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A b strac t

CORRELATION OP THE VAPOR PRESSURE ISOTOPE EFFECT 

WITH MOLECULAR FORCE FIELDS 

IN THE LIQUID STATE 

by

James S . P o ll in  

A dviser: P ro fe sso r  Takanobu Ish id a

The p re se n t work i s  concerned w ith  th e  development and 

a p p lic a t io n  o f a new model fo r  condensed phase in te ra c t io n s  w ith 

which th e  vapor p re ssu re  iso to p e  e f f e c t  (v p ie )  may be r e la te d  to  

m olecu lar fo rc e s  and s t r u c tu r e .  The model co n sid e rs  th e  condensed 

phase as  being  re p re se n te d  by a c lu s te r  o f  re g u la r ly  a rranged  mole­

cu le s  c o n s is t in g  o f a  c e n tr a l  m olecule and a  v a r ia b le  number o f 

m olecules in  th e  f i r s t  co o rd in a tio n  s h e l l .  The methods o f  normal 

co o rd in a te  a n a ly s is  a r e  used to  determ ine th e  modes o f  v ib ra tio n  

o f th e  condensed phase c lu s te r  from which, in  tu rn ,  th e  is o to p ic  

reduced p a r t i t i o n  fu n c tio n  can be c a lc u la te d .

Using th e  medium c lu s te r  model, th e  observed v p ie  f o r  a  

s e r ie s  o f  methane iso to p e s  has been s u c c e s s fu lly  reproduced w ith 

b e t te r  agreem ent w ith  experim ent th an  has been p o ss ib le  u s in g  th e  

sim ple c e l l  model. We conclude, however, t h a t  in s o fa r  as  th e  medium 

c lu s te r  model p rov ides a  reaso n ab le  p ic tu re  o f  th e  l iq u id  s t a t e ,  th e  

vp ie  i s  no t s u f f ic ie n t ly  s e n s i t iv e  to  m olecu lar o r ie n ta t io n  to  perm it 

an experim ental d e te rm in a tio n  o f in te rm o le c u la r  c o n fig u ra tio n  in



th e  condensed phase  through  measurement o f  i s o to p ic  p re s su re  

r a t i o s .  The v i r t u a l  independence o f vapor p re ssu re  iso to p e  e f f e c t s  

on m o lecu la r o r ie n ta t io n  a t  la rg e  c lu s t e r  s iz e s  i s  a  d em onstra tion  

o f th e  g en e ra l a c c e p ta b i l i ty  o f  th e  c e l l  model assum ptions f o r  

v p ie  c a lc u la t io n s .



To my w ife
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I .  INTRODUCTION

This th e s is  p re sen ts  th e  development and a p p lic a tio n  o f an 

o r ig in a l  model f o r  condensed phase in te rm o lecu la r fo rces  fo r  use w ith ­

in  th e  con tex t o f  th e  vapor p re ssu re  iso to p e  e f f e c t .  The model con­

s id e r s  th e  condensed phase fo rce  f i e ld  as a  s e t  o f e x p l ic i t  and w e ll-  

d e fin ed  in te ra c t io n s ,  r a th e r  than as  a  g en era lized  p o te n t ia l .  Computa­

t io n a l  r e s u l t s  f o r  a  v a r ie ty  o f is o to p ic  d e r iv a tiv e s  o f methane w il l  

he p resen ted  which su cc e ss fu lly  reproduce experim ental observations 

and provide in d ic a tio n s  o f th e  im portan t f a c to rs  involved in  d e te r ­

mining th e  iso to p e  e f f e c t .

The th e s is  c o n s is ts  o f th re e  major p a r ts :  ( l )  an in tro d u c tio n ,

in  which background in form ation  and p e r t in e n t  theory  w il l  be p resen ted ; 

(2) a  com putational methods s e c tio n , which shows in  d e ta i l  how model 

c a lc u la tio n s  a re  performed and in te rp re te d ;  (3 ) & p re se n ta tio n  and 

d iscu ss io n  of r e s u l t s ,  w ith emphasis on th e  c o r re la t io n  o f vapor 

p re ssu re  iso to p e  e f fe c ts  w ith m olecular fo rces  and s tru c tu re  in  th e  

condensed phase. L is ts  o f  newly developed computer programs a re  

appended. D iscussion o f m a te ria l which i s  o r ig in a l  to  t h i s  research  

w i l l  be in te g ra te d  w ith  d iscu ss io n s  o f previous work, r a th e r  than 

p resen ted  in  a  s in g le  sep ara te  s e c tio n .

Although th i s  s tudy  i s  la rg e ly  o f a  th e o re t ic a l  n a tu re , a b r ie f  

review  of th e  experim ental measurement o f vapor p ressu re  iso to p e  e f fe c t  

w i l l  f i r s t  be g iven .



- z -

I - l i  Experim ental B asis o f  th e  Vapor P re ssu re  Iso to p e  E ffe c t

S in g le  component g a s - l iq u id  and g a s -s o l id  e q u i l ib r ia  a re  ch arac­

te r iz e d  by th e  opposing phenomena o f  condensation  and v a p o r iz a tio n .

At co n s tan t tem p era tu re , such an eq u ilib riu m  s ta t e  i s  com pletely 

s p e c if ie d  by a  unique gas-phase p re s s u re . I s o to p ic  s u b s t i tu t io n  in  

th e  s in g le  component s l i g h t ly  a l t e r s  th e  c h a r a c te r i s t i c  p re ssu re ; t h i s  

s h i f t  i s  known as  th e  vapor p re ssu re  iso to p e  e f f e c t  ( v p ie ) . The 

c o r re la t io n  o f th e  v p ie  w ith  m olecu lar s t r u c tu r e  i s  s ig n i f ic a n t  both  

th e o r e t ic a l ly ,  where i t  can be o f a s s is ta n c e  i n  u n d erstan d in g  i n t e r -  

m olecular fo rc e s ,  and com m ercially, where optimum iso to p e  se p a ra tio n  

i s  an im p o rtan t i n d u s t r i a l  p ro cess .

The vapor p re ssu re  iso to p e  e f f e c t  i s  u s u a lly  expressed  as  th e  

logarithm  o f  th e  r a t io  o f eq u ilib riu m  p re ssu re s , jg n (P '/p ) , where th e  

primed q u a n ti ty  r e f e r s  by convention to  th e  p re ssu re  o f  th e  l i g h te r  

iso to p e . The behav io r o f  f n fP '/p )  f o r  v a rio u s  i s o to p ic  p a i r s  a s  a 

fu n c tio n  o f  tem peratu re  i s  o f  prim ary  concern. The vp ie  i s  con­

s id e red  normal i f ,  a t  a  g iven tem p era tu re , JUn(P'/]?) >  0 and in v e rse  

i f  ^ n (P '/P )  < 0. The tem peratu re  a t  which th e  lo g arith m  o f th e  

p re ssu re  r a t i o  v an ish es  i s  c a lle d  th e  c ro sso v er tem p era tu re .

S ev era l tech n iq u es  have been developed to  measure th e  vapor 

p re ssu re  iso to p e  e f f e c t .  Because o f th e  s tro n g  tem pera tu re  depen­

dence of vapor p re s su re , i t  i s  n o t p o s s ib le  to  a c c u ra te ly  determ ine 

th e  vp ie  by measuring th e  p re ssu re s  o f th e  two sp e c ie s  in d iv id u a lly ;  

i t  i s  n ecessa ry  to  determ ine th e  vapor p re ssu re s  sim u ltaneously  a t  

p re c is e ly  th e  same tem p era tu re . D i f f e r e n t ia l  manometry was f i r s t  

used  by Keesom and H aan tjes  ( l )  f o r  th e  measurement o f th e  vp ie  of
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neon iso to p e s . Subsequent s tu d ie s  have employed in c re a s in g ly  sen­

s i t i v e  tech n iq u es in c lu d in g  membrane manometers (2) and d i f f e r e n t i a l  

cap ac itan ce  gauges ( 3 A)* The compounds under s tudy  must be both 

chem ically  and i s o to p ic a l ly  pure when d i r e c t  vapor p re ssu re  m easure­

ments a re  made (5 )- In  a d d it io n , th e  samples must be kep t a t  ex ac tly  

th e  same tem p era tu re . For example, s in c e  a  vapor p re ssu re  iso to p e  

e f f e c t  i s  g e n e ra lly  on th e  o rd e r  o f  1%, P*/P r» 1 .01; i f  t h i s  r a t io  

i s  to  be determ ined w ith  one p e rcen t p re c is io n , th e  p re ssu re  f lu c tu a ­

t io n ,  6P, must be l im ite d  to  6P/P = 0.0001. From th e  C lau siu s- 

Clapeyron equation ,

6P AH 

P

i t  i s  seen th a t  a  tem p era tu re  s t a b i l i t y ,  6T, o f  0.001 °K i s  re q u ire d  

a t  200 °K fo r  a  ty p ic a l  l a t e n t  h e a t o f  v a p o riz a tio n  o f  10 k ca l/m o le .

A c ry o s ta t  capab le  o f such tem pera tu re  s t a b i l i t y  has been d esc rib ed  

by B ig e le ise n , e t  a l .  (6) f o r  use  below 300 °K.

D i s t i l l a t i o n  tech n iq u es  p rov ide  somewhat in d i r e c t  and le s s  p re ­

c is e  methods fo r  th e  d e te rm in a tio n  o f vapor p re ssu re  iso to p e  e f f e c ts  

(7 (8 ,9 ) .  The p r in c ip a l  advantage th e se  tech n iq u es have over mano- 

m e tric  methods i s  th a t  only  samples o f  low is o to p ic  com position a re  

needed. The s in g le - s ta g e  se p a ra tio n  f a c to r ,  a ,  i s  d e fin ed  a s

(n */n)_ ' ' vapor

(N’/'» )l iq u ld

where N' and N a re  th e  eq u ilib riu m  co n cen tra tio n s  o f th e  l i g h t  and

vap 6T ( 1)
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heavy iso to p e s  in  a th e o r e t ic a l  s ta g e  in  th e  d i s t i l l a t i o n  system . The 

vp ie  and a  a re  r e la te d  (10) by

^n(P ’/P ) =
P(B0-V) _1 

1 + ------------
RT

,ena (3 )

where B0 i s  th e  second v i r i a l  c o e f f ic ie n t ,  assumed to  be th e  same f o r  

both  iso to p e s  ( l l ) .

S in g le -s ta g e  d i s t i l l a t i o n  experim ents a re  l im ite d  by th e  accuracy  

o f th e  mass a n a ly s is  s in c e  a  i s  always c lo se  to  u n ity .  By u sin g  an 

n -s ta g e  d i s t i l l a t i o n  column, th e  o v e ra ll  s e p a ra tio n  f a c to r  i s  in c rea se d  

n - fo ld  (1 2 ) . In  such a  m u lti-s ta g e  system , th e  a  f a c to r  i s  g iven  by

Xto p  ^bottom Hoo _    a

 ̂ ^ top   ̂ ^bottom

where and a re  th e  is o to p ic  atom f r a c t io n s  a t  th e  to p  and

bottom o f  th e  column and n i s  th e  number o f  th e o r e t ic a l  p la te s  a t  

t o t a l  r e f lu x .  The number o f th e o r e t ic a l  p la te s  i s  determined  from 

an a n a ly s is  o f  th e  t r a n s ie n t  behav io r o f th e  d i s t i l l a t i o n  column as  a 

fu n c tio n  o f  column param eters and th e  n a tu re  o f  th e  d i s t i l l a t e .  The 

a n a ly s is  o f ,n u lt i- s ta g e  d i s t i l l a t i o n  system s has been d escribed  i n  de­

t a i l  by Cohen (l3 )>  B ig e le isen  and R ibn ikar (8 ) ,  and I sh id a  and Wieck 

(1 4 ).

I - 2 t  H is to r ic a l  Overview o f  Vapor P re ssu re  Iso to p e  E ffe c t Theory

T h e o re tic a l in te r p r e ta t io n  o f  observed iso to p e  e f f e c ts  began more 

than  f i f t y  years ago w ith  th e  work o f F. A. Lindemann (Lord C herw ell),
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who examined, th e  i s o to p ic  dependence o f vapor p re s su re  in  s o lid -g a s  

e q u i l ib r i a  ( 15) .  S ta r t in g  w ith  an eq u a tio n  d e r iv e d  from th e  th e o ry  

o f  monatomic Debye s o l id s ,  Lindemann o b ta in ed  an ex p ress io n  f o r  th e  

h igh  tem p era tu re  is o to p e  e f f e c t ,

T

*n(P'/P) - cp)dT - (5)

where C^, m’ and a r e  th e  h e a t c a p a c ity , i s o to p ic  mass and l a t e n t  

h e a t o f  v a p o r iz a tio n  a t  a b s o lu te  zero  f o r  th e  l i g h t  iso to p e  and C , m 

and AH0 a r e  co rrespond ing  q u a n t i t i e s  f o r  th e  heavy is o to p e .  An in d e ­

pendent d e r iv a t io n  o f E quation  (5 ) was l a t e r  g iv en  by 0 . S te rn  ( l 6 ) . 

The l a s t  term  o f  E quation (5 ) re p re s e n ts  th e  s h i f t  i n  zero  p o in t  

energy w ith  i s o to p ic  s u b s t i tu t io n ,  a  quantum e f f e c t ,  which was o f  

d o u b tfu l v a l id i t y  i n  1923* In  1931 > Keesom and van D i jk ( l7 )  examined 

th e  v p ie  o f  s o l id  NeSo/N eS3. T h e ir  work su p p o rted  th e  v a l i d i t y  o f th e  

L indem ann-Stem  eq u a tio n , th e reb y  d em onstra ting  th e  e x is te n c e  o f  th e  

ze ro  p o in t  energy and i t s  im portance in  th e  vapor p re s s u re  is o to p e  

e f f e c t .  I n  193^1 S c o tt  e t  a l .  (18) extended p rev io u s  c a lc u la t io n s  o f 

th e  s o lid -g a s  vp ie  by in c lu d in g  c o n s id e ra tio n  o f  gas im p e rfe c tio n s .

The th e o ry  o f th e  e f f e c t  o f  iso to p y  on th e  vapor p re s s u re  o f  

l iq u id s  has alw ays been somewhat in ad eq u a te  due in  la rg e  p a r t  t o  th e  

n a tu re  o f  th e  liq u id -p h a s e  d i s t r i b u t io n  fu n c tio n  and th e  quantum 

c o r re c t io n s  t h a t  must be a p p lie d  to  th e  l iq u id  p a r t i t i o n  fu n c tio n . In  

1938* H erzfe ld  and T e l le r  developed a  th eo ry  o f  monatomic l iq u id s  (19) 

by ap p ly in g  th e  Wigner quantum c o r re c t io n  (20) to  th e  Boltzmann d i s ­
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t r i b u t io n .  They ob ta ined  an ex p ressio n  f o r  th e  quantum m echanical 

p a r t i t i o n  fu n c tio n , Q , in  term s o f  th e  c la s s i c a l  p a r t i t i o n  fu n c tio n ,

-T^ " 1 - 2T O < e S7 § ^ > + ( 6 )

where U i s  th e  p o te n t ia l  energy o f  th e  system as  a  fu n c tio n  o f a l l  

co o rd in a te s  x . The b ra c k e ts  in d ic a te  an average p ro b a b i l i ty  d i s t r i b u ­

t io n  in  co n fig u ra tio n  sp ace . S im ila r  ex p ress io n s  fo r  polyatom ic 

m olecules a re  given by Landau and IA fsh itz  (21) and by Friedmann (2 2 ). 

In  g e n e ra l, th e  Wigner theorem , expressed  a s  a  power s e r ie s  o f h (23 ), 

g iv es  th e  quantum c o rre c tio n  fo r  thermodynamic eq u ilib riu m  and an ex­

p re ss io n  f o r  th e  iso to p e  e f f e c t .  To f i r s t  o rd e r, t h i s  ex p ressio n  i s

M p ’/ p ) -  g ) ( W 00„d -  W g , * )  (7)

where m' and m a re  is o to p ic  masses and (v2u )  i s  th e  mean value  o f th e  

L ap lacian  o f  th e  in te rm o le c u la r  p o te n t ia l .  I f  many-body fo rc e s  a re
t

n eg lec ted  in  th e  condensed phase, U i s  ob ta ined  a s  a  p a i r  summation 

(2 4 ),

U = 2 u ( r  .)  (8)
i> j  1J

where r .  . i s  th e  in te rm o le c u la r  d is ta n c e , and th e  average L ap lacian
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i s  g iven  by (25)

(v 2U> = Jfrrrnj* g ( r )  ^ ^ d r  (9)

where n i s  th e  mean number d e n s ity  and g ( r )  i s  th e  r a d ia l  d is t r ib u t io n  

fu n c tio n . B ig e le ise n , Lee and Mandel (26) have shown th a t  e x c e lle n t 

agreem ent e x is t s  between (v 3t/) v a lu es  d eriv ed  from experim ental vp ie  

measurements o f  Kr, Ar and Xe iso to p e s  and ^V2u) v a lu es  c a lc u la te d  by 

Mandel (27) and V e rle t ( 28) u s in g  p e r tu rb a tio n  m ethods. Rowlinson (29) 

and P re se n t ( 30) have examined th e  e f f e c t  o f  many-body fo rc e s  on the  

iso to p e  e f f e c t .

With Equation ( 7)1 H erzfe ld  and T e lle r  showed th a t  to  a  f i r s t  

approxim ation th e  lo g arith m  o f th e  is o to p ic  p re ssu re  r a t io  i s  in v e rse ly  

p ro p o rtio n a l to  th e  square  o f th e  a b so lu te  tem pera tu re  w ith  th e  l i g h t ­

e r  iso to p e  having th e  h ig h er vapor p re ssu re  a t  a l l  tem p era tu res .

Many examples o f  th e  heavy iso to p e  having a h ig h er vapor p re ssu re  a t  

some tem p era tu res  a r e  known (3l)> This in v e rse  iso to p e  e f f e c t  may 

be exp la ined  ( 32) in  term s o f a  s h i f t  in  th e  i n t e r n a l  freq u en c ie s  o f 

v ib ra tio n  upon condensation  which i s  d i f f e r e n t  f o r  th e  two is o to p ic  

s p e c ie s . Such s h i f t s  6v = Vga s -v qqqÛ g a re  observed sp e c tro s c o p ic a lly  

and correspond to  zero  p o in t energy changes. The is o to p ic  d if fe re n c e  

in  Sv f o r  n on -po la r l iq u id s  has been explained  (33) as a  consequence 

o f  changes in  van d e r  Waals fo rc e s .

The o b se rv a tio n  o f  in v e rse  iso to p e  e f f e c ts ,  and th e  ex p lan a tio n s  

th a t  have been p u t forw ard to  ex p la in  them, su g g est th e  im portance o f
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m olecu lar s tr u c tu r e  a s  w ell a s  i s o to p ic  mass. W ithin th e  fram e­

work o f a  l a t t i c e  model o f th e  condensed phase, Johns ( 3^) and 

Devyatykh (35) d eriv ed  ex p ress io n s  f o r  th e  v p ie  o f  th e  form

I I I  P* * ~P
i n ( P '/ p )  = f(jBfM \ e , e ' )  - ^ S ( 6 v ' - 6 v )  + C10)

where M, 0, and 6v a re  th e  m olecu lar mass, th e  Debye tem peratu re  and 

th e  frequency  s h i f t  on condensation . Equation (lO) shows th a t  th e  vp ie  

i s  no t on ly  a fu n c tio n  o f mass and aero  p o in t energy e f f e c t s ,  hut 

a ls o  a  fu n c tio n  o f fi^, th e  chem ical p o te n t ia l  due to  r o ta t io n ,  and 

A, B, and C, th e  p r in c ip a l  moments o f i n e r t i a .  Rabinovich ( 36) has 

suggested  an ex p ressio n  fo r  in ( P f/p )  th a t  s e p a ra te ly  accounts f o r  th e  

iso to p e  e f f e c ts  on d isp e rs io n , o r ie n ta t io n ,  p o la r iz a t io n  and a s s o c ia ­

t io n  e n e rg ie s .

These e f f o r t s  a l l  suggest an exp ression  f o r  th e  v p ie  co n ta in in g
-1  -2  a T term  a s  w ell a s  a  T term , and, in  g e n e ra l, t h i s  i s  what i s

observed ex p erim en ta lly . But i f  th e  fo rc e  f i e ld  in  th e  l iq u id  s t a t e  

i s  no t known, th e  vapor p re ssu re  iso to p e  e f f e c t  cannot be q u a n t i ta ­

t iv e ly  p re d ic te d . However, th e  use  o f a  s im p lif ie d  model o f th e  con­

densed phase p erm its  th e  ev a lu a tio n  o f th e  v p ie  and a c o r re la t io n  o f 

th e  iso to p e  e f f e c t  w ith  m olecular and in te rm o le c u la r  f o rc e s .

In  1961, B ig e le ise n  (3?) in tro d u ce d  a  new fo rm u la tio n  o f th e  

vp ie  based on a  sim ple c e l l  model o f th e  condensed phase. The sim ple 

c e l l  model assumes th a t  each m olecule i s  en trapped in  a  p o te n t ia l  

cage formed by th e  in te r a c t io n s  w ith  i t s  n e a re s t  n e ig h b o rs . S te rn ,
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Van Hook and W olfsberg ( 38) compared experim ental vapor p re ssu re  r a t io s  

o f mono- and d id e u te ro -e th y le n e s  w ith  v a lu es  c a lc u la te d  u s in g  th e  sim ple 

c e l l  model. The c a lc u la te d  dependence o f  X n(P '/p ) on tem peratu re  

was in  good agreem ent w ith  experim ent, a s  were subsequent c a lc u la ­

t io n s  perform ed by I s h id a  and B ig e le ise n  (39) on o th e r  e th y len e  i s o ­

to p es  and by B ig e le ise n , Gragg and Jeevanandam (40 ) on methane iso to p e s . 

However, Van Hook and o th e rs  (41,4-2) have shown th a t  th e re  i s  poor 

agreement o f  c e l l  model c a lc u la t io n s  w ith  experim ent f o r  system s th a t  

e x h ib i t  m olecular a s s o c ia t io n  o r in te r n a l  r o ta t io n  in  th e  condesed 

p h ase .

In  th e  sim ple c e l l  model, th e  condensed phase i s  considered  to

e x e r t a  g e n e ra liz e d  in f lu e n c e  on th e  quantum m echanical behav io r o f 
*

th e  m olecule under s tu d y , bu t to  be w ithout s tr u c tu r e  o r d efin ed  a t ­

tachm ent. T his study  exp lo res  a  new, somewhat more r e a l i s t i c  model 

fo r  th e  condensed phase, in  which th e  medium i s  considered  to  be a  

system o f  s p e c i f ic  mass p o in ts ,  each having a  weak, b u t w e ll-d e fin ed  

in te r a c t io n  w ith  th e  su b je c t m olecule. I n te ra c t io n s  w ith  th e  mole­

cu les  in  th e  f i r s t  co o rd in a tio n  sphere  a re  t r e a te d  e x p l i c i t l y  as  

p a r t  o f  th e  condensed phase system , r a th e r  th an  p a s s iv e ly  o r g e n e ra l­

ly  as  in  th e  sim ple c e l l  m odel. The condensed phase m olecule i s  

considered  to  be a t  th e  cen te r  o f  a  re g u la r  convex polyhedron; th e  

m olecules o f  th e  f i r s t  co o rd in a tio n  s h e l l  a re  a t  th e  v e r t ic e s .  I f  

th e re  a re  m-1 m olecules in  th e  c o o rd in a tio n  s h e l l ,  th e  e n t i r e  ag g re ­

g a te  o f m olecules i s  c a l le d  an m -c lu s te r .  This new model, th e  medium 

c lu s te r  model o r MCM, i s  a  n a tu ra l  ex ten sio n  o f  th e  sim ple c e l l  th e o ry .
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I . THEORY QF VAPOR PRESSURE ISOTOPE EFFECTS

Medium c lu s te r  model c a lc u la tio n s  o f vapor p re ssu re  iso to p e  

e f f e c ts  a re  based on th e  same th e o r e t ic a l  foundation  as  sim ple c e l l  

model c a lc u la t io n s .  In  t h i s  c h ap te r , th e  g en e ra l th e o r e t ic a l  fram e­

work and s p e c i f ic  assum ptions o f  both  models a re  d iscu sse d .

H - l ;  The Born-Q-ppenheimer Approximation and P a r t i t io n  Function  R atio  

An exam ination o f  th e  e f f e c t  o f  m olecu lar s tru c tu r e  on th e  vapor 

p re ssu re  iso to p e  e f f e c t  beg ins by co n sid e rin g  th e  SehrJJdinger 

equation  f o r  th e  polyatom ic m olecule under s tu d y ,

H iK x.X ) = E iKx.X) (11)

where x and X a re  used  to  emphasize th e  dependence o f th e  t o t a l  wave- 

fu n c tio n  iff on both th e  e le c tro n ic  and n u c le a r  c o o rd in a te s . The 

m olecu lar H am iltonian i s

A -tis 1 2 "ft2 2 Za Z8e3 Zrre3 es / \H = -—- 2 “  V -   2 2  - S ----+ S 2 _e_ ( 12)
2 ni a 2m i  r  a r. r. . ' 'a ap ia

where r e l a t i v i s t i c  e f f e c ts  such as  s p in -o rb i t  coupling a re  n eg lec ted  

(4 3 ). In  Equation (1 2 ), a  and p a re  n u c le a r  in d ic e s  and i  and j  a re  

e le c tro n ic  in d ic e s .  N uclear mass i s  denoted by m̂  and e le c tro n ic  

mass by m.



The invo lved  n a tu re  o f Equation ( l l )  may be s im p lif ie d  a 

g re a t  d ea l by invok ing  th e  Born-Oppenheimer approxim ation by 

which th e  t o t a l  w avefunction i s  fa c to re d  in to  s e p a ra te  e le c tro n ic  

and n u c lea r p a r t s ,

*(x,x) = *elU,x) ^nuc(x) (13)

W ithin t h i s  approx im ation , E quation  ( l l )  can be analyzed  a s  two 

s e p a ra te  problem s,

" el *el<x-X) = Eel (l4)

and

H f (x) = E f (X) (15)nuc nucx '  nuc

where th e  e le c t r o n ic  H am iltonian c o n s is ts  o f  a l l  b u t th e  f i r s t  and 

th i r d  terms o f E quation  (12 ). The e le c tro n ic  energy c a lc u la te d  from 

Equation ( l^ )  to g e th e r  w ith th e  in te rn u c le a r  re p u ls io n  determ ine the  

p o te n t ia l  f i e ld  w ith in  which th e  n u c le i move. The fo rc e  c o n s ta n ts  

o f  th e se  n u c lea r m otions a re  d e fin ed  by th is  p o te n t ia l  f i e ld  and a re  

th u s  seen to  be independent o f n u c le a r  mass s in c e  only  th e  f i r s t  term 

o f  Equation (12) in v o lv es  m .

The w avefunction in  E quation  ( l 5) can be f u r th e r  fa c to re d  in to  

v ib ra t io n a l ,  r o ta t io n a l  and t r a n s la t io n a l  w avefunctions,
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where

*yib~ (17)

f o r  n d eg rees o f  v i 'b ra tio n a l freedom . The energy eigenvalues f o r  

non-degenera te  v ib ra t io n a l  m otions a re  given by

= (Vi + D hV f [ i  = 1 , 2 , . . . . n ]  (18)

*thwhere v^ i s  th e  v ib ra t io n a l  quantum number f o r  th e  i —  mode. S ince 

th e  t o t a l  v ib ra t io n a l  energy, i s  th e  sum o f  en erg ies  o f a l l

v ib ra t io n a l  modes, th e  quantum m echanical p a r t i t i o n  fu n c tio n , q ^ ^ ’ 

i s  g iven by

n °o

k v i b V  “  2 S e x p  f 1 1  (1 9 )
i= l  v=ll

o r ,

n -Uq/2
(q - J  = TT - - - — --  (2°)^vib qm 11 1 -Ui

i= l  1 e

where

u± = hvi /kT (21)

The c la s s i c a l  l im i t  o f th e  quantum m echanical p a r t i t io n  fu n c tio n  i s

n

fcvl^cl ■ X1” (avib^m ■ n  IT (22)T -"oo ^ . . uii= l
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S o lu tio n  o f Equation (15) t o r  th e  energy e igenvalues o f  r o ta ­

t io n a l  motion o f  a  s p h e r ic a l  to p  m olecule g iv es

K ith  a  degeneracy f a c to r  o f  ( 2 J + l ) 3 . I n  Equation (23) ,  I  i s  th e

where s  i s  th e  symmetry number o f  th e  m olecule accounting  f o r  th e  

in v a r ia n c e  o f  th e  n u c le a r  H am iltonian under a  r o ta t io n a l  tran sfo rm a­

t io n  and c  i s  th e  r o ta t io n a l  co n s tan t g iven  by

The quantum m echanical t r a n s la t io n a l  p a r t i t io n  fu n c tio n  f o r  a po ly ­

atom ic m olecule i s  th e  same as  th a t  c a lc u la te d  from c la s s i c a l  m echanics.

The e f f e c t  o f  is o to p ic  s u b s t i tu t io n  on chem ical e q u i l ib r ia  i s  

made m an ife st only  a t  low er tem p era tu res . S ince th e  c l a s s i c a l  p a r t i ­

t io n  fu n c tio n  re p re se n ts  th e  h igh tem peratu re  l im i t  o f  th e  quantum

E t ' ■ ■]  (23)

p r in c ip a l  moment o f  i n e r t i a  ( 1^ = I  = 1^ ) .  The quantum mechani­

c a l  r o ta t io n a l  p a r t i t i o n  fu n c tio n  i s  g iven by

(2*0

8TT3IkT (25)

The c l a s s i c a l  l im i t  o f  th e  r o ta t io n a l  p a r t i t io n  fu n c tio n  i s

(26)
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m echanical p a r t i t i o n  fu n c tio n , th e  a p p ro p ria te  q u a n ti ty  w ith  which 

to  examine th e  iso to p e  e f f e c t  i s  a  reduced p a r t i t io n  fu n c tio n  r a t io  

in  which th e  quantum m echanical e f f e c ts  a r e  ev a lu a ted  in  u n i ts  o f  th e  

c la s s ic a l  l im i t  (4 4 ) . The is o to p ic  r a t io  o f  th e  reduced p a r t i t i o n  

fu n c tio n s  i s  d e fin ed  as

( q /q 1)
B f  ,  V  ( 2 ? )

3 > A O d

In  t h i s  eq u a tio n , th e  primed q u a n tity  ag a in  r e fe r s  by convention to  

th e  l i g h t e r  iso to p e  under c o n s id e ra tio n . The f a c to r  s / s '  i s  a  c l a s s i ­

c a l c o r re c t io n , and i s  in c lu d ed  to  account f o r  changes in  symmetry 

number i n  is o to p ic  exchange r e a c t io n s .

The reduced p a r t i t i o n  fu n c tio n  r a t i o  may be fa c to re d  in to  

v ib r a t io n a l ,  r o ta t io n a l  and t r a n s la t io n a l  p a r t s .  S ince th e  quantum 

m echanical and c la s s i c a l  fo rm u la tio n  o f th e  t r a n s la t io n a l  p a r t i t io n  

fu n c tio n  i s  th e  same, one o b ta in s

t'f = f - W r o t  (88)

Comparison o f E quations (24) and ( 26) shows th a t

For th e  m olecules considered  in  t h i s  re se a rc h , however, E qua tion  (29) 

re p re s e n ts  a  very  sm all c o rre c tio n  (45); c la s s ic a l  r o ta t io n  w il l  be 

assumed so th a t



Taking is o to p ic  r a t io s  in  Equations (20) and. (22) and s u b s t i tu t in g  

in to  th e  d e f in i t io n  o f th e  reduced p a r t i t i o n  fu n c tio n  r a t io  y ie ld s

(31)

H —3 8 Approxim ations o f  th e  Reduced P a r t i t i o n  Function R atio

In  o rd e r  to  f a c i l i t a t e  machine c a lc u la t io n s  o f  reduced p a r t i t i o n  

fu n c tio n  r a t io s  and develop a  p h y s ic a l in te r p r e ta t io n  fo r  th e  f a c to rs  

invo lved  in  iso to p e  e f f e c t s ,  s e v e ra l  approxim ations to  E quation (31) 

have been in tro d u ce d .

The G(u) method was proposed by B ig e le ise n  and Mayer (1|4) b e fo re  

th e  computer e ra  to  a id  hand c a lc u la t io n s .  The approxim ation i s  

g iven  to  second o rd e r  (^ 6 ) by

(32) 

where

j0n* - S G<ui> 4ui 1 +
S ^ )  /AuA

2G (u.) \ u j  6G (u .) Vu. /

T^T ( ~ l ~ )TT \ i - )

1=1 ^  ui  e ' U i /  ̂ ^
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u. e 1
S ( u .) = — -------    ( 35)

1  U . /  U i <\
X  ( e  1  -  1 )

2u?e2ui  u. (u. + 2)eUi

G("  > '  -  - r f r r j r -  <*>

Another approxim ation method w ith  fav o rab le  convergence p ro p er­

t i e s  was developed by B ig e le ise n  (^? ) and V ojta (^ 8) .  The method i s  

based on a  power s e r ie s  expansion o f  Equation (31) ■ The v ib ra t io n a l  

reduced p a r t i t i o n  fu n c tio n  r a t io  i s  w r itte n  as

( sinhfu./2) \  _ _  /  sinh(u.'/2) \
 i  ) + Y > n [ -----------3=-------) (37)

( u ./2 )  /  7  \  (u i/2 )  /
s '

Expanding th e  h y p erb o lic  s in e  as an i n f i n i t e  s e r ie s  y ie ld s

n oo n ,

-  - E E ^ 1 +  +  E E H 1 +  <1^  w
•  •  •  *

1 0 1 J

which i s  a b s o lu te ly  convergent f o r  a l l  v a lu es o f  u ^ . S ince th e  

Taylor s e r ie s

M l  + y) -  £ ( - l ) k+1( £ )  (39)
k=l

i s  a b s o lu te ly  convergent when lyl < 1 , i t  fo llow s th a t

n  oo oo n  oo co

- E E E - o k+1^  (ij)a  + m > o fc+V ‘ ( 4 ) a  (<«)
i  fc j  i  k  j
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fo r  u. ,u.' < 2ir. S ince x 1

2k "1 iT2k B

S '  \    —  w
—  je2k ( 2k)!

where IL i s  th e  i —  B ern o u lli number, Equation (4-0) can be w r itte n  

as

Znf ' f  = Z j 2 2 -Z 7 Z V ,   [ v ui<*"] (42)r r t r  2k(2k)i

where u^ i s  d efin ed  by Equation (33)■ Since th e  v a l id i t y  o f Equa­

t io n  (4-2) i s  l im ite d  to  cases where u < 2 tt, th e  B e rn o u lli approxim ation 

can only  be used f o r  freq u en c ies  le s s  than about 1300 cm ' a t  300°K.

In  an e f f o r t  to  extend th e  u t i l i t y  o f th e  B e rn o u lli approxima­

t io n  f o r  th e  reduced p a r tio n  fu n c tio n  r a t i o ,  B ig e le ise n  and Ish id a  

(49 ,50 ) expanded Equation ( 31) a s  an o rthogonal polynom ial s e r i e s ,

—  ( - D i+1B0,
in -a - ,f  = V w . - - ; ^ V (Au. )a  [ » . * - ]

3 4 - t  1 2 1 ( a ) !  4 *  3 3i=1 2i ( 2i)L j=1
(*3)

where i s  a  m odulating c o e f f ic ie n t  e x p l ic i t ly  dependent on th e  num­

b e r o f modes o f  v ib ra tio n  and th e  maximum frequency o f v ib ra tio n  (50 ) .  

The m odulating c o e f f ic ie n ts  a re  d e fin ed  in  such a  way a s  to  compen­

s a te  fo r  e r ro r s  due to  tru n c a tio n  o f  th e  s e r ie s .  Equation (43) i s  

v a l id  f o r  a l l  p o s i t iv e  va lues o f  u^ and i s  th u s  a p p lic a b le  to  th e  

e n t i r e  m olecular frequency spectrum .

3E-3t S t a t i s t i c a l  Thermodynanics o f  th e  Vapor P re ssu re  Iso to p e  E ffe c t

In  1961, B ig e le isen  (3? ) developed a  q u a n t i ta t iv e  fo rm ula tion  fo r
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th e  iso to p e  e f f e c t  on phase e q u i l ib r ia .  S ince t h i s  th eo ry  i s  b a s ic  to

th e  purpose o f  th e  p re se n t re se a rch  — th e  development o f th e  medium

c lu s te r  model — th e  B ig e le isen  fo rm u la tio n  w i l l  be d esc rib ed  in  d e t a i l .

An ex p ressio n  f o r  th e  eq u ilib riu m  vapor p re ssu re  iso to p e  e f f e c t

i s  ob ta ined  by co n s id e rin g  th e  Gibbs f r e e  energy in  th e  gas phase

and in  th e  condensed phase . For th e  gas phase, th e  f r e e  energy, G ,6
i s  g iven in  term s o f th e  can o n ica l p a r t i t i o n  fu n c tio n , Q , by

5

Gg = ~kT£nQg + PVg (44)

where V i s  th e  volume o f th e  gas p hase . I f  th e  gas behaves id e a l ly ,
S

th e  p a r t i t i o n  fu n c tio n  can be w r i t te n  a s

Qg = qN/N!

where q i s  th e  m olecular p a r t i t i o n  fu n c tio n . I f  N, th e  number o f 

m olecules i s  la rg e ,  th en  th e  f a c t o r i a l  in  Equation (45) may be ap p ro x i­

mated by th e  S t i r l i n g  form ula, so th a t

Qg * C-f-)® ( « )

The t o t a l  m olecu lar p a r t i t i o n  fu n c tio n  can be fa c to re d ,

^ ^ tra n s^ ro t^ v ib ^ e le c  ^ tra n s ^ in t

where co n ta in s  a l l  in te r n a l  energy s ta t e s  o f  r o ta t io n ,  v ib ra ­

t io n  and e le c tro n ic  m otion. Equation (46) can then  be re w r i t te n  as
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Qg -  ( ̂ t r a n A n t  J

N / J 2± n t_ \
qtra n s  \  11 )

( U S )

A q u a n ti ty  q^n_̂ i s  now d efin ed  a s

% .nt = (e ' W /,l)  (49)

so th a t  th e  can o n ica l gas p a r t i t i o n  fu n c tio n  i s  then

%  = qtr a n s % n t  (50)

The t r a n s la t io n a l  p a r t i t i o n  fu n c tio n  i s  ev a lua ted  in  term s o f th e  

c la s s ic a l  phase in t e g r a l ,  J’exp{-ft(p ,x)/kT }dpdx, where th e  p o te n t ia l
A

p a r t  o f H, th e  H am iltonian, v an ish es  f o r  th e  id e a l  g a s . The t r a n s ­

l a t io n a l  p a r t i t io n  fu n c tio n  i s

a = (2nrnkX) .3 SV
^ tra n s  h3 ^  ^

S u b s ti tu tio n  o f E quations (50) and (51) in to  Equation (44) y ie ld s  

a f t e r  expansion and rea rran g em en t,

G - „ __ PV
-g“ -  = t o P - ^ n T  -  |  Xn M -  Zn qi n t  + + K (52)

where K i s  a  com posite o f c o l le c te d  fundam ental co n s ta n ts  and M i s  

th e  m olecu lar w eigh t. The in tro d u c tio n  o f f a c to r s  to  account fo r  sm all
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gas-phase Im p erfec tio n s  in  th e  p en u ltim ate  term  o f  Equation ( 52) g ives

Q
-^ |-  = Xn P -  |  £n T -  |  4n M -  M  q ^  + ( 1+BqP2+ . . . )  + K (53)

where Bq i s  th e  second v i r i a l  c o e f f ic ie n t  g iven  by th e  s t a t e  equation ,

P  = 1 + BqP2 + . . . ( 5k)

For th e  condensed phase , th e  Gibbs f re e  energy can be w r i t te n  in  

a  manner analogous to  Equation (Uk)t

Gc = -k T fn Q c + PVc (55)

where Q i s  th e  canon ica l p a r t i t i o n  fu n c tio n  o f  th e  condensed phase and 
c

Vq i s  th e  condensed phase volume. The condensed phase p a r t i t i o n  func­

t io n  w i l l  be f u r th e r  s p e c if ie d  below* The assum ption o f  a  sim ple c e l l  

model f o r  th e  l iq u id  s t a t e  p erm its  a  p a r t ic u la r ly  sim ple fo rm u la tio n  

fo r  th e  canon ica l condensed phase p a r t i t i o n  fu n c tio n , and i t  w i l l  be 

shown in  S ec tio n  I -  k  th a t  w h ile  Qc i s  complex f o r  th e  medium c lu s te r  

model, th e  MCM th eo ry  y ie ld s  a  sim ple ex p ress io n  f o r  th e  reduced p a r­

t i t i o n  fu n c tio n  r a t i o .

D iv id ing  E quation (55)  by RT g ives

Rf-
! ! s
RT (56)

At e q u i l i b r i u m ,  G = G , s o  t h a t  t h e  r i g h t  s i d e s  o f  E q u a t i o n s  (53) an d  
c  g
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(57 ) a re  equal so th a t

Zn P = ^ZnT + -  ( i+B0P^+■■■)

PV
- N“V  Qc + — • + K (57)

Taking a  d if fe re n c e  "between two is o to p ic  sp e c ie s  a t  a  g iven  tem pera­

tu r e  g iv es

\ 3/*(  ^ in t  \

' I w j
Zn(P'/p)  = f n ( ^ ') ^ 7 - ^ nx ) + (BoP ^ . . . )  -  (BoPs+ . . . ) '

-  F
+  rF ( p ' v ;  - pTo )

(58)

From Equations (49) and (5l)>  i t  can be seen th a t

qi n t /  ql n t  qi n t /  qi n t

and

1,3/2 = « V aTg ( 60)

where q ' and q a re  th e  complete quantum m echanical p a r t i t i o n  func­

t io n s  f o r  th e  gas phase. V* and V a re  th e  m olal volumes o f  th e
S §

l i g h t  and heavy is o to p ic  g ases . In  o rd er to  compare th e  two gas 

p a r t i t i o n  fu n c tio n s  a t  th e  same m olal volume, a  c o r re c tio n  f a c to r



o f / ;  ( 3 ,0nq'/3V) dV i s  needed. But

V  V'J (ajencL'/avg )T avg = P 'd vg ( 61)
v 'V

g g

so th a t  Equation (58) becomes

jen(p'/p) '» + (bop 2+ . . . )  -  (bop2+ . . . )

' 1,-1 *n( r )  + ^  (p ,v °~pv° ) + r  p 'dVg
c qm ^ g

( 62)

The e f f e c t  o f  iso to p y  on th e  second v i r i a l  c o e f f ic ie n t  has 

been examined by Van Hook and o th e rs  (51<52,53) f o r  a  v a r ie ty  o f 

compounds. As expected , th e  e f f e c t  i s  sm all except f o r  h igh  den­

s i t y  g ases . While th e  e f f e c t  o f  is o to p ic  s u b s t i tu t io n  on m olal volume 

has been s tu d ied  f o r  only  a  few compounds (5 ^ ,5 5 ) , W olfsberg (33) has 

suggested  th a t ,  i n  g e n e ra l, th e  e f f e c t  i s  minimal f o r  non -p o la r 

compounds. For th e  purpose o f  examining th e  f i r s t - o r d e r  c o r r e la ­

t io n  o f  medium c lu s te r  model c a lc u la t io n s  w ith  th e  v p ie , both  o f 

th e se  e f f e c ts  w i l l  be n e g lec te d . With th e  id e a l  gas approxim ation ,

B^ = Bq = 0 and a l l  gases have th e  same m olal volume, so th a t  th e  

b rack e ted  term s i n  Equation (62) v an ish ,
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In  th e  h igh  tem peratu re  l im i t ,  a l l  p a r t i t i o n  fu n c tio n s  can 

be expressed  c la s s i c a l ly  by means o f  th e  phase i n t e g r a l .  By v ir tu e  

o f th e  iso  to p ic  p roduct r u le  .(62) and Equation  (51) ,  th e  r a t io  of 

c la s s ic a l  p a r t i t i o n  fu n c tio n s  f o r  the condensed and gas phases are 

both  equal to  th e  r a t io  o f masses and symmetry numbers,

( a ,  ■ * n g f ■ ©

3 /

13 ■ *" ' (6*)
% / c l  “ * l V‘i /  \HC/  c l

Combining Equation (6^) w ith  Equation (63) y ie ld s  th e  fo llo w in g  

ex p ressio n  f o r  th e  v p ie :

Xn(p'/p) . - U n U c / l ^ d

-  M

qm

/  (q. /q. '  )q m \

\ ( ^ / ^   ̂c l  /  gas
(65)

The n a tu re  o f  th e  quantum m echanical p a r t i t i o n  fu n c tio n  r a t io  fo r  

th e  condensed phase must now be co nside red .

The sim ple c e l l  th eo ry  (56) assumes th a t  each l iq u id  (o r  s o lid )  

m olecule moves w ith in  i t s  p o te n t ia l  cage in d ep en d en tly  o f  th e  

m otion o f  th e  o th e r  m olecules in  th e  su rrounding  medium. An equa­

t io n  analogous to  Equation (%>) can th e re fo re  be w r itte n  f o r  th e  

condensed phase as

%  -  40N/N ! (66)
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i f  high communal en tropy  i s  p o s tu la te d  so th a t  th e  c e l l s  cannot 

he " lab e led "  and th e  m olecules a re  in d is t in g u is h a b le .  I f  com­

munal entropy i s  considered  to  be low and th e  c e l l s  a re  in  

f ix e d  p o s it io n s ,  th e  f a c to r  l/N ! must be om itted  and th e  

canon ical p a r t i t i o n  fu n c tio n  f o r  th e  condensed phase i s  w r i t te n  

a s

Q = (67)c xc

In  e i th e r  c a se , th e  f i r s t  term  o f  Equation (65) becomes

-4 -i n  ( Q /  Q' ) = Xn ( q /  q ' ) (68)N c ' c qm c ' -̂c qm

so th a t  th e  v p ie  can be w r i t te n  as

X n(P '/p) = i n - j - , f c -  ( 69)

where th e  reduced  p a r t i t i o n  fu n c tio n  r a t io  as  d e fin ed  by Equation 

(27) has been u sed .

1 - 4 ;  The Medium C lu s te r  Model P a r t i t io n  Function

The medium c lu s te r  model developed in  th e  course o f 

t h i s  re se a rc h  t r e a t s  th e  condensed phase m olecule to g e th e r  w ith  

i t s  f i r s t  c o o rd in a tio n  s h e l l .  S ince a  h igh degree o f o rd e rin g  and 

symmetry predom inate a t  s h o r t range even in  th e  l iq u id  s t a t e ,  th e re  

i s  no g re a t lo s s  o f  g e n e ra l i ty  i f  th e  c e n tra l  m olecule and i t s
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surrounding  c o o rd in a tio n  s h e l l  a re  assumed to  form a  simply- 

connected re g u la r  polyhedron . Once p a s t  th e  n e a re s t  neighbor 

s h e l l ,  some d is lo c a t io n  and d iso rd e r  i s  expected , bu t th e  a s ­

sumption o f  p e r fe c t  r e g u la r i ty  in  any sm all neighborhood i s  

q u i te  r e a l i s t i c  (5?)■

In  th e  medium c lu s t e r  model, th e  l iq u id  phase i s  considered  as 

an assem bly o f independent c lu s te r s  w ith  m m olecules each. I f  

th e  c lu s te r s  a re  in d is t in g u is h a b le ,  th e  condensed phase p a r t i ­

t io n  fu n c tio n  can be w r i t te n  as

N/m
= ^ c lu s te r .  (?Q)

c (N/m)!

s in c e  th e re  a re  N/m such c lu s te r s  i n  a  condensed phase system  of 

N t o t a l  m olecu les. In  Equation (70)» ^ c lu s te r  comI)̂ e^e

quantum m echanical "superm olecular" p a r t i t i o n  fu n c tio n . Each 

c lu s te r  c o n s is ts  o f  one m olecule in  a  c e n tra l  p o s it io n  in  th e  

agg regate  and m-1 in d is t in g u is h a b le  s h e l l  m olecules in  th e  f i r s t  

c o o rd in a tio n  sp h ere . Using (lcen.|iraj  ani  ̂ ^sh e l l  ^o r m° l ecu^a r  

p a r t i t i o n  fu n c tio n s  o f  each ty p e , th e  ^  . s t e r  p a r t i t i o n  fu n c tio n  

may be expressed  as

m-1
_ ^ s h e ll  ,

^ c lu s te r  ~ . \ , ^ -cen tra l )(m-1)!

W ithin th e  co n tex t o f  th e  medium c lu s te r  model, th e  condensed
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phase canon ica l p a r t i t i o n  fu n c tio n  I s  th e re fo re  given by

r  m“i  i
^ s h e ll  

L (m-1 )! ^ cen tra lj

-iN/m

Q _  L (m -1 )  t - c e n - o r a u  

C (N/m)«

I f  N/m , th e  number o f  c lu s te r s  in  th e  l iq u id  phase , i s  la r g e ,  th e  

S t i r l i n g  approxim ation can be used so th a t

E m-1 -iN/m
e Q-shell ^ c e n tra l   ̂ ^

(m-1)! N/m J
c

In  g e n e ra l, f o r  an equ ilib rium  system A ^B ,

N'A *A
(7*0

where and N^ a re  th e  number o f  each sp ec ie s  A and B. S ince th e  

s h e l l  m olecules a re  considered  to  be in  eq u ilib riu m  w ith th e  c e n tr a l  

m olecules in  th e  medium c lu s te r  model,

‘•cen tra l
Ifl—1 q  . , ,^ s h e ll

(75)

S olv ing  Equation (75) fo r  <lshex i an(i s u b s t i tu t in g  in  Equation ( ? 3 ) ,
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th e  condensed phase p a r t i t i o n  fu n c tio n  "becomes

( A A V’ /  m / 1 i •II1~X \
e(m -l)m qCent m l qc e n t r a p  ( e “  ^ c e n t r a l \  / rt£x

 ( “ - I ) !   J  =  \  Vm n  v i T J
/  \  [  (m~l)! 3 ("m-) /

N/m / . JBrl
c e n tr a l

I n  t h e  e v a l u a t i o n  o f  t h e  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t  u s i n g  t h e  

m edium  c l u s t e r  m o d e l ,  t h e  i s o t o p i c  p a i r s  c o n s i d e r e d  - H i l l  a lw a y s  

b e  a s s u m e d  t o  b e  i n  c l u s t e r s  o f  t h e  sa m e s i z e  i n  t h e  l i q u i d  p h a s e .  

U s i n g  E q u a t io n  (? 6 ) , t h e  f i r s t  te r m  i n  E q u a t io n  ( 65) b e c o m e s

T  Zn  ̂Qc /  Qc V  = M   ̂ ^ c e n t r a l^ c e n t r a l  \ m  

The MCM form o f  th e  vp ie  equation  i s  then

XixCP'/p) = Zn—, f  . - -  jgn— f  ( 78)'  ’  * s  c e n t r a l  s '  g a s

E quation (?8) su g g ests  th a t  an ev a lu a tio n  o f th e  vapor p re ssu re  

iso to p e  e f f e c t  may be made by co n sid e rin g  th e  c e n tra l  m olecule o f 

th e  c lu s te r  a s  being  r e p re s e n ta t iv e  o f  th e  e n t i r e  l iq u id  phase.

IE- 5: S ep ara tio n  o f  I n te r n a l  and E x te rn a l V ib ra tio n a l Modes

The s im i la r i ty  o f  E quations ( 69) and ( 78) shows th a t  a  c o r re s ­

pondence e x is t s  between th e  sim ple c e l l  model and th e  medium c lu s te r  

model w ith in  th e  co n tex t o f  th e  v p ie . In  o rd e r  to  determ ine



i n ( F '/ p ) f  "both models re q u ire  an ev a lu a tio n  o f th e  reduced p a r t i ­

t io n  fu n c tio n  r a t i o .  Using th e  v ib ra t io n a l  reduced p a r t i t i o n  fu n c­

t io n  r a t i o  a s  g iv en  by Equation (31 )# th e  vpie i s  g iv en  f o r  bo th  

models as

n

P 'in -p -  = in
-1— r/u e“Ui/2(l-e~Ui)\ TT/u.e ui/&(l-e ui)\
T T U e - ^ a - e - " ! ) )  "  n  ( u ..e - u i / z ( l _e - u i )  )  ( 7 ? )
i= i  1 c i= i  1 s

n
- U i / 2  -U-! \u .e  (1 -e

where th e  f i r s t  term  extends over a l l  modes o f  v ib ra tio n  o f an 

independent m olecule in  th e  condensed phase ( fo r  th e  sim ple c e l l  

model) o r  over a l l  modes o f  v ib ra tio n  f o r  th e  c e n tr a l  m olecule o f  

an ag g reg a te1 ( f o r  th e  medium c lu s te r  m odel). The second term  i n ­

c lu d es  a l l  modes o f  v ib ra tio n  f o r  an independent gas-phase m olecule . 

I n  g e n e ra l, th e  number o f degrees o f  v ib ra tio n a l  freedom fo r  a  con­

densed phase molecule., nQ) i s  equal to  3N, where N i s  th e  number 

o f  atoms in  th e  m olecule. I n  th e  gas phase, n i s  3N-6  (o r  3^-5 

f o r  l in e a r  m olecu les) s in c e  th e  m olecule can r o ta te  and t r a n s l a t e  

f r e e l y .

Expanding Equation ( 79) g iv es
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The n v ib ra t io n a l  modes o f a condensed phase m olecule c o n s is t  o f  
c

s ix  low -frequency e x te rn a l modes and n h ig h -frequency  in te r n a l  

modes. T h e re fo re ,

*  i X ^ l  •  

- S * - H

= I  + 3 T + I I I  + ] y + V + V I

(81)

Since a l l  n in te r n a l  freq u en c ie s  a re  la rg e  f o r  both  th e  gas and 

th e  l iq u id  phase, term s I I I  and VI a re  re s p e c t iv e ly  n e g lig ib le  com­

pared to  IE and V. Terms 31 and IV can be combined as  can term s 

I  and V to  g ive

Z / u . e _Ui / 2 ( l - e " Ui )  \
M - ' 1 — )

\ u  e ui / 2( l - e  i )  /  
i = l  1

(82)
n

- Z t a  - - (4- -
i= l

The f i r s t  term  on th e  r ig h t  s id e  o f  E quation (82) i s  recognized  a s
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th e  reduced p a r t i t i o n  fu n c tio n  r a t io  f o r  e x te rn a l modes on ly , 

^ n ~ , f  S ince a l l  e x te rn a l freq u en c ie s  a re  sm all (ue3Ĉ «2T r),
g

th e  one-term  B ern o u lli s e r ie s  approxim ation o f  i n — , f  . can hes ex t
employed. Using Equation ( t e ) , th e  v p ie  ex p ressio n  becomes 

6

-'"'P1 “ S u L K '  - ui>e
i= l

n

-  T . &  -  < £  -  ( 83)
i= l

2 ' c J

R eca llin g  th e  d e f in i t io n  o f  u^ from E quation (21) g iv es

where th e  summation in d ic e s  i n t  and ex t have been added to  emphasize 

th e  n a tu re  o f  th e  freq u en c ie s  considered  in  each term  and n has 

been e x p l i c i t ly  in d ic a te d .

Equation (84-) has th e  o v e ra l l  form

A B
in ( P ’/P )  = ----- ~   (85)ps qi

which i s  observed ex p erim en ta lly  f o r  many system s (58,59)* With 

re sp e c t  to  bo th  th e  sim ple c e l l  model and th e  medium c lu s te r  model, 

th e  B f a c to r  r e l a t e s  th e  is o to p ic  d if fe re n c e  in  z e ro -p o in t energy 

s h i f t s  on condensation . B i s  a  fu n c tio n  o f  in te r n a l  modes o f  v ib -
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r a t io n  on ly :

3N-6

1=1

The A f a c to r  i s  a  fu n c tio n  o f th e  low -frequency e x te rn a l modes o f 

v i 'b ra ilo n  i n  th e  condensed phase:

While th e  sim ple c e l l  model co n s id e rs  th re e  equal t r a n s la t io n a l  

and th re e  equal r o ta t io n a l  c o n tr ib u tio n s  to  A f o r  s p h e r ic a l  to p  

m olecules such as  methane, th e  MGM form alism  re q u ire s  th e  co n s id e ra ­

t io n  o f more s p e c i f ic ,  and n o t n e c e s s a r i ly  eq u a l, in te r a c t io n s .

This study  i s  an a ttem pt to  c o r r e la te  medium c lu s te r  model 

fo rc e  f i e ld s  in  th e  l iq u id  s t a t e  w ith  th e  vp ie  id a  th e  A and B 

f a c to r s .  The freq u en c ie s  o f v ib ra t io n  used i n  Equations (86) and 

(87) have been computed by means o f  normal co o rd in a te  a n a ly s is .

6

A = ( Vi  " Vi  ^ c e n tra l
i= l

(8?)



IK . NORMAL COORDINATE ANALYSIS

While th e re  has been some re c e n t i n t e r e s t  i n  c o r re c tio n s  to  

th e  Bom-Oppenheimer approxim ation (6 0 ,6 l ) ,  th e  g en e ra l v a l id i ty  

o f  t h i s  approxim ation , as o u tlin e d  in  S ec tio n  IE-1, has been 

assumed throughout th e  course o f  t h i s  s tu d y . W ithin th e  fram e­

work o f  th e  Bom-Oppenheimer approxim ation , iso to p e  e f f e c ts  a re  

seen to  r e s u l t  from th e  motion o f  n u c le i o f  d i f f e r e n t  mass on th e  

same p o te n t ia l  energy su rfa c e . This im p lies  th e  n e c e s s ity  o f  i s o ­

tope  independent fo rc e  f ie ld s  i n  th e  condensed and gaseous phases 

from which th e  freq u en c ie s  o f m o lecu lar v ib ra tio n  in  Equation (8^) 

can be c a lc u la te d . Because th e  s h i f t  in  frequency  due to  i s o to p ic  

replacem ent i s  sm a ll, and because th e  v ib ra t io n a l  p a r t i t i o n  fu n c tio n  

i s  s e n s i t iv e  to  such s h i f t s ,  la rg e  e r ro r s  would be in tro d u ced  by th e  

d i r e c t  s u b s t i tu t io n  o f experim ental sp e c tro sco p ic  freq u en c ie s  in to  

Equations (86) and ( 87) .

In  t h i s  c h a p te r , an o u tl in e  i s  g iven  o f th e  method by which 

v ib ra t io n a l  f req u en c ie s  a re  c a lc u la te d  from th e  m olecu lar fo rc e  

f i e l d .  This methodology o f normal co o rd in a te  a n a ly s is  p rov ides 

th e  b a s is  fo r  th e  c o r re la t io n  o f  th e  vapor p re ssu re  iso to p e  e f f e c t  

w ith  s tr u c tu re  and fo rc e s  i n  th e  l iq u id  s t a t e .  The d isc u ss io n  

fo llow s th e  more d e ta i le d  tre a tm e n ts  given by W ilson, Decius and 

Gross ( 62) and H erzberg ( 63) .
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I I I -1 . The P o te n t ia l  and K in e tic  E nerg ies  o f  a  V ib ra tin g  System 

The in te r n a l  c o n f ig u ra tio n  f o r  an i s o la t e d  system  o f  N 

o s c i l l a t o r s  can be d e f in e d  by 3N-6 co o rd in a te s  (3N-5 f o r  & l in e a r  

sy stem ). Thus, f o r  example, th e  c o n f ig u ra tio n  o f  a  b en t t r ia to m ic  

m olecule ABC i s  com plete ly  determ ined  by th e  AB d is ta n c e ,  th e  BC 

d is ta n c e ,  and th e  ABC a n g le . Such d is ta n c e s  and a n g le s  a r e  c a l le d  

in t e r n a l  co o rd in a te s  and d e f in e  th e  r e l a t i v e  arrangem ent o f  atoms 

w ith in  th e  m olecu le , b u t say  n o th in g  about th e  o r ie n ta t io n  o f  th e  

e n t i r e  m olecule i n  sp ac e . The th re e  co o rd in a te s  m entioned above in  

connection  w ith  th e  ABC m olecule a re  n o t un ique; th e  AC d is ta n c e  

could be s u b s t i tu te d  f o r  th e  ABC a n g le . In  g e n e ra l,  a  s e t  o f  i n ­

t e r n a l  c o o rd in a te s  can be a s c r ib e d  to  any system  o f  o s c i l l a t i n g  

masses which i s  b o th  com plete ( th a t  i s ,  s u f f i c i e n t  to  d e s c r ib e  a l l  

v ib r a t io n a l  deg rees  o f  freedom) and l i n e a r ly  independen t (6 4 ) .

For a  system w ith  a  com plete s e t  o f  n c o o rd in a te s  , s^ , . . . , s n , 

where n may be 3N, 3N-5, o r  3N-6, th e  p o te n t ia l  energy V can be 

exp ressed  a s  an n -d im en sio n a l T ay lo r expansion ,

v - v° + + I r Z Z s ^ i T 5-3! ^ + ... (88>
i  1 i  j  1 J

The s u b s c r ip t  o in d ic a te s  a  v a lu e  tak en  f o r  th e  e q u ilib riu m  con­

f ig u r a t io n ;  Vc i s  ta k e n  to  be z e ro . F u r th e r , 3V/3s=0 a t  th e  minimum 

o f th e  in te ra to m ic  p o te n t i a l  s u rfa c e  so th a t
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n n n n n

V = j r  y y y . (
a3v

t  i t  i t  i Bs. Bs .Bst 
i  S k  1 J k

■ )s.s.s, + '  1 J i
(89)

As the  m olecule i s  d isp laced  very  f a r  from i t s  equ ilib rium  atom ic 

c o n fig u ra tio n , th e  anharmonic cubic, q u a r t ic ,  and h igher o rder 

term s of E quation (89) become s ig n if ic a n t .  I f  r e la t iv e ly  sm all 

am plitudes o f  v ib ra tio n  a re  assumed, however, Equation ( 89) becomes 

a  harmonic p o te n t ia l ,

n n

2V = E l X j V j  (9°)
i  3

where

These fo rce  co n s ta n ts  can be arranged  in  m atrix  form,

F -  C f ij]  (92)

where so th a t  th e re  can be up to  n (n + l) /2  independent

elem ents in  th e  a r ra y . Equation (90) can be w ritte n  in  m atrix  

n o ta tio n  as

2V = Sf FS (93)



where S i s  a  column m a trix  o f in te r n a l  c o o rd in a te s .
rvi

The k in e t ic  energy o f  a  system o f  N coupled o s c i l l a to r s  i s  

g iven  by

3N

t = w

4 *  V iwhere ^  i s  th e  tim e d e r iv a t iv e  o f th e  i _  C a rte s ia n  displacem ent 

co o rd in a te

*i = Xi  " Xi

"tfhand m. i s  th e  mass a s so c ia te d  w ith  th e  i —  c o o rd in a te . I f  th e  in -  1
t e m a l  c o o rd in a te s , s ^ , a re  given in  term s of th e  C a rte s ian  co­

o rd in a te s , x^, by th e  l i n e a r  r e la t io n

3N

« k = Z X i A  (9 6 )

th en  i t  can be shown ( 65) th a t

2T = I 3 > W r l  V *  (9 7 )
k %

o r ,  in  m a trix  n o ta tio n ,
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2T = S+G_1S (98)

where

3N

-  Z £  V *  C">
i

The a r ra y  o f  g. . e lem ents, G, I s  defined  analogously  to  F I n  Equa-

t io n  (9 2 ). G i s  a ls o  sym m etric, 6 ^ = 2 ^ ■  The q u a n t i t ie s  in  
♦ •*

E quations ( 96) and (99) a re  elem ents o f a m a trix  B, which i s  th e  

tra n sfo rm a tio n  m a trix  from C arte s ian  co o rd in a tes  to  in te r n a l  

co o rd in a te s :

B X ( 100)

where S and X a re  column m a tric e s  o f  in te r n a l  and C arte s ia n  co -
fO  f s j

o rd in a te s  r e s p e c t iv e ly .  Each o f th e  N atoms i n  th e  coupled sy s­

tem c o n tr ib u te s  one term i n  each o f  th e  th re e  C artes ian  d ir e c t io n s  

in  Equation (99) so th a t

N

o r ,
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N
(102)

i

where i s  th e  re c ip ro c a l  mass o f  th e  i —  atom and th e  v e c to r  

re p re s e n ts  th e  i —  atom 's  c o n tr ib u tio n  to  th e  k—  in te r n a l  co­

o rd in a te ,  ( 62 ) .  A fte r  i n t e r n a l  co o rd in a te s  have been d e fin e d ,

th e  f -v e c to rs  may be c a lc u la te d  from th e  r e l a t iv e  p o s it io n s  o f th e
—>

N atoms o f th e  system . Together w ith  atom ic m asses, th e  f-v ec to rs  

th u s  d e f in e  th e  G -m atrix.r-»

As an example o f th e  way i n  which co o rd in a te  d e f in i t io n s  may 

be transfo rm ed  in to  a  m atrix  o f  r e a l  numbers, co n s id e r a  l i n e a r  t r i -  

atom ic m olecule ABO w ith  two in te r n a l  co o rd in a te s  c o n s is t in g  o f an 

AB s t r e t c h  and a  BC s t r e tc h ;  th e  rem aining two an g le  co o rd in a te s  need 

n o t be co n s id e red . Then,

where x^, x^, and x^ a re  p o s i t iv e  C a rte s ia n  d isp lacem ents o f  each 

o f th e  atoms in  th e  same d i r e c t io n .  From Equation (100),

(103)
+ XC

B

so t h a t  from E quations ( lO l)  and (104) th e  elem ents o f  G a re
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gn  = ^A C-i)C-i)+^B(+i)(+i)+naC ° ) ( 0 ) = m-a  + îB

gi2  = ^  0 0 ) (+1) = -  ( 10-^

g22 = [̂ A( 0 )C 0 )+i^B( - ! ) ( - ! )+^GC+l)C+l) = ^ + ^ 5

Since S“ma^r -̂X as  ^ us f u l l y  determ ined . In

p ra c t ic e ,  g e n e ra liz e d  G -m atrix elem ents a re  ta b u la te d  fo r  th e  most 

commonly used c o o rd in a te s  ( 62) .

I l l -2 . The S ecu la r Equation and Normal C oordinates

By co n s id e rin g  th e  equation  o f motion f o r  th e  atoms o f  a  

m olecule, a  r e l a t io n  can be d e riv ed  between th e  fo rc e  f i e l d  

and th e  fre q u en c ie s  o f  v ib ra t io n .  L egrange 's  equation  o f  m otion,

& &  + <&■> -  0  (1 0 6 )
1 1

i s  a p p lie d  to  Equations (90) and (97) •

T V ,  Sj + Y f r  . s .  = 0 [ i  = l , 2 , . . . , n ]  (107)

0 j

I t  i s  assumed th a t  th e  atoms o s c i l l a t e  in  un ison  w ith  a  p e r io d ic  

m otion. Thus a  reaso n ab le  s o lu t io n  o f  E quation (107) would have 

th e  form



s .  = A. s in  (2-rrvt) [~i = 1 , 2 , . . .  , n l
J J

(108)

S u b s ti tu t in g  t h i s  in to  Equation (10?) g ives 

n

^f i j  " Aj  = ° [ i  = l * 2 , . . . , n ]  (109)
1

where

X = ihr3v2 (110)

*thand A. i s  th e  am plitude o f  th e  j —  mode o f v ib ra t io n .  For a  non-
3

t r i v i a l  s o lu t io n  o f  th e  s e t  o f  sim ultaneous l in e a r  equations ( 109)

to  e x i s t ,  th e  de term inan t o f  c o e f f ic ie n ts  o f  A. must equal zero;
J

th a t  i s

| F -  XG 1| = 0 ( i l l )

which i s  eq u iv a len t to

|G F  -  X E | = 0 (112)

where E i s  th e  u n i t  m a tr ix . Equation (112) i s  c a lle d  th e  se c u la rr+*

equation  and p rov ides th e  s o u g h t-a f te r  r e la t io n s h ip  between th e  

m olecu lar fo rc e  f i e ld  ( F ) and th e  freq u en c ie s  o f v ib ra tio n  from
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which th e  reduced p a r t i t io n  fu n c tio n  r a t io  may "be c a lc u la te d .

The s e c u la r  eq u a tio n  i s  a lso  w r i t te n  as

I H -  \ E |  = 0 (113)

where

H = FG (114)M jsJ

In  g e n e ra l, H i s  n o t sym m etric.r»*

Equation (112) may be so lv ed  by d i r e c t  expansion o f  th e  de­

te rm in an t to  g iv e  a  polynom ial c h a r a c te r i s t i c  equation  o f  th e  form

Xn + c , r  + csXn + . . .  + C  \ + c  = 0  (115)

where th e  c o e f f ic ie n ts  c. a r e  fu n c tio n s  o f  F and G ( 66) .  I f  th e  

s e c u la r  equation  i s  o f  low o rd e r  (sa y , n< 5), a  d i r e c t  a n a ly t ic a l  

e v a lu a tio n  o f Equation  (115) m ight be th e  b e s t  method f o r  f in d in g  

th e  frequency param eters from F and G. The gas-phase problem fo r  

even a  sm all m olecule l ik e  m ethane, however, in v o lv es  a  c h a r a c te r is ­

t i c  eq u a tio n  o f  o rd e r  10, and th e  liq u id -p h a se  problem f o r  methane 

w ith in  th e  framework o f  th e  medium c lu s te r  model w il l  be seen to  

in v o lv e  up to  202 c o o rd in a te s . An i t e r a t i v e  p rocess w i l l  be more 

s a t i s f a c to r y  to  so lv e  th e  s e c u la r  equation  f o r  th e se  and s im ila r  

c a se s . There a re  a  number o f  e f f i c i e n t  i t e r a t i v e  a lg o rith m s  a v a i l -
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a b le  employing m atrix  d ia g o n a l!z a tio n . The procedure used in  th i s  

re sea rch  w i l l  be d iscu ssed  in  S ec tio n  IV -4.

A new s e t  o f co o rd in a te s  Q = {q^}, c a lle d  normal co o rd in a tes , 

i s  in tro d u ce d  as  a  l in e a r  com bination o f in te r n a l  c o o rd in a te s ,

Q = L 1S (116). - i

where IT 1 tran sfo rm s th e  in te r n a l  co o rd in a te s , s . , to  normal eoordi- 

n a te s , q ^ . Rearrangement o f Equation (±16) y ie ld s

S = LQ (117)M (V/V

The elem ents o f L a re  chosen so th a t  i n  term s o f  th e  normal coo rd i-
<v

n a te s , th e  p o te n t ia l  and k in e t ic  en e rg ie s  have th e  form

2V = Q+AQ (118)

and

2T = Q+Q (119)

where A i s  a  d iagonal m a trix . S u b s t i tu t io n  o f Equation (117) in tors*

Equations (93) and (98) and comparison w ith  Equations (±18) and 

(119) shows th a t
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L+FL  = A ( 120)

and

E (121)

Combination o f  Equations (120) and (121) g ives

A (122)

The ro o ts ,  o r  e ig en v a lu es , o f  th e  se c u la r  equation  a re  in v a r ie n t  

under a  s im i la r i ty  tra n sfo rm a tio n  ( 67) .  The transform ed H o f
r J

Equation (122) can th e re fo re  be  s u b s t i tu te d  in to  th e  se c u la r  equa-

T h erefo re , th e  elem ents o f A (a  d iagonal m a trix ) a re  th e  frequency 

param eters, d e fin ed  by E quation  ( llO ) .

I I I - 3 t  C o n trib u tio n  o f I n te rn a l  C oordinates to  Normal C oordinates 

S o lu tion  o f  th e  secu la r eq u a tio n  by sim ultaneous d ia g o n a liz a -  

t io n  o f  the  F and G m atrices, a s  i n  E quations(l20) and ( l 2 l ) ,  d e f in e s

th e  L -m atrix . The normal c o o rd in a te s  a re  r e la te d  to  th e  in te r n a l

t io n ,  so th a t  i n  te rm s of norm al c o o rd in a te s , Equation (112) has th e  

form

A -  \E 0 (123)
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co o rd ln a te s  through Equation ( l l 6 ) .  For a m olecule w ith  n degrees 

o f  v ib ra t io n a l  freedom, expansion o f  Equation (116) g ives

ql  " ^11S1 + gl ZB2 + + ^ l n s n

q2 "  X21S1 + Z22S2 + * ' ■ + Zznsn (12^)

q  = Z ,  s .  4- S, „ s .  
un  n l  1 n 2  2

+  Z Xs  nn n

where th e  &71. a re  elem ents o f  th e  L 1 tra n sfo rm a tio n  m a tr ix . For a1 J rJ

normal mode o f  v ib ra tio n  in  which th e  normal co o rd in a te  q .̂ changes 

w ith  a  frequency  v^, a l l  th e  in t e r n a l  co o rd in a tes  invo lved  change 

w ith  th e  same frequency . However, th e  am plitude o f  each in te r n a l  

co o rd in a te  i s  d if fe re n t}  th e  r e l a t iv e  am plitudes o f  th e  v a rio u s  

in te r n a l  c o o rd in a te s  a re  given by

s . s„  s
—  = —  = —  (125)- l  - l  - l9 9 P

k l  kn

The normal modes may be v is u a liz e d  a s  a  su p e rp o s itio n  o f  in te r n a l  

co o rd in a te  c o n tr ib u tio n s . The r e l a t iv e  am p litu d es, \ , can be 

ev alua ted  (68) from th e  r e la t io n s  ob ta ined  by expanding Equation

( 122):
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(2 f l t gt l  “ Xk ^ k l  + (S f l t St2 ^ k 2  + • ■' + ^S fl t gtn ^ k n  0

Ŝ f2 tSt l ^ k l  + Ŝ f 2 tgt2  “ ^k^k2 + ■•* + ^ f 2 tStn ^ k n  ° ( 126)

^S fn tgt l ^ k l  + ^S fn tgt2 ^ k 2  + ” * + ^Sfn tgtn  " ^ k ^ k n  “  °

where th e  summations a re  over th e  index  t . I f  one ,0 ^  i s  r e l a ­

t iv e ly  la rg e  compared to  a l l  o th e r  th e  k ^  normal v ib ­

r a t io n a l  mode can be c h a ra c te r iz e d  a s  be ing  due to  d isp lacem ent o f
"fch m ̂th e  i —  in te r n a l  co o rd in a te  a lo n e . I f  th e re  a re  two la rg e  o f

*ths im ila r  magnitude in  th e  k—  e ig en v ec to r, one can say th a t  th e  

v ib ra tio n  i s  a m ixture  o f  th e  two in te r n a l  co o rd in a tes  in v o lv ed .

In  S ec tio n  F-5» a d e ta i le d  d isc u ss io n  w i l l  be given o f  th e  p ro ­

cedure used  in  t h i s  re se a rc h  to  id e n t i f y  v ib ra t io n a l  modes th a t  

must be in c lu d ed  in  th e  reduced p a r t i t i o n  fu n c tio n  r a t i o .

A nother method by which th e  c o n tr ib u tio n  o f  each in te r n a l  
"thco o rd in a te  to  th e  k—  normal mode can be ev a lu a ted  i s  to  co n sid e r 

th e  p o te n t ia l  energy d i s t r ib u t io n  fo r  a  g iven  normal co o rd in a te  

(6 9 ,? 0 ) . S u b s t i tu t io n  o f th e  expanded form o f  Equation (117) 

in to  Equation (90) g ives

n n n

2V = S S S ^ / i t ^ j t ^ t
t  j> i  i



so th a t  fo r  a  g iven  mode q^, th e  c o n tr ib u tio n  to  th e  t o t a l  po ten ­

t i a l  energy i s

n n

(2V L =

j> i i

( 128)

While Equation (128) i s  an im portan t and u s e fu l r e la t io n s h ip  fo r  

th e  in te r p r e ta t io n  o f m olecu lar v ib ra t io n s ,  i t  cannot be used fo r  

an a n a ly s is  o f  condensed phase v ib ra tio n s  because, as  i s  shown by 

Equation (? 8 ) , only  o s c i l l a t io n s  o f  th e  c e n tr a l  m olecu lar p a r t  

o f  an m -c lu s te r  a re  considered  in  th e  MCM th eo ry  a s  c o n tr ib u tin g  

to  th e  liq u id -p h a se  reduced p a r t i t i o n  fu n c tio n  r a t i o .

I I I - k ;  The P o te n t ia l  Energy M atrix

In  Equations (88) and (8 9 ), i t  was assumed th a t  th e  p o te n t ia l  

energy, V, could be expanded a s  a  power s e r ie s  o f  n u c le a r  d is p la c e ­

ment c o o rd in a te s . For sm all d isp lacem ents from e q u ilib riu m , only  

th e  q u a d ra tic  term s need to  be co n sid e red . A p h y s ic a l i n t e r ­

p r e ta t io n  o f th e  fo rc e  c o n s ta n ts , f . , ,  appearing  in  Equation (90) 

w i l l  now be g iven  (6 2 ,7 1 )-

The d iagonal elem ents o f th e  F -m atrix , f ^ , a r e  prim ary fo rc e

c o n s ta n ts ; a  g iven  f , . i s  th e  r e s to r in g  fo rc e  in  co o rd in a te  ii i
caused by u n i t  d isp lacem ent o f  th a t  co o rd in a te  w hile  keeping a l l  

o th e rs  f ix e d  a t  t h e i r  eq u ilib riu m  p o s i t io n s .  I f  i  i s  a  bond le n g th , 

th e n  i s  a  measure o f  bond s tre n g th  (?2 ); i f  i  i s  a  bond an g le ,

th en  f ^  i s  a  measure o f  th e  d i r e c t io n a l  fo rc e s  m ain ta in in g  th e  

eq u ilib riu m  c o n fig u ra tio n  o f  th a t  a n g le . As a  r u le ,  d iagonal
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fo rc e  co n s ta n ts  a re  p o s i t iv e  q u a n t i t ie s .

An in te r p r e ta t io n  o f th e  o ff-d ia g o n a l elem ents o f th e  F -m atrix  

i s  more complex ( 63 , 73»7 -̂) • In  o rd e r to  examine th e  meaning o f an 

o ff-d ia g o n a l fo rc e  c o n s ta n t, say  f  , th e  r ig h t  s id e  o f  E quation 

( 90) may "be expanded and l i k e  term s c o lle c te d  to  g ive

n n n n

2V ■ * x A  +X / i i s ?  + + ( 1 2 9 )

i^ k  i^ k  j^ k  i=^k
j> i

where th e  f i r s t  two term s co n ta in  only d iag o n a l fo rc e  c o n s ta n ts  

w ith  one co o rd in a te  k e x p l i c i t ly  s in g le d  o u t, and th e  t h i r d  term  

co n ta in s  only  o ff-d ia g o n a l elem ents o f  F on th e  same row a s  th e  

s in g le d -o u t k—  d iagonal term . The l a s t  ex p ressio n  i n  Equation 

(129) co n ta in s  a l l  o th e r  o ff-d ia g o n a l fo rc e  c o n s ta n ts .

I f  co o rd in a te  k  i s  c o n s tra in e d  to  a  d isp lacem ent v a lu e  of 

s^  = +1, th e  p o te n t ia l  energy becomes

n n n n

2V “  f kk + + ^  + (130)
i* k  i?tk j^ k  I^k

j>±

As co o rd in a te  k i s  h e ld  to  i t s  d isp la ce d  p o s it io n ,  th e  t o t a l  

e le c tro n ic  c o n fig u ra tio n  changes and o th e r  c o o rd in a te s  become 

d isp la c e d  so a s  to  m inim ize V. At t h i s  new minimum, d i f f e r e n t i a -
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t io n  w ith  r e s p e c t  to  one o f th e  o th e r  coo rd in a te  d isp lacem en ts , 

s  ( I  * k  ) , g ives

n

+  +  2£ f „ . s .  = 0i (131)

In  g e n e ra l, prim ary fo rc e  c o n s ta n ts  a r e  la r g e r  than  o ff-d ia g o n a l 

c o n s ta n ts , so th a t  f o r  sm all d isp lacem en ts , f  0s » f . . s .  , and to  aXtXl AJ A/1 1
f i r s t  approxim ation , th e  l a s t  term  o f  Equation (131) can be 

n e g le c te d . Then,

where s i s  th e  d isp lacem ent o f co o rd in a te  Z which would minimizeXj
th e  p o te n t ia l  a f t e r  u n i t  d isp lacem ent o f co o rd in a te  k . Equation 

( 132) shows th a t  f  ^ can be in te rp r e te d  as  an in te r a c t io n  co n s ta n t: 

i f  f  . i s  a  p o s it iv e  q u a n ti ty , th e n  p o s it iv e  d isp lacem ent o f 

co o rd in a te  k im p lies  a  " s t i f f e n in g "  o f  co o rd in a te  Z (62,75)*

There i s  a  m ajor d i f f i c u l t y ' t h a t  a r i s e s  in  th e  d e te rm in a tio n  

o f a  u s e fu l  F-m atrix  th a t  w il l  reproduce th e  observed s p e c tro ­

scopic freq u en c ie s  o f a m olecular system . While complete s e ts  

o f  experim ental v ib ra tio n a l  f re q u e n c ie s  may be a v a i la b le ,  th e re  

a re  o f te n  two o r more s e ts  o f  fo rc e  co n s tan ts  which a re  eq u a lly  

compatable w ith  observed sp ectro sco p ic , d a ta ; i . . e . ,  there , i s
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more than  one F which s a t i s f i e s  Equation (112) f o r  a  g iven s e t  

o f  K± (? 6) . Recent a ttem p ts  have a lso  been made to  compute 

harmonic fo rc e  co n s ta n ts  d i r e c t ly  from w avefunctions based on 

SCF-MO-LCAO approxim ations to  c lo se d -s h e ll  ground s ta te s  

r e l i a b le  ab i n i t i o  Quantum m echanical c a lc u la t io n s  o f F have been
" (V

perform ed f o r  a  few sm all polyatom ic m olecules (79 -82). However, 

i n  t h i s  re se a rc h , concern i s  focused, n o t on a  " tru e"  F -m atrix ,
(V

b u t on a  c o n s is te n t  and p h y s ic a lly  reaso n ab le  fo rc e  f i e ld  w ith  

which th e  vapor p re ssu re  iso to p e  e f f e c t  can be c o r re la te d  to  th e  

param eters o f th e  liq u id -p h a se  medium c lu s te r  m odel.

I l l -5 : The I n te r n a l  C oordinates and P o te n t ia l  Function f o r  Methane 

Although th e r e  a re  alw ays n l in e a r ly  independent co o rd in a te s  

f o r  a  m olecule w ith  n degrees o f freedom, i t  i s  customary to  use 

redundant co o rd in a te s  so a s  to  r e ta in  symmetry in  a normal 

co o rd in a te  a n a ly s is  problem ( 62) .  For t h i s  reaso n , methane, w ith  

9 degrees o f v ib ra t io n a l  freedom , w ill  be d esc rib ed  by 10 in te r n a l  

co o rd in a tes  a s  shown in  F ig u re  1 . The atoms and co o rd in a tes  a r e  

numbered to  conform w ith th e  la b e ls  to  be used in  MCM c a lc u la ­

t i o n s .  The d isp lacem ent co o rd in a tes  c o n s is t  o f  fo u r  CH bond

s tr e tc h e s  t Ar, , Ar_, Ar„, Ar,(, and s ix  HGH valence ang le  bends:1 2 j  w*
Aa^, Aa^, AOĈ , Aa^, A redundancy e x is t s  among th e  an g u la r

c o o rd in a te s . S ince  th e  s ix  bond ang les to g e th e r  subtend a f u l l  

^Tf s te ra d ia n s , when th e  an g le s  change from t h e i r  eq u ilib riu m  

v a lu e , th e  sum o f  th e  d isp lacem ents must equal zero ,

6
= 0 (1 3 3 )

i= l
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F igure  1. I n te rn a l  co o rd in a tes  o f  m ethane.



I t  was s ta te d  in  S ec tio n  1 -1  th a t  th e  l in e a r  terras (dV/ds^)

o f  th e  expanded p o te n t ia l  fu n c tio n  v an ish  a t  e q u ilib riu m . While 

t h i s  d e s c r ip t io n  o f  th e  p o te n t ia l  h y p ersu rface  i s  only  v a l id  i f  

th e  co o rd in a te s  a re  independent, i t  i s  n e v e r th e le ss  s t i l l  p o s s ib le  

to  express th e  p o te n t ia l  energy in  q u a d ra tic  form fo r  system s i n ­

clud ing  redundant co o rd in a tes  ( 62 ,83) .  The g en e ra l q u a d ra tic  

p o te n t ia l  fu n c tio n  fo r  methane, o b ta ined  from E quation (9 0 ), I s

6
+ f  V  a ?  ' 

a  Z - f  1
i= l j> i i= l i= l

6 6 6 6

j> i  i= l  
j+ i=7

j> i  i= l  
j+ i*7

+ 2f ’ [ r ,  (a,ttx?-KxJ + r  (a.+a^+a,-)
(13^)

3^a 2nV u 6

+ 2 f"  [ r .  (a^KJ.-Kx.) + r  (a +a +a,)raL 1 J+ 5 6 '  2V 2 3 6

+ r^o^-Kx^KXc;) + r ^ (a 1+a2+a/̂ )]

where f^  i s  th e  prim ary s t r e tc h in g  fo rc e  c o n s ta n t, f  i s  th e  p r i ­

mary bending fo rc e  c o n s ta n t, and f  i s  th e  in te r a c t io n  fo rc e  

co n s tan t between two carbon-hydrogen s t r e tc h e s .  The q u a n t i t ie s
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f '  and f"  a re  in te r a c t io n  fo rce  co n s tan ts  o f  GH. s tr e tc h e s  r a  ra  1
r e s p e c tiv e ly  w ith  a d ja c e n t H. GH. and no n -ad jacen t H.CH, ang le

3- J J

bends; f  and f ’’ a re  in te r a c t io n  fo rc e  co n s ta n ts  o f  H. CH.’ act a a  i  j
an g le  bends r e s p e c t iv e ly  w ith a d ja c e n t H^CH  ̂ and n o n -ad jacen t 

H^CH  ̂ ang le  b en d s .

The exp ression  fo r  th e  p o te n t ia l  energy o f methane in  term s 

o f bond len g th  d isp lacem en ts  (= A r^ )  and bond ang le  d is p la c e ­

ments ou (= A a^) can be s im p lif ie d  by co n s id e rin g  th e  redundancy 

o f in te r n a l  c o o rd in a te s . The f i r s t - o r d e r  redundancy co n d itio n  

i s  g iven  by Equation (133)- A second-order redundancy form ula 

i s  ob ta ined  by ta k in g  th e  square  o f  bo th  s id e s  o f  Equation (133) 

and c o l le c t in g  l i k e  term s,

6 \ 2  6 6 6 6 6

X X ) - Z a 2 + + 2£ X X “j ° 0 (135)
i= l  /  i= l  j> i  i= l  j> i  1=1

i+ j= 7  i+ j* 7

S u b s t i tu t in g  Equations (133) and (135) in to  Equation (13^) and 

combining s im ila r  term s g ives

Lf. If, If. £

2V = f  T * r ?  + 2 f  Y ' Y ' r . r . + ( f  -  f  ” )Y \x ?T t - j  1 r r  i  j  v a  aa  / j  i
i= l  j> i i= l  i= l

6 6

+ -  f i > E E V j  + C l3 6 )
j  > ii= l 
l+ j= 7

+ r^ o ^+ a^ + a^ ) + r ^ C a ^ ^ + a ^ )  + r^ a ^ + a ^ + a ^ )]
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Equation ( 136) shows th a t  th e  fo rc e  c o n s ta n ts  in v o lv in g  an g u la r

d isp lacem ent cannot "be determ ined independen tly  s in ce  f  , ^oca’

f"  , f '  , and f"  occur only a s  d if fe re n c e  te rm s. The sp e c tro -  
oji r a  m  *

s c o p ic a lly  a c c e s s ib le  an g u la r fo rc e  c o n s tan ts  f o r  gas-phase 

methane a re  th e re fo re  d efin ed  a s

V = f  -  f "  ( 13?)a a aa '

<p = f '  -  f"  (138)aa aa aa ' '

to = f '  -  f "  (139)ra ra ra

g
I n  o rd e r  to  c a lc u la te  ^o r  methane iso to p e s , a  r e l i a b le

m ass-independent F -m atrix  must be used which reproduces th e  ob- 

served  gas-phase v ib ra tio n a l  f re q u e n c ie s . B ig e le ise n , Cragg and 

Jeevanandam (40) have conducted a  study  o f  th e  vapor p re ssu re s  

o f 1 3 l4 CH ,̂ 1SGH3D, 13GH2D2 , 1sCHD3 , 12CD^, ^CH^T r e la t iv e  

to  12GĤ  u s in g  a  m o d ifica tio n  o f th e  F -m atrix  rep o rted  by Jones 

and McDowell (8b) to  c a lc u la te  th e  gas-phase  reduced p a r t i t io n  

fu n c tio n  r a t i o .  The Jones-McDowell fo rc e  co n s ta n ts  and th e  BCJ 

m odified fo rc e  co n s ta n ts  a re  given in  Table I .  The BGJ study  

assumes v an ish in g ly  sm all values f o r  f "  and f  " compared to  f  ,
li,Ui iLUi U<

f '  and f ' . So th a t  a  comparison between medium c lu s te r  model aa  nx
and sim ple c e l l  model r e s u l t s  can be made, th e  Jones-McDowell gas 

fo rc e  f i e ld  as  m odified by BCJ has been used  in  th e  p re se n t s tu d y , 

r a th e r  than  th e  o r ig in a l  Jones-McDowell F o r  th e  more re c e n t F



Table I

Non-zero F -m atrix  Elements f o r  Gaseous Methane

Jones and McDowell (8^) B ig e le isen , Cragg and Jeevanandam (^0)

f r 5.495 mdyne/A f r 5.495 mdyne/A

f r r  ’ 0.124 mdyne/A f r r  = 0.124 mdyne/A

*0. 0.549
O

mdyne - A fa  -
0

O.568 mdyne«A

ip =cm 0.019
0

mdyne *A f*aa 0.019 mdyne-A

<p -
r a O .I65 mdyne f  = ra O .I65 mdyne
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developed by H artshorn  and Snyder (85)•

A ll non-zero  elem ents o f th e  G-m atrix f o r  gas-phase methane

a re  l i s t e d  in  Table 31. The carbon-hydrogen d is ta n c e  i s  denoted
*bhby r and th e  r e c ip ro c a l  mass o f  th e  i —  atom by . The e ig e n ­

v alu es and e ig en v ec to rs  o f  th e  r e s u l t in g  gas-phase s e c u la r  equa­

t io n  a re  shown in  Tables 3H-VI f o r  th e  fo u r  sp h e r ic a l to p  methanes 

im p o rtan t to  t h i s  s tu d y . Note th a t  th e  redundancy in  th e  d e f in i ­

t io n  o f  th e  in te r n a l  co o rd in a te s  has m an ifested  i t s e l f  as  a  zero 

e ig en v ec to r f o r  a l l  i s o to p e s .  The f i r s t  fo u r  elem ents o f  each 

tra n sfo rm a tio n  v e c to r ,  &.  ̂ ( j = l , 2 ,3 » ^ ) i  re p re s e n t s tr e tc h in g  

c o n tr ib u tio n s  to  th e  i i i l  normal co o rd in a te , q^, and th e  l a s t  s ix

elem ents, I . V  ( j  = 5 » 6 ,? ,8 ,9 » 1 0 )» a re  bending coo rd ina te  c o n tr ib u -  
J

t io n s  to  q ^ . E igenvalues a re  g iven in  wavenumbers (cm 1) .

I I I - 6 i  The Simple C e ll Model and Condensed Phase F requencies 

The condensed phase p a r t  o f  Equation (69) was ev alua ted  by 

BCJ (40 ) u s in g  th e  sim ple c e l l  model. In  t h i s  model, th e  s ix  

e x te rn a l modes a r e  due to  t r a n s la t io n  and r o ta t io n  r e l a t iv e  to  an 

e x te rn a l  re fe re n c e  fram e. These s ix  e x te rn a l co o rd in a tes  have 

th e  form

N
t .  = M 1 2 m, x. 

1 . .  i  1i= l
(140)

t  -  M S  m y
1=1

( l4 l )

N
t„  = M"1 2  m. z. 

3 i - i  1 x
( i t e )



Table II

General E xpressions fo r  th e  G -m atrix Elements 
o f  Gaseous Methane

gr  = +

gr r -  ( ( ic/3 )

sa  = 7 ^(2 tiH+ | | i G)

g 1 =
&aa -  (laH /  2rs )

e" -&aa "3 ( / r 2)

s ix  = -  |  22 ( tiG/ r  !

6r a



Table I I I

Eigenvalues and Eigenvectors o f  the 13CĤ  Gas Secular Equation

Eigenvalue 1 = 3154.097
- 0.03053 - 0.69844 - 0 . 0518? 

Eigenvalue 2 = 3154.097
0.78084 0.06640 0.00751 -0.06834 0.06834 - 0.00751 - 0 .06640

O.15557 0.41799 -0.89413 

Eigenvalue 3 = 3154.097
' 0.32057 - 0 .05224 0.06727 -0.04337 0.04337 -O .06727 0.05224

-0.89483 0.40413 0.15397 
Eigenvalue 4 -  3143.741

0.33674 0.04469 0.06748 0.05083 - 0.05083 -0.06?48 -0.04469

-0.49798 -0.49798 -0.49798 
Eigenvalue 5 = 1574.215

-0.49798 0.00000 -0.00000 -0.00000 0.00000 0.00000 -0.00000

-0.00000 -0.00000 -0.00000 

Eigenvalue 6 = 1574.215

-0.00000 0.05554 -0.81472 0.75918 0.75918 -0.81472 0.05554

-0.00000 -0.00000 0.00000 

Eigenvalue 7 = 1357.435

0.00000 - 0.90869 0.40625 0.50244 0.50244 0.40625 -0.90869

0.00918 -0.02655 0.03019 

Eigenvalue 8 = 1357.435

-0.01281 0.40343 -0.91400 0.08445 -0.08445 0.91400 -0.40343

-0.02144 0.02428 0.01872 

Eigenvalue 9 = 1357.435
-0.02156 - 0.06587 0.06318 0.99847 -0.99847 -O.O63I 8 0.06587

0.02923 0.01020 -0.01169 
Eigenvalue 10 = 0 .0

-0.02774 - 0.91553 -0.40730 - 0.03463 0.03463 0.40730 0.91553



Table IV

Eigenvalues and Eigenvectors o f the 13CĤ  Gas Secular Equation

Eigenvalue 1 = 3143.741
0.49798 0.49798 0.49798 0.49798 -0.00000 -0.00000 -0.00000 0.00000 0.00000 0.00000

Eigenvalue 2 = 3143.076

0.10557 -0.80477 0.04205 0.65715 0.05603 - 0.01183 - 0.06112 0.06112 0.01183 - 0,05603

Eigenvalue 3 = 3143.076

0.89333 -0.24798 -0,21173 -0.43364 - 0.05171 - 0.05462 - 0.03684 0.03684 0.05462 0.05171
Eigenvalue 4 = 3143.076

0.10056 0.33191 -0.87904 0.44656 - 0.03465 0.06238 -0.04384 0.04384 -O.O6238 0.03465
Eigenvalue 5 = 1574.215

0.00000 0.00000 -0.00000 -0.00000 0 .87007 - 0.66705 - 0.20303 - 0.20303 - 0.66705 0.87007
Eigenvalue 6 = 157^.215

0,00000 -0.00000 -0.00000 -0.00000 - 0.26790 - 0.61956 0.88746 0.88756 -0.61956 - 0.26790
Eigenvalue 7 = 1348.914

0.00806 -0.02811 0.03217 -0.01212 0.44258 - 0.88835 0.08966 -0.08966 O.88835 -0.44258
Eigenvalue 8 = 1348.914

-0.02333 0.02521 O.OI973 -0.02161 -0.04151 0.07949 0.99249 -0.99249 -0.07949 0.04151
Eigenvalue 9 = 1348.914

O.O303O 0.01009 -0.01017 - 0.03022 - 0.89189 - 0.44452 -0.00170 0.00170 0.44452 0.89189
Eigenvalue 10 = 0 .0



Table V

Eigenvalues and Eigenvectors o f  the 14rCĤ  Gas Secular Equation

Eigenvalue 1 = 3143.741

-0.49798 -0.49798 -0.49798 -0.49798 -0.00000 0.00000 0.00000 -0,00000 -0.00000 0.00000

Eigenvalue 2 = 3133.685
-0.87117 0.07356 O.36343 0.43418 0.05637 0.03588 0.03089 - 0.03089 - 0.03588 - 0.05637

Eigenvalue 3 = 3133.685

-0.02245 -0.07182 0.78022 -0.68595 0.00666 - 0.05355 0.05006 - 0.05006 0.05355 - 0.00666
Eigenvalue 4 = 3133.685

-0.23295 0.89618 -0.27000 -0.39327 -0.0468? 0.03554 0.04426 -0.04426 - 0.03554 0.04687
Eigenvalue 5 = 1574.215

0.00000 -0.00000 -0.00000 -0.00000 0.83124 - 0.73714 - 0.09410 - 0.09410 - 0.73714 0.83124

Eigenvalue 6 = 1574.215
0.00000 0.00000 0.00000 0.00000 0.37126 0.53424 - 0.90551 - 0.90551 0.53424 0.37126

Eigenvalue 7 = 1341.478

0.02258 -0.02322 -0.02355 0.02419 0.01348 0.02060 - 0.99088 0.99088 - 0.02060 -0.01348
Eigenvalue 8 = 1341.478

0.01494 - 0.03005 0.02933 -0.01423 0.31999 - 0,93799 -0.01514 0.01514 0.93799 - 0.31999
Eigenvalue 9 = 1341.478

-0.03014 -0.01414 0.01515 0.02913 0 .938OI 0.31969 0.01940 - 0.01940 - 0.31969 -0.93801
Eigenvalue 10 = 0 .0

0 . 0  0 . 0  0 . 0  0 . 0  0 . 0  0 . 0  0 . 0  0 . 0  0 . 0  0.0



Table VI

Eigenvalues and Eigenvectors o f  the 12CD̂  Gas Secular Equation

Eigenvalue 1 = 2333.201
-0.26206 0.67351 -0.21859 -0.19286

Eigenvalue 2 = 2333.201
- 0.36048 - 0.03614 -0.24743 0.64405

Eigenvalue 3 -  2333.201
- 0.50678 - 0.02300 0.58860 - 0.05882

Eigenvalue 4 °  2223.804
0.35226 0.35226 0.35226 0.35226

Eigenvalue 5 = 1113.561
- 0.00000  0.00000  0.00000  - 0.00000

Eigenvalue 6 = 1113.561

0.00000  0.00000  - 0.00000  - 0.00000

Eigenvalue 7 = 1027-032

-0.00471 0.00971 -0.00615 0.00114
Eigenvalue 8 = 1027.032

- 0.00321 0.00418 0.00749 -0.00846

Eigenvalue 9 » 1027.032

0,00917 0.00221 -0.00477 -*0.00661
Eigenvalue 10 = 0 .0

0.0  0.0  0.0  0.0

-0.09090 0.10619 0.10051 - 0.10051 -0.10619 0.09090

0.08763 0.13431 -O.O6265 0.06265 -0.13431 -O.O8763

0.11705 -0.01808 0.12496 -0.12496 0.01808 -0.11705

0.00000  - 0.00000  0.00000  - 0.00000  0.00000  - 0.00000

- 0.03082 - 0.54166 0.57248 0.57248 -0.54166 - 0.03082

0.64325 -0,34832 -0.29493 -0.29493 -0.34832 0.64325

- 0.30316 0.65736 0.21601 - 0.21601 -0.65736 0.30316

- 0.05867 -0.25940 0.70707 - 0.70707 0.25940 0.05867

- 0.06945 - 0.26698 - 0.15515 0.15515 0.26698 0.68945

0.0  0.0  0.0  0.0  0.0  0.0
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N 
1 ^ (143)

(144)

(145)

w h e r e  M i s  t h e  m o le c u la r  m a s s .  I n  E q u a t io n s  ( l4 o ) -  ( l4 5 ) , x ^ ,  

y ^ , a n d  z^  a r e  C a r t e s i a n  d i s p l a c e m e n t s  o f  a to m  i , an d  a ^ , b ^ , an d  

c . a r e  t h e  e q u i l i b r i u m  x ,  y ,  a n d  z  c o o r d i n a t e s  o f  a tom  i .  I  ,1 XA
I y y ,  a n d  I z z  a r e  t h e  p r i n c i p a l  m om en ts o f  I n e r t i a .  E q u a t io n s  

(140) -  (142) r e p r e s e n t  i n f i n i t i s m a l  t r a n s l a t i o n s  an d  E q u a t io n s  

(143) -  (145) a r e  i n f i n i t i s m a l  r o t a t i o n s .  I n  t h e  g a s  p h a s e ,  

c o o r d i n a t e s  t^  th r o u g h  t ^  h a v e  z e r o  f r e q u e n c y ,  b u t  i n  t h e  c o n ­

d e n s e d  p h a s e ,  a c c o r d i n g  t o  t h e  c e l l  m o d e l ,  e a c h  o f  t h e  s i x  e x ­

t e r n a l  c o o r d i n a t e s  a r e  s u b j e c t  t o  h a r m o n ic  r e s t o r i n g  f o r c e s .  

O b v io u s ly ,  t h e s e  c o o r d i n a t e s  a r e  n o t  m ass in d e p e n d e n t  a n d , a s  h a s  

b e e n  p o i n t e d  o u t  b y  B a b lo y a n t z  ( 8 6 ) ,  an  e n e r g y  h y p e r s u r f a c e  d e ­

f i n e d  w i t h  t h e s e  c o o r d i n a t e s  v i o l a t e s  t h e  B o m -O p p e n h e im e r  

p r i n c i p a l .  S t e m ,  Van Hook a n d  W o lf s b e r g  (3 8 ), i n  t h e i r  s t u d y  

o f  i s o t o p i c  e t h y l e n e s ,  t h e r e f o r e  a b a n d o n e d  t h e  c o n c e p t  o f  i s o t o p e -  

d e p e n d e n t  e x t e r n a l  c o o r d i n a t e s  s o  t h a t  a n  i d e n t i c a l  F - m a t r ix  c o u ld

b e  u s e d  f o r  a l l  i s o t o p e s .  T h is  i s  d o n e  b y  c h o o s i n g  a  b a s i s  

i s o t o p e  a n d  s u b s e q u e n t l y  c a l c u l a t i n g  t h e  G - m a t r ic e s  f o r  a l l  o t h e r

i s o t o p i c  s p e c i e s  b y  u s i n g  e x t e r n a l  c o o r d i n a t e s  d e f i n e d  i n  te r m s  

o f  t h e  b a s i s  m o l e c u l e .
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I f  I s o to p ic  sp e c ie s  « i s  co n s id e red  to  be th e  b a s is  m olecule, 

G -m atrices f o r  a l l  o th e r  iso to p e s  (Jl f  gs , , . .  may be c o n s tru c ted  a s
r>*

fo llo w s. From Equation (140),

, N 1 N
*1 = M5.2, V i  = M* E, (V i  + ° ' 7i  + ° V  ( l4 6 )1=1 1=1

S ince, from Equation ( 96) ,

3N
*1 ‘

th e  elem ents o f B» a re

m-ior 1b“ = b* = 0  b“ = 011 M« 12 13

m

14 M* i5  16 (148)

\ ,3 N - 2  M« bl ,3 H - l“ 0 br ,3 N - °

where th e  s u b sc r ip ts  a r e  in d ic e s  o f  th e  e x te rn a l p o r tio n  o f Ba 

on ly . Then, from Equation (99)1
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gl i  = “ ^ 2  + + • ■ • = “  Cl4 9)
1 1  i r u M  2  M a

S im ila r ly , from Equations ( l ^ l )  and (1 ^2 ),

S22 S33 M *

From E quations (1^3) -  (1^5) t one o b ta in s

«.* -  * _____L . rTa
x a s 55 : a g66 (151)

Ixx yy zz

The same d e r iv a t io n  can be used  to  show t h a t  th e re  a re  no 

e x te rn a l-e x te rn a l  k in e t ic  in te r a c t io n s ,  and no e x te r n a l - in te r n a l  

k in e t ic  in te r a c t io n  in  sp e c ie s  :

g *  t  = 0 [ i  = j ]  (152)
i  3

C t .  - 0 <153)
i  J

For th e  b a s is  m olecule in  th e  condensed phase, th en , th e  G -m atrixm

only has d iag o n a l e x te rn a l e lem en ts. The G -m atrices f o r  a l l  o th e r  

is o to p ic  sp e c ie s  Pl f  (*2 , e t c . ,  a re  found from th e  b a s is  B -m atrix  

by u s in g  th e  r e la t io n
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(15*0

where M i s  a  column m a trix  o f atom ic m asses. I n  g e n e ra l, th e  

e x te rn a l p a r t  o f  a  condensed phase i s  no t d iag o n a l, and non­

zero in te rn a l- e x te r n a l  elem ents e x i s t .

With t h i s  methodology, a  s in g le  F -m atrix  may he used f o r  

a l l  i s o to p ic  sp e c ie s . The fo rc e  f i e l d  used by BGJ to  e v a lu a te  

th e  condensed phase freq u en c ie s  w ith in  th e  sim ple c e l l  model i s  

g iven in  Table V I I . The r e s u l t in g  l iq u id  phase modes a re  p re ­

sen ted  in  Table V III f o r  1SCH ,̂ 14CH  ̂ and 1SCD .̂

The medium c lu s te r  model co n s id e rs  a  liq u id -p h a se  m olecule 

to g e th e r  w ith  i t s  f i r s t  c o o rd in a tio n  s h e l l  a s  a  t o t a l  v ib ra tin g  

system . The number o f  co o rd in a tes  needed to  d e sc rib e  an m -c lu s te r  

i s  th e re fo re  3Nm. I f  th e  ag g reg a te  i s  considered  to  r o ta te  and 

t r a n s l a t e  f r e e ly ,  th en  th e  number o f  co o rd in a te s  n ecessary  i s  

3Nm -  6. For th e  purpose o f e v a lu a tin g  th e  v p ie  by means o f 

Equation (8 ^ ), e x te rn a l  modes o f  v ib ra tio n  have been d efin ed  a s  

m otions o f  th e  c e n tr a l  m olecule in  th e  c lu s te r  r e l a t iv e  to  th e  

s h e l l  m olecules, so th e r e  i s  no need to  d e f in e  m ass-dependent 

co o rd in a tes  such a s  th o se  in  E quations ( l4 o )  -  (1^5)» and u n le ss  

motion o f  th e  c lu s te r  a s  a  whole i s  to  be considered  a s  ta k in g  

p lace  w ith in  a  " s u p e rc e l l" ,  th e re  i s  no need to  d e fin e  a  b a s is  

i s o to p ic  s p e c ie s .

2 » -
— 1  T
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Table VII

Non-zero F -M atrix  Elem ents f o r  Simple C e ll Theory 
L iqu id  Phase Methane C a lcu la tio n s ; Ref. (40)

f  = 5 .^52  mdyne/A

f  = 0.124 mdyne/A

f  = O.365 mdyne*A

f rtx = rodyne

f cta = ° ‘01^ radyne-A

b r a n s '  ° - 0^  “ W A

o
-  0.0099 mdyne'A



Table VIII

Liquid Phase F requencies f o r  S p h erica l Top Methane Iso to p es  
C alcu la ted  from th e  Simple C ell Theory; Kef. (40)

1SC \ 13Cfy

3140.229 cm-1 3129.403 cm-1 3120.180 cm-1 2321.716 cm
3140.229 3129.^03 3120.180 2321.716
3140.229 3129-403 3120.180 2321.716
3132.168 3132.168 3132.168 2217.019
1570.305 1570.305 1570.305 1110.803
1570.305 1570.305 1570.305 1110.803
1352.560 1344.009 1336.550 1024.043
1352.560 1344.009 1336.550 1024.043
1352.560 1344.009 1336.550 1024.043

77.693 75.370 73.251 6 9 .451
77.693 75.370 73.251 69.451
77-693 75-370 73.251 69.451
72.285 72.285 72.285 51.133
72.285 72.285 72.285 51.133
72.285 72.285 72.285 51.133



IV . COMPUTATIONAL METHODS

C alcu la tio n  o f  th e  vapor p re ssu re  iso to p e  e f f e c t  w ith in  

th e  framework o f  th e  medium c lu s te r  model o f th e  l iq u id  s ta t e  

may in v o lv e  an H -m atrix w ith  up to  202 x 202 elem ents fo r  a  13- 

c l u s t e r . This p rec lu d es  ev a lu a tio n  o f  th e  c lu s te r  v ib ra tio n a l  

fre q u e n c ie s  on a l l  b u t th e  most advanced d i g i t a l  computing sy s­

tem s. The p re se n t re sea rc h  has been done w ith th e  a id  o f  an 

IBM System /370  w ith  dual 168 p ro ce sso rs .

Computation proceeds i n  f iv e  s te p s :

(1) C a lcu la tio n  o f C a rte s ia n  co o rd in a tes  fo r  a l l  

atoms in  th e  c lu s t e r .  Param eters such a s  r e l a t iv e  m olecular 

o r ie n ta t io n  and in te rm o le c u la r  d is ta n c e  a r e  s p e c if ie d  a s  In p u t 

a t  t h i s  s ta g e .

( 2 ) C a lcu la tio n  o f th e  G -m atrix fo r  th e  e n t i r e  

c lu s te r ,  g iven th e  C artes ian  co o rd in a tes  from Step ( l ) ,  d e f in i ­

t io n s  o f  in te r n a l  co o rd in a te s , and atom ic masses.

(3 ) C o n stru c tio n  o f  an F -m atrix  fo r  th e  c lu s te rAt
t h a t  i s  independent o f i s o to p ic  com position.

(Jj*) S o lu tio n  o f  th e  s e c u la r  equation  by computing 

th e  e ig en v ec to rs  and e igenvalues o f H.rJ

(5) Choosing only  th e  e ig en v ec to rs  and c o r­

responding e igenvalues th a t  re p re s e n t v ib ra tio n s  o f  th e  cen­

t r a l  m olecule o f th e  c lu s te r  and subsequent c a lc u la t io n  o f th e  

v p ie  param eters A and B from Equations (86 ) and ( 8? ) .
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In  t h i s  ch ap te r , each o f th e  above s te p s  w i l l  be considered  in  

tu rn .  The computer programs used fo r  th e  a c tu a l  c a lc u la tio n s  

a r e  in c lu d ed  a s  an appendix.

IV -1 ; The C a rte s ia n  Coordinate M atrix

The s p a t i a l  r e la t io n s h ip s  o f  each p a r t  o f th e  c lu s te r  to  

a l l  o th e r  p a r ts  m ust be considered  in  o rd e r  to  c o n s tru c t th e  

k in e t ic  energy m a tr ix . A 2 - c lu s te r  o f m ethane, f o r  example, can 

be viewed a s  a  d im o lecu lar ag g reg a te  w ith  th e  carbon-carbon "bond" 

a rran g ed  along th e  ( a rb i t r a ry )  y -ax is  and one o f th e  m olecules 

cen te red  on th e  o r ig in .  In  o rd e r  to  c a lc u la te  a  s e t  o f C artes ian  

co o rd in a te s  fo r  a l l  10 atoms, th e  co o rd in a tes  o f  th e  methane a t  

th e  o r ig in  i s  f i r s t  s p e c if ie d  a s  a  3 x 5 m a trix ,

0 x2 x3 ^  x5 \

x - = 1 0 y2 y3 yk y5

0 z 2 z 3 % s5 l

(155)

Two s e t s  o f  r o ta t io n a l  d isp lacem en ts , {9^} and {.Q^1 a r e  use<  ̂ "̂ ° 

tran sfo rm  Equation ( l 55) so t h a t  ro ta te d  "im ages", X,' and X ', o f  

th e  two methanes a r e  produced. Thus,

1°
X* X*

2 3 xi *'5\

0 y ’ yi 4 (156)

\o zZ z3 zk ẑ  /
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f° X7 x8 X9 xio\

s - 0 y7 y8 y9 y10

0
z7 z8 z9 Z%0

(157)

where elem ents in  l ik e  columns o f X? and X' re p re se n t th e  p o s itio n s
r*.L

o f corresponding  atoms in  th e  two m olecules. Two p o s it io n  v e c to rs ,

and pg, a re  in tro d u ced  to  d isp la c e  each methane to  i t s  p o s itio n
■ ^

in  th e  medium c lu s te r ;  p̂  i s  always a  n u l l  v ec to r  so t h a t  th e  

"c e n tra l"  m olecule m ain ta ins i t s  p o s it io n  a t  th e  o r ig in .  S ince th e  

" s h e ll"  m olecule i s  d isp lace d  along th e  p o s i t iv e  y -a x is  in  a  2- 

c lu s te r ,  th e  C artes ian  co o rd in a tes  fo r  bo th  m olecules, X, and X„, 

a re  g iven  by X ,= X!, from Equation (156), andrvl

2 a -
1 °

* 8 + 1 P2 I x 9 + | p2 I x 1 0 + i^2

0 y £ + l7 2 l y 8 + F 2 l yi o + \p2

{  0 ^ + f 2 i Z8 + P 2 I Z9 + I~2I z i o + l p2

For th e  g e n e ra l case o f  an m -c lu s te r  o f  'm olecules w ith  

N atoms each, th e  C artes ian  coo rd ina tes  a r e  s im ila r ly  genera ted  

from th e  co o rd in a te s  o f one c e n tra l  m olecule, X ,rjC

X =

/ X1 X2

yl  y2

\ BjL JN

(159)
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and m r o ta t io n  m a tric e s ,

e (xyz) = z e y 0 x [ i  = l ,2  m] ( l 60)
(S/1 Afl Ajl

"fchwhere th e  s u p e rs c r ip t  (xyz) im p lie s  a  r o ta t io n  o f th e  i —  m olecule 

f i r s t  around th e  x -a x is ,  fo llow ed "by r o ta t io n  around th e  y - a x is ,  and 

f i n a l l y  around th e  z - a x is .  The o rd e r  o f  r o ta t io n  may be permuted 

and th e  r o ta t io n  p rocess  i t s e l f  ta k e s  p lace  accord ing  to  th e  r ig h t  

hand convention so th a t

G i/v X
(zyx)_

/ i 0 V
0 cos 9x - s in  0x

\ 0 s in  0 cos 0 x xA

COS 0 
7

0 - s in  0 \ /co s  0 
/ 2

- s in  0 z °\
0 1

’

s in 0z cos 0 z 0

s in  0y 0 COS 0 /y/ \ 0 0 1 /

( 161)

where 0^, 0^, and 0^ a re  th e  d e s ire d  an g u la r  d isp lacem en ts . Then,

X.* = 0.
&JX  N i l  m C

[ i = l , 2 , . . , , m ]  ( 162)

Equation (±62) produces m superim posed images o f  th e  c e n tr a l  

m olecule which may now be d isp lac e d  to  various p o s it io n s  i n  th e  

c lu s te r  by means o f  m v e c to r s , , where

[ i = l , 2  m] ( I 63)

z '
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These d isp lacem ent v ec to rs  a re  transform ed in to  a  3 x N t r a n s ­

l a t io n  m atrix ,

P. = p t • ( u n i t  row m atrix  )

/  \  ( 1 1 . . N term s . . 1 1 )

= / y  ( i « )

\ v

j px px . px \

p f t . f t .y y • y

U pz Pz  /

Then,

X. =  X.' + P. [ i =  1 , 2 , . .  .,m ] (165)rs#l iwl

A f in a l  3 x Nm C arte s ia n  co o rd in a te  m a trix , X, f o r  th e  e n t i r e  

c lu s te r  i s  ob ta ined  by

X = X, ©  X_ ©  . . . ©  X  ̂ (166)ft/C rsilJl

where ©  i s  a  p rocess  o f  m a trix  augm entation in  su ccess iv e  

columns.

C lu s te rs  o f  2, 3i 7i 9 . and 13 is o to p ic  methanes have been
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examined in  t h i s  s tudy . While a r b i t r a r y  s e ts  o f  P -v ecto rs  can 

be used a s  a  b a s is  f o r  n o n -reg u la r  ag g reg a tes  o f  m olecules, we have 

examined only  symmetric c lu s te r s  modeled on P la to n ic  s o l id s .  The 

d i r e c t io n a l  components o f  each P -v ec to r f o r  any such re g u la r  m- 

c lu s t e r  a re  f ix e d , and th e  len g th s  o f  th e  v e c to rs  a re  equal,

Table IX l i s t s  th e  d i r e c t io n a l  components fo r  p -v ec to rs  o f i n t e r e s t ;  

s im p lif ie d  c lu s t e r  diagram s a re  in c lu d ed  in  Table X (p . 81 ) .  

Symmetric 7 - , 9 - ,  and 13- c lu s te r s  correspond to  sim ple cub ic , body- 

c en te red  cu b ic , and fa c e -c e n te re d  cub ic  l a t t i c e  s tr u c tu r e s  re sp e c ­

t i v e ly  .

The mutual o r ie n ta t io n  o f m olecules in  th e  model l iq u id  phase 

can be changed by means o f  th e  m 0  -m a tr ic e s . E g e ls ta f f ,  Page and
n l

Powels (87) have d esc rib ed  a  "ro ck e t"  geometry f o r  t e t r a h e d ra l  XŶ  

m olecules in  th e  l iq u id  phase in  which n e a re s t  neighbor p a ir s  

p o in t f ro n t- to -e n d  w ith  a  Y atom on one m olecule lo c a te d  in  th e  

c re v ic e  formed by th re e  Y atoms on th e  o th e r .  Lowden and Chandler 

( 88 ) p resen ted  evidence i n  fav o r o f  a  l iq u id  phase geometry in  

which two ne ighboring  te t r a h e d ra l  m olecules a re  in te r lo c k e d  i n  a  

s tag g e red  a n t i p a r a l l e l  c o n f ig u ra tio n . C ry s ta llo g ra p h ic  s tu d ie s  

by P ress  and coworkers (89 ,90) have in d ic a te d  a  " g e a r - l ik e "  con­

form ation  o f  CD  ̂ m olecules in  th e  s o l id  s t a t e  n ea r th e  t r i p l e  

p o in t .  The consequences o f  each o f th e se  in te rm o le c u la r  conforma-
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Table IX

D ire c tio n a l Components o f th e  p -  V ectors

z

X

90°
90°

90°
90°
90°
90°
90°
90°

45°
45°

45°

135°
135°
135°

0°

180°

0°

6o°
120°

180°

240°
300°

30°

150°
270°

90°
210°

330°

m i X 0

2 90° 0°

3 90° 90°
4 90° 180°

5 90° 270°
6 0° 0°

7 180° 0°

2 450 45°

3 450 135°
4 450 225°
5 450 315°
6 135° 450

7 135° 135°
8 135° 225°
9 135° 315°
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t io n s  bn th e  vapor p re ssu re  iso to p e  e f f e c t  have been examined in  

t h i s  re se a rc h  u s in g  th e  medium c lu s te r  model. The th re e  co n fig u ra ­

t io n s  a re  p ic tu re d  fo r  two neighboring  methanes in  F igure  2.

The G -m atrix depends e x p l i c i t ly  on m olecu lar geometry and 

atom ic mass. The Jones-McDowell gas-phase  F -m atrix , g iven  in  

Table I ,  was developed when oxygen-l6 was th e  b a s is  f o r  th e  atom ic 

mass s c a le ;  f o r  conform ity , a l l  atom ic w eights used i n  th e  p re se n t 

s tu d y  a r e  th o se  from th e  1941 B irge  (9 l)  s c a le .  The masses o f 

i n t e r e s t  a re

12C = 12.00386 d a lto n s

13c = 13.00761 

14C = 14-.00768 

1H = 1.00813

SD = 2.01473

3T = 3.01705

The m olecu lar geometry o f methane i s  w ell known from sp ec tro sc o p ic

s tu d ie s  (9 2 ). The te t r a h e d ra l  m olecule has a  GH valence bond 
, o

ra d iu s  o f  1 .094 A and an HGH valence bond ang le  o f  109° 28 ’ .

The only  rem aining c lu s te r  param eter which must be s p e c if ie d  

i s  th e  d is ta n c e  between th e  c e n tr a l  and s h e l l  m olecules i n  th e  

liq u id -p h a se  ag g reg a te , |fT|. In  o rd e r to  e s tim a te  th e  i n t e r -  

m olecular d is ta n c e , a  p o te n t ia l  o f  th e  form

(1 6 8 )
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Figure 2. R e la tiv e  o r ie n ta tio n s  of ad ja ce n t 
methane m olecules. A i s  th e  rocket geometry, 
B i s  the a n t ip a r a l le l  geometry, and G i s  th e  
gear geometry.
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was assumed. E quation (168) i s  th e  Lennard-Jones (6 -12) p o te n t ia l  

commonly used a s  a  model fo r  n o n -p o la r f lu id  b eh av io r ( 56 , 93)-  The 

d is ta n c e  o f  c lo s e s t  approach o f  two m olecules c o l l id in g  w ith  zero 

r e l a t iv e  k in e t ic  energy i s  g iven by <j. The param eter £ i s  th e
I — I i/6 . .

maximum energy o f  a t t r a c t io n  a t  | p | = 2 a .  The q u a n t i t ie s  € /k

and a  may be determ ined ex p erim en ta lly  from v is c o s i ty  and therm al

c o n d u c tiv ity  measurements (9 4 ,9 5 )- From an exam ination o f Lennard-

Jones param eters determ ined from d i f f e r e n t  ty p es  o f  experim ental

d a ta , Vogel and A h le rt (96,97) and o th e rs  (98 ,99) have concluded 
o

th a t  3-817 A i s  an optimum c -v a lu e  f o r  th e  su c c e ss fu l p re d ic tio n  

o f  th e  thermodynamic p ro p e r tie s  o f  methane. We have th e r fo r e  ex­

amined a  range o f  in te rm o le c u la r  s e p a ra tio n s  in  th e  neighborhood
o

o f  3-817 A w ith  th e  medium c lu s te r  model.

I V - 2 i  I n te rn a l  C oordinates fo r  M olecular C lu s te rs  and th e  G -m atrix

I n te rn a l  c o o rd in a te s , s . ,  f o r  an  m -c lu s te r  w i l l  now be de-
0

sc r ib e d . S ince th e  m -c lu s te r  c o n ta in s  Nm atom s, th e  number o f

v ib ra t io n a l  degrees o f  freedom i s  3Nra-6 ; however, one redundant

HGH valence ang le  bending co o rd in a te  has been added f o r  each

m ethane, so th a t  th e  t o t a l  number o f  co o rd in a tes  i s  3Nm-6 +m , or

l 6m-6  f o r  c lu s te r s  o f  methane m olecu les.

Ten co o rd in a tes  have been used to  d e sc rib e  th e  in tra m o le c u la r

modes o f  each in d iv id u a l  m ethane. They a re  th e  fo u r  GH valence

bond s t r e tc h e s ,  r ^ ,  and s ix  HCH valen ce  ang le  bends, a s  shown

in  F igure  1 (p . 4 8 ) . There a re  m such s e ts  o f  10 c o o rd in a te s ,

to g e th e r  d e sc rib in g  th e  " o p tic a l"  o r  " in te rn a l"  v ib ra t io n a l  modes

(n o t to  be confused w ith  th e  g en e ra l name fo r  a l l  s . ) .  The d e f in i -
J
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t io n s  o f th e se  o p t ic a l  co o rd in a tes  a re  g iven  in  d e ta i l  by W ilson, 

Decius and Cross ( 62) .

The rem aining 6m-6  co o rd in a tes  d e sc rib e  th e  motion o f  methane 

m olecules r e l a t iv e  to  one an o th e r in  th e  c lu s t e r .  These " a c o u s tic a l"  

o r " e x te rn a l"  in te rm o lec u la r  co o rd in a tes  have been d e fin ed  in  such 

a  way a s  to  s im p lify  th e  in te r p r e ta t io n  o f  L”1 a f t e r  s o lu t io n  o f 

th e  s e c u la r  eq u a tio n . Since th e re  a re  m-1 s h e l l  m olecules and 

6m-6 re q u ire d  e x te rn a l c o o rd in a te s , a procedure has been used by 

which s ix  e x te rn a l co o rd in a tes  a re  defined  p e r  s h e l l  m olecule. The 

v ib ra t io n a l  co o rd in a tes  a re  th u s  d escribed  i n  a  sy stem atic  fash io n  

fo r  a l l  s iz e d  c lu s te r s .  These in te rm o le c u la r  d isp lacem ents a re  

p ic tu re d  in  F igu res 3 and where a c e n tr a l  and a s in g le  a r b i t r a r y  

s h e l l  m olecule o f an m -c lu s te r  a r e  shown. The low er-case  la b e ls  "c" 

and "s" denote  c e n tr a l  and s h e l l  m olecules, r e s p e c t iv e ly ,  i n  th e  

d isc u ss io n  which fo llo w s .

The f i r s t  o f  th e  s ix  (p e r s h e l l  m olecule) e x te rn a l co o rd in a tes

h a s  b e e n  d e f i n e d  a s  a n  i n c r e a s e  i n  t h e  C C d i s t a n c e ,  E =  |"/TJ* T h isc s
carbon-carbon s t r e t c h  i s  i l l u s t r a t e d  in  F ig u re  3a. The £ -  v ec to rs  

f o r  use  i n  Equation (102) a re  g iven  by

ft(cc) " ft ( C  )  ®CC

where e ^  i s  th e  u n i t  v e c to r  o f  p^ .

Each o f  th e  m-1 p e r ip h e ra l m olecules o f  th e  c lu s te r  can a lso  

r o ta te  around th e  a x is  formed by p ^ . This to r s io n a l  m otion, shown
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a .  C a r t o n - c a r b o n  s t r e t c h i n g

In te rm o lecu la r to r s io n

F ig u r e  3* E x t e r n a l  s t r e t c h i n g  a n d  t o r s i o n a l  
c o o r d i n a t e s  f o r  m e th a n e  c l u s t e r s . T h e m o l e c u l e  
on  t h e  l e f t  i s  t h e  c e n t r a l  m e th a n e j  t h e  m o l e c u l e  
o n  t h e  r i g h t  i s  a n  a r b i t r a r y  s h e l l  m e th a n e .
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a . S h e ll nodding

C en tra l nodding

F igure  E x te rn a l n u ta t io n a l  co o rd in a tes  fo r  
methane c lu s te r s .  The m olecule on th e  l e f t  i s  
th e  c e n tr a l  methane; th e  m olecule on th e  r ig h t  
i s  an a r b i t r a r y  s h e l l  m olecule.
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in  F ig u re  Jb, has been d e fin ed  a s  a  change in  th e  an g le  r between

th e  p lan e  determ ined by a hydrogen in  th e  c e n tra l  m olecule, Hc , and

two carbons C and C , and th e  p lane determ ined by th e  corresponding  c s
hydrogen on th e  s h e l l  m olecule, H , and th e  same two carbons. Thes
atoms H G C H a r e  bonded i n  sequence. The s ig n  o f  r i s  d e te r -  o c s s
mined by th e  fo llo w in g  convention: i f  r  i s  r e s t r i c t e d  to  th e  range

— Tf < T ^rr , then  r i s  p o s i t iv e  i f  an o b serv er a t  th e  o r ig in  look ing  
— ̂

along p. sees th e  p ro je c tio n  o f  C H as  a  clockw ise d isp lacem ent
X 5  5

o f th e  p ro je c tio n  o f CcHc * The magnitude o f  t i s  g iven  by

( e cH x 8c c ^ ecc x 
COSr ~- -  B i n p ~ s i n e - - - -  (170)'c  s

where e ^  and e ^  a re  u n i t  v e c to rs  a long  th e  c e n tra l  and s h e l l  CH 

bonds, r e s p e c tiv e ly ,  and (3 and 3 a re  th e  HOC bond an g les  a t  th e
C 5

c e n tr a l  and s h e l l  m o lecu les . The £ -  v e c to rs  used to  c a lc u la te  

G -m atrix elem ents in v o lv in g  th e  to r s io n a l  co o rd in a tes  from Equation 

(102) a r e  given by

l t(H  ) = " ( eCH 1 eCC) / r  s in %  (171)

— —  _ ( B - r c o e BoXecg x ^ c ) X ^ g )
H(C ) rR s in  3 " R s in 3  '

C C 5

_ ( B - r c o s gs X ^ g  x ^ 0) c o s j ^ g  x  i ^ , )
t ( cs ) rR s in  ^  -  R s in 3 c t 1?3 '
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H( hs) = - ^ ch x Tcc> / r slnSl (17*0

where R and r  a re  th e  eq u ilib riu m  carbon-carbon and carbon-hydrogen 

d is ta n c e s , r e s p e c t iv e ly .

Four va lence an g le  bends p e r s h e l l  m olecule have been d efin ed  

to  com plete th e  d e s c r ip tio n  o f  th e  a c o u s t ic a l  modes. In  F igure  4>a, 

two an g les  a re  in d ic a te d  which, when decreased , produce a  n u ta t io n a l  

o r  "nodding" to  th e  s h e l l  m olecule w ith  re sp e c t  to  th e  c e n tr a l  

m olecule. These an g le s  a re  denoted as  3s j  and F ig u re  4-b shows

two a n g le s , 3 Ĉ  and [3 ^ , which can be v is u a l iz e d  a s  producing  two 

corresponding  n u ta t io n a l  m otions o f th e  c e n tr a l  m olecule. While 

two c e n tra l  nodding co o rd in a tes  p e r s h e l l  m olecule would seem to  

im part 2 (m -l) degrees o f r o ta t io n a l  freedom to  th e  c e n tr a l  m olecule, 

i t  can be seen th a t  3 ^  and $ a c tu a l ly  d e sc rib e  "wagging" t r a n s ­

l a t io n a l  motions o f  th e  s h e l l  m olecules i n  d ire c t io n s  p e rp en d icu la r  

to  . However, no am biguity  should a r i s e  from th e  continued  use  

o f  th e  term  " c e n tr a l  n u ta tio n " . An in c re a se  in  th e se  an g le s  i s  

considered  to  be a  p o s it iv e  d isp lacem ent o f  th e  e x te rn a l  co o rd in a te . 

The £ -  v e c to rs  f o r  s h e l l  n u ta tio n  a re

H(Hs ) = (cos[3s ®0H " r CC) / r  S ln ^ (175)

[ ( r - R c o s  3s )e c^  + ( R - r  cos Pa )eGC]
rR  s i n 3 &

(176)



and th e  £ - v e c to rs  f o r  c e n tra l  n u ta tio n  ( s h e l l  m olecule "wagging") 

a re

*t(H ) = C°0Spc ®CH ‘  BC C >/r  Sin0c (178)

 ^  [ ( r - R c o s g c ) e Ĝ  +  ( E - r c o s p c ) e ^ c ]

"t(Cc ) = rR  s i n [3, (179)

^t(C  ) ~ ( GOSPc eCG eG H ^/E S inpc (18°)s

S ix  such e x te rn a l co o rd in a te s , F, T , 8 c<p» 8S^» an<i

were added to  th e  dim ensions o f  th e  se c u la r  equation  f o r  each s h e l l  

m olecule in  th e  c lu s te r .  Table X summarizes th e  number and type  

o f co o rd in a tes  used fo r  each s iz e d  c lu s t e r .  Using Equations ( 169) ,  

( l ? l )  -  (180), and £ - v ec to rs  fo r  in tram o lec u la r  c o o rd in a te s , a  

B -m atrix  may be co n s tru c te d . The G -m atrix i s  c a lc u la te d  from Equa- 

t io n  (101) .

In  g en e ra l, th e  k in e t ic  energy m atrix  f o r  an m -c lu s te r  has 

th e  form



Table X

C o o r d in a t e s  f o r  M eth a n e  C l u s t e r s

C l u s t e r  Num ber o f  Num ber o f  
s i z e ,  m a t o m s , mN c o o r d i n a t e s ,  n

1

3

13

5

15

35

45

65

10

42

106

138

202

C l u s t e r  d ia g r a m

o

00-0

CH HCH CC HCCH Pc  %
s t r .  b e n d  s t r .  t o r s ,  n o d  n od

4

12

6 0 

18 2

0

2

0 0 

2 2

28 42 6 6 12 12

36 54 8 8 16 16

52 78 12 12 24 24

-1
8“
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G =  ~m

c s

| S S

( 181)

w h e r e  t h e  G a r e a  o f  G c o n s i s t s  o f  e l e m e n t s  g ,  . d e f i n e d  e n t i r e l y  ~c «.m i  j
w i t h  c e n t r a l  m o l e c u l a r  i n t e r n a l  c o o r d i n a t e s ;  e a c h  G a r e a  c o n t a i n s

n J  S

e l e m e n t s  d e f i n e d  w i t h  o n l y  i n t e r n a l  c o o r d i n a t e s  o f  o n e  s h e l l  m o le ­

c u l e .  G c o n s i s t s  o f  k i n e t i c  e n e r g y  t e r m s  d e f i n e d  w i t h  r e s p e c t  t o1̂ 6
t h e  ( 6 m - 6 )  e x t e r n a l  c o o r d i n a t e s . T he a r e a s  l a b e l e d  G , G , G ,nSS «S6 ivC8
a n d  G c o n t a i n  e l e m e n t s  t h a t  e x p r e s s  s h e l l - s h e l l  k i n e t i c  i n t e r ­n e e  s

a c t i o n s ,  s h e l l - e x t e r n a l  i n t e r a c t i o n s ,  c e n t r a l - s h e l l  i n t e r a c t i o n s ,  

a n d  c e n t a l - e x t e r n a l  k i n e t i c  i n t e r a c t i o n ,  r e s p e c t i v e l y .  B e c a u s e  

o p t i c a l  c o o r d i n a t e s  i n  d i f f e r e n t  m o l e c u l e s  n e v e r  h a v e  a n y  a to m s  i n  

com m on, e l e m e n t s  g .  . i n  a r e a s  G a n d  G a r e  a lw a y s  z e r o .  I n
X J  r v C S  n r S S

a d d i t i o n ,  a l l  m m o l e c u l e s  i n  t h e  c l u s t e r  a r e  i d e n t i c a l  w i t h  r e ­

s p e c t  t o  b o n d  l e n g t h s ,  b o n d  a n g l e s ,  a n d  a t o m i c  m a s s e s ,  s o  t h a t

( gi j ) C ( gi+ 1 0 p ,j+ 1 0 p )S
i , j  — 1 , 2 ,  • • . , 1 0  
p =  1 , 2 ,  • . m—1

( 182)

a n d  E q u a t io n  ( l 8 l )  i s  t h e n
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0

G (183)

G.

where th e  G. a re  i d e n t i c a l  su b -m atrices  o f  o p t ic a l  co o rd in a te s  and

« ie
e x te rn a l modes.

A 3”cl u s 'fcer o f  methane m olecules w i l l  be used to  i l l u s t r a t e  

th e  way in  which co o rd in a te s  a re  d e fin e d  and th e  s t r u c tu r e  o f  th e  

r e s u l t in g  G -m atrix . The 3-c l ust e r  s tu d ie d  i s  l i n e a r  w ith  re sp e c t  

to  th e  carbon atoms (F ig u re  5 ); r e l a t iv e  m olecu lar o r ie n ta t io n  i s  

a r b i t r a r y  fo r  th e  purpose o f  d e f in in g  c o o rd in a te s .

The c o o rd in a te s  in t e r n a l  to  each methane in  th e  c lu s t e r  r e ­

q u ire  no m o d ifica tio n  from th o se  o f  gas-phase  m ethane. They con­

s i s t  o f  fo u r  GH s t r e tc h e s ,

~i
G co n ta in s  e x te rn a l-e x te rn a l  co o rd in a te  k in e t ic  in te r a c t io n s .
j"̂ S

a
and G. co n ta in  k in e t ic  in te ra c t io n  term s between in te r n a l  and

1 -  r f l y y

2 -

3 -  rCOjfy) 

If -  r ^ H ^ )



Figure 5- A 3 -c lu s te r  o f methane m olecules. The 
c lu s te r  i s  shown in  th e  gear geometry.

-1
78

-



and s ix  "bond angle bends,

5 -  a(H2G1H3)

6 -

? -  aC H gC ^)

8 -  a ^ C ^ )

9 -  a fH ^ H ^ )  

10 -  a O y j jH ^ .

The in te rn a l  coo rd inates  o f th e  two s h e l l  m olecules a re  defined  

s im ila r ly :

11 -  r ( 0 6lt,)

12 -  r ( 06Hg )

13 -  rCOgHj)

14 -  r ( 06H10)

15 -  ttflt.OgHg)

16 -  a f c y y i j )

17 -  a(H? a6K10)

18 -  aCHgOgKj)

19 -  «(h806h10)

20 -  a(H906H10)

21 -  r ( 0 l l Hl z )

22 -

23 -  r ^ H ^ )

24 -  r (0 llH l5 )

25 -  a(H12cu H13

26 -  a(H120l lH r t

27 -  a(Hl z 0 l l H15

28 -  a(H130u Hllt

29 -  “ ( Hi 3a11H15

30 -  a(Hl4 011n15

E x tern a l ( in te rm o lecu la r)  co o rd in a tes  a re  now defined  f o r  th e  

3- c lu s te r j  w ith  re sp e c t to  th e  p e r ip h e ra l m olecule on th e  r ig h t  

s id e  o f F igure 5> th e se  in c lu d e  one "bond" s t r e tc h ,

31 -  R fC jC ^), 

a  to r s io n a l  coo rd ina te  around th e  GC a x is ,
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32 -  t ( h 2c1c6h7 ) ,

two n u ta t io n a l  co o rd in a te s  o f  th e  c e n tr a l  m olecule ( s h e l l  mole­

cu le  "wagging"),

33 -  0 (H2C1G6 )

34 -  p C H ^G g ),

and two n u ta t io n a l  co o rd in a te s  o f  th e  s h e l l  m olecule d e fin e d  w ith 

co rresp o n d in g ly  numbered hydrogens,

35 -  eC iyjgC j)

36 -  p d ig C g ^ ) .

S ix  more e x te rn a l  co o rd in a tes  a re  d e fin e d  analogously  f o r  th e  p e r i ­

p h e ra l m olecule on th e  l e f t  o f  F ig u re  5 !

37 -

30 - ^ W u ' W  

39 -

ho - e(H3o1c11) 
hi - e(H12oll0l) 
t e - p ( Hl3oll0l).

These co o rd in a te s  a re  s u f f i c i e n t  to  d e sc rib e  th e  42 modes o f  v ib ­

r a t io n  ( in c lu d in g  3 zero  modes due to  a  redundancy) f o r  a  3 " d u s t e r  

o f  m ethanes, l a r g e r  m olecu lar a g g reg a te s  s tu d ie d  in  t h i s  re se a rc h  

have been d e sc rib ed  in  an e x a c tly  analogous fa sh io n ; c o o rd in a te s  

f o r  7 - i 9-» and 13- c lu s te r s  a re  l i s t e d  in  Tables X I -  X I I I .



Table XT

C oordinate D e f in itio n s  fo r  th e  Methane 7~G luster

S1 - a r e  th e  same a s  th o se  d efin ed  f o r th e  methane 3 -  c lu s te r

31 ‘ r <Cl6 H17} 57 a ( H27C26H3o) 83 - H<ci V
32 '  *<Gl 6Hl 8 > 58 " a t H28G26H29) 84 -

' < ¥ i W
33 59 “ ^ H28G26H30> 85 - p(h20iCi 6 )
34 '  r <Cl 6V 60 " a ^H29G26H30^ 86 - P(h30i 0 i6 )

35 - ^Ch1?ci 6h18) 61 -  ^ G31H32} 87 - P<H17° 16c1 >
36 - a (H1?G16H19) 62 -  r ( G3 iH33) 88 - S<H18Ci6 Cl>
37 " a ^Hi 7Ci 6H20^ 63 -  r ( C3 i V 89 - H(01C21)
38 - a ( Hi 8cl 6H19^ 64 - 90 - r <H2Cl C21H22>
39 ‘ a ^Hi 8Gl 6H20^ 65 91 - g(H2Cl C21>
40 “ a (Hi 9Ci 6H20^ 66

-  < H32G3 ^ 3 4 ) 92 - S<H3C1C21>
41 - ^ C21H22 ) 67 -  a ^H32G3 lH35) 93 - ^ H22C21C1^
42 '  r ^C2l H23^ 68

-  a ( H33C3 l S ] 94 - P (h23o21Ci)
43 - r(C 2l H ^ ) 69 -  a (H33G3 iH35^ 95 - H(01C26>
44 -

* ^ G21H25)
70 a (H34G31H33) 96 - r (H2Cl ° 26H27 >

45
‘ a ^H22G2 l H23^ 71 -  RCCjCg) 97 - e(H2Cl ° 26>
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Table XII

Coordinate D e fin itio n s  fo r  th e  Methane 9 -C lu s te r

s^ -  s^q a re  th e  same a s  those d efin ed  fo r  the  methane 7 -  c lu s te r

71 -

r ^C36H37^
72 -

*<C3 6 V
73 - r(C 36H39}

74 -
r < v w

75 - a ( H37C36H38^
76 - ° ^ H37C36H39^
77 - a(H37C36H4o)
78 - a ( H38G36H39^
79 - a ( H38G36H4o)
80 - a ( H39G36H40^
81 - -< G4 l V
82 -

83 -

84 - r ^G4 lH45^
85 - a ( H42G4 lH43)
86 - a ^H42G4 lH44^
8? - a(H42G4 lH45)
88 - a CH43G4 lH44^
89 - a ( H/j,3C4 lH45^
90 -

91 - R(Gi C6)
92 -

' t W e t y
93 - P d y ^ )
94 - P (H3C1C6)

95 - 8 ( ^ 0^ )
96 - EKHgO^)

97 - R(C1C11>
98 - r <H2° l ° l l H12
99 -

e(H2° l 0l l>
100 - B(h3c1c11)
101 -

102 - e<H13Cl i ° l ’
103 - R(° 1< W
104 -

105 -

106 - P(H3Cl a16)
107 - B d ^ O i )
108 -

109 - 2 ( 0i 021)
110 - r <H20i a21H22
111 -

112 _

e <H3a i C21)
113 - ^ H22° 21°l^
114 - p(H23a210l>
115 - R(ot o26)
116 -

' ( H201C26H27:
117 - B<H2G1G26)
118 - S(h3Ci 026)

119 -  S<H27C26V
120 -  ^(HjgCggOj)

121  -

122 -  r ( H n c  H )

123 -  3 ( 4 ^ )
124 -
125 -  8(H C C )

126 -  PCH ^C^Gj)

127 - * ( ^ 0 ^ )
128 -  r ( H C C ,H )

129 -  e ( .  o c7
130 -  B ( H ^ )
131 -  P(H3?C36g1 )
132 -  PCH38C36G1 )

133 -  H ^ C ^ )
1»  -

135 -  e ( V , % )
136 - (KHjCjCy)
137 -  PCh^ O j )
138 -  e C H ^ O j )
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Table XIII

C oord inate  D e f in itio n s  fo r  th e  Methane 1 3 -C lu s te r

S1 ** s90 a r e  same a s  "those defined  f o r  th e  methane 9 “ c lu s te r

91 - r<C4 6 V
92 - r<c4 6 * W
93 - r(G46H49^
94 - r(C4 6 V
95 - a(H47C46H48
96 - a(H47G46H49
97 - a(H4?G46H50
98 - a(H48G46H49
99 - a(H48G46H50

100 - a(H49G46H50'
101 - r(C51H52)
102 - r(C51H53)
103 - r< ° 5 l V104 - r(c51H55)
105 - a Ĥ52G51H53̂
106 - a Ĥ52G5lH54̂
107 - a Ĥ52G51H55̂108 - ^^53^51^54^
109 - ^^53^51 ̂55 ̂
110 - a Ĥ54C51H55̂
111 - rCG56H57)
112 - r ĉ56H58^
113 - r(C5 6H59)
114 - ^ V W
115 - afR57G56H58̂

116 -  a(R5?a56H59)
117 -  a(H57C56H60)
118 -  

U 9  -  a(K58c56H60)
120 -  a(H^9G^gH8o)
121 -  r (0 6 lHg2)
122 -  r(C6 lH63)
123 -  r (0 61Hw )
124 -  r(C6 lH65)
125 -  «CH62ag lH63)
126 -

127 -  a(H62C61H63.)
128 -  n(Hg306l Ha )
129 -  a C H ^ H y )
130 -  a(H6lto6 l H65)

131 -  RCc^Hg)
132 -  t(H2C1C6H? )
133 -  3(h2g1c6 )
134 -  P(h3c1c6 )
135 -  P C H ^ c p
136 -  PtH gC ^)
137 -  R(G1C11)
138 -  r(H2010u H12)

139 -  P(H201011)
140 -  e C H ^ )

141 -  P(h12cu C i)

142 -  ?(H1301101 )
143 -
144 -  ^ h2ci C;l6h1?)

145 -  PCHg^^g)
146 -  P(h3g1g;l6 )
147 -  3 (h17Ci 6C1)

lZf6 " p (Hi 8Gi 6c i> 
149 -  RCCjC^)
15° -  r(V l 02lH22)
151 -  PCh^ g^ )
152 -  3 (h3c1c21)

153 - ( K ^ C l^ )
154 -
155 - R(CjC26)
156 -  KH20l026H27)
157 - 9 ( ^ 0 * )
158 -  g(H 0 0 , )

159 - SCĥ ô )
160 -  8 (H28c2 6 0 l)
161 -  hCOjOjj)
162 -  KH2ClC31H32)
163 -  8(H C C )
164 -  8(H3C;LC31)

165 -  f ( ^ )

( con tinued)
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T a b le  X E II ( c o n t i n u e d )

166 -  P G ^ c . ^ )  
16? -  R(ot o36)
168 -  '(H 2 Cl 036H37)

169 -  B(k2Ci036)
170 -  P O ^ c ^ )

171 -
172 -  P G ^ C ^ )

173 -  RCc^ )
174 -
175 -  PCHj OjO^)
176  -

177 -  PCĥ O j )
178 -  P G ^ c p

179 -  RCOjO^)
180 -  r d l j O ^ ^ )
181 -  PCH201alt6)
182 -  P fH jD jO ^)

183 -
184 -  P G ^ C j )

185 -  RCGj G ^ )
186 -  t( H C C H )
187 -  C51)
188 -  p(H3G1G51)
189 -  PC H ^G ^G ^
190 -

191 -  RCCjG^)

192 -  < ^ 0 ^ )
193 -  P(h2o1o56)
194 -  PtHjOjD^)
195 -  B(h5?o56c1)
196 -  B(H58c36a1)
197 -  R G ^ )
198 -  ^ H 20l 06l H62)

199 -  P G ^ C ^ )
200 -  0 ( ^ 0^ )
201 -  P(H62a6lC l)
202 -  P(H63061C1)
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IV -3i C on stru c tio n  o f  th e  Medium C lu s te r  Force F ie ld

A g e n e ra liz e d  fo rc e  f i e l d  (F -m atrix ) was c o n s tru c te d  f o r
IS*

m -c lu s te r  models (m = 3 »7 »9 #13) th e  l iq u id  s t a t e  fo r  use  in  th e  

s e c u la r  eq u a tio n . As a  f i r s t  requ irem en t, th e  liq u id -p h a se  F -m atrix  

must reproduce th e  observed sp ec tro sco p ic  frequency  s h i f t s  on 

condensation , 6v, f o r  CH  ̂ w ith in  experim ental e r r o r ,  where

6v = v -  v , , (184)gas condensed '

S ince th e  gas fre q u en c ie s  a re  a lre a d y  determ ined by th e  Jones -  

McDowell F (Table i )  and a  w e ll-d e fin e d  G f o r  gaseous methane, and 

th e  condensed phase G i s  determ ined from th e  n a tu re  o f th e  model, 

th e  frequency  s h i f t s  on condensation  a re  dependent only  on th e  

cho ice  o f th e  F -m atrix  f o r  th e  m -c lu s te r .

With th e  co o rd in a te s  d e fin ed  in  th e  p rev ious s e c t io n , a  homo­

logous s e r ie s  o f F -m atrices  f o r  m -c lu s te rs  (denoted  F ) has th e  form

FnjJTl

ce

■ss

(185)
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vrhere th e  a re a s  la b e le d have

analogous meanings to  th o se  la b e ls  used w ith  th e  G -m atrix  in  

Equation ( l 8i ) .  The e l l i p s i s  in  Equation ( 185) in d ic a te s  th e  

v a r i a b i l i t y  in  th e  s iz e  o f  F f o r  d i f f e r e n t  c lu s te r s .
M

In  t h i s  s tu d y , e x p l ic i t  fo rc e  in te r a c t io n s  between in te r n a l  

co o rd in a te s  in  two d i f f e r e n t  s h e l l  m olecules have been n e g lec te d . 

This approxim ation p a r a l l e l s  th e  assum ption o f independent lig a n d  

v ib ra tio n  f i r s t  proposed by Cotton and Kraih&nzel (lOO) i n  connec­

t io n  w ith  sp e c tro sc o p ic  s tu d ie s  o f  in o rg a n ic  co o rd in a tio n  compounds. 

I f  th e  approxim ation i s  v a l id  f o r  such complexes, i t  i s  reaso n ab le  

to  assume i t s  a p p l i c a b i l i ty  to  th e  much weaker fo rc e s  p o s tu la te d  

in  th e  medium c lu s te r  m odel. We have f u r th e r  assumed t h a t  a l l  

o f f-d ia g o n a l term s o f  F th a t  e x p l i c i t ly  in v o lv e  an in te r a c t io n  o f
/M

an in tra m o le c u la r  s h e l l  fo rc e  w ith  e i th e r  an in tra m o le c u la r  c e n tr a l  

fo rc e  o r  an in te rm o le c u la r  e x te rn a l fo rc e  v an ish . Thus,

where th e  o u te r  s u b s c r ip t  in d ic a te s  membership in  th e  a p p ro p ria te  

reg io n  o f  th e  F -m a tr ix . These assum ptions a re  a l to g e th e r  v a lid  

when one r e f l e c t s  on th e  n a tu re  o f th e  medium c lu s te r  model, i . e . ,  

only  th e  c e n tra l  m olecule re p re s e n ts  th e  bu lk  l iq u id  phase and th e  

e x p l i c i t  in te r a c t io n s  o f  th e  s h e l l  m olecules a re  o f  secondary im­

p o rtan ce  .

The a re a  o f F in  Equation (i8 5 ) la b e le d  "ce" co n ta in s  elem ents 

re p re se n tin g  in te r a c t io n s  o f  in tra m o le c u la r  c e n tr a l  fo rc e s  w ith

0 (186)
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in te rm o le c u la r  e x te rn a l  fo rc e s . Non-zero fo rc e  co n s ta n ts  in  t h i s  

reg io n  w i l l  be shown in  S ection  V-4* to  have im p o rtan t consequences, 

b u t f o r  a  p re lim in a ry  exam ination o f  th e  MCM th e o ry , we have 

assumed

b lo ck s  o f  elem ents arranged  a lo n g  th e  m ajor d ia g o n a l. S ince th e  

in t e r n a l  fo rces  o f  a l l  m-1 s h e l l  m olecules a re  i d e n t i c a l ,  th e  con­

s t r u c t io n  o f th e  F -m atrix  c o n s is te d  o f f in d in g  a c e n tr a l  m olecularr>*
fo rc e  f i e l d ,  a  s h e l l  m olecular fo rc e  f ie ld ,  and an  e x te rn a l i n t e r -  

m olecu lar fo rc e  f i e l d ,

a .  Cental M olecular Forces

The c e n tra l  m olecule o f th e  c lu s t e r  i s  r e p re s e n ta t iv e  o f  th e

condensed phase, so th a t  c e n tra l  m olecu lar fo rc e  co n s ta n ts  a re  n o t

expected  to  be v e ry  d i f f e r e n t  from th o se  used s u c c e s s fu lly  w ith  th e

sim p le  c e l l  model. As a f i r s t  approx im ation , th e r e fo re ,  th e  l iq u id

F -m atrix  used by BGJ (Table V II ) was s u b s t i tu te d  f o r  F in  Equation «"* c
(185)* F and F w ere •c a lc u la te d  co n cu rren tly  by methods to  be d e - s @
s c r ib e d  l a t e r  in  t h i s  s e c tio n . By slow ly vary in g  each ( f .  .) elem ent1J c
o f  F and so lv in g  th e  r e s u l t in g  s e c u la r  equation  f o r  each d i f f e r e n t

m C

(187)

F in  Equation (l8 5 ) i s  th u s  a  sp a rse  m a trix  w ith  non-zero

( 188)

where (+) in d ic a te s  a  d ir e c t  sum.
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F , we o b t a i n e d  s e t s  o f  I I q u i d . - p h a s e  f r e q u e n c i e s  f o r  e a c h  s l i g h t l y«vin
d i f f e r e n t  c e n t r a l  m o l e c u l a r  f o r c e  f i e l d .  T h e  v a p o r  p r e s s u r e  i s o ­

t o p e  f a c t o r s  A a n d  B w e r e  c a l c u l a t e d  fr o m  E q u a t io n s  ( 8 6 )  a n d  ( 87 ) 

f o r  e a c h  s m a l l  c h a n g e  i n  F c  a n d ,  f i n a l l y ,  w e e v a l u a t e d  ( d B / 3 f ? j )  f o r

e a c h  e l e m e n t  i n  t h e  c e n t r a l  i n t e r n a l  r e g i o n  o f  F  . T h e  r e s u l t s~m
a r e  sh ow n  i n  T a b l e  XXV f o r  3 - ,  7 ~ ,  9 “ » a n d  1 3 - c l u s t e r s .  I t  w a s

fo u n d  t h a t  ( d B / d f ? . )  w a s  n e a r l y  l i n e a r  w i t h i n  a  s m a l l  n e i g h b o r -

h o o d  o f  t h e  BGJ s i m p l e  c e l l  m o d e l F - m a t r i x .  F u r t h e r m o r e ,  a s  c a n  b e

s e e n  fr o m  T a b l e  X IV , t h e  c h a n g e  i n  B p e r  u n i t  c h a n g e  i n  a n y  ( f .  . )  =
1 J c

Q
f .  . i s  a l m o s t  in d e p e n d e n t  o f  c l u s t e r  s i z e ,  m .1 j

T h e A f a c t o r  d i d  n o t  c h a n g e  a p p r e c i a b l y  a s  t h e  c e n t r a l  m o le ­

c u l a r  f o r c e  c o n s t a n t s  w e r e  v a r i e d .

I n  t h e  BCJ s i m p l e  c e l l  m o d e l ,  o f  t h e  f i v e  n o n - z e r o  e l e m e n t s  

o f  t h e  g a s - p h a s e  F - m a t r i x ,  o n l y  f ^ ,  f  , a n d  f ^ a  n e e d  u n d e r g o  c h a n g e  

u p o n  c o n d e n s a t i o n  i n  o r d e r  t o  p r o d u c e  a c c e p t a b l e  l i q u i d - p h a s e  

f r e q u e n c i e s .  I n  t h e o r y ,  t h e n ,  o n e  c o u l d  o b t a i n  a n  a c c e p t a b l e  F c 

i n  t h e  MCM fr o m  t h e  e x p e r i m e n t a l  v a l u e s  o f  B f o r  t h r e e  i s o t o p e s  

b y  i t e r a t i v e l y  s o l v i n g  t h e  e q u a t i o n s

aB13 = + 3B^_ Af + BB^i A f. ^ 89)
B f °  r  S f C a  d f ' C 101

r  a  ret

ABi 4  =  A f  +  A f  +  M i l  A f  > ( 190)
B f  r  B f C a  d f ,C m

r  r a

4Bd _  a £ _ i f  + a L i f  + (191)
a f » ,  a f c a  »



-95-

Table XTV

Dependence o f  th e  I s o to p ic  B F a c to r  on 
C en tra l M olecular Force C onstants and C lu s te r  S ize; 

Gear Geometry; rp^=3*8l7 A

T  c jf tf  n n o C lu s te r (aB/af®) (as/af®) (as/af^;
Imv wU UC s iz e (°K/mdyneA 1) (°K/mdyne A) (°K/mdyne

m=3 - 2 . 1 8 4 3 - 4 5 0 2 0 .7 8 1

m=7 - 2 . 1 8 6 3 .4 6 0 2 0 .7 8 1

1 3 ch 4
m=9 - 2 . 1 8 6 3 . 4 8 2 2 0 .7 7 8

m=13 - 2 . 1 8 8 3 .5 0 0 2 0 .7 9 1

m=3 - 4.430 - 2 7 . 3 2 0 3 8 .0 8 7

m=7 - ^ . 4 5 0 - 2 7 . 3 0 8 3 8 . 0 7 5
14C%

m=9 - 4 . 4 5 2 - 2 7 . 2 9 6 3 8 . 0 9 0

m =13 - 4 . 4 0 0 - 27 .^ 00 3 8 . 0 6 4

m=3 - 2 2 1 .7 1 0 - 1 6 0 5 . 8 6 0 - 1 5 - 4 9 1

m=7 - 2 2 0 . 9 6 3 -l6l8.no - 1 5 . 5 0 1
1SCD,,*r

m=9 - 2 2 0 . 9 0 3 - 1 6 1 4 . 3 5 0 - 1 5 . 5 0 4

m=13 - 220.900 - 1 6 0 8 . 0 1 0 - 1 5 . 4 9 4
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where
Af. . = f . . ( t r i a l )  -  f ? .  (192)

i j  i j  i j

AB = B (ca lc) -  B(exp) (193)

and th e  n o ta t io n  B13, B14, and re p re s e n ts  th e  B -values fo r  13CH ,̂

14CH ,̂ and 1SCD .̂ E quations (189) -  ( l 9 l )  a re  so lved  s im u ltaneously

fo r  f  , f  , and f ’ . However, because o f  in a c c u ra c ie s  in  th e  ex- r  a  rtx
p erim en ta l B 's  and th e  s l i g h t  n o n - l in e a r i ty  o f (dB /df. . ) ,  th e  re q u ire d

J
changes in  f  , f  . and f '  th u s  o b ta in ed  were found to  be u n r e a l i s t i c  *= r  a  r a
even a f t e r  some allow ance was made f o r  th e  e f f e c t  o f  experim en tal un­

c e r t a in t ie s  in  B. A more r e l i a b le  procedure would be to  a s s ig n  some 

elem ents o f  F d i r e c t ly  on th e  b a s is  o f  observed 6v, and then  o p t i -  

m izing F by means o f  Equations (189) -  (191 )■ S ince th e  t o t a l l y  sym- 

m etric  s t r e tc h in g  mode o f ^7^ m olecu les, v(A1) ,  i s  dependent on ly  on 

th e  s t r e tc h in g  fo rc e  co n s ta n t f  , an optimum s tr e tc h in g  fo rc e  co n s ta n t
c

was determ ined  by vary ing  f  u n t i l  an ac c e p ta b le  frequency  s h i f t  

was found ( l O l ) .  With th e  s tr e tc h in g  fo rc e  co n s tan t so f ix e d , we 

s im u ltan eo u sly  so lved

AB13 _
S f° “a

+
dB13 f l  

c ra  
ra

(19*0

A B14 = ,c aaf.a
„ c  ra (195)

a f ra

AB'D SB

af.

,D

c " Afa
a

—

<
(196)
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where th e  AB-values a re  th e  r e s id u a l  d isc re p a n c ie s  between 

th e  c a lc u la te d  and experim en tal B 's  a f t e r  th e  e f f e c t  o f  th e
Q

s t r e t c h i n g  f o r c e  c o n s t a n t ,  f  , h a s  b e e n  t a k e n  i n t o  a c c o u n t .

S i n c e  t h i s  s e t  o f  e q u a t i o n s  o v e r d e t e r m i n e s  A f ,  o n e  e q u a t i o n  may 

b e  e l i m i n a t e d .  T h e  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t  o f  1 4 GH^ i s  d e ­

t e r m in e d  b y  a  r a d i o a c t i v e  t r a c e r  t e c h n i q u e ,  w h ic h  i s  c o n s i d e r a b l y  

l e s s  a c c u r a t e  t h a n  c r y o s t a t i c  m a n o m etry  o r  c o lu m n  d i s t i l l a t i o n  

m e t h o d s .  T h e e x p e r i m e n t a l  B - v a l u e  i n  E q u a t io n  ( 1 9 3 )  f o r  t h i s  

i s o t o p e  i s  so m e w h a t l e s s  d e p e n d a b le  t h a n  t h a t  f o r  1 3 CH^ o r  1ECD^. 

T h e r e f o r e ,  E q u a t io n  ( 1 9 5 )  w a s e l i m i n a t e d  fr o m  c o n s i d e r a t i o n  a n d  

F w as f o u n d  b y  s o l v i n g  t h e  tw o  r e m a in in g  e q u a t i o n s  s i m u l t a n e o u s l y .  

T h e F - m a t r i c e s  t h u s  d e t e r m in e d  f o r  v a r i o u s  s i z e d  c l u s t e r s  i s
mC

given in  Table XV.

b . S h e ll  M olecular Forces

The one-component condensed phase i n  th e  medium c lu s te r  model 

i s  considered  to  be a  m ix ture o f  c e n t r a l -  and she ll-quasicom ponen ts . 

Ben-Naim (102) has shown th a t  th e  mole f r a c t io n s  o f  quasicomponents 

in  such a  m ixture-m odel can be used to  g a in  in s ig h t  in to  th e  

way e x ten s iv e  p ro p e r t ie s  a re  d i s t r ib u te d  over th e  v a rio u s  sp e c ie s . 

S ince th e  s h e l l  m olecules i n  a  c lu s te r  a r e  being  used to  s im u la te  

th e  e n t i r e  bulk  phase, i t  would be u n r e a l i s t i c  to  a s s ig n  equal fo rc e  

co n s ta n ts  to  th e  c e n tr a l  and s h e l l  components. The s h e l l  m olecule 

fo rc e  c o n s ta n ts  must r e f l e c t  th e  e x is te n c e  o f a d d it io n a l  h ie r a rc h ic a l  

co o rd in a tio n  sp h eres  and th e  d i s t r ib u t io n  o f  energy among c e n tra l  

and s h e l l  m o lecu les. This has been done by co n sid e rin g  how th e  

e le c tro n ic  k in e t ic  energy f o r  th e  e n t i r e  system changes upon con-



Table XV

C e n t r a l  M o le c u la r  F o r c e  F i e l d  f o r  L iq u id  M e th a n e  

G e a r  G e o m e tr y ;  |p |=  3 - S i ?  A

3 - C l u s t e r  7 - C l u s t e r  9 - C l u s t e r  1 3 - C l u s t e r

f® (mdyne/A) 5.4573 5-4573 5-4573 5.4573

f® (mdyne *A) 0.5654 0.3612 0.5590 0.5610

(mdyne/A) 0.1240 0.124-0 0.124-0 0.1240

f ^  (mdyne) 0.1901 0.1993 0.1989 0.1996

f aa  (mdyile^ ) 0.0190 0.0190 0.0190 0.0190
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d e n sa tio n  and th en  a p p o rtio n in g  th e  energy in to  " sh e ll"  and 

" c e n tra l"  re g io n s . The argum ents which fo llo w  a re  due to  Bader 

and coworkers (103,10^,105) and S rebren ik  (1 0 6 ).

The e le c tro n ic  energy d e n s ity ,  E (x ), f o r  th e  superm olecu lar 

ag g reg a te  can be expressed  a s  ( 10^)

E ( x )  =  K ( x )  +  V ^ x )  +  V2 ( x )  (197)

w h e r e  K ( x )  i s  t h e  e l e c t r o n i c  k i n e t i c  e n e r g y  d e n s i t y  e x p r e s s e d  i n  t h e
J +  n  ^

SchrOdinger form. The term s V (x )  and V (x) re p re se n t c o n tr ib u tio n s  

o f th e  one- and tw o -e lec tro n  p o te n t ia l  energy d e n s i t i e s .  Each 

d e n s ity  term  in  Equation (197) i s  in d ic a te d  a s  depending on e le c ­

t ro n ic  c o o rd in a te s , x .

T h e o b s e r v a b l e  e l e c t r o n i c  k i n e t i c  e n e r g y ,  < T > ,  i s  d e f i n e d  a s

< T >  = f f f y  J (x )  dx (198)

where

J (x )  (£)■ v *  ( J )  (199)
i

thT he ?u a r e  o c c u p a t i o n  n u m b ers f o r  t h e  i —  o r b i t a l .  From E q u a t io n  

(198), i t  i s  s e e n  t h a t  J ( x )  i s  d i m e n s i o n a l l y  e q u i v a l e n t  t o  a n  e n e r g y  

d e n s i t y  a n d  i t  c a n  b e  sh ow n  ( 1 0 ? )  t h a t  t h e  tw o  f o r m u l a t i o n s  f o r  

k i n e t i c  e n e r g y  d e n s i t y ,  K (x )  a n d  J ( x ) ,  a r e  r e l a t e d  b y

J (x )  -  K(x) = £ vsy (x) ( 200)
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w h e r e  y ( x )  i s  t h e  e l e c t r o n  c h a r g e  d e n s i t y .  T a k in g  a  v o lu m e  

i n t e g r a l  o f  "both s i d e s  o f  E q u a t io n  ( 2 0 0 )  g i v e s

J X / V [ J ( £ )  -  K ( 5 ) } d V  = i f f S v v aY (x )d V  ( 2 0 1 )

U s in g  t h e  d i v e r g e n c e  t h e o r e m  ( G r e e n ' s  th e o r e m  i n  t h r e e  d im e n ­

s i o n s )  ,

SSSy V SF = SSs  ( 202 )

w h e r e  F i s  a  s c a l a r  f i e l d  a n d  S i s  a n  o r i e n t a b l e  b o u n d a r y  s u r f a c e  

o f  V w i t h  n o r m a l n ,  t h e  r i g h t  s i d e  o f  E q u a t io n  ( 2 0 1 )  b e c o m e s

i J / J y  V3y(x)dv  = i /T g  ^ ^ - d S  ( 203)
p i

w h ere  i s  t h e  p o s i t i o n  v e c t o r  fr o m  t h e  c e n t r a l  m o l e c u l e  t o  t h e  

"til
i —  s h e l l  m o l e c u l e .  T h e n ,

JX T yC JC x) -  K (x )}d V  =  i £ f s  ( 2 0 4 )

pi

a n d  i n  o r d e r  f o r  t h e  tw o  f o r m u l a t i o n s  o f  t h e  k i n e t i c  e n e r g y  d e n s i t y  

t o  b e  e q u i v a l e n t ,  i . e . ,  j ( x )  = K ( x ) ,  t h e  r e l a t i o n

d v ( x ) / d Pi =  0  ( 2 0 5 )

m u st h o l d  a t  t h e  b o u n d a r y  s u r f a c e ,  S .  B a d e r  a n d  B e d d a l l  ( 1 0 4 )  h a v e
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shovm th a t ,  w ithin, such a  boundary su rfa c e , i t  i s  rea so n ab le  to  

p o s tu la te  th e  e x is te n c e  o f a v i r i a l  r e la t io n s h ip ,

- < T .>  = < V .>  (206)1 1

f o r  any p a r t  i  o f  a  m olecular system . The need fo r  such a  r e ­

la t io n s h ip  i s  e v id e n t from E quation (1 9 7 )i th e  e le c tro n ic  p o te n t ia l

energy d e n s ity  change upon condensation  cannot be fo llow ed because
2 /th e  tw o -e lec tro n  p o te n t ia l ,  V ( x ) ,  may co n ta in  la rg e  in te r a c t io n  

term s between e le c tro n s  in  d i f f e r e n t  m olecules, n o r can th e  t o t a l  

energy d e n s ity  change be fo llow ed s in c e  i t  depends on V ( x ) .  We 

may, however, examine th e  b eh av io r o f  th e  e le c tro n ic  k in e t ic  

energy , T, which depends on K(x) o r  J (x ) ,  and th en  by u s in g  Equa­

t io n  (206), r e l a t e  th e  p o te n t ia l  energy to  th e  k in e t ic  energy w ith ­

i n  th e  boundary d e fin e d  by E quation (205). The p o te n t ia l  energy 

cannot be examined d i r e c t ly  s in c e  th e re  i s  no ex p ress io n  f o r  

V ^tx) + V^(x) analogous to  Equation (2 0 0 ). ■

In  a condensed phase, a l l  m olecules a r e  eq u iv a le n t and i n ­

d is t in g u is h a b le .  The two-quasicomponent medium c lu s te r  model, 

however, imposes th e  la b e ls  " s h e l l"  and " c e n tra l"  on th e  m olecu les. 

N ev erth e less , f o r  a  system o f  N m olecu les, th e  e le c tro n ic  k in e t ic  

energy gained on condensation  must be th e  same f o r  each o f  th e se  

two sp e c ie s . T h erefo re ,

N/m N-N/m

2 > * S > - 2 > ’S > (2 0 ? )
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where

< T*> -  < T >  , , -  < T >  (208)condensed gas

In  Equation ( 2O7 ) , th e  summation on th e  l e f t  s id e  spans a l l  m olecules 

la b e le d  " c e n tra l"  and t h a t  on th e  r ig h t  s id e  a l l  m olecules la b e led  

" s h e l l" .  S ince a l l  s h e l l  m olecules a re  i d e n t i c a l  in  a  re g u la r  

m -c lu s te r ,

N-N/m N/m

(209)

so th a t

N/m N/m

T < * * >  = ( m - l )  2 < T ^ >  (2 1 0 )

The summations on th e  r ig h t  o f  Equations (209) and (210) r e f e r  to  

one s h e l l  m olecule p e r  c lu s te r ,  n o t a l l  s h e l l  m olecules i n  th e  

condensed phase. C onsidering only  a  s in g le  c lu s t e r  a s  re p re s e n ta ­

t i v e  o f  th e  e n t i r e  l iq u id  phase g ives

< T * >  = (m -l)<T *>  (211)c s

I f  th e  s h e l l  and c e n tr a l  reg io n s  o f  th e  c lu s te r  a re  d e fin ed  in
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accordance w ith  th e  r e s t r i c t i o n  o f E quation (205), th e  tw o -e le c tro n  

p o te n t ia l  between reg io n s  i s  minimized so t h a t  th e  Bader and 

B eddall r e la t io n  o f  Equation (206) can be used to  g ive

< V * >  = (m -l)<V *>c s ( 212)

S ince th e  e le c tro n ic  p o te n t ia ls  o f a l l  gas m olecules a re  th e  same, 

Equation (212) becomes

The Born-Oppenheimer approxim ation s ta t e s  t h a t  th e  n u c le a r  motions 

o f  a  m olecule can be viewed a s  o ccu rrin g  in  a  p o te n t ia l  f i e l d  p ro ­

v ided  by th e  e le c tro n s .  This im p lie s  t h a t  th e  fo rc e s  a c t in g  on 

th e  n u c le i a re  e x p re ss ib le  a s  g ra d ie n ts  o f  t h i s  e le c tro n ic  poten­

t i a l  f i e l d ,  and t h a t  th e  fo rc e  co n s ta n ts  a r e  fu n c tio n s  o f  e le c tro n ic  

p o te n t ia l  energy. I f  exac t w avefunctions a re  known, th e  g e n e ra liz e d  

Hellmann-Feynman theorem  (43) can be used  to  c a lc u la te  fo rc e  con­

s ta n t s .  However, an ab i n i t i o  quantum m echanical e v a lu a tio n  o f 

fo rc e  co n s ta n ts  i s  no t f e a s ib le  fo r  th e  p re se n t system , so we have 

assumed th a t  any sm all change i n  f ^  on condensation  i s  p ro p o rtio n a l 

to  th e  change in  e le c tro n ic  p o te n t ia l  energy . Equation (213) 

th e re fo re  im p lies

<V >  -  <V >c g (m -l){<Vs>  - < V g>} (213)

(214)
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to  a  f i r s t  approx im ation . C onsidering th e  e n t i r e  F - m a tr ix ,*olTl

F = F + - i r - (  F -  F )~S «g m-1 V ~C rjg (215)

where F and F a r e  th e  c e n tr a l  and s h e l l  subm atrices appearingrwS
i n  E quation ( l8 5 ) ,  and F i s  th e  Jones-McDowell fo rc e  f i e ld  fo r  

th e  gas phase. The ( f ^ j ) s  v a lu es  used fo r  v a rio u s  s iz e d  c lu s te r s  

a re  g iven  in  Table XVI.

c . E x te rn a l Forces

The e x te rn a l  in te rm o le c u la r  p o r tio n  o f  th e  p o te n t ia l  energy 

m a trix , F , c o n s is ts  o f  m-1 subm atrices ; s in c e  e x te rn a l co o rd in a te s  

a r e  d e fin e d  in  th e  same way r e l a t iv e  to  each s h e l l  m olecule in  

th e  c lu s t e r ,  correspond ing  elem ents in  th e se  e x te rn a l  subm atrices 

a re  eq u a l,

^ i j ^ e  ^ i+ 6 p ,j+ 6 p ^ e
i ,  j =  10m+l, . . .  , 16m-6
p “  1 f2} • 1 * )Hi“2 ( 216)

I n te r a c t io n  c o n s ta n ts  a re  assumed to  be zero  in  th e  F re g io n . 

N u ta tio n a l motion o f  s h e l l  and c e n ta l  m olecules a re  d efin ed  eq u i­

v a le n t ly ,  and' so we chose to  u se  th e  same value  fo r  a l l  d iagonal 

nodding c o n s ta n ts , f^ .: There a re  th u s  th re e  co n stan ts , to  be

determ ined: f „ ,  th e  C C s tr e tc h in g  fo rc e  c o n s ta n t, f_ , th e  H C C HE’ c s  & c c s s
to r s io n a l  fo rce  c o n s ta n t, and f n , th e  H O C  and H C G an g le  bending

P  C C S  S  S  C

fo rc e  co n s ta n t.

V alues fo r  th e  e x te rn a l fo rc e  c o n s ta n ts  were determ ined by
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T able XVI

S h e ll M olecular Force F ie ld  f o r  L iqu id  Methane 

C alcu la ted  from Equation (215)

3 -C lu s te r  7 -C lu s te r  9 -C lu s te r  1 3 -C lu s te r

f® (mdyne/A) 5.4-762 5.4-887 5.4-903 5-4-919

f^  (mdyne*A) O.5667 0,5668 0.5668 0.5673

(mdyne/A) 0.124-0 0.124-0 0.124-0 0.124-0

(mdyne) 0.1776 0.1707 0.1692 O .I676

f aa 0.0190 0.0190 0.0190 0.0190
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a method s im ila r  to  th a t  used  f o r  th e  elem ents o f  F . The r a te  

o f  change o f  th e  vp ie  A f a c to r  w ith  sm all changes i n  Fg i s  n ea rly  

l in e a r ,  so t h a t  an a p p ro p ria te  s e t  o f  e x te rn a l fo rc e  co n s ta n ts  

may be o b ta in ed  by f in d in g  (d A /d f? .) f o r  each o f th e  th re e  in -  

dependent e x te rn a l fo rc e  c o n s ta n ts  and then  c a lc u la t in g  an F - m a tr ix  

t h a t  reproduces th e  experim en tal A v a lu es  f o r  13CĤ _, 14CH  ̂ and 13CD^. 

The equations used a re

A * 13 _ 3 A13 3 A13 _ 9 A13 _
" af„ b a f  a fQ p (21?)

-r

a a i4 _ aA14 ba14 „ aA14,
A af r  af afp p ( 218)

AA'D aAD f 3AD
af Af + aAD

(219)

where Af and AA a re  d e fin e d  in  a  manner s im ila r  to  Equations

(192) and (193)* As can be seen from Table XVII, v a lu es  o f

(a A /a ff .)  a r e  alm ost independent o f  c lu s te r  s iz e .  This was expected A J
s in c e  we assumed no d i r e c t  p o te n t ia l  in te r a c t io n  between s h e ll

m olecu les. S a t is f a c to ry  agreem ent o f  MGM c a lc u la te d  v p ie  fa c to rs

w ith  experim ent i s  ob ta in ed  when th e  fo llow ing  fo rc e  co n s tan t v a lu es
o o

a re  usedi f^  = 0.0555 mdyne/A, f  = 0.00375 mdyne*A, 

f  = 0.00520 mdyne*A.

In  th e  p rocess  o f  c o n s tru c tin g  a  complete F -m atrix  f o r  th e  

c lu s te r  model o f th e  l iq u id  phase, many o ff-d ia g o n a l elem ents
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T a h le  XVII

D e p e n d e n c e  o f  t h e  I s o t o p i c  A F a c t o r  o n  

I n t r a m o l e c u l a r  F o r c e  C o n s t a n t s  and  C l u s t e r  S i z e ;  

G e a r  G e o m e tr y ;  | p | =  3*817 A

I s o t o p e
C l u s t e r

(9 A /a f ® ) ( a A / 9 f e ) (c J A /a fJ )

s i z e ( DXs /[i,d y n e  A 1 ) (°K 3/f id y n e  A ) (o jc V f id y n e  a )

m=3 40.661 8.851 35.662
m=7 40.664 8.860 35.663

13CH^
m=9 4-0.663 8.865 35.661
m=13 4-0.660 8 .9 0 0 35.658

m=3 4-3.052 8.851 35.905
m=7 4-3 .0 5 5 8 .8 6 3 35.900

1 4 c h ,.
m=9 4-3.04-5 8.866 35-887
m=13 43-044 8.898 35.875

m=3 4-7 .8 3 6 31-940 526.02
m=7 4-7.84-1 31.944 557.02

*4- m=9 4-7.839 31.963 558.02
m=13 4-7.837 31.954 540,002
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h a v e  b e e n  a ssu m e d  t o  b e  n e g l i g i b l e .  I t  m u s t  b e  e m p h a s iz e d  t h a t  

t h e  g o a l  o f  t h e s e  c a l c u l a t i o n s  h a s  n o t  b e e n  t h e  d e t e r m i n a t i o n  o f  

a  " t r u e "  f o r c e  f i e l d ,  r a t h e r ,  w e h a v e  b e e n  c o n c e r n e d  w i t h  a  c o r r e l a ­

t i o n  o f  t h e  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t  o f  m e th a n e  w i t h  a  r e a s o n ­

a b l e  a n d  c o n s i s t a n t  F - m a t r i x .

IV-^-8 S o l u t i o n  o f  t h e  S e c u l a r  E q u a t io n  b y  t h e  J a c o b i  M eth o d

W ith  t h e  p o t e n t i a l  a n d  k i n e t i c  e n e r g y  m a t r i c e s  t h u s  d e f i n e d  

f o r  t h e  MCM s e c u l a r  e q u a t i o n ,  t h e  c o m p u t a t io n a l  m e th o d  b y  w h ic h  

E q u a t io n  ( 1 1 2 )  w a s s o l v e d  w i l l  now  b e  d i s c u s s e d .

T h e  s o l u t i o n  o f  t h e  s e c u l a r  e q u a t i o n  c o n s i s t s  o f  f i n d i n g  

t h e  e i g e n v e c t o r s  a n d  e i g e n v a l u e s  o f  t h e  H =  G F m a t r i x .  One o f  

t h e  m o s t  e f f i c i e n t  m a c h in e  m e th o d s  o f  a c c o m p l i s h i n g  t h i s  i s  t h e  

s i m u l t a n e o u s  d i a g o n a l i z a t i o n  o f  F  a n d  G [ [E q u a t io n  ( l l 6 )  f f . J .

S i n c e  G i s  a  r e a l  s y m m e tr ic  m a t r i x ,  a  u n i t a r y  t r a n s f o r m a t i o n ,  A , 

e x i s t s  t h a t  w i l l  d i a g o n a l i z e  G ( l 0 8 ) .  T h u s ,

w h e r e  r  i s  t h e  k i n e t i c  e n e r g y  m a t r i x  i n  d i a g o n a l  f o r m . T he a c t u a l

a l g o r i t h m  f o r  f i n d i n g  A , c a l l e d  t h e  J a c o b i  m e th o d , w i l l  b e  d i s c u s s e d

s h o r t l y .  R e a r r a n g in g  E q u a t io n  ( 2 2 0 ) ,  a n d  t a k i n g  t h e  i n v e r s e  o f  

b o t h  s i d e s  g i v e s

r ( 220)

a r a■ri* “i ( 221)
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f r o m  w h ic h  i t  i s  s e e n  t h a t  A a l s o  d i a g o n a l i z e s  G 1 ,

A+G"1A = Af A r _1A_1A = T 1 ( 222)

S i n c e  r  i s  d i a g o n a l  w i t h  e l e m e n t s  y . , T 1 i s  a l s o  d i a g o n a l  w i t h
rw> 1 rrf

e l e m e n t s  ^ /y ^ *  A c o o r d i n a t e  s y s t e m  Y i s  now  d e f i n e d  s u c h  t h a t

S =  AY (223)

a n d

(22*0

w h e r e  S i s  t h e  m a t r i x  o f  i n t e r n a l  c o o r d i n a t e s .  S u b s t i t u t i n g  E q u a t io n
A/

( 2 2 ^ )  i n t o  E q u a t io n  ( 9 8 ) ,  w h e r e  t h e  d e f i n i t i o n  o f  t h e  k i n e t i c  e n e r g y  

i s  g i v e n ,  y i e l d s

2T =  Y+ r _ 1 Y
Al Al Ai

w h ic h  c a n  b e  e x p r e s s e d  a s

n

2T =  y ^ l / V ,  ( 2 2 6 )

i= l

(225)
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•  *

A column m a trix  Z i s  in tro d u ce d  having elem ents z. d e fin ed  by
A/ !■

(227)

The k in e t ic  energy th en  becomes

■ -i, ■
2T = ZTZ (228)

The F -m atrix  w i l l  now be d iag o n a lized  u s in g  th e  same A -m atrix
fSI fW

used to  d ia g o n a liz e  G a s  a  b a s i s . A m atrix  W i s  c o n s tru c ted  con-
Af rJ

s i s t i n g  o f  elem ents w. . d e fin ed  a s
i j

- v K j  <sz9)

where a . . a r e  th e  elem ents o f  A, Then,

AY = WZ = S (230)

from Equations (223 ), (227) and (229)• Equation (230) can be used  

w ith  th e  d e f in i t io n  o f  th e  p o te n t ia l  energy o f  th e  system , Equation 

(9 3 ), to  g iv e

2V = (W Z )f F (W Z) = Zf DZ (231)
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where D i s  g iv en  by

D = Wf FW (232)
f s t rJ rs»

The D m a trix  i s  sym m etric, so t h a t  th e  Jacob i method can be used fo r  

i t s  d ia g o n a l!z a t io n ,

G+DC = A (233)
M M M  l-w»

where C i s  a  u n i ta ry  m atrix  and A i s  a d iag o n a l m a tr ix . With t h i s
tv

tra n sfo rm a tio n , a  m atrix  Q i s  d e f in e d ,

Q = C-1 Z (234)
rJ  m  m

so th a t

2V = Zf DZ = Q+C+DCQ = Qf  A Q (235)
(V IV  INI iV  IV  #v A / A ( r*> 1

and

2T =  Zf Z = Qt Ct CQ =  Qf Q ( 236)
M  r J

Comparison o f  th e se  l a s t  two eq u a tio n s  w ith  Equations ( l l 8 )  and 

(119) shows th a t  Q i s  indeed  th e  normal co o rd in a te  m a tr ix . The
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G - a n d  F - m a t r i c e s  h a v e  b e e n  s i m u l t a n e o u s l y  d i a g o n a l i z e d  t o  T a n d
N

A b y  u s i n g  t h e  r e l a t i o n s

S =  A Y  =  ¥  Z =  W CQ ( 2 3 7 )
a ;  (V* N  Af Af M  A l M

w i t h  t h e  d e f i n i t i o n s  o f  p o t e n t i a l  a n d  k i n e t i c  e n e r g i e s .  T h e  t r a n s ­

f o r m a t i o n  fr o m  i n t e r n a l  c o o r d i n a t e s  t o  n o r m a l c o o r d i n a t e s , L - 1 , d e ­

f i n e d  i n  E q u a t io n  ( l l 6 ) , w h ic h  d i a g o n a l i z e s  G a n d  F ,  i s  t h u s  g i v e n  

t y

L"1 =  (W G ) _1 =  ( ¥ C ) + ( 2 3 8 )
oJ M in/ m  m

s i n c e  ¥  a n d  G a r e  b o t h  u n i t a r y .
M  AJ

T he J a c o b i  m e th o d , u s e d  i n  t h e  p r e s e n t  w ork  t o  d i a g o n a l i z e  G
rvr

a n d  D i n  E q u a t io n s  ( 2 2 1 )  a n d  ( 233) ,  t h e r e b y  d e f i n i n g  A a n d  G, i s  a n
M Al M

i t e r a t i v e  p r o c e s s  w e l l  s u i t e d  f o r  h i g h - s p e e d  m a c h in e  c a l c u l a t i o n s  

( 1 0 9 , 1 1 0 , 1 1 1 ) .  T he m e th o d  s u b j e c t s  a  r e a l  n x n  s y m m e t r ic  m a t r i x ,  R ,
M

t o  a  s e q u e n c e  o f  s im p le  u n i t a r y  t r a n s f o r m a t i o n s  w h ic h  d o  n o t  a l t e r  

t h e  e i g e n v a l u e s  o f  R . E a c h  t r a n s f o r m a t i o n  i s  a n  n x n  r o t a t i o n  m a t r i x ,

0 T , o f  t h e  fo r m  «k

=

c o s  <{>t - s i n  <£.
k  k  ( 2 3 9 )

s i n  <f>^ c o s  <f>̂



where th e  e l l ip s e s  in d ic a te  u n i ty  a long th e  rem ainder o f th e  

p r in c ip a l  d iag o n a l and zero  elsew here . C onsider one s te p  in  th e  

i t e r a t i v e  sequence where R i s  transfo rm ed  to  P . I f  th e  fo u r  

elem ents o f  Equation (239) a r e  chosen to  be i n  th e  ( i , i ) ,  ( i» j)»  

( j , i )  and ( j , j )  p o s it io n s ,  th en

The tr ig o n o m e tr ic  argument f o r  th e  k—  s te p ,  <j>̂ , i s  chosen such 

th a t

P (24-0)

w ith

( 2^1 )

pjj = ri isin2*k- cos V  rjj0°s3*k (* 3)

th

(2^4)

y ie ld in g
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Each s te p  o f th e  Jaco b i method th e re fo re  makes a  p a i r  o f o f f-d ia g o n a l 

elem ents zero . U n fo rtu n a te ly , subsequent s te p s ,  w h ile  c re a tin g  new 

p a i r s  o f  o ff-d ia g o n a l ze ro s , in tro d u c e  non-zero  elem ents in to  

fo rm erly  zero p o s i t io n s .  However, rep ea ted  a p p l ic a t io n  o f Jacob i 

r o ta t io n s  to  th a t  ( i , j )  p o s itio n  co n ta in in g  th e  l a r g e s t  o f f-d ia g o n a l 

elem ent w i l l  e v e n tu a lly  transform  th e  o r ig in a l  m a tr ix  to  a  d iag o n a l 

m a trix  ( l l O . l l l ) .

An es tim ate  o f  th e  number o f  i t e r a t i o n s  needed to  d iag o n a liz e
A

R can be made as fo llo w s . A fu n c tio n  J i s  d e fin e d  a s  th e  sum of 

sq u ares  o f  th e  o ff-d ia g o n a l e lem en ts. I t  can be shown (112) th a t  

i f  r .  . i s  th e  l a r g e s t  o ff-d ia g o n a l element o f R in  any one s te p  o f
1  J  r*l

th e  Jaco b i a lg o rith m , then

J (P )  = JCOfcROj = J(R) -  2 r ? . (246)

S ince r .  . i s  th e  l a r g e s t  o ff-d ia g o n a l elem ent,
J

j ( r )  < 2n(n~ l )  rf . ( 2Z,.7 )
1J

Combining Equations (246) and (247) g ives

%  5 [* - rfrn']

fo r  each s te p  in  th e  i t e r a t i v e  p ro c e ss . A fte r  t  such s te p s ,  we have
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5 ( i  -  s f e j  («■»)

T he sum  o f  s q u a r e s  o f  t h e  o f f - d i a g o n a l  e l e m e n t s  c a n  "be m ade a s  s m a l l  

a s  d e s i r e d ,  s o  t h a t  i f

J(?+)€ = _ j ( B) (250)
J(R)r%f

w h e r e  E i s  t h e  n x n  u n i t  m a t r i x ,  t h e n

fog 6

- sfe)

F o r  e x a m p le ,  d i a g o n a l ! z a t i o n  o f  G a n d  F  f o r  t h e  1 3 - c l u s t e r  r e q u i r e d
fS* A#

u s e  o f  t h e  J a c o b i  a l g o r i t h m  f o r  2 0 2 x 2 0 2  s q u a r e  m a t r i c e s .  We w a n te d

- 2 7  —9
t h e  sum o f  o f f - d i a g o n a l s  t o  b e  l e s s  t h a n  2  =  7 > ^ x l 0  , s o  t h a t

t h e  n u m b er  o f  i t e r a t i o n s  c a r r i e d  o u t  e x c e e d e d  3 7 9 * 0 0 0 .  T he c o m p u t­

i n g  s y s t e m  r e q u i r e d  a p p r o x i m a t e l y  2 1 0 0  f i s e c  f o r  e a c h  J a c o b i  r o t a t i o n ,  

s o  t h a t  t h e  f u l l  d i a g o n a l ! z a t i  o n  p r o c e s s  t o o k  a b o u t  1 3 * 3  m i n u t e s .  

A c c e s s  a n d  b u f f e r  a l l o c a t i o n  t im e  t y p i c a l l y  i n f l a t e d  t h i s  f i g u r e  

b y  a b o u t  2 9 0 ^ .

T h e  d i a g o n a l i  z a t i  o n  s t e p s  a r e  b y  f a r  t h e  m o s t  c o s t l y  p o r t i o n  

o f  t h e  t h e o r e t i c a l  c a l c u l a t i o n  o f  t h e  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t .  

We h a v e  m ade s e v e r a l  a t t e m p t s  t o  i n c r e a s e  t h e  e f f i c i e n c y  o f  t h i s

(251)
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procedure by u s in g  th e  methods o f  Givens ( i l l )  o r  Householder (112 ), 

bu t improvement i n  c o s t  e f fe c tiv e n e s s  was n o t s ig n i f ic a n t .

P in a l ex p ress io n s  f o r  th e  tra n sfo rm a tio n  m a tric e s  A and G a re  

given as  p roducts o f  th e  in d iv id u a l r o ta t io n s ,

A = A. A_ A„ • • .A,*■*>* *w»jL ^  iv»T/

and

C = c, c9 c , . . . c .  ( 253)

where each term on th e  r ig h t  s id e  i s  analogous to  (X in  Equation

(239).

The se c u la r  eq u a tio n s  were th u s  so lved  f o r  each is o to p ic  

compound and c lu s t e r  s iz e  under c o n s id e ra tio n . The e ig en v ec to r 

m a trix , L 1 , was computed from Equation  (238) and given a s  o u tp u t; 

th e  a s so c ia te d  e ig en v alu e  m atrix , A = {A..} , computed from Equation
f V X

(233), was a lso  p r in te d .

IV -5; I d e n t i f i c a t io n  o f  C en tra l Modes

The e ig en v ec to rs  and corresponding  e igen v a lu es  re p re se n tin g  

v ib ra tio n  o f th e  c e n t r a l  m olecule had to  be id e n t i f i e d  so th a t  th e  

a p p ro p ria te  freq u e n c ie s  could be used  in  Equations (86) and (87 ) .

We f i r s t  considered  th e  in tra m o le c u la r  normal modes o f th e  c e n tr a l  

m olecule used to  c a lc u la te  th e  zero  p o in t energy s h i f t  on con­

d e n sa tio n .

(252)
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T h e e l e m e n t s  o f  t h e  i —  r o w  o f  t h e  t r a n s f o r m a t i o n  m a t r i x ,

L- 1 , g i v e  t h e  r e l a t i v e  c o n t r i b u t i o n s  o f  t h e  i n t e r n a l  c o o r d i n a t e s ,

s T , t o  t h e  i —  n o r m a l m odes  k ’

qi  ^ i l Sl  + Xi2 S2 + • ■ * + ^ in sn

We sought only normal c o o rd in a te s  q^ f o r  which a s u b s ta n t ia l  

c o n tr ib u tio n  was made by in te r n a l  co o rd in a te s  a s so c ia te d  w ith 

th e  c e n tr a l  m olecule; f o r  m ethane, k ^ lO .  A " s u b s ta n t ia l"  c o n tr ib u ­

t io n  can n o t alw ays be d e fin ed  p re c is e ly .  However, when study ing  

th e  v ib ra t io n a l  spectrum  o f  methane is o to p e s ,  n ine  non-zero  c e n tr a l  

modes a re  expected from among l6m~6 t o t a l  c lu s te r  modes, so th a t  

in  g e n e ra l ,  th e  n in e  la r g e s t  row v ec to rs  ( k 4 l0 )  o f  th e  L l -  

m atrix  were so u g h t. More s p e c i f i c a l ly ,  i f

t* t '+ lO  V+ZO t '+ lOCm- l )

+ j 1 +  * +  ^  " j^ i . i 1 ^2 5 5 )
j - t  j=t+lO  t+20 t+ lO (m -l)

tilthen  th e  i —  mode was considered  to  be a  m ajor c e n tr a l  c o n tr ib u to r .  

In  E quation (2 5 5 )i t  and t '  span th e  f i r s t  fo u r  in t e r n a l  co o rd in a te s  

when GH s tr e tc h e s  a r e  in tercom pared , o r  th e  f i f t h  th rough  te n th  

i n t e r n a l  c o o rd in a te s  when HGH bends a re  co n sid e red . Very o f te n , 

th e  in e q u a l i ty  i n  (255) was n o t com pletely  s a t i s f i e d  f o r  n in e  o f
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th e  l6m-6 c lu s te r  v ib ra t io n s .  In  th e se  cases u se  was made o f 

th e  f a c t  th a t  th e  c e n tra l  m olecule o f  th e  c lu s t e r  i s  th e  hypo­

t h e t i c a l  analogue o f  th e  t r u e  condensed phase . Thus, any v ib ­

r a t io n a l  symmetry o f  th e  condensed phase modes should  be r e f le c te d  

in  th e  MCM e ig e n v e c to rs . I n  a d d it io n , th e  n in e  freq u en c ie s  chosen 

as  c e n tr a l  v ib ra tio n s  should  d isp la y  only  a  sm all p e r tu rb a tio n  

from th e  p a t te rn  o f  degeneracy observed f o r  th e  gas phase (113)*

Because o f  th e  q u a lify in g  c o n d itio n s  p laced  on Equation 

(255) and th e  l im ite d  n a tu re  o f ac ce p tab le  c e n tr a l  in t e r n a l  modes, 

th e  cho ice  o f  l iq u id  phase e ig en v ec to rs  could  n o t be made by 

means o f  any sim ple a lg o rith m . For t h i s  reaso n , th e  f u l l  L 1-m a trix
rv

had to  be p r in te d  and examined; th e  s e le c t io n  o f  c e n ta l  modes was 

made m anually.

Some examples w il l  c l a r i f y  th e  tech n iq u es  used  to  choose 

c e n tr a l  e ig e n v e c to rs . Two ty p ic a l  e ig en v ec to rs  o f  a  3 - c lu s te r  

re p re s e n ta tio n  o f  l iq u id  13CH  ̂ i s  g iven  in  Table XVIII. Each e igen ­

v e c to r ,  £ and i s  d isp lay ed  w ith  te n  elem ents p e r l in e ;

th e  f i r s t  l i n e  co n ta in s  th e  am plitude c o e f f ic ie n ts  a s so c ia te d  w ith 

th e  in te r n a l  co o rd in a te s  o f  th e  c e n tr a l  m olecule; th e  second and 

t h i r d  l in e s  have th e  c o e f f ic ie n ts  o f  th e  l e f t  and r ig h t  s h e l l  

m olecules re s p e c t iv e ly  (se e  F igure  5» P* 8*0. The f i r s t  fo u r 

elem ents o f each o f  th e  f i r s t  th re e  l in e s  a re  th e  r e l a t iv e  am pli­

tu d es  o f  th e  CH s tr e tc h e s ;  th e  f i f t h  th rough  te n th  elem ents in  each 

o f  th e  f i r s t  th r e e  l in e s  a r e  a s so c ia te d  am plitudes o f HCH bends.

The l a s t  tw elve elem ents o f  each o f th e  two e ig en v ec to rs  re p re se n t 

am plitude c o e f f ic ie n ts  o f  th e  in te rm o le c u la r  v ib ra tio n s  and a re



Table XVIII

Id e n tif ic a t io n  o f  Central In ternal Eigenvectors -  3“Cluster

Eigenvalue 15 = 1573<758

o.ooooo 0.00031 -0.00000 -0.00031 -0.3921^ 0.01060 0.381M 0.36849 0.01067 -0.37903
0.00001 -0.00013 -0.00001 0.00014 0.44373 0.07458 -0.51859 -0.51198 0.07457 0.43769
0.00001 -0.00013 -0.00001 0.00014 0.40767 0.14574 -0.55385 “0.54739 0.14571 0.40212
0.00001 - 0.06194 0.00534 - 0.00832 - 0.03741 0.00365 -0.00001 0.06190 -0.00533 0.00752
0.07300 -O.O7138

Eigenvalue 18 = 1571-633

- 0.00000 -0.00015 - 0.00000 0.00015 0.68927 0.00187 -0.69113 - 0.68481 0.00183 0.68298
0.00000 0.00007 0.00000 -0.0000? 0.27197 -0.00024 -0.27173 -0.27493 -0.00023 0.27516
0.00000 0.00008 0.00000 -0.00007 0.27208 -0.00046 -0.27162 -0.27482 -0.00045 0.27527

- 0.00000 0.02981 0.00094 0.00053 0.00012 0.00034 0.00000 -0.02987 -0.00099 -0.00012
- 0.00023 -0.00061
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no t considered, h e re .

I n  q ^ ,  th e  i n t e r n a l  co o rd in a te  c o n tr ib u tio n s  from c e n tr a l  

HCH bends a re  g r e a t ly  outweighed i n  ab so lu te  v a lu e  by p o s i t io n a l ly  

co rresponding  c o n tr ib u tio n s  from th e  s h e l l  m olecu les. Equation 

(255) i s  th e re fo re  n o t s a t i s f i e d  f o r  t , f  = 5>10 &nd so = 

1573.758 cm-1 i s  n o t in c lu d ed  in  E quation  (86) when c a lc u la t in g  

th e  v p ie  B f a c to r .  I n  q^g> the  c o n tr ib u tio n s  from in te r n a l  bending 

c o o rd in a te s  s a t i s f y  E quation (255)» so th a t  v^g = 1571-633 cm 1 i s  

in c lu d ed  in  Equation (86) as  a  c e n t r a l  v ib ra tio n .

A nother example i s  given in  T able XIX, where two e ig en v ec to rs  

o f a  9 - c lu s te r  l iq u id  13CI>̂  model a r e  shown. The f i r s t  l i n e  o f 

10 elem ents in  each v e c to r  i s  th e  c e n t r a l  m olecular c o n tr ib u tio n  

to  th e  mode; th e  n ex t e ig h t l in e s  a r e  s h e l l  c o n tr ib u tio n s  and th e  

f in a l  48 elem ents a r e  am plitude c o e f f ic ie n ts  fo r  th e  a c o u s tic  modes. 

Both modes a re  p r im a r ily  CH s tr e tc h in g  v ib ra tio n s ,  b u t q^Q i s  seen 

to  c o n s is t  o f  la rg e  am plitude s h e l l  CH s tr e tc h e s  and only  sm all 

am plitude c e n tra l  CH s tr e tc h e s ,  w h ile  in  q^, th e  am plitude co­

e f f i c i e n t s  fo r  c e n t r a l  CH s tr e tc h in g  a re  la rg e r  than  th o se  f o r  s h e l l  

s t r e tc h in g .  A ccordingly , = 2321-702 cm 1 i s  in c lu d ed  when B 

I s  c a lc u la te d .

As a  f in a l  example o f  the s e le c t io n  process f o r  o p t ic a l  f r e ­

q u en c ie s , two e ig e n v e c to rs , and a re  shown in  Table XX

fo r  a  13GD̂  7 - c lu s te r .  The f i r s t  l i n e  o f te n  elem ents re p re se n ts  

th e  am plitude c o e f f ic ie n ts  o f th e  c e n t r a l  m olecu lar v ib ra tio n  and 

th e  n e x t s ix  l in e s  co n ta in  c o e f f ic ie n ts  a s so c ia te d  w ith  each o f



Table XIX

Id e n tif ic a t io n  o f  Central In tern al Eigenvectors -  9-C luster

Eigenvalue 9 = 2321.702

0.56605 -0.02491 -0.53485 - 0.00628 -O .H 697
0.00067 -0.00028 - 0.00110 -0.00031 -0.02304

- 0.00056 0.00003 0.00077 -0.00231 0.00026
0.00152 - 0.00119 0.00070 - 0.00103 0.01740

0.00002 -0.00008 -0.00008 0.00003 0.00864

-0.00451 -O.OO388 0.00049 - 0.00252 -0.00221
-0.00000 0.00345 0.00088 0.00071 -0.0029?
0.00012 0.00001 -0.00021 - 0.00101 0.00016
0.00056 0.00027 -0.00087 0.00009 0.00007

0.00002 0.00000 0.00000 - 0.00003 - 0.00003

0.00000 0.00003 - 0.00045 -0.00022 -0 .00101
-0.00000 -0.00012 - 0.00009 0.00000 O.OOO76
-0.00000 -0.00002 -0.00002 - 0.00006 0.00006

0.00025 0.00000 0.00044 -0.00021 0.00004

-0.00662 -0.12100 0.12094 0.00678 0.11692

-0.01227 0.04612 -0.04612 0.01227 0.02304

-0.00853 0.00008 - 0.00011 0.00853 - 0.00026
0.00044 -0.01854 -0.01680 0.00045 0.01706

0.00021 - 0.00815 - 0.00937 0.00020 0.00847

0.01291 0.01728 - 0.01683 - 0.01331 0.00215
- 0.00011 o .00357 0 ,00256 -0.00012 - 0.00294
-0.00017 - 0.00028 - 0.00030 0.00032 0.00028

0.00019 0.00000 -0.00000 -0.00020 - 0.00006
- 0.00077 - 0.00001 -0.00008 - 0.00000 -0.00008

-0.00000 0.00003 - 0.00100 -0.00000 -0.00000

- 0.00011 0.00000 - 0.00003 0.00000 0.00051
-0.00000 - 0.00010 - 0.00003 - 0.00009 0.00000

- 0.00007 0.00030 0.00044

( continued )



Table XIX (continued)

Eigenvalue 10 = 2320.906

0.00267 -0.00259 -0.00263 -0.00000 O.OO856
0.00890 - 0.12780 - 0.12882 0.00787 - 0.01000

0.12099 -0.08799 0.08804 0.13471 0.00009

0.06778 0.23282 0.07001 - 0.22278 0.00000

-0.24098 -0.01272 -0 .2 4566 0.00043 0.00129
-0.22074 -0.01337 -0.24771 0.00056 0.00127

0.06779 0.23290 0.07005 -0.22301 0.00002
0.12098 - 0.08803 0.08810 0.13482 0.00009
0.00888 -0.12782 - 0.12880 0.00789 -0.00998

-0.00389 - 0.02266 0.00000 -0.00000 - 0.00788
0.00000 - 0.00002 -0.00009 0.00067 -0.00452
0.00373 - 0.00009 - 0.00022 0.00033 - 0.00010
0.00000 0.00478 - 0.00033 0.00022 - 0.00029

- 0.00056 O.OO363 - 0.00290 - 0.00100 -0.00000

0.00040 - 0.00077 0.00078 -0.00041 -0.00857
0.00480 0.00011 -0.00012 -0.00482 - 0.00998

0.00374 0.00004 - 0.00001 - 0.00374 -0.00012
0.00055 0.00071 -0.00022 - 0.00033 - 0.00072

-0.00222 - 0.00006 0.00008 0.00219 - 0.00130
-0.00220 -0.00004 0.00007 0.00216 - 0.00128

0.00058 0.00073 -0.00024 - 0.00035 - 0.00073
0.00375 0.00002 - 0.00001 - 0.00373 -0.00012
0.00480 0.00011 -0.00012 -0.00481 - 0.01000

-0.01000 - 0.00389 0.00067 -0.00202 -0.00000
- 0.06260 -0.00000 0.00566 - 0.00010 0.00000

0.00000 0.00034 0.00044 - 0.00092 0.00201
0.00018 0.00079 0.00095 - 0.00177 -0.01002

-0.00000 - 0.00190 0.00108



Table XX

Id e n tif ic a tio n  o f Central Internal Eigenvectors -  7-C luster

Eigenvalue 6 -  2321.990

-0.614-57 0.62385 - 0.61501 0.61909 - 0.00000

0.00927 -0.00251 0.00171 - 0.00017 - 0.00002
0.00645 - 0.00456 -0.00029 - 0.00099 0.00098

0.00097 - 0.00782 -0.00648 0.00107 0.00006
-0.00104 0.00397 0.00092 0.01007 0.00001

0.29789 - 0.28309 -0.21008 0.21722 - 0.00034
0.30004 - 0.29610 0.27957 -0.29113 0.00001
0.00278 - 0.00039 0.00028 - 0.00022 0.00000

- 0.00006 - 0.00100 - 0.00099 - 0.00038 0.00028
0.00000 0.00000 -0.00044 - 0.00029 -O.OOI67
0.00167 0.00122 0.00155 - 0.00000 - 0.00177

0.00020 0.00003 -0.00004 - 0.00018 0.00000

- 0.00045 -0.00024 0.00025 0.00043 0.00002
0.00095 - 0.00110 - 0 .00118 - 0.00075 0 . 00110

- 0.00006 0.00000 -0.00000 0.00005 - 0.00005
0.00001 - 0.00006 0.00006 -0.00000 - 0.00001

- 0.00210 - 0.00066 0.00165 0.00101 0.00044
0.00000 -0.00000 -0.00000 0.00001 - 0.00002
0.00000 -0.00000 -0.00000 0.00046 0.00085
0.00048 - 0.00109 0.00055 0.00133 - 0.00101

- 0.00005

0.00088

-0.00111 -0.00020 -0.00000 0.00333

(con tinued)
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Table XX (continued)

Eigenvalue 7 = 2320.069

- 0.59121 -0.10728 0.62108 -0.18901 0.11804
-0.06287 - 0.00045 0.04567 - 0.00897 0.00456

0.00499 0.00250 -0.03078 0.00111 0.00005

- 0.07299 -0.00077 0.05009 -0.00726 - 0.00000
0.08724 O.OO345 -0.01211 0.00567 0.00045

- 0.10045 - 0.09784 0.00673 -0.10007 0.00014
- 0.08974 0.00579 - 0.07921 - 0.11253 0.00124

O.OO313 - 0.00278 -0.00856 - 0.08479 - 0.03312
0.00552 -0.00066 -0.00313 - 0.00077 - 0.00034

- 0.00000 - 0.00000 0.00232 -0.01910 -O.OO313

0.00313 0.00076 - 0.00064 0.00442 0.00004

-0.01926 0.12711 -0.12720 0.01900 -0.11770
-0.00076 -0.00020 - 0.00000 -0.00360 0.00001
- 0.00000 -0.00280 0.00235 0.00051 -0.00001

0.00390 0.00121 -0.00120 -0.00380 0.00010
-0.00035 -0.00011 -0.00007 0.00025 -0.00017
- 0.00000 -0.00016 -0.00015 0.00017 0.00000
0.00378 -0.09002 0.09055 -0.00180 -0.00375

0.06544 0.00313 0.00278 - 0.08771 0.00567
0.00433 -0.00001 -0.00003 -0.00313 -0.00076

-0.00077 -0.00600 -0.00281 - 0.00000 0.00000
0.00000 0.00004
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th e  s h e l l  m olecu les. The l a s t  36 elem ents o f each e ig en v ec to r a re  th e  

am plitude c o e f f ic ie n ts  o f  th e  in te rm o le c u la r  c o o rd in a te s . Both q^ and 

q^ s a t i s f y  E quation (255)* However, an exam ination o f th e  f i r s t  10 

components o f  ^ , and comparison w ith  th e  gas-phase e ig en v ec to rs  o f 

12CD  ̂ in  Table VI, shows th a t  th e  v ib ra tio n s  o f  th e  c e n tr a l  m olecule 

o f  th e  c lu s t e r  do no t re p re s e n t an y th in g  c lo se  to  a  v ib ra t io n a l  mode 

o f  gaseous 1SCD̂  w ith  re sp e c t to  th e  symmetry and magnitude o f  e igen ­

v e c to r  e lem ents. Normal mode q^ roughly  co in c id es  w ith  a gas-phase 

v ib ra tio n , i n  a d d itio n  to  m eeting th e  requ irem ent o f  Equation (255)* 

Thus, i s  considered  to  be a  c e n tr a l  mode, and i s  counted i n  Equation

(8 6 ), w hile  \>g i s  n o t.

The in te rm o le c u la r  v ib ra tio n s  o f  th e  e n t i r e  c lu s te r  a re  used as 

su rro g a te  e x te rn a l freq u en c ie s  in  th e  c a lc u la tio n  o f  th e  v p ie  A fa c to r  

g iven  by Equation (87) .  In  g e n e ra l, on ly  th o se  motions th a t  d isp la c e  

th e  c e n tr a l  m olecule r e l a t iv e  to  th e  s h e l l  m olecules a re  considered  

in  th e  MCM th eo ry  as p ro p er a c o u s tic  modes. For example, a  normal 

mode re p re se n tin g  a  symmetric CCC s t r e t c h  in  a ( l in e a r )  3 - c lu s te r  m erely 

in d ic a te s  a  sim ultaneous outward m otion o f  th e  two s h e l l  m olecules; no 

n e t  movement o f  th e  c e n tr a l  methane r e l a t iv e  to  a  sh e ll-m o lec u la r  

re fe re n c e  fram e i s  ap p aren t and th e  mode i s  n o t counted as  an e x te rn a l 

v ib ra tio n  o f  th e  c e n tr a l  m olecule o r  in c lu d ed  in  Equation ( 87 )■ T his i s  

i l l u s t r a t e d  in  Table XXI, where two e ig en v ec to rs  o f  a 3 - c lu s te r  o f  14CH  ̂

a re  p re se n te d . As in  th e  p rev ious examples, in te rm o le c u la r  o r ie n ta t io n  

i s  a r b i t r a r y  f o r  th e  purpose o f  dem onstrating  e ig en v ec to r in t e r p r e t a ­

t io n .  In  each e ig en v ec to r, th e  f i r s t  th re e  l in e s  co n ta in  in t e r n a l  co-



Table XXE

Id e n t if ic a t io n  o f Central External Eigenvectors -  3-C luster Stretch ing Modes

Eigenvalue 29 ~ 106.403

0.00000  0.00000  - 0.00000  - 0.00000  - 0.00000  0.00000  0.00000  - 0.00000  - 0.00000

-0.00009 0.00009 -0.00009 0.00009 0.00000 0.00089 - 0.00000 - 0.00000 -0.00089
0.00009 -0.00009 0.00009 - 0.00009 - 0.00000 -0.00089 0.00000 0.00000 0.00090

- 0.16638 0.00171 0.00002 0.00004 - 0.00098 -0.00199 - 0.16638 0.00171 0.00002
- 0.00098 - 0.00199

Eigenvalue 30 ~ 98.006

- 0.00031
0.00015

0.00015
0.28782

- 0.00095

0.00031
- 0.00015

- 0.00015
- 0.00203
- 0.00116

- 0.00031
0.00015
0.00015
0 .002%

0.00034
- 0.00015
- 0.00015

0.00298

0.00001
-0.00001

-0.00001

0.00094

0.00313
-0.00156
-0.00156
0.00116

0.00000
0.00000
0.00000

-0.28782

- 0.00001
0.00000
0.00000

- 0.00203

- 0.00313
0.00156
0.00156

-0.00241

0.00000
-0.00000

0.00000
0.00005

-0.00000
0.00000
0.00000

-0.00299
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o rd in a te  am plitude c o e f f ic ie n ts  o f  th e  c e n tr a l ,  l e f t  and r ig h t  mole-
“Xc u le s , r e s p e c t iv e ly .  The l a s t  tw elve elem ents a re  X ^ -v a lu e s  f o r  th e

in te rm o le c u la r  co o rd in a tes  as  d esc rib ed  p rev io u s ly . Of th e  l a s t  tw elve ,

th e  f i r s t  and seventh  elem ents — jB0q ^  and in  th e  f i r s t  e ig en -
i _?i * 7 1 j  (

v e c to r  in  Table XXI and je.^ and in  th e  second — a re  am plitude

c o e f f ic ie n ts  fo r  th e  and "bond" s t r e tc h e s .  In  q ^ ,

X29,31 ~ ^29,37 ^256^

in  both s ig n  and m agnitude, so th a t  R(C^Cg) and R(C^C ^) a re  v ib ra tin g  

in  phase sym m etrically ; th u s , th e  d isp lacem ent o f  th e  c e n tra l  m olecule 

i s  ze ro , and th e  frequency o f th e  mode, v n => 106.403 cm 1 , i s  n o t i n -  

eluded in  th e  c a lc u la tio n  of th e  A f a c to r .  In  q.^Q.

^ 30,31 ~  ^ 30,37 ^257^

and th e  two 0 0 "bonds" a re  v ib ra tin g  asym m etrica lly . The c e n tr a lC 5
m olecule must be moving in  such a  way a s  to  m ain ta in  th e  c e n te r  o f  mass 

f o r  th e  c lu s t e r .  This c e n tra l  m otion q u a l i f ie s  q^Q a s  a  su rro g a te  

l iq u id  e x te rn a l  mode — in  p a r t ic u la r ,  a  t r a n s la t io n a l  mode — and so 

V30 = 98.005 cm 1 i s  in c lu d ed  in  Equation (87) .

Table XXII and F igures 6 and 7 show th i s  p r in c ip le  f o r  a  7 - c lu s te r  

o f  1SCH^. The f i r s t  seven l in e s  o f  each e ig en v ec to r re p re se n t i n t r a -



Table XXII
I d e n t i f ic a t io n  o f  C en tra l E x te rn a l E igenvectors -  7- C lu s te r  S tre tc h in g  Modes

Eigenvalue 74 = 101.339

0.00522 - 0.00356 - 0.00181 0.00820 -0.00019
- 0.00698 - 0.00321 - 0.00200 0.00699 0.00000
-0.00000 - 0.00459 0.00231 0.00750 0.00000

0.00089 - 0.00045 -0.00000 -0.00384 0.00000

- 0.00137 - 0.07231 0.00856 -0.00421 - 0.00581

0.00222 0.00276 - 0.00002 - 0.00006 - 0.00639
0.00493 - 0.00287 0.00496 0.00202 -0.00000

- 0.97201 - 0.00067 - 0.00674 0.00684 0.00333
0.00202 0.00055 0.96000 -0.00045 -0.00000

-0.00087 0.00561 - 0.00616 0.00045 0.00000
0.00000 0.00000 -0.00000 0.00000 -0.00000

- 0.00000 - 0.00678 0.00680 0.00055 - 0.00038
0.00000 0.00000 -0.00000 -0.00000 -0.00000

- 0.00001 - 0.00003 0.00004 -0.00000 0.00000

-0.00000 -0.00000 0.00000 0.00000 -0.00000

-0.00414 0.00594- - 0.00067 - 0.00333 0.00801

0.00282 0,00693 - 0.00110 -0.00820 0.00594

-0.00000 0.00000 0.00000 -0.00000 0.00000

0.00229 - 0.83002 -0.00004 - 0.00330 0.00663
-0.00000 - 0.00033 0.00228 0.84126 0.00078
0.00000
0.00000

0.00000 0.00000 -0.00000 -0.00000

(continued)
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Table XXII (continued)

Eigenvalue 76 -  97.602

0.00000 - 0.00450 -0.00279 0.00277 -0.01204
0.00000 0.00000 -0.00000 0.00000 0.00000
0.00344 0.00060 - 0.00056 -0.00210 - 0.00006

-0.00000 -0.00000 0.00000 0.00000 -0.00000
0.00077 - 0.00320 -0.00111 0.00912 0.00005

- 0.00555 0,00220 -0.00204 - 0.00115 -0.00684
0 .00409 -0.00000 -0.00000 0.00398 - 0.00993
0.71111 - 0.00005 - 0.00062 0.00051 0.00000
0.00000 0.00000 0.71111 0.00008 - 0.00067
0.00000 0.00000 -0.00000 0.00000 0.80420

-0.80422 0.00109 0.00393 -0.00202 0.00000

- 0.00388 0.00722 0.00109 -0.00008 0.00769
0.00000 -0.00000 -0.00000 0.00000 0.00000

-0.00465 - 0.00297 0.00068 0.00045 0.00655
-0.00000 0.00000 0.00000 -0.00000 -0.00000

- 0.00632 0.00929 - 0.00027 -0.00000 - 0.00275
-0.00229 - 0.00038 0.00620 0.00200 0.00131
-0.00022 - 0 . 00285 0.00285 0.00030 0.00985

0.00040 0.71097 -0.00000 0.00000 0.00000

-0.00002 -0.00082 0.00001 0.71097 0.00000

0.00109
0.00058

0.00682 - 0.00057 -0.00225 0.00022
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x

F ig u r e  6 ,  A sy m m e tr ic  s t r e t c h i n g  of* t h e  
7 - c l u s t e r  i n  t h e  x -  a n d  y - d i r e c t i o n s *
T he c l u s t e r  i s  sh ew n  i n  t h e  g e a r  g e o m e t r y .
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t

F ig u r e  ? .  A sy m m e tr ic  s t r e t c h i n g  o f  t h e  
7 - c l u s t e r  i n  t h e  z - d i r e c t i o n  c o u p le d  w i t h  
s y m m e tr ic  s t r e t c h i n g  i n  t h e  x -  a n d  y -  
d i r e c t i o n s .
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m olecular c o n tr ib u tio n s  and th e  f i n a l  36 elem ents a re  c o e f f ic ie n ts  

f o r  th e  in te rm o le c u la r  c o n tr i'b u tio n s . From Table XI ( p .87 ) and F igure  6 

i t  can be seen t h a t  ( s ^ S g ^ )  , ( s ^ ,S g ^ )  and a re  GCGS

s tre tc h in g  co o rd in a te  p a i r s  arranged  in  m utually  o rthogonal d i r e c t io n s ,  

so th a t  each member o f each p a i r  i s  i n  a  t r a n s  p o s it io n  to  th e  o th e r  

member o f th a t  p a i r .  In  9,^1

—  1  - 1  

V i-,71 ~ "'e7^,83 (258)

-1 ~ p"1
74,77 ~ 74,89 (259)

^74,95 ~ X7 4 ,10 i ~ 0 (260)

The c lu s te r  i s  th u s  v ib ra tin g  asym m etrically  i n  two orthogonal d i re c t io n s  

and n o t a t  a l l  i n  th e  t h i r d .  In  o rd er to  p rese rv e  th e  c e n te r  o f  mass, 

th e  c e n tra l  m olecule must be t r a n s la t in g  independen tly  in  th e  x -  and y - 

d i r e c t io n s .  The frequency o f  q ^  i s  th e re fo re  in c lu d ed  in  Equation

(87) .  In  normal mode q^g,

-1 -1
z ? 6 ,? l  ~ ^76,83

-e76,77 ~ 89 ( 262)
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(263)

The c lu s te r  i s  th u s  s tr e tc h in g  sym m etrically  in  th e  x - and y -d ire c tio n s  

and asym m etrica lly  in  th e  z - d i r e c t io n .  This im p lie s  a  z - t r a n s la t io n  o f

A s im ila r  procedure i s  used to  determ ine th e  r o ta t io n a l  e x te rn a l 

modes o f th e  c e n tra l  m olecule o f  a  medium c lu s te r .  Table XXIII shows

th e  two s h e l l  m olecules may be v is u a l iz e d  a s  r o ta t in g  around th e  C-C-C 

a x is  i n  th e  same "sense" w ith  re sp e c t  to  an e x te rn a l  re fe re n c e  fram e. 

This i s  shown in  F igure  8 . In  o rd e r no t to  im part an g u la r momentum to  

th e  e n t i r e  c lu s t e r ,  th e  c e n tr a l  m olecule must r o ta te  in  an o p p o site  

sense  around th e  y -a x is .  The frequency o f t h i s  mode i s  th e re fo re  i n ­

cluded in  Equation (87 ) .  E igenvecto r Z^q ^  in  Table XXEII shows a 

s im ila r  mode, b u t i n  t h i s  case

th e  c e n tr a l  m olecule so th a t  v,-,g i s  a ls o  in c lu d ed  i n  Equation ( 87) •

two e ig en v ec to rs  f o r  a  ty p ic a l  3-c l u s 'fcer. The mode la b e le d  q^g con­

ta in s  two to r s io n a l  d isp lacem en ts , s^g-'KHgC^CgH^) and S38-T^ 2 C‘l^ l l^ l2 ^  ’

w ith  non-zero  am plitude c o e f f ic ie n ts .  S ince

-1 ^  -1
38,32 ~ 38,38 (2  64)

( 265 )



Table XXTII

Id e n tif ic a t io n  o f Central External Eigenvectors -  3“Cluster Torsional Modes

Eigenvalue 38 

0.00000

= kOJSLO 

0.00001 0.00000 - 0.00001 - 0.00005 -0.00000 0.00005 - 0.00005 0.00000 0.00005

0.00042 0.00045 0.00047 - 0.00005 - 0.00100 - 0.00018 0.00072 - 0.00051 0.00075 0.00023

- 0.00022 -0.00004 -0.00004 0.00096 0.00105 0.00018 - 0.00077 0.00055 - 0.00075 -0.00027
0.00002 “0.21850 0.00001 0.01885 - 0.00007 -0.01912 0.00002 0.21859 0.00001 0.01877

- 0.00007

Eigenvalue 40 

-0.0000?

-0.02935

= 40.835 

0.00021 - 0.00007 - 0.00007 - 0.00321 0.00076 0.004-39 0.00039 “0.00312 0.00079
0.00001 - 0.00009 0.00001 0.00007 0.00209 -0.00013 - 0.00229 0.00029 0.00052 -0.00049
0.00001 - 0.00010 0.00001 0.00008 0.00214- - 0.00013 - 0 .0023^ 0.00035 0.00052 - 0.00054

- 0.00045 0.79088 0.00079 - 0.15069 0.00008 - 0.01317 - 0.00045 0.79091 0.00076 0.03967
-0.00028 0.013210
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*38

F i g u r e  8 .  T o r s i o n a l  m o t io n  i n  t h e  
3 - c l u s t e r .  No n e t  r o t a t i o n  o f  t h e  
c e n t r a l  m o l e c u l e  o c c u r s  i n  <1̂ q «
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T he s h e l l  m o l e c u l e s  a r e  u n d e r g o in g  t o r s i o n a l  m o t io n  i n  o p p o s i t e  s e n s e s  

s o  t h a t  n o  c e n t r a l  m o l e c u l a r  r o t a t i o n  a r o u n d  t h e  y - a x i s  i s  i m p l i e d .  S i n c e  

t o r s i o n a l  c o o r d i n a t e  p a i r s  i n  t r a n s  p o s i t i o n s  o c c u r  i n  a l l  s i z e d  c l u s ­

t e r s ,  t h i s  t y p e  o f  a n a l y s i s  c a n  a lw a y s  b e  p e r f o r m e d .

A n o t h e r  s e t  o f  e x a m p le s  i l l u s t r a t i n g  t h e  c r i t e r i a  u s e d  t o  a s s i g n  

e x t e r n a l  f r e q u e n c i e s  w i l l  now  b e  g i v e n .  T h e e q u i l i b r i u m  c o n f i g u r a t i o n  

o f  a  3 - c l u s t e r  i n c l u d e s  a  G -C -C  b on d  a n g l e  o f  1 8 0 ° .  T h e i n t e r n a l  c o ­

o r d i n a t e s  c o n s i s t i n g  o f  a n g l e s  a n d  H2 G1 G11 a r e  t h e r e f o r e  s u p p l e ­

m e n t a r y .  I f ,  i n  3 - c l u s t e r  m ode q ^ , o n e  v a l e n c e  a n g l e  b e n d  i n c r e a s e s

( p o s i t i v e  2,. * , . )  w h i l e  i t s  s u p p le m e n t  d e c r e a s e s  ( n e g a t i v e  i ! . 1 —-) ) , t h e  
1 > j j  1 * j y

m ode r e p r e s e n t s  a  c e n t r a l  m o l e c u l a r  r o t a t i o n  a r o u n d  a n  a x i s  n o r m a l t o

t h e  Cqqq}  p l a n e .  A l t e r n a t e l y ,  i f  o n e  a n g l e  i n c r e a s e s  ( o r  d e c r e a s e s )

an d  i t s  s u p p le m e n t  i n c r e a s e s  ( o r  d e c r e a s e s ) ,  t h e  m ode c a n  b e  v i s u a l i z e d

a s  o n e  i n  w h ic h  t h e  tw o  s h e l l  m o l e c u l e s  a r e  w a g g in g  i n  t h e  sa m e d i r e c -  

r H t
t i o n  i n  t h e  LqqqJ p l a n e .  I n  o r d e r  t o  m a in t a in  t h e  c e n t e r  o f  m a ss  i n  

t h i s  l a t t e r  c a s e ,  t h e  c e n t r a l  m o le c u le  m u s t  b e  t r a n s l a t i n g  i n  t h e  

o p p o s i t e  d i r e c t i o n  i n  t h e  sa m e p l a n e .  T h i s  i s  i l l u s t r a t e d  i n  

T a b le  XXIV a n d  F i g u r e  9- In

9 ~ ^  ~
35133 ~ 35,39

( 266)

w h ic h  i m p l i e s  a  c e n t r a l  m o l e c u l a r  r o t a t i o n ;  i n

% 0,33  ~ % ) ,3 9 ( 267)



Table XXIV

Id e n tif ic a t io n  o f Central External Eigenvectors -  3“01uster Central N utational Modes

Eigenvalue 35 = 55.404

-0.00000 0.00000 0.00000 -0.00000 -0.00639 - 0.04230 - 0.00552 0.00503 0.04300 0,00618
0.00045 -0.00278 -0.00118 0.00007 0.00019 0.00045 0.00034 -O.OOO33 - 0.00046 - 0.00019

- 0.00051 0.00094 0.00175 O.OOO34 -0.00216 0.00078 0.00652 -0.00602 - 0.00138 0.00206
0.04-519 -0.00057 -0.84278 -0.04511 0.00089 0.00022 0.06711 -0.00058 0.83904 0.04632
0.00048 -0.00487

Eigenvalue 40 = 47.344

0.00067 -0.09726 -0.05826 0.00211 -O.OO569 - 0.00892 -0.00121 0.00121 0.00891 0.00570

0.00322 -0.08672 -0.04917 0.00187 0.00000 0.04726 -0.05238 -0.04721 0.05230 0.00003

0.00245 0.09721 -0.00743 -0.02127 - 0.04598 -0.00892 0.03427 0.02178 0.00230 -0.00345
0.07421 -0.00067 0.72484 0.00620 0.00500 0.00210 0.06922 - 0.00075 0.75789 0.00780
0.00021 - 0.00555

-ZC
 I

-
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q35

q40

F igure 9- C en tra l n u ta tio n s  in  th e  
3 - c lu s te r .  Both modes in v o lv e  motion 
o f  th e  c e n tra l  m olecule.
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which Im p lies  a  c e n tra l  m olecu lar t r a n s la t io n .  Both and a re  

th e re fo re  in c o rp o ra ted  in to  th e  vp ie  A f a c to r  o f  Equation ( 85) .

Table XXV and F ig u re  10 show two r o ta t io n a l  modes f o r  a  3- c lu s te r  

which a re  predom inantly  m a n ife s ta tio n s  o f  s h e l l  m otion. These a re  n o t 

counted as  e x te rn a l v ib ra tio n s  and do n o t e n te r  in to  th e  c a lc u la t io n  o f 

th e  A f a c to r  in  Equation (87 ) .

The sim ple c e l l  model o f  th e  l iq u id  s t a t e  a llo w s s ix  e x te rn a l modes 

f o r  m otion o f  th e  m olecule under study  — 3 t r a n s la t io n s  and 3 r o ta t io n s .  

In  g e n e ra l, however, th e  p ro cess  o f  e lim in a tin g  n o n -c e n tra l modes in  

th e  medium c lu s te r  model le a v e s  more th an  th e  expected 6 e x te rn a l  modes 

f o r  th e  c e n tr a l  m olecule. This i s  a  consequence o f  th e  a n is o tro p ic  

n a tu re  o f  th e  model and i s  most ev id en t in  th e  sm a lle r  c lu s te r s .  The 

s e v e ra l c e n tr a l  e x te rn a l modes must be reduced i n  number and combined in  

such a  way as  to  be e a s i ly  a s so c ia te d  w ith  m olecu lar t r a n s la t io n  and 

r o ta t io n .  Asymmetric C-C-C s tr e tc h in g  in  th e  3 - c lu s te r ,  f o r  example, 

can obviously  be a s so c ia te d  w ith  t r a n s la t io n  a lo n g  th e  y -a x is ,  a s  was 

shown p rev io u s ly ; b u t th e re  a re  no carbon-carbon "bonds" in  th e  x -  o r  

y -d ir e c t io n s ,  so th a t  t r a n s la t io n  in  th e se  d i r e c t io n s  must be viewed a s  

be ing  due to  bending o f  th e  G-G-G a n g le . Such a  C-C-G bend c o n s is ts  o f  

sim ultaneous in -p h a se  d isp lacem ent o f  supplem entary H O C  a n g le s . OneC C S
would no t expect th e se  th re e  " t r a n s la t io n a l"  modes to  be c lo se  in  

frequency s in c e  th ey  a re  d e fin ed  w ith  re sp e c t to  sym m etrically  d i f f e r e n t  

environm ents. Yet they  should  be d eg en era te  because o f th e  o v e ra l l  

iso tro p y  o f th e  r e a l  l iq u id  phase. For th e  purpose o f  e lu c id a tin g  th e  

vapor p re ssu re  iso to p e  e f f e c t ,  th e re fo re ,  an average  c o n tr ib u tio n  from 

t r a n s la t io n a l  modes has been used to  c a lc u la te  th e  A f a c to r .  According



Table XXV

Id e n tif ic a t io n  o f Central External Eigenvectors -  ^“Cluster S h e ll N utational Modes

Eigenvalue 4 l  = 38.078

-o.ooooo -0.00034 -0.00034 0.00167 -0.00000 -0.00000 -0.00000 0.00000 0.00000 0.00000

0.00028 -0.00089 0.00100 0.00078 0.00109 -0.00000 -0.00055 -0.00055 0.00000 0.00000
-0.00000 0.00100 -0.00103 0.00004 -0.00000 0.00109 -0.00000 -0.00000 -0.00109 0.00000

-0.00616 0.00492 - 0.00121 O.OO677 - 0.89981 0.07922 -0.00610 0.00503 0.00008 O.OOO33
- 0.88015 0.08004

Eigenvalue 42 = 36.000

0.00121 - 0.00089 - 0.00078 0.00121 0.00000 - 0.00000 0.00000 0.00000 - 0.00000 - 0.00000

- 0,00056 0.00078 0.00122 - 0.00134 - 0.00356 -0.00143 -0.00275 0.00355 0.00144 0.00275

0.07902 -0.01290 -0.03518 0.00045 0.01560 0.00089 0.00273 -0.01297 -0.00384 -0.00241
- 0.03769 -0.00219 0.00079 0.00001 0.80479 0.60053 - 0.03601 -O.OO3OO 0.00029 O.OO857

0.90019 0.62801



% l

%Z

F ig u r e  1 0 .  Two 3 - c l u s t e r  m o d e s  i n v o l v i n g  
o n l y  s h e l l  n u t a t i o n a l  m o t io n .
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to  E quations (42) and (4 3 ), to  a  f i r s t  approxim ation , each mode con­

t r ib u te s  to  th e  l iq u id -p h a se  reduced p a r t i t i o n  fu n c tio n  r a t io  a s  th e  

square o f i t s  frequency ( l l 4 ) ,

In  - . f  °C Auf «  ( 268)
b  O « J- * -Li  1

so th a t  a  ro o t mean sq u are  average o f  freq u en c ie s  i s  th e  a p p ro p ria te  

q u a n tity  to  con sid e r as  th e  v p ie - re la te d  t r a n s la t io n a l  frequency . An 

analogous s i tu a t io n  e x i s t s  f o r  th e  c e n tr a l  r o ta t io n a l  modes, where 

sim ultaneous o u t-o f-p h ase  d isp lacem ent o f  supplem entary H C G an g lesC C S

and H C C H to rs io n s  a r e  combined. I n  g e n e ra l, th e n , we have c c s  s
assumed

£ - 4
t ra n s

and

3 w

L AUi = «I>cluster (Z70)
r o t  r o t

where th e  r ig h t  s id e s  o f  th e se  equations span a l l  w t r a n s la t io n a l  o r  

r o ta t io n a l  modes found i n  th e  a n a ly s is  o f  MCM e ig en v ec to rs  and th e  

l e f t  s id e s  a re  th e  two p a r t s  o f th e  t o t a l  e x te rn a l summation i n  

Equation (8 ? ) .

w

w S  Uc lu s t e r  ^269^
tra n s
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V. RESULTS AND DISCUSSION

With th e  medium c lu s te r  model, a  methodology e x is t s  w ith 

which to  examine th e  r e la t io n s h ip  between th e  vapor p re ssu re  

iso to p e  e f f e c t  and m olecular s t r u c tu r e  in  th e  condensed phase. 

S p e c if ic  in te r a c t io n s  between a m olecule in  th e  l iq u id  and th e  

m olecules th a t  make up th e  surrounding  medium can be e v a lu a ted . 

The model assumes

(a) th e  r e g u la r i ty  o f m olecular p o s it io n  in  any 

sm all neighborhood o f  th e  condensed phase,

(b) harmonic p o te n t ia ls  f o r  a l l  modes o f  v ib ra tio n  

in  th e  l iq u id  and gas phases a s  given by Equation (9 0 ), and

(c ) th a t  th e  c e n tr a l  m olecule o f  th e  c lu s te r  i s  a 

su rro g a te  fo r  th e  e n t i r e  l iq u id  phase as  im plied  by Equations 

(77) and (78) .

I n  t h i s  c h ap te r , changes in  th e  p red ic te d  v p ie  produced 

by v a r ia t io n s  o f  t h i s  h y p o th e tic a l model o f  th e  condensed 

phase a re  p re se n te d . The A and B fa c to rs  o f  Equation (85) have 

been examined as  fu n c tio n s  o f  MCM param eters such a s  c lu s te r  

s iz e ,  m, m olecu lar o r ie n ta t io n ,  , and in te rm o le c u la r

s e p a ra tio n , |p^| . G eneral s t a t i s t i c a l  mechanical tre a tm e n ts  

o f  conform ational problems in  l iq u id s  has been given  elsew here 

(115>118,117); c o n s id e ra tio n  h ere  i s  r e s t r i c t e d  to  a  trea tm en t 

o f a n a ly t ic a l  a sp e c ts  re le v e n t to  th e  vapor p re ssu re  iso to p e
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e f f e c t  .

The MCM th eo ry  has been used to  c a lc u la te  th e  vp ie  o f th e  

s p h e r ic a l  top  m ethanes, 13CH ,̂ 14CH ,̂ and 12CD ,̂ a l l  r e l a t iv e  

to  1EGH.t w ith  " b e s t - f i t "  F -m atrices  co n s tru c ted  f o r  each
*r <v

d i f f e r e n t  s iz e d  c lu s te r  v ia  th e  tech n iq u es d esc rib ed  In  Sec­

t io n  IV-3* The condensed phase fo rc e  f i e l d  was optim ized fo r  

a  c lu s te r  geometry based on th e  g ear c o n f ig u ra tio n  (S ec tio n  IV-1 

and F igu re  2) w ith  th e  in te rm o le c u la r  d is ta n c e , |p  J, equal to  

3.81? A. Non-zero elem ents o f  F (m = 3 ,7 ,9 ,1 3 ) and F a re  

c o l le c te d  in  Table XXVI. These m a trice s  remain in v a r ia n t  as 

o th e r  medium c lu s te r  param eters a re  changed.

A m ajor accomplishment o f  th e  p re se n t re se a rc h  has been th e  

su c c e ss fu l rep ro d u c tio n  o f  th e  observed tem pera tu re  dependence 

o f eq u ilib riu m  vapor p re ssu re  r a t io s  f o r  s p h e r ic a l  to p  methane 

is o to p e s .  In  g e n e ra l, th e  r e s u l t s  ob ta in ed  v ia  th e  MCM th eo ry  

a r e  c lo s e r  to  experim ent than  th e  r e s u l t s  c a lc u la te d  by 

B ig e le ise n , Cragg and Jeevanandam (40) through th e  use  o f th e  

sim ple c e l l  th e o ry . Table XXVII compares v p ie  param eters A and 

B determ ined ex p erim en ta lly  w ith  va lues c a lc u la te d  from th e  

sim ple c e l l  model and th e  medium c lu s te r  model. I t  w i l l  be 

shown in  S ec tion  V-3 th a t  th e  MCM th eo ry  can a ls o  be used to  

c a lc u la te  jKn(P*/p) f o r  n o n -sp h e rica l to p  m ethanes.

V - l ; The Vapor P re ssu re  Iso to p e  E ffe c t and M olecular O rie n ta tio n

An ag g reg a te  o f m methane m olecules can assume an i n f i n i t e  

number o f co n fig u ra tio n s  depending on th e  r e l a t iv e  o r ie n ta -



Table XXVI

Medium C lu s te r  Model Force F ie ld  fo r  Methane

F W
f  f  

r  a

(m d y n e /A ) (m d y n e-A )

f
r r

(m d y n e /A )

r
r a

(m d yn e)

f
a a

(m d yn e *A)
F~ e

1?
f c 5-4573 0.5654 0.1240 0.1901 0.0190

~3 f s 5-4762 0.5657 0.1240 0.1776 0.0190

TD H Sd

I?

f c 5.4573 O.5612 0.1240 0.1993 0.0190 11 II II

f s 5,4887 O.5668 0.1240 0.1707 0.0190
O
OO
fv>0

O
OO
-O

0
0
V-TC

F
-9

f c

f s

5.4573

5.4903

0.5590

O.5668

0.1240

0.1240

0.1989

O.1692

0.0190

0.0190

3P,
iSCD

3p.
3CD

E
3CD
>>Jb-O >0

F
-13

f c

f s

5.4573

5-4919

0.5610

0.5673

0.1240

0.1240

0.1966

0.1676

0.0190

0.0190

(a) A ll o th e r  elem ents a re  zero
(b) Optimized f o r  gear geometry; |p |  = 3.817 A



Table XXVII

Comparison o f  Medium C lu s te r  Model A and B Values 

w ith  Experim ental R esu lts  f o r  S p h erica l Top Methanes

(a)Molecule^ Experiment

3

MCM^

7 9 13

Simple c e l l  
model'

A (°K2)

13 CĤ  

“ Cfy
93-6 ± 6 .1^  

231.1 ± 10 .0^  
894.?? ± 6 .8 ^

90.66

171.01

917.92

91-03
171.71

924.93

91.24

172.13
928.09

91-39
172.44
932.44

86.9

163.9
943.2

- 1327.06 1304.12 - - _

13 CĤ 0.535 ± 0 .06^  
1.42 ± 0.1 ^  

11.097 ± 0 . 0 6 ^

0.5519 0.5654 0.5425 0.5586 0.32

B (°K) 14C% 

12CD*.

1.0169

10.9855
1.0623

10.8884
I.0195

II.0937
1.0423

11.0349

0.60

11.92
13G \ - 14.9493 14.9260 - - -

(a ) A ll sp ec ie s  r e fe r re d  to  12CH., 

( t )  Gear geometry; |p |=3*8l7A
(c) Ref. (40)
(d) Ref. (34)

(e ) Ref. (118)

-w
-
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t i o n ,  0 ^ ,  o f  e a c h  m em b er. Medium c l u s t e r  m o d e l c a l c u l a t i o n s  

m ay b e  p e r fo r m e d  f o r  a n y  s u c h  c o n f i g u r a t i o n ,  a n d  a n  e v a l u a t i o n  

o f  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t  p a r a m e t e r s  A a n d  B a s  a  

f u n c t i o n  o f  o r i e n t a t i o n  c a n  b e  m ad e. S i n c e  i t  w o u ld  n o t  

b e  p r a c t i c a b l e  —  o r  p a r t i c u l a r l y  i n f o r m a t i v e  —  t o  e x a m in e  

a l l  p o s s i b l e  o r i e n t a t i o n s  o f  m e th a n e  i n  t h e  l i q u i d  s t a t e ,  

a t t e n t i o n  h a s  b e e n  r e s t r i c t e d  t o  c l u s t e r  c o n f i g u r a t i o n s  b a s e d  

o n  t h e  p a r a l l e l  r o c k e t ,  a n t i p a r a l l e l  s t a g g e r e d ,  a n d  g e a r  g e o ­

m e t r i e s  m e n t io n e d  i n  S e c t i o n  I V - 1 . T he c a r b o n -c a r b o n  d i s t a n c e

O
w a s h e l d  c o n s t a n t  a t  3 - 8 1 7  A .

We f i r s t  c o n s i d e r e d  a  3 - c l u s t e r  o f  1 2 CH^ i n  a  p a r a l l e l  

r o c k e t  g e o m e tr y  w i t h  t h r e e  c o r r e s p o n d in g  CH b o n d s  p l a c e d  a lo n g  

t h e  y - a x i s  an d  t h e  r e m a in in g  GH b o n d s  i n  a n  e c l i p s e d  c o n ­

f o r m a t io n  a s  show n i n  F ig u r e  1 1 .  W ith  t h e  m e th o d s  o u t l i n e d  

i n  p r e v i o u s  c h a p t e r s ,  a n d  u s i n g  i n t e r n a l  c o o r d i n a t e s  a s  d e f i n e d  

i n  S e c t i o n  I V - 2 ,  t h e  s e c u l a r  e q u a t io n  f o r  t h i s  1 5 -a to m  

a g g r e g a t e  w as f o r m u la t e d  a n d  s o l v e d ,  a n d  t h e  e i g e n v e c t o r s  

r e p r e s e n t i n g  c e n t r a l  m o le c u la r  v i b r a t i o n  w e r e  i d e n t i f i e d .

T h e  c o r r e s p o n d in g  e i g e n v a l u e s  e x p r e s s e d  i n  w aven u m b ers w e r e  

fo u n d  t o  b e



Figure 11, Methane 3 - c lu s te r  in  the  ro ck e t 
co n fig u ra tio n . The s h e l l  molecule on the r ig h t  
i s  molecule 2; th a t  on the  l e f t  i s  molecule 3.
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c e n tra l  o p t ic a l  modes

c e n tr a l  a c o u s t ic a l  modes-

"3133-624 Vl ( * 0

1573-200 '
( E )

1571-633, -  v 3

3140 .568 '

31^0.355 —  v3 (T=)
3140.347 ,

1355 .733 '
1353-006 — (T .)

v 1351-511 ,

" 132.632^
10.426 —  t r a n s la t io n
10.310 ^

75.570 '
74.157 —  r o ta t io n
54.065 ,

Comparison o f  th e  c lu s te r  o p t ic a l  fre q u e n c ie s  fo r  12CH  ̂ w ith 

th e  sim ple l iq u id  c e l l  (BCJ) freq u en c ies  in  Table V III shows 

th a t  th e  n o n - iso tro p ic  n a tu re  o f th e  medium c lu s te r  model has 

broken th e  v ib ra tio n a l  degeneracy observed f o r  methane in  the  

i s o tro p ic  c e l l  model. N ev erth e less , th e  MCM freq u en c ie s  can 

s t i l l  be lo o se ly  a s so c ia te d  w ith  th e  gas-phase  modes o f  methane 

given in  Table I I I . The g ro u p - th e o re tic a l  re p re s e n ta t io n  o f 

CĤ  v ib ra t io n ,  r ^ -^ ,  i s

=  Ax ©  E 0  2Ta (271)
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These symmetry la b e ls  a r e  in d ic a te d  to  th e  r ig h t  o f  th e  

a s so c ia te d  MCM freq u en c ie s  in  th e  above l i s t .  The broken 

v ib ra t io n a l  degeneracy o f  th e  c e n tra l  o p t ic a l  modes in  the  

MCM th eo ry  r e f l e c t s  th e  observed phenomenon o f broadening 

o f s p e c tr a l  a b so rp tio n s  in  th e  l iq u id  phase (1 1 9 ).

The e x te rn a l freq u en c ie s  o f  th e  1SCH  ̂ 3 - c lu s te r  a re  a lso  

non-degenerate  because o f  th e  an iso tro p y  o f th e  model. The 

sim ple c e l l  th eo ry  g ives id e n t ic a l  e igenvalues f o r  th re e  

t r a n s la t io n a l  m otions dependent only  on th e  t o t a l  m olecular 

mass [ c f .  Equations (1^9) and ( l5 0 )l»  and th re e  id e n t ic a l  

e igenvalues f o r  r o ta t io n a l  motion fo r  s p h e r ic a l  to p  m olecules 

[[Equation ( l5 l)^ |.  However, in  th e  l in e a r  3-Gl u s t e r  model o f  

th e  l iq u id  s t a t e ,  t r a n s la t io n a l  v ib ra tio n  o f th e  c e n tr a l  CH  ̂

i n  th e  y -d ir e c t io n  i s  more r e s t r i c t e d  (h ig h e r frequency) than  

x o r  z t r a n s la t io n  due to  th e  p resence o f  two s h e l l  m olecules 

a long th e  y - a x is . S im ila r ly , r o ta t io n a l  v ib ra tio n  o f th e  

c e n tr a l  CH  ̂ around th e  CCC a x is  i s  o f  low frequency  because 

t h i s  motion in v o lv es  only  sm all ta n g e n t ia l  changes in  th e  

in te ra to m ic  d is ta n c e s  w ith in  th e  c lu s te r ,  w hile  r o ta t io n a l  

v ib ra tio n  o f  th e  c e n tra l  CH  ̂ around th e  x o r  z a x is  causes 

la rg e  r a d ia l  changes in  th e  in te ra to m ic  d is ta n c e s ,  and th e  e n e r­

gy o f  v ib ra tio n  i s  th e re fo re  g r e a te r .

The v ib ra t io n a l  freq u en c ie s  o f a  3 - c lu s te r  o f  13CĤ  in  

th e  same c o n fig u ra tio n  were found i n  an analogous manner, and, 

w ith  Equations (86) and (8 ? ) , th e  A and B f a c to r s  o f  13CH  ̂ (w ith
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12CH  ̂ a s  th e  re fe re n c e  iso to p e )  were e v a lu a ted . The conforma­

t io n  o f th e  condensed phase c lu s te r s  was th en  a l te r e d  by- 

r o ta t in g  th e  c e n tr a l  m olecule around th e  y -a x is ,  and ag a in  A 

and JB were e v a lu a ted . By co n tin u in g  t h i s  p ro cess  — w ith  each 

s te p  r e q u ir in g  th e  s o lu tio n  o f two kZ x 4-2 s e c u la r  eq u a tio n s  — 

a p lo t  o f  th e  v p ie  param eters as  a  fu n c tio n  o f  0^  was o b ta in ed . 

The r e s u l t s  f o r  a  f u l l  j60°  r o ta t io n  o f th e  c e n tra l  m olecule 

around th e  y -a x is  a re  shown in  F igu re  12. E va lua tions were 

made a t  20° i n t e r v a l s .

Sim ultaneous r o ta t io n  o f  both s h e l l  m olecules in  th e  same 

sen se , w hile  keeping th e  c e n tr a l  m olecule f ix e d , n a tu ra l ly  g ives 

id e n t ic a l  r e s u l t s  to  th o se  o f  F igure  12s

B13( - e p  = b13( e?J, e p  ( 272)

a 13( - © p  « A ^ ( e ^ , e p

I f  only  one s h e l l  m olecule was ro ta te d  around th e  y -a x is ,  how­

ever, th e  r e s u l t s  o b ta in ed  were somewhat d i f f e r e n t .  F ig u res  

13 and 14- show th a t  r o ta t io n  o f  th e  m olecule on th e  r ig h t  o f  

th e  3 "° lu s 'tei' ro ck e t c o n f ig u ra tio n  (m olecule 2 ) ,  which has a 

GH bond on th e  y -a x is  p o in tin g  away from th e  c e n tr a l  m olecule, 

has a  la r g e r  e f f e c t  on th e  13 CH,̂  f a c to r s  than  does r o ta t io n  o f 

th e  methane on th e  l e f t  (m olecule 3)» which has a  CH bond 

p o in tin g  tow ard th e  c e n tr a l  m olecule. Comparison o f  F igures
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Figure 12. The vp ie o f 13CĤ  in the 3 -c lu s te r
rocket configuration  as a function  o f central
molecular ro ta tion  around the y -a x is .
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1 2  — l*f- a l s o  sh o w s  t h a t  t h e  r o t a t i o n a l  e f f e c t  o n  t h e  i s o t o p i c  

z e r o  p o i n t  e n e r g y  s h i f t  d i f f e r e n c e  i s  a d d i t i v e ;  t h a t  i s ,  t h e  c h a n g e  

i n  B o b t a i n e d  b y  s i m u l t a n e o u s  r o t a t i o n  a ro u n d  t h e  y - a x i s  o f  

t h e  tw o  s h e l l  m o l e c u l e s  i s  e q u a l  t o  t h e  sum  o f  c h a n g e s  i n  B

p r o d u c e d  b y  r o t a t i o n  o f  t h e  s h e l l  m o l e c u l e s  s e p a r a t e l y ,

B13{ e ^ , e p  = b 1 3 ( e p  + Bi3 ( e p  ( 2 7 * 0

T he e x t e r n a l  f r e q u e n c y  t e r m  i s  n o t  e x a c t l y  a d d i t i v e  w i t h  r e s p e c t  

t o  r o t a t i o n  a r o u n d  y :

a 1 3 (  e p  e p  * Ai3 ( e p  + Ai3( e  p  ( 275)

Som e l i m i t e d  c o n c l u s i o n s  c a n  b e  d raw n  fro m  t h e s e  s im p l e  

m a n i p u l a t i o n s  o f  t h e  r o c k e t  3 - d u s t e r .  I t  i s  a p p a r e n t  t h a t  t h e  

s i n u s o i d a l  b e h a v i o r  o f  A a n d  B i n  F i g u r e s  1 2  -  l 4  i s  a  r e s u l t  

o f  v a r i a t i o n s  i n  i n t e r a c t i o n  e n e r g y  b e t w e e n  t h e  h y d r o g e n  a to m s  

n o t  s i t u a t e d  o n  t h e  y - a x i s .  S i n c e  a n  e c l i p s e d  c o n f o r m a t io n  i s  

g e n e r a l l y  a s s o c i a t e d  w i t h  a  h i g h e r  p o t e n t i a l  e n e r g y ,  a n d  t h e  

maximum A v a l u e  i s  o b s e r v e d  f o r  t h e  e c l i p s e d  r o c k e t  g e o m e t r y ,  

i t  f o l l o w s  t h a t  t h e  A f a c t o r  i s  a  d i r e c t  i n d i c a t o r  o f  t h e  p o t e n ­

t i a l  b e h a v i o r .  T h is  i s  i n  a c c o r d a n c e  w i t h  t h e  H e r z f e l d - T e l l e r  

r e l a t i o n  g i v e n  b y  E q u a t io n  ( 7 )*  E q u a t io n  ( 2 7 5 )  s h o w s  t h a t  r o t a ­

t i o n  o f  t h e  s h e l l  m o l e c u l e s  s e p a r a t e l y  d o e s  n o t  h a v e  t h e  sam e  

e f f e c t  on  t h e  a c c o u s t i c a l  s p e c tr u m  a s  r o t a t i o n  t o g e t h e r .  T h is
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i s  a  r e s u l t  o f  t h e  f a c t  t h a t  t h e  e x t e r n a l  c o o r d i n a t e s  d e f i n e d

w i t h  r e s p e c t  t o  e a c h  o f  t h e  s h e l l  m o l e c u l e s  h a v e  a to m s  i n

common w i t h  t h e  c e n t r a l  m o l e c u l e ,  p r o d u c in g  n o n - z e r o  o f f

d i a g o n a l  t e r m s  i n  t h e  G , G , a n d  G r e g i o n s  o f  t h e  G -
°  « e  ~ c e  ~ s e  ~

m a t r i x .  Som e o f  t h e s e  e l e m e n t s  o f  G i n v o l v e  t h e  r e d u c e d  m a ss  

o f  t h e  i s o t o p i c a l l y  s u b s t i t u t e d  c a r b o n .  S i n c e  a  o n e - t e r m
g

a p p r o x im a t io n  o f  t h e  o r t h o g o n a l  p o ly n o m i a l  e x p a n s io n  o f  t n  —, f ,s

E q u a t io n  ( 4 3 ) ,  i s  g i v e n  b y  ( 4 9 , 1 2 0 )

X n f . f  * <2?6 )
s 24 ^

o r

i t  c a n  b e  s e e n  t h a t  a n  e f f e c t  o n  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  

r a t i o  i s  p r o d u c e d  b y  a n y  e l e m e n t s  o f  t h e  3 _ d u s t e r  G , G o rroG o/C ©

G f o r  w h ic h  
—s e

s i j  '  % j  *  0  ( 2 7 8 )

Som e o f  t h e s e  sa m e  g ^  a r e  o r i e n t a t i o n  d e p e n d e n t  a s  w e l l .  F o r  

e x a m p le , t h e  k i n e t i c  e n e r g y  i n t e r a c t i o n  te r m  b e tw e e n  c e n t r a l  

S s (H^C^C^) n u t a t i o n  a n d  s h e l l  r 5 (C gH g) s t r e t c h i n g  ( i n  t h e  G0 e  

r e g i o n  o f  G ) i s  g i v e n  b y
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P-n
=p3 r  =  T s i n  0 0 3

w h e r e  R i s  t h e  c a r b o n - c a r b o n  d i s t a n c e ,  $ 3 i s  t h e  e q u i l i b r i u m  

HgCgC a n g l e  a n d  ^  i s  t h e  e q u i l i b r i u m  H^C^CgHg d i h e d r a l  a n g l e .  

T h is  c o o r d i n a t e  i n t e r a c t i o n  i s  t h u s  d e p e n d e n t  on  b o t h  m a ss  (p .^) 

a n d  o r i e n t a t i o n  C ^ )  w i t h  r e s p e c t  t o  r o t a t i o n  a r o u n d  t h e  y - a x i s .

T he z e r o  p o i n t  e n e r g y  s h i f t  i s  a d d i t i v e  s i n c e  B i s  n o t  

s t r o n g l y  i n f l u e n c e d  b y  e x t e r n a l  c o o r d i n a t e s  a n d  a l l  e l e m e n t s  

i n  G a n d  G a r e  e q u a l  t o  z e r o  [ E q u a t i o n  ( 1 8 3 ) 1  a n d  e a c h
r o S S  r o C S

s h e l l  m o l e c u l e  a f f e c t s  t h e  c e n t r a l  o p t i c a l  m od es i n d e p e n d e n t l y .

T h e  m a g n itu d e  a n d  a d d i t i v i t y  o f  t h e  y - a x i s  r o t a t i o n a l  

e f f e c t  c a n  b e  su m m a r iz e d  b y  a  l i s t  o f  t h e  t o t a l  a m p l i t u d e s  

i n  F i g u r e s  1 2  -  lA-s

413 -A13 T>13 _R13
m ax m in  m ax m in

( 1 )  c e n t r a l  r o t a t i o n  2 . 7 7  °K 2 0.0123  °K

( 2 )  m o le c u le  2  r o t a t i o n  1 . 7 ^  °K 2 0.0073
(3 ) m o le c u le  3 r o t a t i o n  0 .5^  °K2 0.0050  °K

t o t a l  ( 2 ) + ( 3 ) 2.28  °K2 0.0123  °K

F ig u re  15 shows th e  e f f e c t  o f  r o ta t io n  o f th e  c e n tr a l  

m olecule around th e  z -a x is  f o r  a  3 -c l u s 'te r  o f  13 CH  ̂ in  an 

e c lip se d  ro c k e t geom etry. A compound s in u so id a l curve w ith  

period  2rr i s  observed; th e  maximum A i s  found when th e  hydro-
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Figure 15. The vp ie o f In the 3 -c lu s te r
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m olecular ro ta tion  around the z -a x is .
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rocket configuration  as a function  of cen tra l
molecular ro ta tion  around the x -a x is .
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g e n s  o n  m o l e c u l e s  1 a n d  3  a r e  p o i n t e d  to w a r d  o n e  a n o t h e r .

F ig u r e  16 sh o w s  t h e  " b eh a v io r  o f  t h e  v p i e  f a c t o r s  A a n d  B a s  a  

f u n c t i o n  o f  r o t a t i o n a l  d i s p l a c e m e n t  o f  t h e  c e n t r a l  m o l e c u l e  a r o u n d  

t h e  x - a x i s .  I n  t h i s  c a s e ,  a  r o t a t i o n  b y  1 0 9 °  a r o u n d  x  b r i n g s  

a  s e c o n d  h y d r o g e n  (H ^ ) o n t o  t h e  y - a x i s  ( s e e  F ig u r e  l l ) ,  s o  t h a t  

t h e  r e s u l t i n g  g e o m e t r y  i s  e q u i v a l e n t  t o  r o t a t i o n  o f  t h e  c e n t r a l  

m o l e c u l e  a r o u n d  t h e  y - a x i s  b y  1 8 0 ° .  A s e x p e c t e d ,  F i g u r e s  1 2  

an d  16 sh o w  t h a t

B13(© *=109°) = B13( e J = l8 0 ° )

( 280)

A13 (0 ^= 1 0 9 °) = A13 ( ©J=180°)

I n  F i g u r e s  1 ?  -  19* t h e  e f f e c t s  o f  c e n t r a l  m o le c u la r  

o r i e n t a t i o n  on  A a n d  B f o r  a  1 2 CD^ 3 ~ c l u s t e r  i n  t h e  r o c k e t  

c o n f i g u r a t i o n  i s  s h o w n . I n  g e n e r a l ,  t h e  v a r i a t i o n  o f  

J0n ^ , f ( I 2 GDjy/i a CHj^) i s  s e e n  t o  b e  l a r g e r  w i t h  d i f f e r i n g  c o n ­

f o r m a t io n  th a n  t h e  c o r r e s p o n d in g  v a r i a t i o n  o f  f n  ^ I f ( 1 3 GH2J/ 1 2 GHĵ ) . 

T he v a r i a t i o n  i n  A a n d  B o v e r  f u l l  360°  r o t a t i o n s  o f  t h e  c e n ­

t r a l  1 3 CD^ a r o u n d  x ,  y ,  a n d  z  i s  a b o u t  1 0 $  ( r e l a t i v e  t o  t h e  

v a l u e s  a t  z e r o  o r i e n t a t i o n  c h a n g e )  w h i l e  f u l l  r o t a t i o n s  o f  

1 3 GH^ p r o d u c e  a  3%  v a r i a t i o n .  T h is  ca n  b e  i n t e r p r e t e d  i n  t e r m s

g
o f  t h e  o r t h o g o n a l  p o ly n o m ia l  e x p a n s io n  o f  £ n  —, f  a s  f o l l o w s ,  A ss

sh ow n  i n  E q u a t io n  ( 2 7 7 ) *  a- o n e - t e r m  a p p r o x im a t io n  o f  t h e  

r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o  i s  d e p e n d e n t  on  a  l i n e a r
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Figure 1 7 . The vp ie of ” 00^ in  the 3 -c lu s te r
rocket configuration  as a function  o f cen tral
molecular ro ta tio n  around the y -a x is .
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Figure 18. The vp ie o f ,2CD̂  in  the 3 ~ c lu ster
rocket con figu ration  as a fu n ctio n  o f cen tra l
m olecular ro ta tio n  around the s -a x is .
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Figure 19* The vp ie o f 12GD̂  in  the 3 -c lu s te r
rocket configuration as a function  of central
m olecular rotation  around the x -a x is .
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d i f f e r e n c e  o f  G - m a t r ix  e l e m e n t s ,  g.' , - g .  . .  I n  g e n e r a l ,  e a c h  o f

t h e s e  e l e m e n t s  g .  . i s  a  sum o f  p r o d u c t s  o f  ( a )  a  m a ss  d e p e n d e n t  ^ J
p a r t ,  e x p r e s s i b l e  i n  t e r m s  o f  r e d u c e d  m a s s e s ,  a n d  ( b )  a

g e o m e t r i c  p a r t ,  e x p r e s s i b l e  i n  t e r m s  o f  b o n d  l e n g t h s  a n d  t h e

e q u i l i b r i u m  v a l u e s  o f  t h e  b o n d  a n g l e s  a l s o  u s e d  t o  d e f i n e

n u t a t i o n a l  a n d  t o r s i o n a l  v i b r a t i o n ,  8 .  a n d  r . . S i n c e  o r i e n t a -
1 1

t i o n  a n d  g e o m e t r y  a r e  t h e  sa m e  f o r  b o t h  t h e  l i g h t  a n d  h e a v y

c o n d e n s e d  p h a s e  c l u s t e r s ,  a l l  n o n - v a n i s h i n g  (g .' . - g .  . )  t e r m s1J a J
a r e  o f  t h e  fo rm

®ij - sij = K  - % ){u  (28l)

w h e r e  . i s  a  f u n c t i o n  o f  o r i e n t a t i o n  a n d  g e o m e t r y .  T h e  a J
m a g n it u d e  o f  t h e  v a p o r  p r e s s u r e  i s o t o p e  e f f e c t  o f  1 S CD^ i s  

g r e a t e r  t h a n  t h a t  f o r  13 CH^ m a in ly  b e c a u s e

a n d  t h e  n u m b er o f  n o n - v a n i s h i n g  Ap,^ f o r  1ECD^ m u st  b e  c o m p a r a b le  

t o  t h e  n u m b er o f  n o n - v a n i s h i n g  f o r  1 3 GH^ s i n c e  i n  1 3 CD^ t h e r e  

a r e  f o u r  a to m s  t h a t  a r e  i s o t o p i c a l l y  s u b s t i t u t e d ,  w h i l e  i n  

1 3 CH^ e v e r y  i n t e r n a l  c o o r d i n a t e  i n v o l v e s  t h e  c e n t r a l  1 3 C /1 3 C 

a to m . H o w e v e r , b e c a u s e  t h e  t e r m i n a l  h y d r o g e n  a to m s  a r e  

i n v o l v e d  i n  a  g r e a t e r  n u m b er o f  i n t e r n a l  c o o r d i n a t e s  f o r
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w h ic h  h a s  a  s t r o n g  d e p e n d e n c e  o n  o r i e n t a t i o n ,  t h e  v p i e  

o f  1 2 GD^ s h o w s  a  g r e a t e r  r e l a t i v e  v a r i a t i o n  w i t h  c e n t r a l  

m o l e c u l a r  r o t a t i o n  t h a n  1 3 CH^.

V - 2 i  T o t a l  O r i e n t a t i o n a l  E f f e c t  —  T h e  L a r g e r  C l u s t e r s

A m o r e  c o m p le t e  s t u d y  o f  o r i e n t a t i o n a l  e f f e c t s  o n  t h e  

v p i e  h a s  a l s o  "been p e r f o r m e d  u s i n g  s m a l l  p e r t u r b a t i o n s  o f  f i x e d  

i n t e r m o l e c u l a r  c o n f o r m a t i o n s  f o r  d i f f e r e n t  s i z e d  c l u s t e r s .

T h e  r e s u l t s  p r e s e n t e d  i n  t h i s  s e c t i o n  a s s u m e  t h e  i n v a r i a n c e  

o f  t h e  F - m a t r i c e s  g i v e n  i n  T a b le  XXVI a n d  a n  i n t e r m o l e c u l a r

O
d i s t a n c e  e q u a l  t o  3 - 8 1 ?  A .

F i g u r e  2 0  s h o w s  t h e  A a n d  B f a c t o r s  c a l c u l a t e d  f o r  

1 3 CH^ ( r e l a t i v e  t o  1HCH^) f o r  3 “ » ? ~ i  a n d  9 - c l u s t e r s  a s  a  

f u n c t i o n  o f  a n g u l a r  p e r t u r b a t i o n  o f  t h e  c e n t r a l  m o l e c u l e  fr o m  

a  g e a r  g e o m e t r y .  T h e  m id p o in t  o f  t h e  a b s c i s s a  o f  e a c h  g r a p h  

i n  F ig u r e  2 0  c o r r e s p o n d s  t o  a  c l u s t e r  g e o m e t r y  w i t h  e a c h  m em ber  

m o l e c u l e  h a v i n g  t h e  sa m e  o r i e n t a t i o n  i n  s p a c e  ( " p e r f e c t "  g e a r  

g e o m e t r y ) . T h e  c e n t r a l  m o l e c u l e  o f  e a c h  c l u s t e r  w a s  r o t a t e d  

s l i g h t l y  a r o u n d  t h e  x - ,  y - ,  o r  z - a x i s  w h i l e  h o l d i n g  t h e  s h e l l  

m o l e c u l e s  i n  f i x e d  o r i e n t a t i o n s .  T h e  c a l c u l a t e d  A a n d  B v a l u e s  

c h a n g e  w i t h  r e s p e c t  t o  e a c h  o f  t h e  t h r e e  o r t h o g o n a l  r o t a ­

t i o n s ;  t h i s  c h a n g e  i s  r e p r e s e n t e d  b y  t h r e e  a p p r o p r i a t e l y  

l a b e l e d  c u r v e s  f o r  e a c h  s i z e d  c l u s t e r .

A s sh o w n  i n  F i g u r e  2 0 ,  t h e  v a r i a t i o n  o f  A a n d  B c a u s e d  b y  

c e n t r a l  m o l e c u l a r  r o t a t i o n  i s  g r e a t e s t  f o r  t h e  3 - c l u s t e r ,  t h e  

m o s t  a n i s o t r o p i c  o f  t h e  d i f f e r e n t  l i q u i d  p h a s e  m o d e l s .  A s
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Figure 2 0 . T o ta l o r ie n ta t io n a l  e f f e c t  o f  n CĤ  in  th e
gear geom etry.
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F i g u r e  2 1 .  T o t a l  o r i e n t a t i o n a l  e f f e c t  o f  ,4CH^ i n  t h e  
g e a r  g e o m e t r y .
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11.2 3 -c lu ster

11.0
B

10.8
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6 (orientation)
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Figure 22. Total o r ien ta tio n a l e f fe c t  o f  ,2CflV in  the
gear geometry.
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t h e  c l u s t e r  s i z e  i n c r e a s e s ,  t h e  l i q u i d  m o d e l b e c o m e s  m ore  

i s o t r o p i c  a s  v i e w e d  fro m  t h e  c e n t r a l  m o l e c u l e ,  a n d  t h e  m a g n i­

t u d e  o f  A a n d  B v a r i a t i o n  f o r  e q u i v a l e n t  a n g u l a r  d i s t o r t i o n  

d e c r e a s e s  m a r k e d ly .  W h ile  t h e  a b s o l u t e  v a l u e s  f o r  A a n d  B 

f o r  t h e  p e r f e c t  g e a r  g e o m e tr y  a r e  s l i g h t l y  d i f f e r e n t  f o r  t h e  

3 “ , ? - ,  a n d  9 - c l u s t e r s  (d u e  t o  t h e  d i f f e r e n t  F - m a t r i c e s  u s e d  

i n  e a c h  c a s e ) ,  t h e  r e l a t i v e  e f f e c t  o f  o r i e n t a t i o n a l  d i s t o r t i o n  

f o r  1 3 CHĵ  c l u s t e r s  o b v i o u s l y  d e c r e a s e s  w i t h  i n c r e a s i n g  m a n d  

i n c r e a s i n g  l i q u i d - p h a s e  i s o t r o p y .  T he c e n t r a l  m o le c u le  o f  

a  1 3 - c l u s t e r  w a s  s i m i l a r l y  r o t a t e d  b y  ± 2 0 °  a n d  ± 50°  a r o u n d  

t h e  x - ,  y - ,  a n d  z - a x e s ;  t h e  v p i e  p a r a m e t e r s  f o r  t h i s  c a s e  

( T a b le  X X V III)  sh o w  v i r t u a l l y  n o  c h a n g e  w i t h  g e a r  g e o m e tr y  

d i s t o r t i o n ,  a n d  x ,  y ,  a n d  z  r o t a t i o n  o f  t h e  c e n t r a l  1 3 CH^ 

w o u ld  p r o d u c e  a  s i n g l e ,  n e a r l y  h o r i z o n t a l  l i n e  f o r  A a n d  B 

i f  p l o t t e d  t o  t h e  sam e s c a l e  a s  i s  u s e d  i n  F i g u r e  2 0 .

F ig u r e  2 1  g i v e s  t h e  r e s u l t s  f o r  a n  a n a l o g o u s  s t u d y  o n  t h e  

t o t a l  o r i e n t a t i o n a l  e f f e c t  o n  t h e  v p i e  o f  1 4 CH^. T he d e ­

p e n d e n c e  o f  A a n d  B o n  c e n t r a l  m o le c u la r  d i s t o r t i o n  from  

t h e  g e a r  g e o m e t r y  i s  s i m i l a r  t o  t h a t  f o r  1 3 CH^. S u ch  s i m i ­

l a r i t y  i n  t h e  s h a p e s  o f  t h e  A a n d  B c u r v e s  i s  r e a s o n a b l e  

s i n c e  c a r b o n  i s  t h e  i s o t o p i c  s u b s t i t u e n t  i n  e a c h  c a s e .

T h e t o t a l  o r i e n t a t i o n a l  e f f e c t  f o r  1 S CD^ i n  t h e  g e a r  

g e o m e t r y  i s  g i v e n  i n  F ig u r e  2 2 .  B e c a u s e  t h e  h y d r o g e n s ,  

r a t h e r  t h a n  t h e  c a r b o n s ,  a r e  i s o t o p i c a l l y  s u b s t i t u t e d ,  t h e  

s h a p e s  o f  t h e  A a n d  B c u r v e s  a s  a  f u n c t i o n  o f  c e n t r a l  m o le -
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Table XXVIII 
T o ta l O r ie n ta t io n a l  E f fe c t  f o r  th e  1 3 -C lu s te r

B asic
Geometry 5 ( o r ie n ta t io n )

13 CH.*4 ~

A(°K3 ) B(°K) A(°K3) b ( ° k)

13 CD,

a ( ° ks ) b ( ° k)

Gear

0 ,0 =x* y

0 * 
z

S taggered  
A n tip a ra .

Rocket

0 = x

0 = y

0 = y

+50 91 39 0-559. 172.44 1.042 932.44 11.035
+20 91 39 0.539 172.44 1.043 932.44 11.034
-20 91 39 0.559 172.44 1.042 932.44 I I .035
-50 91 40 0.560 172.46 1.041 932.42 I I .033
+50 91 41 0.561 172.49 1.043 932.44 I I .031
+20 91 40 0.562 172.47 1.042 932.44 I I .033
-20 91 40 0.562 172.4? 1.042 932.45 I I .035
-50 91 41 0.560 172.48 1.043 932.44 11.034
+50 91 40 0.559 172.45 1.044 932.44 I I .035
+20 91 40 0.559 172.45 1.044 932.44 11.034
-20 91 39 0.559 172.45 1.044 932.43 11.035
-50 91 39 0.560 172.45 1.044 932.43 I I .036
+50 91 39 0.560 172.45 1.044 932.44 11-035
+20 91 39 0.560 172.46 1.044 932.44 11.035
-20 91 39 0.559 172.46 1.045 932.44 11.035
-50 91 40 0-559 172.45 1.044 932.44 I I .035
+50 91 40 0.560 172.45 1.045 932.45 11.034
-50 91 40 0.560 172.45 1.044 932.44 11.035
+50 91 39 0.560 172.45 1.046 932.43 I I .035
+20 91 39 0,560 172-45 1.045 932.43 11.034
-20 91 40 0.560 172.44 1.045 932.44 I I .035
-50 91 39 0.560 172.44 1.045 932.45 11.035
+50 91 4 l 0.561 172.46 1.045 932.46 11.036
+20 91 40 0.559 172.46 1.045 932.45 I I .036
-20 91 40 0.559 172.46 1.045 932.45 I I .036
-50 91 39 0.559 172.45 1.045 932.44 I I .035
+50 91 40 0.560 172.45 1.045 932.45 I I .033
-50 91 39 0.560 172.45 1.044 932.45 11.033
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c u la r  o r ie n ta t io n  a re  g e n e ra lly  d i f f e r e n t  from th o se  o f  13CĤ  

and 14CH^. The e f f e c t  o f  in c re a s in g  c lu s te r  s iz e ,  however, i s
g

th e  same: a s  m in c re a s e s , th e  v a r ia t io n  o f  fn  — , f  w iths c

d i f f e r in g  in te rm o le c u la r  conform ation becomes sm a lle r . 

V a ria tio n s  in  A and B f o r  th e  1 3 -c lu s te r  a re  ag a in

le s s  th an  th o se  observed fo r  th e  9 - c lu s te r  (Table XXVIII) .

F ig u res  23, 2^, and 25 show th e  r e s u l t s  o f  o r ie n ta t io n a l  

s tu d ie s  ob ta ined  f o r  13CH ,̂ 14CH ,̂ and 1SCD  ̂ w ith  a  s t a r t i n g  

geometry o f  each c lu s t e r  ( 0° on th e  h o r iz o n ta l  axes) based on 

th e  s tag g e red  a n t i p a r a l l e l  conform ation . The symmetry of 

t h i s  c o n fig u ra tio n  f o r  th e  3-  an<3- ? - c lu s te r s  a re  such a s  to  

cause th e  v a r ia t io n  o f  vp ie  param eters w ith  c e n tr a l  m olecu lar 

r o ta t io n  to  be symmetric w ith  re sp e c t to  th e  0 ^X̂ Z^=O° l i n e .  

The r e s u l t s  f o r  th e  s tag g e red  a n t i p a r a l l e l  geometry d i s to r t io n  

summarized in  F ig u res  23 -  25 r e in fo rc e  th e  co nclusions reached 

in  th e  g ea r  geometry s tu d ie s  above.

The e c lip se d  ro c k e t geom etry, d e sc rib e d  in  S ec tio n  V - l , 

was used a s  th e  b a s is  f o r  th e  l a s t  group o f  t o t a l  o r ie n ta ­

t io n a l  s tu d ie s .  The e f f e c t  on th e  v p ie  param eters A and B 

caused by d e v ia tio n  from a p e r fe c t  ro c k e t geometry o f  13CH ,̂ 

14CH ,̂ and 1SCD  ̂ c lu s te r s  i s  shown i n  F ig u res  26, 27, and 28, 

r e s p e c t iv e ly .  R e su lts  shown fo r  13CH  ̂ and 13CD̂  3“d u s t e r s  

a re  th e  same a s  th o se  given i n  th e  m iddle - 60° to  +60° segments 

o f  F ig u res  12 and 15 -  19. The v a r ia t io n  in  A and B w ith 

c e n tr a l  r o ta t io n  ag a in  shows a  d im in ish in g  tre n d  a s  th e  c lu s te r
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F igure  23. T o ta l o r ie n ta t io n a l  e f f e c t  o f  ,3GHjk in  th e  staggered  
a n t ip a r a l le l  geometry.
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F igure 2k. T o ta l o r ie n ta t io n a l  e f f e c t  o f '^CH  ̂ in  th e  s taggered  
a n t ip a r a l le l  geometry.
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Figure 25* T o ta l o r ie n ta t io n a l e f f e c t  o f  ,JCD  ̂ in  th e  staggered
a n t ip a r a l le l  geom etry.
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0.58

x

z

9-cluster 0.50

60 60 40 20 0 20 40 60
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F ig u r e  26. T o t a l  o r i e n t a t i o n a l  e f f e c t  o f  ,3GH^ i n  t h e  r o c k e t  g e o m e t r y .
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Figure 27, Total o r ien ta tio n a l e f f e c t  o f  MCĤ  in  the rocket geometry*
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Figure 28 . T otal o r ie n ta t io n a l e f f e c t  o f  ,2CD̂  in  the rock et geometry.
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s iz e ,  m, i s  in c re a se d . The 1 3 -c lu s te r  r e s u l t s  a re  in c lu d ed  in  

Table XXVIII.

B ig e le isen  and I s h id a  ( l 2 l )  s t a t e  t h a t ,  in  g e n e ra l, th e  

vapor p re ssu re  iso to p e  e f f e c t  i s  a  poor c r i t e r io n  o f mole­

c u la r  geometry. The a p p l ic a t io n  o f th e  medium c lu s te r  model 

p re sen te d  in  t h i s  s e c tio n  has shown t h a t ,  in  th e  absence of 

s p e c i f ic  d i r e c t io n a l  fo rc e s  such as  d ip o le -d ip o le  in te r a c t io n s ,  

th e  v p ie  i s  a lso  a  poor c r i t e r io n  o f m olecu lar o r ie n ta t io n  in  

th e  l iq u id  phase. The g en e ra l success o f  model c a lc u la tio n s  

w ith  harmonic e x te rn a l  r e s to r in g  fo rc e s  i n  p re d ic tin g  th e  

observed vp ie  o f CĤ  iso to p e s  i s  evidence f o r  h indered  

m olecu lar r o ta t io n  in  th e  methane condensed phase (40 ,122 ,123)- 

However, th e  medium c lu s te r  model, w ith  i t s  c o n s id e ra tio n  

o f  s p e c i f ic  in te rm o le c u la r  motion w ith in  a  m olecu lar — ra th e r  

than  e x te rn a l — re fe re n c e  fram e, a ls o  shows th a t  th e  v p ie  i s  

n o t s tro n g ly  dependent on th e  mutual o r ie n ta tio n s  in  which th e  

m olecules a re  c o n s tra in e d . For c lu s te r  s iz e s  which s im u la te  

r e a l i s t i c  co o rd in a tio n  numbers (124,125) in  th e  l iq u id  phase 

(sa y , i  k  9 )j th e  v a r ia t io n  in  vapor p re s su re  iso to p e  e f f e c t  

f a l l s  w ell below th e  le v e l  o f  experim ental d e t e c t i b i l i t y .

V-3s N on-spherical Top Methanes

The r e s u l t s  p re sen ted  in  th e  p rev ious s e c tio n  su g g est 

t h a t  f o r  la rg e  c lu s te r s  (m^9 ) , th e  o r ie n ta t io n a l  in f lu e n c e  

on th e  condensed phase reduced p a r t i t io n  fu n c tio n  r a t i o  i s  m ini­

m ized. This f a c t  can be used  to  extend th e  a p p l i c a b i l i ty  o f  th e
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medium c lu s te r  model to  n o n -sp h e r ic a l to p  m ethanes.

W ithin  th e  Born-Oppenheimer app rox im ation , m olecu les such 

a s  HD o r  GĤ D e x h ib i t  no perm anent d ip o le  ( 6l )  and , to  a  f i r s t  

app rox im ation , w i l l  show no p re fe r re d  o r ie n ta t io n  o f  deuterium  

atom s among condensed phase m o lecu les. For t h i s  re a so n , a  

v apor p re s su re  is o to p e  e f f e c t  c a lc u la t io n  f o r  12CH^D u s in g  th e  

medium c lu s t e r  model would v io la te  th e  Born-Oppenheimer 

p r in c ip le  u n le s s  r e s u l t s  were averaged  over a l l  p o s s ib le  m utual 

o r ie n ta t io n s  o f  th e  lo n e  d eu te riu m s. For a  3 - c lu s te r ,  each 

in te rm o le c u la r  conform ation  would r e q u ir e  4 x ^ x 4  s e p a ra te  

c lu s t e r  a n a ly s e s , one f o r  each com bination o f deu terium  p o s i­

t io n s  in  th e  15-atom a g g re g a te . Some lo n e  deu terium  o r ie n ta ­

t io n s  a r e  e q u iv a le n t,  and an  a p p ro p r ia te ly  w eighted average  o f
g

each o r ie n ta t io n a l  c o n tr ib u tio n  to  in  —, f  could  be u sed . Whiles c
t h i s  same v io la t io n  occurs in  l a r g e r  c lu s t e r s ,  th e  r e s u l t s  o f  

S e c tio n  V-2 show t h a t  a l l  o r ie n ta t io n a l  e f f e c t s  on th e  v p ie  

become sm all a s  th e  model becomes more i s o t r o p ic .  The v p ie  

r e s u l t s  o b ta in ed  f o r  any a r b i t r a r y  p o s i t io n  o f  th e  lo n e  deu terium  

in  th e  c e n t r a l  m olecule o f  a  9-  o r  13- c l u s t e r  o f  12CH^D a re  

r e p re s e n ta t iv e  o f  th o se  f o r  any o th e r  p o s s ib le  deu terium  

o r ie n ta t io n .

The A and B f a c to r s  c a lc u la te d  f o r  some sym m etric and 

asym m etric to p  m ethanes u s in g  a  9 - c l u s t e r  model in  th e  g ea r 

geom etry a re  shown in  Table XXEX, to g e th e r  w ith  r e s u l t s  o b ta in ed  

f o r  13CH^, 14CH^, 1SCD^. The 9 - c lu s te r  F -m atrix  i n  Table XXVI



Table XXEX 
A and B Values fo r  Methane Iso to p es

Molecule
A (°K2) 

E x p e r im e n t^  C ell
MCM^

9- c lu s te r (a)Experim entv '

B (°K) 

C ell
MCM^

9- c lu s te r

13c \ 93.8± 6.1 86.9 91.2 O.535+O.O6 O.32 0.543
14GĤ 231 .1H 0.0 163-9 172-1 1.42  +0.1 0.60 1.019
13 CĤ D 292.2± 3-7 282.8 290.7 2.995±0.03 2.86 2.931
12GH3T 502 .8+ 6 .5 453-5 481.5 4.827*0.07 4.20 4.760

12ch2d2 535-8+ 5*3 529.4 529.0 5.854+0.05 5-78 5.798
12CHD3 748.5* 6.1 763.2 756.0 8 .687+0.06 8.96 8.690
12CD4 894 .?± 6.8 943.2 928.1 11.097+0.06 11.92 . 11.094

(a ) E e f . (40)

(h) Gear geometry; | p [= 3.817 A
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was used ; th e  in te rm o le c u la r  s e p a ra tio n  was 3-817 A. S ince th e  

F -m atrix  was c a lc u la te d  from a " b e s t - f i t "  procedure w ith  

s p h e r ic a l  top  m olecules on ly , th e  c lo se  agreem ent w ith  th e  

experim en tal vapor p re ssu re  iso to p e  e f f e c ts  i s  e s p e c ia lly  

i n t e r e s t i n g .

V-4; V a ria tio n  o f  In te rm o le c u la r  S epara tion

The f in a l  MCM param eter v a r ia t io n  con sid e red  in  t h i s  

t h e s i s  re sea rc h  was a l t e r a t io n  o f  th e  in te rm o le c u la r  d is ta n c e ,

R (= |7 |)  • A g ea r conform ation f o r  a l l  s iz e d  c lu s te r s  was used 

and th e  F -m atrices  g iven in  T able XXVI were assumed to  be 

in v a r ia n t  w ith changing in te rm o le c u la r  s e p a ra tio n .

F igures 29, 30, 31 show th e  c a lc u la te d  A v a lu es  a s  a

fu n c tio n  o f |p | f o r  m -c lu s te rs  (m = 3 ,7 ,9 ,1 3 )  o f l 3CH ,̂ 

and 12CD ,̂ r e s p e c t iv e ly ,  r e l a t i v e  to  1ECH^. Computations were 

done a t  0 .2  A in te r v a ls  over th e  range o f  |p \ = 3 A to
i—i 0 °|p |  = 10 A fo r  m = 3, 7, and 9 , and a t  1 .0  A in te r v a ls  fo r

m = 13- For a l l  is o to p e s ,  th e  A fa c to r  d ec rease s  m onotonically

a s  th e  in te rm o le c u la r  s e p a ra tio n  in c r e a s e s . This behav io r i s  

expected  s in c e  th e  e x te rn a l  modes f o r  both th e  heavy and 

re fe re n c e  is o to p ic  sp ec ie s  become u n r e s t r ic te d  a t  la rg e  sep a ra ­

t io n  and approach zero  frequency . The curves in  F igures 29 - 31 

have a  f i n i t e  l im i t  a t  i n f i n i t e  sep a ra tio n  because o f th e  

assum ption o f  pure harmonic m otion: a t  l a r g e r  in te rm o le c u la r  

d is ta n c e s ,  th e  " tru e "  p o te n t ia l  begins to  f l a t t e n ,  bu t th e  

harm onic p o te n t ia l  con tinues to  in c re a se  in d e f in i te ly ,  becoming
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6 8 10

171 (A)

Figure 29. The vpie A fa c to r  fo r  13GĤ  as a
fu nction  of interm olecular separation . The
numbers in  parentheses in d ica te  c lu ster  s iz e ,
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176
(13)

172

170

168
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Figure 30. The vpie A fa cto r  for  14 CĤ  as a
function  o f interm olecular separation . The
numbers in parentheses in d icate  c lu s te r  s iz e ,
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6 853 7 9 10

\ r \  (a)

Figure 31* The vp ie A fa c to r  fo r  ,2CD̂  as a
function  o f interm olecular separation . The
numbers in parentheses in d icate  c lu s te r  s iz e .
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a p oorer and poorer approxim ation a s  th e  am plitude o f  e x te rn a l

v ib ra tio n  g e ts  la r g e r  ( 63 )• S ince we a re  concerned w ith  th e

g en era l vapor p re ssu re  iso to p e  e f f e c t  behav io r in  th e  ne ighbor­
ed

hood o f  ^  A s e p a ra tio n , t h i s  a r t i f a c t  can be ig n o red . In  g e n e ra l,

a l l  th re e  s p h e r ic a l  to p  methanes show a  very  weak dependence o f

A on in te rm o le c u la r  s e p a ra tio n ; th e  change in  A fo r  medium c lu s te r

models o f  3 j 7 > 9 . and 13 m olecules i s  always le s s  than  l f ^ f o r

13CH  ̂ and 14CH  ̂ as f"p"f i s  v a rie d  by ± 5 0 ^  from 3 A to  5 A, and

always l e s s  than  j % f o r

The e f f e c t  o f  |fT( v a r ia t io n  on th e  B f a c to r s  o f  13CH ,̂

14CH ,̂ and 13CD̂  i s  shown in  F igu res 32, 33* and 3^i r e s p e c t iv e ly .

The v a r ia t io n  in  th e  i s o to p ic  zero  p o in t energy d if fe re n c e  a s  
!-*•( 0 0|p j goes from 3 A to  5 A i s  about 1% f o r  a l l  iso to p e s .  13CD  ̂

shows, a s  expected, th e  m onotonically  d ec reasin g  B w ith  in c re a s in g  

[pi f o r  a l l  m. The harmonic d e fe c t  a t  la rg e  in te rm o le c u la r  

s e p a ra tio n , mentioned above in  connection  w ith  th e  A f a c to r ,  

i s  a ls o  i n  evidence f o r  B^. The c a rb o n -su b s titu te d  methanes 

show th e  a d d it io n a l  anomaly o f m onoton ically  in c re a s in g  B v a lu es  

w ith in c re a s in g  Ip-) f o r  m ^ 7 .

Because th e  in te r n a l  co o rd in a tes  o f th e  c e n tr a l  m olecule 

do n o t in v o lv e  changes i n  th e  carbon-carbon d is ta n c e , th e  weak 

dependence o f B on in te rm o le c u la r  se p a ra tio n  must be due to  

a  k in e t ic  energy in te r a c t io n  between c e n tr a l  i n t e r n a l  co o rd in a tes  

and in te rm o le c u la r  e x te rn a l  c o o rd in a te s . These in te r a c t io n s  

a re  re p re se n te d  by elem ents in  th e  G. reg io n  o f  th e  G -m atrix
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0.57

O.56

(13)

6 85 9 103 7

\ p \ (A)

Figure 3 2 , The vpie B fa c to r  fo r  13GĤ  as a
function  o f interm olecular separation . The
numbers in parentheses in d ica te  c lu s te r  s iz e .
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1.07

1.05

(13)

I .03

1.01

6 8 109?

\7 \  (A )

Figure 33* The vpie B fa c to r  fo r  14CHj, as a
function  of interm olecular separation. The
numbers in parentheses in d ica te  c lu s te r  s iz e .
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11.1

(13)

l l . o

10.9

10.8

6 8 10

I p I (A)

F i g u r e  3 ^ .  The v p i e  B f a c t o r  f o r  ,2CD^ a s  a  
f u n c t i o n  o f  i n t e r m o l e c u l a r  s e p a r a t i o n .  T he  
n u m b ers i n  p a r e n t h e s e s  i n d i c a t e  c l u s t e r  s i z e .
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sh o w n  i n  E q u a t io n  ( 183) .  T h e  i n t e r a c t i o n  t e r m s  i n  t h i s  r e g i o n  

a r e  o f  s i x  p o s s i b l e  t y p e s :  t h r e e  r e p r e s e n t  t h e  i n t e r a c t i o n  o f  

i n t e r n a l  CH s t r e t c h i n g  w i t h  e x t e r n a l  CC s t r e t c h i n g  ( g r R ) » HCCH 

t o r s i o n  ( g r T )  o r  CCH n u t a t i o n  t a n ^ t h r e e  r e p r e s e n t  t h e

i n t e r a c t i o n  o f  i n t e r n a l  HCH b e n d in g  w i t h  e x t e r n a l  s t r e t c h i n g  

( s a R ) .  t o r s i o n  ( g a T )» o r  n u t a t i o n  ( g a g ) *

T a b le  XXX l i s t s  t h e  o p t i c a l  e i g e n v a l u e s  o f  t h e  c e n t r a l

m o l e c u l e  ( i n  cm 1 ) c a l c u l a t e d  f o r  1 S CH^, 1 3 CH^ a n d  1 S CD^ i n

-P. °  -w  °
b o t h  t h e  3-  a n d  7 - c l u s t e r  f o r  |p"| =  3  A a n d  |/>| =  1 0  A . G a s -

p h a s e  f r e q u e n c i e s  f o r  e a c h  o f  t h e  m o l e c u l e s  a r e  a l s o  l i s t e d  f o r

comparison. The d if fe r e n c e  in  freq u en cies  between th e fp"| = 10

c o lu m n  a n d  t h e  g a s - p h a s e  c o lu m n  i s  a  r e s u l t  o f  t h e  h a r m o n ic

1*1 0d e f e c t .  No d i f f e r e n c e s  a r e  o b s e r v e d  b e t w e e n  |p |  =  3 A a n d
O

|p"| = 1 0  A f o r  f r e q u e n c i e s  v ^ A i )  o r  v 3(e )  , a n d  o n l y  v e r y  

m in o r  d i f f e r e n c e s  a r e  s e e n  f o r  v3(T3) .  T h e l a r g e s t  o f  t h e  

s m a l l  f r e q u e n c y  d i f f e r e n c e s  i s  e x h i b i t e d  b y  v4 (T2) . S i n c e  

v 4 i s  a n  HCH b e n d in g  m ode o n l y ,  t o  a  f i r s t  a p p r o x im a t io n ,  

t h e  i n t e r m o l e c u l a r  d i s t a n c e  e f f e c t  on  B m u st  b e  t h e  r e s u l t  o f  

g a R , g a r , a n d / o r  g ^  i n t e r a c t i o n s .

To f i r s t  o r d e r ,  f n  - ~ , f  i s  d e p e n d e n t  o n  t h e  sum o f  t h e  

p r o d u c t s  o f  c o r r e s p o n d in g  P -  a n d  G -m a tr ix  e l e m e n t s  a s  sh o w n  b y
r t f  rs*

E q u a t io n  ( 2 7 ? ) .  I n  o r d e r  t o  d e t e r m in e  w h ic h  k i n e t i c  e n e r g y  

i n t e r a c t i o n  t e r m s  a r e  p r i m a r i l y  r e s p o n s i b l e  f o r  t h e  i n t e r m o l e ­

c u l a r  s e p a r a t i o n  e f f e c t  o n  t h e  z e r o  p o i n t  e n e r g y  (a n d  t h e  

a n o m a lo u s  b e h a v i o r  o f  B13 a n d  B14  v s ,  |T | f o r  m > 7 ) ,  t h e  z e r o -

>
>

0



T a b le  XXX

C e n t r a l  I n t e r n a l  F r e q u e n c ie s  a t  D i f f e r e n t  I n t e r m o l e c u l a r  D i s t a n c e s

1 S ® 4 l3CHq. 12GDi,

171= 10  A
l-H 0
|p | =  3  A gas 171= 10 A 171= 3 1 gas 1 7 1 = 1 0  A |p | = 3 A gas

V1 3 1 3 3 - 6 2 4 3 1 3 3 - 6 2 4 3 1 4 3 -7 4 1 3133.624 3 1 3 3 .6 2 4 3 1 4 3 .7 4 1 2 2 1 6 .6 4 8 2 2 1 6 .6 4 8 2 2 2 3 .8 0 4

V2
1 5 7 3 .2 0 0
1 5 7 1 - 6 3 3

1 5 7 3 - 2 0 0
1 5 7 1 .6 3 3

1 5 7 4 .2 1 5
1 5 7 4 .2 1 5

1 5 7 3 .2 0 0
1571.633

1 5 7 3 - 2 0 0
1 5 7 1 .6 3 3

1 5 7 4 .2 1 5
1 5 7 4 .2 1 5

1 1 1 2 .8 4 8
1 1 1 1 .7 3 8

1 1 1 2 .8 4 8
1 1 1 1 .7 3 8

1 1 1 3 .5 6 1
1 1 1 3 .5 6 1

m = 3
^ V3

3 1 4 0 .5 6 8
3 1 4 0 .3 5 6
3 1 4 0 .3 4 8

3 1 4 0 .5 6 8
3 1 4 0 .3 5 2
3 1 4 0 .3 4 4

3 1 5 4 .0 9 7
3 1 5 4 .0 9 7
3 1 5 4 .0 9 7

3129.902
3129.721
3129.715

3 1 2 9 .9 0 2
3 1 2 9 - 7 1 7
3 1 2 9 -7 1 1

3 1 4 3 .0 7 6
3 1 4 3 .0 7 6
3 1 4 3 .0 7 6

2 3 2 0 .6 1 8
2 3 2 0 .0 7 5
2 3 2 0 .0 3 4

2 3 2 0 .6 1 8
2 3 2 0 .0 6 4
2 3 2 0 .0 2 3

2 3 3 3 .2 0 1
2 3 3 3 .2 0 1
2 3 3 3 .2 0 1

1 3 5 5 .6 6 9  
1 3 5 3 - 0 0 2  
1 3 5 1 .5 1 6

1 3 5 5 - 7 3 5
1 3 5 2 .9 9 9
1 3 5 1 .5 0 2

1 3 5 7 .4 3 5
1 3 5 7 .4 3 5
1 3 5 7 .4 3 5

1347.016
1344.377
1342.675

1 3 4 7 .0 5 8
1 3 4 4 .3 7 4
1 3 4 2 .8 6 3

1 3 4 8 .9 1 4
1 3 4 8 .9 1 4
1 3 4 8 .9 1 4

1 0 2 9 - 3 6 4
1 0 2 4 .8 0 9
1 0 2 3 -9 5 1

1 0 2 9 .3 5 4
1 0 2 4 .8 0 6
1 0 2 3 .9 2 6

1 0 2 7 .0 3 2
1 0 2 7 .0 3 2  
1 0 2 7 .0 3 2

Vl 3 1 3 3 - 6 2 4 3 1 3 3 - 6 2 4 3 1 4 3 - 7 4 1 3133.624 3 1 3 3 - 6 2 4 3 1 4 3 .7 4 1 2 2 1 6 .6 4 8 2 2 1 6 .6 4 8 2 2 2 3 - 8 0 4

1 5 7 0 .3 7 1
1 5 7 0 .2 7 7

1 5 7 0 .3 7 1
1 5 7 0 .2 7 7

1 5 7 4 .2 1 5
1 5 7 4 .2 1 5

1570.364
1570.276

1 5 7 0 .3 6 4
1 5 7 0 .2 7 6

1 5 7 4 .2 1 5
1 5 7 4 .2 1 5

1 1 1 0 .9 4 3
1 1 1 0 .7 9 4

1 1 1 0 .9 4 2
1 1 1 0 .7 9 3

1 1 1 3 .5 6 1
1 1 1 3 .5 6 1

m «  ? v3
3 1 3 9 .7 2 5
3 1 3 9 - 7 2 2
3 1 3 9 - 7 1 0

3 1 3 9 .7 2 1
3 1 3 9 .7 1 3
3 1 3 9 .6 9 8

3 1 5 4 .0 9 7
3 1 5 4 .0 9 7
3 1 5 4 .0 9 7

3129.179
3129.177
3129.169

3 1 2 9 .1 7 5
3 1 2 9 .1 6 9
3 1 2 9 .1 5 9

3 1 4 3 .0 7 6
3143.076
3143.076

2 3 1 8 .9 8 2
2 3 1 8 .9 5 1
2 3 1 8 .8 7 9

2 3 1 8 .9 7 1
2 3 1 8 .9 2 7
2 3 1 8 .9 4 8

2 3 3 3 .2 0 1
2 3 3 3 -2 0 1
2 3 3 3 -2 0 1

V4
1 3 5 9 .4 7 9
1 3 5 2 .4 8 1
1 3 4 8 .4 3 2

1 3 5 9 - 4 6 2
1 3 5 2 .6 4 4
1 3 4 8 .3 8 3

1 3 5 7 .4 3 5
1 3 5 7 .4 3 5
1 3 5 7 .4 3 5

1350.757
1343.760
1339.670

1 3 5 0 .7 4 2
1 3 4 3 .7 4 3  
1 3 3 9 .6 2 6

1 3 4 8 .9 1 4
1 3 4 8 .9 1 4  
1 3 A 8 .9 1 4

1 0 3 0 .8 2 5
1 0 2 5 .0 0 0
1022.833

IO30.791
1 0 2 4 .9 8 4
1 0 2 2 .7 5 2

1027.032
1027.032
1027.032

-
06

1-
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o rd e r  F -m atrices  g iven in  Table XXVI have been supplemented

by th e  in c lu s io n  o f  non-zero  f  f  and f  a in te r a c t io n  te rm s.J a  R ocr ccp

The r e s u l t s  a re  shown in  Table XXXI. The q u a n ti ty  S2 i s  d efin ed  

a s  th e  d if fe re n c e  between th e  zero  p o in t energy s h i f t s  f o r  

!? | = 3 A-and I "pi « 10 A,

(1 = B(1pl = 3  a )  ~ b ( I p | = i o a )  ( 283)

A p o s i t iv e  Q re p re s e n ts  a  "norm al", m onoton ically  d ec re a s in g ,

B v s . Ip I b eh av io r.

As can be seen from Table XXXI, sm all changes in  a l l  eq u i­

v a le n t and f^jj term s have th e  g r e a te s t  in f lu e n c e  on th e  

b eh av io r o f  B a s  th e  in te rm o le c u la r  d is ta n c e  i s  v a r ie d . F u r th e r­

more, th e re  e x is t s  a  range o f va lu es  o f  f  ^ fo r  which S2 i s  

p o s i t iv e  fo r  bo th  c a rb o n -su b s titu te d  methane and hydrogen- 

s u b s t i tu te d  methane in  3~ and 7 - c lu s te r s .

While th e se  r e s u l t s  show th a t  components o f  th e  m olecu lar 

fo rc e  f i e ld  in  th e  l iq u id  phase f a r  removed from th e  d iag o n a l 

o f  F can in f lu e n c e  th e  g en e ra l behav io r o f th e  reduced p a r t i t i o n  

fu n c tio n  r a t i o ,  th e  e f f e c t  o f  vary ing  th e  in te rm o le c u la r  

s e p a ra tio n  i s  o f  v ery  sm all m agnitude.

V-5* Concluding Bemarks

This re se a rc h  has developed a  new model f o r  condensed phase 

in te r a c t io n s  d e riv ed  w ith in  th e  framework o f  th e  Born-Oppenheimer 

and harmonic ap p ro x im atio n s . The g en era l u se fu ln e ss  o f th e



Table XXXI

S e p a r a t i o n  E f f e c t s  i n  t h e  Z e r o  P o i n t  E n e r g y  S h i f t s  

■with A u g m en ted  L i q u id - p h a s e  F o r c e  F i e l d s

F
- c ea 0 ( 13c V

m = 3 

n ( 14cH^) a ( 13cH^)

m = 7 

f i( 14c V Sl( 13 cd4

-0 .010 +0.0162 +0.0230 +0.0984 +0.0331 +0 .0406 +0.0861
- 0.005 +0.0156 +0.0210 +0.0895 +0.0246 +0.0201 +0.0794

0.000 + 0.0151 +0.0191 + 0.0622 - 0.0091 -0 .0167 +0.0641
+0.005 + 0.0150 + 0.0186 + 0.0556 -0 .0228 - 0.0307 + 0.0246
+0.010 +0.0148 +0.0184 + 0.0501 - 0.0290 -0 .0376 + 0.0125

- 0.010 +0.0150 + 0.0196 + 0.0586 -0 .0084 -0.0159 + 0.0600

- 0.005 +0.0151 + 0.0193 + 0.0604 -0 .0089 -0 .0164 + 0.0626
0.000 + 0.0151 + 0.0191 + 0.0622 - 0.0091 -O.OI67 +0.0641

+0.010 + 0.0150 + 0.0196 + 0.0677 - 0.0096 - 0.0170 +0.0685

(mdyne)

OCT

ccp

- 0.010 + 0.0312 + 0.0307 + 0.1102 + 0.0112 -0 .0 3 5 ? - 0.0150
- 0.005 + 0.0222 + 0.0261 + 0.0868 + 0.0103 - 0.0103 - 0.0312

0.000 + 0.0151 + 0.0191 + 0.0622 - 0.0091 -0 .0167 + 0.0641
+0.005 - 0.0030 + 0.0104 + 0.0344 -0 .0292 - 0.0311 -0 .0097
+0.010 -0 .0086 + 0.0006 - 0.0018 - 0.0302 - 0.0360 - 0.0152

-2
61

-
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medium c lu s te r  th eo ry  fo r  p re d ic tin g  and in te r p r e t in g  th e  vapor 

p re ssu re  iso to p e  e f f e c t  has been dem onstrated; in  p a r t ic u la r ,  

th e  observed vp ie  fo r  a  s e r ie s  o f  is o to p ic  methane d e r iv a t iv e s  

has been s u c c e s s fu lly  reproduced w ith b e t t e r  agreem ent w ith 

experim ent than  has been p o s s ib le  u s in g  th e  sim ple .c e l l  model.

We have concluded, however, t h a t  in s o fa r  a s  th e  medium c lu s te r  

model p rov ides a reaso n ab le  p ic tu re  o f  th e  l iq u id  s t a t e ,  th e  v p ie  

i s  n o t s u f f i c i e n t ly  s e n s i t iv e  to  m olecular o r ie n ta t io n  to  perm it 

an experim ental d e te rm in a tio n  o f  in te rm o le c u la r  o r ie n ta t io n  in  th e  

condensed phase th rough measurement o f i s o to p ic  p re ssu re  r a t i o s .  

The very  f a c t  th a t  th e  MCM c a lc u la t io n s  have shown th e  v i r tu a l  

independence o f th e  vp ie  on m olecular o r ie n ta t io n  a t  la rg e  c lu s te r  

s iz e s  i s  a  dem onstration  o f  th e  g en era l a c c e p ta b i l i ty  o f th e  

c e l l  model assum ptions as  f a r  a s  th e  vp ie  i s  concerned.

F u tu re  a p p lic a tio n s  o f  th e  MCM th e o ry  might in c lu d e  an 

exam ination o f system s th a t  e x h ib i t  s tro n g  a s s o c ia t io n  in  th e  

condensed phase. As m entioned in  S ection  IV -3C> th e  e x te rn a l 

p a r t  o f  th e  MCM fo rc e  f i e l d ,  F , c o n s is ts  o f  m-1 subm atrices 

which were assumed to  be id e n t i c a l  in  t h i s  study  f o r  th e  methane 

case [E quation  (216)3 . By a s s ig n in g  la r g e r  corresponding  e le ­

ments to  one subm atrix  w hile  keeping  th e  o th e rs  eq u a l, a  dim er­

l i k e  in te r a c t io n  in  th e  condensed phase i s  s im u la ted , so th a t  

a  c o r re la t io n  between m olecu lar a s s o c ia t io n  and th e  v p ie  may be 

in v e s t ig a te d .  The methodology developed in  t h i s  re se a rc h  w il l  

a ls o  be u s e fu l  in  o th e r  a sp e c ts  o f  condensed phase th eo ry  such as 

th e  e f f e c ts  o f "h o les"  and m olecular d is lo c a t io n s .
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program 9090

THE PURPOSE OF THIS PROGRAM IS TO CALCULATE AM X-MATRIX 
FOR USE WITH THE 9071 PROGRAM,.,.,.,
IF L = 1* AW ASSUMPTION OF PLATONIC CLUSTER SHAPE IS MADE 
CLUSTER SIZE = M MOLECULAR SIZE = N

DOUBLE PRECISION PSI. THETA. PHI, A,8 tRHOtXtTEMP 
DIMENSION A(13*13),0(13 .13) .RHO(13)tX(13.3 i 6>tPHI(13).

1THETA113I ,PSI(13) ,NC0L(3)
REAL*8 MODEL ( 6 ) /  ' Z-Y-X’ . • Z-X-Y* , •Y-Z-X*t*Y-X-2*. 

l'X-Z-Y*. *X-Y-Z'/
INTEGER LABEL(3) / ' Z ' l ' T ' i ' X ' /
DATA A/14*0, ,3*90. ,45. ,2*90. ,0 .  ,1+5. ,3*0. ,90. ,2*0. ,2*90. ,45. ,2*90 

1 , tO.,45* ,3*0 . ,9 0 . ,3 * 0 . ,9 0 . ,1 3 5 . ,2 * 9 0 . ,0 , ,4 5 . ,3 * 0 . ,9 0 .
2 ,4 * 0 . ,1 3 5 . ,0 , , 9 0 , , 0 . , 4 5 . , 3 * 0 . , 9 0 . ,
3 5*0 . ,130 . ,2*0 . ,135 , ,3*0 . ,90 . ,6*0 , ,160* ,0 . ,135 . ,3*0 , ,90 ,•
48*0.,135.,3*0, ,30 . ,8*0 , ,135 , ,3*0 , ,30 . ,12*0 , ,30 . ,12*0 . ,150* ,12*0 , ,
5150. .12*0. ,150. /
DATA 8 /2 3 * 0 , ,1 8 0 . ,1 2 0 . ,1 8 0 . ,1 2 0 . ,9 0 . ,0 . ,9 0 . ,3 * 0 . ,6 0 . ,

13*0.,24 0 . ,90 . ,24  0 . ,1 0 0 . ,0 . ,1 3 0 . ,3 * 0 . ,1 2 0 . ,4 * 0 . ,2 7 0 . ,0 . ,2 7 0 , ,3 * 0
2 . .160 . .12*0 , ,240 . ,6*0 . ,90 . ,3*0 .*300 , ,8*0 . ,160 . ,3*0 , ,30 , ,6*0 . ,270 . ,  
33*0 . ,150 . ,12*0 . ,270 . ,12*0 . ,90 . ,12*0 . ,210 . ,12*0 . ,330 . / ,PI/3,14159/

2000 READ(5,1) Id£NT,N,M,L
1 FORMAT(416)

IF(6+IDENT) 3000,20,3000
20 DO 21 J=1.N
21 READ (5,2) (X(1,K,J).K=1,3)

2 FORMAT( 3F14.6)
IF(L.EQ.l) GO TO 22 
DO 13 1=2,M

13 READ (5,3) RHO( I ) , A(M, I ) , B(M* I )
3 FORMAT(F14.6.2F10.6)

GO TO 17
22 READ (5,4) RH0I2)

4 FORMAT (F14.6)
DO 23 1=3,M

23 RHOfI)=RH0(2)
17 CONTINUE

WRITE(6,8) M
B FORMATt'1 * , 'THE X-MATRIX FOR THE * ,1 2 , ' -CLUSTER FOLLOWS*)

WRITE(6,483)
483 F0RMAT(* + * *38(•„*))

WRITE(6,484)
484 FORMAT!*0*)

DO 55 1=2,M
XI1 ,1 ,1 )=SNGL(X(1 ,1 , l)+RHO(I)*OCOS(A(M,D*l.74532925199440-02)I 
IF(DABS(X(1 ,1 ,1 ) ).LE.(0,000001)) X(I.1,11=0,0
X(I,2 ,1 )=SNGL(X(1,2.1)+HH0(I)*DSIN(A(M,11*1.74532925199440-02) 

1*DCOS(B(M,I)+1,7453292519944D-02))
X(I,3,1)=SNGL(X(1,3,1)+RH0(I)*DSIN(A(M,I)*1.74532925l9944D-02) 

1*DSIN(B(M,T)*1.7453292519944D-0P»)
DO 55 J=2,N 
DO 56 K=1,3 

56 X(I,K,J)=X(1,K,J)
55 CONTINUE
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do 44 1 = 1 1 n
READ (5.4A5) PSI(I ) , THETA( I >,PHI( I ) . MODE 

405 F0RMAT(3F14.6»I6)
WRITE(6,7)
WRITE<6,5) PSI(I)iTHETAtlt,PHI(I), MODEL(HoDE)

5 FORMATf • , 6X, ’ROLL I Z > s * , F12 • 6*' DEGREES',3X,
1*YAW IY> = * ,F i2 .6 , ' DEGREES',3X,•PITCH(X)=' .F12.6,
2' DEGREES',5X,'THE ROTATIONAL MODE IS ' ,A0)

PSI<I>=PSI(I>*1.74532925199440-02 
THETA(I)=THETA<I>*1.74532925199440-02 
PHICI>=PHI(I>*1,74532925199440-02 
GO TO (101,102,103,104,105.106).MODE

101 CONTINUE
C ROLL SUBSECTION

00 30 J=2.N 
TEHP=X(I*2,J)
X(I,2,J)=-X(I,3,J>*DSIN«PSI<I>>+X(It2,J)*0C0S(pSICl> >

30 X(I,3, J)=X( 1,3. J>*DCOS(PSI(I) > + TeHP*DSIN(PSHI > >
C YAW SUBSECTION

DO 31 J=2.N 
TEHP=X(I*3,J)
X(I,3,J>=X(I,3,U>*DC0S(THETA(I>>-X(I,1,J>*DSIN(THETA(I)>

31 X(I,l,J>=TEHP*nSIN(THETA(I) >+X(I,l,J)*DCOS(THETA(I)>
C PITCH SUBSECTION

DO 32 J=2, N 
TEHP=X( I , 2 , J)
XCI,2,J)=X(I,2,J)*DC0S(PHI<I>)+X(I, 1 . J >*OSIN(PHI<I )>

32 XCI, 1 . J)=-TEMp*DSlNtPHl( I > >+X(1,1 ,J >*DCOS(PHI( I ))
GO TO 200

102 CONTINUE
C ROLL SUBSECTION

DO 33 J=2.N 
TEHpsX( I , 2 . J )
X(J,2,J>=-X{I,3,J>*DSIN(PSI(I> >+X(It2,J>*DC0S(PSl(i> >

33 XII , 3 , J)=X< 1.3, J>*DCOSlPSl (I > ) +T[;MP*DSIN( PSI 11 > >
C PITCH SUBSECTION

DO 34 J=2,*J 
TEMP=Xl1 .2 ,Jt
X ( 1,2 , J > =X I 1 . 2 , J>*ocOS(PHI11>)+X( 1, 1 , J )*DSIN(PHI 11) I

34 Xll.l.J)5-TfMP*DSIN(PHl* H ) + X(I•1, J >*dCOS(PHI I I >)
C YAW SUBSECTION

DO 35 J=2.N 
TEHP=X(I,3,J>
X(I,3,J>=Xt1 .3 ,d>*DCOS(THETAII> >-X( 1, 1 . J ) *DSIN<THETA11>)

35 XCI.1,J)=TEMP*DSINITHETAII) ) +X( I •1 ,J )*DCOs(THETA(I )>
GO TO POO

103 CONTINUE
C YAW SUBSECTION

DO 36 J=2, N 
TEMP=X(I.3,J)
X<I,3,J)=X(I,3,J>*DC0S(THETA(I))-XII,1.J>*DSIN(THETAII)»

36 XII,1.J)=TEMP*0SIN(THETA(I>)+X11, 1 . J )*DCOS(THETA11)>
C ROLL SUBSECTION

DO 37 J=2.N 
TEHP=X(I,2.J)
X(I,2, J)=-X( 1 ,3 ,J>*DSIN(PSI(I> >+X(I,2,J>*DC0S(PSI(I> >

37 X(I.3.J)=X(I.3,d)*DC0S(PSICI)>+T£HP*DSlN(PSI( I )>
C PITCH SUBSECTION

DO 36 J=2,H 
TEHP=X( I . 2 , J>
X(I,2,J>=X(1 ,2 ,J>*DCOS(PHI11>)+X( 1, 1 , J )*OSINIPHI 11)>

30 X(I,l,J)=-TEMp*DSlN<PHl 11 ) > + X I I , 1, J > *OCOS I PHI'I I ) 1 
GO TO 200

104 CONTINUE
C YAW SUBSECTION

DO 39 J=2»N
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TEMP=X(Ii3, J)
X<I,3,J)=X(I ,3.J)*DC0S(THETA(I ) >-X i I • 1 * J )*OSIN(THETA( I ) I 

3 9  X( 111 1 J) =TEHP*DSIN (THETA( I ) )+X(I,l,J)*DCOs( THETA( I ) >
C PITCH SURSECTION

DO 60 J=2,N 
TEMP=XrI,2«J)
XU, 2 .J)=XtIi2,J)*DC0S(PHI(I) )+X<I.t.J)*DsiN(PHltI))

60 X( I * 1 . J ) =-TEMP1*OS IN (PHI U I ) +X ( 1, 1 , J) *0C0S ( PHI ( I ) >
C ROLL SUBSECTION

DO 61 J=2 .N 
7EMP=X! 1, 2 « J)
X(I.2.J)=-X(I,3.UI*DSIN<PSHI»)+X(Ii2«JI*DC0S<PSI(i ) >

61 XU,3,JI=XtI.3«J>*DC0S(PSI(I > ) +TeMP*Ds IN t PSI ( IJ)
GO TO 200

105 CONTINUE
C PITCH SUBSECTION

DO t>2 J=2,N 
TEMP=X<I, 2 , J)
XU»2,J) = X<I,2, J)*DCOS(PHI(I) >+X(I.liJJ*DSIN(PHKI>)

62 X(Itl.J)=-TEHP*OSIN(PHl(I))+X{I,l.J)*DCOS<pHI«IM 
c ROLL SUBSECTION

DO 63 J=2 tN 
TEMp=X(I,2.J)
X(I,2.J)=-X(I,3td)*DSIN(PSI(I) ) + X(I.2i J)*DCOS»PSIII))

63 X(I,3,J)=XU,3»J)*DC0S(PSIU> » +TeMP*DSI N < PS I ( I ) »
C yaw s u b s e c t i o n

DO 64 J=2 ,N 
TEMP=X(1, 3, J )
X(I,3,J1=X<I,3iJ)*OCOS(THETA(I>1-X11«1 *UJ*DSIN(THETA( I ))

64 XIIi li  JJ=TEflP*DSIN( THETA ( I ) ) +X (I , 1 » J ) *OCOs ( THETA < I J!
GO TO 200

106 CONTINUE
C PITCH SUBSECTION 

DO 65 J~2«N 
TEMP=X( 1 1 2 * J )
XU,2.J)=X(I,2,J)*DC0S(PHI (I) )+X(IU, Jl ♦OSIN (PHI (I ) I

65 XII. 1. J> = -TEi":p*OSlN(PHl < I) )+X(I,l,J)*DCOS(pHI(I) )
C YAW SUBSECTION

DO 65 J=21N 
TEHp=XlI. 3 , J)
X(I»3tJ)=X{It3.J)*DC0S(THETA(I))-X(I«l»'J>*DSIN(THETA(I» »

6 6  X(I»1.J)=TFMP*DSINCTHETA(I)}+X(IiltJ)*OCOsiTHETA(I))
C ROLL SUBSECTION

00 67 J=2,N 
TEHp=X(I. 2 , J)
XU,2,J)=-X(I ,3 ,  J)*DSIN(PSHI) ) + X(I.2, J)*DCOS(PSKl) )

67 X(I,3,J)=X<I,3«J>*DC0SIPSI< I>1+TEMP+DSIN(PSICI) I 
200 DO 19 J=£ , N

DO 16 K=113 
16 X!I,K,Jt=X(I,K,JI+X(I,K,1)
19 CONTINUE 
43 CONTINUE

WRITE (6,7)
7 FORMAT! • - * )

DO 46 K=l,3 
46 WRITE(6«9) LABEL(K) 1 (X( ItK.JI. J=1.N) 

9 FORMAT!• *,A4,6F14.6)
45 CONTINUE 
44 CONTINUE 

NN=1
DO 406 1=1«M 
DO 408 J=ltN
WRITE (9,409) (K,NN<XII,K,J),t< = 1.3l 

408 NN=NN+1



*10*9 FORMAT<3<213,F20,15)>
WR1TE(9 * 777)

77? format o x , *-i * j
1000 continue:

GO TO 2000
3000 CGNUNUe

END
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c
c THE FOLLOWING PROGRAM PRE-ASSEMBLES F
C

IMPLICIT REAL*fl (A-HtO-Z)
REAL*** RECORD! IB)
DIMENSION NRO(339).NC0I339),NF0(339),Z(339> 
DIMENSION F(l*t7,l*l7)iFIt20J 
NAMELIST/ERROR/K«NROiNCOiMFOiZ 
READ(5 111 (RECORD(I),I=1<18)

1 FORMAT(18A4)
READ(5,2J MQiNOZiNF

2 FORMAT(315)
READ<5.3J (NRO(I) t NCO( X) <NFO(I). 2 11)* 1 = 1 *NOZ>

3 FORMAT(9<3l3,F9.6))
READ(5,4 > (FKK) .KsliNFI '

t* FORMAT (6F12.6)
00 10 1 = 1 , MQ 
DO 10 J=1,NQ 

10 F ( I , J ) =0 , 0 0 0  
DO 170 K=1iNOZ
IF(NCO(K)-NQ.GT.O) GO TO 615 
IF(NRO(K)-NCO(K(• GT,0 ) GO TO 615 
IFINFO(K)-NF.GT.O) GO TO 615 
I=NRQIK)
J=NCOtK)
H=NF0!K)
FU»J)=F(I. J)+Z(K>*FI(M)

170 F(J«I)sF(I,J1 
00 179 1=1,NO

179 WRITE(121 (FfI.J)*J=1»NQ)
WRITE(6,1) (RECORD(I),1=1,18)
DO 180 1=1,NO

180 WRITE(6»6> I , ( F<I , , J=1•NQ>
6 FORMAT(5H0 R0Wl9/(10pl2,6>>

GO TO 90 
615 WRlTE(6,ErroR)
90 CONTINUE 

END



n 
n 

o 
o 

o 
o 

o 
n

n
n

n
n

o
n

o
o

r
>

r
>

o
n

o
n

r
>

r
>

o

-200-

THIS IS A MODIFICATION OF 9071 AND COMPUTES COORDINATES USING 
ISOTOPE-INDEPENDENT B-MATRIX FOR BOTH INTERNAL AND EXTERNAL 
COORDINATES. B IS COMPUTED FOR ISOTOPE 1 ONLY. PROGRAM 9071 IS 
AN ISHIOA MODIFICATION OF SDW 90&4I. G MATRIX EVALUATION PROGRAM 
FOR IBM 7090- MONITOR THIS PROGRAM EVALUATES G AND B MATRIX 
ELEMENTS FOR UP TO 84 COORDINATES FOR MOLECULES CONTAINING UP TO 
28 ATOMS. THE G MATRIX MAY BE SYMMETRIZED G AND B ARE PUNCHED 
ONTO CARDS IN A FORM SUITABLE FOR INPUT TO SO 9032. THE MOMENT 
OF INERTIA TENSOR ANO THE TRANSFORMATION TO PRINCIPLE AXES ARE 
EVALUATED. THIS PROGRAM EVALUATES G AND B MATRIX ELEMENTS FOR 6 
TYPES OF INTERNAL COORDINATES, ( 1 ) BONO STRETCHING, ( 2 ) VALENCE ANGLE 
BENDING.I3IOUT OF PLANE WAGGING. ( 4 ) TORSION, (5)LINEAR VALENCE 
ANGLE BENDING.AND(6)IN PLANE WAGGING FOR UP TO 28 ATOMS AND UP TO 
84 INTERNAL COORDINATES. THE INPUT DATA ARE THE MASSES AND THE 
CARTESIAN COORDINATES OF THE ATOMS IN AN ARBITRARY REFERENCE 
FRAME.

IMPLICIT REAL*8(A-H.O-Z>
DIMENSION X( 3 ,6 6 ) ,WT(66).0(197,1471.Nl(147),NC0D(147),Nl<147> » 

1N2(197) , n3(147) ,n4 (147) .N5(147) ,n&(147).G(147,l47) ,
2NR0W( 4 ) . NCOl (41,OATIN(4). R(31.D(66.66)

R£AL*4 RECORD{3b)
INTEGER CONCAT
COMMON x. wt. b. ind. noprob. noat. nq, int. niso, na. mj, noint. n i , ncod, n i .

1N2. N3. N4 » N5. N6. JOKER. MR OB. NOP. NCA »NS. NCD. N7. N8 
EQUIVALENCE (G.D)

90 READ (5.12) IND,NOP.NOAT.NQ,INt ,NISO,CONCaT 
12 FORMAT(13.14.12,413)

IFC9+IND) 95.92.95 
95 CALL EXIT 
92 NOPROB=100*NOP

100 READ(5.14) (RECORDtI>.1=1.36)
14 FORMAT(18A4)

101 WRITE(6.50) N0PR0B.NQ.NIS0
50 FORMAT(22Hl G MATRIX PROBLEM N0.IS,I6,12H COORDlNATESI4 , 9H ISOTOPE 

IS)
read x matrix, the cartesian coordinates of the atoms.

the x matrix is punched in is  column fields, 4 per caRd. the 
FIRST three COLUMNS GIVE THE ROW NUMBER IDENTIFYING THE 
CARTESIAN AXES, COLUMNS 4-6 GIVE THE COLUMN NUMBER OF THE X
matrix. the atom number, and columns 7 - i e  give the element with
THE DECIMAL point BETWEEN COLUMNS 12-13 OR PUNCHED.THE 
ROW NUMBER FOLLOWING THE LAST ELEMENT IS SET EQUAL TO -1,

105 00 107 1=1,3
DO 107 J=1« NOAT 

107 X<I. J)=0.000
106 IF(CONCAT.EO.l) GO TO 2

READ (5,16) (NROW(L),NCOL(L>.DATIN(L),L=1.3>
GO TO 3

2 READ(9,16) (NROW(L)»NCOL(LI,DATlN(L)«L=1»3)
16 FORMAT(3(213.F20.15 I )
3 WRITE (6.21) (NROW(L) , NCOL(L)»OATIM(L) , L=1,3)

21 FORMAT( 1M 3(213,F20.15))
109 DO 114 L=1.3

IF(NROW(L)}116.600,111
111 IF(3-NR0W(L) >600,112.112
112 IF(MOAT-NCOL(L>>600,113,113
113 I=NROW(L>
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J=NL0L(L>
114 X ( I « J I =0ATIN(L )

GO TO 106 
116 IF ( NROW(L)+l)600.120,600

READ INTERNAL COORDINATE VECTORS
A VECTOR OF 6 NUMBERS Nl.NCOp.Nl,n2,N3.N4iN5,N6 GIVING THE NO. 

ASSINGEO TO THE INTERNAL COORDINATE iNI, THE COOE IDENTFYING 
THE TYPE OF COOROIMATE, NC00. AND ThE NUMBERS OF THE ATOMS 
DEFINING THE COORDINATE.

TYPE CODE Nl N2 N3 N4 N5 N6
STRETCHING 1 I J
benuing 2 I J K IX JX

OUT PLANE WAG 3 I J K L IX JX
TORSION 4 I J K L IX JX
LINEAR BEND 5 M02 I J K IX JX

IN plane wag 6 I J K L IX JX
CRaWFORD TORSION 7 11 12 13 14 15 16

IX AND JX GIVE The BOND DISTANCE RY WHICH the COORDINATE IS TO 
WEIGHTED. IF IX=JX,NOT EQUAL TO ZERO* THE UEIGHTING FACTOR IS 
SET EQUAL TO l.ODO.
NOTE THAT FOR THE LINEAR BENDING TYPE N1=N02 THE NO.OF THE 
BENDING COORDINATE PERPENDICULAR TO Nl.

THE INTERNAL COORDINATE VECTOR IS PUNCHED IN 24 COLUMN FIELDS.
3 COLUMNS FOR EACH OF THE 6 ELEMENTS IN THE ORDER NI,NC0D,N1 
N2.N3.Nii.M5.N6, THERE ARE THREE FIELDS PER CARD.

ATOM NUMBERS FOR WEIGHTING PURPOSE FOR CRaWFORD TORSION, N7(J) AND 
N8(J), ARE PROVIDED IN CARDS DIRECTLY AFTER THE LAST INTERNAL 
COORDINATE VECTOR CARD.

120 READ (5.16) (NI(J),NCOO(J)«Nl(J>«N2(J). N3(J )«M4(J ) iN5(J)•
1N6(J) , J=1,IMT>

18 FORMAT(3(613)I
WRITE (6.151 NOPROB

15 FORMAT(51H0 THERE FOLLOWS COORDINATE VECTOR INPUT PROBLEM NO,18) 
WRITE (6.191 (Nl<J),NC0O{J),Nl(J),N2(J),N3{J),N4(J>,N5(J

1 ) ,N6(J),J=1,INT)
19 FORMAT(3(613))

122 00 126 J=1<INT
IF(NQ-NI( J) >605.12<l. 129 

12<1 IF(NCOO( J116D5.605.125
125 IF(7-NC0D(J)1605.126.126
126 CONTINUE 
130 NA=3*N0AT

JOKER=0 
132 00 134 1=1,nQ 

DO 134 J=1,NA
134 B(I.J)=O.ODO
135 MJ=0 
140 HJ=NJ+1
142 IF( INT-MJ1 271.150,150 
150 N01NT=NI(MJ1 

MX=NCOD(MJ>
152 GOTO (160,1 7 O.I8 D,190,200.210.220).MX 

STRETCHING SUBROUTINE 
160 CALL BOST

IF(JOKER >140,140,610 
BENDING SUBROUTINE 

170 CALL BEND
IF I JOKER 1140.l*+0,610 
OUT OF PLANE WAGGING SUBROUTINE 

180 CALL OPLA
IF(JOKER 1110,140,610 
TORSIONAL SUBROUTINE 

190 CALL TORS
IF(JOKER)140,140,610 
LINEAR BENDING SUBROUTINE 

200 CALL LIBE
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ir« JOKER >14o.140, 610 
c IN plane wagging subroutine

£10 CALL PWAG
IF IJOKER1140,140,610 

C CRAWFORD TORSION SUBROUTINE
220 READ (5.900) N0INT.N7.N8
900 FORMAT 1313)

CALL TORC
IF (JOKER) 140 , 140»610 

' 271 NS=1
c read isotope control card containing the following information
c l .IN=-06 IDENTIFYING CARD. IN COLUMNS i_3,
C 2.IFL=1, IF LIQUID PHASE. ZERO OTHERWISE. COLUMN 6.
C 3*IFLP=l. IF PRECEDING ISOTOPE IS LIQUID. ZERO OTHERWISE.

2 7 2  Read <5 . 2 0 2 2 ) in . i f l . i f lp .(RecoRo<i>*i=1'1o)
WRITE(B.56) NOPROB.NSt(RECORD)I),1=1.10)

2022 FORMAT(313,10AO)
IF(6+IN)620,276,620 

C READ MASSES
276 READ (5,20) (WT(I) ,1=1 ,NOAT)

20 FORMAT(5F12.6)
22 FORMAT(6F12,6)

WRITE(0.22) (UT(1),  1=1,NOAT)
IF(NS-1}3005,3001,3005 

3001 MO=NO+6
GO TO 3005 

3005 IFCIFL-1I2005,2010,2010 
2005 IFIIFLP-1J2740.2020.2020 
2010 lFflFLP-l)2025,740.740  
2020 NQ=NQ-6

GO TO 740 
2740 1F(NS-1)95,2025,7»)0 
2025 NQ=NQ+6 

740 CALL MOMIN
IF INS-1)10 05,1005,224 

1005 IF(IFL)95,1010,224 
1010 NQ=N0-6 

224 DO 2B2 1=1,MO 
DO 2B2 J=l,MO
G d ,  j)=o,ono
00 282 L=1, NOAT 
00 282 M=1,3 
K=3*(L-1)+M 

282 G(I,J>=G(I,J)+B(I,K)*D(J.K)/WT(L)
DO 300 1=1,NQ 
DO 300 J=i, NQ
IF(0 .00005-DABS(G(I,J)))300,294,294  

294 G(X,J)=0.00000 
300 CONTINUE

WRITE (6,56) NOPROB.NS,(RECORD*I).1=1,10)
58 FORMAT 118H1 G MATRIX PROf3LEMl8,SH ISOTOPEI3/12X»10A4)

DO 2B4 1=1,NQ
WRITE (6,54) I , I G ( I ,J ) ,0=1,NO)

56 FORMAT(4H0ROWI3/(10F12.G))
284 WRITE(8,33) (G<I. J ) , J=I•NQ)

33 FORMAT(4E10,9)
390 NS=HS+1
398 IF(NISO-NS >600,272,272 
400 DO 406 1=1,NOAT 

00 406 J=1.W0AT 
DSO=O.ODO 

403 DO 405 M=l,3
R(.M)=X(M,J)-X(M.I )

405 OSQ=OSQ+R(M)*R(M)
406 D(I»J)=nSQRT(DSQ)
414 WRITE (6,68) NOPROB
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600 WRITE (6.72
72 FORMAT(24H0

CALL EXIT
605 WRITE (6,74

74 FORMAT(35H0
GO TO 400

610 WRITE (6,76
76 FORMAT(29H0

lI3,7H JOKER

68 FORMAT(28H1ATOM OISTANCE CHECK PROBLEMIBI 
416 DO *416 1=1,NOAT
418 WRITE(6,701I,(D(I.J) , J=l,NOAT >

7o FORMAT(5HOATOKI3/<12F10•6))
IF(JOKER.GE,1J CALL EXIT 
GO TO 90

I NOPROB
X MATRIX ERROR PROBLEMI6)

1 NOPROB
INTERNAL COORDINATE ERROR PR08LEMI8)

\ NOPROB,NOiNT,MX*JOKER
ERROR IN SUBROUTINE PROBLEMIB,llH C00R0INATEI3,5H COOE 

:r=i 3)
GO TO *100

6 1 5  WRITE (6,78) NOPROB,NS,L,NRoW(L),NC0L(H,DATlN(L)
78  FORMAT(23H U MATRIX ERROR PR0aLEMI8,8H IS0T0PEI3,6H FIEL0I3.6H REA 

lOS,I<t,I«t,F12.6>
GO TO *400

620 WRITE (6,80) NOPROB
8 0  FORMAT(22H ISOTOPE ERROR PROBLEMI8)

GO TO 400 
END
SUBROUTINE BOST 
IMPLICIT RF.AL*8(A-H,0-2>
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS FOR A BOND STRETCH 
AS DEFINED BY WILSON.
DIMENSION X(3,66) ,U-T(66) ,B(lA7,l*+7) ,NI (1R7) »NCOO (147 ) «Nl (147 » , 

1N2U47) ,N3(147> ,N4{147) ,N5(147>,N6I147> ,KIJ(3)
COMMON X,WT,B,IND,NOPROB,NOAT,NO,INT, NlSO, NA,MJ,NOINT,Nl*NCOO,Nl, 

1N2,N3,N*4,N5,N6, JOKER
100 IF(N6(MJ)>130,101,130
101 IF(N5(MJ>>130,102,130
102 IF(N‘4(MJ) >130,103,130
103 IF(N3(MJ> >130,10*4,130
104 IF(NOAT-N2(MJ))130,105,105
105 IF(NOAT-NKMJ) >130,106,106
106 I=N1(MJ)

J=N2(MJ)
0IJSQ=0.0D0

109 DO 112 M=l»3
RIJ(M)=X(M,JI-X(M,I)

112 DIJSQ=DIJSO+RIJ(M)*RIJ(M>
11*4 DO 120 M=1,3

NOCOL1=3*<1-1>+M 
N0C0L2=3*(J-l)+M
B(NOINT,NOCOLl)=-RIJ(M)/DSORT(DIJSO>

120 B(NOINT,NOCOL2)=-B(NOINT,NOCOL1)
GO TO 132 

130 J0KER=1 
132 RETURN 

END
SUBROUTINE REND 
IMPLICIT REAL*0(A"*H,0"2>
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS OF A VALENCE 
ANGLE BENDING COORDINATE AS DEFINED BY WILSON,

I AND K ARE THE NUMBERS OF THE END ATOMS.
J= THE MUMPER OF THE CENTRAL ATOM 

DIMENSION X ( 3 , 66 ) , WT ( 66 > . B (1*47 . 147 > , Nl (147 > , nCOD( 1*47 > , Nl (1*47 I 1 
1N2J147),N3(1**7>,N4(147),N5(147),N6(l47),RJI(3),RJKj3>,RIXJX(3), 
2EJI{3 >,EJK(3)

COMMON X.WT,B«IND.NOPRO0,nOaT,NO,INT»NIS0,NA,MJtNOjNT, Nl, NCOO»N1, 
1N2,N3,N4,N5,N6,JOKER

100 IF<N0AT-N6(MJ)>150,101,101
101 IF(N0AT-fJ5(MJ> >150,102,102



n
on

 
n

o
n

-204-

102 IFIN9(MJ> >150,103,150
103 IF(N0AT-N3(MJ>>150.109,109 
10*> IF(N0AT-N2<MJ> >150.105,105
105 IF(NOAT-NKMJ) >150,106,106
106 l=Nl<MJ>

J=N2(MJ>
K=N3(MJ)
IX=N5(MJ>

n o  jx=k6(mj>
OJISG=O.ODO 
DJKSQ=0.0D0 
OXSQ=O.ODO 

115 00 122 M=l,3
RJI<M)“X(H.I1-X<H.J)
RJK(H>=X(M,K)-X(H.J>
RIXJX(M>=X(M.JX)-X(M.IX)
0 J I S Q = D J I S G + R J I < M ) * R J I < M 1  

D J K S Q = D J K S G + R J K ( M  > * R J K ( H 1

122 DXS0=DXSQ+RIXJX(M)*RIXJX(M)
123 OJIsDSQRT(DJISQ)

DJKsOSORTIDJKSQ)
DX=DSQRT(0XS0>
IF(DX>12B,127,126

127 DX=1.0DO 
126 DOTj=O.ODO 
129 DO 132 Msi,3

EJUMlsRJKM^OJI 
EJK(M)=RJK(Ml/OJK 

132 D0TJ=D0TJ+EJItM)*EJK(M>
IF(1.0D0-DABS<DOTJ>)152.152i134 

13** SINJ=DSQRT(1,ODO-DOTJ*DOTJ)
136 DO I1*1* M=1.3

NOCOL1=3*(I-1)+M
B(NOINT,N0C0L1>=(DX*<DOTJ*EJl(M>-EJK<M> > ) / ( dji*s i n j > 
NOCOL2=3*(K-l)+M
B(N0INT.N0C0L2)=(DX*(DOTJ*EJK(M>-EJI<M>> J/{0JK*SIMJ>
N0C0L3=3*(J-l)+M 

19*1 B(NOINT.N0C0L3)=-B(NOiNT,NOCOLl>-0(NOlNT,N0C0L2>
GO TO 159 

150 JOKERsi 
GO TO 159 

152 J0KER=2 
159 RETURN 

END
SUBROUTINE OPLA 
IMPLICIT REAL*0CA-H.0-Z>
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMANTS FOR AN OUT OF 
PLANE WAGGING COORDINATE AS DEFINED BY WILSON, BUT MODIFIED SO 
THAT WEIGHTING IS MADE NOT BY RO BUT BY KO X CoS(ANGLE LJK/2).

I*. THE END ATOM
J= THE APEX ATOM
K AND L s THE ANCHOR ATOMS.

DIMENSION X(3.66>.WT(66) .B1197,197>,Nl(197>.NCOD(197>.Nl(197),  
1N2(197).N3(197>.N9(197>.N5(l9?).N6(l97>,RJIf3>,RJK(3>,RJL(3).  
2RIXJX<3). EJI( 3 ) .EJK(3 ) .EJL<3). Cl(3>,C2(3>.C3(3>
COMMON X.WT.B.IND.NOPROB,NOAT,no,INT.NISO,NA.MJ,NOINT.NI.NC00.N1. 

1N2.N3,N9,N5,N6,JOKER
100 1F(N0AT-N6(MJ)>170.101,101
101 IF(N0AT-N5(MJ>>170,102,102
102 IF(NOAT-M9(MJ>>170.103.103
103 IF(N0AT-N3(MJ)>170.109,109 
109 IF(NOAT-N2(MJ)>170,105,105
105 IF(NOAT-NKMJ) >170,106,106
106 IsNUMJ)

J=N2(MJ)
K=N3(MJ>
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u a

115
116

124
126

130
131
132

136
137

L=N4<MJ>
IX=N5(MJ>
JX=N6CMJ)
DJISO=O.ODO 
DJKSO=O.ODO 
DJLSQ=0. 0D0 
OXSQ=O.ODO 
DO 1 2 4  M=l»3 
RJI(M)=X(M,I)-X<M,J)
DvJlSQ=DJISO+Rjr (MI*RJI< M)
RJK<M>=X<M«K>-X(M, J)
DJKSQ-DJKSQ+RJK(M ) *RJK < HI 
RJL(M)=X(M.U-X(M.J)
DJLSO=DJLSQ+RjLtM)*RJL(HJ 
RIXJX(N>=X(M.JX)-X(M,IX) 
DXSQ=DXSQ+RIXJX(M)*RIXJX(M»
DJI=DSQRT<DJISOJ 
DJK=OSGRT{0 JKSQ >
DJL=DSGRT(DJLSO)
DX=DSQRT(DXSO)
IF(OX) l32tl3l»132  
DX=1.0D0 
DO 136 H=1,3 
EJI(M)=RJI(M)/DJI 
EJK(M>=RJK(M)/OJK 
EJL(M>=RJLtM)/DJL 
Cl ( 1 >=E JK < 2 i »EJL { 3 ) -E JK ( 3 ) *EJt_ ( 2 >
C1(2I=EJK(3)*EJL(1)-EJK(1)*EJL(3)
Cl(3 >=EJK C1 I*EJL(2}-EJK(2)*EJL{11 
C2(1)=EJL(2 > *EJI(3)-EJL(3)*E J I (2) 
C2(2)-EJL(3)*EJ1(1)“EJL(1)*EJI(3] 
C2(3»=EJL(1)*EJI(21-EJL(2)*EJI<1)
C3(1)=EJI <2>*EJK(3)-EJH3)*EJK{2)
C3 12 ) =E JI I 3 ) *EJK (1) -E JI < 1> *EJK t 3 ) 
C3(3JrEJI(l)*EJK(2)-EJH21*EJKtl) 
DET=EJI(l)*CHU+EJI(2»*Cl(2) + EJl(3)*CH3) 
DOTI-O. ODD 
DO 143 H=11 3 
D0TI=D0TI+EJK(M)*EJL(M)
IF(1.0D0-DA0S(DOTI))172tl72,146 
SINI=DSQRT<1,ODO-DOTI*DOTI)
SINT=DET/SINI
IFll.ODO-DABS!SINT)>174*174<149 
COST=DSQRT(1.0D0-SINT*SINT)
TANT=SINT/COST 
DO 168 M=1«3 
NOCOL1=3*<I-l)+M
SHI = ( (Cl(H)/(COST«srNl>)-(TANT*EJItH>))/DJI 
B(NOINT«NOCOL1)=DX*SHI 
NOCOL2=3*(K-1)+M
SMK=( (C2<MI/(C0ST*SINI) I - C (TANT* I EJK(H) 

ll/OJK 
B(NOINT.N0C0L2)=DX*SMK 
N0C0L3=3*(L-l)+H 

163 SHLs((C3(K)/(C0ST*SINI>»
1J/DJL 

EM NOINT *N0C0L3)“DX*SHL 
NOCoL4=3*<J-ll+M
B{NOINT,NOCOL4)=-OX*(S«I+SHK+SML)
GO TO 178 
JOKER-1 
GO TO 178 
JOKER=2 
GO TO 178 
J0KFR=3 
RETURN

139
140

142
143
144
146
147
148
149
150 
155

157

160 DOTI*EJL(HI) I/ISINtiSINI))

((TANT*(EJLCH)-DOTI*EJK(M)) )/(SINI*SINI>)

168

170
172

174
178
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the b matrix elements for the torsion

END
SUBROUTINE TORS 
IMPLICIT REA1.*8U-H«0-Z)
THIS SUrROUTINE COMPUTES
as defined by wilsiom.

I and l = The end atoms . i nearer observer.
J AND K = THE CENTRAL ATOMS. J NEARER OBSERVER.

DIMENSION X(3.661 .WT(66> .0(147.147) . Ml(147).NCOD(147>.Nl(147>t 
1 N 2 ( 1 4 7 ) . N 3 ( 1 4 7 > , n 4 < 1 4 7 ) *N5(147) , m 6 ( 1 4 7 > . R i j ( 3 ) . R j k ( 3 > ,RKL(3> » 

2RlXjX(3) . E t j ( 3 ) . E J K < 3 ) .EKL<3), CR1< 3 >.CR2( 3 )

COMMON XiWT.BiIND<NOPROB.NOAT,NO.INT*NISO,NA.HjtNOINT.NltNcODiNl, 
lN2»N3,N4,N5,N6. JOKER

100
1°1
102
103
104
105 
100

110
112

115
116

12<t
126

130
131
132

136
138

142
143

145
147
148
149
150
152

154

IF < NOAT-N6(M J )) 160.101.101 
IF(N0AT-N5fMJ)1 180.102.102 
IF(N0AT-N4(MJ)) 180.103.103 
IF(NOAT-N3IMJ)1 1B0.104.104 
IF(N0AT-N2(MJ)) 160.105.105 
IF1NOAT-NHMJ) ) 180.106.106 
I=N1(MJ>
J=N2 ( MJ)
K=N3(MJ>
L-N4 t MJ)
IX=N5(MJ)
JX=N6(MJ)
D1JSQ-0.000
OJKSQ=O.ODO
dklso=o. odo
DXSQ-0,000
00 124 M=1.3
RIJ(M)=X(M,J)-X(M,I)
DUSQ=DIJSO+RIJ(M >*RIJ(M) 
RJK(M)=X<M,K)-X<M,J)
DJK$Q=DJKSO+RJK <tf)*RJK(M) 
RKL<M)=X(M,L>-XCM,K)
DKLSQ=DKLSO+RKL(M>*RKLIM) 
RIXJX(M)=X(M,JX)-X(M,IX) 
OXSC=DXSQ+RIXJX(M)*RIXJX <N > 
DIJ=DSQRT(DIJSO>
DJKsDSQRT(DjRSO)
OKL=DSQRT(DKLSG)
DX=DSQRT(DXSO)
IF(0X)132.131.132
DX=1.0DO
DO 136 H=1.3

:RI J (M ) /DIJ 
:RJK(H)/OJK 

EKL(M)=RKL(M)/CKL
CR1I1>=EIJ«2)*EJK(3>-EJ>J<3)*EJK(2> 
CR1(2)=EIJ(3)*EJKU>-E1J<1 )*EJK(3)
CR1( 3)=EIJ f1>*E JK(2)-ElJ(?)*EJK(1) 
CR2(1 »=EJK t2 J*F.KL(3»-EJK(3)*EKL(2)
CR2(2)=EJK(3)*EKL11)-EJK(1)*EKL ( 3)
CR2{3)=EJK<1) *EKL(2 J-EJK <2) *EKL(1)
DOTPJ=O.ODO
OOTPK=O.ODO
DO 147 M=1.3
OOTPJsOOTPJ-EIJ(M*EJK<M»
DOTPK=DOTPK-EJK(M) *EKL < M) 
IF(1.0Q0-DARS(P0TPJ11182,182.149 
IF!1 .0D0-D0BS < OOTPK)>182.182.150 
SINPJ=DSQRT(1,OUO-DOTPJ*DOTPJ> 
SINPKsDSQRTj1 .OOC-DOTPK*DOTPK)
DO 164 M=l,3
SMI=-CR1(M>/(DIJ*SINPJ*SINPJ>
NOCOLi=3* 11-1)+M
B«NOINT.NOCOLl)=B(MOINT.NOCOLl)+CX*SMl

EIJ(M): 
EJK(M):
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156 F1=ICR1(M)*<DJK-0IJ*00TPJ)1/<0JK*0IJ*SINPJ*SINPJ)
F2-(D0TPK*GR?(M))/<OJK*SINPK*SINpK)

157 SMJ=Fl-F2 
N0C0L2=3*( J-U+M

156 B<N01NT,N0COL2)=B(N0INT.N0C0L2)+DX*SMj 
SML= CR2(M>/(DKL*SINPK*SINPK)

160 NOCOL3=3*(L-1)+M
B(NOINT,N0C0L3>=B<NOINT»N0C0L3)+0X*SMl 

162 N0C0L8=3*(K-1J+M
168 B<N0INT.N0C0L8)=G<N0lNT.N0C0L8)-DX*|SMI+SMj+SML>

GO TO 186 
100 J0KER=1 

GO TO 186 
182 JOKER=2 
186 RETURN 

END
SUBROUTINE LIBE 
IMPLICIT REAL*8<A-H.O-Z)
THIS SUBROUTINE COMPUTES THE B MATRIX ELEMENTS FOR A PAIR OF 
PERPENDICULAR LINEAR BENDING COORDINATES.
N1=N02 THE NUMBER OF THE SECOND COORDINATE,
I ANO K = THE END ATOMS,
J= THE CNTRAL ATOM.

A GIVES THE CARTESIAN COORDINATES OF A POINT IN SPACE. SUCH 
THAT THE VECTOR FROM ATOM J TO POINT A IS PERPENDICULAR TO 
THE LINE I-J-K ANO SERVES TO ORIENT THE COORDINATES IN SPACE, 

DIMENSION XI3 .66) ,WTf66),B<187,187).Nl<18?).NCOD<187).Nl(187),  
1N2U87) ,N3<187> ,N8<187) ,N5 1187 ) . N6 < I87  ) . A < 3 ). RJI < 3 ) ,R JK I 3 ) .
2RIXJX( 3 ) , UN(31,UNIT <3)»UP{3).Ejl(3 ) ,EJK<3)

COMMON X,WT,B,IND,NOPROB,NOAT,NO,INT, NISO,NA, MJ,NOINT. Nl. NCOD,Nl, 
1N2i N3,N8.N5.N6,JOKER

100 IFIN0AT-N6IMJ)H60.101.101
101 IF(N0AT-N5(MJ>>160.102.102
102 IF(N0AT-N8(MJ>>160,103,103
103 IF t N0AT-N3(MJ > >160.108,108 
108 IF(NOAT-N2IMJ>)160.105.105
105 IF<NQ-NKMJ) >160,106.106
106 READ (5.28) (A(I>.1-1,3)

28 FORMAT(3F12.6 >
108 I-N2(MJ)

J-N3(MJ1 
110 K=N8 < MJ)

IX=N5(MJ>
JX=Nfe(MJ)

113 N02=Nl(MJ)
118 DJISQ=0, 0D0 

OJKSO-D,000
dxso=o, odo

116 DAJSQ=0.000
117 DO 128 M=1.3 

RJI(M)sX<M,I)-XtM,J)
OJlSO=DJISO+RJItM>*RJl(M)
RJK(M)=X<M.K)-X<M,J)
0JKS0=DJKSO+RJKtM>+Rjk<M)
RIXJX<M)=X<H,JX>-X(M.IX)
DXSQ=OXSQ+RIXJX(M)*RIXJX(M)
UN(M)=A<M)-X(M.J)

128 DAJSG=DAJSO+UN(M)*UN < M)
126 DJI=DSQRT(OJISQ>

DJK=DSQRT(njKSO)
DXsDSORT<DXSn>
OAJ=OSQRT t 0AJSQ)

130 IF(DX)132.131,132
131 DX=1.0D0
132 DOTJ=O.ODO 

DOTP=0,0D0
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134 DO 140 M=l,3
EJI(H)=RJI(M»/DJI 
EJK(M)sR JK{M)/DJK 
UNIT(M)sUN(m)/DAJ 
DOTj=DOTJ+EJI(M)*EJK(M) 

mo OOTP-DOTP+EJI (M)*UNlT(M)
TEST=(DABSfDOTJ)-1.000)
IF(0.0001-DARS(TEST) 1162.142.142

142 IF(0,OOOG5-nADS(DOTP) ) I62. i43.l43
143 UP(1> =EJK(2)*UNIT(3)-EJK(3)*UNIT(21 

UP(2>=EJK(3)*UNIf(1 )-EJK(l)*UNlT(3)
UP (3 »=E JK (1> *UNIT(2 I -EJK t 2 ) *UNH II )

146 DO 156 M=1.3
N0COLls3*(I-l)+M
B(NOINT.N0C0L1)=-OX*UNlT{M>/DJI
B(N02.N0C0L1)=-DX*UP(M)/DJI
NOCOL2=3*(K-1)+M
B(N01NT. N0C0L2) =-DX*UNIT(M) /DJK
B(N02tN0C0L2)=-DX*UP(H)/DJK
N0C0L3=3*( J-D+M
B(NOINT, N0COL3)=DX*(1■OOO/DJI+1.ODO/DjK)*UNIT(M)

156 B<N02.N0cOL3)=DX*<1 . ODO/DJI+1.ODO/DJK)*UP(M)
GO TO 164 

160 JOKERsl 
GO TO 164 

162 J0KER=2 
164 RETURN 

END
SUBROUTINE PWAG 
IMPLICIT REAL*B(A-H.O-Z)
THIS SUBROUTINE COMPUTES THE B MaTRIX ELEMENTS FOP AN IN PLANE 
WAGGING COORDINATE (SUCH AS BENZENE IN PLANE H WAG)

1= THE END ATOM.
J= THE APEX ATOM 
K AND L= THE ANCHOR ATOMS,

DIMENSION X(3,66),WT(66) .R(147,147),NI(147),NC0D(147).NK147),
1N2(147),N3{147).N4(147 ) . N5(147).M6(147 ) »RJI( 3 ) .RJK{3).RJL(3)*
2EJI( 3 ) .EJK( 3 ) .EJL(3>.RIXJX(3)

COMMON X.WT.r,IND.NOPROB.NOaT.NO,INT»NISO,NAiMJ*NOiNT.Nl.NCOD.Nl,
1N2.N3.N4 ,N5.M6 .JOKER

100 IF(N0AT- N6 (MJ) )lflO. 101,.101
101 IF(NOAT- N5 (MJ) )180. 102 1.102
102 IF(NOAT- N4 (MJ ) ) 180, 103 1,103
103 IF(NOAT- N3(MJ ) ) 180 . 104 1,104
104 IFINOAT- N2(MJ) ) 180 , 1 0 5  1, 1 0 5
1 0 5 IFINOAT- Nl (MJ ) ) 180, 1 0 6 . . 1 0 6
106 I=N1CMJ)

J=N2(MJ)
K=N3(MJ)
L=N4(MJ)
IX=N5(MJ)
JX=N6(MJ)

114 DJlSQsO. ODO 
DJKSQ=0.DD0 
DJLSO=O.OOn
oxsG=o,nno

120 DO 130 M=1.3
RJI(M)=X(M,I)-X(M,J) 
DJISQ=DJISQ+RJI(M)*RJI(M) 
RJK(M)=X(M,K)-X(M,J) 
OJKSO=DJKSO+RJK(M)*RJK(M) 
RJL(M)=X(M.L)-X(M,J) 
OJLSO=DJLSO+RJL(M)*RJL < M) 
RIXJX(M)=X(M,JX)-X<M.IX>

130 DXS0=DXS0+RIXJX(M)*RIXJX(M) 
DI=DSORT(OJISO)
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DK=OSQRT { DJKSQ)
OL~DSQRT{DJLSQ)
DX=riSORT (OXSO)

135 IF(DX)136,136,138
136 DX=1*000 
138 COSIK=0,000

COSIL=0.000 
140 DO 146 M=1.3

EJI(M>=RJI(M)/ DI 
EJK(M)=RJK(M>/ DK 
EJL ( MI rR JL (M > / DL 
COS XK=C0SIK+EJI(M**EJK(M>

1 4 6  COSIL=COSIL+FJI(H>*EJL(M)
148 IF < 1, ODO-DASS<COSXK) 1182.182.149
1 4 9  IF( 1 . 000-DABS(COSIL)>182.182.150
1 5 0  s i n i k = d s q r t u . o o o - c o s i k * c o s i k j

151 SIN1L=DSURT(1.0DO-COSIL*COSIL)
152 DO 170 M=1,3 

NOCOL1=3*{ I-U+M
SHI=JCOSIK*EJI(H)-EJK(M)>/(2.0dOO*SINIK*DI>- 

1(C0SIL*EJI(M1-EJL(M))/<2.0D0*SlNlL*0l*
B(N0INT.N0C0L1*=QX*SMI
NOCOL2=3*(K-11+M
SHKs (COSIK*EJK(H)-EJI(M)*/<2.0D0o*SINi K*DK»
B(NOINT. N0C0L2)=DX*SMK 
N0C0L3=3*(L-1>+H
SML=-(cOSIL*EJL(M*-EJI(M* >/(2.0000*SINIL*DL)
B(NOiNT.N0C0L3)=DX*SHL 
N0C0L4=3* (J - l  > + M 

170 B(NOINT,NOCOL4*=-DX*(SMI+SMK+SML*
GO TO 184 

180 J0KER=1 
GO TO 184 

182 J0KFR=2 
184 RETURN 

END
SUBROUTINE TORC 
IMPLICIT REAL*8 (A-H.O-Z*
THIS SUBROUTINE COMPUTES THE B MftTRIX ELEMENTS FOR THE TORSION *S 
DEFINED BY CRAWFORD. AND WEIGHTING MApE BY ROX SIN(ANGLE 3-1-5/2*.

II AND 12 = THE CENTRAL ATOMS. II NEARER OBSERVER.
13 AND 15 = THE END ATOMS ATTACHED To II.
14 AND 16 = THE END ATOMS ATTACHED To 12,

THIS SUBROUTINE REJECTS MOLECULES IN WHICH 13. II AND 15 OR I t .  12 
AND 16 ARE COLINEAR AND ThOSE IN WHICH ThE BOND (11-12* IS NOT CO 

PLANAR WITH PLANES (11-13-15* ANn (12-14-16).
DIMENSION X(3 .6 6 ) ,WT<6 6 ) . B(147,147) WJI(147) , NCOD ( 147 * . Nl (147 I .

1N2(147),N3(147),N4(147). N5(147>.N&(147>.R12(3>.R13( 3 ) , R15(3 I • 
2R24(3>,R26(3).El2(3),El3(3*.Ei5(31.E24(3>,E26(3),CR1(3J.CR2C3*. 
3R78 < 3)
COMMON X. WT.B.jND.NOPROB. NOAT,NO,iNT.NiSO.NA.Mj.NOiNT,Nl.NCOD,Nl. 

lN2,N3,N4,N5,N&,JOKER, MROB, NOP, NCA, NS, NCD. N7,N8
1 0 0  I F  ( M 0 A T - N 6 ( M J ) )  1 8 0 , 1 0 1 . 1 0 1

1 01 IF (N0AT-N5 t MJ)) I80 . l02 . l02
102 IF <N0AT-h4(MJ)) 180,103,103
103 IF (NOAT-N3(MJ >) 160.104,104
104 IF (N0 AT-N2 (Mj)) 180,105,105
105 IF (NOAT-Nl(MJ*) I80»l0b«l06
106 IF(N0AT-N7>180,107,107
1 0 7  I F ( N O A t - N 6 I 1 8 0 , 1 0 8 , 1 0 6

108 I1=N1(MJ>
I2-N2(MJ >
I3=N3(MJ)
I4=N4(MJ>
I5-N5(MJ)

110 I6 =N6 (MJ>
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112 D12SQ=0.0D0 
013SG=0,000 
D15KQ=0.000 
D24SG=0.000

115 D26SQ=0.000 
D76SG=0.0D0

116 DO 124 M=1.3 
R12<H)=X<M.I2)-X(M,I1)
01250=012SQ+H12£M >*R12(MJ
R13{M)=X<M.I3)-X<M,I1)
D13S0=D13SQ+R13(H)*R13(M)
R15(M)=X(M,I5)-X(M,I1I
D15SQ=D15SO+R15< l"i) *R15 £ M)
R24(M)=X(M.I4>-X(M,I2)
024SQ=D24SO+R24(M)*R24(Ml
R26(M)=X(M,I6)-X(M,I2)
D26SQ=026S0+R26(M)*R26£Mt
R78(M)=X(M.N7)-X(M.N8)

124 078SO=D78SO+R7fl(H)*R7e<M>
126 012=0SQRT£01250)

0l3=0S0RT t 013SQ)
D15=DSGRT(OlfiSQ)
D24=DSQRT(024SQ)

130 D26=DSQRT£026SQ)
D76=0S0RT(O7 6 SQ)

132 DO 136 M=1»3
E12£H)=R12(M)/D12 
E13{M)=Rl3tM>/013 
E15{H)=R15(H>/D15 
E24|M)=R24{M>/024 

136 E26(M)=R26(MJ/026 
136 CRM1)=E13< 2 )*E15(3)-El3< 3)*E15<2) 

CR1(2)=E13(3)*E15<1)-E13(1|*E1S(3) 
CR1(3)=E13(1)*E15(2)-E13(2)*E15£1) 
CR2(1)=E26(2)*E24(3)-E26(3)*E24(2) 
CR2(2) = E26<3> *E24 <1)-E2&<1>*E24(3)

142 CR2(3)=E26(1 )*E24(2)-E26(2)*£24 <1)
143 ooTi=o.ono

00X2=0.000 
00X3=0,000 
00X4=0,ODD 
DOX5=O.ODO 
00X6=0.000 

145 00 147 M=1,3
D0X1=00X1+E13(H)*E15(M)
DoT2=DOT2+E24 ( Ki ) *E26 < H)
D0X3=D0X3+E12 (fO*E13«M) 
D0X4=D0X4+E12(M)*E24(M) 
D0X5=00X5+E12(H)*E15(H)

147 OOX6=00X6+F12£M)*E?6(M)
JF(1.0DO“DAHS{OOT1)) 102.182.200 

200 1F(1,000-0ApS(00T2)) 162*182.202 
20? IF(1,000“DARS(DOT31) 162.203*204
203 IF(1 ,ODO-POT3) 102,182.204
204 1F(1,ODO-DAR£(OOT4)) 182,205.206
205 1F(1.000-00X4) 102,182,206
206 IF(1 ,ODO-DABS(D0X5)) 182.207.200
207 I F t l , 000-00x5) 182,182.206
2 0 ft lF(l,ODn-PAHS(nOT6)) 182*209,210
209 IF( 1 , ODO-OOT6) 102,182,210
210 DOX(m1=0 ,000 

DOXN2=O.ODO 
DO 220 M=1.3
OOXN1=D07N). + E12 (M)*CR H M)

220 D0XN2=D0TN2+E12(M)*CR2£H)
IF(0,0 0 0 0 0 1 -OABS(00TW1)) 184,ie4,??2
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22? IF<0*000001-DABS(DOTN?) ) 184,184,224 
224 SIN1=DSQRT(1.QDO-DOT1+DOT1)

SIN2=DSORT(1.0O0-OOT2*DOT2)
IF (D78U111,1110,1111

1110 D78=1,0D0 
GO TO 152

1111 D7B=078*DSQRT(<1.-DOT1>/2,ODO)
152 DO 164 M=l,3

N0C0L1=3*(I1-1)+M
BtNOINT,NOCOLl)=CRl(M)*<Ol3*DOT3-015*OOT5)*Q78/<P13*015*SINl*SlMl) 
N0C0L2=3*<T2-1)+M
B<N0INT ,N0C0L21=CR2(M)*(024*00t4-D26*D0T6)*D78/(026*D24*S1N2*SIN2> 
NOCOL3=3*(I3-1)+M
B(N0INT,N0C0L3)=CR1(Ml*D0T5*D78/<Dl3*SINl*SINl>
NOCOL4=3*(T4-1)+M
B<NOINT,NOCOL4)=CR2(M)*OOT6*D78/(D24*SIN2*SIN2)
N0C0L5=3*( IS-ll+M
BCNOINTiMOCCL5)=-CRl(^)*OOT3*D78/<niS*SINl*SINl>
N0C0L6=3*i T6-11+M 

164 B(NOINT.NOCOL6»=-CR2(H)*DOT4*D7P/(DZ6*SIN2*SIN2)
GO TO 186 

160 J0KER=1 
GO TO 186 

102 J0KER=2 
GO TO 186 

184 JOKER=3 
186 RETURN 

ENO
SUBROUTINE MOMIN 
IMPLICIT REAL*8(A-H.O-Z)

THIS SUBROUTINE COMPUTES THE MOMENT OF INERTIA TENSOR IN 
CARTESIAN COORDINATES AND THE TRANSFORMATION TO THE PRINCIPAL 
AXES.
DIMENSION X(3,66) , WT{66>.0<147,147> ,NI(147> ,NC0D(147) ,N1<147), 

1N2<147)»N3(147 > ,N4 (147) ,N5<147)iH6(147> * Cm( 3 ) ,C(3)»R(29) , 
20NER<3.3)»TR<3«3)«A(3,66)

COMMON X.WT,R,INDfNOPROBiNOAT.NO,INT<NISO,NAfMj.NOINT.NI.NCODtNl, 
1N2.N3,N4.N5,N6,J0KER.NR0D,N0P.NCA»NS,NCD,N7,N8 

100 W=O.GDO
102 DO 103 1=1,MOAT
103 W=W+WT( I )

FIND THE CENTER OF MASS.
105 DO 109 M=1,3 

CM 1M)=0,ODO 
DO 108 I=1.N0AT

108 CMlM|=CM(M)-WT<I)*X(M,II
109 C<M)=CM(M»/W
110 DO 114 Jt=l,NOAT 

R(I)=0 . ODO 
bO 114 M=l,3

114 RCI)=R(I>+tX(M,I)+C<M)l**2
TRANSLATE to THE CENTER OF MASS.
COMPUTE THE MOMENT OF inertia tensor.

116 DO 126 1=1,3 
DO 126 J=l,3  
ONER(I,d)=0,ODO 

119 00 126 K=1,N0AT
IF(I"JH23,121,123 

121 DNER ( I , J ) =DflER ( I , J ) +WT <K)* < R(K)-< X(I *K > +C( I ))**2»
GO TO 126

123 DMER(I*d)=PNER(I, J >-WT<*)*<X<I,K )+C<I ) J * i XIJ,K)+C(J)I 
126 CONTINUE
130 WRITE 16,80) W.(C»M),M=i ,3 )
60 FORMAT<7H1 MASS=F12. 6 , 16H CENTER OF MaSS 3F12.6)

132 WRITE <6,821 
82 FORMAT(27H0 MOMENT OF INERTIA TENSOR.)
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134 DO 135 1=1.3
135 WRITE 16,flit) (DNER ( I , J ) , J=1,3)
64 FORMATI1H0 3F12.6)

136 NR-0 
N=3
IEGEN=0
FIND THE PRINCIPAL MOMENTS AND THE TRANSFORMATION TO THE PRINCIPAL 
AXES.

l«tn CALL HOIAG<ONER,N, IEGEN.TR,NR)
142 WRITE (6.66) (ONER!I. I ) »1=1.3)

66 FORMATC20H0 PRINCIPAL MOMENTS 3Fl2.6,l8H £ TRANSFORMATION.)
00 141 1=1,MOAT,6
K=I+5 
NC0=1 
L=NC0+K/6 

141 CONTINUE
65 FORMAT(6F12.6,1HWI2,I2,I3)

143 WRITE(B,67) (DNER(1 ,1 ) ,  I=1,3),W
67 FORMAT(4El6,9)

144 DO 146 1=1,3
146 WRITE (6,84) (TR(I , J ) . J=1,3)

IF (NS-D146.150.146 
150 00 160 1=1,3

DO 160 K=1»NOAT 
A(I,K)=0. ODO 
DO 160 J=1,3 

160 A(I.K)=A(IiK)+TR(J,I)*IX(J,K)+C(JD 
DO 180 K=1,N0AT 
DO 180 J=l,3  
N0C0L=3*|K-11 +J 
B(NO-5,NOCOL)=WT(K)*TR(J,l)/W 
B(N0-4,N0C0L)=WT(K)*TR(J.2)/W 

160 B(NQ-3.NOC0L)=WT(K)*TR(J,3)/W 
DO 190 K=1, NOAT 
DO 190 L=1,3 
N0CCL=3*(K-1)+L 
IF!DNER(1,1)1251,251,252

251 B(NQ-2, NOCOL)=0,ODO 
GO TO 260

252 0 (NQ-2,NOCOLI = (WT(K)/ONER{1,1) ) *(a(2*K)*TR(L,3 ) -A(3«K)*TR(L,2)>
260 IF(DNER(2,2)1261,261,262
261 B(N0-1.NOCOL)=0.ODO 

GO TO 270
262 B(NQ-1,NOCOL)=(WT(K1/ONER( 2 ,2 ) )*(A(3,K)*TR<L.1)-A(1.K1*TR(L,3))
270 IF(DNER(3,3)1271.271.190
271 B(NO.NOCOL1=0,ODO 

GO TO 220
190 B(NQ , NOCOL)=(WT(K)/DNER(3 ,3 ) )* (A(1»K)*TR(L.2 ) -A(2,K)*TR(L,11> 

WRITE B
220 WRITE (6.52) NOPROB

52 FORMAT(18H0 B MATRIX PR0BLEMI81 
DO 222 1=1,NO 

222 WRITE (6,54) I . (B{I, J ) , J=1,nA)
54 FORMAT(4HOROWI3/(10F12.6))

143 RETURN 
END
SUBROUTINE HDIAG(H.N.IEGEN.U.NR)
IMPLICIT REAL*P(A-H.O-Z)

HDIAGMIHDI3, FORTAN II DIAGONALI2ATION OF A REAL SYMMETRIC MATRIX BY 
THE JACOBI METHOD.
CALLING SEQUENCE FOR DIAGONALIZATION 
CALL HDIAG( H, N, IEGEN, Ut NR)
WHERE H IS THE ARRAY TO BE DIAGOwALIZEO.
N IS THE ORDER OF THE MATRIX, H.
IEGEN MUST BE SET UNEQUAL TO ZERO IF ONLY EIGENVALUES ARE TO BE 
COMPUTED,
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IEGEN must PE SET EQUAL TO 2ER0 IF EIGENVALUES AND EIGENVECTORS 
ARE TO BE C O M P U T E D ,
U IS THE UNITftRY MaTRTX USED FOR FORHftTION OF THE EIGENVECTORS. 
nr i s  the number of rotations.
A DIMENSION STATEMENT MUST DE INSERTED IN THE SUBROUTINE. 
OIMENSIONHLH.Nl. U(N.N>, X(N). IQ(N1 
COMPUTER MUST OPERATE IN FLOATING TRAP MODE
THE SUBROUTINE OPERATES ONLY ON THE ELEMENTS OF H THAT ARE TO THE 
RIGHT OF the MAIN diagonal, thus, only a TRIANGULAR 
SECTION NFEO BE STORED IN THE ARRAY H,
DIMENSION Ht3.3),U(3.3)»X(3),10(3)
DSlGNF{Xl,Xai=DSIGN(Xi,X£j 
IF (IEGEN) 15.10,15

10 00 1R 1 = 1 ,N 
DO 1*) J=1,N 
IF(I -J>12,11,12

11 U(I,J)=1.0D0 
GO TO m

lg Ull ,J)=0.  
i n  CONTINUE 
15 NR = 0

IF (N-l) 1000,1000,17
SCAN FOR LARGEST OFF DIAGONAL ELEMENT IN EACH ROM 
XII) CONTAINS LARGEST ELEMENT IN ITH ROW
10(1) HOLDS SECOND SUBSCRIPT DEFINING POSITION OF ELEMENT 

17 NMI1=N-1
DO 30 1=1,NMI1 
X(I) = 0,
IPL1=I+1 
DO 30 J=IPL1,N
IF(X( I )-DABS( H <I , J t )) 20.20,30 

20 X(I)=DABS(H( I , J ))
IQ (1 ) = J 

30 CONTINUE
SET INDICATOR FOR SHUT-OFF.RAP=2**-27,NR=N0.OF ROTATIONS 
RAP=7.ii5Q5S0S96E-9
HOTEST=l.0036
FIND MAXIMUM OF XU) S FOR pivot element aNQ 
TEST FOR END OF PROBLEM 

t)0 DO 70 I=1,NMI1 
IF <1-11 60.60.A5 

A5 IF(XMAX-X( I )) 60,70,70 
60 XMAX=XCI>

IPIV=I 
UPIV=IQ<I)

70 CONTINUE
C IS MAX. X(I) EQUAL TO ZERO, IF LESS THAN HDTEST»REVISE HOTEST

IF (XMAX) 1000.10D0.6Q 
BO IF t HDTEST) 90.90.05  
85 IF (XMAX - HDTEST) 90.90.1A8 
90 HDiriN = DADS ( H 11,1) )

DO 110 1=2,N
IF (HDIMIN - DABS ( H II,I>)> 110,110,100 

100 HUIMIN=DABR (H(I .I ) l  
110 CONTINUE

HDTEST = HOIMIN*RAP 
C RETURN IF MaX.H(I, J)LESS THAN(2**-27)DABS<H(K. KI-MIN)

IF (HDTEST-XMAX) 1A8.1000,1000 
lUfl NR= NR+1

C COMPUTE TANGENT. SINE AND COSInF,H(1. 11,H(d,J)
150 TANG=DSIGNF)2.OD00. (H (IPIV . I PI V >-H < JPIV. JPIV ).) ) *H ( I PI V , JPIV) /

1(DABS(H(IP IV, IPIV)-H(JPIV,JPIV) >+DSCRT((HCIP1V.IPIVJ- 
2H(JPIV.JPIV) )**2+<+.000*H( IPIV.JPIV***?))

COSINE=l.Ono/DSORT( 1 .ODO+TANG**2)
SINE=TANG*COSINE
HII=H(IPIV.IPIV)
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HUPIV.IPIV)=COSINE**2*CHIl + TANG*<2.0D0*H(IPIV, jp i v>+ 
1TANg*HIJPIV,JPIV) ) )
H(JPIV.JPIV)sCOSINE**?*(H(JPIV,JPIV)- 

HANG*(2.0nn*H(1PIV,JPTV)-TaNG*HTI) 1 
HIIPIV.JPIV)=0. 

c PSEUDO RANK THE EIGENVALUES
C ADJUST SINE AND COS FOR COMPUTATION OF HlIK) AND U(IK)

IF ( HIIPIV,IPIV) - HIJPIV,JPIV)) 152,153,153 
IP? HTEMP = HIIPIVi IPIV)

HIIPIV,IPIV) = HIJPIV, JPIV)
HIJPIV, JPIV) =HTENP 

C RECOMPUTE SINE AND COS
HTEMP =DSIGNF(1.0DO, -SINE) * COSINE 
COSINE =DARS I SINE)
SINE =HTEMP 

153 CONTINUE
C INSPECT THE IQS BETWEEN 1+1 AND N-l TO DETERMINE
C WHETHER A NEW MftXIUM VALUE SHOULD BE COMPUTE SINCE
C THE PRESENT MAXIMUM IS IN THE I OR J ROW.

DO 350 I=1,NMI1 
IFU-IpIV)?10.350,200 

200 IF (I-UPIV) 210,350,210 
210 IF tIQ{11-IPIV) 230,240,230 
230 IF(IQII)-JPIV) 350,240,350 
240 K=IQU)
250 HTEMP=H(I,K)

HI 1,KI=0.
IPL1=I+1 
XII) =0.

C ' SEARCH IN DEPLETED ROW FOR NEW MAXIMUM 
DO 320 J=IPL1,N
IF I XII) -DABS! HI I , J ) ) > 300,300,320 

• 300 XII) = DABS(H11, J ))
IQII)=J 

320 CONTINUE
HI I»K)=HTEMP 

350 CONTINUE
XIIPIV) =0.
XIJPIV) =0. 

c CHANGE THE ORDER ELEMENTS OF H
DO 530 1=1,N 
IF (I-IPIV) 370,530,420 

370 HTEMP = HI I,IPIV)
HI I , IPIV)= cOSINE*HTEMP + SINE*H|I,JPIV)
IF I XII) - OABSI HH.IPlvn ) 36 0 i 390,390 

380 XII) = DAOS IH( I , IplV))
IQ 11) = IPIV

390 H(I , JPIV) = - SINE*HTEMP + C0SINE*H(I , JPIV )
IF I XII) - DABS I HI I , JPIV) I ) 400,530,530 

400 XII) = DADSIH(I.JPIV))
IQ 11) = JPIV 
GO TO 530 

420 IFII-JPIV) 430,530,480 
430 HTEMP = HIIPIV,I)

HIIPIV,I) = COSINE*HTEMP + SINE*HI I , JPIV )
IF I XIIPIV) - DABSIHlIPIV,I)) ) 440,450*450 

440 XIIPIV) = DABSIHlIPIV,I))
IQIIPIV) = I 

450 HII,JPIV) = - SINE*HTEMP + COSINF*H11, JPIV)
IF <X|1) - DABS( H{I , JPIV ) ) ) 40 0 » 53D,530 

460 HTEMP = HIIPIV,I)
HIIPIV,I) = COSlNE*HTEMP + SlNE^HIJPIV,I>
IF I X(IPIV) - DABS! HIIPIV,D) ) 490,500,500 

490 XIIPIV) = DARSt HIIPIV,!))
IQIIPIV) = I

500 HIJPIV,I) = - SINE*HTEMP + C0SIME*H(JpIV,I)
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1F ( X(JPIV) - DABS( H(JPlViI)) )510«530*530 
510 XIJP1VJ = 0ABS(H(JP1V,II)

IG(JPIV) = I 
530 CONTINUE 

C TEST FOR COMPUTATION OF EIGENVECTORS 
IF ( IEGEN) <40.5‘t0.*t0 

5i»0 DO 550 I = 1«N
HTF.MP = tJ( I . IPIV)
U<I'IPIV)=COSINE*HTEnP+SINE*U(I, JPIV)

550 Utl»JPIV ) -  -RlNE*HTEMP+COSINE*U(ItJPIV)
GO TO HO 

1000 RETURN 
END
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C G-MATRIX DIAGONAL12ATION
C

IMPLICIT REAL*8 (A-H.O-Z)
REAL*4 STORY
DIMENSION ST0RY(36» .WT<66) ,TMOM(3) ,G<147,147) .06(1471 
DIMENSION A(147»147) ,u(147,147)
EQUIVALENCE (G.W)

100 READ (5(1) ISO.NOAT.NQ 
1 FORMAT(315)

IF( ISO.EO•0) CALL EXIT 
READ(8,6) (STORY( I ),1=1» 36)
READ(8,10) (WT<I)*I-1i NOATI 
READ(8,7)  (TMOM(I).1 = 1 . 3 ) , TMASS 

7 FORMAT(4E18.9)
6 FORMAT (18A4)

10 FORMAT< 6F12,61 
DO £020 1=1,NO 
READ18.7) <G<I.J>.0=1.NO)
DO 2020 J=1»NQ 

2020  G( J , I ) =G( I , J )
NR1=0 
IEGEN=0 
DO 44 1=1»NR 
00 44 J=1,N0 

44 A( 1 , J)=0. ODO
CALL HOIAG(G,NG,IEGEN,A.NRU 
DO 147 J=1« NO
IF(0.0005D0-G<J,J)) 142.145,145 

145 DG (J ) =0 .ODO 
GO TO 147 

142 OG(J)=G(J,J)
147 CONTINUE

DO 150 J=1* NO 
DO 150 1=1.NQ 

150 W(I,J)=A(I.J1*DSQRT(DG(J))
WRITE 113) ( (W(ItJ),1 = 1•NO)»J=1,NQ)
GO TO 100 
END
SUBROUTINE HDIAG(H, N. IEGEN.U, NR)
IMPLICIT REaL*6 (A-H.O-Z)
REAL*4 RECORD,RECD,STORY 

CHDIAGMIHDI3, FORTAN II DIAGONALIZATION OF A REAL SYMMETRIC MATRIX BY 
C THE JACOBI METHOD.
C CALLING SEQUENCE FOR DIAGONALIZATION
C CALL HOIAG< H, N, IEGEN. II, NR)
C WHERE H IS THE ARRAY TO BE DIAGONALIZED.
C N IS THE ORDER OF THE MATRIX. H»
C IEGEN MUST UF SET UNEQUAL TO ZERO IF ONLY EIGENVALUES ARE TO BE
C COMPUTED.
C IEGEN MUST BE SET EQUAL TO ZERO IF EIGENVALUES AND EIGENVECTORS
C ARE TO BE COMPUTED.
C U IS THE UNITARY MATRIX USED FOR FORMATION OF THE EIGENVECTORS.
C NR IS THE NUMBER OF ROTATIONS,
C A DIMENSION STATEMENT MUST BE INSERTED IN THE SUBROUTINE.
C DIMENSION H ( N, N ) , UtN.N), X(N). IQ(N>
C COMPUTER MUST OPERATE IN FLOATING TRAP MODE
C THE SUBROUTINE OPERATES ONLY ON THE ELEMENTS OF H THAT ARE TO THE
C RIGHT OF THE MAIN DIAGONAL. THUS, ONLY A TRIANGULAR



on
 

n
o

 
n 

on
 

o 
o

o
o

-217-

c SECTION NEED BE STORED IN THE ARRAY H,
DIMENSION H< 11+7,14 7) , IJ( 147 , 197 ) * X (147 ) .10(1171 
DSIGNF(X,Y)=PS1GN(X, Y)
CALL ERRSET (208,258,-1 ,1 .0 ,0)
CALL ERRSET (209 .258 . -1 .1 .0.0>
IF (IEGEN) 15.10.15

10 00 19 1=1.N 
DO 19 J = 1 . N  
IF(I-J)12,11,12

11 U(I,J)=1.000 
GO TO 19

12 U(I,J)=0.000
19 CONTINUE 
IS NR = 0

IF (N-l) 1000.1000.17
SCAN FOR LARGEST OFF DIAGONAL ELEMENT IN EACH ROW 
XC11 CONTAINS LARGEST ELEMENT IN IjH ROW
10(1) HOLDS SECOND SUBSCRIPT DEFINING POSITION OF ELEMENT 

17 NMI1=N-1
DO 30 1=1.NMI1 
X(I) = 0.0D0 
IPL1=I+1 
DO 30 J=IPL1.N
IF(X(I)-OABS( H(I.J)J) 20,20.30

20 X(I)=DABS(H(I.J))
I0(I)=J

30 CONTINUE
SET INDICATOR FOR SHUT-OFF.RAp=2**-27, NR=NO,OF ROTATIONS 
RAP=7,950580596D-9 
HDTEST=1,0D38
find maximum of x m  s for pivot element and 
TEST FOR end of PROBLEM 

90 DO 70 1=1»NMI1
IF (1-1) 80,80.95 

95 IF(XMAx-X(I)) 80,70.70 
80 XMAx=X(I)

IPIV=I 
JPIV=IO(I)

70 CONTINUE
IS MAX. XIII EQUAL TO ZERO, IF LESS THAN HDTEST.REVISE HDTEST 
IF (XMAX) 1000,1000.80 

80 IF( HDTEST) 90.90,85 
85 IF (XMAX - HDTEST) 90.90,198 
90 HDIMIN = DABS ( H (1,1) )

DO 110 1=2,N
IF (HDIMIN -  DABS ( H ( I . I ) ) )  110,110,100

100 HD1MIN=DABS (H(I.D)
110 CONTINUE

hdtest=hdimin*rap
RETURN IF MAX.H(I,J)LESS THAN(2**-27)DABS(H(K,K)-MIN)
i f  ;h c t e s t - x m a x ) n a . i o o o . i o o o

1 9 8  NR= NR+1
COMPUTE TANGENT, SINE ANO COSINE. H(I , I ) . H(J . JJ 

150 TANG=DSIGN(2.D0. (H(IPIV,IPIV)-H(JPIV,JPIV)))*H{IPIV»JPIV)/ (  DABS (H 
1(IPIV,IPIV)-H(JPIV,JPIV) I+DSORT( ( H( IPIV, IPIV)-H(JPIV. JPIV))**2+ 
29.000*H(IPIV,JPIV)**2))

COSINE=1.0no/DSQRT(1.0DQ+TANG*TANG)
SlNE=TANG*COSIME 
HII=H(IPIV,IPIV)
H(IPIV.IPIV>=C0SINE**2*(HII+TANG*(2.0D0*H(IPIV»JPIV)+TANG*H(JPIV, 

1JPIV)1)
HI JPIV,JPIV)=C0SINE**2*(H( JPIV. JPIV)-tANG* (2.‘0PQ*HIIPIV,JPIV)-TANG 

1*HII))
H(1PIV,JPIV)=0.000 
PSEUDO RANK THE EIGENVALUES
AOJUST SINE AND COS FOR COMPUTATION OF H(IK I AND U(IK)
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i f  ( h u p iv u p iv j  - H(jpiv,jpiv)i  1 5 2 . 1 5 3 , 1 5 5
152 HTEMP = H(IPIV*IPIV)

H(IPIV.IPIV) = H(JPlV.JPlV)
H(JPIV, JPIV) =HTEMP

c RECOMPUTE SINE AND COS
HTEMP = DSIGNF (1,0D0, -SINE) * COSINE 
COSINE =OABS (SINE)
SINE =HTEMP

153 CONTINUE
C INSPECT THE IQS BETWEEN I+j AND N-l TO DETERMINE
C* WHETHER A NEW MftXIUM VALUE SHOULD BE COMPUTE SINCE
c the present MAXIMUM IS IN THE I OR J ROW.

DO 350 I=1,NMI1 
ZF(I-IPIV)210.350*200 

200 IF (I-JPIV) 210,350,210 
210 IF(IQ(I)-lPIVI 230,240.230 
230 IF(IQ( I ) - JPIV) 350,240,350 
240 K=IQ( I )
250 HTEMP=H(I*K)

H(I,K)=O.ODO
IPL1=I+1
X(11 =0,ODO

c SEARCH IN DEPLETED ROW FOR NEW MAXIMUM 
DO 320 J=IPL1.N
IF ( X(I) -QABS( H(I,J)I ) 300,300.320 

300 X(I) = DABS(Hd.J) )
IGII)=J 

320 CONTINUE
H(I,K)=HTEMP 

350 CONTINUE
X(IPIV) =0.000 
X(Jpiv) =o,ono 

c CHANGE THE ORDER ELEMENTS OF H
DO 530 1=1,N 
IF (I-IPIV) 370,530,420 

370 HTEMP = HU.IPIV)
H( 1 , IPIV)= COSINE*HTEMP + SINE+HU , JPI V)

- IF ( X(I) - DABS( H( I , IPIV ) ) >380.390,350 
380 X11) = DABS(H(I.IPIV))

IQ(I) = IPIV 
390 HU,JPIV) = - SINE*HTEMP + cOSINe*HU, JPIV>

IF ( X(I) - DABS ( H( I »JPIV)) ) 400.530,530 
400 XU) = DABS(H(I.JPIV) )

i a u )  = jpiv
GO TO 530 

420 IFU-JPIV) 430.530,480 
430 HTEMP = HIIPIV,I)

H(IPIV.I) = COSINE*HTEMP + SlNE*H(I. JpIV)
IF ( X(IPIV) - DABS(H(IPIV,1)) ) 440.450,450 

440 XUPIV) = 1>ABS(H(IPIV,I) )
IQ(IPIV) = I

450 HU,JPIV) = - SINE*HTEMP + COSINe*H(I, JPIV)
IF (X(I> - DABS ( HU.JPIV)) ) 400.530,530 

480 HTEMP = H(IPIV,I)
HIIPIV,I) = COSINE*HTEMP + SINE*H<JPIV , I )
IF ( XUPIV) - DABS ( HIIPIV,I)) ) 490,500,500 

490 XUPIV) = OABSt H( IPIV, I ) )
IQ(IPIV) = I 

500 H(JPIV.I) = - SINE*HTEMP + COSINE*H<JpIV,I)
IF ( XCJPIV) - DABS( H(JPIV.U) J510.530.530 

510 X(JPIV) = DAPS(H(JPIV.I))
IQ(JPIV) = I 

530 CONTINUE 
C TEST FOR COMPUTATION OF EIGENVECTORS

IFIIEGEN) 40,540,40 
540 00 550 1=1,N
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HTEMP=U(I *IPIV)
U(I»IPIV)=COSINE*HTEHp+SINE*U(I,JPIV) 

550 U<I»JPIV>= -SINE*HTEMP+COSINE*U(I.JPIV) 
£0 TO 40 

1000 RETURN 
END
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cc solution of the secular equation, input is gamma
c MATRIX (OIAgONALIZEO g» and f .
c

IMPLICIT REAL*6 (A-H,0-Z>
REAL*1* RECORD
DIMENSION F(147,147),W(147,147),reC0K0(3&),00(147) 
DIMENSION H{147,147) ,DV<147) ,EIG(147,147),C<147,147) 
EQUIVALENCE (H.EIG)»(DD*0V)

100 READ(5,1) lND,NOPROB,NQ.NOAT»ITHERMtIREP»NEXC0
1 FORMAT(715 I 

IF(9+IND)95,93*95
95 CALL EXIT
93 REA0(5,2) (RECORDtl>,1=1*36)

2 FORMAT(18A4)
WRITE(6,50) MOPROB, INO *(RECORD!T),1=1,36)

5 0  FORMAT( 1 3H1 PROBLEM N O , 18,13/ I 12x,18A4) )
IF (NOPROB.NE.l) GO TO 99 
DO 96 1=1,NO 

• 96 READ<12) (F(I,J) ,J=1,NQ>
99 READ(13) ( ( W11, J ),1 = 1»NQ) , J=1* NO I 

DO 200 J=1,MQ 
DO 195 L=1»NQ 
DD(L)=0,ODO 
DO 195 K=1,NG 

195 ODtL)=DD(L)tF(L,K)*WlK,J)
00 200 1=1,NO 
H d , J > = o , o n n  
DO 200 M=l,WQ 

200 H(I,J)=HII*J)+W(M,I)*OD(M)
NR=0
IEGEN=0
CALL HD!AG(H«NQ,IEGEN*C*NR>
00 208 Isl.NQ 

206 DV(I)=DSQRTtnABS(H(I*IJZ5,688520-7))
00 275 1=1,NO 
DO 275 J=1,NQ 
EIG(I»J)=0,0D0 
DO 275 R=1, NQ

275 EIG(I,J)=EIG(I*J)+W{I,K)*C(K,J)
IFIIREP.EQ.H GO TO 204

C NQĈ IO FOR METHANE AND PMM 
NQC=10 
MM=NQ-NEXCO 
DO .276 J=1,NQ 
IF(J,GT.MM) Go TO 280 
DO 272 JJ=1, NQC
IF(0ABSt£IG(JJ,J)).GE,<0.1)) GO TO 260 

272 CONTINUE 
GO TO 278

200 WRITE(6,12) J,DV(J ) , (EIG( I , J ) ,1=1,NQ)
12 FORMAT(12H0 EIGENVALUEI3«2H= Fi2.6,

120H EIGENVECTOR FOLLOWS/(10F12.6))
276 CONTINUE 

GO TO 108
204 00 288 J = 1 , NGl
268 WRITE(6,12) J , DV(J) , (EIG(I, J ) ,1=1,N0I 
106 WRITE(6,61) NOPROB 

61 FORMAT(24H FRECUENCIES PROBLEM NO.16)
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URITE(G«63) (DV(I).I=1<NQ>
63 FORMAT(6F12.6)

CO TO 100 
ENO
SUBROUTINE H0IAG(H,N,IEGEN,U,NR)
IMPLICIT REAL*fl (A-H,0-Z1 
REAL*9 RECORD.RECD,STORY 

CHDIAGMIHDI3. FORTAN II OIAGONALIZATION OF A REAL SYMMETRIC MATRIX BY 
THE JACOBI METHOD.
CALLING SEQUENCE FOR OIAGONALIZATION 
CALL HDIAGI H, N. IEGEN. U, NR)
WHERE H IS THE ARRAY TO BE DIAGONALIZED.
N IS THE ORDER OF THE MATRIX. H.
IEGEN MUST BE SET UNEQUAL TO ZERO IF ONLY EIGENVALUES ARE TO BE 
COMPUTED.
IEGEN MUST BE SET EQUAL TO ZERO IF EIGENVALUES AND EIGENVECTORS 
ARE TO BE COMPUTED.
U IS THE UNITARY MATRIX USED FOR FORMATION OF THE EIGENVECTORS.
NR IS THE NUMBER OF ROTATIONS.
A DIMENSION STATEMENT MUST RE INSERTED IN THE SUBROUTINE. 
DIMENSION H(N.N). U(N.N). X(N>, IQ(N)
COMPUTER MUST OPERATE IN FLOATING TRAP MODE
THE SUBROUTINE OPERATES ONLY ON THE ELEMENTS OF H THAT ARE TO THE 
RIGHT OF THL MAIN DIAGONAL. THUS. ONLY A TRIANGULAR 
SECTION NEED BE STORED IN THE ARRAY H.
DIMENSION H<197,197) lUflRT.lRTliXtlRT) ,10(197)
DSIGNF<X.Y)=DSIGN(X,Y)
CALL ERRSET (208.256,-1.1.0»0)
CALL ERRSET (209.256,-1 .1 .0 ,0)
IF (IEGEN) 15,10,15

10 DO 1R 1 = 1 . N
DO 19 J=1,N 
IF<I-J)12,11,12

11 u d , j ) = i . o n o
GO TO 19

12 U(I.J)=0.000
19 CONTINUE 
15 NR = 0

IF (N-l) 1000,1000,17
scan for largest off diagonal element in each row 
XII) contains largest element in ith row
IQ(I ) HOLOS SECOND SUBSCRIPT DEFINING POSITION OF ELEMENT 

17 NMI1=N-1
DO 30 I=l«NMll 
XII) = 0 . ODO 
IPL1=I+1 
DO 30 J=IPL1,N
IF(X(I )-DABS( H(I.J)I)  20,20.30

20 X( I )=DABS(H(I, J))
i o m = j

30 CONTINUE
SET INDICATOR FOR SHUT-OFF, RAP=2**-27,NR=N0.OF ROTATIONS 
RAP=7.950560596D-9 
HDTEST=1.0D30
FINU MAXIMUM OF X(I> S FOR PIVOT ELEMENT AND 
TEST FOR END OF PROBLEM 

90 DO 70 1 = 1 , MMU 
IF (1-1) 60,60.95  

95 IF(XMAX-X( I )) 60.70.70 
60 XMAX=X(11

ipiv=i
JPIV=IO(I)

70 CONTINUE
C i s  max. X(I) EQUAL TO ZERO, IF LESS THAN HDTEST»REVISE HDTEST 

IF (XMAX) 1000,1000,80 
80 IF( H0TEST) 90.90,65
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65 IF (XMAX - HDTEST) 90.90.146
90 HOIMIN = DADS ( H (1.1) )

00 110 1-2 .N
IF (HDIMIN - DABS ( H (1 ,1)))  110.110,100 

100 HDIMIN=DABS (H(I.IJ)
110 CONTINUE

HDTEST=HDIMIN*RAP 
c return if max. h i i »j )less thaN(2**-27)dabS(h(k»k) - min)

JF (HOtEST-XMAX) 146.1000,1000 
1^6 NR= NR+l

c COMPUTE TANGENT, SINE AND COSlNF,H(I, IJ,H(J,J |
150 TaNG=0SIGN(2.00,(HtlPlV.IPIV) - h ( JPIV.JPIV)) )*H(IPIV.JPIV)/(DABS(H 

1 (IPIV, IPIV)-H( JPIV. JPIV) )+oSORT( (HdPlV, IPIV)-H( JPIV. JPIV) )**2+ 
24.000*h(IPIV«JPIV)**2))
C0SINE=1 •0D0/OSQRT(l*0D0+TANG*TAt\|g)
SINE=TANG*C0SINE 
HII=H(IPIV,IPIV)
H(IPIV,IPIV)=COSINE**2*(HII+TANG*(2.000*H(IPIV.JPIV)+TANG*H(jpiv , 

1JPIV)) )
H(JPIV,JPIV)scOSINE**2*(H(JPIV,JPIVI-tang*(2 .0[)0*H(IPIV,JPIV)-TftNG 

1*HID )
HIIPIV,JPIV)=O.ODO 
PSEUDO RANK THE EIGENVALUES
ADJUST SINE and COS FOR COMPUTATION Of H(IK) AND U(IK)
IF ( H(IPIV.IPIV) - H(JPIV.JPIV)) 152,153,153

152 HTEMP = HdPIV.iriV)
H(IpIVtIPIV) = HEJpIV.JplV)
H(JPIV, JPIV) =HTEMP
recompute sine and cos
HTEMP = DSIGNF (1-OdO, -SINE> * COSINE 
COSINE =DABS (SINE)
SINE =HTEMP

153 CONTINUE
INSPECT THE IQS BETWEEN I+i AND N-l to determine 
WHETHER A NEW MaXIUM VALUE SHOULD BE COMPUTE SINCE 
the present maximum is in the i or j row.
DO 350 1=1,NMI1 
IF(I-IPIV)210.350,200 

200 IF (1-JPIV) 210.350,210 
210 IFdQ ( I ) -IPIV ) 230.240,230 
230 IFdCM I )-JPlV) 350.240.350 
24 0 K=IQ(I)
250 HTEMP=H(I.K)

H(I,K)=0.ODO 
IPL1=I+1 
X(I) S O , ODO

C SEARCH IN DEPLETED ROW FOR NEW MAXIMUM
DO 320 J=IPL1, N
IF ( Xd) -DABS ( H(I.J>> ) 300,300.320 

300 X(I) = OABS(Hd.J) )
IQ(I)=J 

320 CONTINUE
H(I,K)=HTEMP 

350 CONTINUE
XIIPIV) =0,ODO 
XIJPIV) =0•ODO 

C CHANGE THE ORDER ELEMENTS OF H
DO 530 1=1,N 
IF (I-IPIV) 370,530,420 

370 HTEMP = H(I,IPIV)
H(I,IPIV)= COSTNE*HTEMP * SINE*H(I , JPIV)
IF ( X(I) - DADS! H(I,IPIV)) >360.390,390 

380 X(I) = DABS(H(I.IPlV))
IQ(I> = IPIV 

390 HI I.JPIV) = - SINE*HTEMP + COSlNe*H(I,JPIV)
IF ( X(I) -  DABS ( HI I.JPIV)I ) 400,530.^30



400 XII) = DABSIHlI .JPIV)J 
IQ 11) = JPIV 
60 TO 530 

420 IFlI-JPIV) 430.530,480 
<430 HTEMP = HIIPIV.I)

H(IP IV . I ) = cosine*htemp + SIWE*H111JPIV)
IP I X (IPIV) - DABS(H|IPIV.I) ) ) 440,450.450 

440  x i ip iv )  = dabs< h t i p i v , i ))
IQIIPIV) = I 

450 HII.JPIV) = - SINE*HTEMP + COSINe*HII. JPIV)
IF IXII) - DABS I HII.JPIV)) ) 400.530,530 

480 HTEMP = HIIPIV.I)
HIIPIV.1) = COSINE*HTEMP + SlNE*H(JPIv.I>
IF ( XIIPIV) - DABS! H I IPlV, I )) ) 490,500,500 

490 XIIPIV) = OABSIHIIPIV.U)
IQIIPIV) = I 

500 HIJPIV, I ) = - SlNE*HTEMP + C0 SINE*H(Jpiv,I)
IF I XIJPIV) - DABSI HIJPIV.I)) )5I0.530»530 

510 XIJPIV) = DABSIHIJPIV.I))
IQIJPIV) = I 

530 CONTINUE
test for computation OF eigenvectors
IF IIEGEN) 40.540,40 

540 DO 550 1=1,N
HTEHP=U11, IPlV)
U(I.IPIV)=C0 SINE*HTEMP+SINE*U|I, JPIV)

550 U(I,JPIV)= -SINE*HTEMP+COSINE*U(I,JPIV)
GO TO 40 

1000 RETURN 
END
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