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Introduction

QED is considered to be a pinnacle of modern
physical theory, predicting measurable quantities
correctly to the order of more than one part per million.
Despite the great success of QED, the theory has a
limitation from a practical point of view. Most
calculations are done using perturbation theory, the fine
structure constant being the perturbation parameter. As
one proceeds to go further out in the perturbation series
the number of Feynman diagrams grows geometrically. In

1mmtbe

Muonium for example, over nine hundred diagrams
evaluated in order to calculate the theoretical fine
structure within the same margin of error afforded by
experimental measurements available today. Although there
has been some progress for heliumz. the perturbational
approach seems to be exceedingly complex when one is
interested in incorporating QED, into atomic structure
calculations for heavy atoms. It would be very convenient
if such a system obeyed some sort of Schrodinger like wave
equation, all QED effects being manifest as configuration
space potentials, the advent of ultrafast computing
machines providing, perhaps, some numerical solutions of
such an equation. This is of course a naive hope, since

the concept of a potential is a throwback to the

pre-Maxwellian days of action-at-a-distance, QED

containing an infinite number of



degrees of freedom in the field can never be cast in this
form. However it is reasonable to assume that the gross
structure of a heavy atom is determined by some
complicated interelectronic potential, the residual QED
effects being a small perturbation on the configuration
space wave function of such an equation. This is the
philosophy that we shall take in this thesis. It must be
pointed ocut that the celebrated Bethe - Salpeter
equation3 is such a configuration space egquation for the
case of two interacting fermiona, the interparticle
potential arising from the sum of all ladder diagrams of
photon exchange between the fermions. However, the B - S
algorithm for constructing configuration space equations
does not seem amenable to generalization to a many fermion
system4. Furthermore, an eigenvalue eguation would
almost be intractable since in the B=S formalism each
particle has it's own time coordinate. We shall take a
different viewpoint firat advocated by Brown and
Ravenhallq. and generalized by M.H. Mittlemansz. These
authors obtained one-time configuration space equations
for a multi-electron atom, compatible with QED. Although
the one - time Hamiltonian formulations are not strictly
covariant in contrast to the Bethe - Salpeter equation,
the presence of a heavy nucleus essentially fixes the
reference frame for the entire atom.

Even in the classical description, the price one

must pay by recasting the Maxwell theory ( a field theory)



into an approximate action~at-a-distance theory, is the
introduction of many-body potentials. Primakoff and
Holstein7 were the first to derive the classical
three-particle potential from the Maxwell theory. They
showed that for an essentially nonrelativistic system, the
energy contribution from this potential is quite small, on
the order of (v/c)4 in the particle velocities. However,
in a high Z atoms the inner shell electrons travel at a
significent fraction of the speed of light, and this
energy might be nonnegligible. In a many-body system the
three~body potential contributes to the total energy, in
proportion to the cube of the number of interacting
particlese, while the contribution coming from the two
particle potentials goes as the square. At a certain value
of N, the number of particles, we might expect that the
total three~-particle energy becomes comparable to the
two-body energy of the system. The above statement must be
qualified by noting that the three-particle potential is
only significent for triplets of particles, two of which
are highly relativistic:; therefore we would expect that
only the inner shell electrons have an appreciable
contribution to this energy.

Recent multiconfigurational Dirac-Hartree-Fock
solutions8 of one-time configuration space equations
that include the the most sophisticated form for the
interelectronic two body potentials, seem to consistantly

give a discrepancy on the order eight electron volts for



the binding energy of heavy atoms (Z=80), when compared tc
experimental values. Mittleman 6 has shown through an
order of magnitude calculation that such an energy might
be due to the effects of three body potentials which have
never been incorporated in atomic structure calculations.
Tt is the major goal of this thesis to determine whether
three-body potentials are important in the structure of
heavy atoms, and contribute to the binding energy, values
on the order of magnitude guoted above.

This thesis is divided into two parts. In part 1 we
deal with the basic formalism, in part II we concentrate
on the computational aspects to the thesis. In chapter one
we review the semiclassical derivation of configuration
space potentials obtained by Breitg. and Primakoff and
Holsteinv. Brown and Ravenhall5 pointed out that the
Breit equation does not contain physical solutions. They
stressed the point, that an acceptable multifermion
configuration space equation must be compatible with pair
theory. In the second section of this chapter we review
the Brown = Ravenhall analysis. In chapter two, a
comprehensive review of the papers by Mitthmans, that
deal with the construction of two, and three-body
potentials, is given. In chapter three we deal with some
ambiguities associated with the photon decoupling
trans formation discwssed in the previous chapter. Some of

these ambiguities are a result of the gauge degree of

freedom. Ambiguities associated with boundary conditions



(retarded, advanced, etc. solutions), are resolved. In the
second section of this chapter a curiow property of the
QED three particle potentials, (they seem to violate the
Paulli exclusion principle) is investigated. In the last
section we rederive the Primakoff-Holstein three body
potential from QED by a certain limiting procedure.
Finally, in chapter four, of part II we shall evaluate
the three-body contribution to the ionization potential of
the lithium sequence for ions with (Z2& ) 2 1. This
calculation will give w8 a good hint for determining the
answer to the question posed in the previous paragraph
i.e. are three-body potentials important in the atomic
structure of heavy atoms? We shall see that the answer to
the above question is in the negative. That .is, estimates
of the contribution of the three-body potentials to the
total energy of such ions give results less than an
electron volt for Z« 137, and a few hundreth's of an
electron volt for Z » 80, so that the discrepancy noted

above does not arise from this source.



Chapter 1

In section 1.1, we give a brief review of approximate
action at a distance theories, for a set of N classical
particles, interacting via an electromagnetic field. In
particular, the Darwin Hamiltonian and the Primakoff
Holstein three-body potential are derived.

The Breit eguation based on semiclassical arguments is
not compatible with pair(hole) theory. This was first
pointed out by Brown and Ravenhall. Furthermore it follows
that the Breit equation does not contain physical
solutions for systems such as the helium atom. These
points are further elucidated in section 1.2.

The transition from Fock to configuration space is made
for a system containing a static two-body interaction
Hamiltonian, in section 1.3. The reduction for
nonrelativistic, and relativistic systema are compared.
The correct reduction for the relativistic case was first
done hy Brown and Ravenhall, the resulting wave equation
compatible with pair theory is presented, and contrasted

with the Breit equation.



Section 1.1 The Classical Theory

Let s consider the Lagrangian for a set of N charged

particles interacting with an electromagnetic field,

N
2 - -
L = Z mivi/z + ei/c viA(ri,t) - eiQO(ri.t)
-

{1.1.1)

where the subscript i refers to the cocrdinates of the
i'th particle , and e, is the charge of the i'th
particle. The field equations for the scalar, and vector

potential in the transverse gauge (@.5. = 0), are given by,

V2<p(r.t) ® - 41‘!’f’(x,t)

V2lr.t) - 1/e? Qlre) = - 4 T/e Ty
ot*
{1.1.2)
where P(r.t) ' Sl(r,t) are the charge and transverse

current densities,

f)(r.t) = ZeiS(r-ri(t))

]



v
FJ_(r.t) = 1/47 VXVKZjdr'eivi(t)S(I'-ri(t))
[y

Ir-r’|

(1.1.3)

We can derive an approximate action at a distance
Lagrangian, by expressing the field potentials at the i'th
particle in terms of the coordinates of the other (N-1)

particles. Solving the field equations (l.1.2) we get,

w
Plrye) ‘fd"; ey/lx;-e i)
3 »

A(r,,t) = l/cjdr'fdt' Golr -r',t-t’) Jy(r',¢")

N
x l/cfdr'z E_t(r',t)/lri-rj(t)l
il (1.1.4)

where we have approximrated the retarded Greens
functiong, GR(ri-r'.t-t') R 1/|ri-r’[. i.e. we

have neglected retardation effects, thuws,

R(r;,t)2) 1(2c o5 {75t) + RSTCHISE ?jm)},

|']"‘r;‘l
(1.1.5)

Inserting the above field potentials into (1l.1.1) for each

particle one gets,



= 2 -
Legs E:mivi/2 E:eiejllrijl +
3 [LX}
2 [ - — ~ — A
E:eiej/ZC i(vi.vj + VitTiy vj.rij)/lrijl}

Py
where(rijlllri-rjh
(1.1.6)

This reduction which is correct to order (v/c)2 in
the particle velocities, was first carried out by
Darwinlo. The gquantum mechanical generalization of the
above reduction was done by G.Breit. Heuristically,
replacing the velocities ;i/c by the Dirac

matrices X i in the corresponding Hamiltonian function

of L one gets the Breit equation9 (N=2), for a

eff’
pair of electrons with charge e,

l.h(1)+h(2)+e2/r12 1- 1/2( X%y + % 2, 41, )]l// EY

{(1.1.7)

where h(i) are appropriate single-particle Dirac

Hamiltonians in a central field. In the literature it has

heen statedll that the Breit operator,

2 — —
B(1,2) = -e“/2% 5| (X, %, + X,-T;, Xy Typ )

(1.1.8)



can be expressed as a sum of two physically distinct

terms, the magnetic current-current term,

G(1,2) = -e” O, % fr,,|

(1.1.9)
called the Gaunt12 operator, and a term due to the
retardation of the Coulomb potential,

2 _— - -~ . -
(1.1.10}

However this is a gauge dependent statement, and is true
only when one makes the reduction to an action-at-a -
distance theory in the Lorentz gauge. In the.tranaverse
gauge, both the Gaunt operator and VR are combined in

the Breit operator as a manifestation of the no
retardation tranverse current-current interaction, and the
Coulomb potential is treated exactly.

As was pointed out in the previous paragraph the
decoupling of the radiation field was done approximately
to O(v2/c2). Primakoff and Holss:‘tein.7 noted that when
one goes beyond this approximation, the elimination of the
field coordinates introduces novel three-body action-at-a
distance potentials V3(ri,rj,rk), such that V,
cannot be factored into pairwise terms. The above authors
pointed out that expansion of the vector potential (1.1.4)

beyond the no-retardation limit introduces terms

10



11

proportional to the acceleration of the field source. If
the i'th particle "feels" the vector potential,
proportional to the j'th particle’'s acceleration, which in
turn (via Newton's third law) depends upon the coordinate
of particle k, the mutual interaction energy of the three
particles muwst have contributions proportional to
Va(i,j,k). Expanding the transverse potential A{r,t) in
{1.1.4) to first order in the retardation and proceeding
in the same manner as in the Darwin reduction described
above, the authors reproduced the Darwin Hamiltonian with

an additional term, given by

2 3.4
Hy = Ez: ekejei/( 8m~c 1rkj\pj1p x

(9% D

.—-"'+-A N, +-A -— A
zpk'Pi Peryi PiTyi % Py Tyxy PytTxy

~ L]

— ~ — A
Tt T e Pr Ty Pi"ji}

{1.1.11)

where Ei is the canonical momentum of the i'th particle.



Section 1.2 The Brown - Ravenhall disease.

Let s again backtrack to the Breit equation given in
{1.1.7). Breit successfully calculated the fine structure
of helium by using the Breit operator to first order in
perturbation theoryg. However, when the Breit operator
was evaluated to second orderg, anomalous ly large
contrihutions inconsistant with the experimental data
arose. The reason for this failure is given by
Bethe13, who points out that the Breit operator itself
i3 a pertubative approximation to order ez. for the
transverse photon exchange between two electrons. It is
therefore "illegal"” to iterate B(1l,2) beyond e2, instead

4 transverse photon

one must calculate the full e
exchange terms in QED pertubation theory.

Even if one accepts the above constraint on the ue of
the Breit operator, the Breit equation suffers from a more
profound flaw that is independent of the above
considerations. Twenty years after the introduction ©of the
Breit equation, Brown and Ravenhallq pointed out that
interacting multi-particle equations based on the single
particle Dirac equation such as (1.1.7), do not in fact
possess reasonahle physical solutions. Their reasoning
follows from the fact that the zero order bound astates of
the Hamiltonian, h{l) + h(2) are degenerate with an

infinite set of degenerate continuum states, see Fig.(la).

If one now adiabatically, turns on an interelectronic

12



interaction A V(1,2), A being a small pertubation
parameter, the unperturbed bound states will immediatly
gsink into a morass of continuum states , i.e. bound state
solutions of (1.1.7) are unstable .The above ailment
popularly known as the Brown Ravenhall (B&R)} disease, or
by the clinical name of continuum dissolution (CD) 14
seems to have an important exception which we describe
below.

Consider again a two electron(fermion) equation
(1.1.7), where h{i) is now the free electron Dirac
Hamiltonian, and V{(1l,2) is some attractive
electron-electron potential. Such a Hamiltonian has
recently been introduced by R.W. Childer315 as a
possible prototype for a two quark system. He points out
the difficulties associated with the Breit operator,
however he does not make mention of the apparent CD
phathology associated with this equation. In fact by
deriving radial equations for an 8 state, where V(1,2) is
the ordinary Coulomb potential, he seems to get a viable
set of equations that accommodate acceptable bound state
solutions in direct contradiction to the claims of B&R.
Let B now see why this system is immune to the B&R

disease. Suppose we have two fermions with masses, m,}

m,, the spectrum of h{(l) +h(2) is now given by,

13



-—— — ,"—'-“-‘-- - L]
N S A A
e V/i] SR B \h’z 4 w.,

viliera Py, D, we the rnomenla of the feumions. tils

(1.2.12)
systom conscrves 1 otal linehy womentun P = 51 4 f;z.
In thae center of womentum §yame, ij]\ r‘[fizI . Witk
this additicnal constraint, the ecneroy spectrum is now
giver in Fig.l(h)}. We noltice {hat thoere ocxists a rpositive
anerqgy mass gap hetween my ‘+ m., und (ml»mz) thet
is not degenerate with the continuwas states in contrast to
Fig.l(a), vhere there is no gap. In this recion Lound
states will be stuble with respect to CD. However onhce an
additional particle is introduced { or in the cusce for Lhe
Breit equation vhizre there is an infiutely heavy nuclews
nanifost ac a central field) conserva! ion of linear
roment un is no longor @ strong cnoujh concdition to prevont
Ltha onset of the Brown Ravenl:all divease.

Erowa and Ravenlial) where able to conciruct an
acceptable relativistio multielectron ejquation by starting
from first principles namely, QED. The resulting wave
equation is similar to the Brecit ejuatiorn ervcept, the
interclectionic petential V(1,2}) is now sandwiched hetwoeen
a set of positive energy (with respecet to h{l) + h{2))}
projection operators. If we now turn con the
interelectronic pctential, the presence of the projection
oparators prevenis the mixing of the bowmd states of
h(l)th(Q) with the negative energy continuum, therefore CD

is prevented.
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Figure 1. (a) The Brown - Ravenhall disease; a bound state
degenerate with an infinite set of continuum states.

(b) The continuum energy spectrum {(1.2.12); a system that
accepts bound states.



Section 1.3 Derivation of confiquration space equations.

We review, the reduction from a given non-
relativistic Fock space Hamiltonian to configuration
space, for bosons interacting via an arbitrary two-body
potential, v(xlz).

The Hamiltonian for the system is given by,

+
H =jdx \&(x) h(x)\//(x) +
+ +
1/2 jdxlfdxzw(xl)\!/(xz) vix,,) w(xz)w(xl)
(1.3.1)

.'-
where the '\//(x) ' ’)b(x) are boson field destruction and

creation operators respectively, h(x) is the non-
interacting configuration space Hamiltonian. The field

operators obey the wsual equal time commutation relations

[d/(x) .\J/:-x')] = §(x-x")
Wiy Wixy) = o
[d/:x) .\b-:‘x')] = 0.

(1.3.2)

16



The field operators can be expanded in terms of some

complete set of eigenstates Vi‘(x). of hix).

Vi) =) a @ux

+
W(x) = Za; ‘fe:r(x)

(1.3.2)
The an a:; are destruction and creation operators
satisfying
t, -
[an ’ ﬂn] Snnl
[an p an] = 0
[af . at ‘] = 0,
n n
(1.3.3)

The vacuum state l0> is defined such that an]0> =0

for all n. The number operator is given by,

N = fdx \b:.x)\b(x) -Za: a_ -ZNS.

] s

{1.3.4)
The operator N, counts the number of bosons in a given
mode s. The total number of bosons N is the sum over the

occupation number of all modes.

17



We now construct a general N-body state lN7 by the
application of l1(’(::), on the vacuum, and summing over all

configurations via an amplitude X ({x;X,...x ), i.e.
= fdxl d:«:z...d:lrn X(xlxz...xn)
+ + +
Vix Wi Wix ) o) .

(1.3.5)
The number operator N commutes with the total
Hamiltonian H, therefore l\I/ED has the most general form
for an N-body eigenstate of H., We get an eigenvalue
equation in configuration space by treating X as a

variational parameterl2 below i.e

SICATIMAIRER AN SIE

(1.3.6)

+
Treating S')‘f and 57( as independent variations,

the variation S?(+ results in the wave equation,
(Y]

_Zh(i) X(xlxz...xn) +

Zv(xij) X(xlxz...xn) = EX(xlxz...xn)

s

(1.3.7)

18



We now generalize the above procedure in order to get
an approximate relativistic cofiguration space eig-
envalue equation for electrons interacting via some two-
body potential. As a starting point we write down a Fock-

s pace hamiltonian for interacting fermions,

H J’dxz W(u h ) Yixr
1/2 fodx dx., V/{x ) W(x ) v(xlz) W(x ) w(x )

(1.3.8)

The above Hamiltonian is similar to (1.3.1) with the
following modifications:

a) The free part H, contains a single particle
Dirac type configuration space spinor operator ikx).
Unless otherwise specified we shall consider 531) to be
the Dirac Hamiltonian in a Coulomb field {(see appendix
A.l.).

b) The wave operators are four component spinors and

conjugate spinoras that obey anti-commutation relations,
T P ¢
W/cx) . ‘J/(x')l = &(x-x")
o, -
+ +
zyb(x) ' V&(x')} = 0
= ¢
! £
i‘?(x) , \Mx')i =0

(1.3.9)

19



We have explicitly introduced the spinor components
above, as a matter of convenience all spinor components
will be implicit unless otherwise stated. We can avoid
confusion by treating the ygtx) as a four component
column matrix and yg?x) as a row matrix. Products of
operators will be positioned such that matrix +
multiplication is implied i.e., the product yb(x) Vy(x)
will be a scalar since a row matrix muitipliee a column
matrix from the left, whereas 1#“:) \b(x) is a 4x4 square
matrix (3pinor) operator.

We can decompose the wave operators

Vi) =) a @ x)
\Mx) *Z a: tpn?x}

(1.3.10)

where the () (x), (O (x) are eigenspinors of h(x) and

* +
h{x) respectively. The a_ . a obey anticommutation

n

ian.ani = 1, relations,(all other anticommutators
vanish). The a . a:. have the usual interpretation of
destruction and creation operators. We can define the

vacuum again as a_{0)= O . With this choice of the

L

vacuum N, = a a_ is again the number operator for

the mode s. Using (1.1.10) the zero order Hamiltonian

becomes,

20



vy {-)
+ +
Hp = §:|Enlan & T E:]Enlan %n
" n

(1.3.11)

=3
the sum z: is over the negative energy eigenvalues, of
ey
h(x) and §  the sum over positive eigenvalues. It is at

once obviows that the free Hamiltonian H, is not bounded

0
from below. For free particles experiencing an external
pertubation this would be a catasthrophe since the
pertubation would induce transitions into a bottomless pit
i.e. the system would be unstable. Dirac was able to
rectify this prohlem for the gquantum mechanical single
particle theory, by requiring all negative energy states
to be filled. The Pauli principle prevents the positive
energy particles from falling into the filled negative
energy sea therefore making the system stable. Of course,
now one no longer has a single particle theory. Second
guantinization of the Dirac equation provides a convenient
framework for Dirac’'s prescription, since we are now
dealing with an intrinsic many-body theory. In fact a
simple redefinition of the Fock space vacuum is sufficient
to construct a theory that does not suffer from the above

mentioned difficulties.

Let w first decompose,the fields

™y

=3
Vi = ) o ot v 5 et (e

w (-
l'(/(” = Z@n(x) b; + Z Qo:(x) a_

(1.3.12)

21
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where
ya a1l =5 $of b e
n ‘“ng nn' '’ n '’ “ni nn'’

(1.3013)

all other commutators vanish.
We define the vacuum by requiring bn107 = 0 ,and
a 10} = 0 for all n. The decomposition (1.3.12) will

give for HO.

{+) =) (Ch
+ . +
Hy = z[En‘bn b, +2_,lEn‘ % % T ZlEnl

(1.3.14)

This form for H0 containg an infinite c-number term
which can be eliminated by a redefinition of the vacuum.
In the above definition of the vacuum the

N§-= G;bn, and N:*= a;as, are number
operators for particles occupying the mode n, and for
antiparticles occupying the mode s. Both the particles and
antiparticles have a positive energy spectrum thus H, is
now bounded from below by the vacuum, i.e. the state with
no particles or antiparticles. The number operator for
fermions is the sum over all the N:- for

particles (electrons) and the N:+ for

antiparticles(positrons) i.e.



ta ‘-

3
N = Z NE~ +Z Ne*,
n S
" b
(1.3.15)
In the Heisenberg picture, equations of motion for IJQx.t)

1.
and the conjugate field Qb(x,t) give the conservation law,

— +
a/ at{ el (lf/:x.t)lp(x.t)) -1elT C Wix, o)X Yimaen.

(1.3.16)
This is the wsual charge-current conservation law where,
.’.
Q = -|e|jdx y&tx)lﬁﬁx) is the total charge of the system.

Using the decomposition {1.3.12) we get,

(Rl =)

Q= -lel) NI 4 el)_Ne*

® (1.3.17)

The total charge being the sum of the electron charge ,and
the positron charge. The spectrum of Q is
a= (o, %1, 2, ...7n) e

For the above system [Q,H]= 0 , but [H,N]# O ,
therefore an eigenstate of H can have a definite charge,
but it is meaningless to say that this state has a
definite number of fermions. The noncommutivity of N with
H is of course due to the fact that the interaction term

in H can can create or destroy fermion (electron-positron)

pairs. We must express the eigenstate \I% with charge

q = -]elN®" (non relativistically we would call this an

N-electron system) as,
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[\ 7 = |\1’0>+ [\, +[\I/27+

(1. 3.18)
where]\I/07 contains N electrons,]\If:L? contains N
electrons plus a pair.]\I/27 contains N electrons plus
two pairs etc. The configuration space expansion of the
above kets will require the introduction of an infinite
set of amplitudes )(i(xlxz...,xl.,xz'...) (in
reality X:is a multidimensional spinor that transforms as
a direct product of single particle spinors:; spin indices

will be implicit in our discussion) defined by

Y, = fdxldxz...dxn

Wi ) W) oo Wik ) X Otxyixyeox ) 10D

Y, - dxldxz...dxnfdxl'dxz'

Wix) Wixg) e Wik ) Wi, ) Winy ) X Oxgumgeeongoxy'x,0)

+ etc. (1.3.19)
The amplitudes Xl would cbey an infinite set of coupled
non-linear equations for the eigenvalue E if a complete
solution of H|ED = E | E) is sought. Instead we shall
truncate the series (1.3.19) to the first term

treating X’ as a variational parameter as was done in
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egquation (1.3.6) for the non-relativistic case. The above
approximation is reasonable since physicaly it would give
all the effects where pairs are not present, we will call
this the no-pair approximation.

Using the no pair ansatz above we can get a
configuration space egquation, by considering an arbitrary

variation of 7(° below.

an§<\I/|H\\If> - QYN =0 (1.3.20)

Contracting the fermion operators, we get

+
Sx#;jhxl‘...dxn' 'j;xl ...dxn 2 )((xl'...xn')

Zfdx/\+(xi',x)h(x)/\+(x.xi) + fdzl[dz.z X

l‘i

f\+(xi"zl)f\+(xj"zz)vtzl2)/\+(22‘xj)/\+(zl'xi)

- E/\+(xl',x1) e o /\+(xn'.xn)]X(x1...xn)]= 0

{1.3.21)

where the positive energy projection operators are

given by
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{+}

Nix.x') = <0’u/(x)’//':x')10> = Zﬁg(x)w:(x')
* s

{1.3.22)
Carrying out the variation we get,
o
PIVANKESLIES AN Y A L A LDV DA LA L)) x
) 144
w(xl...xn) = E w(xl...xn)
(1.3.23)

where the function () is defined by,

C-J(xl. '”"n') =

j}xl cevdx A L(xy 0k ). /\+(xn.,xn) X (xgeoex ),

{(1.3.24)

and where we have used the shorthand notation,

ALJHIE(E) = dxi'f3+(xi,xi')f(xi).

{1.3.25)

As was mentioned in section 1.2, the presence of the
projection operators prevents the onset of the Brown
Ravenhall disease, however as shown above, these need not
be put in by"hand", but fall naturally out of the

formalism if the correct reduction from QED to
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configuration space is made. One may go beyond the no pair
approximation by performing a unitary transformation H

H' = U H UT such that H' is approximately diagonal with
respect to the electron number operator N®" within the
required degree of approximation. Such a transformation
will introduce new higher order electron interaction terms
that contain energy denominators of propagating virtual
pairs. However, these energy denominators will never
vanish., Therefore even when one goes beyond the no pair
approximation the resulting wave equation will never

suffer from the Brown Ravenhall malady.
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Chapter 2

Having sketched the outline for constructing
relativistic configuration space equations compatible with
hole theory, we now proceed to apply this method for the
QED Hamiltonian. In order to get the QED Hamiltonian into
a form gsimilar to (1.3.1), one must decouple the radiation
and matter fields. This can be achieved, approximately, by
a unitary transformation on the QED Hamiltonian. When the
transition to configuration space is made,two and three-
body potentials arise. A comprehensive review of this
procedure i3 given. Essentialy this chapter is a review of
the papers by Mittlemane. Section 2.1, deals mainly with
two body potentials, while three body potentials are

discwased in section 2.2.



Section 2.1 The Schwinger transformation

The QED Hamiltonian in the coulomb gauge is given by,

(2.1.1)

where Hg . Hg are the non-interacting

Hamiltonians for transverse photons, and
fermions (electrons, positrons) respectively. Ho is the

Coulomb interaction term given by,

+
H, = 1/2-[f6xldx2 :y&;xl)ub(xz) ez/xlzkﬁ(xzjyb(xl)z

(2.1.2)

2
(from now on we will denote e /x12 by Vc(xlz) ). Hy

is the fermion-transverse photon interaction term given by
H, = -J;x J(x) -Alx)
where 1

Tix) = e YiX Wix): . (2.1.3)
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The equal time anticommutation relations for the fermion
*

fields Ub.yb have been given by (1.3.9).The Hermitian

photon field obeys the transversality condition v.i = 0,

We decompose the photon field in a plane wave

representation,

( x & Ikl ),
(2.1.4)
where the ap iy 3, cbey commutation relations,
t )
[ak> ,&k.x] = S(klk )
[akA 'ak'x] =0
+ t -
[2kx 2kex] = o
(2.1.5)

the photon vacuum is defined by akdp> = 0 for all k,

v a
kX ' Tka

operators for photons with wave numbers K and

and ) . The a are creation and destruction

polarization X . The Hg term has been discussed

in the previous chapter, we noted that Hﬁ is diagonal

in the number representation of electrons and positrons.
Similarly Hg is diagonal in the number representation

of photons. Consider an eigenstate of Hy = Hg + Hg.

i.e a state with a definite number of electrons and photons,

slowly turning on the Coulomb and photon
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interaction terms, a cloud of photons and
electron-positron pairs will "dress” this zero order
eigenstate due to the virtual processes induced by HI +
Hc . We can no longer claim that the dressed state
contains a definite number of photons and electrons.

The Schwinger unitary trans formn:ion.]'6

H - H' = eio-_ H e-ia- where the generator, § is
given by,

")

6 = -1/2 fdr €(T) lHT Hy e

-

€l(z) = ftz) - B(-7)

-iHT

(2.1.6)

explicitly illustrates the effects of the dréssing due to
virtual photon processes induced by HI‘ Let us consider

the Schwinger transformation in more detail. We have ,

o

O = -1/2 ]dt dx €(T) Ja(X.‘C) Aa(x.t ) e-'“t’
o

L

Ja(x.ot) = eiHT J (x) e-th
a

Aa(x.t) = eiHT’ Aa(x) e-“'lt .
(2.1.7)

e""mis a convergence factor, lim %> 0 is implied after
all integrations are done. The repeated spatial index a is

implicitly assumed to be summed over all it's values.
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o)
Using the relation ela-o e 10 . Zin/n: Cn[O' 0]
"
where the Cn are repeated commutators i.e Co-l,

C,= (0,01, C, = (o0, [0 ,0]1 etc. we get,

L]
H' = Zin/nt (cn[cr,nol + cn[o‘,HI] + cn[cr.ﬂc])
=H, + i[60.n) +i1%/22 (67, [5 ,n,]]

L} 3
+ H +HC+1[U",HI] + 0(e”) + ...

T

(2.1.8)
We have truncated the infinite series to include terms that
2

are only first order in the parameter e” .

Let s evaluate the commutator i[Cr,HO] . by noting,

ile ,Hok = 1/zfdre('c) ;..E(eiH°T' Hy e‘i“‘t)e‘?“:’

(2.1.9)
Integrating by parts, we gJet,
of
-1/2 [at(@_ﬁ(t))nl(r) Rl 1IN
-3 at
[~ 4]
_1/2fdt E(T) H(T)D e':‘m
oo ot
(2.1.10)

wing D €(T) = 28§ () and "’1'2‘_ "\e-'“zl('t.)

3T
we have,

Qe
ot
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L.
i[cr 'Ho] =~ H + lim (//2)n fevH (T) e
ny0 Jue

(2.1.11)
In the second term above, the limit M > 0 will force this
term to vanish unless the time integral is proportional to
1A1 . However this only occurs for the energy on-shell
matrix elements, i.e. real photon transitions. Since we are
interested in only virtual photon exchange processes, we
can neglect this term in our discussion. Hence,

i[cF.HO] = - H. (2.1.12)

Inserting (2.1.12) into our expansion (2.1.8) we get,
+ i/z[OV,HI] + H, + 0O (e3) + .

H’ H

]

0

(2.1.13)

We can think of H' as an order e2 approximation to H.
Furthermore, the above expression is diagonal with respect
to the photon number representation. The effects due to the
exchange of virtual photons manifest themselves in the term
i/2 [CV:HI]. This term is a sum of two-body and one-body
operators in the Fock-space fermion sector. The one-body

terms are due to processes where a fermion can emit and
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absorb its own photon, these terms muwst be treated with
care via a renormalization program, in order to eliminate
unwanted infinite contributions. We shall collectively
call all the one-body contributions (both finite and
infinite) as self-energy terms. The two-body terms
describe processes where different fermions interchange
virtual photons. For a general N-fermion system the total
two-body contribution to the energy will be proportional
toc the sum of all possible pairs i.e. E ~/ N2: while the
one-body contribution could be expected to scale like N.
Thus for an atomic system where the number of electrons is
on the order of N~100, we expect the total two-body
energy to be considerably larger than the self-energy

17

corrections. Furthermore, rudimentary evaluation for

the non-relativistic self-energy corrections of atomic
electrons show that the contrivution is proportional to
the atomic wave function at the origin, therefore we
expect only a few low lying electronic states to give any
appreciable self energy correction. For the above reasons
we will neglect the one-body parts of H' and concentrate
only on the two-body parts of H', We must mention that the
above arguments are no longer valid when we are dealing
with highly-ionized high-2 ions, indeed calculations have
shown that the self-energy corrections become comparable

to the two-body Breit energy for such systemsl8
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Let w now expand the commutator

172 [O-'HI] = Hp =

~ 1/4 fdxdx'[d‘cG(‘c)

eV tx, T 3, (10, T) [Ag(x, TYA (x4 00].

(2.1.14)
We have neglected current cummutator terms since these

give the aformentioned one-body terms.

The commutator for the photon field is a c-numbte.-r]'9

given by,

[Aa(x,t).Ab(x' .t )] = Dab(x-x' L=t')

~

-4%c i/f(2m)3 fd3k /xR0 gin ok (eett) (6. - Kakp)

where k = lk [, (2.1.15)

In order to get a configuration space representation for

the current operator J(x,t) we use the expansion (1.3.12)
+n

for the fermion fields, W(x) w(x), in terms of the

Dirac- Coulomb wave functions (pn(x).
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Note: from now on we we a shorthand notation for the

electron, positron operators, b, = b when En)ro, b

\2 + o
= a when En< 0. Also, bn = bn when En7 o, bn

n

= a_ when En( 0, see (1.3.2).
Using the above expansion the current operator can be

expressed as,

+ .
a - iWpan't .2
J%(x,t) 'bnbn. e Jnn.(x).
nn

where we define,

[-
Jan.(x) = Q%(x)°( ¥%(x) ' W

|-E-E.-
n n n

nn
(2.1.16)

The above derivation made use of the identity,

Wix.t) = eitlot Yix) e 1ot . Z b e-iE"tfﬂn(x)
"

(2.1.17)
Alternatively we can express the time dependent current

operator in a more convenient form, as

f-
B xe) = 1 Yix) olME y 8 (e Yy,

(2.1.18)

where h(x) is the single particle configuration space



Hamiltonian for a central field ( Coulomb ). The brackets

ih(x}t, =ih(x)t , operate only on the

allow the e
+
\I/(x), and l//(x) fields to the left and right
respectively. The equivalence between the two expressions
(2.1.16) and {2.1.18) can be proved by expanding the
exponential operators in (2,1.18) and uwsing the Dirac
equation to express the resulting series in powers of the

single particle energies. Inserting (2.1.18) and (2.1.15)}

into (2.1.14) we get for Hg,

~I

Hp = 1/2 fdxlfdxz,:W(xl)V/(xz) B (x,5) \D(xz)W(xl)s

where the kernel,

-y

B (x;,) = -te¥/a fdte(r) ANDTyR (1)« P o-in(1} T

+ (1€ 2 ).

(2.1.19)
The numerals 1,2 are shorthand for the spatial coordinates
of the fermions. The second term in the above expression
represents the symmetrization of the kernel with respect
to the particle coordinates.

The above form for H_ is similar to the uwsual two-body

B
potential operator, i.e (2.1.2) in Fock-space, with the

difference that the Xernel of the interaction B(1l,2) is
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now a non-local operator in configuration space rather
than the typical multiplicative operator V(1l,2). The
transition to configuration space is now carried out in an
identical manner to that described in the last chapter.
Using the no-pair approximation for H and repeating
steps (1.3.20 ) through {(1.3.23) we have a configuration

space equation for an N-electron atomic system given by

[
ZA-IF(I) h(i)w(xl.xz,...xn) +
1

C
+ +* + +

GJ(xl,KP..xn) = 0,

(2.1.20)

VC is the ordinary Coulomb repulsion term while, B(i, j)
is a non-local two body potential due to the exchange of
transverse photons among the electrons.

It is more convenient to express the potential operator

(2.1.19) in the occupation representation. Using the

representation (2.1.16) for the current operator in

({2.1.14),

we get,



+ +

HB = 1/2 z bnbmbm'bn' (nnm.n'm‘ + nmn,m'n')
[ Ban)
n'm’

where,

nnm,n'm' = '132/4 fdt€(t)fdxlfdx2 »

-

* + ; .
@ (x ) @pix) VT2 D (ro x? @ (x)) Putx) ]

(2.1.21)
Expressing the photon commutator Dab(r,t) given in

(2.1.15) by the transform,

oy

Dplre ) = %?{Y7tsab + KZ“KZ? )l/rfdk/k2 e'*T sin(ckt)

-

where, r = lxl—x2[

(2.1.22)

and performing the temporal integral,

o

fdt €(t) sin{ckt ) eiWant = lt],

-

P/(ck + wnn.) + P/(ck - wnn.)

(P represents the principal value of the denominators),

(2.1.23)

we have,
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= ~ie?/2n m|{xF B0, +A7P rehrr

nnm,n'm'

-y
P fdk/k el*T 1/(ck + W) lek = Wnn.)}ln' m'>.

-

{2.1.24)

We evaluate the integral over k to get,

T’nm.n'm' * -92/4 <n ml u(la O(Lbi( sznb + V;v;; ) x
r((2hc/wnn.r)sin(wnn.r/2hc))Qiln'mﬂ>
( % is the Planck constant) ‘ {(2.1.25)

We can define a nonrelativistic limit by setting the
quotient (wnn.r/hc)<< 1, {to be more precise, we mean that
the expectation value of this operator is samall). This limit
is realized for low Z atoms, and for positive energy states
where the electron velocity v/c ~ (2X } << 1, In this limit
we can replace the sin? term in (2.1.25) by (Wnn.r/th )2.
The matrix element

T]nm,n’ m then becoOmes,

.- ear (% &, o+ KA @0

r
Nt

7znm,n'm‘
(2.1.26)



Using the above expression and the corresponding term for
N
nnm.n'm' . the non - local operator B{(l,2) becomes the
familiar Breit operator discussed in chapter 1.
An alternative expression for nnm.n'm' is

obtained by integrating (2.1.25) by parts and then making

we of the Dirac equation to get,

Tom,n'mt = -e2/2 <{n mlog, X, cos(W .r/hc)/r +

wmm ! /Wn

v (1 - cos(w .r/he))/x In* m'7

n

(2.1.27)

Tn this form T) can easily be expressed in terms

nm,n'm’
of two dimensional radial integrals. (see appendix A.3.)
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Section 2.2 Three body potentials

We now proceed to construct the three particle
potentials by looking beyond the e2 terms in the
expansion (2.1.8). The next terms will be 0(e3). these
will be off-diagonal in the photon number, and contribute
only to O(eﬁ) diagonal terms. Some of the e? terms
will be on diagonal in the photon representation. They are

given by,
Ho_p = -1/2 [6‘[5— Hc]]'

and

Ky = -3/8 (000 [0 m ]]]

(2.2.1)
The subscripts C-T, T=-T, refer to " Coulomb - transverse",
and " transverse -~ transverse " parts respectively. This
terminology is indictive of the fact that the first part
of (2.2.1) describes processes where a virtual Coulomb
photon, and transverse photon is exchanged; while in the
latter, two transverse photons are exchanged.
Concentrating on the HC-T terms first, let us expand the

commutator in (2.2.1),



e ~

Hooq = -1/8 jdz:em fdr,_e(t.) 71 [3(2),8)[ac1).A(2))

- -

+ ( two, one - body terms ). (2.2.2)

All indices and coordinates are implicitly represented by
the numerals one, and two. The neglected one and two-body
fermion operators correspond to e4 two, one body
potentials, and renormalization terms. We shall ignore
these terms and concentrate only on the three ~ body
operators. We expand the fermion commutator,

and keep only the resulting two body operator. We get
* o—
(30x,0 Tt = & fdx4 Yix,m) &, Wixg) (e DTy (2,4)
Yixg) Yixy))
+ + . -
+(’,(/(x2)¢/(x4) Vo(2,4) oM)W X W (x, T

(2.2,3)

where we have used the commutation relations {1.3.9), and
(2.1.18). Inserting the above expression into (2.2.1),
and putting the resulting three fermion operator into normal

ordering, we get,

HC-T = 1/6]&x1j;x2j3x3

+ + +
W Wixgd) Wixg) A cpl(1,2,3) Wixg) Wiz Wix )
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where,
o -3
AC-T(I"?' 3) = -e4/a Idr'ett')fdr!.e(r() eih(l)'[',eih(2)r‘_
Zw £

x 2 p®(1,2)xB "INV IMATy (3,3 e~ (1m+1E)

+ H.c. + (all permutations of coordinates) (2.2.4)

The above expression is not very enlightening, therefore as
was done for the non-local Breit operator (1.1.19) we express
the above kernel in the occupation representation. Expanding

the wave operators in the occupation representation we have,



«) bb.bb b ve-T +H
Hewr nP1°mPm P1+ Py c-

where,

veT « <n m ll AC-Tln' m* l'> =

+ +
—e%/8 fdxlfdxziwn(xllcpl(xz)z
s

%) v

fdr, €(Tu}fdr,_£ (@) ML JANDT 3ny 75

-0 -

e IN(1IT ~in ()T, @n(xl) ('oa(x2)

t +
jdxafdx4 @5(34) (Pm(xB)Vc(Ltl) ‘101. (x,) wm.(x3)

(2.2.5)
where we have used the completeness property,
Z(@_(x2) @5(x4) = S(xz—x4). After operating
s
the exponential factors on the surrounding spinors we

evaluate the time integrals,
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s} o)
Jﬁtl jﬁt2 €(t,) €(t,) elWnm £ (iW), tiginck(t, -t ,)
- -y

= 4ick (wnn.-wls)P[l/( ck+wnn.)(ck-wls)(ck-wnn.)(ck-l-Wls)] .

(2.2.6}

Rearranging the above fraction, and inserting into (2.2.25)

we get,
C-T 2 a b
anm,n'l'm' ~ -e”/8 <n ll°<1 x 2
Od
4ic?/ W, + W MT% .+ 722 {1/r P [ak/k
nn' 11! ‘7 ab §71.S72
oy 9

eikr[lf(ck+wnn')(CR'wnn') - 1/(ck+wls)(ck-w15)}“n'§7 x

Gom vzt >,

(2.2.7)
Comparing the above kK - integration with the corresponding

integral in (2.1.23) we get,

C=T
vnlm,n'l'm'

zij[( 77n1,n‘s - 'Uln,s'n')/(wnn'+ wls)]csm,l'm‘

$

where the 7) matrix elements were defined in (2.1.25), and

Com,1'm’ g.<§ m\Vc(1,2)11' m':>.
{2.2.8)
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Let us now turn our attention toward the transverse-
transverse three hody potentials contained in HT-T'

Expanding the multiple commutators we have,

A
-5

oy
-1/64 [[d't.E( yan€( YaT,€( ) e"’l“f-)*ff.hlt,l)
[1tna), [aa), [saa,aam]]] -

(2.2.9)
Where again all spatial indices and integrations are
implicit. The index 4 does not have a time coordinate.
We are only intereated in the terms that give uws the

three-fermion operators. After some commutator algebra

we get,
o

Ho_p = —1/64 fd-c,ﬁ(r,) e X
o

—

(3 J(l).:(2)[J(3).J(4)] + J(3)J(4)[J(l),J(2)]) D(2,3) D(1,4).

(2.2.10)
Evaluating the current-current commutators we can rewrite

the ahove,
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Hoop = 1/6 j;xl-fdx%[ax3

: d/{xl)\f/?xz)wrxa) App123) Vix) Yix,) Wix,):

+ H.c. + ( all permutations of coordinates)

(2.2.11)
where,
o =0 -
A pop(123) = ~ie/6a fdr.E('c.) AT €(T.) [AT,€(T,) o~ Mits-)
-ty g

—

(eih(” - ‘Eih(zwl”(él‘D o{X120 1" IL)D(]; e IN(1)T g=in(2) r,_).‘

ih{2) Ty d _-ih(2)7T.
‘e PXPegl*23 TBIX 3 e !
(2.2.12)
Again, as with the H,_, term we can express
HT-T in the occupation number representation. Proceeding

in the same manner as above we have,



- Zbrbrbfb b.,b, VooT + H
HT-T nlmm~"21"n' nlm,n'l'm' -¢

where,
o ” ™0
T=-T 4
anm,n- 1'm’ = -je /64 fdf,f(n)[dflﬁ(ft)fdr,6(1-,)2
o o0 o S
e iWan' T, iw‘.s f‘_ &, 5 '
\n 1|e e (KlD‘belz,f‘-zl)qz) In' s>

s . |
G v | (3o T ST (ot 1yeh) N1t >
cd
(2.2.13)

By now these integrals certainly look familiar. The integral
over T,-T. is of the same type encountered ih the ve-T
matrix elements, while the integral over T,is of the same
genre as in (2.1.24). Borrowing previous results we get

a compact expression,

T-=T
anm.n‘l'm' _1/22 ( Unl.n‘s - nln,sn)/(wnn'+ wls)
5

(3 T;ns,m‘l' + T?sm,lm')
{2.2.14)
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Up to now the Schwinger trans formation was employed to
diagonalize the CQED Hamiltonian to 0(e4) with respect to
the photon number. The resulting two particle operator in
Fock apace then became a two particle potential in
configuration space when the no pair ansatz was uwsed in
the variational equation (1.3.20). It was pointed out in
chapter 1, that the no pair ansatz suffers from the
deficiency that it does not allow electron - positron pair
effects to manifest themselves in configuration space. We
will try to remedy this situvation in this section.

One recognizes that the two body operator,

H =HC+H =

2 B

1/2 jdxljdxz ‘,{/(f—xl) lpf(-xz) v(12) w(lewtxl)

»t
where V(1,2) = V,(x,,) + B(x,,)

{2,2.15)
can be decomposed into a set of different operators that
can be characterized by commutation relations with the
electron (positron) number operator. If we use the
decomposition of the wave operator (1.3.12), then H,
consists of terms that:

i) scatter two electrons,
ii) scatter one electron, create a pair, or destroy a pair,

iii) two pair terms, and positron scattering terms.



The no pair ansatz then only describes processes of the
first type, however the effects induced by ii) should also
be manifest when on goes beyond the no pair approximation.
In order to do this we make a generalization of the
Schwinger transformation?'o. in order to decouple the

terms of type ii) to O(e4). Let us be more explicit in

our decomposition described above for the Hz. We have,

H:2 = terms of type i,iii, +

+
Idxlfdxz[%f(-xl)%{.xz) v(1, 2 Wix ) Yixy,
+
+ ‘e(xl)k(xz) V(I.Z)Hg(xz)"[é(xi)]

(2.2.16)
where we have uwsed (1.3.12), and defined the field
+
operators \[é(x). W&(x) which create, destroy electrons
+
respectively, and ‘,(F/'(x) ’ V:(x) which create, destroy

positrons. The Hamiltonian H' now has the form ,
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] [ 4
H' = HO + H2 + H2 + O(e)

(2.2.17)

where H2' are the terms given above, We now employ the

Schwinger transformation except that we now replace

HI(t) in the generator & with Hz'(r). After carrying

out the identical steps given previously we have,

Hl 3 - eio- HI e-io—.

= H, + H, + i/Z[CV. sz + ve
where
o)
T = -1/2J/6r€(t) Hg'(t) e'"’ﬁ’
—

When evaluating the commutator above,

(2.2.18)

we are interested

only in the terms that commute with the electron number

operator( the neglected terms appear only in higher

order). The resulting terms will be three, two and one

electron operators. We are interested only in the three

body operators hence,

52



o
+i/2[0‘,H2']= ~-i/4 fd‘[f(t) [H2.(t)'H2']

=)
oy
= -1/4 fanetw fdxlfdxzjdx3

t+ t t+

()T Jih(2)T A (5 v(2.3)¢/(x3) \0(:2)\0(*1) + Hee
=)

{2.2.19)
where we have used the commutation relations (1.3.9), and
the definition of the negative energy projection operators
given in (1.3.24). The above operator in the occupation

representation becomes,

t et
Hp' 1/2 anblbmbm.bllbn. vﬁlm;n. llml + H.c

where,

=
vilm.n'l'm' =§E}<n 1IV(1,2)ln' s>’/(Wnn'+ E1 +[EJ)*
b
<§ mlv(3,4)ll‘m:>

(2.2.20)
where the energy denominator results from the trivial time
integration. We can use (2.1.25) and (2.2.8)for the matrix

elements of the two body operator to get
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p
thl,n'm'l'-

L=y

Z Cﬂlan's - Unl,n's - nln.sn)/(wnn' + El "'IEsl)

5

( Csm,l'm' -nsm,l'm' -nn\s,m'l')
(2.2.21)

Adding H and H, the total three body

c-1¢ Hpope

interaction Hamiltonian is given by,

+ + +
H(3) = 1/6 fdxlfaxzfaxa Wex ) Wi Wi )

S (12,3 +A g p(1,2,3) +L501,2,9) Wixg) Wixy) Wi

(2.2.22)

where, AC_T(1,2,3), AT_T(I,LB) are given in (2.2.4),
and (2.2.12) respectively, Ap(l.2.3) is the operator in
the spatial integral (2.2.19), and S is a symmetrization
operator with respect to the particle coordinates. Using
the no pair ansatz, and carrying out (1.3.20), one gets
the configuration space equation (2.2.19) with an
additional configuration space three body potential given

by
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v, =1/ez AN DA LA L(k) x

'\(1'4“'-

S(AC_T(i.j.k) +AT-T(i,j.k) +AP(i.j.k) ) x

ISV ARRE O B

(2.2.23)
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Chapter 3

Ambiguities associated with the decoupling
transformation discussed in the previows chapter are
investigated. The degree of freedom one has in the choice
of a decoupling manifests itself in the appearance of non
unique two, and three body potentials. It is shown that
these potentials differ with respect to time reversal
symmetry. A certain class of these ambiguities are
resolved in section 3.1, In section 3.2, we make an
cbservation concerning an apparant violation of the Pauli
exclwion principle by some of the three-body potentials
derived in the last chapter. Finally in the last section,
we rederive the Primakoff Holstein three body potential
from QED wsing a "classical limit", where the electrons

exchange low frequency or "soft" photons.
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Section 3.1 Ambiguities in the photon decoupling

trana formation

In the previows sections we have employed the
Schwinger canonical transformation, on the QED Hamiltonian
to decouple the radiation field to 0(e4) in the coupling
constant. The crucial property of the Schwinger
trans formation that allows uws to decouple the radiation
field is given by equation (2.1.12). The Schwinger
trans formation obeys thia operator identity because the
time deritative of the discontinowm step function is a

delta function i.e,

P€lt) = 2§ () (3.1.1)
ot

€(t) is not the only function that obeys this equation,
another independent function is given by ~2 9(-t). Instead
of the Schwinger transformation let B consider the

trans formation induced by the generator

O

O'-fdz:@(--c) Hy (T) e 7T

-

(301-2)

We now evaluate the commutator,

57



oy
i[om.m,) = -fdr -v  nB(me V= -

-

(3.1.3)
where we have integrated by parts and uwsed the property of
the step function, éa;r@(-t) = - §(r) (we have again
neglected the derivative of the adiabatic convergence
factor). Therefore the trans formation defined by the
generator (3.1.2) will also diagonalize the QED
Hamiltonian with respect to the photon number to o(e4J.

Ags a matter of fact we can define an even more general
trans formation

H->H = eiCT'(a) H'éic)"(a)

where,

o0
o ta) =lat e(o)B (r) e~ "7 £(r) = -1/2 €(T)a+(1-a) @ (-x
I
(5]

(3.1.4)

(a) bpeing an arbitrary real parameter. It is obvious that
6(a) also obeys the operator relation {3.1.2). We now have
a situation where the decoupling of the radiation field,
is not a unique procedure, which in turn suggests that the
two, three body potentials derived in the previow section
are also not unique. The decoupling transformation given

by (3.1.4) can be parametrized by the arbitrary constant a.
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For a = 1, we should recover the results obtained in the
previow section since this choice correspond to the
Schwinger trans formation. Let B investigate the
dependence of the two body potentials on this parameter.
We recall from section 2, that the form of the nonlocal

two body potential is given by
V(1,2) = Vo(1,2) + B(1,2)

(3. 1-5)
where B(1,2) was defined in (2.1.19). A new two body
potential can be derived by the replacement of the €(t}

step function in (2.1.19) with a€ (¥) - 2(1-a)6(—t) , L.e.

[ 5]

B(1,2})— B,(1,2) = -ie?/4 jd'!:[E(‘l:)a - 2(1-5)0(-1')]&

LN(DT °<°‘D“ 2) X" emiR(1)ZT 4 ( 182
IRAR 2
ar (3.1.6)

Let us look at the form of the potential Ba(1,2) for
various values of the parameter a. For a = 2, we can
recast the Ba.l(l,z) potential in the same form as
(2.1.19) except by replacing the photon propagator
D(xlz.t) by a retarded photon propagator DR(xlz,t) =
29(t) D(xlz,t)- The retarded propagator vanishes for

t{0 ,likewise for the case a = 0 we get the advanced



propagator Dp(x;,.t) = -2 9(-t)D(x12.t) whereas for
a = 1 the propagator is symmetrical in time. We thus
notice that the parameter {a) just picks out the various
temporal boundary conditions for the electrodynamic Greens
function 21.In the literature one usually finds that the
choice for the retarded propagator is made in order to
have cauwal solutions for the physical problems at hand.
This is usually a sensible choice when is one dealing with
scattering problems where there is a clear distinction
between past and future, however this is no longer true
when we are dealing with bound state solutions of a
guant um mechanical system such as an atom. In a classic
paperzz. Feynman and Wheeler, analyzed in detail
causality problems that are encountered in classical
action at distance theories. In fact, they showed that
only solutions that are symmetric in time will not violate
causality, (this is true only for a static universe23).
Therefore, at this stage, we will not make any a - priori
choice in the value of the parameter (a) but, instead, see
how far we can carry the formalism until we get to an
ocbvicus motivation for choosing any particular value of
(a) over another.

Let ws first look at the form of the two body
potential in the occupation representation. This was done
for the Schwinger transformation ( a = 1) in section 2 ,

for the more general case, the time integral in (2.1.23)

now becomes,
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P( 1/(ck+W__ ,) + 1/{ck-W__,} ) >
p(l/(ck+wnn.)+1/(ck-wnn.))+(1-a)n-i[ &(ck+wnn.)qﬂck+wnn,i.

(3.1.7)
performing the k space integral as in (2.1.24), we get

instead of the 77 matrix elements defined in (2.1.25),

+ -
nnm,n‘m' ? nnm.n‘m' -O- nm,n'm’ (1-a)

where,

Lo e = 1e272¢n m} (V& +VV° )

(ch/W_ 1%/ (sin(Wnn'r/he) | n' m'D>

n

(3.1.8)

At first sight it might seem that the appearance of the
imaginary factor makes Ba(1,2) a non - Hermitian
operator, but it can easily be proved that Ba(1,2) is a
perfectly acceptable Hermitian operator, since

~n b

Ba(l,Z) =

(L)
. . b
-ie?/a fd-c f(r) ePVT o pr12,z)0x, e~ iR(1IE
-
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= Ba(1.2) where we have uwsed, I;-(I.ZT.) = = D(1,2T)

(3.1.9)
Let 8 now define an operator r‘(a) which is the
difference of the potential derived in section 2, (a = 1)
and the potential for any arbitrary value of (a). This
operator in a sense " measures" the degree of ambiguity of
the two body potential . After a little algebra and making

use of the identity €(T) = §(z)- g(-t) we nave,

[L(1.2) =

g
. O b 4
-ie2/4fd'r: (1~a) elh(l)t °(| Dab(r12't)°(‘- e ih(1) T + (19> 2)
- )
(3.1.10)
Let u3s now take matrix elements of the above oOperator with

respect to the Dirac - Coulomb wave functions, we get,

{n m| ra(1,2)|n' n')=
- (L
(1 a)('n“ nm,n'm* * mn,m'n') !
(3.1.11)
where the JL matrix elements are defined above,
We notice that for energy on-shell matrix elements i.e.,

(W, + W ) =0 the {n mlpa(l,Z) | n* m'> vanish,

n
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becatse the functions_a- , are odd with respect to

nm,n'm
the sign of the energy difference. We thus come to the
important conclusion that our ambiguity in the non local
potential Ba(I'Z) appears in only the off shell
matrix elements of this operator.

We can get a better handle on the physical situation
presented here if we investigate the time invariance
properties of the operator Ba(l,z). We introduce the

single particle relativistic time reversal operator24

given by,

T = -ib(l°< 3 K
(3.1.11)

where the four dimensional spinor operators 0<1 0(3

are given by

X a

1

- ©
o

X . =

3

éq 0
o

(3.1.12)
O, and C; being the two dimensional Pauli operators.
K is the nonrelativistic time reversal, anti-unitary
operator. The multiparticle T operator is defined as a

product of the single particle time reversal operators.
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In order to investigate the time inversion properties of
the Ba(1‘2) operator let ws first investigate the
behavior of the photon propagator (2.1.15) under time

inversion i.e,

+
Dap {120t} 2 T Dy (xy5,t) T =

K [2ic/(2ﬂ')zjrd3ﬁ/k ( Say- l\“\q"a )elkF sin(ckt)}K
= 2ic/(21r)2 a3 /x ($a - Ka Ky )e-ikr sin(ckt)

= - Dy (xy50t).

(3.1.13)
The time inversion behavior of the Dirac matrices

are, 24

¥
Q<a_=’.r°<a.r

= - 03,
(3.1.14)

Using these intermediate results we can now make a time

fad
reversal transformation on B_(1,2)., Representing



this operator in the form ,

B (1,2) = B(1,2) + [.(1.2)

(3.1.15)
We have ,

- . o * —ih()t\,t
T('ie2/4fd1: g(zr) eIN(IT Doy (xy5,T)%: @ )T

-

o)
b +ih(1) T

, a
= +ie2/4[d1: g(r) e~ IN (1T (= Dy (x5, T) ) Ky e

-

(3.1.16)
where g(T) is an arbitrary real scalar, and we have used
the time invariance property of the Dirac - Coulomb
Hamiltonian h(1l). The function g{r) = €(t) for the 3(1,2)
operator, and g(T ) = 1 for the I;(1,2) operator. We

therefore have,

TE(1,2) T=TBL, T+ [L(1,2)T

= By(1,2) - [,(1,2)
(3.1.17)
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We thus conclude that the two body potential is time
reversal invariant only for the choice a = 1 sinceIl
changes sign under time reversal. We know that QED is a
time reversal invariant theory, however by making a
unitary photon decoupling trans formation we are in essence
picking an ansatz for the Fock space eigensolution that
does not have the same symmetry property as the
Hamiltonian. In this way we are "breaking" the time
reversal symmetry of the QED Hamiltonian for any choice
a ¢ 1.

The above ambiguity in the two body potential has also

25. he uses integrability

been menticoned by Nambu
conditions in order to- attempt to resolve this ambiguity.
Also K.N.Huang26 points out that ambiguities in the
position of the poles in the k space integral of the
virtual photons, results in different expressions for the
interelectronic potential. Both authors do not give any
clear cut resolution to these ambiguities. In addition
they rely on S matrix theory in order to obtain two body
potentials, this method does not guarantee Hermitian
potentials. The canonical transformation method does not
suffer from this drawback. We will now show that for
systems with bound states the above ambiguity is resolved,
the Schwinger trans formation (a=l) being the only well
defined cancnical transformation.

i0 (a)

Consider the action of the operator U = e on

an N electron state vector |N7

66



67

U|N7-=(1+1CT+iz/20"2 + )’N)

(3.1.19)
Let's consider the third term in the above expansion, and
for the moment consider the special case a=0, Using the

definition (3.1.4) we have,

o ]
2 t + t
i /2fdt1 Hl(tl)jdt2 Hy(t,) e"!(u t][N}
- )

-0

(3.1.20)

We can rewrite the above expression as,

o o
2 (t,+ t:)
Zi /2fdtlfdt2 HI(tl)HI(tz) e Nl + (tletz)}\ N,
- -
(3.1.21)
Inserting a complete set of fermion states on the

left hand side, and carrying out the time integrations, we get,

]
Z "12/2 i/(wnn.—Zi"’\ ) \N'><Nllfcbiﬂl ei(H-an\' )s
-

"l

=i{H = Wnn'ls s
+ Hle e’\ “N>

(3. 1. 22)
When the unrestricted summation includes the state ]N} and

IN)ia a bound state, we have



68

°
lim 12/2 1/m lN><N|fds He tH y oM N>
Ny -

(3.2.23)
As the adiabatic factor'ﬂ goes to zero, the integral
jﬂh is well defined since 7 will determine the location
of the poles in the X space integral over the virtual photons.
However, the 1/+ factor outside the integral diverges in this

limit. When we carry out the same procedure for the general

trans formation U(a) = eiCT(a)' the t, integrals in (3.1.21)
have the form,
o
/dt (-1/2 €(t)a+ (1-a) §(-t) e~ Mt iWaw e |
S

sif2faf1/ (0 -im )+ /W +in )] —2(1-) /06 -im))

(3.2.24)
When wnn’ = (0 the above integral is defined only if a=1
(Schwinger transformation) if we follow the convention that
the limit 4[#0 is taken after everthing else is evaluated.

The above singularities are reminiscent of similar

51ngu1ar1t£$? encountered when the Dyson operator U(0,far) =
P [exp(;ifﬂtﬂl(t])](P is the time ordering operator) is
evaluated’with a Hamiltonian containing bound states. Gellman

27

and Low showed that these singularities can be removed

by a renormalization of the state |N>. In the language of
diagrams, this entails the cancellation of disconnected

diagramsza. In our formalism such a renormalization



would destroy the unitary property of the decoupling
transformation. We therefore conclude that the Schwinger
trans formation is the natural choice for the decoupling
transformation, since it does not give rise to undefined
terms when the adiabatic factor vanishes.

So far we have been working in the framework of the
Coulomb gauge. if one considers the QED Hamiltonian in the
Lorentz gauge, the interaction term H, + H. gets

replaced by,

pll) o efdx Ja”
I M
(3.1.25)
AA
where q“, A are the covarjiant four current, and potential
repectively. Performing a Schwinger tarnsformation in

gL) , one gets instead of the

order to decouple H
Coulomb and Breit operator (2.1.19), a new two body
potential whose matrix elements are given

byzo.

Vinl,n'1'= Cnl] -1/2r e2 (1 - X, Xy )

cos(wnn.r/hc) + cos(wll.r/‘hc:) ln'l’>
(3.1.26)

for on shell matrix elements (wnn.+wll.-0) these
reduce to the corresponding mratrix elements of the two
body potentials derived previously. The ambiguity again

appears only in the off shell matrix elements. However,
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the Coulomb gauge seems to be the more physicaly appealing
choice, since the Coulomd interaction is treated exactly
to all orders in pertubation theory in this gauge, and it

is probably the most important e-e interactijon.



71

Section 3,2 Pauli principle violating diagrams

On closer examination, one notices that the
unrestricted sum over the intermediate states in (2.2.8},
and (2.2.14) will contain contributions from states that
violate the Pauli exclusion principle, i.e. more than one
particle is in the same state at the same time. The
occurance of Pauli violating diagrams in many-body
pertubation theory has been known for sometimezg. We
will delay discussion of the past literature to a later
paragraph. For now, let us investigate in detajil how these
diagrams appear in our formalism.

Let w discuss the contribution to the energy shift in
a three electron system due to the presence of virtual
pairs. A part of the shift comes from the three body

potentials given in (2.2.19). The lowest order shift due

to these terms is given by,

A = (RPN

(3.2-1)

where [\1/>is a three electron system,

+ +
1/4_3: bab;bc IO> , &a,b,c, being the electron

quantum numbers. Expanding the above expression we have,



AEH) = 1/62 (Ugbc abc] - Uibc.[bac])

%)

(3.2.2)
where the summation is over all the even permutations of

indices in the brackets, and

P P

Uabc,a'b'c' - Va‘bc,a'b'c' + vEab.c'a'b‘ +
P P

bca,b'c'a’ + vbac.b'a c' + vacb.a'c'b' +

. = 8( VP

abc,a'b'c

')
(3.2.3)

where we have used (2.2.20).

We will now go on to prove that all the terms in the

above expansion violate the Pauli exlusion principle. This
fact becomes apparant if we proceed to reexpress the above

shift in terms of time ordered Feynman diagrams. The above

shift can be rederived by wsing standard pertubation

methods. We can evaluate the total energy shift due to the

interaction H, given in (2.2.15) by28

AET = -i'i}(dt f olH (e ) H (t,)]0) e tignte

connected

(3.2.4)

72



73

The shift [XE(B) is contained in a subclass of
diagrams of [&ET which are generated by a single Wick
+
contraction of the type Vb(tl)ybktz) in the above

expectation value. Evaluating (3.2.4) we get,

e ¢
AE( 3) = —Rl#\fdtlfdtz
-0 L

+ t +
bl (£ )b (£,)b) (t,)b,, (e b ()b, (£,)

(34

Z(ng lV(lz)ln'l'><lle(34)lsm'7 e-iAW(t.- t,)
s

(3.3.5)
where we have used,
+ +
‘J/ultl)'#(xztz) = <0[W(x1t1) l//(xz,tz,)[l})
t="
+ -1 -
- Z Q(x)) @Gixyde L[Es[ (t,- &)
5
bn(t) = eiE“ t b . and V is given by {(2.2.15), and
AW'-(Em-Em.)_(El, +lEJ)
(3.3.6)

The Fock space operator in the above shift can be
expressed as a time ordered diagram, Fig.Z2a. In this

diagraw,



the initial states n',1',m' are scattered into the final
states n,1,m, under the interaction V, with the
propagation of a virtual electron positron pair between
the interaction times tyets. After doing the time
integrations and, evaluating the expectation value one
recovers the shift (3.2.1). This shift is now expressed as
a set of thirty six diagrams of the type in Fig.2a, where
now the the initial and final states are all permutations
of the quantum numbers a,b,c,.There is a minw sign for
diagrams where the incowming states are an odd permutation
of the outgoing states. We call these exchange diagrams,
whereas for even permutations we have direct diagrams. 1f
the diagrammatic representation is taken seriously, one
notices that every diagram in the above expansion contains
two electrons in the same state between the interaction
times t,.,t,. That is, each term in the shift (3.2.4)
violates the Pauli exclusion principle. At first sight
this is a startling conclusion. After all, we have imposed
the anticommutation relations (1.3.9) on our field to
insure the validity of the Pauli principle. The resolution
of this paradox is provided if one looks at additional
terms we have not yet considered in the shift (3.2.1). 1f
we perform an additional Wick contraction of the type
U&ttl) U&?tz). i.e if we include the propagation of a
virtual electron, we get an additional shift, that comes

from two particle diagrams. We get
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(a)

L
n L - - - . 1 m t
r'S
F 9
~
4
. N
n 1 i m' to
(b)
m n - m
N
-~
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F S
n' m' n' n
i Vii
nm,n'm' nm,n'm’
n m n m
»H
W o 4
Y T
1 ~N $ 5
o~ - - — N —_ =
4 A
rll ml nl ml
iii iv
nm,n'm’ nn,n'm'

Figure 2. (a) Diagramatic representation of the three body
shift (3.2.3): (b) diagramatic representation of the two body
matrix elements (3.2.5).
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AEs = ) SUBSy o v WD

where,
) ¢ = .
vr(llll,n'l' - z Z(mlv(lz)lql'><q1\V(34)ln's> /4 w'i)
§ ~
V,ﬁi‘,ll = " &ns|v12)lan' D@1lviaa)|s1) /g wiit)
V(iii) (ii1)
nl,n'l' = " <ns[V(lZ)[n'q}(lqlv(34)lsl'> /AW
(iv) (iv)
nln'1l' = " ={ns|v(12)|n'q)Galvi3ar|1sD /aw .
(3.2.7)

These are represented diagramatically in Fig.2b. The energy
(3)

denominators AW again correspond to the difference
between the final and intermediate state energy for each

diagram. Taking the above expectation value one gets,

- (3) _ oyl
A'E(Z) 1/6 z: s( Vab,[ab] vba,[ab])
1

- (1 _oyld)
176 Z ( Va5, {ab) ™ Ya,tavl! *
?
(3) (3) (3) s oytd)
( Vi, [ac)” vca,[acl) + U %e, Ibe) vcb.[bc])

{3.2.8)
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(3) = yld)  _ y(3)
vﬁb.[db] vab,ab de.ba'

As in the three body matrix elements we define direct, and

where,

exchange terms of the two body matrix elementa, according

to whether the diagrams have even or odd permutations

of the initial states with respect to the final states.
Let 1B now look at a particular group of terms in the

shift (3.2.1) that are given by,

(=

Uabc.abc = S( z (aslV(lZ)lab7<bc ]V(34)\sc> /AW
3

(3.2.9)
where S is the symmetrization operator defined in (3.2.3).

We also look at the direct two body term ,

(iv)
S(vaC;ﬁC) =

-s Z 2 {asiv(12)]a'qXal|v(34)lsc) Jawiiv)

(3.2.10)
For g = b the two body term will cancel the three body term
above. This cancellation is illustrated on the top line
of Fig.3, the minus sign in front of the direct two body
matrix element S(v;éfic) comes from the closed fermion
loop in the corresponding diagram. The thirty remaining diagrams

of the three body shift are likewise cancelled by two body

diagrams, this is illustrated in Fig 3.
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a b c c
T *~ ~ A
| - +
~ R - — -
F A +
b a C a C
= Uabe,bac Direct terms
a b C a b
~
A
- N r
+
_____ A
4+ T dL Jk
a o b a b
- Uabc, ach Direct terms
Aa b ¢ ag c
h L 3
Nes . -
b $
* + + F 3
A
c b | & c| a
= Uabe,cba Exchange terms

Fi?ure 3. Cancellation of the three body (pair) energy
shift with two particle diagrams. Each set of diagrams
above are permutated with respect to the particle
coordinates generating thirty six diagrams.



Uabc,cab

..._..-..\s\‘
= e

Uabec,bca

Direct terms

Exchange terms

Exchange terms
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We must now decide whether the three body terms that
violate the Pauli principle should be discarded, or taken
seriowly. Firast let us discuss some of the past
literature concerning this point. In a seriea of papers,
Kelly29 points out that the largest contribution to the
correlation energy of a nonrelativistic atom in fact come
from diagrams that violate the Pauli exlwion principle.
The existance of these terms was shown to be a result of
the cancellation of disconnected diagrams in the
pertubation serieszg. Thue the mere presence of Pauli
principle violating diagrams should not be the cause of
great alarm. On the question concerning the cancellation
of these terms with some of the two body diagrams in Fig.3

let us consider the graph below.

b
b Q. A
Y B T
a,
o {-l
Q
b a b

Fig.4. Cancellation of photon exchange diagram.

The diagram on the left describes photon exchange between
two electrons, while the one on the right is a self energy
diagram. For the labelled states the matrix elements of

the two diagrams cancel since they both violate the Pauli
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principle. However, it is the wsual practice to treat
these diagrams as separate entities, in order to carry out
a renormalization scheme, even though some matrix elements
get counted twice. It is this philosophy we use in dealing
with the three body diagrams in Fig. 2. In fact in the
next section, we shall show how some of these diagrams
reduce to the Primakoff Holstein, classical three-body

potential, when the electrons exchange soft photons.



Section 3.3 Classical limit of the three body potentials

We would now like to make the connection between the
three body potentials derived in chapter 2, and the
classical three body potential (1.1.11) first derived by
Primakoff and Holstein, and also rederived by Chanmugan

and Schweber30

for nonrelativistic quantum mechanical
particles interacting with a quantized electromagnetic
field. The above authors pointed out that the classical
potentials are the result of the emission {absorbtion) of
two photons from the firat particle via the A2 term, and
the subsequent absorbtion(emission) of these photons with
the second and thirad particles respectively via the ﬁ-i
terms.(See Fig.5a)

We can no longer make this identification in the
relativistic case since the fermionic current interacts
linearly with the radiation field. However, it is well
known31 that the diagram in Fig.5b, describing the
scattering of an electron with momentum p, and a photon
with momentum hk, goes into the nonrelativistic expression
{Thomson scattering) in the limit p/mc, hk/mc {<1l. In the
same manner we expect the three body term in Fig. S5c to go
over into the classical expression (1.1.11} in this limit.
We will now verify this expectation, first we wish to
isolate the terms in the Hamiltonian (2.1.1) that are

responsible for this diagram. The interaction term (2.1.3)

can be divided up into,
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jdx J(x) A(x) = fdx[.:l-ee(X) + Epp(x)]';(x)
t[;;p(x)-;(x) dx

(3.3.1)

where E;E, Jpp scatter electrons, and positrons
respectively, and 3;p creates (destroys) pairs. The
electron scattering terms in Fig. 5b, are given by the
iteration of the pair current above. We can explicitely
construct the operator for this process, by introducing a

unitary transformation similar to the Schwinger

trans formation, where now the generator is given by,

o}
Oy = -1/2 fdr €(T) a"epvc)i'm)
-
(3.3.2)
Using the relation,
o
ifor .my) = - Hitep) - 1/2fdre(z> J(r)-A(0)
oo
(3.3.3)

Where H;{ep) is shorthand for the last term in (3.3.1)

and, A(O)E giaic)\gsfhe relevant term responsibvle for

the process in Fig. Sb, is given by,
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Héc“ = i/2[o; 1 (ep)] =

[+ )
-i/4 fdrﬁx fdy élz) [J:p(x.r).sz(y.t)]Aa(x.O)Ab(Y.O)

(3.3.4)

We have neglected contributions coming from the latter
term in (3.3.3) since these are small in the soft photon
limit. Evaluating the commutator by contracting the

positron fields, and doing the time integrals, we have,

P |
(cl) _ _ ¥
Hy 1/22 anbn.
S

nn'

fdxjdy @ (x) & Alx) P10 @ (y) 6, Aly) @, (y).
(E +IBE.1)

(3.3.5)

(Tn order to simplify the discussion let uw consider
h{x) =c&.p + me 2 as the zero order Hamiltonian,
therefore the @n(x). Qg(x) are free electron, and
positron spinors respectively.) For slow electrons
pn/mc <<1, and hk/mc << 1 we can replace the denominator
in (3.3.5) by 2mc2. This can be proved by evaluating a
matrix element above wing free particle spinor wave

functions. A typical term will be proportional to,
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f- —
6(py-p, + ¥){U(p )X € Ulp ) )
\/(p + k) + 2mc ~

+ —
8 (p,-p, + ¥)Cu(p,) X" € ulp, Pomc?

(3.3.6)
where U(p) are the momentum space spinors, and E-k)is the
polarization vector of the field A. Using the completeness

relation,

()

-1
Y @) Piy) = 15 x-y) - ) B x) By
$

(3.3.7)
we get,
el o 1/2me? Z b b [dx
2 . n n' 1
t a _a b .,b
@ (x) X2 a%(x) X7 A% (x;) @G, (x))
{3.3.8)

where we have neglected the contribution coming from the
sum over the positive energy electrons, since the X
matrices couple the large components of these terms with
the small components of @%(x) .Therefore they give
O((p/mc)z) corrections to {(3.3.5).

Finally we can get the three body operator in Fig.5c,

by iterating the electron scattering terms in (3.3.1} via
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another Schwinger trans formation with the generator given
-]
by, O = _1/21(1':‘6(1:) Eee(t)-ﬁ-s(t). The relevant
=&
three-body operator will be contained in the term,

ch” = 12/2[0',[0_, H(zc”]] . Evaluating the

photon commutators we get,

= LY

m'bl'bn' fdf, E(T')]dfge(rg)eiw“'\'rlelwlt'fu

n i Zm o
bt

» + *r Mqua a
fdrldrzdr3 ‘49”(1'1)991{1'2) (.Dmtr3)t>(l (rl'l'..r3)°'(,_

2T b +_ ¢t
1/8me z:bnblbmb

D(:Dvb(rz ,r3)°<3b Wn‘(rl) wl(rz)wml(r:a)'

(3.3.9)
Carrying out the time integrals, and using the nonrelativistic
approximation, Wnn.rlthc, Wll.r23fhc, << 1, where

ri, = | rl-rzl, we have

chu = 1/8mc? 2 b:,lb+lb+mbm.bl.bn.
<nm1l 30(,'%/!12 + (oC,- ;12 0(?.'?12\/1-12 } X

U % /ry0 4 (Wafyy &GFy3)/rp50) batm1eD

(3.3.10)



Interchanging r;, , r, , and wing the anticommutation

relations 10(3, X b‘ -zgab we get,

(C‘l) o 2 r + + 3
H3 ]./BITIC anblbmbm'bl'bn' Vnml'n.m.lu

where, V3 L= Cnml]a(1,2,3) {a'mt 10D

— — — — " — — -
e <om1|( X, X5+ “(n"?la Xy ry3 * I>(u"?a'z Xy 3 +

A Y - A A
r1yfay X Fyy 5Ty Mgy rp3) [ntitet

(3.3.11)
One can now get the configuration space three body potential
from the above coperator by, proceeding in the same manner as

in (1.3.20) thru {1.3.23). We get

v3(1,2,3) =

Z«.-“/em2 A A Ao a,2,n A 0 A A
Tk » + + + + +

Lt

{(3.3.12)

If we make the identification pi/mc > °(i/c . the operator
7

e
6;\1,&*0(1.2.3) reduces to the Primakoff Holstein potential

(1.1.11).
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(a) p-A

Kl
b 7

(b) 4
X < - we
Lunnf
3 7w Ak
Ak . LULL

KK
A=y
l
1
(c)
y u ~ a ~
A
3
(- T —>
E: Rt
L) } ™ W
JF -~ ~ A
4 4

Fig 5. {(a) Nonrelativistic diagram giving rise to the
Primakoff-Holstein potential: (b) the Thomson scattering
limit: (c¢) The nonrelativiatic limit of three-body

potentials {(due to virtual pair creation) into the
Primakoff-Holstein potential.



Section 4.1 Evaluation of the three body energy shift

in lithium like ions

The main result of the previous sections is given by
equation (2.2.23); the expression for the total three body
potential in configuration space. It is the purpose of
this part of the thesis to determine whether these three
body potentials become important for the atomic structure
of heavy atoms. In order to make progress in this
direction we consider a much simpler and naive system; a
high Z (Z%X ~ 1), three electron ion, and calculate the
energy shift of this system due to the presence of the
three ~ body interelectronic potential.

Experimentally one might determine the three body
contribution to the shift by looking at the ionization
potential in the lithium sequence. We define this
potential as the difference of the ground state energy of
a helium like ion, and the energy of the three electron
ion: both ions having a nuclear charge Ze.

Let s consider the eigenvalue equation for the

lithium like ion

(Z\(i) /\+(i) + szti,j) + Z V(i 3.%) Y =W
]

LEEN e
(4.1.1)

where V2, V3 are the two, and three body potentials

2
respectively. V., is smaller than V, by a factor €,

3



therefore we can express the solution to the above eg. as,

/
\b' ]’02"' 6L¢ + o(e’) +...

(4.1.2)
where 1#2 is the solution to (4.1.1) with vV, =0,
and vyis the first order correction to tﬁ;. Furthermore
let w consider ‘d@ to be a solution with even parity.

The ionization potential can then be defined as

IP = TP(2) - (¢2|v3[\&2)+ o(e!) +...

(4.1.3)
where IP(2) would e the ionization potential if the three

32

body potential, V.=0., Layzer and Bachall have

3
developed a pertubation expansion for IP(2) in terms of
the expansion parameters 1/Z, and (2% ). This expansion
has bheen utilized with wide success by many authors 32,
however we are only concerned with the evaluation of the
three body component
A\E = <¢2IV3II//2>, of the above expression. For
high values of Z we can approximate the ' 2 by the zero
order wave functions Il/g, the states constructed from
Dirac - Coulomb wavefunctions. This is valid since the
central nuclear field (we neglect the finite nuclear size,

which will be jwstified by our final result) will dominate

over the two body interelectronic potential for a
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three-electron ion. This is a restatement of the 1/Z, Z«
expansion wed by Layzer and Bachall, the difference
being that we use the full Dirac Coulomb wavefunctions for
the zero order states, whereas Layzer-Bachall start from
the nonrelativistic wavefunctions in their perturbation
expansion. 1f we are interested in only the the even

parity solutions of "!/2' then we can express wg
in terms of the 1ls, 2s, Dirac Coulomb wavefunctions,
i.e 02 \Y)= (1s%2) %,

Tnstead of using the configuration space
representation of these potentials it is more convenient
to calculate the shifts in Fock space. Reexpressing the
state\\p7in the occupation representation and uwsing the

c-T Hp. HT-T

Fock space Hamiltonians, H ’ , constructed

in chapter two, we have,

AE = SYECTTIWY + QPP D + (Y ITTI D

(4.1.4)
In order to calculate the above expression for the
Coulomb=-transverse, and transverse-transverse shift we uwse
an approximation that we call the static limit
approximation {SL). Justification for wing this, and
other approximations are given in the last section of this

chapter.
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Section 4.2 The Coulomb - transverse contribution

Consgider the three-body operator (2.2.5)

E C-T
HC-T bnblbmbm'bl'b vnlm,n'l'm' + H.c
nlm
"‘ ll“l
(4.2.1)

Cc-T
where the anm,n'l'm'

These matrix elements are composed of the 77n1 n'm matrix
r

are given in (2.2.8).

elements given by (2.1.27). We will now consider an
approximation for these matrix elements which will be
justified in a later section. We approximate (2.1.27) by
expanding the cosine terms to second order in a Taylor

expansion, we get

~ 2
nnl.n's =-e/2

<n 1[0(l o, (L - 1lllm,‘.r].2/2h c )/l:12 +

2 '
Woin'¥is 12/2h° [n s

(4.2.2)

the 77n1,n's - 771n,sn' , factor in (2.2.8) then

becomes,
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e?/4n?c? {n ll O‘zl-g(,_ ‘12‘":2m' - H%B) [ n 8)

(4.2.3)

or

- 2 — —
vﬁl:,n'l'm' * X /42611!(’(!' Lr12mnn'-“1s)'ns>
<%m|1/r34\1'mt>, (x = eﬁic)-
{(4.2.4)

Using the above expression and the Dirac equation to replace

the eigenvalues with operators we get

°<2/4 Z<n1' [h(l), &l’o?'-‘u.] - [h(z), &l'i‘12]|"'9>

s

<srn | 1/r34\1'm'>_

(4.2.5)

We now use the completness property of the Dirac spinors and

include the H.c term in (4.2.1) to get

++ ¥ C-T
HC—T 'anblbmbm'bl'bn' inm.n'l'm'
nim
ne )/

where,
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G =« Zanwm|[[ne0), Koy ]0 1y, ]

nlm,n'1'm'

- {[re2, Q‘-;(lru]. 1ty |ln e ) =

0(1/4411m! ihc[&z'( ‘7}_ 1/r23), é(-l.&trlz]\n'l'm'>
(4.2.6)

where we have used the Jaccbi identity for the double

commutator and,

[h(l). 1/r23] =0, [r12 , 1/r23]= 0,

[n(2), 1/5,,]= -ine 0, (Y, 1/r, ) -

(4.2.7)
Finally using the commutation relationship for the Dirac

matrices

[qa' °<b] =2 € a‘oczc

(4.2.8)

we have
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C~T
inm,n'l'm‘ =

cthex/2nim | (V 1/, (G 2L, G D n1te),

(402.9)

We mwust now evaluate the above matrix elements uwsing
13,28 Dirac=Coulomb wave functions . We express the four
component wave functions in terms of large and small

components (see appendix A.1l)

@iry = [P (e)/r KITB,¢)

ig (r)/r '{j'“‘(e,:{)
{4.2.10)

P,Q are the 1ar§e and small radial components of the aspinor,
with n as the radial quantum number. The j(;?‘ are the
two component spin-orbit eigenfunctions, with total angular
momentum j, and m as the azimuthal quantum number 44 is the
parity of the spin-orbit functions. In this section we will
be dealing only with 8 wave spinors, with gquantum numbers
y=1/2, and A= 41, We introduce a shorthand notation by
labeling the spin orhit functions with the superscript
denoting only the magnetic quantum number, and the subscript
by the parity assignment A= : 1, or by the orbital
angular momentum ) , which is related to M , via ,

A= 1/2 -~ 1/2(sgn(AM)).



We now expand the matrix element given in (4.2.9),

0 w e
e apicr = hex 2/2 fdrlj:lrzfdra {
[ o v

[Pc(r3)Pc. (ry) KXE J( Vr/e,5) xS )
+ g (rj)a,, (ry) (7(1‘;(3) (Q1/r23);x;'<3}1 X
[(Pa(rl)oa.(rl)Pb(rz)Pb.(rz)x

¢X2MAZ(2) 1060 ey ,x3 (A ()
- 0,4r )P (r )P (r,)P, (1)) X

<X AKX L6 Gy ir X2 (AL (2D
+ P (ry)a, . (r,)0,(r,)Q,, (r)x

(XX | 6L aE Hr XA XD (21
= Qu(r )P (r)Q (ro)a (r )

(X 21 xD(2) | (65 x 6 )rlz\x;"m;rg'(zj}

(4.2.11)

The bra-ket notation above refers to angular integration,
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the subscrits s, p, refer to s, p, state spin orbit functions,

and r:

; is now the radial coordinate of the i'th particle. We

now proceed to evaluate the angular integral,

@ (Tare55) 1 X530

(4.2.12)

for X =0, l. Using egn.(I1I-33) in Armstrong33 we can

represent the vector operator ‘a(1/r23) by,

V(1/x,5) =
Y (-D*(e(2k+1) (2x-21/3) 7 (57T [eR D (2)ck ()
"
for ( ryvyr, ),
T -1 (ke (20w 1) (26031 /) V(YD) [ K aack () !
[ L8
for ( r,2r,y )

(4.2.13)

We now consider the matrix element

L ' 14
X[k (2) kIl Ix(n > .
> @

this is proportional to the reduced matrix element



XKy Xy [ > x) o fr2x 1z
’ g o 0 © A1/ A

(4.2.14)

where we have used the Wigner-Eckart theorem,
and (A.2.9). The 3-j symbol selection rules require

A + A + k = even, thus for s-waves we require k=0, for
p waves the 3-j symbols are nonvanishing for k=0,2 but the
6-3 symbol is non-vanishing for k=1,0 therefore only k=0
will give a non vanishing matrix element, thus we need
only to consider the k=0 partial wave in the expansion

(4.2.13), .i.e

( ¥, /753 dymo = =[ch22c®3) ]+ 1/x]

= - c1(2)/r§
(4.2.15)

The r, integrations can immediatly be done to give

-1/:§ clizy d (m_,m_,)X
a

j;r3 {Pc(ra)Pc.(r3) + Qc(ra)oc.(r3)h
-]

(4.2.16)
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We must now carry out the rest of the angular
integrations. The r3-integration above is a tensor
operator proportional to C1(2). combining this result
with (4.2.11), the integrations over the ccordinates of
particle 1 and 2 will involve the scalar operator £(1,2)

defined by,

£(1,2) = i 0(1) ( c(2) x O (2) )|r,]
(4.2.17)
We can express the operatorlrlzlin a partial wave
expansion,
o0
k k
\rlzlazvk(l,z)c {1)-Cc"(2)
.
{4.2.18)

where vk(l.z) is given in (A.,2.11).
We can now recouple the operator f£(1,2) using the

recoupling formula (A.2.10) to get,

£(1,2) = ) 100 (1)-TH2))(ck(1).cF(2)) v (1,2)

5

= Y n®Lye ckan® (acken® v 1,2
&

(4.2.19)

where we have defined,
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rl(2)= cl(2) x 07 (2)
(4-2-20)

Although the summation over the indices k,L has an

100

infinite range, selection rules for the matrix elements of our

interest will restrict the sum to the k=1,L=1, partial waves.

We need only consider matrix elements of the operator

£(1,2) = 10 (nctanh ¢ rteaetan? vy, 2
(4.2.21)
We will now prove the above stated selection rules and
proceed to calculate the neccessary matrix elements of
£f{(1,2). A cursory look at the angular integrations in
(4.2.11) show that the integration over particle 1
involves initial and final spin-orbit eigenfunctions that
differ by one unit of the orbital angular momenta {(i.e the
initial and final spin orbit states are of opposite

parity.) Using (4.2.19) we must perform integrals of the

type,

a k L a'
<X Lmleomeang | X Ta 1
(4.2.22)

These types of matrix elements occur frequently in

applications, and in appendix A.3 we defined the

coefficient E"‘(j..ﬂL 1j', m' ;L) for matrix elements
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proportional to (4.2.22). In eq.(A.3.12) the selection

rules for these coefficients are given by, K=1, L= 0,1 for
the quantum numbers in {(4.2.22). We now draw attention to
the angular integrations over particle 2 in (4.2.11). The

relevant tensor operator in this space will be

( T2k lian 0L,

(4.2.23)

The L=0 term is proportional to the scalar product

2y elq2y = ( ctizyx T (2! cl(2)

= ( cti2)y x el(2))- 6 (2) = 0,

{4.2.24)
therefore we have proved that, (4.2.21) is the only
partial wave of f(1,2) we need to consider.

We now calculate the matrix elements of £(1,2). In

{4.2.11) we have a typical angular integral,

2 b a b
<)< _:M(l):xtvtz) [ £01,2)]X :M(I)'Ktvtz))

{(4.2.25)
where /4;V = t 1. Using the Wigner-Eckart theorem and

(4.2.21) we get for the above integral



xL=1¢ mom . imom ) X

ivy(1,2) EH/2 34 51/2 pasnex, rieh iy S

(4.2.26)
where we have used (A.3.9), and the definition (A.3.6)
for the magnetic guantum number coefficients XL.

We now need to evaluate the reduced matrix element

Xy lirieht x5

YAF) <7(t-v | (clyd) x ¢t hx,,>
(4.2.27)

where we have used (4.2.20), and (A.2.5). Expanding the

triple vector product we get
( cl.cho - cliF.- 3l =

o~ cl(& cly.
(4,2.28)

Therefore (4.2.27) becomes,
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147 X, 16 - el b x . y

(4.2.29)

We now make use of the well known identity,

(6 chy | ss=1/2,m, LMYy = |3.s=1/2.m, TMD
(4.2.30)

(where we have explicitly reintroduced all the quantum

numbers for the spin orhit functions). Thus (4.2.29)

becomes

AT (X MO Xy y> - <X et x_ -

(4.2.31)

Let w8 now evaluate these reduced matrix elements for

M= +1,-1 separately, first for M = 1 the above eguation

becomes
iA2 ( (3=1/2, % =0, s=1/2 07| j=1/2, X\ =0, s=1/2> -

{i=1/2, X =0, s=1/2 || ¢} I] 3=1/2, A =1, s=1/2> ).

(4.2.32)

We can simplify the above to get
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infz (2) {1/2 1 1/2} Cs=1/2 10 s=1/2D

1/2 0 1/2

- (-2){1/2 1 1/2} <A-ollc1 { >\=17J

1 1/2 ©

= i 2/\[3_ (4.2.33)

where we have wmed (A.2.8) and (A.2.9).

Also we consider {4.2.31) for V = -1, we now have
i/ 2 ( {3=1/2,8=1/2, » =1 WO || 3=1/2,s=1/2, X =1> -
{i=1/2,s=1/2, > =1 lict U 4=1/2,8=1/2, A =0 =

iAf2 (-2){1/2 1 1/2} (s=1/2|0 ||s=1/2>

1/2 1 1/2

(2) QY2 1 12 <X =1lclina =0>
0 1/2 1

= -i 2/\ﬁ . (4.2.34)

To summarise,

<X¢VII(T1C1)1H X oy= Vi2”3, for V=13,
(4.2.35)
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Combining the above result, and {(4.2.26) we get a compact

expression for the matrix element of the operator £(1,2)

a b a' b’ -
<x3 W xT@lealx2 () X3,

- xL‘ltmama..-mbmb.) v (1,2) EX"1(1/2 Tu :1/2 T MiL=1) (24]3)V

= - XL‘I(mama.;mbmb.) 4/3 vl(l,2)ﬁdv’

(4.2.36)
where we have wed (A.3.14), for the value of the Ek
coefficients.

Having expressed the matrix elements of £(1,2) above
and the integrations over particle 3 given in (4.2.16),
we can express the matrix element of the three-body operator
(4.2.11) as a three dimensional radial integral. Inserting

(4.2.36) and (4.2.16) into (4.2.11) we get

C-T L’l
Qabc,a‘b c -Ryd (S(“E'mc') X (mama':mbmb')

R(aa',bb',cc') (4.2.37)

where R{aa',bb',cc') is a three dimensional radial integral

defined by,



o) o0

R{aa',bb’,cc') -J;xlfixz 4/3 vl(xl.xt)'

(Pa(xl)oa.(xll + Oa(xlipa.(xl))x
(Pb(xz)Pb.(x2 ) - Qb(xz)ob.(xz))i

L,
(1/x§)./hx3(%c(x3 )Pc.(xa) + Qc(x3)0c.(x3)-
’ (4.2.38)

We have rescaled the radial coordinates r; into the
dimensionless coordinates x, =r, /%X . R being the
Compton wavelength fi/mc . The radial components P{x), Q(x)

are normalized such that

oh

fdx (Pz(x) + Qz(x) ) =1

' {4.2.39)

The explicit forms for the 1s,2s radial wave functions are,

Pl (x) = N (1+7)“xT o7 XX

(x)

Is - le(l-'lf)”"x'f e-;\nx

PZSIJ:) = st(li- Wz)//‘-x e-’\;x ( o + clx)

Q, (x) = - N, (1- W™ x¥ e” A% a, + ax)
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where,

a (228 )"’ ""VE’L ["(J-U'*')Y,L

Nis

; ¢
N, = (2zs) T*% [(27+ 1)/ (1+2w,) (P 0]
Wy = [CwT/2) " = (2&)/2M, | ) = (2x)
€y = 2w2 P Ay = 2(1+w2) '

) = ay = = (20) (2W,+1)/ [(27 +1) (W)

(4.2.40)

¥ C-T
The above expression for Qnml,n'm'l'

used for the evaluation of the three-body shift (4.1.5)

can now be

It is convenient to evaluate this shift in Fock-space
instead of relying on configuration space methods. The
three-body Hamiltonian is given by (4.2.1) where we now

wse the approximation for veoT

nml,n'm' 1’ cut lined

above. We consider an unperturbed three electron system in

a Coulomb field with charge Ze ,
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[\ = 143 o) by b ]0>

(4.2.41)

The subscripts refer to the radial, angular momentum,
orbital and magnetic quantum numbers for each electron. In

our case

a={ 3, =1/2, n =1, )ta= 0, m = 1/2 )

b=( jb=1/2: nb=1' )b" 0, mb= -1/2)
o= jc=1/2, nctz, )C‘ 0, mc- +1/2)

(4.2.42)

The shift of the unperturbed state AE due to the

C-T

interaction H™ ' is given by

AE ‘<\I/1Hc-'rl\¥>

(4.2.43)

Using the expression (4.2.6) for HC-T . can write

(4.2.43) as a sum of 36 terms

AE = UGZ (uabc,[abc] - Uabc,[bac])

(4.2.44)
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where E: refer to the sum of all cyclic permutations of

¢
[abc), and [achb],and U is the symmetrized three

abc, abce
body interaction defined by,

C-T
Uabc,a't ' ® S  Qpe, abc !
(4.2.45)
C=-T .
where Q is given in (4.2.37) and the

abc,a'b'c’
symmetrization operator S, was defined in (3.2.3).

Magnetic quantum number selection rule E;(mcmc.)
for electron 3 in (4.2.37) allows only twenty of the
thirty six matrix elements to be non-vanishing. The
remaining matrix elements can be catagorized according to
the initial and final spin states of electron 1 and 2. We
shall define three distinct types of matrix elements,

Type 1: These are matrix elements where the initial
spin of electron 1 or 2 is opposite to the final spin. We
shall call these spin-flip (SF) terms.

Type II: The initial and final spin for each particle
is conserved, and electron 1 and 2 have anti-parallel
spins. We shall label these as apin-conserving

anti-parallel terms (SCAP).



Type I1I: The spin is conserved for each particle and
electron 1 and 2 have parallel spins. We call these, spin

conserving parallel (SCP) terms.

We can evaluate the XL‘I coefficients for each

grouping wing a standard table of 3-j coefficientsa4.

We have

x'"l(sF) = 173, x*=l(scp)= 1/6, x¥"1(scap)= -1/6

(4.2.46)
Collecting the diagrams according to their grouping we

have.
The spin-flip (SF) terms are,

(vbca,abc +vbac,cba +Vabc,bca +vcba,bac

-vabc.bac -vbac.abc -vcba,bca -vbca.cba)'

The spin conserving anti-parallel (SCAP) terms give
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(vabc.abc +Vbca.l:oc:a +“rl:mc.bac +vcba.cba

v )

abc,cba " 'bea,bac " 'bac,bca ~ Ycba,abe

and the spin-conserving parallel (SCP) terms give

(v

cab,cab Vacb , acb “Vcab . ach -vacb,cab ).

(4.2.47)
Using the angular coefficients given on the previow page
for each group we can collect all the above terms and
express them as a sum of radial integrals R(nn':11';mm’)
defined in (4.2.38), we get
+1/3 (R(11:21:12)+R(12;11;21)+R{11:;12;21)+R(21;11:12)
-R(11;11:22)-R(11;11:22)=-R(21;12;11)-R(12;21:11))
-1/6 (R(11:;11:22)+R(11:22;11)+R{(115;11:22)+R(22;11;:11)
-R(12:;11;21)-R(11:21;12)-R(11;12;21)-R{21;11:12))

+1/6 (R(22;11:;11)+R{11;22;11)-R(21;12;11)=-R(12;21;11))

(4.2.48)
where the numeral 1, and 2 are the radial gquantum numbers

for the 1ls, and 28 wavefunctions respectively.
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Adding all the terms and wing the symmetry of the
radial integrals under the interchange of particle
coordinates i.e. R(nn';..e74s0e¢) = R(N'Nzveesve.) etc. we

can finally express the three-body level shift as
[§E= - Ryd/6 [R(11:11:22) - R(11;12:;12) +
R(12;12:11) - R(12:11:12)]

(4.2.49)

These triple radial integrals are evaluated numerically

and tabulated in Table I.
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Table I. The Coulomb - transverse contribution to the

energy shift (4.2.49).

Z AEC-T {in Rydbergs)
137 -.198 x 10-1
130 -.101 x 10-1
118 -.525 x 10~2
100 -.227 x 10~2
80 -.928 x 1073
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Section 4.3 Virtual pair contribution

In the previow chapter we discussed the three-body
interaction term Hp, due to the presence of virtual
electron-positron pairas. In Fock space this term is given

by the expression (2.2.20)

= P
Hp 1/2 Z bnblbmbn bl'bm' v nlm,n"1'm’ )

LRL N
PYILLY

+ {(Hermitian conjugate) (4.3.1)

where,

Vﬁlm n'l'm' z <n le(l 2)|n 1' ><1 le(B 4)‘w m>

Woem' + Eo + W]

(4.3.2)
the summation above represents the integral over the
continuum of positron wavefunctions, w being the energy of
the positrons. The operator, V(1,2)= C(1,2) + B(1,2) is
the sum of the Coulomb interaction and the generalised
Breit interaction.

We wish to evaluate the lowest order energy shift of
the three electron system discussed in the previouws

section for values of (Z¥ ) ~ 1. We evaluate the shift

AEp = <\I/l le\l/> where [‘I/> is given in

(4.2.41), expanding, we have
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Z&Ep = j{: Ugbc [abc] - Ugbc.[bac] '

[pl (4.3.3)

where,

P - P
Uabc,a'b'c’ 5 ( Vabc.a'b'c').

(4.3.4)

Inatead of evaluating (4.3.3) directly, we decompose the
three-body Hamiltonian (4.3.1) into Coulomb-~Coulomb,
Coulomb-Breit, Breit-Breit, contributiona, the

corresponding energy shifts can then be defined by,

AEC-C {E:?ggg,[abc] - Uggg,[bac]

(L) {(4.3.5)

where,

C-C

abc,a'b'c’

=S Vabc,a'b'c'
(4. 3-6)

and,

V=€ o Z(awlc(l 2)]a'pb' > {bclc(1,2) ] wc'D.

abec,a'b’'c
Wee' + Ey + IWI

{(4.3.7)



C-B C=-R
AEc-p gggabc.Labc] - Uabc,[bac]
(2] {(4.3.8)
where,

abc,a'b’'c’ abc,a'b'c’

(4.3.9)
and,

=\

A——

V(a:;g,a, 'b; tc|=22d<aw lC(l.2)|a'b'> <bc‘§(l'2) \w 9.

(4.3.10)
B-B B-B
ﬁSEB-B E{Eabc,[abc] - Uabc,[bac]
521 (4.3.11)
where,
B-B -B
abc,a'b'c’ S (vgbc,a'b'c' )
(4.3.12)

and,

V:t-:;g,a‘b'c‘ ‘z <a”|‘§(132)|a'c'xbc t B(1, 2) \we'D.

W“_' + Eh ¥+ IW[
(4.3.13)

The total shift is now expressed as,

AE= AEcc + ABcp + DEgp -

(4.3.14)
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In order to evaluate the above matrix elements we must
have at our disposal the Dirac~Coulomb positron wave

function. Borrowing from the appendix A.1l, we have,

@ ()= P, (r)/r x4 0,¢)
iQ,(r)/x "X_":(e:‘PJ
(4.3.15)
17
The ?<,4(11) are angular components for s-wave

positrons. The radial components are given by,

~ipr _ifl

Pw(r) = -(w-l)l/2 r K(p}) Im [e
(P (147 4y, 1427, 2ipr)]

Q,fr) = +(14w) Y2 £ K(p) Re [e'ipr eiSL

1Fy ! 1+ 7 +iy,1+2% , 2ipr )]

(4.3.16)
where p is the local momentum defined by, p-(1+w)1/2, w
being the absolute value of the negative continuum energy.

Also,
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K(p) = e T Y/2 ,l—'(?f*i?)! '
are Y+ P exy)

y = -(Z2& )w/p, and the

the phase factor

el o (Cleiy/w)( ¥ +iy) . ¥ =(1-(zx)3)Y/2,
(4.3.17)

These wave functions are normalized to the energy scale i.e

00
fdx (Pw(")Pw'(") + Qw(x)Qw.(x)) = § (w-w')

o

(4.3.18)
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Let ws first concentrate on the Coulomb-~Couloab,
AEo_o contribution to the shift (4.3.3). The matrix
elements appearing in the expression (4.3.7) have been
discussed in appendix A.3, all the bound states are j=1/2,
s-wave states, therefore the angular selection rule for
the DL coefficients, (see appendix A.3) require only the
j=1/2, s-wave positron wavefunctions to appear in the
summation (4.3.7). We thus have for the matrix elements of
our interest (s-states), {(here we uwse the subacripts
a,b,a',b', to designate the gquantum numbers of an

arbitrary Dirac - Coulomb spinor)

{abv|c(1,2)]a'p') =

GLZ xL-O( mama.:mbmb.)RC(a a';tb b'),

(4.3.19)

where we have wmed (A.3.5). The radial integral RC

is defined as,

[\

0o
Rc(aa':bb') -fdxlfdxz (Pa(xl)Pa.(xl) + Qa(xl)Qa.(xll)"
£ )

(4.3.20)



All Coulomb matrix elements are now expressed in terms of
these radial integrals. The RC terms have various
symmetries i.e.

a) Symmetry under interchange of the particle cordinates
Rc(aa'.bb') = Rc(bb':aa').

h) Symmetry under the exchange of initial and final states
of each particle, R (aa':bb') = R°(a'a,b'b) .

This is due to the reality of all the radial wavefunctions
as our phase convention.

Using the expression (A.3.6) for the coefficients that

depend upon the magnetic quantum numbers of the shift,

XL'O(mama.:mbmb.) = 1/2 S(ma,ma.)S(mb:lLD-)

(4.3.21)
we get nonvanishing contributions to (4.3.3) for the terms
where the spin is conserved between the initial and final
states of each particle. We then get,

c-C C=C C=C
ZXEC~C 1/6 (dec.abc + vEab,cab + vbca,bca

+ yC=-C =-C Cc=C
bac,bac + vgcb,acb + cba.cba)
(VC-C C=C + C=C

abc,cba cab, ach bca,bac
=C C=C Cc-C

+ vﬁac,bca + vﬁcb.cab vcba,abc)

(4.3.22)
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Expressing the £5EC-C in terms of the radial integrals
RC, and parametrizing these integrals with the numeral 1
representing the 1ls state, the numeral 2 represents the 2s
state, and the letter w represents the continuum state

with energy w. We also introduce the notation,

[&RC = RC(ab:cw)
WA‘b L 4 E'_ + le

(4.3.23)

We thus have,
AE._. = I/GZ i RE(11:w) ARS(2w:22)

+ RE(22:wIARS(1w:11) + RE(11:w2) A RS (2w:11)
+ RS1wD AR S (aw:22) + REQLw2)A RS (2w:11)
+ PP22:wD ARS (1w 11) - (RE(12:wD A RS (1w 21)
+ RS(21;w2)ARS(w:11) + RE(11;w) ARS(2w:12)
+ RC(11:w2)ARC(wr21) + RE(12:w) ARS(2w:11)

+ RC(Zl:wl)[&Rc(lw:l2) }.
(4.3.24)



The summation over w represents the sum over the continuum
wave functions with respect to the energy w, of the
positrons. We can make a transformation to a new
integration variable, p the local momenta of the positrons

by the substitution

L]
Zdw — [dp p/w . (4.3.25)
w ()

Using the symmetry properties of the RC integrals we can

simplify (4.3.26), thus

o)
NEoc = 1/6 [dp p/w }4 RE(11:1p) AR (21; 2p)
[~}

+ R(12: 19 ARC(12:1p) - 2 RE(12:1p)ARC(21:1p)
- RS11:2p0A RC(11:2p)- R (21;1p) ARS(21:1p)
- Rc(ll:2p)ARC(ll:2p)}.

{(4.3.26)
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We now evaluate the Coulomb-Breit contribution to the
energy shift,{4.3.8) The operator B{1l,2) appearing in the
matrix elements (4.3.10) is the non-local Breit operator
discussed at length in chapter 2, as a matter of
convenience we shall approximate 3(1,2) by the local
magnetic (Gaunt) operator G(1,2) given by (1.1.19)}. The
justification for this simplification is discussed in
section 4.5. Matrix elements for the Gaunt interaction are
discussed in appendix A.3. It was pointed out in the
previow paragraph that selection rules for the Coulomb
operator allow only the s wave positrons to contribute in
the summations (4.3.7) and (4.3.10), again as in the case
for the Coulomb matrix elements we need only be concerned
with the matrix elements of the Gaunt operator between s

wave spinors, wing (A.3.,10) we have,

(olB1,2)]a'b'> % Lan| ~e? & &/r , | a'p'D
= 2/3 XLto(mama.:mbmb.) ezJ-(a a': b')

2

- 4/3 xL:l(mam J¥(a a';b b'}.

a' ?mvbn\bl ) e
(4.3.27)

Where we have wsed (A.3.15) and defined

the auxillary integrals,



J("'r‘)(aan ?bb') -

- - ob

r +

- fclxlfdx2 7‘:?- (P, (x,0Q,(x;) _ P (x,0Q,,(x;)¥
[ )

+

(P (x, )Q . (x5) T P ix, )G . (x,))-

(4.3.28)
The 3 integrals have the same symmetry properties as
the RC integrals discussed previously, whereas the J
change sign under the interchange of the initial and final
state of a particle.
We now clasaify our matrix elements in terms of the
magnetic quantum number assignments of the Breit matrix
elements.

We define as in section 2 the cases,

Case 1) Spin conserving parallel (SCP) terms ,where

Ma = Matr Ty = Myer My = My

R?(aa':bb')a 1/3 J (aa';:bb') - 2/9 J+(aa':bb')
(4.3.29)

Case 1I11) Spin conserving anti-parallel (SCAP), where

My = Mger My = My, = "l
Rg(aa':bb')

= 1/3 J" (aa':bb') + 2/9 I (aa':bo')
{4.3.30)
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case III) Spin flip (SF) terms,where

My ™ “Myee M= My
Rg(aa':bb')

= 4/3 J (aa';on').
(4.3.31)

Collecting all terms in the shift (4.3.8) and catogorizing

them according to the groupings defined above, we have

Case I1: SCP terms
C-B C=-B _ C-B _ C-B
bca,hca bac,hac bca,bac bac,bca.
(4.3.32)
Case IT: SCAP terms
C=B C-B C-B C-B
abc, abe + cab,cab + Vaalcb,acb + Vcl::va,c:‘::\a
C=-B _ C-B _ yC-B . yC-B
abc,cha cab,ach achb,cabh cha,abc,
(4.3.33)

Case III: SF terms

C-B + VC-B C-B + C-B
abc,cab ach,cba cab, abc cba, ach
vC-B _ B _ C-B _ C-B

= Ycab,cbha cba,cab abc, acbh ach, abe .

(4.3.34)
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Each of the above matrix elements can now be expressed in

B B

B

terms of the integrals R, Rl‘ Rz, R3' we

get

o)
I) Jﬁp p/w ¥

[nc(ll:pl)[gnf(zp:lz)

- ®S(11:p2) A RY(2p: 11)

[ b]
IT) jdp p/w X
o

[Rc(l2zpl}
+ RC(12:pl)
- r%(11;p1)

- rR%(11;p2)

Rg(lp:21)

R%(Zp:ll)

Rgtlp:22)

B
R,(2p111)

RE(11:p2) A RS (1p: 21)

Rc(llgpl)zgaﬁclpszz)]

RC(21:p2)

rRC(21:p1)

rRC(22;p1)

rR€(22:p1)

B
R>(1p:11)
RO(1p:12)
B
Rz(lp.lll

Rg(lpgll)]
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L]

111) jﬁp p/w *

e

$8%(11:p2) ARS(1pr21) + RE(12:p1) ARG (2p112)

+ RS(21:p1) ARG (1p:12) + RE(21:p2) /LR (1p; 12)

- 8(22:p1) S RS (1ps11) - RE(22:p1) /RS (1p;11)

- RCh2pn) /AR (1pr 21y - RE(12:p10L RS (2p5 1) }

{ AR is defined as in (4.3.23)). (4.3.35)
Finally we evaluate the Breit =Breit energy

shift AE’b-b' Again we make we of the previous

approximation for the generalized Breit operator and

expression (4.3.27) for the relevant matrix elements.

1/2 3/2

and d positrons

Selection rules now allow both s
in the intermediate states, we will make a further
approximation by considering only the 51/2 positron
contribution, this will be justified later. Instead of
writing out by hand each of the contributions in (4.3.11)
we will get a general expression for the VPB terms as a
product of the J*,37, integrals defined in (4.3.28).
Tnserting the matrix elements (4.3.27) into (4.3.13) we

get,



od

-B
vibc,a‘b'c' = fdp p/'ﬁ' ~
[

Moo(aa',bb',cc') 4/9 J(')(aa‘:pb‘)J(-)(bp:cc')
-MOI(aa',bb',cc') 8/9 J(-)(aa':pb')J(+)(bp:cc')
My, (cc',bb',2a18/9 3¢*) (aa':pp )3 " (bprect)

+Mll(aa' ,bb',cc')16/9 J(+)(aa':pb' )J(+)(bp:cc')

(4.3.36)

where we have defined the coefficients,

Mij(aa‘ ibb';cc ') = ZXL’i(mama. Fmo My, )X["j(moms:mcmc. ).
$

(4.3.37)

Using (A.3.6) for the XL coefficients, we have

128



Moo(aa':bb':cc‘) = 1/4 S(ma,ma.\S(%.mb.)S(mc'c.)
MOl(aa':bb':cc') -

me

/12§ (ma,ma.)s[mb.mb.}S(mc,mc.) (-2)""
+ 1/6 3(ma'ma']g(mb'-m'b"S(“"c'-mc')s(mb'-'mc:)
Mll(aa':bb':cc') =

My

1/36  § (my.m 5(m  m YS(m . m ) (-1)"a”
#1718 & (g my ) bla oMy A S(mg mme N (my mm)  (-D)TT T
#1718 §(my . om, ) Slmy ooy S(me o m ) S(my o omy ) (-1) 7T
179§ (my,-m ) 8(me . me A§(my o my NS (my e my)Ymy o om Y

(4.3.38)
Having expressed the energy shifts in terms of the one
dimensional integrals RC, J+, J~ we proceed to
evaluate these integrals and reduce the shifts to a two

~dimensional quadrature problem.
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In order to carry out the p-integration we must first
integrate over the radial coordinates of all the
particles, wming the expression (4.2.40) for the bound
state wave functions and (4.3.16) for the positron wave
functions the RC, J%, J7, can be expressed as a
linear combination of the generic integral defined by,

o) ol
I.{ A,n: Aym ) = dx, |dx e-ipx F(l+ % +iy, 2% +1, 2ipx)*
k 1 ) 3
[

- - t
(xn x':-f o )nx.) (e N e TV
TKFI .

?

The evaluation of this integral will be taken up in a
later paragraph. It wil be convenient to first get an
expression for the J(+") {ap:bec) integrals defined in
{4.,3,.28)

The subscripts a,b,d refer to some bound state radial
wavefunction and p refers to the continuum wave function.
Let us reexpress the ls,2s radial wave functions (4.2.40)

as ,

14

Pn(x) = x e A nX L (x)

- Aqx

Qn(x) = xTe Kn(x)

(4.3.40)

(4.3.39)
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where the Ln and Kn are polynomials defined by,

1 2
Ln(x) =q +a X

1l 2
Kn(x) r,+r X

(4.3.41)

(n=1,n=2 refer to the 1ls,28 radial wavefunctions

respectively.,) therefore,

1/2 2

al= N(18)(1+¥)% , g = 0

al = Ni2s) (1,012 o, g2 = m(2s) (10w Y2 a)

el o= aN(1s)(1-9)1/2 r2 =0

-

= -N(23)(1-W2)1/2 Bge rg - -N(Zs)(l-wz)l/z b,

[

(4.3.42)
Inserting {4.3.40), and (4.3.16) into the integral (4.3.28)

we get
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o o
J(+'-)(ap:bc) = - Re K(p)[ei'rL (1+w)1/2 fdx,fde .E.‘.;_ x
?

[} [ ]

21fx2" o AaX, -ipx, - (M2 ) x,

\ ™

Ilb(xt)l(c(xt) : Kb(xt)Lc(x.,)"(La(x,) F(1+% + iy.1+21’,2ipx)]
(¥

-l b ]
Im K(p)[ei'(L (l-w)ll2 [dx'fdx'- x?‘r xff%,-'_‘_ e~ Ad X, —iPX, .
L » ?

e (Ab"‘*u) X y
Ji (x IR (x ) DK (x )L (x ) Ky(x ) Fl1+T+ 1y.2‘r+1,21px)]
(4.3.43)

The above form can be simplified if we define,

[ o)
1 .
H,_(ap:be)l _ fde’dxl[x'z“e' xf{ Ae o= MiXTiPX, - (AsrA)x,

. x
Hf_(ap:bc) T o X

[, (x ok _(x ) T K (x )L (x ) ]*

La(x ) ‘1F1(1 +T+ iy, 1+ 2‘&'.21px):!,
Ka(x ) (4.3.44)
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These integrals can now be expressed in terms of the q,

and r coefficients, wing (4.3.41) and (4.3.42) we get,

o0 %
1
H;"(ap'bc) = fdx‘jdx‘_ x'z.a’xz{ e- Atxripxl E- (Ab"x')xt x
H, (ap:bc) b

1 2
T2+ 4% F(1+¥+ iy, 1+427% , 2ipx)] .
1 o 11

r + g

X
a '

a

(4.3.45)
We now express the H integrals in terms of the I integrals

(4.3.39)

1
o REE TSR

H}_ (ap:bc)

1 2
I,{x, n=0: Ay+h, m=0) T al + I,( ) n=1l; Aytd¢ me=o0) [q a

1 2
el (<2,



1 .2, 21+, 12 _ 21
foab 2o aledn 2 Caled s ol

1 2
I( 2, n=0; Jy¢ ), m=1) qla + T( Ay n=1; Ap+ i m=l) Iq BJ

2
r. {ra

‘gt xtealel) s

2

! q

b g
a

1 2
[In( Aan=0: Mp+irc m=2) [T al + I(A, n=1: Ayt AL m=2) Iq a}
a

(4.3.46)

(+!_)

Finally we can express the J as,

1Sl

J(""")(ap:bc) = - Re K{p) e (14-%&)1/2 H+1(6P=b0)

(t) Im K(p) el (l-w)uz H 2(ap:bc).
+-
(4.3.47)
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We now turn our attention toward parametrizing the
Coulomb integrals RC in terms of the I integrals.

Inserting (4.3.40) for the radial wavefunctions into the

definition for R® {(4.3.20) we get

Rc(ap:bc) = K{p) [ (1+w)1/2 Re Fz(ap:bc)

-(w-l)l/2 Im Fl(ap:bc)] (4.3.48)

where the F coefficients are given by,

1
F (ap,bc) - 11 1.1
2 ( 9, + Inre ) ¥
F™~(ap,bc)
1 2
IO( e, n=0, Ap+X, m=0) .| * 10( Aa N=1; A5+)Lm-0) q,
) 2
r, r.
21 1 2 2.1 1 2
+ (qch + Wpdc + I'nfe + rbrc) X
1 2
19 Ao n=0; e m=1) jaq | + 1, Ao N=1; Ay m=1) q,
rl r2
a a

+ (ngg + nsrg) x
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Io( Aqn=0: Apsdm=2) [al] + Ig0 Ay n=1: Ayed m=2) [q2

1 2
Ta Fa
(4,3.49)
Above we have been able to express the Rc ' R?
. RS

5 Rg. radial integrals in terms of the more

basic integral I (X, n: A, m) defined in (4.3.39). We

now proceed to evaluate this double integral, first we

reexpress (4.3.39) as the sum,

o)

Ik( X, n; A, m) = fdx xn*2 e-x( > +ip) 1F1(1+“6 +iy,1+2¥ ,2ipx)
°

w

X
. [1/xk+1 fdz e~ M2 LOtk+2 xkfdz e ALz zm-k-1+2J.

a [ 3

(4.3.50)

We now make the substitution z = xt , and dz = xdt , to get,

t
LUAn: hym) = [jdt g MHRH1420 fdt tm-k+2ﬂ'J,
. (3

[ ]

fdx XA X EA A P) g (14 ¥ +iy, 14 20, 2ipx)
[

(4.3.51)

The integral over x can be done immediatly. We have
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L%

fdx kR x4 At + ip) (Fp(1+ Triy, 27 +1,2ipx) =

C{n+m+d +1) 2Fl(1+'lf+ly.n+m+4‘( +1,2% +1, 2ip )
n+m+4 % +1

(M + At +ip) (A+At + ip)

for [)\,+ ALt + ip[ > 2ip, (4.3.52)

We now make wse of a linear trans formation on the

hypergeometric function to get for the above integral,

r'(l+n+m+4‘!’) A' + t+ip 1+7 +iy
X x
(A + At +ip)1+m+n+4‘a' M+ t-ip
2F1(1+1’+iy.—n-m—21’ L142%, -2ip )
AtAL -ip
{4.3.53)

When the second argument in the above hypergeometric
function is a negative integer or zero, 2F1 becomes a
polynomial and analytic in the entire complex plane ( i.e.
for all p). We will be dealing only with s-wave positrons
where T = (1 - (2« ))1/2 , we can therefore
conveniently express the integrand in (4.5.53) as a
complex polynomial for ¥ =0 (2 = 137), Y = 1/2

(2 =118 ) and ¥ = 1 ( small Z }). Inserting (4.3.53)

into
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{(4.3.51) we have,

LOAn: A m) = [ 14n+m+a ¥ )/x fdt[ gkt 2
° (X, + Mt + ip)l¥nim+d
2F1(1+‘(+iy.-n-—m-2'§ J142%, ~2ipt )] X
A; + At —-ip
om2Y 6, o 6 (142 7)
!
+ [at { (N+k+2 o-2r O i (1427
d (X, + t{ A +ip))
2F1(1+'K+ iy,~n-m=27% , 1427, -2ip )]
Mt (A -ip)
where we have defined,
91 = arCtan( P/( )\1 +>lt ))c and
8 = arctan(pt/( A, +X ¢t ). (4.3.54)

The substitution t -» 1/t was uwsed in the second t integral

above.
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Having reduced the radial integrals Rc. Jt into
one dimensional integrals given by, (4.3.48), and (4.3.37)
respectively, we can proceed to evaluate the shift (4.3.2)
numerically. This is accomplished by the codes RACC, RACB,
RABB which evaluate the shifts [XEC-C. [&EC-B.
[EPB, given in (4.3.5), (4.3.8), and (4.3.11)
respectively. Results for the above shifts are presented

in Table 1I, for values (2 ) =1, (ZX ) = .B867.
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Table Il. The virtual pair contributions to the energy

shift given by (4.3.5), in atomic units.

2 AEC-C A l=_:C--B A ET-T

137 .17 x 10”1 .82 x 10”3 .28 x 1074

118 .16 x 10~2 £ 1074 % 10°°




Section 4.4 The transverse - transverse contribution

We must also evaluate the transverse-transverse
contribution to the three-body energy given by the

expression (2,2,13)

Hpop =
+ + + T=T
anblbmbm'bl‘bn' Vnml,n'm’l' + H.c
(4.4.1)
T=T
where, Vnml,n'm'l'
_1/ZZAT]n1,na (3 771119,1!1'].' + nsm.lm' Ve
S
Annl,nq = T?nl,ns - T]ln,sn
(4.4.2)

the T] matrix elements being defined in (2.1l.21).

We now make use of the same approximation forAT) given
by (4.2.2), in addition we use the local form for the
Breit operator in the 77 terms. With these approximations,
T-T

we obtain for Vnml,n'm'l',
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nml,n'm'1’

vI=T = - e2/ah%? E: x
5
<n1|[h(1) -~ h(2), Q', 'irl,‘,] In'eD>dms|G(3,4)Im L'

(4.4.3)

where G(3,4) is the Gaunt operator (see appendix 3).We
could proceed to evaluate the above terms in a similar
manner to the one wsed in the evaluation of the transverse
- Coulomb term: using a sum rule and evaluating repeated
commutators. This procedure becomes quite cumbersome,
because of the presence of the G{(1,2) operator. Instead we
shall proceed to evaluate (4.4.3) by first evaluating all
angular integrals in the above matrix elements and then
invoking a sum rule for radial components of the Dirac -
Coulomb spinora. All initial and final states of the
matrix elements of (4.4.2) are s-wave Dirac-Coulomb
spinors. Parity selection rules for the Gaunt operator
show that the intermediate states in (4.4.3) can only be
{j=1/2,8~wave), {j=3/2,d-wave) spinors, the largest
contributions come from the s waves since these are closer
to the nucleuws . We will thus consider only these
intermediate states in (4.4.3). Let w first evaluate the

term in (4.4.3) given by



R EISIPEALANG IRV CICIERIN LT
$

{(4.4.4)

We first perform the angular integrations for the

relevant matrix elements given by;
LW oG- X, Insy =

-] w3
+ 2/3fdrlfdr2 v(l,2)1: xL"O(mama.g%ms) x
& (]

L=1
ML (L)YM)_(2)W, - 2X (m m,.im r )YP "1)“’13‘2’“15}

nn

(4.4.5)

and, <ms\G(3.4}\m'l'> =
L=0
- 2/3 -fﬁr jér4 gl3, 4)!X (msmb pm M vy YM m'(3)YMsl'(4)

“Hmgmy. rmome ) YL (YR ) (0],

mm

(4.4.6)

We use the notation introduced in the previous sections

for the coefficients X" with the arguments m_,m_ .,

(]
quant un numbers of states n,n' ,1,1' m,m' 8 respectively.

MW MM, T, corresponding to the magnetic

were we have wsed (A.3.8) and v(1,2), g9(2,3) are given by

(A.2.11). We also have defined the functions,
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YMnn.(r) = Pn(r)Qn.(r) - Qn(r)Pnutr) = - mnln(r)
YP nu(r) = Pn(r)Qn-(r} + Qn(r)Pn.(r) = YP ' ‘r)'

n nn

{(4.4.7)
In order to exploit sum rules for the radial functions we
must reexpress the YMls(r)wls and YPls(r)W15
factors by making use of the radial equations for j=1/2,
s-wave Dirac spinors. Using (A.1.10) we have,
EsPs(r) = he (a/ar + 1/r)Qs(r) + (mc2 + u(r))Ps(r)

Egoé(r) = -he (a/ar - 1/r)Ps{r) - (mc2 - u(r))Qg(r)

(4.4.8)

therefore,
YMls(r)Wls = Wls(Pl(r)OS(r) - Ps(r)Ql(r)) =
Elpltr)Qs(r) - Pl(r)Eng(r)

- Elps(r)ol(r) + EsPs(r)QI(r)

Qs(r)(hc(d/dr + 1/r)o,(r) + (mc? + wp,(r))



- Pl(r)(iﬁc(d/dr - 1/r)Ps(r) - (mc2 - u)Qs(r))

+ 11&#8; =

he(da/dar(P ()P (r) + 0 (r)g,(r)))
-2/r(Pl(r)Ps(r) - Ql(r)Qs(r)))

+ 2mc2(P1(r)Qs(r) + Ps(r)Ql(r)

(4.4.9)
We introduce the notation,
ZPlS(r) = Pl(r)Ps(r) + Ql(r)Qs(r) = ZPsl(r)
ZMls(r) = Pl{r)Ps(r) - Ql(r)Qs(r) = ZMsl(r)

(4.4.10)

and this rewrite (4.4.9), using the above notation
YMls(r)wls =

2
tec d/dr(zP _(r)) - Zhe/r (2M, (1)) + 2mc (YP, (r))

(4.4.11)

In the same manner we express the factor Ypls(r)wls'
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Yp1&".{1')'”13 *
- QS(r)(’ﬁc(d/dr + 1/r)01(r) + (nnc2 + U)Pltr)

- P (r)(-he(d/ar - 1/r )B_(r) - (me 2 -ule, (r)

llq—»s} =
tc a/dr(zM,_(r)) + Zhc(Q,(r)d/dr(Q,(r)) - P_(r)a/ar(P,(r))

+ 2mc2YM15(r)

(4.4.12)
where we have again wed the Dirac equation.

Using the above expresions (4.4.11) and (4.4.12) in

(4.4.5) and (4.4.6) we can rewrite our matrix elements,
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(1| Wy, % dlr ,l [n'e> =
o -8 )

+ 2/3 .fdrlj;r2 ‘}xo(mama.:mbms)x
o (]

[-Belatr,2)zp _(2) 2v(1,2)/r, 24 _(2)) +

2
2mc v(l.?)YPls(Z]YMnn.(l)

- 2X1(mama.;mbms) [ -he d(1,2)2M, (2)

+2ne(Q, (2) (4/dr,(Q,(2))- P_(2)(d/dr,(P,(2)))

+omc?wm ()] ve_ (1)}

{(4.4.13)
where we have integrated by parts and introduced the
notation d(1,2) = d/dr2 vil,2).

We now derive sum rules for the radial functions
appearing in the above matrix elements. We can express the

radial equations {(4.4.8} as

Heff \I/«, = Esq/s

(4.4.14)

where we define,
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qlg ps(r}
Q, (r)

and

{4.4.15)

$cl(a/dar-1/r) —(mcz-u)
eff 5
me “+u fic{d/dr+1/r)

(4.4.16)
The completeness property of the eigenstates of (4.4.14)

is given by

EI,S(:) W, (r') = Sz - 1)1 I = (1 0)

5

or,
P (r)p (') =%(r - x') ) Q(rig (r') = b(r - ')
3 H
Y P (r)g (r') = 0 (4.4.17)
5

We now use the above sum rules to express the variouws sums

that occur in the evalution of (4.4.4). We have,



ZZPI YR, = YP . Z YP, YP . = ZP,.

: s

"OZP) YM . = YMg,, YP g YM e = —2M,,.
Mg YP 0 = My, YM) YPo 0 = 2My
M M e = YP YM WMy = =2Py .

(4.4.18)
In the above sums the index s, refer to the radial quantum
numbers , integrations over coordinates are implicit in the

above expressions i.e

Zolpspsol' -

5

[ 59 -

fdrlfdrz Y Qy(r;)B, (r))P, (x,)0), (xy)

[ ° s

-]

]
Qloll (4.4019)
Including only s-waves in the intermediate states and
wing (4.4.13), (4.4.6), and (4.4.18) and utilizing the

definitions (4.3.37) for the MOD' MOl‘ Mll

magnetic quantum number coefficients, we get for (4.4.4),

149



150
s a3 ) O
(i) (..;) fdr1 J’drzfdr3 g{2,3) i
3 o : A
Mootaa'.bb',cc') [ . d(l.?)YMll.(ﬂ-Z?lc/rz v(1,2)YP11.(2)
-2mc2v(1,2)zmll.(2)] ™ (LML (3)
-2M

aa',bb’',cc') [-hc a(1, 2)Yp (2)-Zﬁc/r2v(1,2)mll.(2)

o1 11°

same®v(1,2)2P, (2) | W (YR (3)

- (cc’ b’ aa') [ -he a(1,2)¥P);.(2) - Zhe v(1,2)(P},(2)
d/ar,(Q,(2)) - Q,.(2)ad/ar,(P,(2})

~amc? v(1,2)2P . (2) ] YR L (DM (3)

+aM, (a2’ 0" ,cc’) [ -hc d(1,2)YM),.(2) + Zhe v(1,2)(P,(2)
d/ar,(Q,(2)) - Q,.(2)d/ar,(P,(2))

+ ame? v(1,2) M. (2) ] ann.(1)Ypmm.(3)k ,

(4.4.20)



We now turn our attention to the second term in

(4.4.3) given by,

§:<n1|[h(1).og.q1r12] [n's>ms } 6(3,4) | m'1'>

s

=) W, (nl] wXry, | n'e>@mIG(3,4) n 10>

s

(4.4.21)

Using expression (4.4.5), and (4.4.6) for the above matrix

elements, {(Instead of the W term in (4.4.5) we now

1s
have W__., as a factor.) and applying the sum rules

{4.4.18) we get for (4.4.21),

o L] )
—(2/3)2 Wnn.-[arljfdr%/6r3 v(1,2)g(2,3) x
[ o (]

Moo(aa‘:bb':cc') ™ (1) {-zpll.(Z)) YMmm.(3)

n

-2M01(aa':bb':CC') YMnn.(ll zmll.(Z) Ypmm.(3)

-ZMOl(cc';bb':aa'} YPn (1) (=-2ZM

+4M l(aa shb' ;ec') ann.(l) ZP

. (2) YP, . (3)

11’

(4.4.22}
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It is convenient to introduce a shorthand notation for
the variows integrals appearing in (4.4.20), and (4.4.22).

We first define various functions,

Dl(nn'.ll',mm') g(2.3)d(1,2)YMnn.(l)YM (2)Ynmm.(3)

11

Dy(nn',11',mm*) = g(2,3)d(1,2)YM ., (1)YP,, . (2)YP__,(3)

.(1)Ypu.(2)‘mm , (3)

m

D3(nn :11';mm') = g(2.3)d(1.2)YPnn

D4(nn':1]':mm') = g(2,3)d(1.2}YPnn.(1)YM (2)YPm , ( 3)

11° m

Fl(nn':ll':mm') = g(?,3)v(1,2)/r2 YMnn.(l}YPll.(Z)YMmm.(3)

F2(nn':11':mm') = g(2.3)v(1,2)/r2 YMnn.(l)YMll.(ZlYPmm.(B)

Li{nn':11';em') = v(1,2)g(2,3) P,.(2)(d/dr,(Q,(2)) + Q. (2)
(a/dr,(P),(2))) YP__,(1)¥M__,(3)

Lz(nn':ll':mm') = v(1l,2)g(2,3) Pl.(z)(d/dr2(01(2)) - Ql.(Z)

(a/ar,(P,,(2))) YP__,(1)YB_ . (3)

Kl(nn' ' 1y :mm') V(lc 2)9(2: 3) mnn-(l}ZMlla (2)YMmm.(3)

Kz{nn':ll':mm') " YMnn.(l)zpll.(2)YPmm.(3)
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K3(nn':11':mm') = " ann.(l)ZPll.(z)YMmm.(s)
Ky(nn':11l';om*) = " ann.(l)znll.(zlYPmm.(3)
KS(nn':ll':mm’) g " YMnn.(IDZPll.(Z)YMmm.(3)
Ketnn':ll':mm') = " YMnn.(l)ZMll.(Z)YPmm.(B)
Ky(nn':11':mm') = " YPnn.(l)zull.{2)YMmm.(3)
Kg(nn';11';mm') = " YP . (1)2P), . (2)YP ., (3)
(4.4.23)

where we implicitly consider the D,F,L, and K
coefficients as functions of the radial coordinates
Ty+/T5T e We introduce a notation, for the integrals
over the radial coordinates of the above integrands by
preceding each of the coefficients in (4.4.23) by the
letter I, i.e

wa x

o, ', [ = * ' '
IDl(nn £11' ;mm' ) ‘L[fdxldxzdxs Dl(nn ,11',mm' )
*

etcC. (4-4-24)
(The x, are the dimensionless coordinates defined in

section 4.2.) Using the above definitions in (4.4.20), and

(4.4.22) we get,
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=
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4aM,  (antsbhtgeet Y[ TD, = 200, = 21K, ¢ W ,lﬂs]j

vitevs e have wsea a shorthand notation,

TR LY et ) o= 1D,



T-T

Given th xpression fo
i e expres n r vnml,n'm'l' we can now

write down the shift for the state (4.2.41), we get

T-T . T-T T«~T
ZXE Z, Uabc,[abc]- Uabc.[bacl
tel
where,
T _ T-T
Uabc,a‘b'c' =5 {2 abc,a'b'c')'

{(4.4.26)
The factor 2 above, is a consequence of the inclusion of
the H.c., terr in (4.4.1) in the energy shift.

The evaluation of this shift presents a formidable and
lengthy calculation because of the large number of triple
radial integrals occuring in (4.4.25). However, a few of
these integrals are done by the program TRANS, and these
integrals are about an order of magnitude smaller than the
triple integrals encountered in section 4.2. This can also
be seen by comparing the Coulomb-Coulomb, and
Coulomb-Breit shifts in Table II. We can therefore neglect
the transverse-transverse shift since it is smaller than

the Coulomb-transverse shift discussed in secticn 4.2.
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Section 4.5 The static limit approximation

We would now like to give some justification for the
approximations that we have employed in the previous
sections. In sections 4.2, and 4.5 we have approximated
the matrix elements,

Annm,n'm' = T}nm,n'm' - 77mn,m'n' of the non

local Breit operator by the matrix elements of a local
operator by expanding the cosine terms in (2.1.27) in a
power series and keeping the first term. In this section
we shall henceforth call this the static limit (SL). This
approximation is reasonable for (Z% )<< 1 since by
dimensional arguments the expectation value,
<cos(Wr12/hc)>m cos{ZX ) ~ 1, where W is the energy
difference of an electron between it‘'s initjal and final
state. We would now like to see how this approximation
fares when we are in the extreme relativistic regime (Z& )
= 1, In order to do this we need to compare a typical
exact three body energy with the result obtained when the
SL approximation for[XT)is wed. A representative term
that occurs in the Coulomb transverse energy discussed in

section 4.2 is given by

Vs -Zannm.n's qu.q'm‘/(wnn'+wn\s)
E) (4.5.1)

where (n=1,m=1,n'=1). A typical radial integral



(we consider only the Gaunt component ) in the [&77 terms

is proportional to,

w e
Z&(n) =j;x{[éx2 91(x1)°1(x1)
* (]

(1-cos (W x)5) /%) 5) [pey Q9 x3)P (x5)

{(4.5.2)

X X

where P, (x) = e ", Q;(x) = - e © are the upper

and lower radial components of the 1ls, Dirac - Coulomb
wavefunctions, Pn(x) is the upper component in the state
n (s wave), L=]1 represents the L=1 radial partial wave
of the non local operator, and wn is the energy
eigenvalue of the state n, (note WIIO). For the Coulomb

like matrix elements let w8 consider matrix elements such

as,

Cin) =

[V L =]
[f,‘l[dxz Pn(xl)pl(XZ)(l/xJ.?)L=0 fz(xz),

£(x) = xe X,

(4.5.3)

The reasons for choosing the above form for f(x) are

technical and will be discussed in a later paragraph. We

157



are now concerned with evaluating,

E= ) Aln) ctn)/m
h

{(4.5.4)

Let ' define the nonlocal operator in (4.5.2) by the
symbol Kw(l,Z). Using (A.3.16) we can express this

operator as, (where from now on, w = wn)

Kw(l.z) =

L)
-3w2/-n-fdk ) (kx) )3 (kx,) B/(k2-w?).
o (4.5.5)

The Pn(x) functions can be expressed as a sum of

confluent hypergeometric functions, let uws therefore

define,

ol 0
Tw(>r,Au,>\3,a) =fdxlfdx2
(] [
e->'x'Kw(1.2) e-(A"‘.),}x,' lFl(allfz A}xz)

(4.5.6)

where X\, Ay X, a, are arbitrary parameters. Using the
representation (4.5.5), and the representation for the

spherical Bessel functions,

]
Jl(kx) = i/2 fdt t (eik"t - e'ikxt)
(]

(4.5.7)

we can represent the 1, ag,
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. t |

Iw(>\'l)~"'1>‘3 a) = 6w2/-n- [dk[dujdt t P/(x%-w?)x
e

- %

K/(C M/ud) + x2) £(x),

) >"I. . >\3 -.th' * |
B = 1/2< )\._ ")‘3 -kt ()*;."F A} -‘;Kf‘)

(4.5.8)
If Real{ 2, )< X, and Im{ X,)=0, the singularities of f(k)
lie in the lower half complex k plane. Integrating along
an upper semicircle, we pick up the principle value at
k = T w, and a residue at k = i )\;/u. An additional

integration over the u varianle can be done to get,

'
Iw( Aoy A Ay a) = -3/2fdt t (1 - A/w arctan(w/ X, ))¥

[
2 Reat [ At 2 -iet :
A= 2y mwwt) (e Ay -iwt)

t
+ 3fdt t ( 1/3 - | %l/w)z + { >‘l/wr)Barci:.'.\n(v.«:/ X))
0

\

a
)L“' >\5+ xlt- I
Ay = Dy ok 2 t ( A+ Dy Mt)

|
+ 3jat £ ( 1/3 - { )H/wt)z + Xl/wt)aarctan(wt/)\‘ )X

(8
t (e ) + X, \
t (AL—A’)‘# A' ‘b[)\g_fk,)l-)\.

(4.%.9)



We also wish to get an analogous integral that occurs

in the Coulomb type matrix element C(n), we define,

] Oy

RO X, ),);,a) 'jdxl dax e—.\,x e~ AKX (1/x> )
o [}

xl xz e- h)x lpl(al 102 )\}Xz) =

Oaeds + XM Oueag)
(A‘_"’A)" Al)q (AL‘X))A

-I/Ar

(4.5.10)

We are now ready to construct the /\(n), and C(n) matrix
elements from the above defined functions. Using appendix
A.]l for the Dirac - Coulomb wave functions for (2% ) = 1,

we get when Pn is a bound state,

y
3/2  (1ww/2(1+ 2N) " x

Atn) = N

( = n T (2,1, X ,a=-n+l) + (I+ X )/x 1,(2,1, 2 ,a==-n})

andg,
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C(n) = 33/2 (1+w/2(1+)\))’/" x

(-n R(2,1, X\ ,a=-n+1) + (1+ % )}/y )« R(2,1, A ,a=-n)

(4.5.11)
2. 2.2
where A = 1/(14n“) , and w = n/(1+n“) . When the
Pn are in the positive energy continuum we have,
Alp) = 1/2 K(p) (iy)x
{ei'n- Iw(2,1,p,a=iy) - e-j“n" Iw(2,l,-p'a--iyﬂ.
C(p) = 1/2 K(p) (iy) =
[ei.ﬂ._ R(2,1,p,a=iy) - e'i'ﬂ' R(Z.l.-p.a--iyi.
K(p) = (1+w/w)d e TY/2/(sinn (e yn™
{(4.5.12)

where p is the local momentum related to the energy w., by

w -1/ 2, 1, v = w/p, and JL = - arctan(p)/2. Finally

when Pn is in the negative continuum we have,

l6l
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Alp) = 1/2 k{p) y x

[ei Ll 1Ll

Iw(2,1,a--yi,p) + e Iw(2.1.a-iy.-p)]

Ci{p) = 1/2 K’(p) Y x

[ei.(L 1 {1

R(2,1,a=-iy,p) + e R(2,1,a-iy,-p)]

(4.5.13)
where K'(p) = (w-l/w)ﬂ'e'wyfz/(sinh i y)ﬁ".
The evaluation of (4.5.4) can now be carried out by wing
(4.5.11), (4.512) and (4.513) for the matrix elements
A(n), and c(n). The results are calculated in appendix 5
and tabulated in the first column of Table 4, the
contributions from the bound states, positive, and
negative energy continuum states are listed separately.
Let w now again evaluate (4.5.4) by using the SL
approximation outlined above. In this approximation the
(n)/w term is replaced by the limiting value of A(n)/w
when w—> 0. In this limit we replace the I (A, x \a)

functions listed above by,



a,
ALt A, i
%L‘A) ()1."' )53)

T, 020 Aa) = (w/x)2 { -1/2

3/5 [ar t x[ At Xy e ait)Y '
YT (Xt 2seait)

! a
3/5fdt 3|3 (e +, !
0 t (}t\.")\,)t')u (t(AI."AS)"'A;) .

(4.5.14)
The corresponding contributions for the bound, and
continuum states are listed in column two of Table 4.2.
Before we discuas the above results let us recalculate the
approximation to E in (4.5.4) by wing the same procedure
considered in sections 4.2, and 4.6. When the cosine term
in (4.5.2) is expanded to the leading term, we get for

(4.5.4},

o0 o0
E = Idx fdx
1 2
& '} Z
{Pl(xl) Ql(xl) 1/2 wn x12lL-1 Ql(xz)Pn(xz) C(n)}

{4.5.15)
Using the Dirac radial equation to eliminate the W_

factor we get
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W _C(n) = fdx3fax4 [ dg (x3) - Q (x4) +
0 "] dg’

P (x,5)(1-1/x4) 01(13)f2(x4ﬂ.

(4.5. 16)
We can employ the radial wavefunction sum rules (4.4.17},

o
thus our expression for E becomes,

o3 o =)

E = 1/%[&x{[dx%[éx3 P ix,1Q,(x,) v(l,2)x
(-] '] [}

Q,(x,) (1-1/x,)] 0, (x,) g(2,3) £3(x,)

(4.5.17)
where v(1,2) is the L=1, radial partial wave component of
the operator x,.,., and g(2,3) is the L=0 component for

1/x these are given in (A.2,11). The above triple

23
integral can be done analytically. The value for E
calculated from the above expression is .3536 X 10”2,
agreeing with the previous result obtained by summing over
the intermediate states without making we of
completeness. This is gratifying since it gives w an
independent check on our integration algorithm discussed
in the previowm sections.

We notice that the approximation E, for (4.5.4) is
reasonable accurate for the partial sum over the bound
states and the positive energy continuum, but starts to

break down in the sum over the positron continuum. The

positron wave function is large around the origin for
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high values of the momentum p. Therefore the sum (4.5.4)
over this range gives an appreciable contribution, the
discrepancy between E, and E is now large since the
argument in the cosine term in (4.5.2) cannot be
accurately approximated by the leading terms of a power
expangion. We can get a qualitative idea of the importance
of the continuum in the sum (4.5.1) by estimating the
matrix elements when the intermediate states can be
approximated by the asymptotic expression

Pn(x) A cos(px + %), where b is some phase number. the
bound state functions behave like, P(x)}~ xq{e-(Z"()x‘
near the origin, where '3’-1/1-(20( )2. The matrix

elements in (4.5.2) (when A7 is approximated in the SL)

behave like,

® w0

2 ¥
Annm,n'm'/(wnn'+wms)ujfdxldx2 | X2

om2(Z %)%, ~(Z2X)x, P_(x 1/p3T*!

o

2) 1 %ol

C .t
3q.,m°q
o
a¥ ¥ _2(z %)x, -(Z o )x
[[dx ax, x, x, e S X 1P (x,) 1A%, o =g

or,

{(4.5.18)
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V™ /dp 1/96{”.

(4.5.19)

We notice that the singularity of the s state Dirac
Coulomb wavefunctions at the origin for (ZX ) = 1,
(7% = 0) causes the continuum contribution (4.5.13) to
diverge. In order to get a convergent sum in for (2 ) = 1
for (4.5.4) we have chosen f(x)= xe * in (4.5.3). This
singularity is really academic since it is due to to the
fact that we are dealing with a point nucleus. We note
that for relatively large Z, (2% ) = .86 the ¥ parameter
is already equal to 1/2, and for this case the Coulomb
integral in (4.5.13) already converges quickly for large
p. For thias value of (2% ), the integrand in (4.5.13) goes
as 1/p?Y , and the continumm contribution is
nonnegligivle for small p only, hence the discrepancy
between the SL approximation and the exact energy is
diminished.

Even though the above results show that the SL starts
to break down for (Z X ) = 1, it is neverthless an
adequate order of magnitude approximation to the exact
three body energy, itself being quite small. In order to
be more precise by what we define as small, let us

congider the energy.,



i+
QS’Z(”nl.n's + nln,l's)csm.lm'/(wnn' + wls)'
5

(4.5.20)}

This expression is similar to Vy in (4.5.1), however it
differs from V, by containing a sum of the 7] matrix
elements rather than a difference. In addition the sum
over intermediate states is only over the positive
energy(electron) states. Such an energy is the result of
an iteration of the nonlocal Breit interaction with a
Coulomb potential, and would contribute to the three body
correlation energy of the system.

We evaluate the analog of (4.5.2) for Q, by
replacing the (l-coswnxlz)/xl2 term with
(1+coswnx12)/x12. and summing only over the positve
energy spectrum. The results for the bound state and
continuum state contribution are presented in Table 6.{(For
more details on this calculation, refer to appendix 5.)
One notices that the magnitude of this energy is about ten
times larger than the results presented in Table 5. We can
therefore state with confidence that even though the
atatic limit breaks down at Z% = 1, it is a rough guide
on the order of magnitude of the three body energy which
is small when normalized to a typical three body
correlation energy.

Besides the SL approximations discussed above we have

also made some other approximations in the evalution of
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Table TII. Column (A), partial sums of the energy E (in
dimensionless units) defined in (4.5.4). Column (B), the
partial sums uwsing the SL approximation. Column (C}, total
sun in the SL approximation by wing the completeness
property of the radial wavefunctions. Column (D), partial
sums of the correlation type contributions, (see 4.5.19).

Partial A B c D
s ums o
Bound
states

-.5916 103 -,1028 10~2 - -.1036 10-1
Positive

continuum

-.5579 10-3 -,4587 10-3 -.1321 10™2

negative
cont inuum

-.1124 10-3 .5024 10~2

Total
5 um

-.1262 10~3 .3538 102 ,3538 10~2 -.1168 10-1




the three-body energies in the preceding sections. In
section 4.4, and 4.5 we have neglected contributions
coming from the j=3/2, d wave, intermediate states. For
high values of Z the overlap of these functions with the
j=1/2, 8 wave states (being very close to the nucleus)is
very small, therefore the resulting radial integrals will
be neglible compared to the integrals evaluated in 4.3,
and 4.5. In addition we have completely neglected the so
called Coulomb retardation term of the Breit operator, and
considered only the magnetic Gaunt component. However:
this term was used in Hatree - Fock calculations by many

11, 38

authors . and was shown to have only a few percent

contribution, when compared to the magnetic term.

1€9



Conclwsion and Discwsion

Summarizing the numerical results of the previous
gsections, we note that the total three body energy is on
the order of .01 Rydberg for a three electron ion with
ZOW ~ 1. Before discussing the implication of these results
let w consider again the Primakoff - Holstein (P-H)
potential given by (3.3.11). We can approximate, by
dimens ional arguments, a typical energy coming from these

terms. Consider the term in the P-H potential given by

q|'¥)
v(1,2,3) = e4/8mc2 1% 1%y ] + (permutations of

coord.).

Taking the expectation value of V for low lying orbitals
in the presence of a nuclewm with charge Ze, we can
replace ’/m-‘“r“] —> 22/3.2 (a is the Bohr radiws ),
and 0(.-0(3 - (2 )2. We thus expect a contribution

to the enerqgy from the P-H potentials to scale like

(z& )4 Ryd. For 2 = 137, this energy would have a
magnitude one hundred times larger than the contributions
that we have calculated. This seems strange: After all, we
have shown in Section 3.3 that the P~H potentials are a

classical limit of the virtual pair potentials evaluated
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in Section 4.3. We now wish to addreas ourselves to this

seemingly paradoxical situation. We pointed out in Section
3.3 that for a nonrelativistic system the sum over "slow"
virtual free positrons gave rise to the P-H potentials,
however for a high Z (relativistic) atom one must wse the
full Coulomb Dirac positron wavefunctions in the sum over
the intermediate states, For an atom with Z=137, the
positrons in the inner regions of the atom will have the

approximate form,

P(r) & wK(p) = w e~ Tw/p

where w sWJp2+l . P is the momentum of the positrons,
and where the normalization factor K(p) is given by
(4.3.17). We have also wsed the identity35

r(iy) = 1/(y sinhy)%ﬂ The the pair contribution terms of

Section 4.3 will then behave in the region p £ p

>
AE(pair) = [dp 2 Wwip (Ryd. )

[ -]
since the integral over the bound atate wavefunctions is
on the order of one. In the exact evaluation of these
terms, most of the contribution to the shift came from
values of the positron momenta p$ 5. Inserting this value

into the cutcoff value in the integral and approximating
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Ae =z (e2T (12)) Ryd. % .01 Ryd.

We note that the small exponential factor in the
normalization constant is responsible for making [XE
small. We have a clear physical explanation for the above
results by noting that the Coulomb Dirac virtual positrons
have a small probability of penetrating into the regions
near the nuclews becawse of the strong Coulomb repulsion.
The inner-shell electrons however are highly likely to be
in this region. The overlap of the virtual positrons and
inner shell electronas is consequently small; hence the
matrix elements for the three body potentials due to
virtual pairs in high Z atoms are negligible. The above
considerations point out the danger in trusting
essentially nonrelativistic derivations as a guide to QED
processes in an intense field, even as an order of
magnitude guide. It mwut be pointed out that for a very
hot plasma, three body potentials of the type discussed
above would probable make a large contribution to the
energy of the system since the virtual positrons would now
have a very large overlap region with the electrons
because of mutual attraction.

In sections 4.3 , and 4.4, we discuwsed the Coulomb -
transverse, and transverse - transverse photon exchange,

contributions to the three body energy. These terms have
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contributions coming from virtual electrons as well
positrons. However, the difference

(nnm,n'm' - nmrl,n'm') appearing in these terms are
small., We have used the static limit (SL) approximations
defined in Section 4.5. to replace the above difference
with the matrix elements of a local operator. Even though,
as was pointed out in this section, this approximation
breaks down for Z& = 1, the SL approximation actually
gives a good order of magnitude estimate to the correct
energy for values of ZX ®*1 . We thuws conclude that
three-body potentials are not an important consideration
when dealing with the gross atomic structure of heavy
atoms . However, three-body potentials could be important
in determing the fine structure of few electron ions with
intermediate values of Z. The experimental verification of
fundamental many body electromagnetic forces could be an
important benchmark in our understanding of higher order
effects of QED. Finally as was originally pointed out by
Primakoff and Holstein?. three-body potentials are
important in nuclear physics; understanding QED three-body

potentials would give us insight into the more complex

processes in the nucleuws.



174

AEEendix

In appendix A.l, we discuss the Dirac-Coulomb
wavefunctions that were widely made we of throughout the
thesis. Most of the material of this section comes

directly ocut of M.E. Rose's book36, "

RELATIVISTIC
ELECTRON THEORY ". In A.2 we give a brief review of some
pasic results of Racah Algebra, most of the material from
this section is taken from Armstrong's bookaa. In A.3,

we simplify, and express the matrix elements of the
Coulomb, and Breit interaction, for s wave Dirac - Coulomb
wavefunctions, into a linear combination of radial

integrals. Some of the computer codes used in this thesis

are briefly outlined in A.4.



Appendix A.l The Dirac equation in a central field

The Dirac, eigenvalue equation in a central field u(r),

is given by,

[-ihc 075+ me? + u(r)]w(r) = E 'J/(r)

(A.1.1)

where O_(. @ are four by four matrices given by,
- o o : .
X = _ iqt,q1}=28|1

O o

jxiet=o
I ]
1
- =z L

ﬁ O _I p (A.l.2)

where the 5’, 1 are the two by two Pauli, and identity
matrices respectively.

We are interested with the eigenstates of (A.l.1) in
an attractive Coulomb potential u(r) = —Ze2/r. We shall
hence-forth call these Dirac - Coulomb wavefunctions. The
Hamiltonian (A.l.1) commutes with the total angular

moment um operator,

T=1L +%h/2)
(A.1.3)
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and, the relativistic parity operator

K = @ P (A.1.4)

where L = T X p is the nonrelativistic orbital angular

momentum, z:is the four by four spin matrix,

i_ (5"0)
o &
(A.1.5)

and P is the space inversion operator.
Eigenstates of J can be constructed from the,spin
orbit functions, which are linear combinations of the

orbital angular momentum eigenfunctions Y;(JI), and the

spin 1/2 eigenstates, |s m >,
x3 My -

P
V(3+m) 723 Y";“(.ﬂ-) |s=1/2 m =k >+
Vi3-m/23 Y"‘;"(.ﬂ.) [5=1/2 may>
if A= 3 - 1/2,

and
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X2ma -

V3+1-my/23+2 YL [s=1/2 m=k > -

4/(§+14m) /25+2 Ym+k(fl)’s=1/2 ms._y;>
1f)'j+1/2!

(A.1.6)
where A is the orbital angular momentum quantum number, 44
is the space inversion quantum number (M = 1 even parity,
M= -1 odd parity.), and m is the azimuthal gquantum
number. The eigenstates of (A.l.l) must be diagonal with
respect to the K operator, therefore they are linear
combinations of the spin orbit eigenfunctions with
opposite parities (space inversion ). Choosing a standard
phase convention29 we can express the most general form

for the eigenstates of (A.l.1), (A.l.3),and (A.2.4) as,

[Edmu> = [ pri/r XuI™ (1)
iQ(r)/r 7(_31" (1)

(A.1.7)
The choice for either of the two expressions for ?gar
in (A.1.6) is uniguely determined for a given value of Jj,

and the parity , by the relation )\ = § + (-l)j"'l’.
M
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Making uwse of the identity,

R (A.1.8)
and,
— 1 m 2 2 3 2 ym
6_'1')(,2 =é_(J -2 - & L/2) )ﬂj‘
x
= - 3m . (- i*1/2 9
(k + 1))(M o ko= (1) M (23+1)/
and 5" T )(Jm = yIm
- -l
(A.1.9)
we get for (A.l.1)
(a/dx + k/x)}P{x) - (W+ 1 - F/x)q(x) =0
(a/ax - k/x)Q(x) + (W -1 - FT/x)P(x) =0
(A.1.10)

where we have used the dimensionless units, x = r/; '
E = mczw, 7 =2z2%X . X, being the Compton wavelength,
and  the fine structure constant. It is clear from the

above equation that the radial functions need be



parametrized hy the energy eigenvalues W, and the k number
which is related to the relativistic parity quantum

number, and j.
We now proceed to construct the radial wavefunctions,

P(x), and Q(x). Following Rose, we make a transformation,
P(z) = (1+0) (P (2) + $,(2)) et

atz) = (1-m) " ( P (2) - Htz)) 722

2z = 2% x. A= (1-whH®

(A.1.11)

We now consider bound state solutions O0< W < 1. Making
an additional trans formation 452 = M(:z)/zl/2 , we get

a standard second order equation,
(02/7az” m ) + [-1/4 + (Y w/n +1/201/2 -

(/2 -1/4)/22]M =0

(A.1.12)

where ,

'5 -=-\ﬁ2 - (Z& )2

The solutions of (A.1.12) are given by the Whittaker

(A.,1.13)
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functionsag. For bound states, we require the solutions
to be regular at infinity. Matching the solutions regular
at the origin with the asymptotic solutions one gets the

quantinjization condition,

ok = [1 + ( 2/(n +x) )2 J-1/2

(A.1.14)

. L) L) +
where n is a non-negative integer,and kx = _ 1,

* 2,..:(n-1). -n. One can now rexpress the P(x),

0(x) in terms of the Whittaker functions, imposing the

normalization condition,

-
]dx (Pz(x) + oz(x))= 1
[}

(A.1.15)

We borrow the result of Rose,

P(x) = N (1+Wnk)¢L(2AX)Ye' A x x

{-anl(-n+1,2‘5'+ 1,23x) = (k= F/xn) (F (-n,2¥+1,2) x)f
Q(x) = - N (1-w )" (2ax) e~ A%,

in JFi-n+1,2¥+ 1,2 x) - (x = F/x) ;F (-n,2Y¥+1,2 Mt)j

{(A.1.16)
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with the normalization constant,

M
N .(I"(zf+ n+ 1°)/n! }‘(}-Ak))lfz (X /2% M2y 1))

(A.1.17)
To get the continuum solutions for positive energy
(W >1l) eigenstates of (A.1.1), one gets an analogous

equation to (A.1.12),

dz/dzz(u)-[k +(’s+i'j’W/p)/z + fz-k)/zz]u =0

(A.1.18)
where now z ; 2ipx, and, p = w2 -~ 1, is the local momenta.
The solutions to (A.1.18) can again be expressed in terms of
the confluent hypergeometric functions. After requiring

energy scale normalization ,

o0

'/;!x (Pw(x)l'-'w. (x) + QW(X)QW. (x)) = 5 (W-W')
0

(h.1.19)

RosSe gets,



P(x) = N{ 1+W)’L(2px).‘

Real e 'PX el'n" lFl('If-l- 1 + iy, 2%+ 1, 2ipx)

Q(x) = - I~1(1-W)ﬁ'(21:nc)'f

Imag e"“:'x el’n" lFlt Y+ 1+ iy,2%+ 1,2ipx)

where v = (Z%X )W/p, and the normalization,

N=e Y2IP(os i)/ P2d+ 1) (wp)™
(A.1.20)

The phase factor,
: 7 4
it o (kriymy (e i)t

(A.1.21)
was chosen in order to make the amplitudes real.

We now consider the negative energy ( W < 0) solutions
to (A.1.1). We note that the radial equations (A.1.10) for
this sign of the energy correspond to positive energy
equation given above if make the replacement ZX ? - ZX ,
P{x) -» 0(x), and k? - k, while keeping the absolute value
of the energy. Therefore {(A.2.20) is a positron solution
with energy W , if we interchange the upper component of
the electron wavefunction with the lower component ©f the

positron function, substitute y 9 -y,
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Appendix A.2 Tensor Operators

A spherical tensor operator is defined as a set of

(2k+1) operators A;. which obey commutation relations

b ] -0

/2 k

k 1
[, mg] = ks - qras1)) ool

K

k 172
[J_, Tq] = (k(k+l) - q(g-1) o1

(A.2.1)

where J,, J = J + i3,, J_=J_ =~ in,

Y X

and Iy J being the ordinary angular momentum

Y! le
operators i.e.,

ik 3

[Ji,.:lj]- i€ .

(A.2.2)

Given two spherical tensor operators T: ' T;: ’

of rank k, k', we can form higher rank tensor operators

K
NQ'



(A.2.3)
where we have defined a shorthand notation,
[k.m...,n] = (2k+1)}{2m+1)...{2n+1).
Common tensor operators are,
cl =fam/(24+1) YIL) , ¢l =
g AT/ YU g F
oo
6_q = , for a=3, 6 ,. for gq=1, O _ for q=2)
(A.2.4)

where6'+=6x+id'y. 6"_*0')',-10"':{:

6-x'6_y.°_z are the Pauli matrices.

: —

The Cc:; act on the orbital space while, J act on the

spin space. The dot and vector products are common tensor
operators (scalar, vector) constructed from two rank k

tensors, Ak ' Bk

¥
Ak.B¥ = (-1)¥ [k] Y (ak b%)°

alxpl = i 427 (alsh?

(A.2.5)
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The Wigner - Eckart theorem allows us to factor the
magnetic quantum number dependence of the matrix elements

of tensor operators i.e.,

$omgl7g |30 my> = (03T K TNG kY 3D
(M3 4 My

(A.2.86)
the <3 ”TK Il j'> are reduced matrix elements and do not
depend on the azimuthal gquantum numbers. Often used

reduced matrix elements are,

QRN = cnt [raf(t * 2

0 0 O

(s=1/21107 lls=1/2) =+f6

(A.2.7)
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where |1> is an orbital angular momentum eigenstate, ]s-1/2>

is a spin 1/2 eigenstate.

Most of the tensor operators we will make use of are

operators in the spin-orbit product space. If we have a state

\a M: 3, j2> where J,M are the quantum numbers in the product

s pace, jl. j2 are the lower dimensiocnal angular momenta, we

have a uwseful formula
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w| ¥ 3o
'[J'J"K] I 3: wy x» <K jl‘lTk'” jllsznuk‘“ P%
J J K

(A.2.8)
where Tk‘. Uki, operate on the spin and three
dimensional space, respectively. If either of the

operators is a scalar, then we have,

{3y 35 TUTNI, 3,7 3> = §(35.3,7) (-DIT IF T,

¥ EJ ) T'§z<jl||"'k 13,5

R

for RI-K, k2=0, and

Gy 3y IMUR 3 50 37D = $(3103,7) (-nA* AT TR

[J'J')m}J k J'} <j2“Uk”j2>

it3 3

for k.=0, k

1 =K.

2
(A.2.9)

I1f we have a product space constructed from more than
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two component spaces then we can form angular momenta
states (in the product space) in more than one way, i.e.
in a productspace of three particles we can first couple

particle 1,and 2 and then couple this state with the third

particle , to get |[IM (jljz)j37ror we can also have

{am 3y (j2j3f>these two states are related by the

recoupling formula,
R 1 4+ 3+ 3 + J
13, (3,300,5 MY = 9 (=D * I+ 3
Il"-
ja J J % - .
i ? "g CFPIFEPN R R IR PYIE IPTRE PAE DA

I, 3y {5
(A.2,10)

Another useful formula deals with the partial wave

.37
expansion

£y 1) = ) v (1,2) ¢ X2

",

where vk(1,2) =

k k+1 .
re /r7 if £ = 1/|r12|. and

[1/5(2k+1) (re /1)) 2 - 1/(2k-1)] KRl i g = g,

(A.2.11)
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In addition we will also make use of the partial wave
expansion for the Gaunt operator, this expansion is given

by equation (7.18). in ref.(38 },

- XX gy

(-I)Z(-l)x + L [o(lc"m] L.[O( 2c:"(z)] L% /5.
KL
(A.2.12)
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Appendix A.3

Matrix elements of the Coulomb, and Breit operators.

We wish to evaluate the matrix elements of the Coulomb
operator 1/:12, and the Gaunt operator, -~ 6(-‘-07;/:'12 .
between Dirac - Coulomb spinors. The matrix elements of
these operators can in turn be wed as the building blocks
in evaluating the matrix elements of the generalized Breit
operator(2.1.19). Using the representation for the spinors
{A.1.7), and the partial wave expansion for the Coulomb

operator (A.1l.11l) we get,

o0 o
<ab\1/rlzla' b'> = Z(-l)q fdrlfdrz , rf/r];*-l:
X () °
K af

cg(UIX D>

(e trip, (r) X

k -
Qur)a, (r) X lekin] x5, )x

L '
[rptrppytryy  KXGEE (2] X35>+

G ()0, (1)) <7.(:qu(2’|7<_:‘/«>] } '
(A.3.1)

where the matrix elements <X[C; | X> refer to

angular integrations, the X,:: are spin orbit functions

defined in (A.1.6), the subscripts s determine the

parity of the spin orbit functions,
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If M = +1, the parity is even, if M = -1 it is odd.
Applying the Wigner Ekhart theorem and defining the

reduced matrix elements,

pFla m sa' m') = <ja s=1/2 A _(a}li ck || ig 8=1/2 N . (4 »

A ) =3 - m/2 (-13a t)
(A.3.2)

we get for (A.3.1)

{av | 1/e ), |a'p' D>

] Z"”q+j“+ AT /9y xR\ X %
K’ﬁ (’ma 1 m)(—mb -9 Q‘

%0 %
fdrlfdrz [rE/rg'u [(Pa(rl)Pa.(rl)Dk(a/A ra' i) +
[+ o
Qa(rl)Qa.(rl))Dk(a -1 :a'-,u‘)]x[(Pb(rz)Pb.(rz)Dk(b/q:b'/u’)

+ Qb(rz)ob. (rz)D"(b -V b'-' ))].
(A.3.3)

Using (A.2.9) we can evaluate the p* coefficients, we get
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. . 4+ 5 + . . 1% .
Dk(a,n:a A ) = (-1) Ja. k [JavJa] ja k Iz
4Ag " ‘Aq'}

7
[ka'kad Aak Aa
¢c 0 ©
(A.3.4)

where we also have wsed (A.2.7). An important parity
seléction rule comes from the 3-3j symbol,

Ay * X, o+ k =-even. In our applications, we are
faced with matrix elements where at least three of the
states in (A.3.1) are s wave states. Let us consider the
special case j, = 1/2, M = 1, Ig0 =1/2, Mm=1, I =
1/2, V=1, ib" <+ '. We immediatly notice that the
Dk(1/2)4=1:1/2,AK=1) coefficient vanishes unless k=0,
becauwse of the above stated parity condition and the
triange equality ZX( 1/2,1/2,x) (coming from the 6-3
symbol) must be simultaniously satisfied. The k = 0O
requirement forces jb' = 1/2, and v'= 1, as can be seen
by using (A.3.4) for D0(1/2 /4-1,jb.'V'). We will thus

be concerned only with Coulomb matrix elements where all

states are s waves. We then get

@b |1/r12 |a'h’') = 2 XL-O(mama.:mbmb.)
=0 |

jhr¥f;r2 [Pa(rl)Pa,(r1)+Qa(rl)Qa.(rl)]*
o [

[Pb(rz)Pbl (r2)+0b(r2)0b. (rz )]
(A.3.5)



where we have defined ,

L
X (mama.:mbmb.) =

Z—l)q tlomg -y, 1/2 L 1/2 1/2 L 1/2

% -m g m -m =-q m

(A.3.6)

and evaluated ,
Dk'0(1/2)4- +1; 1/2/M'- +1) = \Ei

(A.3.7)
We now turn our attention to evaluating the matrix
elements with respect to the Gaunt operator. Using the
same notation as above and the partial wave expansion

(A.1.12) we get,
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{ab|- X, o/r),1apD> =

N e
(—I)Z('l)k+L+q fdrlfdrz 3 ek /e85t 12 o
0 [}

LTS

X L '
[(Pa(rl)oa.(rl) <;(;[[O'C (”jq I?f._aM:

k L ¢
- Q(r))P, . (1) <)§:![O"C (1).q [7(';,>]x

{(Pb(rz)ob.(rz) <x3|[0'ck(2): I.Jqlx.?-‘;'>
- Oy lrpy(ry) (xO[oc@)] Iy | k?,',?} }
(A.3.8)

We again make use of the Wigner Ekhart theorem and define

the reduced matrix elements

Ek(a_,n ;a' m'!L) = <ja s=1/2 }“‘g’ck ]L“ Aa' s=1/2 ja‘?

(Ao 3.9)

we get for (A.3.8)

193



T q-m=-m+ 3+ j+ k + L
L(-l) a [ ' L

RIS
GNEIY:
-ma q ma' "'mb'q mb'

jdrlfdr‘.2 {rlfr\ /rk;':L [(Pa(rlloa. (rllEk(a Mza'= m’':L)
] [v]

- Ca(rl)Pa.(rl))Ek(a -M:a M':L))]"
[(Pb(rz)ob.(rz)Ek(b"V tb'=v';L)

- g {ry )P (r,))E (b -V b' 1 :L) ]%

{A.3.10)
We wme (A.2.8) to evaluate the Ek coefficients,
Yy 4 &
K “
E'(a m:a' m';L) = [ja,k.jb.] Aa Aar K) X
LA
{72l 07 172> A Ncfua>
(A.3.11)

or,
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©n 4 4

%
Ek(a AA 1a ?L) ‘[jaukfjat] * AR ot K} x
S

Aa K A
Ve (-n*" 4 ) (R.3.12)
o © ©

where we have uwsed (A.2.7). Again we shall only be
concerned with the matrix elements of the Gaunt operator
between s waves. Thus for j,6 = 1/2 = 3a0 = 3 =

jb" and M= 1, /A'= -1, we get using the 9-j symbol
and the X + Aa' + k = even, selection rules, the

nonvanishing terms in {(A.3.12) for k = 1, and L = 0,1

E<"1(1/2 me1:1/2 M= -1:L) =

E*1(1/2 m= -1; 1/2 M= 1;0) (-1
(A.3.13)

and,

EX"}(1/2 m=1;1/2 m = -1;1) = +/2/3 for L=0

2Aj5. for L=1.

(A.3.14)

We therefore get,
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<a b| - o(l-q;/r12| at b-) = (~1) fdrlfdrz [r</r§

- ] o

{2/3 XL-o(mama,:mbmb,)n
(P, {ry)Q,, (ry) = @ (£, (r)))x
(Pb(rz)Qb. (rz) - Qb(rz’pbttrz))
4 L=1
- 4/3 X (mama.;mbmb,)x
(P, (r1Q,,(ry) + Q. (r))P,, (r;))«

(P (r,)Q (ry,) + Qb"z’Pb"”z”ﬁ]-
(A.3.15)

The generalized Breit operator in (2.1.27)

nnm,n'm‘
can now be expressed as a linear combination ¢of the Gaunt,
and Coulomb matrix elements given above; if the radial
partial waves rt /rngre replaced by the nonlocal
operators ~ w (2k+1l) jk(wr<)yk(wr7) ,» where w

is the energy difference wnn" and jk' Y, are the
spherical Bessel functions of order k, of the first and

second kind respectively. Sometimes it is more practical

to express these operators by an integral transform,
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- W (2k+1) J (wr ) y, (wr,) =

[+ +]

- w(2k+1l) P/ jdz jk(zrl)jk{zrz) zzf(zz-wz)

- al

{h.3.16)
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Appendix A.4 Computer Codes

The codes RACC, RACB, RABB, evaluate the shifts given
in equations, (4.3.5), (4.3.8), and (4.3.1l1) respectively.
These shifts are essentially linear combinations of
integrals defined in (4.3.39) and reduced to simplified
form in (4.3.35). The function subprogram VI utilizes a
Gaussian quadrature formula to evaluate the Ik integrals
defined in (4.3.35). The accuracy of VI is tested by
looking at the convergence of the results when more points
in the Gaussian quadrature are utilized. Results for
various parameters of Ik are given in table A.l. Linear
combinations of the I, are wed in the function
subprograms RC, RB, to construct the radial integrals
RC(aa',bb'), J' (aa',bb') defined in (4.3.20), and

{4.3.28) respectively. These in turn are uwsed to construct

» c-c
the basic matrix elements vabC,a'b‘c"
C=B -B ) .
abcua'b'c" abc,a'b'c' defined in

(4.3.7), (4.3.10), and (4.3.13) respectively. The
expressions for these matrix elements are factored into
magnetic quantum number coefficients and the radial
integrals described above. This factorization is given by
equation (4.3,36) for the vigg.a'b'c' matrix

elements, we have for the other matrix elements,
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c-C . ' C ' C . .
Vabc,a'b'c’ © M, (aa‘,bb’,cct) [&R {(aa':pb' )R (bp:cc’)

C-B = ' ' ' C ', ' + . .
vabc,a'b‘c' 8/3 Mu:;-o(aa /bbb’ ,ce )Zsiﬁ {aa’;:pb')J (bp:cc')

-16/3 M01(aa'.bb',cc') [&RC(aa‘:bp)J'(bp:cc')

(A.5.1)
where we use the notation of section 4.3, the M
coefficients are defined in (4.3.37) and the summation
over the intermediate states is implied. The coefficients
MOO' MOI' Mll' are evaluated in the subprogram
functions GA, GB, GC, respectively. Finally the sum over
the intermediate states in the above expressions is
accomplished by the general purpose and very accurate

integration program QUANCB, avajilable at the C.C.N,Y

computation center.
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