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ABSTRACT

A NEW METHODOLOGY FOR DESIGN AND ANALYSIS OF
INTERPROCESSOR COMMUNICATION NETWORKS
by
Fu-Wei Chen

Advisor: Professor Seyed-Ali Ghozati

It is well known that the performance of a parallel computer is often limited by the time
spent communicating data from one processor to another. The problem of design, analysis,
and control of interprocessor communication networks is considered in this thesis.
A novel approach based on a formal modeling of communication network by an algebraic
structure, called Communication-Algebra (C-Algebra), is proposed. C-Algebra is used to
investigate properties of networks and link them to their control structures. Two classes
of communication networks, [N,K] cube and [N,K] PM2I, are modeled by the proposed
algebra.
The following are the list of original contributions made in this thesis:

(1) Systematic enhancement of network's performance and its fault-tolerance,

(2) A new approach to establish parallel paths in the network,

(3) Proving that the [N,K] cube is maximally fault tolerant, i.e., the maximum number



iv
of parallel paths between any pair of nodes equal to the degree of each node and the
length of each parallel path is at most equal to the Hamming distance between
source-destination nodes plus 2,

(4) Developing an adaptive distributed routing scheme which will successfully route
messages between any pair of functional nodes in an [N,K] cube as long as these
two nodes are connected,

(5) Establishing a lower bound on the number of parallel paths in the class of [N,K]
PM2I networks,

(6) Developing several node-independent algorithms for embedding other topologies,
such as rings, linear arrays, meshes and standard spanning trees in an [N,K] cube,

(7) Using Gray control sequences to establish Hamiltonian cycles in an [N,K] cube, and
investigating properties of control vector space to numerate the number of distinct
Gray control sequences in an [N,K] cube,

(8) Graph theoretical characterization of the class of [N,K] cubes to determine whether

or not a given graph is isomorphic image of an [N,K] cube.
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1. Introduction

The main purpose of a parallel processing system is to complete a large job faster than a
single processor system by using several processors concurrently. Another advantage of

using multiple processors is better reliability.

Two types of the most popular parallel processing systems are SIMD and MIMD. SIMD
(single instruction stream-multiple data stream) machines typically consist of a set N
processors, N memories, an interconnection network, and a control unit. The control unit
broadcasts instructions to the processors, and all active ("turned on") processors execute
the same instruction at the same time. Each processor executes instructions using data from
a memory with which only it is associated. The interconnection network allows
interprocessor communication. In an SIMD environment, all the processors operate in

lockstep, and all active processors use the interconnection network simultaneously.



MIMD (multiple instruction stream-multiple data stream) machines also typically consist
of N processors and N memories, but each processor can follow an independent instruction
stream. As with SIMD architectures, there is a multiple data stream and an interconnection

network.

The performance of a parallel processing system is effected by two major factors. One is
f, the fraction of operations in a computation that must be performed sequentially. By
Amdahl's law, the maximum speedup, S, achievable by a parallel computer with N

1 1

f+A-pN

processors is § <

Another factor is the communication cost caused by the overhead in interprocessor
synchronization and its delay in communication network. Thus, the interprocessor

communication network is very important for system performance.

We can classify the interprocessor communication networks into three basic types of
networks according to the number of links: crossbar network, bus network and
interconnection network. The crossbar (or fully connected) network provides direct
connection from any source to any destination and minimal delay, but its network
complexity and cost become prohibitive for large number of processors. On the other
extreme, the bus network has the lowest cost, but its constant bandwidth limits the number

of processors. The interconnection network whose cost and performance fall in between
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these two extremes is considered more suitable for general parallel processing systems. To
solve the problem of providing fast, reliable, and efficient communications at a reasonable
cost in large parallel processing systems, many interconnection networks have been

proposed, including the baseline [1], the Omega [2], the cube [4], and the Banyan [3].

Interconnection networks can be designed in multistage or single-stage forms. Multistage
networks are typically designed using log, N stages of 2x2 switching elements to connect
N=2" inputs to N outputs; each stage has 2*' switching elements. The minimum
requirement of multistage networks is full connectivity, which means that any input terminal
can be connected to any output terminal in one pass through the network. In general, there
is only one path from any input to any output in a multistage network. Therefore, unless

it is modified, multistage networks are not fault tolerant. Due to many attractive properties
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Fig. 1.1 Model of a single-stage network
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of single-stage networks, such as fault-tolerance and rich containment properties, my
research is concentrated on this type of communication network. Conceptually, single-stage
networks may be viewed as N Input Selectors(IS) and N Output Selectors(OS) [6]. Each
IS is essential a 1-to-D demultiplexer and each OS is an M-to-1 multiplexer where 1 < D
<Nand1 <M <N, as shown in Fig. 1.1. However, other implementations are possible
for single-stage networks, for example, the Shuffle-Exchange network [9] with 2*! 2x2
switching elements consists of one stage of an Omega network (shown in Fig. 1.2)[2]. In

the Direct n-cube networks[13], each node consists of a processing element(PE) and a

R . 14 VI
L.ans%gnl. ><

o [0y (Y|

@) (®)
Fig. 1.3 (a)implementation of a node in a n-cube. (b)Connections in a 2-cube network.

(n+1) x (n+1) crossbar switch as shown in Fig. 1.3. The performance and cost of a
single-stage network depend on the actual implementation used [12], [13]. The single-stage
network is also called a recirculating network. Data items may have to pass through the

single stage several times before reaching their final destinations.
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Besides the structure of interconnection networks, a great deal of research has been focused
on the analysis of multiprocessor interconnection networks. Of particular interest has been
the permuting properties of these networks - the ability to establish interconnections
representable as permutations of the processors addresses. Part of the motivation stems
from the fact that the communication requirements of several parallel algorithms may be
expressed as permutations. Sorting and Fast Fourier Transform are two examples [9].
Another application of permutation network is the alignment of skewed operands when
accessing from, or storing to, parallel memories [2]. The permuting properties of many
such networks have been studied in detail, and topological equivalence between, and
functional relationships among these networks have been established [10], [11]. It has been
shown that single-stage network and blocking multistage networks cannot realize arbitrary

permutations in a single pass.

Most previous research in interprocessor communication networks emphasis the topology
design, and performance and permuting properties analysis. Little attention have been given
to modeling "dynamic behavior" of communication networks, i.e., controlling of networks
for creating paths and embedding other topologies. Hence, the main objective of this

dissertation is to unify modeling and control of single-stage communication networks.

The frame of this research is based on one of my advisor's papers, "Modeling and Analysis

of a Class of Interconnection Networks," 1993. We decide to extend his work to modeling
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and control of the class of word-controlled symmetric communication networks and to
present the modeling technique in more abstract form. To unify the modeling of all different
types of communication networks, a mathematical structure called Communication-Algebra
or C-Algebra is introduced. The main feature of the proposed algebra is its ability to
enhance the network's performance and reliability, by systematically introducing more links,
while keeping the number of nodes in the network unchanged. As a result, the diameter of

the network reduces and it also becomes more fault tolerant.

Hypercube and PM2I (Plus-Minus 2i) networks are used, as two representative classes of
single-stage networks, to demonstrate the application of C-Algebra for both modeling and
enhancing the network. Many useful properties of enhanced Hypercube and PM2I
networks, called [N,K] cube network and [N,K] PM2I network respectively, is derived
using C-Algebra. These properties are related to control sequences instead of node-to-node
mapping. Thus, it is shown that by using C-Algebra, communication networks can be
designed and most importantly, some of their properties, such as containment properties,
can be described in node-independent forms. The concept of node-independent property is
central to my research. For instance, if a control sequence creates a ring in the network,
from starting node i, then the same sequence produces the same length ring from any other
nodes in the network. The same is true for other node independent properties. Thus we
can find a set of control sequences to create different topologies or paths in the network,

and use them without being concerned about the initiating nodes. Another feature of the
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C-Algebra is its capability of investigating the existence of homomorphism between two

different networks which aid in simulating one network by another.

Let me summarize the main features of Communication-Algebra:

1. C-Algebra is a design tool for networks modeling and enhancement - relation between
the maximum links delay and the degree of enhancement can be established by this
algebra

2. C-Algebra can be used to investigate network's properties and relating them to control
sequences instead of node-to-node mapping

3. Node-independent containment properties of networks

4. Using C-Algebra to establish homomorphism between networks and using it as a

simulation tool.

Besides design and modeling of existing networks, we have tried to design some new
network topologies using C-Algebra. For example, networks with bitwise AND, OR or
NAND operations. The diagrams of these networks are shown in Fig. 1.4., Fig. 1.5. and
Fig. 1.6. respectively. These networks haven't been proven to be of any special use yet, but

they show examples of the application of C-Algebra.
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Fig. 1.4. [8,1] AND network Fig. 1.5. [8,1] OR network

Fig. 1.6. [8,1] NAND network
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The following paragraphs provide an overview of the dissertation. Chapter 1 is this
introduction. Chapter 2 discusses the definition and properties of Communication-Algebra.
Section 2.1 gives the definition of Communication-Algebra. Section 2.2 models the class
of [N,K] cube networks. Section 2.3 models the class of [N,K] PM2I networks. Section
2.4 defines equivalent control sequences and investigate their properties. Section 2.5 shows

node-independent property of networks and its importance.

Chapter 3 discusses the fault-tolerant networks. Section 3.1 gives the definition and
measure of fault-tolerant networks. Section 3.1 investigates the number of disjoint paths
(parallel paths) between any pair of nodes in [N,K] cube networks and presents an
algorithm, called DP_G, to establish these paths. Section 3.2 develops an adaptive fault-
tolerant routing algorithm, which incorporates Algorithm DP_G and depth-first search, will
successfully route messages between any pair of functional nodes as long as there exists a
path between. Section 3.4 investigates the number of disjoint paths in the [N,K] PM2I
networks and obtains a lower bound which is always greater than or equal to the number

of disjoint paths in an [N,K] cube networks with the same parameters, i.e., the same value

of N and K.

Containment properties of [N,K] cube network are discussed in Chapter 4. Section 4.1
defines ring control sequences and discusses properties of ring which can be embedded into

[N,K] cube. A simple algorithm which produces ring control sequences of length between
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3 and 2n is given. Section 4.2 develops the theoretical foundation for investigating
properties of Gray control sequences and numerates the number of distinct Gray control
sequences in an [N,K] cube. Section 4.3 uses Gray control sequence to establish
Hamiltonian cycle in an [N,K] cube. Section 4.4 presents a generalized algorithm which
produces ring control sequences of any length which can be embedded into an [N,K] cube
networks. Section 4.5 discusses how to establish linear arrays and meshes in an [N,K] cube.
Section 4.6 discusses the problem of broadcasting in the [N,K] cubes and presents an

algorithm for constructing a unique spanning tree.

Chapter 5 discusses the problem of cube identification. Section 5.1 gives notations and
definitions which will be used through this chapter. Section 5.2 studies topological
properties of [N,K] cubes. Section 5.3 uses structural properties of [N,K] cube, developed
in the previous section, to solve the cube identification problem, i.e., to determine whether
or not a given graph in isomorphic to an [N,K] cube. Section 5.4 gives some concluding

remarks regarding this chapter.

Finally, Chapter 6 concludes this thesis and discusses several topics for continuing research.
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2. Communication-Algebra

Many popular interconnection networks used in parallel computer systems can be modeled
mathematically by few well-defined mappings, such as rotations, Boolean complement,
Generalized complement, etc. For instance, in the case of multistage interconnection
networks, basically each stage performs two types of permutations. One represents the
switching elements' operations and the other one is to define the topology of the network
between stages. Thus, for modeling each stage of the network two distinct mappings are
required. In more complex networks, such as Plus-Minus 21, each stage of the network can
be modeled by a set of permutations, in which the number of permutations varies depending
on the format of the control vectors (the notion of control vector will formally be defined
in section 2.1). Formally, an interconnection network is defined by a set of interconnection
functions [6]. Each interconnection function is a bijection ( one-to-one and onto mapping)
on the sets of input addresses and output addresses. The interconnection functions not only
shows the permuting capabilities of the network but also describe the topology of the

network. However, there is no intuitive way to enhance the network by introducing
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additional links between nodes, especially for the networks with large number of nodes.
This is true since the set of interconnection functions becomes very large. Moreover, the
interconnection function does not carry any routing information. For the above reasons and
to unify the modeling of all different types of communication networks, we present a new
methodology for design and analysis of interprocessor communication networks using an
algebraic structure called C-Algebra. C-Algebra can be used to describe the topology,
permuting functions and control structure of the network while providing a systematic way

to design and analyze the enhanced networks.

2.1 Definition of Communication-Algebra

In this section, first we introduce some notations that will be used throughout this thesis.
Capital letters denote Boolean n-vectors, i.e., vectors with n components of 0 or 1. A
Boolean n-vector is referred to as a control vector if it is used to map a node in the
network to one of its immediate neighbors. P, denotes the set of all control vectors of
length n. Control vector P, ,i € {0, 1, ..., [n/k]-1} and k < n, is defined as an n-vector of
all 0's except in positions ik to ik+k-1 which could be any polarity. This type of control
vector, P, , plays an important role in defining the topology of the network. Combinations
of k bits in positions ik to ik+k-1, is called a k-digit, in particular it is called ith k-digit of

vector P, and P; denotes the jth component of vector P. The [n/k]-1 th k-digit covers bits
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([n/k}-1)k to n-1. As an example, for n=6 and k=2 the control vectors Py, P,,, P,, are
defined as: Py=(0000--), P,,=(00--00) and P,=(--0000), where - denotes O or 1. An

abstract definition of the Communication-algebra is presented below:

Definition 2.1: A Communication-algebra is a 3-tuple C = (N, P, ¢ ), where

(i) N={0,1,...,2"1} is a nonempty finite set, called node set.

(ii)) Pis a nonempty set of control vectors c'an.

(iii) ¢ is a mapping, called routing function, which maps N x Pinto N, and I € P denotes

the identity element respect to ¢ such that vV S e N, ¢(S, ) =S.

Definition 2.2: Let P be the finite set of control vectors and k be a non-negative integer.
P* denotes the sequence obtained by concatenating k elements of P, called control
sequence, where P° = I. The number of occurrence of elements of P, k, is called the length
of the sequence. The set of all control sequences defined over P is denoted by P*. (P*)™
denotes the concatenation of m copies of P* and = (P*) is a control sequence obtained by a
permutation on the control vectors forming P~

In order to establish a path between two arbitrary nodes in the network, the routing function
¢ may have to be executed several times. Therefore, it is necessary to extend the domain

of routing function ¢ to include control sequences.
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Definition 2.3: Let ¢ be a routing function defined on the set N x P,. Extension of ¢,
denoted by ¢" is defined recursively as follows:
¢°S, P) =¢S5, D=8

(S, P'P™) = o™ (¢(S, P1), P™), VS eN,P" e P,

Definition 2.4: For any RcN, the set of nodes reachable from any member of R is denoted

by $(R) and is defined by $p(R) = {$™(S, P™) | SeR, P" F'}.

For instance, ¢$(R) may represent all the nodes reachable from R by applying all control
sequences in P". A few useful results concerning set $(R) is presented in the following
theorem.

Theorem 2.1: Let R,Q cN and PP, Then

1.R < $(R)

2. ¢(d(R)) = d(R)

3. Ded(R) if and only if ¢({D}) < $(R)

Proof: The proof of Theorem 1 is due to [Ghozati 93] and is repeated here.

(1) VS €R, S=¢(8S, I), which implies that Sedp(R).

(2) By part (1) $(R)cd(d(R)) and for any Sed(dp(R)), 3 iedp(R) and control sequence PP
such that S=¢(i, P). Moreover, ie$(R) implies that 3 teR and P’ eP” such that i=¢(t, P’)
or S=¢(d(t,P’),P)=¢(t, P'P). Hence ¢(p(R))<d(R).

(3) Let Dedp(R) and Qed({D}). Then 3 A™ and B* € P" and SeR, such that $*(S, BY)=D
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and ¢™(D, A™)=Q, which implies that $™($*(S, B*), A™)=Q, which in turn implies that
Q=¢™*%S,B"A") or Qed(R). Thus $({D}) = $(R). Next, if $({D}) < $(R), then by part

(D), {D}=¢({D})cd(R), which implies Ded(R). |

The communication-algebra can model any word-controlled communication network
which maps physical address of source into physical address of destination node. For
example, the class of [N,K] cube interconnection networks and the class of [N,K] PM2I

interconnection networks can be modelled as in the following sections.

2.2 Modeling the Class of [N,K] Cube Networks

First, we define..a .xouting function, called P-complement, which is used, as a
manipulative tool to link nodes in the network and define the topology of [N,K] cube

network.

Definition 2.5: The P-complement of a vector X=(x,,...X;..X,) is obtained by
complementing the components of X according to the value of the corresponding
component of P; i.e., x, is complemented if p; = 1 and uncomplemented if p; = 0. Thus,
we define the P-complement as follows:

X = X +, P, VP€P,, where +, denotes bitwise modulo 2 add operation.
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Some useful properties of P-complement are listed below:
Pl. X+0=XandX+,1=X/,
where 0=(0,0, . . .,0), 1=(1,1, . . .,1) and prime indicates Boolean complement.
P2. P+P=0andP+,pP' =1.
P3. X+P=P+X=P+1+X' =P'+,X +,1

P4, X+P+P=XandX+P+P =X’

Fig. 2.1. 16-node cube Network

Now, the class of [N,K] cube interconnection network can formally be modelled as follows:
i) N={0,1,...,2"1}, where N=2",
(i) P=(P,|ie {0,1,...,[n/k]}1}, k{n }, where K=2

(iii) ¢(S, P) = S +, P, VSeN, PeP.
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If we restrict k to one and P={ 0, P,, P, , .. .,P,, }, ie., P,=(0,0, . . .,1), P, ,=(1,0,0, . . .,0),
then, [N,K] cube becomes a cube network, as shown in Fig. 2.1. Otherwise, fork > 2, it

is a [N,K] cube network. Fig. 2.2. shows a [16,4] cube network.

Since ¢(P, P) = 0 and ¢(P, P’) = 1, VXeN, these two nodes are referred to as the fixed
nodes of the class of [N,K] cube networks. Since each k-digit has K-1 non-zero control
vectors except the [n/k]}-1 th k-digit covers bits (Jn/k]}-1)k to n-1 and there exists [n/k] k-

digits in the network, we have the following proposition.

Proposition 2.1: The number of non-zero control vectors and the degree of each node in

an [N,K] cube network are the same and is | n/k J(K-1)+2°™4%-1,

Fig. 2.2. [16,4] cube Network
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Definition 2.6: S+,D=T is called the relative address of node S with respect to node D.

Definition 2.7: Let H(S, D) be the number of non-zero k-digit in T. Then H(S, D) is

called the Hamming distance between the nodes S and D.

Example 2.1: In [64,4] cube network, the relative address of node 9 with respect to node
21is (001001) +, (010101) = (011100). The Hamming distance between node 9 and node

21is Hy(9,21) = 2.

To establish a path from node S to node D with H,(S, D)=c, one may choose a sequence
of control vectors such that each vector reduces the Hamming distance by 1. Thus a control

sequence of length no greater than H, (S, D) can be formed to connect S to D.

Proposition 2.2: The minimum distance between the nodes S and D in [N,K] cube
networks is Hy(S, D).

Proof: When a control vector is applied, Hamming distance to node D is decreased at most
by one. Thus, there is no path of length smaller than Hamming distance between the nodes

S and D. |

Example 2.2: In [64,4] cube network, from Example 2.1, the Hamming distance from

node 9 to node 21 is Hy9, 21) = 2 and T = (011100). We could choose
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P?=(010000)(001100) as the control sequence of length 2 to connect node 9 to node 21.

2.3 Modeling the Class of [N,K] PM2I Networks

The control vector, P=(p, , P,.1 » - - -» Po)s is a Boolean (n+1) vector, where bit n is the sign
bit; ie., P is positive if p,=0, P is negative if p,=1. We denote -P,, by (1,1,0,...,0),P,,

by (0, 1,0,...,0)and -P by (p, ', Pat > - - +» Po)-

To model the class of PM2I communication networks by C-Algebra, the following routing

function is defined and its properties are studied.

Definition 2.8: The routing function, P-addition, denoted by +y, is defined as follows:
X +yP = (X +P +iN) mod N, where i is a non-negative integer such that X+P+(@i-1)N £/

0 < X+P+iN, VPe & P, and N is the number of nodes in the network.

Some useful properties of P-addition are listed below:
Pl. X+0=X

P2. P+(-P)=0

P3. X+ P+H(-P)=X

P4 X+P=P+HX
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Thus, the class of [N,K] PM2I interconnection networks can be modelled as follows:

i) N={0,1,...,2"1}, where N=2"

(i) P={P, ,-P, |ie {0,1,..., [wk}]1}, k(n }, where K=2*,

(iii) (S, P) = S +\ P, VSeN, PeP.

If we restrict k to one, it is a PM2I network. Otherwise, for k > 2, it is a [N,K] PM2I

network.

Proposition 2.3: The number of non-zero control vectors, in an [N,K] PM2I network, is
2[|w/k J(K-1)+2"™%.1] and the degree of each node is 2| n/k (K-1)+2"™k1,

Proof: Since each k-digit has 2(K-1) non-zero control vectors, total of non-zero control
vectors are 2[|n/k (K-1)+2"™%-1]. However the degree of each node is 2| n/k J(K-1)+2"
"¢ 51 because YPgyqne 3 Pl # P such that &(S, Prangayd=$(S, P'gapayd)-
Therefore two most significant k-digits of control vectors define the same link and only 2"

modk_1 links are used by 2(2"™%-1) most significant k-digit control vectors. ®

Definition 2.9: D+,(-S)=T is called the relative address of node S with respect to node

D. T is two's complement of T.

Definition 2.10: Hamming distance from node S to node D in the [N,K] PM2I

networks, , H,(S, D), is defined to be the minitnum number of non-zero k-digit in T or

T.
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Example 2.3: In [64,4] PM2I network, the relative address of node 9 with respect to node
21is T = (010101) +y (-(001001)) = (0001100). T =(1110100) The Hamming distance

from node 9 to node 21 is Hy(9, 21) = 1.

To reach node D from node S, similar to [N,K] cube, we could apply the control vectors
obtained by setting all k-digit to zero except one k-digit to a non-zero k-digit in T one by
one and setting the sign bit P, to T, if T has smaller number of non-zero k-digit than T.
Otherwise, we use T instead of T. The length of this path is equal to the Hamming distance

from node S to node D.

Proposition 2.4: The minimum distance from node S to node D, in an [N,K] PM2I
networks, is H,(S, D).

Proof: When a control vector is applied, Hamming distance to node D is decreased at most
by one. Thus, there is no path of length smaller than Hamming distance between the nodes

S and D. B

Example 2.4: In [64,4] PM2I network, from Example 2.3, The Hamming distance from
node 9 to node 21 is Hy(9, 21) = 1, which is determined by T = (010101) + (-(001001))
= (0001100). Therefore, we could choose P'=(0001100) as the control sequence of

length 1 to connect node 9 to node 21.
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2.4 Equivalent Control Sequences and their Properties

To facilitate comparison of control sequences and to study their relations, we define a

mapping on the set P into set P as follows:

Definition 2.11: Let P*=P,P,...P, ¢ . Define function ¢ : " - P, as: o(P*) =Qif
and only if ¢ is one-to-one defined on P, and 3QeP,, such that

$*(S, P*) = 9(S, Q. 2.1

o(P*) is referred to as the S-signature of P* (Note: Q may not belong to P.).

Example 2.5: ([N,K] PM2I interconnection networks) LetP*=P,P,...P, e P". By
solving eq.(2.1) one can obtain o(P*) = Q =P, +y P, +y ... +y P, as the S-signature of

P~

Example 2.6: ([N,K] cube interconnection networks) Let P* =P,P, ... P, € P". Since
¢*(S, P*)=S +, P, +, P, ... +,P_, the S-signature of P* is defined as the following:

oPY)=P,+,P,+,... + P,
The control sequences are means for setting up paths between different nodes in the
network. Since two nodes can be connected by several different paths, the

corresponding control sequences are related. The relation between control sequences
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forced on P" by the routing function ¢ is defined and studied next.

Definition 2.12: Let P* and P represent two control sequences of length « and P
respectively. P* and PP are said to be S-equivalent, P* =% PP if and only if $*(S, P*) =

$°@S, PP), S eN,VP*, PP e P,

Lemma 2.1: S-equivalence defined on P" is an equivalence relation.
Proof: It follows from the definition 2.12 that S-equivalent is reflexive, symmetric and

transitive, thus it is an equivalence relation. [ |

An equivalence relation on a set partitions the set into equivalence classes. Let P'/=
denotes the set of equivalence classes determined on P by the routing function ¢ and
source node address S. The members of a class are indistinguishable from one another
by their action on ¢. An equivalence class of P* may be represented by any of its

members and we shall denote such a class by [ P* ].

Theorem 2.2: The number of disjoint equivalent classes; i.e., cardinality of the set P/=,
induced by ¢ on S and 7" in any interconnection network with N nodes is N.

Proof: Proof is by contradiction. Assume that there are N+1 disjoint classes in P'/=.
By definition 2.12, all the control sequences in a classes must connect node S to the

same node. By Lemma 2.1; i.e., S-equivalent is an equivalent relation and partitions the
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set P" into equivalent classes, these disjoint classes of control sequences connect node S to
N+1 different nodes in the network. But there are N nodes in the network. Thus, the
number of disjoint equivalent classes in P'/= is no more than N. On the other hand, assume
that there are N-1 disjoint equivalent classes in P’/=. Because the basic requirement of
interprocessor communication networks is that any source node can reach any other nodes;
i.e., source node, S, can reach all of N-1 other nodes and itself by ¢*(S, I) = S, there are at
least N disjoint equivalent classes in P"/=. Thus, the number of disjoint equivalent classes

in P"/= is exactly N. =

Equivalency of control sequences can be linked directly to their signatures. This greatly
simplifies identification of equivalent control sequences. In the next theorem, control

sequences and their signatures are explored.

Theorem 2.3: Let P* and PP be defined over the set P. Then, P* and P? are S-

equivalent if and only if o (P%) = o(P?).

Proof: Let P* and P® be S-equivalent. By definition 2.12, ¢$*(S, P*) = ¢$*(S, P?). But
by definition 2.11, $*(S, P*)=d(S, o(P%), $*(S, P*) = (S, o(P")) and ¢ is one-to-one
on P, which implies that o(P*) = o(P?).

The necessary condition can be proven by a similar argument. ]
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Corollary 2.1: Let n(P*) denote a control sequence formed by a permutation on control
vectors in P*. Then P* and = (P*) are S-equivalent in [N,K] cube and [N,K] PM2I
networks.

Proof: Since o(P*) = a(n(P%)), it then follows from theorem 2.3 that the two sequences

are S-equivalent. ]

Corollary 2.2: In an [N,K] cube network, (P*)™ =5 0, and (P*)*™! =S P*, v P* € P".
Proof: Follows from theorem 2.3 and can also be proven by induction on m, and using

the following identies: P* +, P* = 0, and P* +, P* +, P* = P%. - |

2.5 Node-Independent Networks

Definition 2.7: A communication network is said to be node independent if P* =5 P*
implies P* =2 P? , v D € N. In such a network, we simply say that P* and P? are

equivalent and o(P*) is the signature of P*.

Next we prove that the class of [N,K] cube and [N,K] PM2I networks are node

independent.

Theorem 2.4: The class of [N,K] cube networks is node independent.
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Proof: Let P*=A/A,.. A, and P°=B,B, .. B;, where A;, B, e P.
$(S, P*) = (S, P®) implies S+,A +,A; +,. . A, =S+,B+,B, +,. . +B;.
Add (D +, S) to both side of the above equality and rearrange the terms to obtain

¢(D, P*) = ¢(D, PP), which implies that P* =P PP, =

Theorem 2.5: The class of [N,K] PM2I networks are node independent.

Proof: Let P*= A/A,.. A, and P’ =B,B, .. .B;, where A;, B, € P.

&(S, P*) = (S, PP) implies S+yA +yA; +y. . 4yA, = SHB+B, +y. . B, .

By adding D+y(-S) to both side of the above equality and rearranging the terms one can

obtain $(D, P*) = (D, P?), which implies P* =P P*. ]

Theorem 2.6: In a node independent network, if P* = P? and P* = P* , then P*P* =
PPP® . Where P*P* denotes concatenation of P* and P* .
Proof: P* = P? implies

VSeN, 3DeN, (S, P*) =¢(S,P*)=D 2.2)
,and P* = P* implies

¢(D, P*) = $(D, P*) (2.3)
Substituting D in (2.3) by equation (2.2), we have

O(P(S, P¥), P¥) = $($(S, PP), PP).
By definition 2.3, the above equation implies

&S, P*P*) = ¢(S, PPP")
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which in turn implies P*P* = PPPF", |

Node-independent property of a network enables us to develop node-independent
algorithms, for embedding other topologies, such as rings linear arrays and meshes in the
network. For instance, if a control sequence creates a ring in the network, from starting
node i, then the same sequence produces the same length ring from any other nodes in
the network. The same is true for other node independent properties. Thus we can find
a set of control sequences to create different topologies or paths in the network, and use

them without being concerned about the initiating nodes.
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3. Fault Tolerant Networks

The reliability of interconnection networks are important to the overall system performance.
In designing a fault-tolerant multiprocessor computer system, it is advantageous to use an
interconnection network with more than one path between processor nodes. C-Algebra can
be effectively used to increase the degree of reliability of the network in a systematic

manner.

This chapter deals with the following two important topics:
1. Control strategy of communication networks that stays operational, i.e., creates a
path between nodes, in spite of the link or node failures.

2. To define and evaluate reliability of communication networks..

Interconnection networks, as a major component of any parallel computer system, are being
used in various areas, such as controlling spacecraft, monitoring hospital patients and other

real time control applications. Failure of a single node or link may result in a disaster if it
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is not fault tolerant. It is often impossible to perform manual maintenance on a complex

interconnection network.

An Interconnection Network(IN) can be viewed as a set of switches(nodes) and links. In
an IN, a failure is defined as an event in which the network does not perform its service in
the manner specified. A fault is the physical cause of an error. Obviously, the link or node
failure may causes some nodes not being able to communicate with each other, which in
turn causes error in the computation, so failure is a physical cause of this error. Thus, from

a system point of view, a node or link failure is a fault.

Links and nodes faults can be classified by their duration (permanent faults or transient
faults), or by their values (determinate faults or indeterminate faults). One important
determinate fault is called the link fault or stuck-type fault. It causes the link voltage to

become fixed at a constant value.

Fault-tolerant networks are defined as the ability to create paths between two functional
nodes regardless of other links or nodes failures. In all INs, new data paths can be
established via alternate control sequences (i.e., equivalent control sequences). Fault
tolerance in INs can be achieved by means of redundancy, which is inherent in single-stage

INs. Path-level redundancy in INs is static. That is, it is permanent part of the network.
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3.1 Definition and Measure of Fault-Tolerant Networks

In this section, we define strong and weak fault-tolerant networks and use Communication-

Algebra to investigate their properties.

A network is said to be fully (or strongly) fault tolerant if for any pair of nodes in the
network, there exist at least two paths connecting them together, or a network may only

provide fault tolerant to some pair of nodes .

Definition 3.1: (a). A network is said to be (S, D) fault tolerant if there exist at least
two paths between nodes S and D.
(b). A network is said to be strongly fault tolerant if it is fault tolerant
for every pair of nodes (S, D).
(c). A network which is (S, D) fault tolerant, but not strong fault

tolerant, is referred to as weak fault tolerant.

We consider two types of faults which can occur in the networks.

1. A link fault is the failure of an individual link connecting two nodes.

2. A node fault is the failure of a node.

A node fault is equivalent to the set of link faults incident to the faulty node. This model

is more conservative than stuck-at 0 or 1 models.
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When faulty links or faulty nodes are known to exist and can be identified, it may be
possible to avoid them by choosing an alternate path or node, i.e.,equivalent, control
sequence. If a conflict occurs, the ability to dynamically use the alternate paths improve the

throughput as well as fault tolerance.

The node-fault tolerance between a pair of nodes S and D or the node-fault tolerance of an

undirected graph is measured by the vertex connectivity.

Definition 3.2: A pair of nodes S and D are said to have vertex cennectivity (S, D) if
£(S, D) is the maximum number of faulty nodes that the network can tolerate and still

remains (S, D) connected.

Definition 3.3: A graph G is said to have a vertex connectivity £(G) if the graph G

remains connected in presence of up to £(G) node failures.

Proposition 3.1: £(G)=min{&(S,D)|VS,DeNandS #D }.

Proof: Let £(G) =i,i € {0,1,...,N}.

By Definition 3.2, the graph G remains connected when an arbitrary set of less than i nodes
are faulty. This implies that any pair of nodes in G remain connected when an arbitrary set
of less than i nodes are faulty, which in turns implies that VS, D e Nand S # D: (S, D)=2i

= min{E(S,D)|VS,DeNandS #D } =i.
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Let i be the smallest member of the set {£(S,D)|VS,DeNandS #D }.
By Definition 3.1, S and D remain connected when an arbitrary set of less than i nodes are
faulty, which implies that the graph G remains connected when an arbitrary set of less than

i nodes are faulty which in turn implies that £(G) =i. [ |

Obviously, the vertex connectivity of a graph G cannot exceed its minimum node degree.
Since if k divides n, then the degrees of each node in [N,K] cube networks and [N,K]
PM2I networks are n/k(K-1) and (2(n/k)-1)(K-1) respectively, in the next proposition,

we establish an upper bound on £(G) for both cube and PM2I networks.

Proposition 3.2: (a). £([N,K] cube network) < n/k(K-1) and

(b). £(IN,K] PM2I network) < (2(n/k)-1)(K-1).

Since the vertex connectivity of a graph G cannot exceed its minimum node degree, a graph
with vertex connectivity equal to its minimum node degree is said to be maximally fault

tolerant, and is defined next.

Definition 3.4: A graph is called maximally fault tolerant if vertex connectivity of the

graph equals its minimum node degree.
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In a fault-tolerant communication network, it is possible to set up several node-disjoint
paths between any source-destination pair of nodes. In what follows, we defined node-
disjoint control sequences and later we show that these sequences are capable of creating
node-disjoint paths in the network. What is unique to this approach is the fact that node-
disjoint control sequences are equivalent and thus can be applied to any source node in the

network.

Definition 3.5: Two control sequences, P* and P? are said to be disjoint, and their
corresponding path, node-disjoint, if and only if

$*(S, P*) = ¢°(S, P?) =D and ¢'(S, PY) = ¢S, P)) Vi<a, j<P.

Our purpose in this chapter is to show that the class of [N,K] cube Networks have the
vertex connectivity of n/k(K-1). Hence these networks are maximally fault tolerant. Then,
we will present a simple routing algorithm to establish maximum number of node-disjoint
paths between two arbitrary nodes simultaneously. We also present an adaptive distributed
routing scheme to route messages between two fault-free nodes in faulty [N,K] cube

networks as long as the two nodes remain connected.



3. Fawlt Tolerant Networks 34

3.2 Number of Disjoint Paths in the [N, K] Cube Networks

First, we present a theorem[Saad 88] to show that there exists n disjoint paths between any
pair of nodes in an n-cube network. Later we will extend the theorem by using

Communication-Algebra to find the number of disjoint paths in the [N,K] cube Networks.

Theorem 3.1: Let A, B be any two nodes of an n-cube and assume that H,(A, B) <n. Then
there exist n parallel paths between A and B. Moreover, the length of each path is at most
H,(A, B)+2.

Proof: See [Saad 88].

Lemma 3.1: Let S, D be any two nodes in an [N,K] cube network and m=H,(S, D) <[n/k]
be the number of non-zero k-digits in T=S+,D. Then there exist m disjoint paths of length
m between the nodes S and D.

Proof: S+,D can be decomposed into m non-zero control vectors P"=P,, Py, . . . Py
Next, we construct the following control sequences:

P0)"=PPiix - - - Piaac »

P(1)"=PyPyy - - - PymaycPiox »

P"=PuPiiax - « + PimanPiok - « P »

..,and
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P(m-1)"=P;. 13 Pk - - « Pimoaxc

It is clear that o (P()™)=0(P™), Vi: O<ism-1 which implies that all these control sequences
are equivalent, ie., connecting the nodes S and D. Since all P,z modify different k-digit of
the source node address, a(P(i))#a(P()") , Vi#j , l<m which implies that they are

disjoint. |

Theorem 3.2: Let S, D be any two nodes in an [N,K] cube network, and m=H,(S, D)
<n/k be the number of non-zero k-digits in T=S+,D, where n is assumed to be multiple
of k. Then there exist n/k(K-1) disjoint paths between S and D. Moreover, the length
of each path is at most m+2.

Proof: Note that constructive proof given next yield exactly m paths of length m, m(K-
2) of length m+1 and (n/k-m)(K-1) of length m+2. For convenience we assume without
loss of generality that S and D differs in their m leading k-digits. Then the set of control
vectors available to node S can be divided into the following 3 classes:

Class 1: Py € {Pyy, Py - - - .Pjmay}. By Lemma 3.1, there are m disjoint paths of length
m in this class.

Class 2: Py: O<i<m-1, Py # P;. We construct the control sequences of length m+1
starting from P, as follows: P(k)™'=P,Po Py . . . PiuPigen - « + Piman(Pact2Pya)-
Since Pyty(Pyt+Py)=Py, o (P(ik)™=0(P™) , Vi : O<ism-1. Therefore P(ik)™! and P™
are equivalent. There are m(K-2) different P, 's in class 2.

Class 3: P,: m<isn/k-1. We construct the control sequences of length m+2 starting
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from P, as follows: P(ik)"“‘”2=P,‘Pj0kPjlk oo« PyayPy. Since Py+,P.=0, o (P(ik)™?)=ag (P™)
, Vi : mgi<n/k-1. Therefore P(ik)™? and P™ are equivalent. There are (n/k-m)(K-1)
different P, 's in class 3.

In above 3 classes, all the control sequences start from different P,, then the rest of control
vectors are never the same k-digit as P, or only the last control vector is the same k-digit

as P,. Therefore they are disjoint until reaching the destination D. ]

Corollary 3.1: [N,K] cube network is maximally fault tolerant.

The following algorithm, called DP_G(S, D) (disjoint paths generator), based on the
Theorem 3.2, is proposed to generate n/k(K-1) disjoint paths between the nodes S and D

in [N,K] cube networks. The complexity of Algorithm DP_G is in O(n/k(K-1)).

Algorithm DP_G(S, D): /* Disjoint Paths Generator */

1. Find the relative address T=S+,D, between the two nodes.

2. for each of m non-zero k-digits in T, construct Py, such that the ith non-zero k-digit
of T and Py, are identical.

3. for each P, € P, construct the control sequence to connect node S and node D as
follows:
if Py € {Piow Py - - « »Pjgm1c} then
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else if the ith k-digit of T is non-zero and P, ¢ {Pyg, Py, - - - ,Pjmay) then

else send P™?=P, PPy, . . . Py Pa

Example 3.1: In an [16,4] cube network, there exist (4/2)(4-1)=6 disjoint paths between
nodes 2 and 10. Bold solid lines in Fig. 3.1 show these 6 disjoint paths.

Since T(2, 10) = (0010) +,(1010) = (1000), H,(2, 10) = 1, there exist 1 path of length 1,
2 paths of length 2 and 3 paths of length 3, which can be established by the following
control sequences:

P(1)'=(1000),

P(1)’>=(0100)(1100),

P(2)’=(1100)(0100),

P(1)’=(0001)(1000)(0001),

P(2)’=(0010)(1000)(0010), and

P(3)*=(0011)(1000)(0011).

The nodes in each paths are as follows:

P(1)'=2-10,

P(1)*= 2~6-10,

P(2)’=2-14-10,

P(1)*<=2-3-11-10,

P(2)*= 2-0-8-10, and P(3)’= 2-1-9-10.
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1110

0111 11

Fig. 3.1. disjoint paths between the nodes 2 and 10 in [16,4] cube network

Note that the above set of control sequences also establishes all the node-disjoint paths
between any two nodes with relative address of T(S, D) = (1000). For example, between
the nodes 11 and 3, the following 6 paths, as shown in Fig. 3.2, are established by the same
above control sequences:

P(1)'=11-3,

P(1)’=11-15-3,

P(2)’=11-7-3,

P(1)’=11-10-2-3,
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P(2)’= 11-9-1-3, and

P(3)’= 11-8-0-3.

_1000

1110

0N1TYW G 11

Fig. 3.2. disjoint paths between the nodes 11 and 3 in [16,4] cube network

Example 3.2: In an [64,4] cube network, there exist (6/2)(4-1)=9 disjoint paths between
the nodes 0 and 9. Since T(0, 9) = (000000) +,(001001) = (001001), H,(0, 9) =2, there
exist 2 paths of length 2, 4 paths of length 3 and 3 paths of length 4, which can be

established by the following control sequences:



P(1)’=(001000)(000001),
P(2)’=(000001)(001000),
P(1)*=(001100)(000001)(000100),
P(2)*=(000100)(000001)(001100),
P(3)’=(000010)(001000)(000011),
P(4)*=(000011)(001000)(000010),
P(1)*=(010000)(001000)(000001)(010000),
P(2)*=(100000)(001000)(000001)(100000), and

P(3)*=(110000)(001000)(000001)(110000).

The nodes in each paths are as follows:
P(1)’= 0-8-9,

P(2)*= 0-1-9,

P(1)’= 0-12-13-9,

P(2)*= 0-4-5-9,

P(3)’= 0-2-10-9,

P(4)’= 0-3-11-9,

P(1)*= 0-~16-24-25-9,

P(2)*= 0-~32-40-41-9, and

P(3)*= 0-+48-56-57-9.

3. Fault Tolerant Networks

40



3. Fault Tolerant Networks 41

3.3 Adaptive Fault-Tolerant Routing in the [N,K] Cube Networks

In this section, we develop an adaptive fault-tolerant routing algorithm, called AFTR, which
requires every node to know only the condition of its own links. This algorithm, adapted
from the algorithm DP_G and depth-first search, will successfully route messages between

any pair of functional nodes as long as there exists a path between them.

Algorithm AFTR is described as follows: Each node, x, needs to keep track of the
condition of its own links and update the number of faulty links(x), fault_No(x). To
establish a path to the destination of a message, the required control sequence and its length
m are appended to the message before transmission. We use depth-first search to deal with
the problem of routing messages between connected pairs of non-faulty nodes in an [N,K]
cube network with arbitrary number of faulty component. Therefore, N sets of used
links(control vectors) in each node have to be added to the message to ensure that a node
will not be visited twice except for backtracking. We also use a stack of used control
vectors, P_stack, to guide the backtracking whenever it is forced to backtrack from a dead
end. Before calling the algorithm AFTR, the source node needs to generate the control
sequence, create a null P_stack, set all used_link(i).No = 0 and used_link(i).Link = o.

Algorithm AFTR will attempt to route messages via shortest paths first. However, if all the
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links(control vectors) in the received control sequence leading to the shortest paths are
faulty, the algorithm will use a control vector which has the same non-zero k-digit of some
control vector in the received control sequence to route the message via an alternative path
which results in increasing the length of the path by 1. If all of the above links are not
available, the algorithm tries an unused control vector to route the message which results

in increasing the length of the path by 2.

Algorithm AFTR: /* Adaptive Fault-Tolerant Routing algorithm */
{ a node n receiving (m, Py, Pjy; . . . Pjy P_stack, used_link, message) }
1. if m =0 then { the destination is reached! } stop;
2. if (used_link(n).No + fault_No) = [n/k|(K-1) then
/* all the links are either faulty or used already */
if P_stack is empty then
{ return to the source node, no connection is possible! }
stop;
else {
/* backtracking */
P, = pop(P_stack);
send (m+1, P, Py, . .« Py Pao P_stack, used_link, message)
along the ¢(n, P,) link; }}

3. fori=0,m-1do{
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/* Try to send the message along a control vector in the received control sequence
*/
if (the Py link is not faulty and P;; ¢ used_link(n).Link) then {
/* Py is not faulty and has not been used */
used_link(¢(n, P;3)).No = used_link(¢(n, Pg)).No +1;
used_link(n).No = used_link(n).No +1;
used_link(¢(n, Pj)).Link = used_link(¢(n, Py)).Link U Py;
used_link(n).Link = used_link(n).Link u Py;
if used_link(¢(n, Pj,)).No = 1 then {
/* node ¢(n, P;;) has never been visited before */
push(P_stack, Py);
send (m-1, Py Py -« « PigyPign - - + Pymay » P_stack,
used_link, message) along the ¢(n, P) link;
stop; }}}
4. fori=0,m-1do{
/* If the algorithm is not terminated yet, all control vectors in the received control
sequence are faulty or used. Try to use a control vector which is the same k-digit
of some control vector in the received control sequence*/
for V Py ¢ (Pow Pjiis - - - sPjmaxJand ik = jik do {
/¥ Py is the same k-digit of P, and not equal to Py */

if (the P, link is not faulty and P, ¢ used_link(n).Link) then {
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/* P, is not faulty and has not been used */
used_link(¢(n, P;)).No = used_link(¢(n, P,)).No +1;
used_link(n).No = used_link(n).No +1;
used_link(¢(n, P,)).Link = used_link(¢(n, P,)).Link u P;;
used_link(n).Link = used_link(n).Link u P;;
if used_link(¢(n, P,)).No = 1 then {
/* node ¢(n, P,) has never been visited before */
push(P_stack, P,.);
send (m, Py, Py . . . Py Pig - - + Pima(PatPiad
, P_stack, used_link, message) along the ¢(n, P;)
link;
stop; }}}}
fori=m, [n/k]-1do {
/* If the algorithm is not terminated yet, all tried control vectors are faulty or used.
Now try to use a control vector left */
forvP, do{
/* Py is not the same k-digit of any Py, in message received */
if (the P, link is not faulty and P, ¢ used_link(n).Link) then {
/* Py is not faulty and has not been used */
used_link(¢(n, P;)).No = used_link(¢(n, P,)).No +1;

used_link(n).No = used_link(n).No +1;
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used_link(¢(n, P;)).Link = used_link(¢(n, P.)).Link u Py;

used_link(n).Link = used_link(n).Link u Py;

if used_link(¢(n, P,)).No = 1 then {

/* node ¢(n, P,) has never been visited before */
push(P_stack, P,);
send (m+l, Py Py . . . Py Py , P_stack,
used_link, message) along the ¢(n, P;) link;

stop; }}})

6. go to step 2.

/* If the algorithm is not terminated yet, all control vectors of current node are

either faulty or used already. backtrack to the previous node. */

3.4 Number of Disjoint Paths in the [N, K] PM2I Networks

In this section, we will find the lower bound on the number of disjoint paths in the [N,K]
PM2I Networks. This bound is always greater than or equal to the number of disjoint paths

in an [N,K] cube network with the same parameters value, i.e., the same N and K.
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Lemma 3.2: Let S, D be any two nodes in an [N,K] PM2I network and m=H,(S, D) <[n/k]
be the smaller number of non-zero k-digits in T=S+D or T, where T is two's complement
of T. Then there exists m disjoint paths of length m between the nodes S and D.
Proof: For convenience we assume without loss of generality that T has less non-zero k-
digits than T. T can be decomposed into m non-zero control vectors P*=Po Py -+« Py
All m non-zero control vectors are positive if T is positive. Similarly, all m non-zero
control vectors are negative if T is negative. The following m control sequences are disjoint
and connect nodes S and D:
P(O)" =P Py - - - Py »
P(1)"=Py, Py . . .« PymayPiok »
P@™=PuPji - - - PymanPiox - - Pigye >

.,and
P(m-1)"=Py, 13 Pk - - - Pymax
It is clear that o(P()™)=a(P™), Vi : O<i<m-1, which implies that all these control sequences
are equivalent, i.e., connecting the nodes S and D. Since each Py, add different k-digit to

the source node address, o (P(i))#a(P()") , Vi#j, l<m. Thus, the paths are disjoint. B

Theorem 3.3: Let S, D be any two nodes in an [N,K] PM2I network and m=H,(S, D)
<n/k be the smaller number of non-zero k-digits in T=S+D or T, where n is assumed to

be multiple of k. Then, there exists at least (2(n/k)-2m-1)(K-1)+m disjoint paths
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between S and D if P, ,, € P™; and at least (2(n/k)-m)(K-1)+m disjoint paths between S
and D if Py, ,,, ¢ P™. Moreover, the length of each path is at most m+2.

Proof: For convenience we assume without loss of generality that T has less non-zero k-
digits than T. T can be decomposed into m non-zero control vectors PP=Py Pt . . . Py
Note that constructive proof given next yield exactly m paths of length m and (2(n/k)-2m-
1)(K-1) paths of length m+2 if P,y € P™; and (2(n/k)-2m)(K-1) paths of length m+2 if
Pox1x € P™. Then, the set of control vectors available to node S can be divided into the
following 3 classes:

Class 1: Py € {Pyy, Pyyy - -+ « sPjman}. By Lemma 3.2, there are m disjoint paths of length
m in this class.

Class 2: Py: O<ismr 1, Py # P, We construct the control sequences of length m+1 starting
from P, as follows: P(ik)“'“=PkPj0kPj,k o+« PayPig - - + Pima(Piactn(-Py)).  Since
Py+n(Pictn(-Pe)=Pju, o(Pik)™")=0(P™) , Vi : Osism-1, P(ik)™" and P™ are equivalent.
However, (P;+y(-Py)) may not belong to class 2, which implies that the last control vector
of control sequences may be used by other control sequences in the other classes.
Therefore we do not use this class of control vectors of node S.

Class 3: P,: ms<i<n/k-1. We construct the control sequences of length m+2 starting from
P, as follows: P(ik)™?=P PPy . . . Pirip(-Pa). Since Pyty(-P)=0, o (P(ik)™?)=0(P™)
, Vi : msisn/k-1. Therefore P(ik)™? and P™ are equivalent. There are (2(n/k)-2m-1)(K-1)
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In above class 1 and class 3, all the control sequences start from different P,, then the rest
of control vectors are never the same k-digit as P, or only the last control vector is the

same k-digit as P,. Therefore they are disjoint until reaching the destination D. =

From Theorem 3.3, we know that when m=1 and P, ,, ¢ P, [N,K] PM2I network has
the best lower bound of 2((n/k)-1)(K-1)+1. This bound is (K-2) less than the degree of
node, disjoint paths between nodes S and D. In worst case, when m=[n/k] and P, ;y, €
P™, [N,K] PM2I networks have a lower bound of n/k disjoint paths between nodes S and
D. This lower bound is much less than the actual value because even [N,K] cube
networks, subgraphs of [N,K] PM2I networks, have n/k(K-1) disjoint paths between
any pair of nodes. The next corollary concludes the lower bound on number of disjoint

paths in [N,K] PM2I networks, we have obtained so far.

Corollary 3.2: Let S and D be any two nodes in an [N,K] PM2I network and H,(S,
D)=m <n/k be the smaller number of non-zero k-digits in T=S+D or T, where n is
assumed to be multiple of k. Then, [N,K] PM2I network has a lower bound of

max( n/k(K-1), 2(n/k)-2m)(K-1)+m ) disjoint paths between S and D if P, ,,, € P™; or

max( n/k(K-1), (2(n/k)-2m-1)(K-1)+m ) disjoint paths between S and D if P, ,, ¢ P™.

Lemma 3.3: Let S, D be any two nodes in a PM2I network, then H,(S, D)= m< [n/2].

Proof: Assume m>[n/2] be the smaller number of non-zero digits in T=S+D or T. Let
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T have m non-zero digits. Then T's complement has n-m < [n/2] non-zero digits. But T is
T's complement +1 which has at most n-m+1 < [n/2] non-zero digits. This is a
contradiction to the definition of Hamming distance. Therefore, H,(S, D) < [n/2]in a PM2I

network. a

Theorem 3.4: Let S and D be any two nodes in a PM2I network and H,(S, D)=m be
the smaller number of non-zero k-digits in T=S+D or T. Then PM2I network has a
lower bound of

max( 2n-[n/2]-1, 2n-m-1 ) disjoint paths between S and D if P, ,,, € P";

or max( 2n-[n/2], 2n-m ) disjoint paths between S and D if P, ,, ¢ P™.

Proof: 2n-m-1 or 2n-m can be obtained from Theorem 3.3 with k=1 and K=2. By
Lemma 3.3, m=H,(S, D) < [n/2]. 2n-[n/27-1 or 2n-[n/2] can be obtained from Theorem

3.3 with k=1, K=2 and m=[n/2]. =

When n > 2, the lower bound on the number of disjoint paths in PM2I networks,
max(2n-[n/2}-1, 2n-m-1), is always greater than or equal to n(the number of disjoint

paths in n-cube networks).

Theorem 3.5: Let S and D be any two nodes in a complete graph. Then there exist N-
1 disjoint paths between the nodes S and D.

Proof: In a complete graph, every pair of nodes are directly connected and there are N-
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. 2 paths of length 2 passing through each of the remaining N-2 nodes exactly once. Thus,

there exists N-1 disjoint paths between any pair of nodes in a complete graph which is equal

to the degree of node. [ |

Corollary 3.3: Complete graph is maximally fault tolerant.

We have proved that [N,K] cube network and complete graph are maximally fault
tolerant. We also have found the lower bound on number of disjoint paths between
nodes S and D in [N,K] PM2I network which is greater than or equal to in [N,K] cube
network with same N and K. However it needs more research to prove or disprove that

[N,K] PM2I network is maximally fault tolerant.
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4. Containment Properties of [N,K] Cube Network

In this Chapter, a special class of control sequences capable of producing paths with specific
geometries, such as rings, linear arrays and meshes will be presented. These control
sequences, in a node independent network, can produce the same topology from any
starting node in the network. This feature of control sequences greatly simplifies the
containment problem in communication networks and is one of the important features of

Communication-Algebra.

This chapter is organized as follows:
First we investigate containment of rings and linear arrays in the cube type networks. Then
algorithms of generating control sequences which establish meshes and spanning tree will

be presented.
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4.1 Ring Control Sequences

Before we investigate the properties of ring control sequences in an [N,K] cube network,
we define cycle-free control sequences and ring control sequences. In what follows,
notation P' ¢ P* is used to indicate that P'is a control sequence of length i<a such that

P*=P'P**  ie., P'is a subsequence of P*.

Definition 4.1: A control sequence, P* is said to be cycle-free if and only if ¢(S,P’) »

d(S,PY) :vie (1,2, ..., a-1}, Vje (1, 2, ..., a-i}, where P' c P~

Definition 4.2: A control sequence, P*, establishes a ring in an [N,K] cube network if and

only if $(S,P*) = S and P*"! is cycle-free, where P*! ¢ P°,

Lemma 4.1: The path created by P* is cycle-free if and only if a(P¥) # o(P) : Vie {1, 2,
v 0-1},Vje (1, 2, ..., a-i}, where P! ¢ P*,

Proof: LetP*=A\A,... A
Since P* creates a cycle-free path, by Definition 4.1, $(S,P) # $™(S,P%) : Vie {1, 2, ...,
a-1},Vje {1, 2, ..., a-i}, which in turn implies that

SHAHA . . A # SHA A, L A . HA; ViE(L, 2, .., a-1), Vje(L, 2, .., a-
i}.

By adding S to both side, we obtain:
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A1+2A2+2. .. +2Ai¢Al +2A2+2. . '+2Ai+2‘ .. +2Aj 2Vi€ {1, 2, esey a‘l}, VjG {1, 2,
ey O}

Thus, a(P) # o(P) : Vie {1, 2, ..., @-1}, Vje (1, 2, ..., a-i}. =

Theorem 4.1: P* establishes a ring if and only if o(P*) # a(P)) : V i€ {1, 2, ..., (a-1)-
1}, Vje {1, 2, ..., (2-1)-i} and o(P*) = 0, where P' ¢ P*.

Proof: In order the path created by P* to be closed, we should have

&(S,P*) =S+,A A+, . A =S,

Adding S to both side results in A;+,A,+,. . .+,A, =0, 0r o(P*) =0.

Since P*! is cycle-free,

a(P) # o(P) : Vie(1, 2, ..., (z-1)-1}, Vje{1, 2, ..., (e-1)-i} follows from Lemma 4. 18

The next proposition imposes a constrain on the length of the ring embedded in the n-
cube network. This constrain can be relaxed by enhancing the n-cube to an [N,K] cube,

as will be discussed in this chapter.

Proposition 4.1: There are no cycles of odd length in an n-cube.

Proof: Let P* be a control sequence which creates a cycle in an n-cube, then by
Theorem 4.1, o(P*) = 0. This implies that the number of control vectors of type i in P*
must be even for all i. Thus, the total number of control vectors in P* is even, i.e., a is

even. -]
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However, it is possible to establish a ring of odd length in an [N,K] cube network as long
asK>2.

In chapter 3, Algorithm DP_G (disjoint paths generator), which can generate disjoint paths
of length between 1 to n/k+1, was proposed. Since concatenation of two equivalent disjoint
control sequences establishes a closed path in the network, concatenation of a control
sequence and a reverse of its equivalent disjoint control sequence, P*, and R(P®), as defined
next, establishes a ring. Let R be a mapping, called vector reversal, defined on P by
R(P,P;ss - - « sPim1y) = PywtyPima) - - - Pjp By modifying Algorithm DR_G, the following
algorithm, Ring_G(L), can generate ring control sequences with total length L. which can

vary between 3 to 2log,N.

Algorithm Ring_G(L): /* Ring control sequence of length 3<L<2n Generator */
1. m=[1/2]
2. choose m control vectors, Pjy, P;;, . . . ,Pjm.1), OUt of the set {Py, Py, ..., P}
3. P(1)™ = PPy, . . . Py,
4. if L is even then
P(2)"= PPy - - « PimyPjoPj1 « « « Py fOor some iz 0
P" = P(1)"R(P(2)™)
else

ﬁnd some Pi and PP SllCh that Pi € {Po, Pl’ e ey Pn-l]-{PjO’ le, LY ’Pj(m-l)}

and P, and P; belong to the same k-digit.
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PQY™=PPuP) . . . PPy - - - Pimsy(PitoPy)
P = P(1)"R(P(2)™)

end_if

Example 4.1: In a [16,4] cube network shown in figure 4.1, a ring of length 3 can be
established by the following control sequences generated by Algorithm Ring_G(L):

P(1)" = (1000),

P(2)? = (0100)(1100),

Therefore, P* = P(1)! R(P(2)%) = (1000)(1100)(0100).

4.2 Control Vector Space of [N,K] cube

To utilize all the processors, we are interested in a control sequence capable of forming a
ring which includes all the nodes in a cube network, referred to as, Hamiltonian cycle. This
control sequence is referred to as Hamiltonian sequence. To find an algorithm which
generates Hamiltonian sequences, we need to look more closely at the structure of the

control vector space P’.

By Lemma 2.1, S-equivalence defined on 7" is an equivalence relation. An equivalence

relation on a set partitions the set into equivalence classes. The set of equivalence classes
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Fig. 4.1. ring of length 3 in [16,4] cube network
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induced on P* by the routing function ¢ and source node address S is denoted by P*/=.
The members of a class are indistinguishable from one another by their action on ¢. An
equivalence class of P may be represented by any of its members and we shall denote such
a class by [P*]. In Theorem 2.2, it is shown that the number of disjoint equivalent classes;
i.e., cardinality of the set /=, induced by ¢ on S and P, in any interconnection network
with N nodes is N. The set of N control sequences such that each member belongs to
different equivalent class can be formed by the generating set of control vectors. The
generating set is usually referred to as a spanning set. In particular, it is desirable to find
a "minimal" spanning set. To do this it is necessary to consider how the vectors in the set
depend on each other. Consequently, we introduce the concepts of linear dependence and

its definition. These concepts provide the keys to understanding the structure of vector

space .
Definition 4.3: Let P}, Py, . . . , P}, be control vectors in a vector space P". The linear
combination of Py, Py, . . ., P, is defined as: ¢,Pj; +, ¢,P;, +, . . . +, ¢,Py, , where c; €

{0,1}: 0 <i<n. Since S +, 2k)P,=S +, 0P;and S +, 2k+1)P; =S +, P, we restrict c/s

to be member of the set {0,1}.

Definition 4.4: The set { P, P, ..., P, } is called a spanning set of the vector space P
if and only if every control sequence in P" is equivalent to a linear combination of Py, P,,,

..« » Py . In this case, we say that P;,, Pp, . . . , P;, span the vector space P .
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Proposition 4.2:

@) If Py, Py, . . ., Py, span a vector space P from any starting node and one of these
control vectors is a linear combination of remaining n-1 control vectors, then these
n-1 vectors span 7',

(ii) Given n control vectors Py, Py, ..o, Py, it is possible to write one of the control
vectors as a linear combination of the other n-1 control vectors if and only if there
exist scalars ¢, c,, . . . , C,, not all zero, such that:

C.Py HCPp+s. ..+, ¢,P,, =0, wherece (0,1} : 0 <i<n.
Proof: (i). Suppose P, can be written as a linear combination of P;;, Py, . . . , Py as:
Pjn =cPy H P+ Ly c(n_l)Pj(n_,)
Let o(P") be the signature of any control sequence in P, we can write
o(P)=aP; +aP,+,... HaP,
=a,P) +, 8P 45 . ..+ 80Py 2 8(C, Py 2 P+, - 2 CanyPiay)
= (2 +,8,C))P; +, (8, +, 4,C)Pp +5 - - . 3 (A +2 3:C1)Piaty

Since coefficients a/s and ¢s € {0,1}, (a; +, a,c;) is also € {0,1}. Thus, any control

sequence in P" is equivalent to a linear combination of Pii, Py, . . ., Pjuyy and hence, these

n-1 vectors span 7',

(ii). Suppose that P;, can be written as a linear combination of P;;, Py, . . . Py, i€,

Ppo=a,P; +,a,Pp +,. ..+ 341 Piy

If wesetc,=a,fori=1,...,n-1,and c, = 1, then, it follows that

aP +a,Pp 5. oL 80 Piary 12 2P H P+ L L+ 8 )Py =0
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Conversely, if
Py +CPp ..+ P =0

and at least one of the ¢;s, say c,, is nonzero, then:

Definition 4.5: The control vectors P, Po, ..., Pg € P, are said to be linearly
independent if and only if
c,Pj +CPp +; . . .+, C P,y = 0 implies that c;=c,=. .. =¢,=0,

wherec; € {0,1} : 0 <i<n.

Definition 4.6: The control vectors Py, Py, . . . , P}, € P, are said to be linearly dependent
if
there exist scalars ¢, c,, . . . , C, , not all zero, such that

C\Py +, P+, . ..+, P, =0, where ¢ e {0,1} : 0 <isn.

Example 4.2: The control vectors (0001), (0011) are linearly independent, since
if ¢,(0001) +, c,(0011) = 0 = (0000)
then c,=0andc, +,c,=0

and the only solution to this system is ¢, =0, ¢, = 0.

Example 4.3: The control vectors (0001), (0011), (0010) are linearly dependent, since
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(0001) +, (0011) +, (0010) =0

In this case ¢,=1, c;=1, c,=1.

Proposition 4.3: if (P, P, . . ., P,,} is a minimal spanning set, then P;;, P, . . . , P, are
linearly independent. Conversely, if {Py, P;,, . . . , P,,} are linearly independent and span
the vector space ', then {P;;, Py, . . ., P;,} is a minimal spanning set of P

Proof: It follows from Proposition 4.2(i) and Proposition 4.2(ii).

The elements of a minimal spanning set form the basic building blocks for the whole vector

space P*. Thus, these elements are referred to as "basis" of the vector space.

Definition 4.7: The control vectors Py, Py, . . . , Py, form a basis for a vector space P if

? % jn
andonlyif (i) Py, P, . . ., Py, are linearly independent, and

9 jn

(ii) Py, Py, . . ., P, span P,

9 n

Definition 4.8: Let P be a vector space. Dimension of P is defined to be the number of

control vectors in its basis set.

To establish a Hamiltonian cycle or a spanning tree in an [N,K] cube network, we need to
use a set of control vectors containing a minimal spanning set because in either case the

control sequences used span all the equivalence classes of P to reach every node in the
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network. In reliability or operational point of view, a minimal spanning set of control
vectors available to each node ensures that the network is operational or functional.
Conversely, it is not true because a Hamiltonian cycle only needs two control vectors for
each node. However, if a minimal spanning set of control vectors is available to every node,

then a Hamiltonian sequence can establish a Hamiltonian cycle from any starting node.

Theorem 4.2: In an [N,K] cube, {P,, P,, ..., P,,} form a basis for a vector space P" .
Proof: (i). To prove Py, P,, . . ., P, are linearly independent,
assume that:
¢o(0...01) +, ¢,(0...010) +, . . . +, ¢,,(10...0) = 0 = (00...0)
thenc, =0, ¢,=0,. .., c,,=0.
Therefore, Py, Py, . . . , P, are linearly independent.
(ii). To prove Py, Py, ..., P, span P, let o(P*)=(X,.,X, - - - X,) be the signature of any
colntrol sequence in P* . We can write
o(P*) = (Xp.1Xp2 - - - Xo)
= X,(0...01) +, x,(0...10) +, . . . +;, x,,(10...0)
If we setc,=x,fori=0, 1, ..., n-1, then is follows that
o(P)=cPy+,¢,P, +,. ..+ ¢,4P
Thus, any control sequence is equivalent to a linear combination of Py, P,, . . . , P,,.

Hence, these vectors span P, B



4. Containment Properties of [N K] Cube Network 62

Corollary 4.1: Dimension of vector space 7", in an [N,K] cube, is n.

Proof: It follows from Theorem 4.2 and Definition 4.8.

Corollary 4.2: Let P, span P,’. Then dimension of P, " is k.

Proof: Let &: P, -P, be a bijection function defined as:

O(Xp g oo Xppreger- Koo Xg) = (Kpage1o+-Xg)

i.e., 6(Pg) is a control vector obtained from ith k-digit of P,.

Because P,'s contain all 0's except ith k-digit, function § preserves the linear independence
of vectors.

Therefore, Py(1), Py(2), ..., Py(k) are linearly independent if and only if 3(P,(1)), 8(Py(2)),
-eey 0(Py(k)) are linearly independent.

Since & is a bijection, dimension of P, and dimension of &(P,) are the same.

6(Py) is identical to the set of control vectors, P,, which is the set of control vector of
[K,K] cube. By theorem 4.2, dimension of vector space in a [K,K] cube is k.

Therefore, dimension of P, " is k. ]

Since dimension of P,” is k, each k-digit control vector set has bases containing k
vectors. But the set of P, contains K-1 control vectors. Thus, there may exist many
subsets of P, which forms a basis for P,". The problem of how many possible different

bases for P, " is considered in the next theorem.
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Theorem 4.3: The total number of bases, containing k control vectors, for vector space

2 k-1
K-1- ( 2) K—l—E( k'l)
of typei, P.", is |{basis P}| = ( K;l) ';1 ! ‘-ll !

Proof: {P,} has K-1 control vectors and its dimension is k. We choose k linearly

independent vectors, as its basis, by the following algorithm:

Algorithm Basis({P,},k) /* Input a set of vectors and its dimension; Output a basis set */

1. Choose any 2 vectors, (P, P,}, from K-1 vectors. Clearly, these 2 vectors are
linearly independent since they are different.

2. basis(P,) = {P;;, P,}.

3. If |basis(P,)|=k Then Stop.

4, Choose 1 vectors from K-1 vectors excluding the vectors which are equal to
members of basis(P,) or their linear combinations.

5. basis(P,) = basis(P,) + {new chosen}

6. Go To Step 3.

In Step 4., if |basis(P;)|= m, then

the number of vectors in {P,} which are equal to members of basis(P,) is m = ( ';') , and

the number of vectors in {P;} which are equal to linear combination of any 2 vectors in
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. . m
basis(P,) is ( 2) ,and

the number of vectors in {P,} which are equal to the linear combination of any i vectors in

basis(P,) is ( ’:’) .

"
Therefore, the number of vectors left to be chosen is K-l—z( ':') .
1=1

The number of different ways of choosing 1 vector from the remaining vectors is

c-5{7)

=1

1
2 k-1
K—l-Z[ 2] K-1- ("'l)
Thus, |{basis P} = (K;l) “ A - ! =

Example 4.4: If {P,} = {(01),(11),(10)} then {P,} has 3 bases set as follows:

{(01),(11)}, {(01),(10)}, {(11),(10)} and dimension of P, is k=2.
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Example 4.5: If {P,} = {(001),(011),(010),(110),(111),(101),(100)} and k=3, then

|{basi.{Pu)}|=( ;)( ‘:) -84,

Corollary 4.3: If n is multiple of k, then the number of bases in an [N,K] cube network is
| {basis(P)} |= | {basis(Py)}|™.

Proof: By Corollary 4.2, each type of control vectors, P, s, has bases containing k vectors.
By Theorem 4.2, dimension of [N,K] cube is n = n/k x k. Since control vectors of different
types are linearly independent, the number of bases in an [N,K] cube network is

| (basis(P)} |= | {basis(Py)} ™. L

4.3 Hamiltonian Sequences

Gray code is a sequence of n-bit binary numbers such that any two successive numbers
have only one different bit and so that all binary numbers having n bits are represented.
If all the nodes in an n-cube are connected in such a way that binary representation of
their addresses is a Gray code, then the connection forms a Hamiltonian cycle([Saad
88]). The control sequence which establishes a Gray code connection is called the Gray
control sequence. For example, (001) (010) (001) (100) (001) (010) (001) (100) or

pP,P,P,P,P P, PP, is a 3-bits Gray contro! sequence. This example is only one of many
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possible such Gray control sequences. To obtain a different Gray code control sequence,
in an n-cube network, one can start with any control vector and proceed to next control
vector in any desired random fashion. By observing that all the control vectors in an n-cube
network are linearly independent, the concept of two successive nodes having only one

different bit can be extended to two successive nodes having difference of one basis vector.

Next, an algorithm, called Gray_S({Pj, P, . . ., P, },n), which produces Gray control
sequences for rings of length 2" constructed from n basis vectors, {Pjy, Py, . . . , Pisy}, as
follows, where {Py, Py, . . ., Pj,.,} are obtained from Algorithm Basis in the proof of

Theorem 4.3:

Aigorithm Gray_S({P;, P;s, . . . » Pju.)}>0): /* Gray control sequence of length 2 */
1. P! =Py,
2. For i=2 To n-1

P'= P Py, PHL

3. p° = p! PJ.(,,_I)P“'l Py,

Example 4.6: Let {(0001),(0011),(0100),(1000)} be the basis obtained from Algorithm
Basis. Then one possible Gray control sequence produced by Algorithm Gray_S is the

following:
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(0001)(0100)(0001)(0011)(0001)(0100)(0001)(1000)
(0001)(0100)(0001)(0011)(0001)(0100)(0001)(1000),
A Hamiltonian cycle starting from node 0 in a [16,4] cube network established by the above
control sequence is shown in Fig. 4.2. The nodes in the Hamiltonian cycle are as follows:

0-1-5-4-7-6-2-3-11-10-14-15-12-13-9-8-0.

Theorem 4.4: There exists at least |{basis(P)}|n! = |{basis(P,)}|™ n! Gray control
sequences in an [N,K] cube network.

Proof: In Algorithm Gray_S, vectors in the set {Py, Py, . . . , P, y}can be in any order.
Thus, given a basis with n vectors, there are n! different Gray control sequences. By
Corollary 4.3, the number of bases in an [N,K] cube network is |{basis(P)}| =
| {basis(P,)} |™. Therefore, there exists at least | {basis(P)} |n! = | {basis(P;)}|™* n! Gray

control sequences in an [N,K] cube network. ]

Corollary 4.4: There exists at least |{basis(P)}|n! = |{basis(P;))|** n! Hamiltonian
cycles in an [N,K] cube network.

Proof: Since a Gray control sequence establishes a Hamiltonian cycle in an [N,K] cube
network, it then follows from Theorem 4.4 that the number of Hamiltonian cycles is at

least | {basis(P)} |n! = | {basis(P;)} |"* n!. |
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4.4 Generalized Ring Sequences

In this section, we will investigate the class of rings topologies which can be embedded into
[N,K] cube networks. Then, we will presented an algorithm which produces all ring control
sequences, which establish rings of all possible length, in [N,K] networks. The following

proposition [16], which shows a important containment property of n-cube, is restated next.

Proposition 4.2: A ring of length / can be mapped into an n-cube; where [ is even and 4<

! < N=2",

According to proposition 4.2, a ring of even length, 4 < / < 2° can be embedded into an n-
cube network. Since the length of any Gray control sequence is a power of 2, say 2", we
use its partial sequence to generate a sequence of any even length, between 4 and 2°, by the

following algorithm:

Algorithm Gray({Py,, Py, . . ., Pj,y},0):

/* Gray control sequence of even length between 4 and 2" */
1. n=|log, /|, m=(l-2)/2.

2. P! =P,

3. For i=2 To n-1
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Pi=PLle(i_l)Pi‘l.

4. P' = P*!(m) Py, ;, P*!(m) P, ,, , where P*!(m) is the first m vectors in P*'.

To show that odd length rings can also be embedded into an [N,K] cube network, with
K>2, in section 4.1, we presented an algorithm, called Ring_G(L), which generate ring
control sequences of length between 3 to 2n. Next, a generalized algorithm, which
combines the modified Gray control sequence's ability of producing maximum length ring
and Algorithm Ring_G(L)'s odd length sequence, will be presented to generate ring control

sequences of length which can vary between 3 to 2°=N.

Algorithm Ring({Py, Py, . . . , P,,.y}.0: /* Ring control sequence of length 3</<N
Generator */
1. n=|log, |, m=[({-2)/2]
2 P' =P(1).
3. For i=2 To n-1
P' = P*! P(n-1) P,
4. P(i) = Last(P*'(m)), where P"!(m) is the first m vectors in P*',
5. if / is odd then
select P1, P2 €{Py, P;;, .., Pju.1y} such that P1 and P2 belong to the same k-digit.
assign P(1)=P1 and P(n)=P2.

assign P(j) randomly from {Pjy, P;;, ..., Pju.1y}-{P1,P2}: j#i and 1<j<n-1.
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P! = P*!(m) P(n) P*'(m-1) (P(i)+P(n)).

else

assign P(j) randomly from the set {P,, Py, ..., Pop}: 1j<n-1.
P’ = P*(m) P(n) P*'(m) P(n).

end_if

Proposition 4.3: A ring of length / can be mapped into an [N,K] cube when K>2 and 3 <

I < N=2".

Example 4.7: Let {(0001),(0011),(0100),(1000)} be the basis obtained from Algorithm
Basis. If Algorithm Ring assigns P(1)=(0001), P(2)=(0100), P(3)=(1000) and P(4)=(0011),
then one possible ring control sequence produced is the following:
(0001)(0100)(0001)(1000)(0001)(0100)(0001)(0011)
(0001)(0100)(0001)(1000)(0001)(0100)(0010),

A ring of length N-1 starting from node 0 in a [16,4] cube network established by the above
control sequence is shown in Fig. 4,3. The nodes in the ring are as follows:

0-1-5-4-12-13-9-8-11-10~-14-15-7-6-2-0.
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4.5 Containments of Linear Arrays and Meshes

There is no difficulty in embedding a linear array, instead of a ring, into an n-cube. It
suffices to establish a linear array of arbitrary length / < 2°-1, which contains /+1 nodes.
Given a linear array of arbitrary length /, the smallest dimension n-cube into which it can be

mapped is clearly the cube of dimension n =[log, (/+1)].

To map a 2-dimensional mesh or d-dimensional mesh, d < n, into [N,K] cube is
straightforward. The basis set of control vectors are first partitioned into d subsets. Then,
each subset is regarded as a basis set and used to generate Gray control sequence of 1-
dimension. Thus, a d-dimensional mesh can be established by d Gray control sequences of

1-dimension.

Example 4.8: In a [64,4] cube network, let {(000001), (000011), (000100), (001000),
(100000), (010000)} be the basis obtained from Algorithm Basis.

To embed a two dimensional 8 x 8 mesh, we can partition the basis into 2 subsets as
follows:

basis(x) = {(000001), (000011), (000100)} and

basis(y) = {(001000), (100000), (010000)}.

The Gray control sequence built from basis(x) is the following:

X®=(000001)(000011)(000001)(000100)(000001)(000011)(000001)(000100).
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The Gray control sequence built from basis(y) is the following:
Y®=(001000)(100000)(001000)(010000)(001000)(100000)(001000)(010000).

Every node in the mesh with logical address (x, y) can be connected from original node by
the control sequence X*(x)Y®%(y), where X3(x) is the first x vectors of X® and Y*(y) is the
first y vectors of Y®.

A two dimensional 8x8 mesh starting from node 0 in a [64,4] cube network established by

the above control sequence is shown in Fig. 4.4.

4.6 Containment of Standard Spanning Trees (SST)

For distributed computation of iterative algorithms by a multiprocessor system, each
processor needs to broadcast the updated values of variables to other processors in the
network. The broadcasting problem has received substantial attention by many researchers.
For special case of [N,2] cubes, the lower bound on the amount of time necessary for all
nodes to complete broadcasting task is (N-1)/log,N. The algorithm to achieve this bound
[33], assumes that all nodes are perfectly synchronized, i.e., all processors start and end

their computation at the same time.

In what follows, an algorithm for constructing a unique spanning tree, called SST, is

presented. The k-digits in an n-vector , where k divides n, are labeled from left to right by
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P o1 Pay2yer ++» Pae L€t Py through P, ., be the only k-digits different in a pair of
nodes (x,y). Then, any shortest path connecting x to y requires control vectors Py + P;, +
o + Py 1.6, X+Pg+ ... P, =y. The path can be established regardless of the order in
which control vectors are formed. To construct a unique spanning tree, we impose the
conditions on the ordering of control vectors, namely the control vectors should be applies
in increasing order. For instance, in an [16,4] cube, the shortest path between x=0000 and

y=0110 is establish by applying control vector P,=0010 followed by P,,=0100.

Proposition. A SST of an [N,K] cube, with N=2°K, has 2**-1 links and the number of
paths of length « is (25-1)*.

Proof. Let L(n,k) denotes the number of links in an [N,K] cube. By adding one more k-
digit in position m, the number of links increases by L(n)(2*-1). Thus L(n+k k) satisfies the
recursive equation L(n+k,k)=2"L(n,k)+2%1 which has the solution L(a k,k)=2"*-1 satisfying

the initiation condition of L(k,k)=2%1. B

By changing the order of applying control vectors, other spanning trees, isomorphic to

SST, can be obtained.
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5. Cube Identification

Design of any parallel processing or distributed system is greatly influenced by
interconnection structure of the system. Among many possible topologies available,
hypercubes are the most attractive, and have been the focus of extensive research in recent

years [42],[43],[44],[46],[49],[51].

Some of the hypercube's attractive features are: a) other topologies such as tree, ring, and
mesh can be embedded into a hypercube, b) has a short diameter, c) has a simple self-
routing property, d) it has high degree of reliability due to alternate paths for each
connection, and e) its structure can be enhanced, i.e., its diameter can be reduced and its
reliability increased [16]. The properties of the underlying topology of an n-dimensional
hypercube, known as the n-cube graph Q,, has been studied in recent years {16], mainly

because of the availability of hypercube multiprocessors [45],[53].

In this chapter, we study the enhanced hypercubes, or [N,K] cubes. The enhanced cube can



5. Cube ldentification 78

achieve considerable reduction in diameter and substantial improvement in mean internode
distance and traffic density [15]. We also address the cube identification problem, i.e., to

determine, whether or not, a given giaph is an [N,K] cube.

Motivation for studying this problem are summarized below.

1) Embedding enhanced cube into other topologies or establishing equivalency between
enhanced cube and other types of networks can be facilitated by having a theoretical
characterization of the enhanced cube as a graph.

2) To alleviate data traffic to be concentrated on a few links, and to reduce communication
latency for transferring large among of data, multiple-path routing have been suggested.
For instance, consider communication between two processors involving repetitive packet
transmission to a single destination. To minimize communication delay several node
disjoint, or parallel, paths between the processors can be establish and transmit packets via
different paths. The number of paths between source-destination pair of nodes can be
increased by introducing additional links between cube nodes, which also improves network
reliability.  There exists considerable literature on routing algorithms in hypercube
networks. The interested reader may find more information and references in [16]. In

Chapter 3, we also presented several routing algorithms for [N,K] cube networks.

The rest of this chapter is organized as follows. In section 5.1, an interconnection topology,

denoted by Q,, and is called [N,K] cube, which is based on a simple modification of the
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n-cube is defined. Our notations and terminologies which are used throughout this chapter
are also given in this section. Section 5.2 is devoted to some useful topological properties
of enhanced cubes. In section 5.3 [N,K] cube identification is discussed. Finally,

concluding remarks appear in Section 5.4.

5.1 Notations and Definitions

Hypercube networks can be enhanced in a number of ways {47],[48],[52],[15]. In this
chapter, we define the class of [N,K] enhanced hypercubes, or [N,K] cubes for short, and
regard each network topology in this class as a graph, Q,,;, in which each processor is
represented by a node. The [N,K] cube consists of N=2" nodes, numbered from 0 to N-1.
Each node has a binary identifier which is an n-vector, i.e., a vector with n components,
coincides with the binary representation of the node. For each node x with binary identity
(Xp1 ---s Xo), We define a k-digit of x as a group of k, 2*=K, consecutive bits, starting from
least significant bit x,. For instance, ith k-digit of x, ie{0,1,..., [n/k]-1}, consists of bits
Xiet -+ Xge The [0/k}1 th k-digit covers bits x4 t0 X,,.;. As an example, for n=5 and k=2,

2" k-digit of x is x,, and Oth k-digit is x,x,.

Definition 5.1: The Hamming distance, H,(x,y), between two nodes x and y is defined as

the number of k-digits in which their binary identifiers differ.
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We will closely follow the graph theoretical terminology and notation of [50]; terms not
defined here can be found in that book. Let G(N,A) represent a graph with node or vertex
set V(G)=N and arc set A(G)=A. If an arc P=(x,y)€A, then nodes x and y are said to be
adjacent and x and y are the endpoints of arc P. Two arcs are said to be independent, or
parallel, if they do not share an endpoint. For a node xeN, L(x) represent the set containing
x and all nodes adjacent to x, and its cardinality is denoted by |L(x)|. If G and G' are
graphs, then G is isomorphic to a subgraph of G' if there is a one-to-one function h: V(G)
~ V(G") such that each arc (x,y)eA(G) is mapped to an arc (h(x),h(y))eA(G"). IfGisa
subgraph of G', we will write GeG'". The specific graph with which we will be concerned

is Q.4 graph, describing the topology of [N,K] cube, as defined next.

Definition 5.2: A graph G with N=2" nodes such that each pair of nodes x and y with
Hamming distance H,(x,y)=1 are directly linked together is called [N,K] cube, where K=2",

and is denoted by Q.

If x and y identifiers differ in ith k-digit, they will be referred to as type i neighbors. It is
clear, from Definition 5.2, that Q,=Q, ;) <Q. Note that Q,,, is a complete graph and
Q.1 is isomorphic to Q,. The Q;35), Q4 1) and Q5 are sketched in Fig.5.1., 5.2. and 5.3.

respectively.
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0100

Fig. 5.3. [16,4] cube network



5. Cube Identification 83

Any path from x to y contains at least as many links as the Hamming distance between x and
y. The paths between x and y with exactly H,(x,y) links are characterized as shortest.
The following notations are used throughout this chapter.
N and A denotes the node set and set of arcs of an [N,K] cube respectively.
Z={0,1, ..., [n/k}1} and J={0,1, ..., 2%-1})
+ denotes modulo-2 addition and for two nodes x and y, x+y=t is a vector (X, ;+Y,.1»
s XgHYo). t=X+y is referred to as relative distance of x and y.
For i€Z and jeJ, we denote by P,(§), an n-vector with all entries of 0 except for the
ith k-digit, which is binary representation of j. We refer to this type of vectors as
control vector of type i. As an example, in an [16,4] Hypercube P,(3)=(0011) and
P,(2)=(1000). This terminology is appropriate, because vector P(j) will be used to
manipulate on ith k-digit of the source address and convert it to the ith k-digit of the
destination address.
In the remainder of this chapter, to simplify notation, if the value assign to j is irrelevant to

our discussion, P(j) will be replaced by P..

For any arc (x,y)€A(Q,y,), x and y are neighbors of type i, for some ieZ. Thus, control
vector P(j) exists such that x+y=Pj), jeJ, or y=x+P,(j)=d(x,P,(j)). ¢))
The mapping ¢, defined by (1), is called routing function. Node y is said to be
reachable from node x if there exist P,(j) such that y=¢(x,P(j)). As an illustrative

example, in a [16,4] cube node (1100) has the following type O neighbors.
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$((1100),P,(1)) = (1100)+(0001) = (1101), $((1100),P,(2)) = (1100)+(0010) = (1110),
and ¢((1100),P,(3)) = (1100)+(0011) = (1111). Nodes P,j), for all i€eZ and jeJ, are the
only neighbors of node (0, ..., 0). In general, each node x has x+P(j), for all possible i and
J» as neighbors.

The main objectives of enhancing a hypercube is to a) improve its fault-tolerance and b)
reduce its diameter. From the above discussion, it is easily seen that the diameter of the
[N,K] cube is [n/k], where [a] denotes the smallest integer than or equal to a. Thus, by a
factor of k the diameter of Q,,, is shorter than that of Q,.

By using the notion of control vector, one can formally define the [N,K] cube topology as:

A(Quu)=AQ)+H(x,y) | x+y=P(j), VieZ , VjeJ and j#2™, m=0, 1, ..., k-1}.

5.2 Topological Properties of [N,K] Cubes

In this section topological properties of [N,K] cube will be studied. These properties are
used in the next section to solve the [N,K] cube identification problem. The orbit of a node

, as defined below, plays an important role in formal description of [N,K] cubes.

Definition 5.3.: The i-orbit (or type i orbit) of a node x of an [N,K] cube is defined to be
the set of nodes reachable from x by P(j), ieZ and VjeJ, and is denoted by O(x), i.e.,

O(x)={y|dx,P())=y for all jeJ}.
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Fig. 5.4. 0 orbit of [16,4] cube network
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The bold lines in Fig. 5.4. show 0 orbit in a Q,,,. Some useful properties of O(x) are listed

in the following theorem.

Theorem 5.1: Let x and y be two nodes of an [N,K] cube. Then

a. O(x)=0(y) if and only if x+y=P(j), jel

b. O,(x)NO\(y)=0 if and only if x+y+P,(j) ,Vjel

c. uy(O(x)=N

d. There exist 2* distinct orbits of type i and each orbit contains 2* nodes.

e. Each node of the set L(x)-O,(x) belongs to a different orbit of type i.

f. For all x,y €0(x), there exist zeL(x)-O,(x) and weL(y)-O(x) such that zeO(w).
QOutline of the Proof:

(a) For afixed node x; let L(x)=(x+P(j)| ieZ,vjeJ}. It can be seen that O(x)=L(x)nL(y),
yeL(x) and x+y=P;. Thus O(y)=L(y)nL(x)=0,(x).

(b) Assume that there exist node zeN such that zeO(x) and zeO,(y). This implies that
x+z=P{j) and y+z=P(j') for some j and j'eJ, which in turn implies that x+y=P,(J"), which is
a contradiction.

(c) follows from the fact that VxeN, x is covered by one of the i-orbits.

(d) Follows from definition of orbit.

(e) For ally, and y, € L(x)-O(x), Hi(x,y)=H,(x,y,)=1 (since they are member of L(x)), and
since ith k-digit of x, y;, and y, are the same (otherwise, they would be members of O(x)),

y, and y, each belong to a different i-orbits.
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(f) Since x and y are in the same orbit of type i, their remaining k-digits are the same.
By (e), z and w member of L(x)-O,(x) and L(y)-O,(x) respectively, can be found such that
H,(x,z)=H,(y,w)=1 and z and w have identical k-digits except the ith one. Thus z+w=Pj),

for some jeJ, and they belong to the same i-orbit. H

The main implication of Theorem 5.1 is that the set N can be partitioned into 2** blocks
and each block contains one of the orbits of type i. To explore this property of orbits

further, we next define two relations on N and A(Q,,)-

Definition 5.4: Let N denote the node set of an [N,K] cube. Define relation R, and S
on N and N? respectively as:

xRy if and only if O,(x)=0(y), Vx,y € N. )
(x,y)S(z,w) if and only if x and zeO(x) implies that y and w €O(y), for all ieZ and all x

and y such that x+y=P,(), je{0,1, ... ,K-1}. 3)

Lemma 5.1: Relation R; and S defined by (2) and (3) are equivalence relations.

As an illustrative example, in Fig. 5.4., there are four Q-orbits; Oy(0) = {0,1,2,4}, Oy(4)
= {4,5,6,7}, Oy8) = {8,9,10,11}. and Oy (12) = {12,13,14,15}. The class of S-
equivy (4,8),(5,9),(6,10),(7,11)}, [(8,12)]s = {(8,12),(9,13),(10,14),(11,15)}, and [(12,0)]s =

{(4,8),(5,9),(6,10),(7,11)}, [(8,12)]5 = {(8,12),(9,13),(10,14),(11,15)}, and [(12,0)]5 =
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{(12,0),(13,1),(14,2),(15,3)}.

From the above discussion, it is clear that each orbit contains a set of nodes which are
completely connected, and the set of arcs connecting two orbits are equivalent. Thus it is
possible, by mapping each orbit into a single node and replacing all equivalent arcs by a
single arc, to find a subgraph of G which is isomorphic to an [N/K,K] cube. Such a

mapping, &, is defined next.

Definition 5.5: Function §,, is defined on the node set of an Q,,, as
8i(Xn 1+ Xis K10 XgoKi1s oo« Xo) = (Xp.q oo Xigag Xy -« Xo)- 1€Z, and jeA ()]

i.e., 8,(x) is a node obtained by removing ith k-digit of binary representation of node x.

Some useful properties of mapping §; are listed below.

Theorem 5.2: Let &, be the mapping defined by equation (4), then

a. 8 (y)=6x) for all yeO,(x)

b. WxyeN, if H,(x,y)=1 and O(x)nO(y)=d, then H,[5,x),56,y)]=1

¢. Graph 6(G)=G'=(N',A") defined as N'={§,(x)|xeN} and (8(x),8(y))eA" if (x,y)eA
and O(x)nO\(y)=¢ is an [N/K,K] cube.

Outline of the Proof.
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(a). Since O(x) contains nodes with identical k-digits, except in ith position, 6 (x)=8(y).

(b). Since O(x) and O(y) are disjoint and H,(x,y)=1, jth k-digit of x and y, j#i, must be
different, implying that the Hamming distance of §,(x) and &,(y) is 1.

(). Since there are 2* nodes in each orbit and corresponding to each orbit there is a single
node in N', the cardinality of N' is 2**. By (b) each pair of nodes, 5(x) and 5(y), of N' with

Hamming distance of 1 are connected. Thus G'is an [N/K,K] cube. -]

5.3 [N,K] Cube Identification

In this section, we will use structural properties of the [N,K] cube, developed in the
previous section, to solve the cube identification problem, i.e., to determine whether or
not a given graph G=(N,A) of N nodes is isomorphic to a Q,,. The following notations

are used throughout this section.

For a given graph G=(N,A), let L(x), O(x), and O(x,y) denote the following sets.

L(x): Set containing x and all of its neighbors.

O(x): A set of nodes, including x, forming a complete subgraph of G. O(x) is referred
to as orbit of x.

O(x,y): The orbit of x which contains node y.
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Proposition 5.1: O(x,y) = L(x)nL(y) and is unique.
Proof: V z € O(x,y), zeL(x) and zeL(y), thus zeL(x)nL(y). Now let zeL.(x)nL(z), then
links (z,x) and (z,y) exist, implying that z €O(x,y). Therefore, O(x,y)=L(x)nL(y).

Uniqueness of O(x,y) can be simply proven by contradiction. ]

Theorem 5.3: Let G=(N,A) be a connected graph of N nodes, then G is an [N,K]
cube, or Q,,, if and only if

a. G has N=2" nodes, where n is assumed to be multiple of k=log,K.

b. Every node has degree n(2*-1)/k

¢. For any node x in N, O(x) contains 2* nodes

d. If G is not a complete graph, then for all (x,y)eA and for all zeL(x)-O(x,y), there
exist weL(y)-O(x,y), such that O(x,z)nO(y,w)=¢ and O(x,z) and O(y,w) are connected
in one-to-one fashion.

Outline of the Proof:

By Theorem 5.1, conditions a-d are necessary for a graph to be an [N,K] cube.
Sufficiency can be proven by induction on a=n/k. The case of a=1, i.e., [K,K] cube is
trivial. Assume that any network of 2™* nodes (n/k=a-1) satisfying conditions a-d is an
[N/K,K] cube. We show that a graph of 2" nodes, satisfying the above conditions, can
be partitioned into 2* identical subgraphs, each having similar properties as the original
graph.

Let function & be defined on the set N as 8(z)=x for all zeO(x).
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Note that since by Theorem 5.1 O(z)=O(x) if and only if zeO(x), 6 is well defined. Based

on 8§, G is mapped into graph 5(G)= G'=(N',A") as follows.

i Start with any pair of nodes x and z and form O(x,z)=L(x)nL(z).

ii, Map O(x,z) into x and assign x to N'.

. For each yeL(x)-O(x,z) find wel(z)-O(x,z) such that (y,w)eA (by condition d such
a node exists). Map O(y,w) into y and assign (y,w) to A".

iv. Replace x and z by y and w respectively and go to step (ii) and continue till all the
nodes in the graph G are covered.

Note that since by (b) each orbit contains 2* nodes, mapping & can be defined initially on

O(x,z) in 2* different ways. We show that the 2* subgraphs, one for each choice of

mapping, are node disjoint. This implies that Graph G can be partitioned into 2* node

disjoint subgraphs.

Suppose G,'=(N,,A,) and G,'=(N,',A,) are two subgraphs obtained by defining 6(z)=x, and

8(z)=x,, for all zeO(x,,x,) and x, # X,, respectively. if O(y,,y,) is the orbit connected to

O(x,,x,) and (x,,y;)€A, then y, € N,' and by property d, a node such as y, # y,, is connected

to x, and therefore y, € N, With the same argument all nodes added to N," and N,', during

construction of the two subgraph, are different and as a result the G,' and G,' are node

disjoint. With the similar reasoning, one can conclude that all 2* subgraphs constructed by

mapping 8 are node disjoint.

Next, we prove that G' satisfies conditions a-d, with N replaced by N/2*=N/K, and thus by

induction hypothesis is an [N/K,K] cube. Each node of graph G belongs to an orbit which
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by (c) contains 2* nodes. Since each orbit is mapped into one node of N', N' contain N/2¥
= 2"* elements, thus property a holds for G'. To show that G' has property b, first we note
that, as a consequence of property d, nodes in L(x)-O(x,y) belongs to different orbits (
otherwise, one-to-one connection of orbits would be violated). And since each orbit is
mapped into a distinct node in G'(that is 2*-1 links are removed) the degree of x as a node
in G'is 2*-1 less than the degree of the same node in G.

As aresult each node of G' has degree of n(2%-1)/k -(2%-1)=(n-k)(2*-1)/k.

To show that each node in G' form an orbit with 2* nodes, consider nodes x and y of G' with
(x,y)eA'. Since (x,y)eA, then by (c) O(x,y) contains 2* elements and by (d) each node in
O(x,y) is in different orbits of graph G, thus each one is mapped into a node which is linked
to the node x of G'. This implies that each orbit of G' contains 2* elements.

Finally we show that property (d) holds for G'. Let (x,y)e A’, then by (c) O(x) and O(y) of
G’ exist and each contains 2* members. If disjoint O(x) and O(y) can not be found, then G'
must be a complete graph. If O(x) and O(y) are node disjoint, then each link between the
two orbits is also a link in the graph G connecting two orbits together (not necessarily the
orbits chosen to split G) and thus by (d) they are connected in one-to-one fashion.

Next, by labeling nodes of G', we show how these 2* subcubes can be connected to form
the original graph G satisfying definition of [N,K] cube. Since G'is a [N/K,K] cube, label
the nodes of G' conforming to the cube requirement. Repeat this step for other 2*-1
subgraph G' with the condition that those nodes which are part of the same orbit have

identical labels. Next label each orbit, which connects nodes of different subgraphs with the
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same label, starting from 0 to 2*-1 such that the nodes of two connected orbits have the
same orbit identification (by property d this is possible). Finally, form the concatenation of
orbit identification with subgraph label and assign it as the label of each node in G. Clearly,
any two nodes of G which are connected are either in the same orbit or in two connected
orbits implying that their corresponding labels differ in one k-digit, which in turn implies

that G is an [N,K] graph. ]

As a simple example, graph G1 and G2, shown in Fig. 5.5. and Fig. 5.6., satisfy
conditions stated in Theorem 5.3 and isomorphic to Q,, and Q,, respectively. Graph

G3 in Fig. 5.7. violates property d and as a result is not a cube network.

Next, we will demonstrate that the structural characteristics of an [N,K] cube, as
described in the Theorem 5.3., is an extension of the work reported in [16], by proving
that the two results converges for the special case of k=1. Conditions (a) and (b) of
Theorem 5.3. when k=1, are identical to (1) and (2) in Theorem 2.1 of [16]. Condition
(c) is not necessary to be tested on a Q,, since the largest complete subgraph of Q,
consists of two nodes. As shown in the proof of the Theorem 5.3., if a graph satisfies
condition (d), automorphism & can be defined on that graph. Thus, for any two adjacent
nodes x and y in the graph, the nodes adjacent to x are linked in a one-to-one fashion to

those adjacent to y, which is condition (4) stated in [16].
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Fig. 5.7. Graph G3
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Labeling the nodes of a graph which satisfies properties a-d of Theorem 5.3 is not unique.
The next theorem shows in how many different ways the nodes can be labeled to conform

to the cube labeling requirement.

Theorem 5.4: There are (n/k)!.[(2)!]™* different ways in which the 2" nodes of an [N,K]
cube can be labeled.

Proof: Let M(n,k) denote the number of ways that the nodes of an [N,K] cube can be
labeled. According to the Theorem 5.3, by fixing a k-digit of any node identifier, the cube
can be decomposed into 2* subcubes and there are C(n/k,1) different ways of selecting a
single k-digit. The number of different ways that each [N/2* K] subcube can be labeled is
M(n-k,k) and in a group of 2* subcubes, obtained from fixing a k-digit ,one can
distinguished them from each other by appending a k-digit to each subcube within the
group and there are (2*)! ways of doing that. Thus, one can conclude that M(n,k) must
satisfy the recursive equation M(n,k)=(n/k) (2¥)!M(n-k,k). Solving this recursive equation

results in M(n,k)= (n/k)L.[(25)1™. ]

Note that if 2* nodes in an [N,K] cube are directly linked together, their identifier differ in

exactly one k-digit.
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5.4 Concluding Remarks

This chapter has focused on the problem of enhanced hypercube identification, which was
addressed in Theorem 5.3. The class of [N,K] cubes are defined and their topological
properties were studied. In summary, the [N,K] cube, Q,,), has the following properties.
Qi consists of 2° disjoint Qg,,, subgraphs and its diameter is [n/k). There are
(n/k)![(2%)!]"* different ways in which the nodes of an [N,K] cube can be labeled, and Q,
is a subgraph of Q,;. The results presented in this chapter is an attempt to response to the
following two graph theoretic questions.

1) How to ;nhanced the topology of Q, in order to reduce its diameter by a factor of k.
2) How to characterize the enhanced topology by a set of structural properties, which

enables us to determine whether or not a given graph is its isomorphic image.
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6. Conclusion and Future Research

In this thesis, we have introduced a new mathematical tool, called Communication-Algebra,
for modeling, analysis, and control of interprocessor communication networks. In chapter
2, Communication-Algebra, was defined and used to investigate many useful properties of
the networks and to link them to their control structures. Two classes of networks, [N,K]
cube and [N,K] PM2I], were modeled, and some of their properties were studied. One
application of C-Algebra, enhancement of communication networks, was also discussed in

this chapter.

Chapter 3 is devoted to a discussion on network's fault-tolerance. The class of [N,K] cube
is shown to be maximally fault tolerant, i.e., the maximum number of parallel paths between
any two nodes is the same as the degree of each node, n/k(K-1), and the length of each
parallel path is at most equal to the Hamming distance plus 2. The Algorithm DP_G is
developed to generate these parallel paths. By combining Algorithm DP_G and depth-first

search we proposed an adaptive fault-tolerant routing algorithm, called AFTR, which will
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successfully route messages between any pair of functional nodes in an [N,K] cube as long
as there exists a path between them. More research on Algorithm AFTR is needed to
evaluate its performance, i.e., average path length generated, in term of probability of a link
failure. The lower l;ound on the number of parallel paths in an [N,K] PM2I are obtained
in Corollary 3.2. However, more research is needed to investigate the degree of fault-

tolerance of an [N,K] PM2IL.

In chapter 4, we have proposed several node-independent algorithms for embedding other
topologies, such as rings, linear arrays, meshes and standard spanning trees in the [N,K]
cubes. We used Gray control sequences to establish Hamiltonian cycles in an [N,K] cube,
and developed the theoretical foundation for investigating properties of Gray control

sequences and numerated the number of distinct Gray control sequences in an [N,K] cube.

In chapter 5, The class of [N,K] cubes' topology properties along with a formal
characterization of [N,K] cube as a graph are presented. These properties were used to

determine whether or not a given graph is isomorphic to an [N,K] cube.

Homomorphism between networks is one of the topics left for future research. For
example, using C-algebra to investigate the existence of homomorphism between networks
which result in simulating one network by others. Homomorphism is formally defined as

follows:
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Definition 6.1: LetC=(N,P, ¢ )and C’' =(N', P, ¢’ ) be interconnection networks.
A homomorphism from C onto C’ is a pair of maps, H = (hy, hp),

hy: N’ - N, , where N, is a subset of N and hy is one-to-one and onto,

hp: P’ - P, , where P, is a subset of P,

such that hy ($'(S’, P)) = ¢(hy(S8’), hp(P")) , VS'eN’, VP’ eP'.

If C’ is homomorphic image of C, then the network C simulates the interconnection
network C’. Since N; is a subset of N, it is possible to decompose the interconnection
network C into several subnetworks, C, ,C,,...,C,,suchthatN;nN;=0,Vl<i,j <
m and i#j. The theory underlying the partitioning of permutation networks has been
explored [6]. However, node-independent algorithms to perform dynamically partitioning

the networks is yet to be discovered.

In summary, this thesis demonstrates many applications of C-Algebra in modeling the
classes of [N,K] cube and [N,K] PM2I. The methodology presented in this thesis can be
applied to other types of networks such as the class of n-stars and mesh connected

networks.
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