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Abstract

An Empirical Comparison of Three Techniques 
for the Selection of a Subset of Predictor Variables

by David Baskin 
Advisor: Professor Alan Gross

Attempts to select an optimal subset of predictors 
from a larger set of predictors are legion; three methods 
have been discussed and investigated. The Forward Selection 
procedure was chosen because it is very commonly used by 
practitioners. The Ridge Selection procedure and Bayesian 
Selection procedures were chosen since they are more inno­
vative techniques for variable selection and have not been 
duly examined.

Each selection procedure seeks to minimize the value 
of some criterion. The Forward Selection procedure seeks to 
minimize the residual sum of squares in a sample. The Ridge 
Selection procedure seeks to minimize the mean squared error, 
i.e., the average squared difference between the value of 
the population coefficients of the predictors and the sample 
coefficient estimates. The Bayesian procedure seeks to mini­
mize the total psychometric plus non-psychometric cost with 
respect to future samples. However, in addition to these 
criteria, it was discussed how the goal of a selection pro­
cedure should more relevantly be directed to two other cri­
teria, namely 1) maximizing the average weight validity, 
i.e., the correlation between Y and Y with respect to the 
entire population, and 2) minimizing the mean squared error



validity, i.e., the average squared distance between B and 
A  aB,f i.e., when B's derived in a calibration sample are subse­
quently applied to the population. Therefore, it was neces­
sary to determine which procedures yielded subsets having

— 21) the lowest average R , 2) the lowest average mean squared 
error, 3) the lowest average cost, 4) the highest average 
weight validity, and 5) the highest average mean squared 
error validity.

The following were the expectations of the results:
1) that the Forward Selection procedure would yield subsets

— o .having the largest R since this procedure seeks to maxi­
mize the value of this criterion in selection subsets,
2) that the Ridge procedure would yield subsets having the 
smallest M.S.E. since the procedure attempts to minimize the 
value of this criterion, 3) that the Bayesian procedure would 
yield subsets having the smallest cost since the procedure 
attempts to minimize the value of this criterion, 4) that, 
with regard to the average weight validity and average mean 
squared error validity indices, the Ridge procedure would 
yield higher index validities since this procedure, which 
minimizes the M.S.E., would yield better estimates of popula­
tion parameters, especially when the intercorrelation among 
predictors is high.

The study was undertaken, utilizing Monte Carlo 
simulation of data to compare the three variable selection 
techniques in terms of the five criteria stated above. Fif­
teen populations were specified with predictor intercorrelations
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operationally defined as low, medium, and high conjoint with 
a variety of predictor-criterion intercorrelation levels.
For each population, using ten predictor variables and two 
cost functions, two hundred samples of N = 25, N = 50, and 
N = 100 were each drawn at random from the populations.
Subsets of predictors were selected, using the sample data

Abased on the three selection techniques. By computing B
values for each technique, the R2 , M.S.E., and the cost
were calculated. Expected values of these criteria were

A
computed for the many samples. The B's were then applied
to the population to yield the average weight validity and
the average mean squared error validity.

Results indicated that 1) contrary to expectations,
—2the Bayesian and Ridge procedures yielded higher average R 

than the Forward Selection procedure for every sample size 
and for every intercorrelation level, although as sample 
size increased, the proportionate differences between pro­
cedures decreased; for example, at sample size = 25 the 
Ridge & Bayesian procedures yielded, on the average, an 
average R2 15% higher than that of the Forward procedure 
but at sample size = 100, the difference decreased to 2.5%.
2) the Ridge Selection procedure yielded smaller mean squared 
error when the intercorrelation among predictors was high 
and/or as the sample size increased/ for example, at sample 
size = 100, the Ridge procedure yielded, on the average, an 
average M.S.E. 27% smaller than that of the Forward procedure.
3) the Bayesian procedures, without exception, yielded subsets
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having lower average costs than the other procedures; for
example, the average cost 1 (R.S.S.j + H v/R.S.S.) was, onk
the average, 37% less when the Bayesian 1 procedure was used
rather than when the Forward procedure was used at sample
size = 25. The average cost 2 (R.S.S. + R.S.S.) was, onJ.
the average 69% less when the Bayesian 2 procedure was used 
in comparison with the Forward procedure at sample size = 25.
4) the Ridge procedure yielded subsets having a higher weight 
validity than the other procedures for all sample sizes and 
for all intercorrelation levels. Also, even the Bayesian 
procedures tended to yield higher average weight validity 
than the Forward Selection procedure; for example, at sample 
size = 50 the Ridge procedure yielded an 1^ 9% larger than 
that of the Forward procedure and 1% larger than that of the 
Bayesian procedures. 5) when the sample size was large and/or 
the intercorrelation among predictors was high, the Ridge 
procedure produced subsets having a higher mean squared 
error validity than the other procedures. For example, at 
sample size = 100, the Ridge procedure yielded, on the aver­
age, an I 2 2% larger than that of the Forward procedure, 1% 
larger than that of the Bayesian 1 procedure, and 89% larger 
than that of the Bayesian 2 procedure.

Results were discussed and implications of the find­
ings clearly indicated the useful properties of the Ridge 
and Bayesian Selection procedures for the researcher, as well 
as for the practitioner. Suggestions for future research 
were also offered.
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Introduction

The educational and psychological researcher is often 
faced with the task of the selection of a subset of predic­
tors from a larger set of predictors, in attempting to pre­
dict a criterion. For example, in order to predict college 
performance, the investigator may consider collecting infor­
mation obtained from standardized test scores, high school 
grades, and biographical data. Several reasons exist why 
he may only wish to select a subset of variables from the 
numerous array of possible predictors. First, a reduction 
in the number of predictors facilitates computation. Second, 
reduction of predictors simultaneously reduces administra­
tion of tests used (where tests are the predictors) to pre­
dict the criterion. Third, this reduction of administrative 
time concomitantly reduces the overall monetary "cost" of 
testing. Fourth, and most importantly, reduction in the 
number of predictors will reduce the "problems" associated 
with applying regression coefficients derived from one sample 
in predicting the criterion variable in future samples.

At present there are numerous procedures which have 
been proposed to select a subset of predictor variables. 
However, their operating characteristics have not been fully 
investigated. Although each of the procedures was developed 
to satisfy some criterion for "good" variable selection, none 
of these procedures have been compared in terms of the other 
criteria. More specifically, it has not been shown how well
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the various procedures work with respect to keeping down 
"cost," minimizing the residual sum of squares, minimizing 
the mean squared difference between population coefficients 
and sample coefficients, and also reducing the "problems" 
associated with prediction of the criterion in future samples.

It is the purpose of this research project to evalu­
ate three procedures, Forward Selection, Ridge Regression, 
and a Bayesian Approach to Selection, with respect to the 
criteria of minimizing the residual sum of squares, mini­
mizing the mean squared difference between population coef­
ficients and sample coefficients, minimizing cost and reducing 
future sample prediction problems.

The Forward Selection procedure has been chosen for 
investigation because it is representative of Least-Square 
Estimation Procedures, i.e., variable selection procedures 
which make use of the traditional sample regression weights. 
These procedures minimize the residual sum of squares and 
are the most commonly used selection procedures among edu­
cational and psychological researchers. The Ridge Regression 
and Bayesian techniques are more innovative and have not 
been duly investigated.

The Ridge Regression procedure attempts to deal with 
correlations among predictors in a sample. It does so by 
attempting to diagonalize the intercorrelation matrix X^X 
by augmenting the matrix by a constant k, thus making vari­
able selection easier. The ridge estimates are biased 
estimators but have smaller expected mean square error than
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traditional unbiased least-square coefficient estimates.
The expected mean square error of an estimate means how 
close, on the average, is the squared distance of the esti­
mate from the parameter which is being estimated.

The Bayesian selection procedure has been chosen be­
cause it uses a formal decision-theory approach that leads 
to a minimization of the cost factors. This procedure makes 
use of a conditional predictive distribution in attempting 
to predict future criterion scores from a subset of predictors. 
The investigator then considers the loss incurred when the 
actual criterion scores differ from the predicted criterion 
scores and the loss incurred when using a chosen set of 
predictors. Based on these losses, a decision may be made 
as to which predictor variables should be selected.

Therefore, each procedure will be compared in terms
of the criterion which it uses to select variables and in
terms of the two criteria which the other procedures use.
In addition, all three procedures will be compared in terms
of two other criteria, namely, reducing future sample pre­
diction problems.

The results of this research will be useful to prac­
titioners since they will provide guidelines for deciding 
which technique is most helpful to their specific prediction 
problems. For example, if the monetary cost is very impor­
tant to the investigator, he may decide that if the Bayesian 
selection procedure minimizes this cost it is better than 
the other procedures. On the other hand, if an administrator
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is concerned about the prediction of the criterion for 
future subjects, he may decide that the procedure which 
most consistently predicts the criterion is the best pro­
cedure to use.

Let us now consider in detail the notion of the 
cost and the notion of future sample prediction problems. 
Following this selection we will describe the logic of the 
three variable selection procedures.

Cost

The cost that is incurred when one chooses a set 
of predictors and then "combines" them to predict a depen­
dent variable Y may be defined both as a non-psychometric 
cost and as a psychometric cost. The former is usually the 
cost incurred in collecting data on predictors. For example, 
in some cases such as predicting college performance, 
collecting test score data and interviewing prospective 
candidates incur differential costs— interviewing is far 
more costly than obtaining test score data. In other cases, 
the cost may be uniform if, for example, the predictors are 
each test item responses:.

Psychometric cost refers to the subjective cost to 
the investigator of how important errors in prediction are 
to him. For example, suppose that actual college performance 
is Y = 10 (where 10 is an A college grade-point index), 
whereas the predicted performance is Y = 6 (where 6 is a C 
index). This difference is important. The importance is
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the psychometric cost. We will use the sum of the squared 
difference between the actual and predicted scores as a 
measure of this psychometric cost (this will be discussed 
later).

The non-psychometric cost and the psychometric cost 
are combined to form the overall cost.

Problems Associated with Prediction in Future Samples

The basic problem associated with prediction in 
future samples may be demonstrated by a simple example. 
Suppose we are interested in developing a regression equa­
tion to predict a Y variable from the set of x variables 
(xi, X 2 /... Xp). We draw a random sample of size n and

A A A
compute the sample regression equation Y = BQ + ...BpXp , 
the squared correlation between the actual and predicted 
Y's R2 (y,y), (i.e. the multiple correlation), and the residual 
sample variance s2e = s2y(l-R2). R2 (y^jand s2e are measures 
of how "accurately" the regression equation derived in our 
sample of size n predicts Y in this sample of size n. More 
specifically, R^y) measures the variance shared by the 
actual and predicted Y's, and s2 measures the error in 
variance as a function of the correlation. However, what 
we are really interested in is the prediction of Y for 
future subjects, using the regression equation estimates 
found in the original sample. In other words, we wish to

Adetermine how "accurately" Y predicts Y for future subjects.
Browne (1969) has proposed two measures of the
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predictive precision of a sample regression equation, in
predicting future Y scores. The first measure is the cor-

Arelation between the Y and Y, where this correlation is 
taken over all future subjects. This correlation, which is

A
conditional on the set of weights B computed in the original 
sample, can be expressed as:

(1A) W 2 (Y,X|B) = corr2 (Y, YfX,B) | b )
= (b/  Cfxy) 2 
n-2 • b / ^  bU y  ~ xx- 

9  i •where w^(Y,.X|B) is the squared correlation 
in the population future subjects of Y

A  Aand Y, given B, coefficient weights. That 
is, using coefficients obtained in the 
original sample, w 2 is the squared corre­
lation between the predicted Y's and the 
Y's of the population of future subjects, 

where B is the vector of coefficient weights
obtained from the original sample,

A  , A awhere Y (X| B) is the predicted Y in the popu-
Alation, given B,

where CTv,y is the covariance of x and Y in — xy
the population, 

where or is the variance in the population,y
and

where *2 xx is the X correlation matrix in 
the population.
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That is, the squared cross-validity coefficient, or 
weight validity, is the correlation between Y scores in the

Apopulation future subjects and the predicted Y scores (Y).
AThe Y scores are estimated using the predictors and their 

respective coefficients obtained in the original sample.
The second measure of predictive precision of a 

sample regression equation for future subjects is the mean
Asquared error in a sample, given coefficients estimates B 

computed in the original sample, expressed as:

(IB) D2 (Y, X|B) = E ( [Y-Y(X| B] 2|b )
= 0~2 (YlX) + (B-B) ̂ Cx + (B-B)i>xx (B-B)

where CT (y |x ) is the conditional variance 
of Y, given X scores in the population, 

where (B-B) is the difference between predicted
and actual B in the population. The pre-

A . . .dieted B were obtained from the original
sample,

where Jlx is the vector of x means in the 
population, and 

where is the covariance matrix of xXX
variables.

That is, the mean squared error is equal to the expected 
squared difference between the actual Y scores and the pre­
dicted Y scores in the sample, using coefficients obtained 
in the calibration sample.

One may consider taking an infinite number of samples



2 2to determine the expected value of W and D . The popula-
tion multiple correlation, f - c°rr (Y,Yp0p ), sets an
upper bound to E(W%,X)). In other words, if our original

Asample size was o o  and B = B, then we would achieve this
maximum prediction process in a correlational sense.

2Similarly, the lower bound to E{D (Y,X)) is the mean
squared error achieved in the population, using its popu-

2lation regression equation, i.e. <J~ yj x =
E(Y-Bq -Bj X^....-BpXp)2 = 0~2 (l-p2). By relating E(W2) with
2 2 2 P and E(D ) with E(Y-Y ) we are scaling the quantities.pop

Therefore, it is proposed that two indices be used 
to evaluate the three selection techniques.

(2A) I, = E(W2) ,

This is the expected value of the weight validities 
obtained in (1A), divided by the population multiple cor­
relation. Index I is bounded above by 1, and the closer it 
is to one, the more precise the prediction.

(2B) I2 = E(Y~^p o p )2 = ^ y ^ - P 2) ^  1 
E(D2) E (D2)

This is the population mean squared error, divided
by the expected value of the mean squared errors obtained

2in (2A). Index I i s  bounded above by 1 (since E(D ) is 
always greater than the population mean squared error), and 
the closer it is to one, the more precise the prediction.

The indices 1^ and I2 will be used to evaluate the
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future sample predictive precision in the Forward Selection, 
Ridge Regression, and Bayesian selection of variables.
These indices will be used in addition to the criteria of 
cost, residual sum of squares, and the mean squared dif­
ference between population coefficients and sample coef­
ficients .

Forward Selection

In the Forward Selection procedure, where 
xl' x2' xp variables are used to predict Y, one first
considers the correlation between Y and each x-̂  (r̂ .x ^), 
for i = 1, 2, .... p. One then chooses the variable (xj) 
which has the highest correlation with Y and asks whether 
this variable adds significantly to its regression equa­
tion. In other words, in the model Y = BQ + BjXj + e, 
is Bj = 0?

In order to test for significance, an F-test is 
applied, setting an F value as the criterion. The form of 
the F-test is as follows:

(3) F = ryxj
(1-r2 .)/ (n-2) yx;j

where n = number of subjects.

If the difference is significant, variable j enters 
the model and one then considers whether a second variable 
can enter the model. We examine the semi-partial correlations
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of the remaining variables with Y, with variable par-
tailed out. The variable with the highest semi-partial 
correlation (e.g., x^) is added to the model and this other 
model is compared with the model excluding that variable. 
More specifically, in the model Y = B0 + BjXj + Bkxk + e 
we test Hq : Bk = 0.

Again an F-test is applied to test for significance. 
The F-test is of the form:

(4) F = r2 - r2 .yXjk yxj
(l-r2 ) / (n-2)

jk
pwhere r is the correlation of x. and
yxjk 

x^ with Y, and
pwhere r . is the correlation of x- with Y.Yxd 3

This processs is continued until a non-significant 
F is encountered.

In essence, this procedure finds the smallest number 
of predictors such that the residual sum of squares will 
not be significantly increased.

To summarize, if the variance reduction obtained by 
adding the most highly partially correlated variable to a 
regression equation is significant at a specified F level, 
the variable is included in the model. If the variance 
reduction of the most highly partially correlated variable 
in a regression is insignificant at a specified F level, 
this variable is not added to the regression and the process 
terminates. The F-test, used to test for significance, is
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of the form:

(5) F = ry• 12 p" rj k
(1-r|.12 Pr )/n-2

where 12 p are the variables being
tested in the new model, 

where 12....k are the variables found to 
be significant in the previous model,
(as in equation 4) and 

where n is the sample size.

Ridge Regression Selection Procedure

Ridge Regression estimation and selection procedure 
was first developed by Hoerl and Kennard (1970) and may be 
viewed as a modification of least-squares estimation pro­
cedure. The least-squares estimation procedure will be 
reviewed prior to a discussion of Ridge estimation.

Least-Squares Estimation Procedure

In the least-squares procedure, one considers p 
predictors used in a sample to predict Y in the regression 
model:

(6) Y = XB + e

where Y is an (nxl) vector of the criterion, 
where x is an (nxp) vector of predictor v
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variables.
where B is a (pxl) vector of population 

regression coefficients, and 
where e is a (nxl) vector of residual 

errors.

The least-square estimates minimize the sum of the
squared errors (SSe ) in the sample (otherwise known as the 
residual sum of squares). The sum of squares is represented 
a s :

where B is the (pxl) vector of coefficient 
estimates.

The properties of these estimates are that they are
unbiased, i.e. E(B) = B, and that, in comparison to all 
other linear unbiased estimates of B, the least-squares 
(L.S.) weights have minimum sampling variance. However, it 
is important to note that there exist estimates which, although

or, alternately, in matrix form, as:

(7) 0(B) = (Y-X&)/(Y-XB)

AThe solution for B is:

(8) B = (X^X)-1x/y
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biased, are superior in some sense to the L.S. estimates.
In terms of these sampling variance concepts, Ridge regres­
sion in fact provides such estimates.

Ridge Estimation

Ridge estimation can be viewed as accomplishing two 
purposes. First, it provides estimates (B^) of the coef­
ficients (B) that have a "higher probability" of being 
closer to the coefficients (B) than L.S. weights. To better 
understand this concept, let us consider the expected 
squared distance E (.2 (B^-Bi) 2 ) = E(L2) for both L.S.E. 
and Ridge estimates. The following displays the sampling

Avariance and bias of a least-square estimate (B^) and the
A ̂variance and bias of a Ridge estimate (B^):

Figure 1: Comparison of L.S.E. and R.E.
With Respect to the Bias and Variance

B

L.S.E.

e (£)R.E.

Source: Marquadt, D.W. and Snee, R.D., 1975, p. 5 .

Cow
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In the L.S.E., E(B) = B, i.e. the expected value 
is equal to the population parameter. Hence B has zero 
bias. However, it may be observed that the variance is 
large, which means that the probability of B^ being far 
from B^ is quite high. On the other hand, in the Ridge 
estimate, E(6*) ^ B, so there is bias in the estimate. But 
it can also be observed that the variance is small, so the

A ’fcprobability that B^ is far from B^ is small indeed. It will
be shown that E(L ), the mean square error of an estimate,
is equal to the sampling variance plus the squared bias of the
estimates. Hence, if one is willing to accept some bias,
one may choose estimates, other than L.S.E., such as R.E.,
which have a smaller variance and which are closer to B.
This notion of closeness is quantified in terms of the

2concept of expected squared distance E(L ), synonomous with 
the mean squared error (MSE).

A second goal accomplished by Ridge Regression is 
a reduction of intercorrelations among predictors, making 
the prediction system behave more like an orthogonal system.
In this manner it makes it clear how variables can be selected 
by simply looking at the coefficients $*) to choose the 
best variables. Let us now consider a formal comparison of 
L.S.E. with R.E. to demonstrate the general instability 
(large sampling variance) associated with L.S.E. in compari­
son to R.E.

The variance-covariance matrix in a sample of the 
Ajoint distribution of B is given as:
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.A(9) var(B) = 0 " 2 (X/X)“1

2where CT is the population variance, and 
where X^X is the standardized raw score

matrix so that it is now an intercorrela­
tion matrix.

ALet L = the distance from B to B in a sample. The 
square of L is L 2 = (B-B)/ (B-B).

The expectation over samples is:

(10) E(L2) = CT2Trace (X^X) -1

Since it can be shown that

(11) E(B//B) = B^B + CT2Trace (x/x)-1,

nwe can express E(L ) as:

(12) E(L2) = E(b/b) - B^B

As E(L2) becomes smaller, the expectation of the
A /a  /squared regression vector E(B/B) approaches B'B.

For the error e distributed multivariate normal
2 .with zero means, the variance of L is:

(13) var(L2) = 2 CT 4Trace(X^X)“2

The value of E(L^) can be expressed in terms of 
the eigenvalues of X^X. These eigenvalues are:

(14) = ^  • • - • 2 ^ 0  =
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The above signifies that the eigenvalues, or char­
acteristic roots of the X^X matrix, may be ordered from 
highest to lowest, where ̂ max is the largest eigenvalue
and where ^ mj_n is the smallest eigenvalue.

2 ^The average squared distance E(L ) from B to B, m  

terms of these eigenvalues is:

E(L2) = (T25 ( l / ? V i) .

When the X^X matrix has one or more small eigenvalues,
which often occurs for highly correlated predictors, the 

Adistance from B to B will tend to be large m  expectation
2and will also tend to have large variance; i.e., E(L ) will 

be large.
This is true due to the lower bounds of E(Ii ) and

var(L^), which are CJ~2//\ • and 2 0“^//\2 . , respectively.' ' ' 'vmin ' m m
When the matrix X^X has one or more small eigenvalues, the 

Adistance from B to B will be large. Whenever the predictors 
are correlated, there is a greater probability that small 
eigenvalues would be obtained.

Marquadt and Snee (1975) define the variance infla­
tion factor for each term in a regression model as admeasure 
of the collective impact of the intercorrelations on the 
variance of the coefficient of that term. These variance 
inflation factors are the diagonal elements of the inverse 
of the simple correlation matrix. The authors empirically 
demonstrate how least-square estimators, in an attempt to 
yield unbiased estimators, often produce coefficients with
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large variance inflation factors which do not predict well 
in new data.

ATo summarize, the average squared distance from B 
to B may be large when using L.S.E. for highly correlated 
predictors.

Derivation of Ridge Estimators

The Ridge Estimation procedure augments the main 
diagonal elements of the intercorrelation matrix X^X by a 
constant to yield [x/x + KI]. The derivation of this tech­
nique can be found in Appendix C.

Let us now compare the characteristics of the Ridge 
estimators with those of the L.S. estimators.

Comparison of the Characteristics of Ridge Estimators 
With Least-Square Estimators

When the x's are highly correlated, i.e. when X^X
has one or more small eigenvalues, the expected distance
E (L ) will be large since the sampling variance of each B
will be large in this case. However, by substituting X^X + kl
for x/x, where k is a real number ranging from 0 to°°,
stabilization of coefficients in terms of smaller numerical

2values may be achieved. Thus E(L ) for R.E. (Ridge Esti­
mators) will be less than that for L.S.E. This relation­
ship between E(L2) for L.S.E. and E(L2) for R.E. (herein 

* otermed E(L ^)) can be found in Appendix D.
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Another difference between the R.E. and the L.S.E.
is that the R.S.S. (residual sum of squares) of the L.S.

A  / Aestimates in the sample is 0 = (Y-XB)/ (Y-XB), whereas for
the R.E. it is 0 * (k) = (Y-XB*)/(Y-XB*) =

A / A  A# A / / AJf A(Y-XB)' (Y-XB) + (B-B)' X'X (B-B), where the first term on
the right hand side of the equation is the L.S.E. R.S.S.
and the second term is the increment in R.S.S. due to using
the R.E. Therefore the R.S.S. of the Ridge estimates is
always equal to or greater than the R.S.S. of the L.S.E.

To reiterate, it has been proven that there exists 
k > 0 ,  which yields a mean square error (E(L (k)) which is 
smaller for R.E. than that for the L.S.E. In other words, 
by choosing k ^ O  one can produce estimators (R.E.) which 
have the property that their mean square error is smaller 
than that of L.S.E.

By examining the mean square error properties of 
the Ridge estimator E(L (k)), one can qualitatively inter­
pret the relationship between the variances of the para­
meter estimates, the squared bias, and the parameter k.
The mean square error of the Ridge estimates is :

(15) E(L2*) = E[L2 (k) ]
= E [(B*-B)/ (B*-B)]

The mean square error is the sum of the variances 
of the parameter estimates and the squared bias. The vari­
ance decreases monotonically as k increases, while the bias 
increases monotonically as k increases. Hence in choosing
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k > 0 ,  one may reduce the variance, despite some bias, 
thereby minimizing the mean square error.

To illustrate this, one may plot mean square error 
functions for different values of k to compare Ridge 
estimator mean square error with L.S.E. mean square error, 
as follows:

Figure 2: Mean Square Error Functions

Bias-Squared

Least Squares

Variance

•K
Souf'c^: ' HoefT, 'A.'£,"~"ahd' K."W. ,' 19'7'0", p 16'1 '.

The horizontal line is the mean square error of the 
L.S.E. The broken line is the mean square error of the R.E. 
The monotonically increasing curve is the squared bias which 
can be observed to increase as k increases. The monoton­
ically decreasing curve is the variance which decreases as 
k increases. The mean s.e* of the L.S.E. is a constant
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since it does not change for different values of k. On 
the other hand, increasing k slightly minimizes the mean 
square error of the R.E. since the mean square error is 
the sum of the variance and the bias. It may also be 
observed that there are many values of k for which the 
mean square error of the R.E. is less than that of the 
L . S . E •

Choosing a Value of K

While the value of k cannot be determined explicitly 
from the theoretical formulation of the mean squared error 
function, more than one strategy has been proposed to select 
a value for k.

Hoerl and Kennard (in written communications, 1975) 
propose estimating k a s :

(16) k = p<T2
m

Using a computer-simulation of data, with the esti­
mate of k cited, they report that when using the above esti­
mate the mean square error is uniformly less for Ridge esti­
mators than for least-square estimators, under a variety of 
data-generating parameters.

An alternate procedure suggested by Hoerl and Kennard 
(1970) for estimating k is to examine the Ridge trace, a 
two-dimensional plot of the B^(k) and the residual sum of 
squares, 0 * (k), for different values of k, usually within
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the interval of 0 to 1. The Ridge trace displays the R.E. 
coefficients for different values of k. A value of k is 
chosen which is the smallest value for which coefficient 
estimates do not change drastically, thereby reducing the 
variance of the estimates without too much bias.

In summary, the following practical benefits from 
Ridge estimation procedures may be accrued:

1) For a particular k value, the system will 
stabilize (i.e. the variances of the parameter 
estimates will decrease) and have character­
istics of orthogonal systems such as non-small 
eigenvalues. That is, although the predictors 
are highly correlated in the sample, choosing
k > 0 reduces the correlation between predictors 
so that the system behaves like an orthogonal 
system. This allows the researcher to observe 
which predictors are best included in the predic­
tion system.

2) Regression coefficients will not have unreason­
able absolute values with respect to variables 
which are highly intercorrelated. That is, by 
augmenting the X^X matrix, the squared regression 
coefficient vector B*/&* will be smaller.

3) Coefficients with incorrect signs when k = 0 
may change to the proper sign. Often in real 
data problems, coefficients are observed with a 
negative sign which the researcher knows should
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be positive. The R.E. procedure corrects for 
this.

4) The R.S.S. may not inflate to unreasonable 
value, i.e. it may not be large relative to 
the minimum R.S.S. By comparing the Ridge trace 
at k = 0 with other values of k, the researcher 
is cautious not to choose too large a k, for 
this would have a large R.S.S. and hence too 
much bias.

Ridge Regression; An Example

Two empirical studies analyzed by Hoerl and Kennard
(1970) demonstrate how the Ridge trace can be^utilized for
a given set of data. The first study, utilizing Gorman
and Toman's (1966) data, reveals that E(L ) = more than
three times what would have been obtained for an orthogonal
system. That is, if the X^X matrix were uncorrelated and

2hence a matrix with O's in the off-diagonal, E(L ) would 
be p 0“^. The second study, an analysis of Jeffers (1967) 
data, also leads Hoerl and Kennard to conclusions identical 
to that of the first study.

For the Gorman and Toman data (see Appendix A),
Hoerl and Kennard compute the eigenvalues of x/X as follows:

IIrH 3.692 * 5 - .972

to II 1.542 * 6 - .659 = .152

^ 3  = 1.293 IIl> .357 ^  0 = .068

II 1.046 II00
<< .220
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<2(1/^. ) = 33.825 
1=1

Therefore, E(L2) = 3 3 .8 2 5 CT2

This is more than three times what it would be for
P

an orthogonal system since ^ ( 1 / A J  = p for an orthogonal
l-l x

l 2system and E(l/) = 10 . This is due to a large number
of significant interfactor (factor is used synonomously 
with variable) correlations which are reflected in the 
eigenvalues.

The Ridge trace is as follows:

Figure 3: Ridge Trace With Ten Variables

(circled numbers refer to the respective variables)
.to

A*

•.30

SSE

- .E0 SSE

Source: hoerl, A «E , and Kennard, k , w *, T9 70'," 'p. T. 
The different values of 15* displayed in the Ridge

trace have been computed using different values of k for 
B* = [X^X + kl]_1 x/y .

At k = 0, the L.S.E. coefficients appear to be over­
estimated since they are larger than for k > 0 ;  also, since
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the estimates change considerably for different values of 
k, they can be said to be unstable. Variable 5 changes sign 
for k^>0, and variable 6 decreases very rapidly; variable 1 
seems to have been underestimated at k = 0 since it in­
creases for k ^ O .  Variable 7 also seems to be overesti­
mated and approaches zero. Variable 5 has a negative 
coefficient with the largest absolute value. But for 
k ^ O ,  variable 5 goes to zero and eventually becomes posi­
tive. Variable 6 also decreases rapidly but stabilizes 
and does not go to zero. Variables 5 and 6 have a corre­
lation of ,84r which indicates that they are almost iden­
tical. Thus it is surprising that their effects are oppo­
site in sign. This is due to a covariance of -4.33 which 
forces them apart to produce opposite signs. At k = 0, 
variable 1 is the second least important negative factor.
But as k > 0 ,  it increases in absolute value. This is due 
to the correlation of variable 1 with the other variables. 
Since the other negative variables are overestimated at 
k = 0, for k > 0  variable 1 becomes the most important nega­
tive variable. Variable 7 is overestimated and goes to zero.

Thus the Ridge trace portrays, as the intercorrela­
tion among the x's is decreased, i.e. k is increased, which 
variables.do not hold their predictive power. One can ob­
serve which variables change drastically or whose effect is 
negligible in the overall regression equation and are not 
likely to be effective predictors in other samples.

For .2 4.k .3, the prediction system is stable and
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may yield estimates closer to B than L.S.E. coefficients. 
Therefore, by choosing k = .25, one obtains the following 
Ridge estimates for the unknown population weights (B):

0*
1 -.295 A*

6 “ .325

*5 - -.110 A*
B7 = .05

£*3 = -.245 A*
B8 = .24

A*
B 4 “ - .05 A*

9 “ .125
R* -5 " - .04 A*

B10 “ .125

Ridge Regression Subset Selection: An Example

In order to determine which factors should be deleted, 
one examines which variables or factors do not hold their 
predictive power, i.e. are not stable across k. While sev­
eral criteria (_s.ee p. 26) exist for deter­
mining which variables are not stable, Hoerl and Kennard 
use one criterion, as follows: Factors 5 and 7 are unstable 
since, for k > 0 ,  they approach zero. A new Ridge trace, 
with factors 5 and 7 deleted, is:
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Figure 4: Ridge Trace, Ten Factor Example
With Variables 5 and 7 Deleted

(circled numbers refer to variables)

.45

.25

*
.051

-.05

-15

-3 5

___________________ ___________ K_______ ____________________________
Source: Hoerl, A. E. , and Kennard, R.W. , 1970, p. 74.

Overestimations and instabilities present in the 
full system are dampened when these variables are deleted. 
Hence the new subset would not include variables 5 and 7.

Three criteria may be applied to discard variables:
1) Those variables that converge near zero (since 

they are ineffective),
2) Those variables that change signs (since they are 

unstable), and
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3) Those variables that drastically change in
absolute value (since they, too, may be unstable).

Any or all of the above criteria may be used to 
delete variables. Once the variable has been discarded, the 
investigator may either a) choose k = 0 in estimating the 
coefficients such that B* = (X^X) ^X^Y, where X^X is the 
reduced correlation matrix, after the variables have been 
deleted, or b) refine his estimation by computing a new 
Ridge trace to find a value of k where the coefficients 
are stable, or c) refine his estimates by using an explicit

A t /estimate of k such as p CT^ to augment the reduced X' X
b */b *

matrix (i.e. the original matrix which, let us say, con­
sisted of ten predictors, now consists of six predictors).

We will use procedure (c) as our Ridge estimation 
procedure. This procedure first uses the Ridge trace to 
select variables and then uses an estimate of k to refine 
the coefficient estimates. This procedure has been chosen 
because the Ridge trace allows one to select variables, and 
once they have been selected, an estimation of k, to re­
fine the variables, is easy to apply.

Bayesian Selection of Predictors

The third approach, a Bayesian one, was conceptualized 
by Lindly (1968) f who defined the problem of selecting vari­
ables for the prediction of a criterion in a Bayesian frame­
work. To provide the reader unfamiliar with the principles
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of Bayesian statistics with a rudimentary understanding of 
this statistical theory, a brief description ensues.

Bayesian Statistics

Suppose one wished to determine the number of stu­
dents in some population who require remediation. In attempt­
ing to answer this question, the classical statistician 
would draw a random sample from the population to determine 
the percentage which needs remediation and use that sample 
percentage as an estimate of the number of students in the 
population who require remediation. He could either use 
that percentage as a point estimate, place confidence inter­
vals about that estimate, make hypotheses, or use some 
combination of these alternatives.

The Bayesian statistician would also represent the 
probability of observing his sample results in the form of 
a likelihood function. The likelihood function refers to 
the data-generating process or sample data. This distribu­
tion is the probability of obtaining these sample data, if 
the parameter were known. However, he could also assess his 
a priori beliefs about what the parameter values are in the 
form of some probability distribution. This prior distribu­
tion refers to the discrete or continuous probability distri­
bution, or simply the beliefs about the parameter values, 
prior to current observations (sample data). This prior 
distribution may be subjective. Classical statisticians 
take issue with the use of subjective priors, which they
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feel are not objective measures. Bayesians, on the other 
hand, rebut that the classical statisticians also implicitly 
assign prior values, while only Bayesians quantify these 
values. When a priori beliefs are uncertain, the prior 
distribution may be represented as a uniform distribution. 
Such a distribution is non-informative and has been termed 
"indifferent" or "diffuse" relative to sample data. In such 
a case, the sample data "swamps" the prior distribution be­
cause results are solely based on sample data. By combin­
ing a priori beliefs with sample data, the investigator com­
putes a posterior probability distribution, which enables 
him to make probabilistic statements about the parameters, 
given the data. Although the results will not differ from 
the classical approach when a diffuse prior is usedy interpre­
tation of the results will differ.

In the example above, suppose that a sample of five 
was drawn in which one student needed remediation (p = .20). 
For simplicity, let us assume that the percentage (P) in 
the population which needs remediation can only be one of 
four values: .01, .05, .10, or .25. Table 1 indicates for 
different values of P, the prior probabilities of such 
values, the likelihood and the posterior probabilities.
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Table 1; Bayesian Example 
of a Probability Distribution

Prior Prior x Posterior
P Probability Likelihood Likelihood Probability
.01 .600 .0480 .0288 .232
.05 .300 .2036 .0611 .492
.10 .080 .3280 .0262 .212
.25 .020 .3955 .0079 .064

1.000 .1240 1.000

For example, the investigator may feel that the 
probability of P = .01 is .60. Upon observing his data, 
the researcher finds that the probability of P = .01 is .0480. 
The conditional posterior probability of P = .01 is found 
to be .232. Thus the incorporation of sample data has 
altered his belief (from .0480 to .232) as to the proba­
bility that P = .01.

The investigator can now use these revised proba­
bilities in making inferences or decisions (this will be 
discussed later). In addition to the posterior distribu­
tion, the investigator may also be interested in making pre­
dictions about a future sample outcome before this outcome 
is actually observed. These probabilities associated with 
future outcomes are expressed in the form of a probability 
distribution known as the predictive distribution. In the 
example above, suppose that one wished to determine the 
probability that an (n + l)st, i.e. a sixth, subject would 
need remediation. This probability would be the sum of the
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products of the likelihood that the subject would need 
remediation, given a state-of-the-world, and the posterior 
probabilities. Thus, the posterior predictive probability 
that the future outcome would need remediation is:

Pred (future outcome = 1) = L(0=outcome=l P=.01) (P"(P=.01)
+ L (0=1 P=.05)P"(P=.05) +
L (0=1 P=.10)P" (P=.10) +
L (0=1 P = .25)P" (P=.25)

= (.01 x .232) + (.05 x .492) + 
(.10 x .212) + (.25 x .064)

= .0850
L = likelihood
The posterior predictive probability that a sixth sub­

ject selected would need remediation is therefore .085.
In suing the posterior or predictive distribution 

to make inferences, the Bayesian can employ a formal decision- 
theory framework. By combining knowledge concerning the 
values of the parameters (states-of-the-world) with the 
decisions to be made under respective circumstances, the 
Bayesians may express a utility function. This utility repre­
sents the intrinsic importance to the decision-making of any 
decision occurring in conjunction with any state-of-the-world.

In the example cited previously, the state-of-the- 
world is the percentage of students needing remediation. The 
actions may be to remediate the population or not to remediate. 
Suppose the utility of any decision is expressed in Table 2.
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Table 2: Utility Function: An Example

State-of-the-World 
(percentage needing remediation) 
.01 .05 .10 .25

Remediate
Action:

Do Not Remediate

The utility of remediating the population can be 
observed to increase as the percentage of students need­
ing remediation increases. On the other hand, the utility 
of not remediating decreases as the percentage of students 
needing remediation increases. In order to determine the 
expected utility of any decision, one sums the products of 
the probability of a state-of-the-world with its respective 
utility. One can then choose the decision which has the high­
est expected utility. Since the utility of a decision may 
be defined as the converse of the loss of a decision, one 
seeks to choose the decision which has the lowest expected 
loss.

In conclusion, there exist salient differences in 
outlook between the Bayesian and non-Bayesian statistics. In 
the former, parameters are random variables, while in the 
latter, statistics are estimates of parameters of fixed value. 
The Bayesian may incorporate his prior knowledge about the 
parameters by combining prior distribution with current sample 
data to form posterior distributions of the parameters. When

0 1 10 100
100 10 1 0
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his prior knowledge is diffuse, or indifferent relative to 
current sample data, the use of an indifferent prior in 
combination with sample data yields distributions similar 
to those obtained by non-Bayesians.

We shall now employ this Bayesian framework in dis­
cussing our specific problem, that of selecting a subset of 
variables.

Bayesian Selection

In the Bayesian approach to variable selection, one 
considers the prediction of the Y scores of a future sample 
of subjects from a set of X scores. The problem of variable 
selection is to decide which X variables we should observe 
and which X variables we should not observe in the future 
sample. Thus, the predictive distribution of the Y's and 
X's will play a central role in the Bayesian model. Let us 
now consider each step of the Bayesian model.

Initially we observe a sample from the population.
It is assumed that the data-generating process, or likeli­
hood function, is a multivariate normal distribution with 
parameters^, and-S . Thus, k x-variables are weighted with 
coefficients B so as to predict the Y variables. Then the
researcher assesses his prior beliefs in the form of a prior
distribution. Let us assume that our prior beliefs are not 
strong about what the mean v e c t o r ^  of X and Y, as well as
the variance-covariance matrix £  of Y and X , are. The prior
distribution would be represented as a diffuse prior. The
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likelihood function may then be combined with the prior 
distribution to yield a posterior distribution of JJ* and-2 , 
given the mean m and variance-covariance V of the sample.

In order to determine the predictive distribution 
of future outcomes of X and Y scores, a joint probability

rJ rJof future outcomes (Y and X) is established. The posterior 
predictive distribution of future outcomes is obtained by 
integrating over the values of / and 2  . This distribution 
is a multivariate t-distribution. The conditional distri­
bution of Y, given X-̂ , X 2 , ... is also a t-distribution. 
Given the value for k potential predictor variables 
(X-jy .... X^) for a future subject, a decision needs to be 
made as to how this X information will be used to predict 
Y. We can denote the predicted Y in general as f(X^, ... X^). 
The loss resulting from a given decision consists of two 
parts. The first is the monetary loss (incurred by using 
a chosen set of predictors). The second component is a 
psychometric loss which results when the actual Y does not
equal f(X^, ... X^). A quadratic loss function

2(Y-f(X^, ... Xk )) will be used to represent this loss.
The problem may now be formulated more precisely 

in the following manner: Since a priori strengths of
beliefs about the parameters are vague, the prior probability 
distribution function (p.d.f.) of the mean vector (/u ) is 
diffuse and may be represented as:

(17) P { Jll) oC constant

The prior p.d.f. of the variance-covariance matrix is also
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diffuse and is represented a s :

(18) P ( £ )  1
V 2

The joint prior p.d.f. of jx. and is given as

(19) p/ (,£.,£),£ 1_
k + 1

The likelihood, upon drawing a sample of X's and 
Y's from a multivariate normal distribution, may be repre­
sented a s :

(20) n

i=l

exp[-l(0i-/M ) /<S ~1 (0i~ A )  J

where 0^ = XjJ / the individual Y and X scores.

By combining the prior p.d.f. with the likelihood 
function, one finds that the joint posterior probability of 
JjL and , P i s  a Wishart distribution, the marginal 
distribution o f //. is a multivariate normal distribution, and 
the marginal distribution o f ^  is a Wishart distribution.

It is necessary to determine the predictive distri­
bution of a future set of n observations of Y and X from a 
multivariate normal distribution, given the results of the 
previous n observations.

This future data is denoted as:



The posterior predictive probability is the product of the 
posterior probability and the likelihood function, integrated 
over JJ? and ̂  .

The resulting joint posterior predictive distribu­
tion Pred(Y,X) may be rewritten as Pred(Y, Xj, Xj), where 
X has been partitioned into subsets X and X . This pre-X J
dictive distribution is a multivariate student t-distribu­
tion (Ando and Kaufman, 1965) with n-1 degrees of freedom, 
whose mean and variance are:

aJ ps(21) E(Y, Xx , Xj Y, Xj , Xj ) = m

where m is the sample mean, i.e. m =
X-I
X

l Y-
where Y, Xj, Xj are the Y and X scores 

observed in the first sample.

(22) and V(Y, Xj , Xj | Y, Xj , Xj) = nV
n-2

, and

where V is the sample variance-covariance 
matrix, and 

where n is the number of S's.

Let us now consider the effects of weighting the 
X's to predict Y. More specifically, if we choose only some 
of the X's (set Xj) and weight them using a function f(Xj)t
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the loss due to choosing set Xj as some weighting of X, 
f(Xj), is

X
rJ  /  rJ /O J2L p S 2(23) L = (Y - f (Xj) ) (Y - f(Xx)) = S il-Ij)

i'l

Lindley attempts to include the cost of the various 
predictor variables in the above loss function. Denoting 
the loss due to the cost of gathering information on a set 
I of the X variables as C , the overall loss from predicting 
Y to be f(Xj) is:

(24) L = j> (Y^ - f (Xj))2 + Cj

The problem then is to choose a set I of the pre-
/*■>dictors and a method of weighting them (f(Xj)) such that L 

is minimized. This is the Bayesian approach.
In determining how to select the best set of vari­

ables and determining how to weight them, we need to con­
sider the loss function in conjunction with the set of all 
possible "decisions" and states-of-the-world. The set of 
all decisions represents all possible ways of choosing X's 
and weighting them. The relevant states-of-the-world are 
the Y scores associated with the chosen X values. This is 
illustrated in Table 3.
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Table 3: Losses Associated With the Consequence of
a Decision for a Given State-of-the-World

Predictive Probabilities ofState-of-the-World
. / \ )  sv  . /0 /si * ^PUIX-l) P(Y|X ) ... P(Y|X,)

Decisions:
f (xi)

f(X2)

rof (XI)

--------m

'

■*

. - .. ...

where f(X^) is the decision to select vari- 
ables X^ and weight them in some manner,
and

where P(y Jx ].) is the predictive distribution 
of Y, given a selected subset of vari-
ables Xj.

For each decision, one may compute the expected loss 
for that decision by averaging the loss over the predicted 
distribution. In order to minimize the expected loss, one
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selects the subset which has the smallest expected loss.
In order to find the loss incurred by selecting a 

particular set of X's (Xx) , one must consider the following:

(25) L [ (Y-f (Xx) )2| Xx] + C x

where f(X ) is the decision to select vari­
ables Xx , and 

where C is the cost of predictors Xj.

This expression is the loss incurred by deciding to
select a particular set of X's and thereby erring in the
prediction of Y scores (psychometric loss) plus the non­
psychometric loss.

The expected loss for a particular set of X's (X^) 
is expressed as:

(26) EL [ (Y-f (XI )2|XI] + CI

This expected loss is the average squared difference between 
the actual Y's and the predicted Y's, given the particular 
subset of predictor variables X j , plus the non-psychometric 
cost of the predictors.

In order to minimize this expected loss, one may uti­
lize the fact that the mean squared error is least about

r J  A /  rsjthe mean. As stated previously, the Y, the X ' s  and the X ' s-L u
jointly have a multivariate t-distribution. From this joint
distribution of Y, X _ , and X, we need to consider the condi-I

rJ aJ
tional predictive distribution of Y, given X . The form of 
this conditional distribution is also a multivariate
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t-distribution which can be clearly seen by considering an 
example.

Let us consider the simple case where and Xj 
each contain one variable, X^ and X , respectively. We 
may partition the mean vector and covariance matrix as 
follows:

mi =
Y
rsj

X,
SSy SPy*i

ssx.

rJ r±
xn2 = x2 = [x2] V 12

SP'yx.
ss

X1X2

V =
V11 V 12
V,21 V22

V = [SS 1 22 1 x2J

The marginal distrubtion of Y and X^ can be shown 
to be (De Groot, 1970) a multivariate t-distribution with 
n degrees of freedom, with mean vector m^ and covariance
matrix V11 *

rJThe conditional distribution of Y, given X-̂ , accord­
ing to De Groot (1970), is a t-distribution. The conditional 
distribution has (n+1) degrees of freedom. The mean vector 
is equal to:

(27) Y + SPvv /SS
Y 1 X1

The variance of this conditional distribution is:

(28) n + £  (xi~x1) 
n + SSX t

(SS - SP T )yxi
ssX-,
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~  ,2Since S ( X  -X.) = SS , the above expression is1 1
equal to:

(29) (SS - SP2 ) = RSS.. .y yxi' 1
SSx^

This expression is the R.S.S. resulting from using 
variable X^ to predict Y. The values in this expression are 
obtained from the data in the first sample. The variance of

tJ nJthe conditional distribution of (Y| X^) is also the expected
rO.  ̂ /"0loss resulting from using E(Y|X-^) to predict Y from X^.

Therefore, the minimum expected loss in using 
variable X^ is equal to: R.S.S.^

where R.S.S. is the residual sum of squares 
using variable X^, obtained in the first 
sample, and 

where C-̂  is the cost of using variable X ^

The minimum expected loss in using variable X 2 

is equal to: R.S.S,^ + ^2

where R.S.S .2 is the residual sum of squares 
using variable X2 , obtained in the first 
sample, and 

where C i s  the cost of using variable X2 -

This result may be generalized to the cases of more
than one variable in set Xj and more than one variable in
set X , as cited in De Groot (1970) and Lindley (1968).J

Lindley's expression for the expected loss is actually
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an opportunity loss, i.e. the loss incurred by using the 
X variables minus the minimal loss incurred by using all 
of the variables.

Lindley denotes this opportunity loss as R(J:I),
where:

V

(30) R(J:I) = Rj - RSS

where R is the residual sum of squares due 
to using subset I, and 

where RSS is the residual sum of squares 
using all the variables.

This quantity can vary from 0 (when R = R.S.S.) to 
R (when R.S.S. = 0). Thus, as the difference between the 
total R.S.S. and the subset R.S.S. (Rj) increases, the psycho­
metric cost increases.

Since the loss is the sum of the psychometric loss 
and the monetary loss, one may represent this loss as:

(31) R(J:I) + non-psychometric cost.

Let us now consider the determination of the monetary 
cost of subsets of variables. This will be made clearer 
by investigating an example. Suppose that there are 3 vari­
ables in a set (k = 3) and we wish to select a subset of 
p variables (p 3) from this larger set. Let us say that 
for a particular subset size (i.e. number of predictors), 
there is a corresponding residual sum of squares. That is,
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for p = 3 R! " 10

P = 2 RI 12

P = 1 E! “ 14

P = 0 RI = 20

We may consider different measures of the non­
psychometric cost and observe how they are related to the 
psychometric cost.

Table 4; Psychometric and Non-Psychometric Costs 

____________Non-Psychometric CostPsychometric
Cost /I

P Ri Rj-RSS p • RSS
Pk • RSS P

k • ,/RSS P 0 k • y Rss
P -----
2k •y RSS

P \  3k • RSS

0 20 10 0 0 0 0 0 0
1 14 4 10 3.3 1.1 .7 .55 1.1
2 12 2 20 6.7 2.2 1.4 1.1 2.2
3 10 0 30 10 3.2 2.2 1.6 3.3

6^

Very clearly, measure 1 indicates that the monetary 
cost has a much larger scale than the psychometric cost.
While measure 2 indicates that the non-psychometric cost has 
a scale somewhat equivalent to the psychometric cost, this 
may not reflect the practitioner's assessment. The practi­
tioner often feels that an error in prediction is greater 
than the non-psychometric loss of gathering additional data. 
Measures 4 and 5 indicate that the psychometric cost is much 
smaller in scale than the non-psychometric cost. Therefore, 
we shall choose measures 3 and 6 as the non-psychometric cost
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since they attribute a greater scale to the psychometric 
cost, which reflects the practitioner's typical assessment 
of the relationship between the two costs. Hence, we shall 
let first the monetary cost equal

P  _______
k * / R.S.S.

Then we shall compare these results to those when the 
following non-psychometric cost is used:

’ R.S.S.

Therefore, one attempts to minimize this loss.
This expression may also be written as:

(32) minI R(J:I) + C

where R(J:I) is the reduction in sum of
squares due to selecting Xj = (RSSj - RSS), 

where C^ is the cost of predictors I,
Cj = £  C± , and 

where are the cost of predictors in the 
subset.

Therefore, the Bayesian approach is intimately re­
lated to the utility or cost of the selection of a particular 
subset of predictors, not merely to the existence of differ­
ences between the R.S.S. Nonetheless, Lindley's approach 
can be shown, under certain circumstances, to be a modifica­
tion of L.S.E. comparison among all subsets, from an applied
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viewpoint. In theory, of course, the two approaches are not 
so readily reconcilable.

For example, in the Gorman and Toman 2 variable case 
data (see Appendix B ) , the optimum solution to the predic­
tion problem is the selection of I predictors which satisfy

min^. [R(J:I) + C^]

Using the data,

RSS, = 10.0712
RSS-ĵ = 12.48

RSS 2 = 11.23

where RSS12 is the R.S.S. using both 
variables, 

where RSS^ is the R.S.S. using only 
variable 1, and 

where RSS^ is the R.S.S. using only 
variable 2.

When one uses only variable 1,

RSS1 - RSS12 = 12.48 - 10.07 = 2.41.

When one uses only variable 2,

RSS2 - RSS12 = 11.23 - 10.07 = 1.16

Using variable 1 + 2  yields:

RSS12 - RSS12 = 10.07 - 10.07 = 0.
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Using neither variable 1 nor variable 2 yields:

RSS12 - 0 = 10.07 - 0 = 10.07.

When the non-psychoxnetric cost is equal to p v/ r 7sT sT:
k

Using variable 1: R(l:2) + Cj = 1.16 + 1.6 = 2
Using variable 2: R(2:l) + Cj = 2.41 + 1.6 = 4
Using both variables: R(0:l,2) + Cj = 0 + 3.2 = 3.
Using neither variable: R(l,2:0) = 10.07

Minimizing this loss would lead to using variable 1 
as the best subset.

Review of the Literature

Numerous techniques have been published which at­
tempt to select a subset of variables from a larger set 
of variables. Our study deals only with the Forward Selec­
tion, Ridge Regression, and Bayesian selection procedure. 
The Forward Selection procedure was chosen because it is a 
popular approach and can be used as the basis for compar­
ison with, the latter two approaches which are innovative.

Nonetheless, literature has been cited with respect 
to the following procedures:

1) Comparison of all possible regressions
2) Forward Selection
3) Backward Selection
4) Combination of Backward and Forward (Stepwise)
5) Factor Analytic

.76

.01
2
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6) Mallows' Cp
7) Ridge Regression
8) Bayesian Selection

Although many of the procedures have not been compared 
with one another, where comparisons have been investigated, 
results are reported as well.

Comparison of All Possible Regressions

Comparison of all possible regressions has been
investigated by Morgan and Tator (1972) , Aitkin (1974),
Allen (1971), and Spjotvoll (1972), using F-tests to deter­
mine which subset yields the smallest residual sum of squares 
or mean prediction error. Basically, the approach entails 
computing 2 (where k is the number of predictors) multiple 
regressions, i.e. the multiple regression for each and every 
combination of predictor variables to ascertain which has 
the smallest R.S.S. or mean prediction error. However, such 
comparisons may be undertaken only when the number of predic­
tors k is small. Since the number of all multiple regressions

jr t tis 2 , for large k, comparison of all possible regressions 
is a prodigious task.

Forward Selection

Numerous Forward Selection techniques have been de­
vised to select a subset of predictors from a larger array 
of predictors. Approaches by Wherry (1940) , Dwyer (1945),
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Summerfield and Dubin (1951), Davies (1958) , and Brownlee 
(1965) choose one predictor at a time in an experimental 
sample which provides the largest "incremental validity," 
i.e. increase in the multiple correlation. The first pre­
dictor chosen is the one which has the highest correlation 
with the criterion. The second predictor selected is the 
one which, together with the first, gives the highest correla­
tion with the criterion. Additional predictors are chosen 
in this way until the F-test indicates the addition of vari- 
ables does not add significantly to the multiple R . How­
ever, these methods do not take into consideration that the 
intercorrelation among predictors may mean that a configura­
tion of certain variables may yield a higher multiple cor­
relation. Also, once a variable has been included it can 
no longer be deleted.

Backward Selection

In the Horst and MacEwan (1960) and Mantel (1970)
approaches the investigator initially includes the entire
pool of predictors. Predictors are sequentially eliminated
which in combination with all the others contributes least
in predictive value for the criterion. The second measure
eliminated is the one which in combination with the remaining
p-1 predictors contributes least in predictive value for the
criterion. Dropping one variable at a time, the procedure
is continued until the F-test indicates that the deletion of

2variables significantly reduces the multiple R .
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Stepwise: Combinations of Backward
and Forward Selection

Combinations of the two previous approaches are pos­
sible, whereby one may successively add or delete variables, 
according to some specified criteria. This has been termed 
Stepwise procedure, developed by Effromyson (1960). The 
Stepwise procedure starts with the simple correlation matrix 
and enters into the regression the predictor variable most 
highly correlated with the criterion. Using the partial cor­
relation coefficients, it selects as the next variable to 
enter the regression that predictor variable whose partial 
correlation with the criterion is highest. Given the new 
regression equation, the procedure determines the contribu­
tion that the first variable would have made if the second 
variable had been entered first and the first variable added 
second. If the partial F is statistically significant at a 
specified ot level, the first variable is retained. The Step­
wise procedure then selects the next variable to be included, 
that is the most highly partially correlated with the criterion. 
A new regression is now determined by least-squares. Par­
tial F-tests for the first two variables are computed to 
determine if they should remain in the regression. This pro­
cedure continues till the addition of a variable is non­
significant on the basis of the partial F-test, at which 
point the process terminates.
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Comparison of Forward and Backward 
Selection Techniques

Comparison of Backward and Forward techniques has 
been undertaken by Lord and Novick (1968) , who report that 
the respective techniques do not always lead to the 
selection of the same subset of predictor variables. For 
example, in the case of a set of ten predictors, the Forward 
Selection procedure may select variables 1, 3 and 10, whereas 
the Backward Selection procedure might select variables 
9 , 7 ,  3 and 6.

Factor Analysis and Principal Component 
Approaches to Variable Reduction

Factor Analytic approaches do not eliminate or 
reduce the numbers of predictor variables but rather form 
linear combinations of the original variables. Horst (1941) 
derives regression equations in terms of the principal com­
ponents of the predictors and for an underlying factor analy­
sis model. Herzburg (1969) and Jeffers (1967) have also 
found the use of a relatively small number of principal com­
ponents as composite predictors to be quite effective when 
the number of predictors is large relative to the calibra­
tion sample size.

But as stated before, Factor Analytic approaches and 
some Principal Components procedures necessitate collecting 
data on all the predictor variables. Therefore, it is
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preferable to use approaches which do not require collecting 
data on the entire set of predictors.

Burket (1964), utilizing 29 predictor variables, 
compares Forward Selection, Backward Selection, use of 
largest principal components of the predictor intercorrela­
tion matrix, i.e. the best least-square approximation to the 
predictor intercorrelation matrix, use of the smallest prin­
cipal components, i.e. the best lower-rank approximation 
to the inverse of the intercorrelation matrix, and the use 
of principal components yielding the highest multiple cor­
relation with the criterion. Weight validities were com­
puted by determining the correlations between predicted 
and observed scores in the new samples. His results sug­
gest that the method of largest components was theoretically 
and empirically superior to the other methods. Largest 
principal components yielded more accurate weight validi­
ties, especially in small samples, than did principal com­
ponents having the highest multiple correlation with the 
criterion.

Comparison of Factor Analytic and Principal Component 
With Backward and Forward Selection

Rock, Linn, Evans and Patrick (1970) use a Monte 
Carlo simulation of data procedure to generate sample cor­
relation matrices of differing sample sizes from each of 
two population correlation matrices (one having high inter­
correlations, the other having low intercorrelations). They
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compare four techniques: Forward Selection, Backward Selec­
tion, and two Factor Analytic techniques. The first Factor 
Analytic procedure is the Component Predictor Elimination 
method, which requires the sequential application of Princi­
pal Component analysis to the predictor correlation matrix 
and elimination of one predictor correlation matrix and elim­
ination of one predictor after each component analysis. The 
predictor that has the largest loading on the characteristic 
vector associated with the smallest latent root is elimi­
nated after each successive principal component analysis.
The second Factor Analytic method is the Collinearity method, 
which successively eliminates from the predictor matrix the 
variable which most closely approximates a linear function 
of the remaining variables. The variable that has the high­
est multiple correlation with the remaining P-l predictor 
variables is eliminated first, then the variable with the 
highest multiple correlation with the remaining P-2 predictor 
variables is eliminated. This procedure is applied success­
ively.

The four selection techniques were used for each of 
60 calibration sample correlation matrices. Weight validi­
ties were computed by using the raw data for the population 
correlation matrices as if they were cross-validation samples. 
Average weight validities for each sample size and popula­
tion matrix were used to evaluate the selection techniques.

Results indicated that the Forward and Backward Selc- 
tion procedures did as well or better than the Factor Analytic



approaches. The Forward Selection procedure yielded the 
best results for the small sample size.

Mallows 1 Cp

Mallows (1964) suggests utilizing as a criterion 
the standardized total squared error, which is a function 
of the residual sum of squares, the number of predictors in 
a subset, and the sample size.

In mathematical terms, the total squared error is:

N A  N
JE. (B. - B.) var (Y .)
j=l D 3 j=l 3

where Bj = expected value from the true 
equation,

Awhere Bj = expected value from the fitting 
equation,

where (Bj - 1̂ .) = bias at point j, and
where £,(B. - B .) 2 = SSD .

3 J B

When the total squared error is standardized, one
obtains:

P  = SS- N
P ___£ + 1 var (Y)

<j-2 2 i=l

2Since var(Y) = p 0" , the above equation reduces to:
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The residual sum of squares (R.S.S.) from a p-term 
equation has the expectation:

E (RSS ) = SS„ + (N-p)<T2 P B

Rewriting this equation for SSg,

SS = E (RSS ) - (N-p)<T2
B  iu

Substituting this expression in the equation for P r
yields:

rp = e (Rssp) . (N.p) + p
<j~2

or simply,

°P Rf SP - (N-2p) ,
c r 2

where RSS is the residual sum of squares for 
P

a subset of p predictors,
,A 2 2 where CT is an estimate of CT , often the

RSS for all predictors, and
where p is the particular set's number of

predictors.

Mallows further indicates that in regressions with 
small bias, i.e. where the sum of squared errors for the p 
predictors is approximately equal to that for all k predictors, 
C will be nearly equal to p and, together with the magni- 
tude of Cp, these are to be used as criteria for the selection 
of the subset of predictors.
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When the total number of variables k is not too large, 
the residual sum of squares can be determined for each of 
the 2 possible regressions and compared with Cp as the 
criterion. As k becomes large, alternate schemes have been 
proposed by Gorman and Toman (1966) and Hocking and Leslie 
(1967). They both assume that, given a subset of p predic­
tors out of a total of k such predictors, only a few regres­
sions are to be considered superior. Moreover, in order 
to minimize Cp, it is necessary to minimize RSSp. They have 
therefore developed procedures to do this which allow a 
subset to be identified after having determined residual sum 
of squares for only a relatively small fraction of possible 
subsets.

Gorman and Toman (1966) analyze data having 2, 6, 
and 10 predictor variables in a Forward Selection approach 
with Mallows' criterion. Their approach, a fractional- 
factorial technique, evaluates in a forward direction select 
groups of variables which in combination reduce the size 
of Cp .

Hocking and Leslie (1967), utilizing Mallows' criter­
ion, systematically delete variables one at a time in Back­
ward Selection manner. They reanalyze the Gorman and Toman 
data using their technique, leading to the selection of one 
out of two of the identical subsets which Gorman and Toman 
select. Although their technique does not isolate several 
potential subsets of regressions, their approach is more 
methodical than that of Gorman and Toman.
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Ridge Regression

Ridge Regression was developed by Hoerl and Kennard 
(1970) to minimize the mean square error of the coefficient 
estimates, by adding a constant to the inverse of the X^X 
matrix. They utilize a Ridge Trace which portrays the vari­
ance of the coefficient estimates. Therefore, the applica­
tions of Ridge estimation are twofold: either to produce 
better (less variant from sample to sample) estimates of 
the coefficients, or to select a subset of variables which 
are more stable from sample to sample. While several studies 
(McDonald and Galarneau, 1975; Wermuth, 1972; Marquadt,
1970) have examined the former application, there as yet 
has been only one study (Hoerl and Kennard, 1970) which 
examines the latter.

Comparison of Ridge Regression With 
Forward and Backward Selection,

Utilizing Mallows1 Cp

Hoerl and Kennard (1970) reanalyze the Gorman and 
Toman (1967) data and find that two procedures for the selec­
tion of a subset utilizing Mallows' criterion yield a subset 
whose coefficients are unstable (across k). By . 
analyzing a Ridge trace, graphical representation of the 
coefficients for a range of constants added to the inverse 
of the x/x matrix, they select a subset of variables whose 
coefficients do not change drastically for different values 
of k .
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Comparison of Ridge Regression 
With Least-Squares

Marquadt and Snee (1975) compare Ridge estimation 
with Least-Squares estimation for three different sets of 
data. They tabulate the following measures:

S£ = residual standard error from the estimation data
R2 = 1 - s2e/S2y
VIF = maximum variance inflation factor
Sp = prediction standard deviation at p prediction 

points
= ( ^ [ Y ± - E(Yi)]2/p)1/2

They find that the estimation residual error (S )6
9increases as k increases, due to bias. Accordingly, the R 

decreases. However, as k increases the variance inflation 
decreases. The prediction residual error (S ), which is a 
function of the bias and the variances, was found to achieve 
a minimum for k > 0 .  Furthermore, in two studies (cited by 
Marquadt and Snee) which used cross-validational samples in 
addition to calibration samples, Ridge estimation yielded 
a more realistic selection of variables for the real data.

Guilkey and Murphy (1975) empirically compare least- 
square estimates with Ridge estimates and a modified type 
of Ridge estimates. Their results indicate that the Ridge 
estimates and the modified version of the Ridge estimates 
have a smaller mean square error in the coefficient esti­
mates than do least-squares estimates.
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Bayesian Selection of Predictors

Bayesian selection of predictors has been explored 
by Lindley (1968). Although several studies (Lindley and 
Smith, 1972; McDonald and Galarneau, 1975; Wermuth, 1973; 
Zellner, 1971; Zellner and Chetty, 1966; Raiffa and Schlaiffer, 
1961; Theil, 1961; Theil, 1963) have dealt with the estima­
tion of regression coefficients in a multiple regression, 
scarce empirical work has been done within the Bayesian frame­
work to use the methodology to select a subset of predictors. 
Lindley (1968) compares his approach with a L.S.E. procedure 
to show how differential costs would lead to differences in 
subset selection between the two approaches.

Comparison of L.S.E., Cp, Principal Components,
Ridge Regression, and Bayesian Selection

In a dissertation by Wermuth (1973) Least-Squares 
estimates are compared with all variables. Forward Selec­
tion, Backward Selection, Mallows' Cp, regression on prin­
cipal components, Stein-type estimators (which reduces the 
size of coefficients uniformly), Ridge Regression, and 
Bayesian Selection (with diffuse prior) for fixed p-predictors. 
By incorporating various stopping rules for some of the 
procedures, Wermuth actually investigates 57 variants of 
the above procedures. She utilizes two overall data sets, 
each generating 32 simulated sets for six predictors vari­
ables, with 20 observations each. Her criteria are:
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1) accuracy of prediction = distance between estimate 
and expected value of dependent variable.

In mathematical terms,

^  2 SPE = ^ ( Y  ~ E(Y))
O’2

where cr 2 = J?E(e2 )

2) accuracy of coefficient estimation = distance 
between estimates and actual values of coefficients.

Mathematically represented as,

SEB = JE (Bi - Bi) 2 
O'2

Wermuth ranks the 57 methods on each of the above 
criteria based on mean, median, and rank where low values 
on the criteria indicate less error and are hence desirable.

Her results favor Bayesian approaches, with diffuse 
prior, which add a constant to the inverse of X^X, analogous 
to the Ridge Regression approach but choosing a different 
constant value from that of the Ridge estimation procedure. 
Wermuth also found that the Ridge estimates were superior 
to the L.S.E. for estimation and prediction, particularly 
when the predictors were multicollinear. However, she 
does not use the Ridge Regression to select a subset of 
predictors, only to revise estimates of the coefficients. 
Further, the major drawback to the study is that she does 
not cross-validate her results. As argued previously, the
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criterion of importance is the performance of prediction 
and estimation in future samples. Lastly, some of the 
methods which she compares are not subset selection tech­
niques but are coefficient estimation procedures. The 
latter do not obviate the need for collecting predictor 
variable data.

Summarization of the Statement of Problem

Attempts to select an optimal subset of predictors 
from a set of predictors are numerous; three such methods 
have been discussed and chosen for investigation. The 
Forward Selection procedure has been chosen since it is 
commonly used by practitioners. The Ridge Selection and 
Bayesian Selection procedures have been chosen since they 
are more innovative techniques and have not been duly investi­
gated. Hence there exists a need to compare these diverse 
procedures in order to determine under what circumstances, 
if any, one procedure is "better" than another.

Each selection procedure attempts to minimize the
value of some criterion. The Forward Selection procedure
attempts to minimize the average residual sum of squares
in the calibration sample. The Ridge Selection procedure

2attempts to minimize E(L ), i.e. the average squared dif­
ference between the value of the population B's and the 
sample b‘" s computed in the calibration sample. The Bayesian 
Selection procedure attempts to minimize the average psycho 

metric plus non-psychometric cost with respect to future
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samples. However, in addition to these criteria, the goal
of a selection procedure should more relevantly be directed
to two other criteria, namely 1) maximizing the average

/\weight validity, i.e. the correlation between Y and Y with 
respect to the entire population, and 2) minimizing the mean
squared error, i.e. the average squared distance between

A  AB and B, i.e. when B's derived in the calibration sample
are applied to the entire population.

Therefore, in summary, it is necessary to determine 
which procedures yield subsets having 1) the highest aver­
age weight validity, 2) the highest average mean squared error

. . 2validity3) the lowest average R.S.S., 4) the'.lowest E (L ),
and 5) the lowest average cost.
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Expectations

The following are the expectations of the results:
1) That the Forward Selection procedure will, on 

the average, yield subsets having the smallest 
residual sum of squares since this procedure 
seeks to minimize the R.S.S. in selecting subsets.

2) That the Ridge Selection procedure will, on the 
average, yield subsets having the smallest mean 
square error since this procedure seeks to mini­
mize the mean square error in the sample.

3) That the Bayesian Selection procedure will, on 
the average, yield subsets having the smallest 
cost since this procedure seeks to minimize the 
cost in each sample.

4) That, with respect to the average weight validity 
and the average mean square validity indices, the 
Ridge procedure will yield higher index validi­
ties. When coefficients derived in the sample 
are applied to population parameters, the Ridge 
coefficients, which have smaller mean square 
errors, will be better estimates of population 
coefficients, particularly when the intercorrela­
tion among the predictors is high.
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Method

Monte Carlo simulation of data was used to compare
the three variables selection techniques ■ the five criteria,
except that instead of using the R.S.S. as criterion, the 

2adjusted R was used since it takes into account the number
of predictors selected relative to the sample size. The

2formula for the adjusted R is:

R2 = 1 - R.S.S./df 
T.S.S./df

where T.S.S. is the total sum of 
squares.

This formula may be rewritten in terms of the sample 
size (N) and the number of predictors (P) selected, as follows:

R2 = 1 - R.S.S./(N-P)
T.S.S./(N-l)

_2(As P/N approaches 0, R approaches 
R2 .)

The simulation of data was used to generate samples 
from three specified predictor intercorrelation levels. We 
have considered the case when the total set of predictors 
consisted of ten predictors. Intercorrelations from 0 to .33 
were operationally defined as low, intercorrelations from .34 
to .67 were defined as intermediate or medium, and inter­
correlations from .68 to 1.0 were defined as high. Given 
these three predictor intercorrelation levels, an assortment
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of predictor-criterion intercorrelation levels were considered
1

for each predictor intercorrelation level , as follows:
When the intercorrelation level among predictors 

was randomly selected within the "low" range, the following 
five predictor-criterion intercorrelations were examined 
in conjunction with low intercorrelations among predictors:

1) when all predictor-criterion correlations were low
2) when all were medium
3) when some (5) were low and some (5) were medium
4) when some (9) were low and some (1) were high
5) when some (9) were medium and some (1) were high
When the predictor intercorrelations were in the

intermediate level, the following six predictor-criterion 
intercorrelation levels were considered in conjunction with 
intermediate predictor intercorrelations:

1) when all predictor-criterion correlations were 
medium

2) when all were low
3) when all were high
4) when some (7) were medium and some (3) were high
5) when some (7) were medium and some (3) were low
6) when some (5) were medium, some (4) were low,

and some (1) were high
Similarly, when the predictor intercorrelation level 

was high, the following four predictor-criterion intercorrela­
tion levels were examined in conjunction with the high pre­
dictor intercorrelations:

1
the eigenvalues are reported in Appendix F.
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1) when all predictor-criterion correlations were high
2) when all were medium
3) when some (5) were high and some (5) were medium
4) when some (9) were medium and some (1) were low
In total, fifteen populations were used to generate

subsequent samples. These populations represent a variety 
of typical intercorrelations found in educational psychology. 
These population intercorrelations are also meaningful in 
the sense that, for example, where the interpredictor cor­
relations were low, the predictor-criterion intercorrela­
tions were not all high. Such a situation is impossible 
since if all the predictors correlate highly with a criterion, 
they would perforce not all have low intercorrelations. 
Similarly, where the interpredictor correlations were high, 
we did not consider uniformly all low predictor criterion 
intercorrelations since such a situation is likewise impossible.

We have included for consideration the case when the 
cost of predictors is P/K ,/r .S .S. and when it is equal to 
P/3K R.S.S. (K is the total # predictors in the set.)

Two hundred samples of N = 25, N = 50, and N = 100 
were each drawn at random from the fifteen populations.
Subsets of predictors were then selected, using the sample 
data, based on the three selection techniques: 1) Forward 
Selection, using a sequential F-test; 2) Ridge Regression 
with Hoerl and Kennard1s criterion of discarding variables 
whose coefficients are close to zero or change in sign and 
refining the new subset by augmenting the new intercorrelation
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matrix with an explicit value of K; and 3) a Bayesian ap­
proach, with Lindley's criterion. By drawing the two hun-

Adred samples and computing B values based on these selection 
procedures, we computed the Adjusted R-squared, E(L ), and 
the expected cost. The 'B' s were subsequently applied to the 
population to determine: a) the average weight validity; and 
b) the average mean squared error validity.

Let us consider in detail the analysis that was 
performed in any one of the generated samples. In order to 
select a subset of predictors from the set, the three vari­
able selection procedures were applied. Further, the sta­
tistics needed to obtain the expected values of each of the 
five criteria were computed. A computer program was written 
(see Appendix E) to compute all necessary computations. We 
shall first consider the Forward Selection procedure:

1) For the Forward Selection procedure, the computer 
program selected the predictor having the high­
est correlation with the criterion, adding those 
predictors which added significantly to the 
regression sum of squares. Thus a regression 
model would be expounded:

A A A  A
Y = B0 + V l  + • • • • BpXp

where p is the number of 
predictors in the subset.

OThe adjusted R was computed and averaged over
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O A 2the many samples; E (L ) = E ^ B ^ - B ^ )  ) over 
many samples was also computed. The 
cost = (R.S.S.)j + Cj was computed and 
averaged over the many samples. Using cali­
bration sample selection and weighting of 
predictors, the average weight validity and 
mean squared error in the population were 
calculated (Eqs. 2A + 2B).

A2) For the Ridge estimation procedure, B* were 
found for the sample regression model:

A A A  A
Y = Bo + B1X1 + • • • • B10X10

such that B* = (x'x + KI)-1 x 'y 
for K = 0.0, .10, etc., i.e., 
intervals of .1 from 0 to 1.

AWe examined each of the B^* m  

the Ridge trace as follows:

Any predictors whose coefficients B* are 
less than .05 or change in sign were discarded.
Once variables were discarded, the coefficients 
of the remaining variables were refined. A value

<r2of K = —2---  was chosen, yielding new coefficients
B*/B*

A  _2B** for the selected subset. The average R ,
2E(L ), and the average costs were computed. Using 

calibration sample selection and weighting of
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predictors, the average weight validity and
mean squared error in the population were computed.

3) The Bayesian approach compares all subsets of 
variables, using L.S.E. of the coefficients ex­
cept that the variable of monetary cost was also 
included. We have used two different Bayesian 
cost functions. The first (Bayesian 1) sought 
to minimize the total cost when the non-psycho- 
metric cost is equal to P/K n/r . S . S . The second 
(Bayesian 2) sought to minimize the total cost 
when the non-psychometric cost is equal to 
P/3K R.S.S.

—2 2The average R , E(L ), and the average 
costs were calculated. Using calibration sample 
selection and weighting of predictors, the 
average weight validity and mean squared error 
in the population were computed.

Results

For the fifteen intercorrelation levels and for 
sample size of 25, 50, and 100, Tables 5-11 show the five 
following criteria compared for each selection procedure:

 o1) the average R ; 2) the average M.S.E.; 3) the average 
Cost 1 and average Cost 2; 4) the average weight validity; 
and 5) the average mean square error validity. It should 
again be mentioned that for the second and third criteria,
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lower values are desirable, whereas for the first and last 
two criteria, higher values are desirable.

Result Trends

2With respect to the adjusted R , our findings indi­
cate that the Forward Selectionprocedure yielded the smallest 
—2R for every sample size and for every mtercorrelation level,
although as the sample size increased, the proportionate
difference between the four procedures decreased. For
example, Table 5A indicates that for sample size = 25, the
Ridge & Bayesian procedures tended to yield, on the average

 2(i.e., over the different populations), an average R 15% 
higher than that of the Forward procedure (the difference 
ranged from 0%, when the predictors were moderately correlated 
and the predictor criterion correlations were higt^to 60%, 
when the predictors were moderately correlated and the pre­
dictor-criterion correlations were moderate). At N = 100,
the Ridge & Bayesian procedures yielded, on the average, an 

_2average R 2.5% higher than that of the Forward procedure 
(the difference ranged from 0% to 23%).

With regard to the Mean Square Error, our finding 
was that as the sample size increased and/or the intercorrela­
tion among predictors increased, the Ridge procedure yielded 
subsets having a lower M.S.E. than the other procedures. 
However, for the small sample size, the Forward procedure 
occasionally yielded a smaller M.S.E. Table 6A indicates
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that for sample size = 25, the Ridge procedure yielded, on 
the average, an average M.S.E. 19% lower than that of the 
Bayesian 1 procedure. For this sample size the Forward 
procedure occasionally yielded an M.S.E. over 600% higher 
and occasionally 71% lower than that of the Ridge procedure. 
The Bayesian 2 procedure tended to yield an average M.S.E. 
almost 300% larger'than that of the Ridge procedure. At 
the sample size = 100, the Ridge procedure yielded, on the 
average, an average M.S.E. 27% smaller than that of the 
Forward procedure (the difference ranging from -50% to 
over 200% when the intercorrelations were high). The 
Bayesian 1 procedure yeilded, on the average, an average 
M.S.E. 10% larger than that of the Ridge procedure whereas 
the Bayesian 2 procedure yielded an average M.S.E. over 
1000% larger than that of the Ridge procedure.

Concerning the average cost, each respective 
Bayesian procedure yielded subsets having a lower cost 
than the other procedures for every sample size and for 
every intercorrelation level. Table 7A indicates that for 
sample size = 25, the Bayesian 1 procedure tended to yield, 
on the average, an average cost 1 37% smaller than that 
of the Forward procedure and 7% smaller than that of the 
Ridge procedure. At sample size = 100, the Bayesian 1 
procedure yielded, on the average, an average cost 1 2% 
smaller than that of the Ridge procedure and 2% smaller 
than that of the Forward procedure. Table 8A similarly indi­
cates that for sample size = 25, the Bayesian 2 procedure



_2Table 5a: Comparison of the 3 Techniques with respect to R for the 15 populations
for N = 25

Population

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4
Forward .281 .961 .720 .584 .843 .556 .219 .971 .737 .653 .699 .723 .466 .828 .561

Ridge .311 .975 .786 .612 .877 .582 .250 .974 .791 .805 .781 .816 .513 .914 .682
Bayesian 1 .389 .977 .803 .652 .884 .632 .346 .976 .811 .829 .806 .842 .581 .936 .729
Bayesian 2 .391 .977 .800 .648 .883 .627 .350 .976 .809 .825 .804 .839 .578 .934 .726

Legend
Low 1: low interpredictor correlations, predictor-criterion correlations 
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Table 5b: Comparison of the 3 Techniques with respect to for the 15 populations
for N = 50

Population *

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .232 .976 .761 .574 .869 .540 .166 .977 .776 .779 .779 .794 .442 .916 .606
Ridge .259 .976 .774 .595 .876 .560 .192 .978 .799 .799 .799 .819 .500 .919 .667
Bayesian 1 .289 .976 .778 .609 .876 .574 .237 .997 .803 .804 .805 .824 .523 .925 .680
Bayesian 2 .298 .977 .778 .607 .876 .573 .235 .978 .803 .804 .805 .825 .522 .926 .680

*See legend in Table 5a for description of the respective populations.



Table 5c: Comparison of the 3 Techniques with respect to R2 for the 15 populations
for N = 100

Population *

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .213 .993 .786 .568 .889 .545 .148 .987 .795 .816 .792 .822 .467 .934 .657

Ridge .231 .992 .789 .580 .890 .556 .168 .986 .802 .816 .795 .828 .500 .932 .6 70

Bayesian 1 .239 .993 .789 .582 . 891 .560 .182 .987 .803 .818 .797 .830 .507 .934 .673

Bayesian 2 .224 .993 .788 .574 .890 .553 .164 .988 .801 .817 .795 .828 .497 .934 .669

*See legend in Table 5a for description of the respective populations.
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Table 6a: Comparison of the 3 Techniques with respect to M.S.E. for the 15 populations
for N = 25

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward 
Ridge
Bayesian 1 
Bayesian 2

.272 .070 .361 .161 .208 .397 .321 .051 .423 .894 .570 .770 .999 1.033 1.456

.639 .013 .175 .348 .101 .586 1,089 .025 .266 .244 .264 .418 1.200 .166 .786

.687 .015 .219 .369 .130 .652 1.231 .035 .330 .317 .335 .557 1.607 .273 1.043
2. 756 .045 .791 1.495 .428 1.615 2.974 .052 .731 .662 .721 .632 1.848 .232 1.209

*See legend in Table 5a for description of the respective populations.



Table 6b: Comparison of the 3 Techniques with respect to M.S.E. for the 15 populations
for N = 50

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .206 .005 .117 .10 8 .077 .269 .245 .014 . 207 .253 .249 .425 .817 .200 .838
Ridge .257 .006 .071 .137 .041 .245 .455 .012 .109 .097 .10 8 .19 2 .547 .072 .356
Bayesian 1 .255 .005 .078 .137 .051 .256 .441 .015 .125 .113 .132 .251 .630 .102 .428
Bayesian 2 2.021 .033 .569 1.093 .312 1.194 2.146 .037 .5 31 .473 .5 30 .472 1.345 .16 8 .883

*See legend in Table 5a for description of the respective populations.



Table 6c: Comparison of the 3 Techniques with respect to M.S.E. for the 15 populations
for N = 100

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .132 .002 .039 .069 .025 .135 .184 .004 .084 .055 .076 .184 .556 .041 .327

Ridge .105 .003 .031 .058 .019 .101 .187 .006 .046 .039 .045 .083 .228 .029 .148

Bayesian 1 .112 .002 .0 35 .061 .021 .108 .190 .006 .056 .044 .052 .107 .252 .036 .187

Bayesian 2 1.827 .028 .500 .981 .272 1.055 1.920 .032 .468 .411 .460 .414 1.196 .145 .787

*See legend in Table 5a for description of the respective populations.



Table 7a:

Forward
Ridge
Bayesian

Comparison of the 3 Techniques with respect to Cost 1 for the 15 populations
for N = 25

Population*

Low Medium High

1 2 3 4 5 1  2 3 4 5 6 1 2 3  4

16.87 .82 6.12 9.40 3.18 10.01 18.58 .59 5.50 7.66 6.48 4.94 12.17 3.74 10.25
14.28 .57 4.64 8.14 2.76 8.74 15.33 .57 4.31 4.02 4.35 3.87 9.77 1.81 6.71
13.19 .56 4.35 7.52 2.59 8.01 14.10 .54 4.00 3.78 4.04 3.57 8.96 1.69 6.20

*See legend in Table 5a for description of the respective populations.



Table 7b: Comparison of the 3 Techniques with respect to Cost 1 for the 15 populations for N = 50

Population*

Low Medium High

1 2 3 4 5  1 2  3 4  5 6 1 2 3  4

Forward 38.17 1.17 11.53 21.12 6.59 22.53 41.56 1.19 11.21 10.41 11.19 10.10 27.30 4.27 19.30
Ridge 36.29 1.18 11.22 20.33 6.56 21.82 39.15 1.21 10.49 9.64 10.49 9.34 24.42 4.07 16.52
Bayesian 1 34.90 1.17 10.93 19.51 6.40 20.91 37.38 1.18 10.13 9.40 10.18 8.96 23.38 3.97 15.92

*See legend in Table 5a for description of the respective populations.



Table 7c: Comparison of the 3 Techniques with respect to Cost 1 for the 15 populations for N = 100

Population

Low Medium High

1 2  3 4 5 1 2 3 4 5 6 1 2 3 4

Forward 80.56 2.21 23.80 44.33 13.67 47.40 87.03 2.33 22.27 20.18 22.22 19.82 55.51 8.16 36.17
Ridge 79.93 2.23 23.97 44.23 13.79 47.54 86.14 2.33 22.32 20.38 22.31 19.82 53.33 8.24 35.81
Bayesian 1 78.25 2.20 23.62 43.34 13.64 46.37 83.85 2.31 21.91 20.10 21.97 19.36 51.99 8.15 35.06

*See legend in Table 5a for description of the respective populations.



Table 8a: Comparison of the 3 Techniques with respect to Cost 2 for the 15 populations for

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2  3 4

Forward 
Ridge
Bayesian 2

16.89 .54 5.87 
14.58 .24 4.05 
13.36 .22 3.82

9.32 2.86 9.94 
7.83 2.18 8.45 
7.27 2.05 7.79

18.60 .36 5.31 
15.77 .28 3.73 
14.36 .25 3.50

7.44 6.27 4.78 
3.38 3.73 3.30 
3.19 3.50 3.08

12.13 3.51 10.13 
9.56 1.23 6.23
8.77 1.14 5.79

*See legend in Table 5a for description of th§ respective populations.



Table 8b: Comparison of the 3 Techniques with respect to Cost 2 for the 15 populations for N = 50

Population*

Low Medium High

Forward 38.93 .65 11.48 21.43 6.18 22.96 42.13 .75 11.13 10.21 11.08 9.96 27.69 3.67 19.56
Ridge 40.03 .68 11.17 21.46 6.04 23.25 43.63 .75 10.35 9.37 10.33 9.08 26.34 3.35 17.19
Bayesian 2 36.97 .65 10.88 20.22 5.92 21.79 39.63 .72 10.00 9.16 10.03 8.74 24.65 3.29 16.44

*See legend in Table 5a for description of the respective populations.
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Table 8c: Comparison of the 3 Techniques with respect to Cost 2 for the 15 populations for N = 100

Population*

Low Medium High

1 2 3 4 5  1 2 3 4 5 6  1 2  3 4

Forward 84.34 1.52 25.30 46.23 13.90 49.99 89.61 1.69 23.40 21.37 23.57 20.59 58.07 7.71 38.88
Ridge 91.18 1.58 25.84 48.93 14.06 53.24 99.52 1.74 23.92 21.71 23.97 20.99 60.87 7.78 40.01
Bayesian 2 84.12 1.52 25.24 46.11 13.88 49.83 89.19 1.69 23.23 21.35 23.47 20.30 56.77 7.69 38.37

*See legend in Table 5a for description of the respective populations.
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Table 9a: Comparison of the 3 Techniques with respect to 1^ for the 15 populations
for N = 25

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .263 .941 .668 . 808 . 814 .657 . 262 .977 .778 .519 .672 .811 .607 .760 .522
Ridge .334 .990 .853 .686 .918 .666 .266 .989 .863 .876 .861 .889 .623 .959 .771
Bayesian 1 .326 .988 .827 .685 .897 .642 .254 .984 .837 .848 .833 .865 .576 .939 .731
Bayesian 2 .328 .991 .833 .684 .909 .639 .253 .989 .844 .859 .844 .867 .578 .952 . 734

*See legend in Table 5a for description of the respective populations.



Table 9b: Comparison of th<
for N = 50 .

Low 

1 2  3

Forward .378 .996 .894
Ridge .514 .996 .935
Bayesian 1 .495 .996 .930
Bayesian 2 .484 .997 .929

*See legend in Table 5a for

3 Techniques with respect to

Population*

Medium

4 5 1 2 3 4

.863 .935 .776 .368 .994 .893

.844 .965 .827 .416 .995 .942

.842 .958 .817 .410 .994 .933

.846 .962 .810 .407 .996 .933

description of the respective

I f o r  the 15 populations

High

5 6 1 2 3 4

870 .862 .902 .691 .959 .735
948 .941 .950 .794 .983 .891
940 .929 .9 39 .773 .978 .875
941 .930 .940 .76 4 .981 .871

populations.
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Table 9c: Comparison of the 3 Techniques with respect to 1^ for the 15 populations
for N = 100

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward 
Ridge
Bayesian 1 
Bayesian 2

557 .999 .964 .911 .979 .889 .506 .998 .955 .972 .959 .959 .803 .991 .903
718 .998 .971 .927 .984 .922 .627 .997 .974 .9 79 .975 .978 .906 .993 .953
693 .999 .968 .923 .982 .916 .598 .997 .969 .977 .971 .973 .897 .992 .942
602 .999 .966 .914 .981 .903 .547 .998 .965 .975 .968 .970 .862 .992 .926

*See legend in Table 5a for description of the respective populations.



Table 10a: Comparison of the 3 Techniques with respect to I 2 for the 15 populations
for N = 25

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .756 .172 .427 .751 .394 .668 .811 .374 .507 .29 3 .406 .511 .692 .211 .482
Ridge .602 .545 .601 .600 .582 .609 .610 .537 .602 .594 .598 .623 .623 .601 .622
Bayesian 1 .584 .504 .548 .584 .521 .583 .581 .458 .552 .533 .543 .566 .564 .497 .566
Bayesian 2 .293 .280 .278 .291 .276 .289 .292 .277 .278 .275 .279 .284 .281 .277 .280

*See legend in Table 5a for description of the respective populations.



Table 10b: Comparison of the 3 Techniques with respect to I 2 for the 15 populations
for N = 50

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward .812 .758 .702 .822 .654 .766 .868 .695 .682 .611 .626 .676 .752 .610 .633
Ridge .791 .736 .787 .792 .774 .792 .792 .719 .789 .789 .789 .791 .793 .786 .793

Bayesian 1 .791 .743 .774 .791 .741 .785 .797 .677 .767 .764 .758 .758 .776 .741 .770
Bayesian 2 .399 .389 .387 .39 8 .379 .390 .404 .384 .383 .384 .380 .380 .387 .383 .383

*See legend in Table 5a for description of the populations.



Table 10c: Comparison of the 3 Techniques with respect to I2 for the 15 populations
for N = 100

Low

1 2  3 4

Forward .876 .896 .874 .885
Ridge .901 .837 .895 .899
Bayesian 1 .896 .877 .885 .895
Bayesian 2 .442 .450 .440 .444

Population*

Medium

5 1 2 3 4 5

854 .872 .905 .878 .840 .874
884 .901 .902 .838 .897 .901
871 .895 .900 .842 .881 .892
434 .442 .452 .443 .434 .442

High

6 1 2  3 4

.950 .830 .829 .875 .826

.899 .897 .901 .900 .901

.886 .877 .894 .887 .883

.434 .433 .435 .444 .425

*See legend in Table 5a for description of the respective populations.
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yielded, on the average, an average cost 2 69% smaller than 
that of the Forward procedure and 8% smaller than that of 
the Ridge procedure. At sample size = 100, the Bayesian 2 
procedure yielded, on the average, an average cost 2 4% 
smaller than that of the Ridge procedure and 1% smaller 
than that of the Forward procedure.

With regard to the average weight validity, the 
Ridge procedure tended to yield subsets having higher aver­
age weight validity than the other procedures for all sample 
sizes and for all intercorrelation levels. However, the 
Ridge procedure was not substantially different from the 
Bayesian procedures. Table 9A indicates that for sample 
size = 25, the Ridge procedure yielded an 1^ ranging from 
-15% to 69%, averaging about 17%, larger than that of the 
Forward procedure and about 3% larger than that of the 
Bayesian procedures. At sample size = 5 0 ,  the Ridge pro­
cedure yielded, on the average an 9% larger than that of 
the Forward procedure and 1% larger than that of the Bayesian 
procedures. At sample size = 100, the Ridge procedure 
yielded, on the average, an 1^ 6% larger than that of the 
Forward procedure (ranging from 0% to 29%) and 2% larger 
than that of the Bayesian procedures (ranging from 0% to 19%).

Our results indicate that when the sample size is 
large and/or the intercorrelation among predictors is high, 
the Ridge procedure produced subsets with higher mean 
squared error validity than the other procedures. However, 
for the small sample size the Forward procedure occasionally
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yielded a higher I T h e  Ridge procedure, also, was not 
markedly different from the Bayesian 1 procedure. Table 10A 
indicates that for sample size = 25, the Ridge procedure 
yielded, on the average, an I2 57% greater than that of the 
Forward procedure only when the intercorrelation among pre­
dictors was high. However, when the intercorrelation among 
predictors was low or medium, the Ridge procedure occasionally 
yielded an I2 as high as 300% larger than that of the For­
ward procedure and occasionally 25% smaller than that of the 
Forward procedure. The Ridge procedure tended to yield, on 
the average, an 10% larger than that of the Bayesian 1 
procedure whereas the Ridge yielded, on the average, an 
I2 over 200% larger than that of the Bayesian 2 procedure.
For sample size = 50, the Ridge procedure yielded, on the 
average, an I2 19% larger than that of the Forward procedure 
for the high intercorrelations among predictors, 102% larger 
than that of the Bayesian 2 procedure, and 3% larger than 
that of the Bayesian 1 procedure. At sample size = 100, 
the Ridge procedure yielded, on the average, an I2 2% larger 
than that of the Forward procedure (ranging from -7% to 9%),
1% larger than that of the Bayesian 1 procedure, and 89% 
larger than that of the Bayesian 2 procedure.
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Discussion

We shall first summarize the findings in terms of 
our expectations and then we will discuss these findings 
as well as offer suggestions for future research.

Summary of Results

Our first expectation was that the Forward Selection
procedure would yield the minimum residual sum of squares 

oor Adjusted R since the procedure attempts to minimize the
R.S.S. in a sample. Our finding was that the other 3 pro-

—2cedures yielded a higher r  for every sample size and for 
every intercorrelation level, although as the sample size 
increased and/or the intercorrelation among predictors 
increased, the proportionate difference between the four 
procedures decreased. For example, at sample size = 25 
the Ridge & Bayesian procedures yielded, on the average, 
an average R 15% higher than that of the Forward procedure 
but at sample size = 100, the difference decreased to 2.5%. 
Therefore our first expectation was not confirmed.

Our second expectation was that the Ridge Selection 
procedure would yield a smaller mean squared error than the 
other procedures, particularly when the intercorrelation 
among predictors is high. This was to be achieved by the 
Ridge procedure since the Ridge approach adds an increment 
to the main diagonal thereby orthogonalizing the matrix, to 
produce subsets of predictors whose coefficient estimates
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would be closer to population coefficients. Our finding 
was that as the sample size increased and/or the inter­
correlation level increased, the Ridge procedure did in­
deed yield subsets having a lower M.S.E. than the other 
three procedures. However, this finding was most evident, 
as mentioned previously, for the larger sample sizes. For 
example, at sample size = 100, the Ridge procedure yielded, 
on the average, an average M.S.E. 27% smaller than that 
of the Forward procedure. Therefore, this expectation was, 
to an extent, confirmed.

Our third expectation was that the Bayesian procedure 
would yield subsets having a lower cost than the other pro­
cedures. Our finding was that, in regard to the two dif­
ferent cost functions, each respective Bayesian procedure 
yielded subsets having a lower cost than the other procedures 
for every sample size and for every intercorrelation level.

p  ---------For example, the average cost 1 (R.S.S.T + —  yR.S.S.) was,
x k

on the average, 37% less when the Bayesian 1 procedure was 
used rather than when the Forward procedure was used at
sample size = 25. The average cost 2 (R.S.S.T + P R.S.S.)

3k
was, on the average, 69% less when the Bayesian 2 procedure 
was used in comparison with the Forward procedure at 
sample size = 25.

Our fourth expectation was that, with respect to the 
average weight validity index (1^) and the average mean 
square error validity index (I2 ) / the Ridge procedure would 
yield subsets having higher validities than the other procedures.
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This expectation was based on the reasoning of our second 
expectation that if the Ridge procedure minimized the 
mean squared error, its coefficient estimates, when applied 
to population parameters, would subsequently yield higher 
validity indices. Our finding was that, except for isolated 
conditions, the Ridge procedures yielded subsets having a 
higher weight validity than the other procedures for all 
sample sizes and for all intercorrelation levels. However, 
the Ridge procedure was not substantially different from the 
Bayesian procedures. For example, at sample size = 50 the 
Ridge procedure yielded an 1^ 9% larger than that of the 
Forward procedure and 1% larger than that of the Bayesian 
procedures. Our results also indicate that, when the 
sample size was large and/or the intercorrelation among 
predictors high, the Ridge procedure produced subsets with 
higher mean squared error validity than the other procedures. 
The Ridge procedure was not markedly different from the 
Bayesian 1 procedure. Further, when the sample size was 
small, the Forward procedure occasionally yielded a higher I2 . 
For example, at sample size = 100, the Ridge procedure 
yielded, on the average, an I2 2% larger than that of the 
Forward procedure, 1% larger than that of the Bayesian 1 
procedure, and 89% larger than that of the Bayesian 2 pro­
cedure. Therefore, our fourth expectation was largely con­
firmed.
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Discussion of the Results

— 2With regard to the residual sum of squares or R ,
it was surprising that the Bayesian and Ridge Selection

_2procedures yielded subsets having a larger average R than 
the Forward procedure which attempts to maximize exactly 
this criterion. However, this can be explained in a number 
of ways. First, that the Forward procedure does minimize 
the R.S.S. for any: given number of predidtors. Were the 
other procedures to select the same number of variables for 
a subset, the R.S.S. of the Forward procedure would be 
smallest in magnitude. By examining Tables lla-c, which 
enumerate the average number of variables in the subsets 
for the different intercorrelation levels and for the 
different sample sizes, one may readily observe that the 
Forward Selection procedure uniformly selected the fewest 
number of variables. The Ridge procedure, by the same 
token, consistently selected the greatest number of vari­
ables; the Bayesian procedures selected an intermediate 
number. Thus, although the Ridge and Bayesian procedure 
reduce the R.S.S., they do so only by the addition of vari­
ables to the subset. Despite the fact that this reduction 
in R^ seems appreciable for the smaller sample sizes at low 
intercorrelation levels, this difference was not significant 
at the .05 level since the Forward procedure stops adding 
variables when the F-test no longer yields a significant 
increase. However, the crucial criteria by which the three



Table 11a: Comparison of the 3 Techniques in terms of ethe Av. no. of predictors for the
15 populations for N = 25

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward 1.2 CM•00 3.4 1.8 4.6 1.8 .8 6.2 2.6 3.0 3.0 2.3 1.3 3.8 1.9
Ridge 7.8 9.4 8.4 7.4 8.2 7.9 8.0 7.8 8.2 8.9 8.7 7.8 8.2 9.3 8.2
Bayesian 1 5.6 9.3 7.3 5.5 7.0 5.6 5.7 6.9 6 .7 00•r- 7.3 6.3 6.3 •00 6.7
Bayesian 2 5.4 9.8 7.8 5.9 8.1 5.9 5.5 9.1 7.5 8.5 8.1 7.4 6.5 9.3 7.2

*See legend in Table 5a for description of the respective populations.



Table lib: Comparison of the 3 Techniques in terms of the Av. no. of Predictors for the
15 populations for N = 50

Population*

Low

1 2 3 4 5 1

Forward 1.6 9.7 5.8 2.2 6 . 8 2.5
Ridge 7.6 9.4 8.5 7.3 8.7 7.9
Bayesian 1 5.1 9.5 7.6 5.0 7.9 5.5
Bayesian 2 3.8 9.9 7.6 4.5 8.3 4.7

Medium High

2 3 4 5 6 1 2 3 4

1.1 8.0 4.3 6.8 5.7 4.0 1.9 8.1 3.9
8.3 8.2 8.6 9.2 9.1 8.5 8.5 9.7 8.7
o•in 7.7 7.2 •00 7.9 6.7 6.1 9.1 7.1
3.6 9.0 7.2 8.5 8.0 6.8 5.4 9.5 00•ID

*See legend in Table 5a for description of the respective populations.



Table 11c: Comparison of the 3 Techniques in terms of the Average no. of Predictors for the
15 populations for N = 100

Population*

Low Medium High

1 2 3 4 5 1 2 3 4 5 6 1 2 3 4

Forward 2.5 10.0 6.9 2.9 8.3 3.5 1.5 9.0 6.2 8.5 7.6 5.8 3.0 9.5 5.9
Ridge 7.1 9.5 8.6 6.9 9.0 7.6 7.8 8.4 8.7 9.3 9.2 8.5 8.6 9.9 9.0
Bayesian 1 5.0 9.8 7.7 5.1 8.7 5.5 4.7 8.4 7.5 8.9 8.5 7.1 6.4 9.7 7.6
Bayesian 2 2.9 10 .0 7.3 3.4 8.6 4.1 2.2 9.2 7.1 8.7 8.2 6 .6 4.6 9.7 6.7

*See legend in Table 5a for description of the respective populations.

-j
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procedures are to be evaluated are the cross-validation 
indices.

Concerning the mean squared error it was not con­
trary to expectation that the Ridge procedure should yield 
subsets having a lower average M.S.E., especially for higher 
intercorrelations among predictors. However, our findings 
indicated that for small sample sizes and/or low intercorre­
lations among predictors, the Ridge procedure was not as 
effective in minimizing the M.S.E. Therefore, it remains 
to be determined how one can minimize this criterion under 
these conditions. In all fairness it should be mentioned 
that for the smaller sample sizes, the ratio of sample 
size to the number of predictors was extremely low. The 
practitioner is usually forewarned that such small ratios 
are not statistically judicious. Had the ratio been con­
sistently higher perhaps then the Ridge procedure would 
have uniformly yielded lower M.S.E. Nonetheless where 
larger ratios are unavailable in real-life situations, 
it is possible that other variations of the Ridge technique 
used here might yield a lower M.S.E. This is clearly an 
area for future inquiry.

By comparison with the two other techniques which 
purportedly optimize a specific criterion, the Bayesian 
procedures are the only procedures which, without excep­
tion, succeed empirically in optimizing the criterion which 
that approach seeks to achieve. It is interesting to note 
that for the smaller sample sizes the Ridge procedure tended
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to yield subsets having a lower average cost (particularly 
with the first cost function) than the Forward Selection pro­
cedure. Thus, despite the fact that the Ridge procedure 
selected more variables in its subsets, the concomitant 
reduction of the R.S.S. probably reduced the overall cost.

The finding which confirmed the expectation that the 
Ridge procedure yielded subsets having a higher average 
weight validity index than the other procedures clearly 
indicates the appropriateness of this approach to the prob­
lem of variable selection both for researchers and for prac­
titioners. Similarly, the finding that the Bayesian pro­
cedures yielded subsets having a higher average weight 
validity index than the traditional Forward Selection pro­
cedure also suggests the meritorious qualities of this 
approach as an alternative to the traditional procedure.
At present, statistical programming packages, which are 
expedient for the researcher and practitioner, only uti­
lize the traditional Forward, Backward, or Stepwise Selec­
tion procedures; however, with time, perhaps other selection 
procedures will become available.

The finding that the Ridge procedure yielded subsets 
having higher average mean squared error validity than the 
other procedures when the sample size was large and/or when 
the intercorrelation was high, probably is due to the inverse 
relationship between the expected M.S.E. and I 2 . As the 
difference between the coefficient estimates and population 
coefficients decreases in the sample, the expected M.S.E.



100

decreases and increases. When the M.S.E. was low, the 
average mean squared error validity tended to be high. The 
Bayesianiprocedure yielded higher I2 than the Forward pro­
cedure when the sample size was large and/or the inter­
correlation high which also corroborates the inverse rela­
tionship between M.S.E. and T^e findings with Bayesian 2
bear this out, too.

However, despite the small sample size to number of 
predictors ratio which, as mentioned earlier, statistically 
is injudicious, it would be helpful to develop other pos­
sible variations of the Ridge technique to yield higher I2 

for small sample sizes and low intercorrelations. This 
also was suggested previously.

Implications of the Findings and 
Suggestions for Future Research

The findings clearly indicate the useful properties 
of two innovative approaches to variable selection: namely 
the Ridge Regression Selection procedure and the Bayesian 
Selection procedure. Both procedures yield a smaller R.S.S. 
than the Forward approach and a lower M.S.E. when the sample 
size is large relative to the initial number of predictor 
variables. The Bayesian procedure uniformly yields a lower 
cost than the Forward procedure. Lastly, both procedures 
yield a higher average weight validity and a higher mean 
square error validity (when the sample size is large).

Although some suggestions for future research have
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been included before, we shall reiterate a couple of sug­
gestions and recommend others.

First, it would be worthwhile to explore other vari­
ations of the Ridge technique to determine whether they 
yield subsets having a lower M.S.E. for all intercorrelation 
levels and even for small sample sizes. For example one 
may compare the Ridge Selection approach which discards 
variables, without refining the new subset, with the 
approach used in this study. Or, one may examine the 
effects of a more stringent discarding of variables on 
the part of the Ridge procedure. For example, what would 
the effects be were one to delete variables whose ridge 
trace indicated a slope greater than some fixed value? Or 
yet, what would the effects be in adding different values 
of K (instead of a constant) in the diagonal to the differ­
ent predictors?

Second, one may investigate other Bayesian Selection 
procedures to determine whether they would yield higher 
weight validity and mean squared error validity than those 
obtained in this document. For example, one may consider 
a Bayesian procedure which uses a different cost function 
from those used in this study. Practical cases might neces­
sitate the formulation of a cost function which relates the 
psychometric cost with the non-psychometric cost in some 
different manner to that used in this study.

Third, it would be enlightening to compare the three 
techniques for a real-life data situation in which the inter-
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correlation structure is different from those considered 
here.

Fourth, comparison of variable selection techniques 
could be undertaken for other criteria, other than those 
used here, which are most appropriate to a particular real- 
world situation or research interest.

Fifth, implementation of the Forward Selection pro­
cedure could consider the addition of variables for alpha 
levels greater than .05.
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APPENDIX A

Gorman and Toman 10 Variable Data
N=36

Matrix of Simple Correlation Coefficients, r

a 1.00
b -0.04 1.00
c 0.51 -0.00 1.00
d 0.12 -0.16 0.00 1.00
e -0.71 0.06 -0.59 o

•
o1 1.00

f -0.87 0.09 -0.65 -0.09 0.84

g -0.09 0.24 -0. 02 0.03 0.38
h 0  o•

o1 0.01 0.34 0.08 -0.36

j
o
•
01 0.09 -0.08 0.02 -0.14

k -0.36 -0.30 -0.44 -0.09 0.54

y -0.81 -0.10 -0.63 -0.10 0.56

1.00
0.13

-0.20
1.00

-0.48 1.00
0.04 0.07 -0.18 1.00
0.45 0.40 -0.46 0.05 1.00
0.81 0.04 0.06 0.16 0.45
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APPENDIX B

Two-Variable Case (Gorman and Toman data)

X1 X2 Y
■ ™

o
•
i-Hi - .5 1.0

-1.0 - .5 - .4 y = .94 + .84 X^ + 1.55 X^
-1.0 - .5 - .1 y = .94 + 2.01

-1.0 - .5 -1.9 y = .94 + 2.57 X2

-1.0 -1.0 -1.4

o•1—1 1 -1.0 -1.8 r l2 = -90 q 2 = .24
-1.0 -1.0 -2.4 (T22 = .28
-1.0 -1.0 - .6 RSS12 = 10.07 MSR12 = .775
1.0 1.0 3.5 RSS1 = 12.48 MSRt = .89

1.0 1.0 2.9 RSS2 = 11.'2 3 MSR2 = .80
1.0 1.0 2.8 R2 = .87y-i
1.0 1.0 3.8 R2 _ = .84y.i
1.0 .5 3.8 r2 = .85 MSR = mean square 

y ' z  (RSS/df)
1.0 .5 2.9
1.0 .5 2.1
1.0 .5 1.8
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APPENDIX C

Derivation of Ridge Estimators

Letting B be any estimate of B, one may denote the 
residual sum of squares in the sample a s :

0 = (Y-XB)/ (Y-XB)

This may be rewritten as:

A  / A  . A  / / • A= (Y-XB)7 (Y-XB) + (B-B) X/X(B-B) ,

where the first term on the right is the 
L.S.E. residual sum of squares (R.S.S.) 
resulting from the use of L.S. coeffi­
cients/ and the second term is the addi­
tional R.S.S. incurred when using biased 
estimates of B.

In the attempt to reduce the sampling variance of 
our estimates, we would like to decrease the absolute value
of the computed estimates. Therefore, let us find B such

♦ /  * #that its squared length (B7 B) is equal to a minimum, sub­
ject to the constraint that the second term of the residual 
sum of square is fixed at some constant.

Therefore, to minimize the length of the regression 
vector B^B, subject to the constraint,

• A  / / » A  _(B-B) 7X7X (B-B) = 0q ,
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one minimizes the function

F = e/b + (1/k) (B-£) ̂ X^X (B-B) -0Q

where 1/k is the Lagrangian multiplier.

By taking' the derivative, with respect to B, and 
setting it equal to 0, one obtains

©  F * , / • / a
S b = 2B + (1/k) [2 (X X)B-2 (X'X)B] = 0.

Rearranging terms, one derives

• a  / -1 /B = B* = [X7X + kl] X'Y

The second term is called the Ridge estimator.



107

APPENDIX D

A AThe R.E. (B*) can be related to L.S.E. (B) by
substituting X^X + kl for X^X, as follows:

B* = [X^X + kl] “1Xy/Y 
= w  xAf

where w = [X^X + kl] 1

In an alternate form,

A / _i _ 1 AB* = [I + k (X'X) •*■] B
A= Z B

where z = [I + k (X^X) -1]- 1 .

The eigenvalues of w (w) for i = 1, 2, . .. p)
and z (j^ (z) for i = 1, 2, . . . p) are then:

j"i (w) = 1/ ( /\.j_ + k)
Ji (z) = / ^ / ( / ^  + k)

where A  ̂  -̂s an eigenvalue of X^X.

The above may readily be shown, since:

w = (X^X + kl)”1

) i (w) = f i (x/>X + kI)"1
= ( ^ ± + k)"1 = l / ( ^ i + k)

and similarly,
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z =

li<z > =

[I + k(X^X)-1]~1 
j^El + k (X^X) _1] _1 
[1 + k/^±] = + k -1

A± + k
Thus, the eigenvalues of w and z can be shown to 

be a function of A. and k, i.e. R.E. are related to L.S.E.M i
Using this relationship between the eigenvalues of 

R.E. and those of L.S.E., it can be shown (Hoerl and 
Kennard, 1970) that the "size" of the R.E. is never greater 
than the size of the L.S.E. More specifically, it can be 
shown that (B*) / (£*) i.e. the squared Ridge regres­
sion estimates are smaller than the squared L.S.E. for k / 0, 
This can be proven in the following manner:

Let A be the matrix of order n, A  i its eigenvalues, 
and N(A) its norm. Then,

(26) N (A) = \1

Rewriting N(A) in terms of its eigenvalues yields:

(27) N (A) = [£ A .]1/2 and N(A_1) =£[l/?l ?]1/2' - I  x ' ±z'

For the matrix C = A + k l , the norm of C is:
in

(28) N(C) = ( A.+k)2l1/2 and N(C-±)
i* I 1

,-1)
(Aj+k)

7 1/2

By Minkowski's inequality (cited in Hardy, Little- 
wood, and Polya (1934)) for N ^ l ,
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(29) [ £ (  a. + k)2]1/2Z  [£ A  .2]1/2 + kn1/2

and also

[ £  ( + k)"2]"1/2> [£ /I ."2]"1/2 + kn - 1/2

By taking the inverse of each side of the equation, 
the direction of the inequality changes such that,

1/2
H X  + k)2 2 ]"l/ 2  + kn"1/2

s = [£ l/( + k)2]1/2^
[£ 1/ pv2]“1/2

= T

Since s£  T,

s xA t^ t x/y, 

squaring both sides of the inequality yields,

= (s x/y)/s/x/y^ (t x A d ^t x/y = 'b //b ,

which is what we set out to prove.
Therefore, since (£*) ̂  (B*)^~ b A j, taking the expecta­

tion of these values does not change the relationship; that 
is, E (B*)/(B*)^ EfB^B) .

Recalling that,

E (L2) = E(b A3)-b /b , and
-•1-2' / R* ̂ —r /tE(L* ) = E (B*'B*) -B B 

E (L*2) = B ( B * ^ * ) - B ^ B ^ E ( ^ B ) - B ^ B E(L2) ,
which is what we set out to prove.
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fACoS=0,KALCS=0 .

6ACOS=0.011F =0 ,
UIR=0.UIY=0.Ulb=0.FIF=0.
KIR=0.416=0.416=0 •

C STAGING POUmT FOR GGMRm .
ASEED=SEEG WRITE(b,9bO) IMH

950 PQRMATUOXt 'SAMPLE SIZE iS’,lX»13/) dRITE<6,1001) (5IGM(I)»1=1.62)
1001 FORMAT(lOXt'SIGM MATRIX•//6(10X•11(Fb.3•IX)/>) C CALCULATE PGP. BETA AMD MULTIPLE R.C invert SIGM MATRIX.60 10 I = 1»IM1 
10 SGMXX(1)=SIGM(I)*1=6

LALL LIl\iVlP( SbMXX.Nl, VA.KI .01.02, IER)K = 0DO 11 1 = 11 NI DO 11 J=1»I K = K + 1
1SGXK(I,U)=VA(K)11 ISGXX(J,I)=VA(K>K=0. 0
DO 20 1=1iNI °ET A(I)=0,0 DO 20 J = 1«NI 
D0=j+Nl

20 »ETA(I)=BETA(1)+SIGM(JD)*ISGXX(I, J)DO 21 1 = 1»f\i 1 1I=M1 +I 21 K=K+SIGM(II)*BETA(I)
C GENERATE RANDOM VECTORS.
C SAVE SIGM IN SGNXX. Ill
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random number generator GGNRM is from IMSL.

UO 15 1=1,N215 isGhxXl ( 1 )=SlGn (l)
c  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

6ALL Gblv,RM(SEED.NR,NV,SGI''IXXl,NR,RVECtWKVEC, IER2 )C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
bO TO 12 CALL GGNRM1(SEEO,NR,NV,SGMXX1,NR,RVEC,WKVECiIER2)

C SE TUP MATRIX A.SYMMETRIC STORAGE MODE.CORRECTED SS Amu CROSS PRODUCTS 
C MEAN CORRECTION.3 l»o 16 1 = 1, NV 

NX(I>=0.0 *NR=NRUO 17 J=1,NR 
17 MX(I)=MX(I)+RV/EC(J.I)16 MX(I)=MX(I)/ZNR 
CSUSTk ACT means and form TRANSPOSE

do 18 J=1»NVUO 18 1=1,NR
A(I,J)=RVEC<I,J)-MX(J)16 I A(J,I)=A(I,J)
GALL VMOLFF(TA.A,NV,NR,NV,NV,NR♦TAA»NV,IER3)UO 19 1=1,NV 
UO 19 J=1«NV
RAA(T,J)=TAA(I,J)/SuRT(TAA(I,I)*TAA(J,J))

19 U(1,I,J)=TAA(I,J)CONVER) TAA INTO VECTOR FORM AND STORE IN VA AND VAl K = 1
UO 23 1=1,NV UO 23 J=1,I VA(K)=TAA(I» J )
V AS(K)=TAA( I » J )

23 R=K+1MN=NOR+lC * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C L.S.EST. OF BETA AND RSS.

UO 25 1=1,NI 
25 OX(l)=l1H(1 )=0 

ACPT=0
LALL RLFOKCiVA.UI.NR,.5,.5,JX,Ih.fa,IOPT,IER) 112
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U O  3 0 1 = 1 * h i  
30 LtiLl A( 1* 1 )=b( I )CS'luWL RSS Ii\l RSSAL 

KSSAl. = VA( (42)
CC forward se le ct io nC UH(1)=0 

1OPT = 0
LALL RLSf tPlVaSiNI«Nrt».00*.bO♦IlHtFBtIOPT *IER)CSTOKt RKSS lh RSSFW 
KSSFW=VAS(M2>COUNT NUMBER OF VARIABLES 
1P = 0UO 35 1=1,MI 

3b 1P=IP+1IH(I)+1 RP=lP/2
LALL MESS(BETA*F3,RSSAL,KSSFW,KP,MI,Ml,M2,SIGM*R»ZMSE,COST,CVC, 1ZMSC,FC0S,MR,RAA)UP = RP
yiF=UIF+QP 
M F  = FIF + OP*LP 
ARSSF=AKSSF+RSSFw 
AMSE = AMSt+2MiSL ACOST=ACOST+COST ACVC=ACVC+CVC 
AMSC=AMSC+ZMSC I-ACOS=FACOS + FCOS

RIUGE REGRESSION.
MAKEUP X’Y.120 1=1,NI 

X Y ( I ) = 0 . 0UO 120 J=1,MR 
120 Xt(l)=XY(I)+UVEC(J,I)*RVLC(J»NV)UO 130 J = 1,MV 

UO 130 1=1,MR A(I,J)=kv£C(I,J)
130 »A(U,I)=RVEC(i,J)LALL VMULFF(TA,A,i\)V,MR,Ml,MV,MR,TXX,lJl/, IER> 

KK = 0.UO 100 K KK = 1,10 KK=RK+.l K = 1
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014201430144
01450146
01470140
0149
01500151
015201530154
01550156
01570156
0159016001610162
01630164
01650166
01670166
0169
017001710172
01730174
0175
0176
01770176
0179
018001910152

00 135 1=1,NI DO 135 J=1,I 
XA(K)=TXX(I,J)135 K=K+1
11 = 0UO 102 1=1,Nl 
H  = II + I

102 XA(II)=XA(II)+RK UO 3000 1=1,NI3000 RR6(I,1)=XY(I)
CALL LEQT1P(XA.1.NI,RRB,i\IV,6*D1,D2.IER)*=KKK+1 UO 103 J=1»MI

103 t-BET A(U,K)=RRB(J»1)100 CONTINUE
C CHtC* EBETA.

1K=1UO 200 1 = 1,M  
UO 201 K=1,11 
UT=ABS(EBETA(I,K)) lFtDT.LT..05) GO TO 202
IF (EBETA(I,1)*E3ETA<I,K>.LT.O,) GO TO 202

201 CONTINUE ICRV(I)=1 UO TO 200202 1CKV(I)=0 200 CONTINUE1CRV(NV)=1
C SETUR MATRIX AA ANG COLLAPSE TAA AND RVEC.

1 K = 0UO 300 1=1,NV 1TV=ICRV(I)IF(lTVcEG.O) GO TO 3001K=IK+1
KB(IK)sXY(I)U1(IK)=XY(I)UO 301 11=1,NR 
UM(II,IR)=RVEC(iI,I)

301 »DM(IK*II)=DM(II,IK»300 CONTINUE
IF(IK.EO.O) GO TO 2 1IK=IK-1
CALL V MLJ1 FF(TDM,DM»IIK,NK,IIK,NV,IViR.TXX,NV,IER) 114



0193019401 as 0166 
0157 0166 01390190
0191
0192
019301940195
01960197
019801990200 0 2 U 1 020202030204 0 2.05
8181020fc02090210 0211 02120213021402150216 0217 021602190220 0221

NZ=1K*(IIK+2J/2 
UO 304 K = l,l4Z304 TA(K)=0.K = 1UO 305 1 = 111 IK UO 305 d = l,I TA(K)=rXX(I,J)305 K=K + 1 
1 Y = b
LALL LEQT1P( YA,1»IIk »B1 ,I\JV. IY.Dl ,D2,IER)I OTL = 0.P = IIK UIR=Q1K+P
KIR=KIK+P*P AB = 0..UO 350 1 = 1. U K350 AB=A B + Ul(I)»AB=AB/P
uo 351 1 = 1,U K351 ICTL=T0TL+(B1(I)-BAB)**2 
Z|\,R = IMKIOTL = TOTL/(Zl\JR-P)
BES£=0.UO 32Q 1 = 1,U K

320 BESU=BESQ+B1(I ) + * 2  ZKK = P*TOTL/BESGi
2AP=.151F(ZKK.LT.ZAP) bO TO 321 *ZAP321 LALL VIVIULFF(TDI''1,DM,IIK.NK«IIK,I\IV,!\.R.TXX,I\IV»IER> 
uo 330 1=1,1IK

330 1 XX(I.I)=TXX(l«i)+ZKKK = 1UO 340 1=1,IIK UO 340 u=l,I V A (K )=TXX(I,J )340 K=K+1
1 Y=6LALL LEtiTlP( VA,1.IIK,RB,'MV, IY,D1 ,0?, IER) CALCULATE RSS FOR RlUbE
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022?
0223022402250226
0227022b
022902300231
0232
02330234
02350236
02370238
0239
02400241
0242

024302440245
0246
024702460249
02500251
0252
0253
02540255
02560257
02560259

KSSR=0.O uo 360 1=1 .m  THAT=0.0 uo 370 J=1.1IK 370 YHAT=YHAT+DmI.J)*RB(J)
360 KSSK = RSSR+(RVEC(I.NV)-YHAT)**2K=1UO 383 1=1.NI1F(I C H M iI).EO.O) GO TO 382 

REB<I)=RB(K>381 K=K+1
t»0 TO 363 

3P2 REB(I)=0•0 383 LONTIIMUELALL MESS(BETA.KEB.RSSAL.RSSR«IIK.N1.Nl,N2,SIGM,R.KMSE«RCOST. lRCVC.RMSC.RCOS.iMR.RAA)ARSSR=ARSSR+RSSRARMSE=ARMSE+KMS£
ARCOST=ARCOST+RCOST 
ARCVC=ARCVC+RCVC 
ARMSC=AkMSC+KMSC RACOS=RACOS+RCOS C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

C BAYEb REGRESSIOfV *C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
6RS=SQRT(RSSAL)6IA=RSSAL/3•
*K=NIR=NI
IV=100000U.IV3=1000000.
1ND(1)=0M=1

401 M = R+1iNU{M> = ll\lLMM-l)+l
402 H  = INO(M-l)+l i2 = li’JD(ll)+l 

13=IND(M)Kp=K+l
i"il=M-l1 & = 2LALL SEMI(II.12.I3.C.KP.IND.1Q.M1) 116



0260 KSSCA = C( l2,l\lV,fJV)0261 ^P=M-10262 1V1=RSSCA+(ZP/ZK)*SRS0263 IF(TVl-TV) 61*62.620264 61 UO 610 1 = 1,IVI0265 610 t-B (I) =0 , 00266 UO 620 L=2,M0267 U=II\iO(L)0266 620 EB<J)=C<12,J,KP>0269 1K P = ZP0270 BRSS=RSSCA0271 IV=TV10272 62 •V2=RSSCA+(ZP/ZK)*CIA0273 IF(TV2-TV3) 619,629,62902 74 619 UO 6109 1=1,NI
0275 6J-09 t-e t i ) =o . a0276 UO b209 L=2,M0277 U=IND(L)0276 6209 EE(J)=C(12,J,KP)0279 UKP=ZP0260 GRSS=KSSCA0281 1V3=TV2
0282 629 IF(INO(M).LT.K) GO TO 401
0263 MSM-10234 lND(M)=IliO(M) + l0285 IF(M.GT.l) GO TO 4020286 UALL MESS ( BET A, EB, H SSAL, BRSS «IKP,M,I\11 ,|\j2,S IGM,R , BHSE, RCOST
0287 1UCV/C. BMSC ,BCOS,i\lR,RAA)ABRSS=ABRSS+BKSS
0286 AbMSE=ABMSE+BMSE0269 ABCOST=ABCOST+bCOST
0290 ABCVC=AbCVC+BCVC0291 A6MSC=ABMSC + t3MSC0292 PIKP=IKP
0293 UIB=QIB+PIKP0294 HB=C1B+P1KP*PIKP0295 gall MESS ( BETA, EE, RSSAL.bRSS, JKP.M ,I\I1,\:2,SIGM,R,BMS2,BC0ST
0296 1UCV2,BMS2,BC0S2,NR,RAA)ABRSY=ABRSY+GRSS
0297 A6MSY=ABMSY+BMS20296 ABCOSY=A8COSY+BCOS20299 ABCVY=ABCVY+BCV20300 ABMSY=ABMSY+BMS2
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03010302030303040305030603070306
03090310
0 3 H03120313031403150316031703160319032003210322032303240325032603270326032903300331
033203330334033503360337035b03390340

PKPrJKP 
UIY=QIY+PKP 
AId=AIb+PKP*PKP I\I0K = N0K + 1,
IF(NOR» GE •NUN) GO TO 900 IF(NOR•GE•1) GO TO 2 900 2NOK = I\!OR
AVRSSF=ARSSF/ZMOR AVMSEsAMSEYZNOR 
AVCOST=ACOST/ZNOR 
AVCVC=ACVC/ZNOR/R AVMSC=AMSC/ZNOR 
AVMSC=SIGM(N2)*(1-R)/AVMSC AVRSSR=ARSSR/ZI\jOR 
AVRMSE=ARMSE/ZWOR A\/RCOS=ARCOST/Z(\lOR AVRCVC=ARCVC/ZWOR/R 
AVRlulSC = AP*u)SC/Zl\!UR 
AMSCR=GIGM(N2)*(1-R)/AVRMSC AVBRSS=ABRSS/Zl\iOR 
AVBMSE=A8MSE/ZNUK 
A\/BCOS=ABCOST/ZMOR A\/BCVC=ABCVC/ZNOR/R 
AVBMRC=ABl'1SC/ZriJR AMSCB=S1GM(N2)H[(1-R)/A\/BIvISC YvBKSS = ABRSY/ZINiOR YVBMSE=ABMSY/ZNOR 
YuBC0S=ABC0SY/ZiM0R AVBC\/Y=ABCVY/ZNOR/R 
YVBMSC=ABIV1SY/ZN0R YMSC0=SlGM(N2i*( l-R)/YVBivISC PAC = FACOS/ZrjOR RAC=KACOS/ZNOR 
OAC=BAC0S/ZM0R 
V Ah=Qlf- /ZNOR RVAR=G1R/ZN0R 

BVAR=Qlb/ZNOR 
t>VAR2=OIY/ZMORWRITE (6,666) FV/AR,RVAR,BVARfBVAR2 6FIF=FIF/ZN0R 118



0341 034* 
0343 0 344
0345
0346
0347

0346
0349

0350
0351
0352

00010CU2
0003000400050006
00070008 
0005 0010 
0011 0 012 0013
00010002
0003
0004
0005 OOOfc 
0 0 0 7  
OOOfa 
0009

666

2100

2101

SfiIR=Rlk/ZNGR SCIB=CIB/ZNOK 
5AlB=Aib/ZN0KWRITE(6,666) SFIF.SHIR*SC IB,SAIB 
I-OKMAK/VIGXi *P FORw RIDGE BAYESl lF5.1,bX,Fb.l,6X,Fb.l//) „ rWRITE<6,2100) AVRSSF, AVMSE, AVCOST,AVCVC, AVMSC, AV/KS5K, AV/RMSE, 
lttVKCOS,AVKCVC, AMSCR, AVBRSS, AVBMSE,AVBCOS, AVBCVC, AMSC6

BAYES21,/12X»F5.1»2X»

FORMAT(20X, 1* 12
RSS MSE COST
•/14X,'FWU*,3X,5(F9.3»1X)2i><F9.3*lX)/14X»'3AYES* , 1X»5( F9. 3, IX) )

II ' »/14X * * R I U G ' , 2X

; .- w k h s e  . R*c.

2b(F9J f lx)/lifX,;^JX.;FWUN3X,5(F9.3jlX) /14X * »Kli<3 • , 2X ,

5020 CONTINUE STOP 
END

semi
SUBROUTINE S L M K IBtIS,IPtCiKP*IND»iAtIZ) oihlNSXON C(11,11,11).INU(11)
C(IS»IP,IP)=1./C(IB,IP,IP)
CALL GAUSS(18,IS,IP,C,KP)IF (IA.GT.IZ) GO TO 2LB=IP+1
UO 1 L=IA,IZ
B=C(IB,I NO(L),IP)/C(IB,IP,IP)
C{IS»IND(L ),IND(L))=C(IBtIND(L>,IND(L))+B*C(IB,I NO(L >,IP) UO 1 M=LB,KP

1 C ( ISiIND(L),M)=C(IBtIND(L),M)-B*C(IB»IPt«)2 KETURN
END GAUSS
SUBROUTINE GAUSS(IB,IS,IP,C,KP)UIMENSIQN C(ll,ll,ll)Lb=IP+l UO 1 L=LB,KP
C(1S.IP,L)=C(IB,IP,L)/C(IB,IP,IP) uo 1 M=L.KP

1 C(IS,L,(ul)=C(Ib*L,M)-C(IB,IP,M)*C(lS«IP,L)KE T U R N
end
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Appendix F
Eigenvalues of the three interpredictor correlation matrices

For the low interpredictor correlations:
= 2.77 /)2 = 1.03 = .95 ^ = .91

\  = .89 \  = .80 X  = .77 \  = .68D ' 6 / o
= .62 = .59

Mean of the eigenvalues = 1.00 
Variance of the eigenvalues = .37 

For the medium interpredictor correlations:

li 5.47 \  = -73 11 .65 >  = .61 4IIin .59 \  = -50 6 ^ 7 - .47 = .38

\  “ .32 \ o  = -29
Mean = 1.00
Variance = 2

high interpredictor correlations:

II 7.25 V
to

II • U
l

>3 = .49 ll • O
IIin

G
O
CO•

C
M•IIrs° III''

nc .25 ^8 =  -18
\  = .13 = .119 10

Mean = 1,00 
Variance = 4.35
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