEZLLA(%«) Tf?_/\co(«) (3.30)

So in deriving the effective one soliton Hamiltonian we have to

start with this Hamiltonian density containing infinite renormali-
zation counterterms. For the one Iodp calculations we shift the

field as before with 4>° (?) still being the solution of the equation

of motion without the mass counterterm. Then we end up with an
additional term in the final effective Hamiltonian of the form

SH = - LS|l (-5 )42 + X" [dp - LT (k)
(3.31)

which will be sufficient to cancel out all the divergences which

appear in the one soliton sector calcufations.
To find the one loop quantum correction to the soliton mass

we have to keep only the quadratic terms in (9) ')( in the action

and also the constant renormalization counterterm. Thus we write:
\ ()
o [-4M.T] = (02D ¥ 3(J4)S((uB) wxp { £ ATT®L2T]

ANoxl- itfﬂ——(aﬂc ~REX BN X )+Lgm(¢ M) 4 (I;’w)(m):[

so that the explicit form of the first quantum correction is given
by the expression(é)

= T L on = 4 tm e -5 - Tho( k)

- 49 -



Due to the periodic boundary conditions we have for the scattering

states

+ 0(24) = 2T
2wk " (3.34)
where the phase shift 5(2,) is defined by
Lo Mo (£) = o (T2 5+ 25(2)])
L->w
—L — \ lf A—-
o %_( 1= ‘wv(* RERS L CINY (3.35)
and found to be _ ~1 |
2 -zt (B -2 *“M(z};_\ 270
%(‘2.) = - ( Qi
o - lten (V) -~ 2.,+o.M(kG_) 2l (3.36)
Now the sum
Dron-Dieksbos i (eeg-oea)

is approximated by

Yooor LT O (Kup S - W = L o r

A /- v ALO(‘(\‘) "
v L( L)g A% B(xn) (3.38)
The second term is in integral form written as
_ A K Aw(“\ _ (w) \ 1 % J%(K) Ll
L ia« sk 20 L tcam% I S et -

v w dk

d«
L W \’ii ‘v\'“*-Z\M" 'r\(z_ % (W +2K ) (\& 2wl i

(3.39)
Obviously, the logarithmically divergent part is precisely cancelled

by the mass counterterm in (3.32) and we end up with the final an-

swer for the first quantum correction’

Ay
‘:'.-—’-b =~

™M 29 il
! TR 2l (3.40)
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II1.4 Green's Functions in the One Soliton Sector

With the systematic perturbation theory developed in Section
III.3 we can make perturbative calculations of other quarntiies besides

the soliton energy. Of special interest are the Creen's functions in
N
the one soliton sector. The C\> field matrix elements between the

\ I
one soliton and many meson states <P‘){_ K ‘ ¢ \ )F,{\‘il> were
(9

first considered by Goldstone and Jackiw' "’ in their treatment of these

two-dimensional extended particle theories. The name meson stands for
the fundamental quanta of this scalar field theories. Coldstone and Jackiw
formulated a self consistent method, assuming that the connected maltrix
elements between m and n mesons have an expansion in powers of A*® and

that the leading order is A m—g—l—_—l These assumptions can now easily

be justified.
N
, !
Let us start with the matrix element </ | & (x0) M’> . Per-
forming the canonical transformation described in the introduction,

we get

B o 1Y = | byl e XE@NPY + <A LY (x 450 0) ) )

N -
where X is the coordinate operator. The first term is of the order A ,

[ad

while the second term gives, at most, )\O contributions. Inserting

the identity, we can easily evaluate the leading term:
~ v (-p') Y
@1,y = (48 & TG Gy

This essentially classical part of the matrix element was the initial
Ansatz of Goldstone and Jackiw. Next, one can compute the first

quantum correction coming from the second term in (44). From the

path integral representation of <’P' \"X(\HX)M \P) we see that
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one first has to find the "vacuum" expectation value of 7( (6, ¢)

A .
and then making the substitution ?= ¥ + X to evaluate this oper-
ator between the soliton states. Thus the first quantum correction is

\
given by the tadpole graph of order A + and we have:

G\ Ker R 010y ¢ (op Clepne 1o (PANGEITETIEY

This contribution is again of the form:

do SO ]
T ,@(y 4] (4.4)
with S}(“%)=§a§> a(o;x+«1,9) (’:Mbn(?))q(o;ﬂ’)

E(O;(’\"l= QUV G(tyee!)

It is logarithmically divergent and the divergence is cancelled out
A 2.
by the contribution coming from the mass counterterm —?-_%\M ‘»o ’7(-
+ L

which also gives a tadpole graph of the order 7L -

Next, we will compute the leading term of the one meson matrix

I~

element <’P‘ \‘-\7 \"f,b)u7 , where p is the total momentum of the sol~
iton and meson and W,= iV\‘L-\'ZW\L is the meson energy. This matrix

elemént is equal to
G\ (K@) oy + < VX (ke 0) 1p, W) (4.6)

and here the firsi classical term has no contribution to the leading
order. To evaluate the second term we expand the field (X(P,*) in

terms of the eigenfunctions ‘L\’.,\ :
{

R \ . P
Agir = & kie) + ZH =L Auohleie b e

where the n=0 mode is omitted because of the %—function con-

straints. There the n=1 mode describes the internal soliton degree

of freedom and not a quantum particle. Therefore, the soliton can
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have energetically excited states. The continuum modes correspond
to the meson degrees of freedom since, neglecting the interaction Dm

satisfies the equation GV\C\L) "LOV\ Q) with (A)V\ = KV\ + 2

Thus, in the first approximation the one meson matrix element is

< \\ \\(é_‘j\w y{-)(“’) ‘o) +\§': (H)A((o))&:(o)k W,w“%

- &= <) Y (x+ %) 0= = <p | (e X019

(4.8)
so that ‘
A v (p-2)Y
| —
(@1 & ealpoy=Tds ¢ W, (v )
(4.9)
The n-point Creen's functions in the one soliton sector can
also be computed perturbatively. For simplicity we will calculate
the two-point function and it is then trivial to generalize the re-
sult to the arbitrary n-point function. Let us consider the Fourier
transformed form: , )
(Lt - w'x') 21 (whot - k)
G (W) = et € Y e
L T bl Bl Y 1£)
(4.10)

Making the canonical transformation in the operator form, the time-

ordered product is equal to

-T{ 4, (x‘*i(ﬂ”(b (y+$((+\)} + T{d)o(x‘f-)z(t‘)))%(xf—)"((f),f)}
£ T LA O RE) G (e Rea] TR (eeker ) |

where X is now the coordinate operator. We will first evaluate the
contribution from the first term which is of the order 0(7(4) while the

others give smaller order contributions. The time ordered product
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can be split into two parts

BV &, (xR 1) &, (1R 1)+ B0-1) & (wek0) &, (k).

4.12)

Inserting the identity g d(% H,’V> Q{ .‘f\=\/ into the matrix element

of the first part

Bt ('] & XE) b (ke X (o) 1)

(4.13)
for both t' and t we see that it is equal to
G (el gt vV (tow - Elprt)
W ay g T by 12010 €, (x) @ 4
(4.14)

and after translation of the time and space variables, we get the

following contribution to the Green's function:
- (K'Y
g(,PuK\_/F_ « ) S(E(’F‘\ 1 (W) - Elp)- v ) S dx, ¢ 'c})o(xl).
- (e (B vl )
.%&xQ\(/“ )Xg&* Q\( v Lxt) 0,0 -

Y N S O (4.15)
The presence of the é) -functions shows that transitional invari-
ance is indeed respected by the formalism. Recognizing the non-

relativistic propagator we get for the fastor multiplying the é) -

functions:
&b (x) : ~ .0
o 1 AN _(w ®
E(F)+M) -1, 2T, (4.16)

There is also a similar term coming from the second part of the

ordered product (4.12):

N

(S)’(\(\ _\’ L d) (Kl)
° Elp)-wly -t - ('?;V;;.L ’ (4.17)
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This is the classical part of Green's function and the first quantum
correction can also be computed in a similar way. It is of the order
0()\0) and comes from the last three terms in Eq. (4.11). We will
just demonstrate for example how one computes the corrections com-

ing from the last term of Eq. (411) which is the Fourier transform

BTV R0), T ek, 0] 1)

This rather unconventional form can be understood if we write down

of:

(4.18)

the corresponding path integral expression, since the canonical
transformation was originally carried out in the path integral formali-
ism. Then we. see that one has first to find the "vacuum" expecta-
tion value ofT{X(f;*‘) ) 'X(f’)“ Z( and next after substitution of
Q = X+ &(*) and f"‘- X + >A<(+‘/\ to evaluate this oper-
ator between the one soliton states. Since the operators ;\((t) and
f{(t') do not commute, this operator between the soliton states has
to be time ordered. So, in the first approximation, we have that the

00" ) contribution to the matrix element (4.18) is given by:
PTG (-t ) XY e XD L) (4. 20)

where G(t'-t Y \>\>\> ) is the propagator. This gives the following

contribution to the Green's function:
X(r?‘m‘f o~ W) S E(p)r@u )= E(g) -] )
-g«ix&k Q‘:((DM)& —M\K)K"?‘ \TC‘(f) Y+§(&-) ))Z(n)) \r\v>

(4.21)
Now we can continue in the same way as in the preceeding calcula-

tion, obtaining for the e part of the time ordered product:
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o) [P S S P
N W= Wt ie a>+E(‘>\)+co(K‘)-ﬂ—(_Tf_"‘_)_ "
[} 2n

o

(4.22)

and similarly for the O(-t) part of the time ordered product.
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IV GENERAL METHOD OF COLLECTIVE COORDINATES

The method we have developed for the one soliton sector can
easily be generalized. In the previous chapter we showed that it is
necessary to introduce a new dynamical variable (center.—of—mass co-
ordinate) in order to assure the translational invariance of the quantum
theory when perturbing about the classical one soliton solution. So
if in general we like to perturb about a classical solution respecting
more independent conservation laws it will be necessary to introduce
more collective coordinates. For definiteness we consider the follow-

ing general Lagrangian:

L) = 4T (9a00) = SV (R )

LS4

Here }\ plays the role of a coupling constant and rescaling the field

¢ = TX 9,
we can write this Lagrangian in the form

- 4 e = :
f. (d)) = —5\ zi“:‘ (er}{_;(‘u“) — \/< dlu(“l*))

so that a general classical solution to the Euler-Lagrange equations
reads A\ - 15-
(PQ(““L) = A (Q\.(y)’c ) Cala C-‘V\)
Here {Cod are arbitrary constants and we have a family of classical
solutions which all have the same energy. These constants signalize
the existence of a continuous symmetiry group G with n generators. The

infinitesimal generators of G which we denote by P« are constants of
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motion and therefore, take arbitrary values R for the classical solution.
Then, ‘starting from a fixed classical solution with given /R we can gen-
erate an infinite set of classical solutions with the same /\1 by applying
an arbitrary transformation of G with constant parameters.

Now if we attempt to develop a perturbation expansion by shifting
the fields by the classical solution

b= G 6o e A=
some difficulties will appear as in the one soliton case. Namely, at the
quantum level this shift will break the invariance under the continuous
symmetry group G. Consequently, as always is the case with spontaneous
symmetry breaking, zero frequency modes {Goldstone bosons) will appear
leading to an infrared problem. It is then obvious that a consistent quantum
treatment can be developed only if we preserve the continuous symmetries
at the quantum level. This is achieved by introducing additional dynamical
variables (collective coordinates) analogous to the center-of-mass variable
in the one soliton example.

First we discuss how one is to introduce collective coordinates at
the classical level. Let Cb (x) and W(*) be a canonical field and its
conjugate momenta respectively. Let H[Tf)d)] be the Hamiltonian of a
system under consideration. We consider a group G of transformations
generated by a set of n generatorsEﬁT)d)] through Poisson brackets.

We assume that the Lie algebra cioses, namely
b\ -
{_?A[Tr)qﬂ )(Ebirm (3)1} '?,'E_:- Cav T O\Y- W é‘;}
For arbitrary group element specified by parameters {X&‘i , the transform

of A[TT) 7] is given by
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=]

V= Ao ZL‘T {C‘Dﬂ >{C‘tx1 A

G AL
C[XT - -5-;: X&?&Ev)cﬂ

(3)
"Since G is a Lie group, we have

T[ X]

where

T[Z] = Crv1 Lexs (4)
where
Z.Q_:' /\'o(y,‘,"\/‘,")x\)"',XV\)E'S‘D<V)X) (5)
Let us define \/t, and its inverse Uﬁ, by
a5 (Y, X)) \
VL (X)) = ot
b —
Vb\b M ¢ = %o\c_ (6)
The structure constant C ib is related to V and WU by
'\ A
4 _ e & M _ R Ue
Caw Vo Vo (?Xa ’QX&)

Considering an infinitesimal transformation, one obtains

(Be g = V00 38

DKo

Now that we have enough machinery, we introduce X{}:)as a
dynamical variable through making the change of variable

CP(*«*) = ¢[X( <* k

1)]
_ﬂ (\‘)'H = "rl (*c’*)

[ X7
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As we shall see below, classically, we will be able, in certain
cases, to determine Xd(*) such that (,ﬁ/(xﬁ') and ﬁ(x it) are time
independent; then the motion of Cb and VY  is governed by the time
development of X )s through (9), i.e., Cb and W  move collectively.
Thus, we call Xd\(*)collective coordinates, while one may say that
and ?5,‘!? are fields in the body fixed coordinate system(or moving co-
cordinate system).

Next, we insert (®) into the Hamiltonian to obtain a new Ham-

[ —~ \
iltonian as a function of Cb , W and X s

HIT,8 X T = HiTg ]

(10)
Let us now consider a new system with Hamiltonian H , canon-
la¥d —~~—
ical variables X,(, d> , and canonical momenta /Pd\ and 1

We now show that this new system is equivalent to the old one ii

we impose the constraints

the © ST UK -
VI &0, ] =k - BIT,ETul0 =0 -

It is obvious that we have to impose n constraints since the new
system has n more dynamical variables than the old one.

(24)

In the sense of Dirac , those constraints are first class since

one can check that

{-\K)W(bkfo ) {\:)L}/;S = 0 (12)

The existence of first class constraints, precisely, reflects the gauge

invariance of the new system under the canonical transformations 9enerated
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by \'\)¢ . Its effective Hamiltonian has the form

A = RUT,E,XT » TAIEE o]

~where 1* are Lagrange multipliers. (}- of 1is determined from the
SHey
§ R

Mol = A X

Choosing X *determines ’)K* through this equation and thus fixes

equation X-L | which gives

the gauge.
Y,,\('H = O, we find back the old system since then (b’= b
m =" , 7\,,( = O |, Therefore, since the physical contents of the

theory is gauge independent, the new description is equivalent to the

old one.

The quantization of the new system can be performed using Fad-

(zo).

deev's path integral quantization method for constrained theories

Namely, one adds n additional gauge fixing conditions

Q_{[ﬁ)&;’)pJXI =

ok = 4)) 2 A Vl.
such that .
dok {\Y& , Qrsqlfml%
and the transition matrix element i expressed according to Fad-

deev in the form

\DIDTDXDp T & (W) T

0

§(06) dar {4,,8,)"

’

(13)

(16)

w\’{ di[’? X,,k +%4xT4; ~g[ff)$,v\>,)q” (17)
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However, in order to be seli-contained and to show the generalization
of the one soliton method, we rederive the quantization procedure starting
from the original path integral form of the transition matrix element
it ¥ ) = (Do om W 1eT ¥ 18] e ¢ fu(fomo-n T}m)
We introduce the collective coordinates into this functional integral through

the following é -function identities:

i:ﬂ& DP“DX‘BEé (’P&(“ '?x[ T‘[—X(w] ) ¢ -Xx®] ]) ‘
2 ( Q(‘DET([-X(H] )4)[-x(uj]) 1 =41 (19)

Here the Jacobian is given as:

1T 0 (5] -1 QT

Then the transition matrix elements read

( 260m T, 0K DRTA (- Bl b, 411])

6 ( QﬁYﬂ[»X] ) (b(’XTj) Aok { O“"L)?O’q] Lk”;[‘P(yﬁﬂ%;{M‘ﬁﬂ
W{%QM[QMTCP - HTT\‘)‘V]?} 21)

In this derivation we consider for simplicity only the case of an abelian

canonical group.
In order to transfer the collective coordinates from the 6 -func-
ion conditions into the action of our path integral we perform the following

change of variables:

— iy (Y(
P (x,4) = CP[X(“{(

Tilvtl = ﬁ-(y’+J (22)

X (1]
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Obviously, the Jacobian is one since (22) is a canonical transformation.

Next, we consider the term

£ N ) 9 (v t) =
Qd}dk “(P - iMO\YT(X({;—Jd& (\)(Xlﬂ] ~ F}:X]

X 1 (23)

For an infinitesimal change % X , one can vefify that

X
Froa = § 2 pe kX + ?“***'“““’"“’(’“*’

&

FOOIRIT T S2 1)

(24)
and then knowing
S ix
¢ X, () (25)
and
Fro XMMT(M) &)
(26)
we find Q .
CataeTon by = §rpm Xt +faunTlys
.y '\-g
-\—X ( [ ‘b] %*’LY'W \%_P{_L) \*i (2_7)

From this expression we see that (\3&(+)and Xo((%)represent conjugate

canonical variables. The new Hamiltonian is now given by

'\:-\/(%(V,$>X~& = ™ {:ﬁ()q ,a;{x]—[ (28)
and the final path integral expression for the transition matrix element
reade: (| QPO T, DRDKe T 3(0aPu) §( Qo) bk{ QY]
xR~ ‘ . ~ N~~~
Y o] VU] e { o Tp X+ (T4 - HYT\,Q,XI]}
| (29)
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which agrees with (17). | g

In this expression we have replaced \*‘h‘ , \‘1)4_ by L‘h , \"h
in order to take into account the surface terms appearing in (27) together
with the change of argument in \K‘)% . It is likely, though no general

B el

proof exists, that \)/{,,(. is simply transformed from Wc y+ by

”~~
~ e X B ~
_ TR o \.\J ( )
W{)) Cﬂ =L « Tk C})
(30)
namely, it is, as one expects, obtained from q’-\‘).\— , by the unitary trans-

formation associated with the canonical transformation introduced by (22).

If? o are constants of the motion, one finds that the new Hamiltonian

H = H [ﬁr_u)‘\ttxﬂ = HIT,e] (31)

does not depend on the collective coordinates X,\ . Then choosing q’;)(_
R oy
T~
to be eigenstates of the conserved quantities _E,L we can as in the one
soliton sector case trivially integrate out the collective coordinates ob-

taining:
TanS(R-p.) (50T aai& T (0
- , X
VU ANOR NI R T Te- Wb }
Naturally, this is only valid if there is no external source in the action.
We now want to consider quantum fluctuarions around a stationary
point of the functional integral (32). It corresponds to a classical solu-

tion associated with the original Hamiltonian. The gauge conditions on

which appear in (29 ) can be chosen arbitrarily, since changing QL is
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equivalent to a gauge transformation. Together with the constraints

¢

choose &.L to be such that one is led to a time independent classical

/Pb—-j? = O , they fix the classical solution. One can always

solution. Alternatately,; the possibility always exists of choosing a time
dependent gauge condition which then leads to a perturbation expansion
about the time dependent classical solution.

Finally, a comment is in order concerning canonical transforma-
tions in path integral. Namely, we derived our final result by performing
canonical transformations in path integral and it is this step whichraises
several questions. The fact is that at present there exists no consistent
way of discussing general canonical transformations in quantum theory
and this limitation is valid for the path integral method also. The ob-
stacles for performing a general canonical transformation are connected
with the very definition of integration over paths which is defined as a
limit of finite dimensional integrals so that the action appearing in the
path integral is not quite like the classical action. Consequently, per-
forming the change of variables at the classical level may lead to
erroneous results. In chapter II we showed that a correct treatment of
point canonical transformations is stili possible in path integral method.
Compared with the formal approach we found additional potential terms
which are of the order 'b\z . So for the case of point canonical trans-
formations the results of these sections are correct if we add to the action
the additional 't\L terms. For the c'ase of more general canonical trans-
formations the formal approach presented in this chapter is probably correct

at tree and one loop levels but more care is needed at two loop level.
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V. SCATTERING OF SOLITONS

In this chapter we employ the general collective coordinate
method formulated in the previous chapter in order to discuss scatter-
ing of solitons in the sine-Gordon theory. First in Section V.1l we
develop a relativistic perturbation expansion for the one soliton sector
using the time dependent one soliton classical solution. In Section V.2
the scattering theory for solitons is formulated and the classical soli-
ton - antisoliton and soliton - soliton phase shifts are computed.
Finally, in Section V.3 we evaluate the first quantum corrections to

this scattering phase shifts.

V.1l One Soliton Sector

The one soliton sector perturbation expansion was discussed in
detail in chapter III but there are several reasons why we elaborate more
on this problem in this section. First of all in our previous discussions
we established the perturbation expansion by choosing a time independent
gauge condition which then led to an expansion about the static classical
field. For the discussion of soliton scattering it will be appropriate to
perturb about the time dependent two soliton classical solution and so it
is instructive to study first the one soliton case by choosing a time de-
pendent gauge condition. Furthermore, for the soliton scattering we like
to establish a manifestly relativistic formalism and again it is important

to give first a relativistic treatment for the one soliton case. The choice
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of a time dependent gauge condition leading to a perturbation expression
about the moving soliton classical solution appears to be very much ap-
propriate for obtaining in a simple way manifestly relativistic answers.
We will demonstrate this in this section by computing the soliton energy
at tree and one loop 1evel(16),

Finally, the discussion of the one soliton sector is instructive
for learning abount the wave functionals appearing in the path integral
expression for the transition amplitude. For the scattering case it is
important to use the right initial and final wave functionals. Wrong
wave functionals would lead to incorrect result for the scattering ampli-

tude. Though the present discussion is general, we will always refer

to the explicit example of the sine-Cordon model where

L(dm:;:(ra,cpﬁwm
V(a) =& [4- e (¥ ¢6m) ]

X = W_)‘.\f (1.1)

since it is only in this case that exact multi-soliton solutions are knowrn.

The one soliton and one antisoliton static classical solutions read re-
spectively:
-\ X
x) = =t ( € )
d )= &
¢ () = +om (&)
Y‘ (1.2)

and the moving solutions are simply obtained by boosting them with

velocity UL . The action is invariant by the change

Plt)—=d(xt) + —ZY:\LY:

(1.3)
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and there is an infinite set of equivalent descriptions of any state of
the system related by (1.3).

We consider the matrix element of the evolution operator:

W g - (-] (o) = S 2T0e W [#010]
l{)((q)('){iﬂ Lp {“8?‘%‘\*[ TS - ?Q('W)q’)j]x

We redefine the field by making a constant translation so thatd?(tao,f)=t%.T-_

v

(1.4)

After this change (b has the same symmetric boundary condition as
inﬂcPH theory so that we can directly apply our discussion following
the method developed before.
We want to specify the initial and final soliton momenta to be
/P and fe\ . Our computation will then show that it is appropriate

to have the following form for the initial and final wave functionals:
\{)APN;(.)] = Gy TR (G dtey)T) QS? .
¥ W/p\-.d)(**"d\] (1.5)

where l}’,\, and Qp will be determined below. It is easy to see that
for arbitrary W/‘; and Q/F this is indeed an eigenstate of the momentum
operator.

After introducing the collective coordinates X(H and /F(*’) and
changing variables in order to transfer the collective coordinates from
the & -function conditions into the action we integrate out X (#)and fF((‘l

obtaining the following expression for the transition amplitude:

(2m) §(p-p) § DF0F ¢ (p-2IHE1) ©(QLST) 16, P]>
CURLE THLE T en{anTTE - REHT]

The .g -function condition in front of this path integral inforces the

(1.6)
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momentum conservation condition /Pl = .

At this point we have to choose a gauge dondition @,\-_d;_l . In
our earlier discussion we used a time independent gauge which then
led to a perturbation expansion about the time independent classical
solution. Now we present a treatment choosi.ng a time dependent

gauge condition given by

QLF1= §ax &yt u) G (a

wt T
X1 = < X r L, \ _——
The minimum of the action with the constraints is then given by the

following time dependent classical solution:

—

Peolet) = b (¥, u)

T((:l (X’“ = ég'*q)s(\‘lt')"\ )
(1.8)

and the momenta /? is related to the velocity 1A through the relation
- Meu Mo= (o X (o) = 3
J1-u* (1.9)

Then we should keep in mind that WU is not the exact velocity of the
soliton since it is given by (1.9 ) which involves the classical mass
and not the true mass of the soliton. We will come back to this point
when it is important.

Next, we determine the functionals QP which were introduced in
(1.5 ) in such a way that the condition &= O at the initial or final

times matches the condition G‘P= O appearing in the wave functions LUP .
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We then have

Qpl 80T =(ax B (x I E, ) o)

As a result, in the wave functions% )%one can integrate immediately

(1.10)

over the ‘/J)(al variables. The result reads:

Cplys 1, 4) = (M) Sy g {-CpUT (0T D8 (0]
5 (-1 Yo 181 118 ] ep{ (8- T, 0]}

(1.11)

We now establish the perturbation expansion by writing

& (xit) = Gt yu) » Y at)

_W(yﬂ d> (%, u) y & (x,t) (1.12)
Here we shall only consider the first quantum correction and we thus
disregard in the action all terms which involve powers higher than quad-
ratic in X and @’ . In the same spirit we only keep lowest order
- terms in the constraint condition 'P- :E[‘.ﬁ;é] The result takes the

form

Q’M? { - Y:;\%T ':l‘.Al:'“Q)q)LL]} g@%b'x B(XCGS(X)
A &x-0'8)) 8y ey |+ AV TEL T 1)

where

AT T@ LT - & S fa [R(LB)-Y (S0 1]
\/\;(\‘\H = (b \“Lb

(1.14)

\(\> b (%)t ()
SALERA :wz\'ﬁaxm}\m Gy X ]

and

(1.15)
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Observe that we have in front of the path integral the correct phase factor
giving the relativistic answer for the classical energy.

In order to compute the first quantum correction to this classical
soliton energy one has to evaluate the quadratic path integral in (1.13).
This is achieved by first diagonalizing the quadratic action (1. 14). Since
\/S (X 1) is now time dependent, this problem is nontrivial. We solve it
in a way which can be generalized to any quadratic action with time de-
pendent potential. The general idea is to consider the complete set of
solutions of the equation associated with the action (1, 14)with periodic
conditions in a box of length L=W (t-}' Jci‘. From this we deduce for large
L a set of orthonormalized periodic functions%zv.ﬂ ,%ﬁ{*nf) such that for
each time t we can expand 7( and 9 by letting

Kb =T b ggn()‘”

V\G=

B (xtl = Z_, b (t) C& (x ) (1.16)
€=t
where

Bt = 4 Qo | I O TN
The equations of motion associated with the quadratic action (1.14) read
W) T (xt) =
0 (it} - ’Xu(wl + \/S“(Vn‘) Ylvt) =o (1.18)

(1.17)

(=
We denote the solutions by (X (x,f) with ¢ =% /, and they are found
2

to be: ( 6(2) (X +(,Lt‘
+ _ -1 tii‘{—\ -—Xi_) ,\+ € (—__C("
Xi(‘u*) = < ‘_ x-u,ut X

|+ et (R
= O R YT
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and

f)(;(y,(-) = [ 7,; (x,i-)I

%TLO‘;” =

Here we denoted:

<

Next, we put the system in a box by imposing the periodicity conditions

(L) + 2ab

f%(il 1+ 2.

{@ (x %

1 Q..

y 2-=

1

2—-\)\{'\—»9}

= u>

= LU n

Since the system is periodic in space it is also periodic in time with

period

angles \)(z)defined by

X;(x)

—

[ %

L
We choose T = N

%)

(25).

V()

For large L one finds easily

V -V(iv\)"' I \+27— + %(2\/\

and introduce

(XQG‘) '1%«)

the stability

We now show that the action (1.14) can be decomposed into a

set of decoupled harmonic oscillators of energy L Vv\

&
. . ; . &
this we will derive, using the solutions (X‘t , B3

To achieve

, @ complete

(1.21)

(1.22)

set of orthogonal functions which for fixedt will diagonalize the action.

This is done by introducing a two component vector notation (é ) and

remarking that according to (1.23) the vector

v

&
nw,

(XIH:

‘\‘(G—V\.\'\-'ZTlW\)—t- Y‘:\(x|+)

1 (e\)h-l- Q—W'VV\)
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is periodic in T and is eigenstate of the operator

o 1
’jg___ s

5 n
'(')7(1. +\1§ (X"f) St

£1.26)
\
with eigenvalue - ::l:(?““" * é\/h). In the space of functions periodic
of period T, /g?) is hermitian with the inner product
t L
i oren (s 1) (3
1 T 0 @
* (1.27)
= .
therefore,
LT * o 1 . {
e ~ é.4 ) = o4,
%A\X ia—t \/ th(\vl” {'l‘ 0 \/ A AN éé'él SYI,'Y\L M e
z (1.28)
The integral (1.28) can be written as
’2Tl- t m,-wW,
g(,u- ( v )Tm n((‘) ok %e,e-.%mm\_gfw\w\m
v (1.29)
which shows that'IuM‘_“'J has all the Fourier components equal to
zero except for the component of zero frequency. Thus, X o
does not depend on X and we have
. €
1
%((X 96\ )( ' ) sz' oL gw\nlgele‘t_
mnn1 w v 0 &4
2 (1.30)

So far we have not yet considered the bound state solution

\ID’; ((}? ) which as already discussed in many places appears because
S

the system is invariant by space translations. Since Ve vanishes for

large x , its stability angle vanishes and it is an eigenstate of
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'X(Yl”
with eigenvalue zero. Our idea is to expand ( 636('\‘) over the eigen-

states of B . In this connection,\lo causes a problem since it is

easy to check that

%&X\lo* (_? : \ Ve

i
O

(1.31)
that is, \}0 has zero norm. In order to take the subsidiary conditions

into account, we add Lagrange multipliers and consider the action

farax § L D(X-9)- 5y (B0 - %"+ Vg'X) +
+7&(Jr) d)s\’)(. ¥ P&)(&g’x\ + q);% )1( (1.32)

The corresponding wave equations are immediately solved. One finds

the solutions

N (et = ’)(62 (et) = oL(8) d); (v ;)

@(vﬁrl = %e‘z (x,t] = A(+) C\>; (y,+ )"L) (1.33)
ANt =o R = L (%)
and Alt) is determined from the subsidiary condition q&x Q?S(y,f)y =0
which gives
A %Q§&¥(¥;(¥‘+)¢S\ (y’t"u) ) (1.34)

The second subidiary condition takes the form
v \ o\ ¢
gd\x{%dg- & ')("S = de[@fz(y,uq;s(y,ﬂ - &, (1) 7(2 (m)I
Y brit) /

and this integral indeed vanishes as \},(Y,f)and {Q,‘i(k,ﬂ are eigenstates

(1.35)

of S with different eigenvalues.
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These relations allow us to deduce a solution satisfying the
constraint from any solution of the unconstrainedproblem. On the other
hand, the zero stability angle mode completely disappears from the
expansion if one takes the subsidiary condition into account. We

thus introduce a set of orthonormalized eignefunctions:

\C\)V\_____

% (v t) = (_—:3 e (”)(_ S\M)——\—oc\>(¥‘x u)?o\xf)(;H(b:)

\ €V ( (9@“ _ d) (¥, 43U )idx%ikd)s\ )

Q5 (el = (—_'-_
2 {Lltee

1_ 2 = ur 'K
(e -ue,) (1.36)

One can verify that they satisfy

% [ % \(‘h*)"& LV(H - (Y, )gfti(txdv) K:: €4 gélez_iwm

They are therefore linearly independent. By counting the number of

(1.37)

( C&i ) and comparing with the vacuum case it is easy to see that they
form a complete set in the subspace of functions satisfying the constraint.

Y

We can therefore expand (%) in terms of ( %g ) , that is
"

3 ’”) 5 but ( Sl

Wilxt) b e 8 w (et (1.38)

Since ’X and @' are real functions and since

[%i(ﬂ(,ﬂ I*= (§_:<u.+\ ,Hium{: ‘g”:—w) .39)
we have Yb (+) 1 (+)

(1.40)
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Finally, the action (1.14) can be written as

A(u[%)ﬂ:_liimp‘;(x %)( )% (é)

R L

(1.41)

and one immediately obtams using the expansmn (1.41)

K, X1 - iwui{ [(Bxﬂ¥ﬁkw
- UOV‘(H \ \Ov:(“ }
(1.42)

Now, we can determine the wave functionals which are associated

with the eigenstates of the Hamiltonian. In particular, the lowest
energy eigenstate which is the quantum soliton state is immediately

found to be the vacuum of all oscillators, that is
) L (B, e ({’ t
Il = e {52 (B0} Bk

This formula determines the one soliton wave functional to lowest

(1.43)

order. Since the wave functional (1.,43) is the vacuum state of all
oscillators, ore immediately derives the first quantum correction as

' \)v\

the sum of zero point energies 5 . We thus obtain

<f?‘> \,\o) ’\'> (’ﬂ')g(g @)W{ YT X »\I} (1. 44)

This sum of stability angle is to be computed by sub'r.racting the vacuum
self-energy and taking into account the renormalization counterterm.

One obtains after some calculation

A o\ e v . \ -
ZEVM"Z—);\T wer = (Cx)0-w

(1.45)
and thus the total expression for the soliton energy reads:
Mo \ g
Bus e 7w
(1.46)
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Using formula (1.12) we obtain

- \X"_— A T, ™ ,
= ,P’L.\. hn -+ __________L____ ~ 1.* n"l_.
e

& = = —
N=ﬁ§'\'m|=—?-’)ﬁ ——Y(F%{'g): .Y_‘

(1.47)
This completes our demonstration that the formalism we presented

'is indeed relativistic both at tree and one loop level. Finally, it is

easy to see that the antisoliton is treated exactly in the same way

as the soliton.

V.2 Perturbation Expansion for Soliton Scattering

For the sine-Cordon theory exact multi-soliton classical sol-
utions are known and this fact will enable us to give a quantum treat~
ment of éoliton scattering using the general collective coordinate
method developed in chapter IV. We will illustrate the formalism in
this section on the two soliton scattering example. We explicitly
consider the soliton - antisoliton case and the discussion of soliton -
soliton scattering is almost identical(lé).

The general one soliton and one antisoliton classical solutions
are given respectively by

Bistin)e gt feee] 2 T

¢§(*;t5U,X°)= %-\-{v\‘{u»()[ xwuk ¥ X° 'Ek

and the soliton - antisoliton classical solution reads

- 77 -



a},(w)— We (%41
CPS_SCK't ) uc“z\(:x:)::—i'l‘ {CI\ 9 &, 011[ ] }
rf 2 6[\ [ cop (it ?1_ (()L()q‘i)— L # _9_’_;—5__)‘_ ]

(2.2)
where /}k\ 6 Ue d\ |
R = 9{ —3
Wplait) = (x+ XS )hBe + tak Be
-'Qz ')?_
(2.3)

For large initial and final times this classical solution has the

following asymptotics:

desOeriuin X)) =2 Pa UKD D v dp (et n)e]
+
Bl KT KD) — @ 0ot UKT) + b (X
L=+ D

The initial and final velocities and coordinates are connected by the

relations
u\_,-'- V‘: = U
4 — 1.
A= X=X, = \—u%b«((— mlik )

S

aX,= Xi X5 =T e (1= 2T

———

(2.5)
where $=( Mo | o e \2 < Mauy M, U )
e ) T o
s
No= ¢ (2.6)
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So after the collison the soliton and antisoliton velocities remain
the same, only their respective coordinates change. For the two
soliton case this is natural due to the total momentum and energy
conservation laws bu the remarkable fact is that even for N-soliton
case the soliton momenta are separately conserved. This happens
because there exists an infinite set of conservation laws in the sine-
- Gordon theory.

We consider the soliton - antisoliton S-matrix element defined
as follows:

e Sip oy =bimdRipil €

\’7 - o> (2.7)
‘_—J+°°

- -—\ t-t —-l-\-’\'.
Hite SRl ¢ M )

where Py. P, and p'1 ,p'2 denote the initial and final soliton and anti-
Vo

soliton momenta, respectively. The free soliton Hamiltonian H )

which enters the definition of the S-matrix element is of course not

known in this case. We now write this scattering amplitude in the

path integral form as:

Sieipty )= SOTDE Y T4 4T
‘*’\,‘,‘}ﬁ(w&;\tﬂ 2y { CATT LT } -

where the time dependent wave functional is given by

P, LoC 4 = (@0} & ME L pu> -
v (e e k) ) g o)
L WW;L )t 1

(2.9)

and knowing the form of the one soliton wave functionals we write
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b, LeOT = \dx, ¥ e\'w‘x‘*P‘Ma(ﬂax£5((x4x>ﬁr“;—§)¢<xj)
5 (Qax o) Teaney) 969 ) BB [@61-¢ - &5 T
j?'giax dv;(&a-x.\ \*%;34)@) -?duc de\g.((x*xt) nj‘%y»(x) (2.10)

The soliton - antisoliton general classical solution involves
four constants which are related to the positions and momenta of the
soliton and of the antisoliton. According to our general method we
introduce two collective coordinates X(H / ')Z(“} and their conjugate
momenta by using two conserved quantities. The most convenient
choice is to introduce the total momentum P as in the one soliton case
together with the Hamiltonian itself which will lead to total energy
conservation. X (l{) is thus, the center-of-mass position while
->_((1‘/ can be considered as related to the time at which the inter-action
is taking place which classically fixes the relative distance of the
soliton and antisoliton for large time.

These collective coordinates are introduced into the functional

integral by inserting the identities: _ (v,t)
§ox 0% opDe T 5 ( Q4% )8 A T il )
1S (ke -PImel) §(Ew- HIme]) =4 ey

where J is the appropriate Jacobian. Following our general scheme

we perform the change of variable

- g («.t) ‘”-\_\—(Yft —T" (et
et C\)wa,i(»ﬂ : LKt Xt (2.12)
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and integrate out the variable s X (¥, ')Z(ﬂ , /F(H ,€4) .  7Tn our general
discussion given in chapter TV we assumed thét the initial and final
states are eigenstates of the quantum mechanical operators associated
to the conserved quantities. There, it is easily seen that the .initial
and final wave functionals are indeed eigenstates of "é . We assume
that for large T they also become eigenstates of {‘\\ to leading order
"and we can therefore apply the general method, to get:- "
Sz =211 S(p-pe) § (Eg- B evp [ (TR ips | -
- (@To% s(aten i(Ql SN I § (P -BIT81)x
x X(Ec‘k\(ﬁ;gl)q};w; Sl ¢ §LAYTTJ$1\I (2.13)

The g-functions in front of this path integral inforce the total momen-
tum and energy conservation laws. This generalized to the N-soliton
case where there will be N independent conserved quantities implving
the conservation of individual soliton momenta in complete parallel
with the classical behaviour of the N-soliton solutions. This con-
clusions are based on the assumption that the infinite set of conserva-
tion laws of the sine-CGordon equation which was established in the
classical theory remains valid in the quantum theory also.

We intend to develop:the perturbation expansion about the sol-

iton - antisoliton classical solution

¢S§(¥'\'-)U|ML) E d)s_g(\(t ‘)U(}/(L,X‘o= (o] ) X:: O )

(2.14)
and for this purpose the following gauge conditions are appropriate-
= \
QIPT= Qax ¢ (oot uun) Bt
(2.15)
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At initial and final times the soliton and antisoliton are widely separated.

Therefore, O\, and &, break up into two intevgrals and we get:

Lim $(QLET) $(E(HT) ~ g(gm (4t 5 U7, X7 ) Pl
£ gaww‘)u;,xn&w

5
Lim HQTED) UG ) ~ é( fredgoets wr XIEE0) (2.1
$(

t 4t
\ -~
Yaedetety ut XY e eal)

ur= u:': u\
+ - =
Ur = U= UL
(2.17)
Now we notice that it is possible to integrate out the variables
X, , )(;, and X\ , X;_ in the expressions for the initial and
final wave functlonalsq/,‘, \,\.‘N ) -gand U\“f? \9 [‘b( Jf-(—] Namely,
the % ~-function conditions appearing in this wave functionals imply
that in the integral over , for example, X.‘ and Xz_ the only contri-
bution comes from the point determined by the equations
Qo g (X e B ) e ) = o
1.
Cav o (ex) Tre PY & (yt0) =
Ty~ (2.18)
On the other hand, due to the relation (2.16) we see that the gauge
conditions at initial time imply the following equations-
~
idy vorwcte £ K ><&>(¥,+): o
..u\ )
X- ~
i&t § Y AUyt t L)(&)(y‘.\») = 0
( NN
. (2.19)
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Since the velocities and momenta are related by
,F . h'b U\
| =
‘ 1~
Mo U
_tto M
[-u
we conclude comparing (2.18) and (2.19) that
K= X7+, ke
K= o + W ti

and in the same way for the final time t,g .
|

X4: X:’ +ult'(’
= X1+ U tg

So afer integrating out this variables the initial and final wave func-

tionals take the simple forms:

& ORGSR PRI [ Fepr- -]

(2.20)

(2.21)

(2.22)

(2.24)

and £ 4 )
0 +0, Xy ) - (bUugpu)t ~
g (PRI SR BT [yl - 4 - 45
Now translating the fields by the soliton - antisoliton classical
solution ~

dP(\(f"\ = d’s’g(,\(f\' Uy ) *‘1(5‘:*)
:\\T_(kﬁ) = (i)sf(x,nu,u,,) + @ kt)

we obtain the final expression for the scattering amplitude

wop {3 (i\‘mﬂ—

Ssx = Q)" $lpe-pe ) AE, -

(2.25)

~(Pu R T -0 (XF-XT) -Pu(XI-XC )4 ALdg; >¢S?—H}"
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oo WX AT XC)T THRM) JE )
%(’?\*?L‘? ) %(El+ Eo-H )T Q)U\’ i\"' A[é\)sf*-a)djs?*y}
A b ,ds7 S } (2.26)

The soliton - antisoliton scattering phase shift is defined by

2 VAN %g'g’
2'—“— S - . %( E "ﬁ\')
( / ('ﬁ' ?‘\ 3 < (2.27)
"and at the one loop level we intend to work the soliton and the
antisoliton energy reads
M N .
\rﬁp& o Qp:m;" x __..-——‘L = ey Mil-ue”
K=, (2.28)
For simplicity, we use the center-of-mass frame so that
Mo\
/\9‘ = - ?L =
- uz
(2.29)

Then the phase factor in front of the path integral gives the classical

... (26)
phase shift

ng(u)—& {‘Z_T Y — L = (AJ"'A[(DSI)(PSS—:(}

l - U+ 1— u*

(2.30)
where we used the fact that
A X, =uawy =-aX,
a@=%_1_ bnlw)
U -uwe (2.31)

This classical phase shift is of the order le and by a straightforward
27
calculation one obtains (27 »
e g
b (U) = AN | o I x
$% Uy = —_— A — d‘ﬁ - -
Y X

_ v .
© \ X (2.32)
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In a similar way one calculates the soliton - soliton scattering phase

27
shift( )

R
g‘mz‘égm =
S¢
(2 33)
The first quantum corrections to this classical phase shifts will be

calculated in the next section.

V.3 Quantum Corrections to Soliton - Antisoliton and Soliton - Soliton

Scattering

{n «rder to compute the first quantum corrections to the
classical scattering phase shift we use the result of the previous saction
For simplicity, we choose to work in the center—of—;mass frame. Teeping
the quadratic terms inX(x4) and&@ (xt)in the action of the path integral
expression for the soliton - antisoliton scattering amplitude (2.26) we

obtain the following expression for the first quantum correction

(B
N -( NZT{\» > \ AN v
Qz' 635 “)—.-_ Q wn SD@EX &( gd?gg'K) 8(§¢\>s§7<\ '

S8 (e X-428)) §(§ (B - b)) oL A7 (0001}
(3

1)

Wher(el) | :‘_;— L . . \ \J\\ X)
Ao, xT =4 (i fu @ 01-8) X (& N X ]
-T L
. n r}q\](*b\
Vg (it = Y \4?(\:.,-\)-—-4’3’3'(\‘!'\—)
¢3§(V.+\ = ¢s§(¥'+)u)'u7 >

There is still an additional contribution from the renormali-
zation counterterm. The sine-Cordon model can be renormalized by
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normal ordering(ZE}\)/\/e use the general relation:

UCde) = N e (8 20 ) Ulden ]

(3.3)
A - N -
where b (x) is the field operator. Taking (Y- &  one finds that-
N
Q
A= L 3! A K, = 20w
. = 3 4)
2 iy AL ?-‘K:\—*ML L (
From (3.3) it follows that
~ -\ A ”~
(T o) = & 4 | o (4000 ] -
and therefore. the Lagrangian density which will give finite results
in the standard perturbation sector reads
L XA
\
£ = L(b0n) + Lo 8\ eo(Tybon)-1T]
¥ (3.6)
Due to the invariance under the renormalization group the mass of the
”~
field ¢6<) which serves to define A\ is arbitrary. 't is convenient
to take it to be equal to the free mass m=4. Then
N A —
A A _ 2TN
A:\ZL\.Z"—E‘ "‘\'i‘“"(———— ) N=Z0
k:—NL K“‘\'\ 8“_ __A \(1’*'\ (3 )
T

After the shift of field variables we now obtain from the renormalization
counterterm an additional zaroth order term A[Cﬂ(ﬁ" d)g§ ) -4 _I By

a straightforward computation we find:

T/
g&: gav (C@(W&s-hm%\‘g = -8 E'\'ﬁ\-u" +1u9~v\_£
LT/ s T oo

L~

(3.9)
Now we put the system in the "box"‘:—\.. ) L _,l imposing

periodic boundary conditions. Then. as discussed by Dashen. Has-
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slacher and Neveu. for large L 'd)sE is to be considered as periodic
in time also since its evolution will obviously reproduce itself after
the time it takes for each particle to go from one end of the box to the
other(.zs”}he corresponding period :J‘_ must take into account the
time delay due to the interaction which is A ((A) . It is easily seen
that there are two collisions pzr period :‘: as the two particles get
two times to be very close. We thus conclude that X = % + 2. A(x)
On the other hand. in our scattering theory we want to include only
one interaction so we let V= :E- and [ and T will be related by

L=u (T-a))

We next diagonalize the quadratic action (3.2) using ex~

actly the same method as in the one soliton case. We introduce the

complete set of solutions of the equations of motion

W (sp) - B (x4) = O
@ (xH 'R/U(V/*) + \/;;:/"1*) Y(vt) =0

=<
One can show that the general solution which we denote by ()./,P 5

=* 1 is given by

?( (X. _— —1('\‘.&)(2) XZ){E\’?:I?— (Jr\(-—:—(r__—:_':(_l_)[4+

N & _————-- 1 ut
0 ( J?.HS.(Q)) SL ]+ l&\- ( ,.‘_J [- 8(9.) r_'__——_u—
’\‘é_(Q) .-_(’_u-_.__- ) 1 -
ne e § {d‘ﬁ"*—)“ A ()
T *

_—é;(xr) = ?z(x,t—)
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and

i

[XiemT”

"

e — &K
@z("f“ = [QEO‘N—S (3.12)
where
'Céi(z)_ -4 A 2% 9, = 2+ U Wie)
< TN s C P4 ) x - o=
-y
Wy) = F«n 9" (3 13)

The phase shift is easily found to react:

8(2) = 9,(2) + S.(2)

(3 14)
so that the density of states is determined from the condition
—%(‘2 + AL = 2LTw
") 2w (3.15)
The stability angles are then easily found to be. for large T.
- - .
V, = V(@n) =27 {4+ g5 - [ §t2n-5.(2] 516

The problem of finding a complete set of tunction which
diagonalizes the action is exactly the same as in the one soliton casa
except that we have two constraint conditions instead of one By the

same method one obtains the set of functions

= %
"\ é-\)v\ - T G \ e [
27T ¢
3 { ‘X?Esc,f) - KA # 4/5}_(\«,1] -B® 4>s_§(~:,4)]-

zl-

Ff\(‘ﬁ,f‘, =

[ _YEW, ¢ (w)_(s l+>d> 0“”8
C’l (xtl = L ¢ '?Tf% (x,ﬂ—,((ﬂ

i (3.17)

where and (‘7 are solutions of the system of equations

zl
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L \ —c c L \f\, 6 [ \ -
_ ) Adx
L . _ L . L e
e c \ €
[\ - = - 3 ¢
g—t d,»S,g'X,,?h o(\,,Six‘f*gs b + Bkg_’f b (3.13)

The functions are orthonormal: that is. they satisfy. for large L

(o LRDCIAE FR T e beatun

(3 19)
if we choose
Rm (LT s - ==
‘We now expand (X and S as before in terms of these eigenfunc-
tions ’X(\(‘f) _ "25:6 O\i(‘fl Fi (¥t)
Eoles = 1:,‘&0&(:\(*) C(i (ect) (3 21)

The quadratic part of the action will again correspond to decoupled

harmonic oscillators. Indeed. one finds

e =y {afe oG- B 50 |-

- Rax B L [(Ate alm (i ds 0]- Du (o, S0t}
(%N

The first quantum correction to the phase shift is now given

C —
by ‘“2)2.‘.0«.1 = &:‘; {_ > (-,; V(- TT Wk

Lo

4 L\@\W[ (m(ﬁbgg(w))- \] TR }
(3 23)

Tn order to calculate the sum of angles we define the phase shift > (‘?_)

in such a way that it tends to zero for ¢ — + oo . An easy computation
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then shows that

%Cv_ 2 (W -2 4dn 9\(—\:(‘" 95 o

S\ 2(W-2te elicus 2¢o -

T i1t

and then, %(O" ) = 3T which is in agreement with Levinson theorem
\

as there are two bound states d)“. and d)S? . The equation (3.15) thus
leads to 9_‘ = @ _, = 0 . Therefore. for the scattering states which
are the only ones to be kept in the sum over stability angles, W= O
does not appear and only one of the W= b '& contributions should
be counted as they both correspond to the same state at threshold. We

then consider:

15 T o oka= -4 [ 40 -50T-Te

412‘ * i‘L \{%(u(qu\— Q(Ku))'-‘f‘(%ﬁm —Ss_(?u)] (3 25)

mne h‘-'N
where-

}5+(‘Z\ -g,(_‘i) = - | 4.‘,;\" ( Uu \ )

| ~uv 1+ @

(3.26)
— -

and we have put a cut-off in momenta. Since 2(q) is finite, 2,~ é‘_
is very small for large .. we can next expand (A)(QK) -L«)(KH) making

use of relation (3.15) and write:

' bD(Kk
W(R,) - Wlku) = -LL‘%%“:’ A + 8L"d\( L EYR Aot :(

(3 27)
-2
Note that we have to keep terms of order L since we want to de-
termine the contribution to (3.25) which tends to a constant for large

T. The discrete sum is approximated by an integral through the gen-

eral formula:
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e

z: foo = Can oo+ L[ §on

el (3 28)

After integrating by parts we obtain
N -_,
:{'(ﬁ + ),, ){w(?“’"m““"]:'\_(dJﬁv-( /i) .

W weeN [-w>
+ L %&KQ(K) 4 S 00 )
2l TAw

(3.29)
In the same way. the sum b; 6_is approximated by an integral in
which we make a partial integration ohtaining
N -2
\ 2L fu
v ¥, (2 - $.(2 R
(343 VU Lan] =2 (e ) - 30 2
ds (u\ AS, (u} SRS
- ~—- Ak % S i A 4209 T ) -t
i (= Falvcal STERES]
(3 30)

Formulae (3.29) and (3.30) both contain logarithmically
divergent parts which will precisely be cancelled by the contribution
coming from the renormalization counterterm (3.8).

The total expression for the quantum correction now reads-

29 (= L {T(%ﬁt'%gd““‘“‘%—(f’)

o
T O SR (IR

FATH I - (TR s 2ate) Qi )
N

(3 31)
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Letting L'—‘- U.T- 'A(U) we get the potentially divergent terms as

- X d 80 A%, 0 4w ali-w-1
E o di b 250 ). e 1=

-A (3 32)

and

o G Y- -t = b [125)

(3 33)
The finite terms linear in T cancel and we finally obtain the following

expression free of divergences:

)V%@)Cw— %Au&%('(%mhu)) ”LﬂMuL(lr_,\ _,Tl«r,«iz,.u

(3 34)
As the final step we evaluate the integral
. &S
T = i du & 3w U 9‘«‘“’ - S_(v\)]
- © A ' (3.35)
which appears in this formula. We use
d T -\
g oo =4 %(“M (W) (3 36)
and ~\ :
- § Lo = —h fon b ! )
+ - ( v \ U QH‘(."
(3 37)

Then. after partial integration and change of variables

~\
= Yo (x\-w-) (3 33)

we get w

I(u):%u«g}; 2 A
(4 wran )

(3 39)
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Next. differentiating with respect to U we obtain

T
AT (W Ty AT _ \ lvy
":31.% a} Y 2 '5/" ‘6’&9/“‘ -

2U o (- W)

and then using the fact that 7(0)=0 the result reads -

T(u) = \QL\AQM ( L +u \'..'\)1 vﬁ W=

\-Qu | - =%

We then obtain the following result for the first quantum
correction to the soliton - antisoliton scattering phase shift:
19 (== & (7 2 d> ua gy
SY T\- ‘__ %-\_, W
One can show that in the case of soliton - soliton scat-

tering. exactly the same sum over stability angle appears so we have
() ()
S (M) = &z lw)
g ) 5t
We next compare our results with a very interesting con-
jecture due to Faddeev. Xulish and Zorepin concermning the exact sol-
(11
iton - antisoliton scattering amplitude -)They wrote down the "exact"
scattering amplitude in such a way that it has the correct bound state

masses as poles. We first modify their expression substituting in

|

. ' ‘o
their formula \r by \( = T ‘W/T so that the bound state masses
agree with the result found by Dashen. Hasslacher and Neveu using
(25)

the semi-classical WXB method ‘ Furthermore. multiplying their ex-
pression by a constant phase factor the conjectured exact soliton -

antisoliton scattering amplitude reads:

- 93 -

(3.40)

(3 41)
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(3 43)



Ny N-1
Sz =T X(’E;-fc\g(\’&‘?{)_ﬁ {— s +~Q S k

D, = Tn

N
TE’_; s -2 M s (S-u)

where

M= M+ M, = &
K\
_ 3
T | (3.45)

Here it is assumed that the coupling constant \(J is such that N
is an integer.

We will now show that our result agrees with this formula.
Namely. for small ‘(' we expand the right-hand side of (3.44} using

the relation (3.28). We tind that

T "‘ & v
28wl = §(\- &XW\KS&QA(%:"_; )* T

e
X < (3 46)
It is easy to show that _
w g ) <
Kaew\(js:.,i_&fé) - z\ ae g (X2
_— : Av xr’
+ X -
® \ < ‘ X-1 5
Mo u
Recalling that W was defined by /F':- ‘_—\:—\T\— . we expand
% -~ ‘_.'\.'.:A S l L,\.M"u
\-w o HE Oy -u (3 43)

Inserting (3.47) into (3.46) and making the change of variable

we get the expression
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=3 v k2 m T
kbl T(‘"é'\:w TeERY L,

Tt is exactly the sum of the classical soliton - antisoliton phase

shift (2.32) and the first quantum correction given by (3.42).
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