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ABSTRACT

A method for acquisition of a Phase Lock Loop (PLL) 
receiver is presented. A structure designed for this pur­
pose is described. The method uses an iterative technique 
to estimate the frequency of an unknown Doppler shifted un­
modulated carrier signal imbedded in noise. The acquisi­
tion process can be achieved even if the system is below 
threshold. The acquisition times for a given probability 
of error are presented for two modes of operation - one 
which provides a reduced acquisition time but requires more 
hardware complexity, and another which produces slightly 
less reduced acquisition times but a simpler hardware design. 
Results for a hardware implementation are presented.
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"Theory without application is like the smile of the 

Chesire cat; application without theory is blind man’s bluff.”

(Quote from R. Bellman, IEEE Transactions on Automatic 
Control, April, 1973.)
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Chapter 1 

INTRODUCTION

1.I Phase Lock Loops in Communication Systems

Phase lock loop systems manifest themselves in a 
broad range of applications such as telecommunications 
(satellite) systems, navigational and control systems 
analog and digital data links, and FM systems. In addi­
tion we find the phase lock principle in frequency syn­
thesis, electric power generation, and biophysics. In 
recent years there has been a significant increase in the 
use of Phase Lock Loops (PLLs). This is evident from 
from the large volume of papers in the literature which 
are concerned with the application and behavior of phase 
lock loops. An extensive bibliography is given in [12] 
for work prior to 1S75.

This trend is due in part to the new methods of fabri­
cation of integrated circuits. Many types of PLLs are now 
available in "chip" form and so new and existing systems, 
whether analog or digital, can be designed and modified eco­
nomically and efficiently.

Another reason for this tendency is due to the inherent 
nature of communication problems and the solution afforded 
by a phase lock loop structure. Most communication systems 
need to first establish a reference point in order to operate
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properly. A phase lock loop can provide this reference 
point and maintain it while the system is processing infor­
mation. Without this reference the output of the communica­
tion link would be meaningless. The phase lock loop system 
can perform this task under a variety of circumstances and 
may be used in either analog or digital systems. This aspect 
of operation is called carrier tracking in analog systems and 
bit synchronization in digital systems. In either case the 
effect of the phase lock loop mechanization is to synchronize 
a local reference source with an incoming message or informa­
tion bearing signal. Such a system is said to be a coherent 
communication system [27].

Another use for a phase lock loop is that of a frequency 
demodulator. In essence the loop fulfills the same function 
as an FM discriminator except that, when operating in a 
highly noisy environment it performs better than the discrim­
inator [2 2 ] .

In certain types of communication systems the input car­
rier signal is not transmitted, that is it is suppressed.
This causes problems if one wishes to use a phase lock loop 
to establish a reference for coherent detection. However, a 
related structure called the Costas Loop [7], which uses the 
phase lock principle,can extract a reference signal from 
this type of transmission. There exist other kinds of loops 
in this class which can also perform this function. Some 
examples are the Squaring loop, the N order loop, the
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decision aided loop, the delay locked loop, etc. One such 
system which finds a need for this application is called 
"Spread Spectrum Systems" [8 ] and is used for "hiding" sig­
nals in noise, that is, to make them appear as noise and thus 
not be detected by unwanted observers.

In all of the above applications it is assumed that the 
phase lock system is operating in the synchronous or locked 
mode. This mode has been investigated and written about ex­
tensively in the literature since, for this mode, many approx­
imations can be made to simplify the analysis. The locked 
mode has associated with it specific problems such as the 
steady state phase error probability density function, the 
mean time for cycle slipping when locked or loss of lock, 
the location of the threshold, etc. Since most practical 
systems have noise associated with them, these attributes 
are generally characterized statistically. Nevertheless, a 
great deal of analysis has been devoted to the noiseless sys­
tem in order to determine certain important properties and 
gain insight of the phase lock principle.

However, there is one other mode of operation of a PLL 
to be considered, that is, the asynchronous or unlocked 
mode. This mcde which is not as well documented but is 
coming more so into the forefront of communications is far 
more complex to analyze. The nonlinearities of the system 
in this mode when further compounded by the addition of noise 
produce a system which is governed by a nonlinear stochastic
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relationship.
A phase locked loop system is said to be in the fre­

quency locked mode when the frequency error between the in­
put signal and local oscillator is negligible. When the 
two signals are of identical frequency and their phase dif­
ference is exactly tt/2 radians then they are said to be in 
phase lock [28]. If the loop is not in the lock states it 
is then in the asynchronous/ or acquisition, mode. Prior 
to performing any of the aforementioned functions the loop 
must acquire lock.

The acquisition mode also has measures which charac­
terize its operation. As before they are generally statis­
tical in nature although some are derived through a deter­
ministic basis. Some of these are the maximum frequency ac­
quisition range, also called the pull in or capture range, 
the signal acquisition (or pull-in) time which is the time 
to reach steady state, and the probability of false lock 
as well as other properties. (For an extensive list of 
phase lock loop jargon see [10] or [14].)

Here we digress a moment to discuss the term "false 
lock." False lock is a condition which occurs in a PLL sys­
tem if other signals are present in the input bandwidth.
If the input signal is frequency modulated, for example 
it may be a Frequency Shift Keyed (FSK) signal, sidebands 
which are within the acquisition bandwidth are generated.
The loop may lock onto one of these "false carriers" instead
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of the real signal. Lindsey denotes false lock as any condi­
tion in which the system synchronises to a frequency other 
than the .input signal frequency [15] .

A related problem which crosses the boundary between 
the two modes is the ability of a system to distinguish loss 
of lock from noise. An even more fundamental problem for a 
phase lock system operating in the acquisition mode is to 
sense a frequency and phase difference and to separate this 
condition from noise variations.

We now present a discussion of the basic phase lock 
structure. A simplified diagram is shov;n in Fig. 1.1.1. A 
more general structure is given in [14]. The basic compon­
ents of a phase lock loop are the Phase Detector (PD) or 
Phase Comparator (PC), a loop filter with associated trans­
fer function H(s), and a Voltage Controlled Oscillator (VCO). 
The signal a (t) as shown in Fig. 1.1.1 is an acquisition aid 
and is usually omitted in the synchronous mode. This dis­
sertation is concerned with the generation and effect of 
this signal.

The PD is essentially a multiplier-low pass filter com­
bination which passes only the baseband difference frequency 
signal, that is the difference signal between the input sig­
nal and VCO signal frequencies. Much work has been done in­
vestigating the effects of different PD on the PLL per­
formance. in general, all higher order harmonics generated 
by the multiplication process and referred to as double fre­
quency terms are omitted from the analysis. The loop filter
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is a smoothing circuit which determines the order of the 
loop. The order of the PLL is equal to one plus the number 
of poles in the loop filter. Thus if there is one pole in 
H(s) the loop is said to be of second order. The output of 
H(s) is generally the output of the loop although other 
choices are available. The VCO input signal attempts to 
move the VCO instantaneous frequency towards the incoming 
signal frequency. This is the means by which the PLL mech­
anization is accomplished.

When the phase error at the output of the PD is small 
the loop can be linearized (the close tracking mode) and be­
comes similar to a linear control system. Thus a PLL can be 
called a synchronous control system. The general nonlinear 
differential equation governing the phase lock loop is often 
written in mixed notation, that is, in terms of time deriva­
tives and Laplace Transforms. The variable in this equation 
is usually the phase error. The reason for this is that the 
filter is more easily described in the frequency domain and 
the equation of operation in the time domain. Also by speci­
fying the filter as H(s) a general equation is found after 
which investigations for a particular H(s) are performed.

1.2. Statement of the Problem

This dissertation is concerned with the aspect of signal 
acquisition time, in particular signal acquisition through 
the use of an acquisition aid. We assume that the phase 
lock loop structure may initially be operating either above
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or below threshold and that, due to its narrow bandwidth it 
cannot lock to the incoming signal by its own means. Thus 
an acquisition aid is needed. Also once lock is acquired 
we assume the acquisition aid is removed but the system re­
mains in lock.

The transmitted carrier signal at frequency <jjc (radians/ 
sec) is assumed to be unmodulated throughout the acquisition 
process; however, the received input frequency may be dif­
ferent due to the transmitter oscillator instabilities (even 
in crystal oscillators) and Doppler frequency shift due to 
atmospheric disturbances. We shall group the total of all 
these variations i*to one and refer to it as the Doppler 
shift, (radians/sec). In all cases we assume that the 
Doppler shift is varying slowly throughout the acquisition 
time period, TACq . It may therefore be considered constant 
for the acquisition process. The methods we develop are 
dependent on the Signal-to-Noise Ratio (SNR) or the Signal- 
to-Noise Density Ratio (SNDR). We will always assume that 
one of these values is known a-priori or that a good esti­
mate may be obtained prior to initiating the acquisition 
scheme. With these considerations in mind we derive the 
estimate of the Doppler shift from the input signal and 
noise.
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1.3 Summary of Prior Work

At this point we will perform a qualitative review of 
the present techniques used as an acquisition and in a 
sychronous control system.

One of the more established methods and still used ex­
tensively is the swept frequency method mentioned earlier. 
This technique was investigated experimentally by Frazier 
and Page [9] who obtained an empirical formula that predicts 
the maximum sweep rate for an "acquisition probability" of 
90% in the presence of noise. They have derived formulae 
for the two distinct cases —  one for which there is IF 
limiting and one for no IF limiting. For large SNR the sweep 
rate is approximately the square of the loop's natural fre­
quency, wn (for a definition of natural frequency of a PLL 
refer to [10,14 or 26]. Since the results are empirical a
safety margin is advisable. If the sweep rate is chosen 

20.386(0^ the technique assures 1 0 0 % lock in the ab­
sence of noise. Richman [19] has examined the use of a 
quadricorrelator as a frequency difference detector. The 
use of such a device has shown that there is a definite re­
duction in time for acquisition and a significant increase 
in pull in range. Williamson [30] has recently examined 
the use of non-linear loop filters in the PLL structure and 
found improved acquisition performance for initially large 
detuning in the absence of noise. A guide to three types of 
frequency searching strategies is given in [ 6 ]• Viterbi [26] 
has also examined acquisition aids. We discuss this in Sec-
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tion 3.5.
Acquisition aids for Costas loop type configurations 

have also been investigated. A device which uses a differ­
entiator and/or integrator in either arm of a Costas loop 
which increases the acquisition properties and also helps 
prevent sideband lock [ 4 ]. This device is similar 
to the device we use since it performs a discrimina­
tion of the input waveform. However, the signal derived as 
such is continuously fed to the VCO and is not injected in­
to the system. Cahn [5 ] designed an acquisition aid by 
making a composite Automatic Frequency Control Costas (AFC/ 
Costas) loop which extracted, from the input signal, a con­
trol signal which was proportional to the frequency error.

1.4 Summary of Results Obtained

In this section we present a brief description of the 
contents of this dissertation and we qualitatively summarize 
the results obtained.

In Chapter 2 we begin with the basic structure for the 
injection locking technique we have chosen. We discuss the 
system design and the method of estimating the frequency 
offset. We also present briefly the technique to be employed, 
that is the iterative procedure that will be used to deter­
mine the parameters needed for the acquisition process. In 
all cases we assume that the SNR is known or a good estimate 
is obtainable. We discuss the components comprising the 
acquisition time namely, the integration and processing time.
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The tradeoff between the processing time and system resolu­
tion is examined. We discuss the effect of noise and iden­
tify the two noise processes with which we are concerned —  

the Gaussian channel noise and the Poisson spike or impulse 
noise. We state our independence assumption regarding these 
two processes.

Chapter 3 examines more deeply the relationships estab­
lished in the previous Chapter. We discuss the discrimina­
tor operation and the spike noise phenomenon at its output 
and the effect of the integrator on this output. From this 
we develop the equations for the frequency estimate and its 
statistical characteristics are examined. The theoretical 
calibration curves are found for various values of operating 
SNR. In determining the variance of the estimate a worst 
case analysis is always chosen. We discuss the general equa­
tion for the system which we use to reduce the acquisition 
time. However since this equation is difficult to solve for 
all regions we examine it in two regions of operation —  the 
low SNR or spike region and the high SNR or Gaussian region. 
From these considerations we develop the equations for de­
termining the parameters to be used to reduce the acquisition 
time for an unaided loop (in the low SNR region if the loop 
is unaided it may never lock). We present the results of
the technique we call, for want of a better name, the quasi- 
optimal approach for which we wish to minimize the overall
acquisition time; here we become cognizant of the moving
threshold problem. Also presented are the results for a
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Constant-Bandwidth Reduction (CBR) method. Here we find 
we can trade off hardware complexity for acquisition time.
We also present a comparison of other technqiues.

The hardware simulation and results are discussed in 
Chapter 4. We begin with the system implementation includ­
ing the use of a special purpose microprocessor built by Dr. 
Tuvia Apelewicz. This device is used to perform the integra­
tion and sample-and-hold function. The results of the ex­
periment are then presented. We find, generally a close 
agreement between the theory and the empirical tests.

Finally in Chapter 5 we present our conclusions regard­
ing the research comprising this dissertation. We also pre­
sent a series of questions and some new' problems that arise 
as a result of this thesis and which merit investigation.
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Chapter 2 

SYSTEM DESCRIPTION

In this chapter the Phase Lock Loop (PLL) structure 
for the acquisition problem is defined. The problems en­
countered in using such a configuration are posed and the 
system's anomalies are explored.

A PLL can be used for many purposes, for example, an 
FM demodulator, a carrier tracker, a bit synchronizer and 
many more. However, before it can perform a useful function, 
the loop must be able to acquire lock, or simply acquire.
That is, it must be able to synchronize a local oscillator 
with the frequency and in some instances phase of an incoming 
signal. A PLL is said to have acquired frequency (phase) 
lock when the difference between the input frequency (phase) 
and the local oscillator frequency (phase) is negligible.

Under certain conditions a PLL can acquire lock by it­
self without an acquisition aid. These conditions are 
high Signal-to-Noise-Ratio (SNR), for example, a SNR 20dB, 
and small frequency detuning by which we mean initial frequency 
offset between the input and local oscillator signals. The 
initial detuning should be small when compared to a parameter 
called the loop bandwidth, B^. When this is the case the in­
put signal is said to be in the pull-in or lock range of the 
PLL and as such the system will acquire. An important para­
meter here is the acquisition time, ta q q " ^he acquisition 
time depends upon many parameters of the system and is in
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general difficult to compute except in the simplest cases 
without the presence of noise. When noise is present a 
statistical analysis must be performed [14,26],

However, since most loops used in applications men­
tioned above are narrowband devices, the initial detuning 
is large compared to B_. Thus, the signal is out of the 
lock range of the PLL. Furthermore, if the loop bandwidth 
is increased to accommodate this detuning then the SNR is 
decreased (assuming there is noise present) which dis­
courages the locking process. For these conditions, i.e., 
low SNR and large initial detuning, an acquisition aid is 
needed.

In this thesis we are concerned with establishing an 
acquisition aid for a phase locked loop. The method used for 
the acquisition is an iterative technique which moves a local 
frequency source, for example a Voltage Controlled Oscillator 
(VCO), closer to an input carrier signal whose frequency is 
known only to lie in a particular frequency band. It is as­
sumed that the carrier is unmodulated throughout the acquisi­
tion mode.

During a particular iteration this uncertainty band is 
denoted by BK, where the subscript K denotes the iteration 
number. The corresponding time for the K-th iteration is de­
noted by T'. If a total of N iterations are needed then
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the acquisition time for the aided process is the sum of 
all iteration times, T^,T|, • . • •

Initially the unknown bandwidth is BQ Hertz (Hz). 
Although this bandwidth may be small compared to the carrier 
frequency it is assumed to be wide enough so that an ordinary 
PLL would be operating below its threshold region if the loop 
bandwidth were increased to accommodate Bq . However, by 
using the iterative technique acquisition can be accomplished. 
The procedure is designed such that each iteration narrows the 
uncertainty bandwidth from B^ to a smaller value. In this 
way an initially low SNR due to the large initial bandwidth 
can be increased after each iteration because the IF band­
width is narrowed. When the uncertainty is small enough com­
pared to the final, desired loop bandwidth, Bf , a narrow 
tracking loop of bandwidth Bp can be switched in to complete 
the locking procedure. This is usually done when the SNR is 
high, for example, 20dB and so the system is above threshold. 
The criteria for this procedure is to minimize the total ac­
quisition time for a certain probability of acquisition.

The system uses a Frequency Modulation Discriminator 
(FMD) in the loop structure. This makes the loop appear to 
be an FM demodulator using Feed Back (FMFB). The difference 
here, however, is that in the FMFB, the frequency difference 
is such that the loop is always in a locked state and also
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that the discriminator output is applied continuously to the 
VCO through a low pass filter. In our case the loop is not 
locked and the output of the FJMD, after processing by an in­
tegrator, is applied to the VCO only at certain discrete 
times. Thus we have an injection locked system.

The number of iterations needed, as well as the itera­
tion times and bandwidths are parameter dependent. The method 
for choosing the number of iterations and the iteration times 
and bandwidths will be explored. Also we make the important 
note that although the FMD will be operating below the threshold
it can be calibrated whereas an ordinary PLL cannot for reasons
discussed above.

2.1 The Basic Acquisition Structure.
The block diagram of the basic acquisition aided Phase

Lock Loop structure is shown in Fig. 2.1.1. Note that with
the switch S in position 1, the loop is in the acquisition 
mode and with S in position 2, the loop enters a tracking 
mode. (Position 2 defines the basic or ordinary PLL.) This 
thesis is concerned with the behavior of the PLL in the acquisi­
tion mode. This is the first task of the loop. When the acqui­
sition process has been completed (at a time T ), the loopACQ
automatically switches to the tracking mode. The acquisition 
process is an iterative one in which the number of iterations 
depends upon the system parameters as will be discussed below.
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The received signal, r(t), consists of a carrier signal,
s(t), and a noise term n (t). The carrier signal isw

s(t) = A sin[w +ft )t + 4>] (2.1.1)U iJ

where A is the signal amplitude, wc is the known nominal 
radian carrier frequency, 4> is some unknown random phase 
uniformly distributed in the interval [—tt,tt] and ftp is the 
unknown Doppler frequency shift due to atmospheric or dynamic 
conditions, system instabilities (for example, oscillator or 
component drift, which is usually slow compared to the acqui­
sition time), or other causes.

We assume that ftp is uniformly distributed in the
interval -ft < ft„ < ft / and that ft is known a priorimax — D — max max — c----
from channel characteristics, system parameters or some other 
means. It is this Doppler shift which we wish to estimate with 
our acquisition technique. The noise derived from
stationary, white, Gaussian channel noise of two sided power 
spectral density (p.s.d.) h0/2 Watts/Hz as follows. Since
in a practical system we would not allow noise frequencies out­
side the signal range to enter the receiver, we can assume 
that r(t) is filtered by a symmetric Wideband Band Pass Filter 
(WBPF) centered at « and extending in frequency, with a flat 
passband, such that only frequencies below 2 to may be passed
(that is the passband is d.c. to 2io rad/sec). The powerc
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spectral density of nw (fc) is assumed negligible for |co| >_ 2 ^ .Vr C
Thus we have defined the narrowband stationary noise process 
nw (t) [2 9 ].

The Phase Comparator (PC) multiplies r(t) by the voltage 
controlled oscillator signal

v (t) = 2 cos (ui t+(j> ) (2 .1 .2 )C V

in which tov is the VCO nominal frequency and <}>v is the VCO 
phase. The output of the PC is d(t) = r(t)v (t), that is,

d(t) = 2A sin [(to )t + 41] cos (to t+cf> )O 1̂ V V
(2.1.3a)

+ 2nw (t) cos (wvt+(j)v) .

Using the identity 2 sin x cos y = sin(x+y) + sin(x-v) we 
can write d(t) as

d (t) = A sin [ (toc+fiD-tov) t + \J>]
(2.1.3b)

+ A sin [ (toc+nD+tov) t + ijj'] + n^(t)

where ip = $ - <j>v , ifj' = 4 + <J>v and n^t) = 2nw (t) cos ((ovt+4>v) .
Due to the characteristics of n (t) mentioned before we mayw
rewrite nw (t) in quadrature form [26] as
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nw (t) = x 1 (t) cos wct - y'(t)sin to t (2.1.4)

where x'(t) and y 1 (t) are independent, zero mean, Gaussian
processes, with identical power spectral densities. These
densities are similar to that of nw (t) t,ut shifted down in
frequency so that they are centered about zero frequency. Thus,
if Gn (f) = t)q / 2 for |to| < 2aic , Gx i(f) = G^,(f) = no for

w
| co | < uic where G(f) represents the power spectral density.
Using the above identity for 2 sin x cos y and the identity
2 cos x cos y = cos(x+y) + cos(x-y) we can now write n^(t) as

n, (t) = x'(t) {cos [ (a> +w„) t+<j> ]+ cos [ (w -w„) t-A ] }
X  C V y  C V  V

(2.1.5)
- y '(t) {sin [ (wc+wv) t+<t>v ] + sin [ (wc“tov) t - ^ ] }

Examining Eqs. (2.1.3b) and (2.1.5) we find terms of 
d(t) at the difference frequency to. = to - to and the sum

A C V

frequency = wc + wv* We now 0^serve that the spectrum of
the signal at the difference frequency is narrow when compared
to the sum frequency term. The spectrums of x'(t) and y'(t)
are negligible for |to| > wc * Since toc and are close in
magnitude and the frequency range of the loop components is much
less than to or to all terms centered about the sum frequency c v
may be neglected. Furthermore, we now pass d(t) through a



Variable Bandpass Filter (VBPF) centered at f - f and 
bandwidth BR << f as shown in Fig. 2.1.2. This produces 
a bandpass noise process with power spectral density r\o/2. 

Rewriting this noise as the sum of two low pass zero mean 
Gaussian noise processes x(t) and y(t) centered at

The p.s.d. of x(t) and y(t) is given by Gx (f) = Gy(^ 
as

(This will be illustrated in the next chapter.)
The input to the FMD can be written now as

e(t) = A sin(u)It+^) + x (t) cos (u^t) + y (t) sin (u^t) (2.1.7)

This signal is processed by the FMD, which is assumed to 
be of the differentiating type, producing a d.c. voltage,
V(t), proportional to the instantaneous frequency of the input 
signal. Since we assume no modulation is present during the 
acquisition process, this voltage is essentially constant

n| = x (t) cos (w t) + y (t) sin (u^t) (2 .1 .6 a)

Gx (f) - < n0 / 2

y.0

0 < f < Bk/2 - fD

Bk/2 - fD < f < Bk/2 + fD (2 .1 .6b)
elsewhere
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varying only due to the noise (the Doppler drift is assumed 
to be varying very slowly compared to the acquisition time). 
Depending upon the signal to noise ratio the d.c. output of 
the FMD will vary not only due to the Gaussian noise but 
also due to spike noise. That is, if the discriminator is 
operating at or below threshold, spikes will be introduced 
into the output. However, the effect of these spikes can be 
accounted for [23] and so the discriminator output can still 
be calibrated. Herein lies a crucial point in this technique. 
A phase lock loop operating below threshold cannot be cali­
brated due to the nonlinear nature of its operation.

The reason for this is as follows. The means by which a 
PLL achieves acquisition is through repeated reductions of 
the phase error by 2n radians. This is of course assuming 
that the PLL can lock initially. These reductions of 2tt in 
the phase error are called cycle slips, since at this time 
the local oscillator is not in synchronization with the in­
coming signal. This is true whether or not there is noise 
present. For the no noise case this behavior is best illus­
trated by a phase plane plot in which the frequency error 4>(t) 
is plotted versus the phase error <j>(t); thus time is implicit 
in the diagram. A typical phase plane plot is shown in Fig. 
2.1.3 for a second order PLL. Since <f>(t) is periodic with 
period 2v it is only necessary to plot the function for
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<J>(t) in the interval (—tt,tt) . The plot is best and most 
easily made using an analog computer.

We note from the plot that for large 4>(t) the trajec­
tories, that is variation of $(t) with <J>(t), are almost 
sinusoidal decaying slightly for <J>(t) = -■ir to (j)(t) = it

•  I *  twhen <j>(t) is positive. The opposite is true for J (t) | 
large and negative. The rate of decay increases, and so 
does the total decay, as |^(t)| decreases in each strip of 
width 2tt. This process continues until the point where 4>(t) 
lies below the line A - A (or above A' - A 1) in Fig. 2.1.3.
At this point, the PLL stops skipping cycles and will eventu­
ally achieve lock. For example, if the process starts at 
point B, the system will skip three complete cycles before 
reaching line A - A and finally achieving lock.

This occurs even without noise and is due to, among 
other things, the initial detuning, or frequency offset, of 
the system. When noise is present the system will jitter a- 
long its trajectory. If the noise is sufficiently large, 
then, while the loop is trying to achieve lock, it might be 
pushed to a higher trajectory, an integer multiple of 2 tt 
radians away from the equilibrium point. This of course will 
increase acquisition time. Another possibility is that fre­
quency lock has been achieved; however, a noise spike may 
push the system out of lock. Such a condition is called loss
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of lock and is not a rare event in a low SNR system. An ex­
tensive coverage of these topics, as well as frequency of 
cycle slipping, mean time of cycle slipping, and loss of 
lock, etc., can be found in [14, 26].

Thus, although in its tracking mode, a PLL can produce 
threshold extension over the FMD, in an acquisition mode, the 
discriminator has the advantage that the spike noise phenom­
enon can be used to obtain a more accurate estimate of the in­
put frequency.

Since the output of the FMD is proportional to the instan­
taneous frequency, uî , of its input signal, if we subtract a 
d.c. voltage proportional to the result is a voltage

proportional to £2^, the parameter we are trying to estimate.
The estimate voltage, p(t), is then smoothed by a dc de­

tecting circuit which is modeled as an integrator. The inte­
gration time for the K-th iteration, T , is yet to be deter- 
mined by system considerations as will be described in a later 
chapter. The output of the integrator, y(t) is sampled and 
held at time t = T . We note here that the Sample and HoldJt\
(S/H) unit is assumed ideal, that is, it will hold this voltage 
indefinitely or until it is changed by external circuitry. In 
essence this means that there is no leak. Since all analog 
S/H exhibit leak, a practical solution would be to use some 
appropriate digital circuitry.



24

This voltage, y(TR ), updates the VCO instantaneous fre­
quency. At a time T*, an infinitesimally small time after 
the integration-sampling period the output of the integrator 
is decoupled from the (S/H) unit. Thus, the VCO stays at 
its new frequency until the next sampling update at t = TK+ >̂
Also, at t = T* the VBPF bandwidth is changed to its new

K

bandwidth, Bv . (The center frequency remains the same.)X\+J.
The choice of the bandwidths and integration times are the 
topic of this thesis.

2.2 System Design Considerations.
We now consider the error signal e(t). This signal is

the input to the FMD. Let us suppose that the noise is zero,
that is, x(t) = 0 and y(t) = 0. Then the signal portion
of e(t) is e (t) wheres

e (t) = A sin [to t + ip] . (2.2.1)S X

Let to be the difference frequency between the transmitter's
a

actual frequency, oi , and the VCO nominal frequency ouv , that 
is, to = to - to . Then we can rewrite eq. (2.2.1) as

cL C V

e (t) = A sin[(co +ftn) t + ip]. (2.2.2)D ct LJ

If we let coa = 0, that is, we set the VCO operating frequency 
equation to the carrier frequency, then the frequency of
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e (t) is This also means that the bandpass filters D
characteristic of Fig. 2.1.2 is centered around f = f = 0.
Now we note that can be either positive or negative in
the frequency range |^D | £ ^max* T^us, es (t) is either

eg (t) = A sin[ftDt + ip] , £ 0
or

eg (t) = -A sin [ftpt + iJj] = A sin [f2Dt + + 180°].

When this signal is processed by the FMD a d.c. signal 
which is proportional to the frequency but not the phase re­
sults at the discriminator output. Since we know the magni­
tude of but not its sign there is an ambiguity factor
present in this case. Obviously this is an important factor 
to know because by making the wrong choice (a positive fre­
quency shift when QD is negative or a negative shift when 

is positive) the system will move the VCO in the opposite 
direction. This will increase the frequency error and never 
allow acquisition to occur.

To avoid this problem, we must offset the VCO center fre­
quency from the input transmitter frequency thus shifting the 
bandpass filter characteristic above d.c. From Fig. 2.1.2,
the first possible choice is f = w /2 tt = f = ft /2 ir.c a a' max max
This results in a bandpass characteristic as shown in Fig. 2.2.1.

(2 .2 .3a) 

(2.2.3b)
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Thus any ambiguity in the Doppler frequency offset is resolved
since a frequency of d.c. corresponds to a Doppler shift of
-f whereas a frequency of 2f corresponds to a Dopplermax max
shift of f . S o  the bandwidth of the filter must be 2fmax max
initially. (Notice, when f = 0, the bandwidth was only

cl

f .)max
However, one notices that for any f > f the con-J a max

straint on the bandwidth of the variable bandpass filter is 
satisfied. To choose fa properly we consider another aspect 
of the system operation. Since an FM discriminator is used to 
detect the frequency difference it will require several cycles 
of the input signal frequency (i.e., the frequency of e(t)) 
to develop a proper output level. This is true whether we use 
a zero crossing detector FMD, or the differentiating envelope 
detection type FMD. If we allow the lowest frequency of e(t) 
to be near d.c. the discriminator will require an inordinately 
long time to produce an output voltage. Since our main ob­
jective is to minimize the acquisition time f should be made 
larger than fmax so that the FMD response time is shortened.
However, if f is made much larger than f then smalla  ̂ max
variations about ffi, such as the Doppler shift fD = ^d/2tt 
will produce only small changes in d.c. voltage. This will 
cause the system to lose resolution. So a compromise must be 
made for f such that the response time of the FMD is small

a

but the resolution obtained is good.
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We will choose f = mf where m is some numbera max
greater than unity. For example, suppose we choose m = 2.
If f = 1kHz, then B , the initial value of the bandwidthluaX O
of the VBPF, is 2kHz. Since a filter requires a transient or
rise time approximately equal to the inverse of its bandwidth,
the VBPF would need a settling time of T = 1/(2 * 10^) = .5ms.
The lowest frequency at the discriminator input, for m = 2,
is f^ = 1kHz. Thus the FMD may need TR = (2/fL ) seconds to
settle or TR = 2ms. Thus the total processing time is
Tpk = TR + Tf = 2.5ms. If fmax = 10kHz then Tr = 0.050ms,
and T = 0.20ms, so that T_.t, = 250ys. If f = 10kHz and f PK max
m = 10 we have T = .05ms, T_ = ,021ms so T_„ = ,071ms.

i  r  r K

Thus we can gain in processing time T by making a gain in
irK

T . The BPF characteristic for this case is shown in Fig. 2.2.2.
Now if f = ImHz and f = 10kHz we can choose m = 2 c max

so that fa = 20kHz Then f = 980kHz Suppose we can operate
the FMD on decade ranges of 500Hz, that is the lowest scale 
is 0 - 500Hz, the next scale is 0 - 5kHz, etc. To satisfy 
the bandwidth requirement for the above case, we need to use 
the 50kHz scale (10kHz f^ 30kHz) . If the resolution of the
FMD is 0.01% of full scale we can resolve the frequency to
within 5Hz. However, if we choose m = 10, then f = 100kHz 
and f = 900kHz. To use FMD we must now operate on the higher 
scale, 500kHz (90kHz < fj ^ 110kHz) and can now only resolve the 
the frequency to within 50Hz. This may be too little depending 
upon Bp. So although we would gain processing time, we lose 
resolution.
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The purpose of the structure we have described is to 
minimize the total acquisition time. We must now define the 
acquisition time. The total acquisition time is the time for 
the system to reduce its uncertainty bandwidth from Bo to 
BF where Bq is the initial uncertainty Doppler region and 
Bp is the final loop bandwidth. Since the technique we de­
scribe is an iterative one and since each iteration is inde­
pendent of the previous one, the total acquisition time,
TJCQ ' sum each °f ^ e  individual iteration times,
Tl. The time TJ depends upon the processing time T ™

I \  i \  l r i \

and the integration time TR . The processing time will be 
defined as

where C is a constant. The reason for this is, as discussed 
briefly above, a filter's response time is inversely propor­
tional to its bandwidth. Since we must allow the VBPF, dis­
criminator, and VCO to reach steady state, TpK is chosen as
in Eq. (2.2.4a). The integration time is T which will be

J\

determined in the next chapter. If we assume we need M 
iterations, that is, K = 0,1,2,•••,M-1 we have

TpK = (2.2.4a)

M-l M—1
(2.2.4b)
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2.3. Effects of Noise.

2.3.1. Spike Noise Phenomenon .
Thus far we have considered some system design problems 

without the presence of noise. However, we have discussed 
threshold in FM discriminators and PLLs, a condition which is 
brought about by noise phenomena. Thus a discussion of noise 
is needed before we proceed.

In any practical communications system, the problem of 
noise is always present. When the SNR in an FM system is 
high (SNR 15dB) the noise at the output of the FM discrimi­
nator is predominantly thermal noise with a Gaussian probabil­
ity density. This is illustrated in Fig. 2.3.1a, and is re­
ferred to as "smooth" noise or Gaussian noise. However, when 
the SNR at the discriminator input is made smaller the output 
noise waveform changes character. Superimposed on the Gaussian 
noise is a pulse type noise called "spike" or "click" noise.
This terminology occurs because the output waveform, if viewed 
on an oscilloscope appears as Gaussian noise with spikes. This 
is shown in Fig. 2.3.1b. If one listens to this discriminator 
output, a clicking sound would be heard. When these spikes 
are present, the system's output SNR diminishes in a nonlinear 
fashion. This nonlinearity signifies the threshold phenomenon. 
The mechanism by which a spike can occur can be explained 
heuristically as follows [18, 24], Consider the noise n(t) in 
quadrature form as in Eq. (2.1.4). Consider also a coordinating
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system rotating clockwise with angular frequency to . In thisc
coordinate system a carrier signal with no offset varying with
frequency to is stationary. Let the carrier be v (t) = c c
A cos to t. Thus, using a phasor representation for this signal c c
and the quadrature noise we see that the nc (t) noise term is 
in phase with the carrier and lies in the horizontal direction 
while the ns (t) term is in quadrature with this combined sig­
nal. This is shown in Fig. 2.3.2a.

If the signal to noise ratio is large then the resultant 
noise phasor r(t) will vary randomly about the point O' in 
Fig. 2.3.2 without making many large excursions. This is due 
to the fact that r(t) is Gaussian and the probability that
|r(t)] >> A is small when the signal power is large compared
to the noise power. Thus as <t>(t) changes, 0(t) remains 
relatively small, as shown in Fig. 2.3.2b. However, as the 
SNR decreases it becomes more likely that |r(t) | >_ A. When 
this occurs, a possibility exists that the noise may rotate 
the resultant phasor R(t) , by 2ir radians about the origin as 
illustrated in Fig. 2.3.2c. This path is the spike producing 
path. To see this we observe the phase 6 (t) as a function 
of time during this path. Just prior to the spike occurrence 
the phase 0 (t) is jittering randomly with small excursions 
about 0 equal zero. During the spike path time, the phase 
of 0 (t) changes rapidly by 2n radians after which time the 
phase 0 (t) again jitters randomly with small excursions
about 0 = 2it. This is illustrated in Fig. 2.3.3. If we
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observe d 0/dt = 0 (t) which is the instantaneous frequency 
of the signal and also the output of the discriminator then 
we notice that during the time interval [t^,t2 ], as 0 (t) 
changes by 2t t, 0(t) exhibits a spike. If we model this spike 
as an impulse then we see it has a strength equal to 2 tt be­
cause 0 (t) changes by 2 t t  and 0 (t) is the integral of 
•0(t). Thus we have the phenomenon of spike noise. The noise 
power of spikes contributed to the output of a system which 
uses an FMD and baseband (low pass filter) can be shown to 
be significant [24]. Since a lowpass filter is similar to an 
integrator the spike noise power will appear at the output of 
the acquisition aided loop proposed above.

An estimate of the time duration of the spikes when no 
offset is present can be found by considering the spectrum of 
the noise. Since a spike is a pulse like phenomenon, it con­
sists of spectral components up to some frequency ^Spike ‘
Thus its time duration is of the order of ^/^sDike' T*le 
spike bandwidth for zero offset is B/ 2 thus the spike dura­
tion is 2/B where B- is the IF bandwidth. In our case 
B = 2fmax> If, however, the carrier is offset for example at 
the lower end of the spectrum, then the noise spectrum has 
component frequencies most of which are higher than the offset 
carrier extending over a bandwidth B. Thus spikes for this 
case will be narrower than the ones for the case of no offset 
and will have larger amplitudes since the area of each spike
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is fixed at 2tt radians. Also because of the higher relative 
frequencies with respect to the offset carrier the rate of 
occurrence of spikes will increase. The polarity of these 
spikes will be positive if we are at the lower end of the 
band. A similar situation occurs at the higher end.

Since the noise power of these spikes at the output of 
our system can be large, they will significantly effect our 
results and as such are accounted for in the ensuing analysis.

2.3.2. Effect of Spikes on System Performance.
The effect of the spikes on the output of the discriminator 

can now be accounted for if we consider the spikes as described 
above. Let us suppose that we observe the discriminator output 
for a particular value of offset Doppler frequency. In partic­
ular, consider that fD is such that the resulting carrier
frequency f is f = f  + f_ < f , that is, -f < f_ < 0 .c D c max — D
Then the output of the discriminator when operating below 
threshold would consist of a d.c. voltage proportional to the 
input frequency f, smooth noise due to the Gaussian noise and 
spike noise due to the low SNR operating point. This signal 
is shown in Fig. 2.3.4a. Notice that there are many more 
positive spikes shown than negative ones. This is due to the 
assumed negative offset. Also note that the spikes are of 
approximately the same duration. This should be the case be­
cause the carrier is unmodulated. However, there will always
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be some variation in the pulse widths and amplitudes due to 
the random nature of the signal. In any event the area 
under each spike is 2 tt radians and has the same sign as the 
spike.

At this point we make the following conjecture. We 
state that the spike noise and the Gaussian noise are inde­
pendent or uncorrelated. This is due to the fact that when 
the Gaussian noise is large it manifests itself as a spike 
and thus is accounted for in the spike process.

Figure 2.3.4b depicts the output at the integrator. This 
waveform has step-like changes due to the integration of 
the spikes. If we sample this waveform at some time t = TR , 
and scale the result properly, (by the integration period 
Tr , that is, we integrate from t = 0 to t = TR ) we ex­
pect the output to represent the d.c. level of the input. Of 
course, this is a random variable since z(t) is a random 
process. However, if T„ is sufficiently long we obtain aJ\
good estimate of the d.c. value. Thus we can calibrate the 
FMD (in terms of a voltage or frequency output versus offset 
frequency input) even though it is operating below threshold 
since the average number of spikes per second is known [23],
We note that calibration depends upon the input signal-to- 
noise ratio. That is, the increase in the number of spikes is 
related to the SNR. Therefore, it is important that we know 
the SNR or the Signal-to-Noise Density Ratio (SNDR) a priori.
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In many cases this can be done. If it is not, it must be 
estimated. (The topic of estimation of the SNR and effect 
of an incorrect estimate is left for future study.)

Figure 2.3.4 also allows another observation to be made.
We see that, for an offset frequency, the discriminator 
output will have an increase of positive or negative spikes 
depending upon the sign of the offset. (We note that d.c. 
contributed by the spikes increases in a manner which opposes 
the offset.) Since each spike is independent we cannot assume 
a pattern of pulses exists. For example, suppose there are 
twice as many positive spikes as negative spikes. We cannot 
state that in every triplet of spikes there will be two posi­
tive spikes and one negative spike. In fact, many positive 
spikes may arrive before the first negative spike is generated. 
In this case, as can be seen from Fig. 2.3.4b, the integrator 
output continuously increases. If the integrator output is 
connected directly to the VCO by-passing the sample and hold 
circuit, the accumulated voltage might become too large and 
so drive the VCO very far from the input signal frequency.
This may not allow acquisition to occur using the above de­
scribed technique. However, using the sample and hold, and 
providing that the integration time is long enough, we include 
negative spikes at the integrator input. In this manner we do 
not apply a larger than needed bias voltage to the VCO, but in­
stead an averaged value which is a better representation of the 
input signal frequency.
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Chapter 3 

ANALYSIS AND THEORETICAL RESULTS

We have shown in the previous chapter the structure of the 
acquisition loop and the parameters affecting the operation.
In this Chapter we derive conditions for determining the 
sampling and integration times, the bandwidths and the number 
of iterations needed for the system to acquire lock. The 
analysis is divided into two regions. The first region is 
the high carrier signal-to-noise ratio case in which the 
smooth noise predominates. In this region we assume the occur­
rence of impulse or spike noise is rare and thus the noise 
power of the Gaussian noise overrides the inband spike noise 
power.

In the second region the spike noise is the predominant 
factor and the Gaussian noise is small. However, during the 
acquisition process the signal-to-noise ratio increases because 
the bandpass filter bandwidth is narrowed after each iteration. 
As this occurs the system changes its operating state and 
eventually reaches the high signal-to-noise region. So for 
this case we operate in two regions as opposed to the first 
case described above.

Since there is no reason to allow more noise to enter into 
the system than is necessary, another variable bandpass filter
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is placed before the phase comparator. The only difference 
between this filter and the one inside the loop is that the 
center frequency of this external filter is at the carrier 
frequency fc< The bandwidth of this filter will be changed 
in the same manner as that of the internal filter.

We will examine two approaches to the acquisition problem 
for both high and low SNR. One approach will be to reduce 
the bandwidth on each iteration by a fixed amount. This al­
lows predetermined filters to be used each time and therefore 
the number of iterations to be performed and the integration 
times needed must be found. In the other approach a quasi- 
optimal technique will be used to find the "best" set of 
values of bandwidths and sampling times to be used.

3.1. Discriminator Operation.
Consider the inner loop configuration of Fig. 2.1.1 as 

modified in Fig. 3.1.1. Here we have distributed the gain of
the VCO, G.^CS./nB^) in three stages: First, a constant value, 

v C O  1  K

Gy in volts per volt, at the output of the integrator; next a 
variable gain g(S./hB ) in volts per volt, which is dependentX x\
upon the signal-to-noise ratio parameter; finally, a unity 
gain, Gy = 1 radian/sec/volt incorporated in the VCO itself. 
Thus GVco = GvGv^ (Si//f|B) • This need not be done in practice 
exactly in this manner, however, here it allows for an easier 
understanding of the ensuing analysis.

To determine the d.c. voltage at the discriminator output, 
V(t), we proceed as follows. The input signal without noise is
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e (t) as given by Eq. (2.2.2) and repeated below s

eg (t) = A sin [ (wa+fiD) t + i|>] (3.1.1)

where is the Doppler shift as explained in Chapter 2.
Let us model the frequency discriminator as a limiter-differ-
entiator-envelope detector configuration. Then the signal
portion output of the differentiator, e 1 (t) (not shown ins
Fig. 3.1.1), is

where a-̂ is a constant associated with the differentiation 
process and A^ is the limiter amplitude. The limiter is 
necessary to remove any amplitude variations to the discrimi­
nator. The amplitude changes can be viewed as amplitude 
modulation which, under certain operating conditions, can de­
grade the system performance. The envelope detector out­
put produces an output voltage proportional to the envelope of
e'(t). Thus the signal portion output of the FMD is V (t) s s

e^(t) =■ a1AL (ma+nD) cos [ (ua+SD) t + i|/] . (3.1.2)

and is given by

V <t) = <x(w +fin) = 2-rra(f +fn)S cl U a. u (3.1.3)

where a = and is the discriminator constant in volts/
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radian/sec. From Eq. (3.1.3) we see that if there were no
noise the output V (t) would be proportional to the Dopplers
offset.

Let us now consider the noise as it is processed by the
discriminator. We denote by en (t) the noise component of
the signal e(t) at the output of the variable bandpass
filter. The input to the FMD is e(t) =,,e (t) + e (t) ors n

e(t) = A sin(2ir(f +f )t + tJj) + e (t) . (3.1.4)ci u n

The noise component en t̂) contains two independent 
terms as discussed in the previous chapter - e (t), the

n g
Gaussian noise process and e (t) the spike noise process.

s
We shall consider each noise process separately. We wish to 
have the discriminator determine the frequency of the signal 
portion of e(t). Thus without loss of generality we will 
assume \p = 0 since it can be included in the noise term, 
e^ (t) is a random process with a bandlimited power spectral

density of r\/2 watts/Hz. We can rewrite e (t) as a sum
ngof low pass noise process n (t) and n (t) as follows:x y

e (t) = n (t)cos(2Trf t) + n (t) sin (2nf t) (3.1.5)
g  •*- y

where fj = f + f . We must now determine the power spectral
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densities of the lowpass processes anĉ  n (t) . It
can be shown that [25] G (f) = G (f) and

ny

G .(f) = G (f) = G (f-f ) + G (f+f ) (3.1ny nx n I n I

where G G and G are the p.s.d. of n (t), n (t) nx ny n * x y
and en (t), respectively. Consider the power spectral den-

gsity of en (t) as indicated in Fig. 3.1.2. We note that
gthe bandpass process is centered at frequency f and

cl

that f.j. is the instantaneous carrier frequency. We have,
in addition, illustrated two cases: one for which the Doppler
frequency is below fa (Case a) and one for which the Doppler
frequency is above f (Case b). To determine G (f) anda nx
G (f) we perform Eq. (3.1.6a) and find [33]
ny

n o < f < f -  l f1 1 — max
Gn (f) = Gn (f) =  ̂ (3*1,

n/2 f - Af < f < f + Af max — max

where Af is the magnitude of the offset frequency fD> This 
is illustrated in Fig. 3.1.3. Note that in either case the 
spectral density is the same.

For a conventional discriminator the determination of the 
output p.s.d. for the high SNR case is straightforward since 
the IF center frequency is fT„ = f , that is the carrierSi

.6 a)

6b)
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frequency. However, in our case, the carrier frequency is 
a random variable and so we must use fIF = f . This poses 
no problem as the ensuing analysis shows.

Using Eqs. (3.1.4) and (3.1.5) we can write

en ^  = + n (t) ] sin (2TrfIt) + nx (t) cos (2-nf̂ .t) (3.1.7)
‘g

Alternately we can write Eq. (3.1.7) in a phasor represen­
tation as

e (t) = a (t) sin (27rf-t + 0(t)) (3.1.8a)
g

where

a(t) = /[A + n ( t ) ] 2  + [n (t) ] 2 (3.1.8b)y sc

and

- 1 nx (t)6(t) = tan n \ yTtY (3.1.8c)

To see this we expand e(t) using the trigonometric identity 
for the sine of the sum of two angles

e (t) = a(t) [cos 0(t)sin 2irfTt + sin 0(t)cos 2irfTt] (3.1.9a)n I Ig
But

cos 0(t) = [A + n^(t)]/a(t) (3.1.9b)
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and

sin 0 (t) = n (t)/a(t) (3.1.9c)X

Substituting Eq. (3.1.9b) and (3.1.9c) in Eq. (3.1.9a) pro­
duces Eq. (3.1.7).

The frequency discriminator now processes e (t) as given
n gin Eq. (3.1.8a). As before the amplitude variations in a(t) 

are removed by the limiter. Thus the output of the differen­
tiator envelope detector is

V (t) = 27rafT + a ~  6 (t) . (3.1.10)I dt

In the high signal- to -noise ratio case the Gaussian noise 
predominates. If we invoke this case we see that A >> n^(t) 
and A >> n (t) except for rare instances. Thus 0(t) isX
small so that tan 0 (t) ~ 0 (t) and so we have

n(t) n (t>
9(t) ; A T -n-yT t T  5 ~ V ~  <3’1 -111

Here 0(t) represents the variation due to the (Gaussian) 
noise. Therefore the term ad0(t)/dt represents the out­
put noise process n (t).r

n (t) = (a/A)dn (t)/dt£> X (3.1.12)
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Since n„(t) is a Gaussian process and differentiation is 
a linear operation, we have that n (t) is also a GaussianXr
process.

We now determine the power spectral density of np(t).
In the frequency domain the time derivative, d(*)d±,
appears as a filter with transfer function H^(jw) = jw.
The function (cc/A) d (•)/dt is then modeled as a filter
H (jco) = ju/A.

Since differentiation is a linear process we find the
power spectral density, Gn (f), of np(t) as Gn (f) =
I H ( j2TTf) ] 2 Gn (f) or 

c

Gn (f) = (2ra/A)2 f2Gn (f) 
P x

(3.1

or

% ,f)
. 2 2  0 

-  f  n / 2^ A

0 < f < f - Af — — max

f - A f < f < f  + A f  max — max

(3.1

The density is plotted in Fig. 3.1.4. We shall use this in­
formation later to determine the inband noise power at the 
integrator output.

We now consider the spike noise phenomena. Even in 
the high signal-to-noise ratio case, occasionally some spikes

.13a)

.13b)
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will be introduced into the system. For the no modulation 
case (in our instance Af = 0) the number of positive spikes/ 
sec, N+ , and negative spikes/sec, N_, are equal and given

where B = 2f is the IF bandwidth, n is the p.s.d.,max 1 r /

The total number of spikes per second for a carrier at the 
IF center frequency is Nc = N_ + N+ = 2N_ = 2N+ .

When modulation is present the number of spikes per second 
increases as was stated in Chapter 2, Section 2.3.1. The in­
crease in the number of spikes per second is [ ].

In Eq. (3.1.16) Af is the frequency offset from the center 
frequency of the bandpass filter and = rjB, the input noise
power. Thus the total number of spikes per second is

by [ ]

N+ N_ = (B/4/3)er£c /sV/r,B (3.1.14)

2= A /2 is the carrier power, and erfc is the complimentary 
error function defined as

CO

erfc(x)
/JT x

(3.1.15)

-S . /N.
6 n  =  | A f | e  1  1 (3.1.16)

Nt  =  N c  + 6N (3.1.17)
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If Af = 0, 6N = 0, and we have that the number of positive 
and negative spikes is equal as we saw before in Chapter 2.
We also noted there the polarity of these additional spikes 
at the discriminator output always opposes the polarity of 
the output signal produced by the offset Af. This is il­
lustrated in Fig. 3.1.5 for a sinusoidally modulated carrier.

The total area of these spikes is 2tt radians. Thus if we 
observe the discriminator output in the presence of noise we 
see the waveform of Fig. 2.3.4. We wish to determine the d.c. 
value of this waveform. We see it consists of three parts:
(a) the signal given by Eq. (3.1.3), (b) Gaussian noise, and 
(c) spike noise. Since the Gaussian noise is channel noise 
we assume it to be zero mean, that is, its average value is 
zero. Thus the Gaussian noise adds no d.c. to the output 
signal.

On the other hand, the spike noise does introduce a d.c. 
value into the output waveform. The amount of d.c. offset 
can be determined by realizing that for a given offset fre­
quency more spikes will be produced in one direction than the 
other. If we consider the spikes as a pulse waveform then 
the amount of d.c. each spike introduces is

Ndc = 2 tret (3.1.18)
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where again a is the discriminator constant. The total 
d.c. introduced by all the spikes is

This is due to the fact that the number of positive and 
negative spikes generated with no offset is equal. Thus 
the net d.c. offset is determined only by SN. Using 
Eq. (3.1.16) we find

The above is necessarily true only if we view the wave­
form over the doubly infinite time interval t = [-“ ,<»]. 
Obviously this is too long a time to wait to produce a 
meaningful result. However, if one observes the output of the 
discriminator for a time which is substantially longer than 
the time between spikes, then on the average, Eq. (3.1.20) 
will be true. This basic assumption is made throughout the 
ensuing discussion.

N S 2 i r a 6 N (3.1.19a)

Ns = 2 ua|fD (e (3.1.19b)

Since 2tt j fD | = \2vf^\ = ]ftD | we have

Ns = I V 12
-S./N.l' 1 (3.1.20)
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3.2. Determination of the Calibration Curves
Consider again the output of the discriminator which may 

be written as

spike noise. From this voltage we subtract an amount of d.c.
equal to aoi and obtain a

This signal,illustrated in Fig. 2.3.4a, is the input to the 
integrator shown in Fig. 3.1.1. p(t) is a random process 
consisting of two noise processes. These noise processes are 
assumed independent and stationary. The stationarity can be 
realized if we allow the filter discriminator configuration 
time to reach steady state. By allowing a specified processing 
time Tp = C/B , the steady state condition is attained. In­
dependence of the Gaussian and spike noise as well as the inde­
pendence of the spikes among themselves is assumed but can be 
borne out experimentally [2 0 ],

We now consider the integrator structure. We model the 
integrator as an averaging filter governed by

V(t) = a(w +fl_) + n (t) + n (t) a D p p (3.2.1)

where n (t) is zero mean Gaussian noise and n (t) is the p s

p(t) = a + n (t) + n (t) D p  s (3.2.2)

T
(3.2.3)

K
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where q is the filter output, TR is the integration time 
constant, x is the input and 6 is a dummy variable of 
integration. If x(t) is a constant, e.g., X, such as a 
d.c. voltage and if we perform the above integration sub­
sequently sampling q at time TR , the output will be the 
constant d.c. value x. In our system this would be repre­
sentative of the frequency offset Af = ±:̂ p* Thus this form 
of d.c. detectors is appicable to our situation.

If x(t) = p(t) then a possible output, z(t) = q(t), 
is shown in Fig. 2.3.4b. With p(t) as given by Eq. (3.2.2) 
we have

a zero mean Gaussian random variable.
Considering n (T„) we see that it is derived from the sp K

spike noise term. If the integration time T is largeK

z (Tr) 2irafD + ng (TR) + nsp T̂K) (3.2.4)

Here n (t), the Gaussian noise, is defined as y

K
(3.2.5a)

while n (T._) , the spike noise, is given by3 jp

K
nu Q)dA (3.2.5b)

Since n (t) is a zero mean Gaussian process, n (T„) is p g K
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compared to the average time between spikes, TSp , then by
the central limit theorem n ^(t) can also be consideredsp
Gaussian [32]. The average time between spikes is inversely 
proportional to the number of spikes per second, NT> NT

consists of two terms as can be seen from Eq. (3.1.17). The
minimum number of spikes/second occurs for Af = 0 and is
N . = N . The maximum number of spikes per second ism m  c c

Nmax = Nc + l6Nlmax where l6N lmax is found from Ec2- (3.1.16)
with Af = f . For the central limit theorem to hold we max
need many spikes per second at the input to the integrator.
We cannot guarantee that Af will equal ^max* Therefore we
will assume that Nc is sufficient for the central limit
theorem to hold in all cases.

Although n (t) is Gaussian it is not zero mean since we sp
have shown that the spikes introduce d.c. into the integrator 
output for Af ^ 0. We can approximate the d.c. value by 
Eq. (3.1.20) and define a new zero mean process, n^ (t) as

nsp(t) = nsp(t) ■ nsplt) (3.2.6)

where the bar (— ) denotes the expected value of (•). With 
  -S./oB
n a = a^ne we rewrite Eq. (3.2.4) assp u

z(t) = aft
- /nB

1 -e + n ( t ) + n ' ( t )  (3.2.7)
9 sp
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The reason for the term -ot̂ De
-S±/nB

is that, whether fiD
is positive or negative it always tends to reduce the d.c. 
producing it, that is, the frequency offset &D .

The reason for this is as follows. Let us consider the 
phasor diagram of Fig. 2.3.2 . For a carrier frequency at 
the center of the band there is an equal number of noise fre­
quencies above and below this carrier. Therefore we expect 
an equal number of positive and negative spikes. If we con­
sider a counter-clockwise (ccw) rotation as positive then 
such a rotation produces a positive spike. So the noise 
components at frequencies greater than the carrier produce 
positive spikes. A similar argument shows that negative 
spikes are produced by noise components below the carrier.
Now consider a positive offset such that the true carrier 
frequency lies above the center of the band. Due to this 
offset more noise frequencies lie below the carrier than 
above it. From the arguments presented above this means 
more negative spikes will be produced. Thus a positive off­
set produced negative spikes which reduces the d.c. value 
at the discriminator output. A similar argument can be made 
for an offset which produces a carrier whose frequency is 
below the center of the band.

The input to the sample and hold unit is Y^ft) = G^z(t) 
so that

[1-e J + Gyng (t) + G ^ t ) (3.2.8)
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Without a loss in generality we define the gain G^a as

The expected value of y^(t) , that is E[y^(t)] = y^ (t) is

which would be the value we would obtain if were infinite.
This means that the d.c. value of y^ is directly related to 

Equation (3.2.11) forms the basis of our calibration 
curve. These curves are important for, once S^/nB is known, 
then the frequency offset can be computed for the value yj” .

These calibration curves are essential for proper system 
functioning because they define the possible operating points. 
They also provide us with information needed for proper gain 
setting as will be seen shortly.

A set of calibration curves is plotted in Fig. 3.2.1 and

Table 3.2.1. The ordinate is normalized to the variable 
yn = y]_/^max 3X1(3 tlie abscissa to the variable v =

(3.2.9)

Then from Eqs. (3.2.8) and (3.2.10) we have

(3.2.10)

(3.2.11)

a tabulation of the slope C = [l-e is made in
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Both y and v are continuous and lie in the closed interval n
[-1,1]. A few points should be made regarding these curves. 
First we note they all pass through the origin which means that 
for a zero offset frequency we expect zero d.c. output. In a 
practical arrangement this allows the system quiescent point 
to be set. Each curve is linear with respect to the frequency 
offset and the slope of each curve depends on the signal-to- 
noise ratio through the parameter £. The curves are bounded 
by two extremes: The infinite signal-to-noise ratio curve is
the upper bound (slope z, - 1 ) and the infinite noise-to-signal 
ratio curve is the lower bound (slope ? = 0). As one would 
expect, in the latter case no amount of processing will yield 
a useful estimate of the frequency offset f^. Also, one 
notices that for high SNR, e.g., SNR >_ lOdB, the curves are ex­
tremely crowded, almost to the point of coalescing. This 
intimates that for high SNR the system is for all intents and 
purposes operating on one curve. This point will be raised 
later in determining the scheme for minimizing the acquisition 
time.

In Fig. 3.2.2 we have plotted the calibration curves for 
two particular values of SNR. The curve labeled 1 is for the 
no noise case, SNR = ». Curve 2 is for SNR = 3 ,  |$| < », an 
intermediate value. Now suppose that the actual offset fre­
quency is corresponding to v = vD . Then, depending

upon which curve the system is operating, we obtain an estimate
for y , either y or y ,as indicated. Since curve 1 isn •'n, ■*n~
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the no noise case, obviously y is the "correct" d.c. value.
nl

Therefore, curve 2 and all other curves for which the SNR is 
not infinite must be mapped onto curve 1. We can do this by 
letting

g = 1 / [1-exp(-Si/Ni)] = 1/Z (3.2.13)

Thus the overall VCO gain is G v c 0  = GvGV^ or

Gvco = Gv/[1-exp(-Si/Mi)] (3.2.14)

If the gain of the S/H circuit is unity, then the output of 
the S/H is

y 2 (tk} = Y^t) |t = T (3.2.15a)K

Also

y(TK ) = gy2 (TK ) = y2 (TK)/[1-exp(-Si/Ni)] (3.2.15b)

Let us define the VCO instantaneous frequency, w , as

Wq = (3.2.16)

where is the VCO estimated offset frequency. Since = 1,
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nD = y(TK ) (3.2.17)

From Eqs. (3.2.10),(3.2.15) and (3.2.17) we have

(3.2.18)

where n (TK) = Gyn (TR)/ [1-exp (S^I'K) ] and 9l 9

Gaussian random variables so is ftp.
If the noise is zero, we see from Eq. (3.2.18) that

ftp = an^ we have a perfect estimate. However, there is
noise present and so further considerations must be made. We 
have tacitly assumed here that we integrated for a time, T.,,i\
long enough to extract the true d.c. value of the signal y. 
This is not so since T„ would be infinite. In fact, we haveX\
used only the first moment, that is, the mean of y thus far. 
In the next section we use the second central moment to deter­
mine the system parameters.

3.3. Determination of the System Parameters.
To determine the effect of the noise on the estimate of 

ftp, we consider the following. From Eq. (3.2.18) we see that
ftp is a Gaussian random variable with mean ftp and variance
2/v • 2a £ in (radian/sec) which due to the assumed independence 

D
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of n and n is given by 
gl 3 2

2 2where a and a are the variances of n andn n g.
9l 2 1

A

n respectively. The probability density, p~ (ftn) , of
S 1 “d

A

ftD appears as in Fig. 3.3.1. Considering the shape of
A

p£ (ftn) we see that our estimate lies in an interval I =

(ft+£a~ )/ where % is a number greater than zero, and aC 
D D

A

is the standard deviation of ft with a. probability P~ ;
T)

that is,

Pr(|ftD -ftD | < =  P ^  (3.3.2)

This means that the estimate for ftD now lies in a new band­
width W = 2 J£a~ , with probability P^ .ftD »D

Another way to visualize this is shown in Fig. 3.3.2 which 
is in essence an inversion of Fig. 3.2.2. In this case let us 
assume g(S^/N^) = 1 for all S./N^. Then the normalized

A

estimate ^D/^max when plotted for values of normalized out­
put voltage, y2/(y2)max> aPPears as in Fi9* 3.3.2. y2/(y2)max 
us a Gaussian random variable as indicated in Eq. (3.2.15).
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Thus for a particular measured value yA/(y0) , there is a4 IHclX
Gaussian distribution about this point. For different values 
of SNR, we see different values of the frequency estimate 
and p2 * (This is expected since we have assume g = 1) .
But also we see different uncertainty regions for each operating
point. For curves £ and a we see that 2aD > 2a . Thusp a
with each operating curve we have a different uncertainty region. 
This variation with SNR is reflected in the noise terms of

Eq. (3.2.18) by the factor l/[l-exp(-S^/N^)]. This factor appears,
2 2as wrll be shown shortly, in the variances a and a
\  ns2

If the new bandwidth W is less than the previous unknown 
bandwidth then we have achieved a gain over our previous oper­
ating point. For example, originally our unknown bandwidth
was 2o . If W is less than 2ft we have narrowed ourTnax max
uncertainty bandwidth. It will be shown that W is inversely 
related to the integration time Tv . Thus, the longer wei\
integrate the smaller our uncertainty bandwidth becomes. We 
must note, however, that we can make an error. By choosing a 
finite value for % in Eq. (3.3.2) we allow for the possibility 
of the estimate falling outside our new bandwidth. However, 
since ^  is Gaussian, by choosing I > 3 the probability 
of error drops quickly. For 3 standard deviations the prob-

-3ability of error, p, after one iteration is less than 2 . 6 x 10
In Appendix 1 it is shown that the probability of error for n
iterations is, from Eq. (Al-6 ), P = 1 - (l-p)n .n
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In the event that an error is made we will need some form 
of indicator, that is, a lock indicator. Since often data is 
transmitted once lock is achieved the detection of data can 
be used as a lock indicator. Or another possible choice is 
a threshold detector. If lock is achieved the voltage at the 
output of the BPF should be considerable. If only noise is 
present it will be small. For a typical lock indicator and a 
discussion see [1 1 ].

So herein lies our method. We begin with an initial un­
certainty bandwidth W = 2fl . After a processing timeo max c 3

Tp , we integrate for a time TQ and then we sample the out-
o

put, y-p After an appropriate scaling by g we move the VCO
a certain amount, gy^(T ). An infinitesimal time afterward,
+Tq , we change the bandwidth of the VBPF to and continue

the process with a new processing time T and integration
F 1

time T^. This iterative technique is maintained until the 
bandwidth is reduced so that a tracking loop will be able to
lock automatically since, at this point, it will be operating
above threshold. This method assumes that the SNR is known 
or a good estimate is available. For proper operation this 
must be known a priori. Also, a mechanism for switching the 
bandwidths and establishing the new processing and integration 
times is assumed available. A pre-programmed microprocessor 
with a Read Only Memory (ROM) could be used for this purpose. 
Also we mention that as the bandwidths change the SNR increases.



66

As such the variance of decreases and we achieve an even
better estimate since we are moving the operating point to the 
high SNR region.

In the ensuing analysis we have chosen to make the new 
bandwidth, BK+  ̂ in Hz equal to yo£ , that is,

In the next subsections we consider the two regions: high 
SNR and low SNR and determine the parameters for estimation 
procedure.

3.3.1. High Signal-to-Noise Ratio Region.
First we consider the system operating in the high SNR 

region which we set to be S^/riBo = s^/(2rlfmax) >. 10db. In 
light of this fact we state that the number of spikes/second 
is small and thus the spike noise does not contribute appreci­
able noise power to the integrator output. As an example sup­
pose we choose Bq = 200kHz, S^/gB^ = lOdB and assume
Af = f = 100kHz. Then using Eqs. (3.1.14), (3.1.16) and max
(3.1.17) we find NT = (105//3)erfc /To + 105e*"10 = 5 spikes/sec. 
This is minimal when compared to the number of spikes per second

D

D
(3.3.3a)

Y = 21 (3.3.3b)

o2 ■  cTq /2tt 
D “D

(3. 3.3c)
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for the same bandwidth and Af as above but for S./i"|B = OdB.1 o
3In this case NT = 45 * 10 spikes/sec. For this reason we

will neglect n (t) in Eq. (3.2.4) and accordingly n'(t) insp s
Eq. (3.2.9b). The d.c. term in Eq. (3.2.9b) contributed by
the spikes will also be in general negligible (for example,

-10 -5e x 4.4 * 10 << 1) however, we shall retain it in the
ensuing analysis.

Consider now Eq. (3.2.18) when n (T„) is negligible.
s2 K

We have then that

H . „ m  “ nDB " nD + ng < V  (3-3-'1>High SNR =1

where designates the estimate in the high SNR region.Dn
To determine the new uncertainty bandwidth we must find the

^ 2 2 variance of From Eq. (3.3.4) we see that c* =Dn o(<_.T7 nDH 9l
Therefore we must determine the variance of the noise n (T._)g^ K

To do this we first examine Eq. (3.2.5a). It is known
that for a filter defined as in Eq. (3.2.3), the mean of q,

-  2 that is, q and the variance o , is given by [16]

q = x (3.3.5a)

2cr =q 2TK

f
f

1 - (7)
. 2TK.

Cx (x)d (3.3.5b)
'K

where C (t ) is the covariance function of the input process x.X
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In our case q(t) = z(t) and x(t) = n (t). Since n (t) = 0,P P
C (t ) = R (t ) the correlation function. To find R (t ) we n n nP P P
must perform the inverse Fourier transform of G (f) as given

np2by Eq. (3.1.13b). Next, to find a we must substitutez
R (t) = C (t) into Eq. (3.3.5) and evaluate the integral. 
np np

This is a tedious process. An alternative method is used in
Appendix 2. The result is from Eq. (A2.14)

°z'TK'BK'Sl'/n'Af) 4S. 2
1 K

sin 2ttB T,,
" -2 ¥bktk 111 cos 4lTAf tk| (3.3.6)

nBK
2Examining Eq. (3.3.6) we see that o is a function of 

the IF bandwidth B , the integration-sampling time, Tv ,

the signal-to-ncise power spectral density ratio, SNRD = Ŝ /ri,
2and offset frequency Af = fD- The dependence of a on Af

must now be examined. From Fig. 3.1.4 we note that there are
two extreme cases for G (f). The first is for Af = 0 in

npwhich case the p.s.d. wholly contained in the interval
If I < f . This is illustrated in Fig. 3.3.3a along with 1 1 — max 3

G (f)| = 0. The other extreme occurs for Af = f , andnc ‘Af max
is indicated in Fig. 3.3.3b along with Gn (f) | f _ f . All

c max
other values for Af result in a p.s.d. as shown in Fig. 3.1.4.
We see from Fig. 3.3.3a that for Af = 0 the height of the p.s.d.

2is where is proportional to r>fmax- From Fig. 3.3.3b
it is evident that the height of G (f) for f = f is ̂ n maxP
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H^/2. It is also obvious from Fig.3.3.3 that the total

the total noise for If I < f is higher for the case when1 1 — max
Af = 0. In fact/ for Af ^ 0, the total noise in the region
IfI < f is always smaller than for Af = 0. Since the1 1 — max
estimate is known to be in the region If! < f , the total1 1 — max
inband noise power is maximum when Af = 0. This realization

be placed at the discriminator output so that unwanted, 
irrelevant noise does not enter the integrator. However, 
since an integrator is like a low pass filter, if the band­
width of the integrator is sufficiently small the lowpass 
filter is not needed. The integrator bandwidth depends upon 
the integration time which is as yet undetermined. Thus, if 
a LPF is not included, then for each particular integration 
time this aspect must be verified. We will assume a LPF is 
included in the ensuing analysis.

By choosing Af = 0 we have found the worst case variance 
2for c that is from Eq. (3.3.6). z

noise is greater for Af = f than for Af = 0. However3 max

tells us that a low pass of bandwidth BT ,= f should* T. U K  * m  a vmax

2 -ia 1 sin 2ttB..T„ K K. (3.3.7)

2 2 where ah is in (radian/sec) . Since
“ dhw
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n V n
-s.Aibi 9

we find that, in the worst case

„2

(3.3.8a)

n -V”bk 'S DHW9 1 (l-e

With G^a = 1, then from Eqs. (3.3.7) and (3.3.8b) we obtain

(3.3.8b)

’n„ - 4(Si/nBK) t 2
K

1 - l-e
-SiAlBK

(3.3.9)

2 2 where o is in (rad/sec) also. For the worst case variance
ngl

2 2 2 2 in Hz we divide c by (2tt) and obtain wheren f
9i H

2
° 2 H

1 1 sin 2i\BvTv
■j J \ i \ /

167T2 (Si/riBK ) T2K 2 ™ K TK
/ (l-e (3.3.10)

Using Eqs. (3.3.3a) and (3.3.10) we see that our worst case 
bandwidth for the next iteration is given by

BK+l y°.
(y/2)Br /1-Sa(5k) 1

'H ’K l-e“P
(3.3.11a)

K

where we have introduced for simplification the notation
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(3.3.11b)

K.
A

K (3.3.11c)

and Sa(x) = (sin x)/x, the sampling function. Equation
(3.3.11) is the defining relationship for the system in the 
high SNR case. We see from this equation that the new band­
width is inversely proportional to the integration time.
The longer the integrator is operational the narrower the un­
certainty in the bandwidth becomes.

From Eq. (2.2.4), which is repeated here

and Eq. (3.3.11) we see that is a nonlinear discrete
function of N , T^,, and pR . However, if the set of band­
widths is defined then we can use Eq. (3.3.11) to find the 
corresponding set of integration times and thus calculate

known. The best N, N , is not known a priori. We will see 
later that it is not an easy matter to find the best N. 
However, we will assume N is chosen a priori and then de­
termine T_ .

(3.3.12a)

N=1
(3.3.12b)

T . ^  from Eq. (3.3.12). Of course this method assumes N
*
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We now wish to use Eq. (3.3.11) to find the integration
times. Let us first assume that we choose a fixed set of
intermediate bandwidths, {B.,} = {B , B. , • • • , B,. _,B„ = B„}K o 1 N-2 N-l F
where the initial bandwidths are parameters of the system 
known a priori. We must choose N - 2  bandwidths 
{B^ > •••'Bn_2 }. Furthermore, let us first assume we 
choose them arbitrarily except for the constraint that 
BK+1 < BK < BK-lr ^ at t îe bandwidths decrease with in­
creasing iteration number. We will see later that the band­
widths depend on Ŝ /rj. Using this set of values in Eq. (3.3.11)
we find the appropriate {T K 1 ana thus tACq To do this we pro­
ceed as follows.

If we examine Eq.(3.3.11a) we see we can separate it into 
two functions, one dependent upon £K and the other on pR . In 
particular we can write

(3.3.13a)r K =  g ( £ K) M p K )

where
A A i

%  = 9(5k) = —K
1 -

sin £K
>K

(3.3.13b)

and

v. -  vw \ -  v / 2K " h(pK} "
l-(

“PK

rK BK+1//BK

(3.3.13c)

(3.3.13d)
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Here rR is the ratio of the new bandwidth to the old band­
width and to be useful it must lie in the region 0 < r < 1 .K
Thus for our constant bandwidth reduction approach we can
choose a set of r 's and solve Eq. (3.3.13) for byK K
numerical methods. However, we must be careful. We find in
certain cases that an arbitrary choice of r's, and there-
fore bk 's ' does not always yield a solution. To see this we 
examine Eq. (3.3.13) more closely.

First consider Eq. (3.3.13b). Since is a function
of a single variable we can plot g„ versus as in Fig.i\ is.

3.3.4. The asymptote y = 1/E,V is also shown. We see thati\
this function is a monotonically decreasing function. Its 
maximum value occurs at the origin and is gv | = lim qv (E,v) =Jfc\ j- w j\  i\1 max 0

1//6 ~ .408. This limit is most easily obtained by expanding 
Sa(£K ) in a power series, then bringing the (1/E,K) in Eq. 
(3.3.13b) inside the square root and dividing.

We note here that for £ to approach zero either B„K i\
or Tr must approach zero. However, a zero bandwidth system 
has no meaning thus it must be the integration time which ap­
proaches zero. This in turn states that we do not integrate 
but merely sample the discriminator output at the end of the 
processing interval t = Since the discriminator output
noise process has finite variance we obtain a finite value 
for the new bandwidth BK+]_ = BRh(p )//§".
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The function h^ also varies inversely as p„ and isJ\ i\
maximum for pv = 0 (h^fO) = 00) . Thus, hv is also a
monotonically decreasing function. This is shown in

“PK ~Fig. 3.3.5. For p„ > 10, 1 - e ~ 1. Therefore h„J\ i\

(Y/2)//pT. Since in the high SNR case pv > 10, h„| ~j\ k “ k max
(y/2 )//To and so rv has a maximum value given by

rK I max = gK I maxhK I max = * (3.3.1

For y = 6 , rv I ~ 3/8 which yields a gain in SNR of K 1 max 3

4.26dB. To try to reduce the bandwidth to one-fourth its 
previous value, and so gain 6dB in SNR, is futile. No so­
lution exists for this case.

Rather than arbitrarily choosing the new bandwidths,

B1 'B2 ' ’ * ' 'BN-2' SO the rat -̂os r 0 = Bc/Bl' rl = Bl//B2'
•••,rN _ 2 = Bn-2//,BN-1 ' we now Procee<  ̂ to find a quasi-optimum
set of values for the B 's. The B.. 's should be optimum in1\ K
the sense that they minimize the acquisition time, TACQ

To find the best set of B^'s we establish a cost criterion, 
J, and minimize it with respect to the set of B 's. Our cost 
criterion is

subject to the conditions that BQ and are specified

Kf=N-l
(3.3.15)

K=K =o o
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and the inequality constraint that BK+  ̂ < b k * Note this is 
a strict inequality for if we include the equality sign we 
have in essence not changed the state. This gains us nothing 
in terms of minimizing J. (This condition is the same as 
that obtained from Eq. (3.3.13d) with 0 < r„ < 1.)

Equation (3.3.15) can be minimized by using the discrete 
Euler-Lagrange Equation [21]

3T(B , B ) 3T(B .,B )
 ?R + ----- VB -  * - - 0 (3.3.16)°BK sbk

However, Eq. (3.3.15) poses an additional problem in that the
solution for its minimization can only be found for K =
and therefore N, fixed. Thus our only recourse is to set a
value for N and minimize J for each of these cases. We

*then choose as our best value for the acquisition, T n , the 
minimum over this set, that is,

TCco ■ "7 fW  l3-3-17>

This may seem like an arduous task since N is unspecified. 
However, since we do not want to perform many iterations because 
the probability of error increases we can set a maximum value 
on K^, for example, = 10. For this value and for p =
1.3 x 10 1 - p = .9987, and (1-P)^ = .987. Thus, the prob­
ability of error after 10 iterations is = 1 - .987 = .013.
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(P2 = .0026, P 3 = .0039). This is about the level of error 
we wish to tolerate. To decrease it we would have to in­
crease the number of standard deviations for each iteration 
to some number greater than 3. This would reduce p but also 
increase T̂ ,. Thus a tradeoff exists.

Another point is to be made here. If the minimization 
process produces a set of BK 's such that > BK for
a particular N, we disregard this case. The reason we can do 
so is this. Although mathematically these Bv 's may produce a
smaller J for a particular N, from a practical point it means
we are widening our bandwidth to allow more noise in than pre­
viously. This is something a communications system should not 
do. At most we should leave the situation as before, that is 
set bk+2. = Bk* But doing this we haven't changed the system 
state and so we have the same conditions as before. A minimiza­
tion at this point produces the same result, that is, B K + 1  > BK *
Thus we exclude this "solution" from our set.

When we apply Eq. (3.3.16) to Eq. (3.3.12) we encounter 
unwieldy mathematics. We found the difficulty was with the 
function g(£R). So we conclude that a simplifcation of this 
function might be helpful. Functions of var -d forms were 
tried but the most successful one was e s: >lest. We chose
the approximating function, g,(^v ) = g asa i\

ga ^ K } = 1+0 5 (3.3.18)
O K
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where a and B are constants. Since g(0) = 1//6 we
see aQ = 1//6 . BQ was chosen to match the value of gK
at = 8.0. Using this value we found B„ = .311. The J\ o
result is shown in Fig. 3.3.6). Although the fit is not the 
best in the mean square error sense, we find that the results 
obtained using this approximation are quite good.

Substituting the above approximation in Eq. (3.3.13) and 
using Eq. (3.3.17b) we find that

tk " 21TB
a .(y/2 )

^  l-e‘PK B k + 1
BK

(3.3.19)

We now use Eqs. (3.3.19) and (3.3.12a) in Eq. (3.3.15) and per­
form the operations indicated by Eq. (3.3.16). After simpli­
fying the result we find, due to the above approximation, the

*quasx-optimal solution for the K-th bandwidth, Bv , isi\

where

BK =<

/BK—1. a
+ b

Ll-e PK-1
Pv(l-e ) BK+l

2/3

1 pke |+k ■'K

l-e~PK J

(3.3.20a)

a = c " 1/(2 ttB) (3.3.20b)

b = b' (y/2 )//s (3.3.20c)
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and
b' = a/2 ir B (3.3. 20d)

The above equation can be solved iteratively for a given 
initial guess, (B„) where (BV)T is an N vector of 
initial values. For our purposes we chose a value of C = 3.
That is, T = 3/B for all iterations, K = 0,1,»**,N-1.irl\ K
This seems to be a sufficiently long enough settling time to
wait. With this value of C, we found that the convergence
of Eq. (3.3.20a) was fast. Of course, N is chosen as well
as Bq and BN_^* These values are then used in Eqs. (3.3.19)

* *and (3.3.12a) to find Tv and T-.̂ , the quasi-optimal integra-
JK IrK

tion and processing times respectively. These are then used in
*Eq. (3.3.12b) to find T , the quasi-cptimal acquisition time.

★By perturbing the solution vector BR about the solution and
*then evaluating tACq » we find, in most cases, that BR pro­

duces the minimum TACq for any given N and S^/n. Further­
more, we find that, since the system is above threshold to 
begin with, one integration is sufficient. Thus the minimum 
occurs as an interior point for all values of Bq , bn_^* and
Ŝ /r). In addition we find that the integration time for high
SNR is substantially less than the processing time TpK * So 
we conclude that at most a few iterations suffice in all cases.
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3.3.2. Low Signal-to-Noise Ratio Region.
We now examine the system operation when the SNR is below 

threshold. In this region the inband noise power contributed by 
the spikes is substantial, that is, n (T ) in Eq. (3.2.18)

S  — K

is not negligible. We therefore must determine the noise 
variance of the spike process as it relates to the integrator 
output.

Let us assume that the spikes appearing at the discrimina­
tor output are perfect impulses. Since the longest spike is 
of the order of = 2/B seconds duration, if the time con­
stant of the filter, i.e., integrator, is large compared to 
T^, the spikes appear as impulses.

We first define the Poisson Impulse Process (PIP), P^(t) 
such that

where 6 ^ is the Dirac Delta or impulse function defined by

2

(3.3.21)

elsewhere

t = 0

(3.3.22a)

and
00

6D (A)dX = 1 (3.3.22b)



The t  ̂ are independent , identically distributed random 
variables (i.i.d.r.v.) with a distribution function 
fined as

where is the probability that m impulses arrive in
the time interval [o,t]. X is the mean arrival rate in im­
pulses per second. We assume X is constant. For a constant 
X, P ^ ( t )  is a stationary Poisson distributed process with 
parameter Xt. Furthermore, it can be shown [17] that

Pm (t) = e“Xt(Xt)ir,/m! (3.3.23)

(3.3.24)

and

R^(a) = E [pi (t) pi (t+a) ] = X2 + 6D (a) (3.3.25)

Now let us consider a process ^(t) where

(3.3.26)

where the coefficient, a^, represents the strength of the im­
pulse occurring at time t .̂ The a^ are i.i.d.r.v., inde­
pendent of t ,̂ and have mean
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and second moment

E(a^) = A2  (3.3.27b)

for all We show in Appendix 3 that, with q (t) definedX*
as above, we have from Eqs. (A3.4) and (A3.9) that

E(q£) = AX (3.3.28a)

and

Rq (t) = = tj+T)] = XA2 6d (t) + XA2 (3.3.28b)

so that

Cg(x) = A2 X5d (t) ( 3 . 3 . 2 8 c )

_ ~~2We must now determine A and A . To do this we recon­
sider the process q^(t). Since ^(t) represents the spike
noise at the discriminator output, that is, q 0 (t) = n (t),X s
the a^ must be ±2ira. We now must determine the distribution 
of the a^. Let us first let

b^ «= a /2ttci (3.3.29)

Thus b^ = ±1. With N+ and N_ as the number of positive and 
negative spikes with no modulation respectively and 6N the
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increase in the number of spikes we find

' V nD N„ <VVX) + N_ + (5NU(nD )
N„ W 1*

(3.:
where P, is the conditional density of the b. given

x, D z

Au) = flD . Nt is the average number of spikes/second given by

N = N+ + N_ + <5N (3.:

and U(x) is the unit step function defined as

U(x) =
1 x > 0

0 x  > 0
(3.:

From Eq. (3.3.30) we see that

E(b£/ftD) = ~  j N+ - N_ + 6N[U(-fiD) - U(+fiD)] (3.:

Since N = N_, and U(-x) - U(x)= -sgn(x) = sgn(-x) we have

(3.:

. /gB
Now 6N = | fip/2tt | e so E(b^/^D) is

"Si/riBx
E(1W  = I | / 2 ttN) e 1 K sgn(^D) (3.2

. 30)

.31)

. 32)

. 33)

. 34)

. 35a)
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•which is of the form c(-|x]sgn x) where c is a constant. 
However, -Ixlsgn x = |x|sgn(-x) = -x. Thus we have

fln -S./HB
E(bJ V  = - 2^  e (3.3.35b)

Since a^ = 2i\aĥ  we have

0^ -S./BB
E(ai |nD) = - e 1 (3.3.36)

Finally, since = X and E (q^) = we have

~Si/lnBKE(g£) = -anDe x (3.3.37)

This agrees with our intuitive concept of the d.c. value of 
the spikes.

Now we must find A2. Since a^ = 2iTab^, A 2 = ( 2 m ) 2E(b2) 
we find

E(b2 ) = (+1) 2P (bp = +1) + (~l)2 P(b„ = -1) =
l °D X  X

P(b0 = +1) + P(b0 = -1) = 1 (3.3.38a)I 1 „ln p lnp
and

A2 |^ = (2tra) 2 (3.3.38b)
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Thus we have found the conditional variance of the a^'s 
given ftp. So, from Eq. (3.3.28c) we find

Note that this is a conditional covariance based on knowing
ftp. This is similar to the p.s.d. we found in the high SNR
case which was a function of Af = fp. We expect this since
the offset frequency influences the number of spikes per
second. Thus, that term was also a conditional variance.
We eliminated the dependence in that case by choosing Af = 0
for worst case noise. In this case we will make a similar
although different assumption as will be seen shortly.

This impulsive noise process is now passed through the
integrator. It can be shown that for filtered impulse noise
if the correlation times of the spikes are less than the time
constants of the filter by an order of magnitude or more
then, by the central limit theorem, the output process is
approximately Gaussian [31]. Thus for the spike noise case
we find that the output process of the integrator is Gaussian.
The process described above is just ns (t) as in
Eq. (3.2.1). The output of the integrator is n (Tv) assp 1\
in Eq. (3.2.5b) with mean

C (t) = (2ira)2 X6 (t) q D (3.3.39)

n (3.3.40)
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With n ' = n - nsp sp sp we now need the variance of n' .sp
, 2Since by design n^ is zero mean, n ^  is the variance of

2Denoting this variance as a we have
nspn sp

"T -T K K (3.3,
or

2 . , 1 ,2
°n 1 2 T̂ .sp K

T T K r K

-T -T K K
Cq (tl"t2 )dtld t 2 (3.3,

where C (t) is given by Eq. (3.3.39). Upon substitution ofSi
Eq. (3.3.39) in Eq. (3.3.41b) and subsequently performing the 
integration we obtain

o* = 4TT2 a2 A/ (2T ) 
sp

(3.3,

Using X = NT we find

2 _ 1 .2
°n' (27T0t)sp ZiK

BK erfc /S . / t)Bv + 
2/3 1 K

-Si/r>BK
2 tt

(3.3,

We now examine Eq. (3.3.4 2b) in order to determine the 
worst case value for o*, . Here we must be careful because2

°n 1 *sp
there are two possibilities which can lead to different worst
cases. The first is for = 0. In this respect a , isD nsp

41a)

41b)

42a)

42b)
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minimum. For certain cases then, under this assumption, X 

may be too small for the Gaussian assumption to hold. We 
will now assume this is not true and that even for small ,
there will be enough spikes for the Gaussian assumption to 
hold.

The other possibility is that = ft and so a ,r ■* D max n
is maximum. This will increase the variance and so the

sp

acquisition time. We note here the important point that the
2spike noise variance varies inversely as TK and not as TR 

as in the Gaussian noise only case (high SNR). Thus we ex­
pect our limiting factor to be the spike noise as mentioned

2earlier. Denoting this worst case variance by a we havesp

2 _ (2TTCt) 2 BK
sp 2TK

2£*£ /sT7?b-  + e'SiAlBK
/3

(3.3.43)

where we have used the fact that f = B„/2 for any itera-max K
2 2 tion. a is in (rad/sec) . Thus, to find the variance in

Hz2 we divide Eq., (3.3.43) by 4tt2 to obtain

2 _ _s£ _ 2 BK
° s  2 ~ a 4T4 71 41K

- s . / n B T, 
v ^ T r b T  + e 1 k 

/3 1 K

Since n (Tk) = G ^  (Tr) / (1-e ( S ^ )

(3.3.44)

n.
GV 2 2
"-S.N.1T as

. 1 -e i i
(3.3.45)
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and since Gva = 1 we have

BK
n. 4TK

erfc/sT7nB^
_ + exp(-Si/riBK ) (3.3.46)

Since the noise processes n and n are independent, the
gl 2

overall worst case variance for the low SNR case is the sum 
of the two worst case variances, that is,

cr, Uitj
(3.3.47)

nBK _ L  n  Sln (2tr)24S m2 ’ 4T„i TK ’K K
e r f c ^ K

/3
+ exp(-pR)

2 2where is in Hz . By examining a few instances of the
D

above we find that the spike noise term predominates for 
SNR < lOdB, while for a larger SNR the Gaussian term is the 
most influential. Therefore, when the SNR,p, is well below 
+10dB we need only contend with Eq. (3.3.46). Now using 
Eq. (3.3.4 7) along with

BK+1 Y°n, (3.3.48)

and solving for T„ we obtain,I\
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T = K
^ bk

4 ̂ K+l*

erf c /pTTrv
/3

+ exp(-pK )
-P

1 -e K (3.3.49)

Using Eq. (3.3.49) in the performance index of Eq. (3.3.12b) 
and performing Eq. (3.3.16) we find

Bk = (1 -exp("Pk ))Bk + 1

12 2BK - 1 1 (1//̂  erfcv/PK_i + exP (~Pt'_]_) ]
1/2

ferfc/pT -p i f 
----- £ + e K 1 +

/I
2 pRe“PK

1 -e-PK
-p

+ pKe K 1 +
/TFp^

(3.3.50)

Eq. (3.3.50) is a quasi-optimal relation for the set of B 's 
for the low SNR case as was Eq. (3.3.20a) for the high SNR 
case. We find though that Eq. (3.3.50) does not converge for 
N > 2 as did Eq. (3.3.20a). Alternative forms also proved 
futile.

However, since this region provides only a 1/T variation,
2whereas the high SNR case provides a 1/TV variation in noiseI\

power, it is beneficial traverse from the low SNR case to the 
high SNR case as quickly as possible. We decide to use a 
maximum of two iterations for this purpose, that is, N = 1
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or N = 2. With this constraint imposed we can now use 
numerical methods to solve Eq. (3.3.50) for and then
use Eq. (3.3.49) to find the integration times. We then 
will choose N so that the time to reach a SNR of lOdB is 
minimized. Once we have chosen N and narrowed the band­
width to either B^ for N = 1, or B2 for N = 2, we 
use the high SNR case to find the total acquisition time.
Also, we do not want a large N because the probability 
of error will increase. To maintain the same P(e) for 
larger N, the T 's will have to increase since y will 
have to increase. Thus the acquisition time will become 
larger.

The above procedure is well defined assuming that we have 
no ambiguity as to the operating region. However, we find 
that since for some values of p, the spike noise is greater 
than the Gaussian noise and for other values of p the op­
posite is true we expect at some point they will be on the 
same order of magnitude. This is so because in the region of

Ainterest the variance of the estimate fD is a w’ell behaved 
function of p and T„. We find an ambiguity arises for 
4 < p < lOdB. In this region we must use Eq. (3.3.4 7) for the 
variance of the estimate. Use of this equation for minimizing 
TACQ ^s ' however, difficult. In fact, this is precisely the 
reason we chose to use the approximating techniques described 
above.



90

After examination of some of the computer solutions in 
both the high and low SNR regions without regard to the above 
consideration leads to an interesting development. For p 
in the region described above we find that one iteration gives 
good results as to the minimal acquisition time. One intu­
itively feels that for 4 < p < lOdB only one integration is 
necessary for reaching the high SNR region. We find that the 
integration time is on the order of the processing time so 
that certainly we would not need more than one integration.
In essence, more than one iteration is detrimental since the 
processing time increases TACQ more than the integration 
time. If we then use Eq. (3.3:47) to solve for the integra­
tion time, T , we then have resolved the ambiguitv.K ■*

To do this we use Eqs. (3.3.3a) and (3.3.47) to solve for
Tr . Since we intend to use only one iteration BK+  ̂ is
known and so the only unknown is 1V . We can solve for TvJ\ K
as follows.

T = K
(Y I 2 ) 1

27tBk+i
sin(£K)

'K

+ (27ts;K)
-PK e r f c / p ^

/3

)l/ 2 (3.3.51)

This is a "nonlinear" quadratic equation and can be solved 
iteratively by numerical techniques. In fact, Eq. (3.3.51) is
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valid in all regions and, if BK+  ̂ is known, it will produce 
a more accurate value of Tv .

Thus our technique is completely specified and we can now 
evaluate the performance of the system.

3.4. Results.
In this section we examine some particular cases for the 

acquisition problem. The results are shown in the accompanying 
figures and tables. The acquisition times are determined from 
the solutions to Eqs. (3.3.15), (3.3.19), (3.3.49), and (3.3.51). 
For each case we first determine the appropriate operating 
region of the system. To do this we proceed as follows. We 
assume operation in one region and use the appropriate rela­
tionship to calculate the associated integration time,
Using this value we compute the variance for both regions. We 
then do the same for the other region. Also we compute the 
number of spikes per second, X. If the system is in the spike 
region, the time between spikes should be small compared to 
the integration time, that is, the system should receive many 
spikes during the integration time. However, if the system is 
in the Gaussian region, then there should be very few spikes 
during the integration time.

The region of operation is then found by comparing the 
variances computed above. Since the variance is representative 
of the noise the operating region is found by choosing the
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larger variance. The procedure can be best illustrated by 
an example.
Example: (B^ chosen arbitrarily for S^/nB^ = OdB, i.e., 
constant BW case.)

a) Initial uncertainty bandv/idth, Bq = 53dB-Hz = 200kHz.
b) Signal-to-Noise Density Ratio, S^/n = 45dB-Hz =

31.6 x 1 0 3 VJ-Hz.
c) Intermediate bandwidths

B1 = 31.6 kHz (Si/nB1 = OdB)
B2 = 3.16 kHz (Si/r!B2 = lOdB)
B_ = 200 Hz = B_ (S . /r)B_ = 22dB) 3 F x' ' F

For the spike region with y = 6

9B
(Tk) K

BK+l

erfc/p^' -pK / (l-e~pK• c / K1- e (3.4.1)

a 1̂  = 4 \1 -e sp
"PK 2 BK

SP TX I /I
erf c/pT7 -p

—  + e (3.4.2)

For Gaussian region with y = 6

(TJ : B
3 /l-Sa(2TrBKTK)

(3.4.3)

.2 | io' = 1 -e9
~PK /i 24p = g

1 1 1 - [l-Sa(27rBKTK ] (3.4.4)
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In addition, if = 2itBt.Tv is large, i.e., E,v > 32.5tt,
K X\ jS. i \  —

Sa(£„) < 0.01 and (T„) ~ — -- ^ r — —  ~r — r • AlsoK K g 2ir BK + 1

XK = (Br/2) [erfc/p^)//3 + e Pr] = l/TgK (3.4.5)

where T̂ ,, is the average time between spikes on the K-thoK
iteration. Using Eqs. (3.4.1) through (3.4.5) we find the 
following:
I. K = 0

(T ) = .112 sec; o'2 [(T ) ] = 23.7 x 1 Q 5H z 2 ;o sp sp o sp
o '2 [(T ) ] = 12.74Hz2g o sp

(T ) = 3.8 msec; a ,2[(T ) ] = 69.9 x 108Hz2 ;o g sp o g
0 '2 [To> ] = 112.35 x 106Hz2

3X = 132.9 x 10 sp/sec; (T ) = 1/X = 7.5 ysec.
° so

From XQ and the variances we see that the system is definitely 
in the spike region as would be expected since pQ = -8dB. Thus 
(To)sp is ti16 first integration time.
II. K

(T.) = 3.7 ms; o '2 = 4.4 4 x 105; a '2 = 2 3.7l sp sp g

(T,) = .151 ras; a'2 = 95.9 x 106 ; a '2 = 1.14 x 106
1 g sp g

X1 = 7250 sp/sec; (T_ ) = .138 ms.
1 5 1
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Again from the variances and X^ we see that the system is 
still in the spike region.
III. K  = 2

(T„) = 32.14 ysec; c '2 = 4.44 x 103; o'2 = 163 x io3
2 sp sp g

2 2 3 (T„) = .755 msec; o'^ = 189.2; a' = 4.249 x 10
2 g  sp g

= .071 sp/sec; T = 14.1 sec. z s 2

Thus as can be seen from X2  and the variances, the system 
is in the Gaussian region.

So the integration times are 
TQ = . 1 1 2 sec.
T^ = .0327 sec.
T2 = .000755 sec.

The processing times are (T-., = 3/B )
FIs. K

Tp() = 3/(200 x 103) = .015 msec = .000015 sec.
Tpl = 3/(3.16 x io3) = .095 msec = .000095 sec.
Tp 2 = 3/(3.16 x 103) = .95 msec = .000950 sec.

Defining the sum of the N integration times as S^ (N) and 
Sp (N) as the sum of the N processing times we have

N-l=2 2
St (N = 3) = X Z  = 0.145455; S (N = 3) = X I  Tp* = 0.00106 
X K=0 K=0

so that Tacq = Sp (3) + Sp (3) = 0.146515 seconds. We note 
that for the case of low initial SNR, for example -8dB, the
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processing time in the spike region is generally negligible 
compared to the integration time. For high initial SNR, 
however, such is not the case as will be seen shortly. For 
the Gaussian region we find that one iteration suffices since 
Tv < T in this case. Thus, it is only detrimental to

J\ ir I\

iterate more than once and as such increase the processing 
time.

If we used one iteration to accomplish the complete pro­
cess of decreasing the bandwidth from BQ = 200kHz to Bp = 
3.16kHz we find that = seconds. Thus we see the
savings in time made by iterating.

Also, using the minimization technique for the spike
*region we find, from Eq. (3.3.50) , = 35.8kHz. For this

value of B-̂  we have Tq = 77. 88 msec, T 1 = 48.84 msec, and
T2 = .755 msec as before. Thus, S^N) = .127479 , Sp (N) =

*.001049 and tAcq = 0*128528 sec. which is approximately 
1 2 msec faster than the previous case.

As a check on the minimization of T , the solutions for
★ *several B^ were perturbed. For the cases chosen, B^ pro­

duced the minimal result although some cases were extremely
*close. For example, the 2 stage spike process for pro­

duced T* + T* + T* + T* = 0.1268857. For B. = 35kHz,
° 1 Fl x

T + T. + T_. + T = 0.127034 4. The difference between the
° o 1

above two times is less than 0 .1 2 %.
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In some instances we find that A is small and so we 
do not receive many spikes during the integration time.
This usually occurs for signal-to-noise ratios greater than 
+4dB. In essence this means the system is operating on the 
knee of its threshold curve. This occurrence is accounted 
for in the variance of the spike noise which is proportional 
to A. Also for SNRs greater than 4dB, we occasionally find 
that the variances for the different regions are close in 
magnitude. For this condition we choose the solution for 
the integration time from Eq. (3.3.51).

3.4.1 Quasi-Qptimal Bandwidth Reduction
In this subsection we examine some computer results for 

the quasi-optimal bandwidths obtained from the solutions to 
Eqs. (3.3.15)/ (3.3.19) and (3.3.49) to (3.3.51). We will
examine first the low SNR region and then the high SNR region 
for a specific set of parameters.

3.4.1-1 Low SNR Region.
For SNR <+10dB it can be shown that the system is dominated 

by spike noise. We compute the time needed to bring the input 
SNR to the FMD to +10dB at which time we enter the high SNR 
region, that is, S-/hB„ = lOdB, using the quasi-optimal band-X  i\

widths obtained from the solution to Eq. (3.3.50). These re­
sults are shown in Figs. (3.4.1-1) and (3.4.1-2). They are 
also tabulated in Tables (3.4.1-1) and (3.4.1-2) for N = 1 and 2.
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The T*„^ column for N = 1 is T + T ; for N = 2, weACQ o Po
show = TK + TpK for K = 0, 1, and TACQ = + T|.
The associated probability of error, PN (e), is shown.
The times computed for various SNDR and initial unknown 
bandwidths. In all cases the threshold bandwidth BT
(B^ for N = 1, or B2 for N = 2) is chosen so that

Si /nBT = +10dB-
The intermediate bandwidth, B^, is shown for N = 2,

as well as the threshold bandwidth for N = 1,2. We see
that for different S^/g, BT is different. This is so
that we can maintain S^/nBT constant at lOdB. (These
results are for pQ < lOdB only.)

Note also that the probability of error (as defined in
Appendix 1) for two iterations is twice as large as that

Nfor one iteration. This is so because ~ 1 “ (1-p)
z Np for small p (where p = P^(e)). For the same prob­
ability of error for N = 1 and 2, y would have to be in­
creased to approximately 8 for the two iteration case.
Since the integration time is proportional to y the in-

2crease in T_, for N = 2 is (8/6 ) = 64/36 ~ 2. Thus theK
Tr for N = 2 would approximately double. However, most 
systems presently employed today have P(e) of less than 
10%, 5%, or 1%. In our case, N = 3, falls within these 
specifications for y = 6 ; and for N = 4 P^(e) ~ 1.04%.
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With regard to Fig. 3.4.1-1 and Tables 3.4.1-la through
3.4.1-le we make the following observations. For a Signal- 
to-Noise Density Ratio (SNDR) below 55dB-Hz the two iteration 
technique provides substantial improvement over the one 
iteration scheme even though we are twice as likely to make 
a mistake. Reductions of acquisition time are on the order 
of two magnitudes, a considerable savings.

For Si/n > 55dB we see from the Tables that the integra­
tion time is of the same or less than an order of magnitude 
than the processing time. It is at this point that the spike 
and Gaussian noise powers are approximately equal. Thus we 
might do better in this case by using a single iteration from 
B^ to Bp rather than to an intermediate value as " & 2 where 
B2 is the bandwidth such that = +10dB. This will be
investigated later on. For S^/n >_ 55dB-Hz, we see that N = 1 
provides a smaller acquisition time than N = 2. This is ex­
pected since for Ŝ /ri > 55dB-Hz, S^/nBQ > OdB for Bq = 300kHz
and S./riB > +5dB for B = 100kHz. Thus as the SNDR in- i o  o
creases the closer the system approaches the Gaussian region 
which requires only one integration.

The dashed lines in Fig. 3.4.1-1 for S^/n > 55dB-Hz in­
dicate extrapolations of their associated curves. (The acqui­
sition times were computed at 4 points—  S^/r = +45, +50, +55
and +60dB-Hz.) The limits at S^/n = 60dB are found by
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choosing the acquisition time for N = 1 and the processing 
time equal to 3/Bq . This is so because there is no solution 
to Eq. (3.3.50) subject to the constraint B2 < B^ < Bq ex­
cept on the boundary. We also note the degenerate case of
B = 100kHz and S ./n = 60dB-Hz. Since for this set of o 1

parameters B2 = 100kHz, we have S^/nB2 = +10dB and so
the system is already out of the spike region.

In Fig. 3.4.1-2 and Table 3.4.1-2 we show T _,n vs S . /nA c y  x

and B̂ , for Bq = 4kHz for N = 1 and 2. Note here we
chose to vary si/f>B0 directly instead of S^/p. This is
the system which will be examined in Chapter 4 as a hardware
system. From Fig. 3.4.1-2 we see a similar trend as for the
previous case. For S^/n > 40.8dB-Hz one iteration provides
a smaller T than does two iterations. Also for S ./n =A o y  x

31db-Hz we see an improvement in ta CQ ^or N = 2 over
N = 1 of about 35 to 1. However, we must also examine an
additional set of parameters.

In Tables 3.4.1-3a through 3.4.1-3e and Table 3.4.1-4
we compare the following parameters: the average interarrival
time between spikes, Tj = X the worst case (longest) spike
width T„_, = 2/E ; the ratio between the integration time and 

S P  K

the spike widths R. = T̂ /T..-,; the ratio between the integra-
X i \  S P

tion time and the average interarrival time R2 = Tk//TI t îe 
ratio of the spike variance to the Gaussian variance using
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Tr assuming spike region operation, S^; the ratio of the 
spike variance to the Gaussian variance using TR assuming 
operation in Gaussian region S2 * The relationship of Tj, 
Tgp and Tk is shown in Fig. 3.4.1-3 for the case TK >>

or TSP-
In all cases, for Ŝ /ri <_ 50dB corresponding to

Si/nBo ~ we see Ri an(̂  R 2 are ^ar9e compared
to unity. In the case of R-̂  this means that for most of 
the spikes received during the integration period the entire 
spike will be included. In the case of R2 this means that 
many spikes will be present and so the assumption that the 
Poisson process of spikes will tend toward a Gaussian at 
the integrator output is valid.

However, we notice that for S^/n _> 55dB R^ and R2 
become comparable to and less than unity in some cases. When 
R^ becomes less than one, the integration is carried over 
only a portion of the spike. In these cases though, we find, 
in addition, that R2 is much less than unity. Thus the 
probability of this happening is small. Also in this region 
the integrator will receive few spikes if any during the in­
tegration period. Therefore we find that the assumption that 
the integrator output due to the spikes is Gaussian is no 
longer valid.

This stems from the fact that we violate the conditions 
necessary for the Central Limit Theorem to hold. But even
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in the case for which it holds we see that we are concerned 
with the tails of the distribution which are in general not 
Gaussian. In fact, the entire technique is based on the 
heuristic model established by Rice [18] and is useful be­
cause experimental results closely follow the model. There­
fore in this region we cannot use only the acquisition curves 
of Figs. 3.4.1-1 and 3.4.1-2 but we need to consider the 
parameter comparison of Tables 3.4.1-3. For cases in which 
S^ and are approximately equal and which also have

and less than unity, we must re-examine the
situation.

First we note that this occurs for S^/n >_ 55dB-Hz. There­
fore the value of BT is correspondingly higher so that 
Si/nBT = + -*-B(̂ B ' Now b t becomes the new initial unknown band­
width. This bandwidth is much larger for Ŝ /ri _> 55 than it 
must be for S^/n < 55 while maintaining S^/r,BT = +10dB.
Thus the IF bandwidth for the case of S^/g > 55 is much 
larger than that for S^/n <55. We know [2 3] that for an 
FM discriminator whose input is a sinusoidally modulated sig­
nal, that if B is increased so is the modulation index 3 .
As 3 increases, for a fixed input SNR the threshold increases 
but the output SNR increases also. Thus FM as we know trades 
off SNR for bandwidth. We experience a similar phenomenon.
That is as we increase BT while maintaining S^/r|BT fixed 
the threshold increases because NT = X increases (see
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(Eq. (3.3.31)). As A increases the discrimination process 
generates more spikes per second and the (average) time be­
tween spikes decreases. As such for a given amount of time 
there is an increase in the spike noise power and thus a 
higher input SNR (S^/r|BT) is needed to overcome this increase 
in threshold. So the figure of +10dB as a division between 
spike and Gaussian noise regions is not a hard and fast rule. 
It may need to be modified when cases as those cited above 
arise.

Of course this whole problem of "threshold" chosen for 
minimization and the utilization of different regions for 
solution to the question of this acquisition aid technique 
would not arise if we could solve the original system which 
includes both regions (Eqs. (3.3.3a, 3.3.12b, 3.3.15, and 
3.3.47)). This would produce the solution valid over all 
regions. However, this is an arduous task and so we must be 
content with the present solution.

From Fig. 3.4.1-1, we find for SNR >_ 55, that the reduc­
tion in acquisition time for Bq <_ 250kHz is less than 6.5:1
for N = 2 to N = 1. For B = 300kHz the gain is 8.4:1.o
This does not warrant an additional iteration since the prob­
ability of error increases by a factor of two. We will choose 
a gain o r a minimum of ten to one in acquisition time to 
justify an additional iteration.
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However, we must remember that this is still not the 
entire process. Thus far we have only brought the system 
of the spike noise dominated region. We must yet narrow 
the bandwidth to I* , that is, the acquisition band-r
width, while the system is in the Gaussian region. Since 
a desired final operating SNR is 20 to 30dB, the inter­
mediate bandwidth for which the SNR is lOdB, will have to 
be reduced further by a factor of 10 to 100. In-this way 
we move the system well up into the Gaussian region. We 
will explore this in the next subsection.

3.4.1-2. High SNR Case.
For signal-to-noise ratios greater than +10dB the system

is operating in the Gaussian region. We compute the quasi-
optimal Bk 's by assuming that only the Gaussian noise power
term is significant. We then compute the acquisition time
for N = 1 and N = 2. For the N = 2 case we do so only
for a final acquisition loop bandwidth, Bp, such that
Pp = Si/nBp is +30dB. The reason we do this can be seen
from Table 3.4.1-5a.

Here we show T , T_ and T_„rt for S./nB„ = +20, +25,o Po ACQ l F
and +30 dB. For the case of p„ = +20dB, the processing timer
is greater than the integration time; thus iterating more
would only increase T^__. For p„ = +25dB we see that theAct? r
processing time and integration time are on the same order
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of magnitude with TQ slightly greater than T . Thus
o

little or no gain could be made by iterating. However, 
in the case of pp = +30dB we suspect we may decrease 
TACQ ky iterating since TQ is nearly an order of magni­
tude greater than T . In Table 3.4.1-5b we tabulate

o
these results and find little advantage in using two itera­
tions. A comparison of the column in Tables 3.4.1-5a
and 3.4.1-5b shows this to be so.

Also here we tried perturbations about and found
slightly better acquisition times could be achieved by a 
different choice of . However, the advantage was in­
significant. For example, for Bq = 3.16kHz and B1 = 2.0kHz 
we found, for S ^ n  = 45dB-Hz

T = .5696 x 10-6, T„ = .9494 x 10_3, T 1 = .94994 x 10_3 o P oo
T, = .38376 x 10-2, T = .15 x 10~2 , T' = .53376 x 10-2 x i 1 x

and

t a c q  =  6 • 2 8 7 5  *  1 0 " 3 - 

Comparing this with the figure in Table 3.4.1-5b we see a 
difference of .0024ms or 2.4psec, or a percentage change of 
less than .0382%.

In addition, for the first iteration we see an 
extremely short integration time. When we compare the 
noise powers for spike and Gaussian noise using TQ we find 
the spike power greater than the Gaussian power. This also
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reinforces our judgement to use only one iteration. In Table
3.4.1-6 we show the acquisition times for Bq = 4kHz when 
operating in the high SNR region. Note here that for p =r
+30, TACq is approximately five times as large as that for 
PF = 20dB, just as it was for the previous case. Here also, 
for the reasons given above, one iteration suffices. As an 
example here we find that for N = 2, with Bq = 126.5,
B^ = 53, and pp = 30dB that = 157.2ms as opposed to
162ms for N = 1. Thus the decrease in T^Cq is negligible.

3.4.1-3. Overall System Acquisition Time
To find the total acquisition time for some unknown initial 

bandwidth B_ to a final loop bandwidth B^, we must add to-O r
gether the acquisition times in both regions. These results 
are shown in Fig. 3.4.1-6 and Table 3.4.1-7 for p_ = +20, +25,r
and +30dB. From these figures, for different p_ one notices

r

little change for the acquisition time for any given BQ for 
Si/n < 55dB-Hz. However, for S^/n = 55 and N = 3 we see a 
change of the order of 3 or 5 to 1 between the p_ = 2OdB andr
30dB curves. Similarly for N = 2, we see a change somewhere 
between 1.1 to 3.4 to 1. The reason for this is that the pro­
cessing time has a more pronounced effect on tACq f°r 
S^/n > 55. Thus we conclude that for S^/n < 55 we shall use 
three iterations and for _> 55, two iterations suffice.
Note also that for each pp the curves tend to coalesce for 
Si/n ^ 55 for the same reason as stated above.
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If one compares these curves with those of Fig. 3.4.1-1 
we see that for Sp/p _> 55dB-Hz the acquisition time in­
creases markedly with increasing Pp. This is also due to 
the processing time influencing the acquisition time for 
each iteration in the high SNR region. Similar results are 
shown in Table 3.4.1-8 and Fig. 3 .4.1-7, Bq = 4kHz.

One may ask if it is beneficial to move the system from 
Bp to Bp without first going to the Gaussian region or 
how does the above compare to moving the system directly 
from Bq to Bp. We examine these possibilities now. We 
find first the solution to Eq. (3.3.51) for the acquisition 
time in the latter case. These times are tabulated in 
Table 3.4.1-9 for Bq = 100kHz and Bq = 300kHz, that is, 
the smallest and largest Bq we have considered. A glance 
at this table reveals immediately the large range over which 
the acquisition time varies for different signal-to-noise 
density ratios. The inordinately long times needed for 
Sf/ri < 50dB-Hz show immediately the inefficiency of this 
technique at low SNDR for both extremes of bandwidth. One 
notices marked improvement, however, as Sp/p gets larger.
For BQ = 100kHz and Sp/p = 60dB--Hz, we see the acquisition 
times for the high SNR case of Table 3.4.1-7. This is because 
for Bq = lO^Hz and Sp/p « 60, Sp/pBo = +10dB and so the 
system is in the high SNR region. Further comparison of 
Tables 3.4.1-7 and 3.4.1-9.reveals the following: For
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S^/o < 55, the iterative approach is much better in all cases.
For Ŝ /ri = 60dB-Hz and Bq = 300kHz the system does better
using the iterative approach. It dees equally well for Bq =
100kHz because S./hB = +10dB for this case. Thus we con-1 o
elude that for S^/nBo < lOdB it is best to acquire through 
iteration. The determination whether to use one or two 
iterations in the spike region (and thus two or three respec­
tively for the total acquisition process) is to be made from 
performance curves of the form of Fig. 3.4.1-6.

Table 3.4.1-10 and Fig. 3.4.1-8 illustrate the acquisition 
times for Bq = 4kHz for Ŝ /r, varying between 31 and 41dB-Hz 
for p_ = +20, +25, and +30dB. Again we see a similar trend as 
in the previous case. We see that for low S^/n the system 
takes entirely too long to acquire and improves greatly as 
Si/n increases. Nevertheless the iterative scheme works 
better in all cases.

We next examine the possibility of decreasing the bandwidth
*in the spike region from BQ to B^ and then proceeding 

*from B^ directly to Bp bypassing the lOdB bandwidth B 2 .
To do this we use the value of T' in Table 3.4.1-1 for whichJ\
N = 2 and K = 0. We then use Eq. (3.3.51) to find the time

•krequired to traverse the bandwidth from B^ to Bp. These re­
sults are shown in Table 3.4.1-11 for p_ = 20dB. When we 
compare these times with those in Table 3.4.1-9 we see a marked
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improvement over the preceeding technique. This is expected 
because this technique does use the iteration method. How­
ever, on an absolute basis the acquisition times achieved are 
still long. Next we compare these times with those of 
Table 3.4.1-7a. Notice that the acquisition times for the
above method for S^/n <_ 50 are better than or approximately
equal to those obtained for N = 2 in Table 3.4.1-7a. For
Si/n = 55dB-Hz and the one case for 60dB-Hz, we find that
the previous method allows for acquisition times of about 1/5 
as long as the new method. However, the N = 3 method provides 
substantial improvement for S^/n ± 50dB. Thus it would seem 
that a good strategy for acquisition is to use the N = 3 method 
(i.e., using two iterations in the spike region and one itera­
tion in the Gaussian region) for S^/n <_ 50 and the N = 2
method (that is using one iteration in the spike region and
one iteration in the Gaussian region).for S^/n >50. This is 
the strategy we arrived at in a previous discussion. Of course 
we sacrifice some probability of error by using N = 3 rather 
than N = 2 but the tradeoff in terms of acquisition time 
versus probability of error justifies this decision. We note 
that we need not consider pp > 20dB since the acquisition
times for higher pp must be longer.

Another interesting point can be made if we look again 
at Fig. 3.4.1-1. If we draw a curve through the points for



109

which tacq' ^or N = 1 , is ten times as large as tACq for 
N = 2 we find that the value of S^/nBo for this to occur 
is in the range -1.25 <_ S^/nBo <_ -0.25. This is shown in 
Fig. 3.4.1-9. Similarly, we see from Fig. 3.4.1-2 that for 
B0 = 4000Hz, this occurs for s-j_/rlB0 = -0.8dB. Thus we con­
clude that for Si/oBq in the range -1 to OdB we should see 
a change in spike region acquisition time of about ten to 
one between the one and two iteration techniques respectively. 
This seems to be a good choice to decide whether to use one or 
two iterations. Also it is intuitively appealing because at 
around this point we see large parameter changes (see Tables
3.4.1-3 and 3.4.1-4) for which we feel that the Gaussian spike 
noise assumption is questionable. Also note from the parameter 
comparison, Tables 3.4.1-2a and 3.4.1-3 that for S^/r\&Q = OdB 
(S^/n = 50, Bq = 100kHz in Table 3.4.1-2a) the parameters 
Rl' R2 ' Sl' an(̂  S2 are ver^ close. Thus this seems to be the 
common factor regardless of Ŝ /rj or Bq . A good judgement 
as to the "optimal" approach can be made based upon pQ = S^/nBQ .

Before we leave the quasi-optimal case we should consider 
one more aspect. In all of the above cases we kept the final 
loop SNR constant in order to have a fair comparison for each
system. This in turn meant that as S^/n increased so did the
loop bandwidth. In fact for BQ = 100kHz and S^/n = 60dB-Hz
we find that for a pp of +20dB the final bandwidth must be
B„ = 10kHz. This also is the degenerate case of starting in
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the Gaussian region because pQ = +10dB. In practice, a
system would be specified by the following: (1) A maximum
frequency uncertainty, Bq ; (2) A range of Ŝ /ri; (3) A
final loop bandwidth subject to some minimum desired
operating signal-to-noise ratio, (Pp)mj_n * The system would
at worst then be operating at (p_) . for S . /r\ itsc 3 KF m m  l
lowest value and B = B . For example, NASA Houston has a

K O

system [ 3 ] with a Bo z 200kHz (±55kHz Doppler, ±20kHz 
oscillator instability, 30% guard band), 48 £ S^/n £ 60dB-Hz,
Bp = BL (acq) = 200Hz and BL (track) = 50Hz. Thus, the worst 
case pF is (PF)min = 48/23 = +25dB with (P0)wcrst = "5dB. 
If Si/n is +60 then the system may be operating at +37dB but 
at worst the final SNR will be 2 5dB. We now examine the appli­
cations of our technique to the above system.

First we examine the case for 45 £ S^/n(db-Hz) £ 60
B = 100kHz, 200kHz and 300kHz with B^/B = lO-3. We o F o
assume in each case that BT is chosen such that S^/nBT =
PT = +10dB. The results are shown in Table 3.4.1-12a. Here 
we see some interesting results. The acquisition time is not 
monotonically decreasing with S^/n as in the previous cases. 
This is due to the fact that integration and processing times 
are on the same order of magnitude. Furthermore if we examine 
the parameters for these cases we see that, for S^/n £ 55dB, 
the ratio of spike noise power to Gaussian noise power, S, is 
near or greater than unity. This means at these values of



Ill

SNDR and bandwidth BT , the system is really still at threshold 
and a higher or another iteration is needed. Proceeding as 
before we look to increase BT> We apply our minimization 
techniques to find a new bandwidth and use this for B^. Thus 
we again have two iterations in the spike region and one in 
the Gaussian.

The results for this technique are shown in Table 3.4.1-12b.
For Si/n=45 and B =200kIIz and 300kHz there are no entries sinceo
we are well within the Gaussian region. From the entries we see 
that the acquisition time is again monotonically decreasing as 
expected. Note though that since Bp is not the same for each 
Bq we find that for a particular' S^/n, t^Cq decreases with 
increasing BQ . This is expected since we know tACq varies in­
versely as Bp. Thus a higher B? produces a lower t ACq * When 
we compare Tables 3.4.1-12a and 3.4.1-12b we see improvement 
in Ta c q for S^/n 55db-Hz as expected.

Although these values are not substantially less (at most 
a 5:1 ratio) we must consider them since their associated para­
meter , S, is the proper value. For these values of B_ we findr
that the threshold occurs above p = +13dB for S^/n _> 55.
The total acquisition time is shown in Table 3.4.1-13 which uses
the results of Table 3.4.1-1 as follows: For Ŝ /r, equal to
45 or 50dB-Hz, we use for the overall acquisition time the sum
of T,_,_ for N = 2 from Table 3.4.1-1 and N = 1 from Table ACQ
3.4.1-12a. For S^/n = 55 or 60 dB-Hz we use the sum of
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TACQ for N = 1 from Table 3.4.1-1 and N = 2 from Table
3.4.1-12b. The results are shown in Fig. 3.4.1-10. We 
see a similar trend here as we did for the previous cases 
except for Ŝ /ri about 57.5dB-Hz where the curves exhibit 
a marked difference. This behavior exists because we did 
not choose B as before. There B was chosen so thatr r
S./riB_ was equal. Here we have a difference. The reason

1  r

this occurs at high S^/n only is because the lOdB point 
is not optimal and exhibits this more at high SNDR where the 
processing times are more influential on the total acquisition 
times.

We examine now the process using constant bandwidth re­
duction in the next section.

3.4.2. Constant Bandwidth Reduction (CBR).
We now try another approach to minimize the acquisition

time. This technique is simpler since it requires only a
fixed set of filters for any S./n once B and B arex O F
known. In this method we start with a given Bq and reduce 
the bandwidth to B1# some fixed fraction of Bq . We then 
proceed to reduce B^ to B2 some fixed arbitrary fraction 
of B^. We continue this process until Bp is reached. For 
example, if BQ = 100kHz and Bp is 100Hz we might use two 
iterations to reduce BQ to B^ = 10kHz and increase p by 
+10dB, and then reduce B^ to B2 = Bp = 100Hz. For N = 3,
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we might proceed to reduce the bandwidth by the constant ratio 
Bk+  ̂= 0.1Bk . Of course, if p gets large and we enter the 
Gaussian region we must be sure a solution exists as was dis­
cussed earlier.

The question arises as how to choose the reduction factors 
so that the acquisition time remains small but the implementa­
tion becomes simpler (i.e., less filter settings for different 
parameters). From our previous analysis (Sec. 3.4.1) we see 
initially a good choice for the first reduction factor is one-

_  3tenth. Again let us choose a Bf/Bq = 10 and N = 2 so that 
our second reduction factor is one hundred to one. We examine 
the procedure from B = 100kHz, 200kHz and 300kHz as before.
The results are shown in Table 3.4.2-1 and Fig. 3.4.2.1.

We see from Table 3.4.2-1 we find that the acquisition 
time is much higher than those of Table 3.4.1-13 (B„ is ther
same for each case) for S^/p = 45, five to ten times for 
S^/p = 50, about equal for S^/p = 55 and 60. Thus for S^/p 
larger than 55 it seems that the constant reduction cases suf­
fices. Also we must remember this process used only two 
iterations while that in Table 3.4.1-13 used three. A good 
approach to the total problem would be to use N = 3 and 
for example, a relation such as B^,. = 0.1B„ for S./p < 50dB-HzK t I  J\ X

in the CBR technique. This would substantially reduce the ac­
quisition time for low S^/p. For S^/p >_ 55db-Hz the system
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would use the N = 2 case as shown in Table 3.4.2-1. Since 
the process needs the value of s^/n i*1 anY event, it would 
be simple to program this capability into the system controller.

The CBR approach is simpler to implement; that is, one 
need not have many filters, or if using digital filters, store 
many coefficients as one needs in the quasi-optimal technique. 
Thus a practical and economical approach seems to be the CBR 
method.

3.5. Comparison with Known Techniques.
It is interesting to compare present techniques with the 

scheme described above. The swept VCO technique is one which 
used quite frequently. This involves sweeping the VCO slowly 
over the entire uncertainty and acquiring lock when the dif­
ference frequency falls in a narrow passband, that is, B .Li
At this time the sweep oscillator would be halted but the fre­
quency shift caused by it would be held at the VCO input 
terminal. An estimate on the time for acquisition with this 
method may be found in various references [9, 14, 26]. This 
technique is currently used by NASA for the Space Shuttle [2]• 
The parameters for that particular system are acquisition 
time in six second with a probability of acquisition P^ > 0.9 
(P(e) < 0.1). The initial unknown bandwidth is 150kHz and the 
maximum sweep rate is 5kHz/sec.
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An alternate technique which produces approximately the 
same acquisition time is the dwell technique or stepping 
correlator. It may also be called a sliding correlator 
although this terminology is not really indicative of the 
process. In this technique the system is held for a time 
in a small frequency cell over which the loop could lock if 
the carrier were present. When lock is achieved, the pro­
cess is stopped. Suppose we consider an initial unknown 
bandwidth B . consisting of M cells of width B , thatO  la
is, the loop bandwidth, such that MB = B , M an integer.Li O
If we assume the cell is a filter, and that the filter re­
sponse time is inversely proportional to the filter
bandwidth then the acquisition time, T , assuming we try alla
cells is

= ?T- = *"? (3.5.1a)
a Bl

Actually, since each cell is evenly likely to contain the 
carrier the average value of T isCl

J_J

The interesting point here is the form of Eq.(3.4.1). If
2Bl = B1 , then Eq. (3.5.5) is of the form Bj,/B^+  ̂ which is
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similar to Eq. (3.3.49). The difference here is that in
Eq. (3.3.49) there is a weighting factor. However,
Btt.t 7̂ B necessarily and so herein lies the gain. It is K+ i. Ij
intuitively pleasing, however, that the form of the equa­
tions is similar.

Viterbi [26] has examined a technique such as this. In 
this technique he has M uncertainty windows of bandwidth 
B = 1/2T Hz, where T is a time in seconds for integration. 
The total uncertainty bandwidth is W-Hz s o  that M is 
r2WT~l where Txl indicates the least integer greater than 
or equal to x. That is M is the integer in the range 
2WT <_ M < 2WT + 1. This system processes the incoming signal 
envelope in a correlation-type device and chooses the window 
with the largest value. To make an equal comparison we must 
use one filter and process serially. Thus t^cq = (2WT+1)T «

2He shows that the probability of error is P < WT exp(-4pT/-rr )
where p is the signal-to-noise density ratio.

We see that for our system, Bq = W, p = S^/r|B and Bp = B.
If we use Si/hB0 = OdB, W = 4000Hz, B^ = 400, we have an
equivalent condition for driving the system out of the spike 
region. For the above we have that T = 1/2B = 1.25 x 10 ^sec

Ij

-2and P ~ 5e = 0.677. This is a very high probability of 
error. We find that tAc q = 13.25msec. Our technique for 
N = 2 takes 27.65msec or approximately twice as long but
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P(e) = 1 - (.997) 2 = 6 x 10 The reason Viterbi's method
results in a high P(e) is that S^/nB is low. A more 
realistic figure would be B = 40Hz so that S^/nB = +20dB. 
Using one iteration we find that TACQ=258msec or approxi­
mately twenty times as long as the correlation technique

-  3with a P(e) = 3 x 10 . Even though the time difference
here is large the high P(e) in the correlation case does 
not warrant its use. Thus the iteration method performs 
better. Also if pQ = -lOdB while all other parameters are 
maintained constant, the correlation procedure produces as 
a P(e) >1. This is because S^/r|B0 is too low and the 
approximations used to find P(e) do not hold. Thus this 
technique is not valid for all SNR.

The next point to consider is suppose we set =
27.65 or ~ 28msec. For this time we find, with W = 4000,
P D =  O.OdB that (2WT+1)T ~ 2WT2 = 28 x 10_ 3 or T =  1.87msec. 
The corresponding BT = 267.2Hz and P(e) = 0.375. This is

Ij

also not acceptable since both B and P(e) are large.
Ij

Let us now consider the case pQ = OdB, W = 4kHz and
B^ = 40Hz. Proceeding as before we find tAcq = 1.2 5sec and 

— 7the P(e) = 10 for the correlation case. . This is a small 
P(e) but long TACQ* Using the iteration procedure with two 
iterations only (one in the spike region and one in the 
Gaussian region) we find that t^cq = 260 + 11 = 271msec, 
which is about one-fifth as long as the above. The associated
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_ 3P(e) is P(e) < 6 x 10 . Thus we see a tradeoff in
acquisition time and probability of error.

Using the iterative technique to obtain a probability of
-7error of approximately 1 0 requires a new y, y ’, of 

12(±6 S.D.) for N = 2 or 3. Using this let us find the 
acquisition time needed to reduce the bandwidth from 4kHz 
to 40Hz by the iteration method. First using N = 2 we 
find that TACQ * (Y'/Y)2tACq(y = 6) = 4 -26 = 1.024sec.
Using N = 3 we find that is approximately the same
as for y = 6 since the processing time is small for this 
case. Thus we find, using two iterations in the spike region 
and one iteration in the Gaussian region that tACq = *741 
seconds which is slightly less than one-half the time using

-7the correlation technique for a P(e) = 1 0
An important point to note is as follows. This analysis 

was geared toward aiding a Costas Loop receiver to acquire a 
signal imbedded in noise. In particular, the input signal 
was to be modulated after the receiver locked to the signal. 
The modulation is PSK or FSK. However, during the acquisition 
process, the modulation had to be absent so that lock could be 
obtained. We considered the problem of acquisition for a PLL 
receiver because it is simpler to analyze than a Costas Loop. 
The main reason for doing so is to next apply the principle 
learned from the PLL to the Costas Loop. But even more im­
portantly is to ascertain whether or not an acquisition
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technique could be developed for which lock could be achieved 
when data is present.

Currently, using the sweep method [ 2 ]/ which is similar 
to the correlation method, there is a problem of locking onto 
a signal sideband if the carrier is modulated. This is due 
to the fact that in either case the system "looks" over a 
small portion of the frequency spectrum. Thus, if a (large) 
sideband is present the acquisition process will lock onto 
it as if it were the true carrier. Thus with either of these 
systems or any other employed today, modulation cannot be 
present during acquisition.

However, the possibility of having data present in our 
iterative scheme is a plausible one which must be investigated 
as future work. The possibility exists here because the ac­
quisition process spans the entire possible frequency spectrum 
during each iteration. Thus, if we assume random data, and 
that the data rate is high compared to the acquisition process 
time, then we expect on the average that the sideband problem 
will be alleviated and so the system can lock on the carrier 
signal even with modulation.

This possibility needs to be investigated further for both 
the PLL and Costas Loop receiver designs. If a positive re­
sult is found, it would be an advancement in the application 
of phase lock principle receiving devices.
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Table 3.2.1 

SLOPE OF THE CALIBRATION CURVES

Si/nB(dB) ( s i / n B )  c = (1 -  e ” s i / n B )

00 00 1.000

+1 0 . 0 1 0 . 0 0 0 0.999 (95)
+ 5.0 3.162 0.957
+3.0 1.995 0.865
+2 . 0 1.585 0.795
+ 1 . 0 1.259 0.716
+0 . 0 1.000 0.632

-1 . 0 0.794 0.548

-2 . 0 0.631 0.468

-3.0 0.501 0.394

-5.0 0.316 0.271
-1 0 . 0 0 . 1 0 0 0.095 (16)
— 00 — 00 0.000



Table 3.4.1.1(a)
ACQUISITION TIMES

N

FOR SPIKE REGION ONLY. Bo
= 1; P1 (e) = 2.6X10" 3

= 100kHz

K= Si/n Si/nB, B 1 To TP ~"T ..... . " “ACQ
N-l (dB Hz) (dB) K (kHz) (sec) (sec) (sec)

0 45.0 - 5.0 3.16 1.19754 3.0*10~ 5 1.19757

0 50.0 0 . 0 1 0 . 0 1.03321X10-2 3.0X10-5 1.03621xl0_2

0 55.0 + 5.0 31.6 5.004 93x10~5 3.0xl0" 5 8.00493xl0~5

0 60.0 +1 0 . 0 1 0 0 . 0 — — —
— — — — — —

Note: Si/nB^ = +10 dB



Table 3.4.1.1(a')
ACQUISITION TIMES FOR SPIKE REGION ONLY, B = 100kHzo

N = 2; P 2 (e) = 5.2xl0” 3

K=
N-l

si/n
(dB Hz)

Si/nB.
(dB)

Bk+ 1
(kHz)

Tk
(sec)

T
Pk
(sec)

Tk
(sec)

TACQ
(sec)

0 45.0 - 5.0 23.712 2.1269X10-2 3.0X10” 5 2.1299X10-2 —
1 — + 1.25 3.16 1.2738X10-2 12.65X10”5 1.2864xl0"2 3.4163x10~2
0 50.0 0 . 0 38.639 6.9257x10**4 3.0xl0“ 5 7.2257X10-4 —
1 — + 4.13 1 0 . 0 3.6220x10~4 7.764 10- 5 4.3984x10~4 1.1624xl0"3
0 55.0 + 5.0 73.695 1.02833X10-5 3. Oxio"*5 4.02833 xio- 5 —
1 — + 6.32 31.6 1.43378X10-5 4.0701 10" 5 5.505X10"5 9.53294xl0“5
0 60.0 +1 0 . 0 — — — — —
1 — — — — — — —

Note: Si/nBN = +10 dB



Table 3.4.1.1(b)
ACQUISITION TIMES FOR SPIKE REGION ONLY, B = 150 kHzo

N = 1; P1 (e) = 2. 6x10*"3

= si/n si/"Bk Bl To Tpo tacq
-1 (dB Hz) (dB) (kHz) (sec) (sec) (sec)

0 45.0 -6.76 3.16 4.15182 2xl(f5 4.15184

0 50.0 -1.76 10.0 3.7446xl0"2 2xlo" 5 3.7466xl0~2

0 55.0 +3.24 31.6 2.5429xl0~4 2xl0- 5 2.7429xl0-4

0 60.0 +8.24 100.0 3.8844xl0_7 2xlo“ 5 2.038844xl0~5



z 
«

Table 3. 4.1.K b 1)
ACQUISITION TIMES FOR SPIKE REGION ONLY, Bq = 150kHz

N = 2; P^e) = 5.2*10“ 3

z 
«

1 
II 

I-1

Si/ 0 
(dB Hz)

Si/BBk
(dB)

Bk+ 1
(kHz)

Tk
(sec) (sec)

Tk
(sec)

TACQ
(sec)

0 45.0 -6.76 30.165 4.5563x10-2 2 *1 0 ~ 5 4.5583xl0-2 —
1 — 0 . 2 0 3.16 2.8133xl0"2 9.95xl0_ 5 2.8232 xio” 2 7.38155xl0-2
0 50.0 -1.76 48.529 1.5904xl0“3 2 xl0 ~ 5 1.6104 xl0~ 3 —
1 — + 3.14 1 0 . 0 8.7248xl0-4

-5
6.18xl0-5

-5
9.343 xl0~ 4 
_ - 5

2.54469x10~3
0 55.0 + 3.24 84.193 3.6284x10 2 x10 5.6284x10
1 — +5.74 31.6 2.4087xl0“5 3.563xl0-5 5.972 xlO- 5 1.16 xlO**4
0 60.0 +8.24 — — — — —
1 — — — — — — —

Note: Si/nBN = +10 dB



Table 3.4.1.1(c)
ACQUISITION TIMES FOR SPIKE REGION ONLY, Bq = 200kHz

N = 1 ; P1 (e ) = 2 .6xl0 -3

K= Si/„ Si''I'Bk B1 To Po TRCQ
N-l (dB Hz) (dB) (kHz) (sec) (sec) (sec)

0 45.0 -8.01 3.16 10.0026 1.5*lo" 5 10.0027

0 50.0 -3.01 10.0 9.18186x10*"2 1.5xl0~ 5 9.1834xl0~2

0 55.0 +1.99 31.6 7.1379xl0~4 1.5xl0- 5 7.2879xl0"4

0 60.0 +6.99 100.0 0.3136xl0-5 1.5xl0- 5 1.8136xl0~5



Table 3.4.1.1(c')
ACQUISITION TIMES FOR SPIKE REGION ONLY. B = 200kHzo

N = 2; P2 (e) = 5.2*lo“3

K=
N-l

si/n
(dB Hz)

si/nB,
(dB)

Bk+ 1
(khz)

Tk
(sec)

Tpk
(sec)

Ti
(sec)

TACQ
(sec)

0 45.0 -8 . 0 1 35.810 7.789x10-2 1.5*10“ 5 7.7905X10"2 —
1 — -0.54 3.16 4.8840xio“2 8.3775x10~5 4.8924X10"2 1.2683xl0_1
0 50.0 -3.01 57.306 2.7963x10~3 1. 5*10""5 2.81123x10~3
1 — + 2.42 1 0 . 0 1.5933xl0~ 3 5.235X10"5 1.6457xlo”3 4.4569xl0”3
0 55.0 +1.99 96.051 7.7543xl0~ 5 1.5xl0“ 5 9.2543xl0-5
1 — +5.17 31.6 4.2118X10-5 3.1233xl0”5 7.335xl0“ 5 1.6589X10-4
0 60.0 +6.99 -- — — — —
1 — — — — — — —

Note: Si/nBN = +10 dB
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Table 3.4.1.1(d)
ACQUISITION TIMES FOR SPIKE REGION ONLY, Bq = 250kHz

N = 1; P^e) = 2.6xl0~ 3

=  s i / *  s V n B k  B i  T o  T p o  t a c q
-1 (dB Hz) (db) (kHz) (sec) (sec) (sec)

0 45.0 -8.98 3.16 19.76 1.2*lo” 5 19.76

0 50.0 -3.98 10.0 1.8312x10_1 1 .2 xlo" 5 1.8313X10-1

0 55.0 +1.02 31.6 1.5195x10*"3 1.2x10- 5 1.5315xl0_3

0 60.0 +6.02 100.0 5.89X10-5 1.2xl0_ 5 1.789xlo“5

Note: Si/riB^ = 10 dB
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Table 3.4.1.1(d')
ACQUISITION TIMES FOR SPIKE REGION ONLY. B = 250kHzo

N = 2; P2 (e) = 5.2X10- 3

K = Si/n Si/nBk Bk+1 Tk Tk TACQ
N-l (dB Hz) (dB) (kHz) (sec) (sec) (sec) (sec)

0 45.0 -8.98 40.900 1.17956x10_1 1 . 2 X10""5 1.1797 x10- 1 —

1 — -1 . 1 2 3.16 0.74485X10"1 7.335x10"5 7.456x10*"2 1.9253x10_1
0 50.0 -3.98 65.300 4.2947x10**3 1 .2 xl0- 5 4.3067x10-3 —
1 — +1.85 1 0 . 0 2.5122x10~3 4.59x10"*5 2.558x10~3 6.864 8X10”3
0 55.0 +1 . 0 2 107.634 1.3118x10*"4 1 .2 X1 0 ~ 5 1.432x10~4 —

1 — +4.68 31.6 6.82913x10“5 2.787x10~5 9.616x10-5 2.3935x10“4
0 60.0 +6 . 0 2 224.287 1.5284x10~5 1 .2 X1 0 ~ 5 1.353x10~5 —

1 — +6.49 1 0 0 . 0 4.1078x10*"6 1. 3376x10*"5 1.74 84x10-5 3.1 0 1 2X1 0 ~ 5

Note: Si/r,BN = +10 dB
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Table 3.4.1.1(e)
ACQUISITION TIMES FOR SPIKE REGION ONLY, Bq = 300kHz

N = 1; P^e) = 2.6xlo“ 3

K=
N-l

s i / n
(dB Hz)

Si/nB.
(dB)

B 1
(kHz)

To
(sec)

TP
(sec)

TACQ
(sec)

0 45.0 -9.77 3.16 34.441 lx1 0 ~ 5 34.441

0 50.0 -4.77 1 0 . 0 0.32112 lx1 0 “ 5 3.2113X10”1

0 55.0 +0.23 31.6 2.764x10~3 lxlO-5 2.774xl0- 3

0 60.0 +5.23 1 0 0 . 0 1.2612*10~5 lxlO- 5 2.2612xl0“5
— — — — —

Note: Si/riBN = +10 dB
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25 
*

Table 3.4.1.1(e')
ACQUISITION TIMES FOR SPIKE REGION ONLY, Bq = 300kHz

N = 2; P2 (e) = 5.2*10” 3

[-1
Si /n 
(dB Hz)

Si/nB,
(dB)

Bk+ 1
(kHz)

Tk
(sec)

T
Pk
(sec)

Tk
(sec)

TACQ
(sec)

0 45.0 -9.77 45.631 0.16517 lx1 0 ~ 5 0.16518 —
1 — -1.60 3.16 0.10517 6.57x10-5 0.10523 2.7041x10-1
0 50.0 -4.77 72.705 6.075X10"3 lx1 0 ~ 5 6.08513x10”3 —
1 — +1.38 1 0 . 0 3.620*10~3 4.13x10“5 3.6612x10~3 9.7464x10-3
0 55.0 +0.23 118.68 1.961xl0”4 ixio” 5 2.061x10~4 —
1 — +4.25 31.6 1 .0 2 2 X1 0 " 4 2.53x10~5 1.2748x10-4 3.336xl0-4
0 60.0 +5.23 230.589 2.823x10-6 lx1 0 " 5 1.2823x10"5 —
1 +6.37 1 0 0 . 0 4.395X10- 6 1.3X10~5 1.74x10-5 3.023x10”5

Note: Si/r)BN = +10 dB
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Table 3.4.1.2
ACQUISITION TIMES FOR SPIKE REGION ONLY, B =’ O 4kHz

N = 1; p^e) = 2 . 6 x10*"3

K= Si/ri Si/r,Bk B 1 To T?o TACQ
N-l (dB Hz) (dB) (hz) (sec) (sec) (sec)

0 31.0 -5.00 126.5 29.842 7.5xl0" 4 29.843

0 33.0 -3.00 2 0 0 . 0 4.546 7.5xl0~ 4 4.5468

0 36.0 0 . 0 0 400.0 0.2583 7.5xl0- 4 2.59xl0_ 1

0 39.0 + 3.00 798.1 1.231xl0-2 7.5xl0- 4 1.306xl0-2

0 41.0 + 5.00 1264.9 1.2467xl0-3 7.5xl0-4 1.997xl0- 3

Note: Si/nBN = +10 dB



Table 3.4.1.2'
ACQUISITION TIMES FOR SPIKE REGION ONLY, B = 4kHzo

N = 2; P 2 (e) = 5.2xl0-3

K= si/n Si/nBk Bk+ 1 Tk Tk TACQ
N-l (dB Hz) (dB) (Hz) (see) (sec) (sec) (sec)

0 31.0 -5.00 948.9 0.5304 7.5X10-4 5.311X10"1 —
1 — + 1.25 126.5 0.3180 3.16xlo“3 3.21X10' 1 8.521xl0_1
0 33.0 -3.00 1149.0 0.1384 7.5xl0-4 1.392xl0_1 —
1 — +2.42 200.48 0.0795 2.611X10-3 8.2117xl0“2 2.213X10-1
0 36.0 0 . 0 0 1545.9 1.73*10~ 2 7.5xl0-4 1.81x10”2 —
1 — +4.13 400.0 9.063><10_3 1.94xl0- 3 l.lxlO- 2 2.92xl0“2
0 39.0 + 3.00 2177.87 1.671X10-3 7.5xl0-4 2.421xl0“3 —
1 — + 5.64 798.1 1.0486X10"3 1.378xl0-3 2.426xl0_3 4.847X10-3
0 41.0 +5.00 2950.0 2.563X10-4 7.5xl0" 4 1.006xl0-3 —
1 — +6.32 1264.9 3.582xl0~4 1.017xl0~3 1.375xl0- 3 2.382xl0-3

Note: Si/r,B.. = +10 dBN
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Table 3.4.1.3(a)
PARAMETER COMPARISON FOR B = 100kHzo

N = 1

Si/n T I TSP R1 R2 S1 S2
-1 (dB Hz) (sec) (sec)

0 45 20.5xl0“ 6 20.0xl0" 6 5.84xl04 5.98xl04 1.457xl06 3.257xl02

0 50 43.6X10~6 20.0X10” 6 5.166xl02 2.37X102 1.87X103 8.37X101

0 55 4.05x10~3 20.0X10- 6 2.5 1.234X10”1 2.9X101 4.54

0 60
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Table 3.4.1.3(a')
PARAMETER COMPARISON FOR B = 100kHzo

N = 2

[-1
si/n 
(dB Hz)

TI
(sec)

TSP
(sec)

R1 R2 S1 S2

0 45 20.5xl0-6 20.0xl0“ 6 1.063X103 1.037X103 2.59X104 4.26X101

1 — 261xl0-6 84.0xl0~6 1.51xl02 4.83X101 5.13X103 5.44X101

0 50 43.6xl0"6 20. Oxio""6 3.46X101 1.58X101 1.256X103 2.567x10

1 — 585.6xl0-6 51.7xl0“6 6.997 6.18xl0-1 1.244X102 1.164x10

0 55 4.05x10~3 20.0xl0“ 6 5.14X10-1 2.5xl0“2 4.93 3.34

1 « _ 1.73xl0-3 27.14xl0-6 5.28xl0_1 8.29xl0-3 1.76 1.33



Table 3.4.1.3(b)
PARAMETER COMPARISON FOR B = 150kHzo

N = 1

Si/ri TI TSP R1 R2 S1 S2
-1 (dB Hz) (sec) (sec)

0 45 12x10~6 13.3x10 6 3.114xl05 3.45*105 5.74xl06 4.561xl02

0 50 20. 3x 10~5 13.3X10-6 2.8xl03 1.84xlQ3 9.7*104 1.489><102

0 55 9 2 x  10~6 13.3X10-6 1.91X101 2.76 4.59*102 1.81X101

0 60 9.37x10~3 13.3xl0~6 2.9xl0~2 4.15xl0_7 1.97 2.38xl0-1
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Table 3.4.1.3(b1)
PARAMETER COMPARISON FOR Bq = 150kHz

N = 2

K= si/n TI TSP R1 R2 S1 S2
N-l (dB Hz) (sec) (sec)

0 45 12xl0"6 13.3xl0“ 6 3.4172X103 3.7867X103 6.3X104 4.9X101
1 — 66.3xl0~6 152.0X10”6 4.243xl02 1.85xl02 1.53X104 8.11X101

0 50 20.3X10"6 13.3x10~6 1.193xl02 7.83X101 4.122xl03 2.886x10

1 — 271.4x10~6 41.2xl0-6 2.12X101 3.2 5.24X102 1.87X101

0 55 92*10~6 13.3xl0"6 2.72 3.94X10"1 6.61X101 6.20

1
n n

860xl0-6 23.7xl0_6 1.01 2.7xl0-2 6.68 2.18

U
1

v U
— — — — — —
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Table 3.4.1.3(c)
PARAMETER COMPARISON FOR B = 200kHzo

N = 1

Si/n TI TSP R1 R2 , S1 S2
-1 (dB Hz) (sec) (sec) —  —  —  —

0 45 8.4xl0"6 10"5 1.10"6 1.186X106 1.48xl07 5.623X102

0 50 12.66X10"6 10"5 9.182X103 7.25lxl03 2.86xl05 2.104xl02

0 55 40X10-6 10”5 7.14X101 1.78X101 2.219xl03 3.888X101

0 60 1.3xl0~3 10"5 3.13X10-1 2.4xlo“3 9.59X10"1 7.7xl0~1



Table 3.4.1.3(c')
PARAMETER COMPARISON FOR BQ = 200kHz

N = 2

[-1
si/n 
(dB Hz)

TI
(sec)

TSP
(sec)

R1 R 2 S1 S2

0 45 8.4X10~6 10~5 7.789xl03 9.232x103 1.15X105 4.85X101
1 — 107*10” 6 55.8X10-6 8.745x102 4.547><102 3.17x104 1.015x10
0 50 12.66xl0~6 10” 5 2.796x102 2.21x 102 8.719x103 3.88X101
1 — 166x10~6 34.9X10-6 4.56X101 9.6 1.324x103 3.10X101
0 55 40x10_6 10-5 7.75 1.9 2.413x102 1.03X101
1 _ _ 482x10~6 20.8X10~6 2.02 8. 7X10**2 2.11X101 3.78



Table 3.4.1.3(d)
PARAMETER COMPARISON FOR B = 250kKzo

N = 1

z 
* 1 
II 

H*

si/n
(dB Rz)

TI
(sec)

TSP
(sec)

R1 R2 S1 S2

0 45 6.47xl0-6 8xl0“ 6 2.47X106 3.05xl06 3.05xl07 6.565xl02

0 50 9xl0-6 8xl0-6 2.23*104 2.02xl04 6.4xl05 2.621xl02

0 55 23xlo“6 8*10_6 1.90X102 6.60X101 6.576xl03 6.04X101

0 60 380xl0"6 8xl0-6 7.37xl0_1 1.55xl0"2 4.67 1.72
— — — — ------- — —
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Table 3. 4 .1. 3 (d')_
PARAMETER COMPARISON FOR B = 2 50kHzo

N = 2

K=
N-l

si/n
(dB Hz)

T I
(sec)

TSP
(sec)

R1 R2 S1 S2

0 45 6.47><10-6 8xlo"6 1.47X104 1.8xl04 1.82xl05 5.16X101
1 — 83.6xio“6 48.9X10~6 1.52xl03 8.9xl02 5.44xl04 1.261xl02
0 50 9xl0-6 8xl0~6 5.368xl02 4.748xl02 1.5xl04 2.6xl03
1 — 116xl0~6 30.6xl0"6 8.2X101 2.15X101 3.9X101 3.97X101
0 55 23xl0-6 BxlO-6 1.64X101 5.7 5.643X102 1.68X101
1 — 299.8X10"6 18.5xl0_6 3.7 2.3xl0_1 5.3X101 6.5
0 60 380X10-6 8xl0"6 4xl0-3 4.67 2.33 2.18
1 — 675X10-6 8.9xl0_6 4.6xl0-1 6.1xl0~3 1.22 1.16



PARAMETER
Table 3.4. 
COMPARISON

N = 1

1.3(e)
FOR B = O 300kHz

K= s i / n TI TSP R 1 R 2 S 1 S 2
N-l (dB Hz) (sec) (sec) -- -- -- — —

0 45 5.23x10~6 6 .6*1 0 ~ 6 5.17x106 6.58x106 5.47x107 7.387x102

0 50 6.976x10~6 6 . 6X10"*6 4.82x104 4.6xl04 1 .2 1 xl0 6 3.1 0 x1 0 2

0 55 15.4xl0~6 6 . 6X10*"6 4.15x102 1.80x102 1.4 9X104 8 .lxlO1

0 60 161x10~6 6.6X10'6 1.89 7.8X10~2 1.91X101 3.56
— — — — — — —



z *

Table 3. 4.1.3 (e ')
PARAMETER COMPARISON FOR B = 30 0kllzo

N = 2

[-1
si/n 
(dB Hz)

Ti
(sec)

TSP
(sec)

R1 R2 S1 S2

0 45 5.23 *10~6 6.6xl0~6 2.48xl04 3.15x104 2.62x105 5.05X101

1 — 68.7 x10~6 43.8X10~6 2.399xl03 1. 53x 103 8.376x104 1.474xl02

0 50 6.976*10-6 6.6xl0_6 9. llxlO2 8.71x 102 2.29 x104 4.399 xlO1

1 — 89*10~6 27.5xl0~6 1.32x102 4.lx 101 4.41X10 3 4.898X101

0 55 15.4X10-6 6. 6xl0~"6 2.94X101 1.28X101 1. 057xl03 2.4*101

1 — 206x 10~6 16.8xl0"6 6.06 4.97xlO”1 1.04 xlO2 1.03X101

0 60 i6ix io-6 6.6X10~6 4.23xl0_1 1.75x10*"2 3.04 3.06

1 580x10_6 8.6xl0_6 5.07xIQ-1 7.57x10~3 1.54 1.28



2 
*

Table 3.4.1.4
PARAMETER COMPARISON FOR B = 4kHzo

N = 1

-1

si/n
(dB Hz) 
Si/nB0 
(dB)

I
(sec)

SP
(sec)

R.

31 ,-3 ,-30.512x10 J 0.5x10 J 5.97x10 5.82x10 1.45xl06 3.25xl02

33 0.634x10**3 0.5x10*"3 9.09xl03 7.17xl03 2.84xl05 2.11xl02

36 1.09xl0-3 0.5X10"3 5.17xl02 2.37xl02 1.87xl04 8.37X101

39 3.07xl0“3 0.5x10~3 2.5X101 4.0 6.31X102 1.99X101

41 10.2X10-3 0.5xl0“ 3 2.5 1. 23x10*"1 2.88X101 4.5



Table 3.4.1.4'
PARAMETER COMPARISON FOR B = 4kHzo

N = 2

K=
N-l

si/n 
(dB Hz)
si/nBo
(dB)

TI
(sec)

TSP
(sec)

R 1 R2
1

Vi 
1

S 2

0 31 0.512x10~3 0.5X10-3 1.061xl03 1.034xl03 2.58xl04 4.2X101
1 -5 6.53X10-3 2.1xlo“3 1.51xl02 4.87X101 5.12xl03 5.44X101
0 33 0.634xl0“ 3 0.5xl0"3 2.77xl02 2.18X102 8.64xl03 3.88X101
1 -3 8.28X10"3 1.74xl0-3 4.57X101 9.6 1.32X103 3.1X101
0 36 1.09x10~3 0.5xl0”3 3.5X101 1.59X101 1.255X103 2.56X101
1 0 14.6xl0“3 1.3xl0-3 7.00 6.2xl0_1 1.25xl02 1.16X101
0 39 3.07xl0-3

-3
0.5xl0"3

-3
3.3

-1
5.4xl0_1

-2
8.3X101 6.75

+3 31.1x10 J
-3

0.92x10 J
-3

1.1x10 X 
-1

3.4x10
-2

9.3 2.4
0 41 10.2x10

-3
0.5x10

-3
5.13x10 x 

-1
2.52x10 ^

-3
4.89 3.34

1 + 5 43.2x10 J 0.68x10 5.3x10 i 8.3x10 1.76 1.34



Table 3.4.1.5(a)
ACQUISITION TIMES FOR GAUSSIAN REGION ONLY

Bq = [100kHz, 300kHz]

Si/r|BF Si/n(dB-Hz) B,(kHz) Bp (kHz) T (ms) o T (ms)P TACQ(n.s>

20 45 3.16 0.316 0.494 0.949 1.443
50 1 0 . 0 1 . 0 0 0 0.156 0.3 0.456
55 31.6 3.160 0.0494 0.0949 0.1443
60 1 0 0 . 0 1 0 . 0 0 0 0.0156 0.03 0.0456

25 45 3.16 0 . 1 0 0 1.583 0.949 2.532
50 1 0 . 0 0.316 0.501 0.300 0.801
55 31.6 1 . 0 0 0 0.158 0.0949 0.253
60 1 0 0 . 0 3.160 0.05 0.03 0.08

30 45 3.16 0.0316 5.549 0.949 6.498
50 1 0 . 0 0 . 1 0 0 1.754 0.3 2.054
55 31.6 0.316 0.555 0.0949 0.650
60 1 0 0 . 0 1 . 0 0 0 0.175 0.03 0.205 145



Table 3.4.1.5(b)
ACQUISITION TIMES FOR GAUSSIAN REGION ONLY

N = 2, Bq = [100kHz - 300kHz]

k' Si/n(dB Hz) Bk,(kHz) Bk ,+1 (kHz) Tk , (sec) Tpk, (sec) Tk (sec) TACQ(mSec)

0 45 3.16 1.3243 0.5562X10"5 0.9494X10” 3 0.9493X10" 3

1 1.3243 0.0316 0.3069*10“2 0.2266X10-2 0.5335xl0~ 2 6.2899
0 50 1 0 . 0 4.190 0.1759X10-5 0.3xl0" 3 0.30176X10-3 ---

1 4.190 0 . 1 0 0 0.9699x10~3 0.7l6xio- 3 0.16859xl0_2 1.9876
0 55 31.6 13.243 0.555xl0“ 6 0.9494xl0- 4 0.9493xl0" 4

1 13.243 0.316 0.3069xl0“3 0.2266xl0~3 0.5335xl0” 3 0.62895
0 60 1 0 0 . 0 41.900 0.1757xl0“6 0.3xl0“ 4 0.30176xl0-4 ---

1 41.900 1 . 0 0 0 0.9699xl0-4 0.716xl0“4 0.16855xl0"3 0.19876

Note : si/nBF = + 30 dB si/nBk , = + 1 0 dB
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Table 3.4.1.6
ACQUISITION TIMES FOR GAUSSIAN REGION ONLY

B = 4kHz o

Si/nBF Si/ri B 2 (Hz ) Bf (Hz ) Tq (ms) T (ms) po ' t a c q *inŝ

+ 2 0 31 125.5 12.65 12.34 23.72 36.1
33 200.48 20.05 7.79 14.96 22.75
36 400.00 40.00 3.9 7.5 11.40
39 798.1 79.81 1.96 3.75 5.72
41 1264.9 126.5 1.23 2.37 3.61

+ 25 31 126.5 4.00 39.56 23.72 63.3
33 200.48 6.35 24.94 14.96 39.91
36 400.00 12.65 12.51 7.5 2 0 . 0 0

39 798.1 25.25 6.28 3.75 10.03
41 1264.9 40.0 3.96 2.37 6.33

+ 30 31 126.5 1.265 138.6 23.72 162.3
33 200.48 2 . 0 0 87.45 14.96 102.4
36 400.00 4.00 43.84 7.5 51.3
39 798.1 7.98 21.97 3.75 25.7
41 1264.9 12.65 13.8 2.37 16.23

Note: Si/nB2 = +10 dB



Table 3.4.1.7(a)
TOTAL ACQUISITION TIME, p„ = 20 dBr

Bq = [100kHz - 300kHz]

TACQ (sec)

N Si/n(dB-Hz) Bp (kHz) 100kHz 150kHz 200kHz 250kHz 300kHz

2 45 0.316 1.19013 4.15328 10.004 19.76144 34.442
50 1 . 0 0 0 1.0818xl0_2 3.792x10~2 9.229x10“2 1.8359x10_1 3.21586x10_1
55 3.160 2.2435x10~4 4.1859x10_4 8.7309x10~4 1.6758x10*"3 2.9183x10-3
60 1 0 . 0 0 0 (4.56x10~5) 6.5988x10"5 6 . 3736x10**5 6.349x10~5 6.8212x10-5

3 45 0.316 3.5606x10-2 7.52585x10_2 1.28273x10_1 1.93973x10_1 2.71853xl0_1
50 1 . 0 0 0 1.6184xl0-3 2.97069x10~3 4.9129x10-3 7.3208x10-3 1.0202X1Q- 2
55 3.160 2.39629x10~4 2.603x10~4 3.1019x10~4 3.8365x10~4 4.779x10“4
60 1 0 . 0 0 0 — — — 7.6612x10_5 7.583x10~5

148



Table 3.4.1.7(b)
TOTAL ACQUISITION TIME, p_, = 25 dBr

Bq = [100kHz - 300kHz]

TACQ (Se°>
N Si/ri(dB Hz) BF (kHz) 100kHz 150kHz 200kHz 250kHz 300kHz

2 45 0 . 1 0 0 1 . 2 0 0 4.1544 10.00523 19.7625 34.4435
50 0.316 1.1163X10"2 3.8267X10-2 9.2635xl0"2 1.8919X10-1 3.2192xl0_1
55 1 . 0 0 0 3.3305X10-4 5.273x10~4 9.8179X10"2 1.7845xl0~3 3.027xl0~3
60 3.160 (8 . 0 1 0 -5) 1.0039X10-4 9.8136xl0~5 9.789xl0"5 1.026x10~4

3 45 0 . 1 0 0 3.6695*10“2 7.6348><10-2 1.2936X10-1 1.9506xl0_1 2.7294xl0_1
50 0.316 1.9634xl0“3 3.3457x10~3 5.2579X10-3 7.6658xl0"3 1.0547xl0"2
55 1 . 0 0 0 3.4833x10~4 3.69X10-4 4.1889xl0“4 4.9235X10-4 5.866xl0-4
60 3.160 — — — l.llxlO-4 1.1023xl0“4
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Table 3.4.1.7(c)
TOTAL ACQUISITION TIME, pp = +30 dB

Bq = [100kHz - 300kHz]

N Si/n(dB Hz) Bp (kHz) 100kHz 150kHz 200kHz 250kHz 300kHz

2 45 .0316 1.2041 4.15834 10.0092 19.7665 34.4475
50 . 1 0 0 0 1.2416x 10**2 3.952xl0~2 9.3888xl0-2 1.852xl0_1 3.232X10"1
55 .3160 7.3*10~ 4 9.243xl0"4 1.3788xl0“3 2.1815x10~3 3.424xl0_3
60 1 . 0 0 0 (2.05*10-4) 2.254xl0“4 2.2314xl0“4 2.2289xl0-4 2.276xl0"4

3 45 .0316 4.0661xl0”2 8.0314X10-2 1.3333X10- 1 1.9903X10"1 2.7691xl0-1
50 . 1 0 0 0 3.2164xl0“3 4.59869xl0_3 6.511xl0~3 8.9xl0- 3 1.18xl0~2
55 .3160 7.4533xl0- 4 7.66xl0-4 8.1589xl0“4 8.894xl0_4 9.836xl0"4
60 1 . 0 0 0 — — — 2.36xl0"4 2.352xl0"4
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Table 3.4.1.8
TOTAL ACQUISITION TIME

B = 4kHz o

N si/nB0 Si/ri (dB-Hz) p„ = 20 dB F PF = 25 dB pp = 30 dB

2 -5 31 29.8791 29.9053 30.0153
-3 33 4.56955 4.58671 4.6492
+ 0 36 2.704X10”1 2.79xl0- 1 3.102 xlO- 1
+3 39 1.878xl0~2 2.31xl0~2 3.876xl0~2
+5 41 5.61xl0-3 8.327xl0"3 1.823xl0-2

3 -5 31 8.882xl0-1 9.154xl0_1 1.0144
-3 33 2.441xl0-1 2.612xl0_1 3,237xl0_1
+ 0 36 4.06x10~2 4.92xl0~2 8.05xl0“2
+ 3 39 1.0567x10~2 1.4877xl0"2 3.055xl0~2
+ 5 41 5.992xl0-3 8.712xl0~3 1.861xl0-2
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Table 3.4.1.9 
TOTAL ACQUISITION TIME, N = 1 —  B 0 T 0 BF DIRECTLY

Bq = [100, 300]kIIz

ta c q <sec>
B = 100kHz B = 300kHzo o

Si/n(dB Hz) Si/n(W-Hz) pp = 20 dB pp = 25 dB pp = 30 dB pp = 20 dB pp = 25 dB pp = 30 dB

45 31.6xl03 1.1975xl02 1.1958x103 1.1975*104 3.44xl03 3.44xl04 3.44X105
50 lx105 1.033 1.035X101 1.033x102 3.21X101 3.22xl02 3.21X103
55 316x103 4.88*10~3 4.84*10~2 4.83X10'1 2.764X10-1 2.76 2.76X101
60 lx106 (4.56x10~5) (8.01X10"5) (2.0 5X10~3) 1.21X10-3 1.203x10~2 1.2X10-1
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Table 3.4.1.10 
TOTAL ACQUISITION TIME, N = 1 —  Bq TO B̂ , DIRECTLY

= 4kHzo

TACQ (sec)

Si/n(dB Hz) Pp = 20 dB PF = 25 dB pp = 30 dB

31 2.98 *1 0 3 2.98xl04 2.98xl05
33 4.5xl02 4.5xl03 4.5xl04
36 2.58X101 2.58xl03 2.58 xlO4
39 1.23 1.23X101 1.23xl02
41 1 .2 1 xl0_ 1 1 . 2 1 1.2X101



Table 3.4.1.11
TOTAL ACQUISITION TIME FOR N = 2 FROM B TO B* TO Bn , pn = +20 dBO I F  F

Bq = [100kHz, 200kHz, 300kHz]

B = 100kHz B = 200kHz B^ = 300kHzo o o
K Si/n(dB-Hz) T£(sec) TACQ(seC> Ty(sec) TACQ(SeC) T^(sec) ta c q {sec)

0 45 2.13xl0"2 - 7.79 xio” 2 - 1.65xl0“2 —

1 1.2736 1.2949 4.884 4.962 10.516 10.533
0 50 7.226xl0“4 — 2.81X10-3 — 6.085xl0”3 —
1 — 3.6016xl0”2 3.674X10-2 1.59X10" 1 1.62xl0~1 3.62X10”1 3.681X10"1
0 55 4.05xl0“5 — 9.25X10"5 — 2.06xl0“4 —
1 — 1.117xl0”3 1.157x10""3 4.069xl0~3 4.16x10~3 1.015xlo""2 1.036X10-2
0 60 — — — — 1.28X10-5 —
1 — — — — — 3.331xl0'4 3.459xl0” 4
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Table 3.4.1.12(a)
ACQUISITION TIMES FOR GAUSSIAN REGION ONLY/

Bq = [100kHz, 200kHz, 300kHz]

Bf /Bd = 10"3, N = 1

Ta c q (sec)

Si/n(dB Hz) Bq = 100kHz B = 200kHz o B^ = 300kHz o

45 2.532xl0"3 1.7065xl0-3 1.4819xl0“2
50 2.0535xl0“3 l.HOxlO - 3 8.214xl0“4
55 2.475xl0“ 3 1.0475xl0_3 6.85xl0"4
60 4.996xl0~3 1.5355xl0_ 2 8.421xl0-4

Note: Si/nBT = +10 dB

Table 3.4 .1 .1 2 (b)
ACQUISITION TIMES FOR GAUSSIAN REGION ONLY,

Bq = [100kHz, 200kHz, 300kHz]

V Bo = 10
-3 , N = 2

t a c q (sec)

Si/ n(dB'-Hz) Bq = 100kHz B = 200kHz o B„ = 300kHz o

45 3.44X10” 3

50 1.99xl0“ 3 1.362xl0-3 1.114X10-3
55 1.27xl0“3 0.834xl0-3 0.648x10**3
60 0.83x10~3 0.534x10~3 0.418X10”3

Note: Si/nB^, = +10 dB
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Table 3.4.1.13

TOTAL ACQUISITION TIME, Bf/Bq = 10~ 3 

Bq = [100kHz, 200kHz, 300kHz]

Si/n(dB Hz) Bq = 100kHz Bq = 200kHz BQ = 300kHz

45 5.95xl0" 2 1.285x10**1 2.8523xl0_1
50 3.22x10*"3 5.567x10""3 l„057xl0_2
55 1.35xl0- 3 1.563xl0"3 3.422xlo“3
60 8.3X10” 4 5.52X10”4 4.4xl0~ 4
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Table 3.4.2.1

TOTAL ACQUISITION TIME FOR CONSTANT BANDWIDTH REDUCTION,
N = 2, Bf/Bq = 10" 3

( V Bo =0.1, BF/ B l  = 0.01)

(sec)B (kHz) ACQ
200 300100

45 6.04X10-1 2.03 3.45
50 1.24*10"2 5.8 x1 0 ~ 2 1.71X10-1

-4 -3 -355 9.31x10 2.55x10 3.71x10 J
60 5.84X10-4 5.44xl0“ 4 5.17X10"4
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Chapter 4 

THE HARDWARE SYSTEM

In this chapter we discuss the hardware system imple­
mentation of the PLL acquisition aided structure described 
in the previous chapters. The integration-sample and hold 
process is accomplished using a special purpose microprocessor 
which was built by Dr. Tuvia Apelewicz [1]. This micropro­
cessor was intended for voice processing but can be program­
med to perform other functions due to its versatile software 
capabilities. Such was the case in our application.

The simulation is only a partial one which traverses the 
spike region using only one iteration. We chose an initial 
uncertainty bandwidth of 4kHz and initial values of SNR equal 
to zero and three dB. The reasons for this are the limita­
tions of the equipment available for use. In particular the 
filters we used exhibited a frequency response characteris­
tic which, coupled with the constraints imposed by the micro­
processor, did not afford us a large variety of bandwidths 
over which the system could operate. Hov.'ever, for the oper­
ating states considered we find that the system responds well 
within the bounds prescribed earlier.

Our original system was designed to operate in a closed 
loop configuration with a nominal input carrier frequency of
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fc = 40kHz and a VCO frequency of f = 30kHz. The difference 
frequency would have been fa = f - fv = 10kHz and so 
m = fa/Bo - 2.5. However, due to restrictions on the noise 
signal spectrum, which will be examined shortly, we needed 
to operate open loop. We then chose a signal frequency equal 
to the value of the difference frequency for the closed loop 
case. Thus the signal frequency was 10kHz. We also arbi­
trarily set the VCO frequency at 10kHz. This setting pro­
vided a reasonably sensitive VCO gain amenable to the reso­
lution of our system.

We opened the loop of our test system at the phase de­
tector input simply by not connecting the VCO output signal 
to it. After we calibrated the system, we observed its re­
sponse in the acquisition aided mode for different values of 
SNR and frequency offsets. We also varied the integration 
time keeping the gain-time factor constant.

To determine the frequency acquisition properties of the 
system we recorded the VCO frequency for the various offset 
frequencies and signal-to-noise ratios. The system was said 
to have acquired if the output frequency fell within the new 
prescribed bandwidth. We repeated this process many times 
and recorded each value of the output frequency.

4.1 The Hardware Simulation

The system used in the simulation, corresponding to the 
system of Fig. 3.1.1, is shown in Fig. 4.1.1 in block diagram 
form. The schematic diagrams of the adder, limiters and
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amplifier stages are shown in Fig. 4.1.2. The GR-1142A had 
been modified by disconnecting the 5kHz RC filter at its out­
put terminals. This was needed to produce a rectangular 
pulse at the input to limiter 2 and to avoid loading problems 
at the discriminator output. The operational amplifiers (op- 
amps) used were ones that v;ere generally available. In most 
applications a load resistor configuration was needed for 
stability and linearity.

The signal and noise generators were coupled to the adder 
through attenuators which were used to change the signal-to- 
noise ratio at the input to the bandpass filter. This arrange­
ment maintained the proper loading effects during this adjust­
ment. The HP 355D has a range of 0 to 120 dB attenuation in 
10 dB steps while the HP 355C has a range of 0 to 12 dB in 1 dB 
steps. In addition the noise is filtered by a 40kHz low pass 
filter (Krohn-Hite model 3202) to prevent saturation in the 
op-amp adder while allowing appreciable noise power into the 
system for proper operation. Without this filter we found we 
had to attenuate both signal and noise by an additional 10 dB 
producing signals too low in power to allow meaningful results.

Figure 4.1.3 shows the waveshape and spectrum of the 
noise source before and after the 40kIIz filter. The pictures 
of the spectrum, were taken as follows. The spectrum was dis­
played on an HP 140S Spectrum Analyzer display section with a 
8553L and 8552A RF and IF section respectively. The vertical 
output was displayed on a Textronix 549 storage oscilloscope 
with the horizontal output driven by the spectrum analyzer
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sweep circuit.
The spectrum is flat or white for 0 <_ f <_ 70kIIz at 

the filter input and for 0 <_ f 30kHz at the filter out­
put. We also see that the noise is down approximately 
6 dB at f = 4 0kHz and 12 dB at f = 45kHz. Thus the fre­
quency rolloff is approximately 24 dB/octave. This is 
typical of Krohn-Hite filters which are usually 4-pole de­
vices.

Since the spectrum of the noise was white for frequen­
cies only up to 30kHz we did not perform the experimental 
analysis with the loop closed. In order to operate closed 
loop we would have needed the noise to be white for fre­
quencies well above 4 0kHz. Since this was not the case 
the Clarke-Hess multiplier served only as a buffer ampli­
fier stage. The second input to the multiplier was its own 
internal d.c. offset voltage.

The two cascaded Krohn-Hite filters were used as the 
input bandpass filter. We cascaded two stages to improve 
the frequency response of the filter. However we found 
that the two stage filter afforded us little improvement 
over that of the one stage filter. The center frequency 
of the bandpass filter was set at f = 10kHz. The filter 
passband was set by the filter controls. The lowerside 
was set at 8kHz while the upperside was set at 12kHz. The 
frequency response characteristic of the filter is shown 
in Fig. 4.1.4. It can be seen from the curve that the
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peak value of the response occurs at f = 9kHz. The rolloff 
for frequencies less than 9kllz it is approximately 28 dB/ 
octave. The lower and upper 3 dB points are 7.0kHz and 
12.0kHz respectively. This makes the 3-dB bandwidth 5kHz 
instead of 4kIIz; however, this was the most amenable situa­
tion we could achieve. The effective center of band was 
approximately 9.5kHz. This can be seen to be true if one 
computes the area under the curve of Fig. 4.1.4 and finds 
the frequency which divides this area in half. Figure 
4.1.5 is a picture of the frequency response of the bandpass 
filter over the range 0 <_ f <_ 2 0kHz. Comparison with Fig. 
4.1.4 shows close agreement over the appropriate ranges.

However, the asymmetry of the filter proved to be 
troublesome since noise components an equal distance away 
from the center frequency were attenuated differently.
This caused an imbalance in the production of spikes espe­
cially for offset frequencies (see Section 4.2). Some 
typical waveforms at the output of the bandpass filter are 
shown in Fig. 4.1.6. Their associated spectra are shown 
in Fig. 4.1.7. One can observe the effect of noise on the 
signal from these figures.

Notice also from Fig. 4.1.7(a) that signal harmonics 
appear at multiples of the fundamental, that is at 18kHz 
and 27kHz even though the source is a sine wave. How­
ever, this effect does not produce any problems because
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the limiter due to its operation, will create harmonics 
anyway. From Fig. 4.1.7(b) through (e) we notice another 
phenomena. Although the signal is buried deeper in noise 
as the SNR decreases and is almost indistinct from noise 
at SNR = -10 dB, our acquisition system is able to discern 
its presence. But also notice at the harmonics the noise 
level increases. This is especially visible in Fig. 4.1.7 
(b) decreasing to a lesser degree in (e). (In fact, since 
the BPF characteristic is approximately flat for frequencies 
greater than 20kHz the noise in (e) appears almost white for 
f > 2 0kHz although we see from (b) to (d) that this is not 
so.) Thus this effect adds inband noise to the system. 
Figure 4.1.7(f) shows the noise spectrum with no signal pre­
sent. Note the flat response in the stopband.

Figure 4.1.8 shows an expanded view of the frequency 
spectrum of the signal plus noise in the passband of the 
BPF. Note in Fig. 4.1.8(a) that even for p = 0 dB the sig­
nal is clearly defined. However in (b) we see that for 
p = -10 dB that the signal is imbedded in noise and is 
barely distinguishable.

The first limiter was used to shape the input to the 
FMD. The FMD was a zero crossing type discriminator which 
produced a constant width pulse of varying period accord­
ing to the frequency of the input. The d.c. content of 
this waveform corresponds to the input signal fequency.
The range of these pulses was from zero volts to thirty-
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five volts negative. The reason for such a large value was 
that the FMD was a vacuum tube device capable of producing 
large excursions.

The second limiter reduced this voltage back to the d.c. 
power supply level of + 6 volts. To adjust the d.c. value at 
the output of the second limiter we added an offset adjust­
ment as illustrated in Fig. 4.1.2(d). This provided a coarse

jadjustment for the final d.c. output prior to the micropro­
cessor analog input. The potentiometer used for this pur­
pose was a 10-turn Allen Bradley heliopot.

As can be seen from Figs. 4.1.1 and 4.1.2 this limiter 
has two outputs. The output labeled "RC Buffer In" in Fig. 
4.1.2(d) was applied to the circuit fo Fig. 4.1.2(f). This 
configuration enabled us to generate the calibration curves 
for the system. The generation of these curves will be dis­
cussed in the next section. The other output, labeled "LPF 
1 In" in Fig. 4.1.2(d), was used as an input to the first 
low pass filter. The voltage divider was used to reduce the 
input level to the low pass filter to approximately + 2 volts, 
the reason for this is that the maximum value for the total 
input voltage to the filter is +4V. By using the above 
voltage division we provided a sufficient safety margin.

The bandwidth of this low pass filter (LPF 1) was set 
at approximately 1kHz for reasons which will be discussed 
later. To provide appropriate signal levels to the micro­
processor (yP) we used the 2 stage buffer amplifier of 
Fig. 4.1.2(e). The second low pass filter of bandwidth



193

2kHz was needed to isolate the circuit from the A/D conver­
ter clock noise of the microprocessor (We note that the 
Krohn-Hite 3202 filter must be used at the output of the 
second limiter and buffer amplifier because it passes the 
d.c. component of the signal. The Krohn-Hite 3550 does not 
pass d.c. even in its low pass mode but passes instead fre­
quencies above 0.2IIz).

The integration timing was accomplished as follows.
The uP has an external system (A/D) clock and an internal 
operating clock. Each instruction in a program is carried 
out at the internal clock rate (approximately 170 nanoseconds 
per instruction) when the UP finishes its set of programmed 
instructions it waits in a final location (address 255) for 
the next A/D clock pulse. Upon the arrival of this pulse 
it returns to its starting location and again cycles through 
the program. This process is repeated until the integration 
period, T^, which is stored in the yP, is completed. At 
this time the UP outputs the result to the D/A converter 
at its analog output. This is accomplished through a latch 
so that this value is maintained regardless of the input 
signal variations. Therefore the UP also performs the 
sample and hold operation. The integration period is set 
in a register (R^) as an integer multiple of the A/D clock 
and this register is decremented at each clock pulse of the 
system clock. When this register content becomes zero, the 
the UP outputs the result of the integration to the D/A
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converter in proper format, and then ceases its integration 
process by remaining in an infinite loop. (This loop is 
terminated manually by the operator in our experiment but 
this can be accomplished automatically for the next itera­
tion by proper programming. For these applications a spe­
cial purpose up would have to be built.)

The largest positive (negative) number the yP can store 
is +511 (-512). For the zero dB case we found with BQ =
4000 and B^ = 400Hz resp. that the integration time was to 
be 258 milliseconds. Since 511 is approximately one-half 
of 258, the A/D clock had to be set at 2kHz. Since the 
spikes were a pulselike phenomenon, in order to obtain 
proper sampling we had to set the first low pass filter at 
1kHz. This provided the Nyquist rate of sampling. We main­
tained this sampling rate for the three dB case for compari­
son purposes even though the integration times were consider­
ably less; this would have allowed us to increase the smapl-
ing rate, f , but also it would have distorted the results, s

The actual integration was performed in the following 
manner. The signal at the A/D input terminal is brought into 
the accumulator with the arrival of the clock pulse. The 
sign of the signal is determined and then the program branches to 
the appropriate loop. (We will describe the operation for 
only negative values; positive values go through a similar 
operation.) The next step is to add the input to the pri­
mary counter register (RQ) and test for overflow. If over-
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flow occurs we increment the overflow register (R^) and re­
tain the amount by which the input and R differ in R .c o o
If no overflow occurs we keep the results in Rq . Next we
determine if the timing register (R^) is zero. If so we 
output the result. If not, we continue the accumulation, 
or integration. Of course before each run RQ , R^, R^ and 
all other pertinent registers are properly initialized. A 
complete flow chart and program are shown in Appendix 4.

We note here that we do not allow for processing time 
in either the zero or three dB case because it is small com­
pared to the integration time (0.75 msec). Also, the yP has 
an offset null voltage; that is, with no input applied to 
the yP, if the program is run a d.c. voltage appears at the 
analog output. To remedy this we simply present an offset 
voltage at the yP input equal and apposite to yP output null 
voltage.

The output of the yP is connected to a 2 stage buffered 
attenuator. This is needed to set the output d.c. at the 
proper level for the VCO input and to establish the appro­
priate gain settings.

Some typical spike waveforms appearing at the output 
of the first LPF are shown in Figs. 4.1.9 and 4.1.10 at 
signal to noise ratios fo three and zero dB respectively. 
Note the d.c. level shift with changing frequency. The 
10kHz signal is set for zero d.c. volts; this appears at 
the center of the screen (The system gains are of course
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different here than at the yP input. These pictures serve 
to show the relative size of the spikes.)

From these pictures we make the following observations 
which bear out some of our previous comments. First note from 
Fig. 4.1.9(c) that even though we are supposedly at the 
center of the bandpass filter and we expect to see an equal 
number of positive and negative spikes we see mostly posi­
tive spikes. This suggests that the center of band is 
slightly higher than 10kHz. We will later see from the 
calibration curves that the center is higher at approximate­
ly 10.2kHz.

There are two reasons for this. One is filter and sys­
tem drift. (These pictures were taken after the filter fre­
quency response was measured.) The other reason is because 
the limiter threshold is not zero. Thus not all noise com­
ponents are treated equally. So we find that the frequency 
response curve of Fig. 4.1.4 experiences a shift in its fre­
quency center. This is because the frequency for which the 
filter area is halved would increase. To see this, picture 
a horizontal line across the response characteristic of Fig.
4.1.4 (or 5) at the zero dB point; due to the effect of the 
limiter all voltages below this point are reduced; this 
changes the response characteristic considerably as one can 
see by finding the frequency for equal area. Thus, this 
effect on the spikes can be expected.

Another point is that in Figs. 4.1.9 and 4.1.10 we see
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that the decrease in SNR manifests itself in an increase 
in the number of spikes per second (A) whereas the energy 
of each spike is constant although the widths and heights 
vary as we would expect. Figure 4.1.11 shows a comparison 
of the spike waveforms when offset an equal amount on either 
side of the center band. The SNR in this case is +4 dB.
Note the similarity in the waveshapes even though the band­
pass filter was asymmetrical. The variations of course are 
due in part to this characteristic of the filter.

Figure 4.1.12 is an amplified view of Fig. 4.1.9(c). 
Here we see more clearly the relative spike heights and 
widths. Notice the spike triplet one division to the left 
of center. A triplet occurs when noise causes the phasor, 
representing the instantaneous phase, to rotate to almost 
180° (-180°), back through 0 °, then to -180° (180°) and back 
again through the origin. It does not encircle the origin. 
Instead it causes a doublet in phase and so a triplet in 
frequency. As such it does not add significant noise energy 
to the system when compared to a spike 023], (Note: all the
spike waveforms shown in Figs. 4.1.9 to 4.1.12 are typical 
waveforms. Many patterns were viewed before the pictures 
were taken.)

4.2. Experimental Procedure and Results

In this section we describe the experimental procedure 
and the simulation results. The first item we must check
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is the system calibration. To do this we divide the system 
in three sections and check each section independently. We 
define the system front end as all components prior co but 
not including the yP. The intermediate stage is the yP it­
self and the final stage consists of all components after 
the yP. We next calibrate the overall system and then per­
form the statistical study. In each case we periodically 
check the d.c. level for drift and the signal and noise power 
levels to maintain the proper SNR. The d.c. drift problem 
was a major one occurring very frequently. In a practical 
system one would need stable d.c. sources, potentiometers and 
circuit elements. Also, due to the filter rolloff the SNR 
would vary with varying input frequency. In practice this 
would be similar to a fading channel. Thus an extremely good 
filter is also necessary so that this problem is reduced.

4.2.1 System Calibration Procedure and Results

In calibrating the front end we first calibrate the FMD 
using the RC buffer amplifier. The RC time constant is 
T = RC = 0.82 second. It is sufficiently long to filter the 
random effects of the noise. The filter bandwidth of the RC 
filter is approximately B = 1/x = 1.2Hz. The following pro­
cedure is used to generate the FMD calibration curves.

We first calibrate the system with the only the signal 
and no noise present. The noise is attenuated to its mini­
mum level (approximately 180 dB down from the signal). The
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input signal is applied to the FM input through the RC buf­
fer amplifier. (The rest of the acquisition circuit is 
connected to the system but is inoperative at this point 
since we maintain the yP in the stop mode.) The signal fre­
quency is at the assumed center frequency of the band which 
by measurement we chose to be 9.89kHz. (This value was 
best in the sense that the number of positive and negative 
spikes produced at this frequency when observed over a long 
period of time was equal.) With this frequency we adjust the 
d.c. offset throughout the system so that the VCO output 
frequency is at the signal frequency. This is the system 
null point. We move the input signal frequency either 1kHz 
above or below the null point; after waiting a sufficient 
amount of time for the RC filter to settle (5t ~ 4.1 sec) we 
adjust the gain so that the VCO moves to the proper frequency.

Of course we first observed that the sense was correct. 
That is if the input frequency increased so must the output 
frequency. Once this is done we check the gain adjustment 
on the opposite side of the nullpoint. (It was at this 
point we found that the op-amps behaved non-linearly to d.c. 
inputs if they did not have some appropriate loading at the 
output. However, once properly loaded they responded 
linearly.) Next we introduced the noise and set the signal 
and noise levels. In order not to overload the multiplier 
input we chose as our zero dB reference point to set the 
attenuators at 10 dB down. (The noise would have overloaded
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the multiplier with the signal present even at 10 dB down 
without the 40kHz LPF present.) We next vary the frequency 
from 8 to 12kHz in 1kHz steps while keeping the SNR fixed. 
(For each new value of frequency we must check both the 
signal and noise level due to the attenuation properties of 
the filter. In this way we maintain the proper SNR.) After 
waiting for the RC filter to settle we record the frequency 
at the VCO output. The result of this procedure is shown in 
the calibration curves of Fig. 4.2.1. Note that the inter­
section point of these curves is at f = 10.2kHz. This fre­
quency is the filter center frequency. The reason for the 
increase over the assumed center frequency is due to, as 
noted before, the effect of the asymmetry of the BPF, the 
limiter threshold and the harmonics of the input signal due 
to the generator. We note from these curves the close agree­
ment with the theoretical values. The infinite SNR curve 
provides an almost perfect one-to-one relationship. The 
error is less than 0.2% for this curve. If we compare the 
slopes of the calibration curves with those of the theore­
tical curves we find that the percentage error is less than 
1.6% as is shown in Table 4.2.1. Since the discriminator 
calibration is finished we remove the RC buffer stage from 
the system and connect the VCO input to the 2-stage atten­
uator .

As another check on the system center frequency we 
performed a spike count for a SNR of +5 dB and offset fre-
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quencies of 0, +1 and +2kHz. The result of these spike 
counts is shown in Table 4.2.2. We notice that at "mid- 
band," that is at f - 10kHz we have more negative spikes 
than positive. This seems to indicate that the center 
should be somewhat lower than 10kHz as far as spike produc­
tion was concerned. This is another example of filter drift 
that we found. Also we see that at 9 and 11kHz the spike 
production is about equal while at the outer limits of 8 and 
12kHz there is a difference of about 1.3 to one. Although 
this is not a substantial difference (especially for only 2 0  

trials) we decided for the statistical experiments to use 
+ lkHz offsets only.

We must now finish the adjustment of the front end 
section. The system is returned to the null point and we ad­
just the d.c. offsets so that the output of the second LPF 
cancels the inherent offset at the yP output. Again we dis­
place the system from the null point, adjust the gain for 
proper d.c. levels and check the linearity for various sig­
nal frequencies. The microprocessor analog input has a 
dynamic range of approximately +5 volts. We chose to use 
slightly less than half this voltage, that is about +2 - 0  
volts, to cover the range of input frequencies (8 to 12kHz). 
Since the gain of LPF 2 at d.c. is close to unity the volt­
age levels at its input were also about +2.0 volts. This 
level is sufficiently within the dynamic range of the filter. 
Because Bq was 4kHz, these levels gave us a sensitivity for
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the front end of 1 Hz/mv.
We next calibrated the yP. The A/D converter at the yP 

input is sensitive to level changes of approximately 1 0 mv. 
Therefore uP could detect a minimum change of 10Hz. The 
integration routine was checked by applying a d.c. voltage 
to the analog input of the yP and running the program. The 
output circuit, or final stage, was checked similarly. A
d.c. voltage was applied at its input and the output was 
noted. Figure 4.2.2 displays the microprocessor integration
routine results. The integration routine is seen to have a
one-to-one correspondence, that is a slope of unity. (Note 
here that we have plotted output voltage versus the differ­
ence between the input voltage and uP offset merely so 
that the curve passes through the origin.

We are now ready to test the frequency aided acquisi­
tion structure. We perform a final calibration check 
properly adjusting the d.c. offsets and gains as before. 
Starting at the system nullpoint we initiate the program 
and adjust the d.c. so that the VCO is at its quiescent 
frequency that is the signal generator frequency. We adjust 
the gain as before. Figure 4.2.3 shows the input-output 
characteristic of the system for no noise, that is the over­
all system calibration curve. This was performed with an 
integration time period of 256 msec. Note the excellent cor­
respondence between the input and output frequency.
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To obtain a measure of the system sensitivity we varied 
the input frequency in small steps and observed the output 
frequency of the VCO when the yP program was run. We found 
that the system needed approximately a 10Hz change in input 
frequency to produce a change (of 10Hz) in the VCO output 
frequency. Thus the overall system would detect changes of 
+10Hz.

At this juncture we are ready to introduce noise into 
the system and observe the statistical behavior of our ac­
quisition aided structure.

4.2.2 Statistical Study and Results

To study the operation of our acquisition aided Phase 
Lock Loop we observed the output frequency variation of 
the VCO when stimulated by the input signal for various 
combinations of parameters. We did this for many trials 
and found the statistical mean and variance of the data.

Both the gain and time period for integration were 
set for the no noise case as per the description in Sec­
tion 4.2.1. We then chose the appropriate SNR and modified 
the gain accordingly. To do this is rather simple. Since 
p is known (1 - e  ̂ is known. This represents the in­
crease in gain needed to map the associated calibration 
curve to the no noise curve. We increase the loop gain 
this amount by simply increasing the voltage on the second 
stage amplifier of Fig. 4.1.2(f). We created a parallel
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circuit with the appropriate gains so that we merely had
to move the first stage output to the new configuration and
add the noise. In this way we could periodically return to
the no noise circuit and (after attenuating the noise of
course) check for drift.

For each of the different parameter settings used we
performed fifty (50) acquisition attempts or "runs". The
UP was initialized prior to each run and then the program
was started. We also performed the same test with 150 trials
at a frequency of 8.89kHz. This was used for a Chi-square 

2(X ) goodness of fit test. The results follow.
We performed the experiment for two values of SNR.

that is at p = 0 dB and p = +3 dB. In both cases we chose
to reduce the bandwidth from its initial value of 4000Hz to
a value of 400Hz that is B = 4000Hz and B. = 400Hz. Witho 1

these parameters chosen we obtain the integration times from 
Eq. (3.3.49). The value of B^ is the value of the "thres­
hold" bandwidth for the zero dB case such that p-̂  = Si/r)B1 = 
+10 dB when pQ = 0 dB. Using this value for B^ in both 
cases provides us with a common value with which to compare 
the results for the two values of SNR.

In addition, to determine the effect of reduced inte­
gration time on the system's output response we performed 
the same test at one-half the integration time for the zero 
dB case and one-fourth the integration time for the three 
dB case. For each of these tests we adjusted the gain for
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proper operation with each chosen value of integration time 
period as per the procedure outlined in the previous section. 
Thus, from Eq. (3.3.49) we find the full and half-time inte­
gration periods for p = 0 dB are 255 and 128 msec resp. 
whereas, for the p = +3 dB case we find the full and one- 
fourth integration times to be 48 and 12 msec. resp. We 
again mention here that in all cases we did not wait the 
processing time. For the zero dB times this value is not 
significant since it is 3/Bo = 0.75 msec, which is 0.3% of 
255 and 1.2% of 128. However it may be significant for the 
three dB case since it is 1.6% of 48 and 6.4% of 12.

Also notice that the value of integration time for the 
three dB, one-fourth period case is the value needed for re­
ducing the bandwidth to 798.1Hz, that is the (+10 dB) thres­
hold value for Si/nBo = +3 dB. Thus we can use the same
results for the one-fourth time reduction case as data for
the above mentioned parameter set.

The results of the experiment are shown in Tables 4.2.3,
4.2.4 and 4.2.5. In these Tables we record the mean fre­
quency, f, and the population Standard Derivation (S.D.),
Of where

1 Lf A f 7 f0 (4.2.1)
"  L * = 1 *

and

2 . 1  n j.2
° f  A L fs - f (4.2.2)
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and L is the number of data points, f^. Also shown are:
ADf, the difference between the input frequency, fIN and
the mean frequency; A^f = . the maximum positive deviationt max
from the mean; A..f the maximum negative deviation fromN max 3

the mean, and R^ the total range of frequency deviation. 
Thus,

Let us consider Table 4.2.3. Initially we note that 
the first frequency entry for both the full and half time 
integration is 8.992kHz while the last frequency entry in 
the half time period is 10.992kHz. These are 900Hz and 
1100Hz above f = 9.89kHz. The frequencies should have been 
chosen as 8.892 and 10.892kHz resp. but were simply set in­
correctly. However they provide us with ample data. Fur-

2thermore, the x test performed later used f = 8.89kHz.. So 
we can compare this data also.

The first thing we notice is that, if we compare the 
full time mean value frequency for a particular offset fre-

(4.2.3)

max(f„) - f (4.2.4)

min(f0) - f (4.2.5)

and

Rf = max(f^) - min(f^) (4.2.6)
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quency with its respective counterpart for half-time inte­
gration we see very good agreement. The worst difference 
appears at the upper value of offset.(We experienced the 
most trouble at the high frequency and with many measurements. 
We attribute the asymmetry of the filter to much of this 
problem. A symmetrical filter at least should alleviate 
some of this discrepancy. A symmetric "brick wall" filter 
is certainly desirable.) From the third entry in the Table 
we see that, in each case, the mean value frequency is about 
100Hz above the input frequency. This is because we calibrated 
the system for a center frequency of 9.89kHz while the actual 
center is at 10.2kHz. This 300Hz offset of center caused 
the estimate to be above the "true" mean. If the system 
calibration was such that the zero d.c. point were at 10.2kHz 
we would not expect to see such a large difference between f 
and f „ although due to the random nature of the processJ. i'J
we would not expect a perfect match either. The reason
that IT is higher than fT., can be seen from the calibrationIN
curves. The natural center of the band is at 10.2kHz; that
is, the noise, due to the filter shape tends to push the
estimate to this higher point. Similarly, if we set the
zero d.c. point above the natural center we would expect
that fT would be less than fT„ since the noise would tendIN
to push the estimate back toward the center.

Now let us compare the second entry, that is, the
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crease if the integration time were reduced. From Eq.
(3.3.46) we see that we can expect an increase of about 
/2 = 1.414 to one. From Table 4.2.3 we see that for the 
low frequency offset (Af = -.9kHz or f = 8.992kHz), the ratio 
of standard deviations is 74/48.3 ~ 1.5 which is comparable 
to /!?. We would next like to compare the S.D. at the dif­
ferent offsets for each integration time. However, this is 
not really fair since the offsets are -.9 and +1.0kHz for 
the full time integration, whereas for the half time we have 
-.9 and +1.1. However in Table 4.2.5 we show the same sta­
tistics for the case of zero dB, full time integration at 
Af = -1kHz, i.e. f = 8.892kHz. Thus we can compare this 
S.D. with that of the corresponding one in-Table 4.2.3.
Doing so we see that the values are comparable: 62.4 com­
pared to 64.2.

Another important point to note is the (absolute value) 
of the maximum frequency deviation. From Table 4.2.3 we see 
that for all but two cases this value is less than the re­
quired 200Hz even in the half time integration period. We 
also indicate in parenthesis next to the two values greater 
than 100 the next farthest point. These points are well 
within the 200IIz limit. Thus in 300 test "runs," only two 
points fell outside the prescribed region. Finally, if we 
examine we see that the sytem is well within the 4 00Hz 
limit in all cases.

Next let us consider Table 4.2.4 which shows the re­
sults for = +3 dB. In this case notice that we have
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adjusted for the proper offsets, that is +lkHz from 
f = 9.892kHz. Again we see that the mean frequencies in the 
corresponding integration periods compare well except for 
the positive offset. In fact for fIN = 10.892kHz, f is less 
than flN as seen from the third entry in Table 4.2.3. This 
is the only occurrence of this kind in all the tests. We 
note it occurs on the high frequency side. Since T^ is very 
small this does not surprise us.

In fact if we view the raw data for the 1/4-time case 
we find that very few different frequencies were recorded.
Two extreme values, one at 10.404kHz and the other at 11.168kHz 
were found. Sixteen occurrences of frequencies varying from 
10.657 to 10.667kHz appeared at the output and the remaining 
thirty points varied over the range 10.901 to 10.909kHz.
The mode was quite marked with twenty three values at 
10.907kHz, its next leading competitor with ten values at 
10.657kHz. (Note: the 10.907kHz value is rather close to
fIN.) From this data we expect that the system was receiv­
ing very few spikes. As a matter of fact it is conjectured 
that a particular number of spikes caused the output fre­
quency to have a multimodal configuration. Note that the 
two values of f with the highest rate of occurrence are on 
opposite sides of the mean. The low value of frequency is 
165Hz from £ while the high value of frequency is 185IIz 
above f. It seems here that for p = 3 dB and small T^ the 
Gaussian probability assumption fails. But we predicted
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this possibility under the above conditions.
Another point to remember is that we did not allow for 

processing time in the p = 3 dB case also. Here T is 
more critical since T̂ _ is less. As mentioned before in the
zero dB case TpJ<. was only 0.3% and 1.2% of in the full
and half time integration tests. However for the three dB 
case we find that about 1.6% and 6.4% for the full and
one fourth-integration tests. Thus it is much more crucial 
to wait the processing time for p = 3 dB.

We next examine the S.D. Surprisingly we find a larger
deviation than in the zero dB case even though the system is
operating at a higher SNR. However a careful examination of
the data points reveal that this large deviation is caused
by one or two data points which are far removed from the
mean. This can be seen from A_,f and A.,f . . The nextP max N m m
closest data points are indicated in parenthesis. These 
are seen to be well within the +200Hz bandwidth. Also the 
number in the parenthesis in the S.D. row of Table 4.2.4 
shows the S.D. if the extreme points are omitted. We see 
that these values are more reasonable and on the same order 
as the zero dB case. Notice also if the extreme values are 
omitted is < 400Hz whereas when they are considered 
R^ > 800 for the offsets.

One possible reason for these extreme points is that 
for the small integration time the system receives only a 
few spikes. Furthermore they may all be in a direction as
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to increase the frequency estimate. Another cause may be 
the yP itself. During the calibration procedure we noticed 
that sometimes the microprocessor output did not change or 
changed irratically. Since during the calibration procedure 
there is no noise, these events were caused by the yP. The 
yP control is accomplished through a series of toggle switches 
which may pick up noise or not set correctly thus causing 
these errors. Thus it is not surprising to see such oddities 
occur. Due to this we view the extremum data carefully.
Note also that the means do not vary much except at the high 
offset frequency of f = 10.892kHz when these points are 
excluded (the values for the mean frequency, "f, without 
the extremum points are shown in parenthesis, next t o  their 
associated values.

In the one-fourth time integration case we make the 
following observations. First at the "center" frequency not 
once in fifty attempts at locking did the injection locked 
system fail to produce the correct value of fjN »‘ i.e.
Af = fTvr for all the runs. This is due to the fact thatIN
at the center very few, if any at all, spikes entered the 
system (we monitored the waveform on an oscilloscope for the 
period of integration and saw no spikes). Thus the system 
had to contend only with Gaussian noise and did quite well 
with the resolution available (~ 10Hz).

Now we must examine the offset frequencies for the 
1/4-time case. First we see that the highend offset had 
the largest range, Rf. However if we recall that the 1/4
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integration time period is the period for the bandwidth to 
be within +399Hz of the center we see that it almost meets 
this requirement (the = “418 is the only value out­
side this Bk/2 limitation). It does meet the 798kHz re­
quirement on though. Due to these considerations we ex­
pect that the extreme values here are valid points and not 
caused by yP failure.

If we compare the "new" value of 0 ^ (the value in 
parenthesis) for each integration period, we see that, for 
the corresponding frequency offsets, the increase is almost 
2 to 1 for f = 10.892kHz and about 1.3 to 1 for f = 8.892kHz. 
We expect a worst case increase of about 2 to 1 in o^. Thus 
these values are commensurate with our expectations.

One final test was performed. In order to find out if
the noise processes at the system output could come from a

2Gaussian distribution we performed a x -goodness of fit 
test 0.3]. The raw data was taken for a SNR of zero dB at 
an offset frequency of 8.891kHz, and T^ = 255 msec. We 
generated a total of L = 149 data points whose mean value 
and S.D. were T = 9.034kHz and a^ = 62.4Hz resp. (see 
Table 4.2.5).

The null hypothesis, Hq , and the alternate hypothesis,
H^ are as follows:

H : Data is from a Gaussian distributiono
H^: Data is not from a Gaussian distribution.

2The intervals for the X -test were chosen to be 10Hz. This
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produced 29 distinct intervals for the 149 data points. Ac-
2cording to rules for the x “test some intervals had to be 

grouped together in order to have at least five data points 
contained in them. This produced a total of 2 0 test inter­
vals, IT . We had to estimate r = 2 parameters, that is T
and 0 ,̂ thus we had F = I T ~ r - l = 1 7  degrees of freedom.

2We chose the 95% significance level for the x test. From
2standard tables for the x -distribution we find that, for

2Ho to be true the x -test as performed on the data must 
yield a value less than c = 27.59. Performing the appro­
priate operations on the data we find our test variable to 
be 12.54. Since 12.54 < c we accept the hypothesis H . This 
of course does not mean the distribution of the data is de­
finitely normal; it only means that it is normal with a

2probability of .95 m  regard to the x test. Other distri­
butions may as well be accepted by the test. Thus in this 
sense we really are stating that we do not reject the hypo­
thesis II .o

The experimental results were satisfying. We see that 
in most cases the system, in the full-time integration mode 
produced resultant frequencies within the band of operation. 
The statistics show that the distribution has a high likeli­
hood of being Gaussian and that the system behaves in a 
predictable manner.

The sources of error in the test are (1) the filter 
asymmetry, coupled with (2 ) the limiter clipping properties,
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(3) the pP quantization, (4) the off-center calibration,
(5) d.c. drift, and finally (6 ) the gain setting adjustment 
when operating with noise. This corresponds to changing the 
gain by the factor (1 - e P) As we mentioned before this
was done by increasing the voltage on a potentiometer. This 
adjustment was made in the tens of millivolts region. Thus 
a noisy "pot" or a slight misalignment produces a consider­
able error in the output frequency estimate. So here too is 
a reason why, in a practical system, highly accurate and 
reliable components are needed.



Table 4.2.1

COMPARISON OF THEORETICAL AND EXPERIMENTAL 
CALIBRATION CURVE SLOPES

Signal-to-Noise Ratio (dB)

Slopes 00 (and +1 0 ) +5.0 + 3.0 0 . 0 -3.0 -5.0

Experimental 1.0015 0.9460 0.8503 0.6285 0.3910 0.2688

Theoretical(c) 1 . 0 0 0 0 0.9580 0.8640 0.6322 0.3942 0.2711
i worst* 

1 % error]case 0.15 1 . 2 2 1.59 0.573 0.810 0.8521

worst case means numbers rounded off to give largest error, and % error 
rounded higher."

e.g., for p = +5 dB, £ = 0.9576707
% error was computed as follows
% error = [ |0.9576708 - 0.946|/0.9576706] x 100% = 1.21866%



Table 4.2.2

SPIKE COUNT FOR SNR OF +5 dB (P A positive, N A negative)

Frequency (kHz)

Trial 8 .0 9 .0 10 .0 1 1 . 0 1 2 . 0

Number P N P N P N P N P N

1 13 C 4 0 3 1 0 4 0 10

2 11 0 3 0 0 1 0 3 0 7
3 9 0 1 0 0 1 0 3 0 7
4 10 0 4 1 0 1 0 7 0 10

5 5 0 5 0 0 3 0 3 0 5
6 13 0 3 0 0 3 0 4 0 11

7 12 0 5 0 0 1 0 5 0 9
8 10 0 3 0 1 1 0 5 0 6

9 8 0 3 0 1 2 0 6 0 6

1 0 1 1 0 3 1 0 3 0 8 0 6

1 1 10 0 6 0 0 2 0 6 0 8

12 1 1 0 2 2 1 3 0 2 0 7
13 12 0 4 0 2 4 0 7 0 10

14 14 0 6 1 0 2 0 3 0 4
15 8 0 6 0 0 2 0 1 0 4
16 15 0 2 0 1 3 0 3 0 13
17 11 0 4 0 0 3 0 5 0 8

18 10 0 5 0 0 0 0 4 0 10

19 7 0 5 0 1 3 1 4 0 8

20 10 0 4 0 1 2 0 2 0 8

Sub
Total 2 1 0 0 7 0 5 11 40 1 85 0 157

Total 2 1 0 0 83 51 86 157



Table 4.2.3

VCO OUTPUT FREQUENCY STATISTICS, p = 0 dB (50 trials)

Full Time Integration Half Time Integration
'--^.^frequency (kHz) 

Parameter ‘ ■— ■— .
Af=-900Hz
8.992

Af=0.0Hz 
9.890

Af=1000Hz
10.892

Af=-900Hz
8.992

Af=0.0Hz 
9.89

Af=1100Hz
10.992

f (mean value), kHz 9.100 9.967 11.027 9.100 9.972 11.096

a^ (St.dev.), Hz 48.3 52.2 64.2 73.97 52.6 78.5

Apf (f )̂ / Hz -108.0 - 77.4 -134.5 -108.0 - 80.9 - 96.5

APfmax[inax(fil)~I;1' Hz +149 +117 +166 +136 + 88 +108

A N f m a x C m i n ( f t ) “ I  '  H Z
- 88 - 1 2 2 -224 (-80) -218 (-1 1 2 ) -104 -165

Rf *APfmax-ANfmin^ ' Hz 237 239 390 (246) 354 (248) 192 328



Table 4.2.4

VCO OUTPUT FREQUENCY STATISTICS, p = 3 dB (50 trials)

Full Time Integration One-Fourth Time Integration
'"'-^frequency (kHz) 
Parameter''-—

Af=-lkHz
8.892

Af= 0
9.892

Af=+lkHz
10.892

Af=lkHz
8.892

A f=0 
9.892

Af=+lkHz
10.892

f f kHz 8.940(8.948) 9.908 (9.902) 10.973 (10.952) 8.906 9.892 10.822

°£ Hz 111.0 (62.9) 57.2 (39.1) 130.3 (74.1) 78.9 0 137.7

V  ' Hz 0 *
001 -1 0 . 0 0 •

CO1 i m • o 0 +70

^P^max ' Hz + 272 (103) + 300 (118) +589(157) + 241 0 + 346 (87)

A f N max Hz -596 (147) -67 -159 (-159) -267 0 -418 (-165)

Rf Hz 8 6 8 (250) 367 (185) 748 (316) 508 0 754 (252)

218



Table 4.2.5

VCO OUTPUT FREQUENCY STATISTICS 
p = 0 dB (149 trials), f = 8.89kHz

Parameter Full Time Integration

I kHz 9.034
O f Hz 62.4

ADf Hz -142

&Pfmax ' Hz +139

^ N^max ' IIz -144

R • Hz 283
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(a)

■■■■ISHBilmniiinii

Figure 4.1.3

(b)
Noise characteristics
(a) Waveshape at filter input

(Vert. = 0.5v/div, Horiz.
(b) Spectrum at filter input

(Vert. = 10 dB/div, Horiz.
0 . 2 msec/div) 
lOkHz/div)
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( d )

Figure 4.1.3 (cont'd.)
(c) Waveshape at filter output

(Vert. = 0.5v/div, Horiz. = 0.2msec/div)
(d) Spectrum at filter output

(Vert. = 10 dB/div, Horiz. = 5kHz/div)
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Figure 4 . 1 . 4  Filter C h a r a c t e r i s t i c  for  Acquisition P r o c e s s  ( C a s c a d e )
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Figure 4.1.5 Frequency response of bandpass filter 0 to 20kHz 
(Vert. = 10 dB/div; Horiz. = 2kIIz/div)



(b)
Figure 4.1.6 Signal and noise at output of BPF vs. time:

Signal frequency = 9kIIz
(a) p = +20 dB (b) p = +10 dB
[ (a) and (b) Vert. = 50mv/div; Horiz. = 500ys/div]
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(d)
Figure 4.1.6 Signal and noise at output of BPF vs. time: 

Signal frequency = 9kHz 
(c) p = 0 dB (d) p = -3 dB
[(c) Vert. = 50mv/div; Horiz. = 500ys/div;
(d) Vert. = lOmv/div; Horiz. = 500vis/div]
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(f)
Figure 4.1.6 Signal and noise at output of BPF vs. time: 

Signal frequency = 9kHz 
(e) p = -10 db (f) Noise only
[(e) Vert. = 200mv/div; Horiz. = 500ys/div; 
(f) Vert = lOOmv/div; Horiz. = 200ys/div]
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Jk>

(b)
Figure 4.1.7 Spectrum of signal plus noise at output of BPF 

Signal frequency = 9kHz 
(a) p = +20 dB (b) p = +10 dB
(Vert. = 10 dB/div; Horiz. = 5kHz/div)
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(d)
Figure 4.1.7 Spectrum of Signal plus noise at output of BPF 

Signal frequency = 9kHz 
(c) P = 0 dB (d) P = -3 dB
(Vert. = 10 dB/div; Horiz. = 5kHz/div)
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wW ^HBBB

igure 4.1.7
(f)

Spectrum of signal plus noise at output of 
Signal frequency = 9kKz 
(e) p = -10 dB (f) Noise only
(Vert. = 10 dB/div; Horiz. = 5kKz/div)
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(b)
Figure 4.1.8 Expanded view of spectrum of signal plus noise 

at BPF output (Signal frequency = 9kHz)
(a) p = 0 dB (b) p = -10 dB
(Vert. = 10 dB/div; Horiz. = lkHz/div)
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(a)

wmm'ssk

(b)
Figure 4.1.9 Spike waveforms for p = 3 dB, Input frequency 

(a) 8kHz (b) 9kHz
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(d)
Figure 4-1.9 Spike waveforms for p = 3 dB, Input frequency

(c) 10kHz (d) 11kHz



(e)

Figure 4.1.9 Spike waveforms for p = 3 dB, Input frequency
(e) 12kHz
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(b)
Figure 4.1.10 Spike waveforms for p = 0 dB, Input frequency

(a) 8kHz (b) 9kHz
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(c)

(d)
Figure 4.1.10 Spike waveforms for p - 0 dB, Input frequency

(c) 10kHz (d) 11kHz
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(e)

Figure 4.1.10 Spike waveforms for p = 0 dB, Input frequency
(e) 12kHz



Figure 4
(b)

1.11 Spike comparisons
(a) Top: 11kHz; Bot.: 9kHz
(b) Top: 12kHz; Bot.: 8kHz 
(Vert. = lOmv/div; Horiz. = lOms/div)
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Figure 4.1.12 Spikes for p = +3 dB
Signal frequency = 10kHz 
(Vert. = 200inv/div; Horiz. = 5ms/div)
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Chapter 5 

CONCLUSIONS

5.1. Conclusions

In this final and concluding chapter we present a sum­
mary of the contributions of this thesis. In addition we 
provide a brief comparison of the system with other techni­
ques. A discussion of new problems which are generated as 
a consequence of the work presented herein is also given.

In this dissertation we addressed ourselves to the prob­
lem of acquiring an unmodulated carrier signal when it is 
deeply embedded in noise. In Chapter 2 we outlined the de­
velopment of a system used to perform an injection locking 
function as an acquisition aid in a phase lock loop. We 
defined the structure and explored the system design con­
siderations for proper operation. The injection locking 
portion of the structure used an FM discriminator, an inte­
grator and a variable bandpass filter. The. controller for 
these functions was assumed to be available as, for example, 
a microprocessor. We discussed the tradeoff between system 
resolution and processing time. We also discussed the ef­
fect of noise on the system operation. Since in an FM dis­
criminator operating below threshold we find the occurrence 
of both Gaussian and Poisson (Spike) noise, we presented an
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argument which allows us to make use of the spike noise in an 
FM discriminator whereas we could not do so in a phase lock 
loop. We state that the technique is an iterative one and 
pose the problems of determining (1 ) the particular number 
of iterations, (2) integration times and (3) bandwidths 
to be used and (4) the methods for resolving these prob­
lems when given a particular set of parameters. We also 
posed the question of minimizing the acquisition time.

In Chapter 3 we present the analysis and theoretical 
results for the acquisition aided technique. We developed 
relationships to answer the problems presented in Chapter 2. 
In particular, with the aid of Rice's Theory [L8] , we formu­
lated the means by which the acquisition time could be mini­
mized and the number of iterations chosen. We also examined 
a technique which was simpler to implement than the minimiza­
tion technique but which also reduced the acquisition time. 
When properly set up this simpler system could produce quite 
adequate results with a reduction in hardware complexity. We 
found that generally three iterations are needed for practi­
cal systems, two of these iterations being performed in the 
spike region and one in the Gaussian region. We noted the 
phenomenon of the moving threshold point in the FMD. We 
found under these considerations a substantial improvement 
over existing systems even when the signal is deeply imbedded 
in noise. We also presented the possibility of using this 
method when data is present on the carrier. Also this tech­
nique allows for various types of noise as long as they can
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be characterized at the output of an FM discriminator. One 
major drawback of the system is that the signal-to-noise 
ratio must be known for proper operation.

In Chapter 4 we presented the hardware simulation and 
the associated results. We found good agreement with the 
theoretical analysis despite the many assumptions made.
The experiment bore out the moving threshold problem but
showed the technique proved effective in all the cases
considered. The use of a special purpose microprocessor as 
an integrator/sample-and-hold device proved very useful since 
it provided a linear integration and non-fading "hold" unit.

5.2. Suggestions for Future Work

A veritable plethora of problems to be researched was 
produced by this work the most important of which is the use 
of a technique similar to the one presented here on a modu­
lated carrier. This wcrk must be first examined for the 
general phase lock loop structure and then use of the techni­
que for a Costas Loop when no modulation is on the input sig­
nal. This requires analysis of the "noise-noise" term pre­
sent in Costas and Squaring Loops as applied to the output 
variance of the estimate. Finally, as concerns this prob­
lem, the possibility of acquiring a modulated signal with a 
Costos Receiver must be studied.

Another problem to be considered is the effect of a
wrong estimate of Si/n on the system performance. Here 
all systems could be considered —  both the standard PLL
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and Costas Loop receiver under the conditions of both modu­
lation and no modulation.

A point also to be considered is the use of an adaptive 
estimator. The work contained in this dissertation assumed 
a worst case condition. For this situation the integration 
period is longer for any value of Doppler except the maxi­
mum. Thus the technique "pushes" the estimate farther away 
from the actual signal frequency. An adaptive estimator 
which accounts for this behavior would be beneficial.

A major problem is that of choosing a "proper" thres­
hold for a particular set of parameters. Basically this 
problem would be resolved if a minimization could be performed 
for the general system equation without resorting to different 
regions of operation. Some dynamic and/or nonlinear program­
ming could be helpful here. The solution to this problem 
would remove the one of the adaptive estimator completely.

We also pose the question of determining the response 
of an acquisition structure such as the one described here 
without a Sample and Hold unit present. This structure was 
mentioned by us as a possible means of acquisition but was 
rejected because of the possibility of driving the system 
out of lock. However, such a structure was not tested. Of 
course in such a structure the variable bandpass filter 
would be continuously narrowed until the loop bandwidth was 
reached. The rate at which this should be done is one par­
ticular problem which arises here.

A final problem brought up here but by no means the last
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one that may come to mind is related to a previously dis­
cussed issue. The question is what can be done if Si/n is 
unknown (this is related to estimating Si/n incorrectly). A 
possibility is to assume that the worst case exists and in­
tegrate the longest possible time. Perhaps it is only best 
to find the proper direction of the offset frequency here.
In any event all these problems can be examined by an inter­
ested researcher.
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Appendix 1

A

DERIVATION OF THE PROBABILITY OF ERROR FOR fD 

In this appendix we find the probability of error for
A »„our estimate, fD , after the n iteration.

Consider the following. The frequency of the incoming 
signal, fD , is known to lie in an uncertainty bandwidth, Bq ,

AWe make an estimate of fD , fD which has known statistics.
We want this estimate to be within a new bandwidth B^ with 
some probability. Let p be the probability of making an

■f- Vt I ^ I 1error in fD on the k iteration such that |fD — fD |^
given that fD lies in a bandwidth

Consider making repeated estimates of fD each in an
smaller window, We wish to determine the probability
of error after n iterations. With e the event that we aren
in error after n iterations we want Pr(en), where Pr(en) 
means the probability of event e .

Defining p mathematically we have

PrC(lfD-fDlk fD in Bk_x) > jBk ] = p (Al.l)

where the bar (|) denotes conditional probability. The 
probability of making an error after the first iteration is 
simply p; that is

Pr(e^) = Pr(after one iteration) = p. (Al.2a)

After the second iteration an error is made in possibly two 
ways. The first is that there was an error after the first
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iteration in which case the overall estimate will be in
Aerror. This is true because we are estimating fD in a band 

in which it cannot be. The other possibility is that we 
make an error after the second iteration only. Let be

4- V\the event that there was no error after the i iteration. 
Then the Pr(e2) is given by

Pr(e2) = PrU^) + Pr (e2 | C ^ P r  (C^) . (A1.2b)

Thus we have the recursive relation

Pr(en) = Pr(en_1) + Pr(en |Cn_1 )Pr(Cn_1). (A1.3)

However, Pr(e |C .) = p (see Eq. (Al.l)). If we let n ' n— 1

P„ A P r (e ), (A1.4a)n = n

then

Pr(Cn) = 1 - Pn . (A1.4b)

Using Eq. (A1.4) in Eq. (Al.3) we have

Pn " Pn- 1 + P (1 " Pn-1 > (Al‘5a)

or

Pn = (1 - + p. (Al.5b)

Equation (A1.5b) is a first order linear nonhomogenous dif­
ference equation with initial condition P^ = p and is defined
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for all integer n, n 1. Solving Eq. (Al.Sb) we find

Pn = 1 - (1 - p)n . (A1.6)

Thus, the probability of error after n iterations is given
by Eq. (Al.6 ). Since Pr(Cn) = 1 - P , the probability of
being correct after n iterations is

n n
Pr {C ) = (1-p) = n (1-p) = n Pr (C.) (A1.7)

n i=l i=l 1

Equation (A1.7) tells us that the probability of being cor­
rect after n iterations is simply the n-tuple product of 
being correct after one iteration. Note as n 00, Pr(Cn) -*• 0. 
Thus, as we intuitively suspect, if we keep estimating fD, 
we are bound to make an error.
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Appendix 2
DERIVATION OF VARIANCE OF TEE INTEGRATOR OUTPUT 

FOR THE HIGH SNR CASE

To establish Eq. (3.3.6) we proceed as follows.
Consider a stationary process x(t), with mean x(t) = 0, 

autocorrelation R (t) and power spectrum G (f). Form a newK X
process

t+e
W(t) - “  f2T J x (A) dA (A2.1)

t-E

which is the average of x(t) over the time interval [T,-T], 
Consider x as the input to a linear filter with impulse 
response h(t) the rectangular pulse

h (t) =
1/2E
0

11 < e 
11 > e

(A2.2)

By the convolution theorem

W(t) = h(t-a)x(a)da. (A2.3a)

But if h(t-a) = 0 for It-aI < e

W(t) =
t+E

t-E
h (t-a) x (a) da = _1_

2 e

t+£

t-£
x ( )d (A2.3b)

which is identical to Eq. (A2.1). Thus W(t) is the output
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of a linear system with impulse response h(t) as given by 
Eq. (A2.2) and input x(t).

The system function which is the Fourier transform of 
h(t), that is, H(j2rrf) is given by

H (j2nf) = £ , | f ( < ». (A2.4)

Thus the power spectrum of W is G^tf) = |H|2Gx (f) or

Gw (f) = Gx (f)- f e fD <A2-5>(27TEf )

where fQ is the domain of definition for Gx (f). But we
know that is the Fourier transform of Gw (f). Since
the invej 
triangle

2 2 the inverse transform of (sin 2uef)/ (2Tref) , h^t) is a

hx (A) =
( 1  -  | A |  2 e ) / 2 £  ! A|  < 2 e

(A2.6)
0 U| > 2e

by the convolution theorem we have

2 e

RW^t) _L2e 1 -
2 e

Rx (x-X)dA. (A2.7)
-2 e

If t = 0, e = T̂ . and q = W(0) Eq. (A2.1) becomes

q = 2T, x(a)da.
-T,

(A2.8)
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which is the form of our integrator. Thus since q = 0,
E (q2) = 0 2 = W(0) 2 = 1^(0), we have

2T
V 0* °q 2 t,

k
1 -

-2T,
^  V T>dT' (A2.9)

Equation (A2.9) is the same as Eq. (3.3.5b). Therefore, 
2 is the total area under Gw (f) for x(t) = n (t) or

n
” sin2 2ttT, f
-------- %- G (f)df.
(2tt Tj, f) np

(A2.10)

Using Eq. (3.1.13b) we have

n
max Af . 2 2 _ sin2 2ttT, f

nf2 ---------

+ 2
f + A fmax

“ Afmax

(2tt Tkf)

. 2 2  „ sin2 2ttT, f4it a iî 2 ________ k_
2 2

( 2 tt T k f )
d f

(A2.ll)

Letting B2 = (na2 )/(ATR )2, ^  = fmax - Af, L2 = fmax + Af, using
2the tngometric identity 2 sin 0 = 1 - cos 26, and perform­

ing the integration in Eq. (A2.ll) we find

8
n

sin 4TrTkL1 sin 4nTkL2 
—  +4ttT, 4ttT, (A2.12)
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Substituting for 3q , and L 2 and using the trignometric
identity for the sum of two sines we have

r2 = JH-. 2 f
ng 2A2T,2 maX

sin 2 tt (2 f )
1 " 2 tt (2 f tT] Tk COS 4lT AfTkmax k

(A2.13)

Noting that on any iteration 2f = B, , and that Si = A /2max k
we find

a
na 4SiT2

r'Bk k L

sin 2ttB, T,
2VBkTk "cos 4,1 AfTk

(A2.14)

which is Eq. (3.3.6).
Another way to arrive at this result is as follows. 

The noise at the discriminator output is from Eq. (3.1.12)

nP (t) ” K  V (A2.15)

The integrator output due to the noise n (t) isP

lk T,
n = a

2TkA
dn__C
dt (t)dt =

-T,
2T A | (dnc}

-T,
(A2,16a)

or

ng 2T,A^nc (Tk) nc (-Tk ^ (A2,16b)

Thus the variance o is
n g
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o2 - “ 2n_ , . 2g (2TjcA) •—n c ( T k >  +  n c < - T k »  -  2  V W ' V (A2.17)

2 2Since n (t) is stationary n (T, ) = n (T, ) = R (0) where c c K c K nc
Rn (t ) is the autocorrelation function of nc (t). Also

E (nc (Tr ) nc (-T]C) ) = Rn (T = • Thereforec

2 a2\  9 [2R (0) - 2R (2T. )]. (A2.18)
g 4A nc nc K

Now R^ (t) is the inverse Fourier transform of G (f) given 
c nc

by Eq. (3.1.6b) and shown in Fig. 3.1.3. G (f) can be re-
c

presented as the sum of two rectangular pulses —  both of
height n/2 — one extending from -f - Af < f < f + Af,max — —* max
and the other from -f - Af < f < f + Af. It is knownmax — — max
that the Fourier transform of a pulse is of A„ sin x/x formc m
where Am is some magnitude. In particular, for a pulse 
waveform of height n/2 and bandwidth B, R(t ) is given by

R ( t) = (n/2)-S- ^ T — T-. (A2.19)

For B = 2f + 2Af we find max

sin 27T (fmax + Af)x R1 (t) = (n/2) = -------- -maX------  (A2.20a)

and for B = 2f - 2Af max
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r2 <t) = n/2 sin 2,(fmax ~ Af)T 
TTT (A2.20b)

With R (t ) = R, (t ) + R 9 (t), and using the trignometric nc
identity for sin(a+b) we find

sin 2 it f t
R = n -------- EiiSi-cos 2rr Afx.n TTTc

(A2.20c)

Multiplying the numerator and denominator by 2fmax to pro­
duce a (sin x)/x form and with B. = 2f as beforek max

sin ttB t
R (t ) = (nB, ) ■■■- ■ cos 2tt Aft .
nc K k

(A2.20d)

Letting t = 0 we have

(A2.21a)

and for x = 2Tjc» we have

sin 2ttB, T,
R (r=2Tk) = Rn (2Tk ) = lBk . ■ ^ - KcOS 4* AfTk - <A2.21b)

c c k k

Thus, from Eqs. (A2.18) and (A2.21) we have

ng 2A T
sin 2ttB, T,

1 - - 2 ^ T ^ OS AfTk (A2.22)

2Substituting Si = A /2 in Eq. (A2.22) we arrive at the same 
result as in Eq. (A2.14).
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Appendix 3

DERIVATION OF THE MEAN AND VARIANCE OF THE INTEGRATOR 
OUTPUT FOR THE LOW SNR CASE

Consider the process

q£ (t) = 2 aJt5 D (t ~ t£) (A3.1)£

where the a^, and i.i.d.r.v. and a^ and are indepen­
dent of each other for all Z and j. With E(a^) = A and 

2 2E(a^) = A we wish to find E[q^] and E[q^(t^)(t^ + x)].
Taking the expected value of Eq. (A3.1) we have

E(qA) = E ll a£5D (t - t£)3. (A3.2 )
Z

Bringing the expectation inside the summation and using the 
independence between a^ and we have

E(q£) = I E (a^) E [6 D ( t  - t£)]. (A3.3)
SL

Since E(a^) = A we obtain

E(qi) = A E[J 5 D (t - T ̂ ) ] (A3.4a)

where we have brought the expectation outside the summation 
However the term inside the brackets is p^(t), a Poisson im­
pulse process with mean A. Thus we have
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E(q£) = AA. (A3.4b)

To find the autocorrelation of q^ we form 
Rq = E[q£ (t1 )q£ (t2)]. Thus

This is equivalent to

Rq(ti,t2) = E[J I akaj5D (t1 - Tk)5D (t2 - Tj)] (A3.6 a)
j

or

(A3.6b)
+ ECk J k  a ^ j 5D l t  "  Tk>SD ( t  -  Tj ) ] '

The first term on the Right Hand Side (RHS) of Eq. (A3.6b)
is equal to E(ak)E[J 5D (tx - Tk )(SD (t2 - TjJ ] . Since

k
6 d (x) = 0 for x ^ 0 , the term inside the brackets is zero
unless t^ = t2. Thus, with t = t^ - t2 we have that

6 D (tl " Tk)6 D (t2 " Tk} = 5 D (t = fcl " t2)6(tl - Tk>* So the
first term on the RHS of Eq. (A3.6b), R^ is

= E(ak )6 D (T)E[[6 D (t1 - t r ) ] (A3.7a)
k

or

Ri = xa2<sd <t) (A3.7b)
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2 2where we have used the fact that E(a, ) = A and E(p. (t)) = A.
K X

We now consider the second term on the RHS of Eq. (A3.6 b), 
R2 » Since ajcaj are independent of each other for k ^ j, we 
have that

R2 = * 2 E[£ .1 SD (tl - Tk )5D (t2 - Tj)]- (A3-8'k J
To evaluate the expectation in Eq. (A3.8 ) note that if

2 —a^ = constant that is, = 1 for all i, such that A = A = 1,
2then q^ = p^. It is known that Ep (T) = A5d (t )+A . Thus by

2comparison the expectation in Eq. (A3.8 ) is A so that

Rq (t) = A 2 Ad6 (t) + A 2 A2. (A3.9)

2The covariance function C (t ) = Ra (T) “ E (<3) is thus

C (t) = A2 A6 (t) . (A3.10)Sd
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Appendix 4

PROGRAMMING AND INSTRUCTIONS FOR THE MICROPROCESSOR ROUTINE

This Appendix illustrates the flow chart and programming 
for the microprocessor integrate and sample and hold func­
tions. Also the microprocessor instruction set is shown. For 
a complete list of commands, explanation of the functions 
and operating structure see [1 ].

The following registers were used.
Rq - Primary Counter

R^ - Overflow Counter 

- Timer Counter

Rg - Input Storage

AC - Accumulator

T - Temporary Storage
The main program is presented and a typical initializa­

tion program is also shown. We note that this particular 
program is useful only for the special yP we used.
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FLOW CHART

No

No (NEG)
Is I/P POS or NEG?

Yes(POS)
NoNo possible OVF test

positive YesYes No 0\ 
Store 
in P.

No
No OVF test

Yes
Yes

branch
Start

Start

Start

Start

Start

DEC R

Stop-O/P

No OVF 
Store 
in R„

Initialize System

R_+R =>T;T<0?
R +R0=>T;T>0?

dec r1
Store DIFF in RINC Rx 

Store DIFF in R

I/P(0/P) - Input(Output)
POS - Positive
NEG - Negative
DIFF - Difference
DEC - Decrement
INC - Increment
OVF - Overflow
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MAIN PROGRAM
Location Label Mnemonic Code

47 Start ILR R3 0 0 0 1 0 0 1 1 1 0 1 0

48 ALR AC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

49 JMP Continue(51) 0 0 1 1 1 0 0 1 1 0 1 1

50 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1

51 Continue DSM R3 0 0 1 0 0 0 1 1 1 0 1 0

52 ILR R3 0 0 0 1 0 0 1 1 1 0 1 0

53 ALR AC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

54 JMP S (9) 0 0 0 1 0 1 0 0 1 0 1 1

55 ILR R 1 0 0 0 1 0 0 0 1 1 0 1 0

56 CMA AC 1 1 1 1 1 1 1 1 1 0 1 0

57 AC/DA 1 1 0 1 0 0 0 0 1 0 0 0

58 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1

9 S CLA AC 1 0 0 1 1 1 0 1 1 0 1 0

1 0 AIA AC 0 1 1 0 1 1 1 1 0 0 1 0

1 1 CIA AC 0 0 1 1 1 1 1 1 0 0 1 0

12 SDR R 8 0 1 0 0 1 0 0 0 0 0 1 0

13 HOP 1 1 0 1 0 0 0 0 1 0 1 0

14 NOP 1 1 0 1 0 0 0 0 1 0 1 0

15 ILR R 8 0 0 0 1 1 0 0 0 1 0 1 0

1 5 ALR AC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

17 JMP A 1 (31) 0 0 0 1 1 1 1 1 1 0 1 1

18 ILR Ro 0 0 0 1 0 0 0 0 1 0 1 0

19 ALR AC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

20 JMP a 2 (44) 0 0 1 0 0 1 1 0 1 0 1 1
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MAIN PROGRAM (Continued) 

Location Label Mnemonic Code

2 1 ILR Ro 0 0 0 1 0 0 0 0 1 0 1 0

22 SDR T 0 1 0 0 1 1 0 0 0 0 1 0

23 ILR R 8 0 0 0 1 1 0 0 0 1 0 1 0

24 ALR T 0 0 0 0 1 1 0 0 1 0 1 0

25 CIA AC 0 0 1 1 1 1 1 1 0 0 1 0

26 ALR AC(Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

27 JMP A 2 (44) 0 0 1 0 0 1 1 0 1 0 1 1

28 JMP N (69) 01 0 1 0 0 1 0 1 0 1 1

69 N ILR T 0 0 0 1 1 1 0 0 1 0 1 0

70 CIA AC 0 0 1 1 1 1 1 1 0 0 1 0

71 ALR AC 0 0 0 0 1 1 0 1 1 0 1 0

72 SRA AC 0 0 0 1 1 1 1 1 1 0 1 0

73 CIA AC 0 0 1 1 1 1 1 1 0 0 1 0

74 SDR Ro 0 1 0 0 0 0 0 0 1 0 1 0

75 JMP BACK N (29) 0 0 0 1 1 1 1 0 1 0 1 1

29 BACK N DSM R 1 0 0 1 0 0 0 0 1 1 0 1 0

30 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1

31 A 1 ILR Ro 0 0 0 1 0 0 0 0 1 0 1 0

32 CIA AC 0 0 1 1 1 1 1 1 0 0 1 0

33 ALRAC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

34 JMP A 2 0 0 1 0 0 1 1 0 1 0 1 1

35 ILR Ro 0 0 0 1 0 0 0 0 1 0 1 0
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MAIN PROGRAM (Continued)

Location Label Mnemonic Code

36 SDR T 0 1 0 0 1 1 0 0 0 0 1 0

37 ILR R 8 0 0 0 1 1 0 0 0 1 0 1 0

38 ALR T 0 0 0 0 1 1 0 0 1 0 1 0

39 ALR AC (Skip-ve) 0 0 0 0 1 1 0 1 1 1 1 0

40 JMP A 2 0 0 1 0 0 1 1 0 1 0 1 1

41 JMP P (63) 0 0 1 1 1 1 1 1 1 0 1 1

63 ILR T 0 0 0 1 1 1 0 0 1 0 1 0

64 ALR AC 0 0 0 0 1 1 0 1 1 0 1 0

65 SRA AC 0 0 0 1 1 1 1 1 1 0 1 0

66 INR AC Oil 1 1 1 0 1 1 0 1 0

67 SDR RO 0 1 0 0 0 0 0 0 1 0 1 0

68 JMP BACK P (42) 0 0 1 0 0 1 0 1 1 0 1 1

42 BACK P INR R 1 Oil 1 0 0 0 1 0 0 1 0

43 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1

44 A2 ILR R 8 0 0 0 1 1 0 0 0 1 0 1 0

45 ALR RO 0 0 0 0 0 0 0 0 1 0 1 0

46 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1

255 NOP 1 1 0 1 0 0 0 0 1 0 1 0
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INITIALIZATION PROGRAM 

(Typical - to load 256 in R^)

Location Label Mnemonic Code

192 Start Init CLR AC 1 0 0 1 1 1 0 1 1 0 1 0

193 INR AC 0 1 1 1 1 1 0 1 0 0 1 0

194 SRA AC 0 0 0 1 1 1 1 1 1 0 1 0

195 SRA AC 00 0 1 1 1 1 1 1 0 1 0

196 SDR R 3 0 1 0 0 0 0 1 1 0 0 1 0

197 CLR RQ 1 0 0 1 0 0 0 0 1 0 1 0

193 CLR R1 1 0 0 1 0 0 0 1 1 0 1 0

199 CLR AC 10 0 1 1 1 0 1 1 0 1 0

2 0 0 CMA AC 1 1 1 1 1 1 1 1 1 0 1 0

2 0 1 AC/DA 1 1 0 1 0 0 0 0 1 0 0 0

2 0 2 CLR AC 10 0 1 1 1 0 1 1 0 1 0

203 JMP 255 1 1 1 1 1 1 1 1 1 0 1 1
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Mnemonic Machine Code Description
Arithmetic Operations

ADR X 0 1 1 0 xxxx CI010 (X) + (Ac)-*-X
ILR X 0 0 0 1 xxxx cioio CI+ (x) tAc,X
ADD X 0 0 0 0 xxxx CI010 CI+ (x) + (Ac) -*Ac,X

CSR X 0 1 0 1 xxxx CI010 CI-l+X

SDR X 0 1 0 0 xxxx CIO 10 (Ac)-l+CI+X
INR X 0 1 1 1 xxxx Cl 0 1 0 (x)+a>x
CLR X 1 0 0 1 xxxx 1 0 1 0 o+x
NOP X 1 1 0 1 xxxx 1 0 1 0 (x)+x
CMR X 1 1 1 1 xxxx 1 0 1 0 (x)+x
RRA Y 0 0 0 1 yyyy 1 0 1 0 y (o) -*-y (n-1 ) ,-*-y (n-i) -+y (n-i-1 )

CIA Y 0 0 1 1 yyyy CIO 10 (y) +CI-*-y

DCA Y 0 0 1 0 yyyy CI010 (y)-l+CI-y

INA Y 0 1 1 1 yyyy Cl 0 1 0 (y)+CI-»-y
NOP Y 1 1 0 1 yyyy CIO 10 (y)-y
CMA Y 1 1 1 1 yyyy 1 0 1 0 (y)+y

Logic Operations
ANR X 1 0 0 0 xxxx 1 0 1 0 (x) A(Ac) ->-x
ORR X 1 1 0 0 xxxx 1 0 1 0 (x) V (Ac) -»-x
XNR X 1 1 1 0 xxxx 1 0 1 0 (x) (+) (Ac)-*-x
ANI Y 1 0 0 0 yyyy 1 0 1 0 (y)A(i) +y
ORI Y 1 1 0 0 yyyy 1 0 1 0 (y) V (I) ->y
XNI Y 1 1 1 0 yyyy 1 0 1 0 (y)(+)(i)+y
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INSTRUCTION SET (Continued)

Input Operations
LDI Y 0 1 0 0 yyyy CI010 (I)-1+CI+Y

AIA Y 0 1 1 0 yyyy CI010 (I)+CI+Y+Y

AMA Z 0 0 0 0 Z Z Z Z CI010 (Mj + (Z)+CI+Z

LDI Z 0 0 0 1 Z Z Z Z C1010 MSB"*’ZMSB'CI'vZMSB zi= 0
LDE Z 1 1 0 1 zzzz 1 0 1 0 {5T)"zmsb ' zi= 0 i ^ n “ 1

LOD Z 1 1 1 1 Z Z Z Z 1 0 1 0 (DI)-*“ZMSB , zi=l i^n-1
Output Operations

Out Ac 1 1 0 1 0 0 0 0 1 0 0 0 (Ac)+D/A
Out Xd 0 0 1 1 xxxx 1 0 1 0 (X) MgB->-Digital output

Branching Operations

JMP LOC A A A_A 7 6 5 c1 4 3,Vi 1 0 1 1 unconditional jump to location
SKP AC A A^A_A.A.A„A.A . Next instruc- 7 6 5 4 3 2 1 0

tion is to be skipped if (Ac)>0,

providing the instruction to be
skipped is not a jump instruction.
If it is, then the jump condition

is on negative accumulator content

[i.e. (Ac)< (T] .

X Y and Z are chosen from Table Al. I is a 10 bit 

sampled analog input. Ac is the accumulator



269

Table Al: REGISTER CODES

X group Y group Z group

X xxxx Y yyyy Z zzzz

Ro 0 0 0 0 T 1 1 1 0 T 1010

R 1 0 0 0 1 AC m i Ac 1011

R 2 0 0 1 0

R3 0 0 1 1

R4 0 1 0 0

R5 0 1 0 1

R 6 0 1 1 0

R7 0 1 1 1

R 8 1 0 0 0

R9 1 0 0 1

T 1 1 0 0

Ac 1 1 0 1
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ABSTRACT

A  COMPARISON OF THREE PLAY PROCEDURES IN THE 

MANIPULATION OF GAZE BEHAVIOR AND OBJECT 

USE WITH AUTISTIC CHILDREN

by
Ellenmorris Tiegerman 

Advisor: Professor James K. Lang

This experiment was undertaken to determine the effi­

cacy of three play interaction procedures in the manipulation 

of gaze behavior in autistic children and to determine the 

relationship between gaze behavior and object manipulation 

performances.

Subjects were six children with symptomatology of 

infantile autism who ranged in age from four years to six 

years.

Three experimental procedures, varying in the amount 

of manipulative control the child exercised over the experi­

menter, were presented across seventeen sessions. During 

each procedure, the child was seated opposite the experimenter



at a table with various objects. Duplicate objects were 

used by the experimenter.

In procedure I, the subject had complete manipula­

tive control of the experimenter's choice of object, object 

manipulation, and when she started and stopped manipulating 

the object. In procedure II, the subject had control over 

the experimenter's choice of object, and when she started 

and stopped manipulating the object. In procedure III, 

the subject had no manipulative control over the experi­

menter's choice of object, action on an object or when she 

started and stopped manipulating the object.

Two procedures (each fifteen minutes in length) were 

presented during a thirty minute session. The order of 

presentation of the experimental procedures was randomized 
across sessions and within sessions. All six subjects 

were involved in each experimental procedure. A two factor 

analysis of variance for repeated measures was computed 

separately for frequency and duration of gaze behavior, 

and for frequency and duration of object manipulated 

performances.

Results were as follows:

1. There was a significant difference among the play 

procedures in developing gaze behavior and object manipu­

lated performances.


