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Chapter One

Introduction

1.1) Introduction

Many different proposals for adaptive control have been 

made in the past. However, their application, mostly based 

on analog realization, was not very successful and was 

unconvincing until the early 1970s. The development of 

cheaper and reliable digital computers has reactivated 

interest in the field of adaptive control. Because good 

results have been reported in some applications, [1, 2, 3, 

4, 5 and 30], various adaptive control algorithms have 

received much attention in the last few years.

Many results in modern control theory require a 

description of the system in terms of differential or 

difference equations. If the system haŝ  unknown parameters, 

the parameters of the system may have to be estimated.



On-line parameter estimation combined with on-line control 

leads to the indirect adaptive controller shown in Fig. l.l.

OutputInput

Parameters

Objective

System

Control Law

Parameter
Estimation

Fig.1.1 Basic structure of an adaptive controller.

From the above discussion, it can be seen that parameter 

estimation forms an integral part of adaptive control. It 

is natural to ask: does there exist an input signal that

plays a dual role, ie. on the one hand, driving the system 

toward a desired state; on the other hand, perturbing the 

system enough to allow good parameter identification? The



answer is positive, such an input is called a dual control. 

To provide a setting for the following discussion of dual 

control, some background on parameter estimation and 

adaptive control and some of dual control techniques are 

summarized below.

1.2) Previous research

■ General parameter estimation techniques, summarized in

chapter 2, include the projection algorithm and least

squares algorithm. Both algorithms are recursive. The first

one is simple but with slow convergent speed. The last one

has faster convergent speed compared with the projection

algorithm. The estimates will converge to the true

parameters for both algorithms only provided persistent

excitation. For an adaptive control system, the condition

of persistent excitation is difficult to verify.

■ Some popular adaptive control schemes are presented in

chapter two. All those schemes, eg. self tuning, model

reference [5] and pole placement adaptive controls, treat

- 3 -



the estimated parameters as if they were true ones. So 

there is no consideration to improve the parameter 

estimation for the above control schemes.

■ Some dual control schemes are discussed in chapter 5 

[18, 20 and 21]. All those dual adaptive control are 

limited to work with the least squares parameter estimation 

algorithm. Goodwin's technique [20] may cause the system 

to become unstable. No stability proof is available for 

all of the above dual control schemes.

1.3) Major contributions

The major contributions in this thesis are as follows: 

m A combined performance index (in chapter 3), with time 

varying scalars a and X, provides some flexibility to 

suit different parameter estimation schemes. And it also 

provides a compromise between control and estimation by 

properly selecting a and X.

■ The stability proof of the new designed dual control

scheme is presented in chapter 4 (for minimum phase

- 4 -



systems) and chapter 6 (for nonminimum phase systems). No 

stability proof has been presented in the literature yet. 

Especially, the dual control for nonminimum phase systems 

is also the first attempt to apply dual control for this 

class of systems in the literature.

■ The approximately ' error free' parameter estimation 

algorithm for constant unknown parameters is presented in 

chapter 7. The parameter error will approach zero after

n+m steps. This multistep parameter estimation scheme may

provide a new way for adaptive control in that the

estimated parameters will converge to the true ones in 

a finite number of steps.

1.4) Organization of the thesis

Chapter 2 is a summary of the background on parameter

estimation and adaptive control. Conditions of convergence 

of the parameter estimation algorithms are also presented 

in chapter 2.

In chapter three, a comprehensive example of dual control

- 5 -



is presented in order to demonstrate properties of dual 

control.

Following the example, a dual control approach is 

presented which is based on the minimization of a 

performance function V(k), that is a sum of a component

Vc(k) whose minimization with respect to the plant input

would result in a one-step-ahead self tuning controller,

and a component V (k) whose minimization with respect

to the plant input would result in a reduction of the a

posteriori output modeling error. The optimal control law

can be found from the solution of a high-order polynomial

equation in the unknown control u(k). Some extensions

and simulations show how dual control improves the future

behavior of the system. A stability proof for minimum phase

systems is presented in chapter four. Chapter five presents

a comprehensive comparison of the designed dual control

algorithm and other current dual control algorithms.

- 6 -



Chapter six extends this algorithm to more general cases 

by using a pole-placement technique. Thus the extended 

algorithm is applicable to nonminimum phase systems. Since 

the designed dual control law is a suboptimum control law 

(one-step optimum control) and the parameter estimation

scheme is one of the conventional schemes, the designed 

dual control algorithm still can not guarantee that the 

parameter estimates converge to the true parameters of the

system. In the last chapter, a new parameter estimation

scheme is introduced, so that the parameter estimation

error will converge to zero in a finite number of steps.

This scheme is named an 'error free' parameter estimation 

algorithm.

- 7 -



Chapter Two

Background on Adaptive Control

2.1) Introduction

A brief summary of linear adaptive control strategies

along with different parameter estimation techniques is 

presented in this chapter. A linear deterministic dynamical 

system in which parameters are unknown is considered

throughout this thesis. It can be described by the 

following simple expression:

y(k) = hT(k-l) 8 ... (2.1)

where y(k) denotes the system output at time k.

h(k-l) denotes a regression vector that is

hT(k-l) = [ y(k-l),...,y(k-n),u(k-l),...,u(k-m) ]

0 denotes an unknown parameter vector.

Based on the model (2.1), we introduce some parameter

estimation schemes which are very popularly used by control

- 8 -



engineers. Also they are useful in deriving a new adaptive 

control algorithm and in making comparison with existing 

adaptive control algorithms.

2.2) Parameter Estimation Algorithms 

■ Projection Algorithm 

The projection algorithm

h(k-l)
0(k) = 9(k-l)+   [y(k) -hT (k-l)Q(k-l) ]

hT(k-l)h(k-l)

... (2.2)

results from the following optimization problem. Given

A A0(k-l) and y(k), determine 0(k) so that

J = - M0(k) - 0(k-l)||2 ... (2.3)
2

is minimized subject to

y(k) = hT(k-l) 0(k) ... (2.4)

The proof can be found in [5],

An alternative scheme for avoiding division by zero is

given as following:

- 9 -



a h(k-l)
0(k)=0(k-l) + -----------------  [y(k)-hT(k-l)0 (k-l)]

c + hT(k-l)h(k-l)

with c £ 0 and 0 < a < 2 .  ...(2.5)

■ Least-Squares Algorithm [5, 6 and 7]

For the least-squares algorithm, the criterion

N

J - - T [ y(k) - hT(k-l)0 ]2
2 L 

k=l

... (2.6)

Ais minimized with respect to 9 to give the estimate 0(k)

AA recursive scheme for calculating 0(k) is

P(k-l)h(k-l)
0(k) =  e(K-i) + _______________________ [y (k)-hT (k-l)0(k-l) ]

1 + hT(k-l)P(k-l)h(k-l)

p (k) =  PCK-D +
P(k-l)h(k-l)hT(k-l)P(k-l)

1 + hT(k-l)P(k-l)h(k-l) ... (2.6')

where 0 (0) is given and P(0) is any positive definite 

matrix.

- 10 -



There are some different modified versions of the 

least-squares algorithm [5]. We will not introduce them 

here because of space limitations.

The least-squares algorithm generally has much faster 

convergence than the projection algorithm. Also the least- 

squares algorithm can be used essentially unaltered with 

noisy signals. The advantage of the projection algorithm is 

that it is computationally simpler than the least-squares 

algorithm.

■ Parameter Convergence

i) The projection algorithm

The projection algorithm is globally exponentially 

convergent to the true parameters provided that the 

following condition is satisfied:

for all k and some fixed j > 0, I is the identity matrix 

(see [5]).

h(k+i)hT(k+i)

£ al a > 0
i=o hT (k+i)h(k+i) ... (2.7)

1 1



An additional condition for convergence of the modified 

projection algorithm (2.5) is cso and 0<a<2.

ii) The Least-Squares Algorithm

A basic property of the least-squares algorithm [5, 30] 

is that the error function V(k), defined below, is positive

and nonincreasing, and hence converges where

V(k) = 0T(k)P-1 (k) 0(k)

e(k) = 0 - 0(k)

Also, from the matrix inversion lemma [ 4 ] we have that
k

P_1(k) = P_1 (0) + £ h(i)hT (i)
i=t ...(2.8)

It is clear that

v <k> a [^Bl P"1(k)]eT(k)§(k) ... (2.9)n in

From equation (2.9) we can see that 0(k) converges to 

zero provided that



where A , P-1 (k) is the minimum eigenvalue of P_1 (k) . From
id 1 n

(2.8), (2.10) is guaranteed by

iixn Xntn{ £ h(i-l)hT(i-l) )= « . (2.11)
k- »eo

t =  1

■ Persistent Excitation [8]

From equations (2.7) - (2.11) we can see that the

convergence conditions are closely related to conditions

on the input sequence (u(k)}. This condition, called

"persistent excitation" is defined as follows:

Definition 2.1) An input sequence (u(k)} is said to 

satisfy a persistency of excitation condition if for all k,

there exists an integer L such that

k + L

u(k+n)
u(k+n-l)

I u(k+l)

[u(k+n) .. u(k+l)] > p2I

... (2.12)

where pi , P 2> 0 and I is the identity matrix.

For deterministic systems, (1) The estimates generated by

- 13 -



the projection algorithm are exponentially convergent 

provided that the system input is persistently exciting. 

(2) The estimates generated by the least-squares algorithm 

converge provided that the system input is persistently 

exciting [8].

In addition to the algorithms discussed above, there are 

many other techniques for parameter identification. We will 

not list them here; readers who are interested in this 

subject may refer to [3-9, and 30].

2.3) Adaptive Control Algorithms

The general block diagram of an indirect adaptive control

system is shown in Fig. 1.1. A very natural approach to

the design of an adaptive control system is to combine a

particular parameter estimation technique with any

asymptotically stable or quasi-optimum control law. This

approach of using the estimates as if they were the true

parameters for the purpose of design is called certainty

equivalence adaptive or self-tuning control. The simplest

- 14 -



conceptual scheme is when the system is parameterized in a 

natural way and the design calculations are carried out 

based on the estimated system model. This class of

algorithms is commonly called indirect since the evaluation 

of the control law is indirectly achieved via the system 

model. It is possible to parameterize the system directly 

in terms of the control law parameters. This class of 

algorithms is commonly called direct since the control law 

is directly estimated.

Three schemes for adaptive control —  model reference 

control, self-tuning adaptive control and pole-placement 

adaptive control—  are described briefly in this section.

■ Self-Tuning Control

Instead of discussing general self-tuning control, we use 

a particular case (one-step-ahead control) to illustrate 

the self-tuning control. As we mentioned before, we shall 

assume that the system is described by a deterministic

- 15 -



autoregressive moving average [DAKMA] model of the form

Y(k) = A'(q_1) y(k-l) + B'(q_1) u(k-l) ... (2.13)

where A' (q-1) and B' (q-1) are given by 

A'(q_1) - ai + a2q-1+ ... +

B'(q_1) = b + b q~1 + ... + b q"m+1? b * 0
1 2  CD 1

q-1 is the delay operator.

We are given a desired output sequence (y*(k)) and our 

objective is to design an adaptive control law to achieve 

closed loop stability and to asymptotically achieve zero 

tracking error, that is

lim [ y(k) - y*(k) ]z = 0
k-»a>

The time-varying feedback control law is calculated from 

minimizing the prediction error, ie.

V(k) = [ y(k) - y*(k) ]2 ... (2.14)

is minimized with respect to u(k-l) and yields 

l
u(k-i) = - — [a y(k-l) + ... + a y(k-n) + b u(k-2) +

b  1 n 2
i

- 16 -



+ ... + b u (k-m) - y*(k) ] ... (2.15)
IQ

The modified projection algorithm (2.5) is used for 

parameter estimation. Goodwin [5] established the global 

convergence result for this one-step-ahead algorithm using 

the projection estimator, under assumptions i) Upper bounds 

for the orders of the polynomials in (2.13) are known; ii) 

All modes of the inverse of the model (2.13) ( i.e., the

zeros of the polynomial B'tq1)) lie inside or on the

closed unit circle.

The general self-tuning control was studied by several 

authors [2, 10-12]. In this chapter, we will not discuss it 

further.

■ Model Reference Adaptive Control

A block diagram of model reference adaptive control is

shown in Fig. 2.1. The model reference adaptive control was

developed by different authors [13-16 and 25]. Consider the

SISO discrete system described by (2.13).

- 17 -



r(k) y*(k)

e(k)Regulator
parameters

Model

Regulator Plant

Adj ustment 
mechanism

Y(k)

Fig. 2.1 Block diagram of model reference adaptive control

The desired output y*(k) satisfies the following 

reference model:

E(q-1) y*(k) = q_1H(q-1) r(k) ... (2.16)

where E(q~l) = e+ e a_1+ ... + e q-Jo 1 j

H(q“l) = hQ + hiq"1+ ... + hjq”J
... (2.17)

and E(q~ ) is assumed stable. The system (2.13) can be

- 18 -



expressed in predictor form [since the objective was 

y(k+1)=y*(k+1)]

E(q_1)y(k+1) - a(q~x)y(k) + 0(q~x)u(k) ... (2.18)

where
a(q“x) = G(q~x) = q“xH(q~x)/E(q"x)

/3(q_1) = Ftq'^Bfq'1)

and F(q_1) and G(q_1) are the unique polynomials, 

satisfying

E(q"1) = F(q~X) [l-A(q_X) ] + q"1 G(q_1) ... (2.19)

Based on the result above [in particular, (2.18)] it is 

clear that the design objective can be obtained by setting 

u(k) according to

<x(q-1) Y(k) + f3(q_1)u(k) = H(q_1)r(k) ... (2.20)

The feedback control law (2.20) depends on the knowledge 

of the system parameters. When this knowledge is

unavailable a priori, any adaptive control algorithm can 

be employed, for example, one - step - ahead adaptive



controller (see [5]).

Global convergence of the above model reference adaptive 

control by using projection estimation algorithm can be 

obtained in the same way as for a one-step-ahead controller 

with an additional constraint on parameter estimation, ie. 

to ensure that the estimate l/bi * 0 [5].

■ Pole-placement Adaptive Control:

Another adaptive control scheme: pole-placement adaptive 

control, which may be used for nonminimum phase systems 

[25] is discussed briefly in this section. For simplicity 

we still use the SISO DARMA (2.1) model to discuss the pole 

placement adaptive control algorithm. Consider a controlled

system in the following form

A(q_1)Y(k) - B(q-1)u(k) = q-1B' (q"1)u(k)
... (2.21)

where A(q-1) = l-q-1A'(q~l)

and A7 (q-1) and B'(q-1) are defined in (2.13).

The following assumptions were used to derive the

- 20 -



pole-placement algorithm [5]:

1) The order of the system (2.21) n is known.

2) A(q_1) and B(q-1) are relative prime (but having 

unknown coefficients).

The assumption 2) is to ensure that there exists unique

solution of polynomials P(q-1) and Q ( q l) such that

P(q_1)B' (q"1)+Q(q"1)A(q"1)=A* ... (2.22)

where A* is an arbitrary stable polynomial of order 2n-l.

The proof can be found in [5].

The implication of the above equation is that the input

u(k-l) may be generated by the following control law

Q ( q ”1) u(k-l) = P(q_1) [y(k)-y*(k)] ... (2.23)

where y* is an arbitrary but bounded reference signal and

the resulting closed-loop system has the characteristic

polynomial A*. Unfortunately, to calculate u(k-l) from

(2.23) the system parameters must be known. In order to

implement, a parameter estimation algorithm has to be used
-  21  -



each step. That leads to an adaptive pole placement 

control.

Adaptive pole placement controller:

The projection parameter estimation is described by (2.5)

Aand 6 has the following form:

A A A A A0(k) = [a , ... ,a , b , ... ,b ] ... (2.24)1 n 1 n

A AA and B are the polynomials with the estimated parameters. 

The input u(k-l) is then determined by solving the pole 

placement equation at each time instant

P(q-1) B(q-1)+Q(q_1) A(q-1) = A* ... (2.25)

A Aand then P and Q are used to calculate the following 

control law:

Q(q_1)u(k-1) = P(q”1) [h(k-l)T©(k-l)-y*] ... (2.26)

The solvability of the pole placement equation (2.25) is

A Aa key problem. Difficulties arise when A and B may not be

relative prime at some time instant. However, stable

pole-zero cancellation
- 22 -



does not present a problem since one can simply include the 

common roots in the closed loop polynomial, A*. The 

possibility of an unstable pole-zero cancellation must be 

avoided. If the system parameters are known sufficiently 

so that the initial estimation lies in a convex region in

parameter space surrounding 8 such that, within this

A Aregion, A and B are relative prime, the estimated

A Aparameters A and B can be ensured that they will remain

inside the region as k>0. Another way of avoiding having 

such difficulty is shown in [27].

The pole-placement adaptive control algorithm has the 

following properties:

1. (u(k)} and {y(k)} are bounded

2. The closed-loop characteristic polynomial tends to A* 

in the sense that

lim [A*y(k)-P(q~1)B(q"1)y*] = 0  ... (2.27)
k  -*co

The proof can be found in [5].
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2.4) Applications

There have been a number of applications of adaptive 

control since the mid-fifties. Experiments with adaptive 

flight control system were done early in 1960. Industrial 

experiments with self-tuners were performed in 1972. Full 

scale experiments with adaptive autopilots for ship 

steering were made in 1977. Some process control loops have 

been running continuously since 1974. It is, however, only 

in the eighties that the adaptive techniques are starting 

to have real impact on industry. There are several 

commercial autopilots for ship steering, and motor drives 

and adaptive systems for industrial robots [5 and 30]. A 

rough estimate indicates that according to [30] in May of 

1988 there were at least 50,000 loops where adaptive 

techniques are used [30].

Adaptive techniques are, however, not widely used.

This means that the technology is still not mature nor is

cost-effective. One reason is that simple robust methods
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for automatic tuning have not become available.

2.5) Summary

Before ending this section we have to emphasize the 

advantages of the adaptive control schemes mentioned above 

in particular, the one-step-ahead self-tuning regulator, 

are: i) These controls can achieve a good output tracking

for some linear systems. ii) Analytic convergence and 

stability proof is available. iii) With the weighted 

one-step-ahead control, a compromise is made between

loutput tracking and the size'Of the control effort. iv) 

The pole - placement control can be applied to nonminimum 

phase systems.
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Chapter three

DUAL ADAPTIVE CONTROL

3.1) Introduction

In a control problem concerning an unknown process, the

input signal plays two conflicting roles. On the one hand

it drives the system toward some desired state (regulation);

on the other hand, it must perturb the system enough to

allow good parameter identification (learning). Feldbaum

[17] was one of the first to point out this dual nature of

the control. It is often the case that the two roles of the

control signal are conflicting and thus the controller must

achieve an optimal compromise between learning (which may

require large perturbation) and regulation (which may only

need a relatively small signal).

Since dual control takes account of control and

identification at the same time, the approach has the

- 26 -



potential to improve the control system performance over 

regular certainty equivalence adaptive controls. For 

example, a self-tuning control law, which is a certainty 

equivalence control, treats the estimated parameters as if 

they were the true values, even though the estimated 

parameters may be completely different from the true 

values. Secondly, certainty equivalence control ignores the 

caution and learning aspects of the optimal controller. 

Thus some unexpected phenomena, for example, control "turn 

off", may occur during the adaptive control operation. Dual 

control may give a better trade-off between control and 

estimation.

Since the work of Feldbaum, many research efforts

have been dedicated to the dual control problem.

There are two classes of dual control suggested in the

literature. In the first class, the dynamic programming

equations are formulated [ 23 ] and the analysis results in

a very complicated and intractable computational problem.
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However obtaining a useful numerical result in the 

available computational time is usually beyond our 

capability. In the second class, the optimization problem 

is reformulated to include an explicit penalty for the 

identification error of the controller. In this case, the 

compromise between estimation and control is enforced by a 

reformulated optimization problem. The various formulations 

of this second approach include the following: Wittenmark

[18] considers a one - step - ahead control objective, 

appending a term which is a function of the covariance of 

the parameter error vector. Belanger [19] also uses a 

one-step-ahead control subject to a constraint imposed on 

the trace of the covariance matrix of the parameter error 

vector. Goodwin [20] considers the ratio of the 

determinants of the parameter error covariance at two 

consecutive instants. Padilla [21] introduces an innovation 

variance to the control performance to compromise between 

control and estimation.
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The second class of dual control is considered to be 

suboptimal because the optimum control is obtained for one

step only. The suboptimal solutions are much easier to

calculate and to implement than those based on dynamic 

programming.

In the following section, a demonstration of a dual 

adaptive control and a comparison with a self-tuning 

regulator (certainty equivalence adaptive control) will be 

presented.

Section 3.3) will introduce a new combined performance 

index based in part on minimizing the ratio of the system's 

a posteriori output error to the system's a priori output 

error (see section 3.3). The optimal control law can be 

found from the solution to a fifth order polynomial 

equation in the unknown control u(k). This leads to a 

numerical root-searching problem. Another way to build up a 

dual-role performance index is to maximize a scalar

function of the correction gain of the parameter estimation
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vector. These two formulations are quite similar. In 

section 3.4) some modifications are made based on these 

two formulations in order to i) fit some other parameter 

estimation algorithms; ii) simplify the calculations 

required in control law implementation.

Sections 3.4) and 3.5) present some analysis and

simulations to show how these formulations work and how

they improve the future behavior of the system. Simulation 

results compare the performance of the new dual-adaptive 

system with other control algorithms.

In order to show that dual control results in better 

performance than a regular self-tuning regulator, the

following section uses a comprehensive example to

demonstrate the properties of dual control stated above.

3.2) Comparison of Self-tuning Control and Dual Control 

As an example of dual control, let's consider an 

adaptive control system with a diagram as follows
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Plant

Control Model

Algorithm

Fig. 3.1 The block diagram of a dual control system.

Let's assume that the model has the same dimension as 

the plant. Though this assumption is not satisfied in 

practice, it is a common one and it provides a starting 

point for a more realistic formulation. The plant has 

unknown parameters and the model's parameters are updated 

by a parameter identification algorithm. In order to build 

up a dual control law, a combined performance index is 

considered, ie.
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V(k) = XV_(k) + (l-A)V (k) + a[u (k-l)2C 1 p

+ u (k-l)2 ] ... (3.1)
IQ

where V(k) is the overall performance index;

V (k) is the identification performance;

Vc(k) is the control performance; 

up(k-l) is the plant input at time k-l; 

u (k-l) is the model input at time k-l;m

A is the weighting scalar, 0 s a a l.

The weighting scalar A in eqn. (3.1) can be varying with

time. It is natural to set A=0, at the beginning of the

adaptive control operation. This means that at the

beginning, without any knowledge of the parameters of the

system, the input will be used for parameter

identification.

Consider that a plant and its model are both described

by a SISO difference equations: for the plant,
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y (k)-a y (k-l)+..,+a y (k-n)+b u (k-l)+...+b u (k-m)
p l  P n p  1 P r a p

... (3.2)

The model is of the form of

y (k)=a v (k-l)+...+a y (k-n)+b u (k-l)+...+b u (k-m)m I n  n n Ion m ro

... (3.3)

Using equation (3.1) we construct a performance criterion 

for dual control. Let

V (k)= y (k)2 + y (k)2C p ID

and
V(k)= [y(k)-y (k)]2i p m

The overall performance index is

V(k)= A[y (k)2 + y (k)2] +(1-A) [y(k)-y (k)]2+p m  p m

a[u (k-l)2+ u (k-l)2] ... (3.4)p m

Weighting scalar a is used to impose a penalty on the 

magnitude of the input.

Take the derivatives of (3.4) with respect to u (k-l)

and u (k-l) and set them equal to zero to yield
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f-bCTz (oc+b2(l+(l-X) 2) )+b CTz (2(l-X)b2+(l-X)oO]1 p 1 I n  1
A2,(up (k-U 1

[u (k-l)J

,T , . ,£2 
Z P

* A.T_ , .. 2-b C ,ZB (oc+b, (1+(1—X) ) )+b C z (2 (1-X)b“+ (1-X) a)l1 tt 1 1 p 1

a + Xb‘b‘ + a(b‘ +b“)

where
[■= [h ,•••ia *b ,..•,b ]l n 2 ra

(3.5)

A *r AC = [a^.

z (k) =[y (k),...,y (k-n+1),u (k-l),..., u (k-m+1)] p p p p p

z (k) = [Y_ (k) ,... ,y (k-n+l) ,u (k-l) ,... ,u (k-m+1) ]in in si m m

Because the control law includes the true unknown parameters

of the system, the estimated parameters should be used in

implementing (3.5), ie,

u (k-l)’P

u (k-l)v m ' * *

- b CT [z (cc+b. (l+(l-X)2)-z (2(1-X)b+(1-X)a) ]1 p 1 m 1

-bCT[z (a+b (1+ (1-X)2) -z (2 (1-X) b + (1-X) a) ]1 m l p 1

2 A 2 Ala + 2ab2 + Xb*
... (3.6)

The well-known self-tuning regulator results from

minimizing the performance index [1]
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V(k) - y(k)2 + auc(k-l)2

and is given by

A A jb c  z(k-i)
uc(k-l)  ---------------------------... (3.7)

a2a + b*

Awhere y(k) is the predicted output at time k-l, ie. 

y(k) = h(k-l)T0(k-1)

z (k—1)T = [y(k-l),... ,y(k-n) ,uc(k-2) , ... ,uc(k-m) ] 

hT(k-l) = [y(k-l),... ,y(k-n) ,uc(k-l) ,... ,uc(k-m) ] and

eT(k-l) = [a . ...,a ,b ....,b ] at time k-l.1 n 1 A

The following numerical studies apply (3.6) and (3.7) to 

a system

y (k)= 1.9662y (k-l)-l.0348y (k-2)+0.271[u (k-l)- p p p p

up(k-2)]
... (3.8)

which was used by Johnson and his co-workers [24] for 

aircraft wing/store flutter control. The least-squares 

parameter estimation is used for both controllers, and with
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the same initial conditions: 9 (0) = [0.0, 0.0, 0.1, 0.0].

P(0)=diag(10,000), a large diagonal matrix to improve the

convergence speed of parameter estimation, a- 0.1 for this 

computer simulation. The simulation of the system response 

resulting from the dual control algorithm follows the flow 

chart Fig. 3.2. Fig. 3.2 includes the following logical 

steps:

Ai) Initialization: z(0), 9(0) and naturally setting X=0

because at the beginning we have no knowledge of the 

parameters, parameter estimation is the most important 

objective;

ii) Input signal calculations based on equation (3.6);

iii) Apply the inputs to the plant and the model, and 

measure their outputs;

iv) If [y (k)-y (k)]2 < e or y (k)2 > 20, then set A=i,
p m  p

otherwise set X - 0;

v) Parameter estimation, obtain new estimated parameters
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of the model;

vi) k increases by 1;

Avii) Calculate the predicted output y p ( k )  f o r  some

computer runs ( y (k) = hT(k-1) S(k-l) ), see Fig. 3.2.;p

viii) If y (k)2 < 6 , end the process, otherwise return
p

to step ii).

Step iv) is called on-line test, e was 10"7 and S was

10~7 in these computer runs. Different on-line tests were 

selected in the computer simulation for switching between

control and identification. They were [y (k)-y (k)]2<10 7p n

and II [ 0(k)-0(k-l)] ll2<10~7. Figs. 3.3 and 3.4 show the

Aresponse with corresponding value of 0. Fig. 3.5 shows a

comparison between dual control and the self-tuning 

regulator. In the first 10 steps the transient response of 

dual control is larger than that of the self-tuning 

regulator, but the total cost is less than that of the



self-tuning regulator. This simulation shows that the dual 

controller may sacrifice some performance at the beginning 

steps in order to reduce the parameter uncertainty for 

remaining steps.

In summary, the simple example above serves to illustrate 

a number of ideas:

1. When the parameter estimates have large uncertainty 

the dual control law emphasizes the goal of parameter 

identification, so as to improve the parameter estimation 

first. The self-tuning controller, a sort of certainty 

equivalence control, treats the updating parameters as if 

they were true ones, and does not select the input to 

improve parameter identification.

2. From the above example, we see that at the beginning 

of the control interval the dual control loses some 

regulator performance, but it gains some parameter 

accuracy.

3. From a long term consideration, the dual control
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system is a better regulator than is the self-tuning 

control system.

4. Self-tuning control is used by many control engineers, 

because it is thought to be simpler to implement than is 

dual control.
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end

in-line test

k+1

and

for control

Initialization

for identification

parameter
estimation

Fig. 3.2 Flow chart of the simulation of dual control, the 
system is described by (3.8) and the control law is 
(3.6).
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498. 3ss

5
• n

200

1

20o

A=1 for control; A=0 for identification.

Fig. 3.3 Comparison of the plant output and model output 
of the dual adaptive control, by using the on-line
test, jy (k)-y (k)|2<10 7 to turn on control. 

p p
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471.5ss1

40

4020

A=1 for control; A=0 for identification.

Fig. 3.4 Comparison of the plant output and the model 
output of the dual adaptive control, by using
II 0(k+i)-0(k) 112< 10 7 to turn on control.
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y

1 0 -

■1

l>
0

Fig. 3.5 The comparison between the dual control 
and self-tuning regulator used by Johnson and 
his co-workers, the solid line represents the 
dual control and dot line stands for the STR 
(deterministic).
Accumulated performance index ( £ yp (Jc)2 )

dual control: 471.5
self-tuning regulator: 758.1
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3.3) A New Developed Dual Control Algorithm

The above section discussed some advantages of dual 

control over certainty equivalence control. In this section 

a single-input, single-output DARMA system is considered. 

It is desired to design a controller that minimizes the 

deviation of the output of the system from a given 

reference sequence. The dual role of the input may be 

exploited by minimizing a performance index which has a 

term related to the parameter error. It is clear that the 

dual role has only a transient significance, if the 

parameter estimation process converges.

The system is described by

A ( q'1) y(k) = B ( q"1) u(k)
... (3.9)

where y and u denote the output and the input respectively,

and A(q-1) and B(q-1) are scalar polynomials in the delay 

operator q”1
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A ( q"1) = 1 - a ^ " 1 - ... - a^q'" 

and B ( q-1) = b a"1 + ... + b q~m1 ID

It is assumed that the coefficients of A and B polynomials 

are unknown and that only the input sequence (u(k)} and 

output sequence (y(k)} are directly available up to time k.

If polynomials A and B were known, the control input signal

could be calculated from the system (3.9) directly by 

setting output y(k) equal to the reference sequence y*(k),

1
u(k-l) = - [ a  y(k-l) + ... + a y(k-n) + b u(k-2)bi 1 2

+ ... + b u(k-m) - y*(k) ] ... (3.10)ID

The control law (3.10) is called a one-step-ahead control

law. Define the following vectors:

zT(k-l) = [ y(k-l), —  ,y(k-n),u(k-2), ... ,u(k-m) ]

TC — [ a , ... ,a ,b , ... ,b ]1 n 2 id

hT(k-l) = [ y(k-l), ... ,y(k-n),u(k-l), ... ,u(k-m) ]
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9 T [ a1

where the regression vector z(k-l) is a measurable vector 

at time k-1 before the control input u(k-l) is calculated 

and the regression vector h(k-l) is a measurable vector at 

time k-1 after u(k-l) is calculated. In vector notation, 

the open loop system is described by

and the control (3.10) is given as 

1
u°(k-1)  -- [ CT z(k-l) - y*(k) ] ... (3.12)

bi

The projection estimator [5] is used throughout this 

section, ie.

1 + hT(k-1)h(k-l)

... (3.13)

The reason that the projection algorithm is selected, is

that it is simple and converges if input signals are
- 46 -

y (k) = hT (k-1) 9 ... (3.11)

h(k-l) [ y(k)-hT(k-1)0 (k-1)]
e(k) =  S(K-f) +



persistently exciting, see (2.7).

The performance index V(k) to be used comprises a sum of 

three terms,

V(k) = Vc(k) + XVt(k) + au(k-l)2

... (3.14)

where vc(k) = (y(k)-y*(k)]2

= biu(k-l)2 + 2bt[CTz(k-l)-y*(k)]u(k-l)

+ [CTz(k-1)-y*(k)]2 ... (3.15)

V 4(k) = [1 + hT (k-l)h(k-l) ]-1

= [u(k-l) 2+zT (k-1) z (k-1) +1]_1 ... (3.16)

The first term on the right hand of (3.14) represents the 

desire of the controller to drive the system towards the 

reference y*. The second term provides a penalty on 

parameter estimation error. The last term of (3.14) is an 

input constraint since the input signal may be very large 

without it.

How does the second term of (3.14) relate to parameter
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accuracy? Let's start from the eqn. (3.13). Premultiply 

both sides of equation (3.13) by vector hT(k-l). Rearrange 

the result to yield

hT(k-l)h(k-l)[y(k)-hT(k-l)e(k-l)]
hT (k-1) 9 (k) =hT (k-1) 6 (k-1) +----------------------------- —

l+hT(k-l)h(k-l)

Define the a priori output error:

e(k) = y(k) - h T(k-l) 0(k-l) ... (3.17)

and the a posteriori output error:

7)(k) = y(k) - hT(k-l) S(k) ... (3.18)

Then we have the following

hT(k-l)h(k-l)e(k)
V (k) = e(k) ---------------------

1 + hT(k-l)h(k-l) ... (3.19)

From the point of view of parameter identification, it is

natural to select the input u(k-l) to try to minimize a

measure of the a posteriori output error tj(k) at time k.

From (3.19) the ratio of the a posteriori output error and
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the a priori output error e(k), is

1
7?(k)/e(k) = -------------------

1 + hT(k-l)h(k-l) ... (3.20)

Hence an input that enhances parameter identification is 

one that minimizes (3.20).

In general, to minimize (3.14) with respect to u(k-l)

needs numerical calculation. Using root locus technique may

help to find the optimal input signal for minimizing

(3.14). Here a graphical technique is introduced (the

details are given on pages 66-68). And it will give us the 

upper bound and lower bound on u(k-l). The boundedness of 

u(k-l) is needed for the proof of system output convergence 

and system stability.

Take the derivative (3.14) with respect to u(k-l) and 

equate to zero to yield

[bi2+a]u(k-l)+ bt[CTz(k-l)-y*(k-l)] -

Xu(k-l)
    =  0

[1 + hT(k-l)h(k-l)]2 ... (3.21)
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which is the same as

[b2+a]u(k-l)s+bi[CTz(k-l)-y*(k)]u(k-l)4+2[b2+a]M

u(k-l) 3+2bi [CTz (k-1) -y* (k) ]Mu(k-X) 2+[M2 (b2+a)

u(k-l)+M2bi[CTz(k-l)-y*(k)]=0 ... (3.22)

where M=*zT (k-1) z (k-1) +1

Equation (3.22) involves a fifth order polynomial in

u(k-l). The numerical solution to (3.22) can be found

through on-line calculation using the diagram of Fig. 3.6

to find the optimal control input. The function F in

Fig. 3.6 is the fifth order polynomial of (3.22). Fig. 3.6

is a flow chart for finding the root of (3.22) by knowing

the upper and the lower bound of u(k-l). In this figure

'Right' represents the lower bound and 'Left' represents

the upper bound of u(k-l). And u(k-l) lies between the

interval ('Intvl') of 'Left' and 'Right'. The method

continually divides in half the interval until the interval

is less than the value of the convergence criterion. Given

the left and right ends of the interval, comparing the
- 50 -



signs of F(Right), F(Left) and F(Mid), we can decide 

whether u(k-l) is located close to the right or left end. 

We accordingly cut the original interval in half by moving 

the right end (if the sign of F(Mid) is the same as the 

sign of F(Right)) of the interval to the midpoint. Then the 

new interval is between the old midpoint and left end. Now 

we repeat the process, until the width of the interval is 

less than the convergence criterion.
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Mid-Right
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Right

Le-ft

calculate

u — Sign (ueV# )u:'|

1id-= (Right+Le-f t )

Intvl=Ri ght-Le-f t

calculate

Fig. 3.6 The flow chart of root locus searching algorithm
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3.4) Extensions of the New Developed Dual Control Algorithm 

The discussion of the new developed dual control law in 

section 3.3) was limited to the special case of projection 

estimation algorithm (3.13) only. The projection algorithm 

is simple but it is poor in the sense of parameter accuracy 

and convergence speed. Also the dual control law [(3.13),

(3.14), (3.20) and (3.22)] can also be simplified in order

to obtain a performance index which is a quadratic function 

of u(k-l). Hence some modifications and extensions are 

easily made based on the above considerations,

a) Taylor expansion

Using Taylor expansion on (3.20) at u(k-l)=u,, see (3.7), 

we have

1
_______________ » D  +2E[u(k-l)-uc ] + F[u(k-l)-uc]2
l+hT(k-l)h(k-l)

wwhere



E
2 [ 1+h (k-1) h (k-1) ] u(k-l)=u

F

2[l+hT (k-1)h(k-1)] u(k-l)=uc ... (3.23)

where * means first derivative and * * means second

derivative. Then the total performance is approximately,

V (k) » [b‘+a+F]u(k-l) +2[b,(C z(k-l)-y*)+E-Fu 1u(k-l)+ X I  c

[CTz(k-1)-y*]2+D
... (3.24)

Equation (3.24) is a quadratic function of u(k-l). An 

approximate dual control law can be easily calculated by

taking the derivative of (3.24) with respect to u(k-l)

bx[C z(k-l)-y*]+E-Fu(
u(k-l) = -

bx + a + F
... (3.25)

(3.25) is quite similar to the weighted one-step-ahead
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controller (3.7), and is also similar to the one in [20 and 

21]. The difference between them will be discussed in the 

next chapter. Its advantage, obviously, is that it is easy 

to calculate and to implement. But the disadvantages may 

be as follows: i) (3.24) is only true as u(k-l) approaches

uc (3.7), ii) adding term E to the first-order term of

u(k-l) may increase the tracking error, and iii) the 

negative value of F may cause u(k-l) to become very large. 

Hence some special care should be added to the use of this 

formula.

b) Minmax principle

Instead of using optimization on (3.14), a minmax

principle was introduced by Thau [22]. The minmax principle

applied to adaptive control is based on making the best

( optimal ) decision out of the worst ( pessimistic )

conditions. In other words, the cost function is minimized

with respect to input signal under the worst condition.

Rewrite eqn. (3.14) into the form of
- 55 -



V(k) - \Vc(k) + (l-AJVjfk) ... (3.26)

where V is the same as in (3.14) but au(k-l)2 is included

in V(. Rewrite equation (3.26) as

v(k) = A [Vc(k)-Vt(k)] + V t(k) ... (3.27)

Note that the right side of (3.27) is a linear function of

A and is also a function of u(k-l). Maximizing (3.27) with

respect to A yields

A - 1 for Vc(k)-Vi(k) > 0

A = 0 for vc(k)-v (k) < 0

A = * (doesn't care) for Vc(k)-V (k)=0 ... (3.28)

To decide whether A is equal to 1, equal to 0, or *, one 

needs to know the value of Vc(k)-V (k) . In order to find

the input signal, a graphical method may be introduced.
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u

0

Pig. 3.7a Fig. 3.7b

Fig. 3.7a is the case of V (k)-Vt(k) > 0, uc is the best 

choice; Fig. 3.7b is the case of Vc(k)-V (k)=0, u(k-l) is

selected from the two intersections of Vc(k) and V (k). The

one which is further from the origin is the best choice.

From the above graphics we can decide the u(k-l) for 

cases of Vc(k)-V (k)>0 and Vc(k)-Vi (k)=0. And also we can

conclude that the case of unconditional Vc(k)-V (k)<0 never

occurs. From the above graph we can see that a) using the

minmax principle, the control law is finite; b) to find the

control law numerically the root finding method has to be
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used, ie, to solve the equation

Vc(k) - Vi(k) ... (3.29)

by using Fig. 3.6.

Equation (3.25) and the minmax principle leading to 

(3.27) are two different modifications to find the control 

law using performance (3.14). The following two extensions 

can be made as parameter identifier changes,

c) General projection estimation algorithm

The general projection algorithm has the following form

ch(k-l)e(k)
©(k) = ©(k-l) + ---------------- “  ... (3.30)

a + hT(k-l)h(k-l)

The best choice of a and c is a=0 and c=l in the sense 

of minimizing the parameter error. If a=0 and c=l, the

algorithm is the same as that specified by the following

problem: given ©(k-1) and y(k), determine 9(k) so that

1
J - - ll 0(k)- ©(k-l) II2 ... (3.31)

2
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is minimized subject to 7j(k)=0. See [5]. Because of the 

constraint Tj(k)=0, the dual control algorithm based on 

(3.30) is independent of the selection of u(k-l) so as to 

minimize the ratio of the a posteriori output and the a 

priori output.

If l<c<2, the ratio of the a posteriori output error 

to the a priori output error may be negative for some 

value of u(k-l). For the general projection algorithm, in 

order to guarantee the convergence of the algorithm, a £ 0 

and 0 < c £ 1 is suggested,

d) The Least-squares estimation algorithm

It is the well known that the least-squares algorithm has 

the form of eqn. (2.6). As in the derivation above, we use 

the ratio of the a posteriori output to the a priori output 

as the criterion of parameter identification. V (k) then

has the following form
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1
Vj(k) = ______________________ ... (3.32)

1 + hT(k-1)P(k-1)h(k-1)

With the least-squares algorithm, a comparison can be made

between dual control and the self-tuning control.

e) A modified dual control

In general, any parameter estimation scheme has the

following common structure:

0(k) = ©(k-l) + K(k)[y(k)-hT(k-1) ©(k-1)]
... (3.33)

Comparing (3.33) with algorithm (3.13) yields

h(k-l)
K(k) = ---------------

l+hT(k-1)h(k-l) ... (3.34)

K in (3.34) is called the correction gain of the parameter

identifier (3.13). If it is zero for some k then parameter

estimates are not updated at that time and if K is zero for

all k then the estimated parameters may converge to

constant values which may not be the true parameters. For

good parameter identification, this term should be
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relatively "large" so that the estimates of (3.13) may 

approach the true value as soon as possible. To maximize 

the square of the norm of (3.34) is equivalent to 

minimizing its reciprocal

[l+hT(k-l)h(k-l) ]
llK (k) ll "2 =----------------------

hT(k-l)h(k-l)

This equivalent to minimizing

X
V (k)=AIIK(k) II-2 = -------------- +X(M+1) +Xu(k-1)2

hT(k-l)h(k-l) ... (3.35)

where M is equal to zT(k-1)z(k-1)+1 (vector z is defined 

in (3.10)).

The first term of (3.35) is similar to (3.20), the second

term is a constant which does not affect the minimization,

the third term is nothing but a penalty on the input

signal. It indicates that the input signal can not be too

big nor too small because the first term (3.35) makes the

input signal large and the third term of (3.35) is the
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penalty on the input.

Hence the dual control strategy used in the simulations 

of the next section are based on the above performance 

indices (3.14, 3.32 and 3.35) and identification

algorithms.

3.5) Numerical Simulations

Some simulation examples will now be shown to illustrate

the properties of some of the dual control algorithms

discussed above. The simulations also show the transient

response of different algorithms which are difficult to

investigate by analysis [2].

The system to be controlled is given by

y(k)=aiy(k-l)+a2y(k-2)+biu(k-l)+bau(k-2)
... (3.37)

where the numerical values of the parameters are

at= 2.0, a2= -1.0, bj = 1.0 and b2=1.0.

The system has two poles pi=p2=l, one zero z=-l. This

system is the discrete version of double integral system,

which is not invertibly stable.
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The performance criteria considered for the simulation are 

as follows

V(k) = Vc(k) + XV^k) + au2(k-l) ... (3.38)

the control performance

Vc(k) = [ y  (k)- y * (k)]2 ... (3.39)

the trajectory y*(k)

y*(k) = (—1)n where n=Int(k/50) ... (3.40)

Function Int(.) represents the integer portion of (.). V ^ s

are selected from equations (3.16), (3.32) and (3.35).

The numerical solutions for control laws that minimize

(3.38) can be found by using the root finding algorithm

Fig. 3.6. There are two weighting scalars a and X in these

performance indices. All simulations are made for X*l, and 

some simulations are made by changing a, ie. a=0.1, 0.01

or 0.001 in order to compare its effects. All initial 

conditions are the same for each run, ie. y(0)=0. 

0(0)T= (0.1, 0.1, 0.1, 0.1). Some simulations are made for
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comparisons with the self-tuning regulator, ie.

bt[CTz(k-l)-y*(k)]
ug(k-l) = --------------------------

bt2 + a ... (3.41)

Awhere vectors C and z(k-l) are defined as the same as 

before.

Fig. 3.8 and Fig. 3.9 show the comparisons between the

system responses of dual control based on (3.22) and 

self-tuning control (3.41). Both figures contain two 

curves: one is the response for self-tuning control, the

other one is the response for the dual control. Fig. 3.8 

is for a=0.1 and Fig. 3.9 is for a=0.01. Fig. 3.10 and 

Fig. 3.11 show the estimated parameters. Fig. 3.10 shows 

the estimated parameters with different control laws, one 

is for self-tuning control (3.41) and another one is for 

the dual control based on (3.16) with a=0.1 and 4=1. There

are three curves in Fig 3.11 which show the estimated
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parameters for system (3.37) by using the dual control 

based on (3.16) with a=0.1, 0.01 and 0.001. Fig. 3.12

shows the comparison of the system responses by using 

different control laws, the dotted line is for self-tuning 

control (3.41), the solid line is for dual control based on 

equation (3.35) with a=0.1 and X=l. Fig. 3.13 is the 

response of the dual control which is based on equation 

(3.32) with a=0.1, 1=1 and P(0) is a diagonal matrix with

all entries 10.

From the above graphs we can conclude:

a) From the graphs of the estimated parameters, Fig. 3.10, 

dual control can obtain better results than certainty 

equivalence control by selecting suitable values of a and

X.

b) Transient response changes as a does. The suitable 

value of the weighting scalars a and X may improve either 

parameter estimation or transient response.

c) From parameter accuracy and convergence speed point of
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view the least-square algorithm works better than the 

projection algorithm (see Fig.3.11). But the projection 

algorithm is simple and some modification of it, for 

example (3.24), is easier to implement.

d) Input signals of dual control are always bounded, that 

is a need of parameter convergence and system stability.
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the weighted one- 
step-ahead control

dual control

100

system is described by 
Eqn. (3.37)

Fig.3.8 A comparison of the system output between 
dual control and the weighted one-step-ahead 
control with the same energy constraint (eqn. 
3.22).
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y(k)

ys: weighted one-step-ahead self 
tuning adaptive control

y<j: designed dual adaptive control

1QQ k

0 . 0 1

Fig. 3.9 Comparison of system responses for different 
control laws with the projection parameter 
estimation algorithm.
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Fig. 3.10 Comparison of the estimated parameter for 
different adaptive control laws.
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OCaO. 1 
« = 0.01 
CX =0 .001

■Jlr

Fig. 3.11 A comparison of the estimated parameters 
for the system (3.37) and the dual control law 
based on (3.16) with different a's.
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Jl
Ys: weighted one-step-ahead self 

tuning adaptive control
y^; designed dual adaptive control

TUTT

- 5 ,

Fig. 3.12 The comparison of the modified dual control 
and weighted one-step-ahead control with same 
input energy constraint (eqn. 3.35).
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y ( k ) p(0):

<* : 0 . 1
A. : 1.0
system: Eqn. (3.37)

V rHjv-

50 100

- 2

Fig. 3.13 System output of dual control with least- 
squares estimation algorithm based on (3.32).
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Chapter Four

Stability Proof of the Dual Control 

Algorithm for Minimum Phase Systems

4.1) Introduction

In this chapter the newly developed dual control 

algorithm in the last chapter is reviewed and an analytical 

stability proof is presented. It appears that no stability 

proof for any other dual control algorithm has been 

presented in the literature. The proof uses the Goodwin 

stability lemma to yield bounded-input and bounded-output 

stability.

4.2) Brief Review of the Design Procedure 

The system to be controlled is defined by

y(k) = hT(k-l) 6

= [1-A(q-1)] y(k)+B(q'1) u(k) ... (4.1)

where [1-A(q-1)] = aa_1+ ...+aq~n1 n
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B(q-1) = b q-1+ .. .+b q"m1 m

0 — (3./ ••• •** k)1 n l in

hT(k-l) = [y (k-1) , ... ,y(k-n) ,u(k-l) , . .. ,u(k-m) ]

It is assumed that:

Al) The order of the system n is known, and n*m.

A2) The system is minimum phase, ie. all roots of the 

polynomial B are in the unit circle.

A3) The sign of the leading coefficient of the polynomial

B is known. A.3) assures that bt(k) is not zero for all k.

We define parameter estimates

0T(k) = [a (k),...,8 (k),b (k),...,b (k)] ... (4.2)1 n l m

that are updated by

bT(k-l) [y (k) -hT(k-l)8 (k-1) ] 
e (k) = e (k-i) + ____________________________

1 + hT(k-l)h(k-l) ... (4.3)

AThe initial condition 0(0) are arbitrary.

The adaptive controller design algorithm is based on
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minimizing the performance cost V(k)

X
V(k) = [y (k) -y* (k) ]2+au2(k-l) + ______

l + h2(k-l)h(k-l) ... (4.4)

where y(k) is the predicted output at time k-1,

y (k) = hT (k-1)e(k-l) ... (4.5)

and y*(k) is a known desired reference for all k. The

weighting scalar a and X are of the form 

a(k-1) = kx |e(k-l)I

X(k-1) = k2le(k-l)l , k2 > 0 ... (4.6)

where e(k) is the prediction error,

e(k) = y(k) - y(k) ... (4.7)

The purpose of introducing the second and third terms of

(4.4) was described in Chapter 3. u(k-l) can be found from

minimizing (4.4), ie. solving the following equation

* A * u(k-l)
b j y t k j - y M k n + a u f k - l ) ------------------------------------ ---  0

[l+hT(k-l)h(k-l)]2 ... (4.8)

Rearrange (4.8) to yield the following fifth order 

polynomial in u(k-l)
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where vectors C(k-l) and z(k-l) satisfy

A >t' A A A AC (k-1) = [a , ... , a , b , ..., b 11 n 2 m

zT(k-l) = [y(k-l),...,y(k-n),u(k-2),...,u(k-m)]

and the scalar M(k-l) =l+zT(k-1) z (k-1) .

The designed dual control scheme comprises the following 

computational steps:

1) At time k-1, given ©(k-1), a(k-l), A(k-l) and y*(k), 

calculate u(k-l) from (4.9) and y(k) .

A2) Update the parameter estimates ©(k) from (3.3).

3) If necessary, change the weighting scalar a and \ 

according to (4.6).

4) k increases by 1, return to step 1).

4.3) Outline of the Proof

It will be shown that the designed dual control scheme 

which is described above stabilizes the system (4.1) under



the assumptions Al) through A3). The parameter estimation 

converges and the system output will converge to the 

desired reference y* as k->oo.

The proof depends on the following properties:

1) The adaptive control law u(k-l) which is solved 

numerically from (4.9) is bounded by uc(k-l) and u^k-1)

(the definition of uc and ut will be given later) . Between

these bounds there exists one and only one solution of 

u(k-1).

2) A stability lemma (key technical lemma) based on the 

properties of the parameter estimation scheme will be used 

to establish the linear boundedness of y(k) and u(k) 

(linearly bounded by e(k)).

3) The input u(k) and output y(k) are shown to be 

linearly bounded for all k.

4) Weighting scalars ot and A are selected such that

y(k)— »y*(k) as time approaches infinity.

4.4) The Stability Proof of the Designed Dual Adaptive
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Control

We now Investigate the stability and convergence 

properties of the closed-loop system for minimum phase 

systems.

i) Existence and boundedness of u(k-l):

Now we show that there exists one and only one solution 

of u(k-l) which is located between uc(k-l) and u^k-l).

Lemma 1: Given the system (4.1) and the dual control law

solved from (4.9) which minimizes the performance (4.4). 

There exists one and only one solution u(k-l) of (4.4)

Define
[CT(k-l)z(k-1)-y*(k)]

uc(k-l)
Abj (k-1) (4.10)

and

0 if \Z\/a -M<0

u, (k-1)

otherwise
(4.11)
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which is located between uc(k-l) and u^k-1).

Proof: uc(k-l) (see (4.10)) can be found from minimizing 

the following performance, which is the typical minimum 

variance adaptive control

v „ ( k )  =  [y( k ) -y*( k ) ]2 ... (4.12)c

and ut (k-1) can be obtained from minimizing the following 

performance

V (k) = au2(k-l) +
1 + hT(k-l)h(k-l)

... (4.13)

It is clear that

V(k) = Vc(k) + Vj(k) ... (4.14)

In order to show that u(k-l) is bounded by uc(k-l) and 

u (k-1), we note that y (k)-y*(k)=b1u(k-l)+CT(k-l) z (k-1)-

y*(k) and we convert (4.8) into the following form,

au(k-l) [l+hTh]2-Au(k-l) 
l + ------------------------------  = o

[l+hTh]2[bi2u(k-l)+bi(CTz-y*) ] ... (4.15)

The typical root locus technique will be used in order to
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locate u(k-l). There is only one real pole of (4.15) which 

is u.(k-l).

And there are two different cases according to zeros of the

second term of the left side of (4.15). First, -M<0,

the real zero of this case is 0, ie. z=0; and second,

y/ y^~M>0, the real zeros are z =0, z = ± u (k-1) . The1 2) 3

following figures correspond to the above two cases

Fig. 4.1 The root loci of (4.15) for case 1.
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u,-

Fig. 4.2 The root loci of (4.15) for case 2.

The above root loci include all possible locations for

u(k-l). If we note that u(k-l) must be a real number and 

require that its sign be the same as uc, then there is only

one solution for all the above cases so that u(k-l) is

located between uc(k-l) and Uj (k-1) .

From the above root loci, we can see that 1) the optimal

input u(k-l) lies between u.(k-l) and u^k-1) and only one

solution exists between them. 2) If lu^k-l)! is less than

luc(k-l)|, this means that |u(k-l) I < Iuc(k—1)1. This

corresponds to cautious control. If u is small and/or M is
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small, then u may be larger than u . An extra term, which1 L

is usually called a learning component, is added to u , in

order to improve the parameter estimation as the input

signal becomes smaller. 3) we will use the following 

expression

u(k-l) = uc(k-l) + A(k-1) ... (4.16)

to analysis the system stability.

The second term of the right side of (4.16) is a 

compensation component which is chosen by suitably 

selecting a and X. Almost all other dual control algorithms 

make corrections in the direction of increasing the 

magnitude of the input signal-learning component, which 

may, in general, cause the system to be unstable.

Before introducing the stability key technical lemma, 

we list some important properties of the parameter 

estimation scheme (4.3) without proof. Readers who are 

interested in the proof of these properties should see [5].
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e(k)
p i )  l i r a    = 0

k-xa [l + hT(k-l)h(k-l) ]1/2 ...(4.17)

p2) lim || ©(k)-e(k-l) I I = 0  ... (4.18)
k-»oo

p3) ll©(k)|| < 11 © (k—1) 11 for all k ... (4.19)

(4.17) will be used for the proof of the stability

lemma, and (4.18) and (4.19) show the uniform boundedness 

of the parameter error and parameter estimates.

Lemma 2: The key technical lemma.

For some positive numbers K3 and K+, if

I |h (k-1) 11 < K3le(k)| + K4 ... (4.20)

for all time k, then e(k) — » 0, and u(k), y(k) are

uniformly bounded.

The proof has been shown in various references, for 

example [5], by using the recursive parameter estimation 

scheme (3.3). simply we can see that (4.17) implies
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e(k)
lira
k—̂ oo

[l+(K3le(k) l+K4)2]1/2

0
. (4.21)

If lim sup|e(k)| evaluated as k— » w were nonzero,

(4.21) would be immediately contradicted.

Next we will show that the input and output sequences are 

linearly bounded, ie. (4.20) is satisfied, under the 

minimum phase assumption A2).

ii) Linear boundedness of u(k) and y(k).

With the assumptions A2), and A3) and the dual control law 

u(k-l) calculated from (4.9), the input and output 

sequences are linearly bounded, ie. (4.20) satisfies for 

all k.

Proof: Use the definition of (4.16) and substitute into

(4.2) and (4.1), we have

A Ay (k) = y*(k) + bx (k-i) A(k-l)   (4.22)

Aand y (k) = y(k) + e(k)

A= y*(k) + b A(k-l) + e(k) (4.23)
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If A(k-1) is linearly bounded by e(k) for all k, then 

y(k) from (4.23) is linearly bounded by e(k). Now we 

demonstrate that A(k-1) is linearly bounded and then that 

input and output sequences are linearly bounded sequences. 

Since the system is minimum phase,

ju(k-l) | < n + n2max|y(k-d) | ...(4.24a)

Notice that equation (4.10) shows

|uc(k-l) I < n3 + n4maxly(k-d) I ... (4.24b)

for n , n , n and n >0 and d<n. And from (4.16)1 2  3 4

A(k-1) = u(k) - uc(k) ... (4.25)

Consider (4.23), (4.24) and (4.25), we can conclude that

ly (k-1) I < K + K Ie(k) I5 O

Iu(k-1)I < K + K |e(k)I ... (4.26)7 8

Using the stability lemma, we can obtain

e(k) — > 0 as k — > » ... (4.27)

Next we are ready to show that by suitably selecting a

and A, we will have that y(k)— »y*(k) as k— *».
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iii) Stability theorem

With the assumptions Al) - A3), the adaptive control law

(4.3) and (4.9) stabilize the system (4.1), ie. y(k) and 

u(k) are uniformly bounded. Further more if the weighting 

scalars

oc(k-l) = KJefk-l) I

\(k-l) = K 2le(k-l)| ... (4.28)

then y(k) — > Y*(k) as k — > » ... (4.29)

Proof: From the above result (4.26), the input and output 

sequences are linear bounded by e(k). Using (4.26) one can 

conclude that

llh(k-l) ll^(n+m) max [|y(k-i)|+|u(k-j)|]
i:Slin+m

X^jSn+m

The Goodwin key technical lemma can be used to show that 

u(k-l) and y(k-l) are uniformly bounded for all k, ie. s 

N > 0

lu(k)I < N

ly(k)I < N for all k ... (4.30)
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With the selection (4.28), the weighting scalars will 

vanish as k — > ». Hence as k — > 00, u(k-l) approaches to

uc(k-l), since le(k) I — ► 0. The proof of y(k) — > y*(Dc) is

the same as typical self-tuning control for k— *» [5].

4.5) Conclusion

It has been proven that the designed dual control 

algorithm results in a stable closed-loop system. This 

method can be extended to nonminimum phase systems by using 

a pole-placement control scheme as shown in chapter 6.
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Chapter Five

Comparison of Some Dual Control Algorithms with 

the New Designed Dual Control Algorithm

5.1) Introduction

Because most current dual control algorithms use the 

least squares estimation algorithm to identify the system 

parameters, V is chosen in the form of (3.32) in order

that the comparison can be made with the least squares

parameter estimation algorithm. Consider that V has the

following form, ie.

1
Vj(k) = -------------------------

1 + hT(k-l)P(k-l)h(k-l) ... (5.1)

The least squares estimation algorithm is

P(k-l)h(K-l)e(k)
a(k) = a(k-1) + ------------------------

1 + hT(k-1)P(k-1)h(k-1)
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P(k-l)h(k-l)hT(k-1)P(k-l)
P(k) = P(k-l) ------------------------------

1 + hT(k-1)P(k-l)h(k-l)

One can write P(k) in the another form:

P(k)-1 = P(k-l)"1 + h(k-l)hT(k-l)
... (5.2)

and h(k-l)T=[u(k-l),...,u(k-m),y(k-l),...,y(k-n)], 

0(k)T=[b (k),...,b(k),a (k),... ,a (k) ].1 m l  n

The system considered is the same as (2.1), but the

sequences of the above two vectors are slightly changed.

The designed dual control will be compared with (i)

Goodwin's active adaptive control (AAC) [20]; (ii)

Wittenmark's active suboptimal dual control [18] and (iii)

Padilla's innovation dual control [21].

Before making the comparison between the above dual

control laws we summarize some general features of the dual

control which are induced from the result of multi-stage

optimal control [5].

a) Use 'caution' only when the parameter estimates have
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large uncertainty, which is called cautious control [18, 

21], ie.

For simplification, we use the following expressions 

zT = zT(k-l), CT = cT(k-l) and P = P(k-l) , P_1= P-1(k-1),

etc. It is clear that P (k-1) in (5.3) reduces the size ofbb

u (k-1) if the size of the uncertainty of b (k-1) is too
cau 1

big. In turn, the small size of u (k-1) then will slow
c a u

down the convergence speed of parameter estimation (5.2).

b) A good dual control provides learning and regulation

at the same time. Usually probing signals of sufficient
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size and with sufficiently rich components are used to 

persistently excite the system to achieve exponential 

convergence of the parameter identification.

c) Use the certainty equivalence approximation , ie.

-CT(k-l)z(k-l) 
u (k-l)= ------------------cer

bi (k-1) ... (5.4)

adaptively to control the system when the estimated 

parameters are close to the true parameters.

5.2) Comparison with Goodwin's Dual Control Law [20]. 

Goodwin used

det[P(k-l)]
V t(k) = -----------------

det[P(k)] ... (5.5)

as a subperformance to derive a dual adaptive control

law. We assume that Vc(k) is the same as the one which was

used in chapter three. We keep using the same vc(k)

throughout this chapter for comparison. Equation (5.5) can

be written in the following way
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v t ( k )  =  -
det[P_1(k) ]

det[P_1 (k-1) ]

= - [ 1 + hT (k-1)P(k-l)h(k-l) ] ... (5.6a)

=-P u(k-l)2-2P *z u(k-l) -zTP z ... (5.6b)
bb be c c

Equations (5.6b) and (5.1), are equivalent in the sense 

of maximizing [l+hT(k-1)P(k-l)h(k-l)] with respect to

u(k-l). Equation (5.6b) is a quadratic function of u(k-l), 

so it is easy to minimize. And substituting (5.6b) into 

V(k), taking the derivative with respect to u(k-l), the 

input signal is found to be

u (k-1) = -

A A ip m[b CT- PJ(k-l)] z (k-l)1 DC

bi(k-l)2 - Pbb(k-1)
... (5.7)

The advantage of using (5.7) is that numerical calculation

is then not needed to find u(k-l). But (5.7) has some
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disadvantages: There are three cases for the equation

(5.7). First, if the denominator of (5.7) is positive, ie.

A gb (k-1) > P fk-1), xt may increase the magnitude of1 DO

u q (k-1). The increment of input u. can be considered as

• A  2 a learning component. But when b (k-1) = P (k-1) ,1 bb

u (k-i)— *». This is not what we want for the regulation c
a gand parameter estimation. Furthermore as bi(k-l) < 

P fk-1), the control signal obtains an opposite sign.bb

That may cause the closed-loop system to become unstable.

From the above three cases, we can see that the formula

(5.7) is quite limited, because it may be only suitable

when P,(k-l)<b (k-1)2.bb 1

5.3) Compare with Wittenmark's Technique [18].

Wittenmark proposed, in [18], to design a dual control 

law by minimizing a total performance cost which consists

of the subperformance V =P_(k). Using (5.2) we calculate1 b b
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pbb(k>:

pbb<k> - pbbtk“l> -

P3 u2 +2P PI zu + P* zzTPtb b  b b b c  be be

1 + hT(k-l)P(k-l)h(k-l)

Pbb (Jc-l) [ l+zTPcc (k-l) z ] -zTPbcP jz 

1 + hT(k-1)P(k-1)h(k-1)
... (5.8)

The numerator of (5.8) is always positive, because the P

matrix is a positive definite matrix and pbb(̂ ) is

positive. Note that all three terms of the numerator are 

constant in terms of u(k-l). To find the optimal control 

law, this algorithm requires numerical calculation because 

there is no explicit expression for finding u^fk-l) based 

on eqn. (5.8). In the sense of minimization, equations

(3.32) and (5.8) are equivalent, but to calculate Pbb(k) in

(5.8) is an extra step compared with (3.32), and the

numerical calculation of (5.8) may be a little complicated

too (this will be seen in the simulation section of this
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chapter).

5.4) Comparison with Padilla's Technique [21]

Padilla considered the following cost function

Vp[u(k-l), z(k-l)] = E{[y(k)-y*]a -

A(k) [y(k)-hT (k-l)9(k-l) ]2|z(k-l) }
... (5.9)

where zT(k-l) = { y(k-1),...,y(k-n),u(k-2),...,u(k-m) } 

and 0<A(k)<l. From minimizing (5.9) the innovation dual 

controller is given by

(l-X)P^oz(k-l) + b j  CTz (k-1) -y*]
up (k-l)  -------------------------------------

( l-A) Pbb(k-l) + i>\
... (5.10)

This formula is derived from the stochastic circumstance 

[21], so it is only true for certain stochastic systems, 

because it requires the parameter error covariance P. As A

changes, (5.10) changes from certainty equivalence control

(A=l) to cautious control (A=0). Since A is selected

between 0 and 1 (claimed by Padilla), it means that up(k-l)
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always reduces the magnitude of the input signal. It is not 

clear to see the dual function of the innovation control 

u (k) from (5.10).P

From the above analysis we can conclude that: 

i) The designed dual control is closely related to all the 

above suboptimal dual controllers. The certainty 

equivalence control can be obtained by setting oc and A to 

zero in (3.14). ii) The dual control law-used by Wittenmark 

is similar in philosophy to the one proposed here since 

both of them require numerical calculation.

iii) Equations (5.7) and (5.10) are explicit expressions.

Of course, this is an advantage of these two expressions

over the designed dual control algorithm. But they have

several disadvantages as pointed out above.

5.5) Numerical Simulations

In order to simulate the above algorithms with the

designed dual control algorithm by using the least-squares

algorithm, we rewrite the performance index
- 96 -



V(k) = [y(k) -y*(k) ]2+ocu(k-l)2+
l+hT(k-l)P(k-l)h(k-l)

... (5.11)

taking derivative (5.11) with respect to u(k-l), it yields

a a X[P u(k-i)+pjz(k-i)]
t>x [y (k) -y*(k) ]+au(k-l)----- ----------   = 0

(l+hT(k-l)P(k-l)h(k-l) ]2 _  (5<12)

To find u(k-l) from (5.12), it is equivalent to solve 

the following fifth order polynomial in u(k-l)

F s u (k-1) 5+F4u (k-1) 4+F3u (k-1) 3+F2u (k-1) 2+Ft u (k-1) +FQ=0

where F = (b,. z+a) P 2
5 5 bb

F4=4(b12+a)PbbPjz(k-l)^Pb2

F3=(bi2+«) [4(pJz)2+2Pbb(ZTPccZfl) ]+4PPbbPjz

F =4Pjz(ZTPr Z+l) (b 2+a) +0 [4 (pjz) Z+2P (ZTP Z+l) ]2 DC CC 1 DC bb cc

F = (bxa+a) [ l+ZTPocZ ] 2+40 [Pb̂ Z (ZTPccZ) +1 ] - ^

F=|3(1+ZTP Z)2-JVPTZO '  cc be

|8=b (CTZ-y*) ... (5.13)
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Using the root locus argument, one can find that u(k-l) is

located in the unique region to guarantee that there is 

one and only one real solution of (5.13).

Bounds on the input signal are needed for this algorithm. 

To find the bounds from (5.12), we define

y = P u+P *z(k-l) ... (5.14)bb be

A A j A-b C z+b y*+aP z/P1 !■* be bb

U  ,=pol

bt2 ... (5.15)

Then (5.12) can be rewritten as

Ay
[b 2u+b CTz-b v*-aP Tz/P ]+ ay/p ----------------  01 1 be bb' P bb

(l+hTPh)2
... (5.16)

Notice that (l+hTPh)=l+zTP z+(y2-zTPt PwTz)/Puw' cc be be b b

(5.16) is the following

ay (l+hTPh) 2-AP_ybb
1 + ----------------------- = o

(l+hTPh)2(u-upoi)Pbb ... (5.17)
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Then the bounds are u , and u
p o l  z e r o

where

u

T-P T z
be

bb

lf M>/ XIV V - ZTP,,CPJ Z-''P:bb

S i 9 "  <U _, > /*», +zTPboP b='Z J

otherwise ... (5.18)

and M=l+z P z.cc

The simulation is the following

The system selected is

y(k) = 2.Oy(k-1)-y(k-2)+u(k-l)+u(k-2) ... (5.19)

but with unknown parameters. The initial conditions of the

system parameters are (0.1,0.1,0.1,0.1). The parameter 

estimation algorithm which is used for the comparison is 

the typical least square estimation algorithm. P(0) is a

diagonal matrix, ie. P(0)=100.0*I where I is the identity 

matrix. The comparison is made to the above system (5.19) 

with the same initial conditions by using different control

laws: (5.7), (5.10) are compared with the designed dual
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control law which is calculated from (5.13). Fig. 5.1 and 

5.2 show the comparisons of output tracking and estimated 

system parameters. The solid line in these two figures 

represents the dual control by using (5.13), the dotted 

line is Goodwin's control law (5.7), the point-dash line is 

for Padilla's control law (5.10) for A = 0.8. We can see 

that the dual control law provides improved performance.

5.6) Conclusion

The above comparison and simulation results showed the 

following conclusions:

(1) The new designed dual control algorithm provides a 

better performance than any of the competing dual control 

algorithms mentioned above.

(2) The new designed dual control algorithm provides a 

good compromise between tracking and parameter estimation 

by proper selection of the weighting scalars a and A.

(3) The time varying parameters a and A provide more 

flexibility so that the feedback system will obtain a 

good dual control.
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yd :the output of the 
designed dual controlC
yfT.: the output of tneo
O-oodv/in's dual control

y : the output of the

Padilla dual control

- 2

-4
100

? ( 0 ) =

100
tf
ll 0.8 for y

A = ] e(k-1 )| ; oc = 0.1 j e(k-1 )| 
for yd

Fig. 5.1 The comparison of the system outputs with 
different dual adaptive control techniques.
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2001 0 0

- 0.5

----- 1 .0’

Fig. 5.2 Comparison of the system parameter estimations 
between different dual adaptive control techniques. 
The solid line is for the designed dual control, 
the dotted line represents Goodwin's dual control 
and the dash line is for Padilla's dual control.
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Chapter Six

A Dual Adaptive Controller Design For Nonminimum 

Phase Systems by Using Pole-placement technique

6.1 Introduction

This chapter is the extension of chapter 4) to nonminimum 

phase systems. The synthesis of stable adaptive schemes for 

the control of nonminimum phase systems has received a great 

deal of attention in recent years [5, 25-29]. Of particular 

interest has been the issue of establishing closed-loop 

stability without a requirement that an external probing 

signal be used to guarantee that plant signals are 

persistently exciting. One approach is based on using a 

pole - placement control approach and a least squares 

parameter identification algorithm with a specific 

forgetting factor [26]. A second approach [27] uses a 

nonlinear feedback signal, a function of an identification
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mismatch error, to provide a signal of 11 self-excitation" 

capability, avoiding the need for an external probing 

signal.

In this chapter we use a dual control technique to treat 

the problem of achieving close-loop stable tracking for a 

single-input and single-output linear time invariant plant 

of known order n with arbitrary but unknown constant 

parameters. We design a feedback controller which will (l) 

adaptively stabilize the plant (2) result in an output that 

will asymptotically converge to a desired trajectory and

(3) identify parameters in an ARMA plant model. The initial 

conditions on parameter estimation are only limited such 

that the Sylvester matrix [5] (for more detail see page 96 

below) for the plant's DARMA model is not singular at time 

k=0.

The dual control approach is based on the minimization of 

a one-step-ahead performance function V(k) that is a sum of

a component Vc(k), whose minimization with respect to the
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plant input would result in a pole-placement controller if

the plant parameters were known, and a component Vt(k) whose

minimization with respect to the plant input would result in

a reduction of the a posteriori output modeling error. This 

dual control algorithm is presented in section 6.2). The 

stability proof of the algorithm is presented in section 

6.3). The key parts of the proof are the stability lemma 

which was introduced by Goodwin [5] and the boundedness of 

input signal u(k-l). Finally, some simulation results are 

presented to show the improvement in parameter 

identification and in output tracking compared with a 

conventional pole-placement adaptive control system. The 

simulation example also shows that the selection of 

performance parameters a and \ will balance the regulation 

and parameter estimation performance of the designed system.

6.2) The Dual Adaptive Control Algorithm for Nonminimum 

Phase Systems:
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Consider a SISO ARMA model which may be written as

Afq-'mk) = = B(q‘l)u(k) ... (6.1)

Furthermore we assume that:

(A.1) The orders of the polynomials A and B are known; 

(A.2) A and B are relatively coprime;

(A.3) y*(k) is known and ly*(k) |<N for all k.

Equation (6.1) may be written as:

y(k) = hr(k-l) e ... (6.2)

where hT(k-l) = [y(k-1),...,y(k-n),u(k-l),...,u(k-m)]

and 9 — [—a , ..., —a , b , ... , b ]1 II 1 ffl

The controller is designed by minimizing with respect to 

u(k-l) the following performance cost function

V(k) = vc(k) + Vt(k) ... (6.3a)

“ (P(q_1) [y(k) -y*(k) ] }2+[Q' (q_1)u(k-l) ]2+ot^u(k-l)2

1 + hT(k-l)h(k-l) ... (6.3b)

Then Vc(k) is the sum of the first two terms in (6.3b) and
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V (k) is the sura of the last two terms in (6.3b). V is i c

similar to the performance cost that leads to a conventional 

pole placement adaptive control system. V is the ratio of 

the a posteriori output error of the system to the a priori

output error of the system [see the detail in chapter 3]

plus an input constraint term. Polynomials P and Q' are 

polynomials in q-1, ie.

a' and A' are positive numbers (to be discussed later).

Taking the derivative of (6.3b) with respect to u(k-l)

p ( q " 1) = p 0+ p 1q “1+ -  • • + p „q"n

Q '  ( q " 1) = q 0 ' + q 1 ' q ~ 1+* • • + q n ' <3"m ... (6.3c)

yields

Au(k-l)
P[y(k)-y*]+Qu(k-l)+otu(k-l)- 0

[l+hT(k-l)h(k-i)]2
(6.4a)

where Q ( q _1) Q '  ( q _ l )
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and a=(l/pQbi)a/,

A=(l/Pobi)A' ... (6.4b)

pQ and are the leading coefficients of p and Q. And P and

Q are calculated at each step k so that the following 

equation is satisfied

P B + Q A - A* ... (6.5)

A* is a known desired stable polynomial. Unfortunately, 

since the parameters of A and B are unknown, (6.5) can not

be used directly. To calculate Q' is not important during 

the calculation of the control law. During the calculation,

it is required to find P and Q directly (see the design

procedure described below). Because equation (6.4) includes 

the unknown system parameters, the control law is obtained

from an equation similar to (6.4), ie. by using the

estimated parameters as if they were true ones in (6.4). The
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projection algorithm is used for the parameter estimation, 

ie.
h(k-l)e(k)

0(k) = ©(k-1) + __________________
1 + hT(k-l)h(k-l) ... (6.6)

where the equation error e(k) is

e(k) = y(k) - y(k) = y(k)-h(k-l)T©(k-l) ... (6.7)

Rewrite (6.4) as

\u(k-l)
P[h(k-l)T©(k-l) -y*]+Qu(k-l)+au(k-l)---------------------   0

[l+h(k-l)Th(k-l)]2
... (6.4')

Calculating u(k-l) to satisfy the above equation is the same 

as solving the following fifth order equation for u(k-l)

[l+h(k-l)Th(k-l) ]2{P[y(k)-y*]+Qu(k-l)+au(k-l) }-Xu(k-l)=o
... (6.8)

A Awhere the polynomials P and Q are calculated from a modified 

equation (6.5) , ie.

P(q-1)B(q_1) + Qfq'^Mq"1) - A* ... (6.9)
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Computation of u(k-l) from (6.8) is aided by requiring 

u(k-l) to be bounded. The bounds on u(k-l) arise from the 

following considerations: (1) to guarantee that the root

finding algorithm converges, (2) to limit the computation 

time such that it meets the need for on-line computation of 

the input control signal, and (3) to guarantee that there is 

only one real solution to (6.8) that guarantees that u(k-l) 

is linearly bounded by e(k). The last property will be used 

in the stability proof. How to find appropriate bounds for 

u(k-l) will be discussed in the next section.

The calculation procedures of the new dual control 

algorithm is as follows:

A A(1) At time k-1, known A and B (the estimated polynomials

A Acorresponding to A and B) are used to calculate P and Q from

(6.9) using Sylvester's theorem.®

(2) Bounds for u(k-l) ( to be discussed in the next 

section) are calculated.
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(3) Known P, Q, A and B, are used in (6.8) to calculate

u(k-l), the input to the controlled system.

(4) At the next stage y(k) is measured and new parameter

estimates ©(k) are generated from (6.6). Then the procedure

starting with step (1) above is repeated.

6.3) The Stability Proof:

A proof that the feedback system using this algorithm is

® The Sylvester's theorem [5]:
If the polynomial A and B are relatively coprime, there

exists a unique solution of P and Q for the following 
polynomial equation

PB+QA=A*

The coefficients of P and Q can be found from the following 
equation

• a b f q / a*0 0 0 0
a a b b1 0 1' 0 •

a b, 1 1 q „( 4 n-1
X —

a a b •n . 0 n . 0 0a bn a n b
•

1 1
•

M . h *  ̂ n * ‘ a» 4

n n n-1 2n-l
The matrix in the above equation is called Sylvester’s

matrix. If A and B are relatively coprime, this matrix Is
not singular.
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stable is quite similar to the proof presented for minimum 

phase systems in chapter 4. The proof depends on (1) a 

stability lemma, (2) the boundedness of u(k-l), (3) the

properties that as k becomes sufficiently large, e(k) — > 0,

(4) the selection of a and A as functions of e(k) to ensure 

that the control system will approach the conventional pole 

placement adaptive control system.

Lemma 1: With the assumptions A.l - A.3, the optimal

control law which is calculated from (6.8), is always

bounded by uc and u t, and there is only one real solution

which is bounded by u and u . u is calculated from the
c  \ c

following equation

P f q ^ J C y O O - y M f c n + Q t e ^ V k - i )  =  o . . .  ( e . i o )

and u( is a real solution which is calculated from the 

following equation
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\ u.(k-l)
a u(k-l) 0

[ 1 + hT(k-l)h(k-l)]2 ..(6.11)

Proof: In order to prove this lemma, we use a root locus

argument to show all possible cases. For each case there 

always exists a pair of real bounds such that u(k-l) is 

located between them. Note that equation (6.8) may be 

rewritten in the following form

Then the solution of (6.8) is located between the real pole 

and zero of the second term of the left side of (6.12). Note

that there is only one real pole of the second term of the 

left side of (6.12), ie.

ctu(k-l) [l+hT(k-1)h(k-1) ]2-Au(k-l)
1 + 0

[l+hT(k-l)h(k-l) ]2[P(y(k) -y*)+Qu(k-l) ]
... (6.12)

P(q_1) [y(3c)-y*] + Q(q"1)uc(k-i) - o ... (6.13)

To solve (6.13) yields
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A A A A  A A»i»py *_ ( p-po) y ( k) -poCTZ ( k-1)

Uc<k'1) = V k-1) =
PObl + %  *•* <6*14>

where pQ and are the leading coefficients of P and Q, and

A«* A A A AC = [—a , ..., —a , b , ..., b ]
l  n  & in

Z(k-1)T = [y(k-l),...,y(k-n),u(k-2),...,u(k-m)] 

There are two double imaginary poles, that are

U p 2 - s  =  /  l+ZT(k-l) Z (k-1) *** (6*15)

There are two different cases to be considered in

calculating the zeros of the second term in (6.12).

For case one, ie, (1+ZTZ) > y \ t h e n

u =0Zl

u z 2- s  ± ^  /(l+zTZ)±v'Va *

for real solution ut = 0 ... (6.16)

For case two, ie. (1+ZTZ)< y » then
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then u^k-l) = sign(uc) Iû 21 —  (6.19)

To select u{ whose sign is the same as u, is based on the 

fact that ut in (6.19) will give a smaller value of V than

We are applying root locus technique according the above

two different cases, and assume u is bounded, then we havec



Ltn

0=

Figure 6.1. The root locus for case one in (6.16)

Figure 6.2. The root locus for case two in (6.19)
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From all the above cases, we can see that: (1) There is

only one solution which is located between uc and ut. For

case two, there may be another possibility, ie. u(k-l) could

be located on the other side of the real axis, but values of

u(k-l) closer to uc will give smaller values of the total

performance index V(k). For all above possible cases, we

conclude that there is one and only one real solution

located between uc and . (2) The Figs. (6.1)-(6.3) are

based on Eqn. (6.12). The weighting scalar a functions as

an open loop gain. As a is very small, u(k-l) is close to

u , otherwise it is close to ut. As we noticed above, the

value of a cannot be too large, otherwise the system may

lose control (see discussion later). The weighting scalar A,

from Eqns. (6.16)-(6.19), moves the ending point of the root

locus, ie. us, toward or away from uc- (A method for

selecting values for a and A will be given below.)
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Next we briefly describe the stability lemma for later 

use.

Lemma 2: Stability lemma (Goodwin) [5]:

This lemma was introduced by Goodwin. We list it here 

without proof. Readers who are interested in that proof 

should see [5].

With the projection parameter estimation algorithm of the

system (6.1), and for some positive numbers and 02, if

II hT(k-l) || <|Sile(k)| + /S2 ... (6.20)

for all k, then e(k) — > 0, as k — > «, and u(k) and y(k) are 

uniformly bounded [a simple explanation was given in chapter 

4].

Now we establish that sequences (u(k)} and (uc(k)} are 

linearly bounded by e(k).

Lemma 3: With the same assumptions of lemma 1) and if the

weighting scalars are selected as follows
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A(k-l) < 0 |e(k-l)I,

and a (k-1) < p|e(k-l) | (uc2+zTz+l) ~2 ... (6.21)

for some positive numbers £ and p, then y(k) and u(k-l) are 

linearly bounded by e(k), ie.

ly(k) I < |S3 + (3Je(k) 1

and |u(k-l) I < S + fl |e(k)l
a o

for some |3 /3 /3 and J3 >0 ... (6.22)3 , 4 , 5  6

Proof: Let us assume that the weighting scalars a and A

are selected as in (6.21); also assume that the feedback

system is not stable, ie. there exists a time instant t, so 

that for (k-l)>t, inputs u(k-l) and output y(k-l) are out 

of the bounds

jy(k-l)|>Ny for some N >0

|u(k-l)|>Nu for some N >0 ... (6.23)

Then the last two terms in (6.3b)
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A(k-1)'
„ ̂  for some finite number c >0   < !

l+hT(k-l)h(k-l)

and a'u(k-1)2 < c for some finite number e >0
' ' 2 2

... (6.24)

(6.24) is based on the following facts: (i)

|e(k-l)|sll h(k-2) 11.11 0(k-2) INI h(k-2) 11.11 0(0) II 

then A a $ |e(k-l)| a /3'll h(k-2) II for some |3/>0

... (6.25)

and (ii) Relations between a and a', A and A' can be found 

in (6.4b). (iii) The denominator in (6.24) has the property

(l+hT(k-i)h(k-l) H  I h(k-l) II2 ... (6.26)

(6.24) shows that if (6.23) occurs with the selection 

(6.21), the feedback system will become the conventional

pole-placement control system because the overall performance

index becomes only the first two terms in (6.3b). Then the

feedback system will be stabilized by the conventional

pole-placement controller. This result will conflict with
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the equation (6.23). That proves the lemma 3).

The above discussion is a special consideration for

nonminimum phase systems, due to the unstable inverse model 

B. In fact if we define

u(k-l) = uc(k-l) + A(k-l) ... (6.27)

Recall equations (6.13), (6.14) and (6.7), and rewrite

Ay(k) as follows

y (k) - hT(k-l) 9 (k-1)

= [1-A(q-1) ]y(k) + B(q_1) [uc(k)+A(k)]

Substituting (6.7) into the above relation yields

A(q_1)y(k) = [1-A(q-1) ]e(k)+B(q-1) [uc (k)+A(k) ]
... (6.28)

Substituting (6.13) into (6.28) yields

(PB+QA)uc(k) = PAy*-P[l-A]e(k)-PBA(k)

(PB+QA)y(k) = PBy*+Q(1-A)e(k)+QBA(k)
... (6.29)
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Because PB+QA is a known stable polynomial A*, then

|uc(k-l)| < px + P2le(k)I + P3IA(k-1)I

|y(k) | < P4 + p5|e(k)| + pjA(k-l)| ... (6.30) 

for some positive numbers p , p , p , p , p and p .
1 c J 4 9 O

From lemma 3 and (6.14), we concluded that u(k-l) and y(k) 

are linearly bounded by e(k) for all k. Also we conclude

Athat y(k) is linearly bounded by e(k). From equation (6.30), 

A(k-1) is linear bounded by e(k). Furthermore, the

following inequality holds

Iu (k) I < fl + (3 le(k)| for some fl , (3 > 0C 3 4 3 4
... (6.31)

Theorem: With the same assumptions as lemma 1), the 

adaptive control law (6.6), (6.8) with the weighting scalars

a. and A satisfying (6.21), stabilizes the system (6.1), ie. 

y(k) and u(k) are uniformly bounded. Furthermore

A* y(k) - PBy* = 0 as k— *». ... (6.32)

Proof: We have established that the sequences (y(k)) and
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{u(k)} are linearly bounded by e(k). It is clear that the 

regression vector h(k-l) must be linearly bounded by e(k), 

ie.

11h(k—1) 11 < p4 + pgmax|y(T)I + p6 max|u(r)|
1 < T <  k - 1 l < T < k -  1

< p + p max |e(r)I ... (6.33)
7 1 <T7 < k - 1

Hence, from the stability lemma, the sequences (u(k)} and

(y(k)) are uniformly bounded, and e(k) — > 0 as k — > «.

Furthermore, if the weighting scalars satisfy (6.21), 

clearly a and X will approach zero when e(k)— >0, as k—

Then the total performance (6.3b) reduces to V. only. And

u(k) — » uc(fc) as — *”• Equation (6.32) will be satisfied as

k — >oo. (See [5] for the proof of (6.32).)

A ARemark 1) : If A and B' have a common factor, equation

(6.9) is not solvable for general A*. A special treatment,

A Afor example, set 9(k)- 0 (k-1), has to be applied such that
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the continuation of the calculation can be done.

Remark 2): The initial conditions of e are decided such

that the Sylvester matrix is not singular at k=0. This

restriction is not critical.

6.4) Numerical Simulations

This simulation example shows that, first, the designed 

dual control law yields better performance than that of the 

conventional pole-placement adaptive control law due to the 

contribution of the parameter estimation component of the 

dual control input. Second, the example demonstrates how the 

selection of a and \ affects the parameter estimation 

accuracy and the system tracking response.

The system selected for the numerical simulation is

y(k) = 2.Oy(k-1) - 0.99y(k-2) + o.5u(k-l) + 1.0 u(k-2)

... (6.36)

Obviously (6.36) is a nonminimum phase system. The system

poles are 1.1 and 0.9, and the system zeros are 0.0 and
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-2.0. The initial conditions of the unknown coefficients are

i the following table:

Table 1

Parameters *1 b2

True value 2.0 -0.99 0.5 1.0

Initial value 1.0 -0.5 0.1 0.2

a unit squared pulse for each 50 steps , A*=

a (k-1) = |e(k-1) |/[l+zT(k-l)z (k-1)]"2

A(k-l) = K |e(k-l)| ... (6.37)

Figures 6.3) and 6.4) show the comparisons of the system 

outputs and the estimated parameters between the dual 

adaptive control algorithm and a conventional pole-placement

adaptive control, with the projection parameter estimation

algorithm. Figures 6.5) and 6.6) show the comparison of the

system outputs and the estimated parameters with different
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selection of K.

From these simulation plots we can see that:

i) For a proper selection of a and \ (Fig. 6.3 and 6.4), at

the beginning of the simulation, the dual control algorithm 

yields a bigger transient response than does the 

conventional algorithm, but it attains a better parameter 

estimate. After the initial transient both the tracking 

response and parameter estimation are improved.

ii) The dual control with a very large value of K 

generates a larger transient response and also takes a

longer time to settle down (Fig. 6.5). Later it achieves

good parameter estimates (Fig. 6.6).

iii) With a large value of a, the dual control reduces 

the size of u(k-l). For an unstable controlled system, the 

selection of a is an important matter.

6.5) Conclusion

This chapter presented a stable dual adaptive control

algorithm which for nonminimum phase systems. The above
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stability proof showed that if the weighting parameters in 

the performance index, a and X, are properly selected, then 

the designed control system can compromize very well between 

tracking and parameter estimation performance objectives. 

Finally, simulation results were presented to show the 

improvement in tracking and parameter estimation.

- 127 -



y(k)

>■i*

output of the dual adaptive 
control
output of the conventional 

pole-placement adaptive control

i
K-

-1-

- 2 .

-3

r
TOO" 200

v 
11

system eqn. (6.36) 
weighted parameters: (6.37) 
where K=1.0

Fig. 6.3 The comparison of the system outputs between 
the dual adaptive control and the conventional 
pole-placement control for a nonminimum system.
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Fig. 6.4 The comparison of the parameter estimation 
between the dual adaptive control and the 
conventional pole-placement control for a 
nonminimum system.
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Fig. 6.5 The comparison of the system outputs between 
the dual adaptive control and the conventional 
pole-placement control for the same system as 
above with the system gain change at k=230.
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Fig. 6.6 The comparison of the estimated parameters 
between the dual adaptive control and the 
conventional pole-placement control for the 
same system as above with the system gain 
change at k=23 0.
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Chapter 7

An approximately 'Error-Free' Parameter Estimation

7.1) Introduct ion:

In the above chapters we concentrated our efforts on 

designing an input that will compromize between control or 

tracking and estimation performance objectives. From the 

simulation results and the convergence proof we can see that 

one step dual control improves the performance between 

control and parameter estimation. But it still can not 

guarantee that the parameter error converges to zero.

In this chapter, we investigate a parameter estimation 

algorithm by which the parameter error goes to zero in some 

finite number of steps.

As we mentioned in the previous chapters, all of the 

conventional parameter estimation algorithms have the 

following form:
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0 (k) =0 (k-1) +K(k-1) e (k)

where e(k)=y(k)-y(k)

and y (k) =hT (k-1)0 (k-1) ... (7.1)

Vectors h(k-l) and 0(k) are defined as in (2.1).

The gain KT(k) = [ k (k), k (k),...,k (k) ] is determined1 2 n+ro

recursively (see the projection algorithm or least-square 

algorithm). The equation error e(k) may be written as

e(k)=hT(k-l)0-hT(k-l)0(k-l)

=hT (k-1)0 (k-1) ... (7.2)

where 0(k) = Q - 0(k). Then from (7.2) and (7.1),

0(k)=0(k-l)-K(k-l)hT(k-l)0(k-l)

=[I-K(k-l)hT(k-l)]0(k-l)

=B(k-l)0 (k-1) ...(7.3)

The matrix B(k-l) always has some eigenvalues on the unit

circle, no matter what values of the elements of K(k-l) are.
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Then 0(k) may not converge to zero due to the unit valued

eigenvalues. The following section presents a design 

technique for a parameter estimation algorithm based on 

achieving zero eigenvalues of a multistep parameter error

system (will be seen later). Some simulation results are 

presented in the following sections to show the improved 

performance in parameter estimation and in adaptive control 

using this new parameter estimation algorithm.

7.2) The Main Result:

©Consider a first-order linear discrete time system

y(k)=ay(k-1)+bu(k-l)

=[y(k-1),u(k-l)]
a

... (7.4)

with a and b are unknown and the parameter estimate after 

two steps is

©  He start with a first order system first for simplification 

of the derivation. Later, the more general case will be 
developed.
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©(k+l)=©(k)+K(k)e(k+l)

=0(k-1)+K(k-1)e(k)+K(k)e(k+1) ... (7.5)

The parameter error system can be written as

©(k+l)=© (k-1) -K(k-l)hT(k-l) ©(k-l) -K(k)hT(k)0 (k)

Cons ider 9 (k)=0 (k-1)-K(k-1)hT(k-1)0 (k-1)

then 0(k+l) will be

0(k+l) = [I-K(k)hT(k) ][I-K(k-l)hT(k-l) ]0(k-l)

=B(k)B(k-l)0(k-l)

=A(k,k-l)0(k-l) ... (7.6)

If one can select K(k-l) and K(k), such that the nullity of

A(k,k-1), the dimension of its null space is the same as the

dimension of A(k,K-l)), see (7.14), then 0(k+l) will be

Azero. It means that 0(k+l)=0 [28].

Note that

A(k,k-l) = [I-K(k)hT(k)-K(k-l)hT(k-l)

+K(k)hT(k)K(k-l)hT(k-l) ] ... (7.7)
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The characteristic equation of A(k,k-1) is

|zI-A(k,k-l) | = z2 - [ (l-KT(k)h(k) ) + (l-KT(k-l)h(k-l)) +

KT(k-l)h(k)KT(k)h(k-l) ] z + (l-KT(k)h(k))

(1—K (k-1) h (k-1)) = 0 . ..(7.8)

The necessary condition for zero eigenvalues of (7.8) is

1-K (k)h(k) =0

1-K (k-l)h(k-l)=0

... (7.9a) 

... (7.9b)

K (k)h(k-l)=0 ... (7.9c)

K (k-l)h(k)=0 ... (7.9d)

In the another form, equations (7.9) can be written as

Ha(k,k-l)K(k-l) =
1 

0
... (7.10a)

H2(k,k-l)K(k) =
0

... (7.10b)
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where
«2 =

' hT(k-l) ' 

. hT(k) .

... (7.11)

To solve (7.10) for K(k) and K(k-l) requires that

Det (H ) * 02 ... (7.12)

ie.
u(k) *

Y(k)u(k-l)

y(k-i)
(7.13)

To verify the nullity .of matrix A in (7.7), one can

substitute the gain vectors that satisfy (7.10) into (7.7) 

to yield

A(k, K-l) = [I-H2_1[ J ] hT (k) - H2“l( I )hT(k-l) +

H2-1( 1 )hT(k)K (k-1)hT(k-1) ... (7.14)

The sum of of the second and third terms is the negative

identity matrix. In the last term, the factor hT(k)K(k-l)

is zero from (7.9d). Then A(k,k-1)=0. Clearly, 0(k+l)=O from

(7.6), ie. 9=9(k+l). After two steps from time k-1, the
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unknown system parameters a and b in (7.4) will be 

identified at time k+1.

To extend the derivation of this algorithm to any nth

order system, let us consider the three-parameter and 

three-step case now. The system with three parameters is as 

follows

y  (k) = aiy(k-l)+a2y(k-2)+bu(k-l)

=hT(k-l)e ... (7.15)

and the parameter estimation for three steps is

9 (k+2)=0(k-l)+K(k+l)e(k+2)+K(k)e(k+l)+K(k-l)e(k)
... (7.16)

(7.16) is the algorithm that is implemented for the ARMA

model with three unknown parameters.

The parameter estimation error system is

S(k+2) = [I-K(k+l)hT(k+l)) (I-K(k)hT(k)) (I-K(k-l)hT(k-l))©(k-l)

= (I-K(k+l)hT(k+l)-K(k)hT(k)-K(k-l)hT(k-l)+K(k+l)hT(k+l)

K(k) hT(k) +K(k+i)hT(k+l)K(k-l)hT(k-l)+K(k)hT(k) K(k-l)
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hT(k-l)-K(k+l)hT(k+l)K(k)hT(k)K(k-l)hT(k-l) ]0(k-l)

=A(k+l,k,k-l) 0 (k-1) (7.17}

And Det(zI-A)=z3-{£ (l-KT(k-i)h(k-i) )+£ [KT(k-i)h(k-j)

KT(k-j)h(k-i) ] }z2+{£(l-KT(k-i)h(k-i)) (l-KT(k-j)h(k-j))

+Kt (k-1) h (k) KT(k)h(k+l) KT(k+l) h(k-l) }z-{ (l-KT(k+l)h(k+l))

(l-KT(k)h(k)) (l-KT(k-X)h(k-l)) }=0 

Similarly, the gain K can be found from the following 

equations

i =-i

1
H3(k+l,k,k-l)K(k-l)= o ... (7.18a)

o
H3(k+i,k,k-i)K(k)= l . .. (7.18b)

0

0

H3(k+l,k,k-l)K(k+l) = 0 (7.18c)

1
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where

H3(k+l,k,k-l) =

hT(k-l) '

hT(k)

ro' O' ' 1 '
A(k+l,k,k-l) = [I-H3_1 0 h^k+l)-!^’1 1 hT(k)-H3_1 0

1' 0 ‘ -0-

h (k+1)

To find unique gain vectors K(k-l), K(k) and K(k+1) requires

that H3 is not singular.

As we did in (7.14) to verify that matrix A in (7.17) is 

a zero matrix, one just simply substitutes the gain vectors 

that satisfy (7.18) into (7.17) to yield

'1'

hT(k-l)

+K(k+l)hT(k+l)K(k)hT(k)+K(k+l)hT(k+l)K(k-l)hT(k-l) +

K(k)hT(k)K(k-l)hT(k-l)-K(k+l)hT(k+l)K(k)hT(k)K(k-l)hT(k-l) ] 

With the same argument as in (7.14), one can conclude

A(k+l, k, k-l)=0. Then from (7.17) and (7.16) we obtain 

6(k+2)=e.

It can be seen that this development can be extended to

any nth order system. The gains K(i) for (n+m)-step
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parameter estimation of an nth order linear system

y(k)“a v(k-l)+.. .+a y(k-n)+b u(k-l)+. . .+b u(k-m)1 n l d
... (7.19)

satisfy

K(k-l)=H

1

K(k+n+m-2)=H ... (7.20)

The gain vectors obtained through the solution to (7.20) 

are used for the following (n+m)-step parameter estimation

algorithm

0(k+n+m-l)=©(k-l)+K(k-l)e(k)+...+K(k+n+m-2)e(k+n+m-l)

(7.21)

7.3) On-line Test for Obtaining the Nonsingular Matrix H

Equation (7.20) shows that the calculation of the gains 

K(i) in the multistep parameter estimation (7.21) requires
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the non-singularity of matrix H . The one thing thatn+m

has not been discussed is that how to decide that matrix 

H is not singular before calculating the gains K(i). Inn+m

order to develop a general procedure for obtaining a non­

singular matrix H let us examine the following examplen+m

first.

Example 1: Consider the following three parameter case, let

hiT: y(k-l) y(k-2) u(k-l)

hj: y(k) y(k-l) u(k)

be a subset of two 3-vectors in H3> u(k) is the only

quantity that can be changed at time k. There are two 

possibilities: (1) if y(k-l)/y(k) * y(k-2)/y(k-1), u(k) can 

be any value for linear independence. (2) If y(k-l)/y(k)= 

y(k-2)/y(k-1), then the input u(k)*y(k)u(k-l)/y(k-1) and 

also y(k+l) which is created by u(k) should be y(k+l)/y(k)*

Y(k)/y(k-l) so that H3 is not singular. If one always

considers the worst case-the case (2) - the new input u(k)
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is constrained by

y(k)u(k-l) y(k-1)u(k-l)
u (k) * ---------------- or    ... (7.22)

y(k-1) y(k-2)

And y(k+l), which is generated by u(k), is not available at

Atime k. One can use the predicted output y(k+l), ie

y(k+l) * y(k)2/y(k-l) ... (7.23)

(7.22) and (7.23) are the general constraints for u(k). 

With the constraints (7.22) and (7.23), the non-singular

matrix H3 can be easily obtained by selecting u(k) and

u(k+l) .

Det(H3)=u(k-l) [y(k)2-y(k+1)y(k-1) ]-u(k) [y (k) y (k-1) -

y(k+l)y(k-2) ]+u(k+l) [y(k^l)2-y(k)y(k-2) ]
... (7.24)

With the constraints (7.22) and (7.23), the first two terms

of the right side in (7.24) are not zero if u(k-l) and u(k)

are not zero. The last term is zero for case (2). If one
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always considers the worst case, then the conditions (7.22) 

and (7.23) are necessary for Det(H3)*0 (if the parameter

estimates are close enough to the true parameters so that

y(k+1) » y(k+l)).

To extend this particular example to any nth order system, 

the procedure for the on-line identification procedure is

the following: At time k-1, a non-zero input u(k-l) is

selected upon any feedback control law with the knowledge

of Q(k-l) to form vector hT(k-l) . At the next sampling time

k, y(k) is measured and e(k) is calculated. u(k) is

carefully selected using a procedure to be specified below

so that it has to meet the basic requirements (7.22) and

(7.23) (for the worst case) to form hT(k). In the mean time,

the linear independence of the all of the row vectors

hT(k+i-l) (i=l,..,j, for jsn+m-l) should be tested. If the

rank of these row vectors is not full, then change u(k).
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As the rank is full, then go to next step. Repeat the above 

step until time is equal to k+n+m-2, ie. hT (k+n+m-2) is 

obtained. After the all of n+m vectors form a square matrix

H , one can use (7.20) to find the gains K(i) and (7.21)n+m

to update the parameter estimates.

The key of the above procedure is that the input u(k) 

(for each time instant k) is decided so that the row vectors 

hT(i) must be linearly independent. Then at time k+m+n-2, 

the square matrix H is nonsingular. Before we discussn+m

the on-line test for linear independence of these row

vectors, we introduce the following definitions:

Def. 7.1: The number of degree of freedom, F (freedom 

number for short):

F is defined as a number of elements in an n-vector v(k) 

that can be selected freely at time k.

Example 2: If all elements of vector vT=(xj (k) ,... *xn(k))
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can be changed at time k arbitrarily, then the freedom 

number of v is n.

Example 3: As we know in the vector

hT(k)=[y(k),•..y(k-n+l), u(k),...,u(k-m+l)] 

there is only one element, ie. u(k), that can be selected 

at time k, so its freedom number F = 1.

Def. 2) Condition number N of a linearly independent set 

S of m n-row-vectors (condition number for short):

Let S be a set of m n-row-vectors (msn). The condition 

number N is defined as the largest number of mxm submatrices 

formed by adjacent columns in S whose determinants are not 

zero.

Example 4: Consider that S is a set of two 4-row-vectors:

( a a b b

c a x b

There are three 2x2 submatrices formed from adjacent columns 

in S:
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a a a b . b h }

c a ' , a x and x b

If a*c and x*b, then the determinants of all of

2x2 submatrices are not zero. The condition number=3.

Corresponding to vector hT(k) = [y(k), y(k-l), u(k), u(k-l)],

c=y(k) and x=u(k). If a=c, it corresponds to the case (2) in 

example 1) . x must be selected x*b such that the two row 

vectors in S are linearly independent. In this case the 

maximum condition number N“2. From the above example, we 

can see that the condition number N is a measure of linear 

independence of a set of row vectors.

Example 5: Furthermore consider that S is a set of 3

4-vectors

S:

There are two 3x3 submatrices to be considered in S, ie.
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b a b

V Sz:

y X

Det(Si)=0, and Det(S2)=a(x-b) . If a*0 and x*b, then N=l,

otherwise N=0. Examples 5 shows that if selection of the 

value of the current input x (in the second row vector of S) 

does not consider the future output a (the first element 

in the third row vector), then it will be more difficult to

select u(k) for linear independence of S.

Note 1: The maximum condition number of S is n-m+1.mxn

Note 2: The larger condition number N is, the better 

linearly independent condition of a set of row vectors is. 

' Better' means easier to select the current input u(k) so as 

to obtain a linearly independent set S (see examples 4 and

5).

Theorem 7.1: If the condition number N of an mxn (msn)

matrix is not zero, then the row vectors (or column vectors)

in matrix S are linearly independent. Otherwise they are
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linearly dependent.

Proof: It is clear that if there is one or more mxm

matrices in S whose determinant is not zero, that means 

rank(S)=m. Then m row vectors must be linearly independent. 

If the determinants of all mxm matrices are zero, which 

means that the rank of S is less than m. In this case the 

row vectors of S are linearly dependent.

Note 3: Let S be an independent subset of a vector space

H, dim H=n and dim S=m. Suppose that 0 is a vector in H. If 

the set obtained by adjoining 0 to S is linearly dependent, 

then the determinant of each (m+l)x(m+l) matrix of this new 

set must be zero. If there is (are) one (more) non-zero 

determinant(s) of the (m+l)x(m+l) square matrices, then this 

set (Sn0) is linearly independent.

The significance of this note is that if S is considered

as a set of row vectors hT(i), and 0 is a new added row

vector hT(k) , then one can test one of the (m+l)x(m+l)

matrices that includes the input u(k), so that the
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determinant of this (m+l)x(m+l) matrix is not zero. The 

non-zero determinant of any (m+l)x(m+l) matrix guarantees 

that the new vector /3 is linearly independent to S. We can 

ignore to calculate the determinants of other matrices. 

In this way one can simplify the test procedure for 

obtaining a non-singular H.

Note 4: For a linearly independent subset S, it is

required only finite number of steps to find the condition

of the free-selected element in |3 (F=l) , such that the new

subset So/3 is linearly independent. This statement is based

on the following fact, the new generated subset contains

only one element that can be selected (u(k)). And one

constraint, det(M)*0, for each matrix M. M is any

(m+l)x(m+l) matrix which contains u(k). For non-zero

determinants of some (m+l)x(m+l) matrices in Sn/3, there

are a finite number of u(k)'s that make det(M)=0. If also

consider the future output (see example 1), it just add one

more constraint to u(k). This note tells that in a finite
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number of searching steps one always can find an input so 

that Det(H)*0.

Note 3 tells us that it may need more than one step to

find the current input u(k) so that it satisfies (7.22),

(7.23) and the full ranked subset of the row vectors hT(i).

Note 4 tells that if it needs more than one step to find

u(k), then it only needs a finite number of steps to find

u (k) .

Fig. 7.1 is the flow chart of the simulation procedure 

for an adaptive control (self-tuning) combining with the

error-free parameter estimation. The basic idea of this

diagram is: carefully select an input signal (see (7.25 and

7.26)), test the rank of the new combined row vector subset. 

If the rank is full, then the input is acceptable, otherwise 

the input should be modified until the rank is full. The 

technique for selecting u(k) is based on writing

u(k) = uc(k)+5(k) ... (7.25)
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y*-C (k) z(k) 
where UCW  = _______________

^(k)

Ay* is the reference signal and the vectors C and z are 

defined in chapter 3. 5(k) is a modification part. And the

future output y(k+l) will be affected by different S-'s, ie.

y(k+l)= bu(k)+CTz(k)

Substituting (7.25) into the above equation yields

y(k+i)=y*+bi6 (k) ... (7.26)

AAs we mentioned in example 1, y(k+l) is constrained by

y(k+l) * y(k)2/y(k-l) ... (7.27)

The modification part 5 (k) in (7.25) causes the estimated

Aoutput y(k+l) to move away from the reference signal y*, see

(7.26). So by properly selecting S (k) (7.22) and (7.23) can 

be satisfied. A practical technique for selecting S (k) is

|b 6(k)I S |y*| 5% if y**0
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|bL6 (k) | * 0.05 if y*=o (7.28)

If we consider that (1) 5 (k) should be different for 

different time k, (2) the time average of S (k) should be 

zero, then we have

7.4) Simulations (self-tuning control plus 'error-free' 

parameter estimation):

In this section, some simulation results are presented 

by using the 'error-free' parameter estimation algorithm 

along with a self-tuning adaptive control law. There are two 

sets of simulation results (1) one set is for a first order 

system, ie. two parameter case. (2) One set for a second 

order system, ie. four parameter case.

Fig. 7.2 and Fig. 7.3 are related the following first 

order linear system

n+m
(7.29)

y(k) = ay(k-l)+bu(k-l)
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0.7 KS230
with a

1.1 k>230

0.5 ks230
and b

0.8 k>230 (7.30)

Fig. 7.2 plots the inputs and outputs of the system (7.30) 

with different parameter estimation algorithms. After two 

steps, the system output with the ' error-free' estimation 

algorithm achieves an almost perfect tracking. At k=230 

parameters a and b change, y(k) with the 'error free' 

parameter estimation algorithm still obtains a perfect 

tracking after two-step delay. Fig.7.3 shows the comparison 

of parameter estimates between these two parameter 

estimation algorithms. The 'error-free' algorithm is quite 

superior to the conventional projection algorithm.

The second set shows the same result as the first set does 

for the system

y (k) =a ty (k-1) +a2y (k- 2) +bt u (k-1) +b2 (k- 2)
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a -1.9662, a2=-1.0348 (7.31)

b =0.27 for ks230 otherwise 0.8i

ba=-0.27 for ks230 otherwise -0.8

The Fig. 7.4 is the comparison of the outputs with two 

different parameter estimation techniques. The result with 

'error-free' is very superior to that with the projection 

algorithm. So is the parameter estimation, see Fig. 7.5.

7.5) Conclusion:

In this chapter we present a new parameter estimation 

algorithm which makes the parameter estimates converge to 

the true parameters in a finite number of steps. This 

algorithm may be combined with some feedback control lawS to 

fora a stable adaptive control algorithm, and the simulation 

results show that this algorithm is very effective. It may 

obtain an exponential stable parameter error system by 

setting the eigenvalues 0 < \ < 1. The disadvantages that 

occurred during the simulations are 1) It is required to

calculate determinants of matrices during on-line test for
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determination of nonsingular H. 2) The 'error-free' 

algorithm takes more computation time than the conventional 

self-tuning control. But it is still worth trying because 

of the convergence and accuracy of the parameter estimation. 

3) Because this algorithm needs n+m steps to estimate the 

system parameters, the time delay restricts that this 

algorithm is used for unknown constant parameters.
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[nitial conditionsAu ’ s y1s and 0 T s

u(k-1)=uc 
s(k-1)=

(k-1)  ̂
hT(k-1)

y(k), e(k)t htT(k) 
ut(k)=uc(k)+6(k) change <*>(k)

u(k)=ut(k), hjjc) = j 
ht(k). s(k) =̂ (ic_ 1 )j

N

k = kt-1

counter 4 1

counter=n+nn 

Y

n+m

0(k+n+m-2)

Fig. 7.1 Flow chart of the 'error free7 parameter 
estimation.
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0(0)=
r1.0
.0.2 h(0) =

'0.51
.0.5

y(k)

parameters changed at k=230

Fig. 7.2a The outputs of the self-tuning adaptive 
control with different parameter estimation 
techniques for a first order system (7.30) (the 
solid line is for 'error free' technique and 
dash line is for projection algorithm).
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u(k)
'i

2

0

■2

O'! TiFtr T ITTr ■2Cc r

Fig. 7.2Jb The inputs of the self-tuning adaptive 
control with different parameter estimations 
for a first order system (7.30) (the solid 
line is for * error free' technique and the 
dash line is for projection algorithm).
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20 6100

Fig. 7.3 The parameter estimation comparison of self­
tuning adaptive control with different parameter 
estimation techniques for a first order system 
(7.30) ( solid line represents 'error free'
technique and dash line represents projection 
algorithm).
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Fig. 7.4 The output comparison of self-tuning adaptive 
control with different parameter estimation 
techniques for 2nd order system (7.31) (solid 
line is for 'error free' technique and dash line 
represents projection algorithm).
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K-

Fig. 7.5 The parameter estimation comparison of self­
tuning adaptive control with different parameter 
estimation techniques for 2nd order system (7.31) 
(solid line represents ' error free7 technique and 
dash line is for projection algorithm).
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Chapter 8

Summary and Conclusion

8.1) Summary of Contributions

In the above chapters a suboptimum dual adaptive control 

algorithm for minimum phase and nonminimum phase systems was 

presented. Some simulation results and comparisons showed 

that the designed dual control has improved the performance 

in control and parameter estimation by having a dual 

functioning input. The major contribution which relates to 

the designed dual adaptive control is stability proof for 

minimum and nonminimum phase systems. As far as we know no 

stability proof for dual control systems has been presented 

yet in the adaptive control literature. The proof uses the

key lemma to show the linear boundedness of the input and

output by properly selecting the weighting parameters a

and X. From the derivation we also established a pair of
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bounds (u and u) for the input signal u(k) . The bounds ofL l

u(k) are useful for applying the key lemma in the stability

proof of the designed dual control algorithm. The time 

varying weighting scalars a and A give the designer some 

flexibility to balance the regulation and parameter

estimation. The disadvantage of this algorithm is that

the designed procedure is based on the measurement of e(k). 

So the system output converges only if the weighting scalars 

a and A are functions of e(k). But the parameter errors can 

not be guaranteed to be zero if the designed control 

algorithm uses one of the current parameter estimation 

algorithms. In chapter seven a multistep approximately 

* error free' parameter estimation algorithm was presented 

which may be one of the ways to obtain approximately zero 

parameter error in a finite number of steps. The result of 

this algorithm is quite similar to the batch processing

approach to parameter estimation. A major difference is that
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in the new algorithm presented in chapter 7 is that each 

step of the approximately 'error free' parameter estimation 

procedure consists of an on-line test so that each row

vector hT(k) is independent of each other, thus verifying

persistent excitation through an on-line procedure. A 

limitation of this algorithm is that it is suitable only 

for systems whose parameters change very slowly or whose 

parameters are constant. Another limitation is that the 

parameter estimation scheme assumes that the system order is 

known exactly so that the parameter error is zero in a 

finite number of steps.

8.2) Possible Extensions

We have thus far demonstrated the ability of the new 

adaptive control system to recover from abrupt parameter 

changes and to follow a desired reference signal. Future 

work on extending the methods developed here should include 

the following:
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■ A new technique should involve the dual-adaptive control 

of processes with external disturbance inputs and 

measurement noise. The simulation results of chapters 5 and 

7 are encouraging in this regard.

■ The approximately 'error free' parameter estimation 

algorithm [in chapter 7] should be converted from multistep 

into recursive form with self-exciting input signals to 

drive the parameter error to zero exponentially fast. Many 

attempts which are related to the above purpose have been 

tried recently by different authors. The recent 

Kreisselmeier paper [31] is an example of these attempts.

■ The combined performance index may be extended from one 

step to multistep. That may approach the case of optimal 

adaptive control.

■ Some dual control techniques have been developed in 

Chapter 3, eg. Taylor expansion, minmax principle, modified 

dual control. From the simulation results in Chapter 3, it

shows that those techniques are effective, but there is a
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lack of analysis. Future analysis of 

Chapter 3.4 should be developed.

the techniques of
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