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Abstract

A TECHNIQUE FOR THE TREATMENT OF MISSING DATA 
IN A NONLINEAR REGRESSION MODEL

by
VIVIAN SHULMAN 

Adviser: Prof. Alan L. Gross

A problem occurs in educational practice when an 
organization wishes to validate a test, x, as a 
predictor of a criterion variable, y, and the data sets 
are incomplete. Often, due to the selection of subjects 
on the basis of x, criterion (y) scores are available 
for some subjects, but missing for others. A 
statistical problem of interest is to estimate the 
missing y scores in an attempt to infer the relationship 
between x and. y in the total group. Regression 
techniques for handling this problem assume a linear 
regression model. The problem is exacerbated in the 
fairly frequent case when the regression of y on x is 
nonlinear in form.

The primary goal of this research was to 
analytically investigate the effectiveness of three 
regression techniques for estimating missing y scores, 
when the underlying model was nonlinear, and



specifically quadratic in form. Method 1 simply 
utilized the x scores in the selected group to predict 
missing y scores. Method 2 utilized an auxiliary 
variable, z, in conjunction with x to predict missing y 
values. And method 3, a special case of method 2, 
utilized x and x2 to predict missing y values. 
Expressions to compare the expected mean squared error 
of each of the three regression procedures were 
analytically derived. These expressions were compared 
in terms of sample size, the proportion of cases 
selected, the distribution of x scores, the relationship 
of y to x, and the relationship of z to x. The 
findings of the present study indicate that first, as 
expected, in the case where the underlying xy 
relationship is linear, the simplest regression method 
(i.e., utilizing the selected x cases alone) performs 
best in predicting the missing y cases. Second, in a 
situation where the relationship between x and y is 
assumed to be non-linear, the utilization of an 
additional variable in conjunction with x is the method 
of choice in predicting missing y cases. Finally, in a 
situation where the range of x values is severely 
restricted, the performance of all three procedures is 
unreliable, and the performance of procedure 3 is 
especially poor. Recommendations for researchers, and 
potential areas for future research are discussed.
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Chapter 1 
INTRODUCTION

A frequently occurring problem in educational 
practice arises when one wants to validate a test, x, as 
a predictor of some criterion variable, y, and the x-y 
data sets are incomplete in that x or y (or both) is 
ntissing for some subjects. A special case of this 
missing data problem, known as restriction of range, 
commonly occurs as a result of selecting subjects on the 
basis of x. Thus, y scores are known for the selected 
cases, but are unknown for the unselected cases. A 
statistical problem of interest is to estimate the 
missing y scores in an attempt to infer the total group 
x-y relationship.

When a regression function is computed on a subset 
of data (for example: x and y scores for those selected 
on x), it may be difficult to generalize the obtained 
equation to the full set of scores. Consider the 
following example which has received much attention in 
the literature. Suppose a college selects a certain 
proportion of students scoring highest on a test, x, for
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admittance. The institution is then interested in 
validating their admissions procedure by observing the 
relationship between X and scores on a criterion 
variable, y. Let x represent a college entrance 
examination such as the Scholastic Aptitude Test, and 
let y represent first year grade point average (G.P.A.). 
While x scores are observed for all applicants, y is 
observed for selected cases only (those cases scoring in 
the highest p percent), and missing for the unselected 
cases.

Typically, regression techniques for handling this 
type of missing data problem are based on the assumption 
of a linear regression model. The techniques rely on 
extrapolation, where the linear regression of y on x is 
obtained for a selected group, and extrapolated back for 
the full data set. This type of extrapolation can be 
problematic when the regression of y on x is nonlinear, 
a not infrequent case. In our example, suppose the 
regression of GPA scores on SAT scores is concave in 
form, with GPA scores flattening out as SAT scores 
increase. In this case, a linear regression analysis 
performed with the selected data will yield a distorted 
view of the true regression function. Further, this 
may yield inaccurate estimates of the missing Y scores 
of the unselected cases.
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We now contemplate the problem in more detail. 
Consider a situation where there is a quadratic 
relationship between x and y in the population. The 
population regression function can be expressed by the 
following equation:

Y = ote+c/.X + c<_X2 + e (1)

Given this nonlinear underlying model described by 
equation (1), suppose one cannot observe both x and y 
for all N subjects; due to selection on x, there are 
missing data on y. We are interested in estimating the 
missing y scores for the unselected subjects. An 
approach that is often used in dealing with this missing 
data problem is to apply a linear least squares analysis 
to the subset of complete cases (i.e., the cases for 
which both x and y are observed) (Yates, 1933), and use 
this equation to estimate missing y scores. This 
approach will here and after be referred to as 
'•procedure 1." The linear regression of y on x that 
results from this procedure can be expressed as follows:
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'V ^  z'-Yg = B0s + B^gX (2)

where Bs
Bls

and Xs is an Ns by 2 matrix, whose first column is the 
unit vector and whose second column contains the x 
scores for the selected cases. We can then utilize 
equation (2) by applying it to the x scores of the 
unselected cases in order to obtain the missing y 
scores.

An illustration of the problem that may result when 
a linear regression analysis is performed on the subset 
of complete cases is demonstrated in Figure 1.
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Y

X

Figure 1. A hypothetical xy data seta. 
ap = at a given x value, a proportion, p, 

is selected. ■
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Let us consider the hypothetical data set depicted in 
Figure 1. Suppose we only had scores to the right of 
the perpendicular line, P. An attempt to extrapolate 
back linearly from these scores to estimate the scores 
on the left side of the line will lead to an 
overestimation of points.

Given the underlying nonlinear model expressed by 
equation (1), and missing data on y due to selection on 
x, we consider an alternate approach to the missing data 
problem, i.e., to the estimation of the missing y 
scores. This method involves the introduction of an 
additional variable, z, where complete data on z is 
available. We assume that given x and x2, z is 
independent of y, but given x, y and z may be dependent. 
The y variable is regressed on x and z, using the x, y, 
and z data for the selected cases. The resulting least 
squares weights (Wq / W^, W2,)are applied to x and z in. 
the unselected group to predict the missing y scores.
The predicted values are denoted as y  , and are 
computed from the following equation:

Y = W0 + WjX + W2Z (3)
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This procedure will here and after be referred to as 
Procedure 2. A potential advantage to procedure 2 is 
that the utilization of the variable z in conjunction 
with x will promote a good approximation of the correct 
model in the prediction of missing y cases.

Given the underlying nonlinear model expressed in 
equation (1), and missing data on y due to selection on 
xf a third method for estimating missing y cases is 
presented. This procedure is a special case of 
Procedure 2, where the variable z is set equal to x2. 
Thus, with this method, the correct model is utilized, 
where y is regressed on x and x2. However, it should be 
noted that we are utilizing the variables x and x2 for 
the range of selected subjects only.

This procedure (referred to as Procedure 3), 
proceeds as follows: The y variable is regressed on x
and x2 in the selected group. The resulting least 
squares weights ( ) are applied to x and
x2 in the unselected group to predict the missing y

Ascores. The predicted values are denoted as y  , 
and are computed from the following equation:

Y = o^o *+ X * X (4)
where c2L is computed in the selected group.
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One can evaluate the accuracy of each of the three 
procedures by analyzing how well equations 2, 3, and 4 
estimate the missing Y cases. More specifically, we can 
consider the expected mean squared error (EMSE) of 
prediction of each of the three procedures. A prototype 
expression for these indices can be illustrated as 
follows:

M,
EMSE = E £  (Yi - Yi)2 (5)

j-1______________
NU

where Nu = the number of cases in the unselected group.
Y^ = the actual y score for the i-1-*1 subject in the 

unselected group.
AYi = the estimated y scores obtained by one of 

the three procedures for the ith subject in 
the unselected group.

In the present study, expressions for the accuracy 
of the EMSE of the three procedures are analytically 
derived. We will compare these expressions in terms of 
the following parameters: a) sample size, b) proportion 
of cases selected, c) the distribution of x scores, d) 
the relationship of y to x, and e) the relationship of z 
to x.



Results from this study can be valuable to 
educational practitioners. Very often when 
investigating relationships among sets of scores, one 
may encounter the phenomenon known as a "ceiling 
effect," where a regression line will level off at the 
higher end of a curve. There are several explanations 
why this happens. Often the maximum obtainable score on 
a test is a good deal lower than 100% correct.
Sometimes a test is too easy (or too difficult) leaving 
no room for improvement. Given such a situation, 
coupled with missing data on a variable, a more accurate 
regression might be obtained from generalizing results 
from this study.
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Chapter 11 
REVIEW OF THE LITERATURE

Much of the research on missing data has focused 
upon the problem of restriction of range, where the main 
emphasis is on correction formulae estimates and their 
properties. For a review of the research in this area 
one can consult the following studies: Pearson (1903),
Lawley (1943), Cohen (1955), Novick and Thayer (1968), 
Kagan (1977), Gross (1981,1982), Linn (1983), Greener 
and Osburn (1980), Gross and Fleischman (1983), Roe 
(1979), Olson and Becker (1983).

The following review of the literature will focus 
on the broader problem of missing data in multivariate 
data analysis, and specifically regression analysis.
The different procedures for dealing with missing data 
when performing multiple regression analyses are 
discussed together with the distributional assumptions 
underlying these methods. Properties of these 
procedures are compared through a review of simulation 
studies. The procedures discussed in the literature are 
intended for use on data matrices whose entries are 
missing by virtue of some process that is unrelated to 
any of the relationships between the variables in the 
matrix. Thus, there is an underlying assumption that the



process of selection on one variable is independent of 
the other variables.

There are two main approaches for estimating 
missing data. The first is a statistical procedure 
which begins by assuming that the observed data is a 
sample drawn from a multivariate distribution of a known 
form (usually multivariate normal), and having unknown 
parameters. The population parameters are estimated 
using the available data and an estimation procedure 
(such as maximum likelihood). The estimated parameters 
are then used to estimate particular missing 
observations, by utilizing the conditional distribution 
of the variable whose observations are missing, given 
the variables whose observations are not missing.
Orchard and Woodbury (1972) estimate the parameters of a 
multivariate normal distribution utilizing the method of 
maximum likelihood. Beale and Little (1975) derive 
Orchard and Woodbury's "missing information principle," 
and demonstrate how the principle leads to a simple 
iterative algorithm for finding estimators that are 
maximum likelihood when the population is multivariate 
normal.

Gleason and Staelin (1975) indicate that the major 
advantage of utilizing a statistical method in dealing 
with missing data is that it yields "an unambiguous 
model of the estimation process whose characteristics



can be evaluated analytically." However, this method is 
based upon stringent assumptions about the 
distributional form of the population. Very often the 
assumption of a multivariate normal distribution is 
inappropriate. For example, questionnaires often 
consist of items having only several responses and 
result in data which are clearly not normal.

To avoid the distribution assumptions of the 
statistical approach, the problem of estimating missing 
data is often approached by a second method, which does 
not model the generation of data. Instead, the 
information in variables having no missing values is 
utilized to construct reasonable estimates for missing 
entries. Results from this approach are evaluated not 
by studying the properties of the model, but by 
measuring how well the various methods can reconstruct 
unknown values from available data using actual 
examples. Typically, such research utilizes a multiple 
linear regression model, where data is missing at random 
from one or more variables, and the population is 
assumed to have a multivariate normal distribution.

Yates (1933) proposed the application of the usual 
least squares method to all available observations; 
i.e., the subset of complete cases. However, unless the 
amount of data is very small, the results can be very 
unsatisfactory. This is particularly true if the value



of many variables are known for an incomplete 
observation, and these variables are important for the 
study. Beale and Little (1975) demonstrate that the 
leastt squares method is inferior to all other 
alternatives, where their criterion for estimating the 
effectiveness of other estimators is the "residual sum 
of squares of deviations of the observed and fitted 
values of the dependent variables when the deleted 
values are restored" (p. 139). (The Beale and Little 
report will be discussed in a later section, where the 
criterion described above for judging the effectiveness 
of estimators is elaborated upon).

Another approach to this missing data problem is to 
substitute suitable guessed values for the unknown 
quantities. Wilks (1932) proposed using the mean of all 
nonmissing values for any variable to estimate the 
missing values. However, with data that is highly 
correlated, this can give very poor results (Beale and 
Little, 1975; Haitovsky, 1966). Gleason and Staelin 
(1975), Affifi and Elashoff (1966), and Timm (1970) 
investigated the effectiveness of the Wilks method along 
with other missing data methods. They conclude that if 
the average intercorrelation among variables is in 
excess of .2, then the redundancy in the variables can 
be effectively used to estimate values of missing 
entries. Only when the intercorrelation of variables is



below .2 will the best information about a missing entry 
come only from the variable itself (i.e., the mean).

Another method, proposed by Dear (1959), to 
retrieve missing data uses the property of principal 
component analysis, name'ly, that the original data are 
obtainable from factor scores and factor loadings.
Dear's method decomposes the data matrix into its known 
and unknown parts and uses the first principal component 
and its associated loadings derived from the known data 
to estimate the unknown data.

Finally, a method proposed by Buck (1960) to 
replace missing data uses a regression equation to 
compute estimates for missing entries. Buck begins by 
using the complete observations to estimate the means of 
all the variables and the covariance matrix. These 
values are then used to estimate any missing quantities 
as linear functions of the variables that are known for 
the observations. Thus, the independent variables are 
the nonmissing entries for the individual who has a 
missing entry, and the regression coefficients are 
calculated using all subjects in the submatrix which has 
no missing entries.

The missing data techniques of Dear, Wilks, and 
Buck are compared in a study by Timm (1970), who used as 
a criterion the ability of each method to predict the 
correlation or covariance matrix. The Dear and Buck



methods were generally superior to the Wilks method for 
the data matrices that were investigated. Timm's 
results, however, provide no information on the problem 
of estimating the missing entries themselves.

Beale and Little (1975) compared the properties of
j

several missing data procedures, including the method 
of ordinary least squares on complete cases only, and 
Buck's method, utilizing a simulation study. A third 
procedure considered by Beale and Little is an iterated 
form of Buck's method. Buck (1960) used only the 
complete observations to estimate the means of all the 
variables and the covariance matrix. The iterated form 
of Buck's procedure takes trial values for the means 
(Xj) of the variables and the covariance matrix, and 
uses them to estimate the missing quantities using 
linear regression. The process is repeated, each time 
resetting the value for the means and estimated 
covariance matrix, until there are no further changes. 
Beale and Little note that Orchard and Woodbury derive 
an algorithm that produces the same maximum likelihood 
estimates as the iterated version of Buck’s method, when 
the population is multivariate normal. (The only 
difference is that the adjusted sum of squares and 
products matrix is divided by (N-l) instead of (N), to 
derive the estimated covariance matrix). An advantage 
of the iterated Buck procedure over the Orchard and



Woodbury maximum likelihood method is that it does not 
assume that the underlying population is multivariate 
normal.

In their study, Beale and Little generated data 
from a multivariate normal population with one variable 
identified as the dependent, and between two and four 
independent variables. Five, ten, twenty and forty 
percent of the observed values for each variable were 
randomly deleted. The criterion utilized for judging 
the effectiveness of each procedure was the "residual 
sum of squares of deviations of the observed and fitted 
values of the dependent variable when the deleted values 
were restored" (p. 139). This can be written in symbols 
as

where bg and bj are the constant term and slope 
coefficient estimated from incomplete data by one of the 
methods; and xij and Yj[ are the true values of all 
variables having no deletions.

Beale and Little conclude from their analyses that 
Buck's method and iterated Buck perform consistently 
better (produce lower values of S) than ordinary least 
squares on complete cases only. While the iterated Buck



procedure requires more computing than the ordinary Buck 
method, the former always performed better than the 
latter, except for three cases having only 5% deletions.

While the properties of the missing data procedures 
described above have been compared in simulation 
studies, analytic comparisons have generally not been 
performed. This is due to the complexity of the problem 
that arises when missing values are scattered over 
several explanatory variables. Donner (1982) attempts 
to overcome this difficulty by focusing on the simple 
case of two explanatory variables (x^, X2 ) with missing 
values on X2 only, where the regression of y on x^ is 
assumed linear. Using the model Y = bg + b^X^i + b2X2 i 
+ e;. i=l,2...N, Donner derives algebraic expressions 
for the bias and variance associated with various 
methods of estimating the parameters b^ and b2 . The 
errors (e^) are assumed to be independently distributed 
with zero means and unit variances over all N cases •

Included among the procedures that Donner investigates 
are: a) the complete case method, where the usual least 
squares method is applied to the N cases for which x^ 
and X2 are observed; b) the mean substitution method 
(Wilks, 1932), where a missing value on X2 is replaced 
by the mean of X2 over the complete cases; c) the method 
of linear prediction (Buck, 1960), where a missing X2 i 
is replaced by its "predicted value from the simple



linear regression o£ x2 on x^ over the complete cases" 
(p. 379).

As a result of his analysis, Donner concludes that 
the mean substitution procedure is relatively effective 
in estimating the coefficients for incompletely observed 
variables when the intercorrelations among the variables 
are weak, and the proportion of missing cases fairly 
high. However, this method tends to be biased if the 
correlations among the variables are high, and the bias 
persists even with large samples having random patterns 
of missing data.

When comparing the linear prediction method with 
the complete case method, Donner found that the former 
method is more accurate than the latter in estimating 
b^, while the two procedures were equivalent for 
estimating b2.

In summary, the studies that have been discussed 
assume that the relationship among variables is linear 
in form. The following study differs from the previous 
research in that we investigated the problem of missing 
data when the relationship among the variables was 
nonlinear. A simple but realistic case of missing data 
on y due to selection on x was investigated. Three 
procedures were compared analytically. Procedure 1 
regressed y on x in the selected group, and applied the 
obtained regression coefficients to the x scores of the



Vunselected group in order to obtain missing y scores. 
Procedure 2 regressed y on x and z in the selected 
group, and applied the resulting least squares weights 
to x and z in the unselected group to predict missing y 
scores. Procedure 3 regressed y on x and x2 in the 
selected group, and applied the resulting least squares 
weights to x and x2 in the unselected group to predict 
missing y scores.
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Chapter 111 
METHOD

The investigation of the three procedures for 
dealing with missing data in a nonlinear regression 
model was conducted from an analytic vantage point.
Three indices were derived to evaluate the three 
procedures. Let us briefly review procedures 1,2, and 
3. In procedure 1, y is regressed on x in the selected 
group. Obtained regression weights are applied to x 
scores in the unselected group, and subsequently the 
missing y scores in the unselected group are estimated. 
In procedure 2, y is regressed on x and z in the 
selected group. Resulting regression weights are 
applied to x and z scores in the unselected group to 
obtain missing y scores. In procedure 3, y is regressed 
on x and x2 in the selected group. Resulting least 
squares weights are applied to x and x2 in the 
unselected group to predict missing y scores.

Indices 1,2, and 3 (which correspond to procedures 
1,2,and 3 respectively), gauge how well the three 
procedures can reproduce the actual y scores for the 
unselected cases. The three indices represent the



expected mean squared error (EMSE) of prediction for 
each of the three procedures.

Analytic evaluation of procedures 1,2, and 3 
occurred in two steps. Step one involved the derivation 
of mathematical expressions for indices 1,2, and 3.
Step 2 involved evaluating the performance of the three 
procedures by varying the three indices with respect to 
various conditions.

Let us now consider the mathematical derivations 
for indices 1,2, and 3. A prototype expression for the 
expected value of the EMSE for the three indices is 
illustrated as follows:

EMSE = E(yu - yu' ) (yu - y^) (7)
NU

where yu = the actual vector of y scores for the 
unselected cases. 

yu = the predicted vector of y scores for the
unselected cases, utilizing one of the three 
procedures described above for estimating 
the missing scores.

Nu = the number of cases in the unselected group.
Let us consider the expression of the estimated y 

scores in the unselected group (i.e., yu). For



procedure 1, the estimated y scores in the unselected 
group can be expressed as follows:
A A
*ul = xulBsl

Awhere Yui = the estimated y scores in the unselected 
group according to procedure 1.

Xui = the Nu by 2 data matrix consisting of the 
X0 and X scores of the unselected cases.

xul = *012

ABS 1 = A vector of regression weights, where y in 
the selected group is regressed on Xq and X 
in the selected group.

ANow Bsi can be expressed as follows:
Ssl = <xsl Xsl)" ^sl Xs 

where Xs^ = the Ns by 2 data matrix consisting of the 
Xg and X scores for the selected cases. 

ys = a vector of y scores for the selected 
cases.

Let us now consider the expression for the estimated y
scores in the unselected group for procedure 2. This
expression can be written as follows: 

a a
y u 2 = xu2Bs2



23
where Yu2 =» the estimated y scores in the unselected 

group, derived according to procedure 2. 
xu2 = the Nu by 3 data matrix, consisting of the 

Xq , X and Z scores for the unselected
cases.

X0 X Z

Nu.1—
Bs2 = a vector of regression weights predicting y 

in the selected group from Xq , X, and Z in 
the selected group.

Bs2 can be expressed as follows:
Ss2 = (Xs2'Xs2)"'Xs2'ys

where Xs2 = the Ns by 3 data matrix consisting of Xq , X 
and Z scores for the selected cases. 

ys = the vector of y scores for the selected 
group.

Let us now consider the expression for the estimated y 
scores in the unselected group for procedure 3. This 
expression can be written as follows:

A _ A
YU 3 = xu3®s3 
Awhere YU 3 = the estimated y scores in the unselected

group derived according to procedure 3.



Xu3 = the Nu by 3 data matrix consisting of the 
X0, X and X2 scores for the unselected 

cases.
xu3 = X„ ' X X*

X

f'/tc —  -
ABs3 = a vector of regression weights predicting y 

in the selected group from Xq , X, and X2 in 
the selected group.

ABs3 can be expressed as follows:
Bs3 = (xs3 xs3) xs3 Xs 

where Xs3 = the Ns by 3 data matrix consisting of the 
Xq, X and X2 scores for the selected cases. 

ys = the vector of y scores for the selected 
group.

In general, one can express a typical set of predicted y
scores as follows:

A
X = Gys
Awhere Y = a vector of Nu predicted y scores. 
ys = a vector of Ns predicted y scores.
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G = an Nu by Ns matrix, whose elements are used 

in conjunction with ys to obtain predicted y 
scores.

More specifically, G can be described as follows:
G = Xu (XS'XS)W XS'

It follows that a typical index to evaluate the Expected 
Mean Squared Error (EMSE) of any of the three procedures 
is expressed as follows:

EMSE = E(yu - Gys)/ (yu - Gys)
N,u

This expression can be written in the following form: 
E(yu ” GYs/teu - Gys) = E yXA y

N.u N,u

where A is the following N by N matrix:
A = -G

-G G G
(8)

where I = an Nu by Nu identity matrix.
G = xu(xs' xs)’W  

and y = a vector containing the y scores of the
selected and unselected.cases;

Xu 

Xs
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If y is normally distributed, with expectation, , and
a variance covariance matrix, £  ;
then Ey7A y can be expressed as follows:

Nu (Searle, 1971, p. 55)
E(y'A y) = tr (A£ ) A^i.

Nu Nu
In the problem being considered:

I  =
= x o i
Xwhere < T I =  the variance of y multiplied by an N by N 

identity matrix.
X = an N by 3 data matrix consisting of Xq , X 

and X2.

X *0

= a vector of regression weights having the 
following form:

= <=^o

i
a.



A typical index can therefore be written as follows:
E (yu - Gys/tey - G ys) = tf^trfA) + ©£.'x'a X o£_

Nu Nu
where A is as in (8), and where G will be different for 
each of the three indices: 
for procedure 1, G — xul(xsl xsl)'*
for procedure 2, G = xu2 (xs2/xs2 xs2̂
for procedure 3, G = XU3 (xs3/xs3)^ ̂

Step two in the analytic evaluation of the three 
procedures involved the construction of a Fortran 
computer program. Subsequently, the performance of the 
three procedures was evaluated by varying the three 
indices with respect to the following conditions:
1) sample size: N = 25, 50, 100.
2) the amount of missing data: The proportion of 
selected data (PSEL) was varied as follows: .60, .75, 
.90. The data that were selected were always at the 
upper end of the distribution.
3) the form of the regression of v on x: Three forms
were used: linear; non linear but monotonic; non
linear and non-monotonic.
4) the form of the regression of z on x: Three forms
were used: non linear but monotonic; non linear and
non-monotonic.



5) the distribution of x scores: Three types of x score 
distributions were considered: a) uniform, b) skewed to 
the left, and c) skewed to the right.

We will now elaborate on conditions 3,4, and 5 by 
discussing the manner in which the x, y, and z data were 
generated, and the interrelationships among the 
variables.

The x variable was constructed to have a range from 
1 to 10. Three different distributions of x score 
values were constructed, namely, uniform, skewed to the 
left, and skewed to the right. Table 1 demonstrates the 
percentage of cases distributed at each value of x, for 
each of the three different distributions.
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Table 1

The Distribution of x Scores by 
Distribution and Sample Size

x Distribution 
x Scores Uniform Left-skewed Right-skewed

30 50 100 25 50 100 25 50 100
1 3 5 10 1 2 4 8 16 32
2 3 5 10 1 2 4 5 10 20
3 3 5 10 1 2 4 3 6 12
4 3 5 10 1 2 4 2 4 8
5 3 5 10 1 2 4 2 4 8
6 3 5 10 2 4 8 1 2 4
7 3 5 10 2 4 8 1 2 4
8 3 5 10 3 6 12 1 2 4
9 3 5 10 5 10 20 1 2 4

10 3 5 10 8 16 32 1 2 4



Let us examine the three types of x score 
distributions more closely, beginning with x scores that 
are uniformly distributed. Figure 2 illustrates a case 
where x scores are uniformly distributed between 1 and 
10.

P

X

Figure 2. A uniform distribution of x scores3.
ap » at a given x value, a proportion, p, is selected.



The solid horizontal line illustrates a distribution of 
x scores that is uniform. The dotted vertical line (p) 
represents the proportion of cases selected. If we 
consider this uniform distribution of x scores, and 
assume that the total number of cases (N) is 100, then 
10 x scores would occur at each x value from 1 to 10.
If the proportion of data selected (psel) is the upper 
75% of cases, then the lower 25 cases will be deleted. 
Therefore, in the case where scores are uniformly 
distributed, one would be missing all x cases in the 
range of 1 and 2, and half of the cases in the range of
3. We would therefore be left with x values that are in 
the range of 3 to 10.

Figure 3 illustrates the second kind of x score 
distribution that was considered, namely where the x 
scores are skewed to the right. In this case the "tail" 
of the distribution is on the right side, and the "hump" 
is on the left side.
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Figure 3. A distribution of x scores
that is skewed to the righta .

ap ■* at a given x value, a proportion, p,
is selected



It should be noted that, In this case, the majority of 
scores occur at the lower end of the distribution. If 
one looks at Table 1, it can be seen that 32% of cases 
occur when x = 1? 20% occur when x = 2; 12% occur when
x = 3? 8% occur when x = 4? 8% occur when x = 5; and 4% 
occur when x = 6, 7, 8, 9 and 10. If we consider the 
same example described earlier, where N = 100, and the . 
proportion selected is 75% (i.e., all cases to the right 
of the perpendicular line), we are again deleting the 
lowest 25 cases. Since there are 32 cases where x = 1, 
we will still have x values in the range of 1 to 10.

Figure 4 illustrates the third kind of x score 
distribution that was considered in this study. In this 
case, the x scores are skewed to the left. It should be 
noted that the "tail" of the distribution is on the left 
side, and the "hump" is on the right side.
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Figure 4. A distribution of x scores 
that is skewed to the lefta.

ap » at a given x value, a proportion, p,
is selected



In this situation, the majority of cases occur at the 
upper end of the distribution. More specifically, if 
one looks at Table 1, it is evident that 32% of cases 
occur when x=10; 20% occur when x = 9? 12% occur when x 
= 8; 8% occur when x = 7; 8% occur when x = 6? and 4% 
occur when x = 5, 4, 3 , 2  or 1. Let us again consider 
the example where N = 100, and the proportion selected 
is 75% (i.e., those cases to the right of the 
perpendicular line). We again delete the bottom 25 
cases. In this case, however, we are left with values 
for x in the range of 6, 7, 8, 9 and 10 only.

We will now discuss the form of the regression of y 
on x. The y variable was constructed as a quadratic 
function of x, and can be described by the following 
equation:

y = © 4  +<*',X +o/AX2 + e (9)

Different values for the alpha weights were specified to 
change the form of the regression of y on x.

Figure 5 provides an illustration of one of the xy 
relationships. In this particular case, o<( =1 , and 

ô j== 0. X is in the range of 1 to 10.
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Y

X

Figure 5. A sample xy relationship that is linear.



It is evident that the relationship between y and x 
is linear for the particular range of x values utilized 
here.

Figure 6 provides an illustration of one of the x-y 
relationships. In this particular case, = 1, and 

= -.05. X is in the range of 1 to 10.

X

Figure 6. A sample xy relationship that is 
nonlinear but monotonic.



It is evident that the relationship between y an x is 
nonlinear but monotonic for the particular range of x 
values utilized here.

Figure 7 provides an illustration of the x 
relationship in the case where <=4 \ - 5 ,  and
<=̂ .= -.5. x is in the range of 1 to 10.

14 -

12 -

10 -

Y

X

Figure 7. A sample xy relationship that is 
nonlinear and non-monotonic.



In this case, the x relationship is nonlinear and non- 
monotonic for x scores in the range of 1 to 10.

The form of the regression of z on x will now be 
elaborated upon. A FORTRAN computer program was 
utilized to generate a z variable from a Guassian 
distribution, where a random number was utilized to 
generate sample z values. Z scores were generated that 
were related to x, but not as highly related to x as is 
x2. More specifically, z was assumed to be normally 
distributed with mean, Wq + ŵ x̂ + W2X2 , and the 
variance was set equal to 1. Values for z were then 
generated from this distribution. Figure 8 illustrates 
the two different xz relationships that were evaluated 
in the present study.



z ■ x -  .05 x

Z

X

14 -

12 -

z s 5 x - .5x210 -
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10741 S21
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Figure 8. Two sample xy relationships: a. nonlinear but 
monotonic; b. nonlinear and non-monotonic.



In Figure 8 (a) and (b), the relationship of z to x can 
be described by the following expression:

E(z/x) « w0 + wx(x) + w2 (x)2 (10)

where Wq , w ,̂ and w2 refer to the regression
coefficients of zq, zlf and z2 respectively, in the 
regression equation predicting x from z. In Figure 
8(a), the relationship of z to x is nonlinear but
monotonic for x value that range between 1 and 10, and
can be described by the following equation: 
x = z - .05(z)2. (The variance of z given x was 
specified to be 1). In figure 8 (b), the relationship of 
z to x is nonlinear and non-monotonic for the range of x 
values between 1 and 10, and is described by the 
following equation: x = 5(z) - ,5(z)2. (The variance
of z given x was specified to be 1).

One can conceive of procedure 3 (where z = x2) as a 
special case of procedure 2. The relationship of z to x 
is illustrated by Figure 9.
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In this case, the relationship of z to x is nonlinear 
but monotonic, and can be expressed by the prototype 
illustrated by equation 8 above. In this particular 
case the values for Wq, w^, and W2 are 0, 0, and 1 
respectively. (The variance of z given x is 0).'

100
so -
•0 -

00
Z

30 -
20

X

Figure 9. A sample quadratic relationship between x and z.
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Chapter IV 

RESULTS

Tables 2 through 10 represent the effects of the 
five independent variables on the performance of indices
1, 2, and 3. Index 1 measures the accuracy of predicting 
missing Y scores, utilizing a linear regression equation 
of the selected cases only (i.e., evaluating procedure 
1). Index 2 measures the accuracy of predicting missing 
y.scores, where a variable, z, is used in conjunction 
with x in a linear regression analysis (i.e., evaluating 
procedure 2). Index 3 measures the accuracy of 
predicting missing y scores, where a variable, x2, is 
used in conjunction with x in a linear regression 
analysis (i.e., evaluating Procedure 3).

In each of tables 2 through 10, for a given value 
of N (number of cases) and PSEL (proportion selected), 
the performance of the three indices is presented as a 
function of XDIST (x distribution is: 1. uniform? 2. 
skewed to the right; 3. skewed to the left); ALPHA (the 
relationship of y to x is: 1. nonlinear but monotonic?
2. nonlinear and non-monotonic? 3. linear); W (the 
relationship of z to x is: 1. nonlinear but monotonic,
2. nonlinear and non-monotonic). For example, Table 2
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demonstrates the performance of the three indices for 
each category of a l p h a  ̂  W, and Xdist, where N and Psel 
are fixed at 25 and 60% respectively. Thus, tables 2 
through 10 represent all the basic results.

The following are the major findings observed in 
tables 2 through 10, which describe the main results of 
the study:

1. When the form of the regression of y on x was 
linear, index 1 was, as expected, always smaller than 
indices 2 and 3. Therefore, in this case, the best 
procedure was to predict missing y scores using a simple 
linear regression equation predicting y from the 
selected x cases.

2. When the form of the regression of y on x was 
monotonic, the values for indices 1 and 2 were similar.
The values for index 3 fluctuated more widely than those 
for indices 1 and 2 . Values for index 3 became 
extremely large in the case where the distribution of x 
scores was skewed to the left.

3. In the case where the form of the regression of 
y on x was non-monotonic, the performance of procedure 3 
was superior to that of methods 1 and 2, as evidenced by 
the much smaller values for index 3.

4. The performance of index 3 remained 
constant across all levels of alpha.



fable 2

The Volvci for Indices 1. 2. end 3 as Functions of
Aloha • «*. I. M. and Ivpe of > Distribution

in r XS > F'sel * .kOi

Fora of the reoression of y on x

Linear Monotonic Non Monotonic

Fora of the reoression 
of z on » Fora of the regression of z on'x of Z on x

Di stribution 
of jt scor es

Indei: Monotonic Non-
Monotonic

Distribution 
of x mcoi es

Index Monotonic Non-
Monotonic

Distribution 
of x scores

Index Monotonic Non-
Honotonic

Ifni fora 1 1.63 1.63 Uni fora 1 3.32 3.32 Uni fora 1 170.85 170.85
Uni fora 2 1.74 4.51 Uni fora 2 3.33 4.85 Uni fora 2 160.99 38.92
Uni for a 3 B.49 8.49 Uni for a 3 8.49 8.49 Uni f ora. 3 8.48 8.48
Rii)ht-ik«<ed 1 1.24 1.24 Riolit-shewed 1 1.76 1.76 Rioht-skewed 1 53.5 53.5
Rt jhi -skewed 2 1.37 1.65 Fri oht-skewed 2 1.87 1.67 • Ri ght-skewed 2 51.54 3.85
Onjhi • skewed 3 1.73 1.73 Rialtt -skewed 3 1.73 1.73 Rioht-skewed 3 1.73 1.73
L*;f f - skewed 1 5.41 5.41 Left-skewed 1 7.67 7.67 Left-skewed 1 231.07 231.07
left skewed 2 5.85 30.75 I«ft-skewed 2 8.15 33.2 Left-skewed 2 235.55 271.67
Lffl -skewed 3 424.44 <24.44 Lett-skewed 3 424.42 424.42 Left-skewed 3 424.49 424.49

Note. Nuiaerical values represent the expected nean squared errorof prediction for the three procedures.



Tabu- J
1l»v V«lun lor Indicn |. 2. m l  3 it tool11ona of 

Atiih* ■ 4 i. M. and l»|>* ciI a Distribution 
III •> a t  I I M l  «  .111

• For m a t tfiv ivorvssion tit v on x

L invar Monotonic Mon-Monotonic

Form of thv rvgrvssion Fora ol thv r vgrvasion of « on a Fora oi K m * i na *i>nm •n I mi a
Distribution 
or ■ me or vs

Indva Monotonic Mon-
Mono torn c Distribution 

ol a mcoi vs
Indva Monotonic iJan-

Nonotonic
Distribution 
ol r. scui vs

IndV.: Monotonic Non-
MWiOtWlIl

Uulora t 1.3 1.3 Uni I ora | 2.44 2.44 Uni fora 1 115.92 115.92
V>i l lor a 2 1.46 2.51 Unifwa 2 2.36 2.53 Uni lura 2 109.06 5.3
Uni 1 or a 3 2.54 2.54 Uni lor a 3 2.54 2.54 Uni lura 3 2.54 2.54
Wifht-shvwvd 1 1.15 1.15 Righl-slvwvd 1 1.46 1.46 Rioht- si vwvd 1 32.2 32.2
Wiuht-slvwvd 2 1.29 1.32 Right-si vwvd 2 1.59 1.34 Rluht-slvwvd 2 30.63 3.25
Rljhl-tl mvd 3 1.33 1.33 Right - si vwvd 3 1.33 1.33 Ri oht-sl vwvd 3 1.33 1.33
Loft skowvd 1 2.65 2.65 Lvit-slvwvtl | 5.1 5.1 Lvlt-sivwvd 1 247.35 247.35
Lcft-ml vuvil 2 3.29 23.91 tvtl ilmnl 2 s.a 25.53 Lvll mlvwvd 2 255.63 166.6
lid-ihnvd 3 ‘ 65.77 65.77 Lvll sfvwtnl 3 65.79 65.79 Lvll -sivwvd 3 65.79 65.79

Note. Nunerical values represent the expected mean squared error 
of prediction for the three procedures.

o>



Table 4
Ihe Values for 

Alpha • I
Indices 1. 2. and 3 as Functions of 
. U. and tvpe of x Distribution 
fn *> as i Psel * .111)

Fora of the reoression of y on x

Linear Monotonic Non-MonotonIc

Fora of the reoression 
of * on * Fora of the repression of x on x Fora of the repression of x on ■

01 il r Ibvtrnn 
Of k Koroi

Inde:: Monotonic Non- Distribution 
Monotonic of a scores

Index Monotonic lion- Distribution 
Monotonic of s scares

Index Monotonic Nnn-
Monotonic

Unifora 1 1.19 1.19 Uni fora 1 2.0 2.0 Uni fora 1 82.67 82.67
Uni fora 2 1.29 1.55 Uni fora 2 1.96 1.57 linl fora 2 68.16 3.79
Uni fora 3 1.58 1.58 Uni fora 3 1.58 1.58 Uni fora 3 1.58 1.58
Aight-skewcd 1 1.09 1.09 Riolit-slewed 1 1.22 1.22 Rlqht-skewed 1 13.43 13.43
R■pht-skewed 2 1.15 1.16 Rioht-slewed 2 1.25 3.17 Ri oht-skewed 2 10.81 1'.77
Right-skewed 3 1.14 1.14 Riolit - slewed 3 1.14 1.14 Rioht-skewed 3 1.14 1.14
Left-skewed 1 1.64 1.64 Left-slewed 1 3.71 3.71 Left-skewed 1 208.3 208.3
Left-Skewed 2 2.23 6.61 lef l.-sl ewed 2 4.51 6.64 Left-skewed 2 230.96 9.75
l.e» t-skrwed 3 5.67 5.67 Left - slewed 3 5.67' 5.67 Lef t-skewed 3 5.67 5.67

Note. Numerical values represent the expected mean squared errorof prediction for each of the three procedures.



Table 5
■ lie Values for Indices I. 2. mil 3 es Functions of

Aluli* • «C ». M. .mil I voe ol - Distribution
in “ Sos Psel r.iOi

Fore of the reoression .11 y on X /

Linear Monotonic Non-Monatonic

Fore of the teqiession 
of £ on x Fore of the regression of I on * Fore of tfie iMifMi'*1 of s on x

Dl si r ibnt l on 
o* « si or es

In-Jen Monotonic Hon -
Monotonic

Distribution 
of « scores

lnde:: Monotonic Non-
Mono tonic

Distr ibntion 
of a scares

Inde:: Monotonic Non-
Monotonic

Uni for e 1 1.35 1.35 Uni fore 1 3.03 3.03 Uni fore 1 169.13 169.13
t>rr form 2 1-4 3.84 Uni for e 2 3.08 4.14 Uni fore 2 169.09 33.85
Uni f or * 3 5.21 5.21 llni f or e 3 5.21 5.21 Uni fore 3 5.18 5.18
•tight -slcrw.l I 1.11 1.11 ■Vialil -stewed 1 1.6 1.6 Rioht- stewed 1 49.99 49.99
Kight skewed 2 1.15 1.26 Fialit-sl ewed 2 1.64 1.3 Riaht-stewed 2 50.52 4.36
Riyhi skewed 3 1.33 1.33 ■Vialit - «■ ewed 3 1.33 1.33 Rioht-st ewed 3 1.33 1.33
l.of* • slnml 1 2.89 2.89 Left-stewed 1 5.17 5.17 Left-stewed 1 230.71 230.71
l.nf t -SklW.1 2 2.94 9.17 I **f 1 Hewed 2 5.22 11.51 Left-stewed 2 230.33 242.38
left -skewed 3 214.25 214.25 Left-stewed 3 213.83 213.83 Left-stewed 3 213.82 213.82

Note. Numerical values represent the expected mean squared errorof prediction for each of the three procedures.



Table 6
the Values tor Indices I. 2. and 3 as Functions of

Alulid • •< I. W. anil tvpe ol a Distribution
in =50 ! Psel *» .75 I

Fora of the reoression of y on a

Linear Monotonic Non-Monotoni c

Tor a of the rmrmioii of r on a Fora of the regression of x on'a
Fora of the regression of z on a

Di s* r ibut khi 
r.r a scores

Inde:: Monotonic Non-
Monotonic Distribution 

of a scot es
lnde.~ Monotonic tion-

Monotonic
Distribution 
of x scores

Index Monotonic Non-
Mot rat on l i

Uni fora 1 1.17 1.17 Uni fora 1 2.3 2.3 Unifora 1 113.48 • 113.48
Uni tor a 2 1.21 1.69 Uni fora 2 2.33 1.76 Uni fora 2 113.86 8.95
Uni tora 3 1.87 1.87 Uni for a 3 1.87 1.87 Uni fora 3 1.87 1.87'
Might-skewed 1 1.07 1.07 Right-stewed 1 1.34 1.34 Ri oht-skewed 1 28.02 28.02
Might-skewed 2 1.1 1.12 Rioht-siewed 2 1.41 1.14 Rioht-skewed 2 31.82 3.48
Might-skewed 3 1.14 1.14 Right - stewed 3 1.14 1.14 Right-skewed 3 1.13 1.13
Left-skewed 1 1.68 1.68 Left-stewed 1 3.97 3.97 Lef t-skewed .1 230.60 230.60
Lef l-ski.iweil 2 1.72 5.58 lef t-sl eweif 2 4.01 6.91 Lef t-skewed 2 230.74 138.93
Loft skewed 3 17.35 17.35 Lett-stewed 3 17.35 17.35 LefI-skewed 3 17.32 17.32

Note. Numerical values represent the expected mean squared error
of prediction for each of the three procedures.

to



table 7
the Values tor Indices 1. 2. anti 3 as Functions of

Aloha • «C ». W. and Ivite ot > Distribution
in » Jot F'sel ' .1(i

Porn of the reoression uf y  on x

Linear___________________ Monotonic   Non-Monotonic

Porn of the reoression Forts of the reoression Forts of the retjt essiun
^ _   of z on' X

Dt stnbutiitn Inde:: Monotonic Non- Distribution Index Monotonic lion- Distribution Index Monotonic Non-
•jt s st u« es_______________________ Monotonic 0| „ scot es Monotonic ot x scores Monotonic

Uni lur* 1 1.11 1.11 Uni fore 1 1.92 1.92 Uni fore 1 82.38 82.38
Uut I or is 2 1.16 1.35 Uni fore 2 1.99 1.37 Ikn fore 2 ' 84.39 3.41
Uut t ijr is 3 1.33 1.33 llni f or e 3 1.33 1.33 Ikii fore 3 1.31 1.31
Rltjh*.-skew*.d 1 1.05 1.05 li'iulil -slewed 1 1.17 1.17 Rljht-skewed 1 13.37 13.37
111 «jh 1. - skewt-d 2 1.09 1.07 hi altt -slewed 2 1.22 1.09 Rioht-skewed 2 13.9 3.01
R i ght-tkpttei 3 1.07 1.07 Fiiolil slewed 3 1.07 1.07 Riaht-skewed 3 1.07 1.07
l.ef I-skewed 1 1.32 1.32 Left-slewed 1 3.39 3.39 Left-skewed 1 207.97 207.97
Lef • -(kiatel 2 1.42 3.22 I et I - si ewetl 2 3.57 3.34 Left-skewed 2 216.46 16.14
Left skewed 3 3.34 3.34 Leit-slewed 3 3.33 3.33 Left-skewed 3 3.32 3.32

Note. Numerical values represent the expected mean squared errorof prediction for each of the three procedures.

uio
\



iable* 8

llie Values tor 
Altiha • «< i

Indices 1. 2. anil 3 as Functions of 
. W. and Ivpe of x Distribution 
In = |oo i I 'sel

s

Fore of the rearession of y on x

Linear Monotonic Non-Monotonic

Fore of the reoression ol 2 on ji Fore of the regression of z on' x
Fore or the regression of x on x

Ol Sir ibutlun 
of x scores

Inde:: Monotonic Non- Distribution 
Monotonic at x scores

Index Monotonic Non- Distribution 
Monotonic of x scores

Index Monotonic Non-
Mon o ton lr

O n  lore 1 ■ 1.16 1.16 (Jnifore 1 2.84 2.84 Uni fore 1 168.56 168.56
Uiit 1 or m 2 1.24 2.58 IJni fore 2 2.94 2.81 Uni fore 2 170.92 25.68
O n  lure 3 3.03 3.03 Uni for e 3 3.02 3.02 Uni tare 3 2.98 2.98
Hr rjht • skewed 1 1.05 1.05 Right-slewed 1 1.53 1.53- Riaht-skewed 1 48.53 48.53
•tight skewed 2 1.09 1.16 Riaht-sl ewed 2 1.48 1.17 Rioht-skewed 2 39.78 2.19
Right skewed 3 1.16 1.16 Right slewed 3 1.16 1.16 Right-skewed 3 1.15 1.15

skewed 1 1.86 1.86 Left-slewed 1 4.19 4.19 Left-skewed 1 232.17 232.17
Left skewed 2 2.03 6.56 lef 1 - si ewed 2 4. 4 8.88 Left-skewed 2 235.61 235.34
Left -skewed 3 90.2 90.2 Left-slewed 3 89.57 89.57 LefI-skewed 3 89.22 89.22

Nets* Numerical values represent the expected mean squared errorof prediction for each of the three procedures.



Table S
The Valves tor Indices 1. 2. an>l 3 as Functions ot

Aloha • ol >. W. and Ivpe of a Distribution
In ** loo i Psel *> .15 >

Fore of the reoression of y on a

Linear Monotonic Non-Honotoni c

Form of the reoression 
ol i mi i Fore of the regression of t on a

Fore of Hie regression ot a on a
Distr I but. inn 
or « st w  es

Inde:: Monotonic Non-
Monotonic

Distribution 
ot a scor es

Index Monotonic tion-
Monotonic

Distribution 
ot a scores

Index Monotonic Non-
Mono 1 on » i

l>11 tore 1 1.08 1.08 Uni fore 1 2.17 2.17 Uni fore 1 110.39 110.39
*>*< I or e 2 1.09 1.3 Uni fore 2 2.09 1.38 Uni fore 2 100.94 8.86
Uni tor e 3 1.4 1.4 Uni for e 3 1.4 1.40 Uni fore 3 1.4 1.4
Ri gM. skewed 1 1.03 1.03 Riolit-stewed 1 1.28 1.28 Rioht-skewed 1 26.23 26.23
Right skewed 2 1.04 1.06 Rioht-stewed 2 1.26 1-.07 Right-skewed 2 22.97 2.26
Right skewed 3 1.07 1.07 Right-stewed 3 1.07 1.07 Right-skewed 3 1.06 1.06
Lott skewed 1 1.29 1.29 Lett-stewed 1 3.57 3.57 Left-skewed 1 227.38 227.38
Left skewed 2 1.32 2.84 Left slewed 2 3.54 3.93 Left-skewed 2 223.58 111.82
l.v’ft skewed 3 7.85 7.85 Let t-stewed 3 7.86 7.86 Left-skewed 3 7.78 7.78

Note. Numerical values represent the expected mean squared errorof prediction for each of the three procedures.
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laMe IQ
Ihe Values lor Indices 1. 2. end 3 as Functions ol

AIpIm • X  t • W. and lvi»e of * Distribution
(n ^(oo: t’sel - ,1D;

For e of the reoression of y on x

Linear Monotonic Non-Monotonic

Torn of the repression of z on k Fore of the repression of a on' x
Fore ol the reoression or z on x

Dillr ibul i (Mi 
ol k »Cim es

Index Monotonic Non-
Honotonic

Distribution 
or « scor es

Inde:: Monotonic Non-
Monotonic

Distribution 
ot x scores

Index Monotonic Non-
Monotonic

Uni tun 1 1.05 1.05 Unifore 1 1.87 1.87 Uni fore 1 83.16 83.16
<>n 1 or e 2 1.06 1.14 Uni fore 2 1.83 1.17 Uni fore 2 77.17 4.75
i>u lore 3 1.16 1.16 llni fore 3 1.16 1.16 Uni tore 3 1.11 1.11
Hi .(hi -skewed 1 1.02 1.02 Ri olit -si ewed 1 1.14 1.14 Riaht-skewed 1 12.77 12.77
fliijlil skewed 2 1.03 1.03 Rioht-sl ewed 2 1.17 1.05 Rioht-<kewed 2 14.42 2.47
H1 *|l 11 V klKCil 3 1.03 1.03 Riulit - slewed 3 1.03 1.03 Rioht-skewed 3 1.0 1.0
l.nl • skewed I 1.14 1.14 Left-slewed 1 3.05 3.05 Left-skewed 1 191.16 191.16
I. el* skewed 2 1.16 1.63 lef t-si ewoil 2 3.0 1.8 Left-skewed 2 184.76 18.79
l.cii skewed

t
3 1.86 1.86 Lelt slewed 3 1.86 1.86 Left-skewed 3 1.84 1.84

Note. Nuaerical values represent the expected mean squared errorof prediction for each of the three procedures.
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It should be noted that when the distribution of x 
scores was uniform, and the number of cases was 30, the 
values of the three indices should actually be slightly 
larger in order to be comparable with the right-skewed 
and left-skewed distributions. This is due to the fact 
that these latter distributions were based upon an n of 
25.

Tables 11 through 15 summarize tables 2 through 10 
in terms of the main effects of each of the five 
independent variables on the values of the three 
indices. These tables (and the subsequent tables 
indicating interaction effects) were.obtained by 
performing an analysis of variance on the data, where 
the dependent variable was the EMSE values, and each of 
the five independent variables was considered as a 
separate factor. Each main effect was derived by 
collapsing over values of the other variables. The 
following major findings were observed:

Table 11; The main effect of N.
1. As the number of cases (n) increased, the value of 
each of the three indices decreased, indicating a better 
prediction system for the missing Y scores.
2. The values for index 2 were lower than those for 
index 1 at each level of n.
3. The value of index 3 was larger than indices 1 and 2 
when n was 30, but was smaller than indices 1 and 2 when
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Table 11

Average Values for Indices 1, 2, and 3
as Functions of the Number of Cases (N)

Index

N

25a 50 100

1 44.49 43.05 41.95
2 34.84 31.37 28.85
3 56.97 27.4 12.02

25a . In the case of a uniform distribution, n = 30.
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Table 12

Values for Indices 1, 2, and 3 as Functions
of the Proportion of Cases Selected (Psel)

Index

Psel

.60 .75 .90

1 51.91 43.24 34.27
2 44.16 31.74 19.17
3 83.22 11.15 2.01
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Table 13

Values for Indices 1, 2, and 3 as
Functions of the xy Relationship (o<)

xy Relationship ( o < )
Non-

Index Linear Monotonic Monotonic

1 1.51 2.75 125.23
2 3.07 3.91 88.08
3 32.2 32.2 32.2
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Table 14

Values for Indices 1, 2, and 3 as
Functions of the xz Relationship (W)

Index

xz Relationship (W)

Monotonic Non-Monoton ic

1 43.16 43.16
2 43.03 20.34
3 32.13 32.13
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Table 15

Values for Indices 1, 2, and 3 as Functions
of the Distribution of x Scores

Index

x Distribution

Uniform Right-skewed Left-skewed

1 41.83 11.12 76.53
2 23.4 6.27 65.39
3 2.95 1.22 92.21



n was 50 and 100. Further, the values for index 3 
fluctuated widely over n in comparison to indices 1 and 
2 .

Table 12: The main effect of PSEL.
1. As the proportion selected (psel) increased, the 
value of each of the three indices decreased.
2. The values for index 2 were lower than those of 
index 1 at each level of psel.
3. The value of index 3 was larger than indices 1 and 2 
when psel was .60, but was much smaller than those of 
indices 1 and 2 when psel was .75 and .90. Further, the 
values for index 3 fluctuated widely over psel in 
comparison to indices 1 and 2.

Table 13: The main effect of the xy relationship
(o<.). 1. As alpha (which determines the relationship
between x and y) changed from nonlinear but monotonic to 
nonlinear and non-monotonic, the values for indices l 
and 2 increased.
2. The values for indices 1 and 2 were much higher when 
the xy relationship was non-monotonic.
3. The values for index 3 remained constant at each 
level of alpha.

Table 14: The main effect of the xz relationship
(H).
1. As the relationship between z and x changed from 
nonlinear but monotonic to nonlinear and non-monotonic,



the values for Index 2 decreased. In the case where the 
xy relationship was non-monotonic, the values for index 
2 were substantially smaller than those of indices 1, 
and 3, indicating a better prediction system with the 
utilization of index 2.
2. There was no difference in the values of indices 1 
and 3 when the x-z relationship was varied. This was 
expected, as the calculation of indices 1 and 3 do not 
depend upon W.

Table .15; the main effect of x distribution.
1. As the distribution of x scores changed from skewed 
to the right to uniform, to skewed to the left, the 
values of all indices increased correspondingly.
2. In the case where the distribution of x scores was 
skewed to the left, there was the greatest amount of 
increase in the values for all indices. This effect was 
especially apparent for index 3.
3. At each type of X score distribution, the values for 
index 2 were smaller than those for index 1.
4. The values for index 3 were smaller than those for 
indices 1 and 2, in the cases where the distribution of
x scores were uniform and skewed to the right. However,
in the case where the distribution of x scores was 
skewed to the left, the value for index 3 was larger
than those of indices 1 and 2.
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Tables 16 through 20 represent the 2-way 

interaction effects among several of the variables that 
were derived from the analysis of variance design. It 
should be noted that most of the significant 
interactions included the distribution of X scores as 
one of the variables.

Table 16: The interaction of XDIST and N.
1. All three indices were most sensitive to the form of

\

the X distribution when sample sizes were small. The 
procedure which used x and x2 to predict missing Y 
scores (represented by index 3) was especially poor when 
the distribution of x scores was skewed to the left, and 
the sample size was small.
2. When the number of cases increased from 25 to 50 and 
100, there was a dramatic improvement in procedure 3 (as 
evidenced by a decrease in the values for index 3).
When the number of cases was 100, the values for index 3 
were smaller than those of indices 1 and 2.
3. The values for index 2 were always smaller than 
those of index 1, at each condition of n and 
distribution of x scores.

3?able_l7: The interaction of XDIST and PSEL.
1. All three indices were most sensitive to the type of
x distribution when the proportion of selection was .60.
The performance of index 3 was especially poor in the



Table 16
Average Values for Indices 1, 2, and 3 Broken Down by the 

Distribution of x Scores and the Number of Cases

X Distribution
n = 25a 

Index 1 Index 2 Index 3
Uniform 42.37 23.1 4.2
Right-skewed 11.89 6.6 1.4
Left-skewed 79.21 74.81 165.3

n o 50
Uniform 41.76 24.38 2.8
Right-skewed 10.97 6.7 1.18
Left-skewed 76.41 62.98 78.22

n = 100
Uniform 41.36 22.72 1.8
Right-skewed 10.51 5.4 1.08
Left-skewed 73.97 58.38 33.12

25a. In the case of a uniform distribution, n = 30.
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Table 17

Values for Indices 1, 2, and 3 Broken Down by 
the Distribution of x Scores and by the 

Proportion of Cases Selected

Proportion Selected » .60
x Distribution Index 1 Index 2 Index 3
Uniform 57.99 35.33 5.57
Right-skewed 17.81 9.39 1.41
Left-skewed 80.13 87.75 242.69

Proportion Selected - .75
Uniform 38.92 20.48 1.94
Right-skewed 10.42 6.08 1.18
Left-skewed 80.39 68.65 ‘ 30.32

Proportion Selected - .90
Uniform 28.59 14.39 1.35
Right-skewed 5.14 3.33 1.08
Left-skewed 69.08 39.78 3.62



Table 18
Values for Indices 1, 2, and 3 Broken Down by the

Distribution of x Scores and the xy Relationship (o< )

xy Relationship: Linear
x Distribution Index 1 Index 2 Index 3
Uniform 1.23 1.79 2.96
Right-skewed 1.09 1.17 1.22
Left-skewed 2.21 6.23 92.31

xy Relationship: Monotonic
Uniform 2.43 2.42 2.96
Right-skewed 1.39 1.33 1.22
Left-skewed 4.42 8.0 92.19

xy Relationship: Non-Monotonic
Uniform 121.89 66.01 2.98
Right-skewed 30.89 16.3 1.22
Left-skewed 222.96 181.95 92.14
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Table 19
Values for Indices 1, 2, and 3 Broken Down by the 
Proportion Selected (Psel) and the Number of Cases (N)

n » 25
Psel Index 1 Index 2 Index 3
.60 52.94 47.86 144.89
.75 45.51 36.87 23.22
.90 35.03 19.8 2.8

n a 50
.60 51.66 43.18 73.5
.75 42.63 30.9 6.79
.90 34.85 19.96 1.91

n - 100
.60 51.32 41.44 31.28
.75 41.59 27.36 3.43
.90 32.93 17.75 1.34
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Table 20
Values for Indices 1, 2, and 3 Broken Down by the

Proportion Selected (Psel) and the xy Relationship {cC)

xy Relationship : Linear
Psel Index 1 Index 2 Index 3
.60 1.97 4.46 83.32
.75 1.38 3'. 05 11.15
.90 1.18 1.69 2.02

xy Relationship: Monotonic
.60 3.46 5.65 83.32
.75 2.63 3.89 11.15
.90 2.16 2.21 2.02

xy Relationship: Non-Monotonic
.60 150.5 122.36 83.32
.75 125.72 88.28 11.15
.90 99.47 53.61 2.02



case where the distribution of x scores was skewed to 
the left (and psel was .60).
2. When the proportion selected increased from 60% to 
75% and 90%, there was a dramatic improvement in the 
performance of procedure 3, i.e., the values for index 3 
were smaller than those of indices 1 and 2 in the case 
where the distribution of x scores was skewed to the 
left.
3. At each condition of psel, and type of x 
distribution, the values for index 2 were always smaller 
than those of index 1.

Table 18; The interaction of XDIST and the xy 
relationship.
1. The effect of distribution of X scores was greatest 
when the relationship between X and Y was non-monotonic. 
The interaction was observed in the situation where the 
distribution of X scores was skewed to the left.
2. The values for index 3 remained constant across all 
levels of alpha.

Table 19? The interaction of the proportion 
selected (PSEL) and the number of cases (N)_.
1. This interaction effect is significant for index 3 
alone, where the greatest change in index values 
occurred in the cases where the proportion selected went 
from 60% to 75%.



Table 20t The interaction of proportion selected 
(PSEL) and the xy relationship (alpha).
1. The interaction effect is significant for indices 1 
and 2, in the case where the relationship between x and 
y is non-monotonic.

Table 21 represents the mean squared error values 
for indices 1,2 and 3, and was derived from the analysis 
of variance design by collapsing over all the 
independent variables.

Table 21

Values for Indices 1, 2, and 3, Collapsing 
Over all Independent Variables

1
Index

2 3
43.16 31.69 32.13

It is evident that indices 2 and 3 are best, and 
index 1 is worst (when collapsed over all independent 
variables).
It should be noted that the ordering of the three 
indices in this case, is largely due to the fact that



the values for index 3 were much smaller than those for 
indices 1 and 2 when the regression of y on x was non­
monotonic. For example, Table 2 demonstrates a case 
where the xy relationship is non-monotonic, the 
distribution of x scores is uniform, and the xz 
relationship is monotonic. In this case the values for 
indices 1, 2, and 3 were 170.85, 160.99, and 8.48 
respectively.

In summary, procedure 1, where missing y scores 
were estimated using a linear regression equation 
predicting y from the selected x cases, produced, as 
expected, a better estimate than the other two 
procedures when the underlying xy relationship was 
linear. Procedure 2, which used an additional variable, 
z, in conjunction with x to predict missing y scores, 
produced a better estimate than procedure 1 when the xy 
relationship was non-monotonic. In this case, the 
values for index 2 were much lower than those of index 1 
when the xz relationship was non-monotonic. Procedure 
3, which used x2 in conjunction with x to predict 
missing y scores, produced the best estimate in the case 
where the relationship among.x and y was non-monotonic. 
The values for index 3 were much lower, in this case, 
than those for indices 1 and 2. However, procedure 3 
produced the poorest estimates (and the values for index 
3 were quite large in comparison with indices 1 and 2)



when the distribution of x scores was skewed to the 
left.
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Chapter V 
SUMMARY AND DISCUSSION

This study investigated the problem of analyzing 
results with missing data. More specifically, we 
focused on a situation involving two variables, x and y, 
where the relationship between x and y in the population 
was nonlinear in form. Data on y were missing as a 
function of x. We were interested in estimating the 
missing y scores.

Three procedures for estimating the missing scores 
were considered. In the first procedure, a linear least 
squares analysis, where y was regressed on x, was 
applied to the subset of selected cases. The resulting 
equation was then utilized to estimate the missing y 
scores. This procedure was called the "selected cases" 
method.

The second procedure introduced an additional 
variable, z, where complete data on z were available.
The z variable served as a replacement for x2. The y 
variable was regressed on x and z in a linear least 
squares analysis, using x, z, and y data for the subset 
of selected cases. The resulting equation was applied 
to x and z in the unselected group to predict missing y



scores. This procedure was called the "reproduced 
cases" method.

The third procedure was a special case of the 
second procedure, where the variable z was set to be x2. 
Thus, y was regressed on X and X2 using x, x2, and y 
data for the subset of selected cases. The resulting 
equation was applied to x and x2 in the unselected group 
to predict missing y scores.

The accuracy of the three procedures was considered 
in terms of how well each procedure could reproduce the 
missing scores. Expressions for the expected mean 
squared error (EMSE) of each procedure were analytically 
derived (see equation 7).

One major finding was that the performance of 
procedure 1 was often superior to that of the other two 
procedures, i.e., having the smallest EMSE overall, and 
always superior in the situation where the relationship 
between x and y was linear.

Of the three procedures considered, one might have 
expected that the performance of procedure 3 would be 
reasonably good, as it utilizes the correct model. That 
is, since the correct model specifies y as a function of 
x and x2, the utilization of x2 together with x (in 
procedure 3) should make for a good prediction system. 
However, results demonstrated that the performance of 
procedure 3 was often poorer than that of procedures 1



and 2, and especially poor when the distribution of x
scores was skewed to the left. This was demonstrated by
the larger values for EMSE, (with the exception of the 
case where the form of the regression of y on x was 
non-monotonic). A possible explanation for this result 
can be found if we examine this method further. In the 
first step of this procedure we are using the values of 
two highly correlated variables, x and x2, in the 
selected group, to predict the values of y in the 
selected group (utilizing a linear regression analysis). 
The high correlation between x and x2 can lead to large 
standard errors of the obtained regression weights for 
the selected sample. This high intercorrelation among x
and x2 is especially evident in the case where the
distribution of x scores is skewed to the left, and 
selection based upon x severely restricts the range of 
x. However, this should not necessarily lead to large 
EMSE values (i.e., poor estimation for the predicted Y 
scores), since different values for the regression 
weights can give equally good predictions for Y. It is 
in the second step of procedure 3 where a problem might 
arise. We are now applying the regression equation 
obtained from step one (using selected cases only) to x 
and x2 in the unselected group in order to predict the 
missing y cases. Thus the range of x scores in the 
selected sample (utilized in step one) is totally



different from the range of x scores in the unselected 
sample that is utilized in step two. In step two, then, 
we are extrapolating to a region (i.e., the unselected Y 
cases) that is completely outside of the range to which 
the model was fit (i.e., the selected cases).
Therefore, in this case, a large variation in regression 
coefficients can produce a large variation in the 
predicted y scores, thereby causing EMSE values for 
index 3 to be elevated.

Procedure 2, the "reproduced cases" method, took 
the correct model and substituted z as a proxy for x2. 
Assuming that the variable z was not as highly 
correlated with x as was x2 in the selected group, the 
regression weights computed (by regressing y on x and z 
in the selected group) would have a smaller standard 
error (than those weights obtained using x and x2 in a
linear regression analysis). While this again would not
effect EMSE values obtained using the selected sample, 
it might indeed effect predicted y values obtained when 
extrapolating to the unselected group (i.e., missing y 
cases). Consequently, procedure 2 can be more 
successful in predicting missing y scores than is
procedure 3._ This argument is supported by the result 
that the application of procedure 2 produced smaller
t

EMSE values than that of procedure 3, in the case when 
the relationship between x and y was linear in form.



76
This result was also often found when the relationship 
between x and y was monotonic inform.

It was noted that the performance of index 3 
remained constant across all levels of alpha. In other 
words, the performance of procedure 3 was independent of 
the relationship between x and y. The explanation for 
this is that in general, when the x values which define 
a model are the same as the x values that are utilized 
in the analysis, the corresponding index will be 
independent of the relationship between x and y. In 
this case, since both the underlying model and procedure 
3 utilize x and x2 in predicting missing y cases, the 
values for index 3 are independent of the relationship 
between x and y (alpha). This can be demonstrated more 
specifically as follows:

Given that the underlying relationship between x 
and y can be described by the quadratic equation 
demonstrated in equation 1
(where y = ot0 + ^ ) (  + ol1_Xa"+e. ). and procedure 3
is utilized to obtain predicted y scores (i.e., where y 
is regressed upon x and x2 to obtain missing y scores), 
it has been demonstrated that:
E(2u " Hys)'(Xu “ Hys)/nu = E(y'Ay)/nu 
E (y'A y)/nu = tr (AS+-^X/^)/nu 
where /<*<- = x si ? = cr I.
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It can be proven that^cA-<-c /nu = 0 when the underlying 
model and the procedure are both based upon the same x 
scores (in this case xO, x and x2). Therefore:
E (Yu “ Hs)'(Uu “ Hs)/nu = tr(A), and A is not a 
function of oc .

It was hypothesized that method 2, which utilized 
the x variable would, in some cases, be more successful 
than method 1 (which uses selected cases only) in 
predicting missing cases. This result was supported by 
the data, in the case where the xy relationship was non­
monotonic. (The explanation for this will be elaborated 
on in a following section). However, in the cases where 
the xy relationships were linear or monotonic, the 
performance of method 2 was often inferior to that of 
method 1. One possible explanation for this concerns 
the manner in which the z variable is defined. The z 
variable serves as a proxy for x2. The ideal z variable 
achieves a balance between being correlated with X (and 
thus able to predict y), and yet not as highly 
correlated with x as is x2. It is not clear that we 
accomplished the generation of an "ideal z" in the 
present study. It may be that there are better 
definitions for z which would yield better estimates of 
the missing y cases.

There is another possible explanation for the 
result that the "selected cases" procedure was more



successful in predicting missing y scores than the 
"reproduced cases" procedure. The introduction of an 
additional variable, z, requires the estimation of an 
additional parameter. This, in turn, might produce the 
larger values obtained for the EMSE of the "reproduced 
cases" procedure.

Procedure 1, the "selected'cases" method, did not 
utilize the appropriate model to estimate the 
relationship between x and y, since x was used alone to 
predict y. However, the performance of this procedure 
was often superior to that of the other two procedures. 
While one would expect this method to have the smallest 
EMSE values in the case when the xy relationship was 
linear, these results were not expected in the case 
where the xy relationship was monotonic.Perhaps this can 
be explained by the fact that method 1 is the simplest 
of the three methods, and requires the estimation of the 
smallest number of parameters, thereby resulting in the 
smallest errors of prediction.

When the relationship between x and y changed from 
being nonlinear but monotonic to non linear and non­
monotonic, procedures 1 and 2 became much less effective 
in estimating the missing y cases (over all the 
independent variables). Figure 10 provides an 
illustration of the two different xy relationships.
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Figure 10. Two sample xy relationships: a. nonlinear but 
monotonic? b. nonlinear and non-monotonica.

ap = at a given x value, a proportion, p, is selected.



In (a), the curved line on the graph represents the 
nonlinear but monotonic relationship between x and y. 
Those cases to the right of the perpendicular dotted 
line represent the proportion selected. In (b), the 
curved line on the graph represents the nonlinear and 
non-monotonic relationship between x and y. Those cases 
to the right of the perpendicular dotted line represent 
the proportion selected.

In both situations depicted by Figure 10 (a) and 
(b), one is utilizing data to the right of the 
perpendicular line in an attempt to predict the missing 
y scores. In both these situations y is regressed on x 
(or on x and x2, or on x and z) in the selected group, 
and the resulting regression weights are used to obtain 
predicted missing y values. However, in the situation 
depicted in (b), where the relationship between x and y 
is parabolic, the estimation of missing y cases can be 
considerable worse than that of case (a). It is clear 
than one cannot extrapolate the fitted regression 
function obtained from the right hand data to the left 
hand data. This argument is supported by the fact that 
for procedures 1 and 2, the EMSE values were larger when 
the relationship between x and y was nonlinear and 
nonmonotonic, rather than nonlinear but monotonic. 
However, the EMSE values for procedure 2, when the 
relationship between x and z was non-monotonic, were



much smaller than the corresponding values obtained when 
the relationship among x and z was monotonic.
Apparently a non-monotonic xz relationship enables one 
to pick up some cases that are indicative of a parabolic 
relationship among x and y. Similarly the EMSE values 
for procedure 3 were (in most cases) much smaller than 
corresponding EMSE values for procedures 1 and 2, (when 
the xy relationship was non-monotonic). Thus, the x2 
term might also help to estimate the missing cases that 
occur on the left side of the parabola depicted in 
Figure 10.

Certain results relating to the independent 
variables N, Psel, and Alpha ( o< ) were expected. As 
the number of cases (N) increased (from n=25 to n=50 to 
n=100), each of the three procedures became more 
effective in estimating the missing cases, and the 
differences in the effectiveness of the three procedures 
decreased. Similarly, as the percentage of selected 
cases (Psel) increased, the three procedures became more 
effective at estimating missing cases. It should be 
noted that the differences in the index values at each 
level of n and psel were much more extreme for index 3 
(as compared to indices 1 and 2).

An interesting finding in the study concerns the 
importance of the distribution of x scores. When this 
was varied, it had a profound effect on the ability of



the three procedures to predict missing y cases. All 
three procedures were much less successful in predicting 
missing cases when the distribution of x scores was 
skewed to the left. Let us consider an explanation for 
this result. When one is utilizing an x score 
distribution that is skewed to the left, the majority of 
cases occur at the upper end of the distribution. All 
cases at the upper end of the distribution are selected. 
In this situation, one must deal with a range of scores 
that is very restricted (see Figure 4). Estimation of 
missing cases is therefore not very successful. 
Conversely, when one is considering an x score 
distribution that is skewed to the right, the majority 
of cases fall at the lower end of the distribution (see 
figure 3). Selection of cases at the upper end of the 
distribution will still result in a wide range of x 
values for consideration. When a broader spectrum of 
scores is available, this will result in a more 
successful estimation for the missing cases.

The performance of indices 1, 2 and 3 can be 
summarized as follows:
1. In the situation where an underlying relationship 
among x and y is known to be linear, the utilization of 
selected x cases alone (method 1) is the method of 
choice for predicting missing y cases.



2. In a situation where an underlying xy relationship 
is suspected of being nonlinear, the utilization of an 
additional variable, (having a nonlinear relationship to 
y), in conjunction with x, is the method of choice in 
predicting missing y cases. While it is not clear 
exactly what this variable should be, the success of 
this method appears to depend upon the relationship it 
has to x and y, as well as the underlying relationship 
between x and y.
3. In a situation where the range of known x values is 
severely restricted, the performance of all three 
procedures is unreliable, and the performance of method 
3 is especially poor.

Several areas of interest have arisen from this 
study which can be the subject of future research.
First, a further in-depth analysis of the z variable 
and its properties might prove illuminating. Such a 
study might compare and contrast z variables having 
different characteristics (in terms of relationships to 
y, x, and x2), in order to determine if there are indeed 
situations where this type of variable can optimally 
predict missing cases. It should be possible to find 
situations where an "optimal z" can provide results 
(using the "reproduced cases" procedure) that are an 
improvement over those found using procedure 1 (the 
"selected cases" procedure).



Another area needing exploration in future research
concerns the range of x scores that are utilized to
predict missing y scores. As explained previously in
this chapter, procedure 3 utilized x and x2 scores in
the selected group to predict y scores in the unselected
group. The poor performance of this procedure might be

«*

explained by the fact that the x range on which the 
model was fit (i.e., the selected x cases) was a 
different range than the one to which we were 
extrapolating (i.e., the unselected y cases). Therefore, 
a future study might investigate the use of x and x2 in 
the total group to predict the missing y scores. In 
such a study, procedure 3 might be more effective than 
it was in this study, since one would be using the x and 
x2 scores in both selected and unselected cases to 
determine the missing y scores(i.e., the y scores in the 
unselected group).



We will now consider how results from the present 
study can be applied to educational selection and 
decision making. Suppose that we are interested in the 
relationship between scores on an aptitude test, x, and 
job performance, denoted by y. Let us assume that the 
job consists of teaching high school courses at private 
high schools. Suppose that if we had the x and y values 
for everyone, the relationship between x and y would be 
parabolic, and could be illustrated by the curve

s

depicted in Figure 7. This kind of curve demonstrates 
that beyond a certain level of x (aptitude), job 
performance (y) decreases. Let us consider how, in the 
situation depicted here, one might find this kind of x-y 
relationship. Suppose a group of teachers, who are 
high scorers on an aptitude test (x), lost their jobs, 
which consisted of teaching college level courese. In 
need of work, these people enter lower level teaching 
jobs, where they are assigned to teach lower level 
courses. They are thus overqualified in their current 
work situation. The performance of this group of people 
(who score in the upper range on an aptitude test) will 
be poorer than that of other teachers having lower 
scores on the aptitude test due to factors such as 
boredom, lack of motivation, and dissatisfaction with 
salary. Hence when looking at the relationship between 
performance on an aptitude test and job performance, one
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might indeed observe a parabolic relationship between x 
and y, where job performance decreases in the upper 
range of x.

If we had all the x-y data, we could effectively 
estimate the x-y relationship utilizing a regression 
analysis, where, y is a function of x and x2. However, 
in our example, teachers have been selected for their 
jobs based upon their scores on the aptitude test, x, 
and thus we only have performance ratings (y) for those 
teachers selected for the job. Performance ratings are 
missing for those applicants not selected for the job. 
Suppose the school administration is interested in 
finding out what the job performance for the unselected 
applicants would be. The data that is observed is 
demonstrated in Figure 10b, and consists of all those 
cases to the right of the perpendicular line. We need 
to utilize these observed performance ratings in order 
to fill in missing ratings of job performance for the 
unselected individuals.

We have already stated that we are contemplating a 
case where the majority of applicants for these teaching 
positions are overqualified for their jobs. Thus the 
distribution of x scores (i.e., scores on the aptitude 
test) will be skewed to the left, with the majority of 
applicants scoring in the upper range on the aptitude 
test. In this type of situation, coupled with the fact



87

that teachers are selected based upon x, the range of x 
values will be curtailed. We have demonstrated from our 
study that when the range of x is small, as we have in 
this case, the results obtained from any analysis will 
be subject to more error than there would be when 
performing the same analysis using a wider range of x 
values. Given a
situation where the underlying x-y relationship is 
nonlinear (and specifically parabolic), and the range of 
x values is curtailed, we are interested in performing 
an analysis in order to recover the missing y cases. We 
could do a simple regression analysis, where we would 
regress available job performance ratings on aptitude 
scores and extrapolate back for the unselected 
population (i.e., procedure 1). However, results from 
the present study have indicated that a simple 
regression analysis on selected cases will yield 
inaccurate results when the x-y relationship is 
parabolic. If we look at figure 10b, it is apparent 
that one cannot extrapolate the fitted regression 
function obtained from the right hand data (by doing a 
simple linear regression of y on x in the selected 
group) to the left hand data.

Results from our present study have demonstrated 
that a regression analysis which utilizes another 
variable (that has a nonlinear relationship with x), in



conjunction with x to estimate the missing y values will 
yield more accurate results. For example, often scores 
on personality inventories are available for use, where 
the personality traits measured have a nonlinear 
relationship with performance. (For instance, anxiety 
has been shown to have a nonlinear, and specifically 
parabolic, relationship with aptitude). Thus one could 
regress the job performance measure (y) on aptitude test 
scores and personality scores for those individuals 
selected, and use the resulting regression weights to 
predict the missing job performance values. These 
estimates would be more accurate than those obtained 
from a simple linear regression analysis using selected 
cases.



Appendix A
A FORTRAN COMPUTER PROGRAM TO COMPUTE THE 

EXPECTED MEAN SQUARED ERROR VALUES FOR 
PROCEDURES 1, 2, and 3.



FORTRAN PROGRAM

DIMENSION XS(IOO),XU(100),ZS(100),ZU(100) 
DIMENSION YHATS(100),YHATU(100),ALPHA( 3 ) , W ( 3 ) 
DIMENSION NN(3),PSEL(3)
DIMENSION NPROP(10)
DATA ALPHA/0.0,1.0,-0.05/
DATA W/0.0,1.0,-0.05/
DATA NN/25,50,100/
DATA PSEL/0.6,0.75,0.90/

C
SIGMA2 =1.0

C
WRITE (6,333) ALPHA,W 

333 FORMAT(10X, 'ALPHA =' , 3F10.4//10X,
C'W =',3F10.4///)
DO 1000 IDIST =1,3 
READ(5,100) NPROP

100 FORMAT(1012)
WRITE (6,101) NPROP

101 F0RMAT(1X,'XDIST=',1013//)
DO 1 I = 1,3
DO 1 J = 1,3 
N = NN (I)
IF(I .EQ. 1 .AND. IDIST .EQ. 1) N = 30 
NS = PSEL(J) * N 
NU = N - NS
CALL GETDAT(N,NS,NU,ALPHA,W,XS.XU.ZS,ZU,

CYHATS,YHATU,NPROP,CIDIST)
300 FORMAT(IX,5F10.4)

XINDEX = XIX(N,NA,NU,ZA,ZU,YHATS,YHATU,SIGMA2) 
ZINDEX = XIZ(N,NS,NU,XS,XU,YHATS,YHATU,ZS,ZU, 

CSIGMA2)
X2IDEX = XIX2(N,NS,NU,XS,XU,YHATS,YHATU,ZS,ZU, 

CSIGMA2)
WRITE(6,102) N,NS,NU,XINDEX,ZINDEX,X2IDEX 

1 CONTINUE 
C
102 FORMAT(315,3F10.3)
1000 CONTINUE

STOP
END
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SUBROUTINE GETDAT(N,NS,NU,ALPHA,W,XS,XU,ZS,ZU, 

CYHATS,YHATU,NPROP,IDIST)
C COMPUTE XS,XU,ZS,ZU,YHATS,YHATU

DIMENSION ALPHA(3),W(3),XS(100),XU(100),
CZS(IOO),ZU(100)
DIMENSION YHATS(100), YHATU(IOO)
DIMENSION DATA(100,3)
DIMENSION NPROP(10)
SDZ = 1 . 0  
SDY = 1 . 0  
ISTART =12359 
KOUNT = 0 
DO 1 I = 1,10 
JEND = NPROP(I)
IF (N .EQ. 50) JEND = JEND/2
IF (N .EQ. 25 .AND. IDIST .NE. 1) JEND = JEND/4
IF (N .EQ. 30 .AND. IDIST .EQ. 1) JEND = JEND/4 +1
DO 1 J = 1,JEND
KOUNT = KOUNT + 1 
X = I
XMEANY=ALPHA(1) +ALPHA(2)*X +ALPHA(3)*X**2
XMEANZ=W(1) +W(2)*X +W(3)*X**2
CALL GAUSS(ISTART,SDY,XMEANY,DATA(KOUNT,2))
CALL GAUSS(ISTART,SDZ,XMEANZ,DATA(KOUNT,3))

1 DATA(KOUNT,1)=X
DO 4 I = 1, NU 
X = DATA(1,1)
XU(I) = X
YHATU(I) = ALPHA(1) + ALPHA(2)*X + ALPHA(3)*X*X

4 ZU(I) = DATA (1,3)
DO 5 I = 1,NS
X = DATA(NU + 1,1)
XS(I) = X
YHATS(I) = ALPHA(1) + ALPHA(2)*X + ALPHA(3)*X*X

5 ZS(I) = DATA(NU+I,3)
RETURN
END



FUNCTION XIX(N,NS,NU,XS,XU,YHATS,YHATU,SIGMA2) 
C THIS SUBROUTINE COMPUTES THE EMSE USING X AS THE
P TOPHTPPftD

DIMENSION XS(IOO), XU(IOO)
DIMENSION YHATS(100), YHATU(IOO)
DIMENSTION H(100,100),HTH(100,100)
CALL GETHX(NS,NU,XS,XU,H,HTH)

1
C

2
C

3
C
C

SUM1 = 0 . 0  
DO 1 I = 1,NU
SUM1 = SUM1 + YHATU(I)*YHATU(I)
SUM2 = 0 . 0  
DO 2 I = 1,NS 
DO 2 J = 1,NS
SUM2 = SUM2 + YAHTS(I)*HTH(I,J)*YHATS(J)
SUM3 = 0 , 0  
DO 3 I = 1,NU 
DO 3 J = 1,NS
SUM3 = SUM3 +YHATU(I)*H(I,J)*YHATS(J) 
SUM3 = —2.0*SUM3
SUM = SUM1 + SUM2 + SUM3
TRACE = NU 
DO 4 1=1,NS
TRACE = TRACE + HTH(I,J)
TRACE + SIGMA2*TRACE
XIX = (TRACE+SUM)/NU
RETURN
END



FUNCTION XIZ(N,NS,NU,XS,XU,YHATS,YHATU,ZS,ZU, 
CSIGMA2)

C THIS FUNCTION COMPUTES THE EMSE USING X AND Z AS THE 
C PREDICTORS

DIMENSION XS(IOO),XU(100),ZS(100),ZU(IOO),
CYHATS(100),YHATU(100)
DIMENSION H(100,100), HTH(100,100)
CALL GETHZNS,NU,XS,XU,ZS,ZU,H,HTH)

C
SUM1 = 0.0 
DO 1 I = 1, NU

1 SUM1 = SUM1 + YHATU(I)*YHATU(I)
C

SUM2 = 0 . 0  
DO 2 I = 1,NS
DO 2 J = 1,NS

2 SUM2 = SUM2 + YHATS(I)*HTH(I,J)*YHATS(J)
C

SUM3 =0 . 0  
DO 3 1=1,NU 
DO 3 J=1,NS

3 SUM3 =SUM3 + YHATU(I)*H(I,J)*YHATS(J)
SUM3 = -2.0*SUM3

C
SUM = SUM1 + SUM2 + SUM3

C
TRACE = NU 
DO 4 I = 1,NS

4 TRACE = TRACE + HTH(I,I)
TRACE = SIGMA2 *TRACE

C
XIZ = (TRACE + SUM)/NU
RETURN
END



FUNCTION XIX2(N,NS,NU,XS,XU,YHATS,YHATU,ZS,ZU, 
CSIGMA2)

C THIS FUNCTION COMPUTES THE EMSE USING X AND X2 AS 
C THE PREDICTORS

DIMENSTION XS(IOO),XU(100),ZS(100),ZU(100),
CYHATS(100),YHATU(100)
DIMENSTION H(100,100), HTH(100,100)
CALL GETHX2(NS,NU,XS,XU,ZS,ZU,H,HTH)C
SUM =0 . 0  
DO 1 I = 1, NU

1 SUM = SUM1 + YHATU(I)*YHATU(I)
C

SUM2 =0 . 0  
DO 2 I = 1,NS
DO 2 J = 1,NS

2 SUM2 = SUM2 + YHATS(I)*HTH(I,J)*YHATS(J)
C

SUM3 =0 . 0  
DO 3 I = 1, NU
DO 3 J = 1, NS

3 SUM3 = SUM3 + YHATU(I)*H(I,J)*YHATS(J)
SUM3 = -2.0*SUM3

C 
C

SUM = SUM1 + SUM2 + SUM3
TRACE = NU 
DO 4 I = 1,NS 

4 TRACE = TRACE + HTH(I,J) 
TRACE = SIGMA2 *TRACE

C
XIX2 = (TRACE + SUM)/NU
RETURN
END



SUBROUTINE GETHX(NS,NU,XS,XU,H,HTH)
C GET H WHEN X IS THE PREDICTOR 

DIMENSION XS(100), XU(IOO)
DIMENSION XX2S(100/2)/XX2U(100,2)/X2T(2,100), 

CS2S(2/2),H(100,100),HTH(100,100),TEMP2(100,2), 
CL(2),M(2)

C
DO 1 I = 1,NS 
XX2S(I,1)=1.0 
XX2S(1,2) = XS(I)

1 CONTINUE
DO 2 I = 1/NU 
XX2U(I,1) = 1.0 
XX2U(I,2) = XU(I)

2 CONTINUE
DO 500 I = 1,2
DO 500 J = 1,2
S2S(I,J) = 0.0 
DO 500 K = 1,NS

500 S2S(I,J) = S2S(I,J)+XX2S(K,I)*XX2S(K,J)
CALL MINV(S2S,2,D,L,M)

C WRITE(6,100) D,((S2S(I,J),J=1,2),1=1,2)
100 FORMAT('DET = ',F10.3,3(/,IX,3F10.3))

DO 600 I = 1,NU 
DO 600 J = 1,2 
TEMP2(I,J)=0.0 
DO 600 K = 1,2
TEMP2(I,J) =TEMP2(I,J)+XX2U(I,K)*S2S(K,J)

600 CONTINUE
DO 700 I = 1,NU 
DO 700 J = 1,NS 
H(I,J)=0.0 
DO 700 K = 1,2 

700 H(I,J)=H(I,J)+TEMP2(I,K)*XX2S(J,K)
DO 800 I = 1,NS 
DO 800 J = 1,NS 
HTH(I,J)=0.0 
DO 800 K = 1,NU 

800 HTH(I,J)=HTH(I,J)+H(K,I)*H(K,J)
RETURN
END



SUBROUTINE GETHZ(NS,NU,XS,XU,ZS,ZU,H ,HTH)
C GET H WHEN X AND Z ARE THE PREDICTORS

DIMENSION XS(IOO),XU(100)„ZS(100),ZU(100) ' 
DIMENSION XX2S(100,3),XX2U(100,3)X2T(3,100), 

CS2S(3,3),H(100,100),HTH(100,100),TEMP2(100,3), 
CL(3),M(3)

C
DO 1 I = 1,NS 
XX2S(I,1)=1.0 
XX2X(I,2)=XS(I)
XX2S(I,3)=ZS(I)

1 CONTINUE
DO 2 I = 1, NU 
XX2U(1,1) =1.0 
XX2U(1,2)=XU(I)
XX2U)I,3)=ZU(I)

2 CONTINUE 
C

DO 500 I = 1,3 
DO 500 J « 1,3 
S2S(I,J)=0.0 
DO 500 K = 1,NS 

500 S2S (I, J) =S2S (I, J) +XX2S (K, 1) *XX2S (K, J)
CALL MINV(S2S,3,D,L,M)

C WRITE(6,100)D,((S2S(I,J),J=1,3),1=1,3)
100 FORMAT( 'DET = '>F10.3,3(/,IX,3F10.3))

DO 600 I = 1,NU 
DO 600 J = 1,2 
TEMP2(I,J) = 0.0 
DO 600 K = 1,2
TEMP2 (I, J) = TEMP2 (I,'J) + XX2U(I,K) *S2S (K, J) 

600 CONTINUE
DO 700 I = 1,NU 
DO 700 J = 1,NS 
H(I,J) = 0.0
DO 700 K = 1,2

700 H(I,J) = H(I,J) + TEMP2(I,K)*XX2S (J ,K)
DO 800 I = 1,NS 
DO 800 J = 1,NS 
HTH(I,J) = 0.0 
DO 800 K = 1,NU

800 HTH(I,J) = HTH(I,J) + H(K,I)*H(K,J)
RETURN
END



SUBROUTINE GETHX2(NS,NU,XS,XU,ZS,ZU,H,HTH)
C GET H WHEN X AND X2 ARE THE PREDICTORS

DIMENSION XS(100),XU(100), ZS(IOO), ZU(IOO) 
DIMENSION XX2S(100,3),XX2U(100,3),X2T(3,100), 

CS2S(3.3),01(100,100),HTH(100,100),TEMP2(100,3), 
CL(3),M(3)

C
DO 1 I = 1,NS 
XX2S(I,1) = 1 . 0  
XX2S(1,2) = XS(I)
XX2S(1/3) = XS(I)*XS(I)

1 CONTINUE
DO 2 I = 1,NU

2
C

500
C
100

XX2U (1,1) 
XX2U(I,2) 
XX2U(I,3) 
CONTINUE

=  1.0 
= XU(I)
= XU(I)*XU(I)

DO 500 I = 1,3 
DO 500 J = 1,3 
S2S(I,J) = 0.0 
DO 500 K = 1,NS
S2S (I, J) = S2S (I, J) + XX2S (K, I) *XX2S (K, J) 
CALL MINV(S2S,3,D,L,M)
WRITE(6,100) D, ((S2S(I,J),J=1,3),1=1,3) 
FORMAT( ' DET = ',F10.3,3(/,IX,3F10.3))
DO 600 I =
DO 600 J =
TEMP2(I,J)
DO 600 K =
TEMP2(I,J)

600 CONTINUE
DO 700 I =
DO 700 J = 
H(I,J) =
DO 700 K 

700 H(I,J) =
DO 800 I 
DO 800 J 
HTH(I,J)
DO 800 K 

800 HTH(I,J)
RETURN
END

//GO.SYSIN DD * 
10101010101010101010 
322012 8 8 4 4 4 4 4 
4 4 4 4 4 8 8122032

1, NU 
1,3 
=  0.0 
1 3
= /TEMP2(I,J) +XX2U(I,K)*S2S(K,J)
1, NU 
1,NS 

0.0 
= 1,3
H(I,J) + TEMP2(I,K)*XX2S(J ,K) 
= 1,NS 
= 1, NS 
=  0.0 
= 1, NU
= HTH(I,J) + H(K,I)*H(K,J)
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