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The relationship between the volume of a tubular neighborhood
of a submanifold and metric invarianrs of that submanifold have long
been of interest. Steiner examined this problem as long ago as 1840
[ 12 ). The problem was discussed for curves by Hoteling [ 8 ], in
relation to a statistical problem, which motivated H. Weyl
to solve the problem for any submanifold of a space of constant
curvature. (Actually, he states hils results only for Euclidian
space and spheres.)

When the ambient manifold is flat, Weyl obtained the surprising
result that the volume, as a function of the radius, is a poly-
nomial. Secondly, the coefficlents of the polynomial are products
of universal constants, depending on dimensions, and intrinsic
integral metric invariants of the submanifold. Specifically, these
are the integrals of the p'h mean curvatures of the submanifold.

Many questions concerning submanifolds can be discussed by
restricting one's attention to its tubular neighborhood. Weyl's
result suggests restricting one's attention still further to the
formula, V(r), for the volume of the tube, and examining the co-—
efficients of its power series expansion. This was done in 1848
for geodesic circles on surfaces by Bertrand and Digret [ 2 }.

When the amblent space is symmetric, N. Grossman [ 7 ] has
obtained order of magnitude estimates for the growth of tubes of
large radius, which depend on the rank of the ambient symmetric
space. He uses this estimate along with results of Bott to gain
information on the Betti numbers of path spaces from the submani-

fold to a point off 1it.



In the case of a complex submanifold of complex projective
space, Flaherty [ 6 ] has given formuli analogous to Weyl's.

When a lower bound is given on the sectional curvatures of the
ambient space, V. Dekster [ 5 ] has obtained comparison theorems for
the volume of tubes which generalize the Rauch Comparison Theorem
for the volume of spheres.

The general problem may be stated as follows: Let M{m) and N{(ork)
be compact smooth Riemanian manifolds. Let f: M— N be a smooth iso-
metric imbedding. Consider the tubular neighborhood of radius r
about f{M) in N, This may be identified with the normal disc bundle
of M 1induced by f. Let V(r) be the volume of the tube as a func-
tion of r. This volume in general depends on M, N, r and f. The
formalisms for solving this problem can be set up by considering the
Jacobl fields Iinduced in the normal bundle by variation of the normal
geodesics. See Grossman [ 7 ] for an exposition of this. Little has
been sald about the general case, except that the first approximation
to V{(r) is vir) = Vi rk vol(M) + O(rktl) » where V, 1is
the volume of the unit k-disc. When M is flat, Weyl's results apply,
and V(r) 1is a polynomial. Little is known about the integral in-
variants which are the coefficients. The first coefficient i3 a
multiple of the volume, as mentioned above. Also by examining the
formull for the last coefficlent, it is seen to be the integral of
the Lipschitz-Killing curvature of M, and thus the last coefficient
is a multiple of the Euler characteristic. The intermediate coef-

ficients are the integrals of Allendoerfer's [ 1 ] pth mean curv-



atures. Thorpe [ 14 ] discusses the relation between the constancy
of these curvatures and the vanishing of certain Pontryagin classes.

For an arbitrary ambient manifold, the integration for the
volume of a tube has not yet been done. The purpose of this paper
is to make some contributions In this direction. We consilder two
classes of problems.

First we consider a submanifold M(M) of R™K  and take E
to be a subbundle of 1ts normal bundle, NM. We discuss the volume
of the tubular neightborhood of M in E and prove some theorems
about it. The first states that the volume is a polynomial 1f E
is totally geodesic, and gives a non-polynomial counterexample in
case it i1s not. The second considers E to be the first osculating
space of M, and shows that if the volume agrees with the Weyl poly-
nomial tc second order, then it must in fact be that polynomial and
M must lie in some lower dimensional subspace of RTK . ye then
consider one sided tubes, i.e.: exponentiating only a quadrant of
the normal bundle. The integral of the mean curvature of M ap-
pears in this volume formula. These theorems are stated in detail
in Chapter 1.

The next situation we consider is the case of an immersion
rather than an imbedding of one manifold into ancther. The for-
malisms used above still apply, but need to be corrected, for near
any coincidence point of the immersion there are colncidence pointa
of the exponentiated disc bundle. We obtain approximations to the
volume of the multiple peints c¢f the immersed tube, and use these

approximations plus Weyl's formula to obtain approximations to the



actual volume of the tubular neighborhood when the ambient space 1is
flat. Examining these formuli, we ncte that to a certain order of
approximation, the volume is intrinsic to the submanifold. Taking

a higher order approximation, we note that the next higher order
term depends only on the intrinsic metric of the image of the im-
mersion, the conformal structure of the ambient manifold and the
codimension. As a corollary, we will note that 1f the approximation
to the actual wvolume about the immersed submanifold agrees with the
intrinsically defined Weyl polynomial, then the immersion must be

an imbedding. These formulf and theorems will be stated and proven

in Chapter 2.



CHAPTER 1

et MM pe a compact smooth submanifold of Rm+k. Choose

an f-dimensional subbundle, E , of the normal bundle NM, We
will discuss the tubular neighborhood of radius r of M in E.
Its volume form will be constructed and given in local coordinates,
which in certain situations lends 1itself to interesting invariant
formulations. In the case &=k, we have E=NM, the full tube. This
situation was examined in detail by H. Weyl, and was the occasion
of the first substantial insight into the general problem.

Theorem 1. (Weyl [16]) The tubular neighborhood of radius r
of M 1in R™K has volume

i+e

r
Ve = Vo L i (eeh) ... (ke e

(e even, o<es<m), where V2 is the volume of the unit f-disc¢ and

the h are integral metric invariants intrinsic to M. Specifi-

e
cally, h, 1is the integral of the pth mean curvature of M, with
h0 being the volume.

We will dencte this volume by W(r)}, calling it the L-dimen-
sional Weyl polynomial of M. It is independent of the isometric
imbedding for a fixed codimension. Where the number £ 1s clear,
we will merely call it the Weyl polynomial of M.

The volume formula is not a pelyncemial for all subbumdles E
of NM. We will show:

Theorem 2. If E 18 a totally geodesic subbundle of NM,
then V(r) 1s a polynomial. It is of the same form as the Weyl

polynomial, although the coefficients are not necessarily intrinsic.



Remark. It is not always true that V(r) 1is a polynomial.
As a counterexample, consider M a non~degenerate space curve,
with E generated by the first normal vector. It iIs easlily shown
by direct calculation that V(r), in this case, is a polynomial
if and only if the torsion of the curve vanishes. This converse
does not appear to be true for dim M > 2.

We will show the following theorems:

Theorem 3. Let E be such that it contains the image of
the vector valued second fundamental form of M. The volume of
the tube of radius r about M in E is

V(r) = rRVE-vol(M)

L+2
r ~1 2 - 1
* [V, /hy a + Vv £ ngrvge || astm1 dS dM] +0(c ¥+
where the integral is over UTMBUE, with e ¢ UE, w e UTM, and HEJ-

'y
dentoes projection onto E -

This formula agrees with Weyl's formula (Theorem 1) when
k=%, (since E* =0). The integral of || HE¢VeH2 is a measurement
of the "twisting" of E. In particular, when M 1s a non-degenerate
curve:

Corollary. Consider a non-degenerate curve Y in r1tk,
Let E be the subbundle of the normal bundle generated by the
first normal vector. (E 1s also called the first osculating space
of Y). The volume of the tube about Y in E is

V(r) = 2rL + (r3/6) f 12 ds + 0(rd),
where L 1s the length of the curve and Tt 1s the torsion of the

curve.



Theorem 4. Let n(l):-**n(f) be a frame field along M. Con-

242
sicer the region spanned by m + piltpn(p)m’ for tp20 and thgr .

This is a generalization of a l-sided tubular neighborhood in case
£=1. The wvolume of the 'l-sided' tube is

2+2

vier)y = rf27hv cvol(my 4 eMlmtv ) sren a4+ oY),

where V£ is the volume of the unit ¢-disc, 2% is the number of
Quadrants.in RL, n;éln(i) and H 1is the mean curvature vector of
M.

Corollary. Let Y be a non-degenerate curve in g1tk Gien
normal vector n. Let E be the subbundle of NY generated by n.

The volume of the l-sided tube about ¥ 1in E {is

Vi (r) = rL + %r2 fxds + 0(rd) ,
where «x 1s the curvature of the curve ¥ , and L 18 its length.

We remark that Theorems 1 through 4 also hold when M 1is a sub-
manifold of any flat space.

The next theorem concerns nicely curved submanifolds, which are
a peneralization of the concept of a non-~degenerate curve.

Theorem 5. Let M{™ be a nicely curved submanifold of RO'K. In
such a manifold, the range of the second fundamental form has constant
dimension f. Denote this subbundle of the normal bundle by g{2),

V(r) denotes the volume of the tube in E. The following are equivalent:

1) M 1is containted in a m+? dimensional linear subspace of ROk

2) E 1is a totally geodesic subbundle of NM,

3) V(r) 1s the 2-dimensional Weyl polynomial of M,

4) The coefficient of 2 in the power series expansion for V(r)



agrees with the corresponding term in the Weyl polynomial.

Remark. This theorem will be based on a generalization of the
fact that if the torsion of a space curve vanishes, then it lies in
a plane. For M a submanifold of R™E  4nd E  the range of the
second fundamental form, we are motivated to define the torsion of
the imbedding of M at a point p as

7\l ngrv elt? artlasml,
where the domain of integration is for w(:UTMp and ec UEp.

Section 1 will develop the volume form for the tube, and in
the process we will demonstrate Theorem 2. Section 2 will discuss
the Integration of this form over the tube and gquadrant-tube, which
will yield Theorems 3 and 4. Section 3 will prove the equivalences
stated in Theorem 5.

We will use some of Weyl's calculations as building blocks for
the volume formula. The proof of Theorem 5 will depend on the
notions of osculating spaces and formal imbedding numbers, as

developed by Allendoerfer.

§1 The volume form

Rags and E(E) a sub-

We are given H(m) a submanifold of R
bundle of NM. Let (U,x) be a coordinate patch on M. A coord-
ination of the tube in E can be constructed as follows:

Choose {n(l)...n(2)} an orthonormal basis section for E}U.

Define, for t=e¢ RE .

(1.1) Y(u,t) = x(u) +p§1:pn(p).

2

The tube of radius r 1s defined by the restriction Etpsrz.

We will give the volume form of this coordinatization. Calculations



will be dome leocally. Since local results will be invariant, the
global versions will follow immediately.
It will be convenient to use indices in the following ranges:
1<i,),ps2 , lsa,R=m
Let {w,} be an orthonormal basis for TM|U. Y, and Yp will

denote differentliation of Y with respect to L and T re-—
P

spectively. It follows from 1.1 that:
(1.2) Y, = a(p) ,

{1.3) Ya = Xa + gtpna(p).

We express na(p) as a linear combination of the orthonormal
vectors xg and n(g) , where 1sBsm and 1x<q<k. Extend the
basis {n(p)}p_l,g of E to an orthonormal basis {n(P)}pnl,k of
NM. We can then write

(1.4) n,(p) = gcﬁcp)xs + (p)n(q) ,

qglLGq

where Gg(p) are the coefficients of the second fundamental form

in direction n{p), and Luq(p) - na(q)'n(p). G is symmetric in

a and 8 and L is skew-symmetric iIn p and gq. Combining 1.3

and 1.4, we cobtain

k
(1.5) Y, = X, + E[gtpcg(p)]xB + qu[gLaq(p)tp]n(q).

Thus, we can write the volume form of E as

B
(1.6) det [6,p + gtha(p) gtpLuq(p)

dM de,
O I, O
l<a<m
1<f<m
lsqst



and dt = dt1°°'dti. Note that the matrix is m+2 by mtk. The
interpretation of det 1s to consider the row vectors as in the
m+2 dimensional subspace which they span.

Weyl considered the case 9=k , when E 1s the full normal

bundle of M 1in Rk In this situation, I fills the lower

g

right hand block of 1.6, thus the volume form becomes, f{u Weyl's
case:
(1.7) detll + £t 65 (p)] M de.
p a
This can be evaluated, and expressed as a polynomial in the

tp. The coefficlents of the polynomial are invariant polynomials

of the matrices G{(p). The volume of the tube of radius r 1is
found by integrating thc polynomial over M and the region

Etgsrz. Weyl does this, and obtains the following formula, given

in Theorem 1:
e

V(r) = Vzog (mz;-.‘.(m) he,

where the sum 18 for e even, osesm. V2 is the volume of the

unit ¢-disc, and the he are intrinsic metric invariants of the
submanifold M. Note that e must be even. The terms corresponding
to odd e wvanish, Weyl shows this using the fact that an integral
ftf(l)"‘t:(a) ds * 1 vanishes unless all the e(1) are even. This
will be used later.

The block matrix 1.6 can be evaluated by the same technigue 1if
Laq(p) = 0 for qr2+l , p<t and for all a. In this case, the

subspace of definition of the determinant is clear, and the volume

form is again the form of 1.7. The volume will hence again be a
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polynomial in r. The condition Laq(p) = 0 can be restated as
na(p)°n(q) = (, or that HE*Vwe =0 forallwe ™ and erE,.
We call such a subbundle E totally geodesic. Recall:

Definition. Let E be a subbundle of a vector bundle over M

with connection V. E 1is a totally geodesic subbundle 1f v,eeE

for all ecE and we ETM.

Theorem 2 is now proven.

Remark. Although when E 1is totally geodesic, we obtain a
polynomial V(r), the coefficlents will only be intrinsic to M
if E contains the range of the second fundamental form of M.
This follows from Weyl's original proof.

When E 1is not totally geodesic, we can still obtain an
approximation to V(r). We do this by using the standard defini-
tion of the volume form as ﬁ£§?§'<n.dt , where g 1s the metric
tensor expressed in local coordinates. Since we are using an
orthonormal frame as a basis for TM , rather than the basis as-
soclated to a coordinatization of M, the volume form 18 actuaily
JEE?TE"]nad:. This form will be integrated over M and over the
sphere {or quadrant) of radius r 1n each fiber.

Referring to equations 1.2 and 1.5, and recalling that the Xi
are orthonormal, we obtain the components of g as:

For 1l<a,n<m,

A
(1.8) =Y, " Y, = 8gq+ 2 L tpGN(p)

gCH'] n p=1

B . B
+ E [EtiGa(i)] {§tjcn(3)1

k
+ gEr(Fey L (D] [gchnq(j)].



For lzasm and l<a<f ,

(1.9) Yyen(a) = Irl (1) .

g%(a+m) ® iLaa

For lza,bz? ,

Thus, the matrix g 18 a second degree polynomial in the
variables {t;} :

1.11 t) =1+ A, + L t tB .,
( > e i1 1,111 41

where
- n
(1.12) Ai 2Ga(i) Lap(i)
l<a,n<m

Lep (DT O l<psi

- B B k
(1.13) Byy = [EG (DG (1) + LL (DL () O
O O

To find the volume form, we need to calculate JEEFERES_ .
We will first approximate det g(t) with a Taylor series, then
its square root. It will not be necessary for this application
to calculate the coefficlents of mixed terms, titj’ because if
i#j, then ftitj ds? vanishes.

Let f(t) = det g(t). Note f(o) = 1.

Lenma. The first few derivatives of f, at t = o, (tl-tz-"‘-t£=o),

are expressed in terms of the Ai and the B1j as:

(1-110) fi(O) - trAi .

12



(1.15) fii(o) = 2[tr Byy + op Ai] .

where tr 1is the trace and o is the classical second order
orthogonally invariant polynomial in the coefficlents of a matrix.
Proof. To evaluate the above derivatiwves it suffices to re-

strict f to {t|ty = o for adil.

2
f(t) = det [I + t Ay + tj Byy) = det [I + t (A, + t; By .01,
= 2 3
1+ tytr Ay +—ti (tr Byy + 0y Ap) + o(ti),

which proves the lenma.

Lemma. For h(t) = Vf(t) = Vdet g(t) ,
(1.16) h(o) = 1,
(1.17) hi(o) = tray ,
(1.78) hyi(o) = trByy + oy A; - %(trAg)?
Proof. This follows from the previocous lemma by the chain rule.
Letting Ny § be the coefficient of tit‘j in the Tavlor series
for h{(t), we have shown that the coefficient of dMdt 1in the

volume is

(1.19) 1+ 'ty tray + %itf[trBii + 0, Ay - htr? Ay]

3
+ iijnijtitj + 0(t?) .

By 0(1:3), we mean O(Ztitjtk).

We will now calculate the coefficlents in terms of the Gg(p)

and the L,,(q) .

13



Lemma. The coefficlents in equation 1.19 are given by

(1.20) tra; = 256,(1) ,

k
(1.21) erBy; = = W2+ f1 W2,
g « a q=1 nq

Oy
(1.22) 0pA; = 4oplG(D] = T I L. (D,
(1.23) = Y4 tr2 A, = - GB(i)

i G!B R

Proof. 1.20 and 1.21 follow immediately from equations 1.12
and 1.13. 1.23 follows from 1.20. To show 1.22, we must recall a
few facts about the invarient function g,.

The first is that for an arbitrary square matrix, M= (mij) .
OoM = 1£j MygMyy T My yMyge If the sum 1s over all i1 and j , a
factor of % is introduced.

When the matrix M 1s symmetric and has the special form

M -(h H ) » 1t follows directly from the formula for ug that
HET O

opM = gyHN - 1§jhij‘ Noting that Ai indeed has this special form,

{(see 1.12), and that 09 (2N) = 499N, 1.22 then follows. The lemma

is proven.

The coefficlent of tf in 1.19 is thus

T GP(1)2 + X % T L (1) -kr G(1) 08(1)
a, B @ q=1l & aq a,B o g

+20, G -%: 1L (1?2,
q=1 a oq

which simplified to, (recalling the definition of 02)

14
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2
(1.24) oy [G(1Y] + %qu za Laq(i) .

We have now shown, combining this lepma and 1.19, that the

coefficlent of dM dt in the volume form is
o
(1.25) 1 + 1§atiGu(i) + 1§j {4 titj
2 2 3
+ It [02[0(1)] + %I I L 1)) + 0(t).
i i q>f @ aq
Note that the summation of the Laq(i) is only for q=2+1 to

k, which represents the orthogonal complement of the subbundle E

in NM.
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§2 The volume

We will now discuss the integration of the volume form over
the tube and quadrant of radius r. First, note that when the
volume form, 1.25, is integrated over the fiber, (the t variable),
we obtain certain integrals as follows:

Lemma. Let B be the ball in t-space, (the fiber), of radius
r. Let Q be the quadrant described by {teB | t; > o for all il.
The integrals of t; and titj over B and Q are independent of
i and J by symmetry and are given by the following formuli:

2 i+

(2.1) sg t2de = 22 v/ (42),

(2.2) 74 tjtyde = 0, for if3,
(2.3) IB ty dt = 0 ,

(2.4) f tj. dt = r \Y 2 .

Q

Proof. Equations 2.1 through 2.3 are immediate consequences
of formula 12 in Weyl's paper. Equation 2.4 follows by straight-
forward integration,

We can now integrate the volume form, 1.25, over the fiber.

Proposition 2.5. The volume of the tube, of radius r, about

M in the space E 1is

(2.5) V(r) = r* v, JaM
r?.+2v

3
— 2
* ey i oz B + kqggza L,q(1)¢} am

+ O(rt*4).
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Proof. Integrate 1.25 over the fiber using Fubini's Theorem
and equations 2.1 through 2.3. Note rgvg"fB l-dt. Also,
IBO(t3)dt -CNrE+4). It is this rather than 0(r£+3) because
Jgtityty dt = O.

We now discuss the geometric significance of the Integrands

in 2.5. Firat, we ahow that the function % T Laq(i)2 is
i,a0a g>2

actually invariant and measures the torsion of the subbundle E.

We can call this torsion because if it vanishes, then Laq(i) = 0
for all i,q and o, which was seen in section 1 to be the definition
of E being a totally geodesic subbundle of the normal bundle.

Proposition 2.6. We can express the above function in in-

variant notation:
42

(2.6) IB :I.E:u qgﬂ, ti Laq(i) dt W fll HE; wE” ds ds ’

where the integration is over (w,e) £ UTMOUE.

Proof. Let njy:-+ny be the already chosen orthonormal basis
section for E , and f,,°"'f; be a local orthonormal frame on
M. We proceed via a sequence of lemmas.

2 2
L. 2.7. X T t< L i dt
emma Iy o't qfe b aq( )

- 270042y 5 5 1 2
a,i g2 1

2 -1
Laq(i) ds
Proof. Change to spherical coordinates and note that the

integrand 1s gquadratic.

Lemma 2.8. S [

2 2 2-1
a1 qER ti Laq(i) ds

- - 2 E._l
! ufq [§ ty n,(1) ~ n(q)]° ds



Proof. The integrandse are equal modulo a function which is

a linear combination of terms ¢t , for i¥j. This function van-

i7]

ishes when integrated over st-1,

Lemma 2.9. / & [Zt,n (1) * n(q)]1? ast~1
— a,q 1 1@

- 2 Lci-1
£ 5 g e |12 s

Proof. Set e = [ tin(i) and then note that the summation
i

is for q=%+1 to k. Then note that {n(q)]q>£ is an orthonormal

basis for E .

Lemma 2.10. V_ /=t || 1., e |[|2ds%?
—_—— m - o a

E

= s lng v, e [|2astl as™?t

Proof. Let {fa} be the orthoncrmal basis section we have
been using for TM. Let w = I ﬁlqu'UTM. Note that

2
(2.10a) || g v, e [|© = ||£ s, Mg~ e

E 12 =

a

where m(s) is a linear combination of mixed terms, , which

sisj
m1

vanish when integrated over § . When the right hand side of 2.10a

is integrated over Sm_1

, a factor of S si ds™1 s introduced.
This is equal to Vm, the volume of the unit m-disc. That is a
consequence of formula 12 in Weyl's paper.

Proposition 2.6 follows immediately from the above lemmas.

The other integrand in the volume formula, 2.5, is I o, [G(1)].
i

2

18
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In the situation where E <contains the image of the second funda-
mental form, it follows directly from Weyl's discussion, (section
4), that i g, {G(1)] 1s actually intrimsic to M. Using the fact
that the ambient space 1s Euclidian, he shows that this object is
an invariant polynomial In the curvature tensor of M. Specifically,
upon examination, 1t turns out to be scaler curvature. We use his
notation and call it h2.

We are now 1n position to prove Theorem 3. Combine proposition
2.5 with 2.6 and the above discussion. It follows that the volume
of the tubular neighborhood, radius r, about M in E 1is given
locally, and thus globally, by:

V(r) = rRVE * vol (M)

+2

R S -1 2 -1 m-1
+ gz Vg /hpam + ViR sl v el[C asttl asTTh am)
+ oty

Theorem 3 18 now proven.

Remark. The deviation of this formula, in the coefficient of
ri+2, from Weyl'’s formula is the square of the L2 norm of the
torsion of E, which measures the non-geodecity of E as a sub-
bundle of NM.

We now prove Theorem 4, which is concerned with the volume
of a quadrant tube about M in E. As before, let n(l)-:--.-n(2)

be a local orthonormal partial frame fileld of NM. This time, we

'3
consider the region, Q, parameterized by m + 151 ty n{i) , for

t;2o0 and Et%srz. Referring to formula 1.25, we can approximate
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the volume form by
(2.11) (1 + £ t,6%(1) + 0(ct?)] aM dt.
i,a o
Integrating over the fiber (the t variable), and referring to
2.4 for j’Qtidt, we obtain

- L4+1,-2 i+2
rf2-ev, fam + ool s 2 633 a4+ ot

Noting that gGg(i) = gc‘; - n(1) = H - n(1), where H = tr G is
the mean curvature vector, we then hawve that the volume 1s

rf27tv, c ovol( 4+ rPHI27Ev, 4 S[H ¢ £ n()IaM + o(r**?),

This proves Theorem 4.
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83 Theorem 5

We now discuss and prove Theorem 5. To define the concept of
a nicely curved submanifold, we must first define the osculating
spaces of the submanifold. We follow the exposition of Spivak,
volume 4, Chapter 7.

Let M{M) be a submanifold of R™X | and ¥V the covariant
deviative on Rm+k. I1f X1 and x, are vector fields on M,
?§Y is the normal component of VxY, known as the vector valued
second fundamental form. The range of the second fundamental form,

together with T, comprises the span of Vxlxz for Xy Xp € ™.

Let Ep be the range of the second fundamental form at Mp.
We introduce some notation: V(x,Y) = V.Y, V{x, Y, Z) =

VI (VyZ), etc.

Definition 3.1. The ktP osculating space of M at a point

p 1is the span, at p, of:

X T(x1, %2)s +n- V(xl. X2, ... X, for all xyeTM.
Denote this 0Osc(k, Mp).

Note Osc{1, Mp) - TNP and Osc(2, Mp) = TMp @ Ep. We some-

times suppress the M and write Osc(k)p.

Definition 3.2. M 1s called nicely curved if dim Osc(k),
is the same at all polints pcecM.
We now consider only nicely curved submanifclds, and we then
have a nested sequence of vector bundles Osc{k), with Osc(k)C Osc(k+l).

Since Osc(k)C NM for all k, the sequence must stabilize.



We note that if Osc(k) = Osc(k+l), then Ogc(k+l) = Ogc(k+2) =
..« . Therefore, there exists a minimum ¢ such that Ogc(f)=
Osc(f+1). The number, dim Osc(¢£,M) , is denoted #(M), and is

called the formal imbedding number of M. Spivak supplies the

following proposition:

Proposition 3.3. Let M be a nicely curved submanifold of

ROk Then, M 1is contained in a #(M)-dimensional linear sub-
space of Rmtk,

We now prove Theorem 5. We restate it:

Theorem 5. Let E(2) be the range of the second fundamental
form of a nicely curved submanifold M(m) of R™X_ TLet V(r) de-
note the volume of the tubular neighborhood of radius r about M

in E. The following are equivalent:
1) V{(r) 1is the Weyl polynomial of M,
2) V(r) agrees with the Weyl polynomial to order r#+2

3) E 1is a totally geodesic subbundle of NM,

4) E 1is contained in a m+fZ dimensional linear subspace of

r=k,

Proof. We remember that E 1is totally geodesic if E 1is
closed under the induced connection on the normal bundle of M,
i.e.: Let ¥V  be the induced connection on NM. E 18 totally
geodesic 1f V; ecE for all ecE and veTM. A restatement of

this 18 that T.. V; e=0 for all e and V. 8Since this is the

E
torsion of M, whose integral is the difference between the Weyl
coefficient of r'*t2 and the coefficient of the velume formula

(by Theorem 3), we see that (2) and (3) are equivalent. We then

recall that Csc(l, M) = E @ TM, and that Ogc(2, M) 1is

22
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{7, Y | xe ™, YeOsc(l, M)}, where ¥V is the connection on RMk,
Assume E to be totally geodesic. Then Vy ecE 0sc(l) for
all ecE. Also, Vy, YcE ® TM for all YeTM since the normal
component of Vyx ¥ 1s the vector valued second fundamental form
IT(x,Y) which 1s contained in E. Therefore, we have shown that
if E is totally geodesic, then Osc(l, M) = 0sc(2, M). By Prop-
osition 3.3, M is contained in a linear subspace of Rtk of
dimension #(M) = dim Osc(l, M) = dim (E & T™) = mt¢. Thus we have
shown that (3) implies (4). By Weyl's Theorem, (4) implies (1).
Trivially, (1) implies (2). We have then shown the fellowing chain
of 1mplications:

1) — (2) +«— (3} — L) — (1),

which proves Theorem 5.
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CHAPTER 2

The results so far discussed are for the velumes of tubes
about imbedded submanifolds. The problem was attacked by first
finding the volume form »f the tube and them integrating it over
the submanifold. All calculatinons were done in the normal bundle,
with the induced metric.

We now consider the problem of finding the volume of a tubular
neighborhocod of an immersed submanifold. The formalisms for the
imbedded case can be used, however the calculated volume will count

certaln regions of the tube with multiplicity. If f:X—Y is an

immersion, then near any 2-fold coincldence point of f the tube
about f(X) will also have #-fold multiplicity. The problem then
becomes to calculate the correction terms to the volume formula
obtained from the imbedded case. Specifically, if Vl(r) is the
volume of the tube in the normal bundle with the induced metric,
and 1if Vj(r) is the volume of the 3}-fold coincidence points of
the tube of radius r about f(X) 1in Y, then the actual volume of
the tube, as a function of r, will be

Volume = V,(r) - Vo(r) + 2V5(r) - ... + (D1 (e-1) v (r),

)4
= Vi) + 5, (DT -1 v

where & 1is the maximuw coincidence of f.

For example, in the case cof an immersed circle in Rz, gen—
erically there are only double points. Vl(r) is given by Weyl's
formula as 2rL, where L is the length of the curve. Vy(r) is

the area of the double points of the band:



Thus, the actual area is 2rlL - Vz(r).

We might hope that V,(r) would be a 'nice' function, possibly
even a polynomial. This is not usually the case. V,(r) would be a
polynomial, for small r, if the curve was linear near each inter-
section point. Even in the simple case where the curve segments are
linear and circular, Vz(r) is transcendental as a function of r.
(See examples.) We can, however, obtain an approximation tc these
volumes in the generic case of a self-transversal immersion. The

main result of this chapter will be:

Theorem 1. Let f:x(“)—rY(“+k) be a self-transversal isometric

immersion between smooth, compact Riemanian manifolds. Consider the
tubular neighborhood of radius r about f(X) in Y. For small
r, the volume of the #-fold points, Vy(r), of this neighborhood is
given by the formula:

Va(r) -kt (Vk)g - fldet-1 o av + O(rkitly,
where Vi, 1s the volume of the unit k-disc, dV 1s the volume form
of the 2-fold cecincidence submanifold of £, and n is a matrix de-
fined along the coincidence set dependent only on the conformal

structure of M along that set.
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This theorem enables us to obtain an approximation to the
volume of the tube in the Euclidian case. It follows from Theorem
1 and Weyl's Theorem that:

Theorem 2. Let f:X{n)—Rn+k be a self-transversal irmersion.
For small r, the volume of the tube of radius r about f(X) in
RMHK {g pgiven by the formula

osésk € T (V)2 r2k fldet™d n| av + o(rZk+ly,

where the H, are the coefficients of the ¢-dimensional Weyl poly-
nomial of X, (as described in Chapter 1, Theorem 1), and the cor-
rection term is the volume of the double points of the tube as
given in the previous theorem.

Rn+k can be

Remark. The volume of the tube about f(X) 1in
approximated by a Taylor series in r. We note that the above
theorem tells us that:

1) If we approximate the volume to order r2k'1, the approxi-
mation depends only on the intrinsic metric of X and the
codimension of the immersion. (Compare Weyl's Theorem.)

2) 1If we approximate the volume to order r2k, the volume
depends only on the above factors, the intrinsic metric
of f(X) and the conformal structure of Y along the
submanifold of double points of f.

An interesting consequence of Theorem 2 1is:

Theorem 3. If the volume of the tube of radius r about f£(X)

in RO*K  agrees with the k-dimensional Weyl polynomial of X

in the 2k'P term of 1its power serles expansion, then f is an im-

bedding.
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This follows from Theorem 2 because in a self-transversal
immersion the existence of any coincidence point implies the existence

of a double point.

In the case of a circle self-transversally immersed in the plane

we will see that:

Corollary 1. Let f:51 - R2 be a self-transversal immersion.

The double points are a finite set of points {Xi}iﬂl q° The area
of the double points of the band of radius R near an X; is, for
small R:

R (R
{R J_fR 1/sin8(t) dty dty,

where =2 and t, are normal coordinates measuring distance to each
curve segment thru Xi, and 8(t) is the angle between the normals
(tangents) of the level curves of the bands.

Corollary 2. 1If f:51-+ g2 ig gself-transversal, with double

points {X;} ., ,, then the volume of the tube of radius r about
the image of sl in R? 1s giveu by the formula:

- 2 B 3
2rL 4r 121 1/sin81 + 0(x”?),

where 8 1s the angle of coincidence of the curve at each X; and
L 1s the length of the curve.
We will show that for a surface in space:

Coroliary 3. If f:X(z)—*R3 is a self-transversal immersion

of a surface in space, then the volume of the tube of radius r
about f(X) 1is

2r * Area (X) -4r2 f|1/sin6| ds + o(r3d),
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where the integration is over the curves of double points and ¢ 1is
the angle of self-intersection of the surface at each double point.
We consider again f:Xx(n) — y(mtk),

Corollary 4. Let frx(n) o y(mHK) he 5 gelf-transversal im-

mersion. If ntk-2k = 0, then the 2-fold points of a self-trans-
versal immersion are a finite set of polnts. The first approxi-
mation to the volume of the ¢-fold points of the tube depend only
on

1) the number of coincidence points,

2) the conformal structure of M at the coincidence points,

3) the codimension k.

We now consider the case of a self-transversal immersion into
Euclidian space where the map in linear in the neighborhood of an
isolated £8-fold point.

Corollary 5. If f:X(M)o ROtk and if f£(X) 1is linear near

a particular isolated 2-fold point, {(n+k-2%k = 0), then for small
r the volume of the f£-fold points of the tube of radius r, near
that point, 1s the volume of the corresponding parallelogram:
k2 (Vk)Il det™ 1 n.
Remark. This formula, which 1s exact in the linear case, is
the first approximation to the volume in the non-linear case.

(Compare to Theorem 1.)



29

§1 GENERAL POSITION

Given a self-transversal immersion f:X-+Y, the tangent planes
f,TX are in general position at any coincidence point. 1In a suwb-
sequent section we will construct a coordinate system in a neigh-
borhood of any coincidence peoint adapted to the problem of finding
the volume of the 2-fold points of the tubular neighborhood of
radius r about f(X) in Y. This coordinate system will be based on

the following fact about subspaces In general position:

Proposition. If {Ei}i=l,2 are linearly independent in RP,

£
then RP=[ /) E ]OEL.
i=1 i

1
This states that %f we consider the position coordinate along

4
..8E .
EE

the coincidence set, Ei’ and the normal position coordinates

N
i=1
with respect to each subspace Ei' they together form a coordinate
system in a neighborhood of the coincidence set. This will be gen-
eralized to transversal intersections of submanifolds in the third
section.

This section will be devoted :0 listing the basic definitions
and facts we will need associated with general position. They are
standard and so are stated without proof.

We remark that the definitions and results stated here extend
immediately from subspaces of RP to continucus subbundles of vector
bumdles.

We first give three equivalent definitions of general position:

Definition 1.1. A set, z-{El""Eg}' of subspaces through the

origin in RP is in general position if for all distinct subsets




Jo ees L)1 ! codim E = i E;.
c{}, } 5 { codim 1eg Et

Definition 1l.la. The set £ is in general position 1if 1.1 is

true for only J={1,...¢}.

Definition 1.1b. The set I is in general position if its

E}, is a linearly independent set

orthogonal complement, {E;,...E
of subspaces of RP.

We remark that the property of being in general position is
generic. This can be stated precisely by viewing I as an element
in the 2-fold direct sum of Grassmanian manifolds of appropriate
type, and stating that the subset of such I 1n general position
is open and dense.

A motivating example to keep in mind is the set of coordinate
hyperplanes Ei-{x|x1-o} in RP. Note that the genericity of general
position, along with definition 1.1b, implies that almost all sets
of p vectors in RP are linearly independent.

We now glve two decompositions of the space RP with respect

to such a .

Proposition 1.2. Let z-{El""ER} be in general position in
)

N
i=1,
(1.2) RP=E1§1 Ey.

RP. Let E= E{. RP can then be decomposed as:

d
Proposition 1.3. Let £ and E be as above. Let wa'iﬁLEif\E .

{
RP can then be written as: RP=E;f Wy.
»

Proposition 1.4. Let I and E be as above. Let Fafiglﬂi- The

set Z‘-{Fl,...Fi} is in general position in E .

Since our reason for examining this topic is to aid us in



studying self-transversal immersions, we will need some inrormation
on the objects defined above in the case where the dimensions (co-
dimensions) of the Ef are constant.

Proposition. Let E={E1,...E£} be in general position in ROk,

Assume, for all 1, that dim Ey=n, {(equivalently, codim Ej=k). Let
E, Fq and Wy, be as previously defined. The dimensions of these
objects are indepe?dent of the subscript "a'" and are given by:
(1.5) dim E=dim (1/-‘1, E, )=n+k- ik,

(1.6) dim Fa=dim({@Eq)=n+k-(2-1)k,

(1.7) dim W =dim(F, N E )=k,

(1.8) dim (E;N E )=gk-k.
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§2 The Set of Multiple Points

Let N and M(™k) e smooth compact Riemannian manifolds.
Let f:N-M be a smooth immersion, i.e.: Df has rank n everywhere.
Asgsume f 1s an isometry, i.e.: N has the induced metric.

Definition. A smooth immersion f:N-oM is called self-trans-

versal or an immersion with normal crossings 1if at any £-fold

point, 222, with m=f(u;)=...=f(ug), {uj}j=1, ¢ being distinct
points in N, the tangent planes f*TNui are In general position in
™n.

The self-transversal immersions are a natural subset of all
immersions to consider because of the following theorem:

Theorem 2.1. (Whitney, Thom, [17]). The set of self-trans-

versal immersions from N to M are open and dense (generic) in the
function space of all immersions from N to M.

The set of self-intersections of a self-transversal immersion
has a nice structure:

Theorem 2.2. (Whitney, Thom, [17]). Let f be a smooth self-

transversal immersion from N(1) to M(“+k). The set of points, in
f(N), of multiplicity % is the immersed image in M of a smooth
manifold of dimension otk-2k.

Corollary. The set of points with multiplicity exactly 2 is
a submanifold of M.

Corollary. f{(N) is a stratified set/smooth simplicial complex
with strata/skeletons in dimensions n+k-tk, for values of & from 1

to [(n+k)/Kk].



33

Remark. There is a gimilar thecry of self-intersections for

topological manifolds. Also discussed are the homology classes

in N represented by the inverse image of the 2-fold points. Refer-

ences are available in Steenrcd's Index under the subject heading

'Coincidences'.



83 Coordinate Systems jin a Nelghborhood of a Coincidence Point.

Let £:N(n).M(n+k) pe a self-transversal immersion. Let
me Sp, the submanifold of strictly R-fold polnts of f in M. We
will generalize the main result from section 1 on choosing coord-
inates near a coincidence point. The coordinates will consist of
a coordinate function along the coincidence submanifold and normal
position coordinates with respect to each sheet of the immersion.
This coordinate system 1s the natural one to use in finding the
volume of the 2-fold points of the tubular neighborhood, radius
r, around f(N) in M since the region is simply defined as the set
of points whose normal position coordinates to N all hawve length
less than r. We remark that the existence of these coordinates
depends strongly on considering only self-transversal immersions.
This section will be devoted to first, the construction of this
and another Interesting coordinate system, second, to the 1llus-
tration of thi{s construction in the case of a curve in the plane.

We begin with m € S;, the submanifold of M consisting of
strictly &-fold points of the immersion f.

From Whitney's Theorem, 2.2, we know that dim S =n+k-fk. Let
W be an open neighborhood of m in M such that:

nw/A Sgt% =d,

2) f-l(ﬁ)=i_l' Vi, where the V; are disjoint coordinate
patches in Hk

Let D-le’ f(Vy), which is an open neighborhood of m in §,.
Restrict W and the Vy so that (a,D) 1is a coordinate neighborhood,

with a: U+D, for UCRM+k-1k,



We now construct, for each sheet of the immersion through m,
Fermi coordinates adapted to the coincidence submanifold. These
will be based on proposition 1.2, which will then yield a direct
sum decomposition of TM,.

We now apply proposition 1.2. Since f 1s self-transversal,
the set {f*Tvi}i-l,R is in gﬁneral position in TM. We note that
(f*Tvif'=f*NVi and that TD=f:E’ E*Tvi. Proposition 1.2 can then
be rewritten as

(3.1) TM|D=TD 151, 4NV, .

We now construct coordinates for a nelghborhood of D within
each sheet f(V;). Let o be a permutation of {1,2...2} with no
fixed points. Let b=¢{a), so that f:Lf*TVi ND 1s a subbundle of
f*Tbe\ND. The fiber dimensions are k and Rk-k respectively, by
1.7 and 1.8. Choose an orthonormal basis section {Vbj}j=1,k
for 1£Lf*TV1[]ND‘ Extend this to a basis {vbj}j=1,1k—1 for
f4TW,/IND. The reason we construct the basis in this manner is

that the collection {Vbj}b-l,ﬁ will then be a basis for ND. This
J=1,

will be exploited later. We coordinatize a neighborhood of D In

f(V,) using Fermi coordinates:

. F)  pxx
(3.2) Fpl(u,, ypl= exp ¢ YbiVbi*
alu,) =1
where yp=(y, ;---¥b,2k-k) € REk-k,

We now construct coordinates for a neighborhood of D in M.
Let {nbj}j-l , be an orthonormal basis section for faNV,. Coordin-
]

atize a neighborhood of D in M by:
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k
(3.3) Fplups ybo @) = XPF (4, yp) 55153
where ty, = (tpy...tpk) € Rk,

Let Wp be the coordinate neighborhood associated with F,, and
~— E Al
W as previously defined. Let W = fﬂl’ wif\w. Restrict D and Vi

further so that they are contained in W. Let (Uy, Y, Tj): WoRrHK
be the inverse function to Fj. We will now choose convenient sub-
sets of these functions as coordinates on W.

Proposition 3.4. The function (Up, Tp,...Tg): WoRDHK g5 5

diffeomorphism (coordinate map) in a neighborhood of D in M.

Proof. We write the function in detail, Uj = (Ujy...U1l p4e—gk)»
Ta = (Ta1...-Tagk). The set D is defined by T} = ...= Ty = 0. The
set {VU},}j=1, nt+k-gk 18 @ basis for TD, since Ui | =g 18 a coordinate
map on D. By the construction of the functions Taj' it follows
that VTajIT-O =N,y Since each set {ngy}y=) K 18 a basis for
f*TVa, and by 3.1, THhTDié ’ f*TVi, the gradients of our function
are linearly independent along D. By continuity, they are also
linearly independent in a neighborhcod of D. The proposition then
follows from the inverse function theorem.

A similar proposition can be proved using tangential rather

than normal coordinates.

Proposition 3.5. The function (U, Y11"Y1K"'Yﬁl"YEk)‘

W+Rn+k is a diffeomorphism (coordinate map) in a neighborhood of
D in M.

Proof. WNote that ?xhﬂT:Ovaj' by 3.2 and 3.3. These were

constructed so that for each a, {V is a basis for

aj}j-l,k
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and span ND. The proof then follows as in proposition 3.4.

*Tvin ND. By proposition 1.3, these are linearly independent

We now 1llustrate the preceeding construction in the case of
a curve In the plane. The coincidence set of a self-transversal
immersion of a compact curve in R? 15 a finite set of points. Let
m be one of these points. Let Y| and y; represent arc segments of
the 2 "sheets" of the immersion through m. Choosing Fermi coordin-
ates on Yy with respect to m is merely choosing arclength as a
coordinate, yq, with the vy of 3.2 being equal to 55;10. The point
m corresponds to y; = 0. We now choose ng, a normal wvector field
along Yi. The function Fi(yi' ti) = Yi(yi) + tyny(yy) is a coordin-
ate map in a neighborhood of m. Compare this to 3.3.

2)
We remark that first, BEI(yi’ ti) = “i(yi)’ second that

3Fy
3§I(yi) ti) - Yi(yi) + tiﬁi(yi) = Yi(Yi)[l - ki(yi)ti] by Frenet's

formula. Thus the components of the metric tensor are (3.6) g11=1,
B12%89170» 322'[1 - ki(yi)tilz. Therefore Fy is non-singular so
long as ti<1/ki(yi), which 1s an elementary result in the Morse
Theory of focal points as well.

Proposition 3.4 states that (tl, t2) is a coordinatizion of a
neighborhood of m. The Jacobian of this map is ngi '5%5) -
(VT VTp) = {ng nz)_l. Thus the area form is
(3.7 |det™(n; ny)|dty dt,

This area form is independent of the choice of nj. An alternate

choice of ny would have to be of the form “;'01“1' where 0y 1is an
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orthonormal transformation of NY;. Since NY4 i8 one dimensional,
0y = t 1. Therefore, (ni né) -(31 g;)(nl “2)' Thus det (ni né) -
+ 1 - det (nl nz), which shows the invariance of the area form.
The area form in this case admits a representation in terms
of the angle 6 between n; and n,. This is natural since ny * n3 =
cosf®, and the invariance theory of GL{(n, R) states that an 1lnvar-

iant polynomial of a matrix must be a polynomial in the (ng nj).

We note
2 - . - 1 cos0 \_ 2
det (n1 “2) det(ni nj) det (cose 1 ) sin<9.
Thus the area form bhecomes
(3.8) 1/sind dry dt,
where 6(t;, t,) is the angle, & ¢ (o, m}, between ny(t) and ny (t).

We note for future reference that

-cosf ™
(3.9) (ng ° nj)"1 = (;;39 COS%) sin 8 sin ) .

—coaB
sinz_

The next section will construct the volume form in the general
case. We will then give some formuli in both the general case and

in the special case of a transversally immersed curve in the plane.



§4 The Volume Form

We are given a self-transversal immersion f:N(n)~*M(“+k), and
an {-fold coincidence point m. We have defined in the previous
section the coordinate functions near m in M consisting of position
coordinates along the colncidence submanifold and normal position
vectors with respect to each sheet of the immersion. We will dis-
cuss the volume form of this coordinate system in general and in a
few restricted cases. The main result is that the volume form,
along the coincidence submanifold, has the following form:

dEt-l(“ll"'nzk) dt d4v,
where {ng;}y.; k 18 an orthonormal basis for the normal space of the
1" gheet of the immersion and dV is the volume form of the coin-
cidence submanifold. We will note that the function det—l(n) de-
pends only on the conformal structure at the coincidence points.

For W a neighborhood in M of a coincidence point, the normal
coordinate map is UxT:W—- Rk o Rﬂk, where T = (Tll"‘TEk)'
The wvolume form 1s

(4.1) det(d_ __3 3 ) du dt,
ou atll atik

where 3 = (& -+ 2
du

Jug ‘53n+k—£k)’ du = duj...du . and dt =
dtl"'dtik » The wedge product symbol is omitted, as we are
interested in unoriented volumes. (Remark: The form in 4.1 1is
assumed to be positively oriented.)

The level surface defined by tij'o' for all 1 and j, is the

patch D in the coincidence set of the immersion, along which we

will explicitly calculate the volume form in terms of the normal
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spaces to the immersion and the volume form of the submanifold of
2-fold points.
Along D, 3 | € TD and 3 _ € ND. Hence, the determinant

aui D 3taj D

in 4.1 splits, and the volume form, along D, becomes:

9 3 1 .. _Q__ J
{(4.2) det(BuID) det(3t1 ) du dt, where > and ~

1D -%EEEID vy aj
are viewed as vectors in TD and ND respectively, so that the ma-
trices are square and the operation of determinant makes sense.
Let gV = det(g-ﬁln) du, which is the volume form of the submanifold
Sy of i-fold points. Hence, the volume form 4.1 can be written as

3 ee. 8
(&.3) det(3t11|D gfziln) dt dVv.

Remark: It is not necessarily true that %ﬁ and %f-are ortho-

gonal where t#0, (ie: off D).

Before continuing, we note a fact about the-%fIi.

Remark: J is a basis for ' fxTVy N ND, ie:
[emarx. {ataJID}j-l’k 8 1da *1V4 ’

for T({;af(vi)) I ND.

Proof. Using the definiton of the coordinate system, from

3.2 and 3.3, we see that-%F~5|D ¢ ND, The vector is by def-
a

3 aj
inition tangent to the level surfaces of the functions Tbi » for

b#a. The level surface defined by {T,=0, for all i} is simply

f(vb). Thus, for b#a, € f*TVb, the tangent to the bth

2
ataj
sheet of the immersion through D. We then have k linearly 1inde-

N ND, which 1is k~dimensional by 1.7.

pendent vectors in i;gf*TVi

The remark is proven.



In the case of a triple peoint of an immersed surface in R3,

the diagram 1s:

Q| e
"
]

£QV))
f(V3)

f(Vz)

atl
For convenience of notation, we renumber the “1j to
{nglymy, ok - Also, let ny=VT, be an extension of the vector
fields along the submanifold to a neighborhood of it.

Propeosition. The following formuli are true for the normal

coordinate system in a neighborhood of the ¢-fold point, m:

3 <+ 3y = -1
3 _ kg
(4.3) 3¢, = %1® n

where (gn“) = (na°nb)—1.

Remark: This proposition will be useful when t=03, so that
du and dt are orthogonal. Also, in the case of an isloated f-fold
point, so that du=l, it will yield exactly the volume form in a
neighborhood of m.

Proof of the proposition: The normal coordinate map 1=
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UxT:W—*R“+k, where W 1s a neighborhood in M. Let F be the k-

dimensional level surface defined by y = constant. {VTij} and

{ } are both bases for TF. Consider DT restriected to

9
Ity j

TF, DT:TF-+R£k. Given (tl"'tzk) the standard coordinates on

R¥™ and (- " 9 ) a basis for TR'¥, we can then write DT in

atl atgk
matrix form.

Viewing VTi and ny as row vectors,

-y
(4.5) DT = (1) n% .

where the vectors are viewed as in TF, so that the matrices are

i

square. By the definition of the wvectors 3%— in TF, we have
a

(4.6) <DT,3%—¢ =e, = (0...1a...)tr in TRRR. Componentwise,
o

this states that

. a - . ) -

a a

In matrix notation this becomes

(4.8) (“1"'“Rk)tr( e

.9 3 _) =
3ty '3111() t

which proves 4.4.

Toc prove 4.5, we write 3%— as a linear combination of the ng

ct
{which are a basis for TF):

3 m
(4.9) 'EE; I ag ng.

then,

(4-10) fSaa - 'a-g-a- * na - Easns'ﬂa - zasgsa,
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which can be rewritten as

(4.11) e, = ga, or

(4.12) a = g-l €y

Substituting 4.12 into 4.9, we obtain the result 4.5. This
completes the proof cof the prepecition.

Proposition 4.13. The volume form of the normal coordinate

system, along the submanifold of 2-fold points, D, (ie; at tijd)
for all 1, j), 1is
(4.13) det™I(ny - *n, ) dt av,
where dV is the volume form for U and the “ij are the normal
vectors to the immersion.

Proof. Use Proposition 4.4 and equation 4.3,

Proposition 4.14, If the generic 2-fold point, m, 1s isolated

{ie. nt+k-2k-0), then the volume form of the normal coordinate map

in a neighborhood of m is

-1
(4.14) det (nll nik) dt
Proof. Use Proposition 4.13 and equation 4.1, in the special
case D = {m}.

Proposition 4.15. The coefficient of the volume form of the

normal coordinate system, det'l(nll"'nik), restricted to the co-
incidence submanifold D, is independent (up to sign) of the cholce
of the “ij' We can now refer to det n, which depends only on the
conformal structure of the amblent space along D.

Proof. It suffices to show for a particular 1 that if a

different orthonormal basis {nij} {=1,k 18 chosen for f,NV;, then
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det (nll .- nik) does not change. Without loss of generalit?,
assume 1=1.

We know that two orthonormal bases for the same subspace are
related by an orthonormal transformation: “fj = 0'ny 3. ND splits
into the orthogonal sum

ND = f,NV, @ E,
where E is the orthogonal complement of f,NV; in ND. We consider
all the njqy as being in ND, for the purpose of defining det{(njy;
"** ngp). Choose an orthonormal basis for ND containing (ny1
" nj). The matrix (ny;; *°* ny,) can be written componentwise

in this basis as:

(4.16) I 3
O mglngy =+ ngy)

The linear transformation O on f4NV; can be considered as
the restriction of a linear transformation on all of ND, O®I,
which fixes the orthogonal complement of f,NV,.

To find det (“11 e “ik)’ we apply det to 4.15, which ylelds
(4.17) det [n7g(npy "'+ ng)l,
viewing the column vectors as elements of E, so that the matrix
is square and det makes sense. Changing the basis of f*NV1 is
equivalent to applying the linear transformation O8I to 4.15,
which yields a matrix of the same form, whose determinant is again

equal, up to sign, to 4.17. This proves the proposition.



§5 The Volume

We will now derive the formula fir the volume of the f-fold
points of a tubular neighborhoad, with small radius r, about an
immersed submanifold. We will also give other formull for this
volume in some restricted cases.

We repeat Theorem 1 for reference:

Theorem 1 Let f:N(n)—M(ntk) be a self-transversal isometric
immersion. Consider the tubular neightborhood of radius r about
f(X) in Y. For small r, the volume of the #-fold points, Vg(r),
of this neighborhood 18 given by the formula.

Vg(r) - rk? (‘Vk)fu"|det:"1 n| av + o(rk&tly,
where Vk is the volume of the unit k-disc, dV is the volume form
of the 2-fold colncidence submanifold of f, and n is the matrix
of normal vectors defined along the coincldence set, as defined
in section 4 , dependent only on the conformal structure of M.

We now give the proof of Theorem 1. Note that the set of
2-fold points of the tube may have some additional multiplicity.
For example, when we 1lmmerse a surface in R3, the set of double
points of the tube is a neighborhood of the curves of double points
of the immersion. The tube will thus have multiplicity 3 near
each triple point of the immersion. Since we will be expressing
the volume as an integral over [;,, the submanifold of strictly
g¢-fold points, our technique counts the regions of the tube of
even higher multiplicity more than once. This does not hawve any

effect on the formula in Theorem 1, as it is only an approximation

to order rk%, while the regions counted with multiplicity are
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2+1-fold points, and thus have volume of order pk(2+1).

Recall that IE is the submanifold of 2-fold points of the
immersion. Let NE (fg) be the normal disec bundle of radius e of

J For the rest of this section, the radius of the tube will be

g
referred to as R. For small R, the set of £-fold points ef the
tubular neighborhood, radius R, of f{(N) will be contained in
exp Ne(fi)' Let m € fy, and choose normal coordinates, as de-
fined in §3, in a neighborhood W of m in M. Restrict W such that
1) W fgq =9, and
2) W = exp N.D, where D is a coordinate neighborhood of m in
fq.
The volume of the f-fold points of the tubular neighborhood
of f(N), radius R, over the region D in fy, is
{(5.2) n B J{u, t) dtyy ... dtg, du,
where J(u,t) = det (= 2), (cf 4.1), and BC R*™ = {(ty7 **+ t,))}

k
is defined by the restrictions [ tgj < Rz, for a= 1 to .

=1

We change coordinates, replacing each set {taj} by
§=1,k

(ra, 8,), the corresponding spherical coordinates. Note 9 ¢ gk-1,

Hence dt,;"""dtgy = rg_l dry, d®5. The domain, B, of r and 8 is

defined by the set of restrictions r, < R, for all a. The formula

for wvolume, 5.2, then becomes

(5.3 Jp /

'3
-1
anSk-l frasn J(u’r'e)a’-\*l (rt dr& dga) dv

where the integrals are iterated from a=1 to %, and J is taken

always positive.
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Recall from Proposition 4.13 that J(u, o) = det n, where n is
the matrix of normal vectors along the coincidence submanifold.

We define an auxilary function

k-1

£
(5.4) F(R,8,u) = I'a_J‘C:R J(rnesu)aﬁl (ra

dra).

The technique we will use 1is to approximate F to the first
order in R, notice the approximation is independent of %, and then
substitute it into 5.3. We suppress the dependence of F on 6 and
u, and write F(R). Introduce the auxilary function

Lo k-1
(5.5) H(Rl""Ri) = £R J(r) A (ra dra).

ra<R, a=1
The relation between derivatives of F and H is:

(5.5) 2R = [ 3 YH] (R,...R)
R f=1 9Ky ’ ’

3
(5.6) DYF = :—:% = [(§=1 %)“H](R,...R).

Notation. Let R = (R;...R;). Let R=O mean Ry=Ry=...R,=0. If
I={j(1)31(pr g {1,...2}, then E(I) will mean the evaluation

operator on a function of (rl, r2...r2) which sets ry=R,; for each

q
acl. let D(I)= 9 . We will call any partial deriv-

BRj(l) e BRj (Q)

afj

ative simple if it can be written as a single term

Proposition 5.7. The lowest order derivative of H which does

not vanish at E-O is

6.7 —— 2" g = (D11 ¢ detln

331 ...BRk R=0

This i3 the only simple derivative of order kf which is non-zero

at E—O.

RO (D) ... oRe (D)
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Proof. Any derivative of H is a sum of simple derivatives.
We consider these and list some properties.
If T ¢ {1,...2}, then D(I)H|jy = O, since
k-1 k-1
(5.8) [D(I)H](Rl...RR) = f {E{I) [J(x)]} (= R ] ~_ (r dr,).
rafRa acl a agl a
aiI
Any simple derivative of H can be factored into [L © D(I)]H,
3
where L 1s a simple and involwves only-EE;-with ieI. If I ¢ {1...2},
then [L o D(I)]I*I|-1$.._"0 = 0, since L commutes with the integral sign
in 5.8. We have thus shown that any simple differential operator
32.

which does not contain-gﬁ—a«-§§m~ as a factor, when applied to H,
1--. 2

vanishes at R=0.

3 ZLH

Consider now simple derivatives of H of the form L © .
aRl LI gRi

We see, from 5.8, that

) £ k-1
(5.9) 9 H = J(Ry +-- R T RO L,
3Ry --- 93K, (R 2) i=] 2

The lowest order derivative of 5.9 which will not vanish at

R=0 is
5% (k-1) o o

srk-1 .., ark-1 R, +.. OR,|_
1 . 2g=0

(5.10) = [((k-1)11% - J(0...0).

1

This is the only simple derivative of order £(k-1) of 5.9 which
will be non-zero at R=0. Combining 5.9 and 5.10, and recalling
Proposition 4.13, the proof of the proposition is complete.

Proposition 5.11. For n<kg, D“FIR_O = 0. The first nonvan-

ishing derivative of F at R=0 is:

(5.11) oktE| o = L:p_! .

det n



Proof. By 5.6, DF is a linear combination, with multinomial
coefficients, of derivatives of H of order n, Proposition 5.7
implies the vanishing of DnF|-ﬁ_0 for n<gk. It also implies, (for
transversal intersections), the non-vanishing of DkRFli_o . It
remains to find the correct coefficient. Thie is equivalent to
the following classical combinatorial problem:

k

A
Given the polynomial (% 1 ai)k, the coefficent of aj a%...a%

is 15&1%,. This can be seen as follows: Given kf positions, count
(k!)

the number of ways of rearranging a7-..84y 2y...89.+.. 8y ...8,.
Distinguishing between the repeated variables, there are (kk)! ways
of doing this. The multiplicity of each rearrangement assuming
distinguished variables 1is k!, which is the number of ways of re-
arranging k coples of a;. Thus, to count the actual number of
rearrangements, we must divide (k&)! by k! 2-times., This ylelds
the stated result.

Thus, from 5.6 and proposition 5.7,

PPl = L8 - (e ® - derhn,

= Lké%i-det_ln,

which proves the proposition.

Using Taylor's Theorem, we have that for small R,
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. Rkl + O(Rki'f'l)’

5.12) F(R) = L1 __ pKIF
(5:12) F(R) = Lo DVRLL

1 1 kg ke+1
-~ " ——— « R** 4
k2 detn O(R )

by proposition 5.11. Suwstituting this into 5.3, the formula for
the volume becomes

(5.13) [fp Sok-1 k™¢|det™In|RKY + o(rRKEFLy 4o 4v.

Since the domains of integration, sk~1 and fﬁ' are compact,

fp fgk-1  ORKEFL) dp av = o(r*?#H1),

Also, det“1n|D is dependent only on u, not 8., Let We 1 =
volume of the unit k-1 sphere. 5.13 becomes
(5.14) R (u_1/0)0* splder~In|av + o(rRKE*L),

Note that w,_y/k = V = volume of the unit k-disc, since

Vi = flag )t ar = wy/k. Substituting this into 5.14, the

volume formula is as stated in the Theorem,
(5.15) (V) RKE s Jdet™1n| dv + O(RK2+L),

This is the volume of the f-fold points of the tube of radius
R within exp ND. Cover f; except for a set of measure zero by
such D's, and sum. This yields the stated result for volume,
counting multiplicities. As was argued in the beginning of this
section, the result is therefore true for the actual volume. This
proves Theorem 1.

This theorem enables us to obtain an approximation of the
volume of the tube in the Euclidian case. It follows from Theorem

1 and Weyl's Theorem that:
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Theorem 2: Let f:x(“)—+R“+k be a self-transversal immersion.
For small r, the volume of the tube of radius r about f(X) in RUH

is given by the formula

L H, rkte - (Vk)z r2k .."ldva:t:_1 n| dv + O(r2k+1),
osexgk

where the H, are the coefficlents of the 2Z-dimensional Weyl poly-
nomial of X, (as described in Chapter 1, Theorem 1), and the
correction term is the volume of the double points of the tube as
given in the previous theorem,

In the case of a circle self-transversally ilmmersed in the
plane we see that:

Corollary 1. Let £:81 — R? be a self-transversal immersion.
The double points are a finite set of points {xi}i-l,q' The area
of the double points of the band of radius R near an Xj is, for
small R:
(5.16) ;ﬁ IE 1/sin8(t) dey dty,
where t; and tp are normal coordinates measuring distance to each
curve segment thru X;, and 8(t) is the angle between the normals
(tangents) of the level curves of the bands.

Proof. Equations 5.2 and 3.8.

1

Corollary 2. If f:S —RZ is self-transversal, with double

points {xi}i-l,n' then the volume of the tube of radius r about
the image of S! in R? is given by the formula:

(5.17) 2rL - 4r2 T 1/sineq + 0(c3),
iwl

where 61 is the angle of coincidence of the curwve at each Xy and

L is the length of the curve.
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Proof. Follows immediately from Theorem 2 or from equation

3.8.

Corollary 3. If f:X(z)—+R3 is a self-transversal immersiocn

of a surface in space, then the volume of the tube of radius r
about f(X) is

r * Area (X) -4r2 [|1/sind| ds + 0(r3),
where the integration 1s over the curves of double points and @
is the angle of self-intersection of the surface at each double
point.

Proof. Follows immediately from Theorem 2.

We consider again £:x(m) o y(o+k)

Corollary 4. Let £:x(M) . y(n+k) pe a self-transversal

immersion. 1If n+k-2k = 0, then the R-fold points of a self-trans-
versal Ilmmeraion are a finite set of points. The first approxi-
mation to the volume of the 2-fold points of the tube depend only
on

1) the number of coincidence points,

2) the conformal structure of M at the coincidence points,

3} the codimension k.

Proof. Follows immediately from Theorem 1.

We now consider the case of a self-transversal immersion into
Euclidian space where the map is linear in the neighborhood of an
isolated £-fold point.

Corollary 5. If £:X(™) — RO and 4f £(X) is linear near

a particular isclated &-fold point, (n+k-tk = 0), then for smanll
r the volume of the 2-fold points of the tube of radius r, near

that point, is the volume of the corresponding parallelogram:



(5.18) r*% (V)% detl n.
Remark: This formula, which 1is exact in the linear case,

is the first approximation to the volume in the non-linear case.

(Compare to Theorem 1).

Proof. We use equations 5.3, 5.11 and the fact that the

Jacobian will be locally constant.
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§6 Higher Order Approximations in the Plane

To obtain more accurate approximations to the volume of a
tube, we need to better approximate the volume of the 2-fold
points of a tubular neighborhood of an immersed submanifold. This
volume 1s a function of the radius, the manifold, and the inter-
section submanifolds. 1In the case of an imbedded submanifold of
RN, there are only l1l-fold points, and the volume, as demonstrated
by H. Weyl, 18 a polynomial in the radius whose coefficlents are
intrinsic metric invariants of the submanifold. The volume of the
points of higher multiplicity does not appear to be so nice, even
in the simple case of an intersection between linear and circular
curve segments in the plane. (See example.) The only situation
in which we know the volume will be a polynomial is in the case
of an isclated coincidence point of an immersion into RT, where
the immersion is linear in a neighborhood of the ceincldence point.
This is shown in corollary to Theorem 1. It also occurs when there
is great symmetry, as in examples 2 and 3. We can however, obtain
higher order approximations in the particular example of a self-
transversal immersion of a curve in the plane. We will comment on
how this might also be accomplished in more general situations.

Let f:S1 — RZ be a self-transversal immersion of the circle
in the plane. The coincidence set 1s a finite set of points
{X{)}i=1,q- We will construct a normal coordinate system in a
neighborhood of a particular Xj, as described in section 3. The
formula for the area of the double points of the band of radius R,
near X;, for small R, is given as a corollary to Theorem 1. We

recall 1it:
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(6.1) wvol(R) = fR /R 1/sino(t) dt; dty,

where ty is the distance of a point to the ith sheet (curve seg-
ment) of the immersion through the coincidence point, and 0 1is the
angle between the level curves at that peint. We now construct
this coordinate system in detail. Let m be a particular inter-
section point, and Yl and Y, represent the two arc segments of the
immersion near m. We make the generic assumption that the curv-
atures of each segment are non—-zero at, and therefore near, m.
Choose some orientation for RZ, Let yi be arc length on Yy, chosen
such that the curvature of Y, (y;) is positive. This is equivalent

to the assertion that (?1,31) has positive orilentation, with

ty = yi(yy) and ny = i/ Wl|L We now renumber, if necessary, so
that (nj, n2) is positively oriented. We then construct, as in
section 3, Fermi coordinates near m with respect to each Yi‘ Let
Fij(yys t4) = v4{yy) + tyny(yy). Now, let Yy and Ty be the inverse
functions to Fy, defined on a neighborhood of m. By proposition
3.4, (Tl, TZ) is a diffeomorphism from a neighborhood of m te a
neighborhood of zero in RZ. We -xtend the definition of n, to this
neighborhood by setting n, = VTy. These coordinate systems were
discussed in detail in section 3.
We draw the following diagram, and label the quadrants I

through IV with respect to the y;, as in the Cartesian plane. Note

that the diagram is drawn showing the angle between n; and n)

acute. This does not affect the ensueing arguments.
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(6.2)

Note that the angle between the level curves, Y1 and Y3, is
equal to the angle between the n; by elementary geometry.

To calculate higher order approximations to the area formula
given in 6.1, we will use Taylor's formula, and therefore will
need to be able to calculate the derivatives of the area with re-
spect to R. We will see that these will involve 8,, the curvatures
and their derivatives at m, and the derivatives of 0 with respect
to t; and ty. We will give a formula for 6 as a function of y;

and Yo- We will then give formuli for the derivatives g%i.in
b

terms of 8, t and the curvature functions. This would enable us
to recursively calculate the higher order derivatives of y with
respect to the ty in terms of 8, t, the derivatives cof the curv-
atures and the lower order derivatives of y with respect to the ty.
Given these formuli for derivatives of & with respect to the Yqi»

and for derivatives of y; with respect to the tj, we can calculate



the derivatives of 8 with respect to the t; by the chain rule.
We will carry out this calculation to obtain an approximation to
the area to order R3, First, we give the formula for 6(y).
Proposition 6.3. Given ny and Ny, 0y = VTi, in a neighbor-

hood of m, and y; arc length on Y;, and 0 the angle between ny and

np. Then
(6.3) 8(y1, v3) = 8, = /31 ky(yyddyg + /72 ky(yy)dys.

Proof. We apply the Umlaufsatz in each of the quadrants I
through IV. Compare diagram 6.2. The Umlaufsatz statea that for
a simple closed plecewise C2 curve in the plane, the integral of
the curvature in the counter-c¢lockwise direction plus the sum of
the exterior angles is 2n. Let ki(yi) be the curvature function
for vYy. It is positive by construction.

In quadrant I:
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Applying the Umlaufsatz, we have

- - Yz - :_T_ L
2w £Y1 kl(yl)dyl £ kz(yz)dy2 +6 + (m0,) + 3 +‘f .

which 1s equivalent to 6.3

In quadrant II, recalling yy<o and yj2o0:

We now have that

o

2n = 172 ky(ypddyy + SO ky(yp)dy, + 6+ (n-8) + 5 + 5
o 2 y, 107D F 8 2+ 7

which 1s again equivalent to 6.3.

In quadrant III, recalling yiso and yso0

y2
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We then have

v
2n = gy kpp)dyy = Jg g (ypddyy + 0+ (-6, trtg,

which 1s again equivalent to 6.3.

In quadrant IV, recalling yy2o and ygso0

We then have

a -y _ 0 _ _11 i
2n fol kl(Yl)dyl fyz kz(?z)dyz + BO + (ﬂ B) + > + 5
which 1is once more equivalent to 6.3. This completes the proof of
the proposition.

Corollary. The derivatives of 6 with respect to y are

(6.4) gyr =Gy 3 = ky0,).

dy1
dtj

We now calculate . We have n; = Yty, which are unit vec~

tors, and Vyy, which are perpendicular to the ni, with norm

l—ki(yi)ti. This is a consequence of Frenet's formula. By the
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hypothesis that (nl, nz) is positively oriented, we have that

(6.6) vy, ° ny, = (1 - kz(yz)tz)sine,

where 6 is the angle between n., and n,. We also have that

1
1 2
6. 7) —BE—J = g'dny + g%n,,
where
{ cosb 1
sin sinZ8
6.8 (g = (n; -+ np7t -
1 . cos8
sinze sinze

From calculas, we know that

ay
(6.9) ﬂaT;-vyi 33_3

d
Lemma. The deriwvatives i are
I atj
(6.10) —= = —(1 - k,(y,)t,)/sin®
3t1 1*71° 71

3y
{6.11) 1 . (1 - kl(yl)tl)cote

(6.12) ——

(1 - kz(yz)tz)cote

-(1 - ky(ypy)ty)/sine

—~
=]
H
o
N
Qo
(g
]
|

Proof. We use 6.5 through 6.9:

.3!‘.1
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= vyl : (gll nl + 812 nz)
= -glZ (1 - Kk (y{)t))sine

- —(1 - kl(yl)tl)fsinﬂ

= Vyy ° (g2 ﬂ1+822 ny)
= -g22 (1 - ky(y;)ty)sind
= 4+ (1 - kl(yl)tl)cote
= 9y, - (gl n) + 512 ny)
= gll (1 - ko(yy)ty)sin®d
= —(1 - kp(yp)tp)coth

= glz (1 - ko(y2)ty)sinsg

= (1 - ky(yylty)cots

This completes the proof of the lemma.

From this lemma, we immediately have

) 24 VR F Y
(6.14) atl|0 3t2|0 1/81in6
6.15) 1] =21 o oee .

3t2 0 atl o 0
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We can now calculate 26 , which by the chain rule is equal to
t
i

a8 2 3% a3
Y1 4 Y2 . We calculate, using 6.4 and 6.10 through 6.13,

Byl Bti BYZ ati
(6.16) 2838 3y) , 30 3yp
Btl Byl Btl aY2 Btl

= k3 (y1)(1 - kydy)ty)/sinod

+ kz(yz)(l - kz(yZ)tz)CUte .

90 ag 3 ae 3
(6.17) - b 72
atg dy] 8tap dyp 3tr

= k(7)1 - ky(y)E)c0td = ky(y5) (1 - Ky(y5)ty)/(sine).

We note for reference that

(6.18) g%z +-{}%E = [ky(y) (L = ky(ytg) = kp(y) (1 = ky(ypdep)]

» [1/8inB ~ cotd)

Examining formuli 6.10 through 6.13, which describe g%%, and

formuli 6.16 and 6.17 which describe gii, we see that the deriva-

tives of order q with respect to t are expressible as an algebraic

function of s81in®, cosf, t and the derivatives kil) through k£q-1).
Repeating 6.1, the area of the double points of the band of

radius R around the segments Y; and Yz is, for small R:

= R R
A(R) £R IR lfsine(tl, tz) dtl dt,.

We remember from calculas that the derivative of a function

P(R) = {g ¢(s8)ds is ¢°(R) = $(R) + ¢(~-R). We can then calculate

the derivatives of A(R):



(6.19) A(R) = /R 1/sine(ty, R) + 1/sin6(ty, -R) dt, +
;rg 1/8in8 (R, t,) + 1/8in8(-R, t,) dt,.

Therefore, A(c) = 0O

e 2
(6.20) A(R) = 2 ¢ | I, Usino((-1)%R, -1)8 R)
u'

g=1
+ £ IR —(coso/atn20) 5 (¢, -DPR) ar,
=1 -
2
+ 5 -(cose/sin?e) (( 1) %R, t,) dt,.
a=1 -

Therefore, A{o) = 8/sin6 , which agrees with the approximation

formula for the area given in the corollary to Thecrem 1.

[ )

LE T 2
6.21) A(R) = 3I_ I (-cose/ein?0) (atl +‘g—”) -R° R

=

R 3 38
*T R R [Ceose/ain?e) g (ey, CDFRI dey

+ §Foo/RI de.
a=1 -R R L]

. oo 30
Therefore A (o) = (-12 cosf /sin?8,) (§EI|0 +'§%%|0)-

From 6.18, we have that 38 +-§§g at t) = tp = 0 is (kl(o) - kp(0)) -

(c8ed, - cotf,), which equals (ki - k20) (l-cos8)/sin®, Therefore

- -lZcosBo l-cos8
(6.22) A () = — s Teime, (10 - k20)
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-12cos8,

= k - k .
(1+c0880)sin6O ( 10 20)

Using the derivatives of A at R = 0 and Taylor's Theorem,
we have that
(6.23) A(R) = (4/s1n8,)R? -2(k;q ~ kog)cothy/(1 + cos8o)RI + 0(RY)

For higher order approximations, we could calculate higher
deviatives of A at R = 0, These would involve trigonometric
functions of 8, and the derivatives of 0 with respect to t. We
can easily see from 6.21 and our comments on-g%I that A9 (o) is
an algebralc function of sineo, cosBo and derivatives of the curv
atures at the coincidence point of order less than q-3.

To carry out this procedure in a more general setting, such
as an isclated coincidence point of order £ of a self-transversal
immersion £:N(M)oM@O+K) Lo need a higher dimensional analogue to
the Umlaufsatz It must apply to curved polyhedra of codimension
1 in M. A possible candidate is a generalization of the Gauss-
Bonnet formula for pelyhedra. {(Reference: Milnor's note on Euler

characteristic and measure.)
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Examples

The area of double points of tubular neighborhoods of self-
transversal immersions are listed in a few special cases. The
calculations are straightforward calculas and trigonometry, so

are omitted.

Example 1. If a curve intersects itself in the plane and is

linear in a neighborhood of a coincidence point:

/

The area of the double points of the band of radius R is
(1) 4R%/sine
Example 2. In the situation above, 1f one segment is linear and
the other circular of radius p the area is

(2)

» 2 IR+ (-1)%c088] V{p+ (-1)BR) = (R+ (-1)%pcos )2
b

. .
a=1 p=1 -+[p-+(—1)BR] arcsin R+ (1) 7pcoss
p+(-1)BR

This formula, although precise, gives little insight into its

relation with the geometry of the curve. Applying the results of
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Chapter 2, section &, the area of the double points is:

(2a) 4R?/sin8 + (2R¥/p) cotd/(1 + cosB) + O(RYM).

Example 3. Let a surface be immersed in R3, and ler the curve of
double points and the surface near those coincidence points look

1ike a right ecircular cone and a plane:

The volume of the double points, for small R, 1is 4LR2/sin9,
where L 18 the length of the circle of intersection and & the angle
of intersection.

Example 4. As in example 3, except consider a sphere of radius p
rather than a right circular cone. The volume is the same,

4LR?/sind.
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