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INTRODUCTION

The dynamical systems herein are diffeomorphisms
and flows on compact manifolds of finite dimension.
Determining the asymptotic rate of approach to sinks
amounts to comparing the Riemannian measure of the
entire manifold, which we take normalized to be one,
to the measure of the set of points whose orbits
remain outside a neighborhood of the sinks after N
iterations for diffeomorphisms, or time T for flows.
For Axiom A systems this rate is bounded by ex-
pression of the form: Kexp ( - CN) .

As an example of the results obtained, consider
a gradient system: d x(t) / dt = grad F(x) defined
on a compact manifold M, with F : M+ R a Morse

function. Let ¢t(x) be the flow corresponding to

the integral curves of this system. Let

f(x) = ¢1(x) be the time one diffeomorphism.

Then for the gradient system we can state the
following:

Corollary: For S = the set of initial points

whose orbits under £ remain outside a neighborhood
of the sinks of £ after N iterations, we get:
U(S) < Kexp ( -D N), with K,D constants

greater than zero.



For Morse - Smale diffeomorphisms we find that
the number D in thelpreCeeding Corollary, may be any

number smaller than :

C= min {1/m 1log JacDme [w (P} ,
P .

where the minimum is taken over all non-sink P in .the
in the non-wandering set of f , and m is the least

integer such that f® P = P.
More Specifigally we-get the following Theorem :

Theorem 1.2.1 : Let f be a Morse-Smale

diffeomorphism on the c” 'cqmpact manifold M, with
Q(f) consisting only qf fixed pointé. Let V be a
neighborhood of the sinks of f. Let p be the measure
induced by the Riemannian metric on M. Then given
6§ > 0, and P ¢ Q(f), not a sink there is a
neighborhood U of P such that for :

U, ={ xe U: £ (x) g Vfor k¢ N} ,

we get the following:
N(UN)f_ K ( 1-_1-6)N exp ( - CN), where K> O,

and C = log min{ Jac D (f ] w4 (P,))} , for

i Py

non-sink fixed points of £ , P, .
This theorem is proved in Section 2, of Chapter 1.
In Section 3 we extend this theorem to the

entire manifold M, so that there is no restriction



on the location of the initial points of trajec-
tories. We accomplish this bf using a fine filtra-
tion adapted to f. We élso prdve that the results
carry over to the case of Morse-Smale flows..

In Chapter 2 we prove the result for C2 Axiom A
diffeomorphisms and flows with no cycles. We bégin
Chapter 2 by constructing an example without the
transversality~condifiam that shows the exponen;
tial constant can actually be less than the Jacobian
of the unstable part of the periodic orbits.

The determination’ of the exponential constanfs,
in the general case, is more complicated as there

is a slower overall rate of decay.

The following is a special case of Theorem 2.2.2

for Cz Axiom A diffeomorphisms with no cycles.
Theorem: Let M be a compact C -Riemannian

manifold. Let u be the measure induced by the

Riemannian metric on M. Let f be a C2 Axiom A dif-

feomorphism with no cycles. Let V be an open set

in M which:

a) contains all sinks and attractors for £

b) satisfies £(V)C V
Then defining: U = {x eM : £5(x) ¢ V for k < N}
o x

we get for all § > 0( there exists K = K(6 ), and



C > O such that:

n(@W < Kexp (-C(1-6 )N).
N .

" The precise ' form of the constant C will be
giien in section 2.
It should be noted that these theorems apply as
long as we know a volume estimate for the basic sets.

For Morse-Smale we know such an estimate when
f is Cl; however, for the general Axiom A case we

need £ to be C°. These points will be discussed
further in Chapter 2 - Section 4. Also Chapter Z -
Section 4 contains a discussion of related cases

and some open questions.



CHAPTER 1

Morse - Smale Diffeomorphisms and Flows

§1 Background

Let M be a compact c” Riemannian manifold. -

For r > 1, let Diff(M) he the set of ¢t diffeomor-

phisms of M.

Definition: Let £f e€¢ Diff ( M) and let x e M.

x is a non-wandering point of £, x e Q(f), if for
every open neighborhood U of x there exists an
n €2- {0} such.that ffuNnu Y} 2

Consider.f € Diff(M) which satisfies:

(a) Q(f) 1is finite

(b) Q(f) is hyperbolic

(¢) Transversality condition
Candition (a) implies that @ = Q (f) consists of
periodic points. Then (b) means that if x € Q
and £™ (x) = x, for some m > 0, then the derivative
D £ (x) : Tx(M) - Tx(M) has its eigenvalues not
equal to one in .absolute value. From condition (b)
one has defined stable and unstable manifolds for

each x € denoted by wS (x), W (x) respectively.



Then condition (c) means that for each x, y € Q ,
Ws(x), Wu(y) have transversal intersection in M.

A diffeomorphism which satisfies conditions (a)
through (c) above is called Morse - Smale, [BJ

As mentioned in the introduction, the problem
herein considered is the rate of approach of orbits
(trajectories) under £ ( ¢, ), to the sinks
(attractors) on M. To make this idea of rate pre¥
cise, we cast the probdlem in terms of volumes.
Let P be a fixed point for £ which is either a
source or a saddle and let U be a neighborhood of
Pon M. If x € U, then unless x is on the stable
manifold of P, the orbit of P under f will leave U.
AThis is simply the familiar fact from the stable

manifold theorem that for U small enough

L. ]

é:% £ (U) 1is the local stable manifold of P. The
volume lemmas of Bowen-Ruelle .[Z] and Fried - Shub
(5] add to this statement that the volume of

ggo £ (UN) decays exponentially with the rate, by
this we mean the exponential constant being related to

the logarithm of the Jacobian determinant of the unsta-

ble part of £ at P.



Now these results are local in nature; they only
concern the rate at which orbits leave a neighbor-
hood of P. The related global question is the fol-
lowing: Let V be a neighborhood of the sinks of f.
Let U, be the subset of U whose orbits remain out-
side of V'through iteration N (by at least N); more
precisely we let:

UN='{er:fk(x) £V fork;N}.
The global question is then: Does vol (Uy) decay
exponentially with N ?. We .answer this question in
the affirmative, with the following theorem.

Theorem 1.2.1: Let f be a Morse-Smale Diffe-

morphism on the dncompact manifold M, with & (f)
consisting only of fixed points. Let V be a neigh-
borhood of the sinks of €. Let u be the measure
induced by the Riemannian metric .on M .-.Given

§ >0 , and P ¢ 8(f), not a sink, there is a
neighborhood U of P such that, with UN defined as

above, we get the following:

ﬁ ( UN ) S K(1+ 5)N exp ( - C N ), where
K> 0, and exp ( C) = m%n Jac D f; , the Jacobian
determinant of the unstable part of f at P, where

P are the non-sink fixed points of f.

This theorem is proved in Section 2, of this

chapter.
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In section 3 we extend this theorem to the
entire manifold M, i.e. there is no restriction on
the location of the initial points of trajectories.
We accomplish this extension by the use of a fine
filtration adapted to f£f. If we take U=M - cl V
and UN defined as before, the filtration argument
shows that there exists a fixed iteration N* such
that if x € U and fN(X) F' V, for N 2 N*, then

0 (x) intersects some neighborhood UP of a fixed
point P. By this fact we are able to reduce the
volume estimate of UN to the local estimates of
UN(P).

Specifically we prove Theorem 1.2.1 of the in-
troduction, i.e. M (UN ) s K(1+3§ )N exp (-C N )
with K > 0, and exp (C) as before. The theorem
states that orbits under f are pushed into the sinks
at an exponential rate depending only on the
Jacobian determinants of the unstable parts of f at
the sources and saddles.

We conclude section 3 by dropping the restriction
that Q(f) consist only of fixed points and thus
prove the theorem for all Morse - Smale diffeomor-

phisms of M.
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In section 4 we consider Morse - Smale flows
on M. We now define the analogue of Morse - Smale
diffeomorphisms for flows. Let X be a vector field
on M, and denote by ¢, its induced flow. We
say ¢t is a Morse - Smale flow if X satisfies the
following conditions: [6]

(a) Q(X) is the union of a finite number of
fixed points X15 Xy5eeey X and a finite number of

closed orbits Y15 Ygseees Yo of X.
(b) the X5 Yj are all hyperbolic

(c) the stable and unstaple manifolds of the

X35 Yj have transversal intersection.

We conclude this chapter by giving an example
of a Morse - Smale diffeomorphism whose rate of
volume decay is exactly that given in the theoremn,
i.e. Kexp (- CN), with exp (C) = min {Jac Dp £

this is done in section 5.
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§2 The Fixed Point Case

Throughout this section let f be a Morse-

Smale diffeomorphism, and let Q(f) consist only of
fixed points. We prove the volume theorem for £ in
two stages. First we consider submanifolds of M in
a neighbqrhqqd U (P) of P ¢ Q(£f) which are of the
same dimension as WY (P) and C1 close to Wu(P),
éhowing that the volume of these submanifqlds in
UN(P) decays exponentially. Secondl& we cover
UN(P) by a C1 system of such manifolds and use
Fubini's Theorem to arrive at our result for UN(P).

Let us begin by precisely defining our neigh-
borhoods U(P). For P ¢ Q(f) we know that TPM

splits into the direct sum decomposition

TPM = Y + E° where EY (resp. ES) is the

subspace of TPM expanded (contracted) by D f(P).

For small ¢ we can find a C1 chart ¢ : Tp M+ M

such that :

1) ¢ (0) P, and D, ¢ : Tp M+ Tp M is .the identity
2) #(E°5 (e ) ) C WP and

3) ¢(EY (e ) ) < wip.

The map F =¢ "1 o £ o ¢ represents f in

this coordinate system. £5]



Such a chart can be chosen for each element of

of Q(f) and we assume that € suffices for all
P e a(f).

The non-wandering set of f can be partially
ordered by_tﬁe relation: p £ q if and only if
Wu(q) N Ws(p) f K. We choose a simple ordering
consistent with this partial order and index the
non-wandering set according to the simple order.
That is take: Q(f) = {py, «.., P} where i <
implies that p; #- Py Wg assume that p is the
only sink in order to simplify the proofs (modify-
ing the proofs to account for more than one sink is

merely a matter of notation).

In the following the slope of a smooth sub-
manifold N of T, M (€ ) with dim(N) 2 dim (EY) at

a point n €N refers to the supremum of the quotients

Ilvsll / ||Vu|l ’ IIVUII # 0 , taken over all

tangent vectors v = ( v® , vS ) to N at n . To say
that N has slope 1less than or equal tow relative to

E? means that for all n € N , the slope of N at n

is less than or equal to w .
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We are now ready to state the following

Proposition:

Proposition: 1.2.1: For i = 2,3, ...,r there

exist constants €, , W, such that given § > 0

1

the following hold:

4)

5)

w., < wj / 3 for j < i

If L Hom (E%, E°), with || DL|| < wj; , and

v € Tp; M( e 3) then

(*) Jac D, (F|v + graph L) >
,JacDo(FJEu)/(li‘G).

The graph transform Pi defined on C1 functions g
from Eg ( g) to E? ( ;) . by

graph ( I;(Cg) ) = F. (graph (g))

where F, is ¢£1 .o f o ¢; is such that if the

slope of g < w, then the slope of Fi (g) 2 w

In this context the slope refers to the slope of
the graph.

TiNK €;) is contained in a neighborhood vi of

P, in TiM, such that for all Py €  (f) either

we ) W, = A or [cb;l W) 1 TM (e i)]

c! fibers over the intersection of ¢3'( Wl) with E in v,
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with each fiber of dimension no-greater than .

dim ( W'i‘ ) and slope no greater than . &, / 3
. relative to E‘i1 .
6) For i > j, if Wlllf] W? P ,W,‘then given a
C1 function of Ell1 ( e) to Ei ( ei), with slope £ W5
- whenever eN o3 (graph g) N Bj( ej ) = ,fr ,
then:

¢31 £N ¢ ; (graph g), cl fibers over

TW 111 N E? with the fibers having dimension

less than or equal to dim W‘J.1 and slope less than

or equal to W 3 relative to le"

Proof : The proof is by induction. Take €,5 ¢
and 0 < w < w so that (*) holds in T, M (&, ) .
Furthermore take eé < 'EZ so that if
g : Eg ( s% ) > Eg ( eé ) is a ¢l function with
slope b (% then the graph transform of g by £,
PPZ g » [5] » also has slope % w, . This satisfies

(1) through (4) of the proposition., for i = 2. To do

(5) we use a result of Palis ( Lemma 1.11 of |g] )
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Lemma 1.11 [6] . Let £ be a Morse - Smale dif-

feomorphism of M and let P € gq(f) have unstable
index (= dimension) r. Fix a cell neighborhood
BY of P in LU(P). There exists a neighborhood
Vof P, V= &™7Tx BT such that W (P)} V = ¥,

or Wu(Pi)/] V is an r-cell fiberbundle over
Wu(Pi)/ﬂ V/) LS (P) with the fibers C1 close to
BY. (P, e R(£) ) .

Note: LU(P) is the local unstable manifold of P.

We remark that although this lemma does not

necessarily guarantee that the fiber bundle is a C1

fiber bundle, the following lemma (proved in Appen-

dix 1) insures that the fibering can be chosen to

be Cl'

Lemma 1.2.1 : Let E{ EZ ’"ES be finite

dimensional Euclidian Spaces and W C E; an open set.

Let dim (E1 ) < dim (E3 ) < dim (El X Ez ) and let
G: W-» ( E1 X EZ ) be a diffeomorphism of W onto
its range G (W) . Furthermore let G(W) have
transversal intersection with EZ . Then there is an
open set wlcoc w containing G-1 ( E, ) such

that G(W' ) is a C1 fiber bundle over



GW' ) N E, ~with fibers transversal to E, and

having dimension equal to dim Bl .

We now ‘resume the Proof of the Theorem. By the
'preceeding Lemmas we can take €, % ei so that
Tp M ( g3 ) is contained within the neighborhood V of ]?2

guaranteed by Palis's Lemma 1.11. Thus if

¢ ( W;: ) N Tpz M (e, ) is not empty we get that

it ¢! fibers over its intersection with Bg , with all

of its fibers having slope no greatér than w5 /3 .
( Note by taking Tp M ( €, ) properly contained in v
2 ' "

we can apply our Lemma 1.2.1 to get the cl fiber

structure ). Thus (5) is satisfied, and this completes

the proof for i = 2, since Pi is the sink.

Now assume that § 20 have been chosen as to

satisfy (1) through (6) for j = 1,..., i-1 < r. We
show how to choose €, and w , .

i

First take "Ei_g € and 0 < &, < w < 1
. 1 ==

€.).

so that the Jacobian inequality (?*) holds in Ti M ( i

< e ..
Then take mi by wi and wi. £ w 1-1/3 ( .tlus
%

wj/S for- j < i ) . Next choose

E;. S € so that the graph transform r,

implies wg
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satisfies || D gl|] = W implies

1D 5 @] < w for € g:E(e])s EGC ).

For the next step observe that if any orbit of

f leaves the neighborhood '¢i(TiM ( Ei )) of Py

on M then there is a bounded:number'of iterations
Ni by which:
1) the orbit is in a neighborhood of the -
sink Pl or
2) the orbit has entered (and possibly left)
one of the neighborhoods ¢j (TjM ( éjJ).

Thus we suppose that N is a C1 submanifold

of Ti'M ( ei ) and that for some k < Ni

N B ey £

J

By taking N in a tubular neighborhood of B! ( ¢ 'i
- € i ;

we get ﬂlat | ¢jl fk & N 7] TJ.M ( 'j) inherits a

C1 fiber structure over its intersection with E? in

Vj from ¢-._]j' W;._l. If we now choose the width of the
| tubular neighborhood of EY( E'i ) small enough,
say e; , we can insure since k < Ni’ that the
slope of the fibers of 4;";' £K ¢; N~ 4,'} (Wlil)

relative to EY is no more than w; larger than the

slope of N relative to Ell1 Because we are assuming
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via the induction hypothesis that the slope of
W;‘ (Wg ) relative to E? is not larger than

-1 gk

t%/S , the slope of the fibers of ¢ j

4 5N

relative to EU is bounded by wj/S + w; + (slope N
5 .

relative Eg ). Beginning with an N with slope

A W, relative to E?, gives that the slope of .

the fibers Qf ¢_;3-fk ¢ i N’, relative to E?, is
less than or equal to: wj /3 +2 W, h mj‘ Using

* K )
€ for the neighborhood of Pi in TiM satisfies

(6). So we only now need to prove (5). But here
' x
we argue as for i = 2 to get g £ €4 SO that (5)

is satisfied.

Thus these €. , w_ have been chosen to as
1 1

. satisfy (1) through (6) , and the proof of

Proposition 1.2.1 is complete.

We are now ready to prove the main. result of this

section.
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Theorem 1.2.1 : Let & > 0 be given and let V

be a neighborhood of the sink P. Then for i = 2,...,r
there is a compact neighborhood U(P, ) such that with
p a measure derived from the Riemannian metric and :
U (Pi) ={xe UPR ): £ (x) ¢V for
k= 0,..., N} . Then
WU (P )) g K(1 +)Y exp (-CN) , where
K> 0 is independent of N and .

exp (C) = min ‘{ Jac D fY (P, )}
i=2,...,r 1

Proof : Given § > 0, let 51 < § . Then we can
find for all i = 2,..., r a pair ( € » W3 ) which

satisfy (1) through (6) of proposition 1.2.1 with 6
We take € > 0 such that € < min € and consider
the compact neighborhood of 0 in Ti M, cl Ti M (e ) =
cl (Ej (€) + E] (¢) ). Then take
U (Pi ) = ¢i (cl TiM (e ) ). These are our neighbor -
hoods of the fixed points. Now fix i and let
| Sy = ¢71 CUy (P;))
SN C cl Ti M (e). We prove that :
v(sy) < K(1+8)Nexp (-CN), where
v 1is the ordinary Lebesque measure in Ti M .
Passing back to the measure M on M involves only mul -
tiplication by constants bounded away from 0 and <

For v ¢ cl Ei (e ) consider the linear variety :
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H o= {(uv)e T, M:ue E. } . We consider the
subgraphs SN /ﬁ] Hv for v e cl Ez (e ) . These are

compact sets which cover SN in the sense that

S,, = S H .
N N ) [Vg ES (e) v]
i

We now appeal to the following Lemma in order to

get an area estimate for the subgraphs ( SN /”} Hv ) .

Lemma 1.2.2 : For i > 1 if g : cl E;(e) > clEi(e)

is a ¢! function with slope no greater than Wy then :
area ( graph g N SN ) < K (1 +38 )N exp (-CN),

where K > 0, C = min {Jac D f® (P, )1} , and
i>j>1 J

area ( . ) refers to r dimensional measure along
graph g , where r = dim ( %) .

This is proved in detail in the appendix. However
we shall give indication of the steps here. If we con-
sider the set ( graph g /’\ Sy ) » then this decomposes
into the finite union ( not disjoint ) of compact
subgraphs : JS) S( g,m ) whose images are in U( Pi)
for exactly g—o iterations. For those m iterations
we may estimate the change in area ( F® (s ( g,m ) )
via the Jacobian inequality (*) . This inequality is of
the form @ required to produce the estimate :

area ( S (g,m) ) < K(1+6" )™ exp (-C;m) ,
where Ci = Jac D f9 ( Pi ) . Further, for iterates

larger than m , iterations of S( g,m ) or
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fk ¢i " S( g,m ) for k > 0 , pass within a
bounded number of iterations to other U(Pj ). Because of
Proposition 1.2.1 these iterates fiber into a cl system
of C1 submanifolds ( graphs ) with slopes < wj. Thus
the same Jacobian estimation technique can be applied so
that the area of these iterates of S( g,m ) can be es-
timates. Then translating all these area estimates back
to U(Pi ) we get :

area (S (gm) )~ < K (1+ )N exp(-CN)
The number of S( g,m ) grows algebraically with N
-but since 5' < § . we can redefine K so that :
area ( graph g /\ Sy ) < K (1 +§ )N exp ( ~-C N ).
Now applying the Lemma we continue the proof, of the
Theorem. Since Sy /) H  is contained in a linear

u

variety, area (.), here denoted vy  is an r dimensional

Lesbeque measure. Thus we get
v ( Sy N H,) < K(1+ G)N exp (- CN). Now

by application of Fubini's Theorem :
u s
v (S;) = S v (S H ) dv
N Vv e Ei (e) N [\ v
N ] [
OR : v ( SN ) £ K (1+238) exp ( -CN ) v7 (c1 Ei(e) )

< K (2 ) dim E° (1 + &)V exp ( -C N ).
Then redefine K as K(2¢ ) dim ES , we then get :

v ( SN ) < K (1+ G)N exp ( -C N ). Hence :



u (UN ( Pi)) < K (1 + 3§ )N exp ( - CN), where
again K is redefined. This completes the proof of

Theorem 1.2.1.
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§ 3 Extentions of Main Results Via Filtrations

In this section we extend the main result of
Section 2 in the following two directions
(a) First we show that using filtration arguments
Theorem 1.2.1 holds for u(UN ) , where :

k

U ={x gM-c1V:f" x e V, for k=20,..., N .

N

(b) Then we remove the restriction that f have only
fixed points, thus proving the main result for all
Morse- Smale diffeomorphisms of M.

Definition : Let f ¢ Diff (M) , a filtration

for f 1is a sequence of compact manifolds, with boundary,
M = Mk D M 1D ... M1 oM, = &, such that
f(Mk') C int My - Given a filtration,

K; = M f1 M, - int M;_4 ) 1is the maximal
ne Z
invariant set contained in M; - M, . If

K; = @ /w ( Mi - Mi-l ), for all i, we say that the

filtration 1is a fine filtration for £ . Finally, if we
are given closed invariant sets which are disjoint

Al s oaey Ak , We say

M = M D M_ 1D ... Mlj M0 = 0 is a

filtration for A seees My if Ai = Ki .

Note : We will sometimes denote Mi - int M. by

j
M{i,j] -
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We now state the main result of this section .

Theorem 1.3.1 : Let f be a Morse-Smale diffeomor-

phism on M. Then there is a filtration /N = {Mi} izl

such that :
(a) All the sinks of £ are in M, .

1
(b)  S(i,5,N) = £N (£ (M - int M)
or S(i,j,N)

M, - £ N ( int M; )
( the latter one will be the one we shall use )
Then given § > 0 we have that :
u(S(i,i,N)) < K (1 +s8)WNexp (-CN) , with
K > 0 independent of N and |
exp (C) = min { Jac D £ ( Py ) } , where the

minimum is taken over all non-sink fixed points Pk .

Proof : This Theorem is proved from the main result
of section 2 using filtrations, and induction.

We know from [10] that there is a fine filtration

T
m * ='{M§} k=1 adapted to £ . We immediately
alter this to ; 7 = {M;} i:1 , by letting
M, U Mﬁ , for k=1,...,2 , with g2  the

number of sinks of £ on M.
Thus assertion (a) 1is proved. Now in order to
prove assertion (b) we first quote a Proposition from

[9] , about filtrations



Proposition g7 : Let M =M, DO M _ oo DM DM =
] k k-1 1 0

be a filtration for £ € Diffr(M). Then :
k
(a) @ U .,
C i=1 1

(b) M is the disjoint union of the Ws( Ai ) and
u ,
W= ( Ai)

(c) There are no cycles and i > j implies

Aj ¥ A4
@ . Uw )
j=21i

i
(e) given arbitrarily small neighborhoods u, of

A there exist m,

i jand n; > 0 such that :

fni 'mi .
My - £ (ineM, ) C U, .

Proof : This can be found in [9] , however since

part (e) is directly applied I will give its proof here :

As (F\ f M [i,i-l] ) = Ai » there exists

w< m< o«
n; , mi > 0 such that
m ny My
u. D M £ (M [i,i-1]) > £ * M- £ (intM,
1 -mg<m<n, 1

We will now use this proposition in proving the

next two propositions which are needed to prove (2).

1)
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Proposition 1,3, 1 ; Ifx e Mbut xe £ (U(R)).

then there exists an iteratien Li depending only on U(P;) for
wich £7 Gy ine Mi1 -
Proof : From proposition [97 , part (e) we have that
there exists n, and m, such that fni (M, ) - fmi(intwg;l u(p),
This yields M C £7 @@ )) U £ 0 7 @ne M, ).
If x e M, but x ¢ £ (U(Pi))‘ Then :

"(_mi + n; )

X e £ ( int Nﬁrl }. This is equivalent to :
mj + 0y
f (x) e int M, ; . Therefore take L; = m; + n, and the

proposition holds, v
Next we will relate these two propositions to the set S(i,j,N).
We obtain :
(a) | Pi} is the largest invariant set in M[:i,i—i] and
(b) For any neighborhood U of P;  there are m; and n; ,
fixed integers, so that U D fni M; - f-mi intM;_q .
Next applying propositioni,3.1 we find that :
fni (8(i,i-1,N + L; ) C U (P; ) . But also since
1 (s (i,i-1,N+1L; ) C S(i,i-1, N+ m. ) we have :

£ S0 IN+ L) C Uy, (@) and then :

my

S(i,i-1, N+L;) C  £i(uy

e (P10 )

We now have the preliminaries to begin the proof of
Theorem 1.,3.1 . Let i = 2. We consider S(2,1,N ),
S(Z,1,N) =8(2,1,(N-Lp ) + L, ) |, so
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521,001, ) + L) C £77 Uy @)

Thus : 3 (S@,ANT ] < K o (_UN_nZCPz J]

N-n, '
< K K@ +4d) exp(-C(N-n, ])

for N > L, .
Now by redefining K we get :
W (SZ1,N)) < K@+ s Wexp (CN),
Now assuming that we have the estimate :
WSE-1,1N) ) < K@ +8) exp (:CN)  for i < r ., Then
consider S(i,1, N ).
S(i,1,N) = 5¢( i;i-l,N) U s(i-1,1,M) U Ay
where Ay = {X ¢ M [i,i-1] fN(xleint M; 1}
Now u(S(i-1,1,N)) is known by hypothesis and
p(S(i,i-1,N )) is gotten by a trivial modification of the
S(2,1,N ) case. So we consider Ay. Next write Ay = D UE,
where :

L=
D = {xe Ay :f (e M[i,i-i}?

fl

L.
E = {xe A D f T(x)e intMi“l}

L.
Then : £1 (E) (. S(i-1,1,N - Li ) and
E ¢ £ (S(i-1,1,N-L; ) so that

W(E) < K' p(S(i-1,1,N-Lj ) where K' =max { Jac £ *}

over M[i,i-l . Thus p(E) < K@+8)N exp (-CN) ,

by modifying K .
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Finally for D we have :
- “nj. § : * i »
D C £ UP;) so that : £ p Uani(?i-) .
Hence :
p®@ < K p Uy, P;))
i
or: y@ <k K(!+6)N™ exp (-C (N-ny)) , for
N Z_ L- .
i

Then by redefining our constants X, we get :

H (8(1,—1’N ) ; H (S(iyl'l,N)). + u (S(i—l,j :N )) Tou (D) + U (E)

< K(1+8 )N ew (-CN)
as desired. This completes the procof of the Theorem,
The natural question at this point is does the theorem hold for
periodic orbits of £ ? The following Corollary answers this
in the affirmative,

Corollary 1.3.1 : Theorem 1.3.1 holds for all Morse-Smale

diffeormophisms on M,

- Proof : We let g Dbe the least common multiple of the periods
of Yj , where Yj are the periodic orbits of £ , for j=1,.,.,r ,
( note that here fixed point means period 1 ).

Next let g = f& . Then g is Morse -Smale with only fixed
points, Then Theorem 1. holds for g . That is there is a
filtration m =1 Mi} iil such that all the sinks of g are in
IVL‘l and };'(S('_i,l,N) < K@+ 6;)__N exp (rCN ) for any

§ » 0 and some positive K. Here C is given by

C = log min {Jach'gIWu(.pj) for j =2,...,r}
J



Where the pj are the fixed points for g, Then we get :
nSp( AN 1L 5 KC1 48 TN exp(GC/a IN2 L
K(1+51" exp((-C/8IN2 ]
Now certainly S, (i,1,Ng +k ) C S¢ (i,1,N2) for
k=1,,..,8-1. Thus by redefining K we get
W (Sp(3,1,0) £ X(1 +a)N exp((-C/ ¢) N) for all N.
The proof is finished by noting that C/g is the minimum
of the quantities 1/m log Jac Dp. £ Wu(pj) where the
minimm is taken over all Pj in the non-wandering set for f

which are not sinks and fmpj = pj.
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§4 "~ Morse - Smale Flows

The goal of this section is to prove a corresponding Theorem

for Morse-Smale flows,

For x a fixed point of a flow ¢ ¢ we define

u - u u
¢ x) log Jac D¢1[ E, » Ex .
For y a closed orbit of ¢t with period t we define :
69 (y) = 1/T (min {logJacD¢_| EY -~ E- } 1},
Yey oy Y

Theorem 1.4.1 : Let ¢ ¢ be a Morse-Smale flow on M. There

is a filtration 7{ ={M;}..,  such that :

(a) All attractors for ¢ ¢ are in M1 .
(b) For all s » 0,
p(S(E,1,T)) < K(1 +6) ep(-cCT)
for i > 2, K > 0 independent of T, and
C = min {¢u(xj),¢u(yj)} where SERE

Xj )YJ’

are respectively the fixed points and closed orbits of ¢ . which are
not sinks or attractors.
Proof : We show how to modify our previous arguments to this

case.

If x is a fixed point of ¢ then our previous work

t ?
suffices to describe the behavior of trajectories in the

neighborhood of x by considering the time one diffeomorphism

g = ¢, -
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If v 1is a closed orbit of ¢ ¢ which is not an

attractor, then T M splits continuously into E + ES + EY

where E 1is the onZldimensional bundle tangent to the flow and

dimension EY > 1. For g = ¢, the time 7T diffeomorphism

where T is the period of Y, Y is a closed, infinite, non-

hyperbolic set in  (g). However since D g(y) expands

E; more rapidly than E; for any y e y , then given

€e> Qwecan find § ,0> ¢ > € , so that if gk x) = By(e )

for 0 <k<n but g™ e B, (c), then

d(;gn+1Cx) ,Y) > & . By compactness we can cover B v (s)

by a finite number of { By (e} yoey
The effect of this construction is to permit use of the pre-

viously established volume and area estimates in the neighborhood

of Y by considering only a finite number of neighborhoods

covering Y. If Nisa ¢! submanifold of M in cl BY ) ,

. then N decomposes into a finité number of submanifolds determined

by its intersections with By (e) . Let NY be a typical one.

Then ¢-l. NY is a ¢* submanifold of Ty M(€g), If in

additionyit is the graph of a C1 function of a closed subset

of El}j(e) into EC}S, (¢) = E}S, (¢) + Ey (¢ ) with

prescribed slope, then under iteration by G = ¢‘% o g o ¢ y

it remains the graph of a ¢l function of the unstable space

E; into the center stable space E-> . That is the graph transform

V.
properties from before apply here [zl . Locally Yy behaves

like a finite number of non-wandering points as far as the area
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Leima ( Lemma 1,2,2 ). is concerned,

The only other issue is that of transyersal intersection, The
stable and unstable manifold of any twe closed orbits , including
fixed points, have transversal intersection.” In the case of a
closed orbit there is a third direction - the flow direction.

We actually need each unstable manifold to intersect " each center
stable manifold transversally. This occurs since the stable and
center stable manifolds intersect along the flow. Hence the
analogue of Proposition 1.2.,1 is true for Morse-Smale flows.
Also by our previous remark the area Lemma 1.2.2 has an
analogue. We thus prove our volume éstimates locally using

fixed time diffeomorphisms g = ¢T and finish the proof by
normalizing the estimates by dividing the exponential constants by

t  when necessary.



§5 Anvﬁxample Witﬁ\Transversal Intersection

Consider the torus T2 ¢ R> which is tilted back with
respect to the horizontal plane. Let the gradient field on it be of
the form :

i = - grad (h)

where h is the height function of points in relation to the
horizontal plane. So the flow is downward. Next consider the
Dehn twist. More specifically fix time t to T, and consider
the diffeomorphism x. . Now add a diffeomorphism g described
as follows : let g = id on the torus except in a small band. In
this band g moves points along their level curves ( which are
circles). g rotates the level curves in the following manner :
the uppermost curve rotates 0 radians, the lowermost rotates
27 radians, and the curves in between rotate from 0 to 27 going
down the band. The diffeomorphism g is Cl. The effect of h is to
push g down causing repetition of the pattern resulting in the
transversal intersection, which can be seen in Fig.1.5.1 . The local
intersection is illustrated in Fig.1.5.2 .

We note that in the figures P, is the source, P; and PZ are the

saddles, and P, is the sink.

1






In reference to Fig, 1.5.2 we point out that there are an
infinite numbper of such intersectipns tendi'_ng forward to P‘2 ..
The A Lemma of Palis [ 6 ]| tells us that WY ®,] ina
neighborhood of P2 becomes closg to W (P2 } in Eoth
distance and slope. In fact it contains W’“(P2 ) in its
closure.

Next in linearized neighborhoods of Pz and P, the local
diffeomorphisms can be given by : |
X=X, exp (v) X=X exp (- v)
Y=Y0exp('—0t) . Y=Yoexp(_B)

( % *

respectively. The logarithms of the eigenvalues are Yy ;_a ,-Y, B
For sets moving from PS to P, , the transversality property
causes the two unstable directions to become alligned. This is
shown in Fig. 1.5.3, where we only consider one point of trans-

versal intersection outside the neighborhoods, for clarity.

A 4
A
£—>
e (1-¢)
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We see by the transversality property the height of the set

which comes into the neighhorhood of P2 is independent of the
number of iterations for which it stays in a neighborhood of P3 .
So only WY(P, ) influences the set in the neighborhood.
In Chapter 2 we will see that without the transversality condition
this is not the case.

Using the diffeomorphisms given in (**) we will show that
the area of the set whose orbits remain in the neighborhood of P3
for exactly n iterations and in the neighborhood of P, for at
least m iterations is :

4 e 2

exp (-gm) exp (- yn)
= 4¢g : exp (C) exp (-C N ) where C= min { Y B }
and N=n +1 +m.
To see how this estimate was obtained consider the following

illustrations in Fig. 1.5.4, and Fig. 1.5.5.

Fig. 1.5.4
—_— Y .
Y s n iterations
¢ 3 TN S
< 7 7
\'d
¥x=gem N B
P
[ 3



Fig.1.5.5

Y ., m L
' 1terations B A

¢

266 M == /™ L1\

Y

€ I

AN

We note that from"Fig;1.5.4 to Fig.1.5.5 is

one iteration, which gives a total of N iterations

overall..

We now can add these estimates to get the
" total estimate " for n= 0,1;2;..., N , which
implies m =N ,..., 0. This gives
N
z

4 ez exp (C) exp (-CN)
n

0
= 4 €2 oxp (©) ((N+1) exp (\CN)) .
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CHAPTER 2

§ 1. An Example Without Transversal Intersection

Let us now suppose that we no longer have the
transversality conditiqn of the Morse-Smale
diffeomorphisms and flows, what can be said about
the rate established in Chapter 1 ? We will begin
by considering the gradient system, defined previously,
on the torus 12 £ R3, However suppose, in contrast
to the previous case, that T2 4is not tilted back.
Thus we have a non-transversal saddle connecfipn,

(we (P ) = .WSv(Pz )), Fig.2.1.1.

FIG.2.1.1 4
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We perturbe ¢4 (the gradient system

associated with the height function), to allow a flow

ft so that £t has ‘the same fixed points as $¢, £t

is linear in a neighborhood of Pz and in a neighbor-

hood of P,. There is a tubular neighborhood of

w4 (Pg ) , outside of the chosen neighborhoods
of Pz and P, in which the flow is parallel to WY(Pjg).

Refer to FIG. 2.1.2.

FIG.2.1.2
A
PZ
\ \ y4
VvV rd N
Vv
>

Next in linearized neighborhoods of Pz and P,

consider the following ordinary differential equations:
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In the Neighborhood of P3 In the Neighborhood of P,

X = vX | X = -vX
Y = -aY i. = BY
where Y, &, B > 0.

Now consider a point ( Xo » Yo ) in the

neighborhood of P;. Its orbit in this neighborhood

is given by :

X X, exp ( YT )

'Y exp( -a T)
o

Y

If this orbit remains in the neighborhood through
time N, then since X =Xexp ( Y N) , and
Y = Y, exp (- o N) we get that X, <€/ exp ( Y N).
Refer to Fig. 2.1.3.

FIG. 2.1.3

(%) Yo)

N

s B°
<
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We assumed that the flow is parallel to

WY (P3) between the two neighborhoods, thus the orbit

of ( X, , yo ) when it first enters the neighbor-

hood of P, has coordinates (x,y) satisfying:

il

X1 e and [Y] = [Y | exp( - o N).

This corresponds to time N* = N + S, where § is a
constant giving the time of the flow between the two
neighborhoods. Refer to Fig. 2.1.3. Now the orbit
while in the neighborhood of P, will satisfy:
X| = eexp ( -y (T-N*))
Y] = Yol exp ( - o N) exp ( 8 (T - N*¥)).

Where T is the time measured from the initial point

(X0,¥0) -
Then if this orbit remains in the neighborhood

of P, through time M we get : Y] <«

Or Yo exp (- oN) exp ( g (M:=N* )) < €

Or. Y, < exp( « N) exp( B (N* M )Y £,
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Thus the area of the set of points whose orbit stay

in the neighborhood of P for time N and do not
leave the neighborhood of P, is given by :

[Xg] - [Y,] » or is less than or equal to

[e exp(- vy N)] « [eexp(a N) exp (8 (N*-M)]
= P exp ( aN).oexp (-yN)-exp (8 (N*-M))
= Zexp (8 S)sexp((a-y) N)-exp(g (N-M))
Refer to Fig. 2.1.3
Now vy - o < ¥ because a > 0. If in
addition we take B8 > ¥y - a then we have that the

area of our set is larger than that in the Morse-Smale

case, 1i.e.

Yy -a < min{ v, 8 } . Thus the rate of

decay is slower than in the Morse-Smale case.

The point illustrated here is the unstable

direction in the neighborhoods of Py transforms to

the stable direction in the neighborhood of Pj,.

This allows the distortion of volume in the
neighborhood of P; ,( due to the stable part of f ),
to affect the rate at which the set leaves P, . More
specifically the skrinkage of volume in the stable
direction at Pz must be overcome by the unstable part

of £ at P, . Thus the number of iterations required
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for a set to leave the neighborhood of P; depends

on the number of iterations during which the set
remained in the neighborhood of P; , in contrast
to the Morse-Smale case. This is illustrated below :

FIG. 2.1.4-

Hence by the preceeding asymptotic estimate we
see that the overall decay rate is slower than in
the Morse-Smale case. That is to say that the ex-
ponential constant C is less than the minimum of

vy and g , where exp (y ) and exp-(s ) are,
respectively, the jacobians of the unstable parts

of Df1 at the two saddles.

' This example shows that the Tesult of Chapter 1
must be modified in order to hold for Axiom A, no

cycle diffeomorphisms and flows in general.

N
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2 The Results For C2 Axiom A Diffeomorphisms With
No Cycles ‘

The goal of this section is to establish a re-
sult similiar to that obtained for Morse-Smale
diffeomorphisms in the more general case of Axiom A,
no cycle diffeomorphisms. We will prove a theorem for
c2 diffeomorphisms, and will discuss the conditions
under which the theorem holds for C1 diffeomofphisms
in section 4. We begin with a theorem which relates

local volume estimates to global estimates.

- - - . . - r - .
Definition: Let ¥R = {Mj} j-, be a filtration

adapted to f and let Ay be the largest invariant set
in My - int Mg-1. Then

Bpy (€,N) = ‘{xe M: d(£%,4y ) £ € for
K=0,1,...,N1}

Proposition: 2.2.1 for small € there exist Lj,n;

as in proposition 1.3.1 such that
S (1,i-1, M1j) € £77 (By, ( &N)

where S(i,i-1, n ) = Mi

- £70 (int My_qy,
Proof: Because BAk(s) is a neighborhood of Ak

we know from proposition [9] that there exist Lj,nj

such that if X eM; - int Mj_.1 and flix e int My 4

’

then x € £ (B () .
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If x ¢ S(i,i-1, N+Ly) , then
x ¢ £ ML) (int Mj - 1). Hence x ¢ £°Ni B (g
But also we have x e £ (K*Li) (int M;_q)y wherel
0<k £ N because £(Mj-1) C int Mj_1, Thus
fkx e £Ni BAi(g) or fk+*Nix ¢ By (g
for O0<kZN. '
This means that £Ni x, fNi*lx, ..., £Ni+Ny
are all in BA(E) . By definition this means
fNi X g BAi(t:) or x ¢ £Ni BAi(E)

Hence S(i,i-1, N+Lj) C f-Ni BA. (e N)
i
Theorem 2.2.1 Let f be a diffeomorphism of M with

M = {M;}i., a filtration adapted to f with Ay the

largest invariant set in My - int My - 1,

Assume that u(BA (e,N)) = Dg exp(-Cyx N),
k

with Dy and Cy positive constants for k=2,3,...,r.

Then for i > j , i <r, j > 1, there exist positive

" . s T P > . s
constants w; 5 ,Dj j and Cj j such that N2 w; j

implies ¥ (S(i,j,N)) = Dj j exp (-Ci jN).
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Proof: Given i > 1 we will first prove the result for
j = i-1 and then extend the result by induction.

By Proposition 2.2.1 we know that S(i,i-1, n + Lj)

C £ni ( B, (e,n)). But

i
p( £704 (BAi ( e,n))) = [ Jac £ dy
By, (e,n)
< I w(By (e,n)

1
1

where J*; = max ( Jac [£7Pi]).
M [i,i-1l

Thus we have : (S (i,i-1,n+ L) <« J* (B (¢,n)).
i .

fia

Jg Dy exp(—Cin),

where the last step follows from the hypothesis. Now
take N = n + L; and require N 2 Lj, in which case we

have:

v(S (i,i-1,N) £ J* D, exp ( C,L.) exp (-C.N ).
i i i1 i

Let D, . = J* D, exp (C, L, )

i,1-1 i i i i
and Cl,l-l = Cl’ and wi,i-l = Li ; we have the desired
result.

Next assume, by way of induction, that the statement

holds for
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u(s (i-1,j,N)), for i>j, j > 1, and N 2w, ..
' - ’

Now consider: S (i,j,N). Recall from Chapter 1 that:
S (1,j,N) = §(i-1,j,N) U S(i,i-1,N) UA ,where

N
AN ={xeM [i,i-]] : fN (x) & M [i-l,jj}.
Furthermore decompose A = D {J E , where :
D = {xe.AN : fLli (x) e M [i,i-1] } and
E ={xeA : fli (x) e M[i-1,j] }, Thus for N 2 L;
N
we have:

1) S(i,j,N) = s(i-1,j,N) U s(i,i-1,MU D U E.
We have volume estimates for the first two directly
from the induction hypothesis.

2) US(i"l,j,N)) _i_ D exp ('Ci_l’j N) for N; wi'l,j

i-1,j
A similar result holds for p(S( i,i-1,N)).

For E, observe that fli ( E ) C s(i-1,j, N- L) ,
so that: u ( gli ( E )) can be estimated.

p(£li (8)) 2J¥ ( E) , where J.= min {|Jac fl}.
* oM [i,i-1]

Thus we have :

-1. -Ls
3) W(E) < I u(s(i-1,j,N- L)< J. Ip exp(-C.N
i i i i-1,]

1-125

for N ; Li + wi'l,j .
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Next I claim the foliqwing
i-1,j

Lemma 2.2.1
§ >0 small, and for all N > Z(Li + W

For
we find that
< (1-8) N ) _
+

is

p(D) =
= min C.

K ( exp ( -Cg
,€  (1-8)}. and q¢e Z

where : cf
i
chosen so that q satisfies
q > (1+(C*/C /5 , where
i i-1,j
¢ = log ( min  [Jac D, £] )
1 P, M[i,i-1] P;

The proof of this lemma will be given in Appendix II.
We are now ready to state the " total ' estimate which . is given

by the following form
H(S@E,I,M) 2w (BGE-1L,5,N) vy (8(3,i-1,N) + p(D) + p(E)

The preceeding estimate is obtained by using Lemma 2.2.1 and
Thus we find :

the estimates (2), and (3] .
eXp(-Cl(l-(S)N) ’

for N > max { Wi,i—l , 2 ( Li + wi-l,j ) } , where the
i . o #
Ci,j are defined recursively by Ci,j Ci , where Ci has

been previously defined.
This completes the proof of the Theorem.
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We see from Theorem 2.2.1 that whenever the diffeomorphism £
has a filtration ‘77( such that the sets A, have local volume
estimates , Ak not an attractor, then a global estimate holds. We

now show that this is the case for C% Axiom A diffeomorphisms with

no cycles.

Definition : Let £ € Diff (M]. Then f satisfies Axiom A
if and only if :

(a) Q (£) is hyperbolic

(b) Q(f) = cl Per £

Definition : We say that a diffeomorphism f has an &
decomposition if Q (f) may be written as the finite disjoint union
of closed invariant sets for f, & (f) =Ql V... UQk .
Moreover, if f | Q@ i is topologically transitive for all i, i.e.

£| @; has a dense orbit for all i, then we say that f has a

spectral decomposition.

Now given f e Difff (M) with an @ - decomposition, we may

define a relation on the @ ; as follows : @ > @ = if

1 J
('Wu(ﬂi)-ﬂi) N (WS(QJ.)-QJ_) # H, i.e., there is an

x which comes from @ i and goes to & _ .
‘ J

Definition : Let £ € Difff (M) have an & - decomposition

Q) =91U...U9k. We say that £ has no cycles if

Ry > Q4 > -0 >y, = 84 is impossible for
o 1 j o
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If £ has an & - decomposition and no cycles we may reorder

the @ ; by defining Qi > Q  iff there exists a sequence
J .

Q > Q. T e 7 Qg 2 £ . and finally we may reindex
1 i J

i _
the Q4 such that Q@ = @ 1 ¥ UQR and i < j implies
9. } @ . . Henceforth, we will assume that the  are indexed
j i
as above for any f with an £ - decomposition and the no cycle

property.

Spectral Decomposition Theorem ( Smale ) : If f satisfies

Axiom A, f has a spectral decomposition.

Definition : We say that f is an Axiom A diffeomorphism with
no cycles if :
(@) f satisfies Axiom A and

(b] the spectral decomposition of @ (f) has no cycles.
Now in [97] we find the following :

. Theorem : Let f & Diffl (M). Then £ has a fine filtration

if and only if £ has an § decomposition with no cycles.

Therefore, we know that if f is an Axiom A, no cycle
T
L £ . . . . -
diffeomorphism, then f has a fine filtration 7”( »{Mi} 120 such
that the largest invariant set A in M - intM _, is the
corresponding set in the spectral decomposition of % (£f). A X is
called a basic set for £ [1] .

The following is a simple modification of a Theorem found in
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Bowen and Ruelle [ 2 j . The difference is that they prove an
estimate for U Bx (e, N) which is not the same as
XeA . .
J
BAj (e, N).
Theorem 2.2.2 : Let f be a c% Axiom A diffeomorphism,

with no cycles. Let AJ. be a C2 basic hyperbolic set for f£.

Then for e small and Kj , C_ -both positive constants we find :
J

B L NY1) S K ~C. N
p(Aj(e 1) jeXP( ; )

Before proving this Theorem, we will prove the following pi'o-

position.
Proposition 2.2.2 : For all Yy > 0, there exists € > 0
such that By . (_E,N)C_\J(B (e +y ,N)) .
] Xeph: X
J
Proof : let Y > Qbe given, Take 8 =Y/2. By

Bowen's Shadow Lemma [1] , the local product structure of A
J

yields o such that every o pseudo orbit in Aj is 8 shadowed

by some y* in A; . Furthermore take € = & / (Kf+ 1),

where : K. = max { d(f(x) ), £()) / dx,y)}
£ oxyem |
XEy
If x ¢ BA.(e , N ) there exists Yo 2 Yy orr s YN € Aj >

J
such that : d (X () , ¥ ) s ¢ ,for0 s k s N.

=
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Claim :y-0 , yl s see y-k , 1s an ¢ pseudo orbit.

Proof :
- 1
a0y 5 £ (%)) 5 A0y » £ 0 + a0, £0,)

A¥paq » £100) + AEEE),E0 )

fiA

A

e+ K, (4 (£, % )

S € =
= +Kf€ (Kf+1)€

Therefore : d(y fly, )) <o , and hence ¥ N is
kel ? "W 2 {Yd k=0

an o pseudo orbit.

So there exists y* e Aj which shadows Yoreros Vi

i.e. d(gk (y*) ,yk) <y for 05 k < N.

But then :
aC & (y"),£0) £ a0 ), )+ Ay s £ 0)
< (y+te) for 0<k< N .
Therefore : x € By* (y +e, N) . Hence :
BAJ_(e,N) C xeA_BX(Y+a’N) as desired.
J

We now return to Theorem 2.2.Z and begin its proof .
Proof : Let Yy be small enough so that we can apply a local
estimate Bx (2y,N], i,e., the one obtained from the Local

Volume Lemma of IlI , mentioned in Chapter 1. Now let € < ¥
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be small enough so that by Proposition 2.2.2 we have :

B, (e, N) C B(y +e ,N).

XeAh.
J

Since y+e < 2y , and AJ. is not an attractor, and is a C‘2
basic hyperbolic set, then for (e +y) sufficiently small, we get
by application of Proposition 4.8 and Theorem 4.11 of [1] ,
that the following is true :
lim sup( 1/N log y ( J B_ (y+e,N} ) =P(f|A, Mi’ﬁﬂ )} < 0.,
X eAj J

P(f|A,,6™ ) hereis the topological pressure of £

J

restricted to the basic set for the continuous function :

6 (u). (x) = - log A (%) where A (x) is the

Jacobian of the linear map D £ : EY -+ EY using inner
X £(x)

products derived from the Riemannian metric [1] . Again by

Theorem 4.11 of [1] we know that P ( f| Ay 5 @) ) = 0 is

equivalent to Aj being an attractor (f (U) C U for some

U a neighborhood of ) 3 )

Now let the above 1im sup = & , then for all a = > -0 we
get : 1/N log u( U B(y+e, N)) < (8 +a) for
stj x a

all but finitely many N. Now if one chooses a such that

( §+a) < 0, we get :

log u( U B (y +eN) < N(s+a) < 0, or
XEAj
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u U.Bx(ﬁ“"Y:N) L exp ( N(d +a )). Hence
J

B s N B » N
By Cen MDY y( By (=Y, N D)

j j
< exp (N (8+a)
for all but a finitely many N.»
In this case we have that & = P( flAj,¢(u) )
and (d+a ) < 0. |
Remark : Thus the Theorem for f a c? Axiom A ,
diffeomorphism with no cycles is proven. This can be

stated as

Theorem 2.2.3 : Let M be a compact Riemannian mani-

fold . Let y be the measure induced by the Riemannian
metric on M. Let £ be a C2 Axiom A diffeomorphism
with no cycles, defined on M. Then £ has a filtration
= T . - . .
2% M3 .2y for which every sink of f is in My |

Let S(i,j,N ) be as defined before. Then for all 6 > 0

there exists K = K ( 6§) such that
uw(s(Ci,j, N)) < K exp (-Ci,jcl -§) N,

for large N , where Ci 3 are defined recursively by :
H

Cl,j = min {Ci/q ’Ci_]_’j(l'(s)} ’

where C; can be taken to be any number smaller than
-P( f lAi , ¢(u) ) » where P( £]p;, ¢(u) )

was defined earlier, and q € z* is chosen so that
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q satisfies

A
q > (1+¢; / Ci-l,j ) /6 , where

*
C; = log ( min { |Jac D, £]1).
M[i,i-l] i

We note that by taking i tor, j to 1 in Theorem
2.2.3 we obtain the Theorem stated in the introduction.

To obtain our constants C we begin with

i,j
Cl,l = c1 and proceed to calculate C2,1 , C3,1

. u
etc. , up to Cr,l using Ci < P(f,4 ).
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2

§3 The Results For C® Axiom A Flows With No Cycles

An analogous result for Axiom A flows , to

Theorem 2.2.3 1is as follows

Theorem 2.3.1 : Let ¢t be a C2 Axiom A
flow on M with no cycles. Then :

u(s (1,j,T) ) < D, . exp (- C, . T) for all i> j,

1’J 1’J
i £ r,j 2 1, D, . and Ci j positive constants,
] ’
and T 2 w. . , with the C, , defined recursively
- 1,)] 1,]

as in Theorem 2.2.3.

Proof : We know from [9] that ¢, has a filtration

which we again assume to be % = {Mi} izl with all

the attractors in M1 . Here S(i,j,T ) is
defined analogously to S(i,j,N ).

Fix t=1 and;consider the diffeomorphism ¢:1 . This
is strictly speaking not an Axiom A Diffeomorphism since ¢ ; may
not be hyperbolic on all of & (¢ 1 ) = (¢t ) . However
it does have a spectral decomposition into basic sets A .
Furthermore the basic sets Ay have local product structure
for flows [8], and have a Shadowing Lemma for ¢1 [3].

By Proposition 4.4 and Theorem 5.6 of [’Ll the
basic sets A, for ¢1 have a volume estimate similarly

k
related to topological pressure , P ( F l A ? ¢(u) ) , of
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of the flox F= (L ¢, +M > M) and ol | with,
ol (x] defined ag - d A (X) /dt , where At(X) is the
Jacohian of D £ Eg + Eut . We refer the reader to [2]
gx
for details.
Thus by Theorem 2.2.1 we get :
u(s (i,j,N )) < Di,j exXp (- Ci,jN ).
~ But for T between N and N+ 1 we get :
s (i,j,T) < s(i,j,N) whence :
U(S(i,j ,T)) ; Di,j €Xp (-Ci,j N )-

But then :

(S (3,5,T)) £ D, . exp (C; ;(T-N))exp(-C; 5 T)
l,J 1’j »J

s 3 . .
We thus define Di . tobe : Di,j exp ('Ci,j ) and have :

’

u(S(i,j,T)) < D* exp (fCi’j T, where the C; 3 are

defined recursively as in Theorem 2.2.3 and C; can be taken to be

any positive number smaller than -P (F , o) y |
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§4 A Discyssion Cencerning C* Vs-C2 , and Some Open Questions

Since we have proved a Theorem in Chapter 1 for a class of
C1 diffeemorphisms, the question arises as to under what con-
ditions Theorem 2.2.2 holds for ct diffeomorphisms of M ?
We know from Fried and Shub [5 ] , that for each x ¢ A a basic
set for a diffeomorphism f we have a local volume lemma. However
[5_] does not provide a local estimate for B, (e,N) only
for Bx ( €, NJ). While this suffices to yield their results
on entropy, it does not yield the uniform B 5 ( €, N ) estimate
required herein. In fact Bowen [} ] has given an example of a
¢l horseshoe with u(W', ) > 0 for A a basic set which
is not an attractor.

For a C1 diffeomorphism , not Morse-Smale, which has finite

Theorem 2.2.2 holds. In general, however what additional
hypothesis beyond Axiom A and no- cycles is needed to insure
that Theorem 2.2.2 holds for a diffeomorphism of M is an
open question.

A related open question concerns extending Theorem 1.3.1 to

a larger class then Morse-Smale diffeomorphisms and flows, and
still getting the exponéntial constant to be as in this
Theorem. It may be that Axiom A, and strong transversality

suffices,
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APPENDIX I

Lemma 1.2.2 : Let E; , E, and E3 be finite dimen-

2

sional Euclidian Spaces and W C E3 an open set. Let
dim (_El ) < dim (E3 ) s dim ( El'x E2 ) . Let

G: W » E1 X E2 be a c! diffeomorphism of W onto its

range G( W ). Further let G(W) have transversal intersec-

tion with E. . Then G( W ) is a Cl manifold in E, E

2 2

of dimension equal to dim ( E1 ) and there is an open set
W1 C W containing G~1 ( E, ) such that GW! ) is a cl

Fiber bundle over G( W! ) C Ez with fibers transversal

to E, and having dimension equal to dim El .

Proof : We write G(W)y = (g (w) , £(w) )T.
for w ¢ W where g : W -+ E, and f: W -+ EZ are the

coordinate functions relative to the cross product

El X Ez .

Now let w W be such that g ( Wo ) = 0. Since

o €

G (W) intersects E2 transversally we know that

DG lwo ( E3 ) T E ; that 1is D g&o maps E

1 3
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onto E. . Thus we can find subspaces E4 and Es of E

1 3
such that E3 = E4 X E5 , dim ( E5 ) = dim ( B1 )
and (og / ’BES |W ) E5 > El is an invertible

0
linear operator. Hence by the implicit function theorem,

there are open sets U C E4 and V C BS with w ¢
0

UxVC W and a cl function h : U -+ V such that
-1 _ : .
g o) (W (UxV) =( X, h ( X, ) ). Moreover if

w € UxV is such that g(w) = 0, then w is a point on
graph h.
This means that g 1(0) /) (UxV) isacl

manifold of E3 = E4 b'q E5 of dimension equal to dim(E4) .

Now fix u, € U and consider the vertical line in U x V
given by u = uo for w= (u,v) € U x V. This set has
a unique point of intersection with the graph of h and
clearly is a ¢! manifold of E3 with dimension equal to
dim ( ES ).

1 fibered over graph h. The

Hence U x V has been C
same argument can be repeated for any w € W with
g(w) =20 3; the second conclusion of the implicit
function theorem forces the two C1 fiber spaces to agree

on their intersections. That is 1let w1 € W be such

that g (w1 ) =0 3; we get U1 C E4 and V1 C E5 such
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that g'1 @M (4 x V) is the graph of a C
function hi: u - " and if w ¢ Ui x Yy is such

1

that g(w) = 0 , then w appears on graph h1 .

Now let w g ( U x V) M (U)S V) and
suppose gw) = 0. Then w= (u, h(u)) = (u, hl(u))
which forces h(u) = hl(u); Thus h and h; agree on
their common domain. Therefore we can extend the cl
fiber structure to UC E, where W is the projection
onto E4. Then we define wle w by wl=ol x ¥
where V! is the projection of W onto Eg.

Now we consider G wl ). Since we are assuming
that G is a diffeomorphism onto its range, we get that
G( g'1 (0)) is a cl manifold in G(Wl) and also that

1 manifold of

GC {Cu,v) Ju=u, e W} ) is a C
G( W1 ). By assumption the intersection of the two is
transversal. Now since G( W1 ) is a C1 manifold in
E; x E; we have that each of G( { (u,v) |u-= uoetﬁ} )
is a €l manifold of E; x E; and also that

G( g-1(0)) is a €' manifold of E; x E, . Thus G( W' )
has a €l fiber structure over the intersection of

E, and G( W' ) with the fibers having dimension equal

2

to the dimension of E; . Note also that

GCW) N E, is characterized by g(x) = 0. Thus wl

contains G~1( Ey ) .
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Lemma 1.2.3 For i > 2,ifg:c E':l (Ei)—_) I‘:S‘(ei)

isa C! function with |{Dgl| < w, , then
area ( graph g ) SN)éK(1+5)N exp (-CN) , where

K>0,C= min {JacD f* (P, )} , and area refers to the
isj<2 J

induced r dimensional measure along graph g, where

r = dimension ( EY ).

Proof : Before we begin the proof of this  Lemma’

we need the following definitions from [6] .
Definition : ~ Let £ € Diff(M) and P be a hyperbolic fixed

poini: of f. We denote by LS(P) and LU(P) the local stable and
unstable manifold of P. Lef B® be a cell neighborhood of P in

LS (P), such that £(dB%) C int BS . The éxistance of such a cell

BS follows from the fact that - £/L (P) is a contraction. The embed-

ded annulus in LS(P) whose boundaries are B® , f(3 BS) is called

a fundamental domain G°(P) of WS(P). We have WS(P)
\J & (es@) ) U P. Any neighborhood N°(P) of GS(P) in M,
neZ .

d'isjoint from LU(P“) , is called a fundamental neighborhood

associated with W° (P).
Dually we can define GY(P) and NY(P) .
We now begin the proof of Lemma 1.2.3.
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The area measures are induced by the Riemannian

metric induced by the inner product
. vwd = (vi,we) + (vS,wS). The proof is by induction
on i. . If i=2, the statement is essentially proved in [5]
For completeness and for use in the induction step we
reprove it here. If xeSN, then F}Iz g cl TZM(e )
for k=0,..., N- £ , where £ is a fixed integer
representing the maximum number of iterations for an
orbit leaving U(Pz) to enter V the neighborhood of
the sink(s) on M, ( recall F = cb'% ofo ¢, )' .
The same statement thus applies to. Fk(graph g N SN).
Moreover we know that successive if;erates of |

( graph g /) SN) are themselves graphs of cl
functions of cl BZ“(E) to cl Ezs( €) with slope < CPY
This is because € was chosen to insure that the
graph transform of g; rz g is a C1 function with
slope £ w

Thus BV~ * ( graph g () Sy) is indeed the graph of a ct
function  of clvEu( ez ) into cl ES ( e ) withslope < ;.
Thus we have :
(D) area ( FN"Q'( graph g N SN ) K , where K is a
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constant depending only on € and w 5 So :
-2
K = f  JacD (FV v+E) ) dy
graph gnSN v 2 r
But the Jacobian inequality (*) holds in cl TP M( ¢ ). That is
. u s .
if L € Hom ( EPZ , EPZ ) with 1o | < wg and

v e:clTP M (e ) we have :
2
Jac D (F | v+graphL) > (1 +8") 1 Jac D FlEy ).
v ° 2
Here 0 < &' <8 is the constant in the proof of Theorem
1.2.1 We apply this inequality repeatedly to get from
(I) the following :
- -2
K > (1+ &) N+5?'JacDo(FN IE;) area(graphg{]SN)
2
so that :
'+ N- -Z' u -1
area ( graph g N ) £ K(1+8) (JacD(FN ) ) .
X NCE S
Now since f 1is assumed to have only fixed points,
-4 Lu _ u N- 2
JacDO (FN IEPZ) = JacDo(F IEPZ )

Then by redefining K we get :

area (graph g (VS ) < K ( 1+6) (JacD, (F| E‘Ijz) yN+E
By observing that the properties of ¢, allow us to show
that : Jac D £ (P, ) = Jac D_ (F | Egz ) we are done with
the i =2 case.
We now assume that our result has been proven for all i < k ,
where k > 2 and pfove it holds for graphs in cl T, M (€). So

now SN ) 'i ( UN ( Pk ) . Here the situation for
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graph g ) SN is different because x € SN does not imply
that BV % (x) e clTM () , where & again is a fixed integer.
In fact on M an orbit beginningb in U(Pk) may leave U(Pk) and
enter some U(Pj ) before reaching V. Therefore we must consider
N + 1 seperate subgraphs of ( graph g N SN ) . We let Bm
be that subgraph of ( graph g (\ Sy ) for which F™1B

clTgM(e) = §. Butfor vhich FmBchlTkM(g)
for 02k <m, (i.e. B, leaves TP ( € ) at exactly the
2
(m + 1) iteration. :
Thus ( graph g /\ Sy ) - Ei = U B where the union is
m=0 _
disjoint. We shall modify Bm slightly, replacing Bm by cl B .
s _ . )
Then  ( graph g N Sy ) - B = nkl';j'o B,  with the union no

longer disjoint but consisting of compact sets. Furthermore we
only need to consider a finite umion :

(graph g MV Sy) = AU B, U B U ..U By,
where A is the closure of that portion of graph ( g Sy )
which remains in cl Tp M (e) for at lease N iterations. Since
all these sets are disjoint exéept on their boundaries we have :

N-1

area ( graph g N S\ ) = area ( A) + még area (B )

Furthermore we know by the arguments used in the i=2 case that :
area (A) X K (1+ 6')N exp(-CkN) , and also that :

area ( Bm ) 2 (1+ c’S')"l area(Fm Bm ) exp ( -Ck m ) , where
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Ck = Jac D ¥ (Pk ) . We now cqnsider :

area ( F" Bm ) more carefully. The compact set

by P B, U(P. ) passes out of 'U(Pk ) on the next iteration,
that is : £ ( ¢kF“‘Bm) (\ int U, ) = & . Subgraphs of

> B B, may pass under further iterations of £ toany U(p; )
forj < k or té V. f{owever since $x B, C UN(Pk) any
subgraph passi.ng'tic:) V must be in a Bm with m N -2 for a
fixed integer £ . To define the subgraph of ' ¢ F B, we
perform the following procedure. We note that ¢ K )il B s
contained in the closed fundamental neighborhood ( associate to

Wuk) given by : Dk = U(Pk) - int £1 U(Pk ). We consider :
o N Ul £ (U(P,_; )) ; this is in fact equal to
n=
| 8,
N U £ (U(Py_1 )) for some fixed £ representing the
' n=1 .

maximum number of iterations for an orbit U(Py) to enter U(Pk_1 )
for the first time. Hence the intersection of D, with inverse
images of U(Pk_1 ) is compact . We also know that the subgraph of
¢ k B B, in this intersection is compzct.

Now the iterates of P ™ B, (\ k_/ f'N(U(Pk_1 )) under £
may not enter U(Py ) at one iteration p;':éisely, but for simplicity
of notation we will assume this is the case. In any event we are faced
with at most another finite decomposition of ¢, F" B, into
subgraphs identified as to by which iteration they enter U(Pk-l ),

for the first time,
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Hence we assume that £ 2¢k F'B < U, , ). Since

F’“Bm is the graph of a Cl function with slope. b x» in
cl TP M ( €) we know from Proposition 1.2.1 that :
k ) .

1

-1 L . .
¢kf 4’kaBmmc1TP_ M(e) isa C  fiber

k-1
bundle over : -1

L . . s .
6 ¢y F' B intersected with Eg; in

the fundamental neighborhood associated with W given by =
Vi.r - £( Vk-l ). Furthermore the fibers are the graphs of C1
functions from a closed subset of cl E}(“_ , (&) into
s . .
cl Ek- 1( g ) and all of .the slopes < Wy 1 By the induction
hypothesis the area ( dim Elli—l. ) of any filber is bounded by :
» N- £ - '
K(1+5')N mexp(-C(N-,Q,—m) where &'
ig ‘between § and & and C is the appropriate minimm
Jacobian. From this we may deduce the area ( dim Ell: ) of
‘b-k f2 Cbk F B by using Fubini's Theorem which applies due to
the ¢l fiber structure. We get :
’ H
-1 % < §" 3N scnN'
area(¢k_lf¢kaBm) =~ K.(1+ ) - exp(<CN )
for N' =(N-2-m) , and where we have redefined K.
We now translate this back to cl TP M (g€) and thus find that
k

for a subgraph of FM" B its length is bounded by
m

K(1+ 6")Néexp(-CN') where again K 1is

redefined to account for bounded factors in the translation,

and N' = (N-g-m) .



We repeat this procedure to determine the .areas: of the
other subgraphs = of FU B,. For P, wWe consider the
vinterse.ction of : . . '
D -int (D} U £ ®@ ) md U £uE,)) to

n=0 n=0
determine the portion going directly to U(P,_, ) .
Note that £ may change for Pk-Z . The identical
estimates result. That is the area of a subgraph of F’"Bm is
bounded by an expression of the form :
K(1eg ") M oo c(N-%om ¢ with
a possible different K. Since these are finitely many fixed
points then the entire area of F" Bm is of the same form
with K modified to account for the number of points and the
different 2 . Then translating the above expression back to
the initial iteration n =0 we immediately get :
area,(Bm);= (1+ 6')mK(1+6").eXp(-Ckm-CN')
for N' =(N - 2- m) , where C now is the min of
Jac D fY (Pj ) for 1< j < k . We finally redefine K to

get : "N
area(Bm) < K(1+ 8 ) exp (-CN)

Finally we arrive at :

area raph < area A+aréaB +,,.+ area B
(graph g /1 5y) < o aB .

N K(1+8 )W exp(-CN)

IA

and since exponential decay dominates algebraic growth we may

redefine K to get :
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area (graph g Sy) < K (1+ &) exp (-CN)

as desired. This completes the proof .
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APPENDIX II

Lemma 2.2.1 : For § > 0 small, and for all

N ,,>,,2(Li + "i-l,j) we find that :
W(D) £ K (exp-Ch (1-6)N) , where

# = 1 -
ci min {C. /a , Ci-l,j( 1-6)}),and

q e z* is chosen so that it satisfies
» : .
qQ >1/¢6 (1 +( C, / Ci-l,j ) , with

C; = log ( min

|Jacn, £] ) .
P, M [i,i-11 Pj

Proof : Recall that D = {x SAN : fLi (x); M[i,i-g} .
We now decompose D into D1 (Vj D2 where

D

L U op s TR g w (a0 ) and

) {x ¢p: MO () ¢ M [4,01 7).

We have : D, & £701 BA. (e , N/q )) , which yields
4

an estimate for u( DZ )

u( Dz ) Y Ji ( BAj (E ’ N/q ))

£J; D exp (-C; /a) N,

for NS qw, ., . Next let n be such that:
1’1-1

N/qg -n2 0 , but N/q-n-1<0, and write :

-
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D, = \_,}n1 (k) , for k =0,...,n . Where D (k)

has the property that :
' Li - s
gV/a i -k op ) ¢ mli-1,5] .

It is also a subset of S(i-l,j,N-n/q-Li+k)

In order to extract the best possible estimate for

D, (k) we comsider : gN/a+Lli-k D (k) )
Then : (gN/arli Kk D (k) ) = S odwm
/AR )
So : (fN/q+Li-k ( Dy(k) ) = I Jyac £N/a*li-k gy
D (k)
*Li +*N/q-k
< Jitt giN/a 5 (l{)du
1

£ 3jM aNak o)

Thus : | (D (k))& JjM a*N/a-k (5515 ,N-N/q-L, +K))
1 1
n
* -4 - . -
And @ L, (D, ) < gt g ofVak (8(i-1,3,N-N/q-L;+K)
k=0

Now using :
W(S(i-1,3,N-N/q-L;+k)) < Dy fexp(C;_y 5 (N-N/q+k))

i-1,j

We get :

*N/q-k ) }
Ji (Di-l,jexP(Ci-l,fN N/q-k))

h~

3P
W) 235

k=0

exp(-Ci_l,jLi )).



-/1-

So : n
*L;i 5 *N/q-k
u(Dl) < J. k=0(Di-1 Jexp(C1 1 JL ) J

exp(-Ci_1 J,(NJrlc-N/q))) .

=

3 PR
u(Dl) < Ji 1 D. . .exp(C.

&
Eo Diog,38XP(C; ; sL)exp(C(n/a-k)

Let Dk = 1 1,Jexp(C ,jLi) and rewriting yields ;

£1:
D)< J*+ 2 D. ex ~C 1- §) N for
n( 1) R T p((-C, l,j)( ) N),

N % (q/(q-1)) ( L, Y4 J) which holds if

Nz2 (L., + w, ) , since q/(q-1) > 2 for all q 21 .
1 1'1’3 = ) -

Now majorizing the above sum we get:

PN
w() I DT NeDexp (€5 g (L -6) N
But : (D =up (Dl) +U(D2)

Thus we get

u (D) <J*L1 D, L(N+1) exp((-C; ; (1 -§) N)

i-1,j

+ Ji Di exp ((-Ci/q)N)

# . :
Next let Ci = min {Ci/q , Ci-l,j (1 -4) } and using
the fact that algebraic growth is dominated by
* .
exponential decay, then there exists a constant K such
that : u(D) é{K*(exp(—Cg(l -s) N) for & small and

N >2 ( Li + wi-l,j)’ This completes the proof.
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