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Abstract

CORRELATION OF THE VAPOR PRESSURE ISOTOPE EFFECT
WITH MOLECULAR FORCE FIELDS
IN THE LIQUID STATE
by

James S. Pollin
Adviser: Professor Takanobu Ishida

The present work is concerned with the development and
application of a new model for condensed phase interactions with
which the vapor pressure isotope effect (vpie) may be related to
molecular forces and structure. The model considers the condensed
phase as being represented by a cluster of regularly arranged mole-
cules consisting of a central molecule and a variable number of
molecules in the first coordination shell. The methods of normal
coordinate analysis are used to determine the modes of vibration
of the condensed phase cluster from which, in turn, the isotopic
reduced partition function can be caleculated.

Using the medium cluster model, the observed vpie for a
series of methane isotopes has been successfully reproduced with
better agreement with experiment than has been possible using the
simple cell model. We conclude, however, that insofar as the medium
cluster model provides a reasonable picture of the liguid state, the
vpie is not sufficiently sensitive to molecular orientation to permit

an experimental determination of intermolecular configuration in



the condensed phase through measurement of isotoplc pressure
ratios. The virtual independence of wvapor pressure isctope effects
on molecular orientation at large cluster sizes is a demonstration
of the general acceptability of the cell model assumptions for

vpie calculations.
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1. INTRODUCTION

This thesis presents the development and application of an
original model for condensed phase intermolecular forces for use with-
in the context of the vapor pressure isotope effect. The model con-
siders the condensed phase force field as a set of explicit and well-
defined interactions, rather than as a generalized potential. Computa-
tional results for a variety of isotopic derivatives of methane will
be presented which successfully reproduce experimental observations
and provide indications of the important factors involved in deter-
mining the isotope effect.

The thesis consists of three major parts: (1) an introduction,
in which background information and pertinent theory will be presented;
(2) a computational methods section, which shows in detail how model
calculations are performed and interpreted; (3) a presentation and
discussion of results, with emphasis on the correlation of vapor
pressure isotope effects with molecular forces and structure in the
condensed phase. Lists of newly developed computer programs are
appended. Discussion of material which is original to this research
will be integrated with discussions of previous work, rather than
presented in a single separate section.

Although this study is largely of a theoretical nature, a brief
review of the experimental measurement of vapor pressure isotope effect

will first be given.



I-1: Experimental Basis of the Vapor Pressure Isotope Effect

Single component gas-liquid and gas-solid equilibria are charac-
terized by the opposing phenomena of condensation and vaporization,
At constant temperature, such an equilibrium state is completely
specified by a unique gas-phase pressure. Isotopic substitution in
the single component slightly alters the characteristic pressure; this
shift is known as the vapor pressure isotope effect (vpie). The
corfelation of the vpie with molecular structure is significant both
theoretically, where it can be of assistance in understanding inter-
molecular forces, and commerclally, where optimum isotope separation
is an important industrial process.

The vapor pressure isotope effect is usually expressed as the
logarithm of the ratio of equilibrium pressures, Zn(P'/P), where the
primed quantity refers by convention to the pressure of the lighter
isotope. The behavior of fn(P'/P) for various isotopic pairs as a
function of temperature is of primary concern. The vpie is con-
sidered normal if, at a given temperature, Zn{P'/P) > 0 énd inverse
if Bn(P‘/P) < 0. The temperature at which the logarithm of the
pressure ratio vanishes is called the crossover temperature.

Several techniques have been developed to measure the vapor
pressure isotope effect. Because of the strong temperature depen-
dence of vapor pressure, it is not possible to accurately determine
the vpie by measuring the pressures of the two species individually;
it is necessary to determine the vapor pressures simultaneously at
precisely the same temperature. Differential manometry was first

used by Keesom and Haantjes (1) for the measurement of the vpie of



neon isotopes. Subsequent studies have employed increasingly sen-
sitive techniques including membrane manometers (2) and differential
capacitance gauges (3,4). The compounds under study must be both
chemically and isotopically pure when direct vapor pressure measure-
ments are made (5). In addition, the samples must be kept at exactly
the same temperature. For example, since a vapor pressure isotope
effect is generally on the order of 1%, P‘/P a4 1.01; if this ratio

is to be determined with one percent precision, the pressure fluctua-
tion, 8P, must be limited to 8P/P = 0.0001., From the Clansius-

Clapeyron equaticn,

6P AHva
— - - —p (1)

P RT®

it is seen that a temperature stability, 6T, of 0.001 °K is reguired
at 200 °K for a typical latent heat of vaporization of 10 kcal/mole.
A cryostat capable of such temperature stability has been described
by Bigeleisen, et al. (6) for use below 300 °K.

Distillation techniques provide somewhat indirect and less pre-
cise methods for the determination of vapor pressure isotope effects
(7,8,9). The principal advantage these techniques have over mano-
metric methods is that only samples of low isotopic composition are
needed. The single-stage separation factor, ¢, is defined as

a_% : (2)

)

liquid

where N' and N are the equilibrium concentrations of the light and



heavy isotopes in a theoretical stage in the distillation system. The

vpie and o are related (10) by

P(B,-V) &
m(p'/p) = |1 + ————| fna (3)
RT

where B, is the second virial coefficient, assumed to be the same for
both isotopes (11).

Single-stage distillation experiments are limited by the accuracy
of the mass analysis since g is always close to unity. By using an
n-stage distillation column, the overall separation factor is lncreased

n-fold (12). In such a multi-stage system, the o factor is given by

X

top  _ xbot'tom anm (4)

1—xtop 1% ottom

where xtop and Xb;ttom are the isotopic atom fractions at the top and
bottom of the column and n  is the number of theoretical plates at
total reflux. The number of theoretical plates is determined from

an analysis of the transient behavior of the distillation column as a
function of column parameters and the nature of the distillate. The
analysis of multi-stage distillation systems has been described in de-
tail by Cohen (13), Bigeleisen and Ribnikar (8), and Ishida and Wieck
(14),

I1-2: Historical Overview of Vapor Pressure Isotope Effect Theory

Theoretical interpretation of observed isotope effects began more

than fifty years ago with the work of F. A&. Lindemann (Lord Cherwell),



-5-

who examined the isotopic dependence of vapor pressure in solid-gas
equilibria (15). Starting with an equation derived from the theory
of monatomic Debye solids, Iindemann obtained an expression for the

high temperature isotope effect,

in(P'/P) = f(c' c )dT +"~£n(—) AH""AH" (5)

where Cé, m' and AH)] are the heat capacity, isotopic mass and latent
heat of vaporization at absolute zero for the light isotope and CP, m
and AH, are corresponding guantities for the heavy isotope. An inde-
pendent derivation of Equation (5) was later given by 0. Stern (16).
The last term of Bquation (5) represents the shift in zero point
energy with iscotopic substitution, a quantum effect, which was of
doubtful validity in 1923. In 1931, Keesom and van Dijk {17) examined
the vpie of solid Ne®°/Ne®2, Their work supported the validity of the
Lindemann-Stern eguation, thereby demonstrating the existence of the
zerc point energy and its importance in the vapor pressure isotope
effect. In 1934, Scott et al. (18) extended previous calculations of
the solid-gas vpie by including consideration of gas imperfections.
The theory of the effect of isotopy on the vapor pressure of
liquids has always been somewhat inadequate due in large part to the
nature of the liquid-phase distribution function’and the gquantum
corrections that must be applied to the liquid partition function. In
1938, Herzfeld and Teller developed a theory of monatomic liquids {19)

by applying the Wigner quantum correction (20) to the Boltzmann dis-



tribution. They obtained an expression for the quantum mechanical
partition function, @, in terms of the classical partition function,

ch:

Q 1/ 4 U\, ...
Q1 L - aneryR\E m, 3% + (6)

where | is the potential energy of the system as a function of all
coordinates x. The brackets indicate an average probability distribu-
tion in configuration space. Similar expressions for polyatomic
molecules are given by Landau and Lifshitz (21) and by Friedmann (22).
In general, the Wigner theorem, expressed as a power series of h (23),
gives the quantum correction for thermodynamic equilibrium and an ex-

pression for the isotope effect. To first order, this expression is

n(P'/P) = @‘(%5( IT:IT - ‘;1{' )(<V2U>cond_<veu>gas) (7)

where m' and m are isotopic masses and <V3U> is the mean value of the
Laplacian of the intermolecular potential. If many-~body forces are

‘1!

neglected in the condensed phaée, U is obtained as a pair summation

(24,

U= 2 ulz,.) (8)
i>j

where Ty 4 is the intermolecular distance, and the average Laplacian



is given by (25)
<V3U> = l!frmf:g(r) %(r"a d_:;gE)_) dr (9)

where n is the mean number density and g(r) is the radial distribution
function. Bigeleisen, Lee and Mandel (26) have shown that excellent
agreement exists between <VEU> values derived from experimental vple
measurements of Kr, Ar and Xe isotopes and <Y2q> values calculated by
Mandel (27) and Verlet (28) using perturbation methods. Rowlinson (29)
and Present (30) have examined the effect of many-body forces on the
isotope effect.

With Bquation (7), Herzfeld and Teller showed that to a first
approximation the logarithm of the isotopiec pressure ratio is inversely
proportional to the square of the absolute temperature with the light-
er isotope having the higher vapor pressure at all temperatures.

Many examples of the heavy isotope having a higher vapor pressure at
some temperatures are known (31). This inverse isotope effect may
be explained {32) in terms of a shift in the internal frequencies of
vibration upon condensation which is different for the two isotople

species. Such shifts dv = v are observed spectroscopically

gas ’liquid
and correspond to mero point energy changes. The isotopic difference
in 6v for non-polar liquids has been explained {33) as a consequence
of changes in van der Waals forces.

The observation of inverse isotope effects, and the explanations

that have been put forward to explain them, suggest the importance of



molecular structure as well as isotopic mass. Within the frame-
work of a lattice model of the condensed phase, Johns (34) and
Devyatykh (35) derived expressions for the vpie of the form

A'B'G' HpHp

Bos (6v'=6v) + (=== ) +

ﬂn(P'/P) = f(MlM‘:e!e') - kT ABC

where M, 6, and 6v are the molecular mass, the Debye temperature and

(10)

the frequency shift on condensation. Eguation (10) shows that the vpie

is not only a function of mass and zero point energy effects, but
also a function of o the chemical potential due to rotation, and
A, B, and C, the principal moments of inertia. Rabinovich (36) has
suggested an expression for In(P'/P) that separately accounts for the
isotope effects on dispersion, orientation, polarization and assocla-
tion energies.

These efforts all suggest an expression for the vpie containing
a T ' term as well as a T 2 term, and, in general, this is what is
observed experimentally. But if the force field in the liquid state
is not known, the vapor pressure isotope effect cannot be quantita-
tively predicted. However, the use of a simplified model of the con-
densed phase permits the evaluation of the vpie and a correlation of
the isotope effect with molecular and intermolecular forces.

In 1961, Bigeleisen (37) introduced a new formulation of the
vpie based on a simple cell model of the condensed phase. The simple
cell model assumes that each molecule is entrapped in‘a potential

cage formed by the interactions with its nearest neighbors. Stern,



G-

Van Hook and Wolfsberg (38) compared experimental vapor pressure ratios
of mono- and dideutero-ethylenes with values calculated using the simple
cell model. The calculated dependence of gn(P'/P) on temperature
was 1n good agreement with experiment, as were subsequent calcula-
tions performed by Ishida and Bigeleisen (39) on other ethylene 1so-
topes and by Bigeleisen, Cragg and Jeevanandam (40) on methane isotopes.
However, Van Hook and others (41,42) have shown that there is poor
agreement of cell model calculations with experiment for systems that
exhibit molecular association or internal rotation in the condesed
phase.

In the simple cell model, the condensed phase is considered to
exert a generalized influence on the quantum mechanical behavior of
the molecul; under study, but to be without structure or defined at-
tachment. This study explores a new, somewhat more realistic model
for the condensed phase, in which the medium is considered to be a
system of specific mass points, each having a weak, but well-defined
interaction with the subject molecule. Interactions with the mole-
cules in the first coordination sphere are treated explicitly as
part of the condensed phase system, rather than passively or general-
ly as in the simple cell model. The condensed phase molecule is
considered to be at the center of a2 regular convex polyhedron; the
molecules of the first coordination shell are at the vertices. If
there are m-1 molecules in the coordination shell, the entire aggre-
gate of molecules is called an m-cluster. This new model, the medium

cluster model or MCM, is a natural extension of the simple cell theory.
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L. THEQRY OF VAPOR PRESSURE ISOTOPE EFFECTS

Medium cluster model calculations of vapor pressure isotope
effects are based on the same theoretical foundation as simple cell
model calculations. In this chapter, the general theoretical frame-

work and specific assumptions of both medels are discussed.

I-1: The Born-Oppenheimer Approximation and Partition Function Ratio

An examination of the effect of molecular structure on the vapor
pressure isotope effect begins by considering the Schridinger

equation for the polyatomic molecule under study,
H l,fl(X,X) =B ‘b(xrx) (11)

where x and X are used to emphasize the dependence of the total wave-
function ¢ on both the electronic and nuclear coordinates. The

molecular Hamiltonian is

~ __.hg 1 2 fe 2 ZaZ@ e? Zaez e?
H =-—ZE‘*VCC— EEVi-%- IPH - - Lz T +er_ (12)
o aB i 13

where relativistic effects such as spin-orbit coupling are neglected
(43). In Bquation (12), o and B are nuclear indices and i and j are

electronic indices. WNuclear mass is denoted by m, ahd electronic

mass by m.
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The involved nature of Eqation (11) may be simplified a
great deal by invoking the Born-Oppenheimer approximation by
which the total wavefunction is factored into separate electronic
and nuclear parts,

‘P(X,X) = 'tbel(xrx) ¥ (X) (13)

nue

Within this approximation, Equation (11) can be analyzed as two

separate problems,

i el |lbel(x’x) = Eel I|bel(x’x) (14)
and
Hnuc%uu£x) =B ¢nuc(x) (15)

where the electronic Hamiltonian consists of all but the first and
third terms of Equation (12). The electronic energy calculated from
Equation (14) together with the internuclear repulsion determine the
potential field within which the nuclei move. The force constants
of these nuclear motions are defined by this potential field and are
thus seen to be independent of nuclear mass since only the first term
of Equation (12) involves m .

The wavefunction in Equation (15) can be further factored into

vibrational, rotational and translational wavefunctions,

VoK) = v ¥ ¥ (16)

nuc rot "vib
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where
n
boip= T ¥ (17)
i

for n degrees of vibrational freedom. The energy eigenvalues for

non-degenerate vibrational motions are given by
€. = (v, + 2)hv; [i=1,2,...,n] (18)

where Vs is the vibrational quantum number for the iih mede., Since
the total vibrational energy, Evib’ is the sum of energies of all

vibrational modes, the quantum mechanical partition function, s’

is given by
n «
(qvib)qm - exp I{T (19)
i=1 v=1
i
or,
n
-u; /2
- e '
(yip)gn = TT — (20)
. 1 -e 2
i=1
where
u, = hv, /kT (21)

The classical limit of the gquantum mechanical partition function is

. _ 1
@) s Qg =TT (22)
e i=t 1
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Solution of Egquation (15) Tor the energy elgenvalues of rota-

tional motion of a spherical top molecule gives

hE
Eot,d = BT 7(3 + 1) [0=0,1,...] (23)

with a degeneracy factor of (2J+1)2. In Equation (23), I is the
principal moment of inertia ( Ix = Iy = IZ ). The quantum mechani-

cal rotational partition function is given by

(qrot)qm = % v o-is ec/ll- (2k)

where s is the symmetry number of the molecule accounting for the
invariance of the nuclear Hamiltonian under a rotational transforma-

tion and O is the rotational constant given by

he
o = Fer (25)

The clagsical limit of the rotational partition function is

. 1 |m
(qrot)cl - giﬂo(qrot)qm T s ¥Yof (26)

The quantum mechanical translational partition function for a poly-

atomic molecule is the same as that calculated from classical mechanics.

The effect of isotopic substitution on chemical equilibria is
made manifest only at lower temperatures. BSince the classical parti-

tion function represents the high temperature limit of the quantum
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mechanical partition function, the appropriate quantity with which
to examine the isotope effect is a reduced partition funciion ratio
in which the quantum mechanical effects are evaluated in units of the
classical limit (44). The isotopic ratio of the reduced partition

functions is defined as

2f = — A (27)
@A)y

In this equation, the primed quantity again refers by convention to
the lighter isotope under consideration. The factor s/s' is a classi-
cal correction, and is included toraccount for changes in symmetry
number in isotopic exchange reactions.

The reduced partition function ratio may be factored into
vibrational, rotational and translational parts. Since the quantum
mechanical and classical formulation of the translational partition

function is the same, one obtains

5 0 _ S
s'f - s'fvibfrot (28)

Comparison of Equations (22) and (26) shows that

frot

O'-O")

= exp( I (29)

For the molecules considered in this research, however, Equation (29)
represents a very small correction (45); classical rotation will be

assumed so that



Sr= Sif (30)

Taking isotopic ratios in Equations (20) and (22) and substituting

into the definition of the reduced partition function ratio ylelds

(31)

u. e_ui/z
n i
| | 1 - e )

T-2: Approximations of the Reduced Partition Function Ratio

In order to facilitate machine calculations of reduced partition
function ratios and develop a physical interpretation for the factors
involved in isotope effects, several approximations to Equation (31)
have been introduced.

The G(u) method was proposed by Bigeleisen and Mayer (44) before
the computer era to aid hand calculations. The approximation is

given to second order (46) by

2

S{u. ) /au, ¢(u, )-28(u, }au,
e =ZG(ui) sy |14 —2 ( 1) + —2 1 ( l) (32)

y 2G(ui) u, 6G(ui) ug

where
Aui = uj'_ = ui (33)
i 1 1

Gu,) =+ -1+ + L1 "
(u,) = 3 Yo (34)
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g u.) — L - _‘IJL
(uy w T D (35)
2211 U.i
G(ui) = G - ui( 17 2 (36)

(M - 1) (M - 1)?

Another approximation method with favorable convergence proper-
ties was developed by Bigeleisen (47) and Vojta (48). The method is
based on a power serlies expansion of Equation (31). The vibrational

reduced partition function ratio is written as

s sinh(ui/Z) sinh(ui/Z)
InSf = —Z,Bn( /) )+Zzn( /) ) (37)

i i

Expanding the hyperbolic sine as an infinite series yields

IS5t = -EZzn[i + (——) ]+ Zzzn[i * (Z'nra) ] (38)

which 1s absolutely convergent for all values of u, Since the

Taylor series
| j?: kil g
m(t +y) = £ 1(—1) () (39)

is absolutely convergent when 1y1<1, it follows that

n oco o n o0 oo

et - TS0t G TS0 et Gl o)

ik J ik J



_1?_

for ui,uj'_< 27. Since

- k-1, 2ky

h|
o] Lad
=

I

(2k)!
where B, is the 1R Bernoulli number, Bquation (40) can be written
as

o0 k] 2k
(-1) By 1 (Aui )

n
Bn%.f = Z [ui,uj'_<2ﬁ:| (42)
i=t

e 2k(2k)!

where uy is defined by Equation (33). Since the validity of Equa-
tion (42) is limited to cases where u<2r, the Bernoulli approximation
can only be used for frequencies less than about 1300 c:m_I at 300°K.
In an effort to extend the utility of the Bernoulli approxima-
tion for the reduced partion function ratio, Bigeleisen and Ishida

(49,50 ) expanded Bquation (31) as an orthogonal polynomial series,

- f —Z.o:w S Z(A )2 [u.&w] (43)
s! oaa)y & I

i=t

where Wi is a modulating coefficient explicitly dependent on the num-
ber of modes of vibration and the maximum frequency of vibration (50).
The modulating coefficients are defined in such a way as to compen-
sate for errors due to truncation of the series. Equation (43) is
valid for all positive values of u, aﬁd is thus applicable to the
entire molecular fregquency spectrum.

TI-3: Statistical Thermodynanics of the Vapor Pressure Isotope Effect

In 1961, Bigeleisen (37) developed a quantitative formulation for
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the isotope effect on phase equilibria. Since this theory is basic to

the purpose of the present research — the development of the medium

cluster model — the Bigeleisen formulation will be described in detail.
An expression for the equilibrium vapor pressure isotope effect

is obtained by considering the Gibbs free energy in the gas phase

and in the condensed phase. ¥or the gas phase, the free energy, Gg,

is gilven in terms of the canonical partition function, Qg’ by
G = -kT + PV Ly
g fn Qg + FVg (44)

where Vg is the volume of the gas phase. If the gas behaves ideally,

the partition function can be written as

9 = a /! (45)

where q is the molecular partition function. If N, the number of
molecules is large, then the factorial in Equation (%5) may be approxi-

mated by the Stirling formula, so that

eg
Q, * () (46)
The total molecular partition function can be factored,

a= qtransqrotqvibqelec = Qranstint (4?)

where P contains all internal energy states of rotation, vibra-

tion and electronic motion. Equation (46) can then be rewritten as
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= ( eqtransqint )N

g N
(48)
_ N “dint N
= Urans N
A quantity 4t is now defined as
Qi = (eay 1 /N) (49)
so that the canonical gas partition function is then
N —N
Q (50)

24 = Y4ranslint

The translational partition function is evaluated in terms of the
classical phase integral, [Jexp{-f(p,x)/kT}dpdx, where the potential
part of ﬁ, the Hamiltonian, vanishes for the ideal gas. The trans-

lational partition funetion is

afz
- (2rmkT) _V (51)
Yt rans h3

Substitution of Equations (50) and (51) into Equation (44) yields

after expansion and rearrangement,

G PV
& _ _2 _ 3 o _g
mo— =P -24nT 24l - fn'q .+ = K (52)

where K is a composite of collected fundamental constants and M is

the molecular weight. The introduction of factors to account for small
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sas-phase imperfections in the penultimate term of Equation (52) glves
L= P -2mT - 2mu - g+ (B FAL) K (53)
where B0 is the second virial coefficient given by the state eguation,
Fr = 1+BFP + ... (54)

For the condensed phase, the Gibbs free energy can be written in

a manner analogous to Equation (44):
G, = -kTnQ, + BV, - (55)

where Qc is the canonical partition function of the condensed phase and
Vc is the condensed phase volume. The condensed phase partition func-
tion will be further specified below. The assumption of a simple cell
model for the liquid state permits a particularly simple formulation
for the canonical condensed phase partition function, and it will be
shown in Section I- 4 that while Q, is complex for the medium cluster
model, the MOM theory yields a simple expression for the reduced par-
tition funection ratio.

Dividing Equation (55) by RT gives

G PV

¢ __y1 -
g = - N1ing + & (56)

At equilibrium, G| = Gg, so that the right sides of Equations (53) and
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(57) are equal so that

- 2 2 - 2
AP = ZenT + gnM + fnq, . (1+B P +o..)

PV

-N_i,Ech + et K - (57)

Taking a difference between two isotopic species at a given tempera-

ture gives

. M3 ?ilrl‘t 2 2 '
,En(P /P) = ,En(-ﬁ) (‘:a.:;) + (BOP +...) - (BOP e )
(58)
n1lp i + -—1-—-(P'V' - PV )
- n Q RT c c
C
From Equations (49) and (51), it can be seen that
E:‘:n“l:/ -q—:'Ln-b = q:{nt/ Uint (59)
and
v e 3/2 32 | iy
U nt M Yt M = Q Vg/qvg (60)

where q' and q are the complete quantum mechanical partition func-
tions for the gas phase. V' and Vg are the molal volumes of the
light and heavy isctopic gases. In order to compare the two gas

partition functions at the same molal volume, a correction factor
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' 0
of [V (2 gnq'/sV) v is needed. But

V! Vl

g . g
f(agnq'/avg)T dVg = 'ﬁT_/ Prav, (61)
v : v

g 3

so that Equation (58) becomes

m(P'/P) = in (—%{—)wl + (B0P2+...) - (BOP2+...)

Q! %
-1 _C 1 LATLIN S 1
- N ,gn( ) + ap (B'Vi~BV ) +[ Plav,

Qb qm %%

(62)

The effect of isotopy on the second virial coefficient has
been examined by Van Hook and others (51,52,53) for a variety of
compounds. As expected, the effect is small except for high den-
sity gases. While the effect of isotopic substitution on molal volume
has been studied for only a few compounds (54,55), Wolfsberg (33) has
suggested that, in general, the effect is minimal for non-polar
compounds. For the purpose of examining the first-order correla-
tion of medium cluster mocdel calculations with the vpie, both of
these effects will be neglected. With the ideal gas approximation,
Bé = Bo = (0 and all gases have the same molal volume, so that the

bracketed terms in Equation (62) vanish,

) -Niﬂn(%;) (63)
qum Q qm

' /Y - g’
2n(P'/P) = &n¢ z
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In the high temperature limit, all partition functions can
be expressed classically by means of the phase integral. By virtue
of the isotopic product rule .(62) and Equation (51), the ratio of
classical partition funciions for the condensed and gas phases are

both equal to the ratioc of masses and symmetry numbers,

(), - =TIE" -6 (69

Combining Equation (64) with Equation (63) yields the following

expression for the vple:

m(/e) =y m(a,/Q), - (ag/al),

o (a/4' Jan (65)
(479" )1 /s

The nature of the quantum mechanical partition function ratio for
the condensed phase must now be considered.

The simple cell theory {56) assumes that each liquid (or solid)
molecule moves within its potential cage independently of the
motion of the other molecules in the surrounding medium. An equa-

tion analogous to Equation (45) can therefore be written for the

condensed phase as

Q, = a)/m (66)
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if high communal entropy is postulated so that the cells cannot
be "labeled" and the molecules are indistinguishable. If com-
munal entropy is considered to be low and the cells are in
fixed positions, the factor 1/N! must be omitted and the
canonical partition function for the condensed phase is written

as

Q. = o) (67)

In either case, the first term of Equation (65) becomes

Fan(ag/ey), = mla/al)y, (68)

c ‘qm

so that the vpie can be written as

1 - = - =a
Ln(P'/P) = 4n =T, o= f (69)

where the reduced partition function ratio as defined by Equation
(27) has been used.

- 4: The Medium Cluster Model Partition Function

The medium cluster model developed in the course of
this research treats the condensed phase molecule together with
its first coordination shell. Since a high degree of ordering and
symmetry predominate at short range even in the ligquid state, there

is no great loss of generality if the central meclecule and its
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surrounding coordination shell are assumed to form a simply
connected regular polyhedron. Once past the nearest neighbor
shell, some dislocation and disorder is expected, but the as-
sumption of perfect regularity in any small neighborhood is
quite realistic (57).

In the medium cluster model, the liquid phase is considered as
an assembly of independent clusters with m molecules each. If
the clusters are indistinguishable, the condensed phase parti-
tion function can be written as

N/m
9sluster (?0)

% (N/m)!

since there are N/m such clusters in a condensed phase system of

N total molecules. In Equation (70), g is the complete

cluster
quantum mechanical "supermolecular" partition function. Bach
cluster consists of one molecule in a central position in the
aggregate and m~1 indistinguishable shell molecules in the first

coordination sphere. Using q and Ugpell for the molecular

central

partition functions of each type, the r” .iter partition function

may be expressed as

m-1
_ Yshell . (71)
Leluster ~ (m-1)1 Ycentral

Within the context of the medium cluster model, the condensed
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phase canonical partition function is therefore given by

m-1 N/m
[ 9shell . ]
(m-1)! qcentral_

e~ (N/m)t

(72)

If N/m, the number of clusters in the liquid phase, is large, the

Stirling approximation can be used so that

e m-1 N/m
[ qshellqcentra.l ]

Q, = (73)
(m=-1)! N/m
In general, for an equilibrium system A==B,
N q
_A A {(74)
g R

where NA and. NB are the number of each species A and B. Since the
shell molecules are considered to be in equilibrium with the central

molecules in the medium cluster model,

1 = t;lc:errb]:‘a,l (? 5)

m-1 Ushell

Solving Equation (75) for Q p 17 2nd substituting in Equation (73),
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the condensed phase partition function becomes

N
e(m—l)mﬂl m-1 W/m
Q9 = Yeentrallcentral
c (m-1)! N/m

Y, &l
e/ (n-1) M Yoentral (76)

[(n-t)r]/m (y7m

In the evaluation of the vapor pressure isotope effect using the
medium cluster model, the isotopic pairs considered will always
be assumed to be in clusters of the same size in the liquid phase.

Using Equation (76), the first term in Equation (65) becomes

1 ] - 1
W fn (Q'c / Q‘c )qm = 4n( qcen'tral/ Yoentral )qm (77)

The MCM form of the vplie equation is then

-t (78)

(P'/P) = In=f g I

s
s' central

Equation (78) suggests that an evaluation of the vapor pressure
isotope effect may be made by considering the central molecule of
the cluster as being representative of the entire liquid phase.

T- 5: Separation of Internal and External Vibrational Modes

The similarity of Equations (69) and (78) shows that a corres-
pondence exists between the simple cell model and the medium cluster

model within the context of the vpie. In order to determine
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n(P'/P), both models require an evaluation of the reduced parti-
tion function ratio. Using the vibrational reduced partition funec-

tion ratio as given by Equation (31), the vple is given for both

models as
n, . n
, u e‘ui/z(i-e_ui) u, e u1/2(1 e 1)
In= = 4n -|_|- ¥ - fn ﬂ = (79)
P (u.‘e-ulfz(i—e“ui)) | (u'e ul/z(l u ))
i=1 7 c i=1

where the first term extends over all modes of vibration of an
independent molecule in the condensed phase (for the simple cell
model) or over all modes of vibration for the central molecule of
an aggregaté’(for the medium cluster model). The second term in-
cludes all modes of vibration for an independent gas-phase molecule.
In general, the number of degrees of vibrational freedom for a con-
densed. phase molecule, n,; is equal to 3N, where N is the number

of atoms in the molecule. In the gas phase, n is 3N-6 (or 3N-5
for linear molecules) since the molecule can rotate and translate

freely.

Expanding Equation {79) gives

u{ uy = ui( -e_ui)
‘E('z—-?)g ] Z"ﬂ(_&_u})g .
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The n vibrational modes of a condensed phase molecule consist of
c

six low-frequency external modes and n high-frequency internal

modes. Therefore,

6

(P /P) Z(—gl-' - ) + E(fg_ - izl_)c
n 6. fu,(1-e7
I/ul o, [ ~e"bi)
- E(_%— - _21_)g - E zn(u{(i —e_ui))g

= I + I + IIT + W + V + VI

(81)

Since all n internal frequencies are large for both the gas and
the liquid phase, terms III and VI are respectively negligible com-
pared to IL and V. Terms I and IV can be combined as can terms

I and V to give

m(P'/P) = iﬂn(: :‘“ijzii-e'“i; )
i=1 n c (82)
SIE-3) 63

The first term on the right side of Eguation (82) is recognized as
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the reduced partition function ratio for external modes only,

s . \
in s'fext' BSince all external frequencies are small (uex£¢<2w),
the one-term Bernoulli series approximation of En—zqfext can be
employed. Using Equation (42), the vpie expression becomes

) n ' . '
P! U= s 3 w4
wE - B3 n, - B, ) o
i=1 i=1

from Equation (21) gives

Recalling the definition of Uy
6 3N-6
P _ 1,h,? 12, _ (b 12.u2) o t2_y2
= = gD Z("ig v2), (%T)Z{(viz "i)g (vi=-v2)} (&%)
ext int

where the summation indices int and ext have been added to emphasize
the nature of the frequencies considered in each term and n has
been explicitly indicated.

Equation (8%) has the overall form

A B
m(P*/P) = — - — (85)
T2 T

which is observed experimentally for many systems (58,59). With
respect to both the simple cell model and the medium cluster model,
the B factor relates the isotopic difference in zero-point energy

shifts on condensation. B is a function of internal modes of vib-
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ration only:
3N-6
h v 1
B o= (Eﬁ) E : {Cvg - vi)gas - (vg - vi)central} (86)
i=1

The A factor is a function of the low-frequency external modes of
vibration in the condensed phase:

6

- i 2 2
A = (zuka) (Vi™ = 5 ) central

(87)

While the simple cell model considers three equal translational
and three equal rotational contributions to A for spherical top
molecules such as methane, the MCM formalism requires the considera-
tion of more specific, and not necessarily equal, interactions.

This study is an attempt to correlate medium cluster model
force fields in the liquid state with the vpie Via the A and B
factors. The frequencies of vibration used in Equations (86) and

(87) have been computed by means of normal coordinate analysis.
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IIT. NORMAT, COORDINATE ANALYSIS

While there has been some recent interest in corrections to
the Born-Oppenheimer approximation (60,61), the general validity
of this approximation, as outlined in Section Il-1, has been
assumed throughout the course of this study. Within the frame-
work of the Born-Oppenheimer approximation, isotope effects are
seen to result from the motion of nuclei of different mass on the
same potential energy surface. This implies the necessity of iso-
tope independent force fields in the condensed and gaseous phases
from which the frequencies of molecular vibration in Equation (84)
can be calculated. Because the shift in frequency due to isotopic
replacement is small, and because the vibrational partition function
is sensitive to such shifts, large errors would be introduced by the
direct substitution of experimental spectroscopic frequencies into
Equations (86) and (87).

In this chapter, an outline is given of the method by which
vibrational freguencies are calculated from the molecular force
field. This methodology of normal coordinate analysis provides
the basis for the correlation of the vapor pressure isotope effect
with structure and forces in the liquid state. The discussion
follows the more detalled treatments given by Wilson, Decius and

Cross (62) and Herzberg (63).
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-

kN

IIT-1. The Potential and Kinetic Energies of a Vibrating System

The internal configuration for an isolated system of N
oscillators can be defined by 3N-6 ccordinates (3¥-5 for a linear
system). Thus, for example, the configuration of a bent triatomic
molecule ABC is completely determined by the AB distance, the BC
distance, and the ABC angle. Such distances and angles are called
internal coordinates and define the relative arrangement of atoms
within the molecule, but say nothing about the orientation of the
entire molecule in space. The three coordinates mentioned above in
connection with the ABC molecule are not unique; the AC distance
could be substituted for the ABC angle. In general, a set of in-
ternal coordinates can be ascribed to any system of oscillating
masses which is both complete (that is, sufficient to describe all
vibrational degrees of freedom) and linearly independent (64).

For a system with a complete set of n coordinates S{1855 00058y
where n may be 3N, 3N-5, or 3N-6, the potential energy V can be

expressed as an n-dimensional Taylor expansion,

= Vo Z(as. 0S5 + 3y Z(as as o® Sj + (88)

The subscript o indicates a value taken for the equilibrium con-
figuration; V, is taken to be zero. Further, aV/Bs=O at the minimum

of the interatomic potential surface so that
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n n nnn
1 32V 1 33y (89)
V= 2! Zz(asias )sl 3 * 3! ZZE(BS as ask)sls.jsk o
1] 1 3 k

As the molecule is displaced very far from its equilibrium atomic
configuration, the anhaxrmonic cubic, quartic, and higher order
terms of Equation (89) become significant. If relatively small
amplitudes of vibration are assumed, however, Eguation (89) becomes

a2 harmonic potential,

n n
vV = T, 0
2 Z 15553 (90)
i g
where
L
f35 = (as 3. ) (91)

These force constants fij can be arranged in matrix form,

F={f.] (92)

where fij=fji’ so that there can be up to n(n+1)/2 independent
elements in the array. Equation (90) can be written in matrix

notation as

2V

i
tln

Fs (93)



where S is a column matrix of internal coordinates.
~J

The kinetic energy of a system of N coupled oscillators is

given by
3N
= & 2
T= £y om §3 (9%)
i
Where Ei is the time derivative of the 1¥h  Gartesian displacement
coordinate
= R
g =% - x5 (95)

and n& is the mass assocliated with the :I'.EE coordinate. If the in-

ternal coordinates, s, , are given in terms of the Cartesian co-

k

ordinates, Xs by the linear relation

3N
Se = D % (96)
i

then it can be shown (65) that
n n

2T = ZZ(gkﬂ)—l Y (97)
k %

or, in matrix notation,
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or = g'g™ls (98)
where
i
_ 1
s = Lum, Dpsbog (99)
3

The array of ng elements, G, is defined analogously to F in Equa-
tion (92). E is also symmetric, gk£=g£k. The quantities bij in
Equations (96) and (99) are elements of a matrix B, which is the
transformation matrix from Cartesian coordinates to internal

coordinates:

S = BX (100)

where S and X are column matrices of internal and Cartesian co-
ordinates respectively. Bach of the N atoms in the coupled sys-
tem contributes one texrm in each of the three Cartesian directions

in Equation (99) so that

N

1
Z: ﬁ'(bkl 21, T Pwi Pys T by By ) (101)
1 i Y N Z z

or,
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N
8y = Z“i(fki' 1) (102)
i

where My is the reciprocal mass of the iEE atom and the vector Eii
represents the i--EE atom's contribution to the kjih internal co-
ordinate, s (62). After internal coordinates have been defined,
the Eivectors may be calculated from the relative positions of the
N atoms of the system. Together with atomic masses, the Eifectors
thus define the E~matrix.

As an example of the way in which coordinate definitions may
be transformed into 2 matrix of real numbers, consider a linear tri-
atomic molecule ABC with two internal coordinates consisting of an

AB stretch and a BC stretch; the remaining two angle coordinates need

not be considered. Then,

AIAB = 8 = X + X
(103)

-3
=
il
4]
il

BO 2 - ¥t Xg

where x,, Xgo and X are positive Cartesian displacements of each

of the atoms in the same direction. From Equation (100},

s - (11 09) (100

so that from Equations (101) and (104) the elements of G are
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il
it

1y () () (H1) (#1100 )(0) =, + g

g, = 1300 ) () g (-1)(+1 ) ( 0 ) (1) ~py (105)

8op = Hy(0)(0 (- (-1 )ug(+)(+1) = n, + by

Since 815859 the 2x2 G-matrix is thus fully determined. In
practice, generalized G-matrix elements are tabulated for the most
commonly used coordinates (62).

IIT-2. The Secular Equation and Normal Coordinates

By considering the equation of motion for the atoms of a
molecule, a relation can be derived between the force field

and the frequencies of vibration. Legrange's eguation of motion,

43Ty . (aVy _
TED @D - o (106)

is applied to Equations (90) and (97):

Zg.‘%;. + s, = 0 [i=1,2,...,0]  (107)

137 1373
J J

It is assumed that the atoms oscillate in unison with a periodic
motion., Thus a reasonable solution of Equation (107) would have

the form
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s; = Ajsin (2mvt) [1=1,2,...,n] {108)
Substituting this into Equation (107) gives
n
1 _ _—
z (£ 5 - lgiJ)AJ = 0 [3=1,2,...,0] (109)
j=1
where
A= brPv® (110)

and Aj is the amplitude of the jih mode of vibration. For a non-
trivial solution of the set of simultaneous linear equations (109)
to exist, the determinant of coefficients of Aj must equal zero;

that is

[F-AG¢T = 0 (111)
which is equivalent to

[GF-AE] = 0 (112)

where E is the unit matrix. Equation (112) is called the secular
equation and provides the scught-after relationship between the

molecular force field (Ej) and the frequencies of vibration from
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which the reduced partition function ratio may be calculated.

The secular equation is also written as

|E -AE} = 0 (113)

where

FG (114)

~ s

tm
]

In general, H is not symmeiric.
Equation (112) may be solved by direct expansion of the de-

terminant to give a polynomial characteristic equation of the form

n-: n-z
+ Cgh oo ete Atc = 0 (115)

AT+ e
where the coefficients c; are functions of F and G (66). If the
secular equation is of low order (say, n<5), a direct analytical
evaluation of Equation (115) might be the best method for finding
the frequency parameters from E andﬂg. The gas-phase problem for
even a small molecule like methane, however, involves a characteris-
tic eguation of order 10, and the liquid-phase problem foxr methane
within the framework of the medium cluster model will be seen to
involve up to 202 coordinates. An iterative process will be more
satisfactory to solve the secular equation for these and similax

cases. There are a number of efficient iterative algorithms avail-
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able employing matrix diagonalization. The procedure used in this
research will be discussed in Section IV-4.
A new set of coordinates Q = {qi}, called normal coordinates,

is introduced as a linear combination of internal coordinates,

Q = L_1§ (116)

where L~' transforms the internal coordinates, S5y to normal coordi-

nates, q,. Rearrangement of Equation (116) yields

§ = Lg (117)

The elements of L are chosen so that in terms of the normal coordi-

~

nates, the potential and kinetic energies have the form

2v (118)

1
o
e
o

and

2T = Q9 (119)

4

vhere A is a diagonal matrix. Substitution of Equation (117) into
Equations (93) and (98) and comparison with Equations (118) and

(119) shows that
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LFL = A (120)
and

T -1

L'G* = E (121)

Combination of Equations (120} and (121) gives

e
tal
=

L = HL = A (122)

H

The roots, or eigenvalues, of the secular equation are invarient
under a similarity transformation (67). The transformed H of
Equation (122) can therefore be substituted into the secular equa-
tion, so that in terms of normal coordinates, Equation {112) has the

form

A-AE = 0 (123)

Therefore, the elements of A (a diagonal matrix) are the frequency

parameters, A, , defined by Equation (110).

IIT-3: Contribution of Internal Coordinates to Normal Coordinates

Solution of the secular equation by simultaneous diagonaliza-
tion of the ¥ and G matrices, as in Equations(120) and (121), defines

the L-matrix. The normal coordinates are related to the internal
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coordinates through Equation (116). For a molecule with n degrees

of vibrational freedom, expansion of Equation (116) gives

-1 -1
Qy = ByySy * BipSy * e ¥ Lipsy

q S + 4, S + ot B S
2" 21 1 2272 2n (124)

where the 2{3 are elements of the Eﬁl transformation matrix. For a
normal mode of vibration in which the normal coordinate Uy changes
with a frequency Vs all the internal coordinates involved change
with the same frequency. However, the amplitude of each internal
coordinate is different; the relative amplitudes of the various

internal coordinates are given by

= .0 0= — (125)

The normal modes may be visualized as a superposition of internal
coordinate contributions. The relative amplitudes, 253, can be

evaluated (68) from the relations obtained by expanding Equation
(122):



-3

e (2

(2t k1

-1 -1

11542

-1 - -1

(Btpe8yy Mgy * (TEpy8p = Mdlip + oo+ (B84 )y = O (126)
-1 -7 -1 _

(B ey Mg + (CE o)+ o+ (BEpmp, — M), = 0

where the summations are over the index t. If one ,8;:;_ is rela-
tively large compared to all other Big (i#3), the k2 normal vib-
rational mode can be characterized as being due to displacement of
the i-JEh internal coordinate alone. If there are two large ££; of
similar magnitude in the kﬁg eigenvector, one can say that the
vibration is a mixture of the two internal coordinates involved.
In Section V-5, a detailed discussion will be given of the pro-
cedure used in this research to identify vibrational modes that
must be included in the reduced partition function ratio.

Another method by which the contribution of each internal
coordinate to the kEll normal mode can be evaluated is to consider
the potential energy distribution for a given normal coordinate
(69,70). Substitution of the expanded form of Equation (117)

into Equation (90) gives

n n n

= 2220 'Eit’?’,]tqt (127)

t J>ii



so that for a given mode Qs the contribution to the total poten-

tial energy is

n n
2
(2v), = qkzzfij'eik’?’jk (128)
i i

While Equation (128) is an important and useful relationship for
the interpretation of molecular vibrations, it cannot be used for
an analysis of condensed phase vibrations because, as is shown by
Equation (78), only oscillations of the central molecular part

of an m-cluster are considered in the MCM theory as contributing
to the liquid-phase reduced partition function ratio.

IIT-4: The Potential Energy Matrix

In Equations (88) and (89), it was assumed that the potential
energy, V, could be expanded as a power series of nuclear displace-
ment coordinates. For small displacements from equilibrium, only
the quadratic terms need to be considered. A physical inter-
pretation of the force constants, fij' appearing in Equation (90)
will now be given (62,71).

The diagonal elements of the F-matrix, fﬁi’ are primary force
constants; a given fii is the restoring force in coordinate i
caused by unit displacement of that coordinate while keeping all
others fixed at their eguilibrium positions. If i is a bond length,
then fii is a measure of bond strength (72); if i is a bond angle,
then fii is a measure of the directional forces maintaining the

equilibrium configuration of that angle. As a rule, diagonal
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force constants are positive quantities.

An interpretation of the off-diagonal elements of the E—matrix
is more complex (63,73,74). In order to examine the meaning of an
off-diagonal force constant, say fzk’
(90) may be expanded and like terms collected to give

the right side of Equation

n n n n
V=rf 2+ f£..52+2) f..s.5 +2 f. .s.5 (129)
Kk K 1155 1%%1 5k 1355153
ik 1%k 52k i#k
i

where the first two terms contain only diagonal force constants
with one coordinate k explicitly singled ocut, and the third term
contains only off-diagonal elements of E on the same row as the
singled-ocut k:t-g diagonal term. The last expression in Eguation
(129) contains all other off-diagonal force constants.

If coordinate k is consirained to a displacement value of

8y = +1, the potential energy becomes

RV = £ E s+2§fs+2§ E:fiJlJ (130)

ik J*k 1#k
st

As coordinate k is held to its displaced position, the total
electronic configuration changes and other coordinates become

displaced so as to minimize V. At this new minimum, differentia-
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tion with respect to one of the other coordinate displacements,

SJ& (2+k ), glves

n

3V B
(asﬂ)k = 2f,,8, + 2f ;. + 2 E £,45; = 0 (131)

i#k, 2

In general, primary force constants are larger than off-diagonal

constants, so that for small displacements, fzﬂszza'fﬂisi' and to a

first approximation, the last term of Equation {131) can be

neglected. Then,

f w~f s (132)

where s, is the displacement of coordinate f which would minimize

the potential after unit displacement of coordinate k. Equation

(132) shows that fgk

if ka is a positive quantity, then positive displacement of

coordinate k implies a "stiffening" of coordinate £ (62,75).

can be interpreted as an interaction constant:

There is a major difficulty that arises in the determination
of a useful F-matrix that will reproduce the observed spectro-
scopic frequencies of a molecular system. While complete sets
of experimental vibrational frequencies may be available, there
are often two or more sets of force constants which are equally

compatable with observed spectroscopic data; i.e., there is
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more than one F which satisfies Hquation {112) for a given set
of Ki (76). Recent attempts have also been made to compute
harmonic force constants directly from wavefunctions based on
SCF-MO-LCAQ approximations to closed-shell ground states (77,78);
reliable ab initio quantum mechanical calculations of E have been
performed for a few small polyatomic molecules (79~82). However,
in this research, concern is focused, not on a "true" E—matrix,
but on a consistent and physically reasonable force field with
which the vapor pressure isotope effect can be correlated to the
parameters of the liquid-phase medium cluster model.

ITI-5: The Internal Coordinates and Potential Function for Methane

Although there are always n linearly independent coordinates
for a molecule with n degrees of freedom, it is customary to use
redundant coordinates so as to retain symmetry in a normal
coordinate analysis problem (62). For this reason, methane, with
9 degrees of vibrational freedom, will be described by 10 intéfnal
coordinates as shown in Figure 1. The atoms and coordinates are
numbered to conform with the labels to be used in MCM calcﬁla—
tions. The displacement coordinates consist of four CH bond
stretches: Ari. Arz, Ar3, Aru, and six HCH valence angle bends:
Aoti, Aocz, Aoc3, Aocu_, Aoc5, Aaé. A redundancy existis among the angular
coordinates. Since the six bond angles together subtend a full
Lir steradians, when the angles change from their equilibrium

value, the sum of the displacements must equal zero,

Doy =0 (133)

-

i=1



Figure 1. Internal coordinates of methane.
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It was stated in Section I-1 that the linear terms (av/asi)
of the expanded potential function vanish at equilibrium. While
this description of the potential hypersurface is only valid if
the coordinates are independent, it is nevertheless still possible
to express the potential energy in quadratic form for systems in-
cluding redundant coordinates {62,83). The general quadratic

potential function for methane, obtained from Eguation (90), is

L L 4 6
_ 2 2
2V = frErl +2f E z yT5 faz os
i=1 i i=1 i=1
6 6
+ Zf E E CC Ct + Zf E Zflitx 3
i i=1 J>i i=1
JHi=7 JHi=?

(134)
+ 2f£a|:r1(0ti+a2+a3) + rz(a1+a4+a5)

+ 1y (agtaytog) + 1y (agtatag)]
+ Zfi'a[rl (a4+a5+a6) + r2(a2+a3+a6)
+ 1-3(051 3 5) + ru(aimzmh)]
where f  is the primary stretching force constant, f& is the pri-

mary bending force constant, and frr is the interaction force

constant between two carbon-hydrogen stretches. The quantities
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f£1 and f;a are interaction force constants of CHi stretches
respectively with adjacent Hij_GH‘j and non-adjacent HjCHk angle
bends; f&a and f&a are interaction force constants of HiCHj
angle bends respectively with adjacent HiCHk and non-adjacent
HkCHﬂ angle bends.

The expression for the potential energy of methane in terms
of bond length displacements r, (==AIE) and bond angle displace-
ments o, (==Aai) can be simplified by considering the redundancy
of internal coordinates. The first-order redundancy condition
is given by Equation (133). A second-order redundancy formula
is obtained by taking the square of both sides of Equation (133)

and collecting like terms,

Zai = Za +2ZZaa +ZZZaa = 0 (135)

i=1 1 i=1 J&1li=1
i+ j=7 i+ J=7

Substituting Equations (133) and (135) into Equation (134) and

combining similar terms gives

L4 L u 6
frz:r:'lz. * Zfrrzzrirj * (fot - f&a)zaf

i=1 J>ii=1 i=1

+ (f&a-f&h)ZZaiaj + 2(fl'a-f;a)[r1(a1 5 3) (136)
Jeii=q
ik 5=7

+r (ot1+aq,+ot Y+ (ot Sytae) + ru(“ 5‘*‘“6)]
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Equation (136) shows that the force constants involving angular

displacement cannot be determined independently since ﬁx’ %ix’
] ' " -

ﬁwx’ fmx’ and fnx occur only as difference terms. The spectro

scopically accessible angular force constants for gas-phase

methane are therefore defined as

o =%, -y, (137)
€ = f;:a - f'z'a (139)

In order to calculate -E;fg for methane isotopes, a reliable
mass-independent E-matrix must be used which reproduces the ob-
served gas-phase vibrational freguencies. Bigeleisen, Cragg and
Jeevanandam (40) have conducted a study of the vapor pressures

of 130H4, 14CH4, i12QH_D, 12CH D., 1®CHD 12CD,_‘_, 12QH,.T relative

3 272 3! 3

to 120H4 using a modification of the E-matrix reported by Jones
and McDowell (84%) to calculate the gas-phase reduced partition
function ratio. The Jones-McDowell force constants and the BCJ
modified force constants are given in Table I. The BCJ study
assumes vanishingly small values for ﬁ;x and f;a compared to f_,
f&a and féu' So that a comparison between medium cluster model
and simple cell model results can be made, the Jones-McDowell gas

force field as modified by BCJ has been used in the present study,

rather than the original Jones-McDowell F or the more recent F



Table T

Non-zero F-matrix Elements for Gaseous Methane

Jones and McDowell (84)

Bigeleisen, Cragg and Jeevanandam (40)

5.495
0.124
0.549
0.019

0.165

o
ndyne/A
o
ndyne/A
’ o]
mdyne-A
o
mdyne*A

ndyne

(o]
5.495 mdyne/A
(o]
0.124 mdyne/A
o
0.568 mdyne-A
o
0.019 mdyne-A

0.165 mdyne

_.Zg...
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developed by Hartshorn and Snyder (85).

All non-zerc elements of the E-matrix for gas-phase methane
are listed in Table E. The carbon-hydrogen distance is dencted
by r and the reciprocal mass of the iﬁh-atom by y - The eigen-
values and eigenvectors of the resulting gas-phase secular equa-
tion are shown in Tables II-VI for the four spherical top methanes
important to this study. Note that the redundancy in the defini-
tion of the internal coordinates has manifested itself as a zero
eigenvector for all isotopes. The first four elements of each
transformation vector, E;; (j=1,2,3,4), represent stretching
contributions to the il normal coordinate, ;s and the last six
elements, ££3'(j=,5,6,7,8,9,10), are bending coordinate contribu-
tions to q;. RBigenvalues are given in waverumbers (em™).

ITI-6: The Simple Cell Model and Condensed Phase Frequencies

The condensed phase part of Equation (69) was evaluated by
BCJ (40) using the simple cell model. In this model, the six
external modes are due to translation and rotation relative to an
external reference frame. These six external coordinates have

the form

N
by =W mx (120)
1=
o N
t, =N _>: m, ¥y (141)
i=1
N
ty = M T omz (142)



Table IT

General Expressions for the G-matrix Elements

of Gaseous Methane

€. = Mgty
grr = - (pc/B)

1 8
g, = 7By Ju)
g&a = = ([J'H / 2'.2)
g&"a = "%(“‘C /l'g)

2 1

Brq = —gza(uc_/r)
Erg = " By




Table III

Eigenvalues and Eigenvectors of the 1QGH4 Gas Secular Eguation

Eigenvalue 1 = 3154.097

-0.03053 -0.69844 -0.05187 0.78084 0.06640 0.00751 -0.06834% 0.0683% -0.00751 -0.06640
Bigenvalue 2 = 3154.097
0.15557 0.41799 -0,80413 ° 0,32057 -0.05224 0.06727 -0.04337 0.04337 -0.06727 0.05224
Bigenvalue 3 = 3154.097
-0.89483  0.40413 0.15397 0.33674 0.04469 0.06748  0.05083 -0.05083 -0.06748 -0.04469
Eigenvalue 4 = 31473.741
-0.49798 -0.49?98 ~0.49798 -0.49798 0.00000 -0.00000 -0.00000 0.0000C  0.00000 -0.00000
Eigenvalue 5 = 1574.215
-0.00000 -0.00000 -0.00000 -0,00000 0.05554 -0.81472 0.75918 0.75918 -0.81472 0.05554
Eigenvalue 6 = 1574.215
~-0.00000 -0.00000 0,00000 0.00000 -0.90869 0.40625 0.50244  0.50244  0.40625 -0.90869
Eigenvalue 7 = 1357.435
0,00918 -0.02655 0.03019 ~0.01281 0.30343 -0.91400 0,08445 -0.08445  0.91400 -0.40343
Eigenvalue 8 = 1357.435
~0.0z144  0.02828 0.01872 -0.02156 -0.06587 0.06318 0.99847 ~0.99847 -0.06318 0,06587
Bigenvalue 9 = 1357.435
0.02923 0.01020 -0.01169 -0.0277F -0.91553 -0.40730 -0.03463 0,03463 0.40730 0.91553
Bigenvalue 10 = 0.0 :
Q.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 6.0

..gg_



Table IV

Eigenvalues and Eigenvectors of the 130H4 Gas Secular Equation

Eigenvalue 1 = 3143.741
0.49798  0.49798
Bigenvalue 2 = 3143.076
0.10557 -0.80477
Eigenvalue 3 = 3143.076

0.89333 -0.24798 -0.21173
Bigenvalue 4 = 3143.076
0.10056 0.33191 -0.87904
Bigenvalue 5 = 1574.215
0.00000 0,00000 -0.00000
Bigenvalue 6 = 1574.215
0.00000 -0,00000 -0,00000
Eigenvalue 7 = 1348.914
0.00806 -0.02811
Rigenvalue 8 = 1348.914
-0.02333 0.02521
1348.914
0.03030 0.01009 -0.01017
Eigenvalue 10 0.0
0.0 0.0 0.0

0.49798

0.04205

0.03217

0.01973

I

Blgenvalue 9

il

0.49798

0.65715

~0.473364

0.44656

~0,00000

~0.00000

~0.01212

~-0.02161

~0.03022

0.0

-0.00000

0.05603

-0.05171

-0.03465

0.87007

-0.26790

0.44258

-0.04151

-0.89189

0.0

-0.00000

-0.01183

-0.05462

0.06238

-0.66705

-0.61956

0.88835

0.07949

0. 44452

0.0

-0.00000

-0.06112

-0.03684

-0.04384

-0.20303

0.88746

0.08966

0.99249

-0.00170

0.0

0.00000

0.06112

0.03684

0.0438%

-0.20303

0.88756

-0.08966

-0.99249

0.00170

0.0

0.00000

0.01183

0.05462

-0.06238

-0.66705

~-0.61956

0.88835

-0.07949

0.44052

0.0

0.00000

-0,05603

0.05171

0.03465

0.87007

-0,26790

-0.44258

0.04151

0.89189

0.0

_.9g_



Table V

Eigenvalues and Elgenvectors of the 14CH4 Gas Secular Equation

Bigenvalue 1 =

143,741

~-0.49798
Bigenvalue 2 =

~0.49758

~0.49798
3133.685

-0.87117 0O
Eigenvalue 3 =

.07356

0.36343
3133.685

-0,02245 -0
Bigenvalue 4 =

.07182

0.78022
3133.685

-0.23295 O
Eigenvalue 5 =

.89618

-0.27000
1574.215

0.00000 -0

Bigenvalue 6 =

.00000

-0.00000
1574.215

0.00000 O
Figenvalue 7 =

.00000

0.00000
1341 .478

0.02258 -0
Bigenvalue 8 =

.02322

~0.02355
131 .478

0.01494 -0.

Bigenvalue 9 =

03005
1341 .478

0.02933

-0,03014 -0
Bigenvalue 10 =

01414

0.01515
0.0

0.0 0.

0 0.0

-0.49798

0.43418

-0.68595

-0.39327

-0.00000

0,00000

0.02319

~0.01423

0.02913

0.0

-0.00000

0.05637

0.00666

-0.04687

0.83124

0.37126

0,01348

0.31999

0.93801

0.0

0.00000
0.03588
~0.05355
0.03554
-0.73714
0.53424
0.02060
-0.93799
io.31969

0.0

0.00000

0.03089

0.05006

0.04426

-0.09410

~0.90551

-0.99088

-0.01514

0.01940

0.0

-0,00000

-0.03089

~0.05006

-0,04426

-0,09410

-0.,90551

0.99088

0.01514

-0.01940

0.0

~0.00000
~0.03568
0.05355
-0.0355%
-0.73714
0.53424
~0.02060
0.93799
~0.31969

0.0

0.00000

-0,05637

-0.00666

0.04687

0.83124

0.37126

-0.01348

-0.31999

-0,93801

0.0

_.Ag_



Table VI

Eigenvalues and Eigenvectors of the 12CD4 Gas Secular Equation

n

Eigenvalue 1
-0.26206 67351 -0.21859
Eigenvalue 2 = 2333.201
-0.36048 -0.03614 -0.24743
2333.201
-0.50678 -0.02300
2223.804
0.35226 0,35226
Bigenvalue 5 = 1113.561
-0,00000 0.00000
1113.561
0.00000 0,00000 -0.00000
1027.032
-0.00471  0.00971 -0.00615
1027.032
. -0.00321 0.00418
Eigenvalue 9 = 1027.032

2333.201

o

i

Bigenvalue 13 =

0.58860
Eigenvalue &4 =

0.35226

0.00000
Eigenvalue 6

Bigenvalue 7

Eigenvalue 8

0.00749

0.00917 0.00221 -0.00477
Bl genvalue 10 = 0.0
0.0 0.0

0.0

-0.,19286

0.64405

-0.05882

0.35226

-0.00000

~-0.00000

0.0011L

-0.00846

+0,00661

0.0

-0.09090
0.08763
0.11705

0.00000

~0.03082

0.64325
-0.30316
~0.05867
-0.66945

0.0

0.10619
0.13431
-0.01808
-0.00000
-0.54166
-0.34832
0.65736
-0,25940
-0.26698

0.0

0.10051

-0.06265

0.12496

0.00000

0.57248

-0,29493

0.21601

0,70707

-0.15515

0.0

-0.10051

0.06265

-0.12496

-0.00000

0.57248

-0,29493

-0.21601

-0,70707

0.15515

0.0

-0,10619
;0.13431
0.01808
0.00000
-0.54166
-0.34832
-0.65736
0.25940
0.26698

0.0

0.09090
-0.08763
-0.11705
~0.00000
-0.03082

0.64325

0.30316

0.05867

0.68945

0.0
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N
— —1 -
by, = IXXiilmi(bizi ciyi) (143)
-1 N
t5 = Iyyi=1mi(cixi"aizi) (144)
tg = Izziglmi(aiyi—bixi) (145)

where M 1s the molecular mass. In Equations (140) - (145), X; )
Y5 and z; are Carteslan displacements of atom i, and sy bi' and

c. are the equilibrium x, y, and z coordinates of atom i. I__,

i XX

Iyy’ and IZZ are the principal moments of inertia. Fquations
(140) - (142) represent infinitismal translations and Equations
(143) - (145) are infinitismal rotations. In the gas phase,

coordinates t, through t6 have zero frequency, but in the con-

1
densed phase, according to the cell model, each of the six ex-
ternal coordinates are subject to harmonic restoring forces.
Obviously, these coordinates are not mass independent and, as has
been pointed out by Babloyantz (86), an energy hypersurface de-
fined with these coordinates violates the Born-Oppenheimer
principal. Stern, Van Hook and Wolfsberg (38), in their study

of isotoplic ethylenes, therefore abandoned the concept of isotope-
dependent external coordinates so that an identical E-matrix could
be used for all iscotopes. This is done by choosing a basis
isotope and subseguently calculating the E-matrices for all other

isotopic species by using external coordinates defined in terms

of the basis molecule.
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If isotopic species e is considered to be the basls molecule,

G-matrices for all other isotopes §,, ﬂé,... may be constructed as

~

follows. From Equation (140),

N N
1 1
t; = M—,,.z: mixi = IFE (mixi + O-yi + O-zi) (146)
i=] i=1
Since, from Equation (96),
a 3N o
b= Z Ppg%y o (1b7)
i=1
the elements of B, are
pe o L by, = 0 B, =0
11 G 12 13
m
2 @ «
by, = —= b, = 0 by, =0
14 u® 15 16 (148)
o mN o o
“1,8-2% e PL,an-t”0 Prm=0

where the subscripts are indices of the external portion of B,

only. Then, from Equation (99),
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m, 2 mZ 1
a 1 2
g = + F = T (149)
i1 - Maz M 2 M*
1 2
Similarly, from Equations (141) and (142),
¢ =gl = (150)
8227 €337 e
From Equations (143) - (145), one obtains
a 1 « 1 a 1
- = S - — 151
€~ o 855~ La 866 = To (151)
XX ¥y 2%

The same derivation can be used to show that there are no

external-external kinetic interactions, and -no external-internal

kinetic interaction in species

& , =0 [1=3] (152)
173 ,

g8 4 =0 (153)
1 J

For the basis molecule in the condensed phase, then, the G-matrix
only has diagonal external elements. The G-matrices for all other
isotopic species B,, B,, etc., are found from the basis B-matrix

by using the relation
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Gy = BM; Ba (154)

where % is a column matrix of atomic masses. In general, the
external part of a condensed phase EB is not diagonal, and non-
zero internal-external elements exist.

With this methodology, a single E-matrix may be used for
all isotopic species. The force field used by BCJ to evaluate
the condensed phase frequencies within the simple cell model is
given in Table VII. The resulting liquid phase modes are pre-
gented in Table VIIT for 120Hu, 13CH4, 14CH4 and 1ECD4.

The medium cluster model considers a liguid-phase molecule
together with its first coordination shell as a total vibrating
system. The number of coordinates needed to describe an m-cluster
is therefore 3Nm. If the aggregate 1s considered to rotate and
translate freely, then the number of coordinates necessary is
3Nm - 6. For the purpose of evaluating the vpie by means of
Equation (84), external modes of vibration have been defined as
motions of the central molecule in the cluster relative to the
shell molecules, so there is no need to define mass-dependent
coordinates such as those in Equations (140) - (145), and unless
motion of the cluster as a whole is to be considered as taking
place within a “supercell", there is no need to define a basis

isotoplc species.
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Table VII

Non-zero F-Matrix Elements for Simple Gell Theory
Liquid Phase Methane Calculations; Ref. (40)

o]

£, = 5.452 mdyne/A
L (=}

£, = 0.12 ndyne/A
[o]

f& = 0.565 mdyne-A

fra = 0.175 mdyne

[e]

L ] —_ .
s 0.019 mdyne-A
o
fyrans = ©-057 ndyne/A
o
f = 0.0099 mdyne-A

rot




Table VIII

Liquid Phase Freguencies for Spherical Top Methane Isotopes

Calculated from the Simple Cell Theory; Ref. (%0)

i ECHq'

31140.229 cm

3140.229
3140.229
3132.168
1570.305
1570.305
1352.560
1352.560
1352.560
77.693
77.693
77.693
72.285
72.285
72.285

13 CH}+

3129.403 em

3129.403
3129.403
3132.168
1570.305
1570.305
1344,009
1344.009
1344.009
75.370
75.370
75.370
72.285
72.285
72.285

1

14CH),

3120.180 cm

3120.180
3120.180
3132.168
1570.305
1570.305
1336550
1336.550
1336.550
73,251
73,251
73.251
72.285
72.285
72.285

IECD}-P

2321.716 cm "

2321.716
2321.716
2217.019
1110.803
1110.803
1024.043
1024.043
1024 ,043
69.451
69.451
69.451
51.133
51.133
51.133

_179_
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IV, COMPUTATIONAL METHODS

Calculation of the vapor pressure isotope effect within
the framework of the medium cluster model of the liguid state
may involve an E—matrix with up to 202 x 202 elements for a 13-
cluster. This precludes evaluation of the cluster vibrational
frequencies on all but the most advanced digital computing sys-~
tems. The present research has been done with the aid of an
IBM System/370 with dual 168 processors.

Computation proceeds in five steps:

(1) Calculation of Cartesian coordinates for all
atoms in the cluster. Parameters such as relative molecular
orientation and intermolecular distance are specified as lnput
at this stage.

(2) Calculation of the G-matrix for the entire
cluster, given the Cartesian coordinates from Step (1), defini-
tions of internal coordinates, and atomic massss.

(3) Construction of an F-matrix for the cluster
that is independent of isotopic composition.

(4) Solution of the secular equation by computing
the elgenvectors and eigenvalues of ﬁ.

(5) Choosing only the eigenvectors and cor-
responding eigenvalues that represent vibrations of the cen-

tral molecule of the cluster and subsequent calculation of the

vpie parameters A and B from Equations (86) and (87).
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In this chapter, each of the above steps will be considered in
turn. The computer programs used for the actual calculations
are included as an appendix.

IV-1: The Cartesian Coordinate Matrix

The spatial relationships of each part of the cluster to
all other parts must be considered in order to construct the
kinetic energy matrix. A 2-cluster of methane, for example, can
be viewed as a dimolecular aggregate with the carbon-carbon "bond"
arranged along the (arbitrary) y-axis and one of the molecules
centered on the origin. In order to calculate a set of Cartesian
coordinates for all 10 atoms, the coordinates of the methane at

the origin is first specified as a 3 x 5 matrix,

0 x2 x3 xa x5
= |0 vy v3 Wy Vs (155)
0

Zz Z3 ZI-J. Z5

Two sets of rotational displacements, {g,} and {0,}, are used to

transform Equation (155) so that rotated "images", Ei and Eé, of

the two methanes are produced. Thus,

2 3 5
51' = 0 yér vy ¥ v | (156)
0 zé zé z& zé



5 ¥ X5 ¥
X 0= | 0 ¥ ¥g ¥y Vi (157)
0 z.'? zé zé Zj'.O

where elements in like columns of Ei and fé represent the positions
of corresponding atoms in the two molecules. Two position vectors,
]a and ?%, are introduced to displace each methane to its position
in the medium cluster; ;1 is always a null vector so that the
"eentral" molecule maintains its position at the origin. Since the
"shell" molecule is displaced along the positive y-axis in a 2-
cluster, the Cartesian coordinates for both molecules, zi and 52,
are given by X, =X/, from Bquation (156), and

I B S AR S A T2
ol L L O L TSI [ R Pl L I I CED
0 2} +[7) zg+e,) Z§+|-f’—2| 2] o+

For the general case of an m-cluster of ‘molecules with
N atcms each, the Cartesian coordinates are similarly generated

from the coordinates of one central molecule, Xc,

=1 ¥ ¥y« . - ¥y (159)
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and m rotation matrices,

gixyz) =02 ey 6F [1=1,2,...,n] (160)

~Ll L

where the superscript (xyz) implies a rotation of the im molecule
first around the x-axis, followed by rotation arcund the y-axis, and
finally around the z-axis. The order of rotation may be permuted
and the rotation process itself takes place according to the right

hand convention so that

1 C 0 cos f 0 -sing cos8 -sing O
Y Y z 2
(zyx)_ . .
g N ={ 0 cos Gx -sin Gx 0 1 0 sin (-)Z cos GZ 0 ( (161)
0 sin8 cos§ sing 0 cos 0 0 1
x x ¥ y

where Gx, Gy , and GZ are the desired angulaxr displacements. Then,
[i=1,2,...,m]  (162)

Equation (162) produces m superimposed images of the central
molecule which may now be displaced to various positions in the

-
cluster by means of m vectors, Py where

px
o= A [1=1,2,..0,m]  (163)
fi)
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These displacement vectors are transformed into a 3 x N trans-

lation matrix,

- . .
P, = pi-(‘unlt row matrix )
P (11 . .Nterms . . 11 )
= | e
y (164)
pZ
e P . . .
R .
pZ PZ . . . pZ
Then,
L o= X + B [i=1,2,...,m] (165)

A final 3 x Nm Cartesian coordinate matrix, X, for the entire

cluster is obtained by
=050 .. - 0K (166)

where (® is a process of matrix augmentation in successive
columns.

Clusters of 2, 3, 7, 9, and 13 isotopic methanes have been
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examined in this study. While arbitrary sets of 3:vectors can

be used as a basis for non-regular aggregates of molecules, we have
examined only symmetric clusters modeled on Platonic solids. The
directional components of each P-vector for any such regular m-

cluster are fixed, and the lengths of the vectors are equal,
> — -
== - . . . = 6
[PZI |P3| !Pml (167)

Table IX lists the directional components for P-vectors of interest;
simplified cluster diagrams are included in Table X (p. 81).
Symmetric 7-, 9-, and 13-clusters correspond to simple cubic, body-
centered cubic, and face-centered cubic lattice structures respec-
tively.

The mutual orientation of molecules in the model liquid phase
can be changed by means of the m g-mwixices. Bgelstaff, Page and
Powels (8?) have described a "rocket" geometry for tetrahedral XY4
molecules in the liquid phase in which nearest neighbor pairs
point front-to-end with a Y atom on one molecule located in the
crevice formed by three Y atoms on the other. Lowden and Chandler
(88) presented evidence in favor of a liquid phase geometry in
which two neighboring tetrahedral molecules are interlocked in a
staggered antiparallel configuration. Crystallographic studies
by Press and coworkers (89,90) have indicated a "gesar-like" con-
formation of CD4 molecules in the solid state near the triple

point. The consequences of each of these intermolecular conforma-



Directional Components of the'F—-Vectors

71~

Table IX

m i X ¢ m i X ¢
2 900 0o 2 900 0o
7 3 90° 1800 3 900 90
4 900 18090
T 5 900 zp00
2 900 0o 6 00 0o
3 900 600 7 18090 0o
4 900 1200
5 900 1800
6 900 2400 2 W50 ly50
'13 o 900 3000 3 45 1350
8 450 300 L 450 2250
9 Lso 1500 5 Lo 3150
10 Y50 2700 > 6 1350 450
11 1359 900 ? 1350 1350
12 135° 2100 8 135° 2250
13 135° 3300 9 135° 315°
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tions on the vapor pressure isotope effect have been examined in
this research using the medium cluster model. The three configura-
tions are pictured for two neighboring methanes in Figure 2.

The E-matrix depends explicitly on molecular geometry and
atomic mass. The Jones-McDowell gas-phase E—matrix, given in
Table I, was developed when oxygen-16 was the basis for the atomic
mass scale; for conformity, all atomic welghts used in the present
study are those from the 1941 Birge (91) scale. The masses of

interest are

120 = 12.00386 daltons
130 = 13.00761
140 = 14.,00768
H = 1.00813
2D =  2.01473
T = 3.01705

The molecular geometry of methane is well known from spectroscopic
studies (92). The tetrahedral molecule has a CH valence bond
radius of 1.094 K and an HCH valence bond angle of 109° 28°'.

The only remaining cluster parameter which must be specified
is the distance between the central and shell molecules in the
liguid-phase aggregate, |Eﬂ. In order to estimate the inter-

molecular distance, a potential of the form

WiFD - L»e[(ff)iz_ (-1%)6] (168)
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Figure 2. Relative orientations of adjacent
methane molecules. A is the rocket geometry,
B is the antiparallel geometry, and C is the
gear geometry.
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was assumed. Equation (168) is the Lennard-Jones (6-12) potential
commonly used as a model for non-polar fluid behavior (56,93). The
distance of closest approach of two molecules colliding with zero
relative kinetic energy is given by ¢. The parameter € is the
maximum energy of attraction at |FW = 2%& o. The gquantities €/k
and 0 may be determined experimentally from viscosity and thermal
conductivity measurements (94,95). From an examination of Lennard-
Jones parameters determined from different types of experimental
data, Vogel and Ahlert (96,97) and others (98,99) have concluded
that 3.817 K is an optimum o-value for the successful prediction
of the thermodynamic properties of methane. We have therfore ex-
amined a range of intermclecular separations in the nelghborhood
of 3.817 K with the medium cluster model.

IV-2: Internal Coordinates for Molecular CQlusters and the G-matrix

Internal coordinates, Sj' for an m-cluster will now be de-
scribed. Since the m-cluster contains Nm atoms, the number of
vibrational degrees of freedom is 3Nm-6; however, one redundant
HCH valence angle bending coordinate has been added for each
methane, so that the total number of coordinates is 3Nm-6+ m, or
16m-6 for clusters of methane molecules.

Ten coordiﬁates have been used to describe the intramolecular
modes of each individual methane. They are the four CH valence
bond stretches, s and six HCH valence angle bends, O s @8 shown
in Figure 1 (p. 48). There are m such sets of 10 coordinates,
together describing the "optical" or "internal" vibrational modes

(not to be confused with the general name for all Sj)' The defini-
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tions of these optical coordinates are given in detail by Wilson,
Decius and Cross (62).

The remaining 6m-6 coordinates describe the motion of methane
molecules relative to one another in the cluster. These "acoustical"
or "external" intermolecular coordinates have been defined in such
a way as to simplify the interpretation of Enl after solution of
the secular equation. Since there are m-1 shell molecules and
ém-6 required external coordinates, a procedure has been used by
which six external coordinates are defined per shell molecule. The
vibrational coordinates are thus described in a systematic fashion
for all sized clusters. These intermolecular displacements are

pictured in Figures 3 and 4, where a central and a single arbitrary

LLIS J )

shell molecule of an m-cluster are shown. The lower-case labels '"c
and "s" denote central and shell molecules, respectively, in the
discussion which follows.

The first of the six (per shell molecule) external coordinates
has been defined as an increase in the CCGS distance, R = l??]. This

carbon-carbon stretch is illustrated in Figure 3a. The ?:-vectors

for use in Equation (102) are given by
g%(cc) = ""t(cs) = e (169)

where .. is the unit vector of p. .
cc i
Each of the m-1 peripheral molecules of the cluster can also

rotate around the axis formed by F;. This torsional motion, shown
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a. QCarbon-carbon stretching

Intermolecular torsion

Figure 3. External stretching and torsional
coordinates for methane clusters. The molecule
on the left is the central methane; the molecule
on the right 1s an arbitrary shell methane.
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a. Shell nodding

b. Central nodding

FMgure 4. External nutational coordinates for
methane clusters. The molecule on the left is
the central methane; the molecule on the right
is an arbitrary shell molecule.
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in Figure 3b, has been defined as a change in the angle t between
the plane determined by a hydrogen in the central molecule, Hc, and
two carbons Gc and GS, and the plane determined by the corresponding
hydrogen on the shell molecule, HS, and the same two carbons. The
atoms HCCCCSHS are bonded in sequence. The sign of + is deter-
mined by the following convention: i1f 7 is restricted to the range
-1< 7 <1, then = is positive if an observer at the origin looking
along }; sees the projection of GSHS as a clockwise displacement

of the projection of Cch' The magnitude of 7 is given by

(2.8 x ean) (Cnn x 8.0
cos ¢ = CH CC e CH (170)
sinBc . sinBs

where E.GI?I and EE; are unit vectors along the central and shell CH
bonds, respectively, and Bc and BS are the HCC bond angles at the
central and shell molecules. The ‘_E‘_ vectors used to calculate
E-—ma.trix elements involving the torsional coordinates from Equation

(102) are given by

bo(u ) =~ eor X Sgg) / © sinB, (171)
_ (R-rcosB )(eGH x ecc) i cosp (eGH x eGG) (172)
é.t((lc) rRsin B, Rsing 1

—

- _ (R-rcospB XeGH x eGC) cosB (eGH CC) (173)
t(CS) rRsin f - RsinBg 73
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bo(u ) = - Son * Sgg) / ¥ sing, (174)
where R and r are the equilibrium carbon-carbon and carbon-hydrogen
distances, respectively.

Four valence angle bends per shell molecule have been defined
to complete the description of the acoustical modes. In Figure Ya,,
two angles are indicated which, when decreased, produce a nutational
or "nodding" to the shell molecule with respect to the central
molecule. These angles are denoted as ﬁsi and Bsz' Figure 4b shows
two angles, Bci and Bcz, which can be visualized as producing two
corresponding nutational motions of the central molecule. While
two central nodding coordinates per shell molecule would seem to
impart 2(m-1) degrees of rotational freedom to the central molecule,
it can be seen that Bcl and Bcz actually describe "wagging" trans-
lational motions of the shell molecules in directions perpendicular
to ;;. However, no ambiguity should arise from the continued use
of the term "central nutation". An increase in these angles is
considered to be a positive displacement of the external coordinate.
The E:-vectors for shell nutation are
e,

é"1:(1-{8) - (COSBS GI?I - ;‘E}C)/r sinf (175)

g—"-*- _ [(zr-Rcos BS);BE + {R- rcos BS);EC]
t(Cs) - ~ rRsing,

(176)
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Tyc,) = (08, Sgo - Sgp) /B einf, (177)

and the E:-vectors for central mutation (shell molecule "wagging")

are

Cyn ) = (2058, Sont - Sgg)/ * sink, (178)
) [{(r-Rcos Bc)g(-JI(-:I + (R-rcos Bc)g(—}(}] (179)
{(c) = rRsing
[+ &4
gt(cs') = (cosB, egq - E:'J‘}’I)/R sing_ (180)

Six such external coordinates, R, 7, Bcl’ Bcz’ le, and Bsz,
were added to the dimensions of the secular eguation for each shell
molecule in the cluster. Table X summarizes the mumber and type
of coordinates used for each sized cluster. Using Equations {169),
(171) - (180), and 7 - vectors for intramolecular coordinates, a
E—matrix may be constructed. The g—matrix is calculated from Equa-
tion (101).

In general, the kinetic energy matrix for an m-cluster has

the form



Table X

Coordinates for Methane Clusters

Cluster Number of  Number of Cluster di CH HCH ©C HCCH Pe
size, m atoms, mN coordinates, n © agram str., bend str. tors. nod

1 5 10 O ¥ 6 0o 0 0
3 15 L2 O—0-0 12 18 2 2 2
7 35 106 5/.3 : 28 bp 6 6 12
9 L5 138 5\3{ 36 sh 8 8 16
13 65 202 M 52 78 12 12 24

N

—'[8_.
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EC ECS gce
~S
. ESS SSE
G = . (181)
~S
~e

where the Ec area of Em consists of elements gij defined entirely
with central molecular internal coordinates; each Es area contains
elements defined with only internal coordinates of one shell mole-
cule. Ee consists of kinetic energy terms defined with respect to

» G s

the (6m-6) external coordinates. The areas labeled G G os

~Ee
and Ece contain elements that express shell-shell kinetic inter-
actions, shell-external interactions, central-shell interactions,
and cental-external kinetic interaction, respectively. Because
optical coordinates in different molecules never have any atoms in
common, elements gij in areas Scs and Ess are always zero. In

addition, all m molecules in the cluster are identical with re-

spect to bond lengths, bond angles, and atomic masses, so that

_ ' i,j=1 2;--:,10
(650 = (Burgop,sra0p)s [p=1,2:...,m-1] (182)

and Equation (181) is then
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G c
el ~le
. 0
1
ey
~l €
G = _ (183)
G,
~1
~Ee

where the Gi are identical sub-matrices of optical coordinates and

Se contains external-external coordinate kinetic interactions. E;e
and Sie contain kinetic interaction terms between internal and
external modes.

A 3-cluster of methane molecules will be used to illusirate
the way in which coordinates are defined and the structure of the
resulting g-matrix. The 3-cluster studied is linear with respect
to the carbon atoms (Figure 5); relative molecular orientation is
arbitrary for the purpose of defining coordinates.

The coordinates internal to each methane in the cluster re-

quire no modification from those of gas-phase methane. They con-

sist of four CH stretches,

1 - r(Gle)
2 - r(CiHB)
3 - r(ClHu)

b - r(GlHE),



Figure 5. A 3-cluster of methane molecules.
cluster is shown in the gear geometry.

The

_.{78_
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and six bond angle bends,

5 - a(H201H3)
6 - a(HéCiHn)

7 - a(H2C1H5)
8 - a(HBClﬂu)
9 - a(H301H5)
10 - a(HﬁGlHj).

The internal coordinates of the two shell molecules are defined

similaxrly:

11 - x(CgH,) 2t - (¢, K, ,)
12 - r(CgHg) 22 - x(C K, ;)
13 - x(CgHy) 23 - r(Cy H,)
14 - r(CéHlo) p r(011H15)
15 - a(H,CgHg) 25 - oy .0y 4 Hy 5)
16 - a(H?CéHg) 26 - a(lecliﬁin)
17 - a(H,CgH, ) 27 - a(H .0 1 Hy ¢)
18 - a(H806H9) 28 - a(HljcliHlu)
19 - aHgCgH ) 29 - a(H; 40, H, o)
20 - “(cheHio) 30 - a(H14011H15).

External (intermolecular) coordinates are now defined for the
3-cluster; with respect to the peripheral molecule on the right

side of Figure 5, these include one "bond" stretch,

a torsional coordinate around the CC axis,
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32 - T(H20106H?),

two nutational coordinates of the central molecule (shell mole-

cule "wagging"),

- B(H;C,Cg),

and two nutational coordinates of the shell molecule defined with

correspondingly numbered hydrogens,

35 - B(H,C4C,)
36 - B(H80601)'

Six more external coordinates are defined analogously for the peri-

pheral molecule on the left of Figure 5@

3? = R(Cicli)

38 - 7 (00, Hy )
39 - B(H,C,Cyy)
Lo - B(HBG1011)

M - B(H ,0)40)

ho - B(Hijclicl)'

These coordinates are sufficient to describe the 42 modes of vib-
ration (including 3 zero modes due to g redundancy) for a 3-cluster
of methanes. Iarger molecular aggregates studied in this research
have been described in an exactly analogous fashion; coordinates

for 7-, 9-, and 13-clusters are listed in Tablegs XI - XIII.
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Table XT

S

8

are the same as those defined for the methane 3 - cluster

1 30
31 - r(CléHi?) 57 a(Hz?GzéHBO) 83 - R(cicié)
32 - x(C;gHg) 58 - a(HygCoctyo) 84 - (1,0, Cy oH, )
33 - o(C¢Hyg) 59 - a(HygCycHo0) 85 - B(H,C,Cyp)
34 - r(CiéHZO) 60 a(H29026H30) 86 - B(H301C16)
35 - a(Hi?Cl6H18) 61 r(031H32) 87 - B(Hi?ciécl)
36 - a(Hi?GléHig) 62 r(031H33) 88 - B(H18016ci)
37 - a(H17016H20) 63 r(031H34) 89 - R(01021)

38 - a(H18016H19) 64 r(031H35) 90 - T(H201021H22)
39 - a(ngciéﬂzo) 65 a(H32031H33) 91 - B(H201021)
Lo - a(H19016H20) 66 a(HBchrgsu) 92 - B(H3c1021)
b1 - r(czinz) 67 a(H32031H35) 93 - B(szczlcl)
h2 - r(021H23) 68 a(H33031H34) 9k - B(HZBGzicl)
43 - r(021H24) 69 a(H33031H35) 95 - R(ciczs)
Wy - r(021H25) 70 a(H34031H35) 96 - T(Hzci026H27)
45 - afH,,Co Hys) 7t - R(C;Cq) 97 - B(H,C, Cpg)
46 - Q(H22021H2u) 72 T(H20106H7) 98 - B(H301026)
47 - a(H, 05 1y ) 73 - B(H,L Cg) 99 - B(H,, 0404 )
48 - a(H23021H2h) 4 B(H3c106) 100 - B(stczéci)
49 - a(HZBClezu) 75 B(H?Cécl) 101 - R(01031)

50 - a(H24021H25) 76 B(H80601) 102 - T(H201031H32)
51 - r(cz6H2?) 77 R(clcii) 103 - B(Hzcicji)
52 - r(026H28) 78 - T(H201011H12) 104 - B(H3°1°31)

53 - w(CygHyg) 79 - B(H,0,C,,) 105 - B(Hy,C5Cy )
54 - r(GzéHBO) 80 - B(HBClcil) 106 - B(H33031C1)
55 = a(Hy,Cpglog) 81 - B(H; ,C;,C))

82 -

56 - a(H27026H29)

B(H) 4€;,C)
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Table XTI

Coordinate Definitions for the Methane 9-Cluster

5

- S?O are the same as those defined for the methane 7 - cluster

1
71 - r(036H57) 95 - B(H?GBCI) 119 - B(H2702601)
72 - r(036H38) 96 - B(HBC6C1) 120 - B(H2802601)
73 - r(036H39) 97 - R(¢,C;,) 121 - R(Gicsl)

7 - r(Cj6Hﬁo) 98 - r(HzcicllHiz) 122 - T(H201031H32)
75 - a(HyCqgliag) 99 - B(H,0,C,,) 123 - B(H,C; Cyy )
76 - a(H37036H39) 100 - B(HBClcll) 124 - B(HBCicji)

n - a(H3?036H40) 101 - B(H12011G1) 125 - B(szcslci)
w8 - a(H38036H39) 102 - B(Hiaciicl) 126 - B(H3303101)
79 - a(H38036H40) 103 - R(clclé) 127 - 3(01036)

80 - a(H39036H40) 104 - T(H201016H1?) 128 - T(H201036H3?)
81 ~ z(Cy,H,,) 105 - B(H,C,C, ) 129 - B(H201636)

82 - r(041H43) 106 - B(H30i016) 130 - B(H301036)

83 - r(CulHuu) 107 - B(H1?01601) 131 - B(H37036ci)
84 - r(GalHus) 108 - B(H1801601) 132 - B(H3803601)
85 - a(H42041H43) 109 - R(Clczi) 133 - H(Cicu1)

86 - a(Huzcuiﬂuq) 110 - T(H201021H22) 134 - T(H2c1041H42)
87 - a(ly 0 ) 111 - B(HC, C,)y ) 135 - B(H,C, Gy )

88 - a(H43041H44) 112 - B(H301021) 136 - B(H3010u1)

89 - a(Hy, 40 0) 113 - B(H,,C,y 0, ) 137 - B(Hy,00 Cy)
90 - a(Hﬁ4041H45) 114 - 8(H23021C1) 138 - B(HQBqucl)
91 - R(clcs) 115 - R(Ciczé)

92 - T(H20106H7) 116 - r(H201026H27)

93 - B(Hzcic6) 117 - B(H201026)

o - B(H30106)

118 - B(HBClczé)
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Table XITI

Coordinate Definitions for the Methane 13-Cluster

S0

are the same as those defined for the methane 9 - cluster

91 -
92 -
93 -
9% -
95 -
96 -
97 -
98 -
99 -
100 -
101 -
102 -
103 -
104 -
105 -
106 -
107 -
108 -
109 -
110 -
111 -
112 -
113 -
114 -
115 -

z(CyyHy,)
r(Cygtyg)
z(CyygHyg)
r(CyygHy)
o(H),,Cygtyg)
oty 6Hyyg)
o Hy o Cogtieg)
oy, 5y, 6Hyy0)
oy 08 g o)
0 Hyy 50y,
r(C51H52)
2(Cyy )
r(C51H54)
70 g5)
a(H52051H53)
a(H52051H54)
a(H52051H55)
U(Hyq0Hy))
A(Hy5C 50 W)
a(H54051H55)
r(C56H5?)
r(056H58)
r(056H59)
I(CS6H6O)

o(H s Crgln)

116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131

132 -

133
134
135
136
137

138 -

139
140

- a(fyCogHyg)
- a(H5?G56H60)
- a(H58056H59)
- a(H5BG56H60)
- a(H59G56H60)
- r(céiHéz)

- r(C61H63)

- 2(CgyHgy)

- r(c6iH65)

- (g0 Hg )
- (Hg,Cey Heyy)
- g, 0oy e 5)
- o584 Heyy)
- a(H63061H65)
- alHgy g Hg o)
- 3(01H6)
r(Hzclcéﬂ?)
B(H20106)

- B(H,C,Cg)

- B(H,C4Cy )

- 8(HgC40y)

- R(C,Cyy)
(104 Cp iy )
- 8(10,0y4)

- 810,04 )

141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163

164 -

165

- B(H;,014C))

- B(H;501,0))

- R(C;0y¢)

- 7(H0,CygHy )
- B(H,C,0y )

- BH;C,C )

- B(H,C;¢Cy)

- B(H;gCy 40, )

- R(01021)

- (HyC, 0y Hyp)
B B(Hzciczi)

- B(H0,Cp))

- B(szczlci)

- B(H,50,,C, )

- R(ciczé)

= (1,0, Cpetyn)
- B(HzcicZG)

- B(H301026)

- B(Hy006Cy)

- B(stczéci)

- 3(01031)

- T(H201031H32)

- B(H,C,Cyy )

B(H,C, 0y )

- B(H32031cl)

(continued)
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Table XTII {continued)

166
167
168
169
170
171

173
174
175
176
177
178

- B(
- H(Clc
- T(Hzc

Hy3CsCy)
36)
1C36tigy)

- B(H:aclc%)
- B(H301036)
172 -

B(H9C54C; )

- R(Gic41)

7(H,C, Oy 1)

- B(H201041)
- B(HBClcul)
= B(Hy,Cy,¢)
N B(H4304181)

179 - R(Clcus)

180 - T(H2G1046Hu?)
181 - B(Hzc1046)
182 - B(H301046)
183 - B(Hy04C, )
184 - B(Hu804601)
185 - 3(01051)

186 - T(H201051H52)
187 - $(H201051)
188 - B(H301C51)
189 - B(H52051cl)
190 - B(Hg4C,C, )
191 - 3(01056)

o

192 - T(H20i056H57)
193 - B(H,0,Cy)
194 - B(H301056)
195 - B(Hy,CugCy )
196 - B(H5805601)
197 - R(cicél)

198 - T(Hzcicéiﬂéz)
199 - B(H,C,Cg, )
200 - B(HBGlcél)
201 - B(H6206101)
202 - B(H63C6101)
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IV-3: Construction of the Medium Cluster Force Field

A generalized force field (E—matrix) was constructed for
m-cluster models (m=3,7,9,13) of the liquid state for use in the
secular equation. As a first requirement, the liquid-phase E—matrix
nust reproduce the observed spectroscopic frequency shifts on

condensation, &v, for CH@ within experimental error, where

§v = v (184)

-V
gas condensed

Since the gas frequencies are already determined by the Jones -
McDowell F (Table I) and a well-defined G for gaseous methane, and
the condensed phase E is determined from the nature of the model,
the frequency shifts on condensation are dependent only on the
choice of the F-matrix for the m-cluster.

With the coordinates defined in the previous section, a homo=-

logous series of F-matrices for m-clusters (denoted Em) has the form

Le Fes Fee
~5
P F
. ~SS ~SEe
Em == . (185)
B
~S
~e2
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where the areas labeled Fc’ F,F,F

s F ,F ,and F__ have
~S ~Ee ~CS ~SS ~Se

~Ce
analogous meanings to those labels used with the‘g—matrix in
Equation {181). The ellipsis in Equation (185) indicates the
variablility in the size of'g for different clusters.

In this study, explicit force interactions between internmal
coordinates in two different shell molecules have been neglected.
This approximation parallels the assumption of independent ligand
vibration first proposed by Cotton and Kraihlnzel (100) in connee-
tion with spectroscopic studies of inorganic coordination compounds.
If the approximation is valid for such complexes, it is reasonable
to assume its applicability to the much weaker forces postulated
in the medium cluster model. We have further assumed that all
off-diagonal terms of E that explicitly involve an interaction of

an intramolecular shell force with either an intramolecular central

force or an intermolecular external force vanish., Thus,

(£..) = (£..) = (f..) = 0 (186)

ij’ss ij’es ij’se

where the outer subscript indicates membership in the appropriate
region of the Em—matrix. These assumptlions are altogether valid
when one reflects on the nature of the medium cluster model, i.e.,
only the central molecule represents the bulk liquid phase and the
explicit interactions of the shell molecules are of secondary im-~
portance.

The area of Fin Equation (185) labeled "ce" contains elements

representing interactions of intramolecular central forces with
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intermolecular external forces. Non-zero force constants in this
region will be shown in Section V-4 to have important consequences,
but for a preliminary examination of the MCM theory, we have

assumned

) =0 (187)

ce

(£ 5
F  in Bquation (185) is thus a sparse matrix with non-zero
blocks of elements arranged along the major diagonal. Since the
internal forces of all m-1 shell molecules are identical, the con-
struction of the E—matrix consisted of finding a central molecular
force field, a shell molecular force field, and an external inter-

molecular force field,

Fn = EC(—DES@ : @ESG)EC (188)

where (3) indicates a direct sum.

a. Cental Molecular Forces

The central molecule of the cluster is representative of the
condensed phase, so that central molecular force constants are not
expected to be very different from those used successfully with the
simple cell model. As a first approximation, therefore, the liguid
E—matrix used by BCJ (Table VII) was substituted for Fc in Equation
(185). FS and Fe were.calculated concurrently by methods to be de-
scribed later in this section. By slowly varying each (fij)c element

of Fc and solving the resulting secular equation for each different



~

different central molecular force field.

T

Fm, we obtained sets of liquid-phase frequencies for each slightly

The vapor pressure iso-

tope factors A and B were calculated from Equations (86) and (87)

for each small change in FC and, finally, we evaluated (BB/afgj) for

each element in the central internal region of Fm.

are shown in Table XTIV for 3-, 7-, 9-, and 13-clusters.

The results

found that (aB/affj) was nearly linear within a small neighbor-

hood of the BCJ simple cell model F-matrix.

Furthermore, as can be

seen from Table XTIV, the change in B per unit change in any (fij)c =

£°
ij

. is almost independent of cluster size, m.

The A factor did not change appreciably as the central mole-

cular force constants were varied.

In the BCJ simple cell model, of the five non-zerc elements

of the gas—phase'g—matrix, only fr, f&, and ffu. need undergo change

upon ceondensatlion in order to produce acceptable liquid-phase

freguencies.

in the MCM from the experimental values of B for three isotopes

In theory, then, one could obtain an acceptable Ec

by iteratively solving the equations

ABlS

AB4

AB

3B 3

Af
r

AT

Af

aBlB

3f°
04

aB14

Af
o

Af

+

aBlS
c
'
af

'
Afra

aBlé

Af!
aprs ™
o,

aB

Af!
1ol
afrx

(189)

(190)

(191)
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Table XIV

Dependence of the Isotopic B Factor on
Central Molecular Porce Constants and Cluster Size;
=]
Gear Geometry; I'El =3.817 A

c c ' C
Lsotope Cluster (aB/afr) (aB/aqxl (aB/afna)
'y [« 0N
slze (°K/mdyneA™) (°K/mdyneA) (°X/mndyne)
=13 -2.184 3.450 20.781
m="7 -2.186 3,460 20.781
lSCH
b =9 -2.186 3.482 20.778
m=173 -2.188 3.500 20.791
m=73 4,430 -27.320 38.087
. m="7 -4 .50 -27.308 38.075
140H
W m= -4 .452 -27.296 38.090
m=13 =4 ,400 -27.400 38.064
m=3 -221.710 -1605.860 -15.491
L m=7 -220.963 -1618.110 ~15.501
CD
“ =9 -220.903 -1614.350 -15.504

m=13 -220.900  -1608.010 -15,494
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where
. c
Afy ;s = fij(trlal) - £y (192)
AB = B(cale) - B(exp) (193)

and the notation B2, B4, and BD represents the B-values for l3CH4,
140H, , and 120D4. Equations (189) - (191) are solved simultaneously
for fr' fd, and f;a. However, because of inaccuracies in the ex-
perimental B's and the slight non-linearity of (aB/afij), the required

changes in fr, f , and féa thus obtalned were found to be unrealistic

a
even after some allowance was made for the effect of experiméntal un-
certainties in B. A more reliable procedure would be to assign some
elements of Ec directly on the basis of observed 6v, and then opti-
mizing F, by means of Equations (189) - (191). Since the totally sym-
metric stretching mode of j?a molecules, v(Al), is dependent only on
the stretching force constant fr, an optimum stretching force constant
was determined by varying fg until an acceptable 4; frequency shift
was found (101). With the stretching forece constant so fixed, we

simultaneously solved

3 13
aprs = B2 4 4 2B g (194)
2f¢ ¢ ap'¢
o K404
14 14
ARt = BT 4p 4 9B g (195)
ag® @ ’af:¢ ™
o o
D D
ABR = B ap 4 B e (196)
afc a aflc v
o o
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where the AB-values are the residual discrepancies between

the calculated and experimental B's after the effect of the
stretching forece constant, fi, has been taken into account.

Since this set of equations overdetermines Af, one equation may
be eliminated. The vapor pressure isotope effect of 14GHh is de-
termined by a radiocactive tracer technique, which is considerably
less accurate than cryostatic manometry or column distillation
methods. The experimental B-value in Equation (193) for this
isotope is somewhat less dependable than that for ISGH# or 1ECD4'
Therefore, Eguation (195) was eliminated from consideration and
Ec was found by solving the two remaining equations simultaneously.
The Ec—matrices thus determined for various sized clusters is

given in Table XV.

b. Shell Molecular Forces

The one-component condensed phase in the medium cluster model
is considered to be a mixture of central- and shell-quasicomponents.
Ben-Naim {102) has shown that the mole fractions of quasicomponents
in such a mixture-model can be used to gain insight intc the
way extensive properties are distributed over the various species.
Since the shell molecules in a cluster are belng used to simulate
the entire bulk phase, it would be unrealistic to assign equal force
constants to the central and shell components. The shell molecule
force constants must reflect the existence of additional hierarchical
coordination spheres and the distribution of energy among central
and shell molecules. This has been done by considering how the

electronic kinetic energy for the entire system changes upon con-
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Table XV

Central Molecular Force Field for Liquid Methane
—t [a]
Gear Geometry;lPl= 3.817 A

3-Cluster 7-Cluster 9-Cluster 13-Cluster

£ (mdyne/A) 5.4573 54573 54573 54573
£ (mdyne-4) 0.5654 0.5612 0.5590 0.5610
£2_ (ndyne/k) 0.1240 0.1240 0.1240 0.1240
£!7 (ndyne) 0.1901 0.1993 0.1989 0.1996

£1° (ndyne.A) 0.0190 0.0190 0.0190 0.0190
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densation and then apportioning the energy into "shell" and
"central" regions. The arguments which follow are due to Bader
and coworkers (103,104,105) and Srebrenik (106).

The electronic energy density, E(i), for the supermolecular

aggregate can be expressed as (104)
B(Z) = K(X) + V() + VA (197)

where K(i) is the electronic kinetic energy density expressed in the
Schridinger form. The terms Vi(i) and V2(%) represent contributions
of the one- and two-electron potential energy densities. EKach
density term in Equation (197) is indicated as depending on elec-
tronic coordinates, X.

The observable electronic kinetic energy, <T>, is defined as

<T>

LIy 3(X) ax (198)
where
J(X) = 3Z A, 9, (X) VY, (R) (199)

The Ai are occupation numbers for the iﬁh orbital. From Eguation
(198), it is seen that J(X) is dimensionally equivalent to an energy
density and it can be shown (107) that the two formulations for

kinetic energy density, K(x) and J(X), are related by

I(x) - K(x) = %v2y(X) (200)
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where y(X) is the electron charge density. Taking a volume

integral of both sides of Equation (200) gives
ISR - x()Yav = 5S0S vey(R)av (201)

Using the divergence theorem (Green's theorem in three dimen-

sions),

IIIV VEF n.rn.rs an (202)

where ¢ is a scalar field and S is an orientable boundary surface

of V with normal n, the right side of Equation (201) becomes

800t vy = g0y S s (203)

Ps

where F;- is the position vector from the central molecule to the

:'LzE shell molecule. Then,

I00{3(R) - RGDaV = 374, —}(_;)ds (204)

and in order for the two formulations of the kinetic energy density

to be equivalent, i.e., J(X)=X(X), the relation
ay(x)/de, = © (205)

must hold at the boundary surface, S. Bader and Beddall (104) have
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shown that, within such a boundary surface, it is reasonable to

postulate the existence of a virial relationship,
~<T.> = <V.> (206)
i i

for any part i of a molecular system. The need for such a re-
lationship is evident from Equation (197); the electronic potential
energy density change upon condensation cannot be followed because
the two-electron potential, VZ(E), may contain large interaction
terms between electrons in different molecules, nor can the total
energy density change be followed since it depends on Vz(f). We
may, however, examine the behavior of the electronic kinetic
energy, T, which depends on K(X} or J(X), and then by using Equa-
tion (206), relate the potential energy to the kinetic energy with-
in the boundary defined by Equation (205). The potentiai energy
cannot be examined directly since there is no expression for

Vl(i) + VZ(E) analogous to Equation (200). -

In a condensed phase, all molecules are equivalent and in-
distinguishable. The two-guasicomponent medium cluster model,
however, imposes the labels "shell" and "central" on the molecules.
Nevertheless, for a system of N molecules, the electronic kinetic
energy gained on condensation must be the same for each of these

two species. Therefore,

/n
NZ<T;§> = Z<T’S(-> (207)



-102-

where

<T*> = <T> ndensed _<T>ga.s (208)

In Equation {207), the summation on the left side spans all molecules
labeled “central" and that on the right side all molecules labeled

"shell". Since all shell molecules are identical in a regular

m-cluster,

N-N/m N/m
E <T4> = (m-1) < T*> (209)
so that
N/m N/m

Z<T§> = (m-1) Z<T;> (210)

The summations on the right of Equations (209) and (210) refer to
one shell melecule per cluster, not all shell molecules in the

condensed phase. Consldering only a single cluster as representa-

tive of the entire liquid phase gives
<T*> = (m-1)<T*> (211)

If the shell and central regions of the cluster are defined in
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accordance with the restriction of Equation (205), the two-electron
potential between regions is minimized so that the Bader and

Beddall relation of Equation {206) can be used to give
<VE> = (m-1)<v§> (212)

Since the electronic potentials of all gas molecules are the same,

Equation (212) becomes
<> -<V > = (m-1)f<v > - <V g>} (213)

The Born-Oppenheimer approximation states that the nuclear motions
of a molecule can be viewed as occurring in a potential field pro-
vided by the electrons. This implies that the forces acting on

the nuclel are expressible as gradients of this electronic poten-
tial field, and that the force constants are functions of electronic
potential energy. If exact wavefunctions are known, the generalized
Hellmann-Feynman theorem (43) can be used to calculate force con-
stants. However, an ab initio quantum mechanical evaluation of
force constants is not feasible for the present system, so we have
assumed that any small change in fij on condensation is proportional
to the change in electronic potential energy. Equation (213)

therefore implies

(£5)0 - (5150, = (m-0)[{£;5)g - (55),] (214)

1])°8 1)°8
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to a first approximation. Considering the entire Em—matrix,

= 1 -
Fe = Fprag(E - E) (215)

where Ec and Es are the central and shell submatrices appearing
in Equation (185), and Eg is the Jones-McDowell force field for
the gas phase. The (fij)s values used for various siged clusters
are given in Table XVI.

c. External Forces

The external intermolecular portion of the potential energy
matrix, Ee, consists of m-1 submatrices; since external coordinates
are defined in the same way relative to each shell molecule in
the cluster, corresponding elements in these external submatrices

are equal,

= isj=10111‘*'1.---,16m~6
(fij)e - (fi+6p,j+6p)e [P = 1,2,00.,m-2 ] (216)

Interaction constants are assumed to be zero in the‘ge region.

Nutational motion of shell and cental molecules are defined equi-

valently, and so we chose to use the same value for all diagonal

nodding constants, fB: There are thus three constants. to be

determined: £, the C C_ stretching force constant, f., the H C C_H
c's cecs's

torsional force constant, and f,, the H C C_ and H_.C C_ angle bending

B ce's s s ¢

force constant.

Values for the external force constants were determined by
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Table XVI

Shell Molecular Force Field for Iiquid Methane
Calculated from Equation (215)

3-Cluster 7-Cluster @-Cluster 13-Cluster

£5 (ndyne/A) 5.4762 5.4887 5.4903 5.4919
£ (mdyne-A) 0.5667 0.5668 0.5668 0.5673
£ (mdyne/A) 0.1240 0.1240 0.1240 0.1240
£1° (mdyne) 0.1776 0.1707 0.1692 0.1676

Q
f&é (mdyne-A) 0.0190 0.0190 0.0190 0.0190
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a method similar to that used for the elements of Ec' The rate

of change of the vpie A factor with small changes in Ee is nearly
linear, so that an appropriate set of external force constants

may be obtained by finding (aA/afij) for each of the three in-
dependent external force constants and then calculating an Ee—matrix
that reproduces the experimental A values for 130H4, 140Hh and 1ECD4.

The equations used are

13 13 13

AALE = aaAf AfR-i- %A:E.——Af + %i‘B AfB (217)
R
14 14 14

AAY = a;;? Afp + a;;. Af + %Afa _\fB (218)
D D D

gD BA QA" SA”

ALT = af, Afp + Sy of * 35, afy (219)

where Af and AA are defined in a manner similar to Equations

(192) and (193). As can be seen from Table XVII, values of
(aA/Bfgj) are almost independent of cluster size. This was expected
since we assumed no direct potential interaction between shell
molecules., Satisfactory agreement of MCM calculated vpie factors
with experiment is obtained when the following force constant values

(o] Q
are used: = 0.0555 mdyne/A, £ = 0.00375 mdyne-‘A,

fH
o
f = 0,00520 mdyne-A.
In the process of constructing a complete F-matrix for the

cluster model of the liquid phase, many off-diagonal elements
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Table XVII

Dependence of the Isctopic A Factor on
Intramolecular Force Constants and Cluster Size;
o [a]
Gear Geometry; |7 |= 3.817 A

2 <] e
Lsotope Cluster (aA/afR) (3a/at%) (BA/afB)
s12¢  (ogefuayned™) (°K®/udyned)  (°K®/pdyned)
n=3 40,661 8.851 35.662
=7 40,664 8.860 35.663
1SCH
4 n=9 40.663 8.865 35.661
m=13 40,660 8.900 35,658
m="3 43,052 8.851 35.905
. =7 43.055 8.863 35.900
M - 1305 8.866 35.887
m=13 43,044 8.898 35.875
=3 L7 .836 31 .940 526,02
léc m="7 L7 841 31.944 557.02
D
¥ a9 47839 31.963 558.02

m=13 L7.837 31 .954 540,002
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have been assumed to be negligible. It must be emphasized that

the goal of these calculations has not been the determination of

a "true" force field, rather, we have been concerned with a correla-
tion of the vapor pressure lsotope effect of methane with a reason-
able and consistant E-matrix.

IV-4: Solution of the Becular FEquation by the Jacobi Method

With the potential and kinetic energy matrices thus defined
for the MCM secular equation, the computational method by which
Equation (112) was solved will now be discussed.

The solution of the secular equation consists of finding
the eigenvectors and eigenvalues of the E = Sf: matrix. One of
the most efficient machine methods of accomplishing this is the
simultaneous diagonalization of F and G [Equation (116) f£f.].

Since E is a real symmetric matrix, a unitary transformation, ﬁ,

exists that will diagonalize G (108). Thus,

ataqa

~ s

r (220)

where ' 1s the kinetic energy matrix in diagonal form. The actual
algorithm for finding A, called the Jacobi method, will be discussed
shortly. Rearranging Equation (220), and taking the inverse of

both sides gives

(221)
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from which it is seen that A also diagonalizes G °,
A =1t (222)

Since I is diagonal with elements Y5 r is also diagonal with

elements 1/Yi. A coordinate system Y is now defined such that

S = AY (223)

and

§ = aY (224)

where S is the matrix of internal coordinates. Substituting Equation
(224) into Equation (98), where the definition of the kinetic energy

is given, yields

2r = Y'Y (225)

which can be expressed as

2T

n .
Zj:.'f/vi (226)
i=1
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A column matrix é is introduced having elements éi defined by

« 4
L] - y. 'z'
z, 1/&1 (227)
The kinetic energy then becomes
_ ITI
2T = Z'%Z (228)

The P-matrix will now be diagonalized using the same A-matrix
used to diagonalize G as a basis. A matrix W is constructed con-

sisting of elements w. . defined as

[

w,. = Yia._., (229)
where aij are the elements of A, Then,
AY = WZ = 8 (230)

from Equations (223), (227) and (229). Equation (230) can be used
with the definition of the potential energy of the system, Equation

(93), to give

2v = (Wz)'F(uz) = z'pz (231)
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where D is given by

D = WFH (232)

The D matrix is symmetric, so that the Jacobi method can be used for

its diagonaligation,

o
[ R

C = A (233)

where C is a unitary matrix and A is a diagonal matrix. With this

transformation, a matrix Q is defined,

g - oz (234)
so that
2 - 2Dz - g'e’pey - §'AQ (235)
and
2 - 7'z - g'd'eq = 4’9 (236)

Comparison of these last two equations with Equations (118) and

(119) shows that @ is indeed the normal coordinate matrix. The
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G- and F-matrices have been simultaneously diagonalized toc I' and

A by using the relations
S = AY = WZ = WCQ (237)

with the definitions of potential and kinetic energies. The trans-
formation from internal coordinates to normal coordinates, L_l, de-
fined in Equation (116), which diagonalizes G and F, is thus given

by
- 0T - W' (238)

since E and E are both unitary.

The Jacobi method, used in the present work to diagonalize E
and B in Equations (221) and (233), thereby defining ﬁ and S, is an
iterative process well suited for high-speed machine calculations

(109,110,111). The method subjects a real nxn symmetric matrix, R,

~

to a sequence of simple unitary transformations which do not alter

the eigenvalues of E. Fach transformation is an nxn rotation matrix,

gk’ of the form

coé ¢$. -sin ¢
0, = k k (239)
~k .

sin ¢, cos ¢k
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where the ellipses indicate unity along the remainder of the
principal diagonal and zero elsewhere. Consider one step in the
iterative sequence where E is transformed to E If the four
elements of Equation (239) are chosen to be in the (i,i), (i,3),

(3,1) and (j,j) positions, then

P = 07RO (240)

with
Pij; = r.licosaq&k + 2rijsin¢k cosdy + rjjs:i.n2 1 (241)
Pjg = Pij = (rjj - rii)sin ) cosd + rij(c:os."a ¢ =~ sin? ti:k) (242)
Py = r,  8in® ¢, - Zrijsind’k cos ¢ + rjjcos'? P (2#3)

The trigonometric argument for the k:l‘-'-tl step, ¢k s is chosen such

that
tan 24, = Zrij/(rii-rjj) (244)
Yielding
Pos = Pix = O (245)
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Each step of the Jacobi method therefore makes a pair of off-diagonal
elements zerc. Unfortunately, subsequent steps, while creating new
pairs of off-diagonal zeros, introduce non-zerc elements into
formerly zero positions. However, repeated application of Jacobi
rotations to that (i,j) position containing the largest off-diagonal
element will eventually transform the original matrix to a diagonal
matrix (110,111).

An estimate of the number of iterations needed to diagonalize
R can be made as follows. A function J is defined as the sum of
squares of the off-diagonal elements. It can be shown (112) that
if rij is the largest off-diagonal element of E in any one step of

the Jacobli algorithm, then

— T — 2
= J(E) 2r.1j (246)

J(r) < -=mncl) .2 (247)

Combining Equations (246) and {247) gives

n=-n

i(e) < [1 - £ ]3(5) (248)

for each step in the iterative process. After t such steps, we have
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N t -
ie,) < (1 - n22—n) J(R) (249)

The sum of squares of the off-diagonal elements can be made as small

as desired, so that if

€ = :I-(‘-I:il - 3(m) (250)
J(R) ~

where E is the nxn unit matrix, then

Log €
~ 2
Log (1 - nE-n)

For example, diagonalization of G and F for the 13-cluster required

% (251)

use of the‘Jacobi algorithm for 202x 202 square matrices. We wanted
the sum of off-diagonals to be less than 2—2?==7.4:c10-9, so that
the number of iterations carried out exceeded 379,000. The comput-
ing system required approximately 2100 psec for each Jacobi rotation,
so that the full diagonalization process took about 13.3 minutes.
Access and buffer allocation time typically inflated this figure
by about 290%.

The diagonalization steps are by far the most costly portion
of the theoretical calculation of the vapor pressure isotope effect.

We have made several attempts to increase the efficiency of this
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procedure by using the methods of Givens (111) or Householder (112),
but improvement in cost effectiveness was not significant.
Final expressions for the transformation matrices A and E are

given as products of the individual rotations,

A = AAAs..By (252)
and
€ = 5 0,C5---04 (253)

where each term on the right side is analogous to gk in Equation
(239).

The secular equations were thus solved for each isotopic
compound and cluster size under consideration. The elgenvector
matrizx, E_l, was computed from BEquation (238) and given as output;
the associated eigenvalue matrix, é = {ki], computed from Equation
(233), was also printed,

IV-5: Tdentification of Central Modes

The eigenvectors and corresponding eigenvalues representing
vibration of the central molecule had to be identified so that the
appropriate frequencies could be used in Equations (86) and (87).
We first considered the intramolecular normal modes of the central
molecule used to calculate the zmerc point energy shift on con-

densation.
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The elements of the :i.y-l row of the transformation matrix,
g‘l, give the relative contributions of the internal coordinates,
to the iih normal mode:

Sk,

_ -1 -1 -1
Q= bgySy T AgSpt e - RSy (254)

We sought only normal coordinates a3 for which a substantial
contribution was made by internal coordinates Sy associated with

the central molecule; for methane, k4£10. A "substantial" contribu-
tion can not always be defined precisely. However, when studying
the vibrational spectrum of methane isotopes, nine non-zero central
modes are expected from among 16m~6 total cluster modes, so that

in general, the nine largest row vectors‘fzi (k£10) of the L '-

matrix were sought. More specifically, if

1 £1+10 1420 t'+10(m-1)
(m-1) w;‘ljt >> E lf.;;l + E lz{}l 0. E m:{gi (255)
i=t =t+10 t+20 ++10(n-1)

then the :'|.E}—1 mode was considered to be a major central contributor.
In Equation (255), + and t' span the first four internal coordinates
when CH stretches are intercompared, or the fifth through tenth
internal coordinates when HCH bends are consldered. Very often,

the ineguality in (255) was not completely satisfied for nine of
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the 16m-6 cluster vibrations. In these cases use was made of

the fact that the central molecule of the cluster is the hypo-
thetical analogue of the true condensed phase. Thus, any vib-
rational symmetry of the condensed phase modes should be reflected
in the MCM eigenvectors. In addition, the nine freguencies chosen
as central vibrations should display only a small perturbation
from the pattern of degeneracy observed for the gas phase (113).

Because of the qualifying conditions placed on Equation
(255) and the limited nature of acceptable central internal modes,
the choice of liquid phase eigenvectors could not be made by
means of any simple algorithm. For this reason, the full E-l—matrix
had to be printed and examined; the selection of cental modes was
made manually.

Some examples will clarify the techniques used to choose
central eigenvectors. Two typical eigenvectors of a 3-cluster
representation of liquid 120H4 is given in Table XVIII. Each eigen-
vector, E;;,k and z;é’k, is displayed with ten elements per line;
the first line contains the amplitude coefficients associated with
the internal coordinates of the central molecule; the second and
third lines have the coefficients of the left and right shell
molecules respectively (see Figure 5, p. 84). The first four
elements of each of the first three 1lines are the relative ampli-
tudes of the CH stretches; the fifth through tenth elements in each
of the first three lines are assocliated amplitudes of HCH bends.
The last twelve elements of each of the two eligenvectors represent

amplitude coefficients of the intermolecular vibrations and are



Table XVIII

Identification of Central Internal Eigenvectors - 3-Cluster

Eigenvalue 15 = 1573.758

0.00000  0.00031 ~0.00000
0.00001 -0.00013 -0.00001
0.00001 -0.000i3 -0.00001
0.00001 -0.06194 0.0053%
0.07300 -0.07138
Eigenvalue 18 = 1571.633

-0.00000 -0.,00015 -0.00000
0.00000 0,00007 0.00000
0.00000 0,00008 0.00000
-0,00000 0.02981  0.00094
-0.00023 -0.00061

.00031

0.00014
0.00014

-0
-0

.00832

.00015
.00007
.00007
.00053

-0.39214
0.44373
0.40767

-0.03741

0.68927
0.27197
0.27208
0.00012

0.01060
0.07458
0.14574
0.00365

0.00187
~0.00024
~0.000k6

0.,00034

0.38141
-0.51859
-0.55385
~0.00001

-0.69113
-0.27173
-0.27162

0.00000

0.36849
-0.51198

-0.54739
0.06190

~0.68481
~0.27493
-0.27482
-0.02987

0.01067
0.07457
0.14571
-0.00533

0.00183
-0.00023
-0.00045
-0.00099

~0.37903
0.43769
0.40212
0.00752

0.68298
0.27516

0.27527
~0.00012

-617-
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not considered here.

In 4 52 the internal coordinate contributions from central
HCH bends are greatly outweighed in absolute value by positionally
corresponding contributions from the shell molecules. Equation
(255) is therefore not satisfied for t,t' = 5,10 and so v15 =
1573.758 e * is not included in Equation (86) when calculating
the vpie B factor. In q18, the contributions from internal bending

1

coordinates satisfy Equation (255), so that v g = 1571.633 cm ~ is

1
included in Equation (86) as a central vibration.

Another example is given in Table XIX, where two eigenvectors
of a 9-cluster liquid 120D4 model are shown. The first line of
10 elements in each vector is the central molecular contribution
to the mode; the next eight lines are shell contributions and the
final 48 elements are amplitude coefficients for the acoustic modes.
Both modes are primarily CH stretching vibrations, but 90 is seen
to consist of large amplitude shell CH stretches and only small
amplitude central CH stretches, while in q9, the amplitude co-
efficients for central CH sitretching are larger than those for shell
stretching. Accordingly, v9 = 2321.702 en™' is included when B
is calculated,

As a final example of the selection process for optical fre-
quencies, two eigenvectors, }Etk and E;Tk, are shown in Table XX
for a 12GD4 7-cluster. The first line of ten elements represents

the amplitude coefficients of the central molecular vibration and

the next six lines contain coefficlients associated with each of



Table XIX

Identification of Central Internal HEigenvectors - 9-Cluster

Eigenvalue 9 = 2321.702
0.56605 -0.02491 ~0.53485
0.00067 -0.00028 =-0.00110

-0.00056  0.00003 0.00077
0.00i52 -0.00119 0.00070
0.00002 ~0.00008 -0.00008

-0.00451 -0,00388 0.00049

-0,00000 0.00345 0.00088
0,00012 0.00001 -0.00021
0.00056 0.00027 -0,00087
0.00002 0.00000 0.00000
0.00000 0,00003 -0.00045

-0.00000 -0.00012 -0,00009

-0.00000 -~0,00002 -0.00002
0.00025 0.00000  0.00044

-0.00628
-0,00031
-0,00231
-0.00103

0.00003
-0.00252

0,00071
-0.00101

0.00009
-0,00003
-0.00022

0.00000
-0.00006
-0.00021

"0 01169?
-0.02304

0.00026
0.01740
0.00864

-0.00221
-0.00297

0.00016
0.00007

-0.00003
-0.00101

0.00076
0.00006
0.0000%

-0.00662
-0.01227
-0.00853

0,000k

0.00021

0.01291
-0.00011
~0.00017

0.00019
~0.00077
-0.00000
-0.00011
-0.00000
-0.00007

-0.12100
0.04612
0.00008

-0.01854

-0.00815
0.01728
0.00357

-0.00028
0.00000

-0.00001
0.00003
0.00000

-0.00010
0.00030

0.12094
-0.04612
-0.00011
-0.01680
-0.00937
-0.01683

0.00256
-0.00030
-0.00000
-0.00008
-0.00100
-0,00003
-0.00003

0.00044

0.00678
0.01227
0.00853
0.00045
0.00020
-0.01331
-0.00012
0.00032
-0.00020
-0.00000
~0.00000
0.00000
-0.00009

0.11692
0.02304
-0.00026
0.01706
0.00847
0.00215
-0.00294
0.00028
-0.00006
-0.00008
-0.00000
0.00051
0.00000

( continued )
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Table XIX (continued)

Eigenvalue 10 = 2320.906

0.00267
0.00890
0.12099
0.06778
-0.24098
-0.22074
0.06779
0.12098
0.00888
-0.00389
0.00000
0.00373
0.00000
~0.00056

-0.00259
-0.12780
-0.08799

0.23282
-0.01272
-0.01337

0.23290
~0.08803
-0.12782
-0.02266
-0.00002
-0.00009

0,00478

0.00363

-0
-0

.00263
.12882
.08804

0.07001

24566
24771

0.07005
¢.08810

.12880
.00000
.00009
.00022
.00033
.00290

-0,00000
0.00787
0.13471

~0.22278
0.00043
0.00056

~-0.22301
0.13482
0.00789
~0.00000
0.00067
0.00033
0.00022
-0.00100

0.00856
-0.01000
0.00009
0.00000
0.00129
0.00127
0.00002
0.00009
-0.00998
-0.00788
-0.00452
-0.00010
-0,00029
-0.00000

0.00040
0.,00480
0.00374
0.00055
~0.00222
-0.00220
0.00058
0.00375
0.00480
-0.01000
-0.06260
0,00000
0.00018
-0,00000

-0.00077
0.00011
0.00004
0.00071

~0.00006

-0 .00004
0.00073
0.00002
0.00011

-0.00389

-0.00000
0.0003k
0.00079

~0.00190

0.00078
-0.00012
~0.00001
-0,00022

0.00008

0.00007
-0.0002%
-0.00001
-0.00012

0.00067

0.00566

0.00044

0.00095

0.00108

-0.00041
-0.00482
-0.0037%
-0.00033

0.00219

0.00216
-0.00035
~0.00373
-0.00481
-0.00202
-0.00010
~0.00092
-0.00177

-0.00857
~0.00998
-0.00012
-0.00072
-0.00130
~0.00128
-0.00073
-0.00012
~0.01000
~0.00000

0.00000

0.00201
~0.01002

A



Table XX

Tdentification of Central Internal Eigenvectors - 7-Cluster

Bigenvalue 6 = 2321.990

-0.61457
0.00927
0.00645
0.00097

-0.00104
0.29789
0.30004
0.00278

~0.00006
0.00000
0.00167

0.62385
~0.00251
~0.00456
-0.00782

0.00397
~0,28309
~0.29610
~0.00039
~0.00100

0.00000

0.00122

-0.61501
0.00171
-0.00029
-0.00648
0.00092
~0.21008
0.27957
0.00028
-0.00099
-0.00044
0.00155

0.61909
~0.00017
-0.00099

0.00107

0.01007

0.21722
-0.29113
~0.00022
-0.00038
~0.00029
-0.00000

-0.00000
-0.00002
0.00098
0.00006
0.00001
-0.0003%
0.00001
0.00000
0.00028
-0.00167
-0.00177

0.00020
-0.00045
0.00095
-0,00006
0.00001
-0.00210
0.00000
0.00000
0.00048
-0.00005
0.00088

0.00003
-0.00024
-0.00110

0.,00000
-0.00006
-0.00066
~0.00000
-0.00000
-0.001.09
-0.00111

~0.0000%
0.00025
~0.,00118
-0.00000
0.00006
0.00165
-0.00000
~0.00000
0.00055
~0.00020

~0.00018
0.00043
-0.00075
0.00005
~0.00000
0.00101
0.00001
0.00046
0.00133
-0.00000

0.00000
0.00002
0.00110
-0.00005
-0.00001,
0,00044
-0.00002
0.00085
-0.00101
0.00333

(continued)
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Table XX {continued)

Eigenvalue 7 = 2320.069

-0.59121
-0,06287
0.00499
-0,07299
0.08724
-0.10045
-0.,08974
0.00313
0.00552
-0.00000
0.00313

-0.10728
-0.00045
0.00250
-0.00077
0.00345
-0.09784
0.00579
-0.00278
-0.,00066
-0.00000
0.00076

0.

0
-0

-0

62108

04567
.03078
0.

05009

01211
.00673
-07921
.00856
00313
.00232
00064

.18901
.00897
.00111
.00726
.00567
.10007
.11253
08479
.00077
01910
00442

0.11804
0.00456
0.00005

—Ol

00000

0.00045
0.00014
0.00124

03312
. 00034
00313
.00004

.01926
.00076
.00000
.00390
.00035
.00000
.00378

0.06544
0.00433

00077
.00000

12711
00020
.00280
00121
.00011
.00016
.09002
00313
00001
.00600
. 00004

-0.12720
-0,00000

0.00235
-0.,00120
-0.00007
-0.00015

0.09055

0.00278
~0.00003
-0.00281

0.01900
-0.00360
0.00051
-0.00380
0.00025
0.00017
-0.00180
~0.08771
~0.00313
-0.00000

11770
.00001
.00001
.00010
.00017
.00000
-00375
.00567
.00076
.00000

-HZ T~
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the shell molecules. The last 36 elements of each elgenvector are the
amplitude coefficients of the intermolecular coordinates. Both ag and
q, satisfy Equation (255). However, an examination of the first 10
components of EZTk’ and comparison with the gas-phase eigenvectors of
1ECD# in Table VI, shows that the vibrations of the central molecule
of the cluster do not represent anything close to a vibraticnal mode
of gaseous 1ECD4 with respect to the symmetry and magnitude of eigen-
vector elements. Normal mode q? roughly coincides with a gas-phase
vibration, in addition to meeting the requirement of Equation (255).

Thus, v, is considered to be a central mode, and is counted in Equation

7
(86), while vg is not.

The intermolecular vibrations of the entire cluster are used as
surrogate external frequencies in the calculation of the vpie A factor
given by Equation (87). In general, only those motions that displace
the central molecule relative to the shell molecules are considered
in the MCM theory as proper acoustic modes. For example, a normal
mode representing a symmetric CCC stretch in a (1inear) 3-cluster merely
indicates a simultaneous outward motion of the two shell molecules; no
net movement of the central methane relative to a shell-molecular
reference frame is apparent and the mode is not counted as an external
vibration of the central molecule or included in Equation (87). This is
illustrated in Table XXI, where two eigenvectors of a 3-cluster of 14CH4
are presented. As in the previous examples, intermolecular orientation

is arbitrary for the purpose of demonstrating eigenvector interpreta-

tion. In each eigenvector, the first three lines contain internal co-



Table XXI

Tdentification of Central External Eigenvectors - 3-Cluster Stretching Modes

Bigenvalue 29 = 106.403

0.00000  0,00000
-0.00009 0.00009
0.00009 ~0.00009
-0,16638 0.00171
-0.00098 -0.00199
Rigenvalue 30 = 98.005
-0.00031  0.00031
0.00015 -0.00015
0.00015 -0.00015
0.28782 -0.00203
-0.00095 -0.,00116

~0.00000
-0.00009
0.00009
0.00002

~0.00031
0.00015
0.00015
0.00241

~0,00000
0.00009
-0.00009
0.0000kL

0.00034
-0.00015
-0,00015

0.00298

-0.00000

0.00000
~0.00000
~0,00098

0.00001
~0.00001
-0.00001

0.000%94

0.00000
0.00089
-0.00089
-0.00199

0.00313
~0.00156
~0.00156

0.00116

0.00000
-0.00000
0.00000
-0.16638

0.00000
0.00000
0.00000
-0.28782

-0.00000
~-0.00000
0.00000
0.00171

~0.00001
0.00000
0.00000
-0.00203

-0.00000
-0.00089
0.00090
0.00002

~0.00313
0.00156
0.00156
-0.00241

0.00000
-0,00000
0.00000
0.00005

-0.00000
0.00000
0.00000

-0.00299

-921-
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ordinate amplitude coefficients of the central, left and right mole-
cules, respectively. The last twelve elements are B;E-values for the

intermolecular coordinates as described previously. Of the last twelve,

. -1 -1 . . . _
the first and seventh elements — 229’31 and 329'37 in the first eigen
vector in Table XXI and 253’31 and £58’3? in the second — are amplitude
coefficients for the C1—06 and Ci_cil bond" siretches. In q29,

Bt ay R e (256)
29,31 29,37

in both sign and magnitude, so that R(c106) and H(Clcli) are vibrating
in phase symmetrically; thus, the displacement of the central molecule

is zero, and the freguency of the mode, = 106,403 cm_l, is not in-

v29
cluded in the calculation of the A factor. In q30'

-1

~1 -
" *30,31 ¥ *30,37 (257)

and the two GCGS "bonds" are vibrating asymmetrically. The central
molecule must be moving in such a way as to maintain the center of mass
for the cluster. This central motion qualifies q30 as a surrogate
liquid external mode — in particular, a translational mode — and so
Vg = 98.005 em ' is included in Equation (87).

Table XXIT and Figures 6 and 7 show this principle for a 7-cluster

of laGHn. The first seven lines of each eigenvector represent intra-



Table XXIT
Identification of Central External BEigenvectors - 7-Cluster Stretching Modes

Bigenvalue 74 = 101.339

0.00522
-0.00698
~0.00000
0.00089
-0.00137
0.00222
0.00493
~0,97201
0.00202
~0.00087
0.00000

-0.00356
-0.00321
~0.00459
-0.00045
-0.07231
0.00276
-0.00287
~0.00067
0.00055
0.00561
0.00000

~0.00181
-0.00200
0.00231
-0.,00000
0.00856
-0.00002
0.00496
-0.00674
0.96000
-0.00616
~0.00000

0.00820
0.00699
0.00750
-0.0038%
~0.00421
-0,00006
0.00202
0.00684
~0.00045
0.00045
0.00000

-0.00019
0.,00000
0.,00000
0.00000

-0.00581

~0.00639

-0.00000
0.00333

-0,00000
0.00000

-0.00000

-0,00000
0.00000
-0,00001
-0.00000
-0.,00k14
0.00282
-0.00000
0.00229
-0.00000
0.00000
0.00000

-0,00678
0.00000
-0,00003
-0,00000
0.0059%
0.00693
0.00000
-0.83002
-0.00033
0.00000

0.00680
-0.00000
0.00004
0.00000
-0.00067
-0.00110
0.00000
-0.00004
0.00228
0.00000

0.00055
-0.00000
~0.00000

0.00000
~0.00333
-0.00820
-0.00000
-0.00330

0.84126
-0.00000

~0.00038
-0.00000
0.00000
~0.00000
0.00801
0.00594
0.00000
0.00663
0.00078
-0.00000

{continued)
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Table XXII (continued)

Bigenvalue 76 = 97.602

0.00000
0.00000
0.00344

~0.00000
0.00077

~0.00555
0.00409
0.71111
0.00000
0.00000
~0.80k22

-0,00450
0,00000
0.00060

-0.00000

-0.00320
0,00220

-0.00000

-0.00005
0.00000
0.00000
0.00109

-0,00279
-0.00000
~0.00056

0.00000
-0.00111
-0.00204
-0.00000
-0.00062

0.71111
-0.00000

0.00393

0.00277
0.00000
-0.00210
0.00000
0.00912
-0.00115
0.00398
0.00051
0.00008
0.00000
-0.00202

-0.01204
0.00000
-0,00006
~0.00000
0.00005
-0.00684
~0.00993
0.00000
~0.00067
0.80420
0.00000

~0.00388
0,00000
~0.00465
-0.00000
-0.00632
-0.00229
-0.00022
0.00040
-0.00002
0.00109
0.00058

0.00722
-0.00000
-0,00297
0.00000
0.00929
-0.00038
-0.00285
0.71097
-0.00082
0.00682

0.00109
~0.00000
0.00068
0.00000
-0.00027
0.00620
0.00285
~0.00000
0.00001
-0.00057

-0.00008
0.00000
0.00045

-0.00000

-0.00000
0.00200
0.00030
0.00000
0.71097

-0.00225

0.00769
0.00000
0.00655
-0.00000
-0.00275
0.00131
0.00985
0.00000
0.00000
0.00022

-62 T~
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Figure 6, Asymmetric stretching of the
7-cluster in the x- and y-directions.
The cluster is shown in the gear geometry.
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Figure 7. Asymmetric stretching of the
7-cluster in the z-direction coupled with
symmetric stretching in the x~ and y-
directions.
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molecular contributions and the final 36 elements are coefficients

for the intermolecular contributions. From Table XI {p.87) and Figure 6
it can be seen that (571’583)' (5?7’589) and (395,5101) are 0 C_
stretching coordinate pairs arranged in mutually orthogonal directions,
so that each member of each pair is in a trans position to the other

member of that pair. In q74,
-1 ~ _p~l
o, o1 ¥ “holy,83 (258)
-1 N_-l
o, 7r ™ 89 (259)
0 (260)

-1 w p—l ~
’8?4195 ~ g?uﬁiol -

The cluster is thus vibrating asymmetrically in two orthogonal directions
and not at all in the third. In order to preserve the center of mass,
the central molecule must be translating independently in the x-~ and y-
directions. The frequency of oy is therefore included in Equation

(87). 1In normal mode Lo

#26,71 ¥ £76,83 (261)

- -1
0%, 77 ® 496,89 (262)
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-1 -1
%26,95 % 76,101 (263)

The cluster is thus stretching symmetrically in the x- and y-directions
and asymmetrically in the z-direction. This implies a z-translation of
the central molecule so that Vog is also included in Equation (87).

A similar procedure is used to determine the rotational external
modes of the central molecule of a medium cluster. Table XXITT shows
two eigenvectors for a typical 3-cluster. The mode labeled U8 con-
tains two torsional displacements, sBz—T(HzcicéH?) and 538—1(H201011H12),

with non-zero amplitude coefficients. Since

-1 ~ =1
%38, 32 ® %38, 38 (26%)

the two shell molecules may be visualized as rotating around the 0-C-C
axis in the same "sense" with respect to an external reference frame.
This is shown in Figure 8. In order not to impart angular momentum to
the entire cluster, the central molecule must rotate in an opposite
sense around the y-axis. The frequency of this mode is therefore in-
cluded in Equation (87). Eigenvector ;ZB'k in Table XXIII shows a

similar mode, but in this case

-1 -1
40,32 ¥ 140,38 (265)



Table XXTII

Identification of Central External Eigenvectors -~ 3-Cluster Torsional Modes

Eigenvalue 38 = 40,990

0.00000  0.00001
0.00042  0.00045
-0.00022 -0.00004
0.00002 -0,21850
~0.00007 -0,02935
Eigenvalue #0 = 40.835
-0.00007  0.00021
0.00001 -0.0C009
¢.00001 -0,00010
-0.00045 0.79088
-0.00028 0.013210

0.00000
0.00047
-0.00004
0.,00001

-0.00007
0.00001
0.00001
0.00079

-0.00001
~0.,00005
0.00096
0.01885

-0.00007
0.00007
0.00008

-0.15069

~0.,00005
-0,00100

0.00105
-0.00007

-0.00321
0.00209
0.00214
0.00008

-0.00000
-0.00018

0.00018
-0.01912

0.00076
-0.00013
-0.00013
-0.01317

0.00005
0.00072
-0.00077
0.00002

0.00439
-0.00229
~0.0023%
-0,00045

-0.00005
~0.00051
0.00055
0.21859

0.00039
0.00029
0.00035

0.79091

0.00000
0.00075
~0.00075
0.00001

-0.00312
0.00052
0.00052
0.00076

0.00005
0.00023
-0.,00027
0.01877

0.00079
-0.00049
-0,00054%

0.03967

..,frg'[_



Figure 8. Torsional motion in the
3-cluster. No net rotation of the
central molecule occurs in Qg
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The shell molecules are undergoing torsional motion in opposite senses
so that no central molecular rotation around the y-axis is implied. Since
torsional coordinate pairs in itrans positions occur in all sized clus-
ters, this type of analysis can always be performed.

Anocther set of examples illustrating the criteria used to assign
external frequencies will now be given. The equilibrium configuration
of a 3-cluster includes a C-C-C bond angle of 180°. The internal co-
ordinates consisting of angles H20106 and H201011 are therefore supple-

mentary. If, in 3-cluster mode g, ome valence angle bend increases

1

33

mode represents a central molecular rotation around an axis normal to

(positive ﬂ{ } while its supplement decreases (negative ££T39), the
the {cgc} plane. Alternately, if one angle increases (or decreases)
and its supplement increases (or decreases), the mode can be visualized
as one in which the two shell molecules are wagging in the same direc-
tion in the {Cgc} plane. In order to maintain the center of mass in
this latter case, the central molecule must be translating in the
opposite direction in the same plane. This is illustrated in

Table XXIV and Figure 9. In q35.
(266)

-1 o ol
35,33 ® ~%35,39

which implies a central molecular rotation; in Qg

-1 — -1
40,33 ® 440,39 (267)



Identification of

Central External Eigenvectors - 3-Cluster Central

Table XXTV

Nutational Modes-

Eigenvalue 35 = 55.404

-0.00000
0.00045
-0,00051
0.04519
0.00048

0.00000
-0.00278
0.00094
-0.00057
-0.,00487

Bigenvalue 40 = 47,34l

0.00067
0.00322
0.00245
0.07421
0.00021

-0.09726
-0.08672

0.09721
-0,00067

-0.00555

0.00000
-0.00118
0.00175
-0.84278

-0.05826
-0.04917
-0.00743

0.72484

~0.,00000
0.00007
0.00034
~0.04511

0.00211
0.00187
~0.02127
0.00620

.00639
.00019
.00216
.00089

00569
.00000
. 04598
. 00500

.04230

0.00045
0.00078
0.00022

.00892
04726
.00892
.00210

-0.00552
0.00034
0.00652
0.06711

-0.00121
~0.05238
0.03427
0.06922

0.00503
-0.00033
-0,00602
~0.00058

0.00121
-0.04721
0.02178
-0.00075

0.04300
~0.00046
~0.00138

0.83904

0.00891
0.05230
0.00230
0.75789

0.

00618 -
.00019
.00206

0.04632

.00570

0.00003

.00345
.00780

A
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Figure 9. Central nutations in the
3-cluster. Both modes involve motion
of the central molecule.
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which implies a central molecular translation. Both v35 and Vo are
therefore incorporated into the vpie A factor of Equation (85).

Table XXV and Figure 10 show two rotational modes for a 3-cluster
which are predominantly manifestations of shell motion. These are not
counted as external vibrations and do not enter into the calculation of
the A factor in Equation (87).

The simple cell model of the liquid state allows six external modes
for motion of the molecule under study — 3 translations and 3 rotations.
In general, however, the process of eliminating non-central meodes in
the medium cluster model leaves more than the expected 6 external modes
for the central molecule. This is a consequence of the anisotropic
nature of the model and is most evident in the smaller clusters. The
several central external modes must be reduced in number and combined in
such a way as to be easily asscciated with molecular translation and
rotation. Asymmetric C-C-C stretching in the 3-cluster, for example,
can obviously be associated with translation along the y-axis, as was
shown previously; but there are no carbon-carbon "bonds" in the x- or
y—-directions, so that translation in these directions must he viewed as
being due to bending of the C-C-C angle. $Such a C-C-C bend consists of
simultaneous in-phase displacement of supplementary HCCCCS angles. One
would not expect these three "translational" modes to be close in
frequency since they are defined with respect to symmetrically different
environments. Yet they should be degenerate because of the overall
isotropy of the real liquid phase. For the purpose of elucidating the
vapor pressure isotope effect, therefore, an average contribution from

translational modes has heen used to caleulate the A factor. According



Table XXV

Identification of Central External Eigenvectors - 3-Cluster Shell Nutational Modes

Eigenvalue 41 = 38.078

~0,00000

0.00028
~0.00000
-0.00616
-0.88015

-0.00034
-0.00089
0.00100
0.00492
0.08004

Bigenvalue 42 = 36.000

0.00121
~0.00056
0.07902
-0.03769
0.90019

-0.00089
0.00078
~0.01290
-0.00219
0.62801

~0.0003%

0.00100
~0.00103
-0.00121

-0.00078
0.00122
-0.03518
0.00079

0.,00167
0.00078
0.00004
0.00677

0.00121
~0.0013%
0.00045
0.00001

-0,00000

0.00109
-0.00000
-0.89981

0.00000
-0.00356
0.01560
0.80479

-0.00000
-0.00000
0.00109
0,07922

-0.00000
-0.,00143
0.00089
0.60053

-0.00000
-0.00055
-0.00000
-0.00610

0.00000
-0.00275
0.00273
-0.03601

0.00000
~0.00055
~0.00000

0.00503

0.00000

0.00355
-0.01297
~0.00300

0.00000
0.00000
-0.00109
0.00008

~0.,00000
0.0014%
-0.00384
0.00029

0.00000
0.00000
0.00000
0.00033

~0.00000
0.00275
-0.00241
0.00857

"O'f?I-
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Figure 10. Two 3~cluster modes involving
only shell nutational motion.
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to Equations {42) and (43), to a first approximation, each mode con-
tributes to the liquid-phase reduced partition function ratio as the

sguare of its frequenc;y (11)“'),
P T ':E:: f ~ :E:: 1
in —,f < s AU LY (268)

so that a root mean square average of frequencies is the appropriate
gquantity to consider as the vpie-related translational frequency. An
analogous situation exists for the central rotational modes, where

simultaneous out-of-phase displacement of supplementary HCCCGs angles

and HcccCsHs torsions are combined. In general, then, we have

assumed
3 5 W
2 o = 2
Z Lo T Z Yoluster (269)
trans trans
and

3 W
AuZ = 2 Au? (270)
i 1Y) cluster
rot rot

where the right sides of these equations span all w translational or
rotational modes found in the analysis of MCM eigenvectors and the
left sides are the two parts of the total external summation in

Equation (87).
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V. RESULTS AND DISCUSSION

With the medium cluster model, a methodeclogy exists with
which to examine the relationship between the vapor pressure
isotope effect and molecular structure in the condensed phase.
Specific interactions between a molecule in the liguid and the
molecules that make up the surrounding medium can be evaluated.
The model assumes

(a) the regularity of molecular position in any
small neighborhood of the condensed phase,

(b) harmonic potentials for all modes of vibration
in the liquid and gas phases as given by Equation (90), and

(¢) that the central molecule of the cluster is a
surrogate for the entire liquid phase as implied by Equations
(77) and (78).

In this chapter, changes in the predicted vpie produced
by variations of this hypothetical medel of the condensed
phase are presented. The A and B factors of BEquation (85) have
been examined as functions of MCM parameters such as cluster
size, m, molecular orientation, ggxyz)’ and intermolecular
separation, ,;;]. General statistical mechanical treatments
of conformational problems in liguids has been given elsewhere
(115,116,117); consideration here is restricted to a treatment

of analytical aspects relevent to the vapor pressure isotope
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effect.

The MCM theory has been used to calculate the vpie of the
spherical top methanes, 130H4, 14CH4, and 12CD4’ all relative
to 1EGHIAL with "best-fit" F-matrices constructed for each
different sized cluster via the techniques described in Sec-
tion IV-3. The condensed phase force field was optimized for
a cluster geometry based on the gear configuration (Bection IV-1
and Figure 2) with the intermolecular distance, |p |, egual to
3.817 2. Non-zero elements of F (m = 3,7,9,13) and Eg are
collected in Table XXVI. These matrices remain invariant as
other medium cluster parameters are changed.

A major accomplishment of the present research has been the
successful reproduction of the observed temperature dependence
of equilibrium vapor pressure ratios for spherical top methane
isotopes. In general, the results obtained via the MCM theoxry
are closer to experiment than the results calculated by
Bigeleisen, Cragg and Jeevanandam (40) through the use of the
simple cell theory. Table XXVIT compares vple parameters A and
B determined experimentally with values calculated from the
simple cell model and the medium cluster model. It will be
shown in Section V-3 that the MOM theory can alsc be used to

calculate #n(P'/P) for non-spherical top methanes.

V-1: The Vapor Pressure Isctope Effect and Molecular Orientation

An aggregate of m methane molecules can assume an infinite

number of configurations depending on the relative orienta-



Table XXVI

(v)

Medium Cluster Model Force Field for Methane

F (a.) f_1:' . fa rr f;:tx fC.LOC 7
0 O [e]
~ (mdyne/A) (mdyne-A) (mdyne/A) (mdyne) (mdyne'a) ~e
£C 5.4573 0.5654 0.1240 0.1901 0.0190
F
~3 £S 54762 0.5657 0.1240 0.1776 0.0190
. ' o
f 5.4573 0.5612 0.1240 0.1993 0.0190 1l I I
F o o o
~7 £5 54887 0.5668 0.1240 0.1707 0.0190 5 b o
(o] \n
] £¢ 5.4573 0.5590 0.1240 0.1989 0.0190 5 g %%
~9 £ 5.4903 0.5668 0.1240 0.1692 0.0190 EI g
» - o=
. o o T S
£© 5,145773 0.5610 0.1240 0.1966 0.0190
F
~13 £ 5.4019 0.5673 0.1250 0.1676 0.0190

(a) All other elements are zero - o
(b) Optimized for gear geometry; |p]=3.817 &

-Gy



Table XXVII

Comparison of Medium Cluster Model A and B Values

with Experimental Results for Spherical Top Methanes

Molecule(a') Experiment MCM(b) Simple(;-?ll

3 i 9 13 model c

"20H, 93.8 * 6-1(‘1; 90.66 91.03 91.24 91.39 86.9

A (ox?) Oy 2314 t1o.0§°) 171.01 171.71 172.13 172,04y 163.9
120D, 89477 6.8'° 917.92 924,93 928.09 932,44 3.2 .
#CT, - 1327.06 1304,12 - - . %i

1308, 0.535 =0.06(2) 0.5519 0. 565k 0.5425 0.5586 0.32

B (oK) 4CHy, 1.52 0.1 (C) 1.0169 1.0623 1.0195 1.0423 0.60

20D, 11.097 *0.06%° 10.9855 10.888% 11.0937 11.0349 11.92

20T, - 14.9493 14.9260 - - -

(a) All species referred to 12CH,

(b) Gear geometry; |?|=3.81?R
(e¢) Ref. (40)
(d) Ref. (34)
(e) Ref. (118)
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tion, Qi, of each member. Medium cluster model calculations
may be performed for any such configuration, and an evaluation
of vapor pressure isotope effect parameters A and B as a
function of orientation can be made. Since it would not

be practicable — or particularly informative — to examine
all possible orientations of methane in the liquid state,
attention has been restricted to cluster configurations based
on the parallel rocket, antiparallel staggered, and gear geo-
metries mentioned in Section IV-1. The carbon-carbon distance

Q
was held constant at 3.817 A.

We first considered a 3-cluster of 1ECH4 in a parallel
rocket geometry with three corresponding CH bonds placed along
the y-axis and the remaining CH bonds in an eclipsed con-
formation as shown in Figure 11. With the methods outlined
in previous chapters, and using internal coordinates as defined
in Section IV-2, the secular equation for this 15-atom
aggregate was formulated and solved, and the eigenvectors
representing central molecular vibration were identified.

The corresponding eigenvalues expressed in wavenumbers were

found to be



X

Figure 11, Methane 3-cluster in the rocket
The shell molecule on the right

configuration,
is molecule 2; that on the left is molecule 3.

—8Y1-
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( 3133.624 v, (4,)
1573.200 )
1571633 f= V2 (B

3140.568 ]
central optical modes -— 3140.355 [— v, (Ta)

3140.347 |
1355.733

1353.006 — v, (T,)
1351.511

~

.

‘132,632 )
10.426 — translation
10.310 |

75.570 |
74,157 b— rotation

54.065 |

central acoustical modes-

Comparison of the cluster optical freguencies for 120H4 %ith
the simple liquid cell (BCJ) frequencies in Table VIII shows
that the non-isotropic nature of the medium cluster model has
broken the vibrational degeneracy observed for methane in the
isotropic cell model. Nevertheless, the MCM frequencies can
still be loosely assoclated with the gas-phase modes of methane
given in Table III. The group-theoretical representation of

CH4 vibration, rvib' is

., = 4 ®E@2T, (271)
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These symmetry labels are indicated to the right of the
associated MCM frequencies in the above list. The broken
vibrational degeneracy of the central optical modes in the
MCM theory reflects the observed phenomenon of broadening
of spectral absorptions in the liquid phase (119).

The external frequehcies of the 1QCH# 3-cluster are also
non-degenerate because of the anisotropy of the model. The
simple cell theory gives identical eigenvalues for three
translational motions dependent only on the total molecular
mass [ cf. Equations (149) and (150)7], and three identical
eigenvalues for rotational motion for spherical top molecules
[Bquation (151)]. However, in the linear 3-cluster model of
the liquid state, translational vibration of the central CHQ
in the y-direction is more restricted (higher freguency) than
x or z translation due to the presence of two shell molecules
along the y-axis, 8Similarly, rotational vibration of the
central CH4 around the CCC axis is of low frequency because
this ﬁotion involves only small tangential changes in the
interatomic distances within the cluster, while rotational
vibration of the central CH4 around the x or z axis causes
large radial changes in the interatomic distances, and the ener-
gy of vibration is therefore greater.

The vibrational frequencies of a 3-cluster of 1SGH4 in
the same configuration were found in an analogous manner, and,

with Equations (86) and (87), the A and B factors of 13CH), (with
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IECHu as the reference isotope) were evaluated. The conforma-
tion of the condensed phase clusters was then altered by
rotating the central molecule around the y-axis, and again A
and B were evaluated. By continuing this process -— with each
step requiring the solution of two 42 x 42 secular equations —
a plot of the vpie parameters as a function of 9{ was obtained.
The results for a full 360° rotation of the central molecule
around the y-axis are shown in Figure 12. HEvaluations were
made at 20° intervals.,

Simultaneous rotation of both shell molecules in the same
sense, while keeping the central molecule fixed, naturally gives

identical results to those of Figure 12:
B13(-07) = B13( 0%, 0Y) (272)
113(-07) = n13(0%,0%)

If only one shell molecule was rotated around the y-axis, how-
ever, the results obtained were somewhat different. Figures
13 and 1% show that rotation of the molecule on the right of
the 3-cluster rocket configuration (molecule 2), which has a
CH bond on the y-axis pointing away from the central molecule,
has a larger effect on the 13CI~I4 factors than does rotation of
the methane on the left (molecule 3), which has a CH bond

pointing toward the central molecule. Comparison of Figures
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92.0—

91.0

'S

[

o.

< 90.0

89.0
| | | |
-180° -120° 60° o° +60° +120° +180°
6]
l | 1 I

0.575 |~ —

0.570
0.565
0.560 - —

| | | |
-180° -120° -60° 0° +60° +120° +180°
o;

Figure 12. The vpie of 'CH, in the 3-cluster
rocket configuration as a function of central
molecular rotation around the y-axis.
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| | I
92.0 — —
'S
;j 91.0 — —
<!
90,0 |— —
-180° -120° -60° o° +60° +120° +180°
A
0.570 f— —
;j 0.565 }— —
m
0.560 }— _
-180° -120° -60° o° +60° +120° +180°
ey

Figure 13. The vpie of ™*CH, in the 3-cluster
rocket configuration as a function of rotation
of molecule 2 around the y-axis.
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Figure 14. The vpie of ')CH, in the 3-cluster
rocket configuration as a function of rotation
of molecule 3 around the y-axis.
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12 — 14 also shows that the rotational effect on the isotopic
zero point energy shift difference is additive; that is, the change
in B obtained by simultaneous rotation around the y-axis of

the two shell molecules is equal to the sum of changes in B

produced by rotation of the shell molecules separately,
B2(0%,87) = 313(933’) + B13(07) (274)

The external frequency term is not exactly additive with respect

to rotation around y:
13 Yy o 13fgy 13 ¥y
A (93,92) + A (93) + A (92) (275)

Some limited conclusions can be drawn from these simple
manipulations of the rocket 3-cluster. It is apparent that the
sinusoidal behavior of A and B in Figures 12 - 14 is a result
of variations in interaction energy between the hydrogen atoms
not situated on the y-axis. Since an eclipsed conformation is
generally associated with a2 higher potentlal energy, and the
maximum A value is observed for the eclipsed rocket geometry,
it follows that the A factor is a direct indicator of the poten-
tial behavior. This is in accordance with the Herzfeld-Teller
relation given by Equation (7). Equation (275) shows that rota-
tion of the shell molecules separately does not have the same

effect on the accoustical spectrum as rotation together. This
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is a result of the fact that the external coordinates defined
with respect to each of the shell molecules have atoms in
common with the central molecule, producing non-zerc off

diagonal terms in the Ge, G, and G__ regions of the G-

~oe ~S e
matrix. Some of these elements of G inveolve the reduced mass
of the isotopically substituted carbon. Since a one-term

approximation of the orthogonal polynomial expansion of £n §'f'

Equation (43), is given by (49,120)

W
s 1 2
fn = f =~ — Al 276)
S 24 ; 1 (

fn z,f ~ T: ( )EEf (g - ij) (277)

it can be seen that an effect on the reduced partition function
ratio is produced by any elements of the 3-cluster Ge’ Gce or

G for which
se

~J

gl.-g.. + 0 (278)

Some of these same gij are orientation dependent as well. For
example, the kinetic energy interaction term betweén central
Bg(Hjclcs) nutation and shell r, (06H8) stretching (in the G,

region of G) is given by



-157-

1L
gBers = —R(—}sin Bscos Ty (2?9)

where R is the carbon-carbon distance, 8, is the equilibrium
H8060 angle and 7, is the equilibrium HBClcéHB dihedral angle.
This coordinate interaction is thus dependent on both mass (pc)
and orientation (’1) with respect to rotation around the y-axis.
The zero point energy shift is additive since B is not
strongly influenced by external coordinates and all elements
in G and G _ are equal to zero [Equation (183)] and each
shell molecule affects the central optical modes independently.
The magnitude and additivity of the y-axis rotational
effect can be summarized by a list of the total amplitudes

in Figures 12 - 14:

Al3 _pAl3 Ris3 —Bl?

max " min max “min

(1) central rotation 2.77 °K= 0.0123 °K
(2) molecule 2 rotation 1.74 oKe 0.0073 °K
(3) molecule 3 rotation 0.54 oK2 0.0050 °K
total (2) + (3) 2.28 °K=2 0.0123 °K

Migure 15 shows the effect of rotation of the central
molecule around the z-axis for a 3-cluster of 13(11-11‘L in an
eclipsed rocket geometry. A compound sinusoidal curve with

period 2y i1s observed; the maximum A is found when the hydro-
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Figure 15. The vpie of 'SCHu in the 3-cluster
rocket configuration as a function of central
molecular rotation arcund the z-axis,
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Figure 16. The vpie of '°CH4 in the 3-cluster
rocket configuration as a function of central
molecular rotation around the x-axis,
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gens on molecules 1 and 3 are pointed toward one another.

Figure 16 shows the behavior of the vpie factors A and B as a
function of rotational displacement of the central molecule around
the x-axis., In this case, a rotation by 109° around x brings

a second hydrogen (HB) onto the y-axis (see Figure 11), S0 that
the resulting geometry is equivalent to rotation of the central
molecule around the y-axis by 180°. As expected, Figures 12

and 16 show that

B13( ©7=109°) = B23( 07=180°)

(280)

Al3( @ ’1‘=109° ) = A13(07-180°)

In Figures 17 - 19, the effects of central molecular
orientation on A and B for a 1ECD4 3-cluster in the rocket
configuration is shown. In general, the variation of
on %.f(lEGDu/lacHu) is seen to be larger with differing con~
formation than the corresponding variation of £n 2,f(13GH4/130H4).
The variation in A and B over full 360° rotations of the cen-
tral 12CD around x, y, and z is about 10% (relative to the
values at zero orientation change) while full rotations of
130H4 produce a 3% variation. This can be interpreted in terms
of the orthogonal polynomial expansion of in E.f as follows. As
shown in Equation (277), a one-term approximation of the

reduced partition function ratio is dependent on a linear
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Figure 17. The vpie of 'ZGDu in the 3-cluster

rocket configuration as a function of central
molecular rotation around the y-axis.
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Figure 18, The vpie of '!cD, in the 3-cluster

rocket configuration as a function of central
melecular rotation around the =-axis.
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Figure 19. The vpie of 261y, in the 3-cluster
rocket configuration as a function of central
molecular rotation around the x-axis.



~16M-

difference of G-matrix elements, gij“gij' In general, each of
- these elements gij is a sum of products of (a) a mass dependent
part, expressible in terms of reduced masses, Ly s and (b) a
geometric part, expressible in terms of bond lengths and the
equilibrium values of the bond angles also used to define
nutational and torsional vibration, Bi_and T Since orienta-
tion and geometry are the same for both the light and heavy
condensed phase clusters, all non-vanishing (gij_gij) terms
are of the form

1 - = T
815 = B (ns ui)EiJ- (281)
where Sij is a function of orientation and geometry. The
magnitude of the vapor pressure isotope effect of 1QCD4 is

greater than that for 130H4 mainly because

(i—li'_ - pi)laCDLp>> (P-;_ - ui)lacHh’ (282)

and the number of non-vanishing Api for l"3(1D]_,, must be comparable
to the number of non-vanishing Ay, for 13GH4 since in 1EGD4 there
are four atoms that are isotopically substituted, while in

13CH, every internal coordinate involves the central 13(g/12g
atom. However, because the terminal hydrogen atoms are

involved in a greater number of internal coordinates for
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which Eij has a strong dependence on orientation, the vpie
of 1ECD4 shows a greater relative variation with central

molecular rotation than 13CH4.

V-2: Total Orientaticnal BEffect — The Larger Clusters

A more complete study of orientational effects on the
vpie has also been performed using small perturbations of fixed
intermolecular conformations for different sized clusters.
The results presented in this section assume the invariance
of the F-matrices given in Table XXVI and an intermolecﬁlar
distance equal to 3.817 K.

Figure 20 shows the A and B factors calculated for
130H, (relative to 12CHLL) for 3-, 7-, and 9-clusters as a
function of angular perturbation of the central molecule from
a gear geometry. The midpoint of the abscissa of each graph
in Figure 20 corresponds to a cluster geometry with each member
molecule having the same orientation in space ("perfect" gear
geometry). The central molecule of each cluster was rotated
slightly around the x-, y-, or z-axis while holding the shell
molecules in fixed orientations. The calculated A and B values
change with respect to each of the three orthogonal rota-
tions; this change is represented by three appropriately
labeled curves for each sized cluster.

As shown in Figure 20, the variation of A and B caused by
central molecular rotation is greatest for the 3-cluster, the

most anisotropic of the different liquid phase models. As
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the cluster size increases, the liquid model becomes more
isotropic as viewed from the central molecule, and the magni-
tude of A and B variation for equivalent angular distortion
decreases markedly. While the absclute values for A and B
for the perfect gear geometry are slightly different for the
3-, 7-, and 9-clusters (due to the different F-matrices used
in each case), the relative effect of orientational distortion
for lSCH& clusters obviously decreases with increasing m and
increasing liguid-phase isotropy. The central molecule of

a 13-cluster was similarly rotated by *20° and *50° around
the x-, y-, and z-axes; the vpie parameters for this case
(Table XXVIII) show virtually no change with gear geometry
distortion, and x, y, and z rotation of the central 13CH4
would produce a single, nearly horizontal line for A and B
if plotted to the same scale as is used in Figure 20.

Figure Ei gives the resulis for an analogous study on the
total orientational effect on the vpie of 14GH#. The de-
pendence of A& and B on central molecular distortion from
the gear geometry is similar to that for 13CH4. Such simi-
larity in the shapes of the A and B curves is reasonable
since carbon is the isotopic substituent in each case,

The total orientational effect for 1ECD4 in the gear
geometry is given in Figure 22. Because the hydrogens,
rather than the carbons, are isotopically substituted, the

shapes of the A and B curves as a function of central mole-



Total Orientational Effect for

_1?0...

Table XXVIII

the 13-Cluster

. 13CH 140H 120D
Basic . . L L L
a " §(orientation)
someREy A(°x?) B(°K)  A(°K?) B(°K)  A(°K®) B(°K)

+50 91.39 0.559, 172.44 1.0k2 932.44 11.035

o g =] R0 91.39 0.559 172.54 1.043 932.44 11.034

x'y -20 91.39 0.559 172.44 1.042 932.44 11.035

Gear -50 91.40 0.560 172.46 1.041 932.42 11.033

+50 91.41 0.561 172.49 1.043 932.44 11.031

g = ) +20 91.b0 0.562 172.47 1.042 932.44 11.033

z -20 91.40 0.562 172.47 1.042 932.45 11.035

~50 91.41 0.560 172.48 1.043 932.44 11.034

+50 91.40 0.559 172.45 1.044 932.44 11.035

o | 20 91.40 0.559 172.45 1.044 932,44 11.034

x -20 91.39 0.559 172.45 1.044 932.43 11.035

-50 91.39 0.560 i72.45 1.044 932.43 11.036

+50 91.39 0.560 172.45 41.084 932.44 11.035

aggered  _ ] 420 91.39 0.360 172.45 1.044 932.44 11.035

para. v | =20  91.39 0.559 172.46 1.045 932.44 11.035

-50 91.40 0.559 172.45 1.044 932.44 11.035

6 ={ +50  91.40 0.560 172.45 41.045 932.45 11.034

7 -50 91.40 0.560 172.45 1.044 932.44 11.035

+50 91.39 0.560 172,45 1.046 932.43 11.035

o = | *20 91.39 0,560 172.45 1.045 932.43 11.034

x -20 91.40 0.560 iv72.44 1,085 932,44 11.035

-50 91.39 0.560 172.44 1.045 932.45 11.035

+50 91.41 0.561 172.46 1,045 932,46 11.036

Rocket 6 = +20 91.40 0.559 172.46 1.045 932.45 11.036

y -20 91.40 0.559 172.46 1,045 932.45 11.036

-50 91.39 0,559 172.45 1.045 932.44 11.035

6 =1 +50 91.40 0.560 172.45 1.045 932.45 11.033

z -50 91.39 0.560 172.45 1.04% 932,45 11.033
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cular orientation are generally different from those of 130H#
and 14CH4. The effect of increasing cluster size, however, is
the same: as m increases, the variation of fn %'fc with
differing intermolecular conformation becomes smaller.
Variations in A and B for the 126Du i3-cluster are again

less than those observed for the 9-cluster (Table XXVIII).

Figures 23, 24, and 25 show the results of orientational
studies obtained for 1SGH4, 14CH4, and 12GD4 with a starting
geometry of each cluster (0° on the horizontal axes) based on
the staggered antiparallel conformation. The symmetry of
this configuration for the 3- and 7-clusters are such as to
cause the variation of vpie parameters with central molecular
rotation to be symmetric with respect fo the ngyz)=0° line.
The results for the staggered antiparallel geometry distortion
summarized in Figures 23 - 25 reinforce the conclusions reached
in the gear geometry studies above.

The eclipsed rocket geometry, described in Section V-1,
was used as the basis for the last group of total orlenta-
tional studies. The effect on the vpie parameters A and B
caused by deviation from a perfect rocket geometry of 13CH, ,
14CH4, and lECD4 clusters is shown in Figures 26, 27, and 28,
respectively. Results shown for 130H& and 12CD4 3-clusters
are the same as those given in the middle -60° to +60° segments
of Figures 12 and 15 - 19, The variation in A and B with

central rotation again shows a diminishing trend as the cluster
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size, m, is increased. The 13-cluster results are included in
Table XXVIIT.

Bigeleisen and Ishida (121) state that, in general, the
vapor pressure isotope effect is a poor criterion of mole-
cular geometry. The application of the medium cluster model
presented in this section has shown that, in the absence of
specific directional forces such as dipole-dipole interactions,
the vpie is alsco a poor criterion of molecular orientation in
the liquid phase. The general success of model calculatlions
with harmonic external restoring forces in predicting the
observed vpie of CHQ isotopes is evidence for hindered
molecular rotation in the methane condensed phase (40,122,123).
However, the medium cluster model, with its consideration
of specific intermolecular motion within a molecular — rather
than external — reference frame, alsc shows that the vple is
not strongly dependent on the mutual orientations in which the
molecules are constrained. For cluster sizes which simulate
realistic coordination numbers (124,125) in the liquid phase
(say, m = 9), the variation in vapor pressure isotope effect

falls well below the level of experimental detectibility.

V-3: Non-spherical Top Methanes

The results presented in the previous section suggest
that for large clusters (m29), the orientational influence
on the condensed phase reduced partition function ratio is mini-

mized. This fact can be used to extend the applicability of the
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medium cluster model to non-spherical top methanes.

Within the Born-Oppenheimer approximation, molecules such
as HD or CH3D exhibit no permanent dipole (61) and, to a first
approximatioﬁ;lwill show no preferred orientation of deuterium
atoms among condensed phase molecules. For this reason, a
vapor pressure isotope effect calculation for 1ECH3D using the
medium cluster model would violate the Born-Oppenheimer
principle unless results were averaged over all possible mutual
orientations of the lone deuteriums. For a 3-cluster, each
intermolecular conformation would require 4 x 4 x 4 separate
cluster analyses, one for each combination of deuterium posi-
tions in the 15-atom aggregate. Some lone devterium orienta-
tions are equivalent, and an appropriately weighted average of
each orientational contribution to 2n zyfc could be used. While
this same violation occurs in larger clusters, the results of
Section V-2 show that all orientational effects on the vpie
become small as the model becomes more isotropic. The vpie
results obtained for any arbitrary position of the lone deuterium
in the central molecule of a 9- or 13-cluster of 12GHBD are
representative of those for any other possible deuterium
orientation.

The A and B factors calculated for some symmetric and
asymmetric top methanes using a 9-cluster model in the gear
geometry are shown in Table XXILX, together with results obtained

for 130H4; lQCH@’ 13(2‘D4. The 9-cluster F-matrix in Table XXVI



Table XXIX

A and B Values for Methane Isotopes

oK2 o

Molecule _ (a)A (oK) MCM(b) ) (2) B (oK) MCM(b)

Experiment Cell Q-cluster Experiment Cell Q-cluster
130H4 93.8% 6.1 86.9 91.2 0.535%0.06 0.32 0.543
140H4 231.1110.0 163.9 172.1 1.42 0.1 0.60 1.019
120H3D 292.2% 3.7 282.8  290.7 2.995:0.03 2.86 2.931
1EGH3T 502.8% 6.5 453.5 481.5 L.82740.07 L.20 L.,760
1ECH2D2 535.8% 5.3 529 .4 529.0 5.85410,05 5.78 5.798
120HD3 748.5% 6.1 763.2 756.0 8.687+0.06 8.96 8.690
1ECD4 894.7+ 6.8 9k3.2 028.1 11.0974£0.06 11.92 . 11.09%
(a) Ref. (40)
(v) Gear geometry; |7|= 3.817 2

~-081-
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was used; the intermolecular separation was 3.817 K. Since the
F-matrix was calculated from a "best-fit" procedure with
spherical top molecules only, the close agreement with the
experimental vapor pressure isotope effects is especially

interesting.

V-l: Variation of Intermolecular Separation

The final MCM parameter variation considered in thils
thesis research was alteration of the intermolecular distance,
R (= ﬁﬂ). A gear conformation for all siged clusters was used
and the F-matrices given in Table XXVI were assumed to be
invariant with changing intermolecular separation;

Meures 29, 30, and 31 show the calculated A values as a
function of |p| for m-clusters (m = 3,7,9,13) of lscHu, 14GHQ,
and 12CD,, respectively, relative to 12CH”‘. Computations were
done at 0.2 ﬁ intervals over the range of |31 =3 X to
|71 = 10 £ form = 3, 7, and 9, and at 1.0 A intervals for
m= 13. For all isotopes, the A factor decreases monotonically
as the intermolecular separation increases. This behavior is
expected since the external modes for both the heavy and
reference isotopic species become unrestricted at large separa-
tion and approach zero frequency. The curves in Figures 29 - 31
have a finite limit at infinite separation because of the
assumption of pure harmenic motiont: at larger intermolecular

distances, the "true" potential begins to flatten, but the

harmonic potential continues to increase indefinitely, becoming
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a poorer and poorer approximation as the amplitude of external
vibration gets 1arger (63). Since we are concerned with the
general vapor pressure isotope effect behavior in the neighbor-
hood of 4 K separation, this artifact can be ignored. In general,
all three spherical top methanes show a very weak dependence of

A on intermolecular separation; the change in A for medium cluster
models of 3, 7, 9, and 13 molecules is always less than 13 % for
130H4 and 1"'CH4 as f?[ is Vfa.ried by +50% from 3 AO to 5 K, and
always less than 1% for J~"30D1,_.

The effect of |?r| variation on the B factors of 130Hu,
14034, and 120D4 is shown in Figures 32, 33, and 34, respectively.
The variation in the isotopic zero point energy difference as
|71 goes from 3 A to 5 A is about 1% for all isotopes. 20D,
shows, as expected, the monotonically decreasing B with increasing
r;| for all m. The harmonic defect at large intermolecular
separation, mentioned above in connection with the A factor,
is also in evidence for BD. The carbon-substituted methanes
show the additional anomaly of monctonically increasing B values
with increasing |p| for m27.

Because the internal coordinates of the central molecule
do not involve changes in the carbon-carbon distance, the weak
dependence of B on intermolecular separation must be due to
a kinetic energy interaction between central internal coordinates
and intermolecular external coordinates. Thése interactions

are represented by elements in the Efe region of the G-mabrix
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Figure 34. The vpie B factor for '2CDLF as a
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shown in Equation (183). The interaction terms in this region
are of six possible types: three represent the interaction of
internal CH stretching with external CC stretching (grR), HCCH
torsion (ng) or CGCH nutétion (grﬁ), and three represent the
interaction of internal HCH bending with external stretching
(gaR)’ torsion (gdf), or nutation (%IB)'

Table XXX lists the optical eigenvalues of the central
molecule (in em™*) calculated for 2CH,, CH) and *2CD) in
both the 3- and 7-cluster for |p| = 3 K and |7|= 10 K. Gas-
phase frequencies for each of the molecules are also listed for
comparison. The difference in frequencies between the fﬁT =10 K
column and the gas-phase column is a result of the harmonic
defect, No differences are observed between |f|= 3 K and
|2l = 10 & for frequencies v,(A,) or v,(E), and only very
minor differences are seen for v;{T;). The largest of the
small frequency differences is exhibited by v,{(T,). Since
v, is an HCH bending mode only, to a first approximation,

the intermolecular distance effect on B must be the result of

g,

«R® B’ and/or 848 interactions.

To first order, £n %,f is dependent on the sum of the
products of corresponding E— and E—matrix elements as shown by
Equation (277). In order to determine which kinetic energy
interaction terms are primarily responsible for the intermole-
cular separation effect on the zero polnt energy (and the

anomalous behavior of B3 and B4 vs. |#| for m27), the zero-



Table XXX

Central Internal Frequencies at Different Intermolecular Distances

1 ECH}.;,

|F|=10K l-f;l= 3?1 gas

ISCHI_I,

[7l=102 [pl= 3% gas

IEGDL],

71=10% [7|- 3% gas

It

3133.624 3133.624 3143.741

1573.200 1573.200 1574.215
1571.633 1571.633 1574.215

3180.568 3140.568 3154.097
3140.356 3140.352 3154.097
3140.348 3140.344 3154.097

1355.669 1355.735 1357.435
1353.002 1352.999 1357.435
1351.516 1351.502 1357.435

3133.624 3133.624 3143.741

1570.371 1570.371 1574.215
1570.277 1570.277 157%.215

3139.725 3139.721 3154.097
3139.722 3139.713 3154.097
3139.710 3139.698 3154.097

1359.479 1359.462 1357.435
1352.481 1352.644 1357.435
1348 432 1348.383 1357.435

3133.624 3133.624 3143.741

1573.200 1573.200 1574.215
1571.633 1571.633 1574.215

3129.902 3129.902 3143.076
3129.721 3129.717 3143.076
3129.715 3129.711 3143.076

1347.016 1347.058 1348.914
1344.377 1344 .374 1348.914
1342.675 1342.863 1348.914

3133.624 3133.624 3143.741

1570,364 1570.364 1574.215
1570.276 1570.276 1574.215

3129.179 3129.175 3143.076
3129.177 3129.169 3143.076
3129.169 3129.159 3143.076

1350.757 1350.742 1348.914
1343.760 1343.743 1348.914
1339.670 1339.626 1348.914

2216.648 2216.648 2223.804

1112.848 1112.848 1113.561
1111.738 1111.738 1113.561

2320.618 2320.618 2333.20t
2320.075 2320.064 2333.201
2320.03% 2320.023 2333.201

1029.364 1029.354 1027.032
1024 .809 1024.806 1027.032
1023.951 1023.926 1027.032

2216.648 2216.648 2223.804

1110.943 1110.942 1113.561
1110.79% 1110.793 1113.561

2318.982 2318.971 2333.201
2318.951 2318.927 2333.201
2318.879 2318.948 2333.201

1030.825 1030.791 1027.032
1025.000 1024.984 1027.032
1022.833 1022.752 1027.032

-061-
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order F-matrices given in Table XXVI have been supplemented

by the inclusion of non-zero faH' f

and f . interaction terms.
ar o

P
The results are shown in Table XXXI. The quantity € is defined
as the difference between the zero point energy shifts for

7] = 3 h-and |7} =10 &,
i L] —h (o)
Q = B(lpl=34) ~ B(Ip| =104) (283)

A positive @ represents a 'normal", monotonically decreasing,
B vs. I# | behavior.
As can be seen from Table XXXI, small changes in all equi-

valent fd and faB terms have the greatest influence on the

R
behavior of B as the intermolecular distance is varied. Further-
more, there exists a range of values of faH for which @ is
positive for both carbon-substituted methane and hydrogen-
substituted methane in 3- and 7-clusters.

While these results show that components of the molecular
force field in the liquid phase far removed from the diagonal
of F can influence the general behavior of the reduced partition

function ratio, the effect of varying the intermolecular

separation is of very small magnitude.

V-5: Coneluding Remarks

This research has developed a new model for condensed phase
interactions derived within the framework of the Born-Oppenheimer

and harmonic approximations. The general usefulness of the



Table XXXT

Separation Effects in the Zero Point Energy Shifts

with Augmented Liquid-~phase Force Fields

m= 3 m=7
r |
~Ce Q (13CH4) Q(lécHL,_) Q (120134) Q (13cHu) Q (140H4) sz(lecna)
-0.010 +0,0162 +0.0230 +0.0984 +0.0331 +0.0806 +0.,0861
foaR -0,005 +0.0156 +0,0210 +0.0895 +0.0246 +0,0201 +0.0794
(mdyne) 0,000 +0.0151 +0.0191 +0.0622 ~0.0091 -0.0167  +0.0641
+0.005 +0.0150 +0.0186 +0.0556 -0.0228 -0.0307 +0.0246
+0.010 +0.0148 +0.0184 +0.0501 -0.0290 -0.0376 +0.0125
-0.010 +0.0150 +0.0196 +0.0586 -0.0084 -0.0159 +0.0600
£ -0.005 +0,0151 +0,0193 +0,0604 -0.0089 -0.0164 +0,0626
Q
(mdyne-A) 0,000 +0,0151 +0.0191 +0.0622 -0.0091 -0.0167 +0.0641
+0.010 +0.0150 +0.,0196 +0,0677 -0.0096 -0.0170 +0.0685
-0.010 +0,0312 +0,0307 +0.1102  +0.0112 -0.0357 ~0.0150
faB -0.005 +0.0222 +0.0261 +0,0868 +0.0103 -0.0103 ~0.0312
Q
(mdyne-A) 0.000 +0.,0151  +0.0191 +0.0622 -0.0091 -0.0167 +0.0641
+0.005 -0.0030 +0.,0104 +0.0344 -0.0292 -0.0311 -0.0097
+0.010 -0.0086 +0.0006 -0.0018 -0.0302 -0.0360 -0.0152

-261-
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medium cluster theory for predicting and interpreting the vapor
pressure isotope effect has been demonstrated; in particular,

the observed vpie for a series of isotopic methane derivatives

has been successfully reproduced with better agreement with
experimenf than has been possible using the simple .cell model.

We have concluded, however, that insofar as the medium cluster
model provides a reasonable picture of the liquid state, the vpie
is not sufficlently sensitive to molecular orientation to permit
an experimental determination of intermolecular orientation in the
condensed phase through measurement of isotopic pressure ratios.
The very fact that the MCM calculations have shown the virtual
independence of the vpie on molecular orientation at large cluster
siges is a demonstration of the general acceptability of the

cell model assumptions as far as the vpie is concerned.

Future applications of the MCM theory might include an
examination of systems that exhibit strong association in the
condensed phase. As mentioned in Section IV-3e¢, the external
part of the MCM force field, Ee, consists of m-1 submatrices
which were assumed to be identical in this study for the methane
case [ Equation (216)]. By assigning larger corresponding ele-
ments to one submatrix while keeping the others equal, a dimer-
like interaction in the condensed phase is simulated, so that
a correlation between molecular association and the vpie may be
investigated. The methodology developed in this research -will
also be useful in other aspects of condensed phase theory such as

the effects of "holes" and molecular dislocations.
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PROGRAM 9209p

THE PURPOSE OQF THIS PROGRAM IS To CALCULATE AN X-MATRIX
FOR USE WITH THE 9071 PHROGRAMuisvw.ass

IF L = 1¢ AN ASSUMPTION OF PLATONIC CLUSTER SHAPE IS MADE
CLUSTER SIZ2E = M MOLECULAR SIZE = N

DOUBLE PRECISION PSI«THETAWPHI A He¢RHOX1 TEMP

DIMENSION A(13+¢13)4B({13¢13)RHO(L3)+X(13¢316)¢PHI(13)
1THETAT13)4PSI{13)NCOLLISB)

REAL*8 MODELIG) /Z'Z2=Y=X' 10 lela¥?  t¥uZaXt st Y=X~2",
1'X-Z2=Y's'X~Y=2"/

INTEGER LABELU{3} 72t 'Y 'y iXt/

DATA A/Z148%0, 133904 945,12590.440,945, 135040904230, 42490,¢45,42x90

_1l 10eav45.93%0. |90-13*0. l90.1135¢12t90.|0l l‘}5.|3#0.|90.

2000

20
21

13

22

23
17

483

8y

56
55

214%04 4135, 40,¢904+0ar454¢3%04490,,
3 5%D0ar1B80ae2#00 11354 43%¥00a 990 v6%¥0,44180,+0,4135,4¢3%04¢904
48*011135-'3*01130-la*ﬂo11350'3*0.0300|12*Uo|30.'12*0-l1500012*°o|
5150,¢12%0,4150.7

DATA B/28%0,+180.4120,4180.¢12044904+022¢20¢33304460,4,
13%04+2404 990002400 v1800904¢180,93%0441200+4%044270,004¢270,+3%0
20!1800!12*0.l2q0n08t0-|gocQ3*0.0300-!8t0-|180|03*00|30005t0.0270-|
330, 9150¢v12%0442704412%044904+1240,0210¢412%0,4330./+pI/3,14159/
READ(5+1) IDENT+N.M+L

FORMAT{u4I6)

IF(6+IDENT) 3000.20.3000

DO 21 U=1.N

READ (S+2) (X{L1+Ked)aK=143)

FORMAT {3F14,.6)

IF(L.EQ.1) GO TO 22

DO 13 I=2.+M

READ (5+3) RHO(I)+A{MeI}+B{MsI)

FORMAT(F1L ,6:2F10,6)

GO 10 17

READ (5+4) RHO(2)

FORMAT (F1l4,6}

Do 23 1=34M

RHO({I}=RHO(2)

CONTINUE

WRITE(G648) M

FORMAT("1* ' THE X=MATRIX FOR THE "+12,"~CLUSTER FOLLOWS®)
WRITE(6+483)

FORMAT('"+*438('.")1}

WRITE(6+4814)

FORMAT(*D*}

00 55 1=2+M
XUXelal)=SNGLIX(1+141)+RHO(I)*0COSIAIM+II %], 7453292519944D=02)1)
IF(DABS(X(T42¢1))4LEL(D.D00001)} XiIe141)=0,0

XCI w201 ¥=SNGLIXIL 2« L)+HHOT Y} #DSINCAIM I #1,7853292519944D-02)
1*DCOS(BIM s T1#1,7453292519944D=021)
K(Te341)=SNGLIX{1+3¢11+RHOLII*DSIN(A(M I}, 7U4532592519944D=02)
1%DSINIB(M, T} %21 ,74532925199440=02))

00 55 J=2M

DO %6 K=1.3

XUIsKeJI=X 1K)

CONTINUE
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DO 44 I=1.M
READ (5.485) PSI{I)+THETA(I}sPHI(I) MODE
485 FORMATUIAIF14.6+16)
HRITE(6+7)
WRITE(E+5) PSI(E)THETAC(I}PHI (1) MODEL{MODE)
5 FORMAT{* *46X+'ROLLIZI=*+F12:6+"' DEGREES' 43X, -
1YYAWIYI="eFi2.6¢' DEGREES* 13X *PITCHIX)IZ= +F1l2460
2' DEGREES'+5X+'THE ROTATIONAL MODE 1S '4AB)
PSI(I)=PSI{I)*1,74532925199440=~02
THETAC(T)=THETA{I)1#%1.7453292519944D~02
PHI(II=PHI{IY*1,745329251994L4p-02
© GO TO (101+102+103+1044105:106)4Ma0E
101 CONTINUE
ROLL SUBSECTION
00 30 Ju=24N
TEMP=X{T+2+J)
XX 249 1==X{T o3I xDSINIPSI(IN)I+X(Ts24J)*DCOSIPSIITN)
30 XtIo3 0 )=ZXtI o3 Jd)=DCOSHPSI(IN )+ TEMPRDSIN(PSI(I))
YAW SUBSECTION
DO 31 y=2.N
TEMP=X(I¢3vJ)
XATa3a )= (a3 1%DCOSITHETA(I Y 1o {Tv1+J ) #0SIN{THETA(I}}
31 X{I 1o JISTEMPRDSINITHETALI} ) +X(T1,14J)%DCOS{THETA(L) )
PITCH SUBSECTION
D0 32 J=2+N
TEMP=X(1+249)
X{Iv2+ )= XIIs&odl*DCOStPHIII)i+X([01 JI*DSINIPRIC(IY)
32 XUE, 1.d)--TEMP*DSIN(PHI(I))+X(Iul.di*DCOS(PHI(I)I
GO TD 200
102 CONTIMUE
ROLL SUASECTION
PO 33 J=2.N
TEMPEX(TIs2ey)
XUI+2:4d)==X{T o3 JIVDSINIPSI(TI}I4X{T¢2.J)*pcOSIPSIIIN)
33 XT3+ 0)=XUTe3+J14pCOSIPSTI(I))+TEMPXDSINIPSIILY )
PITCH SUBSECTION
00 34 J=2.%
TEMP=X{I+2+vJ)
XUIv2e)=X {120 V%0COSIPHI(II I+ N (T o2 vJ)*DSINIPHECT))
Iy X1IedeJ)==TEMPEOSINIPHICIN I+ X{I+v 10 ) *nCOSIPHINT))
YAW SUBSECTION
DO 35 J=2N
TEMPZX (11340}
X{XeB9d)IzX(Ts3¢d)*0COS(THETALI))=X{T o3 o J)#DSIN(THETA(I}
35 X{I+¢140)=TEMP#DSIN(THETACT )1 +X(141+J)«0DCOS(THETALL )}
GO TO 200
103 CONTINUE
YAW SUBSECTION
DO 36 J=2.N
TEMP=X(14+43+4)
XTI oo =X{ T3 vy #DCOS{THETACTI})=XT1s1 e J)*DSINITHETAL(T})
36 XUIsleJi=TEMP*DSINITHETACTI I ) 4+X(1,14J)xDCOSITHETA(I)}
ROLL SUBSECTION
DO 37 J=24N
TEMP=X(TIe2eJ)
XEIe24)==X (T30 J1*DSINI(PSI(IN}I+X(Te2¢J)*DCOSIPSIII)}
37 XUXe3eJI=X0T 030} *DCOSEPSIC(I) 14 TEMPYDSINIPSIC(TN Y
PITCH SUBSECTION
DO 3B U=2.M
TEMP=X(1+2+)
KiIe24edIX 01020 J*GCOSIPHI(T I ) 4X(TeieJIFOSINIPHIII) )
38 XUIvledd==-TEMPHDSINC(PHTI LTI }+X{T414J)*DCOSIPHITIN
GO TO 200
104 CONTINULE
YAW SUBSECTION
00 39 u=2.N



39

60

61

105

62

63

64

106

&5

&6

67
200

18

43

408
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TEMP=X(T134J)

XTI e30dI=X0143+J)*0COS{THETA(TI ) Y=X{TIv1+J)eDSIN(THETA(I})
X(sleJI=TEMP*DSIN(THETA(II ) +X (T 1+J)2DCOS{THETALIY}
PITCH SURSECTION

DO 60 J=2.M

TEMP=XrI+2+J)

X{Ie20 32X (T 020 J)#DCOSIPHICI I Y4 X (T e N *DSIN(PHI(T))
X{TolaJ)i=rTEMP*DSINIPHI(IN )+ X (I +v14J)*DCOSIPHI(T))
ROLL SUBSECTION

DO &1 J=2+N

TEMP=X(T1+2+ )

X(1e2e 12X (T+3¢JI*DSINIPSI(E)I+X (T2, J)*DCOS{PSI(T))
RK{Xe30 )X 3+ )2DCOSIPSIC(INI+TEMP*DSINIPSI(IY)

60 Y0 200

CONTINUE

PITCH SUBSECTION

DO b2 J=2+N

TEMP=X{I+2+J)

X{1e2e D)X 02 I*DCOSIPHICI) 14X (T o1 v ) *OSIN(PHIII})
X(Ieled)==TEMP*DSINI(PHI(I) ) +X{Xv214J)*DCOS(PHI(T))
ROLL SUBSECTION

DO 63 J=2N

TEMRP=X(I+24.))

X{IeR2eJ)zeX{ T34 JI*DSINIPSTI(III+X(T42.J1*¥DCOSIPSIITY)
XtTe3eJd)I=X{I43vJ)*DCOSIPSILI) I4+TEMP*DSINIPSI(I))

YAWN SUBSECTION

DO &l J=2.H

TEMP=X{Iv314)

XtEeded1=X(T o34 JI%xDCOSITHETACI) 1aX{Iv1+J)=DSINLTHETACT))
X{Xa 1.4]-TFHP#DSINITHETA(III+XlI.1.JI*DCOSlTHETAII)l
GO YO 2008 -

CONTINUE

PITCH SURSECTION

DO 65 J=2N

TEMP=X({I+2+J)

X(T+2s0)=X{T 92+ J)*DCOSIPHIITIII4X LT+ 10 ) *DSIN(PHIIIY)
X{IelaJ}=~TEFPXOSINIPHIC(II ) +X (191 ,J)}*DCOSIPHILT))

YAW SUBSECTION

DO 66 J=2.N

TEMPEX{I+3+J)

XtIv3eJI=X{T+3+J)*DCOS{THETALI I =X (I 11 ) *DSIN(THETALLI})
X(Iv1led)= TEMP*DSIN(THETA(IJ}+XIInl-d!*DCOS(THETA(Ii)
ROLL SUBSECTION

DO 67 J=2M

TEMPE=X{I12+J}

XUIs24d)==X (1430 I *DSINIPSI{E) 14X{T42,4J)*¥DCOSIPSI(T))Y
X{Ia3eJI=X{Ta3¢JI*DCOSIPSICINI4TEMPHOSINIPSI(LY)

DO 19 J=2.N

DO 18 K=143

KL sKa I T aKadI+X (T4 K1)

CONTINUE

CONTINUE

WRITE (6+7)

FORMAT(%=1*)

DO 46 K=1+3

RRITEL6+9) LABEL(KY o UX{IvKed)ed=1eN)
FORMAT(* *,A4.6F14,.56)

CONTINUE

CONTINUE

Nih=1

00 408 I=1.M

00 408 J=1+N

WRITE(D¢409) (KiNNaX{TeKed}aK=1e3)
NN=NN+1
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409 FORMAT(3(2TI3.F20,151}
WRITE(9+T7771}

77t FORMAT(1Xe'=11)

1000 CONTINUE
G0 TO 2000

3000 CONIINUE
END
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THE FOLLOWING PROGRAM PRE-ASSEMBLES F

IMPLICIT REAL*8 {A=H.0-2)
REAL*Y4 RECORD{18)

DIMENSION NRO(339)«NCO(3I35)NFO(339)¢2(339)
DIMENSION F(147+1471.FT(20)
NAMELIST/ERROR/KvNROSNCOIMFOY2Z
READ({5+1) (RECORD(I}+I=1418)
FORMAT (18A4)

READ(S5+2} MG«NOZWNF

FORMAT({3IS) :
READU(S+3) (HRO(IVoNCOU(TVNFOCT)IZ(T)eI=14N0Z)
FORMAT (4{3I13+F9.6)) _
READ{S44) (FI{K)sK=1sNF)
FORMAT{6F12.6)

DO 10 I=1.MQ

DO 10 JU=iNQ

F{I.,Jy=0,.000

D0 170 K=1.,H02
IF{NCO{K)=MNQ,GT.0) GO TO 15
IFINRO(KY=-NCO(K).6T+0} GO YO 615
IFINFO(K)I=PMF.GT.0) GO TO &15
I=NROI(K)

JE=NCO(K)

M=NFO{X)
FII+J)SFiT v J)+2Z(K)I*FI (M)
FtdeID)=Ft{X Y

DO 179 I=1.NO

WRITE(12) (F(Eed) s g=1eNQ)
WRITE(641) -{RECORD(I) I=1418)
DO 180 I=1.NG

WRITEC(S18) T+ (FlIvd)asJ=1MD}
FORMAT(SHD ROWI4/(10F12.6})

G0 70 90

WRITEL(E+ERRDR)

CONTINUE

END
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THIS IS A MODIFICATION OF 9071 AND COMPUTES COORDINATES USING
ISOTOPE~-IMNEPENDENT B=-MATRIX FQR BOTH INTERNAL AND EXTERNAL
COORDINATES., B IS COMPUTED FOR ISOTQPE 1 ONLYs PROGRAM 9071 IS
AN ISHIDA MODIFICATION OF SDW 90g4I. G MATRIX EVALUATION PROGRAM
FOR IBM 7090 MONITOR THIS PROGRAM EVALUATES & AND B MATRIX
ELEMENTS FOR UP TO a4 COORDIMATES FOR MOLECULES CONTAINING UP TO
28 ATOMS. THE 6 MATRIX MAY BE SYMMETRIZED G AND B ARE PUNCHED
ONTO CARDS IN A FORM SUITABLE FoR INPUT TO S0 9032. THE MOMENT
OF INERTIA TENSOR AND THE TRAMSFORMATION TO PRINCIPLE AXES ARE
EVALUATED. THIS PROGRAM EVALUATES G AND B MATRIX ELEMENTS FOR &
TYPES OF INTERNAL COORDINATES. (1)BOND STRETCHING.(Z2)VALENCE ANGLE
BENDING« (330UT OF PLANE UWAGGIMG(4)TORSION«{SILINEAR VALENCE
ANGLE BENDING.AND(6)IN PLANE WAGGING FOR UP TO 28 ATOMS AND UP TO
84 INTERNAL COORDINATES,., THE INPUT DATA ARE THE MASSES AND THE
CARTESIAN COORDINATES OF THE AToMS IN AN ARBITRARY REFERENCE
FRAME ., :

IMPLICIT REAL*P(A~H«0-2)}
DIMENSION X(34661 W WTLEE  1RIIUT 14Ty oNTELU T NCODLLIUT Y e NEILIUT )
IN2ELGT7 ) NI LHTY o (LU eNS{IUT Y N6 L1UTIGILYT 14T,
SNROM{G) ¢ NCOL (%) +DATIN(Y) «R(3) «D(66 66
REAL=Y4 RECORD{3&)
INTEGER CONCAT
COMMON X WT BeINDYNOPROBeNOAT «NQy INTINISOWNAYMIvNOIHT NI «NCODeNL
IN2s NS MY NS MG+ JOKER+MROBsNOP v NCA«NSINCDI N7+ N8
EQUIVALENCE (G.D)
READ (5+12) INDHOP+NOAT ' NQ+INT«MISO«cONCAT
FORMAT({I3¢14,12,413)
IF(9+IND) 95:92495
CALL EXIT
NOPROB=100%NOP
READ(S+«14) (RECORD(I)I=1+38)
FORMAT (18A4)
WRITE(6+50) NOPROB«NQ«NISO
FORMAT (22Ht G MATRIY PROBLEM NQ,.I5,I6,12H COORDINATESIu,9H ISOTOPE
1S)
READ X MATRIX.« THE CARTESIAN COORDINATES OF THE ATOMS.
THE X MATRIX IS PUNCHED IN 18 cOLUMN FIELDS«4% PER CcaRD. THE
FIRST THREE CcOLUMNS GIVE THE ROW NUMBER IDENTIFYING THE
CARTESIAN AXES. COLUMNS 4= GIVE THE COLUMN NUMBER OF THE X
MATRIX+THE ATOM NUMBERAND CNLUMNS 7=1pg GIVE THE ELEMENT WITH
THE DECIMAL POINT RETWEEN COLUMNS 12-13 OR PUNCHED.THE
fROW NUMAER FOLLOWING THE LAST ELEMENT 1S SET EQUAL YO -1,
00 107 I=1.,3
DO 107 J=1+NOATY
X{I«J)=0.000

IF(CONCAT.EQ.,1} GO TO 2
READ (5.16) (NROWIL) «NCOL (L) ¢DATEIN{L) +L=1.3}
GO TO 3

READ{(9416) {(HROW{L) «NCOLIL}sDATINIL) W L=11¢3)
FORMAT{3({21I3.F20.15)}

WRITE (6+21) (NROWILY+COLILYI«DATIMIL) 1 L=143)
FORMAT(1H 3(2I3+F20.15}}

DO 114 =1.+3

IF(NROW(LY?116+600+111

IF(3-NROW{L}}600+1124112

IF{MOAT=-NCOLIL))IE000113+113

I=NROWIL)
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JzNLOL (L)
114 X(I«JI=OATIN(L)
GO YO 108
116 IF(NROW(L)I+1)600:120+500
READ INTERMAL COORDINATE VECTORS
A VECTOR OF B NUYMRERS NI'NCOD N1«N2yN3+NUNSeNE BIVING THE MO,
ASSINGEDN TO THE INTERNAL COORDINATE.NI, THE CODE IDENTFYING
THE TYPE OF COORDINATE.NCOD, AND THE NUMBERS OF THE ATOMS
DEFINING THE COCRDINATE.

TYPE CODE N1 N2 N3 Ny NS M6
STYRETCHING 1 I J

BENUING 2 1 J K IX JX

OUT PLANE WAG 3 X J K L IX  JX

TORSION 4 I - J K L IX JX

LINEAR BEND S noz2 1 J K IX JX

IN PLANE WAG 6 I J K L IX JX

CRAWFORD TORSION 7 Il 12 13 Iy 15 16

IX AND JX GIVE THE BOND DISTANCE BRY WHICH THE COOURDINAYE IS 7O
WEIGHTED. IF IX=JX+NOT EQUAL TO ZEROs THE WEIGHTING FACTOR IS
SET EQUAL TO 1.000.
NOTE THAT FOR THE LINEAR SENDING TYPE M1=MNO2 THE NOLOF THE
BENDING CONRDINATE PERPENDICULAR TO M1,
TYHE INTERNAL COOROINATE VECTOR IS PUNCHED IN 24 COLUMN FIELDS,
3 COLUMMS FOR EACH OF THE 8 ELEMENTS IN THE ORDER NI NCODeN1
N2+N3+NyN5eNgs THERE ARE THREE FIELDS PER CARD,
ATOM NUMBERS FOR WEIGHTING PURPOSE FORt CRAWFORD TORSIOM¢NT(J) AMND
N8(.J)¢ ARE PROVIDED IMN CARDS DIRECTLY AFTER THE LASY INTERNAL
COORDINATE VECTOR CARD.
12p READ (5,18) (NIT{JY o NCOD(J) o NLEDIaN2(JI o NI (YoM {J) NG {JI)
INE(J) s d=1¢INTY
18 FORMAT(3(8I3})

WRITE (6+15) NOPROB
15 FORMAT (5110 THERE FOLLOWS COORDINATE VCCTOR INPUT PROBLEM NO.I8)
WRITE (6+19) (NICJY eNCODEUY s NI LU N2 (I 1M () «NU(JI NS LY

1YeN6 () v =1 INT)
19 FORMAT(3(8T3))
122 DO 126 J=1+INT
IF{MO-NI(JSYIE051244124
124 IF{(NCOD{)1605605+125
125 IF(7=NCOD(J)1605:¢1264126
12¢ CONTINUE
130 NA=I*NOAT
JOKER=D
132 00 134 J=1.NO
DO 134 J=14+NA
134 BiI«J1=0.0N0
135 MJd=0
1up Mu=MNJd+1
142 IF{INT=-MJY 27101504150
150 NOINT=NI(MJ)Y
MX=NCOD (M)
152 GOTD (160+170,180+190420042104220)4MX
STRETCHIMG SUBROUTINE
160 CALL BOST
IFIJOKER)L14041404610
BENDING SUBROUTINE
170 CALL BEND ‘
IF(JOKERYI4D 140,610
OUT OF PLANE WAGGING SUBROUTINE
180 CALL OPLA
IF{JOKER)L404+1404610
TORSIOMAL SUBHOUTINE
19p CALL TORS
IF{JOKER)Y 149041404610
LINEAR BENNING SUBROUTINE
200 CALL LIBE
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900

2T

z Ny Nalyl

272

2022

276

22

3001

3005
2005
2010
2020

aT40
2025
740

1005

1010
224

282

294
300

58

S4
284
3990
398
400
403
505

406
414
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IFCJOKER)YI4041404610

IN PLANE WAGGING SUBRNDUTINE

CALL PMAG

IFTJOKER)14041404610

CRAKFDRD TOHSION SUBROUTINE

READ (5,900} NOINT N7 .N8

FORFAT (313)

CALL TORC

IF (JOKER) 140+140+620

NS=1

READ ISOTOPE CONTROL CARD CONTAINING THE FOLLOWING INFORMATION
1,IN=-06 IDENTIFYING CARD, IN COLUMNS 1-3,
2,IFt=1, IF LIQUID PHASE. ZERO OFTHERWISE. COLUMN &,
Z«IFLP=3. IF PRECEDING ISOTOPE IS LIGUID. ZERQO OTHERWISE.

READ (5+2022) INsIFLsIFLPo(RECORpC(I}oI=1+10)

WRITE(B458) NOPROBsNS+{RECORD(I},1=1+10)

FORMAT (313,10A4)

IF(E+INIEB20,276:620

READ MASSES

READ ({5.+20) (WT(I)eI=1sNOAT)

FORMAT{5F12,6)

FORMBAT({6F12,6)

WRITE(B+22) {(WT(I)+ I=14NOAT)

IF{NS-113005,3001,3005

MA=lQ+6

GO TO 3005

IFIIFL-112005,2010,2010

IFLIFLP-112740.,202042020

IFCIFLP~112025:780¢74%0

NB=NQ~§g

60 TO 740

IF(NS=1)95.2025¢740

NA=HQA+6

CALL MomMIN

IF{NS-111005,1005,.224

IFCIFL)9S5,10104224

NA=NG-g&

DO 282 I=1.MQ

DO 282 J=1.MC

6¢X4J1=0,0N0

DO 282 L=1(NOAT

DO 282 M=1.3

K=3s{L~1)4M

GEYaJI=G(IvJI+B{L+KI®R{JIK}/WT (L}

DO 300 I=1.NG

DO 300 J=14n0

IF(0,00005-0ABSIG(T+J)))300+294+294

G{Y.J)=0.00000 ’

CONTINUE _

WRITE (6:58}) NOPROBs NSy {RECORDIII»1=1410)

FORMAT(18H1 G MATRIX PROBLEMIB.8H ISOTOPEI3/12X+10A4)

PO 28B4 I=1.,nQ

WRITE (6+54) Io(GLIvd) ed=1eNO)

FORMAT(4HOROWI3/(10F12.6))

WRITE(8¢33) (GlEvd)}sJ=1eNG}

FORMAT(4E18,9)

NS=MS+1

IF(NISO=-NSI400.2724272

DO 406 I=1+NOAT

D0 406 J=1.KOAT

DsSe=0,0D0

00 405 Mz1.,3

RIMI=X{MeJY=X(Ma])

DSQ=DSA+R{M)}*RIM)

GiI+J)=NSCRT(DSA)

WRITE (6+16AR) NOPROB
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68 FORMAT(28H1ATOM OISTANCE CHECK PROBLEMIB!

416 DO 418 T=1.NOAT

418 WRITE{G+701T+(D(I+J)+J=1<NOAT)

76 FORMAT (SHOATOMI3/{12F10.6))
IF{JOKER.GE,3} CALL EXIT

GO TO 90
600 WRITE (6.+72) NOPROB
72 FORMAT (24H0 X MATRIX ERROR PROBLEMI&)
CALL EXIT
605 WRITE (6+74) NOPROB
T4 FORMAT(35HD INTERNAL COORDINATE ERROR PROBLEMIR}
GO TO 400
610 WRITE (6+76} NOPROB«NOINT+MX + JOKER

Te¢ FORMAT(29H0 ERROR IN SUBROUTINE PROBLEMIB.11H COCRDINATEI3Z«SH CODE
1I13+7H JOKER=13)
GO TO 490
615 HWRITE (6478) NOPROB +NS L+ NROWIL )Y ¢ NCOLILY «DATINILY
78 FORMAT(23H U MATRIX ERROR PROBLEMIS.8H ISOTOPEI3+¢6H FIELOIZ+6H REA
10S+I44144F12,6)
GO TO 400
620 HRITE (6480} NOPROB
80 FORMAT(22H ISOTOPE ERROR PROBLEMIA&)
GO TO QOU
END
SUBROUTINE BOST
IMPLICIT REAL#8{A-H10=2Z)
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS FOR A HBOND STRETCH
AS DEFINED RY WILSON,
DIMENSION X(3+66) «WT(AEY 1 BL18T+14 7Y NI (LIU4T7)«HCOD(LIYTYIaNE{14T),
ANZ2 LYY o N1 T) o NGTLUTI NS (I8 T Yo NG6LIUT)+RIJ(S)
COMMON XyWT B+ IND+NOPROBJNOAT+NO,INTANISONA(MJIeNDINT NI«NCODeNL
IN2s M3y NG s NS4 NE6« JOKER
100 IFINGIMJIIIL30,1014130D
101 IF(NS(MJIILZ0.102+130
102 IF{N4{MIII1304103+130
103 IF(N3(MJ)Y)IL130+204.¢130
104 IF(NOAT=-N2(MJ)I1130:1054105
105 IF(NOAT-N1(M211130+1064106
106 IsSN1(MOY
JEN2 (M)
0I1Js8=0,0D0
109 DO 112 M=1.3
RIJIMI=X(MyJ)=X{MsI)
112 DIJSA=PIJSN+RIJIMI*RIJ(M)
114 DO 120 M=1.3
NOCOL1=3s(J=1}+M
NOCOLZ2=3»(J~1)+M
BINOINTNOCOLI)==RIJ(M)/DSERTI(DIJSQ)
120 BINOINTNOCOL.2)1==-B{NOINT«NOCOL1)
60 7O 132
130 JOKER=}1
132 RETVURN
END
SUBFOUTINE REND
INPLICIT REAL*B(A~H0~2)
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS OF A VALENCE
ANGLE BENDING COORDIMATE AS DEFINED BY WILSON,
I AND K ARE THE NUMBERS OF THE END ATOMS,
J= THE MUMAER OF THE CENTRaAL ATOM
DIMENSION X(3+66)+WT(EEeBIIUT 10T NIC(IGT ) «NCODLIELT)I oNL(14T ),
IN2C147) NFI(IGTY NS (LUTI NS (1471 eNOC1UT) o RII(I) yRUK (3 )+RINXIX(D) 4
2EJI{3)EJUK(3)
COMMON X+WT Re IND+NOPROBINOGAT s MG INTeNISO4NA«MIsNOINT NI NCODNL
AIN2JNI oNY N5 N6 + JOKER
100 IF{NOAT-NG6{MJYI150.,1014101
103 IF{NODAT=N5{MJI}150¢202+102
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102 IFInNYIMJIILIS041034150

103 IF(NOAT-N3{1J) 150104104
104 IF (NOAT=-N2{MJ))150.,105.,105
105 IF(NOAT-N1(MJ))150+106+106
106 I=N1{MJ)

JENZ (MUY

K=N3tMJ)

IX=NS (M)

11g JX=R6(MJ)

pJISQE=0,.0D0

DJKSe=0.0D0

pXSp=0,0D0

115 DO 122 MB=1.+3

RJIJItMI=X{MeT ) =X (M)

RJKIMI=XIMK)=X({Ms )

RIXJX{MI=X{MedX)=X{MeIX)

DJISA=DJISR+RJTI(MI*RITLM]

DJKSQ=0JKSQ+RJIK (MI$RIK (M}

122 DXSP=DXSQ+RIXJIX (M) =RIXJIX(M)
1235 DJI=DSAQRT(NUISAQ)

DJK=DSGRTIDJKSQ)

DX=DSGRT{NXSQ}

IF{DX}112841274128

227 Dx=1.0D0

128 DOTU=0,0D0

129 DO 132 M=1,3
EJI{MI=RJIT{M) /DJI
EJKIMI=RIK MY 7DUK

13%2 DOTJ=DOTJU+EJI{MI*EJKIM) e
IF{1.0D00-DABS(DOTJ} 11521524134

134 SINJ=DSQRTI1,000~D0TJ*DOTY)

136 DO 144 M=1.3

NOCOL1I=3%x{I=1)+M

BINCINT NOCOLLI=(DX*{DOTUXEJIIMI=EJKIMII) Z{DJI*SINI)

NOCUL2=3%(K=1)+M

BINOINT NOCOL2)=(DX*{DOTJI*EJKI{MIEJTI{M)}) ) /{DJKESINY)

NOCOL3=3%(J=1)+M '

144 B{NOINT«NOCOL3I)=~B(NOINT HOCOLL)~-RINOIMNT«NOCOL2)

60 TO 15%

150 JOKER=1
GO Y0 154

152 JOKER=2

154 RETYURN

END

SUBROUTINE OPLA

INPLICIT REAL*B{A=H10=2) .

THIS SUBROUTINE COMPUTES THE B MATRIX ELEMANTS FOR AN OUY OF

PLANE WAGGING COORDINATE AS DEFINED pgBY WILSON, BUT MODIFIED SO

THAT WEIGHTIMG IS MADE NOT BY RO BUT BY RD X COS(ANGLE LJK/2},.

I+~ THE EAD ATOM
J= THE APEX ATOM
K AND L = THE ANCHOR ATOMS,
DIMENSION X(3+66FskTIA6) «BIINT 1047 NT(147)4NCODCLIETIeNI(14T)
IN2I147) eMILEST7 ) eNUT24T7)eNSEIH 7)o NGLLIET) eRUTI3) 4RJIKIZIRJLIS) s
PRIXUXIZIIZEJI(II¢EJKIIVvEJL(I ) oL (3)4C2(3),C3(3)
COMMON XeMT(ByINDNOPROBSNOAT yNQINTINISO NAVMI¢NOINT+MINCOOSHL
INZ2 N3 4NL (NS4 NGyJOKER
100 IFINDAT«NG6(MJ)YI1170+101¢10]1
1031 IF{NOAT=-NS5I{MJ)I170+1024102
102 IF(NOAT=M4(MJ)I170+103.103
103 IFt{NOAT=-MN3{MJIILT041044104
104 IF(NODAT=N2{MJ})1704.105+105
205 IF(NOAT-N1(MJ))1T0.106+106
1066 I=N1{MJ}

J=N2 (M)

K=N3 (M)
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L=ENG THD)
IX=N5(MJ)
JX=NETHY)

112 DJISO=0,0D0
DJKSQ=0,000
DJLSQ=0,0D0.

115 0Xsa=0.0D0

116 DO 3124 M=1.3
RIT(M)I=X(MyI)=X{MeJ)
DJISQ=0JISA+RJII(MIRRIT(M)
RJKAMI=X{MaKI=X{M+ I}
DJKSO=DJKSA+RJK{M}*RIK(H)
RJLIMISNIMILY =X (Med)
DJLSO=DULSO+RJL (M) *RJL (M}
RIXJX{MI=XIMsIX)=X{MaIX)

124 DXSQE=pXSE+RIXJX{MI*RINXJIXIM)

12¢ DJI=DSGRT{DJISG}
DJUK=DSART(ODJKSE)
DJL=DSERTIDJILED)
DX=DSERT(DXS0O)

139 IF(OX) 132+1314132

131 0OX=1.000

132 DO 136 M=1.3
EJI(H)}=RJI(M}/DJI
EJK{MIZRJK (M} /DJK

135 EJL(M)I=RJL(M)/DJL

137 CLILI=EJK(2I=EJL{3)=EJK I3 *EJL(2)
Cl{2)=EJK{3)*EJL(1)}~EJK(LI»EJL(3)
CI{II=EJK{LII+EJL(21-EJK(2Y+EJL (1)
C2(LI=EJLI2 ) *EJI(3)-EJL(3)2EJI(2)
C2(2)=EJLUI*EJI(1)~EJLLILI=ELT ¢ 3)
C2{IV=EJL (M #EJI(21~EJLL2I*EJI (1)
CILITEST (2)*EJK (31 =EJI{3)1%EJK(2)
CI2ISEJI(BI*EJK({1)=EJI (1 *EJK (3}

139 C3{3ISEJI(LI#EJK(2)-EUI(21*xEJK (1)

140 DET=EJI(IY*CL(II+EJI(2)%CL(2I+EJI(I) w2 D)
DOTYI=0,800

142 DO 143 M=1.3

143 DOTI=DOTI+EJKIMIxEJL (M)

14y IF(1,000=-DA0S{D0OTIIILT241T24148

145 SINI=DSQRT(1.0D00-D0TIxDOTI}

147 SINT=DET/SIME

148 IF(1.000~-DABS{SINTIIL7U 41 TH4149

149 COST=DSQRT{1.000-SINT*SINT)

150 TANT=SINT/COST

155 DO 168 M=1+3
NOCOL1=3%(I~1}+HM

157 SM1 s{I(CL(MI/Z{COST.SINIY I ={TANT*EJI(M}))/DJI
B{NOINT+NOCOL1}=DX%SMI
NOCOL2=3*{K=1)+M

160 SMK:(ICEINII(COST*S!NIIlm((TANT*lEdK(M!-DOTI#EdLIHI))((SINI*SINIi)
11/DJK
BINOINT«NOCOL2)=SDX*SMK
NOCOL3=3+{L-1)+HN

16% SML=({C3{M)I/(COST*SINI) I={ {TANT*(EJL(M)=DOTI*EJK (M)} I/ {SINI*SINI}}
11/0uL
BINOINT«HOCOL3ISDX*SML
NOCOLY4=3%{J=1)+M

168 B(NOINT NOCOLG4)==0X*[SHMI+SMK+SML
GO TO 178

170 JOKER=1
GO TO 178

172 JOKER=2
GO YO 178

174 JOKER=3 '

178 RETURN
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END
SUHROUTIMNE TORS
IMPLICIT REAL*8lA=H10=2}
THIS SUgROUTINE cOMPUTES THE g MaTRIX ELEMENTS FOR THE TORSION
AS DEFINED BY WILSIOM,.
I AND L = THE END ATOMS |, I NEARER OBSERVER,
J AND K = THE CENTRAL ATOMS, J HEARER OBSERVER,
DIFENSION X{3+66)1 v WTIGE)sBII47 42471 NTIC1YT)«NCODEIUTYNLEIYT)
AINZCLUT Y o NSCIUT a7 aNSCIAT A6 (14T RTGIBIRUKIBIsRKLIS
ZRYIXJIXIZIVGETOIB) «EJKI3) eEKL(3) vCR1 (A} CREL3)
COMMON XoUWT ByIND+NOPROByNCAT s NQ+ INTINYSONA+HJINOINT NI +NCODINLY
IN2 N3 4 NG NG ¢ NEJOKER
100 IF(NOAT-N&(MHJ)) 180:101+101
103 IF(NOAT-NS(MJ}) 180.102+302
102 IFINDAT-N4IMI)) 1801034203
103 IF(NOAT=N3{MJ)] 180+104.+104
104 IF(MOAT-N2(MJ)) 180+205+105
105 IF(NDAT=N1{MJ)) 180+1064206
106 I=N1(MJ}
J=N2 (MJ}
K=NZ(MJ}
=N4 (M2)
IX=N5(MJ)
110 JX=N&(MJ}
112 D1JSG=0,0D0
DJKSQ=0,00D0
DKLSQ=0,000
115 DXsSoe=0,000
116 00 124 M=1,.3
RIJIMI=X(Mad)=X(MsT}
DIJSA=DIJS0+RIJ{M}*RIJ(HM)
RJKIMI=X{M4KI=X{MeJ)
DJKSA=DJIKSG+RIK (M} =RJIK (M}
RKLIMI=X M L)=X (MK}
DELSO=DKLSO+RKL { M) *RKL (M)
RIXUXIMISX{MedXI=X(MIX)
124 DXSQ-DXSQ+RIXJIX(MI*RIXJIX{M}
126 DIJ=DSARTIDIJSA)
DUK=DSQERT(NJUKSH)
DKL=DSQRT{DKLSG)
OX=PDSQRT(DXSQ}
130 IF(DX)}132+1314132
133 OX=1.0DC
132 DO 136 M=1.3
EIJ{MI=RIHUMY/DIJ
EJK(MYZRUIK (M) /DJIK
135 ERL{M)=RKL(M) /DKL
138 CRI(LI=EIJI(2)*xEJK(31=ETJI3)I*EJK(2}
CRI(2I=EIJI(3 1 xEJK (1 I=ETJ(1 ) *EJK (3
CRI(3I=ETJr11+EJK (2)=ETJ(212EJK (1)
CR2Z(IV=EJK(2)#FKL(3)-FEJK(3)2EKL(2)
CR2(2)1=EJK(ZI+EKL{11=EJIK {1 )%EKL{3)
142 CR2¢3)=EJK{1)*EKL (2)}=~EJK (2 )*EKL (1}
143 DOTPJ=0,0D0
POTPK=0,000
145 DO 147 M=1+3
VOTPJU=DOTPJY=EIJ(M )} EJK (M)
147 DOTPK=DOTPKEJK M) *EKL (M)
148 IF(1.0D0-DARS(0OTPUI 1182¢182+1049
149 IF{1.000-DARS{DOTPK)1182+182+150
150 SINPJ=NSART{1.000=-DOTPU*DOTPJ)
SINPK=DSART(1.00C~DOTPK*DOTPK)
152 DO 164 M=1.3
SMI==CR1{M)/(DIJxSINPU*SINPJ}
154 NOCOL1=3%({I-~1)+M
BINOINTNOCOLL)=R(NCGINT+NOCOL1)+CX%xSM]
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156
157
1548
160

162
164

180

182
186

100
101
lo2
103
104
105
10a6

108
110

113
114

116
117

124
126

130
131
132
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F1Z(CR1 (M) *{DIK=-0IJ*DOTPUI ) /7 {DJIK DI I*SINPUSINPS)

F2=(DOTPK*CR2{M} )/ {DJIK*SINPK*SINPK)

SMJ=F1-F2

NOCOL2=3% ( Ju1)+M

BINOINT «NOCOL2)=B(NOINTsNOCOLZ2)+DX*SMy

SML= CR2{M)/{DKL*SINPK*SINPK)

NOCOL3=3#{L=1)+M

BINOINTANOCOL3IY=BINOINT +NOCOL3)+pX*SML

NOCOLY=3%(K=1)+M

B{NOINT NOCOLY)=B{NOEINT+NOCOL4 ) =DX* (SMI+SMy+SML}

GO TO 186

JOKER=1

GO TO 186

JOKER=2

RETURN

END

SUBROUTINE LIBE
IMPLICIT REAL*8({A=H10=2)

THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS FOR A PAIR OF

PERPENDICULAR LINEAR BENDING COORDINATES.

N1=NO2 THE RUMBER OF THE SECOND COORDINATE,.
1 AND K = THE END ATOMS,
J= THE CNTRAL ATOM. ‘

A GIVES THE CARTESIAN COORDINATES OF A POINY IN SPACEs SUCH
THAY THE VECTOR FROM ATOM J YO POINT A IS PERPENDICULAR TO
THE LINE I-J«K AND SERVES TO ORIENT THE COORDINATES IN SPACE,

DIMENSION X({3+1661aNT(661+B{L14T o147 «NT(147) NCOD(L4TINLI(L4T )y

IN2LLGT) e NI(LUTI MY CLUT7) s NSILGTINEILYT7) +A(3Y ARJII3) sRUK (3D 4
2RIXJX (3 sUNEIIsUNITIZI dUPI3IEJI (3 +EUK(3)

COMMON X+WT 4By INDyNOPROB4NOAT NG INTINISO NA+MJ«NOINT NI +NCODl,

INZ21N3sNY s NS NG« JOKER
IFINOAT=NE(MJ}I160+101+101 N
IFIMOAT=NS(MJY)160.102¢202
IF(NOAT-NG (MJ))160+203.203
IFINOAT=-N3(MJ)160:100,204
IF(NOAT=-N2IMJ})I160+41054105
IF(NQ=NL(MJ) 116041064106
READ (5.24) (A(I)eI5143)
FORMAT (3F12.6)

I=N2 (M)

JENI (MUY

K=N4 (M)

IX=NS (Mg}

JX=N6 (M)

NO2=N1 (M)

pulsa=o,000

OJKSO=0,000

DxsSe=0,0n0

DAJS@=0,000

Do 124 M=31.3
RJT(MI=SX{MaT)=X{MNyJ)
DJISQ=DJISA+RITI(MI*RJIT (M)
RUK(MI=X (MK =X {MeJ)
ODUKSE=DUKSO+RJIK (M) #RIK{M)
RIXJX{MISXIMsIXI=X(MeTX)
DXSQ=DXSO+RIXIX{MI®RIXJIX (M)
UNEMISAIMY=X({Med)
DAJSO=DAJSO+UN{MIUN(IM)
DJI=BSGRTIDUISA}
DJK=OSQGRT(NJYKSA)
DX=0SQRT(0XSA)
OAJ=DSQRTINAJUSO)
IF(DX11324131,132
DX=1.,0D0

DOTJ=0,0D0

bOTP=0,0D0
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134 DO 140 M=1.3
EJI{M)=RJI{M}/CJI
EJK{M)=RUK{M} /DJIK
UNIT{M)sUN{MY /DAY
DOTJ=DOTJ+EJI{MI*EJK (M)

140 DOTP=DOTP+EJI{M)I*UNIT(M)
TEST=(DABS{DOTJ)~1,000}
IF(0.,0001=NARS{TESTY1162«1424142

142 IFLD,00005-NABS{DOTP) 116241434143

143 UP(1I=EJK {2 #UNIT(3 ) ~EJHK{3 ) 4UNTIT (2]

. UPI2I=EJK (I *UNT V(1) ~EJKEL ) *UNTIT (3}
UP(3ISEJKILI*UNITI2)=EJKI2)%UNIT (1}

146 00 156 M=1+3
NOCOL1=3%(I=1})+M
BINOINT«NDCOL1)==0DX*UNIT{M}/DJIY
BLNO2NOCOLLY=~DX*UP{M)/DJL
NOCOL2=3*{K=-1}+M
BINOINT NOCOL2Y==DX*UNITIM) /DJK
B{NO2+NGCOL2)=~DX%UP (M} /DUK
NOCOL3=3»(J=11+M -

BINOINT NOCOL3}=DX»{],000/0JI+1.0D0/DUK)*UNIT(M)

156 BIND2HOCOLI)I=DX*{1.,000/0J1+1.000/DJK*UP{M)
G0 TO 164

160 JOKER=1
60 TO 164

162 JOKER=2

164 RETURN
END
SUBROUTINE PWAG
IMPLICIT REAL*8{A-H10=-2)

YHIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS FOR AN IN PLANE

WaGGING CODRDINATE (SUCH AS BENZEME IN PLANE H WAG)

I= THE END ATOM.
J= THE APEYX ATOM
K AND L= THE ANCHOR ATOMS,

DIFMENSION X (3+606) v WT{BEI ' R{147 2471 NIt1UT7)NCODIIUT) NL(LIUT )
AINZ2ELUT) N3 {247 aHH{IUT I NS (LU T N6(LUT ) «RITIIVeRUK{I}WRJIL (B )
PEJI(BVEJKIZ) JEJLI3Y RIXIX{Z)

COMMON Xy WT B IND«NOPROBoHOAT s NO  INFINISO NAMI+NOTNT o NI +NCODW N1y
IN2aMNI NG s NE MG« JOKER

100 IF(MNOAT=-NGE(MJIT1A0.101,101

101 IF({NOAT~-NS(MJ}1180.102+102

102 IF{MNDAT=-NU(MJ))ILB80+203+203

103 IF(NOAT-N3(MJ))1180,104+104

104 IF(RNOAT-N2(MJ)IILB0+105:¢205

105 IF{NOAT~-N1({MJ}11804106+106

106 I=N1(MY)

J=N2 (M)

K=N3 (MDD

L=Ny (M)

IX=KG{MJ)

JX=N6 (M)

114 0JIsQ@=0,000
DJKSQ=0, 000
DJLSQ=0, 000
oxXse=0, 000

3120 00 130 M=1+3
RITMIZX{MeTY»X{Mad)
OJISE=DJISA+RJI{MI®*RJIT(M)
RJIK(MI=X (MoK} =X(Med)
DJKS@=DJKSA+RJIK (M} «RIK (M)
RJUL{MISX(MLI=XIMe )
OJLSE=DJLSN+RJL (M) *RIL (M)
RIXJXIMI=X M XY= XM IX}

130 DXSO=DXSQ+RIXJIX(MI*RIXJIX{M)

DI=DSQRT{DJISA)
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DK=DSQRTIDJKSQ)

OL=DSQRT{DJLSG)

DX=DSQRT(OXSR)

IF(OX)1136413£,138

DX=1.000 - .

COosSIK=0,000

COsSIL=0,000

DO 146 M=1.3

EJI(MI=RJI (MY, DY

EJK{M)=RJUK{M)/ DK

EJLIMI=RJLIM)/ DL

COSIK=COSIK+EJI(M)+EJK (M)
COSIL=COSIL+FJIT(M)*EJIL (M)
IF(1,0D0-DABS{COSIK)1182+182¢149
IF(1.000~-DARS(COSIL)I1824182+150
SINIK=DSORT{1.000=-COSTK*CNSIK)
SINIL=DSURT(1,000-COSIL*CNSIL)

DO 170 M=1.3

NOCOL1=3*{I=1)+M
SMI={COSIK*EJI{M)}~EJK{MI}/(2.0DN0D*SINIK*D]}=
1{COSIL*EJI(M)=EJLIM) ) /(2.0DO*SINIL*DI)
BA{NOINT«NOCOL1)=DX*5SMI

NOCOL2=3*(K=-114M

SMEK=(COSIK®EJK (M) EJI(M}l/(E-ODUD*SINIK*UKl
BIMOINT « NOCOLZ ) =DX%SMK

NOCOL3=3*(L-1}+M
SML==(CcOSIL*EJLIM}-EJTI(MI )/ (2.,0D000%SINIL*DL]
BINOINT «NOCOL3)1=DX%SML

NOCOL4=Zx(J=114+M '

B(NOINT NOCOL4)}==DX*{SMI+SHK+SML}

GO TO 1a4

JOKER=1,

GO TO 104

JOKFR=2

RETURN

END

SUBROUTINE TORC

IMPLICIT REAL*8{A=H+0-2)

THIS SUBROUTIMNE COMPUTES THE B MATRIX ELEMENTS FOR THE TORSION 3%
DEFTNED BY CRAWFORDs AND WEIGHTING MANE BY ROX SIN(CANGLE 3=1-5/2).

IL AND I2 = THE CENTRAL ATOMS, Il NgaRER OBSERVER.,
I3 AND 15 = THE END ATOMS ATTACHED To I1,
Iy AND Ie = THE END ATOMS ATTACHED Yp I2,

THIS SUBROUTINE REJECTS MOLECULES IN WHICH I3+ 11 AND 15 OR I&, I2
AND I& ARE COLINEAR AND THOSE IN WHICH THE BOND ([1=121 IS NOT CO

PLANAR WITH PLANES (I1=I3-I5) AND (I2-I4~=16).

DIMENSION X({Z2 166 e WT(66) sB(147 147 HNI(1UT)NCOD{I4TI o NL{LGT )
AINZIIHT ) G N3 Q14T o187 Y o NS (LU 7)o MECLIY4 T RI2(3Y«RIZ(3)4R1G(35])
2R2H9(3) ¢yR26UIII4EL2(3Y4E1S(3)+E 43I E2HI3) +E26(3)CRYIISICR2(3),
ZR7B(3)

compon XoWT4Be INO e OPROB oy NOAT o« N Qo TNToHISO NAsMYrNOYNT+ NI« NCOD N1+
IN2 M3 NG (NS, ME,JOKER GMROB (NOP NCA JNS«NCD.NTNE

IF (MOAT-NA(MJ)} 180,101,101

IF (NDAT~-NS(#JY) 180.1024302

IF (NOAT=-MNU(MJ1) 1A04+1034103

IF (NOAT=N3(MJ}) 180.104,104

IF (NOAT=-N2(MJ)) 1804+105+105

IF (NDAT=-Ny1i{MJY) 180+¢1060106

IFINCAT-NT7ILIAOW107.,107

IF{NMOAT-NGB)1RO0.108,1048

Ii=N1(M

I2=M2(MJ)

I3=N3(MY)

I4=NG (M)

ISENS (MUY

I6=N6(MJ}



112

115
116

124
126

130
132

136
138

142
153

145

147

200
202
203
204
205
206
207
204
209
210

220
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D125R=0,0D0

013s6¢=0,0D0

D1550=0,000

p2456=20,000

D265Q=0,000

presa=0,000

00 124 M=1.3
RI2(MI=X (M. T2)=X(M.I1)
D125G=D12SA+H1I2(M)*R12(M)
RIZ{MNI=X{MeTI3)=X(M:I1)
D13SE=D13SQ+R13I(M)I=R1IM)
R1S(M}I=X{McIS) =X (M1}
D158SQ=D1550+R15{M}I*R15{M)
REGIMI=XIMeTU =X (Ms12)
D245Q=D24SR+R24 (M) *R24 (M)
R2E(MI=XIMeI6 =X (M I2)
D2650=D265R+R26 (M} *R26 (M)
R7I8{MI=X (M NTI=-X (M N8}
D785Q0=D78S0+RT7TB(M}*RTB(M)
D12=0DSaQRT(N1254Q)
D13=DSQRT{N135Q)
D15=0SERT{N1550)
D24=DS@RT{D24SQ)
D26=DSQRT{D2650Q)
B78=DSORT({N785Q)

DO 136 M=1+3
El2{M)=R12tM} /D12
E13{MI=R13 (M1 /D13
E1S5(M)=R1S{M}/D1S
E24tMy=R24 (M) /D24
E26(MI=R26(M} /D26
CRI(LIZEL13(2)1%E15(3) -£13¢
CRYI(2)=E13(31*xE15¢1}~E13¢(
CRI(3I=ELI(1I*ELS(2)=-E15(
CR2(1)=E26(21*E24(3)=E26(
CR2(2)=E26(3)*FE24(1)=E26(
CR2({3I=F26(1)1%E24(2)~E26¢(
DoTi=0,0Nn0

DOT2=0,0D0

0D0T3=0,0D0

ooTu=0,0D0

DOTS=0,0R0

00TE=0,0C0

00 147 M=1+3
DOYI=DOT14E13(MI*E15(M)
DOT2=DoT2+E20 (M) *E26 (M}
DOT3=DOTI+E12(MI%E13{M)
DOTU=DOTH+EL2(M) %E24 (M)
DOTS=DOTS+E12(MI*ELS (M}
DOTE=DOTHE+F 12 (MI*E2E (M)
IF{1.000-DARS(DOTY)) 182,
IF(1.000-DARS(D0OT2)) 182,
IFt1.000-DARS(DOT3)) 182+
1IF(1,0D00-00T3) 182.,1824+20
IF{1.0D0-DARS{DOTH)) 182,
IF(1.0D00=-00TH) 182,182,420
IF(1.0D0-DABS(DOTS)) 182+
IF(1,000-DOTH) 182.182420
IF(1,0D0-DPARS(DOTEY) 1824
IF(1.,0D0-D0OTR) 182.182.21
DOTN1=0,000

DOTNnZ=0,0D0

DO 220 M=1:3
DOTHNLI=DOTNI+E12 (M} *CRYI(M)
DOTNZ=DOTN24+E12(M)2CR2(M)
IF(0,000001-DABS(DOTNL})

31*E15(2)
1)1¥E151(3)
21=E15{1)
3¥sE24(2)
11%E24(3)
2)xE24(1)

i82+200
182+202
203+204
4
205+ 206
]
207208
A
2094210
g

1844184 ,222
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IF(0.000001-DABRS(DOTN? ) 1844184,224
SINI=DSORT(1.000-DOT1+00T1)
SIN2=DSQRT(1.000-00T2+00T2)

IF (078111114121 0,1111

D78=1,000

GO TO 152

D78=D78+DSART((1.-D0OT1)/2,000}

00 164 M=1+3

NOCOL)=3%(I1=-1)+M
B{NOINT«NOCOL1I=CRI (M) *(D13xD0T3-D15*«00TS)»D78/(013%015*SIN1*SIML)
NOCOL2=3%{T2-1)+M

B(NOINT NOCOL21=CR2{MI*{Dp4x00TH-D26*00TE)sDTB{026%024%SIN2*SINR)
HOCOL3=3%(I3-1)+M
B(NOINT«NOCOL3)=CR1(M1*00T5%xD78/ (D13*SIN1«SINL)
NOCOLY=3%({Tu=1)+M

B(NOINT +NOCOLYI=CR2 (M) *D0TE*DT8/ (D24xSIN24SIN2)
NOCOL5=3%({15~1)+M
BINOINTYNOCOL5)==CR1{MI*DOT3*D7B/(N15+«SIN1*SINY)
NOCOLGE=3*{Th=1)+M

B(NOINT NOCOLGI==CR2{MI*DOTY*D78/(D26xSIN2«SINZ)
GO TO 186

JOKER=1

60 TO 186

JOKER=2

G0 TO 186

JOKER=3

HETURN

END

SUBROUTINE MOMIN

IMPLICIT REAL*8(A=H 0=2)

THIS SUBROUTINE COMPUTES THE MOMENT OF INERTIA TEMSQR 1IN
CARTESIAN COORDINATES AND THE TRANSFORMATION TO THE PRIMCIPAL
AXES.

DIMENSION X(3466)1sUTIEE) B l14T 147 NTIL147) NCODLLATIWNLI(LIUT )

INZCIGT Yo NI4T o NS (LTUTIANSLLIUT Yo NE (LTI CHI3NaC 3 eRI2S )
2DNER(3431+TR{343) 1 AL3466]) ’

COMMON XaWT+ReIND+NOPROByNOAT NGO, INTIMNISONA MU+ NOINTNIWNCODsNL

INP e N3+ NY s NS ¢ NG« JOKER «NROB s NOP s NCA+NSsNCDINT N8

w=0,0D0

DO 103 1=1,NOAT

WM+ WT (1)

FIND THE CENTER OF MASS.

00 109 M=1,3

CHiM)=0,0D0

DO 108 I=1.NOAT

CHIM)SCM{MI=WTLI)*X (M)

cimr=cMImI /sy

DO 2114 _X=1,N0DAT

R{I)=0.0D0

D0 114 M=1.3

RUIIZR{TII+HIX{MaTII4CIMII*%2

TRANSLATE TO THF CENTER OF MASS.

COMPUTE THE MOMENT OF INERTIA TENSOR.

D0 126 I=1,3

D0 126 J=1+3

DNER(I+J)=0,0n0

00 126 K=1,NOAT

IF{I~J)}123+121+123 ’
DNERCI+J)=DHERII s I +WTIKI®(RIKI={X(T+KI+C (1) ) %%2)
G0 70 126
DMER(I-J)‘DMER(Ind)-HTlKl*(x(l-Kl+C(II)*IX|J|K)+C1JII
CONTINUE '

WRITE (6480} We{CIM)eM=13)

FORMAT(TH1 MASS=F12.6«16H CENTER OF MASS 3F12.6)
WRITE (6482}

FORMAT {27HO MOMENT OF INERTIA TENSOR,.)
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134 DO 135 I=1.3
135 WRITE (6.+84) (DNER(I+J) od=1,3)
84y FORMAT{1HOZF12.6)
13¢ NR=0
N=3
: IEGEN=0
c FIND THE PRINCIPAL MOMENTS AND THE TRaNSFORHATIDN TO THE PRINCIPAL
[ o} AXES
1yn CALL HDIAG{(OMER«NJ+IEGEN«TR«NR}
142 WRITE (6.+86) (ONERL{I«T)eI=1,3)
86 FORMAT(20HO PRINCIPAL MOMENTS 3F12.6+18H & TRANSFORMATION.)
- DO 141 I=1.MNOAT.6
K=I+5
NCD=1
L=NCD+Ks6
143 CONTINUE
85 FORMAT(6F12,64+1HWI2 12413}
163 WRITE(B.«87) (DNER(I«Ils Iz=143) W
a7 FORMAT(4E168,9)
14y DO 146 I=143
145 WRITE (6+841% (TRITWJIy=143)
IF tNS-11148:150.148 :
150 00 160 I=1,3
‘DO 160 K=1+NOAT
AtI1.K)1=0.0D0
DO 160 J=143
160 ACL«KISA{TWKI+TRIJ« I 21Xy K)+Clull
Do 180 K=1.,MDAT
DO 180 J=1,3
NOCOL=3%{K=1)+J
BING=5NOCOLI=WT(KI®*TR{Je 1) /W
BIND=H NDCOLY=WTIKI*TRIJs 23 /W
180 BINQ=3+NOCOLI=WTI{KI*TR{JI+3) /U
DO 190 K=1«NDAT
DO 190 L=1.3
NOCOL=3#({K=1}+L
IF(DNER(1+1})251.+2514252
251 Bi{NG«2,NOCOLI=0,000
60 TO 260
252 BING=2«NOCOLIS(WTI(KI/ZONER{LI a2 *(A{2+KI*TRIL+3)~Al34KI*TRI{L+2)}
260 IF(DNER(2.2))261,261,262
261 B{(N@=I.NOCOL}=0,.000
GO 70 270
262 B{NQ=1 NOCOL)S(WT(KI/OMER{2+2) 1% (A(S+KI*TR{Lv1I=A(1+KI%TR(L+3))
270 IF(DNER(3+«3)1271+271+190
271 BINQWNOCOLY=0,00D0

G0 TO 220
190 BING o NOCOL)IS{WTIKI/DNERI3+3) ) (ACL+KI*TRIL121~A{2¢KITR(L1)}
WRITE 8
220 WRITE (6.+52) NOPROB

52 FORMAT(18HO B MATRIX PROBLEMIA)
DO 222 1=1.n0

282 WRITE (6454) Ie{(B8(Iad)od=1opnad
54 FORMAT(4HOROWI3/({10F12,.,6))
148 RETURH
END

SUPROUTINE HDIAGI{H«N+sIEGENsU'NR)
IMPLICIT REAL*R{A=-H10=2)
CHDIAGMIHDI3« FORTAN II DIAGONALYZATIDNM OF A REAL SYMMETRIC MATRIX BY
THE JACOBI METHOD.
CALLING SERUEMNCE FOR DIAGONALIZATION
CALL HDIAG( H. N+ TEGENs Uy NR) -
WHERE # IS THE ARRAY TO BE DIAGONALIZED.
N IS THE ORpDER OF THE MATRIXs H.
IEGEN MUST mE SET UNEQUAL TO ZERg IF oMLY EIGEMVALUES ARE TO BE
COMPUTED,

A0 00
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IEGEN MUST B SET EQUAL TO ZERO IF EIGENVALUES AND EIGENVECTORS
ARE T0 BE COMPUTED,

U IS YHE UNITARY MATRYX USED FOR FORMATION OF THE EIGENVECTORS,
NR IS THE NUMBER OF ROTATIOMS.

A DIMENSIOM STATEMENT MUST GE IMSERYED IN THE SUBROUTINE.
OIMENSION H{MaN}« UCNsNYs XINYs IQ(N)

COMPUTER MUST OPERATE IN FLOATING TRAP MODE

THE SUBROUTIME OPERATES ONLY ON THF ELEMENTS OF H THAT ARE TO TRE
RIGHT OF THE MAIN DIAGONAL. THUS. ONLY A TRIANGULAR
SECTION NEED BE STORED IN THE ARRAY H,

DIMENSION HE3e3)1UI3131eX{3)+1IQ(3)

DSIGNF (X1.X2i=0SIGN(X1+X2}

IF (IEGEN) 15+10415

DO 14 I=1.N

DO 1% J=1N

IF(I-J)12411,412

utI.Jdi=1.000

GO TO 14

UlI+Jiz0,.

CONT INUE

NR = 0

IfF (N=11 100G,1000+17

SCAN FOR LARGEST OFF DTAGONAL ELEMENT IN EACH ROW

%(I) CONTAIMS LARGEST ELEMENT IM ITH ROW

IQ{I) HOLDS SECOND SURSCRIPT DEFINING POSITION OF ELEMENT
NMIl=N-1

DO 30 I=1.MMI1

X{Iy = 0,

IPL1=1+41

00 30 JsIPLIWN

IFIX(IN=DABS( H{XI+J))) 20.20+30

X(I)=DABS{HIT+J)) -

Iotll=J

CONTINUE

SET INDICATOR FOR SHUT-O0FF ,RAP=2¢%-27,MR=NO,0F ROTATIONS
RAP=7.450580596E~9

HDTEST=1.0N38

FIND MAXIMUM OF X{I) & FOR PIVOT ELEMENT aND

TEST FOR END OF PROSLEM

DO 70 TI=1.NMI1

IF (I=1) 60,60445

IF(XMAX=X(T})) 60470470

XMAX=X(I)

IPIV=1

JPIV=Ia(l)

CONTINUE

IS MAX, X(I) EQUAL TO ZERDe IF LESS THAN HOTEST+REVISE HDTESY
IF (XMAX) 100041000480

1IFt HDTEST) 90+90.85

IF [(XMAX « HDTEST) 90.90.148

HOININ = CABS { H (1+1) )

D0 110 [=2.N

IF (HDIMIN - DABS | H (I+73)) 115,110,100

HDIMIN=0ABS (HII.I))

COMTENUE

HDTEST = HDIMIN=*RAP

RETURN IF MAX.H(I+JILESS THAN(2*%%=27)DABS{H(KsKI=NIN)

IF {(HOTEST=XMAX) 148.1000,1000

NR= NR+1

COMPUTE TANGENT« SINE AND COSINF H(TeT)sH{Jded}
TANG=DSIGNF{2.0000+ (H{IPIV,IPIVI-H{JPIV«JPIVIIISHIIPIV ,JPIV)/
L{DAESLHIIPTIYLIPIVI=HIJPIV JPIVIY+DSCRTUIR(IPIVJIPIVY-
PHIJPIVJPIV) 22244, DUOtHlIPIV-dPIV’**Q)J
COSINE=1.0N0/DSORT(1.000+TANG**2)

SINE=TANG*CQOSINE

HIX=H{IPIV.1PIV)
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HUIPIVAIPIVICCOSINE##2% (HIT4+TANG# {2, 0Q0%H{IPIV,JPIV)+
1TANG*HCJIPIVJPIV) )
HIJPIVJPIV)I=COSINE*#2 % {H{JPIV,JPIV)~
ITANG* (2. 0N0sH{IPIV (JPIVI=TANG*HTT )}
HUIPIVsJPIVY=0,
PSEUDG RANK THE EIGENVALUFS
ADJUST SINE AND COS FOR COMPUTATION OF H{IK) AND U(IK}
IF  HUIPIV.IPIV) = H{IJPIV.JPIV}) 152,1534153
152 HTEMP = HUIPIVAIPIV)
HIIPIVWIPIV) = HIJPIV.JPIV)
H{JPIV.JPIV) =HTEMP
RECOMPUTE SINE AND COS
HTENMP =DSIGNF({1.000¢ =-SINE) ¥ COSINE
COSINE =DARS {SINE)
SINE =HTEMP
153 CONTINUE
INSPECT THF IQS BETWEEM I+1 AND N~1 To DETERMINE
WHETHER A NEW MAXIUM VALUE SHOULD BE cOMPUTE SINCE
THE PRESENT MAXIMUM IS IN THE I OR J ROW.
00 350 I=1.NMI1
IF(I-IpIVI210.350,200
200 IF (I=UPIV) 2104350.:210
219 IF(IG{II~IPIV) 23042404230
230 IF(IR(I)=JPIV) 350.4240.:350
240 K=1a(})
250 HTEMP=H({I.K}
H(1.K)=0,
1PLI=I+1)
Xt{Iy =0.
SEARCH IN DEPLETED ROW FOR NEW MAXIMUM
DO 320 J=IPL1N
IF ( X{I) =DABS( H{I«J}? ) 300,300+320
300 X(I) = DABRS(H(I+J))
18(I=y
320 CONTINUE
H{IWK)=HTEMP
35g CONTINUEC
XtIPIV) =0,
X{JPIVY =0,
CHANGE THE ORDER ELEMENTS OF H
DO 530 I=1.N
IF (1=IPIV) 370+5304420
37p HTEMP = H(I,IPIV)
HIL IPIVI= COSINE®HTEMP + SINE*H{I«JPIV}
IF { X(I}) = DABS( H{(I.IPIV}) 1380:390,390
380 X(I} = NABS(H{I.IpIV)}
IQ(I) = IPIV
390 HIIWPIVI = = SINE®HTEMP + COSINE&H(I JPIY)
IF ( X(I) = DABS ( H{I+JPIV)) ) 40045304530
400 X(IY = DABS{H{IJPIVI)
IQ(I) = JPIV
G0 TO 530
420 IF(I=JPIV} 4304530.480
430 HTEMP = H{IPIV+I)
H(IPIV+I) = COSIMEXHTEMP + SINE*H(I,JPIV}
IF § X(IPIV) - DABS{H{IPIV.I}) ) 440+450+450
g40 XUIPIV) = DABSI(HUIPIV.I))?
IQUIPIV)Y = 1
850 H{I+JPIV) = = SINE*HTEMP + COSINE*H(I,JPIV)
IF (X(1) = DABS( H{I.JPIV)) ) 400+530,4530
a0 HYEMP = HUIPIV.I)
HUIPIVe1} = COSINE*HTEMP + SINE*H{JPIVY«I)
IF { X({IPIV) = DABS{ H{IPIV,I)) 1) 450,500,500
490 X{IPIV) = DABS{HIIPIV.I)) '
IQUIPIVY = ¢
500 H{JPIV¢I) = = SINE*HTEMP + COSINE*H(JPIVII)
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IF ( X{JPIV) = DABRSt H{JPIV.I}) )1510+530+530
X(JPIVY = DABS{H(JPIV.I)}

1IGtaPIV) = 1

CONTINUFE

TEST FOR COMPUTATION OF EIGENVECTORS
IF{IEGENY 40.540.40

DO 550 Y=14N

HTEMP=(I.IPIV)
UW(I'IPIV)=COSINE«HTENP+SINE*U (I JPIV])
ULI+wWJPIVIS =SINE*HTEMP+COSINE=®L(I«JPIV)
GO TO 40

RETURN

END
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G~MATRIX DIAGONALIZATION

(s NaRgl

IMPLICIT REAL#*8 (A~H«0-2)
REAL*4 STORY
DIMENSION STORY(36)+HT(66) THOMIZIGIL1UTv147) +DG(147)
DIMENSION Ar1474147),(1474147)
EQUIVALENCE (GeW)
100 READ{S5+1) ISO.NOAT,.NQ
t FORMAY{315)
IF{ISO.E@.0) CALL EXIT
READ(B+6) (STORY(I)s+I=1436)
READ(B4+10) (UT(I)+I=14NOAT)
READ(B 7} (TMOM{I} I=1:¢3},THMASS
FORMAT (4E18,9)
FORMAT(18AH)
FORMAT{6F12,81
0o 2020 1=1.MQ
READ{B«7) (G{I+J)sJST+NO}
. DO 2020 J=1,NQ
2620 GlJ1X1=G{I+J)

NR1=0

IEGEN=D

00 44 I=1:«NQ

00 44 J=l.N@

44y A(l,J)1=0,000

CALL HDIAG(G«NG+IEGEN,AsNR1)

DO 147 J=1.NQ

IF(0.0005D0-G(Jsd)) 142+1454145

145 DG(J)=0,0D0
GO TO 147
142 DG(JI=G(Jedy
147 CONTINUE
DO 150 J=1+NQ
DO 150 I=1+NnQ
150 W{I¢d)=ALI+J)*DSERT(DG(J))

WRITE(13) ((M{T+d)2I=1 N0} eJ=14N@)

GO TD 1060

END

SUBROUTINE HDIAG(H «N«IEGEN UsNR)

IMPLICIT REAL*8 (A=H.,0=Z)

REAL*4 RECORD,.RECD:+STNRY
CHOIAGMIHDI3. FORTAN II DIAGONALIZATICN OF A REAL SYMMETRIC MATYRIX 8Y
THE JACOBI METHOD,

CALLING SERUENCE FOR DIAGONALIZATION

CALL HDIAG( Hs Ny IEGENs Us NR)

WHERE H 1S THE ARRAY TO BE DIAGOMALIZEN.

N IS THE ORDER OF THE MATRIX:« M.

1EGEN MUST BF SET UNEGQUAL TD ZERQ IF ONLY EIGENVALUES ARE TO BE
COMPUTED.

1EGEN MUST BE SET EQUAL TO ZERO IF EIGENVALUES AND EIGENVECTORS
ARE TO BE COMPUTED.,

U IS THE UMITARY MATRIX USED FGR FORMATION oF THE EIGENVECTORS,
NR IS THE MUMBER OF ROTATIONS,

A DIMENSION STATEMENT MUST BE INSERTED IN THE SUBROUTINE.
DIMENSTIOM H{N«N) s UIHNMIe X(N}e TQ(N)

COMPUTER MUST OPERATE IN FLOATIMG TRAP MODE

THE SUBROUTINE OPERATES ONLY OM THE ELEMENTS OF H THAY ARE TO THE
RIGHT OF THE MAIN DIAGONAL, THUS, ONLY A TRIANGULAR

o

OO OONODNONNON M
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¢ SECTION NEED BE STORED IN THE ARRAY H,
DIMENSTION HE14741471 (147 1u7|.x(147;.10t1471
DSIGNF{X+Y)=DSIGNI(X+Y)
CALL ERRSET (2084+2564=1+1:0¢0)
CALL ERRSET (209+256+141¢04+0}
IF (IEGEN) 15410415
10 DO 19 I=1.N
DO 14 J=1N
IF(F=-J112,11,12
11 ULI Jr=1,000
GO TO 14
12 WI+2)1=0,600
14 CONTINUE
15 NR = 0
IF (N-1) 1000.1000,17
SCAN FOR LARGEST OFF DIAGONAL ELEMENT IN EACH ROW
Xt1) CONTAINS LARGEST ELEMENT IN ITH ROW
IQ(I) HOLDS SFCOND SURSCRIPT DEFINING POSITION OF ELEMENT
17 NMI1=N-~1
DO 30 I=iJNMIL
X{I) = 0,000
IPL1=1+1
DO 30 J=IPL1N
IF{X(I1~0ABS{ H(I+J) 1) 20-20|30
20 X{I)=DABS(H{IJ))
10 =y
Z0 CONTINUE
c SET INDICATOR FOR SHUT-OFF,RAP=2%¢««27,NR=NO,O0F ROTATIONS
RAP=7,45058059€6D-9
HDTEST=1,0038
c FIND MAXIMUM OF X(I) § FOR PIVOT ELEHENT aND-
C TEST FOR END OF PROBLEM
490 00 70 I=31«MMIL
IF (I=1) 60,6045
45 IF{XMAX=X(I)) 6047070
&0 XMAX=X(I)
IPIV=T
JPIVEIQ(I)
70 CONTINUE ‘
c IS MAX., X(I) EQUAL TO 2EROs IF LESS THAN HOTEST'REVISE HDTEST
IF (XMAX)Y 100041000.80
80 IF{ HDTEST) 90.90,485
85 IF (XMAX = HDTEST) 90.90+148
9g HDIMIN = DABS ( H (1.1}
DO 110 I=2,N
IF (HDIMIN = DABS ( H €E«I})) 311092104200
100 HDIMIN=DARS (H(I+1))
110 CONTINUE
HDTEST=HDIMIM%RAP
c RETURN YF MAX H{I+JILESS THAN{(2#*%x=27}DABS(H(K+K)=MIN)
IF SHCTE3T-XMAX) 148+1000,5000
148 NRS NR+}
c COMPUTE TANGENT+ SINE AND COSINMEH(I«T)eH({Jed)
150 TANG=DSIGN(2.00+ (H{IPIVeIPIV)=HIJPIV JPIV)II)I*H{IPIVJPIV)/{DABS(H
TUIPIVAIPIVI=H{JPIVJPIVII+DSORTL(H(IPIVIPIVI=HIJPIV IPIV))®n24+
24 000%H{IPIV+JPIVI%*2})
COSINE=1.0N0/DSORT {1,000+ TANGXTANG)
SINE=TANG*COSINE
HII=H{IPIV+IPIV)
HIIPIVAIPIVISCOSINE**2« (HII+TANGx(2, ooo*H(IP:U.JPIvr+TANGtH(JP1v.
1JPIV) )}
HIJPIV+JPIVI=COSINE** 2% (H(JPIV JPIV)=TANG* (2. 0C0*HIIPIV«JPIV)=TANG
13HII )
HU{IPIV,+JPIV}=0,0D0
c PSEUDO RANK THE FEIGENVALUES
c ADJUSY SINE AND COS FOR COMPUTATIOM OF HIIK) AND U{IK}

GOa0
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IF t HU{IPIV,IPIV) = H{JPIV.JPIVY) 15241534153
RTEMP = H(IPIV«IPIV)

H{IPIV+IPIV) = H{JPLIVJPIV)

H{JPIV,JPIV} =HTEMP

RECOMPUTE SINE AND COS

HTEMP = DSIGNF (1,0D0s =~SINE) = COSINE

COSINE =0ABS (SINE)

SINE =HTEMP

CONYINUE

INSPECT THE IQS BETWEEN I+3 AND Ne-1 TO DETERMINE

WHETHER A NEW MaXIUM vaLUE SHOULD BRE cOMPUTE
THE PRESENT MAXIMUM IS IN THE 1 OR J ROW.
DO 350 1=1.NMI1

IFII-IPIVI210.+350.200

IF (l-upIV) 210.350+210

IF(IQ(IY=-IPIVI 23042404230

IF(IQ(YIY=JPIV) 35042404350

K=1QtlI)

HTEMP=H{T1+K)

H(I+K)=0.,0D0D

IPL1=1I+1

XtIy =0,0D0

SEARCH IN QEPLETED ROW FOR NEW MaAXIMUM

DO 320 J=IPL1.N

IF { X(I) =DABS( H(X+J31 1 300.3004320
Xt1) = pABS(H{L+J)?

1a(Ir=y

CONTINUE

HIIWK)=HTEMP

CONTINUE

XtipIivy =0.000

XtJplv) =D,0N0

CHAMGE THE ORDER ELEMENTS OF H

DO 530 I=1.N

IF (1=IPIV) 3704530420

HTENP = H{I,IPIV}

H{1,4IPIVI= COSINESHTEMP + SINE+M{I+JPIV)
IF ( X(I) = DABS{ H(ILIPIV)) 1380.390,390C
X(1) = DABS(HII+IPIV))

1941} = IPIV

H{I+JPIV) = = SINE*HTEMP + COSINE«H(I,JPIV)
IF ¢ XtI) - DABS { H(I+JPIV)) 1} 4D0+530+530
X(Y) = DABS{H{IWJPIVI]

IQLI} = JPIV

GO TO 530

IF{TI-JPIV) 4301530480

HTEMP = H{IPIV.1)

HUIPIVeI) = COSINE*HTEMP + SINE*H{I.JpIV)

IF { XtIPIV) ~ DABS(H{IPIV,11} ) 4404450+450

X(IPIV) = DABSIHI{IPIV,1))

1G(IP1yY =1

H{1+JPIV) = =~ SINE*HTEMP + COSINp#H(I,.JPIV)
JF (X{I} = DABS( H{I«JPIV}) ) 400,530,530
HTEMP = H{IPIV.I)

HUIPIVI) = COSINE*HTEMP + SINE*H{JPIV.I1)

IF { XtIPIV) - DABS{ HIIPIV«I)) ) 890,500,500
XUIPIVY = DARSIHIIPIV.I))

IQtIPIV) = 1

H{JPIV4yI) = « SINE*HTEMP + COSTMExH{JPIVWTI)
IF ( X(JPIVY - DABS( H(JPIVs1I}} }510+530¢530
X(JPIV) = DAPS(HIJPIV4I))

IGtUPIVY = 1

CONTINUE

TEST FOR COMPUTATION OF EIGENVECTGRS
IF{IEGENY 40+540440

DO 550 I=14N

SINCE
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HTEMP=U (L IPIV)
U(IvIPIVI=COSINE*HTEMP+SINE*U (T +0PIV)
550 U(Ie+JPIVIz «SINExHTEMP+COSINE*U(TIWJPIV)
60 TO 40
1000 RETURN
END
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SOLUTION OF THE SECULAR EQUATIOM, INPUT IS GAMMA
MATRIX (DIAGONALIZED G} anD F.

IMPLICIT REAL*8 (A=H«0-2}
REAL=*4 RECORD
DIMENSION FUL187 41471 WILHT 147 ) RECOROIIE) DDI14T)
DIMENSION H{147 (147),DVI14T7+EIGILIBT+187) ,CO1UT7414T)
€AUIVALENCE (HEIG) « (DDsDV)
100 READ(5.+1) IHD+NOPROB«NE+NOAT+ITHERM: JIREP«NEXCD
3 FORMAT(715)
IF(9+IND)IS5.93:95
95 CALL EXIT
93 READ(5.:2) (RECORD(I) I=1+36)
2 FORMAT(18A4)
WRITE(6450) NOPROB+INO«{RECORD(T)+I=14+36)
5g FORMAT(13H1 PROHBLEM NO.I8,13/112Xx,1844))}
IF (NOPROB.NE.L) GO To 99 -
DO 98 I=1.NO
gg READ(12) (F{I:+J)sJ=1sNB)
g9 READ(13) ((WII+J)eI=1+NEB)ad=1leNP}
DO 200 J=14nNQ
DO 195 L=1.NO
PGILY=0,000
D0 195 K=1+NO
195 DD{L)I=DD(LI+F (L K)%W[KsJ)
00 200 I=1.H0
H(I.J)=0D,0D0
00 200 M=1.nG
200 HII J)=HIT+ 4+ IM,T)5DD(M)
NR=(
IEGEN=0
CALL HOTAG(H«NQ+IEGEN+C+NR}
00 208 I=1.NQ
208 DVII)=DSORTINABSI{HII 1) /5,B8852n=T)}
00 275 I=1+NG
DO 275 J=1.,NQ
EIG(I,J)=0,000
DO 275 K=1+NQ
275 EIGIIvI=EIGI I« ) +W{TKI*C(K D)
IF(IREP.EQ.1) GO TO 204
HQC=10 FOR METHANE ANO PMM
NaC=10
MM=NQ=-NEXCO
D0 278 J=1.NG
IF(J6T.M4} GO To 28D
DO 272 JJ=1,.NGC
IF(DABSIEIG(JJWJIIGEL (D413 GO TO 2680
272 CONTINUE
GO TO 278 ’
280 WRITE(E4121 JsDVIJIW(EIGITJ) IS eNQ)
12 FORMAT(12HO EIGENVALUFRI3 202 F12,64
120H EIGENVECTOR FOLLOWS/(10F12,6))
27a CONTINUE
60 TO 108
204 DD 288 J=1,.NG
288 WRITE(6+12) JyDVIJ) S IEIG{TsJ)sI=14NG)
108 WRITE(6+61) NOPROB
61 FORMAT{24H FREQUENCIES PROBLEM MNn,.16)
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WRITE(GE«63) (DVII}«I=14NQ)
FORMAT({6F12.6)

G0 T0 100

ENO

SUBROUTINE HDIAG(H+N JTEGEN U«NR)
IMPLICIT REAL=®*8 (A=HsO=Z1}

REAL*4 RECORDRECD«STORY

CHDIAGMIHDI3, FORTAN II DIAGONALIZATIONM OF A REAL SYMMETRIC MATRIX BY

c

c

c

c

c

c

c

c

c

c

c

C

c

c

c

c

c
1o
11
12
1y
15

c

C

c
17
20
30

c

c

c
40
45
60
70

c

890

THE JACOBI METHUD,

CALLING SCQUENCE FOR DIAGONALIZATION

CALL HBIAG! Hs N+ IEGEN+ Us NR)

WHERE H IS THE ARRAY TO BE DIAGONALIZED.

N IS THE ORDER OF THE MATRIX: H.

1EGEN MUST BE SET UNEQUAL TO ZERo IF DNLY EIGENVALUES ARE 7O BE
COMPUTED .,

IEGEN MUSY BE SET EQUAL TO ZERO IF EIGENVALUES AND EIGENVECTORS
ARE TO BE COMPUTED,

U IS THE UNITARY MATRIX USED FOR FORMATION Of THE EIGENVECTORS,
NR IS THE MUMBER OF ROTATIONS,

A DIMENSIOM STATEMENT MUST BE INSERTED IN THE SUBROUTINE.
DIMENSION H(M4N}s U(N+NYe X(N}, TQ(N)

COMPUTER MUST OPERATE IN FLOATING TRAP MODE

THE SUBROUTINE OPERATES ONLY ON THE ELEMENTS OF H THAT ARE TO THE
RIGHT OF THE MAIN DIAGONAL, THUS. ONLY A TRIANGULAR
SECTION NEED 8E STORED IN THE ARRAY H,

DIMENSION H(3I47+147)U{I4T 187 o X {147 )10 ¢147)

DSIGNF (X+YI=DSIGN(X+Y)

CALL ERRSET 1(208+2564=1v1+0+0)

CALL ERRSET (209+2561=14140+0)

IF (IEGEM) 15410.,15

DO 1% I=1eNM

D0 14 J=1.N -

IF(I=J}12411412 :

Uil Jdi=1.0D0

GO TO 1u

UiIeJ)=0.000

CONTINUE

NR =0

IF {N=1) 1000,10004,17

SCAN FOR LARGEST OFF 0IAGONAL ELEMENT IN EACH ROW

X{I) CONTAINS LARGEST ELEMENT IN ITH ROW

I2(1) HOLOS SECOMD SURSCRIPT DEFINING POSITION OF ELEMENT
NMIl=N=1

DO 30 I=1«MMI1

X(I) = 0.0D0

IPLI=T+1

DO 30 J=IPL1,N

IF(X({I)=DABSI{ H{I+J})} 20,420+30

X{I1=DABSIH(T «J})

1Q(1)1=4

CONTINUE

SET INDICATOR FOR SHUT=OFF,RAP=2x%-27,NR=NO,0OF ROTATIONS
RAP=7,4505R0596D=9

HDTEST=1.,0N38

FINU MAXIMUM OF X(I) S FOR PIVOT ELEMENT aND

TEST FOR END OF PROBLEM

DO 70 I=1.MMIL

IF (I=1) &0.60445

IFIXMAX=X{TI)) &0+704+70

XHMAXSX{T}

IPIV=1

JPIV=IGET)

CONTINUE -

IS MAX, X(I} EFQUAL To ZEROs IF LESS THAN HDTEST+REVISE HDTEST
IF (XMAXY} 1000+100C«80

IFt HOTEST) 90.90485
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85 IF (XMAX = HOTEST) 90.904148
99 HOIMIN = DABS ( H (1l+1) )
00 110 TI=2.N
IF (HDIMIMN - DABS ( H (I.I3)) 11p,110,100
100 HOIMIN=DABS (H(I.I}}
110 CONTINUE
HDTEST=HDIMIN«RAP
RETURN IF MAXWHLIIWJILESS THAN(2#%%=27)pABS(HIKKI=MNIN)
IF (HOTEST~XMAX) 148,1000,1000
148 NR= NR+1
COMPUTE TAMGENT, SINE AND COSINE H{I+I}sH(Jsd)

150 TANGzOSIGN(2.00¢ (HIIPIVYIPIVI-HIUPTIVsJPIVI I I*H{IPIVsJPIV)/{DABS(H
FHIPIVeIPIVI~HIJPIVeJPIVI)+aSORTIIHIIPIVeIPIVI=HIJPIVIJIPIVI I ®%2+
20,0005 {IPIVJPIVI**2))

COSINE=1.0N0/0SGRT(1.0D0+TANG*TANG)

SINE=TANG*COSINE

HII=H(IPIVIPIV)
H(IPIV!IPIV)=COSINE*t2#tHII+TANGt(2-ODUtH(IPIV.JPIVI+TANG*H(JPIV!
1JPIVI] )Y

H{JPIV JPIVI=COSINE** 2% (H{JPIV JPIVI=TANG*(2.,0p0*H{IPIV.JPIV}=TaANG
1*HILl))

H{IPIV.JPIVIS0.0DO

PSEUDD RANMK THE EIGENVALUES

ADJUST SINE paND COS FOR COMPUTATION OF H(UIK) ANMD U(IK)

IF ( H{IPIV,IPIV) = H(JPIV,.JPIV}))} 152,153,153

152 HTEMP = HUIPIV«IPIV) '

HUIPIVAIPIV) = HIJPIV+JPIV)

HIJPIV,JPIV) =HTEMP

RECOMPUTE SIME AMD COS T

HTEMP = DSIGNF (1.0p0, =SINE) » ¢OSINE

COSINE =DABS (SINE} -

SINE =HTEMP

153 CONTINUE

INSPECT THE 1QS BETWEEN T4} AHD N=~1 TO DETERMINE
WHETHER A MEW MaAXIUM VALUE SHOULD BE c¢OMPUTE SINCE
THE PRESENT MAXIMUM IS IN THE I OR J ROW.
DO 350 I=1.NMIL
IF(T-IPIV1I2104350+200
200 IF {1-JPIV) 210+350+210
210 IFC(IG(I)=~IPIV) 230+2404230
230 IF(IQIT)=JPIV) 35042404350
240 K=1a(1
250 HTEMP=H{I K}
H{I.K)=0.,0D0D
IPL1=]I+1
Xty =0,0D0
SEARCH IN DEPLETED ROW FOR NEW MAXIHUM
DO 320 J=IPL1«N
IF  XUI) =paABS(e HUX«J)}) ) 30043004320
300 X{I} = DABSUH(I«J))
10(I)=J
320 CONTINUE
H{I«K)=HTEMP
350 CONTINUE
XtIPIV) =0.0D0
X{JPIV) =0.,0D0
CHANGE THE ORDER ELEMENTS OF H
DO 530 I=1sN
IF {(I«IPIV) 37045304420
370 HTEMP = H{I.IPIV)
H{I.IPIyI= COSTNE*HTEMP + SINE#«H (I« JPIUI
IF t X(I} = DABS( HII+IPIVI} 1380.390,390
380 X{I) = DABS(HITI.IPIV))
1Q(1} = IP1V
390 HUX«JPIV) = = SINE*HTEMP + COSINgsH(IL,.JPIV)
IF § X(I) = DABS { HIIWJPIVI) ) 40045304530
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X{1} = DABS(H{I+JPIV)}

IQ(I) = JPIV

60 70 536

IF(I-JPIV) 430530480

HTEMP = HIUIPIV.I}

H¢IPIV,I) = COSINE=HTEMP + SINE*H(I, JPIV}

IF ( X(IPIV) = DABS(H{IPIV,I)) ) H40450+450
X(IPIV)Y = DABS(H(IPIV.I))

IRCIPIVY = 1

H{I«JPIV) = = SINE*HTEMP + COSINE®H({I,JPIV)
IF (X{I) < DABS({ H{I«JPIV)) ) 400+530,530
HTEMP = H{IPIV.D)

H{IPIV.I) = COSINE*HTEMP + SINE*H{JPIy. 1)

IF ¢ X(IPIV) = DABS{ HUIPIV.1)) ) 490,500,500
X{IPIV) = DARS{H(IPIV.IN)

IaUiPIV) = 1 :

HU{JPIV,1) = = SINE*HTEMP + COSINE*H(JPIViI}
IF ( X(JPIV) = DABS{ H{JPIV«I)) )510:530:530
XtJPIV) = DABS(H{JPIV.IM)

IefupPlv) = I

CONTINUE

TEST FOR COMPUTATICON OF EIGENVECTORS
IFLTIEGEN) 40540440

RO S50 I=1.N

HTEMP=U(TIIPIV)
ULI+IPIVISCOSINE®HTEMP+SINEXUI T+ JPIV)
UrI«JPIV)= ~SINE*xHTEMP+COSINExU(IJPIV)

GO0 TO 40 .
RETURN

END
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