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Abstract

THEORETICAL EXAMINATION CF 

HIT! ENERGY PARTICLE CORRELATION FUNCTIONS

fey
Lloyd Nakarowitz 

Advisor; Professor Joseph M. Shpiz

Wo examine tho theoretical predictions made for various 

observables (and particularly, tho average multiplicity and 

integrated correlation functions) by several models of hir"h 

energy hadron-hadron interactions in Part I.

In Part II, we concentrate on a specific model for the 

purpose of fitting the experimental data. Experimental re­

sults indicate that the two-body correlation function (f?c^) 

is positive at laboratory momenta above about $ 0  GcV/c. To 

obtain positive f o t ve examine multiporipheral models mod­

ified to include moro than one different vertex type, with 

more than, one particle emitted at come vertices. We will 

show that in such models, f^ = CglMs) + constant at high 

energy, and c^ can be positive, s being the square of the 

center of mass energy of the incident particles. further­

more, ^ n ^  , the average multiplicity, and all correlation 

functions f. mo as e.lr(s) at himh s. As a result, the n.od-
Ki <J

el features a special porm of Koba-Nielson-Olesen (KNC)
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scaling.
We have made a numerical analysis of the model for 

clusters of up to eight particles emitted at the vertices, 
and we have calculated the average multiplicity, the Mueller 
two-body correlation function, and the Mueller three-body 
correlation function. We obtain a favorable, though crude, 
fit to the experimental data.
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Correlation function* are oxporiaontally observable 
quantities for which wo ean obtain predictions from many 
high energy aodols. Those functions ean thus be used to 
distinguish between the validity of such aodols, and focus 
our attention on a suooeasful class of aodols. In the 
present endeavor, wo will restrict ourselves priaarilly 
to tho average aultiplicity and tho Mueller two-body and 
three-body integrated correlation functions, although soao 
discussion of other observables will be found in Appendix A.

Before aoving on to the aodel of our greatest interest 
(the oxporiaontal and theoretical background for which aay bo 
found in Ref. 1-5). wo will present a survey of various aod- 
els for hadron-hadren collisions, discussing tho general 
characteristics of thiir predictions for various observables. 
Because of tho iaaonso quantity and variety of high energy 
aodols currently under scrutiny by the physios coaaunity, any 
survey aust be subject to a sisoable set of constraints. It 
is our intent in this survey to present a reasonable cross 
section of aodols whieh gave been exciting people in recent 
years, particularly those aodols whioh are in soae way relat­
ed to the aodel to be disoussed in detail in Fartill, either 
by contrast or bp similarity.

Thus, we now present soae of the results pertaining to 
the average aultiplicity and the correlation functions of 
several aodols in order to eaphasiio tho areas where there is 
consistenoy with the experiaental data, and also those areas 
where there are defeats in tho aodols. Many of tho calcula­
tions leading to those results are disoussed in considerable



13

detail in Appendix A.
In the diffract ire fragmentation aodel, an iapaet

paraaeter repreeentatien ia need to treat the target and
projectile aa spatially extended objects which "go through"
eaoh ot'ier with attenwation. To obtain the average
multiplicity and the correlation fanotiena, it is necessary
to assaae a definite fora for the excitation spectra of the
target and the prejeotile, as well as ether assaaptiona. Ver
Bkample, Jacob and Slansky sake aae of Mueller'a aniJpMs of
inclusive precesses in obtaining (n) ^ln(a) and also
fn ^ Sa> (î a1 )n”1, as shewn in Table 1. We will see that many
aedels, including ear own anltiperipheral cluster aedel,
provide that <n> *^ln(s). The result f „ ( V i 1 )n-1 isn
aere unusual. Per aero details, see Appendix A, Sections 1 
and 5* and Figure 1.

The statistical thermedynanio bootstrap aedel rests on 
the assunption that the various aultiparticls production pos­
sibilities are governed only by their statistical weights 
(See Ref. 12,13«1^)> Bvery par tide is treated as a "fire­
ball", and each fireball is a statistical equilibrium of all 
kinds ef fireballs. Bach constituent fireball is itself such 
a statistioal etuilibriun, thus providing the bootstrap 
principle ef the aedel. A particle observed to be a proton, 
for example, is a speeifie state realised by this statistical 
equilibrium. A aass spectrum is defined to natch the experi­
mentally observed particles and resonances up te the limits 
ef current experiments, and a partition function is ealoulat-
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•d. A functional expression for tho naoo speetrum ean bo 
inforrod fron tho bootstrap assumption, and a "temperature" 
ean bo defined. The aase spsotrun is*

f(m) — P an 2 exp(J-) (1.1)

where "a" end "T " ere oonstants. It is observed that thereo
is an epper limit to the temperature (TQ) such that any 
energy added to the system when it has reached this limit
(i.e., when tho temperature T is at TQ) is used for particle
ereation. Near this limit, the transverse momentum distrib­
ution is of the Boltxmann type*

I -Pw(pj^)^: c*pA •exp(-Tjr) t (1.2)

where "o" is a constant. Finally, the average multiplicity 
gees as ln(s), an in the previous model, but the statistical 
independence ef the events leads to a Poieson distribution, 
where f2a>0. This result oontradiets experimental data for 
pp-scattering above laboratory momenta of about 50 GeV/c, 
whose f2} 0. For the derivations of many ef these results, 
see Appendix* A, Section 2.

Tho Chew-Pignotti multiporipheral bootstrap model con­
sists of the simple AFS model, with the resonant amplitudes 
governed by Regge theory.*5*16,17 jLn assumption is made 
regarding the momentum transfer dependence of those ampli­
tudes (See (A.39)). If all side particles of tho ohain are
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••son trajoetoriaa tho results ^n^^ln(s) and f2*0 art 
again obtained. More details nay bo found in Appondix A, 
Section 3, and Figuros 2-5*

Canosohi and Sohwinnor show that tho addition of ab­
sorption to tho aultiporiphoral bootstrap nodol inproros tho 
solf-oonsistonop of tho nodol (and satisfies tho Froissart 
bound), and provides a rathor intorosting two-body oorrola- 
tion function,1^"21 They find 40~ln(s) and f2^(lns)2. 
Indood, they show that tho loading torn of fn is (lns)n.
This behavior nay bo suggostod by rooont oxporinontal data. 
(See Ref. 1 and 5). Thoso rosmlts are found in Appondix A, 
Sootion A.

Muollor has developed a technique for dealing with 
inclusive prooossos by gonoralising tho optical thooron to 
throo-body reactions. 22»23»2A ono-partiolo inolusivo
distribution equals tho product of (l/s) and tho inag-
inary part of tho forward throo-body elastic anplitndo for 
A?B-OA?B. Tho Muollor troataont foaturos scaling, Uniting 
fragnontation, and tho oxidtonoo of a control plateau in tho 
singlo particle distribution function vs. rapidity (Soo 
Figure 6). Finally, tho rosult

ln(s), (1.3)
(whoro hero noons "rises no ftlowor than”) 
whioh arises fron tho Muollor analysis and tho assunption 
<(t)s l, indioatos that if ia&sonstant at high oner*
gios, then ^n^2ln(s). If incroasos no slowor than
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ln(e), this hshSTisr of is still possiblo, hut it is not 
necessary. Further dotsils sro oontsinod in Appondix A, Seo- 
tion 5» hnd Figures 6-11.

Tho above rosults sro su— srliod in Tshlo 1, whioh, for 
coapleteness, also includes rosults of tho sinplo APS sodol, 
and thoso of oar olastor aodol of Part II.

Having ostAblishod a baokgroand for oar invostigation of 
high energy hadron-hadroa intoraetions in tho fora of this 
soriss of aodols, wo will prooood to oxaaino a aodol whioh wo 
boliovo to ho a proaising oao. Tho aotivation for this 
ehoioo follows.

Data available at tho present tiae* for high onorgy 
aalti-psrtielo prodaotion sooas to favor two aaJLn eharacter- 
istios. Pirst, tho ineroaso in aaltiplieity with a is slow/ 
probably

^lnts),
where <ii) is tho aoan naabor of particles produced ataa 
oontor of aass onorgy whose square fcs s.

Soeondly, tho distribation of transvorso aoaonta of tho 
prodaeod partielo is bounded by about 350 NoY/e and is rath­
er insensitive to s. Thoso characteristics are will de-

2scribed by aaltiporiphoral-typo aodols .
More recant analyses of tho data along linos saggostod 

by Mueller^ have shown that the two-body integrated correla­
tion function, f2 * ^n(n-l)^ - ^ n ^ 2, is positive at 
200 QeV/e lab aoaontaa, while tho siaplo aalthperipheral 
aodol loads to f2 sore or negative.
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We are thus led to ohoooo a uultiperipheral aodol which
would rotala the first two characteristiessrsgarding aulti-
plioity sad transverse aeaontun, tat ono which la aodifiod to
provide positive f2 at hick energies. To devise such a aed-

aol, wo eonaidor a aultiperiphoral aadol in which elaatora of 
1,2,... ,M partielos aro produced in arbitrary nunber and ar­
bitrary ordor along tho anltiporiphoral chain. Vo will show 
that wo ean obtain an intogral aquation for tho forward ab­
sorptive aaplitudo for this nodal which is identical to tho 
Aaati-Pubini-Stanghellini (IPS) aquation, whoro tho rosonant 
aaplitudo ia replaced by tho sun of tho n-partielo olustor 
rosonant aaplitudes. Wo derive this aquation by following 
tho procedure a*t up by AFS for tho original aodol, and wo 
perfora tho first iteration of tho equation. Proa this first 
iteration, wo calculate tho eigenvalue equation relating tho 
eoupling constants to sue another. Wo will proceed to 
arrive at expressions for tho average aultiplicity and tho 
correlation function*.

Wo will then display the rosults of nuaerieal calcula­
tion* of tho nultiplieity and correlation functions, deaon- 
■trating that f2 can bo nade positive by including tho now 
vortices. Wo observe that this is not possible using a 
-dominance aodol in which only f-tppe clusters, of any 

aass, sro produced along tho anltiporiphoral chain (See 
Appendix B).

Since tho intogral equation which wo obtain is essen­
tially that of tho original APS aodol, tho APS conclusions
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concerning the asynptotio fern of the solution, the multi­
plicity dependence on energy, leading particle effect, etc., 
are shown to hold inaediately for our aodel of an arbitrary 
number, type and order of clusters.

In particular, we note that since

we hare

which exhibits a special fora of Koba-Nielsen-Olesen (KNQ) 
sealing,^ a point which we will return to at a later tite 
in this study.



PART II
A MULTIPERIPHERAL CLUSTER MODEL
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1. THE INTEGRAL EQUATION AND THE FIRST ITERATION

As explained in the Introduction, we will follow the
procedure of Amati, ^ubini and Stanghellini in their analysis

2of the simple multiperipheral model and adapt the model to 
include clusters of different multiplicities. Thus, our 
model also consists exclusively of identical scalar particles.

Consider the invariant amplitude corresponding to the 
inelastic diagram of Figure 12a)t

f ( pp > Sq • • ' * mN ̂

'F (-pqr =0 ) ...
- — 1    (21)O O  O O  \ • -L /

(qr  -a } ••• (qw-i “ Z40
Rwhere T^(qq*,s^) is the invariant amplitude for particles of

momenta q, -q', interacting to form a cluster of type m, p

is the particle mass. m. denotes the type of vertex presentJ 2in each link j of the chain, s. = (cq —q ̂ ) with q =-p andJ J  ̂ J O
Qppp' * and where N is the total number of clusters in the 

diagram. The cross section corresponding to Figure 12a) is 

thus:

/ /,4 b
w  v ______ 1_______/ |d ql1 • ,d qN-l

(n 2 2 / 2 ».2\2
1 " * * * N-l "
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whore ^  is the well known triangle function,
^\(a,b,c) = aR + b^ + cR - 2ab - 2ac - 2bc,
where <T"̂  (s. .) is the cross section for the production of a
cluster of type m. and center of mass energy Us. , , andJ ¥ J-l
s = (p+p')~. We now apply the optical theorem to each link 
of the chain and to the chain as a wholes

C, J

Af̂‘ 2 2/^(s.p'.p' )r"(s,m:I . . . mA!) - A(pp',

We thus obtain an expression for the absorptive part of the 
elastic diagram (Figure 13)5

n (  f d ' q ^ . V ' q ^  Am1(so )*'*AmN (sN-l)
A(PP.,mi...,N) = y . . j

(2. 2)
where AR (s. i ) represents tho absorptive part of the elasticm j j-1
diagram of Figure 1^. Note that A(pp* ,m^...m^) corresponds 
to a particular ordering of vertices along the multiperipher­
al chain.

It is useful to note here two distinctions in notation
pbetween our treatment and the original AF3 treatment. 

Firstly, we are using the particle multiplicities rather than 
the number of clusters to index our amplitudes, since our 
theory features clusters of differing cluster multiplicities, 
unlike the original AF3 model. Secondly, we have written
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<T“(nlm1. . .mN ) in terms of triangle functions so as to present

the center of mass system. Since the intermediate links of 
the chain are off-shell, we believe the more general triangle 
form to be more appropriate.

We will now introduce that feature of our calculation 
which permits us to apply the APS treatment to a model with 
clusters of different multiplicities. We have a counting 
problem, since at each level of cluster production, permuta­
tions of the positions of clusters of different types make 
different contributions to the elastic amplitude. We must
adopt a notation to handle this oroblem. Let n be the num-m
her of m-type clusters along the chain. We seek a recursion 
relation for the elastic diagrams, and so we shall first sum 
over permutations of the vertex types m^.rrig,. . . ,mN , while 
holding n^,n^,..., constant, forming the subsum of diagrams:

2an invariant form, whereas APS wrote this cross section in

permutations
of ...

We will write a recursion relation for the As . Consider the
expression:

S(pqin1-l,n2 ,n^,...) A^((q-p*)2)• • • •

9 • • •
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Note that, as a consequence of (2.2), the first term of this 
expression is an N-cluster amplitude where the first N-l ver­
tices have been symmetrized and the last cluster is of type 
1, the second term is an N-cluster amplitude where the first 
N-l vertices have been symmetrized and the last cluster is of 
type 2, etc. Hence, the total expression represents an 
N-cluster amplitude where all N clusters have been symmetriz­
ed, and so we have the recursion relation:

As(pp’?n1,n2,...)

To obtain the absorptive forward elastic amplitude A(p,p'), 
we need only sum the subsums over all values of the numbers 
of clusters n^,n2,...:

If we now sum (2.3) over all values of n^,n2,..., we obtain 
the AFS integral equation for the total absorptive amplitude:

pqin3-l,n2 t * • • ) A*((q-p’)2)

) Ag((q-p' )2) + ...J.
(2.3)

+ As (pq;n1 ,n2-l

A(p, p* ) = h,2.2\2 A P̂’

where the kernel has been modified (relative to the AFS form)
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R £  Rthrough the replacement of A by the sum ^  A^, and since we
m

shall be interested in asymptotic results, we have omitted 
the inhomogeneous term. Our result is clearly valid for an 
arbitrary number of types of clusters.

The remainder of the calculation leading to the eigen-
pvalue equation parallels the original AFS procedure'', with

the replacement mentioned above. We extend the incident pion
2out from the mass shell, p' 9  -u:

A(p,p’) A( s,u) f*(s-(p+p' )2) £(u+p'2) ds du.
OAs did AFS we make use of the function Q:

Q(s, ujs* , u' ?so ) *  /  d̂ 'p" SC(x)'-p”)2-s0l fCp"+p)2“s3 <f(p"2+u’). 
Our integral equation may now be written:

A(s,u) = A^S'^jlJds’du 1̂ 3 ’1*83' ,u' ?so^ A ^s * ’u’ *
(u’+^2)2

At high s, this becomes:

A(s , u) = ^ 

where Q has provided the limits,

i \ i AR< 1 t ' £7 k  
/ isir3 in - ° J / S, i. ( « y >2* 9 m m  / m m  /

u ’ = 2=^- ± lifer1)2 - S ' s n - f^-u(s-s’)1 and s' is given max 2 u  \ 2 I o s  max
min

by the vanishing of this radical, so s ’ s-2#ss* . WeTTlclX O
note that except for very high s', u^a x s-s* and

lW V  x(u + T ^ T K  3ince so < *  s ’ sm a x ~  s - 2 ( ^ a f  s. 
The presence of (u'yw ) indicates that only small u' con-
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tributes, so u' „ = s-s' —> o O  is allowable, since the error max
incurred is neglegible. Furthermore, s'. ^  0. Thussm m

A(s,u) du' -(ui D° ) (u,+/«2)2
(u+ I T i W  r

(2.4)

Since this is the AFS equation with one function of sQ 
replaced by a sum of such functions, the kernel is still in­
variant under the scale transformation s-*cs, s'-*cs', as was 
the original equation. The energy dependence of the elastic 
amplitude must therefore be:

A (s , u ) = s*̂  (u ) . (2.5)

This form in (2.4) provides us with an integral equation for 
(u):

OO

+A ' ?
where x s’/s. Consider the integration over x:

={-^f£.AR(s 1  / d x /  s du- x< f y " '  
/ i 6 w 3L ” m °J/> /*<“+rrf> <u’> 2)2

3 /  dx x< /
to /x(

dx x*̂  f s du' ---
:(u+I^|) (u’-y,2 )2

Integrate by parts over x:
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s

where u'. S  x (u+t— ^ ) . At x«l, the limits of u' in the m m  l —x
surface term are equal. At x=0, since the integral

/!„• ,p̂u;>2 
/ (u’-t̂ 2)2

is well-behaved at positive u', there is no surface contrib 
ution. We are then left with:

I = - / dx %+T dx / du' 2 2) <+1 dx / , (u'+/<2)2
✓1 j  m i n  \
/  x*+1 / du* d  A  , Vrf(u' ) |
I 4+1 ( l T d u J a“ {u,+y)2)2 j„.=u./o / m m

ys
We now transform back to u' = x(u+ z— — ), with our new limits

l \ x L j ° ♦ - j ^ o \  V<£(̂ 0/u-*;I dx <+1 |u+1_x + z \

/ o ( } ' U<u+ T?^)+/< 3'

u'(x=0) = 0 and u'(x=l) = O O  »

rdO
I = / du. si*.. ■Ya.Lu'.),

/o “ +1 <’-'"T2>2
s

We solve u'=x(u+ T~r) for its roots in x and obtain:1 "X

s + u + u' * \fTs"’"+""uT”"u^T^-^uu"^v _ _o____________ w o_________________  •
x " 2u

Thus, our integration is:
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f Z y  f y u * “• * V c s ^ + u ' h - w 1]**1 y><(l<+1L 2a J (U'+ailZ \ 2  *
7*

Since x = s'/s lies between 0 and 1, we choose the minus sign 
to prevent x ̂  1. Furthermore,

s +u+u'- U(s +u+u')2-^uu' 0_  o________* o______________ __    Z a
x “ 2u s +u+u'+ \l(s +U+U' )^-^uu'o * o

The integral equation for Y <  (u) is thus:

V<(u) = ----1----- /dso Am^o^l
1<JT3(1+<) I °L™ J

x / t u f ----------------------------------------<2„
/o ^ S o+U+U'+ \|(so+U+U' ) -^UU'J (u *+fi )

To solve the equation and obtain the eigenvalue equa­
tion. we adopt the spectral representation introduced by 
Ceolin, et. al.2^ :

l2'7)
jtLu.?. = /. hf)2 /

The integral equation for Y*< becomes an integral equation 
for /®(a)j we revert back to the forms

y  *

r < M  f$  ar(s 1 ( \ x * / .
/ 167T L m  m °J/o 4 (u+22_) (u’+/»2)21 — X

This with our definition of /*(a) becomes:
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f-£f^- da = /  -3°'j fi AR(s. )J /  dx x /du' _
7  " a ' i « > r 3 L  " ° J  / ,  +a

Now /du' ,x' "r = I dy -,-r^ ■■— - I s
4 ^ )  U’+a’ /0 ",+‘ ,+» l'=x(u+TrJ) ,

- da'.

and so we may write:

/ m+Sr da = / y T T P  Am(Go3 ( f ~  ~<̂- 1—h k w  l ra J  o 'xlu+j^J+a'+y
-da'

W o  Vl-x'

or simply:

/ j l j L , a . / - f ! a , f c  a r (c 31 t ax x*’1 C /S ^ J., 
7  J+a 1"r - rn oJ/n -da'. )

x 1 —x

Nov/ we mahe use of the fact that:

m-a'lY+.f.aX 1-x
/;£ S&- <*?> -fe]. so that:

/£fLda = ̂ f e / da,'e(a')

which may be written as:

da = /><a') da'

where:
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Performing the integration over y yields*

Return to the integral equation for /°(a) itself:

d a ' ^ K(a,a,)/e(a') da''

Note that:

 1 =  1  +  1  -  1_______
(u+yk2)2(u+a) (u+a)(ay,2)2 (u-ŷ 2 ) 2(a-^) (u^i2) (ay,2)2

= 1 + i da S  (a->t2) - 1
(u+a)(ay,2)2 /  (u+a)(a-£2) (u-y.2) (ay,2)2

“ ______ I_____  + (a-m 2I - /da Sia-A2)
(u+a) (a-y*2)2 /  (u+a)(ay«2) y  (u+a)(a^U2)2

where the first step results from the fact that 
j  £'(x-xQ )f(x)dx = -f*(x0 ), 

the prime denoting differentiation with respect to the arg­
ument. The integral equation thus becomes:

da S' (a-f*2 ) _ /da £(ay«2) 
(u+a)(a-^2) /( u+a) (ay<2) Ĵ(u+a)(a
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Replacing the dummy variable of integration (a) in the first 
term on the right by a, we obtain:

- / &  /»<* a.“*M
a') da da'

h

- & (a -ft ) U ^ La.L 3 ) /*(a') da da1
r  ** (ay* )

+  -
('[^2)~2/ K(5'a ') /“ (a*) d a j

The expression in brackets must be ^(a):

/•(a) = J'(ayu2) )f K{^ i  /°(a') da da'
a-/.

) da da'

+ --------- / K(a,a') ^(a') da' .
W )2 /(ay,'

Define the constants:

N ^ ^  (a* ) da da' ,^  //k(a■a '
1 //(ay.2)

'*<a', d a  d3' '
N2 *

Thus, we may write:

/°(a) = ^{'(ay,2) - N2 | ( a y 2) +  -- ^ 2 ^ 2 ^ a ,a')yP(a') da'.
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We choose to take N^=l, so that:

/>(a) = (a-y*2 ) - A (a') da da1

+  V -5 /K(a,a') /*(a') da' (2.8)
(ay.2)2 /

As a first approximation, we will take:

/°Q (a) 2  f (a-/*2).

Our choice for N then gives the eigenvalue equation:

1 = /°(a,) da da’ ^  /’(a-/«2) da da'« 

Integrate by parts over a*, noting that ^"(a'y*2) = 0 at

1 = ‘  ̂ fa'-j?) da da'

where K'(a,a') =  ^ ^ f {a  ̂ , Therefore:d a

. J z l l
/  a-

a-eli da 
a V

where K-(a,/) 5 ( )a , =/2 •

2Consider K'(a,A* ), referring back to our equation for K:
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K(a,a’) = / — 2-sy / £  A^(s^)| / dx x*'0(a-|— y~~)&  K  A-(sj / dx x<i 
/£* K f  * ̂  *h^s>

■f2)= ~ / &  K  a"(s°3 ) ax x‘('1

K*(a,a* ) = -

K' (a

This in our eigenvalue equation provides;

Use of the delta function gives us:

1 =
1 ' ^  K <  I / '

or more simply:

✓ n -I I 1 .At,
(2.9). / ^ r ^ A«(si  l\„— «\i-x) .

/ l6ir^ L m  J  Jo sQx + M  (l-x)

This first iteration of the eigenvalue equation will be used 
to relate the coupling constants to each other (and to alpha) 
and to calculate the average multiplicity and the correlation 
f unctions.
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2. COUPLING CONSTANTS, MULTIPLICITY AND CORRELATION FUNCTIONS

The method for calculating the correlation functions 
used here is due in large measure to Mueller . It has the 
advantage of compact notation, and thereby simplifies any 
numerical analysis. In Appendix C, we present an alternate

A
(but equivalent) method, which is an extension of the APS 
multiplicity calculation to higher order correlation func­
tions .

Let us denote the normalized cross sections for produc­
ing n type m clusters of m particles each by:

<T"Snln2*•*
total

Let us now replace the coupling constants g ~ by g (l+h) .
l - -hn J °m

n-L
placed by:
Then clearly, every 7( = 2L. mn Particle cross section is re-rn

(1+h),, S  (2.10) 
where it is understood that h+0 at tho and of the calculation,
and the multiplicity is:

1 4 *  = 4 h - ins +

Asymptotically, in accordance with Ref. J:
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<n> — 1> ln(s) + b , (2.12)

ln(s) + . (2.13)

Note that in general, multiperipheral models do not 
yield Poisson distributions (f2=0).

We now defines

F «  ft."0,,-- AR (s ) I dx x<<(h) -(Axx)- Q F ,x.)k (2.14)
1 161T3 m 0 /c sox y (l_x)2

k) a  ^ m ( m - l ) .  .. (m-’V+l)Fm (k)(l+h)m_> (2.15)
wh«r« 3  ^  t and
where we shall take h=0 at the end of the calculation. The 
eigenvalue equation (2 .9 ) now has the forms

f f (o) . (2 .1 6 )1 ' o

It further follows thats 

(k)
m _ _ p (k+1)

"5~h m

and sos

= * ( * >  + j^ L£ h ry+l ]ry Jh (2.17)

Differentiating the eigenvalue equation(2.16) implicitly with
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respect to alpha gives, asymptotically!

J S f  (o)<J2>_ _ - _ 1 ---  (2.18)lh f  (1) ,
o

and differentiation of this yields:

f2 >2«t 1 (7^(0) d U )  jtd ) d d > )  i d
( rf(D)211 ro ■ ~ *  r\ / d i ro

+ t e (0) <!(l)- /0 (1) 4 (o)) ] . ( 2.i9)

Differentiation of (2 .1 6 ) three times obtains

^ s -

f* (4f)l =

o
+

We may continue this process, obtaining expressions for 
(fv/ln(s)) in terms of lower order f^ and an additional in­
tegral.

We must now consider what form of resonant amplitudes
AK (s ) we will use in (2.18), (2.19) and (2.20). m o
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3. RESONANT AMPLITUDES

For the production of an m-particle cluster along the 
chain, we have chosen a vertex corresponding to an m+2- 
point interaction with a cutoff. We observe that the coupl­
ing constant, multiplicity and the two and throe body cor­
relation functions are reasonably independent of the cutoff 
(See Figure 15). wh«n s# is nssr 200(GsV)2.

vor the cases m=l and m=2, we will find analytic expres­
sions using Feynman Rules. We will also show that these ex­
pressions may be obtained by invoking unitarity through the
optical theorem. ^or m=2, we will adopt our cutoff.

R \?or n=3. we will use Feynman Rules to write A^(sq ) in 
terms of a single integration, and perform a numerical anal­
ysis to approximate the function. We will show that the 
result is really just the asymptotic form of three-body phase 
space for s( D »  > 2 , whether calculated directly or by the 
optical theorem.

For m^3> we will take the asymptotic form of m-body 
phase space:

io \m“2
A^ o >  = % 2 B )  , s o 6 s0max (2.21)

where a numerical factor has been absorbed into the coupling 
constant.
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(i). Calculation of A^(s ).l o

a). Direct Calculation of A^(s ).l o

Consider the case of two particles of momenta p,q, in­
teracting to form a virtual particle of momentum p+q and 
center of mass energy squared sQ = (p+q) , which decays into 
two particles of momenta P-p and Q=q. The S-matrix by Feyn­
man rules is:

S = -n  n ,.t-----i— =- (2irV)2 ^(p+q-P-Q)
Vl( 2V) Uj KtJn 2wV( s - )

where the interaction has been taken as and

s *  l+R = 1 + i(2JTV) p+q-P-Q) . H , . t
i/( 2V) % ? W 2

;o that Im(M) = 2 We obtain:

M = 2
r - s°

for the invariant matrix clement. The absorptive part is:

A^(s ) = Im(M) = Im 1 o fe) ‘ " f e + lr^ f )

= 7rg 2i(s^-yM2 ).o

More explicitly,



Furthermore,

/ dso Ai(so ) f(so ) = dim s2/  ~ ~ r—  f(y > 2)

2 / 2JiJ?0 g2 /  2 d* f(«tan*+>,2) = g2frf(/«2)
2

where we analytically continued s to negative valuer, ando
we defined sq S  and ^ 3  tan©. Thus:

A^(sq ) = TTg2 f(soy?).

The coupling constant "g" arises from taking the inter­
action and has units of mass (the Lagrangian density
is ^  ^3“  '^'fk-^-k^ and 'f'v  Y 'vk> s0

^  - g ^ y k ^  k ^  g^k, where L is the Lagrangian and 
the pion field). We define a dimensionless coupling constant 
£^5 bo that:

AJ(sQ ) = (S1̂ ) 2^(s0-y>«2) (2.22)

where we have also absorbed the factor UtP  into the new 
coupling constant. Now we will calculate <T”(>— ) and show 
that unitarity leads to the same result (2 .2 2 ).



b) Calculation of A^(s0 ) from 0“(>— ).

2The optical theorem to order g for boson-boson scat­
tering in terms of the invariant matrix clement M and in the 
center o^ mass system yields:

a J(s q ) = Im(M) = 2lp| Vs^<T-(>-). (2.23)

This relates the elastic diagram a part of the elastic
amplitude, to the cross section for , a part of the in­
elastic (total) cross section. We now calculate <T“0~) for 
two particles of momenta p,q, interacting to form a particle 
of momentum p*. The S-matrix is:

S = i +  R =  l + i^frVji^p+q-p')

where ----------
22v z | E ^ h ?

and d<T*(>~) = 1̂ (>-)1 2 (2*v)f ̂ (p+q-p’) d^p'.
vrel

In the center of mass system, vre^ = o , so that:
u j  o

Performing the three-space integration:



ko

In the center of mass system, 1*q=0, so that p'=0 and t

Mote that if taken literally, {(s^^ violates energy conserv­
ation, since <r0=2»0 i  2yu. Recall that the incident particles 
will actually represent side links of the multipcripheral 
chain and are therefore off-shell. This gives us the right to 
analytically continue sq to values which are unphysical for 
the simple diagram > -  , by failing to write
Rewriting our result in terms of c rather than we have so o

The optical theorem provides that:

which is the same result as found directly by Feynman rules 
in part a ).



(ii). Calculation of A^Sg).

a). Calculation of A 2 (so ) directly.

Consider the invariant matrix element M for two part­
icles of momenta p,q, interacting to form two virtual part­
icles of momenta k,k’, which finally interact to form part­
icles of momenta P=p, Q=qs

r = i( 21TV)[ (p+q-P-Q )iVi
4V2W UP q.

Feynman rules yield for R:

^V2Wp^ J )  (k -yu ) (k* -y« ) l2*V *

Thus, the matrix element is justs

r/i = zlZllf-_______ I L V ____________

_ -is* 2 ( ____________d \ » ______________
2frV J (ic'2-^2)[k'2_2(p+q)-k, + soy«2J

where sQ = (p+q) and we now let V = 1. Note the well-known 
relation:

ah I 
/o

dx
£ax+b(l-x)J

Allowing a=k,2-yu2 and h = k* 2-2(p+q) • k’+so-yn2 , we haves



-̂ i2)x+(k,2-2{p+qj • k'+soy»2 ) ( l - x 0 ‘

The matrix element thus becomes:

M = i r i  /  d , / _________________ a V ______________________ _
2lf JQ J  |jc'2-2(l-x)(p+q)*k'-yu2x+(soy,2)(l-x)32

Multiplying by (-1) in the denominator and introducing an 
imaginary part:

M = /  dx/ — 5----  -d'+k-  -
2n Jo J  (^k* +2(1 -x) (p+q) • k'+sox-so-y*2-i{}2

p
Let p' = (l-x)(p+a) and s' = sqx - sq for the ourposes 
of this calculation only, so that:

A^CSo) = Im(M) = I mif-izaJ: j dx /   T] #
L 2ir J0 / r - W  k.+s..iq2J*

pConsider the k'-integration. Let k=k'-p' and s=s'+p' . Note 
that contour integration, with the contour closed either in 
the upper half plane or the lower half plane, yields:

/ d]co = y r  
(-k2+s-if) \| k\ '^7

Differentiate this with respect to s on both sides:
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Now complete the four-space integration by integrating both 
sides over "k:

 A   = jjf I  dPk _ 2. f  _ z2 dz
(-k2+s-i£)2 2 / ^ | 2+s)3/2 *  J0 (z2+s)3/2 .

where z *  1^1. Note that s=s' + o,2=x2s +/^-xs and so‘ o f* o
2 o 2s=so (x-;%) - jj—  +̂ » . The roots of the equation s=0 are

Tn addition, s ) 0  and Us'real if 

x < 1 - y--2^  or lf x > i  +

,vhile s ^ O  and |s* imaginary if

2l

o ■ so

The functional dependence of s on x is displayed in Figure 
16 . Now return to our integral. We haves

(  A  _ 2 2.

where s ^ 0 for the imaginary part of Mj in fact , s^ 0. 
Thus:



Change variables. Let^a = tan© , so that d(̂ i) = sec2©  
and r~ + 1 = sec2©.  Therefore:

/  2 —  2 - 2»2i // ( - k ,/£+2p'•k'+s'-U)* /

i

z=«* ?
in 6
cos©

= 0 = «•

d©

= 2ft̂ i I (secO-cosd)d©
0

,z=.
= 2ff^ifln(sec6+tand)-sin©7

J z=0

Adopting a cutoff at z=A,we have:

/— ?— 1— — 2 ■ ( ® i ^  - j 4 = n ./ (-k'2+2o'•k ’+s'-i#)2 L * / ^/l+s J
Utilizing this in our expression for Ap(so ), we obtain:

A2(s o ) ”

or more simply:

A ^ S q ) = Im

This is nonzero only where is imaginary, when



*5

We can then write:

~ J  dxC-lnlfs1

where x+ S  V * • Note that ln(/j?s ln( |lfi?|e^)
= In iVsi +i#. and \fŝ ~ —i llfs'l = - 1 ^  ^  so that
Im(lnVs’) = - ??*. Our expression becomes:

A « ( 0  - &

j

Now and X  = S ,Y''"w ,g'k\ so that this coupling const­
ant is already dimonsionless. ‘‘No simplify it, define 

2 — 2 2g o ” = !•?-' . so that our result is:

r a llGn-aAi2bA ?(s^) = Z2 U — o  • ^ cutoff will be adopted later on.If
(2.24)



b). Calculation of A^(s ) from ).2 o

2Unitarity to order g' in | interactions demands that:

A 2 (so } = ln M(>ac) = 2ip|VsJ^-(X). (2.25)

Consider f“( X ), the cross section for two particles of mo­
menta p,q, to interact,with the final state featuring two 
particles of momenta p' and q'. The term in the S-matrix is 
given by:

R - -ig* (2TTV)^( .PlilgP/.z.al).
4v2lu wp q p q

The differential cross section is:

dcrCX) = (2ir) ̂ (n+q-n'-q') d3q' d3n'
vrel

where = -g* ^ a n d  we have taken V = 1. In
the center of mass system of the incident particles, the 
cross section becomes:

2
d < H X )  =  - - - — 2 < 2 r )  ^ ( p + q - p ’- q ’ ) d 3q '  d3P'

l6%  %' IPI»S0

or more simply:

■(»<) = m l  )■ d3q- d3p-.
8 W n n w , 2
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Performing the integration over q' leaves*

d<T ( X )  = iTcr*2 \ d3p,
8 Ipl \&oU ,

= ^z — ---- ? dV -16 1 ^ 1 ^  2

The angular integration is straight forwards

dff-(X) = ------,1, ^. H— 5---------
M p Iip0 ti^,2

Converting to an integral over W  ,, where
jr

**̂ i 2=l?'| 2+/*2 and U ^ , d W t= |?'| d |]p*|, yields*

d <r(>c)

or more simply*

2 21
d0“ (>c) =

“d p l r ^ .

The integral can now be completed*

# “ ( X  ) T 2"’2 V k , V ‘ ir2-'2 jr2^'2
-  5?frw: ■ at—  •

This result is now ripe for placement in our optical theorem*
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Since Uj = Tp", we again find the result: P ^

A*(s )2 o , s k i | / S

as we had in (2.24).
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O(iii). Calculation of A^(sq ) by Approximation Techniques.

a). Direct Calculation of A^(so ).

Consider the amplitude for two particles of momenta p,q, 
to interact forming three virtual particles of momenta k^.kg, 
and k^, which interact to form two particles of momenta P=p 
and Q=q. The S-matrix is 1+R, where R is given byt

H 2 ///A  idV \ ____________ i_______________n \ 3
'  =  /)} k h  v2

X (27rV)2 i^(p+q-k1-k2-k^)J^'(P+Q-k^^-kg-k^).

The integration over k^ is trivial, yielding

- II (k 2 2) ( 2  2) (k 2 2)

where k^ = p+q-k^-k^. The invariant matrix element is thus:

.4, A,,••2 // a \ a\

l6rr2V 2 / j ( k 12-/ 2 )(k22-/<2 )-- 2 *2 ' ’/  )(k3 7 1

We will make use of the well-known identity!

A  /i-x
-r— = 2 I dx / dy — ------—  _~

/o /o &+(b-a)x+(c-a)yJ-

with a=k^2-yi*2 , b=k22-yu2 , c=k-^2-^2, where k^=p+q-k^-k2«
We have:
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.»»2
M

fk j 2-f?+ (ic^-kj 2) x+(lr^-ki12 )£■

whorn ^3 '= (p+q)2+(k1+k2 )2-2 (p+q) • (k-^+kp), 
and so kp2-k^2=s +k£2+2k^ • kp-2 (p+q) * (k^+k,,). Consider the 
integration over k^:

7  C  , V *

d̂ 'k,
(k22-k12)x+(so+k22+2k1.kp-2{p+a}-{k1+kp}*)y33 *

Rearranging the denominator results in:

! „ / _______________5_______________________________    ,

J  £(x+y )kp2+( 2k^-2^p+q^ ) • kpj+k^ 2-f?~v-1~'x'i'r0'y] ̂

where so ’ 2  30~2£p+q^ • k^ . Extracting (x+y) qj from the 
denominator, we obtain:

1= ■ ~i-
(x+y)3/ *-

— ( V _-p_Q ) " —
2 x+y'"l p q ' ? (

^ 2(1-x )-/.2+ b0
x+y



Define the following:

P *  z%-(k -o-q)x+y 1 1

&

so that our integral is of the form:

d \ 2 V2j
/(-k22+2k2-P+s-i£ )3 2(s+P2

thereby yielding the result:

F  lki2^1~x ^~/^+sn ,y\ v2 v^l”1
 r+v 1 + — ^ ( ^ - P - q ) 2(x+y)3 L \  1 I <x+y)2 1 J

1 =
2(x+y)

which simplifies to:

I = gfx+y) |j(l-x)(x+y)-y23k12-2xy(p+q)‘k1-^(x+y)+soxyJ ,

where we have used our definition of s *. Return to our 
matrix element with V=1:

j  dx J  ^ J ^ i,'k1|^r(l-x)(x+y)-y2Jk12+2xy(p+q)<k1

+yu2(x+y)-soxyj

To perform the integration over k^, we first note again the 
result from contour integration, that:



f'-CO dk
—  _ i r  
-k2+s- i < " T r F T  ‘

This time, we do not differentiate as we did in studying 
Ap(so ). Completing the integral over d k leads to:

/  d \  _ —  /  d3k _ If*2i (
/ . k2+s.it “ /  V I V  ‘ ^  /0

z2dz

Define Js, 3  tan© to obtain: (rs*

/:d k
-k J+s-it

2.r is / —
/o Q<3

= ^^is I (sec^O -sec&)d0
CQS5©

ir
O '^  • o

= f̂l̂ isjj2 sec^© d© -ln(sec©+tan©)|2

the integral of sec 36 , redefine 3  tan© to get:

^  2d k -- = Ujr2isjjff̂ +1 +iln̂+f?+?)j -
Using ^=tan6 in the last term results in:

f —  2-— k— £ = ^ i s [ | V f +?  -ilnfy+ffi+fij

S+? - iin(A'+l

ln( sec©+tan©)P
= *nri

after adopting a cutoff of /V for the divergent integral.
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facilitate application of this result to our integration over 
k^, we take k-^k^-P' and s —»s'+P'2 :

f  ----------  ^ i ( G .+ p,2 ) f f | ^ _  iln(4' + |ff^+?)]
/-k'^+k'-P'+s'-iC *“ — *

where P' *  X.Y (Ft0!)   anfj =  /v Lxt-Y.) 2 L  ro -that
(1-x)(x+y)-y (l-x)(x+y)-y

S .+P.2 = /^x±.Yl-.s.oX-y-_ + .____________
(l-x)(x+y)-y2 R l - x ) ( x + y ) - y 2] 2

£”̂ 2 (x+y)-soxy3C(l-x) (x+y)-y2J  + x2y 2s0 
_ O l - x ) ( x + y ) - y 2] 2 ’

The integral is thus:

1__________(  d V __________ = ^ K s ’+P'2 )___
[ (1-x) (x+y)~y2]  J -k' 2+ 2 k ’ • P ’+s'-it £( 1-x) (x+y)-y2J

X ££-)fA' 2+l - ’in(A' + }f^,2+l) J  .

Note that is the cutoff for z/Vs* = |lcl/|(s\ The cut-

off for l?l is = A ' *3. Whoro lgnaxl - |i?lmax - P’|
2and s = s'+P1 , Our matrix element is now:

m = = * « £  / d x  r J j * -------

X

Jo 7o ^  fO-x>(x+y)-yZJ

[ m f t h  * ' - : 'M r > +  ] [ ¥  * * J
or simply:
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- X

_________dy__________
(x+y)C(l-x)(x+y)-y2D

x f t  V A2 + s '  -  f i n ( A + h£Z±-i-i] .
Since A0(s ) = Im(!>'.). we fret a contribution only where s^O. 

3  o

VVe seek the roots of s=0, which are the roots of the equa­
tion:

(x+y)-s0x^]£(l-x) (x+y)-y2J  + = °*

pIf thin becomes:

-xy£(l-x)(x+y)-y2J  + x 2y2 = 0.

Consider this as a third order equation in y. One root is 
y=0. If y^O, we have a second order equation:

0 = -x-y+x2+2xy+y2 
= -(x+y) +(x+y)2 
= (x+y)(x+y-1)

whose roots are y=-x or y=l-x. The three roots of s=0 are 
thus y=-x,0,l-x. Since s is continuous, it cannot change 
sign between these roots. Consider the sign of s between 
roots. Since the denominator of s = s’+P ’ is squared, the 
sign of s is the same as the sign of its numerator, which is

M =_ TL
2 »2
T r

N 'to * O
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equal to C ^ 2(x+y)-sQx (l-x)(x+y)-y2J  + x2y2sQ , or in the 
high limit, sQxy(x+y)(x+y-1). The sign of s is thus 
determined by the sign of the function ffa xy(x+y)(x+y-1). 
Let £ be a small positive number, and consider the following 
regions of y:

y=-x-£s^ f = -x(x+£)£(C+l) 4 o 
y=-x+fc*^ &  = x(x-()<(l-<) )o
y=-£ & = £x(x-0 (l-x+f )>0
y= £ — ^  ¥  =-£x(x+l) (l-x-O*0 
y=l-x-£=^^ =x(l-x-£) (1-0 (-()< 0 
y = l - x + £ ^ ^  =x(l-x+() (l+£)£ >0.

Thus, s ^ O  for y4 -* and 0 4y < l- x, while s >0 for - x < y 4 o  
and y>l-x. However, our region of integration is from 0 to 
1-x, and s is negative for this entire region. Thus, we need 
only write s = -|s| and integrate from 0 to 1-x to obtain 
A^(so ) = Im(M)j

/ a x /
*o #o

A*(s ) = Im I dx I ----- — ^ -------- 5=(|:Ln|fs}
3 ° 16 1 1  (x+y)Ol-x)(x+y)-y23  2

= —  Im j dx I ------- ^ ----------;r(slns).
lo Jo (x+y) C( 1 -x) (x+y) -y j

Now Im(lns) = Im(ln C- M 3 )  = Im( In IrlJ) = -7T (or just note 
that s ?  |s| e ^  = - |s| ^  ^  = i?Tand ln(s) = In |s| + i0 so 
that Im(lns) = 6 = -7T). We are left with:
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A*(s) = '■ I dx I ----- -— ^ ----------p=(s).
3 0 1 / (x+y)C(l-x)(x+y)-y23

Replacing s with its dependence on the integration variables,
,2we have, with

I K  U*y)Cil-r.)(x+y)-yZf

The integrand no longer depends on s . It is apparent that 
2 Rfor sQ , A^(co) is linear in sQ. It is dominated by the

phase spaces

3 s ^(lDrtn-k.-k^-k-) -  ̂ _A? ~  s „ < r - ( X ) ~  -2------ — 3--2— 2_ d3k.d'v,d3k,3 o u puq 4 u,W3 1 2 3

„ Q A? -"v -2—  (wO-v. =„ . (2.26)
3 U/5

When we make use of A^(sq ) to calculate the multiplicity and 
correlation functions, our region of integration will be from 

(3/,)2 t0 somax’ where (> )2 = 9/>2 *  0.1763eV2 and Somax
p= 200 GeV'-. Thus, the major portion of the integral obeys

2the condition s( We will also find that deviation from
the phase space approximation even at the lower end of the
region of integration is very slight.

Since the coefficient of s in the oresent form ofo
A^(sq ) is a rather awful integral,we will await numerical

Ranalysis for the umitarity calculation of A^(sq ) which fol­
lows .
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We have already seen that the phase space of 
when entered into the optical theorem, provides the result

we will perform a more exact calculation to verify the valid­
ity of this approximation.

Consider the cross section for two particles of momenta 
p,q, interacting to form three particles of momenta k^.k^.k^. 
The term in the S-matrix S = 1 + R is:

and in the center of mass system of the incident particles,

R ?just calculated directly, that A^(sQ ) sQ for s Now

R(>*) =
(-ig") (2jjV)^ (p+q-k^-kg-k^)

1

The differential cross section is thus:

We can now write the differential cross section asi

W * 3 } f(wl+W  ̂ 5 }
Xd3k1d3k2d3k3
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where we have let V=l. Performing the integration over k 
brings us to the result*

.»2
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3

,_______  na. £(w1 + M )+ y ( k ^ k p ) ^ ^ 1 -jfs}) o od<MXF) = n rJrfcrrrr - i m* J  ■  ^ l 3k.d3k1 2

We can convert the integrations over |1c^ and |kg\ into in­
tegrals over ^ . ^ 2 * noting 2+^2 and

l - r O C )  7r'"2|b 11̂ '  f ' W * ' W V I-
 p ^ v V 1 --------

X ds^d w2<tfl̂ dit,.

If we select as our polar axis the direction of , the in­
tegration over Aj is trivial, and we have;

^  z h  r(w,+u,+Vut V u?V ^ f  >
d < p ( 5^ )  =  i X  bfl" ) /  d u  Jin II o ~ "  o  1 ]^  V P I I P J  J ^

X dw1dU2

where u = cos6^ ^ y0w change variables,

X a = V h  2+‘/j2-/.2+2 I g H ^ I • 30 that du * •

The result is:

r g » 2 /x+ „

Jfl'l/BJ J  dx f(x+l"ldir(V* ) = z F l f c -  dx $x+l^+U2-(fŝ ) di^dt^
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where x^W \l 2+4*/,2-yu2±2 iTcJfk^ = |f ( |kj t |k2|) ̂ +jk2 tfe must 
insure that u has physical values, so we shoud actually 
writes

3c," 2 /x+
dtf-(>^) = g I dx 6 (l-w2)S(x+^ +t*/2~^o^ dt»/̂ du»2

2 2 5
-v2 h

V / h e r 0  U  =  I l l T .  V •

2 2 5
x-»l ~U 2 V»

Now we can integrate over x:

d 0—(><5) = o^j|' ̂  0(1-u‘~) dw^ du^

d ^ - H - t )2- H 2W  so-2»5l (K +^ )+2hi,̂ V
^  u -

To apply an approximation techique to the remaining integra­
tions, wc sect finite limits for and U£. In order that 
the technique provide a good approximation, we want limits 
which do not contain large "blank" areas where the integrand 
is zero. *Ve have ^ + W , +  lî =|fi?o and ic^+Tcg+Tc^O, where
Ul 2=1c . 2+k? . Thuss J J •

S  "f*i2+A 2' =V^22+f33+2P2' V A 2-

is greatest for ^  II i y  when - I g H g l  . Them

v h S W y . 2)<hV),:



f
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To maximize with respect to and we must keep in 
mind that Ls^+L^+U^ =■ Vs^, s0 "that:

dWl . ^ 2  
dUl, + 1 = 0.

Differentiating ^  with respect to yields*

dM,
d Ut;  = a d h 2^  > (u ,32-/'2) '

= j ^ | ^ 2+H 2-/-2+2|f(w22y,2) (W33y,

[ • f v M i fW 1 iw2y | ^  •

Using our equation for (dt^/dvj^) in terms of (iu^/dv^) in
this result brings us to:

Prom this, we observe that

vn  = o = ^ h =(^.

Thun, is maximized hy lkg| = liu,| and kg || if, and so we
•Ahave k2 = k^. Returning to our condition,
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K  = = H +2k£

<?,-*•% - <*4 * K W = V * 2' 2+/*2' =and
Squaring;, thin becomes!

so+’*'*2'i-lt'l*'o'V2 ' ',(U/22-/>2>V*2 
so“^ ^ o W2 = - > 2
'‘^ o W 2 ’ so+> 2

w 2 = T  + 3 ^  aP'1 wi ' ^ o -2,“2 ' ?  - 2 ^ r  •

Our lower limit will simply be fk. Since the conditions
» I *4 aSlVsq = i+ ^ +t^3 and k^+kp+k^ = 0 are symmetrized in our two
integration variables and we may use these limits for
***0 also:

7r3^>»2 (max I**max _
= )  dwl j  ^ 2 e{l-U }

° A  /M

where

f t  qu  *1-0 . 1
f amax 2 2

The optical theorem now yields:

p - a o  / max nax 0
A"(s0) =ir S" l I dw2 e(l-u2).

f  'b



62
Two methods were used to approximate A^(sq ). The first 

method involved performing the double integration by apply­
ing a quadrature technique twice, once for each integral, us*? 
ing the IBM 360 computer at the City College. The result is 
seen in Figure 17a. The second method requires only one 
integral approximation (of the same type, using the IBM 3 6 0), 
since we can perform the integral over as follows.

We seek to calculate as a function of ^  at the lim­
its of the integration. Energy and momentum conservation
demand that:

= \RQ - - W ? , and

w, = W  ♦ V  ♦ plgllkglu */M2'

where u = *1 at the limits of the integration, since it is
2the ®(1 — u ) which restricts that integration by requiring 

that u ^ 1 . Combining the two conservation equations to 
eliminate we have:

V g 2 + k22 ±  2 |k ,H k 2\  |T?0 -  W j -  U/2

at the limits of the integration. Squaring both sides, we 
find :

"  2+"22±2!glP2i y  = so+H 2+H 2+2ki H - 2' ^ (u'i+ ^ )-
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Writing k. = Ur. - M  yields?
J J J

t2l R V ' I ^ V = V / ' 2+2k'l,*'2-2'e’o (U'l+W2)a /  •

Squaring the left side, we have ^ 2=MV/j ̂ -J*) • or:

Ur 2 - ^  + -2
2 ' 4 ( ^ 2  2, ■

But f is also equal to s0+y^+2Wej W >- 2 ^ J(kJ^+<«^), so that:

zUvJBTJ-

Define B = s *f-7.<pWy  which depends explicitly on U^ and 
not on IU,. Thus, the last equation 1060011103:

U  =  r"2 H O ^ y s r r  •

We need ) to find **£= **£ (**1 ) • i3u't we can Tind
by eliminating in our two equations:

. 2 _ w  2 = / j.- B \2
2 . 21* h  2 |2(^i-^J)| ’
:2

)

Defining «( = £ ( w  j-rSJ)^'1 and ya- *, we have:
<2 ,. 2fif y,2 =

which can be written as:
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t2[̂ ) -2 ?B = 0.

The definitions of 4 , ft and B give us

i z l  rlL
•< U  2 M Z 'i r
so that:

'2f c d r )  -2B' + 1,2 • * -
where B = sQ+̂  and 4  = We can now
solve this quadratic equation for (^ ):
a02 + b f f + c = O
where a - -B(lu^2y<2)~''‘, b = -2B and c - )2. The
solution is:

/» = =*  . ( b A J E ] ( h 2.^)

where U ^ S  (*+ -B ) H U -  We can now write:

r o o I max
A 3(so )=r ? "  I dw, (W2+ - W ?_)

T

where

2tfB^-a'/ 2 2\ 1
W 2+ ’ W 2- = 2(wr ^ )  = -3 ^(U,1 -f* )2lw1- i ^ J



Thus, the integrand becomes»

✓ ? ?\ it Sn+A 2- 2  ̂2+
t, _ *  . _____ -« E £
2+ I h - ^ o j n ^ a ^ S

The computer approximation technique can now be applied to 
the integration over and the result is found in Figure 
17b, and it is consistent with our previous calculation of 
A^(sq ). ltfe can write, to an excellent approximation, for

»o>V'

A3<r.0) = 3.?2A 5S''ŷ  '

where again, a cutoff v/ill be adopted later on in the 
calculation. tfe define a convenient dimensionless coupling 
constant as g^ = (g’̂M)jf3* 72*4- Vremember that the Lagrangian 
density goes as k ̂ and g"k', so that ).
Our third resonant amplitude is then:
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(iv). Higher Order Resonant Amplitudes.

We assume that for m > 3  and s0»(nyn) , the m resonant 
amplitude, corresponding to two particles of center of mass 
energy sq interacting to form m particles which subsequently 
return to the two particle state, is given by the phase space 
approximations

(fo
’ so ~  ̂ omax (2.28)

Rand A (s ) = 0 for s > s  . We have chosen to define m o of omax
RA (s ) in terms of the dimenslonless counling constant g , m o  - m

which differs from the actual Feynman coupling constant by 
a constant factor (Note that «£ ̂  k^ and «t gYm+*>v.gkm+^, so 
that g^k^"’® and the dimensionless coupling constants are 
given by g ^  g ^ 2-®).

Before beginning the series of integrations needed to 
find the average aultiplieity and the correlation functions, 
we will remark on the reasonableness of our choice of reson­
ant amplitudes. Asymptotically, for a^ 2, we have chosent

This function rises with sA from s »0 to s »s____, and thenO O O  OBftX
drops to sero for ®0^ » oaBXi It is thus sharply peaked at 
8o“8omax* ®uch a delta function, and in this respect 
it resembles the original APS model, where AR(s0)~J(s0-y*2)



67

9was selected.
In ths nszt section, we will begin oar integrations.
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(v). Integrations Over s .o

Recall that the integrals involved in calculating the 
average multiplicity and correlation functions are:

* 0 0  AR (3 ) /  dx ^ U - x H l n x ).
]l6T> " 0 /

k
m m ' o  I „ox+yK2(l-x)2

The s integrations are all of the form: o

t - L  A£(ao) - /, A"(gn)
” " /  ° doX+/t2(l-x)2 / °

which may be performed exactly for all eight of the resonant 
amplitudes which we will use.

a). m=l.

Consider the case m=l:

2
t y > "  a'

1 / u-’o « ~ 0+e 4^  x+(l-x)2 'I. = Id
/

The other cases (m>l) are not as simple, but all are 
straight forward.

b). m=2.

The more difficult case of m=2 is:
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I - rr 2 2 :'2
f ° " aX dSQ l ^ Q - V  
U  * > o V |  So • 

r

Change variables, defining y = «<s +/?, yielding:

T - . 2 \]v-*-V.2< '

Drop the limits for convenience of notation. The integral is 
of the form:

t - T 2 f2x\|ay+]?_ „ 2 a(______
n ~ 2 l«fy |my+n ' -2 ^  y-----■2 =*2 f  Wy |my+n -2 « J y f^r+n) (ay+b)

2 *fvy y(my+n)(ay+b)%
whore a=m=l, b=-^-^y*«( , n=-fl, and we have used the fact that
a+!i = 2rik - ^V,ayrfb")_ > rp̂ c f^rst term of I9 is simply: y y y 2 1

2 sT2 •f 9ar^ l n +  Va7my+n73 •

The second term of I^is:

/ dv _  _ 2  | dz _ _ 2 /  dz_
y V (my+n) (ay+b)" / n - b z 2 nJ

where z2 = (my+n)/(ay+b). Now (b/n) = C  )/ $ )  1. so
try the substitution cosh© = z. We thus have:

/;y ^Tmy+rTTTay+bT ^bi?| \/bn*
Icsch© d© = ln(csch©+ coth©).
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Returning to the variable z, this becomes:

fly
f y  \fTmj!TnH^Ly+bT' Ifbr? tV^z ~l'

-2
lnV r *  - 1

>n

Our full integral is now:

I = o- ’ 2 3 2 g  y§Pf lnjyrriiay+bj + Va(my+n)^]

■3 i i m ) ln
k ~

where z =)/(y-^J)/(y-^-^yu^* )'' and we must evaluate the
p

sion on the right between y=L'<-M̂ +B  and y=#(s +/}.I r omax r
write:

fs22 | i n ( | + Ky^)
^somax+ ^

If we define ^"= (l+x)/(l-x) and

D = somax/(3o m a x - > 2) • we have‘

omaxomax

expres- 
First we

furthermore, if S = (Gomax/ ^ 2)» this is:



1 /l±x\ 1r, I (l-t-x)D̂  + 1...- x II- x Vl-x) ( (l+x)D «> . ! + x )}'
c). m=3-

The third integral to he considered is:

2Sj_ /"omax s0dso

t ? 4  <s° +*3 k 2 I  ? « so *fir A y  °
which is almost trivial to integrate:

I3 "'3

d). m=/J-, 5.6,7 and 8.

The fourth resonant amplitude requires the integration:

• 2 omax s_% 2 (  
F  I

11. = “n" I ds.
" *' h ^ 2 ° V  + /»2<i-*>2

".2 | V  k ^ %  , / u - x ) ^  r  _ , . 8(1 J ° max

2j*̂*somax/̂*4~̂  -256  ̂ (l-x)^/^omax ^^

( ls° 4 2 h  r.
\ l6x + (1-x) /J
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Similarly, with the definition S' = (somax/̂ t2)» 'the other 
integrals of interest to us are*

2[ ~ U X51-625 - + ^ = ^ ( S ' - 2 5 )L  ^ x

. 11=511 ln/s.'.,x ±
\25x + (l-x)Vj

t6 = - i^ r s ’3-(36):' >  ^ f A j i ' 2-<36)2]

x x* \36x + (1-X) 7 J
- 2 r<■-’7 lv- *5.2/. \2 ^.10.4/. s/f- 3 . 6/, x6 2

7 = u r T l r " ^  (1'x) y T h  (:l"x) y' V *  yx L.

 ̂-1 “x ̂ Py~f* ° (1 -x)1 °ln (ŷ )j

TTx

, v=s ,x+y^ (l-x)'omax

X8
2 r f. ’:,R |y_ *.2/„ >2 5.15«*!•/, ^ 20 6/. x6 3(1"x) y +r / « (1-x) y - ~ A < (1"x) y

r  x *■

y=^9̂ 2x+yi,2 (1 -x)2

I

where y_ = 6*y,2x+^2( 1-x) 2 and y+ = -ojngx^yU2^ - ^ ) 2-
Now that the integrations involved in calculating the
) have been taken oare of, and the integrals over s m o  o

have all been performed, only the integrations over x remain:

Fm ^  = ^ “ 3 ̂  dx In/X  ̂ x*(l-x)(lnx)^ . (2.29)

These integrals were accomplished on the IBM 360 computer
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using a library subroutine for gaussian quadrature in 32 
intervals. To obtain sufficient accuracy, the integration 
interval (zero to one) was split into five pieces, with the 
subroutine applied to each piece, for a total mesh of 
5X32=1^0. The machine was also used to calculate the average 
multiplicity and the two and three body correlation functions 
from these integrals. In the search for a best fit, the PDP 
10 computer was also used ( the .results of the IBM 360 for 
the integrals were used in the program for the PDP10).
The results are discussed in the following chapter.
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l+. NUMERICAL RESULTS

Least square fits to the experimental data at and above
50 GeV/c in Table b of Ref. 1 (Slattery) yield:

^ n ch^  = -3.65 + (1.95 * 0.035)ln(s), 
f2ch = -20.9 + (k.80 * 0.19)In(s ),
f?ch = -10.8 + (2.8? ± 1.I8)ln(s). (2 .3 0 )
whsrs s is in (GsV)2.
To include the neutral pions, we can use recent "jf data from
Ref. 28 or from Ref. 27. The experimental data is rather
ambiguous here. If we select Ref. 26 and apply the 205 GeV/c 
result to the model generally, we have:

/ n  N  = (0.6 ± 0.2) <Vi >  + 1 ± 0.5

and we assume that / r \ .S = S n  / .v it*' N y- '
To convert the experimental data for charged particles 

and neutrals into multiplicity and correlation functions for 
all pions, we define:

<’v >  = H < V h>  + 6

so that

< n >  = ^ n , >  + 2 = ^ < V , r oh>  + 3 + 2 .  = *  C<rCh>  - + 0 +  2
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where and include the two protons. Thusi

^ n ^  = *(^nch>  + (/?- 2^ + 2).

Now - 2, and f^" may be written:
t

t *  - ^Vifin,- - l)y - ^r^-k2
= <Wn*-°h +<?)Wnych + S  - 1)> - <«fi>ch + / 3 > 2 

= <2< V h<nr':h-l)> - 0 - < 2< r ^ h > 2

= K2f2rch + «« -1) < ”r0h> -'9 -

In terms of fg for all particles, this is:

f2 = ^2f,̂ Ch + -C(K-1) < n rch>  - 0 -2
= 4 2(r?°h+2) + -C(-<-1) ( ^ n ch> -2) -2
= ^ 2f2ch + «(*-!) < n ch>  - ^ - 2K+2 ).

We now apply the same analysis to the three body correlation 
function, f^ = f^* - 2 , where:

^3 ~ ^n ir̂ TV “^ - ~  fg “
= <(-<nrch+^) (^nrch+^-l) (*(njrch^ - 2 )

- 3 < ^ > & 2f2n ^ - l ) < n / >  < « f n / V > 3

We seek to manipulate this until we obtain f J" as a function 
of f ^ 0*1, f p ^ ^  and ^n^.c,1̂ f to aid us in finding f^ as a 
function of ^2°^ an(̂  ^ n 0 1̂̂  . Continuing then:



= ^(«<nrch) W n rch-l)Urych-2)>

+ 0 < < \  r°h2+«Tr0h (* nrch^ - 2 ) - *nffch>

+  ^ < r W n T ° V - l ) ( * < W - 2 »  - 3  < > / * >  < V

- 3/?t2f2roh+ ^ - D < nr0h> - / ? D

- 3<< <Vh> 0 < M  -1 > <"-r0h>  - $
- ^ 3 < n / h > 3 - ^ ^ < n rch> 2 - 7?3

which may be rewritten as:

<  ^ V n , oh(n,oh-l)(n,ch-2)> + 3 U 3-*2) < n roh2>

+ 2 « - < 3) < n rch>  + ^ ^ 2nrch2+ ^ 2 ) n ^ ch-*.Jroh

+ (*Trc'h-t]tf-1) W n ^ V  2

- M 3 ^"r0h> f 2r°h - 3tfgi2f / oh+^M-l)<n,ch>-/9] 

- 3 ^ * (roh>CrfM-l)^n/'> -4] - ^ V v Chy

Continuing our substitutions:



t j  = ^3f3irch+3«<2U-l)<,n||?h2>-2^(l-K2)<'nrch>

+/J<3K2nr ch2+ 4(0-3)nrch+ (*<rych) (2ft-3)+ (fi-1) (ft-2 )> 

- 3 ^ ^  <4-1 X n / h?-a -3^nrch> P ( ^ - l ) ^ ch> - ^ 3

-3W^^irch^ - 3 r f ^ n rch> - ^

= ^ 3f?rch+3^2(-<-l)f/7;h+3^2(-(-l X n,rCh>

+2^(1-42)<r.rch> f ^ - l ) ft-2)+3ft2-/?

= •<3f3,rch+3o<2<io<-l)-r2rch+ ^ U - l ) H - 2 ) ^ n ;7.Gĥ +2^.

Finally, we may write itself:

f3 = o<3F3*rch+3^2(<-i)f^ch+ ^ - l ) ( e<-2)<n^-ch?+2(^-l)

= ^ 3(f3ch+2) + 3<2U - l ) (f2ch+2)+W(rf-l) W  -2) (^nch^-2) + 2 ^ - l )

= «<3f?ch+3-(2W - l ) f ?Ch+^(W-l)(-<-2XnCh>+6^3- ^ + ^ - 2 .

Now consider the experimental data under pur assump­
tions :

= ^n»o')+2^n»-^ = (°-6-°*2 X n  > + 1^ 5f2^n >* # * »*
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or more simply:

{P-jfF (2.6±0.2)<ry_}+l±#.5

= (l.3*0.l)<nrch>+l±p.5

so that 1. 3*0.1 and /J = 1*,$, These values of «( and $  
together with the aforementioned experimental data for charg­
ed particles in Ref. 1 yield:

<n> = Jj-,35 + (2.54*0.0 6 )ln(s), 
f2 = -37.1 + (P.. 87*0.4)ln(s) ,

= -46. 5 + (13• 1*3• 6 )ln(s). (2.31)

Tf we would have instead chosen to adopt the evidence of
Ref. 2?, we then would have had <nw o> = so that .(=3/2
and fi~0, yielding with our charged particle experimental 
data:

-6 . 48 + 2 .931n(s), 
f? = -48.3 + 1 2 .3 In(s ),
f*3 = -93.4 + 25. 21n(s). (2 .3 2 )

In an effort to match the experimental data, we invest­
igated the cluster model for M=1,2,3.4,5.6 ,7 and 8 , where M 
is the maximum value of m. allowed in the chain. It wasJ
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necessary to include olusters of up to eight particles to 
obtain a reasonable fit to the data.

In Figure 18, we observe that the ln(s) coefficient of 
f2 is negative for the M*1 model, whish corresponds to the 
simple theory. Figure 19 reveals that we can get closer 
to the experimental data by increasing the cluster sixes 
whiih nay be found along the chain. By allowing cluster 
sixes of up to eight particles, while retaining the smaller 
clusters as well, we can obtain crude fits for both ^n) and 
f2 simultaneously (See Figure 20). Note that a model in 
which only one cluster type for all j) is allowed would
permit a fit for f2 at M%6, but would not fit <n> at the 
same time (See Table 2). To fit both <ri> and f2, we must 
have more than one vertex type present in the chain, so that 
mj ̂  M. We observe from Figure 20 the theoretical results at 
A *  1.00*

g82 * 1.38X10*21,
< n > ^  2.981n(s), 
f2^  7.8lln(s),
f3~  2b.bln(s). (2.33)

By allowing even larger clusters to appear, it may be pos­
sible to better fit both ln> and f2, but it would probably 
push tj further from its experimental value.

The need for several different oluster types to fit the 
data brings up the question of the relative influence of the
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various oluator aises. Tha raeursion ralation (2.3) aay bp 
uaad to tost tha strength of tha various diagram. Recall 
that tha partial cross- section for production of particles
is ralatad to tha alaatie amplitude with intaraadiata 
partiolasi

4^(s,p2,p,2)(Ta(a»n1#n2,...) * A * ( p p ' .. J)

whara tha suparseript on <r~ indicataa that wa hava auaaad 
ovar parautationa of tha oluatar typaa a^,a2,...; whila kaap- 
ing tha nuabara of aaoh typa n^.n^..., fixed. To find a 
givan partial crasa-aaction, wa itarata (2.3) by starting 
with tha following axpraaaiona on tha right aidat

A8(pqilf0,0,...)S *J(«0).
A8(pq»0,lf0,...)* A2 ŝo '̂

ato.,

whara here, sQ ■ (p*g)2. Por axaapla, tha cross section for 
production of n^ partiolas exclusively by cluatara of 
typa a is proportional tot

l 6 * y X 2 (1 ln(s))^1 
A(0,0,0,... ,1)̂ ,0,0,... )-^ -----— ■- - (n^'-'fTl--

whara X .  »   t—=■ |da^ A*(s„), and whara this result was
“ l6r^<2 /  0 *  0

obtained by rewriting (2.3) in term of a and u, and tha
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appropriate limits wars used (as in (2.%) for the total 
elastic amplitude).2 An example of an amplitude where the 
clusters are of mixed types isi

l6w3|i2(3A1% 2)(lns)
X&2.1,0,0,...)-»>  L -------  .

The results of a dosen such aaloulations are summarised in 
Table 3. The relative strengths depend on s. Nevertheless, 
the table reveals that the large clusters do not necessarilly 
dominate. Indeed, double clusters may be very influential, 
so that, for example, sixteen-particle production is likely 
to have many clusters contributing, rather than two dusters 
of eight particles each being dominant.

Before concluding this discussion of our numerical 
analysis, we wish to consider another aspect of these re­
sults. A fit nearly identical to (2.33) aay be obtained 
while retaining only dusters of types 2 and 8 (g2 »100, 
gg2*l.hlxl0”21, alluother g^^O). This is consistent with 
our result demanding cluster sises of at least eight partic­
les, plus at least one other duster sise. The result of 
this calculation isi

<n} ■ 2.ffln(e) + constant, 
f2 * ?.f21n(e) + constant, 

m 25.21n(e) + constant.

Comparison of this with (2.33) reveds that the latter is,in
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reality, a two-cluster fit alaotcoapare tha gJl25for tha 
various models in Tabift 2). Indeed, anly ana parameter, 
g22, i* naadad to ahtain oar fit far tha Multiplicity and' 
two-body correlation function (gg2 ia implied by tha eigen- 
value equation once alpha is sat at I.00 and g2 is ehasan).

Finally, wa note that nunarieal calculations of 
ln> /ln(s) and fg/lnte) at high s in a nodal whara every 
duster is replaced by a single f  invariably yield negative 
values af f2/ln(§), and in fact, a simple f-type cluster is 
incompatible with tha experimental data, independently of tha 
assumed mass of tha f  (Sea Appendix 0).
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5 . CONCLUSIONS

In both the simple multiperipheral model (M=l) and the 
present multiple cluster model, we find a special form of KNO 
sealing due to the fact that f^^c^lnCs) for all k, so that

J  k >
—  = 1.. (2.3*0

However, the data of Ref. 1 suggests that this ratio may 
increase with k.

Nevertheless, by fitting the data to linear equations in 
ln(s), f c ^ l n ( s ), not only can we drive the two body cor­
relation function positive at high energy, but we can obtain 
theoretical results for <V>, fp and which crudely match 
these fits.

Note that our conclusion that very large multiplicity
clusters are necessary to fit fg and is consistent with

h.the large cluster mass found by Hamer and Peierls ' to be 
necessary to obtain agreement between the slope of the dif­
fraction peak and the increase of multiplicity of produced 
pions. It is also consistent with the results of the cluster
model of Berger and Pox, who also found that K=8 provides a

ksatisfactory fit for fg. It would appear that a multiper­
ipheral cluster model can possibly agree with the finer de­
tails of the experimental results only if the size of the 
clusters is very large and if more than one cluster size is 
allowed to be present. This iaplios that any attempt to fit
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a cluster nodal to the plan resonances observed ta data nust 
fail, aa it would nat include olaatara af aara tha*n5in Wa 
have faaad that wa naad olaatara of 8w ta fit data fermnulti- 
plieity and two-body earralatiaa fanotian. Tha existence af 
aaeh higher rosonanoes ia thaa predicted by aar olaatar nod- 
al.

Pinally, wa nay eanaidar tha iaplieatiana af tha aadal. 
in athar tarna. Tha axiatanoa af elaatara af site a inplies 
tha praaanea af Lagrangian danaity tana whddh go aa 
**2.. It nay ba that elaatara larger than n*8 woald provide 

a batter fit. Indeed, perhape tha Lagrangian ia a awn of 
infinitartarna, and it would ba nice if thia awn had aana 
eloaad fon. So far aa tha ainplieity of ehleulatiene are 
eonaarnad, it would alee ba nioe if tha A*(a^) ware -■ 9
■unnabla, ta a eleaad fan. Sinee tha preeent nodal eantaina 
only two aignifieant eluatar typaa (n>2 and ap8) in ita fit 
to tha experimental data, it ia net yet possible ta investi- 
gate these questions beyond speeulation. Nevertheless, 
tha inclusion af higher n elusten suggests tha possibility 
of a batter fit ta tha experimental data, and tha ohanee 
that athar nasaiva rasananoaa will ba pradietad by tha the­
ory.
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APPENDIX A. DBU1L3 OP THE SURVEY OP MODELS.
1. DIFFRACTIVE FRAGMENTATION MODEL.
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In the multiperipheral model to be discussed in Part II, 
the virtual state of the elastic two-body high energy inter­
action is characterized by any discrete number of virtual 
particles. However, in the diffractive or optical picture 
of the interaction, the incident particles appear to consist
of an infinite number of infinitesimal particles in the vir-

£
tual statej hence, the name "droplet model".' The incident 
particles thus have finite spatial extension and "go through" 
each other with attenuation. Such a viewpoint yields an 
excellent means of studying the elastic interaction by way of 
?<n impact parameter representation, We will discuss this 
aspect of the model before examining its application to in­
elastic processes.

While the optical model of the nucleus is roughly a
7quarter of a century old , it was first applied to hadron- 

hadron scattering in the late sixties by Chou and Yang.^
Since both projectile and target are spatially extended, we 
are led to apply our impact representation to both particles, 
rather than just to the target particle.

The elastic differential cross section is

= , <a . D
where i n *  is the three-momentum transfer in the center of 
mass system, and where the amplitude "a" is expanded in par­
tial wavesi



= ) ^ 2 ^ ( 2 1  + lJP^cos©)
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s) (A.2)
1 A 2

At large energies and small angles,
^  ^  dl and P^(cos 6  )— *  JQ(b V -t*),

where b S  X  (1 + |). Experimentally, the differential cross 
section approaches a limit f(t) as the incoming energy grows 
large. This implies that the transmission coefficient S is 
a function only of the impact parameter b. The amplitude 
may now be written:
a = \ (1 - S)Jo (bVTTt')b db. (A.3)

Since J (bV) -t* )= 1 ) exp £ib( 0 -t1 ) cos d/ ,
° 27T 4we have:

a~ 1 ( (l-S) J exp £"ib( 0 -tl ) cos *1 dj b db . (A. b)
2* r I  4

Following Chou and Yang further, we introduce a two-dimen- 
sional momentum transfer vector K and a two-dimensional im­
pact parameter T? in the plane perpendicular to the incident

«kp -*2 2 »projectile, with K = -t and b = b . Letting <p be the angle
between K, b f we have:

a= 1 £l - S(*jJ exp(iK’b) d2b = (A. 5)

where <xy is used to denote the fourier transform of X(b). 
We also use this notation for the inverse fourier transform

Aof functions of K.
We can relate the amplitude "a" to the function 

s S -  <ln(S)> by defining folding integrals:
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X Q  Y = 1 jj X(b-V)Y(b') d2b ’ (A. 6)

a Q  j k  = 1 (( a(K-K* )c(K') d2K' (A.7)
2TT))

and noting that
^X^ ^  = ^ X  0  Y^ and ^ a ^  ̂  ®  . (A. 8)
By (1.5). we have:

= 1-S = l-exp(lnS) = -InS-l (lnS)2-l (lnS)^-...
21 31

and
-InS = -ln( 1- <a} ) = < a ^  +1.( < a ^  )2+l( ^a^)-^...

2 3
These two relations, with the identities (1.8), yield 1
a = s - l̂ _s <2> s + 1 s @ s 0 s  (A.9 )

21 31

s = a + la @  a + la 0  a @ a  +. .. (A. 10)
2 3

We must still relate s to observables. Classically, for 
the transmission of a wave through a slab of thickness g, the 
transmission coefficient S is exp(-^g), where K  is a con­
stant. Thus, <s> = -lnS(b) is proportional to the opaque­
ness of the hadron at 1?. If we define a two-dimensional
opaqueness function D(x,y) = J  /O  (x,y,z) dz, whereyo is the

.«»
density of opaqueness, we can writes

’)D.(b’) db’J

= 2 K D. ® D .  (A.11)
X J X J

where the index on tells us what type of hadron is in­



89
volved. For pp-scattering, (A.11) becomes*
s = 2jr K <D ©  D *> = 2ttK <D 2.PP ' PP P P ' PPx  P '
From our definition of D, we have*'+■90

K dzD̂^  L  ,k = f</>(x.y,z)> |KX y X ’ „
= /</o( x , y , z ) >  |K K exp(iKzz)jK =Q dz

/oo x ’ y z

= tfsj? Ik k ,0 •X, y ’
If we identifyy O  with the hadronic charge distribution, 
< ° >  is proportional to the charge form factor of the had­
ron, F1(K2).

To a first approximation, (1.9) or (1.10) indicates
a = s cC > 2 oC /fi(K2) T 2,PP PP P P ' 1 -J ’
while (l.l) states that at high energies
a„_ oC 1/7(7? ,PP 
so that*
f(t)*C (k20

Qas suggested by Wu and Yang. ' Chou and Yang demonstrate
6remarkably good agreement with experiment for the model.

Before we leave the diffractive model, we must examine 
its implications for inelastic processes. For such inter­
actions, the model must be expanded with additional 
assumptions. This is necessitated by the fact that the 
virtual state of the elastic process does not contain a 
finite number of virtual particles, as mentioned earlier. 
Naturally, the final state of the inelastic reaction must 
contain a finite number of particles, and these two state­
ments must be reconciled in the expanded model. Benecke,
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et.al. accomplished this by treating the outgoing particles

gas fragments of the target and the projectile.7 The project­
ile and target are still spatially extended objects which 
pass through each other, but now they may break up into 
pieces. Mathematically, this statement takes the form of an 
assumption regarding the high energy partial cross sections 
of the outgoing particles. It is reasonable to believe that 
projectile fragments have finite momentum in the projectile 
rest frame, and that target fragments have finite momentum in 
the laboratory frame. Benecke, et. al. hypothesize that in 
the limit of high incoming energy, the partial cross section 
that a particle of mass m is emitted with momentum p is 
finite, and defined as ^ ^ ( p )  d^p, where j> is defined in the 
projectile rest frame for some particles, and in the lab
frame for others, and .> 0. Similarly, partial cross 

n o
sections 7T dJp^ for n particles are also assumed to be
finite at high energies in the lab or projectile rest frame. 
The presence of other final particles, whose momentum in the 
center of mass frame is finite (pionization) is not totally 
inconsistent with the mathematical statement of this model. 
Benecke, et. al. reject pionization, as it implies that the 
colliding particles arrest each other and then evaporate slow 
pions. This "arrest" appears to be at variance with our 
motivation for hypothesizing limiting fragmentation, that 
motivation being the collision of spatially extended objects 
going through each other, rather than combining with each 
other. The momentum distribution of secondaries in the
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diffractive fragmentation model is thus different from that
which would be expected from multiperipheral models.

The integrals of the distributions are related to
average multiplicities in the following manner:

' d^p = total cross section X average multiplicity per 
collision of particles of mass m emitted from 
target (projectile),

J >

2 d-̂ p = x average multiplicity per collision,
where a particle of mass m.. and momentum p. 
is emitted from the target (projectile), of 
particles of mass m? emitted from the target 
(projectile).

The appropriateness of the words "target" or "projectile" in
these equations depends on whether we are examining target
fragments or projectile fragments (i.e., slow particles in
the lab frame or slow particles in the projectile rest
frame). Benecke, et. al. suggest that these integrals (and
hence, if there is no pionization, the multiplicities) are
divergent. The dependence of multiplicity on the energy is
explained by noting that more of these divergent integrals
are made accessible at higher energies.

Partial cross sections for particular numbers of emitted
particles may be examined by considering the kinematically
allowed region for which G. is defined. Conservation of

<momentum requires that p. =  ̂ p„- and energy conservation„ lnc x x
demands that 4* e. = M. + E, where p. «  projectile moment-X X  v XTiC4*V>urn in the lab system, p „ ^ »  i longitudinal fragment

J.U

momentum in the lab system, e^ *  i fragment energy in the 
lab system, 9  target mass, and E «  projectile energy in 
the lab system. Combining both equations:
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?  <e - 1=,»>i ' Mt + E ' plnc

or at high Es

(e - p„)i = Mt (A.12)

where only target fragments contribute to the left side at
high E, since projectile fragments have infinite energy and
momentum in the lab system. Let be that contribution to
^  for which the target is unchanged (elastic scattering and
diffractive excitation) and let 7^ Le that contribution to» n
yC>n for which the target breaks into two or more fragments.
Then fi = O -* + '7"', is the cross section for processes|n n n n
in which there are n target fragments, and *7̂ * is the cross
section for processes in which there are more than n target
fragments. is a delta function defined on the surfacen
in momentum space specified by (A. 12), and '7^’ is a function 
defined in the region given by«

^  (e -  V„)L <  Mt . ( A .13)

Thus, c-^ is the limiting partial cross section for an n-fold 
target fragmentation at infinite projectile energy in the lab 
frame. Experimental fits by Benecke, et. al. , are good for 
single K“ and single 7T” distributions in pp collisions, but 
poor for single p distributions in pp collisions. The model
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is consistent with observations of low momentum transfer of
outgoing particles, since it predicts that large t implies
large multiplicity, so that the many outgoing particles can
share the transverse momentum, each particle having small
transverse momentum.

More detailed study of multiplicity and correlation
functions may be undertaken if the model is further extended
by additional assumptions. Jacob and Slansky treat the
virtual state of the inelastic proton-proton collision as
composed of two resonances called "novae" which subsequently

1 0decay into our fragments. The exchanged particle in their 
model is a pomeron, with triple Regge behavior (See Figure 1 
and Article 5 of this Part). They suggest an ad hoc formula

the nova, and M is the nova mass. If we make the reasonable 
assumption that the nova mass M is proportional to the num­
ber of fragments n, then we have:

(M - )2

(A. 14)

for the excitation spectrum A(M), where

e\ labels beam or target, c^ and ^  are characteristic of

( T n O C J j
n

(A. 15)

where M = i Ifs*, so that: max



9*

^ n ^  cC, ln(s) and ( Vs 1 )n-1 (A.16)

where < " >  is the ave.ra.5c multiplicity and f is the Mueller
3 11n-body correlation function (See Appendix B). Thus,

f o C P  for this "nova model", a result very different 
from those of the absorptive multiperipheral model (See Appendix 
A, Article 4-) or the multiperipheral cluster model which wc have 
discussed in Part II. Furthermore, it should be emphasized 
that we can obtain predictions for and f in the dif­
fractive fragmentation model only under the framework of 
additional assumptions, such as those of Jacob and Slansky 
(e.g., (A.HO)10.

In summary, the diffractive fragmentation model satis­
fies the elastic scattering result
lim dC'*" _ + \E-Aoo dt ~ 1 W
and it is consistent with the behavior of the average multi­
plicity and with the transverse momentum distributions of the 
outgoing particles in inclusive experiments. It is never­
theless not fully consistent with all of the experimental 
data (e.g., the single proton distribution in pp-scatteringj 
see Figure 1 of Ref. 9 ). and there remain gaps in the model.
For example, the model contains no prescription for calcu­
lating the average multiplicity and the correlation functions 
unless additions are made to the theory, such as the triple 
Regge formalism and (A.l^).
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2. STATISTICAL THERMODYNAMIC MODEL

It was Enrico Fermi who first attempted to describe high 
energy collisions by treating the various multiparticle pro­
duction possibilities as though they were governed only by

12their statistical weights. He even went so far as to apply
thermodynamics and introduce the notion of a temperature via
Stefan's Law (energy density ^  T^). Nevertheless, it wasn't
until nearly two decades later that the ramifications of the
thermodynamic picture for such functions as the hadronic mass
spectrum and the momentum distribution were formulated by

13 1̂ -Hagedorn and Ranft. ’ The contributions of Hagedorn and 
Ranft of interest to us here may be summarized as follows:

1) A statement of the basic principle of the model 
expressed as an asymptotic bootstrap condition.
2) Calculation of the hadronic mass spectrum, and from 
it, the partition function, allowing the calculation 
of observables.
3) The establishment of an upper limit on the "temp­
erature" of hadronic matter, leading to an interpret­
ation of high energy hadrons as in a state of "boil­
ing".
*0 Calculation of the transverse momentum spectra of 
products of hadron-hadron collisions.
5) Remark on the average multiplicity of final states. 

We will now consider each point in detail.
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l) The Principle of the Model.

Let's address ourselves to the first statement. The 
fundamental assumption of the model has two parts. First, 
highly excited matter is assumed to be in a statistical 
equilibrium (actually, it is a special type of pseudo-equil­
ibrium which we will discuss later). Second, each particle 
or resonance in a highly excited state is treated as a fire­
ball, which consists of fireballs of the same type? i.e., 
the constituent fireballs also consist of matter in stat- 
istical equilibrium. Hagedorn and Ranft state both as­
sumption parts most elegantly in one circuitous sentence:

"A fireball is
p>a statistical equilibrium of an undetermined number of 
I all kinds of fireballs, each of which, in turn, is 
I considered to be-j"

where, the authors emphasize, "the feedback arrow is most 
important!" These "fireballs" are specified by a mass spect­
rum yO(m), which includes all hadronic matter. At low mass­
es, the hadronic mass spectrum is a discrete set of lines 
corresponding to common particles? at somewhat higher masses, 
we have the "resonances": at very high masses, the resonances 
are so broad that they form a continuum of fireballs. An 
alternative, more mathematical, statement of the bootstrap 
condition will be presented when we discuss the mass spectrum 
in greater detail, along with the partition function.

We digress here to discuss the nature of our statistical 
equilibrium. A true equilibrium would imply an isotropic



momentum distribution for the products of the reaction. But 
in high energy collisions, the beam direction is singled out 
due to its high initial momentum in the lab system. We are 
naturally led to believe that there is a higher probability 
that a product will have high longitudinal momentum than 
that it will have high transverse momentum. This is, indeed, 
the case experimentally. How, then, can we describe the de­
caying fireball with statistical thermodynamics? Hagedorn 
and Ranft resolve this dilemma by superimposing the aniso­
tropy caused by collective motions of the component fireballs 
in the longitudinal direction on the isotropic velocity dis-

1 Altribution conjured up by the statistical treatment. They 
assume that there is no turbulence (transverse collective 
motions), so that the transverse momentum distribution need 
not be weighted in this way. The fireballs are allowed to 
move collectively only in the longitudinal direction.

There is a second aspect to the application of stat­
istical equilibrium to hadronic matter which will disturb 
many readers. Where is the "reservoir" which maintains the 
fireballs at a "temperature" T? We will indeed define a 
temperature function for hadrons later. Obviously, the heat 
bath is imaginary, a mere mathematical construct. We use it 
only to relate the total energy in a fireball to our "T". 
Inverting this function gives T for any observed energy E in 
a collision. The temperature is then the most likely temp­
erature of an ensemble of collisions, all of whose energies 
equal E.



A third, more subtle, problem appears in the theory. The 
first decays of the incident fireballs yield other fireballs, 
which decay again, etc. Many stages are assumed to pass be­
fore the final state of observed particles results. Yet, the 
calculations of the model are all based on only one decay 
stage. It is assumed that this is a reasonable approxima­
tion, and the rationale is the success of the model in ver­
ifying experiment. The nature of the approximation is to 
treat the products of the first decay as the final state.

Finally, proponents of models based on "fundamental" 
particles such as quarks may shudder at the bootstrap state­
ment of this model. Nevertheless, the thermodynamic model 
is not inconsistent with such models. Particular particles, 
whether they be protons or quarks, are simply specific states 
of the statistical ensemble, states of mass rrip or m^, for 
example. All particles are stil.l fireballs, and there is no 
"fundamental" fireball. The notion that some particles are 
fundamental then means that some of the states of the en­
semble are constructed from the fundamental states.

Now that we have introduced the physical statement of the 
model, and discussed its flaws, we turn to some of its



2) The Mass Spectrum and the Partition Function.

The prime motivation for introducing the hadronic mass 
spectrum f  (m) is the necessity to sum over all possible 
kinds of hadrons and anti-hadrons in calculating the parti­
tion function Z. We review Hagedorn's original derivation.^ 
The partition function, without the ground state of no part­
icles present, is

Z(Vq ,T) = <  exp J - 1 ^  „ I - 1 (A.17)

where Vq is the volume of our imaginary black box, T is the 
parameter which we call the temperature (to be determined by 
experiment), is the number of particles present of kind

and momentum ^  , and 5  (/ ̂  + m . The sum is
over all matrices with elements °-1 .....
(but for fermions, 0 or 1 only). Defining

"3 exp £*- / 0  . and distinguishing bosons (label
fi) from fermions ( l a b e l ), we have:
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By introducing the mass spectrum ^(m), the sums over ft, If, 
may be replaced by an integral:

o
Since «( labels the momenta p^ , the sum over °( may also be 
replaced by an integral:

/ oo /0̂

-4 b7rp2[.. ]  dp = ~  2 I P2 t*Z/ dp>
27r /0

where ft 5  1. Our expression for Z is now:

In [1 ♦ Z(Vo ,T)J

= 7 ^ 2  f  P2 <ipfY <Jmf/Op (m )1n(l+xpin)-/°B (m)1n(l-xp .

Expanding the logarithm yields:

In Q +Z(Vo ,t ]  = 1 j  dpdmf  ̂ (m.njp2 xpm" J
2 /7“  ̂ 'o

where |®(mjn)* J°B(m)-(-)n ^p(m) and x ^ ^ e x p ^ ^  (J p2+m ^ ^  1.

The momentum integral can be expressed in terms of modified 
Hankel functions:

/dp p2 e x p [ ^ V A m 2'J= -m3 = y" K2(y)'



f
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where y 5 yielding the result*

oO .CO

From this expression for the partition function, we can 
derive a mathematical statement of the bootstrap condition, 
and we can infer the behavior of the mass spectrum. We now 
have:

But according to statistical mechanics, the partition func­
tion may also be written ass

where <7“ (E) dE counts the number of states of the thermo­
dynamic system between E and E + dE. This "thermodynamic 
system" is the fireball being considered, which itself must 
consist of fireballs according to the bootstrap condition, 
when m-fcoo. The latter fact is expressed by writing Z as 
(A.19). Thus:

Z(Vo ,T)=exp

o

(A.20)
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1 “3Hagedorn  ̂ shows further, for m-*oo, that,

where in the rest system of the fireball, m = E. He then 
infers from (A.21) the mathematical statement of the boot 
strap:

From (A. 21) and (A. 22), Hagedorn shows that the mass spectrum 
must appear as:

where "a" and Tq are constants. This spectrum is assumed to 
disagree with experiment at high m only, because it includes 
the many resonances not yet discovered. In the next section, 
we will concern ourselves with the physical implications of 
the constant T .

In P(m)— ln<7“ (m) for nid«°. (A.22)

o
(A.23)

o
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3) The Upper Limit of the Temperature.

The experimentally observed particles yield the mass 
spectrum ^(m) when the particles' distributions are smooth­
ed by Gauss functions. The lower end of the spectrum is fit­
ted by a function with the required behavior (A.23). and the 
function is extrapolated to . In this way, the para­
meter T may be fixed at (16 0 ^ 10) MeV.*3.1^

Consider the physical meaning of Tq . According to 
(A. 21), the partition function does not exist if T ^ T q , 
since:

/ ̂
Z(T) = expj^ j m'1 a e x p ^  + ^ • (A. 2*0

Thus, Tq in an upper limit for the temperature T, and char­
acterizes the statistical equilibrium of the hadronic fire­
ball. At low energies, raising the energy of the fireball 
will increase the temperature T. But near T=Tq , particle 
creation becomes so violent that T no longer rises; all 
additional energy input is used to emit particles. In this 
sense, Tq represents a "boiling point" for all hadronic mat­
ter. While a fireball might exist in a state where T ^T^,  
it will very rapidly emit particles to bring it below T , and 
restore statistical equlibrium (the lack of equlibrium above 
Tq is seen explicitly in iA.2^) by the fact that Z“**»°). The 
temperature Tq represents a "phase transition" to a state of 
violent particle emission.
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Naturally, one would expect this phase transition to 
manifest itself in the transverse momentum distribution. In­
deed, in the next section, we see that its role is important.
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Transverse Momentum Distribution.

Consider the partition function again, this time without 
subtracting the ground state«

z = £  T f x  " ^ k (A. 2 5 )
il/) °(k ** k

where k* f- 0,1,..., for bosons and k * V = 0 or 1 for fer- 
mions. The average occupation numbers maY be calculat­
ed from Z in the usual manners

f'l f
bosons.

for ^ (A. 26)
fermions.

If we wish the momentum distribution of a particular part­
icle, we introduce a delta function at its mass, integrate 
over the mass, and multiply by the density of states

p
(V./2 77“ ) dp, where h»l. We integrate over p , the longi- o z
tudinal momentum, to obtain the transverse momentum distrib­
ution, for reasons discussed in Section Is

/ -  r /Up.^U Y1
w„(p, )dp. = const* p,

/- r /Up Y 1
Px  dp_,_ J dpz I exp I — ^ ---  h  1 I (A. 27)

where Px  +
In the previous section, we observed the experimental 

result Tq 160 MeV, which is of the order of m ^  , the pion
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andmass. Thus, if yU , the +1 in (A.27) for bosons
fermions becomes irrelevant. For T ^ T  , we have:

w(px  ) ^£const*pa ^J dx exp £- ^ x 2 + yu

= const* p^* [JPĵ 2 + m21 • * m | . (A. 28)

Since we are assuming that the argument of is large:

il C v K 2^ 2' 1w(pj^ ) const* px  * y TQ y  p^' + m exp£ ^ J

2 /-Po. \— ^  c*px  exp^-rp— J (A. 29)

for px  »  Tq and pA  »  m. Thus, the transverse momentum 
distribution (if p^ »  m ) is of the Boltzmann type when
T is near its limit Tq.
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5) Average Multiplicity.

If the average occupation number (A.2 6 ) is integrated 
over all mass and all momenta p^ , we obtain the average 
multiplicity of particles N(E) corresponding to the tempera­
ture T, which in turn corresponds to the energy E (note that

g ( rn \ _ d lnZ ( l )_ \
M  ' “ d(l/T)

1 ?Hagedorn finds that N(E) obeys a Poisson distribution, with 
N lnE. Note that this refers to the average multiplicity 
of first daughters of the initial fireball. According to our 
assumptions, this is a good approximation to the average 
multiplicity of final particles.

The logarithmic dependence of N on E is certainly con­
sistent with experimental results.* But at very high ener­
gies, the two-body correlation function is positive1, so that 
the multiplicity distribution is not actually Poisson. The 
products are not statistically independent as the model'as­
sumes. Consequently, the model has fallen into disrepute in 
recent years.

In conclusion, to summarize the basic features of the 
statistical thermodynamic model:

a) The model predicts that the hadronic mass spectrum 
rises exponentially with m, a fact which is verified in the 
lower-mass region, where most particles are assumed to be
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known.

b) Hadronic matter has a highest temperature T , near 
which additional energy input is used almost entirely to 
create new particles.

c) A transverse momentum distribution of the Boltzmann
type is predicted, and is in good agreement with experi- 

13ment.
d) While the average multiplicity of products agrees 

with experiment, the model predicts a Poisson distribution 
for N(E). Experiment at high energies is inconsistent with 
this prediction (See Part II, Article 5. for a further dis­
cussion of this point).

We will now focus our attention on several models which 
are more closely related to the multiperipheral cluster model 
of Part II.



109

3. CHEW - PIGNOTTI MULTIPERIPHERAL BOOTSTRAP MODEL

At this point, we take the liberty of assuming the read­
er to be familiar with the "simple" Amati-Fubini-Stanghellini 
(AFS) multiperipheral model. For a detailed examination of 
AFS with the modification of clustering, he is referred to 
Part II.

In the AFS model, the "fundamental" amplitudes A (sq )
which are used to construct the rungs of the multiperipheral
ladder are not rigidly specified. That is, the theorist may
select a reasonable form for them. As an example, AFS took
the case of simple theory, where AR (sq ) <£ (sQ-yu^).
In Part II, we use Feynman Rules and unitarity to calculate 
RA (s ) for clusters of m particles on the rungs. In the m o

present article, we will review a model in which a much 
stronger constraint is placed on these "resonant" amplitudes.

Chew and Pignotti combined Regge theory, bootstrap 
theory, and the multiperipheral model to produce what is now
known as the Chew-Pignotti Model (CP).1^ The CP model sup­
poses that the input interaction is the same as the output 
interaction, a consistency condition. Since the value of the 
multiperipheral model lies in its ability to produce an out­
put amplitude A(s,t) for elastic scattering which is consist- 
ent with Regge theory, the CP model demands that A (sQ ) be 
specified by Regge theory. The sides of the elastic ladder 
are no longer pions. They are now Regge trajectories. They
may be meson trajectories or Pomeranchuk trajectories
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(i;he latter being characterized by •(= l). The inelastic 
chain for such a model is shown in Figure 2 . The two types 
of internal vertices are in Figure 3* now proceed with 
the calculation of cross sections according to the technique 
of Chew and Pignotti.^

The differential cross section for particles a, b, to 
interact and form n mesons is:

d 0— ab = |A ab|2« n  vrel \ n I J n

where A^a^is the amplitude for ab— > abn, is the differ­
ential phase space, and where

‘2 " 2  21 - p p.A a bv --------V  (Pa'Pb>:
rel mamb

In the center of mass system of the incoming particles, we 
have : ___

,s-ma2-mb21
V )

2 2 I f/ 2 2\2
rel mm, . xa b ’ ' a b

A
where s ^  (p + p, ) . If we define a b

__ (s - m 2 - m, 2 )
cosh 11 A s  ------- kztz-----f we have:* o 2m m,a b

d = J i s h r  I V i 2 d 5 n

In terms of the final particle momenta p ^ i s :
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d J n = d % a ^(pa2-ma2) d % 1 i(p12-m12).. . d % b S(Pb2-mb2) 

x £ Pl + pa + pb - p3 ' - Pb’).

l6We wish to rewrite this in terms of Toller variables. The 
3n+2 independent variables now consist of n+1 momentum trans­
fers Q . n + 1  variables which we call and n variables
called Uj. . The Q. . are shown in Figure 4. We define i^i^ 1 1 j 1 j
to be the analytic continuation of the angle in the rest sys­
tem of Q- - between p. and p.. To understand lc>. , go to the 1 J 1 J 1
rest frame of p^, where the spatial components of and
Q. 1 . are parallel. Add the momenta to the left of p. , and 1"1|1 1
separately add those which are to the right. The difference 
between the angles which these two sums make with the direc­
tion of the spatial components of and Q^-i i -‘-s defin-
ed as In terms of these variables, the phase space be­
comes :

X  n n+1 vd i  =coshq coshq. 77*sinhq.d UATTdt-dcosh s. ... n a J ^i=l

y {fCcosh*^ - cosh”*^)
s inh
2 + +_ M  - t . - t .,

where cosh q. = ----- H »
J 2(-t.)2(-t., )2J J

with tj 3 ( Q^ j+i>2 » coshqa= l - C t j / ^ 2) , 
coshqb= l-(tn+1A m b2) , and where, when each ^  ̂  is large,

( A . 31)
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n n+1 .
cosh^) coshq coshq, 7T  (coshq .+cos CJ.) 77" cosh . (A. 32)

a D j=l 3 3 i=l x

We define three more quantities now:

A i *  ^(coshq^_1+cos ) (coshq^+cos

e x p ( x ^ )3 X^ cosh ^ ^

°*p<x0> *  y e s f f i f i k m j ' ( A - 3 3 )

In terms of these new functions, (A. 32) takes on the simple 

f o r m :

n+1
X o = x. (A. 3*0
° i=l 1

n+1
since 7 T (  coshq. 1+ c o s W *  -) (coshq.+cos W .  ) 

i=l 1-1 1-1 1 1

n 2 =coshq coshq, 77"(coshq. + cos (jJ. ) ,a D  ̂ x X

where q0 *  V  qn+1 *  qb , and Lo = 0.

Our differential phase space (A. 31) is now:

_  1 n sinhq. d {jj. n+1
d I n = slnh ] J t coshj>coBW . + £  ^ d x ^ - ^ ) . U .  35)

Now that (A.35) gives the phase space in (A.30), we need 

only write A^a1:) and integrate (A. 3 0 ) to find Gr^ a’1°> This is
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where the multiperipheral assumption (and the Regge input) 
enters the theory. We assume the form*

, n n+1 ^ ( t i )
V ^ W V W  g V W i ’^  V i  (oosh>i)

(A.36)
where P is large only for small t's and we note here that

!i=ti-l+ti+l+2^_ti - l ^ (_ti + l ^

X (sinhq^_^sinhq^cosh^  ̂+ coshq-^coshq^). (A.37)

These expressions for diEn and in (A. 3 0 ) yield*

d<CSFi^|vVpb(Vi) fr VVVi'l1
n+1 . )l2 1

X 7 7 "  (coshfc.) I  ~i=l Cl \ sinh ->i Q
n sinhq. d n+1 r y

X 77*-----r- -̂--  7/ dt.dx. A(X - 7 x. ). 1 coshq .+cos 1+/. !*.. 1 1 w o 1
J J. J J J . . L  X

Integrating over the dco's1
d<77ab=exp(-2Xo)i'(Xo-|x.)fa2(t1)fl)2(tn+1)

n p n+1
X 77*fx (t.,t.+1) 77" dt.dx. exp(2«<,.x. ) (A.38)1=1 J J 0 + 1  i=1 1 1 1 1

o 1 12where f. is the product of |F • (t ., t , Cc/* )| and known
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and U4 , integrated over Uvfunctions of t,, t
At this point, Chow and Pignotti nsko an assumption 

whioh greatly sinplifios tho calomlation of This
assunption isi

where x and y nay ho M (noson trajectory)oorP (Ponoron tra­
jectory) and i is tho nuaber of M-N internal vertices in the 
chain (See Figaro 3). This assvaption is realised if the 
t-integrations go froa -00 to 0, if

fi(ti,ti+i) * gj>f(ti )f(ti^ ) (

f(t) being the sane function in all cases, and if we replace 
^ ( t ^  by Kp of <<J(.

As an exaaple, consider Figure 5, where three pions are 
produced, with exchanges of Regge trajectories M,M,P, and M.

(A. 39)



Equations (A. 3 8 ) and (A.39) indicate the result:
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X dx„ dx0dx0dx,. /*(-X +xi+x0+x~+x,l)o 1 2 3 4 (A. 40)

Now that we have arrived at an expression for the cross 
section for ab-*abn, we can find the total cross section by 
summing over n and the possible trajectories. First consider 
only diagrams with meson trajectories. The n-meson produc­
tion cross section for such diagrams is:

X dx1 dxn+l ^ (xl + (A. 41)

The x-integration i

so that we have:

(A.42)

a Poisson distribution in n. Summing over n yields



A 4  A n(recall that the Taylor series for e is ). so that,
2 n with the definition 2 + gM =s , we find:

= ^ 2  0 ^ 2  e x p [ ( 2 4 K ,. 2)x J  _ U . W

17The Proissart hound ' requires that ctf,,, ^  1, so:

SM2 ^  2(1 -•( w ) (A.M*)

where this condition arises out or unitarity.
Before we examine diagrams in which the Pomeranchuk 

trajectory is also present, note that the average multipli­
city from the pure meson trajectory diagrams may be read 
directly from the Poisson distribution (A.^2), since

/ N  _ i  n . W *  _ *  > f V A \ ^ A n le A  V< n> - Z.r\ n , ^  (n-1)! ~ ̂  7* (n-l~5T“ A  .n n n

so that:

In the case of nucleon-nucleon scattering, ma and m^ are much 
larger than the average momentum transfer, and the defini- . 
tions following (A. 31) reveal that coshq^*^^ coshq^'^g 1.
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Furthermore, (A. 33) then provides exp(XQ ) = cosh-*) , and the 
delta function in (A.31) yields exp(XQ ) = cosh ^ ) 0> But

so X q ln(s) and (A.^5) becomes:

This is the same prediction as the simple AFS model, and also 
the same as our cluster model in Part II. <Vc must keep in 
mind that diagrams with Pomeranchuk trajectories are being 
ignored at this point. Note, too, that because we have a 
Poisson distribution (A. k-2), the two-body correlation func­
tion f2 = ^n(n-l)^ - ^ n ^  2 is zero if we only include the
meson trajectories:

so fg = ^ n 2^  - ^ n ^  2 - = X 2 + X - X 2 - X = 0.

This is a different result, both from the simple AFS model 
(f2 '*\*-lns) and our cluster model of Part II (f2 ''N/+lns). 
The Pomeron is thus necessary if we believe that f2 depends 
on s, and if we want to rescue the CP model. We have found

In(s ). (A. ̂ 6)



118
in (A.^-3), however, that any group of adjacent meson traject­
ories may be replaced by a single trajectory given by
el -  c k  +  1 cr 2!Vi' ~ ’

Wc may now write the total cross section as:
_ n  —iMaP. . . Pb . /y—  dP.. . M'b

tot ~ tot tot

+ <^7ta"'--'Pb + u.47)
where it is understood that M* and P trajectories alternate 
along the chain. The optical theorem tells us that 
^tot — X imaginary forward elastic ampliude ab-^ab.
Chew and Pignotti assume that this amplitude is dominated by 
the Pomeranchuk trajectory o(p(0) = 1, so that

°t7tab^  s A ~ s  1* Tha-t is> ^ t ^  should ap-
proach a nonvanishing constant at high energy.

Consider the contributions to given by
_ sp p>.In the first term, consider * , where N is defined

as the number of meson trajectory "clusters" M*:

d j-aP. ..Pb _ Gap2Gbp2(gp2)2l̂ x p ( 2 W p X 1+^Vi,x2+*<pX5+. . .

2N+1
■H<Px2N+l-Xo3j X <5x1dx2dx3...dx2N+1 f(x0- xp.

Integrate over using the delta function, so that:

«tpX2N+1 = “ xi ~ x2 ” x3 ” " x 2N^ and ','hus,



or more clearly:

rt-aP. . .Pb _ r 2p 2/ 2 \ 2NJ 
d ° N  " aP GbP (-P } ^£xp£?(«lp - 1 )x0l J  

J e x p f - 2 ( 4 p- 4 m, ) (x2+x^+.. •+x2N)]|| dx1dx2< . . dx2N.

Change variables:

z 5  x 2 + + . . . + x2N

x | 5  for i = 1, 2, 3.. • • , 2N-1.

That is, replace the variable x^j by z S  x2+x^+..,+x 

Integrate over all x^, but not over z immediately:

„-aP...Pb . .  D X ^ J

X J  0  dzCxp[-2(«(p-<M , )§j dx^

2N*

dx2*•• dx2N-l *

Since we have temporarilly fixed the subsum z, the integrals 

over odd-indexed x£ may be done separately from those over

even-indexed x£:
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/ V 2 /xi /*2
I dx£ I dx^... /
/o /o /o

2N-3 (X - z)N
dx2N-l = N! and

/z /x’ /x’
/ d x W  dx^. .. /

2N-4 N-l
dx2N-2 = (N-l)! •

We are led to the results

(j-aP.-.Pb = 0ap2Gbp2(gp2)2^xp/'2(-(p - l ) x j ]

X /  dz z1'1”1 (V 2) exrf‘-2(4p-*i.l., )zl (A. 48)
/0 (N-l)! N! X  J

and, of course, ^  0 "*aP. ..Pb^ when is

near °(p. an approximate closed form for this sum may be 
obtained s

to taP' ■ ' Pb = % P\ p ZloXpC»^.-2^oBr,(sp\ )  U .*9>

Similarly, we may look at the other three contributions to 
(A.4?). First, for aP...M'b:

° 7 P’" M 'b = GaP2aW.12(!!p2)2N+1^ x p f 2 W P-1)Xo^)

/ Xo N (X -z)Nr _ J 1
X J  d z f r ~ N !  /ex P f z W p - i f l j Q J  (A. 50)

where N is the number of M* trajectory clusters, not includ­
ing the end M ’. The same result occurs for aM'...Pb, If
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is close to ofp:

I—  aP. . . M* b _ r Zr Z\ 
tot JaP bM J|expr(^p+^M ,-2 )X^J sinh(gp2Xo ). (A. 51) 

Finally, the last contribution to (A.k7) is:

I—  aM'. . . M ' b _ r Zr Z
tot " aM ubM 'j^expfWp+^.-ZjX^J cosh(gp2Xo )(A. 52)

so that (A.^7 ) now reads:

^ t ab -  ‘ GaP2r’bP2+Gar.FG» i2)o o s h (Sp2x o )

+ <GaP2aw.i2+aa«2r'bP2)sinh(ep2xo )

X expf(«< p + < M , -2)xj (A.53)

At high energy (and thus, high Xq ), this is:

3, Id /p 2p 2, p 2p 2, p 2p 2. p 2p 2\
tot ~ ( aP bP aM GbM aP bM +GaM GbP }

X expf(gp2 + «fM , + «fp - 2)XoJ

abso that, since we desire that constant at high
energy, we demand:

gp 2 = 2 - c(? - e<M , . (A.54)
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For elastic scattering, we can writei

j ab p 2p 2
d *Tl - aP GbP J e x v l 2 ( « i p X 1  - X q ) j J  dx1 f ( - x Q  +

so that we can integrate over x^, yielding:

«Tiab = G a p \ p 2 exPf2(-(p - D X J  55)

allowing the rewriting of (A.52) as:

- ^iabf(nra»;)eo.h(*p2x0)*(ra+«;)Bi«h(eP\ 3p —  ab
tot

X exp£(«(K , - ^ p ) * ^  (A. 56)

where GcM2/Gcp2.
2As an example, Chew and Pignotti examine the case gp =0, 

•I =«| =1 (so that, from the definition following (A. 42), 
gM 2 = 2(l-^tM )). Our equations (A. 55). (A. 55) and (A. 42) 
yield the results:

< r r ab = a A p2el aP bP

< ^ ta b = ffT!36 ( 1 + W

^ n ^ K K  «Tia b % r ^  «p<-sm2V -  “ -57)

Again, from the argument preceding (A.46), we have X^%^ln(s),



and for this version of the CP model*
123

< N >  " V x 0 ^ln(s), (A. 58)

Rut again, since (A.57) is Poisson, f  ̂= 0. Apparently, we 
need gp~ 4 0 if we want a nonzero two-body correlation func­
tion in this model, so that terms of the forms (A.^9), (A. 50) 
and (A.52) must be added to the right side of (A.57). Fur­
thermore, experimental evidence for diffractive dissociation 
(N = 0, aPM’b) indicates gp^ 0.02 according to Chow and 
Pignotti. (At moderate lab energies, and o( , ^«(p, (A. 50)
provides <^roa W 'b = <gia b r b(gp2V ) .

In the next chapter, we will investigate another modi­
fication of multiperipheral models, which has more promise 
for fitting experimental correlation functions than the CP 
model. Indeed, we will use the CP model as an example of a 
multiperioheral model which can itself be modified according 
to the prescription of the next article.
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*. THE ABSORPTIVE MULTIPERIPHERAL MODEL

The absorptive multiperipheral model (AMPM) is the only 
model of those discussed thus far which yields the correla­
tion function behavior*

fm ~  (lns)m (A. 59)
If the Koba-Nielsen-Olesen^ (KNO) scaling factors,

q , experimentally rise with q, then the behavior
( A .59) is warranted. In the simple multiperipheral model
and the cluster model of Part II, f ln(s) and the KNOm
factors are not only independent of s, but they are also in­
dependent of q. However, the sign of the coefficient of 
ln(s) in fg differs between the simple AFS model and our 
cluster model (See Part II). The special behavior of ( A .59) 
merits our review of AMPM.

Absorption was first applied to the peripheral (one-
18meson exchange) model by Gottfried and Jackson ", and then 

applied to the multiperipheral model by Finkelsten and 
Zachariasen'*'^. The Finkelstein and Zachariasen model (FZ) 
resembles the CP model in that it is a bootstrap approach.
An elastic amplitude is obtained, which in the high s limit 
is a self-consistent solution at finite and zero momentum 
transfers t. Furthermore, the total cross section does not 
fall at high s in the FZ model.

Caneschi and Schwimmer have calculated the partial cross 
sections, average multiplicity and correlation functions for
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20the FZ model . We will reiterate their calculations here, 

as they are of interest as a comparison with our other mod­
els.

To introduce absorption, the impact parameter represent­
ation is invoked, and the Pomeron ( = l) is given the
representation i O ( B Q (Y) - B), where Y S  ln(s), B is the 
impact parameter, and Bq = RqYj Rq is a constant which we set
at one. Absorption is used to prevent violation of the

17Froissart bound by the output amplitude. ' The partial cross 
section for producing N particles when the incident particles 
differ in rapidities by Y = ln(s) and they have impact para­
meter B is«

<t^(Y,B) = S(Y,B)Mn (Y,3), (A.60)

where

MN (Y,B)=gN/77" |d2b.dy. 0(y.2-b.2)jX(Y- ^  y.)
/  i=l 1 i=l 1

N-l
( B - ^ b . )  (A.6 1 )

i=l 1

and S(Y,B) is the absorption factor, 1 + iT(Y,B). y^ and b^
are the rapidity and impact parameter differences between the
i^h and i + ls^ particles in the chain and T̂g1 is the coupl­
ing constant.

Caneschi and Schwimmer now apply Laplace transforms in Y 
and B to (A. 6l), yielding*
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"-I(n -i )

MN (X,G)a g*JaZ3 dY eXYeBGMN (Y,B)=gN (X2-C2 )2(N 1 <9(X2-C2).
(A.62)

The main contribution to the inverse transform occurs at

X . I f c U X  , c = . u .63)
max Q max Y B

The method of steepest descent about ^rnax» ^max Provi^es:

MN (Y,B) . g" «<Y* - B*). (A. 64)

A self-consistent solution is obtained with: 

T(Y,B)=i6(Y2-B2)-3i0(Y2-B2)g 3(^2_B2V exp£-g3lF(Y2-B2j}. (A.65)

Combining (A.60) with (A.6b) and (A.6 5 ) thus gives us the 
partial cross

< z (•n ( - i ( ^ « z-B2) • U.««)
Equation (A.66) can be integrated over B to obtain the 

dependence of the partial cross section on N and Y:

“2 13<T̂ (Y) = (ftfi-jj, JT(3N-3, g3Y), (A.67)

where )T is the incomplete gamma function2*:
1

i /g3Y
1-3, g3Y)S /oy(3N-3. S3Y)S /  e_t t3N"4 dt. (A.68)
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The result (A.6 7 ) was used by Caneschi and Schwimmer to cal­
culate the average multiplicity and correlation functions

3using a generating function defined by Mueller-':

S(Y,Z)* < z N 0r(Y). (A.6 9 )
N 1

Note that:

m Jz™ 1=1
3and the correlation functions f^ are given by^:

<  _ , o* If. \ ni"ni+l 1
F =m! <  f(m- t  n. ) 7T I jj- I t-— 1- yr (A.71)
m n. i 1 i=ll l! J (ni-ni+i;*

For example, the two-body correlation function is: 

f2 = f2 - f±Z = p2 “ Fi2 = <N(N-1)> - < N > 2 . (A.72)

The FZ generating function is obtained by substituting 
(A.6 7 ) into (A.6 9 ):

-2
S(Y,z) = £ z N !T(3N-3, s 3Y)

f“ 1 1 1 1
= [f,^3 ( j3_i JY.fJ exp£( 73 -j ) ,3yJ + jJ_ (A. 73)

(Z3 . D 2
The leading terms of F , using (A.73) in (A.7 0 ), are:m



Thus, the leading terms of the correlation functions for m i  2 
are:

_ *m 1. _m _  . „ 1 .m
vm o /1 a r

' m - ( § ) w J v ) (a-75)

where f. = = ^g^Y. In the CP model, F = (F1)in and the1 9 m 1
leading terms cancel. In fact, all terms except the first 
order term in Y cancel. But in the BZ model, this cancella­
tion does not occur, and f (lns)m , as claimed earlier.
In particular, the two-body correlation function is:

f 2'V  l! " H  l j ^ Y ) ^  l h  ^  d ^ s ) 2 . (A. 76)

Since the coefficients of (lns)m in F and (P1)m arem j
unequal,

 V l Z _  * lt
(F1)m < n > m

At high energies, we have:
1 . m

_  _      I!*™,m m+ 2 / 1 . m m+24 u s ;  = d z  ^ r L  ■ sfe (tV”*  l- <A-77)
< n >  (|J y)

Note that (A.7 7 ) is independent of s, that it equals one when
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m=l, and that it increases as m increases. Contrast this to 
the CP model, where ( n > m ) = 1 for all m.

We will see in Part II, that although the two-body 
correlation function in our multiperipheral cluster model 
goes as ln(s), we can nevertheless drive positive by in­
cluding clusters of sufficient size, and we can fit both fg 
and f^ ^ n^ by including clusters of sufficient variety.

Before beginning our study of the cluster model, we will 
review one more model of related interest, the Mueller anal­
ysis of inclusive processes.
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5. MUELLER ANALYSIS OP INCLUSIVE PROCESSES.

The following chapter stands apart from the rest in two 
respects. Pirstly, we will examine a type of distribution 
largely neglected so far in this paper, except for some dis­
cussion in the context of the diffractive fragmentation 
model. Secondly, we will review a method of analysis which 
lends itself not to one particular model, but rather to many 
models.

Inclusive processes are those in which some of the pro­
ducts are not observed experimentally, so that the reaction 
may be written:
A + C^ + C2 + ... + C^ + anything,
where C C?  C^ are observed products. For simplicity,
we will consider the one-particle inclusive process:
A + B C + anything.
Much work has been done on those processes in specific models
(See, for example, Ref. 20, pp. . We choose to follow

22the more general analysis developed by Mueller.
Consider first the experimental observations regarding 

one-particle inclusive processes. Let the momenta of the 
incident particles A and B be p^ and p2, respectively, and
let that of the observed product C be q, If iu is the energy
of C, we define the one-particle inclusive distribution as:
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3

p j  > w  j c  = I  £ (
^  n=2 k/ i-l i

X S**i pj + p2 - ^  tljJlTCpj^ + P2 — » + . . . + ^ l 2 •
j

( A .78)
p

where s 2 ^?^+P2  ̂ » 't̂ e sum over k i-s taken only over part­
icles of type 0, and the sum over n includes a sum over all

p
particle types and spins. We also define t 2 (p^-q) . 
u 2 (p2-q)2 and IV!2 1 s+t+u-m^2-m|,2-mQ2. Of the variables
s, t, u, and M', any three may be chosen as the independent 
variables on which depends. Let a^ and q̂ , denote
longitudinal and transverse components of momenta (parallel 
and perpendicular to P^-P^* respectively). We also define 
the rapidity variable y as:

W  + qT u/ + qT
* *  ln ~ i s r  - ln u -79>

7 7 2 2 7 7 7 7where m^ ~ *  mp " + q^ so that tu'-q^ =m^ ‘'+qrp ~=nirp Note now
that:

qL qL qL /4 0,0
V W  -qL fQtp +mc T

and we also have:
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ey+e-y _ J I | w +"
2 "L V w -  <iL iisi]

f . » v »  '“ j y  ■ « ■  , U . m >
2 - qT T

and finally:
dqL = mq, coshy dy = W  dy, dy = dq-^/w . (A. 8 2 )

cmThe range of y is Y 5  ln(s/mm^), since UJ = - Vs1 /Z at  ̂ i cm
the limits.

We are now prepared to discuss some experimental observ­
ations. firstly, ^ 3̂  decreases exponentially with 
Iqlpl “S  q,p. furthermore, it is a function only of q̂ , and the 
scaling parameter x 9  2qLcm/ s  *. At any fixed q^a^, ^ 3 ^
approaches a limit as s -♦oo . This last result is known as 
limiting fragmentation.

There are several other experimental results worth men­
tioning before wo study the Mueller analysis <ABC - In

Ythe region where + y) is finite and t s (so that 0 ,
the target fragmentation region), is independent of the
projectile A except for the normalization proportional to the
total cross section ff^(AB). In the region where x ^  0, y

Gfinite (central region), there is a plateau in , and the
production of particles and antiparticles is equal. In all 
regions, most products are pions. We will discuss the three 
regions of y in greater detail shortly (See Figure 6 ).

While the discussion which follows was originated by
22Mueller , its details have been extracted from two re-:.
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O O  oh,views. The core of Mueller's treatment consists of a

generalization of the optical theorem. Recall that the 
usual optical theorem relates the imaginary part of the for­
ward elastic amplitude to the total cross section. The gen­
eralized Mueller version relates the one particle inclusive 
distribution "t0 imaginary part of the forward
three-body elastic amplitude for the reaction ACB-+ACB:

^AR = o ^ A ?Tr —♦ A?TRI -Pnw a t q (A. 8 3 )AB s ACB“*ACB|forward

where the imaginary part is understood (See Figure 7 ).
Mueller combines (A. 83) and Regge formalism to analyze 
in the light of the experimental picture described above. We
will first examine the rapidity regions as promised earlier.

Y 
2
YThe projectile fragmentation region has finite («-y) =

o _ 1 *!]_, _i xVfs"1In—^  - y. Now y = sinh —  = sinh , using the exper-
m^f T T

imental result of scaling. At high energies s, y is large
and as I ® ,  so that , = In 2 ®  and2mqi JTlqi

Y o v smT£-y = l n - ~  - In ^ —  = In — %---  = In aC -inx.
2 mT2 T rrvp xVs* xmT

Thus, x > 0  in this region (remember that 1x1^ l). Consider 
t and u in the projectile fragmentation region*

“ (p1-q)2̂  mA2+mG2- — —  mT sinhy - m^Ts^ e~^

- "a S s2 - W  ”T (2£ K » 5,f e ) =  ”a 2+"'c2-2'"a 2x-;t -



13*
2 2 2mg

u ^  + mc - ymy m̂ , sinhy - m,p\/s'ey

= mfi2 + mc2 - -y|r mT[2̂ |  - mT

2 2 2 = mg + itiq - 2mB x - xs . (A.85)

Thus, in the projectile fragmentation region, t is finite and
u -s. That is, the momentum transfer between the target
(B) and the product (C) grows with the energy. Pinally, con-

osider the behavior of M in this regions

M 2 = (P-q)2 = P2+q2-2P*q = s+niQ2-2 •s'**' = s+mQ2-2t/3rirpCoshy
(A .86)

where P 5  P^Pp. If - y) is finite, y,
Y 2 *t • ucoshy '■x. coshp /x. Vs1, and M s. In fact, since — = x 

when the masses are negligible compared to the variables s, 
t, u,we haves
M2 = s + t + u = s(l - x) + 2t . ( A . 87)
Throughout most of the projectile fragmenfetion region,
2M s. But if we are at the edge of the distribution,

Y M2y-*2 > x-* 1 and This edge will be of great interest
later.

Now we turn to the central region, where y itself is
finite. Using the first lines of (A.84) and (A.8 5 ) in this
region, we find that t and u go as \f̂ . and in particulars 
tu mT 2s and M2^ "  s, (A. 88)
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Finally, the target fragmentation region is character-
Yized by finite (tj + y), and the roles of t and u are reversed

from their behavior in the projectile fragmentation region.
+
2

Thus, u is fixed and t s, while M 2 = s(l + x) + 2u.
2 MAgain, M **+ s except in the edge region, where -— **0,b

and x-*-l.
We are now prepared to calculate the one-particle in­

clusive distributions. Consider the three-body elastic amp­
litude of ( A .83) and Figure 7. In the projectile fragment­
ation region, where t is fixed and s and u — >00 t Regge theory 
demands that a Reggeon be exchanged between B and C (See 
Figure 8). Since this Reggeon has the vacuum quantum numbers 
(in the crossed channel, Reggeon BB), it is a Pomeron. The 
amplitude for figure 8 is«

AACB-*ACB I —»  I - y  ̂ ’ ( A . 8 9 )(forward AC T 2

pwhere we could have chosen M or (-u) instead of s, and where 
^-q is the B-Pomeron coupling and ^ A C  is the coupling of the 
Pomeron to the combination (AC). From ( A . 8 3 ), we observe:

4 °  = ^ C ((* T ’ | - y ) A  b* ( 0 K  (A. 90)

Pomeron factorization implies that this is the of the 
total cross section:

• 5  ■ A A  ^ (0)‘1 •
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so that we finch

AB
1 /O c f t k Q ^ ’ 2 ~

'AB = f t  A
(A.92)

which is independent of the target B. Since c^(0) = 1,
(A.9 0 ) reveals that sealing is obtained. The reader is re­
minded of the experimental results of scaling, limiting frag-

target in the projectile fragmentation region. These results 
are thus predicted by the theory.

We will now examine the same three-body amplitude 
AAGB-^AG3 cen^ral region, where t and u are large, so
that two Reggeons are introduced, one between A and G, the 
other between and B, both being Pomerons (See Figure 9).
The amplitude is thus:

mentation, and the fact that indePendent °f ^he

AAC3-*ACB I ^°^/9c (-u)°^ ‘ (A.93)
I forwardforward

Now (A.88) says that tu = (q^  + rriQ̂ )s, so that (A.93) be­
comes :

(A. 9*0

and (A.9l) allows us to write

(A.95)
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Since the trajectories are Pomerons, flC(O) = 1 and (A.9*0 
exhibits scaling. Factorization (A.91) implies that

/  ̂ 3  is independent of A and B (A.95)» i.e., in the 
central region, the distribution is unaffected by the nature 
of the incident particles, it depends only on the type of 
product and the product's qT . This is the central region of 
Figure 6 , governed by independent of y. The pro­
jectile fragmentation region of the figure is given by 
(A.92) and the target fragmentation region is given by:

^BC^T* I +

Thus, Regge theory,with its factorization and Pomeron tra­
jectory, reproduces the important experimental results.

We must now consider the special regions which we have
called the "edges" of the rapidity distributions, the frag-

1̂ 2 4.Ymentation regions where — -*0 , x-*±l, y-*-~, with t or us ^
fixed. We can take this limit in two ways; either s andp

9  M 9  9M'^coand then -— -*0 , or s^o® with M fixed, then M .b
In both cases, dr or u is fixed.

Consider first taking s-^o© with M fixed and t fixed 
(the edge of the projectile fragmentation region). The in­
clusive amplitude A + B — *  C + anything is then essentially
A + B —■* C + X where "X" has mass M. For AC“*BX,

2cos 0 Cm s^  so Regge theory provides the result:



138

dt dM2 16

(A.96)
where 1? are the trajectory signatures, ^ ( t )  are the tra­
jectories in the AG channel, their couplings to the
AG structure, and M2 ) their couplings to 3 and X (See
Figure 10). Now wo let M2 become infinite. Note that 
)/9g^(t, M2)!2 is proportional to the "total cross section" 
for c(^B — ■* X at total center of mass energy f«i2. As M2-*«°, 
the "elastic amplitude" related to this "cross section" must 
be dominated by Pomeron exchange ( «(^B-*^3):

|^Bi(t,M2)|2 - »  <fRPi(t) (k 2 )“<(0)^ b . (A.97)
The new quantity f^JRp(t) is the Pomeron coupling to the 
Reggeon ^ ( t ) ,  called the triple Regge vertex for Pomeron- 
Reggeon-Reggeon (See Figure 11). Noting that

d<P“ _ s d
d3q V  dt dM2

we can write, using (A.9 6 ) and (A.97)*

^ABG . 1 !<*AC(t)|2 Is \2^ (t) 1(M2)«K0)-1 A  (L)

(A.98)
2The other approach to the limit, where we take s, M*+c®,
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- § 4 r  -* s<( o M  (*.99)
**k &k

from (A. 9 0 ), where y — ^(Y/2). Now o((0) = 1, and in our 
limit, (A. 8?) tells us that (M2/ s ) = 1 - x . Equating (A.9 8 ) 
and (A.99)*

^ C (qT, |-y) ^  (l-x)1-2^ ^ )  . (A. 100)

In the target fragmentation region, u is fixed instead 
of t, and this analysis results in:

^BC^T' (l+x)1-2^ ^  . (A.101)
We may remark at this point that the triple Regge ver­

tex becomes a triple Pomeron vertex for a reaction such as 
AB *“̂ A X ,  where the Reggeon in the crossed channel AA has the 
vacuum quantum numbers. We can now show that if the Pomeron 
trajectory is flat at one («i(t) 3  l), that # ppp(t)=0 for 
all t. We will make use of the sum rule*

/  C
<n> <7- ar * £  I  ^  dt dM2 (A. 102)

A C / dt dM

where ^n^ is the average multiplicity of final particles of 
type C. A lower bound is obtained by taking only C=A in the 
sum, and integrating only over the triple Regge region, where
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2t is small and M is large. Then the integrand is obtained
from (A. 9 8 ), with /°=  ~  ^ 9 and R=P, C=As

W  dt dM

<n> * A B ^  / S^ 2  A .  ... 1 / s \ 2< (t)
4 min max ' /min max

X (M2)H(0) | ^(t)|2 /?ppp(t)/?B . (A. 103)

2 /s 2If ^l(t) S  1. the integral over M goes as I dM ^ I n s . and
^  M2we finds

^n> <7- ab £  In(s). (A. 10*0
We will also use the momentum conservation sum rules

Pj. <rjE = £ ( a t ( d M z n . (A. 105)s* A  cl  / dt dM *

Again selecting the lower bound with C=A and the triple Regge
region, and selecting the sum of the energy and longitudinal
momentum components s

1  f *  am2 / °  at d **B (1 - f^). (A. 106)AB V  /  at aM2 ' s 1
min max

Here, K(t) H  1 implies (using (A.98) again)s 

^  ^  In(s). (A.107)

This is inconsistent. The assumption «C(t) H  1 implies that
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is independent of a, and horo it alao iaplioa (A, 107). 
Kinoaatically, ainoo Kn> 1 whan z £ 0.5. (A. 104) alao
loada to tho roault (A.107). Wo auat assuao that if tho 
Poaoron trajectory ia flat at ono. than ^ppp(t) ■ 0 for all 
t.

Experimental data suggests that «((t) ia feather flat* 
but that y^ppp ia n o n t e r o . T h o  ineritable prodiction ia 
(A.107), but it ia atill to oarly to ooaait ourselves to a 
nonoonatant total cross aoction at high onorgios.
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APPENDIX B. ^n> AND ?2 IN THE NOVA MODEL.

If j ^ ^ n ”2 , then
iIT?

tot = £  r-J « 1+J+1+...+ ^
vo 'n

At high s. ^tot ^  relatively independent of s 
Nov/ for the average multiplicity, we haves

<n>  = n _ . o C £ l - > /  I n *  ln(c) (B. 1)
1 1

47 4. n / n"tot ~ #

and for the Mueller two body correlation functions

p = ^n(n-l)^ - ^n> ' = {n“^  - ^n^*" - ^ n >
gC, -  (Inc)2

O vat high s. But ^n'y ic simplyi 

£. r2ff~ ifp
Y r 2 >  =  2 — — <  2  1 « C  v n

Miot n

so that, finallys

oC ^  (H.2)

as was to be proven. Higher order correlation functions may
be examined in a similar manner.
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APPENDIX C. ALTERNATE DERIVATION OF THE CORRELATION FUNC­

TIONS IN THE MULTIPERIPHERAL CLUSTER MODEL.

Let m represent the number of particles in the cluster. 
The average multiplicity of particles is then:

< n >  = £  m < r-ni>m

whore, as before, ^n ^  is the average number of clusters of 
type m in the inelastic chain. That is:

< S O  *  - 27 (G'2)
A  n„n.° v l . . .  in2

# • •

Recall our equation for the elastic diagram (Figure 13a))s

a (ar ar ) - (  (

AR (s )AR (s 1),..AR (sn ..n 
1 2 N 1J-1'

X 7 2 272^ / 2 272(q? -y ) • • • y* )

where N is the total number of clusters (not generally equal

t o f f ,  the total particle multiplicity) and we have suppressed

the arguments p,p’, , m^ ,...,m^ , on the left in order to

emphasize the functional dependence on the resonant ampli- 
Rtudes A . Note that n., of the m. equal one, n 0 of the m.m 1 0 2 ,]

equal two, etc.
R RNow vary A ^ , holding A^ for m f  1 fixed:
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i (ar+ a r ar ) - ( ( d!9i ^ d% h i
ln2’ ’ ' 1 1  ’ 9’ ' ' ~ / ' 7  ( B y V ' 1

(AR+ fl\.R ) (A R+£AR ). ..(AR+ ARAR . . . . . . AR .’. .

X (q!2/ ) ^ ^ 2 )2.• • (qN_!2-/»2)2

ni factors ■Ia . n0 factors n., factors
o ,^/r Tr Tr *

where Ia R (s .) 5  \t'(s'. - s.), and we have:

12'
(Pa - A (AR+ XaR AR AR ) -A ( A R  AR AR )® n«n„. . . ~ n„n___U 1 *A 1 .Ag.A^ . . . ; *n n , . ̂ Ai ,A2-A3---- '*1 2' L1 2'

so that:

[A
nlr‘2* * •

*AR (so )
—  lim 
"" o

£A:"ln 2

n.,-1 factors n, i ■ — .a .
<Tr ar j ?/r ar .^fR?R Tr' f/ , \A1A1. . . A^AgA^, . . A^A^A^. . . A? . . . q(s|.-s..) 
(l^-yu2)2. . . (q22-^2)2

all other permutations of the missing A (s.) replaced 
by f(s'.-s.;» a total of n 1 such terms,•It) 1

where sj=G0 for aH  O- SY multiplying by A.j(so ) and inte­
grating over s , we replace the missing factor in A

o 12' ' 1
in each of the n^ terms, obtaining:

/  R SAn1n„...
Ids A (s ) *t~r  = n1 A
j 0 1 0 IaR (so ) 1 1 2 ’

RSimilarly, by varying Am (sQ ) for any specific m:



»Ve sun over permutations of the m. on both sides, with the
n . fixed:

(is AR (n ) r,1-2----  = n A3/ o m o JaR(e ) m n,n2...
m o

Finally, we sum over the n. to obtain the average number of3

n- n.

clusters of each type ms

Ja

- .1 (rto AR (̂  )Af 0  m "’° $AR (s

m o

s ) m ‘ o

Thus, the average multiplicity of particles is:

<"> = J<is„ a *<s > H 3 '-/*2-1 .' m A (s , -y, ) / 0 m 0 <AR(d0 )

OIt is time to make use of the energy dependence A(s,y4 ) 
(equation (2.5)). We obtain:

^n> = £ , m ^ d s  AR (s ) 1m I o m o Ja R (s 77
m o

m / dsn Am^So^ I T^PT ln(s)m I o m o |_^aR (so ) w j

O  — -lln(s) +
0 £a R (s )l® m o /

dsQ AR(s „)  |ln(s) + constant.
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We will calculate the functional derivative of with 
respect to Am (sQ ) by using the functional dependence exhibit­
ed in the eigenvalue equation (2.9). Differentiate (2.9)

Rimnlicitlv with resoect to A ,(s ):m' o

( 1 — X )
-X)2

-x) _

q x+ ^ 2 (1-x )2

9 -  0 -x)2

where

i(x<) = J(eln>?<> =iC<e<)lmc]= (lnX)(e<)(lrx-l)e-‘tK

= (lnx)x*&< .

Recall that

X a R (- ) = Al(~'-* ) and — ^® m , U o ; ^ * U o ’o n (TAR / ) ^ *
0 m' °o

Thus, our differential eigenvalue equation becomes:

A I  dx * * O zS)   + (f<)/ds ^ A ^ ( s  ) /  jx(lnx)- &* U -X>
/  ^x+,,2 (l-x)S I 0 < c  m o l  x+ 2 {1 ~\2
to o p  t m /o o f *

=0.

-(1-x)'

A  and taking A-*0,Dividing by A  and taking A->0, we obtain:



f   = ~ffdsn̂  Am^Sô  ( dx l̂nx  ̂  jlfr*,(S;) V ° m ™ ° / s0**/?tl-x)2JA
/i y

X I dx ■■-*- ^ ~x)— ? . (c.3)
to

Substitute this into our equation for tho average multi­
plicity of particles to obtain:

< n> ■ A*is°] ( ix (i->

) f dx
/o sox> (l-x,J

H/L. n'fta' dx

+ constant (C.^)

which is identical to (2.1P).
Now consider tho two body correlation function:

f2 = ^n(n-l)> - <n>2

= ^ ( ^ nm ) ( ^ nTn-1)> - (£m«im> ) 2 m m  m

= ̂ [ m2(4nm )2-m<,nmi] + 2 mIn'« " « , % >  } (C-5>m ̂  "" mm ’
___________ m^m'

where 4n H  I K n  2^  - ^ n  > 2 and wherem V  m ^ m*
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By taking 

^An1n2...(s’-^2)
K ( s n )m o

and again varying A1 (s ), we arrive at:m o

(n -1)> = ---1-- ^ / p sndso Am (So }Am (So } ^   ̂  1
m m A(s .-/i2)// ° ° m ° m *AS (so )tAS (si )

If we had taken our first functional derivative and varied
Am »(s ) for m'#m, we would have obtained:

/n n ,N =   — y  I id:
^ r a m ' A < = ,yk2)/rK dsi Am (3o )Am'(’-o)j-.R^2A^ V 2j, •

tfe need only plug these results for ̂ n ^  and /n n ,S into^ m / > m m /
our equation for f^ to find:

f = { m ( m .l)^n } . m ^  ) 2- 2 l  mra'^n > < n  t>  
m mm'

m/m'
+ ̂  -J21 _ / Z j s ds' A^(s )A^, (s')f 'a/* -̂

mm’ o o m o m o Ja ^ jJa *  (<g>

where

 1 7“ ldSn A^ >  ^Sm? A(s ,y,2)J 0 ” 0 $A«(S0 )

Note now that

y Inf _ W l  Vf 1 1_ if if . 1 î fixiy fx^f iyj f2 ix fy f Jxjy
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so that

i = >lnf >lnf . )2lnf
f F J y  Jx iy Jx5J~ *

pIn terms of our function A(s,-y», ) and its functional deriv­
atives :

1 i2k _ SlnA tlnA £2lnA
A iARSAR , " &AR {a R , Ja R$AR ,* m' v m v rrr 0 m® m'

where the arguments have been suppressed for clarity. Making
2use of this result and the energy dependence of ACs.-yi^ ) 

(equation (2.5)). fp becomes, after cancellation of terms:

[
£m(in-l)fcls AR (c )r-l^—  + £  mm'/|ds ds'A^(s )AR . (s') rh / om o|AR(so) J) 0 0 m 0 m 0

j
X — o—  p -u  |ln(s) + constant.

To evaluate further, we take the first functional
I Rderivative of Cl with respect to A (s ), as calculated for ' c m o

^ n V  and differentiate again. The previous result for the 
first derivative can be written in the form:

/ d x  x<b - x > 2 +/- \ ^ o ^ R(s ) J  dxilnxlx^ivx)
h  SP >  d - x) l S V (sb / /  "> /o =ox> (l-x)

=  0 .

The suggested second differentiation thus yields:
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z2il 
x)2

(it) I dx Un*;)s<(l-x>
h  s ^ d - x ) 2

4 /1 h  \  I  A * ilj g )i‘<-u
I K - (o; y /  " /, sox> < 1-

+ ( __ £ j 4 _ N  (6r. CA R (, ) I ,j (Xnx)x**(l-x)
k . ^ > ) / °  v  °7o w - 2<-*>2

+ l-* j -  \ t o ( « so £ Al(s0'> I Ax (lnS)^ a
/  lo so * >  (’-x

=&i = o
X)2

Note ae;ain that A „(s ) = A'X(s"-s ) and also note thatJ m o  1 u o o

7- M  a  \r- 4? ■ "-ith "  '
K A e V  *
------- llm 1_ \  Tht,_.
M . ( e : ) S ^ . ( 8r) "  v -° X  toft*^m o w m o  x m’ of
 L5*____  = f L  £  ar(s ) (  dx U n x ).x.̂ l - x n
^ , ( s ’)fA^,(s^) \L ° m m 0 )o sox+^2(l-x)2J

* f [  (dso i Am(so} / _dx (lnX4 ’ f~/ K f - R ^ —( U  ° f ™ 0 I s0*>2(l-x)2J K . K >
+ / d..(lnx)x<<(l-x) _ _ £ < __  + I dx(lnx),A l-x), __&* )

Jo S & W  j o ^ a - x ^ A s g

(0.6)
Substituting this and our previous result for the first 
derivative into our equation for fgi we finds
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i l = x l

"[V^f |i,n’('”,'1)/ds° A5-(ai,/ d* =A/
-  ^ n 'm ’f r so*so AW (s<9 Am"U o )

+ / „x X>((12''X) n lln(e)U sv !> (1-x) I1 sox>  ( 1 - x ) ! J )
+ constant (C.7)

where the reader is reminded that

0 (,) = L  £ a R(c ) /  4* .

Note that (C.?) is the same result as (2.19).
^inallv, we examine f0 :“ 3

fj = ^n(n-l)(n-2)^ - 3<n>f? - <n>3 . (C.8)

Usms; the fact that = ^n(n-l)> - ^h>2 , we obtain:

fj = < n 3>-3<n2><n>-3<n2>+2<n>3+3<n>2+2<n>

where n = ^  mn^. Thus, .f, becomes:
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O * - ”3. O O O .

3 m

+

m/m'
-3^-' (^n n S - ^ 3 > < nm m ' * mr m

= £ [ ™ V n ^ ? - 3 < n ^ < n > + 2 < h ^ 3M m 2(<n 2* * n ^ 2)+2m<l^
m

^ ( 2“ ' >mm\,

+ £  ,mm.m . . p % v >  . < X ^ X v t 2< W V " )
mm'm" L
all unequal

(C.o)
rt

’Vc have already calculated /n^, /n >, and /n n . Tom ^ m s  ^ r. m X
obtain the cubic averaqos, we need:

^ - 1 )  - I^ 7 £ _  . > < V ’ > < V « ^ V ..

= --- ~ ' "o ' I If H -' H - "AK (r, )AR(s ’ )AR(d ” )p-5 r-'i  1 ,Ĵ t p----
*<=,-/>;// 0 0 o m  ° m 0 ra 0

and two other relations:

/n n (r. ,-l)>= --- -— =~ ///s ds'ds" AR (s )AR , (s’ )AR , (s")N m m ' m * ^  o _ 2  ̂/// o o o m o m ' o  m ' o
° ’ A

X _.,,w J.3A(g ,-/,2)
Ja R (o )[a R (s ’)|a R (s")v m o w m o w m o

/n n ,n ..S = --- -— (lids
' ”  m ' a (s ,-/,2) / W  °

ds ds'ds" AR (s )AK ,(s ')AR„(s ")o o o m o m' o m o

X K t s . y , 2)
^AR (s )^AR ,(s')$AR„(s") v m o w m o w m o

Thus we have:
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T̂-m (nm_5 ^  ̂  +----- -— o~ III&z ds’ds "m /  711 m m k ( c , ^ 2 ) J / / 0 0 0
AR (s )AR (c ,)AR (s ")m o m o m o

j^kjz.-f2)r n ’
w na o m o m o

and :

< w  2> ^ m n a > * lL(J ‘t A )ff f 8 o i B o * e lk l i% K ‘ i a i K ' i s V

x  P a (s.-/) ____

‘/e can now are these results, together with previous results
for ^ n ^ ,  to write in terms of functional

2 1 derivatives of A (s , -ŷ  ). Suppress the arguments of A (s ,
snd A^(sn ) for clarity, and make use of the identity:

2)

f c t
3lnf
3 y

1 ̂
 

5m
S+cIn

✓Sr*

32lnf
3xiy ■ f f

ilnf 32lnf 
3 y Jx)z

*2lnf
3xjy

^lnf i2lnf
# y

♦ * ■ Jxiyi:z

J2lnf
ixdy

3lnf ^2lnf 
J y  Jx^z

\%

'Inf

W  W  W  + 1 V f
J x  3 y 3 z f JxJyTz
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p

In terms of our functional derivatives of kis,-^ ), this 
identity becomes:

A
1_ ^ A _____  i ̂ lnA + llnA jlnA jink
T K K ’f r l ' = K  K • <*2-

+ i2lrA /inA ^ 2lnA IlnA . & 2lnA /lnA /„ in1
W  < C * 2 - * * 2  K - K * 2 .

where Ajjw{j<«# >, A*,*A*,(S;), ana AR„3 AR „(s"). ToSether
with the identity previously derived for the second deriv­
ative, this identity can be used to obtain:

f, = III as ds'ds"ARARAR ■ -R-3 P!l I ill 0 o o m m m £ar£ar Jar
m

((dr: ds'ARAR * fds AR ^ S A\// 0 o m « )  O . /aR J

(((•is ds'ARAR $~}jrk a * /as AR ^ j A + Z m / d s  AR-tn4)\ ) f  o f  ;  o n f t R j

?im,Sl (((is fls,ds"ARAR ,AR , ■r S ~ i rik „V» 0  0  ° ra'
// ”1

/II d^' ARAR -* Ari A . dmm' I Id0 d ̂ ' ARAR ^ lriA—  |/r° o "' - JJ ° ° m
+ mm'm" / { (ds ds’ds"A^A^, A^„ /-^V~SA / 'R .• If gag O O O ITl HI TTlmm'm  / / /  JAmiAm,<A „
all unequal

We now make use of the energy dependence of our forward
2 ^ \i) pabsorptive elastic amplitude A(s,-^ ) = s to provide

asymptotically:
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f3 (Xl(l(i 1 M  »ararar= £l m IJIds ds ds A A  A  -— 3 — — 3", 1lns 15U /// 0 0 0 m rn m Ja r Jar Jaf
w  m  v  m  ̂  nm r ' ~...... m w m v m

)/f'd3o',siAX  rTRTTR + m(m-' ,<’"-2/ri"0Am tfl
// m4 m m j

♦ 2  Cnm' 2 / ^ s  dsMc"A^A^,A^, f~p R
mm w ._ ,

* * m m mmym
+ ■|mm ’ (m+m' - 2

+ mm'm"//Ms ds’ds " A R A R , A R „ d / ^ V V  rmm'm" /II o o o m m m Ja r ^ r Ia R ,.
all unequal ° ® m

where the arguments s , s'.s", are understood for consecutive0 0 0
A  w i t h i n  each term. tfe now evaluate the functional deriv-

l Ratives of «l with resoect to A  by makin^ use of the first \ m
iteration of the eigenvalue equation (2 .9 ). We have already 
calculated the first and second derivatives in our examin­
ation of *>> and fg. The third derivative is obtained by 
leaving the second derivative in the following Torm and 
differentiating implicitly again:

S 2*f (ds / a R (s ) / d x - ^ - * ^ 1'*^]---

S  L 0£A«(e ) /
1 /  "1 J0 sox+/. (1-*) _/

+ f  / T  f =0.
L/o s; * > ' i-*)J £ v (so) (.^ sox> ' (1-x)J A V 3^

The next differentiation then yields:



f / L
1/ ° ” m ° / o

15«

- - .  -  -  - 

f U S u ,  I dxt ^ x j V t t - x ) ]  ^

.1"/ jx(ln]t)x*ll-xi|
I/o

iAm t gA ̂ ̂  Am ' ̂ n"1 iAm" ̂ S*' ̂

& L

iA (s')lAR ,(s")® m  o • m* o■ »U u /  g Hi v«/ m ^

f  L r & * < = „ >  f
1/  0 " m 0 /  - . V ' 1-*) J B

i i v L l

K - (s }
_4?i. iifi

JA™ (sA> iA!-(sA)iA™" (so ) Im o v m o w m o J

R  / aR (o )f d, . l l - ) V ( l - ^  I* <(•( i <

I

(lnx)^x^ (l-x)
’o'

si) ______
t._ .x> 2(1-x )2J ‘a " <s o > K - (b;>
" f j J m x i x ^ d - x l  i 2<

I  s A x>  (* ■■ x d  iArn1 (Bo > K  " (*0 >V / f

K < sa > K - (b?>

L  B ^ 2d - x ) 2J i A m As; 

I a;.(Inx)x^(l-xT)_____ i5
I  s ^ d - x l j

JSjL
) ^AS"(Sn>u m o

/o of* -J v rn o w m
F  /  d ( l n x i V ^ l - x T )  d
ll b;V (1-*>!K<ba> K- (S«)

= 0.

This result, combined with the expressions for the first and 
second derivatives previously found, and the definitions
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(2.14) and (2.15), yield for the three body correlation 
function, asymptotically:

Ins rn
ra(m-l)(m-2)|— £

+£mm' -(m+m -Q p°p° pip° p °\
y * 1 )2/ ^ 1 ' 1 m ’ #

mm' m "
mm'm" I— r

o

[il p 0 pi p O
m*A m"~L m" m )

+pm /£■
2
QpO~i?Q

rn'm1 4:?°
m'm1

pi 1 o
m ’x m

)
P

u 2/_oFo ^0 
il̂ l m '' m" _ pi (7°m ' ‘ m
’"o
/, 2
POpOpO
11.1' m ' m ' 
V o

_ plpi°m1 m'

3t?0 pO rpO
o‘ m m' m" + ^ ( F 2;”o m

p! pO
m m

p2 tpOpO
m' m m

which is,in fact,just (2.20) with some terms expanded out.
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APPENDIX D. THE SIMPLE MULTIPERIPHERAL ^-DOMINANCE MODEL.

The invariant amplitude f'or two pions of momenta p,q, 
to interact to form a single /° of momentum k, which decays 
into two pions of momenta p,q, .is:

2( ip*+ioA ) ( TilV+1̂ , k-p/myo^) ( ip’v +iqv )

so " > 2+lt
(D.l)

since the Lapranpian density is

i 'yotrr = ^ [ t r r  - wit) .
2and whore s q - (p+p) . The term yields sQ and the k̂ k.*,

term yields

C( rp-n ) • ]Q2 V
? °  ’m̂ o' rn̂ o"

so that we have:

;y, =   ls + _L^ I (D > 2 )
0“7  +l(- \ V  /

and the corresponding resonant amplitude is:

/ V i -o V i.l Y  - m l
L ^ o - V  ^  v °

A*(sq ) = Im(M) = Im/— ^  ,0----|s„ + I / OD-3)

Rwhere £~>0. Therefore, Â , becomes:



2 2 This is zero at s 4 m. and infinite at s = m . . Moreover,o f o
note that:

/ R {  :f/D2 '̂̂ Sn+Sn2/IV 2^f,̂ Sr>̂
0 ‘-'°/ 0 (s -mJ ) 2* ( . 2g* /-•» O f

o
Let sq = y+rr̂ , and then, y = £tan©:

^ dEo ^ (so>f(“o) = iifo f/,2/ ^ ( ^ n <2+̂ 2)(r ^ 2)f(;/+m.2)

= lim. f„ d© (2+— ptan©) (£tan©+m^2)f (£tan®+i^o 2)
m.

/? 2 
= fy*2 I  ~d® (Zm^)f (m^)

* 2
= ry* ’(2r^.2)Tf (r̂ o2).

- A^ s0 ) = 2Tin/#2-J, 2J(so-m^2) = ^ 2^ >2i(^o-m/e2). The 
integrations over sQ in the calculations of ^n^ and the 
correlation functions are thus trivial:

L k>o] - v v
S0X> 2(1-X)2 m/#2x+/< (l“x )2

Thu:

and the integrations over x are again done by numerical 
analysis, using the IBM J60 computer;



, (k) _ 1V~5r ' /  . x ^ Q - x H l n
t  " 1 * 3 /„ v V (1-

l n x f  
x)2

16»

(D.lt)

The results yield negative two body correlation function 
regardless of the value of ny*. The /O-dominance modification 
o^ the simple multioeripheral model does not provide the 
desired result of a positive f?.
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APPENDIX E. A POSSIBLE ARGUMENT FOR ADOPTING THE SCALAR 
MULTIPERIPHERAL MODEL TO PROTON-PROTON SCATTERING.

Ref. 28 provides a possible justification for applying
the AFS model, or our cluster version of it, which consists
exclusively of scalar particles, to proton-proton scattering. 

RIf we define A ^  to be the resonant amplitude for a pion and 
a proton to interact forming another pion and proton, which 
again interact to yield a pion-proton pair with the same 
momenta as the incident pair, then the elastic diagram of 
^ig. 21 becomes!

assuming that the protons occur only in the end links of the 
chain. Yet we can writes

(B.l)

Wo define the subsurns:

permutations
of
(fixed n^ng.Jw)

We cannot write a recursion formula for A*3̂ 5 ^, as we are



^ ( ( p + q ) 2) A(qq» ,m1. . .mN ) aJ ^  (q*-p’ ) 2)

x ( , v > 2^ ' V )2

which is a prescription for writing A ^  from the Fp resonant 
amplitude and the JTtf elastic diagram, A^^pp',m^.. . ,m^)
= A(pp',m^...mN ). Summing over permutations of m^...mN , we 
have s

(Bjr)

A^p( (p+q) 2) As(qq'.r^ng. it* ) A ^ (  (q'-p')2)

X ( q V )2< ' ' ' V )2
Finally, summing over n^Hg... yields:

A^(pp') = aI(pp') +lte- -22
I f

k p d b ' ^ ( ( m ) 2)A(qq-)A^((q --p-)2 ) 
P P ^ '  ' 7 ; g ^ V  (q2-/ ,2)2(q'2-/ ,2)2

whore A(qq’) is the total absorotive forward elastic ampli­
tude for lTir scattering, and wo have found that this is simp­

ly*
A(pp’) 5 A(s,u) ifs-(p+p')2J  ^(u+p’2 ) ds du, and
A O = s'fy-y,2).
Now we can also write, for irp scattering (Figure 22): 

ir-n [ A^ ((p+q)2) A(qp' .m. . . . mM )A>p(PP'.m1...% ,) . U - %  y p ,r q — s_ (b .3)
‘ / Sjf (q2-/.2)2
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and a^ter summing over permutations of and then over

nln2'* *’

A*P(pp') = A ^ (
/ Bit (qz-f?)z

If we follow the ARS procedure as used for A(pp* ), and apply 
it to A7*"̂ and A^P, we obtain:

«iTd /

A^P(su) =

rn du

R c?

0 d u

(u'+^2)2

(U > 2 )2

(B. 4)

(B. 5)

where u' . = x(u'+s /(l-x)), and x = s'/s. taking use ofm T vo /■>' ' ' Jmin
the fact that A(s'u') = s^ it' ), we ^ind

A ^ s u )  - s"

A^(su) = s'1

so that

du’dx
m m

1
dxr*o

min

x
(u > 2>!J

< f/ r R /1 / ”* x^lf/bu-T)J I I- (: ' J  I du' - - - - — In  o ( zf . j
man * — *

(E.6)

(2.7)

AV'p(su) = s^^f^P(u) and a PP(s u ) = s* |£^(u),

and where the first of those results was used in (B.7) to 
obtain the second result. The pp elastic amplitude has the
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same energy dependence in thin model as the "TT^amplitude 5 
note that the exponent «( is the same exponent as in t h e W T  
case, since A(su) = s°* fyu) was used to obtain 
A^(su) = s * f P p (u). Our application is thus justified, 
if v/e believe the assumption that the protons are confined 
to the end links of the chain in the manner prescribed. Note 
that this assumption is consistent v/ith the experimental 
result that most of the products of inelastic pp processes 
are pion.s.
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T A B U  1

Model < * > f2

Diffractive Pragaentation - Nova ln(s) VT* <VT )n_1
Statistical Theraodynaaic ln(s) 0 0
Chew-Pignotti Multiperipheral Bootstrap 

with Meson Trajectories Only
ln(s) 0 s

Absorptive Multiperipheral ln(s) (ln(s))2 ( M s ))1
Siaple APS Multiperipheral ln(s) -ln(s) ^ln(s)
Multiperipheral Cluster Model ln(s) +ln(s) ^ln(s)
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TABLE 2

M <I>Ins
l2_
Ins

1. 23 -0.62
1.44 -0.15
2.73 1. 21

2.09 0. 524

3.37 3.08

4.03 5.67

4.70 8.99

5.37 13.0

5.93 18.8

2. 98 7.81

2.98 7.92

3.05 8.22

1

2

3

3

g 2 = 2 4 0 ^

bl = 6 0 ^

2 2 it =  cr - zs 0°1 '-‘2 u

ga2 = W

s2 * 123

g33 = 0.20

J2 = 6 1.9

s3 = 0.093 }
4

5

6

7

8 

8

2 2 2 ^  f =  0Jl -2 °3 ^ 2=7.7xlO-5

g„, "=0 for m<5 -m

g “=0 for m<6

Sm '=° for m<7

g =0 for m^8

g^2 = 2. 2xl0~8

-1 25> = 5.9x10

g,,2 = 1.44xl0-15

S8 = 5x10-21

! =99.9 S2 =92.7 =11.2x10

5

-J*

:^2=10_8 ge2=9xlO“13

8
8

g62=9xlO"17 S?2=10-21
S82=1.4xl0”21 
S22-100 *82«1.81jc18-21 othMV-d
*2Zm97.9 «82*1.87x10"21 otk«rs«0

£l_Ins

0.59

-0.34

-0.40

11.6

0.4l4

3.61

24.4

25.2
25.5
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TABLE 3

a A*(njn2*..ng)

15 A*(00500000) 109(ln«)3
16 A8(00000002) 107
16 A*(16,0000000) 10-20(lna)14
16 A*(08000000) io23(m«)*
16 A*(10000011) 103(ln«)
16 A*(0*000001) 10l6(ln«)3
16 A8(000*0000) 103(lna)2
16 A8(06010000) 1019(ln«)5
18 A8(00600000) logins)1*
18 A8 (09000000) 1025(lns)7
20 A8(0,10,000000) 1028(ln»)8
20 A8(06000001) 1025(lna)5
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