
IMversityMicrofilms
International

1.0

l.l

1.25

U, |2B 
U  ti
E  L&

12 2

U, | 2X> 

1.8

1.4 1.6

MICROCOPY RESOLUTION TEST CHART 
N A T IO N A L  B U R E A U  OF S T A N D A R D S  

S T A N D A R D  REFERENCE M A T E R IA L  1010* 
(A N S I and ISO  TE ST C H A R T N o  2)

/

University Microfilms Inc
300 N Zceb Road, Ann Arbor, Ml 48106



INFORMATION TO USERS

This reproduction was made from a copy of a manuscript sent to us for publication 
and m icrofilm ing. W hile the most advanced technology has been used to pho­
tograph and reproduce this manuscript, the quality of the reproduction Is heavily 
dependent upon the quality of the material submitted. Pages In any manuscript 
may have Indistinct print. In all cases the best available copy has been filmed.

The following explanation of techniques Is provided to help clarify notations which  
may appear on this reproduction.

1. Manuscripts may not always be complete. When it Is not possible to obtain  
missing pages, a note appears to indicate this.

2. When copyrighted materials are removed from the manuscript, a note ap­
pears to indicate this.

3. Oversize materials (maps, drawings, and charts) are photographed by sec­
tioning the original, beginning at the upper left hand comer and continu­
ing from left to right in equal sections w ith small overlaps. Each oversize 
page Is also film ed as one exposure and Is available, for an additional 
charge, as a standard 35m m  slide or In black and white paper format. *

4. Most photographs reproduce acceptably on positive microfilm or micro­
fiche but lack clarity on xerographic copies made from the microfilm. For 
an additional charge, all photographs are available in black and white  
standard 35m m  slide format.*

♦For more Inform ation about black and white slides or enlarged paper reproductions, 
please contact the Dissertations Customer Services Departm ei i-

Umwratty
Microfihnfl

International



8611363

Mai insky, Joseph

I. THEORY OF COEXISTENCE OF SUPERCONDUCTIVITY AND CHARGE 
DENSITY WAVES. It. TRANSIENT OPTICAL PROPAGATION THROUGH A 
THIN SLAB

City University o f New York Ph.D. 1986

University
Microfilms

International 300 N. Zeeb Road, Ann Arbor, Ml 46106



PLEASE NOTE:

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark V .

1. Glossy photographs or pages_____

2. Colored illustrations, paper or print______

3. Photographs with dark background_____

4. Illustrations are poor copy______

5. Pages with black marks, not original copy______

6. Print shows through as there is text on both sides of page_______

7. Indistinct, broken or small print on several pages \ X

8. Print exceeds margin requirements______

9. Tightly bound copy with print lost in spine_______

10, Computer printout pages with indistinct print_______

11, Page(s)____________lacking when material received, and not available from school or
author.

12, Page(s)____________seem to be missing in numbering only as text follows.

13, Two pages numbered . Text follows.

14, Curling and wrinkled pages______

15, Dissertation contains pages with print at a slant, filmed as received__________

16, Other___________________________________________________________________________

University
Microfilms

International



THEORY OF COEXISTENCE OF SUPERCONDUCTIVITY 
AND CHARGE DENSITY WAVES"

TRANSIENT OPTICAL PROPAGATION THROUGH A
THIN SLAB"

by
Joseph Malinsky

A dissertation submitted to the Graduate 
Faculty in Physics in partial fulfillment 
of the requirements for the degree of 
Doctor of Philosophy, The City University 
of New York.

1 9 8 6



This manuscript has been read and accepted for the 
Graduate Faculty in Physics in satisfaction of the 
dissertation requirement for the degree of Doctor 
of Philosophy.

i / 4 > t t u r ~ U y
Date

7 2 ,  / /  / v j
Darfee

an of Examining
Committee 

Joseph L. Birman

Executive Otticer 
joeV Gersten

Bunji Sakita
Melvin Lax
Fred J. Cadieu
Timothy H. Boyer 
Gary S. Grest 
Zhao-bin Su

Supervisory Committee

The City University of New York



iii

Abstract

THEORY OF COEXISTENCE OF CHARGE-DENSITY-WAVES AND SUPER­

CONDUCTIVITY AND TRANSIENT OPTICAL PROPAGATION THROUGH A

DIELECTRIC SLAB, 

by

Joseph Malinsky 

Adviser: professor J.L. Birman

Ginzburg-Landau-Gor’kov equations and the expression 

for the current for coexisting superconducitivity-charge- 

density-wave (CDW) systems near the superconducting 

transition temperature have been derived from a micro­

scopic theory. An additional current due to the sliding 

CDW and the CDW-induced anisotropy lead to interesting 

physical consequences as far as thermodynamic and electro- 

dynamic properties of this system are concerned. For 

instance, Meissner effect is sensitive to the contribu­

tion from both currents. We propose measurements of CDW- 

induced anisotropy which can be used to prove the micro­

scopic mechanism of coexistance.

in the second part of this thesis we propose a micro­

scopic theory of electromagnetic transients propagating 

through a thin dielectric slab. This theory is time
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dependent, allowing us to calculate the energy and momentum 

transfer to the medium which comprises an array of Lorentz 

harmonic oscillators, in the microscopic level for the 

first time, we recover the first Sommerfeld precursor.
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part I

Theory of the Coexistence of Charge-Density-Waves 

and Superconductivity

Chapter 1. Historical Background. Experimental Evidence 

for coexistance.

A. Introduction.

For a one-dimensional metal R. Peierls showed that 

the energy of the electrons can always be lowered by 

opening an energy gap in the vicinity of the Fermi energy. 

This effect transfers all the occupied states to the lower 

energy gap. Also a structural phase transition occurs 

which gives rise to the formation of a charge density 

wave. See Fiqure 1.1.

In three dimensional systems the process of gap 

opening may also take place in the directions where the 

Fermi surface is "nested". "Nesting" means that we have 

similar (parallel) areas of Fermi surface which are span­

ned by a certain wave vector, see Figure 1.2. under 

this condition we expect to observe the coexistance of 

a charge density wave and superconductivity.

B. Experimental Investigations.

Transition metal dichalcogenides are 9°°^
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candidates for observations of charge-density-waves because 

of the two-dimensional character of their structure [1].

In the 2h  polytype of NbSe^, the onset of an incommensurate 

CDW at Tp = 33.5K has been established by neutron experi­

ments [2]. Experimental physicists established that this 

compound is of particular interest since it exhibits 

both the highest superconducting temperature Tc (= 7-7.3k ) 

and the lowest T = 33°k  observed in the TX„ family. Inp 2
1975 C. Berthier, P. Molinie and D. Jerome [3] presented 

evidence for a connection between the CDW and the pressure 

enhancement of superconductivity in 2H - NbSe^. They 

concluded that elimination of the charge density wave 

under pressure leads to an increase of the superconduct­

ing gap in this compound.

Recently some compounds have been found (like 

EUyMo^Sg, y — 1 ) which exhibit interplay among super­

conductivity, charge-density-waves and magnetism [4].

In 1980 [5] R. Sooryakumar and M.V. Klein showed 

the coexistence of charge-density-wave and superconduct­

ivity by a Raman scattering experiment on 2H - NbSe^.

The sample was immersed in superfluid helium in the 

presence of a variable magnetic field. Coexistance or 

rather competition between charge-density-wave and
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superconductivity was shown for example at H where
C2

the superconductivity peak disappeared and the CDV 

peak was enhanced in the Raman spectrum. In 2H-NbSe2 

there are ordinary phonon Raman lines at 234 and 243 cm ^

[5], Also there are the Raman lines induced by charge- 

density-waves [1] below Tp at approximately 40 cm 

Sooryakumar and Klein discovered two additional peaks at 

approximately 16 cm  ̂which are present below the super­

conducting transition temperature T . These values agree 

with the superconducting energy gap. 2a = 17.2+.4 cm  ̂

as measured in a different sample by infrared transmission

(2], These new lines decrease in intensity, and shift 

in frequency when large magnetic fields (~>40k g ) are 

applied. This indicates that they are associated with the 

superconductivity of the material. A typical diagram is 

shown in Figure 1.3. Also the frequency spectrum showed 

well-defined sharp lines which clearly indicate that they 

cannot be directly related to the excitation of super­

conducting quasiparticles. This sharpness is characteris­

tic of boson-like excitations {phonons, magnons), The 

pronounced magnetic field dependence clearly indicates 

that the superconducting properties of the sample must be 

involved.

As has been mentioned above, coexistence of super­
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conductivity, charge-density-waves and magnetism was also

detected in Eu Ho S , It is of general physical interest y 6 y
to understand the nature of the coexistence of quite 

different physical phenomena like superconductivity and 

CDW. This should be understood on a microscopic level.

In addition we must investigate any possible interesting 

macrascopic properties of such materials and their 

thermodynamic and electromagnetic properties. In this 

thesis an investigation of these matters will be given.

References

[1] J .A. Wilson, F.J. Di Salvo. S. Mahajan, Adv.
Phys. 24. 117 (1975).

[2] D . E. Moncton, J.D. Axe. F.J. Di Salvo, phys.
Rev. Lett. 34, 7 34 (1975).

[3] S.C, Derthier. P. Molinie, D. Jerome, Solid State
Comm. IB 1393 (1976) .

[4] D.W, Harrison, K.C. Lim, J.D. Thompson, C.Y.
Huang, P.D. Hamburger, and H.L. Luo, phys. Rev. Lett.
46, 280 (1981), for references regarding Eu Mo^S„,—  , ’ . y 6 8see reference therein.

[5] R. Sooryakumar. M. Klein, Phys. Rev. Lett. 4 5 .
660 (1980).

[6 ] J.R. Duffey, R,D. Kirby, and R.V. Coleman in
"Light Scattering in Solids" edited by M. Balkanski, 
R.C.C. Leite, and S.P.S. porto, Flammarion, Paris, 
1976.
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Chapter 2. Review of Previous Theories of Superconductivity 

and Charge-Density-Wave Coexistence.

A* introduction.

In this chapter a brief review of previous theories 

will be given. Special emphasis will be given to the 

ideas of Qalseiro and Falicov who proposed an electron- 

phonon coupling mechanism, and of Littlewood and Varma 

who criticized the treatment by Balseiro and Falicov, 

and proposed a gauge-invariant theory. Other theories 

will also be mentioned.

In contrast to the present work no previous theory 

derived the macroscopic current or macroscopic Ginzburg- 

Landau-Gor'kov equations starting irem a microscopic mode 1.

B. Balsiero-Falicov Theory,

In the paper "phonon Raman Scattering in Supercon­

ductors" by C.A, Balseiro and L.M. Falicov [1], they 

suggested that electron-phonon coupling leads to a complex 

bound excitation which is Raman active, with a discrete 

frequency lower than twice the BCS gap 2a and with an 

appreciable scattering intensity. They proposed that 

these excitations are the lines found by Sooryakumar and 

Klein at approximately the energy-gap frequency in super­

conducting 2H-NbSe2 * Namely they suggested"as a very



likely explanation that the observed lines are a direct 

consequence of the interaction between q = 0 phonons of 

low frequency (at 40 cm \  caused by charge-density-waves) 

and the superconducting electrons."

In order to investigate this mechanism, they used the 

Hamiltonian

(2-1) H = V s  + Hph + H int

which describes a Bardeen-Cooper-Schrieffer model of
vinteracting electrons, a single q = 0 phonon of frequency

(2 .2 ) h . = 1vj)nb+bph 0

and an interaction term

(2.3) H. = g I  c+ c (b+b+ )int ,̂-r he

where b (b) creates (destroys) a phonon and c (c ) iskn krr
the creation (destruction) operator for an electron of 

wave vector k and spin CT.

They used Bogoluibov canonical transformation methods 

and a perturbation calculation which hybridizes the single 

phonon state with an electron-hole pair. See Figure 2.1. 

They found the complete one-phonon spectral function and



7

showed that for "KuuQ > 2 a the phonon intensity is highly 

peaked about but with a continuous distribution which

extends over the excited pair energy range, > 2 A. Also 

they showed the existence of a bound state of energy \ 

which splits off from the quasiparticle continuum: \ < 2£ , 

Figure 2.2.

We only cite the most interesting conclusions follow­

ing from the Balsiero-Falicov model:

a) A bound state consisting of a phonon-quasiparticle- 

pair always exists in their model and its energy \ is 

smaller than 2 a?

b) The spectral intensity of the bound state is only
*

appreciable when Ti i1 is of the same order of magnitude as 

2a. This explains why the effect has been observed in 

2H-NbSe2 , a CDW superconductor (ordinary Raman-active 

phonons have frequencies = (10 - 100) < energy-gap fre­

quency) ). In particular an incommensurate CDW has some 

low frequency phonon modes which are Raman active because 

of "folding" of the Brillouin Zone: this originates 

because opposite parts of the Fermi Surface are spanned 

by a reciprocal vector which becomes the new reciprocal 

lattice vector and defines a new Brillouin zone. This 

is the effect of "nesting": Figure 1.2.
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C . Littlewood-Varma Theory,

P.B. Littlewood and C.M. Varma [2] attempted to develop 

a gauge-invariant theory of "dynamic interactions of a charge- 

density-wave and superconductivity, 11 using the results of 

the calculation of energy bands by J.E. Inglesfield [3] and 

earlier work by L.F. Mattheiss [4], Littlewood and Varma 

emphasized that in a CDW state, there exist special zone- 

center optic phonon modes. These CDW amplitude modes (CDW- 

AM) are accompanied by an oscillation of the CDW gap, which 

leads to a variation of the average density of states at 

the Fermi surface, Figure 2.4. Furthermore, Littlewood and 

Varma argued that if a material in a CDW state undergoes 

a superconducting transition, the excitation of the CDW- 

AM also leads to a time dependent perturbation of the 

superconducting gap, wince the latter depends on the den­

sity of states at the Fermi surface, N(0). They studied 

the effect of this coupling.

In the study of the dynamics the leading order coupling 

of the amplitude u of the CDW-AM to the superconducting 

gap is given by

(2.4) A = A0 +

where



where \0 is the BCS coupling constant. 

They used the Hamiltonian

H = H X + H 1 + H . ^ph el m t

where in H ^ they considered only the q *** 0 CDW-AH and 

for the Hamiltonian they took

Hph -  fi-ob+b

where H is the electronic part which gives rise to supe 

conductivity. In the Nambu notation [5]

(2-5) Hel = £ V S ' 3 * k  + 2 E V(S’S ''<5>(*i+5T3')k ) U S-qT3)k 
k kk'q

where electron creation and annihilation operators are

written as two component vectors.

< 2 - 6 > * k  =  C k :  > •-kj

The t 's are Pauli matrices? V(k,k',q) contains both 

the Coulomb repulsion and the effective attraction 

mediated via phonons. Thus



They wrote H.  ̂ in the form: int

(2 , 10) H , = + HP .int m t  int

where ^ is the part due to the effect arising from m t
A = AQ + *iu which is t5l

(2.U) H^nt - g(b+b+ ,r ;; V k  = g = a i(^ - ) 1/2
K U

and

< 2 - 1 2 > C  ■ 1 , 1  ’ V V j  W s * *  [ 5 ] -

5*0 *

Littlewood and Varma considered ^ as the crucialint
part for the coexistance problem, (Below we will very 

briefly compare the Littlewood-Varma and Balseiro-Falicov 

theories.) The phonon propagator for the q = 0 CDW-AM 

is modified from its unperturbed form denoted D Q (v) in 

the absence of superconductivity (a = 0 ) to

(2.13) D‘ 1 (v) = DqL (v) - E(v) (5]

where e (v ) is the phonon self energy. In the lowest
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order E = E q is represented by g-r^L ^ ^ gr^ and within the 

BCS approximation is equal to

.2 3
(2. 14) E = 3 r d k Tdyj Tr[T..G(k,uJ+v)T,G(ktU))]U 4v n 1 1(2 tt)
where

-1 - *(2.15) G (Vt? uu) is the BCS propagator

and

(2.16) G_ 1 (k, tu) = ui - ek T3 - q , ̂  ■

Littlewood and Varma went beyond the BCS approximation 

and calculated the "Ladder Corrections" to the phonon 

self-energy due to H^. Diagramatically they are

*5l Z ^  = < 3 >  +r gT g-^ 9r1 r. gi^, and give

3
(2.17) E ( v) = - i f — ^TrtrfkouTk^+ v j G f k ^ + v J g T T G t k , ^ ) ]

(2tt)

where r calculated in the ladder approximation is

(2.18) r(k, t»+ v*k, (d )
d3

= 9 t^+iJ TjGtk, u)' +v) r(k' ,u)*+v;k' , ̂ ' ) g (k1 , ̂ 1 ) T3 .
(2rr)

They found



where

(2 .2 0 ) x = ) 2 V 2 | 1/2 [1 + — ] 1/2
v -4a0 hu,D

One can see that r(v) is divergent for any value of the 

coupling constant g for v =- 2A q . This means that a pole 

necessarily appears in the phonon spectral weight [5]

(2.21) S ( v) = - - Im D(v)n

at a frequency v below 2a . Introduce a dimensionless
g 24g N(0)coupling strength: a = —̂ — , For a «  1

X
2

2n2 4 A n 1(2.22) hv = 2a[1 - - % - d  -  Q-S) ]
s " <hui0 >

with spectral weight



Littlewood and Varma identified this mode with the new 

"gap" mode observed by Sooryakumar and Klein.

Littlewood and Varma argued that Falicov and Balsiero 

used which represents the usual coupling of phonons

to the long-wavelength components of the electronic charge 

density. In the BCS approximation, the self-energy of a

Littlevood and Varma noticed that this quantity occurs 

in the calculation of the longitudinal response of the 

superconductor. It produces a plasmon-like high frequency 

excitation. Thus they argue this is not relevant to the 

Sooryakumar and Klein experiment as Falicov and Balsiero 

assumed.

D . Other theories.

After Balsiero and Falicov and Littlewood and Varma sev­

eral more articles appeared. For example D. A, Browne 

and K. Levine [6 ] investigated the coupling of a 

coexisting incommensurate charge-density-

phonon due to H*? . isint

(2.24) £ K) Tr f t ̂  G {k , a'+ v ) t ̂  G  {k , (jo) ] .
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wave superconductor. They use a gauge-invariant Random 

Phase Approximation that correctly includes screening.

They treat both the amplitude and phase modes of the 

coupled system. Unlike previous work by Balsiero and 

Falicov, and Littlewood and Varma, the SC and CDW ordering 

were treated fully self-consistently, on an equal footing, 

so they obtained qualitative agreement with Raman scat­

tering data on NbSe^.

X.L. Lei. C.S. Ting and J.L. Birman [7] took anisotropy 

of the materials into account by using the usual Bogol- 

uibov transformation they investigated SC and CDW coupling 

self-consistantly , and calculated Raman line location and intens- 

ity.K. Machida also presented an investigation of the 

interplay between superconductivity and charge-density- 

wave based on a partial gapping model appropriate for 

anisotropic materials. Various thermodynamic quantities 

such as the specific heat jump at the superconducting 

transition and the anisotropic penetration depth were 

derived [8 ].

An interesting treatment was proposed by J.L. Birman 

and A. Solomon [9] who were trying to understand the 

problem of coexistance of charge-density-wave and super­

conductivity from a dynamical group theoretical point of
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view. Using the Cartan algebra [10] they analysed the 

possibility that a Hamiltonian shall contain symmetries 

characteristic of both superconductivity (S U (2)) and 

charge-density-wave (0(3)). This method is sufficient 

for diagonalizntion of complicated Hamiltonians and 

aljo illuminates the role of symmetry in coexistance 

problems and can be applied to other systems. Probably, 

in this way we may have interesting interplay between solid 

state physics and recent trends in supersymmetries in 

particle physics. We will not discuss other articles but 

the reader should be aware that work on coexistance of 

CDW and SC continues actively [11].
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Chapter 3, Microscopic Theory of Superconducting and 

Charge Density Wave Currents.

A . Introduction.

The supercurrent in a pure superconducting system 

causes interesting macroscopic effects. For an idealized 

pure charge-density-wave system with an incommensurate
•-VCDW vector jQ| = 2kp, and neglecting pinning, a sliding 

mode produces a different type of persistent current.

This idea was proposed by Frohlich [1] and later discussed 

by Bardeen [2] and Lee, Rice and Anderson [3],

The complete description of macroscopic electromagnetic 

properties of a CDW-SC system is only possible when the 

Ginzburg-Landau-Gor'kov (GLG) equations for the order 

parameters have been obtained. These equations couple 

self-consistently to the electromagnetic fields 

through the current.

Thus the objective of my thesis is the systematic 

derivation of the macroscopic current as well as the 

Ginzburg-Landau-Gor'kov equations for the order parameter 

starting from a microscopic model for the coexisting 

system. Owing to the coexisting CDW, the current in the 

system depends on time derivatives of the order parameter
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in addition to spatial derivatives. Therefore a closed 

time path Green function [CTPCF] formalism has been used

[4]. I want to emphasize a feature of the present work: 

all the coupling parameters in the macroscopic equations 

are obtained from the microscopic theory: no parameters 

are inserted by hand. I shall start from a microscopic 

model system with local electron-phonon interation, and 

separated BCS-local interaction present.

In this chapter I will discuss the consequences of 

this microscopic model which assumes partial gapping of 

electrons in the vicinity of the Fermi surface and I shall 

present the derivation of the expression for the current 

in coexisting systems. In the next chapter Ginzburg- 

Landau-Gor 1 kov equations will be derived. In the concluding 

chapter 5, I will present an investigation of electromag­

netic and thermodynamic properties of charge-density-wave 

and superconducting systems based on the Ginzburg-Landau- 

Gor 'kov equations obtained.

The major steps in the analysis of this chapter are 

as follows. The Hamiltonian is set up using a microscopic 

model. Then the generating function is set up. Gauge 

invariance is shown: permitting simplification of the 

analysis by omitting the vector potential in the next
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steps. The effective action is taken at mean-field level 

and is expanded -with respect to the order parameters, 

keeping only lowest order in inhomogeneity (space and time 

derivatives). The electromagnetic field is then restored 

using gauge invariance. By the functional differentia­

tion of the action with respect to the vector potential we 

obtain the current. Finally, using the assumed band 

structure we obtain the explicit form of the current in 

the coexisting system with coefficients depending on micro­

scopic parameters.

B . The Band Structure Model.

As we previously discussed,the coexistance of super­

conductivity and charge density waves has been found in 

layer-like compound structures, namely 2h  - NbSe^. There­

fore we have to use (where needed) the band structure of 

these materials in our calculations. As we mentioned,

D. Matheiss and p . Inglesfeld made detailed calculations of 

this band structure. Also for simplicity of the calcula­

tions we assume that only one charge-density-wave has been 

created by Peierls instability. This makes our model 

quasi-one-dimensional. This specific direction will 

correspond to the vector Q. I want to emphasize a speci­

fic feature of coexistant superconductivity and charge-
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density-wave: competition between 3-dimensional phenomenon 

of superconductivity and the quasi-one-dimensional charge- 

density-wave. Therefore we expect a non-trivial inter­

play between their order parameters and also a non-trivial 

gauge effect. This competition should be especially 

interesting in the case of incommensurability of Q with 

the lattice parameter (we will discuss this here). When 

doing integrations in energy or momentum space we will 

subdivide the Fermi surface into two parts: I- where 

nesting occurs and Il-where only cooper pairing occurs.

C) The Model Hamiltonian and Effective Action.

We take as a general Hamiltonian

(3.1) -H = J U D ^ U  + >+ (lh >2+u)'J

+ + +i|ru + T Y

where
2

D 01<3tl*X2 ’ = '5 <tl2 "*2-----*'2 »2 <<3l>>«<,t1-x2>
S t l

G is the electron-phonon coupling constant with g = ^ 
as the BCS local interaction. For the ion displacement 

u(x) we separate into left and right running waves:
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l * -=>. i->
f.O-x -^Q ■ x

(3.2) u(x) = u (x) + u(x)e + u(x)eac

where u (x) corresponds to the acoustic part. For the3 C

superconducting order parameter take [5]
i-A -v i-v -v
fQ-x ~hQ ’x

X (x) = <i[r J (x) ̂  t (x) > = x (X ) + 7 « ( x ) + X <x >d* r op Aop

y+ (x) = <tJ,̂  (x) (x)> = x+ (x)+x* (x)e
T ¥ P

1  »  - i .  -■*

-JiQ -x ~ SQ-X
+  v SAop

Because of the introduction of order parameters the mean- 

field approximation is being used. The electronic wave

function in the Natnbu representation is
i 6

( 3 . 3 )

7. (*> n x -\

(x) =
<x )e

1 Q ‘ j - i|( (x) =
“K 2 1

- I  ^ ‘ x  2

•a
* T ( X )

1 * ! < * > ■^ j

Here we use Heisenberg representation with x = (r,t) and
/■i 3

( 3 . 4 a )  * ( x > =

I 2‘

0

0

i Q ■*
Ti 2 X

0

0

0 e

(x)

Vx),
* ,  ( X )
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The advantage of using the Nambu representation is that 

we can use the same perturbation theory as for a normal 

metal [6].

in equation (3.2) and (3.3)

u(x) = — (u^x) - iu (x))
P

*>(x) = — (u (x) + iu (x))
P 2

(3.4b)
x (x) = —  (x (x) - ix« (x) )

17 *■V
x+ (x) = — (x,(x) + ix0 (x))

P 1
- *

have been used where — is the Fermi momentum in the nesting

direction. Now we can immediately write down the generat­

ing functional [see appendix B]

Z[J,h] = exp ^[-^h+h]-^[d; + ] [d,̂ ] [duiJ [dXi]
- V

(3.5) exp ^tjuD'1u-\x1X 1e + (ih - £ - ^ < - i h " +03i - c T3i)2T

+ uT3 + + V i  + hi V

After integration over the electron variables we have: 

(3.6) z = exp^I-^h^i] • ptdui] tiXi] '

*eXp K f2uDQ1( (i))u_2gxi X i ^ T r  In G~ 1+Jiui+hixi )
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where c correspond to the electron branch subspaca and 

r. to the Nambu spin-space, and

1 ,  . - 1  . . , a 2 2 .  4(3.7) D q ( uj) =  D q  ( x 1 ,x2 ) = - 0 fc ( - 2 " ( u a ) 6 ( x 1- x 2 )
31

—V

G~ 1(Xl'X2 ) = fltl i ^ - ^ , (- ih"l+"3f“cT3X (xl1)2T3

+ ut3 + ^ G(ui <xi)" i T3+^ 9H |xi>Ti,54!xr x2 )-

At this point we drop the electromagnetic field. Later 

in the work we will use the gauge invariance of the theory 

to restore the field.

The effective action is then

(3.8) leff[u,v] = 'UD0 i (T )u - 2g*i*i_ih Tr ln G ^

The Free Energy density in the mean field approximation 

is (see Appendix B)

(3.9) Fru.y] - u D q 1u - + 0 En Tr ln G

Here the summation over Matsubara frequences m is used

and the formulae det U = exp Tr In U have been used and 
c *A ■ c

C* dc.e i (det A)1^2 (see Appendix B) were used.*■ i i
In the mean-field approximation the equations for 

the order parameter are (see Appendix B)
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A  I eff[u,x1 =
5U. (x)

(3.10)
A I eff[u,x] = Q 

&x

We should now introduce a microscopic band model.

Following the quasi-one-dimensional approximation of 

Levin et al [8] and Bilbro-McMillan [9], we divide 

the Fermi surface into two regions. In region I. the 

Fermi surface is nested, with wave vector Q, and the 

energy bands have approximately particle-hole symmetry 

near the Fermi surface, so that the band energy satisfies
-Vv * Q Qthe relation G (p) = [ g ( p+-) + e (p-v) ]/2«= 0. we will also5  ̂ £

neglect p compared to Q in region I because |p| << Q 

- in region II we neglect the CDW coupling and use

inversion symmetry.

Using the model given in Section B

oiG (P0 jea (P)p1 = G (P q * ~ (P ))

in region I and

(3.11) TL(Gr (p0 ,e(p))Tl = G r (p0 ,-€(p)>

where ‘e (P) i® the energy of electrons where nesting &
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occurs. Result(3.11) is the consequence of assumed model 

and commutation relations of pauli matrices. The Green 

function in the Nambu representation is

(3.12) G ' h p )  - Po-«# <P>T3-*a (P ,° 3 V ^ A iTi t j K D iti

where

cs (p>

, -*•, 0.2 -* 2.2(P+j) (P-j ) -u Q
- U + --- — --- e{p^) + e(p-f)

Now we introduce gap functions

1 2  2
Ai 3 9*i'

1 2  2
T.T. = GU. ; W  a -  (W.+W_ ) i 1 2: 1 J

The retarded Green function is now:

(3.13) G {p) =r 2 2 - *  2 -* 2 2 2  2 2 2-*
E ( P 0+ i r ! )  - e g ( p ) - c a ( p ) - W  - A  1 - 4 . s ( p ) ( w  + e a <P) )  

* 'Po,po‘ 's(p2>' ea (p>‘w2''i2)+2cs (p)po (‘>3ca (P )' ^ 0iWi>

- 2 cs ( P ) ^ A 1T1 (p3 ea ( p ) - ^ 0 .w2 )

-+ 2 2 ► 2-* 2 2  + T3c8(pKP0-es (p) + ta (p)+W-4 )

1  *  /  2  2  i  S 2  / - * \  2  2 ,-  ^ T . A i ( P 0 - c s ( p ) - € a { p ) - W  - A  )



Here we have taken the Fourier series with respect to 

discrete variables and

in order to be able to obtain macroscopic equations, in 

what follows we will be using the technique of Kadanoff 

and Baym [11] for slow and fast variables [see Appendix B] 

We first give some useful mathematical results. Let 

f[Q] be a functional of a slowly varying order parameter 

Q(X) such as u(x) or (x). For example

< 2 tt)
G(p, u; ) .

with

UU, = (2n+l)-?n v p

P
) .

+
- P

r[Q] = J* drdt r(u(r, t) ,Xi (?, t)) .

Then we may write
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tv 191 _ &r[Q] 1 . ndv , 2̂r lQ]___ ,
fiQ(x) “ 6Q(x)'q-Q(x) - y 5Q(x)6Q(y)'OH3(X)

3
(Q (y)-Q(x)) + i'dy.'d, fQ(x^ ) 60OO><Wl(*)

(Q(y)-Q{x)) (Q(z)-Q(x)) +. . . .

Now introduce relative coordinates (x-y), and center-of- 

mass coordinates: (x+y/2), Then for a function of two

variables F(x.y) we have
V -V ->

(3.14) F(x.y) = F . x-y) = t* d q ,e ^ F(-^^,q).
(2 irfr) 2

Then we may write:

(3.15) P dyF(x.y)(Q(y)-Q(x))

,3 -^q(x-y)
= PdyP ^re F ( ~ ^  . q) (Q (y) -Q (x) )

^  (2TTh)

= rdyr— a!̂ e"S9(X'y)(F(x,q)-̂ £̂̂ l)w J 3 2 ax(2rrh) 3

. f , y-„aa is l  + i (y -x )2 ^ 9  

. rdyr— -̂.e (x~Y>[ih (a2Fbsji,a!a_
“ (2rrh) S q  ® X  2 3 q a q

+ __ax^qsq ax'

_ .4 raF(x̂ _qj AS _ ^ rA^F[x,q1 . R2.Q
a q  q = 0  a x  2 a q a q  Jq = 0 ’ a x a x



2 3_ Jl_ r 9 F [x, q ) ftQ
2 a*aqaq Jq=o'ax

Here the expansion is with respect to and x andaq ax
q are understood as all components of x and q.

We will use this treatment later in our derivation of the 

current and Ginzburg-Landau-Gor1kov effective action. 

Before going on to a derivation of the macroscopic current 

and effective action, it is very useful to separate the 

phase and amplitude part of the order parameter. We 

define

gx = | a | exp ( - i ")
(3.16)

Gu = (w | exp[-i $] .

Let us examine the object:

1 Ai 1 Ai 
(3-17) (S V2tW  72cijTj'T3>

where by definition

A, = a/5 A cos 9
2 “1 "2 (3.18) A = --

A, = J2 A sin

Clearly:



2Using = 1. where

c12 = ’ E21 = 1

SU  = °  = *12 = °

is the antysymmetric unit tensor. Also we notice

' - A .
(3.21) (- - ^ T: ) (7 J1 w 2 ll±

A. v'2Ti t v'2'’lj j
2 2

1 i lTl + A2 T2 1 l*l~2-A2 ’rl Al+^2<3 ‘22)  ).(- ---̂  » - *) - -3
2. A

I -i 1 \(3.23) {- -^e .  ) . T_ = -  “~ T .A -. 2 13 3 3 A ^2  l

1 A . , A .
( 3 . 2 4 )  t  - ( -  - ^ t . )  =  -  . r . .3 A J2 i a V 2 13 3

Thus, we will define an object

(  T A ’  *A ° 3
where



(3 2 9 )  - 4 —  -  I  . . i i f l . A A  A i .(3‘29) »*»* J2 ~ & J S < ^ 2 * W >+Z 7 2 eji(Aax2+Sx 3x+9x 8x>

Then the functional derivatives with respect to the phase 

and amplitude part of the gap order paratemers become

A. .
(3.3 0) — J—  = = A 3fl^(x) J7 ij A . (x) r'i ij ja .

(— 3=—  3
" ,/2

V X)
(3'31) ^ {X)6A(x) „/Z A 3 (x) “ A i 6A- (x)*

M - V - )V *
Now we use the mean field approximation and take into 

account only the lowest nonvanishing derivatives (slow 

variation approximation). We then have for the functional 

derivative of the generating functional with respect
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(3 32)  —  I{ } SA^x) A.(x)
 —  6(— ^— ),Ai-*'Ai(x)

W -*W {x) a a
2

a r .  . a . -fe2 a r . . 2 a .
+ ihr— * (— h  r— (— i’dq x ax 72 2 aqjq Jx *axax

q=0 q=n

2 lSXjqaq Jx sx'72' + in| 3q Jx Sx'.'2;
q=0 q=0

u2 a2 r.u 2 w. t2 a3r.w
_ r .—3--------  / ^ \ _ .IL - r--- ?-.k- I . _S_ \2 aq&q X ‘ax^x JZ 2 laxaqaqJx *x 72

q=0 q=0

_ h2 a rijk
2 aq1aq2 x ‘ax 72 gx 72

q L=q2=0
nt2 a"r. . * a ■ w

_ Il_ / r  ^ C 1 _3_ ^-3- ( S  \
2 u >q j q A  'axl72' a x V2

q r q2=0

+ rl-Libk] A j
aqLaq2 x ax'72 ax'72qrq2=0

. ^ [ L l i f e S ,  =  0.
2 aq^sq2 ^2—^

Next, taking the functional derivative with respect to w ;

_il  =  &r ,
(x) v W Iy-) *iy( 3 ' 3 3 )  " /*W ( X )  \ W (X). |•f-y-) ‘ly-r^ 0 0W {x)3 3
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ar . . a .  *,2 a2 r  . 2 a .
+ ifi[~~—  ] - T" -[----^  ^ ^  )aq x  3 x ^ 7 2 '  2 l aq ^q  Jx  a x j x ^

q=0 q=0

_ !n ra raj , , _ a _ + ihrdrabi
2 ax aqaq x ax  72 aq x  72

q=0 q=0
2 3

*2  a r  . 2 w, 2 a r  . w._ rc . gjj-i m a / h . _ h r i a /_
2 j q a q  * 3 x 3 x 7 2  2 sxaqaq  x  ‘ 3X 72

q=0

h? [Halls. ._a.,^l)_a.(̂ ' )
2 *q,»q, x -gxV2 9 * V 2

qi=q2-0

2 3 q , a q ? x  * ax  72 ax 72
q L=q2=0

a q Laq2 x
_A.
" ax  ,/2 3x 72

q i =q2=0
t 2 32 r . w.  ̂ w—  r .-3-(— )-S-(— ) = 0
2 S q ^ v  *ax Jax\/2 ;

Direct differentiation of r  gives

JJL
A • (x)

) A^A(x) 
W^W(x)

A .

n

-1
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(3.34) - ‘ \  75 ‘ f  TrfTlOc (*.x)l

and

(3.35) /w (xy
V2 3 6-kA (*) 

W^W(x)

2 1 W  1
GD 0 ^ ^ ^ 2 +6^nT r ^°aT3G(iuJn ^

(3.35) l = GD01(Q,vt ' T Trt"aT3Gc (X'x),)

where

D ' h Q ] = -nfr2 2pn tu

,3'35) V q,|A*<«)
W-*W(x) < 2 t t M

+ i,.^+p) TjG(ii;n .-^+p) r i . - q Q +i^

<3' 37’ rlbIqJ|A..„(x) = -iT.n;-f^-3rr(r,G<L^S
w-w(x) (2T,fi)

+p)cbT3G(iaV ”2+p) 1 ij " q o + iT>

j  - *

( 3 . 3 8 )  r a j t q l | A, M x )  -  ^ n: - 7 ^ 3 T r f '’ a T 3 G < i " n + i ' " 2
W-^W(x) ( TTfi)

+ P) TjCfi^.-^+p) } iv -*■ qQ + ir|



(3.39) rab[<n|A„A(x) -|n(qj-ll24)
W ^ W ( X )

- — T' f*--—— Q— 'Pr' f „ „ n t i — fZ I i ...5TrtoaT3G(1“n+iv’2+p)“bT3G(i,,,n-2+P' iv*q0 + 1t1{2-rrn)

G ,G ,G will later be shown to be th ■* advanced, a r c
retarded and causal Green functions, connected by [10]

Spo(3.40) G (p) = tanh— r— (G (p)-G (p))c i r a

with Fourier transform

d3D -hp '(x_y>(3.41) G <x,y) = ™ ^  e G (p).O — j c(2-rh)

Wa' 11 also use 

‘3 ■42 > n ' ~ V r ' "G ‘ i“n+ U  •!+p) pG <' • ~2+ e ' > I i v -qn+i r,{2 ttH ) 0

= < T +p0 ’f  5> < ^ < 4 ^ 0  • 4 *(2nn)

+ dGc <-T+ p o f  ’ )P<3r ( - 7 + p 0 ' - | + p ) ) '

Also by definition

(3,43) rijk[q1q2 l | ^ A (X) = B LJ \ _  . ^4 (Tr  ̂Ti° (ltun+1 Vl+lv2 ’ P
W-*W(x> (2nTi)
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+ Trf T iG { i ll)n + i y 2 + i y 1 ,p+q2 + q 1 )Tk G ( i (iJn+ i v 2 , p+q2 ) tx G ( i^/p) ]

lsjL " q iO + 1T1 

ly2 " q2 0 + ^

All other r . can be obtained just by substitution of i jk
t and p matrices as follows. For example: in 

we have

T . ... T . ... T.i 3 k
T i * • < Ti * • * i *i k i

in r . ■ we have 1]C
T . ... T.  ... p ' ,i j c 3

in r., , we have ibk

T. ... p ~ ...1 c 3 J

Ti ° b T3 Tk

Ti tk ... nb r3

and also the relation:

I d(3 .44) “ E r E“t (Tr[aG(iu, +iv +iv- , P+q,+<L ) f̂ G ( i ^ +  iv , pp n v /,*.fc\‘* n i z l z n z(2«4i)
+ q 2 )Y°(i«.n .p))iVi<qio+i^

iv2“q20+lT’

+ TrfaG (iu)n+iv1+iv2 , p + q ^ q ^  vGfia^+iv^ p]
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+ CtG yG S3G +dG yG aG +dG VG ;G 1 . rT r c rT r c cv a c

D. Electrical Current Density.

Now we are ready to find the electrical current.

In an appendix to this chapter we show the gauge invariance 

of this theory. Therefore we can restore the vector 

potential in the effective action by the substitution
v (J- ̂n 7 - ~A as appropriate. Then the electrical current 

density of the system j(x) has the following general form;

guage [4].

One can immediately see that the total current will 

contains 3 contributions:

(3.45)
SlTyjU]
5A{x) ^t+=t

where t means the two time branches in the CTPGF lan-

(3.46)

where
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(3.47)

(3.48)

( 3.49)

(3.50)

■^(— ^ T r f ^ G  (x,x)l where 7 - -5 (^-7 ) 
Z me i c  Z

| j (2)(x) = - ^ ( ^ ) § T r C D3Gc (x.x)l

V 3,(x) = ^-zA(x)Tr(r G (x.x)lC Z Z J cme

j(x> = “ j ( L) (x) IA^A(x) + ■ d y  ̂ (x)-| {X)]A^A(X)
1  */2 '

W-^W(x) W-W (x )

A . (y)-A.(x) _J 3---
J2

+ rdy [-— "___  ^ j (1) (x)]W b (y)]cJ A'"A (x )
— : W -W ( X )
* 1 ̂

W H (Y>-W, (x) 1,_b b  i i (2) . .  ,
,/2 c ' A-'A (x )

W -W (x )

^ - i r * 1 ■ (2) - n+ dYt * {y)V“ 3 (x)] A ‘A(x) J2
W-*W (x)

+ rdy[ J—  -j {2) (• M rW (v \ r*J 'w b (y) X)] W b <y)_Wb (X>
A*A(x) J2
w^w{x)

In addition for the system under discussion, especially 

considering the order parameters, gauge invariance means 

that the effective action Ie fftXfu 3 i® invariant under
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the transformations

A{x) k M x )  + nA (x) 
A  00

(3.51) y ( x ) - * e C X(x)

u (x ) -* u {x )

One of the consequences of this gauge invariance is that
e-* ti 3 *irthe order of t w  is the same as — A. i.e. (t  is the samei c i gx

eorder as — A\Jr) .

At this stage it is useful to define functions which 

we will call F, such that

A 1 ■ ( 1) . . , _ ( 1)
-■ ^  ,X,,• • I x) s Fj

W-'W{x)
(3.52) ~ j (x) 1 . , s F ’ '(x.y)

,72

" (2„h)4 3

f b I 
> l ~ J W-+W (x )

{2rrh) °

(3’54) 1 - a J y ) ,  P <2 > ( x ) 1^ a ( x )  = F ]2 > <x ’y)
W^W(x)
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d4q
(2^)

Hq(x y) (2),x+y . 
4 Fj ( 2 'q)

(3.55) T---- —̂  — "î 2 ^(x)1 = lx v)rw K(y)ic ( )]a ^ a (x ) Fb (x,y)
W^-W(x)

J 2

= P- 4 ei ,,x-ylF ^ (a „4 *b 1 2 ,q'(2rrfi)

Then we can write for the current

1 1 ( 1 )  9 F (x, q )
(3.56) j (x ) = ~ j K (x) I , . + ifc[  -------- ] „  ̂ , ,ncJ ' c J ' A_>A {x ) aq q=0 &x J2

(3.57)

2,(i)
W -W(x)

j f '1 ’ (X ,q)
+ li[— N ------ 1

^ W K (*)
q=0 ^x J2

(3.58) + -j (2) (x) | + ith — 1
1 * * I V  1

3F*2) (x.q)
( x )  

v. -w (x ;
:\a ]q=o ax' . :

( 2 ) (X.q)
(3.59) + ih(— —  ------ ]0^

. W h<X > 1 M l
q = o f x ( ~ ) + P ( ^ 1 A VA (x) 

W-* W{x)

where

(3.60) F*1>(q) = - TrfG(im +iv,me P n' (2 rrtl)
3

n -'2

+ P) t .G(i(u ,^+p) 1 .J n 2 iv->q0+ir|

- 4 q q -*■e ih^ d p V -  , 0 a . 0 q. vt
= X  (2nl.)4PfGr (T +P 0 ’f +P >TjGc <' r +P0--f+P)
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Q Q -*0 cr »- o a ^ .

+ Gc(T +p0'f+p)TjGa<' T +p0' 2+p,)

for (q) we have the same expression only with an

interchange of T , D r •j b 3

0.61) p ‘2 ’ (q) - - ^ • f - K r- r f ^ Trfp3G «i»n+1- !
( 2 T T h )

+ p ) T,G(im , - f + p ) } .
j n 2 iv->q + lr)

<3 ‘62> = tc T . ’l̂ ^ T rfe3Gr ^ +P o . ^ ) T jGc ( 3 + P o . 4 ; ,
(2 n h )

q q -*•

+  0  3 G c  ( _ 2  + P 0  ' ^ + P >  T 3 ° a  '  2 + P 0 ' - ^ + p )  ̂ ’

(2 ) .is obtained from this expression by interchanging

j ~b 3-

Now we use the procedure which has already been outlined

in this chapter (see (3,13)-(3.19)) to separate phase and

amplitude part of order parameters. Namely we introduce

A.{x) W L
(3.63 ■■ ■ ' = A cos q(x) —  = W COS $(x)

(3.63)
A2 (x > W
— ^ —  = A sin g(x) —  = W  sin ${x).
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We have

13 ■641 +

(3'65) ax V2°iT3 = t3dW  tx + T30o  ^

where we have used invariant SU(2) combinations

(3.66)
=

i _i
A %/2 T . 1

A V 2 31 1

,3-67>

i w -(3 . 68 ) ^ = -------

We then have for the current

(3.69) I j(x) 3(1><x)|^a(x)
W-^W (x )

3ro1>(q) „n aF'*1)(q) aA
+ ♦ I - V - V o ^ )

(2 )
(3.70) + -  j ( ’ (x)| , .+ iti {[-- »---] • W ^ +    ] *‘a“ .1 ' c lA^A(x) aq q=0 ax &q ax

W-*W(x)

The F function now becomes



4
(3.71) F U ) (q) = -ZZ h ? d P ;pTr[G(im G(i,,

(2 fi) n 2

+ P ) ). , ■i-v^qQ+ir)

F ^ ^  (q) is the same with the change of t to t j0 A ~

< 3 -7 2 >  T?> <q> -  f  B E „ : - ^ T r ' P 3 G ( i « n(2 -rrn}

+ 1'-"f+P ) T3°wG(i”n'“f+P > ’i v q ^ i r ,

(2)F (q) is the same with the change of t,o to t-,o - C3 J W  3 jp
Now we analyse these expressions, using symmetry 

arguments. First of all

(1) v ( 2 )(3.73) F_! (qQ • q =0) + qQ ,q=0)

- 4  -‘■ a  ae ihn d p  Q, _ . 0 ■*. _ . 0
’ ■ c T  .,4Trf(P+‘-'32)Gr lT  + Po'P,-jGc (- T  + Po-P)(2 rth) 

q q
+ Gc < 2 + Po'P,TjGa ,- r +p0 -pn

- *- dp 3 -re xn 0 0 „ d p _ , . v Q. ._ ,
-  P° TjGc P0 ’

- =c (P0 -P>Ga <-'3o+pO-P),!

-  d p  ,3 3_e_ ih. 0_ . r d p , d &
—  -r-r ( r 3 V   3 >Tr( (P+o32 ) tGr (q0+PO'p) T-iGo (pnmc (2rrtl) i(2Wh) XI(2ttR) °32 r 0 0 3 c 0

+ Gc (P0 ,?)TjGa (-qo+P0 ,5)])
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S o  we obtain the contributions from I and II 

w h e r e

(3 .74) Fro„ I , f f ; ^ ; - ^ Trr S, [G (
I 2rrh {2rrh)

+ P0 .P)TjOc (p0 .p)+Oc (P0 .p)-.Ga (-q0+P0 .p)l1

(3 . 75) Fro. II - £  * 2 ' ~ Z  7 7 ^ ” '
2-n-Il II (2-r.Ti)

+ Po-P)'jGc (P0 -P)+Gc (P0 -P,TjGa (-qO+P0 -Pn  ’

w h e r e  region I corresponds to the nesting direction and 

t herefore:

(3.76) C.‘l (p0 .p) . p0 - C (p)o3 i3 + ■* K_. T

R e g i o n  II corresponds to pure superconducting electrons, 

t h u s  here W = 0 and

- 1 ^ ^
(3.77) G (pQ ,p) = pQ - es (P) T3 ' ea°3T3 + A t ^

U s i n g  equations (3.71)-(3.77), we arrive at the following 

expressions after lengthy calculations
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(3.78) [-
3F [*•q]

■]aq q=0

— ^“ <PP> Z  N „ { 0 ) * dg-* 
2m 6 I I  n 2 I I  P

2iA(x)

r(iu)n )2 _ep " lA(X) |2]2
]

and

QQr '‘n { 0 ) d c* 
2 m ft ni 1 ?

2iA(x)
[{ixn)2- ( £p)2-|A(x)|2-|W(x)j2 ]2.

a F J x >q]
(3.79) [---2----- ] n3q q=0

-r-
= -i^lW(x) I2 rN.(0)dc^ 

2. m 1 i
tanh[|/(Gp)2+|A(x)|2 +|v(x)|2]]
r 3.2 , 4.2 , , ,,2,3/2 I't(e ) +|A(x)| +jW(x)\ ] ' J

All other X
aq u ("i = I I , |VJ| . ~ , 5) are exactly equal to zero

due to the symmetry properties of the Green function. 

These symmetry properties follow from the behavior of the 

Green function under independent rotation of the Nambu 

and CDW space.

Thus the current in the coexisting SC and CDW system 

is equal to

( 3 . 8 0 )  j (x) = ~  (IT̂ 1 [T] < ^ >  + n ^ [ T ]  ee) • ( A *  ( x ) ^ A  ( x ) - r , A * A ( x ) )M p II 0c

-  - ^ nBI[T1<fE>II+n»'T ]” )-* l* >
F



where e = is a unit vector in the nesting direction,
I I I  1®I 2 I IIn ’ [T] = ml a I II * [T] is a quantity proportional to thes 1 ' 0

density of superconducting electrons.

Typical integrals for superconducting and charge 

density wave system are

tanh
ne(T1 -  A y <' ~ :i  (P) 1° m i  HE (p) a ^ a r

r i d  i(3.81, 11* [T] - - ^ ; N 2 ,0 )dep^ — ( E(p) )J

(0, ftanh(:3E (p, )
n ( '[T] = !*N. (0, de 1-------- 3-

J

* I 1 P ! E 3 fp)a

E(p) is equal to E (p) with w = 0. N . (0) and N (0) are thecl i-
density of states corresponding to regions I and II. If 

nesting takes place along one fixed direction, then region 

I will occupy only a small angular region in the Brillouin

Zone. We may then approximate the tensor <pp> - 2 bYFy Pp
I - aee to describe the anisotropy of the Fermi surface 

with 0 < a 1 , is a microscopic parameter.

The final result for the current is:
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(3.82) j"(x) = ~ { n ^ l T H + f n J t T l - G n ^ l T l e e

* (A* (x ) v A (x)-rrA* (x)Ax)

s
(I) (T)-ctn(Il) (T))ee] -A(x) s

The first two terms are just the usual Ginzburg-Landau 

current for the superconductor including anisotropic 

coefficients which reflect the influence of the coexisting 

CDW, i.e. a CDW-induced anisotropy of superconductivity. 

The last term is most interesting and is proportional to 

the time derivative of the phase of CDW order parameter.

It is natural to interpret that term as the contribution 

from the sliding GoIdstone mode due to the existence of 

an incommensurate CDW.

If the superconducting current is absent the last 

term corresponds to a pure CDW system. We can rewrite 

this expression for the current as

(3.83) j (x) = cvpN(0 )fc • f (0 )

where



47
de tanh

(J ------3 ^ ~ >
f((3) = — ------- S-rtEj------

<: d « -^>EP

E. Relation to Lee-Rice-Rnderaon Phenomenological Result.
NThe density of states N. (0) ™ —  with N the density

1 *F
of electrons and e_ the Fermi energy in the last expressionF
for the current has just the same form as Lee and Rice's

[7] phenomenological result up to a temperature dependent 

correction factor f(3). This result is exact in our 

theory up to all terms of the first order in inhomogen­

eity. Worth special mention is the absence of any other
> $gradients and time derivatives besides rrc. and mS— , and alsoatJ

the absence of direct .? - r $ or 70, ^  coupling- Higher 

order terms will be proportional ti and are much smaller, 

compared to those just discussed. This situation is 

a consequence of the quasi-1-dimensional nature of the CDW 

and has been incorporated in the microscopic model assumed 

by Levin et al [8 ] and Bilbro-McMillan [9] via a partition 

of the Fermi surface. It results from the independence 

of the rotation of the SC Nambu spin space and the 

CDW pseudo-spin space. We want to emphasize that in the



theory presented we neither make any phenomenological 

assumptions nor introduce any phenomenological coefficients.

Appendix to Chapter 3 :

Gauge Invariance 

Gauge transformations (see [6 ])

For the superconducting order parameter (3.84)
t e . .-r (x)/ \ h c 3, . . ̂(x) e (i (x)

For the electromagnetic field A(x) -* A(x) + rrA(x).

Then:

(3.85)
/ X 1 (x)\ cos —  \ {x) 

he

| -sin— A(x) 
L He

. 2 e COS A (x)l yj (x)
lie

where 7  defined in th X 1e ( ) space. The combination
x2
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which gives us

t i e  h 2 e * 1 (X>(3.87) (T 7 — ;t _A( x ) )* (x) =. ("7 - f  t R ( x )){ )X C J C C a i >
x 2 < * >
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Chapter 4, The Ginzburg-Landau-Gor1kov Effective Action 

and Equations for the Order Parameters,

A. Introduction.

The Ginzburg-Landau action will be calcuated as 

follows^ using the previously obtained ,ffective action.

In outline, -we will follow a similar approach as we used 

in Chapter 3, However in the present case both the order 

parameters and the electromagnetic field are present. Thus 

we require, in addition, the evaluation of the functional 

derivatives of the action with respect to the order para­

meters. Setting these derivatives equal to zero will 

give us the Ginzburg-Landau-Gor'kov equations. As in 

Chapter 3 we make use of gauge invariance. The coefficients 

in these Ginzburg-Landau-Gor’kov equations are evaluated 

using the assumed band structure.

In the derivation we assume the temperature is close

to T , therefore in the final integrands we make an 
c T-T £expansion in ;— ). Also because typically T > T we

Tc P c
can use a "frozen CDW" Ansatz and take the CDW order 

parameters at their static values at Tc (amplitude = const), 

Further we assume that the superconducting order parameter 

and the electromagnetic field vary slowly over distances 

of the order equal to a superconducting correlation length,
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and we will carry out the separation of the amplitude and 

phase part of the order parameter.

B . Functional Derivatives of the Generating Functional.

We write the functional derivative of the generating 

functional (see chapter 3) as

*r ,r ar.,(q) A.(x)

5(~ >

. B2  . ,2 V » >
2 aqaq q=o ' ax ax 72

.  V i V l . - B .  V x) _ B2  »2 W ql
2 axaqaq *ax 72 2 aq Laq2 crL=t32 = ° i

j ^ V A V  V V  j i ____ 1  V i ! . .Sx' J2 'ax' J2 ' 8Mx) M X )  72 A . (x ) '
4< P  )

«r 1 V I !  . _ » r
A (x ) *Q(x) A(x) *ij A^(X)

The first term is:
a )

(4.2) 6T 
8A (x)

A.(x)
3SJL

A(x) 72

A. (x)

ti (x)
•P

a 0 0  p  ‘i y t  - T T r fT-G- (x'x),)1 C



The phase part is

( 4  3 ) — i = tr  ,
A ( x )  ^ o ( x ) i  a ( x )  J2  j i  A . ( x )

6-J ^ ~  1 V 2 x

i &i (x) , 2 Ai (x) ih ------- J— e. . (-- — -—  — Tr(T .G (xA(X) V 2 ji g  J2 2 i c

= 0 - ~ T r ( T G (x,x) }  ̂ c

The next term is

1 . (x )  a r .  ■ (q ) * A . (x)
(4.4) — ----^— ife[— — j _ {_j— ,(x) .J2 1 5q Jq=0 ./2 '

, 1 . <x)
■ —  5 i j -I* i j <q> ’ 1 q=0

. , i  h  + 1 i £ c i aA  J2 3 x  A  J2 i j  j x  

1 A. (X) a n.^q) 1 A. 1
= — ifi 11 ~ ~ —  ------ [  1 (—  — "i -̂ -̂ +—A(x) J2 3q Jq = O lA J2 gx A

an*A<q) ** an Aa_ _ih( [  ] + [-- Aflj A )a q  q = o  a x  a q  J q = o  A a x

The phase part is



1 A *<x) i ?

' a «/2 a x  A ^ 2 * 1  fl3 x

= .i h ^ ^ c t.ani a (q)1 *a,
A(x) /̂2 si aq q=0 A ^2 -}X a /2 x_. ax

= + [5II9 9 (ql] -a-^2).a q  q = o  a x  a q  q = o  a x

All other terms can be transformed analogously. We shall

vrite only the final expressions:

, A.(x) ^2 2 a 2 A .(x)
{4 6) 1  _J=----.--------------------2---

A J 2 2 W o - °  iX\ /2

= fiifl v L  i i i i ,
2 s q j q  q = o  's x 2  ' s *  a *

2
+ Z 2 + M  iU,

2 a q a q  q = °  ^ 2  a *  a x  a x  a x3A
—Vwhere q  and x mean the components of vectors q  and 

i Ao<x) fc2 2 & ■<x >
(4  7 ) —----- ?— e (_ILra r i .A-— 3—-)
1 * ' A(x) V 2 si 2 laqaqJq=0 - 2 J2 }A

= neafq>] . (jla_a2& m )
2 1 a q a q  J q = o  ' 2  V  a x )a x

2
. 11 . r-------- 0,6----1 , / ..a—6^£l1 A 6 +A 2 -S jI \

2 L a q a q  J q = o  t A  j x j x  a x 'a x



Next we assume that T is much smaller that T whichc p
is true in 2H-NbSe2 as previously noted. We are also 

interested in temperatures close to so we can freeze 

the amplitude of the charge-density-wave order parameter.

Keeping terms of the lowest order in derivatives and
h _a_
i 3* aqorder parameters we have to the first order t  in

derivatives and 4 0  in order parameters

2 14̂ [cj] j.
( 4 . 9 )  - - M x ) ^ - T r ( T a Gc ( x , x ) 1 - l h [  AS » q , 0 ' ^

+ M . a V . l q l ] , i
2 aqaq 'q=o‘flaxax

&



- ilu— ~®i r— “*°i 'W- —̂ ^ +aq g=o ax  2 aqaq q = °  a x ^ x

and also

( 4 . 1 0 )  - O ’  t 0 , ^ - T r , T 3 0 w G c ( x , x ) ) . i f i [ ^ l q = o . ^2 „ - i r„, ifi_ , _ „ v 1 ,i..aiLw ^ , _ae
1

a q a q ' q ^ o ' ^ x a x  *"1 aq ' q^0 "a-
i.2 a n  2 a r  [ q ]+ L - j l ia s ,  jL-a-.tR[a V 1 , -Mao
2 >q>qJq=0 Aax>x aq q=0 ax

t2 a2n.. tq] .2
+ ~r[---^ --- ] n :W~ ^  +. . . = 02 aqaq q=° axax

an J q) t,2 a2n ft(q) 2
_  i t , — so£ ] . aA£ + 3 - r ------ cafi-------1 . ft .9

aq ax 2 aqaq q=o*axax

an . t 2 2 32° n 1 a2*1 Iq]- ifc[— «W]  —  h---®“— ]
2

=
> axax

C. The Functions H: Definition and Derivations.

The n functions and various derivatives of them 

will be defined in equations (4.11)-(4.35) below.
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+ TlGc <P0 'P)T2Ga ('q 0+P0 '-q + p n

■where

-1(4.12) In region I: G^ (pQjp) = P 0"CaT3+ iT1+>Tc lt3

-1 -* 1+0 3 -* Q.(4.13) In region II: G (Pq -P) = — “  (P(T € * T3

1-0 3 -> Q
+ 2 (Pq_ t3 + 6t^)-

T'ien we have

■ h d4
l4-14> n^ [q0’q=0> = 2^77f75TrrTlGr(V P0’P)T2Gc(P0'P)

u (2TTh)

+ TlGc (P0 ’P)T2Ga (-q0+P0 )P) = 1 “ T1D 3

Gr 1 (P0 ,P) G r1 (p0 ,-p)

t2 "  " t2

(4.15) II -> t l GrL (poJ«) G ^ f p ^ - c )

T2 T2 '

Using the properties of nesting permits us to change from 

a (new) extended zone to a (new) reduced Brillouin zone 

by shifting the values of k by a (new) reciprocal lattice 

vector. Then e(p) becomes spherical. Taking into account the



properties of Pauli matrices we have

-1 -> -1 -* in I :t2 G (i(jun »P) = -G (iu)n -P)

T “* T1 T1

*“ 1 “ 1 t ^ in II :t_ G Uu, , p )  = -G (-lj, . p )  z n n

T “ TTi l

Hence:

4

(4-16> n 6 J q 0= 0 ^ l  ■ W r A t,L,!|i»n ' W |,20(i'B '{2 ttH )

T h e n :

a~ _ Etjn .q]
(4'17)  lq-0 = 'T-" ~ 7®iTrf'lG r (P0I (2~n)

. » s a ( p )
+  P 0 ' P > — ^ . - 3 ' 3 o r ( q 0 + P 0 . p ) - T 2 = c ( P 0 .p)

S P

-> SCa'P)+ t lG (P0. P) t2Ga (-q0+P0 , P)   0 3 T3G (-q0+P
3 P

-•*Again shifting h as before and using:

(4.18) In region I 0 j_* G~ 1 {p(),p) g'Npqj-?)

^ a (̂ } 6 * -P 3 t3 ~0 3 T3 * — Z  = ~2 ^ independent of p
5P



(4.19) in region II rL: G^t-p^c)

- *  — - r2 2

= 2  _* _ P.
ap m m

Then

(4.20) - ■*■ P4Trt-1Gr (q0+P0 ,g)-2t̂ T  Gr (q0
II (2rrh) 3P

+  P 0 , P ) t 2 G c ( p 0 , 5 )

I V

+ Ti V po’P>T2 V ‘V V P ,î T3 V - <;lo+po’P)) "
3P

N e x t :

<4'21) n 6K [q0 ’?] = ^ ' ^ i TrtT2O r (V P 0 -5 +P )0 3T3Gc tP0'

+ t2^c ̂p 0 ’P D̂ 2 T3^a^~^0+p0'~^+ P  ̂̂

— 1 ■* ,In region I Gr (pQ ,p) = p Q - ea <P)p3 T3 + Atl + W P 1T;J.

-1 -> 1+f>3 -> QIn region II Gr (PQ»P) = ~2~~ (p0~T3*(P4̂ 5+T1A>
1-0 3 q

+ — 2 ' P0- T3 e ̂ ̂  ̂ + T1A *̂

Further



Region I G^tp^p) = G^fp^-p)

P 2 t3 -o T-

-1 ->Region II (Pq »P) invariant

C2 T3 ^ ° 2 T3

(4.22) n [q0.q=0) = - T ^ - T ^ r t ^ V V V e ^
(2 ̂tTi j

+ T2G c (p0 .p),2 T3Ga (-q0+P0 .p)) = 0

Also using

-1 -* -1 in Region I r_ G (i* ,p) * -g (-iiu ,p)2 n n

- 2 ' 3

“ I ■In Region II g (l^.p) invariant

° 2 t3 ■* "°2t;

it follows that

(4.23) 7: [qn=0,q]•? CP u

I d 4= i rn.r,_ r 4TrfT2G(i% ^ +P )P 2 T3G<iu,n ,P }3 

»tl tq0 ,3] .. .4(4.24)   |_ + -j-;- - f -5Tr(T2G (q0+p0 .p*q q=o (2n-h)'
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»ea (p)

• ■_ S ~ Gr(q0+P0'P)°2T3Gc(P>p)

8 ea (P)+ T2Gc (p0 ,p)02T3Ga (-q0+P0 .p)03T3---—  Gr(-q0+p 0 ,p) 1
9P

Region I 0 ̂

T l0 3

Region II G ^(iun ,p) ~ invariant

D 2 t3 -P 2 t3

(4.25) n Can.<3]
Y’CP u

it,. d4p .T2P0'fV earpfq)P3T3-ATl-W°r3
2 <- 4 L , 2 2 -* -* 2 A P2"r3 -(2tt̂ ) (-Q+q0+in) - c (P+<3)-4 “W

<P0-rea (P)D3T3"ATr W D lT3 )

P 0~q 0+ea (P~q)°2T3~ATr WD2 T3 
+ P 2 T3 , . v2 2 2 2 t2tP0-q0"iri) -ca (p-q)-i -W

^P 0 , 2 2
(P0+ea (p)p3Tl” ATl'W° 1t3 J * * ("2TTi) ® ( Pq ) tanh~ 2~  5 ̂ p 0- ca <p)

2 2 W  -i ) = 0 .

All the Pauli matrices (2x2) have T r T = 0, Trp = 0.

iti -*■ ->(4.26) n^tqo-Sl - T  — ®iTrtc2T3Gr(q0+P0.q+S)p2T3Gc(p0,5)



+ 02 T3Gc (P0 .?)0 2 T3G<,(-q0+P0 ,-q+p))

61

h  d4
-  - V . fT f r S T , : f ( o 2 T3Gr <qO+P0>3 + P ) P 2 T3(2 ml)

+ 2 ~3 Ga (-c*o+ P 0~q + P ^0 2 T3 > Gc ^P0 ’ 1

i h .  d4 p r P0^ « a < P ^ ) P 3 T3 - A T i - W O i T 3
2 t 4 T r ‘-D2 T3 2 2 ^ ^ *  2 2D2 T3*(2 ttPi ) ^ J (p0+ q 0+iT1) ea (p+q) - i - W

p Cf q 0+ ea ( P _ q ) D 3 T2 ' ATl _Wp l t 3
‘ ( p O+ e a Cp)c3 T3 " i T r Wcl T3 ) + 0 2 T3—  ~ 2  2 -  -  2 T ° 2 T3(p0-qQ-lTi) -ea (p-q)-A -W

&P0 2 2 -  2 2  •P0^ca (P)o3T3-AT1-Wo1T3) j * (-2Tri) c(pQ)tanh-^-5 (PQ-ea (p)-W -a )

i h ,  d4 p T V q O_ e a <P+q)o3 T3+ 4 T l +W° l T3_-- r.--- rp   , , . , , --------------- ---- -----
 ̂ - 4 2 2 ^ - *  2 2(2 -n) (po+qo+irj) -'e^p+q) - & W

-►

( p 0+ e a ( p ) D 3 T3_&Tl ~ Wpl T3̂

P 0"q 0" Ga (p'q)o3 T36Tr WP l T3 ->
{ 4 . 2 7 )  + ~ 2 -v > 2 2 P̂0+ e a ^ P ^p 3 T3 ~ ATr W° l T3 ^

(p0“q o_lTl) -Ca (P~q) " A “W

^P0 2 2 — 2 2 • (-2rri) e{p 0 ) t a n h - ^ - j  (p - c (p)-w - a  )•

A f t e r  some a d d i t i o n a l  c a l c u l a t i o n ,  i n t r o d u c i n g

2 2 2 2 
E s e  + A + W  we f i n a l l y  o b t a i n  an e x p r e s s i o n  f o r  II  

p a  cpcp

a s :



PE
-v h4 tanh — r*

(4.28) n tq0 ,q] = -J— 9 B4 — -- ~
w  0 (2r*>4 EP

qnE + e (p)-‘e (P+q) e (p)f U  t r  c *  a  d

<q0+iri)2+2 ( q ^ i ^ E  +e^(p)-'e2 (p+q)

qnE + e 2 (p) - e(p-q) e_ (p)
_l_ U P ___a__________ a c l________________________ _

(q0+iT!)2+2 {q0+ir!)Ep+e2 (P)- e2 (p-q)

~  ^ a <P ^ > ca ( P )

(pQ+ir|)2-2 (qQ+iri)E +e2 (P)- €2 <P+q)

' V P+ca :P> ~ S<P-q)^-,(P)
+ 2 2 - 2  

(q 0 + i Tl> “ 2 <(?o+ i T l ) E p+ e a ( p ) _  ca ( P ' q )

Using this expression we can obtain

4 8E tanh ~ -
(4.29) - [qo,q=0) = " Er- 6---- ;----z;

W  ° ' (2 *rfl) (q0+i^)--4E“

and also
2 -3 n (q) d4D tanh - f -

(4 3 0 ) r— 00— 1-----= -r-2-e----------2_2 q=° L -v4 _3Sq0 4 (2nn) Ep

and also
PE

^ d2 tanh ■ p
(4.3i) n tq0 =o,qJ = - J — — =------

" w  0 i (2nh )4 EP

. 2 c (p) [ " k  —-------—~
a  e (p)+c (p+q) c (p) + €.(p-q) a a a a



In the nested direction e (p) e: Thereforeci m i
3e (P+q> g
----------  = -r*- is independent of q. So the second deriva— 2m

aq
tive becomes

0E

(4.32)
23 H [q] l o n j4_ tanh| _ Q Q p d p

- - lq=0 2 2 2J t .4 E 2 -aqaq m i(2rrh) p e (p>a

= - ~ 2 1 l N <°):dea (p)tanE ~ - ~ v 7m I p e (p)EL
PE

m p p p

d4DHere we have used f N(0)de (p) = I* ~r.
1 3 ' (2 ^fc)4

By direct differentiation one can show that

* 2 an [qnq] a n
(4.33) — --------U  = 0 and  “O 1 = 0aq ’ q=0 -* 'q=0aqQaq

—̂The calculation of n,.»[qrt*q] is similar and we only60 0
cite the result. In the nesting direction:

n@e(Vql =-w[qo'q]
^  tanh ̂(4.34) [--- ffi]i - = -P---E“2 q=0 w 4 3

» q 0  M (2 - r rh )  E p

2 I3 n 00 1 5  6, - I d  /tanh PEp\(4.35) [ ^ l q=0 = §  §;N(0)dea (P ) ^  — (-  E P )
aqaq m i  p  p p



Here

2 2 ^ 2 2 j(4.37) E = e (p)+A +W and ^NfCJdc (p) = ^ P— ~.
P 9 “ (2 rfti)

In the unnested direction:

TT ^  ^  3 E  8 E
(4.38) n ” [qQ .q=0) = !• A  B---tanh— P ----- ^ --- -

96 ° II (2 rrh) 2 (q0+iT1)2-4E2

2 11 P£
and

a'n;;tq0 .q=o] 4- tanh
,4.39, !— V ------ lq  =0 = S - f t *  ----- 3

3^0 0 (2 -rrh)

2 2 2 Here E = e (p) + a ,P
82n " [ q 0=0,5] .4 0 E

(4.40,  , _ j ^ £ _ tanlr_i>.
a w  (2^ )

r l—  5  + 3 ^ ^ . }e(p) m mm c2 (p)J*

In Equation (4.40) the first term gives 0 because the 

integrand is an odd function of e(p). In the second term 

in (4.40) we can calculate
PE

A  tanh 8 , . /*■(4 4 1 )  .  r _ d _ S ------------------2 ,  1 . . .  1 < £ £ >
J ,, i,4 E 1 2, , m mII (2rrh) p  c ( p )



|3E
i _w. i tanh — -r*

— ^ < p p > N (0 )  f' d e < p ) — ----------------- ----------
m I I  c ( p )  p

Then after some calculation this is reduced to

(4.43) = — W p p > N < 0 )   ̂ dE ■ 1 1 ~ ~  tanh{~-) ̂  ̂-p- P n  ̂ Lm II 2 2 p p
■ p 0

D. Summary of the ~ functions.

Let us now summarize the result of the calculation

of all second derivatives of ^-functions
2 PEo3 n [q] d4 tanh 2 cam i _ _ f — g P --- .—

2 ■ q=0 - 3sq0 (2 nli) Ep
2 PE

3 n [q] w i m  ft ft l h tanh n(4 4 4 ) — —  I = _£LL2i 2  —  f d *  ( d ) ~  —— 't«.44J _> _ | 0 - 2 2 2»J a E dE (-lq=0 2 2 2^ a E dE ' Eaqgq m P P p
PE

1 q q 1_______ d tanh( 2^
2 2 2N(0)£dEp   r-- dE ( E J

E y EL a2V  p  p
f3E

S2n oo[q] h4 PE .4 tanh— B
t 2 Jq=0 =  "J*  T ^ t a n h — ^  -  J*  3---

&q0 I (2nti) Ep II (2ttH) Ep



(4.45) r— — r --- 1 __n = — 3 n ^N(O) M eq=0 2 2 2 " p       dEaqaq m ,2 2 2
0 0 -/Ep-W “ A

3E
tanh — —^

.(— -----) - — <p5 >N(0 )f dE
p m 11 ^ l - L 2 p

where in area I (nesting direction)

2 2 -* 2 2(4.46) E = e (p) + W + ap a

2 2 *where in area II {unnesting direction) E = e (p) +P
*  2 • *(4.47) <pp> = - uml.

Here, U-Fermi-energy 1-unit tensor.

Ve obtain equations governing the phase of the 

charge-density-wave:

a2n [q ]  2 a2:: (q) 2
<4 481---------f----Uia 1 .3— » _ r----aa--- 1 .-g--:-1 2 q=0 2 1 - - q = 0 * - -*aq0 at aqaq ^ ax ax

and the phase of the superconducting order parameter

a 2 “i Q Q [q ] a 2 r aflt q ]  2
(4 4 9 )---------f-------- f --[----S-S--- 1 .— S— i11 2 rq=0 2 1 -> J q=o * -► -*a q n at aqaq ax^x
Let us change notation in order to simplify:

PE
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<4-=°> < s) - -iifi2N<°>:d =a ^ > rJ i p p p

Then we have
2 3Epa r. [q] ri4 tanh - f 1 (0.

(4.51) [-----<*t—  1 n = - r —!3-Br  r-2- - n
aq02 q=0 . t 4 3 rnM I (2 rrh) E v

and

a 2 n  [ q ]
(4.52) t— -rz---ln=n = n

aqaq ° lQ l|Q|
Also let us call

3E BE
,4 tanh — A  tanh — r*

„  <°> = _ r  d  P L_ _ p , .  M £ . .  . 2■*a » - 4  3 ' 4 39 I (2ttR) E II (2rrh) E
P P

3 E

<4 -53 > -lls) - - T i f i 2:H ( o >d 'a ' p ' F i F ' — r -2 - 1
m l  p P P

3E
. . , , tanh —inlIIS -~5<PP>.r N(0)dc(p)—  ̂g-(--  )

g m II p p p

Therefore

(4. 54)

,a2n 8 » lgl1 - n <°>

2
,a 6B , <IIs> . a 8 n (IS)
' s5s 3  1 -  ne lo T W e



If we choose the z direction for the Q then 

we have the equations

(4.55) n (0> - M  - n <3) = 0
» 4t2 » az

and

(4 56) r (0) 2^2 . ^(IS) 2 ^  _ (IIS) = o
1 1  U 2 “ a 2 “ e 2 2 2at az ax ay az

In the presence of the electromagnetic field, using gauge 

invariance, we have

(4.57) —  (x) t ?i(x ) - i-^A(x)1 1  c

Then the current is

(4.58) -J(x) = — (-i)8 ^ | ^ 42 A(x)mc 2m ^  c ■> n- (2ttR)4

B 2 2 2n o  j4 tanh -r /e +W +4JL g^ftaJr d p 2_ a a
2 2 2 2 me 2 a t-/n 1.4 , 2 2 2,3/2[ (W + e  +4 +W ] I(2rrn) ( e +W +4 )n si

Using known results with Fermi frequences we have



1 d 1 1
------

'IE
1 d tanh 2

3E 69
tanh

2E dE 3^ 2, 2 2E dEP P «>n+Ep P P 2 E 4E dE P P
So

PE

(4.61) ±5 = ~ 4 i - ^ £^ A21ra 3 r— 2-E- J_
tanh

me 2 m 4 E dE (-
iax (2-rtl) P P Ep

■ 3 E

A n Î4 tanh — r1
_e S ^ f e ^ r  d P------------------
me 2 jtI (2rrtl)

(4.62)

::E
„ 2 4 tanh2e pp 2 ^ ,-i. „ d p I d ,  2 .+  A( x ) p    •2 m .4 E dE Eme (2—ft) p p p

Now we define the density of superconducting electrons in 

the unnested direction (region II)
 ̂E

n A  -i i tanh —
(4.63) - -lut a - -—  —  (_ -----

11(2 -rft ) P P p

After some calculations for the density of states at the 

Fermi-level we have

nTTPF 1 nH PFm
(4.64) N T T (0) = T ri ln 'l = -- ^

11 (2rTh) c F (2^h)
dPF

we get
PE

T _ T T a n 14 1 -1 a nh .
, 4 . 6 5 ,  „ « , T ,  -  n ” , T = 0 , ^ 2 ^  ^ ■ .  2 ) .

II(2rrn) P P p

So we have



(4.66) ~J(x) - a 2 ------

where

c / ^ ^ 2 s m (-» E dE«(2m) c (2rrn) p p

^E p Q Qt-anh ■ * js js 4, 2 e „ , r II , **+ ,2 2 X 2 * d p 1•( T —  ))-A(X )-— 2!(ns (T)I-(—  )4 r— ■f-j — ■
p I (2 Tin) p

d
f3E @E

tanh — ^ ~ A  tanh —
(-------—  >)- ^  + — -V l ' - i - B ----------dE E ” i » me ! - t . 4 3 jtp p ax i(2Tih) Ep °

3E
T r •> o V 1 i ^ tanh —II 211 2„ d p 1 d , 2 ,(4.67) s <T) = - f  4 i" ^ - ( --- i----->

(2-h) P p p

pp _ 2
s m ̂ Fermi 3uI‘

In the Coulomb gauge

2
(4. 68) (—  - T7 )A(x) = — 11 ^(x) .2 2 cC ?)t

We  then arrive at the equation for the electromagnetic 

field and the current:

fl 2
(4.69) (“  -a"2-T?2 )A(x)+ 4tt(22 J (n^I ( T ) ? - { ^ ) A 2 r-g- E-

c St 2mc (2rrh)
PE

1 d tanh 2 ,*   { — ) }E dE E '1P P P
- * pE
fi S  4 tanh  B

- 2 _  _ j L , 2 )H as
me a 1 ' ' m ,4 J . 4  E dE 1 E 'i -I (2 rrn) P P P ax
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_ ,4 tanh — —^

+ —  V  p — ^  — r - 2-  *mC 2 ‘ {2i-rti3 E2 ^F

E. Final Derivation of Ginzburq-Landau Equations.

Now we proceed to obtain Ginzburg-Landau equations 

for the superconducting charge-density-wa"e order para­

meter.

Taking derivatives of r (see Chapter 3 equation (8), 
in the vicinity of where |A | = 0  w e obtain

Eg+ l W  | 2 Ac 6(P)
4  tanh  ---------  4  tanh— ----

( 4 . 7 0 )  2 +  '  — ^  --------------- 2-----------  =  o

9 I (2 -rti) , 2  2 II (2-li) G(P)
vea+ !w l

Also one can show

i t  a , < * )  ^2 ^ 2 n , n [ q ]

( 4 * 7 i )  6 A * ( x )  “ 2 | a ( x ) | a ( X )  , ' 2  A . ( x ) + 4 [ 3 q 3 q  ] q  =  0

6 J 2 ~ ~
2

=  * A
a**x

The first term here can be transformed into

T  ~ T P P qv/ c^ P J + W 2
(4.72) A (x) f-^-[N2 (0) Jn l ( 0) d (p ) s ech 1------- ] }

P*/ e2 (p ) + | W | 2 
.4 . . tanh-

- i W U W I 2 ! , ^ ! — ^ - d T i ? ) ' -----= = = = = ------- >I(2„fc, 2 ea(p, «. ‘P> 2 2
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+ I- — 5̂ - A —
I I  ( 2 „ f i)4 2 q ( 5 ,  d<5<P>

The second term we will write

4 sq^q q=0 * gx^x

= i T ] - \  a -j ^  + tyn^tTl+een^T) )
r c at 9 axjx

where e = — —  is a unit vector in the nesting direction.
|Q|So we have the Ginzburg-Landau equations for SC and CDW

systems:

2
4 "a L *J 'c at tC

+ 7 ( ? ~ n (T]+eej E )  [T] : < . - ^ A ( x ))2 jA (x )
I tiC

T -T 3 ^ 2V ea (P ) + lW |2+ {“ — EN2 (0)-K~^N1 (0)dCa(p)sech— £— -̂------- ]
c I

f v 4 + i w i2
tanh-

- IT* (0)d* (p) — r)“  7-7 (----- 3 = ------ )
V 1 a  2 e ( p)  a e  ( P )  n o
1 a a ^ 4 + l « | 2

tanh fts(P)
+  £  N2 ( 0 ) d e ( p )  - T ^ —  M *(»>|23

•^(x) = 0
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For the current we had

(4.74) -ij(x) - • f ^ a “ [T]l'+ng[T)Se)

•(A * <x)7&(X)--A*(X)•A(X)

2
- (n11 [T] I + n (l)(T)ee)R(x)

(2m) c S ®

+ f c ! !w(x)l2:;(o,[T]. ^ ,

where

(4.75) n " [ T ]  = = m|

(4.76) n*[T] = m| A (x) J ^ l T j  = m| A (x) | \  * [ T]
v  -

(0), , . d p  tanh 'e (p )
\  t T 1 = “ (2„h)4 *<P>

(4.78, n <0,tT] - r t a n h M i p) _ d ! ^
9 I (2„h)4 E(P) II (2rrfi)

'2 2 In region I E (p) = J € (p)+|W|

in region II E(p) = e(p)

t a n h ^
e Tp )

II 1 I d  tanl1 2(4.79) n e [Til = Ma(0)d«(p)i jS r 3 f i ^ ( --- )



(4.80)

(4.81)

74

rr1 1Tl = 1Q ̂ I* n  (0)de (p) ^0 _2 2 ^ l l } ea'p;E_(

0E (p)
m i  - ”a tp) dEa (p)

tanh— ^—
' T i p )a

The solutions of the Ginsburg-Landau-Gor'kov equations 

will be given in the next chapter (5).
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Chapter 5: Analysis of Ginzburg-Landau-Gorkov Equations

and Electromagnetic Properties of coexisting Charge- 

Density-Wave and S u p erconductivity Systems.

A . introduction.

In this chapter we will discuss the electromagnetic 

and thermodynamic properties of the coexisting systems 

based on the Ginzburg-Landau-Gor'kov equations previously 

obtained. First we study the one dimensional geometry, and 

we obtain spatial dependence of the superconducting order 

parameter and magnetic field. We also find the penetration 

depth for both of them. Next we investigate the stability 

of the system described by the one dimensional free energy. 

This will allow us to find the critical current and we 

estimate the magnitude of the sliding charge-density-wave 

current at the critical value. The expression for the 

order parameter will then exhibit the coexistence-compe- 

tition of the two effects. A proposed experiment involving 

reversal of the magnetic field will show a change in the 

superconducting order parameter which is linear in the 

applied magnetic field and sliding current. This new 

effect is a consequence of the theory. We also demon­

strate quantitative changes in the Meissner effect: it
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becomes anisotropic. From a measurement of the temperature 

dependent anisotropic penetration depth,the electrom 

density in the nesting and non-nesting directions can 

be determined. Analysis of the 3 dimensional case gives 

the correlation length in all directions? the anisotropic 

upper critical field as function of the angles between 

direction of applied magnetic field and principal axes of 

the effective mass tensor. We calculate effects due to 

fluctuations just above namely: temperature-dependent 

magnetic susceptibility and the magnetic moment of 

a thin film. Also the helicoidal solution for super­

conducting order parameter is obtained in thin films.

In an Appendix to this chapter we will discuss the 

threshold energies for polarized infrared absorbtion in 

a coexisting system.

B , General Discussion of the one Dimensional Case.

Suppose we have a semiinfinite sample occupying the 

positive x-axis (x ^  0) with the magnetic field parallel 

to the boundary. Then we can choose the vector potential 

in the form A *= (Q,A(x),0) so that
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(5.1) H =

P A  A A

i j k

®x ®y

0 A (x) 0 J

= (0,0, - a ^ i )a*

Now assume that the current is also parallel to the 

boundary, but parallel to the y-direction. Maxwell's 

(Ampere) equation is

4rr* 2 ' 2 *(5.2) = = M V'A) - Tf A “ --7 AJ

-V —V  A  - Vso J[|A||j, Both J and A may both be parallel. So 

ft(x) may be assumed also to be a function of x only, 

The Ginzburg-Landau equations for this case are

2
“ -t?n“ [ T ] + ^ ^ [ T ]  ) : ( ~”~~A (x ) )2 i(x)
4 9  ? he

t  - t  3 2 3 v'e2 (p) +  l w | 2
— —  [N2 ( 0 ) + ^ N 1 (0)dca (p)sech 3  ] 6 (x)

c  1 2 -> 2

tanh ------r-------
+ t^N (0)de (p)(----- - ) j - { --- = = = ---- ~)

I 2 g (p) a 2 -v 2
a * /ea (P)  + |W|

tanh P. fit?)
+ j n  (o)d,(p)(— — r — j |a (x ) i2 a(x)
II 2 e(p) €(p)

22 * . (2e) II i7 A(x) - 4tfi^ - ( n ^ [ T ] I  + n^[T]ee).A(x)
2 me s S

+ ^ 2 lW ( x ) | V 0 ) [T]fc^ = 0 .
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For the chosen geometry:

and

(<7 - — A(x))A (x) = + j(- —  A ( x ) U < x )
tie aX He

(5.3) *lt (rr-—  ) 2 A ( x ) =  +  <—  ) V  (x) ) a<x)
He ax He

*  *  2  i  p  2  2  i  p  2  2(5.4) ee: (t7 -  ) A (x) = (--- ) A. ( x ) a ( x )
He He

and vie also denoted:

( 5 . 5 )  n “ [ T ]  =  m j f i ( x )
3  ”

(5.6) n*[T] = m|A (x) fr^tT]

Ginzburg-Landau-Gor'kov equations for the ID-situation are: 

_ 2 2
(5.7) ^ f n ^ C T ] - ^  + (n^+nj) (— )2a 2 (x )]A (x )

ax He
T -T B _ 0

= — ^— [N2 (O)-Ky I’N 1 (0)dea (p)sech2 -y,/e2 (P) + |W|2 ] A (x)
c I

0*/e (P> + |W|
tanh ------- -------

+ [ T N (0)de < p ) ( -------L ^ ~ ?  ■ ■ — - ( -----    )
I  2 e a ( p )  d Ca( p )  ^ 2 ( p )  +  ,w j 2

tanh M l i l

+ ; N (O)de(p) )— ^ - < ----- )] |fi(x) | 2 A (x)
II 2 *(p) dc(p) 'c(p)
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2 2

(5.8) -a-M£l _ 4TfJ | ^ m | A ( x )|2 (nJI[T]?+nJ[T]Se).A(x)
&x

+ ^ T  f | « W | V 0, [T]fi^ = 0 .

This can be rewritten as:

&2 V T] (2e)2_2(5.9) [-“-r - < H ~ ^ —  )"%  I ft (x)](r(x)
n“ [Ti h e _________

3 -  Ĵ v ' « ^ ( P )  +  | W | 2
Tc-T N2 ( 0 ) + y J * N 1 (0 )d fea ( p ) s e c h

2  $ (x)
— rrI1 [Tl 4 " g liJ

i d tanh 0^e2 (p) + |Wj2
+  ̂ N (0)de (p)(--- ^ - ) —  -  (  1 1  )

2ea (p, d 'a (P) ^ ’ <?)* |W|2 

tanh P«iP)+ r H (0)d,(p)̂ i—   -̂ 2-)|*(*)|
2 e ( p )  « ( p )

fe2 -mdigtTj + n ^ l T j )

and for the vector potential the equation is: 

2(5.10) & | (x) |2a  + fl 2n (0) ^  = 0
3x2 (2m) c2 me 21 I w a t

where we have introduced
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(5.11) U < * ) ! 2 = m (l!g [ T] + n^1 [T] ) | A (x) |2 .0 “

Now to put the Ginzburg-Landau-Gor'kov equation in

convenient form we introduce . 2 -> . . , . 2
2Pcv ea (P> + lw |

T
(5. 12) a = 2-

fl a/rtvj--- ,-^.sech— s---rL (°)dea (
c i   ijt_

N_ (0)-t'-^|,N <0)de (p) -T I 4. * 1 a

2nr*I [T]•0
, d tanh (p)+|W|

fN (0)dc (p)(~---- _ )----- ~ ( ---  —  )
2V p) dea (p) ^ (p) + |w|2

{5.13) ^ = 4-------------------------------------- S— ------- ----
[T] (n^[T]0 0

tanhe^E
+ i;i N2 (0 )de (P )(-7 ^ T ) ^ - 7 I5 f-

+ n ^ m )

Thus

2 I 2
( 5 . 1 4 )  [-*-5 -  11^ T 1 ) ( ^ e f -fl2 ( X )  ] t  ( x )

8* n [tj h2c2

2 (2m) , . 2 (2m) „ , .2 . .= J" ' atijj (x) + 1 ' ' [3 ) 4 j 4, (x)
h h

(5.15) a - ^ ^ “ 1* (x) |2A( x ) + ^  § 1 W | V 0) [ T ] ^  = 0.
3x (2m) c 9 3

This can be rewritten as:

(5.16) [-*"2 + 2 ^ ” ^a [l--- (2-̂ -2- (1-k^--- )A2 (x) )if (x)
0ax ti 2 (2m)c a ni [T]



- 2 ^ ro?3|i|i (X) 1% (X) = 0
fi

(5.L7) a M x ) _ 4n ( 2 e ) tx) |2A(x)+i g  3|W | 2n (°)[TjA5
jx (2m)c ® °

Now we introduce the definitions:

* o " * l A= 0 = 7 l  a n d  * = ^  =  * / a -

We have
r2 2 t rti

(5.18) + ^ l ^ a t l  - ---t2e)2 (1-^----- )A2 (x ) ] }(i (x )
^x £ 2 (2m) c 3 n' [T]

2 (2m) . , „ , 2 , ,- l2 *a\*j (x) | -j (x) = 0
h

, - , , >2A 4~(2 e)2 3, , t ,2. , , 4-eh Q , ,2 (0) „ , ̂  *
( ’ “  • -----2 "-|v<x> | 5 pr t T l ^  - Ijx (2m)c * 0

In order to rewrite these equations in dimensionless 

form we make a change of variables to:

2
x = —  (dimensionless length) where — = 4n(2 ^)

*0 j2 (2m) =2 0

,5 20, . -L -i-. -2l- 1 a2 4w(2e)2 a 32
»x «0 SSf' 3x2 ,2 sSE2 (2m)c2 0 j l 2’

Thus
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<5-21> T f f 2"(2m)c gx

+ -12-el l  <l4g | i ! L )K2 (g)M(x) . 2X|-Ia|
fc 2 (2m) c a n [T] fi6

(5.22) ^ < ^ ) 2 a & J U * l  . 4^(2,e ),2 3 , H ( g ) | 2A(x)
(2m)c P ax (2m) c P

The dimensionless vector potential is given via

2 (2e)2 2(5.23) a (x) =  ̂ 2 <1 + ~ *--- )A (x)
2 (2m)c ct " Q tTl

Nov? v?e can rewrite our equations in the following form.

(5.24) — [1-a2 (x)] (x)
3X h 4rr (2 e) a

(2m)c2 ^

2(2m)a 1 , ~„22 •------- r--- U  (x)| ty {x )
h 4rr (2e) a 

(2m)c2 P



(5.25) a -
4n(2e) g 
(2m) c2 3
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=  0 . 

"(1/2

,2(2m)c2ct n ^ t T ]  0
2 2

Introducing the usual notation K2 = ■ l2m-)— for a2rr(2e) ft
dimensionless constant

(5.26) 3f = me
4^2. (2 e) *ct3/2

(2m) 1/2cfS

(1 + n 9[Tl

n e1[T1

1/2
for a

dimensionless current,

we arrive at coupled dimensionless equations:

2
(5.27) - + a2 (x) -) (x) = ty (x) - (ty (x) |2 -̂ (x)

K ax

(5.28) 5 "a2(X? - |t(S)|2a(x) + 3* = 0
ax

where

(5.29) x = and
’0

1 (2e) a_  v, . ,< and  ̂(x)
(2m) c

'i (x) ,

*0 'a =o

= J -* p

(5.30) k2 = 2mc _ 2 (2e) 2<— ) 
11 2 eh he

Hcr 0



Finally the dimensionless magnetic field is:

(5.32) h(x) = 1 n 0[T) 2 (1 + I' ) H (x)
n f l T l

(5.33) J =
in 2 lw > ,iat
L l.
| (2m)

where H 4Tra

2(2e)a
3/2

n o[T] 2 (1 + —  )

0 *‘9 [T]

2 (01 a *n !wi ::1 rT]3-/ 'e Q - - ■» t
m 2

3 '

CH.cr [T]/

C. The Free Energy of the coexisting System.

Later we shall discuss solutions of these equations and 

various physical consequences. Now we turn to the free 

energy corresponding to the 1-D case. The form of the 

Ginzburg-Landau-Gorkov equations immediately suggests the 

following free energy density:
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{5. 34) F = Fq - 1^1 "*■ "2 1 ’I' 1 + | ^  + ( 7 xa) - 2 j a

f V- 2J a.

All quantities here are expressed in dimensionless form 

as given in equations (5.29)-{5.33) above. In order to 

investigate the stability of the physical system, we have 

to analyse the behavior of the free energy as a function 

of the order parameter.

We start with the case of a homogeneous superconduc­

tor, Then for the free energy (all gradient terms 

vanish)

i|i is complex, so we can write:

(5.36) -i0

(5.37) 7 2 ^ 1  2

If we take |^| s ijr = real \|r :

(5.38) F - p0 - l*|2 + 2 I*|4 + a2 |*|2 - 2J a -

0 then*



The free energy here is a function of two variables: the 

superconducting order parameter i|i and the electromagnetic 

field a. The extremum conditions are

(5.40)
—  = - 2 J  = 0.aa 1

\)r ̂  = 0 is a trivial solution so we have

2 2a + ^  = 1

(5.41)
2 J 

3 = “ 2 *
1

A*'Depending on the magnitude of J we have three different 

situations:

1) no roots

2) one root

3) 2 roots.

Introduce variables

(5.42)
2

y~ a
2x = ^

W e tnen solve the simultaneous equations
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(5.43)
x + y = 1

y =

Let us call the situation when we have only one root

"critical". The equation of the tangent to y = — —  is
x

d 4J2
y - yo = ± r j ~ Ux-x0)0 x

(5, 44) y = - — i~x + 8
x.2 + y0 =

4 U2 8J2-2— (x-xQ ) = <x-x0 )
X0 x 0
2 2 2 enr 8 i 4 2 ~
3 X + 2 + 2

xo xo xo
so

(5.45) 8j2-x + 12 J
x. X0

so for the tangent passing through (U,l) and (1,0) we have

, _ 2
(5.46) 8'

x
J_ , ^ 12 J2^  = 1 and — j- = 1.
0 x 0

2 1 1Dividing these equations we have x = — ; j = — ; y = — .v J C IT 2 V L) 3
Thus we obtain finally

l,cr

(5.47) J2 cr 27

cr
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At this point we can estimate the magnitude of the CDW-

sliding current when it reaches the critical value. We
3 -5take the H cr = 10 Gauss, and = 10 cm. This gives

( 5 . 4 8 )  J  _  —  .  SE . _ L  _  _ i _  . H
cr Jri 2J2„ ‘0 65'1 Cr

I  x i s ! , * , .  _L03_  = _JL_ x ,'IP, 103 .
65.1 4 tt m . -5 65.1 '4tt lrt-5 210 cm 10 cm

cm

Note this is of the same order of magnitude as the critical 

current measured first in thin films [1],

In order to determine the stability of the solution 

we found for the free energy we examine the Ilessian

(5.49)

r 2
‘a_2 ~ X

2a f 
at Laa

2 , 2 a - 1+3 - x 2at !

2
a f 

„ aaa*!
2

,2 Kaa
2 a-) x

w

2

The characteristic equation, corresponding to this 

Hessian is

2 2 2 2 2  2 2 2  \ - \ (a - 1 + 4 ^ )  + ^ { a  - 1 + 3 ^ )  - 4a ^  = 0.

2 2On the curve a + \|r̂ = 1 it becomes:
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i^ ' y i'*i = n\2 - 3iJ/2\ + i)|2 (2^) - 4 (l-i|r2 ) i[r ̂  = 0

or

We can draw conclusions* 1) because  ̂ < 1, the roots
2 2

X are real; and 2) because X1X2 = ^ ( 6 ^  - 4). If
2 2 2 6-j;̂  > 4 or > —  (supercritical) then

4 > °
(5.51)

x 2 >  0

which corresponds to the stable solution.

It is of general physical interest to check experiment­

ally whether or not it is possible to observe this solution 

which presumably corresponds to a metastable state.

D. One Dimensional Case. Perturbation Theory Solution.

Now we turn to the one-dimensional case which will

be solved by perturbation theory assuming a slow spatial

variation of the superconducting order parameter in a weak

magnetic field. We measure smallness via the dimensionless
2magnetic field times K :
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- 0 (no magnetic field

a =

'if —  3  +  cp

(a- superconducting order parameter in t h ; absence of H) 

then in equations (5.27)-(5.28) we get:

1 2  2 3(5.52) - + (a1+a2+2a1a2 ) (a + w ) = (a + <p) + (a + v )
K

(5.53) a" + = (a2+2acs+cfl2 ) (a1+a2 ) + 3.

_  1 ~J is equal to —  and we assume therefore that J is ofcr 27
first order. Then for the order of perturbation theory

~ 30 - oraer gives a - a = 0  so a = 1

first order a'̂  = a2a^ + 3.

These have an immediate solution a. = - —  e aX - ~l a  2a

a = 1.

_ -x ~Thus a^ = -hQe - j.

1 2  2(5.54) In first order: - “ ĉp" + a a -, = (1 - 3a )ffl
K 1

a2 = a a2 ’
This gives



The solution of the homogeneous equation is:

'2 Kx

y = e“^2 Kx 2

Using a usual Lagrange method one finds

(5.56) -j = 1 + —  eK',/2 X [ r e"1̂ 2 X (h e"X + J)2dx + C )
ro g ^

- —  c'K--'2 x [ r eFv'2 *<h o'* + J)2dx+C,] 
fi - ° 2

where and C2 are constants of integration to be deter­

mined from the boundary conditions. In what follows we 

will use the Ginzburg-Landau boundary conditions namely

(v'l')w ^ = °* *n our case this corresponds to ^  I _vy boundary gx'x-0
= 0. Omitting simple intermediate calculations we write 

the final result:

K h2, 0 . k -2x -/2 Kx,(5.57) \|i = 1 + --------   <—  e -e )
J2 (2-k ) ^

( V

2 J h 0 , -x 1 -KJ2 x ~2  (Ke - — e ^  ) - J .7 v O
^2(2K -l) J

The first two terms are exactly the some as in the original 

article by Ginzburg and Landau [2], [31- rT*ie remaining terms
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are new. In the absence of a magnetic field \|i = 1 - if2 .

This corresponds to competition between CDW and SC. In

a purely superconducting system obviously = 1. Also, 

quite interesting, is the term proportional to 

which changes its sign with change of the direction of

t h e ^CDW* S°

(5.58) ^  = * - ,jr--------^ ~ ( K e ‘X - e”1̂ 2 X ) .
./2(2x -1) ^

We think that this result may be used as a check of the

validity of the theory presented here. From (58) we see 

that in a weak magnetic field \̂|i is a linear function of 

as well as of J, One has to measure ^  as a function

of h Q .

E. The Meissner Effect.
-For the magnetic field we have h = h^e which 

corresponds to a Meissner effect with screening length 

5^ (see (5.29)). We can also look at the Meissner 

effect from a slightly different side. Consider an 

idealized experiment with the semi-infinite sample in 

z < 0 and assume the resting direction is along the x-axis 

and the magnetic field B is parallel to the x-y plane. 

Then



and Maxwell's equations will have the form

(5.60)   ^ ------4^(2 nl ( n ^ ^ T ]  + (l-a)n^II} (T) )A (z)* a ^ 3 S Xgz 2 me

2^eh .2 (0) r ,_a_J
= - ~ s r  Q iw i n , tT|i£

and

(5.61)   - .V t 2|> nI I (T)A (z) = 02 - 2 s yfcz 2mc

with A = 0 .  z
If B is parallel to the x-axis, i.e. the nesting 

direction, the penetration depth is determined by n ^fT] , 

which is the density of pairing electrons contributed by 

region II. This is essentially the ordinary Meissner 

effect. If the magnetic field B is parallel to the 

y-axis, i.e. perpendicular to the nesting direction, there 

will still be a Meissner effect--but with a different 

penetration depth which is determined by 

n^1 ^[T] + (1-a)n^1 1 ^[T]( where n^*^[T] has the physical 

meaning of the density of Cooper pairs in the nesting 

direction. The Levin-Bilbro-McMillan model counts the 

density of states in the two different regions in an
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average sense.

Along the nesting direction, due to the Peierls 

mechanism, it is difficult to pair electrons. Therefore,
Iaccording to equations (5.60)-(5.61) ng [T] is proportional 

to the density of states. So the "experimental" value of 

[T] may be thus much smaller than the value estimated 

from the coexistance transition temperature T . Several 

experiments can now be proposed in order to test the 

proposed microscopic theory given here.

In the perpendicular geometry if perfect diamagne­

tism is found, it would indicate the existence of a bulk 

pairing supercurrent which cancels the sliding CDW current 

automatically. Therefore, observation of the Meissner 

effect in this case will give us interesting experimental 

information about whether there is direct coupling between 

the phase of the superconducting order parameter and the 

phase of the charge-density-wave order parameter.

A temperature-dependent measurement of the two 

penetration depths {parallel and perpendicular geometry) 

can give valuable information about n ^ [ T ]  and n^II^[T],3 5

since it is presumably insensitive to temperature.
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F. General 3 Dimensional Case.

Now we turn to the general 3-D case. Let us rewrite 

the Ginzburg-Landau-Gov1kov equations by placing them 

into conventional forms

R2 2 2(5.62) (rr - - ^ A ) *  + a^ (x) + = 0
he

where ——  s- I**[TJ + ee il*[T] is the effective mass tensor. 4m 9 6
In the absence of an external electromagnetic field, 

and after diagonalization of the mass tensor, we have in 

the principal axes

- 2 2
(5.63) - ^ + aty + b | i)j | 2\); = 0.

i d x .i

W e  can define three principal temperature dependent 

coherence lengths.

fc2
(5.64) C = —  i = 1,2,3.m. a i

W e now calculate the upper critical magnetic field M 

in the CDW-SC system. Choosing Q along the x-axis for 

the tensor of effective masses we have for example

♦*
(5-6 5 > ^  = + n e ) H  + n 01(^  + **>•

Suppose now that a magnetic field is along the z 

direction. We can choose the gauge



(5.66) A = (-yB,0,0) so B = (0,0,B)
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The Ginzburg-Landau-Gor'kov equation becomes:

(5*67) 4^ '̂ ~r2 y2b
XX a c

2 2 + _ L _ f_t2 a, a x iy,2), . _i , fc2 ft U x . y . z K
4m 2 ' 4 m  1 2 }yy fty zz az
= ao .

i (k x+k z )
X  2Now taking (r(x,y,z) = e f(y), we obtain

,2 kx k z 1 d2 \ eyB(5.68) -K {- t -2£- - - ^ l f ( y )  + ^ — f (y)
4 m  4 m  4 m  - 2  2 m  cxx zz yy dy xx

2 2
+ — ~ -2 f (y ) = af (y) .

4m C xx

Now shift variables

ctikx(5.69) y  =  y- _ eB

We then get an equation for f(y')

*.2 2 2 2 ,2
(5*70) ' 4m-------2 f(y>) + 6 B Y2 f(y,) = af<y,)y y  dy' 4m cxx

The straightforward solution of this equation is:



so the upper critical magnetic field is
1

0 _ 2 ac 2
c2 en yy xx

j .

A similar calculation for a magnetic field in the x-y
- *plane (for example B in the y direction) leads to

the result
1

(5.72) B - —  (m m )2c2 TT. , xx zz II eh

Comparing the two results we obtain

B 1C2II m . 2(5 . 73> --- ^  ^
c2 m H

J.

The possibility of estimating the effective mass anisotropy 

in the CDW-SC system by measurements of the ratio of

B „ provide an important test of this theory.c2
One also can discuss the general case when the magnetic 

field is in an arbitrary direction. in this case the 

calculation of the upper critical magnetic field by 

solving equation (5.62) is also straightforward, we 

only give a final expression for Hc 2 :
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2 2 — 2 2 2 2 —(5 74) H a(sir! - ̂ cos ^ 2 cos e sin ftj sin 9 (1+cos $) 2

c2 v m m m m
± l-L -L-L X

—̂where 9 is the angle made by B with the normal to the 

flat surface and angle $ is the angle between Q and
—v —ythe projection of B onto the surface {Q is assumed to 

lie in the surface). The above result goes over to that 

of Kats [4] obtained for layered superconductors in the 

limit (q 0 .

(5.75) B
c2 2 mi 2cos 0 +   sin 9

m ll

We now discuss some magnetic properties just above T^. 

Here we have the "frozen" CDW and simultaneously super­

conducting fluctuations. We vi 11 calculate the diamagnetic 

susceptibility. First calculate the change of the free

energy due to fluctuations, following a procedure suggested
->by Lifshitz and Pitaevsky [5]. Assum ing B in the z 

direction we have

2 ek TB nk T
(5.76) *F = -V S-—  z J °° ------------------   3 -----dp

(2 nfc) c n “ t 1. .mxx. 1/2 **z Z
h «)n v ( n + r )  (-— ) + 5 - — + aOx 2 m.,„ 2 my y  zz

eB
where “  » k -Boltzmann constant, V is the volume."Ox m c BXX
Now using the poisson summation formula and neglecting an



unimportant constant term we obtain:

(5.77) AF = ~
2 2 2 ̂ rre T B V , to dp1 c 1 r

48 t L/2 - 2he ( m m  ) -oo pxx yy za+~---2mzz

„ 2 2 1 e j y W 2 m _  - ^
48 t 2 m m  ,/anc xx yy v

For the diamagnetic susceptibility we have

2 e2T
(5.78) x = _ I i - A E  =

V gB2 24nhc2 (am ) 1//2 (T-T) 1/2x c

where we substituted a = a (T-T ). VJe next evaluate thec
magnetic moment of a small drop of radius less than z .

Then in the previous sum only the term with eigenvalue

n = 0 is of importance, corresponding to the solution
efiB ^xxJ) = const, and is equal to E ' = ----  (--- ). Soy 0 m c mxx yy

Tc »E0 Tcha 1(5.79) M = - -f --- --------a gB ac 1/2(m m I xx yy

Similarly the magnetic moment of a thin film thickness 

d << 5^ in a magnetic field perpendicular to its plane

can be evaluated for T > T and T - T  «  T .c c c
In this case



Hence the magnetic moment of this foil is

=(5.81) M B
n 2 , \ 1/212c a (m m ) xx yy

G. Helicoidal Solution of Ginzburq-Landau Equations 

in Thin Films.

We will now examine solutions of the Ginzburg-Landau 

equations of the Ambegaokar-Langer type [6 ] relating to

a film of thickness L « 8  and L<<£ and picking the vector
-* 2 2 2 potential A, with A «  5 H •cr

For the case of such a thin film let us assume for
ilexthe superconducting order parameter: \|r = f e . TheX

superconductor occupies a thin slab of the thickness L.
2If a «  1 then the solution of the first equation (5.27)

The solution of the second equation (5.28) for the vector

is just

k2( 5 . 82 ) f = 1 2 *K
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potential was found using the boundary condition that the 

magnetic field is continuous. It is:

. k 2 v k2
h s i n h ^ l ^  x [^+-(1- ^ ) ]  2

K l K k k(5.83) A = ----------------------  - ±  -------- -- -   cosh./l— rx
A ?  A 2 L 1? k2 K/ l — 2 cos h */1“- 2*2 2N/l-“ sinhiyi-—

K K K K

xfr~ k fl k2 i
+ 2 K 2K

Now we can find the expression for the total current

/ k 2sinh^l-— x j— -
(5-84) J total - h 0-------=72— -

cosh /l-~ ~ K
2 K

r-j
L ________ K_______ M k „ k k
2 ''T5 . ^  2 + + K 2. , k 1 K K

s i n h y ' 1 - — 2  • —
K

We can see a few interesting terms in (5.84) brought 

about by the coexisting system. In the long wave limit 

(k -* 0 ) we obtain

, sinh x hJ cosh x (5.85) Total J ~ h ------  --— --------r + J.
U cosh ^  1 sinh -

The first term is the usual result. The two additional 

ones are new and may be used to compare experimental
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results in this superconducting films.

In conclusion we want to emphasize the large variety 

of interesting experimental manifestations o f  coexistence of 

charge-density-wave and superconductivity a t  the macro­

scopic level. We hope to stimulate experimental work 

in this area in order to "illuminate" the validity of 

the theory of "partial gapping".
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Supplement to Chapter 4 t Threshold for (polarized) Infrared

ftbsorbtion.

Now we will discuss the problem of the absorbtion 

of an electromagnetic field by a coexistant SC and CDW 

system. Following Pokrovsky and Rivkin [1] we will 

calculate the threshold for this absorbtion.

From energy conservation we may write

Here tu,q are the photon energy and momentum and v is 

the electron velocity. using p »  q we can solve equation 

(1) which yields

(S. 1)

where
unnested direction

<S.2) EP
nested direction

Consequently

(S.3) E
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min[(v.q) +4 | a | +4w ]

nonnested direction

for nested direction

Clearly measurements of w may be used for estimation of

charge-density-wave gap in the coexisting system. This 

can be compared to measurements of the CDW gap W  for

the CDW gap has been suppresssd. This measurement will 

also permit estimation of the strength of the competition 

between superconductivity and charge-density wave gaps.

We  must notice here that light is supposed to be 

polarized along the nested direction in order to be able 

to excite electrons involved in the competition.

Changing the orientation of a sample or rather 

the direction of polarization of light an experimentalist 

would see different thresholds.

T > T > T and to measurement of the BCS gap A by P
other means: for instance , infrared absorption, when
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Appendix A. A "Naive'* Macroscopic Theory of Coexistence 

of a Superconducting-like System with a Scalar Boson 

Field.

The aim of this Appendix is to demonstrate, using a 

"simplest" model the coexistance of a superconducting- 1 ike 

system (described by a Ginzburg-Landau effective action), 

and a scalar boson field. The latter may correspond to 

the deviation of an unperturbed lattice from commensurate 

to incommensurate case.

Assuming there is a slowly varying order parameter 

i|i {r ) characteristic of superconductivity, and an order 

parameter g of the scalar field we write a phenomeno­

logical free energy as

2
(A. 1) F  =  F q  +J*{ +  a U | 2 +  f t ll'| 4 -, d 3 r

2
+ ^'imi d^  + :YcpU<r)|2 d3r

where the first three terms correspond to a conventional 

Ginzburg-Landau free energy. The next two terms correspond 

to the kinetic and potential energy associated with a 

bosonic field. In the last term note the linear coupling 

of the two order parameters.

We can also discuss a more sophisticated model of



coexistence where for small ion deviations u(r), the 

elastic energy H has the well-known form [1]

(A.2) H = "[------+ u (u. . - .u ) - a . .u. ,]de  ̂1 2 13 3 i] aa 1 3 1 3

where the strain tensor is:

U ij 2 . + ax. ̂ '
3 1

For a purely superconducting system

= + a I M 2 + | K | 4 )d3‘r.

In the case of quadratic striction [2]

H int = " ^ I v  j V ^ x J d 3^

So tho Gibbs thermodynamic potential M e  T) is^ t

(A. 3) $ =  ?0 - T In r- . exp[- (Hf } +H e+H int)/*T] ■

Taking Fourier components of u [2]LTj

iu *>a (0) 1 ik-x -  = u a + £ e r k u  (k) .fcx0 a0 JV 0 a

Here u°Q is the tensor of uniform deformation, and vOLp
the volume. After some calculation we obtain:

2 2 
(A.4) (|-«0 ) = _2(f+2u )J*IM (X) ld r + 2V(\+2m ) [i * (X



we introduced here the Lame coefficients x [1]

X =  K 3 '
Now we return to(A.1)and try to understand what are the 

consequences suggested by the model <A .1)- We notice that 

an alternative form of interaction like

has to be ruled out because it is inconsistent with 

coexistence of CDW and SC. Now we show that free energy 

(A. 1 ) leas to interesting physical consequences.

Minimization of (A.1) with respect to ^ gives the 

relation

(A. 5)

with the solution

(A.6 )

For a spatially homogeneous medium we have

(A.7)

As derived by G o r ’kov a = a(T-Tv ) (see Appendix B)



a(T -T)Q CAt equilibrium = -    =---- ~----, Thus the free
b-5f- b-^-2 B 2 3

energy becomes

2
(A. 9) 6F * F - F q   2 (Tc~T)

2b-2L
0

and the specific heat
2V atT

{A. 10) c = C q +  ^ .
h-2-2 3

In the vicinity of T , F - F„ is small. Due to the theoremc 0
of small increments [3] the same quantity gives the

difference in Gibbs' potential $ - $ . On the other hand
2this quantity should be equal to - VH / 8 tt, where H isc c

the critical magnetic field, which destroys superconduc­

tivity.

Thus near the transition point we find

Hc = ( ^ Y /2<v t>-
V  2(3 1 \b"2p/

The measurement of this field will give an estimate of 
2 

y- 
2 0 '

In the presence of the magnetic field we can immediately
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fenerall^- equation (A.1) to

2 • 2 B R , , 2 ie, 2
h

+ <2' i B ) I M 2 ^ d3? = °*

*■ 4  TT “■*We use Maxwell's equation ^ x B = —  J where the currentc
density is equal to

(A.12) j = - “ t U | 2Ai2m me 1 1

and boundary conditions

(A. 13) n-(-iti~'j[ - ■“  A;) = 0.

In the presence of a weak external magnetic field we 

then obtain a London-like equation. For the penetration 

depth we find:

mc2 (b"2 0 ) 2 mc2 (b_2B ) 2
( A .  14) = [ j  1 = I 2  J *

8rre lal 8 -re a(T -T)1 1 c

The correlation radius of fluctuations of the order 

parameter is, as in Ginzburg-Landau theory

(A.15) e(T) =
2(m|a|)1/2 2 (ma)1/2(T - T )1/2

The Ginzburg-Landau parameter is



(A.16)
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As is well known [2] k = 1 corresponds to the boundary of 

two kinds of superconductivity: type I and type II.

So we see that the bosonic field can shift the 

boundary between those 2 types of superconductivity.

Let us also note an interesting fact if we assume 

that the Hamiltonian (by analogy with the free energy) 

has the form:

Schroedinger representation and satisfy the usual 

commutation relations* Then, we can find the energy of 

excitation as

which clearly corresponds to our result in the microscopic 

theory (see Equation (3.78)).

Also one can analyse the shape of the vortices in 

these type II superconductor. We get a system of coupled

(A. 18)

2 2 
+ A + W *



equations, describing the nonhomogeneous systems, namely 

h2 2 b 3— •t + a | ̂ ( + j U  | + 2Y(P | (i (r) | = 0
(A.19) and

_2
-  - 2 V  + + Y | ') | 2 = °*

The second equation is acually a Helmholtz type equation 

and we can immediately write f4]

{A. 2 0) a = y.1* Gn (r.r' ) |-Mr') |2d 3r'

- '*  —where G (r ,r 1) is an appropriate Green function for the
ri

Helmholtz equation. We then obtain a nonlinear integro- 

differential equation to be solved for \ | :
2

(A.21) - t.-2-; + a|:| +||j|3 - 2y2 | >| 'G<W r '> |; <r') |d3r•

= 0 .

For the case of an infinite 3-D sample in the vicinity of 

the transition point neglecting the cubic term and using 

the explicit form of G(r,r'):
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Here it is useful to make a substitution assuming that 

the superconducting order parameter (ty| is a slowly varying 

function of coordinates compared with Green function G.

We can bring (r) outside the integration and we obtain

(A.2 3 ) - ^ m 7^^ + aj; | + ty |3 - 2y2 |3<G> = 0,

where <G> is the average of the Green function over the 

range of integration.
» -nr- /43m* I r-r ‘ | „ „ e 2 ,e — p--- 1---— t-dr = 4 tt  r dr

(A. 24) <G> = n   0 r4 - *Ir-r‘|

74 ■' m*where f) =--— --- . This is then

(A.25) = 4 - 1* e-fir rdr = 4 - n r e ^rdr
0

-fjr oo oo -fjr -Qr »e , . « e _ 4rj _e___ .(A.26) = 4^r— -  | - 4,; “ ^ - d r

2_ 7   -n-h
2 3m*n

Finally, we have

t A . 2 7 ) - ^ v 2 * +  a | , |  + f  1* I3 =  0 -

Equations similar to (A.27) have been investigated by

Ginzburg and pitaevsky [5], Pitaevsky [6 ] and

Gross [7] for the case of an axially symmetrical vortex
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line. It can be shown that in this case the solution is 

of the form

(A.28)

2 0m*

where = 1 . Introducing the variable Z r we have
,/4ma

the equation for f:
r0

(A.29)

The graph of this function is given in £5}

Our conclusion! a bosonic field does not effect 

the effective radius of a vortex line, but modifies the 

shape of the effective function f. The case when 

b 2 2 -ti2_ _ — ¥__j  critical and can be used for estimations.2 pm*
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Appendix B. The Path Integral Method in the Theory of 

Superconductivity.

The path integral technique is now widely used in statistical 

mechanical problems. In this Appendix(following Sakita) 

we will outline its application to pure supercoductivity.

The objective is to derive the current and GLG equations [1].

The partition function for a system with Hamiltonian 

H is

but

< q i+i!1- eH(p,q) lq i> = e (1- cH) .

SO

. . N-lz - .. J n i=0

doNow rename the variables = q : V  = d T r a -a. = ^ 

= qdj. Finally, for the partition function:



ft ft 117-iT dTP(T)q(T)-rndTH(p(T),q(r))
Z = r nDqDpc v e

= rf'DqDpeS
V  ^

■where
3

S = -J’a'dT and ^  = -ip(T)^(r) + H (p ( t ) , q ( t ) ) .
0

Now we use the Lagransian density in a continuous (field- 

theoretical) form.

q -v $(x ,t )

P * ii (X, t )

H = ^dxXtx)
rt

z = J'J'DriD'Sexpf j’dTj’dxtin (x, t )  *(x, T)-Kfn (x, t) , #(x ,t ) ]
0 V

The boundaty condition is: $(x,0) = |(x,3).

A. Perturbation Expansion of the partition Function.
— BkWrit Z = Tre , where K is the grand-canonical 

Hamiltonian (K = H-^jN). In the important case 

of a two body interaction Hamiltonian K becomes

y.2 2
K = H-UN = J'd <t+ W ( - ^ - y ) | W

+ ” j'd3x1d3x2  ̂+ (x1 )̂ r+ (x2 )V (x1~x2 (x2 ) t (x^)

Introducing the Fourier components of the fields and
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potential
, / \ 1 _ ik-xJ) (x) = E cp (k) e

V
^ ikx v(k) v{x) = r e

we get

1 - *  + - v  - > + - > - >  - >K = Z^ jû cp (k)cp{k) + 2V“q p k {<3+k)cp (p-k)cpCp)cp(k)

int
with

-2 2 *2 2 ,h k t + ,, , ,, 4 fi k
2mH 0 ~ ^k ̂ 2m ~ u ̂ u ^  “ u<

Now the corresponding path integral is 

Z  = rr d(p* (k, T)dQ,(k, T ) e x p ( - d T ( £_ cp* (k , T ) (_S_+iv ) cp (k , r )
" k.-r " o k  3 T  K

+ H  ̂ n t (cp* . T ) , cp ( - T ) ] } .

Now denoting all the arguments in the exponential as the 

function (-S) we define

3
2 1 rj, rj* ] = d<p* (k, t ) dp (k , t ) expf-S-JdTj; [ r\* (k, T )g (k, t )

"kT O k

+ sp* (1«, t) ri(k, t) ] ]
and

3Z0[Ti>-n*] = dCP* <k, T)dcp{k, T)exp(-S0'J* dTŜ  t rf (k, T) cp <k, T)

+  cp* (k , T ) T] { k , T ) ] }
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where

S + P Hint(cp*( i t ) .cp( , t ) — S.
0

This is Schvinger's trick.

Now we have the following relation between the two 

last formulae:

= e x p t - r  Hi n t ( - ^ I- ^ ) ] Z 0 [T|,T1* ] .

The proof is almost trivial using the relation:

r ’iv'1!. = 6.,, s(t-t' )6r|(k, t ) kk 

and the obvious formula:

= 7 ^ r y - - -  7 ^ r r “x p f '0 <x),l(x)dl<1l^o'1 n

For example an arbitrary functional $<<p) of g(x) 

can be written as

_£

also
?(y>) = 5t7 ^ u T )eXP^ r C0<^)h(x)dx] |T1=0

exp(-J*V(x)dx} = exp{-J'V(-^)dx)exp{J*cpr|dx} |^=0

In order to calculate z o [n,r|*] we note that:

cp(k,0 ) = cp(k,p) for bosons
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and

cp(k,0 ) = -g(k,3 ) for fermions

(the same is true for r|) . Therefore we introduce the 

following two series

n(k,T) = £nV k)e~ 1?nT ^

2 rn? for bosons■ \P =
(2n+l) tt f f-1-- -— (-i- for fermions

After introducing these two series we find

Z 0 [-<T1*] = Z0 [0,0]exp[E ^  (k ) - ^(k)]
k , n = n ^

and note

" 0 k oZ0 [0,0] = Tr e

Using the last expression we can develop the perturbation 

series.

We will not be discussing here details o f  the calcu­

lation of Z. We only exhibit the Feynman diagrams using

vertex: - fi(4 ^(q+x-p)

propagator .-V >v ~v. -^(k)
k
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2. The Effective Action.

Consider r| = r|* = 0. Define W[J] by

Z[j] = eW 'Jl

W[J] is the generating functional for connected graphs. 

Define #(x) by

The Legendre transform of W[j] is given by

[*] = '* dxj (x) }(x) - W[ j]

T T w  =

The physical relevance of r[i] is clear from the relation

Z =- z n i  Ij= 0 -

Thus f[{] is related to the free energy of the system 

and the condition

-anUL, = o6 #{x) 'j = 0

gives the equalibrium configuration for the system. The 

key theorem states
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r[S] ? dxdy $ (x) a 1 (x-y)»(y) - H [ i]

where
* (-j3, ik(x-y). . -1A ( x - y )  = Jd k e  [- v(k)]

and *[ $] is the generating functional of one-particle 

irreducible graphs . For proof see the proof in:

(S. A b e r s , B. Lee, Gauge Theories, page 98 (1973)).

3, Calculation of Path Integrals [2].

Suppose Q(x) is a quadratic form in one variable

rw > 1 2  v. b2 1 / x2Q(x) = -ax - bx = - —  + -a(x-xQ )

where

Then
} dxe-Q(x) . (2n,l/2 eb 2/ 2 a

If Q(u) is a quadratic form in n variables (u,,u ,u }1 2  n

Q(u) = ~{u,Au) - (b,u)

where b is a constant n-vector, A is a symmetric 

nonsingular n x n matrix, and (b,u) = We can

also write Q(u) = --j(b,A Lb) + ^ ((u-uQ ),A(u-uQ )

u 0 = A ^ b .
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Then
1/2 (b,a ' b) 

r[du] e = - S _ _ _ ----
,/det A

where

[dul = --- -— —  du....du .
(2 Tr) 1

For the real field #{x), define a quadratic form

Q[*]

Q[ ?] = j < *-A *> " <b - #) *
Then

i* -Q[$] 1/2 (b,A b);rd$]e-------^ -------—
(det A)

where N is a normalization constant.

4. Application to Superconductivity.

The Hamiltonian for the superconducting system is

2
H = H n + H. = F Pdr$+ (r) {- m )i|i {r)0 int s=t,i*J a 2m

- gj*dr^|(r)^|(r)^ <r).^ (r),

We can introduce the electromagnetic interaction in 

a gauge-invariant way using the minimum substitution 

7 -»> 7 - ieA. Hence for the Hamiltonian H:
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H is invariant under a gauge transformation:

ie/\{r) . .*B (r) - e ts (r )

A (r) -* A (r) + ^ (r) .

The partition function is given by

Z = (x)d->* (x) ] exp[-TdrTdxij,+ - ieA)2 )# ]«- x T ^ ^ * s g t 2m s

. explg^dr^dx-j t {x) * (x) (x) * (x ) ] .
0 V

Now we introduce an auxiliary field #(t ,x )

and examine

if; d»*d.ef-x25* » V 9

Making the shift
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we get back e after Gaussian integration. So

Z = j*[di|r*] [di] exp{ fd4xj£]

= n * td «*J [d#] exp(d^x^)
with

+ . S (7_ieA)
*  = - 2m - u)*„

•f + 2
+ *(»♦ ^  + ■ k «*«•

»-VWe use the boundary condition #(f3,x) = 4(0,x).

One can immediately draw Feynmann diagrams for this 

interaction. W e  will not dwell on this here.

Introducing a source for the 4-field as

2
Ztj.j*] = [d;-*] [d$] [d$*] exp[-ird4x ^ ( - ^  ~ "̂ i m ^  ^ s 1

2 4 4 + +• exp [ ~x J $**d x + ,/g x f d x U  f ̂  ^  + j * »+ ** j ) ] .

The partition function is then

The generating functional for the connected Green's 

function W[j,j*] = In Z[j,j*]. The Lengendre transform 

of W [ j ,j*) is
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r[©,(p*'Al = J* d4x (j ®*+ f j* ) - W[ j , j* ] . 

The partition function is

Z = Z[j.j*]j=j*=0 = e x p [ - r ( ( p , o * ' A ) ]  | j = j * =0

h: :h implies that r has to satisfy

Kr ■ _fi£_
^ ) 1 j=j*=0 6tp* j=j*=0

These a : j equations for the order parameter.

5. Alternate Derivation of GLG i rorr BCS Hamiltonian. 

Again taking

 : a r'y* I(B. 1) 7 = q = Tr

with I"}-free energy:

<b.2 ) n = 7 ^ 7  ; U ( r ) | 2d?

" q4I'd4xtrd4x,<T T 't(xi' ^ (x^ i tx' H  t <x ' )>A(r1) fi(r2 )

= A (r) |2d^ - ^j’d4x M 4x ,G2 (x-x1 )6(r1) A{r2 )

where
»

(B. 3 ) G(r, t) = T t e — : ^-EJ = ji T. Gu>(?)e"1 T
J l “ - ? p  ( 2 tt) P  »
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is the Green function of a normal retal. Integrating 

over t and going over to the variables R = — 'r.+r ),
£ -i

r = r^ - we get

(B.5) n - p | a (R) |2dR - rdR',drG (r)G (r)| g |1 1 r u!t v id - x

x A (R+|) A* .

Now let us make an expansion in gradients 

(B.6) *(£+!, - * < * ;  ^  ^  . | c .r . _ A _ _

(B.7) n = T^T " I A (R) 2dR - pd R |,drG r)G (r)9 * x' ± -<u

, ( R ) l“- — r r a2 i j aR
1 "> JT rNow is m g  (B . 4 j an- —    = tarh —  ̂ we may writx

■X +

(B. 9) -:Z l'c.G (r)G (r■ ' ID*" U) ~ u

= *r tanh T ' 3 ■ N <°> <L “ 7L )«/ ̂ \  ̂rt. 19 -(2rr) -p

Here we used 11 - 1, and expanded the integrand with
/T -T\ c /

respect to(— jand kept only the first order term. We  
^ c

also used the equation which defines critical temperature, 

namely [4]:
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V 2Tc» tanh x , 1r  d x  _ ----------
0 x |g|N(0)

Calling

= V d?GJ ?,G- . (r)ri,:j

- Z  (p)G(IT (2n r  <2tt>

d 3"* d3^ 1 3= -Ej* ----(p) G (p1 ) 3 J ( p+p 1 )
(2tt>3 ( 2 t t ) ,j> “ 3Pi3Pj

H 3^ . a2G_ (-p )
= -I r  ^ G  <p)----------

-V (2 x0  3 " 3P iaPj

3-* fcG <p) a G  (-p)
=  z r  . d  P , . --X-..

(2 tt) 3 3Pi 3Pj

1Now because G (p) = G (-p) - T
U3 'D

= J_ z " d 3 P P iP i
i3 m2 * (2n )3 (ix-?p )2 (itw+ ? p )2

=  J -  z r d3- j _ ,  P-1 ,

m2 “ ‘ (2t>) 3 (.i32+?2 )2

an important contribution (same order 5 ). Thus we can 

bring slowly varying terms at f = 0 outaide the integral 

i.e. on the Fermi level (in momentum), and extend the 

limits of integration over 5 to infinity. Then we 

obtain



where v^-velocity at Fermi surface.
Eventually we get the Ginzburg-Landau effective functional

T-T , 7r(3 )v*
(B. 10) n - N(0);f— 3S|4(R) f  + ---2-j^|„1(R)|dK

c 4 8 tt Tc

Equation (B.10) contains terms of order higher than

quadratic. Therefore we have to proceed in an expansion of

to the fourth order m  a . We have to calculate 
4

2 ̂  A—  . After simple calculation one obtain .
a ap 3 a p * 16tt t c
Thus we obtain the Ginzburg-Landau functional

T-T
n = n ( o ) ; - ^ | a ( r )  |2 + 2 17 4 <r) |2 + 2 h < R ) \4̂

c
where
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Substitutina into (B.1). and taking the logarithm then gives 

the GLG for energy as a functional of the order parameter. 

Minimizing this free energy gives the familiar GLG results.
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Part 2. Transient Optical Propagation 

t. oug i a Dielectric SlaL

Chapter 6: Inti luc on

i) A typica. cxj. rir/.ent in a modern pico. icond

laboratory may be rap. isented as in Figure 6.1. Usually 

in such an experiment an electromagnetic pulse which is 

finite in extent is incident on a slab of a certain substance. 

After the pulse passes through matter, it is usually analy­

sed by sensitive devices to measure hc-.v the matter effects

the electromagnetic radiation. In the visible region the
2intensity of this incident pulse ~ (Einc ^^ I Peaks at 

about 680nm and has a spread in frequences: ia = 1 - 10am 

(width at half maximum). We will employ a microscopic, 

linear theory in the model developed here. Linearity is 

understood in the sense that in what follows - e will keep 

only linear terms in a dielectric slab s thickness d. In

other words we assume that the medium is thin so that, to

first order in d the strength o. the incident wave is 

not diminished as it traverses the medium. Therefore each 

charged particle in the medium experiences the same incident 

wave. The approximation we use is equivalent to neglecting 

local field corrections and taking the local exciting field
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at each particle to be equal to the incident electric field. 

If the medium is thicker, each charo >d particle will exper­

ience a different incident wave as well is significant 

radiation fron other charges in the medium [1]. As far 

as we know nobody has yet attempted to calculate the time- 

dependent electromagnetic field at the output in this 

s ituation.

ii) We will formulate the theoretical problems arising 

here as:

a) to calculate time-dependent electromagnetic 

field transients which occur after a finite pulse is inci­

dent upon a thin slab of dielectric;

u} to analyse the energy and momentum transfer 

of the electromagnetic tield in this time dependent picture.

iii) In contrast to the usual, albeit steady state 

calculations [4], we will discuss this problem microscopi­

cally: specifically no index of diffraction will be 

incorporated in our calculation [1] , [2] , [3] .

Chapter 7. Historical background, precursors.

A. Sommerfeld [5] and l . Brillouin [6] discussed the 

propagation of electromagnetic signals throu h a dispersive 

medium with an assumed frequency dependent index of
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refraction n(UL). They considered an electromagnetic wave

with a well-defined front edge incident normally upon a

semi-infinite medium. They investigates the scenario

of the arrival of the electromagnetic field at some distance

inside the medium. Recent reviews of the’r results can be

seen in many modern texts [2], [4], [7], The usual way of

carrying out this analysis is by considering a Fourier

integral representation of the pulse in terms of plane waves,

where each wave is characterized by a frequency w, -raveling
cwith a ohase velocity — ■— - The field inside the mediumn (x)

may be represented by:

GOn ^  t * -2.V .J „-kU:)x-L ,.t
L n(X J* 1 '

—  GO

where

(7.2) M id) = /* E. <0_ , t ) e1^  dtZ TT  ̂ 1

Is the Fourier transform of the real incident electric 

field £^(x,t) evaluated just outside the medium at x = 0.

The quantity k(w) = *-s t*16 frequency dependent

wav number in the medium. Since the frequency-dependent 

index of refraction n(iu) can have values less than one 

(even complex), the phase velocity of some of the waves can
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be greater than c. Using the method of sta-ion- ry phase 

one can immediately show, using (7.1) that no en rav can 

propagate to a point L. inside the medium faster than 

vacuum speed c. sommerfeld and Brillouin also showed that 

some energy, however small, propagates at the vacuum speed 

of light inside the medium. This part of the wave is 

called the first or Sommerfeld precursor.

In 1969 P. Pleshko and I. Palocz [8] experimented and 

observed precursors for microwave frequences. We w i ’l 

examine the effect of a thin lab of mecium on the propaga­

tion or an electromagnetic pulse. A microscopic approach 

will now be introduced without employing a frequency depend­

ent index of reirajtion. We will show that the results of 

our calculations are agreement with th.se by Sommerfeld. 

As far as we know this is the first microscopic theory of 

the Sommerfeld precursor.

The propagation of an electromagnetic wave of finite 

extent through a thin slab of medium consisting of the 

oscillating dipoles is analysed in this part of my thesis. 

The time-independent case has been discussed previously in 

the literature by many authors [1], [2], [3], [9], [10].

We will give results for the electric field at a certain 

point L outside of the dielectric medium, as the
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superposition of the incident electric field plus an 

electric field produced by the oscillating dipoles. Energy 

and momentum propagation will be discussed in detail. We 

will confirm Sommerfeld's result that the front edge of 

the resulting electromagnetic field propagates with vacuur 

velocity of light even though it passed through the medium.

Chapter y. Theory: propagation of an Electromagnetic

Pulse Through a Medium Composed of an Array of Dipole 

Oscillators.

A . Electric field calculation.

The proDagation of an electromagnetic wave through a 

medium composed of an array of oscillators is determined by 

the interference between the incident wave and the waves 

radiated by an array of forced dipoles within the medium.

To calculate this let us consider a plane electromagnetic 

wave, polarized in the z direction which at time t = 0 

is located as shown in Figure 8.1.

The incident electromagnetic pulse traveling in the x 

direction is taken in the theory to be (see Figure 8.1)

(8. 1) inc z E sin —  (x - ct) u a

where
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(8.2) -a _  x - ct £  0

and N is equal to the total number of half cycles in
t>T ^the incident wave. The parameter — — = —  = --- — of thea c c

theory corresponds to the number of half cycles per unit 

length of the pulse. For visible light, for example,

,n N u 10L6 1 6 -1
(8.3) a = c =  10 " 3 ' 10 cm •3 3 < 10

The "ourier transform of E. is;inc

jo P ( x - c t )

(8.4) E. (x.t) = r E. (x )e ° d-um e  *■ inc— oo

where E. (uj) can oe determined from:m e
<» i— x

(3.5) E. (X,0) = *■ E (i) c C d L.inc *■ inc
—  00

Substituting E. (x,0) from (8.3) into (8.7) we cat inc

00 - i-̂ x
(8.6) E. U )  = r -   E . (x, 0) e Cinc 2nc inc

—  00

» 0 N ttC 1+e= z-
2 tt a , 2 2 22 K C tt

(D - 2
a

where N = 1,3,5... is any odd number. The intensity
2 N c

~ lEinc^°^ I peaks at <u = (which can be taken to be
2 cequal to \ = 680nm, \ = — . When N becomes large the<JU
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incident pulse approaches a monochromatic wave of frequency

N~cu =

Vh take the medium to be a "Lorentz" dielectric. Then the 

response of the medium to the ctric field is governed 

by the equation let 'it'ng the motion of harmonic oscilla­

tors. Let us call (x, the displacement of t h » charge

e from its equilii rium positic" at a poi.nt x. Llearlv 

from the symmetry of the problem, u is a function of 

only. Then the equation of motion for u is;

(8.T) u(x.t) + X-Qu(x.t) = ~ E. fx.t).

In "he i,orcn. r. model, the aielectr^j is composed of

an array of noun- dipoles of charge e ana effective mass

M which may not be the mass of a bare electron but M

can depend on the material. So e and M are subsequently

taken as the charge and mass of the oscillators comprising

the medium. For iin.glicity damping and magnetic effects

are neglected assuming u/c «  1. In this .apter oscillators

are considered to be uncoupled and each one only feels the

primary (incident) electric field. As we remarked alrea-y

we  take E. = E,loc inc
Letting
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(8.8) u(x, t)

the expression for displacement has the familiar form {2];

If damping is taken into account we can just add -iToj in­

to the denominator [2]. The induced dipole moment due to a 

wave component of frequency a is :

In what follows we may use the dipole approximation for 

visible light \ a: 680nm. The distance between dipoles in 

the dielectric is of the order of a few Angstroms. The 

radiation arriving at a distance L from the front edge 

of the medium (due to the dipoles) is:

(8.9) u(x, a,) e inc 
M 2 2

(8 .10) P(x,'i) = e u ( x )U)) .

(8.11)

where

(8.12)

is taken in the dipole approximation in the radiation zone 

(2], The distance L is assumed to be sufficiently large 

L > d, where d is the thickness of the dielectric slab.
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Here k_ = — . The density of the oscillators n is assumedU c
to be constant and can be taken out of the integrand. The 

rime-dependent electric field arriving at L from the 

dipoles will be determined byj

00

(S.n) '1W L -t; = 'ERa d <L’“,e‘ 1'“td“ -
—  00

To calculate the integral in (8.1L) we introduce, as 

usual, cylindrical coordinates q , -p, x as in Fiaure 8.2. 

Then

A A(8.14) r = pe+xx, e = cos ^ z + sin w y L = Lx

R = L - r = L x - r

and
2 2 R = ./ 0 + (L-x)

The identity

-* -*■
, Q  1 C  \ / R  R  R  /"*■ R 1(R " P) X i = P - i<P-i>
with unit vector

(8 . 16) R = x-(-L-x)-n cos jp_._z.-_ A  sin cp y 
R —  --

V p  + (L-X)

is used in the evaluation of (8.11). Integrating over 

angle we get [3]
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2 2 2 R = 0 + (L-x)

for z - const we yet

p do = RdR,

Then

™ 0 2 n 2 00
(8.18) ' — ( 2  - ^ ) ccU = P e dR 4 <L-xT f* - — _ dR<v, R 2 . 'J 20 R L-x L-x R

The first int. gral in equation (8. 18) can be evaluated by 

introducing a convergence factor {which is not significant 

because the limits of integration are infinite). Then

«> ik-R . ikrtL -ik x
(8.19) P e dR a  ~-e e

L-x 0

The second integral :n (8.1.1) can be reduced by integrating 

by parts, it is

_ « " V  ik L
(8.20) (L-x) r - — — dR = r^e e

 ̂ 2 kL-x R 0

f 1  + T irrb o  + , v  7  ►0 ikQ (L-x)

The series in (8.20) is an asymptotic expansion of the
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integral [11]* If L »  d, and k QL »  1, only the first 

term here is inportant. Finally we obt;in

(8.21) E (L.„) - ^ n p t a . z - O i d i ^ V -
Ra : c

Substituting (8.21) into (8.13) we obtain

_ 2 ™ u,E. («;) - i—  f t— -)2 -re ndi* „ inc c(8.22) ,(L;t) - -- —  z *  —  eRad Me * - 2  2
_ o o  T

The resultant electric field is given by
2

m  2 '"e dnEn(8.23) E (L.t) = z[E Sin — ^{L-ct) + - ■ - - '— —  F (t—— ) ]Res 0 a cM c

where F is the function of t - — :c

. 1 » t E . (U)) “ i U) (t--- )
(8.24) F(t ") = —  ** 9 inC 4~ e  - .c E *• 2 2UUq " w

^8.23) can also be rewritten in a form which will be used 

in the next chapter

(8.25) ER e s (L.t, . ;Bot_ . in ■* = ( * * )  + 3 = ^ D P(t-i)).

We can easily obtain an expression for the reflected 

field by just changing L to -L in the second term of

(8.25)

<8 -2 6 > l R e f l . ( L ' t> "  i E 0 ilIi F !!F(t^ ) '
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The evaluation of the function F is given in the Appenc ix

to this part II,

One can immediately see even without calculation that

F is equal 0 when t < — , and starts to differ from 0c
exactly at t = , which is precisely the way the first

(Sommerfeld) precursor manifests itself. As far as we know 

this is shown for the first time using only a microscopic 

treatment.

As we will show in the Appendix B, for L <, tc £  L + a 

we have

r 'OS (t--)-cos ^ ( t - - ) }
(8.27) F(t— ) = — ----------   §-------- —  .

3 (,n^ ) 2 (.0+^ ) 2 0 a 0 a

Somerfeld [1] showed that the front edge of an electro­

magnetic pulse travels at speed c within a medium. We 

obtain the same result here for a thin slab: the front edge 

of the incident pulse travelling at c arrives at point L

first. This can be seen by combining (8.25) and (8.27)
Lassuming t - — = T ie small. Then

H3tt3c3 2 „ e 2 d n  “*0 _ M2 n2c2
(8 . 2 8 )  E  „  =  i i  ' i t 2T small 0 L a . NttC.2, Nttc,2 1<“o a > •V'T*

— 1 N ttC - 1Clearly for small T (compared with « and (--- ) )v 3
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the first term in (8.28) dominates. This proves that only 

the incident wave comprises the very front edge of the 

electromagnetic pulse. The usual view is: the Sommerfeld 

precursor propagates at a speed c (as in vacuum) because 

the oscillators which comprise the medium can not respond 

to high frequences. Therefore high frequency modes 

propagate as if in vacuum (they do not see the medium) [1].

Chapter 9. Energy and Momentum Transfer Through a Thin 

Dielectric Slab.

A . Introduction.

In this chapter we will investigate energy and momentum 

propagation in the model discussed in the previous chapter. 

Within the approximation employed here we will keep only 

linear terms in d. We will analyse the physics of this 

approximation comparing terms which we keep to those which 

we neglect. We will show how to calculate the time-dependent 

pressure exerted on the dielectric slab. We  will propose 

some experiments to check the validity of the proposed theory.

B. Energy transport.

Using the expression (8.25) for the electric field 

obtained in the previous chapter we can turn now to a
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discussion of energy transfer* For the poynting vector at
c 2point L we obtain from S = ~ E  :

4 tt

(8.29) S (t-— ) = S. (t-^J-E^ -̂ -— s i r r ^ t t — jFft--) .Res c inc C O M  a c c

Here once again we assumed that the thickness of the medium 

d is sufficiently small and therefore we keep only linear 

term in d.

This approximation in (8.3 1) is quite safe as now will 

be shown. Comparing terms we obtain an estimation for d

_ ( J " m  a U n )
(8.30) d = -  •

— 2 a ( ,■r

: ■ ■'> - 1TaKir the c: e l . visio.e n g n t  - ^ . 0 cm , and
r,16 , . . -3= -0 , .th a - iu cm m d  e ana M just the

electron char 3 and mass we obtain

-5(8.31) d <X 3 10 cm.

Therefore the approximation employed here is satisfactory. 

W e  see in (8.29) that energy arrives at point L at a 

speed c.

The second term in (8.29), which corresponds to inter­

ference between incident and radiated electromagnetic 

waves has a simple and transparent interpretation as the
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net work done per unit area and unit time by the incident 

wave on the bound charges of the medium. This term is 

exactly equal to

e E. (z = 0,t)u(z=0,t)nd, inc

Therefore we can write:

(8.32) S (t - — ) - S . (t - — .res c' inc c' ARE?.-TIME

This proves that the energy-work balance is 'easonably 

taken into account i this model.

C. Momentum Calculation.

In a lashvon similar i_c the energy l jiculacion we ran

calculate the momentum arriving at time t at point L

2 2 E an s
(8.23) g (t-^) = g (t-^)-i -^-r— F(t--)sirr^(t--) .j?es c inc c 2 c a cMe

The loss in electromagnetic momentum g. -g shouldxnc res
correspond to the radiation pressure exerted on the dielec­

tric slab by light. The time-dependent pressure is

E2dne2
(8.34) P(t-i) = C49 = ~ M(. F ( t -^)ain[^(t-^)].

As one can anticipate,this pressure is proportional
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tc ~h« square of the amplitude of the incid-nt electric

fi d .1 ] . One can alsc estimate the total impulse

tcansf -"e i to the dielet ri. slab frcm the entire pulse as
2 Joo » e dne

(t .35) •* Pdt = f — -- F (t-— ) s in —  (t--) d (t-“ )■ Me c a c c
— oo  0

2 2 E„dne °°
= ----  r F(T)s in--- TdTMe -Q a

2 2 E„dne, -2--- P(N,
MC a

where

P(“ ) -  ̂ F(T)sinCN^TdT
0

is the sine-transform of function F.

Measurement of the p.'cs surj may give acme importar t

information about function F (T1 . If t:ie slab has finite

mass m and is able to move, then the mechanical momentum

acquired by slab is equal to:
2 , 2E dne

(8.36) Vm -    ? < ^ )  .M a

In our calculation of energy and momentum we did not include

the reflected light because as one can see immediately

from (8.26), the Poynting vector of the reflectei light is
2proportional to d and we neglected all terms of the second 

degree.
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Chapter y . The Electric Field in the Case when th ' 

Interaction Between Dipoles is taken Into Account.

In the calculations presented in previous chapters we 

neglected interact!jns among boundec charges. The simplest 

way to improve thi. and take this interact:cn into 

account is to assun ; that we have only nearest neighbors 

interactions and thit it has an elast c characte' [13]. 

Ther-'-f n  the equation of rroticn for such an oscii.ator 

is (comp re ^B7 ) )

(9, 1) u(x,t) - -j^ufx.t) 2u(x.t) 
2ix

Here we use the same assumptions as above.

Also introducing

u(:-.,t) - !* u(x)(jj)e luĴdtW
00

—  00

we obtain an equation for u (z ,uj)

)( 3 U (X , (j>)
2az

i^x
,  o:(a i e

The forced part of its solution is [14]

(9.3) u(z.-jj) -sin a ’(x-x')E. ( w ) ~ e  C d x 'inc M

w h e re



2- u
(9.4) (ui* )” = ^
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2 u i ~  tu

M

Finally after integration we get for u(x,(iJ)

- l y t ' X  C
(9.5) u ( x tU)) = ~  E. ^ ■ a)  --------  V ~  -M m e  0 I

( M  - —U  ) - 2
c

For the electric field produced by these interacting 

oscillators we have

2. - i-xe mrrk z d c -i^'x
(9.6) E., ,(L,o;) = -  Tj-----  r dx    —cad M v. „ 2

0 ( * \ -SK_U  ) - 2
c

ikoL -ikox „  ^ 2: ,
( ik (L-x)1'

As :n our previous calculations we will keep only linear

terr.s m  d (here d/L ; I) . The result for E , is,Rad

(9.7) E (L.w) =
e ntTk0 2d

2 2 2 tt)n L
M  ( ( u,1 ) (<*'+")2 CC

a n d  for time-dependent electric field at point L we have
-iu>(t-^>

. _ e^znn d m Einc^tlĴ e_________________  .(9.8) ER (L,t) - m 1 2 J 2
L _0° 3 u>n

( (w* ) — j) (ui1 +

We can see now that the electric field depends on mechanical
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parameter of the medium. Causality is satisfied:

the signal does not arrive at L earlier than the speed 

of light in vacuum.

In conclusion we note that we presented for the first 

time microscopical ( lassical) theory of the propagation 

of the front of electromagnetic pulse through thin 

dielectric slab. In this microscopic picture we recovered 

all the properties of the first (Sommerfeld) precursor.

In this model we have the correct energy-work balance. The 

mocel allows one to calculate energy and momentum transfer. 

We believe that this model may serve for future investiga­

tions of transients in dieleccric medium.

Appendix A. General Into-jral bguation for electric field.

In this appendix we will derive the integral equation 

which describes the electric field under quite general 

conditions: part of the space is occupied by the bound 

charges taken as Lorentz cscillator3. We  will show that 

application of this integ:nl equation justifies the method 

employed in the ’"ain text. Alsc -je will get an estimation 

for thickness d when our treatment is applicable.

In what follows we will use the dipole approximation,
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but will not assume that we are only interested in the 

radiation (far) zone. Therefore the electric field 

created by a dipole is [2]

2 - - ->eik0R - -* - - 1 lk0 ik0R (A.l) E = k fn--p)xn ■ ■ +[3n(nvp)-p] ( - ^ ----f ) e  U .
° R R R2

Hence instead of equacion (9.^7) in the text we get
ik R 0 *

(A.2) E (L . u:) = E, (L , uo) 4n l*kt. --- (-'■>) ~ d 3rinc *- 0 R R

■> ' k i R^ m R . R  ,1 0. 0 3-
n- [ R (r ’P)-P1 3 " — 2~)e d rR R

where once again we took the density of the dipoles assumed 

to be constant outside the integrand. We use the same 

notation as in the text.

Introducing cylindrical coordinates and integrating

over the angle cp one gets after some calculations
ikrtR _

00 0 2
(A.3) E(L,-i;) = E (L,m)+n-r J* — < 2“^  ) P (z •'J>) 0 <̂ 0 ddx

( X )  0 R

2 1 iko lkoR4 nn ; ;(2-3^r) (— )e p ( z , pd0 ddx.
(x) 0 R R R

If the observation point L is inside dielectric we have

to exclude this point with its infinitesimally small

vicinity. In doing this we have to use the contribution in

the integral from this element. Following the idea of Ewald



and Oseen [15] we just have to introduce a term 
4 ̂- —  np(L,aO- So we can rewrite equation (A.3) in the form

{A.4) e n
 2 F ]E(L’u,)M  ( (JJq — oj )

2 e n

2 2 00

E.  + r.n e  a: . r r i tinc 2 2. * . *■ R (2--c— )E(x, t)D dpax

(A,4) is the integral equation vnich we wanted to obtain. 

Using equation (A.4) we have to keep in mind that an extra

observation point: L is inside the region occupied by the

dielectric. Equation (A.4) just obtained is a quite 

general integral equation for the electric field E{L,uj) 

when the assumptions about medium as an array of Lorentz 

oscillators have been m d e .  Equation (A.4) is exact 

within this model and the assumption that the incident 

electric field is homogeneous in the plane.

Now it is a simple matter to show chat the result 

obtained in the text is the result of solution of equation

in the left-hand-side appears only if the
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to specify the limit of integration in (A.4) in z from 

0 to d. Also we have to assume L > d. Because of the 

latter assumption we may neglect the second integral in 

(A.4). This can be shown explicitly if it is assumed 

kL »  1 as in the text and

ik R ik r  ik Roo 0 0 0
(A.5) -2— —  dR ^----  | + nj* e n . ..“ n n ' *■ „n+1

L-z R 1 q R L_Z 1 0

So our integral equation is reduced now to

2 2 doo lk0R 2
(A.6) E(L,tu) = E. (L,o.')+  ̂  ̂ I (2-^-r) E (X, u;) q dg dx.m e  , 2 R 2M{x 0- t )00 R

Now solving this equation by iteration we see that the 

first iteration immediately gives the result cited in the 

text
„ „ , ik R _2 2 d« o 2

(A.7) E (L, oj) R E (L.^-K ^ 6 rj ^ - (2-^)inC .. / 2 2 » R r,2) 00 R

E (x, u,)p d0 dx.

and after integration

2 2 i-%,
E (L , jj ) = E U.L) + nn e C E. (us)m e  2 2. incCM ( (JUq— U) )

The next iteration gives
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2 2 d°o lk0R 2

(A. 8) E (1, tu) = E. (L , u))+ ~ rP -S— —  (2-^-)
inc M r,2 2 ' 2 RJ0

A■rrne fjcdi „ c(Elnc(L,«) + — J—  Elnc e DdBdx
CM((Dq-(JU )

M( t 0- iu )C

2 2 2 3 2 ., ^ n {e ) w d i i(liL
+ 2 2 2 2 cc M (ujq- u; )

Then our result ( .27) is valid if

2 x2dnne d ,, or — ^  1.cMx0 cx0

Z1. 1 -10 -27Taking here n = 10   . e = 4 10 e.g.s. , M = 10 ,
14 'JmXq = 10 Hz we obtain as an estimation for d

Sd < 10 A.

So in an experiment people may use d ~ lOj^m. If one

to investigate the semiinfinite case not a slab 

(i.e. the Sommerfeld problem), then the integral equation to 

be solved is:



(A.9) E(L,.j))[l + 4 ^ ---- 1 2“ ] = Einc(LtU;)

154
2

M , - -, incM( idq-(u )
n  ry  n2 2 ooa> 0 2

+ T  2 ' 2 ~  ^ T -  (2-a5)E(x,a0od~dx
M ( (Dq-uu )c 00 R

2 cooo 2 ik ik R
+ -- = £ £ _  PI. (2-3^} <— -- ~ ) e  E(x. X)cd„dx.

M U q- uj ) 00 R R R

We -will not discuss the solution of this equation, because 

it is irrelevant to the problem in our main text.
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Appendix B.

Here we discuss the evaluation of an integral which 

appears in ( .26). Consider:
-iuj (t-” )

T ■ 00 xE, (i')e
(B.l)  •

*0 -  ■

Here we will discuss the general case, including damping.

We will write (B.l) in the following form:
- ia- (t-^)

00 iE, (<jj)e ,. L . i n  m e(B , 2 ) F (t ) - —  ; — ----— -----   .
U — 'JO

Substituting E. {l ) from equation ( .8) we obtain: inc

F (t-^) = F (t—-) + F {t—“ )c 1 c 2 c

where
(I) o ~ irn (t-~)

(B . 3 ) F (t-— ) = -^ " ----- ^ -------------
1 c ' 2 tt ‘ / 2 2 w  - W  >(a; -oujjMa) a>+ M uj-tu- ;— OJ

N~c ■ r , 2  r, 2. 1/2 „ . . ^where w = ----, -j, = -i- + ( jj - (-) ) F is ]ust likeN a + 2 — 0 2
F, only with (t-— ) replaced by (t-— ). The integrand 1 c J ' c c
in (B.3) has poles along the real axis when u> = and

poles in the lower half-plane of the complex The

contour of Figure B. 1 in the upper half-plane should be 

used when both t - — and t - are negative. Carrying
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out the integration, we get

(B.4) F, = ^ R e   s-------------------1 2c . .N̂ ra . . .Nra. .

, Ntia < < 4 - » o ' COS Sin V ^ c ’1
,B-5) 2 = -“ Re 1 1-------

( tuJN- (t q - tf )2 ) 2 ] + (^)2 ) ( U N+ (.q- <f) 2 >2+ <f> 2 )

If both t - — and t - " +~a are positive then the contour c c
in the lower half-plane should be used and the result is

„ 2 Re u e c c
(B.6, F l ( t - i )  = - f  [---------------- J-----  ♦ Re ^  ' 1

(.*-£> V
yj T, + nThe same expression with t - — reoiaceo by t - —— - civesc ' c

F, (t--) .2 c
When t < — F is the sum of: (F1 (t-“ < 0) + F„ {t-— -̂ <.'0) }c 1 c 2 c

which is just the sum (B.4) and (b.5). Therefore F = 0 for

t < —  and no radiation wave reaches l before t = — . For c c
the time interval L ct L+a we have:

(B. 7) F = F 1 (t-^>0) + F2 ( t - ^  < 0).

Combining we obtain equation ( .29) in the text (we also 

pur r = 0 there),



Figure captions

Fig. 1.1 Peierls distortion in a one-dimensional electron 
gas. (a) Undistorted lattice, {b) distorted lattice 
with a gap in the single particle excitation spectrum.

Fig. 1.2. Schematic explanation of nesting of the Fermi 
surface^ Two Fermi surfaces are drawn staggered by a 
vector Q in momentum space forming parallel partrons.

Fig. 1.3. Raman spectrum with a sample immersed in super­
fluid helium and in the presence of a magnetic field.
The resolution was 3 cm- 1 . The curves represent a 
five-point smoothed computer plot through the original 
data points. From Sooryakumar 7 Kle’n, Phys,
Rev. Lett. 45, 660 (1960).

Fig. 2.1. The two processes leading to the formation of a 
phonon-quasiparticle-pair bound state.

Fig, 2.2. The phonon spectral density for the coupled 
modes. In these examples the coupling constant is 

= .12 Rijl'q and the value of the superconducting 
energy gap is indicated. The spectral weights of the 
bound state and the continuum are shown. From C. 
Dalseiro, L.M. Falicov. phys. Rev. Lett. 45, d,
662 (1980).

Fig. 2.3. A schematic drawing of the Fermi surface of
2H-NbSe2 and IT-TaS2 in the k 2 = 0 plane including the 
Bragg plane AB induced by a lattice distortion in the 
CDW state. The inset shows how the Fermi surface 
changes from the normal state (full line) into the 
CDW state (dashed line) and with further perturbation 
of the CDW-AM (dotted line).

Fig. 3.1. Calculated Fermi surface of (a) lT-TaS2 and
(b) 2H-NbSe2 (Matheiss 1973). Figures taken from wilson 
et al (1975\

Fig. 6.1. Schematic of a typical experiment in a Picosecond 
laboratory. The incident finite pulse is analysed after 
it passed through a dielectric slab of thickness d.



Fig. 8.1. Figure shows the situation when finite pulse 
with N = 5 (defined in equation 8,1) at time t = 0 
is incident on a dielectric slab of thickness d.

Fig. 8.2. Standard cylindrical system of co-ordinates 
used in the evaluation of integrals.

Fig. B.l. Contours in the complex x-plane used in 
evaluation of integrals.



160

,~P I f }

o o o o o o o
G

K
melQ!

(f )

O O o o O O o o .
2o "atcms

«(K)

K0K

Fig. 1.1



161

to
I

t M

ty
II

Ku

to

u.

fig . 1 .2



o

O -

ytO

cr> o

R
A

M
A

N
 

S
H

IFT 
(c

m
*1)

EH
8‘£

I

I N T E N S I T Y  ( A R B I T R A R Y  U N I T S )  
— rJ o* X* tni i r i r

N  O

t

O'-SJ



Q =»0

-k

q =0

F iq. 2.1

2 A = 0

0926

0 05 1.0 1.5bl/uo

Fig. 2.2



164

A

/

M

Fig. 2.3



16 ̂

a 1TTl̂

Ta : - '-

2M-7oS; uppt r  s>an£

Fig. 3.1



CONDENSED
MEDIUM

X , •  , .
/ * * *  , f

INPUT • *

PICOSECOND /
FEMTOSECOND

PULSE

A
4

WHITE
OUTPUT
PULSE

GRATING

166



PULSE t=0\

/ / /

/ ' /  /  /

OBSERVATION POINT
/

X
—  L

d — *

1
6

7



168

X

Fig . 8.2



169

ImOJ

+  C U
ReOJ

ImOJ

+ C U
ReOJ

Fig. B. 1



VOLLME 55, NL MIU K 18 P H Y S I C A L  REVIEW L E T T E R S 28 Octoiii r 1985

G in ib u rg -L a n d a u -G o r’ kov E quations, C u rre n ts , and E lec tro m ag n etic  Properties  
o f C o ex is tin g  C h a rg e -D e n s ity -W a v e  Superconductors

J M a lin s k y . 7.. B. S u , '* 1 K  A ry a , and Joseph L. B irm an  
P h y n c i D rp a r tm tn t ,  C n y  C o tle ttr  o f  C ity  U n if r m r y  o f  N tw  t ' p r i ,  N rw  y o r l t .  , \ f w  Y o rk  IO O J 1

(R ece ive d  I  A p n l I9 IS I

G m zbu /g -L an dau -G o rkov  equation] and the expression for the current for coexisting 
superconduciiviiy-charae-densily-wave 1CDW) ty m m t  near the superconducting Iran iilio n  tem ­
perature have been derived from microscopic theory Two canicular features are discussed an ad­
ditional current due to the sliding CDW, and the C DW -m duced anisotropy, which lead to interest- 
m» physical consequences including the Meissner effect with a contribution from both currents 
Measurements of C D W . induced anisotropy can be used to probe the microscopic mechanism of 
coexistence

P A L ’ S n u m lv t i i  74 70 F’ | ,  Tt 4 S ( jm .  77 I t  Np

C o exis ten ce  o f supercondu ctiv ity  IS C ) and charge- 
density waves IC D W I  m 2 / /-N b S e j was established in 
R am an scattering exp erim en ts  by S oo ryakum ar and  
K le in  1 A t  present few  properties  o f  the coexisting  
S C -C D W  system are kn o w n . T h is  L e tte r  reports the  
re s u l ts  o f  a m icroscopically  d e n s e d  calculation o f  the  
m acroscopic c u rre n t in th e  S C -C D W  system , and o f  
the G m z b u rg -L a n d a u -G o r ’k o v  ( G L G )  equatio n  for 
ihe order pa ram e te r, and som e no ve l e xp erim en ta l 
predictions o f  the e lec tro m ag n etic  properties o f  Ihe  
coexistng system . W e  e m p h a s n e  on e  im p o rta n t  
fe a t u re  o f  our w ork  T h e  coup ling param eters  in ihe

m acroscopic equations are ob tained  fro m  the m ic ro ­
scopic th e o ry ; no param eters  are inserted By hand  
T h e  predicted e xp e rim e n ts  w ill also enab le  a test to  be 
m ade o f  the c o m m o n ly  used m icroscopic m odel that 
we used in this w ork.

W e  start fro m  a m icroscopic system  w ith  c lec tro n - 
ph ono n , and separated B C S , local in teractions  Be­
cause th e  c u rren t now  depends on  lim e  d e riv a tiv es  o f  
the o rder p aram eter in a dd ition  to spatial d e riva tives , 
w e use a c io sed -n m e-p a th  G re e n ’s -fu n c tio n  fo rm a l­
is m .1 T h e  g enera ting  fun ctio n a l o f  the  coex is ten t sys­
te m  is

Z\J,h | - e x p f  -  ih,h,/2g )e x p (  i » E ( / / t  ] ) ,

exp J  [rfVHdVlUi/lldxlexpiM (Q)u - yfX,*, + 'V'G/l'V +Jtu> +  M .  11-
G4 1 ( jt t ; — lr 3/drt — n/2m)i^iV|-/>jQ/2-rjfA(X|)/tl|Jr3+M^*

+ Gu,(x, I p ,  r ,/v 2 + if X, (* | ) r  ,/v/2|6- * 1 (x, -  jtj).

(I)

(2)
It  generates the SC order param eter VI \ I -  I v , — . y ; l / v  2 -  (tp  , (x 1 +  , U  ) )  as w ell as the optical part o f the  
p honon h e ld  u ( r  ) — v /2 |u ,  c o s (Q  x ) -  try sint Q  *  H  w hen ZlJ.h] is varied  w ith  respect to M a r )  and J,ix). 
respective ly . In  Eqs ( I )  and  ( 2 ) ,  iM ; r  > - ( 4 - , < * ) > ’ < *  ) , * , ( *  L * ' ,  ( *  ) )  are d e fin e d  fro m  the elect ron wave  
fu n c tio n  as

*R.(x) - i . f x J e x p f i o Q  x/2> + i,(x J exp l - i aQ x,'2).
w h ere  the spin index  <r — + I deno tes  spin up and 
d o w n , respective ly . p | ,  p t, and p j  are P auli m atrices 
on the C D W  e lec tro n  branch subspace, and r ,,  r , ,  and 
ry are th e  Pauli m atrices on  the N a m b u  spin subspace; 
t.j ru n  ov e r 1 ,2 . d u m m y  indices are sum m ed  over 
A lso  Q /2  -  k F is para lle l to  the nesting d irec tio n  o f  the  
q u as i-o n e -d im e n s io n a l C D W ,  and  is not co m m en su ­
rate  w tih  the la ttice  spacing. H ere  w e assum e that the  
an o m alo u s  S C  pa irin g  & q  is te ro .M

A fte r  in teg ra tio n  o f  th e  fe rm io n  variab le  in  ( I ) ,  the  
only  e ffe c tiv e  dynam ica l variab les  are the SC order 
p a ram e te r X ( j r )  and  the C D W  order p aram eter u _ U ) .
T h e n  gauge in variance  takes th e  fo rm  that IE  or 
Z\J.h\ is in va ria n t un der A (  t r ) —■ A f x  ) +  57 A (x ) ,

k f x j  —  e x p l 12e A ( X )/r )x  ( x ) and u(x) kep i in v a r i­
an t. M a k in g  a standard Legend re  tra n s fo rm a tio n , we 
in tro duce

r t x . u l - H'\J,u\-Jlul-h,Xl. U>

Then, the general equations Tor the order parameters 
of the coexisting system are

|6r[*,u )/#*,(* )lu . (*»
|»r | x.ul/Bu, .-0. (S)

T h e  e lec tric  cu rren t density j ( y )  has the fo llo w in g
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general fo rm :

j U ) - c [ S r U . t i ) / 8 A U ) l , 4 _,_. (6)
w h ere  1 1 m e a n * the tw o  lim e  branches in the  closed- 
t im e -p a th  G r e e n ’s -fu n c tio n  language.1 E quations  
( 4 ) - ( 6 )  are the starting p o in t*  o f  the theory T h e  first 
tw o  eq u a tio n * w ill give rise to a G L G  type theory ; the  
th ird  equa tio n  lead* to the expression fo r c u rre n t*  in  
th e  S C -C D W  system  

W e  now  assum e that the physical o rtle r param eter  
van es  slow ly in space and lim e , an il also ih a t A t  t ) 
has o n ly  a sm all variation  over a SC' coherence length  
Because o f  gauge invariance we proceed as follow s A t  
firs t neglect th e  vector po ten tia l A i r )  and expand  
Eq*. ( 4 ) - ( 6 )  w ith  respect to (he fu n ctio n a l a rg u m en t*  
re fe rrin g  to (he  spatial and te m p o ra l m hom og cn en y  
O M  3 !/3 x  ap >, then fin a lly  use gauge invariance  to  
recover us c o n tr ib u tio n  A ll  o f  the coeffic ients  o f the J

f “ “ t>

2
tanhlf-j(p)'2Tl

£,(p) -0.

d e riv a tiv e s  can he expressed th ro u g h  Ih e  e lec tron ic  
G re e n 's  fu n c tio n  for the ho m o geneous system  which  
is easy to calcu late  in the m e a n -fie ld  ap p ro x im atio n  
A ll  o f  the in fo rm a tio n  f ro m  the m icroscopic m odel is 
in v o lv e d  in  these co e ffic ie n ts .

H e re , fo llo w in g  the q u as i-o n e -d im e n s io n a l a p p ro x i­
m a tio n ,1 we d iv id e  the F e rm i surface in to  tw o regions. 
In  reg ion 1. the F e rm i surface is nested w ith  wave v ec ­
to r Q , and Ihe  energy bands have a p p ro x im a te ly  
p a rlic le -h o le  s ym m etry  near the F e rm i surface, so that 
the band energ ies 1 i.is fy  the w e ll-k n o w n  rela tion  
* , (  p )  -  (< I p +  Q / 2 )  +  f ( p -  Q /2  > 1/2 =  0  In  reg ion I I  
we neglect the C D W  coup lin g  and use in vers ion  s ym ­
m etry .

In  the v ic in ity  o f the SC  transition  te m p era tu re  rr, 
which is assum ed to be m u c h  h w e - than the IV ic r ls  
tran sition  tem p era tu re  Tf, we m ay t -e re  the m odu lus  
o f  th e  C D W  order param eter as a h> m ngcneous (c o n ­
stant) q u an tity . T h e  equatio n  fo r the C D W  m odu lus  is

(2)

w here  F , ip) —  | t 1( p )  +  | l F j I +  | A | : ] l/J . W e kcert the SC  o rder p aram eter a * a sm all q u an tity  and now  m ake a fu r ­
ther expansion w ith  respect to  A ( x ) — j f J t ( x ) .  U sing Eq. (7 )  and the a p p ro x im a tio n  that the phase d e v ia tio n  is 
also i sm all q u a n tity , a fte r  leng thy calculation (deta ils  w ill be g iven e ls e w h e re ), we d e r iv e  the expression for the  
current in the C D W .S C  system , and G L G  eq u a tio n * lo r  ihe  SC o rder param eter. These are

A, ( x ) V A ( x ) - V A * ( x ) A ( x ) - ^ A ( x ) | A ( x ) | J| - i - 4 ^ | W ( x ) | 1n ' 0’ ( T ) - ^ - ,  (8)
|  he 1 2  m  hi

n  i j j  .
4 '

V - - ^ - A ( x )
nr

A ( jr t ■ <rr̂  Difif'iii., ) + -̂— |_-[nill{r)+ni")(r>]|A!r)|iA(i >. 19)

w h ere  we have d e fin ed  the inverse e ffec tive -m ass  lensD r. / /  by 

l in i ," ( r )  + eetnil,( DA,4r_- T‘Ql
4 m ) Y , ( 0 )  

and

n io i /  t-x r „  ,  , , l a n h l£ , ( p ) / 2 r ln* (D-JAi(0)d((p)---— — ---’ tl0)
t(̂ >-l + -̂ r̂ j/«i<°><f*t/')sechJll.!(p) + tlf|M,'V:r,t. (ID

r>- - ^ |  -MrifXm), „„
in  w h ich  Eip) is equal to  £ „ ( /> )  Tor n j " ( r )  but w ith  W - 0  fo r  n i " ’ m .  N,(0> and  A f , ( 0 )  are th e  dens ity  o f  
states corresponding  to regions I and  I I .  I f  nesting takes place a lon g  one f ix e d  d ire c tio n , th e n  reg io n  1 w ill occupy a 
sm all angular reg ion  m the  B rillo u in  ro n e . W e  m ay then  a p p ro x im ate  th e  tensor averaged o v e r the re g io n - II F e rm i 
surface: (pp)»/pl *= ( l - / e e ) .  H e re  we have in tro duced  a m icroscopic p a r a m e t e r / t o  describe the  anisotropy o f  
the  F e rm i surface , w ith  0  <  /  <  I .

T h e  firs t te rm  in  Eq. ( 8 )  i t  juat th e  G in tb u rg -L a n d a u  c u rre n t fo r  the superconducto r in c lu d in g  an an isotrop ic
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co e ffic ie n t due to  the  coexisting C D W . T h e  second 
te rm  is p ro p o rtio n a l to the lim e  d e riv a tiv e  o f  the phase  
o f ihe C D W  order param eter. W e in te rp re t that te rm  
as the c o n tr ib u tio n  from  (he s lid ing  G o lds tone  
m o d e .*" ' I f  the S C  current is absent, th e  second term  
corresponds to a pure C D W  system  T o  our  
know ledge ■hi* is Ih e  first de riv a tio n  fro m  m icroscopic  
theory  o f  the  expression fo r the cu rren t due to ihe  
s lid ing C D W , expressed in te rm s o f  m icroscopic q u a n ­
tities  W e  can rew rite  it as

j (  Jf )  -  r v f V | ( 0 ) t | (  T)X d $ /8 r . ■ 11)
w h ere  n (  T) is a te m p era tu re -dependent coeffic ien t 
w ith  ?)■ T  — 01 — 1 and could be id e n tifie d  easily Iro m  
Eqs. ( ! )  a n d  (1 0 )  I f  we in terpre t the density o f states 
as A | ( 0 )  -  |V /« F w ith  N  being the density o f Ih e  e le c ­
trons  and « f  >he E e rm i energy Eq 0 3 '  has just the 
sam e fo rm  as L e e  and  R ice’s ph enom enolog ica l res u lt' 
up to a le m p e ra lu re -d e p e n d e ri correction  factor -ry ( 7"!.

In  our a p p ro x im a tio n , the U L G  equation fo r the SC  
(in ter param eter decouples fro m  the phase part o f  the  
C D W  o rd e r p a ram e te r! (he ta lle r w ill propagate in ­
dependently  T h is  decoupling appears to  be due to  a 
particular le a tu re  o f  the m icroscopic m o d e l, i.e .. the  
division  o f  ih e  E’e rm i surface in to  two regions. C o m ­
paring o u r Eqs (8 )  and (9 )  and those Tor an ord inary  
superconducto r one sees tw o im p o rta n t differences: 
an add ition al persistent cu rren t due to ihe sliding  
C D W . and a C D W .in d u c e d  anisotropy

N o w  consider a sim ple g eom etry  T a k e  the nesting  
direc tion  Q  in  the y d irection  and the m agnetic  fie ld  in  
Ih e  y-z plane and assume that A ( r )  and A ( x >  are  
fun ctions  o f  x o n ly , then

10. - d ^ U G / d * .  bA,(x)lbx\.

A t  the sam e t im e , assume that 9 * / 3 r - c o n s t .  w h ich  is 
c erta in ly  cons is tent w ith  the equatio n  fo r the phase 
part o f  the  C D W  order param eter. T h e n  we have a 
static m agnetic  s itua tio n  A t firs t we consider Ih e  s im ­
plest case w h en  th e  tem p erature  is s u ffic ie n tly  low  so 
that the m o d u lu s  o f  the SC  o rder param eter is also 
fro zen . T h e n  o n ly  M a x w e ll's  equatio ns  need to  be 
taken in to  cons id era tion . I f  8  is para lle l to the nesting  
d ire c tio n , th e  p ene tra tion  depth  is d e te rm in e d  by

n,"(r] [ii."'ll,( r ] - o 3|AlIriillo(r>/2mi which is 
the dens ity  o f  pa irin g  e lec tro ns  c o n tr ib u te d  by region
II .  T h is  is essentially  th e  ord inary  M eissner e ffec t. I f  
the m agnetic  fie ld  B  is perpend icu la r to the nesting  
d ire c tio n , there  w ill s till be the M e issn er e ffec t but 
w ith  d iffe re n t p en e tra tio n  d e p th  w h ich  is de te rm in ed  
by n,’ 1’ ! T ]  +  (1  - / ) n , liJM T ] ,  w h ere  n ,l i , ( r i  has the 
physical m ean ing  o f  the  density o f  C o o p er pairs in ihe 
nesting d irec tio n . As a result o f  Ihe  Peierls m ec h a n ­
ism il is d iff ic u lt  to  pair e lectrons dong th e  ncvtn  
d irec tio n

F u u h e rm o re . a lest o f  w hether m ere  is d irec t c o u ­
pling betw een phases o f  -C and C D W  order param e­
ters is the existence o f  a M eissner e ffec t in perpendic ­
ular geom etry  Th is  w ould  indicate Ih e  existence ul a 
bu lk  pairing supercurrcn l w h ich cancels the sliding  
C D W  cu rrc n l. A d d itio n a lly , a ic m p e ram re -U e p e n d e n l 
m easu rem en t or the two p ene tration  deplhs (paralle l 
and perpend icu lar geom elryJ i in g ive in fo rm a tio n  on  
n,( l M r )  and nt‘ l l , [ r ] ,  since is presum ably insensi­
tive  to tem p era tu re .

N o w  fix  A ( x )  paralle l to  ihe  y axis and treat the  
m agnetic  fie ld  and the SC  o rder p aram e ie r cons is ten t­
ly . A ss u m in g  lh a l /  =  0  the  coup led  G L G  equation  
and s ia lic  M a x w e ll equatio n  can be w ritte n  as I chows

- -K En̂ xjiiifx) 
k dx‘

~ di(x) — lilrtoc) |3ili(x ). (14)
d laix)
dx1 I g i U i r a f x )  +  7 - 0 , ( IS )

w h ere  x  is a d im ension less coord inate  scaled by the  
p enctra i n depth  i L w ith  -  m c , iJ /4 T ri'I Q , w lidc  the  
dim ensio n less  S C  o rder p aram eter is

and

a (x  ) -
2rnc

1 + nl"( n i»
A ( x ) .

J
j. * g l ^ l V n ,fl>[ n |. , O n  J (n|l + nr<n

!/* ,
5/ 1

wilhi>-Mi>rC(K')*]<0)/nAl,< n |< r -  (t’ - p ’-nV/Irrf’* 1.
In  Ih is g e o m e try  the general tensoria l G L G  equation  du e  to C D W -in d u c e d  an isotropy s im p lifie s  to  a scalar e q u a ­

tio n  in  d im ens io n less  variables, w ith  the s lid ing C D W  as a d istingu ish in g  featu re . A  d im ension less  free  energy.

(lb)

w ilt give Eqs. (1 4 ) and (13).
Fo r the  ho m o g e n e o u s  case, taking *  to  be rea l, the re  exists a critica l C D W  cu rren t 7 [ ( -  yV. w h ile  ih e  c o rre ­

sponding critica l va lue  o f the SC  order param eter is d*3, — \ Because the supercondu cting  state rem ains one o f
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perfect dum agnetism , an induced Cooper-pair current 
must cancel the extra C D W  sliding current. Hence the 
m axim um  C D W  current corresponds to the m inim um  
value o f the order parameter. H  we take the critical 
magnetic field as I0 J C  and the penetration depth as 
10 4 cm . we estimate the critical C D W  current to be 
10* A /c m 1. For J < two solutions are possible A 
Stability analysis o f  the solutions based on the free e n ­
ergy lorbids the solution with the smaller value Df jy 
and only a single solution with ihe larger .6 is suhle 
How ever. Ihe free energy at the critical pomi j fur 
ijic, — ( y l 1̂ 1) is smaller than Ihe free energy tor Cr -  <( 
i.e ., F t , 7 . l i  would be interesting if Ihe un­
stable solution could be observed as a meiastable sialu 

Now  take a sem i-in fim ie sample at (  ^ 0 .  m the 
presence o f a dimensionless external magnetic field /t0-//„U + li;"( n/n;in( rll111/̂!/,,, where //., 
— m iAn/p 11 W e shall solve both Eqs. (14) and (15)

consistently Because o f the smallness o f Jcl, we solve 
them  using a perturbation expansion. Assum ing that j  

is o f the same order as h0 we find a new interesting  
term  proportional to I f  change the magnetic
field from  positive to negative, then the corresponding 
change in will be

Aifi ■ 2 c/2//in
<2AJ- I) ke ' -------- e■d 2 (171

J

Because o r the specific nesting direclion o f  Ihe u i e v  
isting C D W ,  the S C - C D W  system shuws a l l  the p r o p ­

erties ol a C D W -m d uccd  anisotropic superconductor 
In  term s of . (i some of the im portant consequences o f  

I h e  anisotropy ore as follows: (i) The rant) o f  ie
upper critical fields is ( H,, ) . , / ( H r ; ) , -  ( rrj . ini . I 
where parallel and perpendicular are with respect to  

the resting direction, (il) The angular dependence ol 
(he upper critical field is

Hcla S lE V r* ( COSJ4^ c o $ * 0 s in * £  ( A in J0 f c o 5 J(*  +  1 )
-  1/2

m  m  || r f t  pi m  l

( i n )  The diamagnetic susceptibility just above T, is

x________ '2l±_______
* “  24 ir«c1< a m i ) , ' , ( r -  Tt)m  

(iv ) The magnetic m om ent o f a thin foil o f area A  is

AT —
I2 u m 1c 1v /o ( T ~ T t)

where H  is the applied magnetic Held.
M easurem ent o f these quantities can enable Ihe 

C D W -induced anisotropic coupling to be determined
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