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Ibstract

WEW SOLUTIONS IN RFLATIVISTIC COS:MQOLOGY
by

7ikos Batakis

iviser: Professor Jeffrey il. Cohen

A self-contained introduction to Differential
Topology is given to facilitate an exposition of (i)
the fundamentals of Relativistic Cosmology, (ii) a
cdiscussion of synmetries and (iii) the Bianchi
classification of spatially homoceneous spacetimes.
Three non-stationary cosmological models are
presented (Types 11, X, V), in which the
non-zero vorticity of the cosmological fluid
(incoherent matter) is of special interest. Exact
solutions are given for simplified cases. A
theorem (proposed by Godel in 1950) on an
observable effect of rotating universes is proved
and a general discussion is given, based on
existing observational data in Relativistic Cosmoloay.
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NOTATIONAL AND OTHER CONVENTIONS

In an n~dimensional manifold Greek indices, take the
values 1l,...,n, with Einstein's summation convention in
effect unless the contrary is specifically stated. 1In
spacetime, the signature of the metric 1is (-1,1,1,1)
with Greek indices running as 0,1,2,3 and Latin as
1,2,3. Bold-faced letters denote tensor quantities,
with W,V w.,..usually vectors and ¢, 9, --- 1l-forms. The
sign of the Riemann and Einstein tensors is fixed by
(2.36) and (2.42) respectively. Comma (,) and
semicolon (;) denote ordinary and covariant derivatives
respectively. In the models of Chapter 5, an effort
was made to denote constants with capital letters,
while for functions small-case letters were used. The
adoption of geometrized units was kept, even in the
discussion of data (with minor exceptions), because it
was felt thatszfor quantities 1like, for example,
t z10%%wm, pz10**cmv*the use of conventional units,
converting them to {: i0"years, p = 193 g/cm® offered no
help for an intuitive digestion of the magnitudes
involved. However, for a conversion to conventional
units, Table 0.1 might be useful.

The following examples should clarify the enumeration
rules for equations,etc.

3.B: Second section in Chapter 3
(3.76) : Equation(s) 76 in Chapter 3
(37): Equation(s) 37 in the same chapter in which

the reference is made

Fig. 2.,1: First figure in Chapter 2 (similarly for
tables)

NOTE 2: Footnotes appear collectively at the end
(page 114)

References are specified in the text by the name(s) of
the author(s) or editor, followed by the year of the
publication.



TABLL 0.1

Conversion to Geonetrized Units

QUANTITY CONVENTIONLL GEOMIMRITTD
Lencth 1 cm 1 cm
18
l 1ly .946x10 cm
'8
1l pc 3.036x10 cm
to
Time 1 sec 2.998x=10 crm
'8
1 vyear 0.946x10 cn
-9
Mass l o 7.425%x10 cm
. V\ - -t -16
Electric Charcae 1 esu=lc¢wm % se¢ |2.875x10 cm
-65
Temperature 1°K 1.141x10 cm
-50
Lnergy 1 erg 8.262%10 cm
.61
1l cv 1.324x10 cm
10 .
Speed of Light c=2.993x10 c(msec (1
-8 3. _a
Gravitational Constant {G=6.673x10 an’fﬂ 1
AT A K3 -£6
Plank's Constant h=1.055x10 emggec |2,612x10 cm
~16 v A
Boltzmann Constant K=1.381x10 CM’HZ? 1
3v
Charge Quantum e=4,003x10 esu 1.331x10 cm
-19 -52
Proton Rest !lass M,=1.673x10 g 1.242x10 cm

XI




I. TORODuUCYIOo.:

e Tneory of General iclativityv, that is  Tinstcin's
1915 Classical “heory (LINSTEID (1915)) with its
subsccuent (non-fundanental) :patlieratical refincrent,
is  the "best" theory availai:le for interpretation of
existing observations in Cosmology, in the senso  that:

() it is wnot contradicted v such cuservations, (L)

conforrs with tlhc orinci le of sirmlicityr, The
lecinility GF critericn (L) 1as froomently  Leen
cefeonced on the crounds o noth piilloso niicnl

preferences and Lractical convenience.

Lofora osrocecdindg for o ratiher ricorous foundatior  of
i so0  callec "Relativistic Cosrolocies", it wi
nsefnl te cive an order-cf-racnitude listince of  score
Funaarental  cuantities  tocether  withh o few alobal
staterents  wvalid in a c¢ross nodel of our universe,
based on  the Theory of Telativity, the c¢enerally
accepted naysical theories on matter and radiation and,
of course, ouisting obscrvational data in Cosrolocy and
astropnysics (sce, for exanple, PTEBLLS (1271),
SLLYOOVICH, and TIOVIZOV (19G4)).

. . 24 .

ualavies, which are cenerally smaller than 10 cri in
lincar nmneasure, anpear to form aravitationally bound

-

clusters with linear dinensions of the order of



~

i0 Cri, l.easurements on the distribution of
those clusters, althoughh not yet quite conclusive,
. . 26

indicate that on a scale of 10 c¢cr, ana larqer,
“he universce is horoceneous and isotropic. '"he cnercoy
content of the universe has presently a very low
averaae density of the hind which would norrallv be
acglected in almost any other situation encountered  in
pmvsics. “hus, the rest rass enerqgy  Jdensity of

Juriinouns matter is estimated at

r 2P =10 cm (1.1)
!

wminug matter °
0Of course non-luninous natter, sucih as intergalactic
aqas, black holes, etc., 1is cxpected to Le nresent,
possibly averaging in density up to as ruch as 10

o @

iinetic eneray and pressurc (other than radiation
pressure) contributions presently apiear to he of the
. - % e .
order of a mere 10p ,hence onc 1s justified to neclect
(]
peculiar nmotions in  the rather gross cosmological
nocels. Radiation fields such as the presently

observed 2.7 °K isoktropic thcrral or the antici,ated

neutrino and gravitational, are cstinated to
contribute with a density of the order of 10 P. .

Observed nagnetic fields alnost certainly do not oxceed
-" LIRY . . 4 .
10 ﬁ’. tubble's "constant" H civing the fractional rate

costological distances in our

=h

of increase o

exoandineg universe is cstirmated to be of the order



N = ‘ \.7-\028 Cm-l (1.2

Possibly existino inhomogeneities, shear and vorticity
(rotation of the universe) 1must presentlv be very snall
according to the above account, but this in no way
ciminishes their potential importance, especially

during the early phases of the cosmic evolution.

Fartier discussion alonag these lines will at this point
e deferred until the precise cdefinitions of all the
quantities and characterizations used above have becn
civen. l'owever, another issue wvill be Lrinfly
rentionced: the cuestion of whetihiier 0of not tiie universc
is closed. Tinstein, wiho was philosopiiically inclined
towarcs lach's view on this subject (IACIHH (1912),
BINSTLIN (1950)), suggested that a olobal condition
excluding open riodels nmust comlplenent the  (local in

character) field e:uations., Observation is not

conclusive on this.,

In the following, Chapter 2 presents the fundamental
mathematical framework in the form used in the present
work. Symnietries, although not funcdarental, are
technically almost indispensable elerents in pavsical

theories, and, therefore, a rigorous definition of



spacetine symmetries is  caiven. This also allows a
collective presentation of all the wvarious tyuves of
c¢erivations used in General Relativity tocether with
the transport laws which they c¢enerate. Riemannian
Geometry is subseauently introducad with the definition
of a mnetric. A brief review of the technicues of the
calculus of generalized exterior forms is also given.
The Theory of General Relativity is presented in
Chapter 3 in the form of four axioms together with some
formulas for later use. A discussion of symmetries in
General Relativity follows, with particular attention
on tae (later exclusively used) spatially homoceneous
spacetimes, and a systematic presentation of the
various tyvpes of tine Bianchi classification. Chapter 4
outlines the technique used to obtain an exact solution
for a Bianchi 7Tvpe IX nmodel and also for the threce
models that follow in Chapter 5: A Tvpe II containing
dust and E-} field, which represents a non-isotropic
rotating universe with the solution expressed in terms
of a linear second order differential equation
(equ.(5.29)). And two more models, each representing a
dust-filled universe, anisotropic and with rotation
different than zero: for the Type IX, the solution is
expressed in terms of the second order ecuation (5.54)
while for the Type V, three special cases are studied,

model V, (without rotation), model Ve (small rotation),



and mocel Vg , a (seeninaly) peculiar, rotatinga,
profoundly anisotropic and non-staticnary universe, for
vhlcilt an  exact solution is civen. ['inally, the coreoos
is orovideo for a thneorern stated Ly ¢6del in 1937, on

an obscrvable cffect of rotatinc universes,



2. OH DIFFERUNTIAL GEOMETR
2.4 MANIIFOLDS

An n-dimensional differentiable manifold M  of classC'
without  boundary 1is a structure {M,{U},F} , Wwhere
M is a set with elements called points;{u} is
a collection of open sects U in M , cach called a
neighbourhood of each of its points, such that M is a
connected Hauscorff space (LIOTE 1); and F is a farily

of real=-valued functions <F defined on M such that

(a) IL ¢ is a real-valued function on M such that:
to every point PeéM  there corresponds a ncich-
bourhood V of p and a function feF such
that f(p)= g(p) for all pelU, then ge F .

™
() If f,.--'.fm €¢F and 9 is a function R — R of class
¢/ then g (f, ., fu) €F,

(c) To cvery PEM therc corresjponds a U of P anad n
functions x%¢F (a=1,..,m) such that (i) the rap
¢:U3p—(xrp), .-, x"(p) € R” is a horcororphisn
of YU on a subset of R"™ (LOTL 1) (ii) to everv
{¢ F there corresponds a recal-valued function
(Cenoted also by) £ of class ¢? defined on R"

such that fcp)= -f(x'(p), s, X"0P)) .

I'or the definition of manifolds with boundary, sec NOTEL
e/

“ e



/r chart 1s a pair [U,¢) as definea in (c¢) above. o

Ca atlas 1is a collection of charts { (Ug'¢“)} such

that: M= l! U, and also, if for the charts
(J,¢'), (V,(Py) it is: uny FLZ the nmap
CP, ° Cb;‘ is a C’ nap of the followina scts
in R" ' CP,(UnV)-vCPx(UﬂV). The set of functions
&u(P)g are the local coordinates of p . If Part
(c) of the above definition can be satisfied for
L}:N1, the coordinates arc called clobal. The map

o

ql"qﬂd is a transformation of (local) coordinates.
ige 1 «aives a pictorial view for some of the alove
cdefinitions. Starting from one atlas, one can define
another atlas as being compatible to the Ifirst if their
union is an atlas. The collection of all atlases
compatible with the initial atlas is the complete atlas
of the manifold.

A nanifold is orientahle if there is an atlas {(WJK,Q%

in the corplete atlas suchh that the Jacobian of
the transformation ¢u° 4{' is positive for
all non-enpty U, n Up . An atlas
is locally finite if every peM has an open

neicghborhood which intersects only a finite number of
the sets Uk.

M  is paracompact if for every atlas {(‘Jk:dk)} there
exists a locally finite atlas {’(VG,VQ)g with cachly

contained in sore U, .
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Deld IGO0 ITIDS ol DTIIroLSs

0 . , - .
C" curve in M is @ Cp iap o a real irterval

inte M
ACE) Rt — plt) eM (2.2)

at

one can define the tancent vector to tihe curve

o)
N

shae point P, = p(t.) as the operator

- (2
(31?),)'{9 ) (’N))I’c.

vihich nans overy function .f‘cF at f’o to  the

rcal nwoer (%?{)2

Treldicitlr:

t, °

(%)AL.: F aflp. — (% ) 't. w7 (f ) - f()(t.))]

can »e saovwn that the tancent wvectors ot p€ﬁ4 Zorm
~an n=dinensional vector s .ace over the rcals, the so
called tancent vector shacoe _TP at )>6»4 . T'or the
cefinition of a wvector shace Aandé other aloehraic
structures that will be used later, sce 11077 3.
I ot . . s vs . . -
Tith X local coordinates in a neichiouriood of P

one hias

L SEOWY L g

?F)
2t /9 N, dt 1oy, At

ot

iici succests tiiat the ceneric vector W4 at p can

o
be empressaed as WM = W 3,,' p , that is,a lincar
suoer;osition of the linearly indepcendent tangent

vectors 3., (sce .ote 4 for a vroof).

10



) . . \ T* : . .
The dual of T,, , cenoted Ly p o 1S an n-dirensionnl
vector space over tae reals, vaose  clarents, called

L=forrgs, are the real valucd linecar functicns on ’FP :
* .
TP > W T,2u — <w,u) ¢R
such thac

(w,au+bv) = adw,u> + b<w,v)

. * e -
Lor Qa, beR ’ W ¢ TP ) u.\yVvc Tp. oTe TR o L
. 1 . . 13 - Y - - .
clven a  Lasis {e.} in Tp ivs ‘mal iasis {w } in

¥
TP is ¢efined hy
o o .
= (2.3)
<w',e,> = §%
. . o . .. .
Uhe nwbers o, U in the e:xpansions

o o oo
- - P

O - F, w v: U e, (2. 4)
are he conponents of the I-7orrt & and the  tancent

) o

vactor U crorassaec  in o the ("uel) hases (w ’
{e“ } . oy Cvonry unction -fc F and voctor
UCTP ) Uf is a real marber, “hus, anv fg F can be
sed to create a l-forn, denoted Ly d-F accordina to

-

zhe definition

11



O can o seo thoat the  basis Jnal o Lo {’bd} is

{A Xd} hecansa,

AW
1
O
g
=
3
Al

ool o s5ic 1o zolled & coordinntT LoSiS.

- PN B oy e [P ~ T Ty o 1 y e~ EEPN 1= T~ e
ILoceorotric perapoctlive of L-=Teorms, analocoas Lo thot
Tor the tancent vectors (viaved g the "tanconts" o o
“hao curve (2.2)) can  now e gaincd 1f onc rnoticos

ciac 10 = const. for an- 1CEF it dr $ o
cedines an n=1 dinensional subnanifols of M (a
sroersuriace") ond

(d{‘)\_]) can be intersreted as o rcasure of "how
ersurfaces are "piocrcel tharonagn"™ b
YV . I. particular, if <df, V) - 0 e veactor
v an P° iz "contained" or it is toancent o thoe
hviarsurface -F = ‘f(lpu) throuch P‘ at P. . he
converse of (I) .oes not old: Zor any l-forrm @& , one
cannect  alvayvs  find  sone ‘)C such thot J‘F o,
Grorotricalls this corresi:oncs to tie fact that sets of
nlancs, once  set at  cach point p€ M , O nOt

7 wesh to  forr.  intoegral suriaces -F' =

const,.

12



"ror. the cartesian oroduct

¥

*
My = T, 5. =Ty =Tpx. .x7T,
\ “ .. Y ) S

r
as tonsors of  tyie (;) ~t P the

s
on FT, :

- Emr
One con ey o eTine

lincoar real-valued functions

. S ) ‘ v 1
c ' ﬂ( 9 (a’, ,,.'O’V'U”...U,S—-(.(o"---,‘,U,,...,VAGR

G(.. aA:bB,...) - aG(,A,)+bG(. . B,.)
k“’ Po$i+ion I J

vaere a,b eR and A’B 1-forns or Gtancent vectors.

tye resultine n -Cirensional vector sipace over the

~eals 1s cenotaed by

- » »* " .
TS (P) :TPQ___QTPQTPQ...QTP (2.7)
i R ' S

T varticular, —r; (p) = 'FP , 1—7 (p) :TP and
2
1

. - : {
vactors and l-forrs are  oype (o

res sectively (see 70W G).

- . h 1 o [ -
or «iven dual bases w e“} the renl
)

NNILers
o, o el 2.0
C(w ) lw r’ eﬂ.) ;eg‘)—‘ CB" F: v )

13



1 Al . v .
are the conponents of (; € 1—; in the coiven

nsince the notation (5.7), one can then uvurite (3
v 1
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(C (zrz))d“g_” > Couyps..

(3) Syvivetrization:

(o T D A

Y
(g *p,)

1]
W\t

C(a'---w‘,\ (2.12)

(¢) Lntisvmretrizetion:

(2.13)

™). a7V Z Gc':::;.] Cun? G

. o - o . . J
TLicre [ ! v -l i3 0, +L, or =1 accerdinc to
qP FURA .4 :
' Pe

O
r
o
v
b
1
2
O

che Lorrutation relotionsiiig

LitLCCS o

, . o n - g .
;o € Ceansor fiel: C o oo (S) on o set V€M s
v
an assicnrent of an elenent of T s (P) Lo cach toint
)')e’V sucit chiat tiwe coronnents of G vith rasnect o
ans coordinnue basis define’ on anv ovon sulaot of
e .
are C Tunctlond .=
r . - + . [p— -
( ,(M) 1s a nodule over the rinag F (sce .0 3), or
an infinite vinensicnal vector sjpace over the renls,

N

tie direct sun

vith zha sroduct @ 0 defired in (10) Torns an oloohra

+

over the roals, the so cnlled tenser 2loebhrn, of M.



the fellowing, the vord "ITicld" i i
rine, the vord "Zicld" is occasicnally de-

T S .
LoTae 10Y LYO2VITY.
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UL 3 ecinl inpertance in stucyine fhe tobeleoey of @

toanifold are its welle-=benaved point franstornations,

. /2 . -
“hat ig, the one=cne C’ cifferentiable ra:s of V\ onio

itself (see, for ocxarnle, DLLIS (1953)). irch such ran
33 cornlotely ccterrined i o ma 47 on

F (CP F9‘F ""‘CP‘F CF) that satisfics (15):

i3 non-=decenerato

aos avoersurface forming ‘f on wreersurface  forting
¢ is “nmnciional (2.12)
o
(Of(x%p) = £ Px" () )
Twvery crowun of maps acting on F defines a crouy G of

“ransfornations d) on M G is offective if, vhaencver
CP(P): p for all peM,' <P is tihe identify. Points
P,q are cduivalent under G  if there is a 4>eG such
“hat CP(P):q . Invariant variety V or M is a
subsnace oI M  such that all woints ccuivalent to cach
pe€ VvV iie in V. inirwn invariant variety at p
i3 the subspace of M of least Cirensions, containing
voints cquivalent to J2 , that is an invariant variety.

is transitive on a subspace U of M 1f cach
1

1
I

-

two points of VU are ccuivalent to cach  otihier under

17



G (chus G is +transitive on each of the niniruam
invariant varieties it <defines), an” it dis  siroly

Lransitive if Ginm. of VU = order of the

e
&
0

roup=-otherwise it can neltisle  transitive or
intransitive. “he groun of stabiility of PEM is  the

subgrou) of G 1lcaving P invariant.

o define naps on manifolds in creater cenernlitv, one
Ay vroceed as follows,.

/ ’
“he Cartesian »roduct MM o: ranivolcs M,M iz

anifols  yith  structurce naturally  Jefined Lo the
Aol = 3 Fod I LA
nanifold structures of M ) M’ . or
P / « «’/ .
PeM, p eM , (X ) X ) are the coordinates
’
. e e ’ .
of the olnt (P,P ) ¢ Mx M in the
’ . 4 v -
neiguoourhood UtU wacre U is a nelghhourhoor
- s Vs « _ -
of P wvith local coordinates X as similarly for
/’
P L]

' 0
Loiap q?: M->M is a ¢ nav if, for any local coordinate
. , - .
svsteris in M andi M , the coordinates of the imrage
4 g
point CP(P)€M are (C functions cf tlic cooriinates
N , . wsly, @ is cofined ’
of PGM . .lore rigorously, 1s deflined as a C

/
differentiable curve in MR M. such a (P aives

rise to the naps

(P*'- T: (dcr)) 2G —-’(P“C eTo(P) (216

18



¢¥ T (M 3G — 0,G € T, (d(r) (2.17)

cginc the above ccuations and (u), one can oW S0

P*(dF) = d(&°F) (2.17)

the Cinensionality of CP,( |,,> is callad the ranl r
of CP ak PGM . CP is injective ot p 1T r=n (nJ,

N ~ . .. . / ’
wherefore o £ m) and surjective b P if r=n (n £
). CP con e further chnracterized as: proner (17:
- . o _
q) (K) is cormpact (sec 0OUT 7)) for anv co:act
/ . . . .
K C M ), 1 i1nmersion (: injacktive 2t aovery
peM) an irbedaince (s q> LYoner Ono=one irrersion).
(P (M\ is an n=cdimensional irviersed (inboedded)
. . - - . / . . . . . - .
suornifolc in MU if 4> 1s an irmmersion (inbeddinc).
. CV

- - 14 . viee .
(P iz aiso C7. CP is a local Jiflcorcrri.lsm near

iffeonoroiisn is a onc=one C nay ¢ suci that

p i< ¢¥ is an isororphisn ,P —’T4’(P> ; in that case
CP* is  Dboth injective and surjective at p anc
» » 3¢
-l “
(d’ ) nas TP to T (P(P) . One cen thercfore

cfine a map

(P" T:("\”C—"@C € T;(dm) (2.29)

such thet

Clo' . .o'v .. v) ,P = (PG) ((cb")“o','...,q>xq)

19



Zor any values of r,s. his rai. »Hreserves all
alcepraic relations, that 1is,it is an isormorphism of

the tensor alcebra J ($A\ ; it ~2lso pressrves  the

coorcinate incepoendent overations such as
. 3 . 1 /

syvitretraization, contraction, ctc. iThen bA - ’

15 an  antomor»phisr. Such autonoroiisrs are s .ccial

cases ("oragoing along"e--sce Lalow) of  the so  callecd
ACU=rang q> of the tensor clcebra. “her are Je

v the follovine o, C, T propositions:

QP iz an “ntornwroaisr: ol the tensor algelra

= (seec 1107 3)
C q? coryutes witi contractions
(®(cia) = ci¢(
8 - B CPC))
N @ Drescrves ensor Uyne

(Ti(M)3C—®G eTiM )

Tt can be seen IZron the following ccuations +that dD

-

b>e  deterridned  completely 1if  its action on \,

9
o
1
bt
e

(chat is, on F: r Wwhich 1is ccuivalent to a noint

20



“ranfor:ation on PW) SN _ﬂ: is lnotnis
dcovy - < Po Puy (2.29)

dC - (CPc:l‘:_':;"')(cked)@...@(@w") (2.21)

cerivation of a c¢rouny oI [Cy-rmaps is defined, if

C €Tg aad ] the ¢rovy ldentifr, by

DG = éimI(C- ®C) (2.22)

aps Yite D, called nct=derivations  of (M) ~re

onaracherisoed

v the follovince | =lerivation, o, ©

Hropesitions:

L—derivation Dis a linear ra. on ) (h\), bt not
an autororpinlsr: wecausce it is a Jeriva-
tion.,

])(A@B) =(DR§QB*GO(DB) 2.23)

C Cormutes witih Contractions

Preserves Tensor Type
ne  can now see that if D, D., are
;CU=derivetions  and a a,... € R , then aD ane
a,D, +a,Da are also ~CT=Cerivations. Lefining

21



tne "product" ['D,' D-,_—l = D'D‘ - ’D\FD. one
then sces that all ACT=derivations form a Tie alcebral
over the reals: bthce "product" 1is antisvrnetric an<
(identically) satisfics Jacobi's identity,

(Z.24)

[D, v, 0] [D,,09;,01]+[D, (p,,0.]] =0

Usiie standare Lic group techinicues, one can now  show

it an r=dinensional sub=-alc

jeirra g o= A cenorates on

r—=: ara.eter Lie croup Cr of nCl=maps.  ''hus,
G,={e?®, pegs 2
Y J

vhere,

o0

N
e’ - 2 L (-D)
- \ 2.235
N=zo n:
is the LCT-nap cenerated v the clenent D of +the Tic

{sub)algebra 9 of iCl=derivations. U‘he alcebra § is

Known 1if a Dbasis b= 4., ¥ is given 1lus  the

D;
e K 1 .
structure constants Cij aeflning all the cormutators

("orocucts") in 9 :

[D; ,'D)-_l = C.." D, (2.27)

22



was the case with

cffect on T (“

AS
Iinown 1f its

Inoun,

Then acting on functions, D can

or field W . Its coffect on

. - . 8

by « set of functions D,‘ z
D(e.)

“lhidn, corbined with

-

Df vf

can ceternine the action of
exansle,
o -
D(w*) =
CLosubaLicenra 5 of /—\ is an

Cnsors {T}

e soet of ot

anc every [T € {T
crou of ACT=raaons  i1s Lien
(T} Covn ).

lawle 201 sumiarizes  threo

ACT=Cerivaiion:s

23

NnCT=-raps,

an ~CT=derivation is

F) anc (f:‘ T(I"/\) is
Le represented by o vec-

vectors can ho  Jescrites

o civen basis {e,} :

(0.27)

€

D on any tensor. Tor

Dy w’

invariance gsublloeeh:rn on
DT:O for c¢very De%
} vhie correspnond ine Lie
an  invarionce  croot of
sarticnlarly irportant
non coie SCU rans thev
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TABLE 2.1 ACT =-Maps and =-Derivations

ACT -Derivation D

ACT -Map (P

Action of D on:

Action of ¢ on:

Name Functions Vectors Functions Vectors Name
A e": C e -C
Tensor Nf=o ?‘F : f ¢ e,.’ e e,. Conformal
Derivation [/\ w"- -C wl Mapping

! Ao Ne-L.e

Rotation in T(M) |
(Spacetime:
Lorentz

[/\ W - __LI‘ w] Transformation)

- A
Lie Lvu = [vlu]
Derivation L { ¢ e See Transformation Dragging along

v L =C. 2 (19)
v = '
L « P «s €, Considered for M=M
v ] s
L‘w :'Cq
| )

Covariant Vile’ =1 g;e Parallel
Derivation See Following Remarks Displacement

V,f=vf «
Vo v [ﬂlw =l

NOTE: ‘7 :1c£
- ‘ot




o sen €0is s oso ool )i con

TOUOYOS LI lon e

Df = wf, feF

R WS T UL Lo
O T L Ion) .

PO Tyt g N I
i) V oneys the

LIOT ST

oL O

:...v(“m N IR T j.-‘"» "“\.-‘,

PP PARPLY 4 AR S QU X
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Ty = V, v - Vul& - [u,v] (7.37)

' ho intoacral cuvrves o o iflcrentiable  veotor fink

V  orcocalinge (Cocully) sl curves to vhich Wodin

ancent, “hoeso Lnrvas lio on L suriacoen
[

.F = Co“;‘\'m& aer? Lo 5 cre selucions o

V»f‘:o. I.. ceaeral, the vector ficls v in

Ayl T I =y T -~ a7 e 1 it sl ety o~ T
ara Ll b CXONSER2YrY2e QALaondag oo Loaceoxral ourwves - 1A
5=

J
c
W
<
\
)

,-
)
=
€
i,
!
0

2
; -
]
5
-
IJ
—_
;
o
~
3
Gi
=
(-
0
3
fmad
‘_J
i
2
L
G
d
4
td
o)
o
3
o]
;
!_l.
~
3
R

W
O
3
*

s irtecral curves of 44 nre  oelled cceodesics. Choe

IOV eccuation 2lseo Jefinces, to within a liacar
transfommacion, cho oaroretrization X = x (2)
R R R N e e -.'t’. 'X .‘11 SRR S
Gl ceodesilc vith called tic af

iine sararneter,

O may racard v as a tenscor operator, nanwince tensors
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\VE G() — VG( ) (2.35)

or, in congonent languaae,

&y oo Ay

(VC)B.-“B;,. = GO 2.30)

81"'35}8$ﬂ

oo that the sinpgle corma is used for

]

L
™
W

£ (7.37)
) o

X 3
V = VV is also an operator such tiat

o, ...

(VtG) (wd;---,ea,}e{,e,‘) = CB‘. B:L)Jh (7.37)

and cne Tinds, in this notation (LG7T 17):

VO ) - VG Vg G 1

Just as the covariant <derivation Vu can  be <efined
thirouga the owperator V once the dircction W is
diven, one can define the tensor derivation R (u’ll)

- z . . » »
Tronm V if the two directions u’ V arc given, as

R (u,u) = [Vu :VU‘I - V[ (2.10)

W vj
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4
L

his operator, called

19

lincar w Lgas

) tensor, the

curvacure, i

M -

and  tuerefore representable by oa  (

“icmann tensor, witn corponents

R(w,e,,e,,es\ = R Bys - S w“’ R(e,,e,)e,> (7.41)

o

_ _r“ o b+ e( k "
=y T oars * T obyl Tos - T Mg T g Gy

Che Rdaorann tensor obeys tue (Zirst and scoond  set  of

whe) sianchi identitices:
R (2.47)
TINGT S ) 2,40
[rvp)

P -
STCOUD S R '..[yf/- o]

T is usncd next, for the definition or Jescrizticn of:
geodesic  deviacion (I, Z.2), parallel transoHort of a

vector alouna a closed curve (PIG, D.32), ‘hooncential man

and nor:al Tianmannian coordinates (

28



FAIIILY Or
GLEODIISICS

PIGURY 2,2:

fiducial
geodesic

<

JACOBI FILLD

frarmily of curves
joining points
of geodesics with
the same value of
affine parameter)

Geodesic Deviation:

J.” is the vector J, after parallel
transfer on the fiducial c¢eodesic from 1
to 2. In ceneral it is different ("deviates")
from Js already residing at 2, which (like
Js) is defined throuch the ecuation of geodesic
deviation: VY Va J + R(Wuw, J)un = o
a special case of the deviation equation (3.53)

29



aoSa

__—— beSh

b-§b

FIGURE 2.,3: Parallel Transport Around a Loop:
The numbers @,a+*8d,..are the values of the atfine
parameters on the two farilies of ceoresins,The
quadrilateral defined by t4,U is closed becausec
it is assumec that{sW):0. A’ is the position of
A after parallel transport around the circuit.

Then, with §A = §A /(8§a)§b),

SA = - R(w, v A

30



FIGURE 2,43

Exponential 'lapping and iiormal Coordinates:
Exponential map: T,2W >exp¥) eM. Nygis an open
neighbourhood in Tp mapped into NpeMwith the exp
map so that the point peMinto which ¥ is mapped
lies on the geodesic Vvllzowith affine parameter
values A=o at P and Azl at Pp° In the convex normal
neighbourhooc N, of p norral coordinates of p’
are defined as x¥:=x*(pP) where WV:=x"€, Then, at
P, €,=9,anc [A,ze(see NOTE 11).
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1
|

Ye o HIINIRIC AND MITRIC-INDUCED PIROPIIRVTIL

- . . I3 ° . .

L ovetric 8 is a symmetric temsor in Ty with

corponents ( )‘:’ . = on=cecencrate

oronents 9 el;eﬂ e“ eb %ap , non enorat

(: 9 (“,U) 2T 0o for cgiven W and. 211 W
u

z0 ), with M"inversa" (also enotes by)

<4

[ ., o .
9 CT., with cormnonents 3 B suci thnt

8

B _
9¢>‘3 - go‘

1 2
4

e netric is usced to define:  lencths of  vectors (

g(u,u) ), tiie "cosine of the ancle" between then

(gup)/] g, w) §(u, )| ), e lencth € of a

curve Letween the points vith values f,,it ol the curve
t

paraieter f (e :[{tl 3 (a* 'at)\"i A{ ), and the
.

"lowerinc and risinc" of indices througli the rans in

’)/(M) naturally defined v g (in a;plications,

enscors thus napped to eaca otier, €.C. Tda' Tu’

ntc., will be considered as  regresentine the  sare

encity, T ).

“Tith creper choice of Lasis vecters, gﬁv can aave 1

(zcrcs wonld  indicate o Jegenerate rnetric) as  its

ciaconal  cornponcents At one polint witl no off-diaconal
TeYINS ., “he resulting scouence of  sicns is the
sivnature of 9 . 7. sicnaturc with ninzed sions is
aalled jsseuco=Tucledian and qives rise to
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pseudo-Riemannian spaces, Riemann spaces have
Eucledian signature at every point.

The central theorem of Riemannian geometry guarrantees
the existance of a unique torsion-free affinity in a

(psuedo) Riemannian manifold, such that

)
Vug = O  for every uéTo (2.44)

The affinity is then symmetric in the sense that the
2 . s .
rotation coefficients r‘ pv are symmetric in Av, in

holonomic coordinates. The Riemann tensor has in this

case the additional symmetry R AhVP = R [Ar]ve
which, combined with the ones resulting from its
definition leaves i% Y}(Y¢—I) algebraically

independent components.

The (symmetric) Ricci tensor, the curvature scalar, the
Einstein tensor (symmetric, zero divergence) and the
(conformally invariant) Weyl tensor are, in that order,

defined as:

R«g - Rhur{; (2.45)
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yv

h 2.46

R™, (2.46)
I

Cug = Rug - 7 R 9y, (2.47)

wWHe, - R“sa _25{ Ra] .l °E‘ AR (248

§]
A group of ACT maps generated by an r-dimensional
algebra of Lie derivations that 1leave the metric
invariant is called a group of isometries. The r
independent vector fields -gn in T;(M) corresponding
to r independent derivations in the Lie algebra are
called killing vectors, and the equation expressing the
invariance of the metric

L¢3

(2.49)

1
o]

the killing equation. It can also be written as

k3 (uv) = u- [}'U]:' u.['g)u] (2.50)

where L} U are any two vector fields.

Thus each 3 generates a group of maps of h4 onto it-
self called the group of motions of the space and every
point P€P4 *moves® under the action of this group,
along the, so called, orbit of P . 1f the orbit of a
point P is P itself, it is called a fixed point of

?

34



the group. If the orbit of every peM is a geodesic, }
is called a geodesic killing vector and the isometry it

generates a translation.
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2.E GENERALIZED EXTERIOR CALCULUS

Consider the tensor C € T;q , antisymmetric in its
last 4 covariant indices (NOTE 12). Then, with the
exterior (or wedge) product " A " between any two
l-forms defined by O AW - oW - W0 , G can be

written as

| 2,
C = _C—]_j CA} W A...Aw‘h (2.51)
. ] q
where
= q' °’r ﬂ- ’!
C'A, Aq G o BeA Ay C.2-2€, 0w’s. ow

and, in this form, called an (;) -tensor-valued q-
form. In this terminology, a function is a
scalar-valued O-form, a vector is a vector-valued
0-form, an ordinary l-form is a scalar-valued l~form, a
(,') tensor a vector-valued l-form and so on.
In a manifold with affinity V . one can further define
the (generalized) exterior derivative operator d .
This, in addition to being a derivation (but not an ACT

derivation), obeys the following rules:

(a) 4G  is a (;) -tensor-valued (Q+) -form

G as above.
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(b) For any tensor-valued O-form S ' ds = VS
(c) For any scalar=-valued l=-form @ , Cartan's struc-

tural can be taken as the definition of dw.
with T the torsion tensor,

o o >
dw - - w°; f\w,‘ + -,lz— T M"w A wP (2.52)
where

8 2
w' = 7 W (2.53)

the connection forms, with

2 o ! 2 « 8
dw“,,:~w,(/\w,_+ ‘iR}.ugw/\w (2.54)

(d) For the exterior product of any tensor-valued
9 -form G with an ordinary (that is, scalar-
valued) p ~form O

d(C'\‘-”) = (JC)A o +(-')qc ndo (2.55)

Although a metric is not needed for the definition of
integrals over n-dimensional submanifolds of M (see
NOTE 13), more general definitions can be given with
the use of the so called canonical n-form on Pﬂ (or
Levi~Civita tensor) € , in terms of which one also

defines the duality operation on forms. The components
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of € in an orientable manifold, and with respect to
any basis with positive orientation, are
| | n
R | 3 -
€, = nliart 8, § «n]

RN

(2.56)

RN TR PO B AR i
so that

A S[,: ge" (2.57)

€“."’°‘h 69'.”3" = ( «"‘l

where 3 is the determinant of the matrix of the
components of g and S is the signature. The dual
of a g-form is an (n-q)-form; thus the dual of (: in

(51) is defined as

'C =4 o G A Aa (2,58
C T q (nq\l C 6.;'... )“ﬁw... A W A ( )

In a gquite analogous manner, one can define the
exterior product of vectors as
e«AeB =€.,°€,- e,9€,r thus creating bivectors,
etc., or more generally tensor-valued { -vectors. The

duality operation will, in this case, be denoted by

¥ .

The volume of an open set U in M is defined as (see

also NOTE 13)
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f¢( L)

where d)(U) is the region in R“ onto which U

fu ¢ 191" dx . dx" (2.59)

ol
is mapped under the coordination X . In the same

sense

/ fe = /¢(U)F“B|%Jx'---c\¥“ (2.60)

U

is the integral of P over U . The integral of £

over the manifold M . is given by

fM fe - 1& ]‘P,(Uu) ﬂ“‘%‘q{:ol)(‘---clx“ (2.61)

where %k is a partition of the unity of the atlas
{(()K,(bk)} . One can therefore define, in the above
fashion, the integral of any q -formn over any
orientable ¢-dimensional submanifold of M. Useful
in this context is the generalized Stokes Theorem which
states for a 94-form @ and any orientable ( 9 +
1)-dimensional (sub)manifold Q with boundary ')Q

one has

[ do - o (2.62)
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3. GENERAL RELATIVISTIC COSMOLOGY OUTLINED

3.,A AXIOMATIC FOUNDATION OF GENERAL RELATIVITY

The postulates, on which the Classical Theory of
General Relativity can be founded, will be given first
and explanatory remarks will follow together with some
basic formulas for later use.

SPACE TIME (Einstein's "Continuum®): All events in the
universe can be considered as points of a
connected, four-dimensional, Hausdorf,
C® differentiable manifold, with a pseudo - Riemannian
metric defined on it with Lorentz signature, and with
free test particles moving on geodesics,
determined by the associated symmetric metric
affinity.

CAUSALITY: For any two points (events) in any convex,
normal neighbourhood, a signal can be sent between
them only if they can be joined by a differentiable
curve, 1lying entirely in that neighbourhood, whose
tangent vector is everywhere non-zero and
non-spacelike.

LOCAL CONSERVATION OF ENERGY AND MOMENTUM: There exists
a symmetric tensor, the energy-momentum tensor,
which depends on the tensor fields by which the

material content of the space is described, their
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covariant derivatives and the metric, and which
vanishes in an open neighbourhood if and only if all
fields vanish there. 1Its divergence is identically
zero.

FIELD EQUATIONS: FEinstein's equations hold, that is,
G+ N3 = T

where (; is Einstein's tensor, :; the metric, _r the
energy momentum tensor and A the cosmological constant
(hereafter taken equal to zero).

For a systematic exposition of the theories of
Relativity and Gravitation, see, for example:
TRAUTMAN, PIRANI and BONDI (1965); ANDERSON
(1967); HAWKING and ELLIS (1972); MISNER, THORNE,
and WHEELER (1973).

The above postulates must be supplemented by a
prescription on how to determine T , which can be done
if a Lagrangian is known.

The physical concept of an event arises from our
{supposedly objective) ability to assign
relative spatial and temporal separations to
localized occurences in nature. The assumption that

events form a “"continuum” is supported by our
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intuitive conception of space and time and the
principle of simplicity. Lorentz signature is chosen
because special relativity holds in sufficiently small
regions of spacetime, as experiments show.

A vector field W will be timelike, spacelike or null
at a given point P , according to whether WU'lL is, in
that order, negative positive, or zero at P .

The motion of small free particles on geodesics follows
from the (experimentally established-~see, for
example, DICKE (1964)) equality between the inertial
and passive gravitational mass. That all matter
fields enter the field equations thrcugh their
stress-energy tensor {only), expresses, on the other
hand, the equality between passive and active

gravitational mass (KREUZER (1968)).

The momentum P of a particle with rest mass M is
always timelike. An observer with velocity W will

attribute to this particle:

rest mass m - (- "-F’)V1 (3.1)
energy E = - ’)-11 (3.2)

itude of @ - ) 2 3.3
rorencen . 1Pl = [(Pu)+ pep] o
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ltude of 7 P ! 3.4
?Eggiogityo lvi = - 1pl(P-u) (3.4)

T"he red (blue)-shift of a signal received by observer
"2" and enitted by "1" is given by Z :
0\1 W, E. u|.k(')

\+ 2 = -’;\—.— - . - E. - uz-Kﬂ) (3.5)

where W, is the velocity of observer "2, K (1) the
rnomentum of the photon when emitted at "1" and so on.

The calculation of the curvature
_ | 2
R - C; e W o R k (3.6)

is based on the computation of the curvature 2-forms:

(same as (2.54))

2 _ 1 pA < 8 9
RI-' = 'iR},«pwl\w =dw*},+ w,r\w“,‘

As one finds from (2.52)

)
dw - - w‘xb/\w" (3.7)
and, using (2.44) or, equivalently
d (u-v) = (Ju)'v ru-dv (3.8)
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one has

dgbv = Wy v Wy, (3-9)

One has therefore exactly enough equations to calculate
the connection forms and consequently 'Zék .
Alternatively, one can use (2.53) to obtaine the [ 's
and the components of the Riemann tensor, given by

(2.41), here simplified to

2 _ 2 A 2 o
Rywe = T Y =T e kel vp

(3.10)
2 o h) v ) o
-rdfrw*‘\_.‘vrn' r ;\ur Pv
where the fact of zero torsion T :
y I I i (3.11)
C"’V - r vp r hv

was used. The "“inverse" of (11), as valid in general,

is given below for completeness:

= 1 . - - (3.12)
rg}.v 2 (g"”"v 39",}‘ gﬁula* CAPV* CQV"- C"V)3
For any function -F » if and only if ‘l— = o
2
d £ - o (3.13)
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Also, applying for !;':¢Jll the equation

ASurmw) =V, <Sw)-V <Suy-<S (uw]) .14

valid when T =0 for any tensor valued l-form S ’

vectors W ,wW , one has
1
dv - Rv (3.15)

This equation can also be derived directly as follows.

From
(equ. (2.40))

one finds, using ‘Z‘w - un E [l—l, W] (zero

torsion) and (2.39):

1 h S
Vvliw,u)-Vu(u,w) - Rluw)v  3:18
and in component notation
o of o 2
Ve = Vipw = Ronv (3.17)
The Bianchi identities are

dR-. 4G - o)
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where

G - ¢ (*R¥)

is the Einstein tensor written in the presently

notation.,

(3.19)

used

The duals of various forms can be expresse in terms of

the following "volume” elements in M:

4 l « £ ¥
4-VOLUME d Q- 77 Ewpys W AW AW AW (3.20)

3
! B
HYPERSURFACE Z?‘ : 30 € 1o By WA 2w’

1
2=-SURFACE d S\M - -;2‘7 eAb“B lJ\JM/\luB
LINE A'CSA,,,V = Eqpva W
Thus:
FOR DUAL IS
l.,
feF Y=fd'Q
= If‘ w" *J :jhdxz_,,

J
F = 'livF-,., wpl\wv ¥F :%_'.F’"V 19’“;
K

1L
w| -
~
p %)
T
E,
€.
e<
®
b o
.\dl‘-
s
as
R
a0
¥
<
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(3.21)

(3.22)

(3.23)

(3.24)
(3.25)
(3.26)
(3.27)



From (2.56), one obtains:

€°‘°°"°‘1°‘s€’°3' ot = - (u4')(o!) S[f: :.'{:&:;
N I eD LD R e 5
Eu,avp EBBVP = _ (1) (q1) 3'[::55',]
N e L EDI

Eapve €2PY0 = _ (on(u)

and usiny these expressions with V€ =zo and

equation

(A O')o(, - olgy, - (_‘)"l o-[ol.---"’q 3 %qu]

valid for any ordinary 9 -form O when = 0

obtains:

(i(any volume element in (67)) = o

d*J - Jh . d'9Q
d*F = F-'“‘”\ Azz)‘
and so on. Also, for C = e’,Ch” w”

d*C = e.cM, d'x

with similar expressions for other forms.
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(3.28)
(3.29)
(3.30)
(3.31)
(3.32)

the

(3.33)

one

(3.34)
(3.35)
(3.36)

(3.37)



3.B THE DESCRIPTION OF A RELATIVISTIC FLUID

Anticipating the specialization to spatially
homogeneous cosmological models (see next section and
Chapter 5), a discussion of hypersurfaces will follow.

A hypersurface in M is the image of a 3-dimensional mani-

fold ’5 under the imbedding

¢ £  — M (3.38)

CP(CS) can be locally described by ¥‘=° , where -f is a
properly chosen hypersurface-forming function on M
; 1if both 4% and b4 are orientable, the nowhere zero

l-form

W= (eoddf (3.39)

will characterize portions of ﬁP(:f) as timelike,
spacelike or null according to whether W4 is, in that
order, spacelike, timelike or null. The induced metric
(P*gon ‘g (the star ¥ has nothing to do with the
duality operation on forms--see section 2.C for
notation), called the first fundamental form, can be

used to define the projection operator '1
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"l - ((Px)-' CP" 3 (3.40)

which projects every vector WY € TCP(P) . PE€ 5 into
its part lying in the subspace ¢&("T;) = F{¢(P)
of —T¢09. See Figure 3.1. If W is timelike, with
Ul =--!, then

h - g + Leu (3.41)

Consider now a congruence of timelike curves in M ’
which can be taken as respresenting the histories of
particles or the flow lines of a fluid. A congruence
is a family of curves, one through each point of b4.
In a closed compact 4-dimensional submanifold D ofM

the congruence can be represented by the diffeomorphism
[t.,T.]*% — D

where [T..,, ‘C,] a closed interval of the real 1line
and *5 a 3-dimensional manifold with boundary. The
everywhere timelike vector tangent to the curves can be
normalized so that W-I :=-! and one can now introduce
a set of quantities which can describe the kinematical

behaviour of the fluid.
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(Ml 9) ¢ Original nanifold and metric

L
(‘ 5,(1) 9) : Hypersurface and induced retric
("first fundamental form" on % )

(q>('5) '\) Irace in M and induced metric
/

FIGURDL 3.1: Irbedding a hypersurface in a manifold.
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ACCELERATION a-=v,u- un

(3.42)
VORTICITY Wy = b2 "\5" Upa; 4] (3.43)
RY =L e Uy, (3.44)
ol
=1 €M U upy

or, Q - x+undu (3.45)

EXPAN SION 9“8 = hA hsh Uean) (3.46)

SHEAR Oup = 9°‘B - 3161—,% (3.47)

VOLUME (OR ISOTROPIC) EXPANSION
«R aff ol
O = h7 Bug zh Uygzusa 349

One can now verify the "decomposition®™ of ‘71&:

- . 1
uo(,e —"M,(up-‘-—s-ehdﬂ-oa'daa- w“ﬁ (3.49)

In order to discuss the physical significance of these

quantities, one may introduce the Fermi derivative

Fi“ll of a vector field U along the congruence:

FU = VU -gmyusguyi  c.so
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If FuV=o’ V is said to be Fermi-Walker transported
along the congruence. The physical significance of
this transport law is that it describes a propagation
free of any rotation with its induced inertial forces.
Thus, for example, a gyroscope is Fermi-Walker
transported along its world 1line. The lengths and
angles between Fermi-Walker propagated vectors are
preserved., For vectors in Hp ’ Fu = Vu and if the
congruence is geodesic (14 =o) , then Fu:vu for
all vectors.
Consider now a family of curves, called a Jacobi field with

tangent wvector ] , defined in terms of the congruence
so that

LuJ - 0 (components: j“: u“’-BSs) (3.51)

One may interpret ;] as the "connecting" vector between
nearby curves of the congruence. As .J' is defined
modulo a component parallel to W , one can work with
only the projection of J into Hp at every point p .
Using for basis a set of orthonormal vectors {f3¢} '
Fermi-Walker transported along the congruence and with@,

cs,one obtains from (51)
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.3—1] = ug;m]"‘ (3.52)

T [ .
4 ]’ (- R o “p,'m ' u’um)]m (3.53)

V)

The second is the so called deviation equation which
for a geodesic congruence becomes the equation of
geodesic deviation (see figure 2.2). .

The solutions of (52) can be expressed as

70 = AL (D) T™(%) (3.54)

where the matrix A'H&c a function of T, determines the
evolution of J from its value J(‘t.) at an initial
position P, . At the initial position then,‘A is the
unit matrix, representable there by a small spherical
element of the fluid, according to the rules of the
familiar representation of a 3 x 3 matrix by an

elipsoid. At the general position A can be written as

J
A'w = 0w S, (3.55)

where S is symmetric and ) orthogonal with positive
determinant. Now an initially spherical volume of the
fluid will in general experience a rotation with

respect to a Fermi-Walker transported basis and a
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(positive or negative) expansion, which can be
decomposed, as usual, to a volume (that is, isotropic)
expansion and a shear. The matrix O will describe the
rotation (Wps, and matrix S the expansion 9p.., of the
fluid, with the determinant of S giving the volume of
the initially spherical element of the fluid.

Explicitly, one finds:

?2 wlM = (A")“M(giA\)p” - (A-'\; ﬁ\nm
(L\—‘ ABI\M (A-')‘; (517( A\hm (3.36)

P - f? fa (det A)

and, using (52), (53)

0 ]
c—cli{ AW = u i A (3.57)
—j?‘ Apm - (' Q'ono + u',.,,+ d’ah) A" (3.58)

From (57) applied to the initial point ]1 (where
A'M = 59.\,) and the expressions (56) one can now
justify the definitions (43), (46), (47), (48) and the

terminology used, Equation (58) determines the
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evolution of the kinematical quantities if the

Riemann
tensor

is known, which, in general, is accomplished by
solving the field equations.

Assuming the fluid to be perfect, its equations of motion

will be functions of P (baryon number density) and

S
(entropy per baryon):
P = p(ps) T = TCe (3.59)
From the laws of:
baryon number conservation V‘ (Pu) = o (3.60)
lst Law of Thermodynamics dE = ’*Jf’ t fJS (3.61)

) , £-p
with & the total energy density, p = I the
chemical potential per

baryon, one obtains for the

pressure and temperature:

p
T

P ["3?7;) - E (3.62)
2

S
7 (

&

!l

o)

(3.63)
P
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and the following consistency relation (Maxwell

relation)
(%sﬁ)‘o = pl (%I)S (3.64)

The second law of thermodynamics ‘—j—_—f— 2 © holds with
the equality sign for an adiabatic flow and, in that

case,

T = (E+P)uou+ Pg (3.65)

is the energy momentum tensor for the fluid (Lagrangian
=-28&).

The component of ‘7'1-=0 along W reproduces, as expected,
the first law (6l1), while its component on the subspace H

gives the

Euler equation (£+ P)a = - (de Pu) (3.66)

Noting that for a comoving element of the fluid, with

volume \/ one has

dé_-t-ﬂ.,‘\/ = V-uw (3.67)
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one can rewrite u'(V'T) = o (first law of

thermodynamics) as

(3.68)

"
QO

A(EV) + piv

If the fluid is electrically charged, there will be a
contribution to the energy momentum tensor from the E-M
field. The physically observable quantities that
describe an E-M field are the components of the

(antisymmetric) Faraday tensor
| o 8
F = 7 Fop Wrw (3.69)

to L
Fij = H, (ijx cyclically 123
or, the Maxwell tensor, which is defined as the dual of
F:. In terms of these tensors, one may form the
invariants

;
T Fdﬁ r~f

-1 E| (3.70)

W
xil

{ Xr—ofd - -
T Fdﬁ - = H-E (3.71)
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The electromagnetic potential A , a 1-form in terms of

which f: may be expressed as
F = JA : (3.72)

is measurable only after a gauge has been chosen for

it, one such being the usual Larentz gauge
' .
C'. A - 0 (3.73)

The field equations (Maxwell's equations) are

AF = o Cl *F z ‘IH‘J (3.74)

where J is the current l-form for the electric charge,
defined as fu, with P the charge density for a
comoving observer. The energy momentum tensor for the

E-M field alone is {NOTE 14)

. B
4n Th, = F"d;:vv -4 3, Fo’BF (3.75)

The equations of motion (equation for the Lorentz
force) will result from V'T o0 if the massive (of
the mass) contribution of the "bare" fluid is included

in the energy momentum tensor.
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3.C ON SYMMETRIC SPACES AND THE BIANCHI CLASSIFICATION

The G. of ACT maps (P generated by a Lie derivation
L—g is an affine transformation if it commutes with

parallel displacement:

CP(Vuv) = %u(‘PU) (3.76)

For zero torsion and noting that (2.39) is also valid

for Lie derivations, the above can be written as:

0= fp'll [Vuv - (G dV)]
.—Qo.;.“i [(V..U - ‘7('“”)+{ qu"’vq’u‘?")* ( V{m‘P” - ‘P-.{vtu u))]

VY Vi (Lyv) - LV v)

hence

Vu(L-SU) = (L; (VU)) (5u) (3.77)

and similarly, for any tensor (:

Vi (LgC) = (Ly(VG)) (;u)  ws

As a by-product of the above derivation, one obtains
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using (2.40)
Y - o B
S a0 7 R7apyd (3.79)

The integrability conditions for (76){(&d (77) are

LST =0 L R = 0 (3.80)

for the torsion and curvature tensors.
An isometry generated by L 3 is also an affine trans-

formation in spacetime so, from LSS 0 and (78),

o o (3.81)

3(“) 8)

if and only if 3 is a killing vector. It also follows

from (77) that for a killing vector 'g
‘S(u-U) -4 uo L}U fvol__;u

or, with u-=e. 11-:6a , 3:35

ata«a = Cugy v Caun

which shows that in a coordinate basis (where

= o)

Ceopy
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g,ug is independent of the coorcdinate corresponding
to the killing vector.

From (81), one finds that for any W ,

(-g./uu)/‘g MB - Eﬂu“}ﬁuB

hence, S.,ud is constant along an affinely scaled
geodesic with tangent W . Also, 'Sdfu is constant
along the trajectories of '3 , as follows from
(Ed.id);p 'gﬂ = o and if the isometry is a
translation 'fdgv is constant everywhere. The last
statement holds because in 'g,,’.p"gp: A%« , Joas a

consequence of (81), and one obtains then

(3.%).87°-

Spacetime will have the highest possible symmetry if it
admits the maximum allowed number of killing vectors.
This number 1is equal to the maximum dimensionality of
the invariance Lie algebra of the metric, that is
1/2n(n+l). Thus the flat spacetime of Special
Relativity (Minkowski space) possesses 10 killing
vector fields.

It will now be shown that for every killing vector 'g
there corresponds a conservation law for the vector

[’:';-1r(component of the energy-momentum flux density
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along the direction of 3 ). From (2.50) and
VT = © , one finds that V'P = 0o, which shows that
the flux of P over the closed hypersurface 2D of any

compact 4-dimentional region D is zero:
b = * - ”* _ . 4 _
{DPAZ}‘ 'f‘w P - fDd P- ID(V Pd'S) -0 (3.82)

In flat spacetime and Cartesian coordinates, there
exist four killing vectors Pc( = 3« generating
translations and establishing conservation for energy
and momentum and six others,':“ 33!_.[.)(”3.] generating six
rotations and giving the conservation law for angular
momentum.

Spacetime will, in general, admit no killing vectors but
the 1lack of any conservation 1laws (although one
realizes that such laws are not fundamental or
necessary elements of a physical theory) is apparent
only in a global sense, since one can always, using
normal coordinates, make negligible the flux for linear
and angular momentum over a closed hypersurface by

considering a sufficiently small region of spacetime.
Assume now that a spacetime is spatially homogeneous,

that 1is, it admits a 63 group of motions simply

transitive on spacelike hypersurfaces. These, so
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called, surfaces of homogeneity define a unique,
normal to them and future directed vector field (or

l1-form) M , with

nMNn- - ' Vh“ = 0 ) ’“/\Jﬂ o (3.83)

Because it now follows that dﬂ =0, there exists a
function t , with M =-dt+#0 such that the equation for
each hypersurface '5 will be L = const. and a
parametx:ization *5 (4‘-') can be made, where z < 1(!)
with j.:.: $to . The metric in ’3(“ will be

9 + N®N and the general discussion of 3.B is
directly applicable.

Introduce now an orthonormal basis { e.(} such that €,-N.
Using the equations: 9,. ng( LYy ') (V.,e,,,) e '°
(following from (9) and (2.53)), (11) and (12), one can
compute the structure constants C.gg’ (see, for

example, ELLIS and MACCALLUM (1969)). They are

Cl’mn i, €pmrsm + ag, J:ﬂ (3.84)
where, m

qy i} CIW\

S(" - :Ii Cpm(r éh]ﬂw
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and

Cugo = ©
(3.85)
The last equation can be rewritten as
r
C}’om 'V)P'M N €Prm52 (3-86)

where

Q" - ge““"‘mﬁe,-(v,,e,)

is the rotation of the basis vectors with respect to
Fermi Walker transported basis. If gp are the three
killing vectors generating the CT; r one can choose the
basis (BESIDES €,=71) so that [€ % ,.] = 0.
Applying the Jacobi identity (2.24) for eh:SP,Sw one
sees that ()," are functions of time only (NOTE 15).
Further, one can calculate the time derivatives of the
structure constants by applying (2.24) to (?,)(39,(3,1
and finally for e,,eme,‘ to obtain a constraint among
the C 's; this constraint written in terms of Sbw and
a, ¢« in terms of which the C"; are expressed in (84),

is
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g/w a = 0 (3.87)

Performing an orthogonal (only time dependent) rotation
of the basis {em‘i one can give S,. and Q, the

canonical form

‘S> Jiq% (’52, g', S; )

e
(3.889)

Q[’—' (qg;’olo)

into which the constraint (87) has been absorbed, since

5: = o (if 9.7’:°), and &, = |

On any chosen hypersurface ‘S the basis for the
Izilling vectors can be chosen so that

=~ o * " (3.89)
C,,m = C, .

"

where

Paud

[‘g( )‘gm] - prn Sn (3.90)

and the # in (89) indicates that the identification
n
is valid on a specified -8 since Cﬁm are

P

functions of time while C,M" constants (NOTE 16). The
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expression (84) will therefore also hold for theff;
r
but with the S “: Q’ constants. Using the canonical

form (88), one has

= wo_ n = = 2 . = 1T - 3
CIM - E;W Sw ) C:z - C13 = a
(NO SUMS) (3.91)

~

iwm

One is free to renumber the 1;'S s, reverse their
directions and rescale them. Table 3.1 gives all the
possible independent combinations for §,, E together
with the Bianchi type of the group of motions tht the

corresponding killing vectors generate.

Types VIh and VIIh are actually one-parameter families
of groups; h = i%; was chosen for the parametrization
because it is an invariant as one can show by
calculating the time derivatives of f,,,., and 4, .

Therefore, it is always:

] ~ 1
o= 2 . @
S.‘fx "S';"s:’ (3.92)

Lad [ )

When used to determine the (C 's, the values forSha
can be chosen as t1 (when not zero) unless none of

~ ~ ~ ~ ~ ~
Q,S$:,S; is zero, in which case 52,53 can be #1 and Q

will be given by the invariant h from (92).
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TABLE 3.1 Classifying the Possible Structure Constants

L9

'“S" ’§z §5 a Rianchi Type
0 0 0 0 I

+ 0 0 0 IT

+ + 0 0 VII (=VII.)
+ - 0 0 VI (= VI.)

+ + + 0 IX

+ + - 0 VIII

0 0 0 + Y

0] 0 + + Iv

0 + + + VII}

0 + - + VI, (‘\\;iI.:-IEIIII)




TABLIL 3.2 The Bianchi Classification of llomogeneous Spaces

89

B e o .

I o o) o

11 o'no’ o o

III o rno’ 0 )

IV o oo’ o 'NoroT)

v o) o'not oo’

VI ono" o'no’ 0

VI, 0 aON "+ OO -ONO - a0 A0’
VII o'no’ o’ro’ o

Vi, o AOAT + o0 o'nol-agiag’
VIII (!"11\(!’3 oro —oA@?

IX ono’ o’ng’ o'rnog?




a
From (2.53), (7), (11) one has for a basis {w }

1
dw - "T'l' CA‘_V wa/\ wk (3.93)

This equation with the values supplied by (91) was used
to construct Table 3.2, which gives the differential
relations (93) for the l-forms 0” dual to the killing

vectors EI of the various Bianchi types.

Type III is derived from VI for h =-1; notice
however that the JO' ’ given above were obtained from
the original ones (which were:
do'-0 do*--do’:-0'A6>6") by a linear
transformation of the basis. The Types VI and VII can
be recovered from VI, and VII, when h = 0 ; in these
last two types, the value of '& is given by (92) for

g'\:—‘ and S!:+lo
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4, EXACT SOLUTIONS

4,A OUTLINE OF A TECHNIQUE

An exact solution of Einstein's field equations,
representing a cosmological model, is a spacetime (M’S)
in which the components of the metric are known
functions of the coordinates and the material content
of the model 1is described by appropriate geometric
quantities, usually scalar vector or tensor fields,
whose components are known functions of the coordinates
and such that the energy momentum tensor defined by
them satisfy Einstein's field equations. For the
complete understanding of a model, the above
information,being local as a result of the use of the
machinery of differential geometry, must be
supplemented by a study of its global topological
characteristics (see, for example, HAWKING and ELLIS

(1973)).
When the restriction of isotropy is relaxed for models

complying with the Cosmological Principle, that is, for

spatially homogeneous spacetimes, the most
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straightforward search for an exact solution would

start by writing the metric as

3 --dtedt - gﬂm 0"0 o (4.1)

with the gﬂm unknown functions of the time ¢ , and
the © 's chosen from one of the Bianchi types
described in 3.C and listed in TABLE 3.2,

In terms of a properly chosen orthonormal basis

w-dt L W - Mo 4.2

with the PN 's functions of { (only), the metric will

be
3 = - w°ow° + w'ow' " wlowt-y wxow’ (4.3)
Then, from

) 2 b
dw’ = T, wiw (4.4)

which follows from (3.7) and (2.53), one can uniquely
determine the rotation coefficients if one uses, in
addition to (4), the symmetry

r('A\—\v - 0 (4.5)
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which follows from (2), (2.53) and (3.9).
Consequently, one can obtain expressions for the
components of both the Riemann and Ricci tensors from

(3.10) and its C:2 contraction:

_ 4 o of B
R"‘P - r Ro,o = r Pd!P-’ re(BdrF'..P - }-pr po (4.6)

To write down the field equations

- |
C\*v = Ryy- ﬂlgw = 8N Thy “-7
or,

R = 3N T\‘V - ‘ng"v (4.8)

‘v

i )
(where R and | are C‘contractions of CzR andT ),

one must know ‘1. , Which presents no difficulties

ordinarily.
Thus, for the case of dust, for example,.r is given by

(3.65) reduced to
T = € ueun (4.9)

for an E-M field by (3.75) and so on.
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The field equations must be supplemented by equations
which the material content of spacetime must obey,
that is, conservation (e.qg. continuity)
equations, field equations and equations of motion.
One example in each category respectively is given

below:

Baryon
number

conservation V- ( f’u)

"
o]

(4.10)

Maxwell's dF - o ’ d°F - 4n*J (4.11)

equations

"
G

Spatial component . (4.12)
of (vanishing) h (V T)
divergence of T

Of course, not all of these are independent equations,
but it is usually useful to consider even those among
them that follow from Einstein's field equation (e.qg.
(12) above). The solution of the resulting system of
differential equations for glm' if one exists, can
sometimes be expedited if one makes the "right”

transformation { —a-f :

dT - fv)dt (4.13)
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The existence of a solution, for at least some finite
time, can be secured if one shows that the initial

value equations

COH :  3n T"I‘ (4.14)

can be satisfied on an "initial" spacelike hypersurface
of homogeneity (Cauchy problem--see, for example Y.

Bruhat's article in WITTEN (1962)).
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4, B A BIANCHI TYPE IX MODEL

Using mainly the technique outlined above, an exact

solution for a Bianchi Type IX universe was obtained.

This model represents a closed homogeneous anisotropic
world filled with an E-M field and a massless scalar
field. It reduces to Taub-NUT-M spaces (TAUB (1951);
NEWMAN, TAMBURINO and UNTI (1963); MISNER (1963)) when
it is empty, it is a generalization of Brill's E-M
universe (BRILL 1964) when the scalar field vanishes
and, finally, represents the scalar-tensor theory (see,
for example, DICKE (1964)) analog of these spacetimes.

For details, see BATAKIS and COHEN (1972).
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5. THREE ROTATING UNIVERSES

5.A A BIANCHI TYPE II MODEL WITH DUST AND E-M FIELD

Starting with

9 : -dtedt + d'(oeo'+ N oo+
(5.1)
(Va+K)0 o0+ v 0RO+ V) 000")

the diagonal form (4.2) is obtained with the tetrad

w’ =dt w:ao'

(5.2)
w’ = ja(ove’) W zpao’

1 1
Assuming that AD": O’I\O’,, dor = AO” = 0 (Bianchi

type II), one derives

[
dw = o
(l‘hf _ am.h;hhﬂ‘+ ) u;Auu’

) (“ Aha (5.3)

2 Aa)e 4.° . AVe o 1
(i‘d = 7;&' WAW <+ Y, W AW
duw’ - % s
Equations (4.4), (4.5) now give the rotaticn

coefficients and those different than zero are
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a o2 Aa Hra
- . _ 2V
r'ZOS ) r!‘lo ) r}o'z 2R (5.4)
{
rv'w '-"ru. - r3'2 © 29fka

The components of the Ricci tensor follow from (4.6)

- Roo :((;:f’)’. 10 (a (m"-) ) ((I‘Q) ) Ap\v )

Fa’)e Q. -
R, = (%), o+ 4 Comea

Ba) , Qka)). (Aale 1 (A 2 (5.5)
R‘l! ﬁa ) o ’Al"q, Aq ] (P )' ’5(2}"\“)
] ((hﬂ-),.) . Qhe)e (Ka)e 1 AV
R “Lna e M\n‘ Pa 3 (
(AVee) O*ae 2Av.,
Roo = ROZ = Re3 = R = R3 = 0
A special feature of this model is the non-zero

W

-2
+ T)"‘z'(?ﬁha)
RH ™Y 2tatl  2n

vorticity of its contents: a pressureless fluid with

density P and velocity
U= - WLw-~uw (u-u=-\) (5.6)

will have rotation, according to (3.45),

Q - 'lM““ (Uw—uw) (5.7)
Equation V-T - 0, written as
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T T T R, T

= o (5.8)

and applied to the energy momentum tensor of the dust

with non-zero components

8n T°°

F(u’)x, sn T = plw’

(5.9)
on T°'

il

P “Ou\

gives, after some algebra and two

integrations (M,N
are constants)

CX\s (1? P wooo- M

(5.10)

u a = N (5.11)

The magnitude of the rotation vector

(7) can now be
written as

CIEETEE

An E=-M field with

FZ
'F

- o ) ! ¢ ™m n
€, w + = €
¢ AW t oo™ h?wdw (5.13)

'

° p m
h,Waw' « 3 €l pan €, WHW"
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will have, according to (3.75), energy momentum tensor
4” T"‘V =

 §
7(h +¢)

t 1 11
he€;-hse, fif-hehyhyeres) (5.14)

hle' - k,e, "‘"."‘1 - €6, 'i(hf'htz*t+ t—e}e,)

h, e\'hte\ - hghl— €;e, —k‘lkj— e e, %(h’:ﬂ:-hzoc#et_e,)
/ h S

where
h = Zh : ‘
¢ ,» € = 26,
If one writes down Maxwell's equations (4.11) with
h,==9,=o and also ;' = 0, the resulting system of
differential equations can be integrated; the solution,
after this was done, was found to be ( Fh , Ei are

constants) :

h. = Ha + Hyv h : Hi
* hat ’ aal (5.15)
_E &y . Es
e, - ha e, - waT

With the simplifying assumptions

Evz-Hs | E,7Ho WU o+H 610

9‘ = |—. (5.17)
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one obtains from (14) the following non-zero components

for the energy momentum tensor of the E-M field

1
H (2+v")
gn Too = 80T, = '—W
_ . HYW? (5.18)
8n Tan = gn Ty, N
2
- 2 H
gn To, - T a
_ e Hv
8n Tpy = T X
The field equations are now
1
- H (24 %) oyt
Roo = Ry = N plu) -5 P (5.19)
_ H v
Rav = ~ g =+ 3f (5.20)
4
Hv®
|
Rys = o < P (5.21)
1
vV
Ru = "‘%:i—u (5.22)

where th is given by (5) with )‘-)‘ . Decause

Rm: O, one also has the relation

2H = MN (5.23)
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Y
2H v
)&a‘!

integration ( P is a constant)

From Rj;' R, = and (22), one finds with one

- _£ZJi£2_ (5.24)
l/, ] - V'l-%'t a'S

V’)O\ = P (5.25)

Using (24) in the form of (4.13), that is,

dv - %ﬂai\i_dt (5.26)

and also (25), one can introduce V as the independent
variable in the equation R\.: Ru. When this is done,
and with a prime denoting differentiation with respect
to V , one obtains the following linear second order

equation
" y
4 g\ ' a“ v
l' — ———————— -
Therefore, if y(v)is a solution of
/7 / y
Yy o+ —f,’—y el v - oo (5.28)

one has

81



a - [zHiPley(") ]é (5.29)

with similar expressions for the other quantities
A, P, u’ U, obtained from (10), (11), (25). This
formally completes the solution, with V considered a
new time coordinate and with (26) giving the

corresponding transformation.
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5.B A DUST FILLED BIANCHI TYPE IX UNIVERSE

. . . ¢ " n
For a Bianchi type IX spacetime (do' - oro , (0.mn)

cyclically (1,2,3)-- section 3.C), the metric

g - -diedt - a[o'eo’ + o @0

(5.30)
+ (KsvX) 000 + vy 060+ vy 060" |
is diagonal for the orthonormal basis
° - t ' - \
W d W Ao (5.31)
2
w = (o’+VO') W = hao
with
CitA)D = o0
1 a ° ! | 1 3
dw' = 22 waiw + j{Eg wiw

]

2 (aa), o 2 ’,\ (1+V)) '

(l 3 (PQ),a o 3 %) ' z+ VvV 3 |
W ° 7:a-|n)Auu AQ Wil a Wwiw

As done before, the non-zero rotation coefficients are
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r - a:' r - (AQ);O - - _,(_/:_QL'
toy T a o1 aAQ 303 f‘q
- - V,o 5.3
r;oz - Y—.'toz = r—Tlo - 2%;7 (5-33)
- - VYV
[Tl\l - [—303 - a
u _ 3 TR E e
31 -
2 25k
113

The components of the Ricci tensor are given by (34 -
40) and the (S;o component of the Einstein tensor for

Az b by (41).

The matter content of this spacetime will be described
by the following non-zero components of the energy

momentum tensor

M To = f’(u°)L

s
8r _Tll = f (u) -
gnl - - P (5.42)
30 TO\ - “P\A.u|
where P is enerqgy density and
W= - W + uw (u.ub,) (5.43)

With some algebra and two integrations, it now follows
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S8

= (0w
h), 0,
(W)Y + ((Paga),e) + (0ap
a),.) i (

= (ﬂqq) +
oo * BeAr) (Laa),, -2 (%) '
(P ‘ L + '[(HV)A ‘}" ]
ﬁq . +(9"A}.,q)( z(gpa)z
fnia),, ’2( '
+ (Bepia). (0 Ay, Lol 00
lo,of y l z -l
v AM)O(().,HQ)NQ(}_VY n E"Ha)
= Yk LV,| + - L0l 1]
a( 7«),. + (sV)R - K t(Ahay’ .
2’4 a v
(A '°
(‘2}»\ V.o>,o * (0 o
B .MAQ)“(%V) (+v') 2
- o - )0 + +V ﬁ +Pt-
| o Apa’ : v
[2=k]

S((Qwa) *
"(QNA (Owa *((p)
3 2
:o) (V,o) QA+2?‘V "Z\V A
e

(5.

(5.

(5.

(5.

(5.

(5.

(5.

«34)

35)

36)

37)

38)

39)

40)

4]1)



from VT :=o0 ( M,N are constants)
ahRa’pu® = M (5.44)

uwa = N (5.45)

Again, using the definition (3.45), one sees that the

rotation vector is not zero

Q - 2;:“ (UWw - uww) (5.46)

with magnitude

R L . )
| ) = Tra | hRd (5.47)

The field equations (4.7), that is,
R,, = enT,, -unT

now show that Rn = Pg; , which, assuming from now on

A =H (5.48)

reads
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A0V, = ~V[(2+u2))1-l]‘/1

(5.49)
Also, from Ro, - - PL\° w'
T3 2
)QV V, = - 2MN (5.50)
Combining this with (59), one obtains
3 1y A2 5 2
V [(2+V)A -1]*qa = 2MN (5.51)
It can be checked now that Rz; given by (39) is
identically zero.
Using (50) in the form (4.13), that is,
dv - - szMled{ (5.52)
aa

one can introduce V as the independent variable in

24 y
(Qﬂ);za" )’./0 + 6((0na)l°)1+ G(OMA)”(O“Q)I’+?((0'|)),°)1+%(V”)“r "43’2 - V;\“

BT O

which follows by subtracting the 00 from the 11 field

equation. The result, with

a prime denoting
differentiation with respect to VvV, was found to be
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(1n32)" (b ge) (B3a) -

+ 6((00\«),)2 + 1 ((png)/)1 + 6 (OMQ),(pmq)/-p (5.53)

2y
G- e
2(2MNH? 2

- 0

Eliminating Ol between (51), (53), a second order
differential equation for A with respect to V is

derived. The result of this calculation was:
[ 2
(—‘W‘-Isu"—lév)?\;+(‘/v"¢91/‘)g’ )\// N

(avf e aa)a - v ()t s
- c 5 . S (5.54)
(’3\) -y —'6\/)) +()2V—"/V)')z+ 61/)] 7\/ +

-('2v"+wl+ zc))s*r -vav'-36) 2"+ (W en) ) - '} o
One could, instead of (53), use the C7,° equation to
derive a first order differential equation which,
however, was found to be more complicated than (54).

If A is known as a function of V , the rest of the
variables P u",u' will follow from (43), (44),
(45), (48) and (51). This completes the calculation
formally, since V can be considered the new time
coordinate, with (52) expressing the corresponding

transformation.
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5.C THREE DUST-FILLED BIANCHI TYPE V MODELS

1 2(3) 1 10]
In a Bianchi type V spacetime (dO’ - o ,d, z 0’0’ )

the metric

9 - -dt edt - az(cr'@or’ 4+ Vo0 +
(5.55)

T t 1 1 t k3 2 3 k §
TV Oopo + (\+v)0 00 + I..\O'OO')

assumes the diagonal form (4.2) for the basis

W’ - dt Ww: o’
(5.56)
} 13
w =a(o+yeg) w:=hao
with
dw" - O
dw' - L W'+ Lwiw' + L wawt
- T oA 1
w’l _ (AQ),, [ w‘[ . _l_ wl 2 (5.57)
- m a AW
d 2 _ (k). W' w o+
I w = (‘ka) Aw d wA + ga Wl\w
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~he (other than zero) rotation coefficients are

_ a. _ (aal.. (ra),
[j;» Tooa (;ol T Aa r;o; - pa
' Ly
r'u'z = r3'3 T a r 313 Y-
L} (5.59%)
r‘_"'l - r:lo\ - r-'I.n:o - -—’5-

The following components of the Riemann tensor are
indicative of the anisotropy of the homogeneous

hypersurfaces:

- Qe G L Vo \' _ (Y \?
R41\1 T Ta aa a* ('IE') - ( Aa.)
R - (k). a, '
31T Wa @ | At (5.59)
\Q),. (Fal, ! Vi
RI;T‘ - ((\AQ) kra "'-a‘l - (AQ)

The components of the Ricci tensor are

= (QJ"M“’),‘,,,* ((IM a),,)1+ ((0Mga),°§*((ﬂuba),.)1* (5.60)
+2(Viof1y)"
Ry = (Bna) , 0% (Guira),,(Bua),, _ ) (5.61)

XS

R = (In2a)., 5 +(ﬂm)}.a1),o(0n;\q)m+z(l:§)1- 3%‘::{1) (5.62)

Rys = (bapa). o + (B @) (Bapa) , ~ %\%ﬁ (5.63)

3VVo

-Rao = ”c‘i (QM')\N,., + W (5.64)
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- R = X (P —2‘3)'0 - 2l (5.65)

01 'AQ_ ’_‘ QAa
V‘ V;o
Ri. = (2—)0 v (I ha’),o"z— (5.66)
R°3 = R;‘ - R2; - O (5.67)

The pressureless perfect fluid content of the space is

described by the energy momentum tensor

enT = puen (5.68)
where,
u--vw+uw+uw (u-u-.-|) (5.69)

and the components of V'T =z 0 (equ. (8)) are

4,1 (Aa-)

(P(u’) + F(u) -2 P(u) 2+ Pu'ul .Ya'—“‘ + P{w)‘x

(puruc), o« put' 3 - P - pu'sg + puu'X = (5.70)
(Pu ),,+?uu ;(:)"Wp wu - +Pu %\_‘, + P(u')t;\ + f»qu o
whare,

>< = (ﬂhas).o 2w _ 2vu2 (5.71)

awat T Taue Aau®
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According to (3.45), the rotation of the fluid 1is not

identically zero:

u’ ° A ! !
2Q = v (@i v e O ) v )W

Search for solutions to the field equations (4.7) will

be carried for the following three special cases,
models V,, V¢, V .

MODEL V, represents a homogeneous, anisotropic, non-rotating
universe, filled with dust, and it is obtained for
wW=u-=y= o, Then, u°=1 and (70) gives (M is a

constant)

3
pa, = 3 M (5.73)

The index ¢ on the quantities a,},HK,pP specializes
them for the presently treated case, From R11=R,,and,
using the condition A R =@ which follows from R, =o ,

one obtains

oo . 2. _ 3P
M, 2. T al

( P cany’) (5.74)

To find the time dependence of Q, , one can use the

G oo €quation:
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3:—&{@]{ + q:l(a"ed"* 'i oo’ ,-A2 o"'ad’!’) [JO":O 'Jdm: o"/\a’z{'j

PIGURES 5.1 and 5.2: @ and A,k vs.t for rodel v,
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a,. (Aa), ~(Aa), (ka), (ka), a.
a Ja Aq  Ha ha a

ﬂ*ﬁ 2
-3 '517.[*— z P(u‘) (5.75)

which gives

~y -

dt - [a:+ Ma; + P’ ] a.da, (5.76)
Figurative graphs for'.Ag}t,a, as functions of time,
when 9 J =1 are given in figures 5.1 and 5.2; they
show that the anisotropy damps out rapidly and the
model ultimately develops very nearly like a Friedman
universe with negative curvature (see Chapter 6).

MODEL Vs is a perturbed state of the previous model
so that a small rotation appears. To first order in

the perturbation parameter € , one has

"

v
)
R=heh W= €

a-a,+¢a, Uu=ecu

gV, ‘F::f)+ Eﬁ
Ao+ €, u = |

2

(5.77)

To first order in £ oneobtains from (71) after some

algebra and two integrations (C:.ﬂf1 are constants):

va -=C, (5.78)
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1
v a = C, (5.79)
. . 1 s 1 .
Field equations R,zlpuu and R,L - puu give

Ne,0 V), . X 1
(3 A, Aa, ha, - PO"U\)E + O(g") =0

(-'") +(Qm}~a)—vl!i)i + O(g) =o0

720

and they are both satisfied by the solution

C1 M _ (Con{*.)
V3 P k

°

V, =

(5.80)

If now one requires that A\ b= V—»0 as | - o

(80) gives

V, = ClM (\ ) (5.81)

The magnitude of the rotation vector (72) is

|| = 29\ = (5.82)

and its direction along w? .
Thus, a solution has been obtained for the lowest order
of each quantity in (77).

. 2 , .
MODEL V. An exact solution exists if W:p;(71) gives, in
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this case, after some algebra and two integrations,

(C,M are constants)

ua = C (5.83)
o 3 a

n ngq = 3 My (5.84)

Yoo lcaltaeeyt s

From R,,=R,, =0, one has (G,N are constants)

"" Q; G MC
T - — 5.86
) Vla N ( )

f‘z\/; - Czﬂq (5.87)

. . N ®
and using these expressions, one obtains from R,. TopUM
after some algebra and one integration ( Q is a

constant)

Abh = 9 (5.28)

1

where, 7 - & - CU - /\/Vt (5.89)

the quantities Q\IP,G (and, consequently u‘:u',P) can be
given as functions of V, which is connected with t
through a transformation of the type (4.13) ,

following from (86), (87), and (88):
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3 a3
dt - -_N.BC_ [|+[|+2A€q‘]"-]’d\f (5.90)

The solution is

1

')\ = C,"Cf)/ (5.91)
K = G q" 7 (5.92)
a = A[l-f—(w %‘Czqt)’{}%qd (5.93)

where the constants A,C’G}M,N’Q are subject to the

restrictions
T _D_/\___
A "IN NC >o (5.94)

Q-Gv-NV 20 Gv oo

An interesting conclusion follows from (94): VY (and u')
cannot change sign throughout the entire evolution of
this rotating universe, and this combined with (90)
shows that V is a monotonic function of 1 , constantly
decreasing in absolute value. Further statements on
this model, which seems to have some very peculiar
characteristics, will be reserved until a more

elaborate analysis has been completed.
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5.D AN OBSERVABLE EFFECT OF THE COSMOLOGICAL ROTATION

In the same paper in which he described his rotating
model, Godel also stated (without proof) the following
theorem (GODEL (1950)):

If P% ,h& are the numbers of galaxies in the two hemispheres
into which a spatial sphere (i.e., one situated in the
3-space orthonogal to WU at the point under
consideration) of radius Y, small compared with the

world radius R, is decomposed by a plane orthogonal to

$2, then

N, - N,

N Jieven e
\ 1

where H is Hubble's constant.

This theorem essentially connects +the "tilt" of a
tilted homogeneous model (see, for example, KING and
ELLIS (1973)) with the inhomogeneity an observer
measures 1in the fluid's comoving rest space. For a
tilted universe with non-zero vorticity, it also
allows, in principle, an observational estimate of the
magnitude of the rotation by means of galaxy counts.

A proof of the theorem is given below.
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In the orthochronous frame naturally defined by the
hypersurfaces of homogeneity, one has for the velocity
W and the vector (/A@) connecting a given spatial
position of the observer at L: Lo and -t T 'f.+ St

(Figure 5.3)

U=-uww+uw' (AD) = (§tw’ (5.96)

)

The position of the generic point B in the fluids
conoving rest space (where the observation takes place)
is represented by the spacelike vector 3 . The
requirement that ‘g-u = o shows that, with proper

orientation of the orthonormal basis {we} and

= 13311,
¥ - ~u'gw W (5.97)
Noticing that the vector (AB):(AO) + ‘S , that is,

(AB) = (Si—u'g)w° + Uy w'

lies in the hypersurface of homogeneity one obtains

St = u‘g (5.98)
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The density of the fluid at B is

P=rl. - Pl 8¢

R

example equations (6.7), (6.15)), becomes

which, wusing (98) and fm:-s P='3HF (see, for

P = p (1-3HUY)

The point B of Figure (5.3) represents actually a
circle with radius /;CQ: in the sphere of radius v in
which the measurement takes place; furthermore, this
circle as illustrated in figure 5.4 is orthogonal to
Q because it 1is orthogonal to ‘S , which is
(anti)parallel to Q (equations (97) and (46)). With
volume element then nﬁﬂxf)ég and corresponding "number

of galaxies"”
ClN = ﬂ&(\’t’f){l—’SHu"chg

the integrals

.o "—Y
N = f‘s dN N, =/“ dN (5.99)

! 3:-r

will represent the numbers of galaxies in the two
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hemispheres into which the plane orthogonal to 52
(e.g., circle at 9] , like the one at B ) divides the

sphere with radius ¥ . After the short calculation,

one obtains

Nl-Nz - 9 |
NN F u'r H (5.100)

Equation (95) can now be established if one substitutes
in (100) the equation 14':|5le which follows from (47)

with ')\zl"’:-' (small anistropies)and (6.5).
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6. DISCUSSION AND CONCLUSIONS

Recalling the remarks made in Chapter I concerning the
observed universe, it should be evident now that what
is to be understood by "present stage of evolution" or
"instant of time" is a (nearly) homogeneous and
isotropic spacelike hypersurface, which for "present"

includes the observer. If the metric has the form

9 = -dtedt + Rta’mdxpodx"' (6.1)

with R = R(t), Kfm - X’m (x") ,  the corresponding
coordinates are called synchronous because the
intrinsic geometry of the hypersurface (8}n1) is
"decoupled®” from the time except for the overall
"expansion parameter" R., which is constant on a given
hypersurface. This name for R (which is also called
the radius of the universe if spherical coordinates are
used for x! --see (3)) is given because the distance é
of any two points in the hypersurface at any given time
t s {(U = 0(¢t.) R(f), where t, a properly chosen
"reference" instant. The intrinsic geometry of each
hypersurface is characterized by constant curvature (R

is not to be confused with the curvature scalar (2.46))
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(%) I
_R_{ (Kfn 2{h\r- X/rxmn) (6.2)

Imnr

where Pﬁ has been normalized to take the values
—\,0,*| characterizing respectively the open with
negative curvature, flat and closed Friedman models.,
It should be noted here that =zero (or necative)
curvature does not necessarily imply an open model.
""he hypersurfaces of the closed Friedman model (which
will be discussed as a prototype in the sequel) are
3=spheres and the line element in hyperpolar

coordinates is
ds' - - (A{)l+ Rl[(dx)1+ SiQX (ele\1+fiw‘)<fin‘9(4cp)‘J (6.3)

with the range of the coordinates ¢% e, X being
[O,Zﬂ] , [O,ﬁ] and fo,f‘], respectively. Notice that
the guantity R in (3) is proportional to the expansion
parameter @ in (5.30) when QA=H =!, V-0, One way
to obtain the exact relation is to compare the volume
of the 3-sphere which is 6nta’ (see, for example,

BATAKIS and COHEN (1972)) and also

V = R;/ sinX smBdydode - 2nR° (6.4)
Xo¢
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Hence,

R=2a (6.5)

It should also be noticed that in the density F used

in Chapter 5, a factor ¢n was absorbed, therefore,

p = gn PD (6.6)

where f%> the density of a dust filled model,
satisfying the equation (met with in all the models of

Chapter 5)

p R® = cowstant (6.7)
D

For a universe filled with thermal E-M radiation, the

equation analogous to (7) is

PE RY = const. , T ~R ' (6.8)
™M

4
where the law fi ~ T for the temperature of the
™M
radiation was also used.

The C:°° field equation

3(—%—")2 + 312‘41 = gn l.o (6.9)
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now gives for:

R poud lz Rmax (I—Cos'r])

DUST: - (6.10)
1 D )
t = 7 R, (m-sinm)

]

' .
RADIATION: R = 5 R e, SimM (6.11)

t - L1 mex (1~ cosn)

where,

dn - Rt (6.12)

and the (constants) Rm“ , maximum radii of expansion,
can be expressed in terms of quantities observed at any

instant--e.g. today (index o):

(D) 3 (o

DUST: R :ax = g_g— R. P ) (6.13)
(em) 4 (€M)

RADIATION: Rv:;, - 8:5Q R, P (6.14)

The so-called "arc parameter time" Y} is connected with

the measurable Hubble "constant®™ (a function of time)
- 12!°

or its inverse, the "Hubble time", by
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(0) (i-(osn)l

DUST: "\ ] R Max-m— (6.16)
-1 1 (Em) Lt
RADIATION : H = 3 Roua .SC_':% (6.17)

To obtain a formula for the red (or blue)-shift for a
light ray connecting two observers (comoving with the
fluid at the instants of emission and reception) one
can, because of the spherical symmetry, write the line
element as -(d‘nt + QI Z(o'i)l where the o s are
such that 'g‘; = 5; are the components of three
killing vectors. Orienting the basis so that 1light
travels along the 'one' direction, one obtains for the
components of its momentum:l(“=(E/PE,D,0)'where the
fact Kd Kd:o was also considered. Using now the
definition (3.5) and recalling the relevant remarks

that followed equation (3.8l), one obtains:

- [_Q—‘ ER]em. - [R-' (K'}n)]em. - [Q-l]em.
[ R-l E R]rg:_ [ R™ (K°S,)]rec. [ R-‘]rec.

Hence, (6.18)

Qrec. R\'CC.

1+ Z = p
9\em. Rem.

that is, Z 1is related to the radius R of the universe

|+ Z

at the instant of emission of the photon.
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Discussion of the events that took place during the
first few seconds of the cosmic evolution ({:<’~ IOHCnJ
requires extreme extrapolations of the known physical
laws. Consequently for { smaller than, say, one
second and down to a scale of t ~ VCE—
(~ 10'”‘,“ ~ m""ggc) , present investigations are bound
to be rather speculative and perhaps in inevitable need

of theoretical developments.

After the universe is a few seconds old
(t Z no" cm), all nucleon —antinucleon pairs
recombine as pair production drastically decreases with
dropping temperature ( 'r f; IO'°°K), all hyperons and
mesons decay and, with the density P at about 'dzscm_z
, gravitational and neutrine radiation, in thermal
equilibrium with matter wuntil then, decouples and,
subsequently, cools down according to (8). Such
radiation fields are expected to exist today with their

spectra enormously redshifted, of course, according to

(18).

Premodial element formation occurred during the next
1y

phase, which lasts until 1~ 10 cm. The high

energy baryons slow down sufficiently during this time,

to allow the creation of stable particles and nuclei
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like |4eq . At this point, a distinct phase in the
evolution has been reached: the universe is about 20
minutes o0ld with energy density P~ )OJ‘,CWf in the
form of a hot plasma (at _T~l0ﬁ°k) consisting of 25% He
75% protons, electrons and photons, plus, of course,
the decoupled graviational and neutrino radiations.
Subsequently, due to the prevailing thermal equilibrium,

matter and E=-M radiation cool down together in
this radiation-dominated phase (heat capacity for
E~M radiation much greater than for matter), until
the temperature drops to ~ 3000 *K , at {~ lo”cm
with P~ lo.q'cm"l; at this point the universe assumes
a new outlook: the photons no longer have enough
energy to keep the hydrogen atoms ionized,
recombination occurs, thermal radiation decouples from
matter and cools down in the now matter dominated
universe, according to (8); this radiation is the today
observed "bLackground®”, redshifted, according to (18),

RT.MV

by a Z~ 1000, indicating that
Rp.(unll«.

Shortly thereafter, at {; ~ lo" cwm, with radiation
pressure no longer affecting matter, condensation
around possibly existing "peaks"™ in the mass-energy
density is for the first time allowed (formation of

stars, galaxies, etc.).
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Given the present state of observational cosmology, the
study of more complex models is necessary not for
"fitting to the next decimal"™ of existing data, but
rather for the investigation of fundamental open issues
and some apparent difficulties of the Big-Bang theory.
Thus, to explain the observed homogeneity, answer ques-
tions concerning galaxy formation and study the
conditions near the initial singularity, inhomogeneous
models are being studied. Details on this and also on
anisotropic models can be found, for example, in
ZEL'DOVICH and NOVIKOV (1974). Similarly, besides the
need to explain the observed isotropy (or, the
possibly existing today small anisotropies), the study

of anisotropic models seems fundamental for issues

like particle creation or the initial
singularity. A related example can be given.
During a finite time [&t. and corresponding arc

parameter change AT] , an event at ( ‘to , ’)( zo, e, 4) )

can be influenced by events that lie in
the solid angle with hyperpolar coordinates at
most equal to AT . Thus, one sees that there is
a "horizon" around any event such that events

"beyond" the horizon (that is, events with
3( > ﬁln) could have no causal effect on it (the

event) during [kf:. If the universe was Friedman at

111



all times, one has then to explain why the
today ovserved background (thermal) radiation is
isotropic, since every part of it, when it was last
scattered at Z ~ |looo

had been influenced by neighboring portions
of the radiation differing by only a few degrees
of hyper - polar angle X . The anisotropic
nixmaster universe (MISNER (1969)) shows, among other
things, how one can set the ground for
dissolving such difficulties.

Although Relativistic Cosmology allows the existence of
rotating models, it has been argued that such
models possibly violate Mach's principle because
rotation of +the universe is defined with respect to
its inertial frames (the Fermi-Walker propagating
frames introduced in section 3.B), which, in turn,
according to Mach's principle, are determined by
the bulk mass content of the universe ("fixed stars").
This seems to be the case for Gddel's model (GODEL
(1950)) and the above version of Mach's principle, but
more realistic situations show that no contradiction
exists. Thus the Brill-Cohen metric for a thin
rotating shell demonstrates, among other issues, a

dragging of the inertial frames inside the shell, in
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accordance with Mach's Principle. For this and
examples on finite rotating objects, see COHEN (1967)
and (1968), BRILL and COHEN (1966), COHEN and BRILL
(1968) . A comprehensive 1listing of models with
rotation is given by KRASINSKI (1973). |

Rotating models, besides deserving investigation on
their own merit, will possibly have an important
contribution to the resolution of issues such as
the rotation of galaxies, apparent difficulties with
conservation of enerqgy in Relativistic
Astrophysics, and one of the greatest riddles in

Relativistic Cosmology, the Initial Singularity.
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FOOTNOTES

1. A setTof arbitrary elements called points is a
topological space _if to each subset V€T there is
associated a set VU (the "closure” of V ) such that
(i) if V contains only one poi_nt ’ thens 7=V (ii)
if UL,¥C T then UWV = DUV (iii)u:-P¥ .

A topological space T can also be defined by giving
a "base”™ (that is a "complete system of neighbour-
hoods™) which is a collection {uv} of open subsets
of T such that every open subset of T 1is the
union of some members of the base and & ,T €& { v}

A set is closed if U - U and it is open if U\T
is closed. T is a Hausdorff space if Hausdorff's
axiom holds: for every pair of distinct points a,beT
there exists two distinct open sets, Ugq , U, such
that a €U, , beUy, U NV, = &

2, The definition of a manifold with boundary is
obtained if in part (C) property (i) of the defini~
tion of a manifold without,” R"™ " is replaced by

"% R™ ", the "lower half of R" , obtainable from
R":{(x,..,x*), ~0#<xic+e®@, izi.,n} if the range of one of
the x! , say X' is restricted to - <cx'< o .

3. An algebraic structure {B, Slix ;'.4'.*,--'}3 composed
of: the "basic” non-empty set B ; a set of "opera-
tors" $ together with a map x: QxB - B ("exterior
operation"); and "internal operations", that is,

maps e, +,%,... of B-+»B and/or S-» N satisfying
various rules of linearity, commutativity, distribu-
tivity, associativity, etc., which characterize the
individual structure. Examples:

set B : {B,'ﬂ';ﬁ} (set of operators empty; no internal
operations)
Group G : (G 9 ¥.§ ( % is the usual group product)
Ring v {r,‘ﬂ;-r-} 4+ is abelian group product
e is linear w.r.t. +

Field F: {F}ﬂ}f“'} ¥ is group product linear w.r.t.)
the abelian group product <+
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over the +*make r a ring

Module m ) +makes M an abelian group
. m;('x;?'-&’o
ring X is linear w.r.t. + , etc.

Vector spacel/ +makes YV an abelian group
over the ‘{V'Fx'+-+;} +#¢make F a field

field F e x linear, etc.

Algebra A ymake A a ring

over the :{A; Fx; -_0-,-,4,!!} wwmake F a field

field F % linear, etc.

An isomorphism ¢ between two algebraic structures
is a one--one map which preserves their algebraic
structure (that is the internal and external opera-
tion). Example: P (axb) -(Pa)x(Pb)

4. If they were not linearly independent, then VU ®,:°
with at least one V% #o ; but choosing x* as £

one has from the definition of tangent vectors that
Uﬂa’x":o,or vV*:-0.

*
5. The dual of Tp is isomorphic to Te and one can
therefore identify ( T,p,%)* with T, .

6. Upper indices are also called contravariant, lower
covariant.

7. The topological space M s compact if from every
finite covering of M by open sets it is possible to
select a finite covering. A subset UC M is compact
if it 1is compact considered as a topological space.
Manifolds are reasonable models of spacetime if they
are noncompact because then a line element field is
admissible. See, for example, HAWKING and ELLIS (1973).

8. Not to be confused with the "invariant subgroup"
of G corresponding to an ideal in 9§ .,

9. A similar definition is not possible for L be-
cause for Lie derivatives, one has (unlike (2.31))

- a A, «
L_ue’_. - - ‘U,,,.e,‘ + Cdk v e)
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10. Although VG( ;u) is the same as V,G , (2.31)
demonstrates that @!G( ;4;¥) is not the same as
Vvv“ﬁ (apart from the difference of the latter

from Ve ,V,G ).

1l. In the normal coordinates introduced, the geo-
desic from P for a given vector W:-u"d, is given by
x¥ 2= av® with A the affine parameter.

M is geodesically complete if exp is defined for
any vector in T, for every pe M .

12. This choice feor the position of the skew indices
is only made for convenience in the notation. They
could be at the beginning or even scattereed among the
other covariant indices.

13, The (coordinate independent) integral of an
n-form & over an n-dimensional oriented submanifold
S of M is defined asf® = fyq) Pd»'-dx™ =-an integral
in R", where ¢ is a map coordinatizing ! (with posi-
tive orientation) and & : Ddx'a...Aad x” . The quan-
tity P 1is called a scalar density of weight 1 and
transforms, of course, like the (only) components of
an n-form: D = D’} 7| where |J! the Jacobian of the
coordinate transformation X —= x’ .

14. As follows from the Lagrangian | = - .8_:-1- F‘“ el

15. Thus, they generate on their own a group of trans-
formationson <K (¢) , the so called reciprocal group
of C; .

l6. Because the killing vectors form an algebra over
the reals, if § is a killing vector, f§ with&F will
also be a killing vector only if, in general, is a
constant.
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