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Abstract

A TECHNIQUE FOR THE TREATMENT OF MISSING DATA
IN A NONLINEAR REGRESSION- MODEL

by
VIVIAN SHULMAN

Adviser: Prof. Alan L. Gross

A problem occurs in educational practice when an
organization wishes to validate a test, x, as a
predictor of a criterion variable, y, and the data sets
are incomplete. Often, due to the selection of subjects
on the basis of %, criterion ky) scores are available
for some subjects, but missing for others. A
statistical problem of interest is to estimate the
missing y scores in an attempt to infer the relationship
between x and y in the total group. Regression
techniques for handling this problem assume a linear
regression model. The problem is exacerbated in the
fairly frequent case when the regression of y on x is
nonlinear in form.

The primary goal of this research was to
analytically investigate the effectiveness of three
regreésion techniques for estimating missing y scores,

when the underlying model was nonlinear, and



specifically quadratic in form. Method 1 simply
utilized the x scores in the selected group to predict
missing y scores. Method 2 utilized an auxiliary
variable, z, in conjunction with x to predict missing y
values. And method 3, a special case of method 2,
utilized x and leto predict missing y values.
Expressions to compare the‘ expected mean squared error
of each of the three regression procedures were
analytically derived. These expressions were compared
in terms of sample size, the proportion of cases
selected, the distribution of x scores, the relationship
of y to x, and the relationship of z to x. The
findings of the present study indicate that first, as
expected, in the case where the underlying xy
relationship is linear, the simplest regreséion method
(i.e., utilizing the selected x cases alone) performs
best in predicting the missing y cases. Second, in a
situation where the relationship between x and y is
assumed to be non-linear, the utilization of an
additional variable in conjunction with x is the method
of choice in predicting missing y cases. Finally, in a
situation where the range of x values is severely
restricted, the performance of all three procedures is
unreliable, and the performance of procedure 3 is
especially poor. Recommendations for researchers, and

potential areas for future research are discussed.
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Chapter 1
INTRODUCTION

A frequently occurring problem in educational
practice arises when one wants to validate a test, x, as
a predictor of some criterion variable, y, and the x-y
data sets are incomplete in that x or y (or both) is
missing for some subjects. A special case of this
missing data problem, known as restriction of range,
commonly occurs as a result of selecting subjects on the
basis of x. Thus, y scores are known for the selected
cases, 'but are unknown for the unselected cases. A
statistical problem of interest is to estimate the
missing y scores in an attempt to infer the total group
X-y relationship.

When a regression function is computed on a subset
of data (for example: x and y scores for those selected
on x), it may be difficult to generalize the obtained
equation to the full set of scores. Consider the
following example which has received much attention in
the literature. Suppose a college selects a certain

proportion of students scoring highest on a test, x, for



admittance. The institution is then interested in
validating their admissions procedure by observing the
relationship between X and scores on a criterion
variable, y. Let x represent a college entrance
examination such as the Scholastic Abtitude Test, and
let y represent first year grade point average (G.P.A.).
While x scores are observed for all applicants, y is
observed for selected cases only (those cases scoring in
the highest p percent), and missing for the unselected
cases.

Typically, regression techniques for handling this
type of missing data problem are based on the assumption
of a linear regression model. The techniques rely on
extrapolation, where the linear regression 6f Yy on X is
obtained for a selected group, and extrapolated back for
ﬁhe full data set. This type of extrapolation can be
problematic when the regression of y on x is nonlinear,
a not infrequent case. 1In our example, suppose the
regression of GPA scores on SAT scores is concave in
form, with GPA scores flattening out as SAT scores
increase. In this case, a linear regression analysis
performed with the selected data will yield a distorted
view of the true reéression function. Further, this
may yield inaccurate éstimates of the missing Y scores

of the unselected cases.



We now céntemplate the problem in more detail.
Consider a situation where there is a quadratic
relationship between x and y in the population. The
population regression function can be expressed by the

following equation:
Y = gt X +od X2 + e (1)

Given this nonlinear underlying model described by
equation (1), suppose one cannot observe both x and y
for all N subjects; due to selection on x, there are '
missing data on y. We are interested in estimating the
missing y scores for the unselected subjects. An
approach that is often used in dealing with this missing
data problem is to apply a linear least squares analysis
to the subset of complete cases (i.e., the cases for
which both x and y are observed) (Yates, 1933), and use
this equation to estimate missing y scores. This
approach will here and after be referred to as
“"procedure 1." The linear regression of y on x that

results from this procedure can be expressed as follows:



~ A Vo
. ~ .
where Bg = | Bos |= (Xg Xg) Xs Yg
Bis

and Xg is an Ng by 2 matrix, whose first column is the
unit vector and whose second column contains the x
scores for the selected cases. We can then utilize
equation (2) by applying it to the x scores of the
unselected cases in order to obtain the missing y
scores.

An illustration of the problem that may result when
a linear regression analysis is performed on the subset

of complete cases is demonstrated in Figure 1.
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Figure 1. A hypothetical xy data set?2.

qp = at a given x value, a proportion, p,

is selected. .



et us consider the hypothetical data set depicted in
Figure 1. Suppose we only had scores to the right of
the perpendicular line, P. An attempt to extrapolate
back linearly from these scores to estimate the scores
on the left side of the line will lead to an |
overestimation of points.

Given the underlying nonlinear model expressed by
equation (1), and missing data on y due to selection on
X, we consider an alternate approach to the missing data
problem, i.e., to the estimation of the missing y
scores. This method involves the introduction of an
additional variable, z, where complete data on z is
available. We assume that given x and x2, z is
independent of y, but given x, y and z may be dependent.
The y variable is regressed on x and z, using the x, vy,
and z data for the selected cases. The resulting least
squares weights (Wgp, W,, W3,)are applied to x and z in.
the unselected group to predict the missing y scores.
The predicted values are denoted as 9 , and are

computed from the following equation:

Y = Wg + WiX + Wr2 (3)



This procedure will here and after be referred to as
Procedure 2. A potential advantage to procedure 2 is
that the utilization of the variable z in conjunction
with x will promote a good approximation of the correct
‘model in the prediction of missing y cases.

Given the underlying nonlinear model expressed in
equation (1), and missing data on y due to selection on
X, a third method for estimating missing y cases is
presented. This procedure is a special case of
Procedure 2, where the variable z is set equal to x2,
Thus, with this method, the correct model is utilized,
wheré Yy is regressed on x and.xz. However, it should be
noted that we are utilizing the variables x and x2 for
the range of selected subjects only.

This procedure (referred to as Procedure 3),
proceeds as follows: The y variable is regressed on x
and x2 in the selected group. The resulting least
squares weights ( o, &, &, ) are applied to x and
x2 in the unselected group to predict the missing y
scores. The predicted valugs are denoted as 9’ '

and are computed from the following equation:
P
Y= o + ¢, X+, X (4)

where '§; is computed in the selected group.



One can evaluate the accuracy of each of the three
procedures by analyzing how well equations 2, 3, and 4
estimate the missing Y cases. More specifically, we can
consider the expected mean squared error (EMSE) of
prediction of each of the three procedures. A prototype

expression for these indices can be illustrated as

follows:
Ny
EMSE = E & (¥ - Y4)2 (5)
¢
Ny
where N,; = the number of cases in the unselected group.

Y; = the actual y score for the iR subject in the
unselected group.
Qi = the estimated y scores obtained by one of
the three procedures for the ith subject in
the unselected group.

In the present study, expressions for the accuracy
of the EMSE of the three procedures are analytically
derivéd. We will compare these expressions in terms of
the following parameters: a) sample size, b) proportion
of cases selected, c¢) the distribution of x scores, d)
_the relationship of y to x, and e) the relationship of z

to x.



Results from this study can be valuable to
educational practitioners. Very often when
investigating relationships among sets of scores, one
may encounter the phenomenon known as a "ceiling
effect," where a regression line will level off at the
higher end of a curve. There are several explanations
why this happens. Often the maxiqum obtainable score on
a test is a good deal lower than 100% correct.

Sometimes a test is too easy (or too difficult) leéving
no room for improvemént. Given such a situation,
coupled with miésing data on a variable, a more accurate
regression might be obtained from generalizing results

from this study.



Chapter 11

REVIEW OF THE LITERATURE

Much of the research on missing data has focused
upon the problem of restriction of range, where the main
emphasis is on correction formulae estimates and their
properties. For a review of the research in this area
one can consult the following studies: Pearson (1903),
Lawley (1943), Cohen (1955), Novick and Thayer (1968),
Kagan (1977), Gross (1981,1982), Linn (1983), Greener
and Osburn (1980), Gross and Fleischman (1983), Roe
(1979), Olson and Becker (1983).

The following review of the literature will focus
on the broader problem of missing data in multivariate
data analysis, and specifically regression analysis.
The different procedures for dealing with missing data
when performing multiple regression analyses are
discussed together with the distributional assumptions
underlying these methods. Properties of these
procedures are compared through a review of simulation
studies. The procedures disgussed in the literature are
intended for use on data matrices whose entries are
missing by virtue of some process that is unrelated to
any of the relationships between the variables in the

matrix. Thus, there is an underlying assumption that the

10



process of selection on one variable is independent of
the other variables.

There are two main approaches for estimating
missing data. The first is a statistical procedure
which begins by assuming that the observed data is a
sample drawn from a multivariate distribution of a known
form (usually multivariate normal), and having unknown
parameters. The population parameters are estimated
.using the available data and an estimation procedure
(such as maximum likelihood). The estimated parameters
are then used to estimate particular missing
observations, by utilizing the conditional distribution
of the variable whose observations are missing, given
the variables whose observations are not miséing.
Orchard and Woodbury (1972) estimate the parameters of a
multivariate normal distribution utilizing the method of
maximum likelihood. Beale and Little (1975) derive
Orchard and Woodbury's "missing information principle,"
and demonstrate how the principle leads to a simple
iterative algorithm for finding estimators that are
maximum likelihood when the population is multivariate
normal.

. Gleason and Staelin (1975) indicate that the major
advantage of utilizing a statistical method in dealing
with missing data is that it yields "an unambiguous

model of the estimation process whose characteristics

11



can be evaluated analytically." However, this method is
based upon stringent assumptions about the
distributional form of the population. Very often the
assumption of a multivariate normal distribution is
inappropriate. For example, questionnaires often
consist of items having only several responses and
result in data which are clearly not normal.

To avoid the distribution assumptions of the
statistical épproach, the problem of estimating missing
data is often approached by a second method, which does
not model the generation of data. Instead, the
information in variables having no missing values is
utilized to constructAreasonable estimates for missing
entries. Results from this approach are evaluated not
by studying the properties of the model, but by
measuring how well the various methods can reconstruct
unknown values from available data using actual
examples. Typically, such research_utilizeé a multiple
linear regression model, where data is missing at random
from one or more variables, and the population is
assumed to have a multivariate normal distribution.

Yates (1933) proposed the application of the usual
least squares method to all available observations;
i.e., the subset of complete cases. However, unless the
amount of data is very small, the results can be very

unsatisfactory. This is particularly true if the value

12
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of many variables are known for an incomplete
observation, and these vafiables are important for the
study. Beale and Little (1975) demonstrate that the
leastt squares method is inferior to all other
alternatives, where their criterion for estimating the
effectiveness of other estimators is the "residual sum
of squares of deviations of the observed and fitted
values of the dependent variables when the deleted
values are restored" (p. 139). (The Beale and Little
report will be discussed in a later section, where the
criterion described above for judging the effectiveness
of estimators is elaborated upon).

Another approach to this missing data problem is to
substitute suitable guessed values for the unknown
quantities. Wilks (1932) proposed using ﬁhe mean of all
nonmissing values for any variable to estimate the
missing values. However, with data that is highly
correlated, this can give very poor results (Beale and
Little, 1975; Haitovsky, 1966). Gleason and Staelin
(1975), Affifi and Elashoff (1966), and Timm (1970)
investigated the effectiveness of the Wilks method along
with other missing data methods. They conclude that if
the average intercorrelation among variables is in
excess of .2, then the redundancy in the variables can
be effectively used to estimate values of missing

entries. Only when the intercorrelation of variables is

13



below .2 will the best information about a missing entry
come only from the variable itself (i.e., the mean).

Another method, proposed by Dear (1959), to
retrieve missing data uses the property of principal
component analysis, namely, that the original data are
obtainable from factor scores and factor loadings.
Dear's method decomposes the data matrix into its known
and unknown parts and uses the first principal component
and its associated loadings derived from the known data
to estimate the unknown data.

Finally, a method proposed by Buck (1960) to
replace missing data uses a regression equation to
compute estimates for missing entries. Buck begins by
using the complete observations to estimate the means of
all the variables and the covariance matrix. These
values are then used to estimate any missing quantities
as linear functions of the variables that are known for
the observations. Thus, the independent variables are
ﬁhe nonmissing entries for the individual who has a
missing entry, and the regression coefficients are
calculated using all subjects in the submatrix which has
no missing entries.

The missing data techniques of Dear, Wilks, and
Buck are compared in a study by Timm (1970), who used as
a criterion the ability of each method to predict the

correlation or covariance matrix. The Dear and Buck

14



methods were generally superior to the Wilks method for
the data matrices that were investigated. Timm's
results, however, provide no information on the problem
of estimating the missing entries themselves.

Beale and Little (1975) compared the properties of
several missing data procedures, ﬁncluding the method
of ordinary least squares on complete cases only, and
Buck's method, utilizing a simulation study. A third
procedure considered by Beale and Little is an iterated
form of Buck's method. Buck (1960) used only the
complete observations to estimate the means of all the
variables and the covariance matrix. The iéerated form
of Buck's procedure takes trial values for the means
(xj)-of the variables and the covariance matrix, and
uses them to estimate the missing quantities using
linear regression. The process is repeated, each time
resetting the value for the means and estimated
covariance matrix, until there are no further changes.
Beale and Little note that Orchard and Woodbury derive
an algorithm that produces the same maximum likelihood
estimates as the iterated version of Buck's method, when
the population is multivariate normal. (The only
difference is that the adjusted sum of squares and
products matrix is divided by (N-1) instead of (N), to
derive the estimated covariance matrix). An advantage

of the iterated Buck procedure over the Orchard and
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Woodbury maximum likelihood method is that it does not
assume that the underlying population is multivariate
normal.

In their study, Beale and Little generated data
from a multivariate normal population with one variable
identified as the dependent, and between two and four
independent variables. Five, ten, twenty and fo;ty
percent of the observed values for each variable were
randomly deleted. The criterion utilized for judging
the effectiveness of each procedure was the "residual
sum of squares of'deviatidns of the observed and fitted
valﬁes of the dependent variablé when the deleted values
were restored" (p. 139). This can be written in symbols

as

2

N
S = é Yy = bg - bjxij (6)
=

where bg and by are the constant term and slope
coefficient estimated from incomplete data by one of the
methods; and Xj4 and Yj are the true values of all
variables having no deletions.

| Beale and Little conclude from their analyses that
Buck's method and iterated Buck pefform consistently
better (produce lower values of S) than ordinary least

squares on complete cases only. While the iterated Buck



procedure'requires more computing than the ordinary Buck
method,'the former always performed better than the
latter, except for three cases having only 5% deletions.
While the properties of the missing data procedures
described above have been compared in simulation
studies, analytic comparisons have generally not been
performed. This is due to the complexity of the problem
that arises when missing values are scattered over
several explanatory variables. Donner (1982) attempts
to overcome this difficulty by focusing on the simple
case of two explanatory variables (x3;, X3) with missing
values on X only, where the regression of y on x; is
assumed linear. Using the model ¥ = bg + b3Xj3i + baXsj
+ e; i=1,2...N, Donner derives algebraic expressions
for the bias and variance associated with various
methods of estimating the parameters b; and b,. The
errors (éi) are assumed to be independently distributed
with zero means and unit variances over all N cases,
Included among the procedures that Donner investigates
are: a) the complete case method, where the usual least
squares method is applied to the N cases for which x;
and xp are observed; b) the mean substitution method
(Wilks, 1932), where a missing value on x5, is replaced
by the mean of x5 over the complete cases; c) the method
of linear prediction (Buck, 1960), where a missing %53

is replaced by its "predicted valhe from thé'simple

17



linear regression of x, on xj over the complete cases"
(p. 379).

As a result of his analysis, Donner concludes that
the mean substitution procedure is relatively effective
in estimating the coefficients for incompletely observed
variables when the intercorrelations among the variables
are weak, and the proportion of missing cases fairly
high. However, this method tends to be biased if the
correlations among the variables are high, and the bias
persists even with large samplesthaving random patterns
of missing data.

When comparing the linear prediction method with
the complete case method, Donner found that the former
method is more accurate than the latter in estimating
by, while the two procedures were equivalent for
estimating b,.

In summary, the studies that have been discussed
assume that the relationship among variables is linear
in form. The following study differs from the previous
research in that we investigated the problem of missing
data when the relationship among the variables was
nonlinear. A simple but realistic case of missing data
on y due to selection on x was investigated. Three
procedures were compared analytically. Procedure 1
regreésed y on x in the selected group, and applied the

obtained regression coefficients to the x scores of the
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unselected group in order to obtain missing y scores.

| Procedure 2 regressed y on x and z in the selected

group, and applied the resulting least squares weights

to x and z in the unselected group to predict missing y

scores. Procedure 3 regressed y on x and x2 in the

selected group, and applied the resulting least squares

weights to x and lein the unselected group to predict

missing y scores.



Chapter 111

METHOD

The investigation of the three procedures for
dealing with missing data in a nonlineaf regression
model was conducted from an analytic vantage point.
Three indices were derived to evaluate the three
procedures. Let us briefly review procedures 1,2, and
3. In procedure 1, y is regressed on x in the selected
group. Obtained regression weights are applied to x
scores in the unselected group, and subsequently the
missing y scores in the unselected group are estimated.
In procedure 2, y is regressed on x and z in the
selected group. Resulting regression weights are
applied to x and z scores in the unselected group to
obtain missing y scores. In procedure 3, y is regressed
on x and x2 in the selected group. Resulting least
squares weights are applied to x and x2 in the
unselected group to predict missing y scores.

Indices 1,2, and 3 (which correspond to procedures
1,2,and 3 respectively), gauge how well the three
procedures can reproduce the actual y scores for the

unselected cases. The three indices represent the

20



expected mean squared error (EMSE) of prediction for
each of the three procedures.

Aﬁalytic evaluation of procedures 1,2, and 3
occurred in two steps. Step one involved the derivation
of mathematical expressions for indices 1,2, and 3.
Step 2 involved evaluating the performance of the three
procedures by varying the three indices with respect to
various conditions.

Let us now consider the mathematical derivations
for indices 1,2, and 3. A prototype expression for the
expected value of the EMSE for fhe three indices is

illustrated as follows:

D A
EMSE = E(¥y = ¥u' ) (¥Yu - YW (7)
Nu
where y,; = the actual vector of y scores for the

unselected cases.

Yu = the predicted vector of y scores for the
unselected cases, utilizing one of the three
procedures described above for estimating
the missing scores.

N, = the number of cases in the unselected group.

Let us considér the expression of the estimated y

A
scores in the unselected group (i.e., yy). For

21
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procedure 1, the estimated y scores in the unselected
group can be expressed as follows:
A . N
Yu1 = XuiBsi

A . ‘
where Y,;; = the estimated y scores in the unselected

group according to procedure 1.
Xu1 = the Ny by 2 data matrix consisting of the

-

Xg and X scores of the unselected cases.

No
‘ﬁsl = A vector of regression weights, where y in
the selected group is regressed on X3 and X
in the éelected group.

A
Now Bgq can be expressed as follows:

A / =1 /
Bs1 = (Xs1 Xs1) Xs1 ¥s
where Xgq9 = the Ng by 2 data matrix consisting of the
Xo and X scores for the éelected cases.
Y¥g = a vector of y scores for the selected
cases.

Let us now consider the expression for the estimated y
scores in the unselected group for procedure 2. This

expression can be written as follows:
A

A
Yy2 = Xyu2Bg2
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where Quz = the estimated y scores in the unselected
group, derived according to procedure 2.
Xy2 = the Ny by 3 data matrix, consisting of the

Xo, X and Z scores for the unselected

cases.
= _Xo X 2
. —_
by
"}“.— a——
Bgs = a vector of regression weights predicting y

in the selected group from Xg, X, and 2 in
the selected group.
Bgy can be expressed as follows:
Bga = (xszlxszftxsz,ls
where Xg; = the Ng by 3 data matrix consisting of X5, X
and Z scores for the selected cases.
¥s = the vector of y scores for the selected
group.
Let us now consider the expression for the estimated y
scores in the unselected group for procedure 3. This
expression can be written as follows:
A A
Yu3 = ZXu3Bg3
where ng = the estimated y scores in the unselected

group derived according to procedure 3.



where

Xy3 = the Ny by 3 data matrix consisting of the
Xo, X and X2 scores for the unselected

cases.

X3 =  ~Xo X %2
2
Nu
A .
Bg3 = a vector of regression weights predicting y

in the selected group from Xp, X, and X2 in

the selected group.

s3 can be expressed as follows:

o> lw

/ -l ’
s3 = (Xs3 Xg3) Xs3 ¥s
Xg3 = the Ng by 3 data matrix consisting of the

Xo, X and X2 scores for the selected cases.

¥s the vector of y scores for the selected

group.

In general, one can express a typical set of predicted y

scores as follows:

where

A

X = GYg

A

Y = a vector of N, predicted y scores.
¥Ys = a vector of Ng predicted y scores.

24



G =

More specifically, G can be described as follows:

’ ~I 7
G = Xu (Xs Xs) Xs

an Ny by Ng matrix, whose elements are used

in conjunction with yg to obtain predicted y

scores.

-~

It follows that a typical index to evaluate the Expected

Mean Squared Error (EMSE) of any of the three procedures

is expressed as follows:

. /
EMSE = E(yy - G¥s) (Yy - G¥g)
Ny

This expression can be written in the following form:

/
E(Yy - G¥s) (Yu - G¥s) =EyAy

where A is the following N by N matrix:

an Ny by N, identity matrix.

/ -l
Xu(Xg Xg) Xg

—
A=

-
where I =
G =
and y =

selected and unselected. cases;

a vector containing the y scores of the

I

Yu
¥s

Nu

-G

G G

A

(8)
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If y is normally distributed, with expectation, 4«4 , and

a variance covariance matrix, Z H

then Ey'a y can be expressed as follows:
Nu (Searle, 1971, p. 55)
E(y'ay) = tr (AX) +at Aax
Ny ‘ Ny
In the problem being considered:
S =o'
L = X

S
where ¢ L= the variance of y multiplied by an N by N

identity matrix.

X = an N by 3 data matrix consisting of X3, X
and X2.
X = Xo X x2
< = a vector of regression weights having the

following form:
= = <o
<
| (s

26
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A typical index can therefore be written as follows:
E (yy - 6¥s) (¥y - G ¥g) = g tr(d) +L'x'a Xt
"Ny Ny

where A is as in (8), and where G will be different for

each of the three indices:

. - /
for procedure 1, G = xul(xsl'xsl)'xsl
- '
for procedure 2, G = xuz(xsz’xsz) x52/
/ ~
for procedure 3, G = X,u3(Xg3 xs3)'xs’

Step two in the analytic evaluation of the threé
procedures involved the construction of a Fortran
computer program. Subsequently, fhe performance of the
three procedures was evaluated by varying the three
indices with respect to the following cpnditions:

1) sample size: N = 25, 50, 100.
2) the_amount of missing data: The proportion of

selected data (PSEL)'was varied as follows: .60, .75,
.90. The data thét were selected were always at the
upper end of the distribution.

3) the form of the regression of y on x: Three forms
were used: linear; non linear but monotonic; non
linear and non-monotonic.

4) the fb;m of the regression’og z on x: Three forms
were used: non linear but monotonic; non linear and

non-monotonic.



5) the distribution of x scores: Three types of X score

distributions were considered: a) uniform, b) skewed to
the left, and c) skewed to the right. '

We will now elaborate on conditions 3,4, and 5 by
discussing the manner in which the x, y, and z data were
generated, and the interrelationships among the
variables.

The x variable was constrﬁcted to have a range from
1 to 10. Three different distributions of x score
values were constructed, namely, uniform, skewed to the
left, and skewed to the right. Table 1 demonstrates the
percentage of cases distributed at each value of x, for

each of the three different distributions.

28
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Table 1

The Distribution of x Scores by
Distribution and Sample Size

¥ Distribution

X Scores Uniform Left-skewed Right-skewed
30 50 100 25 50 100 25 50 100
1 s s 10 12 4 8 16 32
2 3 5 10 1l 2 4 5 10 20
3 3 5 10 1 2 4 3 6 12
4 3 5 10 1 2 4 2 4 8
5 3 5 10 1 2 4 2 4 ‘ 8
6 3 5 10 2 4 8 1 2 4
7 3 5 10 2 4 8 1 2 4
8 3 5 10 3 6 12 1 2 4
9 3 5 10 5 10 20 1 2 4
10 3 5 10 8 16 32 1 2 4
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Let us examine the three typeé of x écore
distributioﬁs more closely, beginning with x scores that
are uniformly distributed. Figure 2 illustrates a case
where x scores are uniformly distributed between 1 and

10.

13-

Figure 2. A uniform distribution of x scores?.

@p = at a given x value, a propqrtion, p, 1s selected.



The solid horizontal line illustrates a distribution of
x scores that is uniform. The dotted vertical line (p)
represents the proportion of cases selected. If we
cdnsider this ﬁniform distribution of x scores, and
assume that the total number of cases (N) is 100,'then
10 x scores would occur at each x value from 1 to 10.
If the proportion of data selected (psel) is the upper
75% of cases, then the lower 25 cases will be deleted.
" Therefore, in the case where scores are uniformly
distributed, one would be missing all x cases in the

range of 1 and 2, and half of the cases in the range of

3. We would therefore be left with x values that are in

the range of 3 to 10.

Figure 3 illustrates the second kind of x score
distribution that was considered, namely where the x
scores are skewed to the right. In this case the "tail"
of the distribution is on the right side, and the "hump"

is on the left side.
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Figure 3. ‘A distribution of x scores
‘ that is skewed to the right2.

a.p = at a given x Qalue, a.proportion, P,

is selected.



It should be noted that, in this case, the majority of
scores occur at the lower end of the distribution. If
one looks at Table 1, it can be seen that 32% of cases
occur when x = 1; 20% occur when x = 2; 12% occur when
X = 3; 8% occur when x = 4; 8% occur when x = 5; and 4%
occur when x = 6, 7, 8, 9 and 10. | If we consider the
same example described earlier, where N 5‘100, and the
proportion selected is 75% (i.e., all cases to the right
of the perpendicular line), we are again deleting the
lowest 25 cases. Since there are 32 cases where x = 1,
we will still have x values in the range of 1 to 10.

Figure 4 illustrates the third kind of x score
distribution that was considered in this study. 1In this
case, the x scores are skewed to the left. It should bhe
noted that the "tail" of the distribution is on the left

side, and the "hump" is on the right side.
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Figure 4. A distribution of x scores
that is skewed to the left?,

ap = at a given x value, a proportion, p,

is selected.



In this situation, the majoriﬁy of cases occur at the
upper end of the distribution. More specifically, if
one looks at Table 1, it is evident that 52% of cases
-occur when x=10; 20% occur when x = 9; 12% occur when X
= 8; 8% occur when x = 7; 8% occur when x = 6; and 4%
occur when x = 5, 4, 3, 2 or 1. Let us again consider
the examplerwhere N = 100, and the proportion selected
is 75% (i.e., those cases to the right of the
perpendicular line). We again delete the bottom 25
cases. In this case, however, we are left with values
for x in the range of 6, 7, 8,‘9 and 10 only.

We will now discuss the form of the regression of y
on x. The y variable was constructed as a quadratic
function of x, and can be described by the following
equation:

Y = oy +of,X +od, X2 + a : (9)

- Different values for the alpha weights were specified to
change the form of the regression of y on x.

Figure 5 provides an illustration of one of the xy
relationships. In this particular case, o4, =1, and

uﬁf 0. X is in the range of 1 to 10.
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Figure 5. A sample xy relationship that is linear.



It is evident that the relationship between y and x
‘is linear for the particular range of x values utilized
here. |

Figure 6 provides an illustrafion of one of the x-y
. relationships. In this particular case, <, = 1, and

<y = =-.05. X is in the range of 1 to 10.

Y = x-.05x2

Figure 6. A sample xy relationship that is
nonlinear but monotonic.
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It is evident that the relationship between y an x is
nonlinear but monotonic for the particular range of x
values utilized here.

Figure 7 provides an illustration of the x
relationship in the case where ooy =5, and

ey = -.5. x is in the range of 1 to 10.

y=5x-.5x2

Figure 7. A sample xy relationship that is
nonlinear and non-monotonic.
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In this‘case, the x relationship is nonlinear and non-
monotonic for x scores in the range of 1 to 10.

fhe form of the regression of z on x will now be
elaborated upon. A FORTRAN compuéer program was
utilized to generate a z variable from a Guassian
distribution, where a random number was utilized to
generate sample z values. 2 scores were generated that
were related to x, but not as highly related to x as is
x2. More specifically, z was assumed to be normally
distributed with mean, wg + wix + wpx2 , and the
variance was set equal to 1. Values for z were then
generated from this distribution. Figure 8 illustrates
the two different xz relationshipé that were.evaluated

in the present study.

~
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a ‘ zZ =X~ 05x3?

Figure 8. Two sample xy relationships: a. nonlinear but
monotonic; b. nonlinear and non-monotonic.



In Figure 8 (a) and (b), the relationship of z to x can

be described by the following expression:
E(z/X) = wg + Wy (X) + Wy (x)2 (10)

where wg, W, and wy refer to the regression
coefficients of zg, 2y, and z2 respectively, in the
regression equation predicting x from z. In Figure
8(a), the relationship of z to x is nonlinear but
monotonic for x value that range between 1 and 10, and
can be described by the following equation:
X =2 - .05(2)2. (The variance of z given x was
specified to be 1). In figure 8(b), the relationship of
z to x is nonlinear and non-monotonic for the range of x
-values between 1 and 10, and is described by the
following equation: x = 5(z) - .5(z)2. (The variance
of z given x was specified to be 1).

One can conceive of procedure 3 (where z = xz) as a
special case of procedure 2. The relationship of z to x

is illustrated by Figure 9.
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In this case, the relationship of z to x is nonlinear
but monotonic, and can be expressed by the prototype
illustrated by equation 8 above. 1In this pafticular
case the values for wg, w;, and wp are 0, 0, and 1

respectively. (The variance of z given x is 0).-

Figure 9. A sample quadratic relationship between x and z.
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Chapter IV

RESULTS

Tables 2 through 10 represent the effects of the
five independent variables on the performance of indices
1, 2, and 3. Index 1 measures the accuracy of predicting
missing Y scores, utilizing a linear regression equation
of the selected cases only (i.e., evaluating procedure
1) . Index 2 measures the accuracy of predicting missing
y .scores, where a variable, z, is used in conjunction
with % in a linear regression analysis (i.e., evaluating
procedure 2). Index 3 measures the accuracy of
predicting missing y scores, where a variable, x2, is
used in conjunction with x in a linear regression
analysis (i.e., evaluating Procedure 3).

In each of tables 2 through 10, for a given value
of N (number of cases) and PSEL (proportion selected),
the performance of the three indices is presented as a

function of XDIST (x distribution is: 1. uniform; 2.

skewed to the right; 3. skewed to the left); ALPHA (the
relationship of y to x is: 1. nonlinear but monotonic;
2. nonlinear and non-monotonic; 3. linear); W (the

relationship of z to x is: 1. nonlinear but monotonic,

2. nonlinear and non-monotonic). For example, Table 2
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demonstrates the performance of the three indices for
each category of alphaJQQVL and Xdist, where N and Psel
are fixed at 25 and 60% respectively. Thus, tables 2
through 10 represent all the basic results.

The following are the major findings observed in
tables 2 through 10, which describe the main results of
the study:

1. When the form of the regression of y on x was
linear, index 1 was, as expected, always smaller than
indices 2 and 3. Therefore, in this case, the best
procedure was to predict missing y scores using a simple
linear regression equation predicting y from the
selected x cases.

2. When the form of the regression of y on x was
monotonic, the values for indices 1 aﬁd 2 were similar.
The values for index 3 fluctuated more widely than those
for indices 1 and 2. Values for index 3 became
extremely large in the case where the distribution of x
scores was skewed to the left.

3. In the case where the form of the regression of
y on x was non-monotonic, the performance of procedure 3
was superior to that of methods 1 and 2, as evidenced by
the much smaller values for index 3.

4. The performance of index 3 remained

constant across all levels of alpha.
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table 2

The Values for Indices 1. 2. and 3 as Functions of
W, and lvpe of x Distridbution
tn =252 Fsel = 4O»

Form of the rearession of y on x

Linear Honotonic Non-Monotonic
Form of the recression Form of the regression ' Form of the reqressius
2z onx § z on'xn ) 4 2 OO R

Drstrabution Inde:: Honotonic  Non- Distrabution Index Monotonic - Distribution Index HMonotonic  Naon-

Oof x scores Honotonic  gof x scores Monotonic ot x scores Horotons ¢
Uniform 1 1.63 1.63 Uniform 1 3.32 3.32 Unifore 1 170.85 170.85
s form 2 1.74 4.51 Uniform 2 3.33 4.85 Uni form 2 160.99 38.92
Uns torm 3 8.49 8.49 Uniform 3 8.49 8.49 Unitorm. 3 8.48 8.48
“'qht--kmd. 1 1.24 1.24 Riaht-skewed 1 1.76 1.76 Right- skewed 1 53.8 53.5%
Right. -shewed 2 1.27 1.65 Rinht-sl‘mned 2 1.87 1.67 Right ~skewed 2 s1.%4 3.85%
Right - skewed 3 1.73 1.73 Right-skewed 3 1.73 1.73 Richt-skewed 3 1.73 1.73
Lezf ¢t - sheewed 1 5.41 5.41 Left-shewed 1 7.67 7.67 Left-skewed 1 231.07 231.07
Left skewed 2 5.85 30.75 Laft-skewod 2 8.15 33.2 Lef t-skewed 2 235.55 291.67
1.Qft -ckowed 3 424.44 224.44 Lett-skewed 3 424.42 424.42 Left -skewed 3 424.49 424.49

Note, NRunerical values represent the expected mean squared error
of prediction for the three procedures.
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Tabie )

Ihe Values tor Indices §.

2. &) 3 as Fuixktions of
Alplia © & 1, W, anl Tvpre 08 x Distrabution

ty »28s lsel =.08»

Form of Lhe reoression ut v on x

Linesr Monotonic — MNon ~Honot oni ¢

Fore of the reoressiop form of the regression Form av Ve 2 eae "-"N""

= af 2 cnl e

Distrabution Indea Monotonic  Non- Distribution indesz Monotonic - Distribution Inde: tonic  Non-
of & scores Monotomic ¢ x scores Monotonic ot : scures MU0l 1000 0
G tore ) ' 1.3 1.3 Unifore 1} 2.44 2.44 Uns fore 1 115.92 115.92
Uns form 2 1.48 2.51 U fore 2 2.36 2.93 Unitorm 2 109.08 5.3
Unstore 3 2.54 2.54 Unitore 3 2.54 2.%4 Unsturm 3 2.54 2.954
Roght - skewed 1 1.1% 1.1% Kaght -s) ewed 1 1.46 1.46 Fioht - st ewed ] 32.2 32.2
Right-stewed 1.29 1.32 laght-slewed 2 1.59 1.34 Riuht -st ewed 2 30.03 3.23
Rignt~st ewed 3 1.33 1.33 Kiglhit - st ewed 3 1.33 1.3 Rsoht -3} eved 3 1.33 1.3
Laft skewed 1 2.65 2.65 Lett -s) ewed 1 5.1 5.1 Leit -3) ewed 1 247,38 247.33
Lclt -sl ewe 2 3.29 23.91 Lett sl ewmnd 2 S.8 25.53 Lettl stewed 2 2%5.63 186.6
Lefl-skrwed 3 65.77 65.77 Lert stewed 3 65.79 65.79 Lett -2t ewed 3 65.79 65.79

Note. Numerical values represent the expected mean squared error
of prediction for the three procedures.
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Table 4

The Valuves for Indices 1.

tn =25 1 Psel =.10)

2. and 3 as Functions of
Alpha + A 1. H. and Tvpe of x Distribution

Form aof the rearession of y on x

Linear Honotonic Non-Monotonic
Form of the reoression Form of the regression Form of the regression
§ z on x of T on' R gt rons

Distribution Inde: Honotonic Non- Distribution Index Monotonic Non- Distribution tndex Monotonac Non-
of x scores Monotonic of x scores Honotonic ot x scores Horgtome
Yo form 1 1.19 1.19 Uni form 1 2.0 2.0 Uniform 1 82.67 82.67
Uni torm 2 1.29 1.55 Uniform 2 1.96 1.57 Uni form 2 68.16 3.79
Uniforem 3 1.58 1.58 Uniform 3 1.58 1.58 Uniform 3 1.58 1.58
Right -skewer 1 1.09 1.09 Right-stewed 1 1.22 1.22 Right-skewed 1 13.43 13.43
Reght - skewed 2 1.15 1.16 Kight-stewed 2 1.25 1.17 Right-skewed 2 10.81 .7
Righi-skewed 3 1.14 1.14 Right - st ewed 3 1.14 1.14 Riaht - skewed 3 1.14 1.14
Laft-skewed 1 1.64 1.64 Left-stewed 1 .M 3.7 LefL-skewed 1 208.3 208.3
Left~shkewe! 2 2.23 6.61 Lefl-st ewed 2 4.51 6.64 Lefl-wkewed 2 230.96 9.7%
et toskowed 3 5.67 5.67 Left-stewed 3 5.67 5.67 Left-skewed 3 5.67 5.67

Note. Numerical values represent the expected mean squared error
of prediction for each of the three procedures.
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Table S

Ihe Values for Indices 1. 2. and 3 as Functions of

Alolhie * o 1. W, and Tvpe ol - Distribuetion
n =50 : Psel .0

Form of the regression ut y on X

Linear Honotonic Non-Monotonic

o e e Fers oy Sag e Fore ol e gn emee
Distribution Jinje:  Honotonic Non - Distribution Inde: Monotonic Non- Distridbution Inde: Monolonic Now -
ol « stwmes Honotonic ot % scores Monotonic o+ = scores Monotonsc .
Unsform 1 1.35% 1.35% Uniform 1 3.03 3.03 Uniform 1 169.13 169.13
Ure for e 2 1;4 3.84 Uniform 2 3.08 4.14 Uniform 2 169.09 33.85%
Uniform 3 5.21 5.21 thiform 3 S.21 5.21 Uni form 3 5.18 5.18
Right ~skrsmst 1.11 1.11 Riaht - st ewed 1 1.6 1.6 Kight- shewed 1 49.99 49.99
Right skewed 2 1.15 1.26 Fi1aht -si ewed 2 1.64 1.3 Right -st ewed 2 50.%2 4.36
Rignt skewed 3 1.33 1.33 Fiaht-slewed 3 1.33 1.33 Riaht-sb ewed 3 1.33 1.33
Left - skeved 1 2.89 2.89 Left -stewed 1 $.17 5.17 Lett-9} ewed 1 230.71 230.71
Lofloskowed 2 2.94 9.17 Leedt 28 oot 2 5.22 11.51 Ledt-nt ewed 2 230.33 242.38
1ol —stawed 3 214.25 214.25 Lett-shewed 3 213.83 213.83 Lett -l ewed 3 213.82 213.82
Hote. Numerical values represent the expected mean squared error

of prediction for each of the three procedures.
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Tabvle 6

the Values tor Indices 1.
Alohg * o 1. W, and Tvpe ot x Distribution
tn =50: Psel =.7%)

2. and 3 a3 Functions of

Form of the reuression of y on x

Linear Honotonic Non-Monotonic
Form of‘lheoz'egresswgl Form olo'lh: ;“m;lll,lm Form ouf' tzheu:r‘qres!lm

Distributieon Inde: Monotonic  Non- Distribution Inde: MHonotonic  Non- Distribution Index Monotonic  Non-

f x srures Monotonic of x wscotes Monotonit ot x scores Honotoni ¢
Ui form 1 1.17 1.17 Uni form 1 2.3 2.3 Uni form 1 113.48 - 113.48 -
Ui torm 2 1.21 1.69 Unt form 2 2.33 1.76 Uni form 2 113.86 8.95
Unitore 3 1.87 1.87 Uniform 3 1.87 1.87 Ui form k| 1.87 1.87
Right ~skewod 1 1.07 1.07 Riglhit-stewed 1 1.34 1.34 Right -skewed 1 28.02 28.02
Reght -skewed 2 1.1 1.12 Fight -s) ewed 2 1.41 1.14 Right -skewed 2 31.82 3.43
Right ~skewed 3 1.14 1.14 R1ght - st ewed 3 1.14 1.14 Right -skewed 3 1.13 1.13
LefL- skewed 1 1.68 1.68 Left-stewed 1 3.97 3.97 Left-skewed .1 230.60 230.60
L@l L-glarwed 2 1.72 5.58 Left-s) ewed 2 4.01 6.91 Left -skewed 2 230.74 138.93
Lo f 1 - skeowed 3 17.35 17.3% Lett -t ewed 3 17.35 17.35 Left -ghkeved 3 17.32 17.32

Numerical values represent the expected mean squared error

Note.
of prediction for each of the three procedures.
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lable 7

fhe Valuers tor Indices 1.

tn = %03 Fael =.70

2. amt 3 as Functions of
W. and tvire of x Distribution

Form of the reuression uf y on x

Note. Numerical values' represent the expected mean squared error

of prediction for each of the three procedures.

. Linesr Honotonic Non-Monotonic

Form u:"t:ec;'egressloﬂ Form ofo'lh: ;“qq:cs-jm Form %.' .:.u,.q,,,."m.
Distributien Tnde:: Honotonic  Non- Distribution Index Monotontc  Non- Distribution Index Monotonic  Non-
o= Honatonic of x scores tHonotonic ot x scores Honotoni ¢
Yesform 1 1.11 1.11 Umiform 1 1.92 1.92 Uni form 1 82.38 82.38
Ut dor o 2 1.16 1.35 Uniform 2 1.99 1.37 Uni form 2 84.39 341
Whertorm 3 1.33 1.33 tniform 3 1.33 1.33 Uni form 3 1.31 L.31
Ruight - skesed 1 1.05 1.05 Firuht ~st ewed 1 1.17 1.37 Right- skewed 1 13.37 13.37
Right-skowed 2 1.09 1.07 Fiaht -st owed 2 1.22 1.09 Right-skewed 2 13.9 3.01
Right -skewes 3 1.07 1.07 Righl s} ewed 3 1.07 1.07 Rioht - skewed 3 1-07 1.07
toft-skewed 1 1.32 1.32 Left-stewed 1 3.39 3.39 LefL-gkewed 1 207.97 207.97
Left —gkewed 2 1.42 3.22 Ledt- st ewerl 2 3.57 3.34 L."_.h_':'d 2 216.46 6. 14
LEFE shewed 3 3.34 3.34 Lett-stewed 3 3.33 3.33 Lef L-skewed 3 3.32 3.32

0s



lable 8

he Values tor Indices §1. 2. and 3 as Functions of
Alphe *+ K 1, W, and Ivpe of x Listribution
(n =joo: Fse]l ©.W0)

Form of the reoression of y on x

Linear  Honotonic Non-Monotonic

Form of the regression Form of the roqch:ion Form ot Lhe reqression
4’.‘..3&'2“ of 2 on' X a4 2 ONn A

Distribution Inde: HMonotonic  Non- Distribution index MHonotonic  Non-— Distribution Inde: Monotonic  Non-
of x scores Monotonic af x scores Monotonic ot x scores Honotoni ¢
Gesdorm 1 1.16 1.16 Uniform 1 2.84 2.84 Uni form 1 168.56 168.56
Une toe m 2 1.24 2.58 Unt form 2 2.94 . 2.81 Uni form 2 170.92 25.68
Uns turm 3 3.03 3.03 Uniform 3 3.02 3.02 Unitorm 3 2.98 . 2.98
Reght - skmwed 1.05 1.05 Right-stewed 1 1.53 1.53- Rioht- skrewed 1 48.53 48.53
Right skewed 3 1.09 1.16 Fight-slewed 2 1.48 1.17 Rioht-skewed 2 39.78 2.19
Reght. skewed 3 1.16 1.16 Right stewed 3 1.16 1.16 Right-skewed 3 1.15 1.1%
Loz - sikewed 1 1.86 1.86 Left -stewed 1 4.19 4.19 Lefl-skewad 1 232.17 232.17
LofL skewe 2 2.03 6.56 Left- =l ewerl 2 4. ¢ 8.e8 Left - siewed 2 235.61 235.34
Left -skewed 3 90.2 90.2 Lett-stewed 3 89.57 89.57 Lef! -skewed 3 89.22 89.22

Note. Numerical values represent the expected mean squared error
of prediction for each of the three procedures.
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Table 9

The Valuves tor Jndices 1. 2. and 3 as Functions of
Alohe * R 1. H. and lvpe ot s Distribution
(n =fo0: Psel =.15)

Form of the reoression of y on x

Linear Honotonic Non-Monotonic
Form of the regression Form of the regression Form of Lhe reqression
of 3 onh R of z on'x nt 3 On X

Distributiom Inde: Monotonic  Non- Distribution Inder Monotonic Non- Distribution Index Monotonic  Non-
9f % st es Monotoni€ of x scores Mongtonic ot x scores Hovoton: ¢
U torm 1 1.08 1.08 Uniform 1 2.17 2.17 Uniform 1 110.39 110.39
thes towrm 2 1.09 1.3 Uni form 2 2.09 1.38 Uni form .2 100.94 8.86
Uritorm 3 1.4 1.4 Uni form 3 1.4 1.40 Uniform 3 1.4 1.4
Qight skewnd 1 1.03 1.03 Right -s} ewed 1 1.28 1.28 Kioht - skewed 1 26.23 26.23
Right skewed 2 1.04 1.06 Fioht-s} ewed 2 1.26 +.07 Right -skewed 2 22.97 2.26
Right -skewed 3 1.07 1.07 Right - st ewed 3 1.07 1.07 Right-skaevwed 3 1.06 1.06
Lef? shewed 1 1.29 1.29 Left-siewed 1 3.57 3.57 Lett-skewed 1 227.38 227.38
Lol skewed 2 1.32 2.84 Left siewod 2 3.54 3.93 Left-skewed 2 223.58 111.82

.. . 7.86 -

Lottt skowed 3 7.85 7.85 Letl-stewed 3 7.86 Left-skewed 3 7.78 7.78

bNote. Numerical values represent the expected mean squared error

of prediction for each of the three procedures.
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1ahle (0

fhe Values tor Indices 1.
Aloka L 1.

2. and 3 as Functions of

=70

W, and lvpe aof x Distribution
(n =joos Fsel

Form of the reoression uf y on x

Linear Monotonic Non-Monotonic

Fform o;‘uzleo;‘pgresslq' Fore ofo:.h: ;ﬂqg:!nuon Form c::‘ Oinu q:)v ®RSIUN
Distributzin Index Honotonic  Non- Distribution Inde: Monotonic Non- Distribution Inde: MMonotonic Hon-
ol x sCwn es Monotonic ot x scores Monotonic ot » scores Honot oni ¢
Ut tor m 1 1.05 1.05 Unifore 1 1.87 1.87 Uniform 1 83.16 83.16
iorm 2 1.06 1.14 Uni form 2 1.83 1.17 Uni form 2 77.17 4.75
Unitore 3 1.16 1.16 Uniform 3 1.16 1.16 Unitorm 3 1.1 1.1
Hight —ckeowed 1 1.02 1.02 Right -si ewed 1 1.14 1.14 Right- skewed 1 12.77 12.77
'l")'." skewed 2 1.03 1.03 Fight-si ewed 2 1.17 1.05 Riaht-gkewed 2 14.42 2.47
Reegtt « kewedd 3 1.03 1.03 Right - sl ewed 3 1.03 1.03 Rioht-skewed 3 1.0 1.0
Lottt skewed 1 1.14 1.14 Lett-glewed 1 3.05 3.05 Left-gkewed 1 191.16 191.16
'.t';' skowed 2 1.16 1.63 Lett-cl ewod 2 3.0 1.8 Left -skewed 2 184.76 10.75
Let) skowed 3 1.86 1.86 Lett stewed 3 1.86 1.86 Left -skewed 3 1.84 1.84
Note. Numerical values represent the expected mean squared error

of prediction for each of the three procedures.
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It should be noted that when the distribution of x
scores was uniform, and the number of cases was 30, the
values of the three indices should actually be slightly
larger in order to be comparable with the right-skewed
and left-skewed distributions. This is due to the fact
that these latter distributions were based upon an n of
25. .

Tables 11 through 15 summarize tables 2 through 10
in terms of the main effects of each of the five
independent variables on the values of the three
indices. These tables (and the subsequent tables
indicating interaction effects) were.obtained by
performing an analysis of variance on the data, where
the dependent variable was the EMSE values, and each of
the five independent variables was considered as a
separate factor. Each main effect was derived by
collapsing over values of the other variables. The
following major findings were observed:

Table 11: The main effect of N.

1. As the number of cases (n) increased, the value of
each of the three indices decreased, indicating a better
prediction system for the missing Y scores.

2. The values for index 2 were lower than those fér
index 1 at each level of n.

3. The value of index 3 was larger than indices 1 and 2

when n was 30, but was smaller than indices 1 and 2 when
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Table 11

Average Values for Indices 1, 2, and 3
as Functions of the Number of Cases (N)

N
Index 252 50
1 44.49 43.05
2 34.84 31.37
3 56.97 . 27.4
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Table 12

'Values for Indices 1, 2, and 3 as Functions
of the Proportion of Cases Selected (Psel)

Psel
Index .60 .75 .90
1 51.91 43.24 34.27
2 44.16 31.74 19.17
3 - 83.22 ' 11.15 2.01
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Table 13

values for Indices 1, 2, and 3 as
Functions of the xy Relationship (o)

xy Relationship ( c()
T T T T T e T
Index Linear Monotonic Monotonic
'1 1.51 2.75 125.23
2 3.07 3.91 88.08
3 32.2 32.2 32.2
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Table 14

values fof Indices 1, 2, and 3 as:
Functions of the xz Relationship (W)

X2 Relationship (W)
Index’ Monotonic Non-Monotonic
1 43.16 43.16
2 43.03 20.34
3 32.13 32.13
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Table 15

Values for Indices 1, 2, and 3 as Functions
of the Distribution of x Scores

X Distribution
Index Uniform Right-skewed Left-skewed

1l 41.83 11.12 76.53
2 23.4 6.27 65.39
3 2.95 o l.22 92.21




60

n was 50 and 100. Further, the values for index 3
fluctuated widely over n in comparison to indices 1 and
2.

Table 12: The main effect of PSEL.

1. As the proportion selected (psel) increased, the
value of each of the three indices decreased.

2. The values for index 2 were lower than those of

index 1 at each level of psel.

3. The value of index 3 was larger than indices 1 and 2 |
when psel was .60, but was much smaller than those of
indices 1 and 2 when psel was .75 and .90. Further, the
"values for index 3 fluctuated widely over psel in
comparison to indices 1 and 2.

Table 13: The main effect of the xy relationship
(KA). 1. As alpha (which determines the relationship
between x and y) changed from nonlinear but monotonic to
nonlinear and non-monotonic, the values for indices 1
and 2 increased.

2. The values for indices 1 and 2 were much higher when
the xy relationship was non-monotonic.

3. The values for index 3 remained constant at each
level of alpha.

Table 14: The main effect of the xz relationship
(W) .

1. As the relationship between z and x cpanged from

nonlinear but monotonic to nonlinear and non-monotonic,



the values for index 2 decreased. In the case where the
xy relationship was non-monotonic, the values for index
2 were substantially sméller than those of indices 1,
and 3, indicating a bettér prediction system with the
utilization of index 2. '
2. There was no difference in the values of indices 1
and 3 when the x-z relationship was varied.’ This was
expected, as the calculation of indices 1 and 3 do not
depend upon W.

Table 15: the main effect of x distribution.
1. As the distribution of x scores changed from skewed
to the right to uniform, to skewed to the left, the
values of all indices increased correspondingly.
2. In the case where the distribution of x scores was
skewed to the léft, there was the greatest amount of
increase in the values for all indices. This effect was
especially appareﬁt for index 3.
3. At each type of X score distribution, the values for
index 2 were smaller than those for index 1.
4. The values for index 3 were smaller than those for
indices 1 and 2, in the cases where the distribution of
.x scores were uniform and skewed to the right. However,
in the case where the distribution of x scores was
skewed to the left, the value for index 3 was larger

than those of indices 1 and 2.
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Tables 16 through 20 represent the 2-way
" interaction effects among several of the variables that
- were derived from the analysis of variance design. It
should be noted that most of the significant
interactions included the distribution of X scores as
one of the variables.

Table 16: The interaction of XDIST and N.
1. All three indices were most sensitive to the form of
the X distribution when sample sizes were smali. The
- procedure which used x and x2 to predict missing Y
scores (represented by index 3) was especially poor when
?he distribution of x scores was skewed to the left, and
the sampie size was small. |
2. When the number of cases increased from 25 to 50 and
100, there was a dramatic improvement in procedure 3 (as
evidenced by a decrease in the values for index 3).
When the number of cases was 100, the values for index 3
were smaller than those of indices 1 and 2.
3. The values for index 2 were always smaller than
those of index 1, at each condition of n and-
distribution of x scores.

Table 17: The interaction of XDIST and PSEL.
1. All three indices were most sensitive to the type of
x distribution when the proportion of selection was .60.

The performance of index 3 was especially poor in the



Table 16

Average Values for Indices 1, 2, and 3 Broken Down by the
Distribution of x Scores and the Number of Cases

""""""""""""""" n=2s2
X Distribution Index 1 Index 2 Index 3
Uniform s2.37 23.1 42

Right-skewed 11.89 6.6 1.4
Left-skewed 79.21 74.81 165.3
""""""""""""""" n=s
Uniform 41.76 24.38 2.8
Right-skewed 10.97 6.7 1.18
Left-skewed 76.41 62.98 78.22
"""""""""""""" n=10
Uniform 41.36 22.72 1.8
Rightéskewed 10.51 5.4 1.08
Left-skewed 73.97 58.38 33.12
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Table 17
Values for Indices 1, 2, and 3 Broken Down by

the Distribution of x Scores and by the
Proportion of Cases Selected

x Distribution Index 1 Index 2 Index 3
“Uniform 57.99  35.33  5.57
Right-skewed 17.81 9.39 ' 1.41
Left-skewed 80.13 87.75 242.69

Proportion Selected = .75

Uniform 38.92 20.48 1.94
Right~-skewed 10.42 6.08 1.18
Left-skewed 80. 39 68.65 ' 30.32

Proportion Selected = .90

Uniform 28.59 14.39 1.35
Right-skewed 5.14 3.33 1.08
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Table 18

Values for Indices 1, 2, and 3 Broken Down by the
Distribution of x Scores and the xy Relationship («)

xy Relationship: Linear

x Distribution Index 1 Index 2 Index 3
nifors  1.23  1.73  z.s6
Right-skewed 1.09 1.17 | 1.22
Left-skewed 2.21 6.23 92.31

xy Relationship: Monotonic

Uniform 2.43 2.42 2.96
Right-skewed 1.39 1.33 1.22
Left-skewed 4.42 8.0 | 92.19
o ) xy Relationship: Non-;onotonic
Uniform 121.89 66.01 2.98
Right-skewed 30.89 16.3 1.22
Left-skewved 222.96 181.95 92.14
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Table 19

Values for Indices 1, 2, and 3 Broken Down by the
Proportion Selected (Psel) and the Number of Cases (N)

T T T T . s T T
Psel Index 1 Index 2 Index 3
“e0  sz.ea  a7.86  144.89
.75 45.51 36.87 23.22
.90 35.03 19.8 2.8
T
«60 51.66 43.18 73.5
.75 42.63 30.9 6.79
.90 34.85 19.96 1.91

n = 100

.60 51.32 41.44 31.28
.75 41.59 . 27.36 ' 3.43
.90 32.93 17.75 1.34
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Table 20

Values for Indices 1, 2, and 3 Broken Down by the
Proportion Selected (Psel) and the xy Relationship (()

""""""" "Xy Relationship: Linear
Psel Index 1 Index 2 Index 3
e0 T 1er “a.as 83.32
.75 1.38 3.05 11.15

.90 1.18 1.69 2.02

© T xy Relatiomship: Momotenic
.60 3.46 5.65 83.32
.75 2.63 3.89 11.15
.90 2.16 2.21 2.02
77T Xy Relationship: Non-Monotonic
.60 150.5 1 122.36 83.32
.75 125.72 88.28 11.15
.90 99.47 53.61 2.02



case where the distribution of x scores was skewed to
the left (and psel was .60).
2. When the proportion selected increased from 60% to
75% and 90%, there was a dramatic improyement in the
performance of procedure 3, i.e., the values for index 3
were smaller than those of indices 1 and 2 in the case
where the distribution of x scores was skewed to the
left.
3. At each condition of psel, and type of x
distribution, the values for index 2 were always smaller
than those of index 1.

Table 18: The interaction of XDIST and the xy
reiationship.
1. The effect of distribution of X scores was greafest
when the relationship between X and Y was non-monotonic.
The interaction was observed in the situation where the
distribution of X scores was skewed to the left.
2. The values for index 3 remained constant across all
levels of alpha.

Table 19: The interaction of the proportion
selected (PSEL) and the number of cases (N)_.
1. This interaction effect is significant for index 3
alone, where the greatest change in index values
occurred in the cases where the proportion selected went

from 60% to 75%.
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Table 20: The interaction of proportion selected
(PSEL) and the xy relationship (alpha).
1. The interaction effect is significant for indices 1
and 2, in the case where the relationship between x and
y is non-monotonic.

Table 21 represents the mean squared error values
for indices 1,2 and 3, and was derived from the analysis
of variance design by collapsing over all the

independent variables.

-

Table 21

Values for Indices 1, 2, and 3, Collapsing

over all Independent Variables

Index
1 2 3
43.16 31.69 32.13

It is evident that indices 2 and 3 are best, and
index 1 is worst (when collapsed over all independeht
variables).

It should be noted that the ordering of the three

indices in this case, is largely due to the fact that
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the values for index 3 were much smallef than those for
indices 1 and 2 when the regression of y on x was non-
monotonic. For example, Table 2 demonstrates a case
where the xy relationship is non-moﬂotonic, the
distribution of x scores is uniform, and the xz
relationship is monotonic. In this case the values for
indices 1, 2, and 3 were 170.85, 160.99, and 8.48
respectively.

" In summary, procedure 1, where missing y scores
were estimated using a linear regression equation
predicting y from the selected x cases, produced, as
expected, a better estimate than the other two
procedures when the underlying xy relationship was
linear. Procedure 2, which used an additional variable,
2z, in conjunction with x to predict missing y scores,
produced a better estimate than procedure 1 when the xy
relationship was non-monotonic. In this case, the
values for index 2 were much lower than those of index 1
when the xz relationship was non-monotonic. Procedure
3, which used x2 in conjunction with x to predict |
missing y scores, produced the best estimate in the case
where the relationship among.x and y was non-monotonic.
The values for index 3 were much lower, in this case,

- than those for indices 1 and 2. However, procedure 3
produeed the poorest estimates (and the values for index

3 were quite large in comparison with indices 1 and 2)



when the distribution of x scores was skewed to the

left.
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Chapter V

SUMMARY AND DISCUSSION

This study investigated the problem of .analyzing
results with missing data. More specifically, we
focused on a situation involving two variables, x and y,
where the relationship between x and y in the population
was nonlinear in form. Data on y were missing as a
function of x. We were interested in estimating the
missing y scores.

Three procedures for estimating the missing scores
were considered. In the first procedure, a linear least
squares analysis, where y was regressed on X, was
applied to the subset of selected cases. The resulting
‘equation was then utilized to estimate the missing y
scores. This procedure was called the "selected cases"
method.

The second procedure introduced an additional
variable, z, where complete data on z were available.
The z variable served as a replacement for x2. The Y
variable was regressed on x and z in a linear least
squares anal&sis, using x, z, and y data for the subset
of selected cases. The resulting equation was applied

to x and z in the unselected group to predict missing y
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scores. ' This procedure was called the "reproduced
cases" method.

The third procedure was a special case of the
second procedure, where the variablé z was set to be x2.
Thus, y was regressed on X and X2 using x, x2, and y
data for the subset of selected cases. The resulting
equétion was applied to x and x2 in the unselected group

to predict missing y scores.

The accuracy of the three procedures was considered -

in terms of how well each procedure could reproduce the
missing scores. Expressions for the expected mean
squared error (EMSE) of each procedure were analytically
derived (see equation 7).

One major finding was that the performance of
procedure 1 was often superior to that of the other two
procedures, i.e., having the smallest EMSE overall, and
always superior in the situation where the relationship
between x and y was linear.'

Of_the three procedures considered, one might have
expected that the performance of procedure 3 would be
reasonably good, as it utilizes the correct model. That
is, since the correct model specifies y as a function of
x and x2, the utilization of x2 together with x (in
procedure 3) should méke for a good prediction systen.
However, results demonstrated that the performance of

procedure 3 was often poorer than that of procedures 1
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and 2, and especially poor when the distribution of x
scores was skewed to the left. This was demonstrated by
the larger values for EMSE, (with the exception of the
case where the form of the regression of y on x was
non-monotonic). A possible explanation for this result
can be found if we examine this method further. In the
first step of this procedure we are using the values of
two highly correlated variables, x and %2, in the
selected group, to predict the values of y in the
selected group (utilizing a linear regression analysis).
The high correlation between x and x2 can lead to large
standard errors of the obtained regression weights for
the selected sample. This high intercorrelation among x
and x2 is especially evident in the case where the
distribution of x scores is skewed to the left, and
selection based upon x severely restricts the range of
x. However, this should not necessarily lead to large
EMSE values (i.e., poor estimation for the predicted Y
scores), since different values for the regression
weights can give equally good predictions for Y. It is
in the second step of procedure 3 where a problem might
arise. We are now applying the regression equation
obtained from step one (using selected cases only) to x
and x2 in the unselected group in order to predict the
missing y cases. Thus the range of x scores in the

selected sample (utilized in step one) is totally
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different from the range of x scores in the unselected

sample that is utilized in step two. 1In step two, then,
‘ we are extrapolating to a region (i.e., the unselected Y
cases) that is completely outside of the range to which
the model was fit (i.e., the selected cases).
Therefore, in this case, a large variation in regression
coefficients can produce a large variation in the
predicted y scores, thereby causing EMSE values for
index 3 to be elevated.

Procedure 2, the "reproducéd cases" method, took

the correct model and substituted z as a proxy for x2,
| Assuming that the variable z was not as hiéhly
correlated with x as was x2 in the selected group, the
regression weights computed (by regressing y on x and z
in the selected group) would have a sma;ler standard
error (than those weights obtained using x and x2 in a
linear regression analysis). While this again would not
effect EMSE values obtained using the selected sample,
it might indeed effect predicted y values obtained when
extrapolating to the unselected group (i.e., missing y
cases). Consequently, procedure 2 can be more
successful in predicting missing y scores than is
procedure 3. This argument is supported by the result
that the application of procedure 2 produced smaller
EhSE values than that of procedure 3, in the case when

the relationship between x and y was linear in form.



This result was also often found when the relationship
between x and y was monotonic in form.

It was noted that the performance of index 3
remained constant across all levels of alpha. In other
words, the performance of procedure 3 was independent of
the relationship between x and y. The explanation for
this is that in general, when the x values which define
a model are the same as the x values that are utilized
in the analysis, the corresponding index will be
independent of the relationship between x and y. In
this case, since both the underlying model and procedure
3 utiliée x and x2 in predicting missing y cases, the
values for index 3 are independent of the relationship
between x and y (alpha). This can be'demonstrated more
specifically as follows:

Given that the underlying relationship between x
and y can be described by the quadratic equation
demonstrated in equation 1
(vhere y = ofo +od X + ko X*+ € ) . and procedure 3
is utilized to'obtain predicted y scores (i.e., where y
is regressed upon x and x2 to obtain missing y scores),‘
it has been demonstrated that:

E(yy - H¥g)'(¥y - Hyg)/ny = E(Y'AY)/ny
E (¥'A ¥)/ny = tr (AS +4Au)/ny

Lo
where A« = xo; S =0 I.
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1

It can be proven that ««A«¢ /nu 0 when the underlying
model and the procedure are both based upon the same x
scores (in this case x0, x and x2). Therefore:

E (yy = Hg)'(uy - Hg)/ny = tr(aA), and A is not a
function of o< .

It was hypothesized that method 2, which utilized
the x variable would, in some cases, be more successful
than method 1 (which uses selected cases only) in
predicting missing cases. This resﬁlt was supported by
the data, in the case where the xy relationship was non-
monotonic. (The explanation for this will be elaborated
on in a following section). However, in the cases where
the xy relationships were linear or monotonic, the
performance of method 2 was often inferior to that of
method 1. One possible explanation for this concerns
the manner in which the z variable is defined. The z
variable serves as a proxy for x2. The ideal z variable
achieves a balance between being correlated with X (and
thus able to predict y), and yet not as highly
correlated with x as is x2. It is not clear that we
accomplished the generation of an "ideal z" in the
present study. It may be that there are better
definitions for z which Would yield better estimates of
the missing y cases.

There is another possible explanation for the

result that the "selected cases" procedure was more
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successful in predicting missing y scores than the
"reproduced cases" procedure. The introduction of an
additional variable, 2z, requires the estimation of an
additional parameter. This, in turn, might produce the
larger values obtained for the EMSE of the "reproduced
cases" procedure.

Procedure 1, the "selected cases" method, did not
utilize the appropriate model to estimate ﬁhe
relationship between x and y, since x was used alone to
predict y. However, the performance of this procedure
was often superior to that of the other twé procedures.
While one would expect this method to have the smallest
EMSE values in the case when the-xy relationship was |
linear, these results were not expected in the case
where the xy felationship was monotonic.Perhaps this can
be explained by Fhe fact that method 1 is the simplest
of the three methods, and requires the estimation of the
smallest number of parameters, thereby resulting in the
smallest errors of prediction.

When the relationship between x and y changed from
being nonlinear but monotonic to non linear and non-
monotonic, procedures 1 and 2 became much less effective
in estimating the missing y cases (over all the
independent variables). Figure 10 provides an

illustration of the two different xy relationships.
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a y=x-005x2

y =5x~.5x2

Figure 10. Two sample xy relationships: a. nonlinear but
monotonic; b. nonlinear and non-monotonic?.

qp = at a given x value, a proportion, p, is selected.



In (a), the curved line on the graph represents the
nonlinear but monotonic relationship between x and vy.
Those cases to the right of the perpendicular dotted
line represent the proportion selected. In (b), the

curved line on the graph represents the nonlinear and

non-monotonic relationship between x and y. Those cases -

to the right of the perpendicular dotted line represent
the proportion selected.

In both situations depicted by Figure 10 (a) and
(b), one is utilizing data to the right of the
perpendicular line in an attempt to predict the missing
y scores. In both these situations y is regressed on x
(or on x and %2, or on x and 2z) in the selected group,
and the resulting regression weights are used to obtain
predicted missing y values. However, in the situation
depicted in (b), where the relationship between x and y
is parabolic, the estimation of missing y cases can be
considerable worse than that of case (a). It is clear
than one cannot extrapolate the fitted regression
function obtained from the right hand data to the left
hand data. This argument is supported by the fact that
for procedures 1 and 2, the EMSE values were larger when
the relationship between x and y was nonlinear and
nonmonotohic, rather than nonlinear but monotonic.
However, the EMSE values for procedure 2, when the

relationship between x and z was non-monotonic, were
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- much smaller than the corresponding values obtained when
the relationship among x and z was monotonic.

Apparently a non-monotonic xz relationship enables one
to pick up some cases that are indicative of a parabolic
relationship among x and y. Similarly the EMSE values
for procedure 3 were (in most cases) much smaller than.
corresponding EMSE values for procedures 1 ané 2, (when
the xy relationship was non-monotonic). Thﬁs, the x2
tern migﬁt also help to estimate the missing cases that
occur on the left side of the parabola depicted in
Figure 10.

Certain results relating to the independent
variables N, Psel, and Alpha ( &£ ) were expected. As
the number of cases (N) increased (from n=25 to n=50 to
n=100), each of the three procedures became more
effective in éstimating the missing cases, and the
differences in the effectiveness of the three procedures
decreased. Similarly, as the percentage of selected
cases (Psel) increased, the three procedures became more
effective at estimating missing cases. It should be
noted that the differences in the index values at each
level of n and psel were much more extreme for index 3
(as compared to indices 1 and 2).

An interesting finding in the study concerns the
importance of the distribution of x scores. When this

was varied, it had a profound effect on the ability of
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the three procedures to predict missing y cases. Aall
three procedures were much less éuccessful'in predicting
missing cases when the distribution of x scores was
skewed to the left. Let us consider an explanation for
this result. When one is utilizing an x score
distribution that is skewed to the left, the majority of
cases occur at the upper end of the distribution. all
cases at the upper end of the distribution are selected.
in this situation, one must deal with a range of scores
that is very restricted (see Figure 4). Estimation of
missing cases is therefore not very successful.
Conversely, when one is considering an x score
distribution that is skewed to the right, the majority
- of cases fall at the lower end of the distribution (see
figure 3). Selection of cases at the upper end of the
distribution will still result in a wide range of x
values for consideration. When a broader spectrum of
scores‘is available, this will result in a more
successful estimation for the missing cases.

The performance of indices 1, 2 and 3 can be
summarized as follows:
1. In the situation where an underlying relationship
among x- and y is known to be linear, the utilization of
selected x cases alone (method 1) is the method of

choice for predicting missing y cases.
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2. In a situation where an underlying xy relationship
is suspected of being nonlinear, the utilization of an
additional variable, (having a nonlinear relationship to
Y), in conjunction with x, is the method of choice in
predicting missing y cases. While it is not clear
exactly what this variable should be, the success of
this method appears to depend upon the relationship it
has to x and y, as well as the underlying relationship
between x and y.
3. In a situation where the range of known x values is
severely restricted, the performance of all three
procedures is unreliable, and the performance of method
3 is especially poor.

Several areas of interest have arisen from this
study which can be the subject of future research.
First, a further in-depth analysis of the z variable
and its properties might prove illuminating. Such a
study might compare and contrast z variables having
different characteristics (in terms of relationships to
vy, %X, and x2), in order to determine if there are indeed
situations where this type of variable can optimally
predict missing cases. It should be possible to find
situations where an "optimal z" can provide results
(using the "reproduced cases" procedure) that are an
improvement o&er those found using procedure 1 (the

"selected cases" procedure).



Another area needing exploration in future research
concerns the range of x scores that are utilized to
predict missing y scores. As explained previously in
this chapter, procedure 3 utilized x and x2 scores in
the selected group to predict y scores in the unselected
group. The poor performance of this procedure might be
explained by the fact that the x’range on which the
model was fit (i.e., the selected x cases) was a
different range than the one to which we were
extrapolating (i.e., the unselected y éases). Therefore,
a future study might investigate the use of x and x2 in
the total group to predict the missing y scores. 1In
such a study, procedure 3 might be more effective than
it was in this study, since one would be using the x and
x2 scores in both selected and unselected cases to
determine the missing y scores(i.e., the y scores in the

unselected group).
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We will now consider how results from the present
study can be applied to educational selection and
decision making. Suppose that we are interested in the
relationship between scores on an aptitude test, x, and
job performance, denoted by y. Let us assume that the
job consists of teaching high school courses at private
high schools. Suppose that if we had the x and y values
for everyone, the relationship between x and y would be
parabolic, and could be illustrated by the curve
deéicted in Figure 7. This kind of curve demonstrates
that beyond a certain leﬁel of x (aptitude), job
performance (y) decreases. Let us consider how, in the
situation depicted here, one might find this kind of x-y
relationship. Suppose a group of teachers, who are
high scorers on an aptitude test (x), lost their jobs,
which consisted of teaching college level courese. In
need of work, these people enter lower level teaching
jobs, where they are assigned to teach lower level
courses. They are thus overqualified in their current
work situation. The performance of this group of people
(who score in the upper range on an aptitude test) will
be poorer than that of other teachers having lower
scores on the aptitude test due to factors such as
boredom, lack of motivation, and dissatisfaction with

salary. Hence when looking at the relationship between

performance on an aptitude test and job performance, one
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might indeed observe é parabolic relationship between x
and y, where job performance decreases in the upper
range of x.

If we had all the x-y data, we could effectively
estimate the x-y relationship utilizing a regression
analysis, where y is a function of x and x2. However,
in our example, teachers have been selected for their
jobs based upon their scores on the aptitude test, x,
and thus we only have performance ratings (y) for those’
teachers selected for the job. Performance ratings are
missing for those applicants not selected for the job.
Suppose the school administration is interested in
finding out what the job performance for the unselected
applicants would be. The data that is observed is
demonstrated in Figure 10b, and consists of all those
cases to the right of the perpendicular line. We need
to utilize these observed performance ratings in order
to £ill in missing ;atingé of job performance for the
unselected individuals.

We have already stated that we are contemplating a
case where the majority of applicants for these teaching
positions are overqualified for their jobs. Thus the
distribution of x scores (i.e., scores on the aptitude
test) will be skewed to the left, with the majority of
applicants scoring in the upper range on the aptitude

test. In this type of sitdation, coupled with the fact



that teachers are selected based upon x, the range of x
values will be curtailed. We have demonstrated from our
study that when the range of x is small, as we have in
this case, the results obtained from any analysis will
be subject to more error than there would be when
performing the same analysis using a wider range of x
values. Given a
situation where the underlying x-y relationship is
nqnlinéar (and specifically parabolic), and the range of
% values is curtailed, we are interested in performing
an analysis in order to recover the missing y cases. We
could do a simple regression analysis, where we would
regress available job performance ratings on aptitude
scores and extrapolate back for the unselected
population (i.e., procedure 1). However, results from
the pfesent study have indicated that a simple
regression analysis on selected cases will yield
inaccurate results when the x-y relationship is
parabolic. If we look at figure 10b, it is apparent
that one cannot extrapolate the fitted regression
function obtained from the right hand data (by dbing a
simple linear regression of y on x in the selected
group) to the left hand data.

Results from our present study have demonstrated
that a regression analysis which utilizes another

variable (that has a nonlinear relationship with x), in
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conjunction with x to estimate the miséing y values will
yield more accurate resﬁlts. For example, often scores
on personality inventories are available for use, where
the personality traits measured have a nonlinear
relationship with performance. (For instance, anxiety
has been shown to have a nonlinear. and specifically
parabolic, relationship with aptitude). Thus one could
regress the job performance measure (y) on aptitude test
scores and personality scores for those individuals
selected, and use the resulting regression weights to
predict the missing job performance values. These
estimates would be more accurate than those obtained
from a simple linear regression analysis using selected

cases.
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Appendix A

A FORTRAN COMPUTER PROGRAM TO COMPUTE THE
EXPECTED MEAN SQUARED ERROR VALUES FOR
PROCEDURES 1, 2, and 3.
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333

100

1ol

300

1l
C
102

FORTRAN PROGRAM

DIMENSION XS (100),XU(100),2S(100),2U(100)
DIMENSION YHATS (100),YHATU(100),ALPHA(3),W(3)
DIMENSION NN(3),PSEL(3)

DIMENSION NPROP(10)

DATA ALPHA/0.0,1.0,~0.05/

DATA W/0.0,1.0,-0.05/

DATA NN/25,50,100/

DATA PSEL/0.6,0.75,0.90/

SIGMAZ2 = 1.0

WRITE (6,333) ALPHA,W :
FORMAT (10X, 'ALPHA =' , 3F10.4//10X,

C'W =',3F10.4///)

DO 1000 IDIST = 1,3
READ(5,100) NPROP

FORMAT (10I2)

WRITE (6,101) NPROP

FORMAT (1X, 'XDIST=',10I3//)
DO1I=1,3 -

DO 1J =1,3

N = NN(I) , o
IF(I .EQ. 1 .AND. IDIST .EQ. 1) N = 30
NS = PSEL(J) * N

NU = N - NS

CALL GETDAT(N,NS,NU,ALPHA,W,XS.XU.ZS,Z2U,

CYHATS, YHATU,NPROP, CIDIST)

FORMAT(lX 5F10 4)

XINDEX = XIX(N,NA,NU,ZA,2U,YHATS,YHATU, SIGMAZ)

ZINDEX = XIZ(N,NS,NU,6XS,XU,YHATS, YHATU, ZS, 2U,

CSIGMA2) .
X2IDEX = XIX2(N,NS,NU,XS,XU,YHATS, YHATU,ZS, 2U,
CSIGMA2)

WRITE(6,102) N,NS,NU,XINDEX,ZINDEX, XZIDEX
CONTINUE

FORMAT (3I5,3F10.3)

1000 CONTINUE

STOP
END

20



SUBROUTINE GETDAT (N,NS,NU,ALPHA,W,XS,XU,2S,2U,
CYHATS, YHATU, NPROP, IDIST)
c COMPUTE XS,XU,ZS,2U,YHATS, YHATU -
DIMENSION ALPHA(3),W(3),XS(100),XU(100),
CZS(100) ,%U(100)
DIMENSION YHATS(100), YHATU(100)
DIMENSION DATA(100,3)
DIMENSION NPROP(10)
SDZ = 1.0
SDY = 1.0
ISTART = 12359
KOUNT = 0
DO 1TI=1,10
JEND = NPROP(I)
IF (N .EQ. 50) JEND = JEND/2
IF (N .EQ. 25 .AND. IDIST .NE. 1) JEND
IF (N .EQ. 30 .AND. IDIST .EQ. 1) JEND
DO 1 J = 1,JEND
KOUNT = KOUNT + 1
X=1I
XMEANY=ALPHA (1) +ALPHA (2)*X +ALPHA (3) *X#*2
XMEANZ=W (1) +W(2)*X +W(3) *X**2
CALL GAUSS (ISTART,SDY,XMEANY, DATA (KOUNT,2))
CALL GAUSS (ISTART,SDZ,XMEANZ ,DATA (KOUNT,3))
1 DATA (KOUNT, 1) =X ‘
DO 4 I = 1,NU
X = DATA(I,1)
XU(I) = X
YHATU(I) = ALPHA(1l) + ALPHA(2)*X + ALPHA(3)*X*X
4 2U(I) = DATA (I,3)
DO5TI=1,NS
X = DATA(NU + I,1)
XS(I) = X
YHATS (I) = ALPHA(1) + ALPHA(2)*X + ALPHA(3)*x*x
5 2S(I) = DATA(NU+I,3)
RETURN
END

JEND/4
JEND/4 +1
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FUNCTION XIX(N,NS,NU,XS,XU,YHATS, YHATU,SIGMA2)
C THIS SUBROUTINE COMPUTES THE EMSE USING X AS THE
C PREDICTOR

DIMENSION XS(100), XU(100)

DIMENSION YHATS(100), YHATU(100)

DIMENSTION H(100,100) ,HTH(100,100)

CALL GETHX(NS,NU,XS,XU,H,HTH)

c
SUM1 = 0.0
DO1TI=21,NU
1 SUM1 = SUM1 + YHATU(I)*YHATU(I)
c
SUM2 = 0.0
DO 2 I = 1,NS
DO 2 J = 1,NS .
2 SUM2 = SUM2 + YAHTS(I)*HTH(ZI,J)*YHATS (J)
c
SUM3 = 0,0
DO 3 I = 1,NU
Do 3J = 1,NS
3 SUM3 = SUM3 +YHATU(I)*H(I,J)*YHATS(J)
SUM3 = -2.0*SUM3
C .
SUM = SUM1 + SUM2 + SUM3
c

TRACE = NU
DO 4 I=1,NS

4 TRACE = TRACE + HTH(I,J)
TRACE + SIGMA2*TRACE

XIX = (TRACE+SUM)/NU
RETURN
END



FUNCTION XIZ(N,NS,NU,XS,XU,YHATS,YHATU,ZS,2U,
CSIGMA2) |
C THIS FUNCTION COMPUTES THE EMSE USING X AND Z AS THE
C PREDICTORS
DIMENSION XS(100),XU(100),ZS(100),2U(100),
CYHATS (100) , YHATU (100)
DIMENSION H(100,100), HTH(100,100)
CALL GETHZNS,NU,XS,XU,2S,2U,H,HTH)

c
SUM1 = 0.0
DO1I=1,NU
1 SUM1 = SUM1 + YHATU(I)*YHATU(I)
c
SUM2 = 0.0
DO 2 I =1,NS
DO 2 J = 1,NS
2 SUM2 = SUM2 + YHATS(I)*HTH(I,J)*YHATS (J)
c
SUM3 = 0.0
DO 3 I=1,NU
DO 3 J=1,NS
3 SUM3 =SUM3 + YHATU(I)*H(I,J)*YHATS (J)
SUM3 = =-2.0%SUM3
c
SUM = SUM1 + SUM2 + SUM3
TRACE = NU
DO 4 I = 1,NS
4 TRACE = TRACE + HTH(I,I)
TRACE = SIGMA2*TRACE
c

XIZ = (TRACE + SUM)/NU
RETURN
END
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FUNCTION XIX2(N,NS,NU,XS,XU,YHATS,YHATU,Z2S,2U,
CSIGMA2)

C THIS FUNCTION COMPUTES THE EMSE USING X AND X2 AS
C THE PREDICTORS

QN

DIMENSTION XS(100),XU(100),2S(100),2ZU(100),
CYHATS (100) , YHATU (100)

. DIMENSTION H(100,100), HTH(100,100)

CALL GETHX2 (NS,NU,XS,XU,Zs,2U,H,HTH)

SUM = 0.0
DO 1I=1,NU
SUM = SUM1 + YHATU(I)*YHATU(I)

SUM2 = 0.0

DO 2 I =1,NS

bo2Jd =1,NS :

SUM2 = SUM2 + YHATS(I)*HTH(I,J)*YHATS(J)
SUM3 = 0.0

DO 3 I = 1,NU

DO 3 J = 1,NS

SUM3 = SUM3 + YHATU(I)*H(I,J)*YHATS(J)
SUM3 = -=2,0%SUM3

SUM = SUMl1l + SUM2 + SUM3

TRACE = NU

DO 4 I=1,NS

TRACE = TRACE + HTH(I,J)
TRACE = SIGMA2*TRACE

XIX2 = (TRACE + SUM)/NU
RETURN
END
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SUBROUTINE GETHX(NS,NU,XS,XU,H,HTH)
C GET H WHEN X IS THE PREDICTOR
DIMENSION XS(100), XU(100)
DIMENSION XX2S(100,2),XX2U(100,2),%X2T(2,100),
cs2s(2,2) ,H(100,100) ,HTH(100,100) , TEMP2 (100, 2),
CL(2) ,M(2) '

DO 1 I =
XX2S(I,1)
XX2S(I,2)

1 CONTINUE
DO2I=1
XX2U(I,1)
XX2U(I,2)

2 CONTINUE
DO 500 I
DO 500 J
S2S(I,J)
DO 500 K

500 S2S(I,J)
CALL MINV(S

c WRITE (6,100

100 FORMAT('DET =
DO 600 I = 1,NU
DO 600 J =
TEMP2 (I,J)=
DO 600 K =
TEMP2 (I, J)

600 CONTINUE
DO 700 I
DO 700 J
H(I,J)=0.
DO 700 K

700 H(I,J)=H(
DO 800 I
DO 800 J
HTH(I,J)=0.
DO 800 K =

800 HTH(I,J)=HT
RETURN
END
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SUBROUTINE GETHZ (NS,NU,XSs,XU,Zs,2U,H,HTH)

C GET H WHEN X AND Z ARE THE PREDICTORS

500

100

600

700

800

DIMENSION XS(100),XU(100),%S(100),2U(100)
DIMENSION XX2S(100,3),XX2U(100,3)X2T(3,100),
cs2s(3,3) ,H(100,100) ,HTH(100,100) , TEMP2 (100, 3),

CL(3) ,M(3) :

DO 1I=1,NS
XX2S(I,1)=1.0
XX2X(I,2)=XS(I)
XX2S(I,3)=2S(I)
CONTINUE

DO 2 I = 1,NU
XX2U(I,1)=1.0
XX2U(I,2)=XU(I)
XX2U)I,3)=2U(I)
CONTINUE

DO 500 I = 1
DO 500 J = 1
S2S(I,J)=0.0
1
s

4
’

4]

DO 500 K =
S2S(I,J)=S2
CALL MINV(S2
WRITE (6,100)
FORMAT( 'DET
DO 600 I
DO 600 J
TEMP2 (I,J
DO 600 K
TEMP2 (I,J)
CONTINUE
DO 700 I
DO 700 J
H(I,J) =
DO 700 K
H(I,J) =
DO 800 T
DO 800 J
HTH(I,J)
DO 800 K
HTH(I,J)
RETURN
END

J)+XX28S (K, I) *XX2S (K, J)
IDILIM)
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SUBROUTINE GETHX2 (NS,NU,XS,XU,2S,2U,H,HTH)

C GET H WHEN X AND X2 ARE THE PREDICTORS

c

QN

500

100

600

700

800

DIMENSION XS(100),XU(100), 2S(100), ZU(100)
DIMENSION XX2S(100,3),XX2U(100,3),X2T(3,100),
cs2S(3.3) ,CH(100,100) ,HTH(100,100) , TEMP2 (100,3),

CL(3) ,M(3)

DO1I=1,NS

= 1.0
XX2S(I,2) = XS(I
XX2S(I,3) = XS(I
CONTINUE

XX2U(I,1
XX2U(I,2
XX2U(I,3
CONTINUE

—
nnn-
a8
o~

L |
~r

'DO 500 I
DO 500 J
s2s(I1,J)
DO 500 K
S$25(I,J) :
CALL MINV(S
WRITE (6,100
FORMAT( ' D
DO 600 I =
DO 600 J =
TEMP2 (I,J)
DO 600 K =
TEMP2(I,J)
CONTINUE
DO 700 I
DO 700 J
H(I,J) =
DO 700 K
I
J

PRIl FRPRE~NDNNRORR
NnIoww

~ W~

(J) + XX2S (K, I)*XX2S(K,J)
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DO 800
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END
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