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/abstract

HEW SOLUTIOMS IN RELATIVISTIC COSMOLOGY
by

llikos Batakis

Adviser: Professor Jeffrey II. Cohen

A self-contained introduction to Differential
Topology is given to facilitate an exposition of (i) 
the fundamentals of Relativistic Cosmology, (ii) a 
discussion of symmetries and (iii) the Bianchi 
classification of spatially homogeneous spacetimes. 
Three non-stationary cosmological models are
presented (Types II, X, V ) , in which the 
non-zero vorticity of the cosmological fluid 
(incoherent matter) is of special interest. Exact 
solutions are given for simplified cases. A 
theorem (proposed by Godel in 1950) on an
observable effect of rotating universes is proved 
and a general discussion is given, based on 
existing observational data in Relativistic Cosmology.
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NOTATIONAL AND OTHER CONVENTIONS

In an n-dimensional manifold Greek indices, take the 
values l,...,n, with Einstein's summation convention in 
effect unless the contrary is specifically stated. In 
spacetime, the signature of the metric is (-1,1,1,1) 
with Greek indices running as 0,1,2,3 and Latin as
1,2,3. Bold-faced letters denote tensor quantities, 
with VL.V, W,- usually vectors and O', U», • •• 1-forms. The 
sign of the Riemann and Einstein tensors is fixed by 
(2.36) and (2.42) respectively. Comma (,) and 
semicolon (;) denote ordinary and covariant derivatives 
respectively. In the models of Chapter 5, an effort 
was made to denote constants with capital letters, 
while for functions small-case letters were used. The 
adoption of geometrized units was kept, even in the 
discussion of data (with minor exceptions), because it 
was ^felt thatc?for quantities like, for example,
t ;|o p r io~ eWl the use of conventional units,
converting them to i - io"years, p - io’** $ /cm1 offered no
help for an intuitive digestion of the magnitudes 
involved. However, for a conversion to conventional 
units, Table 0.1 might be useful.
The following examples should clarify the enumeration

rules for equations,etc.
3.B: Second section in Chapter 3
(3.76) : Equation(s) 76 in Chapter 3
(37) : Equation(s) 37 in the same chapter in 

the reference is made
which

Fig. 2.1: First figure in Chapter 2 (similarly 
tables)

for

NOTE 2: Footnotes appear collectively at the 
(page 114)

end

References are specified in the text by the name(s) of 
the author(s) or editor, followed by the year of the 
publication.
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TABLE 0.1 Conversion to Geonetrized Units

QUANTITY CONVENTIONAL GEOMETRI7ED

Lenqth

T ine 

Mass
Electric Charae
Temperature
Energy

Speed of I.ight 
Gravitational Constant 
Plank's Constant 
Boltzmann Constant 
Charge Quantum 
Proton Rest Mass

1 cm 
1 ly 
1 pc 
1 sec 
1 year 

1 c
Vi1 e s u = U w  ^ s e c

1 *K 
1 erg 
1 cv
c=2.993xlo'* cmstc

-8 i .i -tG=6. 67 3x10
* .IT * A*=1.055*10 
K=1. 3 81 xl 0 
e=4.0 03x10 esu 
M f=l.673x10’™  g

1 CP’
it.946x10 cm 
>83.08 6x10 cm 
102.998x10 cm 
(90.94 6x10 cn 
-19

7.425x10 cm 
.IS

2.875x10 cm 
.6S1.141x10 cm 
-V>8.2 62x10 cm 
- 6'1.324x10 cm 

1 
1

-it *2.612x10 cm

1.381x10 cm 
-S*1.24 2x10 cm
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i. i :.'?r o d u c t i o :

'.’he Theory of General Relativity, chat is binstoin's 
1915 Classical Theory (hlhSTEIh (1915) ) v/ith its 
subsequent (non-fundamental) mathematical refinement, 
is the "best" theory available for interpretation of 
ex is tiny observations in Cosmology, in the scr.se that:
(a) it is not contradictoe by such observations, (b) 
conforms v.'ith the principle of simplicity. The 
legibility of criterion (b) has frequently been 
. ,m  f cmecl on tho grounds of both philosoyb.ical 
preferences and practical convenience.
!;cforo. proceeding for a rather rigorous foundation of 
the so called "Relativistic Cosmologies", it will bo 
useful to give can order-of-nagnitucle listing o f some 
fundamental quantities together v/ith a fern global 
statements valid in a gross model of our universe, 
based on the Theory of Relativity, the generally 
accepted physical theories on matter and radiation and, 
of course, existing observational data in Cosmology and 
astrophysics (see, for example, PRRBLRS (1971), 
TLL' ljOVICH, and bOVIKOV (19G4)).
Galaxies, which are generally smaller than 10 cn m  

linear measure, appear to form gravitationalIv bound 
clusters v/ith linear dimensions of the order of

1



2910 c m . Measurements on tne distribution of
those clusters, although not yet quite conclusive,

26indicate that on a scale or 10 cr, and larger,
the universe is homogeneous and isotropic. fho energy
content of the universe has presently a very low 
average density of the hind which woulcl normally be 
neglected in almost any other situation encountered in 
physics. thus, the rest mass energy density of
luminous matter is estimated at

-5* .2P > p r 10 cm (1.1)

Of course non-luminous matter, such as intergalactic
gras, black holes, etc., is expected to be present,
possibly averaging in density up to as much as 10 p
Kinetic onergry and pressure (other than radiation
pressure) contributions presently appear to be of the
order of a mere 10% .hence one is justified to ncalect»
peculiar notions in the rather gross cosmological
models. Radiation fields such as the presently

observed 2.7 isotropic thermal or the anticipated
neutrino and gravitational, are estimated to

-2contribute with a density of the order of 10 
Observed magnetic fields almost certainly do not exceed 
.0 p bubble's "constant" H giving the fractional rate 
of increase of cosmological distances in our 
expanding universe is estimated to be of the order

2



W ~   ̂I T * to' * cm'J (1.2 )

Possibly existing inhomogeneities, shear and vorticity 
(rotation of the universe) rust presently be very snail 
according to the above account, but this in no way 
diminishes their potential importance, especially 
during the early phases of the cosmic evolution.

Further discussion along these lines will at this point 
be deferred until the precise definitions of all the 
quantities and characterizations used above have been 
riven. However, another issue will be briefly 
r.entioncdi: the question of whether of not the universe
is closed. Finstein, who was philosophically inclined 
tov/arc s bach's view on this subject (h/vCII (1912), 
HINS'iTJIII (1950)), suggested that a global condition 
excluding open models must complement the (local in 
character) field equations. Observation is not 
conclusive on this.

In the following, Chapter 2 presents the fundamental 
mathematical framework in the form used in the present 
wor).. Symmetries, although not fundamental, are 
technically almost indispensable elements in physical 
theories, and, therefore, a rigorous definition of

3



spacetine symmetries is given. This also allows a 
collective presentation of all the various types of 
derivations used in General Relativity together with 
the transport laws which they generate. Riemannian 
Geometry is subsequently introduced with the definition 
of a metric. A brief review of the techniques of the 
calculus of generalized exterior forms is also given. 
The Theory of General Relativity is presented in 
Chapter 3 in the form of four axioms together with some 
formulas for later use. A discussion of symmetries in 
General Relativity follows, with particular attention 
on the (later exclusively used) spatially homogeneous 
spacetimes, and a systematic presentation of the 
various types of the Rianchi classification. Chapter 4 
outlines the technique used to obtain an exact solution 
for a Bianchi Type IX model and also for the three 
models that follow in Chapter 5: A Type II containing 
dust and E-K field, which represents a non-isotropic 
rotating universe with the solution expressed in terms 
of a linear second order differential equation 
(equ.(5.29)). And two more models, each representing a 
dust-filled universe, anisotropic and with rotation 
different than zero: for the Type IX, the solution is 
expressed in terms of the second order equation (5.54) 
while for the Type V, three special cases are studied, 
model V0 (without rotation), model Vj (small rotation),

4



anc1 r.oc’cl Vj , a (seemingly) peculiar rotating, 
profoundly anisotropic and non-stationary universe, for 
u’nicli an enact solution is given. finally, the proof 
is provided for a theorem stated by dodel in 19.11, on 
an observable effect of rotatino universes.

5



2. ON DIFFERENTIAL GEOMETRY

2.A MANIFOLDS

An n-dimensional differentiable manifold M  of classC 
without boundary is a structure where
M is a set with elements called points; fi/1 i=
a collection of open sets in ^  , each called a
neighbourhood of each of its points, such, that |V| is a 
connected Iluusdorff space (NOTE 1); and F is a family 
of real-valued functions -f defined on M  such that

(a) If J is a real-valued function on NA such that: 
to every point p e M  there corresponds a neigh­
bourhood U of p and a function feF sucli
that ffp)-, for all p(U , then ^ e f

(b) If ( F and 5 is a function R —*■ R of class
C 9 then (f,, , ) £ F.

(c) To every there corresponds a U of and n
functions X*fF such that (i) the map
: \J3 p — p(y,'(p)t... , xn(p)) £ R." is a homomorphism 

of U on a subset of R ” (NOTE 1) (ii) to every 
-f € F there corresponds a real-valued function 
(denoted also by) f of class C r defined on IZn 
such that ffp) ■= fCx'Cp), •

For the definition of manifolds with boundary, see NOTE
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A chart is a pair <U<*0 as defined in (c) above. A
C * atlas is a collection of charts { ( ( ' . A ) ]  such
that: -- U  U k and also, if for the charts

fj(y ,  ( V j t y )  it is: U O V f f  ' the n'ap
4^ ° is a C ^  nap of the following sots
in R , (VOV)  ( U R  V) ' t j1g sot D f functions 

are the local coordinates of p . If Part
(c) of the above definition can be satisfied for 

- M  , the coordinates are called global. The nap 
% • V  is a transformation of (local) coordinates,
rig. 1 gives a pictorial view for some of the above
definitions. Starting from one atlas, one can define 
another atlas as being compatible to the first if their 
union is an atlas. The collection of all atlases
compatible with the initial atlas is the complete atlas 
of the manifold.
A manifold is orientable if there is an atlas 

in the complete atlas such that the Jacobian of 
the transformation 4*.0 %  is positive for
all non-empty An atlas
is locally finite if every p c M  has an open 
neighborhood which intersects only a finite number of 
the sets U * .

is paracompact if for every atlas there
exists a locally finite atlas with eachty
contained in some U* .
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FIGURE 2.1: Coordinatization of a manifold and coordinate
transformations.
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ho following holds or. ynrncoi 'yc;ct C ?  nanifolds: for
■fc Ulc ' } thorn evicts

funo lions on M  , vith
o £ g  £1 a;u- the subvert of each 9 cont.ainc.- in IV

ovary locally finite a tin
^ f

sunn

21 <3* c p )  - 1 c m )it *

at every p e M *  I’r r this (? -r lit ion of r.ity llnor^') 

other tcricG fcvoloyoi in laic chnytor, fo>-
. (ioc:-) , loi.ttv.sri ,iny ■ o m (;• .

I: f j F -"-ot conn tan t on ~ny aciriilonrlooi ef .y p tl),
fan cat o ' yoinfs in the ( a.) sv.lrnf U fo. fine-' ' y 

■f Cp) '  C \'i’.l for: an r - 1  ■' i- \rr.nc ir m l  ;n:'i'ol ’

C,.. . 'mi l-oa) for each C in ffo), nuf f vill no
said to la: a nyynrGurfnee forniny function in U  .
Onneroisc z C. nill 1 oilno close."
n-ui:neu.sionni subset of \J for vr.lncn C of -fClt) •
:Vv infers ec tira: r hyycrnurfaces, on”' obtains, in
yonorai, an n-r dinersional nilumnifnl' .
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Lison rin.DS o;t ;:7.:;iFoi.nr>

curve in M  is r C  ̂ 1-nyi of a real interval
.into M  :

*X(i) ■ R 3 t p C l )  f M (2.2)

one can confine the trineent vector to the curve 
Miio -̂oirit h  = k o  as the operator

f * U .  ' < * U .
which na.is every function f c F

J.r.ulicitl'7:
to the

real nuv.ber [ 1 „ I.I*

& 4 .  F  4 .  -  $  ^  I  - 1 .  ^  [ f  1r v t *  ■ m c u ) )

It can be shown that the tangent vectors at J?tM forr. 
an n-dinensional vector s -o.ee over the reals, the so 
called to! ngent vector space T p  at |>eM . For the 
definition of a vector space and other algebraic 
structures that will be usee- later, sec FOTF 2.
Tith local coordinates in a neighbourhood of

one nas
(2£\ 
[ d t  h

d x * W i > )
J i t = i« o j )

V O

which suggests that the generic vector (4 at )? can 
be expressed as u  - u  3 j  „ , that is , a linear
superposition

«t\ p r ,
of the linearly independent tangent

vectors (see dote 4 for a proof).

10



'."'he dual of Tp , denoted by Tp , is an n-dinonsion.nl 
vector space over the reals, \;hose elements, called 
i-iiorr.’.G, are the real valued linear functions on T  p :

-r *1 > $ ui Tp 9 u -* <u),u) eR
suc;i tnac

< u j , a u  + b v  > -  a < ia>, u»> + b < i * J / v >

for a, b €  R ; U> e  Tp ; U , V  eTp. Ece 0-r:

riven a La sis ^ in "Tp its dual Lasis [ui j in
_r *I p is refiner by

< u d , e , >  = S\

Tie markers <TL V  m  tnc expansion:w I

CT - (T^ U> v  : V  e «  (: * :)

are the components of the 1-form 0" and the tangent 
ucctor V  eryrossoe in the (dual) I'.ases { Ca/J, 
fe.] . her every function Tf F and vector 
V e T p  , iff is a real nur.ber. thus, any ■f(F can be 
used to create a 1-forr1, denoted by d t  according to 
the definition

11



< d f yu >  - i / F r.f)

Ora car. sec that the
X*} hocrv3n,

< d x “/ ^ >  = S %  <-■■'>

j.ch a basis is called a coordinate basis.
J_ roo: o trie perspective o 1 1-Terns, ara.lor ous to the t
’lor the tanoent vectors (vioved as t:'iO "tangents" to 
d:o carve (d.2)) can nor be grained if one notices
that - f  -- const. for any -pf F with dP P 0
■. efinos an n-1 dinensionai submanifold of M (a 
"by p e r s u r f a. c o ") m e
< d f  , U >  can be interpreted as a measure of "hov; 
r. ■. '" of these hyparsurfaces arc "pierced. through" by
V  1.1 particular, if < & r ,  v >  ” 0 tire vector
V  at p is "contained" or it is tangent to the
hypo r sur fence f  " P  O.) through P at p . the;I P 0

converse of (d) . oes not hold: for any 1-foro tf, one 
cannot always find, so:re -f such that d  F  - .
door■ctrically this corresponds to the fact that sets of 
planes, one set at each point 
necessarily nosh to form integral 
const.

p * NA , do not
surfaces -p =

■a sis •a.a: :o is

12



bror ■ the cartesian product

n *  -- , « t p

1 • • • r i • • • S

one can ncv; define; as tensors of type f 5 ) at p the 
linear real-valued functions on PI r :

c  •• n ;  3 r«',( ... , < i / „ - d f « r ; -  £ r

WX Cl I

G f ... , . . . )  = aG f . , A ,  ••) * bCd-,B,...)
1 IP*1 1 — ....  I

'./here tt , b £ R. and A; ̂  1-f orris or tangent vectors, 
'"he r e s u l t i n g  n -dir.ior.sional vector space over the
reals is denoted by

Tj dp) - T p ® ■ ® Tp ® T* ® ..»Tp' < a - 7)
I • . . /■ » ... 5

I
In particular, T 0 ( p ) “ "Tp , ~T I f and
vectors and 1-forms are type (£) and ( f) tensors, 
respectively (see dOTh G).

dor given dual bases j C  ̂  ̂  -̂lG -’"eal
nuiejers

C ( » ' , e e, y G Z l
(2.H)

13



are the components of C  f T j  in the yivon basis; 
nsiny the notation (2 .1 ), one can then ’./rite Cl as

“!T >C  e.® ®e*®uA> *«*>'> n)
: 'o’ t tensors fron ijivcn tensor (s) can he fofinod 
in a variety of nays. fwrossef in component raneunc o 

(a.lf.'.ovch coordinate inforcnccnt) , these definitions 
are:

(1) . .. f"ition an: rniltipl ion tion by ronl nr- tbern

C e l '  , G  e < -(f) ’for.sor arc:’net o

4'*r')°v  °w  - C . 1')

A A ff>(f ) Contraction (su: r ation over) ^  ̂  o C th.o A
Q  4 Kcontravariant * ;itn 1̂  conve.nanc >le.s

C .11)

C  ' C<r ® u) r < cr v  > = cr* v *

( ) 1 ranspose: trivially obtained by chnnyir 

•.r si tier, of too indic<_s. ; r-nv'Ic:

14



(j ) Syrrn ctrination:

I f  S1̂ n\ z j_ ■> r  - r
I** r - t- ' %*■•%.! <2-12)<«,. -,0

(a) Antisyrrietrization :

(2.13)f"), ■ * I ., A  :;.ic,... c„
r̂

r H . . . ot w -11 I is O, +1, or -1 accrrf'inr to... <*r 
L«Pi.-ocfrl

-amutation rolations.iiu c:: the tv;c rotr. oi
lOOlCCS .

a. tensor field C  of tyno f $") on a net \/ C. f̂\ in
an p.r3.-;i' nr.cnt of an elnnont of "T 5 (P) to ">o• 1 yoir.t
ye\J such that the cor.ao.nents of ^  v;ith ros;jcct to
any coordinate basis defined on any oyon subnet of \J 

/•?are C reactions.-
T j O \ )  is a nodule over the rimy p  (see bOdh 1), or 
an infinite oiriensional vector syace over the reals. 
‘..’he direct suit

7 Y m ) -  T «  C m ) ( h 1/)
aflrts

with eh.a yrod.uct 0 defined in (10) ‘orris an alc'oh: 
cior tire reals, the so called tensor alyohra, of M  .

15
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I the follov.\i;'i<2, the './ore "tide'" ie occasionally c'e- 

.etou for brevity.
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:;.c: ’Pi :c-r

of special importance in study in*.; the topology c f a 
i .anifolc; are its v/ell-behaved !:)oint trans comations , 
that is, the one-one differentiable naps of VI onto
itself (see, for example, iiLLIf- (? 9o5) ) . • t-ch sue’’ rap
is completely i .cterr'ineu by a nap on.
fT (<$>: f 9 f  cF) that satisfies ( 5):

is non-begeneratc 
-ays hypersurface forniny f  on hyper surface for'"ing

t>f)
^  is fTunctiona?. (2*12)
( <ff f x “ rr>) =  f ( * X “ O ’) )

."very group of naps acting on f  defines a group Q  of 
transfornations $  on N\. C7 is effective if, whenever 
c p O ) ^  for all peM, is the identify. Points
P,Cj are equivalent under Ci if there is a ($>G.(j such 
that ~ C\ • Invariant variety V  of is a
subspace of N\ such that all points equivalent to each. 
f>€ V  lie in \J . Pininun invariant variety at J? 
is the subspace of hA of least dimensions, containing
points equivalent to J? , that is an invariant variety'.
G  is transitive on a subspace U  of M  if each
two noints of U are eauivalent to each other under

17



G  (thus C  is transitive on each of the niniriur 
invariant varieties it defines), and it is singly 
transitive if din. of \J = order of the 
group— otherwise it can be multiple transitive or 
intransitive. the group of stability of ir> the
subgroup of G  leaving p invariant.

'do define naps on manifolds in greater generality, one
nay proceed; as follows.
the Cartesian product M *  M  of manifolds ^  ,M in a

manifold with structure naturally defined by the
■ ;anifold structures of f fS/\/ . Tor
pfcM, p/£ M  ; X* ) are the coordinator

of the point (Pjf*') * ^he

neighbourhood \Jf U  where U  is a neighbourhood
of p with local coordinates X as similarly for 

/P .
i / Qh rap (p‘- f'A-*f*\ is a C nan if, for any local coordinate 

systems in M  and JA » the coordinates of the image 
point <P(P) € M '  are C ^  functions of the coordinates 
of p e M  . bore rigrorously, is defined; as a c '

differentiable curve in I M *  K .  Such a ft gives 
rise to the naps

<t>* : t; (<*>(?)) »G — <f>*G ca r,)

18



'• T ^ O )  > C  — ► 4>*G 6 ($(?)) (-.17)

sin<" the above aquations ana (b) , one can no;; shov

= a  C W )

ha dinersienality of t > b ) is call Of’ hi if.: ran’. rf T p )  is call of’ 
of at p G M  . ^  is injective a ’: p If r=n (mb,
rhorofore r. < n) ant. sur jootivc* at p if r~n/ (n* 
n) . can ho farther characterised as: pro nor (if:
<P ) is compact (see 1 ;0Ti: 7) for any r.o: .pact
K, CL NA ) / ' n inr.orsion ( : 4^ injective at every
(̂V\| an iiahec .c.ino (: proper ono-orc imorsion) .

is an n-rlinensional iniv.ersod (inbobdob) 
submanifold in if ^  is an inversion (inbetlr inp) .
h C 9 lif f eon.orphisr.'t is a one-one nap such that
4̂  is also C  9 . ^  is a local cl iff eor ‘.or pi. .i sr> near 
p if 4>* is an isomorphism ~~Tp ; in that case
4^# is both injective anc' surjactive at /> and 
£ ( p ' %) raps T p to T  . . One can therefore

t•.crxne a map

< £  ■ T j f i - n C - ^ C  < t ; e t c n ) (2.19)

lucii that

19



for any values of r,s. '..'his ran preserves all
algebraic relations, that is it is an isomorphism of 
uhe tensor algebra ; it also preserves the
coordinate independent operations such as 
symmetrization, contraction, etc. 'Then N\ - ^
is an automorphism. Such automorphisms are special 
cases ('Vranging alone"— sec below) of the so called 
AC'.’-naps ^  of the tensor algebra. they are defined 
by the following A, C, T propositions:

A_ ^  is an Autor.iorphis: i of the tensor algebra 
(seo dOTb 3)

C_ ^  cornutes with contractions

Cf f c : o  = CU$C))
^  preserves tensor hype

(  T j  ( f A )  e T j f M )  )

It can bo seen from the following conations that Cp
T o

o

(that is, on F" , which is equivalent to a point

20



f

-'-.ranfor; ation on l*\ ) rr.-l "To in :.nou:i:

$<cr,v> r < $<r, <£v> (̂.20)

(2 .2 1 )

erivation of a group of ACI’-naps is defined, if 
C  fiTj and 1 the group identify, fry

D C  ~ /'•»« ( G ~ $  c) (2.22)*-I
: '.ays ].i’• e P  , called ACf—derivations of T O )  are 
characterised by the following * -derivation, h, 
orooositions :

-derivation D i s  a linear nay on T( m ), but not
—  an autonorphisr.: because it is a deriva­

tion .

D(*®b) =(wi>b f A ® (v b ) (2 .2 3 )

C_ Connutes with Contractions
__ Preserves tensor fype

One can now see that if D t D,, are
ACh-derivations and Cl Cl, ... € , then & D  and
a.I), ■+ are also ACT-derivations. defining

21



the "product" = X\ " X\T)« one
then seer, that all ACT-derivations font a Lie algebra A 
over the reals: the "product" is antisvrr\etric and 
(identically) satisfies Jacobi's identity,
(2.24) :

I X U j j l } - *  °

Using star.ciard "jie croup technic.ues, one can nov/ sliov; 
that an r-dinensional sub-nlgebrn ^ of A generates an 
r-; ara, --eter Lie group G r of ACT-naps. r 'hus,

G - -  { e ' v . (2.23)

m e r e ,

-T)
e r n-o r\\ (2.25)

is the .ACT-nap generated by the clencnt D  of the hie 
(sub) algebra ^  of ACU-d.erivntions. the algebra J is 
hno\/n if a basis D  j i- r is given plus the 
structure constants Cjj d e n n i n g  nil the conr.utators 
("products") in ^  :

[ A  -- < V  t>.
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As was the case with ACT-naps, an ACT-derivation is 
known if i t S G ffect on and -t: C-- tcia'j ^
i:nown.
Then acting on function!, T) can be represented bp a vec­

tor field 1/ . Its effect on vectors can he describe’ 
bp a set of functions f°r a given basis :

Dfe.) -- V  e, (’-2'»
■ ’bis, co; 'binod v;ith

D f  r \ f {  (f.f'f)

can determine the action or p on any tensor. dor 
example,

.. subaiyebra j of ^  is an invariance subalec’-ra on 
the set of tensors ^  T } if J)T~0 dor every D  fe

and. every “J* & { ~f } • -*‘e correspond inc Lie
crrou of ACT-r.iaos is then an invariance (t v i ; of

{ T  } OOii; ).

‘..'able 2.1 sum..arises three particularly im.ortant
oxar.ulus of ACT-derivations and. the ACT runs the*'

23



TABLE 2.1 ACT -Maps and -Derivations

ACT -Derivation D ACT -Map T
Name

Action of D on: 
Functions Vectors

Action of o n'
Functions Vectors Name

Tensor
Derivation

A
Aef-ce
[Aw -̂.-cw]
Ae^ e

--e‘e

4>f-f

Conformal
Mapping
Rotation in T(M) 
(Spacetime: 
Lorentz
Transformation)

Lie
Derivation

Lji
L„U = [*>,*]
L.ê c./e, 
L.w‘--c. ,V

See Transformation 
(19)

Considered for
Dragging along

Covariant
Derivation

Vw
NOTE: ^ _

tje, - r*.,€L

*5.

See Following Remarks
Parallel
Displacement



meliorate. Jjach is oofinch through i 
-unctions and vectors (its action on 1 ~r-

acexon on 

:orns is also
- ivcii lor convenience) nccorfir.g to conations ('■.') ,

( " ) , ( ' ) . h son- on ■! ter'' rr: nr..'- :ollo’ ?.

I : the oofinition of. tensor f.orivstionn, the (-’onl)
/;: ins: C is has sc c,ll,.:. confer; nl factor.
. 'or ::ps r iis alone, if is, ^  " C V ]  • icrc

U , \f arc the vector fi-:l"s corrcn;nr..’ir.f t o  - ry ten 
■ or ’.bars o a the algebra of Ida fervin cions thrones, the 
rcgresss tn fion: D l A .  i"
p f  -  u f ,  f . i c

on..'/’

r. ’Gi ' f'
slo:. ^  , oiv-a:/ an auto: ore. lie; . cs: she d ''/ /’/:/ cs;

•’ac/or fiolhs (• efi.iso. din the in 1 ’-'-I '-.ctior. - If

; o r ■; crivneicns,

>-) •

esse r-.f s a m l d

coic: ( ) V o-̂ :y'i: T.;io rv.i:.

V f * u  +  9 V „

.A) ■A7 Ol? f,<j tF  , u, v  c Tj.
notv/ios coefficients f"" 
structure constants 
;.; .</'•, vs.ic/i in fofine. as

C ^ hv if f

(:.31)

HO r-

cCn.r'cc,'!i''y T.i‘
-CToj.on lz.̂*is7o?.r
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"Tfu,v) = V ^ v  - \7„w. - [u,u] ( .3 )

’ .ho integral curves of a .-lif fercntinijlc vector 'Mol' 
v  era eoMno. ( ' on. .llg) .... t:. curve" to rhich \f i.; 
lanrent. flics so curvoc lie on the cur.'nco:; 
f  - cor\skvA './hero the -P's rre solutions to
\f-fZ o . I-l general, the vector field \f in 
parallelv transferred alone the intacral curvo? •' F (A.

'  V  ' O  (.!.!?)

0
In jar iirrvlar, (the no or.].lee'. -aceolerat ion) |4.
’vanishes

U i V ^ U - o  < >

::ho integral curves of |4 are celled <•••ooc.csicrs. flic 
above equation also defines, to vithin a linear

©< of vtransformation, the paroretrisaticn X - X C y< ) 
op fif: geodesic vith called the affine parameter.
One nay regard V  as a tensor operator, napping tensors
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r

V: G f - —  VG (2.35)

or, in component lancjuatje,

- g ::;-

.etc that the sirrule c o m a  is usee1 for

and one finis, in this notation (JOdT: 10) :

(Vfc)(; u;v) = VWVU G - V C

(2.3C)

erff - f,« <--37>
^  ^ i s  also an operator sncli that

( 0  3 0

(2.39)

Just as the covariant derivation V|» can he -'-efined 
through the operator once the direction If is
given, one can define the tensor derivation R. (lAfl/) 
fror. SJ if the tv/o directions l l ; V  are given, as

R.(w,v) - [vu ,vu] - V[u ul
27



f

Phis operator, called curvature, is linear UjU
and. therefore representable by a ( j ) tensor, the 
d.icnann tensor, v/ith components

R. (io,e,/ese() < uj“ Rf^,e4)e,> f̂ A])

= ̂  ps.j ~ ̂  + 1-V ̂  ^ M  I" »» ■ I *(• (~t(h

'he hienann tensor obeys the (first and second set of 
cue) biancni identities:

:1?"- Gi" : - °  {2-A2)

nr.co:;i) si;v: R  htvpjcr] ' °

It is used next, for the definition or description of: 
geodesic deviation (did. 1.2), parallel transport of a 
vector along a closed curve (did.. 2.3), Exponential nape 
and normal dienanniun coordinates (did. 2.4).
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FAIIILY OF 
GEODESICS

■v

f ioucial 
geodesic

JACOBI FIELD
fFamily of curves 
joining points 
of geodesics with 
the same value of 
affine parameter)

FIGURE 2.2: Geodesic Deviation •.
X  is the vector after parallel 

transfer on the fiducial geodesic from 1 
to 2. In general it is different ("deviates") 
from Jj already residing at 2, which (like 
J j ) is defined through the eauation of geodesic 
deviation: V u V** J  + R. ( **» J  ) **• : °
a special case of the deviation equation (3.53)
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FIGURE 2.3: Parallel Transport Around a Loop:
The numbers (l,a*Sa.l... are the values of the affine 
parameters on the two families of geodesies.The 
quadrilateral defined by u ,U is closed because 
it is assumed that -o . A' is the position ofA after parallel transport around the circuit. 
Then, with S'A = f A  / ( € a ) ( S b ) ,

S'A -  -  R ( u , u )  A
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W f L n m m i iii/w Miiii

FIGURE 2.4: Exponential 'lapping and normal Coordinates:
Exponential map: Tp 3 V  ->■ expcv) No is an open
neighbourhood in Tp napped into N pcf̂  with the exp 
map so that the point p'tW into which V  is mapped 
lies on the geodesic with affine parameter
values at p and X  l at P' In the convex normal 
neighbourhood N p of p normal coordinates of p' 
are defined as x*'=x"dp'2 where V r ^ ' e *  Then, at 
P, e ^ - ^ a n c  r \ v r o (see NOTE 11).
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iii:TRic a ::d ;'j:t r i c - i:;d u c a d  pp.opj k '.?i ::s

A metric is a symmetric tensor in T t with
components gfe.e,)* e.e, = , non-ce r e n c r a t o
(: (l4;Vf) ~ o for riven 14 ant all 1/
in;:lies XX = o ) , with "inverse" (also denoted by)

•»» 2 iffi^  f I 0 with components ^  such that

S * *  (2-A2)

the metric is usee to define: lengths of vectors (
2

) , the "cosine of the angle" between then 

( 9(u m V \  %  g c v, v )  y* ), the length ^ of a
curve between the points with values i, i \ of the curve 

parameter ( d ~ ft I ^  1 ̂  and tho
"lowering and rising" of indices through the naps in 
' T O O  naturally defined by ^  (in applications, 
tensors thus napped to each other, e .g . T ^ ,  T** 
etc., will be considered as representing the sane 
entity, X  ).
' :ith -roper choice of basis vectors, ^  can have ±1 
(seres would. indicate a degenerate metric) as its 
diagonal components at one point with no off-diagonal 
terns. 'he resulting sequence of signs is the 
signature of ^  . 7. signature with wired signs is
called pseudo-I'ucledian and gives rise to
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pseudo-Riemannian spaces. Riemann spaces have
Eucledian signature at every point.
The central theorem of Riemannian geometry guarrantees 

the existance of a unique torsion-free affinity in a 
(psuedo) Riemannian manifold, such that

The affinity is then symmetric in the sense that the

holonomic coordinates. The Riemann tensor has in this

which, combined with the ones resulting from its

independent components.

The (symmetric) Ricci tensor, the curvature scalar, the 
Einstein tensor (symmetric, zero divergence) and the 
(conformally invariant) Weyl tensor are, in that order, 
defined as:

V u  ^  ~ ° for every i t  € ~T 0 (2.44)

r— *rotation coefficients I are symmetric m  /»v, in

case the additional symmetry R^/nV/> "

definition leaves jL ry1 C r»'- i ) algebraically

(2.45)

?
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R  -- R h f. (2.46)

G„,g - R „ ,  - (2-47)

W *  « R " u  - 2 ̂  K q  * * <2-48)

A group of ACT maps generated by an r-dimensional 
algebra of Lie derivations that leave the metric 
invariant is called a group of isometries. The r 
independent vector fields in corresponding
to r independent derivations in the Lie algebra are 
called killing vectors, and the equation expressing the 
invariance of the metric

L j  3  ° (2-49)

the killing equation. It can also be written as

1 (uv) -- u•['j.v]-. u[yu] (2-50)
where 14,1/ are any two vector fields.
Thus each J  generates a group of maps of M  onto it­

self called the group of motions of the space and every 
point | " m o v e s "  under the action of this group, 
along the, so called, orbit of p . If the orbit of a 
point p is p itself, it is called a fixed point of
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the group. If the orbit of every ptM is a geodesic,^ 
is called a geodesic killing vector and the isometry it 
generates a translation.
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2.E GENERALIZED EXTERIOR CALCULUS

Consider the tensor G  € Ts+q , antisymmetric in its 
last q covariant indices (NOTE 12). Then, with the 
exterior (or wedge) product " A " between any two 
1-forms defined by <T/vUJ z ( T e w  - U>9(I f ^  can be 
written as

C  - Cv..*, w V . W ’ «.»)
where

and, in this form, called an (j) -tensor-valued cj- 
form. In this terminology, a function is a 
scalar-valued 0-form, a vector is a vector-valued 
0-form, an ordinary 1-form is a scalar-valued 1-form, a 
IIJ tensor a vector-valued 1-form and so on.
In a manifold with affinity ^  , one can further define 

the (generalized) exterior derivative operator <i . 
This, in addition to being a derivation (but not an ACT 
derivation), obeys the following rules:

( a ) d G  is a ( j)-tensor-valued ft4') -form 
Cl as above.
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(b) For any tensor-valued 0-form S . d S - VS
(c) For any scalar-valued 1-form VO , Cartan's struc­

tural can be taken as the definition of 
With ~T the torsion tensor,

J* (2.52)

where

i- *u i %  = r  /.u tAi* (2.53)

the connection forms, with

U » V  I*,. * 4  (2-54)

(d) For the exterior product of any tensor-valued 
-form C  with an ordinary (that is, scalar­

valued) p -form if

d(fc*<r) = fJG)* «r*f-.|<lc  Ado- <2-55>

Although a metric is not needed for the definition of 
integrals over n-dimensional submanifolds of M  (see 
NOTE 13), more general definitions can be given with 
the use of the so called canonical n-form on M  (or 
Levi-Civita tensor) £. , in terms of which one also 
defines the duality operation on forms. The components
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of €. in an orientable manifold, and with respect to 
any basis with positive orientation, are

'■  n! ' V ’

- h>v «! S[*; • O 1
(2.56)

so that

c-,...-. £»■-*- * C - o H *  „i y ^  (2.57)

where J is the determinant of the matrix of the 
components of ^  and S is the signature. The dual 
of a q-form is an (n-q)-form; thus the dual of G  in 
(51) is defined as

».5.>

In a quite analogous manner, one can define the 
exterior product of vectors as
c / e ^  2 c , * e fc» thus creating bivectors,
etc., or more generally tensor-valued ^-vectors. The 
duality operation will, in this case, be denoted by 
¥  .

The volume of an open set U in M  is defined as (see 
also NOTE 13)
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!v e E W ,l*Jx'-J*"
where is the region in R onto which \)

ofis mapped under the coordination X . In the same 
sense

/ „  (2-60>

is the integral of f over U . The integral of -P 
over the manifold M  , is given by

= %r \ ( u K) -i* <2-61>

where ^  is a partition of the unity of the atlas
One can therefore define, in the above 

fashion, the integral of any ^ -forra over any 
orientable ^-dimensional submanifold of M  • Useful 
in this context is the generalized Stokes Theorem which 
states for a ^ -form CT and any orientable ( Cf +
1)-dimensional (sub)manifold Q  with boundary 1>9.

one has

/ J XT  r / XT (2.62)
Si m
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3. GENERAL RELATIVISTIC COSMOLOGY OUTLINED

3.A AXIOMATIC FOUNDATION OF GENERAL RELATIVITY

The postulates, on which the Classical Theory of 
General Relativity can be founded, will be given first 
and explanatory remarks will follow together with some 
basic formulas for later use.
SPACE TIME (Einstein's "Continuum"): All events in the

universe can be considered as points of a 
connected, four-dimensional, Hausdorf,

CO
C differentiable manifold, with a pseudo - Riemannian 
metric defined on it with Lorentz signature, and with 
free test particles moving on geodesics, 
determined by the associated symmetric metric 
affinity.
CAUSALITY: For any two points (events) in any convex,

normal neighbourhood, a signal can be sent between 
them only if they can be joined by a differentiable 
curve, lying entirely in that neighbourhood, whose 
tangent vector is everywhere non-zero and 
non-spacelike.
LOCAL CONSERVATION OF ENERGY AND MOMENTUM: There exists 

a symmetric tensor, the energy-momentum tensor, 
which depends on the tensor fields by which the 
material content of the space is described, their
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covariant derivatives and the metric, and which 
vanishes in an open neighbourhood if and only if all 
fields vanish there. Its divergence is identically 
zero.
FIELD EQUATIONS: Einstein's equations hold, that is,

C  +  - S n T

where is Einstein's tensor, ^  the metric, ”1* the 
energy momentum tensor and l\ the cosmological constant 
(hereafter taken equal to zero).
For a systematic exposition of the theories of 
Relativity and Gravitation, see, for example: 
TRAUTMAN, PIRANI and BONDI (1965); ANDERSON
(1967); HAWKING and ELLIS (1972); MISNER, THORNE, 
and WHEELER (1973).
The above postulates must be supplemented by a 
prescription on how to determine "|” , which can be done 
if a Lagrangian is known.
The physical concept of an event arises from our 
(supposedly objective) ability to assign 
relative spatial and temporal separations to 
localized occurences in nature. The assumption that 
events form a "continuum" is supported by our
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intuitive conception of space and time and the 
principle of simplicity. Lorentz signature is chosen 
because special relativity holds in sufficiently small 
regions of spacetime, as experiments show.
A vector field U- will be timelike, spacelike or null 
at a given point p , according to whether VL'H* is, in 
that order, negative positive, or zero at .
The motion of small free particles on geodesics follows 
from the (experimentally established— see, for 
example, DICKE (1964)) equality between the inertial 
and passive gravitational mass. That all matter 
fields enter the field equations through their 
stress-energy tensor (only), expresses, on the other 
hand, the equality between passive and active 
gravitational mass (KREUZER (1968)).

The momentum p  of a particle with rest mass W  is 
always timelike. An observer with velocity 14. will 
attribute to this particle:

/ Virest mass Hi - C - p ’p) (3.1)

energy E - -  p u (3.2)

magnitude of 
3-moment vim

(3.3)
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r

magnitude of
3-velocity

-i (3.4)-  I P l  C P -u )

The red (blue)-shift of a signal received by observer
"2" and emitted by "1" is given by Z '•

w. £, U,-kO)
' + -Z TZ'-u&M < 3 ' 5

where Iti is the velocity of observer "2", [C (1) the
nomentum of the photon when emitted at "1" and so on.
The calculation of the curvature

is based on the computation of the curvature 2-forms:
(same as (2.54))

(3.6)

As one finds from (2.52)

(3.7)

and, using (2.44) or, equivalently

(3.8)
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(3.10)

one has

= f w »h (3‘9)

One has therefore exactly enough equations to calculate 
the connection forms and consequently R \  . 
Alternatively, one can use (2.53) to obtaine the 's 
and the components of the Riemann tensor, given by 
(2.41), here simplified to

- r *  - r* + r> r "K  hv/p ‘ I 1 hv, P ^

r* r *  + p* r *  -  r 5' r *~ 1 p * bV > » hf 1 h* 1 fV

where the fact of zero torsion *T" :

r * _ r * - r * f3*11*^  1 Vf, 1 bv

was used. The "inverse" of (11), as valid in general, 
is given below for completeness:

- i %wlh~ (3,12)

For any function -f , if and only if ~V ~ °

d V  = O (3-13)
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Also, applying for S - civ the equation

<JS,UAtv> = <S , C»*,W]> (3.1 4)
valid when ~f -o for any tensor valued 1-form ,
vectors 14. , W  , one has

dlv = R v (3.15)

This equation can also be derived directly as follows. 
From
f Uu w) V  Vu Vw v - Vw Vuv - V [uw]v

(equ.(2.40))

one finds, using W  - - [ l 4 , w ]  (zero
torsion) and (2.39) :

V v f ; W ; u )  - V XV(]i\)W) - R f U , w ) V

and in component notation

(3.16)

V ~ : v ; h  -  ^
(3.17)

The Bianchi identities are

J R  - o d  * G  - o 0.18)
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where

CK'fR.*) <3-19)
is the Einstein tensor written in the presently used 
notation.
The duals of various forms can be expresse in terms of 

the following "volume" elements in M  :

4-VOLUME = Jj <3-20)

HYPERSURFACE

2-SURFACE

d  Z|, ' (3.21)

I
<* (3.22)

LINE ' 6 ^ ^  U>* (3.23)

Thus:
FOR DUAL IS

f* f 
J  =  W

-1 r

(3.24)
(3.25)

F = i.F^wW »F = F̂ JtSm, <3-3«) 
K  --̂  ̂ w V , « v (3-27)
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From (2.56) , one obtains:

£ fo ?I Pi. Si -- - w r o ! )
«̂rf.0f,o(vp e p« P. Pi P -- - r s o n o

-- - r ? 0 f i 0  j£r';7

b ̂ p
g b v p - r u x - j O

6<x vp e 7, hvp - _ (o[)(Lll)

and using these expressions with and
equation

valid for any ordinary  ̂-form when "T" - o ,
obtains:

dL(any volume element in (67)) = o

d*J -- d" SI

and so on. Also, for £  - 0  C7 Ul^

J*C = etG hV-v a4 SI
with similar expressions for other forms.

(3.28)
(3.29)
(3.30)
(3.31)
(3.32)

the

(3.33)

one

(3.34)
(3.35)
(3.36)

(3.37)
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3.B THE DESCRIPTION OF A RELATIVISTIC FLUID

Anticipating the specialization to spatially 
homogeneous cosmological models (see next section and 
Chapter 5), a discussion of hypersurfaces will follow.
A hypersurface in M  is the image of a 3-dimensional mani­
fold under the imbedding

: -S — - M  (3.38)

can be locally described by - f - ° , where f  is a
properly chosen hypersurface-forming function on M
; if both ^  and M  are orientable, the nowhere zero 
1-form

IA, - (3.39)

will characterize portions of as timelike,
spacelike or null according to whether 14, is, in that 
order, spacelike, timelike or null. The induced metric 

on (the star V has nothing to do with the
duality operation on forms— see section 2.C for
notation), called the first fundamental form, can be 
used to define the projection operator H
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h  - (<p*y <p* a  <3-40>
which projects every vector V  £ T. , P c J  into<pO)
its part lying in the subspace (p¥ (~Tp) = |-J
of ~T(j>(p) • See Figure 3.1. If IL is timelike, with 
il’li - - I . then

3  +
U  ® U  (3.41)

Consider now a congruence of timelike curves in M  , 
which can be taken as respresenting the histories of 
particles or the flow lines of a fluid. A congruence 
is a family of curves, one through each point of fA .
In a closed compact 4-dimensional submanifold J) o f M  
the congruence can be represented by the diffeomorphism

where a closed interval of the real line
and “3  a 3-dimensional manifold with boundary. The 
everywhere timelike vector tangent to the curves can be 
normalized so that U l I '  -I and one can now introduce 
a set of quantities which can describe the kinematical 
behaviour of the fluid.
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( 4 * 5 ) ,  h ) /

Original manifold and netric

Ilypersurf ace and induced netric 
("first fundamental form" o n ^  )

Image in and induced metric 

FIGURE 3.1: Imbedding a hypersurface in a manifold.
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ACCELERATION a  - VL ~-U

VORTICITY -
5 2 “

-
wII

r
" T

•fy uu 6 U } U h;v
or, f t r * ^  U A i u

EXPAN SION = ^

(3.42)

(3.43)
(3.44)

(3.45)

(3.46)

SHEAR = 0 ^  - 5 0 h^p. <3.47)

VOLUME (OR ISOTROPIC) EXPANSION

9  -- <3 - 4 8 '

One can now verify the "decomposition" of Vu :
U * ;fJ 7 - - <r̂ t* W„s <3-49>

In order to discuss the physical significance of these 
quantities, one may introduce the Fermi derivative 
f:u v  of a vector field \f along the congruence:

F v = Vuv - $fu,v)u. + ti(u,v)u (3.50)
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If V^y = 0^1/ is said to be Fermi-Walker transported 
along the congruence. The physical significance of
this transport law is that it describes a propagation 
free of any rotation with its induced inertial forces.
Thus, for example, a gyroscope is Fermi-Walker
transported along its world line. The lengths and 
angles between Fermi-Walker propagated vectors are 
preserved. For vectors in - V|| and if the
congruence is geodesic i XL ~ ° ) , then F^ ~ Vt* for
all vectors.
Consider now a family of curves, called a Jacobi field with 

tangent vector J , defined in terms of the congruence 
so that

L u  J  '  °  (components: J - U * p 3 " )  (3.51)

One may interpret J as the "connecting" vector between 
nearby curves of the congruence. As J  is defined 
modulo a component parallel to XL , one can work with 
only the projection of J  into Hp at every point p .
Using for basis a set of orthonormal vectors {e<}.

Fermi-Walker transported along the congruence and withC* 
:tt,one obtains from (51)
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- -  <3-52’ 

i l j '  : (- ‘ (3-53)

The second is the so called deviation equation which 
for a geodesic congruence becomes the equation of 
geodesic deviation (see figure 2.2).
The solutions of (52) can be expressed as

(3-54)

1
where the matrix v* , a function of X, determines the 
evolution of J from its value J  Ct.) at an initial 
position j?0 . At the initial position then, A is the 
unit matrix, representable there by a small spherical 
element of the fluid, according to the rules of the 
familiar representation of a 3 x 3 matrix by an 
elipsoid. At the general position A can be written as

r\ 0 _ P _ wA  43.55)

where S  is symmetric and 0  orthogonal with positive 
determinant. Now an initially spherical volume of the 
fluid will in general experience a rotation with 
respect to a Fermi-Walker transported basis and a
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(positive or negative) expansion, which can be 
decomposed, as usual, to a volume (that is, isotropic) 
expansion and a shear. The matrix 0  will describe the 
rotation UOp̂ and matrix S the expansion Bp* of the 
fluid, with the determinant of £  giving the volume of 
the initially spherical element of the fluid. 
Explicitly, one finds:

2- - (x')\ fa M , * * CaT, (& A U

9 -- ± h ( A e l l \ ' )

and, using (52) , (53)

- u ; A *^  ; v> n  w,

\
A p*, -- c- (3.58)

From (57) applied to the initial point po (where
A  I 9w\ - S w, ) and the expressions (56) one can now 
justify the definitions (43), (46), (47), (48) and the 
terminology used. Equation (58) determines the

(3.56)

(3.57)
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evolution of the kinematical quantities if the Riemann 
tensor is known, which, in general, is accomplished by 
solving the field equations.

Assuming the fluid to be perfect, its equations of motion 
will be functions of p (baryon number density) and £ 
(entropy per baryon) :

P “ P (  ~T - T C p,0 (3.59)

From the laws of:

baryon number conservation ( p Hr) - o (3.60)

1st Law of Thermodynamics d £  - bJ p  + (3.61)

P . . £-Pwith o  the total energy density, /-» - —p—  the
chemical potential per baryon, one obtains for the
pressure and temperature:

p  r (3-62)

T  -- -f f — } <3-63>' p I )?
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and the following consistency relation (Maxwell 
relation)

,3-64)

The second law of thermodynamics o holds with
the equality sign for an adiabatic flow and, in that 
case,

T  ^ (€*'p)ix9\x* ptj (3.65)

is the energy momentum tensor for the fluid (Lagrangian 
= -2 £ ).
The component of S7•T ~ ° along UL reproduces, as expected, 
the first law (61) , while its component on the subspace H 
gives the

Euler equation + f) U. - " (d.f * p H )  (3.66)

Noting that for a comoving element of the fluid, with 
volume V  one has

j z  L 1/ - V ' M .  (3-67>
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one can rewrite u l *(\7 ’T )  = o (first law of 
thermodynamics) as

+ P ^ V  = O (3.68)

If the fluid is electrically charged, there will be a 
contribution to the energy momentum tensor from the E-M 
field. The physically observable quantities that 
describe an E-M field are the components of the 
(antisymmetric) Faraday tensor

F  ~ k  Fotp AUI* (3.69)

with
F  i .  -- 6  i

f . .  r ( i j , *  cyclically 1,2,1)

or, the Maxwell tensor, which is defined as the dual of 
f- . In terms of these tensors, one may form the 
invariants

'*■ r offf F " I HI -  I E I (3.70)

I c  * r-o'P 7~i P
T, r etfi b  - H * C. (3.71)
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The electromagnetic potential A , a 1-form in terms of 
which I" may be expressed as

(3.72)

is measurable only after a gauge has been chosen for 
it, one such being the usual Larentz gauge

A  * A  - O (3.73)

The field equations (Maxwell's equations) are

A  F  =  »  A  * F  - ‘m ' J  (3-74)

where 3  is the current 1-form for the electric charge, 
defined as f u ,  with p the charge density for a 
comoving observer. The energy momentum tensor for the 
E-M field alone is (NOTE 14)

*/n Tl„ = - F * F - - 4 F F** (3*75)r v  • p  r  v  l, r ^ r

The equations of motion (equation for the Lorentz 
force) will result from V T  ~o if the massive (of 
the mass) contribution of the "bare" fluid is included 
in the energy momentum tensor.
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3.C ON SYMMETRIC SPACES AND THE BIANCHI CLASSIFICATION

The (j\ of ACT maps y  generated by a Lie derivation 
is an affine transformation if it commutes with 

parallel displacement:

t(Vuv) -- ^ u ^ v )  » • « >

For zero torsion and noting that (2.39) is also valid 
for Lie derivations, the above can be written as:

o - . / m  [V7mv  - r ' ( V i u $ v ) \
1

' H « H ]

r  \ u V  * V J  L 3 V ) "  L j ( ^ u V )
hence

V u (Llv) c (Lf (Vv)) (;u) (3.77)

and similarly, for any tensor C

v u (l 5c) - rL5rvG))f;u) (3.78)
As a by-product of the above derivation, one obtains
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using (2.40)

1 ■ (3-79)

The integrability conditions for (76)<J=^ (77) are

L  T  -- O ( L ^ R  = O (3.80)

for the torsion and curvature tensors.
An isometry generated by /_ j is also an affine trans­
formation in spacetime so, from :o and (78) ,

% - O (3.81)■ V ; $)
if and only if J  is a killing vector. It also follows 
from (77) that for a killing vector

^ ( v l -V) ' t U ' L j U

or, with u  - e  * , i/ - e p ,

<3 r r  - c

which shows that in a coordinate basis (where 

C(o>fi)i = ° }

60



2  ex'* is independent of the coordinate corresponding 
to the killing vector.
From (81), one finds that for any H- ,

( i w  - I* u ' ; ,  U*

hence, 5 „U is constant along an af finely scaled 
geodesic with tangent H  . Also, is constant
along the trajectories of ^  , as follows from 
( z ° an^ if the isometry is a 
translation is constant everywhere. The last

astatement holds because ^ :oas a
consequence of (81) , and one obtains then

Spacetime will have the highest possible symmetry if it 
admits the maximum allowed number of killing vectors. 
This number is equal to the maximum dimensionality of 
the invariance Lie algebra of the metric, that is 
l/2n(n+l). Thus the flat spacetime of Special 
Relativity (Minkowski space) possesses 10 killing 
vector fields.
It will now be shown that for every killing vector ^  

there corresponds a conservation law for the vector 
P  r ̂  *T (component of the energy-momentum flux density
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along the direction of ^  ). From (2.50) and
^7*”T  - ° , one finds that V p  - o , which shows that 
the flux of p  over the closed hypersurface of any 
compact 4-dimentional region D is zero:

/ PttZ,. r/w *p . fDd ‘P =  -  ,3.82,

In flat spacetime and Cartesian coordinates, there 
exist four killing vectors r ̂  generating
translations and establishing conservation for energy 
and momentum and six others, M  r generating six
rotations and giving the conservation law for angular 
momentum.
Spacetime will, in general, admit no killing vectors but 

the lack of any conservation laws (although one 
realizes that such laws are not fundamental or 
necessary elements of a physical theory) is apparent 
only in a global sense, since one can always, using 
normal coordinates, make negligible the flux for linear 
and angular momentum over a closed hypersurface by 
considering a sufficiently small region of spacetime.

Assume now that a spacetime is spatially homogeneous, 
that is, it admits a (J-j group of motions simply 
transitive on spacelike hypersurfaces. These, so
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called, surfaces of homogeneity define a unique,
normal to them and future directed vector field (or
1-form) W  , with

TI*T1 - - I , SZft11 ' ° , : O (3.83)

Because it now follows that d n  - ° , there exists a 
function t , with Tl “ -<u ■io such that the equation for 
each hypersurface "S will be t - const, and a 
parametrization can be made, where t - 1(1 )
with j~ £ o . The metric in will be
g  +  n » n  and the general discussion of 3.B is 
directly applicable.
Introduce now an orthonorraal basis such that e. n

Using the equations: r J } C^*0f,rVC^:O
(following from (9) and (2.53)), (11) and (12), one can 
compute the structure constants * (see, for
example, ELLIS and MACCALLUM (1969)). They are

C t n  -- < 3 , 8 4 )

where,
CL -  C .  f /*h

c  - * r fr:> - r cPvM £
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and
Z °

^  , (3.85)
P o vv* ; 'W* + ^  ^  m  )

The last equation can be rewritten as

-  'VK + 9 r <3-86>Wo*i 7;wi /V*

where

ft' = ■;

is the rotation of the basis vectors with respect to 
Fermi Walker transported basis. If are the three 
killing vectors generating the (j 3 , one can choose the 
basis (BESIDES €?c= Tl ) so that - O.
Applying the Jacobi identity (2.24) for 0 h ^  one 
sees that are functions of time only (NOTE 15).
Further, one can calculate the time derivatives of the 
structure constants by applying (2.24) to 0 ^ 0 0 0̂ *, 
and finally for 0 ^ >0 Wi0 n to obtain a constraint among 
the C  Sj this constraint written in terms of and
CL f , in terms of which the C  * are expressed in (84) , 
is
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r

$ > w « = o <3-87)

Performing an orthogonal (only time dependent) rotation 
of the basis one can give and Q ̂ the
canonical form

f'5'' . f >,
(3.83)

Q. q - <3. (T?i  ̂c? ̂ o )

into which the constraint (87) has been absorbed, since

S' - o (<f «»J si --' .

On any chosen hypersurface "3 the basis for the 
killing vectors can be chosen so that

where

C l ,  J j  r c * '  S .

(3.89)

(3.90)

and the tf in (89) indicates that the identification 
is valid on a specified since Cfm  are
functions of time while C.ym constants (NOTE 16). The
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expression (84) will therefore also hold for the C *
r*M 9but with the b , CX constants. Using the canonical

form (88), one has

13 (NO SUMS) (3.91)
-- C 5 W ~  , o

_  /One is free to renumber the T  S , reverse their 
directions and rescale them. Table 3.1 gives all the 
possible independent combinations for f (X together 
with the Bianchi type of the group of motions tht the 
corresponding killing vectors generate.

Types VI^ and VI1̂  are actually one-parameter families 
i a1of groups; was chosen for the parametrization

because it is an invariant as one can show by 
calculating the time derivatives of and <7/ .
Therefore, it is always:

When used to determine the C  's, the values for$fi

can be chosen as ±1 (when not zero) unless none of
i* o' ^ ~ ^

(X,St,Sf is zero, in which case >2 , can be ±1 and a 
will be given by the invariant h from (92).
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TABLE 3.1 Classifying the Possible Structure Constants

Si Sx S,
A/
a Bianchi Type

0 0 0 0 I
+ 0 0 0 II
+ + 0 0 VII (5 VIIo )
+ - 0 0 VI (— VIo)
+ + + 0 IX
+ + - 0 VIII
0 0 0 + V
0 0 + + IV
0 + + + V H h
0 + — + VT with 

K (VI-j*III)



TABLE 3.2 The Bianchi Classification of Homogeneous Spaces

Bianchi
Type d o r ’ l e r d< r

I 0 O o
II <r V c r 3 0 o

III 0 0

IV 0 0 'V<r*

V 0 G'i\crx <rVcr*
VI c f W ’ <r‘ a cr3 o

VIh 0 acrA<r\ - a A < r l-  a c r V i T ’

VII (T A C T ^ A O ^ ' o

VI !h O a  c t'a c "1 + a ?A<r «r'/\crl - a c r W

VIII <r> c r V c r - c r  A < r l

IX c r V < f V c r ‘ <r' >\ ir1



From (2.53), (7), (11) one has for a basis ( V I

< l u /  - <3-93>

This equation with the values supplied by (91) was used
to construct Table 3.2f which gives the differential

/relations (93) for the 1-forms O' dual to the killing 
vectors ^  of the various Bianchi types.

Type III is derived from VI^ for h - " I ; notice 
however that the do"^ given above were obtained from 
the original ones (which were:
d c r 1 r o t d c r 1 r -AO'1 - or\ ) by a linear
transformation of the basis. The Types VI and VII can 
be recovered from VI^ and VIIh when h " ° * in these 
last two types, the value of Cl is given by (92) for 

z -1 and Sj - +1.
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4. EXACT SOLUTIONS

4.A OUTLINE OF A TECHNIQUE

An exact solution of Einstein's field equations, 
representing a cosmological model, is a spacetime 
in which the components of the metric are known 
functions of the coordinates and the material content 
of the model is described by appropriate geometric 
quantities, usually scalar vector or tensor fields, 
whose components are known functions of the coordinates 
and such that the energy momentum tensor defined by 
them satisfy Einstein's field equations. For the 
complete understanding of a model, the above 
information,being local as a result of the use of the 
machinery of differential geometry, must be 
supplemented by a study of its global topological 
characteristics (see, for example, HAWKING and ELLIS 
(1973)).

When the restriction of isotropy is relaxed for models 
complying with the Cosmological Principle, that is, for 
spatially homogeneous spacetimes, the most
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straightforward search for an exact solution would 
start by writing the metric as

g  - - A t  ® A t  * f4'1*
with the unknown functions of the time £ , and
the CT 's chosen from one of the Bianchi types
described in 3.C and listed in TABLE 3.2.
In terms of a properly chosen orthonormal basis

t o '  -- A t  , U >  <4-2>
with the /\'s functions of \ (only), the metric will 
be

^  : " tO 0CaJ° + Vd &VJ + UJ9\fj •+ Ul®U|f (4.3)

Then, from

■ y r-1 b v
Q. IaJ r \ |%\f U )  AIaI (4.4)

which follows from (3.7) and (2.53) , one can uniquely 
determine the rotation coefficients if one uses, in 
addition to (4), the symmetry

o (4.5)
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which follows from (2), (2.53) and (3.9).
Consequently, one can obtain expressions for the 
components of both the Riemann and Ricci tensors from 
(3.10) and its contraction:

R h f  = r ; fl. - r ‘N ^  r V I * - r ' W  <«•«>

To write down the field equations

? R v-v' = * n T t-V
(4.7)

or,

^  (4.8)

(where R  and T  are C  , contractions of C * R. and T  ) , 
one must know "J” , which presents no difficulties 
ordinarily.
Thus, for the case of dust, for example, ~f is given by 
(3.65) reduced to

T  ' £  L L * 1 L (4.9)

for an E-M field by (3.75) and so on.
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The field equations must be supplemented by equations 
which the material content of spacetime must obey, 
that is, conservation (e.g. continuity)
equations, field equations and equations of motion. 
One example in each category respectively is given 
below:

Baryon 
number
conservation V '  C P U O  = ° (4.10)

Maxwell's J C  ; o A *f = *J (4ai)equations ’ ’

Spatial component • / ry -r \
of (vanishing) rl I V  * I / 
divergence of T

(4.12)

Of course, not all of these are independent equations, 
but it is usually useful to consider even those among 
them that follow from Einstein's field equation (e.g. 
(12) above). The solution of the resulting system of 
differential equations for if °n® exists, can
sometimes be expedited if one makes the "right" 
transformation I -»T :

i T * m)dt (4-13)
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The existence of a solution, for at least some finite 
time, can be secured if one shows that the initial 
value equations

G o h -- 3n l „ h « • « >

can be satisfied on an "initial" spacelike hypersurface 
of homogeneity (Cauchy problem— see, for example Y. 
Bruhat's article in WITTEN (1962)).
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4. B A BIANCHI TYPE IX MODEL

Using mainly the technique outlined above, an exact 
solution for a Bianchi Type IX universe was obtained.

This model represents a closed homogeneous anisotropic 
world filled with an E-M field and a massless scalar 
field. It reduces to Taub-NUT-M spaces (TAUB (1951); 
NEWMAN, TAMBURINO and UNTI (1963); MISNER (1963)) when 
it is empty, it is a generalization of Brill's E-M 
universe (BRILL 1964) when the scalar field vanishes 
and, finally, represents the scalar-tensor theory (see, 
for example, DICKE (1964)) analog of these spacetimes. 
For details, see BATAKIS and COHEN (1972).
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5. THREE ROTATING UNIVERSES

5.A A BIANCHI TYPE II MODEL WITH DUST AND E-M FIELD 

Starting with

<J - a ( c r ' < p c r , +  r W 1

{ \ > \ +  \ < ) 0 ^ Ptr’ + V \  0 ' 0 O ' t )

+
(5.1)

the diagonal form (4.2) is obtained with the tetrad

U»° = di U» ; cur1
(5.2)u>* = 'Xafcr'+i/tr*) ui’^ckt’

Assuming that dieT - icT1 - O (Bianchi
type II), one derives

a lA>° =  o
d

l CX,. O I
(5.3)

d u . '  --

-- 10 ' ‘
Equations (4.4) , (4.5) now give the rotation
coefficients and those different than zero are
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The components of the Ricci tensor follow from (4.6)

r„ +- ^ *
* «  - l y j A "  W  I f  ? 1 •* 1 2 n  ’
n  _ l^^iA * a ),e (Mo),* , > I ^ V - V  i .. \"2K j j  - b r a t  - j ^ 5 T  "JTcT 7  (— ) - T f a K a )
D - ( _ fa* <x̂ ° > y.«
1 ^ 23  '  ' a j x  '»o > l  <x' 2H

R o t  ”  ^  0 2  ~ R. ol ~ &  vx - ^  3« “  °
A special feature of this model is the non-zero
vorticity of its contents: a pressureless fluid with 
density p and velocity

(5.6)

will have rotation, according to (3.45),

®  '  T ^ T a  ^ U  u , ° _  u ° u > ')

Equation *”T ' °» written as



T “ °,„ * r°'h v T 1"' * r f'„h t *v = o (5.8)

and applied to the energy momentum tensor of the dust 
with non-zero components

   o O . A  -r I * I£n T = p M  , sn l = pcu1)
(5.9)

^ “T  ° ' 0 I?n T - p * u
gives, after some algebra and two integrations (M, N 
are constants)

^  a  p w ’ - M  (5.io)

The magnitude of the rotation vector (7) can now be 
written as

IQI u N

An E-M field with

F - - e, u>W - ±
* F  - Ir̂  Ul AUl* * t £ fw,„ e jIl*r’AU>''

(5.12)

(5.13)
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will have, according to (3.75), energy momentum tensor

4 n  T j - w  r

tfK'+e)

1/.1 1 * tx (5.14)

hj 6 , - ̂ ,63 - k k ‘ e A

W,et- K e« - hjb,- Cje. 1 / t  ̂ 1 v t I
T V b A V V e t - e *

where,

If one writes down Maxwell's equations (4.11) with 
|1) - 6, ~o and also J  " O , the resulting system of 
differential equations can be integrated; the solution, 
after this was done, was found to be ( Mj , £ l are 
constants):

_ + HiV I , H?
^  (5.15,

e, *
With the simplifying assumptions

- Hj , Ci * H X/ W % e (5.16)

(5.17)
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one obtains from (14) the following non-zero components 
for the energy momentum tensor of the E-M field

Ha( W )

H* l/7 (5.18)

$n T„0 - ?n T „

%v\ ~ $n T
T„ = *

The field equations are now

Z

R o o  " P i .  " + ^ ru<,) (5,19)

(5.20)
1 i‘v v

Q    -  P

R „  -- - t  ? <5-21'

R l !  = -  (5.22)

where Rf^v is given by (5) with ^ - f* . Because 
R 0, “ one also has the relation

2 M - M  N (5.23)
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H  2 U \/From "jj ~ and (22), one finds with one
integration ( P is a constant)

V. ' -fs-jrr- <5-24>V r  a- 

■= p (5.25)

Using (24) in the form of (4.13) , that is,

d u  -- r i ^ a y  A t  <5 -2 6 >

and also (25) , one can introduce V as the independent 
variable in the equation R (| “ Rti. When this is done, 
and with a prime denoting differentiation with respect 
to V , one obtains the following linear second order 
equation

(<Iy) O ' )  + +  + 1 "  0  ( 5 * 2 7 )

Therefore, if y (v) is a solution of

/f U ' b V
y  4 y  y  + 1/ e + 1  (5.28)

one has
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(5.29)

with similar expressions for the other quantities 
0<, P(U>'( obtained from (10), (11), (25). This
formally completes the solution, with considered a
new time coordinate and with (26) giving the
corresponding transformation.
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5.B A DUST FILLED BIANCHI TYPE IX UNIVERSE

For a Bianchi type IX spacetime ( d c r9 z O'n, (
cyclically (1,2,3)—  section 3.C), the metric

t} - * a ' [ c r V s i r 1 ^  ^

+ (k * vji') cr’s tr’ * i f W ’ » <r’(O’1]

is diagonal for the orthonormal basis

u>° - i i  U> - a«r' (5.31)

Uil - VO - yacr*

with

Ul - o

A t CL » ° 1 * 1 *ui r U ) A l O  + JyTcC W A U )a

a  T T̂ d),e a 0 i 'X V/o f ? V 1 1 ’ iU) - -rrr- Uf AMI + -r- U>au) * 77 UMU> + - r ~
* ^ (5.32)
(McO,* o i )A I I V/ ■* I

A 1 0

As done before, the non-zero rotation coefficients are

K a  + ^ W / , u ’ + —  W/>U>
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r - ( _ fAQ-Xo i -toi ' a  I 701 ' •
‘  h a

r  - r  - r  = ^* -Jo? 1 103 1 1 to -^T

r  - - r  - —1 t,x 1

(5.33)

ji* ' a
r  - ^ i + ^  t r * + ^  >
Vv '
m

The components of the Ricci tensor are given by (34 
40) and the (j0o component of the Einstein tensor for 
^  - h by (41).

The matter content of this spacetime will be described 
by the following non-zero components of the energy 
momentum tensor

Z n l o o  - pCu°)

s n  7 „  : f M x g n T  = - p 
s n  To, - - p u v

where p is energy density and

t L  -  -  u # w ‘  4  u ’ u >

With some algebra and two integrations, it now follows

w n  w

(5.42)

(5.43)

84



00Ln

- R o o

i - c w n 1 - k  ]^,i\i i - ifnij n  -
R  i, - (ha.),.i.-,-(!l»%-*),JQ-<ii.)„,-z(a) + T f ^ j T a V

2

v  o + ^ V  - cm*-.
R jz - fM®),.,.’■ f ^ M ’i.fM®),. ^ C j/* v'°)+ q ĵz

R j *  -- ( * " h U . ' ( W I M . . *  *'■•)'+ ~  \ K ? ' I]

R z ,  - a v , ) ,  * C I ^ V U ^ H . )  *

R ot “ R,, - R t. - Oo l  o3 ^  n  J i

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)



from V  T  = ® I W  , are constants)

- M  (5.44)

u' a - N <5*45)

Again, using the definition (3.45), one sees that the 
rotation vector is not zero

(5.46)

with magnitude

Q |  - *. — L U L  (5.47)

The field equations (4.7), that is,

' J n T CK ' H n T

now show that Ri* “ Ryj , which, assuming from now on

(5.48)

reads
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- ~ V [(2*l/7)jl - l] Z (5.49)

Also, from R ol - - p U° U_'

^  3 2
%  a y u;o . - 2 r^N (5.50)

Combining this with (59), one obtains

- i ] T ^ a  = 2 M N  <5-51'

It can be checked now that given by (39) is
identically zero.
Using (50) in the form (4.13), that is,

J v  I - d. t (5.52)
V Ji tx1

one can introduce V as the independent variable in

A ^

which follows by subtracting the 00 from the 11 field 
equation. The result, with a prime denoting 
differentiation with respect to \f , was found to be
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+ ̂ Cr^a.y) + * 6 ( CP*ia) + (5.53)

+ o ^ ^ - u V ^ y *  + j_ _
2(2 M.H ')x 2

Eliminating &  between (51) , (53) , a second order
differential equation for with respect to V is 
derived. The result of this calculation was:

[ f -  4  l / - I6l/ - 16 9 ] / ) ^  j t '  +

[ ( +  i 6 ) / +  i c v ) ? ?  *  1/  ( X ) z  +
f . (5.54)
[ ( " 9 V  - 2Vl/- Mv) ̂  + (l2\/7- Llv)X  + ^ '  +

[(^2yV(/+ic)>6i-r-yw-wua-;6)^M + - l] - o
One could, instead of (53), use the C/oo equation to 
derive a first order differential equation which, 
however, was found to be more complicated than (54).
If 2  is known as a function of V , the rest of the 

variables CL ,p will follow from (43), (44),
(45), (48) and (51). This completes the calculation
formally, since V can be considered the new time 
coordinate, with (52) expressing the corresponding 
transformation.

88



5.C THREE DUST-FILLED BIANCHI TYPE V MODELS

/■ ' i l(*>In a Bianchi type V spacetime - o z O hO )f

the metric

9  - ~ d t  * di  4 a ( c r '<g>cr' -v V O'io'
(5.55)

+  v crecr' -v ( > + vl ) cT0crl + |a2 < rpct1 )

assumes the diagonal form (4.2) for the basis

(5.56)
ui - a ( o ' ’- y < r )  w  = ^ a c r J

with:

<1 U>° - o

a  i d,« • » y„ « i w* ' iU> = U )  M*J * Ia>aU> + —  U ) A U >

d *1 • l I 1 1 (5 57)W  " 0 ^  U > A U >  * -£ UlAlAl

a i C h 0-),*, . ® ** ' 1 1 y  * i
U ) -  7 /T ^ o "  141 AU> " a  U ,A U I + u >AUl
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:he (other than zero) rotation coefficients are

(To.
Q,«
a (T<»t

( A C L ) . .

A«l
r- . fr*),.
• Jos f » a

rm - r„,
i

CL
r  -' m r  - —' 515 A a

T«x (T«n ' (T i o J k2>
(5.5H)

The following components of the Riemann tensor are 
indicative of the anisotropy of the homogeneous 
hypersurfaces:

p -  9^. I2 2 l*  -  _ 1  _ f  \ V .  f  J L  'da  Aa. a' v ' I > a  j
Q  _ a,o I- f a  ' ~^x (5-59)
p  . (fta),. . -L - ( 1 M 1- — %5T~ pa a 1 ' '
The components of the Ricci tensor are

- R 0tf ' r ^ > b a',),o#0+ ^ aU ' + (5.60)
+ 2 (vI •/%•}}

K  -- (5.6D

R «  ■ - 1J0 - > ( 5 - 6 2 >

P.JJ -- (H*),.,. <5-63>

- R „  *- -k + t j t  (5-64)
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t O (5.65)-  d  - J t L  f/r -  X H
ot ~ fK ho 2^a

p.i = (-&}..* (5-66)

R o ?  - R s. ■- R - U  - ° (5-67>

The pressureless perfect fluid content of the space is 
described by the energy momentum tensor

S n T  - p U ® U  (5.68)

where,

11 ' W l (u-u.--t) (5.69)

and the components of S fT  - o (equ. (8)) are

(?(«')%  + -  p r u V ^ . }"  -  p u ’u1 &  + pfM-)l X  = °

f ru V ) /0 * p M v a «  - P W ) , ^r - P ^ ^ h :  + P w V ^  = °  (5.7o)

fpw°u),0+pu'u + p u V  M-i 4- ♦ p u V K  = O
where,

V  <X j,p + 2U _ 2 V U  (5.71)
A  " 2\> a' a  u° >au°
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According to (3.45), the rotation of the fluid is not 
identically zero:

Search for solutions to the field equations (4.7) will 
be carried for the following three special cases, 
models Vp , , Vt .
MODEL V„ represents a homogeneous, anisotropic, non-rotating 
universe, filled with dust, and it is obtained for 
U - U->/= o. Then, U°- I and (70) gives ( M  is a 
constant)

The index o on the quantities CLt %,h,P specializes

To find the time dependence of d, , one can use the

(5.73)
o

them for the presently treated case. From R u = Rjjand, 
using the condition which follows from R #l = o ,
one obtains

Confl

Ct0o equation:
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i+l

g  - + ct*(<r J o'1-® <r2- f*1 cr*« tf'*)

FIGURES 5.1 and 5.2: Cl and v s . i, for ”odel V„
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which gives

(5.76)

Figurative graphs for A o,Ja ,CI# as functions of time.
when A . H  r 1 are 9iven in figures 5.1 and 5.2; they 
show that the anisotropy damps out rapidly and the 
model ultimately develops very nearly like a Friedman 
universe with negative curvature (see Chapter 6).

MODEL Vt is a perturbed state of the previous model 
so that a small rotation appears. To first order in 
the perturbation parameter £. , one has

To first order in £ oneobtains from (71) after some 
algebra and two integrations are constants):

V = IV%
u

(5.77)
U  - £ V

V'cL c c x (5.78)
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r

t / a  ~ C z  (5.79)

Field equations R,2 - pm'w and R 0̂ r~f>u’̂ X give

('%%i.- !i»f. • « n  ”
f (&),.* ffc ►.«'.) ■ & )  £ - Oft')..

and they are both satisfied by the solution

w - frf ■ ̂
If now one requires that ^ “*1 , H "’ 1 j UJ-* o as t -* «> 
(80) gives

V, (5.81)

The magnitude of the rotation vector (72) is

I £  1 -- % ^ r  <5.82>

and its direction along Ia>? .
Thus, a solution has been obtained for the lowest order 

of each quantity in (77).
1MODEL Vt. An exact solution exists if U:o}(7l) gives, m
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this case, after some algebra and two integrations, 
(C,M are constants)

V a  - C (5.83)

U° - 3 M  l/ (5.84)

- - C  a '  f a ♦ £ ' ) ' *  <5-85>

From R,7- R 0j-°f one has (G,N are constants)

h a* C M C1 l> z - ■ (5.86)

f » V 5 = G V (5.87)

and using these expressions, one obtains from R*, --puV 
after some algebra and one integration ( Q  is a 
constant)

^  (5*88)

where, - Q  - G  y ~ f\ll/% (5.89)

the quantities (and, consequently U°t u'; p ) can be
given as functions of V , v/hich is connected with { 
through a transformation of the type (4.13) ,
following from (86), (87), and (88):
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(5.90)

The solution is

a  -- c '  c f  V  

h' - c  < ? V

(5.91)

(5.92)

a  ~ A  [ I + (' * ^  ̂ l)1 J l ^  (5.93)

where the constants A|,C;£Ĵ  MjNtQ are subject to the 
restrictions

N C > °  
Q  - C y  - N u ^ o  C  v yo
An interesting conclusion follows from (94): y (and u') 
cannot change sign throughout the entire evolution of 
this rotating universe, and this combined with (90) 
shows that V is a monotonic function of i , constantly 
decreasing in absolute value. Further statements on 
this model, which seems to have some very peculiar 
characteristics, will be reserved until a more 
elaborate analysis has been completed.
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5.D AN OBSERVABLE EFFECT OF THE COSMOLOGICAL ROTATION

In the same paper in which he described his rotating 
model, Godel also stated (without proof) the following 
theorem (GODEL (1950)):
If Ni ,Ni are the numbers of galaxies in the two hemispheres 

into which a spatial sphere (i.e., one situated in the 
3-space orthonogal to tL at the point under 
consideration) of radius , small compared with the 
world radius R. , is decomposed by a plane orthogonal to 
511 then

—  ̂  t —  IQIr RH (5*95)N t+ N l 2 1 ̂  n

where H is Hubble's constant.

This theorem essentially connects the "tilt" of a 
tilted homogeneous model (see, for example, KING and 
ELLIS (1973)) with the inhomogeneity an observer 
measures in the fluid's comoving rest space. For a 
tilted universe with non-zero vorticity, it also 
allows, in principle, an observational estimate of the 
magnitude of the rotation by means of galaxy counts.
A proof of the theorem is given below.

98



In the orthochronous frame naturally defined by the 
hypersurfaces of homogeneity, one has for the velocity 
VC and the vector (AO) connecting a given spatial 
position of the observer at t - L0 and {, - + S t

(Figure 5.3)

VC = - U*UI°+ u ’u>' , ( A 0)-(£t)%A>° (5.96)

The position of the generic point 3  in the fluids 
conoving rest space (where the observation takes place) 
is represented by the spacelike vector . The 
requirement that • 1C -o shows that, with proper 
orientation of the orthonormal basis {ufe ] and

V I V H * '

Noticing that the vector (AB)--(AO) + , that is,

(Aft) - (si-u'i) io° + U°J Ijo'

lies in the hypersurface of homogeneity one obtains

SI - u'^ (5.98)
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The density of the fluid at 3  is

p  = r \ . *  r , . \ .  a

R(0which, using (98) and p r - 5 p :- 5H P (see, for,o ^
example equations (6.7), (6.15)), becomes

p - po ( i - s H u ' - O

The point B  of Figure (5.3) represents actually a
circle with radius in the sphere of radius r in
which the measurement takes place; furthermore, this
circle as illustrated in figure 5.4 is orthogonal to 
A  because it is orthogonal to , which is
(anti)parallel to (equations (97) and (46)). With
volume element then an<3 corresponding "number
of galaxies"

J N  - np (V-V)0 -sHu■*)«!■*o

the integrals
y a y.r

N  - f dM Nt - f dN (5.99)
i \..r '\-o

will represent the numbers of galaxies in the two
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This half of the 
sphere containsNi 
number of calaxies. 
The other half 
contains

FIGURE 5.4: Sphere in Observer's Rest Space
(Retail of FIG. 5.3)
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hemispheres into which the plane orthogonal to 42 
(e.g., circle at 0 , like the one at B ) divides the 
sphere with radius V . After the short calculation, 
one obtains

N , ~ N z 9 ,
n ^ T  i u  r  H  (5-100’

Equation (95) can now be established if one substitutes 
in (100) the equation u' r |Pl R. which follows from (47) 
with * (small anistropies) and (6.5).
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6. DISCUSSION AND CONCLUSIONS

Recalling the remarks made in Chapter I concerning the 
observed universe, it should be evident now that what 
is to be understood by "present stage of evolution" or 
"instant of time" is a (nearly) homogeneous and 
isotropic spacelike hypersurface, which for "present" 
includes the observer. If the metric has the form

9 = + R l v  (6-i)Prv\
with ~ RCt), '&/rn ’ $fry\ ̂   ̂ • the corresponding
coordinates are called synchronous because the
intrinsic geometry of the hypersurface ( V. ) isvPm
"decoupled" from the time except for the overall 
"expansion parameter" R , which is constant on a given 
hypersurface. This name for R  (which is also called 
the radius of the universe if spherical coordinates are 
used for — see (3)) is given because the distance ^ 
of any two points in the hypersurface at any given time 
t is i(t) ia.) Rff), where a properly chosen 
"reference" instant. The intrinsic geometry of each 
hypersurface is characterized by constant curvature (R 
is not to be confused with the curvature scalar (2.46))
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% m „ r  = £  (* / n C - * / r O
where \C has been normalized to take the values 

characterizing respectively the open with 
negative curvature, flat and closed Friedman models. 
It should be noted here that zero (or negative)
curvature does not necessarily imply an open model. 
ri'he hypersurfaces of the closed Friedman model (which 
will be discussed as a prototype in the sequel) are 
3-spheres and the line element in hyperpolar
coordinates is

ds --fdi) + R  ̂+ + (6.3)

with the range of the coordinates (f>f Qt being
[0y2n] t and C°y / respectively. Notice that
the quantity R  in (3) is proportional to the expansion 
parameter d in (5.30) when ^  ” ° • 0ne way
to obtain the exact relation is to compare the volume
of the 3-sphere which is 16 l"fX Ol (see, for example,
BATAKIS and COHEN (1972)) and also

V  r f  J ' y J 0 J(j> - ZnfC (6.4)
X9*
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Hence,

R - 2a (6.5)

It should also be noticed that in the density P used
in Chapter 5, a factor was absorbed, therefore,

satisfying the equation (met with in all the models of 
Chapter 5)

0  - dowrtawf (6.7)
'D

For a universe filled with thermal E-M radiation, the 
equation analogous to (7) is

(6.6)
P

where the density of a dust filled model,

where the law p  ~  T  for the temperature of thefM
radiation was also used.
The G 0o field equation

(6.9)

106



now gives for:

DUST: R = i
t = ■? r c::, c « n - « ^ )

(6.10)

RADIATION:

where,

D 1 r/eM)^  - 2 S 'V,V1VWOkX
,(£M)I I o leM) /-t  -  I  ^  V v , * x  f  I -  C o J  n )

dr\ R  d .1

(6.11)

(6.12)

and the (constants) R  «,Ay , maximum radii of expansion, 
can be expressed in terms of quantities observed at any 
instant— e.g. today (index o) :

DUST:

RADIATION:

R

R

(V)
m<xx

(€m)

-- f  r ; p (?)

¥  p r€M)

(6.13)

(6.14)

The so-called "arc parameter time" T) is connected with 
the measurable Hubble "constant" (a function of time)

H R
(6.15)

or its inverse, the "Hubble time", by
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M"' - 1 D  ̂  O-cojn)1DUST: H  ' 7  Kw, -- -̂--- (6.16)

I <;■ ln
r a d i a t i o n : H  -  i  R . „  t t t S -  ( 6 - 1 7 >

To obtain a formula for the red (or blue)-shift for a 
light ray connecting two observers (comoving with the 
fluid at the instants of emission and reception) one 
can, because of the spherical symmetry, write the line
element as — (dlf * (V 'Ll” 'iV  where the tf S are
such that are the components of three
killing vectors. Orienting the basis so that light 
travels along the 'one' direction, one obtains for the 
components of its momentum: 01 o) ( where the

I y ^fact Kof - ° was also considered. Using now the 
definition (3.5) and recalling the relevant remarks
that followed equation (3.81), one obtains:
, t7 . . [R" dc-l,)]ew. . [R"u.

' [R"ERU. ' [R"(K-5,)U ‘ [ R"]ret.
Hence, (6.18)

|+ Z - rec‘ " rec-
^  R. e vv\.

that is, Z. is related to the radius R of the universe
at the instant of emission of the photon.
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Discussion of the events that took place during the
first few seconds of the cosmic evolution ( I < ~ |o'cw)
requires extreme extrapolations of the known physical
laws. Consequently for { smaller than, say, one
second and down to a scale of t **■ \J 

-33 .<<5(— 10 cn* ~ 'o &c) , present investigations are bound 
to be rather speculative and perhaps in inevitable need 
of theoretical developments.

After the universe is a few seconds old 
( t Z io'*cin), all nucleon— antinucleon pairs
recombine as pair production drastically decreases with 
dropping temperature ( “f I0 '0 *1 0 * all hyperons and

.23 ,mesons decay and, with the density p at about |0 crrT 
, gravitational and neutrine radiation, in thermal 
equilibrium with matter until then, decouples and, 
subsequently, cools down according to (8). Such 
radiation fields are expected to exist today with their 
spectra enormously redshifted, of course, according to 
(18) .

Premodial element formation occurred during the next 
phase, which lasts until 10 c m  . The high
energy baryons slow down sufficiently during this time, 
to allow the creation of stable particles and nuclei
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like He** • At this point, a distinct phase in the
evolution has been reached: the universe is about 20

-t ? .aminutes old with energy density p ~ 10 ct-v> in the
aform of a hot plasma (at °|<) consisting of 25% He

75% protons, electrons and photons, plus, of course, 
the decoupled graviational and neutrino radiations.
Subsequently, due to the prevailing thermal equilibrium, 

matter and E-M radiation cool down together in 
this radiation-dominated phase (heat capacity for 
E-M radiation much greater than for matter), until 
the temperature drops to ~ $000 * j< , at | ~  |o c*»i 
with p ~  10 c m  ; at this point the universe assumes 
a new outlook: the photons no longer have enough
energy to keep the hydrogen atoms ionized, 
recombination occurs, thermal radiation decouples from 
matter and cools down in the now matter dominated 
universe, according to (8); this radiation is the today 
observed "background", redshifted, according to (18),

D
by a Z-~ looo , indicating that _ Toi>— ~ looo.
Shortly thereafter, at £ z with radiation
pressure no longer affecting matter, condensation 
around possibly existing "peaks" in the mass-energy 
density is for the first time allowed (formation of 
stars, galaxies, etc.).
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Given the present state of observational cosmology, the 
study of more complex models is necessary not for 
"fitting to the next decimal" of existing data, but 
rather for the investigation of fundamental open issues 
and some apparent difficulties of the Big-Bang theory.
Thus, to explain the observed homogeneity, answer ques­

tions concerning galaxy formation and study the 
conditions near the initial singularity, inhomogeneous 
models are being studied. Details on this and also on 
anisotropic models can be found, for example, in 
ZEL'DOVICH and NOVIKOV (1974). Similarly, besides the 
need to explain the observed isotropy (or, the 
possibly existing today small anisotropies), the study 
of anisotropic models seems fundamental for issues 
like particle creation or the initial 
singularity. A related example can be given. 
During a finite time A  t- and corresponding arc 
parameter change » an event at ( i 0 , 'X ' ° / <p )

can be influenced by events that lie in 
the solid angle with hyperpolar coordinates at 
most equal to & T ) . Thus, one sees that there is 
a "horizon" around any event such that events 
"beyond" the horizon (that is, events with 
^  > &-Y)) could have no causal effect on it (the 
event) during A t  . If the universe was Friedman at
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all times, one has then to explain why the
today observed background (thermal) radiation is 
isotropic, since every part of it, when it was last 
scattered at z. ~  looo

had been influenced by neighboring portion* 
of the radiation differing by only a few degrees 
of hyper - polar angle 'X * The anisotropic
mixmaster universe (MISNER (1969)) shows, among other
things, how one can set the ground for
dissolving such difficulties.
Although Relativistic Cosmology allows the existence of 

rotating models, it has been argued that such
models possibly violate Mach's principle because 
rotation of the universe is defined with respect to 
its inertial frames (the Fermi-Walker propagating
frames introduced in section 3.B), which, in turn, 
according to Mach's principle, are determined by 
the bulk mass content of the universe ("fixed stars"). 
This seems to be the case for Godel's model (GODEL 
(1950)) and the above version of Mach's principle, but 
more realistic situations show that no contradiction 
exists. Thus the Brill-Cohen metric for a thin 
rotating shell demonstrates, among other issues, a 
dragging of the inertial frames inside the shell,in
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accordance with Mach's Principle. For this and 
examples on finite rotating objects, see COHEN (1967) 
and (1968), BRILL and COHEN (1966), COHEN and BRILL
(1968) . A comprehensive listing of models with 
rotation is given by KRASINSKI (1973).
Rotating models, besides deserving investigation on 

their own merit, will possibly have an important 
contribution to the resolution of issues such as 
the rotation of galaxies, apparent difficulties with 
conservation of energy in Relativistic
Astrophysics, and one of the greatest riddles in 
Relativistic Cosmology, the Initial Singularity.
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FOOTNOTES

1. A setTof arbitrary elements called points is a 
topological space _if to each subset U C T  there is 
associated a set 0 (the "closure" of U ) such that
(i) if U contains only one point , then i? - \) (ii)
if U,VC T then KJVV - U U V  (iii) U: 0
A topological space T  can also be defined by giving 
a "base" (that is a "complete system of neighbour­
hoods") which is a collection {u} of open subsets 
of T  such that every open subset of T  is the 
union of some members of the base and ft , T  £ {
A set is closed if U - 0 and it is open if U \T 
is closed.T is a Hausdorff space if Hausdorff's 
axiom holds: for every pair of distinct points a,b«T 
there exists two distinct open sets, U a , such
that
2. The definition of a manifold with boundary is 
obtained if in part (C) property (i) of the defini­
tion of a manifold without," ft" " is replaced by
"H R * ", the "lower half of R n , obtainable from
R" - o*<x ‘< + 0° , if the range of one of
the x* , say X' is restricted to o
3. An algebraic structure f 8 ; a  ;X composed
of: the "basic" non-empty set £ # a set of "oper;
tors" Si together with a map X :  -* B ("exterior
operation"); and "internal operations", that is, 
maps ... of jJ-* B and/or SI-* SJ satisfying
various rules of linearity, commutativity, distribu-
tivity, associativity, etc., which characterize the 
individual structure. Examples:

Set B : (set of operators empty; no internal 
operations)
( * is the usual group product)

r* is group product linear w.r.t 
ithe abelian group product +■

+ is abelian group 
• is linear w.r.t. -

•)
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Module w  
over the 
ring r
Vector space V 
over the 
field F

( \ ( + makesr,x ;t+/1 l+/make
 ̂ J \y i e 1 i

s w  an abelian group 
r a ring 

x is linear w.r.t. + , etc

. l V' F x ' + + #
I t makes V an abelian group t*make F  a field 
.x linear, etc.

Algebra A .. o m a k e  A a ring \
over the : Jft- fx , *[|t*make F a field
field F I ' ‘ '\x linear, etc. j

An isomorphism 4* between two algebraic structures 
is a one-one map which preserves their algebraic 
structure (that is the internal and external opera­
tion). Example: r(<p<x)x(<Pl>)

4. If they were not linearly independent, then V ° 
with at least one V* * o ; but choosing x" as -f
one has from the definition of tangent vectors that 

X*-o ,or

-r* T5. The dual of >p is isomorphic to Ir and one can 
therefore identify ( Tp*J* with T p

6. Upper indices are also called contravariant, lower 
covariant.

7. The topological space M  is compact if from every 
finite covering of M  by open sets it is possible to 
select a finite covering. A subset U C M  is compact 
if it is compact considered as a topological space. 
Manifolds are reasonable models of spacetime if they 
are noncompact because then a line element field is 
admissible. See, for example, HAWKING and ELLIS (1973)

8. Not to be confused with the "invariant subgroup" 
of C corresponding to an ideal in £ •
9. A similar definition is not possible for L be­
cause for Lie derivatives, one has (unlike (2.31))
l~ve h '
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10. Although S7G( ;!•) is the same as r (2.31)
demonstrates that V*Ci C is not the same as

(apart from the difference of the latter 
from V b 7v G  ) •
11. In the normal coordinates introduced, the geo­
desic from f» for a given vector \>TVvdm is given by

with A the affine parameter.
TA is geodesically complete if exp is defined for 
any vector in T P for every p 6 M
12. This choice for the position of the skew indices 
is only made for convenience in the notation. They 
could be at the beginning or even scattereed among the 
other covariant indices.
13. The (coordinate independent) integral of an 
n-form €T over an n-dimensional oriented submanifold
Si of M  is defined as^<r : ’ <J*n — an integral
in , where $ is a map coordinatizing ft (with posi­
tive orientation) and O' : PiyV... x ** . The quan­
tity p is called a scalar density of weight 1 and 
transforms, of course, like the (only) components of 
an n-form: V = V' 111 where 131 the Jacobian of the 
coordinate transformation x -• y' .
14. As follows from the Lagrangian {__ r - f

15. Thus, they generate on their own a group of trans­
formations on S Ci) f the so called reciprocal group 
of C7 %

16. Because the killing vectors form an algebra over 
the reals, if "J is a killing vector, -fj with ftF will 
also be a killing vector only if, in general, f is a 
constant.
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