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I n t r o d u c t  ion

QED i s  c o n s i d e r e d  t o  be  a p i n n a c l e  o f  modern

p h y s i c a l  t h e o r y ,  p r e d i c t i n g  m e a s u r a b le  q u a n t i t i e s

c o r r e c t l y  t o  t h e  o r d e r  o f  more t h a n  one p a r t  p e r  m i l l i o n .

D e s p i t e  t h e  g r e a t  s u c c e s s  o f  QED, t h e  t h e o r y  has  a

l i m i t a t i o n  from a p r a c t i c a l  p o i n t  o f  v i e w .  Most

c a l c u l a t i o n s  a r e  done u s i n g  p e r t u r b a t i o n  t h e o r y ,  t h e  f i n e

s t r u c t u r e  c o n s t a n t  b e i n g  t h e  p e r t u r b a t i o n  p a r a m e t e r .  As

one p r o c e e d s  t o  g o  f u r t h e r  out  in  t h e  p e r t u r b a t i o n  s e r i e s

t h e  number o f  Feynman diagrams grows g e o m e t r i c a l l y .  In

Muoniutn f o r  e x a m p le ,  o v e r  n i n e  h u n d re d  d ia g r a m s*  must b e

e v a l u a t e d  in  o r d e r  t o  c a l c u l a t e  t h e  t h e o r e t i c a l  f i n e

s t r u c t u r e  w i t h i n  t h e  same m argin  o f  e r r o r  a f f o r d e d  b y

e x p e r i m e n t a l  m easurem ents  a v a i l a b l e  t o d a y .  A l th o u g h  t h e r e
2

h a s  b e e n  some p r o g r e s s  f o r  h e l i u m  , t h e  p e r t u r b a t i o n a l  

approach  seems t o  b e  e x c e e d i n g l y  com p lex  when one i s  

i n t e r e s t e d  in  i n c o r p o r a t i n g  QED, i n t o  a t o m ic  s t r u c t u r e  

c a l c u l a t i o n s  f o r  h e a v y  a to m s .  I t  w ou ld  b e  v e r y  c o n v e n i e n t  

i f  s u c h  a s y s t e m  o b e y e d  some 3 o r t  o f  S c h r o d i n g e r  l i k e  wave  

e q u a t i o n ,  a l l  QED e f f e c t s  b e i n g  m a n i f e s t  as c o n f i g u r a t i o n  

s p a c e  p o t e n t i a l s ,  t h e  a d v e n t  o f  u l t r a f a s t  c o m p u t in g  

m achines  p r o v i d i n g ,  p e r h a p s ,  some n u m e r i c a l  s o l u t i o n s  o f  

s u c h  an e q u a t i o n .  T h is  i s  o f  c o u r s e  a n a i v e  h o p e ,  s i n c e  

t h e  c o n c e p t  o f  a p o t e n t i a l  i s  a throw b ack  t o  t h e  

p r e - M a x w e l l i a n  days o f  a c t i o n - a t - a - d i s t a n c e ,  QED 

c o n t a i n i n g  an i n f i n i t e  number o f
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d eg rees  o f  freedom in  t h e  f i e l d  can n ev e r  b e  c a s t  in  t h i s

form* However i t  i s  r e a s o n a b l e  t o  assume t h a t  t h e  g r o s s

s t r u c t u r e  o f  a h e a v y  atom i s  d e te r m in e d  by  some

c o m p l i c a t e d  i n t e r e l e c t r o n i c  p o t e n t i a l ,  t h e  r e s i d u a l  QED

e f f e c t s  b e i n g  a s m a l l  p e r t u r b a t i o n  on t h e  c o n f i g u r a t i o n

s p a c e  wave f u n c t i o n  o f  su ch  an e q u a t i o n .  T h is  i s  t h e

p h i l o s o p h y  t h a t  we s h a l l  t a k e  in  t h i s  t h e s i s .  I t  must be

p o i n t e d  out t h a t  t h e  c e l e b r a t e d  B e th e  -  S a l p e t e r  
3

e q u a t i o n  i s  su ch  a c o n f i g u r a t i o n  s p a c e  e q u a t i o n  f o r  t h e

c a s e  o f  two i n t e r a c t i n g  f e r m i o n s ,  t h e  i n t e r p a r t i c l e

p o t e n t i a l  a r i s i n g  from t h e  surn o f  a l l  l a d d e r  diagrams o f

photon  exch ange  b e tw een  t h e  f e r m i o n s .  However, t h e  B -  S

a l g o r i t h m  f o r  c o n s t r u c t i n g  c o n f i g u r a t i o n  s p a c e  e q u a t i o n s

does not  seem amenable t o  g e n e r a l i z a t i o n  t o  a many ferm ion  
4

s y s t e m  . F urtherm ore ,  an e i g e n v a l u e  e q u a t i o n  would  

a lm o st  b e  i n t r a c t a b l e  s i n c e  in  t h e  B-S fo rm a l i sm  each  

p a r t i c l e  has  i t ' s  own t im e  c o o r d i n a t e .  We s h a l l  t a k e  a

d i f f e r e n t  v i e w p o i n t  f i r s t  a d v o c a te d  by Brown and
6 62  K a v en h a l l  , and g e n e r a l i z e d  by  M.H. M it t lem a n  . These

a u th o rs  o b t a i n e d  one- t im e  c o n f i g u r a t i o n  s p a c e  e q u a t i o n s

f o r  a m u l t i - e l e c t r o n  atom, c o m p a t i b l e  w i th  QED. A lthou gh

t h e  one -  t im e  H a m il to n ia n  f o r m u l a t i o n s  a r e  not  s t r i c t l y

c o v a r i a n t  in  c o n t r a s t  t o  t h e  B e th e  -  S a l p e t e r  e q u a t i o n ,

t h e  p r e s e n c e  o f  a h e a v y  n u c le u s  e s s e n t i a l l y  f i x e s  t h e

r e f e r e n c e  frame f o r  t h e  e n t i r e  atom.

Even in  t h e  c l a s s i c a l  d e s c r i p t i o n ,  t h e  p r i c e  one

must pay b y  r e c a s t i n g  t h e  M axwell  t h e o r y  ( a f i e l d  t h e o r y )
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i n t o  an a p p ro x im a te  a c t i o n - a t - a - d i s t a n c e  th e o ry #  i s  t h e  

i n t r o d u c t i o n  o f  many-body p o t e n t i a l s .  P r im a k o f f  and 

H o l s t e i n ^  were t h e  f i r s t  t o  d e r i v e  t h e  c l a s s i c a l  

t h r e e - p a r t i c l e  p o t e n t i a l  from t h e  M axwell  t h e o r y .  They 

showed t h a t  f o r  an e s s e n t i a l l y  n o n r e l a t i v i s t i c  s y s t e m ,  t h e  

en e rg y  c o n t r i b u t i o n  from t h i s  p o t e n t i a l  i s  q u i t e  s m a l l ,  on
A

t h e  o rd e r  o f  ( v / c )  in  t h e  p a r t i c l e  v e l o c i t i e s .  However,  

in  a h i g h  Z atoms t h e  in n e r  s h e l l  e l e c t r o n s  t r a v e l  at  a 

s i g n i f i c e n t  f r a c t i o n  o f  t h e  s p e e d  o f  l i g h t ,  and t h i s  

e n e r g y  might be  n o n n e g l i g i b l e . In a many-body s y s t e m  t h e  

t h r e e - b o d y  p o t e n t i a l  c o n t r i b u t e s  t o  t h e  t o t a l  e n e r g y ,  in

p r o p o r t i o n  t o  t h e  cUbe o f  t h e  number o f  i n t e r a c t i n g
£

p a r t i c l e s  , w h i l e  t h e  c o n t r i b u t i o n  coming from t h e  two  

p a r t i c l e  p o t e n t i a l s  g o e s  as t h e  s q u a r e .  At a c e r t a i n  v a l u e  

o f  N, t h e  number o f  p a r t i c l e s ,  we might e x p e c t  t h a t  t h e  

t o t a l  t h r e e - p a r t i c l e  e n e r g y  becomes com parab le  t o  t h e  

tw o-body  e n e r g y  o f  t h e  s y s t e m .  The above  s t a t e m e n t  must b e  

q u a l i f i e d  by  n o t i n g  t h a t  t h e  t h r e e - p a r t i c l e  p o t e n t i a l  i s  

o n l y  s i g n i f i c e n t  f o r  t r i p l e t s  o f  p a r t i c l e s ,  two o f  which  

a re  h i g h l y  r e l a t i v i s t i c r  t h e r e f o r e  we would e x p e c t  t h a t  

o n l y  t h e  in n e r  s h e l l  e l e c t r o n s  h a v e  an a p p r e c i a b l e  

c o n t r i b u t i o n  t o  t h i s  e n e r g y .

Recent  m u l t i c o n f i g u r a t i o n a l  D ir a c - H a r t r e e - F o c k
g

s o l u t i o n s  o f  o n e - t i m e  c o n f i g u r a t i o n  s p a c e  e q u a t i o n s  

t h a t  i n c l u d e  t h e  t h e  most s o p h i s t i c a t e d  form f o r  t h e  

i n t e r e l e c t r o n i c  two body p o t e n t i a l s ,  seem t o  c o n s i s t a n t l y  

g i v e  a d i s c r e p a n c y  on t h e  order  e i g h t  e l e c t r o n  v o l t s  fo r



4

t h e  b i n d i n g  e n e r g y  o f  h e a v y  atoms (Z « 8 0 ) ,  when compared t o  

e x p e r i m e n t a l  v a l u e s .  M it t lem a n  ® has  shown th rou g h  an 

o rd e r  o f  m agnitude  c a l c u l a t i o n  t h a t  su ch  an e n e r g y  might  

b e  due t o  t h e  e f f e c t s  o f  t h r e e  body p o t e n t i a l s  which  h a v e  

n e v e r  been  i n c o r p o r a t e d  in  a to m ic  s t r u c t u r e  c a l c u l a t i o n s .

Tt i s  t h e  major g o a l  o f  t h i s  t h e s i s  t o  d e t e r m in e  w h eth er  

t h r e e - b o d y  p o t e n t i a l s  are  im portant  in  t h e  s t r u c t u r e  o f  

h e a v y  a tom s,  and c o n t r i b u t e  t o  t h e  b i n d i n g  e n e r g y ,  v a l u e s  

on t h e  order  o f  m agnitude  q u o t e d  a b o v e .

This  t h e s i s  i s  d i v i d e d  i n t o  two p a r t s .  In p a r t  I we 

d e a l  w ith  t h e  b a s i c  f o r m a l i s m ,  in  p a r t  I I  we c o n c e n t r a t e  

on t h e  c o m p u t a t i o n a l  a s p e c t s  t o  t h e  t h e s i s .  In c h a p t e r  one  

we r e v ie w  t h e  s e m i c l a s s i c a l  d e r i v a t i o n  o f  c o n f i g u r a t i o n
9

s p a c e  p o t e n t i a l s  o b t a i n e d  b y  B r e i t  , and P r im a k o f f  and
7 5H o l s t e i n  . Brown and R a v e n h a l l  p o i n t e d  out  t h a t  t h e

B r e i t  e q u a t i o n  does not  c o n t a i n  p h y s i c a l  s o l u t i o n s .  They

s t r e s s e d  t h e  p o i n t ,  t h a t  an a c c e p t a b l e  m u l t i f e r m i o n

c o n f i g u r a t i o n  s p a c e  e q u a t i o n  must be  c o m p a t i b l e  w i th  p a i r

t h e o r y .  In t h e  s e c o n d  s e c t i o n  o f  t h i s  c h a p t e r  we r e v ie w

t h e  Brown -  R a v e n h a l l  a n a l y s i s .  In c h a p t e r  tw o ,  a
g

c o m p r e h e n s iv e  r e v i e w  o f  t h e  pap ers  by  M it t lem a n  , t h a t  

d e a l  w ith  t h e  c o n s t r u c t i o n  o f  tw o ,  and t h r e e - b o d y  

p o t e n t i a l s ,  i s  g i v e n .  In c h a p t e r  t h r e e  we d e a l  w i t h  some  

a m b i g u i t i e s  a s s o c i a t e d  w i th  t h e  photon  d e c o u p l i n g  

t r a n s f o r m a t i o n  d i s c u s s e d  in  t h e  p r e v i o u s  c h a p t e r .  Some o f  

t h e s e  a m b i g u i t i e s  a re  a r e s u l t  o f  t h e  gauge  d e g r e e  o f  

freedom . A m b ig u i t i e s  a s s o c i a t e d  w i t h  boundary  c o n d i t i o n s
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( r e t a r d e d ,  a d v a n ced ,  e t c .  s o l u t i o n s ) ,  a r e  r e s o l v e d .  In t h e  

s e c o n d  s e c t i o n  o f  t h i s  c h a p t e r  a c u r io u s  p r o p e r t y  o f  t h e  

QED t h r e e  p a r t i c l e  p o t e n t i a l s ,  ( t h e y  seem t o  v i o l a t e  t h e  

P a u l i  e x c l u s i o n  p r i n c i p l e )  i s  i n v e s t i g a t e d .  In t h e  l a s t  

s e c t i o n  we r e d e r i v e  t h e  P r i m a k o f f - H o l s t e i n  t h r e e  body  

p o t e n t i a l  from QED by  a c e r t a i n  l i m i t i n g  p r o c e d u r e .

F i n a l l y ,  in  c h a p t e r  f o u r ,  o f  p a r t  I I  we s h a l l  e v a l u a t e  

t h e  t h r e e - b o d y  c o n t r i b u t i o n  t o  t h e  i o n i z a t i o n  p o t e n t i a l  o f  

t h e  l i t h i u m  s e q u e n c e  f o r  i o n s  w i t h  (ZO( ) m. l .  This  

c a l c u l a t i o n  w i l l  g i v e  us a good  h i n t  f o r  d e t e r m in in g  t h e  

answer t o  t h e  q u e s t i o n  p o s e d  in  t h e  p r e v i o u s  paragraph  

i . e .  a r e  t h r e e - b o d y  p o t e n t i a l s  im portant  in  t h e  a to m ic  

s t r u c t u r e  o f  h e a v y  atoms? We s h a l l  s e e  t h a t  t h e  answer t o  

t h e  above q u e s t i o n  i s  in  t h e  n e g a t i v e .  That . i s ,  e s t i m a t e s  

o f  t h e  c o n t r i b u t i o n  o f  t h e  t h r e e - b o d y  p o t e n t i a l s  t o  t h e  

t o t a l  e n e rg y  o f  such  ions  g i v e  r e s u l t s  l e s s  than an 

e l e c t r o n  v o l t  f o r  Z ^ 1 3 7 ,  and a few h u n d r e t h ' s  o f  an 

e l e c t r o n  v o l t  f o r  Z n 80, s o  t h a t  t h e  d i s c r e p a n c y  n o t e d  

above  does not  a r i s e  from t h i s  s o u r c e .
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Chapter  1

In s e c t i o n  1 . 1 ,  we g i v e  a b r i e f  r e v i e w  o f  a p p r o x im a te  

a c t i o n  a t  a d i s t a n c e  t h e o r i e s , f o r  a s e t  o f  N c l a s s i c a l  

p a r t i c l e s ,  i n t e r a c t i n g  v i a  an e l e c t r o m a g n e t i c  f i e l d .  In 

p a r t i c u l a r ,  t h e  Darwin H a m i l t o n i a n  and t h e  P r im a k o f f  

H o l s t e i n  t h r e e - b o d y  p o t e n t i a l  a r e  d e r i v e d .

The B r e i t  e q u a t i o n  b a s e d  on s e m i c l a s s i c a l  argum ents  i s  

n o t  c o m p a t i b l e  w i t h  p a i r  ( h o l e )  t h e o r y .  T h is  was f i r s t  

p o i n t e d  out  by  Brown and R a v e n h a l l .  F u r th erm ore  i t  f o l l o w s  

t h a t  t h e  B r e i t  e q u a t i o n  does n o t  c o n t a i n  p h y s i c a l  

s o l u t i o n s  f o r  s y s t e m s  s u c h  as t h e  h e l i u n  a tom .  T h ese  

p o i n t s  a r e  f u r t h e r  e l u c i d a t e d  in  s e c t i o n  1 . 2 .

The t r a n s i t i o n  from Fock t o  c o n f i g u r a t i o n  s p a c e  i s  made 

f o r  a s y s t e m  c o n t a i n i n g  a s t a t i c  tw o -b o d y  i n t e r a c t i o n  

H a m i l t o n i a n ,  in  s e c t i o n  1 . 3 .  The r e d u c t i o n  f o r  

n o n r e l a t i v i s t i c , and r e l a t i v i s t i c  s y s t e m s  a r e  com pared.

The c o r r e c t  r e d u c t i o n  f o r  t h e  r e l a t i v i s t i c  c a s e  was f i r s t  

done b y  Brown and R a v e n h a l l ,  t h e  r e s u l t i n g  wave e q u a t i o n  

c o m p a t i b l e  w i t h  p a i r  t h e o r y  i s  p r e s e n t e d ,  and c o n t r a s t e d  

w i t h  t h e  B r e i t  e q u a t i o n .
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S e c t i o n  1 . 1  The C l a s s i c a l  Theory

Let us c o n s i d e r  t h e  Lagrang ian  f o r  a s e t  o f  N c h a r g e d  

p a r t i c l e s  i n t e r a c t i n g  w i t h  an e l e c t r o m a g n e t i c  f i e l d ,

e i i p  ( r i , t )

( 1 . 1 . 1 )

where t h e  s u b s c r i p t  i  r e f e r s  t o  t h e  c o o r d i n a t e s  o f  t h e  

i ' t h  p a r t i c l e  , and e^ i s  t h e  c h a r g e  o f  t h e  i ' t h  

p a r t i c l e .  The f i e l d  e q u a t i o n s  f o r  t h e  s c a l a r ,  and v e c t o r  

p o t e n t i a l  in  t h e  t r a n s v e r s e  gauge  ( A ■ 0 ) ,  a r e  g i v e n  b y .

w

I mi v ? / 2 e ^ / c v i* A( r i  , t )

XJ2i f  ( r , t ) « -  4-rrjO ( x , t )

2A( r 11 ) -  1 / c 2 3 2 A ( r , t ) « -  4 7T/c J j _ ( r , t )

3 t L

( 1 . 1 . 2 )

where ^ > ( r , t )  , J ± ( r , t )  are  t h e  c h a r g e  and t r a n s v e r s e  

c u r r e n t  d e n s i t i e s ,

( r , t )  “  X  e i ^ t r - r i ( t } * 
\
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7j_(r, t ) - 1/47T [ 6 r ' e i vi <t) & <r '"r j t t ) )
v t r - r ' |

( 1.3
We can d e r i v e  an a p p r o x im a t e  a c t i o n  a t  a d i s t a n c e  

L a g r a n g i a n ,  by  e x p r e s s i n g  t h e  f i e l d  p o t e n t i a l s  a t  t h e  

p a r t i c l e  in  terms o f  t h e  c o o r d i n a t e s  o f  t h e  o t h e r  (N-]  

p a r t i c l e s .  S o l v i n g  t h e  f i e l d  e q u a t i o n s  ( 1 . 1 . 2 )  we g e t ,

V 9 ( r . , t )  -  fd r 'J T  e . / j r . - r ^ t ) ]

A ( r . , t )  -  1 / c  J d z  ' J d t ' GR( r . - r 1 , t - t ’ ) J ^ r ' . t ' )

1 / c j f d r 1 y  ( r 1 , t ) / (  r i - r  j ( t ) |

( l . J

where we h a v e  a p p r o x im a t e d  t h e  r e t a r d e d  Greens  

f u n c t i o n ^ ,  GR( r ^ - r ' » t - t ' )  ft l / | r . - r ' |  , i . e .  we 

h a v e  n e g l e c t e d  r e t a r d a t i o n  e f f e c t s ,  t h u s ,

A(: a i . --------I r". -  I
t

( i . :

I n s e r t i n g  t h e  above  f i e l d  p o t e n t i a l s  i n t o  ( 1 . 1 . 1 )  f o r  

p a r t i c l e  one  g e t s .

. 3 )

i ' t h

)

. 4 )

. 5 )

e ach
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Le f  f £ mi v i / 2  -  Z ' i V ' i j 1 +
* »m

+ V f i j  ' ' j '?i j ) / l r i j ‘
l<-i

where (r ±  ̂| « lr i ~r M.

( 1 . 1 . 6 )
2

This  r e d u c t i o n  which  i s  c o r r e c t  t o  o r d e r  ( v / c )  i n

t h e  p a r t i c l e  v e l o c i t i e s ,  was f i r s t  c a r r i e d  out by

Darwin1 0 . The quantum m e c h a n ic a l  g e n e r a l i z a t i o n  o f  t h e

above r e d u c t i o n  was done b y  G , B r e i t .  H e u r i s t i c a l l y ,

r e p l a c i n g  t h e  v e l o c i t i e s  v ^ / c  by  t h e  D ir a c

m a t r i c e s  X . in  t h e  c o r r e s p o n d i n g  H a m il to n ia n  f u n c t i o n
g

o f  Le f f *  one g e t s  t h e  B r e i t  e q u a t i o n  ( N=2) ,  f o r  a 

p a i r  o f  e l e c t r o n s  w ith  c h a r g e  e ,

jh(  l ) + h ( 2 ) + e 2/ r 12 1-  1 / 2  ( + <*V r 12 r 12 )j(// * E P

( 1 . 1 . 7 )

where h ( i )  a re  a p p r o p r i a t e  s i n g l e - p a r t i c l e  D ira c  

H a m il to n ia n s  in  a c e n t r a l  f i e l d .  In t h e  l i t e r a t u r e  i t  has  

been  s t a t e d 11 t h a t  t h e  B r e i t  o p e r a t o r ,

B U . 2 )  .  - e 2/ * 12 | (  V r u  )

( 1 . 1 . 8 )
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can b e  e x p r e s s e d  as a sum o f  two p h y s i c a l l y  d i s t i n c t  

terms* t h e  m a g n e t ic  c u r r e n t - c u r r e n t  term ,

G ( l , 2 )  « - e 2 Of, - ^  4 r 1 2 l

( 1 . 1 . 9 )
12c a l l e d  t h e  Gaunt o p e r a t o r *  and a term due t o  t h e  

r e t a r d a t i o n  o f  t h e  Coulomb p o t e n t i a l ,

vr ( 1 , 2 ) -  -  e 2/ 3 r 1 2 | ( r 12 ) .

( 1 . 1 . 1 0 )

However t h i s  i s  a gauge  dependent  s t a t e m e n t ,  and i s  t r u e  

o n l y  when one makes t h e  r e d u c t i o n  t o  an a c t i o n - a t - a  -  

d i s t a n c e  t h e o r y  in  t h e  L o r en tz  g a u g e .  In t h e  t r a n s v e r s e  

g a u g e ,  b o t h  t h e  Gaunt o p e r a t o r  and VR a r e  combined in  

t h e  B r e i t  o p e r a t o r  as a m a n i f e s t a t i o n  o f  t h e  no  

r e t a r d a t i o n  t r a n v e r s e  c u r r e n t - c u r r e n t  i n t e r a c t i o n ,  and t h e  

Couloirib p o t e n t i a l  i s  t r e a t e d  e x a c t l y .

As was p o i n t e d  out  in  t h e  p r e v i o u s  paragraph  t h e

d e c o u p l in g  o f  t h e  r a d i a t i o n  f i e l d  was done a p p r o x i m a t e ly
2 2 7t o  0 ( v  / c  ) .  P r im a k o ff  and H o l s t e i n  n o t e d  t h a t  when

one goes  beyond  t h i s  a p p r o x i m a t i o n ,  t h e  e l i m i n a t i o n  o f  t h e

f i e l d  c o o r d i n a t e s  i n t r o d u c e s  n o v e l  t h r e e - b o d y  a c t i o n - a t - a

d i s t a n c e  p o t e n t i a l s  V j ( r ^ , r ^ , r ^ ) ,  su c h  t h a t

c annot  b e  f a c t o r e d  i n t o  p a i r w i s e  t e r m s .  The above  a u th o rs

p o i n t e d  out  t h a t  e x p a n s i o n  o f  t h e  v e c t o r  p o t e n t i a l  ( 1 . 1 . 4 )

b eyond  t h e  n o - r e t a r d a t i o n  l i m i t  i n t r o d u c e s  terms
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p r o p o r t i o n a l  t o  t h e  a c c e l e r a t i o n  o f  t h e  f i e l d  s o u r c e .  I f  

t h e  i ' t h  p a r t i c l e  " f e e l s ' 1 t h e  v e c t o r  p o t e n t i a l ,  

p r o p o r t i o n a l  t o  t h e  j ' t h  p a r t i c l e ' s  a c c e l e r a t i o n ,  w h ich  in  

tu r n  ( v i a  Newton's  t h i r d  law) depends upon t h e  c o o r d i n a t e  

o f  p a r t i c l e  k ,  t h e  mutual  i n t e r a c t i o n  e n e r g y  o f  t h e  t h r e e  

p a r t i c l e s  must h a v e  c o n t r i b u t i o n s  p r o p o r t i o n a l  t o  

V j ( i , j , k ) .  Expanding t h e  t r a n s v e r s e  p o t e n t i a l  A ( r , t )  i n

( 1 . 1 . 4 )  t o  f i r s t  o r d e r  in  t h e  r e t a r d a t i o n  and p r o c e e d i n g  

in  t h e  same manner as in  t h e  Darwin r e d u c t i o n  d e s c r i b e d  

a b ov e ,  t h e  auth ors  r ep r o d u c e d  t h e  Darwin H a m il to n ia n  w i t h  

an a d d i t i o n a l  t er m ,  g i v e n  by

where p^ i s  t h e  c a n o n i c a l  momentum o f  t h e  i ' t h  p a r t i c l e .

( 1 . 1 . 11)
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S e c t i o n  1 . 2  The Brown -  R a v e n h a l l  d i s e a s e .

Let us a g a in  b a c k t r a c k  t o  t h e  B r e i t  e q u a t i o n  g i v e n  i n

( 1 . 1 . 7 ) .  B r e i t  s u c c e s s f u l l y  c a l c u l a t e d  t h e  f i n e  s t r u c t u r e  

o f  h e l iu m  by u s in g  t h e  B r e i t  o p e r a t o r  t o  f i r s t  ord e r  in
9

p e r t u r b a t i o n  t h e o r y  . However, when t h e  B r e i t  o p e r a t o r
9

was e v a l u a t e d  t o  s e c o n d  o r d e r  , a n o m a lo u s ly  l a r g e

c o n t r i b u t i o n s  i n c o n s i s t e n t  w i th  t h e  e x p e r i m e n t a l  d a ta

a r o s e .  The r ea so n  f o r  t h i s  f a i l u r e  i s  g i v e n  by  
13Bethe  , who p o i n t s  out  t h a t  t h e  B r e i t  o p e r a t o r  i t s e l f

2
i s  a p e r t i i b a t i v e  a p p ro x im a t io n  t o  ord e r  e , f o r  t h e

t r a n s v e r s e  photon exch ange  b e tw e en  two e l e c t r o n s .  I t  i s
2

t h e r e f o r e  " i l l e g a l "  t o  i t e r a t e  B ( l , 2 )  beyond  e , i n s t e a d
4

one must c a l c u l a t e  t h e  f u l l  e  t r a n s v e r s e  photon  

ex ch ange  terms in  QED p e r t u b a t i o n  t h e o r y .

Even i f  one a c c e p t s  t h e  above  c o n s t r a i n t  on t h e  use  o f  

t h e  B r e i t  o p e r a t o r ,  t h e  B r e i t  e q u a t i o n  s u f f e r s  from a more 

p rofoun d  f la w  t h a t  i s  in d e p e n d e n t  o f  t h e  above  

c o n s i d e r a t i o n s .  Twenty y e a r s  a f t e r  t h e  i n t r o d u c t i o n  o f  t h e  

B r e i t  e q u a t i o n ,  Brown and R avenhall*1 p o i n t e d  out  t h a t  

i n t e r a c t i n g  m u l t i - p a r t i c l e  e q u a t i o n s  b a s e d  on t h e  s i n g l e  

p a r t i c l e  D ir a c  e q u a t i o n  su c h  as ( 1 . 1 . 7 ) ,  do not  in  f a c t  

p o s s e s s  r e a s o n a b l e  p h y s i c a l  s o l u t i o n s .  T h e ir  r e a s o n i n g  

f o l l o w s  from t h e  f a c t  t h a t  t h e  z e r o  o r d e r  bound s t a t e s  o f  

t h e  H a m il t o n ia n ,  h ( l )  + h ( 2 )  are  d e g e n e r a t e  w i th  an 

i n f i n i t e  s e t  o f  d e g e n e r a t e  cont inuum  s t a t e s ,  s e e  F i g . ( l a ) .  

I f  one now a d i a b a t i c a l l y ,  tu r n s  on an i n t e r e l e c t r o n i c



i n t e r a c t i o n  ^  V ( l , 2 ) ,  X  b e i n g  a s m a l l  p e r t u b a t i o n

p a r a m e t e r ,  t h e  u n p e r tu r b e d  bound s t a t e s  w i l l  im m e d ia t ly

s i n k  i n t o  a m orass  o f  cont inu um  s t a t e s  , i . e .  bou nd  s t a t e

s o l u t i o n s  o f  ( 1 . 1 * 7 )  a r e  u n s t a b le  .The above  a i lm e n t

p o p u l a r l y  known as t h e  Brown R a v e n h a l l  (BfcR) d i s e a s e ,  or
14b y  t h e  c l i n i c a l  name o f  co n t in u u m  d i s s o l u t i o n  (CD)  

seems t o  h a v e  an im p o r ta n t  e x c e p t i o n  which  we d e s c r i b e  

b e  l o w .

C o n s id e r  a g a i n  a tw o  e l e c t r o n ( f e r m i o n )  e q u a t i o n

( 1 . 1 . 7 ) ,  where h ( i )  i s  now t h e  f r e e  e l e c t r o n  D i r a c

H a m i l t o n i a n ,  and V ( l , 2 )  i s  some a t t r a c t i v e

e l e c t r o n - e l e c t r o n  p o t e n t i a l .  Such a H a m i l t o n ia n  has
15r e c e n t l y  b e e n  i n t r o d u c e d  b y  R.W. C h i l d e r s  as a 

p o s s i b l e  p r o t o t y p e  f o r  a two quark s y s t e m .  He p o i n t s  o u t  

t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  B r e i t  o p e r a t o r ,  

h o w ev er  h e  does not  make m en t ion  o f  t h e  a p p a r e n t  CD 

p h a t h o l o g y  a s s o c i a t e d  w i t h  t h i s  e q u a t i o n .  In f a c t  by  

d e r i v i n g  r a d i a l  e q u a t i o n s  f o r  an s s t a t e ,  where V ( l , 2 )  i s  

t h e  o r d i n a r y  Coulomb p o t e n t i a l ,  h e  seem s t o  g e t  a v i a b l e  

s e t  o f  e q u a t i o n s  t h a t  accommodate a c c e p t a b l e  bound s t a t e  

s o l u t i o n s  in  d i r e c t  c o n t r a d i c t i o n  t o  t h e  c l a i m s  o f  BtR.

Let  ib now s e e  why t h i s  s y s t e m  i s  immune t o  t h e  B&R 

d i s e a s e .  S u pp ose  we h a v e  tw o  f e r m io n s  w i t h  m a s s e s ,  

nij# t h e  s p e c t r u m  o f  h ( l )  + h ( 2 )  i s  now g i v e n  b y .
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( 1 . 2 . 1 2 )

w h e r e  })j , p ? a v o t h e  noinonl n o f  t h e  f e r m i o n s  » ' in i  a 

s y u t c m  c t ■•'!'- c rve*=; t o t a l  l i n e a r  irome.nt urn P -  p^ H 

Ill  t i n .  c e n t e r  o f  kr / ' e i i ium f r a m e ,  l P j l “ , l p ^ | *  P i t h  

t h i s  addi  1.i o n c l  c o n s t r a i n t ,  t h e  e n d  gy s p e c t r u m  ic  now 

g i  von i n  F i g ,  1 ( b ) .  Wo n o t i c e  t h a t  t h e r e  ex.if; t g  a f r w i t i v e  

e n e r g y  mass g a p  b e t w e e n  T e n d  t h a t

i s  n o t  d e g e n e r a t e  w i t h  t h e  c o n t i n u u m  s t a t e s  i n  c o n t r a s t  t o  

F i g . 1 ( a ) , w h e r e  t h e r e  i s  no  g a p ,  Tn t h i s  r e g i o n  b e • raid 

s t a t e s  v . i l l  b e  s t a b l e  w i t h  r e s p e c t  t o  CD. However  o n c e  nn 

a d d i t i o n a l  p e; r t i c l c  i s  i n t r o d u c e d  ( o r  i n  t h e  c a n e  f o r  t h e  

D r o i t  e q u a t i o n  w h o r e  t h e r e  i s  an i n f  i n t o  l y  h e a v y  n u c l e i c :  

m a n i f e s t  as a c e n t r a l  f i e l d )  c o n s e r v a t i o n  o f  l i n e a r  

momentum i s  no l o n g e r  a s t r o n g  e n o u g h  c o n d i t i o n  t o  pi  e v e n t  

t h e  o n s e t  o f  t h e  Drown R a v e n h a l l  d i s e a s e .

Brown and R a v e n h a l l  w h e r e  a b l e  t o  c o n s t r u c t  an 

a c c e p t a b l e  r e l a t i v i s t i c  m u l t j e l e e t r o n  e q u a t i o n  b y  s t a r t i n g  

from f i r s t  p r i n c i p l e s  n a m e l y ,  (JbP. The r e s u l t i n g  wave  

e q u a t i o n  i s  s i m i l a r  t o  t h e  D r o i t  e q u a t i o n  e x c e p t ,  t h e  

i n t e r e l e c t r o n i c  p o t e n t i a l  V ( l , 2 )  i s  now s a n d w i c h e d  b e t w e e n  

a s e t  o f  p o s i t i v e  e n e i g y  ( w i t h  r e s p e c t  t o  h ( l )  + h ( 2 ) )  

p r o j e c t i o n  o p e r a t o r s .  I f  we now t u r n  on t h e  

i n t e r e l e c l r o n i c  p o t e n t i a l ,  t h e  p r e s e n c e  o f  t h e  p r o j e c t i o n  

o p e r a t o r s  p r e v e n t s  t h e  m i x i n g  o f  t h e  b o u n d  s t a t e s  o f  

h ( l ) + h ( 2 )  w i t h  t h e  n e g a t i v e  e n e r g y  c o n t i n u u m ,  t h e r e f o r e  CD 

i s  p r e v e n t e d .
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(a)  me2/  I  I I
•it *

me'

15
-I

-  me-

7T777
-  me

77777

<b) (mi + n ^ J c 2

(mi >

(mi -  m2 ) c 2

— (mi  -  m2 ) c 2

777/777
-  (mi  + m2 ) c 2

F ig u r e  1. (a )  The Brown -  R a v e n h a l l  d i s e a s e ;  a bound s t a t e  
d e g e n e r a t e  w i t h  an i n f i n i t e  s e t  o f  cont inuum  s t a t e s .
(b)  The continuum  e n e r g y  sp e c tr u m  ( 1 . 2 . 1 2 ) ;  a s y s t e m  t h a t  
a c c e p t s  bound s t a t e s .
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S e c t i o n  1*3 D e r i v a t i o n  o f  c o n f i g u r a t i o n  s p a c e  e q u a t i o n s .

We r e v i e w ,  t h e  r e d u c t i o n  from a g i v e n  non­

r e l a t i v i s t  i c  Fock s p a c e  H a m il to n ia n  t o  c o n f i g u r a t i o n  

s p a c e ,  fo r  b o so n s  i n t e r a c t i n g  v i a  an a r b i t r a r y  tw o -b o d y  

p o t e n t i a l ,  v t x ^ j ) .

The H a m il to n ia n  f o r  t h e  s y s t e m  i s  g i v e n  b y .

H * Jdx  l / ' t x )  h ( x ) ^ A ( x )  +

1 / 2  J d x 1J d x 2 ]/ /*x1 ) ^ l x 2 ) v ( x 1 2 ) <A(x2 ) 1p i x j

( 1 .  3 . 1 )

where t h e  ’̂ f x )  * x)  a re  b o so n  f i e l d  d e s t r u c t i o n  and 

c r e a t i o n  o p e r a t o r s  r e s p e c t i v e l y ,  h ( x )  i s  t h e  non­

i n t e r a c t i n g  c o n f i g u r a t i o n  s p a c e  H a m i l t o n ia n .  The f i e l d  

o p e r a t o r s  obey t h e  u s u a l  e q u a l  t im e  commutation r e l a t i o n s

[V't’O , ^ ( x ' )] -  S ( x -x '  )

[V'(x) , ^(x*  )] * o

[\Ja x ) , yptx' j] -  o.

( 1 . 3 . 2 )
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The f i e l d  o p e r a t o r s  can b e  expanded in  terms o f  some  

c o m p le t e  s e t  o f  e i g e n s t a t e s  ^ i x )  t o f  h ( x ) .

^ U )  ‘ Z “n <̂t(x)
( 1 . 3 . 2 )

The a * a^ a r e  d e s t r u c t i o n  and c r e a t i o n  o p e r a t o r s  n n
s a t i s  f y i n g

[ an * “n ’J " ^nn ’

[ a a  '  a n ' ]  *  0

[a n ■ an '] -

( 1 . 3 .  3)

The vacuum s t a t e  [ 0 ^  i s  d e f i n e d  s u c h  t h a t  an ( 0 ^  «0

f o r  a l l  n .  The ntmber o p e r a t o r  i s  g i v e n  b y ,

N -  [<Jx ' / ' ( x ) V ' ( x )  a3 - ] T s , .
J 5 S

( 1 . 3 . 4 )

The o p e r a t o r  c o u n ts  t h e  number o f  b o s o n s  in  a g i v e n  

mode s .  The t o t a l  number o f  b o s o n s  N i s  t h e  sum o v e r  t h e  

o c c u p a t i o n  number o f  a l l  modes*
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We now c o n s t r u c t  a g e n e r a l  N-body s t a t e  ( by t h e  

a p p l i c a t i o n  o f  ^ ( x ) ,  on t h e  vacuum, and summing o v e r  a l l  

c o n f i g u r a t i o n s  v i a  an a m p l i tu d e  X ^ x i x 2 * * *xn ^ ' * , e *

“ J ^ l  d x 2 ‘ ’ ,d x n ^  ( x l x 2 ’ * *xn }

. + , + . +* 
y '< x 1 ) l / ' ( x 2 ) . . .  V/ ( xn ) | o ?  .

( 1 . 3 . 5 )

The number o p e r a t o r  N commutes w i t h  t h e  t o t a l

H a m il to n ia n  H, t h e r e f o r e  ^ N * 7 nas t h e  most g e n e r a l  form

fo r  an N-body e i g e n s t a t e  o f  H, We g e t  an e i g e n v a l u e

e q u a t i o n  in  c o n f i g u r a t i o n  s p a c e  b y  t r e a t i n g  X  as a
12v a r i a t i o n a l  pa ra m eter  b e lo w  i . e

| h | * n >

( 1 . 3 . 6 )

T r e a t i n g  £ 7  ̂ and S X* as in d ep en d e n t  v a r i a t i o n s ,  

t h e  v a r i a t i o n  S x *  r e s u l t s  in  t h e  wave e q u a t i o n ,

o

^ T h ( i )  X ( x i x 2 * , , x n ) +
i = t

^ v ( x i;J) X ( x i x 2 * * , x n ) “ E X ( x 1x 2 * * *xn )

U 3

( 1 . 3 . 7 )
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We now g e n e r a l i z e  t h e  abo v e  p r o c e d u r e  i n  o r d e r  t o  g e t  

an a p p r o x im a t e  r e l a t i v i s t i c  c o f i g u r a t i o n  s p a c e  e i g ­

e n v a l u e  e q u a t i o n  f o r  e l e c t r o n s  i n t e r a c t i n g  v i a  some t w o -  

body  p o t e n t i a l .  As a s t a r t i n g  p o i n t  we w r i t e  down a F o c k -  

s p a c e  h a m i l t o n i a n  f o r  i n t e r a c t i n g  f e r m i o n s ,

The ab ov e  H a m i l t o n ia n  i s  s i m i l a r  t o  ( 1 . 3 . 1 )  w i t h  t h e  

f o l l o w i n g  m o d i f i c a t i o n s :

a) The f r e e  p a r t  c o n t a i n s  a s i n g l e  p a r t i c l e

D ir a c  t y p e  c o n f i g u r a t i o n  s p a c e  s p i n o r  o p e r a t o r  h ( x ) .
<*

U n l e s s  o t h e r w i s e  s p e c i f i e d  we s h a l l  c o n s i d e r  t o  tae

t h e  D i r a c  H a m i l t o n ia n  in  a Coulomb f i e l d  ( s e e  a p p e n d ix

b )  The wave o p e r a t o r s  a r e  f o u r  component s p i n o r s  and  

c o n j u g a t e  s p i n o r 3  t h a t  obey  a n t i - c o m m u t a t i o n  r e l a t i o n s .

( 1 . 3 . 8 )

A. 1 . )

£  ( x - x ' )

( 1 . 3 . 9 )
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We h a v e  e x p l i c i t l y  i n t r o d u c e d  t h e  s p i n o r  com ponents

a b o v e ,  as a m a t t e r  o f  c o n v e n i e n c e  a l l  s p i n o r  com ponents

w i l l  b e  i m p l i c i t  u n l e s s  o t h e r w i s e  s t a t e d .  We c a n  a v o i d

c o n f u s i o n  by  t r e a t i n g  t h e  as a f o u r  component

column m a t r i x  and as a row m a t r i x .  P r o d u c t s  o f
P

o p e r a t o r s  w i l l  b e  p o s i t i o n e d  su ch  t h a t  m a t r ix  

m u l t i p l i c a t i o n  i s  i m p l i e d  i . e . ,  t h e  p r o d u c t  ' / ' ( x )  ^ ( x )  

w i l l  b e  a s c a l a r  s i n c e  a row m a t r ix  m u l t i p l i e s  a column  

m a t r i x  from t h e  l e f t ,  w h ereas  ' / ' ( x )  V ' U )  i s  a 4x4 s q u a r e  

m a t r i x  ( 3 p i n o r )  o p e r a t o r .

We can  decompose  t h e  wave o p e r a t o r s

^ ( x )  -  £  an ¥ > (x >  

* Z  an

( 1 . 3 . 1 0 )

whe r e  t h e  V ^ x ) ,  a r e  e *9 en9 P i n o r9  o f  M x )  and
* *• 

h ( x )  r e s p e c t i v e l y .  The , a^ bbey a n t ic o m m u ta t  io n

| a n , a n j * 1 , r e l a t i o n s , ( a l l  o t h e r  a n t i c o m m u t a t o r s

v a n i s h ) .  The a , a +, h a v e  t h e  u s u a l  i n t e r p r e t a t i o n  o fn n
d e s t r u c t i o n  and c r e a t i o n  o p e r a t o r s .  We can  d e f i n e  t h e  

vacuum a g a i n  as a^ (0^» 0 . With t h i s  c h o i c e  o f  t h e  

vacuum Ng ■ ag ag i s  a g a i n  t h e  number o p e r a t o r  f o r  

t h e  mode s .  U s in g  ( 1 . 1 . 1 0 )  t h e  z e r o  o r d e r  H a m i l t o n i a n  

b e c o m e s ,



t h e  su n  ]T i s  o v e r  t h e  n e g a t i v e  e n e rg y  e i g e n v a l u e s ,  o f

h ( x )  and £  t h e  su n  o v e r  p o s i t i v e  e i g e n v a l u e s *  Tt i s  a t  

on ce  c b v io u s  t h a t  t h e  f r e e  H a m il to n ia n  Hq i s  n o t  bounded  

from b e l o w .  For f r e e  p a r t i c l e s  e x p e r i e n c i n g  an e x t e r n a l  

p e r t  l ib a t io n  t h i s  would be  a c a t a s t h r o p h e  s i n c e  t h e  

p e r t u b a t i o n  would in d u c e  t r a n s i t i o n s  i n t o  a b o t t o m l e s s  p i t  

i . e .  t h e  s y s t e m  would  be  u n s t a b l e .  D ir a c  was a b l e  t o  

r e c t i f y  t h i s  problem  f o r  t h e  quantum m e c h a n ic a l  s i n g l e  

p a r t i c l e  t h e o r y ,  by  r e q u i r i n g  a l l  n e g a t i v e  e n e r g y  s t a t e s  

t o  be  f i l l e d .  The P a u l i  p r i n c i p l e  p r e v e n t s  t h e  p o s i t i v e  

e n e rg y  p a r t i c l e s  from f a l l i n g  i n t o  t h e  f i l l e d  n e g a t i v e  

e n e r g y  s e a  t h e r e f o r e  making t h e  s y s t e m  s t a b l e .  Of c o u r s e ,  

now one no lo n g e r  has  a s i n g l e  p a r t i c l e  t h e o r y .  Second  

q u a n t i n i z a t i o n  o f  t h e  D ir a c  e q u a t i o n  p r o v i d e s  a c o n v e n i e n t  

framework f o r  D i r a c ’s p r e s c r i p t i o n ,  s i n c e  we a r e  now 

d e a l i n g  w i th  an i n t r i n s i c  many-body t h e o r y .  In f a c t  a 

s i m p l e  r e d e f i n i t i o n  o f  t h e  Fock s p a c e  vacuum i s  s u f f i c i e n t  

t o  c o n s t r u c t  a t h e o r y  t h a t  does not  s u f f e r  from t h e  above  

m en t ion ed  d i f f i c u l t i e s .

Let us f i r s t  d e c om p o se , t h e  f i e l d s

+ an
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where

( 1 . 3 . 1 3 )

a l l  o t h e r  commutators v a n i s h

We d e f i n e  t h e  vacuum by  r e q u i r i n g  b n JO^ « 0 ,a n d

a^ 10̂ ? ■ 0 f o r  a l l  n .  The d e c o m p o s i t i o n  ( 1 . 3 . 1 2 )  w i l l  

g i v e  f o r  H^.

This  form f o r  c o n t a i n s  an i n f i n i t e  c-number term  

which can be  e l i m i n a t e d  b y  a r e d e f i n i t i o n  o f  t h e  vacuum.  

In t h e  above d e f i n i t i o n  o f  t h e  vacuum t h e

o p e r a t o r s  f o r  p a r t i c l e s  o c c u p y in g  t h e  mode n ,  and f o r  

a n t i p a r t i c l e s  o c c u p y in g  t h e  mode s .  Both t h e  p a r t i c l e s  and  

a n t i p a r t i c l e s  h av e  a p o s i t i v e  e n e r g y  sp e c tr u m  thus  HQ i s  

now bounded from b e lo w  by  t h e  vacuum, i . e .  t h e  s t a t e  w i th  

no p a r t i c l e s  or  a n t i p a r t i c l e s .  The number o p e r a t o r  f o r

( 1 . 3 . 1 4 )

f t  +and N * a a , a r e  number s  s s

f erm io n s  i s  t h e  sum o v e r  a l l  t h e  Ne ~ fo rn
ft ̂p a r t i c l e s ( e l e c t r o n s ) and t h e  N f o r9

a n t i p a r t i c l e s ( p o s i t r o n s ) i . e .
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i+-' <-)

N * y  Ne“ +V' Ne+.
VI

( 1 . 3 . 1 5 )

In the Heisenberg picture,  equations of motion for \^ (x ,t )  

and the conjugate f i e ld  \ p ( x , t )  give the conservation law,

d/dt((ei ( \ f / (  x, t ) \ p {  x, t )) ■ (el\7 * t ^ ( x , t ) ^  \^(xf t ) ) .

( 1 . 3 . 1 6 )

T h is  i s  t h e  u s u a l  c h a r g e - c u r r e n t  c o n s e r v a t i o n  law w h ere ,

Q ■ — I e |  J dx V > U )  x) i s  t h e  t o t a l  c h a r g e  o f  t h e  s y s t e m .

U s in g  t h e  d e c o m p o s i t i o n  ( 1 . 3 . 1 2 )  we g e t ,

i+’i i->
Q -  + le l X X +

* ( 1 . 3 . 1 7 )

The t o t a l  c h a r g e  b e i n g  t h e  sum o f  t h e  e l e c t r o n  c h a r g e  ,and

t h e  p o s i t r o n  c h a r g e .  The s p e c t r u m  o f  Q i s

q -  ( 0 , * 1 , * 2 , . . .+ n )  le| .

For t h e  above  s y s t e m  [Q ,h] *  0 , b u t  [H ,N ]f  0 ,

t h e r e f o r e  an e i g e n s t a t e  o f  H can  h a v e  a d e f i n i t e  c h a r g e ,  

b u t  i t  i s  m e a n i n g l e s s  t o  s a y  t h a t  t h i s  s t a t e  has  a 

d e f i n i t e  number o f  f e r m i o n s . The n o n c o m m u t iv i t y  o f  N w i t h  

H i s  o f  c o u r s e  due t o  t h e  f a c t  t h a t  t h e  i n t e r a c t i o n  term  

i n  H can  can  c r e a t e  or  d e s t r o y  f e r m io n  ( e l e c t r o n - p o s i t r o n ) 

p a i r 3 . We must e x p r e s s  t h e  e i g e n s t a t e  w i t h  c h a r g e

q ■ -  l e tN e " f (non r e l a t i v i s t i c a l l y  we w ou ld  c a l l  t h i s  an 

N - e l e c t r o n  s y s t e m )  a s ,
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l * o > +  +1 ^ 2 > + • • •
( 1 . 3 . 1 8 )

w here  c o n t a i n s  N e l e c t  rons , J c o n t a i n s  N

e l e c t r o n s  p l u s  a p a l r , J c o n t a : *-n3 N e l e c t r o n s  p l u s

two p a i r s  e t c .  The c o n f i g u r a t i o n  s p a c e  e x p a n s i o n  o f  t h e  

ab o v e  k e t s  w i l l  r e q u i r e  t h e  i n t r o d u c t i o n  o f  an i n f i n i t e  

s e t  o f  a m p l i t u d e s  ^ 1 { x 1X j . . . , X j , • * • )  

r e a l i t y  X  a m u l t i d i m e n s i o n a l  s p i n o r  t h a t  t r a n s f o r m s  as 

a d i r e c t  p r o d u c t  o f  s i n g l e  p a r t i c l e  s p i n o r s ;  s p i n  i n d i c e s  

w i l l  b e  i m p l i c i t  in  our d i s c u s s i o n )  d e f i n e d  by

' J o  ■ J d x l d x 2 - - <<Sxn

V/( x 2 ) ’ ' '  X ^ * l ' x 2 ‘ ’ , x n^

%  -  fax  jdx j * • • axn/ d x ^ ’ dx 2 ’

l / / ( x 1 ) ^ ( x 2 ) . . . V^*n ) ) \ p ( x 2 ' ) X ( * 1 . x 2 , , , x n ' 3t l ' x 2 ' 1

+ e t c .  ( 1 . 3 . 1 9 )

The a m p l i t u d e s  X ' w ou ld  obey  an i n f i n i t e  s e t  o f  c o u p l e d  

n o n - l i n e a r  e q u a t i o n s  f o r  t h e  e i g e n v a l u e  E i f  a c o m p l e t e  

s o l u t i o n  o f  HjE> * E ) i s  s o u g h t .  I n s t e a d  we s h a l l  

t r u n c a t e  t h e  s e r i e s  ( 1 . 3 . 1 9 )  t o  t h e  f i r s t  term  

t r e a t i n g  7C° a v a r i a t i o n a l  p a r a m e te r  as was done i n
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e q u a t i o n  ( 1 . 3 . 6 )  f o r  t h e  n o n - r e l a t i v i s t i c  c a s e .  The above  

a p p r o x i m a t i o n  i s  r e a s o n a b l e  s i n c e  p h y s i c a l y  i t  w ou ld  g i v e  

a l l  t h e  e f f e c t s  w here  p a i r s  a r e  n o t  p r e s e n t ,  we w i l l  c a l l  

t h i s  t h e  n o - p a i r  a p p r o x i m a t i o n .

U s in g  t h e  no p a i r  a n s a t z  a b o v e  we can  g e t  a 

c o n f i g u r a t i o n  s p a c e  e q u a t i o n ,  by c o n s i d e r i n g  an a r b i t r a r y  

v a r i a t i o n  o f  X b e l o w .

( 1 . 3 . 2 0 )

C o n t r a c t i n g  t h e  fer m io n  o p e r a t o r s ,  we g e t

{ 1 . 3 . 2 1 )

where  t h e  p o s i t i v e  e n e r g y  p r o j e c t i o n  o p e r a t o r s  a r e  

g i v e n  b y



C a r r y i n g  o u t  t h e  v a r i a t i o n  we g e t .

^ A  + ( i>h( i )  + Z  A  + ( i ) A +<j )v( i .  j )A  + U>A+<ij) *

C J ( x . , . . x  ) * E 6J ( x . . . . x  )I n  i n
( 1 . 3 . 2 3 }

where t h e  f u n c t i o n  (J  i s  d e f i n e d  b y ,

C J ( —

J d x 1 . . . d x n / \  + ( x 1 ' , x 1 ) . . .  A + ( * n- ' xn > X (*!•••*„)»

( 1 .  3 .2 4 )

and where we h a v e  used t h e  s h o r t h a n d  n o t a t i o n ,

/ \ v + ( i ) f ( i )  * J dx i  + ( x i , x i  ' ) f  (x^ ) .

( 1 . 3 . 2 5 )

As was m en t ioned  in  s e c t i o n  1 . 2 ,  t h e  p r e s e n c e  o f  t h e  

p r o j e c t i o n  o p e r a t o r s  p r e v e n t s  t h e  o n s e t  o f  t h e  Brown 

R a v e n h a i l  d i s e a s e ,  however  as shown a b o v e ,  t h e s e  need n o t  

b e  put in  by''hand", b u t  f a l l  n a t u r a l l y  out  o f  t h e  

fo rm a l ism  i f  t h e  c o r r e c t  r e d u c t i o n  from QED t o



c o n f i g u r a t i o n  s p a c e  i s  made. One may go b e y o n d  t h e  no p a i r  

a p p r o x im a t io n  by p e r fo r m in g  a u n i t a r y  t r a n s f o r m a t i o n  H 

H' ■ U H U, su ch  t h a t  H' i s  a p p r o x i m a t e ly  d i a g o n a l  w i th  

r e s p e c t  t o  t h e  e l e c t r o n  number o p e r a t o r  N w i t h i n  t h e  

r e q u i r e d  d e g r e e  o f  a p p r o x im a t io n .  Such a t r a n s f o r m a t i o n  

w i l l  i n t r o d u c e  new h i g h e r  o r d e r  e l e c t r o n  i n t e r a c t i o n  terms  

t h a t  c o n t a i n  e n e r g y  denom inators  o f  p r o p a g a t i n g  v i r t u a l  

p a i r s .  However, t h e s e  e n e r g y  denom in ators  w i l l  n ev e r  

v a n i s h .  T h e r e f o r e  even  when one goes  beyo n d  t h e  no p a i r  

a p p ro x im a t io n  t h e  r e s u l t i n g  wave e q u a t i o n  w i l l  n e v e r  

s u f f e r  from t h e  Brown R a v e n h a l l  m alady.
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Chapter  2

Having s k e t c h e d  t h e  o u t l i n e  f o r  c o n s t r u c t i n g  

r e l a t i v i s t i c  c o n f i g u r a t i o n  s p a c e  e q u a t i o n s  c o m p a t i b l e  w i t h  

h o l e  theo ry*  we now p r o c e e d  t o  a p p ly  t h i s  method f o r  t h e  

QED H a m i l t o n ia n ,  In o r d e r  t o  g e t  t h e  QED H a m il to n ia n  i n t o  

a form s i m i l a r  t o  ( 1 . 3 . 1 ) ,  one must d e c o u p le  t h e  r a d i a t i o n  

and m a tter  f i e l d s .  This  can b e  a c h i e v e d ,  a p p r o x i m a t e l y ,  by  

a u n i t a r y  t r a n s f o r m a t i o n  on t h e  QED H a m i l t o n ia n .  When t h e  

t r a n s i t i o n  t o  c o n f i g u r a t i o n  s p a c e  i s  made,two and t h r e e -  

body p o t e n t i a l s  a r i s e .  A c o m p r e h e n s iv e  r e v i e w  o f  t h i s  

p r o c e d u r e  i s  g i v e n .  E s s e n t i a l y  t h i s  c h a p t e r  i s  a r e v i e w  o f  

t h e  papers  by  M it t lem a n  . S e c t i o n  2 . 1 ,  d e a l s  m a in ly  w i t h  

two body p o t e n t i a l s ,  w h i l e  t h r e e  body p o t e n t i a l s  are  

d i s c u s s e d  in  s e c t i o n  2 . 2 .
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S e c t i o n  2 . 1  The Schw inger  t r a n s f o r m a t i o n

The QED H a m il to n ia n  in  t h e  coulomb gauge  i s  g i v e n  b y ,

Hqed + Hc + H.

( 2 . 1 . 1 )

where  a r e  t h e  n o n - i n t e r a c t i n g

H a m il to n ia n s  f o r  t r a n s v e r s e  p h o t o n s ,  and

f e r m i o n s ( e l e c t r o n s , p o s i t r o n s )  r e s p e c t i v e l y .  i s  t h e

Coulomb i n t e r a c t i o n  term g i v e n  b y ,

H„ -  1 /2  J  J  dx Xdx j  : l ^ ( x 2 ) e 2 / x 12 Xl , !

( 2 . 1 . 2 )

2
(from now on we w i l l  d e n o t e  e  / x ^ 2 b y  vc ^ x 1 2  ̂ HI 

i s  t h e  f e r m i o n - t r a n s v e r s e  photon  i n t e r a c t i o n  term g i v e n  b y

w here ,

J ( x )  ■ e t \ p ( x ) 0 {  \ p { x ) i  • ( 2 . 1 . 3 )
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The e q u a l  t im e  a n t ic o m m u ta t io n  r e l a t i o n s  f o r  t h e  ferm ion  

f  i e l d s  have  b e e n  g i v e n  by  ( 1 . 3 . 9 ) . The H er m it ian

ph o to n  f i e l d  obeys  t h e  t r a n s v e r s a l i t y  c o n d i t i o n  ^ . A  * 0 .

We decompose t h e  ph oton  f i e l d  in  a p l a n e  wave 

r e p r e s e n t a t i o n ,

m x > -  +

( k  =  I k  I ) ,

( 2 . 1 . 4 )

where t h e  a ^ , ^ a ^  obey commutation r e l a t i o n s ,

[*n -<w] ■ H*,*')

K >  ' * n ' ]  * °

[a k> ■ *£•>.•] '  ° -
( 2 . 1 . 5 )

t h e  photon  vacuum i s  d e f i n e d  by  a ^ O ^  *= 0 f o r  a l l  k,  

and ^ . The a*^ , a ^  a r e  c r e a t i o n  and d e s t r u c t i o n  

o p e r a t o r s  f o r  photons  w i th  wave numbers k and 

p o l a r i z a t i o n  > . The Hq term has  b e e n  d i s c u s s e d

in  t h e  p r e v io u s  c h a p t e r ,  we n o t e d  t h a t  i s  d i a g o n a l  

in  t h e  number r e p r e s e n t a t i o n  o f  e l e c t r o n s  and p o s i t r o n s .
D

S i m i l a r l y  HQ i s  d i a g o n a l  in  t h e  number r e p r e s e n t a t i o n
M Ro f  p h o t o n s .  C o n s id e r  an e i g e n s t a t e  o f  hq “ H0 + H0*

i . e  a s t a t e  w i th  a d e f i n i t e  number o f  e l e c t r o n s  and p h o t o n s ,

s l o w l y  t u r n i n g  on t h e  Coulomb and ph oton
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I n t e r a c t i o n  t e r m s ,  a c lo u d  o f  photons  and

e l e c t r o n - p o s i t r o n  p a i r s  w i l l  "dress"  t h i s  z e r o  o r d e r

e i g e n s t a t e  due t o  t h e  v i r t u a l  p r o c e s s e s  in d u c ed  by  Hj +

. We can no l o n g e r  c la i m  t h a t  t h e  d r e s s e d  s t a t e

c o n t a i n s  a d e f i n i t e  number o f  photons  and e l e c t r o n s .
16The Schw inger  u n i t a r y  t r a n s f o r m a t i o n ,

H H* = e * ° ~  H e where t h e  g e n e r a t o r ,  G~ i s

g i v e n  b y ,

•4

ff~ * - 1 /2  J d r e t C )  e lH#I* Hj e ' lH«r
— »C

€  ( * )  5 6  <*) ~ 6 l - t )  

( 2 . 1 . 6 )

e x p l i c i t l y  i l l u s t r a t e s  t h e  e f f e c t s  o f  t h e  d r e s s i n g  due t o  

v i r t u a l  photon  p r o c e s s e s  in d u c ed  by  H j . Let us c o n s i d e r  

t h e  Schw inger  t r a n s f o r m a t i o n  in  more d e t a i l .  We h a v e  ,

c>o

- 1 / 2
H '

dx £ ( t  ) ( x , t  ) Aa ( x , r  ) e
- ^ i r /

J s ( x , C  ) .  e i H t  j  ( x , #- i H t
a

, — . IH t .  .  , . - i H cA ( x , IT ) ■ e  u A ( x ) e * .a Q
( 2 . 1 . 7 )

e “1\ f‘c/ i s a c o n v e r g e n c e  f a c t o r ,  l im ■> 0 i s  i m p l i e d  a f t e r  

a l l  i n t e g r a t i o n s  a r e  done.  The r e p e a t e d  s p a t i a l  in d e x  a i s  

i m p l i c i t l y  assumed t o  b e  summed o v e r  a l l  i t ' s  v a l u e s .
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00

U sin g  t h e  r e l a t i o n  e*^~0 e  ^  i n / n i  ^ £ 0 "  *®3
n

where t h e  Cn a r e  r e p e a t e d  commutators i . e  c q m1 * 

c x-  B r . o L  c 2 “ » C&” ' ° J l  e t c * we g e t ,

H I

H* -  ] [ i n / n !  + ^ ’" l l  + Cr>L«"-Hcl)

h0 ♦ i  [ e r  , h 0 ] + i 2/ 2 1 l < r . [«■ , h 0 1 ]

+ Hj + Hc + i [ c r  ,H ]  + 0 ( e 3 ) + . . .

( 2 . 1 . 8 )

We h a v e  t r u n c a t e d  t h e  i n f i n i t e  s e r i e s  t o  i n c l u d e  terms t h a t
2

a r e  o n l y  f i r s t  o r d e r  in  t h e  p a r a m eter  e

Let us e v a l u a t e  t h e  commutator i [p~ , Hgj , by  n o t i n g ,

i \6~ ,HQ^ -  1 / 2  J d Z € l  r. ) ^ ( e iH *T' Hi  e _ iH *'^)e"!1iC/

( 2 . 1 . 9 )

I n t e g r a t i n g  by  p a r t s ,  we g e t ,

oo

- i / 2  J a v ^ d 6 ( z  ) ^ht ( r  ) e" ^ |x*+ 

00
- 1 / 2  f d r  6 ( r  ) ht ( v ) 2 L e - ? 1®1

jL. a  -c.-  00

( 2 . 1 . 1 0 )

us i n g  €(  X  ) * 2 & (X) and ^  e **^1 ** -  "*\ e  ^ X.  )

^ a r  d twe h a v e ,  v



In t h e  s e c o n d  term a b o v e ,  t h e  l i m i t  0 w i l l  f o r c e  t h i s

term  t o  v a n i s h  u n l e s s  t h e  t im e  i n t e g r a l  i s  p r o p o r t i o n a l  t o  

1 /^  . However t h i s  o n l y  o c c u r s  f o r  t h e  e n e r g y  o n * s h e l l  

m a tr ix  e l e m e n t s ,  i . e .  r e a l  ph oto n  t r a n s i t i o n s .  S i n c e  we a r e  

i n t e r e s t e d  in  o n l y  v i r t u a l  ph oton  exch ange  p r o c e s s e s ,  we 

can n e g l e c t  t h i s  term in  our d i s c u s s i o n .  Hence,

i[CT ,HQ] -  Hj.  (2 .  1 . 1 2 )

I n s e r t i n g  ( 2 . 1 . 1 2 )  i n t o  our e x p a n s i o n  ( 2 . 1 . 8 )  we g e t ,

H* = H0 + i / 2  [CT , HjJ + H( + O / 3, ( e  )

( 2 . 1 . 1 3 )

2
We can t h i n k  o f  H' as an o r d e r  e  a p p r o x im a t io n  t o  H. 

F urtherm ore ,  t h e  above e x p r e s s i o n  i s  d i a g o n a l  w i th  r e s p e c t  

t o  t h e  photon number r e p r e s e n t a t i o n .  The e f f e c t s  due t o  t h e  

e xch an g e  o f  v i r t u a l  p h o to n s  m a n i f e s t  t h e m s e lv e s  in  t h e  term  

i / 2  ^O” . T his  term i s  a sum o f  tw o-b o d y  and o n e -b od y  

o p e r a t o r s  in  t h e  F o c k - s p a c e  fer m io n  s e c t o r .  The o n e -b od y  

terms a r e  due t o  p r o c e s s e s  where  a fer m io n  can em it  and
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absorb  i t s  own p h o t o n ,  t h e s e  terms muBt b e  t r e a t e d  w i t h

c a r e  v i a  a r e n o r m a l i z a t i o n  program, in  o r d e r  t o  e l i m i n a t e

unwanted i n f i n i t e  c o n t r i b u t i o n s .  We s h a l l  c o l l e c t i v e l y

c a l l  a l l  t h e  o n e -b od y  c o n t r i b u t i o n s ( b o t h  f i n i t e  and

i n f i n i t e )  as 3 e l f - e n e r g y  t e r m s .  The tw o-b ody  terms

d e s c r i b e  p r o c e s s e s  where d i f f e r e n t  ferm ion s  i n t e r c h a n g e

v i r t u a l  p h o t o n s .  For a g e n e r a l  N - fe rm io n  s y s t e m  t h e  t o t a l

tw o-b o d y  c o n t r i b u t i o n  t o  t h e  en e rg y  w i l l  b e  p r o p o r t i o n a l
2t o  t h e  sum o f  a l l  p o s s i b l e  p a i r s  i . e .  E ^  N ; w h i l e  t h e  

on e -b o d y  c o n t r i b u t i o n  c o u l d  b e  e x p e c t e d  t o  s c a l e  l i k e  N. 

Thus f o r  an a to m ic  s y s t e m  where t h e  number o f  e l e c t r o n s  i s  

on t h e  o rd e r  o f  N ^ lO O ,  we e x p e c t  t h e  t o t a l  tw o-b ody  

e n e rg y  t o  b e  c o n s i d e r a b l y  l a r g e r  th a n  t h e  s e l f - e n e r g y
17

c o r r e c t i o n s .  F u r th erm o re ,  r u d im en ta ry  e v a l u a t i o n  f o r

t h e  n o n - r e l a t i v i s t i c  s e l f - e n e r g y  c o r r e c t i o n s  o f  a to m ic

e l e c t r o n s  show t h a t  t h e  c o n t r i b u t i o n  i s  p r o p o r t i o n a l  t o

t h e  a tom ic  wave f u n c t i o n  a t  t h e  o r i g i n ,  t h e r e f o r e  we

e x p e c t  o n l y  a few low l y i n g  e l e c t r o n i c  s t a t e s  t o  g i v e  any

a p p r e c i a b l e  s e l f  e n e r g y  c o r r e c t i o n .  For t h e  above  r e a s o n s

we w i l l  n e g l e c t  t h e  o n e -b od y  p a r t s  o f  H' and c o n c e n t r a t e

o n ly  on t h e  tw o-b ody  p a r t s  o f  H ' . We must m en t io n  t h a t  t h e

above  arguments a r e  no l o n g e r  v a l i d  when we a r e  d e a l i n g

w ith  h i g h l y - i o n i z e d  h i g h - Z  i o n s ,  in d e e d  c a l c u l a t i o n s  h a v e

shown t h a t  t h e  s e l f - e n e r g y  c o r r e c t i o n s  become com parable
18t o  t h e  tw o-b ody  B r e i t  e n e rg y  f o r  su ch  s y s t e m s
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Let us now expand t h e  commutator  

i / 2  [CT , Hj ]  .  hb -  

- «  / /  dx dx tJ a - c € { ' c  )

e - 1t ( x , t  r T  ) [ Aa ̂ x ' 'E') * ^  {x O  )] •

( 2 . 1 . 1 4 )

We have  n e g l e c t e d  c u r r e n t  cummutator terms s i n c e  t h e s e  

g i v e  t h e  a f o r m e n t io n e d  o n e -b o d y  t e r m s .
19The commutator f o r  t h e  photon  f i e l d  i s  a c-number  

g i v e n  b y ,

( x , t ) , A ^ ( x *  , t ' )] » Da b (x-x* , t - t * )

- 4 ^ 0  i  /  ( 2 IT) 3 J d \  /k  e l M x“ x ') s i n  c k ( t - t ' )  < S ^

where k ■ Ik t. ( 2 . 1 . 1 5 )

In o r d e r  t o  g e t  a c o n f i g u r a t i o n  s p a c e  r e p r e s e n t a t i o n  f o r

t h e  c u r r e n t  o p e r a t o r  J ( x , t )  we use t h e  e x p a n s i o n  ( 1 . 3 . 1 2 )

f o r  t h e  fer m io n  f i e l d s ,  in  terms o f  t h e

D i r a c -  Coulomb wave f u n c t i o n s  W ( x ) .T n
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N o t e :  from now on we uae a s h o r t h a n d  n o t a t i o n  f o r  t h e

e l e c t r o n ,  p o s i t r o n  o p e r a t o r s ,  b  ■ b when E _ > 0 ,  bn n n n
v ^

* a when E < 0 .  A l s o ,  b ■ b when E _ >  0 ,  bn n n n n * n
* a when E < 0 ,  s e e  ( 1 , 3 . 2 ) *n n
U s in g  t h e  above  e x p a n s i o n  t h e  c u r r e n t  o p e r a t o r  cam b e  

e x p r e s s e d  as ,

J a ( x , t )  •  ) "  b b  , e iWrvn' t  Ja , ( x ) ,n n nn
nn'

where  we d e f i n e ,

J® . ( x )  -  < £ ( x ) < \  <A<X) , w -  E -E .nn n n nn n n
( 2 . 1 . 1 6 )

The abo ve  d e r i v a t i o n  made use  o f  t h e  i d e n t i t y ,

,/ ' ( x , t )  -  e lH ot  VWx) e " lH» t  “ X  b n e ” lE   ̂ * V ? / * *
n

( 2 . 1 . 1 7 )

A l t e r n a t i v e l y  we can e x p r e s s  t h e  t im e  d e p e n d en t  c u r r e n t  

o p e r a t o r  in  a more c o n v e n i e n t  form , as

J a ( x , t )  « : (  \ j / ( x ) e i h ( x ) t  ) ( e ‘ i h ( x ) t  ^ ( x )  ) :

( 2 . 1 . 1 8 )

where  h ( x )  i s  t h e  s i n g l e  p a r t i c l e  c o n f i g u r a t i o n  s p a c e
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H a m il to n ia n  f o r  a c e n t r a l  f i e l d  ( Coulomb )•  The b r a c k e t s

a l l o w  t h e  e - i h ( x ) t  tQ Qpe r a t e o n l y  on t h e
^  /

and y { x )  f i e l d s  t o  t h e  l e f t  and r i g h t

r e s p e c t i v e l y .  The e q u i v a l e n c e  b e tw een  t h e  two e x p r e s s i o n s

( 2 . 1 * 1 6 )  and ( 2 . 1 . 1 8 )  can be  pr o v e d  by ex p a n d in g  t h e

e x p o n e n t i a l  o p e r a t o r s  in  ( 2 . 1 . 1 8 )  and u s in g  t h e  D ir a c

e q u a t i o n  t o  e x p r e s s  t h e  r e s u l t i n g  s e r i e s  in  powers o f  t h e

s i n g l e  p a r t i c l e  e n e r g i e s .  I n s e r t i n g  ( 2 . 1 . 1 8 )  and ( 2 . 1 . 1 5 )

i n t o  ( 2 . 1 . 1 4 )  we g e t  f o r  Hg,

H0 ■ 1 /2  J d x 1J d x 2 : l / / ( x 1 ) $  *x 1 2 * x 2 ) x i ) :

where t h e  k e r n e l ,

B  ( x 1 2 ) -  - i e 2/ 4  / d r € ( r )  e i h ( 1 , r i<^ Da b <1 2 > e ' i h ( 1 , r

+ ( 1 0 2 ) .

( 2 .  1. 19)

The numerals 1 , 2  a r e  s h o r t h a n d  fo r  t h e  s p a t i a l  c o o r d i n a t e s  

o f  t h e  ferm io n s  . The s e c o n d  term  in  t h e  above e x p r e s s i o n  

r e p r e s e n t s  t h e  s y m m e t r i z a t i o n  o f  t h e  k e r n e l  w i th  r e s p e c t  

t o  t h e  p a r t i c l e  c o o r d i n a t e s .

The above  form f o r  H0 i s  s i m i l a r  t o  t h e  u s u a l  tw o-body  

p o t e n t i a l  o p e r a t o r ,  i . e  ( 2 . 1 . 2 )  in  F o c k - s p a c e ,  w i th  t h e
Hr

d i f f e r e n c e  t h a t  t h e  k e r n e l  o f  t h e  i n t e r a c t i o n  B ( l , 2 ) i s
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now a n o n - l o c a l  o p e r a t o r  In c o n f i g u r a t i o n  s p a c e  r a t h e r  

than  t h e  t y p i c a l  m u l t i p l i c a t i v e  o p e r a t o r  V ( l , 2 ) .  The 

t r a n s i t i o n  t o  c o n f i g u r a t i o n  s p a c e  i s  now c a r r i e d  out  i n  an 

i d e n t i c a l  manner t o  t h a t  d e s c r i b e d  in  t h e  l a s t  c h a p t e r .

U s in g  t h e  n o - p a i r  a p p r o x im a t io n  f o r  H and r e p e a t i n g  

s t e p s  ( 1 . 3 . 2 0  ) throug h  ( 1 . 3 . 2 3 )  we h a v e  a c o n f i g u r a t i o n  

s p a c e  e q u a t i o n  f o r  an N - e l e c t r o n  a to m ic  s y s t e m  g i v e n  by

£ A + ( i )  . . . x n ) +
i

A<i> Ac  j> ( v  <i , j )  + B ( i , j ) ) A ( j )  A  < i > - E 
+  +■ +

cot x 1# X j . . x n ) *= 0.

( 2 . 1 . 2 0 )

Vc  i s  t h e  o r d i n a r y  Coulomb r e p u l s i o n  term w h i l e ,  B ( i , j )  

i s  a n o n - l o c a l  two body p o t e n t i a l  due t o  t h e  e x ch a n g e  o f  

t r a n s v e r s e  p h otons  among t h e  e l e c t r o n s .

I t  i s  more c o n v e n i e n t  t o  e x p r e s s  t h e  p o t e n t i a l  o p e r a t o r  

( 2 . 1 . 1 9 )  in  t h e  o c c u p a t i o n  r e p r e s e n t a t i o n .  U s in g  t h e  

r e p r e s e n t a t i o n  ( 2 . 1 . 1 6 )  f o r  t h e  c u r r e n t  o p e r a t o r  in

( 2 . 1 . 1 4 ) ,  

we g e t .
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HD * 1 / 2  y '  b b b  .b  1 ( 71 1 « ^ 77mn _ 1 _ 1 )B /  , n in in n 1 nin * n in / mn, m n
nn'M1

w h e r e ,

ae

V n n . n ' m '  * ~ i e 2 / 4  / dC €< X , f 6 x l f d x 2 '

( 2 . 1 . 21 )

E x p r e s s i n g  t h e  p h o to n  comm utator  g i v e n  in

( 2 . 1 . 1 5 )  by  t h e  t r a n s f o r m ,

an

Da b ( r ,  ) -  c. ( V ' S a b  + ) 1 / r  J d k / k 2  e i Kr  s i n ( c k L )

w h e r e ,  r * j x ^- Xj t

( 2 . 1 . 2 2 )

and p e r f o r m i n g  t h e  t e m p o r a l  i n t e g r a l ,

*>

fat € ( t  ) s i n ( c k t  ) e iWw' fce" 'n|t I -

P / ( c k  + W . ) + P / ( c k  -  W , ) nn nn

(P r e p r e s e n t s  t h e  p r i n c i p a l  v a l u e  o f  t h e  d e n o m i n a t o r s ) ,

( 2 . 1 . 2 3 )

we h a v e .
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” l K  *  2 < ^ a b  + V . i V 1b  ) c 2 / V t

•»

P J d k / k  e i k r  1 / (ck + Wn n , ) ( c k  -  W ^ . j J l n '

( 2 . 1 . 24)

We e v a l u a t e  t h e  i n t e g r a l  o v e r  k t o  g e t ,

-  - e 2 / 4 < n " i  * . *  °<b i ( v 2 ^  ♦ v ; v ; ) «

r ((  2hc/W , r )s in(W , r / 2h c  )) 2 n*nn nn Ji *

( ti i s  t h e  P lanck  c o n s t a n t )  ( 2 . 1 . 2 5 )

We can d e f i n e  a n o n r e l a t i v i s t i c  l i m i t  by  s e t t i n g  t h e

q u o t i e n t  (W , r/ hc)<C< 1,  ( t o  b e  more p r e c i s e ,  we mean t h a t  nn
t h e  e x p e c t a t i o n  v a l u e  o f  t h i s  o p e r a t o r  i s  s m a l l ) .  This  l i m i t  

i s  r e a l i z e d  f o r  low Z a to m s ,  and f o r  p o s i t i v e  e n e r g y  s t a t e s

where t h e  e l e c t r o n  v e l o c i t y  v / c  ** (Z k  ) << 1.  In t h i s  l i m i t
2 2 we can r e p l a c e  t h e  s i n  term in  ( 2 . 1 . 2 5 )  by (W„ . r / 2 h c  ) . r  nn

The m a tr ix  e le m en t

7 7 t h e n  b e c o m e s ,/ nm, n m

( 2 . 1 . 26 )
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U s in g  t h e  a b o v e  e x p r e s s i o n  and t h e  c o r r e s p o n d i n g  term  f o r

77 1 1 * t h e  non -  l o c a l  o p e r a t o r  B { 1 , 2 )  becom es t h e' /nm,n m
f a m i l i a r  B r e i t  o p e r a t o r  d i s c u s s e d  in  c h a p t e r  1.

An a l t e r n a t i v e  e x p r e s s i o n  f o r  77„„ i s*/ nm, n m
o b t a i n e d  by  i n t e g r a t i n g  ( 2 . 1 . 2 5 )  by  p a r t s  and t h e n  making  

u s e  o f  t h e  D i r a c  e q u a t i o n  t o  g e t ,

7?nm,n'm' * - e 2 / 2  ^n m 1 c o s  (Wn n , r / t i c  ) / r  +

W , /w , ( 1 -  c o s  (w , r / T i c ) ) / r  \ n* m' ymm nn nn f

( 2 . 1 . 2 7 )

Tn t h i s  form T) , , can  e a s i l y  b e  e x p r e s s e d  i n  term s1nm, n m
o f  two d i m e n s i o n a l  r a d i a l  i n t e g r a l s ,  ( s e e  a p p e n d ix  A . 3 . )



42

S e c t i o n  2 . 2  Three  body p o t e n t i a l s

We now p r o c e e d  t o  c o n s t r u c t  t h e  t h r e e  p a r t i c l e
2

p o t e n t i a l s  by l o o k i n g  b e y o n d  t h e  e terms in  t h e
3

e x p a n s io n  ( 2 . 1 * 8 ) .  The n e x t  terms w i l l  b e  0 ( e  ) ,  t h e s e

w i l l  be  o f f - d i a g o n a l  in  t h e  photon  number* and c o n t r i b u t e
6 4o n l y  t o  0 ( e  ) d i a g o n a l  t e r m s .  Some o f  t h e  e  terms

w i l l  be  on d i a g o n a l  in  t h e  photon r e p r e s e n t a t i o n .  They a r e

g i v e n  b y ,

HC-T -  - 1 / 2  K - I 0" '  « c ] ] .

and

H-T-T * - i / 0 ' [ ° ” » Hi  ] ] ]  *

( 2 . 2 . 1 )

The s u b s c r i p t s  C-T, T-T, r e f e r  t o  " Coulomb -  t r a n s v e r s e " ,  

and " t r a n s v e r s e  -  t r a n s v e r s e  " p a r t s  r e s p e c t i v e l y .  This  

t e r m i n o l o g y  is  i n d i c t i v e  o f  t h e  f a c t  t h a t  t h e  f i r s t  p a r t  

o f  ( 2 . 2 . 1 )  d e s c r i b e s  p r o c e s s e s  where  a v i r t u a l  Coulomb 

p h o to n ,  and t r a n s v e r s e  ph oton  i s  exch anged;  w h i l e  in  t h e  

l a t t e r ,  two t r a n s v e r s e  ph otons  a r e  e x c h a n g e d .

C o n c e n t r a t in g  on t h e  HC_T terms f i r s t ,  l e t  us expand t h e  

commutator in  ( 2 . 2 . 1 ) ,
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DO H>

- 1 / 8  J d r , € ( r , )  f d r Le(rO - t ( i ) [ j ( 2 )  , h c ] [ a ( U  , a ( 2 ) ]

-  •* -to

+ ( tw o ,  one -  body terms ) .  ( 2 . 2 . 2 )

A l l  i n d i c e s  and c o o r d i n a t e s  a r e  i m p l i c i t l y  r e p r e s e n t e d  by  

t h e  numerals one ,  and t w o .  The n e g l e c t e d  one and tw o-b ody
4

ferm ion  o p e r a t o r s  c o r r e s p o n d  t o  e two,  one  body  

p o t e n t i a l s ,  and r e n o r m a l i z a t i o n  t e r m s .  We s h a l l  i g n o r e  

t h e s e  terms and c o n c e n t r a t e  o n l y  on t h e  t h r e e  -  body  

o p e r a t o r s .  We expand t h e  ferm ion  commutator,  

and keep  o n l y  t h e  r e s u l t i n g  two body o p e r a t o r .  We g e t

[ J ( x 2 , t i > , Hc ] -  e 3 Jdx4 \ p ( x 2 VL)<KL ^ ( x 4 ) ( e “ i h ( 2 ) r *- Vc ( 2 , 4 )

+ ( ,/ ' ( x 2 > V ^ x 4 ) Vc ( 2 , 4 )  e i n i 2 ) T L ) ^ { x A )0(L^ ( x 2 TL)

( 2 . 2 . 3 )

where we h a v e  used t h e  commutation r e l a t i o n s  ( 1 . 3 . 9 ) ,  and

( 2 . 1 . 1 8 ) .  I n s e r t i n g  t h e  above e x p r e s s i o n  i n t o  ( 2 . 2 . 1 ) ,  

and p u t t i n g  t h e  r e s u l t i n g  t h r e e  ferm ion  o p e r a t o r  i n t o  normal  

o r d e r i n g ,  we g e t ,

i j d x j d x 2jdhc - t  “ 1 / 6  d x i  rx 2 rx 3

^ * 1 ) ’/ / (x2 ) ^ ( x 3) A  c-T( 1 *2 , 3 ) \ p { x 3 ) t//(x2 ) l / ' (x1):
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where ,

A C- t (1 ' 2' 3) -  - e 4/8 /dt;€(T() f d t L€  ( $ )  e ih ( 1 * Vt e lh ( 2) T*-
'  .t, - w

o c »  D * < 1 . 2 > X b  . - i l , l l ^ ' e - l h , S ) r *Vc ( 2 . 3 )  . ’ ’I < '*■< * '* ‘ 0

+ H . c .  + ( a l l  p e r m u t a t io n s  o f  c o o r d i n a t e s )  ( 2 . 2 . 4 )

The above e x p r e s s i o n  i s  n o t  v e r y  e n l i g h t e n i n g ,  t h e r e f o r e  as 

was done fo r  t h e  n o n - l o c a l  B r e i t  o p e r a t o r  ( 1 . 1 . 1 9 )  we e x p r e s s  

t h e  above k e r n e l  in  t h e  o c c u p a t i o n  r e p r e s e n t a t i o n .  Expanding  

t h e  wave o p e r a t o r s  in  t h e  o c c u p a t i o n  r e p r e s e n t a t i o n  we h a v e ,
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Hc -T  ’  ^ bn W V b r V  Vnm 1,  n ' » 1 1'  + H' c

where ,

y f ~ T -  < n  » l |  A c _T [n' *• l '^>

- e 4 / 8

«0 *o

far, €(t,j f<3iL €  ( r L) e ih(1)z:l e ih (2 )r^o( jD<x12,r ,-rt)<K 2
~oe> _Vj

e - i h d ) r ; e - i h ( 2 ) r l  <0b U i > < ^ < , 2 > 

j d x 3J d x 4  ( x4 ) ( ^ ( x 3)Vc ( 3 , 4 )  V3,-<x43 V^n,-<*3>

( 2 . 2 . 5 )

where we h a v e  used t h e  c o m p l e t e n e s s  p r o p e r t y ,

2 > , < x2 > ¥>s (* 4> -  S<  x 2- x 4 ) .  A f t e r  o p e r a t i n g  
5
t h e  e x p o n e n t i a l  f a c t o r s  on t h e  s u r r o u n d in g  s p i n o r s  we 

e v a l u a t e  t h e  t im e  i n t e g r a l s ,
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Jdtj  J d t2 6 ( t 1 ) € ( t 2) e iW"* t l  e iW**
-  oe _ b4

i e  19 i n c k ( t j - t  2 )

-  4lck (Wnn'-WX8) P [1/( ok+Wn n ')(ck-WlS )<c,' -Wn n ')(e,t+Wl . >] •

( 2 . 2 . 6 )

Rearranging the above fraction , and inserting into (2 .2 .25)  

we get .

’  - ® 2 / 8  < n l K ° < 2

oo

4 lc J /  (Wnn’ + W1 1 ') ( V ^  + V ? V 2 > | 1/r P / dk/k

e lkr [l/(ck+Wnn, ) (ck-Wnn, ) -  l/tck+W^ Mck-W^ )] j |n 's7  *

<̂ s m | Vc  ( 3, A ) 11 ’ m * ^  *

(2 .2 .7 )

Comparing the above k - integration with the corresponding 

in tegral  in (2 .1 .23)  we get ,

VC"T *nlm ,n'l  m1

^ n l . n ' s  “ ^ ln .s  'n' )/(Wnn'+ Wls I'm*
t

where the T) matrix elements were defined in (2 .1 .2 5 ) ,  and

*<* ■'\vc <1' 2>\ 1' " * > •
( 2 . 2 . 8 )



47

Let us now tu r n  our a t t e n t i o n  tow ard  t h e  t r a n s v e r s e -  

t r a n s v e r s e  t h r e e  body p o t e n t i a l s  c o n t a i n e d  in  HT_Jp . 

Expanding t h e  m u l t i p l e  commutators we h a v e ,

Where a g a in  a l l  s p a t i a l  i n d i c e s  and i n t e g r a t i o n s  a r e  

i m p l i c i t .  The in d ex  4 does n o t  h a v e  a t im e  c o o r d i n a t e .  

We a r e  o n ly  i n t e r e s t e d  in  t h e  terms t h a t  g i v e  ub t h e  

t h r e e - f e r m i o n  o p e r a t o r s .  A f t e r  some commutator a l g e b r a  

we g e t ,

( 2 . 2 . 9 )

( 2 . 2 . 1 0 )

E v a l u a t i n g  t h e  c u r r e n t - c u r r e n t  commutators we can r e w r i t e  

t h e  a b o v e .
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H t-T  ’  1 /6  J a* l  J  a* 2 fa*  3

+ H .c .  + ( a l l  p e r m u t a t io n s  o f  c o o r d i n a t e s )

(2.2.1 1)
where .

®s> *0 99
/ X t _t (123)  -  - i e 4 / 6 4  J d T( £ (  T, ) J $ T t  €(  Tt ) J 6 T } €  ( X3 ) e'*y— ■>' ~

( . « . ( ! >  t .  e i h ( 2 ) T l e < . D^ ( i t i 2 j r i . Ti)C(b . - i h c i ) r 1# - i h ( i ) r t)

(3 e lll< 3,Tj •<2Dc d ( x 2 3 ' Ti ) ^ 3  e ~ l h < 3 , r l  

+ e l h ( 2 , r 5o(c Dcd<> a 3 iT>)<Kd e - i h ( 2 , T j .

( 2 . 2 . 1 2 )

A g ain ,  as w i t h  t h e  HC_ T term we can e x p r e s s

Ht _t in  t h e  o c c u p a t i o n  number r e p r e s e n t a t i o n .  P r o c e e d in g

in  t h e  same manner as above we h a v e ,
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«T-T * I  b nbX , V b v V  Vn l m , n '  l ' » '  + H’ c  

w here ,

d o  •«

vnll,n’r»- -  - l e 4 /6 4  for,en)farlewUx,ewY.Zoo j

n 1 I e 1^ ' ^  e iWA» Tl- ( X * D ( x 1 2 , T.-Ti K j ) | n* s >N

<9 in [ (3  e lW**v* ' ' + e iWst' Ti ( oCC3D ( x 3 4 , Tj ) <**) f 1 * m*>
t-4

( 2 . 2 . 1 3 )

By now t h e s e  i n t e g r a l s  c e r t a i n l y  look f a m i l i a r .  The i n t e g r a l
C-To ver  T , - r t i s  o f  t h e  same t y p e  e n c o u n t e r e d  i h  t h e  V 

m atr ix  e l e m e n t s ,  w h i l e  t h e  i n t e g r a l  o v e r  T j i s  o f  t h e  same  

g e n r e  as in  ( 2 . 1 . 2 4 ) .  Borrowing p r e v i o u s  r e s u l t s  we g e t  

a compact e x p r e s s i o n .

( 2 . 2 . 1 4 )
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Up t o  now t h e  S c h w i n g e r  t r a n s f o r m a t i o n  was e m p lo y e d  t o

t h e  photon  number. The r e s u l t i n g  two p a r t i c l e  o p e r a t o r  in  

Fock s p a c e  t h e n  became a two p a r t i c l e  p o t e n t i a l  in  

c o n f i g u r a t i o n  s p a c e  when t h e  no p a i r  a n s a t z  was used in  

t h e  v a r i a t i o n a l  e q u a t i o n  ( 1 . 3 . 2 0 ) .  I t  was p o i n t e d  o u t  in  

c h a p t e r  1, t h a t  t h e  no p a i r  a n s a t z  s u f f e r s  from t h e  

d e f i c i e n c y  t h a t  i t  does not  a l l o w  e l e c t r o n  -  p o s i t r o n  p a i r  

e f f e c t s  t o  m a n i f e s t  t h e m s e l v e s  in  c o n f i g u r a t i o n  s p a c e .  We 

w i l l  t r y  t o  remedy t h i s  s i t u a t i o n  in  t h i s  s e c t i o n .

One r e c o g n i z e s  t h a t  t h e  two body o p e r a t o r ,

can b e  decomposed i n t o  a s e t  o f  d i f f e r e n t  o p e r a t o r s  t h a t  

can b e  c h a r a c t e r i z e d  by  commutation r e l a t i o n s  w i t h  t h e  

e l e c t r o n  ( p o s i t r o n )  number o p e r a t o r .  I f  we use t h e  

d e c o m p o s i t io n  o f  t h e  wave o p e r a t o r  ( 1 . 3 . 1 2 ) ,  t h e n  Hj 

c o n s i s t s  o f  terms t h a t :

i )  s c a t t e r  two e l e c t r o n s ,

i i )  s c a t t e r  one e l e c t r o n ,  c r e a t e  a p a i r ,  o r  d e s t r o y  a p a i r ,

i i i )  two p a i r  t e r m s ,  and p o s i t r o n  s c a t t e r i n g  t e r m s .

4
d i a g o n a l i z e  t h e  QED H a m il to n ia n  t o  0 ( e  ) w i t h  r e s p e c t  t o

where V ( l , 2 )  * vc ( x i 2 ) + 0 ( x 1 2 )

( 2 . 2 . 1 5 )
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The no p a i r  a n s a t z  t h e n  o n l y  d e s c r i b e s  p r o c e s s e s  o f  t h e  

f i r s t  t y p e ,  however  t h e  e f f e c t s  in d u ced  by i i )  s h o u l d  a l s o  

b e  m a n i f e s t  when on g o e s  b e y o n d  t h e  no p a i r  a p p r o x i m a t i o n .

In o r d e r  t o  do t h i s  we maTte a g e n e r a l i z a t i o n  o f  t h e
20Schw inger  t r a n s f o r m a t i o n  , in  o r d e r  t o  d e c o u p l e  t h e  

terms o f  t y p e  i i )  t o  0 ( e  ) .  Let us b e  more e x p l i c i t  in  

our d e c o m p o s i t i o n  d e s c r i b e d  above  f o r  t h e  Hj.  We h a v e ,

H0 * terms o f  t y p e  i , i i i ,  +

r #■ +■ ^
J dxl J dx2 V^( x 1 )I4 ( x 2 ) V<1 ' 2 > ^ ( x 2 > ) ^ ( x 1)

’̂ (X1 ) $ X2 ) v d - 2 ) ^ ( x 2 ) ^ ( x 1 )j

( 2 . 2 . 1 6 )

where we have  used ( 1 . 3 . 1 2 ) ,  and d e f i n e d  t h e  f i e l d  

o p e r a t o r s  x) wh ich  c r e a t e ,  d e s t r o y  e l e c t r o n s

r e s p e c t i v e l y ,  and x) which c r e a t e ,  d e s t r o y

p o s i t r o n s .  The H a m il to n ia n  H' now has  t h e  form ,
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H* -  HQ + H2 + H2 '+ 0 ( e 4 )

( 2 . 2 . 1 7 )

where H2 ‘ a r e  t h e  terms g i v e n  a b o v e ,  We now employ t h e  

Schw inger  t r a n s f o r m a t i o n  e x c e p t  t h a t  we now r e p l a c e  

H j ( r )  in  t h e  g e n e r a t o r  CT w i t h  H2 ' ( D .  A f t e r  c a r r y i n g  

out t h e  i d e n t i c a l  s t e p s  g i v e n  p r e v i o u s l y  we h a v e ,

When e v a l u a t i n g  t h e  commutator above ,  we a re  i n t e r e s t e d  

o n l y  in  t h e  terms t h a t  commute w i t h  t h e  e l e c t r o n  number 

o p e r a t o r ( t h e  n e g l e c t e d  terms appear o n l y  in  h i g h e r  

o r d e r ) .  The r e s u l t i n g  terms w i l l  b e  t h r e e ,  two and one  

e l e c t r o n  o p e r a t o r s .  We a r e  i n t e r e s t e d  o n l y  in  t h e  t h r e e  

bod y  o p e r a t o r s  h e n c e ,

H' ' « e i c r  H’ e _ i ^"

where

( 2 . 2 . IS)
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+ i / 2 [ < T , H 2 '] * - i / 4  f d t 6 ( r )  [ H2 * ( t ) ' H2' ]
o

-  - i / 4  | d t € ( t )  [ <3xi f l3x2 j d x 3
-OO

\ ^ x l } VcTX2 )X/<Jx 3 ) e " i h ( 1 ) T  e “ i h ( 2 ) r V ( l , 2 )

e i h ( l ) - c  e i h ( 2 ) i :  ^  ( 2 )  v ( 2 (  3) ^ / (X3) \ f / (x2 ) \ l / ( %1) + H.c

( 2 . 2 . 1 9 )

where we h a v e  used t h e  commutation  r e l a t i o n s  ( 1 . 3 . 9 ) ,  and 

t h e  d e f i n i t i o n  o f  t h e  n e g a t i v e  e n e rg y  p r o j e c t i o n  o p e r a t o r s  

g i v e n  in  ( 1 . 3 . 2 4 ) .  The above o p e r a t o r  in  t h e  o c c u p a t i o n  

r e p r e s e n t a t i o n  b e c o m e s ,

V  1 / 2  Y J*n* 1*T”*»,* V 'bn' ^ 1 " . ♦  H .c

w here ,

(-'I

' n l m . n ' l ' m *  ”^ < ( n 11 V( 1,  2) | n * 3 / >/ ( Wnn'  + Ex +[Eg|) *

1

< s  m |V( 3 , 4 )  | l'm'^>

( 2 . 2 . 2 0 )

where t h e  e n e r g y  denom inator  r e s u l t s  from t h e  t r i v i a l  t im e  

i n t e g r a t i o n .  We can use  ( 2 . 1 . 2 5 )  and ( 2 . 2 . 8 ) f o r  t h e  m a tr ix  

e le m e n ts  o f  t h e  two body o p e r a t o r  t o  g e t
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VPn ml , n ' m' 1 *

i->

Z
( «*« -  V n i „ -  T),„ Q„ ) / ( W rin, + E + 1E I )n l , n  s  / n l , n  a / i n ,  an nn 1 * s'

S

 ̂ Csm, l ' ro '  ^ s m . l ' m '  ~ ^7ms , m' 1' ^

( 2 . 2 . 2 1 )

Adding HC_ T , HT_ T , and Hp t h e  t o t a l  t h r e e  body  

i n t e r a c t i o n  H a m i l t o n ia n  i s  g i v e n  b y ,

H ( 3) * 1 /6  J~clx j^Jdx 2J d x  3  ̂ x 2 ) ^ ( * 3 )

S ( A C- T ( 1 ' 2 ' 3) +A t - t {1 ' 2 ' 3) + A p ( l , 2 , 3 ) }  ^ ( x 3 ) ^ ( x 2 ) ^ { x 1 )

+ H.c

( 2 . 2 . 2 2 )

w h e r e ,  A c - T * 1 , 2 ' 3 *' A T_T d * 2 * 3) a r e  g i v e n  i n  ( 2 . 2 . 4 ) ,  

and ( 2 . 2 . 1 2 ) r e s p e c t i v e l y ,  A p ( l » 2 , 3 )  i s  t h e  o p e r a t o r  in  

t h e  s p a t i a l  i n t e g r a l  ( 2 . 2 . 1 9 ) ,  and S i s  a s y m m e t r i z a t i o n  

o p e r a t o r  w i t h  r e s p e c t  t o  t h e  p a r t i c l e  c o o r d i n a t e s .  U s in g  

t h e  no p a i r  a n s a t z ,  and c a r r y i n g  o u t  ( 1 . 3 . 2 0 ) ,  one  g e t s  

t h e  c o n f i g u r a t i o n  s p a c e  e q u a t i o n  ( 2 . 2 . 1 9 )  w i t h  an 

a d d i t i o n a l  c o n f i g u r a t i o n  s p a c e  t h r e e  body  p o t e n t i a l  g i v e n  

b y
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V A + ( i ) A + < J > A + <1' )  *

S( A c _ x t i . j . K )  + A T_T ( i . j . k )  + A p ( i . J . * >  )

( 2 . 2 . 2 3 )
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Chapter  3

A m b ig u i t i e s  a s s o c i a t e d  w i t h  t h e  d e c o u p l i n g  

t r a n s f o r m a t i o n  d i s c u s s e d  in  t h e  p r e v io u s  c h a p t e r  a r e  

i n v e s t i g a t e d .  The d e g r e e  o f  freedom one has in  t h e  c h o i c e  

o f  a d e c o u p l in g  m a n i f e s t s  i t s e l f  in  t h e  a p p earan ce  o f  non 

unique  tw o ,  and t h r e e  body p o t e n t i a l s .  I t  i s  shown t h a t  

t h e s e  p o t e n t i a l s  d i f f e r  w i th  r e s p e c t  t o  t im e  r e v e r s a l  

symmetry.  A c e r t a i n  c l a s s  o f  t h e s e  a m b i g u i t i e s  a r e  

r e s o l v e d  in  s e c t i o n  3 . 1 .  In s e c t i o n  3 . 2 ,  we make an 

o b s e r v a t i o n  c o n c e r n i n g  an apparant  v i o l a t i o n  o f  t h e  P a u l i  

e x c l u s i o n  p r i n c i p l e  by  some o f  t h e  t h r e e - b o d y  p o t e n t i a l s  

d e r i v e d  in  t h e  l a s t  c h a p t e r .  F i n a l l y  in  t h e  l a s t  s e c t i o n ,  

we r e d e r i v e  t h e  P r im a k o f f  H o l s t e i n  t h r e e  body p o t e n t i a l  

from QED u s in g  a " c l a s s i c a l  l i m i t " ,  where  t h e  e l e c t r o n s  

exchange  low f r e q u e n c y  or  " s o f t "  p h o t o n s .
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S e c t i o n  3 . 1  A m b ig u i t i e s  in  t h e  ph o to n  d e c o u p l i n g  

t r a n s  fo r m a t io n

In t h e  p r e v i o u s  s e c t i o n s  we h a v e  em ployed  t h e  

S chw in ger  c a n o n i c a l  t r a n s f o r m a t i o n ,  on t h e  QED H a m il to n ia n

c o n s t a n t .  The c r u c i a l  p r o p e r t y  o f  t h e  Schw inger  

t r a n s f o r m a t i o n  t h a t  a l l o w s  us t o  d e c o u p le  t h e  r a d i a t i o n  

f i e l d  i s  g i v e n  by  e q u a t i o n  ( 2 . 1 . 1 2 ) .  The Schw inger  

t r a n s f o r m a t i o n  dbey3 t h i s  o p e r a t o r  i d e n t i t y  b e c a u s e  t h e  

t im e  d e r i t a t i v e  o f  t h e  d i s c o n t i n o i B  s t e p  f u n c t i o n  i s  a 

d e l t a  f u n c t i o n  i . e ,

€ ( t ) i s  not t h e  o n l y  f u n c t i o n  t h a t  obeys t h i s  e q u a t i o n ,

o f  t h e  Schw inger  t r a n s f o r m a t i o n  l e t  i s  c o n s i d e r  t h e  

t r a n s f o r m a t i o n  in d u c ed  b y  t h e  g e n e r a t o r

4
t o  d e c o u p le  t h e  r a d i a t i o n  f i e l d  t o  0 ( e  ) in  t h e  c o u p l i n g

£ 6 ( t )  -  2 & ( t )  
c>t

( 3 . 1 . 1 )

a n o t h e r  in d ep en d e n t  f u n c t i o n  i s  g i v e n  by  - 2 $ ( - t ) .  I n s t e a d

00

( 3 . 1 . 2 )

We now e v a l u a t e  t h e  commutator,



where we h a v e  i n t e g r a t e d  b y  p a r t s  and used t h e  p r o p e r t y  o f

As a m atter  o f  f a c t  we can d e f i n e  an even  more g e n e r a l  

t r a n s  format io n

(a )  b e i n g  an a r b i t r a r y  r e a l  p a r a m e t e r .  I t  i s  o b v io u s  t h a t  

6 "(a) a l s o  obeys  t h e  o p e r a t o r  r e l a t i o n  ( 3 . 1 * 2 ) .  We now h a v e  

a s i t u a t i o n  where t h e  d e c o u p l in g  o f  t h e  r a d i a t i o n  f i e l d ,  

i s  no t  a unique p r o c e d u r e ,  which  in  tu rn  s u g g e s t s  t h a t  t h e  

tw o ,  t h r e e  body p o t e n t i a l s  d e r iv e d  in  t h e  p r e v i o u s  s e c t i o n  

a r e  a l s o  not  u n iq u e .  The d e c o u p l i n g  t r a n s f o r m a t i o n  g i v e n  

by ( 3 . 1 . 4 )  can be p a r a m e t r i z e d  by t h e  a r b i t r a r y  c o n s t a n t  a .

t h e  s t e p  f u n c t i o n ,  £~ 8 ( - T) -  -  4  ( r )  (we h a v e  a g a in

n e g l e c t e d  t h e  d e r i v a t i v e  o f  t h e  a d i a b a t i c  c o n v e r g e n c e  

f a c t o r ) .  T h e r e f o r e  t h e  t r a n s f o r m a t i o n  d e f i n e d  by  t h e  

g e n e r a t o r  ( 3 . 1 . 2 )  w i l l  a l s o  d i a g o n a l i z e  t h e  QED 

H a m il to n ia n  w i t h  r e s p e c t  t o  t h e  ph o to n  number t o  0 ( e  )

w h e r e ,

( 3 . 1 . 4 )



For a * 1,  we s h o u l d  r e c o v e r  t h e  r e s u l t s  o b t a i n e d  in  t h e  

p r e v i o u s  s e c t i o n  s i n c e  t h i s  c h o i c e  c o r r e s p o n d s  t o  t h e  

Schw inger  t r a n s f o r m a t i o n .  Let us i n v e s t i g a t e  t h e  

dependence  o f  t h e  two body p o t e n t i a l s  on t h i s  p a r a m e t e r .  

We r e c a l l  from s e c t i o n  2, t h a t  t h e  form o f  t h e  n o n l o c a l  

two body p o t e n t i a l  i s  g i v e n  by

V ( l , 2) « Vc ( l , 2) + B ( 1 , 2 )

( 3 . 1 . 5 }

where B ( l , 2 )  was d e f i n e d  in  ( 2 . 1 . 1 9 ) .  A new two body  

p o t e n t i a l  can be  d e r i v e d  by  t h e  r e p la c e m e n t  o f  t h e  £ ( * )  

s t e p  f u n c t i o n  in  ( 2 . 1 . 1 9 )  w i th  a C (x ) -  2 ( l - a ) 0 ( - t )  , i . «

B ( l , 2 ) ~ >  Ba ( l , 2 )  -  - i e 2/ 4  J d v f e i Z  )a  -  2< 1 - a )  Q  ( - D ] «

e i h  ( 1 ) t  «(°'D, i ,  2 ) o<b e - i h (  1 ) t  + ( 1 « * 2  )

“  ( 3 . 1 . 6 )

Let us look  at  t h e  form o f  t h e  p o t e n t i a l  B ( 1 , 2 )  fo ra
v a r io u s  v a l u e s  o f  t h e  param eter  a .  For a ■ 2, we can

r e c a s t  t h e  B . ( 1 , 2 ) p o t e n t i a l  in  t h e  same form as  
0*1

( 2 . 1 , 1 9 )  e x c e p t  by r e p l a c i n g  t h e  photon  p r o p a g a t o r  

D( Xj 2 *fc) by a r e t a r d e d  photon  p r o p a g a t o r  DR( x i 2 ' t  ̂ * 

2 $ ( t )  Tb® r e t a r d e d  p r o p a g a t o r  v a n i s h e s  f o r

t  < 0 , l i k e w i s e  f o r  t h e  c a s e  a ■ 0 we g e t  t h e  advanced
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p r o p a g a t o r  D̂ ( x i 2 ' fc  ̂ “ - 2  0 ( - t ) D < x 1 2 , t ) w h ereas  f o r

a ■ 1 t h e  p r o p a g a t o r  i s  s y m m e t r i c a l  in  t i m e .  We t h i s

n o t i c e  t h a t  t h e  p a r a m e t e r  (a )  j u s t  p i c k s  o u t  t h e  v a r i o u s

t e m p o r a l  b o u nd ary  c o n d i t i o n s  f o r  t h e  e l e c t r o d y n a m i c  Greens  
21f u n c t i o n  . I n  t h e  l i t e r a t u r e  one  u s u a l l y  f i n d s  t h a t  t h e  

c h o i c e  f o r  t h e  r e t a r d e d  p r o p a g a t o r  i s  made in  o r d e r  t o  

h a v e  c a u s a l  s o l u t i o n s  f o r  t h e  p h y s i c a l  prob lem s a t  h a n d .

T h is  i s  u s u a l l y  a s e n s i b l e  c h o i c e  when i s  one d e a l i n g  w i t h  

s c a t t e r i n g  p ro b lem s  w h ere  t h e r e  i s  a c l e a r  d i s t i n c t i o n  

b e t w e e n  p a s t  and f u t u r e ,  h o w ev er  t h i s  i s  no l o n g e r  t r u e  

when we a r e  d e a l i n g  w i t h  bound s t a t e  s o l u t i o n s  o f  a

quantum m e c h a n i c a l  s y s t e m  su ch  as an atom. In a c l a s s i c
22p a p er  , Feynman and W h e e le r ,  a n a l y z e d  in  d e t a i l

c a u s a l i t y  prob lem s t h a t  a r e  e n c o u n t e r e d  in  c l a s s i c a l

a c t i o n  a t  d i s t a n c e  t h e o r i e s .  In f a c t ,  t h e y  sh ow ed  t h a t

o n l y  s o l u t i o n s  t h a t  a r e  sy m m e tr ic  i n  t i m e  w i l l  no t  v i o l a t e
23c a u s a l i t y ,  ( t h i s  i s  t r u e  o n l y  f o r  a s t a t i c  u n i v e r s e  ) .  

T h e r e f o r e ,  at t h i s  s t a g e ,  we w i l l  n o t  make any a -  p r i o r i  

c h o i c e  in  t h e  v a l u e  o f  t h e  p a r a m e te r  ( a )  b u t ,  i n s t e a d ,  s e e  

how f a r  we can  c a r r y  t h e  f o r m a l i s m  u n t i l  we g e t  t o  an 

o b v i o u s  m o t i v a t i o n  f o r  c h o o s i n g  any p a r t i c u l a r  v a l u e  o f  

(a )  o v e r  a n o t h e r .

Let us f i r s t  lo o k  a t  t h e  form o f  t h e  two body  

p o t e n t i a l  in  t h e  o c c u p a t i o n  r e p r e s e n t a t i o n .  This  was done  

f o r  t h e  S c h w in g e r  t r a n s f o r m a t i o n  ( a * 1) i n  s e c t i o n  2 , 

f o r  t h e  more g e n e r a l  c a s e ,  t h e  t im e  i n t e g r a l  in  ( 2 . 1 . 2 3 )  

now b e c o m e s ,
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P( 1 / (ck+W , )  + 1 / { ck-W , )  ) nn nn

P ( l / ( c k + W n n , ) + l / ( c k - W n n , ) )  + ( 1 - a )  7T i [ &<ck+wn n * ) ^ ( d t +wn n ' j *

( 3 . 1 . 7 )

p e r f o r m i n g  t h e  k s p a c e  i n t e g r a l  as i n  ( 2 . 1 . 2 4 ) ,  we g e t  

i n s t e a d  o f  t h e  TJ m a t r ix  e l e m e n t s  d e f i n e d  in  ( 2 . 1 . 2 5 ) ,

77__ n * m 1 7  7?_ _ _ l _ ■ ^ _ I I ( 1“ S )■nm, n m / nm, n m ** nm,n m

w h e r e ,

nm, n 1 m1 * i e 2 / 2 < "  - I  < V L  >

(cti/W , ) ^ /r  (s  in  (Wnn' r / h c ) 1 n' m'^> nn *

( 3 . 1 . 8 )

At f i r s t  s i g h t  i t  might seem t h a t  t h e  a p p e a r a n c e  o f  t h e  

i m a g in a r y  f a c t o r  makes B ( 1 , 2 )  a non -  H e r m it ia na
o p e r a t o r ,  b u t  i t  can e a s i l y  b e  p r o v e d  t h a t  B ( 1 , 2 )  i s  a

cl

p e r f e c t l y  a c c e p t a b l e  H e r m it ia n  o p e r a t o r ,  s i n c e
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1-
■ B ( 1 , 2 )  where we h a v e  u s e d ,  D { l , 2 t )  ■ -  D ( 1 , 2 t:)cl

( 3 . 1 . 9 )

Let us now d e f i n e  an o p e r a t o r  J^ta)  which i s  t h e

d i f f e r e n c e  o f  t h e  p o t e n t i a l  d e r i v e d  in  s e c t i o n  2 , (a  ■ 1 )

and t h e  p o t e n t i a l  f o r  any a r b i t r a r y  v a l u e  o f  ( a ) .  This

o p e r a t o r  in  a s e n s e  ” measures" t h e  d e g r e e  o f  a m b ig u i ty  o f

t h e  two body p o t e n t i a l  . A f t e r  a l i t t l e  a l g e b r a  and making  

use  o f  t h e  i d e n t i t y  £(T) ■ Q { Z ) -  Q ( - t )  we h a v e ,

T a ' 1 ' 2 ’ ‘

«o

- i e 2 / 4 j d r  ( 1- a )  e l h (  1 ) r  D ^ ( r 1 2 ,T) ^  2 )

( 3 . 1 . 1 0 )

Let us now ta k e  m a tr ix  e le m e n t s  o f  t h e  above o p e r a t o r  w i t h  

r e s p e c t  t o  t h e  D ir a c  -  Coulomb wave f u n c t i o n s ,  we g e t ,

<̂ n m | ( 1 ,  2) | n 1 m “

( 1- a ) { S I  , • +  . 1  ) ,\  nm, n m mn, m n f
( 3 . 1 . 1 1 )

where t h e  S I  m a tr ix  e l e m e n t s  a r e  d e f i n e d  ab ov e ,

We n o t i c e  t h a t  f o r  e n e r g y  o n - s h e l l  m a tr ix  e l e m e n t s  i . e . ,

(W_ . + W , )  « 0 t h e  / n  a 1 P ( 1 , 2 )  ] n* m' > v a n i s h ,  nn mm * a 1 t
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b e c a u s e  t h e  f u n c t i o n s  S L e r e  odd w i t h  r e s p e c t  t onm , n m
t h e  s i g n  o f  t h e  e n e rg y  d i f f e r e n c e .  We t h i s  come t o  t h e

im p o rta n t  c o n c l u s i o n  t h a t  our a m b ig u i ty  in  t h e  non l o c a l

p o t e n t i a l  B ( 1 , 2 )  appears  in  o n l y  t h e  o f f  s h e l l

m atr ix  e le m e n ts  o f  t h i s  o p e r a t o r .

We can g e t  a b e t t e r  h a n d l e  on t h e  p h y s i c a l  s i t u a t i o n

p r e s e n t e d  h e r e  i f  we i n v e s t i g a t e  t h e  t im e  i n v a r i a n c e

p r o p e r t i e s  o f  t h e  o p e r a t o r  B ( 1 , 2 ) .  We i n t r o d u c e  t h e
24s i n g l e  p a r t i c l e  r e l a t i v i s t i c  t im e  r e v e r s a l  o p e r a t o r  

g i v e n  b y ,

T * K

( 3 . 1 . 1 1 )

where t h e  fo u r  d i m e n s i o n a l  s p i n o r  o p e r a t o r s  0  ̂  ̂ ^

a r e  g i v e n  by

* 3
( 3 . 1 . 1 2 )

& ~ and Cg b e i n g  t h e  two d i m e n s i o n a l  P a u l i  o p e r a t o r s .

K i s  t h e  n o n r e l a t i v i s t i c  t im e  r e v e r s a l ,  a n t i - u n i t a r y  

o p e r a t o r .  The m u l t i p a r t i c l e  T o p e r a t o r  i s  d e f i n e d  as a 

p r od u ct  o f  t h e  s i n g l e  p a r t i c l e  t im e  r e v e r s a l  o p e r a t o r s .
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In o r d e r  t o  i n v e s t i g a t e  t h e  t im e  i n v e r s i o n  p r o p e r t i e s  o f  

t h e  B ( 1 , 2 )  o p e r a t o r  l e t  us f i r s t  i n v e s t i g a t e  t h e  

b e h a v i o r  o f  t h e  photon  p r o p a g a t o r  ( 2 . 1 . 1 5 )  under t im e  

in v e r s  io n  i . e ,

Da b ( x 1 2 ' t ) ^  T Da b ( x 1 2 ' t > T

2i c / ( 2  7T ) 2̂ d 3k /k  ( S ^ -  A  ) e lk*r s i n t c k t ^ K

2 i c / ( 2  tt ) 2J d 3\ / k  ( £ ^ -  ) e " l k r  s i n ( c k t )

Da b ( x 1 2 ' fc * ‘

( 3 . 1 . 1 3 )

arej

The t im e  i n v e r s i o n  b e h a v i o r  o f  t h e  D ir a c  m a t r i c e s  
24

X  a T << a T

* -  <Ka .

( 3 . 1 . 1 4 )

U s in g  t h e s e  i n t e r m e d i a t e  r e s u l t s  we can now make a t im e
A*

r e v e r s a l  t r a n s f o r m a t i o n  on B ( i ( 2 ) .  R e p r e s e n t in g
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t h i s  o p e r a t o r  in  t h e  form ,

B* ( 1 , 2 )  -  B { 1 , 2 )  + n * 1 ' 2 )O 9

( 3 . 1 . 1 5 )

We have  ,

T f - i e 2/ ^ x g M  1 t̂V*Dab^x1 2 ' ^ <*L* e - ‘h (1 )^ T t  
*•%

-  + i e 2/ 4 J d x  g ("t) e " ih (  1)r<*» Da b *x 1 2 ' r> )  e  

- • ©

( 3 . 1 . 1 6 )

where g('C) i s  an a r b i t r a r y  r e a l  s c a l a r ,  and we have  used  

t h e  t i m e  i n v a r i a n c e  p r o p e r t y  o f  t h e  D ir a c  -  Coulomb 

H a m il to n ia n  h ( l ) .  The f u n c t i o n  g { t )  * € ( t )  f o r  t h e  B ( l , 2 )

o p e r a t o r ,  and g(  "P ) * 1 f o r  t h e  T-* ( 1 , 2 )  o p e r a t o r .  We
* a

t h e r e f o r e  h a v e ,

V  ̂ n, t  •-) +
T B ( 1, 2 ) T -  T B( 1, 2) T + T r  ( 1 , 2 )  T

B , < 1 , 2 >  -  ( 1 , 2 )a

t 3 . 1 . 1 7 )
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We thus c o n c lu d e  t h a t  t h e  two body p o t e n t i a l  i s  t im e  

r e v e r s a l  i n v a r i a n t  o n ly  f o r  t h e  c h o i c e  a * 1 s i n c e ] ^  

changes  3 ig n  under t im e  r e v e r s a l .  We know t h a t  QED i s  a 

t im e  r e v e r s a l  i n v a r i a n t  t h e o r y ,  however  by making a 

u n i t a r y  photon  d e c o u p l i n g  t r a n s f o r m a t i o n  we a r e  in  e s s e n c e  

p i c k i n g  an a n s a t z  f o r  t h e  Fock s p a c e  e i g e n s o l u t i o n  t h a t  

does no t  h a v e  t h e  same symmetry p r o p e r t y  as t h e  

H a m il t o n ia n .  In t h i s  way we a r e  "breaking" t h e  t im e  

r e v e r s a l  symmetry o f  t h e  QED H a m il to n ia n  f o r  any c h o i c e  

a  ̂ 1 .

The above a m b ig u i ty  in  t h e  two body p o t e n t i a l  has  a l s o
25b een  m en t io n e d  by  Nambu , he  uses i n t e g r a b i l i t y

c o n d i t i o n s  in  o r d e r  t o - a t t e m p t  t o  r e s o l v e  t h i s  a m b i g u i t y .
26A l s o  K.N.Huang p o i n t s  o u t  t h a t  a m b i g u i t i e s  in  t h e

p o s i t i o n  o f  t h e  p o l e s  in  t h e  k s p a c e  i n t e g r a l  o f  t h e  

v i r t u a l  p h o t o n s ,  r e s u l t s  in  d i f f e r e n t  e x p r e s s i o n s  f o r  t h e  

i n t e r e l e c t r o n i c  p o t e n t i a l .  Both auth ors  do not g i v e  any 

c l e a r  c u t  r e s o l u t i o n  t o  t h e s e  a m b i g u i t i e s .  In a d d i t i o n  

t h e y  r e l y  on S m atr ix  t h e o r y  in  o r d e r  t o  o b t a i n  two body  

p o t e n t i a l s ,  t h i s  method does not g u a r a n t e e  H erm it ian  

p o t e n t i a l s .  The c a n o n i c a l  t r a n s f o r m a t i o n  method does not  

s u f f e r  from t h i s  drawback. We w i l l  now show t h a t  fo r  

s y s t e m s  w ith  bound s t a t e s  t h e  above a m b ig u i ty  i s  r e s o l v e d ,  

t h e  Schw in ger  t r a n s f o r m a t i o n  ( a « l )  b e i n g  t h e  o n l y  w e l l  

d e f i n e d  c a n o n i c a l  t r a n s f o r m a t i o n .

C o n s id e r  t h e  a c t i o n  o f  t h e  o p e r a t o r  U ■ e  on

am N e l e c t r o n  s t a t e  v e c t o r  | n ^ .
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U | ■ ( l  + iff" + i 2 / 2 0~ 2 + • • • ) )  N^>

( 3 . 1 . 1 9 )

L e t ' s  c o n s i d e r  t h e  t h i r d  term in  t h e  above e x p a n s i o n ,  and 

f o r  t h e  moment c o n s i d e r  t h e  s p e c i a l  c a s e  a * 0 .  U s in g  t h e  

d e f i n i t i o n  ( 3 . 1 . 4 )  we h a v e ,

O o
i 2/ 2  y*dt1 HI ( t 1 ) J < 3 t 2 Hj (t j |

-  <v) -to

( 3 . 1 . 2 0 )

We can r e w r i t e  t h e  above e x p r e s s i o n  a s ,

6 o
\  i 2/ 2 / d t 1J d t 2 HI ( t 1 )HI ( t 2 ) e  ?l( t ' + t l >  + ( t 1f * t 2 ) } \  N>.

- * c  -

( 3 . 1 . 2 1 )

I n s e r t i n g  a c o m p le t e  s e t  o f  ferm io n  s t a t e s  on t h e

l e f t  hand s i d e ,  and c a r r y i n g  out  t h e  t im e  i n t e g r a t i o n s ,  we g e t ,

o

£  - i  21 2 i / ( Wn n , - 2 i ^  ) | N ' > < N ' [  TctejHj e 1 (H-W*n' )s
wy A c

*  H j e - i ( H -  ,a e ’ l s | l N >

( 3 . 1 . 2 2 )

When t h e  u n r e s t r i c t e d  summation i n c l u d e s  t h e  s t a t e  and 

[N^is  a bound s t a t e ,  we h a v e
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l im i 2/ 2  1 /A | n ^ n |  /ds Hj e " 1” 3 Hj e l ®  | nJ>

' M '  A

( 3 . 2 . 2 3 )

As t h e  a d i a b a t i c  f a c t o r  *>| goes  t o  z e r o ,  t h e  i n t e g r a l
0

ds i s  w e l l  d e f i n e d  s i n c e  **[ w i l l  d e te r m in e  t h e  l o c a t i o n  
-c *>

o f  t h e  p o l e s  in  t h e  k s p a c e  i n t e g r a l  over  t h e  v i r t u a l  photons
I :

However, t h e  1/v^ f a c t o r  o u t s i d e  t h e  i n t e g r a l  d i v e r g e s  i n  t h i s  

l i m i t .  When we c a r r y  out t h e  same p r o c e d u r e  f o r  t h e  g e n e r a l  

t r a n s f o r m a t i o n  U(a)  * t h e  t ^  i n t e g r a l s  in  ( 3 . 1 . 2 1 )

have  t h e  form,

<*>

f a t  ( - 1 /2  6 (t>(\+ ( l - a ) 0 ( - t )  e “ ° l , t U 1 W w t  -  

+ i / 2 j a [ l / ( W n n ) -i>y ) + i / ( w n n ,+i>v )] - 2 ( i - a )  i / ( w n n , - i n ) |

( 3.  2 . 2 4 )

When Wn n » * 0 t h e  above  i n t e g r a l  i s  d e f i n e d  o n l y  i f  a - 1

(Schw in ger  t r a n s f o r m a t i o n )  i f  we f o l l o w  t h e  c o n v e n t i o n  t h a t

t h e  l i m i t  i s  ta k e n  a f t e r  e v e r t h i n g  e l s e  i s  e v a l u a t e d .

The above s i n g u l a r i t i e s  a re  r e m i n i s c e n t  o f  s i m i l a r

s i n g u l a r i t i e s  e n c o u n t e r e d  when t h e  Dyson o p e r a t o r  U ( 0 ,£ ’<*>) ■

P [ e x p ( * i  /<3tH_ ( t ) ) ]  (P i s  t h e  t im e  o r d e r i n g  o p e r a t o r )  i s  
o

e v a l u a t e d  w i th  a H a m il to n ia n  c o n t a i n i n g  bound s t a t e s .  Gellman  
27and Low showed t h a t  t h e s e  s i n g u l a r i t i e s  can b e  removed

b y  a r e n o r m a l i z a t i o n  o f  t h e  s t a t e  1 . In t h e  la n g u a g e  o f

d ia g r a m s ,  t h i s  e n t a i l s  t h e  c a n c e l l a t i o n  o f  d i s c o n n e c t e d  
28diagrams . In our fo rm a l i sm  su c h  a r e n o r m a l i z a t i o n



69

would d e s t r o y  t h e  u n i t a r y  p r o p e r t y  o f  t h e  d e c o u p l i n g  

t r a n s f o r m a t i o n .  We t h e r e f o r e  c o n c lu d e  t h a t  t h e  Schw inger  

t r a n s f o r m a t i o n  i s  t h e  n a t u r a l  c h o i c e  f o r  t h e  d e c o u p l i n g  

t r a n s f o r m a t i o n ,  s i n c e  i t  does not  g i v e  r i s e  t o  u n d e f in e d  

terms when t h e  a d i a b a t i c  f a c t o r  v a n i s h e s .

So f a r  we h a v e  b e e n  working in  t h e  framework o f  t h e

Coulomb g a u g e ,  i f  one c o n s i d e r s  t h e  QED H a m il to n ia n  in  t h e

L o r en tz  g a u g e ,  t h e  i n t e r a c t i o n  term Hj + Hc  g e t s  

r e p l a c e d  b y ,

Hi"'  * e I dx  J'SL) -  . /<
( 3 . 1 . 2 5 )

M
where J , A a re  t h e  c o v a r i a n t  fo u r  c u r r e n t ,  and p o t e n t i a l  

r e p e c t i v e l y .  P e r fo rm in g  a S chw in ger  t a r n s  fo r m a t io n  in  

o r d e r  t o  d e c o u p le  , one g e t s  i n s t e a d  o f  t h e

Coulomb and B r e i t  o p e r a t o r  ( 2 . 1 . 1 9 ) ,  a new two body  

p o t e n t i a l  whose m a tr ix  e l e m e n t s  a r e  g i v e n
w 20by  ,

v H i l . n ’ r -  ^ n l  | - l / 2r e 2 (1  -  K  , - °<Y )

c os  (Wn n , r / f i c )  + cos (Wl l t  r / t i c )  | n ' l ' ^

f o r  on s h e l l  m a tr ix  e l e m e n t s  (Wnn ■ +wn « *0 ) t h e s e

( 3 . 1 . 2 6 )

r ed u c e  t o  t h e  c o r r e s p o n d i n g  m a tr ix  e le m e n ts  o f  t h e  two  

body p o t e n t i a l s  d e r i v e d  p r e v i o u s l y .  The a m b ig u i t y  a g a in  

appears  o n ly  in  t h e  o f f  s h e l l  m a tr ix  e l e m e n t s .  However,
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t h e  Coulomb gauge  seems t o  b e  t h e  more p h y s i c a l y  a p p e a l i n g  

c h o i c e ,  s i n c e  t h e  Coulorrib i n t e r a c t i o n  i s  t r e a t e d  e x a c t l y  

t o  a l l  o r d e r s  in  p e r t i i b a t i o n  t h e o r y  in  t h i s  g a u g e ,  and i t  

i s  p r o b a b ly  t h e  most im portant  e - e  i n t e r a c t i o n .
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S e c t i o n  3 . 2  P a u l i  p r i n c i p l e  v i o l a t i n g  diagrams

On c l o s e r  e x a m i n a t io n ,  one n o t i c e s  t h a t  t h e

u n r e s t r i c t e d  sum o v e r  t h e  i n t e r m e d i a t e  s t a t e s  in  ( 2 . 2 . 8 ) ,

and ( 2 . 2 . 1 4 )  w i l l  c o n t a i n  c o n t r i b u t i o n s  from s t a t e s  t h a t

v i o l a t e  t h e  P a u l i  e x c l u s i o n  p r i n c i p l e ,  i . e .  more than one

p a r t i c l e  i s  in  t h e  same s t a t e  at  t h e  same t i m e .  The

o c e u r a n c e  o f  P a u l i  v i o l a t i n g  diagrams in  many-body
2 9p e r t u b a t i o n  t h e o r y  has b e e n  known f o r  som et im e  . We 

w i l l  d e la y  d i s c u s s i o n  o f  t h e  p a s t  l i t e r a t u r e  t o  a l a t e r  

p a r a g r a p h .  For now, l e t  us i n v e s t i g a t e  in  d e t a i l  how t h e s e  

diagrams appear in  our f o r m a l i s m .

Let us d i s c u s s  t h e  c o n t r i b u t i o n  t o  t h e  e n e r g y  s h i f t  in  

a t h r e e  e l e c t r o n  s y s t e m  due t o  t h e  p r e s e n c e  o f  v i r t u a l  

p a i r s .  A p a r t  o f  t h e  s h i f t  comes from t h e  t h r e e  body  

p o t e n t i a l s  g i v e n  in  ( 2 . 2 . 1 9 ) .  The lo w e s t  o rd e r  s h i f t  due 

t o  t h e s e  terms i s  g i v e n  b y .

quantum numbers. Expanding t h e  above e x p r e s s i o n  we h a v e .

£ e (3 )  -

( 3 . 2 . 1 )

where [ ^ ^ i s  a t h r e e  e l e c t r o n  s y s t e m ,

, a , b , c ,  b e i n g  t h e  e l e c t r o n
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V
1P1

A e ( 3) -  C . ^ c ] )

( 3 . 2 . 2 )

where  t h e  summation i s  o v e r  a l l  t h e  e v en  p e r m u t a t i o n s  o f  

i n d i c e s  in  t h e  b r a c k e t s ,  and

uP ■ vP + vP +a b c , a ' b ' c ' a b c . a ' b ' c '  vc a b , c ' a * b *

\P  + VP + vP +b c a , b ' c ' a ' b a c . b ' a ' c '  a c b . a ' c ' b '

vP m S t vP )c b a , c 1 b ' a ' va b c , a ' b ' c ,J
( 3 . 2 .  3)

where  we h a v e  used  ( 2 . 2 . 2 0 ) .

We w i l l  now g o  on t o  p r o v e  t h a t  a l l  t h e  term s i n  t h e

above  e x p a n s i o n  v i o l a t e  t h e  P a u l i  e x l u s i o n  p r i n c i p l e .  T h is

f a c t  becom es a p p a ra n t  i f  we p r o c e e d  t o  r e e x p r e s s  t h e  ab ov e

s h i f t  in  terms o f  t im e  o r d e r e d  Feynman d ia g r a m s .  The ab o v e

s h i f t  can b e  r e d e r i v e d  b y  u s i n g  s t a n d a r d  p e r t u b a t i o n

m eth o d s .  We can  e v a l u a t e  t h e  t o t a l  e n e r g y  s h i f t  due t o  t h e
28i n t e r a c t i o n  Hj g i v e n  i n  ( 2 . 2 . IS) by

0 0
A e T -  - M d t 1J d t2 <o lH 2 ( t 1 )H2 ( t 2 )|o'> e*l t , ^ +fc

c o n n e c t e d

( 3 . 2 . 4 )
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The s h i f t  ^  ^  i s  c o n t a i n e d  in  a s u b c l a s s  o f

diagrams o f  l \  ET which a r e  g e n e r a t e d  by  a s i n g l e  Wick 

c o n t r a c t i o n  o f  t h e  t y p e  t j )  in  t h e  above

e x p e c t a t i o n  v a l u e .  E v a l u a t i n g  ( 3 . 2 . 4 )  we g e t ,

9 o

A E<3> * - ^ J d t l J d t 2
_#o - «

b n ( t J )bm( t 2 )b,l < t 2 ) b l '  ' W  ( t 2>

1-1

^ < n s  | V ( l 2 ) | n ’ l'^O-m lV ( 3 4 ) | s m ' ^  e _ i i W ( t i '  t v )
k

(3 .  3. 5)

where we have  used,

'  f .  V C U  1> t i ) ,

b ( t )  * e l E h t b , and V i s  g i v e n  by  ( 2 . 2 . 1 5 ) ,  and n n

d ”  * ( V v  > - ( E i '  + I E, »
( 3 . 3 . 6 )

The Fock s p a c e  o p e r a t o r  in  t h e  above s h i f t  can be  

e x p r e s s e d  as a t im e  o r d e r e d  d iagram , F i g . 2 a .  In t h i s  

diagram,
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t h e  i n i t i a l  s t a t e s  n ' , l ' , m '  a r e  s c a t t e r e d  i n t o  t h e  f i n a l  

s t a t e s  n , l , m ,  under t h e  i n t e r a c t i o n  V, w i th  t h e  

p r o p a g a t i o n  o f  a v i r t u a l  e l e c t r o n  p o s i t r o n  p a i r  b e tw e e n  

t h e  i n t e r a c t i o n  t im e s  ^*t e r  d o in g  t h e  t im e

i n t e g r a t i o n s  and, e v a l u a t i n g  t h e  e x p e c t a t i o n  v a l u e  one  

r e c o v e r s  t h e  s h i f t  ( 3 . 2 . 1 ) .  T h is  s h i f t  i s  now e x p r e s s e d  as 

a s e t  o f  t h i r t y  s i x  diagrams o f  t h e  t y p e  i n  F i g . 2 a ,  where  

now t h e  t h e  i n i t i a l  and f i n a l  s t a t e s  a r e  a l l  p e r m u t a t io n s  

o f  t h e  quantum numbers a , b , c , . T h e r e  i s  a minus s i g n  f o r  

diagrams where t h e  incom ing  s t a t e s  a r e  an odd p e r m u t a t io n  

o f  t h e  o u t g o i n g  s t a t e s .  We c a l l  t h e s e  ex ch a n g e  d ia gram s,  

whereas  f o r  even p e r m u t a t io n s  we h a v e  d i r e c t  d ia g r a m s .  I f  

t h e  d iagram m atic  r e p r e s e n t a t i o n  i s  ta k e n  s e r i o u s l y ,  one  

n o t i c e s  t h a t  e v e r y  diagram in  t h e  above e x p a n s i o n  c o n t a i n s  

two e l e c t r o n s  in  t h e  same s t a t e  b e tw e en  t h e  i n t e r a c t i o n  

t im e s  t j . t j .  That i s ,  each  term i n  t h e  s h i f t  ( 3 . 2 . 4 )  

v i o l a t e s  t h e  P a u l i  e x c l u s i o n  p r i n c i p l e .  At f i r s t  s i g h t  

t h i s  i s  a s t a r t l i n g  c o n c l u s i o n .  A f t e r  a l l ,  we h a v e  imposed  

t h e  a n t ic o m m u ta t io n  r e l a t i o n s  ( 1 . 3 . 9 )  on our f i e l d s  t o  

i n s u r e  t h e  v a l i d i t y  o f  t h e  P a u l i  p r i n c i p l e .  The r e s o l u t i o n  

o f  t h i s  paradox is  p r o v id e d  i f  one looks a t  a d d i t i o n a l  

terms we h a v e  not  y e t  c o n s i d e r e d  i n  t h e  s h i f t  ( 3 . 2 . 1 ) .  I f  

we perform  an a d d i t i o n a l  Wick c o n t r a c t i o n  o f  t h e  t y p e

v i r t u a l  e l e c t r o n ,  we g e t  an a d d i t i o n a l  s h i f t ,  t h a t  comes  

from two p a r t i c l e  d ia g r a m s .  We g e t

^ ( t - ) ,  i . e  i f  we i n c l u d e  t h e  p r o p a g a t i o n  o f  a 
- j  z
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(a)

n

n 1'

( to )

n

n

m

nm, n* m'

m t l

m t 2

n

t  +

m

n ’ m

V1 1 nm,n'm

n

%

n m

m

Z111nm, n ' in'

n m

a

n m

Vi v  . .nm, n m

F i g u r e  2. (a )  D ia g r a m a t ic  r e p r e s e n t a t i o n  o f  t h e  t h r e e  body  
s h i f t  ( 3 . 2 . 3 ) :  (b) d i a g r a m a t i c  r e p r e s e n t a t i o n  o f  t h e  two body  
m a tr ix  e l e m e n t s  ( 3 . 2 . 5 ) .
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A e 2 -  Vn l ! n ' r l ^ >

w h ere ,

t-*-’ 1-1
Vn l ! n ' l '  “ Z < nS 1V (12) | q l , > < q l ) V ( 3 4 ) l n , B> /A W( l )

I

Vn i ! n , l '  “ " < ra i y t l 2 )  I qn * i  Iv t 34 ) j s X / £  W( l l )

Vn l ! n ’ l '  -  " ^ns |V(12)J n * q ) < l q | v ( 3 4 ) l e l * >  / A  W( l l i )

Vn lT n'  1 * -  " - < n s | V ( 1 2 ) | n , q ^ 4 <l | v ( 3 4 ) /  AWllV>

( 3 . 2 . 7 )

These  a re  r e p r e s e n t e d  d i a g r a m a t i c a l l y  in  P i g . 2 b .  The e n e r g y  

denom inators  A ^  a g a i n  c o r r e s p o n d  t o  t h e  d i f f e r e n c e  

b e tw e e n  t h e  f i n a l  and i n t e r m e d i a t e  s t a t e  e n e rg y  f o r  each  

d iagram . Taking t h e  above  e x p e c t a t i o n  v a l u e  one g e t s ,

A e ( 2) -  SI v^ ! t * r  Vb a ! la b ]>
i

■  1/6  I  I Vi b ! Ub] -  Vb i , ) t a b l ) +
j

< v« i t . c r  vc a ! [ a c l>  + < Vb c ! [ b c r  V=b![bcl>

( 3 . 2 . 8 )
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whe r  e , V*2 j J ^  .

As in  t h e  t h r e e  b o d y  m a tr ix  e le m e n ts  we d e f i n e  d i r e c t ,  and 

e xch an g e  terms o f  t h e  two body m a tr ix  e l e m e n t s ,  a c c o r d i n g  

t o  whether t h e  diagrams h a v e  even  or odd p e r m u t a t io n s  

o f  t h e  i n i t i a l  s t a t e s  w i t h  r e s p e c t  t o  t h e  f i n a l  s t a t e s .

Let l b  now look at a p a r t i c u l a r  group o f  terms in  t h e  

s h i f t  ( 3 . 2 . 1 )  t h a t  a r e  g i v e n  b y ,

Ua b c ,a b c  " S f  Z  < a s l v d 2 > l at> X b c lV ( 3 4 ) l s c >
 ̂ }

( 3 . 2 . 9 )

where S i s  t h e  s y m m e t r i z a t i o n  o p e r a t o r  d e f i n e d  i n  ( 3 . 2 . 3 ) .  

We a l s o  look a t  t h e  d i r e c t  two body term ,

S ( V ( i v l  ) a c , ac

-  s f  ]T \ v(  12)1 a ' q ) ( q i  I V( 34)1 sc]>  / A  W( i v )

( 3 . 2 . 1 0 )

For q * b t h e  two body term w i l l  c a n c e l  t h e  t h r e e  body term

a b o v e .  This  c a n c e l l a t i o n  i s  i l l u s t r a t e d  on t h e  t o p  l i n e

o f  F i g . 3, t h e  minu3 s i g n  in  f r o n t  o f  t h e  d i r e c t  two body

m a tr ix  e le m e n t  S ( V ^ v  ̂ ) comes from t h e  c l o s e d  ferm io na c , ac
loop  in  t h e  c o r r e s p o n d i n g  d iagram . The t h i r t y  r em a in in g  diagrams  

o f  t h e  t h r e e  body s h i f t  a r e  l i k e w i s e  c a n c e l l e d  by  two body  

d iagram s,  t h i s  i s  i l l u s t r a t e d  in  F ig  3.



I\
a

t>

-  0 a b c ,b a c D i r e c t  terms

i

a

a

" u a b c ,a c b D i r e c t  terms

c  b

o _ _ .

“ u a b c ,c b a Exchange terms

F ig u r e  3, C a n c e l l a t i o n  o f  t h e  t h r e e  body ( p a i r )  e n e r g y  
s h i f t  w i t h  two p a r t i c l e  d ia g ra m s.  Each s e t  o f  diagrams  
above  a r e  p e r m u ta te d  w ith  r e s p e c t  t o  t h e  p a r t i c l e  
c o o r d i n a t e s  g e n e r a t i n g  t h i r t y  s i x  d ia g r a m s .
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Ua b c ,  abc

ua b c ,c a b

-a*.:

D i r e c t  terms

Exchange terms

b c

ua b c ,b c a Exchange terms
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We must now d e c i d e  w h eth er  t h e  t h r e e  body term s t h a t

v i o l a t e  t h e  P a u l i  p r i n c i p l e  s h o u l d  be  d i s c a r d e d ,  or  ta k e n

s e r i o u s l y .  F i r s t  l e t  us d i s c u s s  some o f  t h e  p a s t

l i t e r a t u r e  c o n c e r n i n g  t h i s  p o i n t .  In a s e r i e s  o f  p a p e r s ,
29K e l l y  p o i n t s  out  t h a t  t h e  l a r g e s t  c o n t r i b u t i o n  t o  t h e  

c o r r e l a t i o n  e n e rg y  o f  a n o n r e l a t i v i s t i c  atom in  f a c t  come 

from diagrams t h a t  v i o l a t e  t h e  P a u l i  e x l u s i o n  p r i n c i p l e .  

The e x i s t a n c e  o f  t h e s e  terms was shown t o  be  a r e s u l t  o f  

t h e  c a n c e l l a t i o n  o f  d i s c o n n e c t e d  diagrams in  t h e
29

p e r t u b a t i o n  s e r i e s  . Thus t h e  mere p r e s e n c e  o f  P a u l i  

p r i n c i p l e  v i o l a t i n g  diagrams s h o u l d  not  b e  t h e  c a u s e  o f  

g r e a t  a la r m .  On t h e  q u e s t i o n  c o n c e r n i n g  t h e  c a n c e l l a t i o n  

o f  t h e s e  terms w ith  some o f  t h e  two body diagrams in  F i g . 3 

l e t  us c o n s i d e r  t h e  graph b e l o w .

b

F i g . 4 .  C a n c e l l a t i o n  o f  photon  ex ch a n ge  d iagram .

The diagram on t h e  l e f t  d e s c r i b e s  ph oton  e x c h a n g e  b e tw e en  

two e l e c t r o n s ,  w h i l e  t h e  one on t h e  r i g h t  i s  a  s e l f  e n e r g y  

diagram* For t h e  l a b e l l e d  s t a t e s  t h e  m a tr ix  e l e m e n t s  o f  

t h e  two diagrams c a n c e l  s i n c e  t h e y  b o t h  v i o l a t e  t h e  P a u l i
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p r i n c i p l e .  However, i t  i s  t h e  u s u a l  p r a c t i c e  t o  t r e a t  

t h e s e  diagrams as s e p a r a t e  e n t i t i e s ,  in  o r d e r  t o  c a r r y  out  

a r e n o r m a l i z a t i o n  sch e m e ,  even  though  some m a tr ix  e le m e n t s  

g e t  c o u n te d  t w i c e .  I t  i s  t h i s  p h i l o s o p h y  we use  i n  d e a l i n g  

w i t h  t h e  t h r e e  body diagrams in  F i g .  2. In f a c t  in  t h e  

next  s e c t i o n ,  we s h a l l  show how some o f  t h e s e  diagrams  

red u ce  t o  t h e  P r im a k o f f  H o l s t e i n ,  c l a s s i c a l  t h r e e - b o d y  

p o t e n t i a l ,  when t h e  e l e c t r o n s  e x ch an g e  s o f t  p h o t o n s .
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S e c t i o n  3 . 3  C l a s s i c a l  l i m i t  o f  t h e  t h r e e  b o d y  p o t e n t i a l s

We would now l i k e  t o  make t h e  c o n n e c t i o n  b e tw e e n  t h e

t h r e e  body  p o t e n t i a l s  d e r i v e d  i n  c h a p t e r  2 ,  and t h e

c l a s s i c a l  t h r e e  body  p o t e n t i a l  ( 1 . 1 . 1 1 )  f i r s t  d e r i v e d  b y

P r im a k o f f  and H o l s t e i n ,  and a l s o  r e d e r i v e d  b y  Chanmugan 
30and Schweber f o r  n o n r e l a t i v i s t i c  quantum m e c h a n i c a l  

p a r t i c l e s  i n t e r a c t i n g  w i t h  a q u a n t i z e d  e l e c t r o m a g n e t i c  

f i e l d .  The a b o v e  a u t h o r s  p o i n t e d  o u t  t h a t  t h e  c l a s s i c a l  

p o t e n t i a l s  a r e  t h e  r e s u l t  o f  t h e  e m i s s i o n  ( a b a o r b t i o n )  o f  

two p h o to n s  from t h e  f i r s t  p a r t i c l e  v i a  t h e  A^ te r m ,  and  

t h e  s u b s e q u e n t  a b s o r b t i o n ( e m i s s i o n )  o f  t h e s e  p h o to n s  w i t h  

t h e  s e c o n d  and t h i r d  p a r t i c l e s  r e s p e c t i v e l y  v i a  t h e  p*A 

t e r m s . ( S e e  F i g . 5 a )

We can  no l o n g e r  make t h i s  i d e n t i f i c a t i o n  i n  t h e

r e l a t i v i s t i c  c a s e  s i n c e  t h e  f e r m i o n i c  c u r r e n t  i n t e r a c t s

l i n e a r l y  w i t h  t h e  r a d i a t i o n  f i e l d .  However,  i t  i s  w e l l  
31known t h a t  t h e  diagram  in  F i g . 5 b ,  d e s c r i b i n g  t h e  

s c a t t e r i n g  o f  an e l e c t r o n  w i th  momentum p ,  and a p h o to n  

w i t h  momentum h k , g o e s  i n t o  t h e  n o n r e l a t i v i s t i c  e x p r e s s i o n  

(Thomson s c a t t e r i n g )  in  t h e  l i m i t  p /m c ,  hk/mc ^ < 1 .  In t h e  

same manner we e x p e c t  t h e  t h r e e  bod y  term  i n  F i g .  5c t o  g o  

o v e r  i n t o  t h e  c l a s s i c a l  e x p r e s s i o n  ( 1 . 1 . 1 1 )  in  t h i s  l i m i t .  

We w i l l  now v e r i f y  t h i s  e x p e c t a t i o n ,  f i r s t  we w i s h  t o  

i s o l a t e  t h e  terms in  t h e  H a m i l t o n ia n  ( 2 . 1 . 1 )  t h a t  a r e  

r e s p o n s i b l e  f o r  t h i s  d ia g r a m .  The i n t e r a c t i o n  term  ( 2 . 1 . 3 )  

can b e  d i v i d e d  up i n t o ,
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Jdx  J {x ) ■ A ( x ) = j dx C Je e  ( x ) + Jpp ( x )]• A( x ) 

+ j  J e p ( * > .  A ( x )

( 3 . 3 . 1 )

w h ere  J , J „  s c a t t e r  e l e c t r o n s /  and p o s i t r o n sA A fin *e e  pp
r e s p e c t i v e l y /  and J c r e a t e s  ( des t r o y s  ) p a i r s .  The

e l e c t r o n  s c a t t e r i n g  termB in  F i g .  5b,  a r e  g i v e n  b y  t h e  

i t e r a t i o n  o f  t h e  p a i r  c u r r e n t  a b o v e .  We can  e x p l i c i t e l y  

c o n s t r u c t  t h e  o p e r a t o r  f o r  t h i s  p r o c e s s #  by  i n t r o d u c i n g  a 

u n i t a r y  t r a n s f o r m a t i o n  s i m i l a r  t o  t h e  S c h w in g er  

t r a n s f o r m a t i o n ,  w here  now t h e  g e n e r a t o r  i s  g i v e n  b y .

Where H j ( e p )  i s  s h o r t h a n d  f o r  t h e  l a s t  term  in  ( 3 . 3 . 1 )  
* 3 iand, A (0 )  = j ;  A ( t )  . The r e l e v a n t  term r e s p o n s i b l e  f o  

t h e  p r o c e s s  in  F i g .  5b ,  i s  g i v e n  b y ,

( 3 . 3 . 2 )

U s in g  t h e  r e l a t i o n

( 3 . 3 .  3)
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r( c l )

do

- i / 4  JazJax Jay  £ ( r )  [ J ap ( x , t r ) ,  J g p { y , t )] Aa ( x , o ) A b ( y , o )

( 3 . 3 . 4 )

We h a v e  n e g l e c t e d  c o n t r i b u t i o n s  coining from t h e  l a t t e r  

term in  ( 3 . 3 . 3 )  s i n c e  t h e s e  a r e  s m a l l  in  t h e  s o f t  ph oton  

l i m i t .  E v a l u a t i n g  t h e  commutator by c o n t r a c t i n g  t h e  

p o s i t r o n  f i e l d s ,  and do in g  t h e  t im e  i n t e g r a l s ,  we h a v e ,

H2

4.-1
( c l )

- 1 / 2 Z  I > n bn- *

J d x j d y  • A (x )  ^  (y )  A ( y ) ( y ) .

(En+ |E  I) n s
( 3 .  3 .5 )

(In  o rd e r  t o  s i m p l i f y  t h e  d i s c u s s i o n  l e t  m  c o n s i d e r  
-  -  2h ( x ) »c0(.  p + me as t h e  z e r o  o r d e r  H a m i l t o n ia n ,  

t h e r e f o r e  t h e  ( p  ( x ) ,  ( p  ( x )  a r e  f r e e  e l e c t r o n ,  and
1*1 9

p o s i t r o n  3 p in o r s  r e s p e c t i v e l y . )  For s lo w  e l e c t r o n s

p^/mc << 1, and hX/mc 4< 1 we can r e p l a c e  t h e  denom inator
2

in  ( 3 . 3 . 5 )  by  2mc . This  can b e  p r o v e d  by  e v a l u a t i n g  a 

m atr ix  e lem en t  above u s in g  f r e e  p a r t i c l e  s p i n o r  wave  

f u n c t i o n s .  A t y p i c a l  term  w i l l  b e  p r o p o r t i o n a l  t o ,
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8 (Pn~P3 + ^ ) < , U^Pn ) <̂ j £ K>U(P9 ) >  

^ ( p  + K) + 2mc

S ( P n-P g + k)^U (pn ) 6 k>U(p3 Jy2mc

( 3. 3 .6 )

where U(p) a r e  t h e  momentum s p a c e  s p i n o r s  , and £ - ^ i s  t h e  

p o l a r i z a t i o n  v e c t o r  o f  t h e  f i e l d  A. U s in g  t h e  c o m p l e t e n e s s  

r e l a t  i o n ,

(-1 tel

I > a (x)  C ^ ( y )  * I S ( x - y )  -  ^ I V £ ( X>

( 3 . 3 . 7 )

we g e t ,

H<c l )  -  1 / 2 . C 2 £  bf„ b n , U x 1
t *n

V’n+(X1 ) Ab ( X l ) ^ . ( x ^

{ 3. 3 . 8 )

where we h a ve  n e g l e c t e d  t h e  c o n t r i b u t i o n  coming from t h e

sum o v e r  t h e  p o s i t i v e  e n e r g y  e l e c t r o n s ,  s i n c e  t h e  °C

m a t r ic e s  c o u p l e  t h e  l a r g e  components o f  t h e s e  t e r n s  w i t h

t h e  s m a l l  components o f  ^ j ( x )  . T h e r e f o r e  t h e y  g i v e  
2

0 ( ( p / m c )  ) c o r r e c t i o n s  t o  ( 3 . 3 . 5 ) .

F i n a l l y  we can g e t  t h e  t h r e e  body o p e r a t o r  in  F i g . 5 c ,  

by i t e r a t i n g  t h e  e l e c t r o n  s c a t t e r i n g  terms in  ( 3 . 3 . 1 )  v i a
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a n o t h e r  Schw in ger  t r a n s f o r m a t i o n  w i t h  t h e  g e n e r a t o r  g i v e n  

b y ,  CT m - 1 /2  / d T 6 ( t )  J  (c ) * M r ) .  The r e l e v a n t
£ to

t h r e e - b o d y  o p e r a t o r  w i l l  b e  c o n t a i n e d  i n  t h e  term ,

H^C l > -  i 2/ 2 [ ( T  ,[CT , H^c l > ] ]  . E v a l u a t i n g  t h e  

photon  commutators we g e t ,

1 /8mc 2 ^  b ntoflb mb m' b l ' bn * / d ‘r ' £ ( T( 1 A  £ < r >-1 e lŴ '  T> e lVtjc> Tu
nl>vi .«> .  m

J d r j d r j d t j  V j l r j )  (r’i ^ 2) D ^ t i ^ T ,  , r 3 > Of *

 ̂r 2 , r 3 ^ 3  ^ n ' * r l^ ^ 1 ^ 2 ^  ^ m ’ *r 3*'

( 3 . 3 . 9 )

C a rry in g  out  t h e  t im e  i n t e g r a l s ,  and u s in g  t h e  n o n r e l a t i v i s t i c  

a p p r o x im a t io n ,  Wn n , r ^ 2/ h c ,  wn , r 23^b c ' ^  ŵ e r e

r l 2 -  1 r 1~ r 2 I ' we h a ve

h!,c 1 )  =* l / 8 m c 2 Y  b V . b b  , b .  ,b  .j  n l  m m l  n

< n m l l  J V t - ^ t / r 1 2 + } *

\*<x  ^ j / r 23 + ( ^ '^2 3^/ r 2 3 I n ’ m *1 ’

( 3 . 3 . 1 0 )
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I n t e r c h a n g i n g  , r 2 , and u s in g  t h e  a n t ic o m m u ta t io n  

r e l a t i o n s   ̂ we 9 e t  *

H*c l )  -  l / 8 m c 2 V b nb i b mb . b .  , b „ , V3 n . _ M . 3 n 1 m m 1 n n m l ,n  m l

wh e r e ' vl ,  “ < n m l | Q (  1 , 2 ,  3) [ n ’ m ' l ’>nm l , n m l  ^ 1 1

e 4 < n m l | (  + ‘ *13  °^3' * \ 3 + ^> '*32  °*V r 23 +

r 13*r 23 °<V r 13 ^ 3 ' r 23 ^ t r 13 * 2 3 * 1  n ' 1 ' m' /*

( 3 , 3 . 1 1 )

One can now g e t  t h e  c o n f i g u r a t i o n  a p a c e  t h r e e  body p o t e n t i a l  

from t h e  above  o p e r a t o r  b y ,  p r o c e e d i n g  in  t h e  same manner aa 

in  ( 1 . 3 , 2 0 )  t h r u  ( 1 . 3 . 2 3 ) .  We g e t

V3 ( l , 2 , 3 )  -

T  e 4 /8 m c 2 A ( i >  A { 3> A  Q ( l , 2 , 3 )  A  <*) A  < j ) A  U )
■ A . L  + +. + *  + +.

( 3. 3 .1 2 )

I f  we make t h e  i d e n t i f i c a t i o n  p^/mc ®C^/c , t h e  o p e r a t o r
e v 1, 2, 3) r ed u ces  t o  t h e  P r im a k o f f  H o l s t e i n  p o t e n t i a l  

( 1 . 1 . 1 1 ) .



88

p. Aa)

A

( b )

I kM*®

C )

F ig  5.  (a )  N o n r e l a t i v i s  t i c  diagram g i v i n g  r i s e  t o  t h e  
P r i m a k o f f - H o l s t e i n  p o t e n t i a l :  (b)  t h e  Thomson s c a t t e r i n g  
l i m i t :  ( c )  The n o n r e l a t i v i a t i c  l i m i t  o f  t h r e e - b o d y  
p o t e n t i a l s  {due t o  v i r t u a l  p a i r  c r e a t i o n )  i n t o  t h e  
P r i m a k o f f - H o l s t e i n  p o t e n t i a l .
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S e c t i o n  4 . 1  E v a l u a t i o n  o f  t h e  t h r e e  body e n e r g y  s h i f t  

in  l i t h i u m  l i k e  ion s

The main r e s u l t  o f  t h e  p r e v i o u s  s e c t i o n s  i s  g i v e n  by  

e q u a t i o n  ( 2 . 2 . 2 3 ) ;  t h e  e x p r e s s i o n  f o r  t h e  t o t a l  t h r e e  body  

p o t e n t i a l  in  c o n f i g u r a t i o n  s p a c e .  I t  i s  t h e  p u rp o se  o f  

t h i s  p a r t  o f  t h e  t h e s i s  t o  d e te r m in e  w hether  t h e s e  t h r e e  

body p o t e n t i a l s  become im p o rta n t  fo r  t h e  a to m ic  s t r u c t u r e  

o f  h e a v y  a tom s.  In order  t o  make p r o g r e s s  in  t h i s  

d i r e c t i o n  we c o n s i d e r  a much s i m p l e r  and n a i v e  s y s t e m ;  a 

h i g h  Z ( Z ^ - o  1 ) ,  t h r e e  e l e c t r o n  i o n ,  and c a l c u l a t e  t h e  

e n e rg y  s h i f t  o f  t h i s  s y s t e m  due t o  t h e  p r e s e n c e  o f  t h e  

t h r e e  -  body i n t e r e l e c t r o n i c  p o t e n t i a l .

E x p e r im e n t a l ly  one might d e te r m in e  t h e  t h r e e  body  

c o n t r i b u t i o n  t o  t h e  s h i f t  by l o o k i n g  a t  t h e  i o n i z a t i o n  

p o t e n t i a l  in  t h e  l i t h i u m  s e q u e n c e .  We d e f i n e  t h i s  

p o t e n t i a l  as t h e  d i f f e r e n c e  o f  t h e  ground s t a t e  e n e rg y  o f  

a h e l iu m  l i k e  i o n ,  ana t h e  e n e r g y  o f  t h e  t h r e e  e l e c t r o n  

io n ;  b o t h  io n s  h a v i n g  a n u c l e a r  c h a r g e  Ze.

Let l b  c o n s i d e r  t h e  e i g e n v a l u e  e q u a t i o n  f o r  t h e  

l i t h i u m  l i k e  ion

( 4 . 1 . 1 )

where V2« V3 are  t h e  tw o ,  and t h r e e  body p o t e n t i a l s  

r e s p e c t i v e l y .  i s  s m a l l e r  th a n  V2 a f a c t o r  ^  ,
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t h e r e f o r e  we can e x p r e s s  t h e  s o l u t i o n  t o  t h e  above  e q .  as#  

\j/ » ^ 9  + + 0 ( f tV) + . . .

( 4 . 1 . 2 )

where *3 t l ie  s o l u t i o n  t o  ( 4 . 1 . 1 )  w i th  “ 0,

and \ p  i s  t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  Furthermore

l e t  us c o n s i d e r  t o  be  a s o l u t i o n  w i t h  even  p a r i t y .

The i o n i z a t i o n  p o t e n t i a l  can th e n  b e  d e f i n e d  as

IP -  IP ( 2) -  < ^ 2 IV3 I ^ 2  y + 0{Cfl )  + ***

( 4 . 1 . 3 )

where I P (2 )  would be  t h e  i o n i z a t i o n  p o t e n t i a l  i f  t h e  t h r e e
32body p o t e n t i a l #  V3“0* Layzer and B a c h a l l  h a v e

d e v e lo p e d  a p e r t u b a t i o n  e x p a n s io n  f o r  I P ( 2 )  in  terms o f

t h e  e x p a n s io n  pa ra m eters  1 /Z ,  and (Z®(.)* This  e x p a n s io n
32has b een  u t i l i z e d  w i t h  w id e  s u c c e s s  by  many a u th o r s  # 

how ever  we a r e  o n l y  c o n c e r n e d  w ith  t h e  e v a l u a t i o n  o f  t h e  

t h r e e  body component

A *  * < r / ' 2 | v 3 | i / ' 2 > ,  o f  t h e  above e x p r e s s i o n .  For 

h i g h  v a lu e s  o f  Z we can a p p ro x im a te  t h e  t/j# by  t h e  z e r o  

o r d e r  wave f u n c t i o n s  \ t h e  s t a t e s  c o n s t r u c t e d  from 

D ir a c  -  Coulomb w a v e f u n c t i o n s . T his  i s  v a l i d  s i n c e  t h e  

c e n t r a l  n u c l e a r  f i e l d  (we n e g l e c t  t h e  f i n i t e  n u c l e a r  s i z e ,  

which w i l l  b e  j u s t i f i e d  by  our f i n a l  r e s u l t )  w i l l  dom inate  

o v e r  t h e  two body i n t e r e l e c t r o n i c  p o t e n t i a l  f o r  a
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t h r e e - e l e c t r o n  i o n .  This  i s  a r e s t a t e m e n t  o f  t h e  l / Z ,  Z*( 

e x p a n s io n  used b y  Layzer  and B a c h a l l ,  t h e  d i f f e r e n c e  

b e i n g  t h a t  we use  t h e  f u l l  D ira c  Coulomb w a v e f u n c t i o n s  f o r  

t h e  z e r o  o r d er  s t a t e s , whereas L a y z e r - B a c h a l l  s t a r t  from 

t h e  n o n r e l a t i v i s t i c  w a v e f u n c t i o n s  in  t h e i r  p e r t u r b a t i o n  

e x p a n s i o n .  I f  we a re  i n t e r e s t e d  in  o n ly  t h e  t h e  even  

p a r i t y  s o l u t i o n s  o f  t h e n  we can e x p r e s s

in  terms o f  t h e  I s ,  2 s ,  D ir a c  Coulomb w a v e f u n c t i o n s , 

i . e  s. * ( Is 22s ) 2S.

I n s t e a d  o f  u s in g  t h e  c o n f i g u r a t i o n  s p a c e  

r e p r e s e n t a t i o n  o f  t h e s e  p o t e n t i a l s  i t  i s  more c o n v e n i e n t  

t o  c a l c u l a t e  t h e  s h i f t s  in  Fock s p a c e .  R e e x p r e s s in g  t h e  

s t a t e l ^ / ^ i n  t h e  o c c u p a t i o n  r e p r e s e n t a t i o n  and uBing t h e  

Fock s p a c e  H a m i l t o n i a n s ,  HC T , H^, T , c o n s t r u c t e d  

in c h a p t e r  two,  we h a v e ,

+ < S M hp M''> + .

( 4 . 1 . 4 )

In o r d er  t o  c a l c u l a t e  t h e  above e x p r e s s i o n  f o r  t h e  

C o u lo m b - t r a n s v e r s e ,  and t r a n s v e r s e - t r a n s v e r s e  s h i f t  we use  

an a p p r o x im a t io n  t h a t  we c a l l  t h e  s t a t i c  l i m i t  

a p p r o x im a t io n  (S L ) .  J u s t i f i c a t i o n  f o r  u s in g  t h i s ,  and  

o t h e r  a p p r o x im a t io n s  are  g i v e n  in  t h e  l a s t  s e c t i o n  o f  t h i s  

c h a p t e r .
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S e c t i o n  4 . 2  The Coulomb -  t r a n s v e r s e  c o n t r i b u t i o n

C o n s id e r  t h e  t h r e e - b o d y  o p e r a t o r  ( 2 . 2 . 5 )

HC-T £
r l*H
«*(W

bn W V bl - bn
C-T

^nlm,n' I'm* + H .c

( 4 . 2 . X )

where t h e  VCT3 a r e  g i v e n  in  ( 2 . 2 . 8 ) .n im ,n  1 in
T h ese  m a t r i x  e l e m e n t s  a re  composed o f  t h e  Tf n ' ra' m a t r ix  

e l e m e n t s  g i v e n  by ( 2 . 1 . 2 7 ) .  We w i l l  now c o n s i d e r  an 

a p p r o x im a t io n  f o r  t h e s e  m a t r i x  e l e m e n t s  which  w i l l  be  

j u s t i f i e d  in  a l a t e r  s e c t i o n .  We a p p ro x im a te  ( 2 . 1 . 2 7 )  by 

e x p a n d in g  t h e  c o s i n e  terms t o  s e c o n d  ord e r  i n  a T a y lo r  

e x p a n s i o n ,  we g e t

W .  *  -  * 2/ 2

< n l K « L  (1 -  " n n - r L / 2 h 2 c 2 ) / r 12 +

"nn-wl s r12 I"'

( 4 . 2 . 2 )

t h e  TJni^n's  ” ^ 7 l n , s n '  , f a c t o r  in  ( 2 . 2 . 8 )  t h e n  

b e c o m e s ,
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( 4 . 2 . 3 )

or

^ n ln , n ' 1' m' * « 2/ 4 J V " 1 ! * , ' * . .  * l 2 «"nn'-* l .>  l nB>

(®C ? &LA c ) *

( 4 . 2 . 4 )

U s in g  t h e  above  e x p r e s s i o n  and t h e  D i r a c  e q u a t i o n  t o  r e p l a c e  

t h e  e i g e n v a l u e s  w i t h  o p e r a t o r s  we g e t

0 ( 2 / 4  S > l l h -  r i 2 J “ [ h ( 2 ) f ^ , - < r 12] | n ' s >
s

<^m | l / r 3 4 | l ’n'^>.

( 4 . 2 . 5 )

We now u se  t h e  c o m p l e t n e s s  p r o p e r t y  o f  t h e  D i r a c  s p i n o r s  and 

i n c l u d e  t h e  H .c  term in  ( 4 . 2 . 1 )  t o  g e t

HC-T " y ^ n bl bmbml b l , b n l Qn lr a ,n ' I 'm '
r» l**\ 
h'l"*'

where  ,
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1' m' “ ^  / 4  ^ n lm  ] [ [  h { 1 ) ,  lj/r 2 3 3

-  [ [ l*<2) ,  V V 1 2 ] f l / r 23 ]  I >  “

^ 2 /4 < n lm |  A c [ ^ (  7 t  l / r 2 3 ) . ^ 1. ^ r 1 2 ] l n , l , i i ,>

(4 * 2 * 6 )

where we have  used t h e  J a c o b i  i d e n t i t y  f o r  t h e  double  

commutator and,

[ h (1)» 23 ]  " 0 * [ r 12 * 1^r 23 ] * °*

[h ( 2 ) ,  l / r 23] -  - i h c  5 L- ( V t  1/ ^ 2 3 ) *

( 4 . 2 . 7 )

F i n a l l y  u s in g  t h e  commutation r e l a t i o n s h i p  f o r  t h e  D ir a c  

mat r i c e s

[ * . •  « c j -  «

( 4 . 2 . 8 )

we h av e
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lm , n ' 1' m'

-  *fcc<<2/ 2  <nlm | { V L l / r 2 3 )* ( * \  XZ X ^  ) |n *  ! • « • > .

( 4 . 2 . 9 )

We muat now e v a l u a t e  t h e  above  m a t r ix  e l e m e n t s  u s in g  

Is  , 2s D irac-C ou lom b wave f u n c t i o n s  . We e x p r e s s  t h e  fo u r  

component wave f u n c t i o n s  in  term s o f  l a r g e  and s m a l l  

com ponents  ( s e e  a p p e n d ix  A . l )

P,Q a r e  t h e  l a r g e  and s m a l l  r a d i a l  com ponents  o f  t h e  s p i n o r ,

two component s p i n - o r b i t  e i g e n f u n c t i o n s ,  w i t h  t o t a l  a n g u l a r  

momentum j ,  and m as t h e  a z i m u t h a l  quantum n u m b e r / l  i s  t h e  

p a r i t y  o f  t h e  s p i n - o r b i t  f u n c t i o n s .  In  t h i s  s e c t i o n  we w i l l  

b e  d e a l i n g  o n l y  w i t h  s wave s p i n o r s ,  w i t h  quantum numbers  

j » l / 2 ,  and + 1 .  We i n t r o d u c e  a s h o r t h a n d  n o t a t i o n  b y

l a b e l i n g  t h e  s p i n  o r b i t  f u n c t i o n s  w i t h  t h e  s u p e r s c r i p t  

d e n o t i n g  o n l y  t h e  m a g n e t i c  quantum number, and t h e  s t t o s c r i p t  

b y  t h e  p a r i t y  a s s ig n m e n t  * 1» o r  by t h e  o r b i t a l

( 4 . 2 . 1 0 )

w i t h  n as t h e  r a d i a l  quantum number.  The a r e  t h e

a n g u l a r  momentum ^  , w h ich  i s  r e l a t e d  t o  ,/M , v i a  , 

>  -  1 / 2  -  l / 2 ( s g n ( M ) ) .
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We now expand t h e  m a tr ix  e le m e n t  g i v e n  i n  ( 4 . 2 . 9 ) ,

o o * o ® o
C-T
a b c , a ' b ' c '

[pc ( r 3 )Pc . ( r 3 ) < X ° < 3) l (  V ^ / r ^ l x f  ( 3 )> 

< * £ ( 3 )+ ° c ( r 3>0 c ' l r 3>

!pa ( r l> « a , ( r l ) pb ( r 2 )pb l ( r 2 , ’<

° a <rl ,P » ’ ( r l )Pb <r2 )Pb ’ ( r 2 ) *

<'Xp<DX®( 2 ) t i (0 l*OT )rlJ( x | ' ( l ) X ^ ' ( 2 ) >

+ Pa ( r l )Qa ’ ( r l )Qb l r 2 )Qb l ( r 2 U

< X | U ) * £ ( 2 )  I i < 0 \ x 0 r  ) r 12l X * ' ( D X p ‘ l 2 ) >

*  ° a <r l > Pa •<■'l>0b ( ^ 2 ) V ^r2 >,l

< X  p( l )Xp(2)  | UOi > ^ 2lx*‘ ( i ) X p ' ( 2 ^

( 4 . 2 . 1 1 )

The b r a - k e t  n o t a t i o n  above r e f e r s  t o  a n g u la r  i n t e g r a t i o n .
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t h e  s i i b s c r i t s  s ,  p ,  r e f e r  t o  a ,  p ,  s t a t e  s p i n  o r b i t  f u n c t i o n s ,  

and r j  i s  now t h e  r a d i a l  c o o r d i n a t e  o f  t h e  i ' th  p a r t i c l e .  We 

now p r o c e e d  t o  e v a l u a t e  t h e  a n g u la r  i n t e g r a l ,

I ( V ^ ' 2 3 )  / * > <3)>
(4 . 2 . 12)

33f o r  X — 0,  1 .  U s in g  e q n * ( I I I - 3 3 )  in  Armstrong we can  

r e p r e s e n t  t h e  v e c t o r  o p e r a t o r  ^ ( l / r 2 3 ) b y ,

Vl ( 1 / r 23 ) =■

y" ( - l ) k (k(2lt + l ) ( 2 k - l ) / 3 ) ] ( r j"l / r k+1) [ c (k~l ) (2)Ck(3l] 1

f o r  ( r 3 >  r 2 ) ,

£ ( - l ) k + 1 { < k + l ) ( 2 k + l ) ( 2 k + 3 ) / 3 ) 3 ( r k / r k + 2 ) [ Ck+1 ( 2)Ck ( 3)] 1
K

f o r  ( r j  > r 3 )

( 4 . 2 . 1 3 )

We now c o n s i d e r  t h e  m a tr ix  e lem en t

< ' * C( 3 ) l [ c k' (2)  Ck( 3 ) ] l  |X(3)  >  .
'  A

t h i s  i s  p r o p o r t i o n a l  t o  t h e  r ed u c e d  m a tr ix  e le m en t
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<(/ ( 3 )  || Ck (3) |J  X  (3)j>£< (  
* *  \ 0

( 4 . 2 . 1 4 )

where we have  used t h e  W ig ne r - E c ka r t  theorem,  

and ( A . 2 . 9 ) .  The 3 - j  symbol  s e l e c t i o n  r u l e s  r e q u i r e  

X + X + k * e v e n ,  t h u s  f o r  s - w a v e s  we r e q u i r e  k«0,  f or  

p waves t h e  3 - j  symbol s  ar e  n o n v a n i s h i n g  f o r  k » 0 , 2  but  t h e  

6 - j  symbol  i s  n o n - v a n i s h i n g  f or  k * l , 0  t h e r e f o r e  o n l y  k»0 

w i l l  g i v e  a non v a n i s h i n g  m a t r i x  e l e m e n t ,  t h u s  we need  

o n l y  t o  c o n s i d e r  t h e  k*0 p a r t i a l  wave in  t h e  e x p a n s i o n  

( 4 . 2 . 1 3 ) ,  . i . e

< \ . 0  •  - [ c 1 ( 2 ) C ° ( 3 ) J  1 1 / r *

= -  Cl { 2 ) / x \

( 4 . 2 . 1 5 )

The i n t e g r a t i o n s  can im m ed ia t l y  be  done t o  g i v e

“ l / r 2 c I t 2 > *

*Z

fd r 3 {Pc ( r 3 )Pc ’ ( r 3 ) + Qc ( r 3 )Qc ' ( r 3 ) ) ’

0 0
X <

1 / 2  k 

>* 1 / 2

1 / 2  ) 

> J

( 4 . 2 . 1 6 )
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We must now c a r r y  out  t h e  r e s t  o f  t h e  a n g u l a r  

i n t e g r a t i o n s .  The r ^ - i n t e g r a t i o n  above  i s  a t e n s o r  

o p e r a t o r  p r o p o r t i o n a l  t o  C * ( 2 ) ,  combin ing  t h i s  r e s u l t  

wi t h  ( 4 . 2 . 1 1 ) ,  t h e  i n t e g r a t i o n s  over  t h e  c o o r d i n a t e s  o f  

p a r t i c l e  1 and 2 w i l l  i n v o l v e  t h e  s c a l a r  o p e r a t o r  f ( l , 2 )  

d e f i n e d  b y ,

f  ( 1 ,  2) -  i  ^ - ( 1 )  ( C1 ( 2) X < T ( 2 )  ) | r 1 2 J

( 4 . 2 . 1 7 )

We can e x p r e s s  t h e  o p e r a t o r | r 1 2 | in  a p a r t i a l  wave  

expans  i on ,

l r 1 2 l « ^ v k ( l , 2 ) C k ( l ) * C k ( 2 )

K.

( 4 . 2 . 1 8 )

where  vk ( l , 2 )  i s  g i v e n  in  ( A . 2 . 1 1 ) .

We can now r e c o u p l e  t h e  o p e r a t o r  f ( l , 2 )  u s ing  t h e  

r e c o u p l i n g  formula ( A . 2 . 1 0 )  t o  g e t ,

f U , 2 )  -  £  i (  CT ( l ) - T 1 ( 2 ) ) ( C k ( l ) . C k ( 2 ) )  vk ( l , 2 )
K.

-  ^ ( - l ) k+Li ( C T ( l ) C k ( l ) ) L (T1 (2)Ck ( 2 ) ) L vk ( l , 2 )
K, L

( 4 . 2 . 1 9 )

where we have  d e f i n e d ,
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T A( 2 ) -  C2 ( 2 )  X < T ( 2 )

( 4 . 2 . 2 0 )

A l t ho u gh  t h e  summat ion o v e r  t h e  i n d i c e s  k f L has  an 

i n f i n i t e  r a n g e ,  s e l e c t i o n  r u l e s  f o r  t h e  m a t r i x  e l e m e n t s  o f  our  

i n t e r e s t  w i l l  r e s t r i c t  t h e  sum t o  t h e  k » l , L * l ,  p a r t i a l  w a v e s .  

We n e e d  o n l y  c o n s i d e r  m a t r i x  e l e m e n t s  o f  t h e  o p e r a t o r

f  ( 1 ,  2) -  i [ C ~  ( 1 ) C I ( 1 ) ) 1. ( T1 ( 2 ) C 1 ( 2 ) ) 1 v ^ l . 2 )

( 4 . 2 . 2 1 )

We w i l l  now p r o v e  t h e  above  s t a t e d  s e l e c t i o n  r u l e s  and  

p r o c e e d  t o  c a l c u l a t e  t h e  n e c c e s s a r y  m a t r i x  e l e m e n t s  o f  

f ( l , 2 ) .  A c u r s o r y  l ook  a t  t h e  a n g u l a r  i n t e g r a t i o n s  i n

( 4 . 2 . 1 1 )  show t h a t  t h e  i n t e g r a t i o n  o v e r  p a r t i c l e  1 

i n v o l v e s  i n i t i a l  and f i n a l  s p i n - o r b i t  e i g e n f u n c t i o n s  t h a t  

d i f f e r  by  one  u n i t  o f  t h e  o r b i t a l  a n g u l a r  momenta ( i . e  t h e  

i n i t i a l  and f i n a l  s p i n  o r b i t  s t a t e s  a r e  o f  o p p o s i t e  

p a r i t y . )  U s i n g  ( 4 . 2 . 1 9 )  we must p e r f o r m  i n t e g r a l s  o f  t h e  

t y p e ,

< x  ; ^ ( i > i (  ^ ( D c k ( i > > £  | x

( 4 . 2 . 2 2 )

T h ese  t y p e s  o f  m a t r i x  e l e m e n t s  o c c u r  f r e q u e n t l y  i n  

a p p l i c a t i o n s ,  and in a p p e n d i x  A . 3 we d e f i n e d  t h e  

c o e f f i c i e n t  ;L) f o r  m a t r i x  e l e m e n t s
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p r o p o r t i o n a l  t o  ( 4 . 2 . 2 2 ) .  In e q . ( A . 3 . 1 2 )  t h e  s e l e c t i o n  

r u l e s  f o r  t h e s e  c o e f f i c i e n t s  a r e  g i v e n  b y ,  K« l ,  L» 0 , 1  f o r  

t h e  quantum numbers in  ( 4 . 2 . 2 2 ) .  We now draw a t t e n t i o n  t o  

t h e  angu la r  i n t e g r a t i o n s  ove r  p a r t i c l e  2 in  ( 4 . 2 . 1 1 ) .  The 

r e l e v a n t  t e n s o r  o p e r a t o r  in  t h i s  s p a c e  w i l l  be

( T1 (2 )Ck“ 1 ( 2 ) ) L"0 , 1 .

( 4 . 2 . 2 3 )

The L»0 term is  p r o p o r t i o n a l  t o  t h e  s c a l a r  pr od u c t

T1 (2)  C1 {2) * ( C1 (2)X 0 ^ ( 2 ) J1 C1 (2)

-  ( CX(2)  X C1 ( 2 ) ) . 0 ' ( 2 )  -  0 .

( 4 . 2 . 2 4 )

t h e r e f o r e  we have  pr ove d  t h a t ,  ( 4 . 2 . 2 1 )  i s  t h e  o n l y  

p a r t i a l  wave o f  f ( l , 2 )  we ne ed  t o  c o n s i d e r .

We now c a l c u l a t e  t h e  mat r ix  e l em ent s  o f  f ( l , 2 ) .  In

( 4 . 2 . 1 1 )  we ha v e  a t y p i c a l  an g u l a r  i n t e g r a l ,

( l ) ? C ^ v (2)  ( f ( 1 ,  2) |  X

( 4 . 2 . 2 5 )

where  * 1.  Us in g  t h e  Wi gne r -E ck ar t  theorem and

( 4 . 2 . 2 1 )  we g e t  f o r  t h e  above i n t e g r a l
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x L - 1 (  V , .  ’ V V  > *

i  Vj ( 1 ,  2) E1(* 1 ( l / 2  : 1 / 2  :L-1)<;2<+ v 1/ (T1Cl ) 1| |^+ v >

( 4 . 2 . 2 6 )

where we have  used ( A . 3 . 9 ) ,  and t h e  d e f i n i t i o n  ( A . 3*6)  

f o r  t h e  mag ne t i c  quantum number c o e f f i c i e n t s  X^.

We now need t o  e v a l u a t e  t h e  r ed uc ed  m a tr ix  e l e m ent

< X i v | | (T1c 1 ) 1 li x ±v;> - 

i / V ?  < * i v  II ( c 1* ^ )  * c 1 l| X J V >

( 4 . 2 . 2 7 )

where we have  used ( 4 . 2 . 2 0 ) ,  and ( A . 2 . 5 ) .  Expanding t h e  

t r i p l e  v e c t o r  pr od u c t  we g e t

( c 1- C1 )Cr -  C1 (CT* C1 ) -

cr~ c 1 ) .

( 4 . 2 . 2 8 )

T h e r e f o r e  ( 4 . 2 . 2 7 )  becomes ,
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( 4 . 2 , 2 9 )

We now make use o f  t h e  w e l l  known i d e n t i t y ,

(CT-c1 ) | j , s * l / 2 , m ,  - M y  * J j , s « l / 2 , m ,  +

(4 . 2.  30)

(where we have  e x p l i c i t l y  r e i n t r o d u c e d  a l l  t h e  quantum 

numbers for  t h e  s p i n  o r b i t  f u n c t i o n s ) .  Thus ( 4 . 2 . 2 9 )  

becomes

‘A/* <0* ±vl'®'l< *+-</> - < * ±v«c l ll x _ v>>.

( 4 . 2 . 3 1 )

Let i s  now e v a l u a t e  t h e s e  reduced  mat r ix  e l e m en t s  f o r  

j*A  * + 1 , - 1  s e p a r a t e l y ,  f i r s t  f o r  /A . -  \  t h e  above  e q u a t i o n  

b ec  omes

i A / 2  ( < j - l / 2 ,  > *0,  s » l / 2 l | 0 “ |j j - 1 / 2 ,  X - 0 ,  s - l / 2  >  -  

< j - l / 2 ,  X *0,  5 * 1 / 2  || C1 l| j - 1 / 2 ,  X - 1 ,  s « l / 2  >  ) .

( 4 . 2 . 3 2 )

We can s i m p l i f y  t h e  above t o  g e t
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i ^ / 2 ( 2 ) 1 / 2  1 1 / 2

1 / 2  0 1 / 2

t < s - l / 2  t | 0 - | | a - l / 2 >

-  ( - 2 ) 1 /2  1 1 /  2 1 <  X “0 IlC1 II X * l >

1 1 / 2  0

i  2 / ^ r (4,

where we have  used ( A . 2 . 8 )  and { A . 2 . 9 ) .

A l s o  we c o n s i d e r  ( 4 . 2 . 3 1 )  f o r  -  - i ,  we now have

1 /  2 ( < j « l / 2 , s - l / 2 ,  > - l l l C T l |  j - 1 / 2 , s - l / 2 ,  X «1>

< j - l / 2 ,  s - l / 2 ,  X - 1  t i c 1 l| j - 1 / 2 , s - l / 2 ,  X « ° >

i / ^ 2  ( - 2 )  |  1 / 2  1 1 / 2  (  < 9 - 1 / 2  | iCT[(9- l / 2)>  
1 / 2  1 1 / 2

( 2 ) 1/2 i  1 / 2 7  < X - i  He 1 II X - o >

0  1 / 2  1

-  - i  2/^/3 .

To summari se ,

(4,

2.  33)

2.  34)

X  j.v> -  V i  2/^/3 , f o r i /  -  t i ,

( 4 . 2 . 3 5 )



105

Combining t h e  ab o ve  r e s u l t ,  and ( 4 . 2 * 2 6 )  we g e t  a compact  

e x p r e s s i o n  f o r  t h e  m a t r i x  e l e m e n t  o f  t h e  o p e r a t o r  f ( l , 2 )

< ; x  J  ( l )  ; x ^ ( 2 ) | f ( i , 2 ) | x ! ^ ( i >  7 C ^ ’v ( 2 } >  -

XL“ 1 (mama , ) v ^ l . 2 )  Ek " 1 ( l / 2  ; l / 2  l / A  ; L - 1 )  ( 2 / ^ 3 ) V

■ -  XL“ 1 ( ma,na , , ) 4 / 3  v 1 ( 1 ,  2) ✓M"*''

( 4 . 2 . 3 6 )

where  we h a v e  used (A. 3 . 1 4 ) ,  f o r  t h e  v a l u e  o f  t h e  E,k

c o e f f  i c i e n t s .

Having e x p r e s s e d  t h e  m a t r i x  e l e m e n t s  o f  f ( l , 2 )  above  

and t h e  i n t e g r a t i o n s  o v e r  p a r t i c l e  3 g i v e n  i n  ( 4 . 2 . 1 6 ) ,  

we can e x p r e s s  t h e  m a t r i x  e l e m e n t  o f  t h e  t h r e e - b o d y  o p e r a t o r

( 4 . 2 . 1 1 )  as a t h r e e  d i m e n s i o n a l  r a d i a l  i n t e g r a l .  I n s e r t i n g

( 4 . 2 . 3 6 )  and ( 4 . 2 . 1 6 )  i n t o  ( 4 . 2 . 1 1 )  we g e t

where  R ( a a ' , b b * , c c ' ) i s  a t h r e e  d i m e n s i o n a l  r a d i a l  i n t e g r a l  

d e f i n e d  b y .

qC-T
a b c , a  b  c

R( aa * ,bb * , c c  ‘ ) ( 4 . 2 . 3 7 )



106
«0 00

R ( a a ' ,bb'  , c c ' ) ■ ^dx^JdXj  4 / 3  v ^ x ^ x ^

(Pa ( x l ,Qa * ( x l > + Qa ( x l )Pa * t x l ) , X

(Pb ( x 2 )Pb , ( x 2 } '  Qb U 2 )Qb t ( x 2 ) ) *

( 4 . 2 . 3 8 )

We ha ve  r e s c a l e d  t h e  r a d i a l  c o o r d i n a t e s  r^ i n t o  t h e  

dimens i o n l e s s  c o o r d i n a t e s  *r^ / %  , % b e i n g  t h e  

Compton w a v e l e n g th  t i /mc . The r a d i a l  components  P ( x ) ,  Q(x)  

a r e  n o r m a l i z e d  s u c h  t h a t

oo

/■
dx ( P2 (x)  + Q2 ( x ) ) « 1

( 4 . 2 .  39)

The e x p l i c i t  forms f o r  t h e  I s , 2s r a d i a l  wave f u n c t i o n s  a r e .

Pl8 (x) -  Nlg (1+ r  )*u x *  e" V

Qls  (x )  -  -  ( l -*tf  ) //l x *  e" V

P j g t * )  “ N2s ^1+ W2 ^  x e t cq + c i x *

-  -  n 2 b ( 1 -  “ a 1*1 * ’r « ' > , x  < »o  + a i x )
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w h e r e ,

n 1 s * ( 2 z ^  + y t i  r1 L

-  ( 2Z <*, ) ^  + ^   ̂ [ < 2 V +  1 ) / (1+2W2 ) ( P ( I * ^ ) ] ^ L

w 2 * [( 1 + f  ) /  2 ] ^  -  (Z<K )/2W2 ; >, = (£<*)

c Q -  2W2 , a Q * 2(1+W2 ) ,

C1 “ a l  “ " (Z^ ) ( 2W2+ 1 ) /  [ ( +1) tW2>]

( 4 . 2 . 4 0 )
C-TThe above  e x p r e s s i o n  f o r  Q_.„, can now benm i  , n  nt i

used f or  t h e  e v a l u a t i o n  o f  t h e  t h r e e - b o d y  s h i f t  ( 4 . 1 . 5 )

I t  i s  c o n v e n i e n t  t o  e v a l u a t e  t h i s  s h i f t  in  F o c k - s p a c e

i n s t e a d  o f  r e l y i n g  on c o n f i g u r a t i o n  s p a c e  methods .  The

t h r e e - b o d y  H am i l t on i an  i s  g i v e n  by ( 4 . 2 . 1 )  where  we now
C-Tuse t h e  a pp ro x i m a t i o n  f o r  V , , , o u t l i n e dnmi ,n  m I

above .  We c o n s i d e r  an unper turbed  t h r e e  e l e c t r o n  s y s t e m  in  

a Coulomb f i e l d  w i t h  c h ar g e  Ze (
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I t y -  * 1  K  K  I ° >
( 4 . 2 . 4 1 )

The s u b s c r i p t s  r e f e r  t o  t h e  r a d i a l ,  angu lar  momentum,  

o r b i t a l  and m ag ne t i c  quantum numbers f o r  each e l e c t r o n .  In 

our c a s e

a=( j = 1 / 2 ,  n = 1, > « 0,  m » 1 / 2  )
q cl Q a

b«(  ^ * 1 / 2 ,  nb = l ,  b n 0,  m^* - 1 / 2 )

c* (  j c “ l / 2 ,  nc «2 ,  > c « 0,  mc » + 1 / 2 )

( 4 . 2 . 4 2 )

The s h i f t  o f  t h e  unperturbed  s t a t e  EL due t o  t h e
C-Ti n t e r a c t i o n  H i s  g i v e n  by

C-T1
( 4 . 2 . 4 3 )

Us ing  t h e  e x p r e s s i o n  ( 4 . 2 . 6 )  f o r  hC- *1, we can w r i t e

( 4 . 2 . 4 3 )  as a sum o f  36 terms

( Uabc ,^abcj  “ Ua b c , j b a c j )

( 4 . 2 . 4 4 )
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where ^  r e f e r  t o  t h e  sum o f  a l l  c y c l i c  p e r m u t a t i o n s  o f  
*

t a bc} f and [ a c b 3 ( and Uflj)C al)C i s  t h e  sy m m e t r i z e d  t h r e e  

body i n t e r a c t i o n  d e f i n e d  b y ,

u w , . - s c  qc- t <. * )a b c , a '  b c a b c , a b c

( 4 . 2 . 4 5 )
C—Twhere Q .  i s  g i v e n  in  ( 4 . 2 . 3 7 )  and t h ea b c , a b c

s y m m e t r i z a t i o n  o p e r a t o r  S, was d e f i n e d  in  ( 3 . 2 . 3 ) .

Magne t i c  quantum number s e l e c t i o n  r u l e  % (m m , )I* W
f o r  e l e c t r o n  3 in ( 4 . 2 . 3 7 )  a l l o w s  o n l y  t w e n t y  o f  t h e  

t h i r t y  s i x  ma tr i x  e l e m e n t s  t o  b e  n o n - v a n i s h i n g .  The 

r em ai n in g  matr ix  e l e m ent s  can be  c a t a g o r i z e d  a c c o r d i n g  t o  

t h e  i n i t i a l  and f i n a l  s p i n  s t a t e s  o f  e l e c t r o n  1 and 2.  We 

s h a l l  d e f i n e  t h r e e  d i s t i n c t  t y p e s  o f  m a t r i x  e l e m e n t s ,

Type I:  These  ar e  m at r i x  e l e m e n t s  where  t h e  i n i t i a l  

s p i n  o f  e l e c t r o n  1 or 2 i s  o p p o s i t e  t o  t h e  f i n a l  s p i n .  We 

s h a l l  c a l l  t h e s e  s p i n - f l i p  (SF) t e r m s .

Type I I :  The i n i t i a l  and f i n a l  s p i n  f o r  each p a r t i c l e  

i s  c o n s e r v e d ,  and e l e c t r o n  1 and 2 h a v e  a n t i - p a r a l l e l  

s p i n s .  We s h a l l  l a b e l  t h e s e  as s p i n - c o n s e r v i n g  

a n t i - p a r a l l e l  terms (SCAP).
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Type I l l s  The s p i n  i s  c o n s e r v e d  f o r  each p a r t i c l e  and

e l e c t r o n  1 and 2 have  p a r a l l e l  s p i n s .  We c a l l  t h e s e ,  s p i n

c o n s e r v i n g  p a r a l l e l  (SCP) t e r m s .
1

We can e v a l u a t e  t h e  X c o e f f i c i e n t s  f o r  each
34gr o u p i n g  us in g  a s t a n d a r d  t a b l e  o f  3 - j  c o e f f i c i e n t s  

We have

XL“ 1 (SF) -  1 / 3 ,  XL - 1 (SCP)» 1 / 6 ,  XL“ 1 (SCAP)» - 1 / 6

( 4 . 2 . 4 6 )

C o l l e c t i n g  t h e  diagrams a c c o r d i n g  t o  t h e i r  g r o up in g  we 

h a v e .

The s p i n - f l i p  (SF) terms a r e ,

( V +V +V +V' b c a . a b c  b a c , c b a  a b c , b c a  c b a , b a c

-V -V -V -V ) .a b c . b a c  b a c , a b c  c b a , b c a  b c a , c b a

The s p i n  c o n s e r v i n g  a n t i - p a r a l l e l  (SCAP) terms g i v e



I l l

(V + v  + v  +va b c , a b c  b c a , b c a  b a c , b a c  c b a , c b a

- V  - V  - V  - V  )a b c . c b a  b c a , b a c  b a c , b c a  c b a . a b c

and t h e  s p i n - c o n s e r v i n g  p a r a l l e l  (SCP) terms g i v e

{V +V - V  - V  ) .c a b ,  cab a c b , a c b  c a b , a c b  a c b , c a b

( 4 . 2 . 4 7 )

Us ing  t h e  angu la r  c o e f f i c i e n t s  g i v e n  on t h e  p r e v i o u s  page  

f o r  each group we can c o l l e c t  a l l  t h e  above  terms and  

e x p r e s s  them as a sum o f  r a d i a l  i n t e g r a l s  R t n n ' i 1 1 ' ;mm’ ) 

d e f i n e d  in  ( 4 . 2 . 3 8 ) ,  we g e t

+ 1 / 3  ( R ( 1 1 ; 2 1 ; 1 2 ) + R ( 1 2 ; 1 1 ; 2 1 ) +R (1 1 ; 1 2 ; 2 1 ) +R(2 1 ; 1 1 ; 1 2 )

- R ( 1 1 ; 1 1 ; 2 2 ) - R ( 1 1 ; 1 1 ; 2 2 ) - R ( 2 1 ; 1 2 ; 1 1 ) - R ( 1 2 ; 2 1 ; 1 1 ) )

- 1 / 6  ( R ( 1 1 ; 1 1 ; 2 2 ) + R ( 1 1 ; 2 2 ; 1 1 ) + R ( 1 1 ; 1 1 ; 2 2 ) + R ( 22; 11; 11)

— R( 1 2 ; 1 1 ; 2 1 ) - R ( 1 1 ; 2 1 ; 1 2 ) - R ( 1 1 ; 1 2 ; 2 1 ) - R ( 2 1 ; 1 1 ; 1 2 ) )

+ 1 / 6  ( R ( 2 2 ; 1 1 ; 1 1 ) + R ( 1 1 ; 2 2 ; 1 1 ) - R ( 2 1 ; 1 2 ; 1 1 ) - R ( 1 2 ; 2 1 ; 1 1 ) )

( 4 . 2 . 4 8 )

where  t h e  numeral  1,  and 2 a r e  t h e  r a d i a l  quantun nianbers 

f o r  t h e  I s ,  and 2s w a v e f u n c t i o n s  r e s p e c t i v e l y .
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Adding a l l  t h e  terms and u s i n g  t h e  symmetry o f  t h e  

r a d i a l  i n t e g r a l s  under t h e  i n t e r c h a n g e  o f  p a r t i c l e  

c o o r d i n a t e s  i . e .  R ( n n ) •* R(n*n; . . . ; * . . )  e t c .  we 

can f i n a l l y  e x p r e s s  t h e  t h r e e - b o d y  l e v e l  s h i f t  as

-  Ryd/6 ^ R ( 1 1 ; 1 1 ; 2 2 )  -  R ( l l ; 1 2 ; 1 2 )  +

R (1 2 ; 1 2 : 1 1 )  -  R (1 2 ; 1 1 ; 1 2 )

( 4 . 2 . 4 9 )

These  t r i p l e  r a d i a l  i n t e g r a l s  are  e v a l u a t e d  n u m e r i c a l l y  

and t a b u l a t e d  in Ta b le  I .
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Tab le  I .  The Coulomb -  t r a n s v e r s e  c o n t r i b u t i o n  t o  t h e  

en erg y  s h i f t  ( 4 . 2 . 4 9 ) .

z ^ EC T ( i n  Rydbergs)

137 -.198 x 10-1

130 - .101 x 10"1

118 - .525 x lO-2

100 -.227 x 10"2

80 -.928 x 10-3
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S e c t i o n  4 . 3  V i r t u a l  p a i r  c o n t r i b u t i o n

In t h e  p r e v i o u s  c h a p t e r  we d i s c u s s e d  t h e  t h r e e - b o d y

i n t e r a c t i o n  term H , due t o  t h e  p r e s e n c e  o f  v i r t u a l
P

e l e c t r o n - p o s i t r o n  p a i r s .  In Fock s p a c e  t h i s  term i s  g i v e n  

by  t h e  e x p r e s s i o n  ( 2 . 2 . 2 0 )

H = 1 / 2  \  b  t u b  b , b . ,b , (  Vp . , , ,  , )p /  n l m n  1 m* \  n lm, n 1 m /

+ ( H erm i t i an  c o n j u g a t e )  ( 4 . 3 . 1 )

w h e r e ,

i - )

^ n  w | v ( l , 2 ) | n ‘ l ’^ ^ l  m | v ( 3 , 4 ) | w  m*^

+■ Ex. +■ lw l

( 4 . 3 . 2 )

t h e  summation above r e p r e s e n t s  t h e  i n t e g r a l  ov e r  t h e  

cont inuum o f  p o s i t r o n  wavef  u n c t i o n s , w b e i n g  t h e  e n e rg y  o f  

t h e  p o s i t r o n s .  The o p e r a t o r ,  V ( l , 2 ) “ C ( l , 2 )  + B ( l , 2 )  i s  

t h e  surn o f  t h e  Coulomb i n t e r a c t i o n  and t h e  g e n e r a l i s e d  

B r e i t  i n t e r a c t i o n .

We wi sh  t o  e v a l u a t e  t h e  l o w e s t  o r d e r  e n e rg y  s h i f t  o f  

t h e  t h r e e  e l e c t r o n  s y s t e m  d i s c u s s e d  in  t h e  p r e v i o u s  

s e c t i o n  f o r  v a l u e s  o f  (Z H v  1, We e v a l u a t e  t h e  s h i f t

where  [ * >  i s  g i v e n  in

( 4 . 2 . 4 1 ) ,  e xp an d in g ,  we have

Vpn lm, n 1 I ’ m
L
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A Ep * ^   ̂ Uabc ,  |abcj ” Ua b c , f b a c l  '

CpJ ( 4 . 3 . 3 )

where ,

IjP m S (
a b c , a ' b ' c *  a b c , a ' b ’c ' ) .

( 4 . 3 . 4 )

I n s t e a d  o f  e v a l u a t i n g  ( 4 . 3 . 3 )  d i r e c t l y ,  we decompose t h e  

t h r e e - b o d y  H a m i l t on ia n  ( 4 . 3 . 1 )  i n t o  Coulomb-Coulomb,  

C o u l o m b - B r e i t , B r e i t - B r e i t ,  c o n t r i b u t i o n s ,  t h e  

c o r r e s p o n d i n g  e n e r g y  s h i f t s  can th e n  be  d e f i n e d  b y .

^  EC-C a b c , ^abcj ~ Ua b c , | b a c |
( 4 . 3 . 5 )

w h e r e ,

UC-C m s  ( 1a b c , a *b * c 1 & ' va b c f a , b , c ,J
( 4 . 3 . 6 )

and,

i-i
C-CVa b c , a ' b ' c L <  aw I C( 1, 2) j a ' b ’̂ b c  |C (1 ,  2) | w c ' ) .  

^  W t c' *■ +■ 1^ /

( 4 . 3 . 7 )
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\  C-B C*B
A  EC-B /  Uabc f LabcJ " Ua b c , [bac ]

( 4 . 3 . 8 )

where .

11̂ ’ ® ■ c ( )
a b c , a ' b ' c '  & K va b c , a ' b , c * '

and,

( 4 . 3 . 9 )

^ i ?  ,  . h , ^ . - 2 > ^ <.aw | C ( 1 . 2 ) | » lb ' > < b c ' B ( 1 . 2 ) l w  c - > .

*■ £ .  ♦ l w l

( 4 . 3 . 1 0 )

A Eb-B *)^abc, I abcl ” Uabc,[bac]
IP1 ( 4 . 3 . 1 1 )

where,

UB-B
ab c , a ' b ' c ' ( a b c . a ' b ' c *  )

( 4 . 3 . 1 2 )

and,

Xa b c , a ‘b ' c ’ < a w | B ( l , 2 ) l a ' c ’X tbc 1 B( 1 , 2 ) \wc
Wi.C' + Eb *■ lw t

( 4 . 3 . 1 3 )

The t o t a l  s h i f t  i s  now e x p r e s s e d  a s .

A Ep“ A Ec-C + A Ec-B + A eb -B
( 4 . 3 . 1 4 )
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In or de r  t o  e v a l u a t e  t h e  above  mat r ix  e l e m en t s  we must  

have  a t  our d i s p o s a l  t h e  Dirac-Coulomb p o s i t r o n  wave  

f u n c t i o n .  Borrowing from t h e  append ix  A . l ,  we h a v e .

< A ( f )
Pw( r ) / r  X j f f e . * ) '  

iQw ( r ) / r  K * *  10,?)

( 4 . 3 . 1 5 )

i 1The a r e  angu lar  components  f o r  s - w a v e

p o s i t r o n s .  The r a d i a l  components  a r e  g i v e n  by ,

Pw(r )  « - ( w - 1 ) * ^ 2 r K(p) Im *pr e**^"
1P 1 ( 1 + tT + i y , 1+ 2 i f  , 2 i p r  )j

Qw ( r )  -  + { l + w ) l / 2  r K(p) Re [ e “ l pr  e 1*^

1F 1 ( 1+ Y + i y , 1+2 Y , 2 ipr  )J

( 4 . 3 . 1 6 )  

1 / 2where p i s  t h e  l o c a l  momentum d e f i n e d  b y ,  p * ( l+ w)  , w

b e i n g  t h e  a b s o l u t e  v a l u e  o f  t h e  n e g a t i v e  cont inuum e n e r g y .  

A l s o ,
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K ( p )  m e TV y / 2  | P  ( 2 f V  i j ) |  ,

O r p f 1-

y  « -  ( Z )w / p ,  and t h e  

t h e  p h a s e  f a c t o r

e i J I  -  ( - 1 + i y / w )  ( Y + i y ) , T  - < 1 -  < Z °C ) 2 ) 1 / 2  •

( 4 . 3 . 1 7 )

T h es e  wave f u n c t i o n s  ar e  n o r m a l i z e d  t o  t h e  e n e r g y  s c a l e  i . e

fio

J d x  (Pw( x ) P w , ( x )  + Ow(x )Qw, ( x ) )  * £  (w-w' )
o

( 4 . 3 . 1 8 )
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Let us f i r s t  c o n c e n t r a t e  on t h e  Coulomb-Coulomb,

^ Ec _c  c o n t r i b u t i o n  t o  t h e  s h i f t  ( 4 . 3 . 3 ) .  The m a t r i x  

e l e m e n t s  a p p e a r i n g  in  t h e  e x p r e s s i o n  ( 4 . 3 . 7 )  h a v e  b e e n  

d i s c u s s e d  in  ap p en d i x  A . 3, a l l  t h e  bound  s t a t e s  a r e  j « l / 2 ,  

s - w a v e  s t a t e s ,  t h e r e f o r e  t h e  a n g u l a r  s e l e c t i o n  r u l e  f o r  

t h e  DL c o e f f i c i e n t s ,  ( s e e  a p p e n d i x  A . 3) r e q u i r e  o n l y  t h e  

j * l / 2 ,  s - w a v e  p o s i t r o n  w a v e f u n c t i o n s  t o  appear  i n  t h e  

summation ( 4 . 3 . 7 ) .  We thus  h a v e  f o r  t h e  m a t r i x  e l e m e n t s  o f  

our i n t e r e s t  ( s - s t a t e s ) ,  ( h e r e  we use  t h e  s u b s c r i p t s  

a ^ . a ' j b ’ , t o  d e s i g n a t e  t h e  quantum numbers o f  an 

a r b i t r a r y  D i r a c  -  Coulomb s p i n o r )

< a  b | C ( l ,  2)] a ' b ' >  -

t 2  XL - 0 ( mama , )RC(a  a ' ; b  b ' ) ,

( 4 . 3 . 1 9 )

where  we h a v e  used ( A . 3 , 5 ) .  The r a d i a l  i n t e g r a l  RC

is  d e f i n e d  as ,

^Pb ( x 2>pb'  + °b* x 2*Qb'

( 4 . 3 . 2 0 )
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A l l  Coulomb m a t r i x  e l e m e n t s  a r e  now e x p r e s s e d  in  terms o f
n

t h e s e  r a d i a l  i n t e g r a l s . The R terms ha v e  v a r i o u s  

symme tr i e s  i . e .

a)  Symmetry under i n t e r c h a n g e  o f  t h e  p a r t i c l e  c o r d i n a t e s  

RC( a a ' , b b ’ ) * RC( b b ' r a a * ) *

b)  Symmetry under t h e  exchange  o f  i n i t i a l  and f i n a l  s t a t e s  

o f  each p a r t i c l e ,  Rc ( a a ' ; b b ' )  -  Rc ( a ' a , b * b )  .

This  i s  due t o  t h e  r e a l i t y  o f  a l l  t h e  r a d i a l  w a v e f u n c t i o n s  

as our p hase  c o n v e n t i o n .

U s in g  t h e  e x p r e s s i o n  ( A . 3 . 6 )  f o r  t h e  c o e f f i c i e n t s  t h a t  

depend upon t h e  ma gne t i c  quantum numbers o f  t h e  s h i f t ,

xL*0 (iw ;,nb ,v >  ■ 1 / 2

( 4 . 3 . 2 1 )

we g e t  n o n v a n i s h i n g  c o n t r i b u t i o n s  t o  ( 4 . 3 . 3 )  f o r  t h e  terms  

where t h e  s p i n  i s  c o n s e r v e d  b e t w e e n  t h e  i n i t i a l  and f i n a l  

s t a t e s  o f  each p a r t i c l e .  We th e n  g e t ,

A e c _ c  -  1 / 6  < v £ o . . b c  ♦  V ^ _ c a b  ♦  V ^  b c a

+ VC-C + vC_<'  + yC-C \
b a c , b a c  a c b , a c b  c b a , c b a

-  ( VC-C + VC‘ C + V ^ C .a b c , cba c a b , acb b c a , bac

yC -C  y C -C  + VC-C j
b a c , b c a  a c b , c a b  c b a , a b c

( 4 . 3 . 2 2 )



121

E x p r e s s i n g  t h e  A  Ec - c  *n te rm s  t l i e  ra<l i a l  i n t e g r a l s
cR ', and p a r a m e t r i z i n g  t h e s e  i n t e g r a l s  w i t h  t h e  numeral  1 

r e p r e s e n t i n g  t h e  Is s t a t e ,  t h e  numeral  2 r e p r e s e n t s  t h e  2s 

s t a t e ,  and t h e  l e t t e r  w r e p r e s e n t s  t h e  cont inuum s t a t e  

w i t h  ene rg y  w. We a l s o  i n t r o d u c e  t h e  n o t a t i o n ,

A  * RC( a b ;cw)

( 4 . 3 . 2 3 )

We thuB h a v e .

A EC- c  = |  RC( 1 1 ; w 1 ) ^ \ r C( l w ; 22)

+ RC( 22; w 1) ^ R C ( lw ; 11) + RC< 11; w2) A  R°< 2w; 11)

+ RC( 1 1 jw1 ) A rC{ lwr22)  + RC( 1 1 ; w2 ) A R C( 2 w ; 11)

+ PC( 2 2 ; w1 ) A rC( lw; 11) -  (RC( 1 2 ; w l ) A R° ( l w ;21)

+ RC ( 21; w 2) A  rC t lw * 11) + RC ( H ; w1 ) A rC( 2w; 12)

+ RC( l l ; w 2 ) ^ R C( l w ; 2 1 )  + RC (12;  w l ) A  rC< 2w ? H )

+ RC(2 1 ; w l )  A rC( lw? 12)

{ 4 . 3 . 2 4 )
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The summation ov e r  w r e p r e s e n t s  t h e  sum ov e r  t h e  cont inuum  

wave f u n c t i o n s  w i t h  r e s p e c t  t o  t h e  e n e rg y  w, o f  t h e  

p o s i t r o n s .  We can make a t r a n s f o r m a t i o n  t o  a new 

i n t e g r a t i o n  v a r i a b l e ,  p t h e  l o c a l  momenta o f  t h e  p o s i t r o n s  

by t h e  s u b s t i t u t i o n

( 4 . 3 . 2 5 )

CUs in g  t h e  symmetry p r o p e r t i e s  o f  t h e  R i n t e g r a l s  we can  

s i m p l i f y  ( 4 . 3 . 2 6 ) ,  thus

to

1 / 6

o

+ RC( 1 2 ? l p ) ^  RC( 1 2 ; l p )  -  2 RC{ 1 2 ; l p ) A R C<2 1 ; l p )

-  RC (11 r 2p ) ^  RC (11:  2 p ) -  RC(21;  l p ) A R C<2lr lp )

( 4 . 3 . 2 6 )
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We now e v a l u a t e  t h e  Cou lomb-Bre i t  c o n t r i b u t i o n  t o  t h e  

en e rg y  s h i f t , { 4 . 3 . 8 )  The o p e r a t o r  B ( l , 2 )  a p p e a r i n g  in t h e  

matr ix  e l e m e n t s  ( 4 . 3 . 1 0 )  i s  t h e  n o n - l o c a l  B r e i t  o p e r a t o r  

d i s c u s s e d  at  l e n g t h  in c h a p t e r  2, as a mat ter  o f  

c o n v e n i e n c e  we s h a l l  appro x i ma te  B ( l , 2 )  by  t h e  l o c a l  

mag net i c  (Gaunt)  o p e r a t o r  G ( l , 2 )  g i v e n  by  ( 1 . 1 * 1 9 ) .  The 

j u s t i f i c a t i o n  f o r  t h i s  s i m p l i f i c a t i o n  i s  d i s c u s s e d  in  

s e c t i o n  4 . S. Matr ix  e l e m en t s  f or  t h e  Gaunt i n t e r a c t i o n  ar e  

d i s c u s s e d  in  appen d ix  A . 3. I t  was p o i n t e d  ou t  in  t h e  

p r e v i o u s  paragraph t h a t  s e l e c t i o n  r u l e s  f o r  t h e  Coulomb 

o p e r a t o r  a l l o w  o n l y  t h e  s wave p o s i t r o n s  t o  c o n t r i b u t e  in  

t h e  summations ( 4 . 3 . 7 )  and ( 4 . 3 . 1 0 ) ,  a g a i n  as in  t h e  c a s e  

f o r  t h e  Coulomb m a t r i x  e l e m e n t s  we need  o n l y  be  c on c e r n e d  

w i t h  t h e  matr ix  e l e m en t s  o f  t h e  Gaunt o p e r a t o r  be t ween  s 

wave s p i n o r s , u s i n g  ( A . 3 . 1 0 )  we h a v e .

■ 2 / 3  XL*°(mama , jn^m^, )  e 2J - (a a ' r b  b ' )

' ;mb mb*  ̂ a* ’*> )•
( 4 . 3 . 2 7 )

Where we have  used ( A . 3 . 1 5 )  and d e f i n e d  

t h e  a u x i l i a r y  i n t e g r a l s ,
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J *+ ' " J ( aa ‘ :bb ’ )

ao ob

-  f d x x fdx j  t pa *x l ^ Qa ' ( x l^ -  Pa^x l * Qa * t x l * *
•i jq

< V * 2  ^Qb , ^x 2  ̂ -  Pb * x 2 **\>'*x 2* ) '
( 4 . 3 . 2 8 )

The J+ i n t e g r a l s  h a v e  t h e  same symmetry  p r o p e r t i e s  as
C —t h e  R i n t e g r a l s  d i s c u s s e d  p r e v i o u s l y ,  whereas  t h e  J

ch an g e  s i g n  under t h e  i n t e r c h a n g e  o f  t h e  i n i t i a l  and f i n a l

s t a t e  o f  a p a r t i c l e .

We now c l a s s i f y  our  m a t r i x  e l e m e n t s  in  t erms o f  t h e  

m a g n e t i c  quantum number a s s i g n m e n t s  o f  t h e  B r e i t  m a t r i x  

e l e m e n t s .

We d e f i n e  as in  s e c t i o n  2 t h e  c a s e s .

Case  I )  Spin c o n s e r v i n g  p a r a l l e l  (SCP) terms .wh ere

ma ** ma* ' " “b "  “ a " “b*

R ® ( a a ' ; b b ‘ )»  1 / 3  J ~ ( a a ' ; b b ' )  -  2 / 9  J + ( a a ' ; b b ' )

( 4 . 3 . 2 9 )

Case  I I )  Spin  c o n s e r v i n g  a n t i - p a r a l l e l  (SCAP),  where  

"a " ma ' * %  * mb * ' ma “ -mb ‘

RP ( a a ' rbb ' )

* 1 / 3  J ~ ( a a ' ; b b ' )  + 2 / 9  J + ( a a ' r b b ' )

( 4 . 3 . 3 0 )
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c a s e  I I I )  Spin f l i p  (SF) t e r m s ,w h e r e

m a  *  ' V '  " b *  _ m b * '

R g t a a ' ? b b ’ )

-  4 / 3  J + ( a a ' ; b b ' ) *

( 4 . 3 . 3 1 )

C o l l e c t i n g  a l l  terms in  t h e  s h i f t  ( 4 . 3 . 8 )  and c a t o g o r i z i n g  

them a c c o r d i n g  t o  t h e  g r o u p in g s  d e f i n e d  a b o v e ,  we h av e

Case I:  SCP terms

VC-B + VC-B -  VC-B -  VC’ Bb c a , b c a  b a c , b a c  b c a , b a c  b a c , b c a .

Case I I :  SCAP terms

( 4 . 3 . 3 2 )

VC~B +a bc ,  abc VC-B
c a b , cab +  v c _ B  +  a c b , acb

/C-B  
c b a , cba

_ v^-B -  V^” B -  V̂ "”B -  vC-Ba b c , c b a  c a b , a c b  a c b ,c a b  c b a , a b c .
( 4 . 3 . 3 3 )

Case  I I I :  SF terms

VC"B + a b c , cab VC' B +a c b , c b a
yC -B  + yC -B

c a b , abc c b a , acb

_ yC -B  _ VC -B  _ VC -B  _ yC -B
c a b , c b a  c b a , c a b  a b c , a c b  a c b , a b c .

( 4 . 3 .  34)
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Each o f  t h e  above  m a tr ix  e l e m e n t s  can now b e  e x p r e s s e d  in
C b B Bterms o f  t h e  i n t e g r a l s  R , Rj* R^» we

g e t

00

i) Jap p/w *

ĵ RC( l l r p l ) / \ iR®(2pr 12) + RC( l l ; p 2 ) / ^ R ® ( l p ;  21)  

-  PC( l l ; p 2 ) ^  R® (2p;11) -  RC( 1 1 ; p i ) / \  R®( l p ; 22)

GO

I I ) I dp p/w

RC( 1 2 ; p 1} R?( l p ; 2 1 )  + RC( 2 1 ; p 2 )  R ® ( l p ; l l )

+ R ( 1 2 ; p i ) R ® ( 2 p ; l l )  + R ° ( 2 1 ; p l ) R“ ( l p ; 12)

-  R ' - d i j p i ) R ® (lp ;2 2 )  -  RC( 2 2 ; p i ) ,BR j t l p ; 11)

-  RC (11;  p 2 ) R  ̂( 2p ; 11) -  RC ( 2 2; p 1) R ® d p d l >



|  RC( l l ; p 2 )  A R3 t l p f  21) + RC( l l ; p l ) A R3<2P* 1 2 >

+ RC( 2 1 ; p l )  A R3 d P f  12) + RC( 2 1 ; p 2 ) A R| d p ; 1 2 )

-  RC( 2 2 ; p l ) / ^ R 3 ( l p ; l l )  -  RC( 2 2 ; p i )A R j ( l p 1U )

-  RC( 1 2 ; p 1 ) A R3 ( l p ; 2 1 ) -  RC( 1 2 r p l ) A  R | ( 2p ; 1 1 ) }

{ ^ R  i s  d e f i n e d  as in  ( 4 . 3 . 2 3 ) ) .  ( 4 .  3. 35)

F i n a l l y  we e v a l u a t e  t h e  B r e i t  - B r e i t  e n e r g y  

s h i f t  A^To-b* A9 a ^n we Ina^e U3e p r e v io u s

a p p ro x im a t io n  fo r  t h e  g e n e r a l i z e d  B r e i t  o p e r a t o r  and

e x p r e s s i o n  ( 4 . 3 . 2 ? )  f o r  t h e  r e l e v a n t  m a t r ix  e l e m e n t s .
1 / 2  3 / 2S e l e c t i o n  r u l e s  now a l l o w  b o t h  s  and d p o s i t r o n s

in  t h e  i n t e r m e d i a t e  s t a t e s ,  we w i l l  make a f u r t h e r
1 / 2a p p r o x im a t io n  b y  c o n s i d e r i n g  o n l y  t h e  s p o s i t r o n  

c o n t r i b u t i o n ,  t h i s  w i l l  be  j u s t i f i e d  l a t e r .  I n s t e a d  o f  

w r i t i n g  out  by  hand each  o f  t h e  c o n t r i b u t i o n s  i n  ( 4 . 3 * 1 1 )  

we w i l l  g e t  a g e n e r a l  e x p r e s s i o n  f o r  t h e  V® B terms as a 

p r o d u ct  o f  t h e  J+ , J  , i n t e g r a l s  d e f i n e d  in  ( 4 . 3 . 2 8 ) .  

I n s e r t i n g  t h e  m a tr ix  e le m e n t s  ( 4 . 3 . 2 7 )  i n t o  ( 4 . 3 . 1 3 )  we
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va b c , a ' b , c*

oO

fdp p/w «

MQ0( a a ' , b b ' , c c ' ) 4 / 9  ( a a * ; p b * ) ( b p ; c c ‘ )

-Mq^{a a ' , b b ' , c c ’ ) 8 / 9  ( a a ' ; p b ' ) ( b p ; c c * )

-Mq^ (c c ' , b b *, W ) 8 / 9  + ^ ( a a ' ; p b ' ) ( b p ? c c * )

+M^ ( aa ’ , b b ' , c c  ’ ) 1 6 /9  +  ̂ (aa* ;pb'  ) +  ̂ ( b p ; c c ‘ )

( 4 . 3 . 3 6 )

where we have  d e f i n e d  t h e  c o e f f i c i e n t s ,

j ( a a *; b b ' ; c c  ') ^ X L* i ( n.ama , )XL" j ( ) .

( 4 . 3 .  37)

U s in g  ( A . 3 . 6 )  f o r  t h e  X c o e f f i c i e n t s ,  we h a v e



MQ 0( a a ’ ?bb* , * c c ' ) -  1 / 4  S Cn,a ' * a ,̂ l ® b  ,mb ' ^ ( " c . c ' )

M0 1 ( a a ' f b b ' ; c c ‘ ) »

1 / 1 2  S (."’a 1 ’" a ' ) ^(mb ' "Sj ,')^(inc ' ® c ')  t ” 1 )***" ™fc 

+ i/e H v V ) ^ V ' V ^ ”c '_mci)K V ‘Bc)

M ^ f a a  ' rbb ' ; c c  ’ ) *

1 / 3 6  S ( * a ,iBa ,^(nib ,inb ^S(*c *®c ') ( - I ) * * * 11'*’

+ 1 / 1 8  h Cn' a ' n' a O k mb ^ mb '^Cmc ' " n' c t) i ( n' a ' “ inc )  t * 1 ) ” **  "'b

+ 1 / 1 8  &( ma ,-m a ,')S(mb ,-inb ,1)S(»c .inc .')S(nia .-inb ) ( - l ) “1%_in «■

+ 1 / 9  % (n'a »-J>'a OS(n,c ' " B' c * ^ f inb ' mbO S(ina ' inb ) ^ ma ' " mc )  .

( 4 . 3 .

Having e x p r e s s e d  t h e  e n e r g y  s h i f t s  in  terms o f  t h e  one
C + —d i m e n s i o n a l  i n t e g r a l s  R , J  , J  we p r o c e e d  t o  

e v a l u a t e  t h e s e  i n t e g r a l s  and r e d u c e  t h e  s h i f t s  t o  a tw o  

- d i m e n s i o n a l  q u a d r a t u r e  p r o b le m .
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In o r d e r  t o  c a r r y  o u t  t h e  p - i n t e g r a t i o n  we m ust f i r s t

i n t e g r a t e  ov er  t h e  r a d i a l  c o o r d i n a t e s  o f  a l l  t h e

p a r t i c l e s ,  u s in g  t h e  e x p r e s s i o n  ( 4 . 2 . 4 0 )  f o r  t h e  bound

s t a t e  wave f u n c t i o n s  and ( 4 . 3 . 1 6 )  f o r  t h e  p o s i t r o n  wave
C + -f u n c t i o n s  t h e  R , J  , J , can b e  e x p r e s s e d  as a

l i n e a r  c o m b in a t io n  o f  t h e  g e n e r i c  i n t e g r a l  d e f i n e d  b y ,

04

I^t X ,n :  ) * J"dx, fdx t  e ” *px F( 1+ TS + i y , 2 1  +1,  2 i p x ) k
o c

(xn x ^  <T *'*<) (  e -  .
^  '  1  T T "  k  *  I •

> ( 4 . 3 . 3 9 )

The e v a l u a t i o n  o f  t h i s  i n t e g r a l  w i l l  be  ta k e n  up in  a 

l a t e r  p a r a g ra p h .  I t  w i l  be  c o n v e n i e n t  t o  f i r s t  g e t  an 

e x p r e s s i o n  f o r  t h e  J^+ *  ̂ ( a p ; b e )  i n t e g r a l s  d e f i n e d  in  

( 4 . 3 . 2 8 )

The s u b s c r i p t s  a , b , d  r e f e r  t o  some bound s t a t e  r a d i a l  

w a v e f u n c t i o n  and p r e f e r s  t o  t h e  continuum  wave f u n c t i o n .  

Let us r e e x p r e s s  t h e  I s , 2s r a d i a l  wave f u n c t i o n s  ( 4 . 2 . 4 0 )  

as ,

P (x )  -  x *  e" ^*>x L (x )  n n

Qn ( x )  -  x Y e -  ^*»X Kn ( x )

( 4 . 3 . 4 0 )
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where t h e  L and K a r e  p o ly n o m ia l s  d e f i n e d  b y ,  n n

L (x )  ■ q 1 + q 2 x n nn n

K (x )  -  r* + r 2 xn n n
( 4 . 3 . 4 1 )

( n » l , n « 2  r e f e r  t o  t h e  I s , 2s r a d i a l  w a v e f u n c t i o n s  

r e s p e c t i v e l y . )  t h e r e f o r e ,

q j «  N ( l s ) ( l + r  ) 1 / 2  , q 2  -  0

q 2 * N (2s ) (1 + W 2 ) 1 /2  aQ, q 2 -  N( 2s ) ( 1+W2 ) 1 / 2  a x 

r j  -  -N( Is ) ( 1-  Tf ) 1/2 , r 2 » 0

r 2 -  -N (2 s  ) ( 1-W2 ) 1 / 2  b Q, r 2 -  -N( 2s ) ( l - W j ) 1 / 2  b x

( 4 . 3 . 4 2 )

I n s e r t i n g  ( 4 . 3 . 4 0 ) ,  and ( 4 . 3 . 1 6 )  i n t o  t h e  i n t e g r a l  ( 4 . 3 . 2 8 )  

we g e t



( a p ; b c )  -  -  Re K ( p ) ^ e 1'^ '  ( 1+w) 1 ̂ 2  Jdx. ,J  6x L

oo oO

ff •

2^„2 ^ A ^ x . - i p x .  -  ( * h« -V )x t  ,x ( x v e

|Lb ( x l )Kc ( x l ) * Kb ( x t )Lc ( x v ) |  ( La ( x # ) F ( l + t f  + i y , 1+2 V , 2 i p x )]

( +  )

U *4

In 2^  2 tT - A ^ x, - iPX,K ( p ) [ e i -l '“  ( l - w ) A/‘  J d x (J d x t  x “ - x ; -  e
» » ^

XV If

^L^tx )Kc (x ) * Kjjtx L̂c ( x Ka^x  ̂ F ( l + t f  + i y , 2 Y + l ,  2ipx)J

( 4 . 3 . 4 3 )

The above form can be  s i m p l i f i e d  i f  we d e f i n e ,

H +_(ap;bc)
«a

,2H+_ ( a p ; b c ) 0 o
Jdx,Jdx% x f*  •"  *  ,X'iPX' •" tA>" ^

[ l ^ l x  )Kc (x ) + K ^ x  )Lc (x  ) } «

L ( x  )A
K (X ) o

* 1F 1<1 +Tf+ i y , 1+ 2 tT * 2 i p x )

( 4 . 3 . 4 4 )

132
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These  i n t e g r a l s  can now h e  e x p r e s s e d  in  terras o f  t h e  q ,  

and r c o e f f i c i e n t s ,  u s in g  ( 4 . 3 . 4 1 )  and ( 4 . 3 . 4 2 )  we g e t ,

H +,.(a p jb c  )| 
hJ J  a p ; b c ) |

OQ
dx. / dx-

'0 '0

2TCx2K' e -  A ^ x - ip x ,  e -  x

<«b xc  -  <*c rb> ♦ xc  + *b xc>

+ . 1 2 .  2 1 .  
- <<Jo rb + V b  > x *

+ . 2  2 ,_ 2  2, 2 . 
_ ( q b r c  + q c  r f e ) )

+  “s 2 .  x '

f l .  + q 2.  *i

1F1 ( l + l f +  i y , 1+2 Y , 2ipx,)

( 4 . 3 . 4 5 )

We now e x p r e s s  t h e  H i n t e g r a l s  in  terms o f  t h e  I i n t e g r a l s  

( 4 .  3 .  39)
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{< %  r c + % r c  > -  ( qc rb + * c rb j *  

f l ( > .  n»0;  ( q a + I (  \  n « l j  > b + X c m - l )  /
r  U 1

V /

 ̂ / 2 2 2 2 * *
+  < q b  rc  + qc  rb ) *

K  A^n-O; Aw*->c. m-2) (

a I-1

( 4 . 3 . 4 6 )

F i n a l l y  we can e x p r e s s  t h e  J^+ '  ̂ a s ,

■( + , “ J (ap;tac) -  -  Re K(p) { l+ i* ) 1 / 2  H ^ a p r b c )

(* )  Im K(p) e* ( 1 -w ) ^ 2 H 2 ( a p ; b c ) .
+  -

( 4 . 3 . 4 7 )
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We now tu rn  our a t t e n t i o n  toward p a r a m e t r i z i n g  t h e
r

Coulomb i n t e g r a l s  R in  terms o f  t h e  I i n t e g r a l s .  

I n s e r t i n g  ( 4 . 3 . 4 0 )  f o r  t h e  r a d i a l  w a v e f u n c t i o n s  i n t o  t h e  

d e f i n i t i o n  f o r  RC ( 4 . 3 . 2 0 )  we g e t

RC( a p ; b c )  * K(p) [ (1+w)*^2 Re F 2 ( a p ; b c )

- ( w - 1 ) * ^ 2 Im F ^ f a p j b c ) ( 4 . 3 . 4 8 }

where t h e  F c o e f f i c i e n t s  a r e  g i v e n  b y .

F ( a p , b c )  

F ^ a p . b c )

I Q( Aa, n - 0 ,  m-O) j q* + I Q( A * n « l ;  Xfc )
\ <

r 1
i

r 2
1

ak j
•

♦ (q^ q1 4 q ^ q 2 4 rKr l  4 rKr 2 } *b e  b e

p

*0 < > ^ X t m - l ) + I Q( A* n - l ;  f q 2
i 1 2r a\ J N

_

+ (%2» c  + rb r c> ‘



136

I Q( X*. n«0;  X b+Xjn«2) ‘a

.1

+ I Q( n - 1 ;  X ^ X ^ m - 2 )

( 4 . 3 . 4 9 )
C BAbove we h a v e  b e e n  a b l e  t o  e x p r e s s  t h e  R , R^

B B, Rj , R^, r a d i a l  i n t e g r a l s  in  term s o f  t h e  more  

b a s i c  i n t e g r a l  T^( \ x n; X^m) d e f i n e d  i n  ( 4 . 3 . 3 9 ) .  We 

now p r o c e e d  t o  e v a l u a t e  t h i s  d o u b le  i n t e g r a l *  f i r s t  we 

r e e x p r e s s  ( 4 .  3. 39} as t h e  sum.

T^( n; At m) * /dx xn + ̂  e -31  ̂ ^ F ^ ( l+ T f  + i y ,  l+2.jf , 2 i p x )
*

2 + xk f  dz e -  K z  z ” - K- 1+2] .^ l / x k+1 J  dz « - V  z " +k+2 + X* J

( 4 . 3 . 5 0 )

We now make t h e  s u b s t i t u t i o n  z * x t  , and dz ■ xdt  , t o  g e t ,

I k ( X , n ?  X t m)  » Jd t

i t
 ̂ m+k+l+2<* + f ^  fcm-k+2 | w]

oo
J d x  xn+m+4 e ~x(  X, + Avt  + i p )  i F i ( 1 + Y  + i y ,  1+ 2Jf , 2 i p x )

( 4 . 3 . 5 1 )

The i n t e g r a l  o v e r  x can be  done i m m e d i a t l y .  We h a v e



j d x  xn+m+4 e - x t N + A v 1 + i p )  1F 1 ( 1 + Y + i y # 2 f + l , 2 i p x )  -  

a

P(n+m+4 +1) , F ,  (1+ -& + ly .n + m + 4 -f  +1,  2% + 1 ,  2 ip

<x, + x , . t + i P ) n+"+ 4 * +1 ( W

f o r X, + X t t  + i p  >  2 i p .  ( 4 . 3 . 5 2 )

We now make use  o f  a l i n e a r  t r a n s f o r m a t i o n  on t h e  

h y p e r g e o m e t r i c  f u n c t i o n  t o  g e t  f o r  t h e  above  i n t e g r a l /

P ( l + n + » + 4 V  ) ( % i + t + i p \  i + ^ + i y

( \ + +i P )
l+m+n+4?T y + t - i p

(1+ if  + i y , - n - m - 2 * f  , 1+2 ' i  , - 2 i p  )

X  + X ±  - i p

( 4 . 3 . 5 3 )

When t h e  s e c o n d  argument in  t h e  above  h y p e r g e o m e t r i c  

f u n c t i o n  i s  a n e g a t i v e  i n t e g e r  or  z e r o ,  2^1  becom es a 

p o l y n o m i a l  and a n a l y t i c  in  t h e  e n t i r e  com p lex  p l a n e  ( i . e .  

f o r  a l l  p ) . We w i l l  b e  d e a l i n g  o n l y  w i t h  s - w a v e  p o s i t r o n s  

w h ere  i f  -  ( 1 -  (Z«c ) , we can t h e r e f o r e  

c o n v e n i e n t l y  e x p r e s s  t h e  i n t e g r a n d  in  ( 4 . 5 . 5 3 )  as a 

com p lex  p o l y n o m i a l  f o r  "HT ■ 0 (Z ■ 1 3 7 ) ,  "Jf « 1 / 2  

( Z « 118 ) and ■ 1 ( s m a l l  Z ) .  I n s e r t i n g  ( 4 . 3 . 5 3 )

i n t o
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____ )

+ i p )
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( 4 . 3 . 5 1 )  we h a v e ,

I v ( X, n;  V m )  -  |“ ( l+n+m +4Y ) |*  /at f t m+k+2
*77 . . . . l+n+w+4( A ,  + Xt t  + ip )

2Fx ( l + Y + l y , - n - m - 2 ’ff , 1 + 2 ^ ,  - 2 i p t _______
> ,  + - i p

e - 2 y  6 ,  e i  6 ,  (1+2  1 )

'  I * ItHn+k + 2 - 2 y 0 ,  i © t { l + 2 Z T )
e  e  x

( A,  + t  ( >,_ + i p ) )

2F 1 < l+ 'er+ i y . -n - m - 2  7 f ( l+ 2 ? f  , - 2 i p
> L+ t (  X, - i p )

where we h av e  d e f i n e d ,

@t -  a r c t a n ( p / ( > ,  + >tt  ) ) ,  and

a r c t a n ( p t / (  ) ) •  ( 4 . 3 . 5 4 )

The s u b s t i t u t i o n  t  1 / t  was u sed  in  t h e  s e c o n d  t  i n t e g r a l  

ab o v e .
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C +Having r ed u c e d  t h e  r a d i a l  i n t e g r a l s  R « J_ i n t o  

one d i m e n s i o n a l  i n t e g r a l s  g i v e n  b y ,  ( 4 . 3 . 4 8 ) ,  and ( 4 . 3 . 3 7 )  

r e s p e c t i v e l y ,  we can p r o c e e d  t o  e v a l u a t e  t h e  s h i f t  ( 4 . 3 . 2 )  

n u m e r i c a l l y .  This  i s  a c c o m p l i s h e d  by  t h e  c o d e s  RACC, RACB,

RABB which e v a l u a t e  t h e  s h i f t s  [ \^ ~  C, A E<”

^ E B B, g i v e n  in  ( 4 . 3 . 5 ) ,  ( 4 . 3 . 8 ) ,  and ( 4 * 3 . 1 1 )

r e s p e c t i v e l y .  R e s u l t s  f o r  t h e  above s h i f t s  a r e  p r e s e n t e d  

in  T a b le  I I ,  f o r  v a l u e s  (2fl< ) ■ 1, (ZQ( ) » . 8 6 7 .
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T a b le  I I .  The v i r t u a l  p a i r  c o n t r i b u t i o n s  t o  t h e  e n e r g y  

s h i f t  g i v e n  b y  ( 4 . 3 . 5 ) ,  in  a to m ic  u n i t s .

,c-c

- 3 - 4137 .8 2  x 10

118
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S e c t i o n  4 . 4  The t r a n s v e r s e  -  t r a n s v e r s e  c o n t r i b u t i o n

We must a l s o  e v a l u a t e  t h e  t r a n s v e r s e - t r a n s v e r s e  

c o n t r i b u t i o n  t o  t h e  t h r e e - b o d y  e n e r g y  g i v e n  by  t h e  

e x p r e s s i o n  ( 2 , 2 . 1 3 )

HT-T

E4* +- +■ T-Tb b . b b  , b . , b  , V . ,  + H.cn l  m m i  n n m i ,n  tn l

( 4 . 4 . 1 )
T-T 
nm 1,  n ' m' 1 1

< 3 7 . . . . ! .  -  7 „ .

S

A ^ n l  , ns * V  n 1,  ns 7  I n , s n

lm' 1 *

( 4 . 4 . 2 )

t h e  Tf m atr ix  e le m e n ts  b e i n g  d e f i n e d  in  ( 2 . 1 . 2 1 ) .

We now make use  o f  t h e  same a p p r o x im a t io n  f o r ^ 7 ]  g i v e n  

by ( 4 . 2 . 2 ) ,  in  a d d i t i o n  we use t h e  l o c a l  form f o r  t h e  

B r e i t  o p e r a t o r  in  t h e  Tf t e r m s .  With t h e s e  a p p r o x i m a t i o n s ,

we o b t a i n  f o r  V ,rT-T 
nm 1, n ' m' 1' ,
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VT- *  e 2/ 4 ^ 2c 2 Y  unm 1, n m 1
5

^ n l | [ h ( l )  -  h ( 2 ) , 1 n's^>^ms | G ( 3 ( 4 ) l m ‘ l / >

( 4 . 4 . 3 )

where G( 3 , 4 )  i s  t h e  Gaunt o p e r a t o r  ( s e e  ap p en d ix  3) .We 

c o u l d  p r o c e e d  t o  e v a l u a t e  t h e  above  terms in  a s i m i l a r  

manner t o  t h e  one used in  t h e  e v a l u a t i o n  o f  t h e  t r a n s v e r s e  

-  Coulomb termt u s i n g  a su n  r u l e  and e v a l u a t i n g  r e p e a t e d  

com m u tators .  This  p r o c ed u r e  becomes q u i t e  cumbersome,  

b e c a u s e  o f  t h e  p r e s e n c e  o f  t h e  G ( l , 2 )  o p e r a t o r .  I n s t e a d  we 

s h a l l  p r o c e e d  t o  e v a l u a t e  ( 4 . 4 . 3 )  by f i r s t  e v a l u a t i n g  a l l  

a n g u la r  i n t e g r a l s  in t h e  above m a t r ix  e l e m e n t s  and th en  

in v o k in g  a sum r u l e  f o r  r a d i a l  components o f  t h e  D ir a c  -  

Coulomb s p i n o r a . A l l  i n i t i a l  and f i n a l  s t a t e s  o f  t h e  

m a tr ix  e le m e n ts  o f  ( 4 . 4 . 2 )  a re  s - w a v e  Dirac-Coulom b  

s p i n o r s . P a r i t y  s e l e c t i o n  r u l e s  f o r  t h e  Gaunt o p e r a t o r  

show t h a t  t h e  i n t e r m e d i a t e  s t a t e s  in  ( 4 . 4 . 3 )  can  o n l y  be  

( j - 1 / 2 , s - w a v e ) , ( j * 3 / 2 , d -w a v e ) s p i n o r s ,  t h e  l a r g e s t  

c o n t r i b u t i o n s  come from t h e  s waves s i n c e  t h e s e  a r e  c l o s e r  

t o  t h e  n u c l e u s .  We w i l l  thus  c o n s i d e r  o n l y  t h e s e  

i n t e r m e d i a t e  s t a t e s  i n  ( 4 . 4 . 3 ) .  Let us f i r s t  e v a l u a t e  t h e  

term in  ( 4 . 4 . 3 )  g i v e n  by
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^ ^ n l | [ h (  1 ) ,  r 12 ]  | n ' s ^ ^ m s  | G ( 3 , 4 ) | m * l ' ^

* ( 4 . 4 . 4 )

We f i r a t  per form  t h e  a n g u la r  I n t e g r a t i o n s  f o r  t h e  

r e l e v a n t  m a tr ix  e le m e n ts  g i v e n  b y ,

< n l  t w i s  3 >  *

H> to

■f- 2 / 3  J d r 11d r 2 v ( 1 , 2 ) | k  ♦ f mt>n’s   ̂ *
a •

YMnn'(1)VMl . < 2)Wls -  2xL" X v iV ”, )Y',nn-<l >yIV 2)Wls}

( 4 . 4 . 5 )

and, ^ms )G ( 3 ,4 ) \  m* l ’̂  *

efl *0

-  2 / 3  f d r 3J d r 4 g ( 3, 4 ) |  XL*°  (mg , ; mc mc , ) YM^, ( 3)YMs x , ( 4 ) 
*• *

VPr a , ( 3 ) YPs l , ( 4 ) J .

( 4 . 4 . 6 )

We use  t h e  n o t a t i o n  i n t r o d u c e d  in  t h e  p r e v i o u s  s e c t i o n s  

f o r  t h e  c o e f f i c i e n t s  XL w i t h  t h e  arguments m ,m ,O A
mc »mc , ,  ms , c o r r e s p o n d i n g  t o  t h e  m a g n e t ic  

quantun numbers o f  s t a t e s  n , n ’ , 1 » 1 ‘ m,m* s r e s p e c t i v e l y ,  

were  we h a v e  used  ( A . 3 . 8 )  and v ( l , 2 ) ,  g ( 2 , 3 )  a re  g i v e n  by  

( A . 2 . 1 1 ) .  We a l s o  have  d e f i n e d  t h e  f u n c t i o n s ,
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YMn n ' <r> * Pn ( r ) V ( r )  ‘  ° n ( r , V <r) ‘  " YMn ' n ( r )

YP« „ ' < r > * P ( r )Qn - ( r ) + Qnt r >Pn ' ( r )  * YPn * n ( r ) -nn n n n n n n

( 4 . 4 . 7 )

In o r d e r  t o  e x p l o i t  sum r u l e s  f o r  t h e  r a d i a l  f u n c t i o n s  we 

must r e e x p r e s s  t h e  and YPl s ^ r Ŵls

f a c t o r s  by  making use o f  t h e  r a d i a l  e q u a t i o n s  f o r  j » l / 2 ,  

s - w a v e  D irac  s p i n o r s .  U s in g  ( A . 1 . 1 0 )  we h a v e ,

E P ( r )  * t ic  ( d / d r  + l / r ) Q  ( r )  + (me2 + u ( r ) ) P  ( r )3 3 S 9

E Q ( r )  * -tic ( d / d r  -  l / r ) P  ( r )  -  (me -  u ( r ) ) Q  ( r )
S 3  3  3

( 4 . 4 . 8 )

t h e r e f o r e ,

YMl s (r ,W l s  * Wl s { Pl ( r ) 0 s ( r )  '  pg ( r ) Q1 ( r ) )

E , P , ( r > ( r ) -  P . ( r ) E Q ( r )I I  S 1 S 3

-  E1P3 ( r ) 0 1 ( r )  + E g P g U l Q j U )

Qg ( r )  ( t i c ( d /d r  + l / r ) Q 1 ( r )  + (me2 + u ) P 1 ( r ) )
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-  P1 ( r )  {-t ic  ( d /d r  -  l / r ) P g ( r )  -  (me2 -  u)Qg ( r ) )

+

t v c ( d / d r ( P 1 ( r ) P g (r  ) + Q1 ( r) Qg ( r ) ) )

- 2 / r ( P . ( r ) P ( r ) -  Q. { r ) Q ( r ) ) )1 3  i s

+ 2mc2 ( P1 ( r ) Qg ( r )  + Pg ( r ) Q1 ( r)

( 4 . 4 . 9 )

We i n t r o d u c e  t h e  n o t a t i o n ,

ZPl3 ( r )  * P1 ( r ) Pg ( r )  + Q1 ( r) Qg ( r )  ■ ZPg l ( r)

ZMl g ( r ) -  P j f r J P g t r )  -  0 1 ( r ) Qg ( r )  -  ZMg l ( r)

( 4 . 4 . 1 0 )

and th u s  r e w r i t e  ( 4 . 4 . 9 ) ,  u s in g  t h e  above n o t a t i o n  

VMl g (r)Wls  -

l i e  d / d r U P ^  ( r ) ) -  2Kc/r (ZMl g ( r ) )  + 2mc2 (YPlg ( r ))

( 4 . 4 . 1 1 )

In t h e  same manner we e x p r e s s  t h e  f a c t o r
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Ypl s <r)wl s

« Qg ( r )  ( f cc (d /d r  + l / r j Q ^ r )  + (me2 + u j p ^ r )

-  P.. ( r ) ( - t ic(  d /d r  -  1 / r  )Pa ( r )  -  (me2 - u ) Q ( r )l  3  3

I 1 '” ’ )  -

t i e  d /d r  (ZM^ (r ) )  + 2hc(Q3 ( r )  d /d r  (Q1 ( r ) )  -  Pg ( r ) d / d r  ( P ^ r )  )

+ 2mc2YM^ (r )

( 4 . 4 . 1 2 )

where we have  a g a i n  used t h e  D ir a c  e q u a t i o n .

U s in g  t h e  above e x p r e s i o n s  ( 4 . 4 * 1 1 )  and ( 4 . 4 . 1 2 )  i n

( 4 . 4 . 5 )  and ( 4 . 4 . 6 )  we can r e w r i t e  our m a tr ix  e l e m e n t s ,
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< n l l Wl s  * < l '^ l l r l 2 l l n ' 9 > "

oo oo

t  2 / 3  f d r j  fd c 2 « ) x °< W  :mb " 3 ’ * 
c e

[ - ^ c ( d (  1, 2)ZPlg  (2 )  - 2 v ( l , 2 ) / r 2 ZMl g ( 2 ) )  +

2mc2v{ 1, 2)YPlg ( 2jfMn n , (1 )

-  2X  ̂(mama , rit^nig ) £  - h e  d( 1, 2)ZMlg ( 2)

+ 2hc ( Qg ( 2) ( d / d r ^ Q ^ ) ) -  Pg ( 2) ( d / d r ^ P ^  2 ) ) )

+ 2” c2  ™ l s < 2 > ]  YP„„ (1,j

{ 4 . 4 . 1 3 )

where we have  i n t e g r a t e d  by p a r t s  and i n t r o d u c e d  t h e  

n o t a t i o n  d ( l , 2 )  * d / d r 2 v ( l , 2 ) .

We now d e r i v e  sum r u l e s  fo r  t h e  r a d i a l  f u n c t i o n s  

a p p e a r in g  in  t h e  above  m a tr ix  e l e m e n t s .  We can e x p r e s s  t h e  

r a d i a l  e q u a t i o n s  ( 4 . 4 . 8 )  as

He f  f

( 4 . 4 . 1 4 )

where we d e f i n e .
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W r >,

( 4 . 4 . 1 5 )

and

He f  f
f  - t ic  ( d / d r - l / r  ) - ( m c ^ - u )

I mc^+u t ic  ( d / d r + l / r )

( 4 . 4 . 1 6 )

The c o m p l e t e n e s s  p r o p e r t y  o f  t h e  e i g e n s t a t e s  o f  ( 4 . 4 . 1 4 )  

i s  g i v e n  by

^ s ( r )  ^ a ( r- ) -  b  ( r  -  r '  ) I  I * / l  0

0 1

or#

£ p g ( r ) P s ( r*)  * £ ( r  -  r * ) , ^ Q s ( r ) Qs ( r * )  -  6 ( r  -  r * )
5 S

^ ps  ( r ) Qg ( r ' ) -  0 ( 4 . 4 . 1 7 )

We now use  t h e  above  sum r u l e s  t o  e x p r e s s  t h e  v a r i o u s  sums 

t h a t  o c c u r  in  t h e  e v a l u t i o n  o f  ( 4 . 4 . 4 ) .  We have#
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ZzpisYPsr - YPir E Ypi s vps i '  -  2Pir

“ zpi,™si' - ™ir " "i.™.i* - -™ir

“ * ™ 1 1 '  " YM1S YP, 1 '  -  * 1 1 '

” “ k™.!- * YPir " YMi»YM.i' ’ -zpir

( 4 . 4 . 1 8 )

In t h e  above sums t h e  in d ex  s ,  r e f e r  t o  t h e  r a d i a l  quantum 

numbers,  i n t e g r a t i o n s  o v e r  c o o r d i n a t e s  a r e  i m p l i c i t  in  t h e  

above e x p r e s s i o n s  i . e

E°1P3P,°1'
>

*o

fdtl(,3r2 E
'A (

Q l ( r l ) P s ( r l >V r 2 ) 0 l ' ( r 2 )
'o "0 

60

f dr 2 0
* A

( r 2 )

Q1QJ1 ( 4 . 4 . 1 9 )

I n c l u d i n g  o n ly  s - w a v e s  in  t h e  i n t e r m e d i a t e  s t a t e s  and

u s i n g  ( 4 . 4 . 1 3 ) ,  ( 4 . 4 . 6 ) ,  and ( 4 . 4 . 1 8 )  and u t i l i z i n g  t h e

d e f i n i t i o n s  ( 4 . 3 . 3 7 )  f o r  t h e  mqo* M01* M11

m a g n e t ic  quantum number c o e f f i c i e n t s ,  we g e t  f o r  ( 4 . 4 . 4 ) ,
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w On

Mq0 ( a a ' , b b ' »c c  1 ) [ 4>c d( 1, 2)YMi r  ( 2 ) - £ f i c / r 2 v ( l f 2 )YP11< ( 2)

- 2mc 2v ( 1 , 2 ) ZM. . ,  ( 2)  1 YM , ( 1)YM , ( 3 )XI j nn mm

-2M0 1 <aa' , b b ’ , c c '  ) [ - h e  d( 1 ,  2}YPi r  ( 2 ) - £ t i c / r 2v(  1, 2)YM1 1 , ( 2)

+ 2mc2v ( l , 2 ) Z P 11( ( 2)  ] YMn n , < l )YPmn|, ( 3)

-2M0 1 ( c c ' , b b ' #a a ' ) [ - h e  d( 1 ( 2)YPn , ( 2) -  2hc v(  1, 2) ( P v  ( 2)

d / d r 2 (Q1 ( 2 ) )  *  Qr ( 2 ) d / d r 2 ( P1 ( 2 ) )

-2m c2 v ( l , 2 ) Z P 1 1 , (2)  ] YPn n , ( 3)

+4Mi ; i ( a a ' , b b ' , c c ' ) [ - h e  d( 1, 2)YMn , ( 2) + 2hc v(  1, 2) ( P r  (2)

d / d r 2 (Q1 ( 2 ) )  -  Q1 . ( 2 ) d / d r 2 ( P1 ( 2 ) )

+ 2»c 2 v <1 , 2 )  ZMi r ( 2)  ] V P ^ . d l Y P ^ . O )   ̂ .

( 4 . 4 . 2 0 )
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We now t u r n  our a t t e n t i o n  t o  t h e  s e c o n d  term  in

( 4 . 4 . 3 )  g i v e n  b y ,

^ ^ n l | J h ( l ) ,  0 ( (.(^t r 1 2 J j n ' s ^ m s  ) G( 3 , 4 )  | m* l'J>

" Z  Wnn' < n l l V ° f | . r l 2  1 n'9><mslG( 3 , 4 ) j  m* l ’>

( 4 . 4 . 2 1 )

U s ing  e x p r e s s i o n  ( 4 . 4 . 5 ) ,  and ( 4 . 4 . 6 )  f o r  t h e  above m a tr ix

e l e m e n t s ,  ( I n s t e a d  o f  t h e  W, term  in  ( 4 . 4 . 5 )  we nowis
h a v e  wn n ** as a f a c t o r . )  and a p p l y i n g  t h e  sum r u l e s

( 4 . 4 . 1 8 )  we g e t  f o r  ( 4 * 4 . 2 1 ) ,

oe ao
( 2 / 3 )  2 Wn n , J 6 r x J d r 2Jdr3 v ( l , 2 ) g ( 2 , 3 )

M_n (aa* r b b ' ; c c ' ) YM , ( 1 )  ( - Z P . 1 , ( 2 ) )  YM . ( 3 )  uo nn l-L mm

-2Mn . (aa* ; b b ' ; c c '  ) YM , ( 1 )  Z M. . ( ( 2 )  Y P . ( 3)  u l  nn 11 mm

-2M0 1 ( e c '  ,-bb* ; a a ’ ) YPn n * ( D  ( - Z M ^ . U ) )  Y M ^ . O )

+4M. . ( a a - r b b ' ; c c ' ) YP . ( 1 )  Z P . l t ( 2)  YP , ( 3) 11 nn 11 mm

( 4 . 4 . 2 2 )
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I t  ia  c o n v e n i e n t  t o  i n t r o d u c e  a s h o r t h a n d  n o t a t i o n  f o r  

t h e  v a r i o u s  i n t e g r a l s  a p p e a r i n g  in  ( 4 . 4 . 2 0 ) ,  and ( 4 . 4 . 2 2 ) .  

We f i r s t  d e f i n e  v a r i o u s  f u n c t i o n s ,

D1 (nn* , 11* ,mm* ) -  g ( 2 ,  3) d( 1, 2 ) YMnn , ( 1 ) Y M ^ , ( 2) YMmjn, ( 3)

D2 (nn* , 11* ,irnn' ) -  g ( 2, 3) d( 1, 2 ) YMn n , ( 1 ) YPU , ( 2 ) YPmm. ( 3)

D3 ( n n ' ; 1 1 ‘ :mtn- ) = g (  2 ,  3 )d (  1, 2)YPn n , ( 1)YP1 1 , ( 2)YMminl ( 3)

D . ( n n '  ; 1 1 ' ;  mm *) = g < 2 , 3 ) d<1 , 2 ) YP . ( 1 ) YM.. , ( 2 ) Y P . <3) 4 nn 1 1 nun

F 1 (nn' : 11' ; mm' ) = g ( 2, 3) v(  1, 2) / r  2 YMn n , ( l ) Y P i r  ( ( 3 )

F2 ( n n ' : 11' rmiti1 ) -  g ( 2,  3) v(  1,  2 ) / r  2 YMnn , (1 )YMi;L , ( 2) YPmjn . ( 3)

L x {nn 1 ; 11' ; mm 1 ) = v ( l , 2 ) g ( 2 , 3 )  P x , ( 2) ( d / d r 2 ( Q j ( 2 ) )  + Qr (2>

< d / d r , ( P . . ( 2 ) ) )  YP ( ( 1 ) YM , ( 3 )  1 l  nn mm

L2 (nn* ? 11 ' ;mm' ) = v ( l , 2 ) g ( 2 , 3 )  P r  ( 2) ( d / d r ^ Q ^  2) ) -  0 ^ ( 2 )

( d / d r , ( P . , ( 2 ) ) )  YP , ( 1 ) YP , ( 3 )  2 I nn mm

(nn ' , 11' rmm' ) = v ( l , 2 ) g < 2 , 3 )  ^ n n ' ( U Z M ^ ,  ( 2)YMmjn, ( 3)

K , ( n n ' ; 1 1 1fmm*) = " YM , ( 1 ) ZP. . , ( 2 ) YP , ( 3 ) ̂ nn 11 mm
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K j ( n n ’ f 1 1 * ; mm*) YPr , n ' < l ) Z P n - (2)YM« » ' (3)

K ^ (n n ' ; 1 1 ' ; mm*) * YP . (1)ZM. . . (2)YPmIB. (3 )  nn l  l  mm

K^(nn* ; 11' fmm' ) YM ,<1)ZP (2)YHm . ( 3 )  nn x i  mm

Kg(nn * ; 1 1 ' ;  mm' ) YM , ( l )ZM n 1  (2)YP . (3 )nn x i  nun

K7 (n n * : 1 1 ’ ;mm*) YP , ( 1 ) ZM. . , ( 2)YM , ( 3 )  nn 1 i  mm

K g ( n n ’ ; 1 1 ' ;mm' ) YP . (1)ZP , ( 2 >YP , (3 )nn 1 1 mm

( 4 . 4 . 2 3 )

where we i m p l i c i t l y  c o n s i d e r  t h e  D , F ,L , and K 

c o e f f i c i e n t s  as f u n c t i o n s  o f  t h e  r a d i a l  c o o r d i n a t e s  

r ^ r ^ f T j .  We i n t r o d u c e  a n o t a t i o n ,  f o r  t h e  i n t e g r a l s  

o v e r  t h e  r a d i a l  c o o r d i n a t e s  o f  t h e  above i n t e g r a n d s  by  

p r e c e d i n g  e a ch  o f  t h e  c o e f f i c i e n t s  in  ( 4 . 4 . 2 3 )  by  t h e  

l e t t e r  I ,  i . e

I0« to

I D ^ ( n n ' r l l ' ; m m ' )  -  f  j dx ^dx ^dx  ̂ D^(n n * , 1 1 ' ,mm')
j

* •  *

e t c .  ( 4 . 4 . 2 4 )

(The a r e  t h e  dimens io n  l e s s  c o o r d i n a t e s  d e f i n e d  in  

s e c t i o n  4 . 2 . )  U s in g  t h e  above d e f i n i t i o n s  in  ( 4 . 4 . 2 0 ) ,  and

( 4 . 4 . 2 2 )  we g e t .



. A ‘J / ‘; K/ d  *‘ ul.' "i , n ' m ' 1

 ̂ M ; c c '  ) T 1 U,  + 2 1 1 ’ -I ? T K ,  -  W , 1 Kr ]I wiJ 1 1 .1. m i

(«.■>' ; b h *  ; c c '  ) [  I Y>, H- 2 ]  T  -  2 ' .K_  + W , I K , ]  (J 1 s. A J. ) 111 o

- 2 M 0 1 ( c c '  j l . b *  ) [  1 D 3 +  ? l h   ̂ -t 2 1 K 3 -  , I K. y j

:4M, ; bb*  ; c c '  )L TD4 -  2 J L ,, -  21K 4 t- W. jn , 1 J j

( 4 . 4 .  :;r<)

\vh*.»rjfs we liij',";: u  t o  i s h o r t h a n d  n o t  ' i t i o n ,

7 D (  n n  1 ; I I  1 , inis- * ) -  I D .
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T-TGiven t h e  e x p r e s s i o n  f o r  V . , , . ,  we can nown m i,n  m l
w r i t e  down t h e  s h i f t  f o r  t h e  s t a t e  ( 4 . 2 * 4 1 ) ,  we g e t

A - T - T  T* „T-T T-T
^  Z- a b c ,  (abc l  a b c , [ b a c \

I Pl

w h e r e ,

UT-T -  S  { 2V ^~^' ) .a b c , a ' b ' c ' w  a b c , a ' b ' c , ;

( 4 . 4 . 2 6 )

The f a c t o r  2 ab o ve ,  i s  a c o n s e q u e n c e  o f  t h e  i n c l u s i o n  o f

t h e  H .c .  tern* in  ( 4 , 4 . 1 )  in  t h e  e n e r g y  s h i f t .

The e v a l u a t i o n  o f  t h i s  s h i f t  p r e s e n t s  a f o r m id a b le  and  

l e n g t h y  c a l c u l a t i o n  b e c a u s e  o f  t h e  l a r g e  number o f  t r i p l e  

r a d i a l  i n t e g r a l s  o c c u r i n g  in  ( 4 . 4 . 2 5 ) .  However, a few o f  

t h e s e  i n t e g r a l s  a r e  done by  t h e  program TRANS, and t h e s e  

i n t e g r a l s  a r e  about an o rd e r  o f  m agnitude  s m a l l e r  th a n  t h e  

t r i p l e  i n t e g r a l s  e n c o u n t e r e d  in  s e c t i o n  4 . 2 .  This  can a l s o  

be s e e n  by  comparing t h e  Coulomb-Coulomb, and 

C ou lo m b -B re i t  s h i f t s  in  T a b le  T I . We can t h e r e f o r e  n e g l e c t  

t h e  t r a n s v e r s e - t r a n s v e r s e  s h i f t  s i n c e  i t  i s  s m a l l e r  than  

t h e  C o u lo m b - t r a n s v e r s e  s h i f t  d i s c u s s e d  in  s e c t i o n  4 . 2 .
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S e c t i o n  4 . 5 The s t a t i c  l i m i t  a p p ro x im a t io n

We would now l i k e  t o  g i v e  some j u s t i f i c a t i o n  f o r  t h e  

a p p r o x im a t io n s  t h a t  we h a v e  em ployed  i n  t h e  p r e v i o u s  

s e c t i o n s .  In s e c t i o n s  4 . 2 ,  and 4 . 5  we h a v e  a p p ro x im a te d  

t h e  m a tr ix  e l e m e n t s ,

l o c a l  B r e i t  o p e r a t o r  by  t h e  m a tr ix  e le m e n ts  o f  a l o c a l  

o p e r a t o r  by  ex p a n d in g  t h e  c o s i n e  terms in  ( 2 . 1 . 2 7 )  i n  a 

power s e r i e s  and k e e p in g  t h e  f i r s t  t erm .  In t h i s  s e c t i o n  

we s h a l l  h e n c e f o r t h  c a l l  t h i s  t h e  s t a t i c  l i m i t  (S L ) .  This  

a p p r o x im a t io n  i s  r e a s o n a b l e  f o r  (Z<< 1 s i n c e  by

d im e n s i o n a l  arguments t h e  e x p e c t a t i o n  v a l u e ,

^ c o s  (Wr 12A i c /v  c o s ( Z X )  ^  1, where W i s  t h e  e n e r g y

d i f f e r e n c e  o f  an e l e c t r o n  b e tw een  i t ' s  i n i t i a l  and f i n a l  

s t a t e .  We would now l i k e  t o  s e e  how t h i s  a p p r o x im a t io n  

f a r e s  when we a r e  in  t h e  e x trem e  r e l a t i v i s t i c  r eg im e  (Z<K ) 

* 1. In o r d e r  t o  do t h i s  we n e e d  t o  compare a t y p i c a l  

e x a c t  t h r e e  body e n e rg y  w i th  t h e  r e s u l t  o b t a i n e d  when t h e  

SL a p p r o x im a t io n  t o r  i 9 u s e d .  A r e p r e s e n t a t i v e  term

t h a t  o c cu rs  in  t h e  Coulomb t r a n s v e r s e  e n e r g y  d i s c u s s e d  in  

s e c t i o n  4 . 2  i s  g i v e n  by

nm,n m 77 i . o f  t h e  noni mn, m n

5 ( 4 . 5 . 1 )

where ( n * l , m » l , n ' “ 1 ) .  A t y p i c a l  r a d i a l  i n t e g r a l
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(we c o n s i d e r  o n l y  t h e  Gaunt component ) in  t h e  lA Tf terms  

i s  p r o p o r t i o n a l  t o ,

«e> 00

A ( n > aJ dx 1 d x j  P1 ( x 1 )Q1 ( x 1 )

( 4 . 5 . 2 )

where P^(x)  * e ~ x , ( ^ ( x )  * -  e x a re  t h e  upper

and lower r a d i a l  components o f  t h e  I s ,  D ir a c  -  Coulomb 

w a v e f u n c t i o n s , pn (x )  i s  t h e  upper component in  t h e  s t a t e  

n (s w a v e ) ,  L»1 r e p r e s e n t s  t h e  L*1 r a d i a l  p a r t i a l  wave  

o f  t h e  non l o c a l  o p e r a t o r ,  and i s  t h e  e n e r g y  

e i g e n v a l u e  o f  t h e  s t a t e  n ,  ( n o t e  W^*0). For t h e  Coulomb 

l i k e  m atr ix  e le m e n ts  l e t  us c o n s i d e r  m a tr ix  e le m e n ts  such  

as ,

The r e a s o n s  f o r  c h o o s i n g  t h e  above form fo r  f ( x )  a r e  

t e c h n i c a l  and w i l l  b e  d i s c u s s e d  in  a l a t e r  p a r a g r a p h .  We

C(n> -

f ( x ) -  x e ' x

( 4 . 5 . 3 )
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a r e  now c o n c e r n e d  w i t h  e v a l u a t i n g ,

E -  £  / \ ( n )  C(n)/Wn

* ( 4 . 5 . 4 )

Let l b  d e f i n e  t h e  n o n l o c a l  o p e r a t o r  in  ( 4 . 5 . 2 )  by t h e

sym b ol  K ( 1 , 2 ) .  U s in g  ( A . 3 . 1 6 )  we can e x p r e s s  t h i s  w
o p e r a t o r  a s ,  (where from now o n ,  w ■ W )n

K ( 1 , 2 )  w

- 3 w 2 /i r J d k  J 1 ( k x 1 ) J 1 ( k x 2 ) P / ( k 2- w 2 )

_ «o ( 4 . 5 . 5 )

The P (x )  f u n c t i o n s  can b e  e x p r e s s e d  as a sum o fn
c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s ,  l e t  us t h e r e f o r e  

d e f i n e ,

■o «o

V  ^ . a) “(dxl fdx2
o

e _ > , x * Kw( 1 , 2 )  e ‘ ( A i * V x t  ^ ( a . 1 , 2  X j  x 2 )

( 4 . 5 . 6 )

where \ , Xt  , Xj , a ,  a r e  a r b i t r a r y  p a r a m e t e r s .  Us ing  t h e  

r e p r e s e n t a t i o n  ( 4 . 5 . 5 ) ,  and t h e  r e p r e s e n t a t i o n  f o r  t h e  

s p h e  r i c a l  B e s s e l  f u n c t i o n s ,

i
J j t k x )  -  i / 2  I at t  <«i k x t  -  e " i k x t >

I*'A
( 4 . 5 . 7 )

we can r e p r e s e n t  t h e  Iw M (
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I w < X , , Xu , X3 a)  -  6w2/n- j  dk f a n  f<3t t  P / ( k 2- w 2 ) *
_ #o o o

k/<< > V u 2 ) + k 2 ) f ( k ) ,

/  X,. «- X, - ‘. K t y  '

£<k) '  ( X ^ X , - ’" * )

( 4 . 5 . 8 )

I f  R ea l{  ^ X| » and Im( X | ) “0i t h e  s i n g u l a r i t i e s  o f  f ( k )  

l i e  in  t h e  lo w e r  h a l f  com p lex  k p l a n e .  I n t e g r a t i n g  a l o n g  

an upper s e m i c i r c l e ,  we p i c k  up t h e  p r i n c i p l e  v a l u e  at

k * * w, and a r e s i d u e  a t  k ■ i X | / u .  An a d d i t i o n a l

i n t e g r a t i o n  o v e r  t h e  u v a r i a b l e  can b e  done t o  g e t ,

1
Tw < X, j Xt , Xv a) « - 3 / 2  J d t  t  (1  -  Xi/w a r c t a n ( w /  A, ))  *

Ji
X L ~ X, ( A . . *  Xj - V u , t )

+ 3 fat t  ( 1 / 3  -  ( X i / w ) 2 + ( X i / w ) C r e t a n  (w /  Xi ) )  x

D

t  X j  + Xit"

t X|„ +- X j Xi t  )

+ 3 fat t  ( 1 / 3  -  ( X> /wt ) 2 + ( X i / w t ) \ r c t a n ( w t  /  ))  '

C At *- Xj) + Xt 

t ( X t “Aj) + X»y *t (X*t Xj} t Xi

( 4 . 5 . 9 )
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We a l s o  w ish  t o  g e t  an a n a l o g o u s  i n t e g r a l  t h a t  o c c u r s  

in  t h e  Coulomb t y p e  m a t r ix  e le m e n t  C ( n ) ,  we d e f i n e ,

oo C*

w< X , X * X , a )  -J d X jJ d X j  e ' X' X e ” V  ( i / x >
'o e

x x x 2 e" 1F 1 ( a , 1 , 2  x 2 )

| C Xi * X.,) ^ C^x^Xj^

( A,_-  X3 * A.)*

( 4 . 5 , 1 0 )

We a r e  now r ea d y  t o  c o n s t r u c t  t h e  ^ \ ( n ) ,  and C(n)  m a t r ix  

e l e m e n t s  from t h e  ab ov e  d e f i n e d  f u n c t i o n s .  U s in g  a p p e n d ix  

A . l  f o r  t h e  D ir a c  -  Coulomb wave f u n c t i o n s  f o r  (Z^C ) « 1, 

we g e t  when Pn i s  a bound s t a t e .

/ \ < n )  -  >,3 / 2  ( l + w / 2 (1+ X )
% K

( -  n I w ( 2 , l ,  >  , a — n+1) + (1+ X ) / >  >  , a — n ) )

and.
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C(n)  -  ^ 3 / 2  ( l + w / 2 ( l +  X ) } ^  *

( - n  R( 2, 1, X . a — n+1) + (1+ *  ) / x ^ *  R ( 2 , l ,  X . a — n)

( 4 . 5 . 1 1 )
2 2 where ^  ■ l / ( l + n  ) , and w »■ n / ( l + n  ) . When t h e

a r e  in  t h e  p o s i t i v e  e n e r g y  continuum  we h a v e ,

/ \ ( p )  -  1 / 2  K(p) ( i y ) <

[ e i _ n " I w(2 ,  l , p , a - i y )  -  e ~ i S L  ( 2, 1, - p ,  a —  i y  j|,

C(p) -  1 / 2  K(p) ( i y )  x

R( 2, l , p ,  a » i y ) -  R( 2, l , - p , a — i y ^ ,

K(p) “ (1+w/w)^ e 7ry^2 / ( s  inh ( 7T y ) ) ^

( 4 . 5 . 1 2 )

where p i s  t h e  l o c a l  momentum r e l a t e d  t o  t h e  e n e rg y  w, by  

w m"\jlP? + 1# y ■ w /p ,  and -TL » -  a r c t a n ( p ) / 2 .  F i n a l l y  

when i s  in  t h e  n e g a t i v e  cont inuum  we h a v e ,
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/ \ ( p )  * 1 / 2  K { p ) y  %

[e * I w( 2, l , a — y i  ,p )  + e - i * *̂ Iw ( 2 , 1 , a * i y , - p ) ]

C(p) -  1 / 2  K(p) y x  

[e 1 R{ 2 , 1 , a « - i y , p )  + e~ * '^ ’r ( 2, l f a » i y , -p)J

( 4 . 5 . 1 3 )

where K(p) » ( w - l / w )  Ue _7r y ^2/ ( s i n h  7T y)  /l .

The e v a l u a t i o n  o f  ( 4 . 5 . 4 )  can now be  c a r r i e d  out  by u s in g

( 4 . 5 . 1 1 ) ,  ( 4 . 5 1 2 )  and ( 4 . 5 1 3 )  f o r  t h e  m a tr ix  e l e m e n t s  

A t " ) .  and C ( n ) .  The r e s u l t s  a re  c a l c u l a t e d  in  a p p en d ix  5 

and t a b u l a t e d  in  t h e  f i r s t  column o f  T a b le  4 ,  t h e  

c o n t r i b u t i o n s  from t h e  bound s t a t e s ,  p o s i t i v e ,  and 

n e g a t i v e  e n e r g y  continuum  s t a t e s  a r e  l i s t e d  s e p a r a t e l y .

Let us now a g a in  e v a l u a t e  ( 4 . 5 . 4 )  by u s in g  t h e  SL 

a p p r o x im a t io n  o u t l i n e d  a b o v e .  In t h i s  a p p r o x im a t io n  t h e  

(n ) /w  term i s  r e p l a c e d  by t h e  l i m i t i n g  v a l u e  o f  A ( n ) /w 

when w—* 0 .  In t h i s  l i m i t  we r e p l a c e  t h e  I w( 

f u n c t i o n s  l i s t e d  above b y .



V  I - 1 / 2  +
\ * i - * > /  L ^ * M )
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dt t * x«.» x ^ » x . *
X L "* X 3 + ^ Xi  ** Xj * Ai^

3 /5  /dt t 3 t  U i » * ^  -*-Xi_______I

t -  ( A ^ - X ^ t - X ^  ( t  ( X t + A J )  +  X , ’) ,

( 4 . 5 . 1 4 )

The c o r r e s p o n d i n g  c o n t r i b u t i o n s  fo r  t h e  bound, and 

continuum  s t a t e s  a re  l i s t e d  in  column two o f  T a b le  4 .2 *  

B e f o r e  we d i s c u s s  t h e  above r e s u l t s  l e t  us r e c a l c u l a t e  t h e  

a p p r o x im a t io n  t o  E in  ( 4 . 5 . 4 )  by  u s in g  t h e  same p r o c e d u r e  

c o n s i d e r e d  in  s e c t i o n s  4 . 2 ,  and 4 . 6 .  When t h e  c o s i n e  term  

in  ( 4 . 5 . 2 )  i s  expanded t o  t h e  l e a d i n g  term ,  we g e t  f o r

( 4 . 5 . 4 ) ,

«0 00

12 L«1

( 4 . 5 . 1 5 )

U s in g  t h e  D ira c  r a d i a l  e q u a t i o n  t o  e l i m i n a t e  t h e  Wn 

f a c t o r  we g e t



We can employ t h e  r a d i a l  w a v e f u n c t i o n  sum r u l e s  ( 4 . 4 . 1 7 ) ,

where v ( l , 2 )  i s  t h e  L « l ,  r a d i a l  p a r t i a l  wave component o f  

t h e  o p e r a t o r  and g ( 2 , 3 )  i s  t h e  L«0 component f o r

l / x j g ,  t h e s e  a r e  g i v e n  in  ( A . 2 . 1 1 ) .  The above  t r i p l e  

i n t e g r a l  can be done a n a l y t i c a l l y .  The v a l u e  f o r  E

a g r e e i n g  w i th  t h e  p r e v io u s  r e s u l t  o b t a i n e d  by  summing o v e r  

t h e  i n t e r m e d i a t e  s t a t e s  w i t h o u t  making use  o f  

c o m p l e t e n e s s .  This  i s  g r a t i f y i n g  s i n c e  i t  g i v e s  ub an 

in d ep en d e n t  c h e c k  on our i n t e g r a t i o n  a l g o r i t h m  d i s c u s s e d  

in  t h e  p r e v i o i s  s e c t i o n s .

We n o t i c e  t h a t  t h e  a p p r o x im a t io n  E, f o r  ( 4 . 5 . 4 )  i s  

r e a s o n a b l e  a c c u r a t e  f o r  t h e  p a r t i a l  sum o v e r  t h e  bound  

s t a t e s  and t h e  p o s i t i v e  e n e r g y  c o n t in u u m ,  b u t  s t a r t s  t o  

b r e a k  down in  t h e  sum o v e r  t h e  p o s i t r o n  c o n t in u u m .  The 

p o s i t r o n  wave f u n c t i o n  i s  l a r g e  around t h e  o r i g i n  f o r

th u s  our e x p r e s s i o n  f o r  E becomes

M «o

( ^ ( X j )  ( l - l / x 2 )| Qj ( x 2 ) g ( 2 ,  3) f 2 ( x 3 )

( 4 . 5 . 1 7 )

- 2c a l c u l a t e d  from t h e  above  e x p r e s s i o n  i s  . 3536 * 10 ,
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h i g h  v a l u e s  o f  t h e  momentum p .  T h e r e f o r e  t h e  sum ( 4 . 5 . 4 )  

o v e r  t h i 3  range  g i v e s  an a p p r e c i a b l e  c o n t r i b u t i o n ,  t h e

d i s c r e p a n c y  b e tw e e n  E, and E i s  now l a r g e  s i n c e  t h e

argument in  t h e  c o s i n e  term in  ( 4 . 5 . 2 )  can n o t  b e

a c c u r a t e l y  a p p ro x im a ted  by  t h e  l e a d i n g  terms o f  a power

e x p a n s i o n .  We can g e t  a q u a l i t a t i v e  id e a  o f  t h e  im p or ta n ce

o f  t h e  continuum in  t h e  sum ( 4 . 5 . 1 )  b y  e s t i m a t i n g  t h e

m a tr ix  e le m en ts  when t h e  i n t e r m e d i a t e  s t a t e s  can b e

a p p ro x im ated  by  t h e  a s y m p t o t i c  e x p r e s s i o n

Pn (x )  ^  cos (px + % ) ,  where $> i s  some p h a se  number, t h e
— ( Z } xbound s t a t e  f u n c t i o n s  b e h a v e  l i k e ,  P ( x ) ^  x *  e  ,

e le m e n ts  in  ( 4 . 5 . 2 )  (when i s  a p p ro x im ated  in  t h e  SL) 

b e h a v e  l i k e .

n e a r  t h e  o r i g i n , The m a tr ix

«  *»

- 2 ( Z CKJxt -(Z<* ) x 0 0

12' L-0
• #

~  1 / p
3 <

o r ,

( 4 . 5 . 1 8 )
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v 3^  1 / p 6 ^ !

( 4 . 5 . 1 9 )

We n o t i c e  t h a t  t h e  s i n g u l a r i t y  o f  t h e  s  s t a t e  D ir a c  

Coulomb w a v e f u n c t i o n s  a t  t h e  o r i g i n  f o r  (Z<< ) » 1,

( Tf * 0) c a u s e s  t h e  co n t in u u m  c o n t r i b u t i o n  ( 4 . 5 . 1 3 )  t o  

d i v e r g e .  Tn o r d e r  t o  g e t  a c o n v e r g e n t  sum i n  f o r  (Z<< ) ■ 1
*  Xf o r  ( 4 . 5 . 4 )  we h a v e  c h o s e n  f ( x ) *  xe in  ( 4 . 5 . 3 ) .  T h is  

s i n g u l a r i t y  i s  r e a l l y  a c a d e m ic  s i n c e  i t  i s  due t o  t o  t h e  

f a c t  t h a t  we a r e  d e a l i n g  w i t h  a p o i n t  n u c l e u s .  We n o t e  

t h a t  f o r  r e l a t i v e l y  l a r g e  Z, (Z&( ) * . 8 6  t h e  ^ p a r a m e t e r  

i s  a l r e a d y  e q u a l  t o  1 / 2 ,  and f o r  t h i s  c a s e  t h e  Coulomb 

i n t e g r a l  in  ( 4 . 5 , 1 3 )  a l r e a d y  c o n v e r g e s  q u i c k l y  f o r  l a r g e  

p .  For t h i s  v a l u e  o f  (Z«5 ) # t h e  i n t e g r a n d  i n  ( 4 . 5 . 1 3 )  g o e s  

as 1 / p ^  , and t h e  continumm c o n t r i b u t i o n  i s  

n o n n e g 1i g i b l e  f o r  s m a l l  p o n l y ,  h e n c e  t h e  d i s c r e p a n c y  

b e t w e e n  t h e  SL a p p r o x i m a t i o n  and t h e  e x a c t  e n e r g y  i s  

dimi n i s h e d .

Even th o u g h  t h e  a b o v e  r e s u l t s  show t h a t  t h e  SL s t a r t s  

t o  b r e a k  down f o r  (Z o< ) -  1, i t  i s  n e v e r t h l e s s  an 

a d e q u a t e  o r d e r  o f  m a g n itu d e  a p p r o x i m a t i o n  t o  t h e  e x a c t  

t h r e e  body e n e r g y ,  i t s e l f  b e i n g  q u i t e  s m a l l .  In o r d e r  t o  

b e  more p r e c i s e  by  what we d e f i n e  as s m a l l ,  l e t  us 

c o n s i d e r  t h e  e n e r g y .
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03 - Z ( 7  n l .n ' s  + I/ l n , l ' , ) C. . , t a ' /|W1.n' + wl» > •

( 4 . 5 . 2 0 )

This e x p r e s s i o n  i s  s i m i l a r  t o  in  ( 4 . 5 . 1 ) ,  however  i t  

d i f f e r s  from by c o n t a i n i n g  a sum o f  t h e  7] m a tr ix  

e le m e n ts  r a t h e r  th a n  a d i f f e r e n c e .  In a d d i t i o n  t h e  sum 

o v e r  i n t e r m e d i a t e  s t a t e s  i s  o n l y  o v e r  t h e  p o s i t i v e  

e n e r g y  ( e l e c t r o n )  s t a t e s .  Such an e n e rg y  i s  t h e  r e s u l t  o f  

an i t e r a t i o n  o f  t h e  n o n l o c a l  B r e i t  i n t e r a c t i o n  w i t h  a 

Coulomb p o t e n t i a l ,  and would c o n t r i b u t e  t o  t h e  t h r e e  body  

c o r r e l a t i o n  e n e r g y  o f  t h e  s y s t e m .

We e v a l u a t e  t h e  a n a lo g  o f  ( 4 . 5 . 2 )  f o r  by  

r e p l a c i n g  t h e  ( l - c o s V ^ x ^ ) / * ^  term wi fcb 

( l + c o s W ^ x ^ ) / x i 2 '  and 3UInmi n9 o n l y  o v e r  t h e  p o s i t v e  

e n e rg y  s p e c t r u m .  The r e s u l t s  f o r  t h e  bound s t a t e  and 

continuum  s t a t e  c o n t r i b u t i o n  a r e  p r e s e n t e d  in  T a b le  6 . (For  

more d e t a i l s  on t h i s  c a l c u l a t i o n ,  r e f e r  t o  app en d ix  5 . )

One n o t i c e s  t h a t  t h e  m agnitude  o f  t h i s  e n e r g y  i s  about t e n  

t im es  l a r g e r  than t h e  r e s u l t s  p r e s e n t e d  in  T ab le  5 . We can  

t h e r e f o r e  s t a t e  w i t h  c o n f i d e n c e  t h a t  even  though  t h e  

s t a t i c  l i m i t  break s  down at  Z K “ 1. i t  i s  a rough g u i d e  

on t h e  o r d e r  o f  m agnitude  o f  t h e  t h r e e  body e n e r g y  which  

i s  s m a l l  when n o r m a l iz e d  t o  a t y p i c a l  t h r e e  body  

c o r r e l a t i o n  e n e r g y .

B e s i d e s  t h e  SL a p p r o x im a t io n s  d i s c u s s e d  above we h a v e  

a l s o  made some o t h e r  a p p r o x im a t io n s  in  t h e  e v a l u t i o n  o f
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T a b le  T I I . Column (A ) ,  p a r t i a l  sums o f  t h e  e n e r g y  E ( i n  
<3 i mens i o n  l e s s  u n i t s )  d e f i n e d  i n  ( 4 . S . 4 ) .  Column IB ) ,  t h e  
p a r t i a l  sums u s i n g  t h e  SL a p p r o x im a t io n .  Column (C ) ,  t o t a l  
sum in  t h e  SL a p p r o x im a t io n  by  u s in g  t h e  c o m p l e t e n e s s  
p r o p e r t y  o f  t h e  r a d i a l  w a v e f u n c t i o n s . Column (D ) ,  p a r t i a l  
sums o f  t h e  c o r r e l a t i o n  t y p e  c o n t r i b u t i o n s ,  ( s e e  4 . 5 . 1 9 ) .

P a r t i a l  A B C  D
s urns

Bound 
s t a t e s

- . 5 9 1 6  10“ 3 - . 1 0 2 8 10"2 - - . 1 0 3 6  lO"1

Pos i t i v e  
c o n t  inuum

- . 5 5 7 9  1 0 -3 - . 4 5 8 7

1
1Ij

IoH - . 1 3 2 1  lO"2

n e g a t i v e  
c o n t  inuum

- . 1 1 2 4  10 " 3 .5 0  24

i

<N1O —

T o t a l  
s urn

- . 1 2 6 2  10"3 . 35 38 10"2 .35  38 1 0 - 2 - . 1 1 6 8  10“ 1
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t h e  t h r e e - b o d y  e n e r g i e s  in  t h e  p r e c e d i n g  s e c t i o n s . In

s e c t i o n  4 . 4 ,  and 4 . 5  we have  n e g l e c t e d  c o n t r i b u t i o n s

coming from t h e  j « 3 / 2 ,  d wave ,  i n t e r m e d i a t e  s t a t e s .  For

h i g h  v a l u e s  o f  Z t h e  o v e r l a p  o f  t h e s e  f u n c t i o n s  w i th  t h e

j * l / 2 ,  s wave s t a t e s  ( b e i n g  v e ry  c l o s e  t o  t h e  n u c l e u s ) i s

v e r y  s m a l l ,  t h e r e f o r e  t h e  r e s u l t i n g  r a d i a l  i n t e g r a l s  w i l l

b e  n e g l i b l e  compared t o  t h e  i n t e g r a l s  e v a l u a t e d  in  4 . 3 ,

and 4 . 5 .  In a d d i t i o n  we h a v e  c o m p l e t e l y  n e g l e c t e d  t h e  s o

c a l l e d  Coulomb r e t a r d a t i o n  term  o f  t h e  B r e i t  o p e r a t o r ,  and

c o n s i d e r e d  o n ly  t h e  m a g n e t ic  Gaunt com ponent .  However;

t h i s  term was i s e d  in  H atree  -  Fock c a l c u l a t i o n s  by many 
11 38a u th o rs  * , and was shown t o  h a v e  o n l y  a few p e r c e n t

c o n t r i b u t i o n ,  when compared t o  t h e  m ag n e t ic  t erm .
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C o n c lu s io n  and D i s c u s s i o n

Summarizing t h e  n u m e r ic a l  r e s u l t s  o f  t h e  p r e v io u s  

s e c t i o n s ,  we n o t e  t h a t  t h e  t o t a l  t h r e e  body e n e r g y  i s  on 

t h e  o r d e r  o f  .0 1  Rydberg f o r  a t h r e e  e l e c t r o n  io n  w ith  

Z 0 ( ^ l .  B e f o r e  d i s c u s s i n g  t h e  i m p l i c a t i o n  o f  t h e s e  r e s u l t s  

l e t  us c o n s i d e r  a g a i n  t h e  P r im a k o f f  -  H o l s t e i n  (P-H)  

p o t e n t i a l  g i v e n  b y  ( 3 . 3 . 1 1 ) .  We can a p p r o x im a t e ,  by  

d i m e n s io n a l  arg u m en ts ,  a t y p i c a l  e n e rg y  coining from t h e s e  

t e r m s .  C o n s id e r  t h e  term in  t h e  P-H p o t e n t i a l  g i v e n  by

V( 1, 2, 3) * e  /8mc \  |*!\. | 1/ + ( p e r m u ta t io n s  o f

c o o r d . )  .

Taking t h e  e x p e c t a t i o n  v a l u e  o f  V f o r  low l y i n g  o r b i t a l s  

in  t h e  p r e s e n c e  o f  a n u c l e i a  w ith  c h a r g e  Ze, we can
r ^  O 2

r e p l a c e  irjjl — * z / a ,  ( aQi s  t1ie Bohr r a d iu s  ) ,

and 0<t . o<'3 (Z Of ) . We thus e x p e c t  a c o n t r i b u t i o n

t o  t h e  e n e rg y  from t h e  P-H p o t e n t i a l s  t o  s c a l e  l i k e
4

( Z b ( ) Ryd. For Z -  137,  t h i s  e n e r g y  would  h a v e  a 

m agnitude  one hundred t im es  l a r g e r  th a n  t h e  c o n t r i b u t i o n s  

t h a t  we h a v e  c a l c u l a t e d .  T his  seem s s t r a n g e *  A f t e r  a l l ,  we 

h a v e  shown in  S e c t i o n  3 . 3  t h a t  t h e  P-H p o t e n t i a l s  a r e  a 

c l a s s i c a l  l i m i t  o f  t h e  v i r t u a l  p a i r  p o t e n t i a l s  e v a l u a t e d
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in  S e c t i o n  4 . 3 .  We now w is h  t o  a d d r e s s  o u r s e l v e s  t o  t h i s  

s e e m i n g l y  p a r a d o x i c a l  s i t u a t i o n .  We p o i n t e d  out  i n  S e c t i o n  

3 . 3  t h a t  f o r  a n o n r e l a t i v i s t i c  s y s t e m  t h e  sum o v e r  "slow"  

v i r t u a l  f r e e  p o s i t r o n s  g a v e  r i s e  t o  t h e  P-H p o t e n t i a l s *  

h o w ev e r  f o r  a h i g h  Z ( r e l a t  i  v i s t  i c ) atom one  must use  t h e  

f u l l  Coulomb D i r a c  p o s i t r o n  w a v e f u n c t i o n s  in  t h e  sum o v e r  

t h e  i n t e r m e d i a t e  s t a t e s .  For an atom w i t h  Z -1 3 7 ,  t h e  

p o s i t r o n s  in  t h e  i n n e r  r e g i o n s  o f  t h e  atom w i l l  h a v e  t h e  

a p p r o x im a t e  form,

s i n c e  t h e  i n t e g r a l  o v e r  t h e  bound s t a t e  w a v e f u n c t i o n s  i s  

on t h e  o r d e r  o f  o n e .  In t h e  e x a c t  e v a l u a t i o n  o f  t h e s e  

t e r m s ,  most o f  t h e  c o n t r i b u t i o n  t o  t h e  s h i f t  came from  

v a l u e s  o f  t h e  p o s i t r o n  momenta p £  5 .  I n s e r t i n g  t h i s  v a l u e  

i n t o  t h e  c u t o f f  v a l u e  in  t h e  i n t e g r a l  and a p p r o x i m a t i n g

Pw( r )  S' w K(p) w e -  fr'w/p

w here  w » \ p  +1 , p i s  t h e  momentum o f  t h e  p o s i t r o n s ,

and where t h e  n o r m a l i z a t i o n  f a c t o r  K(p) i s  g i v e n  by
35( 4 . 3 . 1 7 ) .  We h a v e  a l s o  used  t h e  i d e n t i t y  

nr ( i y )  » l / ( y  s i n h y )  . The t h e  p a i r  c o n t r i b u t i o n  terms o f  

S e c t i o n  4 . 3  w i l l  t h e n  b e h a v e  i n  t h e  r e g i o n  p 4  P*
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w % p ,  we g e t ,

A E  ^  ( e “ 2 T  (12)^ Ryd. ^  .0 1  Ryd.

We n o te  t h a t  t h e  s m a l l  e x p o n e n t i a l  f a c t o r  in  t h e  

n o r m a l i z a t i o n  c o n s t a n t  i s  r e s p o n s i b l e  f o r  making A  E 

s m a l l .  We have  a c l e a r  p h y s i c a l  e x p l a n a t i o n  f o r  t h e  above  

r e s u l t s  by  n o t i n g  t h a t  t h e  Coulomb D ir a c  v i r t u a l  p o s i t r o n s  

h a v e  a s m a l l  p r o b a b i l i t y  o f  p e n e t r a t i n g  i n t o  t h e  r e g i o n s  

n ea r  t h e  n u c le u s  b e c a u s e  o f  t h e  s t r o n g  Coulomb r e p u l s i o n .  

The i n n e r - s h e l l  e l e c t r o n s  however  a r e  h i g h l y  l i k e l y  t o  be  

in  t h i s  r e g i o n .  The o v e r l a p  o f  t h e  v i r t u a l  p o s i t r o n s  and 

in n e r  s h e l l  e l e c t r o n s  i s  c o n s e q u e n t l y  s m a l l ;  h e n c e  t h e  

m a tr ix  e l e m e n t s  f o r  t h e  t h r e e  body p o t e n t i a l s  due t o  

v i r t u a l  p a i r s  in  h i g h  Z atoms are  n e g l i g i b l e .  The above  

c o n s i d e r a t i o n s  p o i n t  out  t h e  danger  in  t r u s t i n g  

e s s e n t i a l l y  n o n r e l a t i v i s t i c  d e r i v a t i o n s  as a g u i d e  t o  QED 

p r o c e s s e s  in  an i n t e n s e  f i e l d ,  even  as an o r d e r  o f  

m agnitude  g u i d e .  I t  miBt be  p o i n t e d  out t h a t  f o r  a v e ry  

h o t  p lasm a,  t h r e e  body p o t e n t i a l s  o f  t h e  t y p e  d i s c u s s e d  

above would p r o b a b l e  make a l a r g e  c o n t r i b u t i o n  t o  t h e  

e n e r g y  o f  t h e  s y s t e m  s i n c e  t h e  v i r t u a l  p o s i t r o n s  would now 

have  a v e r y  l a r g e  o v e r l a p  r e g i o n  w i th  t h e  e l e c t r o n s  

b e c a u s e  o f  mutual  a t t r a c t i o n .

In s e c t i o n s  4 . 3  , and 4 . 4 ,  we d i s c u s s e d  t h e  Coulomb -  

t r a n s v e r s e ,  and t r a n s v e r s e  -  t r a n s v e r s e  photon  e x c h a n g e ,  

c o n t r i b u t i o n s  t o  t h e  t h r e e  body  e n e r g y .  These  terms h a v e
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c o n t r i b u t i o n s  coining from v i r t u a l  e l e c t r o n s  as w e l l  

p o s i t r o n s .  However, t h e  d i f f e r e n c e

( a p p e a r in g  in  t h e s e  terms a r e'nm, n m • mn, n m
s m a l l .  We have  used t h e  s t a t i c  l i m i t  (SL) a p p r o x im a t io n s  

d e f i n e d  in  S e c t i o n  4 . S. t o  r e p l a c e  t h e  above d i f f e r e n c e  

w ith  t h e  m atr ix  e le m e n ts  o f  a l o c a l  o p e r a t o r .  Even th o u g h ,  

as was p o i n t e d  out in  t h i s  s e c t i o n ,  t h i s  a p p r o x im a t io n  

b r e a k s  down f o r  Z0( * 1, t h e  SL a p p r o x im a t io n  a c t u a l l y  

g i v e s  a good  o r d e r  o f  m agnitude  e s t i m a t e  t o  t h e  c o r r e c t  

e n e rg y  f o r  v a l u e s  o f  Z t  l  , We t h i »  c o n c l u d e  t h a t  

t h r e e - b o d y  p o t e n t i a l s  a r e  not  an im portant  c o n s i d e r a t i o n  

when d e a l i n g  w i th  t h e  g r o s s  a tom ic  s t r u c t u r e  o f  h e a v y  

a t o m s . However, t h r e e - b o d y  p o t e n t i a l s  c o u l d  b e  im p o r ta n t  

in  de term ing  t h e  f i n e  s t r u c t u r e  o f  few e l e c t r o n  ions  w i t h  

i n t e r m e d i a t e  v a l u e s  o f  Z. The e x p e r i m e n t a l  v e r i f i c a t i o n  o f  

fun d a m en ta l  many body e l e c t r o m a g n e t i c  f o r c e s  c o u l d  be  an 

im portant  benchmark in  our u n d e r s t a n d in g  o f  h i g h e r  o rd e r  

e f f e c t s  o f  QED. F i n a l l y  as was o r i g i n a l l y  p o i n t e d  out  by
7

P r im ak o ff  and H o l s t e i n  , t h r e e - b o d y  p o t e n t i a l s  a r e  

im portant  in  n u c l e a r  p h y s i c s :  u n d e r s t a n d in g  QED t h r e e - b o d y  

p o t e n t i a l s  would g i v e  us i n s i g h t  i n t o  t h e  more complex  

p r o c e s s e s  in  t h e  n u c l e u s .
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Appendix

In ap p en dix  A . l ,  we d i s c u s s  t h e  D irac-Coulom b

w a v e f u n c t i o n s  t h a t  w ere  w i d e l y  made use  o f  t h r o u g h o u t  t h e

t h e s i s .  Most o f  t h e  m a t e r i a l  o f  t h i s  s e c t i o n  comes

d i r e c t l y  out o f  M.E. R o s e ' s  b o o k 3 6 , " RELATIVISTIC

ELECTRON THEORY In A . 2 we g i v e  a b r i e f  r e v ie w  o f  some

b a s i c  r e s u l t s  o f  Racah A l g e b r a ,  most o f  t h e  m a t e r i a l  from
33t h i s  s e c t i o n  i s  ta k e n  from A r m str o n g 's  book . In A. 3, 

we s i m p l i f y ,  and e x p r e s s  t h e  m a tr ix  e le m e n ts  o f  t h e  

Coulomb, and B r e i t  i n t e r a c t i o n ,  f o r  s wave D ir a c  -  Coulomb 

w a v e f u n c t i o n s , i n t o  a l i n e a r  c o m b in a t io n  o f  r a d i a l  

i n t e g r a l s .  Some o f  t h e  computer  co d es  u sed  in  t h i s  t h e s i s  

a re  b r i e f l y  o u t l i n e d  in  A . 4 .
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Appendix A . l  The D ira c  e q u a t i o n  in  a c e n t r a l  f i e l d

The D i r a c ,  e i g e n v a l u e  e q u a t i o n  in  a c e n t r a l  f i e l d  u ( r ) ,  

i s  g i v e n  b y ,

[ - i t i c  + mc^ + u ( r ) j  \J/( r)  * E ^  ( r )

( A . 1 . 1 )

where <X , |3 a r e  fo u r  b y  fo u r  m a t r i c e s  g i v e n  b y ,

C~ o J

-  0

f  ') t-*1 V O - 1 J  \ ( A . 1 . 2 )

where t h e  0 ~  , I a re  t h e  two by  two P a u l i ,  and i d e n t i t y

m a t r i c e s  r e s p e c t i v e l y .

We a re  i n t e r e s t e d  w i t h  t h e  e i g e n s t a t e s  o f  ( A . 1 . 1 )  in
2

an a t t r a c t i v e  Coulomb p o t e n t i a l  u ( r )  « -Z e  / r .  We s h a l l  

h e n c e - f o r t h  c a l l  t h e s e  D ir a c  -  Coulomb w a v e f u n c t i o n s . The 

H a m il to n ia n  ( A . 1 . 1 )  commutes w i t h  t h e  t o t a l  a n g u la r  

moment urn o p e r a t o r ,

J « L + t i / 2  Y

(A.  1.  3)
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( A . 1 . 4 )

where L » r x p i s  t h e  n o n r e l a t i v i s t i c  o r b i t a l  a n g u la r  

momentum, i s  t h e  fo u r  by fo u r  s p i n  m a t r i x ,

( A . I . 5)

and P i s  t h e  s p a c e  i n v e r s i o n  o p e r a t o r .

E i g e n s t a t e s  o f  J can be c o n s t r u c t e d  from t h e , s p i n  

o r b i t  f u n c t i o n s ,  which a r e  l i n e a r  c o m b i n a t i o n s  o f  t h e  

o r b i t a l  a n g u la r  momentum e i g e n f u n c t i o n s  , and th e

s p i n  1 / 2  e i g e n s t a t e s ,  j s

y < j + m ) / 2 j  | s * l / 2

Y ( j - n i ) / 2 j  [ s - 1 / 2  ras »_ijJ>

i f  X  * J “ 1/ 2 '

and
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V(j+l-m)/2j+2 Ym-%( i L ) | s - l / 2  ns -%^-

-y/(j+l+m)/2j+2 Yjn+,* (rL ) |s« l /2

If ^  - j + 1/2 ,

( A . 1 . 6 )

where  A i s  t h e  o r b i t a l  a n g u la r  momentum quantum n u m b e r , ^

i s  t h e  s p a c e  i n v e r s i o n  quantum number iytA ■ 1 even  p a r i t y ,

« - 1  odd p a r i t y . ) ,  and m i s  t h e  a z im u t h a l  quantum

number. The e i g e n s t a t e s  o f  ( A .1 . 1 )  must be d i a g o n a l  w i t h

r e s p e c t  t o  t h e  K o p e r a t o r ,  t h e r e f o r e  t h e y  a r e  l i n e a r

c o m b i n a t i o n s  o f  th e  s p i n  o r b i t  e i g e n f u n c t i o n s  w i t h

o p p o s i t e  p a r i t i e s  ( s p a c e  i n v e r s i o n  ) .  C h oo s in g  a s t a n d a r d
29p h a se  c o n v e n t i o n  we can e x p r e s s  t h e  most  g e n e r a l  form 

f o r  t h e  e i g e n s t a t e s  o f  (A .1 . 1 ) ,  ( A .1 . 3 ) , and ( A . 2 .4 )  a s .

in  ( A . 1 . 6 )  i s  u n i q u e l y  d e t e r m in e d  f o r  a g i v e n  v a l u e  o f  j ,

( A .1 .7 )

The c h o i c e  f o r  e i t h e r  o f  t h e  two e x p r e s s i o n s  f o r

and t h e  p a r i t y  ytt , by t h e  r e l a t i o n  ,X ■ j + ( - l ) ^ +\
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M a k in g  u s e  o f  t h e  i d e n t i t y ,

d / d r  -  i f  * L
X

and.

<5~- I  X  jm “ -  ( J 2 -  L2 -  (ti E / 2 ) 2 ) 7 P m  /* ^ M

-  (k + 1) X jin ' k * ( - l ) M j + 1 / 2  ( 2 j + 1) /  2

]m v jmand C- * r X

we g e t  f o r  ( A . 1 . 1 )

( A . 1 . 8 )

( A . 1 . 9 )

(d /d x  + k / x ) P ( x )  -  (W + 1 -  7 / x ) Q( x ) = 0 

( d / d x  -  k / x ) Q ( x )  + (W -  1 -  J / x ) P ( x )  -  0

( A . I . 10)

where  we h a v e  used  t h e  dimens i o n l e s s  u n i t s ,  x * r / ^  ,

E * mc^W, y ■ 2 . % , b e i n g  t h e  Compton w a v e l e n g t h ,

and X  t h e  f i n e  s t r u c t u r e  c o n s t a n t .  I t  i s  c l e a r  from t h e  

ab o v e  e q u a t i o n  t h a t  t h e  r a d i a l  f u n c t i o n s  n eed  b e
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p a r a m e t r i z e d  b y  t h e  e n e r g y  e i g e n v a l u e s  W, and t h e  k number 

which i s  r e l a t e d  t o  t h e  r e l a t i v i s t i c  p a r i t y  quantum 

number, and j .

We now p r o c e e d  t o  c o n s t r u c t  t h e  r a d i a l  w a v e f u n c t i o n s , 

P ( x ) ,  and Q ( x ) .  F o l l o w i n g  R ose ,  we make a t r a n s f o r m a t i o n ,

We now c o n s i d e r  bound s t a t e  s o l u t i o n s  0< W < 1. Making

P ( z )  = (1+W)//L( $ x ( z )  + < f 2 U ) >  e " ^ z

Q{z) * (1 -W )^ $ i (z )  " # 2 ( z ) > e ’ XZ

z = 2 >  x .  X -  ( l - W 2 ) //l

( A . 1 .1 1 )

an a d d i t i o n a l , we g e t

a s t a n d a r d  s e c o n d  o r d e r  e q u a t i o n ,

<d2/ d z 2 M ) + [ - 1 / 4  + {  ̂ W/^ + 1 / 2 ) l / z  -

{ * t 1 /2  - l / 4 ) / z 2 ] M -  0

( A . 1 . 1 2 )

where ,

i  *~\Jy2 -  ( z *  ) 2

( A , 1 . 1 3 )

The s o l u t i o n s  o f  ( A . 1 .1 2 )  a re  g i v e n  by t h e  W h it ta k e r
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35f u n c t i o n s  . For bound s t a t e s ,  we r e q u i r e  t h e  s o l u t i o n s  

t o  be  r e g u l a r  a t  i n f i n i t y .  M atching  t h e  s o l u t i o n s  r e g u l a r  

at  t h e  o r i g i n  w i t h  t h e  a s y m p t o t i c  s o l u t i o n s  one g e t s  t h e  

q u a n t i n i z a t i o n  c o n d i t i o n ,

( A . 1 . 1 4 )

where  n i s  a n o n - n e g a t i v e  i n t e g e r , a n d  k ■ * 1,

* 2 , . . * ( n - l ) ,  - n .  One can now r e x p r e s s  t h e  P ( x ) ,

Q(x) in  terms o f  t h e  W h it ta k e r  f u n c t i o n s ,  im posing  t h e  

n o r m a l i z a t i o n  c o n d i t i o n ,

J d x  ( p 2 (x> + Q 2 ( x ) )  =  1 

e

( A . 1 . 1 5 )

We borrow t h e  r e s u l t  o f  Rose ,

P ( x ) -  N ( 1+Wnk ) /‘- { 2 X x ) Y e " ^ X *

{ - n l Fl < - n + 1 ' ♦ 1 - 2 A x ) -  ( k -  ) 1F 1 ( - n ,  2 V + l ,  2 \ x)J

0 ( x )  -  -  N (l-Wn k ) //l ( 2 X x ) V e “ ^  X ,

^ n 1F 1 ( - n + l ,  2 f  + 1 , 2  x )  -  (k -  J /  > ) ^  ( - n ,  2 T +1, 2 \ x  ) j

1 + ( Z oc ( ( n + K ) ) - 1 / 2

{ A . 1 . 1 6 )
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w i t h  t h e  n o r m a l i z a t i o n  c o n s t a n t ,

)
y

1 / 2  (  *  /  (2** P  (27T + 1)J

( A . I . 17)

To g e t  t h e  cont inuum  s o l u t i o n s  f o r  p o s i t i v e  e n e r g y  

(W >1) e i g e n s t a t e s  o f  (A. 1 . 1 ) ,  one  g e t s  an a n a l o g o u s  

e q u a t i o n  t o  ( A . 1 . 1 2 ) ,

d2/ d z 2 ( « ) - [ *  + (** + i y  W /p j  / z  + { Tf2 -  % ) /z 2 j M -  0

( A . I . I B )

where now z * 2 i p x ,  and ,  p ■ V w 2 -  1 ,  i s  t h e  l o c a l  momenta.  

The s o l u t i o n s  t o  ( A .1 . 1 8 )  can a g a in  be  e x p r e s s e d  i n  term s o f  

t h e  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s .  A f t e r  r e q u i r i n g  

e n e r g y  s c a l e  n o r m a l i z a t i o n  ,

oa

J d x  ( P w (x )P w, (x) + ( ^ ( x ) ^ ,  (x))  -  b  (W-W) 
a

( A . 1 . 1 9 )

Rose g e t s ,
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P ( x )  -  N( 1 + W A ( 2 p x ) lf

R e a l  e _ i p x  e 1*^ 1F1 ( tT+ 1 + i y , 2 Y +  1, 2 i p x )

Q ( x ) •  -  N( l-W)#L( 2 p x ) ^

Tmag e ” *px e*"^“ jF^( Y +  1 + i y , 2 l f +  l , 2 i p x )  

where y * (Z*< )W/p, and t h e  n o r m a l i z a t i o n ,

N -  e  V/ 2 |r<  i y  ) |  /  f1 ( 2 + 1) ( TTp)^.

( A . 1 . 2 0 )

The p h a se  f a c t o r ,

e**^- * ( -K+iy/W) /u { Y+ i y ) /L

( A . 1 . 2 1 )

was c h o s e n  in  o r d e r  t o  make t h e  a m p l i t u d e s  r e a l .

We now c o n s i d e r  t h e  n e g a t i v e  e n e r g y  ( W <  0) s o l u t i o n s  

t o  ( A . 1 . 1 ) .  We n o t e  t h a t  t h e  r a d i a l  e q u a t i o n s  ( A . 1 . 1 0 )  f o r  

t h i s  s i g n  o f  t h e  e n e r g y  c o r r e s p o n d  t o  p o s i t i v e  e n e r g y  

e q u a t i o n  g i v e n  above  i f  make t h e  r e p la c e m e n t  Z <K-f -  z°< , 

P ( x )  -y 0 ( x ) ,  and k ■> -  k ,  w h i l e  k e e p i n g  t h e  a b s o l u t e  v a l u e  

o f  t h e  e n e r g y .  T h e r e f o r e  { A . 2 . 2 0 )  i s  a p o s i t r o n  s o l u t i o n  

w i t h  e n e r g y  W , i f  we i n t e r c h a n g e  t h e  upper component o f  

t h e  e l e c t r o n  w a v e f u n c t i o n  w i t h  t h e  lo w er  component o f  t h e  

p o s i t r o n  f u n c t i o n ,  s u b s t i t u t e  y  - y .
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Appendix A . 2 Tensor  O p e r a to r s

A s p h e r i c a l  t e n s o r  o p e r a t o r  i s  d e f i n e d  a s  a s e t  o f
U

(2k+ l)  o p e r a t o r s  A*, which o b e y  comm utat ion  r e l a t i o n s

1J Z 'Tq ]  * Tq

[J + ,Tq] “ (k <k+l) -  q ( q + l ) ) 1 / 2  t £ +1 

[J _« Tq] * (k(k+1)  -  q ( q - l ) 1 / 2

( A . 2 .1 )

where  J z , J + -  J x + i J y , J_ -  J x -  i J y ,

and J , J , J , b e i n g  t h e  o r d i n a r y  a n g u la r  momentum x y
o p e r a t o r s  i . e . ,

[V ^l*  1€ljk V
( A .2 . 2 )

k k 1G iven  two s p h e r i c a l  t e n s o r  o p e r a t o r s  T , T , ,
a

o f  rank k ,  k 1 , we can form h i g h e r  rank t e n s o r  o p e r a t o r s



184

nkWQ
y v  tk; /* k- xy.D^'-o {k]"«- 
t v  \ q q * ~Q'

where we h a v e  d e f i n e d  a s h o r t h a n d  n o t a t i o n , 

^ k , m . . . , n j  = ( 2 k + l ) { 2m + l) . . . ( 2 n + l ) .

Common t e n s o r  o p e r a t o r s  a r e ,

° q  “Y 4 l r / ( 2 3+ 1 ) Yq ( J 1 )  ' Cq " r

6"* *= ( &  f o r  q=* 3, 0" + , f o r  q » l ,  C~_ f o r  q * 2 )

( A . 2 . 3 )

( A . 2 . 4 )

w here  fiT+ = 6 x + i  0* , <T_ * ff'y -  i  CTy  .

<T- a r e  t h e  P a u l i  m a t r i c e s .  v  x y  i z

The C  ̂ a c t  on t h e  o r b i t a l  s p a c e  w h i l e ,  G ~ a c t  on t h e
q

s p i n  s p a c e .  The dot and v e c t o r  p r o d u c t s  a r e  common t e n s o r  

o p e r a t o r s  ( s c a l a r ,  v e c t o r )  c o n s t r u c t e d  from two rank k 

t e n s o r s .  A * , B*

Ak. Bk -  ( - I ) *  [ k ] " 1 <Ak b k ) °

AJ X B1 -  - i

( A . 2 . 5 )
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The Wigner -  E ckart  theorem  a l lo w s  us t o  f a c t o r  t h e  

m a g n e t ic  quantum number dependence  o f  t h e  m a tr ix  e le m e n t s  

o f  t e n s o r  o p e r a t o r s  i . e . ,

<3 "’j l To  h '  K j ' \ 0 I I tk !I j - >

V " j  <* KJ
( A . 2 . 6 )

t h e  < j | | T Kl | j ' >  a re  r ed u c ed  m a tr ix  e l e m e n t s  and do not  

depend on t h e  a z im u t h a l  quantum numbers.  O f ten  used  

red uced  m a tr ix  e l e m e n t s  a r e ,

< l l l c k l | l ' >  - ( - 1 ) 1 [ l . i ' j Y 1 k A
\ 0  0 0 /

< s « l / 2 l | 0 "  l | s * l / 2 ^  ■

( A . 2 . 7 )

where | 1 ^  i s  an o r b i t a l  a n g u la r  momentum e i g e n s t a t e ,  j s * l / 2 ^  

i s  a s p i n  1 / 2  e i g e n s t a t e .

Most o f  t h e  t e n s o r  o p e r a t o r s  we w i l l  make i s e  o f  a r e  

o p e r a t o r s  in  t h e  s p i n - o r b i t  p r o d u c t  s p a c e .  I f  we h av e  a s t a t e  

| j  M; j where  J,M a r e  t h e  quantum numbers in  t h e  p r o d u ct  

s p a c e ,  j^ ,  j 2 a r e  t h e  lower  d i m e n s i o n a l  a n g u la r  momenta, we 

h a v e  a u s e f u l  form u la
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[ j , j ’ , k]
■}. 1 '  *• 

J  J  Kj

< ^iK'n Ji'Xi2>iuki'i j2>

( A . 2 . 8 )
K kwhere T ' , U *-, o p e r a t e  on t h e  s p i n  and t h r e e

d i m e n s io n a l  s p a c e ,  r e s p e c t i v e l y .  I f  e i t h e r  o f  t h e  

o p e r a t o r s  i s  a s c a l a r ,  th e n  we h a v e ,

< j l  h  J HT k , l l V  V  J ' ^  “ ^ ( j 2 ' j 2 ' )  j t.+ J + k *

f o r  kj«K, and

< ) i  J 2 J H u l ' * I I V  V  J , >  *  H j i -  V )  ( - 1 ) j | +  3 *-+  J  +  "*•

,Tj < : 2ll»k lh 2>

fo r  k j » 0 ,  k 2“K.

( A . 2 . 9 )

I f  we h a v e  a produ ct  s p a c e  c o n s t r u c t e d  from more th a n
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two component s p a c e s  t h e n  we can form a n g u la r  momenta 

s t a t e s  ( i n  t h e  p ro d u ct  s p a c e )  in  more th a n  one way, i . e .  

in  a p r o d u c t s p a c e  o f  t h r e e  p a r t i c l e s  we can f i r s t  c o u p l e  

p a r t i c l e  l , a n d  2 and t h e n  c o u p l e  t h i s  s t a t e  w ith  t h e  t h i r d  

p a r t i c l e  , t o  g e t  | JM ( 32.^2^ ^3^ or  we Can a l 9 °  h a v e  

|JM ( j j j g l ^ t h e s e  two s t a t e s  a r e  r e l a t e d  by  t h e  

r e c o u p l i n g  fo r m u la ,

( A . 2 . 1 0 )

Another  u s e f u l  form ula  d e a l s  w i th  t h e  p a r t i a l  wave
37expans ion

f  ( I r 1 ? \ )

where  vfc( l , 2 )  *

r <  Z* * / 1 i f  f  *  r  1 2 ! '  a n d

( A . 2 . 1 1 )



In  a d d i t i o n  we w i l l  a l s o  make u se  o f  t h e  p a r t i a l  wave 

e x p a n s i o n  f o r  t h e  Gaunt o p e r a t o r ,  t h i s  e x p a n s i o n  i s  g i v e n  

b y  e q u a t i o n  ( 7 . 1 8 ) .  in  r e f . (38 ) ,
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Appendix  A . 3

M a tr ix  e l e m e n t s  o f  t h e  Coulomb, and B r e i t  o p e r a t o r s .

We wish  t o  e v a l u a t e  t h e  m a t r i x  e l e m e n t s  o f  t h e  Coulomb 

o p e r a t o r  l / r ^ 2 * an<  ̂ t h e  Gaunt o p e r a t o r ,  -  *

b e t w e e n  D ir a c  -  Coulomb s p i n o r s .  The m a t r ix  e l e m e n t s  o f  

t h e s e  o p e r a t o r s  can in  tu r n  b e  u sed  as t h e  b u i l d i n g  b l o c k s  

i n  e v a l u a t i n g  t h e  m a tr ix  e l e m e n t s  o f  t h e  g e n e r a l i z e d  B r e i t  

o p e r a t o r ( 2 . 1 . 1 9 ) .  U s in g  t h e  r e p r e s e n t a t i o n  f o r  t h e  s p i n o r s  

( A . 1 . 7 ) ,  and t h e  p a r t i a l  wave e x p a n s i o n  f o r  t h e  Coulomb 

o p e r a t o r  ( A . 1 . 1 1 )  we g e t ,

E « - i , q  1 * 4 :< a b \ l / r 1 2 }a' b'^> « ^  ( - 1 )

[(Pa ( r 1 )P! l , ( r 1 ) +

0O °0

ar. k / k+1  r < / r ;> «

V r l ) Q . ' < r l > >  < ^ | C q ( 1 1 l

(Pb ( r j)Pb . ( r 2) < ^ v ^ q (2)l *l«

( A . 3 . 1 )

w h ere  t h e  m a t r i x  e l e m e n t s  <^X | C* r e f e r  t o

a n g u l a r  i n t e g r a t i o n s ,  t h e  a r e  s p i n  o r b i t  f u n c t i o n s

d e f i n e d  in  ( A . 1 . 6 ) ,  t h e  s u b s c r i p t s  / I  d e t e r m in e  t h e  

p a r i t y  o f  t h e  s p i n  o r b i t  f u n c t i o n s ,
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I f  /*4. * +1 ,  t h e  p a r i t y  i s  e v e n ,  i f  ■ - 1  i t  i s  odd,  

A p p ly in g  t h e  Wigner Ekhart theorem and d e f i n i n g  t h e  

r ed u c e d  m a tr ix  e l e m e n t s ,

Dk (a ;a* M* ) * ^  s * l / 2  X a (*0 11 Ck U j fl s * l / 2  >  ( M*

*  j a  “  ^ / 2  + ]

(A.  3 . 2 )

we g e t  f o r  ( A . 3 , 1 )

<(ab 1 l / r 12 | a ' b ’ >

3. -  » -  »„ /  j .  k jb 4.

i-m q m
a %

oo oo

d r 1j d r 2 ^r^/r> £ *Pa^r l^Pa' *r i^D S *  +
i o

Qa * r l * Qa' ( r 1 ) ) Dk(* "/* ; a ' " /**) ]*  [ ( Pb ( r 2*Pb* * r 2 ^ ' Mfb >

+ Qb<r 2 )Qb* t r 2 )Dk(b “ V  ; b '~  n / ' )3

{ A . 3 . 3 )

U s in g  ( A , 2 . 9 )  we can e v a l u a t e  t h e  D c o e f f i c i e n t s ,  we g e t
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D N a ^ a ’ ^u* ) » { - 1 )

( A . 3 . 4 )

where we a l s o  have  used ( A . 2 . 7 ) .  An im portant  p a r i t y  

s e l e c t i o n  r u l e  comes from t h e  3 - j  sy m b o l ,

^  + >. , + k = e v e n .  In our a p p l i c a t i o n s ,  we a r e
cl 3

f a c e d  w i th  m a tr ix  e le m e n ts  where a t  l e a s t  t h r e e  o f  t h e  

s t a t e s  in  ( A . 3*1) a r e  s wave s t a t e s .  Let us c o n s i d e r  t h e  

s p e c i a l  c a s e  * 1 / 2 ,  / \  -  1, j , - 1 / 2 ,  y fc ' - l ,  -

1 / 2 ,  ~t/ -  1 , i » *1/ ' • We im m e d ia t ly  n o t i c e  t h a t  t h e
1c *D ( 1 / 2 ^ - 1 ; 1 / 2  »1) c o e f f i c i e n t  v a n i s h e s  u n l e s s  k - 0 ,

b e c a u s e  o f  t h e  above  s t a t e d  p a r i t y  c o n d i t i o n  and t h e

t r i a n g e  e q u a l i t y  1 / 2 , 1 / 2 , k) (coming from t h e  6 - j

sy m b o l)  must b e  s im ult  a n io u s  l y  s a t i s f i e d .  The k - 0

re q u ir e m e n t  f o r c e s  -  1 / 2 ,  and l ,  as can b e  s e e n

b y  u s i n g  ( A . 3 . 4 )  f o r  D ^ ( l / 2  / * * - l ,  j^i V ) »  We w i l l  thus

b e  c o n c e r n e d  o n ly  w i th  Coulomb m a tr ix  e le m e n ts  where a l l

s t a t e s  a r e  s w a v e s . We t h e n  g e t

«« «o•o

/ drl / ar2 Cp. <r l )Pa'<r l )+0. (r l )Q

CPb ( r 2 ) pb ' ( r 2 ^+Qb^r 2 ^ ' ^ r 2 ^
( A . 3 . 5 )



192

wh e r e  we h a v e  d e f i n e d  ,

XL (maBa .;nibmb . )  -

V J - l ) q + 1 " ” * " / l / 2  L l / 2 \  /  1 / 2  L 1 / f t

$ \ -m  q m j  \  -m - q  m

( A . 3 . 6 )

and e v a l u a t e d  ,

Dk“° ( l / 2 / < «  +1; 1 /2  /A  m + 1 )  *

( A . 3 .7 )

We now tu r n  our a t t e n t i o n  t o  e v a l u a t i n g  t h e  m a tr ix  

e le m e n t s  w i t h  r e s p e c t  t o  t h e  Gaunt o p e r a t o r .  U s in g  t h e  

same n o t a t i o n  as above and t h e  p a r t i a l  wave e x p a n s i o n  

( A . 1 . 1 2 )  we g e t .



193

<a b J -  < V <? i / r 12 I a'b'^>

^ ^ 1 ^ 2  \  r< / r >+1 i2 * 
b " *

[ < ^ l [ ° ' C’' <1>]q l O

-  V r i > V ( r i> < X * j [ < r c k U ) ) £

[(Po ( r 2 )0 b . ( r 2 ) < X v l ( a c , t ( 2 » ] - q ! ^ ' >

-  Ob ( r 2 )Pb . ( r 2 ) < X ^ l [ « r c k ( 2 ) ] ^  | J  .

( A . 3 . 8 )

We a g a in  make use o f  t h e  Wigner Ekhart theorem  and d e f i n e  

t h e  red uced  m a t r ix  e le m e n t s

r a ’ yw’ rL) -  <  j a s - 1 / 2  *  Ifcc*  ] L || > a , s « l / 2  j a#^

( A . 3 . 9 )

we g e t  f o r  { A . 3 . 8 )
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,K,L

-m q inv a 1 a

°0 *0
k y__k+1 

> (Pa ( r 1 )Qa , ( r l ) E  ( a > A ; a ' - y M ' ; L )/ d r l / d r 2 j r <  / r
•'n ■'o

^ a ^ l ^ a *  ( r i ^ Ek( a ;a  ^  f L) )j x 

(Pb {r 2 )0 b , { r 2 )EK( b - V  i b ' - ^ j L )  

( ^ ( r j l P h *  ( r 2 ) )Ek (b - V ; b ' V ; L )  U .

We use  ( A . 2 . 8 )  t o  e v a l u a t e  t h e  E c o e f f i c i e n t s .

{ A . 3 .1 0 )

'/u
O, "x. *

E (a ^vt;a '^w ';L )  ■ I *** K[ 1 * r

<1/211 c r  || 1 / 2  >  < A , 1 | C 1' | |

( A . 3 . 1 1 )

o r ,
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E (a / \  ra' x  '
'K " v ±

A A * ' K ■ X

3 * A * '
L

9

t - D
/ A *  k Ak' 

0 o  O
( A . 3 . 1 2 )

where  we h a v e  used (A. 2 . 7 ) .  Again  we s h a l l  o n l y  be

c o n c e r n e d  w ith  t h e  m a tr ix  e le m e n ts  o f  t h e  Gaunt o p e r a t o r

b e tw e e n  s w a v e s .  Thus f o r  j ■ 1 / 2  ■ j a , “ 3  ̂ “

and JA  * 1, / a '* - 1 ,  we g e t  u s in g  t h e  9 - j  sym bol

and t h e  > + \  , + k * e v e n ,  s e l e c t i o n  r u l e s ,  t h ea a
n o n v a n i s h in g  terms in  { A . 3 .1 2 )  f o r  k ■ 1, and L ■ 0 , 1

„ k * lE •l{ 1 / 2 / \ « 1 ;  1 / 2 / t -  - 1 : L )

E^*1 ( 1 / 2  /A

and,

- 1 ;  1 / 2  « 1 ; L ) ( - 1 )

( A . 3 .1 3 )

,k" lE ( 1 / 2  JA * l f  1 / 2  /A » - 1 ;  L ) y j  2 /  3 f o r  L*0 

2 / y j J  f o r  L - l .

( A . 3 . 1 4 )

We t h e r e f o r e  g e t ,



The g e n e r a l i z e d  B r e i t  o p e r a t o r  7 ? ^  n , m, in  ( 2 . 1 . 2 7 )

can  now be e x p r e s s e d  a s  a l i n e a r  c o m b in a t io n  o f  t h e  Gaunt

and Coulomb m a t r i x  e l e m e n t s  g i v e n  above;  i f  th e  r a d i a l
k k+1p a r t i a l  waves r^ / r ^  a re  r e p l a c e d  by t h e  n o n l o c a l

o p e r a t o r s  -  w (2 k + l )  j k (w r^)yk (wr? ) , where w

i s  th e  e n e r g y  d i f f e r e n c e  Wn n , , and y k a r e  th e

s p h e r i c a l  B e s s e l  f u n c t i o n s  o f  o r d e r  k ,  o f  t h e  f i r s t  and

se co n d  kind r e s p e c t i v e l y .  Som etim es i t  i s  more p r a c t i c a l  

t o  e x p r e s s  t h e s e  o p e r a t o r s  by an i n t e g r a l  t r a n s f o r m ,



197

-  w (2 k + l)  j k (wr< ) Yk <w*>> »

oo

-  w ( 2 k + l )  P / - Y  J d z  j k ( 2 r 1 ) j k ( z r 2 } z 2 / ( * 2 - w 2 )

_ OO

( A . 3 . 1 6 )
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Appendix A .4 Computer Codes

The codes  RACC, RACB, RABB, e v a l u a t e  t h e  s h i f t s  g i v e n

in e q u a t i o n s ,  ( 4 * 3 . 5 ) ,  ( 4 . 3 . 8 ) ,  and ( 4 . 3 . 1 1 )  r e s p e c t i v e l y .

Th ese  s h i f t s  a r e  e s s e n t i a l l y  l i n e a r  c o m b in a t io n s  o f

i n t e g r a l s  d e f i n e d  in  ( 4 . 3 . 3 9 )  and red uced  t o  s i m p l i f i e d

form in  ( 4 . 3 . 3 5 ) .  The f u n c t i o n  subprogram VI u t i l i z e s  a

G a u s s ia n  q u a d r a t u r e  form ula  t o  e v a l u a t e  t h e  i n t e g r a l s

d e f i n e d  in  ( 4 . 3 . 3 5 ) .  The a c c u r a c y  o f  VI i s  t e s t e d  by

l o o k i n g  at  t h e  c o n v e r g e n c e  o f  t h e  r e s u l t s  when more p o i n t s

in  t h e  G a u ss ia n  q u a d r a tu r e  are  u t i l i z e d .  R e s u l t s  fo r

v a r io u s  param eters  o f  1^ a r e  g i v e n  in  t a b l e  A . I .  L in ea r

c o m b in a t io n s  o f  t h e  a r e  used  in  t h e  f u n c t i o n

subprograms RC, RB, t o  c o n s t r u c t  t h e  r a d i a l  i n t e g r a l s

R C ( a a ' , b b ' ) ,  J * ( a a ' , b b ' )  d e f i n e d  in  ( 4 . 3 . 2 0 ) ,  and

( 4 . 3 . 2 8 )  r e s p e c t i v e l y .  T hese  in  tu r n  a re  used t o  c o n s t r u c t
,C-C
a b c , a ' b '  c 1t h e  b a s i c  m a tr ix  e le m e n t s  V .

VC~® , ,  V® ® , , d e f i n e d  ina b c , , a b ' c '  a b c , a ' b ' c '
( 4 . 3 . 7 ) ,  ( 4 . 3 . 1 0 ) ,  and ( 4 . 3 . 1 3 )  r e s p e c t i v e l y .  The

e x p r e s s i o n s  f o r  t h e s e  m a tr ix  e l e m e n t s  a r e  f a c t o r e d  i n t o

m a g n e t ic  quantum number c o e f f i c i e n t s  and t h e  r a d i a l

i n t e g r a l s  d e s c r i b e d  a b o v e .  This  f a c t o r i z a t i o n  i s  g i v e n  by

e q u a t i o n  ( 4 . 3 . 3 6 )  f o r  t h e  V®. ® ^ ,. , _ ,  m a tr ixa b c , a d c
e l e m e n t s ,  we h av e  f o r  t h e  o t h e r  m a tr ix  e l e m e n t s .
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Va b c , a ' b ' c ‘ “ 4M0 0 * aa< , b b * ' c c ' * A RC( a a * *'Pb ' )RC(bp ;cc*  )

Va b c , a ' b ' c '  " 8 ^3 M00^a a * , b b ' , c c A  RC<«a ’ ? p b ' ) J + ( b p ; c c ' ) 

- 1 6 / 3  MQ1t a a * , b b ' , c c ' )  / \ R C( a a ' ? b p ) J ~ ( b p ; c c ' )

( A . 5 . 1 )

where we use  t h e  n o t a t i o n  o f  s e c t i o n  4 . 3 ,  t h e  M 

c o e f f i c i e n t s  a re  d e f i n e d  in  ( 4 . 3 . 3 7 )  and t h e  summation  

o v e r  t h e  i n t e r m e d i a t e  s t a t e s  i s  i m p l i e d .  The c o e f f i c i e n t s

M00* M01* Wl l '  a re  e v a l u a te d  *-n t h e  subprogram  

f u n c t i o n s  GA, GB, GC, r e s p e c t i v e l y .  F i n a l l y  t h e  sum o v e r  

t h e  i n t e r m e d i a t e  s t a t e s  in  t h e  above  e x p r e s s i o n s  i s  

a c c o m p l i s h e d  by  t h e  g e n e r a l  p u rp o se  and v ery  a c c u r a t e  

i n t e g r a t i o n  program QUANC8, a v a i l a b l e  at  t h e  C .C.N.Y  

c o m p u ta t io n  c e n t e r .
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