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The r e l a t i o n s h i p  b e tw e e n  t h e  vo lum e o f  a t u b u l a r  n e ig h b o r h o o d  

o f  a s u b m a n ifo ld  and m e t r i c  i n v a r i a n t s  o f  t h a t  s u b m a n ifo ld  h a v e  lo n g  

b e e n  o f  i n t e r e s t .  S t e i n e r  exam ined  t h i s  p ro b lem  a s  lo n g  ago  as 1840  

[ 12 ] .  The p rob lem  w as d i s c u s s e d  f o r  c u r v e s  by H o t e l i n g  [ 8 ] ,  i n

r e l a t i o n  t o  a s t a t i s t i c a l  p r o b le m , w hich  m o t iv a t e d  H. Weyl 

t o  s o l v e  t h e  p rob lem  f o r  any s u b m a n ifo ld  o f  a  s p a c e  o f  c o n s t a n t  

c u r v a t u r e .  ( A c t u a l l y ,  he s t a t e s  h i s  r e s u l t s  o n ly  f o r  E u c l i d i a n  

s p a c e  and s p h e r e s . )

When th e  a m b ien t  m a n i f o ld  i s  f l a t ,  Weyl o b t a i n e d  th e  s u r p r i s i n g  

r e s u l t  t h a t  th e  v o lu m e ,  a s  a f u n c t i o n  o f  th e  r a d i u s ,  i s  a p o l y ­

n o m ia l .  S e c o n d ly ,  th e  c o e f f i c i e n t s  o f  th e  p o ly n o m ia l  a r e  p r o d u c t s  

o f  u n i v e r s a l  c o n s t a n t s ,  d e p e n d in g  on d im e n s io n s ,  and i n t r i n s i c  

i n t e g r a l  m e t r i c  i n v a r i a n t s  o f  th e  s u b m a n i f o ld .  S p e c i f i c a l l y ,  t h e s e  

a r e  th e  i n t e g r a l s  o f  th e  p ^  mean c u r v a t u r e s  o f  th e  s u b m a n i f o ld .

Many q u e s t i o n s  c o n c e r n in g  s u b m a n ifo ld s  can  b e  d i s c u s s e d  by  

r e s t r i c t i n g  o n e ' s  a t t e n t i o n  t o  i t s  t u b u l a r  n e ig h b o r h o o d .  W e y l 's  

r e s u l t  s u g g e s t s  r e s t r i c t i n g  o n e ' s  a t t e n t i o n  s t i l l  f u r t h e r  t o  th e  

fo r m u la ,  V ( r ) ,  f o r  th e  vo lum e o f  th e  t u b e ,  and e x a m in in g  th e  co ­

e f f i c i e n t s  o f  i t s  power s e r i e s  e x p a n s io n .  T h is  was done in  1848  

f o r  g e o d e s i c  c i r c l e s  on  s u r f a c e s  by B e r tr a n d  and D i g r e t  [ 2 ] .

When th e  a n b ie n t  s p a c e  i s  s y m m e tr ic ,  N. Grossman [ 7 ] h a s

o b t a i n e d  o r d e r  o f  m a g n itu d e  e s t i m a t e s  f o r  th e  grow th  o f  tu b e s  o f  

l a r g e  r a d i u s ,  w h ich  depend  on th e  rank o f  th e  a m b ien t  sy m m e tr ic  

s p a c e .  He u s e s  t h i s  e s t i m a t e  a lo n g  w i t h  r e s u l t s  o f  B o t t  t o  g a in  

in f o r m a t i o n  on t h e  B e t t i  n u o b e r s  o f  p a th  s p a c e s  from  t h e  subm ani­

f o l d  to  a p o i n t  o f f  i t .
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In th e  c a s e  o f  a c o m p le x  s u b m a n ifo ld  o f  co m p lex  p r o j e c t i v e  

s p a c e ,  F l a h e r t y  [ 6 ] h a s  g iv e n  f o r m u l i  a n a lo g o u s  t o  W e y l ' s .

When a lo w e r  bound i s  g iv e n  on th e  s e c t i o n a l  c u r v a t u r e s  o f  th e  

a m b ie n t  s p a c e ,  V. D e k s t e r  [ 5 ] h a s  o b t a in e d  co m p a r iso n  th eo rem s  f o r  

th e  vo lum e o f  tu b e s  w hich  g e n e r a l i z e  th e  Rauch C om parison  Theorem  

f o r  th e  volum e o f  s p h e r e s .

The g e n e r a l  p r o b lem  may be s t a t e d  a s  f o l l o w s :  L e t  and

be com pact sm ooth R iem an ian  m a n i f o l d s .  L e t  f :  H -> N  b e  a sm ooth  i s o ­

m e t r i c  im b e d d in g .  C o n s id e r  th e  t u b u l a r  n e ig h b o r h o o d  o f  r a d iu s  r 

a b o u t  f(M) i n  N. T h is  may be i d e n t i f i e d  w i t h  th e  norm al d i s c  b u n d le  

o f  M In d u ce d  by f .  L et  V (r )  b e  th e  volum e o f  th e  tu b e  as  a fu n c ­

t i o n  o f  r .  T h is  volum e in  g e n e r a l  d ep en d s  on M, N, r and f .  The 

fo r m a l i s m s  f o r  s o l v i n g  t h i s  p rob lem  can be  s e t  up by c o n s i d e r i n g  th e  

J a c o b i  f i e l d s  In d u ced  i n  th e  n o rm a l b u n d le  by v a r i a t i o n  o f  th e  n orm al  

g e o d e s i c s .  S ee  Grossman [ 7 ] f o r  an e x p o s i t i o n  o f  t h i s .  L i t t l e  h as  

b e e n  s a i d  a b o u t  th e  g e n e r a l  c a s e ,  e x c e p t  t h a t  th e  f i r s t  a p p r o x im a t io n  

t o  V (r )  i s  V ( r )  “ r^ v o l(M ) + 0 { r k + l )  , w h ere  i s

th e  vo lum e o f  t h e  u n i t  k - d i s c .  When M i s  f l a t ,  W e y l 's  r e s u l t s  a p p ly ,  

and V (r )  i s  a p o l y n o m i a l .  L i t t l e  i s  known a b o u t  t h e  i n t e g r a l  i n ­

v a r i a n t s  w h ich  a r e  th e  c o e f f i c i e n t s .  The f i r s t  c o e f f i c i e n t  i s  a 

m u l t i p l e  o f  th e  v o lu m e ,  a s  m e n t io n e d  a b o v e .  A ls o  by  e x a m in in g  t h e  

f o r m u l i  f o r  th e  l a s t  c o e f f i c i e n t ,  i t  i s  s e e n  t o  b e  th e  i n t e g r a l  o f  

t h e  L i p s c h i t z - K i l l i n g  c u r v a t u r e  o f  M, and th u s  th e  l a s t  c o e f f i c i e n t  

i s  a m u l t i p l e  o f  t h e  E u le r  c h a r a c t e r i s t i c .  The I n t e r m e d ia t e  c o e f ­

f i c i e n t s  a r e  th e  i n t e g r a l s  o f  A l l e n d o e r f e r *s [ 1 ] p Ê  mean c u r v ­
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a t u r e s .  Thorpe [ 14 ] d i s c u s s e s  th e  r e l a t i o n  b e tw e e n  th e  c o n s ta n c y  

o f  t h e s e  c u r v a t u r e s  and t h e  v a n i s h i n g  o f  c e r t a i n  P o n t r y a g in  c l a s s e s .

For an a r b i t r a r y  a m b ien t  m a n i f o l d ,  t h e  i n t e g r a t i o n  f o r  th e  

volum e o f  a tu b e  h a s  n o t  y e t  b een  d o n e .  The p u r p o se  o f  t h i s  p ap er  

i s  t o  make some c o n t r i b u t i o n s  i n  t h i s  d i r e c t i o n .  We c o n s i d e r  two  

c l a s s e s  o f  p r o b le m s .

F i r s t  we c o n s i d e r  a s u b m a n ifo ld  o f  R ^ k  t and ta k e  E

t o  be  a su b b u n d le  o f  i t s  norm al b u n d le ,  NM. We d i r c u s s  th e  volum e  

o f  t h e  t u b u l a r  n e ig h t b o r h o o d  o f  M i n  E and p r o v e  some th eorem s  

a b o u t  i t .  The f i r s t  s t a t e s  t h a t  th e  vo lum e i s  a p o ly n o m ia l  i f  E 

i s  t o t a l l y  g e o d e s i c ,  and g i v e s  a n o n - p o ly n o m ia l  c o u n te r e x a m p le  i n  

c a s e  i t  i s  n o t .  The s e c o n d  c o n s i d e r s  E t o  b e  th e  f i r s t  o s c u l a t i n g  

s p a c e  o f  M, and show s t h a t  i f  th e  volum e a g r e e s  w i t h  th e  Weyl p o l y ­

n o m ia l  t o  s e c o n d  o r d e r ,  th e n  i t  must i n  f a c t  be t h a t  p o ly n o m ia l  and  

M m ust l i e  i n  some lo w e r  d im e n s io n a l  s u b s p a c e  o f  R01̂ .  We th e n  

c o n s i d e r  on e  s i d e d  t u b e s ,  i . e . :  e x p o n e n t i a t i n g  o n ly  a q u a d r a n t  o f

th e  norm al b u n d l e .  The i n t e g r a l  o f  t h e  mean c u r v a t u r e  o f  M ap­

p e a r s  i n  t h i s  vo lum e fo r m u la .  T hese  th eorem s a r e  s t a t e d  i n  d e t a i l  

i n  C hap ter  1 .

The n e x t  s i t u a t i o n  we c o n s i d e r  i s  t h e  c a s e  o f  an im m ersion  

r a t h e r  th a n  an im b ed d in g  o f  on e  m a n i f o ld  i n t o  a n o t h e r .  The f o r ­

m a lism s  u se d  above  s t i l l  a p p l y ,  b u t  n e e d  t o  be  c o r r e c t e d ,  f o r  n e a r  

any c o i n c i d e n c e  p o i n t  o f  th e  iim n ers ion  t h e r e  a r e  c o i n c i d e n c e  p o i n t s  

o f  th e  e x p o n e n t i a t e d  d i s c  b u n d le .  We o b t a i n  a p p r o x im a t io n s  t o  th e  

volum e o f  th e  m u l t i p l e  p o i n t s  c f  th e  ln m e r se d  t u b e ,  and u se  t h e s e  

a p p r o x im a t io n s  p l u s  W e y l 's  fo rm u la  t o  o b t a i n  a p p r o x im a t io n s  t o  th e



4

a c t u a l  volum e o f  th e  t u b u l a r  n e ig h b o r h o o d  when th e  aanbient s p a c e  i s  

f l a t .  E xam in ing  t h e s e  f o r m u l i ,  we n o t e  t h a t  t o  a c e r t a i n  o r d e r  o f  

a p p r o x im a t io n ,  th e  vo lu m e i s  i n t r i n s i c  t o  th e  s u b m a n i f o ld .  T ak in g  

a h i g h e r  o r d e r  a p p r o x im a t io n ,  we n o t e  t h a t  th e  n e x t  h i g h e r  o r d e r  

term  d ep en d s  o n ly  on th e  i n t r i n s i c  m e t r i c  o f  t h e  im age o f  th e  im­

m e r s io n ,  th e  c o n fo r m a l  s t r u c t u r e  o f  th e  a m b ien t  m a n i f o ld  and th e  

c o d im e n s io n .  As a c o r o l l a r y ,  we w i l l  n o t e  t h a t  i f  th e  a p p r o x im a t io n  

t o  th e  a c t u a l  vo lum e a b o u t  th e  inxnersed s u b m a n ifo ld  a g r e e s  w i t h  th e  

i n t r i n s i c a l l y  d e f i n e d  Weyl p o l y n o m i a l ,  th e n  t h e  im m ersion  m ust be 

an im b e d d in g .  T h ese  f o r m u l i  and th eo rem s  w i l l  b e  s t a t e d  and p ro v e n  

in  C hap ter  2 .
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CHAPTER 1

Let be a com pact smooth su b m a n ifo ld  o f  R111̂ .  Choose

an I - d im e n s io n a l  su b b u n d le ,  E , o f  the  norm al b u n d le  NM. We

w i l l  d i s c u s s  th e  t u b u la r  n e ig h b o r h o o d  o f  r a d iu s  r o f  H in  E.

I t s  volum e form w i l l  be c o n s t r u c t e d  and g iv e n  in  l o c a l  c o o r d i n a t e s ,  

w hich  in  c e r t a i n  s i t u a t i o n s  le n d s  i t s e l f  to  i n t e r e s t i n g  in v a r i a n t  

f o r m u la t io n s .  In  th e  c a s e  £“k ,  we h ave  E“ NM, th e  f u l l  tu b e .  T h is  

s i t u a t i o n  was exam ined  in  d e t a i l  by H. W eyl, and was th e  o c c a s io n  

o f  the f i r s t  s u b s t a n t i a l  i n s i g h t  i n t o  th e  g e n e r a l  p rob lem .

Theorem 1 . (Weyl [1 6 ] )  The t u b u la r  n e ig h b o r h o o d  o f  r a d iu s  r

o f  M in  h as  volume
i+ e

V (r)  -  V I ------------------------    h
V ' t e  ( * + 2 ) ( £ + 4 ) .  . . U + e )  e

(e  e v e n ,  o<e<m), w here i s  th e  volume o f  th e  u n i t  i - d i s c  and

the  h e a re  i n t e g r a l  m e t r i c  i n v a r i a n t s  i n t r i n s i c  t o  M. S p e c i f i ­

c a l l y ,  he i s  th e  i n t e g r a l  o f  th e  p fcb mean c u r v a tu r e  o f  M, w i t h  

hQ b e in g  th e  volum e.

We w i l l  d e n o te  t h i s  volume by W (r ) , c a l l i n g  i t  th e  H-dimen-  

s i o n a l  Weyl p o ly n o m ia l  o f  M. I t  i s  in d e p e n d e n t  o f  th e  i s o m e t r i c  

im bedding  f o r  a f i x e d  c o d im e n s io n .  Where th e  number 9 i s  c l e a r ,  

we w i l l  m ere ly  c a l l  i t  th e  Weyl p o ly n o m ia l  o f  M.

The volume form u la  i s  n o t  a p o ly n o m ia l  f o r  a l l  s u b b u n d le s  E 

o f  NM. We w i l l  show:

Theorem 2 . I f  E i s  a t o t a l l y  g e o d e s i c  su b b u n d le  o f  NM, 

th en  V (r )  i s  a p o ly n o m ia l .  I t  i s  o f  th e  same form a s  th e  Weyl 

p o ly n o m ia l ,  a l th o u g h  th e  c o e f f i c i e n t s  a r e  n o t  n e c e s s a r i l y  i n t r i n s i c .
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Remark. I t  i s  n o t  a lw a y s  t r u e  t h a t  V (r)  i s  a p o ly n o m ia l .

As a c o u n te r e x a m p le , c o n s i d e r  M a n o n -d e g e n e r a te  sp a c e  c u r v e , 

w ith  E g e n e r a t e d  by th e  f i r s t  norm al v e c t o r .  I t  I s  e a s i l y  shown 

by d i r e c t  c a l c u l a t i o n  t h a t  V ( r ) ,  i n  t h i s  c a s e ,  i s  a p o ly n o m ia l  

i f  and o n ly  I f  th e  t o r s i o n  o f  th e  c u rv e  v a n i s h e s .  T h is  c o n v e r s e  

d oes  n o t  appear t o  be t r u e  f o r  dim M > 2.

We w i l l  show th e  f o l l o w i n g  th eorem s:

Theorem 3 . L et  E be su ch  t h a t  i t  c o n t a i n s  th e  image o f  

th e  v e c t o r  v a lu e d  se c o n d  fu n dam en ta l form o f  M. Hie volume o f  

the  tube o f  r a d iu s  r ab ou t M i n  E i s  

V (r) -  r*V ^ .vo l(M )

+ X~ ^ t V i / h 2 dM + V"1/ ) !  nÊ Vwe | | 2 dS8-"1 dSTlHL d M ] + 0 ( r *+ 4 ) , 

where the  i n t e g r a l  i s  o v e r  UTM8UE, w ith  e e UE, w e UTM, and 

d e n to e s  p r o j e c t i o n  on to  E"*"-

T h is  form u la  a g r e e s  w ith  W e y l 's  form u la  (Theorem 1) when

k=£, ( s i n c e  ^=0). The i n t e g r a l  o f  j| n ..Ve 11 i s  a measurement
E

o f  th e  " t w i s t i n g "  o f  E. In p a r t i c u l a r ,  when M i s  a n o n -d e g e n e r a te  

c u r v e :

C o r o l l a r y . C o n s id e r  a n o n -d e g e n e r a te  c u rv e  Y in  

L et E be th e  su b b u n d le  o f  th e  norm al b u n d le  g e n e r a te d  by th e  

f i r s t  norm al v e c t o r .  (E i s  a l s o  c a l l e d  th e  f i r s t  o s c u l a t i n g  sp a c e  

o f  Y). The volum e o f  th e  tu b e ab ou t Y in  E i s  

V (r)  «  2rL +  ( r ^ / f i )  /  t 2  ds + 0 ( r 5 ) , 

w here L i s  th e  l e n g t h  o f  th e  cu rv e  and t  i s  t h e  t o r s i o n  o f  th e  

c u r v e .
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Theorem 4 . L et  n ( X ) * , , n (£ )  be a frame f i e l d  a lo n g  M. Con- 

s i c e r  th e  r e g i o n  sp anned  by m + ^ | ^ t p n ( p ) m, f o r  t p - 0

T h is  i s  a g e n e r a l i z a t i o n  o f  a 1 - s i d e d  t u b u la r  n e ig h b o r h o o d  in  c a s e

S,= l .  The volum e o f  th e  1 1 - s i d e d '  tu b e  i s

V+ ( r )  -  r V ^ ’vol(Di) + r i + 1 2 ~ l V i _ 1 /H * n  dM + 0 ( r £+2) ,

w here V. i s  th e  vo lum e o f  th e  u n i t  ( . - d i s c ,  2  ̂ i s  t h e  number o f£
9 tq u a d r a n ts  in  R*-, n “ £ n ( i )  and H i s  th e  mean c u r v a tu r e  v e c t o r  o f

i = l
M.

C o r o l l a r y . L et Y be a n o n -d e g e n e r a te  cu rve  in  w ith

norm al v e c t o r  n . L et  E be th e  s ih b u n d le  o f  NY g e n e r a te d  by n .

The volume o f  th e  1 - s i d e d  tu b e  ab ou t Y in  E i s

V+Cr) “ rL + Hr? ds + 0 ( r 3 )  , 

w here k i s  th e  c u r v a tu r e  o f  t h e  c u r v e  Y , and L i s  i t s  l e n g t h .

We remark t h a t  Theorems 1 through 4 a l s o  h o ld  when M i s  a su b ­

m a n ifo ld  o f  any f l a t  s p a c e .

The n e x t  th eorem  c o n c e r n s  n i c e l y  cu rv ed  s u b m a n i f o ld s , w hich  a r e  

a g e n e r a l i z a t i o n  o f  th e  c o n c e p t  o f  a n o n -d e g e n e r a te  c u r v e .

Theorem 5 . L et be a n i c e l y  cu rv ed  su b m a n ifo ld  o f  Rn+k. In

such  a m a n i f o ld ,  th e  range o f  th e  s e c o n d  fu n dam en ta l form has c o n s t a n t  

d im e n s io n  £. D enote  t h i s  su b b u n dle  o f  th e  norm al b u n d le  by E^®  ̂ .

V (r )  d e n o t e s  th e  volum e o f  th e  tube i n  E. The f o l l o w i n g  a re  e q u i v a l e n t :

1) M i s  c o n t a i n  ted  i n  a Hrt-i d im e n s io n a l  l i n e a r  su b s p a c e  o f

2) E i s  a  t o t a l l y  g e o d e s i c  su b b u n d le  o f  NM,

3) V (r )  i s  th e  £ - d im e n s io n a l  Weyl p o ly n o m ia l  o f  M,

4) The c o e f f i c i e n t  o f  in  th e  power s e r i e s  e x p a n s io n  f o r  V (r )
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a g r e e s  w i t h  th e  c o r r e s p o n d in g  term in  th e  Weyl p o ly n o m ia l .  

Remark. T h is  theorem  w i l l  be b a s e d  on a g e n e r a l i z a t i o n  o f  th e  

f a c t  t h a t  i f  th e  t o r s i o n  o f  a s p a c e  c u rv e  v a n i s h e s ,  th en  i t  l i e s  in  

a p la n e .  For M a su b m a n ifo ld  o f  Rm*  ̂ and E the range o f  th e  

s e c o n d  fu n d am en ta l form, we a re  m o t iv a te d  to  d e f in e  th e  t o r s i o n  o f  

th e  im bedding  o f  M a t  a p o in t  p a s

/II V 7we ll2 d Z ^ d / 1"-1  ,

where th e  domain o f  i n t e g r a t i o n  i s  f o r  w e  UTMp and e e  UEp.

S e c t i o n  1 w i l l  d e v e lo p  th e  volume form f o r  th e  t u b e , and in  

th e  p r o c e s s  we w i l l  d em o n str a te  Theorem 2. S e c t io n  2 w i l l  d i s c u s s  

th e  i n t e g r a t i o n  o f  t h i s  form o v e r  the  tube and q u a d r a n t - tu b e ,  w hich  

w i l l  y i e l d  Theorems 3 and 4 .  S e c t i o n  3 w i l l  p rove  th e  e q u i v a l e n c e s  

s t a t e d  i n  Theorem 5 .

We w i l l  u se  some o f  W eyl’ s c a l c u l a t i o n s  a s  b u i l d i n g  b l o c k s  f o r  

th e  volume fo rm u la .  The p r o o f  o f  Theorem 5 w i l l  depend on th e  

n o t i o n s  o f  o s c u l a t i n g  s p a c e s  and fo rm a l Im bedding num bers, a s  

d e v e lo p e d  by A l l e n d o e r f e r .

§ 1 The volume form

We a re  g iv e n  a su b m a n ifo ld  o f  and a s u b ­

b u n d le  o f  NM. L et  (U ,x )  be a c o o r d i n a t e  p a tch  on M. A c o o rd ­

i n a t i o n  o f  th e  tu b e  i n  E can be c o n s t r u c t e d  a s  f o l l o w s :

Choose { n ( l )  . . .n ( i l )  } an o r th o n o rm a l b a B is  s e c t i o n  f o r  E I u*

D e f in e ,  f o r  t e R* ,

( 1 . 1 )  Y ( u , t )  -  x ( u )  + f  t  n ( p ) .P“ I K

The tu b e  o f  r a d iu s  r i s  d e f i n e d  by th e  r e s t r i c t i o n  £ t^ < r^ .
P

We w i l l  g i v e  th e  volum e form o f  t h i s  c o o r d i n a t i z a t i o n .  C a l c u l a t i o n s
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w i l l  be done l o c a l l y .  S in c e  l o c a l  r e s u l t s  w i l l  b e  i n v a r i a n t ,  th e  

g l o b a l  v e r s i o n s  w i l l  f o l l o w  i n m e d i a t e l y .

I t  w i l l  b e  c o n v e n ie n t  t o  u se  i n d i c e s  i n  th e  f o l l o w i n g  r a n g e s :  

l < i , J , p i £  , l i a ,8 < m

L e t  twa } be an o r th o n o r m a l  b a s i s  f o r  TM|p- Yq and Y w i l l

d e n o t e  d i f f e r e n t i a t i o n  o f  Y w i t h  r e s p e c t  t o  wa  and 

s p e c t i v e l y .  I t  f o l l o w s  from 1 .1  t h a t :

( 1 . 2 )  Yp -  n (p )  ,

( 1 . 3 )  Y  ̂ -  X„ +  I t p na ( p ) .

r e -

ci a

We e x p r e s s  na (P) a s  a l i n e a r  c o m b in a t io n  o f  th e  o r th o n o r m a l

v e c t o r s  Xg and n (q )  , w h ere  l i B i m  and l< q < k .  E xten d  th e

b a s i s  { n (p ) a  E t o  an o r th o n o r m a l b a s i s  ( n ( p ) } pD  ̂ k

NM. We can  th e n  w r i t e

( 1 . 4 )  na (p )  = ^ ( p ) X B + q E1La q ( P) n ( q )  ,

w here  G®(p) are  th e  c o e f f i c i e n t s  o f  th e  s e c o n d  fu n d a m e n ta l  form  

i n  d i r e c t i o n  n ( p ) ,  and Ea q (p )  “ na (q )  *n(p) . G i s  sy m m e tr ic  i n  

a and 3 and L i s  s k e w - s y m n e t r i c  in  p and q .  C om bining 1 . 3  

and 1 . 4 ,  we o b t a i n

ft k( 1 . 5 )  Y -  X +  I [ l t pG » (p ) ]X  + E [EL ( p ) t p ] n ( q ) .
u “ P P F p p aq K

T h u s, we can  w r i t e  t h e  vo lum e form  o f  E as

( 1 . 6 )  d e t f & afi + Z t  pG^(p)

O O
dM d t ,

l<a<m  
l i  Bim 
l iqsE .
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and d t  “ d t ^ * * * d t £ . N o te  t h a t  th e  m a t r ix  i s  nrf£ by  nr+k. The 

i n t e r p r e t a t i o n  o f  d e t  i s  t o  c o n s i d e r  t h e  row v e c t o r s  a s  i n  th e  

mffc d im e n s io n a l  s u b s p a c e  w h ich  th e y  s p a n .

Weyl c o n s i d e r e d  th e  c a s e  £ -k  , when E i s  th e  f u l l  norm al  

b u n d le  o f  M i n  In t h i s  s i t u a t i o n ,  I £ f i l l s  th e  lo w e r

r i g h t  hand b l o c k  o f  1 . 6 ,  th u s  t h e  vo lum e form  b e c o m e s ,  i n  W ey lf s 

c a s e :

( 1 . 7 )  d e t  [ I  +  Etn Ge ( p ) ]  dM d t .
p  H a

T h is  can  be  e v a l u a t e d ,  and e x p r e s s e d  a s  a p o ly n o m ia l  in  th e  

t  . The c o e f f i c i e n t s  o f  th e  p o ly n o m ia l  a r e  i n v a r i a n t  p o ly n o m ia l s  

o f  th e  m a t r i c e s  G ( p ) . The volum e o f  th e  tu b e  o f  r a d iu s  r i s  

found  by i n t e g r a t i n g  th e  p o ly n o m ia l  o v e r  If and th e  r e g i o n
n 9

E t p ir ^ .  Weyl d o es  t h i s ,  and o b t a i n s  t h e  f o l l o w i n g  fo r m u la ,  g iv e n  

in  Theorem 1:
J t+ e

V (r )  -  V£ . |  . (m+e) h e »

w here  th e  sum I s  f o r  e e v e n ,  o^e^m. V£ i s  t h e  volum e o f  th e

u n i t  J l - d i s c ,  and t h e  h e a r e  i n t r i n s i c  m e t r i c  i n v a r i a n t s  o f  th e  

s u b m a n if o ld  M. N o te  t h a t  e must be  e v e n .  The term s c o r r e s p o n d in g  

t o  odd e v a n i s h .  Weyl sh ow s t h i s  u s i n g  th e  f a c t  t h a t  an i n t e g r a l  

y t e ( l )  . .  . t £ ^ ^  dS *  ̂ v a n i s h e s  u n l e s s  a l l  t h e  e ( i )  a r e  e v e n .  T h is  

w i l l  be  u se d  l a t e r .

The b l o c k  m a t r ix  1 . 6  can  b e  e v a l u a t e d  by th e  same t e c h n iq u e  I f  

La q ( p )  ■ 0 f o r  q i £ + l  , p<£ and f o r  a l l  a.  In  t h i s  c a s e ,  th e

s u b s p a c e  o f  d e f i n i t i o n  o f  t h e  d e t e r m in a n t  i s  c l e a r ,  and th e  vo lum e  

form  I s  a g a in  t h e  form o f  1 . 7 .  The vo lum e w i l l  h e n c e  a g a i n  b e  a
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p o ly n o m ia l  i n  r .  The c o n d i t i o n  L (p ) -  0 can be r e s t a t e d  as1_*V|

n (p )* n (q )  “ 0 ,  o r  t h a t  JI J.Vwe * 0 f o r  a l l  w e TM and e f E.
L

We c a l l  su ch  a su b b u n dle  E t o t a l l y  g e o d e s i c .  R e c a l l :

D e f i n i t i o n . Let E be a su bb u n d le  o f  a v e c t o r  b u n d le  o v e r  M 

w ith  c o n n e c t io n  V .  E i s  a t o t a l l y  R e o d e s lc  su bb u n d le  i f  Vwe e E  

f o r  a l l  e e E and w e ETM.

Theorem 2 i s  now p roven .

Remark. A lth ou gh  when E i s  t o t a l l y  g e o d e s i c ,  we o b t a in  a 

p o ly n o m ia l  V ( r ) ,  th e  c o e f f i c i e n t s  w i l l  o n ly  be i n t r i n s i c  t o  M 

i f  E c o n t a in s  th e  range o f  th e  se c o n d  fu n dam en ta l form o f  M.

T h is  f o l l o w s  from W ey l' s o r i g i n a l  p r o o f .

When E i s  n o t  t o t a l l y  g e o d e s i c ,  we can  s t i l l  o b t a in  an 

a p p r o x im a t io n  t o  V ( r ) .  We do t h i s  by u s in g  th e  s ta n d a r d  d e f i n i ­

t i o n  o f  th e  volume form a s  / det~g du d t  , w here g i s  th e  m e t r i c  

t e n s o r  e x p r e s s e d  in  l o c a l  c o o r d i n a t e s .  S in c e  we are  u s in g  an 

or th o n o rm a l frame as  a b a s i s  f o r  TM , r a t h e r  than  th e  b a s i s  a s ­

s o c i a t e d  to  a c o o r d i n a t l z a t i o n  o f  M , th e  volum e form I s  a c t u a l l y  

/ d e t  g dM d t . T h is  form w i l l  be i n t e g r a t e d  o v e r  M and o v e r  th e  

s p h e r e  ( o r  q u ad ran t)  o f  r a d iu s  r i n  each  f i b e r .

R e f e r r i n g  to  e q u a t io n s  1 . 2  and 1 . 5 ,  and r e c a l l i n g  t h a t  th e  

a r e  o r th o n o r m a l,  we o b t a i n  th e  com ponents o f  g a s :

For l< a ,n < m ,

( 1 .8 )  g „ n -  va  •

+  I  [ I t ^ C D !  •

k
+ I . [ E t  L ( i ) ]  * [E t .L  ( j ) ] .  

q“ l  i  i  aq j  J hq
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For l<txsm and l< a i i .  ,

(1-9> ®o,Ca+m) '  V "< » >  m | t i Lc a (1) ‘

For l< a ,b < £  ,

( 1 *10) S (a-Hn), (b+ra) " 5ab *

Thus, th e  m a tr ix  g i s  a s e c o n d  d e g r e e  p o ly n o m ia l  i n  th e  

v a r i a b l e s  :

( 1 . 1 1 )  g ( t )  -  I + p i  + Z t  t  B , 

where

( 1 . 1 2 )  At  -  f 2 G H  1 )  La p ( l ) \

j  l<a,ri<m
( K .p ' 1 ) ' 1 O  /

/zG6(l)G6(j)  + E,L (i)L ( j)  O
R a n q * l  aa aq( 1 . 1 3 )  Bi j

o  O
To f in d  th e  volume form , we n eed  t o  c a l c u l a t e  / d e t  g ( t )  .

We w i l l  f i r s t  ap p rox im ate  d e t  g ( t )  w ith  a T a y lo r  s e r i e s ,  th en  

i t s  s q u a r e  r o o t .  I t  w i l l  n o t  be n e c e s s a r y  f o r  t h i s  a p p l i c a t i o n  

to  c a l c u l a t e  th e  c o e f f i c i e n t s  o f  mixed t e r m s , t ^ t ^ , b e c a u se  i f  

i ^ j ,  th en  / t i t j  dS®" v a n i s h e s .

L et  f ( t )  -  d e t  g ( t ) . N ote  f ( o )  -  1.

Lemma. The f i r s t  few d e r i v a t i v e s  o f  f ,  a t  t  *■ o ,  ( t ^ » t 2 “ * ' *"t^“ o ) , 

are  e x p r e s s e d  i n  term s o f  th e  and th e  a s :

( 1 .1 4 )  f 1 ( o )  -  t r A i  ,
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( 1 . 1 5 )  f ^ C o )  -  2 [ t r  B± i  + a 2 A ^  ,

w here t r  i s  th e  t r a c e  and a 2 i s  th e  c l a s s i c a l  s e c o n d  o rd er  

o r t h o g o n a l l y  i n v a r i a n t  p o ly n o m ia l  in  th e  c o e f f i c i e n t s  o f  a m a tr ix .

P r o o f . To e v a l u a t e  th e  above d e r i v a t i v e s  i t  s u f f i c e s  to  r e ­

s t r i c t  f  t o  f 11 t a -  o f o r  a i* i ) .

f ( t )  -  d e t  [I +  t ±A1 + t \  B1 1 ] -  d e t  [I + t i (Ai  + t ± B ^ ) ] ,

-  1 + tj^trCAi + t ± Bi;L) + t^ o 2 (A* + t j  Bi i ) +  0 ( t 3 ) ,

-  1 +  t ^ t r  Â  + t2  ( t r  Bi:L + o 2 At> + ° ( t j * ) .

w hich  p r o v e s  th e  lemma.

Lenina■ For h ( t )  = / f T t )  = */de"t g("t) t 

(1 .  16) h ( o )  -  1 .

( 1 . 1 7 )  h i ( o )  -  h t r A t  ,

( 1 . 1 8 )  h i i ( o )  -  t r  + a 2 A  ̂ -  ^ ( t r A i ) 2

P r o o f . T h is  f o l l o w s  from  th e  p r e v io u s  lemma by th e  c h a in  r u l e .  

L e t t i n g  be th e  c o e f f i c i e n t  o f  t ^ t j  the  T a y lo r  s e r i e s

f o r  h ( t ) ,  we have shown t h a t  th e  c o e f f i c i e n t  o f  dM d t in  th e  

volume i s

( 1 .1 9 )  1 +  ^ t i  trA ^  +  ^ f t ^ I t r B ^  + a 2 A  ̂ -  ^ttr^ A^]

+ Z n ^ t  t . + 0 ( t 3 ) .
i*J  13 1 J

By 0 ( t 3) ,  we mean C K E t^ t j t^ ) .
g

We w i l l  now c a l c u l a t e  the  c o e f f i c i e n t s  i n  term s o f  th e  * ^ (p )  

and th e  La p (q) .
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Lemma. The c o e f f i c i e n t s  i n  e q u a t io n  1 .1 9  a r e  g iv e n  by

( 1 . 2 0 )  t r  Aj .  2 g G ^ (i)  ,

( 1 . 2 1 )  t r  Bj * -  X GP( i ) 2 + I  £ L ( i ) 2 ,11 a, 6 « a q “ l  aq

 ̂ 2( 1 .2 2 ) a,A. - 4o7 [G (i)  ] - £ £ L ( i ) z ,
2 1 2 a q = l aq

( 1 . 2 3 )  -  ^ t r 2 A. -  -  I  G ^ (i)  .1 a, 6 S

P r o o f . 1 .2 0  and 1 .2 1  f o l l o w  im m e d ia te ly  from e q u a t io n s  1 .1 2  

and 1 . 1 3 .  1 . 2 3  f o l l o w s  from 1 . 2 0 .  To shew 1 . 2 2 ,  we must r e c a l l  a

few f a c t s  ab ou t the  i n v a r l e n t  f u n c t io n  a 2  •

The f i r s t  i s  t h a t  f o r  an a r b i t r a r y  sq u a r e  m a t r ix ,  M = (m^j) »

°2^  = mi i mj j  ~ t ^e sum '*‘s o v e r  a H  ant* J » a

f a c t o r  o f  h  i s  in t r o d u c e d .

When th e  m a tr ix  M i s  sym m etr ic  and h a s  t h e  s p e c i a l  form

, i t  f o l l o w s  d i r e c t l y  from th e  form u la  f o r  0 2  t h a tM - / N H )
(H tr  0  j

2
c^M “ 0 2 N -  ^ ^ j^ ij*  N o t in g  t h a t  Â  in d e e d  h as  t h i s  s p e c i a l  form ,

( s e e  1 . 1 2 ) ,  and t h a t  02(2N ) “ 4o2N, 1 .2 2  th en  f o l l o w s .  The lemma 

i s  p ro v en .

The c o e f f i c i e n t  o f  t 2 i n  1 .1 9  i s  th u s

*S r G ^ ( i ) 2 + Js £ Z L ( i ) 2 -  E Ga ( i )  G ^ ( i)
a , 8 a q - 1  a aq a , 8  « 8

+ 2a 7 [ G ( i ) ]  -  *s I E L  ( i ) 2 , 
q * l  a aq

w hich  s i m p l i f i e d  t o ,  ( r e c a l l i n g  th e  d e f i n i t i o n  o f  0 2 )
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( 1 . 2 4 )  a 2 ( G ( i ) ]  + U  E L ( l ) 2 .* q n  a  aq

We h ave  now sh ow n , c o m b in in g  t h i s  lemma and 1 . 1 9 ,  t h a t  th e  

c o e f f i c i e n t  o f  dM d t  In  th e  volum e form  i s  

C1. 25)  1 +  ^  nt j  t , t j

+ E t o , t G ( i ) ]  +  *1 I I  L ( I ) 2 ) + 0 ( t 3) .
1 1  £ q > H a aq

N ote  t h a t  th e  sum m ation  o f  th e  La q ( l )  i s  o n ly  f o r  q-Jl+1 t o

k ,  w hich  r e p r e s e n t s  th e  o r t h o g o n a l  com plem ent o f  th e  su b b u n d le  E

i n  NM.
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<j 2 The volum e

We w i l l  now d i s c u s s  th e  i n t e g r a t i o n  o f  th e  volum e form o v e r  

th e  tu b e  and q u a d r a n t  o f  r a d iu s  r .  F i r s t ,  n o t e  t h a t  when th e

volum e form , 1 . 2 5 ,  i s  i n t e g r a t e d  o v e r  th e  f i b e r ,  ( t h e  t  v a r i a b l e ) ,

we o b t a i n  c e r t a i n  i n t e g r a l s  a s  f o l l o w s :

Lemma. L e t  B be  t h e  b a l l  in  t - s p a c e ,  ( t h e  f i b e r ) ,  o f  r a d iu s  

r .  L e t  Q be  th e  q u a d r a n t  d e s c r i b e d  by ( t  c B  | t^ > o f o r  a l l  i } .  

The i n t e g r a l s  o f  t^ and t ^ t j  o v e r  B and Q a r e  in d e p e n d e n t  o f  

i  and j  by sym m etry and a r e  g iv e n  by th e  f o l l o w i n g  f o r m u l i :

( 2 . 1 )  / B t 2 d t  -  r*+2 V g/ U + 2 ) ,

( 2 . 2 )  / B t t t j  d t  -  0 , f o r  i * j ,

( 2 . 3 )  / B t ± dt  -  0  ,

( 2 . 4 )  / p t ± d t  = r Z+1 V 2 ~ l .

P r o o f . E q u a t io n s  2 . 1  th ro u g h  2 . 3  a r e  im m ed ia te  c o n s e q u e n c e s  

o f  fo rm u la  12 i n  W e y l ' s  p a p e r .  E q u a t io n  2 . 4  f o l l o w s  by s t r a i g h t ­

forw ard  i n t e g r a t i o n .

We can  now i n t e g r a t e  t h e  volum e form , 1 . 2 5 ,  o v e r  th e  f i b e r .  

P r o p o s i t i o n  2 . 5 . The volum e o f  th e  t u b e ,  o f  r a d iu s  r ,  a b o u t  

M i n  th e  s p a c e  E i s

( 2 . 5 )  V( r )  -  r l  /dM

r t + 2 V l

-  w T  /{l [G(i)1 + W 1)2) dM

+ 0 ( r R+^ ) •
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P r o o f . I n t e g r a t e  1 . 2 5  o v e r  th e  f i b e r  u s in g  F u b i n i ' s  Theorem

and e q u a t io n s  2 . 1  throu gh  2 . 3 .  N ote  ” / g  l ' d t .  A l s o ,

/ B0 ( t ^ )  d t  - 0 ( r ® +^ .  I t  i s  t h i s  r a t h e r  than  0(r® + ~̂  b e c a u s e

/ Bt i t j t k dt  -  0 .

We now d i s c u s s  th e  g e o m e tr ic  s i g n i f i c a n c e  o f  th e  in t e g r a n d s

i n  2 . 5 .  F i r s t ,  we show t h a t  th e  f u n c t i o n  E E L~a ( i ) 2 i s
i , a  q>£ 4

a c t u a l l y  i n v a r i a n t  and m easu res  th e  t o r s i o n  o f  th e  su b b u n d le  E.

We can c a l l  t h i s  t o r s i o n  b e c a u s e  i f  i t  v a n i s h e s ,  th en  L ( i )  = 0’ aq

f o r  a l l  i , q  and a, w hich  was s e e n  i n  s e c t i o n  1 t o  be th e  d e f i n i t i o n  

o f  E b e in g  a t o t a l l y  g e o d e s i c  su b b u n d le  o f  th e  normal b u n d l e .

P r o p o s i t i o n  2 . 6 . We can  e x p r e s s  th e  above f u n c t i o n  in  i n ­

v a r i a n t  n o t a t i o n :
1+2

( 2 -6) ' b  d a  W 1 ) 2  d t  -  V T S + 2T  'II V 7v e l l2 d s  d s ^ 1 ,m

w here t h e  i n t e g r a t i o n  i s  o v e r  ( w , e )  e UTM0UE.

P r o o f . L et n-^*’ *n^ b e  th e  a lr e a d y  c h o s e n  or th o n o rm a l b a s i s

s e c t i o n  f o r  E , and f ^ , * * ' f m be a l o c a l  o r th o n o rm a l frame on

M. We p r o c e e d  v i a  a se q u e n c e  o f  l e i m a s .

Lemma 2 . 7 .  / „  E E t 2 L ( i ) 2 dt
- B a , i  q>£ i  «q

-  r®+ 2 /(JH-2) I  Z I t 2 L ( i ) 2 dS®"- 1
a ,  i  q>£ i  atl

P r o o f . Change t o  s p h e r i c a l  c o o r d i n a t e s  and n o te  t h a t  th e  

in t e g r a n d  i s  q u a d r a t i c .

Lemma 2 . 8 .  I  Z.  r t 2 L C i ) 2 dS® 1   a ,  1 q*>I i  a q

i 2 j c ^"1f  I s c i  n„ ( 1 > ' n(q>]  dSa . q  i



P r o o f . The in t e g r a n d s  a re  e q u a l  modulo a f u n c t i o n  w hich  i s  

a l i n e a r  c o m b in a t io n  o f  term s t i t j» ^o r  ■ T h is  f u n c t i o n  van­

i s h e s  when I n t e g r a t e d  o v e r  S^- ^.

Lemma 2 . 9 .  /  Z [ £ t , n  (1)  * n ( q ) ] 2 dS*- 1
a ,q  i  1 a

-  t i  II v  " 2 d s ' ~ l

P r o o f .  S e t  e ■ Z t  n ( i )  and th en  n o te  t h a t  th e  summation
i  1

i s  f o r  q-A+1 t o  k .  Then n o t e  t h a t  ( n ( q ) } i s  an orth on orm al
q > J t

b a s i s  f o r  .

Lemma 2 . 1 0 .  V /  Z II n . e H^dS®'- ^
-------------------  m a E a "

* /  I I  nE  ̂ Vw  e | | 2 d S £_1 d S - 1

P r o o f . L e t  b e  th e  o r th o n o rm a l b a s i s  s e c t i o n  we have

b e e n  u s in g  f o r  TM. L et w ■ £ s f  e UTM. Note t h a ta a
( 2 .1 0 a )  II nr  Vw  e II2 -  II z s a e aE

z  s ~ II n a. e II2 + m(s)  ,n a 11 it* a " *

w here m(s )  i s  a l i n e a r  c o m b in a t io n  o f  m ixed te r m s ,  s ^s j  * w hich
jy. 1

v a n is h  when I n t e g r a t e d  o v e r  S . When th e  r i g h t  hand s i d e  o f  2 .1 0 a

i s  i n t e g r a t e d  o v e r  S®- ^, a f a c t o r  o f  /  s 2 dS"1-* i s  in t r o d u c e d .

T h is  i s  e q u a l  to  V , th e  volum e o f  th e  u n i t  m - d i s c .  That i s  am

c o n se q u e n c e  o f  fo rm u la  12 i n  We y l ' s  p a p e r .

P r o p o s i t i o n  2 .6  f o l l o w s  im m e d ia te ly  from th e  above lemmas.

The o t h e r  I n te g r a n d  i n  th e  volum e fo r m u la ,  2 . 5 ,  i s  £ cr_ [ G( i ) J .
i  1
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In  th e  s i t u a t i o n  w here E c o n t a i n s  th e  Image o f  th e  s eco n d  funda­

m e n ta l  form , i t  f o l l o w s  d i r e c t l y  from W e y l 's  d i s c u s s i o n ,  ( s e c t i o n

A ) ,  t h a t  Z a ,  [G (i> ]  i s  a c t u a l l y  i n t r i n s i c  to  M. U s in g  th e  f a c t  
1 L

t h a t  th e  am blent sp a c e  i s  E u c l i d i a n ,  he shows t h a t  t h i s  o b j e c t  i s  

an i n v a r i a n t  p o ly n o m ia l  i n  th e  c u r v a tu r e  t e n s o r  o f  M. S p e c i f i c a l l y ,  

upon e x a m in a t io n ,  i t  tu r n s  o u t  to  b e  s c a l e r  c u r v a t u r e .  We use h i s  

n o t a t i o n  and c a l l  i t

We a re  now i n  p o s i t i o n  t o  prove  Theorem 3. Combine p r o p o s i t i o n

2 . 5  w i t h  2 .6  and th e  above d i s c u s s i o n .  I t  f o l l o w s  t h a t  th e  volum e  

o f  th e  tu b u la r  n e ig h b o r h o o d ,  r a d iu s  r , ab ou t M in  E i s  g iv e n  

l o c a l l y ,  and th u s  g l o b a l l y ,  by:

V (r )  -  r^V^ ‘ vo l(M )

£+2
+ i+2“ [V£ ^2 dM + VmL 'II V 7w eH2 dS*_1 dsm~1

+ 0 ( r R+4) .

Theorem 3 i s  now p ro v en .

Remark. The d e v i a t i o n  o f  t h i s  fo r m u la ,  in  th e  c o e f f i c i e n t  o f  

r^+ ^, from W e y l 's  form u la  i s  th e  sq u a r e  o f  th e  norm o f  the

t o r s i o n  o f  E, w h ich  m easu res  th e  n o n - g e o d e c i t y  o f  E aB a su b ­

b u n d le  o f  NM.

We now p rove  Theorem 4 ,  w hich  i s  c o n c e r n e d  w ith  th e  volume

o f  a q u ad ran t tu b e  ab ou t M i n  E. As b e f o r e ,  l e t  n ( l ) * ’ *n(£)

b e  a l o c a l  o r th o n o rm a l p a r t i a l  frame f i e l d  o f  NM. T h is  t im e ,  we
I

c o n s i d e r  th e  r e g i o n ,  Q, p a r a m e te r iz e d  by m + t^  n ( i )  , f o r  

t ^ i o  and I t 2 < r ^ .  R e f e r r in g  to  form u la  1 . 2 5 ,  we can  ap p ro x im a te



th e  volum e form by

( 2 . 1 1 )  [1 + E t ,G “ ( i )  + 0 ( t 2 ) ]  dM d t .
i , a

I n t e g r a t i n g  o v e r  th e  f i b e r  ( t h e  t  v a r i a b l e ) ,  and r e f e r r i n g

2 . 6  fo r  /  t ^ d t ,  we o b t a in
'*<

r 5-2“ /dM + r m 2"^V i _ 1  /  ^ ^ “ ( i )  dM + 0 ( r i+ 2 > .

N o t in g  t h a t  EGa ( i )  -  EG’'1 * n ( i )  -  H ■ n ( i ) ,  where H -  t r  G® n a a a
th e  mean c u r v a tu r e  v e c t o r ,  we th en  h ev e  t h a t  th e  volume i s

r^ 2 - ^VJl ’ vo l(M ) + r m 2“ !'V^ 1  /  [H * Z n ( i) ]d M  + 0 ( r £+2) .

T h is  p r o v e s  Theorem 6 .
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53 Theorem 5

We now d i s c u s s  and p r o v e  Theorem 5 .  To d e f i n e  t h e  c o n c e p t  o f  

a n i c e l y  c u r v e d  s u b m a n if o ld ,  we m ust f i r s t  d e f i n e  t h e  o s c u l a t i n g  

s p a c e s  o f  th e  s u b m a n i f o l d .  We f o l l o w  th e  e x p o s i t i o n  o f  S p lv a k ,  

volum e 4 ,  C h a p ter  7.

L e t  M^n ) be  a s u b m a n ifo ld  o f  RntHc , and V th e  c o v a r i a n t  

d e v i a t i v e  on I f  x-̂  and X2  a r e  v e c t o r  f i e l d s  on M,

V^Y i s  th e  norm al com ponent o f  V Y, known a s  t h e  v e c t o r  v a lu e dX *
s e c o n d  fu n d a m e n ta l  form . The r a n g e  o f  t h e  s e c o n d  fu n d a m en ta l  form ,  

t o g e t h e r  w i t h  TM, c o m p r is e s  t h e  sp an  o f  7 X^X2 ^o r  x i»  x 2 e

L e t  Ep b e  th e  ran ge  o f  t h e  s e c o n d  fu n d a m e n ta l  form a t  Mp.

We in t r o d u c e  some n o t a t i o n :  V (x ,Y )  ■ 7 XY » V (x , Y, Z) -

V (7  Z ) ,  e t c .x  y

D e f i n i t i o n  3 . 1 . The k fĉ  o s c u l a t i n g  s p a c e  o f  M a t  a p o i n t  

p i s  th e  s p a n ,  a t  p ,  o f :

* V(xj_, X2 ) » . ■ ■ , X2 , . . .  ) i f o r  a l l  x^ e TM ■

D en o te  t h i s  O s c (k ,  M p).

N ote  O s c < l ,  Mp) -  TMp and 0 s c ( 2 ,  Mp) -  TMp •  Ep . We some­

t im e s  s u p p r e s s  t h e  M and w r i t e  Q s c ( k ) p .

D e f i n i t i o n  3 . 2 . M i s  c a l l e d  n i c e l y  c u r v e d  i f  dim O s c ( k ) p 

i s  t h e  same a t  a l l  p o i n t s  p e M.

We now c o n s i d e r  o n l y  n i c e l y  c u r v e d  s u b m a n i f o l d s ,  and we th e n  

h a v e  a n e s t e d  s e q u e n c e  o f  v e c t o r  b u n d le s  O s c ( k ) ,  w i t h  O s c (k )C  O a c ( k + l ) . 

S in c e  O d c(k )^ N M  f o r  a l l  k ,  th e  s e q u e n c e  must s t a b i l i z e .



22

We n o te  th a t  i f  O sc(k ) « O s c ( k + l ) , th en  O s c (k + l)  ■ Os c (k+2) -  

. . .  . T h e r e f o r e ,  th e r e  e x i s t s  a minimum 11 su ch  t h a t  0 « c ( £ ) *

O s c ( i ,+ l ) .  The number, dim O sc(£,M ) , i s  d e n o te d  # ( M) , and i s  

c a l l e d  th e  fo rm a l im bedding number o f  M. S p ivak  s u p p l i e s  th e  

f o l l o w i n g  p r o p o s i t i o n :

P r o p o s i t i o n  3 . 3 . L et M be  a n i c e l y  curved  su b m a n ifo ld  o f  

gim+k_ Then, M i s  c o n ta in e d  i n  a # (M )-d im e n s io n a l  l i n e a r  sub­

s p a c e  o f  Rra+lc ,

We now p ro v e  Theorem 5 .  We r e s t a t e  i t :

Theorem 5 . Let E ^ )  be th e  ran ge  o f  th e  se c o n d  fu n dam en ta l  

form o f  a n i c e l y  curved  su b m a n ifo ld  M(m) o f  p,et V (r )  d e ­

n o te  th e  volum e o f  th e  tu b u la r  n e ig h b o rh o o d  o f  r a d iu s  r about M

i n  E. The f o l l o w i n g  are  e q u i v a l e n t :
1) V (r )  i s  th e  Weyl p o ly n o m ia l  o f  M,
2) V (r )  a g r e e s  w ith  th e  Weyl p o ly n o m ia l  to  o r d e r  r^+ 2

3) E i s  a t o t a l l y  g e o d e s i c  su b b u n d le  o f  NM,

4) E i s  c o n t a in e d  in  a mfK d im e n s io n a l  l i n e a r  su b sp a c e  o f

gnF'k,

P r o o f . We remember t h a t  E i s  t o t a l l y  g e o d e s i c  i f  E i s  

c l o s e d  under th e  in d u ced  c o n n e c t io n  on th e  normal b u n d le  o f  M, 

i . e . :  L et  b e  th e  in d u ced  c o n n e c t io n  on NM. E i s  t o t a l l y

g e o d e s i c  i f  e e E f o r  a l l  e e  E and v  e TM. A r e s t a t e m e n t  o f

t h i s  i s  t h a t  Tl̂ -t 7^ e ■ 0 f o r  a l l  e and V. S in c e  t h i s  i s  th e  

t o r s i o n  o f  M, w hose i n t e g r a l  i s  th e  d i f f e r e n c e  b e tw e e n  th e  Weyl 

c o e f f i c i e n t  o f  an(j t ^e c o e f f i c i e n t  o f  th e  volum e form u la

(by Theorem 3 ) ,  we s e e  t h a t  ( 2 )  and (3 )  a r e  e q u i v a l e n t .  We th e n  

r e c a l l  t h a t  C s c f l ,  M) ■ E •  TM, and t h a t  0 s c ( 2 ,  M) i s
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{Vx  Y | x e  TM, Y e  O scC l, M) } ,  w here V i s  th e  c o n n e c t io n  on R11̂ . 

Assume E t o  b e  t o t a l l y  g e o d e s i c .  Then Vx e £ E O s c ( l )  f o r

a l l  e e E. A l s o ,  Vx  Y e E #  TM f o r  a l l  Y e  TM s i n c e  th e  normal

component o f  Vx Y i s  th e  v e c t o r  v a lu e d  s e c o n d  fu n d am en ta l form

I I ( x , Y )  w hich  i s  c o n ta in e d  i n  E. T h e r e f o r e ,  we have  shown t h a t

i f  E i s  t o t a l l y  g e o d e s i c ,  th e n  O s c ( l ,  M) * 0 s c ( 2 ,  M ). By Prop­

o s i t i o n  3 . 3 ,  M i s  c o n t a in e d  in  a l i n e a r  s u b s p a c e  o f  o f

d im e n s io n  //(M) -  dim O s c ( l ,  M) = dim (E ♦  TM) = nrt-Jl. Thus we have

shown t h a t  (3 )  i m p l i e s  ( 4 ) ,  By W e y l 's  Theorem, (4 )  i m p l i e s  ( 1 ) .

T r i v i a l l y ,  (1 )  i m p l i e s  ( 2 ) .  We have th en  shown th e  f o l l o w i n g  c h a in

o f  i m p l i c a t i o n s :

(1 )  — > (2 )  *— * (3 )  — ► (4 )  — ► (1 )  ,

w hich  p r o v e s  Theorem 5 .
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CHAPTER 2

The r e s u l t s  s o  f a r  d i s c u s s e d  a r e  f o r  th e  vo lum es o f  tu b e s  

a b o u t  infcedded s u b m a n i f o ld s .  The p r o b lem  was a t t a c k e d  by f i r s t  

f i n d i n g  th e  volum e form Df th e  tu b e and them i n t e g r a t i n g  i t  o v e r  

th e  s u b m a n if o ld .  A l l  c a l c u l a t i o n s  w ere  done in  th e  n orm al b u n d l e ,  

w ith  th e  in d u c e d  m e t r i c .

We now c o n s i d e r  th e  p ro b lem  o f  f i n d i n g  th e  volum e o f  a t u b u la r  

n e ig h b o r h o o d  o f  an immersed s u b m a n ifo ld .  The fo r m a l i s m s  f o r  th e  

infcedded c a s e  can be u s e d ,  h ow ever  th e  c a l c u l a t e d  volum e w i l l  co u n t  

c e r t a i n  r e g i o n s  o f  t h e  tu b e w i t h  m u l t i p l i c i t y .  I f  f :X —>Y i s  an  

im m e r s io n ,  th en  n e a r  any H - f o ld  c o i n c i d e n c e  p o i n t  o f  f  th e  tube  

a b o u t  f (X )  w i l l  a l s o  h ave  2 , - fo ld  m u l t i p l i c i t y .  The p rob lem  th en  

b ecom es to  c a l c u l a t e  t h e  c o r r e c t i o n  term s t o  th e  volum e fo r m u la  

o b t a in e d  from  th e  imbedded c a s e .  S p e c i f i c a l l y ,  i f  V ^(r)  i s  th e  

volum e o f  th e  tu b e  in  th e  n orm al b u n d le  w i t h  th e  in d u ced  m e t r i c ,  

and i f  ^ j ( r )  i s  th e  volum e o f  th e  j - f o l d  c o i n c i d e n c e  p o i n t s  o f  

th e  tu b e  o f  r a d iu s  r  a b o u t  f (X )  i n  Y, th e n  th e  a c t u a l  volum e o f  

th e  t u b e ,  a s  a f u n c t i o n  o f  r ,  w i l l  be

Volume -  V1 ( r )  -  V2 ( r )  + 2V3 ( r )  -  . . .  + ( - 1 ) 1 " 1  U - l )  V£ ( r ) ,

■ v i < r > +  j i 2  < j - 1 > v j < r >

w here  £ i s  th e  maximum c o i n c i d e n c e  o f  f .

For e x a m p le ,  in  th e  c a s e  o f  an im m ersed c i r c l e  i n  R^, g e n -

e r l c a l l y  t h e r e  a r e  o n l y  d o u b le  p o i n t s .  V ^ (r )  I s  g iv e n  by W ey l’ s

fo rm u la  a s  2 rL , w here  L i s  th e  l e n g t h  o f  th e  c u r v e .  V2 ( r )  i s

th e  a r e a  o f  th e  d o u b le  p o i n t s  o f  t h e  band:
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Thus, th e  a c t u a l  a r e a  i s  2rL -  l ^ t r ) .

We m ight hope t h a t  ^ ( r )  w° u l d  be a ' n i c e '  f u n c t i o n ,  p o s s i b l y  

ev en  a p o ly n o m ia l .  T h is  i s  n o t  u s u a l l y  th e  c a s e .  V2 ( r )  w ould b e  a 

p o ly n o m ia l ,  f o r  s m a l l  r ,  i f  th e  c u rv e  was l i n e a r  n e a r  each  i n t e r ­

s e c t i o n  p o i n t .  Even in  th e  s im p le  c a s e  where th e  cu rv e  segm en ts  a r e  

l i n e a r  and c i r c u l a r ,  i ^ r )  i s  t r a n s c e n d e n t a l  a s  a f u n c t i o n  o f  r .  

(S ee  e x a m p le s . )  We c a n ,  h ow ever ,  o b t a in  an a p p r o x im a t io n  t o  t h e s e  

volum es i n  th e  g e n e r i c  c a s e  o f  a s e l f - t r a n s v e r s a l  im m ersion . The

main r e s u l t  o f  t h i s  c h a p te r  w i l l  be:

Theorem 1 . L et f : X^n ) —*■ Y (n+k) be a s e l f - t r a n s v e r s a l  i s o m e t r i c  

im m ersion  b e tw een  sm ooth ,  com pact R iem anlan m a n if o ld s .  C o n s id e r  th e  

tu b u la r  n e ig h b o rh o o d  o f  r a d iu s  r ab ou t f (X )  i n  Y. For s m a l l  

r ,  the  volume o f  the  £ - f o l d  p o i n t s ,  V^Cr), o f  t h i s  n e ig h b o rh o o d  i s  

g iv e n  by th e  form ula:

V£ ( r )  -  rk * (Vk )£  . / I d e t - l  n |  dV + 0 ( r k *+ 1 ) ,

w here Vk i s  th e  volum e o f  th e  u n i t  k - d i s c ,  dV i s  th e  volume form  

o f  th e  J t - fo ld  c o i n c i d e n c e  s u b m a n ifo ld  o f  f ,  and n i s  a  m a tr ix  de­

f i n e d  a lo n g  th e  c o i n c i d e n c e  s e t  d ep en d en t o n ly  on th e  con fo rm a l

s t r u c t u r e  o f  M a lo n g  t h a t  s e t .
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T h is  theorem  e n a b le s  us t o  o b t a i n  an a p p r o x im a t io n  t o  th e  

volum e o f  th e  tu b e  in  th e  E u c l id ia n  c a s e .  I t  f o l l o w s  from Theorem  

1 and W ey l's  Theorem t h a t :

Theorem 2 . L et  f : x ( n )-* R n+k be a s e l f - t r a n s v e r s a l  im m ersion .  

For s m a l l  r ,  th e  volume o f  th e  tube o f  r a d iu s  r about f(X )  in

Rn+k g iv e n  by th e  form ula

o£e<k He fk+e “ ( V r ) 2  r2k / I t le t : - 1  n | dV +  0 ( r 2k+*) ,

where th e  He are  th e  c o e f f i c i e n t s  o f  th e  8, -d im e n s io n a l  Weyl p o ly ­

n o m ia l  o f  X, (a s  d e s c r ib e d  in  C hap ter  1 ,  Theorem 1 ) ,  and th e  c o r ­

r e c t i o n  term  i s  th e  volum e o f  th e  d o u b le  p o i n t s  o f  th e  tu b e  as

g iv e n  in  th e  p r e v io u s  theorem .

Remark. The volume o f  th e  tube about f (X )  in  Rn+k can be

a p p ro x im a ted  by a T a y lo r  s e r i e s  in  r .  We n o t e  t h a t  th e  above

theorem  t e l l s  us t h a t :

1) I f  we a p p ro x im a te  th e  volume to  o rd er  r 2 k - l ,  th e  a p p r o x i­

m ation  depends o n ly  on th e  i n t r i n s i c  m e t r ic  o f  X and th e  

co d im e n s io n  o f  th e  in m e r s io n .  (Compare W e y l 's  Theorem .)

2) I f  we ap p rox im ate  th e  volum e to  o r d e r  r 2 k , th e  volume  

depends o n ly  on th e  above f a c t o r s ,  the  i n t r i n s i c  m e tr ic  

o f  f (X )  and t h e  co n fo rm a l s t r u c t u r e  o f  Y a lo n g  th e

s u b m a n ifo ld  o f  d o u b le  p o i n t s  o f  f .

An i n t e r e s t i n g  co n seq u en ce  o f  Theorem 2 i s :

Theorem 3 . I f  the  volum e o f  th e  tube o f  r a d iu s  r about f(X )  

i n  Rn+k a g r e e s  w i t h  th e  k - d im e n s io n a l  Weyl p o ly n o m ia l  o f  X 

in  th e  2 k ^  term  o f  i t s  power s e r i e s  e x p a n s io n ,  th en  f  i s  an im­

b e d d in g .
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T h is  f o l l o w s  from  Theorem 2 b e c a u s e  in  a s e l f - t r a n s v e r s a l  

im m ersion  the  e x i s t e n c e  o f  any c o i n c id e n c e  p o i n t  im p l i e s  th e  e x i s t e n c e  

o f  a d o u b le  p o i n t .

In  the  c a s e  o f  a c i r c l e  s e I f - t r a n s v e r s a l l y  immersed in  th e  p la n e  

we w i l l  s e e  t h a t :

C o r o l la r y  1 . L et  f tS ^  -*■ r2 be a s e l f - t r a n s v e r s a l  im m ersion .

The d o u b le  p o i n t s  a r e  a f i n i t e  s e t  o f  p o i n t s  . The a r e a

o f  th e  d o u b le  p o i n t s  o f  the  band o f  r a d iu s  R n ea r  an i s ,  f o r  

s m a l l  R:

/* /J l /s in9(t)  dtx dt2,“ K K

where t^  and t 2  a re  norm al c o o r d i n a t e s  m easu r in g  d i s t a n c e  to  each

cu rv e  segm ent th r u  X^, and 0 ( t )  i s  th e  a n g le  b e tw een  th e  norm als

( t a n g e n t s )  o f  th e  l e v e l  c u r v e s  o f  th e  b a n d s .

C o r o l la r y  2 . I f  f:S^—► R̂  i s  s e l f - t r a n s v e r s a l ,  w ith  d ou ble

p o i n t s  n , th en  th e  volume o f  th e  tube o f  r a d iu s  r ab ou t

th e  image o f  i n  R  ̂ i s  g iv e n  by th e  form ula:

2rL -  4 r^ I l / s i n Q j  + O ( r ^ ) ,
l fcl

where % i s  th e  a n g le  o f  c o i n c i d e n c e  o f  th e  cu rve  a t  ea ch  and

L i s  th e  l e n g t h  o f  th e  c u r v e .

We w i l l  show t h a t  f o r  a s u r f a c e  i n  s p a c e :

C o r o l la r y  3 . I f  f : X ^ ) - * R 3  i s  a s e l f - t r a n s v e r s a l  im m ersion

o f  a s u r f a c e  in  s p a c e ,  th en  th e  volume o f  th e  tu b e  o f  r a d iu s  r 

a b ou t f (X )  i s

2 r  ' Area (X) -4 r ^  / | l / s i n 0 |  ds  + 0(r-*) ,



w here th e  i n t e g r a t i o n  i s  o v e r  th e  c u r v e s  o f  doi£>le p o i n t s  and 0  i s  

th e  a n g l e  o f  s e l f - i n t e r s e c t i o n  o f  t h e  s u r f a c e  a t  e a c h  d o u b le  p o i n t .

We c o n s i d e r  a g a in  f :X ^ n  ̂ -»■ Y ^n+k ).

C o r o l l a r y  4 . L e t  f :X ^ n  ̂ -+■ y ^1* * ^  be a s e l f - t r a n s v e r s a l  im­

m e r s io n .  I f  n+k-Jlk -  0 ,  th e n  th e  £ - f o l d  p o i n t s  o f  a s e l f - t r a n s ­

v e r s a l  im m ersion  a r e  a f i n i t e  s e t  o f  p o i n t s .  The f i r s t  a p p r o x i ­

m ation  t o  th e  volume o f  t h e  ( . - f o l d  p o i n t s  o f  th e  tu b e  depend o n ly  

on

1 ) th e  nunfcer o f  c o i n c i d e n c e  p o i n t s ,

2 ) th e  c o n fo r m a l  s t r u c t u r e  o f  M a t  th e  c o i n c i d e n c e  p o i n t s ,

3) th e  c o d im e n s io n  k .

We now c o n s i d e r  th e  c a s e  o f  a s e l f - t r a n s v e r s a l  im m ersion  i n t o  

E u c l i d i a n  s p a c e  w here t h e  map in  l i n e a r  i n  th e  n e ig h b o r h o o d  o f  an 

i s o l a t e d  R - f o ld  p o i n t .

C o r o l l a r y  5 . I f  f : X(n )-*■ Rn+k , and i f  f (X )  i s  l i n e a r  n e a r  

a p a r t i c u l a r  i s o l a t e d  i - f o l d  p o i n t ,  (n + k -£ k  * 0 ) ,  th e n  f o r  s m a l l  

r th e  volum e o f  th e  J?.-fold p o i n t s  o f  th e  tu b e  o f  r a d iu s  r ,  n e a r  

t h a t  p o i n t ,  i s  th e  volum e o f  t h e  c o r r e s p o n d in g  p a r a l l e l o g r a m :  

r^ (Vk )*  d e t -  * n .

Remark. T h is  fo r m u la ,  w h ich  i s  e x a c t  i n  th e  l i n e a r  c a s e ,  i s  

th e  f i r s t  a p p r o x im a t io n  t o  th e  volum e i n  th e  n o n - l i n e a r  c a s e .  

(Compare t o  Theorem 1 . )
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i l  GENERAL POSITION

G iven a s e l f - t r a n s v e r s a l  im n e r s io n  f:X-*Y, th e  ta n g e n t  p la n e s  

f*TX a re  i n  g e n e r a l  p o s i t i o n  a t  any c o i n c i d e n c e  p o i n t .  In a s i i> -  

s e q u e n t  s e c t i o n  we w i l l  c o n s t r u c t  a c o o r d i n a t e  s y s t e m  i n  a n e ig h ­

borhood  o f  any c o i n c i d e n c e  p o i n t  a d ap ted  to  th e  p rob lem  o f  f i n d i n g  

th e  volume o f  the  f t - fo ld  p o i n t s  o f  th e  tu b u la r  n e ig h b o r h o o d  o f  

r a d iu s  r ab ou t f (X )  i n  Y. T h is  c o o r d in a t e  s y s t e m  w i l l  b e  b a s e d  on 

th e  f o l l o w i n g  f a c t  ab ou t s u b s p a c e s  in  g e n e r a l  p o s i t i o n :

P r o p o s i t i o n . I f  £ a re  l i n e a r l y  in d e p e n d e n t  i n  RP,

th en  R P = [ /0  E
i - 1  i  1  ^

T h is  s t a t e s  t h a t  | f  we c o n s id e r  th e  p o s i t i o n  c o o r d in a t e  a lo n g  

th e  c o i n c i d e n c e  s e t ,  ^  E^, and th e  norm al p o s i t i o n  c o o r d i n a t e s

w i t h  r e s p e c t  to  ea ch  su b s p a c e  E^, th e y  t o g e t h e r  form a c o o r d in a t e  

s y s t e m  i n  a n e ig h b o rh o o d  o f  th e  c o i n c id e n c e  s e t .  T h is  w i l l  be gen­

e r a l i z e d  to  t r a n s v e r s a l  i n t e r s e c t i o n s  o f  s u b m a n ifo ld s  i n  th e  t h i r d  

s e c t i o n .

T h is  s e c t i o n  w i l l  b e  d e v o te d  co l i s t i n g  th e  b a s i c  d e f i n i t i o n s  

and f a c t s  we w i l l  n eed  a s s o c i a t e d  w i t h  g e n e r a l  p o s i t i o n .  They a r e  

s ta n d a r d  and s o  a re  s t a t e d  w i t h o u t  p r o o f .

We remark t h a t  th e  d e f i n i t i o n s  and r e s u l t s  s t a t e d  h e r e  e x te n d  

im m e d ia te ly  from si±>spaces o f  RP to  c o n t in u o u s  s u b b u n d le s  o f  v e c t o r  

b u n d le s .

We f i r s t  g i v e  th r e e  e q u i v a l e n t  d e f i n i t i o n s  o f  g e n e r a l  p o s i t i o n :

D e f i n i t i o n  1 . 1 . A s e t ,  L - { E ^ , . . . E ^}, o f  su bB p aces  th rough  th e  

o r i g i n  in  RP i s  i n  g e n e r a l  p o s i t i o n  i f  fo r  a l l  d i s t i n c t  s i b s e t s
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D e f i n i t i o n  1 . l a . The s e t  I i s  i n  g e n e r a l  p o s i t i o n  i f  1 . 1  i s  

t r u e  f o r  o n ly  J * { 1 , . . . £ } .

D e f i n i t i o n  1 . 1 b . The s e t  T. i s  i n  g e n e r a l  p o s i t i o n  i f  i t s  

o r t h o g o n a l  com plem ent, { E ^ , . . . e £ } ,  i s  a l i n e a r l y  in d ep e n d e n t  s e t  

o f  s u b s p a c e s  o f  RP.

We remark t h a t  th e  p r o p e r ty  o f  b e i n g  in  g e n e r a l  p o s i t i o n  i s  

g e n e r i c .  T h is  can be s t a t e d  p r e c i s e l y  by v ie w in g  I  a s  an e le m e n t  

i n  th e  ( . - f o l d  d i r e c t  sum o f  G rassm anlan m a n i f o ld s  o f  a p p r o p r ia t e  

t y p e ,  and s t a t i n g  t h a t  th e  s u b s e t  o f  su ch  I i n  g e n e r a l  p o s i t i o n  

i s  open and d e n s e .

A m o t iv a t in g  exam ple t o  k eep  i n  mind i s  th e  s e t  o f  c o o r d in a t e  

h y p e r p la n e s  E^“ { x |x ^ “ o) in  RP. N ote  t h a t  th e  g e n e r i c i t y  o f  g e n e r a l  

p o s i t i o n ,  a lo n g  w ith  d e f i n i t i o n  1 . 1 b ,  i m p l i e s  t h a t  a lm o s t  a l l  s e t s  

o f  p v e c t o r s  i n  RP a r e  l i n e a r l y  in d e p e n d e n t .

We new g iv e  two d e c o m p o s i t io n s  o f  th e  s p a c e  RP w i t h  r e s p e c t  

to  su ch  a 1 .

P r o p o s i t i o n  1 . 2 . L et £■ { E^, . . .  } be i n  g e n e r a l  p o s i t i o n  in
i.

RP. L et  E^. RP can th en  b e  decom posed a s :

C l .2 )  RP=E1 | 1  E± .

P r o p o s i t i o n  1 . 3 .  L e t  I  and E be a s  a b o v e .  L et Wa “ j^ E j_ A  E .
£

Rp can th en  be w r i t t e n  a s :  RP^E^-^ W .̂

P r o p o s i t i o n  1 . 4 . L et  I  and E b e  a s  a b o v e .  L et Fa“ i^ a ^ i*  Ibe  

s e t  I } i s  in  g e n e r a l  p o s i t i o n  i n  E .

S in c e  ou r  r e a s o n  f o r  e x a m in in g  t h i s  t o p i c  i s  t o  a i d  us in
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s t u d y i n g  s e l f - t r a n s v e r s a l  im m e r s io n s ,  we w i l l  n eed  some in io r m a t io n  

on th e  o b j e c t s  d e f i n e d  above  in  th e  c a s e  w here th e  d im e n s io n s  ( c o -  

d im e n s io n s )  o f  th e  are  c o n s ta n t*

P r o p o s i t i o n . L et  be in  g e n e r a l  p o s i t i o n  in

Assume, f o r  a l l  i ,  th a t  dim E i* n ,  ( e q u i v a l e n t l y ,  codim  E^“k ) . L et  

E, Fa and Wa be as p r e v i o u s l y  d e f i n e d .  The d im en s io n s  o f  t h e s e

o b j e c t s  a re  in d e p e n d e n t  o f  th e  s u b s c r i p t  "a" and are  g iv e n  by:
£

( 1 . 5 )  dim E“ dim ( jO j  E^)“n + k -£ k ,

( 1 . 6 )  dim Fa- d i m ( 1^ a E1 ) “ n + k - ( £ - l ) k ,

( 1 . 7 )  dim W -dira(F_/1  E ^ - k ,3 d

( 1 . 8 )  dim ( E ^  E ^ J - tk -k .
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§2 The S e t  o f  M u l t i p l e  P o in t s

L et  and M̂ 11"^) be smooth com pact Riem annlan m a n i f o ld s .

L et  be a smooth im m ersion , i . e . :  Df has rank n ev e r y w h e r e .

Assume f  i s  an i s o m e t r y ,  i . e . :  N h a s  t h e  in d u ced  m e t r i c .

D e f i n i t i o n . A smooth im m ersion  f:N-+M i s  c a l l e d  s e l f - t r a n s ­

v e r s a l  o r  an im m ersion  w ith  norm al c r o s s i n g s  i f  a t  any I - f o l d  

p o i n t ,  JL2 2 , w i t h  m - f ( u ^ ) “ . . . “ f  ( u j )  , b e in g  d i s t i n c t

p o i n t s  i n  N, the ta n g e n t  p la n e s  f*TNu  ̂ are  i n  g e n e r a l  p o s i t i o n  in

™m-

The s e l f - t r a n s v e r s a l  im m ersions a re  a n a t u r a l  s u b s e t  o f  a l l  

im m ersions  to  c o n s id e r  b e c a u s e  o f  th e  f o l l o w i n g  theorem :

Theorem 2 . 1 . (W h itn ey , Thom, [ 1 7 ] ) .  The s e t  o f  s e l f - t r a n s ­

v e r s a l  im m ersions  from N to  M a r e  open  and d en se  ( g e n e r i c )  in  the  

f u n c t io n  sp a c e  o f  a l l  im m ersion s  from N to  M.

The s e t  o f  s e l f - i n t e r s e c t i o n s  o f  a s e 1 f - t r a n s v e r s a l  im m ersion  

h a s  a n i c e  s t r u c t u r e :

Theorem 2 . 2 . (W h itn ey , Thom, [ 1 7 ] ) .  L et  f  be a smooth s e l f -  

t r a n s v e r s a l  in m e r s io n  from N (n ) to  . The s e t  o f  p o i n t s ,  in

f ( N ) ,  o f  m u l t i p l i c i t y  i  i s  th e  immersed image in  M o f  a smooth  

m a n ifo ld  o f  d im en s io n  n+k—£k.

C o r o l l a r y . The s e t  o f  p o i n t s  w i t h  m u l t i p l i c i t y  e x a c t l y  i, i s  

a s u b m a n ifo ld  o f  M.

C o r o l l a r y . f (N )  i s  a s t r a t i f i e d  s e t / s m o o t h  s i m p l i c l a l  com plex  

w it h  s t r a t a / s k e l e t o n s  in  d im e n s io n s  n 4 k -£ k ,  f o r  v a l u e s  o f  £ from 1  

to  [ ( n + k ) / k ] .
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Remark. There i s  a s i m i l a r  th e o r y  o f  s e l f - i n t e r s e c t i o n s  f o r  

t o p o l o g i c a l  m a n i f o ld s .  A ls o  d i s c u s s e d  are  th e  hom ology c l a s s e s  

in  N r e p r e s e n t e d  by t h e  i n v e r s e  image o f  th e  J l-fo ld  p o i n t s .  R e fe r ­

e n c e s  are  a v a i l a b l e  i n  S t e e n r o d ' s  In d ex  under th e  s u b j e c t  h e a d in g  

' C o i n c i d e n c e s ' .
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§ 3 C o o r d in a te  S y s te m s  in  a N e ig h b o r h o o d  o f  a C o in c id e n c e  P o i n t .

L e t  f : be  a s e l f - t r a n s v e r s a l  Im m ers ion . L e t  

m e S^, th e  s u b m a n ifo ld  o f  s t r i c t l y  £ - f o l d  p o i n t s  o f  f  in  M. We 

w i l l  g e n e r a l i z e  th e  main r e s u l t  from  s e c t i o n  1  on c h o o s in g  c o o r d ­

i n a t e s  n e a r  a c o i n c i d e n c e  p o i n t .  The c o o r d i n a t e s  w i l l  c o n s i s t  o f  

a c o o r d i n a t e  f u n c t i o n  a l o n g  th e  c o i n c i d e n c e  s u b m a n if o ld  and norm al  

p o s i t i o n  c o o r d i n a t e s  w i t h  r e s p e c t  t o  e a c h  s h e e t  o f  th e  limners i o n .  

T h is  c o o r d i n a t e  s y s t e m  i s  th e  n a t u r a l  one t o  u se  in  f i n d i n g  th e  

volum e o f  t h e  A - f o l d  p o i n t s  o f  th e  t u b u l a r  n e ig h b o r h o o d ,  r a d iu s  

r ,  a r o i n d  f (N )  i n  M s i n c e  th e  r e g i o n  i s  s im p ly  d e f i n e d  a s  th e  s e t

o f  p o i n t s  w hose n orm al p o s i t i o n  c o o r d i n a t e s  t o  N a l l  h ave  l e n g t h

l e s s  th an  r .  We remark t h a t  th e  e x i s t e n c e  o f  t h e s e  c o o r d i n a t e s  

d ep en d s  s t r o n g l y  on c o n s i d e r i n g  o n ly  s e l f - t r a n s v e r s a l  im m e r s io n s . 

T h is  s e c t i o n  w i l l  be d e v o t e d  t o  f i r s t ,  th e  c o n s t r u c t i o n  o f  t h i s  

and a n o t h e r  i n t e r e s t i n g  c o o r d i n a t e  s y s t e m ,  s e c o n d ,  t o  th e  i l l u s ­

t r a t i o n  o f  t h i s  c o n s t r u c t i o n  i n  t h e  c a s e  o f  a c u r v e  i n  th e  p l a n e .

We b e g i n  w i t h  m e S a , th e  s u b m a n if o ld  o f  M c o n s i s t i n g  o f  

s t r i c t l y  f c - fo ld  p o i n t s  o f  th e  im m ersio n  f .

From W h itn e y 's  Theorem, 2 . 2 ,  we know t h a t  dim S^^n+k-Jlk. L e t

W be an open  n e ig h b o r h o o d  o f  m i n  M s u c h  t h a t :

1) w f \  s i+i - a,
2 )  V^, w h ere  th e  a r e  d i s j o i n t  c o o r d i n a t e

p a t c h e s  i n  N.
£

L et  w h ic h  i s  an open  n e ig h b o r h o o d  o f  m i n  S^.

R e s t r i c t  Cf and th e  s o  t h a t  ( a ,D )  i s  a c o o r d i n a t e  n e ig h b o r h o o d ,  

w it h  a :  U-HD, f o r  U£Rn+k- * k .
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We now c o n s t r u c t ,  f o r  e a c h  s h e e t  o f  t h e  Im m ersion th ro u g h  m, 

Ferm i c o o r d i n a t e s  a d a p te d  t o  t h e  c o i n c i d e n c e  s u b m a n ifo ld .  T hese  

w i l l  be b a s e d  on p r o p o s i t i o n  1 . 2 , w h ic h  w i l l  th en  y i e l d  a d i r e c t  

sum d e c o m p o s i t io n  o f  TM^

We now a p p ly  p r o p o s i t i o n  1 . 2 .  S in c e  f  i s  s e l f - t r a n s v e r s a l ,  

th e  s e t  (f*TV-^}^_^  ̂ i s  in  g e n e r a l  p o s i t i o n  i n  TM. We n o t e  t h a t  

(f*TV^)^ *f*N V i and t h a t  P r o p o s i t i o n  1 . 2  can  th e n

be r e w r i t t e n  a s

( 3 . 1 )  m | D=TD Jtlt f*NVr

We now c o n s t r u c t  c o o r d i n a t e s  f o r  a n e ig h b o r h o o d  o f  D w i t h i n

e a c h  s h e e t  f ( V i ) .  L e t  a be a p e r m u ta t io n  o f  { 1 , 2 . . .  8 ,} w i t h  no

f i x e d  p o i n t s .  L e t  b » a ( a )  , s o  t h a t  i ^ a f * TVi  i s  a su b b u n d le  o f

f*TVbn  ND. The f i b e r  d im e n s io n s  a r e  k and £ k -k  r e s p e c t i v e l y ,  by

1 . 7  and 1 . 8 .  C hoose an o r th o n o r m a l  b a s i s  s e c t i o n  t^ b j^ j™ l,k

f o r  ND. E x ten d  t h i s  t o  a b a s i s  {Vb ^ } j =  ̂ ( ,k - l  ^o r

f*TV b/l ND. The r e a s o n  we c o n s t r u c t  th e  b a s i s  in  t h i s  manner i s

t h a t  th e  c o l l e c t i o n  (Vb j ) b * l ,  S, th en  b e  a b a s i s  f o r  ND. T h is
j  “ 1  *k

w i l l  b e  e x p l o i t e d  l a t e r .  We c o o r d i n a t i z e  a n e ig h b o r h o o d  o f  D i n  

f(V [j) u s in g  Ferm i c o o r d i n a t e s :

f (V b )  pk_ k
( 3 . 2 )  Fb (i% , yb >- exp  £ y ^ ^ - t ,

0 ( 1%) j - 1

w h ere  yb « <yb l . • • Fb , 4 k-k> G Rt k _ k .

We now c o n s t r u c t  c o o r d i n a t e s  f o r  a n e ig h b o r h o o d  o f  D i n  M.

k be  an o r th o n o r m a l  b a s i s  s e c t i o n  f o r  f*NVb . C o o rd in ­

a t i z e  a  n e ig h b o r h o o d  o f  D i n  M by:
L e t  {nb i } w
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(3 .3 )  Fb (u„ , yb . t b ) -  expj,b(Ub>

where t b -  e Rk .

L e t  Wb be  th e  c o o r d i n a t e  n e ig h b o r h o o d  a s s o c i a t e d  w i t h  , and

£ A ~W as p r e v i o u s l y  d e f i n e d .  L et  W “ ^ 2 1  W^MW. R e s t r i c t  D and 

f u r t h e r  s o  t h a t  th e y  a re  c o n t a i n e d  i n  W. L et (U j ,  Y^, T^) : W->Rn+^ 

b e  th e  i n v e r s e  f u n c t i o n  t o  F^. We w i l l  now c h o o s e  c o n v e n i e n t  sub­

s e t s  o f  t h e s e  f u n c t i o n s  a s  c o o r d i n a t e s  on W.

P r o p o s i t i o n  3 . 4 . The f u n c t i o n  ( U i ,  T i , . . . T j ) :  W-*-Rn+k i s  a 

d i f  feom orph is in  ( c o o r d i n a t e  map) i n  a n e ig h b o r h o o d  o f  D i n  M.

P r o o f . We w r i t e  th e  f u n c t i o n  i n  d e t a i l ,  Uj ■ ( U ^ .  . .  Ui n-Hc-Rk^ > 

Ta -  (Ta j_. • • Tafc) . The s e t  D i s  d e f i n e d  by Tj " . .."■ Ta ■ 0 .  The 

s e t  ) j = i T n+k-e.k i s  a b a s i s  f o r  TD, s i n c e  | TmQ i s  a c o o r d i n a t e

map on D. By th e  c o n s t r u c t i o n  o f  th e  f u n c t i o n s  Tflj , i t  f o l l o w s  

t h a t  '■■’Taj I x«o  “ na j  ’ S in c e  e a c h  B et fn a j } j « x , k  a b a s i s  f o r

fiTVr,* and by 3 . 1 ,  TM-TD ^ f* T V , , th e  g r a d i e n t s  o f  o u r  f u n c t i o n  
a i - 1 , i

a r e  l i n e a r l y  in d e p e n d e n t  a l o n g  D. By c o n t i n u i t y ,  t h e y  a r e  a l s o  

l i n e a r l y  in d e p e n d e n t  in  a n e ig h b o r h o o d  o f  D. The p r o p o s i t i o n  th e n  

f o l l o w s  from  t h e  i n v e r s e  f u n c t i o n  th eo rem .

A s i m i l a r  p r o p o s i t i o n  can b e  p ro v ed  u s i n g  t a n g e n t i a l  r a t h e r  

th an  n orm al c o o r d i n a t e s .

P r o p o s i t i o n  3 . 5 . The f u n c t i o n  (Uj_, Y ^ .  . Y ^ . . . Y j j .  .Yg^) i 

W_^n-Hc a feom orp h is in  ( c o o r d i n a t e  map) i n  a n e ig h b o r h o o d  o f  

D in  M.

P r o o f . N ote  t h a t  ^Zo^aj *  ̂ 3 - 3 .  T h ese  w ere

c o n s t r u c t e d  s o  t h a t  f o r  e a c h  a ,  {V . i s  a b a s i s  f o ra j  j “ l , k
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, 0  f  *TVJI fl ND. By p r o p o s i t i o n  1 . 3 ,  t h e s e  a r e  l i n e a r l y  in d e p e n d e n t  l f a  1
and sp an  ND. Hie p r o o f  th e n  f o l l o w s  a s  in  p r o p o s i t i o n  3 . 4 .

We now i l l u s t r a t e  th e  p r e c e e d i n g  c o n s t r u c t i o n  in  th e  c a s e  o f

a cun>e in  th e  p la n e .  The c o i n c i d e n c e  s e t  o f  a s e l f - t r a n s v e r s a l

im m ersio n  o f  a com pact c u r v e  i n  i s  a f i n i t e  s e t  o f  p o i n t s .  L e t

m b e one o f  t h e s e  p o i n t s .  L e t  and Y2  r e p r e s e n t  a r c  s e g m e n ts  o f

th e  2 " s h e e t s "  o f  th e  im m ersion  th ro u g h  m. C h o o s in g  Ferm i c o o r d i n ­

a t e s  on w ith  r e s p e c t  t o  m i s  m e r e ly  c h o o s in g  a r c l e n g t h  as  a 

c o o r d i n a t e ,  y ^ ,  w i t h  th e  o f  3 .2  b e i n g  e q u a l  t o  * The  p o i n t

m c o r r e s p o n d s  to  y^ -  0 .  We now c h o o s e  n ^ , a n orm al v e c t o r  f i e l d  

a lo n g  Y . The f u n c t i o n  F1 ( y i , t ± ) -  Y± ( y ±) + ^ 0 * ^ )  i s  a c o o r d i n ­

a t e  map i n  a n e ig h b o r h o o d  o f  m. Compare t h i s  t o  3 . 3 .
SFi

We remark t h a t  f i r s t ,  t ± ) « n 1 ( y i ) ,  s e c o n d  t h a t

3Fi
ltyjj^y i ’ fci^ * Yi ^ y i^  + t i n i< y i>  = y i ( y i ) f l  “ ^ i / y i ) ^ ]  by F r e n e t ' s  

fo r m u la .  Thus t h e  com ponents  o f  th e  m e t r i c  t e n s o r  a r e  ( 3 . 6 )  g ^ j « l ,

B l 2 ~ 8 2 i " 0 » g 2 2 ” ti  “ k i ( y i ) t i ] ^ .  T h e r e fo r e  i s  n o n - s i n g u l a r  s o  

l o n g  a s  t ^ < l / k ^ ( y ^ ) ,  w h ich  i s  an e l e m e n t a r y  r e s u l t  i n  th e  Morse  

T heory o f  f o c a l  p o i n t s  a s  w e l l .

P r o p o s i t i o n  3 .4  s t a t e s  t h a t  ( t ^ ,  t 2 ) i s  a c o o r d i n a t i z i o n  o f  a  

n e ig h b o r h o o d  o f  m. The J a c o b ia n  o f  t h i s  map i s  *

(VT^ VTj) * (n^ n 2 ) - ^. Thus th e  a r e a  form  i s

( 3 . 7 )  | d e t - 1 ( n 1  n 2 ) | d t 1  d t 2

T h is  a r e a  form i s  in d e p e n d e n t  o f  th e  c h o i c e  o f  n p  An a l t e r n a t e  

c h o i c e  o f  w o u ld  h a v e  t o  b e  o f  th e  form  n ^ * 0 ^n^, w here  0  ̂ i s  an
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orth on orm al t r a n s f o r m a t io n  o f  NY^. S in c e  NY  ̂ i s  one d im e n s io n a l*

0j_ ■ + 1 . T h e r e f o r e ,  (n^ n £)  0 ^ ^ ° !  n 2 ^ ‘ ^ lu s  d e t  (n { n 2^ "

± 1  ' d e t  (n^ n ^ ) , w hich  shows th e  in v a r i a n c e  o f  th e  a r e a  form .

The a r e a  form in  t h i s  c a s e  a d m its  a r e p r e s e n t a t i o n  i n  term s  

o f  th e  a n g le  6  b e tw e e n  n-  ̂ and n 2 - T h is  i s  n a t u r a l  s i n c e  n-̂  • n 2  “ 

c o s 0 ,  and th e  in v a r i a n c e  th e o r y  o f  GL(n, R) s t a t e s  t h a t  an in v a r ­

i a n t  p o ly n o m ia l  o f  a m a tr ix  must be a  p o ly n o m ia l  in  th e  (n^ * n j ) *  

We n o te

d e t^ (n ^  n 2 ) “ d e t (n ^  * n j  ) = d e t  ^ c ^g g s in^O .

Thus the a r e a  form becom es

( 3 . 8 )  l / s i n 0  dt-^ d t 2

w here 0 ( t ^ ,  t 2 ) i s  th e  a n g l e ,  0  e  (o, tt) ,  b etw een  n ^ ( t )  and n 2 ( t ) .

We n o te  f o r  f u t u r e  r e f e r e n c e  t h a t

( 3 . 9 )  (n ± * n j T 1  -  ^ s 0  CT ^ )  = .

\ ^ i n ^  0  s  in  z 0 /

The n e x t  s e c t i o n  w i l l  c o n s t r u c t  th e  volum e form i n  th e  g e n e r a l  

c a s e .  We w i l l  th en  g iv e  some f o r m u l i  i n  b o th  th e  g e n e r a l  c a s e  and 

in  th e  s p e c i a l  c a s e  o f  a t r a n s v e r s a l l y  immersed cu rv e  i n  th e  p la n e .
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§4 The Volume Form

We a re  g iv e n  a s e l f - t r a n s v e r s a l  im m ersion  f : N( n ) — f and 

an J l- fo ld  c o i n c i d e n c e  p o i n t  m. We h ave  d e f in e d  in  th e  p r e v io u s  

s e c t i o n  th e  c o o r d i n a t e  f u n c t i o n s  n ea r  m in  M c o n s i s t i n g  o f  p o s i t i o n  

c o o r d i n a t e s  a lo n g  th e  c o i n c id e n c e  s u b m a n ifo ld  and norm al p o s i t i o n  

v e c t o r s  w i th  r e s p e c t  to  ea ch  s h e e t  o f  th e  im m ersion . We w i l l  d i s ­

c u s s  th e  volume form o f  t h i s  c o o r d i n a t e  s y s t e m  in  g e n e r a l  and in  a 

few  r e s t r i c t e d  c a s e s .  The main r e s u l t  i s  t h a t  th e  volume form, 

a lo n g  th e  c o i n c i d e n c e  s u b m a n ifo ld ,  h as  th e  f o l l o w i n g  form: 

d e t - 1 ( n 1 1 , , , n j k ) d t  dV, 

where n̂ i j ^ j - l , k  3 1 1  o r th o n o rm a l b a s i s  f o r  th e  norm al s p a c e  o f  th e  

i ^ 1 s h e e t  o f  th e  im m ersion and dV i s  th e  volume form o f  th e  c o i n ­

c id e n c e  s u b m a n ifo ld .  We w i l l  n o te  t h a t  the f u n c t i o n  d e t - ^(n) de­

pends o n ly  on th e  c o n fo rm a l s t r u c t u r e  a t  th e  c o i n c id e n c e  p o i n t s .

For W a n e ig h b o r h o o d  in  M o f  a c o i n c id e n c e  p o i n t ,  th e  normal 

c o o r d i n a t e  map i s  UxT:W— ,gn+k-!,k  x gS-k  ̂ wh e r e  T ■ ^ x i  *' ’ ^£k^ "

The volume form i s

( 4 . 1 )  d e tC 9  iL __ 5_) du d t ,
3u 3 t x l  3 t £k

where ~  -  (-|—  * *' ) ,  du » d u i . . . d u  and d t  -9u 3ux 1 n+k-dk

dt^* ■ * d t ^  • The wedge p ro d u ct  s y n b o l  i s  o m i t t e d ,  a s  we are

I n t e r e s t e d  i n  t n o r l e n t e d  v o lu m e s .  (Remark: The form in  4 . 1  i s  

assum ed to  be p o s i t i v e l y  o r i e n t e d . )

The l e v e l  s u r f a c e  d e f i n e d  by t ^ - 0 ,  f o r  a l l  i  and j ,  i s  th e

p a tch  D i n  the c o i n c i d e n c e  s e t  o f  th e  im m ersion , a lo n g  w hich  we

w i l l  e x p l i c i t l y  c a l c u l a t e  th e  volume form in  term s o f  th e  normal



40

s p a c e s  t o  th e  im m er s io n  and th e  volum e form  o f  th e  s u b m a n ifo ld  o f  

£ - f o l d  p o i n t s .

A lo n g  D, 3___, e TD and 9_  . e ND. H en ce ,  th e  d e te r m in a n t
9 V d 3 t a J i D

i n  4 . 1  s p l i t s ,  and th e  vo lum e form , a lo n g  D, b ecom es:

( 4 . 2 )  d e t ( - j j —  |  ) detC-l^  1  '  ■  L )  du d t ,  w here  - 3 - - - -  and - £ • - - - -
9 u ' d  3 t l l  D 3 t £k D 3 ta j

a r e  v ie w e d  a s  v e c t o r s  in  TD and ND r e s p e c t i v e l y ,  s o  t h a t  th e  ma­

t r i c e s  a r e  sq u a r e  and th e  o p e r a t i o n  o f  d e t e r m in a n t  makes s e n s e .

L e t  dV “ d e t ( -3— [ ) du, w hich i s  th e  volum e form o f  th e  s u b m a n ifo ld
3 u ' d

o f  £ - f o l d  p o i n t s .  H e n c e ,  th e  volum e form 4 . 1  can be  w r i t t e n  as

( 4 . 3 )  d e t ( | — | D • • •  d t  dV.

Remark: I t  i s  n o t  n e c e s s a r i l y  t r u e  t h a t  -2— and a r e  o r t h o -  3 u 3 t

g o n a l  w here  t ^ O ,  ( i e :  o f f  D ) .
£

B e fo r e  c o n t i n u i n g ,  we n o t e  a f a c t  a b o u t  th e  .

Remark:  1 i s  a b a s i s  f o r  0  f*TVi ^ ND, i e :
3 t a j  d ’ i ^a

f o r  T ( 0, f ( V , ) )  0  ND.
i f a  i

P r o o f . U s in g  th e  d e f i n i t o n  o f  th e  c o o r d i n a t e  s y s t e m ,  from

3 .2  and 3 . 3 ,  we s e e  t h a t  -L — I e ND. The v e c t o r  -rr—  i s  by d e f -
3 t a j  D a j

i n i t i o n  t a n g e n t  t o  th e  l e v e l  s u r f a c e s  o f  th e  f u n c t i o n s  , f o r

bj*a. The l e v e l  s u r f a c e  d e f i n e d  by (T^^“0 ,  f o r  a l l  i )  i s  s im p ly  

f { V[ j ) .  Thus, f o r  b ^ a ,  -gt~ " e * th e  t a n 8 ^ n t  t o  th e  b * * 1

s h e e t  o f  th e  im m ersion  th rou gh  D. We th en  h a v e  k l i n e a r l y  in d e ­

p e n d e n t  v e c t o r s  i n  f 1 ND, w h ich  i s  k - d i m e n s i o n a l  by 1 . 7 .

The remark i s  p r o v e n .
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In th e  c a s e  o f  a t r i p l e  p o i n t  o f  an immersed s u r f a c e  in  R- ,̂ 

the  diagram  i s :

For c o n v e n ie n c e  o f  n o t a t i o n ,  we renumber th e  n^j to  

{n a ^ « " l ,£ k  * A l s o ,  l e t  n a -VTa be an e x t e n s i o n  o f  th e  v e c t o r  

f i e l d s  a lo n g  th e  su b m a n ifo ld  to  a n e ig h b o rh o o d  o f  i t .

P r o p o s i t i o n . The f o l l o w i n g  fo r m u l i  are  tr u e  f o r  th e  normal

c o o r d i n a t e  s y s te m  i n  a n e ig h b o rh o o d  o f  th e  J l- fo ld  p o i n t ,  m:

( 4 . 4 )  • • •  -sjA -)  * d e t ' 1 ^  • "  n ^ ) ,

( L 5 ) 3 .  r oTia-
1 * 3ta n-18 ^

where ( g not) -  (na *r»b> 1 -

Remark: T h is  p r o p o s i t i o n  w i l l  be u s e f u l  when t « 0 ,  s o  t h a t

du and d t  a r e  o r t h o g o n a l .  A l s o ,  i n  th e  c a s e  o f  an i s l o a t e d  £ - f o l d  

p o i n t ,  s o  t h a t  du“ l ,  i t  w i l l  y i e l d  e x a c t l y  th e  volum e form in  a 

n e ig h b o r h o o d  o f  m.

P ro o f  o f  th e  p r o p o s i t i o n : The norm al c o o r d i n a t e  map i s
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UxT:W-*Rn+^ t where W i s  a n e ig h b o rh o o d  i n  M. L et F be th e  £k- 

d im e n s io n a l  l e v e l  s u r f a c e  d e f in e d  by u “ c o n s t a n t .  ^ ^ i j )  an<*
g

a re  b oth  b a s e s  fo r  TF. C o n s id e r  DT r e s t r i c t e d  to  

01*TF, DT: TF—►R . G iven  ( t ^ . - . t ^ )  th e  s ta n d a r d  c o o r d i n a t e s  on

R ^  and (— *"* — — ) a b a s i s  f o r  TR®  ̂ we can th en  w r i t e  DT in  
3tl  3 t lk

m a tr ix  form.

V iew in g  VT  ̂ and as  row v e c t o r s ,

'n l( 4 . 5 )  DT C T J
where th e  v e c t o r s  a re  v ie w ed  as  in  TF, s o  t h a t  th e  m a t r ic e s  a re

s q u a r e .  By the d e f i n i t i o n  o f  th e  v e c t o r s  -7-—  in  TF, we haved tQ

( 4 . 6 )  <DT,*^|—> ■ e a -  ( 0 . . . 1 a . . . ) t r  i n  TR*'k . C om ponentw ise,  

t h i s  s t a t e s  th a t

( 4 . 7 )  7Tg ’ - j | -  -  n p ■ -  4a g.

In m a tr ix  n o t a t i o n  t h i s  becom es

( 4 . 8 )  -  I .

wh ic h  p r o v e s  4 . 4 .
£

To prove  4 . 5 ,  we w r i t e  ——  as a l i n e a r  c o n t i n a t i o n  o f  the ng
a

(w hich  a re  a b a s i s  f o r  T F ):

( 4 . 9 )  -jJL- ■ Z a» n g .  

th e n ,

( 4 . 1 0 )  4 a g -  * n 9  -  Eagng*n 9  -  ^*$ 8 5 3 .
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w hich  can be r e w r i t t e n  a s  

( A . 11) e Q -  g a ,  or  

( A . 12) a = g - 1  e a .

S u b s t i t u t i n g  A.12  i n t o  A .9 ,  we o b t a in  th e  r e s u l t  A .5 .  T h is  

c o m p le te s  th e  p r o o f  o f  th e  p r o p o s i t i o n .

P r o p o s i t i o n  A .1 3 . The volume form of  th e  norm al c o o r d in a t e  

s y s t e m ,  a lo n g  th e  su b m a n ifo ld  o f  f t - f o ld  p o i n t s , D, ( i e ;  a t  t j j H )  

fo r  a l l  i ,  j ) ,  i s  

( A . 13) d e t - 1 (n 1 1 * ' , n Jk) d t  dV,

where dV i s  th e  volum e form f o r  D and the  n^j a r e  the norm al 

v e c t o r s  t o  th e  im m ersion .

P r o o f . Use P r o p o s i t i o n  A.A and e q u a t io n  A .3.

P r o p o s i t i o n  A .1A . I f  th e  g e n e r i c  £ - f o l d  p o i n t ,  m, i s  i s o l a t e d  

( i e .  n+k-Jlk-0 ) ,  th en  th e  volume form o f  th e  norm al c o o r d i n a t e  map 

in  a n e ig h b o rh o o d  o f  m i s  

(A.1A) d e t - 1 ( n 1:L* ■ " n ^ )  d t

P r o o f . Use P r o p o s i t i o n  A .13 and e q u a t io n  A . l ,  i n  th e  s p e c i a l  

c a s e  D * (m).

P r o p o s i t i o n  A .1 5 .  The c o e f f i c i e n t  o f  th e  volum e form o f  th e  

norm al c o o r d i n a t e  s y s t e m ,  d e t - ^ ( n n *  * * n ^ )  , r e s t r i c t e d  to  th e  co ­

in c i d e n c e  su b m a n ifo ld  D* i s  in d e p e n d e n t  (up t o  s ig n )  o f  th e  c h o ic e  

o f  th e  n ^ j . We can now r e f e r  to  d e t  n ,  w hich  depends o n ly  on th e  

c o n fo r m a l s t r u c t u r e  o f  th e  am b ien t  s p a c e  a lo n g  D.

P r o o f . I t  s u f f i c e s  to  show f o r  a p a r t i c u l a r  i  t h a t  i f  a 

d i f f e r e n t  o r th o n o rm a l b a s i s  ^ i s  c h o sen  f o r  f*NVi t  then
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d e t  (o j^  n ^ )  d o es  n o t  c h a n g e .  W ithout l o s s  o f  g e n e r a l i t y ,

assum e i " l .

We know t h a t  two orth o n o rm a l b a s e s  f o r  th e  same su b s p a c e  a r e  

r e l a t e d  by an o r th o n o rm a l t r a n s fo r m a t io n :  n £ j  “ O’ n j j .  ND s p l i t s

i n t o  th e  o r t h o g o n a l  sum

where E i s  the  o r t h o g o n a l  complement o f  f*NV^ in  ND. We c o n s id e r

'** n ^ ) . Choose an or th on orm al b a s i s  f o r  ND c o n t a i n i n g  (n ^ i

n l k )  • m a tr ix  (n 1 1  **• n ^ )  can be w r i t t e n  com ponentw ise

In  t h i s  b a s i s  a s :

The l i n e a r  t r a n s f o r m a t io n  0 on f*NV^ can be c o n s id e r e d  a s  

th e  r e s t r i c t i o n  o f  a l i n e a r  t r a n s f o r m a t io n  on a l l  o f  ND, 0 6 1 ,  

w hich  f i x e s  th e  o r t h o g o n a l  com plem ent o f  f*NV^.

To f i n d  d e t  (n-j^ ■*' n ^ ) ,  we a p p ly  d e t  t o  4 . 1 5 ,  w hich  y i e l d s

( 4 .1 7 )  d e t  [*E(n 2 i  ■ "  n ^ ) ] ,

v ie w in g  th e  column v e c t o r s  a s  e l e m e n t s  o f  E, s o  t h a t  th e  m a tr ix  

i s  sq uare  and d e t  makes s e n s e .  C hanging th e  b a s i s  o f  f*NV^ i s  

e q u i v a l e n t  to  a p p ly in g  th e  l i n e a r  t r a n s f o r m a t io n  0 # I  to  4 . 1 5 ,  

w hich  y i e l d s  a m a tr ix  o f  th e  same form , whose d e te r m in a n t  i s  a g a in  

e q u a l ,  up to  s i g n ,  t o  4 . 1 7 .  T h is  p r o v e s  th e  p r o p o s i t i o n .

ND a f*NVx «  E,

a l l  th e  n^j a s  b e in g  in  ND, f o r  th e  p u rp ose  o f  d e f i n i n g  det(n^j^

( 4 .1 6 )
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§5 The Volume

We w i l l  now d e r i v e  th e  form u la  f  :>r th e  volume o f  th e  f l - f o ld  

p o i n t s  o f  a t u b u la r  n e ig h b o r h o o d ,  w i t h  s m a l l  r a d iu s  r ,  about an 

immersed s u b m a n ifo ld .  We w i l l  a l s o  g i v e  o t h e r  f o r m u l i  f o r  t h i s  

volume in  some r e s t r i c t e d  c a s e s .

We r e p e a t  Theorem 1 f o r  r e f e r e n c e :

Theorem 1 Let f : N^n ^—► M(ir+'k ) be a s e l f - t r a n s v e r s a l  i s o m e t r i c  

im n e r s lo n .  C o n s id e r  th e  t u b u la r  n e ig h tb o r h o o d  o f  r a d iu s  r about  

f (X )  i n  Y. For s m a l l  r ,  th e  volum e o f  the t - f o l d  p o i n t s ,  V ^ fr ) ,  

o f  t h i s  n e ig h b o r h o o d  i s  g iv e n  by th e  fo rm u la .

VA( r )  -  rk * (Vk ) *•/1 d e t - -̂  n |  dV + 0 ( r k i + 1 ) ,

w here i s  th e  volume o f  th e  u n i t  k - d i s c ,  dV i s  th e  volume form  

o f  th e  I - f o l d  c o i n c i d e n c e  su b m a n ifo ld  o f  f ,  and n i s  th e  m a tr ix  

o f  norm al v e c t o r s  d e f in e d  a lo n g  th e  c o i n c i d e n c e  s e t ,  a s  d e f in e d  

in  s e c t i o n  4 , d ep en d en t o n ly  on th e  co n fo rm a l s t r u c t u r e  o f  M.

We now g iv e  th e  p r o o f  o f  Theorem 1. N ote  t h a t  th e  s e t  o f

R - fo ld  p o i n t s  o f  th e  tu b e  may have  some a d d i t i o n a l  m u l t i p l i c i t y .

For e x a m p le ,  when we immerse a s u r f a c e  in  R^, the  s e t  o f  d ou ble  

p o i n t s  o f  th e  tu b e  i s  a n e ig h b o r h o o d  o f  th e  c u r v e s  o f  d ou b le  p o i n t s  

o f  th e  im m ersion .  The tube w i l l  th u s  have m u l t i p l i c i t y  3 n e a r  

e a ch  t r i p l e  p o i n t  o f  th e  im m ersion . S in c e  we w i l l  be e x p r e s s i n g  

th e  volum e a s  an i n t e g r a l  o v e r  th e  su b m a n ifo ld  o f  s t r i c t l y  

i . - f o l d  p o in t B ,  ou r  t e c h n iq u e  c o u n ts  th e  r e g i o n s  o f  th e  tube o f  

e v e n  h i g h e r  m u l t i p l i c i t y  more than o n c e .  T h is  d o es  n o t  have  any 

e f f e c t  on th e  fo rm u la  in  Theorem 1 ,  a s  i t  i s  o n ly  an a p p r o x im a t io n  

to  o r d e r  r k ^* w h i l e  th e  r e g i o n s  c o u n te d  w ith  m u l t i p l i c i t y  are
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£+1 - f o l d  p o i n t s ,  and th u s  h ave  volume o f  o r d e r  r k ( £ + l ) -

R e c a l l  th a t  i s  th e  su b m a n ifo ld  o f  £ - f o l d  p o i n t s  o f  the  

im m ersion . L et N£ (Z^) be th e  norm al d i s c  b u n d le  o f  r a d iu s  c o f  

Z^. For th e  r e s t  o f  t h i s  s e c t i o n ,  th e  r a d iu s  o f  th e  tu b e  w i l l  be  

r e f e r r e d  to  a s  R. For s m a l l  R, th e  s e t  o f  £ - f o l d  p o i n t s  o f  the  

tu b u la r  n e ig h b o r h o o d ,  r a d iu s  R, o f  f(N ) w i l l  be c o n ta in e d  in  

exp  Ne ( / £ ) .  L et m e Z^, and c h o o se  normal c o o r d i n a t e s ,  a s  de­

f i n e d  in  §3 , in  a n e ig h b o r h o o d  W o f  m i n  M. R e s t r i c t  W such  t h a t

1) W r, /jj-i-i “ 0 , and

2) W ■ exp Ne D, w here D i s  a c o o r d in a t e  n e ig h b o rh o o d  o f  m in

The volume o f  th e  ( . - f o l d  p o i n t s  o f  th e  t u b u la r  n e ig h b o rh o o d  

o f  f ( N ) ,  r a d iu s  R, o v e r  th e  r e g i o n  D in  Z^, i s

( 5 . 2 )  Zg J ( u ,  t )  d t^ j  . . . d t ^  du,

where J ( u , t )  -  d e t  (-|^ , ( c f  4 . 1 ) ,  and B C  * * ( * 1 1  *** fc( ,k ^

i s  d e f in e d  by th e  r e s t r i c t i o n s  E t  , < R , f o r  a “ 1 to  I .
j - 1

We change c o o r d i n a t e s ,  r e p l a c i n g  ea ch  s e t  { t  . )  by
j - l , k

Cr , 6  ) ,  th e  c o r r e s p o n d in g  s p h e r i c a l  c o o r d i n a t e s .  N ote  0  ed ™

Hence d t ^ ' ^ ' d t ^  -  r a - 1  d ra d0a - The dom ain, B, o f  r and 0  i s

d e f in e d  by th e  s e t  o f  r e s t r i c t i o n s  r a < R, f o r  a l l  a .  The form u la

f o r  v o lu m e ,  5 . 2 ,  th en  becom es

(5 .3 )  / „  gfc.! Cra <R J ( u . r , e ) ( r * " 1 dra d8a ) dV

where th e  i n t e g r a l s  a r e  I t e r a t e d  from  a“ l  t o  £ , and J  i s  tak en  

a lw a y s  p o s i t i v e .
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R e c a l l  from P r o p o s i t i o n  4 . 1 3  t h a t  J ( u ,  o) = d e t  n ,  w here  n i s  

th e  m a t r ix  o f  norm al v e c t o r s  a lo n g  th e  c o i n c i d e n c e  s u b m a n if o ld .

We d e f i n e  an a u x i l a r y  f u n c t i o n

( 5 . 4 )  F ( R, 0 , u) -  £ R J C r . e . u ) ^  ( r ^ 1  d r&) .

The t e c h n iq u e  we w i l l  u s e  i s  t o  a p p r o x im a te  F t o  th e  f i r s t  

o r d e r  in  R, n o t i c e  th e  a p p r o x im a t io n  i s  in d e p e n d e n t  o f  9 ,  and th en  

s u b s t i t u t e  i t  i n t o  5 . 3 .  We s u p p r e s s  t h e  d ep en d en ce  o f  F on 9 and 

u, and w r i t e  F (R ) .  I n tr o d u c e  t h e  a u x i l a r y  f u n c t i o n

( 5 . 5 )  H ( R i , . . . Rff) -  /  J ( r )  A (r ^ _ 1 dra> .
L *■ r a^Ra a - 1  a

The r e l a t i o n  b e tw e e n  d e r i v a t i v e s  o f  F and H i s :

( 5 . 5 )  I k ( r > -  (R» . . . R) *

( 5 . 6 )  Dn F = - ^ | = [ U  -Jj—) n H ] ( R , . .  .R ) .
3R 1 = 1  3Ri

N o t a t i o n . L e t  R = ( R ^ . . . R ^ ) .  L e t  R -0  mean R^=R2 “ . -■ R^” 0 .  I f

I  ■ ( j (1 )*■ * j ( q ) 1 C .  ( 1 * • • *  » th e n  E ( I )  w i l l  mean t h e  e v a l u a t i o n

o p e r a t o r  on a f u n c t i o n  o f  ( r ^ ,  ^ . . . r ^ )  w h ic h  s e t s  r a=Ra f o r  each

a*!a e l .  L et D ( I ) =  ---------- ---------------------. We w i l l  c a l l  any p a r t i a l  d e r i v -
j  ( 1 ) " ’ ^ ( q )

3aa t i v e  s im p le  i f  i t  can  be  w r i t t e n  a s  a s i n g l e  term  -------——------------ jttttt
^  aRa ( l )  . . . 3 R “ ™

P r o p o s i t i o n  5 . 7 .  The l o w e s t  o r d e r  d e r i v a t i v e  o f  H w h ich  d o es  

n o t  v a n i s h  a t  R=0 i s

( 5 . 7 )  — j— -̂----- j-H | -  [ ( k - l ) ! ] 4  * d e t ^ n .
. . .  3R*; R-0

1  1

T h is  i s  t h e  o n ly  s im p le  d e r i v a t i v e  o f  o r d e r  kJl w h ic h  i s  n o n - z e r o  

a t  R -0 .



P r o o f . Arty d e r i v a t i v e  o f  H i s  a sum o f  s im p le  d e r i v a t i v e s *

We c o n s i d e r  t h e s e  and l i s t  some p r o p e r t i e s .

I f  I  f* { l , . . . t } ,  th e n  D (I)H | ^  “ 0 ,  s i n c e

( 5 . 8 )  [D (I )H ](R 1 . . . R f ) -  / ( E ( I )  [ J ( r )  ] } [tt R^- 1 ] A ( r ^ _ 1  d r_)
L * r a <Ra a e I  a  a * 1 a

7  a 
a^ I

Any s im p le  d e r i v a t i v e  o f  H can b e  f a c t o r e d  i n t o  [L °  D ( I ) ] H ,  

w h ere  L i s  a s im p le  and i n v o l v e s  o n ly  w i t h  i e l .  I f  I  ^ ( 1 . . . K ) ,  

th e n  [L o DCIJJh I^^q *  0 ,  s i n c e  L commutes w i t h  th e  i n t e g r a l  s i g n

in  5 .8 *  We h ave  th u s  shown t h a t  any s im p le  d i f f e r e n t i a l  o p e r a t o r
3 S.

w h ich  d oes  n o t  c o n t a i n  a s  a f a c t o r ,  when a p p l i e d  t o  H,■ 1 « uK

v a n i s h e s  a t  R -0 .
FV £ t t

C o n s id e r  now s im p le  d e r i v a t i v e s  o f  H o f  t h e  form L O —- ------------

We s e e ,  from 5 . 8 ,  t h a t

( 5 . 9 )   L-S---  -  J (R  . . .  r ) t t  R .
3Rl  . . . 3Rfc 1  1 i - 1  a

The l o w e s t  o r d e r  d e r i v a t i v e  o f  5 .9  w h ich  w i l l  n o t  v a n i s h  a t  

R -0 I s

3 * ( k - l )  o 3*H _ r i \  1 1   ̂ •( 5 . 1 0 )  — — ----------------------------------------------
3R^-1 . . .  3R1  . . .  3R

-  [ ( k - 1 ) !] * J ( 0 . . . 0 )

R-0

T h is  i s  t h e  o n ly  s im p le  d e r i v a t i v e  o f  o r d e r  £ ( k - l )  o f  5 . 9  w h ich  

w i l l  be n o n - z e r o  a t  R -0 .  Com bining 5 . 9  and 5 . 1 0 ,  and r e c a l l i n g  

P r o p o s i t i o n  A . 1 3 ,  th e  p r o o f  o f  t h e  p r o p o s i t i o n  i s  c o m p le t e .

P r o p o s i t i o n  5 . 1 1 . For n < k l ,  Dn F |^ ^ j  — 0 .  The f i r s t  n onvan­

i s h i n g  d e r i v a t i v e  o f  F a t  RK> i s :

( 5 . 1 1 )  D ^ F l  -  * JL_
R“°  k x d e t  n
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P r o o f . By 5 . 6 ,  D°F i s  a l i n e a r  c o m b in a t io n ,  w ith  m u l t in o m ia l

c o e f f i c i e n t s ,  o f  d e r i v a t i v e s  o f  H o f  o r d e r  n . P r o p o s i t i o n  5 . 7

i m p l i e s  t h e  v a n i s h i n g  o f  ^o r  n < £k, I t  a l s o  i m p l i e s ,  ( f o r
V o I

t r a n s v e r s a l  i n t e r s e c t i o n s )  , th e  n o n - v a n i s h i n g  o f  D

r em a in s  t o  f i n d  th e  c o r r e c t  c o e f f i c i e n t .  T h is  i s  e q u i v a l e n t  to

th e  f o l l o w i n g  c l a s s i c a l  c o m b i n a t o r i a l  p rob lem :

G iven  t h e  p o ly n o m ia l  ( |  a ^ )^ ,  th e  c o e f f i c e n t  o f  a^ a ^ . - . a ^

i s  T h is  can  b e  s e e n  a s  f o l l o w s :  G iven  kit  p o s i t i o n s ,  c o u n t
( k ! ) £

t h e  number o f  w ays o f  r e a r r a n g i n g  a ^ . - . a ^  a 2 * . - a 2 - - ** a£ . . . a ^ .  

D i s t i n g u i s h i n g  b e tw e e n  t h e  r e p e a t e d  v a r i a b l e s ,  t h e r e  a re  ( k i t )  I w ays  

o f  d o in g  t h i s .  "Die m u l t i p l i c i t y  o f  e a c h  r e a r ra n g em en t  a s su m in g  

d i s t i n g u i s h e d  v a r i a b l e s  i s  k ! ,  w h ich  i s  th e  nunfcer o f  w ays  o f  r e ­

a r r a n g i n g  k  c o p i e s  o f  a ^ . T hus, t o  c o u n t  th e  a c t u a l  number o f  

r e a r r a n g e m e n t s ,  we m ust d i v i d e  ( k i t ) !  by k !  J t- t im es .  T h is  y i e l d s  

th e  s t a t e d  r e s u l t .

T hus, from 5 . 6  and p r o p o s i t i o n  5 . 7 ,

' [ ( k - 1 )  I ] A * d e t _ 1 n ,
( k !)

-  m i l  d e f l n ,
k*.

w h ic h  p r o v e s  t h e  p r o p o s i t i o n .

U s in g  T a y l o r ' s  Theorem , we h a v e  t h a t  f o r  s m a l l  R,
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( 5 . 1 2 )  F(R) -   L _  Dk aF l R i > 0  ■ Rk i  + 0(Rk *+ 1 ) ,
(k*)

-  - r  * ~ —  * Rk * + 0(R k *+ 1 ) 
k x detn

by p r o p o s i t i o n  5 . 1 1 .  S iijs  t i t u t i n g  t h i s  i n t o  5 . 3 ,  th e  form ula  f o r  

th e  volum e becom es

( 5 .1 3 )  f D / g k - i  k- t |d e t _ 1 n |R k i  + 0(R k,l+1) d e  dV.

S in c e  th e  domains o f  i n t e g r a t i o n ,  Sk~ l  and a re  com pact,

/ D f s k - i  0(R k t + 1 ) d 6  dV -  0(Rkft+1) .

A ls o ,  d e t “ -*-n|jj i s  d ep en d en t o n ly  on u ,  n o t  0. L et  “

volume o f  th e  u n i t  k - 1  s p h e r e .  5 . 1 3  becomes

( 5 . 1 4 )  Rk ^((i*k_ 1 / k )  1 / Di d e t - 1 n |d V  + 0(Rka+ 1) .

N ote  t h a t  t*>k_i/k ” ^k * volume o f  th e  u n i t  k - d i s c ,  s i n c e  

Vk -  / I  “ ^ - 1  dr “ ^ - 1 ^ *  S u b s t i t u t i n g  t h i s  i n t o  5 . 1 4 ,  th e

volume form ula  i s  a s  s t a t e d  i n  th e  Theorem,

( 5 .1 5 )  (Vk ) S'RkiL/ D i d e t ‘ 1 n | dV + 0 (R k*+ l)  .

T h is  i s  the  volume o f  th e  i - f o l d  p o i n t s  o f  th e  tube o f  r a d iu s  

R w i t h i n  exp ND. Cover f % e x c e p t  f o r  a s e t  o f  m easure z e r o  by 

su ch  D*a, and sum. This y i e l d s  the  s t a t e d  r e s u l t  f o r  vo lu m e,  

c o u n t in g  m u l t i p l i c i t i e s .  As was argued in  th e  b e g in n in g  o f  t h i s  

s e c t i o n ,  th e  r e s u l t  i s  t h e r e f o r e  t r u e  f o r  th e  a c t u a l  v o lu m e . T h is  

p ro v es  Theorem 1 .

T h is  theorem  e n a b le s  us t o  o b t a i n  an a p p r o x im a t io n  o f  th e  

volume o f  th e  tube i n  th e  E u c l i d ia n  c a s e .  I t  f o l l o w s  from Theorem 

1 and W e y l 's  Theorem t h a t :



Theorem 2 : L et f : X^n ) —► Rn+k be a s e l f - t r a n s v e r s a l  ln m e r s lo n .

For s m a l l  r ,  th e  volum e o f  th e  tube o f  r a d iu s  r about f (X )  in  Rn+k

i s  g iv e n  by th e  form u la

£ H r k+e -  (V, . ) 2  r 2k / I d e t - 1  n | dV + 0 ( r 2k+1) , 
o s e i k  e K

where the  He are  th e  c o e f f i c i e n t s  o f  th e  J l-d im e n s io n a l Weyl p o ly ­

n o m ia l  o f  X, (a s  d e s c r ib e d  in  C h apter  1 , Theorem 1 ) ,  and the  

c o r r e c t i o n  term i s  th e  volume o f  th e  d o u b le  p o i n t s  o f  th e  tube as  

g iv e n  in  th e  p r e v io u s  theorem .

In  th e  c a s e  o f  a c i r c l e  s e l f - t r a n s v e r s a l l y  Immersed in  th e  

p la n e  we s e e  t h a t :

C o r o l la r y  1 . Let f : S 3  —► R2  be a s e l f - t r a n s v e r s a l  im m ersion .  

The d o u b le  p o i n t s  a re  a f i n i t e  s e t  o f  p o i n t s  q. The a r e a

o f  the d o u b le  p o i n t s  o f  th e  band o f  r a d iu s  R n e a r  an Xj i s ,  f o r  

s m a l l  R:

( 5 . 1 6 )  / R / R l / s i n 9 ( t )  d t n d t 9 ,
-R -R

w here t^ and t 2  a re  norm al c o o r d i n a t e s  m ea su r in g  d i s t a n c e  to  each

c u rv e  segm ent th r u  X^, and 0 ( t )  i s  th e  a n g le  b e tw een  th e  norm als

( t a n g e n t s )  o f  th e  l e v e l  c u r v e s  o f  th e  b a n d s .

P r o o f . E q u a t io n s  5 . 2  and 3 . 8 .

1 7C o r o l la r y  2 . I f  f : S  —>R i s  s e l f - t r a n s v e r s a l ,  w i t h  d ouble  

p o i n t s  n , th e n  th e  volum e o f  t h e  tu b e  o f  r a d iu s  r  about

th e  image o f  S* i n  R2  i s  g iv e n  by th e  form u la :

( 5 . 1 7 )  2rL -  4 r 2  £ l / s i n e j  +  0 ( r 3) ,
i - 1

w here 9^ i s  th e  a n g le  o f  c o i n c i d e n c e  o f  th e  c u rv e  a t  e a c h  X  ̂ and 

L i s  th e  l e n g t h  o f  th e  c u r v e .
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P r o o f . F o l lo w s  im m e d ia te ly  from Theorem 2 o r  from e q u a t io n

3 . 8 .

C o r o l la r y  3 . I f  f : X ^ ^ —*-R̂  I s  a s e l f - t r a n s v e r s a l  Im m ersion  

o f  a s u r f a c e  i n  s p a c e ,  th en  th e  volume o f  th e  tu b e  o f  r a d iu s  r  

ab ou t f (X )  i s

r  * Area (X) - 4 r^ / | l / s i n 0 |  ds +  O (r ^ ) ,  

where th e  i n t e g r a t i o n  i s  o v e r  th e  c u r v e s  o f  d o u b le  p o i n t s  and 9 

i s  the  a n g le  o f  s e l f - i n t e r s e c t i o n  o f  t h e  s u r f a c e  a t  each  d o u b le  

p o i n t .

P r o o f . F o l lo w s  im m e d ia te ly  from Theorem 2 .

We c o n s i d e r  a g a in  f:X ^n  ̂ —► .

C o r o l la r y  4 . L et  f :X ^ n  ̂ —► y ( n+k) be a s e l f - t r a n s v e r s a l  

im m ersion . I f  n + k - lk  ■ 0 ,  th en  th e  1 - f o l d  p o i n t s  o f  a s e l f - t r a n s ­

v e r s a l  im m ersion  a re  a f i n i t e  s e t  o f  p o i n t s .  The f i r s t  a p p r o x i­

m ation  t o  th e  volume o f  th e  1 - f o l d  p o i n t s  o f  th e  tube depend o n ly  

on

1 ) th e  nunber o f  c o i n c i d e n c e  p o i n t s ,

2) th e  co n fo rm a l s t r u c t u r e  o f  M a t  th e  c o i n c i d e n c e  p o i n t s ,

3) th e  c o d im e n s io n  k.

P r o o f . F o l lo w s  Im m ed ia te ly  from Theorem 1 .

We now c o n s i d e r  th e  c a s e  o f  a s e l f - t r a n s v e r s a l  im m ersion  i n t o  

E u c l i d ia n  sp a c e  w here th e  map i s  l i n e a r  in  th e  n e ig h b o rh o o d  o f  an 

i s o l a t e d  1 - f o l d  p o i n t .

C o r o l la r y  5 . I f  f:X ^n  ̂ —► Rn+^ ,  and i f  f (X )  i s  l i n e a r  n e a r  

a p a r t i c u l a r  I s o l a t e d  1 - f o l d  p o i n t ,  (n + k - lk  -  0 ) ,  th en  f o r  s m a l l  

r th e  volum e o f  th e  1 - f o l d  p o i n t s  o f  th e  tu b e  o f  r a d iu s  r ,  n e a r  

t h a t  p o i n t ,  i s  th e  volum e o f  th e  c o r r e s p o n d in g  p a r a l l e lo g r a m :
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( 5 . 1 8 )  r k l  (Vk )*  d e t - 1  n .

Remark: T h is  fo rm u la ,  w hich  la  e x a c t  in  th e  l i n e a r  c a s e ,

i s  th e  f i r s t  a p p r o x im a t io n  t o  th e  volume i n  th e  n o n - l i n e a r  c a s e .  

(Compare to  Theorem 1 ) .

P r o o f . We u se  e q u a t io n s  5 . 3 ,  5 .1 1  and t h e  f a c t  t h a t  the  

J a c o b ia n  w i l l  be l o c a l l y  c o n s t a n t .
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56 H ig h e r  Order A p p r o x im a t io n s  In  th e  P la n e

To o b t a i n  more a c c u r a t e  a p p r o x im a t io n s  t o  th e  volum e o f  a 

t u b e ,  we n eed  t o  b e t t e r  a p p r o x im a te  th e  vo lu m e o f  t h e  ( . - f o l d  

p o i n t s  o f  a t u b u l a r  n e ig h b o r h o o d  o f  an Immersed s u b m a n if o ld .  T h is  

volum e i s  a f u n c t i o n  o f  th e  r a d i u s ,  th e  m a n i f o l d ,  and th e  i n t e r ­

s e c t i o n  s u b m a n i f o l d s .  In  th e  c a s e  o f  an imbedded s u b m a n ifo ld  o f  

Rn , t h e r e  a r e  o n ly  1 - f o l d  p o i n t s ,  and t h e  v o lu m e ,  a s  d e m o n str a te d  

by H. W eyl, i s  a p o ly n o m ia l  i n  th e  r a d i u s  w hose  c o e f f i c i e n t s  are  

i n t r i n s i c  m e t r i c  i n v a r i a n t s  o f  th e  s u b m a n i f o l d .  The vo lum e o f  th e  

p o i n t s  o f  h i g h e r  m u l t i p l i c i t y  d o e s  n o t  a p p ear  t o  b e  s o  n i c e ,  e v e n  

i n  th e  s im p le  c a s e  o f  an i n t e r s e c t i o n  b e tw e e n  l i n e a r  and c i r c u l a r  

c u r v e  s e g m e n ts  i n  th e  p l a n e .  (S ee  e x a m p le . )  The o n ly  s i t u a t i o n  

i n  w h ich  we know t h e  volum e w i l l  be a p o ly n o m ia l  i s  i n  th e  c a s e  

o f  an I s o l a t e d  c o i n c i d e n c e  p o i n t  o f  an im m ersion  i n t o  Rn , w here  

t h e  im m ersio n  i s  l i n e a r  in  a n e ig h b o r h o o d  o f  th e  c o i n c i d e n c e  p o i n t .  

T h is  i s  shown i n  c o r o l l a r y  t o  Theorem 1 . I t  a l s o  o c c u r s  when t h e r e  

i s  g r e a t  sym m etry , a s  i n  e x a m p le s  2 and 3 . We ca n  h o w e v e r ,  o b t a i n  

h i g h e r  o r d e r  a p p r o x im a t io n s  i n  t h e  p a r t i c u l a r  exam p le  o f  a s e l f ­

t r a n s v e r s a l  im m er s io n  o f  a c u r v e  i n  th e  p l a n e .  We w i l l  comment on 

how t h i s  m ig h t  a l s o  b e  a c c o m p l i s h e d  i n  more g e n e r a l  s i t u a t i o n s .

L e t  f i S 1 —► r2  b e  a s e l f - t r a n s v e r s a l  im m er s io n  o f  th e  c i r c l e  

i n  th e  p l a n e .  The c o i n c i d e n c e  s e t  i s  a f i n i t e  s e t  o f  p o i n t s  

{ X i } i „ i ( q .  We w i l l  c o n s t r u c t  a n orm al c o o r d i n a t e  s y s t e m  i n  a  

n e ig h b o r h o o d  o f  a p a r t i c u l a r  X^, a s  d e s c r i b e d  i n  s e c t i o n  3 .  The 

fo r m u la  f o r  t h e  a r e a  o f  t h e  d o u b le  p o i n t s  o f  t h e  band o f  r a d iu s  R, 

n e a r  X^, f o r  s m a l l  R, i s  g i v e n  a s  a c o r o l l a r y  t o  Theorem 1 .  We 

r e c a l l  i t :
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( 6 . 1 ) v o l ( R )  -  /|J l / s i n 0 ( t )  d tx  d t 2 ,

where t^ i s  th e  d i s t a n c e  o f  a p o i n t  to  the i* h  s h e e t  ( c u r v e  s e g ­

ment) o f  th e  im m ersion  th rough  th e  c o i n c i d e n c e  p o i n t , and 0  i s  th e  

a n g le  b etw een  th e  l e v e l  c u r v e s  a t  th a t  p o i n t .  We now c o n s t r u c t  

t h i s  c o o r d i n a t e  s y s t e m  in  d e t a i l .  L et m be a p a r t i c u l a r  i n t e r ­

s e c t i o n  p o i n t ,  and Y  ̂ and Y2  r e p r e s e n t  th e  two a r c  seg m en ts  o f  the  

im m ersion  n ear  m. We make th e  g e n e r i c  a s su m p tio n  th a t  th e  c u r v ­

a t u r e s  o f  each  segm en t a re  n o n - z e r o  a t ,  and t h e r e f o r e  n e a r ,  m. 

C hoose some o r i e n t a t i o n  f o r  R^, L et  y^ be a rc  le n g t h  on Y^, c h o se n  

su ch  t h a t  th e  c u r v a tu r e  o f  ^ ( y i )  i s  p o s i t i v e .  T h is  i s  e q u i v a l e n t  

to  th e  a s s e r t i o n  t h a t  ( t i , n ^ )  h a s  p o s i t i v e  o r i e n t a t i o n ,  w i t h  

t i  ■ Y i ( y i>  and n ± -  ' l \ f  l|V’± | W e  now renumber, i f  n e c e s s a r y ,  so  

t h a t  ( n j ,  0 2 ) i s  p o s i t i v e l y  o r i e n t e d .  We th en  c o n s t r u c t ,  a s  in  

s e c t i o n  3 , Fermi c o o r d i n a t e s  n ea r  m w ith  r e s p e c t  to  each  Y^. L et  

F 1 ( y 1 , t^ )  -  Yi (y^> + t ^ n i ( y i ) .  Now, l e t  and Tj be th e  in v e r s e  

f u n c t i o n s  to  F^, d e f in e d  on a n e ig h b o rh o o d  o f  m. By p r o p o s i t i o n  

3 . 4 ,  (T^, T2 ) i s  a d if fe o m o r p h is m  from a n e ig h b o rh o o d  o f  m to  a 

n e ig h b o rh o o d  o f  z e r o  i n  R^. We e x te n d  t h e  d e f i n i t i o n  o f  n^ to  t h i s  

n e ig h b o r h o o d  by s e t t i n g  n̂  ̂ ■ VT^. T hese c o o r d i n a t e  s y s te m s  w ere  

d i s c u s s e d  in  d e t a i l  i n  s e c t i o n  3.

We draw the f o l l o w i n g  d iagram , and l a b e l  th e  q u a d r a n ts  I 

th rough  XV w ith  r e s p e c t  to  th e  y^ , a s  i n  th e  C a r t e s ia n  p l a n e .  Note  

t h a t  th e  d iagram  i s  drawn sh ow in g  th e  a n g le  b e tw een  n^ and n 2  

a c u t e .  T h is  d o e s  n o t  a f f e c t  th e  e n s u e in g  arg u m en ts .
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I I

( 6 . 2)

I I I

Note t h a t  th e  a n g le  b e tw een  the  l e v e l  c u r v e s ,  and Y2 » I s  

e q u a l  to  th e  a n g le  betw een  th e  n^ by e le m e n ta r y  g eo m etry .

To c a l c u l a t e  h ig h e r  o r d e r  a p p r o x im a t io n s  to  th e  a r e a  form u la  

g iv e n  i n  6 . 1 ,  we w i l l  use T a y l o r ' s  fo r m u la ,  and t h e r e f o r e  w i l l  

n eed  to  be a b le  to  c a l c u l a t e  th e  d e r i v a t i v e s  o f  th e  a r e a  w i t h  r e ­

s p e c t  to  R. We w i l l  s e e  t h a t  t h e s e  w i l l  i n v o l v e  0O, th e  c u r v a t u r e s  

and t h e i r  d e r i v a t i v e s  a t  m, and th e  d e r i v a t i v e s  o f  6  w i t h  r e s p e c t  

t o  t j  and t 2 - We w i l l  g iv e  a  form u la  f o r  0 a s  a f u n c t io n  o f  y^

and y „ .  We w i l l  th e n  g iv e  fo r m u l i  f o r  th e  d e r i v a t i v e s  in
7 2 d t j

term s o f  0 ,  t  and th e  c u r v a tu r e  f u n c t i o n s .  T h is  w ould  e n a b le  us 

t o  r e c u r s i v e l y  c a l c u l a t e  th e  h ig h e r  o r d e r  d e r i v a t i v e s  o f  y  w i th  

r e s p e c t  to  th e  t^  i n  term s o f  0 , t ,  the  d e r i v a t i v e s  o f  th e  cu rv ­

a t u r e s  and th e  lo w er  o r d e r  d e r i v a t i v e s  o f  y  w i t h  r e s p e c t  to  th e  t ^ . 

G iven  t h e s e  fo r m u l i  f o r  d e r i v a t i v e s  o f  0 w i t h  r e s p e c t  t o  t h e  y ^ ,  

and f o r  d e r i v a t i v e s  o f  y^ w i t h  r e s p e c t  to  the  t ^ ,  we can c a l c u l a t e
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th e  d e r i v a t i v e s  o f  0  w i th  r e s p e c t  to  th e  t^ by th e  c h a in  r u l e .

We w i l l  c a r r y  o u t  t h i s  c a l c u l a t i o n  t o  o b t a in  an a p p r o x im a t io n  to  

th e  a r e a  to  o r d e r  R^. F i r s t , we g i v e  th e  form u la  f o r  0 ( y ) .

P r o p o s i t i o n  6 . 3 . Given n^ and » VT^, in  a n e ig h b o r ­

hood o f  m, and y^ a r c  l e n g t h  on , and 0  th e  a n g le  b etw een  n^ and 

n 2 ■ Then

( 6 . 3 )  0 ( y i ,  y 2 ) “ 9 0  -  / q 1  k i ( Y i ) d y 1  + 2

P r o o f . We a p p ly  th e  U m la u fsa tz  in  each  o f  th e  q u a d ra n ts  I 

through  IV. Compare d iagram  6 . 2 .  The U m la u fsa tz  s t a t e s  t h a t  fo r  

a s im p le  c l o s e d  p i e c e w i s e  cu rv e  i n  th e  p l a n e ,  th e  i n t e g r a l  o f  

the  c u r v a tu r e  in  th e  c o u n t e r - c l o c k w i s e  d i r e c t i o n  p lu s  th e  sum o f  

th e  e x t e r i o r  a n g le s  i s  2 tt. L et k^Cy^) th e  c u r v a tu r e  f u n c t i o n  

f o r  Y t . I t  i s  p o s i t i v e  by c o n s t r u c t i o n .

In  q u ad ran t I :

n - e
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A p p ly in g  th e  U m la u fsa tz ,  we have  

2 it -  / y i  k 1 ( y 1 ) d y 1  -  / y 2  k.2 <y2 ) d y 2  +  0  + ( f f - 0 o ) +  + j  ,

w hich  i s  e q u i v a l e n t  to  6 . 3

In q u adrant I I ,  r e c a l l i n g  y^<o and y 2 >o:

We now h a v e  t h a t

2v ~ fl2 k2<y2>dy2 + + e0 + <*-0o> + i  + i

w hich  i s  a g a in  e q u i v a l e n t  t o  6 . 3 .

In qu adrant I I I ,  r e c a l l i n g  y^ 5 o and y 2 *o :
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We th en  have

2 it - k 2 (y2 )dy 2 - f °  k^ y^dy-j^ +  6 +  (it— e o ) +  7  +  7  .

w hich  i s  a g a in  e q u i v a l e n t  to  6 . 3 .

In quadrant IV, r e c a l l i n g  y^>o and y 2 4 o *■

y 2

We th en  have

2 * -  - / n  k 1 ( y 1 ) d y 1  ~ / ° 2  k 2 ( y 2 ) d y 2  + 6 o + ( t t  -  e )  +  ~  +  ~  ,

w hich  i s  once  more e q u i v a l e n t  to  6 . 3 .  T h is  c o m p le te s  th e  p r o o f  o f  

the  p r o p o s i t i o n .

C o r o l l a r y . The d e r i v a t i v e s  o f  0 w i t h  r e s p e c t  t o  y  a r e

<6- 4> - ! y r ‘ ~k i< y i>

dy iWe now c a l c u l a t e  We have  Hj *  V t j , w hich  a r e  u n i t  v e c -d t j

to r B , and Vy^, w hich  a r e  p e r p e n d ic u la r  t o  th e  n ^ ,  w ith  norm 

l -k ^ C y ^ J t^ .  T his  i s  a co n se q u e n c e  o f  F r e n e t ' s  fo rm u la .  By th e
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h y p o t h e s i s  t h a t  (n ^ , n^) i s  p o s i t i v e l y  o r i e n t e d *  we h ave  t h a t

( 6 . 5 )  ■ n 2  -  - ( 1  -  k 1 ( y 1 ) t 1 ) s i n 6

( 6 . 6 ) Vy2  ‘ n 1  -  (1  -  k 2 ( y 2 ) t 2 ) s i n 0

w here  6  i s  th e  a n g le  b e tw e e n  n^ and n 2 . We a l s o  h ave  t h a t

( 6 . 7 ) —  = g +  g n 2 ,

w here

( 6 . 8 ) ( g 1! )  -  ( n 4  • n . )  1

COS0
’s i n 7 ’

s in ^ e

s in ^ e

c o s 6

sin^O

From c a l c u l a s ,  we know t h a t  

C6‘ 9) T t^  “ Vyi  * -3EJ *

Lemma. The d e r i v a t i v e s
3 y i
3t4

a re

(6 . 10 ) 9y j ___
3 t i

( 1  -  ^ ( y ^  t ^ ) / s i n 6

9yl( 6 . 1 1 ) * ( 1  -  k 1 ( y 1 ) t 1 ) c o t e

0 y 2

( 6 . 1 2 ) -  ( 1  -  k 2 ( y 2 ) t 2 ) c o t e

( 6 . 1 3 )  -  - ( 1  -  k 2 (y 2 ) t 2 ) / s i n 0

P r o o f . We u se  6 . 5  th ro u g h  6 . 9 :

i s  -  v y i  • t .
S t j  1  S tx
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= Vy ̂  * ( g 1 1  +  g 1 2  n 2 )

- -g12 (1 - kj^fyj) tj^sine 

■ ~ ( 1  -  k 1 ( y 1 > t 1 ) / s i n 0

d y i
3t2 3t2

VyL

Vyj_ ' ( g 12 + g 22 n2)

_g 22 (1 _ k x Cy^)t1) s l n 9  

+ (1 -  ( y ^ ) t j ) c o t 0

a * 2  .  . 3
V y 2

* ? y 2 * ( g 11 n i  + g 12 n 2^

-  g l l  (1 -  k2 ( y 2) t 2 ) s l n 9

-  - C l  -  k2 ( y 2) t 2) c o t 0

.  , y  - _ 2 _
a t 2  2  a t 2

“ ?y2 * <g12 n i  + g 22 n 2)

-  g12 (1 -  k2 ( y 2 ) t 2) s l n e

-  (1 -  k 2 ( y 2 ) t 2 ) c o t e

T h is  c o m p le t e s  th e  p r o o f  o f  the  lemma. 

From t h i s  lerana, we in an ed ia te ly  have

( 6 . 1 4 )  -  | ^ - L  -  - 1 / s i n e n
3t^ • o 3 t 2 0 ®

(6.15) ^ 1 |  - i l 2! - cote
3 t 2 o a t x ° °
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% Q
We can now c a l c u l a t e  ------- , which by the c h a in  r u l e  i s  e q u a l  t o

3 t i

39 9y-i 30 3vo
----------- ^ +  1 . . We c a l c u l a t e ,  u s i n g  6 . A and 6 . 1 0  through 6 . 1 3 ,
3y^ 3t^ 3y2 3t^

( 6 . 1 6 )  —  -  1 2 -  i z i  +  i l .  i z i
3y2

“ ki(yi>(i  - ki<yi)tj_)/sine 

+ k2 ( y 2 ) ( l  -  k 2 ( y 2) t 2 ) c o t 0  .

( 6 . 1 7 )  —  -
3 t 2 3yi 3 t 2 3y2 312

* "k l ( y i > ( l  “ k ^ ( y ^ ) t ^ ) c o t 0  -  k2 ( y 2) ( l  -  k 2 ( y 2 ) t 2 ) / ( s i n 0 )

We n o t e  f o r  r e f e r e n c e  th a t

( 6 . 1 8 )  “ tk j fy^ JC l  -  k 1 ( y 1 ) t i ) -  k2 ( y 2) ( l  “ k2 ( y 2) t 2 ) ]

* [ 1 / s i n e  -  c o t e ]
dyj

Examining f o r m u l i  6 . 1 0  through 6 . 1 3 ,  which d e s c r i b e  'Jfj*  an<*

f o r m u l i  6 . 1 6  and 6 . 1 7  w h ich  d e s c r i b e  - f t  , we s e e  t h a t  th e  d e r i v a -
3 t ±

t i v e s  o f  o r d e r  q w i t h  r e s p e c t  t o  t  a r e  e x p r e s s i b l e  as an a l g e b r a i c  

f u n c t i o n  o f  s i n 0 , c o s 9 ,  t  and th e  d e r i v a t i v e s  k £ ^  th rou gh  k £ ^ ~ ^  .

R e p e a t in g  6 . 1 ,  th e  a r e a  o f  th e  d o u b le  p o i n t s  o f  th e  band o f  

r a d i u s  R arou n d  th e  s e g m e n ts  Y  ̂ and Y2  i s ,  f o r  s m a l l  R:

A(R) ■ l / s i n 0 ( t ^ ,  t 2 ) d t x d t 2 -

We remember from  c a l c u l a s  t h a t  t h e  d e r i v a t i v e  o f  a f u n c t i o n

<t(R) ■ /p  $ ( s ) d s  i s  ♦ ' ( R )  ■ <KR) + We can  th e n  c a l c u l a t e™K

th e  d e r i v a t i v e s  o f  A (R ):
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( 6 . 1 9 )  A(R) = / R l / s l n 6 ( t 1 , R) + l / s i n © ^ ,  -R )  d t , +

/ ?  1 / s i n e ( R ,  t 2 ) + l / s i n 6 ( -R ,  t 2 ) d t , .
" R ^

T h e r e fo r e ,  A (o ) * 0

( 6 .2 0 )  A(R) > 2 1  E l / s i n 0 ( ( - l ) tlR, ( - 1 ) 6  R)
a - 1  6 - 1

£ / K - ( c o s 0 / s i n 2 0 ) ^fci * R) d t *
6 -1  -R  dC2 1

+ E / R - ( c o s 0 / s i n 2 0) ( ( - 1 ) aR, t - )  d t - .
a - 1  -R  3 t l  2  2

T h e r e fo r e ,  *A(o) -  8 / s i n 6 o , w hich  a g r e e s  w i t h  th e  a p p r o x im a t io n  

form u la  f o r  the a r e a  g iv e n  in  th e  c o r o l l a r y  to  Theorem 1.

2  2

( 6 . 2 1 )  A(R) -  3 E £ ( - c o s 0 / e i n 2 0) + - j f - )  ( - R ) a , ( -R )^ )
a — 1  0 — 1  1  1

+ r- / R -^1 [ ( - c o s e / s i n 2 0) 3 —  ( - 1 ) 6 R)] d t x
0* 1 “ R

+ i  / R -Iff E#-] d t *a - l  -R  3R

The r e f o r e  *A**(o) -  ( - 1 2  cosB / s i n 2 fl0 ) (-3 7 7 ! + ^F “ l )
u o o u 2  0

From 6 . 1 8 ,  we h ave  t h a t  a t  t j  -  t 2  -  0 i s  (k-^(o) -  k 2 ( o ) )

( c s c 9 0  -  c o 1 0q) ,  w h ich  e q u a l s  ( k 1 0  -  k 2 0 ) ( l - c o s 6 ) / s i n 0 , T h e r e fo r e

- 1 2 c o s 6 n l - c o s 0

(6 .22 ) A (o) -  — ^ 2^  " H S V  <k 10 -  k 20>
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- 1 2 c o s 0 o 

" C~l+coseo ) s i n 0 o ( k l °  ~ k2° 5 ’

U s in g  the d e r i v a t i v e s  o f  A a t  R * 0 and T a y lo r ' s  Theorem, 

we have t h a t

( 6 .2 3 )  A(R) -  ( 4 / s i n 0 o)R 2  - 2  ( k 1Q -  k 2 0 ) c o t e o / ( l  + c o s 0 o)R 3  + 0 (R 4 ) 

For h ig h e r  o r d e r  a p p r o x im a t io n s ,  we c o u ld  c a l c u l a t e  h ig h e r  

d e v i a t i v e s  o f  A a t  R * 0 .  These w ould  in v o lv e  t r ig o n o m e t r i c  

f u n c t i o n s  o f  0o and th e  d e r i v a t i v e s  o f  0 w ith  r e s p e c t  t o  t .  We 

can e a s i l y  s e e  from 6 . 2 1  and our comments on t h a t  A^*^ (o )  i s

an a l g e b r a i c  f u n c t i o n  o f  sinO  , cosO and d e r i v a t i v e s  o f  th e  c u r v -o o

a t u r e s  a t  th e  c o i n c i d e n c e  p o in t  o f  o r d e r  l e s s  than  q - 3 .

To c a r r y  o u t  t h i s  p r o ced u re  i n  a more g e n e r a l  s e t t i n g ,  such  

as  an i s o l a t e d  c o i n c i d e n c e  p o in t  o f  o r d e r  i  o f  a s e l f - t r a n s v e r s a l  

im m ersion  f : we n e e d  a h i g h e r  d im e n s io n a l  a n a lo g u e  to

th e  U m la u f s a t z  I t  must a p p ly  t o  cu rv ed  p o ly h e d r a  o f  c o d im e n s io n  

1 in  M. A p o s s i b l e  c a n d id a te  i s  a g e n e r a l i z a t i o n  o f  th e  G au ss-  

Bonnet form u la  f o r  p o ly h e d r a .  (R e fe r e n c e :  M i ln o r ' s  n o t e  on E u le r

c h a r a c t e r i s t i c  and m e a s u r e .)
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Examples

The a r e a  o f  d o u b le  p o i n t s  o f  tu b u la r  n e ig h b o r h o o d s  o f  s e l f ­

t r a n s v e r s a l  im m ersions  a re  l i s t e d  i n  a few s p e c i a l  c a s e s .  The 

c a l c u l a t i o n s  a re  s t r a i g h t f o r w a r d  c a l c u l a s  and t r ig o n o m e t r y ,  s o  

are  o m it t e d .

Example 1 . I f  a c u rv e  i n t e r s e c t s  i t s e l f  in  th e  p la n e  and i s  

l i n e a r  i n  a n e ig h b o r h o o d  o f  a c o i n c id e n c e  p o i n t :

The a r e a  o f  th e  d o u b le  p o i n t s  o f  th e  band o f  r a d iu s  R i s

(1 )  4R2 / s i n 0  

Example 2 . In th e  s i t u a t i o n  a b o v e ,  i f  one segm ent i s  l i n e a r  and 

th e  o t h e r  c i r c u l a r  o f  r a d iu s  p th e  a r e a  i s

( 2) ,  _______________________________
2  z ( [ R + ( - l )  COS0] /(p+ ( - l ) B R )  -  (R +  ( - l ) a pcos ) 2/

4 a-1  8 - l [ + [p + a r c s l n
p + ( - l )& R

T h is  fo r m u la ,  a l th o u g h  p r e c i s e ,  g i v e s  l i t t l e  i n s i g h t  i n t o  i t s  

r e l a t i o n  w i t h  t h e  geom etry  o f  th e  c u r v e .  A p p ly in g  th e  r e s u l t s  o f



C hapter 2 ,  s e c t i o n  6 , th e  a r e a  o f  th e  d o u b le  p o i n t s  i s :

( 2 a )  4R2 / s i n 0  + (2R 3 /p )  c o t 6 / ( l  + c o s 6 ) + OCR1* ) .

Example 3 . L et a s u r f a c e  be immersed i n  R^, and l e t  th e  cu rve  o f  

d o u b le  p o i n t s  and t h e  s u r f a c e  n ea r  t h o s e  c o i n c id e n c e  p o i n t s  lo o k  

l i k e  a r i g h t  c i r c u l a r  con e  and a p la n e :

The volum e o f  th e  d o u b le  p o i n t s ,  f o r  s m a l l  R, i s  4LR2 / s i n 0 ,  

where L i s  t h e  l e n g t h  o f  th e  c i r c l e  o f  i n t e r s e c t i o n  and 0 th e  a n g le  

o f  i n t e r s e c t i o n .

Example 4 . As i n  exam ple 3 , e x c e p t  c o n s i d e r  a s p h e r e  o f  r a d iu s  p 

r a t h e r  than  a r i g h t  c i r c u l a r  c o n e .  The volum e i s  th e  sam e,  

4LR2 / s i n 9 .
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