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Abstract

CHARACTERIZATION, ESTIMATION, AND PREDICTION
FOR A
DYNAMIC POINT ENSEMBLE

by
Gary A. Gordon

Advisor: Professor Se Jeung Oh

The mathematical basis for utilizing radar observations to predict the
position and configuration of a large collection of dynamically independent
scatterers, unresolvable by an observing radar, is discussed, A continuous
density function in dynamic state space is introduced to characterize the scatterer
ensemble, Additional aspects of the scatterer ensemble model are discussed
thoroughly,

A concise state representation for the scatterer ensemble is obtained by
associating with it an oriented abstract object, whose output terminal variables
correspond to certain aggregate properties of the ensemble, These aggregate
properties are the first moments, and second central moments, of the projection
of the defined density function onto the position subspace of dynamic state space.
The dynamics of the scatterer ensemble are considered, and an input-output-state
relation is obtained for the associated oriented abstract object, This relation is
shown to have the response separation property, establishing the first moments
and second central moments of the density in dynamic state space as state variables
for the abstract object, Reducibility of the derived state representation is examined,

A special case of practical importance, in which the scatterers are known
a priori to coincide at some instant, is considered, For such an "impulsively
dispensed" scatterer ensemble, a significant reduction in the state representation
is achieved, In addition, a characterization of impulsively dispensed scatterer
ensembles by properties in the space of scatterer dispensing velocities is introduced,

The output terminal variables of the oriented abstract object correspond to
observable properties of the scatterer ensemble, Estimation of these properties,
on the basis of data obtained by the radar, is considered, Radar models and the

1




forms of the received voltages are discussed, Then, estimators are introduced
and new results regarding estimator bias are obtained,

Prediction of the position and configuration of the scatterer ensemble is
reduced to the problem of estimating the state of a time-varying linear system on
the basis of a set of noisy observations of the system output, The position and
configuration are characterized by the first moments and second central moments
of the density in the position subspace, Prediction algorithms are discussed
briefly, Also, a method is presented for the estimation of the dispensing time
of an impulsively dispensed scatterer ensemble, An example illustrating the
application of the formulated estimation and prediction methods is presented,
using a Monte Carlo simulation of the radar echoes received from a one-

dimensional, impulsively dispensed, scatterer ensemble,



CHAPTER 1

INTRODUCTION

In the study of a system consisting of an ensemble of dynamic points it
is often desirable, or indeed necessary, to characterize the dynamical behavior
of the geometrical configuration and spatial location of the dynamic points by the
behavior of certain aggregate properties of the ensemble. This situation arises,
for example, in cases where the dimensionality of the problem is too high for
treatment in the ordinary way; where the individual points are not resolvable by
the observer, or where the details of individual point motions are not of interest.

A problem of this type, treated by means of an original approach in this disser-
tation , arises in the radar tracking of a dense ensemble of dynamically independ-
ent scatterers. In this thesis, a finite state representation is derived for an
ensemble consisting of an arbitrarily large number of scatterers, Formulation
of the representation begins with the characterization of the point ensemble by a
density function in dynamic state space, and the projection of this density on the
position subspace., The first and second moments of the projected density char-
acterize the spatial position and configuration of the ensemble, and are observable,
These moments are defined as the output terminal variables of an oriented abstract
object associated with the dynamic scatterer ensemble. Input-output-state
relations are derived for the abstract object and are shown to have the response
separation property, establishing the first and second moments of the density in
dynamic state space as state variables for the abstract object. Reducibility of

the derived state representation is examined. A special case of practical



importance, in whichsingularity of the density in dynamic state space permits
significant reduction of the state representation, is presented.

Additional results specialized to the radar tracking problem are presented
in the thesis. It is emphasized, however, that the aspects of the thesis described
above have potential application in a broad class of problems involving ensembles

of dynamic points,



1.1 Statement of the radar tracking problem

Theoretical problems concerning the radar tracking of point targets have
been investigated extensively in recent years. Lately, the radar tracking of
cloud-like targets has become of interest in various areas of scientific research
(e.g., atmospheric clouds, West~Ford radio research dipole cloud?lion clouds
for upper-atmospheric research, ete.).

The research reported in this thesis is concerned with an ensemble of
scatterers, each of which is traveling on an independent trajectory. The
ensemble is observed by a radar/data processor system at the instants
tj, i=1, ..., N. It is necessary for the radar/data processor system to predict
the spatial location of the ensemble at time b1 The separation between
adjacent scatterers is too small for the scatterers to be resolved by the observ-
ing radar. Thus, the radar/data processor system must treat the ensemble as a
single cloud-like target. Furthermore, the intervals tiy ~ b i=1, ..., N may
be sufficiently large to permit significant deformation of the ensemble configuration
during each interval.

Two modes of radar observation are considered, in our study, for the
collection of data on the target. The first mode of observation considered is by
means of a radar of the monopulse type, where the observation consists of a
single transmitted pulse. It is necessary for the scatterer ensemble to be con-
tained within the main lobe of the antenna radiation péttern. Thus, the width of
this lobe must be wider than the largest angle subtended at the radar by the

scutlerer ensemble, To emphasize this requirement, this type of observation is



referred to as a wide-beam monopulse radar obsérvation.

The alternate mode of observation considered utilizes a radar whose
beam-width is small in comparison to the angular dimensions of the scatterer
ensemble. In this case, each observation consists of a set of transmitted
pulses. As the pulses are transmitted, the radar isszanned in angle so as to
cover the entire solid angle subtended at the radar by the scatterer ensemble,

The prediction of the location of the scatterer ensemble is used to
determine the required beam placement and width for a wide-beam monopulse
observation, or the required scan pattern for a narrow-beam observation. The
realization of this observation-prediction-observation cycle constitutes the
tracking problem,

Observation of the scatterer ensemble requires some knowledge of its
configuration ( i.e , size, shape, and orientation) as well as its position. In
addition, information on the cloud configuration permits economical observation,
A wide-beam radar can use a reduced beam-width, which results in increased
antenna gain and difference channel sensitivity. In contrast, if no information
about the cloud configuration were available, the radar would, by necessity,
always use the widest obtainable beam-width. A radar with a dish antenna can
vary its beam width, within limits, by focusing and defocusing, while a phased-
array radar can vary its beam-width by appropriately adjusting the array
elements. Similarly, a narrow-beam radar can use available configuration
information to reduce the solid angle which is scanned, and thus require fewer

transmitted pulses for the observation.



It is the task of the data processor to utilize information obtained at the
observation instants t;, i=1,.,.Nto predict the location and configuration of the
scatterer ensemble at time tNJrl and, ultimately, to use this prediction to pre-
pare the radar for an observation at that time. The questions addressed in this
thesis concern the nature of the information which is to be obtained by the radar/
data processor at each observation, and the manner in which this information is
to be used to predict, in some optimum sense, the position and configuration of

the ensemble.




1.2 The approach to the tracking problem

In the problem under consideration, the radar/ data processor must
treat the observed target ensemble as a single cloud-like object. Consistent
with this constraint, we formulate a novel approach to the tracking problem, in
which the target is considered to be associated with a density function in dynamic
state space. The information which the data processor is assumed to extract
from the raw data (video voltage samples) acquired by the radar at each obser-
vation instant consists of estimates of the centroid and second ceht;fgl moment
(SCM) matrix of the projection, on the position subspace, of the density function
associated with the scatterer ensemble at that instant. The centroid is the
vector of first moments of the projected density, while the SCM matrix is the
matrix of second moments and joint second moments taken about the centroid,
The SCM matrix is analogous to the covariance matrix in multi-variate statistics.

The elements of the centroid and SCM matrix can be estimated on the
basis of raw radar data acquired with a single observation of the scatterer
ensemble by a wide-beam monopulse radar or narrow-beam radar scan. These
estimates are subject to random errors, resulting from the presence of the
usual sources of noise, and in addition from certain inherent properties of a
scatterer ensemble,such as the time variations of the radar cross-section of
the individual scatterers and the variations of the relative phases of the
received echoes from the scatterers.

On the basis of the estimates of the centroid and SCM matrix derived

from the data obtained at the observation instants ti ,i=1, ..., N, it is assumed




that the data processor attempts to predict the centroid and SCM matrix at time

t This approach is taken since :

N+1°
(1) it is found tha’E these quantities can be predicted on the basis of the
‘information i.e., estimates of the centroid and SCM matrix)
obtained at the observation instants
(2) the predicted quantities characterize the position and configuration
of the scatterer ensemble at time tNet
The characierization of the position and configuration of the scatterer
ensemble by the centroid and SCM matvix is analogous to the use of the first
moments and second central moments to characterize the concentraiion of
probability density in multivariate statistics. The centroid represents an
average scatterer position, while the SCM matrix specifies the mean-squared
dimensions of the scatterer ensemble.
The outline of the scatterer ensemble cannot be predizied on
the basis of the information derived at the observation instants. The outline
could be defined as the continuous surface enclosing the smallest volume but
containing all the scatterers. The absence of an outline predictinn will noi
hamper the ability of the radar/data processor system to observe the scatterer
ensemble at the instant of prediction since:
(1) The required mean square dimensions of the beam shape or scan
coverage for observation can be related direcily to the predicted

mean square angular dimensions of the scatterer ensemble.
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(2) The beam~-width or scan coverage used will of necessity be some-
what larger than cloud dimensions to allow for errors in the predic-
tions., In the case of a wide-beam monopulse observation, the
beam-width must be somewhat widex' than cloud dimensions to re-
duce certain biases in the estimates of the centroid and SCM matrix
caused by variation in the sum-beam pattern,

(3) Beam patterns do not drop abruptly to zero, but attenuate continu-
ously with angular displacement from beam center. Since the
beam does not have a distinct edge, there is no need for a distinct
cloud outline prediction.

{4y In tracking the ensemble, it is not generally essential that all
scatierers be observed. Observation of the bulk of the scatterers
is sufficient.

Although knowledge of the outline of the scatterer ensemble is not
necessary for observation, it may be desirable to define a canonical bounding
surface for the scatterer ensemble as part of a procedure for the determination
of beam pointing and width for wide~beam observation, or the determination of
the scan pattern for narrow-beam observation. The bounding surface would
contain the bulk of the scatterers, but not necessarily all of them.

The procedure by which the canonical bounding surface is defined in
terms of the predicted centroid and SCM matrix can be called the bounding
policy. One reasonable bounding policy makes use of the eigenvectors and

eigenvalues of the SCM matrix to define an ellipsoidal bounding surface L



11

The ellipsoid is centered at the centroid, has principal semi-axes collinear
with the eigenvectors and semiaxis magnitudes proportional to the square root
of the corresponding eigenvalues. If the eigenvalues are denoted by >‘i’ i=1,2,3,
and K is the propbrtionality constant, the semiaxis magnitudes are given by
K/X]. I K =/5, the ellipsoid defined is analogous to the ellipsoid of concentrat-
ion2 , which is used to indicate the concentration of probability density in
multivariate statistics,

An alternate bounding policy defines a rectangular parallelepiped
centered at the centroid, with edges colinear with the eigenvectors of the SCM
matrix and edge lengths given by 2KA/')T{, where again the A; are the eigen-
values and K is some constant. It follows from the Chebeshev inequality that
the fraction of the density which is excluded by the surface is bounded by 3/ K2,
However, in the case of this policy, as well as in the case of the bounding
policy which uses an ellipsoidal surface, a practical value for K is best deter-
mined by considering the class of cloud configurations which are expected to
occur and selecting a value of X empirically which gives satisfactory perform-
ance. Finally, it is reemphasized that, as indicated above, use of a bounding
policy is not a necessary part of a tracking procedure. Procedures for cloud
bounding, and for the determination of the required beam placement and width,
or scan pattern, from the predictions are system-oriented considerations, and
are not considered further in the thesis. The particular aspects of the tracking

problem treated in this thesis are discussed in the following section.
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1.3 Results of the research

Corresponding to the approach to the tracking problem which was

discussed in the last section, two formal objectives arise:

(1) given radar data resulting from an observation, estimate the
ceniroid and SCM matrix of the scatterer ensemble at the instant
of observation;

(2) given the set of estimates corresponding to observation instants
t;»i=1, ..., N, which contain random errors, optimally estimate

the centroid and SCM matrix at time tN+l .

The emphasis of the thesis is directed towards formulating a realization
of the second objective, Since, in the context of tracking, the instant tN ‘1 is
later than the observation instants, the estimate sought in the second objective
is generally a prediction. Thus, the second obj ective is referred to as the

prediction problem, to distinguish it from the first objective, which is referred

to as the estimation problem.

The above estimation and prediction problems fall into the class of

3 . An optimization

problem generally referred to as optimization problems
problem can be decomposed as consisting of
(1) defining the goal to be achieved
(2) obtaining as much information as possible on any present conditions
relevant to the goal
(3) identification of all factors in the environment, including physical

laws and constraints, which effect our ability to achieve the goal.
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(4) deiermination of the best policy for using the obtained information

and environmental factors to achieve the goal.

Determination of the best policy, or solution of the optimization problem,
requires:
{1y adequate definition of the problem in physical terms
{(2) translation of the physical problem description into mathematical
ierms

{3) solution of the mathematical problem

In discussing the prediction problem in the thesis, the main effort is
expended on the first two aspects of the solution; that is, on the development of
an adequate physical and mathematical formulation of the problem. The end

result of this formulation is the reduction of the prediction problem to that of

estimating the staie of a time-varying linear system on the basis of noisy obser~

vations of the.system outpui. Since the state estimation problem has been siudied
extensively 3-10 , only a brief discussion is presented to apply the exisiing
results in state estimation theory to the problem at hand.

In the present ‘study, the formulation begins by considering a set of points
which is dense in a region of dynamic state space. With each point, a scatierer
is associated whose radar cross-section is a random variable. A continuous
density function in dynamic state space is introduced, as well as the projection
of the density on subspaces of dynamic state space. This density function repre-
sents the distribution in state space of the expected values of the radar cross-

section associated with the scatterers. In the formulation, each particular



14

scatterer ensemble is specified completely by its density function,

The first moments and second central moments of the density in dynamic
state space are introduced, and the time transformation of these quantities is
considered. It is shown that unique transformations can be obtained, provided
that a certain stationarity assumption is made regarding the statistics of the
scatterer radar cross-sections, and provided that the point mass dynamics are
linear or linearized about a reference trajectory. Finally, the formulation
culminates in the association of an abstract object with the scatterer ensemble,
whose state variables are these first moments and second central moments and
whose output variables are the elements of the centroid and SCM matrix of the
projection of the density on the position subspace. The latter variables are
exactly the quantities estimated, at each observation instant, on the basis of the
radar data.

Identification of state variables for the scatterer ensemble, which requires
thorough mathematical formulation and analysis of the physical situation, con-
stitutes the crucial aspect in the solution of the prediction problem. Treatment
of the prediction problem within the context of formal concepts of system theory 11
permits us to make the notion of state for the dynamic scatterer ensemble
precise, and to treat in a rigorous manner questions regarding equivaleni states
and system reduction,

Thus, input-output-state relations for the abstract object associated with
the scatterer ensemble are derived and shown to have the response separation

property. State and observation equations are presented, as well as the relation
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between the state variables and the quantities to be predicted. The laiter
quantities are the same as those observed, the centroid and SCM matrix of the
projection of the density on the position subspace. In addition, some general
results regarding the possibility of system reduction are derived.

A special case of practical importance (e.g., the West-Ford dipole cloudj
is that of impulsively dispensed scatterer ensembles. An impulsively dispensed
scatterer ensemble is one which can be considered to be dispensed at an instant
from a single point in space. In this special case the order of the system repre-
sentation can be reduced significantly from that required in the general case,
Input-output-state relations, state equations, etc., are derived as in the general
case, in the discussion below of impulsively dispensed scatierer ensembles,

The treatment of the prediction problem, described above, constitutes
the primary original contribution of this research. Additional results obtained
include a characterization of impulsively dispensed scatterer ensembles 1n the
space of scatterer dispensing velocities, and the derivation of the relationship
beiween properties of the scatterer ensemble in dispensing velocity space and
corresponding properties in the position subspace at some instant after dispensing,
A method of estimating the dispensing time of an impulsively cdispensed scatierer
ensemble, on the basis of the observed values of the SCM matrix, is presentied.

Estimators which use wide-beam monopulse or narrow-beam scan radar
data to estimate the centroid and SCM matrix are discussed, and new resulis

regarding estimator bias are obtained.
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1.4 Related work in the literature

Ensembles of unresdvable radar scatterers have been considered in the
literature both in connection with targets consisting of many dynamically inde-
pendent point scatterers and targets consisting of a single large object with many
scattering centers. Delanol2 , Peters and Weimer13 , and Ross and Bechtel 14
considered targets of the latter type, and were concerned primarily with the
effects of angular glint in null tracking radars. That is, the phenomena siudied
consisted of the motion of the apparent null direction, or balance point, which is
the direciion along which the radar must be pointed to obtain vanishing angle
error signals in the radar. The angle pointing error, defined as the difference
between the balance point and the true radar centroid, was introduced by Peters
and Weimer 13 , and certain bounds on the pointing error were discussed by them.
Ross and Bechtel 14 computed the angle pointing error as a function of target
aspect angle for the special case of a finite, perfectly conducting, right-circular
cylinder,

Jacobs 15 , Aiken16 , and Rummler 17 concerned themselves with targets
consisting of many dynamically independent point scatterers. The problem con-
sidered was that of estimating the angular position of the centroid, and also the
angular squared width, or second central momeni. The estimators studied
operate on data obtained by a wide-beam monopulse radar. Expressions are
obtained for the expected value and variance of the angular centroid estimators

and for the expected value of the angular squared width estimators.
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Helms 18 extended the results of Jacobs t and Aiken 6 and introduced
estimators for the centroid and second central moment matrix of the scatterer
ensemble, The estimates are based on data acquired by a wide-beam monopulse
radar whose range resolution is fine compared to the extent in range of the
scatterer ensemble. These estimators are discussed in greater detail in
Chapter 5, below, Hardin 19 discussed procedures for deriving the centroid
and second central moment matrix from data obtained by means of a narrow-beam
radar scan. In Chapter 5 of this thesis, estimators of the centroid and second
ceniral moment matrix for use with data acquired by a somewhat idealized narrow-
beam scan are introduced.

Recently, the prediction of the location of a scaiterer ensemble on the
basis of data acquired at a set of observation instants was discussed by Schweppe

and Knudsen 20,21

In their approach, cloud observation is assumed to consist
of the determination of a cloud outline coniour in position and possibly doppler.
The cloud state is represented by a surface in dynamic state space. In contrast,
in the present approach, observation results in estimates of the cloud centroid
and SCM matrix. The cloud state is represenied by a finite number of state
variables (at most 27) which obey certain linear state equations.

In the present approach, cloud observation may be made by means of a
wide-beam monopulse radar as well as a narrow-beam radar. On the other hand,
an outline contour measurement, essential in the Schweppe and.Knudsen approach,

requires the use of a narrow-beam radar. TFor distant or small clouds, which

subtend a small angle at the radar, obtaining sufficient angular resolution
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for a contour measurement may be impossible in practice.
Of somewhat tangential interest is work reported by Lawson and
22 . .. 23 , . 24
Uhlenbeck , Wong, Reed and Kaprielian , Childers and Reed , Kelly
25 . 26 . , , - :
and Lerner , and Kerr ~ which deals with the statistical properties of the
radar echo from a scatterer ensemble, These statistical properties are the
probability density functions of the instantaneous received voltage and power, as
well as the autocorrelation functions and power spectra. Some of the results are
used below in Chapter 6. The autocorrelation functions are of interest since they
are relevant to the determination of a minimum time interval between radar
observations at a particular wavelength, such that the estimates of centroid and
SCM matrix corresponding to the first observation are practically uncorrelated
with those corresponding to the second.
. 12-19 .

Several of the references cited above present work applicable o
null tracking of scatterer ensembles. In null tracking, only information corres-
ponding to observations immediately preceding the instant at which beam pointing
is to be directed is used in determining the beam pointing direction. This infor-
mation is only a small fraction of the total available information. The null tracking
concept differs essentially from the observation-prediction-observation approach
to tracking considered in this thesis. In the present approach, information
obtained from all preceding observations is used in directing beam pointing.
Furthermore, the present work considers the prediction of the target configura-

tion, as well as its position.
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It is emphasized that, among the references cited above, only the work of

Schweppe and Knudsen 20,21 considers the prediction of properties of a dynamic
scatterer ensemble, The present approach to the prediction problem differs
essentially from that of Schweppe and Knudsen, as discussed above. The nature
of our approach to and formulation of the prediction problem enables us to take

advantage of the formalism of abstract system theory in making the analysis

precise and in deriving new results,
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1,5 Organization of the dissertation

Essential concepts and definitions are introduced in Chapter 2. These
form the basis of our characterization of a scatterer ensemble., A piece-wise
continuous density function in dynamic siate space associated with the secatterer
ensemble is defined. The physical conditions which permit the modelling of a
scatterer ensemble in this manner are discussed., Additional aspecis of the
model, including random scatterer radar cross-section and random phase of the
echo received from each scatierer are introduced and justified. Finally, pro-
jections of the density on lower dimensional subspaces of dynamic state space,
and moments of the density and its projections are discussed.

Chapter 3 includes the identification of state variables for the scaiterer
ensemble, and the derivation of the state equaiions., The chapter begins with the
representation of the scatterer dynamics, and a discussion of linear dynamics and
linearization of nonlinear dynamics. Then, the time transformation of the density
in dynamic state space and of its firsi moments and second ceniral moments are
obtained. A crucial assumption regarding the stationarity of certain statistics
associated with the scatterer radar cross-sections is discussed in detail. The
chapter culminates in the formal identification of the scatterer ensemble with an
abstract object or system with certain output and state variables. The input-
output-state relations of the system are derived, and it is demonstrated that they
have the response separation property o . Finally, the possibility of system
reduction is investigated,

Chapter 4 deals with the important special case of impulsively dispensed
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clouds. The transformation with time of the density in the position subspace, as
well as of its first moments and second central moments are derived. State
variables are identified, input-output-state relations of the system are derived,
and questions concerning system reduction are investigated. The characterization
of an impulsively dispensed cloud by a density in the space of scatterer dispensing
velocities is discussed.

In Chapter 5, estimation of the centroid and SCM matrix on the basis of
radar data obtained during a single observation is discussed. Mathematical models
of observation by a wide-beam monopulse radar and narrow-beam radar scan are
formulated. The estimators are defined and new resulis concerning estimator
bias are obtained.

Chapter 6 contains a description of a method of generalized least squares
estimation and its application to the prediction problem. In addition, a method is
presented for estimating the dispensing time of an impulsively dispensed scatterer
ensemble, based on a set of estimates of the SCM matrix. Finally, an example is
presented which illustrates the application of the results obtained in the thesis.
The example includes a Monte-Carlo simulation of the radar echoes received from
a one~dimensional impulsively dispensed scatterer ensemble, and application of
estimators for the centroid and second central moment, as well as use of the
prediction algorithms. The effect on predictions of the use of the wrong dispen-
sing time in the system model, and the use of the algorithms formulated for

estimation of the dispensing time, are illustrated.
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The conclusions and a summary of the contributions of the thesis are
presented in Chapter 7. Also presented there are suggestions for extensions
of the results obtained and other related work which might be persued.

Generalized least squares prediction algorithms, including a recursive

formulation, are discussed in an appendix.
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CHAPTER I

SCATTERER ENSEMBLE CHARACTERIZATION

In this chapter, a characterization of the scatterer ensemble by a density
function in dynamic state space is introduced. The applicability of this
characterization is discussed. Additional aspects of the scatterer ensemble
model are introduced and certain assumptions are justified. Projections of the
density function on lower dimensional subspaces of dynamic state space, and
moments of the density function and its projections are introduced. This enables
us to state the estimation and prediction problems mathematically and provides

part of the framework for the formulation of the solutions.

2,1 Definition of the density function

Consider a set ol points, denoted o/, which is dense in a region % of
dynamic state space at time t. Associated with each point i€ is a scaiterer

with radar cross-section O'iz(t), considered to be a random variable. Denote+

(1) = e{o(t)} . (2.1-1)
Let p denote the dynamic state vector, consisting of position and velocity,

and let A'rp represent a volume element (and its volume) in dynamic state space

at p. We define

? Siz(t)
p,(B.1) = lim

LI . 2.1-2)
AT~ 0 AT,

t e {+} represents the expectation operator,
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where the summation is over the scatterers contained in the element A 'rp. In
the ensuing discussion, a point i €’ will be referred to as a "scatterer", and
the set o/ is the "scatterer ensemble".

We assume that pp(ﬁ,t) is defined (i.e., the limit in (2.1-2) exists) and

finite for all P € %, and that pp(f),t) is at least a piecewise continuous function

of P. Then the Riemann integral

T(t) = j‘% pp(“p,t) dr, (2.1-3)

exists. The region¥ is of course bounded, though not necessarily connected.
The quantity T(t) will be referred to as the total radar cross-section of the
scatterer ensemble at time t. Finally, we define

fp(f),t) = Pp(ﬁyt)/T(t) - (2.1-4)

The normalized density function fp(_f),t) ,» in our formulation, is used to
characterize the distribution of the scatterer ensemble in dynamic state space.

Substituting (2.1-4) in (2.1-3), we get

f%fp(ﬁ,t)dTp =1 . (2.1-5)



2.2 Applicability of the Characterization; additional aspects

of the scatterer ensemble model

(a) The scatterer ensemble as a dense set.

The theory presented in this thesis is intended to apply to actual
situations in which a large, but finite, number of scatterers is observed by a
radar, The distance and range rate difference between neighboring scatterers
in state space is small compared to the resolution of the observing radar. That
is, individual scatterers cannot be resolved. However, the scatterer separations
are large enough for multiple scattering of the transmitted wave to be negligible.
Each scattering object is considered to be an independent point scatterer.
Furthermore, the value of the complex video voltage (or voltages, if the
radar is of the monopulse type) appearing at the receiver output at an instant cor-
responding to a range within the range interval containing the scatterer ensemble
is generally determined by the echoes from a large number of scatterers. It is
assumed that the beam intersects the ensemble at that range. Defining an

interrogation cell loosely as a region of space whose dimensions are indicated by

the radar's range resolution, doppler resolution, and beam width, the above
conditions can be restated: an interrogation cell which intersects the énsemble
generally contains many scatterers. .

Neglecting the multiple scattering effect is not necessarily inconsistent
with the assumption of small scatterer separation. Multiple scattering can be
neglected if scatterer separations are larger than about a wavelength. Since the

wavelength is generally orders of magnitude less than the radar resolution,




26

scatterer separations may well be large compared to the first, while at the same
time, small compared to the second.

The set o/ of scatterers, as defined in Section 2.1, can be considered to
arise from a physical situation by letting the number of scatterers become
infinite, while the expected radar cross-sections of the scatterers go to zero.
The use of a continuous density to characterize the distribution of scatterers is
analogous, to some extent, to the use of a continuous density to describe the
distribution of mass or charge, in modeiling phenomena where the discrete
nature of mass and charge can be ignored. Such cases generally arise when the
observing apparatus in the phenomena interact with a large number of particles
simultaneously.

There is an essential difference, however, between these phenomena and
those that we are concerned with. The mass or charge of each particle in an
ensemble is a constant, while we have assumed that the radar cross section of
each scatterer is a random variable. The function pp(ﬁ,t) which has been intro-
duced to describe the scatterer distribution is deterministic, since it is defined
in terms of the expected values of scatterer radar cross-section. However, the
outcome of a radar observation will, of course, depend on the particular values
that the scatterers’ radar cross-sections attain at the instant of observation.
Thus, the density is not an observable quantity in the way that a mass or charge
density is observable.

(b) Random scatterer radar cross-section .

The use of a random variable for scatterer radar cross-section is

motivated by the desire to include cases where the cross-sections of the
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scatterers change with time - as when, for example, the scatterers are non-
symmetrical tumbling objects. Scatterer rotation is not included in the dynamic
description of the scatterers. In fact, since the dynamic state vector p consists
only of position and velocity, the scatterers appear dynamically, in the formu-~
lation, as point masses. Possible motions between various physical components
of a scatterer are similarly ignored. Thus, it is logically consistent to introduce
a random variable for scatterer radar cross-section, where the value attained
by the random variable depends on the unknown scatterer orientation, and
possibly the internal component configuration, at the instant. The ensemble of
possible orientations and internal configurations for a scatterer, the correspond-
ing values of radar cross-section, and the associated probabilities, determine
the distribution function for o(t).

The random variable 0%(t) associated with a scatterer must be considered ,
in some contexts, to be determined by a stochastic process, which can be
denoted 6%(-). That is, the random variable o(t) arises by considering the value
attained, at time t, by the random process 0’( ‘) associated with the scatterer.
The possible need for this point of view is evident when we consider that o*(t,)
and o%(t,) for a scatterer are not generally independent. The ensemble of
possible orientations and internal configurations at t; and t, are related, since
presumably the transformation of orientation and internal configuration with
time obeys some deterministic law. This subtlety does not enter into the
formulation presented in this thesis, but can become important when one
investigates the correlation between data obtained as a result of observation of

the scatterer ensemble at two different instants.
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(c) Random received scatterer echo phase

A second major difference -exists between the phenomena associated with
a scatterer ensemble and the analogous ensembles of mass or charge particles.
In producing phenomena, the masses or charges enter linearly, as scalars, in
the appropriate mathematical expressions (i.e., physical laws). Thus, for
example, in the case of a static point charge ensemble, the electric field at

positionq' is given by

5(T) = 2 2 = (2.2-1)

where —C_li and Q; are the position and charge of particle i, and the summation is
over the charges which produce a field at q'. Similarly, the gravitational
potential P(q'), due to a point mass ensemble, is given by

m.

P(§) = -G % ~=—=
(Q) 1 qu_qll

(2.2-2)
where my is the mass of particle i.

When a continuous charge density pl(_d) is introduced to represent the

charge ensemble, defined by
_ 2 Q
pi(d = lim —1&—;— (2.2-3)
AT -0 q
q
where A'rq is a volume element in position space containing q, and the

summation is over the particles in the element A'rq , Eq. (2.2-1) becomes

o1 (@G -4,
dr (2.2-4)

— 1
E(q' ==

Ame,

Similarly, introducing p,(q) to represent the mass distribution, (2.2-2) becomes
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- (gdr
P(q") = —GI %%‘,*—_-‘»a—l“'g‘ (2.2-5)

In contrast, in contributing to the value of video voltage at the output of
the receiver at some instant, each scatierer radar cross-section enters as the
magnitude of a complex number associated with the scatterer. The phase angle
of the complex number is determined by the electric phase (relative to some
reference) of the carrier associated with the echo received from the scatterer.
Expressions for received video voltages, in terms of the scatterer cross-
sections and the received echo phases, will be introduced in Chapter 5.

In the previous section, the density pp( p.tj was defined in terms of the
scatterer radar cross-sections only, withoul consideration of the echo phases,
Thus, the phenomena (the video voltages) cannot be expressed in terms of the
density pp(ﬁ,t) in a way analogous to (2.2-4) and (2.2-5).

In summary, the received video voltages cannot be expressed in terms of
pp('ﬁ,t) due {o the randomness of scatterer cross-section, and the dependence of
the voltages on the received echo phases. However, in Chapter 5 we will show
that certain significant statistics of the voltages can be expressed in terms of
pp (p,t) . It will be necessary to use the assumption there that the received echo
phases for the scatterers are independent random variables, each uniformly
distributed in angle. This assumption is justified in the following discussion.

The received echo phase goes through a complete cycle when the range
of a scatterer changes by a distance equal to half the radar wavelength., The

radar wavelength is generally much less than the range resolution of the radar.
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TFurthermore, the scatterers are assumed to be dynamically independent. Thus,
considering a set of scatterers in an inierrogation cell, the echoes from which
determine the receiver output voltages at some instant, it is not unreasonable

to suppose that the corresponding set of echo phases are uniformly distributed
in angle. Based on these arguments, the consideration of the received echo
phase for each scatterer to be a random variable, uniformly distributed in
angle, is natural. Certainly, we are justified in assuming that the echo phases
for any iwo scatterers are independent.

Let us not overlook, however, the fact that the position of each scatterer
is specified, in our formulation, by its dynamic staie vecior p. Thus, this
veclor dete‘fmines the range, and hence the phase of the received echo voltages
for each scatterer, at least to within a constani which 1s the same for all
scatters. (Obviously, only the relative phases of the received scatiered echoes
are of significance in any case.) The dynamic state vector of a scallerer is not
introduced as a random variable in the formulation. If it were, the funciion
pp('ﬁ,t) would not be deterministic as defined in 2,1-2), since we could only
speak of the probability of a scatterer being present in the element ATp.

A theory can be formulated in which the dvnamic state vectors for the
scatterers are considered to be random variables. In place of {2,1-2) we

would define

pp(B,t) = lim ~x7 (2.2-6)

A Tp" O

where the expectation is taken over the ensemble of possible scatierer config-
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urations, and the summation is over the scatterers in the element A'rp for each
configuration. However, this approach obscures the basic motivation behind
the theory. That is, our interest is in estimating (from radar data) and pre-
dicting properties of the particular scatterer ensemble which is being observed.
The properties estimated and predicted are the ones intended to characterize
the actual configuration of the scatterers being observed, not the average con-
figuration of a statistical ensemble of scatterer configurations which could have
been observed.

Thus the dynamic state vector of each scaiterer is introduced in the
theory as a deterministic, though unknown quantily. However, the dynamic
state of a scatterer cannot be observed, since the scatterers are unresolvable.
TFurthermore, the analysis does not consider estimation and prediction of
individual scatterer dynamic states, but only of overall properties of the
scatlierer ensemble. Finally, the effect on these properties of changes in
scatterer positions by amounts of the order of the radar wavelength is negligble.
Under these conditions, the "contradiction"” heiween considering the dynamic
state to be an unknown deterministic quantity and the received echo phase to be
a random variable is surely only a formal one.

Considering the received echo phases to be random variables then, the
dynamic independence of the scatterers, and the smallness of the wavelength
compared to the range resolution justify the assumption that the relative echo
phase between any two scatterers is uniformly disiributed in angle. This, of
course, implies that each scatterer echo phase, relative to the arbitrary refer-

ence, is uniformly distributed in angle. In contrast, if the range resolution
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were much smaller than a wavelength, the scatterers in an interrogation cell
would all have nearly the same echo phase.

It remains to point out that certain remarks made in the discussion of
random scalterer cross-section apply here as well, That is, the relative phase
between two scatterers is a stochastic process whose value at an instant defines
a random variable such as we have been considering. The random variables
corresponding to two different times are not independent, since scatterer
motion is deterministic. These considerations become significant when one
investigates the correlation between data obtained as a result of observation of
the scatterer ensemble at two different instants.

(d) Piecewise continuity of the density function.

The assumption that pp(ﬁ,t), defined by (2.1-2), is a piecewise continu-
ous function of p is not without significance with regard to the applicability of
the introduced scatterer ensemble characterization to actual physical situations.
One can inquire as to what properties of a scatterer ensemble make the use of a
piecewise continuous density model appropriate, The answer involves the notion
of a volume element which is small compared to the dimensions of the scatterer
ensemble but which, if placed within the region occupied by the ensemble,
generally contains many scatterers. If one imagines the small volume element
to be translated throughout the region, the value of the finite sum 'Z;/ siz over
the scatterers in the volume element varies smoothly, in the sense of a piece-
wise continuous function. That is, abrupt changes in this empirical scatterer

density are permitted, but only those of the type present in a piecewise
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continuous function.

Thus, the physical scatterer ensemble modelled cannot contain isolated
scatterers with very large expected radar cross-section. For, if such a
scatterer were present, the sum of expected radar cross-sections over a
volume element containing the scatterer would be much larger than for neighbor-
ing volume elements, This would indicate the necessity of the use of an impulse
in the density function introduced to characterize the scatterer ensemble,

The formulation could be generalized to include the presence of impulses
in the density function. Much of the analysis and results would be unchanged.
However, integrals such as (2.1-3) could not be considered to be Riemann
integrals. Furthermore, the presence of isolated large scatterers would make
a crucial assumption of the part of the formulation concerned with prediction some-
what forced. This will be discussed further in Chapter 3.

Note that by increasing the dimensions of the small volume element, we
reduce the fraction of total expected radar cross-section in the element contain-
ing the large scatterer which is associated with this scatterer. Thus, the
difference in total expected radar cross-section between this volume element
and neighboring volume elements decreases. This illustrates that there is a
relationship between permissible values of isolated large scatterers or
similarly, permissible local variations in scatterer size and/or average
separation, and the minimum dimensions of a volume element which can be

considered small in a given physical situation.
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2.3 Projections and moments of the density fp(}cT_,_t)

The density £p(f)' ,t) cannot be measured by means of a single observation of
the observing radar. At best, the radar can only estimate the projection of this
density, or properties of the projection, on a four dimensional subspace corres-
ponding to position and doppler. We restrict ourselves to the case where the
radar attempts only to estimate properties (i.e., certain moments) of the pro-
jection of the density fp(ﬁ ,t) on the three dimensional subspace corresponding to
position. The use of doppler measurements is not considered.

(a) Projections of fp(g—,t) on linear subspaces.

The projection of the density fp(ﬁ ,t) on a linear subspace is easily defined.
Let é‘i, i=1,...,r, be an orthonormal basis for the linear subspace and let
a;, i=r+l, ..., 6 be chosen so that the a; are an orthonormal basis for dynamic

state space. Denote by p; the componenis of the dynamic state vector.r , 1.e.
1

p; = pr EFI (2.3-1)

Finally, define the vectors

T

' =[ps ...opyl (2.3-2)

—_ T
p ::Ep.r.},ly -.-;pa] o (2.3"‘3)

Each vector §' specifies a point in the linear subspace. The projection

Coordinate representations of vectors are considered, throughout the thesis
to be matrices with a single column. The superscript T is used to denote

transposition.
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of fp(p_ ,t) on the subspace is defined byf

for®'t) = [ £ t)dpy, - dps (2.3-4)
= jfp(ﬁ,t)dTP.. , (2.3-5)

where P in the equations is given by
(2.3-6)
The density fp,(ﬁ', t) is at least a piecewise continuous function of p' and

[ty@"9ary, = [ 5,6, dr dr,, =1 . (2.3-7)

This density characterizes the distribution of the scatterer ensemble in the sub-
space of the vectors p' in the same way that fp(ﬁ ,t) characterizes the distribution

in dynamic state space. That is

2
£ = 1 lim Z1> !
p' T(t) ATp-—'O A o'

(2.3-8)

where T(t) is the total radar cross-section of the scatterer ensemble, and the

summation is over the scatterers contained in the element A'rp. .

(b) The position subspace.

Of particular interest is the projection of fp(ﬁ ,t) on the position subspace.

We denote the position vector by ¢ and the velocity vector by U, and partition the

T We use the notation f (- ,t) or, if the time dependence is irrelevent, f (-) to
denote the projection of fp(ﬁ ,t) on the space of vectors (in this case s) indicated

by the subscript. Similarly, dTg denotes the volume element in the space.
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dynamic state vector P according to

— — =T

p=[q:.:ua]l" . (2.3-9)
Then

t(@1) = I 6,0 dT, (2.3-10)

where P in (2.3-10) is given by (2.3-9).
The density fq(cT ,t) characterizes the distribution of the scatterer ensemble

in position space at time t, in the sense of Eq. (2.3-8).

(c) Moments of fp(f)_ ,t) and fq((f, t).
In Chapter 5, the estimation of moments of fq((T, t} from data acquired by a

wide-beam monopulse radar or narrow-beam radar will be considered. The

moments discussed are the elements of the centroid ﬁq(t) and second central

moment (SCM) matrix <I>q(t) defined by

Mg®) = [ Al(@Hdr, (2.3-11)
& (0) = [ [T-T,01[-T 0] 1,@vdr (2.3-12)

In addition to being the quantities estimated from radar data at each instant
of observation, the centroid and SCM matrix are the quantities whose prediction at
time ty;, 1, based on observations at instants t;, i = 1, ..., N, is used to character-
ize the location in space of the scatterer ensemble at tagrt -

The centroid vector represents an average location of the scatter ensemble.
The SCM matrix characterizes the extent of the scatterer ensemble in all spatial

directions. To be specific, consider the SCM of the density f q(cT, t) in the
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direction of an arbitrary unit vector a. Denote the SCM by F‘c?i (a,t). Then
2 (=~ - =T - = 2 —
g @Y = [{a'lq nq(t)]} fo(@ 1) AT,
- [{3'[q-7,01(T-7,0] D, ar
q q qt™’ q
_T - — - — T, — —
=3 {[[3-TyHILT-7,0)]" fy@tar}a
=3 BT . (2.3-13)
Thus, the SCM matrix determines the SCM of the density in all spatial directions.
The SCM matrix is symmetric, since
T - — _ T — T
&, () = {[1T-7,01(T-T40)" £,@Hdr,)
- = —_— T,T —
= J{E-1,01[T-7,(017}" 1@ vdry
= [ 1T-7,01(T-7,01" £ (@var
q q q'’ d
- 3,0 (2.3-14)

Thus, only six of the elements of <I>q(t) are distinct, and the number of estimated
and predicted parameters, including the elements of the centroid vector, is nine
in total,

Although the centroid and SCM matrix are the quantities observed
(i.e., estimated from radar data) and predicted, it will be seen in Chapter 3 that
the elements of ﬁq(t) and <I>q(t) are not sufficient, in general, to serve as a set of
state variables for the scatterer ensemble, However, it will be demonstrated there

that the elements of the quantities 'r'Tp(t), <I>p(t) , defined by



Mt) = Iﬁfp @.t)ar, | (2.3-15)
Py (t) = [ [B-7,1) [E—ﬁp(t)]T £p(>)d T, (2.3-16)

can, under general conditions, be used as such a set, It will be shown that these
state variables satisfy certain time-varying linear equations,

The quantities ﬁ'p(t) and ¢I>p(t) do not have an obvious geometrical inter-
pretation, as in the case of 'T;'q(t) and tI)q(t). However, if the dynamic state
vector P is assumed to be partitioned as in (2.3-9) some geometrical meaning
can be associated with the quantities., First consider ‘T)p(t) : substituting (2.3-9)
into (2.3-15) the equations

— - =T . = ,
Tiplt) = [a:7] £t d (2.3-17)
Ja,Eham,
e [ (2.3-18)
uf ®,t)d
JutEhdr,
are obtained. It is to be understood that P in (2.3-17) and (2.3-18) is given by
(2.3-9). But in (2.3-18), the upper integral can be reduced, using the definition
(2.3-10), as shown:
Jat@.tdn, = [, @ty dr, dry
= [T, (@t drg

= ﬁq(t) (2.3-19)

Similarly, for the lower integral in (2.3-18), the equations

38




[u L@ Hdm, Jat,Endrgdry

fae @ydr, (2.3-20)

are obtained, where f,(u,t) is the projection of fp(ﬁ ,t) on the velocity subspace.

Denoting

7,00 = [t @ tar, (2.3-21)

Eq. (2.3-18) reduces to

olt) = (7,00 TA 01 . (2.3-22)

Just as ’ﬁq(t) represents an average scatterer position, ﬁu(t) represents an
average scatter velocity.
Now consider <I>p(t), proceeding as above. The partitions (2,3-9) and

(2.3-22), applied to the matrix [ p- ﬁp(t)] ["5—ﬁp(t)]T, result in

- T
-7y (0] [T-Tig®
(P-Mp®) 1B~ 7, (1) 1" = :---'_—(-1“ _-_-»--_-—q—— (2.3-23)
‘ u-m, ()] Ju-m, )

Furthermore, partitioning <I>p according to

R . (2.3-24)

and substituting (2.3-23) and (2.3-24) into (2.3~16) the equation
—_ - - T -
®ut) = [1T-70] [T-Tg®] " £,y dry (2.3-25)
results. Using (2.3-10) as before, (2.3-25) reduces to
—_ - —_—— T, —
eult) = [ [4-7g®1 [T-7y01" £5@ )7y

= q,q(t) (2.3-26)

39



40

Similarly

Balt) = [ [T~y (T-Ty 1" @0 dr,
= [ Liw-7,(1)] [ﬁ'—"ﬁu(t)]T f @ tdr, (2.3-27)

The quantity expressed by (2.3-27), which can be denoted CI)u(t) , is
analogous to @ q(t). Specifically, ®,(t) indicates the velocity spread of the
scatterer ensemble in all spatial directions. That is, if @ is an arbitrary unit

vector, the SCM of f (U’ t) in the direction of @, denoted p, (@ ), is given by

(@t = [ {8 [T-T, (011 1, (@ vdm,
=7k ® (97 (2.3-28)

The derivation of (2.3-28) follows the steps leading to (2.3-13).

Thus, in the partition (2, 3-24) of ¢'p, two of the submatrices, ®;; and ®,,
have been identified as the matrices @ q and ®,, respectively, with corresponding
geometrical interpretations, provided that P is partitioned according to (2.3-9).

The submatrices ®, and ®,; are given, proceeding as before, by

®p(t) = [ [T-Ty1)] [W-7, (t)]T £, tyd Ty (2.3-29)
ult) = J [T-7,0] [3-7y0]" £,6 047y (2.3-50)
= <I>1;F(t) (2.3-31)

These matrices contain joint central moments in position and velocity co-
ordinates. No significant geometrical interpretation of these submatrices has

been identified.



Introducing the [3 x6] matrix M, given by

M=[1:0] (2.3-32)

the relationships between the vectors 'ﬁq(t) and 'ﬁp(t) , and between the matrices
<I>q(t) and <I>p(t) can be expressed as
Tal®) = M0 (2.3-33

T
By(t) = M, (t) M (2.3-34)

These expressions will be used in the following chapters.

41
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2.4 The statement of the estimation and prediction problems

In terms of the new characterization of scatterer ensembles introduced in
the previous sections, we can now state our problem in a formal manner as follows:

(1) given radar data at some instant t;, estimate the quantities ﬁq(ti), @q(ti).

(2) given observations #q(ti), éq(ti), i=1, ..., N, predict 'ﬁq(tN+ 1),
<I>q(tN+1), in accordance with state equations derived for ﬁp(t), ®yit). The
observations %q(ti), éq(ti) (resulting from application of appropriate estimators
to the radar data) contain observation errors due to random scatterer cross-section
and received echo phase, as well as the usual observation noise.

These problems are treated in the ensuing chapters. In the second problem,
note that the relationship between ﬁq(t), ®glt) and ﬁp{t), <I>p(t) discussed in sub-
section 2.3(c) is crucial. There must, of course, be a known relation between the
observed quantities and the state variables of a system in order for prediction to be
possible, In the system under study, the observed quantities ﬁ'q(t) and @q(t) are
submatrices of the quantities ﬁp(t) and <I>p(t), whose elements constitute the state

variables of the system, and the required relations are given by (2, 3-33) and

(2.3-34).
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CHAPTER III

STATE VARIABLE REPRESENTATION OF A DYNAMIC SCATTERER

ENSEMBLE

In this chapter, the representation of the point-mass dynamics of the
scatterers, and related discussions on linear dynamics and linearization of non~
linear dynamics are presented. Then the transformation with time of 'r—]p(t) and
fbp(t) is investigated, and it is shown that a unique transformation can be defined
under certain general conditions., A crucial "stationarity assumption"”, regarding
certain statistics associated with the scatterer radar cross-sections, is discussed
in detail. Then . the scatterer ensemble is formally identified as an abstract
object or system, with the elements of 7 q( t) and @ q(1:) the output variables,
ahd the elements of ‘r'fp(t) and <I>.p(t) the state variables. Input-output-state
relations for the system are derived and it is demonstrated that they have the
response separation property. Finally, the reducibility of the derived state

representation of the system is investigated.
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3.1 Point-mass dynamics of the scatterers

(a) General point-mass _dynamics

It is assumed that the scatterers share a common point-mass dynamics.
The laws governing the dynamics are expressed here in an equation of the form

The function g specifies the dynamic state f)"(ti) of a point~mass at the inst»va'nt‘ t;,
given the dynamic siate 131ftj } at the instant tj° The equation (3.1-1) can be con-
sidered to resuli from the integration of differential equations of motion, if the
dynamic laws are given in such a form, as is often the case. The function g is
assumed to be continuous in ils arguments. Furthermore, it is assumed that

B’ = B Y ) (3.1-2)
implies

B BB 4 ) (3.1-3)
for every P, tj and t;.

The laiier assumption implies that g( - , tj, t;) specifies a one to one
(reversible) mapping of dynamic state vectors at time tj onto the corresponding
state vectors at time t; . In fact, as seen from (3.1-2) and (3.1-3), the inverse
mapping is given by g( -, t;, tj) Finally, since g(p, ty» tj) can be considered to be
defined for all dynamic siate vectors P, it is said that (3.1-2) defines a continuous
one to one mapping of dynamic siute space at time t; onto dynamic state space at

)

time t]- .

(b) Linear point-mass dynamics,

Of special interest is the case where g in (3.1-1) is linear in the variables
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'1'5(tj), or the case where, to an acceptable approximation, the function g can be
linearized about a reference trajectory. LetD;(t) denote the reference trajectory

and define
AD(t) = P(L) - Palt) . (3.1-9)
The dynamics can then be expressed in the form

AD(t) = Glt, tg) A Dlt) (3.1-5)

where G{t, to) is a [ 6 X 6] matrix. This equation specifies the dynamic state of a
point mass at time t, relative to the dynamic state of the reference trajectory at
time t, given the corresponding quantity at time t;. Substituting (3.1-4) into
(3.1-5) results in the equation

B(t) = Bu(t) + Gt t,) [Blto) ~Pilto)] (3.1-6)

which is of the form of Eq. (3.1-1), As a consequence of the assumptions imposed
on the continuity and reversibility of a function (3.1-1) which represents the point-
mass dynamics, the matrix G(t, t.) in (3.1-6) is necessarily a continuous funciion
of t and ts (i.e., each element is a continuous function of t and t,) and is non-
singular for all t and t,.

As an example of a case where § in (3.1-1) is linear inthe variables 'ﬁ(tj) )
consider dynamics specified by the equation

q(t) = q(t,) +ulty) [t-t,] - 3alt-t,)° (3.1-7)

representing motion in a field of uniform acceleration @, Differentiating (3.1-7)
with respect to t, the expression for the velocity

() = Wlt,) - alt-t,] (3.1-8)
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is obtained. For the reference trajectory, the equations

@t) = Qlt,) + Wity) [t-t,] -Falt-t 12 (3.1-9)
w(t) = Wlty) -alt-t,] (3.1-10)
hold, Subtracting (3.1-9) from (3.1-7) and (3.1~-10) from (3.1-8) results in
q(t) - qu(t) = Tlty) - qulte) + [Tlty) - mlte) It -t,) (3.1-11)

T(t) -T(t) = Tle,) - Tlty) - (3.1-12)

Finally, assuming the partition

p= EE,HJT (3.1-13)

for the dynamic state vector, comparison of (3.1-5) with (3.1-11) and (3,1-12)

yields

(3.1-14)

where I is the identity matrix of order three.

Note that the matrix G(t, t,) in (3.1-14) is independent of the reference
trajectory pi(t). In fact, it is true in general that, if the point-mass dynamics
are given exactly by (3.1-5) for some reference trajectory p;(t), the elements of
G(t, to) are independent of the reference trajectory chosen. To show this, let
Pz(t) be an arbitrary trajectory and define

AzD(t) =D (t) - Palt) (3.1-15)

Then, using (3.1-4) and (3.1-5)
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A:D(t) = B(t) - Pa(t)

P(t) - Palt) - [B2(t) -Da(t)]

fi

Gt t,) [Blty) ~Bult)] - Gk, to) [Balte) ~Bilt)]

Gt to) [Blto) ~Palt,)]

li

G(t, ty) A2 D(t,) (3.1-186)

Thus G(t, to) is independent of the reference trajectory. The implication of this
result is that, if a linearization of non-linear dynamics is accurate, the matrix

G(t, t,) will be a weak function of the reference trajectory.

(c) Linearization of nonlinear dynamics

If gin (3.1-1) is not linear in the variables 5(tj) , an equation of the form
(3.1-5) can still be used to describe an approximation to the point-mass dynamics.
The approximation can be represented as the equations of first variation with
respect to a reference trajectory, Pi(t), by expanding the function g about the
point (Pi(ty) . ty» t) in Taylor series, retaining terms up to first order in A;D(ty)
only. This operation yields

B (ty) s to: t) = BBlty) + A1B(ty) » ty) 1)

~ EPulte) tor ) + [Grn ] ArB(t) (3,1-17)
where
o) 8y
Gmn-‘ apn myn=1:-..)6 (3.1"18)

In (3.1-18), g, and p, are components of g(p, t,, t) and P, respectively, and the

partial derivatives are evaluated at the point (pi(ty) ty,t). Finally, from (3.1-1)



48

aﬁd (3 ..1-17), we obtain
B(t) - Pu(t)
g(ty) » tos t) - BlBalto) s to 1)

o (Gl A1D(t) (3.1-19)

Il

AiB(t)

which is an equation of the form (3.1-5), with

G(t, t)) = [G (3.1-20)

mn

In this case, note that the elements of G(t, t,) are not independent of the
reference trajectory p;(t), as was shown to be true in the case of linear dynamics.
The dependence on the reference trajectory arises from the requirement that
(3.1-18) be evaluated at (D;(t,) ty, t).

In some cases of non-linear dynamics, it is possible that closed form
expressions for the elements of G(t, to) can be obtained. A partial illustration is
contained in the work by Frick 28 in which the elements of the submatrix Gj in

the partition

_____ (3.1-21)

2
G
o
A
i
1
1
|
1
—————

are evaluated. The dynamics are assumed to be specified by Kepler's laws and
perturbations in velocity of a reference trajectory are considered.

Equation (3.1-18) makes evident a numerical method for evaluating the
elements G,,,,. In the method, the values of the function g(p, ty, t) are derived
(by numerical integration of appropriate differential equations, for example) for
P =Dilty) and for b =pi(ty) + Appa,» n=1, ..., 6, where the a, are an orthonormal

basis for dynamic state space and the Ap, are small perturbations in the elements



49

of the dynamic state vector py(t,). Let A, = §(Pa(to) + APy an» tor t) - ED1(ty) s to: 1)
Then

(Aen) , ~ N Ap, mmn=1,..,6 (3.1-22)

where (AEn)m denotes component m of the vector AE,. This numerical approach
is especially efficient when the function g(p, t,, t) can be evaluated without inte-
gration, as is the case, for example, when the dynamics are assumed to obey

Kepler's laws.

(d) Transformation of the dynamic state vector

The dynamic state vector of a point mass at instant t; (or t) is given in
terms of the dynamic state vector at instant t; (or ty) by (3.1-1) in general, or
(3.1-4) and (3.1-5) if (3.1-1) is linear in ﬁ(tj). In both these cases, the instants
t; and tj, or t and t,, are arbitrary. In contrast, when the description of the point
mass dynamics, (3.1-4) and (3.1-5), results from a linearization of the dynamics,
the instant t, has a specific interpretation. It is the instant at which the perturb-
ations to the reference trajectory are introduced. That is, in evaluating (3.1-18),
we regard the value of t, to be held fixed, with the elements G,/ evaluated as a
function of t.

The motivation for considering t, to be fixed arises from the method by
which the elements Gmn are computed numerically. It is advantageous to select
a value of to’ and for perturbations [_\,pn a,, n=1, ..., 6 of the reference traject-
ory at time t_, integrate to find the perturbed trajectories as functions of time t.

Then, the coefficients are given by (3.1-22),
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For any two times t; and tj » the transformation of the dynamic state
vector from tj to t; is given by

MP(ty) = Glt;, to) A B(ty)

]

Glt;s to) G (850 ty) ArBIt;) - (3.1-23)

using (3.1-5). In (3.1-23), G(t;, to), G(tj, t,) are computed as part of the
numerical integration of the reference trajectory and the trajectories resulting
from the perturbations Ap,a,, n=1, ..., 6 at time t;.

Defining the matrix Fp(ti, tj) by

Fpti» tj) = Glt;, to) G'l(tj, to) (3.1-24)

(3.1-23) can be represented as

Mp(ty) = Tty t) AB(E) - (3.1-25)

It is clear that Fp(ti, tj) is the dynamic state transition matrix. The dependence
of the value of the matrix Fj, (t;, t;) on the value t, used in linearization, as well
as the dependence on the reference trajectory p;(t) used, is not denoted,
although this dependence exists,
If the dynamics are linear, and thus given exactly by (3.1-5), the matrix

Fp(ti, tj) defined by (3.1-24) is independent of t,. To show this, consider that the
equation

MB(t) = Glt, th) AB(E) (3.1-26)
implies that

AB(t) = Glti, to) G (> tg) ArBIE;) (3.1-27)
and that, in the case of linear dynamics, (3.1-23) and (3.1-27) hold exactly for all

values of Alﬁ(tj). This assures us that
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Gft;, ty) G (t;, to) = Gt;.» to) G™! (t; to) (3.1-28)

which completes the proof.

This result emphasizes that a dependence of Fp (t;, tj) on t, arises as a
consequence of non-linearity in the dynamic equations. If a linearization of non-
linear dynamics is accurate, the dependence of Fp(ti’ tj) on t, should be weak,

Finally, we note some well known properties of transition matrices,
such as Fp (t; tj), for future reference. The first property is expressed by the
relation

" and states that the transition matrices which transform the dynamic state vector
beiween iwo instants are mutual inverses. The second propertiy is that of
transistivity, and is represented by the expression

Derivation of these properties is omitted.
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3.2 Transformation of 'ﬁp(t) and Cbpm

In Chapter 2, ithe densiiy function pp(f)' , t) was introduced as the basic
characterization of a scatterer ensemble, In the present analysis, two scatterer
ensembles are considered to be identical if and only if the associated density
functions are identical, On the other hand, in this chapter the elements of the
vector of first momenis ﬁp(t) of the density function, and the elements ol matrix
of second ceniral moments (IJp(_ t) are identified as state variables for a scatterer
ensemble., It is obvious that it is possible for two non-identical scatterer ensembles
to have the same staie at an instant.

Scatterer ensembles for which "r_;p(t) and tI>p(t) are equal at some instunt
are said to be equivalent at that instant. In ovder for it to be possible to use
ﬁp(t) and <I>p(t) to specify the state of the scalterer ensemble, it must be irue that
any two scailerer ensembles that are equivalent at an instant are equivalent at ull
instants, since ihe state of the scaiterer ensemble at an instant must uniquely
determine the siate at any other instant. This requires that the transformation
with time of '—r)'p(t) and <I>p(t) is independent of the density function {i.e,, Lthe same
for all equivalent scatterer ensembles).

This section considers the transformation with time of the densiiy function
pp(f)‘, t) and its moments ﬁp(t) and $p, (t). Conditions under which the transfor-

mations of ﬁp( t) and @p(t) are independent of pp(ﬁ , t) are identified.

(2) Transformation of pp(ﬁ' , t) with time.
In order to derive the transformations of the moments ﬁp( t) and <I>p(t)

with time, it is necessary to consider first the time variation of the density
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pp(fs' ,t). Later, it will be seen that, under certain conditions, the transformation
of 'ﬁp(t) and <I>p(t) does not depend on pp(ﬁ, t).

Since pp(ﬁ » t), defined by (2.1-2), is a deterministic function, and since
the transformation with time of the dynamic étate vector of each scatterer in the
ensemble obeys a deterministic law, it is possible that pp(f)' , t) transforms with
time in some well-behaved way. In contrast, due to the random scatterer cross-
sections and echo phases, measurements of properties of the ensemble which is
described by pp('f)', t) will vary randomly from instant to instant,

The function pp(f)" ,t) is a piecewise continuous function of p, but as yet
nothing has been said about its properties with regard to the variable t. Referving
back to the definition (2,1-2), it is evident that the behavior of pp(fa' , ) with time
depends on the properties of the random processes O‘iz( t), and in particular on the
functions siz(t) . If no restrictions are placed on the behavior of the functions
si?‘( t), then clearly the transformation with time of pp(p_ , ) will be undefined .
Rather than restricting the behavior of the siz(t) directly, the following assumption
is made which is fundamental to the present analysis, and will be referred to as

the stationarity assumption. It is assumed that for the set of scatterers, denoted

@ , contained in any element d'rp of dynamic state space at some instant, the
quantity 6'Z€> o;%(t) :'Zd s;%(t) is time invariant. The significance of the

i ie
stationarity assumption with regard to the application of our analytical approach
to actual physical situations will be discussed in Section 3.3 below. In the present

section, however, the transformation of the density function pp(f)' , t) with time

will be derived under the stationarity assumption.
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Suppose that the point~mass dynamics are Il"e‘pAresented by (3.1-1). The
mapping

5: E(ﬁ"tj,ti) (3.2-1)

transforms points in dynamic state space at time tj onto the corresponding points
at time t;. Consider a volume element dTI; at point P' in dynamic state space

at time tj . Under the transformation (3.2-1), the volume element d'rp' maps
onto a volume element d’rp at point p in dynamic state space, wherep and p’

are related by (3.2-1), and the volume of the elements are related by

ar, = | J| dry . (3.2-2)

The quantity |J I is the Jacobean of the transformation (3.2-1), defined by

3] = |det T 1l (3.2-3)
where
098m
j = (3.2-4)
mn apn

In (3.2-4), g, is the mth component of the vector function g and p, is the nth

component of the dynamic state vector. The partial derivative in (3.2-4) is
evaluated at the point (5", tys ty) .

The volume elements dT.' and d7T._ contain the same set of scatterers,

p p
which is denoted &. By the stationarity assumption, we have
T sty =2 siz(tj) (3.2-5)
ied ied

But the definition (2.1-2) implies

i'zm siz(tj) = pp (" t) d-rI; (3.2-6)
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I s () = pp t) Ty (3.2-7)
so that
pp®t)dTp = pp " t;) ATy (3.2-8)

Finally, using (3.2-2), the transformation
pp®@": t;) ’
= et =TT (3.2-9)

is obtained. It should be noted that |J | is a function of ', since in (3.2-4) the
partial derivative is evaluated at (p", tj, t;). Also note that p and p' in (3.2-9) are
related by (3.2-1).

Denoting the region occupied by the scatterer ensemble at time tj by ',
and the region occupied at time t; by %, the transformation (3.2-1) defines a
one-to-one mapping of %' onto%. The total radar cross-section of the scatterer

ensemble at times tj and t; are given by

T(tj) = j%' pp(ﬁ', tj) d'ri) (3.2-10)

() = | Ppd: ;) AT, (3.2-11)
»
respectively. Then, as a consequence of (3.2-8), the equality
T(ti) = T(tj) (3.2-12)
is obtained. Thus, the total radar cross-section of the scatterer ensemble is
time invariant. Finally, using the definition (2.1-4), and the transformations

(3.2-9) and (3.2-12), the following relations are obtained:
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.67, t) = pp®" £5)/ T(t;) (3.2-13)
@ ) = P,@ t)/T(t;) (3.2-14)
Pp(l-).'» tj)

= 4] T(t;)

6" 1) T()
lal  Tey)

@ )

fp(I:T, t) = —Fr— (3.2-15)

In (3.2-15), the vectors p and p' are related by (3.2-1), and | J I is given

by (3.2-3) and (3.2-4). Equation (3.2-15) defines the transformation with time
of fp(p, t).

Finally, consider the case of linear or linearized dynamics, with the time
transformation of the dynamic state vector given by (3.1-25). The mapping
(3.2-1) is replaced by

B =Dulty) + F(t;, ty) [P'-pult;)] (3.2-16)

which relates points in dynamic state space at time t; to corresponding points

at time ;. Equations (3.2-2), (3.2-8), (3.2-9), (3.2-12), and (3.2-15), defining
the time transformation of quantities of interest, remain unchanged. The
Jacobian | J I in this case is given by

| 3] = |det Fp(ti,tj)l (3.2-17)

applying (3.2-3) and (3.2-4) to the right hand side of (3.2-16).
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(b) Trwsforﬁation of 'ﬁp(t) with time.

In this subsection, an expression for the vector ﬁp(ti) is derived in terms
of the density fp(ﬁ , t;), using the general expression (3.1-1) to represent the
dynamics. Then, it is shown that in the case of linear, or linearized dynamics, a
transformation between ﬁp(ti) and ﬁp(tj) can be defined in terms of the transition
matrix Fp(ti, tj) , and that the transformation is independent of the density
function fp(p" t).

Substituting t; and t]- for t in (2.3-15), and introducing the dummy
variablke p' the equationé

Molty) = [Pi, () t;) d, (3.2-18)

plty) = Ipt 6" (3.2-19)

are obtained. Assuming the dynamics are given by (3.1-1), and using the
stationarity assumption, the mapping (3.2-1) results in Egs. (3.2-8), (3.2-9),
(3,2-12), and (3.2-15). Equations (3.2-8), (3.2-12) and the definition (2.1-4)
imply that
fp(ﬁ, ti)d'rp = fp(ﬁ"tj)dTI') . (3.2-20)
Now, let us transform the space of integration in (3.2-18) according to the
mapping (3.2-1). But (3.2-1) is precisely the mapping which led to the equality
(3.2-20), so that the equation
Molty) = [ 80" £, t) f,6", t dry (3.2-21)
results. This equation specifies the vector ﬁp( t;) in terms of the density fp(fo' ' tj)

at another instant. However, in general the integral in (3.2-21) will not be
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simply related to the centroid ﬁp(tj ). In addition, since an infinite number of
functions fp(ﬁ ', tj) exist for which (3.2-19) will yield the same result, while the
results given by (3.2-21) for this set of functions will not necessarily be unique,
it is not to be expected that a transformation exists between the vectors ﬁp(ti)
and np(tj). That is, 'r)p(tj) does not uniquely determine np(ti).

However, consider the results which are obtained when the dynamics are
given by (3.1-25). Again the stationarity assumption is invoked, but the mapping
(3.2-1) is replaced by (3.2-16). Again (3.2-20) is valid, and when the space of
integration in (3.2-18) is transformed according to the mapping (3.2-16), the
equation

Molt) = [ {Bulty) + Pty t) [B'-Bulty) 1 £07, ) A
results. With the use of (2.1-5), this equation is simplified as follows:

Tip(t) = Balty) + [ By (65 ) (5" -Baltj) 1 56" ty)dmy

=Bulty) + Fy (b, t) [[ D' 6" ) a7y - Bulty))
= Pulty) + Fp (b, t)) L7L(E5) - Pulty) ] (3.2-22)

Equation (3.2-22) defines a unique transformation between the vectors
ﬁp(ti) and ﬁp(tj ). It is to be noted that the assumption of linear dynamics, as
well as the stationarity assumption, was necessary for the existance of the trans-

formation. Finally, introducing the quantity

MTp(t) = Wp(t) - Palt) (3.2-23)

representing the displacement of the vector 7.(t) from the reference trajectory,
p

(3.2-22) becomes
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Al’r]'p(ti) = Fp (t;, tJ-) Alﬁp(tj) . (3.2-24)
Note the similarity between (3.2-24) and (3.1-25). The vector ﬁp(t)
transforms with time in the same way as does the dynamic state vector.
Partitioning

Ap(t) = [ (t) 1 ()7 (3.2-25)

as discussed in Subsection 2,3(c), it is seen that the centroid ’ﬁq(t) of the
ensemble follows a point mass trajectory, and that the instantaneous velocity
of this trajectory is 7, (t). In the previous discussion of Subsection 2.3(c), the
quantities "r)‘q(t) and 7],(t) were identified simply as the "average" scatterer

position and velocity, respectively. Here it is apparent that
L 7,0 = H(t) (3.2-26)
dt "a u ' ’
since this equation is valid for the position and velocity of a point mass.

(c) Transformation of @p( t) with time,

Substituting t; and tj for t in (2.3-16), and introducing the dummy

variable p', the equations
Pp(ty) = J'[E—ﬁp(ti)]tﬁ—ﬁp(ti)]T £, t;) dTy (3.2-27)
Pp(t;) = I[I-)' -ﬁp(tj)] (p' -ﬁp(tj)]T £, tj) ATy, (3.2-28)

are obtained. It is possible to derive an expression for @p(ti) in terms of the
density fp(f)' ) tj), as shown for ﬁp(ti) in the previous subsection. As before, in
the case of dynamics expressed by (3.1~1), there is in general no unique trans-

formation between the matrices <I>p(ti) and CI>p(tj). Let us then consider the
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case of dynamics expressed by (3.1-25).

Now, the space of integration in (3,2-27) is to be transformed according
to the mapping (3.2-16). Subtracting the vector ﬁp(ti) from both sides of
(3.2-16) results in

B-Tplty) = Balty) Tyt + Folty, 6 [5'-Balty)] - (3.2-29)
Then, applying the equality (3.2-22), the equation
F’ﬁp(ti) = Fp(ti’ t5) [51(tj)—ﬁp(tj)3+ Byt t) [P’ -Palt;)]
= Fplti, t) [ -7,(4;) ] (3.2-30)
is obtained. The mapping defined by (3.2-30) is equivalent to that defined by

(3.2-16). Thus, with the use of (3.2-30) and (3.2-20), the transformation of the

space of integration in (3.2-27) gives
& () = Byt 1) (5 -7, (6105 -7t By (1)1, 6" £) 7,
plh pYi’ Y ptl PYj p ViT)p¥ 1T p
= Tt ) { J TP -7 () 1B -7 () 1" £, t)dr b F Ty t)
pY1’ p') p'] | Shol R o p ‘17
= 0 T D=
Equation (3.2-31) defines a unique transformation between the matrices
<I>p(ti) and fbp(tj). As in the case of the transformation of the vector ﬁp(t), the

existance of a unique transformation for CIJP(t) requires the use of linear

dynamics, as well as the stationarity assumption.
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3.3 Physical implications of the stationarity assumption

The stationarity assumption has been invoked in connection with the
derivation of the time transformation of the properties of the scatterer ensemble
which are of interest, This assumption requires that for the set of scatterers,

denoted ¢, contained in any element dT,. of dynamic state space at some instant,

p

the quantity €2 0;*(t) = 2 s;*(t) is time invariant. Note that this assumption
ied ied

does not require that & { O‘iz(t)} is time invariant for each scatterer. However,

£ [O’iz(t)} time invariant for all scatterers implies, of course, that SZOiZ(t) is
i

time invariant,

The statement of the stationarity assumption in terms of the sets of
scatterers contained in volume elements d'rp , rather than in terms of the individual
scatterers makes the formulation  applicable to a broader class of actual
physical situations. As an example, consider an ensemble of unsymmetrical
tumbling scatterers in orbit above the atmosphere. Each scatterer rotates about
an axis whose orientation remains fixed in inertial space as the scatterer traverses
its trajectory. As time progresses, however, the aspect of each rotation axis with
respect to the radar changes. Thus, the ensemble of possible orientations
(relative to the radar) changes with time for each scaiterer, and the quantity
e {Giz} will not be time invarient.

However, consider a large set of these scatterers, and suppose that there
is no preferred orientation for the rotation axes of the scatterers. For this set,

one might expect that the quantity & 2 ciz (t) is nearly time-invarient, and that
1

the quantity becomes less variable with time as the number of scatterers in the
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set increases.

To formalize these notions, let us consider the following sequence of
experiments., In the nth experiment, the orientation of the rotation axis of each
of N identical scatterers is selected independently from a distribution in which
all orieniations are equally likely. Let Z denote the ensemble of possible
combinations of N axis orientations, and &Z = Z represent the set of axis
orientations realized in the experiment. Then & { Uiz(t) I:z:= Z} is the expected
value of radar cross-section of scatterer i, taken over the ensemble of possible
orientations for the scatterer corresponding to the axis orientations specified by

?Z = 7, each such possible scatterer orientation being equally likely.
Now, consider the random variable 2 ciz(t) . Its conditional expectation
i
is given hy

e{Zo(t)|z=2} = Zi>e{'af(t) |Z=12} (3.3-1)
1

It is this expectation which is to be considered to appear in the definition (2,1-2)
of the density function, since the orientations of the rotation axes of the scatterers
remain fixed in inertial space (at their values & = Z) as time progresses, and the
variation of scatterer orientation with time was a justification for considering
0;%(t) to be a random variable.

The quantity € { Zl) oiz(t) |zz=Z} changes with time as the radar aspect
changes. As an indication of the possible variations which the quantity might
undergo, let us consider the variations which the quantity experiences as Z is
varied over the ensemble <z , with the radar aspect considered to be fixed.

Obviously the variations which the quantity undergoes as Z is varied over Z are
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greater than those that occur when the radar aspect is changed, since the
ensemble of relative configurations (i.e., axis orientations relative to the radar
aspect) attained in the latter case is a subset of those attained in the former case.

As a measure of the variation of € {2 0;*(t) |Z= 171} as Z is varied over

i

Z » let us use the variance of the random variable & [Ei oi"‘(t) |2}, We show
below that (in the sequence of experiments) as N approaches infinity, this variance
goes to zero. This result is interpreted to indicate that & {Zi) 0;%(t)|Z= 27} does
not vary appreciably with changing radar aspect, when the number of scatterers
is large.

To prove this assertion, we invoke the iden’ci’cyz9

var{Y}=e{var{Y|X}3+var {e{Y|X}} (3.3-2)

where X and Y are random variables. Since the first term in the right hand side
of (3.3-2) must be positive, we have the inequality

var {Y} 2z var {e{Y|X}} . (3.3-3)
Substituting Y =Z oiz(t) , X=" in (3.3-3) results in
i

var {2 0*(t)} = var {& {2 0%(t)|Z}] (3.3-4)
1

It is shown that, with assumptions introduced below, the left hand side of (3.3-4)
approaches zero as N approaches infinity,

As the number of scatterers in the set increases, it is assumed that the size
of the scatterers decrease so that the total scattering cross-section of the set stays
the same. In particular, assume that

e {o’(t)} = T/N foralli (3.3-5)
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where T is some constant. The expectation in (3.3-5) is taken over all scatterer

orientations, each being equally likely. Thus for any N, we have
e{Zof(t)) =Zef{o(t)} =T (3.3-6)
1 1

It is also assumed that the shape of the probability density function for the random
variable ciz(t) is similar for all N. That is, if py, (0) and pNZ(c) are the densities

for two values of N,

le(cr) = Kpy, (Ka) (3.3-7)

Then
ey, (o} = _11_< en,{o} (3.3-8)
vary, {o } =é—z vary, {o} (3.3-9)

where en, {o} and eNz{ o} are the means of PN, (0) and pNZ(o), and vaer(o) and
vaer(o) are the variances of pNI(U) and p_N‘Z(U) . From (3.3-5) and (3.3-8), we obtain
K = N;/N, (3.3-10)
and assuming that
var,{g} =V (3.3-11)

where V is some constant, the equation
vary {0} = 4 (3.3-12)
N N? '

results from (3.3-9) and (3.3-10) with N, = 1, and N; = N.
Finally,

N
var {Z o(t)} = 2 vary {o2(t)}
i i=1

ii

=z <

(3.3-13)
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which approaches zero as N approaches infinity. Referring back to (3.3-4), it

is seen that for infinite N, the random variable € { E ciz(t) IZ } is equal, with
i

probability one, to its expected value, given by & {? criz(t)} = T. This, of

course, implies that the quantity € { Zl\z O’iz(t) |7 = 2} is equal, with probability

one, to T

This completes the proof of the assertions which were made. Note that the
approach used makes use of the limiting concept adopted throughout, whereby the
set of scatierers in a volume element is allowed to approach infinity, while the
sizes of the scatterers approach zero, such that the total radar cross-section of
scatterers in the volume element remains constant.

Finally, ii is noted that the formulation could be generalized, at the expense
of added complexity, Lo the case where the scatterers are not all identical, The
crucial concept is that as the number of scatterers in an element approaches
infinity, the size of all the scatterers approach zero. If a finite scatterer is
present, for which & {oiz(t)} is time-varying, then obviously E‘,? oiz(t) will not
be time-invariant. Such a scatierer would correspond to an impulse in the density
function pp(ﬁ, t). Thus, if impulses were present in pp(ﬁ, t}, it would have to be
assumed that the associated scatterers were eithersymmetric, or moved so as to
always present the same aspect to the radar, in order for the stationarity
assumption to hold, ‘The forced nature of these required assumptions is among
the reasons that the presence of impulses in pp(ﬁ , t) is excluded from the present

formulation,
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3.4 The scatterer ensemble as a formal system

The transformation equations

ﬁp(ti) = pulty) + Fp(ti’ t5) [ﬁp(tj) ’51(%)1 (3.2-22)
@t = Folty ty) 2,(t) FpT(ti, £) (3.2-31)

derived for 'r-)p( t) and <I>p(t) suggest that these quantities can be used to specify
the state of the scatterer ensemble. This notion is made more precise here by
means of the formal concepts of system theory as introduced by Zadeh and

11

Desoer The primary objectives of the present section are the development

of the concept of the scatterer ensemble as an oriented abstract object, and the

identification of a set of state variables for the object which satisfy the consist-

ency conditions. In addition, the formalism introduced here will enable us to

examine certain questions concerning system reduction in the following section,

and in Chapter 4,

(a) Definition of the abstract object.

The scatterer ensemble is a physical object with which we associate an

abstract object whose terminal variables are considered to be the elements of

the centroid vector 'F)'q( t ) and the independent elements of the SCM matrix <I>q( t).
These terminal variables are the quantities estimated by the data processor, at
each instant of observation, on the basis of the data acquired by the radar. Thus,

these variables are considered to be output variables of the abstract object. The

abstract object has no input terminal variables, so the input segment space for

the object can be assumed to consist of a single time function, and the input-oufput
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relation to consist of this single time function paired with each of the possible
output functions "r';q( t), qu(t). If an input-output-state relation can be written
for the object, then it is a member of the class of objects known as sources.
The single time function in the input space is introduced only to place objects
with no inputs into the framework of general oriented abstract objects, with
which input-output relations are associated. The input time function need not
appear explicitly (though it may) in the input-output-state relation.

Since the number of output variables in our present discussion is nine
(i.e., three elements of 'ﬁq(t) and six independent elements of CIJq(t) ). the output
space, defined as the range of the output at an instant t, can be considered to be
a subset of the space ®#° of all real nine-tuples. This range is independent of t.
The output segment space consists of the functions ﬁq(t ) <I>q(t) corresponding to
the set of all possible scatterer ensembles which satisfy certain assumptions made
in the preceding formulation (i.e., characterization by a piece-wise continuous
density function pp(ﬁ , t), the stationarity assumption, and common scatterer
point-mass dynamics). The complete set of output functions is generated by con-

sidering all possible densities fp(f)' » to) at some instant t_, and the output functions

o’
corresponding to each density.

The problem of defining a state for the ensemble is stated loosely as that
of parametrizing the output segment space of the object such that a label (the state
of the object at time t;) is associated uniquely with each possible output segment

{n q( t), @4t), t> t, } for every t,. (Since our abstract object has no input

terminal variables and a degenerate input segment space of a single function,
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mention of dependence on the input will be omitted.) However, ip order to qualify
for the state of the object, the parametrization must satisfy the set of four con-
sistency conditions. Or alternatively, if an input-output-state relation which has
the response separation property can be obtained for the object, the parametrizat-
ion introduced by the input-output-state relation qualifies as the state of the

object 27 .

(b) Identification of state variables

Here, we derive input-output-state relations for the abstract object and
show that they have the response separation property. The moments ﬁp(t) and
<I>p(t) of the density function fp(ﬁ » £) zll.re thereby identified as state variables for
the scatterer ensemble. We begin by invoking the stationarity assumption, and
assuming that the dynamics are given by (3.1-25); that is, the dynamics are
either linear or linearized about a reference trajectory. It is maintained that,
with these assumptions, the state of the scatterer ensemble at time t; is given by
the six components of the vector ﬁp(to) together with the 21 independent elements
of the matrix <I>p(t0).

Combining Egs. (2.3-33) and (3.2-22) yields
Tglt) = MB(t) + Fylt, to) [Ty(te) ~Falte)1} (3.4-1)
while combining Egs. (2.3-34) with (3.2-31) yields
& _ & T T
o) = MF(t, to) B (to) Ty~ (£, to) M (3.4-2)
where the matrix M is given by (2., 3-32).

It is shown below that (3.4-1) and (3.4-2) constitute input-output-state
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relations for the abstract object under study, with the response separation

property. That is, for all 7 such that

t,<Tst (3.4-3)

we have
T(t) = M{Ba(t )+ Fp(t, T (7T -Bim)] } (3.4-4)
B (t) = MT,(t, 7) B(r) FpT(t, M (3.4-5)

where 7,() and ép(fr) depend only on ﬁp(to) and (I)p(-to)"
To prove the assertion, we substitute t; = T and =ty in (3.2-22) and
(3.2-31), obtaining
(™) = Bam) + Ty (s to) [ fto) - Fuity)] (3.4-6)
@,(1) = Fy(T, to) By (i) P (T, 1) (3.4-7)
Solving (3.4-6) for [ﬁp(to) -Pilty)] and substituting in {3.4-1) gives
T(t) = M{Pa(t)+ F(t, t) T 7 o) (A7) - Bifm) ] (3.4-8)
while solving (3.4-7) for (Ibp(to) and substituting in (3.4-2) gives
B (t) = MTy(t, to) 52T, o) B(r) Ty i, o) Fo it M| (3.4-9)
However, from (3.1-29) and (3.1-30),
Fp(t, tg) Fp"l'('r, to) = Fplts tg) Fylty: T)
= Fp(t, T) (3.4-10)

which when substituted in (3.4-8) and (3.4-9) gives Egs. (3.4~-4) and (3.4-5),

which were to be obtained. Finally, it is evident from (3.4-6) and (3.4-7) that
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ﬁp('r) and @,(r) depend only on ’ﬁp(to) and <I>p(to), so the proof is complete.

Thus, with the stationarity assumption, and linear dynamics, the state
of the scatterer ensemble at time t, is given by the elements of "i‘)'p(to) together
with the independent elements of <I>p(to). The state equations are given by
(3.2-22) and (3.2-31). Note that (3.4~1) and (3.4-2) are linear in the state
variables, Thus, the scatterer ensemble, considered to be an abstract object
as discussed above, constitutes a linear time-varying system. There are
27 state variables in all, and the state space (not to be confused with dynamic
state space) is a subspace of the space of all real ordered 27-tuples, R,

Since the abstract object under consideration has no inputs, linearity is
equivalent to zero-input linearity. Examining (3.4-1), it is apparent that to
adhere strictly to the formal definition of zero input linearity 30 , the state of
the object at time t, should be considered to contain the elements of the vector
A,,"F)'p(to) = ﬁp(to) -Pi(ty) rather than ﬁp(to) , and the output terminal variables
should be considered to include Alﬁq(t) = ’ﬁq(t) -qi(t), rather than ﬁq(t). The
input-output-state relation (3.4-1) is replaced by the equation

Aiflg = MF,(ts t) AN,(to) (3.4-11)

which, since the trajectory p;(t) is known, is completely equivalent*.

¥ However, for convenience, and since no confusion can result, elements of
ﬁp(to) and 7jg(t) will still be referred to as state variables and output variables.
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3.5 Reducibility of the system representation

An input-output-state relation for the scatterer ensemble, with the state
specified by 27 state variables, has been established. The question arises as
to whether the system, as represented, is in reduced form. Thatis, whether it
is possible to represent the state of the scatterer ensemble by fewer than 27 state
variables, so that the output functions 'ﬁq( t) and & q(t) are still uniquely deter-
mined for all t > t, by the specification of the state at any instant t,. To investi-
gate the reducibility of the system represeniation, it is necessary to discuss

first the nature of the state space in some detail.

(a) The nature of the state space,

It is obvious that for any vector ﬁp(to) , it is possible to find some density
function fp(ﬁ, ty) for which ﬁp(to) is given by (2.3-15), i.e.
Tplto) = jﬁrp(ﬁ, to) ATy - (3.5-1)
Thus, the space of state variables corresponding to the elements of the vector
'r_]p(to) is the space of all real six-tuples, R%. On the other hand, it is not true
that the space of state variables corresponding to ihe independent elements of the
matrix <I>p(to) is the space of all real 21-tuples. This follows from the restrict~
ion that for every density function fp(ﬁ » t5)» the matrix Cbp(to) given by (2.3-16),
i.e,
Dpto) = f[ﬁ—ﬁp(to)ltﬁ—ﬁp(to)]T £y(B5 to) ATy, (3.5-2)

must be positive semi-~definite. To prove that <I>p(to) necessarily has this

property, let ﬁ'p be an arbitrary vector in dynamic state space, and define
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Mp (8, to) by
By to) = [ 18, (BT, (t0)] 1 £,F to) T, (3.5-3)

Since the integrand in (4.2-57) is positive for all P,

ppz(z'l'p, t)=0 . (3.5-4)

But by successive manipulation, and the use of (3.5-2),
U2 to) = [ By (5T (t) 1 [F-TIy(t0)] " B £, to) AT,

-7 - = - - T, - -
=7, {[[B-Tlt) 1B~ (t0) )™ £, to) dTp)ay
-3," Tty 3 (3.5-5)
Equation (3.5-4) implies that the quadratic form in (3,5~5) is non-negative, and
since a . is arbitrary, CI>p\' t,) is positive semi-definite. Thus, the space of
the state variables contained in the matrix @p(to) is confined to those points in

R% corresponding to matrices <I>p(to) which are positive semi-definite.

(b) Reducibility of ﬁp(t;) .

It is shown in this subsection that it is not possible to use a proper subset
of the elements of 'ﬁn(to) in a state specification. If it were possible to specify the
state by a proper subset of the elements of ﬁp(to) together with dp(to), the output
funcrione '_—;fq('c) and (.bq(t) would have to be independent of the remaining elements of
ﬁp(to) , since these remaining elements are not determined by the set used in the state
specification, The possibility of specifying the state in the above manner is pre-

cluded iy the.iollowing argument,
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Consider two distinct vectors ﬁp(to) and ?)I')(to). We show that these
distinct vectors necessarily give rise to distinct output functions "r')'q(t) and
'T]'q’( t). To prove this assertion, assume two distinct vectors, 'ﬁp(to) and
"r"fp’(to) specify the output functions ﬁq(t ) and T’iq'(t ) according to (3.4-1), and

that these output functions are identical for t>t,. Then,
Tt ) = M{Bi(t)+ Fp(t, t5) [T (t) - Palto) 1 3 (3.5-6)
Tl (8) = M{Py(£)+ Fp(t. to) L7 (ko) ~Palty) 1 (3.5-7)
and by assumption,
ﬁq(t) = ﬁq’(t) t>t, . (3.5-8)
Subtracting (3.5-7) from (3.5-6) and using (3.5-8) results in
MFp(t, ty) [ﬁp(to) —ﬁp' (ty)] =0 t>t, . (3.5-9)
The vector ﬁp(to) —ﬁp‘ (t,) is some non-zero vector in R, which can be denoted
Aff)'(to); i.e.
MBlty) = Tyfte) Ty () (3.5-10)
so that (3.5-9) becomes
MTF(t, to) ArBlt,) = 0 t>t. . (3.5-11)
Now consider the trajectory determined by
plty) = Palty) + AiD(E,) (3.5-12)

where Pi(t) is the reference trajectory, and Afﬁ(to) is defined by (3.5-10). For
this trajectory

B(t) = Pu(t) + AiP(t) (3.5-13)
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where from (3. 1-25)

MB(t) = Fyit, tg) MaBlty) - (3.5-14)

Finally, partitioning A;p(t) according to

AP = (AT AT 1" (3.5-15)

and using (2.3-32), the equation

A, q(t) = MF(t, t) AiBlt,) (3.5-16)

results. But (3.5-11) implies that

Agt)=0 i>1 (3.5-117)

which indicates that the trajectory p(i) coincides wiih the reference trajectory.
This leads us to conclude that

A1B(to) = Mp(te) -My () =0 (3.5-18)
which contradicts the assumption that ﬁp(to) and ﬁp’ {to) are distinct. Thus, all

six elements of 'ﬁp(to) are required in the specification of the state of the system.

(c) Reducibility of <I>p(to)~_.

In this subsection, we show that no principal minor of <I>p(to) (e.g., such
as <I>q(to)) can be used in the specification of the state of the scaiterer ensemble
at time t,. Since the remaining elements of <I>p(to) are not determined by the
elements of any principal minor, the output functions 'r_]q(t) and <I>q(t) would
have to be independent of each of the remaining elements, in order for it to be
possible to specify the state by a principal minor.

That this is not possible is implied by the following somewhat stronger

result, proved below: the output functions are not uniquely determined by
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ﬁp(to) together with any proper subset of the elements of <I>p(to) formed by deleting
the elements of a principal submatrix of <IJp(to). To prove this assertion, assume
that the output function qu(t) is uniquely determined by such a proper subset.
Then the output function must be independent of the values of the elements in the
deleted principal minor. We contradict this by demonstrating that it is always
possible to find two scatterer ensembles for which the matrices <I>p(t0) and
CIJI; (t,) differ only in the deleted elements, but for which the output functions
are necessarily distinct.

Let ®p(t0) be any positive semi-definite matrix, and let a (6 X 6] matrix
A be formed by setting to zero all elemenis not contained in the deleted principal
minor and choosing the remaining elements of A so that it is positive semi-
definite, but not the zero matrix, Define

@y () = Pplto) + A (3.5-19)

The matrix (Pp' (t,) is positive semi-delinite, since it is the sum of two positive
semi-definite matrices. Also, @I; (to) differs from <I>p(t0) only in a subset of the
deleted elements. Both @p(to) and <I>p’ (ty) can be associated with scatterer
ensembles since, for any positive semi-definite maitrix <I>p(t0) , some density
function fp(ﬁ, t,) can be found for which (3,5-2) gives <I>p(to) .

By hypothesis, the output functions corresponding to <I>p(to) and CI>p' (to)
are identical, Using (3.4-2), the functions d>q(t‘, and de(t) defined by

@4(t) = MP(t, to) @ (t) (M (3.5-20)

T, T
®g(t)= MFp(t, to) @5 (to) By~ (t, to) M (3.5-21)
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are identical for t>t . Thus, subtracting (3.5-21) from (3.5-20) gives, for
t> to

T T
MFp(t, to) [‘I’p(to)'q’ﬁ (to)] Fp o (t t)M™ =0 (3.5-22)
But then, from (3.5-19) we have
T T
MFp (t t) AT, (t t) M~ =0 (3.5-23)

The matrix A is positive semi-definite, and thus some density function
fp(l'o' » t,) can be found for which <I>p(to) given by (3.5-2) equals the matrix A.
Let fp"'(p_ , t,) denote any such density and <I>p”' (t,) = A the corresponding matix.
Then (3.5-23) can be rewritten

" T T
MFp(ts to) " (t) Fy (£, t) M~ =0 (3.5-24)
and (3.4-2) and (3.5-24) imply that

@'(t) =0 t>t, (3.5-25)
where <I>d"( t) is the SCM matrix of the projection of fp‘" {p, t) on the position sub-
space.

Consequently, the density function fq'" (T, t) is zero for all t> t;, except
at one point. Thus the trajectories of all scatterers in any ensemble corres-

ponding to fp’" (p, t) have the same trajectory, which implies that

&, (5 t) = 0 all t (3.5-26)

In particular

@, (prty) = A =0 (3.5-27)

which contradicts our requirement that A not be the zero matrix. Thus it is not

possible to delete the elements of any principal submatrix of ‘I>p(to), and
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uniquely specify the output function <I>q( t) by the remaining elements.

It should be pointed out that the results of this subsection apply for all
point-mass dynamics. If particular point-mass dynamics are specified, the
state representation can be, at least in principle, examined for reducibility
with respect to the elements of <I)p(to). In practice, this examination may be
extremely difficult, as the transition matrix for the elements of <I>p(t) will

rarely be given in closed form.
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3.6 State representation when dynamics are non-linear

State variables have been identified for the scatterer ensemble, using
the stationarity assumption and linear dynamics. The present section includes
a brief discussion of the representation of the state of the scatterer ensemble
in the case of non-linear dynamics.

In this case, the elements of the quantities ﬁp(to) and <I>p(to) cannot be
used to specify the state of the scatterer ensemble (considered to be an abstract
object as discussed above) at time t,. In Subsections 3.2(b) and 3.2(c) above,
it was pointed out that in general ﬁp( t) and <.I.>p( t) are not uniquely determined by
T;p(to) and ®p(to). That is, it is possible that two different densities fp(l) > to)
and fp( 2 (5, t,) may exist for which ﬁp( D(t,) and ﬁp("‘) (t,) are identical and
<I)p(1) (t,) and <I>p(?‘) (t,) are identical, and yet 'er( D(t) or <I>p(1)(t) is different from
"ﬁp("’)(t) or <I>p(")(t). Thus, the output functions ﬁq(t) and <I>q(t )y, which are sub-
matrices of ﬁp( t) and <I>p(t ), are not uniquely determined by ﬁp(to) and QDp(to),
and consequently the use of ﬁp(to) and @p(to) to specify the state of the scatterer
ensemble would not satisfy the first self-consistency condition 11 for the state
representation.

It is easily seen that the state of the ensemble can be specified by the
density function fp(ﬁ', to). The density function at any time t is given in terms
of fp(p"' » to) by (3.2—15), and the output functions ﬁq( t) and <I>q(t) are given by
(2.3-15) and (2.3-16), followed by (2.3-33) and (2.3-34). However, in this case
the dimension of state space is infinite and a state estimation approach to the

prediction problem such as is outlined in Section 2.4 is not applicable.
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CHAPTER IV

IMPULSIVELY DISPENSED SCATTERER ENSEMBLES

In this chapter, due to its practical importance, the special case of

impulsively dispensed scatterer ensembles is discussed. An impulsively dis-

pensed scatterer ensemble is comprised of scatterers which have been dispensed
simultaneously from some mechanism, which is referred to as the dispenser.
Artificially produced clouds of scatterers are likely to be formed in this manner.
A good example is the West-Tord dipole cloud31. Also, it may be possible in
some cases Lo consider a scalterer ensemble to be impulsively dispensed regard-~
less of the particular physical process which caused the formation of the
scatterer ensemble.

The primary significance of impulsively dispensed clouds is the fact that
if it is known (to the radar/data processor system) that a cloud is impulsively
dispensed, and the time of scatterer dispensing is known, the number of state
variables necessary to represent the cloud state is significantly reduced, in
comparison to the number necessary in the general case discussed in the pre-
ceding chapter. Since the time required for operation of a siate estimation
filter for a linear time-varying sysiem, and the detrimental effects of round off
error in numerical computations, increase rapidly with the order of the system
(i.e., the number of state variables), the reduction of the system order presents

a great practical advantage.
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4,1 The transformation of scatterer position

In the present formulation, the scatterers in an impulsively dispensed
cloud are considered to be dispensed, at a single instant, from a single point

in space. The instant is referred to as the dispensing instant. In practice, a

cloud can be considered to be impulsively dispensed if the duration of scatterer
dispensing is much less than the time interval between dispensing and cloud
observatlion, and if the distances (at the dispensing instant) between various
centers in a dispensing complex are much smaller than the cloud dimensions
al instanis of observation,

Denote the trajectory of the dispenser (which is considered to be a point-
mass) by Pylt), and the dispensing instant by t;. The conditioa that the scatterers

are all dispensed from the dispenser at time t, is represented by the equation
- — .= T . .
Piltg) = Pglty) + L0 : W;] {4.1-1)

where the dynamic state vector is assumed to be partitioned according to (3.1-13),
as usual  Here Pj(t,) and Py(ty are respectively the dynamic state vector of the
ith scatterer in the ensemble, and the dispenser, at the dispensing instant. Note
that the position of each scatterer coincides with that of the dispenser at the
dispensing instant, The difference in velocity between the ith scatterer and the
dispenser, at the dispensing instant, is considered to result from the operation

of the dispensing mechanism. This velocity difference, denoted W;, is referred

to as the dispensing velocity of the ith scatterer.

As a first step towards deriving the transformation with time of scatterer
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position, an equation is obtained which relates the position of a scatterer, at
some time t (after dispensing) to its dispensing velocity. One of the results of
the present chapter is the derivation of transformation equations for ﬁq( t) and
CIDq( ty. It will be seen that transformation equations which do not depend on the
density fp(f)" ,t) can be obtained for an impulsively dispensed cloud, with the use of
linear dynamics and the stationarity assumption. Since, as we have seen pre-
viously, such transformations of ﬁp(t) and <I>p(t) cannot be obtained in the case
of nonlinear dynamics, and since ﬁq( t) and ®(t) are submatrices of ﬁp( t) and
@) respectively, it is evident that transformations for ﬁq(t) and <I>q( t) cannot
be obtained in the case of non-linear dynamics. Consequently, in the ensuing
discussion, it will be assumed that the point-mass dynamics are described by
(3.1-25) .

Substituting

Bi(t) = By(t) (4.1-2)

in the definition (3.1-4) for A;B(t), and substituting (3.1-4) in (3.1-25), we
obtain

Bty - Bat) = Fyltst) [BEy) - Ba(t)] (4.1-3)
Equation (4.1-2) implies that the dispenser trajectory is being used for the refer-
ence trajectory. Substituting t; =t and tj =ty in (4.1-3) yields

B(t) - Ba(t) = Pyt t)Bltg) - Tylte)] (4.1-4)

and using (4.1-1), with the subscript i dropped, to substitute for f)'(td) -Palty) in

(4.1-4) results in the equation
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Bit) - Fglt) = Fp (6.t [0 i W1 . (4.1-5)

Finally, partitioning the matrix Fy into four [ 3 X 3] matrices according to’

A i A
Fp = I‘_l_._l__l—_‘}_ (4.1-6)
T, ! ¥,

and substituting {4.1-6) into (4.1-5) the equations

qie -quity = Fs(t, t) W (4.1-7)
T(t) - Ty(t) = Falt, t) & (4.1-8)

result, Equation (4.1-7) relates the position of a scatterer at time t (after
dispensing) to its dispensing velocity.

The density fp(ﬁ", ty) is singular, since all the scatterers are at the same
position. It is assumed that the projection of this density on the velocity sub-
space (i.e., I, (I, ty)) is non-singular. Furthermore, it is assumed that, at
any instant of observation t, the projection of the density fp(f)‘ , t) on the position
subspace (i.e., fq (@, t} ) is non-singular. The latter assumption implies that
at time t, the scatterers cannot be contained in a plane. This further implies
that the matrix T, (t, td) is non-singular, for if it were, (4.1-7) would map the
space of vectors W onto a planar subspace of the position subspace.

Finally, solving (4.1-7) for W and substituting into (4.1-8) yields

T(t) - Tglt) = Falt, tg) Fa7'(t, tg) [TAL) - Ty(H)] (4.1-9)

which states that the velocity of a scatterer at time t is a function of its

position. This clearly implies that the density fp (P> t) is singular. It can be
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said that it is the singularity of the density fp(ﬁ ,t) for an impulsively dispensed
cloud, or equivalently the non-independence of scatterer position and velocity,
which permits us to use a fewer number of state variables to represent the
cloud (as discussed in section 4.4 below).

Let us now proceed to the derivation of the transformation of scatterer

position with time. Substituting t; and tj for t in (4.1-7) yields the equaiions
qlt;) - Talty) = Falti, taW (4.1-10)

Solving (4.1-11) for W and substituting into (4. 1-10) yields
a(ty) - qg(ti) = Fa(ty, tg) Ty " tty td;v[?ﬂ.'tj) 'ﬁd‘:tj)] (4.1-12)

which is the required transformation. Finally, introducing
Fo (b ty) = Fslty, tgFs™t (5 tg) f4.1-1%)
Eq. (4.1-12) becomes
qlty) - g lt) = Folty, £)At)) - Ty ity)] 4.1-14)
Although, in deriving (4.1-14), we have used the dispenser trajectory as
the reference trajectory, it is not necessary to know the dispenser trajectory to
compute Fq(ti’ tj ). The matrix F;(t, t;) is a submatrix of Fp(t, ty)- The matrix
G(t, t,) was shown in Subsection 3.1b to be independent of the reference iraject-
ory, provided that the dynamics are exactly linear. This implies that Fp(t, tq)
Fi(t, tg) and F q(’ci, tj) are independent of the reference irajectory. However, note
that knowledge of the dispensing time is essential for the computation of Fq(ti, tj),

as is evident from (4.1-13).
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4.2 Transformation of fq(d', t), ﬁq(t), and <I>q(§) with time

In the previous section, a transformation for scatterer position, relative
to the dispenser trajectory, was derived. Invoking the stationarity assumption,
‘it is now possible to derive transformations for fqy (T, t) ﬁq(t) and <I>q( t), using
methods similar {o those used in Section 3.2 to derive transformations for
fp{f)', ty, ﬁp(t‘) and <I>p(' t).

ia) Transformation of qu_q,__’g)_.

Consider the mapping
T = Gaity) + Foltir t) LT =Gq(t)] (4.2-1)
which transforms scatterer positions @' at time t; onto the corresponding

]

scatterer positions { at time t;. Under this mapping, a volume element d Tq'

at position @ maps onio the volume element d7, at point @, where

q

dTy = |det 7o {1, ty) | drg (4.2-2)

Since the volume elements d ‘rq’ and d’rq contain the same set of scatterers,

denoted & , we have

. 2
2 ST 'Ea s (5 (#.2-3)
But, from (2.3-9),
Z s2(t) = T(t,) £ (T t) dT (4.2-4)
ieq it i’ *q i q
2 s A(ty)= T(t;) £ (q, ty)dry (4.2-5
ieq 1M i’ g g )

It has already been established that the total radar cross-section of the ensemble
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is time invariant. Thus, with (3.2-12) and the preceding four equations, the

transformation
| £(T@ t;) = o T
q' 9 M) T Tdet Fq(ti,tj)l

(4.2-6)

is obtained.

(b) Transformation of ﬁq(t).
Let us begin by substituting t; and t for t in {2,3-11), iniroducing the
dummy variable q' :

T(ty) = [ Qg (@ t) dTg (4.2-7)

Mg(ty) = [ T L@ tpdrq - (4.2-8)
Now, transform the space of integration in (4.2-7) according to the mapping

(4.2-1). But from (3.2-12), (4.2-4) and (4.2-5), under this mapping +~e have
fq(q, 1:i)d'rq = fq(q 'tj)qu {4,2~9}
Thus Eq. (4.2-7) gives us

T(t) = [ {Talt) + Polti ty) [T -Tal43} £ @ ) dry

Talty) + [ Folty ty) (@ -Talt) M@ ty)dy
= Galty) + Foltis t5) [T, () -Ty(g)] (4.2-10)

where Eqs. (2.3-7) and (4.2-8) have been used. This is the desired transfor~

mation for the centroid vector,
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(c) Transformation of <I>q(_t_)_.

To derive the transformation of the SCM matrix, substitute ti and t]- in

(2.3~12) to obtain
- —_— R : .

- = - T, - .. . _
@ 4(ty) = [ - Tlg(t5) 04 nq(tj)] fol@ ty)dry (4.2-12)
The mapping (4.2-1) is equivalent to

E-ﬁq(ti) = Ed( t) ".'ﬁq(ti)"L Fq(.tiv t])[?l' =Ty (t] 1l

Po(tis ) (g lty) - T (0] + Pl -7 04]

(4,2-13

i

Fo(tis ty) [T -T(4)))
where (4.2-10) has been used. Transforming the space of integration in (4,2-11)

according to (4.2-13), and using (4.2-9) yields

e A1 T T, e
dlq(ti) IFq(ti:tj)[q -nq(tj)] [q nq(tj)] Fq (ti'lj) qu€1 ’Li)qu

Prey = —_ = T, . . P T, .

T o

which is the desired transformation for the second central moment mairix.
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4,3 Cloud characterization in dispensing velocity space

In this section, a characterization of impulsively dispensed scatterér
ensembles by means of certain properties of the ensemble in the space of dis~
pensing velocities, W, is introduced. The significance of this characterization
is that the properties introduced do not depend on the time, as do properties
such as fq(ﬁ, t), 'ﬁq( t), and <I>q( t) which have already been discussed. This
makes the properties of the ensemble in dispensing velocity space especially
suitable for the specification of the characteristics of an impulsively dispensed
ensemble. In addition, since the scatterer dispensing velocities are deter-
mined by the operation of the dispensing mechanism, properties of the
cloud in dispensing velocity space are direct indications of the operation of the
dispensing mechanism,

Let us begin by defining a density function for the ensemble in dispen-
sing velocity space. But first recall the definition of the density functions
fp(p-, t) and fq(q—, t). At any instant at which the scatterer ensemble is observed
(or potentially observed) by the radar, the expected value of radar cross-section,
siz(t) , of each scatterer is defined by virtue of the ensemble of possible inter-
actions (by means of a transmitted pulse) between the radar and the scatterer,
The quantities siz(t) and the vectors P;(t) or G;(t) associated with the
scatterers then determine the density functions fp(f)', t) and fq(q, t). The
stationarity assumption, and the dynamics common to the scatterers in the
Qnsemble, determine the transformation with time of fp (0, t) generally, and of

fq(c'i', t) in the case of impulsively dispensed clouds.
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In place of defining a density function for the ensemble in dispensing
velocity space directly in terms of the expected radar cross~sections siz(td), the
density is defined by making use of the known transformation (4.1-7) between the
dispensing velocity of a scatterer and iis position at time Lt after dispensing.
This is done since: (1) the radar may not be considered to be capable of observ-
ing the ensemble at the dispensing instant (e.g., dispensing occurs when the
dispenser is over the horizon); or (2) since the scatterers are all at the same
position at the dispensing instant, the concept of st(t d) being defined by virtue
of interaction between the radar and scatterer i becomes less appealing (the
ensemble of scatterers will constitute a single point target).

Thus, with fq(cEt) the density function in position space of an impulsively
dispensed scatterer ensemble at time t, the density function of the ensemble in
dispensing velocity space is defined by

£(@) = |det Fs(t, ty)| £,(T t) (4.3-1)
where in (4.3-1), vectors W and q are related by
q-qy(t) = Fa(t, tn) W (4.3-2)

This definition is satisfactory only if the density fW(W) is independent of
the time t. That this is true is a consequence of the stationarity assumption, as
is shown in the following discussion. Let fq(c'f, ty) and fqﬁ, t;) be the density

functions in position space at times t; and t, and define

£ (W) = |det Fs (t1, tg) | £(@ t) (4.3-3)

where



T-qgt) = Fs (bt W
and
iy () = |det Faltz, tg)| £(@ t2)
where

q'-qylte) = Faltz, ty W
Equations (4.3-4) and (4.3-6) imply that Q' and § are related by

T-qg(t) = Fslta, tg) Fs™tes tg) [T - Tyltn]
= Fq(tl’ t2) [q' - qy(ty]

which by comparison with (4.2-1) implies that
fq(q' ’ tZ)
f (@ t) = T
q [det Pt t) [
using (4.2-6).
Then, using (4.3-3), (4.3-5) and (4.3-8)

fq(ﬁy ' tZ)
tolrs s
Vldet ¥ (tr, )|

il

ldet F3(t1:

£,(®)

| det Fa(ty, tg) | fw' (@) B
|detTs (tz, tq)] |det F (212 |

But
Fatys tg) Fs~' (tes tg) = Fylts, to)
which implies that
|det s (ty, tg)| |det Fs(tz, tg) ™' = |det Fq(tl,t2)|
so that (4. 3-9) becomes
£, (W) = £,/ (W)

which was the required result,
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(4.3-4)
(4.3-5)

{4.3-6)

(4.3-7)

(4.3-8)

(4,3-9)
(4.3-10)
(4.3-11)

(4.3-12)
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Having defined the density function fw(W) for an impulsively dispensed

scatterer ensemble, the centroid 7, and SCM matrix & are defined as
T = { W £, (@ dT (4.3-13)
o, = [w-71(¥-7 1"t war (4.3-14)
w W w w w o

The transformations between "ﬁw and ﬁq(t ) and between d’?w and @ q( t)
follow immediately from (4, 3-1) and (4.3-2). Under the mapping (4.3-2) a
volume element dTw at point W maps into the volume element qu at point @

where @ and W are related, of course, by (4.3-2) and
d’rq = |det Fs(t, tg) ldr, . (4.3-15)
Thus, with (4.3-1),
w)ydr, =1f (q,t)d 4,3-16
fo(dr, =1 (@ t)dr (4.3-16)
Finally, transforming the space of integration in (4.3-13) according to (4.3-2)

results in

3
£
It

T FT (6t [T-gy()]fy(@ £ ) dTy

Fi ! (t,tg) [T (£) - Tg(t)] {4.3-17)

which is the desired transformation between ﬁw and 'ﬁq(t) .

The quantity 'T7'w is a vector in dispensing velocity space, and comparing
(4,3-17) with (4.1-7), it is evident that the centroid ﬁq(t) of the scatterer
ensemble traverses the point-mass trajectory of a scatterer dispensed from the

dispenser, at time ty, with velocity ?)'W.
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To derive the transformation between & and ¢>q( t), note that the

mapping (4.3-2) is equivalent to
T ()= Tlt) =T (8) + Falt, 1)) W
= -Fa(t, td)'-ﬁw + Fy(t, t) W

= Fi(t, tg) [F-7,] (4,3-18)

where (4.3-17) has been used. Thus, transforming the space of integration in

(4.3-14) according to (4.3-18) results in
&, = B LT, (6)1 (@707 P (6 114 thar
LARC IR q 3 Bighgld BT
= T3 (¢t B(t) T (E ) (4.3-19)

The quantities ﬁw and <I>w characterize the scatterer ensemble in dis-~
pensing velocity space. The centroid ’ﬁw represents an average dispensing
velocity, while the matrix @, determines the spread in dispensing velocities, in
the sense of the SCM, in all directions. For an arbitrary unit vector @, the

SCM of the density f (%) in the direction of a , denoted by u ‘; (&), is given by
a) = —T["’_][_—T W) d
w, @ =[{3 [¥-7,1(%7-7, T3 (@ dr,
-3 & 7 . (4.3-20)

Finally, note that the values of 7, and @, given by (4.3-17) and (4.3-19) are
necessarily independent of t, since the density function £ (W) defined by (4.3-1)

is independent of t.
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4,4 State variable characterization of an impulsively

dispensed scatterer ensemble

In this section, sets of variables sufficient to specify the state of an
impulsively dispensed scatterer ensemble, which is considered to be an abstract
object as in Section 3.4 above, are identified. It is found that the number of
required state variables is substantially less than is necessary to specify the state
of a scatterer ensemble which is not impulsively dispensed. In order for the
radar, data processor to take advantage of the potential simplification in the state
representation of the scatterer ensemble, it is necessary for the radar/data
processor to know a priori that the ensemble is impulsively dispensed, and to
know the dispensing time. It is assurﬁed throughout this section that this infor-
mation is available to the radar/data processor.

If it is known to the radar/data processor that the ensemble is impulsively
dispensed, but the dispensing time is not known, it can be estimated on the basis
of observations of the second central moment matrix, & q(t) . One procedure for
obtaining an estimate uses an iterative least-squares technique. This method
will be discussed in Chapter 6.

(a) The dispenser trajectory assumed to be known.

A state representation of impulsively dispensed scatterer ensembles is
established by writing input-output-state relations for the associated abstract
object, and demonstrating that they have the response separation property. It is
assumed here that the dispenser trajectory Bd(t) is known, but this restriction will
be removed subsequently. The output terminal variables of the abstract object are

the elements of ﬁq( t) and cI’q(’c), as in Section 4.3. Substituting t; =t and t = to
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in (4.2~10) and (4.2-14) yields

Tg(t) = Gg(t) + F(ts to) [Mylto) - Tylto)] (4.4-1)

B(t) = Fy (b to) Bylto) FqT (&, to) (4.4-2)

which specifies the output variables at time t as functions of the elements of
'ﬁq(to) and (IDq(to). It is maintained that these elements serve to specify the state
of the object at time t,. That is, (4.4-1) and (4.4-2) are input-output state
relations which have the response separation property.

To prove this, it is necessary to show that for all T satisfying

to<T <t (4.4-3)
we have
Tg(t) = Gg(t) + Fft, 7) [7y() ~Ga()] (4.4-4)
and
B (t) = Foft, T) B4(r) FqT(t, 7 (4.4-5)

where ﬁq('r) and @ (1) depend only on ﬁq(to) and qu(to). Let us begin by substit~

uting tj = 7 and tj =ty in (4.2-10) and (4.2-14), resulting in

(D) = 3all) £ Folr o) o) -Tattd] - (4.4

EN ATV
d =F t,) @, (t) F T t 4.,4-7
q(T)— q(T’ o) q( O) q (T’ O) ( . _)
Then, solving (4.4-6) for ['ﬁq(to) -Ed(to)] and substituting into (4.4-1), and
solving (4.4-7) for @q(to) and substituting into (4.4-2), the equations
T(t) = () + Fylt, to) Fal('r, to) [Ty - Ta(m)] (4.4-8)

B4(t) = Fylt, to)Fal (7 t,) q(7) FCI JlT('r, t)F qT (t) to) (4.4-9)
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are obtained. But (4.1-13) implies that
F to)la'l (T1 to) = Falt, tg) F3 ' (ty tg) [Fs(T, tQ F3 't tg) 1™
= Fa(t, tg) F3' (t,» tq) Falty, tg) F5 (T, tg)

= Fs(t, tq) F5 (T, tg) = Folt, ) (4.4-10)

which, when substituted in (4.4-8) and (4.4-9), give Egs. (4.4-4) and (4.4-5)
which were to be derived. Finally, from (4.4-6) and (4.3-7) it is obvious that
ﬁq('r) and <I>q('r) depend only on 'ﬁq(to) and <I>q(to) , so the proof is complete.
Equations (4.4~6) and (4.4-7) are the state equations.

The state variables identified for the impulsively dispensed cloud include
the three elements of the centroid vector, ﬁq(to) ,» and the six independent elements
of the SCM matrix, @q(to) . The total number of state variables therefore is nine,
which is substantially less than the number of state variables, 27, necessary in the
general case. The state space, in the case of impulsively dispensed clouds, is a
subset of R, While the vector ﬁq(to) is arbitrary, the matrix @ q(‘co) must be
positive definite since, in (2.3-13), u:‘l(i, t) = 0 for all vectors a, and since it‘has
been assumed that the scatterers cannot be contained in a plane, which excludes
ua(ef’, t) = 0. It is evident that the state space associated with impulsively
dispensed clouds is a subspace of the state space associated with general clouds,
since ﬁq(to) and <I>q(to) are submatrices of 'ﬁp(to) and <I)p(to) and since the class
of impulsively dispensed clouds is included in the class of general clouds. This
implies that 'ﬁp(to) and <I>p(to) can be used to specify the state of an impulsively

dispensed cloud (as would be necessary if the radar/data processor did not know
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a priori that a cloud was impulsively dispensed) at a great cost in additional
complexity.

It is an immediate consequence of the fact that the output and state
variables are identical that the system is in reduced form. If a subset of the
nine state variables contained in ﬁq(to) and & q(to) were specified, the output
functions ﬁq( t), <I)q(t ) would not be completely determined for t = t,, since they
would not even be determined for t = t;.

The system under discussion is linear, since the input-output-state
relations (4.4-1) and (4.4-2) are linear in the state variables. Again, to adhere
strictly to the definition of zero-input linearity, the state of the object at time t,
could be considered to contain the elements of the vector Adﬁq(to) = ﬁq(to) —Ed(to),
and the output variables to contain the elements of Adﬁq(vt) = Tg(t) - Tg(t).

In Section 3.5, it was shown that it is not sufficient to use a subset of the
vector ﬁp(to) in the state specification, nor is it possible to delete a principal
minor of <I>p (to) from the state specification. However, in the case of impulsively
dispensed clouds, it is possible to use ﬁq(to) and @q(to) to specify the state.
There is no contradiction, since in adding the limitation that the cloud is impul-
sively dispensed, the abstract object has been changed from what it was
previously. Insight is gained into the nature of the change of the abstract object
by considering the manner in which the proofs in Section 3.5 regarding system
reduction become invalid when the cloud is restricted to be impulsively dispensed.

In the proof that a subset of T';'p(to) could not be used in a state specification,

the independence of the elements of 'r_;p(to) was evoked (see page 72 ). These
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elements are independent in the general case, but not in the case of an impulsively
dispensed cloud. This follows from the relation (4.1-9) between the velocity and
position of each scatterer in an impulsively dispensed cloud. In fact, consider-
ing (4.1-9) to be a mapping from the position subspace onto the velocity subspace,
it can be shown that

Ty(t) - Tg(t) = Falt, tg) F3 (s tg) [T (t) ~Ty(t)] (4.4-11)

Similarly, the elements of <I>p(to) , in the case of impulsively dispensed clouds,
have inter-relationships among themselves imposed by the relation (4.1-9). Such
inter-relationships were tacitly excluded in the proof, in Section 3.5, that a
principal submatrix of <I>p(to) could not be deleted from the state specification.
When such inter-relationships exist, the deleted elements may be determined by
the elements retained in the state specification, which would exclude the possibility

that ':I)I’)(to) differs from ¢p(to).

(b) The dispenser trajectory assumed to be unknown,

Let us now consider the situation where the dispenser trajectory i)'d( t) is
not known, Equation (4.4-2) still constitutes a valid input-output state relation for
the object, since none of the quantities in (4.4-2) depend on the dispenser trajectory.
(It has been shown that F q(ti’ tj) is independent of the reference trajectory.) How-
ever, (4.4-1) cannot be considered to specify the output function 77 q(' t) in terms of
the state ﬁq(to), which immediately rules out (4.4-1) as an input-output-state
relation,

This difficulty can be overcome by including the dynamic state vector,
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T)'d(to) , of the dispenser in the specification of the state of the object at time t,.
Then, since Ed( t) is determined by Py(ty),» Eq. (4.4-1) again yields an input-
output-state relation. To make this explicit, let us use the relation

Ty(t) = MBy(t) = M{Balt) + Fpit, to) [Fylty) - Pulty)]  (4.4-12)
where Pt ) is an arbitrary reference trajectory. Substituting this expression
into (4.4-1) gives
Tig(t) = Tlt) + MEL(E, t0) (Bylto) -Buto) 1+ Flt t) [yfto) ~Talto)] (4.4-13)

which relates the output function ﬁq( L) to the state variables in py(t,) and 'r—]q(to),
The number of these state variables is nine.

The system, as represented by the input-output-state relations (4.4-13)
and (4.4-2) cannot be in reduced form. This is evident from the fact that it is
possible to use the input-output-state relation {3 4- 1 ), which applies to impulsively
dispensed clouds, in place of (4.4-13), The former equation requires that the state
specification include ﬁp(to) , which contains six elemenis, while the latter equation
involves nine state variables. Thus, in ihe case of an impulsively dispensed cloud
with unknown dispenser trajectory, the elements of "f)'p(to) and CIDq(to) should bhe
used as the state variables of the object, with the inpui-output-state relations
given by (3.3-14) and (4.4-2).

With this representation, the sysiem is in reduced form. That is, no two
states of the system are equivalent. It has already been pointed out that
<I>q(to) # ¢I>£1(to) implies that the output functions corresponding to the states are

not equal, at least at time t,. Also, with the dispenser trajectory considered to
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be unknown, the elements of ﬁp(to) are independent (Eq. (4.4-11) no longer defines
a function relating 7,,(t,) to 'ﬁq(to)) »and the proof, in Section 3.5, that
ﬁp(to) fﬁr" (t,) implies that the output functions corresponding to the states are not
equal, applies.

For a direct proof that the system, as represented by (4.4-13) and (4.4-2),
is not in reduced form, it is shown that the system has equivalent states. In
particular, it is shown that two states py(t,), ﬁq(to), Qq(to) and Pglty) ﬁq(to),

<I>'q(to) are equivalent if

@Q(to) =& é(to) (4.4-14)
g (to) = T3to) (4.4-15)
MFp(td, t) Palto) = MFp(td, to) 5e(to) (4.4-106)
The last equation states that
Gylty = Qulty) 5 (4.4-17)

that is: that the trajectories f)'d(t) and Pg( t) corresponding to the dynamic state
ﬁd(to) and ﬁe(’co) , coincide at the dispensing instant. The trajectories which pass
through the point Hd(td) at time ty are infinite in number, and our assertion states
that the dynamic state vector, Pg(tp), corresponding to any of these trajectories,
when incorporated into a state specification, gives rise to the same output functions
T')'q(t), i3 q(t ), as does the dynamic state vector Py(t,) of the dispenser at time t,.
To prove this assertion, let the output function "?;'q(t) be given by (4.4-13)

and define ﬁé(t) by

Tig(t) = D(t) + MFp(t, to) [Pe(to) ~Palto) I+ Fylt, to) [Ty (to) - T (ko)
(4.4-18)
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Obviously, the input-output-relation (4.4-2) need not be considered in the present
discussion, Subtracting (4.4-18) from (4.4-13) gives

(8 Tigt) = Mt to) [Bglte)-Tolto) 1+ Fyts to) [Tlte) - Falto)] -

(4.4-19)
Now
MFp(t' to) E_ﬁd‘to) _—Ise(to)] = El-d(t ) _ae(.t) (44-20)
and since trajectory 'ﬁe(t) is such that the equation
— . _ e = T
holds for some W, we have
F(t, to) LT (to) - dyito) ] = Talt) - Ty(t) (4.4-22)

using (4.1-14). Substituting (4.4-20) and (4.4-22) into (4.4-19) gives finally

Tglt) ~Teft) =0  allt (4.4-23)

which proves our assertion,

Thus, all states Py(ty) ﬁq(to), @ (to) for which
Tty = MTpity to) Pelty) = Gyfty) (4.4-24)

are equivalent, which indicates that, in the case where the dispenser trajeciory is
not known, the system as represented by the input-output-state relations (4.4-13)
and (4.4-2) is not in reduced form. But another conclusion can be drawn relevant
to the case where information about the dispenser trajectory is available, If only
the position of the dispenser at the dispensing instant, Ei'd(td) ,» is known, any traject-
ory ﬁe(t) for which (4.4-24) holds can be used in place of py(t) in the input-output-

state relation (4.4-1). That is, any trajectory which coincides with the dispenser
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trajectory at the dispensing instant can be used in place of the dispenser trajectory,
This increases, to some extent, the number of situations in which the minimum
number of state variables can be used to represent the state of an impulsively

dispensed scatterer ensemble.
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CHAPTER V

ESTIMATION OF THE CENTROID AND SECOND CENTRAL MOMENT MATRIX

This chapter discusses the estimation of the centroid, ﬁq( t), and second
central moment matrix, CIDq{ tV, of a scatterer ensemble based on data acquired
by means of a single pulse transmiited by a wide-beam monopulse radar, or by
meuns of an instantaneous scan performed by a narrow-beam radar, Tdealized
radar models are introduced, the forms of the received voltages are discussed,
and estimators of the cloud parameiers of interest are formuiated. Properties
of the estimators are discussed following development of estimators for the

wide-beam monopulse and narrow-beam radars,

5.1 Estimators for a wide-beam monopuise radar

(a) Radar model
; 32 o .

Consider a wide-beam monopulse radar — located ai the origin of a
coordinate system,’. The basis veciors for® are denoied 3" °, m=1,2,3
and are oriented in directions of increasing range, elevation, and traverse,
respectively. Assume that the complex video voliages received in the sum and
difference channels, when a pulse transmitted at t - 0 is reflecied from a point
scatterer, are given by

rm 1,
_ KMot e"w/ r 2r < ct < 2{r+AR)
R gy = i5,1-1)
0 otherwise
for m=1,2,3, corresponding to the sum, elevation difference, and azimuth

difference channels respectively. In {5,1-1}, r is the range to the scatterer,
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o® is its radar cross-section, and ¢ is the phase of the received echo, The
k'™ are radar constants, AR is the radar range resolution, a?=1, and

(M) "'m =2,3 are direction cosines of the position vector of the scatterer,

a
given by

oM = T F m=2,3 (5.1-2)

where @ represents the scatterer position in coordinate system C.

The above is a reasonable model of the performance of an amplitude mono-
pulse radar for point targets located near the a? axis, in the region where the
one way voltage sum beam gain is approximately constant, while the difference
beam gains are approximately linearly related to angular displacement.

For a scatterer which is located near the a‘'?

axis,
((1(2))2+ (a/(3))7- <1 (5.1-3)
so that
ETE(D/I‘ = A/ 1_((1(2))2 _ (0(3))2 g 1 (5.1_4)
With this approximation
T8%ra (5.1-5)
where
— (D (B (DT
a = [Q’ w o ) & ] . (5‘1—6)

(b) Voltages received by the radar

Assume that the scatterer ensemble o/ is contained within the beam. The

complex video voltages received in the sum and difference channels, when a pulse
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is transmitted at t = 0, are then given by
vo' ™ (1) =:41<% K 6, (M g, IV 2 (5.1-7)

where the summation is over scatterers for which

ct/2 - AR < 1 < ct/2 (5.1-8)

If the voltages vo(m)(t) are sampled at the instants t,, n=1,2, ... ,N

corresponding to ranges Ry = ctn/Z, where
R, = Ry -+ nAR n=1,.,.,N (5.1-9)

the voliage samples v_“™ {t ) are given by (5.1-7) with the summation over
n

0
scatierers for which

Rp-;<r;s Ry (5.1-10)

1i is assumed that R, and N are chosen so that the range interval (R, Ryl

contains the scatterer ensemble.

Finally, define the calibrated voltage samples vn(m) by
Vnim) = RnZ Vo(m) (tn)/k(m) - er%;] a,if.n'l) 0; elei/riZ (5. 1_11)

with the summation again over scatterers in the interval (5.1-10).

(c) Definition of the estimators

Forming the vectors

Vn = [Vn(?‘) s Vn(Z) 3 Vn(3)JT n= 1) cee N ’ (5. 1"12)

the estimators of centroid, second moment matrix, and SCM matrix are defined
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respectively by

|>

(Do *
My = Reg Fn ¥ T (5.1-13)
q Sy Dy (D ’
2 Vn " Vn

— - T*
\f; Re% anvn n 114
q = 5y By (D (5.1-19)
& Vn Vn
A A A A
By = YT Ty - (5,1-15)

18, and are related

Estimators of this form were first proposed by Helms
to certain maximum likelihood estimators discussed by Aikenlﬁ, The mt?

A
component of 'r_)q is given by

., tm*
Re% R, vp’v,

A n
M) 1 = 2 gD v (5.1-16)
A
while element (£, m) of \Ifq is given by
(&/) fey B Vn(m)* 5,117
= )] ( P
44 m 53y Dy (OF )

7 'n 'n

These estimators will be shown below to have certain desirable properties.
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5,2 Estimators for a narrow-beam radar

(a) Radar model
Assume that the complex video voltage received by the radar, when a

pulse transmitted at t = 0 is reflected from a point scatterer, is given by

k(re”p/r2 2r = ct < 2(r+AR); (0,9)€A Qi
K (g = (5.2-1)
0 otherwise
where k, ¢, ¥, r, and AR have the same meaning they had in subsection 5. 1a,
The elements of the ordered pair (8,9) are the polar and azimuthal angles of

the scatterer, and AQ'™ is a solid angle, subtended at the radar, corresponding

to beam position m.

(b) Voltages received by the radar

If the scatterer ensemble is observed by the radar, and the received video
voltage is sampled and calibrated as were the voltages in subsection 5, 1b, the

calibrated voltage samples

(m) - Wi

W= RED oy l/rf (5.2-2)
'mn

are obtained, where the ranges Rn are defined by (5.1-9), and the summation is

over scatterers for which (5,1-10) and

(0;, ) € A C (5.2-9)
are true.
Again, it is supposed that R, and N are chosen so that the range interval

(Ro, RN] contains the scatterer ensemble. In addition, assume that the radar



106

scans (instantaneously) over the entire solid angle containing the cloud. The
scan is taken to consist of a set of beam positions correspondingtom=1,2,..

and the corresponding solid angles ASX™ gre assumed to be non-overlapping.

(c) Definition of the estimators
Let us associate, with each calibrated voltage sample Vn( ™M the position

vector @, of some point in the region R,_, <r=< Ry, 6,9 € AQ™ | The

estimators of centroid and second moment matrix are defined respectively by

- *
R
Mg = Ty (¥ (5.2-4)
m,n 1 n
A nzl),n 9mn qr?m vy ™ Vn(m)*
T = (5.2-5)
a 3y oy (M ¥
nn 1 n

Properties of these estimators, and of the estimators which use wide-

beam monopulse radar data will now be discussed.
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5,3 A basic property of the estimators

Each of the estimators (5.1-13), (5.1-14), (5.2-4), and (5.2~5) for the
centroid or second moment matrix is in the form of a quotient, It is asserted
that, in each case, the ratio of the expected value of the numerator to the
expected value of the denominator gives approximately the quantity estimated,
provided that the radar resolution AR (and ASX™ in the narrow-beam case) is
fine compared to the cloud dimensions. This property of the estimators is
verified by substituting the expression for the calibrated voltage samples
(i.e., either (5.1-11) or (5,2-2)) and taking expected values of numerator and
denominator. In taking the expected values, the assumption that the echo phases
Y; are independent random variables, each uniformly distributed in angle, is

essential, This assumption was discussed previously in subsection 2.2(c).

(a) The estimated guantities

The quantities estimated are the centroid ﬁq, the second moment matrix

¥, and SCM matrix <I>q, which can be written

o
Ny = Iaqu) L (5.3-1)
0 - IaaTqu@drq 5.5
.. - jca—ﬁqnz-ﬁq]“"pq@)drq 658

omitting the notation of the dependence on the time, The relationship p q(c‘;) = qu(E;)

has been used, where T is the total radar cross-section of the scatterer ensemble,
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It is shown that the expected values of the denominators of the estimators are
equal approximately to T, while the expected values of the numerators of the
estimators are equal approximately to the corresponding numerator in the

above expressions for the estimated quantities.

(b) Expectation of the denominators of the estimators

First consider the denominators of the estimators (5.1-13) and (5.1-14).

Substituting Vn( D from (5.1-11) and taking the expectation gives

()., (D _ 4 (D (D) @i /2.2
6%7vn v —62;3 Rniiknai oy o e /ri 1)/

_ 4 2/..4 -
=2 Ry & s;°/ i (5.3-4)
since o;'¥=1, all i, and
. 0 i#k
8{e1(¢i-¢k)} - (5.3-5)
1 i=k

for independent, uniformly distributed scatterer echo phases.
Now, assuming that AR << Rn_1 so that for ¢ach scatterer in the interval

(5.1-10), r;/R, ¥ 1, the equation

6% Vn(l) Vn(l)* ot %}E SiZ = 12 SiZ (5.3“6)

is obtained, with the last summation taken over the entire ensemble. But, by the

definition of pq('d),
iEsiZ = [ py(@ d7q =T (5.3-7)

which establishes the desired result.
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Proceeding in a similar manner, substituting vn(m) from (5.2~-2) into the

denominator of (5.2~4) or (5.2-5) and taking the expected value gives

SOV e

(m) ‘
ez, o™ vy eEan 12n'kmn g, 0 ©
—n'Zl:)anfZ) sf/xf (5.3-8)
2Y T sf=2s%=T (5.3-9)
m,n lm’n 1

using the arguments used previously.

(c) Expectation of the numerators of the wide-beam monopulse estimators

Substituting vn( Y and Vn from (5.1-11) and (5.1-12) into the numerator of

(5.1-13) and taking the expectation yields

(N * B () = W19 2.2
E',Reg)an n =E’,Re§Rn1}§knai @, 0; O e [r 1y
= %) R ° E @ s;% /v (5.3-10)
using the definition (5.1-6) and equation (5.3-5).
Now (5.3-10) is equivalent to
(l)— = B 2
eReZn)ann ZR _Z)roz $;%/xp
o
= 2—_\, Z 2 Ir. 5.3"11
n " i %S5/ ( )

with (5.1-5) used to obtain the approximation. The errors in scatterer positions

arising from use of the approximation (5.1~5) are likely to be negligible in
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comparison to cloud dimensions if the scatterers in the ensemble are not
excessively displaced from the 2P axis. The displacements will certainly be
small if the ensemble is contained within the beam of a practical monopulse
radar. Finally, assume that AR is small compared to cloud dimensions, and
that both are much smaller than the range to the cloud. Then, the errors in
scatterer positions arising from use of the approximation Ty 2 R, for
scatterers in the interval (5.1-10) will be negligible in comparison with cloud

dimensions. This approximation gives

Vo * o - L2 _S= o2
8Reg}ann Vi —%)%l)qisi _?’qisi

=[a p@ dT, (5.3-12)
which is the desired result.

Proceeding in a similar manner, substitution of Vn from (5.1-11) and

(5.1-12) into the numerator of (5.1-14) and taking the expectation yields

2 = T% 8 - =T Wiy 2 2
Re?Rn V, Vn -Re%)Rnigl){naiak g o e LBy, Ty

_ ) 2= — 2 6
1

= f"anq(a) dTy (5.3-13)
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which is the desired result. The arguments and approximations used are the

game as those used previously.

(d) Expectation of the numerators of the narrow-beam estimators

Substituting vn‘m) from (5.2-2) into the numerator of (5.2-4) and taking

the expected value gives

€0 T Vv W =gy g R* D o, oy & Pi¥K) /2 2
mon mn 'n n fron i Kmn 1 % /7 7y

= E a R 4 2 S-Z 1‘-4 5.3-14
m,nqrrm LI i/ ( )

Now assuming that AR << Rn’ the approximation

n 9mn

ED T v, vy ¥ D g T s (5.3-15)
m,n m,n imn

is obtained. And finally, assuming that AR and AQYY are small compared to
cloud dimensicns,the errors in scatterer positions involved in the approximation
-~

Q; = Qpyp for all scatterers in the volume eélement corresponding to amn’ will be

negligible compared to cloud dimensions. The use of this approximation yields

- * N - 2
e y (M, M 25 7 Fos
1o, n % Vn n mon i i 8

=3 Gy’ = [T py(@dry (5.3-16)

which was to be obtained.
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Proceeding similarly with the numerator of (5,2-5) gives

7 7w Ty@m, m*_ . T L Rg4 2/p.4 -
6%\”11 9n %mn Yn Vn -mz,n 9mn 9mn B i?nnsl [r (5.3-17)
» - = o = =Tgq2
=Y q..qI 2 s2ED . G s
I F I I v

= 12 4G s = [3T" py(Ddrg (5.3-18)

which was the desired result.

This completes the verification of the property of the estimators which is

under discussion,
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5.4 Asymptotic bias of the estimators

In the previous section, it was shown that the ratio of the expected values
of the numerator and denominator of each of the estimators (5.1-13),(5.1-14),(5.2-4),
and (5, 2-5) give approximately the quantity estimated, provided that the resolution
of the radar is fine compared to cloud dimensions. In the present section, it is
shown that as the radar resolution becomes arbitrarily fine, the bias of each
estimator approaches zero. It is sufficient to show that the variance of the
denominator of each estimator approaches zero, since then the expectation of
the estimator is equal to the ratio of the expectations of the numerator and
denominator.

First consider the denominators of the estimators (5.1-13) and (5.1-14).
Denoting by

*
w, = vn(l) vn(l) (5.4-1)

h

the power or intensity corresponding to the nt! sum channel calibrated voltage

sample, the variance of the denominators is given by

var L u, =2 varu,_ . 5.4-2

7 n n n ( )
But the random variables u,, are exponentially distributed22 , SO

var 2 =2 &t 5.4~3

Ly =2 {u,} ( )

Now, from (5.3-4) and (5.3-6), €{u,} is given exactly by

e {u}= % Rn‘*ii) si®/r;* (5.4-4)



114

and approximately by

ef{yl}® 2sf (5.4-5)
In

the approximation in (5,4-5) becoming exact as AR -~ 0, From (5.4-4) it is
evident that € { un} -0 as AR- 0, since pq(T:;) is finite everywhere. (This would
not be true if pq(ﬁ) were permitted to contain impulses.)

For a given AR,

var%) u, se{uﬂ}max? e {u,} (5.4-6)

where € {u,} is the maximum value for all n. Using (5.4-5)

max

%) efu} =T (5.4-T)

the approximation becoming exact as AR~ 0, Thus, since 8{un}max -0 in
(5.4-6) as AR- 0, the assertion that var En u,~ 0 is proved.

The corresponding proof for the denominators of the estimators (5.2-4)
and (5.2-5) is almost identical to the preceding and will be omitted. The only
difference is that the summations over the index n are replaced by double
summations over indices m and n. Note that AQ™ -0 is not a necessary

assumption for the proof, since AR- 0 is enough to ensure that

*
e {vy, My (W Yo = O
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CHAPTER VI

PREDICTION OF CENTROID AND SCM MATRIX

In previous chapters, the scatterer ensemble has been discussed as an
abstract object having as outputs the centroid ﬁq(t) and SCM matrix <I>q(t). Also,
observation of the output variables has been related to the physical problem in
terms of the estimation of the centroid and SCM matrix on the basis of data
acquired by a wide~beam monopulse radar or a narrow-beam radar scan, State
variables have been identified for the abstract object and the state equations
derived.

A A

In this chapter, it is assumed that a set of observations ﬁq(ti), 9 q{ti),
i=1,.,.,N are available. The primary problem considered is the prediction of
'ﬁq(tN+1), <I>q(tN+1). This problem is considered for the case of an impulsively
dispersed cloud as well as for the general case. In discussing the case of an
impulsively dispensed cloud, it is assumed that the dispenser trajectory is unknown,
Estimation of the dispensing time, based on the observations, will be considered.

To demonstrate the application of several main features of the approach to
estimation and prediction presented in this and previous chapters, an example,
using a one dimensional scatterer ensemble is presented, and the results are

discussed.
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6.1 Least sguaresestimation

In the general case, and in the case of impulsively dispensed clouds with
known dispensing time, the prediction of -ﬁq(tN»a‘-l) and @q(tNH) involves the pre-
diction of the state of a time-varying linear system based on perturbed observations
of the system output, The prediction algorithms considered here are based on a
generalized least-squares estimation teclmiqug’ ,3 which is described briefly in this
section, and in greater detail in Appendix A,

Suppose a time-varying linear system obeys the state equation
where X(t) is the state vector for the sysiem and Lit;, Lj) is the state Lransition

matrix, Let the vector of observed output variables be denoted V(1) and system

observation he described by the equation

Fet = Hit) T(t) + (1) (6.1-2)

where H(t) is a matrix and n(t) is a random vector representing observaiion noise,

Given observations 'f(tl-), i=1,.,.,N, form the matrix R according io

Hity_1) Lity_1-ty)

R = ' (6" 1“3)

L H(t) Lity, ty) N
Then the least squares estimate of ?(tN), denoted T{*(tN), is given by

() = (R B R Y (6.1-4)
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where the vector Y is defined by

- ———— " 0

Y= | (6.1-5)

The least squares prediction of E(tNH) is then given by
—% =k
X (tyyy) = Dl t) X () (6.1-6)

The predicted state vector is optimum in the least squares sense, and if the
observation noise vectors n(t;), i=1, ..., N have zero mean, the prediction is

unbiased.
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6.2 Application to prediction for scatterer ensembles

(a) Prediction in the general case

The state variables consist of the elements of Alﬁp(t) and the independent
elements of <I>p(t), and the state equations are given by (3.2-24) and (3.2-31).

Observation is described by

AﬁAq( t)) = M A (1) + Ug(ty) (6.2-1)
3 T
D4(ty) = MO,(t) M+ V(t;) (6.2-2)

where A; %q( t;) and <£q( t;) are the observed values of the cloud centroid and SCM
matrix {i.e., estimated from radar data), M=[I:0], ﬁq(ti) and Vq( t;) are a
random vector and rahdorn matrix representing the observation errors which
include the effects of random scatterer radar cross-section anci echo phase, as
well as the usual sources of noise.

The technique described in the previous section can be used to form the
least squares estimates of Alﬁp(tNﬂ) and <I>p(tN+ 1)» from which the desired pre-

dicted quantities can be obtained. These are given by

BTy (tygy) = M AT (b, ) (6.2-3)

* T
Bg (tyy1) = MPy (b)) M (6.2-4)

Note that the state and observation equations for Aﬁ")p(t) and <I>p(t) are not
coupled. Thus, prediction of Al'ﬁq(tN_,_l) and éq(tNH) can be treated separately.
To obtain the least squares prediction for Alﬁq(tN +1) , the algorithm of the previous

< . R - A
section is applied with H(t) = M, L(t;, tj) = Fp(ti, tj), y(t;) = Amq( t;), and

X(t) = Al’r)'p(t). The algorithm yields Alﬁg(tNH) and finally Alﬁ;(tNﬂ) is given
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by (6.2-3).

To obtain the least squares prediction for <I>q(tN +1), it is necessary first
to form a vector, say Ep(t) , from the independent elements of <I>p( t). Then
(3,2-31) yields the state equation

Bolts) = Lp (5, ) Bl (6.2-5)

where the elements of the transition matrix Lp(ti, tj) are given by sums of products
of elements of the dynamic state transition matrix Fp(ti, t].). Similarly, a vector
Eq( t) is formed from the independent elements of the matrix <‘1'>q(t). It can be
assumed that the elements of Eq(t} and 5p(t) are arranged so that

T

5p(t) = [340 - T (6.2-6)

where the vector T(t) represents the elements in Eb'-p( t) which are not in Eq(t).
Then
@ (t)=Me(t) = [I: o]T o.(8 (6.2~7)
q. p- g p

where M' is [21 »6].

The algorithm of the previous section can now be applied with H(t) = M',

A  — - . .

L(t;> tj) = Lp(ti, tj), yity) = ¢q(ti), and ®(t) = q)p(t). The algorithm yields
- , =k, N
¢;(tN+ 1) and @¢(ty,) is given by

Boliner) = M B itye) (6.2-8)

(b) Prediction for impulsively dispensed clouds

We assume that the dispenser trajectory is not known. The state variables

then consist of the elements of A, ﬁp(t) and the indpendent elements of <I>q( t), and
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the state equations are given by (3.2-24) and (4.2-14). Observation is described
by (6.2-1) and

& o) = ot + Vot (6.2-9)
where Vq(ti) is a random matrix, as before.

The prediction of ﬁ'q(tN+ 1) is obtained as in the previous subsection. To
obtain the least squares prediction for @ q(tNJr,l) , consider that {4.2-14) yields’ the
state equation

@ q(ti) = Lft; t) Eq(tj) (6.2-10)
where Eq( t) is the vector of independent elements of @q(t) introduced in the
previous subsection, and the elements of the transition matrix Lq(ti, tj) are given
by sums of products of elements of the matrix Fq(ti, tj).

Now the algorithm of Section 6.1 can be applied with H(t) = I,

L{t;» tj) = Lq(ti, tj), ¥(t) =?5q(ti), and X(t) =:5q( t). The algorithm yields

=%
Pq by 1)
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6.3 Estimation of the dispensing time

Assume that it is known a priori that a cloud is impulsively dispensed, but
the dispensing time is not known, A method is discussed here which uses a set of
measurements :IDq(ti) ,i=1, ..., N to estimate the dispensing time, t3. The
method presented is iterative, and the estimate tg obtained is optimum in the

least squares sense.

(1)

d be an estimate of the dispensing

To define the optimum estimate, let t
time, and let CI>q(k) (ty) be the least squares estimate of @q(tN) obtained by using the technique

ty k) used as the dispensing time. Let

outlined in the previous sections, with
éq(k) (t;) be defined as

&, ® ) = Fq<k> (t;» tyy) cpq(k) (ty) T Tty ta) (6.3-1)

where F (k) (tp ty) is given by (4.1-13) with tg = (k) . Let 'Eb'q(t) be defined as

above, with obvious interpretations for Eq(ti) and Eq('k) (t;), and define

el = Z (3 (t;) - 3™ 17 (3 ;) - 3% ;)] (6.3-2)
q q

which is the sum of the squared residuals. The value of td(-k) which minimizes e"k)

is the optimum estimate, tg*, of the dispensing time,

Obviously e®  is a function of td(k) , and it is possible to minimize o by

(l{)
finding a value of td(k’ for which —-ng- vanishes., One iterative numerical tech~

d d e(k) dZ e(. k)
o and (kyz
dt gt <) dtg'

nique uses approximate values of computed as follows.

Expanding e t® + 1) in Taylor's series

k)
ol (1 4 py = oy, e

1 @ P
(0 t5 TRT| ... (6.3-3)
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where h is a time increment small in comparison to the desired precision in the

estimate t’& . Also

d e k)
di'k

1 @2 e(k)
b=
(o 2 g2

e(k) (t(k)_ h) = e(k) (t(k)) - hZ T ... (6.3-4)

t k

Adding and subtracting yields

@2 oo Il I S e I P ol )

~ > (6.3-5)
dt(k)z t(k) h

det o o0 (04 ) — o0 (I 1y 6 3-6
qido ~ 2h (6.3-6)

34
The iterative technique, based on the Newton-Raphson method , chooses

fk+D 44

td(k+1) = ték) - {de(k) /dt(k) }It(k)
2,k 7q 1k 2y
{d% /at }[tu{)

(6.3-7)

Iteration proceeds until the desired precision in the estimate ttl is obtained. An
initial estimate of tgy can be obtained, for example, by fitting a low-order poly-
nomial (by least squares) to the set of data points corresponding to the largest
eigenvalues of éq (t)), i=1,..., N and choosing for té‘” the intercept of the
polynomial with the tq axis, This is justified by the observation that at t = tg, the

eigenvalues of <I>q(t) are zero,
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6.4 One dimensional example

To illustrate the application of the analyses presented in the thesis, an
example which involves a computer simulation of a scatterer ensemble is
discussed, TFor simplicity, the simulated scatterer ensemble is one-dimensional.
An impulsively dispensed cloud is simulated, but prediction algorithms for
general clouds as well as those for impulsively dispensed clouds are applied.

The estimation of the dispensing time, and the effect of the use, in obtaining pre-
dictions. of an incorrect dispensing time are illustrated.

{a) Radar and target models in the simulation

Let us assume dynamics given by
alt) = alte) + ulto)lt-t, - ¥a [t-t,1° (6.4-1)

where a is a constant, and simulate an impulsively dispensed cloud whose

density function in dispensing velocity space is given by

1
2 Vmax IWl * Vmax
f‘v (_W) = . (6.4-2)
0 lw| > Wiax

Then, using a reference trajectory p.(t), the dynamics (6.4-1) can be represented

by (3.1-5) with

Glt, t,) = (6.4-3)
0 1

(See the example involving (3.1-7) - (3.1-14).)

Equations (3.1-24), (4.1-6), and (4.1-13) imply
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1 ti-tj
Fpftp t) = (6.4-4)
' 0 1
FS(tytd) =t~ tq (6.4-5)
Foltis t) = (- ta)/(t-tg) (6.4-6)
while (4.3-1) and (4.3-2) yield
2 Wnaxl -t la-aglt)| s w maxlt~tal
fylat) = (6.4-17)

for the density in position space.

The radar is located at g = 0, transmits pulses at the instants t;+iAt,
i=1,2,..., and uses the (calibrated) received voltage samples to form the

estimates

4 = S (R (6.4-8)

A
% [Rn-nq(t)]z V;

A
¢, = = (6.4-9)
n n

(The formulation in Section 5.1 can be considered to apply here, with

A A A

the identifications ﬁq = ('nq)1 » By = (P , and v, = vn(D , the symbol on the

q)l, 1
right being the one used in Section 5.1.) The voltages are given, in terms of the

scatterer parameters by

v, = R} :E, o5 ewi/riz (6.4-10)
n
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with the summation over scatterers for which R, _ < rj < R;.

In the simulation, the random variables vﬁ are generated using Monte-
Carlo techniques. The random variable V; is exponentially distribu’ced,z2 with

expectation

e iVnz} =g {RI‘: 12 k_n 0; Ok ej('\bi—!pk)/riZ rkz }
n’

_ 4 2/ .4
_RniZ)si/ri
n

4 ?Rn i:q(q’t)
= Ry qu (6.4-11)
Rn—1

with fd(q,t) in (6.4-11) given by (6.4-T).

(b) Estimation and prediction results

In the simulation, a set of numbers { Vnz} is generated corresponding to
each instant of observation, t; . Each number vn2 is drawn from an exponential
distribution with the mean given by (6.4-11), Estimates %q and éq are formed
from each set { vn?‘} according to (6.4-8) and (6.4-9). Finally, using estimates
ﬁq(ti) ) Cfiq(ti), i=1, ..., N the algorithms discussed above are used to predict
"q(tN+-1)’ <I>q(tN+1) . The convergence of the predictions ng (tp1) and flla (tN+1)
to the correct values, with increasing N, is then studied. The values a = 10,
tg= 0, a4ty =2x10°, uglty = 3x10%, t;=200, At=3, w, =100, and

AR = 100 are used in the simulation,

The normalized estimation (i.e,, observation) errors ey (t;), g (t;)

defined by
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ep (t;) = qu(ti) ()12 W oy [t -t (6.4-12)
A
eg(ty) = L& (1) - By (ty) ]/ Dy (ts) (6.4-13)

where, from (6.4-7)

Nglt) = ag(t) (6.4-14)
@q(t) = 4 we o [t-tq1%/12 (6.4-15)

are plotted in Figures 1 and 2. Also shown in the figures are the prediction

residuals rn(tN+1) and 14 (tp 1) defined by
* .
Ty Coner 1) = [0 () ~ Mg (b 1) /2 W sy Lagg ~ tal (6.4~16)

T (tyyy) = [‘I’: (tagr1) = Bl 1)/ g tns1) (6.4-1T}

* * . g
where Ny (tN+1) and qu (tN +1) are the least squares predictions, based on the
A A
observations 7 q( ty), <I>q( t}), i=1, ..., N, obtained using the previously

discussed methods.

Predictions for n O1( tns1) are obtained using the general formulaiion
only, since it is not assumed that the dispenser trajectory is known, while
predictions for <I>q(tN +1) are obtained with the general formulation and the
formulation for impulsively dispensed clouds. Convergence (with increasing N)
of the prediction redduals, relative to the observation errors, is evident in all
cases. In the prediction of <I>q(tN +1)» use of the formulation for impulsively

dispensed clouds leads to markedly more rapid convergence,



ERRORS AND RESIDUALS (%)

|
N
1

|
W
-
TN e - - ——— —

|
H
!

3

e, (t.)

- === Tpltyyy)

ﬁ}f‘ } .f‘JlA A At

glini

:*MﬂM«
1K

200

300 400
TIME

Figure 1. Centroid observation errors, e, (t;), and prediction residuals, r_(ty , 4 ).

500

L2




ERRORS AND RESIDUALS (%)

Eq) ‘ti)

|5 u - - — rq,(tNH),QEn

......... rq)(tN+1 ), i.d.

o
T

()]

o

200 300 400 500
TIME

Figure 2. SCM observation errors, e (t;), and prediction residuals, rg (ty , 1), using general
formulation {gen) and impulsively dispensed formulation (i.d.).

8¢1



129

(c) Effect of using incorrect dispensing time; estimation of dispensing

time.

Use of an incorrect value of the dispensing time, ty, in computing the
matrix Fq(ti, tj) in the state equation (4.2-14) can lead to bias in the prediction
of <I>q(tN+,l) . To qualitatively illustrate this effect, the prediction algorithm
{corresponding to the formulation for impulsively dispensed clouds) used in the
example to obtain @; (tN+1) is reapplied, this time using incorrect values for

the dispensing time,

The correct value of the dispensing time is tg = 0. In Figure 3,
normalized prediction residuals are shown which result when the corre«t value
for dispensing time is used in applying the prediction algorithm (this curve alsn
appears in Figure 2), and when the incorrect values tj = +25 and tg = ~25 are
used in applying the prediction algorithm. Note that the use of lq=+ 26 leads to
a positive bias in the predictions, while the use of tq= -25 leads to a negalive bias

in the predictions.

When the prediction is based on a system model which includes a value of
the dispensing time which is smaller than (i.e., previous to) the actual dispensing
time, the cloud appears (based on the observations CIl;(ti), i=1, .., Njtobe
growing more slowly than it actually is. (It has had more time to attain its
observed size.) Thus, the predicted cloud size will tend to be smaller than the
actual cloud size. That is, the prediction will be negatively biased. Similarly,
use in the system model of a dispensing time which is larger than (i.e., afier}
the actual dispensing time, leads to a faster apparent cloud growth, and conse-

quently a positive bias in the prediction.
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Since use of the incorrect dispensing time leads to bias in the prediction
of <I>q(tN+1) , the accuracy with which the dispensing time can be estimated from
the observations (i.e., assuming that it is not known a priori) is of importance,
The use of observations to estimate the dispensing time is illustrated with the
simulated observations of the example, The observations ng( t),i=1,...,N

*

yield an optimum estimate t d of the dispensing time, obtained as discussed in

Section 6,3. As N increases and the data base expands, the accuracy of the
estimate tg is expected to increase. In Figure 4, the estimate of dispensing time
is plotted as a function of ty, the time of the last observation used in obtaining the
estimate,

Tnitially, the errors in the estimated dispensing time, which result from
the errors in the observations, are substantial, However, as the data base expands,
the estimates quickly converge to the correct value of the dispensing time fwhich is
zeroy. TFor each value of N, the initial estimate t((io) was obtained by fitting a linear
csurve to the two points defined by {t:, A/&_Dg(a_)) and (tN, m) and finding the

intercept on the time axis, The iteration converged to within a small fraction of a

second within three iterations in all cases.
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CHAPTER 7

CONCLUSIONS

In this final chapter, a summary of the contributions of the research
reported in this thesis is presented. In addition, some suggestions are made for
possible extensions of the present work, and other related efforts which might be

pursued in future research,

7.1 Contributions of the research

A new approach has been presented for the radar tracking of a dense
ensemble of dynamically independent scatterers. The essence of the approach
consists of an observation - prediction - observation schema, in which the
quantities predicted are certain aggregate properties of the ensemble. These
aggregate properties are defined by formulating a precise mathematical model
of the scatterer ensemble. This model makes use of a dense set of points to
represent the scatterers in dynamic state space, and a density function, pp(f)' 9,
to represent the distribution, in dynamic state space, of scatterer radar cross-
section at time t. Projections of the density pp(ﬁ ,{) on lower dimensional sub-
spaces of dynamic state space are introduced, as well as moments of pp(ﬁ' ,t)
and its projections, The first moments and second central moments of the
projection of pp(f)" ,t) on the position subspace, referred to as the centroid and

second central moment (SCM) matrix, are the predicted aggregate properties

of the ensemble.



134

In order to make the scatterer ensemble model as general as possible,
the scatterer radar cross-sections and the phases of the received scatterer
echoes are considered to be random variables. Prediction of the centroid and
SCM matrix requires definition of the density function pp(p_ ,t} in terms of the
expected values of the scatterer radar cross-section, and the introduction of the

stationarity assumption. The discovery of the tracking approach, formulation

of 2 model of the scatterer ensemble which permits the theoretical realization of

this approach, and the thorough examination of the applicahility of the model to

actual physical situations, constitute a major contribution of this research.
Another major contribution of the research is the formulation and analysis

of the prediction problem for the case of an arbitrary scatterer ensemble, and

for the special case of an impulsively dispensed scatterer ensemble. Time
transformation of the density pp(f)" ,t) and of its first moments and second central
moments are derived, and it is shown that the time transformation of the moments
are unique provided that the point-mass dynamics are linear, or linearized about
a reference trajectory. The notion of state for the scatterer ensemble is then
introduced in a precise manner by the association of an abstract oriented object
with the scatterer ensemble, whose output terminal variables are the elements of
the centroid and SCM matrix. Input-output-state relations are derived for the
abstract object and shown to have the response separation property, establishing
the first moments and second central moments of pp(p' ,t) as the state variables.
By these means, prediction of the centroid and SCM matrix of the scatterer

ensemble is reduced to the problem of predicting the state of a time-varying
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linear system, based on noisy observations of the system output. Some results
concerning reduction of the order of the system representation are derived,

In the case of impulsively dispensed scatterer ensembles, it is found that
the order of the system representation can be reduced significantly, relative to
the order of the system in the general case. This reduction is seen to result
from the singularity of the density pp(p— ,t). It is shown that, if the dispenser
trajectory is known, the elements of the centroid and SCM matrix themselves
suffice for the state representation. On the other hand, if the dispenser trajectory
is unknown, the centroid is replaced by the first moments of pp(ﬁ »t) in the state
representation., In addition, it is shown, based on an argument establishing the
equivalence of states, that knowledge of the dispenser position at the instant of
dispensing is sufficient to allow use of the minimum order state representation.

Additional results of the research include a characterization of impulsively
dispensed scatterer ensembles in the space of scatterer dispensing velocities, and
derivation of the relationship between properties of the ensemble in dispensing
velocity space and corresponding properties in the position subspace at an instant
after dispensing. A method for the estimation of the dispensing time of an impul-
sively dispensed scatterer ensemble, on the basis of the observed values of the
SCM matrix, is obtained. Observation of the scatterer ensemble by a wide-beam
monopulse radar and by a narrow-beam radar scan is examined in detail, New
results concerning the bias of estimators of the centroid and SCM matrix are

presented.
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7.2 Suggested extensions and related work

The theoretical foundations of the adopted approach for the radar tracking
of dense scatterer ensembles are discussed comprehensively in this thesis, The
research does, however, pose several questions which are of interest primarily
with regard to the possibility of obtaining improved tracking performance, of
coping with the non-ideal performance of actual radar systems, as opposed to the
idealized performance assumed in this research, and of compensating for the

effects of model deviations from the physical world.

(a) Effects of non-linear dynamics

Linearization of the point mass dynamiecs, relative to a reference trajectory,
is an essential element in the formulation of the state representation for the
scatterer ensemble. Deviation of the point-mass dynamics from linearity, in the
physical world, gives rise to system modelling errors which can cause eventual
divergence in the prediction algorithms. A somewhat similar problem arises in
point target tracking, when linearized dynamics are used in the system model.
However, the effects of dynamic non-linearity may be more serious in the case
of scatterer ensemble tracking than in the case of point target tracking, since
linearization plays a more fundamental role in the formulation of the system
model in the former case than in the latter. This is clear from the fact that, in
the case of ensemble tracking, the linearity assumption is necessary for the
state of the scatterer ensemble to be defined at all, while in point target tracking,

linearization merely serves to simplify the form of the state equations.
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Possible methods of diminishing the modelling errors, such as relineari-
zation and iterative differential correction, should be studied in the context of
the scatterer ensemble tracking problem. The nature of the effect of the model-
ling errors on the performance of the prediction algorithms is of interest. Modi~
fication of the prediction algorithms, for control of divergence, is also an area
for future study. Modifications which might be investigated include, for example,

the introduction of input noise to the system model, and the use of fading memory.

(b) Radar model refinements

The radar models introduced in Chapter 5 were obviously idealized. The
non-ideal performance of real radar systems will affect the quality of the
estimates of the centroid and SCM matrix which are obtained on the basis of data
acquired at an observation instant. As an example, the variation of the sum~beam
pattern will introduce bias in the estimates obtained by a monopulse radar with
the estimators discussed in Chapter 5. The magnitude of this bias, and the
possibility of its reduction through modification of the estimators, is of interest.
In addition, the effect of radar noise on the bias of the estimators requires further

investigation.

(c) Definition of beam-width or scan pattern requirements

The beam-width necessary for a wide~-beam monopulse observation, or the
scan pattern necessary for a narrow-beam observation are determined on the
basis of the predicted SCM matrix. However, several other factors, such as

uncertainty in the predicted centroid and SCM matrix, reduction of estimate bias,
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increase in antenna gain (wide-beam observation) or decrease in the number of
pulse transmissions (narrow-beam case), must enter into the considerations.
Definition of the various tradeoffs, leading to some optimum schema for the
beam-width or scan pattern determination is of practical importance. In this
context, the study of cloud bounding policies, referred to in the introduction, is

likely to be useful.

(d) Second-order statistics of the estimators

In Chapter 5, we have discussed the first order statistics of the estimators
of the centroid and SCM matrix. There are certain benefits to be derived from
study of the second order statistics of these estimators. One object of such a
study would be the derivation of the covariance matrix of the estimated parameters,
initially in terms of the basic properties of the scatterer ensemble (i.e., the
density function in the position subspace), and ultimately in terms of observable
scatterer ensemble properties, such as the centroid, SCM matrix (and possibly
higher moments), and the signal to noise ratio. Such relations would be useful, for
example, in the determination of the required observation rate to achieve a
desired prediction accuracy. Also, availability of the second order statistics in
this form makes possible, without recourse to examination of the residuals, the
use of prediction algorithms satisfying the minimum variance criterion, which is
often somewhat preferable to least squares prediction.

Other second order statistics of interest are the time correlations of the
estimates. Specifically, the time interval within which the estimates become

uncorrelated indicates the rate at which observation at a particular radar wavelength
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yields independent estimates. Since observation at a higher rate is wasteful of

radar resources, these correlation times are of practical importance.
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APPENDIX: GENERALIZED LEAST SQUARES ESTIMATION

This appendix discusses the generalized least squares algorithm stated
and applied in Chapter 6. The least squares criterion is stated in terms of the
description of a general time-varying linear system. Then the estimation
algorithm presented in Chapter 6 is derived and discussed. In addition, two
recursive forms of the least squares algorithm are obtained. Finally,
extensions to weighted least squares and unbiased minimum variance estimation
are discussed. Further discussion of these subjects can be found in various
6,8,9

references

(a) The least squares criterion

Consider a system described by the state equation
K= L + X (A-1)

where X, = X(t;) is the state vector, and Li,j = L(t;, tj) is the transition matrix.
Observation is described by

where 7; = ¥(t;) is the vector of observed variables, H; = H(t;) is the obser-
vation matrix, and Ti; = i(t;) is a random error term.

Assume that observations 37'1 ,i=1,...,N are available, and that the
state 3<‘N is to be estimated. Denote the least squares estimate of i'N, based
on the observations ¥, i=1, ..., N, by 7{-)1(\-1,N' In terms of this estimate, the
observation residuals are defined to be y; - H; Li,N—x-)IS,N yi=1,...,N. The

least squares estimate, ¥ , minimizes, by definition, the cost criterion

*
N,N
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o
i
™=z

1 Fi-H L N Xﬁ N) B L N XN N) (A-3)

To simplify the expression for the cost criterion, the quantities

o8N
HN-1 IN-1, N
Ry = ) (a-4)
| B LN ]
N
Y= |-l (A-5)
Y1

are introduced. In terms of these quantities,

o= [¥y-Ry Ry i) [ ¥y~ By iy ] (4-6)

(b) Solution for least squares estimate

*
It is necessary to find the vector ':?N N which minimizes the cost e

in (A-6). Two methods of solution will be presented. First, consider that (A-6)

is equivalent to the expressionJr

e=[(R 3)2 * - (RTR)'% RTY]T [(RTR)% i-);,N - (RTR)'% RTY]

YT r@TR) Ry + YTy (A-T)

as can be verified by expanding both expressions, It is assumed that the matrix

The subscripts N on matrices R and Y are deleted.
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Ry has full column rank, so that RE Ry is positive definite, and the matrix
T . 2 T 3.2_oT : : .
(R Ry)®» such that [ (Ry Ry)°] = Ry RN exists and is non-singular.
Of the terms in (A-7), only the first depends on XN N’ Since this term

must be non-negative, the minimum value of e will be obtained if the first term

vanishes. That is, if

T ¥ T
(Ry RN)2 XN, N (R N By = R Yy =0 . (A-8)
This requires that
% _ T T )
NN (RN RN) RN YN (A-9)

which defines the least squares estimate for i‘N based on observations

As a second method of solution for x ,» we differentiate (A-6) with

N,N

respect to the elements of X x Denoting by [—_-x-—’ ] the vector of derivatives
N,N’ ) XN.N

)

of e with respect to elements of Tc-; N We have

T
[a =3 N] 2Ry Ry By - 2 Ry Yy (A-10)

A necessary condition for E§ N to minimize e is that the derivative, given by
(A-10), vanish. This condition yields the least squares estimate (A-9). To show

that this value of XN N does give a minimum, we evaluate the matrix of second

: . . -
derivatives of e with respect to the elements of XN , denoted by [———j

Differentiating (A-10), we obtain
2
i;.—-—] 2RI R_ . (A-11)
3 AN, N NN
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Since this matrix is positive definite, (A-9) gives the minimum value for e,

Thus 32-)1(-\1 N’ defined by (A-9),is indeed the least squares estimate.

(c) Least squares estimate corresponding to an arbitrary instant.

o s s - -
Here it is shown that the least squares estimate XN 1,N of XNl
based on the observations y;, i=1, ..., N, is given by
* _ < _
*Nel, N~ Mnen, N ENON (A-12)

It should be noted that tN+ need not be later than tN in general, nor need it be

1

distinet from the instants ti' i=1,...,N,

By definition, fl(\-lﬂ N minimizes

" T vk

o = [V By T, nd Py By B, ) (4-13)
where YN is given by (A-5) and Ri\I is defined as
— -
I
HN—l I"N—l,N+l
RN = : (A-14)
L E |
. ¥ . :
But, from the previous proofs, Xge1, N 1S given by
¥ _ T gt ye1 ' T _
Ay T By BT By Yy (A-15)

To derive (A-12), note that RN and RI'\I’ given by (A-4) and (A-14), are

related by the expression

R!_ =R

N N LN,N+1 (A-16)
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which, when substituted into (A-15) yields

% T T i T T
X1, N = e B B Baved By, w1 By I

T _,T
-1 =1 1 1 T T
=Ly w1 B By Dioel I, wel By Yn

T -1_T
=1L (RNRN) RNY

N+1,N N

¥

= Ly+1,N*N,N

This completes the proof that 3’{;;“ N’ given by (A-12), is the least squares

estimate of §N+l’ based on the observations y;, i=1, ..., N.

(d) Bayes recursive algorithm

Itl is desirable to be able to form the least squares estimate i-)l\enl N1
when a new observation vector ?N+ 1 becomes available, in terms of the pre-
viously obtained estimate % N and the new observation vector. This and the
next section discuss recursive algorithms which permit estimation in this
manner,

Assuming that the observation vectors ‘371, i=1,..,,N+l are available,

form the quantities

-
[ Pea
He Iy, i Hye

R = |eememiiillo I P (A-17)

N+1
RN I"N,N+1

LM M e
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YN+1 INe 1
Y =" = "o (A-18)

N+1 _—:_ YN

Yy
Then the least squares estimate ';?* is given b
a N+1,NrL B8 y
* _ T -1 T ‘. -

XD, Nl - Bl Bel) Bt Yol (A-19)

To derive a recursive formulation, substitute the rightmost expressions of (A-17)

and (A-18) into (A-19). This yields

% T T T a2, T T T
Morl Nel = e Bt Eyowes B B I e Vven ™ I e By Y0
(A-20)
Denoting
T T T -1
Prrt = Fpe B * Byower By B T, et (A-21)

and adding and subtracting HT within the second brackets in

H o
N+1 “N+#1 “N+1,N
(A-20) gives

¥ T T T %

X1, Ne1 - P et By It Bt B ¥, N

T _ T _*
T HG T Pt B R, w0

T T T %
=Par1 Bt Byer ¥ Iy e B B Uy, e el N
T - %
* Pt Bt s ™ Bpeer By, ) (A-22)

In obtaining (A~22), the relations (A-9) and (A-12) have been used. Finally,
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(A-21) implies that

¥ * T ¥

e, N+ = S, Nt T (A-23)

Nl Bnel Ot ™ B iFer, N

which is the desired recursive formula,

Recursive computation of the matrix P 1 defined by (A-21) is possible.

N+
In obtaining (A-20), it was seen that
T r )y'=p A-24
Ber Bt = Prar (4-29)

Then, changing indices and substituting into (A-21) gives

T T plg )y (A-25)

Pt = s Baeer * Ioer B U, e

N+1

To initialize the above recursive least squares algorithm, we must find an

index N for which RN has full column rank. Then RITI RN is positive definite, and

PN and PN+ | can be computed from (A-24) and (A-25), since the matrix in

parenthesis will be non-singular in each case. Note that once P,_ is positive

N

definite for some N, it will be positive definite for all higher indices, since RN

will have full column rank. An initial estimate of i-)lil N

Subsequently, (A-12), (A-23), and (A-25) are used recursively to obtain the

is computed with (A-9).

estimates.

(e) Kalman recursive algorithm

Note that (A-25) requires two matrix inversions for computation, and that
the inverted matrices have the order equal to the number of state variables. A
recursive algorithm which requires only a single matrix inversion is obtained by

applying the matrix inversion lemma to (A-25). This gives us the expression
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1
P =M.  -M. H. (H T

N1 Nr1” Mt Pl M (4-26)

N1 Ve e 9 By Mg

where, for brevity, we denote

T
Mper = Ener,w P EBwen, N (4-27)
T
(A- , ; . .
In {A-26), the order of the matrix (HN+l MNi-l HN w1t I) is the same as the number

of observed variables. The number of observed variables may be substantially
less than the number of state variables, which is an additional advantage of the
present formulation over that discussed previously.

The reduction of the number of inverted matrices from two to one, and the
decrease in the order of the matrices results in computational savings. It cannot
be assumed, however, that the computation (A-26) will be less sensitive than
the computation (A-25) to errors due to the limitations on the precision of the
computing machine, since the subtraction in (A-26) leads to a loss in numerical

accuracy.

() Some properties of the least squares estimate

If the random error terms 1, i= 1, ...,N in (A-2) have zero means,
the estimate '}'c'); N defined by (A-9) is unbiased. To show this, define
M5
N
"1
so that relation (A-2) fori=1, ..., N can be expressed as
Y =R _X _+E_ ., (A-29)

N NN N



148

Substituting this expression for Y . into (A-9) and taking the expectation yields

N

g% 3= (RY RYTRY (R §{T )+ (L)) = 6{X} =% (A-30)

since & EN} =0 by hypothesis. Thus, the estimate is unbiased.
The second order statistics of the least squares estimate '}'2; N o be

expressed in terms of the second order statistics of the random error terms 1,

i=1,...,N, as follows. Denote by
V. =8&{E ET} (A-31)
N NN .
the co variance matrix of the random errors ﬁi’ i=1,...,N, and by
X% T — T
SN— s{xN,N XN,N}—XNXN (A-32) .

the covariance matrix of the state estimate. Then, using (A-9) and (A-29), we

obtain

T T, - T
XX

s = (X +BLR) REE (R 4ER-R) R-E ]V I-
N Nt By By By En LRyt By Ry Ry N XN

T -1_T T T -1
= §{ BBy BBy EyByByRY) }
- T T -! T -1.T_ _T
+ S{XNENRN(RNRN) T+ 8{(RNRN) R ENxN} (A-33)
T _  -1_T T _ .~
=Ry By Ry Vy Ry (R By (A-34)

The second two terms in (A-33) vanish, since S{EN} =0 by hypothesis. Equa-

tion (A-34) relates the covariance matrix, SN, of the state estimate to the

covariance matrix, V. ., of the observation errors.

N
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{g) Weighted least squares estimate

Some of the observations ¥;, i=1, ..., N may be considered to be more
reliable than others. Instead of minimizing the cost criterion (A-6), the more

general cost criterion

¥

B & T o )
e=[Y RNXN,N] QN[YN RNXN\N] (A-35)

N
cin be employed, where QN is a positive definite weighting matrix, which weighs

more heavily the residuals corresponding to the more reliable observations. The

vector E* which minimizes (A-35) is defined as the weighted least squares

N.N

estimate of XN .

The methods of section (b) above used to minimize (A-6) can be used
here to minimize (A-35), yielding

—*

T -1_T
oo By OBy By Oy Yy (A-36)

for the weighted least squares estimate . It is easily shown that (A-12) holds
for the weighted least squares estimates, and that the estimates are unbiased.

The estimate covariance matrix S,. is now found to be given by

N

T -1_T T -1
Sy = By ARy By UV Bn Bn OBy - (A-37)

The algorithm for weighted least squares estimation can be recursively
formulated, using the methods used previously for recursive formulation of
the least squares estimation algorithm. The weighted least squares estimate

is found to be given by
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* * T — *
el w1 = e, N T e e Qe 0O ™ s Xer, N (A-38)
where PN+1 is given, in terms of PN, by
= ,T T -1 -1 _
Part ™ P Qey B ¥ Uy e B T e ) (A-39)

in the Bayes formulation. In deriving these equations, it is assumed that the

weighting matrix QN+1 has the form ,
Qe | 0 ]
| | &
s i °
- 1 Q2 S D S -
QN+1 . | (A-40)
' -
3 0 | Quw+1)
- ""} """"
0 | AN+ D
where the square matrices Qg ,» i=1, ..., N+l have, as their order, the number

of observed variables.

As before, the algorithm is initialized at an index value N for which RN

has full column rank, Then, to initialize the algorithm, ?c*

N.N S computed from

(A-36) and PN is given by

-1
N) . (A-41)

T
PN = (RN QNR
The Kalman recursive formulation is obtained from (A-39), with the use

of the inversion lemma, giving

_ _ T T -1 -1 _
Pt ™ Mier " Muee1 e e My 1" Q) By Mgy (8742

where MN+1 is given by (A-27).
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One choice for the weighting matrix QN is the inverse of the covariance

matrix VN of the observation errors, defined by (A-31). If VN is known, and

- 9
QN is set equal to VNI , then it can be shown that the estimate given by

(A-36) is the minimum variance unbiased estimate. That is, the estimate il-);N
will minimize simultaneously each of the diagonal elements of SN’ the state

estimate covariance matrix. The matrix SN, in this case, is given by

-1 T

Sy = By Vy By : (A-43)

as obtained by substituting QN = VI:II into (A-37). If the observation errors are

jointly gaussian, the minimum variance unbiased estimate of XN is also the
maximum likelihood estimate

Since they are algebriacally equivalent to (A-36), the recursive formulat-

ions described by (A-38) together with either (A-39) or (A-42) also yield the

minimum variance unbiased estimate of the state, provided that QN = VI:II . Note
that since QN+1 must be of the form (A-40), the second order statistics of the
observation errors must satisfy §&{ 5 ﬁjT} =0 for T; #ﬁj, in order for the
recursive formulations to yield the minimum variance unbiased estimate. That

is, the observation errors corresponding to two different instants must be

uncorrelated.
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