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We oxamine the theoretical predictions rade for various
obmervables (and particularly, the average multiolici+y and
intorrated correlation functions) by ceveral models of hich
enoray hadron-hadron interactions in Part 1,

In Part II, we concontrate on a gpecific modcl for the

nurnose of FittinT the e2xperimental data., Exporimental re-

< s ; . . ch
anlts indicate that the two<body correclation function (f? )

iz pogitive at lakoratory momenta awove about 50 GeV/e, To

obtain nositive £,, we examine multiperipheral models mod-

e

ne, with

ified to include morc than one Aifferent vertex tv

more than one particle emitted at come vortices. We will
chow that in such models, £y = czln(s) + conctart at hish

ve, s being the square of the

P.

encercy, and ¢, can be posit

V]

center of mass encrcy of the incident particles. Turther-

more, (n) , the averaze multiplicity, and all correlation

functions £, co as Cilh(S) at hizh 9. A< a result, the mod-
[

L%

el featurcs a speecial form of Koha=Nielgen-Olecen (KNO)



scaling.,

We have made a numerical analysis of the model for
clusters of up to eight particles emitted at the vertices,
and we have calculated the average multiplicity, the Mueller
two-body correlation function, and the Mueller three-body
correlation function., We obtain a favorable, though crude,

fit to the experimental data.
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Correlation functions are oxpﬁri-ontally observabie
quantities for which we can obtain predictions from many
high energy models. These functions can thus be used to
distinguish between the validity of such models, and focus
our attention on a successful class of models. In the
present endeavor, we will restrict ourselves primarilly
to the average multiplicity and the Mueller two-body and
three-body integrated correlation functions, although some
discussion of other observabdbles will be found in Appendix A,

Before moving on to the model of our greatest interest
(the experimental and theoretical background for which may be
found in Ref. 1-5), we will present a survey of various mod-
els for hadron-hadron collisions, discussing the general
characteristics of théir predictions for various observables.,
Because of the immense quantity and variety of high energy
models currently under scruting by the physics community, any
survey must be subject to a sizeable set of constraints., It
is our intent in this survey to present a reasonable cross
section of models which Rave been exciting people in recent
years, particularly those models which are in some way relat-
ed to the model to be discussed in detail in Part.II, either
by contrast or by similarity.

Thus, we now present some of the results pertaining to
the average multiplicity and the correlation functions of
several models in order to emphasize the areas where there is
consistency with the experimental data, and also those areas
where there are defects in the models. MNany of the calcula-
tions leading to these results are discussed in considerable
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detail in Appendix A,

In the diffractive fragmentatiorn model, an impact
rparameter representation is used to treat the target and
prejectile as spatially extended objects which "go through”
each otwer with attenuatien.b-11 7o obtain the average
multiplicity and the cerrelatien functiems, it is necessary
te assume a definite form for the excitation spectrum ef the
target and the projectile, as well as other assumptions. Per
Biample, Jacod and Slansky make use of Mueller's andiypiids of
inclusive precesses in edtaining (n) ~-1n(s) and alse
£, ~ (V')2"1, as shewn in Table 1. We will see that many
models, including eur ewn multiperipheral cluster medel,
previde that () ~ In(s). The result (Vo )21 ig
mere unusual. For more details, see Appendix A, Sectiens 1
and 5, and Pigure 1. |

The statistical thermedynamic bdeotstrap model rests on
the assumption that the various multiparticle preducstion pos-
sibilities are governed only by their statistical weights
(See Ref. 12,13,14), Every particle is treated as a "fire-
ball”, and each fireball is a statistical equilibrium of all
kinds of fireballs. Each cemstituent fireball 1i itself such
a statistical equilibrium, thus previding the boetstrap
principle of the model. A particle observed te de a protenm,
for example, is a cpoc:lﬁ.c» state realised by this statistical
equilidrium. A mass spectrum is defined to match the experi-
montally observed particles and resomances up te the lhhn_
of current experiments, and a partition fumctienm is ealoulpt-
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ed. A funetional expression for the mass spectrum can be
inferred frem the bootstrap assumption, and a "temperature”
can be defined. The mass spectrum is:

=3
Fim)~> an 2 exp(}) (1.1)
o

where "a" and "T," are constants. It is observed that there
is an upper limit to the temperature (To) such that any
onsrgy added to the system when it has reached this limit
(i.e., when the temperature T is at To) is used for particle
creation. Near this limit, the transverse momentum distrid-
ution is of the Boltimann type:

S
wp) R opexpiopt) (1.2)

where "¢” is a constant. Finally, the average multiplicity
goes as 1n(s), am in the previous medel, but the statistical
independence eof the events leads to a Polssen distributien,
where fz-O. This resuli contradicts experimental data for
pp-scattering above laboratory momenta of about 50 GeV/c,
wvhewe £, 0. For the derivations of many ef these results,
see Appendix: A, Section 2.

!ho Chew-Pignotti multiperipheral bootstrap model con-
sists of the simple AFS model, with the resonant amplitudes
governed by Regge thtory.15'16'17 An assumption is made
regarding the momentum transfer dependence of these ampli-
tudes (See (A.39)). If all side particles of the chain are



15

meson trajectorims, the results (n) ~ ln(s) and £,=0 are
again ebtained. MNore details may be found in Appendix A,
Section 3, and Figures 2-5.

Caneschi and Schwimmer show that the addition of ab-
sorptien te the multiperipheral bootstrap model improves the
self-consistency of the model (and satisfies the Froissart
bownd), and prevides a rather interesting two-body correla-
tion function.17"2! ey find (n)~1n(s) and fz~(1n-)z.
Indeed, they shew that the leading term of f is (1ns)™, |
This behavior may be suggested by regent experimental data.
(See Ref. 1 and 5). These results are found in Appendix A,
Section &.

Mueller has developed a technique for dealing with
inclusife processes by generalising the eptical theorem to

22,23,24 The one-particle inclusive

three-body reactions.
distribution /:Bc equals the profiict of (1/s) and the imag-
inary part of the forward three-body elastic amplitmde for
AGB-ATS. The Mueller treatment features scaling, limiting
fragmentation, and the exidtence of a central plateau in the
single particle distribution function vs. rapidity (See

Figure 6). PFimally, the result

<{nd> 75 2 1a(s), (1.3)
(where "2 " here means "rises no dlewer than®)

which arises from the Mueller analysis and the assumption

o (t)= 1, indicates that if O, imcmenmséant at high eners: -
gles, then <{n>21m(s). If O increases no slower than
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In(s), this behavier of {n)> is still pessible, but i is not
necessary. Furkher details are contained in Appendix A, Sec-
tion 5, and Pigures 6-11. |

The above results are summarised in Tabdle 1, which, for
completeness, &lso includes results of the simple AFS model,
and those of our cluster model of Part II.

Having esi&blished a baskground fer our investigation of
high energy hadron-hadren interactions in the form of this
series of medels, we will proceed to examine a model which we
believe to be a promising ome. The motivation for éhis
cheice follews.

Data avalilable at the present time
multi-particle production seems to favor two amin character-
istics. First, the increase in multiplicity with s is slows

prodvadly

1 for high energy

én? ~1n(s),
where {n) is the mean number of particles produced ataa
center of mass energy whese square & s.

Secondly, the distribution of transverse mementa of the
produced particle is beunded by ajout 350 MeV/c and is rath-
or insensitive to s. These characteristics are whll de-
scribed by multiperipheral-type -odolcz.

More recent analyses of the data along lines suggested
by Mueller’ have shewn that the two-body integrated correla-
tion functien, f, = (n(n=1)> - {n) 2, is pesitive at
200 GeV/c lab momentum, while the simple multbperipheral

wmodel leads te fz sero or negative.



17

We are thus led to choose & multiperipheral medel which
weuld retain the first twe characteristice:=regarding multi-
plicity and trmviru nonentum, but one which is medified to
provide positive rz at high energies. To devise such a med-
el, we consider a multiperipheral medel in which clutora“ of
1,2,...,M particles are preduced in arvitrary number amd ar-
bitrary order along the multiperipheral chain. We will show
that we can obtain an integral equation for the forward ab-
sorptive amplitude fer this model which is identical to the
Amati-Fubini-Stanghellini (AFS) equation, where the resemant
anplitude is replaced by the sum of the m-particle cluster
resonant amplitudes., We derive this equation by following
the procedure sét up by AFS for the original model, and we
perform the first iteratien of the equation. Frem this first
iteration, we cidlculate the eigenvalue equation relating the
coupling constants te eme another. We will proceed to
arrive at expressions for the average multiplicity and the
correlation functiens.

We will then display the results of numerical calcula-
tions of the mmltiplicity and cerrelation functions, demon-
strating that £, can be made positive by including the new
vertices. We observe that this is net possible using a
f-dominance model in which only pf-type clusters, ef any
mass, are preduced aleng the multiperipheral chain (See
Appendix D).

Since the integral equatien which we obtain is essen-
tially that of the eriginal AFS model, the AFS cenclusions
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concerning the asymptotic form of the solution, the mmlti-
plicity dependence on energy, leading particle effect, ete.,
are shown to hold immediately for our model of an arbitrary
number, type and order of clusters.
In particular, we mote that since
£, 3o o,ln(s),
we have '

2;%.1"6(3&7) .

which exhibits a special form of Koba-Nielsen-Olesen (KNO)
lcaling,5 a point which we will retura to at a later tiims:
in this study.



PART II
A MULTIPERIPHERAL CLUSTER MODEL



1. THE INTEGRAL EQUATION AND THE FIRST ITERATION

As explained in the Introduction, we will follow the
nrocedure of Amati, Tubini and Stanghellini in their analysis
of the simple multiperinheral mode].2 and adapt the model *to
include clusters of different multiplicities. Thus, our
model also consists exclusively of identical scalar particles.

Consider the invariant amplitude corresponding to the

inelastic diasram of Fisure 12a):

T(pp',so...sN_l.ml...mN)
1'1R - 11R "' e
J-ml ( -Dql y UO) v e ]mN(qN_1 SR YN )
- 2, : 5 2 (2.1)
ql - /‘ e QN_l - /‘

whero Ti(qq',s.) ig the invariant amplitude for particles of

i
momenta q, -q'., interactins to form a eluster of type m, /l
i the particlc mass, ms denotecs the tyve of vertex present
. . . . _ 2 . _

in each link j of the chain, S5 = (qj+1—qj) with q_=-p and
qN=p', and where N ig the total number of clusterc in the

diacram., The cross section corresypordine to Ficure 12a) is
Pl - - -

thusg:
b by
d q .Cld q"’
1 1 N-1
r(S,m u-am]\y) = _]; * e 0 l -
1 N Az(s,pz‘p,z) (8.”.;)1\1 1
1. 2 2 - m‘ 2  2ya=R
x A (uquo .ql )a-lil(co)--' 4 ’qN_l 9QN )rmN(sN—l)

2 2)2

(q, -/A

2 2)2

o (ay_y -,4
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wherc ls is the well known triangle function,

2

Ala,b,c) = 2% + b2 + ¢% - 2ab - 2ac - 2be,

where d'ﬁ (sj-l) is the cross section for the production of a
J

cluster of type mj and center of mass encrgy Usj_', and

o= (p+p')2. Ne now apply the optical theorem to each link

of the chain and to the chain as a whole:

e (s 2 4.2 = AR (s
A(‘Jj_lvq_j_l lqj )r[;:‘(nj_l) - A.m (;,. )

. -1
s J

1 2 _,2
N, oo %) e(c,m ...my) = A(pp', ml...mw).

1

We thus obtain an exprecssion for the absorvntive part of the

elastic diagram (Figurc 13):

R R
I L s
d !q10 .o d "qI\I‘l Aml(uo) ” e 'AmPI(S!\!_l)
A-(pp',ml...mN) = LI l')I\I-—l

! 2 2,2 2 2,2
P - -
(e () %= p) 70 (g “p)
(2.2)
where Ag (Sj-l) represents the absorptive part of the elastic
J

diagram of Figure 14, Note that A(pp'.ml...mN) corresponds
to a varticular ordering of vertices along the multiperipher-
al chain.

It is useful to notc herc two distinctions in notation

2 treatment.

between our treatment and the original AFS
Firstly, we are using the particle multiplicities rather than
the number of clusters to index our amplitudes, since our

theory features clusters of differing cluster multiplicities,

unlike the original AF3 model. Secondly, we have written
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d’(s,ml...mN) in terms of triangle functions so as to present
an invariant form, whereas AFS? wrote this cross section in
the center of mass system. Since the intermediate links of
the chain are off-shell, we bheclieve the more cgeneral triangle
form to be more appropriate.

We will now introduce that feature of our calculation
which permits us to apply the AFS treatment to a model with
clusters of different multiplicities. We have a counting
problem, since at each level of cluster production, permuta-
tions of the positions of clusters of different types make
different contributions to the clastic amplitude. We must
adopt a notation to handle this problem. Let n. be the num-
ber of m-tyve clusters along the chain. We seek a recursion
relation for the elastic diagrams, and so we shall first sum
over permutations of the vertex tyves My eMpyeos My, while

holding NyaNnyeee, constant, formineg the subsum of diagrams:

) = 2 A(pp',mlmz...mN) .

permutations
of My oo oMy

A”(pp',nlnz...
We will write a recursion relation for the A®, Consider the

expression:

L
dq AS(pain,=1,n,,Nq,e..) AR((q-p')z)
A (a2- 2)2[ 1~1imzn5 1

+ As(pq:nl,nz-l.nj....) Ag((q-p')z) + ... 1.
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Note that, as a consequence of (2.2), the first term of this
expression is an N-cluster amplitude where the first N-1 ver-
tices have been symmetrized and the last cluster is of type
1, the second term is an N-cluster amplitude where the first
" N-1 vertices have been symmetrized and the last cluster is of
type 2, etc. Hence, the total expression represents an
N-cluster amplitude where all N clusters have been symmetriz-

ed, and so we have the recursion relation:

14, .
/ u? 5 ZES(pq;nl-l.nz,...) A?((q-p')z)
Q" -p 2)

R 12

+ AS (pasng,ny-1,...) A ((q-p")7) + :]
(2.3)

To obtain the absorptive forward elastic amplitude A(p,p'),

we need only sum the subsums over all values of the numbers

of clusters Ny Noyeest

A(p,p') = é As(pp'ml.nz.---).
nlnzl.!
If we now sum (2.3) over all values of NysNpyeee, We obtain

the AFS integral equation for the total absorptive amplitude:

A(p,p") =/n“(q2 2)2 Ap, q)[éA ((q-p*") J

where the kernel has been modified (relative to the AFS form)
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through the replacement of AR by the sum 2 AR, and since we
shall be interested in asymptotic results, we have omitted
the inhomogeneous term, Our result is clearly valid for an
arbitrary number of types of clusters.

The remainder of the calculation leading to the eigen-
value equation parallels the original AFS procedure? with
the replacement mentioned above. We extend the incident pion
out from the mass shell, p'zis -u3
A(p,p') = {{A(s.u) E(s-(o+p")?) 5Zu+p'2) ds du.

As did AFSZ, we make use of the function Q:
Q(s,ujs', v’ ;so)‘ )' du'p" ‘t(p'-—p")?‘-so] S p"+p)2-s] &(v"%+ur).

Our integral equation may now be written:

VA A
(u'+ 2)2 )

At hiech s, this becomes:

max max . oy
YRS b 3 éA (s | as' [ au Ayl
; 161r - (u'ﬁ")
mi in

n m

where Q has provided the limits,

\' 2

s-s' + s-s' s' : .

& = = -s's - s-s' and s give
U ox > ( 5 s's, S u(s-s ) Spax S given

min

by the vanishing of this radical, so max" S=- 2'ss‘ We

note that except for very high s', uﬁax'ﬂ' s-s' and

s

0 Y e
N x(u + ——). Dince s !  S_205sSY
mln ( 1-x ¢ so“ S1 Shax =~ BP0 N

The presence of (u'tﬁz)'z indicates that only small u' con-
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tributes, so umax = gs-s'-P»oO 1is allowable, since the error

incurred is neglegible., Furthermore, s'. ‘Q{ 0. Thus:
’ ’
A(s,u) = : 3 A (s,) }f’ Als g ; .

(2.4)

Since this is the AFS equation with one function of S,
replaced by a sum of such functions, the kernel is still in-
variant under the scale transformation s-dcs, s'=-»cs', as was
the original equation., The cnergy dependence of the elastic

amplitude must therefore bve:

als,w) = 5% P (w) . (2.5)

This form in (2.4) provides us with an integral equation for

‘f.‘(u):
£A (s.) / I AT
u+— (u'+pl) 2

where x 3 s'/s. Consider the intecration over x:

/dx /(u+-—°) il

(u'+pd) 2

\'4(u)

Integrate by parts over x:
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¢+1I ‘gu,z“r / 4:1 g_ °°d Pu(u')

(+1 (u,+)‘ o . (u,+/‘2)2 ’
min min
! = ——0- = ! 3 [
where u'. = x(u+1_x). At x=1, the limits of u' in the

surface term are equal. At x=0, since the integral

du’ *Q(u')
242
(u'jh )

is well=behaved at positive u', there is no surface contrib-

ution. We are then left with:

1 o+ *°
I = - ax o & aur Ya
i d+1 dx (u'+ 2)2
(o) u'. ‘f
1 “ min
- ax X 1 fau g du’ vhﬁu')
- T of+1 Y dx du’ (u'+ 2y2 J oy
o) " min
1 L1 s, XS, \Q EC(u*éo/(l-x)]
= - dx ut—= + .
("'1 1-x ( 2 S
1-x) o) 272
o Getur 72504 ]
s
We now transform back to u' = x(u+ I%;), with our new limits
u'(x=0) = 0 and u'(x=1) =00 :
a0
- ' X“+1 “d(u')
I B du 4+1 ( ' 2)2 ‘
o aap
s
We solve u'=x(u+ I%;) for its roots in x and obtain:

\
so+u+u'tV(so+u+u')2-lLuu'
X =
2u

Thus, our integration is:



o+1 u'-i-,‘

Since x = s8'/s lies between 0 and 1, we choose the minus sign

oo
I / du'[s +utu' * U(s +utu’ )2 by " o ?&(u )
o)

to prevent x ¥ 1. Furthermore,

2 ]
s + ' ')l '
SHutu v(so+u+u ) “=bnu 2y

o) o)
The integral equation for Y((u) iz thuss
1 R
*«((u) = ———s———-o lds 2A ()
161r3(1+<)l "[m o
_&S_Ll. (2.6)

oo
X/ du? 2u' ]""1
0 s tutu’+ “(so+u+u' )E-lmu' (u'+ 2)‘2

To solve the equation and obtain the eigenvalue equa-

tion. we adont the spectral representation introduced by

Ceolin, et. al.25:

l@iqlﬁ@-@. | | (2.7)

The integral equation for v.c becomes an integral equation

for (a); we revert back to the form:

£A<]/d / du).
[ S X (+SO ) (u, r2)2

This with our definition of M(a) hecomes:

n(u) =



1 oo
( _ ds R d , / l) '
. 1

—9
. uts—>)
1 1
Now /du' o SraT T /dy ——————u,+a,+v \ So
o) T ut=x(ut—=)
x (o) o 1-x

and so we may write:

1 [ =
ds !
) o - [ [ 5600 / g d3’/ R
16w ° Lm oluhpl)%% ¥ x(ury2)+ar+y

or cimply:

1 o
ds '
-g-g—g—Lda =/——-9—-3-[£ Ai(soj/ ax x%1 /d/——f-(i——)—s—da'.
| e o (wipd% Jo £ B fler

Now we make use of the fact that:

[&]

1 _ [' a'+y e )
3 _/L-—l+a Sa-( x)—1_}(],30 that:

ot
+
E ;
o,
Y
i

1 d ] 1]
) (u+,.2)2 uia /da ~lat)

°
L] X S
X fiso fﬁ.r}:(soa/dx x""l/dy XEI'(Q;(:‘[')‘T_;‘]]
1 ° °

which may be written as:

r ' ' '
/—J'ig'_:l da = (u+/1'2)2/gia /K(a,a ) p(ar) da

where:
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1 o -
R, -1 a'tyy "o
m o_)]/ dx x /dy [[-( 7 )'1-x]'
o] 0 ) .

Performing the integration over y yields:

K(a,a') = / 3£A(s]/dxx e(ai- )
167 X

Return to the intecral equation for s(a) itself:

P(a) -
/“J.é.% da (u+/.2>2/u+a / K(a,a') A(a’) da’

K(a,a') =

Note that:

1 = 1 + 1 -
(u+/.2)2(u+a) (u+a)(a-/.2)2 (u-y.z)z(a-/.z) (u-i-/oz)(a-/.z)?

11

1 42§ (G-p4") - 1
<u+a)<a./«2>2 <u+a)(a.,.2) (u+/.2)(a-/\2)2
1 43 &' (5-p2) - fai §(G-42)
p) 2 -, 22 —, 7 2.2
(U+a)(a-/. ) (u-i-a)(a-f‘ ) (u+a)(a7« )

where the first step results from the fact that
' - (v = _f
;S (x-x ) (x)dx £rix,),

the prime denoting differentiation with respect to the arg-

1l

ument., The integral equation thus becomes:

fAsksn - fraf —: ,,/ ad §(5p%) _ fha_b(ap?) )
uta (uwta) (a-p?)? [ (wrd) (ap?) [ () (apd)?

X/K(a.a') pL(a') aa'.
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Replacing the dummy variable of integration (a) in the first

term on the right by a, we obtain:

lu+a u+a [5'(af2)//—(é‘a— L(a') da da'

- §(a- 2)//—1-@-':“—-Z ra') da da’

y — /K(é.a')f(')d_']
(a-/-22 i " 1.

The exprecssion in brackets must be £(a):

PE) ma-,.z)//ﬂ-%g-'—l A(a’) da ds’
a=p

£<5.,.2)//1(<—(-?-&)—— Alar) da da’
-K

1 - [] [ ] .
+ (5_/2)2 / K(a,a') AP(a') da

Define the constantg:

N, = //—Lﬁaf“—- f(a') da da' ,
(a-/. )

K
N, ® //(a;g)z pf(a') da da’

Thus, we may write:

——~—§—§/;(a a') pla') da’

a_

f=) =N § (ayp ) - N ‘Ua/u) +



n

We choose to take N1=1, so that:

fla) = {'(a-rz) - ‘(a /—Si'—@—l pPla') da da’
* ?——15—)—2/K<a.a'> /(a') aa’ (2.8)
s

As a first approximation, we will take:

f;(a)‘s &(a1,?).

Our choice for Nl then cives the eigenvalue equation:

et s oo ffgt

Intesrate by parts over a', noting that S(a'7k2) = 0 at too;

/——g-%*—a—— {(a -,,) da da’
where K'(a,a') = _ﬂ%ﬁ%ﬂ . Therefore:
) /K_J_éﬁ i
a-
where K'(a,,.z)s ( Ka:,a'))a,?‘z :

Consider K'(aqu), referring back to our equation for K
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, ds R '
K(a,a'") =/16.°"’3 [él Am(so) i dx x 6(a-—--—-—9-)

1
ds s
. 'y R d-1 a' "o
K'(a,a') = 0’_3 [£ Am(soa/ dx x J(a-: -1_;)()
K'(a,r?') = / [i A (s.) ]/ 1 §(a- .
1617

This in our cigenvalue equation provides:

! 2 s
ZE R od-1 Y )
1 a-,\ [/1{‘" [m A (s) i dx x £(a 1

Use of the delta function gives us:

1 /1“’3 [£A ]/ Y S0 p2)l

or more simply:

ds 1 «
1 = o [ AR( ] ds x (1-x) (2.9)
/1671'3 % m %o /o * 5, X +/l12(1-x)2 .

This first iteration of the eigenvalue equation will be used

to relate the coupling constants to cach other (and to alpha)
and to calculate the average multiplicity and the correlation

functions.
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2, COUPLING CONSTANTS, MULTIPLICITY AND CORRELATION FUNCTIONS

The method for calculating the correlation functions
used here is due in larse measure to MuellerB. It has the
advantase of compact notation, and thereby simplifies any
numerical analysis. In Apvendix €, we prescnt an alternate
(but equivalent) method, which is an extension of the AF‘S2
multinlicity calculation to hicher order correlation func-
tiona.

Let us denote the normalized crogss sections for produc-
ine n. type m clusters of m particles each by:

o

c?btal .

Let us now replace the couplinz constants ng by gm2(1+h)m.

Then clearly, every ’? =é mn varticle cross section is re-

placed by:
qsn - (1+h)h n ‘ns = g n. (n) (2.10)
1 2... 1 2... .,1 2". [ ]

where it is understood that h+0 at the end of the calculation,

and the multiolicity is:

(Y = "1?51: é%"h q;?l;...(h) =%5h-1ns + —);1%%4-.(2.11)

Asymptotically, in accordance with Ref., 3:




3

<ny = -3—“}1— In(s) + b , (2.12)

k‘< '
£, =¥ %k— 1n(s) + by (2.13)

Note that in general, multiperivheral models do not
yield Poisson distributions (f,=0).

We now define:

1
o (1) == ds, R xd(h) (1-x) (lnx)k

2 2 |24 )] a : 2.14)
m 116773 L A i R 2(1-x)2 (
F) = 2 nimnea). . nwen)e, O rn) (2.15)

m
where ﬂg“) = gp.(o) , and
where we shall take h=0 at the end of the calculation. The

eicenvalue equation (2,9) now has the form:

1 = #0(0) . (2.16)

It further follows that:

%F_r}?f_) - (o) (gg(h__\

and so:

a%(k)
v _ _ (k) | ﬂ(k+1) 3-! (2.17)
;h Ty *> h . *

Differentiating the eigenvalue equation(2.16) implicitly with
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respect to alpha gives, asymptotically:

(o)

nP o - “

fn(s) = gh = —-ml 7o (2.18)
0

and differentiation of this yields:

2 _ & _ _1 (o) $(2)_ g1) (1))
™ T 2 T ,m)?ﬂ“o AR SN &
(o}
($,0) 00 g ;2<o>)].(2'19)

Differentiation of (2.16) three times obtains:

f 3 2

3 _ 3 4 (o) (1) %«

In(s) = 33 g(ﬂ[%o "'3% )
(@]

We may continue this process, obtaining expressions for
(£,/In(s)) in terms of lower order f, and an additional in-
tegral.

We must now consider what form of resonant amplitudes

Aﬁ(so) we will use in (2.18), (2.19) and (2.20),



3. RESONANT AMPLITUDES

For the production of an m=particle cluster along the
chain, we have chosen a vertex correspording to an m+2-
point interaction with a cutoff, We observe that the coupl-
ing constant, multiplicity and the two and thrce body cor-
relation functions are reasonably independent of the cutoff
(See Firure 15), when s is near ZOO(GOV)Z.

%max .
For the cases m=1 ard m=2, we will find analytic exnres-

2

nT Fermman Rulez., We will alczo chow that these ex-

93
te

.
1ons v

o

4]

vre

O]
&

q

inng may be obtained by invoking unitarity throuzh the
optical theorem. For m=2, we will adopt our cutoeff.
. s R .
for n=3, we will use Feynman Rulecs to write AB(SO) in
terme of a cingle integration, and perform a numerical anal-
v3is to approximate the function. We will schow that the
reault iz really just the asymptotic form of three-body phace
> 2 a aj bv t
space for s O » wWhether calculated directly or by the
: o /“
optical thecorem.
For mY»3, we will takce the asymptotic form of m-body

phasc space:
- gm=2
t) (o3
AR ) = g 2 ;%) s ks (2.21)

where a numerical factor has been absorbed into the coupling

conctant.
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(i). Calculation of A?(so).
a), Direct Calculation of A?(so).

Consider the case of two particles of momenta p,q, in-
teracting to form a virtual particle of momentum p+tq and

center of mass enersy squared s = (p+q)2, which decays into

two particles of momenta P=p and Q=q. The S-matrix by Feyn-

mar rulesc is:

(—ig)2

S = —rm_——'i—'—z- (ZﬂV)Z Su(p"'q-P-Q)
(2v) “i) Y 217V(so-,¢)

where the interaction has been taken as gYB, and

[V

S® 14R = 1 + i(zrrV)SL’(p-l-q-P-Q)
U(zv)ﬁt«f(-{lz

so that Im() = 28| VS = 0O~). We obtain:

for the invariant matrix clement. The absorptive part is:

2 FZP
AR(SO) = Im(M) = Im( 2\1 )= Im’; + 11828(80-/‘2)
P %o r o

2,

e,

More explicitly,



2o, -1k (/. -s,) +£2 (pP-c,) 2482 s ir o =pl,
Furthermore
o° \
a(#)
ds, A?(so) f(s_ ) = lim gz 2{ f(Vﬁk
-0 Yo X (%) + 1

where we analvtically continued 8, to negative valueg, and

. 2 - i -~
we defined 5, = y+/4 and % = tan©. Thusz:

R 2 2
CRIER - (CRVSF

The coupling constant "¢" arises from taking the inter-

3

action gﬁfB and has units of mass (the Lagrangian density jt
Pk &k 1
B R

d-x
x = ,g?3~ ;jk3~ kb’% g~k, where L is the Lagrangian and P

is ¥ ~ B ~ Lkt ana P

the pion field). We define a dimensionless coupling constant

o
=

R (gm/,u). so that:

. - 2
A (s,) (vlr) ‘(So/‘ (2.22)
where we have also absorbed the factor Uﬁ“ into the new

coupling constant. Now we will calculate 0~ (>—) and show

that unitarity leads to the same result (2.22).
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b) Calculation of A?(so) from a=(>).

The optical theorem to order g2 for boson-boson scat-

terine in terms of the invariant matrix clement M and in the

center of mass system ylelds:
Rle,) = Im(m) = 2B {57 (). (2.23)

This relates the elastic diagram >"(, a part of the elastic
amplitude, to the cross section forY»— , a part of the in-

elastic (total) cross section. We now calculate g=(>—) for
two marticles of momenta p,a, interacting to form a particle

of momentum p'. The S-matrix is:

S =1+R=1+ i(21rV)8L’(p+q-p')?I/

-

o/ )

z‘r___.
S e

and d40=(>=) = kl"g)-)l2 (2uV)su(p+q-p') a3p

Vel

- B}
L~,2

In the center of mass system, Ve , so that:

2
do=(>) = ;‘*lp ﬁyg'\ Su(tﬂ'q -p') &op

Performing the three-space integrations:



o

_ 2 _ ﬂ'@rz
ao>) = E—m S(wp+wq-%.) = W x(V's'(‘)-ﬁf,.).

In the center of mass system, P+3=0, so that DP'=0 and ub,ﬁﬂ:

L%
TO=) = e $VE-p.

Note that if taken literally, ﬁ%frviolatos enercy conserv-
ation, since E‘O=2wp22,.. Recall that the incident particles
will actually represent side links of the multipcripheral
chain and are therefore off-shell, Thig gives us the right to
analytically continue S, to values which are unphysical for
the simple diag‘ram)‘— , by failinc to write ‘(Vs'g-r) = 0,
Rewriting our result in terms of 24 rather than VE;, we have:

_ W fsg-p?) a2 2
() = E’w[ﬂg %So_%—‘ = z/t'ﬂ_ s(uo-,Q ).

The optical theorem provides that:

2
A¥(s) = 21R) ) = ”5/‘”’53 $og-pl) = W28is )

which is the same result as found directly by Feynman rules

in part a).
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(ii). Calculation of Ag(so).
a). Calculation of Ag(so) Directly.

Consider the invariant matrix element M for two part-
icles of momenta p,q, interacting to form two virtual part-
icles of momenta k,k', which finally interact to form part-

icles of momenta P=p, Q=q:

R = i(ZHVLlu(p+qu-Q)M
2 L}
Lv h%hﬁ

Feynman rules yield for R:

R = (ign)? a™e g (zrvlzj“'(mq-k-k'lsuﬁbQ-k-k'l( i )2
whwe J) (x2- 2)(k'z-/?) zavy -

Thus. the matrix element is just:

M = 'i“’"z/ ac
] e 2 (pra-r) 2-pf]

- —in:'2[ duk'
2w (k'z-l'z)[k'z-z(mq)'k'*"o'/‘zl

where Sy = (p+q)2 and we now let V = 1, Note the well-known

relation:

1
- dx .
A [éx+b(1—x{]2

Allowinz a=k'2—r2 and b = k'2-2(p+q)'k'+r~o-/«2, we havet

Ib—-\

o3

a



h2

1 .
1
L-Ja
/o X[(k'Z_’Z)x,._(kQZ_z{p.l.q}.kl+so_/‘2)(1_x)]2

The matrix element thus becomes:

2 b
N o= 'lc’ Ak .
/ /[k 2-2(1-x) (pra) k' -pxr (s /‘2)(1-)()32

Multiplying by (-1)2 in the denominator and introducing an

imaginary part:

_ -m'z e —
Tkt 22(1-0) (pra) ke ws x-s - 1)

Let p' = (1-x)(pta) and s' = S X = 8 +Ik2for the purposes

of this calculation only, so that:

R ) a4t
A(z ) = Im(M) = 1 .
2770 “k'%42p c ks i(]z

Consider the k'-integration. Let k=k'-p' and s=s'+p'2. Note

that contour integration, with the contour closed either in

the uvpper half plane or the lower half plane, ylelds:

3
™ i

o (-k?'-i-s-if) v Ei §+s

Differentiate this with respect to < on both sides:

oe
dko -irmr

e (-k%+s-1€)%  2( [R)%+s)3/2




b3

Now complete the four-space integration by integrating both

sides over k:

o

L 2
4’k - ig - 2. 2™ dz
/( kP4s5-1€)7 /”2"' )32 e o (z%+5)3/2

where z ® h?' Note that fs=s'+p' =X s +/4 -XS and so

1_ O
-5t
"CS —b/,.‘

g=a
»..,

. The roots of the equation s=0 are

Tn addition, 20 and S¥real if

The functional dependence of ¢ on x is displayed in Figure

14, HNow return to our integral. We have:

e 2. ) d(f')

= 2
(-k2+s-if)2 " ) z—-_—j§72

s+l

where & # 0 for the imaginary part of M; in fact , s£ 0.

Thus:



ae 2. (g)d(%)

= 2']_ e S 7 .
(-1('2+2p'-k'+s'-i£)2 o(ﬁ +1)3 2
s

Change variables. Let'{é‘= tan® , so that d?:;) = 50c?© 4@
2 h=)
and 2= + 1 = sec?®, Thercfore:

s

X
duk' 2 2 cln Q
2 5 = 2wl -y aé
(=k"“+2n'*k'+g'-1¢) cos
- z2=0
7= P
= 2ni (sec@-cos©)d&

2=0

= °ﬂ"21[ln("90°+tan6) %11’16]

7=0

Adoptine a cutoff at z=M,we have:

st i} 271[ ( is m) ]
(-k'2420" 1451 -18)? W—‘

Utilizine this in our expression for A (s ), we obtain:

R - -1g VA +4
As(s ) =4Im (21‘21)/de( W‘-“]

or more simply:

1
A2 A
Ag(so) = Inm g'%l den(%—)—W{:\é—]} .

This is nonzero only where Y& is imaginary, when

sO-L&!!z

“o (¢

1.1 S_-_L<x<

272

=
+
wjr
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We can then write:

A «~ =Im[f°"/ ax (- 1nl’:"]

where x4 ® 3*— .° . Note that Inlc'= ln(W"'e
= 1n W +ig, and V"‘= iy = o = 11 ¢ T , so that

In(1n¥& = * T Our expression becomes:

l‘)

e

2
SO-L’}‘

0

l ! . .
Now 2~1{L and £ = g'*ﬁsg'ku, so that this coupling const-
ant ic already dimensionless, To aimplify it, dofine

2 = 1!25?' , so that our recult ic:

. A cutoff will bc adopted later on.
(2.24)




b). Calculation of Ag(so) from O=(>).

2

Unitarity to order o' in.Yhinteractions demands that:

AR(s) = In u(>ee) = 2{B¥WE2 (). (2.25)

Consider @=(>€) 6 +the cross section for two varticles of mo-
menta p,a, to interact,with the final state featuring two
particles of momenta p' and q'. The term in the S-matrix is
~iven bhy:

R = _it (2mv) 8% (prg-n'-q")

2 -
b @%%'wq'

The AifTerential cross section is:

AN K
{

rel

do= (DKL) = (2m) xu(p+q-p'-q') d3q' d3p'

where G (DX) = -g'/ﬂﬁupu&gﬁ,uﬁ: and we have taken V=1, 1In

the center of mass system of the incident particles, the

cross scction becomegs:

2 Wl

dem(X) = s Bive (2r) ' (orampr-at) ot

g
2

16“@ “ﬁ

or more simply:

7202 {(pra-p'-q’)
2
\'f)'\‘s()'(a.{p,
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Performing the integration over gq' leaves:
(2w, ~2w.,)

10 (=) = w2 ST 3
RHV"\w

2 S(w-%) d3
| 16|"|V§"‘(u

The angular intesration is straisht forward:

ng'zf(wg-wp.) [} 2 k)
bR

do=(>€) =
Converting to an integral over ul,, where
%.2='p"2+'t and wp,dl:) 'n‘ 'ﬂ,Jl@ldS:

poer 2§ (W -ty ) 1} W ,dw,
BIR.

ae(>) =

or more =imply:

'?S(u -w,) v p, dwo

I"I W

ar(>) =

The integral can now he completed:

VN il T L
R Pl ¥s W, “% 28

Ry

This result is now ripe for placement in our optical theorem:

_ Woet 2 3, 2 2 2 2l 2-a2
- 2‘5'“%’(—%22_ = %gg (»°g'c) = »°g y



b= 5 we again find the result:
2
2 .2 s =ba”
AR(’; ) "(f.':' ] = o 2
270 2 3 -2

o)

as we had in (2.24),



(iii). Calculation of Ag(so) by Approximation Techniques.
a). Direct Calculation of Ag(so).

Consider the amplitude for two particles of momenta p,q,
to interact forming three virtual particles of momenta kl,kz,
and k which interact to form two particles of momentaz P=p

L
/

and Q=q. The S-matrix is 1+R, where R is given by:

N
1 i

3,

L"“’p“t‘; \' (k1

X (27rV)zsu(p‘*‘q-kl-kz-k?’)sl"(P'*'Q—kl-kz-kq).

The intezration ovcm'lf,2 is trivial, yieldinc:

R = icc"?‘[}Lgp-i-q-P_Q) d K d 1’2
! (e, - 2)(P2 ) (1,2 /.

where h = ptq- k 2. The invariant matrix element is thus:

L
w2 /[ a kld k,
16rr2V2 (k “)(k 2_ 2)(k /?>

We will make use of the well-known identity:

1
/ / a+(b-a)x+(c a)y]

with a=k -/‘ = /. c=k32-/42, where ky=pra-k,-k,.

We have:
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n2 dukldukz
M=
RrrPV [k -,(2+(k22-k12)x+(k32-k12)ﬂ3

2
3_,=(p“"l_)z+(1»:1+k?)2_2(p+q).(kl.,.kz),
ard 5o k12‘k12=f‘o“'k Z42%

wheore k

* - . (_ C o3 C
k, 2(otq) (k1+k2). onsider the

2 1

interration over k?=

I
d k?

I% y
ck_l 2_"2_‘_(}(22_%1 2)X+(So+k22+2k—1 . k?‘_z{p-f-q} ’ {1(1'*1(2})‘\}33

RearrancinT the dernominator results in:

’,
_ d kz
[ty ), P+ (2x, -2 {pra}) 13+, z-ﬁg-klzxﬁ-no'ﬂ 3

where s ' = ?{p+@} . Extracting El(x+y)3] from the

dennminator, we obtain:

2(1-%)-plts -3
r ' - ST J
I= -——1——3- ae [k22 By -p=0) " ¥, (1 . £ % ] :



e e |

_’(‘k22+2k
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Define the following:

® = _(yx -p-
P x+y(k1 n-q)

2 2,
K, (1'X)'f‘+so v
Xty

a® -

gso that our integral is of the form:

L
{ 4k, V]

Prg-1£)°  2(s+P?)

2

thereby vielding the result:

which simplifies +to:

i -1
1= éqiiy) [;(1'X)(X+y)-J2]k12-2xy(p+q)-kl-/?(x+y)+soxi] ,

where we have used our definition of so'. Return to our

matrix element with V=1:

1 1- |
.(r“2
I»‘I::l'-la.é_}dx} %&f”kl[- [(1-x)(x+y)-y2.7k12+2xy(p+q)'k1
o] 0
-1
trz(x+y)-soxi] .

To perform the integration over kl. we first note again the

result from contour integration, that:
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(-4
dko - 10
~kCts-if +5

This time, we do not differentiate as we did in studying

Ag(so). Completing the integral over du’k leads to:

oo
/ dL"k - i d3k - Ufrzi zzdz
-k2+s—i£ viki !!+s3 ' | BN ° z27,

o® o2 2 S
= Mrzis ‘:ﬁ @) .
o] -— + 1
Def‘incf:—‘ = tan@ to obtain:
I 2 %.
/____2_d__k_ = Ln» is 36 6] -1#1215 (se039 -sec©)ag@
-k“+s-it cos-O o
I r
= rtig|? sec’© 4@ -1n(secO+tan®)§? [.
o) 0

For the intecral of - . redefine ) = tan® to get:

&
/ [ﬁhzﬂ +11r(\+“‘)2+ ) -1n(cece+tane)

5 lnr is
k+o-it

nly
)

Using %)=tan® in the last term recults in:

L oo
R T
~k“+g-it °
Latis g"l\' !+1 - %ln(/\'*'vl\' 2+1J

after adopting a cutoff of A' for the divergent integral,

To
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facilitate anplication of this result to our integration over

kl’ we take k—)kl-P' and s -)s'+P'2:

b, '
(o™ - u,?i(swp'z)[%-y:\'zﬂ - Sin(Ar+ g ”‘11-,

I-k' 2+k" . P'+S'-i€

SpX
xy(pta) s and o' = Ja 2 (x+y) -0 V co that
(1-x) (x+y)-y (1 x) (x+y)- -y

where P' &

2.2
Ig(w+vl 5% 4 XY %o
(1~ x)(x+y)-v [1-x) (x+y) -y 2T

g'+P'

[l‘z(x*'y)-soxy] [(1-x) Gery) 52 ] + XZYZSO
) C(1-%) (x+y) -v* 32

The intecoral is thus:

ate _ Lpfi(st+pr )
[(:- x)(x+v)-y"] —kt %ot Pragraif [(1-x) (x+y)-y7)

X [ZA-VA'?“-H - 1In(A* + 4'2+1)].

Note that A' is the cutoff for ¥= z/f5 = IXl/E  The cut-
-] —‘.‘
ort for Ikl is A=F A VS, where lkmax‘ ,klmax - P

max\
2 . .
. Our matrlx element 1s now:

and s = g'+P!

1 l-x 2
v =ig" dy Lais
M= dx (x+y) 2
A A [(1-x) (x+y) -y ]
2 2
X[El%':‘vé' +1 - ;:?;1n(—'%\+ V?— + 1)]

or simply:




5k

dy
(x+y) [(1-%) (x+y) -y2])

0 (o]
A s, A+ | A+
.xlrg A+ 8 - Zin( 7 S E] .

Since Ag(so) = Im(), we get a contribution only where s4£ 0.
Ve scek the roots of s=0, which are the roots of the equa-

tion:

[ (x+y) - ﬂ[(l x) (x+y)- yJ + X y = 0,
If so)?,?, this becomes:
-x:,r[(l-x)(X'*'},f)-},f?“]-i- x2y2 = 0,

Consider this as a third order equation in y. One root is

v=0, If y#0, we have a second order equation:

-x-y+x2+ 2xy+y2

(o]
il

-(x+y) +(x+y)2

(x+y) (x+y-1)

whose roots are y=-x or y=1-x, The three roots of s=0 are
thus y=-x,0,1-x. Since g is continuous, it cannot change
3izn between these roots. Consider the sign of s between
roots. Since the denominator of s = s'+P'2 ig squared, the

siegn of = is the same as the sign of its numerator, which is
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equal to [,;z(x-l-y)-soxya[(l—x)(x+y)-y2] + x2y2

hizh s limit, s xy(x+y)(x+y-1). The sign of s is thus

S, OF in the

determined by the sisgn of the function £ 3 xy(x+y)(x+y-1).
Let &€ be a =small positive number, and consider the following

rezions of y:

y=-x-E F = -x(x+€)E(€+1) &0
y:-x+£9 ¢ = x(x-£)€(1-€) 20
y=-§ =2 F = Ex(x-€)(1-x+€)?0

v= € =P #F = fx(x+£) (1-x-£)<0
y=1-x-§D F =x(1-x-€) (1-€) (=)< 0
y=1-x+€ D F =x(1-x+¢€) (1+£)€ D0,

Thus, s&0 for y¢ -§ and 0<&y< 1-x, while s 20 for -x<y<0
and vy »1-x. However, our region of integration is from 0 to
1-x, and s is negative for this entire region. Thus, we need

only write s = -|s} and integrate from 0 to 1-x to obtain

A};(so) Im(M);

R " dv
A(s ) = f?_ (2 51
3% / / (x+y>[<1 x) (x+y)-y2] 2 nfe
= Ié%— dy jslns).
(x+y) L(1-x) (x+y)-y

Now Im(1ns) = Im(In[-1Ist]) = Im(in [~1]) = Ty (or just note
that s= |[d L -1sl = © =trand In(s) = 1nlsl + i@ so

that Im(lns) = @ = L), We are left with:



R 3 ll2 1 1-X dy
An(s ) = ugg—q d (s).
3\s, i X i (x+y)[(1-x)(?€+y)‘y2]

Replacinzg s with its dependence on the integration variables,

. 2
we have, with Qo>>/‘ :

1-x
(s,)= ’on? Cxn(1-x) Gery) -y 2 exPy?

(s_) d dy
Y ] e [0 Gery) v P

The inteszrand no longer depends on B It is apparent that
for s jisz. Ag(so) is linear in s . It is dominated by the

phase spacet

Iy
. AR 8("*”‘{}'3)3,3
A3~soq~(>e)~ i o 4 1dlrd}f3
-1
s (W™ )
A};»\, . z (W)~ s . (2.26)
R LU s}

When we make use of Ag(so) to calculate the multiplicity and
corrclation functions, our region of intezration will be from

(3,-)2 to where (_‘3,4.)2 = 9/.2 ~ O.176GeV2 and s

omax’
Thus, the major portion of the integral obeys
the condition so))/gz. We will also find that deviation from
the phase space anproximation even at the lower end of the
rezion of integration is very slizht,

Since the coefficient of S, in the vrecent form of
Ag(so) is a rather awful intecral,we will await numerical

analysis for the umitarity calculation of Ag(so) which fol-

lows.,
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b). Calculation of Ag(so) from (> ).

We have already seen that the phase space of o (O=F),
when entered into the optical theorem, provides the result
just calculated directly, that Al;(so) ~~s, for so>>/“2’ Now
we will perform a more exact calculation to verify the valid-
ity of this approximation.

Consider the cross section for two particles of momenta
P,q, interacting to form three particles of momenta k1'k2'k3

The term in the S-matrix S = 1 + R is:

. L
R(>=-) = (-ig")(2g¥)§ (pra-k,-k,-k,) |
527 Wt 454

The differential cross section 1s thus:

2
d o= (D) =‘mv5—)—'— (2rV)$b’(p+q-k1-k2-k3) d3k1d3k2d3k

rel 3

where g (&) = I
32V W W hl‘%

gl 2

and in the center of mass system of the incident particles,

BLEN
Vrel %2 *

Iy

We can now write the differential cross secction as:

"2
3,3
A=~ (D) = ou %%U ﬁ%—(zﬂs (k +k2+k3)§(w +w +w3-VZ~")
Xd3k1d3k2d3k3
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' —
where we have let V=1, Performing the integration over k3

brings us to the result:

ron? Slw ru+ V(k +k )§+,~ -KY)

= 4k a3
de= O ) 16[6"’7—‘5—(;“1 m kld k2 .

. - -—d
Ne can convert the integrations over |k1‘ and 'kz\ into in-
tegrals over “1""2' by noting U12=W1' 2+,.2 and W22=ﬁ2\2+ﬁ2=

"2|k1“k b glu rue V(T +E,) 20,2 - )
g ERERER

X Aw du:d!ﬁdig

dr~( ) =

. . . ] .
If we select as our polar axis the direction of kl, the in-

tegration overlljis trivial, and we have:

2121\ 2 2.

VR 13| v W PR PR | WENTPENENTY T\ o3
1 (O ) = L3 (ag) [ 1

Ao 71 ?50 v du 1“+‘—'2?-'-2"‘4k1r§'4

-1

ded%

- =4 .0 . .
where u = 00355 2 -1'k2. Mow change wvariableg,

v “?""\ +2r1“ ‘ll , So that du = ﬁﬁ%’z—" .

The reoult is:

r3 "2
do~ (Heg) = dx §ctw +0,-¥51) dwydw,
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- gl =
where x, W V'ulz-ruzz- 2-1:2'121“?2| =V(ik1‘tik2i)55+r§ . fNe must

insure that u has vhysical values, so we shoud actually

write:

3,02 [+
1~ (O€|) = -I7=’-W=, [dx 6(1-u2)8(x+%+w2-V§3) db, dew,

vhere 0 =

Now we can intecratc over x:

S _?v—‘(ul-buz + 20 v, +f‘
2w, % p0) (12 40)

To apply an approximation techique to the remaining intccra-
tions, we geck finitelimits for \01 and Gy, In order that
the technique provide a2 zood approximation, we want limits
which do not contain large "blank" arcas where the integrand
igs zero. Ae have ki+hé+h§='§% anrd ?14?2+§5=O, where

2.8 2, .2
. "=k . a~. Thus
hﬁ kJ /‘ hus:

Y
W = ’*+ 2+t 34 Tt 2,
A V‘E‘ 1r 2%, Y

W, is createst for '}?2 " F‘B, when k -k r‘ u-. Then:
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To maximize Ml with respect to hl and W 30 we must keep in

mind that W +kptel = V=), so that:

w2
St

Differentiating ﬁi with respect to hﬁ vields:

dul

o - e e, F‘
)——th%«u,? P48 w ,,
.,_B@“L 2+h52'f‘2+2v(w 2 2) (w 2_,‘2)?]%_:3_2_
B 2 J’w Z 2 o
Iw | Penip

Using our equation for (dhl/du%) in terms of (ahb/akg) in

it

this result brings us

l!"‘z'z‘) 22

.%o
E+—1+“2 2] 1*;,%‘%"—
A 5 M

From this, we observe that

Thus, hﬁ is maximized by ‘Tc'z‘ = h{;\ and Tc‘z " -}?3, and so we

-d . .
have k2 = k3. Returning to our condition,



vgg = “ﬁ+k§+“€ = “ﬁ*zké

and Y& -2w, = w v—| = Vzﬁz\ 2+/..2‘= u(w )7‘

Squaring, this becomeg:

o +uw22_ur:'..,2 = L’(“'zz‘/“ )7‘2
Sy~ B, = '31‘2
LL@OWZ = g +3"2

3 2 VE" 2
- o = (=4 - = o -
WZ = T + E%O' and wl v:‘o 2“’2 ) %%o‘ .
ince the oonditions

Our lower limit will simply be ,1

s =W +W+ +k .+ = Shiz ized i
VTL 1 hé h% and k k? k3 0 are symmetrized in our two

integration variables Ul and Wz, we may use these limits for

W, also:

7-,-39,.. 2 max Whnax

= 2
~O€) = m iy dw, 6(1-u”)

The optical theorem now yields:

R 3 .2 [ max max >
A’B(So) =W dwy dw, €(1-u®).

s /a
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Two methods were used to approximate Ag(so). The first
method involved performing the double integration by apply-
ine a quadrature technique twice, once for each integral, us-
ing the IBM 360 computer at the City College. The result is
seen in Fisure 17a. The second method requires only one
intecral aporoximation (of the same +ype, using the IBM 360),
since we can perform the integral over h% as follows.

We seek to calculate W, as a function of ﬁ& at the lim-
its of the h% integration. Energy and momentum conservation

demand that:

UB = vgo -wl - Uz. and
_____‘
R NI 2
w, ..vi?l + %2+ 2|k1|‘k2\u + M

where u = £1 at the limits of the k% integration, since it is
the 6(1-u®) which restricts that intesration by requirine
that u2$ 1, Combinins the two conservation equations to

eliminate W,, we have:
™
- 2 - 2 A Al - 2 _
'kl + k%t 2|k1“k2\ +pZ = 5 o-w - w

at the limits of the hé integration. Squaring both sides, we

find:

) 2+E‘22” F‘l“‘-“z"’l‘2 = s+ Zrrau b -2 W) (W rug).
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Want 4t =2 2 2 .
Nriting kj =wj -,‘ yvields:

tz“%z_ﬂzl‘uzz_"z - So+/'2+2“'1“’2‘2'§‘o(“'1“"2)3 g

Squaring the left side, we have ‘2=1L(w1 2-,‘2)(

/‘ or:

w? - l?’ + 2
2 2 2 '
Ty

But ¢ is also equal to so'*',‘2+2w1 %-ZVE‘O(Ul'*'WZ). so that:

W /—(" +,. 2!"‘4.)1
2 ?(w1 r‘)

U S : ) .
Dcfine B = St -2’:;%, which depends explicitly on W and

not on % Thus, the last equation hecomes:

-B
w - i(———_—r R
2 2 Wr"%

de need f= /(w ) tn find W= (w ). But we ean find ##(wl)

by eliminating hé in our two equations:

2 2 - B 2
TRl ey
Defining & = Eb(wl-fs'é)zj'l and ﬂ= Eh(wlz- 2)___"1, we have:

BF* +p? = &(g-B)?

which can be written as:



64

¢2(‘—‘.—zé) - 2B¢-&2-+ 82 = o,

The definitions of «,8 and B give us

- -b

« "y ,‘

so that:

2

‘Z(Uﬁé—) - 28f + B2 - =0

2 2731 .
- Y = (-
where B = s +u 2w, and o [L(u/1 ) J . We can now
solve this quadratic equation for f=# (Wj):
ag? + b+ c=0
- T 2 2 -1 = _ = 2 o 2
where a = -B(w1 - )™°, b E -2B and c /‘ (w V:‘O) . The

solution is:

g - =b T vzb'“-hac - (B T ! -ac)
a

+

(w/.

where W, = (¥ -B)Ez(wl-ﬁ‘oﬂ -1, We can now write:

max
A5(s ) =pPe"? dw, (W, - W, )
/¢

where
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Thus, the integrand becomes:

s 7# —ZV“J )2+

e 25-1:,2[& Vé‘o]
Y -p

W

2+

2
S&iﬁ -ng;kﬁ

The computer apvroximation technique can now be applied to
the intesration over h/, and the result is found in Figure
17h, and it is consistent with our previous calculation of

R \ . . .
AB(SO). Ne can write, to a2n excellent approximation, for

SO>>7\2=

R -~ —_ ] cr"2 2 _(_3_0_
A3(_,.0) = 3.72b o ,‘ ‘[i)

where asain, a cutoff will be adopted later on in the
calculation., We definc a convenient dimensionless coupling
constant as o, = (sz)';?;gﬂ1(remember that the Lasrancian
density eocs as it and z,\_g..ys,\_ ‘f;"ks, co that g"~k-1).

Our third rcsonant ampnlitude is then:

85(s,) = 247 ——g-) (2.27)
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(iv). Higher Order Resonant Amplitudes.

th

Je assume that for mP®3 and so>>(m,q)2, the m resonant

amplitude. corresponding to two particles of center of mass
enerzy s interactine to form m particles which subsequently
return to the two particle state, is given by the phase space

approximations:

m-2
Ry =« 322 o
Am("o) T Y ) ' "o-‘-Somax (2.28)

’@

R -— (=g [ [a)
and Am(°o) = 0 for s P&, . We have chosen to define

R N s : . .
Am(so) in terms of the dimensionless coupling constant S
which differe from the actual Feynman coupling constant by

m+2 m+?

a constant factor(Note that Z'\k andt"—,ﬁ Aok S0

that g/bkz" and the dimensionless coupling constants are
o] i o 2-‘ . '
civen by aﬁ“uék ).

Before beginning the series of integrations needed to
find the average multiplicity and the correlation functions,
we will remark on the reasonableness of our choice of reson-

ant amplitudes. Asymptotically, for -}_ 2, we have chosen:

n-2

s
Aﬁ"o) - ‘-z(,_‘_%) e('oux o)

This function rises with s, from so-o to 8,"% nax’ and then

drops to gzero for !°>l It is thus sharply peaked at

onxé
8,8 nax’ much like a delta function, and in this respect

it resembles the original APS model, where An(s°)~8(a°-,42)
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In the next section, we will begin our integrations.

67
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(v). Integrations Over S,

Recall that the integrals involved in calculating the

avera~sc multiplicity and correlation functions are:

- 1

= (k) _ CL"o__ AR (s ) dx x«((l-x)(lnx)k

‘m - 3 m "o 2 2
167 o S Xt M (1-x)

The Sg intesrations are all of the form:

R R
m o . 2(1-vY)7 Yo «s
"0X+/" (1-%) 0 ﬁ

which may be performed exactly for all cicht of the resonant

amnlitudsc which we will uce.

2 2

2 2
(z,p) f(so-ﬁ ) _ (g, m) 7y

x+(1-x)2

The other cases (m>» 1) are not as simple, but all are

straizht forward.

The more difficult case of m=2 is:



69

—
V)
]
oa
o
V)
A
o)
3
)
+
A
Q“Li
-Al
T
-
~N
X

h r?*.( +'9
Drop the 1limits for convenicnce of notation. The integral is

nT *the form:

1 - -~ 2 J3y av+b=,_2a{
27 22 Jdy frytn T 2 4 v(m:"*n)(ay'*'b)

+ o 2 b - Ay
=2 4 y ¥ Coy+n) (oy+0)"

2
whore a=m=1, b=-p-bﬁi(, n=-p, and we have vsed the fact that

o+ = avte o (—@)—— The first term of I2 ig cimply:

pm
{’,22 :Zl- T:%? In[V¥m(ay+o)" + vazmyﬁ-n)J .

The ceccond term of Izis:

dy = -2 37z - 2f_dz
= - 5 = -
v ¥ (my+n) (ay+b) n-bz* n 1-%2?‘

whore z2 = (my+n)/(ay+b). Now (b/n) =[y3+u,‘2«)/d_>_ 1, so
try the subetitution cosh® = vlr“:'- 7. We thuc have:

sch@ 4@ = “2_ 1n(csch®+ coth®).

dy - 2
ﬁr my+n) (ay+h VFH‘ Wl\
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Returning to the variable z, this becomes:

i

5\
vhere 2 =V(y-p)/(y-p-llf.24) and we must evaluate the expres-

. . 2 ae
on on the risht hetweon y=h ‘-(+p and y=«s +ﬁ. First we
sl ; Y r,c B ""omax ir

1n( -ﬁb?.-('*' v4)

oS omax+ﬁ

é—F—u 2“ 1ln
4 i;ﬂ-t- 4’;«? 1 “+ P

If we definc ¥'= rﬂ%.( /p = (1+x) /(J.—x) and

D = "omax LL/, ) , we have:

s

omax | _ 2 B +
g ol e ]‘.

Furthermore, if S = (somax/ul.?), this is:
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1 1
T, =« 2[?% 1in(s-1)% + s<]

2 T 32
1
1 (1+x) 1 [L40DZ £ 1 - x
© x Vl-x n ey .
(1+x)D" - 1 + x

The third integral to be considered is:

2 S [ [=
. %2_ omax .)oduO

3 ,‘2 9,‘2 «s o) B

which is almoct trivial to integrate:

A), m=k,5,6,7 and 8,

The fourth resonant amplitude requires the integration:

S
omax

O -4
2 2 2
%-llz SO K (1-x) So N 1 1-x L > 5
= - 1ln + (1-x)
D [2x — / 3 Gox M 16,‘2

= & ZEsomax//‘ )2 _ (1- 2 Aomax 9
e 2x

2 2
+ (1-x)uln((somax/ )x + (1-x) )]

16x + (1- x)?2
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Similarly, with the definition S' = (Somax4ﬁ?)’ the other

intearals of interest to us are:

[ ] 2 IJ’
IS - ngl% 3—15L625 - (1'22_(Sv2_625) + Ll:%l—(S'-ZS)
, ‘ X

2x 2%

| (1-x)6 1n (é'x + (1~ X)ZI]
- L 2
X 25x + (1-x)

Y L 2 L
- il ) —34) + i——3~ﬁ ( 'x + (1-x) ']
36x + (1-x)2fY

"-,LCT_Z' V _ (]_y)?ylh_l_g"hu X) -)’6(1—X)6y2

2 2
V=S omax™ (1-%)

+5 R(]-X) v '30(1 X)loln(y) ,
r y=LOpPr AL (1-x) 2
: reloptp? (1

Ig = 'sj,7 z; 5’3(1 -x)’ VJ+E%"(1 -x)y Ik
Y

I‘(l x) 6,}0(1-x)joyf,}2(1-x)jZln(y)

(T

2 2 2
g Al LL - X, - ("
where y_ T A 2+ (1 x)" and y_ S omax™t (1-x)~,
Now that the 1ntegrations involved in calculating the
Ai(so) have becen taken care of, and the integrals over Sq

have all been performed, only the intesrations over x remain:

r 00 o 2 b e 1) & (1-x) (1) " (2.29)

m 16p°

These integrals were accompligshed on the IBM 360 computer
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using a library subroutine for gaussian quadrature in 22
intervals, To obtain sufficient accuracy, the integration
interval (zero to one) was split into five pieces, with the
subroutine applied to each piece, for a total mesh of
5X32=140, The machire was also ugsed to calculate the averacge
multinlicity and the two and three body correlation functions
from these integrals. In the search for a best fit, the PDP
10 computer was also used ( the results of the IBM 360 for
the integrals were used in the prosram for the PDP10),

The results are discussed in the following chapter.
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Iy, NUMERICAL RESULTS

Least square fits to the experimental data at and above

50 GeV/c in Table 4 of Ref. 1 (Slattery) yield:

&ntD = _3.65 + (1.95 £ 0.035)1In(s),

ch
o

£, = 210,28 + (2.87 T 1.18)1n(s). (2.30)

where s is in (Gov)z.

-20.9 + (4,80 T 0.19)1n(sg),

To include the neutral pions, we can use recent np data from
Ref, 2f or from Ref, 27. The experimental data is rather
ambizuous here., If we select Ref, 26 and apply the 205 GeV/c

result to the model generally, we have:

noy = (0.6% o.z)<n”_) +11t0,5

and we assume that (n,’+> = (n’_) .

To convert the experimental data for charged particles
and neutrals into multiplicity and correlation functions for

all pions, we define:

P =A<y + B
so that

Y = dngd> + 2=, +B 2 = [T - 2] +8+ 2
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where <n?® and <n0h> include the two protons. Thus:

) =KD+ (8- 24 + 2).

Now f‘z = f‘?' - 2, and f; may be written:
2
f?j’r = (nr(nr - 1)> - (nﬂ'>

g +8)n,th +8 - 1)) - Lo, + 8 D?
Cra g 0>+ KUY 8- D
= {70 TN+ dg-1) KD -8,

1l

In terms of fz for all particles, this ig:
2. W

fy= d7F, °h 4 &(K-1) D - g -2

«2(£,OM2) + 4(-1)(n°"D -2) - -2

= 77N+ 1) <n®"D> - (B-24+2),

N

i

We now apply the same analysis to the three body correlation

function, f‘3 = f;’- - 2, where:

<n,,-(n,,-—1)(n,,.-2)) - 3<n7r> f"zr - <n”_>3
<(4nrch+£) (*nrch.'_p_l ) (-(n,,.Ch‘*ﬁ-Z)

_3<.(n”.°h+'3>E(2f2”°h+&(-(-1) (n”.°h> —@- <a(n”.°h+ﬁ>3

™
)

We seek to manipulate this until we obtain f;- as a function

of f ”'Ch, 'f‘?”‘Ch and <n,.0h>, to aid us in finding f3 as a

3
function of f‘?Ch, f_‘ZCh and <n0h> . Continuing then:

o



tT = L") n, 1) (dng°"-2))
+ BLAn ,°h2+-(n,,°h(4n,°h+£-2)-4n,,0h)
+ B LEnytMp-1) (arg"M8-2) -3 L, D ot 25 7D
- 3£E2f2"0h+4(.( -1)<n,°" -£)
- 3D [ -1) &0, - 6]
-7y "D - WP - i LD P
which may be rewritten as:

2
T o g gD D 5 Y

-

+ 2(-4--(3)(%.“) + ,9(2.(2n,,?h2+.((p-g)n,9h_‘n”0‘"
+ (g 4B-1) (dtn, “P4p-2)D

EVERID RN Y R AR CEIPSN ]

- 3k <O 4-1) &0t -B) - 430,

_ 3“23(%9}1 )2_3.”2(1,!”.0}1) _33 .

Continuing our substitutions:
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3

2
P;r = 72, T3P (4= 1)yt Pr24(1- )y D

3

+/3<3a<2n,°“2+ 4B-3)n, "M (hny.°") (28-3)+ (#-1) (#-2)D

HB[477 T A1 Ko DB 34, V-0 BT
SEVE :TaWaly SVY OBy B &

= &7 P34 (1) TP 307 (41 X, " D

+2-(‘( 1-4?')(n,.0h)+[;ge -1) (ﬂ-2)+3p2-ﬁ3

- .<3~,r-‘37"‘3h+3,¢2u -1 )f'erh"l'al(o(—l ) & -2)<n,,0h)+2;.

Finally, we may write f3 itoelf:

fq = c(3f3'Ch+342(-<-1)f2"0h+-¢(-<-1)(«-2)(n;h7+299-1)
= (£, 42) 4342 (-1) (£, 2) +el(-1) (€ =2) (¢n°">-2)+2(p-1)
= 01,43 w-1)1, e dl(t-1) @ -2 KNPk k8- 2,
Now congider the experimental data under pur assump-
tions:

&y = {n'O)'*'Z(n'_) = (o.6to.2)<n'_)+1t.5ﬁ-2(n”_>
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or more cimply:
) 2.6t0,2 +11Q,
&rpr (2,650,200 ) +150.5
= (1.30.1)Xn,”")+110, 5

so that 4 = 1,3t0.1 and # = 1%,8, These values of { and A
together with the aforcmentioncd experimental data for charg-

ed particles in Ref, 1 yield:

Y = -b,35 + (2,5L%0,048)1n(s),

T

3 “h6,5 + (13.113,4)1n(s). (2.31)

i

_3?.1 + (9'87-.’:0,11’)11'](?)1
f

If we wonld have instead chosen to adopt the evidence of
Ref, 27, we then would have had (3r5> = (q,_), so that &=3/2
and ﬂ=0, yielding with our charsed particle experimental

data:

&y = -6.48 + 2,931n(s),
£, = =483 + 12,31n(s),

fq = -93.4 + 25,21n(s). (2.32)

In an effort to match the experimemtal data, we invest-
izated the cluster model for MM=1,2,3,4,5,6,7 and 8, where M

ig the maximum value of mj allowed in the chain. It was
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necessary to include clusters of up to eight particles to
obtain a reasonable fit to the data.

In Figure 18, we observe that the 1n(s) coefficient of
fz is negative for the M=1 model, whiéh corresponds to the
simple ?3 theory. Figure 19 reveals that we can get closer
to the experimental data by increasing the cluster sizes
whiéh may be found along the chain. By ailoving cluster
sizes of up to eight particles, while retaining the smaller
clusters as well, we can obtain crude fits for both ¢{n) and
f, simultaneously (See Figure 20). Note that a model in
which only one cluster type (nj-l for all j) is allowed would
permit a fit for £, at N=:6, but would not it {(n) at the
same time (See Table 2), To fit both () and £5, we must
have more than one vertex type present in the chain, so that
my <M, We observe from Figure 20 the theoretical results at
A= 1,00:
gg> = 1.38x1072%,

{n)~ 2.981n(s),
£,~ 7.811n(s),
£y~ 24, bin(s). (2.33)

By allowing even larger clusters to appear, it may de pos-
sible to better fit both {n) and f,, but it would probably
push f3 further from its experimental value.

The need for seferal different cluster types to fit the
data brings up the question of the relative influence of the
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various cluster siszes. The recursion relation (2.3) may by
used to test the strength of the various diagrams. Recall
that the partial cross-section for production of 71 particles
is related to the elastic amplitude with 72 intermediate

particles:
A*(a.pz.p'z)a"(lmi.nz.. «.) = AS(pp’ LI PO J)

where the superscript on 0~ indicates that we have summed
over permutations of the cluster types ‘1"2""1 while keep-
ing the numbers of each type LI PYREEY fixed. To find a
given partial cress-section, we iterate (2.3) by starting
with the following expressions on the right side:

A'(mli,o.'O.ooo)g ‘g(.o)'
“(m'a.l,o.ooo)g ‘g('o).

ete.,

where here, s, = (p*q)z. For example, the cross section for
production of M = n, particles exclusively by clusters of
type m is proportional to:

2) 2 By,-2
A(0,0,0,...,n,,0,0,.,.) M—%

o m o

where )\ = —h ds_ AR(s ), and where this result was
B 6r a /

obtained by rewriting (2.3) in terms of s and u, and the



81

appropriate limits were used (as in (2.4) for the total
elastic a-plitudo).z An example of an amplitude where the
clusters are of mixed types is:

2,1 2\ 2
£82,1,0,0,...) 16"%5'(3A1;é3)(1n') .

The results of a dosen such salculations are summarised in
Table 3. The relative strengths depend on s. Nevertheless,
the table reveals that the large clusters do not necessarilly
dominate. Indeed, deuble clusters may be very influential,
so that, for example, sixteen-particle production is likely
to have many clusters contributing, rather than two clusters
of eight particles each being dominant.

Before consluding this discussion of our numerical
analysis, we wish to consider another aspect of thono re-
sults. A fit nearly identical to (2.33) may be obtained
while retaining only clusters of types 2 and 8 (gzz-xoo.
;82-1.blxio'21. all.other ;-2-0). This is consistent with
our result demanding cluster sises of at least eight partic-
les, plus at least one other cluster sise. The result of

this calculation is:
{(n) = 2,981n(s) + constant,
£, = ?.921n(s) + constant,

f3 = 25,21n(s) + constant.

Comparisen of this with (2.33) reveals that the latter is,in



reality, a two-cluster fit also(compare the g.zsfor the
various models in Tabvda 2). Indeed, enly ene parameter,
gzz. is needed to obtain our fit fer the multiplicity and’
two-body correlation function (582 is implied by the eigen-
value equation once alpha is set at 1.00 and ;22 is chesen).
Finally, we note that numerical calculations of
<n> /in(s) and £,/1n(s) at high s in a model where every
cluster is replaced by a single /° invariably yield negative
values of fz/ln(l). and in fact, a simple p-type cluster is
incompatille with the experimental data, independently of the
assumed mass of the £ (See Appendix D).
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5, CONCLUSIONS

Tn both the simple multiperipheral model (M=1) and the
precent multiple cluster model, we find a special form of KNO

scaling due to the fact that fk"ckln(s) for all k, so that

&>
5%

1. (2.34)

Howewver, the data of Ref, 1 suggests thét this ratio may
increase with k.

Meverthelens, by fitting the data to lirncar equations in
In(s), fkfvckln(s), not only can we drive the two body cor-

relation function positive at high cenergy, but we can obtain

thcoretical results for &My, f, and f

5 which crudely match

3

P

these fits.

Notc that our conclusion that very large multiplicity
clusters are necessary to fit fz and {n? iz consistent with
the larcse cluster mass found by Hamer and Peierlsu to be
necessary to obtain agreement between the slope of the dif-
fraction peak and the increase of multiplicity of produced
pions., It is also consistent with the results of the cluster
model of Berger and Fox, who also found that ¥M=8 provides a

satisfactory fit for f It would appear that a multiper-

L
2.
inheral cluster model can possibly agree with the finer de-
tails of the experimental results only if the size of the
clusters is very large and if more than one cluster size is

allowed to be prescnt. This implies that any attemps to fit
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a cluster model te the pien resenances ohserved te date must
fail, as it would net imclude clusters of more thamns5w. Ve
have found that we need clusters of 8w te fit data fermmmlti-
plicity and two-bedy correlatien functien. The existence of
such higher resonances is thus predicted by eur cluster med-
el. |

Finally, we may consider the implicatiens ef the medel.
in okher terms. The existence of clusters of size m implies
the presence of lagrangian density termzs whidh ge as
'f"'z. . It may be that clusters larger than m=8 would previde
a better fit. Indeed, perhaps the lagrangian is a sum of
infiniterterms, and it would be nice if this swa had some
closed form. So far as the simplicity of cdlocuwlations are
conserned, it would also be nice if the Aﬁ(c.) were .. - .
sumable. to a closed form. Since the present model contains
only two significant cluster types (m=2 and m=8) in its fit
to the experimental data, it is not yet possible to investi-
gate these questions beyond speculation. Nevertheless,
the inclusion of higher m clusters suggests the possibllity
of a better fit te the experimental data, and the chance
that ether massive resenamnces will be predicted by the the-

ory.
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APPENDIX A. DESEILS OF THE SURVEY OF MODELS.
1, DIFFRACTIVE FRAGMENTATION MODEL.

In the multiperipheral model to be discussed in Part II,
the virtual state of the elastic two-body high energy inter-
action is characterized by any discrete number of virtual
particles. However, in the diffractive or optical picture
of the interaction, the incident particles appear to consist
of an infinite number of infinitesimal particles in the vir-
tual states hence, the name "droplet model".6 The incident
particles thus have finite spatial extension and "go through”
each other with attenuation. Such a viewpoint yields an
excellent means of studying the elastic interaction by way of
an impact parameter representation. We will discuss this
aspect of the model hefore examining its application to in-
elastic processes.

While the optical model of the nucleus is roughly a
quarter of a century old7. it was first applied to hadron-
hadron scattering in the late sixties by Chou and Yang.6
Since both projectile and target are spatially extended, we
are led to apply our impact representation to both particles,
rather than just to the target particle.

The elastic differential cross section is
r
where U -T' is the three-momentum transfer in the center of

" "

mass system, and where the amplitude "a" is expanded in par-

tial waves:
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a =X2£(21 + 1)P.(cos®) (1-S) (A.2)
1 1 2

[ ]
At large energies and small angles,

é—é jdl and Pl(cose)—* Jo(bU-t").
1

where b= X (1 + 3). Experimentally, the differential cross
section approaches a 1limit f(t) as the incoming energy grows
large. This implies that the transmission coefficient S is
a function only of the impact parameter b, The amplitude

may now be written:
oo

a = 5(1 - S)Jo(b\)"ﬁt )b db, (A.3)
ar

Since J_ (b\’-t')- 1 jexp[lb(u-f')cosﬂ ag ,

we have:

a= 1 j (1-S } expL'lb(U-t')cosﬂ df b dab . (A. &)

Following Chou and Yang further, we introduce a two-dimen-
-l
sional momentum transfer vector K and a two-dimensional im-
pact parameter D in the plane perpendicular to the incident
s c B2 a2 2 . |
projectile, with K = -t and b° = b“, Letting @ ve theangle

N
between K, b, we have:

a= 1 ; El - S(ﬁ] exp(lK B) 4% = {1 - 07 (A.5)

. e
where <X) is used to denote the fourier transform of X(b).
We also use this notation for the inverse fourier transform
-l
of functions of K,

We can relate the amplitude "a" to the function

s&= - {1n(S)Y by defining folding integrals:



XQYIB = _LJ} X(5-3")¥(b') a%v (A.6)
27

a@c'i - _1_}} a(K-K")e(K*) ak (A.7)
2T

and noting that

O {y> = (X@Y) and <aD<cP = {a@c). (A.8)

By (1.5), we have:

{a» = 1-S = 1-exp(1nS) = -1nS-_1__(1nS)2-l_(lnS)3-...
2! 3!

and

“1nS = -1n(1- €a) ) = <& +1( <ad )%1(<ad)+...
2 3

These two relations, with the identities (1.8), yield:

a=s-1_s®s+_%._s®s®s—... (A.9)

2! 3!

s=a+l1a@@a+12@Qa®a +... (A.10)
2 3

We must still relate s to observables., Classically, for
the transmission of a wave through a slab of thickness g, the
transmission coefficient S is exp(-« g), where £ is a con-
stant. Thus, <s) = -1nS(®) is proportional to the opaque-
ness of the hadron at ®. If wi.ilefine a two-dimensional

opaqueness function D(x,y) =) @ (x,y,z) dz, where o0 is the
- 90

density of opaqueness, we can write:

Kij// Di(B-b')Dj(b') ab?

2 KijDiQDj (A.11)

where the index on Di tells us what type of hadron is in-

¢ = -1nS(D)
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volved, For pp-scattering, (A.11) becomes:

_ _ 2
Spp = 2 Koo <Dp®np) = 27;Kpp<0p) .

From our definition of D, we have:

+00
<&£> L(,K = /{;;/D(x.y,z£> ‘K X dz
2 4 Lo X'y
L{p(x.y,z)) le'Ky exp(iKZz)’KZ=0 dz
vz <p> \Kx Ky

If we identify//D with the hadronic charge distribution,

<D> is proportional to the charge form factor of the had-
ron, Fl(Kz).

To a first approximation, (1.9) or (1.10) indicates
2pp = Spp X <Dpp e Fl(Kz)Jz'
while (1.1) states that at high energies
appoc £(t) ,
so that:
e [Fo®)]*
as suggested by Wu and Yang.8 Chou and Yang demonstrate
remarkably good agreement with experiment for the model.6
.Before we leave the-diffractive model, we must examine
its implications for inelastic processes. For such inter-
actions, the model must be expanded with additional
assumptions. This is necessitated by the fact that the
virtual state of the elastic process does not contain a
finite number of virtual particles, as mentioned earlier.
Naturally, the final state of the inelastic reaction must

contain a finite number of particles, and these two state-

ments must be reconciled in the expanded model. Benecke,
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et.al. accomplished this by treating the outgoing particles
as fragments of the target and the projectile.9 The project-
ile and target are still spatially extended objects which
pass through each other, but now they may break up into
pieces, Mathematically, this statement takes the form of an
assumption regarding the high energy partial cross sections
of the outgoing particles. It is reasonable to believe that
projectile fragments have finite momentum in the projectile
rest frame, and that target fragments have finite momentum in
the laboratory frame. Benecke, et. al. hypothesize that in
the 1imit of high incoming energy, the partial cross section
that a particle of mass m is emitted with momentumﬁgis
finite, and defined as /91(5) d3p, where D is defined in the
projectile rest frame for some particles, and in the 1lab
frame for others, and Vad! > 0, Similarly, partial cross
sections /anélrdjpi for n particlesare also assumed to be
finite at high energies in the lab or projectile rest frame.
The presence of other final particles, whose momentum in the
center of mass frame is finite (pionization) is not totally
inconsistent with the mathematical statement of this model.
Benecke, et. al. reject pionization, as it implies that the
colliding particles arrest each other and then evaporate slow
pions., This “arrest" appears to be at variance with our
motivation for hypothesizing 1limiting fragmentation, that
motivation being the collision of spatially extended objects
going through each other, rather than combining with each

other. The momentum distribution of secondaries in the
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diffractive fragmentation model is thus different from that
which would be expected from multiperipheral models.

The integrals of the distributions /0n are related to
average multiplicities in the following manner:

/{/FH d3p = total cross section X average multiplicity per
collision of particles of mass m emitted from
target (projectile),

I/OZ d3p /‘ (n ) X average multlpllclty per collision,
whér@ a nartlcle of mas m, and momentum p

is emitted from the target (projectile),
articles of mass m, emitted from the tarnet
projectile).
The a@propriateness of thé words "tarzet" or "projectile" in
these equations depends on whether we are examining target
fragments or projectile fragments (i.e., slow particles in
the lab frame or slow particles in the projectile rest
frame), Benecke, et. al. suggest that these integrals (and
hence, if there is no pionization, the multiplicities) are
divergent. The dependence of multiplicity on the energy is
explained by noting that more of these divergent integrals
are made accesgible at higher energies,

Partial cross sections for particular numbers of emitted

particles may be examined by considering the kinematically

allowed region for which /01 igs defined. Conservation of

momentum requires that Pine = f Puj and energy conservation
demands that 2 e; = Mt + E, where Pine = projectile moment-

ith longitudinal fragment

th

um in the lab system, P,y =

momentum in the lab system, ey = i fragment energy in the
lab system, Mt W target mass, and E ™ projectile energy in

the lab system. Combining both equations:
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Eg (e - v,)

: i 7 Mt +E - Pinc *

or at hish E:

n

ié (e - pn)i = M-t ’ (*012)

where only target fragments contribute to the left side at
high E, since projectile fragments have infinite energy and
momentum in the lab system, Let crh be that contribution to
f% for which the target is unchanged (elastic scattering and
diffractive excitation) and let 7; be that contribution to
fh for which the target breaks into two or more fragments.
Then f% = CT; + 1ﬁ:. ‘r; is the cross section for processes
in which there are n target fragments, and '7:'is the cross
section for processes in which there are more than n target
fragments. 0‘% is a delta function defined on the surface
in momentum space specified by (A.12), and '7: is a function

defined in the region given by:

n
Zl (e - p); <M . | (A.13)
Thus, L is the limiting partial cross section for an n-fold
target fragmentation at infinite projectile energy in the 1lab
frame, Experimental fits by Benecke, et. al., are good for

single K~ and single " distributions in pp collisions, but

poor for single p distributions in pp collisions. The model
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is consistent with observations of low momentum transfer of
outgoing particles, since it predicts that large t implies
large multiplicity, so that the many outzoing particles can
share the transverse momentum, each particle having small
transverse momentum,

More detailed study of multiplicity and correlation
functions may be undertaken if the model is further extended
by additional assumptions. Jacob and Slansky treat the
virtual state of the inelastic proton-proton collision as
composed of two resonances called "novae" which subsequently
decay into our fragments.lo The exchanged particle in their
model is a pomeron, with'triple Regge behavidr (See Figure 1

and Article 5 of this Part). They suggest an ad hoc formula

fucts) = g expbe ftOz )] (A1)
“

for the excitation spectrum fh(M), where
= W
o } (x (1) am,
@ labels beam or target, ¢, and p;‘ are characteristic of
the nova, and M is the nova mass. If we make the reasonable
ascumption that the nova mass M is proportional to the num-

ber of fragments n, then we have:

o7 oC L (A.15)
n

— _;_ .
where Mmax —‘505', so that:
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(n) eC in(s) ana r oC (V)1 (A.16)

where <ﬁ{> is the average multiplicity and fn is the Mueller
n-body correlation functionB'll(See Appendix B). Thus,
f, o (=) for this "nova model”, a result very different
from those of the absorptive multiperipheral model (See Appendix
A, Article 4) or the multiperipheral cluster model which we have
discussed in Part II. Furthermore, it should be emphasizecd
that we can obtain predictions for <&;> and fn in the dif-
fractive fragcmentation model only under the framework of
additional assumptions, such as those of Jacob and Slansky
(e.z., (A.18))10,

In summary, the diffractive fragmentation model satis-
fies the elastic scattering result

lim 4o~ _

and it is consistent with the behavior of the average multi-
plicity and with the transverse momentum distributions of the
outgoing varticles in inclusive experiments. It is never-
theless not fully consistent with all of the experimental
data (e.z., the single proton distribution in pp-scattering;
see Figure 1 of Ref. 9), and there remain gaps in the model.
For example, the model contains no prescription for calcu-
lating the average multiplicity and the correlation functions
unless additions are made to the theory, such as the triple

Regge formalism and (A.14).



95

2. STATISTICAL THERMODYNAMIC MODEL

It was Enrico Fermi who first attempted to describe high
energy collisions by treating the various multiparticle pro-
duction possibilities as though they were governed only by
their statistical weights.12 He even went so far as to apply
thermodynamics and introduce the notion of a temperature via
Stefan's Law (energy density &K Tu). Nevertheless, it wasn't
until nearly two decades later that the ramifications of the
thermodynamic victure for such functions as the hadronic mass
spectrum and the momentum distribution were formulated by
Hagedorn and Ranft.la'lu The contributions of Hagedorn and
Ranft of interest to us here may be summarized as followss

1) A statement of the basic principle of the model
expressed as an asymptotic bootstrap condition.

2) Calculation Qf the hadronic mass spectrum, and from
it, the partition function., allowing the calculation
of observables.

3) The establishment of an upper limit on the "temp-
erature” of hadronic matter, leading to an interpret-
ation of high energy hadrons as in a state of "boil-
ing”.

L) Calculation of the transverse momentum spectra of
products of hadron-hadron collisions.

5) Remark on the average multiplicity of final states.

We will now consider each point in detail,



1) The Principle of the Model.

Let's address ourselves to the first statement. The
fundamental assumption of the model has two parts. First,
highly excited matter is assumed to be in a statistical
equilibrium (actually, it is a special type of pseudo-equil-
ibrium which we will discuss later). Second, each particle
or resonance in a highly excited state is treated as a fire-
ball, which consists of fireballs of the same type; i.e.,
the constituent fireballs also consist of matter in stat-

14

istical equilibrium. Hagedorn and Ranft state both as-

sumption parts most elegantly in one circuitous sentence:

"A fireball is

a statistical equilibrium of an undetermined number of
all kinds of fireballs, each of which, in turn, is
considered to be:l"

whefe, the authors emphasize, "the feedback arrow is most
important!"” These "fireballs" are specified by a mass spect-
rum ,O(m). which includes all hadronic matter. At low mass-
es, the hadronic mass spectrum is a discrete set of lines
corresponding to common particles; at somewhat higher masses,
we have the "resonances"; at very hich masses, the resonances
are so broad that they form a continuum of fireballs. An
alternative, more mathematical, statement of the bootstrap
condition will be presented when we discuss the mass spectrum
in greater detail, along with the partition function.

We digress here to discuss the nature of our statistical

equilibrium. A true equilibrium would imply an isotropic
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momentum distribution for the products of the reaction. But
in hizh energy collisions, the beam direction is singled out
due to its high initial momentum in the lab system. We are
naturally led to believe that there is a higher probability
that a product will have high longitudinal momentum than

that it will have high transverse momentum. This is, indeed,
the case experimentally. How, then, can we describe the de-
caying fireball with statistical tﬁermodynamics? Hagedérn
and Ranft resolve this dilemma by superimposing the aniso-
tropy caused by collective motions of the.component fireballs .
in the longitudinal direction on the isotropic velocity dis-

14 They

tribution conjured up by the statistical treatment.
assume that there is no turbulence (transverse collective
motions), so that the transverse momentum distribution need
not be weichted in this way. The fireballs are allowed to
move collectively only in the longitudinal direction.

There is a second aspect to the application of stat-
istical equilibrium to hadronic matter which will disturb
many readers. Where is the "reservoir" which maintains the
fireballs at a "temperature" T? We will indeed define a
temperature function for hadrons later. Obviously, the heat
bath is imaginary, a mere mathematical construct. We use it
only to relate the total energy in a fireball to our "T".
Inverting this function gives T for any observed energy E in
a collision. The temperature is then the most likely temp-

erature of an ensemble of collisions, all of whose energies

equal E,
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A third, more subtle, problem appears in the theory. The
first decays of the incident fireballs yield other fireballs,
which decay again, etc., Many stages are assumed to pass be-
fore the final state of observed particles results. Yet, the
calculations of the ﬁodel are all based 6n only one decay
stage. It is assumed that this is a reasonable approxima-
tion, and the rationale is the success of the model in ver-
ifying experiment. The nature of the approximation is to
treat the products of the first decay as the final state,.

Finally, proponents of models based on "fundamental"
particles such as quarks may shudder at the bootstrap state-
ment of this model. Nevertheless, the thermodynamic model
is not inconsistent with such models. Particular particles,
whether they be protons or quarks, are simply specific states
of the statistical ensemble, states of mass mp or mq, for
example. All particles are still fireballs, and there is no
"fundamental" fireball. The notion that some particles are
fundamental then means that some of the states of the en-
semble are constructed from the fundamental states.

Now that we have introduced the physical statementof the
model, and discussed its flaws, we turn to some of its

virtues,



2) The Mass Spectrum and the Partition Function.

The prime motivatior for introducing the hadronic mass
spectrum f (m) is the necessity to sum over all possible
kinds of hadrons and anti-hadrons in calculating the parti-
tion function 2. We review Hagedorn's original der.iva‘t:ion.:"3
The partition function, without the ground state of no part-

icles present, is

Z(v,m‘):é -12 -1 (A.17)
& o[ 354 ?

where Vo is the volume of our imaginary black box, T is the
parameter which we call the temperature (to be determined by
experiment), -'4‘ is the number of particles present of kind

=22 2

A 2nd momentum T , and §,, = +m “ . The sum is
« 3 &

over all matrices (Vg ) with elements 1{(6: 0,1,.04,
(but for fermions, “Wgs = 0 or 1 only). Defining
Xyp | ©XD [—— fdp /I‘:] , and distinguishing bosons (label

A) from fermions (label P ), we have:

1+ 2(V_,1) = 2 ‘I'I'x;;“ﬁ = (i 111/11)(2 xl;v1
| 4
11

112

Z(VO,T) 77- Tr(1+x“~') -1,

o« THE x-m

in [1+Z(VO.TD = -‘é In(1-x40 ) + “é ln(1+x.u' ).
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By introducing the mass spectrum f(m). the sums over p. r.

may be replaced by an integral:

2—" “BFm dm.
z ofﬁ,u[ ]

Since 0( labels the momenta 'ﬁ.‘ , the sum over °( may also be

replaced by an integral:

00 (o
2—)/ Elwrn?*l_'. J dp = %o f p?[i..] dp
« 4 }‘13 ’ 277'20

where # = 1. Our expression for Z is now:
in [1 + Z(VO.Tﬂ
oo o0
Vo 2 ['
= - p° dp dm ,°F(m)ln(1+xpm)-IOB(m)ln(l—xpmﬂ . .
(] °

Expanding the lozarithm yieldsy

o0 o0
V'
1 2
in [1+Z(VO,T8 = ;o;gg Hldpdm[ﬁ(m’n)p xpmnj

where f(m;n)! fB(m)-(-)an(m) and xpmn=exp[%0pz+m2 <1,

The momentum integral can be expressed in terms of modified

Hankel functions:

o©
K, (y) 3
/dp pz exp[‘%vp2+m2_-l= -m3 '?1—3',' 1 y‘] =0 Kz(y).
()

y
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where y ¥ %m. yielding the result:
o0
vV.T
in [1+2(v_.7)] = 2= ,O(m;n dm. (A.18)
o] 2 T
272 =
n=
From this expression for the partition function, we can

derive a mathematical statement of the bootstrap condition,

and we can infer the behavior of the mass spectrum., We now
have:

(v, T)—pxp[ 2 ‘O(mm)m ~—) rJ - 1. (A.19)

But according to statistical mechanics, the partition func-

tion may also be written as:

Z(V ,T) = /G’(E) exp( %) dE,

where 0—(E) dE counts the number of states of the thermo-
dynamic system between E and E + 4dE. This "thermodynamic
system" is the fireball being considered, which itself must
consist of fireballs according to the bootstrap condition,
when m-»oo, The latter fact is expressed by writing Z as

(A.19). Thus:

ad o0
VT
- 1
Z2(T) = exp ;%"21 - KZW)f(mm)n?aE]
°
w A
= (—ﬁ:—) o—(E) dE. - (A.20)
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Hagedornl3 shows further, for m< o0, that,

o0

2 o
Z(T) = exp[rmzf(m)exp(:;rm-) dnJE [ O—(m)exp("—r,f.]-) dm  (A.21)
o o

where in the rest system of the fireball, m = E, He then

infers from (A.21) the mathematical statement of the boot-

strap:
1n f’(m)—‘) 1ng~(m) for m=yeo, (A.22)

From (A.21) and (A.22), Hagedorn shows that the mass spectrum
must appear as:

=2
P(m)—> am 2 exp(’,g—\ (A.23)
i o

where "aJ and TO are constants. This spectrum is assumed to
disagree with experiment at high m only, because it includes
the many resonances not yet discovered. In the next section,
we will concern ourselves with the physical implications of

the constant To.
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3) The Upper Limit of the Temperature.

The experimentally observed particles yield the mass
spectrum (o(m) when the particles' distributions are smooth-
ed by Gauss functions. The lower end of the spectrum is fit-
ted by a function with the required behavior (A.23), and the
function is extrapolated to m=?ee, In this way, the para-
meter To may be fixed at (160 % 10) MeV.lB’lu
Consider the physical meaning of To. According to

(A,21), the partition function does not exist if T>To,

since:

o2
Z(T) = exp[/ m~1 a exp(:% + -—%\ dnJ . (A.24)
o 0

Thus, TO is an upper limit for the temperature T, and char-
acterizes the statistical equilibrium of the hadronic fire-
ball. At low energies, raising the energy of the fireball
will increase the temperature T. But near T=To, particle
creation becomes so violent that T no longer rises; all
additional energy input is used to emit particles. In this
sense, To represents a "boiling point" for all hadronic mat-
ter. While a fireball might exist in a state where T7 T,

it will very rapidly emit particles to bring it below To’ and
restore statistical equlibrium (the lack of equlibrium above
T, is seen explicitly in £A.24) by the fact that Z=»e®), The
temperature To represents a "phase transition"” to a state of

violent particle emission.
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Naturally, one would expect this phase transition to
manifest itself in the transverse momentum distribution. In-

deed, in the next section, we see that its role is important.
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) Transverse Momentum Distribution.

Consider the partition function again, this time without

subtracting the ground state:

ééi 71'x (A, 25)
(V) «k

where k= @= 0,1,..., for bosons and k=*¥® = 0 or 1 for fer-
mions. The average occupation numbers iz(k may be calculat-

ed from Z in the usual manner:
-1
01& + m
[:exn

bosons.
for (A, 26)
fermions.

1<;k 4k: ax

If we wish the momentum distribution of a particular part-
icle, we introduce a delta function at its mass, integrate
over the mass, and multiply by the density of states
(Vo/27r2) dp, where hms1. We integrate over p,, the longix-
tudinal momentum, to obtain the transverse momentum distrib-

ution, for reasons discussed in Section 1:

-1

-
wy(p, )dp, = const'p, dp*/dpz[exp ——]; 1 (A.27)
¥ °

where ,42! pi+ mz.

In the previous section, we observed the experimental

result To ~~ 160 MeV, which is of the order of My » the pion
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mass. Thus, if /A>>m , the F1 in (A.27) for bosons and

fermions becomes irrelevant. For T"TO, we have:

o0
wip, ) = const'p.‘.f dx exp [— %—sz + M 2 J
0
s
' ' " 2 . 2"
= const'pl'"p"‘?' + me Ky ( Py T+ m ) (A.28)
o

Since we are assuming that the argument of K1 is large:

2

S ot . " g‘

2 R
—> c'p,” exp\7 (A.29)

o)

for Py )) ’I‘O and p_L)) m. Thus, the transverse momentum
distribution (if p, Y m, ) is of the Boltzmann type when

T is near its 1limit To'
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5) Averaze Multiplicity.

If the average occupation number (A.26) is integrated
over all mass My and all momenta Dy + We obtain the average
multiplicity of particles N(E) corresponding to the tempera-

ture T, which in turn corresponds to the enerzy E (note that

Hagedorn13 finds that N(E) obeys a Poisson distribution, with
N ~~ 1nE, Note that this refers to the average multiplicity
| of first daughters 6f the initial fireball. According to our
assumptions, this is a good approximation to the average

multiplicity of final particles.

The logarithmic dependence of N on E is certainly con-
sistent with experimental results.1 But at very high ener-
gies, the two=hodv correlation function is positivel, so that
the multiplicity distribution is not actually Poisson. The
products are not statistically independent as the model as-
sumes. Consequently, the model has fallen into disrepute in

recent years.,

In conclusion, to summarize the basic features of the
statistical thermodynamic model:

a) The model predicts that the hadronic mass spectrum
rises exponentially with m, a fact which is verified in the

lower-mass region, where most particles are assumed to be
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known,

b) Hadronic matter has a highest temperature To' near
whicr additional energy input is used almost entirely to
create new particles.

c) A transverse momentum distribution of the Boltzmann
type is predicted, and is in good agreement with experi-
ment.13

d) While the averase multiplicity of products agrees
with experiment, the model predicts a Poisson distribution
for N(E). Exveriment at high energies is inconsistent with

this prediction (See Part II, Article 5, for a further dis-

cussion of this point).

We will now focus our attention on several models which
are more closely related to the multiperipheral cluster model

of Part ITI,
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3. CHEW - PIGNOTTI MULTIPERIPHERAL BOOTSTRAP MODEL

At this point, we take the liberty of assuming the read-
er to be familiar with the "simple" Amati-Fubini-Stanghellini
(AFS) multiperipheral model. For a detailed examination of
AFS with the modification of clustering, he is referred to
Part II.

In the AFS model, the "fundamental" amplitudes AR(so)
which are used to construct the rungs of the multiperipheral
ladder are not rigidly specified. That ic, the theorist may
select a reasonable form for them, As an example, AFS took
the case of simple \f3 theory, where AR(sO)/\w § (so-/Az).

In Part I1I, we use Feynman Rules and unitarity to calculate
Ai(so) for clusters of m particles on the rungs. In the
present article, we will review a model in which a much
stronger constraint is placed on these "resonant"” amplitudes.

Chew and Pignotti combined Regge theory, bootstrap
theory, and the multiperipheral model to produce what is now
known as the Chew-Pignotti Model (cP).15> The CP model sub-
poses that the input interaction is the same as the output
interaction, a consistency condition. Since the value of the
multiperipheral model lies in its ability to produce an out-
put amplitude A(s,t) for elastic scattering which is consist-
ent with Regge theory, the CP model demands that AR(so) be
specified by Regge theory. The sides of the elastic ladder
are no longer pions. They are now Regge trajectories., They

may be meson trajectories or Pomeranchuk trajectories
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(the latter being characterized by ¢(== 1). The inelastic
chain for such a model is shown in Figure 2. The two types
of internal vertices are in Figure 3. We now proceed with
the calculation of cross sections according to the technique
of Chew and Pignotti.15
The differential cross section for particles a, b, to

interact and form n mesons is:

ab _ 1 ab‘z I
= —=— A a
Vreel ‘

10y

n

where Anabis the amplitude for ab—» abn, dEEn is the differ-

ential phase space, and where

I Py )
2 2 2
V(pa-pb) - 1,y

rel mamb

v

In the center of mass system of the incoming particles, we

have: ]
2 2Y2
\J S-my ~My 2 1
) -mymy S=m, -mb .
v = -
rel m, My 2m My

where s = (pa + pb)z. If we define

- (s - ma2 - mbz)
cosh "‘]o = 2 e , we have:

ab _ 1 ab

4@ = 3imn ", lAn , (A.30)

In terms of the final particle momenta pj, dIn is
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_ b 2_ 2y k4 2_ 2 4 2_ 2
0 & = a*p, &(p,%-m 2)a*p, §(p,°m )., avp, § (p,%-m?)

X ‘u(%pi+pa+pb-pa' ‘pb')'

16

We wish to rewrite this in terms of Toller variables. The

3n+2 independent variables now consist of n+1 momentum trans-

fers Qij’ n+1 variables which we call ;i and n variables

j’
called w;. The Qij are shown in Figure 4, We define i;ij
to be the analytic continuation of the angle in the rest sys-
tem of Qij between p, and Ps- To understand Ldi, go to the

rest frame of P;» where the spatial components of Q and

q

i,i+1
$-1.1 are parallel. Add the momenta to the left of S and

separately add those which are to the right. The difference
between the angles which these two sums make with the direc-

tion of the spatial components of Qi 341 and Q is defin-
?

i-1,1i
ed as hJi. In terms of these variables, the phase space be-

comes:
!: n n+1l t
d n=C°ShqaC°Shqb;§qSlnhqjd“ﬁzzthidCOSh i, i+1

X § (coshy - cosh ™)
sinhwy,

(A.31)

2 _ %, - t.
where cosh q, = # - d
o2(-t)3(-t,,)

. 2 _ 2
with t.j 2 (Qj.j+1) ’ COShqa— 1"(-t1/u’ma ) '

coshq, = 1-(tn+1/hmb2) , and where, when each r’i is large,
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n n+l
cosh?) == coshq,coshq, 7T (coshqj+cos wj) 77 coshki.(A.BZ)
j=1 i=1

We define three more quantities nows:

- ' — N
=
Ai = U(coshqi_l-l-cos W.l_l)(coshqi'fcos wi)

exp(x,) = Xi cosh ; ;

exp(XO)! mg?% (A.BB)
T ta b

In terms of these ncw functions, (A.32) takes on the simple

form:

nt
X = X (A.34)
o iog 1

n+l
since i7___71(coshqi_1+cos W, _,) (coshq,+cos W, )

- 2

=coshq, coshqy i=1(coshqi + cos )7,

where q & Q,, Q41 B 9 2nd W FIWEFW 2L, = 0.

Our differential vphase space (A.31) is now:

_ 1 n sinhqj dwi nt+1
& == a7, ;[':l'l Sosh P08 W] :r=r1' dt.ldxi[(xo-zlxi).(A.35)

Now that (A.35) gives the phase space in (A.30), we need
only write Anab and integrate (A.30) to find O'T:ab. This is
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where the multiperipheral assumption (and the Regge input)

enters the theory. We assume the form:

ab n n+1 ; 0( (t )
A TAOF (£)F () EFj(tj.tjﬂ,wj) :ﬂl' (cosh
(A.36)

where F is large only for small t's and we note here that

Nl

1
= - 2
s.=t. 1+ti+1+2( ti )

i 7i- (- t1+1)

-1
X (sinhqi_lsinhqicosklt it coshqi_lcoshqi). (A.37)

These expressions for d]i'],1 and Anab in (A.30) yield:

b 1
ao? =-.————-—' (t)F (% )7TF (ty,taq, i)
n 31nh‘ﬂo n+1 =1 ' Tin1 J

n+i ()42

X 77 (coshti)dl L \ E-i_r-{hl.——_
i=1 Mo
n sinhq. d¢y. n+1l

| J
X ;,?:1 Coshq3+cos w; l.TT=1 dt, dx; S(xo- éxi)

Integrating over the dw's:

da“r‘lab=exp(-2xo) X(XO-?xi)faZ(ti)sz(tn*'l)

nt+1
X 77;f32(t tJ+1) 77'1 dt,dx; exp(2ed, x, ) (A.38)
i= i=

2 . 2
where fj is the product of ‘Fj(tj'tj+1"°ﬁ), and known
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functions of tj. tjﬂ. and Lu,, integrated over wa.
At this peint, Chew and Pignotti make an assumption
which greatly simplifies the calculation of G;fb, This

assumption is:

2 2 2 2
/atlat.‘,...a'«m1 220802, 504, 85000 2 500 80 )1 5(1)

where x and y may be M (meson trajectory)-er:-P (Pomeron tra-
jectory) and 1 is the number of M-M internal vertices in the
chain (See Figure 3). This assumption is realiszed if the
t-integrations go from -oo to 0, if .

£3(830%54,) = &5 2(5)0(%5,,),

f‘(tl) = Guf(ti)'

Tpltney) = Gpyflto,, ),

£(t) being the same function in all cases, and if we replace
4 (ty) by 4pop .

As an example, consider Figure 5, where three pions are
produced, with exchanges of Regge trajectories N,M,P, and N,
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Equations (4.38) and (A.39) indicate the result:

aMMPMb 2~ 2_ L 2
d 075 2 Gy Com 2P Bn exPEZ(“Mx1*‘Mx2+"Px3+‘qu‘xo)]

X dxldxzdx3dxu [(-Xo+x1+x2+x3+xu) (A.L0)

Now that we have arrived at an expression for the cross
section for ab=pabn, we can find the total cross section by
summinz over n and the possible trajectories. First consider
only diagrams with meson trajectories. The n-meson produc-

tion cross section for such diagrams is:

ah, . .Mb_ 2 2 2\n
d g7 =G G () exp&(“M - 1)XO]

The x-integration is

‘s A ng (x,)"
dxy | 4%, ... dX, 4q (x1+.,.+xn+1_xo)= — ,
0 (o 0

so that we have:

2 n
(2, X )
T\Q...Mb_ 2 2 JM [e]
d'-an =G 1 Gy~ a7 ©XP (2, -Z)XJ. (A.42)

a Poisson distribution in n. Summing over n yields



2 n
L) o
n n! - P 8y 44

(recall that the Taylor series for e is é_

with the definition 2« + gM2 = 2-(M. , we find:

ab...Mb _ 2 . 2
% = G " Gy exp[(ZG(M,- Z)XJ ]

The Froissart bound17 requires that of

v & 1, so:

e & 201 - )

where this condition arises out of unitarity.

116

so that,

(A.23)

(A, Lk)

Before we examine diagrams in which the Pomeranchuk

trajectory is
city from the

directly from

the Poisson distribution (A.42), since

>+ Ea Mg SR NENTED N

so that:

<n) ah,..Mb _ o 2X .

also present, note that the average multipli-

pure meson trajectory diagrams may be read

(A.b5)

In the case of nucleon-nucleon scattering, m_ and m, are much

larger than the average momentum transfer, and the definis

tions following (A.31) reveal that coshq, AL coshqy A

1.
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Furthermore, (A.33) then provides exp(X_ ) = cosh™) , and the
delta function in (A.31) yields exp(X ) = cosh ¥) . But

a
(2] -
cosh 110~ 5 .

50 X “~~ In(s) and (A.L5) becomes:
&y A M n(s). (A.16)

This 1s the same prediction as the simple AFS model, and also
the same as our cluster model in Part II. Wde must keep in
mind that diagrams with Pomeranchuk trajectories arc being
irnored at this voint. Note, too, that because we have a
Poisson distribution (A.L2), the two-body correlation func-
tion f, = 61(1*1-1)) - <n>2 is zero if we only include the

meson trajectoriess

n_-A n -\ et -
67> - £ePANT L Se N ) £ u Nt
X%(n-%h?ﬁe‘ SN = NN,

<n2>-<n>2-<n’ =X2+X-X2 -x=0.

This is a different result, both from the simple AFS model
(fz’\, -1ns) and our cluster model of Part II (f2’\1-+1ns).
The Pomeron is thus necessary if we believe that f2 depends

on s, and if we want to rescue the CP model. We have found
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in (A.L43), however, that any group of adjaeent meson traject-

ories may be replaced by a single trajectory given by

4 2

M .
We may now write the total cross section as:

a—ab _ a—-aP...Pb + a—'-ajp...M'b

- i
me = Ap T =8

tot - tot tot
g—aM'...Pb ﬂ——aM'...M'b
* tot * tot (A.47)
where it is understood that M' and P trajectories alternate

along the chain. Thec optical theorem teclls us that
%abd %X imaginary forward eclastic ampliude ab-pab,
Chew and Pignotti assume that this amplitude is dominated by
the Pomeranchuk trajectory alp(0) = 1, so that
Ogtabd %A'\f% s 'A< 1, That is, a;tab should ap-
proach a nonvanishing constant at high energy.

Congider the contributions to O;'tab given by (A.47),
In the first term, congider GI'\IaP" 'Pb, where N is defined

as the number of meson trajectory "clusters" lM':

aP...Pb _ 5 2, 2., 2y2N
3Ty = Gap Opp  (2p7) E"P&“PX;*"wv"z*“P"f“-

2N+1

Integrate over XoN+1 using the delta function, so that:
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aP...Pb _ 2, 2, 2y2N
A 03FFP = 657007 ()

XZ;XP[Z“M' XZ-*PXZ‘.'*Mp XLP-*PXLL e +4M v XzN-*szN*"PxO-XO)J]
X dxldxzdx3. .o dx?N

or more clearly:

aP...Pb _ 2~ 2. 2y2N

Change variables:

sz +XL"+...+X

2 2N

' = . i = Na
xi_xl for 1 1,.2,3,...,2N=1,
That is, replace the variable Xon by z = x2+xu+...+x2N.

Integrate over all x{, but not over z immediately:

an. .. Po _ GaPZGbPZ(gPZ)ZN[;xp[g(c(P - 1)X01J

X
X[O dzgxP['Z(“P"M')Z]J dxi dX'z... dx'zN_l .

Since we have temporarilly fixed the subsum 2z, the integrals
over odd-indexed x]!_ may be done separately from those over

even-indexed xi:
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Xy X3 2N-3 (X, - z)N
[} ! * e —t—————
(o] o) (o]
2 2 2N -1 -1
~ ! ' 1 -
dn.z dxu- (IR} dsz-z N-l ! .
(o] o o

We are led to the result:

a-l\-JaP. P _ @ PZPbPZ(GPZ)ZI\%xP[Z(‘( - 1)X ﬂ

X

N
X OdZ ZN-l (XO-Z) eX{-Z(*P 4]\/" ) J (A- L"8)
A (N-1)! !

and, of course, atotaP é a-aP . When dM'

near G‘P' an approximate closed form for this sum may be

obtained:

qt—c;'taP-"Pb = r‘aP oP Exp[(cl oty -Z)XJ]coqh(gP (A.49)

Similarly, we may look at the other three contributions to

(A.47). PFirst, for aP...M'Db:

aP...M'b _ 20, 2 2N+1l:
ﬂﬁ; = G_p PbM (gp°) exp[éﬁip-l)xoi]

(x_-z)N
X OaZl%_ N'Z [xp[Z(“p"f\r )z]] (A.50)

o

where N is the number of M' trajectory clusters, not includ-

ing the end M', The same result occurs for aM',..Pb, If
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‘tM' is close to cle

G;taP. M GaPZGbMZ[eXP[(QPq-(M,-2)X;] sinh(gPZXo). (A.51)

Finally, the last contribution to (A.47) is:

O P = GaMszM%[;xP[%‘P**M"2>x;§]COSh(ngxo)("52)

so that (A.47) now reads:

2~ 2 2 2 2
tot (GaP (’bP +GaM GbN{ )COSh(gP xo)

o}
o’
n

20 2.0 2n 2y 2
+ (G, p Gy G, yp )sinh(2p™X )

>

exo[(of p*t Ay -Z)XJ _ (A.53)

At high energy (and thus, high XO), this is:

ab _ o, 2. 2. 2. 2. 2. 2. 2
Tiot = (CapGpp ™0 "Gy +C  p Gy G 4 Cpyp”)

X expf(gp2 + ClM, + oy - 2)XO]

so that, since we desire that a-totab constant at high

energy, we demand:

gp2 = 2 - dP - dM' . (A, 54)
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For elastic scattering, we can write:

d de_lab = GaPZGbPZExp’:Z(&le - Xo)‘]7 dxy ‘(-Xo + Xl)

so that we can integrate over Xq yielding:

0% = 6,707 expf2(d p - 10X ] (4. 55)

allowing the rewriting of (A,52) as:

a'_t-(;-tab = ae_lab[(1+rarb)cosh(gpzxo)+(ra+xb)sinh(gpzxo)]

X expﬁ‘(my - 4P)Xoj (A.56)

where b’ca GCMZ/GCPZ'

As an example, Chew and Pignotti examine the case gP2=O,
‘M":*P:l (so that., from the definition following (A.42),
gM2 = 2(1-‘M)). Our equations (A.55), (A.56) and (A.42)
yield the results:

ab _ . 2. 2
001" = GopCyp

b b

T = 0o (1 +¥¥)
ab ab (gszo)n 2

0:1 =,'a); °:1 —aT—— expl-gy Xo)' ' (4. 57)

Again, from the arcument preceding (A.46), we have Xg\rln(s),
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and for this version of the CP model:
)~ X, =™ 1n(s), (A. 58)

But again, since (A.57) is Poisson, £, = 0. Apparently, we
need ﬁpz # 0 if we want a nonzero two-body correlation func-
tion in this model, so that terms of the forms (A.49), (A.50)
and (A.52) must be added to the right side of (A.57). Fur-
thermore, experimental evidence for diffractive discsociation
(N = 0, aPM'b) indicates gPZ 2 0.02 according to Chew and
Pienotti. (At moderate lab energies, and o+ A efp, (A.50)
provides aN—=OaPTv'l'b = G:lab b':b(gpzxo)).

In the next chapter, we will investigate another modi-
fication of multiperipheral models, which has more promise
for fitting experimental correlation functions than the CP
model. Indeced, we will use the CP model as an example of a
multiperioheral model which can itself be modified according

to the vrescription of the next article,
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L, THE ABSORPTIVE MULTIPERIPHERAL MODEL

The absorptive multiveripheral model (AMPM) is the only
model of those discussed thus far which yields the correla-

tion function behavior:

£ (1ns)™ (A.59)
If the Koba-Nielsen-Olesen5 (KNO) scaling factors,
<nq>/<n7q; experimentally rise with q, then the behavior
(A.59) is warranted. In the simple multiperipheral model

and the cluster model of Part II, fm’\v In(s) and the KNO
factors are not only independent of s, but they are also in-
dependent of q. However, the sign of the coefficient of

1n(s) in f, differs between the simple AFS model and our

2
cluster model (See Part II). The special behavior of (A.59)

merits our review of AMPM,

Absorption was first applied to the peripheral (one-
meson exchange) model by Gottfried and Jackson18, and then
applied to the multiperipheral model by Finkelsten and
Zachariasenl?, The Finkelstein and Zachariasen model (F2)
resembles the CP model in that it is a bootstrap approach.
An elastic amplitude is obtained, which in the high s limit
is a self-consistent solution at finite and zero momentum
transfers t. Furthermore, the total cross section does not
fall at high s in the FZ model.

Caneschi and Schwimmer have calculated the partial cross

sections, average multiplicity and correlation functions for
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the FZ modelzo. We will reiterate their calculations here,

as they are of interest as a comparison with our other mod-
els.

To introduce absorption, the impact parameter represent-
ation is invoked, and the Pomeron (& = 1) is given the
representation ie(Bo(Y) - B), where Y = 1In(s), B is the
impact parameter, and BO = ROY: RO is a constant which we set
atbone. Absorption is used to prevent violation of the
Froissart bound by the output amplitude.17 The partial cross
section for producing N particles when the incident pérticles
differ in rapidities by Y = 1n(s) and they have impact para-

meter B ig:

o5(Y,B) = S(Y,B)My(Y,B), (A.60)

where

M (Y,B)=g" ﬁlﬂizb dys O(y.2-v,2)]§(y Nél )

LAl AN R R !
N-1

x §(3- € v, (A.61)

i=1

and S(Y,B) is the absorption factor, 1 + iT(Y,B). y; and bg
are the rapidity and impact parameter differences between the

ith and i1 + 1St

particles in the chain and VE? is the coupl-
ing constant.
Caneschi and Schwimmer now apply Laplace transforms in Y

and B to (A.61), yielding:
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~2(N-1)
My (X,C)& gN/dzB ay eX¥eB0u (v,B)=g"(x?-c2)2 T O(x2c?),
(A.62)

The main contribution to the inverse transform occurs at

x = =1yY o 3(N-1)B (A.63)
max 2 »2 max 2 r2
Y*-B Y“-B
The method of steepest descent about Xmax' Cmax provides:
\, 2 2V \3N-6
My(¥,8) = o L= Blm — @v? - 87, (A.64)

A self-consistent solution is obtained with:

-5 1
T(Y,B)=10(Y?-B%)_31&Y2-p%)y 3W¥y2_p? exp['-gW(Yz-Bz)l. (A.65)

Combining (A.60) with (A.64) and (A.65) thus gives us the

partial cross néotient

1
= 1
(W2 5?2 3N-5 3
o7 (v, 5y =2t [axp(-g3 2p2flav?-8%).  (A.66)

Equation (A.66) can be integrated over B to obtain the
dependence of the partial cross section on N and Y:
o 3 ;
o) = Gy ¥ON-3, &21), (A.67)

where ¥ is the incomplete gamma function?l:

1

1 Y
¥on-3, 0z J ot IR gy, (A.68)
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The result (A.67) was used by Caneschi and Schwimmer to cal-

culate the average multiplicity and correlation functions

using a generating function defined by MuellerBs
S5(Y,2) ® EZN a5(Y). (A.69)
N

Note that:
F & <N(N-1)...(Nemr1)D = 1 ™S (A.70)
m 57,2) 3y,m L-

_ Z =1
and the correlation functions fi are given by3:

oo .Y i i+

For exanmple, the two-body correlation function is:
f,o=F, - f,2=F, -F?%= QN-1)> - {ND?, (A.72)

The FZ generating function is obtained by substituting

(A.67) into (A.69):

-2 1
S(Y,z) = ézN %{—577 ¥ (3N-3, g_jY)
ERE T R 11
= _z_gi% - [[gB(ZB-l)Y-ljexp (27-1)571] + 1]' (X.73)
(23-1)2

The leading terms of F_, using (A.73) in (A.70), are:
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1 am
2| L.3
F o = [ 5 2 YJ . (A.74)

Thus, the leading terms of the correlation functions for m2 2

N

are:

A m ’ 1 m 2 " % m
~ m 3 __9-3 - 2. o
o Fm_(Fi) m+2 3% Y) N (9:‘ Y)~[m+2 (3)]60 Y) (4.75)

1

where fl = O = %53 . In the CP model, Fm=(F1)m and the
leading terms cancel., In fact, all terms except the first
order term in Y cancel. But in the FZ model, this cancella-
tion does not occur, and f}l’\f (lns)m, as claimed earlier,

In particular, the two-body correlation function is:

2
fov \5 1 h\ (%_BY) - T%E g3 (1ns)?. (A.76)

Since the coefficients of (1ns)™ in P and (l"‘])m are

unequal,
i S <% # 1.
(Fl)m DM

At high energies, we have:
m

1
W o %)

<$f>n1 m+2 ('GBY)m

Note that (A.77) is independent of s, that it equals one when

- () > (A.77)
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m=1, and that it increases as m increases. Contrast this to
the CP model, where ({n™ /& nd™) = 1 for all m.

We will see in Part II, that although the two-body
corrclation function in our multiperipheral cluster model
goes as 1In(s), we can nevertheless drive f, positive by in-
cluding clusters of sufficient size, and we can fit both f2
and fl = <1ﬁ>1mrincluding clusters of sufficient variety.

Before beginning our study of the cluster model, we will

review one more model of related interest, the Mueller anal-

ysis of inclusive processes.
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5. MUELLER ANALYSIS OF INCLUSIVE PROCESSES.

The following chapter stands apart from the rest in two
respects. Firstly, we will examine a type of distribution
larzgely neglected so far in this paper, except for some dis-
cussion in the context of the diffractive frasmentation
model. Secondly, we will review a method of analysis which
lends itself not to one narticular model, but rather to many
models,

Inclusive processes are those in which some of the pro-
ducts arc not observed exnerimentally, so that the reaction
may he written:

A+ B=—d C1 + 02 + .00+ Cn + anything,
where Cl' CZ""' Cn are ohserved products. For simplicity,
we will consider the one-particle inclusive process:

A+ 3= C + anythinc,

U
7,

Much work has becn done on these processec in specific models
(See, for example, Ref., 20, pp. #1-43). We choose to follow
the more general analysis developed by Muoller.ZZ
Conzider first the cxperimental observations regarding
one-particle inclusive processes. Let the momenta of the
incident particles A and B be Py and Pos respectively, and

let that of the observed product C be gq. If W is the energy

of C, we define the one-particle inclusive distribution as:
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d~ _ 1
GB! ‘*’d3 = %5

7 NNy

3
n a-q.
2’ /4 % Wkp(qk-Q)
i=1

3
> X (2m) 2w,

x 8%p, + p, - qu)lT(pl +pp=pay *+ ..+ al?,
J

(4.78)
where s % (:ﬁ+p2)2, the sum over k is taken only over part-
icles of type C, and the sum over n includes a sum over all
particle typec and cpnins, We also define t+ 8| (pl-q)z.

u e (pz—q)2 and 12 = s+t+u-mA2-mB2-mC2. Of the variables

=, t, u, and Mz, any three may be chosen as the independent

c
variables onr which 45 depends., Let g; and q, denote
longitudinal and transverse componcnts of momenta (parallel
and perpncendicular to f&—ﬁ%, respectively). We also define

the rapidity variahle y as:

W+ q wta
L 1 L
g In—m=: In —— A.79)
y L : w - q | (A.79
where mT2 = mC2 + qr[,2 so that wz-qL2=mC2+qT2=mT2. Note now
that:
: wtqp w -4y, w+qL-(w—qL)
sinhy = w-q w+q
L L Yy w -qL

L TR ¢ = f (A.80)
“U -qy, “qT M T

and we also have:
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) "w*—T‘ . 'r_'w- q“L]
coshy = w- 4, WL

(w+ql)+(u—qL

= = — ’ (A.gl)
ZW' qL mT

and finally:

dq; = mp coshy dy = Wdy, dy = dq;/w. (A.82)
The range of vy is Y & ln(s/hTz). since W, . = t ¥s'/2 at
the limits,

We are now preparcd to diccusc some cxperimental observ-
ations. '"irstly, (E%C decrcases expornentially with
lﬁ%‘!ﬁ Qs Furthermore, it is a function only of dp and the
scaling parameter x ® 2qLcm/ﬁ-'. At any fixed qlab, QBC
approaches a limit as c-=po® , This last result is known ac
limiting fracmentation,

There are several other experimental results worth men-
tioning before we study the Mueller analysis of ‘XBC' In
the region where (% + y) is finite and t “~ s (so that x{ 0,
the target fragmeﬁtation region), ’gBC is indevendent of the
projectile A except for the normalization proportional to the
total cross section U'(AB). In the region where x 2 0, y
finite (central region), there is a plateau in ﬂ&f, and the
production of particles and antiparticles is equal. In all
regions, most products are pions. We will discuss the three
recions of v in greater detail shortly (See Figure 6).

While the discussion which follows was originated by

Muellerzz, its details have been extracted from two re<.
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views.23’2u The core of Mueller's treatment consists of a
generalization of the optical theorem. Recall that the
usual optical theorem relates the imaginary part of the for-
ward elastic amplitude to the total cross section. The gen-~
eralized Mueller version relates the one particle inclusive
distribution /230 to the imaginary part of the forward

three-body elastic amplitude for the reaction ACB=»ACB:

Rs’ = (A.83)

AAC‘B-"A—Blf‘orward

0

where the imaginary part is understood (See Figure 7).
Mueller combines (A.83) and Rezge formalism to analyze f?BC
in the light of the experimental picture described above., We
will first examine the rapidity regions as promised earlier,.

The projectile fragmentation region has finite (%—y) =

s -1 @ -
In=5 - y. Now y = sinh 1L sinh™1 5!5‘. using the exper-
m 2 M 2mT
imegtal result of scaling. At high energies s, y is large
and %e¥ & 5—@, so that y = 1n xVs! and
2m m
T T
sm
%-y = ln—‘—;’-—z- - 1n lzn—vg‘:' 1n —%""— = 1n E%“' aC -1nx.
M T My xVUs T

Thus, x»0 in this region (remember that Ixt € 1). Consider

t and u in the projectile fragmentation region:

2
2m
t = (pl—q)zr.\; mA2+mCZ- A mp sinhy - mTV_s" e™Y
s
m 2

2
2m o
- 2 2 A x¥s ' T Y. 2 2 2 T
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2 2
. )
u X mgT+ me" - =" My sinhy - mTVs‘ey

2
2m
_ 2 2 B xVs e x Vs
=mg Y me - R "‘T(mT""‘T°(mT)

2 4 mC2 - ZmBzx - XS . (A.85)

1

My

Thus., in the projectile fragmentation region, t is finite and
u~ -z, That is, the momentum transfer between the target
(B) and the product (C) szrows with the energy. Finally, con-

sider the behavior of M2 in this region:

M% = (P-q)? = PP+q2-2P:q = s+m ?-20@w = stmyZ-268mcoshy
(A.86)
Y . .. Y
where P ¥ p,+p,. If (5 - y) is finite, 5,
coshy ~ cosh% ~ {sY and Mz’\rs. In fact, since j:;_u = x

when the masses are negligible compared to the variables s,

t, u,we have:

M2 = g + t + 4 = s(1 - x) + 2t , (A.87)

Throughout most of the projectile fragmenhtion region,

2~ s. But if we are at the edge of the distribution,

2
y-’z, x~»1 and gl—-vo. This edge will be of great interest

M

later.

Now we turn to the central region, where y itself is
finite. Using the first lines of (A.84) and (A.85) in this
region, we find that t and u go as ¥S% and in particular:

tu R mTzs and M2~ S. (A.88)
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Finally, the target fragmentation region is character-
ized by finite (% + y), and the roles of t and u are reversed
from their behavior in the projectile fragmentation region.
Thus, u is fixed and t A~ s, while MZ = s(1 + x) + 2u.

Again, M2 A s except in the edge region, where %E"O,
vy -ﬁ, and x-p -1,

We are now prepared to calculate the one-particle in-
clusive distributions. Consider the three-body elastic amp-
litude of (A.83) and Fisure 7. In the projectile fragment-
ation region, where t is fixed and s and u-—»oe0, Regge theory
demands that a Reggeon be exchanged between B and C (See
Fizure 8). Since this Regecon has the vacuum quantum numbers

(in the crossed channel, Reggeon =% BB), it is a Pomeron. The

amplitude for Figure 8 ist

Y a{(0)
—’ (q ’ —-Y) S ﬂ ' (‘089)
forward ACTET! 2 B

A\GR-2ATB ,

where we could have chosen M2 or (-u) instead of s, and where
Z?B is the B-Pomeron coupling and ‘?AC is the ccoupling of the

Pomeron to the combination (AC). From (A.83), we observe:

/jgc = /éac(qT. %_y)[9; sa((o)'l. (A.90)

Pomeron factorization implies that this lgB is the /?é of the

total cross section:

95 = ﬂAﬂB sX(0)-1 (A.91)
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so that we find:

Y
1 ¢ _ Baclap 3 - )
— = 5— ' (A.92)

which is independent of the target B. Since &(0) = 1,
(A.90) reveals that sealing is obtained. The reader is re-
minded of the experimental results of scaling, limiting frag-
mentation, and the fact that /2Bc/crzs is independent of the
target in the projectile fragmentation reczion. These results
are thus predicted by the theory.

We will now examine the same three-body amplitude
AAEB"AEB in the central region, where t and u are large, so
that two Reggeons are introduced, one between A and C, the
other between C and B, both being Pomerons (See Figure 9).

The amplitude is thus:

> Ay Q ()R (O8 (A.93)

A _-T* ot ’
AC3=ACB forward

Now (A.88) says that tu = (qT2 + mcz)s, so that (A.93) be-

comes:
/230—7 s % (0)-1 ﬁA pB pc(qT) (A.94)

and (A.91) allows us to write

°1"AB rABC" ﬁC(qT)' (4.95)
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Since the trajectories are Pomerons, & (0) = 1 and (4.94)
exhibits scaling. Factorization (A.91) implies that
ABC/,‘IB is independent of A and B (A.95); i.e.,, in the
central region, the distribution is unaffected by the nature
of the incident varticles, it depends only on the type of
product and the product's Q- This is the central region of
Ficure 6, governed by [gE(qT). independent of y. The pro-
jectile freagmentation region of the figure is given by

(A.92) and the tarset fracgmentation recion is given by:

X
Filag 5+ )

g

Thus, Regge theory,with its factorization and Pomeron tra-

jectory, reproduces the important experimental results,

W#e must now consider the special regions which we have
called the "edges" of the rapidity distributions, the frag-
mentation regions where %—-’O, x=2%t1, y-’fg, with t or u
fixed. We can take this limit in two ways; either s and
M?00and then %E-,o. or s#9 with M2 fixed, then W2=»oo
In both cases, t or u is fixed.

Consider first taking s-d»oe with M2 fixed and t fixed
(the edge of the projectile fragmentation region). The in-
clusive amplitude A + B = C + anything is then essentially
A+ B=»C + X where "X" has mass M, For AC-BX,

cos ecmﬂc s/MZ, so Regge theory provides the result:
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dt dM 167!‘

a a=C o (t) T'-im(i i
) . -1+ TPe
AS 5 P ‘é ACl(t) )l pBl(t'Mz)[ si:ur-(i ."

(A, 96)
where 11' are the trajectory signatures, di(t) are the tra-
jectories in the AC channel, ’ i(t) their couplings to the
AC structure, and pl(t M2) their couplings to B and X (See
Fizure 10). Now we let M? become infinite. Note that
'ﬁgl(t M= )' is proportional to the "total cross section”
for d B=¥» X at total center of mase chergy M2, As 1‘412-700,
the "elastic amplitude" related to this "cross section" must

be dominated by Pomeron exchange ( 418-)45_5)=

IB a2 |2 = Lyy ) *O@ (4.97)
RRP

The new quantity %RP(t) is the Pomeron coupling to the

Regseon 41(1:), called the triple Regge vertex for Pomeron-

Reggeon-Reggeon (See Figure 11). Noting that

f=wd_;:=_s_d_':_2.,
a’q W at am

we can write, using (A.96) and (A.97):

c 2 24, (t)-1
'XB - —1 l‘gAc(t)l s Y 1 (Mz)-t(o)-1p (t)
e, 6: 162 B, G RRP® *7°
(A.98)
2

The other approach to the limit, where we take s, Moo,
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and then (M%/s)=® 0, yields:

r.° B, .(a -y
——-——ﬁiﬁ% - —AC q—p——‘TA 2~ Y M0)-1 (A.99)

from (A.90), where y =% (Y/2). Now &(0) = 1, and in our
limit, (A.87) tells us that (Mz/s) = 1 - x, Equating (A.98)

and (A.99):
I%\.C(q’l‘, %—y) ~ (1-x)1"2%R ) (A.100)

In the target fragmentation region, u is fixed instead

of t, and this analysis results in:

Bolap. Try) ~ (1401200 (4.101)
Ne may remark at this point that the triple Rezge ver-

tex becomes a triple Pomeron vertex for a reaction such as

AB =% AX, where the Reggeon in the crossed channel AA has the

vacuum quantum numbers. We can now show that if the Pomeron

trajectory is flat at one (o (t) = 1), that ﬁppp(t)=0 for

all t. We will make use of the sum rule:

c

do—

&Y o g = 1< ABZ at dm2 (A.102)
¢/ at am

where ¢{n? 1is the average multiplicity of final particles of
type C. A lower bound is obtained by taking only C=A in the

sum, and integrating only over the triple Regge region, where



140

t is small and M2 is large. Then the integrand is obtained

from (A.98), with P= & 9= _ 5nq R=P, C=A:

T 4t am?
24 (t)
> o 2 / dM / dt ——n (—)
12
X <m2>‘“°) l@<t)|24,PP(t)ﬂB . (A.103)
S

If @(t) ® 1. the intecral over M2 goes as/ Q_D_/J_Z_A'lns, and

)

we find: M
a=,. 2 1In(s). (A.100)

We will also use the momentum conservation sum rule:

P, o {dt aue ——AB_ . (A.105)
M TAB T - £ / at am? q" °

Again selecting the lower bound with C=A and the triple Regge
region, and selecting the sum of the energy and longitudinal

momentum components:

A

s o} da ¢ 2
T 2/ am? at —42 ( - L) (A.106)
| 2 dt am )

min max

Here, &(t) = 1 implies (using (A.98) again):
oo, 2 In(s). (A.107)

This is inconsistent. The assumption &{(t) ® 1 implies that



1

0,5 is independent of s, and here it also implies (A.107).
Kinematically, since <¢n) ~~1 when x 2 0.5, (A.104) also
leads to the result (A.107). We must assume that if the
Pomeron trajectory is flat at one, then lggpp(t) = 0 for all
% |

Experimental data suggests that o (t) is rather flat,
but that ‘?fPP is nonzoro.zn The inevitable prediction is
(A.107), but it is still to early to commit ourselves to a

nonconstant total cross section at high energies.
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APPENDIX B. <nd AND £, IN THE NOVA MODEL.

If qc(n'z, then
1R
1.1 1
r_to g ]" 1+?O*.l. qﬁ .
At hich o, d;6+ ic relatively independent of =,

Now for the average multinlicity, we have:

_1

<2

&> - ¢ acé - “”e( 1n(s) (B.1)

>

s"l

t

and for the Mueller two b»ody correlation function:

fo= &n(n-1)) - ad = &%) - &ndF -
)2

e &Py - (ins

r) .
at miegh =, But <&n“Q iz simply:

R
<n®d = %taCZwCV"'

so that, finally:

e, o€ = (B.2)

as wac to be proven., Higher order correlation functions may

be examined in a similar manncr.
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APPENDIX €. ALTERNATE DERIVATION OF THE CORRELATION FUNC-
TIONS IN THE MULTIPERIPHERAL CLUSTER MODEL.

Let m represent the number of particles in the cluster,

The avera~e multivlicity of particles is then:

{nd = Engnd (8.1)

where, as heforc, <'nm) ic the averace number of clucters of

type m ir the inclastic chnin., That ic:

<nm)§ A(Sl_/‘E) 2 hznAilnz...(s'T‘%' (6.2)

1n¢)l LI

<

Recall our equatior for the elactic dizcram (Figure 13a)):

wherc N is the total number of clucters (not generally equal
to’z, the total particle multiplicity) and we have suppressed

thc arcuments n.p',ml,mz....,mw. on the left in order to

L

emphacizc the functional dependence on the resonant ampli-

tudes Aﬁ. Note that n, of the ms equal one, n, of the ms

1
equal two, etc.

Now vary AR holding Ag for m # 1 fixed:

1 L]



1k

dq ...d q
A._n n (.A. +[A- 9,.-- / / 1 l‘» N I;.I 1
1 2--. (8 )

.Jlll &J‘-l ‘“ | JL ¢ o0 -‘L . ﬂL SJL ‘Lzl .o 2 3 30 . t 30 L)

X
(qlzirg)z(qzz_ 22 2_,2)?

¢« o0 (qr\y-l

where ‘A?(si) = )‘S(sg - sj), and we have:

R ,R ,R R ,R ,R
A = A (A7 +IA Ag A, )-A (A7, Ag, A5, 0)
Moo L PYRE 3 nyNse .. 3

ao that:

fa
nlnzacc - g_im g / ..L-L] ﬂI\Y 1
sA-l(.:)O)

_1-1 factors n

TRRRYR,R ﬁ R,R ---3(> }
X

A Al..'AlAzA‘?'.' n zl'.. > S.
?)2

2)2

(qlz- ...(q2 -

+ all other §ermu+a+10hq of the migsin~ AR (° ) replaced

by (s']-sj i a total of n, such terms

where si=s_ for all j. By multiplyinz by A?(so) and inte-

J
grating over s_, we replace the missing factor in A
o n1n2' L

in each of the n, terms, obtaining:

fa

R hlnzu LY
ds A (s ) g=—5— =n A
o1 %0 R 1™ M, Ne s
rAl(so) 12

Similarly, by varyinz Ag(so) for any specific ms
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We cum over mnermutations of the m, on both sides, with the

n. fixed:

[}

9%

MNeNAe s

ds Ai(qo) Rl 2 - nmA: " .
SAm(so) NqNge e

Finally, we sum over the nj to obtain the awcrase number of

clusteres of cach tvpe m:

SA‘
() = %; é n A7 =1 2 . AR(

- % "S5 m(°o) gA (s
m-To

Thus, the averare multiplicity of narticles ig:

Y éEA. ds A (s) 3—_£¢1M__
m U,Uﬁ R(

It is time to make use of the enercy dependence of A(s,;ﬁ?)

(equation (2.5)). We obtain:

:E R élnA(s,-gz)

(e = ds A (S )

<) m{ 0 m (o) SA'SI(SO)
_ R A . i A
_é n [as, Am<s0>[%g_71n(u> + hg(so ]
= me/dso Ai(so) I;(s In(s) + constant
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We will calculate the functional derivative of « with
respect to Ai(so) by using the functional dependence exhibit-
ed in the eigenvalue equation (2.9). Differentiate (2.9)

imnlicitly with respect to Ai,(so):

1
ds o,
e R (. x_(1-x)
/ g SAm,(oO) dx

2 2
16p A S X+ M (1-x)
1
4% R S a-x)
+ 3 Am(uo) dx > > = 0
1697 > A sox*'r (1-x%)
where

§(x%) = S(elnx.‘) = 8[(9")'1“'\':] = (J.nx)(e‘()(lrx’l)e" 8‘(
= (1nx)x*§« .
Rreall that

sAr}:l'(so) = AS(“(')-SO) and —k—_—- 1im A\gi

Thus, our differential eigenvalue cquation becomes:

1

1
« o«
a3 X (1—X) + (8*) o AR(‘ ) A (1 K) X (1-X)
A o 1(fsc'):rc-f-f.z(l-x)?‘ oé n %o A e sox+/,2(1-x)2

=0,

Dividing by’A and taking X~)O. we obtain:
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1 o -1
[/d’% 2 A (s Yy | dax (1nx) —£ (1-x)

SAR (s soxy‘z(l-x)2

¢
x f ax —2U=x) o (€.3)
sox+/‘(1-x)'

o)

Substitute this into our equation for the averase multi-

plicity of narticles to obtain:

1 o -1
<n) = - /dsoé Ai(so) dx (1nx) x (1-x)
m

2 2
o X+ -X
uox ﬁ (1 P, )

(0]
1
R ' (1.
x[i m'/ds(; Af;,(s(')) ax 'X (1-x) 5§ n(s)
m ‘ o S X

5 .+/.2(1-x)“

+ constant (c.4)

which is identical to (2.1R7).

Mow consider the two body correlation function:
2
= {n(n-1)) - &n)
2
= ((ﬁmnm)(gmnm—l)) - (ﬁm(nrn))

= %[mz(dnm)z_m(nrp] + zrrf.n' mm'(<nmnm> - <nm>6‘m>) (C.5)

m#m’
-
where AnmE U{nm2> - (nm)z and where

G232 ara

nlnzl [N}
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By taking

8, o (sepd)
1 20'!
SAg(so)

. . R .
and azain varying Am(so), we arrive at:

(n (n -1)> ds_ds AR (s A (a-)__LA( f‘i

A(s,-p2) s,-,‘ N YWEH )IA (s?)
If we had taken our first functional derivative and varied
Ai.(so) for m'#m, we would have obtained:

2 2
ds d A ( )AK ((.,.) S A(SJ- L .
Pl Y = s,dsy A (s o FaE(s 8 L)

A(u.-r‘)

Ne neced only plus these results for <n 7and (n n ) into

our equation for f2 to find:

f, = im(m 1)<n 2<nm) -2 2 mm ' <n, )(n "7

2

m#m

+é —l“ﬂ'———z—)- dsods’A(q )A (s

mm' A(S'7M

where

2
R( AS—

= —2— las S .
¢nd A(s.-/.z) 1% An(co] § A% (s,)

o)
Note now that

)Elnf‘_%_l_)_f_ _ ;__)ffg_f_,,_; f
oy  ox\f 3] £2 ¥ Iy T IxIy
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so that

1 ¥r _ Nnr dnr . Pine
f Iy X dy xoy °

In terms of our function A(s,jfg) and its functional deriv-

atives:

1 82 him $ina . §2ama

SARSAR ) far SAi, SARSA

where the arguments have been suppressed for clarity. Making

. 2y
uce of this recsult and the enercy dependence of A(s,7~ )

(equation (2.5)), f, becomes, after canccllation of terms:

2
= (m=1)fas aAB(s )_-&‘ﬁ— + m'f{ae as'aR(s )aR (1)
[émmm /om -o&Ai(SO) %mm// 57%0"m %o m' ‘Fo
§2«

1n(s) + constant.

SA (5087, (s2)

To evaluate f, further, we take the Tirst functional

2
derivative ofd with respect to Aﬁ(so), as calculated for
{nY, and differentiate azain. The previous result for the

first derivative can b2 written in the form:

1 1
A X (1-x AR(s ) (lnx)x (1-x)
* S %+ 2(1-—x)2 (SAR (s!) Fsoéx m %o A x-"/42(1 -x)?

= 0,

o

The sugcested cecond differentiation thus yields:
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1
(8“)/d (lnx)x“{l-x}
o

'x+,. (1-x) )2

+s ds 2A (ﬁ ) Llnx)x“(l»xl
qox-*-/..z(l x) 2
S R"(e ) (1nx)x"(1-x)
s R (“' s x+,.2(1 -x)?
o R (1nx) %X (1-x) _
+f - (8«) J 4 A (s ) 0.
(SAg.(sé)) ; / Soé m "o l S x+,4‘2(3 ~x)?

. R
Note o + + a = ! a.g 2 t t
Note azain tha A n(u ) A S(\ £ ) and also note tha

S'( = 1im _55

3R (sm) ~ Ao )

8?* = lim 1 _ 8—-—82(——) . Thus:

§A%, (s)§atu(sn) — A0 X R (s1)

,&2‘ - . /S éAR(s ) ' (lnx)x'((l J o
E3 )8R (s o e T s e 1en)?
5 21‘_ (s, ) (lnx) 2 4(1- Q] Sc( jo(
s xotpl(1-) 2 ) SR, (1) BaR. (s2)
,‘ "

1
+ (lnx)x"(l-&l S‘( + (lnx)x"(l x) Sx
; ~x+,f<1 )2 §a8 ) f sl (1-x) 2008 (s

(C.5)

, with

Substituting this and our previous result for the first

derivative into our equation for f‘z, we find:
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1 $ ot (e e [, —=Sex)
fz '?(T)‘ - m'm (m —1) dSo Am,(So) A dx sc')x+/‘2(1-x)2

" ot " R N R " 1
%"m m // gOdSO Am.(So) Amn(so) (W)
m'm °
[/o ZA (s )/ (1nx) 2% (1 -x /1(“ «*(1-x)
s x+,,2(1 x)2 sc')x+"2(1-x)2
x (1-x) 1
X d
([ XSSX*‘,‘Z(l'X)z) ( g(l))
1
o of | ) G- x) /‘dx "(12-)() In(s)
s r+/“2(1 -x)? l, sox ,‘ (1-x)2

+ conctant (€.7)

where the reader ig reminded that

¢(1) as £AR(«~ ) / (1nx)x*(1-x) .

s "+,‘2(1 x)2

Note that (G.7) is the same result as (2.19).

Pinally, we examine o1
= {n(n-1) (n=2)> = 3D, - & . (c.8)
Using the fact that £, = {n(n-1)% - H’, we obtain:
£y = {n?D 32D N -3 +2 P +3¢md% 2D

where n = émn . Thus, f, bccomes:
m " 3
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1’3 = £m[m3 ((nm37-3<nm27<nm> +2<‘hm)3 ) —3m2 (<nmz7-(nm72 )+2m41m8

+ é %mm'2['<nmnm?2 -(nm$<nm. 27—2(11m.>((nmnm,)-(n“><nm.))
e
-3mm' ({nmnm) -y<n ) )J}

+ 2 Amm'm"[ mng'nm") _ (nmnméxnm'?‘e_z(nn?é‘%)«m")]

mm'm"
all unequal

(C.0)
" r 1 2
lc have alrecady calculated (nm>, (nm P, and (nmnm,). To

obtzin the cubic averases, we need:

(ﬂ (r =1)(n ,—?)> = -—"——--— é n (n, -1 )(1’1"1-2):’*-;?1 n

("-ﬂ)nﬁ o : "1

= —L | as_asrasmal (s A% (s2)AR (s LEINE
A<s,-,.2>”/ mo o fiR (5 AR (s')SAR(S )

and two other relationa:

_ : e 2R VAR (on 2B (om
(Am m (l" '-1)> A(S _ 2)///Oduodno Am(DO)Am'(OO)Am'(DO)

3 2
R. R "
sAm(so)sAm.(sé)sAE,(so)

= .__....j;_.__.__ a?tAa" R o R ~ R o]
nmnm.nm..) = N Z)II[dsodqod,Jo Am(,go)Am,(oé)Am..(;_o)

&AL -A?L '
SAR(~ 8% (s8R, (s1)

Thuz we nave:

2.!!

Q0
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(n 37_3& (,A -1))-*-(1" >+ —,‘ /dsodséds;}\i(so)Ai(sé)AE(sg)

JA-(V,-%Z)
SA (s )§A% (= ->sA (s7)

AU N N P
?_(nm m'> _;_z//ﬁ"od”od“o‘km("omm'("o)Am'("o)

o]

R BA(E".“'I‘) R
4, (= )847, (s2)§A7, (s))

and:

de can row uce thesce results, tozether with previous resulte

2 . . .
for &n, > &, dn,n ., to write fy in terms of functionel

N

dcrivatives of A(S,-—,‘Z). Suppresc the arcuments of A(G,-r‘ )

~n

R . . .
anAd Am(sﬁ) for clarity, and make use of the identity:

Yinr dns )1 r, ¥f
IXdVoz ?3 N S"n 2 MR Y

= - ¥1nr _%Ln_f‘ _ dInf Firr 191 §Zf 1 3p
)X)y 7, Jy )xaz"f';;f-yz F 3xovdZ

_ nf %lm" %mf ¥inr 1 3rf¥anr slnf_‘ %lnf
BT X "9y o9z T oxN\aydz T 9y z
3
1 P
T F Wyyez

= )gin-e %:ano ) %lm" bzlnf ) §m‘ 221nf
XYy z v zZ X oW

)lm %Lnf‘ );lnf‘ + 1 ]
f xdyoz °
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In terms of our functional derivatives of A(s,-,f), this

identity becomes:

1__ & R S50V Y 51 f1ra £1n
S T (U CUY TRy U T JAR A%, %,
. 8%1na JlnA §%1na hnA 62108 Hina (©.10)

AR AU G PURR S A A

), AR,EAi,(sé), and Ai..EAiu(sg). Tozether

where AR EAR(S
m m' 7o m

with the identity previously derived for the sccond deriv-

ative, this identity can be used to obtain:

mev m m

g“lhA R 1nA ‘inA
ds du A + Jdas A +2 d" ROlnA
({f m sARw o"'m SA;{] n ‘A

Emm'z(flf« oottt g

m—m

2

+//-1¢3 m Z%R_m— -3mm //do dﬂc')AmAm f._JJLA__
A

R.R R §
+ mm'm"/ fis dgs'ds"A A A . =1 .
P! oo Tomm'' ' m R¢. R R
mm'm ‘Am sA-m ' ‘Am "

all unequal

We now make use of the enerzy dependence of our forward

absorptive clastic amplitude A(s, '?) = vz(ff?) to provide

asymptotically:
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3 _2 3 . .mR,R,R __ §3&L
lns = mEﬂ/dsod R SARSARsAR
2 ' 4 R,R 80( R S-(
+3m (m-l)// ds_ds’A A SARSA + m(m-l)(m—z)/isoAm 8}.2

m

,+_mR,R ,R
Emm //[cz ds As AmAm'Am' SAR ;SR £A
m#m

+ lmm ' (m+m* -ﬂ/ﬁs dS'ARA ' ——SR——R—
° sﬁmsﬁm'

3
+ ds dc'du"ARAﬁ AN RJSRO( R
mm m" onm m 8A gAm"A "
all unequal m

where the arguments so,sé,s;, are undercstood for consecutive
AR within each term. We now evaluate the functional deriv-
atives of *iwith respect to Ai by makine use of the first
iteration of the eigenvalue equation (2.9). We have already
calculated the first and second derivatives in our examin-
ation of {H} and f,. The third derivative is obtained hy

leaving the second derivative in the following form and

differentiating implicitly again:

o 2
(Inx)x (1-x) &*
A )
fls Z o / S X+ ?(1 x)? ‘AR(“')SA
[/c ZA (s,) ilnx)2 4G- x7 60( S°(

5 %+ 2(1 )2 | §aR(s1) §aR, (s1)

[/ (lnx)x‘(l-x) f (lnx)x (1- x) 65 — =0,

so X+ 2(1 x)? sA ,(s") s x+ ?(1 x) 2 Sk ("')

The next 4ifferentiation then yields:
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[ARRY et m—
X+ (1-x)2 8A (o')sA (s2) JA n(s?)
[ﬁ éA (e )/‘ anx)2 "(1 x) 80( i"‘

sortp(1-x) 2 [ S, (s2) (aT(s) A%, (s7)

y(lmr)‘( U-X) iz'(
v+ 2(1- y) tAR(s')SAR.(S")

éA (s.) g iinx) 2x%4(1- xi) LZ“ J-L
st (1-x) 2 _JPEaR (1) §a. (sm) faf, (s7)

»g §2«
SA (s2) §A%, (s )fAR . (M)

,,[/ f YRS ENTeE) I I« f«

s b p2 (1) % _JIAR(ar) §A% (s2) BAR. (s

Ax Lnx) (l-x) &0( 4‘,0(
5 my"_,(“ _x)? SA (s .) ‘AR (o
+ ‘Lth)X (1- x—' 520(
A 'V+1“ (1- y)__“A (~")£A n (%)

o (lnx)zﬂc‘((l ﬂ{l J-( &o(
syxtpl(1-x)2 [4a%, (s5) fana(s®)

(lnx) %(1- x) Ec(
s x+ (1-x)? ‘AR(s )‘A (sg)

(lnx)zx"(l-x) &-( 44

soxtal (1-x)% At (ar) fAs.(sM)

= o.

This result, combined with the expressions for the first and

second derivatives previously found, and the definitions
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(2.14) and (2.15), yield for the three body correlation

function, asymptotically:

f -FO
2 = m(m=1) (m-2)f —2
Ing m ¢1

2 :Emm ¢0 ROR0 10 ol o
¥ (mm? -2)§= (‘1 ¢1 “oimt Fmim ~m T

é 1 ml 20 1 o
T mm'm"(———-———— [ ( = T Tt e

mm'm" '1)3 ;1— ¢g

2r\o ‘;;\O
om"' m nl 0 nla0
- + m" m - m'* m"

31:;\0?10 pO + vl(F?‘.:\O -F\O + 1;\2 L_"OFO' + FZ"FOG\O')

P A aig ' :
o'nm o mm nm m- mm m mm

which is,in fact, just (2.20) with some terms expanded out.
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APPENDIX D. THE SIMPLE MULTIPERIPHERAL fLDOMINANCE MODEL.

The invariant amplitude for two vions of momenta v,q,
to5 interact to form a gincle P of momentum k, which decays
into two mnions of momenta »n,q, is:

2/ M. . M 2 : Y,V

f + o o +k K n +

P (ip +iq )(_m' &A,/mf )(1nY+1gY)

Mo (D' 1 )
So'”ﬁ"z‘*i‘

since the Lagransiar density is
W M
L EREALAE is:'f;.[‘f) Y- O"‘?)ﬂ :

— 2 Al o 3 ~ oo s 1
and where 5 = (ptq)“. The “uv torm yields s and the k,kq

term yiclds
((o+q) -2 _ 59
>
" "’

o that we have:

.2 S 2
i Lo [ 4+ Zo (D. 2)
o 2 N uo 2 D-z
) -m,“‘+1( me

and the corresvonding resonant amplitude ig:

fy 2 (5 _-my2-1€) s 2
R P VoA o)
Ag(s ) = Im(M) =1 + — (D.3)
NER m m (so-m,)z 2+£2 (So mp2)

where €20, Thercfore, AI; becomes:
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2 2
f E ot
Aa(s,) = Jig —Lommr s+ 25 ).
0 (s -ma?)+E€°\°  m,”
o  ad
'T\"“. 2 L - X L) — 2 H
This is zero at s # M and infinite at s = %’ . loreover,
note that:
P oo

ﬁpzf(so+s02/ﬁpz)f(s )

o]
O. (So_m 2)2"'£2

f

R N [ = 3 (2]
dquP(qo)f'(oo) = 1ip, [ as

- Qg0 -0

Let s = y+m 2 and then y = &tan®:

f

f
alg)
as AS(s V(s ) = 1ip o> ——*-———(2+y--2-)(y+m,o2)f‘(y+m %)

oP o 0 =0 P Y2 7°
- T "o'(%) +1 r
= 1im fe~ 266 (2+Ji—tan9)(ftane+m z)f((tah0+ ?)
o 7 [, o2 r R
r /2 a
2

210 2 2
= fp N L) (2m,. )f(m, )
2

2

= T (?.m,,?’)'r‘f'(mr?‘).

ne R ISt = 2 2 I 2 = 20‘ 2
Thus, A (_JO) 2Wm, t;. S(qo-m/, ) € n ). The

a 28(8 -m
r r o
intecrations over S in the calculations of &{nY and the
correlati-n functions are thus trivial:
R, 2 2
%P(uo) - me” %
2 2 2 2 2
g x+ - ! + -X
oX /‘(1 x) my X /k(l x)

and the integrations over x are again done by numerical

analysis, using the IBM 340 computer:
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1

o 2,2

o ¥k
_ x (1-x)(1nx) . D.L
r 1603 B4

2 2 2
m . xtp“(1-x)

The results yield negative two hody correlation function
rceardless of the value of Mg . The p-dominance modification
0F the simple multiveripheral model does not provide the

desired result of a nositive f?
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APPENDIX BE. A POSSIBLE ARGUMENT FOR ADOPTING THE SCALAR
MULTIPERTIPHERAL MODEL TO PROTON-PROTON SCATTERING.

Ref. 28 provides a possible justification for apvlying
the ATS model, or our cluster version of it, whieh consists
exclusively of scalar nartlcleﬁ. to proton-proton scattering.
If we define AHN to be the resonant amplitude for a pion and
a prroton *to interact forming another pion ard proton, which
arsair interact to vield a pion-proton pair with the same

momenta as the incident neir, then the elastic dicroram of

"™{z, 21 becomegs:

u
d oﬁ q ...d qN 1q"'
App(’)p W‘l e 'm‘(\v / l 1 lL)Y‘Y+1 1

((r+q)?)aR ((q-q])“)...A ((qrﬁl_l-q')z)AgN((Q'-D')2)

ﬂT\T
(®.1)
2 2 2,2 2 2,2
('] ",Q ) /\ "'(qT\ "ﬁ ) (Q' -ﬂ) .
We define the subsums:
App(S)(pp'.n n -ov) = é .vao(ppl,m "'mt)' (E'Z)
1°°2 . 1 N
permutations ‘
of ml"'mN
(fixed My Ny
We cannot write a recursion formula for ADD(S), as we are

ascuminz that the protons occur only in the end links of the

chain, Yet we can write:
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L L
PP(pp! =ffdadgqg’
AV (pp 'mllcomN) "'// (8 2

(U+q) ) A(qq' ml...mN) Aﬂu((q -p' )2)

(q2_ 2) (q° 2_,«2)2

X "P(

which ia a prescription for writing AP? from the ¥p resonant
L3 3 3 v”

amplitude and the W elastic diagram, A (pp',m]...,mN)

= A(pp'.ml...mN). Summing over vermutations of Myoo oMy, We

have:

70D (s ) ff e ate
PR My Nsees) 3 D

(rgrt)?

”p((p+q) ) AS(qq’ n1n2'“') A ((o -p")?)
?) (q,Z /'?)2

(q -

®inally, summinz over nyNye . yields:

- ' R ' '\ 2
APP(pp') = R J(pp") 1‘7; gﬁ q ._IT((p+O) JAlqq")a, ((q'-2')%)

()2 (a®-p) % (a2 p8)

where A(qq') is the to%tal absorotive forward elastic ampli-
tude for W scatterine, and we have found that this is simp-
1y+

A(pp') = 1{ A(=,u) ‘[é-(p+p')%] J(u+p'2) ds du, and

A(s,-,(“ = S‘n(—ﬂz).

Now we can also write. for gp scattering (Figure 22):

(( )2) A .oty
ATP(ppt ,m vy —-% prd z)qu AR (B.3)

(a? va
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and after summine over permutations of My oo oMy, and then over

1’111’12. » ey

b A% ((p+q)?) A(qp')

o, 1) - aR ' [d_% rp
A n') = A g ) + .
(o rp(Pp an (qz_'\g)z

If we follow the AFS procedure as used for A(pn'), and apply

it to ATD and App' we obtainr:

o
n 1 A? (a,) [° A(s'u')
ATP(=0) =4ds D0 As" du’ = . (B.4)
S o} 3 2)2
0 u'

]

(u'+

o
R <
A ("%) - m '
g (i)

t
Yimin

where u' . = x(u'+so/(1-x)), and ¥ = s'/2. laking use of

tha fact that A(s'u') = S# 1:(H'), we find:

. (B.5)

CRNCEE B (3-7)

[
3
3

~~

&)

=

p

0

.
a
o
S
il

and wherc the first of these results was used in (E.7) +o

obtain the zecond result, The pp elastic amplitude has the
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same ener~y dependence in this model as the TAT amplitude;

note that the exponent & is the same exponent as in theW7
. ) = o + .

cagse, cince A(su) = s ‘(u) wags used to obtain

APP(zn) = S“‘tfﬂwlﬂ. Our application is thus justified,

if we beliave the assumption that the vrotons are confined

&4

ta the end links of the chain in thc manner prescribed, Note

conciztent with the cxperimental

L2

that this assumptior 1
recult that most of the products of irelastic pp procccres

&

arc plons.
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TABLE 1

Model <> £, £
Diffractive FPragmentation - Nova in(s) Vs? Kys® yn-1
Statistical Thermodynamic in(s) (1 0
Chew-Pignotti Multiperipheral Bootstrap

In(s) } O o

with Meson Trajectories Only

Absorptive Multiperipheral . in(s) (ln(a))ﬁ (1n(s))"
Simple AFS Multiperipheral In(s) | -1n(s) |~~1n(s)

Multiperipheral Cluster Model in(s) | +1n(s) |~ 1n(s)
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TABLE 2
M g 3 <>| 2] Is
mn lns 1ns 1ns
1 |2,% = 2u0pf 1.23 | -0.62] 0.59
2 blz = 4OpF £,2 = 123 1.08 | -0.15} -0.34
2 _ 2 _ 3 _ )
318, =8,"=0 gy = 0.20 2.73 f 1.21 0.40
2 2
3 lg.? = bop? -2 = 41,9
1 ° 2,09 | o.52u4] 11.6
gB = 0,003
T ERE R g32 =0 ,%=7.7x107}3.37 | 3.08 | o0.414
5 |5, %<0 for m¢s gsz = 2.2¢107% fu.03 | 5.67 | 3.61
& gm2=0 for m&h 562 = 5.9){10"12 h,70 | 8.99 | ---
7 |2,2=0 for n¢z 7 = 1.ux10719] 5,97 | 13.0 | ---
8 ;zm2=0 for m&B 382 = 5}(10"21 5,08 18,8 -——-
2 2 )
8 [2,%299.9 g,%=92.7 2,°=11.2x10"
2 .. -8 2 . .13
gy =10 g5 =9%x10 >12,08 | 7.81 | 24,4
2 guqn=1? 2 oo21
;_,62-—9)(10 ?1O? =10
gg =1.4x107" _J
323-100 382-1.51810'21 others=0 [2.98 | 7.92 | 25.2
£,°%97.9 €5%=1.M7x10°21 gtneramo |3.05 | 8,22 | 25.5




TABLE 3

2
A'(ninz.. .ng) .c“fﬁchnt of ‘-ﬁf?p& in A%

s |

16
16
16
16
16
16
16
18
18
20
20

A%(00500000)
A%(00000002)
A%(16,0000000)
A%(08000000)
A%(10000011)
A®(04000001)
A%(00040000)
A%(06010000)
A%(00600000)
A%(09000000)
4%(0,10,000000)
A%(06000001 )

10%(1ns)?
107
10-2%(1ng) 14
1023(1ns)8
10%(1ns)
1016(1ns)3
10%(1ns)?
1019(1ns)3
1011 (1ns)*
1023(1ns)?
1028(1ns)8
1025(1ns)?
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