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INTRODUCTION

The dynamical systems herein are diffeomorphisms 

and flows on compact manifolds of finite dimension. 

Determining the asymptotic rate of approach to sinks 

amounts to comparing the Riemannian measure of the 
entire manifold, which we take normalized to be one, 

to the measure of the set of points whose orbits 
remain outside a neighborhood of the sinks after N 

iterations for diffeomorphisms, or time T for flows. 
For Axiom A systems this rate is bounded by ex­

pression of the form: K exp ( - C N ) •
As an example of the results obtained, consider 

a gradient system: d x(t) / dt = grad F(x) defined
on a compact manifold M, with F : M ->■ R a Morse 
function. Let be the flow corresponding to

the integral curves of this system. Let 
f (x) = be the time one dif feomorphism.

Then for the gradient system we can state the 

following:

Corollary: For S = the set of initial points

whose orbits under f remain outside a neighborhood 

of the sinks of f after N iterations, we get:
P(S) K exp (. -D N ), with K,3> constants

greater than zero.
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For Morse - Smale diffeomorphisms we find that 
the number D in the preceeding Corollary, may be any 
number smaller than :

C = min { 1/m log Jac D fm | Wu ( P ) } ,
P p

where the minimum is taken over all non-sink P in the
in the non-wandering set of f , and m is the least
integer such that fm P = P.

More.Specifically we get the.following Theorem : 
Theorem 1.2.1 : Let f be a Morse-Smale

diffeomorphism on the C°° compact manifold M, with 
Q(f) consisting only of fixed points. Let V be a 

neighborhood of the sinks of f. Let y be the measure 
induced by the Riemannian metric on M. Then given

6 > 0, and P e Q(f), not a sink there is a
neighborhood U of P such that for :

UN = { x e U : fk (x) f  V for k £  N } ,

we get the following:

P (U ) < K ( 1 + i )N exp C - CN) » where K > 0,N “
and C = log min { Jac D (f | Wu (Pi))} , for

pi pi
non-sink fixed points of f , P^ «

This theorem is proved in Section 2, of Chapter 1.
In Section 3 we extend this theorem to the 

entire manifold M, so that there is no restriction
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on the location of the initial points of trajec­
tories. We accomplish this by using a fine filtra­
tion adapted to f. We also prove that the results
carry over to the case of Morse-Sraale flows.

2- In Chapter 2 we prove the result for C Axiom A 
diffeomorphisms and flows with no cycles. We begin 
Chapter 2 by constructing an example without the 
transversality condition, that shows the exponen­
tial constant can actually be less than the Jacobian 
of the unstable part of the periodic orbits.

The determination of the exponential constants, 
in the general case, is more complicated as there 
is a slower overall rate of decay.

The following is a special case of Theorem 2.2.2 

2for C Axiom A diffeomorphisms with no cycles.
00

Theorem: Let M be a compact C Riemannian
manifold. Let ii be the measure induced by the 
Riemannian metric on M. Let f be a C Axiom A dif- 
feomorphism with no cycles. Let V be an open set 
in M which:

a) contains all sinks and attractors for f
b) satisfies f ( V ) C  V

Then defining: U = { x e M : f^(x) ft V for k < N)
N

we get for all 6 > there exists K = K(6 ), and



C > 0 such that:
y (U) < K exp ( - C( 1 -6 ) N ).

N
The precise form of the constant C will be 
given in section 2.

It should be noted that these theorems apply as 
long as we know a volume estimate for the basic sets. 
For Morse-.Smale we know such an estimate when

f is C^; however, for the general Axiom A case we 
2need f to be C . These points will be. discussed 

further in Chapter 2 - Section 4. Also Chapter 2 - 
Section 4 contains a discussion of related cases 
and some open questions.



CHAPTER 1

Morse - Smale Diffeomorphisms and Flows

§1 Background
Let M be a compact C°° Riemannian manifold. 

For r 1, let Diff(M) be the set of Cr diffeomor­
phisms of M.

Definition: Let f e Diff ( M ) and let x e M. 
x is a non-wandering point of f, x e ftCf)» if f°r 
every open neighborhood U of x there exists an 
n e Z - { 0 } such that fn QJ) ( \ U V

Consider.f e Diff(M) which satisfies:
(a) fl(f) is finite
(b) D(f) is hyperbolic
(c) Transversality condition

Condition (a) implies that ft = ft (f) consists of 
periodic points. Then (b) means that if x e ft 
and fm (xj = x, for some m > 0 ,  then the derivative
D fm ( x )  : T (M) -»■ T (M) has its eigenvalues not

DC DC

equal to one in absolute value. From condition (b) 
one has defined stable and unstable manifolds for 
each x e ft denoted by Ws (x), Wu (x) respectively.



Then condition (c) means that for each x, y e ft ,
W s (x), Wu (y) have transversal intersection in M.

A diffeomorphism which satisfies conditions (a) 
through (c) above is called Morse - Smale, [6j

As mentioned in the introduction, the problem 
herein considered is the rate of approach of orbits
(trajectories) under f ( <£t ), to the sinks 
(attractors) on M. To make this idea of rate pre­
cise, we cast the problem in terms of volumes.
Let P be a fixed point for f which is either a 
source or a saddle and let U be a neighborhood of 
P on M. If x e U, then unless x is on the stable 
manifold of P, the orbit of P under f will leave U.
This is simply the familiar fact from the stable 
manifold theorem that for U small enough 

00

O .  fn (U) is the local stable manifold of P. Then=0
volume lemmas of Bowen-Ruelle [2] and Fried - Shub
[”5^ add to this statement that the volume of 
N
O g  fn (Û j) decays exponentially with the rate, by 

this we mean the exponential constant being related to 
the logarithm of the Jacobian determinant of the unsta­
ble part of f at P.
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Now these results are local in nature; they only 
concern the rate at which orbits leave a neighbor­
hood of P. The related global question is the fol­
lowing: Let V be a neighborhood of the sinks of f.
Let U be the subset of U whose orbits remain out- n
side of V through iteration N (by at least N) ; more 
precisely we let:

UN =» { x e U : fR (x) £  V for k <, nV .
The global question is then: Does vol (U^) decay
exponentially with N ?. We' answer this question in 
the affirmative, with the following theorem.

Theorem 1.2.1: Let f be a Morse-Sraale Diffe-
morphism on the d* compact manifold M, with 8 (f) 
consisting only of fixed points. Let V be a neigh­
borhood of the sinks of -f. Let y be the measure 
induced by the Riemannian metric on M . . Given 

6 > 0 , and P e fi(f)> not a sink, there is a
neighborhood U of P such that, with defined as 
above, we get the following:

V C UN ) <, K ( 1 + fi)N exp ( - C N ), where
K > 0, and exp ( C) = min Jac D fu , the Jacobian

P P
determinant of the unstable part of f at P, where 
P are the non-sink fixed points of f.

This theorem is proved in Section 2, of this 
chapter.
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In section 3 we extend this theorem to the 

entire manifold M, i.e. there is no restriction on 

the location of the initial points of trajectories.

We accomplish this extension by the use of a fine 

filtration adapted to f. If we take U = M - cl V 

and defined as before, the filtration argument
•k

shows that there exists a fixed iteration N such 

that if x £ U and f^(x) X  V, for N >, N , then 

0 (x) intersects some neighborhood Up of a fixed 

point P. By this fact we are able to reduce the 
volume estimate of to the local estimates of

uN CP).

Specifically we prove Theorem 1.2.1 of the in­

troduction, i.e. V (Ujj j ^ K f l + S ) ^  exp (-C N ) 

with K > 0, and exp (C) as before. The theorem 

states that orbits under f are pushed into the sinks 
at an exponential rate depending only on the 

Jacobian determinants of the unstable parts of f at 

the sources and saddles.

We conclude section 3 by dropping the restriction 

that ft(f) consist only of fixed points and thus 

prove the theorem for all Morse - Smale diffeomor­

phisms of M.
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In section. 4 we consider Morse - Smale flows 
on M. We now define the analogue of Morse - Smale 

diffeomorphisms for flows. Let X be a vector field 

on M, and denote by ^  its induced flow. We 

say <j>t is a Morse - Smale flow if X satisfies the 

following conditions: [b]
{a) ft(X) is the union of a finite number of 

fixed points x^, ^2 > • • • > xm an<i a finite number of 
closed orbits Yn °f X.

(b) the x^, Yj are aii hyperbolic

(c) the stable and unstable manifolds of the
x -, y • have transversal intersection.1 'j

We conclude this chapter by giving an example 

of a Morse - Smale diffeomorphism whose rate of 
volume decay is exactly that given in the theorem,
i.e. K exp ( - C N ), with exp (C) = min {Jac Dp fu} 

this is done in section 5.
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§ 2 The Fixed Point Case

Throughout this section let £ be a Morse- 

Smale diffeomorphism, and let ft(£) consist only of 

fixed points. We prove the volume theorem for f in 

two stages. First we consider submanifolds of M in 

a neighborhood U (P) of P e fi(f) which are of the 

same dimension as Wu (P) and close to WU (PJ, 

showing that the volume of these submanifolds in 

UN (P) decays exponentially. Secondly we cover 
UN (P) by a system of such manifolds and use 

Fubini's Theorem to arrive at o.ur result for Ujq(P).
Let us begin by precisely defining our neigh­

borhoods U(P). For P e fl(f) we know that TpM

splits into the direct sum decomposition

TpM = Eu + Es where Eu (resp. Es) is the

subspace of TpM expanded (contracted) by D f(P).

For small e we can find a chart <p : Tp M + M 

such that :

1) (f, CO) = P, and D0 <J> : Tp M -*■ Tp M is the identity

2) <f>(Es ( e ) ) C  WSP and

3) <KEU ( e J ) C  WUP .

The map F ^ ^ o  f o4> represents f in 

this coordinate system. p]



Such a chart can be chosen for each element of 
of ft(f) and we assume that e suffices for all

P e nCf).
*
The non-wandering set of f can be partially

ordered by the relation: p q if and only if
wu (q) n w s (p) / (if. We choose a simple ordering 
consistent with this partial order and index the 
non-wandering set according to the simple order.
That is take: ft(f) = { p ^  p^} where i < j
implies that p^ j. p^-. We assume that p̂  is the 
only sink in order to simplify the proofs (modify­
ing the proofs to account for more than one sink is 
merely a matter of notation).

In the following the slope of a smooth sub­
manifold N of L  M  ( £ ) with dim(N) «  dim (Eu ) 
a point n e N refers to the supremum of the quotients

I I vS| I / II vUl I » II vUl I 4s 0 » taken over all
tangent vectors v = ( vu , vs ) to N at n . To say 
that N has slope less than or equal to w relative to 
E? means that for all n e N , the slope of N at n
is less than or equal to u>



We are now ready to state the following 
Proposition:

Proposition: 1.2.1: For i = 2,3, ...,r there
exist constants , w i such that given 6 > 0
the following hold:

1) £  e > 0 < w < 1

21 to- < u. / 3 for i < i
J i =  J

3J If L Horn (Eu , Es) , with 1| DL| | < u ± , and
v e Tp^ M( e j) then :
(*J Jac Dv (F|v + graph L) ^
Jac DQ ( F J Eu ) / ( 1 + 6 ).

4) The graph transform defined on functions g
from eV ( Ei) to E? ( e i) by
graph ( I\( g ) ) = F.. ( graph C g ))

where F. is d>.̂  o f o <b. is such that if thel Y i
slope of g < ok then the slope of (g) ;< u>

In this context the slope refers to the slope of 
the graph.

5) TjMC e^J is contained in a neighborhood of 

P^ in T^M, such that for all Pk e (f) either

w£ D  W? = &  or [fT1 cwjj) f \  TjM (E .)J

C* fibers over the intersection of 4>^( w£ ) with E? in V



with each fiber of dimension no-greater than . 
dim ( ) and slope no greater than . / 3

relative to EVi

6) For i > j , if wV W? /  then given a

C1 function of ( e ) to E? ( , with slope £  wi

whenever fN <b. (graph g) (~) B .( e. ) = X  ,
1 J 3

then:

T1 fN (j, . (graph g ) , C1 fibers over
3

T W V Z'") E? with the fibers having dimension
less than or equal to dim and slope less than

or equal to oj - relative to wV 
3 3-

Proof : The proof is by induction. Take e
and 0 < u < u so that (*) holds in Tp M ( ) .

2
Furthermore take e' < so that if

2 =  2

8 : E2  ̂ e2  ̂ E 2  ̂ C2  ̂ is a C1 function with
slope <, w then the graph transform of g by f,2
rp 8 » [5] » also has slope <, . This satisfies

2
(1) through (4) of the proposition , for i = 2. To do
(5) we use a result of Palis ( Lemma 1.11 of [5] )
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Lemma 1.11 L 6 J • Let f be a Morse - Smale dif- 
feomorphism of M and let P e fi(f) have unstable 
index (= dimension) r. Fix a cell neighborhood 
Br of P in LU(P). There exists a neighborhood 
V of P, V = 6Im "r x Br such that Wu (P) V = i ,

or Wu CPi V is an r-cell fiber bundle over

WU (P^) V f \  LS (P) ■ with the fibers close to

Br . (P. e  0 ( f ) ) .

Note: LU(P) is the local unstable manifold of P.

We remark that although this lemma does not 
necessarily guarantee that the fiber bundle is a 
fiber bundle, the following lemma (proved in Appen­
dix 1) insures that the fibering can be chosen to 
be C1’

Lemma 1.2.1 : Let E^ , E 2 > Ej be finite 
dimensional Euclidian Spaces and W C  Ej an open set.
Let dim (Eĵ  ) < dim (E^ ) < dim (E^ x E 2 ) and let
G : W -*• ( E^ x E2 ) be a diffeomorphism of W onto
its range G (W) . Furthermore let G(W) have 
transversal intersection with E2 . Then there is an 
open set W* CL W containing G“* ( E2 ) such 
that G(W* ) is a C* fiber bundle over



G(W* ) /] E 2 fibers transversal to E 2 and
having dimension equal to dim E^ .

We now resume the Proof of the Theorem. By the 

preceeding Lemmas we can take E 2 i. e i so ^ at

Td M  ( e ?  ) is contained within the neighborhood V of P 
2 *

guaranteed by P a l i s h  Lemma 1.11. Thus if

$  ̂  ̂ f t  Tp M  ( e 2 ) is not empty we get that

it C* fibers over its intersection with E| $ with all
of its fibers having slope no greater than to ̂  /3 .
( Note by taking T« M  ( e. ) properly contained in V

2
we can apply our Lemma 1.2.1 to get the fiber
structure ). Thus (S) is satisfied, and this completes 
the proof for i ™ 2, since P^ is the sink.

Now assume that ej » to j  have been chosen as to

satisfy (1) through (6) for j » 1,..., i-1 < r. We
show how to choose e . and tox i

First take *e. < e and 0 < ■ H < to < 1i “  i 1=3
so that the Jacobian inequality holds in T^ M  ( e
Then take «. < <0 . and <0. < to / 3  ( thisi x 1 i-1
implies u>̂  £  w^/3 for* j  < i ) . Next choose

G ! < G so that the graph transform r .i i x
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satisfies | j D g| | ^  implies
| | D . (g)| | < Wi for C1 g : EU (e ! ) -»■ E S(e

For the next step observe that if any orbit of
f leaves the neighborhood ( e! ]) of

on M then there is a bounded number of iterations 
N£ by which:

1) the orbit is in a neighborhood of the 
sink or

2) the orbit has entered (and possibly left)
one of the neighborhoods <j>.. (T.M ( e -))•J 1 3

Thus we suppose that N is a C* submanifold 
of T^.M ( e| ) and that for some k N£

' ♦ i "  D  B j  c e  j )  1 / •
By taking N in a tubular neighborhood of ^  ( e £
we get that ^ -1 £k ^  N /] T^M ( e . )  inherits a
1 sC fiber structure over its intersection with Ej in

Vj from wV. If we now choose the width of the

tubular neighborhood of Eu ( e | ) small enough,

say e £ , we can insure since k N£ , that the 

slope of the fibers of f ^ $ £ N $ j (W£)

relative to EV is no more than larger than the
J

slope of N relative to E£ . Because we are assuming
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via the induction hypothesis that the slope of

"I- fW^1 1 relative to eV is not larger than j *■ x J j
“*1 kai/3 , the slope of the fibers of 4> • f <f> ^N,

relative to is bounded by w./3 + w- + (slope N
J J

relative eV ). Beginning with an N with slope 

£  «a , relative to eV, gives that the slope of

the fibers of <|f1 ' fk ♦ ‘ N relative to e V, isj i J
less than or equal to: /3 + 2 w .. Using

*e ^ for the neighborhood of in T^M satisfies

(6). So we only now need to prove (5). But here
*

we argue as for i 3 2 to get <_ e ^ so that (5.) 
is satisfied.

Thus these e , w have been chosen to asi i
satisfy (1) through (6) , and the proof of
Proposition 1.2.1 is complete.

We are now ready to prove the main result of this 
section.



Theorem 1.2.1 : Let 6 > 0 be given and let V
be a neighborhood of the sink P. Then for i = 2,...,r
there is a compact neighborhood U(P̂ , ) such that with
H a measure derived from the Riemannian metric and :
U (P. ) = { x e U(P ) : fk (x) i  V forN i i 1

k = 0,..., N } . Then :
p ( Uv ( P. ) ) < K ( 1 +fi )N exp ( -C N ) , whereN i *=*

K > 0 is independent of N and
exp (C) = min { Jac D fu (P. )}

i=2,.. . ,r 1
Proof : Given 6 > 0 ,  let 6^ < 6 . Then we can

find for all i = 2 , . . . ,  r a pair ( ) which
satisfy (1) through (6) of proposition 1.2.1 with d'
We take e > 0 such that e < min e . and considerl
the compact neighborhood of 0 in T^ M , cl T^ M  (e ) =
cl ( EV ( e) + E? (c ) ). Then take
U (P ) = (j>̂ ( cl T^M (e ) ). These are our neighbor -
hoods of the fixed points. Now fix i and let

SN -'♦'i f UN C Pi ;
SN C  cl T. M ( e) . We prove that :

v ( SN ) K ( 1  + S ) N exp C-C N ) , where
v is the ordinary Lebesque measure in T^ M

Passing back to the measure y on M involves only mul -
tiplication by constants bounded away from 0 and 00

For v e cl Es (e ) consider the linear variety :i
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H = { (u,v ) e  T . M r u e  E? } . We consider the v 1 1
subgraphs S C \  H for v e cl E? (e ) . These areN 1 v i
compact sets which cover in the sense that :

S.. = S.T D  f  U  H 1N N L v e Es (e) v Ji
We now appeal to the following Lemma in order to 

get an area estimate for the subgraphs ( SN H  Hv } •

Lemma 1.2.2 : For i ^  1 if g : cl E?(e) clE?(e)
is a function with slope no greater than ok , then :
area ( graph g SN ) K (1 + 6 )N exp (-C N ),
where K > 0 , C = min {Jac D fu ( P. ) } , and

i >, j > 1 J
area ( . ) refers to r dimensional measure along
graph g , where r = dim ( Eu ) .

This is proved in detail in the appendix. However
we shall give indication of the steps here. If we con­
sider the set ( graph g SN ) , then this decomposes
into the finite union ( not disjoint ) of compact

N
subgraphs : \J S( g,m ) whose images are in U( P.)

m=0 1
for exactly m iterations. For those m iterations
we may estimate the change in area ( F m ( S  ( g , m )  )
via the Jacobian inequality (*) . This inequality is of
the form : required to produce the estimate :

i jjarea ( S (g,m ) ) < i K ( l + f i -  ) exp (-C^ m ) ,
where = Jac D fu ( P. ) . Further, for iterates
larger than m , iterations of S( g,m ) or



fk Fm S( g,m ) for k > 0 , pass within a
bounded number of iterations to other U(Pj ). Because of 
Proposition 1.2.1 these iterates fiber into a system
of C* submanifolds ( graphs ) with slopes j< w ̂ . Thus
the same Jacobian estimation technique can be applied so 
that the area of these iterates of S( g,m ) can be es­
timates. Then translating all these area estimates back 
to U(P^ ) we get :

area ( S (g,m ) ) .< K ( 1 + <$ )N exp( -C N )
The number of S( g,m ) grows algebraically with N 

but since < 6 we can redefine K so that : 
area ( graph g f \  SN ) K ( 1 +6 )N exp ( -C N ) .

Now applying the Lemma we continue the proof, of the
Theorem. Since SN r \  Hv is contained in a linear
variety, area (.), here denoted v 11 is an r dimensional 
Lesbeque measure. Thus we get :

v C SN f ]  Hv ) < K ( 1 + S)N exp (- C N ). Now
by application of Fubini's Theorem :

V ( s.. ) = / „ vu (S„ n H ) d V sN v c E! (e) N ' 1 V1

OR : v ( SN ) < K ( 1 + 6)N exp ( -CN ) v S (cl E®(e) )

< K (2e ) dim ES (1 + 6)N exp ( -C N ).
Then redefine K as K(2e ) dim Es , we then get :

v ( S . . )  < K ( 1  + 5)N exp ( -C N ). Hence :N *=•
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p (UN ( Pi)) <, K ( 1 + 6 )N exp ( ■ C N ), where 
again K is redefined. This completes the proof of 
Theorem 1.2.1.
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% 3 Extentions of Main Results Via Filtrations

In this section we extend the main result of 
Section 2 in the following two directions :

(a) First we show that using filtration arguments 
Theorem 1.2.1 holds for y(U^ ) , where :
UN = { x e M - cl V : f^ x e V, for k = 0,..., N

(b) Then we remove the restriction that f have only- 
fixed points, thus proving the main result for all 
Morse- Smale diffeomorphisms of M.

Definition : Let f e Diff (M) , a filtration
for f is a sequence of compact manifolds, with boundary, 
M = Mk D  Mk_i 3> . .. = % , such that

) C. Mk . Given a filtration,
K- = r \  fn ( M. - int M - ) is the maximal
1 ne Z 1 1 1

invariant set contained in • If
), for all i, we say that the 

filtration is a fine filtration for f . Finally, if we 
are given closed invariant sets which are disjoint 

t •••» , we say
M = Mk ^  Mfc-l ̂  ... z> Mq = 0 is a

filtration for ^  ,. .. , Ak if A^ = .

Note : We will sometimes denote - int Mj by 
M [i,j] .



We now state the main result of this section

Theorem 1.3.1 : Let f be a Morse-Smale diffeomor-
phism on M. Then there is a filtration

such that :
(a) All the sinks of f are in .
(b) S(i,j,N ) = f‘N ( fN ( M i - int Mj))

Or S(i,j,N ) = - f'N ( int M. )
( the latter one will be the one we shall use )

Then given 6 > 0 we have that :
y(S(i,j,N ) ) < K ( 1 + <5 )N exp (-C N ) , with

K > 0 independent of N and
exp (C) = min { Jac D fu ( ) } , where the

minimum is taken over all non-sink fixed points .

Proof : This Theorem is proved from the main result
of section 2 using filtrations, and induction.

We know from [10] that there is a fine filtration 
97^* = {M*} k=l adapted to f We immediately

alter this to ; -  {M^} , by letting
= U  » f°r k = l,...,fl, , with jl the

number of sinks of f on M.
Thus assertion (a) is proved. Now in order to

prove assertion (b) we first quote a Proposition from 
T9] , about filtrations .



Proposition £g "j • Let M = •••
be a filtration for f e Diffr (M). Then :

k
(a) n C  U  A.

(b) M is the disjoint union of the Ws ( A^ ) and 
WU ( A.)

(c) There are no cycles and i > j implies

A j ^ A
(d) M. C  ^  Ws ( A-j )
(e) given arbitrarily small neighborhoods of

A. , there exist m* and n- > 0 such that :1 * 1 1
n- -m.

f 1 M. - f 1 ( int M. , ) C  U- •i l-l v—  i

Proof : This can be found in [9 } » however since
part (e) is directly applied I will give its proof here :

As O  fm ( M [i,i-ll ) = A. , there exists
qo. < m < 00 1

n^ , m > 0 such that
_  _ _ _ n. -m-

u. 3  O  f ( M [i,i-l]) 3  f 1 Mj- f • (intM.
1 m 5Lni 1

We will now use this proposition in proving the
next two propositions which are needed to prove (2).
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Proposition 1.5. 1 ; If x e M hut x e  £ n QJCP̂ ll* 

then there exists an iteration L. depending only' onXJCPj) for 

which f * (x] int •
Proof : From proposition [9 ̂  , part (e) we have that

nf jjj .
there exists n. and m. such that f ( M. ) - f 1(intM ) U(P),

i i 1 iil
This yields M C  f ~ n i  (U(P >1 U  f"™1 ~ n i  C.int Mi _1 ) .

If x e but x e f ni (U(P̂ )). Then :
-Cm. + n. )

x e f ( int This is equivalent to :

mi + nj
f fx] e int M- i . Therefore talce L- = m. + n. and thev l-l i i i
proposition holds.

Next we will relate these two propositions to the set S(.i,j,N). 

We obtain :

(a) { is the largest invariant set in M[ i,i-lj and
(b) For any neighborhood U of P^ there are nr and n^ ;

n. -m̂
fixed integers, so that U O  f 1 - f int M .

Next applying proposition 1,3.1 we find that :
n.
f 1 (S(i,i-1,N + ^  ) C  U (Pi ) . But also since 

f11! ( S (i,i-l,N + Li ) d  S(i,i-1, N + nr ] we have :

f" 1 (S(l,i-1 ,N + Lt ) C  UN + m. (pi ) and then :

s c m -i , n + Li ) C f'ni ( uN+m.( Pi ) ) .

We now have the preliminaries to begin the proof of 

Theorem 1.3,1 . Let i = 2. We consider S(2,1,N ).

S(2,1,N ) = S(. 2,1,(N-L2 ) + L2 ) , so
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S C M . Q M .2 ) + L2 ] C  f"nz uN.n2a>2 1

Thus : „ (5(2,1,N J J < K* „ (%.n 0>2 )1
2
N-n?

< K* K(1 + <5 ] expC-CCN-n2 ])

for N ^ 1*2 .
Now by1 redefining K we get : 

u CS(2,1,N ) ) ^  K (1 + 6 )N exp (. -C N },

Now assuming that we have the estimate : 
y(S(i-l,l,N ) ) < K(1 + 5 )N exp (-C N ) for i < r . Then

consider S(i,l, N ).

S(i,l,N ) = S( i,i-l,N) U  S(i-1,1,N) U

w here 7^ = { x e M [i, i -I] : f^Cxleint j .
Now y (S(i-1,T,N )) is known by hypothesis and 

y(S(i,i-l,N )) is gotten by a trivial modification of the

S(2,1,N ) case. So we consider A^. Next write A^ = D [J E ,

where :

D = { x e : f XCx) £ M £i,i-l] }

Then : fLi (E) C. S(i-1,1,N - L± ) and

E C  f'Li CS(i-l,l,N-Li ) so that
" L ty(E) <. K? y (S(i-1,1,N-Li ) where K = max { Jac f } 

over M pi,i-lj . Thus y (E ) £ K (1 + d exp (-C N ) ,

by modifying K .
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Final 1 y for D we have ;

D c  r ni- UCPj. 1 so that : f11* D <L TJN_n (Pi } .
i

Hence :
y CP} < K* y (%_n .(Pi ) 3.

Or : y (D) ^ K* K ( I + 6  ni exp (-C C N- n^ )) , for

N > L. .i
Then by redefining our constants K, we get :

y (S(i,l,N ). < y (S(i,i-1,N))_ + y (S(i-1J,N )) + y (D) + y (E)

< K [1 + 5 ]N exp (.- C N )

as desired. This completes the proof of the Theorem.

The natural question at this point is does the theorem hold for
periodic orbits of f ? The following Corollary answers this
in the affirmative.

Corollary 1.3.1 : Theorem 1.3.1 holds for all Morse-Smale

diffeormophisms on M.
Proof : We let & be the least common multiple of the periods

of Tj » wfr61,6 Yj are the periodic orbits of f , for j=l,...,r ,
( note that here fixed point means period 1 ).

Next let g = f& . Then g is Morse -Smale with only fixed

points. Then Theorem 1. holds for g . That is there is a

filtration M .  = { Mi 3 such, that all the sinks of g are in

M^ and y(S(i,l,N) K (1 + exp (rC N 1 for any
<5 > Q and some positive K. Here C is given by :

C = log min { Jac D g | W11 ( P • ) for j = 2,... ,r }
Pj J



Where the p̂  are the fixed points for g f Then we get ;

u(SfCi,l,M II 4 KCd M  IN expCbCfi IN £ I
K( 1 IN exp C'C-C/ H I N A  I

Now-certainly' (i>l>N£ +k ] d  (i>l>N£} for

kKL,,.. ,H-1. Thus by redefining K we get

Vi (Sf(i,l,N) « KC 1 +<SlN exp(C-C/A) N) for all N.
The proof is finished by noting that C/jf, is the minimum
of the quantities 1/m log Jac D fm b^Cp-) where thePj J
minimum is taken over all pj in the non-wandering set for f 

which are not sinks and j p̂^ = p^,
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§4 ' Morse - Smale Flows

The goal of this section is- to prove a corresponding Theorem 

for Morse-Smale flows.
For x a fixed point of a flow <j> we define :

cf,u (x) = log Jac D Q j j E^ E^ .
For y a closed orbit of <f> ̂ with period x we define :

<f>U ( Y ) = 1 / T C niin  ̂ d ac D <f> | Eu + EU } ) ,y e y t y y-

Theorem 1.4.1 : Let $ ̂  be a Morse-Smale flow on M. There

is a filtration / 7 l ={M. } .rf such that :1 i=l

(a) All attractors for <j> t are in M^ .
(b) For all 5 > 0,

y ( S (i,l,T )) < K ( 1 + 6 )T exp ( - C T )
for i > 2 , K > 0 independent of T, and

C = min { (pu ( x ) , <i> u ( y- ) > where x, , y .
Xj ,Yj J J J

are respectively the fixed points and closed orbits of <P t which are 

not sinks or attractors.
Proof : We show how to modify our previous arguments to this

case.

If x is a fixed point of <J> , then our previous work 

suffices to describe the behavior of trajectories in the 

neighborhood of x by considering the time one diffeomorphism

g = ^  •
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If Y is a closed orbit of <p t which, is not an 
attractor, then T M splits continuously1 into E + Es + Eu 
where E is the one -dimensional bundle tangent to the flow and 

dimension Eu ^ 1. For g - the time T diffeomorphism
where t is the period of Y j Y is a closed, infinite, non-
hyperbolic set in ^ (g), However since D g(y) expands

E^ more rapidly than E^ for any y e y , then given
e > 0. we can find <$ , Q > 6 > £ , so that if g^ (x) e B^( e )

for Q £ k ̂  n but g31̂  (x) e (e ), then
H( gn+l(x) , y ) > 6 . By compactness we can cover B ( 5 ) 
by a finite number of {B ft:)}' y- y c, y

The effect of this construction is to permit use of the pre­
viously established volume and area estimates in the neighborhood 
of Y by considering only a finite number of neighborhoods 

covering Y . If N is a submanifold of M in cl B^ Cfi) ,
then N decomposes into a finite number of submanifolds determined
by its intersections with By. (e ) , Let Ny be a typical one.
Then cp ̂  Ny is a submanifold of Ty M ( e ), If in
addition it is the graph of a function of a closed subset 

of EjJ. (e ) into ECy (e ) = E® (e ) + E (e ) with
prescribed slope, then under iteration by G = <jT1 o g o tj>

y yY y
it remains the graph of a function of the unstable space 
E^ into the center stable space Ecs . That is the graph transform 

properties from before apply here [2 1 • Locally Y behaves
like a finite number of non-wandering points as far as the area
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Lemma ( Lemma 1.2.2 1 is concerned.
The only- other issue is that of transversal intersection. The 

stable and unstable manifold of any two closed orbits , including 

fixed points, have transversal intersection/ In the case of a 

closed orbit there is a third direction - the flow direction.

We actually need each unstable manifold to intersect each center 

stable manifold trans vers ally. This occurs since the stable and 
center stable manifolds intersect along the flow. Hence the 

analogue of Proposition 1.2.1 is true for Morse-Smale flows.

Also by our previous remark the area Lemma 1.2.2 has an 
analogue. We thus prove our volume estimates locally using 

fixed time diffeomorphisms g = <j> and finish the proof by

normalizing the estimates by dividing the exponential constants by 

T when necessary.



§5 An Example With, Transversal Intersection

Consider the torus T2 C  which is tilted back with
respect to the horizontal plane. Let the gradient field on it be of 

the form :

X = - grad (h)

where h is the height function of points in relation to the 

horizontal plane. So the flow is downward. Next consider the 
Dehn twist. More specifically fix time t to x , and consider 

the diffeomorphism x T . Now add a diffeomorphism g described 
as follows : let g = id on the torus except in a small band. In 

this band g moves points along their level curves ( which are 

circles). g rotates the level curves in the following manner : 

the uppermost curve rotates 0 radians, the lowermost rotates 

2 tt radians, and the curves in between rotate from 0 to 2ir going 

down the band. The diffeomorphism g is Ĉ . The effect of h is to 

push g down causing repetition of the pattern resulting in the 
transversal intersection, which can be seen in Fig.1.5.1 . The local 

intersection is illustrated in Fig.1.5.2 .
We note that in the figures is the source, and P^ are the 

saddles, and P^ is the sink.
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Fig. 1.5.1

Fig.1.5.2



In reference to Fig, 1.5.2 we point out that there are an 

infinite number of such. intersections' tending forward to P2 ,

The * Lemma of Palis £ d ]] tells us that W11 (P3 ) in a 

neighborhood of P2 becomes close to W11 ( ] in both

distance and slope. In fact it contains WUCP2 ) in its 

closure.
Next in linearized neighborhoods of P3 and P2 the local 

diffeomorphisms can be given by :

(X*) X = Xo exP C Y ) X = XQ exp C~ y )
Y = Y exp (- o ) Y = Yq exp C 6 )

respectively. The logarithms of the eigenvalues are Y ,-o ’-y, @ 

For sets moving from P^ to P2 , the transversality property 

causes the two unstable directions to become alligned. This is 

shown in Fig. 1.5.3, where we only consider one point of trans­

versal intersection outside the neighborhoods, for clarity.

Fig. 1.5.3



-oa-

We see by the transversality property the height of the set 

which comes into the neighborhood of is independent of the

number of iterations- for which it stays- in a neighborhood of .

So only WUC?2 3 influences the set in the neighborhood.
In Chapter 2 we will see that without the transversality condition 

this is not the case.
Using the diffeomorphisms given in (**) we will show that 

the area of the set whose orbits remain in the neighborhood of P̂  

for exactly n iterations and in the neighborhood of P£ for at

least m iterations is :
24 e exp O  g m 3 exp C - Y n )
2

f 4 e exp (. C 3 exp C.-C N 3 where C = min ( Y 3 ) 

and N = n + 1 + m.
To see how this estimate was obtained consider the following 

illustrations in Fig. 1.5.4, and Fig. 1.5.5.

Fig. 1.5.4

3m

n iterations



Fig.1.5.5

2 £ e - e m j

iterations

->yi
r'-:
-■v

We note that from Fig ,1.5.4 to Fig.J..5.5 is 
one iteration, which gives a total of N iterations

overall..
We now can add these estimates to get the 

" total estimate ,T for n = 0,1,2,..., N , which 
implies m = N ,..., 0. This gives :

N
E

n=0
4 e exp C C ) exp C“C N )

4 e L exp (C) ( (N + 1 ) exp (-C N ) ) .



-  J  / -

CHAPTER 2
% 1. An Example Without Transversal Intersection

Let us now suppose that we no longer have the 
transversality condition of the Morse-Smale 
diffeomorphisms and flows, what can be said about 
the rate established in Chapter 1 ? We will begin 
by considering the gradient system, defined previously, 
on the torus T2 d  R 3 . However suppose, in contrast 
to the previous case, that T^ is not tilted back.
Thus we have a non-transversal saddle connection,

( w“ (P3 ) = WS CP2 )), Fig.-2.1V1.

FIG.2.1.1 P4



We perturbe (the gradient system

associated with the height function), to allow a flow 

ft so that ft" has ’the same fixed points as <f>t, 

is linear in a neighborhood of P3 and in a neighbor­

hood of P2 . There is a tubular neighborhood of 

Wu ( P3 ) , outside of the chosen neighborhoods

of P3 and P2 in which the flow is parallel to WU (P3). 

Refer to FIG. 2.1.2.

FIG.2.1.2

Next in linearized neighborhoods of P3 and P 2 

consider the following ordinary differential equations:



- ̂ y-

In the Neighborhood of In the Neighborhood of P2

X = Y X X = - Y X
Y = - aY Y = B Y

where y » a > B > 0 .

Now consider a point ( XQ , y q ) in the 

neighborhood of Pj. Its orbit in this neighborhood

is given by :
X = XQ exp ( YT )

Y = Y exp ( - ct T )o
If this orbit remains in the neighborhood through 

time N, then since X = X exp ( Y N ) , and
Y = Yq exp ( - a N ) we get that XQ < e / exp ( Y N).

Refer to Fig. 2.1.3.

FIG. 2.1.3

T-N



We assumed that the flow is parallel to 
Wu (P3) between the two neighborhoods, thus the orbit

( x0 , y0 ) when it first enters the neighbor­

hood of ?2 has coordinates (x,y) satisfying:

|X| = e and |Y| = |Y0| exp( - a N ).

This corresponds to time N* = N + S, where S is a
constant giving the time of the flow between the two
neighborhoods. Refer to Fig. 2.1.3. Now the orbit 
while in the neighborhood of P2 will satisfy:

|X| = e exp ( - Y ( T - N* ))
|Y | = |Y0 | exp ( - a N ) exp ( 3 (T - N*)).

Where T is the time measured from the initial point

(xo»Yo)*

Then if this orbit remains in the neighborhood 
of P2 through time M we get : |Y| £  e

Or Yq exp C- aN) exp ( 3 (M-N* )) < e

Or Y0 < exp( a N ) exp( 3 (N* -M ) ) £  ,
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Thus the area of the set of points whose orbit stay- 
in the neighborhood of Pg for time N and do not

leave the neighborhood of ?2 given by :

|XQ I * |Y0 I , or is less than or equal to :

[e exp(- y N * [ e expC a N) exp (3 (N*-M)J_

e2 exp ( a N ) . exp ( - y N ) p exP C 3 (N*-M)) 
e2 exp ( 3 S) * expCC a -y ) N) • exp(3 (N-M)) 

Refer to Fig. 2.1.3
Now y  -  ct. < y  because a > 0. If in 

addition we take 3 > y - a then we have that the
area of our set is larger than that in the Morse-Smale 
case, i.e.
Y - ct < min{ y> 3 } • Thus the rate of

decay is slower than in the Morse-Smale case.

The point illustrated here is the unstable 
direction in the neighborhoods of Pg transforms to

the stable direction in the neighborhood of P2,.

This allows the distortion of volume in the 
neighborhood of Pg t ( due to the stable part of f ),

to affect the rate at which the set leaves P 2 . More 
specifically the skrinkage of volume in the stable 
direction at Pg must be overcome by the unstable part 

of f at ?2 • Thus the number of iterations required



for a set to leave the neighborhood of P2 depends

on the number of iterations during which the set 
remained in the neighborhood of P 2 , in contrast 
to the Morse-Smale case. This is illustrated below 

FIG. 2.1.4-
A

Hence by the preceeding asymptotic estimate we 
see that the overall decay rate is slower than in 
the Morse-Smale case. That is to say that the ex­
ponential constant C is less than the minimum of 
Y and g , where exp (y ) and exp (g ) are, 

respectively, the jacobians of the unstable parts 
of Df^ at the two saddles.

This example shows that the result of Chapter 1 
must be modified in order to hold for Axiom A, no 
cycle diffeomorphisms and flows in general.
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2 The Results For Axiom A Diffeomorphisms With 
No Cycle's

The goal of this section is to establish a re­
sult similiar to that obtained for Morse-Smale 
diffeomorphisms in the more general case of Axiom A, 
no cycle diffeomorphisms. We will prove a theorem for 

diffeomorphisms, and will discuss the conditions 
under which the theorem holds for diffeomorphisms 
in section 4. We begin with a theorem which relates 
local volume estimates to global estimates.

Definition; Let = { M ^  be a filtration 

adapted to f and let Ak be the largest invariant set 
in Mk - int Mk-1. Then

BAk ( e,N) = {x e M : d(fkx,Ak ) < e for
K = 0,1,...,N }

Proposition: 2.2.1 for small e there exist L^,n^
as in proposition 1.3.1 such that

S (i,i-l, N^-Li) C  f"ni (BAk ( e,N)) 
where S(i,i-1, n ) = - f"n ( int

Proof; Because B ^ ( e )  is a neighborhood of Ak 
we know from proposition I s l  that there exist L-j^n^

such that if x e - int and fLix £ int

then x c f~ni (BAk (e)) .
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If x e SCi,i-l» N+L|) , then 
x e £- (N+LjJ (-int Mi _ Hence x e f“Ni BAC.£)

But also we have x e f~C^+Li) (int Mi_i) where 

0 <k < N because f(Mi_i) int Mi_1# Thus

fkx e f Ni Ba ( e) or fk+Nix e BA (£)
i i

for 0< k< N.
This means that f^i x , f^i + -^x,..., fNi+Nx

are all in BA (e) . By definition this means
i

fNi x E Ba (ej or x e f“Ni g (e )
i i

Hence S(i,i-1, N+Li) f“Ni ba (_e N]
i

Theorem 2.2.1 Let f be a diffeomorphism of M with

"??£ = { M i}T=o a filtration adapted to f with A theIc
largest invariant set in Mj, - int - l.

Assume that y (B (e,N)) 4  Dk exp(-Ck N)
k

with and Ck positive constants for k=2,3,...,r.

Then for i > j , i < r ,  j ii 1 > there exist positive

constants W£ • ,Dij and C* j such that N >, Wij 

implies y (S(i,j,N)) i Di}j exp C~Ci}jN).



Proof: Given i > 1 we will first prove the result for 
j = i-1 and then extend the result by induction.
By Proposition 2.2.1 we know that S(i,i-1, n + L^)

£ 2  f“ni ( B ,n)) . But
i

y C f"n i (B^ C e»n ))) = / Jac f~n i dy
B^ ( e ,n)

i y (B^ C e
i

where = max ( Jac |f~ni|).
M D-,i-l]

Thus we have : y (S (i,i-l,n + L J  < j* (b ( e ,n)) .
1 =  1

£ J* D • exp(-C n),
—  x x ^

where the last step follows from the hypothesis. Now 

take N = n + and require N >, in which case we

have:

y(S (i,i-l,N) < J* D exp ( C L )  exp (-C.N ).

Let D. = J* D. exp ( C. L. )1.1-l 1 1  1 1

and C = C , and w. . = L. ; we have the desired
1 .1 - 1 1 i»i-l i

result.

Next assume, by way of induction, that the statement 

holds for
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y(S (i-1,j,N)), for i > j , j > 1, and N > w .X X , J

Now consider: S (i,j,N). Recall from Chapter l that:

S (i,j,N) = S(i-l,j,N) (J S(i,i-1,N) U  A ,where
N

A = { x e M [i,i-l] : fN (x) e M [i-l,jI]K
N
Furthermore decompose A = D (J E , where :

N
D = {x e A : f^i (x) e M f i,i-l] J and 

N
E = (x£ A : f^i (x) e M 1, Thus for N =

N
we have:

1) S(i,j,N) = S(i-l,j,N) ( J  S(i,i-1,N)U D U  E.
We have volume estimates for the first two directly 
from the induction hypothesis.

2) yS(i-l,j,N)) < Di_!j exp C - q . i j  N) for N >

A similar result holds for y (S( i,i-l,N)).

For E, observe that fLi ( E ) C  S(i-l,j, N- L ) ,
so that: y ( f**i ( E )) can be estimated,

y (f^i (E)) 5= J^i ( E ) , where J.= min {|Jac f|}.
1 1 m ri,i-i]

Thus we have :

3) F (E) < J ^ i  y (S(i-1, j ,N- L.)< j"LiD.expC-C.N ),
i i i  i-i»J i-l,J

for N > L- + w- i -=* X X " X f  j
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Next I claim the following :

Lemma 2.2.1 :
For 5 > 0 small, and for all N _> 2(L. + w . )

l i-l,3
we find that :

UC D ) < K ( exp ( -Cf ( 1 - 5 ) N )
+

where : C? = min { C./q ,C (1 -fl )}. and qe Z is 
i i i-1 ,3’

chosen so that q satisfies :

q ( 1 + ( C* / C - 1 / 5  where
i i-lj

C? = log C min [ Jac D f I )
1 Pi£M[i,i-lJ ”i

The proof of this lemma will be given in Appendix II.

We are now ready to state the " total " estimate which . is given 

by the following form :

P CSCi,3 ,N)) < p CSCi-l,j,N) + p CS(i,i-l,N)) + P (D) + p(E)

The preceeding estimate is obtained by using Lemma 2.2.1 and 

the estimates (2) , and C.3) . Thus we find :

P CS(i,j,N)) < K. . exp C-C. . ( 1 - 6 ) N ) ,
1,3 i»3

for N > max { w. . 1 , 2 ( L, + w. . ) , , where the— 1 ,1-1 i 1 -1,3 •'
If IfC. . are defined recursively by C. , = C. , where C. has

been previously defined.

This completes the proof of the Theorem.



- 4 8 -

We see from Theorem 2.2.1 that whenever the diffeomorphism f 

has a filtration such that the sets Aj. Rave local volume

estimates , not an attractor, then a global estimate holds. We 

now show that this is the case for Axiom A diffeomorphisms with 

no cycles.

Definition : Let f £ Diff (M]» Then f satisfies Axiom A 

if and only if :

Ca) ft Cf) is hyperbolic
(b) « Cf) = cl Per f

Definition : We say that a diffeomorphism f has an ft

decomposition if ft Cf) may be written as the finite disjoint union
of closed invariant sets for f, ft Cf) = ft U  ••• Ua. .

1  K

Moreover, if f j ft is topologically transitive for all i, i.e. 

f | ft ̂  has a dense orbit for all i, then we say that f has a

spectral decomposition.

Now given f e Diffr (M) with an ft - decomposition, we may 

define a relation on the ft 4 as follows : ft > ft if
1 j

C C ft ± ) - ft j. ) (~\ Cws C ft j  ) - n ) /  /  , i.e., there is an 

x which comes from ft . and goes to ft
1 j

Definition : Let f e Diffr (M) have an ft - decomposition 

ft Cf) =ft^U...Ufî *  We say that f has no cycles if

ft • > ft,- > • • • > ft ■: ~ fti is impossible for
° 1 o

any j > 1 .



If f has an ft - decomposition and no cycles we may reorder 

the ft . by defining ft > ft iff there exists a sequence
1 1 j

ft . > ft v > ... > ft . > ft . and finally we may reindex
1 K1 Ki 3

the ft. such that ft = ft { J ...L/ft, and i < j implies
1 JL ic

ft . j> ft . Henceforth, we will assume that the ft are indexed
1 j i

as above for any f with an ft - decomposition and the no cycle 

property.

Spectral Decomposition Theorem C Smale ) If f satisfies 

Axiom A, f has a spectral decomposition.

Definition : We say that f is an Axiom A diffeomorphism with 

no cycles if :

(a) f satisfies Axiom A and

(b] the spectral decomposition of ft Cf) has no cycles.

Now in [9 ] we find the following :

Theorem : Let f £ Diffr (M). Then f has a fine filtration

if and only if f has an ft decomposition with no cycles.

Therefore, we know that if f is an Axiom A, no cycle 

diffeomorphism, then f has a fine filtration. ~  ̂Mi ̂ i"0 such
that the largest invariant set Aj. in

corresponding set in the spectral decomposition of ft (f) . A ̂  is 

called a basic set for f

The following is a simple modification of a Theorem found in

M. - m t  is the
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Bowen and Ruelle C 2 . The difference is that they prove an

estimate for LJ B ( e , N ) which is not the same as
V  A x

j
BAj C c , N ) .

2Theorem 2.2.2 : Let f be a C Axiom A diffeomorphism,
2with no cycles. Let Aj be a C basic hyperbolic set for f. 

Then for e small and IC , C_ both positive constants we find :

u [Ba . C e , N ) )  < K exp ( - C N ) .
J J J

Before proving this Theorem, we will prove the following pro­

position.

Proposition 2.2.2 : For all Y > Q> there exists e >. 0

such that B̂ . (e , N ) C  U CB c * * r , N) ) .
 ̂ x eAj

Proof : Let Y > Q be given. Take B = y /2. By

Bowen's Shadow Lemma Cl] , the local product structure of A
j

yields a such that every a pseudo orbit in Aj is 3 shadowed 

by some y in Aj . Furthermore take e = « /  ( K ^ + l ) ,

where : Kf = max { d(f(x) ), f(y}) / d(x,y) y
x,y e M 
x ^  y

If x e B ^  C e , N ) there exists yQ , j 1 , • • • , YN e A j ’

such that : d (f̂  (x) , y^ ) < e , for 0 ^ k N .
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Claim :y , y , ... , y , is an ^ pseudo orbit, a 1 k

Proof :

d(yh 1  , f C yk ) ) < dC yk+1 , fk+1 ( X )  ) + d(fk*1 Cx),fCyJ)

£ d(yk+1 , fM Cx)) * dCf(fkCx),f(yk )) 

< = * L (  d (  fk(x), y, ))

i  £ + K £ = ( Kj. + 1) ef £

Therefore : d(yk+I ? f(yk )) l a  , and hence {y^ k20 is
an a pseudo orbit.

So there exists y* e A . which shadows y ,..., y,J O K

i.e. d(f^ (y ) , y ) < y for 0^ k ^ N.K
But then :

dC fk ( y* J.^Cx)) < dCfV* ), yk ) + d( yfc , ^  (x) )

4 ( Y + £ ) for 0< k< N .
Therefore : x e B A Cy + e , N ) .  Hence :

y

B a C e > N ) Cl B ( Y +e , N) as desired.
3 x£ A. X

3

We now return to Theorem 2.2.2 and begin its proof .
Proof : Let y be small enough so that we can apply a local

estimate B ( 2 y , N } , i.e., the one obtained from the Local
X

Volume Lemma of Til , mentioned in Chapter 1. Now let e < y
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be small enough so that by Proposition 2.2.2 we have :

B . Ce, N ) Cl B ( ,  . t  ,1).
j x cA . X

2Since y + e < 2y , and Aj is not an attractor, and is a C

basic hyperbolic set, then for (e+y) sufficiently small, we get

by application of Proposition 4.8 and Theorem 4.11 of [i] .

that the following is true :

lim sup( 1/N log u ( U  B (y +e ,N) ) = P( f |A . , <P ̂  ) < 0 .
x eA . 3

J

P ( f | A , , <f» Cu) ) here is the topological pressure of f

restricted to the basic set for the continuous function :

(j, ̂  (x) * " log A. (x) where X (x) is the

Jacobian of the linear map D f : E*) -»■ Eu using inner
r x f (x)

products derived from the Riemannian metric L1] . Again by

Theorem 4.11 of [1] we know that P ( f | A j , <J> ̂  ) = 0 is

equivalent to Aj being an attractor ( f ( U ) C  U for some

U a neighborhood of A • )
Now let the above lim sup = 6 , then for all a > 0 we

get : 1/N log p( ( J  B ( y + e, N) ) </• ( 6 + a ) for
x e A . x 

J
all but finitely manjj N. Now if one chooses a such that 

C 6 + a ) < 0 , we get :

log y ( B ( y +e,N))< N ( 5 + a ) < 0, or
X  • 83
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u x V a  • Bx  ̂ e+ Y » N ) =  exP ( N( 6 +a )). Hence

U C Ba ( e, N )) < u( B C e+y , N ))
~  x e A.

3 3

<, exp ( N ( 6 + a ))
for all but a finitely many N.

In this case we have that 6 = P( f I 4 > )
and C + ot ) < 0 .

nRemark : Thus the Theorem for f a C Axiom A ,
diffeomorphism with no cycles is proven. This can be 
stated as :

Theorem 2.2.3 : Let M be a compact Riemannian mani­
fold . Let ^ be the measure induced by the Riemannian
metric on M. Let f be a Axiom A diffeomorphism 
with no cycles, defined on M. Then f has a filtration 

{NL} for which every sink of f is in #
Let S(i,j,N ) be as defined before. Then for all 6 > 0 
there exists K = K ( 6 ) such that :

y ( S( i,j, N ) ) < K exp C-C. .(1 -6 ) N ) ,== x y J

for large N , where C. . are defined recursively by :
1 »3

CA j  = min { C± / q , Cj^ j  ( 1 - 6 )} ,

where can be taken to be any number smaller than

" P ( f I Ai » ) > where P( f |a j , )
was defined earlier, and q e Z+ is chosen so that



satisfies :
q > ( 1 + C- / C- •. j ) / 6 , where—  X X X J J

c. = log ( min { |Jac D f | } ).
1 M[i,i-1] i

We note that by taking i to r, j to 1 in Theorem
.3 we obtain the Theorem stated in the introduction.
To obtain our constants C- • we begin with1 9 J

= and proceed to calculate ^  1 * ^ 3  1
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§3 The Results For Axiom A Flows With No Cycles

An analogous result for Axiom A flows , to
Theorem 2.2.3 is as follows :

2Theorem 2.3.1 : Let <f> be a C Axiom A
flow on M with no cycles. Then :
U (S (i,j,T ) ) < D. . exp (- C. . T ) for all i > j ,

= 1 *3 1 >3

i < r, i >. 1, D. . and C. . positive constants,
i.J i>3

and T >. w. . , with the C. . defined recursively
as in Theorem 2.2.3.

Proof : We know from [9] that $ has a filtration

which we again assume to be = (MJ with all
the attractors in M 1 . Here S(i,j,T ) is

defined analogously to S(i,j,N ).
Fix t = 1 and consider the diffeomorphism <f> . This

is strictly speaking not an Axiom A Diffeomorphism since <j> may 
not be hyperbolic on all of (4> ̂  ) = ( ̂  t ) • However
it does have a spectral decomposition into basic sets A ^ . 
Furthermore the basic sets A ̂  have local product structure 
for flows [8], and have a Shadowing Lemma for ♦ ̂  [3 ] .

By Proposition 4.4 and Theorem 5.6 of !>1 the
basic sets A^ for 4> ̂  have a volume estimate similarly 
related to topological pressure , P ( F I , ^ ^ 3  t o f



of the flow f  p (. <j>t ; M + M l  and , with
<J>^ (x) defined as, - d A (x) /■. dt , where \  (x) is thei t

Jacobian of D f1 ! Eu -*■ Eu . We refer the reader to [2 ]x ft
x

for details.
Thus by Theorem 2.2.1 we get :

y(S (iJ,N )) < D. exp (- C. .N ).1,3
But for T between N and N + 1 we get :

S (i,j,T ) d  S(i,j,N ) whence :
y(sCi,j,T)) < d exp c-q ■ N ).

1 , 3  X>J
But then :

y( S (i,j,T)) < Di f . exp C q j t T  - N ) ) expC.-qj T )

We thus define D* . to be : D- - exp C C. - ) and have :i,3 1,3 F 1,3

y(S(i,j,T)]| D* exp (-q. . T), where the q   ̂ are

defined recursively as in Theorem 2.2.3 and q  can be taken to be 
any positive number smaller than -P (F , ) .



i 2§4 A Discussion Concerning Cr ys C , and Some Open Questions

Since we have proved a Theorem in Chapter 1 for a class- of 
C1 diffeomorphisms, the question arises as- to under what con­
ditions Theorem 2.2.2 holds for C^ diffeomorphisms of M ?
We know from Fried and Shub [5] , that for each x e A a basic 
set for a diffeomorphism f we have a local volume lemma. However 
O J  does not provide a local estimate for B ̂  ( e. ,N ) only 
for B ( e , N ). While this suffices to yield their results 
on entropy, it does not yield the uniform B ^ ( e , N ) estimate 
required herein. In fact Bowen B J  has given an example of a 
Ĉ- horseshoe with p ( Ws ̂  ) > 0 for A a basic set which
is not an attractor.

For a CT̂ diffeomorphism , not Mbrse-Smale, which has finite 
Theorem 2.2.2 holds. In general, however what additional 

hypothesis beyond Axiom A and no- cycles is needed to insure 
that Theorem 2.2.2 holds for a diffeomorphism of M is an 
open question.

A related open question concerns extending Theorem 1.3.1 to 
a larger class then Morse-Smale diffeomorphisms and flows, and 
still getting the exponential constant to be as in this 
Theorem. It may be that Axiom A, and strong transversality 
suffices.



-S8-

APPENDIX I

Lemma 1.2.2 : Let E-l , E2 and Eg be finite dimen­

sional Euclidian Spaces and IV C  E^ an open set. Let 

dim C E. ) <: dim CE ) <> dim C E1 x E ) . Let1 3 \  L

G : W -¥ E^ x E^ be a C1 diffeomorphism of W onto its

range GC W ). Further let GCW) have transversal intersec­
tion with E2 . Then G( W ) is a C1 manifold in E^ E^

of dimension equal to dim C E^ ) and there is an open set

W* C  W containing G "1 ( E^ ) such that GCW1 ) is a C 1

Fiber bundle over G C W 1 ) d  E2 with fibers transversal

to E2 and having dimension equal to dim E^ .

Proof : We write GCW) = C g (w ) > f(w) )T
for w e W where g : W E^ and f: W -»■ E2 are the

coordinate functions relative to the cross product

Now let w„ e W be such that g C w ) = 0* Sinceo o

G CW ) intersects E2 transversally we know that

D G I w0 C E3 ) ^  Ei ; that is D gJ,0 maps E3
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onto E- . Thus we can find subspaces E and E of E* *T O O

such that Ej = E^ x E^ , dim ( E,. ) = dim ( E^ )

and C ^ g  / | ) : E ->■ E is an invertible5 WD 5 1

linear operator. Hence by the implicit function theorem,
there are open sets U C  EA and V Cl E with w e4 5 o
U x V C  W and a function h : U V such that

g -1 c o i n  ( U x V ) = ( , h ( ) ) . Moreover if

w e U x V is such that g(w) = 0> then w is a point on
graph h.

This means that g'^CO) ( U x V ) is a
manifold of E_ = E, x E of dimension equal to dimCE.) .3 4 5 4

Now fix u e U and consider the vertical line in U x V o
given by u = u for w = C u »v ) e U x V. This set haso
a unique point of intersection with the graph of h and 
clearly is a manifold of E^ with dimension equal to 
dim ( E5 ).

Hence U x V has been C1 fibered over graph h. The
same argument can be repeated for any w e W with
gC w ) « 0 ; the second conclusion of the implicit
function theorem forces the two C* fiber spaces to agree
on their intersections. That is let w„ e W be such1
that g (w^ ) = 0 ; we get C  E^ and C. E^ such



that g~* CO) ( Uj. x Vj ) is the graph of a C1
function h^ : ^  \  an(i if w e x is such
that g O O  = 0 , then w appears on graph h^ .

Now let w e C Ux x Vx ) n C U x V ) and
suppose g O O  = 0. Then w = [ u, hCu)) = Cu, h^Cu))
which forces h(u) = h-^Cu). Thus h and h-̂  agree on 
their common domain . Therefore we can extend the C^ 
fiber structure to C. E4 where is the projection
onto E4 . Then we define W 1 C  W by = if x V1
where is the projection of W onto Eg.

Now we consider G( W-1- ). Since we are assuming
that G is a diffeomorphism onto its range, we get that
GC g~* CO)) is a manifold in GCW*) and also that
GC { C u,v) | u = ufl e if } ) is a C* manifold of
G C ), By assumption the intersection of the two is
transversal. Now since G( ) is a C* manifold in
E^ x E2 we have that each of GC { C u,v) | u = u0elf} )
is a C* manifold of E^ x E2 and also that
GC g'iCO)) is a C* manifold of E^ x E2 . Thus G ( W* )
has a C* fiber structure over the intersection of

*1E2 and G C W )  with the fibers having dimension equal
to the dimension of Ej . Note also that
GC W ) /^ E^ is characterized by gCx) = 0. Thus W* 
contains G ”^C ) •
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Lemma 1.2.3 : For i >  2, if g : cl E*f (E — > ES ( e )
is a C* function with | jD g | | <, oj then
area ( graph g ^ l  S^) K ( 1 + 6 exp ( -C N ) , where
K > 0, C = min {Jac D fu ( P. ) } , and area refers to the 

i*j*2 J

induced r dimensional measure along graph g, where
r = dimension ( Eu ).

Proof : Before we begin the proof of this Lemma' 
we need the following definitions from [ 6 ]  .

Definition : Let f e Diff(M) and P be a hyperbolic fixed
point of f„ We denote by LS(P) and LU(P) the local stable and
unstable manifold of P. Let Bs be a cell neighborhood of P in 
LS (P), such that f(0Bs) C  int Bs . The existance of such a cell 
Bs follows from the fact that f/L (P) is a contraction. The embed­
ded annulus in LS(P) whose boundaries are Bs , f(2>Bs) is called 
a fundamental domain GS(P) of WS(P). We have WS(P) =

V  fn ( GS(P) ) [ J  P . Any neighborhood NS(P) of GS(P) in M, 
n c Z
disjoint from LU(Pj , is called a fundamental neighborhood 
associated with Ws (P).

Dually we can define GU (P) and NU(P) .
We now begin the proof of Lemma 1.2.3.



The area measures are induced by the Riemannian
metric induced by the inner product

{v,w> =» (vU ,wU) + (vs ,ws). The proof is by induction
on i. If i=2, the statement is essentially proved in [s]-
For completeness and for use in the induction step we
reprove it here. If X g S  , then F^ e cl T M(e )
for k=0,..., N- * , where & is a fixed integer
representing the maximum number of iterations for an
orbit leaving U(P ) to enter V the neighborhood of
the sink(s) on M, ( recall F =* <JT̂  o f o <J> 2 ) •
The same statement thus applies to F (graph g S^).
Moreover we know that successive iterates of

( graph g / )  S„) are themselves graphs of C*N
functions of cl E^u ( e ) to cl E 2S ( e )  with slope £ 0)2*
This is because e was chosen to insure that the
graph transform of g, F g is a C* function with2
slope £ m .

2

\j 1Thus F^“ ( graph g (] ) is indeed the graph of a C
function of cl Eu ( _ ) into cl Es ( e 7 ) with slope < u ..2  ̂ «  1
Thus we have :
(I) area ( F^'^C graph g O  )) < K , where K is a



constant depending only on e and w So

K = / Jac D ( Iv + Ep ) d y
graph g n S N 2

But the Jacobian inequality (*) holds in clT M ( e ). That is
p2

if L e Horn ( eH , E* ) with IID ij 1 < ̂  0 and
2 F2 = 2

v e c l L  M (e ) we have :
2

Jac D ( F | v + graph L ) > (1 + S ')’1 Jac D (fI e£ ) .
t 2 Here 0 < <5 < 5 is the constant in the proof of Theorem

1.2.1 We apply this inequality repeatedly to get from
(I) the following :

K > ( 1 + 5' ) "N + *Jac D ( e£ ) area ( graph g f ]  
2

so that
area ( graph g 0  Sĵ  ) <, K ( 1 + <S')N' ( jac Do(FN'A l e£ ) ) 1

2
Now since £ is assumed to have only fixed points,

JacD0 (FN‘)l| ^  ) = JacDo (F ! )N - 11 .
2 u 1 r 2 

Then by redefining K we get :

area ( graph g f \  SN ) < K ( 1 + 6 )N ( Jac DQ (F | Ep ) -j -N A
2

By observing that the properties of <f) 2 allow us to show
that : Jac D fU ( P, ) = Jac D ( F I e“ ) we are done with2 o 2
the i = 2 case.

We now assume that our result has been proven for all i < k , 
where k > 2 and prove it holds for graphs in cl T^ M ( e ). So 
now Sjy ( U ^ C P ^ ) )  . Here the situation for
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graph g Y) is different because x e does not imply
that F^-5, (x) e cl T^M (e ) , where A again is a fixed integer.
In fact on M an orbit beginning in U(P^) may leave U(P^) and
enter some U(Pj ) before reaching V. Therefore we must consider 
N + 1 seperate subgraphs of ( graph g ) . We let Bm
be that subgraph of ( graph g ) for which Fm+1 Bm
cl Tk M ( e ) = j/f . But for which F™ B^ cC cl M ( e )

for 0 £  k <, m , ( i.e. B leaves T ( e ) at exactly the
in f 2

(m + 1) iteration.
00

Thus ( graph g A  %  ) - Ej = (J Bm where the union is
m=0

disjoint. We shall modify B slightly, replacing Bm by cl Bm .
00

Then ( graph g A  S.. ) - E? = (j B with the union no
N K m=0

longer disjoint but consisting of compact sets. Furthermore we
only need to consider a finite union :

C gTapb g f \  = A 0 B o (jB^iJ . . .  Bjj.
where A is the closure of that portion of graph ( g (] )
which remains in cl Tp M (e ) for at lease N iterations. Since

2
all these sets are disjoint except on their boundaries we have :

N-l
area ( graph g f ) S ) = area (A) + area (B ) .

N m=0
Furthermore we know by the arguments used in the i=2 case that :

area (A) £ K ( l + 6 ) ^  exp ( - N ) , and also that :

area ( i (1 + <5 )m areaCF111 Bm ) exp ( -C^ m ) , where



= Jac D £u (P^ ) . We now consider :

area ( F111 ) more carefully. The compact set
^  BmCT u (pk ) passes out of UCP^ ) on the next iteration,

that is : f ( $ F™1 Bm ) A  int UCP^ ) » Jif . Subgraphs of
mF Bm may pass under further iterations of f to any U (P j )

for j < k or to V . However since 4^ % ( pk ) ^ 7
subgraph passing to V must be in a with m N - A for a 
fixed integer I . To define the subgraph of ’ <J> ̂  F*11 we 
perform the following procedure. We note that <j> ̂  F”1 Bm is 
contained in the closed fundamental neighborhood ( associate to 
w£ ) given by : = U(P^ ) - int f"1 UfP^ ). We consider :

GO

°k A  U  f"n C U (pk-1 ^  ^aCt eclual t0n=l
I .

[ J  f~ (U(pk-l )) for some fixed I representing the

maximum number of iterations for an orbit UfP^) to enter U(Pjc_̂  )
for the first time. Hence the intersection of with inverse
images of U(P^_^ ) is compact . We also know that the subgraph of 
^ k F111 Bm in this intersection is compact.

Now the iterates of ̂  f”1 Bm f \  { J  f"N (U(Pjc_1 )) under f 
may not enter UCP^ ) at one iteration precisely, but for simplicity 
of notation we will assume this is the case. In any event we are faced 
with at most another finite decomposition of ^  F™ into 
subgraphs identified as to by which iteration they enter ) »
for the first time.
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Hence we assume that f F111 Bm d  U(P^  ̂). Since
F̂ fi is the graph of a C* function with slope. = w ̂  > in
cl T- M ( e ) we know from Proposition 1.2.1 that : 

k
*"1 f H ,  F"1 B n  clTD M ( e ) is a C1 fiber k k m • I Pk-1

bundle over : n
q f (j?̂ F111 Bm intersected with  ̂ in

sthe fundamental neighborhood associated with W given by
- f( ). Furthermore the fibers are the graphs of C1 

functions from a closed subset of cl  ̂ ( e ) into
cl E^ ( e ) and all of the slopes £  uk 1* ^  t l̂e induction 
hypothesis the area C dim E^ ̂ ) of any fiber is bounded by :
K ( 1 + 6 *' )N" ^ - m exp ( -C ( N - I - m ) where 6"

fi-g between 6 and 6 and C is the appropriate minimum 
Jacobian. From this we may deduce the area ( dim E^ ) of 

<f>~̂  f & F111 by using Fubini's Theorem which applies due to
the cl fiber structure. We get :
area ( f \  f” Bm ) < K .( 1 + )N exp ( - C n ' )
for N* = (N - £- m ) , and where we have redefined K.
We now translate this back to cl TD M (_£ ) and thus find that

k
for a subgraph of F111 B its length is bounded by :m

f

K ( 1 + 5 " ) N exp ( -C N* ) where again K is

redefined to account for bounded factors in the translation, 
and N ! = ( N - £ - m )  .
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We repeat this procedure to determine the . areas of the 
other subgraphs of ^  • For P^  ̂ we consider the
intersection of :
D* - int £ Dfe f ]  U i  (U(Pk l )) ) and U  f'n CU(Pk.2 )) to

determine the portion going directly to UCPjc_2 ) .
Note that I may change for P^_2 . The identical

estimates result. That is the area of a subgraph of FmBm is
bounded by an expression of the form :
K ( 1 + 6 " eXp ( c ( N • ^ - m) ( with

a possible different K. Since these are finitely many fixed
points then the entire area of f”1 B is of the same formm
with K modified to account for the number of points and the 
different I . Then translating the above expression back to 
the initial iteration n = 0 we immediately get :

area (Bm ) <  ( l + 6 ' ) m K ( l + 6 M ) expC-Cĵ m - C n' )
for N* =(n - I  - m ) , where C now is the min of
Jac D fu (Pj ) for 1 <  j < k . We finally redefine K to
get t

area (Bm ) < K ( 1 + 6 " ) N exp ( -C N )
Finally we arrive at : 

area ( graph g <_ area A + area B^ +... + area B^ ^

< N K ( 1 + 6 ")N exp ( - C N ) 
and since exponential decay dominates algebraic growth we may 
redefine K to get :
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area ( graph g n v  < k c i  + 

as desired. This completes the proof .

6 )N exp (-C N )
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APPENDIX II

Lemma 2.2.1 : For 6 > 0 small, and for all
N •> 2(L^ + we find that :

V ( D ) £  K ( exp -C? ( 1 - fi ) N ) , where

C? « min {C. /q , C. , .( 1 - 5) } , and1 X"X , J

q e Z+ is chosen so that it satisfies :
q > 1 / 6  ( 1 + ( C* / Ci.-Lj ) » with

C? » log ( min P n I Jac D f | )1 M Ci,i-11 Pi

Proof : Recall that D = { x e : f ^  (x) e M £ i ,i-lj } . 
We now decompose D into L U  where :

Dx = { x e D : fN/q+Li ^  M ^ ^ } and

D2 t x e D : fN/cl+Li (x) e M [ i,t-l ]} .

We have : D. <T f~ni ( B (e , N/q )) , which yields
2 A i

an estimate for y( D ) .2
MC D 2 ) < J. C B Aj. U  , N/q ))

< Jj D exp C -C^ /q ) N ,

for N < q w. . „ . Next let n be such that:i,i-l
N/q - n >, 0 , but N/q - n • 1 < 0 , and write :
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D1 = ^ ° 1  (k) , for k = 0,...,n . Where (k)
has the property that :

fN/q + Li - k ( ^  (k)i| c  M [i-i j ]  .

It is also a subset of S(i-1,j ,N-n/q-L^+k) .
In order to extract the best possible estimate for
D, (k) we consider : fN/q+Li k ^ ^   ̂ ^
1 1

Then : (fN/q+Li 'k ( D (y ) a / d V
fN/q+Li-kc

So : (fN/q+Li-k ( D (k) ) = / Jac fN/q+Li"k dy
Dx (k)

< J ^ i  J*N/<Tk / dy
Dx (k)

< J*Li J?N/q-k y (Di(k)) .

Thus : (D (k)) < J?Li J*N/q“k (S(i-1,j,N-N/q-L +k))y 1 j- i i

n
A n d :  U (D1 :) < J*Li z J*N/q-k (S(i-l,j .N-N/q-L^k)
XT • k=0Now using :

yCSfi-l.j.N-N/q-L^k)) < D1_1 ^xpCq.j^CN-N/q+k)) ■
expC-Cj.i j L.))

We get : n
» O U  < J,*Li Z J*N/q_k(D. ,exp(C CN-N/q-k))

k=0 1 1'1>J . Jf1,J , .s
®Xp( i-l,j i 5'"
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So :
M (Dj) < J*1*

u<Dl> « J*Li

Let D = D. 1 .exp(C. .L.) and rewriting yields ;K l-l,j i-l,j i
n

y (D ) < J*Li .2 D expCC-C. J(l- 6 ) N) , for1 — 1 K_u K 1-1»3

N (q/Cq-1)) ( L.+w. 1 .) which holds ifi i" 1 »3
Ni 2 ( L. + w ) , since q/(q-l) > 2 for all q >.1 .i i-1 ,j

Now majorizing the above sum we get: 

y C D j  <J*Li D*( N+l)exp CC-C. - .)(1 - 6 ) N ).1 1  1 “ 1 y J

But : y (D) ss \i (D^) + y(D2) .
Thus we get :

p(D)<J*Li D?(N+1) expCC-C. ) (1 - 6 ) N )= l K 1-1>3

+ J.̂  Di exp C(-Ci/q)N)
$

Next let = min { C^/q ,  ̂ (1 - s ) j. and using
the fact that algebraic growth is dominated by

h
exponential decay, then there exists a constant K such 
that : y(D) £  K*(exp(-C?(1 - $ ) N) for 6 small and
N > 2 ( L. + w i_i •)* This completes the proof.

n
2 N/q-k2 (d. 1 .exp(C- 1 -L.) J?= 0 1-1,3 1_ 1,3 1 1

exp(-C . . (N+k-N/q))) .
n 1 , 3

:-0 Di-j.jeXpCCi-l.jLi3eXpCCiCn/q-1C')
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