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Abstract

CLASSICAL AND Q U A N TU M  CHAOS: STRONGLY IN TE R A C TIN G  PARTICLES

IN  A  CO NFINED GEOM ETRY.

by

Pavel S. Ivanushkin

Dissertation Supervisor: Professor Bala Sundaram.

This dissertation details the classical and quantum dynamics of two mechanical 

systems. The firs t one represents a charged particle confined inside a square elastic 

boundary acted on by a uniform  magnetic field - the Square Magnetic B illia rd . The 

second system, called the C ircular Coulomb B illia rd , consists o f two particles, interacting 

by v irtue  o f the Coulomb potential, and enclosed inside a circular boundary. One o f the 

particles is considered to  be massive and remains stationary.

The firs t two chapters give a b rie f history o f classical and quantum chaos, and review 

the m ajor theoretical concepts. The th ird  chapter analyzes the classical dynamics o f the 

Square Magnetic B illia rd . A number o f approaches were used for numerical experiments:
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which shows tha t the system’s classical behavior ranges from completely integrable 

to fu lly  chaotic, but then the system restores i t ’s in tegrability as the magnetic field 

continues to grow.

The fou rth  chapter examines the Square Magnetic B illia rd  quantum mechanically. 

The eigenvalues for intermediate strengths of the magnetic field exhibit a great deal of an 

inter-level repulsion and the eigenfunctions demonstrate quantum scars. As the classical 

analogue restores its integrability, the quantum spectrum tends to Landau levels. The 

time evolution of the system also displays chaotic features for intermediate strength of 

the magnetic field. A  model o f a quantum dot based on the Square Magnetic B illia rd  

show resonant character in the dependence o f the transition.

The last two chapters focus on the C ircu lar Coulomb b illia rd . The classical dy­

namics display a transition from in tegrability  to a mixed phase space as a measure o f 

asymmetry grows. A  second parameter, the strength o f interaction, suppresses chaos 

for small degrees of asymmetry and intensifies i t  for higher values. The quantum en­

ergy eigenvalues show strong correlation and eigenfunctions display quantum scars for a 

range of parameters corresponding to chaotic classical analogue. However, some uncor­

related levels persist in  the spectrum, which can be a ttribu ted  to the mixed phase space 

of the classical dynamics. A  model o f a quantum dot based on the C ircular Coulomb 

B illia rd  displays an extremely sharp decay of a transport in  a symmetric case.
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Chapter 1

A Brief history: Classical Chaos.
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1.1 Deterministic system.

The study of chaos in  dynamical systems was started re latively recently, during the 

m iddle o f the 19th century. Before that Newtonian mechanics, based on a completely 

determ inistic approach, had been the only guideline for physicists. The following excerpt 

from [20] gives an excellent explanation o f determinism:

’D e te rm in is m  is the philosophical belief tha t every event or action is

1
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the inevitable result o f preceding events and actions. Thus, in  principle at 

least, every event or action can be completely predicted in  advance, or in 

retrospect.’

Thus, according to the determ inistic approach the time evolution o f nature is like 

the operation of a perfect machine. The future of the universe is considered as being 

completely predetermined by the present, while the present is an inevitable result of the 

past.

As a philosophical belief about the material world, determinism can be traced to the 

time of Ancient Greece, several thousand years ago. However, i t  was at the time of Isaac 

Newton, about 300 years ago, when determinism was established as the basis o f science. 

Newton discovered three laws o f motion that he believed could predict the motion o f 

any mechanical system based only upon an accurate measurement o f its state at the 

current moment of time. Newton’s three laws were extremely successful for several 

centuries after his discovery. Scientists believed in completely determ inistic evolution 

of the universe even though they came across numerous problems tha t they failed to 

resolve based on the deterministic approach. Perhaps the most famous among them is 

the motion of the Moon around the Earth. The following quotation o f Baron G ottfried 

W ilhelm  Leibniz demonstrates how confident the scientists o f the 18th century were in  

the ideas of determinism:

’That everything is brought fo rth  through an established destiny is jus t 

as certain as that three times three is nine. If, for example, one sphere meets 

another sphere in free space and i f  their sizes and their paths and directions 

before collision are known, we can then foretell and calculate how they w ill 

rebound and what course they w ill take after the impact. Very simple laws 

are followed which also apply, no matter how many spheres are taken or 

whether objects are taken other than spheres. From this one sees then that 

everything proceeds mathematically tha t is, in fa llib ly  in the whole wide

2
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world, so that i f  someone could have a sufficient insight into the inner parts of 

things, and in addition had remembrance and intelligence enough to  consider 

all the circumstances and to take them into account, he would be a prophet 

and would see the future in the present as in  a m irro r.’

The formalism of classical mechanics was dram atically changed after Isaac Newton’s 

time. Euler and Lagrange developed the methods tha t we are now using. A  large 

number o f complicated mechanical problems were successively solved. However, despite 

the efforts of physicists and mathematicians around the world, there were some problems 

tha t they were not able to resolve using the determ inistic approach. Examples o f such 

’unsolvable problems’ are the three-body problem and the ergodic hypothesis.

1.1.1 T he th ree-b od y  problem .

People have been try ing  to predict the motion o f the Moon since antiquity. An accurate 

description o f its motion was extremely im portant to determine the longitude of ships 

while traversing open seas. This m otion is quite complicated as the o rb it of the Moon 

cannot be approximated by an ellipse w ith  the E arth  as its focus: such an approximation 

would completely disregard the influence o f the Sun on the m otion of the Moon, which 

would lead to an extremely rough model. Therefore, at least three celestial bodies have 

to be taken into consideration and thus the three-body problem emerges.

The three-body problem also models another im portant concern in  astronomy. Ac­

cording to Newtonian mechanics i t  is possible for one of planets in  the solar system to 

leave its e llip tica l o rb it around the Sun. This can happen because o f a gravitational pu ll 

toward another planet in  the vicin ity. Being displaced from its stable e llip tica l o rb it the 

planet can undergo a collision w ith  the Sun or another planet. Knowing i f  any o f the 

planets would do so became the problem o f the stab ility  o f the solar system. Nothing 

like this would have been possible i f  the solar system consisted of ju s t two celestial 

bodies, bu t whether i t  could happen in  the three-body case remained unclear.

3
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The question o f the stab ility  of the solar system was posed by Weierstrass in  a m ath­

ematical com petition. Poincare’s submission won the prize. He showed that conserved 

quantities tha t were analytic in  the momenta and positions could not exist for the three- 

body problem. Then integration would seem unlikely from  Poincare’s point o f view due 

to the problem o f small denominators. However the integration was accomplished by 

the Swedish mathematician Sundman. He showed th a t it  is possible to integrate the 

three-body problem i f  one only takes into consideration two-body collisions. Th is way of 

a ttem pting to prove the s tab ility  o f the solar system resulted only in  increasing doubts 

about the presence o f such a stability.

For a long period o f time, up to the second part o f 20th century, scientists were uncer­

ta in  about the s tab ility  o f a ll planetary trajectories o rb iting  the Sun. The Kolmogorov- 

Arnold-Moser theorem gives us the proper tool to deal w ith  non integrable systems. I t  

was applied to examine the solar system and fina lly  was proved tha t the later was a 

stable dynamical system. Discussion o f th is theorem is presented later in  the chapter.

1.1.2 The ergodic hypothesis.

The second problem tha t played a key role in  the development of chaotic dynamics 

was the ergodic hypothesis o f Boltzmann. Maxwell and Boltzmann had combined the 

determ inistic mechanics of Newton w ith  statistical laws in order to create statistical 

mechanics. In  th is way, they derived thermodynamics based on Ham iltonian mechanics. 

To obtain results consistent w ith  experimentally observed properties of macroscopic 

systems, Boltzm ann had to make the great sim plify ing assumption o f ergodicity: that 

the dynamical system would v is it every part o f the phase space allowed by conservation 

laws equally often.

This assumption o f ergodicity seems to contradict the character o f time evolution 

in Ham iltonian systems. The propagation in time o f any system that obeys Ham il­

tonian equations is described in  terms o f an evolution operator T {t) . Acting  on an 

arb itra ry  po in t in  2N-dimensional phase space (p(0),<f(0)) it  propagates it  to a new

4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



point (p {t) ,q {t)):

(.P {t),q {t)) =  T(f)(p(0),<f(0)).

I f  one choses a rb itra ry  a 2N-dimensional volume of in itia l conditions V  (0) then the 

evolution operator w ill propagate it in  time to a new volume

V { t ) = T V ( 0 ) .

Liouville ’s theorem (see [94]) states that for all Ham iltonian systems the time evo­

lu tion  operator preserves the volume: |V (f)| =  |V"(0)]. This means that at all future 

times a ball o f in it ia l conditions w ill be confined inside a ball of the same 2N-dimensional 

volume. This statement causes an apparent contradiction w ith  the ergodic hypothesis 

- which claims tha t during its evolution a system visits w ith  equal probability  a ll the 

states that are not forbidden by energy conservation. Hence an arb itra ry  small volume 

o f in itia l conditions must be spread through a ll the available 2N-dimensional dynamical 

phase space.

A  proof of the ergodic hypothesis faces extensive mathematical difficulties. Up to 

now it  was only shown to be true for ju s t a few dynamical systems and appeared to be 

wrong for others.

The following example from  reference [94] outlines qualitative ly the character of 

dynamics for an ergodic Ham iltonian system. F ig u re  1.1 demonstrates the character 

o f the time evolution of the same ball o f in it ia l conditions under different types of 

Hamiltonians. Evolution o f the first ball corresponds to the determ inistic case (a) while 

the second ball is propagated by the Ham iltonian o f an ergodic dynamical system (b). 

We see that the in it ia l phase volume is conserved on both occasions, however for the 

ergodic evolution the topology o f the shape becomes dram atically changed. This means 

tha t instead o f computing an exact phase volume of this shape we have to consider its

5
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Figure 1.1: Sketch o f the time evolution o f a small ball o f in it ia l conditions for a de­
term inistic (a) and an ergodic (b) Ham iltonian system. In it ia l volume is preserved, 
but the resultant shape in  the case o f the ergodic evolution is such that, for its  proper 
description, we have to consider its envelope and compute an effective volume confined 
inside tha t envelope. This effective volume is growing w ith  time, eventually spreading 
throughout the entire phase space.

envelope and determine an effective volume - the one bounded by the envelope. This 

way, while the L iouville ’s theorem for Ham iltonian systems s till holds, the effective phase 

volume visited by the ergodic system is growing and eventually the system visits equally 

often all the available points in  the phase space in  agreement w ith  the Boltzm ann’s 

ergodic hypothesis.

1.2 Dependence upon measurements of the initial state. 

Dynamical instability.

A basic principle o f experimental science is tha t no real measurement is in fin ite ly  precise, 

but instead every measurement is obtained w ith  some uncertainty. This is a consequence 

o f the fact tha t all measuring devices - even perfectly designed ones - can only record 

results o f their measurement w ith in  a fin ite amount o f significant figures. Hence, even i f  

one imagines that a perfect measuring device exists - the rounding error in  its reading

6
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would produce an uncertainty. Therefore, while progress in developing more accurate 

devices can reduce experimental error, nevertheless, even theoretically, error can never 

be completely eliminated.

In  dynamics, the presence of uncertainty in  the results o f measurements means that 

the in itia l conditions of a ll real dynamical systems are obtained w ith  a certain amount 

o f error. As the dynamical system is developing in  time, the presence o f uncertainty 

in  the in itia l conditions results in  an erroneous prediction o f the state of the system at 

a ll the future moments of times. I t  is im portant to notice tha t the final uncertainty 

arises not from any randomness contained in  the Ham iltonian equations - these are 

completely determ inistic. The uncertainty in  the measurement o f the in it ia l conditions 

is what produces an inevitable error in  prediction of the future state o f the dynamical 

system. Newtonian mechanics implies tha t the final uncertainty can always be reduced 

to any desired value by measuring the in it ia l conditions w ith  greater accuracy. In  other 

words, by pu tting  more precise inform ation into Newton’s laws, i t  was believed that i t  

is always possible to obtain more precise output for any later time.

Poincare was firs t to notice that in  some astronomical dynamical systems, shrinking 

the in it ia l conditions does not always lead to the shrinking o f errors in  the final predic­

tion  in  a corresponding way. He was working on mathematical equations to describe 

the motion o f planets around the Sun. These equations resulted from applications of 

Newton’s laws, and therefore were completely determ inistic. However, Poincare found 

that a large number of such systems do not obey the rule that shrinking the error in  in i­

t ia l conditions leads to a corresponding shrinking o f error in  the ir outcomes. Moreover, 

he observed tha t for a great number o f dynamical equations, a very tin y  imprecision 

in  the in itia l conditions would grow in  tim e at an enormous rate. Thus two nearly- 

indistinguishable sets o f in it ia l conditions for the same dynamical system would result 

in  completely different sets o f trajectories in  the future. Poincare observed such enor­

mous sensitivity to uncertainty in  in it ia l conditions for dynamical systems consisting of 

three or more interacting astronomical objects. He called this k ind of behavior d yn a m -

7

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ic a l in s ta b i l i ty  or sim ply chaos. Poincare demonstrated tha t for systems tha t exhib it 

dynamical ins tab ility  any imprecision in  measurement of in itia l conditions, no m atter 

how small, results in  such uncertainty in  the determ inistic prediction o f the future tha t 

i t  is as i f  the prediction was made by random chance.

o
o 30 20 4030

Figure 1.2: Numerical iteration o f the standard map, illus tra ting  the inherently unpre­
dictable nature o f chaotic systems. The same FORTRAN77 code was executed on four 
modern computers to iterate the standard map for FT =  10 and the in itia l condition 
(x0,po) =  (1) !)• The spatial coordinate xn (taken modulo 2) is plotted for the firs t 40 
iterations o f the standard map. A lthough nom inally the same (64-bit, or around 15- 
d ig it) double precision numerical representation was used on the different computers, 
slight differences in  the numerical rounding methods among the processors are rapid ly 
amplified as the iterations progress. (The picture was taken from  the reference [84])-

Below is represented one more remarkable demonstration of dynamical ins tab ility  

described in reference [84]. Consider the ’’standard map” , defined by the pair o f iteration 

equations

pn+i  =  pn +  K sm .xn 

3 - n - j - l  =  " F  P n -r  1 -

8
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This system was shown to be chaotic for sufficiently large values o f parameter K. 

These equations are, of course, deterministic, in  the sense tha t there is no random 

element presented. Despite the apparent sim plic ity o f this map, it  gives rise to quite 

complicated dynamics. The lack of pred ictab ility  in  th is map is illustrated in F ig u re  

(1 .2 ), which represents the results o f iteration o f the standard map w ith  the same 

in it ia l condition on four different computers. The im portant th ing  is tha t even though 

the results should be identical among the four computers, they only agree for around 

16 iterations. A fter this po int the trajectories diverge, and any prediction becomes 

completely meaningless.

Such an extreme sensitivity to in it ia l conditions was also called the ” B u t te r f ly  

E ffe c t”  (see [52]). The name is due to a fact tha t such extreme unpredictability of this 

k ind of systems gives rise to the idea o f a butte rfly  flapping i t ’s wings in one area of 

the world causing a tornado or sim ilar disastrous weather in  another remote area o f the 

world.

Systems that exhibit the ’’B u tte rfly  Effect” are called chaotic or stochastic sys­

tems. Thus an extreme sensitivity to in it ia l conditions is one o f major manifestations of 

chaotic dynamics. The following excerpt from [20] briefly summarizes our introductory 

discussion of chaotic and determ inistic systems and gives a short definition of chaotic 

(stochastic) dynamical systems:

’A  deterministic system is a system whose present state is fu lly  deter­

mined by its in itia l conditions, in  contra-distinction to a stochastic system, 

fo r  which the in itia l conditions determine the present state only partially, 

due to noise, or other external circumstances beyond our control. For a 

stochastic system, the present state reflects the past in it ia l conditions plus 

the particu lar realization o f the noise generated. ’

9
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X

Figure 1.3: An evolution o f dynamical system can be represented as the dynamical flow  
in  2N-dimensional dynamical phase space analogous to the flow o f a fluid.

1.3 Dynamical Phase Space. Poincare Sections.

To deal w ith  dynamical problems in  classical as well as in  quantum mechanics i t  is 

extremely useful to introduce the phase space of a system. This is because in  order 

to give complete inform ation about a Ham iltonian system one has to specify a ll o f its 

coordinates and momenta. Thus, the complete description of the state o f a Ham iltonian 

system w ith  N degrees o f freedom can be represented by a set o f all its coordinates and 

momenta which yields a point in  2N-dimensional phase space, X (q ,p ). As the system 

is evolving in  time the point representing i t  travels along some curve in  the dynamical 

phase space

X (q ,p ,t)  = T X (q ,p ,0 ) .

Simultaneous time evolution of an ensemble o f in itia l conditions produces dynamical 

flow  in  the 2N-dimensional phase space (F ig u re  1.3).

The in troduction  o f phase space is a powerful step from a mathematical point o f 

view, but i t  complicates a diagrammatic representation o f the dynamics. Let us take as 

an example a dynamical system w ith  three degrees o f freedom. The dynamical phase 

o f such a system is 6-dimensional. Humans are not able to visualize 6 dimensions. 

Hence, to facilita te a reading of all the relevant inform ation about the system we need

10
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Figure 1.4: Poincare section o f an electron in  a hydrogen atom in  a strong magnetic 
field. The picture demonstrates a mixed phase space - coexistence of regular and chaotic 
m otion (The picture was taken from  the reference [33]).

to develop procedures tha t reduce the dimensionality o f its phase p o rtra it to three or, 

even better, two dimensions.

One example of how this reduction works is described in  reference [33]. The authors 

examine the behavior o f a hydrogen atom in  a strong magnetic field. The hydrogen 

atom is a h igh ly desirable system for classical as well as fo r quantum mechanics because 

of its  simplicity. A single electron moves around a single proton. However, the classical 

motion o f the electron becomes chaotic i f  an external electromagnetic field is applied 

(see as examples [70], [81]).

To visualize the dynamics o f th is system we must reduce the dimension o f phase 

space. The following excerpt from [33] describes how i t  was done:

’The firs t step is to  note tha t the applied magnetic field defines an axis 

o f symmetry through the atom. The motion o f the electron takes place 

effectively in a two-dimensional plane, and the m otion around the axis can

11
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be separated out; only the distances along the axis and from  the axis matter.

The symmetry o f motion reduces the dimension o f the phase space from  six to 

four. A dd itiona l help comes from the fact tha t no outside force does any work 

on the electron. As a consequence, the to ta l energy does not change w ith  

time. By focusing attention on a particu lar value o f the energy, one can take 

a three-dimensional slice-called an energy shell-out o f the four-dimensional 

phase space. The energy shell allows one to watch the tw ists and turns 

of the electron, and one can actually see something resembling a tangled 

wire sculpture. The resulting p icture can be simplified even fu rther through 

a simple idea th a t occurred to Poincare. He suggested tak ing a fixed two- 

dimensional plane (called a Poincare section, or a surface o f section) through 

the energy shell and watching the points at which the tra jectory intersects 

the surface. The Poincare section reduces the tangled w ire sculpture to  a 

sequence o f points in  an ordinary plane.’

The resultant Poincare section (or Poincare map) for a highly excited hydrogen atom 

in  a strong magnetic field is shown in  F ig u re  1.4. The regions o f the Poincare section 

where the points appear to be random ly scattered indicate in it ia l conditions tha t lead 

to  stochastic trajectories, while continuous curves show regions where system’s behavior 

is regular and thus completely predictable. Th is k ind  o f dynamical phase space, which 

displays a coexistence o f regular and chaotic regions, is called a mixed phase space.

The above quotation from M artin  G u tzw ille r’s book b rillia n tly  introduces the method 

o f Poincare maps and demonstrates the convenience o f the method as i t  provides a clear 

visualization o f multidimensional dynamics. The form al in troduction  o f the Poincare 

sectioning method is quite straightforward and can be done as follows: Given a Ham il­

tonian dynamical systems w ith  N degrees o f freedom, its dynamical phase space is 

2N-dimensional. Thus the corresponding dynamical flow is represented by a curve in 

the 2N-dimensional space

12
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X { q , p , t )  =  f { X { q , p ,  0 )).

Successive intersections of this curve with the n-dimensional hypersurface (n <  2N )  

define the Poncare map. In  G utzw iller’s example above i t  was the projection o f a 

trajectory in  the 6-dimensional phase space on a 2-dimensional hypersurface.

1.4 The Lyapunov Exponent

To obtain clear quantitative characteristics o f dynamical ins tab ility  we consider two 

trajectories that start out very close to each other. The in itia l separation between them 

in the phase space is

A 0 =  | l * ? - %

The notation X i is used to indicate the vector in  the 2N-dimensional dynamical 

phase space, tha t means the composition o f a ll the positions and momenta. As the 

system evolves in time the separation between trajectories changes to

A t =  | l * f - %

1-3
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The property of sensitivity to in itia l conditions can be defined in  the following way:

A t — AoeAt,

where A, the mean rate o f separation o f nearest trajectories o f the system, is called 

the L ya p u n o v  expone n t. For any fin ite accuracy in the measurements o f in itia l 

conditions, the dynamics is predictable only up to a fin ite  L y a p u n o v  t im e

T Lyap ~  \ 1^ T '
1 , Ao 
A ~ T

In  the expression above, L denotes the characteristic linear extent o f the whole 

system. Thus the Lyapunov time shows a time during which a m inim al uncertainty 

grows to the entire size of a system.

The correct mathematical defin ition of the Lyapunov exponent is slightly different 

in  the sense tha t it  involves a lim itin g  procedure:

1 [Ai l
A =  lu n ^o o  -  hm1Ao|^ 0 In j ^ - j .  (1.1)

The Lyapunov exponent helps us to distinguish among the various types o f trajec­

tories in  the following way:

• A <  0 The orb it attracts to a stable fixed point or stable periodic orb it. Negative 

Lyapunov exponents are characteristic o f dissipative or non-conservative systems 

(such as the damped harmonic oscillator). Such systems exh ib it asymptotic sta­

b ility , i. e. the more negative the exponent, the greater degree o f stability. A 

lim itin g  case A =  -o o  corresponds to a c ritica lly  damped oscillator. In  such a 

case, the system tends to its equilibrium  point as quickly as possible.

•  A =  0 The orb it is a neutral fixed point. Such systems exhib it Lyapunov stability. 

An example is a simple harmonic oscillator. As the frequency is independent of
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the amplitude, its phase po rtra it is represented by a combination o f concentric 

ellipses. The orbits in  this situation m ainta in a constant separation.

•  A >  0 The o rb it is unstable and chaotic. Nearby points, no m atter how close, 

w ill diverge to an a rb itra ry separation. I f  all the points have a positive Lyapunov 

exponent then the entire dynamical phase space w ill eventually be visited. These 

points are said to be unstable, presence o f unstable points leads to chaos.

Local values o f the Lyapunov exponent differ for different regimes o f a dynamical 

system. However, i t  has been proved tha t fo r a sufficiently large tim e evolution only 

a m aximal value out o f all the local Lyapunov exponents indicates stochasticity o f the 

system and tha t is what the lim it (1 .1 ) converges to (see [72]). Numerical computa­

tions o f Lyapunov exponents turned out to be impossible using the formal definition 

(1 .1 ). This is because the the function is extremely irregular and, moreover, does 

not increase after some saturation time, depending on in it ia l conditions. To avoid this 

we have to  consider only a short tim e evolution and average the results for an ensem­

ble o f trajectories. A  practical realization o f this was used in this dissertation for the 

computation o f a Lyaponov exponent and can be found in  reference [72]. The com­

putational procedure itse lf was performed the following way: two close trajectories are 

taken at the in itia l moment of time: Ao|t=o and -X”iU=o- The distance between them is 

do — [ [A'q — A i| | .  A fter one iteration of length t  these two trajectories arrive at two new 

points in  the phase space: Ao \t=T and X \  |t= r - The distance between them becomes 

d\ =  ||A Q — X \  ||. Before the next iteration the point X \  is moved along the direction 

of the vector (A ) -  Ao ) so that the distance ||Ao —X \  || is again adjusted to be equal 

to do- A fte r this the new iteration brings trajectories to two new points in  the phase 

space and the distance ^2  between the points is calculated. Eventually after N iterations 

of th is  type the Lyapunov exponent is taken as the lim it

a - £ | > (*>- (l2> 

15
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The proof that the last expression eventually tends to the maximal Lyapunov expo­

nent can be found in the references [14] [6].

1.5 Kolmogorov entropy.

A positive Lyapunov exponent does not by itse lf im p ly chaos. A tr iv ia l case is an 

unbounded dynamical system described by the equation:

i f  A >  0 all the nearest trajectories separate exponentially, however, this system 

is not chaotic, trajectories jus t separate, but do not meet again. Chaotic dynamics is 

characterized not jus t by local exponential separation o f nearby trajectories, but also by 

mixing means their re-approaching each other arb itra ry  closely, in fin ite ly  many times. 

Only in  th is way can any tra jectory o f a dynamical system fill, in  an ergodic manner, 

all o f the available phase space.

Kolmogorov entropy (also called K-entropy) is a quantitative characteristic o f a dy­

namical system which characterizes its degree o f m ixing. Thus, i t  is the m ajor indicator 

o f chaos in  Ham iltonian systems. The Kolmogorov entropy was introduced in  1959 by 

Kolmogorov ([45]). His formal procedures contain a great deal o f sophisticated mathe­

matics that are not presented in th is dissertation. A  convenient qualitative description 

o f the concept of the K-entropy is given by Zaslavsky (see [93]). Let us outline his defini­

tion  o f this essential concept for chaotic dynamics. The tim e evolution o f a system that 

exhibits mixed phase space is diagrammatically represented in  F ig u re  1.5. A  ball of 

in itia l conditions evolves in an extremely complicated way, eventually form ing a shape 

w ith  complex topology. The exact value o f the phase volume Vo is conserved according 

to the L iouville ’s theorem. However, th is value does not describe adequately a measure 

o f the shape w ith  such complicated topology. We have to approximate the structure 

by considering an envelope that embraces all the tangled structure and then computing

16
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Figure 1.5: A  diagram that displays the character o f the dynamical evolution o f a ball 
o f in it ia l conditions in a case of mixed dynamical phase space. The p icture on the right 
displays a magnified view of a small rectangular region from  the picture on the left. The 
topology of the shape becomes so complicated tha t to compute its volume correctly an 
envelope would have to be considered tha t confines a ll this complex topology. The 
volume embraced by the envelope is what is considered as the volume visited by the 
system.

the volume o f a shape confined inside the envelope V*. A  measure o f growth o f such an 

effective volume is the Kolmogorov entropy o f the system:

Vt =  Voeht h >  0 is the Kolmogorov entropy.

Thus the Kolmogorov entropy measures the ergodicity of the system, showing how 

fast a ball of in itia l conditions spreads throughout the available dynamical phase space. 

I t  becomes a global characteristic o f stochasticity in  a dynamical system, in  contrast 

w ith  the Lyapunov exponent - the local characteristic o f the chaos, based on a local 

divergence o f nearest trajectories.

1.6 Chaos and Integrability

Let us consider the Ham iltonian dynamics o f a bounded system w ith  N  degrees o f 

freedom. The system is called integrable i f  there exist N  independent functions o f gen-

17
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eralized coordinates and momenta f j  (q, p) that remain constant along the trajectories

f M P )  =  o.

The functions f j  are called integrals o f motion (for details see as an example [47] or 

[30]).

The choice of m utually independent sets o f integrals of m otion is not unique. The 

fact is tha t any combination of them w ill produce another one. However, there exist a 

most convenient set o f integrals o f m otion for analysis - called actions. The analytical 

expression for actions is

The integral is taken for one complete period o f change o f a dynamical coordinate 

qj. Now let us assume tha t we consider an integrable dynamical system. This means 

that there exist N  (equal to an amount o f degrees o f freedom) integrals o f motion and 

N  actions which prove to be constants o f dynamical evolution as well (for proof see as 

an example [30]). Now let us perform a canonical transform ation using the actions as 

the new canonical momenta

Pj  =  Jj(v,P)-  ( 1-3)

I t  was proved (see [47]) that in new canonical variables the Ham iltonian of an in­

tegrable dynamical system w ill be o f the form H  = H( J\, J2 , . . . ,  J/v). The generalized 

coordinates conjugate to the actions are called angles, Qj.

The Ham iltonian equations for the system in terms o f the angle-action variables tu rn  

out to have an extremely simple form:

18
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Leading to the solution

J j =  const
(1.4)

6j = ujjt.

Equation (1 .4 ) yields a possible indicator o f the in tegrab ility  o f the system. The fact 

tha t actions are constant means tha t i f  we consider actions o f the system during its time 

evolution as a random value, then its d is tribu tion  must represent jus t a single vertical 

line as the result o f the integrability. In  the case o f a non integrable systems, actions are 

no longer integrals o f motion. Their d is tribu tion  becomes broader as the degree o f non 

integrability  grows. Thus the w id th  of the d is tribu tion  o f the actions becomes a possible 

indicator o f the extent to which the dynamical system is non integrable. In  the case 

where a d is tribu tion  of actions is relatively uniform  w ithou t sharp maxima presented, 

a variance o 2 can be used as an indicator of the w id th  o f the d is tribu tion  and hence as 

a quantitative measure o f the degree o f the non integrability :

a 1 =  j f  E j  i x j  ~  i x ) )2 

(x ) =  j j  E j  x j.

Another convenient indicator o f non in tegrability  can be obtained i f  we consider an 

inverse transformation o f (1 .4 ) to the orig inal generalized positions and momenta:

qj =  (1-5)

A ll Jj in  the expression (1 .5 ) are constant. The Fourier transform  of expression 

(1 .5) w ill contain frequencies f l j  that w ill represent various linear combinations o f the
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frequencies ujj w ith  integer coefficients:

qj(t) =  Y, A je  =  £ *  n iu i n i -a ll integers.

Therefore, the Fourier spectrum w ill be discrete.

Thus the time evolution o f an integrable system can be represented in the form of 

a discrete trigonometric series. Such a form o f the solution has no provision for an 

exponential divergence o f trajectories and, hence - chaos does not exist in integrable 

Hamiltonian systems.

Thus a discrete Fourier spectrum of trajectories is one more possible indicator of the 

in tegrability  and, therefore, o f regular dynamics. The opposite situation, a continuous 

spectrum of the time evolution, is a clear indicator tha t the dynamical system is non 

integrable and, perhaps, chaotic. However, as described as an example in  reference [93] 

a continuous Fourier spectrum of time evolution appears to be a necessary, but not 

sufficient condition for a dynamical system to exh ib it chaos. Its presence guarantees 

tha t the corresponding dynamics is non integrable, bu t not tha t i t  is chaotic. Once the 

continuous Fourier spectrum of a time evolution is observed we need additional tests to 

be certain about whether a system really exhibits a chaotic dynamical phase space or 

not. Two possible reliable tests have already been mentioned in the earlier sections - 

Poincare maps and exponential divergence.

1.7 The KAM Theorem.

The Kolmogorov-Arnold-Moser (K A M ) Theorem was stated in 1954 by Kolmogorov 

([43]), then subsequently proved in  the 1960-s by Arnold and Moser (see as an example 

[89]). This theorem describes the transition of an integrable system to chaos, or, on the 

other hand, it  gives conditions under which chaos is restricted in  its extent.

The theorem considers an almost integrable dynamical system, this means its  Hamil­

tonian consist o f an integrable part and a small perturbation. Conventional perturbation
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theory (see fo r  example [72]) gives the follow ing expression for the Ham iltonian

H  =  H 0(JU J2) +  eV (Ju  J2,9 u  92). (1.6)

For s im plic ity a dynamical system w ith  2 degrees o f freedom is considered. The 

part H q(J x,J 2) indicates the integrable part o f the Ham iltonian which always can be 

expressed in  terms o f the actions (see [30] or [47]). The remaining part represents a 

small perturbation. For an integrable case the solution of the Ham iltonian equations is

J i - const J2 =  const
(1.7)

9x =  oj\t +  0® 92 — oj2t  +  9®.

The trajectories in  a phase space lies on 4-dimensional tori, each parametrized by 

conditions J\ =  const and J2 =  const. In  the case when frequencies corresponding 

to a particu lar torus are commensurate,

Tiicdi +  n 2u 2 =  0 Tii, n 2-integers,

the corresponding tra jectory is closed and its m otion is periodic. Otherwise, the trajec­

tory never closes, but i t  fills the surface o f the torus uniform ly. This type o f m otion is 

called quasiperiodic.

The system becomes non integrable i f  a perturbation is applied, however:

•  The K A M  theorem guarantees preservation o f most invariant to ri under a suffi­

ciently small and smooth (but otherwise arbitrary) perturbation.

The theorem also gives a h in t as to  which irra tiona l to ri are the most robust. This 

is the case because small denominators can occur for perturbed rational to ri, causing 

the ir quick destruction even for small values o f the perturbation.

As was already mentioned, the K A M  theorem is relevant to the question o f the sta­

b ility  of the solar system, which is a nearly integrable system. Therefore, the relatively 

weak m utual interactions of the planets, compared w ith  the force exerted by the Sun,
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cause some deformations o f their orbits bu t not the ir destruction. The solar system rep­

resents a non integrable dynamical system, bu t the Kolmogorov-Arnold-Moser theorem 

proves its stability.
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Chapter 2

Quantum Chaos

2.1 Separation of quantum wave packets.

Perhaps the most outstanding feature o f the quantum world is its smooth and wave­

like nature. This feature leads to the question o f how chaos makes itse lf fe lt when a 

stochastic classical dynamical system is transported to  the quantum world. How can the 

extremely irregular character o f classical chaotic motion be transm itted in to  the smooth 

and wavelike m otion of the atomic scale? Does chaos exist in  the quantum world?
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One reason why i t  is d ifficu lt to look for chaos in quantum systems is tha t chaos in 

the classical mechanics is defined in terms o f the separation of the nearest trajectories. 

Therefore, the firs t attem pt to introduce chaos in quantum mechanics is to do something 

analogous. A  measure o f a ’distance’ between two wave packets - is the ir overlap integral:

(ipi{t)\tp2{t))- (2.1)

The time evolution o f the wave packet under Ham iltonian H  is defined in terms of 

a unitary time-evolution operator

IVy(f)> =

This way the time evolution o f an overlap integral of two quantum states is:

(ip i(t)\ip2{t)) =  =  ( V M ) -

This means that due to the un ita rity  o f the time-evolution operator the overlap 

integral is preserved. Thus two wave packets do not separate.

The second apparently simple way to introduce chaos analogously to how it  was 

done in  classical mechanics is to look for a continuous energy spectrum as this was a 

convenient indicator o f stochasticity in  the classical case. However, this approach can 

not succeed either. This is a fact, because all the time-independent quantum mechanical 

bounded systems have discrete spectra (see [49]). I t  is worth mentioning that, on the 

other hand, the spectrum o f any bounded quantum system becomes continuous in the 

classical lim it. This indicates the weakness o f such an approach for finding signatures 

of chaotic dynamics in  the quantum case.

Therefore, attempts to directly translate elements o f classical chaos into quantum 

dynamics are too simplistic to be valid. The fact is tha t the quantum wave functions 

are not exactly comparable to trajectories. The overlap integral o f two quantum wave
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functions is analogous to the overlap integral o f two classical d istributions rather than 

two classical trajectories. On the other hand the overlap integral o f two classical d is tri­

butions is also preserved according to L iouville ’s theorem.

However, there exist an indicator o f classical chaos in quantum systems in  terms 

of the overlap integral (2 .1 ), suggested by Asher Peres (see[64]). His idea was to to 

consider an overlap of two identical wave packets, but under the evolution of two slightly 

different Hamiltonians. I t  was observed for classically chaotic systems that the overlap 

decays exponentially, while for classically stable systems the overlap remains close to 

u n ity  or may at most exhibit a power-law decay (see [22]). Such a sensitivity o f the 

quantum evolution to perturbations is now called the Loschmidt Echo and i t  can be 

considered as one o f manifestations o f chaotic behavior in  the quantum case.

2.2 The Big Picture.

Prelim inary work seems to show tha t some clear manifestations o f chaotic behavior can 

be observed in quantum mechanics. Besides the extreme sensitivity to perturbations 

mentioned in previous chapter, remarkable signatures of the chaotic dynamics were 

found in the d istribu tion  o f energy levels of certain atomic systems ([70]). I t  even 

appears to affect the wave patterns associated w ith  those levels. Stochastic behavior 

is also observed when electrons scatter from small molecules. I t  has to be emphasized, 

however, tha t the term ’quantum chaos’ serves more to describe a puzzle than to state 

a well-defined problem.

Following M artin  Gutzw iller (see [32]) i t  is helpful to consider such an interpretation 

of the bigger picture in order to recognize the concept o f quantum chaos. A ll the 

theoretical discussions of mechanics can be a rtific ia lly  divided into three compartments 

(see F ig u re  2.1):

•  Elementary classical mechanics is placed in  the firs t compartment. I t  contains all 

the integrable systems that exhib it determ inistic and regular behavior. This container
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Figure 2.1: T h e  ’B ig  P ic tu re ’ .

is labeled by the le tter R , which means regular. Besides this we pu t into th is box all 

the dynamical systems that are not integrable, but can be accurately described using 

conventional perturbation theory for calculations o f the effects o f small disturbances. 

One example of such a dynamical system is the Moon orb iting  around the Earth. The 

influence o f the Sun in this case can be considered as a small perturbation, which causes 

jus t a m ild  modification o f the time evolution of an integrable dynamical system.

•  Chaotic classical dynamical systems can not be described adequately by means 

of conventional perturbation theory, therefore we have to place them into a separate 

compartment. Since the firs t detailed analysis o f chaotic systems was done by Poincare, 

the corresponding container is labeled P  in  his honor. A ll systems tha t exh ib it eruptive 

nondeterministic behavior are placed in  th is second box. Among them are a ll the 

fundamental problems o f mechanics, starting w ith  three, rather than only two bodies
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interacting w ith  one another, such as the Earth, Moon and Sun, or three atoms in the 

water molecule, or the three quarks in the proton.

•  A ll quantum mechanical systems belong to the th ird  container, labeled Q. Accord­

ing to D irac this box contains ’most o f physics and a ll o f chemistry’. However, only a 

relatively small amount of special problems have been solved in  quantum mechanics in 

the form  designed by Niels Bohr, Werner Heisenberg, E rw in  Schrodinger, Max Born and 

many others. Among these resolved problems is the hydrogen atom, which is a quantum 

analogue o f the two-body problem. However, there exist an overwhelming amount of 

dynamical systems that quantum mechanics, as i t  was in itia lly  designed, is not able to 

treat adequately. One o f the numerous examples o f those systems is the helium atom, 

which is analogous to the three-body problem in  classical mechanics - the one that was 

placed into the compartment P.

The three boxes R, P and Q are linked by several connections. The connection 

between R  and Q is provided by Bohr’s correspondence principle. The principle states 

tha t classical mechanics must be contained in  quantum mechanics in  the lim iting  case 

when the to ta l energy o f objects become much larger than the characteristic scale of 

energies o f atoms and molecules (which is o f an order o f P lank’s constant h). The 

main connection between R  and P is the Kolmogorov-Arnold-Moser (K A M ) theorem 

that was mentioned in  Section (1.7). The theorem provides a tool for calculating how 

much o f the regular structure of a system withstands perturbation, and therefore helps 

to identify the way a regular system starts to exhib it chaotic behavior. Thus the two 

boxes tha t are not linked yet are P and Q - the link  between them has to describe the 

transition o f classically stochastic nondeterministic systems to a smooth and wavelike 

quantum world. Establishing such a link  is the m ajor concern o f ’quantum chaos’ .

As we already discussed in  Section 1.6 the m ajor feature o f classically chaotic 

systems is a lack o f integrability. This means tha t the number o f integrals of motion for 

such systems is less than their dimensionality. I t  is known from the theory of canonical 

quantization (see for example [49] or [59]) tha t the existence of a conserved quantity I j
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in  classical mechanics leads to the commutation o f a corresponding operator I j  w ith  the 

Hamiltonian:

[ / * £ ]  =  o .

As a result o f this commutation the energy eigenfunctions must also be eigenfunc­

tions o f Ij. This eigenfunction must then be o f a separable form  and thus we can reduce 

the number of variables in the Schrodinger equation by one, replacing the operator I j  

by its corresponding quantum number. I f  the classical problem has a complete set of 

the integrals o f motion, then the Schrodinger equation, for the corresponding quantum 

problem is completely separable and therefore has a complete set o f quantum num­

bers as well as corresponding complete set of eigenfunctions, ordered by these quantum 

numbers. Based on this we can conclude that Quantum Chaos deals w ith  systems that 

are described by the Schrodinger equation where the complete separation o f variables 

is impossible. Such systems do not have well defined and ordered set of good quan­

tum  numbers. Study o f behavior o f such k ind o f systems is m ajor concern of Quantum 

Chaos.

To complete this discussion below are given some examples o f quantum dynamical 

systems. Classical analogues o f all o f them exhib it chaotic behavior, and studying the ir 

quantum dynamics is the concern o f quantum chaos.

• Helium atom. The classical analogue is the three body problem.

• Hydberg atom in an electromagnetic field. The classical analogue exhibits a mixed 

phase space (see F ig u re  1.4).

•  Many body problems. The classical analogues can be described only by means of 

statistical methods.

•  Quantum billiards - two-dimensional confined motion. The classical analogues 

exhibit behavior that essentially depends upon a geometry o f the confinement and
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Figure 2.2: ENERGY SPECTRUM or d is tribu tion  o f energy levels, differs markedly 
between chaotic and non-chaotic quantum systems. For a non-chaotic system such as a 
molecular hydrogen ion ( # 2"), the probab ility  o f finding two energy levels close to each 
other is quite high. In  the case o f a chaotic system levels like ’keep safe distance’ from 
one another. (The picture was taken from  the reference [33]).

external forces applied:

-  Integrable dynamics (rectangular and elliptical billiards without external fie ld ).

-  Mixed phase space (rectangular and elliptical magnetic billiards, mushroom 

billiards).

-  Chaotic phase space (Stadium billiard, Sinai billiard).

•  Mesoscopic systems, quantum dots. P ractical realizations o f quantum billiards. 

A detailed description is given later in  th is chapter.

2.3 Level-Spacing Distribution.

One of the trademarks of a quantum mechanical system is quantized energy levels, 

which is the firs t place to look for quantum chaos. Chaos does not make itse lf fe lt 

for a particu lar energy level, rather its presence is seen in  the entire spectrum, and, in 

statistical d istributions o f the level spacings.
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Let us revisit the Rydberg atom (F ig u re  1.4), but this time quantum mechanically. 

Theoretically the energy-levels using perturbation methods were found by Solovyov V. A. 

and Braun P.A. The complete description is presented in  references [81], [82] and [83]. 

As the theory of the quantum states o f the Rydberg atom in  an electromagnetic field 

was being developed, some experimental results ([70] and [71]) confirmed what was 

predicted by the theoreticians. Somewhat paradoxically, what was observed is that for 

a non-chaotic quantum system the energy levels are d istributed randomly and w ithout 

correlation. However, the energy levels o f a chaotic system in  the quantum case exhibit 

strong correlations. The picture from the reference [33] demonstrates this (F ig . 2.2). 

The levels o f the regular system are often close to one another, because a regular system 

consists o f a composition o f completely decoupled subsystems, the consequence o f the 

separation of variables. On the other hand the energy levels of a chaotic system seems 

to be aware o f one another and try  to  keep a safe distance. This is a clear consequence of 

non in tegrability  - a chaotic system cannot be decomposed, hence its properties versus 

all the general coordinates and momenta are strongly correlated.

As one can see from the figure (F ig . 2.2) the d is tribu tion  o f the energy level 

spacing for the classically chaotic system is close to  the W igner d is tribu tion , the one 

that describes the spacing o f energy levels in  random matrices. To obtain an expression 

for the W igner’s d is tribu tion  let us consider 2x2 random symmetric m atrix

A ll the elements h ij are random numbers. The characteristic equation

( f in  — E ){h 22 — E ) — h,2ih\2 - 0
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has two solutions

E\2 — 2 ^ n  ^ 22 ^  \ / ^ n2 "*■ 4 /ll22 — 2/ln/l22 +  h'222)-

The spacing between the levels is

A E  =  ] /h \ \~  +  4 /iis2 — 2/zn/i22 +  ^222 =  \ / ( f in  — /122)2 +  4h]22.

A ll the h ij are random. Therefore the d is tribu tion  of level spacing is equivalent to 

the d is tribution o f V s + 1 ?  of the random values £ and x ■ The probability  o f finding 

levels in  a small interval between s and s +  ds is proportional to sds.

Let the probability o f finding no levels between 0 -4 s be Fno(s). Then the proba­

b ility  Fno(s +  ds) can be w ritten

Fno(s +  ds) =  Fno{s ) { l -  Csds).

In  the last expression C is a constant o f proportiona lity and (1 -  Csds) is the 

probability  o f finding no levels between s and s +  ds. We expand F no(s +  ds) in  Fourier 

series and integrate, obtaining

Let P(s)ds  be the probability  o f finding the spacing between two neighboring energy 

levels in  a range s and s +  ds. I t  can be w ritten

P(s)ds =  Fn0(s) -  Fno{s +  ds).

Expand Fno(s +  ds) in  a Taylor series and integrating gives

P (s) =  Cse~ 2 Cs\
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Figure 2.3: Plots of W igner’s and Poisson d istribu tion . Both plots correspond to the 
same mean value.

We can express the constant C in terms o f the average spacing D

Thus, the final expression for the W igner’s d is tribu tion  is

J V M  =  ( 2 -2)

The probability  o f finding neighboring energy levels w ith in  very small spacing is

very small since Pw(s) is proportional to s. Thus the energy levels repel each other and

therefore are correlated.

Let us note tha t i f  we would assume the purely random level d is tribu tion  we would 

obtain the Poisson d istribu tion  for the level spacing

Pp{s) =  (2.3)

The figure (F ig . 2.3) shows plots o f the W igner and Poisson distributions for the 

same average value. We see that the Poisson d is tribu tion  has the maximum probability
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at the origin. This means tha t uncorrelated levels have a high probab ility  o f a small 

level spacing. In  contrast the correlated levels seems to repel each other, keeping some 

certain spacing between.

2.4 Random Matrix Theory.

The example discussed above can be considered as the simplest case o f the application o f 

Random M a trix  Theory. This theory was developed by W igner for application to nuclear 

eigenvalues. The reason for use of random values in  Ham ilton ian matrices was a lack 

o f reliable experimental results in  measurements o f nuclear excited energy levels due to 

instrum ental resolution failings.The following excerpt summarizes W igner’s m otivation 

for the use of statistical methods ([24]or [72])

Recent theoretical analysis have had impressive success in  interpreting 

the detailed structure of the low-lying excited states o f complex nuclei. Still, 

there must come point beyond which such analysis o f individual cannot use­

fu lly  go. I t  is impossible that level assignment based on shell structure and 

collective o f individual-particle quantum numbers can ever be pushed as fa r  

as the m illion th  level. I t  is therefore reasonable to inquire whether the highly 

excited states may be understood from  the diametrically opposite point of 

view, assuming as a working hypothesis that a ll the shell structure is washed 

out and that no quantum numbers other than spin and parity remains good.

The result o f such an inquiry w ill be a statistical theory of energy levels. The 

statistical theory w ill not predict the detailed sequence o f in  any one nucleus, 

but i t  w ill describe the general appearance and the degree o f irregularity of 

the level structure that is expected in  any nucleus which is too complicated 

to be understood in  details.

Thus W igner’s firs t basic assumption was tha t the m atrix  elements o f the H am il­

tonian m a trix  of the system are unknown and unknowable. A ll the elements o f the
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Figure 2.4: P robability  density o f the 1,816th and 1,817th eigenstate o f a quantum 
particle trapped in a chaotic heart-shaped region w ith  D irich le t boundary conditions. 
The picture was taken from  the reference [3].

Ham iltonian m atrix are considered to be random. The additional constraints that each 

particu lar system imposes on the elements of the Ham iltonian m atrix  are based on the 

symmetry properties o f a particu lar dynamical system.

Random M a trix  Theory proved to be extremely powerful for dealing w ith  quantum 

chaotic systems. I t  was orig inally used for analysis o f the spectra of heavy nuclei ([26]). 

These are many-particle systems whose interaction, according to W igner, is so complex 

that the Ham iltonian representing the system should behave like a large random m atrix.

However, i t  was discovered later tha t even simple one-particle quantum systems 

exh ib it random m atrix  statistics, i f  the classical lim it  of the system is chaotic. An 

example o f such a system is the electron in the heart-shaped region represented on a 

picture (F ig u re  2.4), studied in reference [3]. Using th is method the properties of 

the energy levels of some quantum chaotic b illiards were studied in  details. The major 

approach is to represent quantum eigenfunctions as a random composition o f plane- 

waves w ith  fixed energy (see [10]). As an example in reference [12] the energy spectrum 

of a chaotic Sinai b illia rd  was found using Random M a trix  Theory. More examples of 

chaotic quantum systems investigated by Random M a trix  Theory can be found in  [16].
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Figure 2.5: Particle in  a stadium-shaped box has chaotic stationary states w ith  associ­
ated wave patterns that look less random than one m ight expect. Most o f the states are 
concentrated around narrow channels tha t form simple shapes, tha t were called scars 
(The picture was taken from  the reference [37]).

The major drawback o f Random M a trix  Theory is the fact tha t it  is suitable only for 

chaotic systems. Random M a trix  Theory cannot be applied to study dynamical systems 

w ith  mixed phase space, where chaotic dynamics coexist w ith  regular motion. However, 

all dynamical systems examined in this dissertation exhib it mixed phase space, therefore 

methods other than Random M a trix  Theory were developed and used to deal w ith  these 

systems.

2.5 Quantum Scars.

As was mentioned in  a previous section the quantum eigenfunctions o f classically chaotic 

dynamical system do not always look like random superpositions of plane waves w ith  

fixed energy. Instead, many eigenfunctions display a concentration of amplitudes around 

short unstable periodic orbits. Such a concentration contradicts w ith  predictions made 

by Random M a trix  Theory.
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The firs t surprising discovery was made by Eric Heller ([37]). He and his students 

calculated a series of stationary states for a two-dimensional cavity in  the shape o f a 

stadium. The corresponding problem in classical mechanics was known to be chaotic, as 

a typ ica l tra jectory quickly covers most o f the available phase space quite evenly. Such 

behavior suggests that the stationary states m ight also look random, as i f  they had 

been designed w ithout any rhyme or reason. In  contrast, Heller discovered tha t most 

stationary states are concentrated around narrow channels tha t form simple shapes 

inside the stadium. The channels are aligned along classical periodic orbits (F ig u re  

2.5). He called these channels ’quantum scars’ .

Sim ilar structure can also be found in the stationary states o f a hydrogen atom in a 

strong electromagnetic field (F ig u re  2.6). As was mentioned earlier the corresponding 

classical problem is chaotic. A  comprehensive theoretical description o f its classical 

dynamics can be found in  reference [23], while a theoretical solution o f the quantum 

problem is described in  references [92] and [81]. The quantum eigenfunctions o f the 

electrons were found to  exh ib it an extensive concentration along classical trajectories 

(F ig u re  2.6). Thus the second remarkable signature o f quantum chaos - the quantum 

scars were first observed for th is classically chaotic system.

Its  worth mentioning tha t the energy level statistics for Rydberg A tom  inside a 

magnetic field was obtained not only theoretically. Simultaneously, there were a series 

o f experiments performed (see [70] and [71]). As was expected, the level-spacing d is tri­

bution demonstrates strong level correlation for the classically chaotic regime (F ig u re  

2 .2). Thus for Rydberg Atoms in  a strong magnetic field, such manifestation of chaos 

in  quantum mechanics as the strong level repulsion was not ju s t predicted theoretically; 

its  existence was proved by numerous experiments.
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Figure 2.6: S tationary states or wave patterns, associated w ith  the energy levels of a 
Rydberg atom (a h ighly excited hydrogen atom) in  a strong magnetic field. (The picture 
was taken from  the reference [33])

2.6 Dynamical Localization

The firs t amazing feature o f the quantum behavior o f a classically chaotic system is so 

called Dynamical Localization. A n  excellent demonstration of th is phenomenon is the 

problem of the 8—kicked rotor, solved and discussed in  details in  [17] or [84],

2.6.1 T h e kicked rotor. C lassical case.

The kicked rotor is described by the Ham iltonian

v2
H (x ,p , t )  =  —  +  K co sx^T ^S ^  -  nT ), (2.4)

n

which is ju s t the Ham iltonian for a simple pendulum, bu t w ith  the potentia l turned on 

in function pulses every un it o f time.
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The H am iltonian equations are

p =  K  s inx  5(t -  nT ) x =  p. (2.5)
n

Integrating these equations on the interval (tn -  e, tn+\ -  e) - this means from  just 

before n-th to jus t before (n + l) - th  kick w ill give

Pn+1 =  Pn "F K  sin X n  £n+l =  %n "h Pn+1- (2-6)

This is the standard map tha t was already mentioned in the S ection  1.2. The

character o f dynamics in  th is system is governed by parameter K . Then, the authors of

[17] considered the behavior o f the average energy of the system

En =  ( ~ ) .  (2.7)

In  the last expression () brackets denote averaging w ith  respect to the in itia l d is tri­

bu tion  o f trajectories. This d is tribu tion  was taken to be uniform , then the averaging of

trigonom etric functions in 2.6 yields the final result

K ^
En = - j -n .  (2.8)

This implies the diffusive growth o f the energy (linear in  time) w ith  diffusion rate

E l
4

2 .6 .2  T h e kicked rotor. Q uantum  case.

Looking for correspondence between classical and quantum dynamical systems, the 

authors o f [17] considered the quantum mechanical equation of motion of the (5-k icked 

rotor. To integrate the time-dependent Schrodinger equation they used the evolution 

operator (see for example [9]):
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U (t,to ) =  e * S h H{T)dT. (2.9)

Similax to the classical case, the integration is performed from  just before n-th to 

jus t before (n + l) - th  kick. Th is  yields the evolution operator

ij>̂  iK COS I
U{tn+ l , t n) =  e - 2* s— . (2.10)

The above exponential operator was split in  two parts - the Cartesian part that 

is diagonal in  the configuration space and the momentum part tha t is diagonal in  the 

momentum space. As a result the following quantum map was obtained and integrated

. . i K  cos i  , . ,
Iv W i)  =  e 2ft e fi Iipn). (2.11)

In  correspondence w ith  the classical case, the diffusive growth of energy was as well 

expected in the quantum case. However, the authors o f [17] discovered that the quantum 

kicked rotor gains energy as in  the classical case only for a short time, after which the

diffusion is suppressed. Th is effect has come to be known as dynamical localization, and

is dramatic example o f how quantum effects suppress classical chaos.

One more strik ing  numerical demonstration o f the suppression o f chaos in  the quan­

tum  kicked rotor was done by Shepelyansky in [78]. Results of his numerical computa­

tions are illustra ted in  F ig u re  2.7. The classical and quantum systems start the ir time 

evolution from the same in it ia l condition.The suppression o f energy growth by dynam­

ical localization is evident in  the quantum case. A fte r evolving for some duration, a 

time-reversal is performed. In  principle, both models should reverse their behavior and 

return to the ir in it ia l conditions. The classical system only successfully contracts for a 

short time, though, and due to the buildup o f numerical roundoff errors, the trajecto­

ries "forget” the ir history and the ensemble resumes diffusive, as expected fo r chaotic 

dynamics. The quantum system, on the other hand, makes a clean return to the in itia l
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state indicating a robustness against perturbation and thus an absence o f chaos.

«t :.v. t v  tit*

UtTmT

Figure 2.7: Comparison o f classical (heavy solid line) and quantum (th in  solid line) 
momentum transport in  the kicked rotor for K  =  10 and scaled Planck constant h =  1 
(simulation). The kinetic energy p2/2  in  both cases is p lotted as a function o f time. 
The classical transport is diffusive, as characterized by the linear growth o f energy. The 
quantum transport only shows diffusion for short times, and localization for longer times. 
A t 100 kicks (marked by the dashed line), the direction o f time is reversed. The classical 
ensemble resumes diffusive behavior after numerical errors bu ild  up in  the simulation 
(thus converting the special trajectories that evolve back to the in it ia l condition into 
generic, diffusive trajectories), which is typical for chaotic dynamics. The quantum 
system, on the other hand, retraces its step back to its in it ia l condition, indicating a 
lack o f chaos. (The picture was taken from  the reference [84])-

2.7 Semi-classical quantization. The Gutzwiller trace for­

mula.

As was discussed in  Section 2.5, classically chaotic systems display a concentration of 

the quantum wave function around short unstable periodic orb its - ’quantum scars’ 

(see [37]). Sim ilar concentration was observed in  the energy space (see [58]) - highly 

excited quantum energy levels o f a classically chaotic system demonstrate a strong 

concentration near values corresponding to semi-classical energy levels obtained as the
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result of quantization o f the short unstable periodic orbits.

A ll this indicates the importance o f classical short unstable periodic orbits for the 

purposes o f semi-classical dynamics for classically chaotic systems. Perhaps, the most 

remarkable demonstration of the key role of classical periodic orbits in  stochastic classi­

cal systems transm itted into the quantum mechanics is associated w ith  the G utzw iller 

trace formula (see [33] and [55]). For reasons explained later in  th is section, the formula 

is not used in this dissertation, and tha t is why i t  is not represented here. However, 

we outline the basic concepts related to  the G utzw iller trace form ula because o f the 

importance o f these concepts for a general picture o f quantum chaos.

Mathematically, the G utzw iller trace formula represents the lim it o f the quantum 

mechanical Green’s Function (propagator of the quantum system) G {q ",q ',E )  as the 

constant h becomes small. As the result o f such a lim itin g  procedure it  was proved 

by M artin  G utzw iller tha t the quantum Green’s Function can be represented as the 

summation o f ^-functions, each concentrated along unstable periodic orbits. Therefore, 

solution o f a quantum dynamical problem by means o f the G utzw iller trace formula 

requires knowledge and clear unambiguous ordering o f all the classical unstable closed 

orbits at energy E. Once such orb its are identified and ordered, an application o f the 

G utzw iller trace formula involves computation of the actions § p jd q j related to each 

o f the classical unstable closed trajectories and then summation of certain functions 

o f these actions. This way all the quantum dynamics o f a classically chaotic system 

become completely determined by classical unstable periodic orbits.

The fact tha t the Gutzw iller trace form ula requires simple classification of a ll the 

classical short periodic orbits makes impossible to apply i t  for dynamical systems ex­

amined in  this dissertation. For the systems we are going to deal w ith  in this thesis 

an unambiguous classification o f a ll the classical periodic orbits seems to be impossi­

ble. Therefore, to describe these systems adequately we are going to develop and apply 

methods other than the G utzw iller trace formula.
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2.8 Mesoscopic systems. Quantum dots.

The recent rapid progress in submicron lithography arises interest to study the classical 

and quantum chaotic billiards. Mesoscopic systems tha t are less than one micron in 

size, were produced. Such systems are able to confine a small amount o f electrons inside 

an enclosure. Walls of such a container represent an im purity  inserted in semiconductor 

heterostructure. A n  interaction between enclosed electrons and walls represent specular 

reflection. For high temperatures such systems behaves like a two-dimensional classi­

cal b illia rd , while for small temperatures quantum effects must be taken into account. 

In this way study of quantum billiards acquired an im portant experimental, not ju s t 

theoretical, context. Let us discuss some examples of the mesoscopic systems.

2DEG

Figure 2.8: Sketch o f an array o f periodically arranged nanometer-sized holes etched 
into a semiconductor sandwich structure and the corresponding electrostatic antidot 
potentia l (b.). (The picture was taken from  the reference [75]).

The F ig u re  2.8 represents one o f realizations of mesoscopic systems (see [91] for 

details). The structure consists o f a periodic array o f nanometer-sized holes etched into 

a semiconductor sandwich structure. This results in  a periodic potentia l for a two- 

dimensional electron gas at the interface of a heterojunction. The effective potentia l 

looks sim ilar to an egg carton. The electrons move at a constant Fermi energy in between
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the periodically arranged potentia l posts. I f  the antidots are steep, a un it cell o f the 

antidot crystal may be regarded as an experimental realization o f the Sinai b illia rd .

4
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Figure 2.9: Resistivity measured for patterned (on the left) and unpatterned (on the 
righ t) segment o f the same sample temperature. The le ft curve show a broad resistiv ity 
peak due to quantum resonance effects. ( The picture was taken from  the reference [90]).

In  the reference [90] is described an experimental study o f the resistiv ity o f this 

system versus the magnitude o f an external magnetic field. Experiments were carried 

out under T  =  4.7 K , thus the system’s behavior is equivalent to the diffraction o f a 

two-dimensional quantum wave-packet on a periodic potential. Experimental results 

demonstrate quantum resonance phenomenon jus t the way it  was expected. A n  exper­

imental curve, pictured on the left side o f F ig u re  2.9 demonstrates the resonant peak 

in resistivity for a certain value o f the external magnetic field. The left graph on the 

same picture represents the behavior o f the same semiconducting heterostructure w ith ­

out impurities. Increasing the external magnetic field in this case leads to monotonic 

growth o f the resistivity.

Another example o f a mesoscopic system is a ’quantum d o t’ . I t  is produced by 

im purities inserted in a semiconducting heterojunction, experimentally realizing two- 

dimensional b illiards containing few particles. As an example, reference [56] experimen­

ta lly  investigated the quantum dot represented in F ig u re  2.10. GaAs and AlGaAs 

were used as semiconductors to produce a two-dimensional electron gas on the ir junc­

tion. Confinement of an electron is produced by additional negatively charged surface
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Figure 2.10: A  lateral quantum dot made by confining electrons a at two-dimensional 
interface between GaAs and AlGaAs by adding negatively charged surface gates. The 
right figure shows a micrograph o f such an electron b illia rd  where an electron is allowed 
to pass in  and out o f the dot only through two left leads. (The picture was taken from, 
the reference [75]).

gates. A n  electron is allowed to pass in  and out o f the dot only through two le ft leads. 

Depending upon the geometry o f the confinement and the external magnetic field that 

can be applied, for certain cases, the transition  properties o f the dot differ significantly.

B (Gauss)

Figure 2.11: A resistance o f a stadium  shaped cavity (on the left) and a circular shaped 
cavity (on the righ t) depending upon an external magnetic field applied perpendicular 
to the shape o f the confinement. In  both cases a resonance behavior o f the resistance 
is observed. However for the case o f the chaotic stadium  shaped cavity, the resonance 
curve is smooth, while for the integrable case the shape o f the curve is extremely unusual 
- triangle like. (The picture was taken from  the reference [19]).

In  a reference [19] two quantum dots o f different enclosure geometry were investi­

gated. The confinement of the firs t structure had a circular shape, which represents the
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case o f an integrable b illia rd , while the second ’quantum do t’ had an enclosure in  the 

shape o f a stadium, a well known example o f essentially chaotic dynamics. The authors 

of [19] were measuring resis tiv ity  o f th is quantum dot depending upon the external mag­

netic field applied perpendicularly. In  both  cases, resonance behavior in  the resistiv ity 

was observed by exhib iting a maximum for certain values o f the external magnetic field 

(see F ig u re  2.11). However, for the case o f the chaotic b illia rd , which means the 

stadium shaped confinement, the resonance peak of the res istiv ity  obtained showed a 

smooth Lorentzian curve, while for the case o f circular container the resonance curve 

showed an unusual triangu lar behavior. Th is was considered by the authors o f [19] as 

one o f the signatures signature o f the chaos.

2.9 The single electron transistor and artificial atoms.

Another im portant experimental m otivation o f the work represented in this dissertation 

is a single electron transistor. Before describing its details let us firs t represent the fol­

lowing excerpt taken from  an on-line technical news journa l ( h t t p : / /new s. z d n e t. co . u k ) :

June 2 1 -s t 2001

Cambridge re se a rch e rs  have dem onstrated a n in e - b i t  memory dev ice  

th a t  uses between one and te n  e le c tro n s  pe r b i t .  T h is  is  around 

100,000 tim es few er e le c tro n s  th a n  are used in  c u rre n t dynamic memory 

d e v ice s , and is  c lo se  to  th e  th e o r e t ic a l  l i m i t  f o r  e le c t ro n ic  s to rage . 

Commercial dev ices based on t h is  te ch n o lo g y  would have m ass ive ly  

reduced power consum ption and im proved speed.

A  schematic o f one k ind  o f single electron transistor is represented in  F ig u re  2.12, 

taken from  [54]. A  two-dimensional electron gas is confined perpendicular to GaAs and 

AlGaAs interface, and the confinement in  the other directions is accomplished w ith  

negative potentia l applied to  small confinement electrodes. Basically, i t  represents a 

quantum dot w ith  ab ility  to  vary the electrostatic energy of the enclosed electrons.
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Figure 2.12: Schematic drawing o f a single electron transistor (SET). Potential applied 
to confining electrodes changes the electrostatic energy o f confined electrons, which 
affects the tunneling o f electrons between source and drain. (The picture was taken 
from  the reference [54])-

As the potentia l applied to the confining electrodes changes, i t  affects the electrostatic 

energy o f the confined electrons. The source and drain contacts allow to drive electrons 

from an external c ircu it through the quantum dot. The rate o f a tunneling o f the 

external electrons between the source and the dra in  depends upon the electrostatic 

potentia l energy of the electrons confined inside the quantum dot.

The electrostatic potentia l energy experienced by an electron moving from  the source 

to the drain is represented on the left part of F ig u re  2.13, taken from [60]. The right 

part o f the F ig u re  2.13 shows the conductance as the function o f gate voltage. The 

conductance increases and decreases by several orders o f magnitude almost periodically 

versus the gate voltage. Such a fine resonant structure o f the conductance resembles 

lines o f atomic spectra. T h a t’s why the single electron transistors were called artific ia l 

atoms.
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Figure 2.13: The electrostatic potentia l energy experienced by an electron moving from 
the source to the drain (left figure). The conductance of the single electron transistor as 
the function o f a gate voltage (right figure). The conductance increases and decreases 
by several orders o f magnitude almost periodically. Such type o f dependence resembles 
lines of atomic spectra. As the result the single electron transistors were called a rtific ia l 
atoms. (The picture was taken from  the reference [60]).
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Chapter 3

Charged particle inside a square 

billiard: Classical case.

UPSWR*

The firs t dynamical system detailed in  th is dissertation is called the Square Mag­

netic B illia rd . I t  represents a two-dimensional charged particle confined inside a square 

enclosure w ith  perfectly elastic walls. A  perpendicular magnetic fie ld o f a variable in­

tensity is applied perpendicularly to the plane o f the confinement. The character o f the 

dynamics o f the system as well as the character o f i t ’s possible interaction w ith  exter-
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nal objects are completely determined by the strength o f the magnetic field. In  terms 

o f the experimental m otivation the Square Magnetic B illia rd  represents a model o f a 

quantum dot maintained under sufficiently high temperature, which provides possibility 

o f classical treatment of the dynamics o f the system.

3.1 The Square Magnetic Billiard.

The Square Magnetic B illia rd  consists o f a charged particle o f charge q and mass m 

enclosed inside a square confinement. The length o f the sides o f the b illia rd  is taken 

to be unity. The walls o f the b illia rd  are perfectly elastic. A uniform  magnetic field B  

perpendicular to the plane o f the b illia rd  exerts a force on the particle.

The b illia rd  is placed in  the x y —plane, so the vector o f the magnetic field is pointing 

in  the z —direction. The Ham iltonian o f a charged particle in an electromagnetic field is

H = ± - { p - q-A )  +q<t>. 
2m c

(3.1)

We use the Landau gauge for the vector potentia l (see [48])

A =  A l =  0 <t> =  0.

The Ham iltonian becomes

(3.2)

A fte r substitu tion the c y c lo tro n  fre q u e n cy  wc =  ^
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H am ilton ’s equations are

j. _  Px+mWcV
(3.3)

P x  =  0  p y  =  - u > c { p x  +  m u jcy ) .

Solutions of th is Ham iltonian system are well known. A tra jectory represents a

conditions. In  the case of the boundary presented, a tra jectory consists o f circular 

segments o f cyclotron radius R c between the points o f specular reflection. A n  expression 

for the cyclotron radius as can be found by solving (3 .3 ) is

A  few such trajectories for some a rb itra ry  values o f the cyclotron radius are repre­

sented in  F ig u re  3.1.

The cyclotron radius is a convenient parameter for study o f the character o f the 

dynamics of the system.

3.2 Poincare Sections.

Let us firs t consider Poincare sections in  order to investigate the character o f the dy­

namics o f the system. The Poincare maps were plotted in  terms o f B irkho ff coordinates 

(Q ,P ) (see as an example [72]). The coordinate Q - is the coordinate o f the bounce 

along the perimeter o f the b illia rd  normalized to unity. The second coordinate (P) is 

equal to the cosine o f a bouncing angle. The Poincare sections were obtained and p lo t­

ted for different values of the cyclotron radius R c. Some o f the maps are represented 

in F ig u re  3.2. A n  extensive collection o f the Poincare sections for a wide range of 

parameters of the system are shown in  A p p e n d ix  A .

From the Poincare sections (F ig u re  A )  the following can be concluded about the 

general features of the dynamics o f the system w ith  changing the cyclotron radius R c:

circular path w ith  the parameters o f a circle adjusted according to the in it ia l Cauchy

(3.4)
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Figure 3.1: Sampling o f trajectories for a particle inside a square magnetic b illia rd . The 
walls o f the b illia rd  are perfectly elastic. Trajectories o f the particle between bounces 
are circles w ith  radius equal to the cyclotron radius R c

•  For the case o f a weak magnetic field (as the cyclotron radius is large R c - 4  oo ) the 

dynamics o f the system are regular - the Poincare sections consist in itia lly  of straight 

lines tha t eventually becomes slightly bent, representing the K A M  surfaces.

•  As the magnitude o f the magnetic field increases, but the value o f the cyclotron 

radius remains larger than a characteristic scale o f the system (in  a range 3 <  Rc <  1 0 0 ), 

the system exhibits a mixed phase space. The Poincare sections show the coexistence 

o f chaotic and regular regions (the K A M  to ri) in  the phase space. However, as the 

magnitude o f the magnetic field increases more, K A M  surfaces are destroyed and the 

degree o f stochasticity o f the system increases monotonically.

® As the magnitude o f the magnetic field is such tha t a value o f the cyclotron radius 

is o f the same order as the size o f the system (in a range 0 .8  <  R c <  3) nearly a ll the 

K A M  to r i are destroyed, and the system becomes almost to ta lly  chaotic. The highest
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Figure 3.2: Four Poincare sections for the values o f the cyclotron radius th a t result in  the 
mostly chaotic phase space R c =  0.9 R c =  1.1 R c — 1.3 R c — 1.5 The phase space 
is almost entirely chaotic except small, almost point-size islands o f regularity remaining 
present in  the top part o f each map, as well as th in  linear segments in  the bottom  
part. The former correspond to trajectories o f period 4, while the la tte r correspond to 
trajectories of period 2 .

degree o f stochasticity occurs when the cyclotron radius is approximately R c ss 1 .1  

(see F ig u re  3.2). For th is case, small almost point-size islands of regularity remain 

in  the top of Poincare map. Besides this, th in  linear segments in  the bottom  part of 

each Poincare section are formed by another regular trajectory. Detailed description of 

trajectories form ing regular parts o f the Poincare maps is given later in  th is chapter.

•  As the magnitude o f the magnetic field continues to grow and thus the cyclotron 

radius becomes less than a characteristic size o f the system (approximately 0.5 < R c <  

0.8), the islands o f regularity start to grow, suppressing the chaotic sea. Therefore as 

the cyclotron radius becomes smaller than the size o f the system the chaos is suppressed 

and the system acquires a tendency to restore regularity.

•  As the cyclotron radius lays in  a range Rc <  0.5 the Poincare sections do not 

correctly represent the character o f the dynamics. This is the case because o f the 

existence of closed circular trajectories that do not undergo bounces. The Poincare 

map does not represent such trajectories, however as the cyclotron radius continues to 

decrease the relative amount o f trajectories not undergoing any bounces increases and 

tends to un ity  (as Rc —>• 0). A ll these trajectories are integrable, hence, as the ir relative 

volume grows, the system again acquires integrability.
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Figure 3.3: The periodic trajectories o f period 4 for the values o f the cyclotron radius 
corresponding to R.c =  0.5, 1.0 2.0 10.0. These sorts o f trajectories form four islands at 
the top part of each Poincare section. The islands become maximally squeezed for the 
mostly chaotic case, Rc «  1 .1 .

3.3 Periodic trajectories.

W hat k ind of trajectories form the islands of in tegrability  observed on the Poincare maps 

(see F ig u re  3.2)? Four islands presented at the top part o f each Poincare section are 

formed by period four trajectories. Each o f these trajectories start at the middle o f the 

sides o f the square . Few o f these trajectories are represented in F ig u re  3.3. I t  can be 

found from geometric consideration that the bounce angle o f such a tra jectory is:

6>n =  — F arcsm  = .
0 4 2RcV2

Another remarkable feature o f all Poincare sections corresponding to sufficiently 

large cyclotron radius (Rc >  0.5) are linear portions at the bottom  part. This portion 

of the maps is formed by periodic trajectories o f period 2. Some of these corresponding 

to different values o f the cyclotron radius are represented in  F ig u re  3.4. The bounce 

angle o f th is kind of tra jectory is 8% — |  +arcs in  57^ .  An essential feature of the period 

2  trajectories is translational symmetry: their shape does not depend upon the position 

of the bouncing point, but only upon the value o f the bouncing angle. As the result 

they form linear segments on the Poncare section.

I f  a value o f the angle 8 differs from the equilibrium  value, the periodic trajectories 

are deformed and eventually completely destroyed. To examine this destruction we take
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Figure 3.4: The periodic trajectories o f period 2 for the values o f the cyclotron radius 
corresponding to R c — 0.5, 1.0 2.0 10.0. These types o f trajectories form  linear segments 
on each o f the Poincare sections. An essential feature o f these sorts o f trajectories is 
the ir translational symmetry. That is why they form linear segments, not isolated points 
on the Poincare maps.

an in itia l angle to be slightly different from its equilibrium  value corresponding to one 

or another type o f the periodic trajectories 6 =  6q +  56. As a consequence o f such 

a deflection the periodic trajectories become deformed and eventually for sufficiently 

large values o f deflection and sufficient time they leave the regular region and enter the 

chaotic one. The example evolution o f periodic trajectories for the case o f Rc =  1 .1  is 

shown in  F ig u re  3.5. An im portant feature o f this tra jectory is the fact tha t i t  becomes 

destroyed much faster and for smaller values o f the in it ia l deflection 59 compared w ith  

the destruction of trajectories of a sim ilar kind, but corresponding to different values of 

the cyclotron radius. This is one more indication that the mostly chaotic the dynamics is 

for the case when the cyclotron radius R c &  1 .1 . Deflection from this critica l value leads 

to a growth o f the robustness of the periodic trajectories o f period 4. As for the periodic 

trajectories o f period 2  (destruction is represented in Figure 3.6), the ir robustness does 

not depend dram atically upon a deflection o f the cyclotron radius from  its  critica l value. 

For a wide range o f values o f R c these types o f trajectories are destroyed sim ilarly and 

equally fast.
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Figure 3.5: Destruction of period 4 tra jecto ry for the cyclotron radius R c =  1 .1 . For 
other values o f the cyclotron radius the destruction develops in  a s im ilar way, but more 
slowly. To destroy the periodic tra jectory as the value of the cyclotron radius differs from 
the critica l value, a greater time as well as a greater values o f the in itia l displacement 
from  equilibrium  are required.

Figure 3.6: Destruction o f period 2  tra jectory for the cyclotron radius R c =  1 .1 . For 
other values o f the cyclotron radius the destruction develops in  a s im ilar way. Robust­
ness o f the period 2 tra jectory is not sensitive to the value o f the cyclotron radius. For 
a wide range o f values o f R c the destruction happens equally fast.
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Figure 3.7: Lyapunov exponent versus cyclotron radius R c. The picture on the righ t 
represents the in itia l portion o f a complete graph placed on the left. The maximal 
Lyapunov exponent corresponds to R c «  1 .1  - when the cyclotron radius is the same 
order o f magnitude as size o f the system. Its  value for th is case is approximately equal 
to A max ~  13.6. Results are consistent w ith  those obtained by study o f the Poncare 
sections.

3.4 Lyapunov Exponent.

To get a better quantitative idea o f the chaotic behavior o f the system let us inves­

tigate how the Lyapunov exponent depends upon the cyclotron radius. To compute 

the Lyapunov exponent numerically we use the theorem stated and described in  the 

In troduction  (C h a p te r  1.4).

Results o f computations are represented in  F ig u re  (3 .7 ). The results are to ta lly  

consistent w ith  those obtained from  analysis of the Poincare sections (see Chapter 3.2). 

The system is mostly chaotic as the value o f the cyclotron radius is approximately equal 

to the size o f the system [R c % 1.1). The maximal value of the Lyapunov exponent 

exists for this range o f values o f the cyclotron radius and i t  is approximately equal to 

A max ~  13.6. The Lyapunov exponent quickly tends to  zero as the cyclotron radius 

tends to  zero which is the case o f a strong magnetic field. On the other hand the 

righ t portion  o f the graph shows a monotonic decrease o f the Lyapunov exponent as
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the cyclotron radius is growing, meaning tha t the magnetic field tends to zero. Results 

axe consistent w ith  those obtained from  the analysis of the Poincare Sections (Chapter 

3.2). The system is mostly chaotic when a value the cyclotron radius is o f the order of 

the size o f the system. As the cyclotron radius goes either far below or far above this 

critica l value - the system acquires regularity and eventually becomes integrable for the 

both of the lim itin g  cases (R c -> 0 as well as Rc —>• oo).

3.5 Angle Action variables.

Angle Action variables (see references [30] or [47]) can be used to display a character o f 

the dynamics o f the system. I f  no external magnetic field is applied then the system is 

integrable. The actions in  such a case are equal to

Jx =  SF $P *dx =  ^  

dy ~  $ Pydy ~  ^  >

where it  was taken into account tha t the side o f the b illia rd  is o f the un it length. In  

terms of the actions the Ham iltonian is:

H - — T 2 +  —  J 2 
H ~  2m Jx +  2m Jy ’

w ith  corresponding frequencies:

,  , _  d H    7r^ t  _  9 H  _  7r 2 r
~  d j x ~  m u y  — ajy — m "V

I f  the ra tio  o f frequencies ^  is a rational number, the m otion is periodic - which 

means the trajectory is closed. Otherwise the tra jectory is not closed and the m otion is 

quasiperiodic. Some examples o f closed as well as not closed (quasiperiodic) trajectories 

can be seen in  the picture (F ig . 3.8).

For the case o f integrable motion the pair o f actions (Jx ,J y) are constants o f motion
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Figure 3.8: Periodic and quasiperiodic trajectories o f the particle inside a square b illia rd  
w ithou t a magnetic field. The ratios o f frequencies shown in the picture are correspond­
i n g l y  1 1 2  4  1 mgiy 2 3 3 7 ,

and they uniquely identify each trajectory. W hen a nonzero magnetic field is applied 

the actions are no longer integrals of motion. However, the ir statistical analysis could 

give im portant features o f the dynamics.

Figure 3.9: Histogram of action for various values o f the cyclotron radius Rc. The first 
two pictures correspond to cases o f a re lative ly small magnetic field as the result the 
histograms o f actions are extremely narrow - close to a single vertical line. As the value 
of the cyclotron radius becomes comparable w ith  the size of the system, the actions 
exhib it a broad distribution, which is an indicator o f a high degree o f stochasticity for 
the system.

Let us compute actions Jj =  ^  $P jdq j for trajectories corresponding to various 

values o f the cyclotron radius. Some results o f the computations are represented in 

F ig u re  3.9. A  more extensive collection o f results, obtained for a wide range o f the 

parameter a, is in  Appendix A  (F ig u re  A .4). I t  can be seen on the histograms that as 

the magnetic field is small the histogram o f actions is extremely narrow, close to a single 

vertical line. This indicates that the system is in it ia lly  integrable. As the magnetic field 

increases i t  can be seen that behavior o f the actions becomes increasingly random. A
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spectrum of possible values o f actions for the single tra jectory becomes broader as the 

cyclotron radius decreases. However, we always observe a sharp maximum on the righ t 

side o f the histogram. To figure out what kind of trajectories form  those maxima let us 

evaluate the action for the periodic trajectories (Figure 3.4)

=  P x d x  J y =  ^ f  Pydy-

For the circular segments of the trajectories

y =  yc +  R c  s in ( u ct  +  4>o) P y  =  mu>cR c c o s (w ct  +

therefore,

J y  =  2~ m { ^ c R c )2 j>  CO S [b jct  +  4>o)2 d t  =  ^ ( ( j j cR c) 2 ( j>  d t  +  j>  cos(2(c jct  +  (j> o ))d t).

The firs t integral is jus t equal to a period T  o f the trajectory. Thus we have

J y  =  —  +  — (Wc-Rc) 2 cos(2 (wcf  +  <j>o))dt. (3.5)

In  the expression above E  stands for the kinetic energy o f the particle.

The second integral is

(cuci ?c ) 2 cos(2(wcf +  <j)o ))d t =  A j  j> ( P y 2 ~  P x 2 ) d t .

Thus the result is

J y  =  —  +  ^  f  (P y 2 -  P x 2 ) d t .  (3.6)

Let us evaluate this integral for the tra jectory o f period 2 for lim itin g  cases. F irs t

let us consider the case when R c ->■ oo. The period 2 tra jectory in  such a case is
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Rc 10 5 2 1.5 1 .1 1 0.9 0 .8 0.7 0 .6 0.5
J 0.318 0.317 0.313 0.301 0.309 0.298 0.293 0.286 0.275 0.258 0.250

Table 3.1: Actions for the period two trajectories.

represented by the straight line segment perpendicular to the horizontal side. Therefore 

px =  0  py2 — 2m E , thus

_  T E  T E  _  T E
y 2tt 2tt 7r

Another lim itin g  case is R c =  0.5. The tra jectory in  th is occasion represents a circle 

inscribed inside the b illia rd. The second integral becomes

j> (py 2 — px2)dt =  j> (cos(<f>)2 -  sin {<j>)2)d<j) =  0 .

Therefore the action Jy =

The value of the action for a rb itra ry  values of R c lies between these two lim iting  

cases and can be computed numerically. Results o f computations are shown in  Tab le  

3.1. The mass and the speed o f the particle was taken to be equal to one. Therefore for

large Rc we expect the action to be equal to ^  and this agrees w ith  the tabular data.

As for the other lim itin g  case, R c =  0.5, the expected value is This as well agrees 

w ith  the numerical data.

Now let us carry out sim ilar computations for trajectories of period four. Trajectories 

o f th is k ind have two axes o f symmetry. This leads to the fact tha t a combination of 

dynamical variables py2 — px2 becomes a periodic function oscillating between maximal 

and m inim al values that are equal in  absolute values, bu t opposite in  signs. Some 

examples o f this dynamical function are represented in Figure 3.10. This sort of 

behavior leads to the fact tha t §(py 2 — px2)d t vanishes and actions for these types 

trajectories are equal to
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R=1.5 R=10.0

Figure 3.10: Tim e evolution o f the dynamical function py2 - p 2 along the tra jectory of 
period four. The average value computed for one period is equal to  zero as the function 
oscillates periodically between its maximal and m inim al values. These values are equal 
in  absolute value, but opposite in  sign.

Rc 1 0 5 2 1.5 1 .1 1 0.9 0 .8 0.7 0 .6 0.5
J 0.225 0.225 0.226 0.227 0.229 0.230 0.231 0.232 0.235 0.240 0.250

Table 3.2: Actions for the period four trajectories

For the lim iting  case o f a large cyclotron radius the tra jectory represents a square 

inscribed inside the b illia rd . I f  the speed and the mass are equal to un ity  the period 

T  =  2\/2. Therefore, the actions become Jx =  Jy =  -5 7 .

For the case of R c =  0.5 the tra jectory represents the circle inscribed inside the 

b illia rd  bu t being cut on four parts,each part reflected. Therefore we expect the action 

to be equal to the action o f the period two tra jectory o f the same radius Jx =  Jy —

For a rb itra ry  values o f the cyclotron radius actions were computed numerically. The 

results are represented in  T ab le  3.2. We can see tha t for the special cases our results 

agree w ith  what was expected.

The values o f actions shown in  the Tables (3 .1 ) and  (3 .2 ) can be compared w ith  

sharp peaks that are seen on the histograms (F ig u re  A .4  A p p e n d ix  A ) .  These values 

in  the table (3 .1 ) correspond to the values o f the maxima on the righ t side o f each of
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the histograms. Therefore, the most o f the tim e during its  m otion the partic le spends 

in  the v ic in ity  o f the period 2 trajectory. This tra jectory becomes highly visited, or, 

as th is effect is called in  references [95] and [96] - i t  becomes sticky. As the cyclotron 

radius lies in  a range tha t corresponds to  mostly stochastic behavior o f the system - R c 

is o f the order o f the size o f the system - the other maxima appears to be noticeable 

to the left o f the firs t one. S im ilar comparisons w ith  the Table (3 .2) show that th is 

maxima are formed by the periodic trajectories o f period 4 (Figure 3.3). Hence as the 

system becomes more chaotic the key role of a ll o f its periodic trajectories becomes more 

evident. This is in  complete agreement w ith  the theory o f ergodic systems developed 

and described in  reference [20]. A ll the statistica l behavior o f the stochastic system can 

be obtained by computing some averages along the shortest periodic trajectories, which 

form  the skeleton of each chaotic system.

3.6 Spectral characteristics

The spectral method is another way to distinguish chaotic dynamics. I t  is based on 

the fact o f existence o f integrals o f m otion expressible in  terms o f the action-angle 

variables for integrable dynamical systems. Let us consider an a rb itra ry  tra jectory o f 

an integrable dynamical system. Using a canonical transform ation (see for details [30] 

or [47]) any tra jectory can be expressed in terms o f the action-angle variables. This 

yields a simple form for the time evolution equation:

In  the case o f fin ite  m otion the inverse canonical transform ation to the Cartesian

coordinates w ill y ie ld in  two dimensions:
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Figure 3.11: Fourier spectrum of a single tra jectory for various values o f the cyclotron 
radius R c■ The first two pictures correspond to cases o f a re lative ly weak magnetic field. 
As a result the spectra are discrete - an indicator o f the in tegrab ility  o f the system. As 
the value o f the cyclotron radius becomes comparable w ith  the size o f the system - the 
Fourier spectra become continuous, which is an indicator o f a high degree o f stochasticity 
in  the system.

This functions is represented by the sum of harmonics, therefore its Fourier spectrum 

must be discrete. As the dynamics becomes more and more chaotic, the actions exhib it 

a random behavior, and the Fourier spectrum of the tra jectory becomes continuous. 

Fourier spectra o f some trajectories for various values of the cyclotron radius were 

computed numerically and some results are represented in  the pictures (F ig u re  3.11). 

A  more extensive collection of the computational results is placed in the Appendix A 

(F ig u re  A ) .

W hat is seen is exactly what was anticipated. In itia lly , for small magnetic fields (as 

the cyclotron radius is large), the motion is close to integrable and the Fourier spectrum 

is discrete. As the cyclotron radius decreases, the Fourier spectrum becomes continuous 

and acquires mostly uniform  continuous shape when the value o f the cyclotron radius 

becomes equal to the size o f the system. As the cyclotron radius continues to  reduce 

its value, coming far below the size of the system, the Fourier spectrum is being again 

separated on th in  isolated strips, becoming discrete again for large values o f the magnetic 

field (as R c -> 0).

This way the study o f the system dynamics by means o f the Fourier transform of 

a single tra jectory confirms results obtained in  previous sections o f th is chapter. The
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system is integrable when no external magnetic field applied, then its stochasticity 

growth up to some critica l value o f the cyclotron radius (as before th is critica l value is 

R c «  1.1). As the magnetic field continuous to grow, the systems starts to restore its 

in tegrability and becomes integrable again as R c —> 0.

3.7 Summary

The dynamics of the classical square magnetic b illia rd  was studied in details in this 

chapter. Different methods were applied and the results o f all of them illustrated the 

following general features o f the dynamics o f the system:

• When no external magnetic field is applied the system is integrable. As a weak 

magnetic field is applied (such as Rc > ~  1 0 0 ) the system’s dynamics s till continues to 

be regular. Then its K A M  surfaces are slightly deformed.

•  As the magnitude of the magnetic field increases bu t the value o f the cyclotron 

radius remains larger than a characteristic scale o f the system (lies in  a range 2  < 

R c < 100), the system exhibits a mixed phase spaces. The stochasticity increases as 

the cyclotron radius continues to decrease. The mixed phase space is continuously 

transm itted to the chaotic one as more and more o f the K A M  surfaces are destroyed. 

The Lyapunov exponent o f the system keeps growing approximately linearly.

•  As the value of the cyclotron radius is o f the same order as the size of the system 

(approximately in  a range 0 .8  <  R c <  2 ) the system is mostly chaotic. Almost all 

the K A M  to ri are destroyed. The maximal degree of the destruction as well as the 

maximal value o f the Lyapunov exponent corresponds to an approximate value o f the 

cyclotron radius R c «  1 .1 . The m axim al Lyapunov exponent is approximately equal to 

^max ^  13.6.

• As the value o f the cyclotron radius continues to decrease, the system starts to 

restore its integrability. The Lyapunov exponent quickly goes to zero as Rc 0. T his 

happens because almost all trajectories w ith  very small cyclotron radius do not undergo
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collisions. Therefore, they move in circular trajectories w ith  constant energy and angular 

momentum. Hence, the dynamics becomes integrable.

Study of the actions revealed stickiness o f short periodic trajectories, especially o f 

the period 2 trajectories. However, for the mostly chaotic case, this essentially increases 

stickiness of other short periodic trajectories, in  particu lar o f a ’diamond-looking’ peri­

odic tra jectory o f period 4. Thus the growth o f an ergodicity o f the system increases 

the key role o f its  shortest periodic trajectories (see reference [2 0 ]).
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Chapter 4

Charged particle inside a square 

billiard: Quantum case.

This chapter represents the quantum mechanical treatment o f the dynamical system 

examined in  the previous chapter. In  terms o f the experimental m otivation, the Square 

Magnetic B illia rd  solved quantum mechanically represents a model o f a quantum dot 

maintained under sufficiently low temperature. To determine the character of the dy­

namics o f the system as well as its possible interaction w ith  external objects, we need to
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solve the Schrodinger equation, and determine a spectrum o f the energy eigenvalues and 

examine the structure o f the corresponding eigenfunctions o f the system. The methods, 

developed and tested in  th is chapter w ill be used later to study more realistic models 

o f quantum dots, ones containing two or more strongly interacting particles.

4.1 Quantum Square Magnetic Billiard.

We start w ith  the Ham iltonian (3 .2 )

- 1 . qB  . 2 py2
H - 2 ^ { P lJ r ~ v) + 2m  '

and use the symmetric gauge for the vector potentia l (see [48])

(  _ b ]L \  
2

B x
2

0

4> =  o .

\  /

Replacing the dynamical variables by the ir operators

x j  )■ X j  p j  - >  )

and using the same expression for the cyclotron frequency as in  the previous chapter

= s l .
me

Therefore the quantum Ham iltonian o f the system becomes:

X72  —  _l

(4.1)

As before, we consider a particle placed inside a perfectly elastic two-dimensional
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square billiard whose sides equal to unity. Therefore, the boundary conditions are:

y ( t , x , y )  |x = -o .5  =  ^ ( < , a : , 2 / ) U = o . 5 ^ ( t , a : , 2 / ) | j , = - o . 5  =  ^ ( * , ® , y ) l » = 0 . 5  =  0 .

In  order to understand some general properties of the dynamics o f the confined 

charged particle in the presence o f the external magnetic field, let us start w ith  the 

application o f simple perturbative methods (see [59]).

4.2 Perturbation Theory: weak magnetic field.

The time-independent Schrodinger equation Hip =  Eip is

- f e v V  -  f f i f  ( » £  -  X%)1> +  S f V  +

V7 2  _  d2 I jp
V  -  d x *  +  W  

Introducing parameters

m uc 2 m E  1 2E J t
a = — -  e =  —ro~ R c =  — \  —  =  —

n n wc V m a

the Schrodinger equation becomes

d  d 2

- V 2i p - i a { y — -  x — )ip + — {x2 +  y2)ip =  eip. (4.2)

Let us split the Ham iltonian into two parts

H 0 =  - V 2 H ^ - i a i y ^ - x ^  +  ^  +  y*),

and consider H i  as a perturbation w ith  a small parameter a  (how small w ill be clarified 

later).

The solutions of unperturbed equation Hoip =  tip tha t satisfy the D irich let boundary 

conditions on the square o f the un it side are well known. The normalized eigenfunctions
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Level {kx ,ky) (1 ,1 ) (2 ,2 ) (3,3)
Energy 19.739 +  0.0163a2 78.957 +  0.0353a2 177.653 +  0.0388a2
Level (kx ,ky) (4,4) (6 ,6 ) (7,7)
Energy 315.827 +  0.0401a2 710.611 +  0.0410a2 967.22 +  0.0411a2

Table 4.1: Non-degenerate energy levels.

o f Ho are

<t>kn — ^  sin{nk{x  +  0.5)) sin(7m (y  +  0.5)) k =  1 ,2 ,.. .  n  =  l , 2 , . . . ,

where the center o f the b illia rd  is taken to be the point (0,0). The corresponding 

eigenvalues of Ho are

tkn =  7T2 (A:2 + n 2) A: =  1 ,2 ,.. .  n =  l , 2 , . . .

According to time-independent perturbation theory, the first order correction to an 

energy eigenvalue o f a non-degenerate state ej is

=  (4>j\H\\<i>j) ,

which for the ground state leads to

rO.5 /-0.5
Ae0 =  -  /  dx dy sin(7r(a:+0 .5 ) )s in (7r ( j/+ 0 .5 )) i? i(s in (7r(a:-(-0 .5 ))s in (7r(y-(-0 .5 ))). 

4 J—0.5 J - 0.5

Numerical evaluation o f the last integral yields:

Aeo ~  0.0163a2.

In  exactly the same manner corrections to all other non-degenerate states can be 

computed. The numerical results for the first few non-degenerate states are shown in 

Table 4.1
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A t th is point, we can find the range o f parameter values for which tha t perturbation 

theory yields reliable results. To do this, we apply the condition tha t the corrections to 

each o f the energy eigenvalues is much less than the energy eigenvalue itself. This gives 

(we use results for the ground state): 0.0163a2 -C 19.739. Thus the range o f parameters 

such that time-independent perturbation method yields reliable results is

a  <C 35.

Let us now apply the method to degenerate levels. Consider an unperturbed N- 

times degenerate level. There exist N orthonormal eigenfunctions that belong to this 

level <j>i,. . . ,  <j>N. We are looking for a solution o f the perturbed equation o f the form

ip =

In  the last expression a,j are undefined coefficients. Substitution into the Schrodinger 

equation yields

Hoijj +  H ii/) =  E i)  = >  { e - E ) J 2  aj4>j +  W  =  0 .

We m u ltip ly  both parts by (<f>i\, integrate and use the closure relation. This yields:

(e L/) ^  ( (LjS-ij -j- ^  a jh u j  0 .

In  the last expression h \i3 denotes m atrix  elements o f the perturbation h \ i3 =  

{4>i\H\\(f)j). Labeling the correction to the energy level as A E  we obtain a m atrix  

equation

'y  ̂ ~  A E S ij)  =  0.

A  homogeneous m atrix  equation has nontriv ia l solutions i f  its determinant is zero. Hence 

the condition d e t(h n j -  A E S ij) =  0  gives us corrections to the degenerate energy levels.
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Thus as an example for the first excited levels (en  =  £21 =  57r2) the m atrix  o f 

perturbation is

'  0.02583a2 +  0 i  0 -  0.96067a i  ^

K 0 +  0.96067a i  0.02583a2 +  0 t y

Therefore the equation for A E  is

(0.02583a2 -  A E )2 =  (0.96067a)2

and thus in it ia lly  degenerate energy levels becomes sp lit on two separate levels

e f =  5tt2 +  0.02583a2 ±  0.96067a .

I f  the same procedure is performed for the second excited levels £13 =  631 =  IOtt2 the 

m atrix  o f perturbation is

(  0.02759a2 +  Of 0 +  0* ^

v 0 4- 0i 0.02759a2 +  0i  y

and the energy levels continue to be degenerate, both energy values quadratically de­

pending upon a  as

£^ =  10tt2 +0.02759a2.

Similarly, corrections to the other degenerate energy levels were computed. A  sum­

mary o f the results for the few lowest energy levels is represented in  F ig u re  4.1. The 

general picture o f the behavior o f the energy levels under the action o f a weak magnetic 

field can be outlined as follows:

•  The energy eigenvalues o f all the non-degenerate states (tpoo, ipn ■ • •) grow quadrat­

ica lly w ith  a. This results from  the fact tha t the perturbation is increasing quadratically 

w ith  a.
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Figure 4.1: Energy values e versus o: for the few lowest energy states. The energy values 
o f a ll the non-degenerate states axe growing quadratically w ith  a. Some o f the in itia lly  
degenerate states become sp lit due to  the action o f the magnetic field. In  th is case the 
energy o f one of them is growing quadratically, while the energy o f the second one is 
linearly decreasing. Some o f the in it ia lly  degenerated levels continue to be degenerated, 
the energy values of the both o f them growing as a 2.

•  The degeneracy is not completely broken as the perturbation is applied. Some of 

the levels continue to be degenerate (as an example the second excited level (V'13 , ^ 3x))- 

In  this case the energy eigenvalues o f both o f states that belong to the degenerate level 

grow quadratically w ith  a.

•  Some o f the in itia lly  degenerate levels become sp lit (as an example the firs t excited 

level (^»i2 ,V’2 i))- In  th is case one o f the energy eigenvalues grows quadratically w ith  a, 

while the other exhibits a linear decrease in  its value.

The results obtained in this section are valid for small values o f the parameter a, 

which means a weak external magnetic field. As the magnetic field becomes stronger, 

perturbation methods do not give reliable results. Other methods w ill be developed
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later in  th is chapter to  deal w ith  the case of a strong magnetic field. However, the

results obtained in  th is section can be used as an ind icator o f the re liab ility  o f future

methods, in  the sense tha t they have to give results consistent w ith  those obtained in  

this section for small values o f parameter a.

4.3 Time-independent Schrodinger equation - case of an 

unconfined particle: Separation of variables.

Consider the time-independent Schrodinger equation (4 .2 )

- £  W  -  f f l f  b £  -  +  “ f i x 2 +  </2W  =  W

V72 _ 82 I 82
v  “  a F  +  W  

In  polar coordinates

x =  p cos 0 y =  p sin 9

_  d2 j .  1 9 .  I 1 d2 
v ~  dp1 "1" pdp

*■2. _  «-2. -  -2-x 8y Vdx ~  86

the Schrodinger equation becomes

ft2 __9 , ... u>c d mwc2 o , _  , ,,
- ^ ' p +  ,h T W e  +  - r f , ' l’  =  E * -  (43 )

This equation allows for the separation o f variables. Looking for a solution in  the

form  ip =  f(p )e lMS, we obtain the following equation for the rad ia l part f { p )

“ I W " +  ~  7 M 2 f ) T T *  “  E f ■

For eigenfunction ip to be single-valued we impose the requirement that M  is a 

positive integer M  =  0, ±1 , ±2 , ± 3 . . .  We use parameters as previously defined:
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2 m E  muir 
e =  — 7T- a  =  — I .

The radial equation becomes

/ "  +  - / '  -  +  a M f  -  ^ 1 /  +  e f =  0. (4.4)
p p* 4

Transformation of variables
2ap

X =  x

yields

Substituting

M 2 v  f
2 X / "  +  2 / '  -  — /  +  M S  +  =  0 .

2x 2 q

/  =  XAe

and combine like terms, we obtain

2x <t>" +  (4A +  2 -  2XW  +  (2A2 -  +  ( M  -  1 -  2A +  —)4> =  0.
2 x  a

Substituting A =  ^  yields

+  (|M | +  1 -  x )4>' +  ( ^  -  1 =  0, (4.5)

which has the form  of the well-known confluent hypergeometric equation (see [1])

xy "  +  (c -  x)y ' -  ay — 0. (4.6)

The solution o f (4.6) (fin ite  at the orig in) is the confluent hypergeom etric function
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of the first kind iF i (a ,b ,  x) (see [1])

1 F i ( n h t \  — 1 A- —T  A- a(Q+1) * 2 _ l ° ( ° + l) (a + 2 )  x 3 , _  ip o o  (a)k x k
\ r i \ a , o , x j  -  i  -t- t -  ft(i)+1) 2, -t- 5(6+1j ( 6+2) 3! t  ■ • • — L ,fc=0  (b)k k\  ^  ^

{a)k (b)k are Pochhammer symbols.

Therefore, an unnormalized set of solutions of equation (4 .3) is given by:

\ M \

^ M{pJ) = { ~ )  2 e - * £  1  M  _ JL  m  +  1;

I t  is known from the properties of hypergeometric functions (see [1]) that the series 

(4 .7 ) diverges unless truncated to a fin ite  number o f terms. Hence, in  the absence o f 

boundary conditions the series (4 .7) must terminate. This leads to the condition:

This last condition helps to allocate the spectrum o f energy eigenvalues in  the ab­

sence o f the boundary conditions:

e =
a M  >  0

a  +  2\M\a M  <  0.

The equidistant set of energy levels is well known (see as an example [49]) and are 

called L a n d a u  levels:

en = a(2n  +  1) n  =  0, 1,2,...

E n =  ^ a ( 2 n  +  1) =  huc(n +  £) n =  0 ,1 ,2 ,.. .

Each Landau level is in fin ite ly  degenerate. The unnormalized eigenfunctions corre­

sponding to the n-th  Landau level en =  a(2n  +  1) are
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O M. 2
- 2 - T  - S £ -( 2 £ _ ) 2 e 4 ( —71, M  +  1, A f  =  0 , 1 , 2 , 3 , . . .

| M |

(2f~) 2 e -  4 1F i ( | M | - n , | M |  +  l , ^ i ) e iWfl M  =  - 1 ,  - 2 , . . . ,  - n  +  1.
(4.8)
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Figure 4.2: Radial part o f Landau Levels. I t  can be seen tha t as the magnetic field is 
increased, each Landau level peaks closer to the origin.

The radia l part o f Landau levels for various values o f parameters is represented in 

F ig u re  4.2. The general feature o f a ll Landau Levels is tha t as the magnetic field 

becomes stronger (the parameter a  increases), the wavefunctions peaks closer to the 

orig in and quickly decay as you move outward. This leads to the fact tha t for a strong 

enough magnetic field the Landau Levels can be used as a good approximation to  a 

solution o f the problem w ith  boundary conditions.
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Figure 4.3: Landau Levels for a =  100 and a  =  400.

4.4 Perturbation theory: strong magnetic field.

The radia l part, o f the wave function describing a free particle (Landau Levels) is pro-
■>

 a. o~
portional to the term  e * . This means that for a sufficiently strong magnetic field 

(a  -> oo) the wave function quickly decays toward the boundary. The graphs (4 .3 ) 

demonstrate th is fact - an increase in parameter a  leads to a greater degree o f local­

ization of the wavefunction near the center o f the b illia rd . Therefore, for large enough 

values o f parameter a, the wavefunctions describing Landau Levels can be used as ap­

proximate solutions to  the problem w ith  boundary conditions.

We are going to apply methods o f tim e independent perturbation theory (see [49]) 

assuming that the magnetic field is sufficiently strong such that the lowest Landau Levels 

are localized close to the center o f the b illia rd . The unperturbed Ham iltonian (4 .1 ) is

^ 2  7- w c d m u c2 0 , h2 , „ 9 . d  a 2
H a  = -  2^v + *r T  m  + — ^  = 2m + ‘a W e+ T p *'

A perturbation H \  acts in  such a way that it  suppresses the action o f the unper-
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turbed Ham iltonian Ho outside the boundary. To define an operator o f the perturbation 

formally, let us introduce two operators F and $  such that

Tip =  Hoip outside the b illia rd  

Tip =  0 inside the b illia rd

$ip =  0  outside the billiaxd 

Qip =  Hoip inside the b illia rd .

In  terms o f f  the perturbed Ham iltonian is

Therefore the perturbation  H i  =  —r .  The m atrix  elements o f the perturbation are

(cPilHilh) = -{<Pi\T\<Pj).

For purposes o f numerical integration i t  is much more convenient to  integrate inside 

the region confined by the boundary, which is achieved using the following transforma­

tion:

- { < Pi \ f \ <P j )  =  ~(<Pi \Ho\<Pj )  +  {<Pi\$\<Pj)-

Using H0<Pj =  ej(pj and the closure re la tion {<pi\<pj) =  Sj the last expression can be 

rew ritten  as

(<Pi\Hl\<pj) =  ((pi\$\<pj) — €j6{.

A ll the eigenstates o f i?o (L a n d a u  Leve ls  (4 .8 )) are in fin ite ly  degenerate, hence we
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have to apply perturbation theory to degenerate states. Let us consider firs t o f all the 

lowest Landau Levels tha t correspond to the energy value eo =  a. The eigenfunctions 

o f this degenerate level are

2 ~
V’nM =  ( ^ - ) 2 1F 1(0 ,M  +  l , ^ ) e iMe M  =  0 ,1 ,2 ,3 ,.. .

As an example we consider the case a  =  100. The unperturbed lowest Landau Level 

has an energy eigenvalue e =  100. As described above we computed the m atrix  of the 

perturbation:

va =  (m i\4>j)- 

then we solved numerically the characteristic equation

Vij — A  ESij =  0 .

Solutions of this equation give us corrections to the energy eigenvalues o f an in itia lly  

degenerate level. For the case discussed (a  =  100), the circular equation has seven so­

lutions, thus seven perturbed energy eigenvalues were obtained. The corrections turned 

out to be very small. The in it ia l state e =  100 becomes sp lit in to seven levels w ith  the 

following energy eigenvalues 99.967 99.996 100.000 100.029 100.062 100.115 100.216. 

The perturbed eigenfunctions have the same shapes as the firs t seven eigenfunctions 

shown in Figure (B) in  Appendix B. These profiles coincide w ith  the shapes o f the 

seven Landau Levels w ith  e =  100 and the magnetic quantum numbers correspondingly 

M  =  0 ,1 ,.. .  6 . Therefore, the seven Landau Levels w ith  the highest degree o f local­

ization at the center o f the b illia rd  tu rn  out to be a good approximation for the seven 

eigenfunctions corresponding to  the lowest states o f the boundary value problem. As 

the magnetic field becomes stronger, more Landau levels become approximate solutions 

to the problem w ith  boundary conditions. Thus as the strength of the magnetic field
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increases, the behavior o f the particle in  the square b illia rd  becomes more like the be­

havior o f the same particle w ithout any confinement. This is consistent w ith  what was 

observed in the classical case: ,where w ith  an increase o f the magnetic field the number 

o f trajectories tha t do not undergo any collisions grows.

However, the perturbative method jus t described cannot be used to obtain highly 

excited states. Neither can i t  be applied for the case o f intermediate strength magnetic 

fields. To examine these cases, other methods are needed. However, the results of this 

section are useful as the lim itin g  case o f strong magnetic fields. A ll the results o f future 

methods must be consistent w ith  what was obtained in  th is section as the parameter a  

becomes extremely large.

4.5 Time-independent Schrodinger equation. Rayleigh- 

Ritz Method.

The perturbation methods discussed in  the previous sections describe adequately the 

behavior of the system only for lim iting  cases. The first one works for a weak magnetic 

field. The classical analogue that corresponds to this lim it is nearly integrable m otion for 

large values of the cyclotron radius. On the other hand, the perturbative method o f the 

previous section is valid only i f  the magnetic field is sufficiently strong and only for the 

lowest eigenstates. The classical analogue is a set o f trajectories tha t do not undergo 

collisions w ith  the boundary. Both of these lim iting  cases correspond to a regular 

behavior of the classical analogue. However, our m ajor goal is to describe the quantum 

dynamics of the system when the classical analogue is essentially chaotic, which means 

when the values of the classical cyclotron radius is approximately equal to  the size o f 

the system. This range o f the cyclotron radius corresponds to  a medium strength o f the 

external magnetic field, when neither o f the perturbation methods is valid. The first 

method that can be used when perturbation methods fa il is the Rayleigh-Ritz method 

(see [59]).
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The Ham iltonian o f the system in  Cartesian coordinates is

As the set o f the Rayleigh-Ritz tr ia l functions i t  is convenient to use a normalized 

set o f sinusoidal standing waves.

<p i j(x , y) =  \  sin(7rkx (x +  0.5)) s in ^ A ^ y  +  0.5))

kX = ± 1, ±2, ... ky — ± 1, ±2. • • .

<pij{x,y) form complete set and they satisfy the boundary conditions, therefore any 

linear combination o f them satisfies the boundary conditions as well. We reorder the 

set <f>ij(x,y) in  ascending order o f the values k x 2  +  k y 2  and in  this way introduce the 

single index n for counting the tr ia l functions cj)n (x, y). The Ham iltonian m atrix  is

Hmn ~  m\H\<j>n)•

I f  we m u ltip ly  both parts of the Schrodinger equation (4 .2 ) by (</>m\, integrate and 

use the closure relation {<j>i\<f>j) =  Sj then the Schrodinger equation w ill be transformed 

in to  a m atrix  eigenvalue equation:

H m ni  =  AI  (4.9)

As known from the theory o f the Rayleigh-Ritz Method (see [59]) the set o f the 

eigenvalues o f (4.9) tends to the set o f the eigenvalues o f the original Schrodinger equa­

tion  as we increase the number o f tr ia l functions (N  -» oo). On the other hand the 

eigenvectors £ yield the eigenfunctions o f the Schrodinger equation in the following way

N

71=0
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Figure 4.4: Energy levels o f the quantum square magnetic b illia rd  versus the constant a. 
In itia lly  the levels behave the same way as obtained using tim e independent perturbation 
theory (see F ig u re  4 .1 ). As the magnetic field increases, the energy levels start to 
exhib it a great deal o f randomness. As observed, the randomness occurs due to inter­
level repulsion - i. e. the levels repel each other to avoid crossing. This type of 
behavior leads to strong correlation between the levels, a well established manifestation 
o f quantum chaos. Finally, as the magnetic field becomes sufficiently strong, a ll the 
levels smoothly approach lines e =  (2 n +  l ) a  - the energy values o f the rotationally 
symmetric Landau Levels. Therefore, the system changes the type of its  symmetry and 
restores its integrability.

To test the re liab ility  o f the method we perform  computations for various values of 

N - the amount o f the tr ia l functions used. I f  an increase in  N leads to a considerable 

change in  results o f the computations, then the results acquired are not realistic. We 

have to keep increasing N u n til the results become robust to  changes in  the number of 

the tr ia l functions used.

The results reported later in th is section were acquired using N  =  900 tr ia l func­

tions. The major procedure was to compute and diagonalize a 900x900 m atrix. The 

prelim inary procedure was performed as described above to test the re liab ility  o f the 

results. The data for the lowest 600 energy levels turned out to be robust to subsequent 

increases in  N. The use o f a larger number o f tr ia l functions would provide us w ith  a 

greater number o f reliably computed energy eigenvalues as well as the corresponding 

eigenfunctions. However, i t  requires much more powerful computing facilities than were 

available.

Plots of the energy levels versus the parameter a  are represented in  F ig u re  4.4. In
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order to describe the general character of the behavior o f the energy spectrum of the 

quantum system and compare it  w ith  the classical analogue we need an expression for 

the classical cyclotron radius (3 .4 ) in  terms o f the quantum paxameters:

The general features o f the energy spectrum as illustrated in  F ig u re  4.4 are the 

following:

•  When the magnetic field is relatively small, a  <  15, the energy spectrum looks 

like the one represented in  F ig u re  4.1, obtained using time-independent pertur­

bation theory for small strength o f the magnetic field. However, as the magnetic 

field increases the levels obtained by simple perturbation theory exhibit a lot o f 

crossings, while the levels in F ig u re  4.4 do not cross. Instead, they exhib it strong 

repulsion. The strong level correlation is one o f the remarkable features o f a clas­

sically chaotic system in the quantum case. I t  is worth mentioning tha t time 

independent perturbation theory gives reliable results before the first occurrences 

of the repulsion. This reinforces the fact tha t a classically chaotic system cannot 

be solved by methods o f perturbation theory.

•  As the magnetic field becomes sufficiently strong (approximately 15 < a  <  3i/e) 

the highest degree o f the level correlations can be observed. The levels repel each 

other, making the general appearance o f the energy spectrum mostly irregular. 

In  order to  compare th is w ith  the corresponding classical analogue we notice that 

the inequality a  <  i y / l  leads to R c >  i ,  which is approximate condition for the 

system to start exh ib iting chaos in  the classical case.

•  As the magnetic field becomes relatively large (approximately a  >  3^/e) the energy 

spectrum appears to  restore its  regularity. The energy levels smoothly approach 

lines e =  (2n +  l ) a  which are the energies o f the Landau Levels. The Landau
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Figure 4.5: The wavefunctions corresponding to  the mostly classically chaotic case 
(Rc as 1.1) the le ft screenshot represents the level number 32 for the case a  =  20, 
the second one represents the level number 223 for the case a  =  50. The shape of 
the wavefunctions exhibits concentration of the am plitude o f p robab ility  along narrow 
channels - the quantum scars. The shape o f the scars is sim ilar to the shape o f a classical 
period-four tra jectory corresponding to  R c =  1.1.

Levels are ro ta tiona lly  symmetric. Hence the system eventually changes its type 

of symmetry and restores its integrability. Classically, th is case corresponds to 

the case of a strong magnetic field, when integrable c ircular trajectories o f small 

radius appears, which do not undergo collisions w ith  the boundary.

An extensive presentation o f wavefunctions o f the system for various values o f the 

parameter a  is given in  Appendix B (F ig u re s  ??). Let us now iden tify  wavefunctions, 

corresponding to the mostly chaotic classical analogue. I t  was shown in  the previous 

chapter tha t the classical system is mostly chaotic i f  Rc ss 1.1. The corresponding 

condition for the quantum case yields e «  1 .2 1 a 2. Eigenfunctions for the cases a  =  20 

and a  =  50 are shown in F ig u re  4.5. The shape o f these eigenfunctions demonstrate 

a strong concentration o f the p robab ility  along narrow channels - the ’quantum scars’ 

([37]). The concentration happens among the ’diamond-shaped’ period-four tra jectory 

that was discussed in detail in  the previous chapter. Thus, as the classical analogue
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exhibits mostly chaotic dynamics - the quantum eigenfunctions are concentrated along 

narrow channels, corresponding to the classical periodic orbits.

4.6 Matching Boundary Conditions: Allocating Energy 

Spectrum.

The Rayleigh-Ritz method described in  the previous section requires diagonalization of 

large matrices in  order to obtain highly excited energy levels. As mentioned earlier, 

the computing facilities used for this work provided reliable computations o f only the 

lowest 600 levels. In  contrast, a method o f matching o f the boundary conditions allows 

computations of much more higher excited levels using the same computing power. This 

method does not guarantee that we obtain a ll the subsequent energy levels, and some 

o f the levels could be missed. However, levels obtained proved to be the real energy 

levels o f the quantum system and they could be obtained to much higher order than by 

means of the Rayleigh-Ritz Method.

As before, we look for solutions of the time-independent Schrodinger equation (4 .3)

of the form

</<(,o,9) =  f (p )e iM6.

Substitution in to  (4 .3 ), and using the same parameters as before

2 m E  m u c
6 =  ~T2~ a  =  ~T~  h 2  h

leads to  the following equation for the radial part /(p ) :
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f "  +  - f  ~ ^ f  +  a M f  -  +  e f =  0. (4.10)
p pi  4

An asymptotic form of (4 .10) as p -+ 0 is

1 M 2

/ "  +  - / ' - — /  =  o.p pz

The last equation has two linearly independent solutions. However, only one of 

them is fin ite  at the origin: f (p )  =  r ^ .  This asymptotic solution was used as a 

Cauchy condition for numerical solution o f the equation (4.10)

m  =
1 M  =  0

, H S t ) =  
0 0

1 M  =  0
(4.11)

(5t ) |m| M ^ O .

Numerical integration o f (4.10) was accomplished using an embedded 8 th  order 

Runge-Kutta method (see [6 8 ]). To express the result o f the integration in  the Cartesian 

rather than the polar coordinate system, the points between the grid were interpolated 

using a cubic spline interpolation method. Let us denote the result o f the numerical 

integration as /mc(p)- Thus the solution o f the two-dimensional Schrodinger equation 

for the certain values o f M  and e is the product

IpMe =  fMe{p)elMe.

For the solution to be single-valued, the quantum number M  must be an integer. 

Thus the function ip Me for arb itra ry  integer M  satisfies the Schrodinger equation (4.10) 

w ith  the eigenvalue e, and so does any linear combination of these functions w ith  an 

arb itrary set o f coefficients Cm

+00 +00

£  i>Me=  £  CM fMe(p)eiMB.
M = —oo M = —oo
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Figure 4.6: Determ inant of the m atrix  o f (4 .13) versus e for various values o f a. The 
sharp m inima correspond to values o f e tha t make the system o f homogeneous equations 
(4 .13 ) resolvable, thus allocating the energy eigenvalues ej. The y-scale is logarithm ic.

Next, we choose N points X j  on the boundary and try  to adjust N coefficients Cm  

in  such a way that

Y '  CMi>Mt{Xj)  =  0 at a ll the points X j .  (4.12)

This results in a system of N homogeneous complex equations.

Y  C M^M e {X j)  =  o j  =  1 , 2 ,3 , . . .  N. (4.13)

For a homogeneous system of equations to have nontriv ia l solutions the determinant 

o f coefficients must be zero. This provides us w ith  a criterion tha t helps us allocate the 

energy eigenvalues, i.e.

det (ipMe{Xj)) =  0 .

A  few graphs o f de t(^nM (X j) )  are shown in Figure 4.6. We see tha t these graphs 

have extremely sharp minima. This m inim a correspond to values o f ej tha t make pos­

sible a simultaneous solution o f the system of homogeneous equations (4 .13), and thus 

identifies the energy eigenvalues.

87

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A fte r we allocate the energy eigenvalues, we look for a non triv ia l solution o f the 

homogeneous system (4 .13 ) in  order to find the corresponding eigenfunctions. We have 

to  set one o f the coefficients Cm  to  be equal to  some nonzero value to make the system 

non-homogeneous. To decide which one of Cm  to  use as predefined, we compute a norm 

o f each colum n of the m a trix  of the system (4 .1 3 )

N

Sm  =  £  I^MePOOI.
j ~  1

then we determine the Mo tha t corresponds to a m in im al norm

Sm0  =  min(S'M),

and impose the corresponding coefficient Cmq to  be equal to one. Then, making the 

substitu tion Cm0 — 1) we obtain an inhomogeneous system o f N  — 1 complex equa­

tions tha t we solved using the LU-decomposition method (see [6 8 ]). F ina lly  a linear 

combination

i ’ej = £  Ctf-tpMe

yields an unnormalized wavefunction corresponding to the eigenvalue ej.

The eigenfunctions and the energy values obtained by th is method corresponds well 

to those obtained earlier by the Rayleigh-Ritz Method. However, matching of the bound­

ary conditions does not provide a ll the energy eigenvalues. The number o f losses can 

be reduced as we increase the number N  o f the functions -i/iMe used. The m ajor advan­

tage of the method o f matching boundary conditions is th a t i t  yields extremely h igh ly 

excited energy levels together w ith  the ir corresponding eigenfunctions. As an example, 

eigenfunctions corresponding to h igh ly excited levels are represented in  F ig u re  (4 .12 ). 

Shapes o f these semi-classical levels resemble classical period-four trajectories. Another 

demonstration o f h igh ly excited levels (starting w ith  a level number approximately 2 0 0 0 ) 

is presented in  Appendix B (F ig u re s  (??)).
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In  the last two sections, we have developed two methods tha t helps us to examine 

properties of the system for intermediate values o f the external magnetic field. The 

energy spectra corresponding to th is range o f parameters exh ib it a great deal o f in ter­

level repulsion and the eigenfunctions display a strong concentration along the classical 

periodic orbits. A ll these features are well known manifestations of classically chaotic 

dynamics in  the quantum case.

4.7 Study of the energy spectrum.

The previous chapters showed clear quantum manifestations o f classically chaotic be­

havior for certain values o f the parameter a. The energy spectrum exhibited a great deal 

of randomness for a  <  3yfl.  As mentioned, this condition is consistent w ith  the corre­

sponding condition for chaos in  the classical case - the system becomes chaotic as the 

cyclotron radius becomes approximately equal to the size o f the system. In  this chapter 

we analyze the level spacing d istribu tion , as i t  provides a quantita tive characteristic of 

the level correlation.

For the case o f a free particle inside the square b illia rd  w ith  no magnetic field, the 

normalized eigen functions are

^ i j { x , y )  =  ^ s in (7rfcI (a ;+  0 .5 ) )s in (7rfc!/( y +  0.5))fcx =  ± 1 ,± 2 , . . .  ky =  ± 1 ,± 2 , . . .

and the corresponding energy levels are

Denoting E  =  §j^e, the energy spectrum

eij =  n 2 (kx 2  +  ky2).
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Figure 4.7: The level spacing distributions for various values o f the parameter a. The 
firs t p icture corresponds to the integrable case in  the absence o f magnetic field. O ther 
pictures correspond to a  =  20,50,100. The last two histograms are very close to the 
corresponding W igner’s distributions (the green line). Thus, the last two level spacing 
distributions exhib it what is called the quantum manifestation of the classically chaotic 
system - a strong level correlation. The neighbor energy levels ’keep distance’ between 
each other. The classical cyclotron radius, corresponding to the last two pictures is o f 
an order o f the size o f the system, which corresponds to the most classically chaotic 
case.

A ll the energy levels w ith  kx 7  ̂ ky are degenerate, as an interchange kx and ky 

leads to a different eigenstate, bu t does not change an energy eigenvalue. Therefore, 

the histogram o f the level spacing has a sharp peak at the origin. A ll the other level 

spacings are integer m ultip liers o f 7r2. Therefore, in  the absence o f magnetic field we 

expect the d is tribu tion  o f level spacings to be a combination o f equidistant J-peaks, 

w ith  the firs t peak at the coordinate origin. The distance between closest peaks is vr2

A plot for this case (a  =  0) as well as plots for other values of the parameter a  

are represented in F ig u re  4.7. A  more comprehensive collection o f the level spacing 

distributions can be found in Appendix B (F ig u re  B ) .  I t  can be clearly seen from  

the graphs tha t the level spacing d is tribu tion  tends to a W igner d is tribu tion  as the 

parameter a  is increased. To make the connection to the classical case, we must obtain 

a range of values of the classical parameter Rc th a t corresponds to  each p lo t in  F ig u re  

(4 .7). As was shown in  Section (4.5) R c can be expressed in  terms o f the parameters 

of the quantum system in  the following way
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The general features o f the level spacing d is tribu tion  versus parameters o f the quan­

tum  system as seen in Figure 4.7 can be summarized as follows:

•  The first histogram corresponds to the classically integrable case when no external 

magnetic field exists inside the b illia rd . The levels are uncorrelated, a sharp 

maximum in the orig in indicates a high probab ility  for two different states to have 

the same energy.

•  The second histogram corresponds to a  =  20. The energy levels range between 

eo =  25.82 and e\ =  8637. The corresponding classical cyclotron radius ranges 

between «  0.25 and «  4.6468. A n  average value o f R c is larger than the size 

of the system. The classical analogue exhibits mixed phase space w ith  a great 

deal o f regularity. The level spacing d is tribu tion  shows some correlation, however, 

maximal probability  corresponds to zero level spacing, meaning that there is no 

significant level repulsion.

•  The th ird  histogram corresponds to  a  =  50. The energy levels range between eo =  

50.4 and t \  =  9679. Th is means th a t the corresponding classical cyclotron radius 

ranges between w 0.14 and a  1.97 and for the fourth  histogram a  =  100 and energy 

levels range between eo =  1 0 0 .0  and ej =  11868, thus the corresponding classical 

cyclotron radius ranges between ~  0.1 and w 1.01. Bo th  cases are analogous to 

mostly chaotic dynamical phase space as the average R c tha t they correspond to 

is o f the order o f the size o f the system. As a result, strong level repulsion is 

observed, which is a signature of classical chaos in the quantum case. The green 

line on the last two graphs shows the corresponding W igner d is tribu tion  which 

agrees w ith  the numerical results.

Thus the study o f the level spacing d is tribu tion  in  this section quantita tive ly demon­

strates correlations of energy levels for the quantum analogue of a classically chaotic 

system. In  the next section we are going to examine the tim e evolution o f a quantum
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system, looking for signatures o f classical chaos in  the time propagation o f an in itia l 

wave packet.

4.8 Time-dependent Schrodinger equation: The Split Op­

erator Method.

We now consider the time-dependent Schrodinger equation

d 
at

The expression for the Ham iltonian is given by (4 .1 ). Introducing the dimensionless 

time r  =  jj-t and, again the parameter

mujc 
a  =  — —

the time-dependent Schrodinger equation becomes

The Ham iltonian now consists o f three operators

T  =  - 5 V 2 - an operator o f k inetic energy,

Lz =  -  -  x$jj) - an operator o f angular momentum,

V  =  y~(x2  +  y2) - an operator o f potentia l energy.

The formal solution o f th is equation is (see [59])

$ ( f ,  r 0 +  d r)  =  e~i [ f  dT+i'- dT+V dTH { f ,  0 ).

We can use an approximation for the exponential operator which is correct up to
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order d r3 (see [59])

e - i ( T d T + L z d r + V d r )  _  V e ~ i ^ L z e ~ i d r f  L z F

This last expression gives us an approximate evolution operator. I f  the in itia l wave- 

function is ^ ( f , to), then the expression for the wavefunction A r  later is computed 

as

# ( f , r 0 +  A r )  =

The advantage of this form is tha t each exponential operator is applied in a space 

where i t  is diagonal:

•  The firs t exponential operator is diagonal in  the configuration space there­

fore its action leads to m ultip lica tion  of in it ia l wavepacket by the complex expo­

nential function

=  e - ^ W ^ r o )  =  e - ^ x ( - 2V ) ^ (f;To).

•  The second exponential operator involves an angular momentum operator which 

is diagonal in  the polar coordinates

^ 2  =  ~  x l%) =

x =  r  cos <j> y =  r  sin (j>.

Normalized single-valued eigenfunctions o f this operator are

Therefore to apply the second exponential operator we first have to represent the
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wavefunction in  polar coordinates. This was done using the cubic spline interpo­

lation (see [6 8 ]). A fte r tha t the function was expanded in  the series

* 1  (/» ,$  =

where the coefficients o f this expansion are

r  2 tt 1

B (p ,M )  =  /
Jo y/2-n

Application of the exponential operator leads to m ultip lica tion  o f each expansion 

coefficient by the complex exponential factor

B (p ,M )  =  e'
• M c t i l r  _  .

4 B (p ,M ) .

F ina lly  an inverse transform yields the result o f application of the second expo­

nential operator

•  The th ird  exponential operator is diagonal in  momentum space. To apply i t  we 

first represent \? 2  (p,4>) in Cartesian coordinates, using the cubic spline procedure 

one more time, and then we perform  a Fast Fourier Transform (see [28]). To ensure 

that the solution satisfies the boundary conditions, the Fast Fourier Transform was 

performed in  terms o f trigonom etric sines w ith  a period commensurate w ith  the 

period of the b illia rd . Thus the Fourier expansion is

^ 2 {x ,y)  =  T,kxky A kxky s in ( 7 r A : a ;(a ; +  0 . 5 ) )  s in ( 7 r f c y ( y  +  0 . 5 ) )

A kxky =  \ I -o .o  dx I - 0 . 5  dV sm{Trkx {x +  0 .S))sm{nky{y +  Q.5))-$2 {x,y).
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Application o f the th ird  exponential leads to m ultip lica tion  o f each expansion 

coefficient by the complex exponential factor

-A-kxky = e 2 A-kxky-

Then the Inverse Fast Fourier Transform yields the fina l result o f the th ird  iteration

’M z ,  y ) = Y l  Akxky sm(irkx (x +  0.5)) sm{nky{y +  0.5)).
kx ky

The remaining two iterations involve applications o f the exponential operators 

and the same way as discussed above. Results o f computations are shown in

F ig u re s  (B )  that are placed in  Appendix B.

The two figures represent successive screenshots o f the tim e evolutions o f two in it ia l 

m inim al uncertainty wavepackets:

vlf(t? ij) =  ■■ P
y /2 n A xA  y

To look for classical correspondence let us express the classical cyclotron radius in 

terms o f the parameters o f the quantum system. We use the expression (3 .4 ) for the 

classical cyclotron radius:

1 [2 E  m [2E
R C =  — \  -------  =  J - \    ,uic y m  n a \  m

When the energy o f the wave packet is

E  =
H2 {kx 2 +  ky2)

2771

thus
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p  _  m _hk _  k u  _  J u  2  , l  2
c  h o t  771 a  K  — V 1 + y '

The F ig u re s  (B )  show tim e evolutions o f the same m in im al uncertainty wavepacket 

under two different Hamiltonians. The results can be described as follows:

•  The firs t figure represents a time evolution that corresponds to the following set of 

parameters: k =  20 a  =  100. Hence Rc =  ^. The corresponding classical case is 

known to be mostly regular, as there exist a vast m a jo rity  o f trajectories tha t do 

not undergo collisions. The wave pattern evolving on the picture represents clearly 

regular evolution. The in it ia l wave packet periodically shrinks and expands its 

shape altogether w ith  a general translation o f the whole pattern along the circular 

path o f the classical cyclotron radius.

•  The second figure represents a time evolution tha t corresponds to  the following 

set o f parameters: k =  100 a  =  100. Hence R c =  1. The corresponding classical 

case is now fu lly  chaotic. The in itia l wave packet is quickly destroyed, giving rise 

to a completely irregular pattern. However some elements o f a circular structure 

can be observed in  the pattern evolving and the curvature o f these elements is 

equal to the classical cyclotron radius.

In  this way the tim e evolution of a quantum system that has a chaotic classical 

analogue was found to exh ib it chaotic behavior in  contrast w ith  a system whose classical 

analogue is regular. The later displays a regular character o f the tim e evolution, i.e. a 

combination of smooth oscillations w ith  regular translational motion.

4.8.1 T h e energy sp ectru m  of an evo lv in g  w ave pattern .

We have shown that an evolving wave pattern carries clear signatures o f the classical 

chaos in  the quantum mechanics. We are now going to  look for manifestations o f
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the underlying chaos in  the energy spectrum of an evolving pattern. To get the energy 

spectrum we use the solution o f the time-dependent Schrodinger equation T (t) , obtained 

in the previous section. We assume that there exists a complete set o f orthonormal 

eigenfunctions of the system <j>j. Let us label the corresponding eigenvalues by Ej. 

Consider a series expansion of the in it ia l wave pattern 41(0) =  £  Cj <f>j. The Ham iltonian 

of the system is diagonal in  terms o f (f>j, therefore the exponential operator e «” At leads 

to m ultip lication of each term o f the expansion by a complex phase. Therefore, the 

solution o f the time-dependent Schrodinger equation is:

t f ( f)  =  e - f - ^ ( O )  =  £  C j f y e - ' ^ .  (4.14)

Computing the correlation function <  $ (0 ) |^ ( t)  >  and using the closure relation 

<  (j)l | (fij > =  6 j  we obtain

(* ( * ) i$ (o ))  =  (Z c^Je~iEjt\E cM  = E c3*cJeiEjt- (4-15)

The Fourier spectrum o f the last expression consists of peaks corresponding to con­

secutive energy eigenvalues o f the system. Thus the energy spectrum of the quan­

tum  Hamiltonian system can be found from the Fourier transform of the expression

For better resolution we took an in itia l wave pattern containing a lim ited  amount 

of harmonics. Thus, 'F (0) was chosen in the following form

$(0) =  , sin(7rA:(x-|-0 .5 ))s in (7rn (y  +  0.5)). (4-16)
rC —  i  ^  71 —- I

The results o f the computations for various values of the parameter a  are shown 

in F ig u re  4.8. An in it ia l wave pattern consisted o f 6 2 sinusoidal harmonics. This 

means that the parameter N  in  the expression (4 .8 ) is equal to 6 . A ll the terms of the 

series (4 .8) are exact eigenfunctions of the Schrodinger equation for the case when no
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Figure 4.8: Energy spectra obtained using the tim e evolution of an in itia l wave pattern 
for various values of parameter o:.

magnetic field exists inside the b illia rd . Therefore for a case a  =  0 we expect to obtain 

a linear spectrum of the correlation function w ith  peaks corresponding to  the following 

values:

tkn =  7T2 (fc2 +  n 2) fc,n =  1 , 2 , . . . 6 .

The first graph shown in F ig u re  4.8 reproduces this spectrum. As the magnetic field 

grows we see tha t the resultant spectrum changes its character. The last p icture for a  =  

50 shows tha t the lines o f the in it ia lly  discrete spectrum become broader as the system’s 

spectrum becomes more continuous. The fact that we obtained continuous spectrum 

means that our starting assumption which implies the existence of a complete set of 

the eigenfunctions o f the Ham iltonian was incorrect. As mentioned in  S ec tion  2.2, i f  

a classical analogue has no complete set o f integrals o f m otion then the corresponding 

quantum Schrodinger equation is non-separable. Therefore the tim e evolution o f this 

system can not be represented as a combination o f harmonically evolving terms (4 .14). 

As a consequence the resultant spectrum is continuous.

To end this section, i t  is worth mentioning that the energy values obtained here 

(F ig u re  4 .8) are in  a good correspondence w ith  those obtained by other methods. In  

other words, a ll data obtained in th is chapter by various methods agree w ith  each other,
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giving us a completely consistent description o f the system from  different points o f view.

4.9 Semi-classical case.

In  order to ascertain the accuracy o f a ll the methods used throughout th is chapter, and 

to obtain some additional features of the quantum dynamics of the square magnetic 

b illia rd , we are going to examine the problem semi-classically (see [49]), using an 

approach valid only for the highly excited levels. The expression for the semi-classical 

energy eigenvalues is given by the Bohr-Sommerfeld quantization rule (w ith  E instein 

correction)

Figure 4.9: The classical period four trajectories.

Integration has to  be performed along the classical closed path. Let us choose for 

example the classical period 4 tra jecto ry as one, shown in  F ig u re  4.9.

I t  was found in  the previous chapter (3 .7 ) th a t the actions for th is sort o f tra jectory 

are equal to

J* =  Jy = 2 n f Pjdqj =  ~2 ^ '

Therefore the semi-classical quantization rule yields
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T E  =  7Th{n +  i). (4.17)

Figure 4.10: A  diagram of the period four trajectory.

Let us introduce a parameter 9 - the central angle subtended by the circular segment 

o f the trajectory. R c - labels the classical cyclotron radius (see diagram in F ig u re  4.10). 

During one period, the tra jectory sweeps an angle (49), hence u cT  =  49. Substitution 

into (4 .17) yields

4 9E  =  7r fiujc{n +  - ) .A

On the other hand i?cs in ( |)  =  therefore

8  sin ! ( — —̂ = ) E  =  'irhu}c(n +  \ ) .

Using the fam iliar parameters

_  h , muic
E  =  - — e and a  =  —— , 

2 m h

we obtain
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4 sin 1 ( — * - ' )e =  7ra (n  +  j h .
2  R CV 2  V 2

F ina lly  the semi-classical quantization is

en =  . . - i , a - i— : ( n + ^ )  n =  0 ,1 ,2 , . . .  (4.18)
481,1 <2Kw5> 2

On the other hand for the cyclotron radius we have, according to the classical dy­

namics,

m(uicR c ) 2  =  2 E,

which can be rew ritten as

(.aR c ) 2 =  en. (4.19)

Thus in  order to find the quantum parameters corresponding to  the classical period-4 

trajectory we have to simultaneously find solutions to the equations (4 .18) and (4 .19). 

The graphical solution o f this equations for the case a  =  100 is shown in  F ig u re  4.11.

We use the semi-classical energy eigenvalues obtained and substitute them in to th e  

e q u a tio n  (4.12) of the method o f matching boundary conditions. Some wavefunctions 

obtained this way are represented in  F ig u re  4.12. We see tha t the shape o f the wave­

functions represented corresponds to  the shape o f the period-4 classical tra jectory we 

started w ith . This fact demonstrates one more tim e the correctness and consistency 

o f the methods used throughout th is chapter. The values o f the parameter a  and the 

energy values used for computations o f the results shown in  F ig u re  4.11 were adjusted 

so that the corresponding cyclotron radius is o f the order o f the size o f the system. 

Therefore the classical analogue is chaotic. The wave functions also display ’quantum 

scars’ , a quantum signature o f the underlying classical stochasticity.
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Figure 4.11: Simultaneous solution o f the equations (4 .18 ) and (4 .19) for a  =  100.

4.10 Transport properties.

Let us consider a simple model of a quantum dot that confines an electron in  a square 

two-dimensional domain (F ig u re  4 .10). An external magnetic field is directed per­

pendicular to the plane o f confinement. Two tiny  gates are made in  the boundary, the 

electron enters the cavity through a gate placed at the point (xo,yo), and we expect i t  

to leave the dot through the gate at the point (x \ ,y \ ) .

We approximate a wavefunction of the entering electron by a m inim al uncertainty 

wavepacket localized at the point (i q , Vo) w ith  uncertainties in coordinates A x , A y  (see

Using the complete set o f eigenfunctions o f an electron inside the cavity as found 

in  Section 4.6, we can w rite  down an expression for the time evolution o f the entering

[59])

)2~(Jk +ikxox+ikyoy
2-nAxAy

(4.20)
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Figure 4.12: Quantum ’scars’ . Narrow channels o f high quantum probability  along 
classical periodic orbits

o  o  o

Figure 4.13: A  model o f a ’’ quantum dot” using the square magnetic b illia rd  as a 
confinement for an electron. A charged particle enters the dot through the gate (m o , y o )  
and leaves i t  through the gate ( x i . y i ) .

electron. To do this we firs t expand '&o(x,y) in  a series in  terms o f eigenfunctions (f)j

* o ( x , i /) = £ C ^  Ci  =  W o ( z : y)>. (4.21)
j

The tim e evolution o f in itia l wavepacket becomes

y { t , x , y )  =  Y lC j f a e  ft- . (4.22)
i

The probab ility  density for the electron to escape from the cavity through the second 

gate is equal to a projection o f ^ ( t ,  x ,y )  on a m in im al uncertainty wavepacket localized

at the point ( x i , y i ) .  Let us denote such an outgoing packet as T j  and we again expand

i t  in  series in  terms o f the eigenfunctions <f>j
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(z,2/) =  '52D j<f>j D j  =  (4.23)
i

The projection o f ^ ( t , x , y )  on 4/i is given by

( ¥ ( * , * , y ) | * i )  =  ( ^ C j h e - ' - ^ l Y ^ D r f n )  =  . (4.24)
j  n j

To obtain the probability  for the electron to  escape the cavity through the second 

gate we square the last expression and take its time average. A ll the oscillating terms 

w ill disappear and the expression for the transition o f the dot becomes:

T =  | ($( i ,a: ,y) | \Pi ) | 2 =  Y , \ C j \ 2 \D j \ 2- (4.25)
j

The last expression was used for numerical computations. We considered the quan­

tum  dots w ith  three different positions o f the entrance gate. The outgoing wavepacket 

for a ll three o f the cases was taken to be at the middle o f the righ t wall (the point 

(1.0,0.5)). To distinguish the transport properties corresponding to different positions 

o f the entrance gate we use the following notation:

20 40 60 80 1CO 120 140 20 40 60 80 1CC 120 140

Figure 4.14: The transport properties o f the quantum dot based on the square magnetic 
b illia rd . The three graphs correspond to different m utual orientations o f incoming and 
outgoing waves. According to  a notation introduced in  the text the graphs represented 
correspond to  the transport coefficients T j, T2 and T3 .
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•  T\ labels the transition probab ility  when the entering wavepacket is localized at 

the middle o f the left wall (the po int (0.0,0.5))

•  To labels the transition probab ility  when the entering wavepacket is localized at 

the middle o f the top wall (the point (0.5,1.0))

•  Tz labels the transition probab ility  when the entering wavepacket is localized at a 

point on the bottom  wall w ith  coordinates (0.1,0.0). The relevant feature o f this 

case is tha t i t  is asymmetric as compared w ith  the other two cases.

Results o f the computations are represented in F ig u re  4.14. The three graphs in  

the figure represent the transport coefficients corresponding to 7 \, T 2 and T3 .

A  common feature of the firs t two graphs is tha t they have a maximum corresponding 

to a  «  90. Let us compute the corresponding strength o f the magnetic field:

B  _  mcwc _  hoc ^  ̂  j0-7a 
9 9

Thus the observed maximum corresponds to  the strength o f the external magnetic 

field B  «  1.8 • 10- 5  T . The asymmetric case shows a maximum for approximately the 

same strength o f the magnetic field. As a consequence, an explanation o f the appearance 

of th is maximum based on a shape o f the shortest classical periodic orbits seems to 

be impossible. An explanation o f the observed resonant structure o f the conductivity 

o f the quantum dot requires additional careful examination, which the author o f th is 

dissertation is planning to sta rt in  the near future.

4.11 Summary.

The dynamics o f the quantum square magnetic b illia rd  was studied in  detail in  t his 

chapter. Various methods were applied and the results o f a ll o f them illustrate the 

following general features o f the quantum dynamics o f the system:

105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



•  When no external magnetic field is applied the Schrodinger equation o f the sys­

tem is separable and the system is integrable. The wavefunctions in  this case are 

sinusoidal standing waves. The energy levels axe degenerate and they axe to ta lly  

uncorrelated. The tim e evolution o f an in itia l wave pattern displays smooth oscil­

la tory motion. The classical analogue o f th is case is the integrable regular motion 

of a partic le inside the square b illia rd  not subject to any external fields.

•  As a weak external magnetic field is applied, a  <  10, the dynamics o f the system 

can be well described by perturbative methods. Some o f the in itia lly  degenerate 

states become split, while others remain degenerate. This leads to the fact that 

the energy levels s till remain uncorrelated. The wave functions are close in  shape 

to sinusoidal standing waves, but keep being reshaped as the magnetic field keeps 

growing. The time evolution for th is case represents a wavelike oscillatory mo­

tion, the energy spectrum o f an evolving in  tim e wave pattern has a clear discrete 

character which indicates tha t the tim e evolution o f the whole system in  th is case 

can be decomposed into the v ib ra tiona l evolution o f a set of m utually independent 

harmonics, which is characteristic o f a separable Schrodinger equation. The clas­

sical analogue for this case is the regular nearly integrable m otion for large values 

of the cyclotron Radius.

•  For magnetic fields o f intermediate strength, 10 <  a  <  100, the system exhibits 

a number interesting properties tha t can be related to the underlying chaotic 

dynamics o f the classical analogue. The energy values become strongly correlated. 

This correlation can be observed visually in  the spectrum. The closest levels ’repel’ 

each other leading to ’avoiding crossings’. The level spacing d is tribu tion  for this 

range o f parameters is close to  a W igner d is tribu tion  - which means tha t nearest 

levels m aintain a certain distance between each other. The energy eigenfunctions 

display a strong degree o f concentration o f the probab ility  along narrow channels 

corresponding to unstable classical periodic orbits, called ’quantum scars’ .
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A dditiona l signatures of the underlying chaos for th is range of parameters were 

obtained by solving the time dependent problem. An in it ia l wave packet becomes 

quickly destroyed giving rise to irregular structures. The energy spectrum ob­

tained based on the tim e evolution turned out to have a continuous component, 

which is the result o f the non in tegrability  o f the corresponding dynamical equa­

tions. Interesting resonant properties o f conductiv ity are exhibited in a quantum 

dot based on the square magnetic b illia rd  maintained in this range o f parameters. 

Regardless o f the positions o f gates, the quantum dot has a maximal conductivity 

when a  «  90. This value o f the parameter a  corresponds to a magnetic field 

B  «  1.8 ■ 10- 5  T . The position o f the resonance does not depend upon the energy 

o f an electron entering the dot, which appear to make i t  impossible to explain this 

phenomenon in  terms o f the classical periodic orbits.

•  As the external field becomes extremely strong, a  >  150, all the lowest eigenstates 

are well approximated by the Landau Levels. They are equidistant, in fin ite ly 

degenerate, uncorrelated levels o f unconfined charged particle in  the magnetic 

field. The wavefunctions of the Landau Levels have a circular shape. Thus, as 

the magnetic fie ld becomes extremely strong, the system acquires a new type of 

the symmetry which restores its integrability. The classical analogue o f Landau 

Levels are trajectories tha t do not undergo any bounces w ith  the boundary.

However, i t  should be mentioned that the h ighly excited levels can not be ap­

proximated by the Landau Levels. These levels exhib it a strong correlation in the 

energy space and the ir eigenfunctions display ’quantum scars’ . The same feature 

is seen in the classical case - the trajectories that are subjected to collisions are 

stochastic for a ll values o f the cyclotron radius. Another relevant fact is that the 

relative amount o f these trajectories tends to zero as the strength o f the magnetic 

field increases farther. S im ilarly in  the quantum case (see F ig u re  4 .4 ) the rel­

ative number o f energy levels tha t approach Landau Levels quickly increases as
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the magnetic field grows. Thus, the dynamics o f the system tends to the regular 

dynamics o f an unconfined particle acted on by a magnetic field.
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Chapter 5

Interacting Particles inside a 

circular billiard: Classical 

dynamics.

The second dynamical system studied in  th is dissertation is the so-called C ircular 

Coulomb B illia rd . I t  represents a charged particle confined inside a circular enclosure 

w ith  perfectly elastic walls. Another stationary particle o f in fin ite  mass is placed inside
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the confinement. The two particles interact by means o f a repulsive electrostatic force. 

The strength o f the Coulomb’s repulsion and the location o f the massive particle are 

the parameters tha t determine the character o f the dynamics o f the system. In  terms o f 

an experimental context, th is system models a quantum dot enclosing several particles. 

Another experimental m otivation for th is dynamical system is tha t i t  can serve as a 

model o f a single electron transistor (a rtific ia l a tom ). I f  the temperature is sufficiently 

high, the particles inside a quantum dot exh ib it classical dynamics.

5.1 The Circular Coulomb Billiard.

The C ircular Coulomb B illia rd  consists o f a charged particle o f mass m  and charge q 

moving inside a c ircular b illia rd . The radius o f the b illia rd  is taken to be unity. The 

walls o f the b illia rd  are perfectly elastic. Another particle of charge Q and in fin ite  mass 

stays stationary inside the b illia rd . The coordinates o f the second (massive) partic le 

are (xo,yo)- The particles repel each other according to Coulomb’s law. Thus the 

Ham iltonian o f the system is

h = ? i + ¥ + .. &  ,5.1)

2m 2m A 1  -  *o> +  (v - » )

which yields the Ham iltonian equations

i  =  y =
m  *  m

g Q ( x - i D) • _  g Q ( y - y  o)
f l / i i  “  ”  ~ j  .

( ( x - x 0) 2+ (y -s /o )2) 5

In  terms o f velocities Uj =  ^  the equations become

x  =  v x  y  =  v y

v-x = -------------------------------------- ^   ?{ y- y_o)---

{ { x - x 0) 2+ { y - y o ) 2V  { { x - x o ) 2+ { y - y 0) 2)%

The parameter 7  =  ^2 characterizes the strength o f the Coulomb repulsion.
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The character of the dynamics in th is system depends on two parameters - 7  and the 

displacement of the Coulomb center from  the center o f the b illia rd . The la tte r breaks 

the symmetry of the system and in  this way acts as an effective stochasticity parameter. 

The character of the dynamics does not depend upon the direction in  which the Coulomb 

center is displaced, but only upon the absolute value o f such a displacement. Therefore, 

we can move the repulsive center in  any conveniently chosen direction, say, the positive 

direction o f the x-axis. Th is way the coordinates o f the Coulomb center (the massive 

particle) become (Ao, 0) and the value X q represents a displacement o f the Coulomb 

center from the center of symmetry. The Ham iltonian becomes

x =  vx y =  vy

iJ -  ___7 (a -*o )  ... =   2M_r
( ( x - A ' o )  + y 2 ) ^  y  ( ( x - A ' o ) 2 + y 2 ) ^ "

The last equations can be integrated numerically using the embedded eight order 

Runge K u tta , Prince-Dormand method w ith  9th order error estimate (see [6 8 ]).

5.2 Poncare sections.

displacement=0.20 displacement=0.70
v.v-, ■m tm sm L ,  n. ; ' ; - y r  • *1

displace ment=0.20 

gamma=0.1
displacement=0.70

gamma=0.1

The firs t way to investigate the dynamics o f the system is to look at its Poncare 

sections corresponding to different sets o f parameters. As in  the case o f the Square 

Magnetic B illia rd  (see Chapter 3.1), a pa ir o f B irkho ff coordinates (P ,Q ) was chosen. 

Recall tha t the coordinate Q - is the coordinate o f the bounce along the perimeter of
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the b illia rd  normalized to unity, while the second coordinate P  is equal to  the cosine of 

the bouncing angle. The Poicare sections were obtained for various sets o f parameters. 

Some resultant pictures are shown in F ig u re  (5 .2 ). A  comprehensive collection o f 

Poncare sections corresponding to a wide range o f system parameters are included in 

Appendix C (F ig u re  C ). From these plots we can see the following general features of 

the dynamics o f the system:

•  When the Coulomb center is situated at the symmetry point o f the b illia rd , the 

dynamics of the system are completely integrable. This fact is just a consequence 

o f the symmetry o f the system: as the repulsive center is placed in  the center o f 

the billiard, the system is invariant under rotations, hence the angular momentum 

is conserved (see as an example [4 '!])■

•  As the Coulomb center is displaced from the center o f the b illia rd , the system 

continues to be regular up to some critica l value o f the displacement. This critica l 

value depends upon the strength o f the Coulomb repulsion. Its  approximate value 

can be estimated visually and grows linearly w ith  the growth o f the value of the 

constant 7 : A cr w 7 . Thus, the strength o f the repulsion suppresses chaos for a 

small degree o f asymmetry.

•  As the displacement of the repulsive center becomes greater than the critica l 

value A cr, the system exhibits a mixed phase space. W ith  continued increase of 

the asymmetry a ll the K A M  to ri are eventually destroyed and the phase space 

becomes entirely chaotic. The greater the value o f the parameter 7 , the faster the 

transition to chaotic behavior. This means tha t the strength of repulsion reduces 

stochasticity for a small degree o f asymmetry, bu t makes the system more chaotic 

in  the case o f large displacement.
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5.3 Lyapunov Exponent.

Let us now study the dynamics o f the system in  terms o f the Lyapunov exponent. The 

procedure used for the numerical computation o f the Lyapunov exponent was outlined 

in  the S e c tio n  1.4. The Lyapunov exponent o f the system was computed for different 

values o f the strength o f the Coulomb interaction (parameter 7 ) as well as for different 

values o f the displacements o f the Coulomb center (parameter Xo). The results of 

the computations are represented in  F ig u re  5.1. Computed values o f the Lyapunov 

Exponent versus displacement of the Coulomb center are p lotted w ith  best f it  curves of 

the logarithm ic interpolation:

y  =  A l n ( — ).
50

The interpolation coefficient A  and xo were found using the least square, method, 

th is means tha t for each computed set o f the points (Xk, Vk) m in im ization was performed 

o f the expression

s 2 =  E ( ^ - ^ l n ( - ) ) 2-
k s°

The interpolating functions tha t describe the Lyapunov exponent versus displace­

ment o f the repulsive center, for some values o f parameter 7 , are

A «  28.561n ( g f § 2) 7  -  0 .1,

A «  68.96In ( ^  7  =  0.2, (5.2)

A «  131.51 In ( ^ . )  7  =  0.5.

The denominators o f the logarithm ic expression grow very fast as 7  increases. This 

means tha t the strong repulsion suppresses chaos for small values of X q. On the other 

hand the m u ltip lie r o f the logarithm ic expression is increasing as 7  grows. As the result, 

the Lyapunov exponent grows much faster for strong values o f the Coulomb repulsion.
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Figure 5.1: Lyapunov exponent versus displacement o f the Coulomb center from the 
center o f the b illia rd . Computations are presented for different values o f the strength of 
the Coulomb interaction (parameter 7 ). The best f i t  curves of the logarithm ic interpola­
tion  are indicated on each graph. I t  can be seen tha t the basic features of the dynamics 
are as follows: The greater the asymmetry of the system - the more chaotic the system 
becomes. As fo r the dependence upon the strength o f the interaction the situation is 
more complicated. F irs t o f a ll, for small values o f the displacement the strong Coulomb 
repulsion suppresses chaos. On the other hand, for stronger repulsion - stochasticity o f 
the system grows much faster and eventually becomes higher. The maximal value of 
the Lyapunov exponent (one that corresponds to the placement o f the Coulomb center 
close to the edge o f the b illia rd ) grows linearly w ith  the growth o f the strength of the 
repulsion.
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The maximal Lyapunov exponent, i. e. the one that corresponds to  the placement of 

the Coulomb center close to the edge of the b illia rd  grows approximately linearly w ith  

the growth o f the strength o f the repulsion.

Thus, in  summary - an increase of the strength of the Coulomb interaction suppresses 

chaos fo r  small values o f the displacement, but quickly makes the system chaotic with a 

larger degree o f stochasticity fo r  sufficiently large degree o f the symmetry break.

5.4 Action-Angle variables.

Now, let us examine the dynamics of the system in terms o f the action-angle variables. 

Due to circular symmetry the rad ia l action:

Jr =  j>  Prdr =  m  j>  rd r  =  m <j> — — d r ,

is best for the computations. The last integral can be computed numerically where a 

complete cycle for variable r  corresponds to m otion between two successive bounces. 

For the case when the Coulomb repulsive center is situated at the center o f the b illia rd , 

the system is integrable, hence Jr =  const. The histogram of the action in such a case 

shows ju s t a single vertical line corresponding to the single constant action. Then, as 

the repulsive center is displaced from the center of the b illia rd , the system becomes 

non-integrable and action JT has a randomly d istributed value. The histograms o f the 

d istributions o f JT for different values o f parameters are represented in  F ig u re  (5.2).

I t  can be clearly seen tha t as the system is nearly integrable the action’s d is tribu tion  

is narrow, and becomes broader as the system becomes more chaotic. Another relevant 

feature is tha t as the strength of the Coulomb interaction is increasing, the system starts 

to exh ib it chaos starting from  some critica l value o f the displacement. The value o f such 

a critica l displacement grows w ith  increasing strength o f the Coulomb repulsion. On 

the other hand, the system’s sensitivity to the stochasticity parameter is much greater 

for greater values o f the parameter 7 .
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Figure 5.2: Histograms o f actions Jr for 7  =  0.1 and 7  =  0.5. The displacement o f the 
repulsive center from the center o f the b illia rd  is acting as the parameter of stochasticity. 
I t  can be clearly seen tha t as the displacement is increasing, the behavior o f the action 
JT increases its randomness.

The degree o f stochasticity can be quantita tive ly estimated in terms o f the variance 

<r2 o f the d is tribu tion  o f JT as a function o f the displacement o f the repulsive center 

from  the center of the b illia rd .

d  ^  j y T r y  ^  ~  Xavera9e )  ■

Graphs corresponding to different values of displacements are represented in  F ig u re

5.4. The graphs clearly demonstrate tha t the system becomes chaotic above some 

threshold value of the displacement A cr. To ascribe a physical meaning to this threshold 

parameter let us find the condition for the tra jectory o f the partic le to cross the center 

o f the b illia rd  when the value of the displacement of the coulomb center from the center 

o f the b illia rd  is <5 and the to ta l energy E  =  1. The energy conservation leads to
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Figure 5.3: Trajectories tha t pass between the center of the b illia rd  and the repulsive 
Coulomb center. The presence of such trajectories affects the character o f the dynamics 
of the system, increasing its stochasticity.

Therefore, trajectories o f the particle start to pass between the center o f the b illia rd  

and the repulsive center (as shown in  F ig u re  5.3) when 5 > j .  On the other hand 

it  can be clearly seen from  F ig u re  5.4 tha t the variance starts to  grow and thus the 

system starts to exh ib it stochasticity as d >ss 7. Thus, the clear conclusion is that 

trajectories passing between the center o f the b illia rd  and the repulsive center are those 

making the system mostly chaotic. As the strength o f interaction increases, the moving 

particle is pushed off center and fewer trajectories are able to pass between the repulsive 

center and the center of the b illia rd . Hence, the system appeared to be regular for a 

greater range o f the displacement o f the Coulomb center.

The general results are exactly the same as those obtained in  the previous chapter: 

an increase in the strength o f the Coulomb interaction suppresses chaos fo r  small val­

ues of the displacement, but quickly makes the system chaotic w ith a larger degree of 

stochasticity fo r  a sufficiently large break o f the symmetry.

5.5 Summary.

The classical dynamics o f two strongly interacting particles b illia rd  was studied in  detail 

from  a number o f different points o f view: Poncare sections, Lyapunov exponents and 

the action variables. A ll these different approaches lead to the same conclusion about
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Figure 5.4: Variances a2  of d istributions o f the actions JT versus displacement o f the 
Coulomb center for different values o f the strength o f the Coulomb interaction 7 . I t  
can be seen from the graphs tha t as the strength o f the interaction is increasing the 
system starts to exhib it stochastic behavior starting w ith  larger values o f the stochastic 
parameter (asymmetry o f the system). On the other hand, the stochasticity o f the 
system appears to be more extensive w ith  the growth o f the Coulomb constant.

properties o f the dynamics o f the system depending upon the strength o f the Coulomb 

interaction (parameter 7 ) and the degree o f asymmetry o f the system (parameter Vo):

• The system is integrable when the repulsive center coincides w ith  the center o f the 

b illia rd .

• When the Coulomb center is displaced from  the center of the b illia rd  and the value 

of displacement is less than some critica l value Vo <  A CT, the m otion continues to be 

regular. The Poncare sections for th is case represent projections o f the K A M  tori. The 

value of the critica l parameter A cr depends approximately linearly upon the strength of 

the Coulomb repulsion A cr ~  7 . Thus the strength of the Coulomb repulsion suppresses 

chaos for the case o f the small degree o f the asymmetry o f the system.

•  When the displacement o f the Coulomb center becomes larger than the critica l 

parameter Vo >  A cr, some o f the K A M  to r i become destroyed and the system ex­

hib its a mixed phase space. Farther growth o f the asymmetry leads to destruction o f 

the remaining K A M  surfaces. This destruction happens faster fo r larger values o f the 

Coulomb repulsion. Finally, as the repulsive center moves close enough to  the boundary, 

the system exhibits a chaotic phase space. The value o f the Lyapunov exponent o f the 

system is growing logarithm ically versus displacement and arrives to its maximal value
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as the Coulomb center is placed near the edge o f the b illia rd . The maximal value o f the 

Lyapunov exponent grows approximately linearly versus the growth of the strength of 

the Coulomb repulsion. This way, the strength o f the Coulomb repulsion increases the 

degree o f the stochasticity o f the system in  the case when the symmetry is sufficiently 

broken.
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Chapter 6

Interacting Particles inside a 

circular Coulomb billiard: 

Quantum Dynamics.

S v I

-  Of V ̂ L i j
0 \  % > ] ■  0 1 0

This chapter discusses the quantum mechanical treatment o f the C ircular Coulomb 

B illia rd . The experimental m otivation for the quantum mechanical approach in descrip­

tion o f this system comes from a rtific ia l atoms at law temperatures, when the character 

of the dynamics is essentially quantum mechanical. Methods, developed and tested in 

this chapter w ill be used later to study more realistic models o f many particle systems 

in confined geometries, which are m axim ally close to realistic models o f artific ia l atoms, 

as well as quantum dots w ith  two or more interacting particles.
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6.1 Quantum Circular Coulomb Billiard.

Starting w ith  the classical Ham iltonian (5.1)

* ! + & !  + _________ 7 __________

2 m  2 m  -  X „ ) 2 +  fa -  so) 2

we again use the parameter

Replacing the dynamical variables by their operators

we obtain the quantum Ham iltonian:

H  =  - I ^ V 2 +    —? --------- r
y/(x-x 0 )~+{y-yo)

V2 — d2. _l d2v -  gp +  q̂ -

Thus the time-independent Schrodinger equation is

- T - V V  +    7_ , _ ^  =
m \/(®  — ^o ) 2 +  (y -  no) 2

In troducing the parameters

e =  ~f?
2m E  a  _  27717

the Schrodinger equation becomes

-V 2'!/' -I— =i j j  =  eijj. 
y /{x  -  x 0 ) 2  +  {y -  y 0 ) 2
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Confinement o f the system inside the circular elastic b illia rd  o f un it radius leads to 

the following boundary conditions:

■ ^ ( * , 1 , 2/ ) ! ^ + ^ !  = 0 .

6.2 Perturbation method: case of weak electrostatic re­

pulsion.

First, in  order to observe some general features o f the quantum dynamics, we apply the 

time independent perturbation method (see [49] or [59]) under the assumption o f weak 

electrostatic repulsion. The exact range of the parameter a  for which the perturbation 

approach yields reliable results w ill be clarified later. Following the standard procedure 

of time-independent perturbation theory, we split the Ham iltonian into two parts

i / 0 =  - V 2 H 1 =  , °  .
V ( z - x o )  + ( y —yo)

An expression for the unperturbed Ham iltonian in  polar coordinates is

0 dp2  p dp p2  d92'

The eigenfunctions o f H q tha t satisfy the D irich let boundary conditions on the un it 

circle are

<i>nm =  Jm(Pn p ) e % m 9  n =  1,2 ,3, . . .  771 =  0 , ± 1 , ± 2 ,. ..

In  the expression above Jm{x) denotes the Bessel functions o f the first kind (see 

[1]) and p™ labels the n - t h  zero o f the Bessel function Jm(x). The energy eigenvalues 

o f the unperturbed Ham iltonian are {p™)2- The perturbation is
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H x =  -
y j(x  -  z 0 ) 2 +  (y -  yo) 2

The eigenfunctions o f Ho corresponding to m  =  0 are not degenerate, therefore 

the corrections to the corresponding energy levels are equal to m a trix  elements o f the 

perturbation

nondegenerate  =  ( ^ n o l - ^ l l ^ n C ) ) -

I f  m ^  0 the energy levels are degenerate and in  order to find general corrections to 

them we have to diagonalize the m atrix  o f the perturbation. However, we can use the 

symmetry o f the system. The displacement o f the Coulomb center can be taken taken 

along the a;—axis. In  such a case, the m atrix  o f the perturbation is diagonal i f  we choose 

the following pair o f the eigenfunction as a basis o f the degenerate state:

<l>ne =  J m iV n P )  c o s M O  <S>no =  J m ( P n P )  sin(m 0 ).

The graphs o f a few eigenfunctions (j)ne and (f>no are represented in F ig u re  6 .1 .

F igure 6 .1 : The pairs of eigenfunctions <f>ne and <f>no for energy values e =  y \ 2  and 
22e =  y f

In it ia lly  degenerate energy levels become sp lit and the resultant corrections to the 

states <j>ne and cpn 0  are
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Figure 6.2: Energy Levels for various values of the displacement of the center of the 
Coulomb field versus strength o f the Coulomb field a  acquired using time independent 
perturbation theory.

A e ^ e  =  {^ n e \H l\< f> n e )  A e n o  ~  { .^ n o \H \\( f> n o ) -

The eigenfunctions of the unperturbed Ham iltonian (cj>ne\ and (4>no\ remain first 

order approximate eigenfunctions o f the perturbed system. The graphs o f the energy 

versus the parameter a  for few values o f the displacement o f the repulsive center are 

represented in F ig u re  6.2. We see tha t the energy eigenvalues increase proportionally 

to a. Let us estimate a range of parameters when the perturbation approach gives an 

adequate description o f the system. Time-independent perturbation theory yields valid 

results i f  Ae <C e (see [49]). The ground state o f the system is the state mostly affected 

by the perturbation. Hence, we use the results obtained for th is state to estimate 

accuracy o f the method. The correction to the energy for this state turned out to be

Ae0 =  3.513510 • a.

The energy eigenvalue of the unperturbed ground state is eo =  5.783186. Therefore, 

the perturbation approach is valid i f
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a  -C 1.65

A ll energy levels (F ig u re  6.2) display a simple linear increase as the result of 

p roportiona lity  o f the perturbation H \ to the value o f the parameter a. Such behavior 

does not exh ib it any degree o f randomness or inter-level correlation as we expect to 

observe in the case o f the quantum correspondence o f the classically chaotic dynamics. 

Let us determine the classical analogue o f the quantum system which evolves in the 

quantum case according to the perturbative methods. A ll the classical computations 

were carried out w ith  the constant value o f the to ta l energy E  =  1, substituted into 

(6 .2 ) to obtain the following relationship between the classical and quantum parameters 

used:

a
7 =  “ ■ e

As before, for an estim ation o f the accuracy o f the perturbative method we use the 

m in im al value o f the energy eo =  5.783186 which corresponds to  the ground state of 

the system where no Coulomb repulsion is present. Therefore, the quantum mechanical 

condition a  C  1.65 emerges in  the classical case as 7  0.1. Th is corresponds to the

case o f an extremely weak Coulomb repulsion, where the force exerted by the Coulomb 

center is so weak tha t i t  does not strongly affect the dynamics o f the system.

As i t  was expected, the results o f perturbation theory are valid only when the clas­

sical analogue o f the system exhibits regular dynamics. Therefore, data obtained in 

this section has no connection to the underlying classical chaos. However, the results 

obtained here can be used as the lim itin g  values corresponding to  the case o f weak re­

pulsion to check the correctness of methods that w ill be introduced in  the coming parts 

o f th is chapter.
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6.3 Application of the Rayleigh-Ritz method.

In  th is section we solve the time-independent Schrodinger equation (6 .3 )

- A 2̂  H— j -- - — ■■■■■ = rp  = eif)
\ ] { x -  xq ) 2  +  { y -  y0 ) 2

using the Rayleigh-Ritz method (see [59 ]), which yields good results for quite a wide 

range o f quantum mechanical Ham iltonian systems. As an orthonormal set of Rayleigh- 

R itz tr ia l functions we use

6 ) =  p)e% m 6  m  =  0, ±1, ± 2 , . . .  n  =  1,2, 3 , . . .

In  the expression above Jm(x) are the Bessel functions o f an integer order, y™

denotes the n-th  root o f an equation Jm(y) =  0 and Cm is the normalization constant. 

As known from the theory o f Bessel functions (see [1]) (pnm form a complete set. Besides 

that, the boundary conditions <j>nm\p=i — 0  are satisfied, and as a consequence, this is 

true for a rb itra ry  linear combination A nm^ nm. Therefore, we look for a solution of 

the form

V’(P) = 'y 1 Anm finm {Pi i
T im

where A nm in  the last expression are undefined coefficients. To obtain a summation 

governed by a single index, we reorder the tr ia l functions in  ascending order of the

values y™. Th is yields a slightly different form  o f the solution:

tK p ,0 ) =  £ iM * ( p , 0 ) .  (6.4)
i

Next we substitute p ,9 ) in to  the Schrodinger equation (6 .3 ), m u ltip ly  by (<f>j|, 

integrate and use the closure relation {(j>j\(t>i) — Sji . This produces a m atrix  equation

HjiA i = eAj.
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In  the expression above H ji  denotes the Ham iltonian m atrix:

H ji  =  {<f>j\H\(f>i}.

We solve (6 .5 ) using the L U  decomposition method (see [6 8 ]). The m atrix  eigen­

values obtained are the Rayleigh-Ritz approximation for eigenvalues o f the Schrodinger 

equation. Substitu ting components o f the eigenvectors A  of the m a trix  equation into 

(6 .4 ) give the Rayleigh-Ritz approximation for the eigenfunctions o f the Hamiltonian. 

The more tr ia l functions we use, the more accurate the results are. To test the relia­

b ility  o f the method we perform a procedure, s im ilar to that described in  the S ection

4.5. We increase the amount o f tr ia l functions used (N ) u n til the results s tart to be 

independent o f N .

The computations were carried out using N  =  196 tr ia l functions. The lowest 150 

energy levels appeared to be independent o f N , therefore the lowest 150 eigenfunctions 

obtained can be considered as the realistic set o f eigenfunctions o f the system. A  fur­

ther increase o f N  would provide reliable results for a larger amount o f eigenfunctions. 

However, i t  would require much more powerful computers than those available for work 

on this dissertation.

6.3.1 E nergy eigen levels o f th e  system .

F ig u re  6.3 represents a few o f the lowest energy levels versus a  for various values o f the 

displacement obtained using the Rayleigh-Ritz method. Compared w ith  the analogous 

spectrum acquired using perturbation theory (F ig u re  6 .2 ) we can see that for very 

small values o f a  the results obtained by these two methods agree - a ll the energy 

eigenvalues in both figures display a linear increase, proportional to a. Later on, the 

energy levels obtained by the perturbative method start to cross each other, while the 

Rayleigh-Ritz method shows tha t the levels avoid crossing, repelling each other.

Unlike the above set o f graphs, we represent the energy spectrum versus the dis-
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Figure 6.3: Energy Levels for different values o f displacement o f the center o f the 
Coulomb field versus strength o f the Coulomb fie ld a
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Figure 6.4: The lowest ten levels o f the energy eigenspectrum versus displacement of the 
Coulomb center for various values of the strength o f the Coulomb repulsion (parameter

em­

placement o f the Coulomb center for various values o f the strength o f the Coulomb 

repulsion in  Figures (6 .4 ) and  (6.5). The following general description o f the system 

in terms o f its energy spectrum can be given based on these pictures:

•  As the Coulomb repulsion is weak a  < «  2, the dynamics o f the system can be 

well approximated by perturbative methods. The energy levels show at a small 

rate proportionally to a, and there is no correlation between them. The classical 

analogue o f th is case is regular motion, when the Coulomb repulsion is too small 

to significantly affect the dynamics o f the system.
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Figure 6.5: The lowest th ir ty  levels o f the energy eigenspectrum versus displacement 
o f the Coulomb center for vaxious values o f the strength of the Coulomb repulsion 
(parameter a).

•  When the Coulomb repulsion is sufficiently strong, but a displacement o f the re­

pulsive center from the center o f the b illia rd  is smaller than some threshold value, 

the energy levels are not correlated and they change approximately in  proportion 

to the displacement o f the Coulomb center. The threshold value o f the displace­

ment that puts a lim it to th is sort o f behavior is Wo ~  f . The last equation 

corresponds classically to Wo ~  7 . In  the classical case this condition indicates a 

transition from regular to chaotic character o f the dynamics for a certain degree of 

asymmetry. Thus we obtain one more example tha t, when the classical dynamical 

system exhibits regular dynamics, the energy levels o f its quantum analogue are 

uncorrelated.

•  As the displacement o f the repulsive center from the center o f the b illia rd  becomes 

sufficiently large, Wo > ~  f ,  the p icture o f the energy spectrum shows a great deal 

o f a randomness due to numerous repulsions o f the closest levels. This means 

tha t different eigenstates of the system become strongly correlated. The quantum 

condition Wo > ~  f  classically means Wo >  7 . The classical dynamics for this 

range of parameters exhibits a mixed phase space tha t eventually becomes chaotic. 

Thus, we observe tha t when the classical analogue o f the quantum system exhibits 

chaotic dynamics, the quantum energy levels s ta rt to display strong inter-level
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correlation.

6.3.2 Level spacing sta tistics .

As already mentioned (Chapter 2.3) and revisited in  the previous subsection the energy- 

level statistics can be an im portant indicator o f an underlying classical chaos emerging 

from the quantum mechanics. A  common feature o f quantum systems that have chaotic 

classical analogues is ‘level repulsion’, while a lack o f such a repulsion, or Poisson statis­

tics indicates that the classical counterpart of the quantum system is regular.

We are going to examine the energy-level statistics o f the quantum Coulomb b illia rd  

analyzed in this chapter. We take an ordered set o f the energy levels of the system, and 

compute spacings of the neighbor levels:

A f c  =  €fc+ x -  €fc.

The values A k appear to be d istributed randomly and we compute a histogram of 

this distribution. Some results are represented in  F ig u re  6 .6 . They correspond to 

a  =  50 and various values o f the displacement o f the Coulomb center. A  large collection 

of the histograms obtained for quite a wide range o f parameters o f the system is placed 

in Appendix D (F ig u re  D .7 ). The general features o f the level spacing d is tribution 

can be summarized as the following:

•  When the Coulomb center is placed close to the center o f the b illia rd  all the 

histograms show an extremely sharp maximum at the origin. This is a consequence 

of an in fin ite  degree o f degeneracy in terms of the angular momentum of the system 

w ith  axial symmetry.

•  As the displacement o f the Coulomb center grows, the probab ility  for two neighbor­

ing levels to have equal values o f the energy becomes relatively smaller. However, 

this probability  does not completely disappear - i t  remains equal to some nonzero 

value even for the highest degree o f the asymmetry when the repulsive center is
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Figure 6 .6 : Histograms o f the level-spacing d is tribu tion  (the dark-blue lines) of the quan­
tum  circular Coulomb b illia rd  w ith  a  =  50. The violet lines represent the corresponding 
Poisson distributions, while the light-blue lines represent the W igner d istribution. I t  
can be seen tha t as the displacement o f the Coulomb center is small, the d is tribu tion  
exhibits a sharp maximum at the origin. This is the result o f an infin ite degree of de­
generacy o f the integrable case. As the degree o f an asymmetry is growing the energy 
levels become correlated, thus the p robab ility  for two close levels to have equal energy 
values becomes relatively small. However, all the histograms show a nonzero value at 
the origin, therefore some uncorrelated energy levels remain presented. The shape o f 
the histograms corresponding to large degrees o f the asymmetry seem to  be sp lit on 
two parts: the le ft part tends to the Poisson random walk statistics while the righ t one 
approaches W igner’s d istribution.

placed close to the boundary. The shape o f the histograms for sufficiently large 

values o f the displacement a  >  0.4 appears to consist o f two pieces. A  part corre­

sponding to small values of the spacings (A  <ss 3) seems to be described by the 

Poincare random walk statistics, while the righ t portion  o f the graph (A  > «  3) 

clearly approaches W igner’s d istribu tion .

The above summary suggests a reason to th ink  th a t the energy spectrum of the 

system consists o f two d istinct parts. The energy levels tha t belong to the firs t part 

are uncorrelated and spacings between them obey Poisson statistics, while the rest 

o f the levels exhibits a strong inter-level correlation and the ir spacings are described 

by W igner’s d istribu tion . This is consistent w ith  what was observed in  the previous 

subsection. As we noticed there, the energy levels exh ib it a strong repulsion when 

Xo > f  (F ig u re  6.5). This means tha t i f  we consider a hyperbola e =  ^  , then all the
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states above th is hyperbola display strong inter-level repulsion. To figure out what kind 

o f energy levels correspond to a system w ith  a certain strength o f Coulomb repulsion 

and a certain degree o f asymmetry we have to draw a vertical line X$ =  const on one 

o f the graphs in  F ig u re  6.5. This line crosses numerous uncorrelated spectral curves 

situated below the hyperbola and then i t  penetrates in to  a region where a strong level 

repulsion is present. The lowest energy levels are situated below the hyperbola e =  

and these levels have quite a smooth shape and do not display any correlation w ith  each 

other. Thus the lowest spectral lines form  an uncorrelated part o f the energy spectrum, 

the one described by the Poisson random walk statistics. On the other hand all the 

energy levels above the hyperbola e =  ^  form  the correlated pa rt of the spectrum, 

the ir statistics are described by W igner’s d istribu tion .

6.3 .3  E igenfu n ction s o f th e  sy stem .

A  large presentation o f the eigenfunctions of the system obtained using the Rayleigh- 

R itz  method is given in  Appendix D (F ig u re  D . l ) .  The eigenfunctions corresponding 

to the random part o f the energy spectrum are what a ttract the most interest for the 

purpose o f th is dissertation. As i t  was shown in  the previous subsection the inter-level 

repulsion becomes significant and the classical counterpart o f the system is chaotic when

a
X q >  — . 

e

A  few o f eigenfunctions w ith  parameters satisfying the last relationship are repre­

sented in  F ig u re  6.7. They display a strong concentration o f the p robab ility  along 

narrow channels, corresponding to the classical periodic orbits. As i t  was already men­

tioned, th is sort o f eigenfunction is called a quantum scar and its presence indicates that 

the classical analogue o f the quantum system is chaotic. Thus, the analysis o f the wave 

functions o f the system provides one more quantum m anifestation of the underlying 

classical chaos - the quantum scars.
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Figure 6.7: The wavefunctions of some o f the quantum states w ith  parameters obeying 
the relationship Ao >  f . Thus the classical analogues o f these states are chaotic. The 
wavefunctions in  the Figure display a strong concentration o f the probab ility  along 
narrow channels - quantum scars. Shapes o f the scars resemble shapes o f the classical 
periodic orbits.

6.4 Solution of the problem with the axial symmetry.

As was discussed in  the previous section the accuracy o f the Rayleigh-Ritz method de­

pends on the number of tr ia l functions used (N ). which is lim ited by the computational 

resources available. Therefore, the Rayleigh-Ritz approach can not be applied i f  we need 

to examine highly excited states. In  the earlier chapters the method o f matching o f the 

boundary conditions was devised (see S e c tio n  4 .6) to find the highly excited levels 

o f the quantum square magnetic b illia rd . Now we are going to apply th is method to 

the system examined in this chapter. F irs t, we need to  solve the problem w ith  an axial 

symm etry to use its eigenfuctions as a set of t r ia l functions for the method of matching 

o f the boundary conditions.

The axial symmetry implies tha t the Coulomb center coincides w ith  the center of 

the b illia rd . The Ham iltonian in  this case is
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To find the eigenfunctions we use a separation o f variables

<p(p, 8 ) =  §(p)e i m 6  m  =  0 , ± 1 , ± 2 , ■ • •

The requirement for <j) to be single-valued leads to the fact tha t the quantum number 

m  can be only an integer value. The radial part <f>(p) must satisfy the following equation:

1 T77^ cv
^  =  0  , (6 .6 ) 

P P P

w ith  the boundary condition $ ( 1 ) =  0  and the additional requirement that 4>(p) is finite

at the orig in p —>• 0. Two asymptotic solutions o f the equation ( 6 .6 ) as p -> 0 are

p±M.

However, for \m\ ^  0 only one o f these functions is fin ite at the origin. Hence, we 

have to chose this one and obtain the asymptotic behavior o f the radial part as p —y 0

$ ( p ) = p H  p - »  0 .

This consideration yields the Cauchy conditions for the numerical solution o f the 

equation ( 6 .6 ).

$(0) =  1 5>(<5r) =  1 771 —  0
$(p ) =  {

$(0) =  0 ${ 5t )  =  ( 5 t )h  

Using this Cauchy conditions we apply the embedded 8 th order Runge-Kutta Prince-

134

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 6 .8 : Results o f the numerical solution o f the equation ( 6 .6 ). The left graph 
corresponds to m  =  0 and the righ t one to  m  =  1. Different curves on the same figure 
correspond to a  =  0 10 20 30.

Dormand method with 9th order error estimate (see [ 6 8 ])  to integrate ( 6 .6 ). The graphs 

o f some o f the solutions obtained th is way are represented in  F ig u re  6 .8 . The red curves 

on each picture correspond to a  =  0 and hence are the Bessel function o f an integer 

order Jm(x). As the parameter a  grows - the particle becomes displaced farther from 

the repulsive center.

The next th ing  to do is to match boundary conditions. I t  can be done by adjusting 

the parameter e. For each combination o f the parameters a  and m  we determine numer­

ically the values o f e such that the radial part vanishes on the boundary $(1) =  0. In  

this way a discrete set o f the energy eigenvalues, ey, was allocated each corresponding to 

the same quantum magnetic number m  bu t to different p r in c ip a l q u a n tu m  num bers  

K .  The quantum number K  is equal to  the amount o f zeros o f the radial part of the 

wavefunction.

A  few o f the lowest energy levels are represented in  F ig u re  6.9. A n  interesting 

feature to notice in  the behavior o f the spectral lines is tha t for sufficiently large values 

o f the constant o f interaction, a, the energy eigenvalues corresponding to the same 

principal quantum number K  but to a different magnetic number m  come extremely
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Figure 6.9: Energy spectrum versus the parameter o f interaction a.

Figure 6.10: The wave functions o f the ground state for different values o f the strength 
o f the repulsive potentia l a  =  0 5 10 20.

close to each other. Th is means tha t the strong interaction suppresses the degeneracy 

in  terms o f the angular momentum. Another interesting feature is tha t the energy 

levels corresponding to the magnetic quantum number m  =  0  grow at much higher 

rate for small a  (a  < «  15). They then reduce the rate o f the ir growth, and eventually 

approach a ll the other lines w ith  the same quantum number K .  Th is type o f behavior 

can be understood from  the fact, tha t for th is energy levels the maximum probability 

in it ia lly  corresponds to p =  0. Therefore, as the repulsive pole appears at the center 

o f the b illia rd , the potentia l energy o f th is levels acquires the highest value, hence this 

levels become m ostly affected by the presence o f the field. To m inim ize the energy 

the maximal p robab ility  becomes displaced from  the position o f the repulsive center. 

Eventually these levels change the ir shape as can be seen in  the pictures (6 .10) (6 . 1 1 )
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Figure 6.11: The wave functions corresponding to the quantum numbers K  =  2 M  =  0 
for different values o f the strength o f the repulsive potentia l a  =  0 5 10 20.

Figure 6.12: The wave functions o f the first excited state K  =  1 M  =  1 for different 
values o f the strength o f the repulsive potentia l a  =  0 5 20 50.

and extreme growth of the ir energy values slows down.

6.5 Method of Matching of Boundary Conditions.

As illustrated in  the case o f the quantum square magnetic b illia rd , we are going to use 

the set o f in fin ite ly  degenerate eigenfunctions, obtained in  the previous section, as tr ia l 

functions for the method o f matching o f the boundary conditions. The Ham iltonian of 

the system is

We use the notation a, e)eimB for the eigenfunctions obtained in  the previous

before we consider the displacement o f the Coulomb center along the a;-axis: (j/o =  0 ).

d2 I d  I d 2
dp2 p dp p2 d62 +

a
(6.7)

section (that satisfy the Schrodinger equation fo r  the case with axial symmetry). As
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We are looking for a solution o f the equation (6 .7 ) in  terms o f a series

N

i> (x ,y )=  E  Cm$(p ',a ,e )e ime'. (6.8)
m = —N

In  the expression above Cm are a rb itra ry coefficients and

p' =  \ f { x - x 0f  +  (y - y o ) 2 =  arctan

are the polar coordinates in  a polar coordinate system originated at the position of the 

repulsive center. Each term in  the series ( 6 .8 ) satisfies the Schrodinger equation w ith  

the parameters a  and e, as does the ir a rb itra ry  linear combination. The next th ing to do 

is to find a solution tha t satisfies the boundary conditions. This can be accomplished by 

adjusting the coefficients Cm in  such a way tha t the ir linear combination ( 6 .8 ) vanishes 

on the boundary. We choose 2N  +  1 points on the boundary w ith  coordinates p 'i,8 'i .  

Substitution o f the coordinates o f all these po in t in to ( 6 .8 ) and the requirement tha t 

the linear combination is equal to zero on the boundary produces 2 N  +  1 complex 

homogeneous equations w ith  2N  +  1 unknown coefficients Cm.

N

1 > ( p ' M =  E  C m $(p 'i ,* ,e )e im6,i =  0  i , j  =  0 , ± 1 , ± 2 , . . .  ± N .  (6.9)
m —- N

The system o f linear homogeneous equations has nontriv ia l solution i f  its  determ i­

nant is zero. This way the condition

det||i4,-m|| =  det ||$ (p 'i ,a ,e )e irne,’ || =  0

helps to allocate the energy spectrum for every value o f the parameter a.

Calculations were carried out for N  =  128, producing operations on 257 x 257 

matrices. I t  turned out that graphs of det ||.Ai7n||(e) have extremely sharp m inim a at 

certain values o f e. Let us denote a set e tha t corresponds to these m inim a as e; . The 

system o f equations (6 .9) has a nontriv ia l solution for these values o f e, while for the
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Figure 6.13: Plots of the dependence det ||Ajm||(e) for sets o f parameters a  =  5 Xq =  
0.10 and a =  5 Xq =  0.50. The graphs are done in  a logarithm ic scale along the y-axis. 
Sharp m inim a on each o f the graphs indicate a set o f the energy eigenvalues e,.

orig inal Schrodinger equation (6 .7 ) the set ej represents the energy eigenvalues. Typical 

plots o f the graphs det ||Aim||(e) are represented in  F ig u re  (6 .13 ). Very clear m inim a 

on each o f the graphs indicate the energy eigenvalues o f the Hamiltonian.

Once energy eigenvalues are obtained, they are substituted into (6 .9 ). Then, sim­

ila rly  as i t  was done in  the S ec tion  4.6, we set one o f the coefficient Cm to  be equal 

to  some nonzero value in  order to  obtain a non-homogeneous system of equations. To 

decide which one o f the Cm to  use we compute the norm o f each column o f the m atrix  o f 

the system (6 .9 ) and set a coefficient tha t corresponds to a m inim al norm to  be equal 

to  one. Then the resultant non-homogeneous system o f equations is solved numerically 

using the LU-Decomposition method (see [6 8 ]). Once obtained, the resultant solution 

set Cm is substituted into ( 6 .8 ) and this yields an unnormalized wavefunction.

The eigenfunctions and the energy eigenvalues obtained by the method described in 

th is section are in  good correspondence w ith  those obtained recently by the Rayleigh- 

R itz  method. This means tha t these two methods are in  a good agreement w ith  each 

other. An extensive outlook o f the wavefunctions is given in the Appendix D (F ig u re  

D . l ) .  However, the method o f matching the boundary conditions has an im portant 

advantage. As was mentioned earlier i t  allows one to obtain results for h ighly excited
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states, when application o f the Rayleigh-Ritz method becomes impossible because of 

the lim ited capabilities of the computational facilities available. A few eigenfunctions 

o f highly excites states obtained by the method o f matching o f the boundary conditions 

axe shown in  F ig u re  6.14.

H U I
H H g S H B R

Figure 6.14: Wavefunctions o f highly excited («  500) states obtained by the method o f 
matching of boundary conditions. Corresponding parameters of the system are a =  50 
and -Xo =  0.3.

The m ajor disadvantage of the method o f matching o f the boundary conditions, as 

mentioned in  S ection  4.6, is tha t i t  does not give us a ll the energy eigenvalues. Some 

o f the eigenstates can be missed. To avoid such losses we have to increase the amount 

o f tr ia l functions used which faces the same problem as we encountered while u tiliz ing  

the Rayleigh-Ritz method: the lim ited  power o f available computers.

6.6 The time-dependent Schrodinger equation.

In  the previous sections the Quantum Coulomb B illia rd  was examined based on the 

tim e independent Schrodinger equation. The eigenvalues as well as the eigenfunctions 

were obtained; they show clear signatures o f an underlying classical chaos. As was 

observed when studying the square magnetic b illia rd  (S e c tio n  4.8), the time evolution 

o f the system displays additional features that can be considered as the consequences 

o f the underlying classical chaos. In  th is section we examine a tim e propagation o f an 

in it ia l wave pattern in  the quantum coulomb b illia rd . To solve the problem of the time 

evolution we have to solve the time-dependent Schrodinger equation:
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i h — V =  H V .  
at

The quantum Ham iltonian operator o f the system is the same as before (6 .1):

H = - h V 2 +
2m \ / ( x - x o )  + (y -s /o )2

v 2  =  S i* +  55*-

A  formal solution o f the time-dependent Schrodinger equation is expressed in terms 

o f an exponential evolution operator acting on an in it ia l wave pattern (see as an example 

[59]):

\ f ( r ,  t) =  0 ).

For numerical solution we use the same procedure as was applied when studying 

the square magnetic b illia rd  (see S ec tion  4.8) - the sp lit operator method. F irst the 

Ham iltonian is represented as a sum of operators o f the kinetic and potentia l energies 

H  =  T  +  V. Next the following approximation for the exponential operator was used

efdt+vdt w efd tevdt w ev di eid tev f  _ (6.10)

The approximation (6.10) is valid up to terms o f an order (dt)3 (see [59]). We then 

choose an in itia l wave-packet ^ !(x ,y ,to )  and act on i t  by the operator (6 .1 0 ) to obtain 

a state at the moment o f time to +  A t

'$>{x,y,t0 +  A t)  =  e ~ ^ Ate ~ ^ ^ ^ ( x , y , t 0).

The operator e ~ ^ ’^  is diagonal in  configuration space. Thus its action on ^(rc, y, to) 

leads to a phase-shift o f the wavefunction in position space.
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y ( x , y )  =  e~^v ~ ^ ( x , y , t 0) =  e V ^ ~ xo)2+(v-vo)2 \Jr(x,y,tQ).

The operator o f the kinetic energy is diagonal in  momentum space. To represent 

$ {x ,y )  in  momentum space we express i t  in  polar coordinates and expand i t  in  the 

Bessel series (see [38]):

* (P ,9 )  =  E C kJ M ( ^ p ) e iM^  

x  — p cos (j) y =  p sin <j>.

In  the form ula above pf? labels the k — th  root of the integer order Bessel function 

Jm {p p )- The ordering o f the terms in  the series is performed in  the ascending order o f 

p j f .  The Bessel functions Jm {p p ) are eigenfunctions o f the Laplacian operator w ith  the 

eigenvalues - ( / i£ f )2. Therefore, an action o f the Laplacian operator A 2 on the Bessel 

function J ^ i y j f p )  leads to its m u ltip lica tion  on — ( p j f ) 2. Prom the last follows that the 

action o f the exponential operator leads to the m u ltip lica tion  of each coefficient

Cfc in  the Bessel series by a complex phase e 2m m

e~if M * (x ,y )  =  Y , - ^ k f C k J M { p f p ) e iM<i>.

Then, perform ing the inverse Bessel transform o f the resultant Bessel series, we 

obtain a function in  the configuration space $ (x ,y ) .  The last operator on the

function ^ ( x , y )  yields the desired function T (x , y, to +  A t)

$ ( x , y, t0 +  A t)  =  qr(x , y).

Some examples o f the time evolution are represented in  F ig u re s  (6 .15 ) and  (6.16). 

The firs t figure represents the tim e evolution o f an in itia l wavepattern for the case 

w ith  axial symmetry - this means the classical analogue is integrable. The in itia l wave
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pattern exhibits some oscillatory m otion - as is expected for the integrable quantum case. 

F ig u re  6.16 represents the tim e evolution of the sim ilar in it ia l wave pattern  governed by 

the Ham iltonian o f an asymmetric dynamical system. The repulsive center is displaced 

one half - radius o f the b illia rd . The classical analogue is known to  exh ib it a mixed 

phase space. The in itia l wave pattern  was destroyed and the motion was suppressed 

to the left side of the b illia rd . Th is is a clear example o f a non-integrable quantum 

system, which does not have a discrete spectrum of energy eigenvalues. Therefore, such 

a system can not be represented in  terms o f a series o f functions, oscillating in time

w ith  the eigenfrequencies utj n ■

uV'5 .» ^W '  - F * .  '-V ' V : ' ? i ? L  ^

V  ** t  ^  i *- *  * *  ► v   ̂ w  **u * £ r +
 ̂ ^ 4 r S ** 'i’OM ^ ^ ** “** *■ M

t v  ^  7  y T ............ -  ^  y  ^

V *  V * X  - V  ~ f  ;  *' * V f  ^
I t . ^  . V  ;  *  V  * y > i $ ~ * • :  - '
i. ‘  ^ O  ”  & , n  v  ‘ a n h  %  " f -  o h i .  V  -

<

t*?-4 * — £  \ v*  ' t J L ^  V x  1 “-to- t > ^  ^  J&S
fefowiiSnihi , •■ m^'in-riri- riiMii-nr~.fT» ■ -  -frA-twate n.v—i.'fin . Jia^ . . »■ -» .,,- j .  ■.■

Figure 6.15: The Coulomb field is centered at the center o f the b illia rd . The correspond­
ing classical case is integrable. The wave pattern exhibits regular oscillatory motion.

Figure 6.16: The Coulomb field is displaced from  the center o f the b illia rd  to the right. 
The corresponding classical case is chaotic. The in it ia l wave pattern  is being destroyed, 
and late tim e evolution restricts the m otion o f the partic le  to the left side o f the b illia rd .
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6.6.1 The energy spectrum of the tim e evolution.

To find the energy spectrum of the Ham iltonian from  a solution o f the time-dependent 

Schrodinger equation we use the same procedure as the one described in  Subsection

4.8.1 for the case o f the square magnetic b illia rd . We compute a correlation o f the 

in it ia l wavefunction To and the wave function in  fu ture moments o f tim e T ( f) . Let 

us assume tha t there exist a complete set (<pj) o f orthonormal eigenfunctions of the 

Ham iltonian H, w ith  a corresponding set o f energy eigenvalues, Ej. We expand To in  

a series o f (f>3:

To =  £ C ^ - .

Based on the last expansion the tim e evolution is (see [59]):

T  (t) =  ' £ C j e ~ iE^ j .

The correlation function is

<  T 0 |T (t)  > = <  Y . C M  > =

The Fourier spectrum o f the last expression is a linear spectrum w ith  peaks corre­

sponding to the subsequent values o f Ej. In  numerical computations we use the same 

set of parameters as everywhere throughout this Chapter:

2 mE 27717

F ig u re  (6 .17) illustrates the Coulomb spectrum obtained from  the solution of the 

time-dependent Schrodinger equation for the case a  =  10 and various displacements o f 

the Coulomb center from the center o f the b illia rd . I t  this is im portant to note tha t 

the energy eigenvalues obtained correspond to those acquired in  the previous sections
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o f this Chapter as the result o f solving of the time-independent Schrodinger equation. 

This is an indicator o f a correspondence o f all the methods used.

The next th ing to examine is the appearance o f spectral lines. For a small displace­

ment from the center we clearly see a well-defined linear spectrum. This is the case when 

the corresponding classical dynamics are regular. As the displacement increases we see 

tha t the spectrum contains new lines and eventually becomes continuous. This is ex­

actly what one expects for the non-integrable case. I f  the dynamics are non-integrable, 

a complete set o f eigenfunctions does not exist and, therefore, the time evolution of the 

system can not be represented as a series o f oscillatory terms:

=  Y , c j e~ * E jth -

Thus, our in itia l assumption about the existence o f a complete set o f eigenfunctions 

o f the Ham iltonian is wrong when the classical analogue o f a quantum system is chaotic. 

Hence, the real time evolution has a different character, not the one tha t was in itia lly  

assumed. A  tim e development of the quantum system tha t has a chaotic classic analogue 

is more complicated and i t  is not not expressible in  terms o f an oscillatory series.

6.6.2 Loschmidt Echo.

Let us investigate dynamics o f the system using the concept o f the the Loschmidt Echo. 

As mentioned in  Section 2.1, according to an idea o f Asher Peres (see [64]) overlap 

o f two identical wave packets, each evolving under two slightly different Hamiltonians, 

can be used as an indicator of underlying classical chaos. This overlap is also called 

the Loschmidt Echo, and in  a case o f its  exponential decay the corresponding quantum 

system was shown to have a chaotic classical analogue. For computations we take an 

in itia l wave pattern To and propagate i t  under two slightly different Hamiltonians:

T ( f)  =  e- ^ T 0 T (f)  =  e“ £( M l ) ‘ T 0.
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Figure 6.17: Energy spectrum corresponding to the same Coulomb interaction constant 
a  — 10 and the same in itia l wave packet, bu t different displacements o f the Coulomb 
repulsive center from the center o f the b illia rd . The last set of parameters corresponds to 
the classically chaotic analogue. The resultant spectrum o f the time evolution appears 
to be continuous as the result of nonintegrability.

As the perturbation to the Ham iltonian H  was taken to be a small displacement 

(taken equal to 10-4 J o f the repulsive Coulomb center. How this small perturbation 

affects the time-evolution o f the in it ia l wave-packet is described quantita tive ly by an 

overlap integral

Some results o f numerical computations o f this overlap integral for various values of 

the displacement o f the repulsive center are shown in  F ig u re  (6 .18). Values plotted on 

the pictures are logarithms o f the overlap integrals. One can see that for small values of 

the displacement, the overlap integrals decay by a power law - the graph o f the logarithm  

represents the logarithm ic curve. For larger values o f the displacement - the curve o f the 

logarithm  of the overlap integral becomes a straight line, therefore the Loschmidt Echo 

decays exponentially. This demonstrates tha t the quantum system tha t has a chaotic 

classical analogue exhibits an exponential decay o f the overlap integral, which is one 

more manifestation o f the underlying classical chaos.
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Figure 6.18: The same in it ia l wave-packet was propagated under two slightly differ­
ent Hamiltonians. The Hamiltonians differ by an extremely small displacement in the 
position o f the repulsive center (taken equal to 10-4 ). The logarithms o f the overlap 
integrals (the Loschmidt Echo) versus tim e are given on the graphs for various positions 
o f the repulsive center. F irs t two graphs demonstrate a power law decay, while the last 
two show the exponential decay o f the Loschmidt Echo, which is an indicator o f the 
underlying classical chaos.

6.7 Transport properties.

Let us consider a quantum dot tha t confines an electron in  a two-dimensional interlace 

of a circular shape (F ig u re  6 .7 ). A n  additional stationary charged pole produces an 

electrostatic field inside the confinement. Such a quantum dot is a possible experimental 

realization o f the quantum system analyzed in this chapter. A n  electron enters the cavity 

through a tin y  gate made at the po in t ( x q , yo) on the boundary. There is another gate, 

made at the point (m i, 2/1), where we expect the electron to leave the cavity.

We approximate a wavefunction o f the entering electron by a m in im al uncertainty 

wavepacket localized a t the po int ( : ro ,yo )  w ith  uncertainties in  coordinates A x , A y  (see 

[59]).

Vo(x ,y ) =  \ l   ------ e~{^ ] + ik*°x+iky°v.
2 n A x A y

(6.11)

Then we expand the in itia l wave packet in  series o f <j>j - the eigenfunctions of the 

system th a t were found in  Section 6.3:

(6.12)
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Figure 6.19: A  model o f a ’quantum d o t’ based on the circular coulomb billia rd . A 
charged particle enters the dot through a gate (xo,yo) and leaves it  through a gate
(mi, y i) .

The time evolution of the in itia l wavepacket is

=  (6-13)
j

In  the last expression E j  labels energy eigenvalues o f the set <pj. A  probability 

density for the electron to escape from the cavity through the second gate is equal to a 

projection o f z, y) on a m inim al uncertainty wavepacket, which is localized at the 

po in t (mi, 2/1). We denote such an outgoing packet as T i  and expand it  in  series of

{x ,y )  =  Z j D j t j  D j  =  { ^ l^ i ( m ,y » .  (6.14)

The projection o f ^ { t , x ,  y) on 'F i is

(^ (£ ,m ,y )|^ i>  =  ( Z C j ^ e - ^ ^ D ^ n )  =  ■ (6-15)
j  n j

To obtain a p robab ility  for the electron to escape the cavity through the second 

gate we square the last expression and take its tim e average. A ll the oscillating terms
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w ill disappear as the result o f an averaging, thus, an expression for transition o f the 

quantum dot becomes:

T = | ( ^ ( t , 2:, y ) | $ 1 ) | 2 =  E l ^ | 2| ^ | 2- t6' 16)
j

We examined numerically the transition  properties o f the c ircu lar coulomb b illia rd  

for two different positions o f the entrance gate. The outgoing wavepacket was localized 

at the point w ith  the coordinates (1 .0 , 0 .0 ) (the right most point o f the circular bound­

ary). The repulsive center was placed on the x —axis. To d istinguish cases corresponding 

to different allocations o f the incoming wavepacket, the follow ing notation was used:

•  T\ labels the transition probab ility  for a case when the entering wavepacket is cen­

tered at the point w ith  coordinates (—1 .0 , 0 .0 ) (the left most point o f the circular 

boundary).

•  T2 labels the transition  p robab ility  for a case when the entering wavepacket is 

centered at the poin t w ith  coordinates (0 .0 , 1 .0 ) (the top most point of the circular 

boundary).

0 5 CD OS 

displacements.1 K=1

•os 00 os 
displacements.5 K=1

•0 5 00 1.0

displacementS.5 K=17

Figure 6.20: Transition T\ o f the quantum dot for various values o f displacement o f the 
Coulomb center from the center o f the b illia rd  and different wave-numbers K  o f the 
incident wavepackets.
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Figure 6.21: Transition T2 o f the quantum dot for various values o f displacement o f the 
Coulomb center from the center o f the b illia rd  and different wave-numbers K  o f the 
incident wavepackets.

Results o f the computations for various sets o f parameters are represented in  F ig u re s  

6 . 2 0  and  6 .2 1 . Some general properties o f the quantum dot in  terms o f its transition 

can be briefly summarized as the follows:

•  The transition T\ exhibits a sharp m inim um  in a case when the system is integrable 

(Xo =  0). This situation persists for a wide range o f values o f the parameters o f 

the system. This fact can be a ttribu ted  to an existence o f an unstable period 2 

classical periodic tra jectory (the one when the particle simply bounces back and 

forth perpendicular to the boundary). A  quantum analogue o f this tra jectory is a 

wavefunction, localized between the entrance gate and the repulsive center, thus 

a projection of the outgoing wave (which is localized at the opposite point) on the 

quantum state, corresponding to th is  trajectory, is zero. As a result the transition 

drops for this geometry o f the quantum dot.

•  The transition, T2 , shows noticeable maxima in  the symmetric case (X o  =  0) and 

when the displacement o f the Coulomb center becomes approxim ately Xo ~  0.75. 

Exam ination of th is phenomenon can not be done by means o f simple considera­

tions. I t  requires additional work which the author o f this dissertation is p la n n in g  

to do in the neax future.
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In  terms of an experimental realization the problem o f two moving interacting 

charged particles inside a confinements appears to be more practical. However, this 

problem requires solution o f a much more complicated quantum mechanical problem, 

which considers two light interacting particle inside a confinement. W ork on th is  prob­

lem in  the classical as well as in quantum mechanical case w ill be continued in  the near 

future.

6.8 Summary.

The quantum dynamics o f the circular Coulomb b illia rd  b illia rd  can be brie fly  summa­

rized as the follows:

•  As the Coulomb repulsion is weak a  < ~  2  the system shows an uncorrelated energy 

spectrum. The time evolution in th is case shows smooth oscillatory motion. A ll 

these results are consistent w ith  the fact tha t the classical analogue for th is range 

o f parameters exhibits regular quasi-integrable character o f the dynamics. As a 

result the quantum counterpart can be well described using perturbative methods. 

The energy levels are degenerate and uncorrelated, and the tim e evolution can be 

decomposed as a series o f harmonics oscillating in  time.

•  A  sim ilar character o f the dynamics was observed when the Coulomb repulsion is 

sufficiently strong, but the displacement o f the Coulomb center from  the center 

o f the b illia rd  is relatively small, such tha t Ao <  f . The energy spectrum s till 

consists o f uncorrelated levels and the tim e evolution o f the system exhibits regular 

oscillations o f the in itia l wave pattern. These features are consistent w ith  the 

dynamical phase space o f the classical analogue, which displays a regular character 

o f the dynamics for arb itra ry  values o f the Coulomb repulsion as long as the degree 

o f asymmetry o f the system is sufficiently small.

A n  interesting effect was observed in  terms o f the transport properties o f a quan­

tum  dot based on the system analyzed in  th is chapter. A n  anomalous decay in
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the conductance o f the dot was detected for a ll values o f the Coulomb repulsion 

in  the symmetric case where the incident wave, the outgoing wave and the re­

pulsive center axe aligned along the diameter o f the dot, and the Coulomb center 

is situated at the center o f the circular confinement. Such behavior can be ex­

plained i f  we take into account an unstable period - 2  trajectory, which corresponds 

to an incident particle re-bouncing backward. The quantum analogue o f th is tra ­

jectory appears to affect the dynamics o f the quantum dot w ith  this geometry, 

significantly reducing its conductivity.

•  When the Coulomb repulsion is strong enough and the displacement of the Coulomb 

center from the center o f the b illia rd  is sufficiently large an entire spectrum of fea­

tures tha t are called the quantum manifestations o f the underlying classical chaos 

are detected:

-  The energy spectrum displays numerous repulsions o f the closest levels, which 

indicates a strong inter-level correlation. However, an interesting feature o f 

the level spacing d istribu tion  is tha t i t  does not obey the ’random walk’ nor 

W igner’s statistics. Instead, a histogram o f the level spacings turned out to 

consist o f two distinct parts - the firs t part is close to the Poisson distribution, 

while the second one resembles W igner’s curve. Th is means tha t the energy 

spectrum o f the system consists o f correlated as well as uncorrelated levels. 

Such a dual structure o f the energy spectrum is in  agreement w ith  the fact 

that the corresponding classical counterpart o f the system is not entirely 

chaotic, but rather exhibits a mixed phase space.

-  The wave functions show a concentration o f probab ility  along narrow chan­

nels, corresponding to classical unstable periodic orbits. Th is effect was ob­

served in  numerous examples o f classically chaotic quantum systems and it  

is called quantum scars.

-  The time evolution o f an in it ia l wave pattern does not look like a combination
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of oscillating harmonics. Instead, the initial wave pattern becomes quickly 

destroyed, and gives rise to different type of wave patterns, not correlated 

with the initial one. The Loschmidt echo decays exponentially, all these facts 

display how an underlying classical chaos affects the time evolution of the 

system.

-  The energy spectrum of the correlation function of the time evolution turned 

out to be continuous. This means that the motion can not be decomposed 

into a series of mutually independent oscillating harmonics. This is a clear 

manifestation of the nonintegrability of the classical analogue, which leads to 

the fact that the Schrodinger equation of the dynamical system is inseparable.
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Appendix A
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Figure A . l :  Poincare sections for re lative ly large values o f the cyclotron radius. In it ia lly  
the system is integrable, as the result the Poincare sections consists o f straight line 
segments. Then th is straight segments are bent, form ing K A M  surfaces. Eventually 
th is surfaces become destroyed, form ing a chaotic part o f the phase space. Such a 
combination o f the K A M  surfaces and a chaotic sea is a demonstration o f the mixed 
phase space.
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Figure A .2: Poincare sections for medium values o f the cyclotron radius. In itia lly  
the system is mixed, however, more and more K A M  surfaces become destroyed as the 
cyclotron radius continues to decrease its  value. As the cyclotron radius becomes ap­
proximately equal to the size o f the system (an approximate crit ical value is Rc «  l . \ ) ,  
almost a ll the K A M  surfaces are destroyed and the system exhibits chaos.
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Figure A .3: Poincare sections for small values o f the cyclotron radius. In itia lly  the 
system is chaotic, however, as the cyclotron radius decreases below its critica l value 
(Rc ss 1 .1 ) the K A M  surfaces are growing and system becomes mixed w ith  increas­
ing degree o f regularity. Apparent growth o f stochasticity as R c <  0.5 is not a real 
characteristic of the system’s dynamics. This happens because as R c <  0.5 there exist 
trajectories that do not undergo collisions. Their relative amount is growing as R c de­
creases. The bouncing map does not represent such kind o f trajectory, therefore i t  does 
not adequately describe the dynamics o f the system for R c <  0.5.
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Figure A.4: Histograms o f an action for small values o f the cyclotron radius. As Rc 
tends to a critica l value (the critica l Rc ~  1.1) the histogram becomes broader. Maxima 
on each histogram correspond to short periodic orbits, demonstrating the ir stickiness.
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Figure A.5: Histograms o f action for medium values o f the cyclotron radius. As Rc goes 
far above its c ritica l value (the critica l R c ~  1.1) the histogram becomes more narrow, 
means that the action tends to become an integral o f motion.
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Figure A .6 : Histograms o f action for large values o f the cyclotron radius. Dynamics 
eventually becomes integrable, hence a ll the action d istribu tion  tends to a single vertical 
line corresponding to a constant value.
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Figure A .7: Fourier spectrum of time evolution for small values o f the cyclotron radius. 
Represented range o f the cyclotron radius corresponds to  mostly stochastic system’s 
dynamics. As the consequence the Fourier spectrum in  a ll the cases represented is 
continuous.
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Figure A .8 : Fourier spectrum of time evolution for relatively large values o f the cyclotron 
radius. As the cyclotron radius is growing, the system changes character o f its  behavior 
from  stochastic to regular. As the consequence, the Fourier spectra seen on the pictures 
in it ia lly  are continuous, but eventually become discrete for large values o f Rc.
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Appendix B

Figure B .l:  T im e evolution of a wavepacket inside the square magnetic b illia rd . In itia l 
conditions and parameters o f the b illia rd  correspond to a periodic tra jectory in the 
classical case R c — The quantum motion is regular - the wavepacket oscillates and 
its center moves around a circular path.
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Figure B.2: T im e evolution o f a wavepacket inside the square magnetic b illia rd . In it ia l 
conditions and parameters of the b illia rd  correspond to a chaotic tra jectory in  the 
classical case R c =  1. The wave packet is being quickly to ta lly  destroyed.
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Figure B.3: T im e evolution o f a wavepacket inside the square magnetic b illia rd . In itia l 
conditions and parameters o f the b illia rd  correspond to a chaotic tra jectory in the 
classical case. The wave packet is being quickly to ta lly  destroyed, (continued)
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Figure B.4: Level spacing d is tribu tion  for various values o f a
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Figure B .8 : Eigenfunctions o f the lowest 72 states for the case a  =  20
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Figure B.9: Eigenfunctions o f 72 excited states (the level numbers 100 to 171) for the 
case a  =  2 0
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Figure B.10: Eigenfunctions of the lowest 72 states for the case a  =  100
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Figure B . l l :  Eigenfunctions of 72 excited states (the level numbers 100 to  171) for the 
case a  =  1 0 0
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Appendix C

d isp lacem ents .10 displacement=0.20 displace ment=0.30

displacement=Q.40 displace ment=0.50 displace ment=0.60

displacement=0.70 displace ment=0.90displace ment=0.80

Figure C .l: Poincare sections for different values o f displacement o f the Coulomb center. 
The Coulomb constant 7  =  0.1
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w
d isp lacem ents .10 displace ment=0.20 displace ment=0.30

displacement=0.40 displace ment=0.50 d isp lacem en ts .60

displacement=0.80 displace ment=0.90displacement=0.70

Figure C.2 : Poincare sections for different values o f displacement o f the Coulomb center. 
The coulomb constant 7  =  0.3
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d isp lacem en ts .10 displace me nt=0.20 d isp lacem en ts .30

displacement=0.40 d isp lacem ents  .50 d isp lacem en t 0.60

displacem entS .70 displace ment=0.80 displace ment=0.90

Figure C.3: Poincare sections for different values o f displacement o f the Coulomb center. 
The coulomb constant 7  =  0.5
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displacem ents .10 displacement=0.20 displace ment=0.30

displacement=0.40 displacement=0.50 displace ment=G.6G

displacement=0.70 displacement=0.80 d is p I ace m e r its  .9 0

Figure C.4: Poincare sections for different values o f displacement o f the Coulomb center. 
The coulomb constant 7  =  0.7
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disp lacem ents .10 displacement=0.20 displace ment=0.30

displacement=0.40 displace ment=0.5Q displace me nt=0.60

displace me nt=0.7 0 displace ment=0.80 displace me nt=0.90

Figure C.5: Poincare sections for different values o f displacement o f the Coulomb center. 
The coulomb constant 7  =  0.9
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Appendix D

Figure D . l:  Wave Functions o f ground states for a  =  20. The values o f the dis­
placement o f the Coulomb center from  the center of the b illia rd  are correspondingly 
0.00 0.05 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.99
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Figure D.2: Wave Functions of ground states for a  =  10. The values o f the dis­
placement o f the Coulomb center from the center o f the b illia rd  are correspondingly 
0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
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Figure D.3: Wave Functions o f firs t excited states for a  — 10. The values o f the 
displacement o f the Coulomb center from  the center o f the b illia rd  are correspondingly 
0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
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Figure D.4: Wave Functions o f second excited states for a  =  10. The values o f the 
displacement o f the Coulomb center from  the center o f the b illia rd  are correspondingly 
0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
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Figure D.5: Wavefunctions of states corresponding in the case w ith  the ax­
ia l symmetry to the state w ith  the quantum numbers K  =  3 M  =
0. The constant o f interaction a  — 10. The values o f the displace­
ment of the Coulomb center from the center of the b illia rd  are correspondingly 
0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
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Figure D .6 : Wavefunctions o f states corresponding in  the case w ith  the ax­
ia l sym metry to  the state w ith  the quantum numbers K  =  7 M  =
0. The constant o f interaction a  =  10. The values o f the displace­
ment o f the Coulomb center from the center of the b illia rd  are correspondingly 
0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
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displacement=0.00displacement=0.30 displacem ents.60 displace me n tS .90

Figure D.7: The histograms o f the level-spacing d is tribu tion  (the red line) o f the quan­
tum  circular Coulomb b illia rd . The upper row represents results for the constant o f 
interaction a  =  30, the middle row corresponds to a  =  60 and the bottom  row for 
a  =  100. The green lines given on some o f the graphs represens corresponding Poisson 
distributions, while the blue lines - W igner’s d is tribu tion . I t  can be seen tha t the energy 
level d is tribu tion  tends to W igner’s d is tribu tion  as the strength o f interaction as well 
as the displacement o f the repulsive center is increasing. However, neither o f the his­
tograms displays a zero value at the orig in which indicates a presence o f an uncorrelated 
part o f the energy spectrum.
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