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A bstract

Extended P a rt ic le s  in Quantum  Field Theory

by

Antal Jev ick i  

Adviser: Professor  Bunji Sakita

In th is  t h e s i s  a d e ta i le d  rev iew  of the c o l l e c t i v e  coord inate  

approach to  ex ten d ed  p a r t ic le s  in quantum f ie ld  theory  i s  p r e s e n te d .  

We c o n s id er  f ie ld  th e o r ie s  p o s s e s s i n g  f in ite  en erg y  p a r t ic le l ik e  

c l a s s i c a l  so lu t io n s  and g iv e  a co m p le te  quantum treatm ent of co r ­

responding  ex ten d ed  p a r t ic l e s .  In order to  preserve the sym m etr ies  

r e s p e c te d  by the c l a s s i c a l  s o lu t io n s  w e  introduce new dynam ical  

v a r ia b le s  (c o l le c t iv e  c o o r d in a te s ) ,  a s s o c i a t e d  w ith  the symmetry d e ­

g r e e s  of freedom . This forms th e  b a s i s  of the c o l l e c t i v e  coord in a te  

method w hich  w e  formulate em p lo y in g  the Feynman path in tegra l  

qu antiza tion  p roced u re . We c o n s id e r  e x p l i c i t l y  tw o sp a ce t im e  di­

m en s io n a l  s c a la r  quantum f ie ld  th e o r ie s  for s im p lic i ty .  Applying the  

method of c o l l e c t iv e  c o o r d in a te s  we d e v e lo p  a s y s te m a t ic  w e a k  coup­

ling  perturbation e x p a n s io n  ab ou t ex ten d ed  partic le  s t a t e s .  For th e  

one particle  s e c to r  a s e t  of Feynman ru les  i s  der ived  w h ich  can  be  

u se d  to  perform perturbative c a lc u la t io n s  to  an arbitrary order in 

coup lin g  c o n s ta n t .  Furthermore, for the s in e -C o r d o n  m od el w e  pre­

s e n t  a quantum treatm ent of s o l i to n  s c a t te r in g  and com pute the tw o  

s o l i to n  sca tter in g  am plitude both in tree  and one loop  approxim ation .
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I. INTRODUCTION AND SUMMARY

In the u su a l  perturbative approach to  quantum f ie ld  th eory  the  

p artic le  spectrum  is  obta ined  by n e g le c t in g  first  the in terac tion  and then  

q uantiz ing  free f i e l d s .  It has  bu ilt  into it the a ssu m p tio n  that the a s ­

ym ptotic s t a t e s  of a f ie ld  theory  are free f ie ld s  and so  it rep resen ts  on ly  

a partial so lu t io n  to  the fu ll in teracting  problem. For quantum e l e c t r o ­

dyn am ics  and w eak  in tera c t io n s  th is  method i s  very  s u c c e s s f u l  but it 

can n ot provide a co m p le te  com putational framework for strong in te r a c t io n s .

It w a s  n o ticed  long a g o  that n on lin ear  c l a s s i c a l  f ie ld  th e o r ie s  

p o s s e s s  p a r t ic le l ik e  c l a s s i c a l  s o l u t i o n s ^ .  By now a large number of  

c l a s s i c a l  so lu t io n s  are known for a v a r ie ty  of n on lin ear  f ie ld  theory  mod­

e l s .  The s im p le s  are the e x a c t  c l a s s i c a l  so lu t io n s  in tw o s p a c e - t im e  

d im en s io n a l s c a la r  f ie ld  t h e o r ie s .  In theory  w ith  the wrong s ig n  of

the m ass  term w e have the "kink" so lu t io n  and in s in e -C o r d o n  theory  the  

s o l i to n  and the a n t is o l i to n  c l a s s i c a l  s o lu t io n s .  T hese s ta t ic  s o lu t io n s  

have f in ite  en erg y  and the f ie ld  configuration  is  t o p o lo g ic a l ly  d ifferent  

from that of the vacuum c l a s s i c a l  so lu t io n .  In the s in e -C o r d o n  theory  

e v e n  e x a c t  m u lt i - s o l i to n  so lu t io n s  are known a s  in ad d it io n  there are per­

iod ic  time d ep en d en t c l a s s i c a l  s o lu t io n s .  By the a p p l ic a t io n  o f  in v erse  

sca tter in g  method to th is  theory  a l l  the c l a s s i c a l  s o lu t io n s  w ith  f in ite  e n ­

ergy  have been  derived  and it has been  show n that th is  m odel i s  c l a s s i c a l l y

(2 )c o m p le te ly  in tegrab le  .

For c l a s s i c a l  f ie ld  th eo r ie s  in four d im e n s io n s  approxim ate c l a s s i c a l

s o lu t io n s  have b een  found r e c e n t ly .  In the A belian  H iggs  m odel a s tr in g lik e
( 3 )

c l a s s i c a l  so lu t io n  w a s  obtained  by N ie l s e n  and O le s e n  w h ich  is  the
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a n a lo g u e  of vortex  l in e s  in type II su p e rco n d u c to r s .  The string has f in ite

en erg y  per unit length  and by introducing Dirac m agn etic  m on op oles  one

ob ta in s  a f in ite  length  s tr in g lik e  c l a s s i c a l  so lu t io n  con f in in g  m agnetic

(4)m on op oles  . In a non -A belian  gauge theory  a s p h e r ic a l ly  sym m etric  

f in ite  en ergy  c l a s s i c a l  so lu t io n  p o s s e s s i n g  m agn etic  charge w a s  f o u n d ^  

by G. t 1 Hooft and in d ep en d en tly  by A. P olyakov . The m agn etic  charge  

i s  of to p o lo g ic a l  orig in .

In t h e s e  th eo r ie s  the c l a s s i c a l  en ergy  of the s t a t i c  so lu t io n  is  

f in ite  and proportional to  in v er se  of the cou p lin g  c o n s ta n t .  B eca u se  of  

the Lorentz invariance of the theory  there e x i s t  a lw a y s  time d ep en dent  

c l a s s i c a l  s o lu t io n s  w h ich  are ob ta ined  from the s ta t ic  so lu t io n  by Lorentz  

b o o s t s .  S ince the r e la t iv i s t ic  energy-m om entum  re la t ion  is  s a t i s f i e d  and  

s in c e  the en ergy  d e n s i ty  has s p a t ia l  ex te n t  t h e s e  s o lu t io n s  represent  

c l a s s i c a l  ex ten d ed  p a r t ic l e s .  We adopt the name "soliton"  to  denote  su ch  

a p artic le  of f in ite  en erg y .

The e x i s t e n c e  of c l a s s i c a l  ex ten d ed  o b je c ts  le a d s  to  the e x p e c t a ­

t io n  that the fu ll quantum theory  p o s s e s s e s  a much richer spectrum  than  

that obta ined  by ordinary perturbation th eory .  Over the la s t  few  years  it 

h as  b een  dem onstrated  that to  t h e s e  c l a s s i c a l  o b je c t s  there correspond  

partic le  s ta t e s  in quantized  th eory .  Several d ifferent m ethods d e a lin g  w ith  

th is  problem w ere d e v e lo p e d .

F irst, a s e m ic l a s s i c a  1 WkB method w a s  formulated by D a sh en ,  H a s -  

s la c h e r  and N e v e u ^  to  s tudy  the partic le  spectrum  in quantum f ie ld  theory .  

This method requires a s  an input the k now ledge of c l a s s i c a l  s o lu t io n s  to  

the f ie ld  e q u a t io n s  and le a d s  to  the e x i s t e n c e  of the correspond in g  partic le  

s t a t e s  in the spectrum  of the quantized  theory . For the c a s e  of w eak  cou p lin g
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th ey  show  that the tim e in depend en t c l a s s i c a l  so lu t io n  is  re levan t and that  

there w i l l  e x i s t  a corresponding  quantum partic le  w ith  large m a s s .  In g e n ­

e r a l ,  in th is  method it is  n e c e s s a r y  to  know a l l  the c l a s s i c a l  periodic  s o l ­

u t ion s  to  f ie ld  eq u a t io n s  or a t  l e a s t  a w ho le  fam ily  of period ic  c l a s s i c a l  

s o lu t io n s .  D a sh e n ,  H a s s la c h e r  and N eveu  sh ow  that the en ergy  spectrum  

i s  ob ta ined  by im p osing  the WKB q u an tiza tion  c o n d it io n  on the a c t io n  of  

c l a s s i c a l  m o t io n s .  But in th is  method it i s  not known how in a s y s te m a t ic  

w a y  to  e v a lu a te  co rrec t io n s  to  the WKB r e s u lt .

An approach  b a se d  on cou p lin g  c o n s ta n t  e x p a n s io n  is  formulated by 

(7)G old ston e  and Jackiw u s in g  the method of German and Klein. It starts  

w ith  a s e t  of in it ia l  a s sy m p t io n s  about the e x i s t e n c e  of a partic le  w ith  

large m a s s  (so liton )  at the quantum le v e l  and a l s o  about order in cou p lin g  

c o n s ta n t  of the f ie ld  operator matrix e le m e n ts  in the one s o l i to n  se c to r .

Then, saturating  the com m utation re la t io n s  and eq u a t io n s  of motion it is  

p o s s ib le  to  dem onstrate  the s e l f - c o n s i s t e n c y  of t h e s e  a s sy m p t io n s  and to  

c a lc u la te  the e x p l i c i t  form for the one s o l i to n  s e c to r  matrix e le m e n ts .  In 

particu lar , the s ta t ic  c l a s s i c a l  so lu t io n  is  recovered  in quantum theory a s  the  

matrix e lem en t  of the f ie ld  operator b e tw een  lo c a l iz e d  one s o l i to n  s t a t e s .

This g iv e s  a very s im p le  understanding o f  the re la t io n  b e tw e e n  c l a s s i c a l  and 

quantum th e o r ie s  but in th is  method it b e c o m e s  co m p lica ted  to  perform h igh ­

er order c a l c u la t io n s .  A lso ,  it i s  not c le a r  how to  d i s c u s s  more d if f ic u lt  

q u e s t io n s  l ik e ,  for ex a m p le ,  sca tter in g  of s o l i t o n s  in th is  approach .

An e n t ir e ly  d ifferent approach to  ex ten d ed  p a r t ic le s  w hich  is  a l s o  

b a sed  on cou p lin g  c o n s ta n t  e x p a n s io n  i s  the c o l l e c t i v e  coord inate  method ^  (9)(10)(11  

It represents the g e n e r a l iz a t io n  o f  the c o l l e c t i v e  coord inate  method of m any-  

body theory  to quantum f ie ld  th eory .  It w a s  o r ig in a l ly  d e v e lo p e d  to  s tu d y
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( 12 )the s t a t i c  strong cou p lin g  m odel w here it le a d s  to  a perturbation e x ­

p a n sio n  in in v erse  o f  the strong cou p lin g  c o n s ta n t .

In th is  t h e s i s  we w i l l  present a d e ta i le d  rev iew  of the path in tegral  

c o l l e c t i v e  coord inate  m ethod. All the re su lts  w h ich  w il l  be g iv e n  are ob ­

ta in ed  in co l la b o ra t io n  w ith  J . -L .  G ervais and B. Sak ita . Throughout th is  

work we c o n s id e r  for s im p l ic i ty  two s p a c e - t im e  d im en s io n a l s c a la r  f ie ld  

th e o r ie s .  In form ulating the c o l l e c t i v e  coord inate  approach to  ex ten d ed  

p a r t ic le s  we em p loy  the Feynman path in tegral qu antiza t ion  procedure.

Although c o l l e c t i v e  co o rd in a te s  can  a l s o  be introduced u s in g  the operator  

( 13 )m ethod , the re le v a n c e  of c l a s s i c a l  p a r t ic le l ik e  s o lu t io n s  to  the quantum 

theory  is  b e s t  s e e n  in the path in tegral approach . Furthermore, the path 

in tegra l method b e co m es  truly a d v a n ta g eo u s  w hen d i s c u s s in g  the quantum 

sc a t te r in g  o f  s o l i t o n s .

To understand the re lev a n ce  of c l a s s i c a l  so lu t io n s  to  the quantum  

theory  w e start w ith  the o b serva tion  that in th e o r ie s  w ith  sp o n ta n eo u s  sym ­

metry breaking one h as to  sh if t  the quantum f ie ld  by the c l a s s i c a l  vacuum  

so lu t io n  in order to  d e v e lo p  a perturbation e x p a n is o n .  This m eans that in  

the path in tegra l e x p r e s s io n  for the vacuum gen erating  fun ction a l on ly  the  

paths near the c l a s s i c a l  vacuum so lu t io n  con tr ib u te . Then in a n a lo g y  w ith  

sp o n ta n eo u s  sym m etry breaking w e are led to  the idea that a perturbation  

e x p a n s io n  about the s o l i to n  s ta te  can be d ev e lo p e d  by tran sla t in g  the f ie ld  

by the c l a s s i c a l  s o l i to n  so lu t io n  and co n s id er in g  sm all f lu c tu a t io n s  around 

i t .  But by doing th is  w e break the tra n s la t io n a l invariance of the theory  

and c o n s e q u e n t ly ,  in the spectrum of sm all o s c i l l a t io n s ,  a zero  frequency
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mode (G oldstone boson) app ears lead in g  to  an infrared problem. In order 

to  p reserve  the tra n s la t io n a l  invariance  w hen  sh if t in g  by the c l a s s i c a l  

s o lu t io n  w e introduce a new  dynam ica l variab le  represen ting  the cen ter  

of m a ss  coord inate  and sep arate  the tra n s la t io n a l  d egree  of freedom .

This m eans that w e tran s la te  the f ie ld  variab le  by a c l a s s i c a l  so lu t io n  

in w h ich  the c o n s ta n t  c l a s s i c a l  p o s i t io n  i s  promoted to  a d y n a m ica l  

v a r ia b le .  The c e n te r  o f  m a ss  coord inate  is  introduced  into the path in ­

teg ra l e x p r e s s io n  for the one s o l i to n  s e c to r  tra n s it io n  am plitude through  

a S  - fu n c t io n  c o n d it io n .  This & - fu n c t io n  con d it io n  is  arbitrary and 

w e c a l l  it a g a g e  c o n d it io n .  It c o m p le te ly  e l im in a te s  the zero  frequency  

mode from the path in tegra l and c o n s e q u e n t ly ,  there is  no infrared problem.

Now it i s  straightforward to d e v e lo p  a s y s te m a t ic  w eak  coup ling  

perturbation e x p a n s io n  about the one s o l i to n  s ta te  and derv ie  a s e t  of  

Feynman ru les  w h ich  can  be u se d  to  perform c a lc u la t io n s  to  arbitrary order 

in cou p lin g  c o n s ta n t .  S ince w e sh if ted  the f ie ld  by the c l a s s i c a l  so lu t io n  

p h y s ic a l  q u a n t it ie s  w i l l  have a c l a s s i c a l  part w h ich  is  n o n -a n a ly t ic  in 

c o u p lin g  c o n s ta n t  and the quantum co rr ec t io n s  are g iv e n  a s  a power s e r ie s  

in cou p lin g  c o n s ta n t .  So in the lead in g  approxim ation the s o l i to n  m ass  

a g r e e s  w ith  the c l a s s i c a l  m a s s .

This method can  be e a s i l y  g e n e r a l iz e d  to  treat more com p lica ted  

c l a s s i c a l  ex ten d ed  p a r t ic le l ik e  s o lu t io n s  w h ich  s e s p e c t  more than one c o n ­

t in u ou s  sym m etry^  ^  ^  ^  . Now the arbitrary parameters appearing in the  

c l a s s i c a l  so lu t io n  are to  be promoted to  dyn am ica l v a r ia b le s  and their  c o n ­

ju gate  v a r ia b le s  are the in f in ite s im a l gen era tors  of con tin u ou s  sym m etr ies .  

We c a l l  t h e s e  new  v a r ia b le s  c o l l e c t i v e  co o rd in a te s  and th ey  are introduced  

in the path in tegra l through a s e t  of ^ - f u n c t io n  c o n d it io n s  and a c a n o n ic a l
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transform ation gen era ted  by the sym m etry g e n e r a to r s .  Half of th e s e  

8  - fu n c t io n  c o n d it io n s  rep resen t  c o n s tr a in ts  and the r e s t  are gauge  

c o n d it io n s .  The sep ara tion  of sym m etry d e g r e e s  o f  freedom a s s u m e s  

that the in v a r ia n c e s  are p resen t  a t  the quantum le v e l  a l s o  and further­

more, the zero  freq u en cy  m odes are c o m p le te ly  e l im in a ted  by the gauge  

c o n d i t io n s .  Now one can  d e v e lo p  a c o n s i s t e n t  perturbation ex p a n s io n  

free o f  the infrared prob le . For the p resen ta t io n  of the gen era l method  

of c o l l e c t i v e  co o rd in a tes  w e e s s e n t i a l l y  fo l lo w  the d i s c u s s io n  g iv e n  in 

referen ce  (15).

The main a p p lic a t io n  of the g en era l method w e d i s c u s s  in th is  

th es is ,  i s  the form ulation of s o l i t o n - s o l i t o n  s ca t ter in g  form alism . In 

s in e -G o r d o n  theory e x a c t  m u lt i - s o l i to n  c l a s s i c a l  s o lu t io n s  are known  

and w e c a n  g e n e r a l iz e  the one s o l i t o n  s e c to r  d i s c u s s i o n  to the m u lt i-  

s o l i to n  s e c to r  c a s e .  S p e c i f i c a l ly  w e c o n s id e r  the s o l i t o n - a n t i s o l i to n  

sca tter in g  and d e v e lo p  a method for com puting the sca tter in g  a m p litu d e .  

The c o l l e c t i v e  co o rd in a tes  introduced in th is  c a s e  are con ju gate  v a r ia b le s  

to the to ta l  momentum and the en erg y  o f  the s y s t e m .  The g en era l formal­

ism  then  le a d s  to  a path in tegra l e x p r e s s io n  for the s o l i t o n - a n t i s o l i t o n  

sca tter in g  phase  s h i f t .  The lead ing  term is  g iv e n  by the c l a s s i c a l  p hase  

sh ift  w h ich  i s  non-ana  ly t ic  in c o u p lin g  c o n s ta n t  and the quantum cor­

rec t io n s  are in powers of the cou p lin g  c o n s ta n t .  We ev a lu a te  the first  

quantum co rrec t io n .

In chapter  II we presen t a d e ta i le d  d i s c u s s i o n  of the Feynman  

path in tegral m ethod. S ince we u s e  point c a n o n ic a l  transform ations w hen  

w e introduce c o l l e c t i v e  c o o r d in a te s ,  w e g iv e  a care fu l treatm ent of point
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c a n o n ic a l  transform ations in th is  ch ap ter .

In chap ter  III w e start w ith  the in v e s t ig a t io n  o f  ex ten d ed  p a r t ic le s  

in quantum f ie ld  theory  by d e v e lo p in g  the c o l l e c t i v e  coord inate  method  

for one s o l i to n  s e c to r .  A s y s t e m a t ic  w ea k  c o u p lin g  perturbation ex p a n s io n  

i s  formulated and perturbative c a lc u la t io n s  o f  the s o l i to n  m ass  and one  

s o l i to n  s e c to r  Green fu n ct io n s  are carried ou t.

The g en era l method o f  c o l l e c t i v e  c o o rd in a te s  i s  d e v e lo p e d  in 

ch ap ter  IV.

F in a lly ,  in ch apter  V w e a p p ly  th is  g en era l method to  the problem  

of s o l i to n  s c a t te r in g .  A s y s t e m a t ic  quantum form alism  for sca tter in g  of  

s o l io n s  for the s in e -G o r d o n  theory  i s  d e v e lo p e d  and the sca tter in g  phase  

s h if t s  are c a lc u la te d  both in tree and one loop  approxim ation .
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II. FEYNMAN PATH INTEGRAL QUANTIZATION

In th is  ch ap ter  w e  g iv e  a d e ta i le d  d i s c u s s i o n  o f  the Feynman  

path in tegra l m ethod . S p e c ia l  e m p h a s is  i s  on to p ic s  not much d i s ­

c u s s e d  in the literature but w h ich  app ear  to  be re levan t to  our work.

In s e c t io n  1 w e p resen t  a r ev iew  o f  the p h a se  s p a c e  path in tegra l  

method w ith  s p e c ia l  e m p h a s is  on the path in tegra l m ea su re .  In 

s e c t io n  2 w e in v e s t ig a te  point c a n o n ic a l  transform ations u s in g  the  

Feynman diagram te ch n iq u e  and in s e c t io n  3 w e  g iv e  a treatm ent of 

point transform ations in the path in tegra l app roach .

II. 1 Phase Space Path Integral

In th is  s e c t io n  w e w i l l  rev iew  the q u an tiza tion  procedure  

b a se d  on p h ase  s p a c e  path in teg ra t io n .  In the literature path in te ­

gral m ethods are m ain ly  u se d  in Lagrangian formulation d e v e lo p e d  

o r ig in a l ly  by R. Feynman, but there are cer ta in  a d v a n ta g e s  to  the  

p h ase  s p a c e  ap p roach . First o f  a l l  in the c a n o n ic a l  p h a se  sp a c e  

path in teg ra l method the in tegra tion  m easu re  i s  s im p le  and by in te ­

grating over  the momentum v a r ia b le s  one ca n  d ed u ce  the non -tr iv ia  1 

m easure required in the Lagrangian path in teg ra l .  S econ d , there is  a 

d irec t  co rr esp o n d en ce  b e tw een  p h ase  sp a c e  path in teg ra ls  and ordered  

H am iltonian  o p era to rs .  That i s  the  main rea so n  w hy we c h o o s e  to  u se  

the c a n o n ic a l  p h a se  s p a c e  path in tegra l method throughout th is  work.

W e c o n s id e r  a d yn am ica l sy s te m  o f  n -d e g r e e s  of freedom d e ­

noting  our c a n o n ic a l  v a r ia b le s  by q=(q , q ? , .  . . q ) and p=(p , . . . p ) .i u n x n



The operators p. andq . are rep resen ted  a s  fo llows:

( I  I)

A

and the d yn am ics  is  d e sc r ib e d  by the H am iltonian operator H . In 

H eisen b erg  picture the operators e v o lv e  in tim e like

The main o b jec t  of our d i s c u s s i o n  i s  the c a lc u la t io n  of the  

tim e e v o lu t io n  operator matrix e le m e n t

u s u a l ly  referred to  a s  the k ern e l ,  it ca n  be e x p r e s s e d  in the fo llow in g  

p h ase  s p a c e  path in tegra l form:

This rep resen ta tion  for the e v o lu t io n  operator ap p ears  to be 

very  a ttra c t iv e  b ein g  e x p r e s s e d  e n t ir e ly  in terms o f  c l a s s i c a l  m ech an ­

ic a l  in gred ien ts  and it look s  like  it d e f in e s  a c a n o n ic a ly  invariant  

quantum th eory . But unfortunate ly  a t  p resen t there is  no c o n s i s t e n t  

w ay  of performing g en era l c a n o n ic a l  transform ations In the path in te ­

gral form alism . The correct treatm ent o f  g en era l point transform ations  

i s  n e v e r th e le s s  p o s s ib le  and w e  w i l l  p resen t  a d e ta i le d  d i s c u s s i o n  of  

th is  problem in s e c t io n s  2 and 3 o f  th is  chapter ,

(I • 2)

and the correspond ing  e i g e n s t a t e s  a s

(1. 3)

l2.,t> = Z  U /t>

(l 4)

(I 5)

w h a e th e  fu n ction a l in the ex p o n en t  i s  the a c t io n

( 1 . 6 )
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In the litsrature one a l s o  f in d s  s ta te m e n ts  that the ordering  

problem w h ich  ap p ears  in the operator q u an tiza t ion  procedure w hen  

the H am iltonian  c o n ta in s  non -com utin g  fac to rs  d o e s n ' t  ap pear  a t  a l l  

in the path in tegra l m ethod, or, the  o p p o s i te  c la im s  that the

path in tegra l form alism  appears to  be am biguous and u n sa fe  e s p e c i a l l y  

w ith  r e s p e c t  to  the ordering problem. N atura lly  both of t h e s e  s t a t e ­

m ents are incorrect and in w hat fo l lo w s  w e  w i l l  p resen t  a c l e a r  formu­

la t io n  o f  the p h ase  s p a c e  path in tegra l method w ith  s p e c ia l  e m p h a s is
(18)

on the ordering problem. We e s s e n t i a l l y  fo l lo w  the work o f B erezin  

The a b o v e  m entioned  in tr ic a c ie s  are c o n n e c te d  w ith  the very  

d e f in it io n  of the in tegration  over p a th s .  As y e t  there e x i s t s  no r ig ­

orous m ath em atica l d e f in it io n  o f  th is  in tegra l and it i s  d e f in ed  by  

su b d iv id in g  the tim e in terva l t" -  t ’ in to  N s e g m e n ts  s o  that  

t" -  t' = N€

tk = t' + k e  k = 0 . 1_____ N (I 7)

q(tk) = q(k) 

p(tk) = p(k)

and rep la c in g  the ex p o n en t  by the in tegra l sum

A l T - S - l  =  X  A  l ^ e o  , 8 . o « o , 2 . e o )  (i ,)
K * 0

w ith  s u b se q u e n t  f in ite  d im en s io n a l in tegra tion s  
U-1 , N -l

T T 1 T  TT

The f in a l  a n s w e r  i s  then  obta ined  a s  a lim it w hen  N-*°o.

In g en era l d ifferent f in ite  d im en s io n a l  approxim ations w i l l  have  

d ifferent l im its  and that i s  p r e c i s e ly  the w ay  how the ordering problem  

ap pears  in  the path in tegra l m ethod. So the a b ove  d e f in it io n  h a s  m ean­

ing o n ly  i f  a d d it io n a l s p e c i f i c a t io n s  are made con cern in g  the short time
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a c t io n  A (p (k )  , q (k + l ) ,  q(k)). T hese s p e c i f i c a t io n s  are in d ire c t  cor­

resp o n d en ce  w ith  the order o f  factors  in operator approach  Namely  

the f in ite  d im en s io n a l d e f in it io n  o f  the path in tegra l can  be derived  by 

u s in g  the c o m p le tn e s s  rela tion  for s ta te  v e c to r s  |q(k) > t^) so  that

x < 2. ( ^ 0 , <  2 . ( 0 ^ ,  I 2»  j - t o )  (1 9)

Here w e denoted  q(0) = q' and q(N) = q" . I f  the  H am ilton ian  h a s  a

s im p le  form ,A \  A
XH -  i f  + V ( ! )

(1 10)

the short time matrix e lem en t  is  approxim ated a s  fo l lo w s-
' /N 2_ 1

1 ( l  i d

In th is  c a s e  the f in a l a n sw er  appears to  be in s e n s i t iv e  to  how w e  

approxim ate the short tim e a c t io n  i . e .  w hether  w e  have  q (k+ l)  or 

q(k-fl) + q(k) or som e other linear  com bination  in the p o ten tia l  in stea d  

of q(k) But. for more gen era l H am ilton ians w h ich  co n ta in  n o n -c o m ­

muting factors  it is  not s o .  Thus w e  s p e c i f y  the d e f in it io n  o f  the  

path in tegral in p r e c ise  corresp on d en ce  ordering of non-com m uting  

fac to rs  in the operator H am ilton ian ,

a .  p q  Ordering Procedure

In th is  q u antiza t ion  procedure w ith  e v e r y  c l a s s i c a l  polynom ial  

function  . ml

^ - m rv >w»V- 2m " ^ V-L

(1 : 12)

w e  a s s o c i a t e  an ordered operator
7 v '  P Ayvh A a
\  “  ■ m n. ^  "  Vn Z \ '  ' ( 1 - 1 3 )
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su ch  that p a lw a y s  s ta n d s  to the le f t  o f  q This co rresp o n d en ce  is  one
A

to o n e .  So if  our operator H am iltonian H is  a s s o c ia t e d  w ith  the c l a s s i c a l  

H am iltonian fun ction  in the a b o v e  s e n s e  w e  approxim ate the short time  

matrix e lem en t  a s  fo l lo w s  First

H )  \ 2 . M )  (i

and then  in sert ing  a co m p le te  s e t  o f  s t a t e s  to  the right-hand s id e  b e co m es

H f o w ,  £ . < * ' ) ]  (1

So the path integral for the kernel o f  th is  operator theory has the form

KCs.V"ii,.f)ML = f t  Xa {
- 6  l - K p O O , ! ^ ) )  1  ]  (1

In the H am iltonian appearing  in ex p o n en t  o f  (1.16) . one i s  not  

a llo w e d  to  su b s t i tu te  q(k) b y , for exam ple  q(k+l), s in c e  th is  w ould  g iv e  a 

th eory  w ith  the q p ordering o f  fa c to r s .

N ext  we w il l  p resen t a more sym m etric  s p e c i f i c a t io n  for the path in te ­

gral w hich  w il l  be u sed  c o n s i s t e n t ly  throughout th is  work,

b . Symmetric or W eyl Ordering Procedure

A (L A*"
The W eyl ordered operator (p q) correspond ing  to the c l a s s i c a l

s/

polynom ial p ^ q ^ is  d e f in ed  through the relation-

( < o p * f o £ ) N = | £ J b - ,  ( f ' , ! * ' ) w  ii

For exam p le  w e  have

Tn the sym m etric or W eyl qu antiza t ion  procedure w ith  ev er y  c l a s s i c a l  

polynom ial function  f (p, q)  w e a s s o c i a t e  the fo llo w in g  operator'

\  =  £  u ,  m .  . .  • • wV. ( f r ' z r ' L  "  • (1

the bracket denoting  that th is  non-com m uting factors  are W eyl ordered,

14)

. 15 )

16)

• 1 7) 

15)

.19)
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This co rr esp o n d en ce  is  a l s o  one to  one and furthermore there is  a

s im p le  in v er se  re la tion  e x p r e s s in g  the c l a s s i c a l  function  f(p^q) In
a  (1 9 )

term s o f  the correspon d in g  W eyl ordered operator f

^ 0 p , 2 . }  =

This transform ation  is  c a l le d  the W eyl transform and to prove it one  

f ir s t  s h o w s  by induction  that

and so

N ow  the re la t ion  (1 .20) fo l lo w s

U sin g  re la t ion  ( 1 .  20 ) w e e a s i l y  prove the fo llo w in g

u s e fu l  co rresp o n d en ce  Tf

\ <--> ^  C £ L )

the" ~  ( f . - &  ffT**.)

\  - a

In order to  derive  an e x p r e s s io n  for the short time matrix  

e le m e n t  w e u s e  the fo llo w in g  relation

w h ich  can  be proved starting w ith  the id en tity

’ < 2 , 1 ^  \2-^> \ >

and making the ch an ge  o i v a r ia b le s

V q2 = 0  ' Pl +P2 -  p
2 2

q 2- q i  = v  p2- Dl = u

(1 2 0 )

(1 . 2 1 ) 

0  2 2 )

(1 23) 

(1 -24)  

(1 . 25)

(1 26)
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s o  that the right-hand s id e  b eco m es

Thus re la tion  (1 . 24)  fo l lo w s

Now w e are ready to  d ed u ce  the approxim ation  for the short  

tim e matrix e lem en t

<(£(**-'),-tiw \ ^  )\ ( ' ~ 6 ft "1 \ £ . ^ 0  (i 2i)
A

We c o n s id e r  a theory w ith  the operator H am iltonian H a s s o c ia t e d  

w ith  the c l a s s i c a l  Ham iltonian function  H(d q) in a c c o r d e n c e  w ith  

the W ey l q u antiza tion  procedure (w h ic h  m eans that H(p q) is  

the W ey l transform of H ). Then u s in g  re la tion  (1 24) w e have

-  6  V-\ (^Ck) } V ' ) 1  ^ (1 29)
2 ^

and thus  the p r e c ise  form of  the p h ase  s p a c e  path in tegral fo l lo w s
N -)  , N - \

X ’ Ki-4»o ) KM K=o

* JWf A ( / fW ;  £.(<+'),£ HO ) |  (1-30)
w ith  the "midpoint" short time approxim ation for the a c t io n  in the

/ \ i i /  2h<H) + ? ik:exponent:

(1 31)

, Summarizing our resu lt  w e c o n c lu d e  that the path integral  
t ' * r  -7  *V

\  ew y  M -  A l O p / ^ J  (1 . 32)

w ith  a d d it io n a l s p e c i f ic a t io n  that the short tim e a c t io n  is  to be 

e v a lu a te d  a t  the midpoint q(k) = q(k+l )  + q(k) d e s c r ib e s  a theorv  

w ith  operator Ham iltonian H ,o b ta in ed  by W ey l q u a n tiza t io n  p roce­

dure from the c l a s s i c a l  H am iltonian function  H(p. q)  appearing  in the  

a c t io n  o f  (l .32)  ' H is  th is  midpoint s p e c i f i c a t io n  o f  the path in te ­

gral w h ich  w e a c c e p t  and u s e  throughout th is  w ork .
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As an  exam p le  w e  c o n s id e r  a theory  g iv e n  by the fo llo w in g  

ordered operator H am iltonian (

H  =  (1 33)

w here g 1-* d e n o te s  the in v er se  o f  g „  a n d g = d e t  g ^ . . This operator  

is  not W ey l ordered and c o n s e q u e n t ly  H(p q) appearring in the p h ase  

s p a c e  path in tegra l e x p r e s s io n  o f  the kernel i s  not

I  3 ' ' ^  <> ™
; A

To find the c l a s s i c a l  H am iltonian function  w e  f irst  reorder H so

t ha t  h 4 * 6 . K ' t a  * « ) *  ( i H l i (i 35)

and th en  u s e  the co rresp o n d en ce  re la tion  (1 23) to find

0 0 (1 36)

s o  for the c l a s s i c a l  H am iltonain fun ction  w e  obtain

w here

=  ^ £ ? ‘' T s  + a M ( £ )  d . 3 7 )

• - '  • "k2" ^  nC9  i7* r  f  Q Mf o ) )  -1



II. 2 C a n o n ica l  Transform ations and Feynman D iagram s

In th is  s e c t io n  w e w i l l  make som e o b se r v a t io n s  con cern in g  

the problem of  performing c a n o n ic a l  transform ations in fu n ction a l  

m eth od . We restr ic t  o u r s e lv e s  to point c a n o n ic a l  transform ations  

o n ly .

In the literature on fu n ction a l m ethods one o ften  finds the

s ta tem en t  that point transform ations can  be performed by s im p ly
(20) (21)

ch a n g in g  in tegration  v a r ia b le s  in fu n c t io n a l in te g r a ls .  S ince there  

e x i s t s  a d irect  co rresp o n d en ce  b e tw een  fu n ction a l in teg ra ls  and 

Feynman d iagram s, a l l  m an ip u la tion s  carried out w ith  fu n ction a l  

in te g r a ls  can  be e x p l i c i t l y  c h e c k e d  u s in g  the diagram te c h n iq u e .

Thus, in th is  s e c t io n  w e w i l l  u s e  the Feynman diagram tech n iq u e  to  

q u e s t io n  the s ta tem en t  about point transform ations made a b o v e .  

N a m ely ,  w e w i l l  dem onstrate  by e x p l i c i t  c a lc u la t io n s  on a s im p le  

exam p le  that in g en era l it  i s  not correct  to  perform point c a n o n ic a l  

transform ations by ju s t  making n a ive  c h a n g e s  of v a r ia b le s  in the 

fu n c t io n a l  in teg ra l .  The fac t  i s  that a fter  th is  n a ive  ch an ge  of  

v a r ia b le s  w e end up w ith  a quantum theory  e n t ir e ly  dirrerent from 

the or ig in a l o n e .  T hese  tw o th e o r ie s  are o n ly  id e n t ic a l  a t  the tree  

and one loop  l e v e l .  The d if feren ce  b e tw e e n  them appears a lread y  

a t  the tw o  loop  l e v e l .  That is  w hat w e  are go in g  to  dem onstrate  

in  w hat f o l l o w s .

Although point c a n o n ic a l  transform ations can  be d i s c u s s e d  in 

Lagrangian fu n c t io n a l form alism  w e prefer to  u s e  the p h ase  s p a c e  path  

in teg ra l method throughout th is  s e c t io n .  Let us c o n s id e r  a s im p le  

exam p le  o f  N free harmonic o s c i la to r s  c o u p led  to  ex terna l so u rces :
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n

- <X

(2 . 1)

(2 . 2 )

The gen era tin g  fu n ction a l i s  d efined  a s  u s u a l  and is  rep resen ted  in 

path in tegra l form by:

S  71. " f 3 0 > 2 . ) ]  /
2

W ith the sm a ll  n eg a t iv e  im aginary part added to(t) w e ob ta in  the  

a n sw e r  for th is  path in tegra l a s ;

z ( D  =  { - ± U  \  <2 - 3>

w here w e have  the Feynman propagators

=  Sab Ar (+-t'J
P A  ) i  l '

y t S V 6  ( 2 ' 4 >
N ow , w e perform a g en era l point transform ation  from the old

v a r ia b le s  p , q to  n ew  c a n o n ic a l  v a r ia b le s  P., Q. a s  fo l lo w s :  a a 1 1
2 . » =  F Y c i j

- F’.fa) 4'1(Q-)T>- (2.5)
We d en ote  * ^  T  f& )

- g r a -

^ c i f « L ) * z ; " F " - f a ) F , * y ^ )  ( 2 . 6 )

M 1 A = ( ‘

and g 1J(Q) rep resen ts  the in v er se  matrix of g ^ (Q ) .  The Jacobian of 

th is  transform ation i s  one and thus by s im p ly  ch an g in g  in tegration  

v a r ia b le s  in the path in tegra l e x p r e s s io n  for the gen era tin g  fu n ction a l  

w e arrive at the new  path integral:

Z C D -  £ y p 0 £ > & { -  6 -j C P ) Q ' ) J |  (2 . 7)

w ith  the new  H am iltonian H^given by

( 2 .8 )

We d en oted  th is  path in tegra l e x p r e s s io n  for the gen era tin g  fu n c ­

t io n a l  by a d iffernt sym bol Z( j ) s in c e  it i s  not c le a r  w hether  the n a iv e  

ch a n g e  of v a r ia b le s  i s  a correct s tep  or n o t .  Indeed in w hat fo l lo w s  w e
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are go in g  to  dem onstrate  that contrary to  n a ive  e x p e c ta t io n s  z ( j )  is  

not eq u a l to  z ( j ) .

Sin ce  our H am ilton ian  e x p r e s s e d  in terms of new  c a n o n ic a l  

v a r ia b le s  P. and Qi c o n ta in s  in g en era l co m p lica ted  in teraction  terms  

the on ly  w a y  w e ca n  c a lc u la te  the new  gen erating  fu n ction a l is  by  

perturbation th eory .  To find the  Feynman ru les  of th is  perturbation  

e x p a n s io n  w e write a s  u sua l:

z h o =  1 U  = o  (2 . 9 )

w here the free gen era ting  fu n ct io n a l i s  g iv e n  by

Z„CJ,K) = I yDTv-2)0.; -
- i (1:P +^0.0.) + TGL -I- K •? ] }

We introduced a d d it io n a l s o u r c e s  K. coup led  to  momentum v a r ia b les

P. s in c e  the in terac tion  H am ilton ian  c o n ta in s  d er iv a tiv e  in te r a c t io n s ,  
x

The free gen eratin g  fu n ct io n a l Z ( J,K) i s  e a s i l y  found to  be

( 2 . H )

g iv in g  the propagators: + O.  ̂ K  v-£+) J

<̂ 0\ T {  CX,-(t),Q ■ ( i ' ) ^  I A f  (+■-+’)

<%l 1  (*) A i  tr '> \  h >  = S-i( ( 2 . 12)

, % « ' > ]  1 0  -  p C W )  -  X f r - o  J

rep resen ted  g ra p h ica l ly  by F ig . 1. The Feynman ru les  are com pleted

9 iiby an in f in ite  s e t  o f  v e r t i c e s  ob ta in ed  by expanding  F (0) and g J(Q) 

in powers of Q. :

'  r'*-  f r . - Q v *  in * . - , -  x i  
T ' C a ) =  f 1 + V X Q t  " i -  ■ sS V guQ vh-1 - ' -  (2- 13)

For s im p l ic i ty  w e c h o o s e  F3 = 0 and F ^ =  A .. The H am iltonian fromi t  Oai

w h ich  w e read of the v e r t i c e s  i s  now:
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[«■(* +F;,(Q;ft.8^ (4T.V+ ijTVr,*
-  r  r *  ( <ax  * | - ,  T ? ci  a < g u  v - ■ ■ ) ( 2 . i 4 )

<A ■» , - I  U

The f ir s t  few  in th is  s e r i e s  o f  v e r t i c e s  are rep resen ted  g r a p h ica l ly  

a t  F ig .  2 .

N ow w e have a loop  e x p a n s io n  for z ( j ) .  One c an  e a s i l y  s e e  

that due to  c a n c e l la t io n s  of graphs w hen  c a lc u la t in g  z ( j )  a t  tree  

and one loop  le v e l  the r e su lt  i s  eq u a l to  Z ( j ) .  As an  exam ple  of  

s u c h  c a n c e l la t io n s  c o n s id e r  the one loop  tad p o le  diagram s show n  

a t  F ig .  3 . a ,  3 . b ,  and 3 . c .  Their r e s p e c t iv e  con tr ib u tion s  are:

0 . 1  *  * 5  ( 2 - I 5 )

V a  ^
w here w e u se d  the id en t ity  s ,

(2 . 16 ,

O b v io u s ly  the sum of t h e s e  three terms i s  z e r o .  For a g en era l  

d i s c u s s i o n  the reader is  referred to  re feren ce  (21) .

But, unfortun ate ly  t h e s e  c a n c e l la t io n s  do  not p e r s is t  a lread y  

a t  the  n ext tw o  loop  l e v e l .  C on s id er  for exam ple  a l l  the tw o loop  

bubble diagram s w how n at  F ig . 4 . a ,  4 . b ,  and 4 . c .  After som e  

c a lc u la t io n  u s in g  the in teg ra ls

~  - j A

f i  U ? ( 2 *17)

w e find the con tr ib u tion s  of t h e s e  graphs:

<-M '*f ijTtc-iTTn
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( 2 . 1 8 )

The sum of  t h e s e  three terms d o es  not g iv e  zero  but rather:

( a ) v ( b J  + ( 0 =  ^  F . ' j c  *  ° (2 19)

This e x p l i c i t  c a lc u la t io n  sh o w s  that Z(J) is  ind eed  d ifferent  

from Z(J). So the new  path integral (2. 7) w ith  the H am iltonian

resu lt  m eans that it i s  incorrect to  form ally perform point transform­

a t io n s  in path in tegra l and that more care is  n eed ed  w hen  doing s o  

In the fo l lo w in g  s e c t io n  we w i l l  p resen t a care fu l treatm ent  

o f  th is  problem and it w i l l  be show n that it le a d s  to  a d d it io n a l po­

te n t ia l  terms in the a c t io n  of the new  path in tegra l ( 2 .7 ) .  They 

are o f  the form:

s e e  that th is  a d d it io n a l term g iv e s  at the tw o loop  le v e l  the fo llow in g  

contribution

w hich  p r e c i s e ly  c a n c e l s  out the sum of  two loop bubble diagram s

H j(P ,0 )  d ie s  not d e f in e  the same theory  a s  the or ig ina l o n e .  This

This m eans that the m odified  H am iltonian  
  \   _

(2 2 0 )

( 2 . 2 1 )

rep resen ts  the sam e theory  a s  the or ig in a l one H .̂(p q) . Indeed we

(2 2 2 )

(2 .1 9 )
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I I . 3 Point C a n o n ica l  Transform ations In Path Integral Method

The path in tegra l method i s  o ften  co n s id e r e d  a s  of h e u r is t ic  va lu e  

o n ly ,  w ith  the understanding that a l l  r e su lt s  derived  in th is  approach are 

to  be c h e c k e d  by p ara lle l  c a lc u la t io n s  in the operator form alism . There 

i s  a l s o  a b e l i e f  that path in teg ra ls  ca n  s a f e ly  be u se d  on ly  through their  

co rr esp o n d en ce  w ith  the diagram te c h n iq u e ,  s o  that m an ipu lation s w ith  

path in te g r a ls  ju st  represen t  m an ip u la tion s  w ith  Feynman d iagram s.

We don 't  a c c e p t  su ch  lim ited  d e f in it io n s  of the path in tegra l m eth­

od , e s p e c i a l l y  in v ie w  of the fa c t  that th is  method proves to be ex tre m e ly  

u s e fu l  in d e v e lo p in g  n on -perturbative  t e c h n iq u e s .  Although a s  of yet  

there e x i s t s  no rigorous m ath em atica l d e f in it io n  of in tegration  over  p a th s ,  

there i s  s t i l l  a p re c ise  enough  form ulation of the method w hich  a l lo w s  us  

to  d er ive  c o n c lu s io n s  a s  r igorou sly  a s  w ith the o p era tor  form alism . This 

i s  the  or ig in a l d e f in it io n  introduced  by Feynman who defined

the path in tegra l a s  a lim it o f  f in ite  d im en s io n a l  in te g r a t io n s .  It w a s  

d i s c u s s e d  in d e ta i l  in s e c t io n  1.

In th is  s e c t io n  w e  make u s e  of th is  p r e c ise  d e f in it io n  in order to

dem onstrate  how it a l lo w s  for a rigorous treatm ent of point c a n o n ic a l

(1 7)tran sform ation s in the path in tegra l method ' '.

W e c o n s id e r  a g en era l  theory  d e sc r ib e d  by the Lagrangian:

= x . £  -  V I 2 M  (3.i)(A
The kernel to  go  from som e in it ia l  point q' = (qj , ql,, . . .) at tim e t 1 to  

som e f in a l  point q" = ( q ' j .q 1̂ , . . .) at tim e t" is  g iv e n  by the fo llo w in g  

path integral:

( 3 . 2 )
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the r ight-hand  s id e  bein g  d efin ed  a s  the lim it of f in ite  d im en s io n a l  

in te g r a t io n s .  N am ely ,  w e su b d iv id e  the tim e t" -t '  into N eq u a l in ­

terv a ls  d en otin g  = t' + £ k  and qQ(k) Then the P rec ise

e x p r e s s io n  for th is  path in tegra l reads:

J 0 .3)
w ith  q (0) = q' and q (N) = q" . In the ex p o n en t  w e have the short a a a a

tim e ac tio n '. ) -

(3 .4 )

We now perform, a genera l point c a n o n ic a l  transform ation  

q ( \ )  = Fa (Q(-t)) to  new  v a r ia b les  Q = (Q, , Q ,  , . . . ) .  This m eans3 Y u

that in the f in ite  d im en s io n a l in tegra l w e have  to  ch an ge  v a r ia b le s  

su b s t itu t in g  q (k) = F (Q(k)). Then the new  in tegration  m easure is
3

g iv e n  by: ^

(3 .5 )

and the new  short tim e a c t io n  is  sim ply:

A  ( y ( o n w ) - f T & W J ) 7' - '  ( M ( T f e w ) )
a- (3 .6 )

At th is  point it  is  tem pting to  u se  the ex p a n s io n

T T c a ^ O -  =  F f i l & t x - O  *-

+ ~  (G l (k ) )  & Q ,- l i / )  A . 0 . ^  ( M  + - - -  ■ (3 .7 )

and approxim ate the short time a c t io n  (3 .6 )  a s

A (&.(<»),&(*>) — h r1?. ^ . . ( C U ^ I a Q c W a Q A ^ -
_ & \ j ( Y ( & < « > ) )  ( 3 - 8>

thus dropping the h igher order terms inA Q ^(k) = Q.(k+1) -  Q ^ k ) .

-  24  -



But the a b ove  approxim ation  app ears to  be incorrect and w ould  

lead  us  to  erroneous r e s u l t s .  In fa c t ,  it i s  e q u iv a le n t  to  the n a ive  

ch a n g e  of v a r ia b le s  d i s c u s s e d  in s e c t io n  2 . The m istake  w h ich  w ould  

be made by making th is  approxim ation  h as  i t s  orig in  in the fac t
3

th at  h igher order term s in the short tim e a c t io n  of the form 4Q and
4

&Q s t i l l  contribute  to  the path in tegra l and thus can n ot be dropped.

N am ely ,  due to  the s t o h a s t ic  nature of path in teg ra ls  w e have that

AO /  O (e )  but ratherAQ = 0 (6 - ) .  This o b serv a t io n  is  due to  Edwards

and G u ly a e v  w ho in v e s t ig a te d  the ch a n g e  from C a rtes ia n  to  polar c o -
( 2 2 )ord in a tes  in the path in tegra l formalism

So in order to  c o r r e c t ly  approxim ate the short tim e a c t io n  we

have to k eep  a l l  terms e f f e c t i v e l y  of 0 ( 6 ) .  We c h o o s e  to  expand  the

fu n c t io n s  Fa (Q(k+l)) and Fa (Q(k)) about the m idpoint Q.(k) = Q . (k+1) +Q. (k)
 2— “

and th u s  it i s  the sym m etric  ("midpoint") d e f in it io n  of the path in tegra l  

w h ich  w e a d op t.  Then k eep in g  terms o f  up to  the fourth order inAQ w e  

ob ta in  the fo l lo w in g  approxim ation  for the short tim e act ion :

A  Q ( k | )  =  a Q ;(< 0  A &  -(1C) +-

* a Gl^ ^ ) A S k e ( t c ) A Q ^ )  J  (3>9)

-  6  V ( T ( & i * ) )  )
We now have the correct path in tegra l e x p r e s s io n  for the kernel in terms  

of new  v a r ia b le s  Q.: _\_

v U A  (& /« « )  (3 - 10)

w ith  the Jacobian g iv e n  by: ^

T ( a t w ) , Q ( : u l  ^  o . n )
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In order to  have the sym m etric  path in tegra l w e s t i l l  n eed  to  

expand  the Jacobian about QL(k) k eep in g  quadratic terms inAQ.(k)  

s in c e  th e y  s t i l l  contribute being  of 0 ( 6 ) .  U sin g  the id en tity

iUi (A+"M -  A AU ( 1  4- A " S ) - = a j U  A \
+ -L(fr»-pt’ ^ t w a ‘ 'U) + - - -   ̂ (3.i2)

w e ob ta in  a fter  som e c a lc u la t io n  j_ . , _

T ( f r l k n )  , Q ( x l )  ^  + J b (  ^   ̂  ̂ *

-k ‘V ' ^ G l ) A  (3 .1 3 )

Although now w e have a correct path in tegra l e x p r e s s io n  for 

the kernel in terms of the new  v a r ia b le s  Q. it i s  not very  u s e fu l  s in c e  

in  the a c t io n  of (3 . 9 ) there are a d d it io n a l  terms of the form AQ4 and 

a l s o  in the Jacobian term s of the form ic))2 . One w ould  prefer to  e l im ­

in a te  t h e s e  terms in favor of a p o ten t ia l  l ike  term of the form AV(Q)6 .

That can  be done and a d e ta i le d  d i s c u s s i o n  of th is  problem w a s  a lread y  

g iv e n  by M cLaughlin  and Schulman in c o n n e c t io n  w ith  the path in tegral  

q u a n tiza t io n  in curved  s p a c e s  w here the sam e problem a p p e a r s ^ 3V e  

w i l l  not repeat the ir  argum ents here but o n ly  g iv e  a short d er iva tion  of 

our r e s u l t s .

We start by approxim ating the e x p o n e n t ia l  in (3 .1 0 )  by:

“fqC ilw ) 6 'vi(T(£w)) ]■ « ( | +■

+ 4 a * A Q ^  )  <3 - 14>

s o  that the e f f e c t iv e  Jacobian has the fo l lo w in g  form:

j f e D 1*' 1 < + t\ l  %Ci( V  1o{A‘ ■*-
+  J o . i s i

Then making u se  of the fo l lo w in g  in teg ra ls  (

■ 3 T Y s +

-  26 -



w e s u b s t itu te  the ad d it io n a l terms in the Jacobian (3 .1 5 )  by p o ten tia l  

l ik e  term s o f  the form ,,  ■>> ^ » ov*.

4 a V ( § ) =  ^  I  ( s )

f  )  + (3 .1 7 )

N ow  u s in g  the id en t ity  + ^  (S J )  ^  (&■ ) )  ]

( 3 .1 8 )

w e s im p lify  th is  e x p r e s s io n  to  ». __ _

— \  JIVu \

-  ^ 1 (3 *19) 

N ex t  in troducing the C h r is to ffe l  sym b o ls  d ef in ed  by

T *  =  P v (  fen ) ( 3 .2 0 )

t . l ‘

r ,  c  a . )  r *  » t & > 3  a )  =  r ' - t  L a )  c \ " a )  *  > f V a )  ( 3 . 2 1  >

w e find that , • ovs ow i r - .V

(Q )  ( V a> ( 3 .2 i ;

w h ich  to g e th er  w ith  the id en t ity

=  2 l  (  $7&) ( 3 .2 2 )

le a d s  us  to  the very  com pact form for the ad d it io n a l poten tia l term:

A / j a n f  r \ ^ ) r \ j n ) f  7 & )  ( 3 .2 3 ,

So our f in a l path in tegra l e x p r e s s io n  for the kernel in terms

of the new  v a r ia b le s  Q. reads: . q  \ Q  - ^y)
i : , & n ' V !/-*_•

u n c  n e w  v  u  i  j . u  yj  l c  o  S r  j  i c u u o  . ^  q  pg -

K 0 ? 'T  j <i t ' ) = {%&') V a '> 1 “ v l  1
»J—' 1/

A("2T\L't;^ )

\ \  ^  \  (3 - 2 4 )
K  -  O

w ith  the fo l lo w in g  e f f e c t iv e  short tim e action :

A < , ( Q »  , * a o o )  =  £-e p .  ^ l. / & ( “ h ^ <3 ; ( k , A a ' i t K ) -

-  £  I  ( 3 .2 5 )

This is  the main re su lt  of th is  s e c t io n  and the fo llow in g
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o b s e r v a t io n s  are in order. F irst,  the e f t e c t iv e  short tim e a c t io n  (3 .2 5 )  

d iffers  from the "naive" one by ju s t  the a d d it io n a l p o ten tia l termDV(Q) 

proportional to*h . This th en  e x p la in s  w hy the formal ch an ge  of  

v a r ia b le s  breaks down starting  a t  the tw o loop  l e v e l .  S econ d , e v e r y ­

w here in the a b o v e  path in tegra l w e have the midpoint coord inate  

Q.(k) and not Q^k) or Q.(k+1) due to  the fa c t  that w e adopted  the sym ­

m etric d e f in it io n  for the path in teg ra l .  Had w e  c h o o s e n  to  u se  a d i f ­

ferent d e f in it io n  the form of the a d d it io n a l p o ten t ia l  term w ould  n atu ra lly  

be d if fere n t .

N ex t  it  i s  in s tru c t iv e  to  write down the e q u iv a le n t  p h ase  s p a c e  

path in tegra l w h ich  h as the form: i'TM'c)

SDCSg |  X? A Q(x) -  \-\ (TO *) , Q. (*) ) ~1 J (3 .2 6 )

w ith  the fo llo w in g  c l a s s i c a l  H am ilton ian  function

H ( T P >  ) =  k j t .  %  ¥  V C t f S ) )  + A \ ) ( C L )  ( 3 . 27 )

We now o b serv e  that the operator H am ilton ian  correspond ing  to  the  

ab o v e  p h ase  s p a c e  path in tegra l c o n ta in s  n on-com m uting fa c to r s .

That i s  p r e c i s e ly  the r ea so n  w h y  the ca re fu l treatm ent of th is  s e c t io n  

w a s  n e c e s s a r y .  N a m ely ,  there i s  a unique ordering of non-com m uting  

factors  s o  that the f in a l  operator H am ilton ian  d e s c r ib e s  the sam e quan­

tum theory  a s  the or ig in a l o n e .

We can  e a s i l y  d em onstrate  that the operator H am iltonian co r ­

resp on d in g  to the above m idpoint p h ase  s p a c e  path in tegra l is  indeed  

the correc t  o n e .  U sin g  the r e su lt s  o f  s e c t io n  1 w e co n c lu d e  that th is  

operator H am iltonian has the fo l lo w in g  form

H  =  1_ V ( T ( £ 0 )  + W (  &  )  ( 3 .2 8 )
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The non-com m uting fac to rs  in (3 .2 8 )  are W ey l ordered in v ie w  o f  the  

fa c t  that in (3 .2 6 )  w e have the sym m etric path in teg ra l .

N ex t  w e perform a point tran sform ation  in the operator form al­

i s m .  Starting w ith  the or ig ina l H am iltonian in coord inate  r e p r e se n ta -

■2- -  (
g

and making the change of v a r ia b le s  q = F (0) w e ge t  for th is  d i t -
d

fere n t ia i  operator t .

- *  \ l  ( )  <

w ith  the fo llo w in g  s c a la r  product

AG),; fF^Ca.))

R edefin ing the Hilbert s p a c e  s o  to  e l im in a te  the m easure from th is  

s c a la r  product w e write the operator H am iltonian (3 .3 0 )  in the form:

F ina lly  w e reorder the non-com m uting  factors  in (3 .3 2 )  and u s in g

re la tio n  ^  ^  £(&>

rewrite the operator H am iltonian  (3 .3 2 )  a s

w ith  I , . (

VS ) < j

Now it is  straightforward to  sh ow  that the a d d it io n a l p o ten -  
\

t ia l  termsAV(Q) and^V(Q) are indeed  equ a l w h ich  f in i s h e s  the proof 

that our f in a l  path in tegra l corresp on d s to  the co rr ec t ly  ordered oper­

ator  th eory .

3 .2 9 )

3 .3 0 )

(3 .3 1 )

(3 .3 2 )

(3. 33) 

(3 .3 4 )  

(3 .3 b )
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III. EXTENDED PARTICLES IN TWO -DIMENSIONAL FIELD THEORIES

In th is  chapter  w e start w ith  the d i s c u s s i o n  ot ex ten d ed  p a rt ic le s  

in f ie ld  th eory .  For s im p l ic i ty  w e c o n s id e r  tw o s p a c e - t im e  d im en s ion a l  

s c a la r  f ie ld  th e o r ie s .  First in s e c t io n  III. 1 w e s tu d y  c l a s s i c a l  partic le  

l ik e  s o lu t io n s  and point out s e v e r a l  d i f f ic u l t ie s  in c o n e c t io n  w ith  their  

quantum in terp reta t ion . Then in s e c t io n  III. 2 w e p resen t a method w hich  

le a d s  to  a co m p le te  quantum treatm ent o f  ex ten d ed  p a r t ic le s  a s s o c ia t e d  

w ith  t h e s e  c l a s s i c a l  partic le  l ike  s o lu t io n s .  In s e c t io n  III. 3 w e d e v e lo p  

a s y s t e m a t ic  perturbation e x p a n s io n  about e x te n d e d  p artic le  s t a t e s .  F ina lly  

in s e c t io n  III. 4 we sh ow  how one i s  to  com pute G reen 's  fu n ct io n s  in the  

ex ten d ed  partic le  s e c to r .

I I I . l  P a r t ic le - l ik e  C l a s s i c a l  S o lu tions

Let us c o n s id e r  a s  a s p e c i f i c  exam p le  the tw o -d im e n s io n a l  s c a la r

A uh~  Cp th eory  d e s c r ib e d  by the Lagrangian

A w -

V  ( <H =  -  ( 1 ' 1)
w here th e  m a ss  term appears  w ith  o p p o s i te  s ig n .  This m odel is  often  

u sed  to i l lu s tr a te  the phenom enon o f  sp o n ta n e o u s  sym m etry breaking.

N am ely ,  the p o ten t ia l  fu n ct io n a l

m.

V i > l =  \ lx ( 4>'(*) - 4>V>
has a lo c a l  maximum at  = 0 and a b s o lu te  minima at ^  = t  o :

The perturbation e x p a n s io n  i s  th en  d e v e lo p e d  by exp an d in g  about e ith er  

of th is  a b s o lu te  minima and th is  is  a c h ie v e d  by f ir s t  tra n s la t in g  the

( 1 . 2 )
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f ie ld  by the c l a s s i c a l  v a lu e  + JCTL.
-  r > r

W e now o b serv e  that the eq u a t io n s  of m otion p o s s e s s  other

c l a s s i c a l  s o lu t io n s  b e s id e s  O ±: . There are tw o s ta t ic  s o lu t io n s
U

t v o  ( k ) w here

4 . 0 0  a ( 1 . 3)

This i s  the s o  c a l le d  "kihk" s o lu t io n  and o b v io u s ly  for X "v — 0 0  it  

a p p ro a ch es  the tw o  d eg en era te  vacuua ±  - = =  . Then the en erg y  of
U

th is  c l a s s i c a l  s o lu t io n  d iffers  by a f in ite  am ount from the vacuum e n -

ew: \ / t<U -Vt  f r l  =
=  ‘M * 1 - a " )  ) l r

2 - ( T  (1 . 4 )
3  '  A

N ex t  w e  dem onstrate  that the kink is  a c l a s s i c a l l y  s ta b le  s o lu t io n ,  

n a m ely ,  that it  i s  a lo c a l  minimum of the p o ten t ia l  fu n ction a l V  C ^  J  .

First w e note  that due to  the tr a n s la t io n a l  in variance  of our theory  a 

g en era l s t a t i c  so lu t io n  h as the form w here Xu is  an

arbitrary c o n s ta n t .  T ranslating  the f ie ld  by th is  s t a t i c  kink so lu t io n

§ ( * )  =r 4>0 ( x  + Xo ) + A ^ O )  (1 .5 )

w e  ob ta in  =  \J £ +

<- >  ^ x n . V )  ( 1 6 )

So in order to  s tu d y  sm all perturbations ab ou t the kink s o lu t io n  we  

n eed  to  s o lv e  the fo l lo w in g  e ig e n e q u a t io n s :

[  + v " ( 4 1C ^ X o  =

(1 .7 )
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Since  s a t i s f i e s  the c l a s s i c a l  eq u a t io n s  of motion

( 1 . 8 )

w e im m ed ia te ly  c o n c lu d e  that

(1 .9 )

i s  a zero  freq u en cy  e ig e n fu n c t io n  of (1 .7 )  . O b v io u s ly ,  n aO O d oes

not have n o d es  and it  is  the lo w e s t  en erg y  e ig e n fu n c t io n  of th is  

Schrodinger eq u a t io n .  Then a l l  the other e ig e n fr e q u e n c ie s  are n e c e s ­

sa r i ly  p o s i t iv e  w h ich  im p lie s  the s ta b i l i ty  o f  the kink c l a s s i c a l  s o l ­

u t io n .  The zero  freq u en cy  mode a s s o c ia t e d  w ith  tra n s la t io n  symmetry  

e x p r e s s e s  the fa c t  that there is  an in f in ite  fam ily  o f  s o lu t io n s  obta ined  

from by tr a n s la t io n .

N ex t  w e  o b serv e  that the s ta t ic  so lu t io n  can  be b o o ste d  by 

v e lo c i t y  K  to  ob ta in  a t im e  d ep endent so lu t io n

fo l lo w s  e x p r e s s in g  the partic le  like  property of th is  time depend en t  

c l a s s i c a l  s o lu t io n s .

( 1 . 10 )

The en ergy  and momenta o f  th is  so lu t io n  are

= Ja* (4 J)
__ M o

( l . i i )

and s o  the energy-ijiom entum  rela tion

( 1 . 1 2 )
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( 1 . 1 3 )

la  g en e r a l ,  i f  the p o ten t ia l  has the form

VC<K*.+ >) = x  U (n r 4 (* ,+ > )
the c l a s s i c a l  so lu t io n  4t/t ( K < ^ )  w i l l  be proportional to  ^ / f X  

and the m a ss  M 0 ^  . S o  tor w eak  cou p lin g  w e have a h ea v y

p artic le  at the c l a s s i c a l  l e v e l  and the q u e s t io n  i s  w h eth er  there i s  

a re la ted  partic le  in the fu ll  quantum theory  a l s o .

In order to  s tudy  the quantum theory one is  im m ed ia te ly  led  

to  the id e a s  of treating  the s ta t ic  so lu t io n  4 >q( v+>CI)) in co m p le te  a n ­

a lo g y  w ith  sp o n ta n eo u s  symmetry b reak ing . That i s  to  tra n s la te  the  

f ie ld  by the s ta t ic  so lu t io n  and d e v e lo p  a perturbation e x p a n s io n  in  

a straightforward w a y .  So w e c o n s id e r  a one ex te n d e d  p artic le  s e c to r  

gen eratin g  functional

Translating the f ie ld  4- Oî ( y , t ) We g e t  for the

action :

A [ n  ,4>3 -  A f o ,  V S  *

( 1 . 15)

the propagator of th is  perturbation e x p a n s io n  is  now

iV(-V-V), .

 i   ■ ' '

v\ -"  V * -  U)M + i 6 ( 1 . 16)a m - M )  = £

But there are tw o s e r io u s  problems w ith  th is  straightforward approach .  

F irst;s in c e  w e tran s la ted  the f ie ld  by a s p a c e  d ep en d en t  so lu t io n  the  

tra n s la t io n a l  invariance  is  not p reserv ed . S eco n d ,th e  progator ( 1 . 16)  

c o n ta in s  a zero  frequ en cy  mode W&C* ) lea d in g  to an infrared problem. 

This is  a c tu a l ly  the G oldston e  b o so n  a s s o c ia t e d  w ith the sp o n ta n eo u s  

breaking of tra n s la t io n a l  sym m etry. N atura lly  w e ca n n o t  a c c e p t  su ch
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an interpretation  and in the n ext s e c t io n  w e  d e v e lo p  a c o n s i s t e n t  

treatm ent free of infrared problem .

I I I .2 T ranslational Invariance and C o l le c t iv e  C oord in ates

In gen era l w e w i l l  u s e  the name s o l i to n  for the ex ten d ed  

partic le  a s s o c ia t e d  w ith  a c l a s s i c a l  partic le  like  s o lu t io n .  To g iv e  

a c o n s is t e n t  quantum treatm ent of s o l i t o n s  w e m ust pay s p e c ia l  a t ­

ten tion  to  tra n s la t io n a l  in var iance  of our th eo ry .  As the f irst  s tep  

it  is  important to  s p e c i f y  more p r e c i s e ly  the in it ia l  and f in a l  s o l ­

iton  s ta t e s  w hen  d e fin in g  the one s o l i to n  s e c to r  gen era tin g  fu n c­

t io n a l .  So w e w rite

where p.and p, d en o te  the in it ia l  and f in a l s o l i to n  momenta . O bvi-
1 T

o u s ly ,  w e treat the s o l i to n  s t a t e s  in a n a lo g y  w ith  the vacuum s ta te ,  

n am ely ,  u s in g  w ave  fu n c t io n a ls  d e f in ed  a s

<£>(*) \ \ & ( : ) / >  (2 . 2 )

The ex terna l sou rce  appearing in th is  gen era t in g  fu n ction a l

s e r v e s  to  gen era te  G reen 's  fu n ct io n s  of the fundam ental s c a la r  f ie ld  

<&C v ,+) in the one s o l i to n  s e c t o r .  Then u s in g  reduction  formula 

w e can  crea te  an arbitrary number of fundam ental quanta in ad d it ion  

to  the in it ia l  and f in a l  s o l i t o n s .

T ranslational invariance  im p o s e s  strong c o n d it io n s  on the
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( 2 . 3 )

(2 .4 )

form of th is  generating  fu n c t io n a l .  For exam p le  if  the ex tern a l source  

i s  z er o ,  w e have the one s o l i to n  tr a n s it io n  am plitude

< f t \  ' ' f b  =  ^ { {  A t x + l ]

w h ich  can  be w ritten  in the form
1 Av£ * H T \f 0> -  (vv) S 6ft- tO T ( f  i )

the momentum co n se r v a t io n  co n d it io n  app earing  a s  a c o n s e q u e n c e  

of tra n s la t io n a l  in v a r ia n c e .  Before w e d e v e lo p  a method for c a l ­

cu la t in g  the one s o l i to n  s e c to r  gen era tin g  fu n ct io n a l it is  important 

to  a s su r e  the tra n s la t io n a l in var iance  of our th eo ry .  To a c h ie v e  

th is  w e f ir s t  sep arate  our the ce n te r  o f  m a ss  m otion . This is  done  

by introducing new  dynam ica l v a r ia b le s  X  and corresp on d ­

ing to  the ce n te r  of m ass  coord in ate  and the to ta l  momentum:

-  ^ * T Y C * ,-0  (2. 5)

T hese  v a r ia b le s  w e c a l l  c o l l e c t i v e  co o rd in a te s  and th ey  are intro­

du ced  into  the one s o l i to n  matrix e le m e n t  ( 2 . 3)  (or the gen erating  

fu n ct io n a l (2 . 1) )  u s in g  the fo l lo w in g  id e n t i t ie s :

$ s x w  t  b (  4

The la s t  id en t ity  w h ich  w e c a l l  the  c o n s tr a in t ,  s e r v e s  to  id en tify

the var iab le  /p 6 t)  w ith  the to ta l  momentum of the sy s te m  w h ile  the

f ir s t  rep resen ts  the gauge co n d it io n  a s s o c ia t e d  w ith  the co n s tr a in t ,  

f t  o  Q .can  be arbitrary. We n o t ice  that — — is  g iv e n  by the P o is -
s  K

so n  bracket:

(2 . 6 )

J * (2 *7)
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In order to  transfer  the c o l l e c t i v e  co o rd in a te s  from the S  - c o n ­

d it io n s  in to  the a c t io n  w e perform the fo llo w in g  ch an ge  of v a r ia b le s :

dp(vc,+) =  +

i r M  -  i f  (vc+K.6-),+ )
P =■ y  a- x c + i  (2 - 8)

introducing new  f ie ld  v a r ia b le s  dp and H . Then u s in g  the 

co n stra in t  w e ge t

and s in c e  the in i t ia l  and f in a l  s o l i to n  s t a t e s  are momentum e i g e n s t a t e s  ,

From the f ir s t  e x p r e s s io n  w e s e e  that Xl +J is  the con ju ga te  variab le  

to  /Ipfct) . Our new  e x p r e s s io n  for the one s o l i to n  tr a n s it io n  a m p li­

tude th en  reads:

$ a > p a > X

, 1  i ( ^ ) - ? ! ¥ , ? ! )  U  &  I f  -

> W i  j  (2 n )

As X6f) app ears  o n ly  in the term ''p X  , w e can  im m ed ia te ly  

in tegrate  over  X«t  and ^ 6 : )  w h ich  le a d s  to

< V < > - h \ ^ , ■ ,•+ ;>  = C 2 n )  ^ f ? F + f ) ] vVrl ' f ( ' A ' ) ] <

.  U 6 0  i Q f e l - w .  - t l i i ) ] }  (2 12)

w here . So w e s u c c e e d e d  in ex trac tin g  the momen­

tum c o n s e r v a t io n  c o n d it io n  in front of our path in te g r a l .  Now one  

can  d e v e lo p  a perturbation e x p a n s io n  about the one s o l i to n  sta te  

w ithour the danger of v io la t in g  the tra n s la t io n a l in var ian ce  of the 

th eo ry .  W e note that for the more co m p lica ted  c a s e  of the one s o l i to n

-  36 -



g en era tin g  fu n ct io n a l ( 2 . 1)  it i s  not p o s s ib le  to  in tegrate  out the  

c o l l e c t i v e  co o rd in a te s  due to  the sou rce  term in the a c t io n  w hich  

d ep en d s  on X(+) :

< K m )  =  4 > ( f , + J  ( 2 1 3 )

In th is  c a s e  the c o l l e c t i v e  co o rd in a te s  w i l l  appear e x p l i c i t l y  

in our c a lc u la t io n s  and their  main fu n ction  is  to  en su re  the tr a n s ­

la t io n a l  in v a r ia n c e .  We con tin u e  by ob serv in g  that the path in te ­

gral (2. . 12)  h as  i t s  main contribution  from the s ta t io n a ry  point of  

the a c t io n  w ith  c o n s tr a in t s .  So w e c o n s id e r  the fo l lo w in g  v a r ia ­

t io n a l  eq u ation

— O

( 2 . 14)

w here o((+) i s  a Lagrange m u ltip lier .  One o b ta in s ,  for the lo w e s t  

en erg y  sta t io n a ry  point O c -  ° )  , e x a c t ly  the s o l i t o n  so lu t io n

S  - « ( + > (

( 2 . 15 )
- y

r W v V n . 1' T

where is  the so lu t io n  of the s ta t ic  s o l i to n  so lu t io n1 ^

, » " W O l i
-  <¥ +- — -  o

& ^  1 ( 2 . 16 )

The correspon d ing  c l a s s i c a l  en ergy  is  found to  be 4 1̂ " and

th is  i s  how the c l a s s i c a l  partic le  l ike  so lu t io n  e n ters  the quantum

th eory . N aturally  (2.15) is  a so lu t io n  of the v a r ia t io n a l problem

if the gau ge  c o n d it io n  Q  J i s  c h o s e n  in su ch  a w a y  a s  to  a l lo w

th is  c l a s s i c a l  s o lu t io n .  This is  a time in d ep en d en t  so lu t io n  and
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a l s o  there e x i s t s  a tim e d ep en d en t so lu t io n

+ f t / f r r ^ v c  4' * • ) )

o((i.) - O (2

w h ich  corresp on d s  to  a tim e d ep en d en t gau ge  c o n d it io n .

At th is  po in t,  w e o b serv e  th at,  due to  the property o f  our
-  L

p o te n t ia l ,  ^>(x) is  of the order of <X • a c c o r d in g ly ,  H 0 is  of  

the order of A  . We c a n  d e v e lo p  the perturbation e x p a n s io n  in 

} \  around the c l a s s i c a l  so lu t io n  

= ^ 0° +
T  ( ? , ± )  =  ~ V > 0  +  {z

Here Qnd ©  are c o n s id e r e d  order zero  and rep resen t  sm a ll  

quantum f lu c tu a t io n s  around the c l a s s i c a l  s o lu t io n .  In the c a s e  

w hen  the in it ia l  and f in a l s t a t e s  co n ta in  o n ly  one s o l i t o n ,  the sh if t

( 2 . 15)  ( 2 . 17)  g i v e s ,  in the r e la t iv i s t i c  form for the s o l i to n  en erg y  

and w e may d e v e lo p  a r e la t iv i s t i c  perturbation th eory  for the one  

s o l i to n  tra n s it io n  am p litu d e .

On the other hand, if  the momentum is  co n s id ered -  0 ( d )  , 

one ca n  a lte r n a t iv e ly  sh if t  by the zero  momentum c l a s s i c a l  s o lu t io n  

, b e c a u s e  our method on ly  requires  that the fun ction  u sed  

in the sh if t  be a c l a s s i c a l  so lu t io n  to  lea d in g  order, s o  th a t ,  in the 

f in a l  e x p r e s s io n ,  one d o e s  not g e t  zeroth  order terms w h ich  are linear  

in 1C (t,i). S in ce  th is  la s t  c a s e  appears to  be more appropriate w hen  

c a lc u la t in g  G reen 's  fu n ctio n s  in the one s o l i to n  s e c to r  w e w i l l  d i s ­

c u s s  it  in d e ta i l .

. 17)

. 18)
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But before tra n s la t in g  the f ie ld  by  t h e s e  s ta t ic  s o lu t io n s  we  

com m ent on the c h o ic e  o f  gauge  c o n d it io n  Although arb i­

trary c h o ic e  w ould  lead  us  to  a c o n s i s t e n t  perturbation e x p a n s io n  

free o f  infrared d iv e r g e n c e s ,  w e prefer to u s e  a linear  ga u g e  c o n d i-

tlon: Qt

<2 - - >

in order to  e l im in a te  the zero  en erg y  mode in a s im p le s t  p o s s ib le  

w a y .  Here tyy.) i s  s t i l l  an  arbitrary fu n ction  an d , id en t ify in g  it later  

w ith  the  zero  freq u en cy  e ig e n fu n c t io n ,  w e w i l l  c o m p le te ly  e l im in a te  

the zero  en ergy  mode from our fu n ct io n a l in teg ra l .  Now w e l in ea r ­

i z e  the co n stra in t  w h ich  i s  quadratic in f i e l d s ,  by making the fo l ­

low in g  ch an ge  of v a r ia b le s  ^

T U f .  +  l - I  +  V f r   - L -
(2 . 2 0 )

Then the co n stra in t  b eco m es :

) = & ( VpiX T i1*
Computing the Jacobian of th is  transform ation , w e g e t

s o ,  it e x a c t ly  c a n c e l s  out the t e a ]  term w hich  is  g iv e n  by ( 2 . 1 9 ) .

N ow  the H am iltonian b eco m es  more com p lica ted :

W e u s e d  the n orm alization  c o n d it io n   ̂ ^  ) — O’ • The tr a n s i­

t io n  am plitude i s  now of the form
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A< >  = ( 5 T T ) S ( ^ - f « )  ^ £ > I  £ 4 ?  4 ^ 1  ? ( / ! ( > ]  

, Y  [?(. ,*;)] TT ?(?.-»)) S ( ^ ? V f O > +0  “

> a ^ j - i  ^ 4 i [ \ l f H ( p , + ) ' $ ( 9 , - ' )  -  U Q L ^ t ) ]  j
( 2 . 2 3 )

and s in c e  both the gau ge  con d it io n  and the co n stra in t  are linear  

in  f i e l d s ,  one can  e a s i l y  d e v e lo p  a perturbation e x p a n s io n .

So we con tinue  our d i s c u s s i o n  by making the sh ift

I T  ff.-il =  ©■Yp.+J (2.24)

w ith  the corresponding  c h o ic e  of :

• (2 2 5 )

The H am iltonian b e c o m e s

u  =  +■ e i f  [  f y 1'\ t 5 V ? i ) X * H

^  ^ ' ( p ) x ' cP ^ l  <2 - 2 6 >

At th is  point w e must fa c e  the fa c t  that the above  e f f e c t iv e  

H am iltonian is  der ived  by making formal c h a n g e s  of v a r ia b le s  in  

path in teg ra l .  In the prev ious ch ap ter  w e learned how a formal 

ch a n g e  o f  v a r ia b le s  le a d s  to  incorrect re su lts  and a l s o  that the  

more care fu l treatm ent g iv e s  a d d it io n a l p o ten t ia l  terms in the a c t io n  

of the path in teg ra l .  Now it i s  a straightforward ta s k  to compute  

the e x p l i c i t  form of th is  a d d it io n a l term for th is  s p e c i f i c  c a s e .  We 

introduced  the c o l l e c t i v e  coord inate  X M  through the fo llo w in g  

point c a n o n ic a l  transformation:

4> (*,+  ) =  ^ ( x + X f a )  -V ' X ( x t X f t )  ( 2-27)

a n



w here + X )  i s  the c l a s s i c a l  s o l i to n  s o lu t io n .  The ^ ( , - f i e ld  

d esc r ib in g  the sm a ll  o s c i l l a t io n s  s a t i s f i e s  the ga u g e  c o n d it io n

vV0 ( * + X . W  ) 7 ( * v X t n  , +  ) - o

and Mi i s  the lo w e s t  en erg y  w a v e  fu n ction  in a co m p le te  s e t  

{ * ^ 6 0   ̂^  ty'l -- ^ # W e w r t̂e  t he fo l lo w in g  e x p r e s s io n  for 

the 7^ - f i e ld :
0 0  ,70-0(6),-t)=zt' Q .J

h *  I

le a v in g  out the zero  freq u en cy  mode due to  the gauge c o n d it io n  

( 2 . 2 8 ) .

W e d enote  X(M) = and then  u s in g  the n otation  of

s e c t io n  I I . 2 w e have
0O

Fx(60 = 4>0(x^3.£+))*T?\(*<-Q.(+i)GU(u
v\ - t

and so

The matrix g . . ( Q)  i s  e x p l i c i t l y  g iv e n  by

< U < k )  tb .'o  =  (  4 > > 'J

=  3 J « 0  =

and i t s  determ inant i s  e a s i l y  c a lc u la te d  to  be

2 J . (C X ) ^  c k > ^ 0 . ( . a )  - C XV . > 4 )' ) 2 '

We a l s o  need  the in v er se  matrix g 1J(Q) w hich  ca n  be read off

( 2 . 2 8 )

(2 . 29)

( 2 . 30)

(2 . 31)

( 2 . 32)

( 2 . 33)

-  41  -



d ir e c t ly  from the p h ase  sp a c e  path in tegra l der ived  ea r l ier  

0 0  \

 ̂ cai =
<Sm o / Q \

“ ( 1 ■ <5 I U I  ~

r . « " V n l  ^ , , (M \, 4>l H  )
^  la . )  -  * „ „ <  +  <2 - 34>

N ext w e s im p ly  u s e  the gen era l formula ( 3 ,  19 ) obta ined  

in s e c t io n  II. 3 to  c a lc u la te  the ad d it ion a l p o ten t ia l  term for th is  

s p e c i f i c  c a s e .  After som e c a lc u la t io n  we find:

w  t Y  4 ' ) ^  O / 4 ' f  - f

N o w , the one s o l i to n  s e c to r  gen era ting  fu n c t io n a l is  e x p r e s ­

s e d  in the fo llo w in g  p hase  s p a c e  path in tegra l form

W a x  ^ X ( + i )  f a S a x

w ith  the understanding that th is  is  a sym m etric  path in teg ra l ,  n am ely  

the one w ith  the a d d it io n a l s p e c i f ic a t io n  that the short time a c t io n  

i s  to  be ev a lu a te d  a t  the m idpoint. The to ta l  e f f e c t i v e  H am iltonian

v - e . t i a ) -  m .  . < ^ g g $ T

+■ a \ |  ( X ) <2-37>
In com parison  w ith  the e f f e c t iv e  H am iltonian derived  before by  

making formal c h a n g e s  of v a r ia b le s  in path in tegra l it  co n ta in s  the
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a d d it io n a l  p o ten t ia l  term < £ \\l C )  . S in ce  it i s  proportional

to  "K1’ it s tarts  contributing  a t  the tw o loop  l e v e l .

111,3 Perturbation Theory and Feynman Rules

B ased  on the form alism  d e v e lo p e d  in the p rev ious  s e c t io n

w e ca n  now formulate a s y s t e m a t ic  perturbation e x p a n s io n  in powers

X l  4of the cou p lin g  c o n s ta n t .  For d e f in i t e n e s s  w e c o n s id e r  the q* 

theory  and the e x p a n s io n  i s  a w ea k  c o u p lin g  perturbation e x p a n s io n .

We w i l l  p resen t in th is  s e c t io n  a d e ta i le d  d er iv a tio n  of Feynman  

r u le s .  U sin g  t h e s e  r u le s ,  one c a n  th en  make perturbative com pu­

ta t io n s  of e n e r g y ,  matrix e le m e n ts  and G reen's  fu n ct io n s  to  arbi­

trary orders in c o u p lin g  c o n s ta n t .

S in ce  w e are tra n s la t in g  the f ie ld  by the s ta t ic  so lu t io n  in  

th is  perturbation e x p a n s io n  Lorentz in var iance  i s  not m a n ife s t ,  but

one ca n  sh ow  that h igher order co rr ec t io n s  in c o u p lin g  c o n s ta n t ,

(9)sum up to  restore the Lorentz in v a r ia n c e .  So w e c o n s id e r  the f o l -  

lo w in g  g en era tin g  fu n c tio n a l , o ^ r n  , f [_j - |

^  ( 3 . D

w here H is  the to ta l  H am ilton ian  g iv e n  by Eq. ( 2 . 3  7) and J and K 

are ex ter n a l  s o u r c e s .  We sep a ra te  the H am iltonian in to  a quadratic  

^  - f i e l d  part and an in tera c t io n  part g iv e n  by:

H0 = Ho + [_ ]

H 1 - - x ^ x  w w r

( 3 . 3 )
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w here ) .  Then the gen era tin g  fu n ction a l can  be w ritten

in the form:

i l l1 \ " '  n  i p - i  .

w here i s  the free gen era tin g  fu n ction a l

. A ?  [ ® i -  i ' S f -  U ' "  + K © I  '}

This quadratic  fu n c t io n a l in tegra l ca n  e a s i l y  be e v a lu a te d  by  

exp an d in g  the f i e l d s ^ "  and'fc^ in terms of e ig e n fu c t io n s  w h ich

are s o lu t io n s  of the fo l lo w in g  e ig e n e q u a t io n :

x l  t x p ) =  4 v p ;

+  < 3 - 6 >

There are tw o d is c r e e t  e ig e n v a lu e s  for n=0 and n = l ,  and the <UJo~ O

e ig e n fu n c t io n  i s  justMr^ cf>J. There i s  a l s o  a con tin u ou s  spectrum  

for OX?) The norm alized  e ig e n fu n c t io n s  are

t o  - i

1 -  k ^ - 1 - 1

N ( 3- 7)
Here L is  the  length  of the b ox . We u se  the box n orm alization

and p er iod ic  boundary c o n d i t io n s .  Introducing the notation

i f K ( r , t ) y j n  < ; . ( ? , % )  

c+i  =  |  i f  W ( f , t )  ' h , i n  =  C & j ^ }

Z f t K )  = f  * >  }  f K ) }  Z . ( ? , * )
( 3 . 4 )

( 3 . 8)

w e  have , _ , , v
7 : { p ( + ) = r  % , w  % ( n

£ ? ( p , + )  -  C  %  cf )

( 3 . 9 )
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and the ©"integral is  now

=  e ^ l  i ^ n ^ z f  ( y *  +  v < H ' X ^ ^ ' ' ' )  }
'  ̂ } H j ( 3 . 10)

Here the sum is  su ch  that the zero  freq uency  mode (n—0) 

i s  om itted .

N ex t  one h as  the fo l lo w in g  ^ - i n t e g r a l

<frrDX J  (TCo ) ( >>I? [ t K<$« 1* + tt* W J?Cf|3. , , ,

w here _

( 3 . 12)

and the a n sw er  is

H C ,  K „  ) j

N ow in the ( ^ i + )  rep resen ta t io n  the G reen 's  function  

i s  g iv e n  by

Ci ( ?  f 1 ) = u \ i  f  ̂  ^  <  c f  *j
*  n JTtT - y ^ C O * > i £

(3 . 13)

(3 . 14)

defin ing

a G - g p f 1 ) =  - c $ ( + - n r ' ' lV , (f )  4 K < e ' j
V V ^  (3 . 15)

We can  write the f in a l  form for the gen eratin g  fu n ct io n a l

Z . oO , K )  =  ^  ^ G u ? , v - i < r f > , u ) t ,  (+-<'; r f d -

« £ J W ) - K ( f ,. t ' t )  •- t K f p , + )  A t t - t j e e 1} k c ? ' ^ ' ) ^  ^  (3 . i 6 )

From th is  free gen era ting  fu n ction a l one ca n  d ed uce  the
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(3 .1 7 )

(3 .1 8 )

Feynman propagators .  We s e e  that there are three ty p e s  of pro­

p a g a to rs ,  i . e .  , by d ifferen tia t in g  w ith  r e s p e c t  to  s o u r c e s  J and  

K w e g e t  the ^  , X  -  ^  and the propagators

r e s p e c t iv e ly :

I  £Wf(+) ^ I ' = % \ A ( ' fr' t t f r ,) + '
. r  •  < 3 * 1 9 )

It i s  important to  note that s in c e  in (3 .1 4 )  and (3 .1 5 )  the zero  

freq u en cy  mode i s  e x c lu d e d ,  t h e s e  propagators avo id  the infrared  

d iv e r g e n c e s  a s s o c ia t e d  w ith  i t .  This i s  the c o n s e q u e n c e  of the  

su b s id ia r y  c o n d it io n s ,  i . e .  ^ - fu n c t io n  c o n d it io n s  in ( 3 .1 ) .

The v e r t i c e s  of our perturbation theory  are determ ined by  

the  in terac tion  part H ' . B e s id e s  the ordinary v e r t i c e s  } \  4^  X  

and ^ , w e have an in f in ite  s e r ie s  of v e r t i c e s  com ing from

the n o n - lo c a l  terms in H'

T r t ~ ( 7 +  V r i o /  4 P  ( M v f ' p J

Hi x1̂S in ce  v p  is  of the order S' our perturbation e x p a n s io n  w il l
I ( L— ^

be in the pow ers of X  . Expanding *1 /  (  I + / n o ) one g e t s
2

th e  f ir s t  s e t  of v e r t i c e s  proportional to  P :

(3 .Z0)



vVu ,"L-
w h ich  are o f the order o f A , A , . . . s u c c e s s iv e ly .

The se c o n d  s e t  of v e r t i c e s  is  proportional to  P and are g iv e n

by

(3 .2 2 )

It i s  important to  o b serv e  here that t h e s e  v e r t i c e s  are lo c a l  in  

tim e but n o n - lo c a l  in the sp a c e  v a r ia b le .

It is  tr iv ia l  to  g e n e r a l iz e  t h e s e  Feynman ru les  to  arbitrary  

tw o -d im e n s io n a l  f ie ld  theory  d e sc r ib e d  by the

w hich  has a c l a s s i c a l  s o l i ta r y  w ave  s o lu t io n  4^ ( y ) . Then the

propagators have the sam e forms a s  th o se  g iv e n  by Eq. (3 .1 4 )  and  

Eqv ( 3 .1 5 ) ,  but now w ith  and ob ta in ed  from the fol­

low ing e ig en eq u a tio n :

[ - - £  f ) -  C O "  t  I f )
L (3 .2 3 )

The — f ie ld  v e r t i c e s  are g iv e n  by the c u b ic  and h igher terms  

in the e x p a n s io n  of the p o ten tia l

4 - o  v  (3 .2 4 )

and depend on the s p e c i f i c  form of the p o te n t ia l .  F in a l ly ,  w e ob ­

serve  that the m e s o n - s o l i t o n  n n o n - lo c a l  v e r t i c e s  remain the sam e  

a s  that g iv e n  by Eq. ( 3 .2 0 ) .

As an e x p l i c i t  c a lc u la t io n  w e w i l l  n ex t  e v a lu a te  the f irst  

quantum correction  to  the s o l i to n  m a ss  M q . B eca u se  by  the u ltra­

v io l e t  d iv e r g e n c e s  appearing in th is  c a lc u la t io n  w e now have to  fa c e  

the problem of  renorm alization  in the one s o l i to n  s e c to r .  This tw o -  

d im en s io n a l f ie ld  th e o r ie s  are made f in ite  by normal ordering w h ich
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g iv e s  in f in ite  counterterm s in the H am ilton ian  appearing in our path  

in te g r a l .  The fa c t  i s  that t h e s e  counterterm s w hich  make the n on -  

s o l i to n  s e c to r  of our f ie ld  theory f in ite  renorm alize the one s o l i to n  

s e c t o r .  Thus, one n e e d s  no new  counterterm s to  c a n c e l  a l l  the  

d iv e r g e n c e s  w h ich  ap pear . This is  s im ilar  to  the s i tu a t io n  w ith  

s p o n ta n e o u s ly  broken f ie ld  t h e o r ie s ,  where the d iv er g en ce  structure  

of a renorm alizab le  theory  is  not a f fe c te d  by the occu ra n ce  of s p o n ­

ta n e o u s  symmetry breakdown, s o  that the sam e counterterm s w h ich  

renorm alize the theory  w ith  the unbroken vacuum are enough  to  re­

norm alize  the correspon d in g  theory  w ith  the s p o n ta n e o u s ly  broken  

v a cu u m .

First subtracting  the c l a s s i c a l  vacuum en erg y  w e  write  

our H am iltonian d e n s i ty  a s

To c a n c e l  the d ivergen t s e l f - e n e r g y  diagram we next normal order 

th is  H am ilton ian . To normal order an in terac tion  H am iltonian w e  

m ust s p e c i f y  the m a ss  of the free H am iltonian  through w h ich  the  

crea t io n  and a n n ih ila t io n  operators are d e f in e d .  C h o o s in g  a d if fer ­

en t  normal ordering m ass  has the sam e e f f e c t  a s  c h o o s in g  a d iffer ­

e n t  renorm alization  p oin t.  We c h o o s e  tihiis m ass  t o  b e  h i  and  

then  the H am iltonian b e co m es

(3 .2 5 )

(3 .2 6 )

N ext  w e u s e  the id en t ity

( 3 . 2  7)}
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(3 .2 9 )

where Z\ is  found from
a  i~ a- n-
4 s ( * )  -  +• A  (3 .2 8 )

to  read J _ _  =  J_ _ j L _
^ ~ L V  2cO(KA Ilf ) 2  03^;
l < ^  ^  ; 0 , 1 1 , + X ,  - -  •

and w r ite  the H a m ilto n ian  d e n s ity  in  the form

~ P l , i y . i l ’'  +  a  a -  * - T -  - £ 4 ° ^

= 3 i ^ 2 X i o f » , ; .=  <3- 30)
- / V

So in  d e riv in g  the e ffe c tiv e  one s o lito n  H a m ilto n ia n  we have to  

s ta rt w ith  th is  H a m ilto n ian  d e n s ity  co n ta in in g  in f in ite  re n o rm a li­

z a tio n  co u n te rte rm s. For the one loop c a lc u la t io n s  we s h ift the  

f ie ld  as before w ith  s t i l l  be ing  the so lu tio n  of the eq u atio n

of m otion  w ith o u t the mass co u n terte rm . Then we end up w ith  an  

a d d itio n a l term  in  the fin a l, e ffe c tiv e  H a m ilto n ia n  of the form

=  z V u ( ^ ]
(3 .3 1 )

w h ich  w i l l  be s u ffic ie n t to  c a n c e l out a l l  the d iverg en ces  w h ich  

a p p ear in  the  one so lito n  sec to r c a lc u la t io n s .

To fin d  the one loop quantum co rrec tio n  to  the so lito n  mass 

we have to  keep  o n ly  the q u ad ratic  term s in  Q') % in  the a c tio n  

and a ls o  the  co n stan t re n o rm a liza tio n  co u n terte rm . Thus we w rite :

A b ; ] - \ \ Q i - T  H i

so th a t the e x p lic it  form of the  f ir s t  quantum co rrec tio n  is  g iven

by the e x p re s s io n ^ )

m ,  =  i f  i  t o w  -  i u ^ e ( < C - x )  - M
( 3 . 3 3 )
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( 3 . 3 4 )

Due to  the p er iod ic  boundary c o n d it io n s  w e have for the sca tter in g  

s t a t e s

w here the p h a se  sh if t  S  ( 5L) i s  d efin ed  by

^  ( '  { i k  +

=  ' ■ k f a f t )  ( 3 .3 5 )

and found to  be . .

,  , ,  j  Z T T - 2 . ^  ( t £  '2-> °

%  | - 2 XT - I  W ’ ( ~  (  £ % )  C L C a  (3 .3 6 )

Now the sum

7  COl Kw) * i - CO,  + ^  ( w c g j -  tOC^v, ) )
2- ^  2 . ------------ ^  V  ( 3 . 37)V\ )n. \s\

i s  approxim ated by

+ - ^ T ? [  W (Kw- ^ K o )  -  t o ^ i j  «  i  co, *- 

+■ V ( - M E i  S ( k h )
^  L ' ^  & Kw (3 .3 8 )

The se c o n d  term i s  in in tegra l form w ritten  a s QO

\i*  M i o  4 « £ l  .  - t T [ W ( K > ^ ) ] L +  i
A CO
P _ -2 ^  ?
3 \  u v  ->x7y- i t  'T-> ^

_ _  " V ^  __ P  Av< _  ~ 2  ^  P vk^ ^ ________

^  ft  J \ S > 2 v ?  ^  Xi \ ( ^ ^ ) I / i .

(3 .3 9 )

O b v io u s ly ,  the lo g a r ith m ica lly  d ivergent part is  p r e c i s e ly  c a n c e l le d  

by the m ass  counterterm in (3 .3 2 )  and w e end up w ith  the f in a l  a n ­

sw e r  for the f ir s t  quantum correction

M  -  -  4-
' T  G_ 2 -rS (3 .4 0 )
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I I I . 4 G r e e n ' s  F u n c t i o n s  in th e  O ne  S o l i t o n  S e c to r

W ith the s y s t e m a t ic  perturbation theory  d e v e lo p e d  in S ec t ion  

III. 3 w e ca n  make perturbative c a lc u la t io n s  of o ther quantities b e s id e s  

the s o l i t o n  e n e r g y .  Of s p e c ia l  in te r e s t  are the G reen 's  fu n ctio n s  in  

the one s o l i to n  s e c t o r .  The f ie ld  matrix e le m e n ts  b e tw een  the  

one s o l i t o n  and many m eson  s t a t e s  w ere
/ JL

f ir s t  c o n s id e r e d  by G o ldston e  and Jackiw in th e ir  treatm ent of th e s e

tw o -d im e n s io n a l  e x te n d e d  p artic le  th e o r ie s .  The name m eson  s ta n d s  for 

the fundam ental quanta o f  th is  s c a la r  f ie ld  th e o r ie s .  G oldstone and Jackiw  

form ulated a s e l f  c o n s i s t e n t  m ethod , a ssu m in g  that the co n n e c te d  matrix  

e le m e n ts  b e tw een  m and n m e so n s  have an e x p a n s io n  in powers of Xs and 

that the lead in g  order is  X ■ T hese a s su m p t io n s  can  now e a s i l y

be j u s t i f i e d .
A

Let us  start w ith  the matrix e lem en t  I 4* ( x'° )  l i p )  . Per­

forming the c a n o n ic a l  transform ation  d e s c r ib e d  in the in troduction ,  

w e g e t

(4 .1 )
A -L

w here X i s  the  coord in a te  operator. The f irst  term i s  of the order A 2 , 

w h ile  the s e c o n d  term g i v e s ,  a t  m o st ,  X° c o n tr ib u t io n s .  Inserting  

the id e n t i ty ,  w e ca n  e a s i l y  e v a lu a te  the le a d in g  term:

J i11 (4 .2 )

This e s s e n t i a l l y  c l a s s i c a l  part o f  the matrix e le m e n t  w a s  the in it ia l  

A nsatz  o f  G oldston e  and Jack iw . N e x t ,  one ca n  com pute the f irst  

quantum correc t ion  com ing  from the s e c o n d  term in ( f j / l ) .  From the  

path in tegra l rep re se n ta t io n  o f  ^  1 ^ + ̂ ^   ̂ I'p/* w e s e e  that
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one f ir s t  has to  find the "vacuum" e x p e c ta t io n  v a lu e  o f
A

and then  making the s u b s t i tu t io n  X + )( to  e v a lu a te  th is  oper­

ator b e tw e e n  the s o l i t o n  s t a t e s .  Thus the f ir s t  quantum co rr ec t io n  is
r\

g iv e n  by the tad p o le  graph of order A  and we have:

( 4 . 3 )

(4 .4 )

(4 .5 )

This con tr ibution  i s  a g a in  of the form:

W i t h  =  (iX ^ ( f) ) ^  ( D } Pl °  J

It i s  lo g a r ith m ica lly  d iv erg en t  and the d iv er g en ce  is  c a n c e l l e d  out
r2—

by the con tr ibution  com ing from the m ass  counterterm ^

Ti 4 "?w h ich  a l s o  g iv e s  a tad p o le  graph of the order A  •

N e x t ,  w e w i l l  com pute the lead in g  term of  the one m eso n  matrix
A

e le m e n t  \ ^  , w here p i s  the to ta l  momentum of the s o l ­

iton  and m eson  and U)^- ^"vV>2.vuvv  i s  the m eson  e n e r g y .  This matrix  

e lem en t  is  eq u a l to

< v \  ^ ( y + XC'‘0 \'?,u>>0  \ Y -  \ ^ u v > (4>6)

and here the f irst  c l a s s i c a l  term has no contribution  to  the lead in g  

order. To e v a lu a te  the se c o n d  term we expand the f ie ld  in

terms o f  the e ig e n fu n c t io n s

7 A , + )  =  2 t + ' 4 , ip )  (4 ?)

w here the n=0  mode i s  om itted  b e c a u s e  of the ^ - f u n c t io n  c o n ­

s tr a in t s .  There the n=l mode d e s c r ib e s  the in ternal s o l i to n  degree  

of  freedom  and not a quantum p a r t ic le .  Therefore, the s o l i t o n  can
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have e n e r g e t i c a l ly  e x c i t e d  s t a t e s .  The continuum  m odes correspond  

to  the m e so n  d e g r e e s  of freedom s i n c e ,  n e g le c t in g  the in terac tion  Q v \

s a t i s f i e s  the eq u a tio n  CX^C'f) =  - U)v\(X^(4) w ith  COv̂  -  + 2. Vv^

Thus, in the f ir s t  approxim ation the one m eson  matrix e lem en t  is

A t / v . ^  * vA- f

\

(4 .8 )

s o  that

< y  \ $  ( « , o ) | f , o „ > =  ^  < F  ^  ^  ^ ( V t  ^  )

The n -p o in t  G reen 's  fu n ctio n s  in the one s o l i to n  s e c to r  can  

a l s o  be com puted p er tu rb a t iv e ly . For s im p lic i ty  w e w i l l  c a lc u la te  

the tw o -p o in t  fun ction  and it i s  then  tr iv ia l  to g e n e r a l iz e  the re­

s u lt  to  th e  arbitrary n -p o in t  fu n c t io n .  Let u s  c o n s id e r  the Fourier 

transform ed form: , ,
\  ( l o f k ' j V - k V  ) _  ; ( i o ( u ) t - k x J

C, f t ' A ’ - , f , 0  e.

(4 .9 )

(4 .1 0 )

M aking the c a n o n ic a l  transform ation  in the operator form, the t im e -  

ordered product i s  eq u a l to

A
w here X i s  now the coord inate  operator. We w i l l  f ir st  e v a lu a te  the  

con tr ibution  from the f ir s t  term w h ich  is  of the order 0 (A ) w h ile  the  

others  g iv e  sm a lle r  order co n tr ib u t io n s .  The time ordered product
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c a n  be s p l i t  in to  tw o  parts

s (V -r )4 > , (* V )a+ ') )< U x i -X ( t i )  + 9 (* - t ') ^ ( v tX to )  4 J * ' r X i o )
(4. 1 2 )

Inserting  the id e n t ity  ^ \  into the matrix e lem en t

of the f ir s t  part

■&(+L t )  I 4>0( * V X M )  4> ( w X ( < - ) )  \ a? )
] 1 (4 .1 3 )

for both t 1 and t w e s e e  that it i s  eq u a l to

(4 .1 4 )

and a f ter  tra n s la t io n  o f  the time and s p a c e  v a r ia b le s ,  w e g e t  the  

fo l lo w in g  contr ibu tion  to  the G reen 's  function:

p - i ( r t ' * v ! ) * Q  k,  C ( E (? ' ) t t0U ') H  ,  . .
. W s .  1 e  k < v , t l  o , o )  •

n  — i-  ̂ R. (-*0 (4 .1 5 )

The p r e se n c e  of the ^ - f u n c t i o n s  sh o w s  that tr a n s it io n a l  in var i­

a n c e  i s  in deed  r e s p e c te d  by the form alism . R ecogn iz in g  the n on -  

re la t i v i s t i c  propagator w e g e t  for the fac to r  m ultip ly ing  the £>- 

fu n c t io n s:

< t - W >

There i s  a l s o  a s im ilar  term com ing  from the s e c o n d  part of the  

ordered product ( 4 . 1 2 ) :

6o - - - - - - - - - - - -- - - - - — — A> 0*')
^  u n

( 4 . 1 7 )
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This i s  th e  c l a s s i c a l  part of  G r e e n ' s  f u n c t i o n  a nd  the  f i r s t  quantum

correc tion  can  a l s o  be com puted in a s im ilar  w a y .  It i s  o f  the order  
o

0(A ) and c o m e s  from the la s t  three terms in Eq. ( 4 . 1 1 ) .  We w i l l  

ju st  dem onstrate  for exam ple  how one co m p u tes  the co rr ec t io n s  co m ­

ing from the l a s t  term of Eq. (Z/.'l'l) w h ich  is  the Fourier transform  

of: ^

t  | j  ( * ' * 9  ) , y  (* ^ (<■>,<i \ 1 r )
' I J /  ( 4 . 18)

This rather u n co n v en t io n a l form ca n  be un derstood  if  w e w rite  down  

the correspond in g  path in tegra l e x p r e s s io n ,  s in c e  the c a n o n ic a l  

transform ation w a s  o r ig in a lly  carr ied  out in the path in tegra l form al­

is m .  Then w e s e e  that one h as  f ir s t  to  find the "vacuum" e x p e c t a ­

t io n  v a lu e  o f  and n ex t  a fter  su b st itu t io n  of

^  -  X b X(X) and X +- X fr ';  to  e v a lu a te  th is  op er-
A

ator b e tw een  the one s o l i to n  s t a t e s .  S in ce  the operators X(t) and  

X(t’) do not com m ute, th is  operator b e tw e e n  the s o l i to n  s t a t e s  has  

to  be time ordered. So, in th e  f ir s t  app rox im ation , w e have that the  

0(X° ) contribution  to  the matrix e le m e n t  ( 4 . 18)  i s  g iv e n  by:

< F 1 t  c , ( t ' - t ■ ,*'+><>') , Y t . x ( o )  j / f )  (4 20)

w here G ( t ' - t  ) i s  the propagator. This g iv e s  the fo l lo w in g

con tr ib ution  to  the G reen's  function:

y+vO  -  - K  )  & (  EL(̂ ') I ~ E  ~ '

' " ' " V v K b i  , x o »  \ y y  <4 2 i )

N ow  w e can  con tin u e  in the sam e w a y  a s  in the p receed in g  c a l c u la ­

t io n ,  obtain ing for the part o f  the tim e ordered product:
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\

k  ) \ 7 . nr u v -  t o 2: + « e  c o +  E ( ^ ) v c o C k ' ) -  t V

6 2 n 0

(4 .2 2 )

and similarly for the "0(~i )  part of the time ordered product.
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IV GENERAL METHOD OF COLLECTIVE COORDINATES

The method w e  h ave  d e v e lo p e d  for the one s o l i to n  s e c to r  can  

e a s i l y  be g e n e r a l iz e d .  In the p rev ious  chap ter  w e  sh ow ed  that it is  

n e c e s s a r y  to  introduce a new  d y n a m ica l v ar iab le  ( c e n te r -o f -m a s s  c o ­

ordinate) in order to  a s su r e  the t r a n s la t io n a l  in variance  of the quantum  

th eory  w hen  perturbing about the c l a s s i c a l  one s o l i to n  s o lu t io n .  So 

if  in g e n e r a l  w e like  to  perturb about a c l a s s i c a l  s o lu t io n  re sp e c t in g  

more in d ep en d en t c o n se r v a t io n  la w s  it w i l l  be n e c e s s a r y  to  introduce  

more c o l l e c t i v e  c o o r d in a te s .  For d e f in i t e n e s s  w e c o n s id e r  the fo l lo w ­

ing g e n e r a l  Lagrangian:

< £ . ( < * )  = ^ r !  ( v . t v , * ) ) * ■ -  \
1 -  \ ^

Here A  p la y s  the ro le  of a c o u p lin g  c o n s ta n t  and r e s c a l in g  the f ie ld

w e  ca n  w rite  th is  Lagrangian in the form

£ 0 )  =  ........

s o  that a g e n e r a l  c l a s s i c a l  s o lu t io n  to  the E uler-Lagrange eq u a tio n s  

reads  , -  -  ,n / \
1 -  ( *  ,t j C ,  C, .  • • 6 ^  )

Here {  d ] are arbitrary c o n s ta n ts  and w e  have a fam ily  of c l a s s i c a l  

s o lu t io n s  w h ich  a l l  h ave  the sam e e n e r g y .  T hese  c o n s ta n t s  s ig n a l i z e  

th e  e x i s t e n c e  of a co n t in u o u s  sym m etry group G w ith  n g en era to r s .  The 

in f in i te s im a l  gen era tors  o f  G w h ich  w e d en ote  by *R>< are c o n s ta n ts  of
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m otion and th e r e fo r e , take arbitrary v a lu e s  ^  for the c l a s s i c a l  s o lu t io n .  

Then, starting  from a f ix ed  c l a s s i c a l  so lu t io n  w ith  g iv e n  ^  w e can  9 e n -  

erate  an  in f in ite  s e t  o f  c l a s s i c a l  so lu t io n s  w ith  the sam e by a p p ly in g

a n  arbitrary transform ation o f  G w ith  co n s ta n t  param eters .

Now if w e attem pt to  d e v e lo p  a perturbation e x p a n s io n  by sh if t in g  

the f ie ld s  by the c l a s s i c a l  so lu t io n

4 > . ( v , + ) =  ( v , + )  t ' T ( v )

som e d i f f ic u l t ie s  w i l l  appear a s  in the one s o l i to n  c a s e .  N a m e ly ,  a t  the  

quantum le v e l  th is  sh if t  w i l l  break the in variance  under the co n t in u o u s  

sym m etry group G. C o n se q u e n t ly ,  a s  a lw a y s  i s  the c a s e  w ith  sp o n ta n eo u s  

sym m etry break ing , zero  freq u en cy  m odes (G oldstone b o s o n s )  w i l l  appear  

lea d in g  to  an infrared problem . It is  th en  o b v io u s  that a c o n s i s t e n t  quantum  

treatm ent ca n  be d e v e lo p e d  o n ly  if  w e p reserve the co n t in u o u s  sym m etries  

a t  the quantum l e v e l .  This i s  a c h ie v e d  by introducing a d d it io n a l  d yn am ica l  

v a r ia b le s  ( c o l le c t iv e  co o rd in a tes )  a n a lo g o u s  to  the c e n t e r - o f - m a s s  variab le  

in the one s o l i to n  e x a m p le .

First w e d i s c u s s  how one is  to introduce c o l l e c t i v e  c o o r d in a te s  at  

the c l a s s i c a l  l e v e l .  Let 4? ^  an ^ '"^*60 be a c a n o n ic a l  f ie ld  and it s  

co n ju g a te  momenta r e s p e c t i v e ly .  Let be the H am ilton ian  of a

s y s te m  under c o n s id e r a t io n .  We c o n s id e r  a group G of transform ations  

g en era ted  by a s e t  of n generators  I IT ■,<$> J  through P o is so n  b r a c k e ts .

We a s su m e  that the Lie a lgebra c l o s e s ,  nam ely

( l )

For arbitrary group e lem en t  s p e c i f i e d  by parameters , the transform

o f  i s  g iv e n  by
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T [ x l ( A )  -  A t x l  « £  | q [ x -j ^  Q c x l  ^

i Q x ]  > A ] '

n = o

where

Ccxi ■ x  X / U - M ]
S ince  G i s  a Lie group, w e  have

T [ z ]  =  t e y ]
w here

. ■ ■ Y g X ,  , - - - , Y v >M ( l ( Y , X )

Let us  d e f in e  V  u, and i t s  in verse  lA-^, by

\  ^  ^ c x ( V ) X )  I

V w ( X 1  ■ 1 y = °

v t  U bd  =  ^

The structure c o n s ta n t  C. au, i s  re la ted  to  V and LA by  

r  A -  \ / « -  n /  *  _  ' S l A i ' ii-o.'o ~ ~ V c\ V b

{ ? »

(2)

(3)

(4)

(5)

(6 )

 ̂ ^  X-e. ^  X j  ̂ I (7)

C onsider in g  an in f in i te s im a l  transform ation , one ob ta in s

(8 )

Now that we have en ou gh  m ach in ery , w e introduce X ^ a s  a 

dyn am ica l v ar iab le  through making the ch a n g e  of var iab le
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As w e s h a l l  s e e  b e lo w ,  c l a s s i c a l l y ,  w e w i l l  be a b le ,  in cer ta in  

c a s e s ,  to  determ ine su c h  that (*( + ) and T] (y  it] are time

independent;  th en  the m otion o f  ($> and TT i s  governed  by the time  

d ev e lo p m en t  o f  X ' i  through (9) ,  i . e . ,  4> and U move c o l l e c t i v e l y .  

Thus, w e c a l l  X ^ )  c o l l e c t i v e  c o o r d in a t e s , w h i le  one may s a y  that
-V  zv—

and are f ie ld s  in the  body f ix e d  coord in a te  sy s te m (o r  m oving c o -

cord inate  s y s t e m ) .

N e x t ,  w e in ser t  (9) in to  the H am ilton ian  to  ob ta in  a new  Ham­

il to n ia n  a s  a fu n ction  o f  <£* , "IT and X  ' s  ;

3  =  H [ T f [ X 3

Let us now c o n s id e r  a new  sy s te m  w ith  H am ilton ian  H  , c a n o n -  

ic a l  v a r ia b le s  X * .  4> , and c a n o n ic a l  momenta and U

We now sh o w  that th is  new  s y s te m  is  e q u iv a le n t  to  the old one if  

we im pose  the  c o n s tr a in ts

= ^ - T >J t h ? 3 u ^ x ) = o

It i s  o b v io u s  that w e  have  to  im p ose  n co n s tr a in ts  s in c e  the new

sy s te m  has n more d yn am ica l v a r ia b le s  than the  old o n e .
(24)

In the s e n s e  of D irac , th o se  c o n s tr a in ts  are f ir s t  c l a s s  s in c e  

one can  c h e c k  that

, I H A A = o

( 10 )

(ID

(12)

The e x i s t e n c e  o f  f ir s t  c l a s s  c o n s tr a in t s ,  p r e c i s e ly ,  r e f le c t s  the gau ge  

in var iance  of the new  s y s te m  under the c a n o n ic a l  transform ations gen era ted
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by . Its e f f e c t iv e  H am iltonian  h as  the form

1 *  (13)

w here are Lagrange m u lt ip l ie r s .  X- ^  i s  determ ined  from the

eq u a tio n  X ^  ~ w hich  g iv e s
« \  A

~  (14)

C h oos in g  X  ^ d e te r m in e s  through th is  eq u ation  and thus f ix e s

the g a u g e .

For Y >  ~ 0 , w e find back  the old  sy s te m  s in c e  then  4>”  <d> ,

■n =T , ~ ° . Therefore, s in c e  the p h y s ic a l  c o n te n ts  of the

theory  is  gauge in d ep en d en t,  the new  d e sc r ip t io n  is  e q u iv a le n t  to  the

old  o n e .

The q u antiza tion  of the new  s y s te m  can  be performed u s in g  Fad-  

d e e v ' s  path in tegra l q u a n tiza t io n  method for co n stra in ed  th eo r ie s  

N a m ely ,  one ad ds n a d d it io n a l  gauge f ix ing  c o n d it io n s

O l J X J ' . ' P . X ]  =  o

ok -  4)2 ,  - ■ • H <15)

su c h  that

\  °  (16)

and the tran s it ion  matrix e lem en t  is  e x p r e s s e d  a cco rd in g  to  Fad-  

d e e v  in the form

& ( Q o )

■ - i T [ ? A f , x . T ] ]  <■?>
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H ow ever , in order to  be s e l f - c o n t a in e d  and to  sh ow  the g e n e r a l iz a t io n  

of  the one s o l i to n  m ethod , w e  reder ive  the q u an tiza t ion  procedure starting  

from the or ig in a l path in tegra l form of the tra n s it io n  matrix e le m e n t

< v * i  v < >
We introduce the c o l l e c t i v e  co o rd in a te s  in to  th is  fu n c t io n a l in tegra l through  

the fo llo w in g  - fu n c t io n  id e n t i t ie s :

■ ^  (  Q f t [  U [-X(t i ]  > T  =  i  » 9 )

Here the Jacobian i s  g iv e n  a s :

3  = H  c k i  (  T] \ G L
t  v 6  X f t  1 *  (2 0 )

Then the tra n s it io n  matrix e le m e n ts  read

SM f  |  -X ^  ^ A.v'TT 4> '  H l ' f r  ' I  ^ (21)

In th is  der ivation  w e c o n s id e r  for s im p l ic i ty  on ly  the c a s e  of an a b e l ia n  

c a n o n ic a l  group.

In order to  transfer  the c o l l e c t i v e  co o rd in a te s  from the £) - f u n c -  

ion  c o n d it io n s  in to  the a c t io n  of our path in tegra l w e perform the fo llo w in g  

ch a n g e  of v a r ia b les :

I t . , I -  T 5 ( ‘ . ; M
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O b v io u s ly ,  the Jacobian i s  one s in c e  (22) i s  a c a n o n ic a l  tran sform ation .  

N e x t ,  w e c o n s id e r  the term

C f  ^  =-  (2 3 )

For an  in f in i te s im a l ch an ge  , one can  v er ify  that

^  / p  ( t )  I  X ' f c )  +■ ,1-)
-ti ^  i+j

(24)

and then  knowing

*  F i x l

S Y J 4 )  (2 5 )

and

(26)

w e find

* I (2.7)

^ A * W >  W l  =  + ^ U y T t ^

+■ - J * v T f  ^  )  I +  V

From th is  e x p r e s s io n  w e s e e  that ( |^6^ a n d  X ^ )  re p resen t  con ju g a te  

c a n o n ic a l  v a r ia b le s .  The new  H am iltonian is  now g iv e n  by

H t ^ t  ,<*? ,  X l  =  H  t ^ f x . 3  / ‘H x j l  (28)

and the f in a l  path in tegra l e x p r e s s io n  for the tr a n s it io n  matrix e lem en t  

read s:  f 0 ? © t T  T  D / p B X A T  H  )  S (  Q f t ) W |  Q , l ]
J  T

(29)
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w h ich  a g r e e s  w ith  (17) .

la  th is  e x p r e s s io n  w e have rep la ced  by

in order to  take in to  a c c o u n t  the su rface  term s appearing in (2 7) to g e th er  

w ith  the ch an ge  of argument i n H ^ ' ^  . It i s  l ik e ly ,  though no g en era l  

proof e x i s t s ,  that is  s im p ly  transform ed from by

(30)

n a m ely ,  it  i s ,  a s  one e x p e c t s ,  ob ta ined  from / by the unitary tra n s­

form ation a s s o c ia t e d  w ith the c a n o n ic a l  transform ation  introduced by (2 2 ) .

If oC are c o n s ta n ts  of the m otion , one f in d s  that the new  H am iltonian

H  =  H  t  ' h - y x i  (31)
d o e s  not depend on the c o l l e c t i v e  co o r d in a te s  X ^  . Then c h o o s in g

to  be e i g e n s t a t e s  of the co n se r v e d  q u a n t i t ie s  w e can  a s  in the one

s o l i to n  s e c to r  c a s e  t r iv ia l ly  in tegrate  out the c o l l e c t i v e  co o r d in a te s  ob­

ta in ing:

T T C U ) ^ ^ - ^ )  ^ Z ^ O t T  \  Q  TT \  ( G L )

N atu ra lly ,  th is  i s  on ly  v a l id  if  there i s  no ex tern a l source  in the a c t io n .

We now w ant to  c o n s id e r  quantum flu ctu ar ion s  around a sta t ion ary  

point of the fu n ction a l in tegra l (32).  It correspon d s  to  a c l a s s i c a l  s o lu ­

t io n  a s s o c ia t e d  w ith  the or ig in a l H am ilton ian . The gau ge  c o n d it io n s  Q .
cr-.

w h ich  appear in (29  ) can  be c h o s e n  arb itrarily , s in c e  ch an g ing  ^  is
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e q u i v a l e n t  t o  a g a u g e  t r a n s f o r m a t i o n .  T o g e t h e r  w i t h  th e  c o n s t r a i n t s

s o lu t io n .  A lternatatelyv  the p o s s ib i l i t y  a lw a y s  e x i s t s  o f  c h o o s in g  a time  

d ep en dent gau ge  c o n d it io n  w h ich  then le a d s  to  a perturbation ex p a n s io n  

about the tim e d ep en d en t  c l a s s i c a l  s o lu t io n .

F in a lly ,  a com m ent i s  in order con cern in g  c a n o n ic a l  transform a­

t io n s  in path in te g r a l .  N a m e ly ,  w e derived  our f in a l  r e su lt  by performing  

c a n o n ic a l  transform ations in path in tegra l and it is  th is  s t e p  w h ich  r a i s e s  

s e v e r a l  q u e s t io n s .  The fa c t  i s  that at p resen t  there e x i s t s  no c o n s i s t e n t  

w ay  o f  d i s c u s s i n g  g e n e r a l  c a n o n ic a l  transform ations in quantum theory  

and th is  l im ita t ion  is  v a l id  for the path in tegra l method a l s o .  The ob ­

s t a c l e s  for performing a g e n e r a l  c a n o n ic a l  transform ation  are c o n n e c te d  

w ith  the very  d e f in it io n  o f  in tegration  over paths w h ich  is  d e f in ed  a s  a 

l im it of f in ite  d im e n s io n a l  in teg ra ls  s o  that the a c t io n  appearing in the  

path in tegra l i s  not quite  l ike  the c l a s s i c a l  a c t io n .  C o n s e q u e n t ly ,  per­

forming the ch an ge  of v a r ia b le s  at the c l a s s i c a l  l e v e l  may lead  to  

erroneous r e s u l t s .  In ch ap ter  II we sh ow ed  that a correct  treatm ent of  

point c a n o n ic a l  tran sform ation s i s  s t i l l  p o s s i b l e  in path in tegra l m ethod.  

Compared w ith  the formal approach  w e found a d d it io n a l  p o ten tia l  terms 

w hich  are of the order . So for the c a s e  of point c a n o n ic a l  tra n s­

form ations the r e s u lt s  o f  t h e s e  s e c t io n s  are co rrec t  if  w e add to  the a c t io n  

the a d d it io n a l ^  term s . For the c a s e  o f  more g en era l  c a n o n ic a l  tran s­

form ations the formal approach  p resen ted  in th is  ch ap ter  is  probably correct  

a t  tree and one loop  l e v e l s  but more care i s  n e e d e d  at tw o  loop  l e v e l .

=■ O  , th e y  f ix  the c l a s s i c a l  s o lu t io n .  One can  a lw a y s  

c h o o s e  to  be s u c h  that one is  led to  a tim e in d ep en d en t c l a s s i c a l
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V.- SCATTERING OF SOLITONS

In th is  ch ap ter  w e em p loy  the g en era l  c o l l e c t i v e  coord inate  

method formulated in the p rev ious ch ap ter  in order to  d i s c u s s  s c a t te r ­

ing of s o l i t o n s  in the s in e -G o r d o n  th eo ry .  First in S ec t io n  V . l  we  

d e v e lo p  a r e la t iv i s t i c  perturbation e x p a n s io n  for the one s o l i to n  s e c to r  

u s in g  the tim e d ep en d en t one s o l i to n  c l a s s i c a l  s o lu t io n .  In S ec t io n  V .2  

the s c a t te r in g  theory  for s o l i t o n s  i s  formulated and the c l a s s i c a l  s o l i ­

ton  -  a n t i s o l i t o n  and s o l i to n  -  s o l i to n  p h a se  s h i f t s  are com pu ted .  

F in a l ly ,  in S e c t io n  V .3  w e e v a lu a te  the f irst  quantum co rr ec t io n s  to  

th is  sc a t te r in g  p h ase  s h i f t s .

V . l  One S o lito n  Sector

The one s o l i to n  s e c to r  perturbation ex p a n s io n  w a s  d i s c u s s e d  in 

d e ta i l  in ch a p ter  III but there are s e v e r a l  re a so n s  w hy w e e labora te  more 

on thi's problem in th is  s e c t io n .  First of a l l  in our prev ious d i s c u s s i o n s  

w e e s t a b l i s h e d  the perturbation e x p a n s io n  by c h o o s in g  a tim e indep en dent  

ga u g e  c o n d it io n  w hich  th en  led to  an e x p a n s io n  about the s ta t ic  c l a s s i c a l  

f i e l d .  For the d i s c u s s i o n  of s o l i to n  sca tter in g  it  w i l l  be appropriate to  

perturb ab ou t the time d ep en d en t tw o  s o l i to n  c l a s s i c a l  so lu t io n  and so  it  

i s  in s tru c t iv e  to  s tudy  f ir s t  the one s o l i to n  c a s e  by c h o o s in g  a tim e d e ­

pendent g a u g e  c o n d it io n .  Furthermore, for the s o l i to n  sca tter in g  w e like  

to  e s t a b l i s h  a m a n ife s t ly  r e la t iv i s t ic  formalism and ag a in  it i s  important 

to  g iv e  f ir s t  a r e la t iv i s t ic  treatm ent for the one s o l i to n  c a s e .  The c h o ic e

-  66 -



o f  a tim e d ep en d en t g a u g e  c o n d it io n  lead ing  to  a perturbation e x p r e s s io n  

about the moving s o l i to n  c l a s s i c a l  s o lu t io n  ap p ears  to  be very  much a p ­

propriate for ob ta in in g  in a s im p le  w ay  m a n ife s t ly  r e la t iv i s t i c  a n s w e r s .  

We w i l l  dem onstrate  th is  in th is  s e c t io n  by com puting the s o l i to n  en ergy

F in a lly ,  the d i s c u s s i o n  of the one s o l i to n  s e c to r  i s  in stru ctiv e  

for learning abount the w a v e  fu n c t io n a ls  appearing in the path in tegra l  

e x p r e s s io n  for the tra n s it io n  amplitude . For the sca t ter in g  c a s e  it is  

important to  u se  the right in i t ia l  and f in a l  w a v e  fu n c t io n a ls .  Wrong 

w a v e  fu n c t io n a ls  w ould  lead  to  incorrect r e su lt  for the sca tter in g  am p li­

tu d e .  Though the p resen t  d i s c u s s i o n  is  g e n e r a l ,  w e w i l l  a lw a y s  refer  

to  the e x p l i c i t  exam p le  o f  the s in a -C o r d o n  m odel w here

s in c e  it  i s  o n ly  in th is  c a s e  that e x a c t  m u lt i - s o l i to n  s o lu t io n s  are known. 

The one s o l i to n  and one a n t is o l i to n  s ta t ic  c l a s s i c a l  s o lu t io n s  read re­

s p e c t iv e ly :

and the m oving s o lu t io n s  are s im p ly  ob ta in ed  by b o o s t in g  them w ith  

v e l o c i t y  IX. . The a c t io n  i s  invariant by the ch an ge

a t  tree and one loop  l e v e l

( l  • 1)

( 1 . 2 )

( 1 . 3 )
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and there  is  an in f in ite  set o f e q u iv a le n t d e sc rip tio n s  of an y  s ta te  of 

the  system  re la te d  by ( d . 3 ) .

W e co n s id e r the m atrix  e lem en t o f the e v o lu tio n  operator:

M’j t w , * ; ) !  j  (1 4)

W e red e fin e  the f ie ld  by m aking a co n stan t tra n s la tio n  so th a t^ (t< ^ + ) - 1 ik  

A fter th is  change has the same sym m etric  boundary co n d itio n  as  

in / lc j )^  th eo ry  so th a t we can  d ire c t ly  a p p ly  our d is c u s s io n  fo llo w in g  

the method deve loped  b e fo re .

W e w an t to  s p e c ify  the in i t ia l  and f in a l s o lito n  momenta to  be 

/jp and /Ip' . Our com putation  w i l l  th en  show th a t it  is  appropria te  

to  have the fo llo w in g  form fo r the in i t ia l  and f in a l w ave fu n c tio n a ls :

_  > ( 1 . 5 )

w here and Q p  w i l l  be determ ined b e lo w . I t  is  e a s y  to  see th a t

fo r a rb itra ry  "A/p and Q./^> th is  is  indeed  an e ig e n s ta te  o f the momentum  

op erato r.

A fter introducing the c o lle c tiv e  co o rd in ates  X O )  and / Ip 6") and 

chang ing v a r ia b le s  in  order to  tra n s fe r the c o lle c t iv e  co o rd in ates  from  

the - fu n c t io n  co n d itio n s  in to  the a c tio n  we in te g ra te  out X (^ )a n d  f̂ (fj 

o b ta in in g  the fo llo w in g  e xp ress io n  fo r the tra n s it io n  am p litu d e:

* I  $  1  ) 1 )
f t  1  1 (1 . 6 )

The -fu n c t io n  c o n d itio n  in  fro n t o f th is  path in te g ra l in fo rces  the
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momentum c o n s e r v a t io n  c o n d it io n  /jo — fp  .

At th is  point w e have to  c h o o s e  a g au ge  co n d it io n  a w .  In 

our ea r l ier  d i s c u s s i o n  w e u se d  a tim e in d ep en d en t g au ge  w h ich  then  

led  to  a perturbation e x p a n s io n  about the tim e in d ep en d en t c l a s s i c a l  

s o lu t io n .  Now w e p resen t  a treatm ent c h o o s in g  a tim e d ep en d en t  

gau ge  c o n d it io n  g iv e n  by

=  4>s (  ^  ( i . 7 )

The minimum of the a c t io n  w ith  the c o n s tr a in ts  is  th en  g iv e n  by the  

fo l lo w in g  tim e d ep en d en t c l a s s i c a l  so lu t io n :

4 V ‘ i+ > =  O . t  ■, u. \

(1 . 8 )

( m ) =  !

and the momenta /^> i s  re la ted  to  the v e l o c i t y  7A through the re la t ion

/ p =  j V * .  ,  M o =  U * W S(* D  =  Z .

(1 . 9 )

Then w e  shou ld  k eep  in mind that W. i s  not the e x a c t  v e l o c i t y  of the

s o l i to n  s in c e  it  i s  g iv e n  by ( l . 9 ) w h ich  in v o lv e s  the c l a s s i c a l  m ass

a nd not the true m a ss  o f  the s o l i to n .  We w i l l  com e back  to  th is  point

w hen  it i s  important.

N e x t ,  w e determ ine the fu n c t io n a ls  w h ich  w ere introduced in 

( 1 . 5  ) in su ch  a w ay  that the c o n d it io n  G l=  0  a t  the in i t ia l  or final  

t im es  m a tch es  the co n d it io n  O appearing  in the w a v e  fu n ctio n s  *4p .
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W e then  have

g u  t <K-) 3 = \  ^  ) $ i *)
n ° (1 . 10)

As a r e s u l t ,  in the w ave  f u n c t io n s " ^  ; ^ ' o n e  ca n  in tegrate  im m ed iate ly

o v er  the ^  ^ ' v a r ia b le s .  The r e su lt  reads:

<^/p' ;  \ / ip , ^ v )  =  C ^ )  A3 £> (& )

W e now e s t a b l i s h  the perturbation e x p a n s io n  by w riting

4 > ( y , - t ) ■= < A \ ( M  j k ) v 7

T T ( y , + ) -  + (© ' t a + )  ( i . i 2 )
Here w e s h a l l  o n ly  c o n s id e r  the f ir s t  quantum co rr ec t io n  and we thus  

disregard  in the a c t io n  a l l  term s w h ich  in v o lv e  pow ers h igher than quad­

ratic  in %  and . In the sam e sp ir it  w e o n ly  k e e p  lo w e s t  order 

term s in the c o n s tr a in t  c o n d it io n  . The r e su lt  ta k e s  the

form

' d t y t y t - « » ' © ) )  » . » )

w here

=  k  ^ c l > ( A > = [ © ( T t - © ) - X ( ® ' - X ' ' +NJ s 7 ) ]
-fc t

\ / " / y f) _ ^ V ( * U
V s ^ ’ -  - ^ r  U  =  4 >s ( . )  ( 1 - I 4 >

and

( 1 . 1 5 )
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O b serve  that w e have in front of the path in tegra l the correct  p h ase  factor  

g iv in g  the r e la t iv i s t ic  a n sw e r  for the c l a s s i c a l  e n e r g y .

In order to  com pute the f ir s t  quantum co rr ec t io n  to  th is  c l a s s i c a l  

s o l i to n  en ergy  one has to  e v a lu a te  the quadratic  path in tegra l in ( 1 . 1 3 ) .

This i s  a c h ie v e d  by f ir s t  d ia g o n a l iz in g  the quadratic  a c t io n  ( 1 . 1 4 ) .  S ince  

V j ' W )  i s  now time d ep en d en t,  th is  problem i s  n o n tr iv ia l .  We s o lv e  it  

in a w a y  w h ich  can  be g e n e r a l iz e d  to  a n y  quadratic a c t io n  w ith  time d e ­

pendent p o te n t ia l .  The g en era l idea is  to  c o n s id e r  the co m p le te  s e t  of  

so lu t io n s  of the eq u ation  a s s o c ia t e d  w ith  the a c t io n  (j # 1 4 ) w ith  period ic

c o n d it io n s  in a box- of length  L =  U  ( V  ^ i\ From th is  w e d ed u ce  for large
r £  6

L a s e t  of orthonorm alized  period ic  fu n ct io n s  su ch  that for

e a c h  time i  w e can  expand  and by le tt in g

b * C » >  $ * ( * . + )
v\,£ = +

© M  = ZU , ( 1- 16)
t'V , fe » t

w here

t v  1+) = i  -  <5'fr(v  , t  i y ,  (>• ,+> ]
^  } <- V  (Jva J  ( 1 . 17)

The e q u a tio n s  of m otion a s s o c ia t e d  w ith  the quadratic  a c t io n  (1-14)  read

' X ( M )  ) ® o

©mi - 'xVi+i 4 Vsw(v(-fj yc*'*) =0 (K18)
We d en ote  the s o lu t io n s  by w ith  6. -  — '1 and th e y  are found

to be: u/  X fu_r \

X +, M  =
I  \ 4-
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and ^

=  [  7 - z

( 1 . 2 0 )

Here w e  denoted:

& 2 J  - 1  +  i ? , .  o  _  2 .  -  'A
Q. — ------------ — “ ) >£•"“ .— —

/]  +■ i  2L_ 1 i - u ^  ( i . 2 i )

N e x t ,  we put the s y s t e m  in a box by im p o s in g  the p er io d ic i ty  co n d i t io n s

= x i m  « - 2 2 >

Since the system is periodic in space it is also  periodic in time with 

period . We choose ^  anc* Introduce the stability

angles VV?)defined by^2^:

For large L one  f inds  e a s i l y

V n = V ( £ * ) =  ^  \  K  2 . 1  a- ^ ( 2 . w )

We now show  that the a c t io n  ( 1 .1 4 )  c a n  be d e c o m p o s e d  into a

s e t  of  d e c o u p le d  harmonic o s c i l l a t o r s  of  e n e r g y  ^  . To a c h i e v e

th i s  we w i l l  derive,  u s in g  the s o lu t io n s  , a com p le te

s e t  of  orthogonal fu n ct ions  w h ich  for f ixed " t  w i l l  d ia g o n a l i z e  the a c t io n .

This i s  done by introducing a two  component  v e c to r  nota t ion  ] and

remarking that  accord in g  to  (1 .2 3 )  the v e c t o r

(1 .2 3 )

( 1 .2 4 )

V i . M «
t ( fc vV\+ "nrvv*) i -  crx.4 /

( 1 . 2 5 )
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i s  p e r io d ic  in  T and  i s  e i g e n s t a t e  o f  th e  o p e r a tor

3 =
a  - 1

. II r \

H . 2 6 )

with e i g e n v a lu e  -  ^ 6  V v , )# i n the s p a c e  of  fu nct ions  per iodic

of  period T, ' E  i s  hermit ian w ith  the inner  product  

- 1 i ) ( f c
1-

th ere fo re ,

The integral  ( 1 .2 8 )  c a n  be written  a s

(1 .27 )

KHi

(1 .28)

x.

IA - -' ’A' 'X (1 .2 9 )

w hich  s h o w s  that  T  v>,n v‘ + > h as  a l l  the Fourier com p on en ts  eq u a l  to  

zero  e x c e p t  for the com pon en t  of  zero  f r e q u e n c y .  Thus,  X  Vi* 

d o e s  not depend on "V and w e  have

U °  xo )  ( ^ )  ^  ^

^So far w e  have  not y e t  c o n s id e r e d  the bound s ta te  s o lu t io n

 ̂ w h ich  a s  a lr ead y  d i s c u s s e d  in many p l a c e s  appears  b e c a u s e  

the s y s t e m  i s  invariant  by  s p a c e  t r a n s l a t i o n s .  S ince  Vo v a n i s h e s  for 

large x , i t s  s t a b i l i t y  a n g le  v a n i s h e s  and it i s  an e i g e n s t a t e  of

(1 .30 )
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( K M  \
with  e i g e n v a lu e  z e r o .  Our idea i s  to  expand I Q f r j )  lover  the e i g e n ­

s t a t e s  of  . In th i s  c o n n e c t i o n , \ J o  c a u s e s  a problem s in c e  it is

e a s y  to c h e c k  that

o \  V .  = °
(1 .3 1 )

that i s ,  \ j o  has  zero  norm. In order to  take the s u b s id ia r y  co n d i t io n s  

into  a c c o u n t ,  we add Lagrange m ult ip li ers  and c o n s id e r  the a c t io n

(JdUUK { ±  ©  ( i - © )  -  i  y  ( ©  -  v s " x  j  *

) ]  ( 1 . 3 2)

The corresponding  w a v e  e q u a t io n s  are im m ed ia te ly  s o l v e d .  One f inds  

the s o lu t io n s

■ / M  =  y  2 ( * , + )  -  ^  4 ^  6 ^ 0 . )

S ) ( v , +  I = M l  -  k ( + )  4 ^  ( v ( I ' 33)

) \ & \  •=■ o  ,  [A (* /  = oC U j

and is  determined from the su b s id ia r y  con d i t ion  ^ bi. (v ,+) Y  -  O

w h ich  g i v e s

° (1 .3 4 )

The s e c o n d  subidiary  c o n d i t io n  t a k e s  the form

J ,  ( 1 .3 5 )

\ I (  (  ^ t  Iand th is  in te g ra l indeed van ish es  as \J,{Y/t/and I Q J are e ig en s ta tes  

of w ith  d if fe re n t  e ig e n v a lu e s .
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Th ese  re la t io n s  a l l o w  us  to  ded u ce  a s o lu t io n  s a t i s f y i n g  the  

con s tra in t  from an y  s o lu t io n  of the unconstra !.nedproblem. On the other  

hand,  the zero  s t a b i l i t y  a n g le  mode c o m p le t e ly  d i s a p p e a r s  from the  

e x p a n s io n  if one ta k e s  the s u b s id ia ry  c o n d i t io n  into  a c c o u n t .  We  

thus  introduce a s e t  of  orthonormalized e i g n e fu n c t i o n s :

-  4 / ^  T  (  < = % ,,  _  ±  )

(1 .3 6 )

One c a n  ver i fy  that th e y  s a t i s f y

^  I. l v (t l  -  t y t+) ~J-=r  ^ 1
o u J V\v *4'•'vu Vi  ̂ j  (1 .3 7 )

They are therefore l inear ly  in dep en d en t .  By count ing  the number of  

/  ^  \( j and comparing w ith  the vacuum c a s e  it is  e a s y  to s e e  that th ey

form a co m p le te  s e t  in the s u b s p a c e  of  fu nct ion s  s a t i s f y i n g  the con s tra in t .
/ ")( \ / X- ^

We c a n  therefore  expand ( ^  J in terms of   ̂ ^  j , that i s

l / f M  -r-l ) G u ,  /

, . i ) a  j : m ( 1 .3 8 )

Since  X  and are rea l  funct ions  and s i n c e

w e  have
[ v 5 K f r ) ] x =

( 1 .3 9 )

( 1 . 4 0 )
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F i n a l l y ,  th e  a c t i o n  ( 1 . 1 4 )  c a n  be  w r i t t e n  a s

7

and one im m edia te ly  ob ta ins  us in g  the e x p a n s i o n  (1 .4 1 )

(1 .4 2 )

(1 .4 3 )

N ow ,  w e  c a n  determine the w ave  fu n c t io n a l s  w h ich  are a s s o c i a t e d  

with  the e i g e n s t a t e s  of  the Hamiltonian .  In part icular,  the l o w e s t  

en ergy  e i g e n s t a t e  w hich  i s  the quantum s o l i to n  s ta te  i s  im m edia te ly  

found to  be the vacuum of a l l  o s c i l l a t o r s ,  that  i s

This formula determ ines  the one s o l i t o n  w a v e  fu n ct ion a l  to  l o w e s t

order.  S ince  the w a v e  funct iona l  (1 .4 3 )  i s  the vacuum s ta te  of  a l l

o s c i l l a t o r s ,  one im m ediate ly  d er iv es  the f ir st  quantum correc t ion  a s

-v-l 'the sum of zero  point e n e r g i e s  2_, — ■-----  . We thus obta in
~YW , \ + ^^

This sum of s t a b i l i t y  a n g le  i s  to  be computed by subtract ing  the  vacuum  

s e l f - e n e r g y  and taking into a c c o u n t  the renormal izat ion  counterterm.

One ob ta in s  after some c a l c u la t io n

= ?  ( - 4 ) ^ T
V w (1 .4 5 )

and thus  the to ta l  e x p r e s s i o n  for the s o l i t o n  e n e r g y  reads:
\ t 1

(1 .4 4 )



U s i n g  formula ( 1 . 1 2 )  w e  o b t a in

+  110 l n ' -  ( a , ' - ,  vn

r ^ T n >

h = n . * M ,  = i - i  - * ( » - £ ) * \

This c o m p le t e s  our demonstrat ion  that the formali sm we presented  

is  in d eed  r e l a t iv i s t i c  both at  tree and one loop  l e v e l .  F inal ly ,  it is  

e a s y  to  s e e  that the a n t i s o l i t o n  is  treated  e x a c t l y  in the same w a y  

a s  the s o l i t o n .

(1 . 4 7 )

V. 2 Perturbation Expansion for Soliton  Scatter ing

For the s in e -C o r d o n  theory  e x a c t  m u l t i - s o l i t o n  c l a s s i c a l  s o l ­

ut ions  are known and th is  fact  w i l l  en ab le  us to g iv e  a quantum treat ­

ment of  s o l i t o n  scat ter ing  us in g  the gen era l  c o l l e c t i v e  coord inate  

method d e v e l o p e d  in chapter  IV. We wil l  i l lu s tra te  the formalism in 

th i s  s e c t i o n  on the two s o l i t o n  s ca t ter in g  e x a m p le .  We e x p l i c i t l y  

c o n s id e r  the s o l i to n  -  a n t i s o l i t o n  c a s e  and the d i s c u s s i o n  of  s o l i to n  -  

s o l i t o n  s ca t ter in g  i s  a lm o s t  i d e n t i c a l ^ ^ .

The genera l  one s o l i t o n  and one a n t i s o l i t o n  c l a s s i c a l  s o lu t io n s  

are g i v e n  r e s p e c t i v e l y  by

and the s o l i t o n  -  a n t i s o l i t o n  c l a s s i c a l  s o lu t io n  reads
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i r  Vt(*,+)- I 7

• . M,W i y r x ; ) a ^ ' u  * » i  *  ~ _1 ________

f t  I  A

( 2 . 2 )

where
A © ^  =  - ^ = :  ,  c A e «  =  _ i —  

i t -  w<t~ n ^ ~ t u :

— ( y  + J 6^ ©<. +  t"

- e =  f;-L
( 2 . 3 )

For large in i t ia l  and f ina l  t im e s  th i s  c l a s s i c a l  s o lu t io n  has  the  

f o l lo w in g  a s y m p to t i c s :

<K = Ot t ; u , i u X * x £ ) — * ") *  i r f r , *
-t_=> -  CO > *

4>s?( ■‘ A ,  «*“ ■>- X ,°)C ) — => 4> (*,<■; u l X f ) - 1-
'  t ->  + bO ^ 1 S ( 2 . 4 )

The in i t i a l  and f ina l  v e l o c i t i e s  and co o rd in a te s  are c o n n e c te d  by the  

re la t ion s

u f  =  U 4 — \A\

u t  =  \AZ -  W u

A y ( = x : - x r - ^ u ( i -  ^ j  

a x . =

( 2 . 5 )

where  <» __ f ^ o  H o ___  \  (  Vittu \  ^  H# v( J 1" *  \ Z_ (
v fT-u,'* i \ - u . v '  ̂ r v - tu r  ( T 7 u

VI -  S -
' u “  (2 - 6 >

-  78 -



So a f ter  the c o l l i s o n  the s o l i t o n  and a n t i s o l i t o n  v e l o c i t i e s  remain  

the s a m e ,o n l y  their r e s p e c t i v e  co o r d in a te s  c h a n g e .  For the two  

so l i t o n  c a s e  th is  i s  natural due to  the to ta l  momentum and en e r g y  

c o n s e r v a t io n  law s  bit  the remarkable fac t  i s  that  e v e n  for N - s o l i t o n  

c a s e  the s o l i t o n  momenta are s e p a r a t e ly  c o n s e r v e d .  This h appens  

b e c a u s e  there e x i s t s  an in f in i te  s e t  of  c o n s e r v a t io n  la w s  in the s i n e -  

Gordon theory .

We c o n s id e r  the s o l i t o n  -  a n t i s o l i t o n  S-matrix  e l e m e n t  d e f in ed  

a s  fo l l o w s :  ^  ^

< ^ \  £ , h ( *+
(2 7)

where  P j / P 2 a n d P j 'P ^  denote  the in i t ia l  and f ina l  s o l i t o n  and a n t i -
A

s o l i t o n  momenta,  r e s p e c t i v e l y .  The free s o l i t o n  Hamiltonian  H 0 

w h ich  enters  the d e f in i t ion  of  the S-matrix e l e m e n t  i s  o f  c o u r s e  not  

known in th is  c a s e .  We now write th i s  s ca t ter in g  ampli tude in the  

path integral  form as :

• {  '  A  t T T  ,  +  3  3 (2 . 8 )

inhere the t ime dep en d en t  w a v e  fu n ct ion a l  i s  g i v e n  by

t

-  \

= 4 .

(2 .9 )

and knowing the form of the one s o l i t o n  w a v e  f u n c t io n a l s  we write
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(2 . 1 0 )

The s o l i t o n  -  a n t i s o l i t o n  genera l  c l a s s i c a l  s o lu t io n  in v o lv e s  

four c o n s t a n t s  w hich  are re la ted  to  the p o s i t i o n s  and momenta of  the  

s o l i t o n  and of  the a n t i s o l i t o n .  According to  our gen era l  method we  

introduce two c o l l e c t i v e  c o o rd in a te s  X l * i  X I * )  and their  con ju gate  

momenta by u s in g  two c o n s e r v e d  q u a n t i t i e s .  The m ost  c o n v e n ie n t  

c h o i c e  i s  to introduce the to ta l  momentum P a s  in the one s o l i t o n  c a s e  

to g e th er  with  the Hamiltonian i t s e l f  w h ich  w i l l  lead  to  to ta l  energy  

c o n s e r v a t io n .  Y ( t )  i s  th u s ,  the c e n t e r - o f - m a s s  p o s i t io n  w hi le  

Y ( * i  can  be c o n s id e r e d  a s  related  to the t ime at w h ich  the in t e r -a c t io n  

i s  tak ing  p la ce  which  c l a s s i c a l l y  f i x e s  the re la t ive  d i s t a n c e  of  the  

s o l i t o n  and a n t i s o l i t o n  for large t im e .

These c o l l e c t i v e  c o o rd in a tes  are introduced into  the funct iona l  

in tegral  by insert ing  the id e n t i t i e s :

q -  S ( f d i - T W i )  H f - M i )  = 4  (2 n )

where  J i s  the appropriate Jacobian.  Fol lowing our g e n era l  sch em e  

w e perform the ch an ge  of  var iable

(2 . 1 2 )
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and in tegrate  out the var iab le  s X  (*), , ' j M , . In our gen era l

d i s c u s s i o n  g i v e n  in chap ter  W we a s s u m e d  that  the in i t ia l  and final  

s t a t e s  are e i g e n s t a t e s  of  the quantum m e c h a n ic a l  operators  a s s o c i a t e d  

to  the c o n s e r v e d  q u a n t i t i e s .  There,  it  i s  e a s i l y  s e e n  that the in i t ia l  

and f ina l  w a v e  fu n c t io n a l s  are indeed  e i g e n s t a t e s  of "B . We a s s u m e
A

that for large T t h e y  a l s o  becom e e i g e n s t a t e s  of  H  to le a d in g  order 

and w e  can  therefore  a p p ly  the gen era l  method,  to get:

S > s *

» 5l(E;-HfTr,5l) M i?] ] (2.13)
The ^ - f u n c t io n s  in front o f  th i s  path in tegra l  inforce  the to ta l  momen-  

turn and e n e r g y  c o n s e r v a t io n  l a w s .  This g e n e r a l i z e d  to the N - s o l i t o n  

c a s e  where  there w i l l  be N independent  c o n s e r v e d  q u an t i t ie s  implying  

the c o n s e r v a t io n  of  ind iv idua l  s o l i t o n  momenta in com p le te  paralle l  

w ith  the c l a s s i c a l  behaviour  of  the N - s o l i t o n  s o l u t i o n s .  This c o n ­

c l u s i o n s  are b a s e d  on the a s su m p t io n  that the infin ite s e t  of  c o n s e r v a ­

tion  la w s  of  the s in e -G o r d o n  equat ion  w h ic h  w a s  e s t a b l i s h e d  in the  

c l a s s i c a l  theory  remains  v a l id  in the quantum theory a l s o .

We intend to  deve lopr th e  perturbation e x p a n s io n  about  the s o l ­

iton -  a n t i s o l i t o n  c l a s s i c a l  s o lu t io n

$ g ( y t - u , u h  )  (2 14)

and for th i s  purpose the fo l l o w in g  gauge c o n d i t io n s  are appropriate*

< 3 p \ ( Y , + ’jUjU*.)
)  sc

G L l $ l =  U.X.)
( 2 . 1 5 )
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At in i t ia l  and f ina l  t im e s  the s o l i to n  and a n t i s o l i t o n  are w i d e l y  s ep ara ted .  

Therefore , G t  and Q .  break up into two in tegra l s  and we get :

IXfl*  b ( Q . [ $ ] ) X ( Q [ 4 > ] ) ~  & [  4>s ( x , t ; u” , X T ) tykf*))*

x b  (  >X u )

J L ^ J ( Q U I )  U a t ? ] )  ~  b (  \ f c ( £ s ( v ; i A , ¥ X , M $ m V  ( 2 . 16)
I  t /

* W (*t-| ut

( 2 .1 7 )

ur- u> Wi 
ut = ui= uu

Now we n o t ice  that it i s  p o s s i b l e  to in tegrate  out the v a r ia b le s  

X, . X ,  and x , . x ;  in the e x p r e s s i o n s  for the in i t ia l  and

f ina l  w a v e  fu n c t io n a l s  . N am ely ,

the ^  - f u n c t io n  c o n d i t io n s  appearing in th is  w a v e  fu n c t io n a l s  imply  

that in the integral  over  , for e x a m p le ,  X-^and X l the on ly  co n tr i ­

bution c o m e s  from the point determined by the eq u a t io n s

^  Ax. 4 ^  ( (x-v X i  ) ) 4» ( *  ) =  °

5 * *  4>f ( (Y* X O  \ \ <r%± )  (y j ' t i ) =  o
(2 . 1 8 )

On the other hand,  due to  the re lat ion  (2 ,16 )  we s e e  that the gauge  

c o n d i t io n s  at  in i t ia l  t ime imply  the fo l low ing  e q u a t io n s -

U  4*, ( V * X 1  ̂ (VjV) -  o
* \ l - u X

^ 4>x. (  j 4=> (v,-v) =■ o
( i - u ?

( 2 . 1 9 )
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Since  the v e l o c i t i e s  and momenta are re la ted  by

t l ,  U ,f.* It  -  up

t o  — Ho Ut.
P -  " - 7 = ^

I (2. 20)

w e  c o n c lu d e  comparing ( 2 .1 8 )  and (2 .1 9 )  that

x , =  x ; +  u . t i

XI + U i t i  (2.21)

and in th e  same w a y  for the f ina l  t ime

X ' , =  X,+ * u , t *
X p X p U i + 4  (2 .2 2 )

So afer  in tegrat ing out th i s  v a r ia b le s  the in i t ia l  and f ina l  w a v e  func­

t io n a l s  take  the s imple  forms:

and
. v. v-t

- 1 
t

( ? , X ,  4» -  ^  ]
(2 .24 )

Now trans lat ing  the f i e l d s  by  the s o l i t o n  -  a n t i s o l i t o n  c l a s s i c a l

so lu t io n  _
■= ^ ) i  ( V r U

TT(*,t)= 4>sfC*,t;u,Uv) + © 6 t . V  (2 25)
w e obtain  the f ina l  e x p r e s s i o n  for the sca t ter in g  amplitude

S s s  =  (T IT  f  i  ( (pt  -  I p i  )  5 ^  -  E ;  ) ax^ f |  X [ r . W t t ^ T  -

- ( p , u , t ^ u . | T  - ( p , ( X ^ - X ; ) - i p t (XeV-XZ ) + A t < J , r  A r l ] ] x
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x Vw.vii [̂T('̂ o3 irMWi) U&my
•  U v . ^ - T )  S ( ^ £ ‘ - H ) ^  u *  \ ‘', A t V © A f * ‘X l -

-  i A  T ^ S S  J ^ S ?  3  \  ( 2 .2 6 )

The s o l i t o n  -  a n t i s o l i t o n  s c a t te r in g  p h ase  sh i f t  i s  d e f ined  by

and a t  the one loop  l e v e l  w e  intend to work the s o l i t o n  and the  

a n t i s o l i t o n  en e r g y  reads

\ n \ v p  ^  I fC '+ fC  -i- 4- n< [ \ ^ i
r r r x

- 4 - 1 , 2 .  (2-28)

For s i m p l i c i t y ,  w e  u s e  the c e n t e r - o f - m a s s  frame s o  that

= p p
\ V  u 7-

(2 .2 9 )

Then the p h a s e  factor  in front of  the path integral  g i v e s  the c l a s s i c a l  
(26)

ph ase  s h i f t

|  L T - * , £ = ?  A M + A [ i ? 4 s J }
T->ofc» L I \— i^2-  l l "  U ■»

V (2 .3 0 )

where  w e  u s e d  the fa c t  that

A  X ,  - i t A C M  - -  a X * ,  

a ( c \ )  =  _X> — 1—  iLv\(u. )

^  (2 .3 1 )

This c l a s s i c a l  p h ase  sh i f t  i s  of  the order ^   ̂ and by a straightforward
(2 7)

c a l c u l a t i o n  one ob ta ins
\k



In a s im i lar  w a y  one  c a l c u l a t e s  the s o l i t o n  -  s o l i t o n  sca t ter in g  ph ase  
(2 7)

s h i f t
U

= 14 f d v  J -  
y  ) b  l - V -

(2 33)

The f irs t  quantum co rr ec t io n s  to th i s  c l a s s i c a l  p h ase  s h i f t s  w i l l  be 

c a l c u l a t e d  in the next  s e c t i o n .

V. 3 Quantum C orrect ions  to Soli ton -  A nt i so l i ton  and Sol iton -  Soli ton

Scatter ing

in order to compute  the f irst  quantum co rr ec t io n s  to the 

c l a s s i c a l  sca t ter in g  p h ase  sh i f t  w e  u s e  the resu l t  of  the previous  s e c t i o n  

For s im p l i c i t y ,  w e  c h o o s e  to work in the c e n t e r - o f - m a s s  frame, ' e ep in g  

the quadratic terms in ’X(v/-<) andSKx/tQ in the a c t io n  of  the path integral  

e x p r e s s i o n  for the s o l i t o n  -  a n t i s o l i t o n  sca t ter in g  amplitude (2 .2 6 )  we  

obta in  the fo l lo w in g  e x p r e s s i o n  for the f irst  quantum correct ion

• U\( &X-+',?©)) HU+rt* '
(3 1)

where

(©■ -X

V /" (  a.1 |
^5 ^ ( ^ 2 .  \ <(5Cvl̂ ) -  (S.-*-)

5  , , u  r ^ ' l  (3 2)

There i s  s t i l l  an  addit iona l  contribution from the renormal i­

z a t i o n  counterterm.  The s in e - C o r d o n  model  can  be renormal ized by
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normal ordering^2 ?^Ve u s e  the gen era l  relation'

u ( $ o o ) }

/N . ^  A 'V-

where  c|>(*) i s  the f ie ld  operator .  Taking 13(4* )= 4* one f inds  that-

( 3 . 3 )

N

(3 5)

a _  I '7- i A  \___________ \/ _ "Itt va

*• ^  <3 41
From (3 .3 )  it f o l l o w s  that

c r t > ( V ?  5 > g o )  -  e T ^ A  ^  )

and therefore ,  the Lagrangian d e n s i t y  w hich  w i l l  g iv e  f in ite  re s u l t s  

in the standard perturbation s e c t o r  reads

£  = j r ( \ < K * , t i  f  +  i  e T A 1 0 5 2  ( A t  4 0 ^ £ 1 1
T  J  (3 6)

Due to the invar iance  under the renormal izat ion  group the m a s s  of  the 

f i e ld  4>(*| w h ic h  s e r v e s  to  de f ine  A  is  arbitrary.  Tt i s  c o n v e n ie n t  

to  take it to be equ a l  to the free m a s s  YA -=̂ \ . Then 

M r ,A

A ‘ 1
^  . , XT J

^  ' (3 .7 )

After the sh i f t  of  f ie ld  v a r ia b le s  w e  now obtain  from the renormal ization

counterterm an ad d i t ion a l  zeroth  order term By

a straightforward computat ion  w e  find:

£T/2_

=  l l £  _ i _  = 1  , A = 2 M
L  ZjL s t  1 a

_T/U U -  (3 3)

Now w e  put the s y s t e m  in the " b o x " \r \ -  ; "1 imposing

per iod ic  boundary c o n d i t io n s .  Then,  a s  d i s c u s s e d  by P a s h e n  H a s -
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s l a c h e r a n d  N e v e u .  for large L is  to be c o n s id e r e d  a s  periodic

in t ime a l s o  s i n c e  it s  e v o lu t io n  w i l l  o b v i o u s l y  reproduce i t s e l f  a f ter  

the t ime it t a k e s  for e a c h  part ic le  to go  from one end of the box to the  

o t h e r ^ ^ h e  corresponding  period T  must  take into a c c o u n t  the  

t ime d e l a y  due to  the in terac t ion  w h ic h  i s  A ( ^ 0  . It i s  e a s i l y  s e e n  

that  there are tw o  c o l l i s i o n s  per period T  a s  the two p ar t ic l e s  g e t  

two  t im e s  to be very  c l o s e .  We thus  c o n c lu d e  that "T — +  2aA(K)

On the other hand,  in our s ca t ter in g  theory  w e  w ant  to inc lude on ly
*-T-

one in terac t ion  s o  w e  le t  » =  -£■ and L and T w i l l  be re lated by

U (T -  A(^) ) (3 9)

We n ext  d ia g o n a l i z e  the quadrat ic  a c t io n  (3 .2 )  u s in g  e x ­

a c t l y  the same method a s  in the one s o l i t o n  c a s e .  We introduce the  

com p le te  s e t  of  s o lu t io n s  of  the eq u a t io n s  o f  motion

W l O  -  & ) ( * ! * )  ~  O

(3 .10 )

One can  sh ow  that  the gen era l  so lu t io n  w h ic h  w e  den ote  by > 

6  1 i s  g i v e n  by

f  I 1* ' * 1 '  t e "  { £  i r b -  M - i — . . ) 1 1

^  ^ ( £ 5 . 1  r  t  H A

^  M  ’ {  ^  f e )  -  ^  ( £ = ) }

O ^ O ' r i - ' X  t ( * , y
(3 11)
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and

© z (y,1 | ■= [  (3 , 12 )

where:

x  £>+(2 ) - I  | i '  Z t  2 . 4 / W C 0 f 2 ;
e  “  -   r r —- 1 “

c t ±  '  r r - ^

c o f ? ; - f T + ^ ' u (3 1 3 )

The p h ase  sh i f t  i s  e a s i l y  found to react-

& ( * . )  =  %+(*.) +  S l C * )

s o  that the d e n s i t y  of  s t a t e s  i s  determined from the con d i t ion

I k s * )  =  2 ^

The s t a b i l i t y  a n g l e s  are then  e a s i l y  found to b e .  for large T.

Y ^ = V ( e * )  = Z T  1 * i -

The problem of finding a com p le te  s e t  of  funct ion  w hich  

d i a g o n a l i z e s  the a c t io n  i s  e x a c t l y  the same a s  in the one s o l i t o n  c a s e  

e x c e p t  that w e  have  two con stra in t  c o n d i t io n s  in s tea d  o f  one By the  

same method one o b ta in s  the s e t  of  fu n ct ion s

(3 14)

(3 .1 5 )

(3 16)

ITT (3 .17 )

where  ^vv a n d ( “V  are s o lu t io n s  o f  the s y s t e m  of  e q u a t io n sa n d f k
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^  C  *■ &  I t *  ‘K r

i t  V ^ H ' * ‘ ! * ‘ + s r 4 ’i F  *  V f
L - L- ”L-

The fu n ct ions  are orthonormal- that i s .  th ey  s a t i s f y ,  for large L

t  ( F n V f C N C  f  F t , ]  =  6 l

(3.  13)

(3 19)

i f  w e  c h o o s e

4  ( ^ Y ^ 7 : - - = L =  -  H = r )
K I u  9 i  h  + « .  J^  (3 2 0 )

We now expand and ©  a s  before in terms of  t h e s e  e i g e n f u n c -

Hoi is  o f f . , * )  =  t ; < x t c + i

<=
£ r t * , + i  =  £  c u b )  (3 2 »

* , e
The quadrat ic part of  the a c t io n  w i l l  a g a in  correspond to  d eco u p led  

harmonic o s c i l l a t o r s .  Indeed ,  one f inds

(3 .22 )

The f ir s t  quantum correct ion  to  the p h ase  sh i f t  i s  now g iven  

Coby
L  =  0**1- t i !  O ( m )  <-

L-*<*o

+ A ? 4 . U . ^  O n l ]  *-X T  n ,  ( T u "  J

(3 23)

In order to  c a l c u la t e  the sum of  a n g l e s  w e  def ine  the p h a se  sh i f t  )

in s u c h  a w a y  that  it t e n d s  to  zero  for £_ -e> i  oc> . An e a s y  computation
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t h e n  s h o w s  that

| Z ( - ri i - 2 _ - h u ,  f c f i - u ' "  1 < i o  (3 24)

and then ,  % ( & )  =  12TT w h ich  i s  in agreem en t  with  L ev inson  theorem
\  *

a s  there are two bound s t a t e s  4-^- and <i _̂. . The equ at ion  (3. 2 5) thus

l e a d s  to 2 ,  ~  2 - i  ~ 0  ■ Therefore,  for the s ca t ter ing  s t a t e s  w hich  

are the o n ly  o n e s  to  be kept  in the sum over  s t a b i l i t y  a n g l e s ,  V\«. O 

d o e s  not appear  and o n ly  one  of  the V\ -  -  \  contr ibut ions  should  

be counted  a s  th e y  both correspond to the same s ta te  at  threshold  We  

then cons ider:

U l  ( « < * . . , -  C M * . ) ) ' -  i  (  V ( * „ |  -  ) 1  (3 25}
'wax. H +" " -J

where-

l  + i ? )  ~ S .C ' i )  =  -  k + * *  ( ■ = = = = - )
v r r - M - ( 7 i 7 -  1*  (3 .2 6 )

and w e  have  put a c u t - o f f  in momenta . S ince  i s  f in i t e ,  2 ^ ”

is  very  sm al l  for large L. w e  c a n  next  expand w CSk I - W U * )  making  

u s e  of  relation (3 ,1 5 )  and write:

M W  -  M W  »  -  4 1
(3 2 7)

r 2-Note  that w e  have  to k e e p  terms of  order s i n c e  w e  want  to d e ­

termine the contr ibut ion to ( 3 . 2  5) w hich  ten d s  to a c o n s ta n t  for large  

T. The d i s c r e t e  sum i s  approximated  by an integral  through the g e n ­

eral  formula:
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vav Vv'"

* '  n , - l

After integrating  by parts w e  obtain  

V) *
T(r,' +■£ )[w (?j-o ixo]-T  +** v *=1. vn„.k) 7 J v T T -k '1'

+  i - f u w i  )L|tr 3 J

(3 28)

- A

In the same w a y .  the sum b+- b _ i s  approximated  by an  integral  in 

w h ich  w e  make a partial  integrat ion obta in ing

M t TlL  ft M
 -------
)-<A

(3 ,2 9 )

( i f f J [

A - A  ^

1 1

“  A " (3 30)

Formulae ( 3 .2 9 )  and (3 .3 0 )  both con ta in  lo g a r i th m ica l ly  

d ivergent  parts w h ich  w i l l  p r e c i s e l y  be c a n c e l l e d  by the contribution  

coming from the renormal izat ion  counterterm ( 3 . 8 ) .

The to ta l  e x p r e s s i o n  for the quantum correc t ion  now reads-

,(l)
_(U) =r SU r- i J  / — =  -  J- K
i -r_> tjq I I t f  i/TTTjt- k tt \

A

I  =  J U -  (  t  I %  * =  -  3 -  { V i o i K )  A ?>(«•)) -  Si T„,*> I  \ T f p 7 t .  |( i r y A" 01 1 J
L-> o**

-  L [  + | T  { y  *  j ] ,  ±  \ U

+ 2-Tti, (TTvA- -  1  -V lu iku  )  ^
(3 31)
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Letting U u J - A ( u ) w e ge t  the p o ten t ia l ly  d ivergen t  terms a s

A

^  t  T vT^ \ ~ $ u  <IK J OJlx)  ) (3 .3 2 )

and

^  -  -3= Lvn L ( i i i i  I
I f  1  K \ I k  T H T )  T t ^ \  W ( « i v  ' ! - « /

"A.  " A
(3 33)

The f in i te  terms l inear  in T c a n c e l  and w e  f in a l ly  obta in  the fo l low ing  

e x p r e s s i o n  free of  d ivergences*

*  =
" A (3 34)

As the f inal  s t e p  w e  e v a lu a te  the integral

T l< M  =  f l u  * I i i L  ^  ^  U )  .  J_
-  «o (3 35)

w hich  app ears  in th is  formula.  We u s e

a  -  . i - i
$ s ( w  = -  4  ( “ f w - )

i)lk

and

(3 .3 6 )

i + N -  S t o  =
+  ■ v f T : u v ( i + K ;

Then, a f ter  partial  in tegration and ch an ge  o f  v a r ia b le s  

— -VdvX\ ( K \\-Ta^ ) 

w e g e t  -jj
*? OaV  ^

•/ i .

(3 37)

(3 31)

1  \  d *  ^  _____ _
o ( M -  v ^ a r v *  )

(3 39)
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N e x t ,  d i f ferent ia t ing  with  r e s p e c t  to ^  w e  obtain

^  =  -  \ b { - t *  a ± h

and then  u s in g  the fac t  that  T(o)s=0 the resu l t  reads

(3 40)

' X ( ^ )  -  l U u  ( L t v  y —
v \ -  u. > 3 a

 ̂ ^  (3 41)

We then  obta in  the fo l low ing  resu lt  for the f ir s t  quantum 

correct ion  to the s o l i t o n  -  a n t i s o l i t o n  s ca t ter in g  p h ase  shift '

t i ' ! . k i  =  -  %  { "  >  t o  t - u
St  » J *  i _  t*-*- TT

(3 42)

One can  sh ow  that in the c a s e  of  s o l i t o n  -  s o l i t o n  s c a t ­

tering.  e x a c t l y  the same sum o ver  s t a b i l i t y  a n g le  appears  s o  w e  have

(3 43)

We n ext  compare our r e s u l t s  w ith  a very  in tere s t in g  c o n ­

jecture  due to  Faddeev .  Xul ish and forepin  con cern in g  the e x a c t  s o l -
( 11 )

i ton -  a n t i s o l i t o n  s c a t te r in g  amplitude -They  wrote down the "exact"  

sca t ter in g  ampli tude in s u c h  a w a y  that it h as  the correct  bound s ta te

m a s s e s  a s  p o l e s .  We first  modify  their e x p r e s s i o n  s u b s t i tu t in g  in

v 1
the ir  formula y by y  -  ~~| ^ gir/y s o  t 'i a t  the bound s ta t e  m a s s e s

agree  with  the resu l t  found by D a s h e n .  H a s s l a c h e r  and Meveu u s in g
(25)

the s e m i - c l a s s i c a l  W \B  method • Furthermore, mult ip ly ing  the ir  e x ­

p r e s s io n  by a c o n s ta n t  ph ase  factor  the con jectured  e x a c t  s o l i t o n  -  

a n t i s o l i t o n  s ca t ter in g  ampli tude reads*
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KM ~r 0 u

K* I
'  -  %*

K)

where

v _ s - i vâv \s (s-im‘u) 
^  n ^ -

s  = ( e x v -  ( ^  t

n* n + n. = 1

(3 ■ 44)

N  -
s i r

(3 .4 5 )

Here it i s  a s s u m e d  that the coup l ing  c o n s t a n t  y - 1 i s  su ch  that N 

i s  an  in te g e r .

We w i l l  now s h o w  that  our resu l t  a g r e e s  w ith  th is  formula . 

N a m e ly ,  for sm al l  Y" w e  expand  the right-hand s id e  of  (3 .4 4 )  u s in g  

the re la t ion  ( 3 . 2 8 ) .  We find that

i T

It i s  e a s y  to show  that
aTT _ / r . _C © %

r
(3 46)

\  M  + 1 '  )  X. V x - |  I
' t

u
R ecal l ing  that  U  w a s  de f in ed  by fp  — ,-------- —  ’ w e  expand

‘  \  I -  U .V .

t  ~  i±_u  *  X  , ,  . 6- “
^  MX

Insert ing  ( 3 .4 7 )  into ( 3 .4 6 )  and making the ch a n g e  o f  variable  

we g e t  the e x p r e s s i o n

(3 .4 7 )

(3 43)
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I.  L _ ( u )  =  H  ( \ _  - L  \ \  A=t A 3 -  ^  *• ^
Y I 8TT ) ) 0 \ - ^  r  X (3 49)

It i s  e x a c t l y  the sum of  the c l a s s i c a l  s o l i t o n  -  a n t i s o l i t o n  p h ase  

s h i f t  ( 2 .3 2 )  and the f irs t  quantum correc t ion  g iv e n  by ( 3 . 4 2 ) .

-  95 -



REFERENCES

1. D. F in k e l s te in  and C . W .  M isner ,  Ann. P h y s . (NY) 6_, 230 (1959) .
J.K. Perring and T .H .R .  Skryme, N u c l .  Phys .  3_1_» 550 (1962) .

2 .  L . D .  Faddeev  and L.A. Takhtajan,  Theor. Math.  Phys .  2l_, 160 (1974) .

3 .  H .B .  N i e l s e n  and P. O l e s e n ,  N u c l .  Phys .  B 61 , 45 (1973) .

4 .  Y. Nambu, P h ys .  Rev.  DIO., 4262  (19 74).
A. Jev ick i  and P. S e n ja n o v ic ,  Phys .  Rev.  D 1 1, 860 (1975) .

5 .  G. t' Hooft ,  N u c l .  Phys .  B79,  276 (1974) .
A . M .  Po lyakov ,  J . E . T . P .  Lett .  6 ,  194 (1974) .

6 .  R.F .  D a s h e n ,  B. H a s s l a c h e r  and A. N e v e u ,  Phys .  Rev. D 1 0,  4114  (1974)-  
DJ_0, 4130  (19 74).

7.  J. G o lds ton e  and R. Jackiw, Ph ys .  Rev. D 1 1,  1486 (19 75).

8 .  J . - L .  Gervais  and B. Sakita ,  Phys .  Rev.  D 1 1, 2943 (1975) .

9 .  J . -L .  G e rv a is ,  A. Jev ick i  and B. Sakita,  Phys .  Rev.  D 12 . 1038 (1975).

10 .  C .  C a l lan  and D. G r o ss ,  N u c l .  Phys .  B 9 3 , 29 (1975) .

11 .  L . D .  F ad deev ,  V.E. Korepin and P .P .  Kulish, Pisma , J . E . T . P .  2_1_, 302 (1975) .

12 .  G. Branco, B. Sakita and P. S e n ja n o v ic ,  Phys .  Rev. D 1 0,  2573  (1974) .
A. Pais and R. Serber,  Phys .  Rev. 1 0 5 , 1636 (1957) .

1 3 .  E. T o m b o u l i s , Phys .  Rev. Dl_2, 1678 (1975) .
N .  Chris t  and T . D .  Lee ,  Phys .  Rev. D 12,  1606 (1975) .
M. Creutz ,  Phys .  Rev.  D 12,  3126 (1975) .

14 .  J . - L .  G e rv a is ,  A. Jev ick i  and B. Sakita ,  Proceed ings  of  the Paris Conference  
on Extended S y s te m s ,  P h y s ic s  Reports.

15 .  A. H osoya  and K. Kikkawa, N u c l .  Ph ys .  B1 0 1 , 271 (1975) .

16 .  J . - L .  Gervais  and A. Jev ick i ,  CCNY preprint HEP-7 6 /2

17.  J. -L .  Gervais  and A. Jev ick i ,  CCNY preprint H EP -7 6 /3

18 .  F.A.  Berezin ,  Theor.  Math.  P hys .  6_, 194 (1971) .

19 .  M. M izrahi,  J. Math.  Phys .  _16, 2 2 01 (1975) .

-  96 -



2 0 .  L. D .  F ad d eev ,  Theor.  Math .  P hys .  1,  3 (1969) .
S.  C o lem a n ,  19 73 Erice L ectu res ,  "Secret Symmetry".

2 1 .  G.  't Hooft  and M.  Veltman, Diagrammar, CERN Report 7 3 -9  (1973) .

2 2 .  S.  F. Edwards and Y. V. G u ly a e v ,  Proc. Roy. S o c .  (London 1A 2 7 9 ,
229 (1964 ) .

2 3 .  D .  McLaughlin  and L. S. Schulman,  J. Math.  P hys .  12_, 2520 (1971) .

2 4 .  P. A. M.  D irac ,  Canad .  J. Math.  Z_, 129 (1950) .

2 5 .  R. D a s h e n ,  B. H a s s l a c h e r  and A. N e v e u ,  P h ys .  Rev.  DjJ^, 3424 (1975) .

2 6 .  C .  C a l la n  and D .  G r o s s ,  re ference  (10).

2 7 .  R. Jackiw and G. W oo ,  P h ys .  Rev.  DJ_2, 1643 (1975) .
F. D .  F ad deev ,  V. E. Korepin and P. P. Kulish,  re feren ce  (11).

2 8 .  S.  C o lem an ,  Phys .  Rev.  Dll_,  1650 (1975) .

-  97  -


