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Abstract

MESON AND BARYON STRUCTURE IN
A GENERALIZED NJL MODEL
by
JACEK SZWEDA

Adviser: Distinguished Professor Carl M. Shakin

We use the Nambu-Jona-Lasinio (NJL) model to study the structure of mesons
and baryons with particular attention given to an interpretation of the scalar-isoscalar
(sigma) meson that plays an important role in nuclear structure studies and in the
description of nucleon-nucleon scattering. To carry out this program, we generalize the
NJL model to include the description of confinement. We also study nucleon structure
based upon a quark-diquark model of the nucleon. It is found that scalar (T=0) diquark
and the axialvector (T=1) diquark contribute approximately equal amplitudes in the

nucleon wave function.
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Chapter 1

Introduction

1.1 General Survey

In this work we will discuss several topics. These are mainly concerned with the
nature of the "sigma meson", a low-mass scalar-isoscalar interaction that plays an
important role in nuclear structure studies [Ce 86] and in the description of a nucleon-
nucleon scattering [Ma 89]. Since there is no experimentai evidence for a low-mass
sigma (m, = 550 MeV), the nature of this excitation is not understood. (Often sigma
exchange is considered as representing "correlated two-pion exchange” [Du 77, Du 80].)
In this work, we hope to clarify the nature of the sigma meson and explain how it can
be an important degree of freedom for nuclear structure studies, while not appearing in
the data tables. Our basic result is that, if the sigma momentum is timelike, the sigma
is very strongly mixed into the two-pion continuum [Ce 93a, Ce 93b]. Howéver, when
the sigma meson’s momentum is spacelike, the sigma is sufficiently far away from the
two-pion continuum so as to be a distinct degree of freedom. (Note that the sigma meson
used in nuclear physics studies is spacelike.)

For our studies we have made use of the Nambu-Jona-Lasinio model [Na 61] and
have generalized the model to include a description of confinement [Ce 93c]. The

generalized model "has amplitudes with only physical cut structure, the cut structure
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arising from the presence of on-mass-shell quarks being removed by the confinement
model.

We continue our work by studying the structure of the nucleon in a quark-diquark
model [Is 93a,Is 93b]. The use such a model greatly simplifies the study of a three-quark
model of nucleon structure £hat would otherwise require a solution of the three-body
Faddeev equations. Aside from simplifications created by the quark-diquark model, there
are other reasons for believing that such a model may be important for nucleon structure.
We may note that the work of Shuryak and collaborators [Sh 93] on hadronic current
correlation functions provide results that are quite similar those of NJL model. Shuryak
makes use of a random instanton vacuum that is supposed to provide a satisfactory model
of the QCD vacuum. It is found that there is strong attraction in the scalar-isoscalar
channel leading to a diquark with energy of about 400 MeV. Also found is a axial vector
(T = 1) diquark of energy of about 900 MeV. (These results are similar to those
obtained in the NJL model when one studies diquarks.) The fact that Shuryak’s work
makes a good fit to hadronic current correlation functions obtained in lattice simulation
of QCD provides further confidence in Shuryak’s model.

Some further support for strong quark-quark correlations in the nucleon comes
from the study of deep-inelastic scattering [We 94). In particular, the ratio of neutron to
proton structure functions, F;(x) / FJ(x) may be understood by noting that the scalar
diquark is more strongly coupled and, therefore, describes a smaller object (with higher
momentum components) than the axialvector diquark.

Further support for the use of the NJL model in our work comes from the
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Lagrangian of chiral perturbation theory. It has been shown that the low-energy
parameters, that specify the terms of order p* in the chiral Lagrangian are well
reproduced by the effective chiral Lagrangian generated from the NJL model [Bi 93].
The correspondence is particularly satisfactory if one recognizes the fact that the NJL
model will generate a rho meson. Indeed, it may be seen that the chiral Lagrangian may
be modeled in a formalism that takes into account the low-energy resonances of QCD.
The plan of our work may be seen by inspecting the Table of Contents. We now
proceed to a short review of applications of the NJL model to the study of meson

structure [Vo 91].
1.2 _The Nambu—Jona-Lasinio Model

The Nambu-Jona-Lasinio (NJL) model was constructed (pre-QCD) in 1961 [Na
61]. The theory was based on an analogy with the BCS theory of superconductivity and
described the dynamics of nucleons interacting via a point-like interaction. The model
was then reinterpreted as a dynamical theory of quarks. A review of the NJL model can
be found in [Vo 91] and [K1 92].

The Lagrangian density of the NJL model in a flavor-SU(2) version has the form:

_ G -
L(x)= o, y-my)q + 1@’ + @iv;m)’]. (1.1)
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The mass m,” is a current quark mass and is here taken to be the same for up and down
quarks. The Lagrangian of the NJL model exhibits chiral symmetry, if m’=0. The
dynamical breaking of chiral symmetry can be observed in the model, if G, is large
enough. The constituent quark mass, which is usually found to be about 300 - 400 MeV,

can be obtained by solving the gap equation:

const 0 d4k l
m,”= m, + Gnn Tr . (1.2)
! oo ff @2 [p—m:“’ﬂJ

The low-lying mesons are found by solving a Bethe-Salpeter equation for a quark
and antiquark in the scalar (¢) and the pseudoscalar () channel, for example. The T-

matrices in these channels satisfy the equations:
T’ = -G, + G, J(@") T(a? . (1.3a)

and

Ty = -G, + G, J,(q) Txq?) . (1.3b)
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The pion appears as the Goldstone boson of the theory. The functions Js(q*) and

Jp(@?) are the quark-loop integrals:

W) = inaTt (g;‘;{ivssF(p+§)ivssF<p—§)] , g
and
J(@) = inaTr [ (;‘;‘;4lsp(p+g)sp(p—§n . (1.5)

These integrals are divergent and are regulated by going to a Euclidean
momentum space, with momentum cutoff A [Vo 91, Kl 92]. The equations of (1.3) can

be solved for the scattering amplitudes Tg and Tp :

- . (1.6a)
1-GJ(q?)

T(q®) =

and

_— . 1.6b
1-GJx(q?) (169

Tx(q® =

The mass of the mesons is determined by the pole position; for example, 1 - G, Jy(m,?)

= 0 determines the pion mass. The pion mass is zero if m’ = 0.
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Using this model, we can also exhibit some results of current algebra, such as the
Goldberg-Treiman and the Gell-Mann-Oakes-Renner relations. The model has two
shortcomings. It is not a renormalizable field theory, so that a regularization scheme
must be specified to define the divergent integrals. The second shortcoming is that quarks
are not confined. This leads to a nonphysical imaginary part of Ji(q*) and J,(q?), for ¢*
> 4m/’, corresponding to both the quark and antiquark going on mass shell. In this work

we want to eliminate this unphysical process (via a confining potential).

1.3 _Models of Baryons

One may describe a meson as a two-body system. The Bethe-Salpeter equation
can be solved and Lorentz-covariant meson wave functions can be obtained. However,
the standard models of baryons generally lack Lorentz covariance. The first model of a
baryon was the constituent quark model. It was based on the SU(3)-flavor group and was
constructed in 1964 by Gell-Mann and Zweig. Nonrelativistic potential models were
used in conjunction with the SU(3) model and the quarks were often taken to move in
an oscillator potential.

In 1974 we saw the introduction of bag models of the nucleon. The bag model
is based on the assumption that QCD ground state does not support chromoelectric
current. The hadrons are represented as color singlet "bags" of perturbative vacuum

occupied by quarks and gluons. The hadron wave function is obtained by. solving the



Dirac equations derived from the lagrange density [Jo 78]

Log = Eop - B) 0@ | (1.7)
where the -function (which is zero for negative arguments) defines the volume occupied
by confined system. The "bag constant” B represents the difference in energy density
between the QCD vacuum and the perturbative vacuum (B = 66 MeV/fm’).

Chiral lagrangians can be used to study baryons. One example is the Skyrme
model. The skyrmion is the soliton solution derived from a specific form of a chiral
Lagrangian. The physical solutions are projections of the skyrmion with appropriate
quantum numbers [Ba 83].

Another model that has been studied is a chiral confining model. It is constructed
by introduction of color dielectric function «(x) . The expectation value of this function
is zero in vacuum. The function «(x) modifies the quark-meson interaction terms in the
Lagrangian and it prevents the existence of a colored object in the vacuum.

Here we consider the model of the nucleon based on the NJL model. [See
Eq.(1.1).] For the study of baryons, it is useful to transform the lagrangian so that it
describes the interaction between two quarks, rather than. using the form given in
Eq.(1.1), which is most appropriate for the study of meson properties [Is 93a, 93b]. One
finds that the quark-quark interaction gives rise to bound states (diquarks). The quark-
quark T-matrix can be written in terms of these diquarks. With that representation, the

three-body equation for the nucleon can be reduced to an effective two-body equation.
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The solution is Lorentz invariant and takes into account correlations between quarks.

Chapter 5 of this work contains the details of this program.



Chapter 2

Coupled-Channel Dynamics in the Nambu-Jona-Lasinio Model

2.1 _The Sigma Meson

A low-mass scalar-isoscalar meson (of mass of about 500-600 MeV) plays an
important role in the boson-exchange model of the nucleon-nucleon interaction [Ma 89],
in the Walecka model [Se 86] and in relativistic Brueckner-Hartee-Fock Theory [Ce 86].
For example, the nucleon-nucleon interaction can be described by a relativistic one-
boson-exchange potential (OBEP) [Ma 89]. This potential can be used to obtain the NN
scattering amplitude by solving a reduced (three-dimensional) form of the Bethe-Salpeter
equation. The OBE potential is constructed by summing the contribution of the various
mesons (7,0,@,w) exchanged between the nucleons. The coupling constants of the mesons
to nucleons can be obtained by fitting experimental data. Almost all of the mesons used
correspond to physical particles and their masses are taken from the data tables. The
(scalar-isoscalar) sigma meson used in the OPE potential has the mass of about 550
MeV. (This meson provides an important part of the potential - the intermediate range
attraction.) However, the existence of such a particle is not supported by any experimen-

tal evidence. In the data tables one finds physical scalar-isoscalar states at 975 MeV and
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1400 MeV. These are the f,(975) and f,(1400) resonances. We suggest that the f,(1400)
is predominantly a qq state, while the f,(975) is likely to be a quasibound KK state. The
fact that the width of the f,(1400) is about 200-400 MeV, while the width of the £,(975)
is about 47 MeV, tends to support our identification.

Exchange of the sigma meson is usually interpreted as "correlated two-pion
exchange". In contrast, in the NJL model the sigma meson is constructed as a quark-
antiquark bound state. In this work, we consider the strong mixing between the quark-
antiquark channel and two-pion channel, and consider the consequences of such coupling

for our study of the nature of the sigma meson.

2.2 Coupling of the Sigma Meson to the Two-Pion Continuum

To better understand the dynamics in the scalar-isoscalar sector, it is useful to
study the coupling of the qq channel to two-pion channel. This coupling can be evaluated
in the NJL model. For the purposes of this calculation, the pion can be treated as
elementary particle, with the mass calculated in the basic NJL model. Further, pion
propagators can be used in the calculation of Feynman diagrams. For example, the
coupling of a meson of qq character to the w7 channel can be calculated in a one-loop
approximation, as shown in Fig. 2.1(a). That coupling gives rise to an effective
interaction in the 94 channel of type shown in Fig. 2.1(b). Since the three-loop
calculation implied by Fig. 2.1(b) is difficult, we first consider the approximation

presented in Fig. 2.1(d). That implies that the process shown in Fig. 2.1(b) is
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approximated by the process in Fig. 2.1(c). The use of this approximation defines model
A. The explicit calculation of the three-loop diagram, in some approximation, serves to

define model B.

With our approximation, the coupled-channel problem can be solved algebraically.
Pion rescattering can be also included by introduction of a four-pion vertex with coupling

constant G,.. The equations for the T matrices have the form

T (@) = K, + K, T @ T (@ + K, I () T (@ , Q.1

T.@) =K, + K, 1@ T @ + K, I T @ . @.2)

(See Fig. 2.2) Here,

K, = -Gl - I, 2.3)
K, =Ggly- 1, 2.4)
K, =Gl - I, 2.5)
K_=G1 -1 (2.6)

and
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T @) =f @) -1, , 2.7
Toq) =@, -1 , (2.8)

with
IA = IDim: lisosp’m lcolor (29)

denoting the product of unit matrices in Dirac, flavor, and color spaces. In Eq. (2.3), the
two unit operators, I, and Ig, refer to the initial and final qq pair . In Eq. (2.4) we
define the transition matrix connecting the qq states to states of two pions.

The symbol I, denotes a unit operator in the pion isospin space . (In Eq. (2.6),
we define an interaction matrix for wm—>r#. However, in the following we will put
G,=0.) Equations (2.7) and (2.8) specify the structure of the T matrices, T , and T,
respectively. Finally, the quantities, J «g? and j”(qz) appearing in Egs. (2.1) and (2.2)

are defined to be

K| 2y - _j d4k + isospin {1 color 210
i@ = -if Gy SHaTR) S50 oo 1 (2.10)
and
i@ = -i[ 3K g+ : 2.11
J (@) = -i j oo G(q+k)G() I_- I_. (2.11)
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Equations (2.1) and (2.2) can be simplified by summing the isospin and color

indices. We obtain the equations for the amplitudes defined in Eqgs. (2.7) and (2.8),

£, = -Gy + GgJy(@) f,(@) + G, 1 (@) f, () (2.12)

f.(@ = Gg + G T ()1 (@) - G, J(@ T @) , (2.13)

where, with iS.(k) = i[k-m_“+ie]" and iG(k) = i[k*-m,*+ie]™, we have

d*k

J(g) = n.n;i I oy TFLSHak) S{K) 1, (2.18)
and
1@ = 3 .(.g;_l;G(mk)G(k) . 2.15)

The integrals in Eqgs. (2.14) and (2.15) can be evaluated for @’ <(2m,°™)* by using a

Euclidean momentum space, with cutoff A. The result is

l .

2 2
Js(@) = _2_?-:? J; dx [A’ _3AmATrA L aa A ] ;o gP<4m? (2.16)

A A2+A
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and

AZ
A*+B

A*+B
B

In

. 2
ax - 3|30 6g*~4m 3, (2.17)
8n qz

1
3

I = -—P

= 2n2'£

with A = m-g’x(1-x) and B = m,*¢’x(1-x) . Here, we have written m;*™ as m,, for
simplicity.
The solution of the coupled (algebraic) equations, Egs. (2.12) and (2.13), for

f,,(q) is [Ce 93d]

GS‘irJr(qz)GSr
S + S~ T 70N
1-G.J(q°)
GS-rJr(qZ) GSrJS(qZ)
1-GJ (g%

| (2.18)

f (@) =
1 -GJy(q® +

For q’<(2m/™)? Js(q* is real, while J (g% has an imaginary part for g*>(2m,)’. The
values of Js(g®) are presented in the upper part of Fig. 2.3, while the lower part of that
figure shows Re J.(¢*) and Im J,(g?). Note that Re J.(q*) and Im J,(g% are related
through a dispersion relation. Thus, the peak in Re J,(q?) is associated with the opening
of the two-pion channel at ¢?=(2m,)? In this figure, the heavy line on horizontal axis
denotes the region ¢*>(2m,™). (This region starts at q*=0.365 GeV? for the
parameters considered here.) Predictions of the model in this region are not useful, since
the two-quark continuum represents an unphysical aspect of the NJL model, if we are to

use that model to represent some aspects of QCD.



In a similar fashion, we can obtain T,,. The relevant equations are

-

T,(¢) =K_, +K_ J@ T, @ +K_J@T, @ ,

and

T,.@ =K, +K_ (T, @) +K,J(q) T ()

The solution for the amplitude f,.(q® is then [Ce 93d]

_ GSrJS(qZ)GSr
f.(Q) = G (_:S(S(zc)l(; 1.(q%)
-G, (q7) r 22 el
1 -GJ(q?)
If G,=0, we have
G
f.@) = - G,Js(q)G;,

1 - Ggly(@®) +G,¢'J(a*)].(@?)

_ G,sJi(@)Gg,
D(g?»

3

15

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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where the last two equations serve to define D(q?). The denominator, D(q*), may be used

to obtain a value for the phase shift, &, describing elastic 7-7 scattering. We have

@ns = - ImD@) (2.24)
ReD(q?

in the case G,=0.

2.3 Cafculation of Pion-Pion Scattering in the Extended NJL. Model

First, we discuss model A, where the coupling of the qq channel to two-pion
channel is approximated as in Fig. 2.1(d). (As noted above, in all our calculations we
have put G,=0.) We consider G, to be an adjustable parameter at this point. Increasing
G;, leads to broader resonance in the scattering amplitude. There is also a downward
shift in the resonance energy that becomes larger as G, is increased. These features may
be seen in Fig. 2.4, where we plot & for several values of Gs,. The other parameters
are m; ™ = 302 MeV, Gs = 7.91 GeV?and A = 1.0 GeV. For Gs, = 1.0 GeV"', we
have indicated a quite narrow resonance at E; = 2m/*. For Gs, = 2.0 GeV", the
resonance is broadened somewhat. When Gg, = 3.0 GeV"!, one can see the point where
phase shift passes through 90 degrees (\/s— =E;). We find E; = 0.590 GeV. The width
is found to be T' = 0.113 GeV in this case. When Gg, = 4.0 GeV™, we have E; =

0.542 GeV, which corresponds to a downward shift of about 60 MeV relative to 2m_ .
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In this case, we find I' = 0.248 GeV. (As we will see, we have reason to adopt the
value Gg, = 3.8 GeV''.)

In Fig. 2.4, we have also represented the experimental data, in a schematic
fashion, by the dashed line. It should be clear that the resonant behavior seen in various
curves in Fig. 2.4 is inconsistent with the experimental data. Note that, even though the
resonance is quite broad, the phase shift passes through 90 degrees for \/s— =E,. In order
to clarify the dynamics of the model, we have made an arbitrary change of A from 1.0
GeV to A = 1.1 GeV. That effectively makes the qq interaction stronger. We keep the
original value of m®* = 302 MeV, however. The result of this modification may be
seen in Fig. 2.5, where curves a, b, and c are the results for G5, = 1.0 GeV", 2.0 GeV"!
and 2.5 GeV!, respectively. In this figure, we more clearly see the increase of both the

downward shift of the resonance and the resonance width with increasing G,.

2.4 Effective Mass of the Sigma Meson

In Fig. 2.6, we present results for Re D(q?) for G, = 1.0 GeV™' (dashed line)
and Gg, = 4.0 GeV! (solid line). We also show Im D(g®) for G5, = 4.0 GeV'
(dotted line). The two-quark continuum starts at q,> = 0.365 GeV?, when m/ ™ =
0.302 GeV. When Gg, = 4.0 GeV™', we have E; = 0.542 MeV or q,2 = 0.294 GeV?,
which is below the two-quark continuum. With reference to Fig. 2.6, it is also of
interest to note that the slopes of the dashed and solid lines differ at ¢ = 0. If we

consider this model to be useful for ¢ = 0, we see that the inclusion of the two-pion
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continuum makes a significant change in the mass, m,(0), that is to be used to
parametrize the quark-antiquark scattering amplitudes for ¢ = 0. For example, for G,
= 1.0 GeV!, m,(0) = 0.775 GeV, while for G, = 4.0 GeV"!, we would have m,(0)
= 0.500 GeV. In Fig. 2.6, we also see that, for the dashed curve, the value of m(0) is
significantly different from the physical mass that corresponds to a zero of D(q).

We now turn to a discussion of model B. If we perform a more complex calculation,
as represented by Fig. 2.1(b), for example, we can provide a value of the effective
coupling, Gs,, in terms of the parameters of the NJL model: A, g..,, m*, G, and m,.
This can be done, if we adjust the value of the imaginary parts of the diagrams of Fig.
2.1(b) and 2.1(c) to be equal for small values of ¢* , with ¢>>4m,>. A description of the
evaluation of the diagram of Fig. 2.1(b) is given in the Appendix A. We proceed by
calculating the imaginary part of the diagram and obtain the real part by means of a
dispersion relation. This procedure requires some extrapolation of the imaginary part of
the diagram, Im M(q’), into the region ¢*>(@2m *)?, where we do not attempt to
calculate M(q?). We choose to perform a linear extrapolation that is depicted in Fig. 2.7.
In that figure, values of ReG2J () and ImGZJ (a%) are shown as dashed lines for the
choice Gg, = 3.8 GeV'. That value of G, leads to the coincidence of the curves for
ImM(q?) and ImG,sJ,(q% for small g>>4m,’. We note the different behavior seen for
ImM(q?) and ImG,2J,(q?) for ¢?=0.2GeV>. We also see a different behavior for ReM(q®)
and ReG,s%J.(q%) for ¢*=0.1GeV?>. This difference is such as to.lead to an upward shift
of the resonance, since ReM(q*) >0 for g?=>0.28 GeV?, while

Re G,%1,(q% is negative in that region.
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The fact that the resonance is shifted upward in model B is reflected in the values
for D(q?) obtained in that model. (To obtain D(q?) in model B, we need only replace
G,s3J.(q") in our previous formula by M(q?).) Values of Re D(q) and Im D(q®) are
shown in Fig. 2.8, where we see that Re D(q%) #0 in the region ¢’ < (2m,/*)*, We also
note a rapid variation of Re D(q%) with the opening of the two-pion channel.

Inspection of Fig. 2.8 also tells us that, for the region around ¢’=0, ReD(q%) =
(g>m,?) with m, = 0.55 GeV. This represénts a specific example of how the mass
parameter m, could depend on the region of ¢? under consideration. We may call the
appropriate value of m,(q*) for ¢>°<0, the effective mass. In this work, we denote the
effective mass as m,(0). From Fig. 2.8, we see that m,(0) = 550 MeV. While we
cannot study the behavior of D(q?) for g*> (2m,™")?, Fig. 2.8 does suggest that the zero
of Re D(q?) is such that the physical mass is significantly larger than m,(0).

We now wish to overcome some of the limitations of the analysis presented in this
section. In particular, in the next chapter, we show how a model of confinement may be
introduced that allows us to consider coupling to the two-pion channel when ¢* > (2m,)’.
As we will see, our model of confinement eliminates the qq cut that appear in the

coupled-channel T-matrix, for example [Ce 93c].



Chapter 3

Description of the Confinement

3.1 _The Linear Confining Potential

There are a number of models of the confinement that may be considered. For
example, one can study quark propagators that do not allow for on-mass shell propaga-
tion, or one may consider a bag model of confinement. We here will use a linear
potential to describe confinement in the study of meson structure. We will see that, when
the linear potential is included, the quark and antiquark are prevented from going on-
mass-shell simultaneously. In our model, which is related to that of Gross.and Milana
[Gr 91, Gr 92], we will see that one particle can be on-mass-shell. The formalism is such
as to prevent the other particle from going on-mass-shell. That is, the amplitude for
decay has a zero when both quark and antiquark are on-mass-shell.

To confine quarks in a meson we used a coordinate-space linear potential of the

form

V(1) = «|T|exp(-u|T]) . G.1)
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We note that, if x is small enough, Eq. (3.1) represents a linear potential over a range
of several fermis. Usually, taking u = 0.050 GeV is adequate. The advantage of using
Eq. (3.1) is that finite values of i regulate the strong singularities at k = 0 of the

Fourier transform of VL(TE).‘

If we use the potential of Eq. (3.1), find that the Fourier transform is

K(a?) = 47n<{ -2 ,_& } , (3.2)
(AZ + #2)2 (Az + #2)3

with A% = (k - k).

Note that this form of A’ does not describe energy transfer. If we had

placed the quark on-mass-shell, rather then specifying k® = 0, we would have
A? = -[E(® - EK)? + (k - -l'c.f)z. As discussed by Gross and Milana in [Gr91}and
[Gr 92], allowing for energy transfer worsens the convergence properties of the integral
equation they study and requires the insertion of form factors. We have not considered

that option here.

3.2 _The Vertex Function for Confined Quarks in the Scalar-Isoscalar Channel

Consider the sum of diagrams in the upper-part of Fig. 3.1(b). These diagrams

serve to define a vertex, the filled triangular shape in Fig. 3.1(b). In Fig. 3.1(c), we
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show the equation satisfied by the vertex, where, for the scalar-isoscalar channel, the
driving term is unity in the Dirac, flavor and color space. (Note that the Bethe-Salpeter
equation for a bound state would be homogeneous. In that case there would be no driving
term and we would have an engenvalue problem. That feature characterizes the bound-
state problem considered by Gross and Milana.)

The notation we will adopt is shown in Fig. 3.2. In general, the scalar-isoscalar

vertex is a Dirac matrix that depends on three variables:

I'®%,P-kk) = T(PL,P-kk) + PTI,P,P-kKk)
+ ET,P3LP - kk?) + PRT,(PLP- k kY,

3.3

where

i Ekn_ik_‘g;lﬂ, (.4)

In the general case, the equation satisfied by the vertex f‘(P’,P - k,k? is

P@l) =1+ gk):

™

0'(1)S(P/2+k)\T'(P,k))S(-p/2+kHO 2V (k,k7),

@3.5)
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where a sum over i is implied. Here, we have introduced a interaction of the form [Gr

91, Gr 92]

Vkk) = 3 0((DO'QV (k.k), (3.6)

where O%(1) and O'(2) are Dirac or isospin matrices associated with the sources of
confining potential.

We have chosen to study the form
V(kk) = K@) 1(1) 1(2) (3.7

corresponding to a scalar confining potential.
Instead of using the basis defined by Eq. (3.1), we can use an equivalent basis
constructed with the use of positive and negative-energy projection operators. For the

scalar-isoscalar  vertex, we define functions I'**, I'*", etc.:

AYBITEPP - k,kHAI(K) = AVTADET (PP - kk?)

(3. 8)

AVITPP - kK KHAO(-K) = AYBAOG-KI (P3P - kk?)

3.9
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AOC-KNPP - kkDADVE) = A-K)ADEKT " (PALP - kkY)

(3. 10)
AOGBIPP - kkHAO(-K) = AO-KA(-BOI "(P%LP - kk») ,
(3.11)
where
AOE) = Eo? Mg (3.12)
2mq
and
A(_)(_'l'(“) = Hon+ Inq , (313)
2mq
with k% = (E(K), k) and k¥, = (-E(%), k).
We can use the fact that
s@) = o [_AY®_,_A9CD ] (3.14)
E(p) | p°-E(p)+ie p°+E(p)-ie

and define



S(o)(p) = mq A(‘)@ _ (3. 15)
E(p) p°-E(p)-+ie

and

L ) (3.16)
S0 B PR

so that S(p) = S™(p) + S“(p).

We also put P = 0 and use the approximation of evaluating the k, integrals by
closing the contour in the lower-half plane and ;iicking up the residues at the Green’s
function poles. We find that I'*" is only coupled to I"* and that I'** and I"~ may be
determined from the knowledge of I'*" and I"*. We also find that the interaction
potentials do not contain P°, which now only appears in the energy denominators.

The equations obtained in the projection operator scheme, in the absence of

retardation, are

I-(P° | k|) 1 j a5 VE-T)e-F) r-P°, | %)
re@ k] [1f e r-@, R

(3.17)
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where the matrix t(E,-E/) is

AR BEK) |
{ P°-2E(kK)+ie  P°+2E(k')-ie
(KT) - . (3.18)
- B(k, k") - A(kK)
P°-2E(K))+ie  P°+2E(K))-ie |

Here,

ARK) = 21521( = [—Tc"’ + %?(E('E)E(T{’) + m:):l , (3.19)
and

B(kK) = El&—) [ K+ ET‘f(E(EEG:") - mz)] . G20

We now consider scalar confinement and make use of the interaction of Egs.

(3.1)-(3.2). We define



([ KL, KD = [do K@), 3.21)
= —327|'2K 1 - 4#2x , (3.22)
x2-y? (x2-y?)?
where
x =K + K+ p2 (3.23)
and
y =2|k||X]. (3.24)

We also need

a,(|k|,|k'D

j dQ K(ay)k-k), (3.25)

~[xa, - b,], (3.26)

where
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i} 2 3.27)
b, = 162%] Lin [i_y] N
y L] Xy

Thus, Eq (3.17) may be written

r@ kDl [ — ey | TR IK)
- . Jd|k'|h(k,k’) . 329
(P, | k) 1 TP |%|)
where the matrix h(T&TE’) is
(K. KD B(k,X)
P°-2E(k))+ie  P°+2E(K")-ie
hEE) = | . (3.29)
- B (—EaT(./) - a(T(:T{/)
| PO-2E(K)+ie  P°+2E(K)-ie

Here, a(k, k') and B(k, X)) only depend upon the magnitudes of k and k. We

have,



o®F) - & 1 % s S E®E®) + mia
T @Ry 2EE) %] o
(3. 30)
and
—-— 1 X —n K| e e ot 2
BRKY = ——~__§ X a, + =L [E(BEX) - mia
27) 2EX(K) ° K| w
(3. 31)

We note that our equations take on a relatively simple form, in part, due to

neglect of retardation of the interaction.

3.3 _Calculations of Quark-Loop Integrals with Vertex Functions of a Confining

Potential.

Results obtained for T'*-(P°,|k|) and I'"*(P° |k|) are shown in Figs. 3.3 and
3.4. It is important to note that the value of vertex function, I'(P°, |F| ), corresponds to
the case where both quark and antiquark go on their positive mass shells. That occurs
when | k| = k, = W . For confining potentials, we have I'**(P°, k) = 0.

We may use our vertex functions in the calculation of the quark-loop integrals that
appear in the NJL model. This procedure will remove the imaginary part of these quark-

loop integrals that is related to the (unphysical) decay of a meson into a quark and an



30
antiquark. We wish to calculate the diagrams shown on Figs 3.1(a) and 3.1(b).
Calculation of J/(q*) - the "confined" analog of J(q?) is straightforward. The only vertex
functions which contribute to the intégral are I'*~(P°, | k|) and T'-*(P°,|k]), if we again
assume that the only relevant poles are those of the Green’s functions in the lower-half

ko plane. In this case, Eq.(2.14) is replaced by

H(PY = innTr | (;‘4‘;4 [SO(p/2+k)T*(P°, | K| ) ~p/2 +K)

™

+ SOPR2+K)T (P, | k| DS (-P/2+K)] ,
(3.32)
in the case where P = 0. The result obtained, when using the values of I'*- and I'*
shown in Figs. 3.3 and 3.4 in the calculation of J¢(P?), is shown in Fig. 3.5 as a solid
line. For this figure we have x = 0.2 GeV? The imaginary part of J¢(P?) is zero, as
expected.

Now consider the calculation of M/(P?), the function obtained from M(P? by
introduction of vertex functions of the confining potential. (See Figs 3.6(a)-3.6(b)). In
discussing the passage from M(P?) to M'(P?), it is useful to define the "form factor”
F(P%,P - k,k? shown in Fig 3.6(c). If we include a vertex correction due to

confinement, we will call this function F/(P?, P - k,k?) . We define (see Appendix A)



3]

FP.P - k. k) = ij ?24

k;i Te[S(P/2 +k)S(~P/2 +k ")y, S(k-K),].
T

(3. 33)
We note that, if the pions are on-mass-shell, (P/2+k)? = m,? and (-P/2+k)* = m,?, so

that P-k = 0. Including vertex functions for the confining field, we have

d*k’

Q=)

F/(P%LP - kk?) =i Tr[SW(P/2+k)SH(-P/2 +k')y S(k'-k)y
5 5

+ SO(P/2+KNT*(P,k)S(-P/2+k Yy S(k/-K) 7,
+ SO(P/2+KAT*(P,k)S)(~P/2+k )y S(k’~K),

+ SOP/2+kNSO(-P12+k )y S(k/~K)v,].

(3. 34

In Eq. (3.34), we have not included vertices such as I'** and I"'"~ that would

appear between S“)P/2+k’) and S*’(-P/2+k’), or between S (P/2+k’) and

SO (-P/2+k’). These vertices are difficult to calculate, since they involve Z-graphs

generated by the confining field. As long as we use a linear potential for the confining
field, we believe it is best not to introduce the vertex functions I'** and I'"".

In Eq. (3.34), all integrals are evaluated by first performing the k;-integral in the
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complex k; plane and picking up the residues at the poles of the propagators
SEYP/2+k’) and S©)(-P/2+k’) . The insertion of I'*-(P,k") and I'*(P,k’) is sufficient
to remove unphysical cuts for P’<4m,’, so that only the physical two-pion cut
contributes to Im M/(P?).

In Fig. 3.7, we show values obtained for M/(P? as a dashed line. In the
calculation all three-momenta in the loop integral for the form factor, F’, are cut off at
A; = 0.702 GeV. (That value corresponds to an Euclidean-momentum cutoff of 1.0 GeV
and was chosen to reproduce results calculated previously for P2< 4m.?, where a Wick
rotation could be made).

In Fig. 3.7, we show, as a solid line, the result of a calculation made without a
model of confinement. In that case, only the principal value of the integral defining the
form factor F(P%,P -k,k%) was kept. Thus, only the two-pion cut contributed to
ImM(P?). It may be seen that such an approximation, although without justification, does
provide a reasonable approximation to Im M’(P?) (dashed curve).

Once we have values for Im M/(P?), we can use a dispersion relation to obtain

ReM’(P%):

Im M/(P?)dP”
P2 - PIZ :

ReM/(P) = - & I (3.35)
1r 2

dm}

The result obtained for ReM’(P?) is shown in Fig. 3.8 as a solid line, while InM’(P?),
is shown as a dashed line.

In Fig. 3.9, we exhibit the denominator of the scalar-isoscalar T-matrix calculated
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in various approximations. The dot-dashed curve shows the function 1-GyJs(P?) and we
see a zero at P = m_,?, where m, = 0.62 GeV. The dashed line shows the value of
1-G¢J5(P?). The zero of this quantity is at P> = (0.79 GeV ). Finally, the solid line
shows the quantity 1-GgJ é(P?)-M’ (P?)J{(P?). There, we see that the pole in the T-matrix
has been moved up to about P> = (0.84 GeV ).

Although the pole in the T-matrix is at a fairly large energy, we will still have
an unsatisfactory situation given our understanding of experimental data. Therefore, we
define D’(P?) = 1-G4(P?)J4(P?)-M/(P)I(P?), using a momentuni-dependent coupling
constant G4(P?) to weaken the interaction at the larger values of P2. In Fig. 3.10 we
exhibit G4(P?). (Note that G4(0)=7.91 GeV™). The solid line in the upper part of Fig.
3.10 shows D’(P?), while the dashed line is 1-Gg(P?)J¢(P?). These values of D/(P?) (solid
line) yield a rather featureless scalar-isoscalar T-matrix in accord with our understanding

of the experimental data.
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Chapter 4

The Scalar-Isoscalar Current Correlator

4.1 The Scalar-Isoscalar Current Correlator_in the NJI. Model

We define the scalar current Js(X) = @(x)q(X) and consider the correlation

function [Ce 93a]

-IC(P?) = [d'x e * <O|TG0js()1]0> . @.1)
We write
C4(PY) = JUPY) + Cy(P?), (4.2)

where J{(P?) is the quark-loop integral of Eq. (3.32), modified to include a vertex,
T'(P.k) | for the confining field. The function C4(P?) satisfies an unsubtracted dispersion

relation
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(4.3)

3

n @ [ .o, ImC(P?
RCCS(P) - - —1;.- szp W

4m,

and has a cut starting at 4m,2. That function describes the coupling of the qq states to
the two-pion continuum. To obtain Im Cs(P2), we calculate the discontinuity across the
two-pion cut. In Fig 4.1(a), we show the basic physical process. There we see that the
qq pair is created at a point. The wave-matrix Q takes this qq pair into two on-mass-
shell pions. The wave matrix may be written in terms of a T-matrix, t,,, describing thc;.
transition: qq -> 7. If we use our coupled-channel quark-hadron model, we obtain the
diagrams of Fig. 4.1, where crosses denote on-mass-shell pions and t, is the qq T-
matrix of our model. Thus, we see that we have model for t,(P?) based on knowledge
of t,(P?). (See Eq. (2.13)). Recall that, given our interpretation of experimental data,
t(P?) has only a relatively weak dependence over the entire range of P’ in our
model.(See Fig. 3.10 and Eq.(3.1)).

We now define
“ImCy(P?) = ImCO(P?) + ImCV(P?) + ImCA(P?), (4.4)
where ImC®(P?), ImC™"(P?) and ImC?(P?) corresponds to Fig. 4.2(a), Fig. 4.2(b) and

Fig. 4.2(c), respectively. (The crosses on the wavy lines denote on-mass-shell pions). We

constructed ImC®(P?) in terms of the discontinuity of the qq T-matrix. We find that



Im M/(P?)

Imt (P?) = ,
qq( ID/(P2)|2

where
D'(P?) =1 - Gy(PHI'(PH) + M/(PHI(P?).
Thus, we see that Fig. 4.2(c) gives

J{(P?) ImM/(P?) J¢(P?

Im CA(P?) =
| DI(P2) ! 2
From inspection of Fig. 4.2(a), we find
Imc(o)(Pg) - Im M/(P’.’) .
Gs(Pz)z

(This term is very small and neglected). Further, from Fig. 4.2(b), we have

2ReD/(P?) Js(P?)

ImC®(P?) = \
|D(P?)|* Ge(P?)

ImM/(P?) .
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4.5)

4.6)

4.7

4.8)

4.9)

In Fig. 4.3, we show values obtained for InC®(P?) (solid line) and -ImC(P? =

ImC®(P*) + ImC®(P? (dashed line). We proceed to calculate ReC(P?) by use of the
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dispersion relation of Eq. (4.3). The solid line in Fig. 4.4 shows the value obtained for

ReC(P?) when ImC(P?) of Fig. 4.4 is used [Ce 93a].

4.2 Interpolation Between the Low-Energy and the High-Energy Behavior of the

Hadronic Current Correlator

To maintain a close analogy to the description of a vector meson, we define

P (P?) = Cy(P?) - C,(0) , (4.10)
PA™(PY) = J/(P?) - J(0) , @.11)
PAI(P?) = C4(P?) - C40) . (4.12)

We have found values of J¢(P?) for relatively small P?, say P* < 1GeVZ2. To obtain
values of J¢(P?) for all P? we can use dispersion relation and the imaginary part of quark
loop diagram ImIIg™(s) [Sh 93b]. The function ImIIg"(s) represents the imaginary part

of the quark-loop integral calculated in perturbation theory. It can be parametrized as
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-1
ImI™(s) = 3 1 + exp M , 4.13)
4x é

where s, is a threshold factor. The form of this parametrization requires that we make

a subtraction, if we are to write a dispersion relation. We have

(4.14)

1@ =150 + P ey -sion + PE-F) [as ITH? ©
P ™ (Po-s)(P?-s)

We found J{(0) = 0.088 GeV? and, with P; =1 GeV?, we have J¢(P;) =0.157 GeV>.
[Sh 93b]. In Fig. 4.5 we show ImIIg™(s). The dashed curve was calculated using the
generalized NJL model. It is seen that the dispersion relation yields a smooth curve that
interpolates between the asymptotic behavior and the nonperturbative behavior described
by the NJL model and is shown as a dashed line in Fig. 4.5.

It is not necessary to make a subtraction in IIy(P?). However, we have made such
a subtraction so that we may exhibit a function that is not singular for P> = 0.

Thus, we have

U(P?) - K(©O)] , [C(P) -C(0)] 4.15)
p? p? '

(P =
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This function is shown in Fig. 4.6 as a solid line, while the dashed line represents the
second term on right-hand side of Eq. (4.10). We remark that the resonant-like behavior
of [C4{(P?) - C(0))/P? dominates the values of I_IS(PZ) for -4GeV? < P? < 4GeV-3.
For large, negative P2, the values of ﬁS(PZ) are given by -(3/47%)In|P?| + 0.064, with
P? in GeV? units. (That function provides a very good approximation to
-J_S(Pz)/Pz for P? < 1 GeV?2.) As discussed earlier, the behavior seen in Fig. 4.6 does not
imply that there is a physical sigma meson of mass of about 500 MeV. On the other

hand, the behavior for P? < 0 is well approximated using a sigma-dominance model.
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Chapter 5§

The Properties of Diquarks

5.1 _The Lagrangian in the Diquark Representation

The nucleon can be constructed as a mixture of a scalar diquark and a axialvector
diquark, both bound to a quark. The constituent quark model suggests that the nucleon
contains about equal amplitudes of the scalar diquark - quark state and the axialvector
diquark - quark state. We will calculate the masses and vertex functions for these two
kinds of diquarks.

The NJL lagrangian for the quark-quark channel is [Is 93a, Is93b]

_. Gy & _

£ =q@id, vy - m)q - 721: (Qv,Cr,tqN(QTC 1y 7t Q)
av3 o O tE N TiC Ity re 5.1
T czl (ql'y“C 77,t°97)(q"iC VT, Tt + ... . ’

Here, the SU(3)-color matrices are (t°),, =i % €4.- The normalization is such that

tr t°t* = 36°¢’. The matrix C is the charge-conjugation transformation matrix. (In terms

of Dirac matrices, we have C = i+,%,). The second term in the lagrangian of Eq. (5.1)
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contributes to the two-body T-matrix in the scalar diquark channel, and the third term
to the two-body T-matrix in the axialvector channel. This form of the lagrangian is
obtained by use of a Fierz transformation. One can use the original form of the NJL
lagrangian [see Eq.(1.1)] as the starting point of the Fierz transformation. In this case
és = Gy¢/6 and (_iv = Gg/12, If one uses the color-current lagrangian, with an

interaction term of the form

i i

L(x) = —Gc@vgq)(av“%q) , (5.2)

the relation between the coupling constants is (—.‘rs = Gg/2 and (—}V = Gg/4. We will not

use these relations and we will treat E}s and év as parameters in our model.
The Bethe-Salpeter equation for a quark-quark T-matrix in the scalar channel is
Td(@®) = -2Gg + Gg J3(g) T(g?) - (5.3)

This equation is similar to Eqs. (1.3a) and (1.3b). The function Js*(q*) is a quark-loop

integral



d‘%

Jgd) = - i6 J Tr[v,CST(q-k) C'v,S(K)] , (5.4)
27

- -6 9K Ty, S(-qek) 7, ST (5.5)
@)

Note, that the function J5(q®) is equal to the quark-loop integral in the pion channel,

Jo(g®). (See. Eq. (1.5).) The solution of Eq. (5.3) is

-2G,

-— s 5.6)
1 - GyJs(@®

Ts(q?) =

The equation 1 - 65 J§(my) = 0 determines the scalar-diquark mass.

The Bethe-Salpeter equation for a quark-quark T-matrix in the transverse

component of the axialvector channel is

T4(q) = -2Gy8* + G, J4 (@) TV(@D , 5.7

with

V(@) = Tv(@)g* , (.8)
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and
(@) = Jy(g) g™ (5.9)

Here §* = g* - a°q”
qZ

The quark-loop integral J{‘,"(q’) is

Y@@ = -i6 j (2;1;4 Tr[4* CST(q-k)C'v* S(k)], (5.10)
= -i6 [ 9K Trpses(- v 5.11
16[ oy Tr{5* S(-q+k) 7* S(K)] . (5.11)

The function J,%(q%) can be found by multiplying Eq. (5.11) by g

ey’

@) = -iz| (‘2”; Tr[4#$(-q+K), SK)] . (5.12)

T

The solution of Eq. (5.7) can be written in terms of scalar functions defined by

Egs. (5.8) and (5.9),

-2G,

M (5.13)
1 - G, Iv(g)

Tw@? =
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The equation I - Eiv J¢(mi) = 0 determines the axialvector-diquark mass.
We now wish to extend the model of diquarks by introducing a confinement

potential in the quark-quark channel.

5.2 _The Scalar Diquark and the Interaction V,

We now introduce the vertex for a scalar diquark to go into two quarks in the
presence of the confining potential V. The lineal potential V| was introduced in Chapter
3. (See Eqgs (3.1) and (3.1)). The "driving term" of our equation is y;C ' 7,t_, however, 7, and t_
may be factored out of the equation. Therefore, we define f‘S(P,k) as the solution of the

equation

- 4./ N
I (PKy,C = vC + i j %S(P/hk’) I (Pk)y,C ST(P/2-k)V (k-k') .

(5.14)

Using the fact that C ST(k) C' = S(-k), it is easy to see that Eq. (5.14) looks like the
equation describing the pseudoscalar-meson vertex functions. We multiply Eq. (5.14) by

iC' from the right and find
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2 . . ¢ d%’ - .
PPk iy, = iy, + i j WS(P/2+k')I‘S(P,k’) iv,S(-P/2+k)V (k-K).

(5.15)

In order to solve Eq. (5.15), we will use the projection operator basis described in
Chapter 3. In the scalar-diquark case, the introduction of four scalar functions I's”, I's™,T's"

and T is useful. We define these functions by the relations,

AD(K) TyP.K) iy, A9(-K) = Ts"(P k) AY(K) iy, A(-K), (5.16)

AO(K) T(PK) iy AO(-K) = T$"(PK) A(K) iv, A(-K) 5.17)

AO(K) Ty(P.k) iy AV(-K) = T5"(P,k) A(K) ir; AV(-F) (5.18)
and

AO(K) Ty(PK) iy, A(-K) = Ts"(P.k) AO(K) iy AO(-K) . G.19)

As in our study of the scalar meson, only two of these functions appear in the
equations for the vertex function. These functions are I'"™ and I'"™" | as was the case in
our previous study. We will use an approximation in whicﬁ the coupling between
I~ and I'"* js dropped. Then, the uncoupled equations describing the vertex function

of the scalar diquark have the final form
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S @k’ E®)  ermemn w2 oy T8 (Po, KD
T (PO,[k|)=I+I (ZW)SM;,E(T(.,)(E(k)E(k)—kk+mq)VL(|k-kl)W,
(5.20)
and
5B, KD =1+ | (‘;“)'3 ; nfg:?) (E(QE(K) - kK +my) V(| k-K) ;:jz(:’(il)i_ﬂl: :
5.21)

The introduction of the potential V| modifies the quark-antiquark T-matrix. It can
be shown that the solution of the Bethe-Salpeter equation in the case that both the NJL

interaction and potential V, are present is

-2 G

. (5.22)
1 - GJ"(P?

T/g(PZ) =

The quark-quark loop integral in the presence of the potential V, is

Vi) = -i6 (‘;l;Tr[f‘S(P,k)75CST(P/2—k)C“'ysS(P/2+k)] ,  (5.23)
T
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1%P? = -6 f

dk 1| TS@.IKD TSR kD (5.24)
@Qw)P 2 | p,-2E(k) +ie P, +2E(X) - ie

The functions T's (P;k) and T'5’(P.k) are presented in Fig. 5.1 and function
J/4(P? is presented in Fig. 5.2. The choice of parameters that was made and results of

our calculations are presented in Table 5.1.

5.3 _The Axialvector Diquark and the Interaction V,;

In case of the axialvector-isovector diquark the equation for the vertex that sums

the effects of the confining field is

d*k’

(2n)*

[“(PK)C = 4C + i j S(P/2+k% T%(P,kNC ST(P12-k)V, (k- ]),

(5.25)
with ¥* = v* - PP*/P? Equation (5.25) can be reduced to the equation that appears
in the study of the vector meson. (We saw a similar reduction when we studied the scalar
diquark.)

The vertex function in case of the axialvector diquark is described by eight scalar

functions. These functions can be defined by the following decomposition :
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S(P/2+K) (P, k) CST(P/2-k) C~' = S(P/2+k) (P k) S(~P/2+K) (5.26)
- ¥ [060, D IE@, KD + 04,2, B THE, KD - (5.27)
i E*-)

In Eq. (5.27) the indices i and j are either plus signs or minus signs. Therefore, we have

0..(1,%), O (1,k), etc. The Of are defined as

Of(1.K) = k" A(K) A9(K) (5.28)

and

0f2.%) = A%k) v (P, k) AO(K) . (5.29)
Here, k* = k* - (k-P)P*/P? and 74, (P.k) = 4 - kk*/k’.

If we drop the terms which couple the T'* and I'"*) components, we may write

equations for T'y;? and T'; that do not contain I'%;? or I'{;’:

tam'(T(.’E) 11[*-] P

2
TPk = do” ) ov k-3 ¢ qQ) .
bIP k) = d; +§[(2T)3 [ Al o TR
(5.30)

Here, a and o are either 1 or 2 and
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dy k) = - =2, (5.31)
=
(k& =1, (5.32)
(&9 - L &9/ (@EG+m)& P - 7). (5.33)

(K9 - L EQIEW®-E@] |, _ (k- | (5.35)
. 2m, X q
and
== _ 1 [E(@-E®)] (k-9 (5.36)
k,9 = — 1 -2>2_* 1
t,(k,9 B ?[ ﬁ}

The quark-quark T-matrix in the axialvector channel in the presence of the

interaction V is

-2G,
1 - G,J4pP)

TH(P?) = (5.22)
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The quark-loop integral modified by the confinement interaction is

14y = _j2 [ 3K
) - -2 o

Tr[ S(P/2+k) f‘:(P,k) CS™(p/2-kyC'4,1 . (5.19)
T

The vertex functions T'a; (P.k) and T'.;X(P.K) are presented in Fig. 5.3 and the
function J/¢,(P?) is presented in Fig. 5.4. Our choice of parameters and our results are

summarized in Table 5.1.



51

Chapter 6

The Nucleon in a Generalized NJL Model

6.1 _Scalar Diquark Channel

We define the nucleon wave function to be the sum of a scalar (T = 0) diquark
part and an axialvector (T = 1) diquark part [Re 90, Eb 86, Ce 89, Bu 92, Is 93a, Is
93b],

¥ (P.k,s,t) = ¥(Pk,s,t) + ¥, (P.k,s,t). (6.1)

As a first step, we solve the reduced Faddeev equation for a nucleon containing only a

scalar diquark. In this case, we can write the baryon wave function in two alternate

representations:
T PRSD = UPk) 1B, + VP ——uFIx.  (6.2)
-k
and _
~ - 2m Ak —
‘\IIS(PJ(’S’t) = ¢(l)(P’k) — 3 _f ) uN(Pas)Xg
{2 E(® (E(K) +m,)
(6.3)
- -2m A9(-%) -
+ Yor(P.k) : uy(Ps)x, -

V2 E® (E(K) -m,)
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These equations serve to define the wavefunctions, \bm, Yoy %) and Y. Here
A(K) and A)(-k) are positive and negative-energy projection operators for the quark, x,
is an isospinor for the nucleon, and uN(-l';,s) is a positive-energy Dirac spinor. The

bound-state equation for ¥ (P k,s,t) of Eq. (6.2) is

[(P-k)* - mg] (¢ - m ) ¥(Pk,s,t) =

(6.4)

] _d;‘:_:[NCNI (k| VER) K + (k| VE(P)|K)] ¥ (P.K/,s.0)

@)

with N. = 3, and the isospin factor N, = 1 for the scalar-diquark model. (See Fig. 6.1.)
The potential in the last equation is a sum of an exchange potential and a confinement
potential. The exchange potential is given in terms of the scalar diquark-quark coupling

constant gg. When P = 0, we have

(k|VEP) k) = 2gsv,C'S5,(P-k-k)Cy, , (6.5)
m T T
gt o ATGeK) (6.6)
E(k+k’) Py-k,~ko-E(k+k’)
where, in Eq. (6.5), we have used

m YT
S,k = —x A0 6.7)

E(k) k,-E(k)
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propagator that is expressed in terms of positive-energy spinors. As we will see, our
work leads us to believe that this represents a good approximation in the study of nucleon
structure.

The linear confinement potential is

1 _ 4pu? (6.8)

kIVEP)[K) = -8x7 | —=— m—
[(k-kp + 7P [(K-K)* + )

in momentum space. In coordinate space this potential takes the form
VE(r) = kre* (6.9)

where « can be different for scalar and for axialvector diquarks.

We now multiply Eq. (6.4) by ﬁN(T’-,s) from the right and sum over s. The result
of this procedure is the matrix wave function \E/(P,k,t) , that is now independent of s, but
still depends on the isospin index t. This matrix wave function, in the baryon rest frame

(P =0),is

—_ 2
Y(Pk,t) =Y ¢, (P-k,k?)O,(PkXx, , (6.10)

i=1

where ¢, (P-k,k?) and ¥,,(P-kk?) were defined in Eq. (6.2). (Note that P? = m’.)

Here, we define two matrices in the nucleon rest frame:
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Oy (P.K) = AV(F=0) , (6.11)
_ |1 o (6.12)
0 0l
and
= ﬁ NP -
Op)(Pk) = AP =0) , (6.13)
L2
= 0 90 (6.14)
-k 0|

We can see that the wave functions y, (P -k,k?) and ;b(z)(P -k, k? of Eq.(6.10) repre-
sent the upper and lower components of the baryon wave function, respectively.

Operators O,,(P,k) and O(Pk) produce a basis such that
Tr[O,(P.k) O, (P.k)] = 0 for i=j. The bound-state equation, in the basis created by
O,y(P.k) and O,(P k), has a matrix form

2

d4k/
E V(ij) ‘[’G)(P k', k%),
i=1

2w)

2
[(P-ky -m] Y Ky (P kK = i
j=1

(6.15)
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where i is either 1 or 2. (Recall that y (P -k,k?) was first introduced in Eq.(6.2).)
In Eq.(6.15),

_ Tr[O,(P,k) (- m )0, (P,k)]

a = _ (6.16)
| Tr[O,(P,k) O, (P.K)] |
k-m,  -|K|
= 6.17)
—I kl k0+ mq
SN.N E. - -
V(ij) = —— gS C ° 1 ™)) —— + C(ij)VL(| k/_ kl) ) (6.18)
E(k+k)[Py-k,~ko-E(k+k)]
=' Tr[0,,(P.k) [2m A® (K + k) ]O,(P,K)] 6.19)
@ | Te[O,, (P, k) O, (B, K)]|
E(k+k) +m, RERE
(6.20)

k| +X'| z (EE+X) -m)z



56

and

_ Tr[0,(P.k) 1 Oy(P.k)]

G ~ ©:2D
| Tr{O,,(P.k) O, (P.K)]|
1 0
) (6.22)
0 -Z

where z is the cosine of the angle between k and k’. (These various matrices are
symmetric.)
We can now perform the integration over the angle between the vectors k and k'

to define

k|VP)|k) = j dz (k| V(P)|X’). (6.23)

(Note that (kl‘\—llk’) depends only on the magnitudes of k and kX’ and on P, = my.)

The potential \—’(P) has the matrix form
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0 L+mJ,  |K'|L+|k]I,
+ gs NN, ,
0 -G {X|L+|%lI, L-m]

q°4

<|

G -

(6.24)

where we can recognize the confinement and exchange parts. The various terms in Eq.

(6.24) are
1
C, = j dz z° V,(|X'-k]) , (6.25)
=1
1
Ly = [ dz 2° [Pk, kg -E(R+T0T (6.26)
o1
and
1 -1
L., = j 20 {E(R+K)P,k,-ks-E®-KN} ; n=01,... 627

=1

The analytic forms for these integrals are given in Appendix B.
It is useful to perform a unitary transformation in order to diagonalize the

kinetic-energy matrix K of Eq.(6.17),
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U-'(k) K U(k) = Diag(\,\,) . (6.28)

‘where

’ | k| - 1| ‘
ZE®E®-m)  2E®E®)+m,)

(6.29)

Il

U(k)
E(k)-m, E(k)+m,

| E®ER)-m)  2E@E®+m,) |

Note that U(k) depends only on the magnitude of k. The eigenvalues, N, and \,, are

N = k-E(®) , (6.30)
and

A, = k,+EK) . (6.31)

Let us define the two-component object

Yo PR (6.32)
¥(P.k) = [%)(P,k)] ,



59

where ¢,(P.k) and ¢,,(P.k) were first introduced in Eq.(6.2). We also define the wave

function and the potential in the transformed basis as

¥(P.k) = U'(k) ¥(P.k) , (6.33)

and
V-U'®V U, (6.34a)

or
&| V@) k) = UK k| VP |K) UE) , (6.34b)

where U(k) was introduced in Eq. (6.29). We note that the interaction matrix V remains

symmetric in the new basis. We also note that

- J 1 (Pak)
PK = Yay ’ (6.35)

\Z(z)(P k)

where ¥,(P,k) and y,(P,k) are the functions defined in Eq.(6.3).

We also define the kinetic term in the new basis,

k,-E® 0 (6.36)
0 k +E®|
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Note that

1 k + E®) 0 (6.37)
k2 - m 0  k -E®|

} T (P.k)
fex = | (6.38)
YY)
such that
['(P.k) = [(P-k)? - mI1K¥(P.k) . (6.39)

The array ¥(P.,k) was defined in Eq.(6.35), and K was defined in Eq.(6.36). The

bound-state equation for this vertex function is

ko+E(K")
0  k-E®)

YA i fdkéiﬂdlﬁll v 1 1 3
Ty @X))’

T ®H) @' @-k)-m? k%-m’

[f‘(,,(P,k')]

(6.40)
where V denotes (k|V(P)|k’). Here, the integration over the azimuthal angle has been
performed.

In order to obtain equations in a single variable, we make a number of
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approximations. We ;issume that the most significant singularities in the complex
ks plane are those due to the quark and diguark going on mass shell. That is, we neglect
the singularities of the exchange potential. Then, if the quark goes on its positive mass
shell, we see that the exchange potential of Eq.(6.6) is not singular, if my > 3m,.
We have the choice of closing the contour in the upper-half or lower-half of the
ks plane. We close the contour in the lower-half plane and evaluate the integral as the
sum of two residues. The pole at k, = Eq(_k‘)—ie represents the quark on its positive
mass shell and the pole at k, = P, + ES(_E) - ie represents the diquark on its negative

mass shell. We define the wave functions

P.k
¥ (Pk) = [‘b“’( )] , (6.41)
2 GAL) I
and
Pk
¥, (P.k) = Yo P0 _ (6.42)
Vo] h e
Similarly we have
N Vy(P.K)
2 ep - |2 ©4)
¢(2)(Pak) =

k, = E(D
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and

Y (P>k) (6.44)

k=P + Es(_f)

As we will see, the wave functions of Eqs. (6.42) and (6.44) are rather small and

may be dropped in a first approximation. We will use the notation

J?l)(P’k) = J(i)(Pak) ko = Eq(-k-) ’ i = 1 N 2 (6.45)
and
PoPK) = To®R), p.eg. i=1,2. (6.46)
We also define
T Pk
I (Pk) = f"( 9 , (6.47)
r(2)(P7k) K = Eq(-k.)

and
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i T, (P.k
fek=|." (6.48)
TaPR] e em
We will use the notation
THPk) = TPk, L em s i=1,2 , (6.49)
and
To®k) = TPk e e - i=1,2 (6.50)

Evaluation of the T'(P,k) at the poles essentially doubles the number of functions
we need to consider. Therefore, it is useful to introduce a 4 X 4 matrix, V defined in

terms of four potentials:

. 6.51)

Each potential, V_, V_,, V., and V,, isa2 X 2 matrix in the two dimensional space
used before the k, integral was completed. Here, when o = q, k, is Eq(E), and when
« =d, k, is P, + E(K). Further, when 8 = q, kg is Eq(Tc.'), and when 8 = d, k; is

P, + Ey(k).



The system of equations is, with « either d or q,

_ |2E() o] -

@y 2E (K)[(P, - E,(K))*-E,(K'Y’]

f‘a(Po’ IT{D = I

(6.52)
P +E (k) +E (k') 0 ) _
ad ° : b —, — I-‘d(l)o’ I kll )
0 P,+E,(k)-E (k)

2E,(K)[(P,+E(K)*-E (k)]

The vertices fq(Po, lm) and fd(Po, |T€|) have upper and lower components. The lower
component of fq(Po, |'l?|) decouples from the system of equations. We can then define

a three-component vector, I'(P,, |k]), with the first component equal to upper component

of f‘q(Po,l-k.l) and the two remaining components equal to the upper and lower

components of T',(P,,|k|). Thus

%Py, I k)
T, K = [F@.IED] - 6.53)
| 1))

Further, let us define a three-component amplitude
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(P, k) = DIV N® T, |k (6.54)
with
[P,-E(®)-E)]* 0 0
D(k) = 0 1 o |, (6.55)
0 0 1
and
—:.1_—-.' 0 0 \
PO -Eq(k) +Ed(k)
1
b - > - 0 (6.56)
N(k) 2E,(0)[P,-E (k) +E (k)] .
0 0 1

2B, (®)[P, +E (k) +E,(K)]

The final bound-state equation has a symmetric form

T(‘IZ

DR, KD - | (jl)'ﬁ' IN® v, | NE) 9B, [F]) -

(6.57)
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Here, the potential V, is a 3 x 3 matrix acting in the three-dimensional space defined
above and may be obtained from V by deleting the second row and second column.
The solution of Eq.(6.57) for ®(P,, |k|) has been obtained. However, it is more
useful to present the various functions that make up ¥(P,k) and ¥(P,k) of Eq. (6.32)
and (6.35). These functions are shown in Figs 6.2 - 6.3. Note that only one of four
components of ¥(P k) is large. That component is the wave function that corresponds

to the quark being on its positive mass shell. (See Eq.(6.3).)

6.2_Coupled Equations: Scalar and Axialvector Diguarks

In general, one needs eight functions of two variables to describe the situation in
which we have both scalar (T = 0) and axialvector (T = 1) diquarks in the nucleon.
Evaluation of integrals at the poles of the Green’s functions double this number to
sixteen. We will argue that the functions with either the scalar or the axialvector diquark
on their negativé mass shell are small. Neglecting such functions reduces the number of
wave functions we need to consider to eight. As we will see, four of these eight functions
can be expressed in terms of the other four. Therefore, we will be solving coupled
equations for four functions of a single variable.

We may write the axialvector-diquark wave function, in analogy to Eq. (6.2), as
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~

74(P,k)

TR0 = s |V Pl) T + Yy P) + Yo (PO u(Bo9)x,
N _RZ
p+ k* 7(P.k) 's -
P,k)‘— P,k (P’k Ps t 0
+ 'Ys ¢(4)( mN + "!/(6)( ) \/F_ + ¢(8) ) /2_ ‘/-_ﬁz_ uN( S)X

(6.58)

where we have defined six functions of two variables, ¥,(P.k), with i = 3,...,8.

Here,
k* = ke - S%P_“, (6.59)
and
F @K =7 - P;f LY (6.60)
k

Note that P* 7, (P.k) = P*k = k"7 (P.k).
One can be seen that ¥((P.k,s,t) of Eq. (6.2) and ¥y'(P.k,s,t) of Eq.(6.58)

satisfy coupled equations of the form
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[(P_k)z - mszl(k _mq) \Ps(p,k,svt) =

Jék) [N NP K[ VE@) K)F,PKs,0 + NN K] V(B KWy, (P.K's.0
T

+ J (k|VS(P)|k')\If (P.K',s,1)
Qn)*

(6.61)

and

[(P-k)* - mg] (- m) ¥ (Pks,b) =

i J o [NVSNVS(kW £ KNTL(P.K,s,0) + NYYNYY (k| VEER(P) KW, (P ks, 0)]
T

+ /
j(z )<k|vv<P)|kw I AEX

(6.62)

Here, the contributions of the quark-exchange interaction are

k| VEP)[K) = 2g3 1,C1S0,(P-k-k)C v, , (6.63)

k| Vew'(P) k) = 2g8,7:C ™ SL(P-k-k) Cy* , (6.64)
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k| ViP)|k) = 2g,85 v C'S5H(P-k-k)C 7, , (6.65)

(k| VEL*P)[K) = 2g3 4*C ST (P-k-k") Cy* . (6.66)

The confinement potential does not couple the scalar and axialvector diquark components.
We have

K[ VEP)K) = -8kgy T | —o e ST 66D
[(k -k)? + #2]2 [(k k)2 + #2]3

where kg and xy may be different.

The color and isospin factors appearing in Eqs. (6.61)-(6.62) are

N® =NY=N®=N"=3,

(6.68)
Nivs =1,
and
NiVV = "2 .

As in the case of the scalar diquark, we multiply the Eqgs. (6.61) and (6.62) by

EN(F,S) from the right and sum over the spin index s.
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For the complete two-channel problem,with both scalar and axialvector diquarks,

we consider following two forms of the wave function

8
¥(PK) = Y ¥,(P.k) OyP.K)x, , (6.69)

and

8
Y@k = Y §uP.k)O,P KX, - (6.70)

These equations serve to extend the expansions made in Egs. (6.2) and (6.3). The wave
functions ¥, and ¥ are related by a transformation that will be given at a later point.
[See Eq.(6.102).] The first two basis vectors represent the scalar channel and the six
remaining vectors represent the axialvector channel. We define the basis functions for

Eq. (6.69):

0,,(P.k) = A“(P) , (6.71)

Oy, (P.k) = A9(P) , (6.72)

'y

-2



PI‘

0(3)(P9k) = 'Ys—'rn—‘ A(‘)(T).) b)
N
. B —e
0, (P.k) = ys_ﬁ_f_ A(P) ,
{2 My
l‘(ﬂ

Oy (P.k) = 7, A“(P) ,

k* R T
O (P.K) = v, ATY(P) ,

0P = 7, LB gy
V2

and

0y (P = 7, LB R pom)

E &

Also,

71

(6.73)

6.74)

(6.75)

(6.76)

6.77)

(6.78)



and

0,@Pk) =&, A ADP)

1)

0(2)(P,k) = - E-A(-)( _T(-) A(*)(F) ’

(3)(P k) = "'E A“)( k)')’ A(‘)( P)

N

O,)(P.k) = £, A(- k)'v " AOP)

N
) R _
0(5)(P,k) = g_A(’-)(k)'Ys— A(’)(P) >
—k?
L
O (PK) = —£ ARy, A(F) ,
k2

O (P.K) = £, AE)y, LER pP) |

72

(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)
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0P = ~£ A(-K)y, LEK poxp), (6.86)
2

Here £, = 2m /|2E (Q[E(®)+m] and £ = 2m /2E (O[E(K)- m] . Aswe willsee,
only ¥u(P.kK), Va)(P.K), %;(P,k) and ¥,(P,k) of Eq. (6.70) will be important in our
solution.

Using the basis defined by Eqs. (6.71)-(6.78), we can write Eqs.(6.61) and (6.62)

in the matrix form,

8 o) B
(-7 - i) ¥ Kpb PO = i %EVGD%(P,H . (68D
j=1 i

In Eq. (6.87), myy, ) = Mg, My o = m, and



_ Tr{0,(P,K)K-m )0, (P k)]

W " | T[0,,(P,k) O, (P, K}
1K 0 0 0 0
ky+m, 0 0 0 |
0  -k-m, |k| 0 0
0 [kl kgm0 °
. 0 0  kem, K|
0 0 0 -1 k| -m
0 0 0 0 0
0 0 0 0 0

Eq. (6.88)
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Also,

Vv

and

(ij)

with diquark vertices T'¢y = +, for i = 1,2 and T, = 4* for i = 3,...,8.

G -

F.E

G =Gij + C V. (IK-X|),

ij)

E(k+K))[P,-k,~ks-E(k+k")]

F, = NoNigs ., if () and ()=2,

Fy = No'N;'geg, - if (0<2, ()23,
F, = No'N"g,gs , if ()23, ()=<2,
F,. =NSNVg? | if (i) and (j)=3,

(ij)

i Tr[0,(P.k) 2m, T4 AC(k+K) TG, Oy (P.k)]

| Tr{O,(P.k) O ,(P. )1

75

(6.89)

(6.90)

(6.91)



Further,

_ TrO,(®.k) 1 Oy(Pk)]
(u.) | Tr{O,(P k) O (P.K)]|

1 0 0 0 0 0 0
0 -z 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 -z 0 0 0
0 0 0 0 -z 0 0

V2

0 0 0 0 o ~—(1-z%) 1+2°
2 2

0 0 0 0 0 0 0

Eq. (6.92)
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~k/-kz k’+kz
-k-k'z (E—mq)z
~E-m_ K/(2z2-1)+kz

E+m (k+k'z)z

9

k+kz  (E-m)z

-k-k’z
k+k’z

—E+mq

V2(E+m) V2(k+kDz 2K +k)

2 (k+k'z) ~2(E+m)z V2(E+m)z 2(-K'-ka)z  k(z-1) 0

-k-k'z
k+k’z
-k’-kz

(E—m q)z

~(E +m )z

k(1+z)(2z-1)

-k’-kz
(E-m q)z
k’+kz
~(E+m )z
(E ;mq)z

-k-k’z

-E-m, E+m, k’/+kz

k(2z*-1)+k’z (k'+kz)z (E—mq)z
~E+m, VZ(E+m) /2 (k'+ka)

k'(1+2)(2z-1) 2, (k'+kz)2 ~2(E+m,)z
-k/-kz \/2—(k+k’z) ﬁ(fi +m, )z

(E +m )(2z*-1) (E+mq)z‘ V2 (-k-k'2)z

(E+m)z>  (E+m)(1-z})  K(z-1)

Eq.(6.93). The exchange potential matrix, E,. Here k = |k|, k/ = |X’| and E = E(k+k).

LL
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As in the case of the scalar diquark, z is the cosine of the angle between kKand X'. We

can now perform the integration over z to define

1

&| V@) [k = jdz k| V(@) |k

=1

The potential V(P) has the matrix form

=F{/E+\_’C

v(i.i) a3 " Gaj

where F, was defined in Eq. (6.90). Here the confinement part is

(6.94)

(6.95)



<|

i

Eq.(6.96)

0 0 0
0 0 0
0 0 0
0 0 0
-C, 0 0

0 c. &%

T2

o GG €
3 3
0 0 0
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[ 1,+m,] k'L +kl, -1, +m,l, -kI,-k'l, -k’L,-kI, -1,-m |, [,+m], k', +kl,

q-2

kl,+kl,  L-m], I,-m,], K1, +kI, L-m i, 2KkI-kl+k/l, KLkl I,-m,],
-lem,  L-m, I+m,l, -KI,-kl, kI, +k'l, LemJ,  V2(+ml)  -y2 (kLK)
KLkl KLeKI, k', -kI, ,-m,], SLem, KO-L#2L)  V2KARL) V2 )
-kl,-k’l,  I-m], k/l,+kI, -1,-m,l, [,-m], K-kl Y2k Y20l
nNo_t1/ . ; 21,-1, TN,
L-m, 2Kkl SLamd, o k(,-1e21) kLK, m J-m1, formy -2 (kI k")

Leml  kIkT V2AemlL)  V2(kLKT) V2KTakL) Lemd L -Lem(-1)  -k/1,-kY,

KLk, Lem ~V2(K1,+kL) -2 +m ) V2(1,+m ) /2K, +k1)  -kI,-kI, 0

Eq.(6.97). The matrix \_/('i’;m.

08
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The functions C, and I; were defined previously. (See Eqgs. (6.25)-(6.27).)

Following the procedure described in case of the scalar-diquark model, we

perform a unitary transformation in order to diagonalize the kinetic-energy matrix K,

U-'(k) K U(K) = Diag(\,,..-,Ny) (6.98)



where

U

k| -1k
D_ D,
Eq—mq Eq+mq
D_ D,
0 0
0 0
0 0
0 0
0 0
0 0

0o 0
o 0
Ikl [kl
5, D

q q q
D. D.
0 0
0 0
0 0
0 0

Eq. (6.99)

0 0
0 0
0 0
0 0
0 0
0 0
1kl -[K]
D D
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Here D, = { 2E(E.+m), D_ =y 2E(E-m) and E, = E ().

The eigenvalues are

[k -E®) |
ky + E(K)
-k, + E(K)
A = o _Eq(f_) , (6.100)

k, - E,(K)
ko + E (%)
ky - E(K)
ko+Ey(K) |

We now define the analog of ¥(P.k) that was introduced previously,

’ ‘l/(l)(p’k)T

\y(b,k) = ‘b‘z’(_P’k) . (6.101)

| V(P

As before, we also define the wave function and potential in the transformed basis

¥(P,k) = U(K) ¥(P,k) , (6.102)
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where
(G0 ]
WPk = \Z(z)(.P,k) , (6.103)
2
and

V=UYHV UE) . (6.104)

Recall that the various ¢ (P.k) have been defined previously in Eq.(6.70). The

interaction matrix V remains symmetric in the new basis. We define

K = Diag(Ae il (6.105)
and a baryon vertex function

F(P.k) = [(P-k)? - m1K ¥(P,k) . (6.106)

Here m, = Diag(m,,,...,my,). The bound state equation for vertex function is

dk!K7d|X| .
ko kd| |V 1

K TPK), (6.107)
27y (P-k?- m?

rek =i [

where V denotes (k|V(P)|k’). Here the integration over the azimuthal angle has been
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performed. Note that I'(P,k) has eight elements and V and K™' are 8 X 8 matrices.

In order to complete the integration over kg, we close the contour in the lower-
half plane. The integral can be evaluated as the sum of two residues. The pole at
k, = E q(_l-(-)—ie represents the quark on its positi\;e mass shell and the pole at
k, = P, + E,(K) - ie represents the diquark on its negative mass shell. We found that the
contribution from the diquark pole to the wave function was negligible in the case of the
scalar diquark. We expect that a similar contribution from the axialvector diquark would
be even smaller, since the axialvector diquark has a larger mass. We will neglect that
contributions in our equations. In this approximation, the wave function is described by
only four functions that represent quarks on their positive mass shells.

Since we have eliminated four functions, we modify our notation. We now define
the four vertex functions I_"(i) = f‘(Zi-l)’ i=1,...,4. In order to make the potential

symmetric, we define the amplitude

- T (P.k
®,(Pos [ k[) = N, ) = (6.108)
[Po - Eq( k)]2 - E(i)(k)
were i = 1,...,4 and
r 1 R
N, = /3 , (6.109)

W - ‘/3—
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The symmetric bound-state equation has a final form

— — — dIK - - —
g [P, ~E (0" - Ego(®18 (P, [KD) = | éw)z' [V + V) 2oPorl K1)
(6.110)
where i = 1,2,3,4. In Eq. (6.110)
1
| 6.111
= | ] (6.111)
1
and
f, = NONrgs if (i) and (j)<2,
fy = N VB gsgy - if 02, ()23,
(6.112)

f, = N"V3gog . if )23, ()=<2,

fo=NOYNYVg if (i) and (j)=3.

(ij

6.3_Results of Calculation

It useful to present the solution of the coupled equations for the four important
functions ¥,(P.k), ¥i(P.k), ¥5(P,k) and ¥, (P k). (See Eq. (6.70).) We exhibit such
results in Fig. 6.6 and 6.7. The various parameters are given in the figure captions. For

example, if we use (—}s = 7.9 GeV? and C—iv = =9.5 GeV?, we obtain a scalar diquark
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of mass mg = 400 MeV, and an axialvector diquark of mass my = 750 MeV. The value
of k was taken such that the nucleon mass was found to be my = 938 MeV.

One can assess the relative importance of the four wave functions by calculating
their individual contributions to the charge form factor of the proton at ¢* = 0. (Note

that F,(0)=1.) We write these contributions as F§(0), so that

F,(0) = F§(0) + F&(O) + F&0) + F§O) . . (6113

We found F§,(0) = 0.42, F§,(0) = 0.08, F;,(0) = 0.10and F,(0) = 0.40. Recall that F3,(0)
denotes the scalar-diquark contribution, while F§,(0), F§(0) and F§,(0) are axialvector-
diquark contributions. We also consider a small variation of our parameters and give the
results in Fig. 6.7 for the case 65 = 7.9 GeV? and (-3V = 8.45 GeV’. Here .ms = 400
MeV, m, = 850 MeV and « = 0.096. In this case F,(0) = 1 with F{,(0) = 0.49,
F50) = 0.08, F§,0) = 0.09 and F7(0) = 0.34. Again, we see about equal weight
for the scalar and axialvector-diquark components. That is in general accord with what
would be expected from the SU(6) constituent quark model.

It is interesting to note that, since the wave function l[/m(ﬁ(-l) has a larger extent

in momentum than ¥,,,(|k|), it corresponds to a smaller object in coordinate space. That

is, the quark plus scalar-diquark system is more strongly bound than the quark plus
axialvector-diquark system. This feature, that depends on the spin dependence of the
quark-quark interaction, is often used to understand the experimental values of the ratio
F,°(x) / F,P(x), where F,%(x) are F,?(x) are neutron and proton structure functions [We

94].
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of mass mg = 400 MeV, and an axialvector diquark of mass my = 750 MeV. The value
of k = 0.13 GeV? was taken such that the nucleon mass was found to be my = 938
MeV.

One can assess the relative importance of the four wave functions by calculating
their individual contributions to the charge form factor of the proton at g*> = 0. (Note

that F,(0)=1.) We write these contributions as F§(0), so that

F,(0) = F30) + F&(0) + F§(0) + F50) . (6.113)

We found Fj,(0) = 0.42, F5,(0) = 0.08, F5(0) = 0.10 and F§,(0) = 0.40. Recall that F;,(0)
denotes the scalar-diquark contribution, while Fj,(0), F§(0) and Fj,(0) are axialvector-
diquark contributions. We also consider a small variation of our parameters and give the
results in Fig. 6.7 for the case G, = 7.9 GeV2and G, = 8.45 GeV?. Here mg = 400
MeV, my = 850 MeV and k = 0.11 GeV?. In this case F(0) = 1 with F,(0) = 0.49,F§(0)
= 0.08, F§,(0) = 0.09 and Fj,(0) = 0.34. Again, we see about equal weight for the
scalar and axialvector-diquark components. That is in general accord with what would
be expected from the SU(6) constituent quark model.

It is interesting to note that, since the wave function %)(IYI) has a larger extent

in momentum than (| k), it corresponds to a smaller object in coordinate space. That

is, the quark plus scalar-diquark system is more strongly bound than the quark plus
axialvector-diquark system. This feature, that depends on'the spin dependence of the
quark-quark interaction, is often used to understand the experimental values of the ratio
F,°(x) / F,P(x), where F,"(x) are F.,?(x) are neutron and proton structure functions [We

94].
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functions the Lorentz index was written explicitly on the left hand side of Eq. (7.2). Note
also that the (-)(i) (i=3,5,7) have the same Lorentz index, but that index has not been
written.

The electromagnetic vertex of the nucleon can be expressed by two form factors,

— - - F.(q? —
<P+q,s'|J50)|P,s> = uy(P+qs’) | v*F(q?) + io*q, 2”:: )] uy(P,s).
N

(7.4)
For example, for the proton, we have FP(q®) and F,*(q?), with F?(q*) = 1. In order to

determine the form factors, we introduce the Dirac matrix

I (Pk) = Y uP+gs)<P+qs/|J40)Ps>u.s) . (7.5)

ss/

There are four contributions to I'.,(P,k):

T%(P.k) = To(Pk), s + Teu(PoK)ys + Tea(P ),y + TP )y, . (7-0)

The contributions from the scalar-diquark channels to Figs. 7.1(a) and 7.1(b) are
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I':m(P,k)q,s =
.r d*%k Am a(1) 1
i I, (P+q.,k+q)S,, (k+ “S TPk ——4m8M —
[(21)4 w1k DS, (g QST PR ooy
7.7
and
I‘gm(P7q)d,s =
. d*% am 2.(1) 1 1
i IV(P+q.k)S,, KT, (P.k) Q. Fi .
j @m* " @FTN Pkr-m2 °* " (P-k+q)?-m>
(7.8)

[See Figs 7.1(a) and 7.1(b). In Eq. (7.7), the photon is coupled to the quark and in Eq.
(7.8), the photon is coupled to diquark.]
Here Q, and Q, are charge operators of the quark and the scalar diquark respectively

and Fj is the photon-diquark vertex. The vertex, F}, for a scalar pointlike diquark is

F! = 2P*-2k*+q* . (7.9)

Similar contributions from the axialvector diquark to Figs. 7.1(a) and 7.1(b) are



01

Ten(P.k), v =
4
. 4%k aGe 08 85
i I (P+q,k+q) S, (k+ *S, (K Pk) ———
b | Gy 1 oSk QS (IR =2
(7.10)
and
Ia®.9,, =
4
: d4k S 0 ga)\ sy gﬂu
i ry°®P+q.,k)S, &Iy Pk ———Q,Ff" ————— .
,.‘\:-; [ @mn* " @T (Pk+qi-me © ° (P-k)?-ml
(7.11)

[See Figs. 7.1(a) and 7.1(b).] Here Q, and Q, are charge operators of the quark and the
axialvector diquark and F%" is the photon-diquark vertex. The vertex, F;"™, for an

axialvector pointlike diquark is

Fs)\v - (ZP“ - 2k* +q,¢)g)\v + (_P)\+k)\ +q)\)gpv + (_Pv +k _2qv)g#}\.
(7.12)

We can calculate the nucleon form factors by taking the trace of both sides of Eq.

(7.5) after multiplying by v, or by P,.

Under the assumption that the nucleon wave function is dominated by the
amplitude with the quark on its positive mass shell, we have, for a pointlike diquark and

for ¢*—0,



&k . E®+m | ¢ [TR(P.K))?
Fl(O) _ qu q _ 94 > —
= X | o 2E(K) d“oLPo-ko)z-lEi”(k)P} - 5D

T @ E®+m, [TR (P K))° &)
Pley Y TEMm | Rk -EXRFE T, Lo

- 2T{(P,k) ——T'R(P k)
d3k E (k)+m dk,
oy [, B

@ 0 2E(0) | (Py-k)-[ES®N

i

k, = E(K)

(7.13)

and

d’k
F,0), = 2 [ (Zu),Qdm

2+ ) 2
E (k) -mq[ H"&(P’k)(;l) ——2(Py-ky) ,
2E,®) |((®,-k)* - [ELEPF s

(7.14)
where the various sums run over i = 1,3,5,7. Here ,
1 7 11
Qq = 3*13’ Q. = @‘1—513’
(7.15)
1 4 26
Qupy = 3 Q.0 = E*—ﬁla,

where I; = 1/2 for a proton and -1/2 for neutron.

It can be shown that the last term in Eq. (7.13) is proportional to the diagram of
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Fig. 7.1(c). We will drop this term for the case of small ¢°. In terms of the wave

function, the form factor is

F\(0) = F,(0),+F,0), (7.16)
=X f “(%"qu +Qu W (P.K)2[P, -E (K)] (7.17)

This yields the normalization condition

1= Z j (g:;%(P,k)z[Po—Eq(Tc‘)]. - (1.18)

(Again, in Egs. (7.17) and (7.18), the sum runs over i = 1,3,5,7.) If Eq.(7.18) is

satisfied, we obtain the correct charge of the proton. (The charge of the neutron is zero.)

We can also calculate the magnetic moments. We write the nucleon form factors

in terms of their isoscalar and isovector parts

F.(q®) = F,,(q®) + 2F,,(q)],,

F,(@%) = Fu(q) + 2F,(q)L.

(7.19

In terms of these values, the nucleon magnetic moments, g, and u_, are given by
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F,,(0) + F,,(0), (7.20)

=
o
1
—
|

and

il

B, Fp(0) - F,(0). (7.21)

The results obtained for the form factors, when the mass of axialvector diquark is 850
MeV, are presented in Table 7.1. In Table 7.2 we show the magnetic moments obtained
for different choices of the axialvector diquark mass. The calculated values of magnetic

moments are compared to experimental values in Fig. 7.2.
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Chapter 8

Discussion and Conclusions

In our work on the scalar-isoscalar correlator [Ce 93a] and on coupled equations
for the qq and =« systems [Ce 93d] we obtained some interesting insight into the nature
of the sigma meson that plays an important role in nuclear structure studies. Our basic
results is that, when the momentum of the sigma is timelike (p> = m?), the sigma is
very strongly coupled to the two-pion continuum and there is no physical sigma meson.
That is, there is no pole in the T matrix for 7= scattering, for example. On the other
hand, if the sigma momentum is timelike (p? < 0), the qq excitation is sufficiently well
separated from two-pion continuum so as to appear as a distinct degree of freedom.
Alternately, we can say that, if one inspects the scalar-isoscalar correlator in the
spacelike regime, one sees a dependence on p’ that is identical to what one would find
if there were a pole at p* = m, [Ce 93a]. Since the sigma meson one uses in nuclear
physics is spacelike, we find that "meson” is a useful degree of freedom. Other studies
show that the sigma meson is closely related to the field in nuclear matter that describes
the partial restoration of chiral symmetry at a finite density [Ce 92, Ce 93¢]. In our
studies of the nucleon, we found that both the scalar-isoscalar diquark and the axialvector
diquark play an important role in nucleon structure. The wave function we calculate is
somewhat like that obtained from study of the SU(6) constituent-quark model.

It would appear that a model in which the quark wave function is expressed in
terms of positive-energy spinors represents a good approximation. We have also isolated
two major components of the nucleon wave function, expressed in terms of ,,(P,k) and
¥o(P,K) in the nucleon rest frame. An interesting feature of our wave function is that

it is sensitive to the spin dependence of the quark-quark interaction. It is seen that the
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scalar-isoscalar diquark represents a smaller object that the axialvector-isovector diquark.
This feature has consequences for study of deep-inelastic scattering from the nucleon [We

94].
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Tables

Table 5.1.  Values of the diquark masses, mg and m,, and the diquark-quark
coupling constants are given for various (—33 and (—3‘,. These calculations
were made with m, = 0.350 GeV, « = 0.2 GeV?, A, = 0.702 GeV and
p = 0.050 GeV. Note that the axialvector diquarks are stable for large
values of m, due to our use of a model of confinement.

G, m, Gy m,

‘ (GeV-?) (GeV) & (GeV-?) (GeV) Bv

| 1.0 0.558 4.89

l 10.5 0.635 4.34

10.0 0.697 3.98

9.5 0.750 3.72

9.0 0.799 3.50

8.5 0.255 3.80 8.5 0.845 3.32

8.0 0.380 3.11 8.0 0.890 3.16

L 7.5 0.470 2.75 7.5 0.933 3.01
7.0 0.535 2.51 7.0 0.976 2.89

6.5 0.592 2.38 6.5 1.020 2.76

6.0 0.644 2.18 6.0 1.065 2.65
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Table 7.1.  Contributions of the diagrams of Figs. 7(a) and 7(b) to the calculation of
the form factors. The T = O form factors are F,, and Fyand the T = 1
form factors are F,, and F,,. (In this case u, = 2.87, u, = - 1.27 and
m, = 850 MeV.)

F1s(0) F,(0) F(0) F2(0)

Scalar Quark 0.098 0.295 0.107 0.320
Diquark Contribution

(See Fig. 7.1a)

Diquark 0.197 0.00 -0.066 0.000

Contribution

(See Fig. 7.1b)
Axialvector | Quark 0.096 -0.150 -0.085 0.133
Diquark Contribution

(See Fig. 7.1a)

Diquark 0.109 0.355 0.344 1.119

Contribution

(See Fig. 7.1b)
Sum 0.50 0.50 0.300 1.572
Experiment - — -0.06 1.85

Table 7.2.  Dependence of the magnetic moments of the neutron and proton on the

axialvector diquark mass.
Axialvector
Diquark Mass 650 MeV 750 MeV 850 MeV 950 MeV
Uy 3.28 3.10 2.87 2.63
P -1.52 -1.41 -1.27 -1.12




Fig. 2.1

Fig. 2.2

Fig. 2.3

Fig. 2.4
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Figure Captions

(@) Representation of a one-loop perturbative calculation of the
sigma width in the case the sigma is assumed to be stable, in first
approximation.

(b) Representation of the coupling of the qq channel to 2-pion
channel. The diagram shows the effective interaction in the qq channel
due to the excitation of the 2-pion channel. Here, the wavy line denotes
a pion and the heavy dots represent the pion-quark coupling, q,..

(c) An approximation to the process shown in Fig. 2.2(b), where G_
is an effective coupling constant for ¢ + ¢ » 7 + 7.

(d) Schematic representation of the approximation used to replace

the three-loop calculation of Fig. 2.1(b) by that of Fig. 2.1(c).

Schematic representation of Egs. (2.1) and (2.2). Here, T = iM, where

M is the invariant amplitude as defined by Bjorken and Drell.

The real part of Jg(g?) is shown as a solid line. The dotted line represents
ReJ (q*) , while the dashed line represents Im J (q%) . Here, the
parameters of the NJL model are G5 = 7.91 GeV?, m, = 0.302 MeV and A
= 1.0 GeV. (The same cutoff is used for Jy(q*) and for J (q% .)

The phase shift, 8, is shown for the parameters A=1.0 GeV, G_=0,
G,=7.91 GeV?, m ;=302 MeV and m_=139 MeV.
a) G, = 1.0 GeV’,



Fig. 2.5

Fig. 2.6
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b) G, = 2.0 GeV",

c) G = 3.0 GeV",

d) G = 4.0 GeV'.
For G = 3.0 GeV", we have E; = 0.590 GeV and T' = 0.113 GeV,
while for G_ = 4.0 GeV", Ey = 0.542 GeV and T' = 0.248 GeV. The
energy, Eg, denotes the point when the phase shift is equal to 90 degrees.
The short-dash lines represent a suggested extrapolation of curves a and
b into the region of the two-quark continuum. The long-dash line is a

schematic representation of the experimental data for 5.

Similar caption as that of Fig. 2.4, except that the use of A=1.1 GeV,
yields a stronger attraction than that seen in Fig. 2.4.

a) G = 1.0 GeV",

b) G = 2.0 GeV",

c) G, = 2.5 GeV'.

Values of D(g®) obtained in model A are shown. {See Egs. (2.22) and
(2.23).] Re D(@) for G = 1.0 GeV"! is shown as a dashed line, while
for G = 4.0 GeV", Re D(q’) is shown as a solid line. The dotted line
shows Im D(q?) for G_; = 4.0 GeV™. (The value of Im D(¢’) for G =
1.0 GeV?! is too small to be easily shown in this figure.) Note the
downward shift in the resonance position with the increase of G_;. (WhenG
= 4.0 GeV,the resonance is at E; = 0.542 GeV and has a width T' =
0.248 GeV - see Fig. 2.5).The heavy line on the horizontal axis denotes

the region of the quark-antiquark continuum.



Fig. 2.7

Fig. 2.8

Fig. 3.1

Fig. 3.2
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Values of Re GZ J (g% are shown as a dot-dash line and ImGZ 1 (g®)
is shown as a dotted line. Here, G ¢ = 3.8 GeV™'. The solid line shows
Im M(q?), while the dashed line is a phenomeenological extension of that
quantity for g > (2mg;™')? . The double-dot-dash line denotes Re M(q?).
The parameters used are A=1.0 GeV, G3=7.91 GeV?, m ;=302 MeV,
m, =139 MeV and g, . = 2.68.

Real and imaginary parts of D(q?) for model B are shown as a solid and
a dotted line, respectively. (The parameters are those listed in the caption
to Fig 2.7.)The dashed line is tangent to Re D(g?) at ¢* = 0 and intersects
the horizontal axis at about g* = 0.3 GeV?, giving rise to an effective

mass, m_(0) = 0.55GeV. Here, D(q}) = 1 - GgJs(q?) + M(g)Is(q).

(a) The quark-loop integral that arises in the analysis of the NJL
model. A four-dimensional integral over k is implied.

(b) Inclusion of a long-range potential (wavy line) in the calculation
of the quark-loop integral. The filled iriangular region represents a vertex
function.

(c) An integral equation for the vertex function is represented in

schematic fashion. [See Fig 2.2.]

(a) Representation of the four-dimensional integral equation for the
scalar-isoscalar vertex I'(P2,P k,k». The wavy line denotes the
interaction and the filled triangle is the vertex.

(b)-(c) Integral equations for the vertex with either the quark on its



Fig. 3.3

Fig. 3.4

Fig. 3.5
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positive mass-shell, or with the antiquark on its negative mass shell. In
Fig. 2.2(b), we have k, = -P,/2 + E(k), and in Fig. 2.2(c), we have
k, = P,/2 + E(k).

Lorentz-scalar confinement. Values of P*‘(P°,|E|) obtained from the
solution of the coupled equations for I'*~ and I'"*, are shown. Here m,
= 0.33 GeV, p = 0.05 GeV and « = 0.3 GeVZ2 (A cutoff on the
magnitude of the various momenta of 1.0 GeV was used.) Note that
r'-(P%|k|) - 1 for large |k| and that I'*-(P°k_) = 0. Values of P°
and k., are given starting with the uppermost curve:

a) P° = 0.69 GeV; k., = 0.10 GeV,

b) P° = 0.76 GeV; k,, = 0.18 GeV,

c) P° = 0.80 GeV; k, = 0.22 GeV,

d) P° = 0.90 GeV; k,, = 0.30 GeV.

Lorentz-scalar confinement. Values of I'*(P° |k|) obtained from the
solution of the coupled equations for I'*~ and I"* are shown. (See caption
to Fig. 3.3.) Note that the I'-*(P°,|k|) decrease for large |k|, and are
close to unity for |k| = 1 GeV. Starting with the lowest curve and
moving upward we have P° = 0.69 GeV, P® = 0.76 GeV, P° = 0.80
GeV and P° = 0.90 GeV. (Corresponding values of k., are given in the
caption to Fig. 3.3.)

The dashed line shows the value of Rels(q?), while the dotted line is
ImJg(g®. The solid line represents the value of J4(P?), calculated using the

functions '~ and I'"*. Here my = 0.302 GeV, p = 0.05 GeV, « = 0.2
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Fig. 3.7

Fig. 3.8

Fig. 3.9

Fig 3.10
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GeVZand A, = 0.702 GeV.

(@) A diagrammatic representation of -iM(P?) is shown. Here, the
wavy lines are pions. The small filled circles are either pion-quark
vertices or factors of iGg.

(b) The function M/(P?) is obtained by inserting vertex functions
(filled triangular areas) at the qq vertices.

(¢©) A form factor, F(P2,P k,k? defined in the evaluation of
M(P?. If a vertex operator is included, the function is denoted as

F/(P?,P k,k?).

Values of ImM/(P?) are shown as a dashed line. The solid line is the
result of an approximation where one calculates the form factor

F(P?,P k,k? by keeping only the principal value of the loop integral.

Values of Re M/(P?) (solid line) obtained from a dispersion relation using

ImM’(P?) (dashed line) from Fig. 3.7.

Values of the denominator of the scalar-isoscalar qq T-matrix are shown.
The dot-dashed curve is 1 - GJJg(P?). The dashed curve is 1 - GgJi(P?)
and the solid curve is D(P?) = 1 - GgJ§(P?) + M/(P?)J{(P?).

Values of 1 - GgJ4(P? (dashed line) and D(P?) = 1 - Ggli(P?) +
M/(P?)J{(P?) (solid line) are shown. Here we have replaced the constant
G; by G4(P?), shown in the lower part of the figure, when calculating

D(P?).
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(@) The figure shows the discontinuity of the correlator, C(P?),
across the two-pion cut. The wave operators, 2 and Q*, take the quark-
antiquark pair created at point into two on-mass-shell pions.

(b) The wave operator may be expressed in terms of the T-

matrices, t, and t _ giving rise to the figures shown here.

Model for ImC(P?) obtained from our coupled-channel quark-hadron
model,

(a) ImCO(P? (See Eq. (4.8)),

(b) ImCP(P?) (See Eq. (4.9)),

(c) ImC?(P?) (See Eq. (4.7)).

The figure shows ImC™®(P?) (solid line) and ImC(P?) = ImC®(P?) +
ImC®(P?) (dashed line).

Values of Re C(P?) obtained from ImC(P* by means of a dispersion
relation are show. The dotted line denotes an approximation with C(P?) =

a*/(P? - m?). Here a = 0.0424 GeV* and m} = 0.502 GeV.

The vertex amplitude for the scalar diquark to go into two quarks is
shown. The parameters used are m, = 0.350 GeV, u = 0.050 GeV and«
= 0.2 GeV2.
(a) The function I'"*(P,, |'l€|) is given for several values of P’
a) P = 0.1 GeV?,
b) P2 = 0.4 GeV?,
c) P? = 0.5 GeV?,
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d) Py = 0.6 GeV2.
(b) The function I'*(P,, |T<°|) is presented for values of P’ listed
in part (a). The function is very insensitive to the change of the energy of

the scalar diquark.

The value of the quark-quark loop integral in the scalar-diquark channel
(in the presence of the potential V,) is shown. The integral, J/$(P?), was
calculated using the vertex functions presented in Figs 5.1(a) and 5.1(b).
In addition to the parameters given in the caption of Fig 5.1, a cutoff of

A, = 0.702 GeV for the quark momenta was used.

The figure shows the axialvector vertex for the diquark to go into a f;uark
and diquark. Here, as in the case of scalar diquark, the parameters used
are m; = 0.350 GeV, g = 0.050 GeV and « = 0.2 GeV?,
(a) The function —%I‘}V’(F,k) is presented for
a) P2 = 0.1 GeV?,
b) P2 = 0.4 GeV?,
¢) P = 0.6 GeV?,
d) P = 0.8 GeV>.
(b) The function Ty (P.k) is shown for the values of P,* given in

part (a).

The quark-quark loop integral in the axialvector channel in the presence
of the linear potential, J ":,(Pz) is shown. This function was calculated
using the vertex functions from Fig. 5.3, The cutoff A; = 0.702 GeV on

the quark momenta was used.
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The vertex function on the quark-diquark model is represented by the
shaded area. The heavy line denotes the nucleon of momentum P. The
first term on the right-hand side represents the exchange potential and the
second term represents the confining interaction. The double line denotes
a diquark that may be either scalar-isoscalar or axialvector-isovector. If
both kinds of diquarks appear in the formalism, the figure represents a set

of coupled equations.

The wave functions describing the scalar diquark-quark system are shown.
(a) The diagram shows the function ¥},(P,k) . The parameters used
here are m; = 0.350 GeV, mg = 0.400 GeV, my = 0.938 GeV, u =
0.050 GeV and « = 0.032 GeV=>.
(b) The functions $&(P.k), ¥o,(P,k) and ¥i(P.k) are shown.

The wave functions of the scalar diquark-quark system defined by Eq.
(6.2) are shown. The parameters given in the caption to Fig. 6.1 were
used. The functions yg,(P.k) and y$)(P,k) are shown. The functions

¢f,)(P,k) and wfz)(P,k) are significantly smaller and are not shown.

The functions §(]k|) are shown for i = 1,3,5,7. The parameters used
are m; = 0.350 GeV, mg = 0.400 GeV, my = 0.750 GeV, my = 0.938
GeV, p = 0.050 GeV and « = 0.13 GeV?. The quark-diquark coupling
constants were gg . = 3.05 and g, = 3.72. These wave functions gave

the magnetic moments p, = 3.10 and p, = -1.41.

The functions J(i,(ﬁ(‘l) are shown for i = 1,3,5,7 and for different values
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of the axialvector-diquark mass. The parameters used are m, = 0.350
GeV, mg = 0.400 GeV, my = 0.850 GeV, my = 0.938 GeV, p = 0.050
GeV and « = 0.11 GeV> The quark-diquark coupling constants were
85y = 3-05 and g, . = 3.30. These wave functions gave the magnetic

moments p, = 2.87 and p, = -1.27.

Diagrams for calculation of nucleon form factors are shown.

(a) The contribution of the quark is shown.

(b) The contribution of the diquark is shown.

(c) The contribution of the exchange diagram is shown.
The wavy line denotes a photon of momentum q. The
nucleon (heavy line) has momentum P initially and

momentum P+q finally.

The calculated values (dotted lines) of the magnetic moments of the proton
and neutron are compared to the experimental values (u, = 2.79 andp,

= -1.91) for various values of the axialvector diquark mass, my.
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LT 8ig

Pion Loop Integrals (GeV"z)

'
N A
o

! i
il ! '
. ;i O
.l g —h
7 J O

;

-’.

o

&)

—
o
-

-«

___..—"
.

.

4

.~ (zN8D);b

79060

z ya
rlllrl‘ll.)'lllli?rllllllljl
.l -

4

[

LRI BB LR

] €020 10

148!



LIS

Fig. 2.8



Fig. 3.1

116



Il
AN
+

(c)

Fig. 3.2

117

PR2+K TEPR2 4k
P2 +K _» Pl2+K



1.5

118




119

_>
(P k)

I

%902 04 06 08
-..)
|k| (GeV)

Fig. 3.4



Quark Loop Integrals (GeV ?)

Fig. 3.5



P/2 + K

P/2 + K

-P12 +K

P/2 + Kk

Fig. 3.6

P/2 +q

-P/2 +q

P2 +k

P/2 Kk



45l

Fig. 3.7

[39]
t2



Fig. 3.8



6°¢ ‘814

Denominator Functions
o O |




LO
m =
.m (00
__ o
]
[}
[
[}
H
O
{ 3
) ] ¢))
~_. Q)
\ IA.“2
\ OP
\
\ |
/
\ ln/_
\ °
\
7
/
!
1 . _ -
< S °
S o
suoloun4

19
/ N 8
\ 0
\
‘ l
]
-_
._ 19
.. o
__ 1~ 3
__ S
___ 1s°
! °®
| .
|
JN
o
1 11 L ! _ 0
W © I N o
(z-1e9) (;d)°D

Fig. 3.10



(@)
(b)

Fig. 4.1



127

(a)
o T (I e
(b)
@ L @S
(c)

Fig. 4.2



8

P2(GeV?)
0.4

08 1.0

0.6

0.2

Fig. 4.3



Fig. 4.4



130

Fig. 5.1(a)



1.0

131

| | | |
0.2 04 06 0.8
|k| (GeV)

Fig. 5.1(b)

1.0



JE(P?) (GeV?)

132

0

| |
02 04 06
P2 (GeV?)

Fig. 5.2



133

Fig. 5.3(a)



134

-1.0

Fig. 5.3(b)



135

0.2

01

(P?) (GeV?)

0 02 04 0.6
P2(GeV?)

Fig. 5.4

0.8

1.0



Fig. 6.1

136



137

0.6

0.4
k| (GeV)

0.2

(;-A99) (PI]) i

Fig. 6.2(a)



138

o 0 o

| ]
) ) Q9 Q
- o =R

(,n2B) (]1])Dh x 001 pue (]1]) Gk x 001 :V__vs

Fig. 6.2(b)



139

0.6

0.4
|kl (GeV)

0.2

(,.A®D) (AP pue (1)) P

Fig. 6.3



140

Fig. 6.4



141 -

Fig. 6.5 -



q
P éP+q

Fig. 7.1

-
P P+q



Hp and Py

3.0

2.5

2.0
1.5

1.0
0.5

-0.5

-1.0
-1.5
-2.0

-2.5

LI

T

l !

650 | 750 | 850 ' 950 |
m,, (MeV)

Fig. 7.2

143



144

Appendix A

In this Appendix we describe the calculation of the diagram shown in Fig. 1(b).
There the wavy lines denote pions with isospin indices, « and 8. The Feynman

amplitude, in the Bjorken-Drell convention, is with q =p-p' =r-r’

-iM(g) = (-1)2(iGy)* 8rgq i Trlr, (D7,(1] - Tr[7,(2)7,(2)]

X J_dluao{ [ Tr[S(p)S(p’)WSS(r—k)vsl} A.1)

@2m)* 2m)?

x D(ko{ [ (;“) Tr[S@) S 75 S(r-kns]}

71'4

Here, we use the notation D(k) = i[k*-m;+ie]" and S(p) = i[p-m,+ie]™

Further, n, is the number of colors. With n,=2 being number of flavors, we may write
-iM(@) = (-1)*(Gy? gloy 1 (0i-1) | %D(k) D(k)F(k? kg, 97, (A.2)
where F(k?, kg, g° is a form factor,
F(<, kg, ¢°) = j("—:r?eTr[S(p) S®-9) 7 S®-k) 7, ], (A.3)

27)

1 1 1

4 2 L a-k-p? .
= 8mqi31dx1dy[dz 8(1-x-y-z) J dp mM+d-k-p +2p-k (A.4)

@n' [p*-2p-1-B°PF
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with | = kz - qy, B> = m/? - @’y - k’z. Completing the square in the denominator, we

find, with A = B? + 1%,

1 1-y

F(k* k-q,q%) = 8mqi31dy1 ax{[m?+q-k+2k-1-P-AlL(A) -LA)Y]}  (AS)

where, upon introducing a Euclidean momentum-space cut-off, A,

i A2+AT A2 (A.6)
IZ(A)-R—W-Z- ln[ A ] A R
and
13(A) _ -i { (A2 '*-A)2 - (2A2A +A2) } . (A7)
487 A(A?+A)?

2

The discontinuity across the right-hand cut, for g*<4m/’, is

~i Disc[M(q)] = (~1)? (iGy)? gy 12 (03-1) i FX(m2, -q/2, ¢)

d4k +1 72 _ 2 12 _ 2 A.S
X I(hr [8*(k’*-m2) 6°(k Vm,)] ) (A.8)

The last integral in Eq. (A.9) has the value 6(q2-4m?)[1-4m2/¢*]"?(1/327%), so that

the result for imaginary part of M(q?) is (upon including a symmetry factor of 2)

i
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12
4m; .
ImM(@?) = S G3m] gl 12 (0F-1) 6(g* -4m)) [1 - J 8@ | (4.9)
where
1 1-y
5@ = [ [ dx{ (xB-20m + g*2y-2y"- £ -2xy)] 13(A>—12(A>} . (A10)
with
A =m+mix(x-1) + @?y(y+x-1) . (A.11)

We remark that ImM(q?) <0, since g(q®) of Eq. (A.11) is pure imaginary. [See Egs.
(A.7) and (A.8).] Values for ReM(g* and ImM(q?) are given in Fig. 7. If we make use
of M(g®) rather than G,2J,(g?), we have D(q%) = 1 - GgJs(q®) + M(q)Js(q). [See Fig.
8.] The replacement of G,sJ,(q%) by M(q*) defines model B.



Appendix B

In Appendix B we will use the following definitions:

K = 1

o = K(P, -k, -k;) .

B = logla - 1/ z+z, |,

and

Then the quantities defined by Egs. (6.26) and (6.27) are
12n+1 = K [ 12n+l(1) - IZnt](—l) ] >

where we define

Lpu® = [ dz oo - ooz ] :

and
12n+2 = K2 [ 12n+2(1) - 12n¢2(_1) ] >

where
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(B.1)

B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.3)
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1,,,(2) = jdz zn{m [a _ ‘/;Tz()—]}-l . B.9)

Integrals (B.7) and (B.9) are

L) = - 2(z+z,)'? - 2af , (B.10)
L@ =-28, (B.11)
L@ = - oz + %(z+zo)”2(—3oz2 - z +2z)- 2a(a®-Z)B , (B.12)
L(2) = - z “20(z+z)"? - 2Aa?-2)8 , (B.13)

L@ = - %(Z+zo)2 - %(mzo)s’“" - 2(-a+zy) (z+2p)'? +
a(z+2))(-a’+2z) +§.a(z+zo)3’2(—a2+2zo) - (B.14)

2a(-a?+2,)B

I(2) = - %cz(z+zo)3’2 - %(z+zO P+ 20(-0P+2z ) (z+2)'"? + ®.15)

(z+z)(-a?+2z)) - 2(-a?+2z)*6 .
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