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Abstract

THECRY OF COEXISTENCE OF CHARGE-DENSITY-WAVES AND SUPER-
CONDUCTIVITY AND TRANSIENT COPTICAL PROPAGATION THROUGH A
DIELECTRIC SLAB.

by
Joseph Malinsky

Adviser: Professor J.L. Birman

Ginzburg-Landau-Gor'kov equations and the expression
for the current for coexisting superconducitivity-charge-
density-wave (CDW) systems near the superconducting
transition temperature have been derived from a micro-
scopic thecry, BAn additional current due to the sliding
CDW and the CDw-induced anisctropy lead to interesting
physical consequences as far as thermodynamic and electro-
dynamic properties of this system are concerned. For
instance, Meissner effect is sensitive to the contribu-
tion from both currents. We propose measurements of CDw-
induced anisotropy which can be used to prove the micro-
scopic mechanism of coexistance.

In the second part of this thesis we propose a micro-
scopic theory of electromagnetic transients propagating

through a thin dielectric slab, This theory is time
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dependent, allowing us to calculate the energy and momentum

transfer to the medium which comprises an array of Lorentz

harmonic oscillators. In the microscopic level for the

first time. we recover the first Sommerfeld precursor,
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Part I
Theory of the Coexistence of Charge-Density-Waves

and Superconductivity

Chapter 1. Historical Background, Experimental Evidence

for Coexistance.

A. Introduction,

For a one-dimensional metal R. Peierls showed that
the energy of the electrons can always be lowered by
opening an energy gap in the vicinity of the Fermi energy.
This effect transfers all the occupied states to the lower
energy gap. Alsoc a structural phase transition occurs
which gives rise to the formation of a charge density
wave, See Figure 1.1,

In three dimensional systems the process of gap
opening may also take place in the directions where the
Fermi surface is "nested", "Nesting" means that we have
similar (parallel} areas of Fermi surface which are span-~
ned by a certain wave vector, see Figure 1.2, Under
this condition we expect to observe the ccexistance of

a charge density wave and superconductivity.

B. Experimental Investigations.

Transition metal dichalcogenides (sz) are good



2
candidates for observations of charge-density-waves because
of the two-dimensional character of their structure [1].

In the 2H polytype of NbSez, the onset of an incommensurate
CDW at 'I‘p = 33.5K has been established by neutron experi-
ments [2]. Experimental physicists established that this
compound is of particular interest since it exhibits

both the highest superconducting temperature T, (= 7-7.3K)
and the lowest Tp = 330K observed in the TX2 family. 1In
1975 C. Berthier, P. Molinie and D. Jerome [3] presented
evidence for a connection between the CDW and the pressure

enhancement of superconductivity in 2H - NbSe They

o
concluded that elimination of the charge density wave
under pressure leads to an increase of the superconduct-
ing gap in this compound.

Recently some compounds have been found (like
EuyMoesB, Y ~ 1) which exhibit interplay among super-
conductivity, charge-density-waves and magnetism [4].

In 1980 [5] R. Sooryakumar and M.V. Klein showed
the coexistence of charge-density-wave and superconduct-
ivity by a Raman scattering experiment on 2H - NbSez.
The sample was immersed in superfluid helium in the

presence of a variable magnetic field. Coexistance or

rather competition between charge-density-wave and



superconductivity was shown for example at Hc where
2
the superconductivity peak disappeared and the CDV

peak was enhanced in the Raman spectrum. In 2H—-NbSe2

-1
there are ordinary phonon Raman lines at 234 and 243 cm

[5). Also there are the Raman lines induced by charge-
density-waves [1l] below Tp at approximately 40 em
Socoryakumar and Klein discovered two additional peaks at
approximately 16 cm‘l which are present below the super-
conducting transition temperature TC. These values agree
with the superconducting energy gap. 2p = 17.2+.4 cm“l

as measured in a different sample by infrared transmission
{2]. These new lines decrease in intensity. and shift

in freguency when large magnetic fields (~-40KG) are
applied., This indicates that they are associated with the
superconductivity of the material. A typical diagram is
shown in Figure 1.3. Also the frequency spectrum showed
well-defined sharp lines which clearly indicate that they
cannot be directly related to the excitation of super-
conducting quasiparticles. This sharpness is characteris-
tic of boson-like excitations (phonons, magnons). The
pronounced magnetic field dependence clearly indicates
that the superconducting properties of the sample must be
involved.

As has been mentioned above, coexistence of super-



conductivity, charge-density-waves and magnetism was also
detected in EuyM°6SB' It is of general physical interest
to understand the nature of the coexistence of quite
different physical phenomena like superconductivity and
CCW. This should be understood on a microscopic level.
In addition we must investigate any possible interesting
macrascopic properties of such materials and their

thermodynamic and electromagnetic properties. 1In this

thesis an investigation of these matters will be given.

References

f1l] J.A. Wilson, F.J. Di Salvo., S. Mahajan. Adv.
phys, 24, 117 (1975).

[2] D.E. Moncton, J.D. AXe, F.J. Di Salvo., Phys.
Rev., Lett., 34, 734 (1975).

[3] 5.C, Berthier, P. Molinie, P, Jerome, S5olid State
Comm, 18 1393 (1976).

(4] D.w., Harrison, K.C. Lim, J.D. Thompson, C.Y.
Huang, P.D. Hamburger, and H.L. Luo, Phys. Rev. Lett,
46, 280 (198l), for references regarding Eu Mo658.
see reference therein. Y

[5] R. Sooryakumar. M. Klein, Phys. Rev. Lett. 45,
660 (1980) v
[6] J.R, Duffey, R.D. Kirby, and R.V. Coleman in

"Light Scattering in Solids" edited by M. Balkanski,
R.C.C. Leite, and S.P.S. Porto, Flammarion, Paris,
1976,
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Chapter 2. Review of Previous Theories of Superconductivity

and Charge-Density-Wave Coexistence.

A, Introduction.

In this chapter a brief review of previous theories
will be given, Special emphasis will be given to the
ideas of Balseiro and Falicov who proposed an electron-
phonon coupling mechanism, and of Littlewood and Varma
who criticized the treatment by Balseiro and Falicov,
and proposed a gaiuge-invariant theory. Other theories
will also be mentioned.

In contrast to the present work no previous theory
derived the macroscopic current or macroscopic Ginzburg-
Landau-Gor'kov eguaticns starting frem a microscopic modal,

R, Balsiero-Falicov Theory,

In the paper "Phonon Raman Scattering in Supercon-
ductors" by C.A. Balseiro and L.M. Falicov [1l], they
suggested that electrol-phonon coupling leads to a complex
bound excitation which is Raman active, with a discrete
frequency lower than twice the BCS gap 2A and with an
appreciable scattering intensity. They proposed that
these excitations are the lines found by Sooryakumar and
Klein at approximately the energy-gap frequency in super-

conducting 2H—NbSe2. Namely they suggested"as a very



likely explanation that the observed lines are a direct
consequence of the interaction between a = 0 phonons of
low frequency (at 40 cm—l, caused by charge-density-waves)
and the superconducting electrons."

In order to investigate this mechanism, they used the

Hamiltonian

2. = -+
(2.1) H = Haeg ¥ Hon * Hine

which describes a Bardeen-Cooper-Schrieffer model of

interacting electrons, a single & = 0 phonon of frequency 0g

+
2.2 = Ay_ b
{ ) th h ¥ b

and an interaction term

+ +
2.3 ] = b+b
{ ) Hlnt g Eko Cknckn( )

where b+(b) creates (destroys) a phonon and c;ﬂ(ckn) is
the creation (destruction) operator for an electron of
wave vector Xk and spin g,

They used Bogoluibov canonical transformation methods
and a perturbation calculation which hybridizes the single-

phonon state with an electron-hole pair. See Figure 2,1,

They found the complete one-phonon spectral function and



showed that for ﬁwo > 2A the phonon intensity is highly

peaked about h but with a continuous distribution which

LUO!
extends over the excited pair energy range, H, > 2A. Also
they showed the existence of a bound state of energy 3
which splits off from the quasiparticle continuum: ) < 24,
Figure 2,2,

We only cite the most interesting conclusions follow-
ing from the Balsiero-Falicov model:

a} A bound state consisting of a phonon-quasiparticle-
pair always exists in their model and its energy 3 1is
smaller than 2A:

b} The spectral intensity of the bound state is only

L

appreciable when ﬁAb is of the same order of maynitude as
2A. This explains why the effect has been observed in

2H-NbSe a CDW superconductor (ordinary Raman-active

50
phonons have frequencies = (10 - 100) < energy-gap fre-
quency)). In particular an incommensurate CDW has some
low frequency phonon modes which are Raman active because
of "folding" of the Brillouin Zone: this originates
because opposite parts of the Fermi Surface are spanned
by a reciprocal vector which becomes the new reciprocal

lattice vector and defines a new Brillouin Zone. This

is the effect of "nesting": Figure 1.2,



C. Littlewood-varma Theory.

P.B. Littlewood and C.M, Varma [2] attempted to develop
a gauge-invariant theory of “"dynamic interactions of a charge-
density-wave and superconductivity." Using the results of
the calculation of energy bands by J,.E. Inglesfield [3] and
earlier work by L.F. Mattheiss [4], Littlewood and Varma
emphasized that in a CDW state, there exist special zone-

center optic phonon modes. These CDW amplitude modes (CDW-

AM) are accompanied by an oscillation of the CIW gap, which
leads to a variation of the average density of states at
the Fermi surface, Figure 2.4. Furthermore, Littlewood and
Varma argued that if a material in a CDW state undergoes
a superconducting transition, the excitation of the CDW-
AM also leads to a time dependent perturbation of the
superconducting gap, wince the latter depends on the den-
sity of states at the Fermi surface, N(O). They studied
the effect of this coupling.

In the study of the dynamics the leading order coupling
of the amplitude u of the CDW-AM to the superconducting

gap is given by
(2.4) 8= 8+ 4;u

where



__ %  anqo)
1~ AgN(0) ~ au

(2.5) s

where 10 is the BCS coupling constant.

They used the Hamiltonian

= + +
H th Hel Hint

where in th they considered only the q =« 0 CDW-AM and
for the Hamiltonian they took

+
th = ﬁu,ob b

where He is the electronic part which gives rise to super-

1
conductivity. 1In the Nambu notation [5)

+ 1 > o + +
2.5 = — t > = = i —% o lew
(2:5) Hgp =% qigraly * 2 B VOORL O UG (g3
kk'qg

where electron creation and annihilation operators are

written as two component vectors.

C
kt
v, = ( ), ¥
k c—kl

(2.6)

The r's are Pauli matrices; V(k,k',q) contains both
the Coulomb repulsion and the effective attraction

mediated via phonons. Thus

(2.7) H =H, + H
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+
(2.8) Hy = i Ve le Ty + 857 0¥,

R )=

(2.9)  H = VK@) (g, Tyt (g Ta¥g)

z
kk'g

k Yx2oT1¥x"

They wrote Hin in the form:

t
2,10 H, . = H + HP
( ) int Hint Hint
where H; is the part due to the effect arising from

A = a4+ Au which is [5]

A _ + + h 1/2
(211 Hype 2 9RIE nmh =97 4 GG )
0
and
* + - + e
(2.12) H = Lim g(bq+b_q)§ +q™3 K [5].
q~0
A

Littlewood and Varma considered B as the crucial

int
part for the coexistance problem. (Below we will very
briefly compare the Ljittlewood-Varma and Balseiro-Falicov
theories.) The phonon propagator for the q = 0 CDW-AM

is modified from its unperturbed form denoted DD(V) in

the absence of superconductivity (AO = 0) to

(2.13) DNV =Dy (v) - £(v) (5]

where y(v) is the phonon self energy. 1In the lowest



11
order ¥ = 20 is represented by gff(:::)ng and within the

BCS approximation is equal to

. 2
(2.14) g ==29 -+ dakfdw Tr{TlG(k.w+v)71G(k.m)]

0 4
(2)
where
_1_.; .
(2.15) G (k,p) is the BCS propagator
and
(2.16) ¢ K.w) = a1 - o
y rws T %"3 7 o1

Littlewood and Varma went beyond the BCS approximation
and calculated the "Ladder Corrections" to the phonon

self-energy due to Hl' Diagramatically they are

€« - > O
r g c_;"r1 g-rl r. gr

T

1 and give

1!

4

(2.17) 2w = -if TEn[rRasK, wr o) G (K, wt)gr G (K, )]
(27)

where [ calculated in the ladder approximation is

- >
(2.18) Tk, wtvik, w)

3
. o kdj,
= gr +if 4 7 GK, 0+ TR, +uiK' ' )G ') T M
“(Zﬂ) 3 3

They found
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Zo(v)

(2.19) £lv) = -
0
2g N(0)
and
3 2
45 -V
1 -
Re £ (v) = —2N(0)a2 [E - —2—)%can"t) for . < 2
0 A 2 0
0 \
2 4A2
2.1 1Y ""Cog 1/2. 1+x
= -2N{0)g [k - 2(“““3'—) 1nle;[].
0 v
for v > 2A9
where
2 A
\ 1/2 0.-1/2
(2.20) X = || 72 =272,
hY] _45\.0 hLl}D

One can see that 7 () is divergent for any value of the

coupling constant g for u = 250. This means that a pole

necessarily appears in the phonon spectral weight [5])
1

(2.21) S(v) = - ; Im D{(v)

at a frequency Vg below 2A. Introduce a dimensionless

49°N(0)
2
X hwo

coupling strength: a = . For o < 1

202 452 -1
(2.22) hv_ = 2a[1 - -—ra (L - —3) 1]
g ™ 2
(hmo)

with spectral weight
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2 2p/h
(2.23) s(v ) =3 -0

T -2’

hmo
Littlewood and Vvarma identified this mode with the new
"gap" mode observed by Scoryakumar and Klein,

Littlewood and Varma argued that Faliéov and Balsiero
used Hgnt which represents the usual coupling of phonons
to the long-wavelength components of the electronic charge
density., In the BCS approximation. the self-energy of a

to H- 1
phonon due Hint is

3
. 2. d kdy . .
(2.24) £ (v) = —ig'” " e[ G (K. wtu) 1,6 (K w1

(2-)

Littlewood and Varma noticed that this guantity occurs
in the calculaticn of the longitudinal response of the
superconductor., It produces a plasmon-like high fregquency
excitation. Thus they argue this is not relevant to the
Sooryakumar and Klein experiment as Falicov and Balsiero

assumed,

D. Other theories,

After Balsiero and Falicov and Littlewood and Varma sev-
eral more articles appeared, For example D. A. Browne
and K. Levine [6] investigated the coupling of a

coexisting incommensurate charge-density-
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wave superconductor. They use a gauge-invariant Random
Phase Approximation that correctly includes screening.

They treat both the amplitude and phase modes of the
coupled system, Unlike previous work by Balsiero and
Falicov, and Littlewood and Varma, the SC and CDW ordering
were treated fully self-consistently, on én equal footing,
so they obtained qualitative agreement with Raman scat-
tering data on NbSe2.

X.L. Lei. C.S. Ting and J.L. Birman (7] took anisotropy
of the materials into account by using the usual Bogol-
uibov transformation they investigated SC and CDW coupling
self-consistantly,and calculated Raman line location and intens -~
ity.K. Machida also presented an investigation of the
interplay between superconductivity and charge-density-
wave based on a partial gapping model appropriate for
anisotropic materials. Various thermodynamic gquantities
such as the specific heat jump at the superconducting
transition and the anisotropic penetration depth were
derived [8].

An interesting treatment was proposed by J.L. Birman
and A, Solomon [9] who were trying to understand the
problem of coexistance of charge-density-wave and super-

conductivity from a dynamical group theoretical point of
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view. Using the Cartan algebra [10] they analysed the
possibility that a Hamiltonian shall contain symmetries
characteristic of both superconductivity (SU(2)) and
charge-density-wave (0(3)). This method is sufficient
for diagonalizntion of complicated Hamiltonians and
also illuminates the role of symmetry in -oexistance
problems and can be applied to other systems. Probably,
in this way we may have interesting interplay between solid
state physics and recent trends in supersymmetries in
particle physics. We will not discuss other articles but
the reader should be aware that work on coexistance of

CW and SC continues actively [11].
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Chapter 3, Microscopic Theory of Superconducting and

Charge Density Wave Currents.

A. Introduction.

The supercurrent in a pure superconducting system
causes interesting macroscopic effects. For an idealized
pure charge-density-wave system with an incommensurate
CDW vector |6| = 2kF’ and neglecting pinning, a sliding
mode produces a different type of persistent current,

This idea was proposed by Frohlich [l] and later discussed
by Bardeen (2] and Lee, Rice and Anderson [3].

The complete description of macroscopic electromagnetic
properties of a CDW-SC system is only possible when the
Ginzburg-Landau-Gor'kov (GLG) egquations for the order
parameters have been oObtained. These cquations couple
self-consistently to the electromagnetic fields
through the current.

Thus the objective of my thesis is the systematic
derivation of the macroscopic current as well as the
Ginzburg-Landau-Gor'kov equations for the order parameter
starting from a microscopic model for the coexisting
system. Owing to the coexisting CDW, the current in the

saystem depends on time derivatives of the order parameter
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in addition to spatial derivatives. Therefore a closed
time path Green function [CTPCF] formalism has been used
[4]. I want to emphasize a feature of the present work:
all the coupling parameters in the macroscopic equations
are obtained from the microscopic theory; no parameters
are inserted by hand. I shall start from a microscopic
model system with local electron-phonon interation, and
separated BCS-local interaction present.

In this chapter I will discuss the consequences of
this microscopic model which assumes partial gapping of
electrons in the vicinity of the Fermi surface and I shall
present the derivation of the expression for the current
in coexisting systems, In the next chapter Ginzburg-
Landau-Gor'kov egquations will be derived. In the concluding
chapter 5, I will present an investigation of electromag-
netic and thermodynamic properties of charge-density-wave
and superconducting systems based on the Ginzburg-Landau-
Gor'kov equations obtained,

The major steps in the analysis of this chapter are
as follows. The Hamiltonian is set up using a microscopic
model. Then the generating function is set up. Gauge
invariance is shown: permitting simplification of the

analysis by omitting the vector potential in the next



19
steps. The effective action is taken at mean-field level
and is expanded with respect to the order parameters,
Keeping only lowest order in inhomogeneity (space and time
derivatives), The electromagnetic field is then restored
using gauge invariance. By the functional differentia-
tion of the action with respect to the vector potential we
obtain th:: current. Finally, using the assumed band
structure we obtain the explicit form of the current in
the coexisting system with coefficients depending on micro-

scoplic parameters,

B. The Band Structure Model,

As we previously discussed.the coexistance of super-
conductivity and charge density waves has been found in

layer-like compound structures. namely 2H - NbSe There-

-
fore we have to use (where needed) the band structure of
these materials in our calculations. As we mentioned,

D. Matheiss and P. Inglesfeld made detailed calculations of
this band structure. Also for simplicity of the calcula-
tions we assume that only one charge-density-wave has been
created by Peierls instability. This makes our model
quasi-one-dimensional. This specific direction will

-
correspond to the vector Q. I want toc emphasize a speci-

fic feature of coexistant superconductivity and charge-
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density-wave: competition between 3-dimensional phenomenon
of superconductivity and the quasi-one-dimensicnal charge-
density-wave, Therefore we expect a non-trivial inter-
play between their order parameters and also a non-trivial
gauge effect. This competition should be especially
interesting in the case of incommensurability of 6 with
the lattice parameter (we will discuss this here}. wWhen
doing integrations in energy or momentum space we will

subdivide the Fermi surface into two parts: I- where

nesting occurs and II-where conly Cooper pairing occurs.

C) The Model Hamiltonian and Effective Action.

We take as a general Hamiltonian

-1 + . 1 - 2
(3.1)  -H = ZuDgu + 47 (if “a‘ag*%((-lhw—‘c@ Y)Y

+G‘+ u + N ¥
v oy quwlwl'.
where

2
-1 _ 2 3 2 2 _
Dy (x,,%,) = p (R == - A% (q))) 8(x -%,)
at
1
G is the electron-phonon coupling constant with g = %
as the BCS local interaction. For the ion displacement

u(x) we separate into left and right running waves:
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i_—b - 1 -
vQ- X -=Q-x

(3.2) u(x) = u__(x) + T(x)e + A e
where uac(x) corresponds to the acoustic part. For the

superconducting order parameter take [5]

is > iy -
- Fx R X
w (%) = gl (X)) yt(xX)> = x(x) + xop(x)e + xop(x)d .
1. > i -
<Q. % Q- x
y+(x) = <wT(x)wT(X)> = x+(x)+xgp(>=)e h +§fopeﬁ

Because of the introduction of order parameters the mean-
field approximation is being used. The electronic wave

function in the Nambu representation is

19
h 2 I
' et . (x)
| IS
7+(<)“ a2 ’ Fj(x)
. > ! -
(3.3) g(x)y = | 10 > = y(x) =
. - 2‘X ~
FY . (x)e ¥, (x)
19
-~ h 2 - ~+
v (x)e _ \wl(x)-
A
Here we use HeiSenberqarepresentation with x = (?,t) and
i >
(£33 5
-
10 >
£ 3% »
0 e 0] 0 V. (x)
N B
(3.4a) y(x) = i Q’;
h 2
0 0 e 0 wT(x)l
f 5
2 +
L 0 0 0 e JTL(X)
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The advantage of using the Nambu representation is that

we can use the same perturbation theory as for a normal

metal [6].

In equation (3.2) and (3.3)

W(x) = —=(u) (%) - duy (%))

5
3(X) = ;;(ul(x) + iu, (x))
(3.4b)
) .
X (%) = = (xq (X) = ix,(x))
N
+ 1 .
x (%) = = (x (%) + ix,(x))
J2
have been used where g is the Fermi momentum in the nesting
direction. Now we can immediately write down the generat-

ing functional [see appendix B]

i, 1
Z{3.h] = exp E[-ch'hl- "[dy"][dy] (du ] [dy,]

-

i1 -1 oo 1. Qe ~2
(3.5) exp F£{3uD  u-ax,x;+y (ih At Zm (Cihmro - A

1
+ +—GU..+—9=..~'+',u.+h..
uTy * 2771713 J2X1¢1)J Ii% i*i
After integration over the electron variables we have:

(3.6) z = expﬁ[wéh+h]—f[dui][ixi]-

il -1, . 1 + , -1
- axp ﬁ[EuDO ((1))u-ngi xi-ihTr 1n G +Jiui+hixi]



where ci correspond to the electron branch subspace and

"3 to the Nambu spin-space, and

2
-1 _ 1 _ _ g2, 2 4 _
(3.7)  D_"(w) = Dy x) %)) = —oh (Rg-w)s” (%) -x,)
at
1 1 Q 2
= - [+ & L . Le_ =
G "(x).x,) = [ih at, 2m TP Yo g5 TR (X)) Ty
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1 1 4
+ ——t ” = . . - .
uty ¥ JﬁG(ui(xl)“iT3lngxl(xl)TL]5 (x,-x,)

At this point we drop the electromagnetic field. Tater

in the work we will use the gauge invariance of the theory

to restore the field.

The effective action is then

1 - -
{3.8) Iefflu,y] = EuDol(w)u - %gxixi—ih Tr 1In G !

The Free Energy density in the mean field approximation

is (see Appendix B)

1.1 1 1 -1,
(3.9) Flu,y] ~ 2WD5 u - SOxx; * 8 T, Tr In G (lwn)'

Here the summation over Matsubara frequences w is used

and the formulae det U = exp Tr 1n U have been used and
c*,.C,
f C; dcie 1743 I {(det A)1/2 (see Appendix B) were used.

LY

In the mean-field approximation the equations for

the order parameter are (see Appendix B)



8 I efflu,x]
5ui(x)

(3.10)

2 I efffu,.]
8%

We should now introduce a microscopic band model.
Following the quasi-one-dimensional approximation of

Levin et al [8] and Bilbro-McMillan [9], we divide

the Fermi surface into two regions, In region I. the

Fermi surface is nested, with wave vector 6. and the

energy bands have approximately particle-hole symmetry

near the Fermi surface, so that the band energy satisfies

the relation gs(ﬁ) =[c(é+§)+e(§—%)]/2m 0. We will also
neglect é compared to Q@ in region I because |§| G Q
-~ 2pF. Tn region II we neglect the CCOW coupling and use
inversion symmetry.

Using the model given in Section B
r . r
016 Py e, (Plp; = G (Py.—¢_(P))
in region I and
3.11 a" £

where‘ga(p) is the energy of electrons where nesting

24
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occurs. Result(3.1ll) is the consequence of assumed model
and commutation relations of pauli matrices, The Green

function in the Nambu representation is

-1 _ > > 1 1
(3.12) G “(p) = p, e (P14 Ca(P)O3TB+3§A?Ti*3§wiDiti
where 6
-> 2 > a 2 N
(p+3) (P‘E) -y ~ 3 ~ Q
— + —————— o
5y - —_2m H om __ s(pry)relp)
€g P 2 - 2

Now we introduce gap functions

The retarded Green function is now:

1
. 2 > 2 > 2 2.2 2 2 2 >
[(py+in) —ei(p)-ea(p)—w —8 1 8¢ (pP) (W +e_(p))

(3.13) ¢ _{p) =

2 2,2 2 2 2 -
x {pg(Pg- ¢, (p°)- ¢ (P)-W -4 )+2es(p)putp3ea(p)fj3°iwi)

> 1 > 1
- 2es(P)iihifi(p3ta(9)djioiwz,
2 2.~ 2 > 2
+ rye_(B) (PG cg (B) +e (B) +H —a")

1 2 2 2 >
- ;ETiﬁi(Po“‘s(P)'ca(P)“Wz“Az)
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> 1 2 2 L2 > 2 2
+ 73(o3€a(9)—JzoiWi)(P0+es(P)-ea(P)-W -A ).
Here we have taken the Fourier series with respect to
discrete variables and

33 ip (r,-F,)-iu, (1-<')

1 d 1 -
- r &P .
G(xy.Xy) = 3T, | e G(pia, ),
(2w)
with
= but
wy = (2n+1)B
G(p.t . 7,) = ~<TMP(71)¢p(TZ)>
1
¢p .
| = . U = . U
Vo= L) o T Wpy Vg,
v
-P

In order to be able to obtain macroscopic equations, in
what follows we will be using the technigue of Kadanoff
and Baym [1l] for slow and fast variables [see Appendix B],
Wwe first give some useful mathematical results. Let
r[Q] be a functional of a slowly varying order parameter

Q(X) such as u(x) or xi(x). For example
rlQ) = [ drdt r(u(r,t),x, (F,t)).

Then we may write
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2219l ‘
5Q (%) 8Q (y) 'Q>Q (X)

arfel _ srfol

r
500x) = 500 loma(xy T Y

3
(Q(¥)-Q00) + 5 Ay, dz o o (v) a0 ()l (x)

(Q(y)-Q{x)}) (Q(z)-Q(x)) +...

Now introduce relative coordinates (x-y)}, and center-of-
mass coordinates: {(x+y/2)}, Then for a function of two
variables F{x.y} we have

S,

hq ( _y) Y

(3.14) F(x.y) = F(E%X.§—§) = “*““g-“ F(——X.q)
(2nﬁ)
Then we may write:
(3.15) T dyF(x.y) (Qy)-Q(x))
i
3 “Eq(x-y)
= rgyr—94. b P q) ((y)-0(x))
(2mh)
3 Eq(x-y)
- ray—9<. h (F(x,q) 5% 2B,
v Y] ax
(2+~h)
2
2 1. 123 0
{ (y-x) ax T2 o
3 -Eq(x-y) 2 2 2
- rayr—da D (if AEOGGQ) aQ (1K) a'F(x.g) a°Q
M 3 ag ax 2 24939 axax
(2+h)
__jL__ AQ)
3X349ad ax
52 .2 2

- jppREa), 29 h .3 Flx,g], .29
adg g=0 3x 2 " adaq q=0 3x3x
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_R 2FGaa),
2 "3%3q3q " g=0 ax

Here the expansion is with respect to ﬁgt-gi. and x and
q are understood as all components of x and 5.

We will use this treatment later in our d-:rivation of the
current and Ginzburg-Landau-Gor'kov effective action.
Before going on to a derivation of the macroscopic current
and effective action, it is very useful to separate the

phase and amplitude part of the order parameter. We

define

gy |Alexp(~-172)
(3.16)

Gu = [w|exp[-i¢].

Let us examine the object:

A, A
14 1. i
(3'17) (& ﬂTi,A ﬂciJT],T3)
where by definition
, il b Eaces s
{3.18) AT = 5 -
Ay = J2 & sin 2
Clearly:
A, A
1 i i3 - L . -
(3.19) (A JYTi)(A J27j) = 52 AiAj 2TiTy = 1
&,



2 2
A AJTA
1 23 2 1 2 1 2
-20 Dy . = - — = = .
A 24
. 2
Using Ty T 1. where
€12 = "¢ = 1
€1 - 07 ¢, =0

is the antysymmetric unit tensor. Also we notice:

A \
17 154 _
(3.21) (ﬁ JETi)(A JZELJ J)
Ay A - =A 2n2
(3.22) at 171 2’2)'(_ t172 2Ty _ Mt
' A /2 A /2 3,2 3
A A
1 i 1 i
3.23 - — LT . = T ey
{ ) (A AT J) T4 NVZAR

(3.24) T

Thus, we will define an object

(TA’TQ!T3))
where
A,
_ 1 i
A.
_17i
{(3.26) ‘r@ = A ﬁejlxl

So,
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A, : .
(3.27) 2 Si_ 1% 1M an
3x JZ & JZ ax A JZTTjiTax
'y A, A
A i L1 aa 1’3 A8 _ ac
(3.28) ax JgTi =3 ZTiaX+E J?eleiﬁax = Ty ax + 78Aax
2 p, A, L2 A 2
(3.29) —A— 3 _1_1ap 2820, 173 2837222838,
) 3XIX /2 A SR ax2 axax’ A 2751 ax2 aX 3X 3xX ax

Then the functional derivatives with respect to the phase

and amplitude part of the gap order paratemers become

A

& _ _1 & _ _ _t
(3.30) 69(}() - .Jzeij A(X) - AleljSA.
o (—=—— J
2
. Ay () . .
3.31 & = = A, ——.
( ) (X)sn(x) J2 ai(XJ 3 mi(x)
LX| - )

N
Now we use the mean field approximation and take into
account only the lowest nonvanishing derivatives (slow
variation approximation). We then have for the functional
derivative of the generating functional with respect

to A
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(3.32) —&— - —al_

sA. (X)) A, (%)
it i i b
72 8 ( 2 ) Ay Ai(x)
Wa+wa{x)
r A 2 azr 2 A
+ iR[—id, a2 g, B 7 i, 2 Th
ad X 3x 2 2 adagqd x axax .2
g=0 q=0
2 "axagad x  ax /2 ad x 3% .2
q=0 q=0
2 3
_ DE[E_EQQ] ._af_(fp) R E;EEELJ _Jt(fg)
2" agag'x axax .2 2 '3xXadag'x  ax /2
g=0 q=0
2 2r A &
_hT 2 ik, 2y K
2 34,39, X ax /2 ax" /2
ql=q2=0
5 2
T A W
_ E_([E__AJS] 2 1,2 g
2 "'ag,39, % ax /2 ax /2
q,=9,=0
a T W
T 2082 X,
39,34, X ax J2 ax " /2
-2 2, W
BY 2 inc A boa b,
- [/ 1 e =0 = 7) = 0,
39,39, 9,=9,=0 3% .,/2"3

Next, taking the functional derivative with respect to w,

(3.33) 8L . 4T )

W
5 fgfff_) a\ 2l )lai+ai(x)
’\/z ‘\/2 wa..xwa ( x)
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2
al_. AL 2 3 r_. 2 AL
+ 1 [___§.J] ,.h..(_l) _ ﬁ.[_ﬂ] :_.a._.(_..-l)
39 'x  ax JjZ 2 "3q39 'x T3x3ax /2
2 331‘ A w
- I}__[_______a_:]__] ._a.(_l lh[ ab] _a_( b)
2 "axyqgaq x 3ax /2 3g@ "x  x /2
2 7 2 2 37
- f’—[a 1“ab] —a (.‘_q.t_)) _h a__rib_..] _B_(ED)
2 " aq3q’ "3xax /2 2 '3x%393g x  ax /2
q=0
2 a3 T . ,
_ B2 aik, AT Y
2 3qlaq2 x ax /2 ax /2
2
5 2 lade 2 Mya e
239,29, x ax' 2 ax 2
ql=q2“—‘0
atabk Wb A ‘."k
+ ] Sl =0 hewwll >
39,39, X ax .2 ax " J2
ql=q2=0
2 W W
- _‘F)_[E__rﬁ)_c_] '_l(__lg)_i(__c) = 0
2 739,39, "3x 2 3x 2
Direct differentiation of T gives
Ai(x})l - g ./2 an r Ty (1wna ]
6( 2 A=A (x)
O WeW(x)
-1
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A. .
__27i _ ih
(3.34) iy > Tr[ricc(x.x)1
and
AT 2 Wal
(3.35) W (%) ‘ = —D (Q)J2+“E Tr (4 T G(1uJ , %, %))
6( 32 tﬁ‘”."\{x)
W-W (x)
W .
2 -
{3.35) {= EDOI(Q)Zg - %?Tr[n .G (x,x)])
where
[Q] = ohzwé
2 1 dBE
(3.36) Tiylall, L,x) = g l]~éznj . 5)3Tr[7 G(iw
w-»W{X) (2
+im.g+5)¢j6(ixn.~g+§)} i - q +in
-1 ___,Jl_ g
(3.37) rtallx) T BT " 3Trlr,Gliw +iv.3
WAW () (2wh)
+Ploy TG lin —a+B) ) i~ ay + in.
_ 1 L__IL_ q
(3.38) raj[qllh*ﬁ(x) = anu . 3Tr[o T G(Lw +1v,2
WoW () (2mn)

=

+p)7.G(iw ,~34p)) div > q. + i
joltw, TP 0 n
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2

(3:39) Tl |y () = &0 (TR
W-oW (x)
1 3 > >
- Fpnf————EETr[p r G(lw +iv g+p)ob73G(iwn.g+p) ivaqo + in

{2n~h)

Ga'Gr'Gc will later be shown to be th - advanced,

retarded and causal Green functions. connected by [10]

BP
{(3.40) Gc(p) = tanh———(G (p)- G (p))
with Fourier transform
3. b (%X-Y)
(3.41) G (x,y) = —4B_ B G (p)
€ " (2-h) <

Wa'll also use

-a-

(3.42) =§ "——R—Tr(

3G (1w +iv,3+P) G (iw_ ~H+p)}t. L
R~nv (2+F) 2 Lv-q0+1n
ih, _a'p Y, 3 9%, 3
- =0 > > — =
= T2 aTr(dG (74P, 5+P) 8G (=5 4P 5 +P)
(2+h)
q > q >
0.9~ 0 9,3
Also by definition
. __p__ p
(3.43) rijk[qlqzl ‘An (x) = an‘_ 2 15)4(Tr[qp Giw +iv +iv,,p
W-W(x)
+in

2 20
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. . . > > . 4 > . g
i“l * 90 + 1in

iy2 > g, in

All other rijk can be obtained just by suasstitution of
+ and p matrices as follows. For example: in rijk
we have

T Tj Ty

Ti Tx ¢]
in rijc we have

i 5 Sc’3

i °c73 ‘j
in ribk we have

Ti °p73 Tk

Tyt Tk . ObT3

and alsc the relation:

]_ ™

(3.44) T "—B—(Tr(aG(Lw +iy +iy .p+q +q )RG iy *iv,y,p
AR ne (2"5) 1 2 1 2’

+ G(iw,_ ,

5 +1
1vym et tN

. . . > > ] . >
+ Tr[aG(lwn+1v1+1v2.p+q2+q1)yG(1mn+1v1)p]
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+ ql)ac(iln.b)?ivl¢qlo+in

VTt
if d49
= -—=<-F Tr{aG _AG yG +dG G _ yG_+dG 3G_ yG
2~(2 5)4 r rfc r c a ¢ a a

+ aG_yG _AG +dG_yG_2G _+dG _yG_3G _!'.
r r C r r C 2 a &

D. Electrical Current Densitw,

Now we are ready to find the electrical current.
In an appendix to this chapter we show the gauge invariance
of this theory. Therefore we can restore the vector
potential in the effective action by the substitution
>

L] e-—¥ 3 .
L B EA as appropriate., Then the electrical current

density of the system j{x) has the following general form:

(3.45) ) = b—;57;7—1t+=t_

where t+ means the two time branches in the CTPGF lan-
guage [4].
One can immediately see that the total current will

contains 3 contributions:

1, 1. X
(3.486) ;](x) =-EJ(1)(X) +_éj(2)(x} +_ij{3)(x)

where



. 1 -~
(3.47) %j(l)(x} = —%?(é%)?Tr[ch(x,x)} where n =‘§(n—:)
1 ' Q
(3.48) 15 0 = AR Sretp 6 x0)
2
1.(3 i
(3.49) Ej( ){x) = %; E—iA(x)Tr[¢3Gc(x.x)1
mc
. _ L1.(1) n & 1.(1)
(3.50) J(x) =3 (x)‘n*n(x) + fay( Al(xyycj (x)]aaa(x)
WW(x) 5 7 W-W (X
Al(y)=a.(x)
d r * 1.(1)
2 * »dY['wb(y)jcj G e )
A NE ’ W-w(x)
W (y)-W _(x)
b b 1.1(2)
’ M2 + (::l (x) ij-\-li\(x)
W--W(x)
A ly)-a. (x)
+ oty ) L
: roAy)je & A X) A2
) *3"5“] W-W (=)

wb(y)-wb(x)

+ fay(—2— 152

W, (¥) c’ a~a(x) 2
§ 72 } WW {¢)
1.(3)
* M
W-W (x)

In addition for the system under discussion, especially
considering the order parameters, gauge invariance means

that the effective action Ieff[x,u] is invariant under

37



the transformations

A(x) ~ A(x) + op (%)

ragf\ﬁd
(3.51) w(x) >~ e © X (x)

u{x) » a{x}.

One of the consequences of this gauge invariance is that

& ay
i ax

| R e> .
the order of Eq is the same as EA' i.e is the same
e
order as EAw).

At this stage it is useful to define functions which

we will call F, such that

1
(3.52) P—T?T;T Ej(l)(X)]'-\(x) = Fjl)(x.y)
TR
4 —tq- (x-y)
dg n 7 (1) x+y
= e F. ( !q}
* (2em? ] 2
£ 1.(1) (1)
(3.53) [ W, (V) G I x) T Fp (V)
51 J2 ] W-w (x)
4 iQ' (er)
_rda R p(1) Ety )
(2wh)? b * 27
_ & 1.(2) . (2)
(3.54) | Ty T Fy  ey)

Ac(y)
o250 W
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= ——ie F. (x+ ' )
v (zﬂh)‘l j 2
1.(2) (2)
3.5 — & 2
( 5y I Wb(Y) 3 (x)]A*&(x) Fb (x,y)
5[ J2] W-W (x)
4 -Eq(x-y) y
= —9 9 ehq Y F(‘?)(x+ q)
(2~h)7 b ’
Then we can write for the current
(1)
F (x,9) W, (x)
1., _ 1.(1) - 1 .-
W W (x)
(1)
¥3F, T (x%,q) W (x)
_ b 3 b
.57
(3 ) + iR[ v }q 0 ax( 2 )
(2)
F.7 ' (x.q) T ()
1.(2) 00 a3
(3.58)  + _j SN P ih( ~ Vg0 ax! = )
W -l (%)
a}_.‘k()zj{x.q) a2 T.'Jb(xl 1.(3)
(3.59) + lh[ aq ]qzo ax( \;2 ) + EJ (x) |‘,'\ \--‘\_‘(x)
YW {x)
where
(1) e 1 __51_4_& Ei
(3.60) F. '(q) = ~=:I3 ° P Tr{G(iw +iv,
) mc R7n- (2ﬂﬁ)4 2

44
_ & 1h1"——-—-—£’-—
(2ﬁﬁ)

mc 2°

-
+ P .G(i I i .

o

q q

q.5 9 -q+
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* G (PG 3P TG (-5 PG 5 +R) )
for Fél)(q) we have the same expression only with an
interchange of -rj > ob-rB_
(2) e §1_ ,dp g
(3.61) Fj (g) = —EE-E-EZnI 4Tr[03G(1wn+1v.2
(2nh)
-
> ) q,>
+ ' [ .
P)TJG(lwn 2+p)}1\ﬁqo+iﬁ
.= 4 q -> q ~>
--& ihpodp 0,5 9. 9 9.3
(3.62) =% 2. (2ﬂﬁ)4Tr[°3Gr( 2 *Po2*P) 4G (T Py *P)

q - q .
Q e 0 -
+ 03GC{T+PO-g+P)TJGa( 2 +po!_§+p)}-

2) . . . . .
F( ) is obtained from this expression by interchanging

Now we use the procedure which has already been ocutlined

in this chapter (see (3.13)-(3.19)) to separate phase and

amplitude part of order parameters. Namely we introduce
Ay (%) W,
(3.63 = A cOS m(x) — = W cos §(x)
J2 /2
(3.63}
A, (X) W
2 = A sin g(x} -2 - W sin 8(x).
2 ‘ J2



We have
a M AA an
3. 64 T )
( ) ax 4271 T Taax T Tl ax
a AW
.65 i - Wit
(3.65) ax 722173 T T30y ax T T30, Wax

where we have used invariant SU(2) combinations

_ 17
AT oa g2 i
(3.66)
=
o T W 2%5i%
W
I
(3.67) ‘w " w J2Ji
1 W
(3.68) A == —e. s
T o~ J L
we then have for the current
1. _ 4 (1)
(3.69) = J(x} =T 3 0| o
Wwi{x)
(1) ( )
(a3} (q)
+ lh([_'—] .1\3-9 + [__._A_.—-—] _34..)
3d a=0 " ax ag q=0 3x
1 .(2) _ aF [aql
(3.70) * C (X)‘A+A(x)+ lh{[ ad ]q =0 W§£+{
wWow{x)

The F function now becomes
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(2)
(q)],aﬂ

X’
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4q > >
(1) _ el ,dp - L s -
(3.71) F T {Q) = anv(2Wh)4pTr[G(lwn+lv.2+P)TAG(lwn, 3
+ p)), .
quo+1r‘

E‘él) {q) is the same with the change of TA to Tt

(2) _ e
(3.72) F . {q) = - =

r
¥

R S : 9.
+ LV + ol ' + .
Vg p)"'3%\1'G(]'”‘n 2 p)]iv*qo+1ﬂ

)
F {gq) is the same with the change of r_g.. to r.p .
S 3w 3%

Now we analyse these expressions, using symmetry

arguments, First of all
(1) > (2) >
(3.73) Fj (9,.-9=0) + Fj q5-9=0)
mc 2 4 T PTe g /b T TP P J e 2 po.p)
(2+h)
q q
0 - 0 S
. dp 3 >
e iha, 0 » dp ~ Q - ~
= e 2. . T (p+o 51 [G _(g.+P..P) .G {pP.,pP)
mc 2 (2-5) (2wh)3 32 r 0 °0 je’Fo

- Gc(po’p)Ga(_q0+p0'P)] ]

dp 3 3 -
d d - N .

> (r p3+f E3)Tr[(p+oj§)[Gr(q0+pD;P)Tch(p0,p)
(2wh) T(20H)” IL(2+wR)

= = iﬁr
mec 2v
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SO we obtain the contributions from I and II

where
. dp 3 »
e ih 0, d .
(3.78) From 1 == e Do dBrig &g (q

I 2ﬂﬁ‘(2ﬂﬁ)
+ po~p)-erc(po-pHGc(po-p)~jGa(—q0+pO.p)}]

o)
32

d 3
.hn p
(3.75) From II = e 1n 0 . d p

2. .
2~Nh IT (2=~h)

Tr{ (p+a ][Gr(q

3 0

+ PyP) - G (PG BI+G (R P) 7 G (-q+p . P)]

where region 1 corresponds to the nesting direction and

therecfore:

3 5 P) = p, - Ty LTy o VT,
(3.76) S (pyeP) Pg = e4{Plogmg + o7y 7 Ve gTg
Region II corresponds to pure superconducting electrons,

thus here W = 0 and

-1 - Y
(3.77) G (PO,P) = Py - e:s(p)'r3 - €037, + ATy

Using equations (3.71)-(3.77), we arrive at the following

expressions after lengthy calculation:
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3F_[x.4]
(3.78) [—"‘—-;—-*]q=0=
3q
e 21
= 82 <pp> EnNz(O) ~Pde_§r > lg(X) > 2]
2m'B It II [(iw ) -ep—lmx)l ]
- — aazn:m1<0)de§! — 315(31— - : ;]
ame "% [ta - (e - ja 0 2= i )
and
3F ,[x.q]
3.79 —
: 2 2 2
< 5 altanh[%J(e:) +HA (XY | +H|wix) ] ]]
= Cignlwe | f“l“”d‘p\ a2 2 2 3,2 -j'
I _[(ep) +ia(x) | THwW(x) | ]
aF
All other —2 (v = }.].]wl.z.%) are exactly equal to zero
U
ag

due to the symmetry properties of the Green function,
These symmetry properties follow from the behavior of the

Green function under independent rotation of the Nambu

and CDW space.

Thus the current in the coexisting SC and CDW system

is equal to

_eh 11 . PP

(2e)° 1T pp
- 2 nB [T]<P >

mg
F

(3.80) j(x) II+H;[T];é)'(A*(X)VA(X)-GA*A(X))

II+n§[T]éé)-i(x)



45

2 (0)[

(Nl ey

2 2t
+ - |W(x)| T]at

-2 is a unit vector in the nesting direction,

where & = —
191
. 2 1, . X .
i II{T = mlAl H II[T] is a quantity proportional to the

density of superconducting electrons.

Typical integrals for superconducting and charge

density wave system are

ﬁEa(p)
anh
1 1 Q.2 af_1 a an 2 ]
I (T = =5 &) N, (0)dert— ( )
8 2'2) 3 dE_{(p) E_(p)
II 24 1 d ta“hag
(3.81) He {T] = “3m (O)de [E{p) dEp( E(p) )]

ftanh (2E_(p))
"1 = j‘ni(mde:“ .
I

3
Ea(p)

E(p) is equal to Eaté) with W = 0. N (0) and N,(U) are the

density of states corresponding to regions I and II. 1If
nesting takes place along one fixed direction, then region
I will occupy only a small angular region in the Brillouin
Zone. We may then approximate the tensor <pp>F/p2 by

I - aee to describe the anisotropy of the Fermi surface
with 0 <a <1, is a microscopic parameter.

The final result for the current is:
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(3.82) 300 = Smiiimrs@limr-anlim 8d

- (A* {X)gA(X)=-oA* (X)}AX)

2
- e e m-an T (1) 881 R

+ h'ﬁ %\W(x)l2n;0)

() 24,
The first two terms are just the usual Ginzburg-Landau
current for the superconductor including anisotropic
coefficients which reflect the influence of the coexisting
CDW, i.e. a CDW-induced anisotropy of superconductivity,
The last term is most interesting and is proportional to
the time derivative of the phase of CDW order parameter.
It is natural to interpret that term as the contribution
from the sliding Goldstone mode due to the existence of
an incommensurate CDW.

If the superconducting current is absent the last
term corresponds to a pure CDW system. We can rewrite

this expression for the current as

(3.83) jJ(x) = oV _N(0)K g{ © £(B)

where
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de tanh BE(R)
2
«f 3 )
£(B) = —% £{p)
([ de =3)
E
P

E. Relation to Lee-Rice-Anderson Phenomenological Result.

The density of states Nl(O) ~‘$i with N the density
€
F
of electrons and e¢_ the Fermi energy in the last expression

F
for the current has just the same form as Lee and Rice's
[7] phenomenological result up to a temperature dependent
correction factor f£(B). This result is exact in our
theory up to all terms of the first order in inhomogen-
eity. Worth special mention is the absence of any other

, . ) , , $
gradients and time derivatives besides on and‘%z,and also

2% coupling. Higher

the absence of direct -:.-% or o8, t
3

order terms will be proportional K and are much smaller,
compared to those just discussed. fThis situation is

a consequence of the quasi-l-dimensional nature of the CDW
and has been incorporated in the microscopic model assumed
by Levin et al [8] and Bilbro-McMillan [9] via a partition
of the Fermi surface. It results from the independence
of the rotation of the SC Nambu spin space and the

CDwWw pseudo-spin space. We want to emphasize that in the
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theory presented we neither make any phenomenological

assumptions nor introduce any phenomenological coefficients.

Appendix to Chapter 3:

Gauge Invariance

Gauge transformations (see [6])

For the superconducting order parameter (3,84)
ie
h Ch (x) T3

y(x) ~ e ¥ (x)

For the electromagnetic field A(x) -» E(x) + ;A(x}.

Then:
- 2 . 2 '
;lex) cCosS _e"(x) 51n-_-@p,(x)" Xl(x)‘\
(3.85) - Re hc |
X, (%) —simSh (x)  cos22p(x)! [ ., (x)
2 [ : L Xe M
he C
i .29 i
I=A(x)7 X, (%)
2 1
hc
=‘.e
L xzfx)
Xy
where ?é defined in the ( ~) space, The combination
X2
2
-i 154 (x) s
Xy X2 | _he X17 1%
. /2 J2
3.8 .2
( ) +i - 1554 () .
X1" X2 he X1Hix,

/2 - J2
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which gives us

h e h 2e . xltx)
(3.87) (iv‘ET3A(X))¢(X) = (cv”:; T2A(x))( )
Xg(x)
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Chapter 4. The Ginzburg-Landau-Gor'kov Effective Action

and Equations _for the Qrder Parameters.

A. Introduction.

The Ginzburg-Landau action will be calcuated as
follows, using the previously obtained .ffective action,
In outline, we will follow a similar approach as we used
in Chapter 3. However in the present case both the order
parameters and the electromagnetic field are present., Thus
we require, in addition, the evaluation of the functional
derivatives of the action with respect to the order para-
meters. Setting these derivatives equal to zero will
give us the Ginzburg-Landau-Gor'kov eguations. As in
Chapter 3 we make use of gauge invariance. The coefficients
in these Ginzburg-Landau-Gor'kov equations are evaluated
using the assumed band structure,

In the derivation we assume the temperature is close

to T , therefore in the final integrands we make an
c
T-T

expansion in ( c). Also because typically Tp > TC we

T
C

can use a "frozen CDW" Ansatz and take the CDW order
parameters at their static values at Tc (amplitude = const),
Further we assume that the superconducting order parameter
and the electromagnetic field vary slowly over distances

of the order equal to a superconducting correlation length,



and we will carry out the separation of the amplitude and

phase part of the order parameter,

B. Functional Derivatives of the Generating Functional,.

We write the functional derivative of the generating

functional (see chapter 3) as

% ar..(q) AL (x)
(4.1) L = AT |+ iﬁ[——il———-Ji(“J———ﬁ
Ay (x) Ay (%) a  ax /2
6(J2 ) “JE )x
2 % 2
o2t 210
2 ° 3gagq q=0 = axax 2
2 3°r, . (q) (x) 2 a°r... [a]
_RT2 N7 A A _&_[E___a_l.k___ﬁ] .
2 3xaqag ax .2 2 " 3q,2q, q,=9,=0"
_a_(J(x))_i(A (x)) oT _ 1 Ai(x) 5 _
ax’ 2 J2 a0 T alx) 2 A )
“«/2 )
1 sr 1 8 . AT
a{x) se(x)  A(x) 2 il AL (x)
i Y a(—]—)
V2
The first term is:
4.2y —— = 1 .Ai(x) &T
' 5A(X) alx) /2 4, (x)
S N2
T L Tt ih

= Alx) /2 (_E J2 - 2Tr[TiGC(X,X)])
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5 .
= - = A{x) - iﬁ'rr[-rAGc(x,x)}

g 2

The phase part is

AL (X)
(4.3) —% | = s R §
A(X) AQ(X) Z\(X) 2 ji b’i(x) ‘
57 x
b (x) A, (%) .
— ] 2 i ik
ToA(x)  J2 eji(_g J2 2 Tr[TiGc(x,X)])

Ik

o - %?Tr[ngc(x,x)]

The next term is

X (%) 3. . (q)
(4.4) ‘12 — ik ]

(%) 5 GatTg fiy @@l g
A Y
ey e 28
A J2 ax A J2Tr]ax
s L Ny () aiij(q) 1 Ej ap 1
= -1 [ ] . +=
Alx) /2 34 g=0"p /2 3x A
all.  {(q) all
iy an (Taey o as)
ad g=0 ax ad q=0 "'ax
The phase part is
A (x) ar..[q] A (X)
(4.5) —— —E—¢ ah—il ) .2 )
Alx) J2 sy g q=0 ax' /2



ax zj ax
- ii"‘l 13 38 [M] (;L E.J.
A(x) J27s. " aq q=0"p /2 -

3, . (a)

- —li’l(['—"m] ah + [.___ﬂ_&_.__]

3q "g=0 ax 2q q=0

All other terms can be transformed analogously,

write only the final expressions:

A (x) 42 2 32 (%)
(40 3 T T Gaalaso” 2,
v 39297 A=0 % 12
2 3% (@) 2
B2 ™ aT 2z an
2" adeq =0 "2 3xX ax
2 %7, (@) 2
E_[ a8 RN V.- I 1- I
) g (75 )
2 3d3qg a=0 3 ax ax AX ax

where g and X mean the components of vectors

A ) 2 2 .
(4.7) — SN [3—141 :
alx) J2 s, 3934 g=0°" ax2 V2
2
h2 (a)
[___JuL__] (h_A af a&,
3dad ax ax ax

2 q) 2
g [___JUL__] (28,20 20,28
3% X dX 3X

adaq q=0" 3x

(x)

)

a2,

We shall

and

53
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2
1 &i(x)(_ﬁfla rijk(qlqz)] 2 Aj(x) 3 A, (%)
A(x) /2 2 3d;3¢, q,=9,=0 ax /2 ax 2
2 °r 27T
S NP PLAYYY 20 2, ° M8, AL,28
2 739,39, 9=9,=073% 3x 39,39, q,=9,=0 3x"ax
2 2
(s, 2028, 2 Tage 22,28
2
A (x) 2 ar, . lq.q,] &, (x) A, (x)
4.8) s . h ik 71720 A T a “x
palx) 2 s, 2 aqlaqz ax /2 ax /2
2 2
g2 2 T 3 T
D NP AT VN VS -T.Y 20, 20
27 739,39, q;=9,=073x% 3% 39,239, 9,=9,=0"ax 3x
2
3T azr
LT 20 a8, O pae, 28,28,

aqlaq2 q1=q2=0 “ax ax aqlaqz ql=q2=0 AX 3X’
NexXt we assume that TC is much smaller that Tp which

is true in 2H-NbSe, as previously noted. We are also

2

interested in temperatures close to Tc s0 we can freeze
the amplitude of the charge-density-wave order parameter,
Keeping terms of the lowest order in derivatives and

h
order parameters we have to the first order — 2 .2

1 3X ad
derivatives and A« in order parameters

alr, . [q)
a2

2, it e
(4.9) —gA(x) > -Tr{TAGC(x,x)]-lh[ " I g=0 3%
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(q]
- 1hr—_An] e B B’ [___AmL__]

: ... =0
3q g=0"ax 2 ag9aqg g=0" axax
2
t.12 2
ag q=0" ax 2 "adaq "g= of axax
all 2 321 2
SRSz NN Y20 M Sl MR -0
if 3 ]q=o ax*?r[ aqaq]q=0. g +...
and also
(4.10) 2p [Q]-'—BTr[ LG (%, %) )= ﬁi[auw RE
il G T30 aq q =0 ax
hz 2 ?sﬁwp [q]
+ [__.__..e] .a._.ﬂ__lﬁl__._.u.'l_._] .w.aﬂ
3%aq g=0 axax 3d gq=0 ax
2 32 {q] 2
+ b—[—-—nﬂa———-‘] :‘Q—j—:o +,.,., = 0
2 adad q=0" axax
all _ (q) 2 bai 2
_ iﬁl_ﬁﬂﬂL___]_dﬁﬂ ._TEL_Jn&___] . -
ag 3x 3daq  q=07"3x3x
2 -1 2
all a D a1 [qg] 2
ik A B 27 To \F g, L ata
3ad g=0 'ax 2 ' G 3agaq aday a=0 axax

C. The Functions JI: Definition and Derivations,

The [ functions and various derivatives of them

will be defined in equations (4.11)-(4.35) below.

(4.11) 1, [qo,q] = -*—,Y——‘:'—Trh G (q0+po,q+p)72G (90,3)
(2wh)
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+ P + q+p) )
718 (PP T,G_ (-q4+P,, -9 p)
where
. -1, =
{4.12) In region I: Gr (po,p) = po-eaf3+ATl*WclT3'

(4.13) 1In region II: G, (po,p) =3 (Po'e(p+§)73

l—o by
3 - Q
+ AT v (P elp 2)73+371}-

Then we have

. 4
P — __]_-11 rnd p Y -
(4.14) 1 lay,9=01 = -5 2 Tr {7 G (a,+p,,P) 7,6 (P, P)
(2+h)
+ Tch(PO’P)?zGa(‘qO+pO,P) =1 705

¢ Yo ,B) ~ 6 (p.,-P)
'T‘2 - -1'2
(4.15) II » 7. G (p.,¢) » G (pP.,-¢)
' 1 r o’ r 0’
- -T,.

Using the properties of nesting permits us to change from
a (new) extended zone to a (new) reduced Brillouin zone
by shifting the values of x by a (new) reciprocal lattice

-
vector. Then e¢(p) becomes spherical, Taking into account the
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properties of Pauli matrices we have

in Iir, G_l(iwn,s) = -G#l(iwn-s)
Ty Ty
in II:t, (iy_,P) = -G (-iy_,P)
T T
Hences

> 1 -
(4.16) 1, [9,=0.q] == f—-———P—(-rlG(lJ, .q+p) 7,G (1w _.P))

Aw PR R)
Then:

at .lg .5] . 4

E d I (2-A)

. aea(p)

ap
3€, (P) N

+ 7,6_(Py,P) T, G_{(~qy*Py, By 03 7,C, (-q P, P) ).

Again shifting kK as before and using:
4,18 ion I T Lo, -B)
{4.18) In region 01% G (PysP) > G (Pys—P

->
3T3r T, =5, independent of p
3p
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. -1 -

4.1 . _ -

( 9) In region II T P G po,c) > G Py €)
2T T2
T3 7T 773

ap
Then
if a? > ag(p)
(4.20) -3 —=—Err(. G (q . P)E TG (g,
II (2+~h) ap

+ po!p)?2Gc(polp)

—» > a!!E! -
+ Tch(poip)TZGa(_q0+poip) > TBGa(_qO+p0!p)] - 0

ap

Next:

(4.21) [ g = e dle Tr(1.G (4 .+, d4+P) . 7.G_ (P D)
. new qy,9] = 2% 5 rlr,6 . (qg+Py 9Pl o 37,6 (PP

+ .G P) G q+p) )
'T2 c(poip 0273 a{_q0+p0!—q+p

3 -1 D) = b + +
In region I G_ (PysP) = Pg - ea(P)o3T3 ATy * Wp T,

1l+p P
; o, B) = —32(py-Ty (B 4. a)
In region II Gr (PO,P = T3 (PgTTy€ 2+

1-0 3
+"3‘%PO-T3G(P‘§) + Tln)-

Further
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. -1 > -1 -~
Region I pp S (Py:P) = G " (p,,-P)
P2T3 7 7073
; -1 - .
Region II o3 Gr (po,p) invariant

[

T

€273 9273

a
_~_ n i_fl d » —
(4.22) n?w[qo,q—ol —-—2U:;—;?zTr[Tzcr(q0+po.pJ02TBGc(po.p)

+ TZGC(po-p)c2v3Ga(-qo+pO.p)} = 0

Also using

, -1 . -~ -1 -
In Region I Ty G (1£n.p) - -G (—1wn,p)
<273
. -1, . > . .
In Region II 0 G (l”n’p) invariant
0,73 7 0273
it follows that
-
_1 . a% o e it 2] = o
= a%n aTrl1,G(lw ,q+Plp, 174G iw ,P)) =
(21-!?1)
O _ih, d'p - .
(4-24) - l,_, + 2 I 4Tr{T2Gr(q0+POsP)p3T3

1| g=0 (2vh)
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aea(p)

- -
. ——EB"”Gr(qo+PO,9)0273Gc(p.9)

ae_(p)
-> = a >
+ 1,6, (Py1Plo,y 136, (mAp+P; Ploy Ty 5 6T (-d +P, P) ]

Region 1

©1
T1°3
. -1,. > . .
Region II 04 G (lmn,P) ~ lnvariant

©2T3 T TP2T3
(4.25) 1 {q,,q)
W

—

. 4 -
ih, _d’p . T2Po*dgt e, (PrdlogTymaT Wo, T,

= T2 g+ 2 2 > =~ 2 Pu73"
(2nh) (-g*tag*tin)® - ¢ (p+q)-a"-wh
a
._; .
'(pOfea(p)OBTB—ATl_thTB)
. Po 9t ea (P~ oy 737 AT, "W, 7y
P2T3 . 2 2> 2 2T
(P ~q,~in) -ea” (p-g)-a -W
0 %o
BP,

> . 2 2
-(PO+Ca(P)o3Tl-ATl'W91T3)]](-Zﬂl)e(PO)tanh—E“é(Po-ea(P)
- W2-52) = 0,
All the Pauli matrices (2x2) have Trr = 0, Trp = O.

4

ih _da'p > >

(4.26) m_la,,q] =5 2T (0, TG (AP, A+P)p , T46_ (P, P)
had (2nh)
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P -
+ 02?3GC(po.P)oerGc(—q0+P0,'Q+9)]
ih _d__4_a___ > -
- _Xn
! o Tr( (0,756 (AgtPy,a+P)p, T4
(2ﬁh)
s - }
[N
= -3 . 4Tr(°2T 2 2 > > 2 20273°
“ {2+h) (p0+q0+iq) ea(p+q) - A - W

b
Py dyte (P-Dpy7,-aT " Wo Ty

g i 2ol () - 2w’ 0273
(Pg=9y=in) " —e_(P-q)-a

“(Pote (PlogTy=ar)~Woym3)to,Ty

e (5 - 2 atpg) tanias (62 & (B)-w-4)
*Pg 63(9)0373—571 Wﬁ173);'(- wi e(PO a 5 5(Py—€, (P A

Po*dgm e, (PHQ)pyTatat +Wp 7y

3
_ _ih. _dp
= 2~(2 *)4 ‘( v 4 )2_,2(~+4) j 2W2

—n PO qo m Ea prq A
(PO+€a (9)0373_671"WQ lT3)

R

Po~dg” €a{P~Vo3T3871 "Wy Ty

-
(4.27) + 5 (Pote (PlpyTy-aT "W 7y) ]

-3 )2_ 2 -\.-—b) _ -
(PO a,y-1n ea(P q A

Bp
) 0 2 2 2 2
-(—2ﬂl)S(Po)tanh‘E_S(Po—ea(B)—W ~A ).

After some additional calculation, introducing

EZ = ¢2 + 62 + w2 we finally obtain an expression for II

P a
as:e



BE 62

R 44, tanh <5

(4.28) 11 [qo,q] = = a8
b (2;zh) p

E+2(+)’ > > -)-)
A e, (P e, (Prd) e (P

. 2 ] 2. 2
(q0+1n) +2(q0+1n)EP+ca(p)-ea(p+q)

2 > S -w .
N quQ+ca(p) - ea(p-q)ea(p)

.2 . 2 > 2 =
(qo+1n) +2(q0+1n)Ep+ea(p)—ea(p-q)

2 - - - -
- - +
qOEp+ca(P) ea(p q)ea(p)

+ 2 2 - 2, -
(p0+ln) -2(q0+ln)Ep+ea(p)—ea(p+q)

2, e .
-qOE +ea.p) - ca(P Q)ea(p) .

+ 2 (q+in)E_+e (B)- e (p-a)
(qo in) - (qO in p e (P)-e_ (pP-q

Using this expression we can obtain:

NE
. 44 8E_ tanh 'EE
(4-29) :C,.J[qo,q:O] = tr‘ __l_' ) it
o8 2-h +in) " -4E"
{ ) (qo ) p
and also
BE
azn (E) d4p tanh —EE
430 g = R
(2mh) E
aqo p
and also
PEp
d2 tanh >

(4.31) g [9.=0,q] = -
oo O I ea? B

1
.21:3(_!;)[ > > + -—bl > > ].
ea(p)+ea(p+q) ea(p)+ea(p-q)
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. 'Therefore

3 boi
5] o )7

. -
In the nested direction ea(p) =

e

3e, (p+a) 3 N
———— = — 1is independent of g. So the second deriva-

- 2m
ag
tive becomes
2 BE
2 1 [4a] > > 4 tanh
(4.32) ___£JL—_- = __L.g Qr d p 2 1
- gq=0 2 2 2 4 E
3934 m I(2+h) p e (p)
PEy
= L 6'§N(0)Pde { )tanh 2 L
222 o €3 'P E 2
m I p ea(p)
RE
_ 1 88, Fde_(p)a == (tanh 2,
= TT27322 € 'P E dE E
m p
- d4
Here we have used I N(O)de_ {(p) = —=E
I a ¥ (2nh)

By direct differentiation one can show that

2_
3 [qoal 3
(4.33) ————., =0 and ———ﬁw\ 0
3q q=0 q=0
39,34

The calculation of nBB[qO’a] is similar and we only

cite the result., In the nesting direction:

(qo.q] = :ww[qo,q]

BB
8E
2 I p
3 II 4 tanh
(4.34) (—28 = -l 2
aqz g=0 Coanm?d B
0 P
2 1
11 6 a tanh RE
° g8 - L1909 q )
(4.35) == g 2 2 2{N(0)de, (p)E dE ( E
ada3gq m I P



> o &
__1838 . 4 tanh
2
m 2 2IN(O)dI‘}> 52 2 dE ( E )
JE —a W P
P
2 1
a I
{4.36) [———ﬁf] =0
39,39 °
Here
2 2 - 2 2 _.__.Ld4
(4.37) E = ¢ (p)+a +W and N(0)de (p) = " .
P a v a - 4
(2rh)
In the unnested direction:
R 4 BE 8E
(4.38) Mg d=0) = r LR _ P 2
gg 0 L 4 L2 2
II (2+h) (q +in)“-4E
0 P
and
. FE
aEEII[q , q=0} 4> tanh —£
g "0 N dp 2
(4.39) ! 2 lq =07 ~. 4 3
aqo 0 {2wh) Ep
2 2 2
Here EP = ¢ (p) + 4 ,
2 IT -
a3 I1,.19,=0,q] 4 BE
(4.40) —— lgmo = - -—Q-—L‘qtanh—z‘e
393q (2rh)
1t % pp_1
(- c(p) m  mm 2 J.
¢ (p)

In Equation (4,40} the first term gives O because the

64

integrand is an odd function of e(p). In the second term

in (4.40) we can calculate

BE
'—-—E >
(4.41) - ! afp T T 11 e
II{2nﬁ)4 Ep ez(P) mon
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a tanh —=£ >
— 2 L 1.BR,,

" (2nf)? P (P

(4.42)

4 ‘tanh —)

1 -
——5<pp> -
2 . 4
m IT (2-h) Ep e (P)

) -~ P
><PP>N(0) " de(p)—; E
m II e (p) =}

Then after some calculation this is reduced to

2E
—P
. 2
(4.43) = —E<PpSN(0) " dE L _ L anh)
2 . P ~—— dE E
m 11 L2 2 [s] P
B -A
B
D. Summary of the - functions.

Let us now summarize the result of the calculation

of all second derivatives of | -functions
5 AE
A [a] d4p tanh -—29
2 lgeo = = 4 3
q= v ;
2 SE
an l[qg] tanh
o _ _N(O) 23 > 1 _d 2
3gad m P
PE
. tanh (—F)
- = 2 90y pag —2L < 2-)
R ir: P 72 2 9 By
JE -a -W
P
RE
3, [l4al 4 BE 4 ta
Pﬁaﬂg__] - -—jLE—tmﬂr—B - d p 2
=0 4 3 4 3
L I (2nh) Ep 1I (2nh) Ep
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2
3 i, [4a]
(4.45) F*‘"&ﬂ-__] - _—L § §N(0)PdE 1 d
> q=0 mz 2 2 v 5 dE
3gdad JE--W -y P
p
BE S8E
tanh —EE 1 oo 1 d tanh—EE
- { ) - —5<pp>N(0) " dE (
EP m2 Y1 P 2 5 dEp E
JE -2 P
P
where in area I (nesting direction)
2 2 2 2
(4.46) By = e (P) + W + 4
. . , , 2 2 -
where in area II {unnesting direction) Ep = e (p) + A
e 2 -
(4.47) <pp> = Juml.
.  ad .
Here, y-Fermi-energy 1I-unit tensor,
¥e obtain equations governing the phase of the
charge-density-wave:
2 2
a 1 [q] 2 da T (q) 2
(4.48) ——] oA - s = o
349, at adaqg 3aXaX

and the phase of the superconducting order parameter

2 2
- 2 ™ 2
4.49) [a TI T [a ‘aa[q]] A%
» 2 lq:o 2 > -» q=0" > > -
39, at 3daq IXaxX

Let us change notation in order to simplify:

_ P
d4p tanh 2
3

(2ﬂh)4 E
P

0
H( )

=T
® I



L(s) _ 1
(4.50) T = |

0,2 d 2
= { ).
w 2

1°M(0) fde tp)E pr -
I P P P

Then we have

2 AE
3 [qg] 4 tanh —F£
(a.51)  [—=—) o= -r —SP 2 - n'®
q q=0 I 2-m? B ®
39, ™ 5
and
azr [q] 3
(4.52) p_f%m%___]q=0 - () 2 0
3939 ©jelie)
Also let us call
AE AE
a4
W(O) . d4p tanh 5 . d_Rtar'nh
ol RO = 4 3 : 4 3
I (2B E IT (2rh E
(2+h) p (2mh) p
AE
—e tanh
sy _ 1 02, d 2
(4.53) Te = - |51 'N(0)de (p)E ag -
m I P
BE
tanh
d 2
m!IT - LBhr noyae@®Z o
8 E dE E
m II P P P
Therefore
n Lal
[a il q ] (O)
3d,
(4.54}
’1 la]
[a gg - ] =1 (115) g 9 I.I(IEl)
P lQ|lQ| 8
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If we choose the 2z direction for the  then

we have the eguations

(0) a° (s) a°
(4.55) p o a4 ad.o

and

0) a%> _ _(Is) a2 _ (IIs) a’2,a°=,a-
(4.56) ! 2z ~(Is) a = _ . NN M- Y
8 2 8 2 2 2
3t 3z X Y az

In the presence of the electromagnetic field, using gauge

invariance, we have

(4.57)

e |

Then the current is

(4.58) ‘13(}{) =-—9-(_l)8322.262(_1h3$_12_‘?;{(x))lﬁ t‘_d._p_._
C mc m . C E ne

A, 2 2 2
- 4 tanh T . /e_+W +,
"
1 ng g P 2¥ "a
2 2

2 2 2 2 v 4 2 2 2.3
[wn+e +A +W ] me I w?n) (ga+w +a ) /2

1]

Using known results with Fermi frequences we have

BE
1 1 1 1 1 p
(4. 59) > 2 2 2 =T = tanh
B n wge +pl4w B“n m2+E2 2Ep 2
nop
and
1 1 1 1 1 d 1 1
(4.60) =¢ = 3T =
B 3.2 2 B°n, 2 2.2 2E_dE_ p~ 2 2
(wbe +p W) (wn+Ep) “’n+Ep



1E
1 d

_p _p
. iz 1 1 d tanh z2 _ 1 d tanh
- 2E dE p® 2 _2° 2E dE 2E 4E dE E
p p w, tE p p p P
p
5o
AE
RN 4q tanh -2
- e
(4.61) <F = S44SBB> 2pam, dp L _d 2,
C mc 2m = . 4 E dE 3
ax (2-h) P E
p
3E
+';; 2 ate 4 3
I(2+h) E
P
= E
2 e 4 tanh —£
2 IO
(4.62) + 28 PR 2 e dp 1 d 2y,
2 m . 4 E dE E
mec (2-h) o p p

Now we define the density of superconducting electrons in

the unnested direction (region II)

_P
(11) 2 2. d% 1 _a tnh
(4.63)  n U IT) = -jua’ | ae de 5 )
II(2-h) P P p

After some calculations for the density of states at the

Fermi-level we have

2
A1 1Pp 1 QpPp™
(4.64) N__(0) = sy - -
(2rh)” C€'Pp (2+h)
dpF
we get
Py
4 1-tanh
I 11 2, 2 , d 1 4
(4.65) naI[T] = g [T=0]+5"s v 94 E dE { E g_).
ITI(2wh) “p P p

So we have



— —e
1 2 33 4 1 d
- -2 I1 @ 2 2 2.4d
(4.66) —J(x) =’L“£)—2[n (T)I- () a f‘—-——P—4 = 3
(2m)c (2+h) P P
BE - -
' 28
tanh 4
2 >, . II, & 22 2.4d 1
=) - A -2ilny T (DT- (S5 A =B =
p I(2+h)" “p
BE BE
d (tanh _22 ”E ae e ﬁwzp d4p tanh 7 .
dE Ep i B; mec 2 &(2nh)4 E; at
where
BE
11 2, 2, d4 1 4 tanh -—22
(4.67) n_o(T) = -SSP = ( )
s 3 . .. 4 E dE E
(2-h)  "p P P
£pP _2e
<m “Fermi zul
In the Coulomb gauge
1 2 2. > dpu >
(4.68) (— 25 - A == 3.
c at

We

then arrive at the equation for the electromagnetic

field and the current:

g9
2 2 = 4
1 2 o> > 4 2z 2 2 2
(4.69) (5 —a-z-v JA(X)+ —n'(‘—ze)—[nil(T)'f-{T)a j’—g—f—a
c at 2mc (2+h)
PEo
1 4 (tanh 5 '
" E_dE E
p p P
> > E
e II e g g 2 d4p 1 d tanh B2 h an
HEEZL[nS (T)I-(—)a 2t ag U E i

I{2nh) p p p ax

70



BE 71
4 tanh —P

W’ o d%l 2 1 ad)
(2+h) E at

£
mc

+

(8} o)

E. Final berivation of Ginzburg-Landau Eguations.

Now we proceed to obtain Ginzburg-Landau equations
for the superconducting charge-density-wa'e order para-
meter.

Taking derivatives of T (see Chapter 3 equation (B},

in the vicinity of T, where |a| = 0 we obtain
2 2
Bt W] A_e(p)
4 tanh 4 tant—/—
(4.70) -+ 2 o0 —LP 2 =0
. . L 4 . 4
% te-m)* 72 TT (2-h) elp)
Vea+‘wl '
Also one can show
20—-&
- ] A g2 21,04l
4.71) T = 5 oy AT e fr—
( D Sar0 T2 aootT2 A (X)) T4 aaq Jq=0
2
_ a4
JAXAX

The first term here can be transformed into

2
T T B, B/ €, (P
(4.72)  a(x) [ [N2(0)+7{u1(0)dga(p)sec1r 5 1}
BJei(p)+|w|2
5 d4 1 d tanlr >
- alx)|a(x)| [j'-—-—P—(-

N PRIt R
I(2rh)” 2¢ (p) a Jca+|W|2



4
v ! d ° (- 1+ ) ? )tanh(ﬁjiel)]
It (2-+h)" 2q(p) P

The second term we will write

2 a%n [q] 2
4 39ad  g=0"3xax

2 2 a?ai_l
ot Cc at Bxax

—

where e = 2. is a unit vector in the nesting direction.

19
50 we have the Ginzburg-Landau edquations for SC and CIDW

systems:

" .
+ %(..I.",IHI[T]+éé“. (,E) [T]: (q_g.i‘?;\(x))zjn(X)

2 > 2
— 3
T -T Ry (P (W]

.-c N
l,_..._.f‘ s

2
Beot ||

1 ) d (tanu 5
an(p) dea(p)

- 1N (Ode (2 (-

Be(p)
1 1 tanh >

"Te® T elp)

+ P N_(0)de(p) (-3
1 2 2¢(p)

+a(x) =0

) 1800 |-

12
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For the current we had

eh

1 -n
(4.74) Z3(x) =—.(:1;I[T1?+:§[T1ee)-

2ic

(AT X} TA(X)=mpa* (X)) - A (X)

2

- ”igglg‘(nII[Tll + n(I)(T)éé)A{x)
s s
(2Zm)c
e Q 2 (0).
AL N LIRS e
where
2 2
2
(4.76) “z[TJ = mlﬁ‘XJIZZEIT} = m|A(x) | KifT]

(4

(4

In

In

(4

4 _
.77) 19 = SR ta“g(&?(p’
© (2-h) P
28) 1n@pq - »_dn  tanh 8E(p),, alp At
region I Ea(p) = Jéz(p)+lw|2
region II E(p) = e(p)
1 1 s - 1 d ta““%Ez
= = r
79} mg o ITIT 2<PP>[ Ny (0)delP)E sy GE(p) ¢ E(p)

m I1



2

I Lo1el 1 d
(4.80) 71I.[T)] = -—= M No(0)de_ (p)
) mz 2 : 1 a Ea(p) dEa(p)
BE_(p)
tanh—=2
. ( 2
Ea(p)
<pp> _ 2 %
{(4,81) e Sul.

The solutions of the Ginsburg-Landau-Gor'kov equations

will be given in the next chapter (5),

74



75

Chapter 5: Analysis of Ginzburg-Landau-Gorkov_Equations

and Electromagnetic Properties of Coexisting Charge-

Density-Wave and Superconductivity Systems,

A. Introduction,

In this chapter we will discuss the eiectromagnetic
and thermodynamic properties of the coexisting systems
based on the Ginzburg-Landau-Gor'kov equations previously
obtained. First we study the one dimensional geometry, and
we obtain spatial dependence of the superconducting order
parameter and magnetic field. We also find the penetration
depth for both of them., Next we investigate the stability
of the svstem described by the one dimensional free enerqgy,
This will allow us to find the critical current and we
estimate the magnitude of the sliding charge-density-wave
current at the critical value. The expression for the
order parameter will then exhibit the coexistence-compe-
tition of the two effacts, A proposed experiment involving
reversal of the magnetic field will show a change in the
superconducting order parameter which is linear in the
applied magnetic field and sliding current. This new
effect is a consequence of the theory. We also demon-

strate quantitative changes in the Meissner effect: it



76
becomes anisotropic. From a measurement of the temperature
dependent anisotropic penetration depth, the electrom
density in the nesting and non-nesting directions can
be determined. Analysis of the 3 dimensional case gives
the correlation length in all directions; the anisotropic
upper critical field as function of the angles between
direction of applied magnetic field and principal axes of
the effective mass tensor, We calculate effects due to
fluctuations just above Tc namely: temperature-dependent
magnetic susceptibility and the magnetic moment of
a thin film., Alsc the helicoidal solution for super-
conducting order parameter is obtained in thin films,.

In an Appendix to this chapter we will discuss the
threshold energies for polarized infrared absorbtion in

a coexisting system,

B. Ceneral Discussion of the one Dimensional Case.

Suppose we have a semiinfinite sample accupying the
positive x-axis (x > 0) with the magnetic field parallel
to the boundary. Then we can choose the vector potential

in the form AR = (0,A(x),0) so that
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roa f ~ 0
i 3 k

b - 3 2B (x)

(5.1)  H= a3, a3, 3, = (0,0, AL,
B A(x) 0

Now assume that the current is also parallel to the
boundary, but parallel to the y-direction. Maxwell's

{Ampere) eguation is
4> -
(5.2) [T;J = wx(oxA) = o(v-A) - g A = -5 A]

so EHKHS. Both J and A may both be parallel. So
A{x) may be assumed also to be a function of x only.

The Ginzburg-Landau equaticons for this case are

2 .
o LR I L D e AP PRINES
- he
2 2
T -T A B e, (p)+|W|
- 2
= ———— [N, (0)+5°N (0)ae_ (p)sech” ——2— ] 4 (x)
c I —_——"'“2 N 5
BJ/e, (P)+|W]
N 1 d tanh 5
+ [N (0)de_ (P) (—— )7 ¢ )
I 2¢ . (p) fa 2>
a Jeg (P)+|w]
-
+ § Ny (0)delp) ()57 5 =A%) |“alx)
II 2e(p) ¢(p)

WR(x) - «‘2—6’—( L Tenl 11188) R (R)

, Ame 6|W(x)]2 (0)[ ]ha_i - o

me 2
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For the chosen geometry:

(v - 28000800 = 28 4 3 22 a0y 400

fic 3 fic
and

2ie 2 2 2ie 2 2
(5.3) T (29800 = 25 + (R (x0))ax)

fc ax fic

2
(5.4)  ee:(o - 2282, x) = 2222 (x)ax)
he pite

and we also denoted:

2
(5.5) nil(T] = mao | 7m0

= mja(x)|™:

(5.6) nz[T] - 2 i ] .

Ginzburg-T,.andau-Gor'kov egquations for the iD-situation are

I, die 2_2
2 U4 5 + (i +Iie)
3x he

Le » I o
H

B 7
- 2
l(O)dsa(p)sech2 ?cha(3)+|W|2]A(x)

Il

B
c
[N, (0) 4+ "N
C 1

B.Je- (p)+[W)°
a

. L d tanh 2
+ ([N (0)de_(B) (—E—) (

- \ —————— )
I 2¢,(p) de (B) 2 2

+ 0N, (0)ae(®) (—i)—L
11 2¢(p) delp) ‘¢(p)
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2
(5.8) 3—5%51 32) m|A(X)lz(ngl[Tff+nI[T]éé)-A(x)
3x ®

+ :;e §|W(x)| n(o)[T]EAE = 0.

This can be rewritten as:

I
2 13 [7]
(5.9 5 - (L >i§e; 2% ()14 (%)
X HB [T]

o N %fJez(E)+|w|2
TC—T N2(O)+??le(O)dea(p)sech "
!:I

= - - : 2
T h Iz
4g

[T]
2 .
1 g tanh BJca(P)+|W|

+ P N (0)de_(P) (- ) { )
2 2 >
I e (P) de_(pP) Jea(p)+|W\2

1 d 2
+ '~ _(O)de(p) = ( S ) | () )
2 2¢(3) TP iy

#2 11
g [ThomQuglTl + 1 [71)

and for the vector potential the eqguation is:

2

ax (2m)c

where we have introduced
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2
(5.11) )% = m(n':;[T] + 1y [T a0 |

Now to put the Ginzburg-Landau-Gor'kov equation in

convenient form we introduce 2R Je (P)+|W$
ﬂ sech
T -7 N2(0)+'§Q£Nl(0)d€a( p) 2
(5.12) a = 2 .
T 2m T [T]
> 2
R 1 g tanh 5Je§(P)+|W|
Ny (0)de_(p) (~——37) sl Saee e ——
I 2ea(B) 46y (B2 (pyaw)
{5.13) 3 =4 =3 T
w
mT [T] (rIBIT]
1 d tanhﬁfE
P -
+fI N, (0)de(p) ( 2c(p))de(p} e(p)
II
2 [T})
Thus
2
(5. 14) - (1+~—U—)—(2—e’—a (%) ]y ()
ax [T} h c
2 (2 2(2 2
= —_Lz—mlaw(x) + —_(2—[“1:311.-':1 § (%)
h h
2
2 2
(5.15) 2-Rlx) _ Anl e’ 1 60 17260 +322 2w % (O (m2d - o

ax (2m)c

This can be rewritten as:

T
2 . [T]
(5.16) [-3-2-+2(2m)a[l— (2e) (lJrfI )Aztx)lw(x)

ax 12 2 (2m) 2 My [T]
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o

S 28m 5017 o

2
azA (x) _ 417(2e)

axz (2rn)c2

(5.17) ¥ ) A 004322 Gy

Now we introduce the definitions:

- . g _L
by = ¥ A=0 = /B and Vo ¥
We have
2 2 ;T
ba
(5.18) (25 + 2(§’“)a[1 (23)2
3% R 2(2m)c"a o (1]
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2 (0} a8 _ o
nm ['1‘]at .

(L+—E—)a% (301 }g ()

HPhap ey = o

2 2
- 4-(2 2 4—~eh 2 (0 5 2
(5.19) 2 2 - ‘ e; -%|;(x)| A(:-:)fjn—g" %lt-f\ ;'.( )[’1‘13‘; = U.
3X (2m)c D 3

In order to rewrite these equations in dimensionless

form we make a change of variables to:

> 44(2e)°
X = (dimensionless length) where ~ 4n(2e)  a
0 8 {2m)c
0
1 2 1 2 2 2
(5.20) .. =._........3_; ..B..E == a_ _ 4ﬁ(2e)2_g .y .
2 B0 a%  ax’  4p a¥  (2mic” P %

Thus



2
an(2e)® a2

(2m)c2 B 3§2

(5.21)

2 oLl

, 2(2m) [l_,__(_)_(l,,_a__)A @1y o) - 22mg

o 2(2m)c a [T] f2

2 2 2
(5.22) 4r(Z2e) 2 A A(X) _ 4"1295 'g']¢(§)|2A(X)

(2m)c2 B 3§2 (2m)c
4-n-eﬁ Q ) d
+ == 2|w1 [T]ﬁ— = 0.

The dimensionless vector potential is given via

" 2 TilT)
(5.23) a (x) = 28— q +—f—;——>n (x)
2(2m)c a [T]

--

Now we can rewrite ocur equations in the following form,

2

2(2 2. ~
(5.24) (A5A0me L 250
aXx” h 4rn(2e)” a
(2m)c2 B
2 _— L d
_ (gm)a. 1 > |¢(x“2¢(x)
h dn(2e)” . a

(2m)c2 B

/|

2
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4-.-reﬁ 0 M
2 || r {T]
(5.25) 3—3(51- ifam + T2 = 0.
3)( dn{2e) 2 1
7l
(J!m)c2 B ; I /2
2 n,[T]
(2e) (148
2 (2m) c°a L;I[rm
Introducing the usual notation K .l__l,__ﬁi for a
2n(2e)H
dimensionless constant
: - 1/2
4+~eh 2 (0 2 I
el 9 2 MglT)
(5.26) J = — 372 (1 + II ) for a
4,/2 ~(2e)*a [T]
1/2_ T
(2m)
dimensionless current,
we arrive at coupled dimensionless equations:
1 az* 2 2
(5.27) =~ S5 5+ am ()X = ¢(x) - [E |y
K ax
2a X 2
(5.28) 228 _ v )fam + 7 -
ax
where
(5.29) X ='€*: and — = 5 -E: and y(x) = |A—O
0 5, (2mc Vo A
Qa
=/ 5

2 Ji{2mc g2e2 2

(5.30) K =
2n 2eh hc cr 0
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2 a1t 1/2
(5.31) a(x) = |—38b (18 " a5
II
2 (2m)c I, [T)
I 1
1 MglTl 3
= ——(1+—7—)" A).
2B 5 n T
Finally the dimensionless magnetic field is:
I 1
n. [Tl =
1 2
(5.32) h(x) = — (1 +—%—~—) H(x)
J2H Mg [T
2.0
£ iy ?p o2k i CI
(5.33) 3 = YAt )
2 13 a o, IT]
(2e) 3
f2m) B
210, At I
_eo W TTRES :[TT\I
m 2 CHCr \ JII[T]/
2._/51750 |
2
where H2 = &32_.
c.. B

C. The Free Enerqgy of the Coexisting System.

Later we shall discuss solutions of these equations and
various physical consequences. Now we turn to the free
energy corresponding to the 1-D case. The form of the
Ginzburg-Landau-Gorkov equations immediately suggests the

following free energy density:



85

2 1 .4 1 2 -2 o~
(5.34) F=7Fgo - [4]" + 5] + |Go-Re|T + (A7 - 27 a

1 * a2
= Fo - vty + 5 —5 AR Lty + D)

- 23 a.

All gquantities here are expressed in dimensionless form
as given in equations (5.29)-(5.33) above. 1In order to
investigate the stability of the physical system, we have
to analyse the behavior of the free energy as a function
0f the order parameter.

We start with the case of a homogeneous superconduc-
tor. Then for the free energy (all gradient terms

vanish)
(5.35) F =Fy - y*y + %(ﬁ*w)z + atxy - 23a.

§ 1is complex, SO we can write:

(5.36) Y /2(¢1 1¢2) = |¢|e_iB

(5.37) o = Jz(w +iy,) = |yjetl,

If we take |y| = ¢ = real y:

(5.38) F=F,- [¢]° + 2u)* + a2jy)? - 27 a.
If we take | = ;5 and by = 0 then:
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(5.39) F=F_, 6 - T + 1.4, 3274 - 27 a.

The free energy here is a function of two variables: the
superconducting order parameter ¢l and the electromagnetic

field a. The extremum conditions are

2E _ 1+ a? 4yl =0
a-gl 1 1
(5.40)
AF 2 =
- = -t - J =
22 ayy 2 0.
¢l = 0 is a trivial solution so we have
2 2
a + ¥, = 1
(5.41)
_ 2J
a = 2
"1

Depending on the magnitude of J we have three different
situations:

1) no roots

2} one root

3) 2 roots,

Introduce variables

(5.42)

We tnen solve the simultaneous equations
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X+ vy =1
(5.43)
432
Yy =7
X

Let us call the situation when we have only one root

"critical". The equation of the tangent to y = 5 is
x
T NN ¥ LN -t
Y~ Yo T a2 xXe) = m2 g xexg — 3 )
0 0 0
2 ~l 2 2 ~l
v = - 2 83 S5 SO - 5 H
(5.44) y = X+ x2 + ¥, 3 X + =5 + 2
*0 0 0 *0 0
so
~2
(5.45) y = _832x + 12J
3 2
X x
0 0

so for the tangent passing through (G,1) and (1,0) we have

-2
(5.46) g%; = 1 and 12; = 1.
xo xo
- _2,-2 _ 1. _1
Dividing these equations we have Xq = 3 Jcr =55 Yo = 3
Thus we obtain finally
2 =2
wl,cr T3
(5.47) Jcr =25
2



At this point we can estimate the magnitude of the CcDw-

sliding current when it reaches the critical value. We

3
take the Hcr = 10 Gauss, and 50 = 10 cm. This gives
H

. 1 cr 1 1
(5.48) J ~—— . .= . H

CDWCr J27 2./2m 0 65.1 cr

_ L 10 a, 100 1 (°LQ),103 a

65.1 " 4n 'm’" [ -5__ " 65.1 R - R
~ 10’ =,
cm
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Note this is of the same order of magnitude as the critical

current measured first in thin films [1}.
In order to determine the stability of the solution

we found for the free enerqgy we cxamine the Hessian

[ a’F ’F [ 2 2
3—5 - X —%——' a ~143y, - 2ay
ay 3y 32 1 1
(5.49) 1
azF azF 2
- 2a.l -
L 3a3v, sa° S i

The characteristic equation, corresponding to this

Hessian is

2 2

2 2 2 2, 2 2
r - ala —l+4¢1) + wl(a —1+3¢1) - 4a *1 = 0,

2 2 .
On the curve a + wl = 1 it becomes:

-




89

2 2 2,2 2, 2
AT 3+ (20) - 41y )y =0
or
2 2 2 2
L 3¢lx + (6wl—4)¢l = 0
_ 1, 2 2 4
(5.50) o= 53y = \/16'.':1 - 151*41]-

We can draw conclusions: 1) because ¢1 < 1, the roots

2 2
3 are real, and 2} because Xlkz = ¢1(6¢1 - 4}, If
2 2 2 s
6*1 > 4 or V1 > 3 {supercritical) then
.\l > 0
(5.51)
}\2 ~> 0

which corresponds to the stable solution.
It is of general physical interest to check experiment-
ally whether or not it is possible to observe this soclution

which presumably corresponds to a metastable state.

D, One Dimensional Case., Perturbation Theory Solution.

Now we turn to the cne~dimensional case which will
be solved by perturbation theory assuming a slow spatial
variation of the superconducting order parameter in a weak
magnhetic field., We measure smallness via the dimensionless

, 2
magnetic field times K :
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a. =0 {no magnetic field

(a- superconducting order parameter in th: absence of H)

then in equations (5.27)-(5.28) we get:

1 2 2 3
(5.52) = —T3u" + (aj+a,+2a,a) (0 + o) = (@ + ) + (a + o)

K

1

" L — 2 2
(5.53) a] + ay = (a7 +2apty ) (a;+a,) + J.

-~ ) 1 ~
JCr 15 equal to 5; and we assume therefore that J 1is of

first order. Then for the order of perturbation theory

0 - order gives a - a° =0 so a =1
. 2
first order aj = aa; + J.
h
These have an immediate solution a, = - ?? e—ax - gé
a
a=1
-X ~
Thus al = —hoe - J.
£f1i t d .._1... " 2 — 1 3 2
(5.54) In first order: - Se” + aal = (1 - 3a )y
K
|1 I az
a2 = a2.

This gives
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X a2
(5.55) o' - 2K2g = (hoe * + 3.

The solution of the homogeneous equation is:

2 Rx
yl_e

_ e—J2 Kx.

Using a usual Lagrange method one finds

X
2 - - ~
(5.56) &% =1+ X eK" x[r e KJ2 x(h e 4 J)zdx + C.}
” ‘ 0 1
n
>
-— ! -
ok TR x{f eK'“/2 *h e ¢ 3)2dx+C
2 : 0 2

)

}

where Cl and C2 are constants of integration to be deter-

mined from the boundary conditions. In what follows we

will use the Cinzburg-Landau boundary conditions namely

\ = i
(Vu)boundary 0. 1In our case this corresponds to ax|x=0

= 0, Omitting simple intermediate calculations we write

the final result:

2
K h
(5.57) o= 1 + ___-Q_E (__112_ e-2x_e-ﬂ Kx)
J2(2-x%) ¥
2 Jh _
P (ke ¥ - -lee ARSI &
J2(2K"-1)

The first two terms are exactly the same as in the original

article by Ginzburg and Landau [2],{3]. The remaining terms
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are new. In the absence of a magnetic field y =1 - 32.
This corresponds to competition between CDW and SC. 1In
a purely superconducting system obviously §y = 1. Also,
quite interesting, is the term proportiocnal to Eho,

which changes its sign with change of the direction of

the JCDW' S0
45 h
0 -x 1 -K/2 x
(5.58) N T wk = —-——*3"*—(Ke - ;E a K/ ).
J2(2x -1)

We think that this result may be used as a check of the
validity of the theory presented here. From (58) we see
that in a weak magnetic field p¢y is a linear function of

hO as well as of J. One has to measure a¢ as a function

of v _.
O

E. The Meissner Effect.

For the magnetic field we have h = hoe_x which
corresponds to a Meissner effect with screening length
50 (see (5.29}). We can also look at the Meissner
effect from a slightly different side. Consider an
idealized experiment with the semi-infinite sample in
z < 0 and assume the resting direction is along the x-axis

and the magnetic field B is parallel to the x-y plane.

Then
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aA (z) aA_(z)
(5.59) (B_,B_,B ) = (- —X— —Z— 0),
x' Ty’Tz az az

and Maxwell's equations will have the form

2
a A_(z) 4o
(5.60) - (231 !+ - A 2)
Az 2mc

_ Z;eﬁ Q‘W|2 (0)[T]33
and

2

3 A _(z)
(5.61) o - 4"(23) (T)A (z) = 0

Az 2mc

with Az = 0,

If B 1is parallel to the x-axis, i.e. the nesting
direction, the penetration depth is determined by n [T],
which is the density of pairing electrons contributed by
region II, This is essentially the ordinary Meissner
effect. If the magnetic field B is parallel to the
y-axis, i,e. perpendicular to the nesting direction, there
will still be a Meissner effect--but with a different
penetration depth which is determined by

n;I)[T] + (1- a)n(II) (1)

[T], where n [T] has the physical
meaning of the density of Cooper pairs in the nesting
direction. The Levin-Bilbro-McMillan model counts the

density of states in the two different regions in an
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average sense,

Along the nesting direction, due to the Peierls
mechanism, it is difficult to pair electrons. Therefore,
according to equations (5.60)-(5.61) nz[T] is proportional
to the density of states, So the "experimental" value of
n;I)[T] may be thus much smaller than the value estimated
from the coexistance transition temperature Tc' Several
eXperiments can now be proposed in order to test the
proposed microscopic theory given here,

In the perpendicular geometry if perfect diamagne-
tism is found, it would indicate the existence of a bulk
pairing supercurrent which cancels the sliding CDW current
automatically., Therefore, observation of the Meissner
effect in this case will give us interesting experimental
information about whether there is direct coupling between
the phase of the superconducting order parameter and the
phase of the charge-density-wave order parameter.

A temperature-dependent measurement of the two

penetration depths (parallel and perpendicular geometry)

(I) (I1)
S

[T} and n_

can give valuable information about n [T],

since it is presumably insensitive to temperature,
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F. General 3 Dimensional Case.

Now we turn to the general 3-D case. Let us rewrite
the Ginzburg-Landau-Gov'kov equations by placing them
into conventional form:

52 2ie 2 2
am’ (v - —/ M)y + ay(x) + b‘¢|73 = 0
m hc

(5.62)

-—p

1 "n . .
where am = I;I[T] + ee QE[T] is the effective mass tensor.
In the absence 0of an external electromagnetic field,
and after diagonalization of the mass tensor, we have in

the principal axes

f2 dz" 2
(5.63) _—'—‘—'['+a¢r+bl¢'| ¢=0.
am, 2
i dxi

We can define three principal temperature dependent

coherence lengths.

(5.64) ¢, = i= 1,2,3.

We now calculate the upper critical magnetic field MC2
in the CDW-SC system, Choosing 3 along the x-axis for

the tensor of effective masses we have for example
-

5.65) X< (T2 + 1

(5. 4m : :

Suppose now that a magnetic field is along the =z

direction, We can choose the gauge
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(5.66) A = (-yB,0,0) so B = (0,0,B)

The Ginzburg-Landau-Gor'kov equation becomes:

1 2 22 2ithe e2y%p?
(5.67) i~h JL—+~—*—(-yB)JL+F—lL——]w(x,y,z)
4m 2 C X 2
xX ax C
1 2 32 (%,v,2) 1 2 azm{x V,Z)
5 1 Y 3 _ ) 1 ¥ s
* g 2 ) + o (R 2 )
YY aYy z2 az
= atlj
i(kxx+k z)
Now taking ¢ (x,y,z) = e z f{y), we obtain
5 ki ki L &2 hkxeys
(5.68) -h (- 4m T 4m +4m 2]f(y) + EE——E_E(Y)
%X z2Z vy dy 1o 4
2B2
2 -
t 5 Ey) = af(y).
4m C
P4
Now shift variables
. chkx
(5.69) Yy =Y ~eB °
We then get an equation for f{y')
g2 42 0252,.2
(5.70) - o—— —=f(y') + ==X —f(y') = af(y').
4m . 2
yy dy 4m C

XX

The stiraightforward sclution of this equation is:
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ca{m m )2 hzkz(m m )2
(5.71) B = yg xx' z' XX Yy
2(n+§)he 2mzz

so the upper critical magnetic field is
1

2ac 2

B = )

c2 eh (myymxx
1l

A similar calculation for a magnetic field in the x-y
Plane (for example B in the y direction) leads to

the result

(5.72) B = — |
C2II eh

Comparing the two results we obtain

B 1

c2II m -
(5.73) = = (=)
c2 11

L
The possibility of estimating the effective mass anisotropy
in the CDW-SC system by measurements of the ratio of

Bc2 provide an important test of this theory.

One also can discuss the general case when the magnetic
field is in an arbitrary direction. 1In this case the
calculation of the upper critical magnetic field by
solving equation (5.62) is also straightforward. Wwe

only give a final expression for Hc2:
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2 2 1 2 2 2 2 2
si o 2 cos 8] 5] 14+cos 2
(5.74) H_, a(——Hn +—-—*Cms )< (S f] L ri{ cos 8),
n 11 11 it

—
where g8 1s the angle made by B with the normal to the
flat surface and angle ¢ is the angle between a and

o -—
the projecticn of B onto the surface {Q 1is assumed to
lie in the surface). The above result gocs over to that

of Kats [4] obtained for layered superconductors in the

limit (o) i O.

(5.75) B 5 ~ ;
€ 2 L L2
cos e+-m—— sin f
11

We now discuss some magnetic properties just above Tc.
Here we have the "frozen" CDW and simultaneously super-
conducting fluctuations, Wewill calculate the diamagnetic
susceptibility. First calculate the change of the free
energy due to fluctuations, following a procedure suggested

by Lifshitz and pitaevsky [(5]. Assum ing E in the =z

direction we have

2ekBTB oo n'kBT
(5.76) AF = ~V—//—— ¢ f dp
2 Ny =oo m p2 Z
(2rh) “c A 1 xx, 1/2 z
wa(nG) (_rn ) 4’__21'0 +a
YY zZ
h - =B k_-Boltz tant Yy is the volum
where Wox = m <’ B mann constant, i ume.

Now using the Poisson summation formula and neglecting an



unimportant constant term we obtain:

2 2 2
1 HETCBV 1 w dpz
(5.77) &AF = - > . f '2
48 hC (m_m )l/2 -
XX YY z
a
2mzz
2 2 1
2 _
_ply 8TV M, 2L
- 5
48 ﬁC2 mxxmyy Ja
For the diamagnetic susceptibility we have
2 ezT
(5.78) w = - 2aF €
v 382 24nhcz(&m )1/2(1'—'1‘)(1;/2
N .
where we substituted a = E(T-TC). We next evaluate the

magnetic moment of a small drop of radius less than Ez'

Then in the previous sum only the term with eigenvalue

n =0 is of importance, corresponding to the solution
m
. . _ ehB b 2.9
y = const, and is equal to EO = o (m ). So
XX Yy
T_ aE; Tcﬁe 1
(5.79) M= - — = . .
a aB ac 1/2
(m_m )
XX YY

Similarly the magnetic moment of a thin film thickness

d << gz in a magnetic field perpendicular to its plane

can be evaluated for T > Tc and T - Tc << Tc'

In this case
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k. T
(5.80) aF = D25 A
1 1/2
"‘ﬁc rlf:.‘ox(n"’é—) (ﬁ) / +a
YY
AB Kk T
B & -1/2

24hc  3C *F VY

Hence the magnetic moment of this foil is

(5.81) M= - 28E

G, Helicoidal Solution of Ginzburg-Landau Eguations

in Thin Films.

We will now examine solutions of the Ginzburg-Landau

equations of the Ambegackar-Langer type [6] relating to
a film of thickness L<{<§ and L<<Z and picking the vector
. > . 2 2 2
potential A, with A < g Hcr'
For the case of such a thin film let us assume for

. ikx

the superconducting order parameter: ¢x = f e . The

superconductor occupies a thin slab of the thickness L.

If az << 1 then the solution of the first egquation (5.27)

is just
2
(5.82) £f=1- 55 .
K

The solution of the second equation (5.28) for the vector
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potential was found using the boundary condition that the

magnetic field is continucus. It is:
h, sinhfl=73 X [3+:-2(1-k—2)] .
K
(5.83) A = - L K cosh,/1--x
— 2 — —~— 2
K2 /L s K2 K
1-— cos h Jl———oE 2/1-"5sinh /1~
K K K K
2 2
X o~ k K
+ ST+ k(1= ;5)]

2
sinh l—h-x
K2 / k2
(5:89) Jioeq TR =7 Vi3
costha;E 5
k k2
[T+ (1—5)) I
K 2 2 2
_L £ 155 4 5 Bk
2 k< 1 Y K Ko
. PR Sl
sinh/1 K2 5

We can see a few interesting terms in (5.84) brought
about by the coexisting system, In the long wave limit

(k - 0) we obtain

(5.85) rTotal ¥ . p_ Sinh x LY cosh x o
0 L 2 _.. L
cosh 3 sinh 3

The first term is the usual result. The two additional

ones are new and may be used to compare experimental
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results in this superconducting films.

In conclusion we want to emphasize the large variety
of interesting exXperimental manifestations of coexistenceof
charge-density-wave and superconductivity at the macro-
scopic level. We hope to stimulate experimental work
in this area in order to "illuminate" the validity of

the theory of "partial gapping".
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Supplement to Chapter 4: Threshold for (Polarized) Infrared

Absorbtion.

Now we will discuss the problem of the absorbtion
of an electromagnetic field by a coexistant SC and CDW
system. Following Pokrovsky and Rivkin [1] we will
calculate the threshold for this absorbtion,

From energy conservation we may write

s.1 gy = E> + B> —
(s-1) 7 %p 7 Tpq
where
2 2 , .
N ep+lbp| unnested direction
(5.2) E =
p
/2 2+W2 nested direction

+
or .Je +{a

ol

consequently

! ﬂe _3‘+)2+ |2
| p-q VD *lag g

(s.3) E = «
J

s -
Here uw,q are the photon energy and momentum and v is

2

o ¥ gl

-> -»)2
-V +
p-q ) tlap

N

the electron velocity. Using p >»>» g we can solve equation

(1) which yields

l,.»>
(s.4) c = (v
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and for the nested direction:

t |-

22 o2 2 2
(s.5) e - Elf"'qthm{h " -[v:-aq% IV TA I
Py,2 %5 - (v-q)

Since ep is real, the threshold frequency W is equal to

. - 2 . .
m1n[(3.q)2+4lﬁ‘ ] nonnested direction

(5.6) (T\u;%

H

_/2 Y > > 2 2 2 . .
(§.7) 'Fm% min[ (v.q) +4|a| +4w ] for nested direction

Clearly measurements of Wy May be used for estimation of
charge-density-wave gap in the coexisting system., This
can be compared to measurements of the COW gap W for
Tp ST D> Tc and to measurement of the BCS gap A by
other means: for instance , infrared absorption, when
the CDW gap has been suppresssd. This measurement will
also permit estimation of the strength of the competition
between superconductivity and charge-density wave gaps.
We must notice here that light is supposed to be
polarized along the nested direction in order to be able
to excite electrons involved in the competition.
Changing the orientation of a sample or rather
the direction of polarization of light an experimentalist

would see different thresholds.
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Appendix A, A "Naive" Macroscopic Theory of Coexistence

of a Superconducting-like System with a Scalar Boson

Field,

The aim of this Appendix is to demonstrate, using a
"simplest" model the coexistance of a superconducting-like
system (described by a Ginzkurg-Landau effective action},
and a scalar boson field. The latter may correspond to
the deviation of an unperturbed lattice from commensurate
to incommensurate case.

Assuming there 18 a slowly varying order parameter
Yy {r) characteristic of superconductivity, and an order
parameter ¢ ©f the scalar field we write a phenomeno-

logical free energy as

2
R 2 2 b, 4, 3
A.1)  F =Fgy+"[ Z-|ny] +oafup o+ gly) ddr
2
3 2> 3 22 3>
+ ,"ﬂ'l‘%ﬁ‘l' TF + By (DT + Myo|y (B) | a7

where the first three terms correspond to a conventional
Ginzburg-Landau free energy. The next two terms correspond
toc the kinetic and potential energy associated with a
bosonic field. 1In the last term note the linear coupling
of the two order parameters,

We can also discuss a more sophisticated model of
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coexistence where for small ion deviations u(;). the

elastic enerqgy He has the well-known form [1]

Kuis 1 2 3.
. 2 H = "[——= + .- TR, L - . d
(A.2) e .1 2 L‘(uij 3513uaa) ”ijui]] t
where the strain tensor is:
1 2Y. AU,
=S+
i3 2 ax X,
1
For a purely superconducting system
r I—r!‘[|2 2 b 4. 3--
Hly] = T 77— + ajy| + 5lv] }d7r.

In the case of guadratic striction [2]

2 - 3~
Hint = —gj"'bl uil(x)d r.

So the Gibbs thermodynamic potential }(31 %T) is

(R.3) $ = ¢, -~ T In YG';IGXP["(H{¢]+He+HintJ/T]-
Taking Fourier components of U [2]
au i % - x .
2 _ u(O) + 1 5 elk Xk u (K).
3%y af JV A a

0 1] » - .
Here u is the tensor of uniform deformation, and V is

aB

the volume. After some calculation we obtain:

2 2
- = —g 4 >0 33> 9 2 > 322
(A.4)  (e-3,) 2(1+2u)r|¢l (x)|d7r + 2V(k+2u)[f y  (x)d r)
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we introduced here the Lamé coefficients 3 [1]
2

- - LU

Y K 3 -

Now we return to(A,l)and try to understand what are the

consequences suggested by the model {(A.l). We notice that

an alternative form of interaction like

2 2 3w
Ty jyld

has to be ruled out because it 1s inconsistoant with
coexistence of CDOW and SC. Now we show tha~ free energy
(A.1l) leas to interesting physical consequences,

Minimization of (A.l) with respect to ¢ gives the

relation
£ F 2
e = . a =
{(A.5) ‘o y|,| + 23y 0
with the solution
2
(A.6) 0 = 3al¥l"

For a spatially homogeneous medium we have

2

2, b 4, 3~
(A.7) Fo=rg+ Maly|"+Gf3) v} Jdr

A3 derived by Gor'kov a = a(T-Tv) (see Appendix B)

2
6
T TC 7.04Tc CITc 2 _ _0_8
¢(3)y u n m

(A.8B) d =
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3 2
n=®f n P _ 2
- T, 2¢3 YT 2w
m in h m
a a(Tc—T)
At equilibrium |:| = - 5 = 5 . Thus the free
X_ ik &
b 28 b 23
energy hecomes
Va2 2
(A.9) §F = F - Fo = - 2(TC~T)
2b-Y_
.’_'3
and the specific heat
\' aTC
(A.10) c = CD + 5 -
SR

In the vicinity of Tc, F - F0 is small, Due to the theorem
of small increments [3] the same guantity gives the

difference in Gibbs' potential & - a On the other hand

o
this gquantity should be equal to - VHi/Bw, where H 1is

c
the critical magnetic field, which destroys superconduc-

tivity.

Thus near the transition point we find

f.4na2\1/2 a 4392 1/2

b 28/ b'za

The measurement of this field will give an estimate of
2

Y

28

In the presence 0of the magnetic field we can immediately
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gz2neraliz-» equation (A.1l) to

2 2
B- R 2ie 2 2
= P — .
(R.11)  F o= Fy + TG 4m|(w-hc) el

by 2
* G 2B)|”| Ja’t = o.

- 4 o
We use Maxwell's equation o x B = :? J where the current

density is equal to

2
(*7y=yoy*) - ——|y| A

.
(A.12) J =

and boundary conditions
(A.13) n(-ifimy -

In the presence of a weak external magnetic field we
then obtain a London-like eguation. For the penetration

depth we find:

2 2
2 1 2
mc (b-gg) 5 me (b-g—) %
(A.14) § = [—5—"1" = [——7 -
Bre |a| Bre a(Tc-T)

The correlation radius of fluctuations of the order

parameter is, as in Ginzburg-Landau theory

R h
2ma) % 2(ma) Y21 _-m 1?2

The Ginzburg-Landau parameter is
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mc(b-'x—)l/2
Y 2B
{A.16) K = (T) 1/2 .
5 (2m) 7% |e|h
As is well known [2] k = 1 corresponds to the boundary of

two kinds of superconductivity: type I and type II.

S0 we see that the bosonic field can shift the

boundary between those 2 types of superconductivity.
Let us alsc note an interesting fact if we assume

that the Hamiltonian (by analogy with the free energy)

has the form:
+ 2 +  + 3> + 3.
(A.17) Fl-y —271;'3%(1: (v w)y)lar + " yop(, y)d'r

+ + .

where | ¢ = *ava' Here and ¢ (r) and §y (r) are in the
Schroedinger representation and satisfy the usual
commutation relationsS. Then, we can find the energy of

excitation as

2
(A.18) E = N/(e-ep) A luy) + oy lo*e)

which clearly corresponds to our result in the microscopic

theory (see Equation (3.78)):

T2 2 2
E=J(e-eF) + A 4+ W

Also one can analyse the shape of the vOrtices in

these type II superconductor. We get a system of coupled
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equations, describing the nonhomogenecus systems, namely

h? 2 b, ,3
“am v talrl 311+ 2vele(n] = 0
(n.19) and
=2
h 2 2

The second edquation is acually a Helmholtz type equation

and we can immediately write [4]

o) .
(A.20) s =" G (r.r) |u(e) | Td’E

-

where GH(f,r') is an appropriate Green functicn for the

Helmholtz equation. We then obtain a nonlinear integro-

differential equation to be solved for {y|:

h” 2 B3
(A.21) = =+ oalr] + Syl - 2y

SlyrG(EE ) s (£ jd

= 0,

For the case of an infinite 3-D sample in the vicinity of
the transition point neglecting the cubic term and using

the explicit form of G(r,r'):

4pm* > >,
h2 2 2 —‘—%_‘-r-r 1
(A.22) - oy + aly| - 2y |¢'(r)\ure >
|x-£° |

ly(z)°a’E = o.
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Here it is useful to make a substitution assuming that
the superconducting order parameter |w| is a slowly varying
function of coordinates compared with Green function G.

We can bring § (r) outside the integration and we obtain

2
h™ 2 b 3 2 3
(A.23) “am? vt aly | + 5|¢| - 2y ¥} <& =0,

where <G> is the average of the Green function over the

range of integration.

— o A © -qr
- 1d3Amx oy
e V4.ﬁm lr-r !dr - 4.r Zar
(A.24) 6> =" - 0
1r—r'[
R
where [ = "— . This is then
R
fh=) " f\r
{A.25) = 4-" e_nr rdr = 4-—." r e v Ar
0 0
-far o« w  -Or -nr «
(R.26) = 4wrgja— | - 4nf dr = 27 & |
_ 40 _ -n°
== = —~
Q 3
Finally, we have
2 2 .2
RS 2 b, 3 2y°gh 3
(h.27) “am TV Ay +ShelT - ST = o

Equations similar to (A.27) have been investigated by
Ginzburg and Pitaevsky [5), Pitaevsky [6] and

Gross [7] for the case 0f an axially symmetrical vortex



114
line, It can be shown that in this case the solution is

of the form

1/2 r i
(A.28) y = —2——1eett
_}:3 .?x ~f D
2 PBn*
h . , r
where r = . Introducing the variable £ =7 Wwe have
Jama 0
the eguation for £:
1 d, df £ 3
A.29) = —=—(e==) - =< + £ - £ =0,
( e ag (Sae 2

The graph of this function is given in L5]
our conclusion: a bosonic field does not effect
the effective radius of a vortex line, but modifies the

shape of the effective function f. The case when

2 L2
2 -
% = —IE;%— is critical and can be used for estimations.
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Appendix B, The Path Integral Method in the Theory of

Superconductivity,

The path integral technigue is now widely used in statistical
mechanical problems. In this Appendix(following Sakita)
we will outline its application to pure supercoductivity.
The objective is to derive the current and GLG equations [1].

The partition function for a system with Hamiltonian

H 1is
;S -RH(p, Q)
Z = Tre = quo qo‘t_ |qo>
. N
= Pdg, < g,|lim(l - eH(p.q)) |q >
«Hg 0 0
N—w
= 1lim" n P -
= l:.fn‘ da, dgy... q, 1<9,4]1 eH|qN_l>
N v
Aoyt Gy pP iy g1y PGy |1 el
but
dp. -
i pP. (q. qd.)
_ -t 1" 71i+1 i 3
<q; . 11-eH{p,a) fq,> = | P (1-eH).
So
-1
P, ifp. (q,,,~q,)-'eL;
_ N-1 N-1__1 iti4l A i=0"
Z-IIOOI ni=0 dqln 2ne L]
the variables -N s 'e = d 'l+1 J;q "d:red—q
Now rename the @8 dy = q i e = dryi 4, -9 dr

= gdr. Finally, for the partition function:
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—ideTp(T)Q(T}-IOdTH(P(T),q(T))

= re
z = "'Dabp
= ffDques
where
3
s = -ladr and 2z = -ip(7)4(r) + H(p(7),q(r)).
0

Now we use the Lagransian density in a continuous (field-

theoretical) form.

qa—~ d(x,7)}

P " lilx,T)

H = j'dx)((x)
8
z = "’piDtexp(fdrPax[ir (x, ) #(x, 1) -HIT(x, 1), #(x,7)]
o v

The boundaty condition is: 8(x,0) = @{x.,3).

A. Perturbation Expansion of the Partition Function.

BK

wWrit Z = Tre , where K is the grand-canonical

Hamiltonian (K = H-yN). In the important case
of a two body interaction Hamiltonian K becomes

~ -~ 3 4+ hz 2
K= B-pN = fd7 <" (x) (—-—2—x‘f‘—-u)w(X)

1l.,.3 3
+ 2radx a x2¢+(x1)¢+(x2)V(xl-x2)¢(xz}w(xl).

2 1

Introducing the Fourier components of the fields and
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potential
1 ik-x
> 1k-x
¥ (%) =';§ T plkle
> -»
- ikx vi{k)
Vi{x) = Kk ©
we get

1 > > > - -
K = Do (e(k) + 5528 0 @o’ (@) (B-K)g(Blo(X)

+
T Ko * Hipelo b0

with

=-2. 2
h™k + h k
( m - (Klplk): W CYSEte

M

H,. =3z

0 k

Now the corresponding path integral is

el
Z = ' de*(K,1)do(K. T expi-" dr{L o* (K.1) (Z4u, deplk, )
K.~ LO X at 'k

FH, (o*.T) el T

Now denoting all the arguments in the exponential as the

function (-S5) we define

B -r -
zin,n*] = > de* (k,r)dp(k, r)exp{-S-[drg [n*(k,T)g(k,T)
kr cC k

+ o* (K, -In(k,7)])

and

B

2yln,n*l = Ii,r dw*(k,T)dw(k,T)exP[-So‘g drz, [n* (k, r)pk,T)

+ g* (k, 1)k, 7))
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where

s, +

0 Hint((ﬁ*( !T) le( ]T) = 5.

oD

This is Schwinger's trick.

Now we have the following relation between the two

last formulae:

B

z{n,n*) = exp(-I H;
0

i 12 [n.n*].

(_iu_JLq
nt & 6n*

The proof is almost trivial using the relation:

Anlk.7)

ik, ') ékk.S(T—T')

and the obvious formula:

:(Xl)...o(xn) exp[:u(x)n(x)dx

fn(x) " enix) Mo

For example an arbitrary functional &(g) of ¢(x)

can be written as

3(p) = 8(—=

én(x))exP[f w{X) n{x)dx] |

n=0
also
exp(~{v (1) = exp(-]v L) ax)explfonde) |

In order to calculate Zo[n,n*] we note that:

w(k,0) = g(k,B) for bosons



and

wl(k,0) = —-g(k,B) for fermions

(the same is true for =n). Therefore we introduce the

following two series

-ign'r —1._ '

ek, 1) = L g (Ke A

. 1
nik,r) = zn1-|n(1~:)¢c_-'”§nT /8

2ng for bosons

-n

' + .
Jzﬁgilz for fermions

-

After introducing these two series we find

. _1 .
Z[non*} = Z2,[v.0]exp[E n* (k)T n (k)]
O 0 X.n n lgn u_)k n
and note
-Bk

2,[0,0] = Tr e .

Using the last expression we can develop the perturbation
series,
We will not be discussing here details of the calcu-

lation of 2., We only exhibit the Feynman diagrams using

P
vertex: A kT\ ~3é§ 6(4)(q+k-p)

Propagator .~ x~, “V(k)

k
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Propagator: ——»— G(p) = —.
P %

2. The Effective Action,

Consider n = n* = 0. Define W[J) by

Z[j] = éw[J].

W[J] is the generating functional for connected graphs.

Define §(x) by

) . ML)

Bix sJ(x)°

The Legendre transform of W[j] is given by
cUa) o= Fodxie) (%) - W[]]
= J(x}).

The physical relevance of T[%] is clear from the relation

*r[e]|j=0

= e

fdxj (x) 8{x)-r{ 8]
e lj=0 .

Z = 23] |, =

Thus T[§] is related to the free energy of the system

and the condition

AT(8)

X = 0
50(X)|J=0

gives the equalibrium configuration for the system. The

key theorem states
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1 -1
riel =2 [ dxdye(x)a (x-y)e(y) - w[2]

where

2 Hixey) = [k TY) vy 7h

and x[%] is the generating functional of one-particle
irreducible graphs . For proof see the proof in:

(£. Abers, B. Lee, Gauge Theories, page 98 (1973)).

3, Calculation of path Integrals [2].

Suppose Q(x) is a quadratic form in one variable

2
1 2 b 1 2
Q(x) = 2ax - bx = - > + 2a(x—x0)
where
X, = b
0 a’
Then
> Q(x)  2g.1/2 b2/2
[ dxe (x) _ ) e 2,
-0 a
If Q(u) is a guadratic form in n variables [ul,uz,...,un]
1
Qu) = E(u.AU) - (b,u)

where b 1is a constant n-vector. A is a symmetric

nonsingular n x n matrix, and (b,u) = 22=1 biui. We can
: _ 1 -1 p
also write Q(u) = -Z(b,h b) + 2((u—uo),A(u—uO)
u, = Aﬁlb
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Then -1
_ 1/2{(b,A "b)
fldu]e Qlu] _ =
Jdet A
where
[du] = —1 du du
(2")n/2 1 n

For the real field &(x), define a quadratic form

Q3]
1
Qlel = 5(8,A8) - (b,8).
Then 1
. —ors) 'el/E(b,A b)
. [d3le = N 172
{det A)

where N is a normalization constant.

4, Application to Superconductivity.

The Hamiltonian for the superconducting system is

2
_ - FRL PR . I s
H=H,+ H Zs=t,1~rdrts(r)( 2m “)ws{r)

s <+ i -
- gfder(r)¢‘(r)¢;(r)¢T(r).

We can introduce the electromagnetic interaction in
a gauge-invariant way using the minimum substitution

> > .
+ g - ieA, Hence for the Hamiltonian H:

ai
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H = fdry T (F) [-2= (a-ien) 2ol g ()
T “g=1,,v s 2m'"” ulvg
e + > - -
- gjdrwf(r)wi(r)wl(r)wt(r)o
H is invariant under a gauge transformation:

v (5~ SNy (g

> - 2> >
A(r) » A(r) + op(r).

The partition function is given by

A

~ - ‘ 1, 2
z = fng[d¢(x)da*(x)]exp[-nggdst(QE - 5olo - ie) )y ]
A
. r f'dd‘l *oaet v x
explg drldxy (x)y (x)y (X)y (x}].

Now we introduce an auxiliary field @(T,i)

2
N = "flder][ds)e * 2

and examine

2 + +
- +3*
éff apragel X TER/I X(8y 4 +o AR

Making the shift

0 > 8+ Ly

xV ¥y

* > g JE tur
$ & + % *1'*1



+_‘ -+
v wlw,

WYy

we get back e after Gaussian integration. So

f[d¢*1[d¢]exP[fd4X£}

7 =
1 . 4
=5 . [d*][d¢] [dex][de]exp(d xz]
with
_ . td _ (g-ieR) _
£ = S(aT 2m “)ws
2
SR CETC N TR LY S
We use the boundary condition 9(8,;) = Q(O,;}.

One can immediately draw Feynmann diagrams for this
interaction, We will not dwell on this here,

Introducing a source for the &-field as

— . 2
. y
203,5%] = 5 1dy] [dv*] [ds] (@anlexpl-faxy ] (R - Aoiehlsy,

2 4 4 + + . .
» exp[-x I $*8d x + /g X Id x(¢1¢‘0 + ¢1¢T@* + Jre+e*j)].
The partition function is then

Z = 2Z[3,3*),
J ]J

=j *=()

The generating functional for the connected Green's
function W[j,j*] = 1ln Z[j,j*]). The Lengendre transform

of wlj,j*) is
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Mo, Al = [ ddax(ie*+2i*) - W[3,3*].
The partition function is

Z =2Z[3.3*). . = expl[- ’ *R _

=0
“h::h implies that [ has to satisfy
AT _ _6__1:__ a
5@(}:) 1j:j*=0 =0 *‘ '=j*=0 = 0,

Thes= ar : ejuations for the order parameter,

5. Alternate Derivation of GILG rror BCS Hamiltonian.

Again taking
(B.1) o= e Y= Pra

with O~-free energy:

-1

2
a] < 180 dr

(B.2) {1 =

l 4 ~. >
- Pd xfd’ x '<T (x}; (x)y (x')wr(x')>a(rl)a(r2)

1 1
= |g| ]A(r)] dr --"d4x9d4x'G2(x x! )A(r )A(r )
where
> >
N _ ip-r 3~ e
(8.3) 6,1 =T & TR B Ly gypye T
“=8p (2m) ®
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15 the Green function of a normal retal. Integrating

. \ — 1 -» -
over t and going over to the variables R = E'r‘+r2),

r=r, - r, we get
1 > - -
(8.5) 0 = =="|a@ |%ek - 32 raRrdre (Do (3)
lgla AT e v w -
- r o
>r
% —
X 8(R+5) a* (R-3).
Now let us make an expansion in gradients
- T : “ioaa 1 22,
.6 +—) = b - —-r.,r,.
(B.6) A(R—2) A (R 2 3R, " 8rlrj aR.aR,
i 1%
l ~ - 2 - l P -.F - —- —
(B.7) 0= T;T‘lb(R)- dP. - ¢ fdR®drG r)c (r)
L' v n —a
- 2 l
Sl e g AL 24T,
L) 23R 2 3
Now 1sing(B.gjans é -5- 5 = tarh'fﬁ we may wrlte
C 2.l
(B.3) 'z "d.¢ (£)G_ (r,
Sowv w W
dp - ¢ L \
= f T tanh 2-3 — - N{(O}{l - ——).
(2m° “fp 9

T
Here we used|l - —-\(( 1, and expanded the integrand with

‘T —T) e/

respect tok g and kept only the first order term, We

also used the equation which defines critical temperature,

namely [4]:
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U,D/2'I'c
p tanh x 1
M —dx

5 x EIRICI

Calling

= ¢ MrG (r)6_ (E)r.r
ij w w - ij
3> 3-» e s
[o ' i YL e o
f p3~r‘ dp 3G (p)G_ (p' ):‘rir‘el (p+p') rdr
YenT @) w J

=X
w

3> BA'
dB.r B (p)G_ (p')
2m”" (2m)° ¥ w

A
apgapﬁ

= -E\.r S(E’*P' )

il
-1
-

Now because G (E) = G (-5) =
w gy

3.
L oy dp | PiPy

B Y 2m? (lee )2(iu,+gp)

3.
1 r_dp
—.._——2 E. 3‘
m ¥ (2m)7 [(w +E

an important contribution (same order g)}. Thus we can
bring slowly varying terms at € = 0 outside the integral
i.e. on the Fermi level (in momentum), and extend the
limits of integration over g to infinity. Then we

obtain
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2 2 drs ot 2_ 1
(B.9) A.. =-=ps.. _N(O)' =8, .N(O)V_D——
3%i5 0 . 2 2.2 6 0 3

ij J 0 (wo4g°) i3 L]

2
7C(3)vN(0)

2 [+ P
24 7T 1)
So ¢

L . 76 (3)N(0)VE
5—'Z.fdrr T.G (r)G_ (r) 55

Yo ¥ - w 24n" 17
where vO—Velo:ity at Fermi surtace.

Eventually we get the Ginzburg-Landau effective functional

2
T-TC > 7('(3)'\70 -ﬁ
|8(R)|” + —5 5| = (R) |d
c 481 Tc

- Lol
(B, 10) Q= N(O)"{ T
Equation (B.10) contains terms of order higher than
guadratic. Therefore we have to proceed in an expansion of

1 to the fourth order in jA. We have to calculate

4 }
—EjLIL— . After simple calculation one obtain-lg%?%géu.
3 Apdhok lom T

Thus we obtain the Ginzburg-Landau functional

T-T
. c 2 2 3 4 —
Q= N(O)" 7 la(R) | + a|9a(R}| + 2|A(R}| dr
where
a = zéigj(ég)z
48 c
and
B:—M

2
sz T



13

Substituting into (B.1l). and taking thg logarithm then gives

the GLG for energy as a functional of the order parameter.

Minimizing this free energy gives the familiar GLG results,
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Part 2. Transient Optical Propagation

t. oug: a Dielectric Slai

Chapter 6: 1Int: iluc on

i) A tvpical eXp rirent in a modern plcd: 2:cond
laboratory may be rap. :sented as in Figure 6.i. Usually
in such an experiment an electromagnetic pulse which is
finite in :xtent is incident on a slab of a certain substance.
After the pulse passes through matter, it is usually anal.-
sed by sensitive devices to measure hcw the matter effacts
the electromagnetic radiation. In the visible region the
intensity of this incident pulse -~ lEinc (w)|2 peaks at
about 680nm and has a spr:ad in frequences: Agq = 1 - 10nm
{width at half maximum). We will employ a microscopic,
linear theory in the model develcped here. Linearity is
understood in the sense that i1in what follows - =2 will keep
only linear terms in a dielectric slab s thickness d. 1In
other words we assume that the medium is thin so that, to
first order in d the strength o’ the incident wave is
not diminished as it traverses the medium. Therefore each
charged particle in the medium experiences the same incident

wave. The approximation we use is equivalent to neglecting

local field corrections and taking the local exciting field
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at each particle to be equal to the incident electric fieid,
If the medium is thicker. each chara:d particle will exper-
ience a different incident wave as well as significant
radiation fron other charges in the medium [l1]). &as far
as we know nobody has yvet a-tempted to calculate the time-
dependent electromagnetic field at the output in this
situation.

ii) We will formulate the theoretical problems arising
here as:

a) to calculate time-~dependent electromagnetic
field transients which occur after a finite pulse is inci-
dent upon a thin slab of dielectric;

L} to analyse the encvrgy and momentum transier
0of the e.ectromagnetic rield 1n this time dependent picture,

iii}) In contrast to the usual, albeit steady state
calculations [4], we will discuss this problem microscopi-
cally: specirically no index of diffraction will be

incorporated in our calculation [1l], [2], [3].

Chapter 7. Histori-al background. Precursors.

A. Sommerfeld [5] and L. Brillouin [6] discussed the
propagation of electromagnetic signals throu h a dispersive

medium with an assumed frequency dependent iiiex of
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refraction n{y). They considered an electrcmagnetic wave
with a well-defined front edge incident normally upon a
semi-infinite medium. They investigatew. the scenario
of the arrival of the electromagnetic field at some distance
inside the medium., Recent reviews of the'‘r results can be
seen in many modern texts (2], {4], [7]. The usual way of
carrying out this analysis is by considering a Fourier
integral representation of the pulse in terms of plane waves,

where each wave is characterized by a frequency y, =raveling

with a vhase velocity The field inside the medium

n{w)’

may be represented by:

m -
(TN L AU B S D RS
von(uertL
-

whare

it
bt gt

(7.2) Alw) = " Ei(O_,t)e

Is the Fourier transform of the r=al incident electric
field Ei(x,t) evaluated just outside the medium at x = O,
The quantity k{yg) = fn(w) is the frequency dependent
wav number in the medium. Since the frequency-dependent
index of refraction n(w) can have values less than one

(even complex), the phase velocity of some of the waves can
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be greater than <. Using the method of stazion' zy phase
one can immedia.cly show, using (7.1) that no en rg’ can
propagate to a point L inside the medium faster than
vacuum speed C. Sommerfeld and Brillouin also showed that
some energy, however small, propagates at the vacuum speed
cf light inside the medium. This part of the wave is
called the first or Sommerfeld precursor.

In 1969 P, Pleshko and I. Palocz [8] experimented and
observed precursors for microwave freguences. We wi'l
examine the effoct of a thin lab of medium on the propaga-
tion o: an electromagnetic pulse. A microscopic approach
will now be introduced without employing a freguency depend-
ent i1index ©f rerraztivn. We will show that the resulits of
our calculaticns are :n agreement with th.se by Sommerfeld.
As far as we know this is the first microscopic theory of
the Sommerfeld precursor,

The propagation of an electromagnetic wave of finite
extent through a thin slab of medium consisting of the
oscillating dipoles is analysed in this part of my thesis,
The time-independent case has been discussed previously in
the literature by many authors {1], [2], (3], [9), [10].

We will give results for the electric field at a certain

point L outside of the dielectric medium, as the
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Superposition of the incident electric field plus an
electric field produced by the oscillating dipoles. Enerjy
and momentum propagation will be discussed in detail. We
will confirm Sommerfeld's result that the front edge of
the resulting electromagnetic field propaates with vacuur

velocity of light even though it passed through the medium,

Chapter :#, Theory; Propagation of an Electromagnetic

Pulse Through a Medium Composed of an 2rray of Dipole

Oscillators,

A. Electric field calculation.

The propagation of an electromagnetic wave through a
medium -omposed of an array of oscillators is determined by
the interference between the incident wave and the waves
radiated by an array of forced dipoles within the medium.
To calculate this let us consider a plane electromagnetic
wave, polarized in the 2z direction which at time t = Q
is located as shown in Figure B.1.

The incident electromagnetic pulse traveling in the x

direction is taken in the theory to be (see Figure 8.1)

E = 5 i NI
(8.1) Einc(x,t) = 2z E, sin " (x ct)

where
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{B.2) -a X - ctlg 0

and N is equal tc the total number of half cy-les in

-, w 2 ™y
the incident wave. The parameter %f = 7? = —T;E of the

theory corresponds to the number of half cycles per unit

length of the pulse, For visible light, for example,

16
*, 1 6 -
(B.3) ¥ P ——lg——IB = E-lU cm l.
a 3 - 10
The ~“ourier transform of E, is:
inc
» ilc’(x—ct)
3 =T - .
(8.4 Einc(}{.t) . EinC(J')e d-u
—-oa
where Einc(w) can pe determined from:
=] i-gx
Q. y M, = ¢ ' 4 d Uy
{2.5) Einc(\,D) N Einc(L)L .

Substituting Einc(x,O) from (8.3) into (8B.7) we cat

o 1 - i‘w}{
. : = M — &, x,0
(8.6) Einc(”) _ 2mc Elnc( Ye
_ 2__9 N~C l+e
2 a 2 N2c2 2
w 2
a
where N = 1,3,5,.. is any odd number. The intensity
~ | E; (w)|2 peaks at g = M- (which can be taken to be
inc a
equal to ) = 680nm, ) = gﬂE). When N becomes large the

W
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incident pulse approaches a monochromatic wave of frequoncy

We take the medium to be a "Lorentz” dielectric. Then the
response 0f the medium to the e. :ctric fing is governed
by th2 equaticon ler ~ik-ng the motion of harmonic oscilla-
tors. Let us cail (%, . the displa:.:enent of tt 2 charg~
e from its equilii rium positic- at a point x. llearly

from the symmetry of the problem, u is 2 function of

only., Then the equation of motion for u 1is:
— * 2 - [
(8.7) u(x.t) + pu(x.t) = B (x.t).
I tne orent o medel, the dielectri: 1s composed Of

an array oI boun. dipol.s of charge e and eifective mass

M which may not be the mass of a bare electron but M

can depend on the material. So e and M are subsequently
taken as the charge and mass of the oscillators comprising
the medium. For sinnl:city damping and magnetic effects

are neglected assuming u/c << 1. In this ¢ :apter oscillators
are considered to be uncoupled and each one irly feels the
primary (incident) electric field. As we remarked alreawy
we take E = E, .

loc inc

Letting
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m L]
(8.8) d(x,e) = fulx,e)e tay

- 00

the expression for displacement has the familiar form {Z}]:

: W
(8. 9) 2%, w) _ e Einclw) ¥
- u 2 W _M 2 2 e .
Wy~ w

If damping is taken into account we can just add -iry in-
to the denominator {2]). The induced dipole moment due to a

wave component of frequency 4 1is:
- =
(8.10) p(x,x) = eu(x,w).

In what follows we may use the dipole approximation for
visible light ) = 680nm. The distance between dipoles in
the dielectric is of the order of a few Angstroms. The
radiation arriving at a distance L from the front edge

of the medium (due to the dipoles) is:

-> 3>

(8.11) ERad(LsLIJ) - .r ERad(L,rJU})nd r
where

R ) ikOR ﬁ . E

e > Ea

(8.12) Bpad = X0~ R (geP(r,w)) x 3

is taken in the dipole approximation in the radiation zone
[2]. The distance L is assumed to be sufficiently large

L > d, where @ 1is the thickness of the dielectric slab,
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Here k., =

0 The density of the oscillators n is assumed

G le

to be constant and can be taken out of the integrand. The
time-dependent electric field arriving at L from the

dipoles will be determined by:

-igt
E
Rad

o0
(8.13) (L.t; = "E__(L,w)e de.
—o0

E
Rad

To calculate the integral in (8.11) we introduce, as
usual, cylindrical coordinates 5, g, X as in Fioure 8.2,

Then

3
L)

(8.14) ; = p&+x§, : = COS g z + sin oY L = Lx

]
L

and

The identity

(8.15) (

with unit vector

-1 1N

(8.16) _ X(L-X}-p cOos 5 z - g sin g ¥

J 02 + (L-x)2

is used in the evaluation of (8.11)., Integrating over

angle ¢ we get [3]
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R . d ik x elkoR 2
(8.17) & = znk ~p(w)f e ’ (2 - 81pdydx,
Rad 0 . . R 2
ol 0 R
Since
2 2 2
R = n + (L—X)
for z = const we get
oda = RdR.
Then
(8.18) ° (2 - 85)eds = "o dR + (L-x)° r = dR.
v R 2 . . 2
0 R L-X L-x R

The first int. 3gral in equation (8.18) can be evaluated by

intreducing a convergence factor {(which is not significant

because the limits of integration are infinite). Then
00 ik R . ik L -ik _x

(8.19) f e O -dR dR = ;Le 0 e 0 .
L-x 0

The second integral n (8.1)) can be reduced by integrating

by parts, It is

2 % elkOR i tkgh —ikgX
(8.20) (L-x)" T 7 AR = =e e
X
L-x R 0
2! 3.
L+ = * 2 ")
O lko(L—x)

The series in (8.20) is an asymptotic expansion cof the
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integral [11}]. If L >> d, and kOL >> 1, only the first

term here is important. Finally we obt:in

- ik L
2 zZn [T} =O d.
(8.21) B (L.w) = -CZRRle.2=0)dla, 0
Ra i c
Substituting (8.21) into (8.13) we obtain
. W Iy

[ " - -—( -

(8.22) E_ . (L,t) = ————2"ezndi£ c:——-——-——wi“c“)e el
: Rad "’ T Mc <2 2 ‘
— mo =W

The resultant electric field is given by

2
N 2me dnEO L
- - = ~ N ..J _ ‘ ——— M L
(8.22) ERes(L.t) z[E051n - {L-ct) + o F(t C)]
where F 1is the function of t - %:
. o oE () ‘iw(t—i)
(8.24) F(e ¥y = = e__dnc =
C E. « 2 2
O-0o wg " W

8.23) can also be rewritten in a form which will be used

in the next chapter

2
__.l‘) + .2_.2“::___._dnp(td—r'-') } ,

25
(8.25) c ‘M c

= ~ . N
t) = - Dac
ERES(L ) zEO[ sin — (t

We can easily obtain an expression for the reflected

field by just changing L *to -L in the second term of

{8.25)

> 2 ezdn L
= 5 <T1e di
(B8.26) ERefl.(L’t) on c F(t+;).
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The evaluation of the function F 1is given in the Appenc ix
toc this part II,

One can immediately see even without calculation that
F is equal O when t ¢ %, and starts to differ from O
eXactly at t = %, wnich is precisely the way the first
(Sommerfeld) precursor manifests itself. As far as we know
this is shown for the first time using only a microscopic
treatment,

As we will show in the Appendix B, for L. { tc { L + a

we have
s 4 (E=2)-cos=C ety
L N—~c O o A [y
(8.27) F(t-—) = -
C a Nrc, 2 e 2
v ) la )
! a 0

Somerfeld [l]) showed that the front edge of an electro-
magnetic pulse travels at speed ¢ within a medium, we
obtain the same result here for a thin slab: the front edge
of the incident pulse travelling at ¢ arrives at point L

firs-, This can be seen by combining (8.25) and (8.27)

].

assuming t - % = T is small. Then
2
N3w3c3 2ne2dn Yo N2 2c2
T - 5 - T )
A Nec a cM 2 a 2
(8.28) E = 7E, {—— T4 T
T small 0" a Npc, 2 N~c, 2

(o™ o) (wg+50)

-1 N -
Clearly for small T (compared with wg and (_gg) 1)
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the first term in (8.28) dominates. This proves that only
the incident wave comprises the very front edge of the
electromagnetic pulse. The usual view is: the Sommerfeld
precursor propagates at a speed ¢ (as in vacuum) because
the oscillators which comprise the medium can not respond
to high frequences. Therefore high frequency modes

propagate as if in vacuum (they do not see the medium) {1].

Chapter 9., Energy and Momentum Transfer Through a Thin

Dielectric Slab.

A. Introductiosn.

In this chapter we will investigate energy and momentum
propagation in the model discussed in the previous chapter.
Within the approximation employed here we will keep only
linear terms in d. We will analyse the physics of this
approximation comparing terms which we keep to those which
we neglect. We will show how to calculate the time-dependent
pressure exerted on the dielectric slab. We will propose

some experiments to check the validity of the proposed theory.

B. Enerqgy transport.

Using the expression (8.25) for the electric field

obtained in the previous chapter we can turn now to a
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discussion of energy transfer. For the Poynting vector at

2
point L we obtain from § = éaE :
hal
L L 2 ezdn NrC L L
. t— = , t—)- i —— -1,
(8.29) SRes( c) Slnc( c) E0 M Sim a (t C)F(t c)

Here once again we assumed that the thickness of the medium
d 1is sufficiently small and therefore we keep only linear
term in d,

This appr. ximarion in (8.3.) is guite safe as now will

be shown. Comparing terms we obtain an estimation for d

¢ )°a (i
a )y - a ‘Yo
.3 S e e = = A
(8.30) d | 2 M 2
RS T (v -
I
. . T =1
Taxkir . the <7 2 (. visiple Lignt — o .J cm , and
16 A ~3 .
= 0" -, thhn = 1¢ cm . .nd e and 1 just the

J

electron char » and mass we obtain
-5
(8.31) d << 310 cm.

Therefore the approximation employed here is satisfactory,
We see in (8.29) that energy arrives at point L at a
speced c.

The second term in (8.29), which corresponds to inter-
ference between incident and radiated electromagnetic

waves has a simple and transparent interpretation as the
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net work done per unit area and unit time by the incident
wave on the bound charges of the medium. This term is

exactly equal to

e Einc(z = 0,t)u{z=0, t)nd,

Therefore we can write:

(8.32) S (t -
res

r. e

L) _ wiork
c ARE2.TIME'

This proves that the energy-wcrk balance is ‘easonably

taken into accourtc 1 this rmodel.

C. Momentum Calcula-tior.

In a £ashion sinliar Lo the ewnergy calculation we tan

calculate the momentun arriving at time t at point L

2
dne
. L . L., - C} 1 Nmc
t-—) = t-=)-x ———F (t-")s] =
(8.23) gres( c) ginc( C) x ;:'-2 F( c) lrx—a—(t }
1
The loss in electromagnetic momentum 3, —3 should
inc “res

correspond to the radiation pressure exerted on the dielec-

tric slab by light. The time-dependent pressure is

2 2
E d
ne CNw

L
(8. 34) P(t—z) = CcAQ = ——;ETHF(t-“)Sln[—-—(t— )] .

As one can anticipate,this pressure is proportional
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tc “he ¢quare 0f the amplitude of the incii nt electric
fi d !]. One can alsc estimata the total impulse

*ansf el to the dielec -i. slab frcm the entire pulse as

2 )
o o E_dne
(+.35)  *pdt = " 22— pe-Lysin Lyl
v : Mc C a C c
- 0
2 2
Eodne w0 Ne
= ——— f F(T)Simr——TdT
Mc “ a
0]
2
Eodne2 N
= ()
Mc a
whereae
N ? N
F(=) = ® F(T)sim——TdT
a 3 a

is the sine-transform of funct.2n F.

Measurement of the pressure may gilve 3cme Lmporcar e
information about function F(TV. If the slab has finite
mass m and is able tc move, then the mechanical mom-:ntum

acquired v slab is equal to:

Eédne2 N
. ym = —m == .
(8.36) m M ?(a )

Tn our calculation of energy and momentum we did not include
the reflected light becaus: as one can see immediately

from (8.26), the Poynting vector of the reflectel light is
proportional to d2 and we neglectced all terms of the second

degree.
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Chapt:r 9. The Eloctric Field in the Case when th -

Interaction 3etween Dipoles is taken into Account,

In the calculations presented in previous chapters we
neglected interact: >ns among boundec charges. The simplest
way to improve thi. and take this interact:>»n imto
account is to assun : that we have only nearest neighbcrs
interactions and trait it has an elast c characte- [13].
Ther«~f -~ the egquat.on of rmoti>n for such an osci’@.B ator

iz (comp re \B7})

. 2
- 2, } }(,t
(<. 1) u(x,t) = 4 u(x,t) - ¢ Lt e (x,2).
0 2 M ‘inc
dx
Here we use the same assumptions as above.
Alz> intrcducing
* igt
u(z,t) = [ uix,gle “rde
- 00
: . ) >
we chbtain an equation for u(z,w)
i-x
2) S 1 B_z.alxxu.‘)_ e > (w, e =
(9. (= +wO)U(X.w) - o P = M Eiﬂ.c
2z
The forced part of its solution is [14]
x i¥x
(9.3) u(z.s) = " ~tsin o' (x-x')E. (o)Fe € dx’
’ " wow' ¢ inc'*'m

0

where
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2 w = w
(9.4) (w') =

(o)

L{
L

Finally after integration we get for G(x,w)

. i%x
N e o -1y X - e C
{9.5) ul{x,w) = —E Einc.”) R wz
(') - >
c

For the electric field produced by these interacting

ogscillators we have

c inﬁkoé d erzx e“im'x
3 o= - p =
(9.6) Egad(L,u) ” Foax 5
0 ( .)2 o
w 2
C
ik L -ik x ,
2 0 @ © (2 + 2

iko(i—x))'

As n cur previous calcoulations we will heep 2only 1 _near

terrs 1n d {(hero Jd/7L . 1), The result for E is,
Rad
2
7 E_(L,w) = i 2d
(9.7) gibrw) = 2 L2
1 Zﬂ) []
M ((0') -cz)(w +2)

and for time-dependent electric field at point 1. we have

2 % E. {w)e
_ e znnm & ® ®inc
(9.8) E (L,t) = ————— [ 3 dw
L - 2 Yo
(o) —35) (w' + )
C

We cah see now that the electric field depends on mechanical
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parameter of the medium. Causality is satisfied:
the signal does not arrive at L earlier than the speed
of light in wvacuum,

In conclusion we note that we presented for the first
time microscopical ( ‘lassical) theory of the propagation
of the front of electro>magnetic pulse through thin
dielectric slab. In this microscopic picture we recovered
all the properties of the first (Sommerfeld) precursor,

In this model we have the correct energy-work balance. The
moca2l allows one to calculate energy and momentum transfer,
We believe that this model may serve for future investiga-

tions of transients in dielectric medium,

Appendix A, General Intoegral guation for electric field,

In this appendix we will derive the integral equation
which describes the electric field under quite general
conditiorns: part of the space is occupied by the bound
charges taken as Lorentz cscillators, We will show that
application of this integ: 1l equation justifies the method
employed in the —ain text. Alsc ve will get an estimation
for thickness d when our treatment is applicable.

In what follows we will use the dipole approximation,
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but will not assume that we are¢ only interested in the
radiation (far) zone. Therefcre the electric field
created by a dipole is [2]

eik R ik ik R
- 2 > > a» o 1 0 0
(A.1) E = kO(n»p)%n*jg—‘+[3n(nVP)-p](_— - —>5)e

3 2
R R

Hence instcad >f equazion (8.#7) in the text we get

0 - -
2 2 R 3
" . ™ - N r € - —d
(A.2) E(L.y) Einc(L’w)+n~kO R v) I
e ik i 1
RR-» - 1 0 0 3>
+ nl[3=(S-p)-pl (5 - e 4 r

where once again we took the density of the dipoles assumed
to be constant outside the integr-nd. We use the same
notation as in the text,

Introducing cylindrical coordinates and integrating

over the angle ¢ one gets after some calculations

ik R

oo 0 2
(A.3) E(L.s) = E.__(L,w)4n~ * Pk2&——(2-P~)p(z, ) daddx
inc v v 0 R 2
(x)0 R
0 2 ik ikOR
+ np " M(2-3) (5—)e p(z,w)pdyddx.
v o 2 3 2
(x)0 R R R

If the observation point L is inside dielectric we have
to exclude this point with its infinitesimally small
vicinity. 1In doing this we have to use the contribution in

the int:.-gral from this element. Following the idea of Ewald
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and Oseen [1l5] we just have to introduce a term

- %f‘np(L,w). SO we can rewrite equation (A.3) in the form:

2
4ﬂ e 1 .
M(wo‘w )
22 oo ikoR 2
= = _P.nn'i.ﬂﬂ__. P [\ __9__ o — ‘- . s
inc 2 2 v - R (2 2)E(}"-L)0d00u"{
Mg~ ) 'x) O R
2 : 2 ik . ik _>
_.._._" » ™~ l () -
* ;e 2 : ‘(2—3“§}f—3-'?;)e 0 E(X,w)pdpd:.
M(wo—w ) (x0 R R™ R
2 -
: 3 E!X:mz .
Here we have used: p(X,q) = eu(: ,y) = Rl Equation

WA~ W
. . . . 0 .
(A.4) is the integral equation vnich we wanted to obtain.

Using equation (A.4) we have to keep 1n mind that an extra

2
term E;’-'-—-‘—a-—-'-‘-—-: in the left-hand-side appears only :f the
.".( !‘O_'If )
observation poin: L 1is inside the region occupied by the
dielectric. Equation (A.4) just obtained i1is a quite

general integral equation for the electric field E(L,y)
when the assumptions about medium as an array of Lorentz
oscillators have been m-:xde. Equation (A.4) is exact
within this model and thLe as:uamption that the incident
electric field is homogeneous in the (" ,7! plane.

Now it is a simple matter to show -hat the result
obtained in the text > s the result of solution of eguation

4

(A.4). To do this we have to drop the term -5 Pbn and
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to specify the limit of integration in (A.4) in =z from
0 to d. Also we have to assume L > d. Because of the
latter assumption we may neglect the second integral in
(A.4). This can be shown :xXplicitly if it is assumed

kL. »>>» 1 as in the text and

- lkOR lkOR - " lROR
(A.5) rE —dR = = - + nt —= —
L~z R ikOR L-2 L-2 ikOR

So our integral equation is reduced now to

2.2 de R

-1 g e

(A.6) E(L,w) = B (Lol 5= PS—— (2-35) E (X, w)g dp dx.
M{u.‘o""n ) 00 R

Now solving this equation by iteration we see that the

first iteration immediately gives the result cited in the

text
.22 de elkoR 2
had m r o
M(Ujo-w ) 00 R

E(x. w)p dodx.

and after integration

nze2 di ic
‘ = . Jqh e weld
E(L,uy) Ein:(u_.L) + 2 e Einc(u_:).

CMwgw }

The next iteration gives
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22 de elkoR 2
= mRE W r Ly,
(A.B) E(lJU)) = Einc(LJW)-"_ 2 2 2 ;.rd R (2 2)
M(LUO-UJ o 00 R
nezudi rgL
" .
'[Einc(L’W) * 2 2 Bipc © o dp dx
CM(mO-w )
nnezﬂzid igL
=B, (L,w + ) e E. (L,uw)
inc inc
M(wo'w e
2 2 2 3 .2. .
~n (e jJyu di iyl
+ e .
2 2, 2 2 c
c M (u.:o"u: )
Then our result {( .27) 1s valid if
2, Ld
e ¢ or £,
CMwO CwO
=1 -10 =27
Taking here n = 10 L . e =4 . 10 c.g.s., M = 10

0

it

14
vy = 10 Hz we obtain as an estimation for d

d < lOs.A.

So in an experiment people may use d ~ 1O0ym. If one

to investigate the semiinfinite case not a slab

(i.e. the Sommerfeld problem), then the integral equation to

be solved is:



2
4o ___ e . _
(Aag) E(L,m)[l + 3 2 2 } Einc(st)
M(wo*w }
22 we elkoR 2
= > L SR (2285 E(x, w) o dadx
M(u}o—u} )C Q0 R
2 0000 2 ik ik R
+ '_'_'::b'g_-"-' ::‘(2—3“:‘5) (_15-'-_—2-9)9 0 E(X. L)Od"‘ dx.
M(wo—w Yy 00 R R R

We will not discuss the solution of this equation, because

it is irrelevant to the problem in our main text,
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Appendix B.

Here we discuss the evaluation of an integral which

appears in ( .26). Consider:

. L
—ig(t-7)
L i WE:PC(w)e -
{B.1) F{t—;) =F . 5
O~ 'J_‘O -

Here we will discuss the general case, including damping.

We will write (B.1l) in the following form:

. 1.
“lw(t'E)
= B, (w)e
inc

1 ful
(8.2) FE=) = EO—; (w=ut) (w—w)

Substituting Einc{L) trom equation ( .8) we obtain:

o Ly _L _L
F(t—g) = Fl(t C) + F2(t C)
where
. L
) =i (t-7)
L wN " ime ¢
(B.3) F.{t-=) = =— *
1 c 2+ 2 2)( co ) lwm e
~w (w ang) (ww, ) (w-w )
_ K-~c . .rI 2 T1.2,1/2 , . .
where e -i5 + (mo-(z) ) F2 is just like

F, only with (t-é) replaced by (t—%-%). The integrand

1 o]

N
in (B.3) has poles along the real axis when ¢ = f—aﬁ and
poles in the lower half-plane of the complex .

contour of Figure B.l in the upper half-plane should be

used when both t - % and t - LEE are negative,

Carrying

156



157

out the integration, we get

— l—N"a ( t_é )
Nma e “ <
= R
o T e )
c "+ c w.)

2 2 L . L
[(mN'wO)COS wN(t—C)—me sin wN(t-c)]

_ Hna
(B.5) F2 = o Re- 1 T
.1 r.=2.2 1.2 2 r.2.2 T2
(L~ (55- ) DT+ T} (Hag+ (0= )T+ 57
If both t - % and t - Lié are positive then the contour
in the lower half-plane should be used and the result is
: L
lrn+(t_c) _lea(t_L)
L N-—-a 2 Re ¥y © e < <
{(B.6) Fl(t—;) = 2 [ - 1 + Re Nma )(Nwa_ 1.
2_ 12,2 A w_
(o= (5
. . I. T.+n
The same exprassion with t - o Teplaced by £ - c Glves
L
t—).
F,(t-7)
L . L L+a
When t < o F is the sum of: [Fl(t=2 < 0) + F2(t- - <0)}

which is just the sum (B.4) and (b.5). Therz:fore F = 0 for

For

ol

t < L and no radiation wave reaches I before t =
c

the time interval L ¢ ct ¢ L+a we have:

- F. (e L _L+a
(B.7) F = F)(t=20) + F,(t=222 < 0).

combining we obtain eguation ( .29) in the text {we also

pur T = 0 there},



Figure captions

Fig. 1.1 Peierls distortion in a one-dimensional electron
gas. (a) Undistorted lattice, {b) distorted lattice
with a gap in the single particle excitation spectrum,

Fig. 1.2. Schematic explanation of nesting of the Fermi
surface, Two Fermi surfaces are drawn staggered by a
vector Q in momentum space forming parallel partrons,

Fig. 1.3. Raman spectrum with a sample irmersed in super-
fluid helium and in the presence of a magnetic field.
The resolution was 3 cm—l, The curves represent a
five-point smoothed computer plot through the original
data points. From Sooryakumar Klein, Phys.
Rev. Lett. 45, 660 (19&0).

3

Fig. 2.1. The two processes leading to the formation of a
phonon-quasiparticle-pair bound state,

Fig. 2.2. The plionon spectral density for the coupled
modes., In these examples the coupling constant is
9230 = .12 Ry and the value of the superconducting
energy gap 1s indicated. The spectral weights of the
bound state and the continuum are shown. From C.
Balseiro, L.M. Falicov. Phys. Rev., Lett, 45, d,

662 (1980),

Fig. 2.3. A schematic drawing of the Fermi surface of
2H-NbSe; and 1T-TaS; in the k, = 0 plane including the
Bragg plane AB induced by a lattice distortion in the
CW state. The inset shows how the Fermi surface
changes from the normal state (full line) into the
CDW state (dashed line) and with further perturbation
of the CIW-AM (dotted line}.

Fig. 3.1l. Calculated Fermi surface of (a) IT-TaS, and
(b) 2H-NbSep (Matheiss 1973). Figures taken from wilson
et al (1975

Fig. 6.1l. Schematic of a typical experiment in a Picosecond
laboratory. The incident finite pulse is analysed after
it passed through a dielectric slab of thickness d,



Fig. 8.1. Figure shows the situation when finite pulse
with N = 5 (defined in equation 8,1) at time t = O
is incident on a dielectric slak of thickness d,

Fig, 8.2, Standard cylindrical system of co-ordinates
used in the evaluation of integrals.

Fig, B.l. Contours in the complex ,-plane used in
evaluation of integrals.,
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Ginzburg—Landau-Gor'kov Equatlons, Currents, and Electromagnetic Properties
of Coexisting Charge-Density-Wave Superconductors

J. Malinsky. Z. B. Su.**’ X Arya, and Joseph L. Birman
Physes Depariment, Cuy Coltegr of Cuy Universiy of New York, New York, New York 10014
(Received 8 Apnd 198%)

Gunzbuig-Landau-Gor'kov eguanons and Lhe expression for the current for coexisung
superconduclivity -¢harge-densily-wave {CDW) sysiems near ithe superconducung transition lem-
persture have been denved from microscopic Ltheory. Two particular Teatures are discussed: sn ad-
ditional current due to Lhe shiding CDW, and the COW.induced amisotropy, which lead 10 interest.
g physiwcal consequences wncluding the Meissner effect with a2 contnibulion from both currents.
Measurements of CDW.induced anisoiropy can be used Lo probe the microscopic mechanssm of
coexisience

PACS numhers T4 X Fg, TH 45 6m, 1219 N,

Coexistence of superconductivity {5C) and charge- macroscopic equations are obtained fram the micro-
density waves (CDW) n 24/-NbSey was established in scopic theory: no paramelers are inserted by hand.
Raman scattening experiments by Sooryakumar and The predicied experiments wiil also enable a test 10 be
Klein.' At present few properues of the coexisling made of the commonly used microscopic model that
SC-CDW system are known. This Leuer repotls the we used in this work.
results of 3 mugroscomeatly denised calculation of the We stasi from a microscopic sysiem with clectron-
macroscopic current wn the SC-CDW system, and of phonon, and scparated BCS, local inieracuons. Be-
the Ginzburg-Landau-Gor'kov (GLG) equation lor cause the current now depends on time derivatives of
the order parameter, and some novel expenmental the order parameter in addition to spaual dernyvalives,
predictions of the electromagneuc properties of the we useé a ciosed-ume-path Green's-function [ormal-
coexising  system. We emphasize one important ism.? The generating funciional of the coexistent sys-
feature of our work- The couphing parameters i Lthe tem s

J

ZILh| =expl = hh/2g exp(:W (L1,
exphW[J.h]J-_['[dw][dv'llduIldxlexphll,uno"(Q)u —dexx, v G W L v ax, 8
Gyl x) =1 8/0n, — {1/ 2m) =09 = p, Q2= rye Alx Ve Lty +ur,

+Gux o1, /N7 4+ gx (x)e TS (- xy). ; (2}

It generates the SC order parameter Yiy )= 4%, — 1T ~ (W, (x W, (x])) as well as the optical part of the
phonon nheld w(xd=+2lu;cos(Q %) — wysiniQ-2}] when Z[L4] is varied with respect to A, (x) and J,(x),

respectively. In Egs. (1) and (D), Wix )= (¥ (x), ¥ (x}, ¥, (x), ‘I"'l (x)) are defined from the eleciron wave
function as

¥, (x) =g, (x)expliaQ x/2)+ (xdexpl - 1aQ /2],

where the spin index o= * | denotes spin up and |

down, respeclively. py, g3 and py are Pauli matrices X{x)— expliIeA{x}clx(x) and ulx) kepl invan-
on the CD'W electron branch subspace, and r|, r,, and ant. Making a standard Legendre transformaton. we
ry ale the Pauli matrices on the Nambu spin subspace; introduce

+) run over |.2, dummy indices are summed over. =
Also Q/2 = kg is parallel 10 the nesting direction of the Tixul= Wliul=du - hx, 3

quasi-one-dimensionsi CDW, and is not commensu- Then, the genetal equations lor the order parameters
fate with the lallice spacing. Here we assume that the of the coexisting sysiem sre

snomalous SC pairing 4, is zero.>*

After integration of the (ermion variable in (1), the 8rix,u)/sx (x W, e =0, . (4)
only effective dynamical vatiables are the SC order
pstsmeter X(x) and the CDW order parameier ¥ (x). srix,ul/bux Mo, wq_ =0 {s)
Then gauge invariance takes the form that W or
Z[44) is invariant under Alx}— Alx)+TA(x), The clectric current density jlx) has the foilowing
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general form:

x)emcl8riu /Al - . (6)

where 1, means the twa time branches in the closed-
time-path  Green’s-function language.? Equations
(4)-16} are the starting poinis of the theotry. The firsi
two #qualions will give rise to a GLG type theory; the
third cquation leads 10 the expression for currenis in
the SC-CDW system.

We now assume that the physical order parameter
varies siowly 1n space and Lme, and also 1hatr Aty)
has only a small variation over a SC coherence tengih.
Because of gauge invaniance we proceed as follaws At
first neglect the vector potential A(x) and expand
Eqs. (4)-(6) with respect to the functional arguments
referring 10 the spatal and temparal inhomogeneny
O(n 3%a3x8p}, then finslly use gauge invariance to
recover 1ts conttibution. AN of the coefficients of the

1 -
_pwp tanh{F,(py 27
5 + ’tN;(O)ddp)——————E.(p) -

derivalives can be expressed through the elecironic
Green's funcyon for the homogeneous system which
is casy to calculate in the mean-Netd approximation.
All of the information from the microscopic model is
involved in these coefficients.

Here, lollowing the quasi-one-dimensional approxi-
mation,’ we divide the Fermi surface into 1wo regions.
In region 1, the Fermi surface 1s nested with wave vec.
tor Q. snd the energy bands have approximately
particle-hole symmetry near the Fermi surface, so that
the band energies - asly the well-known rfefation
e ip)={elp+Qi2) +elp—Q/2}1i2=0_ Inregion Il
we neglect the CODW coupling and use inversion sym-
meley.

[n the vicinity of the SC wransilion \emperature 7T,
which 13 assumed 1o be much ¥ we- than the Poerls
transition temperaiure Tp, we may t -eze the modulus
of the CD'W order parameter as a h' iogeneous (cun-
stant) quaatity. The equation for the COW modulus
15

(S}

where E (p) = [el(p) + Wil +[a]7]Y We keen the SC order patameter as a small quaniuty and now make a fur-
ther expansion wilh respect (o A{x}=gXx{x). Using Eq. (?) and the approximation that the phase devianion 1s
also a small quanury, after lengthy calculation (details will be given elsewhare), we derive the expression for the
cuirent 1n the COW.SC system, and GLG equalions lor the SC order parameter. These are

ehN“”
=Sl e [.s'mv.s(xl-v.ru).ux}— Ao+ Qweomen 22 (g
T, he Im 1

1

[
Alrtam — (I =)W )AL+ m[n',"tn +N (T Aty JI*A{.\- o9

l} | 1w
— — .
: IV . Alx}

where we have delined the inverse -effecuve-mass 1ensor, # by
1,07

%.l-mllﬂ',"'(T)+ee[|'|',”(T)~f|'|"."’(?')|].

and
AT = [N, (0) delp) ﬂ%’(‘::’m. (10)
((W)-l+—2~r'—h:l—(ﬁ£h‘.10)ddp)scch!l[(}(p)+Ili'|‘l'”/27}f. an
M) = = [ 010 delp) i dg‘:p,l"“"'f(‘:,’”” . : (12)

in which E(p) is equal to £, (p) for NJ"'(T) but with W =0 for MM (T). Ny(0) and N,;(0) are the density of
states corresponding to regions [and 1L, If nesting takes place slong one fixed direction, then region 1 wilt oCcupy &
small angular region in the Brillovin rone. We may then approximate the tensor averaged aver Lhe region-1] Fermi
surface: {pp),/pd = {1- fee). Here we have introduced a microscopic parameter f 1o describe the anisotropy of
the Fermi surface, mith 0 < f < 1.

The first term in Eq. (B) is just the Ginzburg-Landau current for the superconducior inciuding an snisotropic
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coefficient due to the coexisting CDW. The second
lerm s proparuonal to the time derivative of the phase
of the CDW order parameler. We interpret that lerm
as the contribution from the shiding Goldstone
mode.*? If the SC cureent is absent, the second lerm
corresponds to & pure CDW system. To our
knowiedge this is the [irst derivation from microscopic
theory of the expression for the current :uc 0 1he
sliding CDW, eapressed in terms of microscopic quan-
tities We can rewrite il as

Jlx) = evp N, (0)ni T8 30701, (3}

where n(7T) is a 1emperature-dependent caclflicient
wilh pi 7 ~D} =1 and could be wdenulied easily Ifom
Eqs. (8) and (10). If we interprer the density of states
as N {0) = N/ep with ¥ being the density of 1he elec-
trons and €f the Fermg energy. £q 413 has just the
same form as Lee and Rice’s phenomenological resun’
up toa lemperature-dependent correction factor n( 71

1n our appreximation, the LG e uation for the SC
onder purameter decouples from the phase part of lhe
CDW order parameter, the laller will propagate in-
dependently. This decoupling appears to be due 10 a
particular 1eature of Lhe microscopic model, 1e., the
devesien of the Fermt surface into two regions. Com-
paning cur Eqs. {8) and (9} and those [or an ordinary
superconductor one sees two important differences:
an additional persistent curreat due 1o the sliding
CDW, and a CDW.induced snisotropy.

Now consider a simpie geometry. Take the nesting
direction  in the y direction and the magneuc field in
the y-7 plane and assume that Al{x} and A(x} are
funciions of x only, then

(B,.8,.B)=10. —94,{x)/dx 04, (x)dx].

A1l the same time, sssume thal 3¢/8¢ = const, which is
cerlainly consisient with the equation for the phase
part of the CDW order parameter. Then we have a
slatic magnetic situation. Al first we consider the sim-
plest case when the temperalure Js selficiently jow so
that the modulus of the SC order parameter is alsa
frozen. Then onlty Maxwell's equations need to be
laken iato consideration. If B s parallel 10 the nesung

direcuon, the penetrstion depth i3 determined by |

aMT] [T e QAP (T 2m ) which s
the density of parting ¢lectrons conteibuled by region
I1. This is essentially the ordinary Meissner effect. I
the magnetic ficld B is perpendicular o the nesting
direction. there will still be the Meissner effect but
with diffesent penetranion depth which is determined
by n, ' [T1+ (1~ 7)n, " [T], where 2, [T] has the
physical meaming of the density of Cooper pairs in the
nesiing direction. As a result of the Peierls mechar.
ism al s difficult 10 pair clectrons ilong the nesur
dirzcucn,

Furthermore, a test of ~hether there is direct cou-
pling between phases of ~C and CDW order parame-
ters is the existence of 4 Meissner effect in perpendic-
ular geometry. This would indicale the existence vl a
bulk paring supercurtent which cancels the sliding
CDW current. Additionadly, o temperature-dependent
measurement ol the \wo penctration deplhs (parallel
and perpendicular geometry) | :n give nformation on
aYIT) and n!™[T], since - 15 presumably insensi-
live to teniperaiure.

Now Nix A(x} parallel 10 Lhe y axis and treat the
magneuc lield and the SC order parameter consisient-
ly. Assuming thai f =0 ihe coupled GLG equanon
and slatic Maxwell equation can be wriien 48 (vilows.

b
__I_d_-g +al{x)pix)

¥ dx

mdlx)=lelx)fp(x).  (14)
, -
%}‘—’—luxn’amu-o, s

"
where x is a dimensionless coordinate scaled by the
penctrar.-n depth A, with Af = me?i/d4mela, whiic the
dimensioniess SC order parameter is

el )= (g0 + N O 2mal P (x),

and

1 n 12
a(xi-i 'J [I+n' {7) ” Aflx),
2mecta

TICES
' 141
L J LA LLUMYRR BT
It W S ) S

with a = [4m (W IN (O TTPCTI (T - FY T, B=4m¥Q'N{M(T), and k¥ = g2m?cY/ 2me A2,
In this geometry 1he general teasorial GLG equation due te CDW-induced anisotropy simplifies 10 3 scalaf equa-
lion in dimensionless vanables, ath the sliding CDW as s distinguishing lealure, A dimensionlcss [Tee energy,

—Foololte Ligles L 89 By 0
Fmfo el s Jlulte -7 2 20 +atlel’+

wilt give Eqs. (14} and (15},

1
da =
a"l - Ja. {16)

For the homogencous case, taking ¥ 10 be real, there exisit a critical CDW current J, = 5. while 1he corre.
sponding critical value of the SC order parameler is ¢, = -’r Because 1he superconducling state remains one ol
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perfect dismagnetism, an induced Cooper-pair current
must cancel the extra CDW sliding cutrent. Hence the
maximum CDW current corresponds Lo the minimum
vatue of the order parameter. If we take the critical
magnetic field as 10’ G and the penetranon depth as
107 * cm, we estimate the critical CDW current Lo be
10* Afem?. For J < 7, two solutions are possible. A
stahilily analysis of the solutions based on 1he freec en-
ergy lorbads the soluhion with the smaller value of
and only a single solution with the larger & s slable
However, the free energy al the critical ponn {ior
Yo, = {51 15 smaller than the free energy 1or ¢ = ¢
e, Fo=Fyog— 1. 1L would be interesteng if the un-
stable soluion could be observed as a metastable slale.

Now take a semi-infimule sample at ¥ =0, n the
ptesence ol a dimensionless external magnetie Hiewd
fom M1+ WETHIGM T YT, where M,
=aldr/ig} 1 We shall solve both Eqs. (14) and (L5

;

1

sin'h | cos'd

2 . -
cos’@sin’e _ sin’elcos’s + 1)

consisiently. Because of the smallness of J.,. we sulve
themn using a perturbation expansion. Assuming that s
is of the same urder as hy we find a new interesting
term proportional 10 Jh,.'t If we change the magnenc
field from positive Lo negative, then the corresponding
change in ¢ will be

22T h, 1 -
Aym o ket m —p e VM|
v tz:.-’-n{' h

Beeause of the specific nesling direchon of the coes.
shng CDW the SC-CDW systern shows all the prop.
erhes of o CDW-induced amisotropic superconductor
In terms of . # some of the important consegquences of
the amisotropy are as follows: () The tune of e
wpper critical fields 18 (H g} JCH ) = Cm S b7,
where parallel apd perpenidicular are walh respedl o
the neshing direction. {11) The angular dependence ol
the upper critical ficld is

an
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H e (222
ml

my my m,

{11} The diamagnetic suscepuibility just above T, is
17,
X = .
A ciam VIUT - T, )}

{iv] The magnetic moment of a thin foil of wrea 4 is

. AKoT. oM
12nm, cValT~T,)'

where #f is the applied magnetic field.

Measurement of these quaniilics cap cnable the
CDW.induced anisotropic coupling to be determined.
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