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INTRODUCT ION

The word "stack” was first used by Spanier and Whitehead
in [10] ae a translation of 'faiceau" (sheaf). There they introduced
the notions of covariant stacks and contravariant stacks to provide
local coefficlents for homology and co-homology of CW-complexes in
order to study the 8S-theory. Later, Spanier [9] modified the
definition of a stack ams &8 functor from an abstract simplicial complex,
regarded as a category, to the category of groups to study the
generalized theory of higher order operationas, There the meaning of
stacks was changed from ''topological sheaves'" to "simplicial sheaves'
and they worked very well, This thesis constitutes sn attempt to
explaln why they are there and where they belong.

First, we generalize the notion of covariant stacks and
contravariant stacks as follows: Consider a simplicial set (i.e. n
seml-simplicial complex) as & category by regarding its simplexes as
objects of the category and the incldence maps restricted to simplexes
as morphisms, Call this a simplicial category, then a prestack 1is
defined as a contravariant functor on a simplicial category and a
co-prestack as a covariant functor. 8tacks and co-stacks are those
functofs which transform the restrictions of degeneracy operators to
isomorphisms. In this way, we obtain "combinatorial sheaves and
co- sheaves',

Then we develop the theory 1n a way which is in some sense

parallel to the theory of sheaves. It turns out that stacks and
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co-stacks belong to a homology theory on a generalized category of
the category of pairs of simplicial sets, namely the category of
K-pairs (simplicial pairs over a fixed simplicial set K ). They
provide coefficients for the theory.

It will be proved that the theory (called homology theory
over K ) to which they belong is unique. This explains why they
worked so well, The following words are copied from Eilenberg and
Steenrod [2, PP. x—xi] to support this point of view,

The great galn of an axiomatic treatment lies in the
simplification obtained in proofs of theorems, Proofs
based directly on the axioms are ususlly simple and con-
ceptumnl, It is no longer necessary for a proof to be
burdened(lith the heavy machinery used to define the
homology . Nor is one faced at the end of a proof by
the question, does the proof still hold if another homo-
logy theory replaces the one used? When a homology

theory has been shown to satisfy the axioms, the machinery
of 1ts construction may be dropped.

The construction of the hcomology theory over K 1s also
stimulated by the following question: Assoclated to a category (@3
and a fixed object K 1in @ there i858 & category @K of objects
over K, If K 1s a terminal object of @ , then @K is just
€’ . Buppose that there is a homology theory on (€). Can this theory
be generalized to a theory on @ﬁk 7?7 The answer of this question
might be generally '"yes'. At least, it 18 true when @;? is the
category of simplicial pairs.

This thesis consists of five chapters., Chapter I introduces

categorical machineries and the notion of simplicial categories., The

main body of the treatment begins in chapter II, where the notion of

1
( )The word group in the original statement is omitted

because the homology over K has more general values,



co~-prestacks, co-stacks, relative co-stacks, and thelr duals are
introduced. A relative co-stack on a simplicial set X modulo a
simplicial subset X' with values in a co-complete abelian category
@ 18 a co-stack poA with supports in X-X' .

To each simplicial map f£:X -+ Y , regarding as a functor
between simplicial categories, construct a pair of adjoint functors
f# ~—4 f#:@‘ —'@Y between the category of co-prestacks on X and the
category of co-prestacks on Y both with values in (&) . The
pull-back functor f# is defined by composition with the functor f ,

These functors play the major technical role of the develop-
ment. In particular, 1if xé:ﬂxn — X denotes the unique simplicial
map determined by the correspondence 6n -+ X , X ¢ Xn , the functor
x# and x# are used to supply projectives and injectives,

If ) 1is a co-complete AB4 “ghelian category with a fixed
projective generator P , then both 1" and f# are exact, the
co—stack Pn on An with constant value P 1is a projective generator

n
of @3 , and @‘ is a co-complete AB4 abellian category with a
projective generator U = le ¢ X x#Pn . Thus we can do homological
algebra by projective resolutions,

Some other major results of chapter II are summarized as
follows: The category @X of co-stacks 1s a reflective and

co-reflective Serre subcategory of @‘ . The reflecter N is exact;

*
*
the co-reflector N is co-kernel preserving (i.e, right exact),.
Let 1:X'" X he the inclusion map of the simplicial subset X' of
# L)
X, then 1 1# =1 and @x 1s isomorphic to a reflective Serre

.
subcategory of ®X . The reflector is exact. The category ®(x,x )
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of reletive co-prestacks 1s a co-reflective Serre subcategory of @x .
The co-reflector po 1 exact. If A 18 a co-stack In ®K y 1.e.
A e@x , then poA and all f#A are co-stacks.

Chapters III and IV concern the homology theeory. The value
category @ used 18 a co-complete AB4 abelian category with a
fixed projective generator P &8s has been mentioned before. The
homology and co-homology are discussed simultaneously. Precisely, the
co~-homology part 1a completely omitted because of the duality.

For each A ed » defined a chain complex GA e¢ df) by

x e X
q

g:@‘ —~ df) 1s an exact additive functor, A simplicial map f:X — Y

letting (gA)q = 1 Ax with the obvious derivation, Then

induces a chain map gi:g(f#B) ~CB , B e@r . The homology of a
K-pair (X,X')m with coefficlents in a co-stack A e@K is defined
by chain homology as T{'*(x,x)m = ﬁg_(poqu) . It is proved in chapter
III that the homology can be computed by the generalized torsion
functor Tor . When @ 1s a category of modules, a few overlaps
occur here with [6].

In chapter 111 we mlsc prove a set of propositions which
are stated as axioms for homology theory in the beginning of chapter
iv.

The exactness, excision, and (strong) additivity axioms are
stated and verified as usual, The dimension axiom is quite different
from the usual one because we need it for constructing the local
coefficlents of a given homology theory. The homotopy axiom is stronger
than the usual one, It is verified in an unexpected way. The strong

form 15 demanded for the proof of the unlqueness of 'l‘{; in the
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infinite dimensional case,

For proving the uniqueness theorem, Milnor's pruof in [8]
does not apply directly to the semi-simplicial case. However, after
modifying the homotopy axiom and adding a deformation axiom, his
construction works well,

Chapter V may be regarded as a direct application of the
theory of stacks and co-stacks., The value category is @E), the
category of sbellan groups, The integer group Z plays the role of
P . The theorems of chapter IV state that there 1s s unique homology
theory '}\f‘ on the category of simplicial pairs @ with local co-
efficlents in groups., This 18 a direct generalization of the usual
semi-aimplicial homology theory.

The notion of K-modules 1s introduced. The category of
K-modules, @ , 1s identified as @K under the isomorphism between
the category @K and the category of groups over K , ®K .

In the last section, we show that when K 1s finite, the

* *
K-module U = N (U n) 18 a small projective generator of

g e HKG#Z
@ . Thus q 1s equivalent to @z , the category of right R-modules,
where R 18 the ring of endomorphisms of U* . The structure of the
ring R 1s exhibitted for the case that K 1s a finite simplicial
complex.

The author wishes to thank Professor Alex Heller for his
assistance during the preparation of this thesis, Research was

sponsored by the National Science Foundation (NSF Grant GP~5041) and

by the Office of Naval Research (Contract Nonr-4884 (01); NR 043-327).
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CHAPTER I, PRELIMINARIES

1. CATEGORICAL PRELIMINARIES

Let (D be a category. The set of morphisms f:A - B of
objects A and B in C) is denoted by @ﬂAUB). The dual category
. O
is denoted by & .

A category is complete (co-complete) if every pair of

morphisms has a difference kernel (co-kernel) and every indexed set
of objects a product (co-product). Hence, an abelian category is
complete (co-complete) if and only if it is closed under the forma-
tion of products {(co-products),

An abeltan category QD is called a Grothendieck category

if it is co-complete, and the co-limit (i.e. right limit) of a
collection of short exact sequences indexed by a directed set is a
short exact sequence, This last property is referred to as ABS
in [4]. The following theorem is proved in [4].

Proposition 1.1. A Grothendieck category possessing a

generator has enough injectives.

The dual notion of a Grothendieck category is that of a
co-Grothendieck category, e,g. the category @:) of abelian groups
is Grothendieck, its dual category Q[jj of compact abelian groups
is co-Grothedieck. The integer group Z 1is a projective generator

of @Ei , its dual, the circle group, is an injective co-generator

of @° .



A category is well-powered (co-well-powered) if the

family of subobjects (quotient objects) of any object is a set.

Proposition 1.2. (Freyd [3]) An abelian category

possessing a generator is well-powered and co-well-powered,

Proof. Let @ be an abelian category with a generator
G. If A is an object in (@), then a subobject A' — A is
distinguished by the subset (@) (G,A') of the set ® G,a) (3, p. 697,
and then @ is well-powered.

Now, for every quotient A — Q of A , there corresponds
a unique kernel K — A which is a subobject of A , and non-
isomorphic quotients determine non~isomorphic kernels, Thus the
cardinality of quotients is no more than that of subobjects. (&
is co-well-powered. Q.E.D,

Let @ be a subcategory of @, @A -® . @ is a replete
subcategory in @ if for every B in @ isomorphic to an object
A in @ it is the case that B in (@) .

Given B in (B, an object B' in (&) is a reflection of
B in @ if there is a morphism B' — B of @ such that for any
A in @ and morphism A - B of @ , there is a unique morphism

A - B' of (@ which makes the diagram

I\

B'" ——> B commutative,

The notion of co-r2flection is defined dually, If every object in @

has a reflection (co-reflection) in (&) , we say that @ is a

reflective (co-reflective) subcategory of . The functor N* which



assigns to each object B 1in @@ a reflection in @D is called a

. *
reflector, A co-reflector N is defined dually.

Note, We are interchanging the terms of reflectivity and
coreflectivity defined in [3]. The reason is: When a certain

object is characterized by a universal mapping property with the

unique morphism taking the object as its domain, we call this object
a "co-something.” e.g. a co-product (formerly called a sum) of a

¢ obi ) . ’ . . .
set of objects Aa in a category (&) 1is an object UuAa in &

together with a set of morphisms inja: Aa - UGAQ , called the

system of injections for 'UGAG , such that for any object A in

@ and set of morphisms £+ A —A there is a unique morphism
' i | h i
g of QD defined ?n. aAu such that the diagrams
inj
Au - ’HQAQ

\l
¥ A t .

Proposition 1,3, Reflections (co-reflections) are

unique up to isomorphism,
This follows immediately from the universal mapping
property defining them.

Proposition 1,4, lLet J : ()-*da be the inclusion functor.

QD is a reflective subcategory if and only if J has an adjoint
(i.e. right adjoint), and is a co-reflective subcategory if and only

if J has a co-adjoint (i.e. left adjoint). The adjoint {co-

" L3

adjoint) is unique up to isomorphism. It is the reflector (co-
reflector). The reflector preserves limits (i.e. left limits),

and the co-reflector preserves co-limits (i.,e. right limits).



Again, these are direct consequences of their definitions,

Proposition 1.5. Let ® be a complete, co-complete,

well-powered, and co-well-powered category and @ a full subcategory
replete in Q@ such that QD is closed under the formation of
products and subobjects. Then Q@ is a co-reflective subcategory

of ® .

This is a consequence of Freyd's adjoint functor theorem

[3, pp. 84-87],

Proposition 1.6. If a functor F : @ ~@® has an exact

adjoint (co-adjoint), it preserves projectives (injectives).
Proof, Let G :{® ~@ be an exact functor which is

the adjoint of F , and let 0 - B' =B = B" = 0 be exact in B .
Then

0 -GB" - GB = GB" — 0O
is exact in @ . If P is a projective in @ , then

o-@ (p,g8") ~@® (P,GB) ~ @ (P,GB") ~ 0
is exact., By adjointness, we have an exact sequence

o -@® (FP,B') —~@®(FP,B) ~@FP,B") ~ 0
Hence, FP is a projective in (§.

Corollary 1,7. Let @ be an exact co-reflective

{reflective) subcategory of an abelian category @ ; then the co-

reflector Ni't (reflector N*) preserves projectives (injectives),
We conclude this section with the notion of a Serre

subcategory. Let @ be an abelian category. A full subcategory

@ of ® is a Serre subcategory if whenever A' — A — A" is

exact in B and A' , A" are in @, it is the case that A is



also in QD . 1i.e. () is an_égglggg subcategory in the sense of
Grothendieck [4], Equivalently, a full subcategory Q@CIQQ is a
Serre subcategory of ® it and only if @ contains the zero
object and the objects which are isomorphic to subobjects or
quotient objects of an object A in QD, and also, every extension

of two objects A' and A" in (@ is again in @ (see L[4]).

2. SIMPLICIAL CATEGORIES
lLet X = [Xq] be a simplicial set (i.e. semi-simplicial

complex) with simplexes denoted by x, x',..., and incidence

maps by u,... . X can be regarded as a category, denoted by
QD, with objects all simplexes and morphisms B 8 X7 x' for all
incidence maps | such that ux = x' , This is a small category

called the simplicial category determined by X .

If f : X—Y is a simplicial map, then f commutes
with incidence maps and therefore determines a functor f ; Qa‘*ﬁa.

This functor is called a simplicial functor, If C) denotes the

category of simplicial sets with morphisms all simplicial maps,
then corresponding to it, we have a category of small categories
éﬂ Gﬂ... with morphisms all simplicial functors,

Recall that if An denotes the simplicial analogue of
the standard affine n-simplex, then An , n=20,1,2,,.. , are
distinguished in C) by the fact that An has a unique non-degenerate
n-simplex 6“ which has the property that every q-simplex o

* n

n x
of A can be written uniquely as o = ¢ & , where o is the

incidence map determined by < (see, for example, [7, B. 238]).



If x 1is an n-simplex of X , then there is a unique simplicial
& n § .n ) . .
map x~ ¢ A —~ X such that x (6 ) = x . There is a bijection
n
(2.1) ©w, v -x
defined by x6 -+ X , where x ¢ Xn .

In categorical terms, for every x QQD corresponding to
m n-simplex of X , there is a unique simplicial functor
& n 5 n X . .
x° ¢ A **@D such that x~ (8§ ) = x . This fact plays an essential
role in the next chapter,

For notational convenience, we shall write I for Al
to stand for any simplicial set arising from a decomposition of the
unit interval. & , 0 and 1 are the only non-degenerate simplexes,

Degenerate simplexes over 0O and 1 are again denoted by © and

1 , respectively,



CHAPTER II, STACKS AND CO-STACKS

3. PRESTACKS AND CO-PRESTACKS

Let X be a simplicial set and let @ be any category.
A co-prestack on X with values in @ is, by definition, a
covariant functor A :@‘*@ . For two co-prestacks A, A' : @—‘@ ’
a natural transformation f = {fx} t+ A - A" 1is called a co-prestack
map. The class of all co-prestacks on X with values in @ form
a category (a funcror category) (Aj( with morphisms the co-prestack
maps.

A "partially dual” notion of a co-prestack is a prestack,
which is, by definition, a covariant functor A" ; @O ~@ . The
dual of a co-prestack A : ®—'® is a prestack AO :@O —'®0 .

e.g. the dual of a co-prestack of abelian groups is a prestack of
compact abelian groups, and this statement is self-dual.

If @ is an abelian category, it is clear that @ and
its duals are also abelian. Kernels, co-kernels, images, co-images,
products, and co-products are constructed "pointwise' (cf. [3]).
The notions of exactness and limits, co-~limits (if they exist in
® ) are also defined pointwise, For example, if {A”} is a direct
system of co-prestacks in @‘ and if, for every x 1in X , the
co-limit lim Aax exists in @ , then the co-1limit lim ACy is the
co-prestack defined by (lim A(Y)x = lim Aax for all x in X .

Now, let @ be a co-complete abelian category, and let

@, @ be simplicial categories. A simplicial functor f :@-‘@



induces a functor f# : d *@Y in the following way,

For each A in @X , define a functor f#A :@—'@ in
such a fashion that, on objects vy €® , (f#A)y = fo:yAx while
on morphisms (incidence maps) uy :y *y' of @ .

£ : U - [ A
( #A)uy fx:yAx fx=y' %

is the sum where ux is a morphism {(incidence map)

i Au
f 1]
( ux-uv) X
of ® . Since f, A, and O are functors. f#A is a well-defined
functer on ® to @ . Hence corresponding to each A in ®X ,
'e h f A 1in .
we have a f @Y
To check that the correspondence A — f#A is functorial,
let ¢ = {cpx] : A+ A' be a co-prestack map in ®X . Then, for
every y 1in Y , the set {cpxlfx=y] of maps determines uniquely a
s 1 = [ A'x . It is cl that = }os - '
map wy fX:y;ﬁ\x fx=y X It is clear a ] {wyj f#A f#A
is a co-prestack map in @’ . Let f#(cp) = , the equalities
f (1 =1 f = f : bvi .
#( A) ) f#A and #(q)lcpz) f#(cpl) #(tpz) are obvious
The functor f, :@X a@Y defined above is called the

push-out functor induced by { . f#A is the push-out of A by f .

On the other hand, { induces by composition, a functor
I :@Y *@x such that for each B E:@Y R 8 = Bf is a composite

of functors, f# is called the pull-back functor induced by f ,

and f#B the pull-back of B by f .,

Proposition 3.1. f# is the adjoint of f# , 1.e. there is

a natural isomorphism
(3.1) @ a,1%B) —o@y (1,A,B) ,
Ae@ e

Proof, Let o = [cpx‘xex] be in @X (A,f#B) . For y eY



and all x € X such that {x = y , the universal mapping diagram of

the co-product UXA(x) ,

inj

X = {f A
A (#)y

(3.2) Px vy
#

(f B)x = (Bf)x = By ,

II Ax
1 X
Wy
\'4

shows that there is an isomorphism from (jx(A,f#B) onto ng(f#A, B)

defined by ¢ = § such that

9, = ¥y inj x, fx =y

Corollary 3.2. f# is exact and f# is right exact (i.e.

co-kernel preserving).

Corollary 3,3, f# presmrves projectives.

This follows from proposition 1,6 since f has an exact
adjoint f# .

Remark. If () satisfies the axiom AB4 of Grothendieck
[4], i,e. a co-product of a family of short exact sequences of ()
is again a short exact sequence of () , then f# is exact., In this

# . .
case, f preserves injectives.

4, PROJECTIVES, INJECTIVES, AND GENERATORS IN ng

Recall that the simplicial categories An and the
simplicial functors x6 are distinguished in the category of simp-
licial categories. Let () be any category. For an object P in
C), let Pn denote the constant co-prestack on An with constant
value P ,

Lemma 4.1. There is a bijection

n
(4.1) P @ @A @A™
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Proof. Let

= {moloean} R

be a natural transformation. The commutative diagram

=

n
p )

3
(4.2) \

O:

as"
A

shows that ¢ 1is completely determined by ¢ n and vice versa.
&
Hence the correspondence ¢ — n gives rise to a bijection ¢
b
Lemma 4.2, If C) is abelian and P 1is a projective of

8™

(@, then P" is a projective of @&
This follows immediately from lemma 4.1 and the pointwise

exactness of co-products.

Theorem 4.3. If QD is a co-complete abelian category and

P is a projective generator of (& , then U = Uxex(x#Pn) is a

n
projective generator of Qj{ » where x#Pn is the push-out of P

by x , and dim x = n .

n
Proof. Pn is projective by lemma 4,2, therefore x_P

#

is projective by corollary 3.3, U 1is a c¢o-product of projectives,

U 1is projective,
To show that U 1is a generator, we shall use the well-
known fact that a projective U 1is a generator if and only if

@((U,A) is non-trivial for all non-trivial A e@( 13, p. e8],

Look at
(4.3) & w8 = @ Ux P A ~ 1@ P,
H # ) ~ # ¥

n n
~ 0@ " x"a) - n@ ¢",ax ),

where the co-product and the products are taken over all x g€ X
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The last term is, by lemma 4,1, isomorphic to
TGP, ax’ (™) = 1 @(P,Ax) .

Hence we have

(4.4) @j((U,A) a1 X e x@(P,Ax)

Now, A is non-trivial implies that @P,Ax) is non-
trivial for some x € X since P 1is a projective generator of Qp.
Hence, by 4.4, @f(U,A) is non-trivial and thus U is a projective
generator., Q,E.D,

This shows that if G9 is a co~complete abelian category
with projective generators, then, for any simplicial category @D,
Cj( has projective generators, Hence, in this case, ng has enough
projectives,

If QD is a Grothendied&k category, then, by pointwise con-
struction of co-limits in @ , it is easily shown that @( is
also a Grothendieckcategory. If, in addition, QD has a generator,
then ij is Grothendie&k with generator and therefore has enough

injectives (proposition 1,1).

5. STACKS AND CO-STACKS; NORMALIZATION

Recall that in a simplicial set X , the face operators
di , or d , and the degeneracy operators Sj , or s , are distin-
guished. They satisfy the usual incidence relations., In particular

(5.1) d's? =1 for i=j or i = j+1 .

As a simplicial category, GD has distinguished morphisms s = s | X
X

1l

and dq d sx , x ¢ X , such that d s =1

X SX X X

A co-prestack A €Qg{ is normalized if all A(s ) are
e e — X
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isomorphisms in @ A normalized co~prestack is called a co-stack,

Since

(5.2) A(dsx Sx) = A(dsx)A(sx) =1, all x e X ,

a co-prestack is aco-stack (normalized) if and only if all A(dsx)

are isomorphisms in @ . The class of all co-stacks on X with
values in @ form a full subcategory of @( . This subcategory is
denoted by @X . Obviously, all constant co-prestacks are normalized
and therefore in @( .

If a prestack A+ on X with values in @ has the
property that all At (sx) are isomorphisms in @ , then it is
called a stack (compare with the notion of a stack defined by Spanier
[9, p. 512]). Again, a prestack A" is a stack if and only if all
+

A (dqx) are isomorphisms in @ .

If @& 1is abelian, so is @( , and we have

Proposition 5.1, @X is a Serre subcategory of @X .

Proof, Iet A’ be a subobject of A e@x . Then there
is a canonical monomorphism ix 1 A'X 2 AX in @ for every x € X .
In the commutative diagram

i
X
A'x — > Ax

A'(sx) _5X A(sx)

H

1xA (dsx) = A(dsx)lsx , and A(dsx) is an isomorphism, Hence

N * d : : . : 1 . 1 s

1xA ( sx) is a monomorphism and so is A (dsx) But A (dsx) is
epic by (5.2). Therefore A'(dsx) , and so A‘(sx) , are isomorphisms.

This shows that A’ 6@( . Dually, we can show that guotient

objects of A €®X are again in@x .
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Now, let A' LA Q‘A" be exact in @j( with A',A" e@( .
Then Ker ¢ and Coker § , being subobject of A’ and quotient
object of A" , respectively, are in Gi@ﬁ . Hence in the commutative
diagram

Ker ¢ —> A'x —— Ax ——= A"'x ——> Coker \j;x
N P T
Ker ¢ — A'(sx) = A(sx) = A"(sx) — Coker by
the rows are exact in @ , the maps 1, 2, 3, 4 are isomorphisms.
By the five lemma, A(sx) is an isomorphism, Thus A 1is in @( .
@X is a Serre subcategory of d . Q.E,D,

@‘ , being a Serre subcategory, is ahelian, 1If @ is
Grothendieck, so are @Y and @X .

In the rest of this chapter, () will always denote a
complete and co-complete abelian category with a fixed projective
generator. P ., ng is a complete and co-comblete abelian category
with a projective geicrator U as we have shown. By proposition
1.2, (j( is well-powered and co-well-powered,

Now, @X , being a Serre subcategory of ®X , 1s closed
under the formation of subobjects. It is clear that it is a full
subcategory replete in @g{ and that it is closed under the formation
of products. Hence, by proposition 1,5, we have

Theorem 5. 2. @( is a co-reflective subcategory of ®X .

Let N* :®X *@x be the co-reflector, then, by proposi-
tion 1.4, N* is the co-adjoint of the inclusion functor
J :@ —'@)x and N* preserves co-limits, Also, N* preserves

projectives {(corollary 1.7),.
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The construction of co-reflections can be found in [3].

Proposition 5.3, ILet NX be the set of non-degenerate

* *
simplexes of X , then U = N [] (x Pn) is a projective generator
X € NX" #
of QEEF .
The proof is similar to that of theorem 4.3.
Theorem 35.4. Q@f is a reflective subcategory of Qg(.
We shall prove this directly by ceonstructing the reflections,
For each co-prestack A e(j{, let A be the co-stack

with values Ax = Ax for x € NX and K(sx) Ax for any degeneracy

7

operator s , Then, by (5.2), all A(d)A(s) = 1 on which they
defined. Now, define a map o A~ A as follows: For each x € NX y

and all degeneracy operators s,st..., , let

Ax ~é£52> K(sx) Aﬁiﬁ;l; K(s'sx) —_—
(5.3) Py Pax Pgrex
Ax A(S)> A(sx) —éif:lb A(s'sx) ——s= ..

be a commutative diagram with

(5.4) o, =1, 0 = A(S)A(d) |, Ory = A(s')A(s)A(d)A(d"), ...
such that
(5.5) A(A(s) = 1, A(AIA(s') = 1 , ... .

Let @ = {$x | X € X} . Then ¢ 1is a co-prestack map. We shall

prove that A together with the map ¢ form a reflection of A

Let A’ eQ@ﬁ( be a co-stack, then all A‘(sx) s A'(dsx)

are isomorphisms and all A'{(d)A'(s) = 1 on which they defined.

Given a co-prestack map g:A' — A ,

y = {¢x s A'X — Ax I x € X} ,

consider, for each x € NX , the ""solid" diagram



15

Ax — >3 A(sX) —— 3 A(S'SX) ——2 -
/_.1 “A P
h “ l h P - | h , -
x/ < sX s SX/’ l
~ 4 rd
(5.6) Atx — A A (sxy AGD AT (s sx) — -

wx l 1J'[s.x l Iljs‘sx L

Ax > A(sx) ————> A(s'sx) — ---

obtained by adjoining the A'-row to the diagram (5.3). Define maps

(5.7 hx = ¢x ) hsx = A(s)wa'(d) )
hs.sx = A(S')A(S)¢XA'(d)A'(d') Y eee
where A'(dA'(s) =1, A'(dH)A'(s) =1, ...

Then h = [hx | X € X} is a co-stack map and all rectangles of all
such solid diagrams are commutative.
Now, combining {(5.4) and (5.7), we have
= ACd)A (s ' = < At (d) = ,
W B A(S)A(d)A(G)wa (d) = A(s)y A" (d) ¢Sx

(5.8) ® , h_, A(s')cpsx!_\'(d‘)x(s')]be'(d') = AGso_h A'(d")

Als )wsxA (a’) = ws'sx e
Hence oh = § . The uniqueness of h 1is obvious.
These show that A with @ is "the" reflection of A ,
X . . X
and thus Q@Q is reflective in & . Q.E.D.
We remark that, in general, the reflection and co-reflection

are not isomorphic,

Corollary 5,5. The reflector N* : ng'*QEQX is exact.

This follows immediately from the construction of reflections
and the pointwise exactness of co-prestacks and co-stacks,
As a direct consequence of this we have (by corollary 1.7)

Corollary 5.6. The inclusion functor J preserves

projectives,
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Dual to the remark following theorem 5,2, N* preserves
limits and injectives.

From proposition 5.3 and corollary 5.6, we see that @X
has enough projectives and these are projective in @ . Since J

is exact, a projective resolution of A e@( taken in @X is

still a projective solution of A in the big category @‘( .

6. RELATIVE CO-PRESTACKS AND CO-STACKS

Let X' be a simplicial subset of X and let i:@ —'®
be the inclusion map. Then the inclusion functor i:X' = X 1is a
full embedding. The functor i#:®x' —-@X maps each A’ e@(' onto
i A’ = A €®X with support in X' , it,e, Ax = A'X if x € X' and
Ax =0 if x e X - X' . It is clear that i# is an exact full

embedding, and that i#Ax is a Serre subcategory of AX

t t
Identify Ax as i”@( and regard i# as an inclusion functor.

Now, consider i#:®X -*@ , the adjoint of i It is

P
r ]
clear that i"'i“i#I is the identity functor of @X and so (i#i#)i»@x

= iﬂ . i#i# is an exact reflector of @K onto i»@( . Hence

we have

Proposition 6.1. If X' 1is a simplicial subset of X

r
then ®X is isomorphic to (and is identified as) a reflective Serre

subcategory of @K .

P ed

In fact, i#i”A , the reflection of A e@x is a subobject

of A with support in X' . Let pOA denote the quotient A/i#i#A,

we have

#
_1 0 1 1 -— -— —
(6.1) ii A A pOA 0
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exact in ®X , where poA has support in X - X' . On the other hand,
every co-prestack of @ having its support in X - X' is a

quotient of some i#i#A ~ A in @ , i.e, it is of the form pOA

A co-prestack with support in X - X' 1is called a relative

co-prestack, Similarly, a co-stack with support in X - X' is

called a relntive co-stack,

(X,X")

Let denote the full subcategory of @j( consisting

of all relative co-prestacks. It is clear that (X,X") is also a
Serre subcategory of @( . Moreover,
" XX "
(6.2) @ =@k aam
o

for any A €®X and A" €®(X,X ) . We have

Proposition 6.2, po is an exact co-reflector of @X onto

its Serre subcategory ®(X'X ) .
Similar statements are true for @‘ , @X , and ®(X,X ) .
As a consequence of proposition 6.1 and 6.2, po and i

#

preserve projective resolutions.
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CHAPTER ITI. HOMOLOGY OF SIMPLICIAL PAIRS

Throughout this chapter, (K) will denote a co-complete
abelian category with the property AB4 and having a fixed projective
generator P , Therefore d is co-complete, abelian, AB4 , and has

n
= 4,3).
a projective generator U Hx e X x#P (theorem 3)
A pair of simplicial sets (X,X') such that X' 1is a

simplicial subset of X 1s called a simplicigl peir. The class of

all simplicial pairs form a category, denoted by @ , with morphisms
simplicial maps £:(X,X') — (Y,Y') such that f(X') C 7' . We write

X for (X,8) , where @ 1is the vacuous set.

7. CHAIN COMPLEXES, HOMOLOGY
For each A cwx , let CA = {'g.q} be an object of the

ded cat Y of h that ¢ = II Ax with th
graded category (R} of @& suc a __.q_xquxw e

system of injections denoted by {injx x ¢ Xq} . For every q > 0O ,

vy

let dq:Cq "Qq-1 denote the unique morphism satisfying the equality

i i
. 1 = ;(—1) i .
(7.1) dq njx T njdixA(dx) , X € Xq
Then dq dq+1 = 0 and therefore (CA,d) ., simply written CA , 1s a

chain complex,

Observe that the map A — CA defines an exact additive
functor g:@‘ i d@ » the category of chain complexes (CA,d) and thus
_— 0 -_

HC 1s a homology functer on d to &) , where H 1s the usual
homology functor on df) to ﬁ (e, [5]).

Let (X,X') be a simplicial pair., The (relative) homology
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of (X,X') with coefficients in A ¢(@) , denoted by H_(X,X';A) ,

is defined as

(7.2) B (X,X';A) = HC(p_A) .

In particular, H_(X;A) = HCA 1is the (absolute) homology of X .
Observe that 1f f:(X,X') — (Y,Y') 1s a simplicial map, then, by the

definition of f# , we have

Cf,A =CA and Cp fA=CpA.
Hence
(7.3) H*(X,X’;A) = H*(Y,Y'; f#A)
for any A c@‘ .
Now, let f(X,X') — (Y,Y') be a simplicial map and let B
be in @Y . Then the chain complex Q(f#B) of f#B e@x has

”
(7.4) gq = Ux ¢ xq(f B)x = Ux . quf(x) X

f induces a chain map
#
cf = {fq] : C(f"B) ~ CB
defined by the equalities
(7.5) f injx.—:injfx, xqu , q = 0,1,2 , ,..
To check that f d =d f is just A routine computsation,
q q+l g+l g+l
This shows that f induces a morphism
(7.6) HGE = £,:H (X,X';£7B) = H_(Y,Y';B)

which 1s called the morphism induced by f

Proposition 7.1, For any A c@x ; there 1is a homology '

sequence {l.e. an exact triangle for H. ) for each pair (X,X') :

1 3 .

* *
(7.7) e Hq(x';i#A) - Hq(x;A) — Hq(X,X';A)
Su _xrii®ay ...,

q-1

where 1 and § are inclusion maps. 38 18 called a bhoundary operator.




20

Proof, Since O - i#i#A “ A pOA —~ 0 1s exact in @jt ,

0 -’Q(i#i#ﬂx) —~ CA '*g(poA) - 0 1s exuct in dO . This gives the
exact triangle

i
HC(i i A) -—————> HCA

HC(p A)
which is just (7.7) since ﬁg(i#i#ﬁ;) = ﬁ;_;(i#A) by (7.3).

Lemma 7.2. Let f:(X,X') = (Y,Y') be a morphism in (C)

and let { = ?£|X' . Then for any B cd ,
(7.8) H (x'-i"f”n) = H (x’-“"i#n) ,
where 1 denotes the inclusion maps X' # X and Y' — Y .
For, the diagram
# '
@ L&
# ~#
£ J( L f
1# '
@g{ *-——arg‘{ commutes.

Proposition 7.3. Every morphism f:(X,X') — (Y, Y') in

(C) 1induces a morphism ?* = {?q} in homolegy which "maps” the
homology sequence of (X,X') 1into that of (¥Y,Y') . 1i.e. f gives
rise to a morphism of exact triangles.

For, in the disgram
i J

* *

.o H x'; 1%y - H (X3 ¥y = H (X, X3 5y 2 Ao 1(x';'f#1#3) - ...

T £ T £

l/ q V]/ q ‘L q 'L q-1

~H (v';1"B) o (Y;B) 2 @, vB) 2® _(v;i"s
CH Y s ST 175"
the top row is the homology sequence of (X,X') with H*(X';i#f#B)
. ~# # .

replaced by H (X";£°1"B) . The propesition is just a restatement

of the one for chain homology.
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Proposition 7.4, H* defines a functor on @ in the

f
sense that for simplicial maps (X,X') = (Y,Y¥") & (W, ¥') and any

E tg , we have

R 4
(gf)l.l = g‘f*: H*(X,X i f

g'E) - H_(W,W';E)
# L IR
This follows from the fact (gf) = f g and the ususal

argument for chaln homology.

8. THE FUNCTORS H, AND Tor

In this section, we shall generalize the tensor functor on
modules and show that the homology functor K* 1s isomorphic to the
generalized torsion functor Tor.

For each A ¢®( , let TA denote the co-kernel of the
morphi sm d1 defined by (7.1). Then T defines an additive functor
'I‘:®‘t —‘@. Clearly, T 18 co-continuous (1.e. T 1is right exact
and preserves co-products), This means that T has the formal

properties of the tensor product functor on modules, We call T

the generalized tensor functor. The left derived functor of T ,

written Tor, 1s called the generalized torsion functor.

Lemma 8.1, ﬁqgu =0 for q>0

Proof, By (7.3), ﬁg(x#Pn) = ﬁgp" . It is well-known that

QPn, n=20,1,2, ... , are acyclic, so are ‘g(x#Pn) . Hence

-]

i ny LI " n
q’g‘( x e xx#p) x e xHqg(x#P)

shows that ﬁqgv =0 for q >0 .

Proposition 8.2, HC =~ Tor:@x *@w .

Proof. H C =T = Tor_ by definitions. It suffices to

show that I—I'qu= 0 for g>0 and A projective in @X . Since
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U 1s a projective generator, a projective A 1s a summand of a
co-product of coples of U . The proof follows from lemma 8,1.
This shows that H*(X,X';A) can be computed by
Tor(p A) = ﬁT(gp A) where Pp A 18 a projective resolution of p A .,
(o] o o o
Now, let f: XY be a sBimplicial map and let B be in
Y ¥
C) . Then f induced a naetural morphism f_: Tor f B - TorYB in
B X
the following way:

Let P' be a projective resolution of f#B , then f#g’

1s a projective resolution of f#f#B . Since f# is the co-adjoint

of f# , there is & natural transformation t: f#f# - I:GF such

#

that for each B ed y t 1s the morphism corresponding to 1:f B

B
under the 1isomorphism d(f#f#B,B) m@‘(f#B,f#B) . If P denotes a
projective resolution ¢v! B , then, by the comparison theorem, there
i8 a chain map f: f#g' — P lifting tB . This chain rap induces =
morphi sm fB: ﬁT(f#g') - ﬁTE . But since Tf#g' = TP' , we have

AT(£,2') = WTR' = Tor t"B
and thus fB: Torxf#B - TorY B .

This shows that every simplicial map f£:(X,X') - (Y,¥")

determines a morphism fB: H*(x;f#B) *'H*(Y;B) and thus a morphism

F 1 # '
fB: H*(X,X ; £ B — H‘(Y,Y iB) . We observe that fB and fB are

the induced morphisms f* and f* , respectively.

9, EXCISION, ADDITIVITY, DIMENSION
From now on, all coefficlents for homology are normalized.
It 1is clear that po ahd all pull-back functors preserve normaliza-

tion,
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Let X',X" be simplicial subsets of X and let (X:X',X")
be the triad with inclusion maps
' ' " i v (1] " h ¢ 1"
X', x> N X"y = (x' UXx",x") = (X,x* UXx")
(X",X' n xu) J. (x. U xu’x,) 5 (x,x, U X") ,

where 1 and Jj are called excision maps. A triad is proper 1if,

for any A c@x , the induced morphisms
1 H (X', X' N X";i#h#A) - H (X' U ", x"; h"'A)

#A)

1]

(9.1) o,
JGH XX N X" K A) B (X' U XXk

are 1somorphisms,

Proposition 9.1. Excision maps 1 and j 1nduce isomor-

phisms (9.1).
»# #
For, the chain complexes gpoi h"A and gpoh A are the
same. Similar argument for J* .

Thus all triads of simplicial sets are proper.

Proposition 9.2, Let {xa} be a set of simplicial subsets

of X such that X = (UX ) UX' =and X ﬂKBCX' if o #8B ,
o o
where X' 13 a fixed simplicial subset of X . Let X& = X& n x
and let ha:(xa' X&) - (X,X') be the inclusion map, then, for any
Ae@
T, T, #
(2.2) H*(X,X 7 A) mHaH*(Xa, xa ; haA)
canonically.
#
= [
This 18 clear since gﬁpoA) ag!pohdA) .
Por the special case that X' = @ we have

Corollary 9.3. H* 15 (infinitely) additive. 1.e. homology

of disjoint union of a set of simplicial sets is 1somorphic to the

co-product of homology of the individual simpliciel sets,.
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Now, let A" , A", A™ 1 | v, and ¢™! denote the

gsimplicial analogue of the standard affine n-simplex, its boundary,
n n-1
an.: (n-1)-face, the vertex of A opposite A , and the closed
‘n
star of V in A , respectively. Then the only non-degenerate
simplexes of An are faces of 6" as described before, V 1is
point-like in the sense that Hq(V;A) =0 for q # ¢ and HO(V;A)
-1
~ Av , where A C@v and v ¢ V . Cn is the simplicial subset

of An consisting of all faces of An excepting An and Aq_l .

Also

(9.3) An _ An-~1 U Cn—1 , An—-l _ An—l n Cn-—l ,

and then (A" ; An_l , Cn_l) 1s a proper triad. (cf. [2], p. 78).
x

Proposition 9,4, let A be the simpliciel analogue of a

(non-degenerate) simplex x € NX and let A™ be the "boundary

X

simplicial subset” of A* . If 1 : A® = X denotes the inclusion

map, then, for A c@x '
(9.4) Hq(Ax, Ax; 1:A) =0 1f q # dim x .

For, the normalized chain complex of po(izA) has zero in

all dimensions gq except possibly for q = dim x

10. HOMOTOPY

Let I be the simplicilal analogue of the closed interval

n
oo 3
(n,n+1] and let W = U _oI, be the "simplicial half line". Denote
the n-skeleton of X by Xn , n =0,1,2,,.. , and write
‘@ n
L = Un=ox xIn . We shall show that for any A c@‘ , the obvious

projection p: L *® X 1nduces isomerphic homology in all dimensions.

Some notations of previous sections will be used without reference.
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Lemma 10.1. For any constant co-stack E edﬂﬁx , the
projection p:{(XXW, X'XW) - (X,X') defined by p(x,0} = x 1nduces
a chain equivalence
(10.1) Cp: C(XXW, X'XW; o E) -~ C(X,X';E) .
Proof. Let &:@ X @Y ~@® be the tensor functor defined by
Freyd [3, p. 86] and let C(X,X';Z) be the usual free chaln complex
of (X,X') . Then, if E denotes the constant value of the co-stack
E , we have
C(X,X';E) ~ E ® C(X,X';2) ,
g(xxw,x'xw;p#z) ~ E ® COOW,X'XW;Z) .
It is well-known that p 1induces & chain equivalence of the free
chain complexes. This gives rise to the chaln equivalence (10.1).
Q.E.D,

Remark, Whenever the induced morphisms in homology are

concerned, the coefficients of the homology are suitably related by
pull-back functors. To save writing, we shall omit some coefficients
which are unambiguous from the content. On the other hand, we shall
sometimes write the same coefficients for the homology of a simplicial
pair and those of its "subpairs’ to save writing the pull-back functors
determined by the inclusion maps. In any case, the genulne coefficlients
can be inferred from the context of the statements.

Lesma 10,2, Let an denote the set of all non-degenerate
n-simplexes of X . Then for any coefficients
(10. 2) B, o & . NX“H*(AX,AX)

canonically.

This follows lmmediately from proposition 9,2,
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Proposition 10.3, p:XX¥W = X induces 1somorphism

#
{10.3) Py H*(XX';p A) - H*(X;A)

Proof, First, we shall show by induction that

(10. 4) H*(XnX'l;p#A) ~ H (X 5A)
for any non—-negative integer n . The cruclial point is the fact

# x 'x
that (p A)(x,0) = Ap(x,0) = Ax for all o ¢ W and then H‘(A yAT)

and H_(A"XW, A™XW) have constant coefficlents for any fixed x & NX .

For the case n = O , H*(XOXW) =1 H (A"XW) 1is

x € X
o

isomorphic to Ux ¢ X H‘(Ax) gince, by lemma 10.1, each summand
o

H*(Axxl) is isomorphic to H*(Ax) . Hence we have H*(XOXI) a:n*(xo)

Assume inductively that H, (X' XW) ~ H_(X') for

r=1,2,...,n-1 , and consider the commutative diagram
-1 - -
ce o B X =m0 5 o - KT han .
q q q q-1
2}, 3, 4y 5|
n-1 n n n-1 n-1
...~ H (X ) - H (X)) - H (X ,X ) - H (X ) e
q q q '’ q-1 '

where the maps 2 and 5 are isomorphisms, Since

H*(x“xw,x“'ln) s 1 " (A xw, A%xw)
X *

n _n-1 x 'x

and H‘(X , X ) =~ Hx ¢ xn H‘(A y A

lemma 10.1 that the map 4 13 an isomorphism. Hence, by the five

e NX
n
) by lemma 10,2, it follows from

lemma, the map 3 1s an isomorphism, This proves (10.4) and, of
course, the case when X 13 finite dimensional,
Now, suppese that X 19 infinite dimensional,

1 2

xX*cx cx*c...CX. Clearly, Hq(x") = Hq(x“_l)

= ... = H (X)
q
for n > q+l1 . This and (10.4) prove (10.3).

Corollary 10,4, Let p:XXI = X be the simplicial map
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defined by p(x,0) = x for x ¢ X &nd any o € I , then for any
A ¢®I y Pyt H*(XXI;D#A) - H*(X;A) is an isomorphism,

For, we have retractions XXW L xx1 & xx[0] such that
r.r = (rr')* i3 an isomorphism.

Thus homotopic simpliclial maps induce the same morphisms,

Proposition 10.5, For any A cQ@Nx , the projection

H

p:L - X defined by p{(x,0) = x , where (x,0) ¢ XnXIn , n= 0,1,2,,,.

induces isomorphism

# - .
(10.5) P,: Ht(L,p A) H*(X,A)
Proof. Let L" = U:_OXrXIr and let LX = LnU(XnX[n+1,m]) s

then L"CLX" C L . Since LX" 1s a deformation retract of X XW ,
n
H (LX) =~ Hq(xnxw) . Hence, by proposition 10.3,
n n

HOOX )=H((X)a~H(X) for n > g+l .

q q q
Thus for any q =2 0 , there is n > g+l such that

n+l

n
Hq(X) Q:Hq(LX ) a:Hq(LX ) = ... kqu(L) .

The proof 13 complete.
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CHAPTER IV, HOMOLOGY THEORY ON (),

11. K-PAIRS AND AXIOMS FOR HOMOLOGY
Let K be a fixed simplicial get. A K-pair is a simplicial
pair (X,X') e(:) together with a simplicial map @: X - K . Such

a K-pair is denoted by (X,X')cp . (K,K')1 is written (X,K')
and (X,ﬂ)cp is written Xcp . When ¢=06: A% - x , the subscript
06 is abbreviated by o .

Given two K-palrs (x,X‘)cp and (Y,Y') a K-map

* 1

f:(X,X’)Q - (Y, Y') is, by definition, a simplicial map f:(X,X') -

¥
(Y,Y') such that ¢ = ¥f . In particular, an inclusion map

1:(Y,¥') =+ (X,X') 1s a K-map 1:(Y'Y‘)mi - (X,X')w for any

simplicial map o@:X - K . (Y,Y’)CDi is called a K-subpair of
~

(X,X')m . We shall omit the inclusion map in the notation of a

K-subpair, e.g. write (Y,Y') for (Y,Y') , X' for X' X
¢ AL et Ty o1 " Ty

x ‘x x 'x
for xmi , (A, A )qJ for (A", A )Qi

K-pairs form a category, denoted hy @E& , with morphisms

, etc,

K-maps, Any XK-pair of the form (K,K') 18 a terminal object (1.e.
right zero object),

Let @D be a co~complete abelian category with a fixed
projective generator P &and having the property AB4 ., A homology
theory on C:& with values in () 1is a sequence of functors
H,: @x ~+A, ®*=0,1,2,... , together with a family of patural
transformations Bq: Hq(X,X')tp - Hq_IX$ , @ > 0, satisfying the

following axioms:
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Axiom 1, (Exactness axiom), For each (X,X')qJ with inclusion

maps §$ L Xcp 4 (X,X')Cp there 1s an exact triangle of (X,X')qj

, {
LR * > HX
(11.1) P) LJ*
H (X, X0
where 11‘l = H 1, J* = Htj .

Axiom 2, (Homotopy axiom). If W and P are defined as

in lemma 10,1, then
—_ . T — 1]
H*p =P, ¢ H*(XXI y X XI)cpp H*(X,X )cp

1s an isomorphism,

Let Jo’dl ! (X,X') = (XXI,X'XI) and p:;{(XXI,X'XI) - (X,X")

be simplicial maps defined by Jox = (x,0) , Jlx = (x,1) , and

p(x,0) = x , respectively, where x e X, g ¢ I . Then for any
simplicial map @:X - K , jo’Jl , and p are K-maps as shown in the
commutative diagram
J p
X X > XXI > X
- i
(11.2) P .l;pp /m

Two K-maps f,g:(x,x')m - (Y,¥Y") are K-homotopic 1if there is a

\j

K-mrap h:(IlO(I,X')(I)(Pp - (Y, Y') called the K-homotopy of f and g

* ¥

such that f = hjo , & = hJ1

The homotopy axiom implies (by corollary 10.4)

Axiom 2'. (Weak homotopy axiom). P, induced by the

K-projection P:(XXI,X'XI)mp - (X,X')Cp 1s an isomorphism, or equi-

valently, 1if f and g are K-homotoplic, then f =g

* *

Axiom 3, (Excislon axiom). The excision maps {1 and j

(defined in section 9), regarded as K-maps, 1induce i1somorphisms
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» * * *
. ,q-1 g-1
It follows from this axiom and (9.3) that (A"; A , C )Or
i1s a proper triad with respect to }{,‘r . This and the exactness axiom
glve rise to the diagram
- - h .
a ,4, 9 a, _* q a-1
H (0,80 S D~ " o0, ct
i -1
(11.3) ¥ J*
Y .
qg-1 ,q-1
H
q—-l(f“\I T )dU
where h 1s an inclusion map, J 1s an excision map, and F‘i = j:l h*B

Axiom 4. (Dimension axiom), Yor any x ¢ NXq with
5 q .q - X . X
ox = 0 , x*:Hq(A ,A )U Hq(A A )Q is an isomorphism and
: i 1
Hn(Aq,Aq)c =0 i1f n#£q . Moreover, if O = s T , then F  defined
by (11,3) 1is an isomorphisam,

Axiom 5. (Additivity axiom), lLet (ﬁy, Xc'r)cp be K-subpairs

of (X,X')cp defined as in proposition 9.2, then
X, x' ~lI H (X ,X'
H (XD~ H (XX
canonically.

Axiom 6. (Deformation axiom). P, = H*p of the K-map

p:me - %m (defined as in proposition 10,5) is an 1isomorphism.

As usual, Hq(x,x')m 13 called the g-dimensional relative

homology ot Xcp modulo Xé , 89q , or simply written 3 , the

boundary operator, and f, = H,f the morphism induced by f

* x - The

oexact triangle (11.1) is called the homology sequence of (X,x‘)cp .

12, EXISTENCE THEOREM, COEFFICIENT CO-STACKS

et A be a co-stack on K with values in @ , A c@x
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For each (X,X')m € @K , let
~ . #
(12.1) B, ((X,X')Q;A) = H (X,X";9°A ) ,
the right hand side is the homology of the simplicial pair (X,X')
#
with coefficlents in ® A ¢ as defined in the previous chapter.
If :f:()(,)(')(p - (Y,Y')* is a K-map, then ¥f = ¢ and so
f#t# = tp# . We then have
~ . I
B (XX 05 &) = H(X, X5 £747A) .
Let ﬁﬁ*f be the morphism
' # # , #
Hf = £ :H (X,X'; £°¥ A) = H(Y,Y'; ¥ A)
and write H*f = f*:H*((X,X)m; A) —» H*((Y,Y'); A) . Then the
functorial properties of H: show that ’ﬁ‘.: @K = A 1s a functor.
Indeed, ?{; and H* are essentially the same thing; the
co-stack A supplies coefficients for the homologies of simpliclal
pairs. In particular, when K 18 a point (i.e. K = V )}, a K-pair
is just a simplicial pair and its homology has constant coefficients.

Thus, all arguments of chapter III can be carried over with

H* and @ replaced by H* and @K and then we have

Theorem 12,1, (Existence theorem). For every A C@K ,
there is a homology theory {?['*,B} , simply written ?I'* , on @K
defined by the chain homology functor as ’ﬁ"((x,x‘)m;A) = ﬁ*g(pe¢#A) ,
or equivalently, by the generalized torsion functor as ’ﬁ*((x,x')q’;A)
= Tor_(p m#A)
* o *
Now, let {H*,a] , simply written H, be a homology

theory on @K . The coefficlient co-stack A of Ht is defined hy

letting Ao = Hq(Aq,Aq)G ’ A(di) = Fi , and A(si) = (1"1)_1 . We

observe that the coefficient co-stack of fﬁ* in theorem 12.1 is Jjust

that A .
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13. UNIQUENESS THEOREM
The object of this section is to show that there 1is
essentially one homology theory on C:% , namely the theory ‘ﬁ* of
theorem 12,1,
Let H* be any homology theory on C:% and let
-1

1 .2
=X CX CX C...CX  (the subscripts @ in x; are omitted)

be the increasing filtration of Xw by skeletons, Consider the

dliagram
1 _q .
13.1) a+
S
s
Laq+1 ~ . L
ay x .3 g g1 % q-1
ee. —m> R (X7) —— H (X',X ) ———> H _l(X ) ——— ..
q - q
s
l/ ~ l‘ji
- “al
. q-1 qg-2
. Hq_l(x XKD
where the row and columns are homology sequences of (Xq, Xq—l) ,
q+l q q~1 q-2
(X , X , and (X , X ) , respectively. We have aqi‘ =0 .,
t d =1.9 d d = , th = i =0,
Le qel el an q j*aq then dqu+1 J*Bq *Bq+1

Thus there is a chaln complex gﬁ(x ) = {CH , d} with CH =K (Xq , xq~1) .
@ ~q ~q q

Lemma 13.1. (Eilenberg). If X 1s finite dimensional,

X =X , and if Hn(Xq x93l

— H
= 0 for n ¥ ., then HC (X ) =~
m ) q C(x)

H*(Xm) naturally,

Proof., By the hypotheses, the homology sequences of the

2 1 -2 - -
triples (x%° |, x¥* | x7% and x, x3"2 | x93 how that
1 -2 2 -2
B, xS or (77, x5,
q q
q-2 q-3
H (X X H (X X
q(cp, )%q(m’ )
q+1 q-2

Proceeding inductively, we have Hq(xw) e Hq(x , X ) . Thus 1t

1 -2 —
suffices to show that Hq(Xq+ R x4 ) m:Hng(Xm) for q = 0,1,2,...



33

Consider the diagram

0
l
(13.2) Hq+1(XQ+1,Xq) LN Hq(xq,xq'2)~w~;> Hq(XQ+1,xq_2) >0
L 3 \\\\\I‘ngl L
L I r o s D)
'l/ d\q J/ Ju
Hq_l(xq"l,xq"z?z Hq_l(xq"l,xq-z)

obtained by adjoining to (13.1) the middle column and the top row

q-2

-1
T, % x

which are homology sequences of the triples (X° , ) and

q+1 q q-2

(x , X, X ) , respectively. We have Hq(Xq , xq—2

) = Ker dq .

the lmage of h 1isomorphic to the image of d and then

q+1 '
1 -2, =

H (Xq+ , x4 ) mquCH . This completes the proof,

q F ol

Theorem 13.2. (Uniqueness theorem), For any homology

theory H’.l on (:k , there 1s a natural 1somorphism
(13.3) H (X))~ B (G350 A)
where A 1s the coefficlent co-stack of the theory H* .

Proof, Pirst, we prove this for finite dimenslional case,

X, = x* . By the additivity axiom, H*(xq,xq"l) ~ uxH*(Ax,A‘) ,

all x e NXq . We have then Hn(Xq,Xq_l) = 0 for n #q from the

dimension axiom, Hence H*(xm) msﬁgF by lemms 13,1,

_ q .q-1 X ;x
Now, 92 = Hq(X , X ) astHq(A »A47) , we have, by the

dimension axiom and the definition of A
o L E (A%,4%)
q X q o

Thus gﬁ ﬁst(m#A)x . From the constructions of A and gg , we

x = LIXACP(X) y X € qu .

observe that the two chain complexes g? and € are 1somorphic in
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#

H*(ti) ~ HG(p A) = H‘(Xw; A)

(13.3) follows from the exactness axiom and the five lemma.

naturality of the isomorphism is obvious,

Next, suppose that X 1s infinite dimensional,
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The

We have

seen that it suffices to prove the isomorphiam for the absolute case,

From the first part of this proof, we see that for any fixed integer

q >0 and any integer n > q there 1s a canonical 1isomorphism

n ~ . n
H (X)w~H(X ;A . But
q q )

~ ~ n+1 —~
(13. 4) Hq(Xn;A) S SRT VPN e 7 SO
we have a direct system
i g1 12
* 1 * 2 *
(13.5) Hq(x") —> H (X)) —>H (&) —> ...

with 1somorphisms 1: for n > g+l .

Now, use axioms 1,2',3,5, and
we get a Mayer-Vietoris sequence
1 H*(}'(:) BN I E
3"\ / g
ﬁ.(xm)

6

and proceed as in

(8],

With Coker fq: 1im Hq(xn) . Dual to the lemma 2 of [8], denote the

kernel of £ by g{nq_l(xn)} and call L' the dertved functor

of 1im , then there is an exact sequence

— n —t — ' —
0~ 1im A _(X") H (X)) g{nq_l(x")] 0

and & similar one for 'ﬁ; . Apply (13,4) and (13.5), we have

n —~
! =0 d H ~ H tA) .
L' 0] and H (X)) ~H (X iA)
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CHAPTER V. CO-STACKS OF ABELIAN GROUPS

14, THE CATEGORY @BF AND THE USUAL HOMOLOGY THEORY

Recall that the category of abelian groups, @ , 1s a
complete Grothendieck category with a projective generator Z which
plays the role of P in A ., @ has enough projectives and
injectives. It has also the property AB4"l of [4], i1.e., product of
a family of short exact sequences 1s a short exact sequence,

let K be a fixed simplicial set, By the pointwise
arguments for a functor category, we observe that the category of
co-prestacks of abellan groups, @( , shares all the properties of

@ described above. U =l is a projective generator of

n
o €K G#Z
@BK . Also, @K has all the propertlies of ®X shown in the

previous chapters,

The category of co-stacks of abellian groups, @K , has

* * n
= 1
a projective generator U N T e NK (T#Z } . We shall exhibit

"

here the structure of U when K 1s a simpliclial complex. Observe
& n

that for every T ¢ NKn , the simplicial map T :A — K 18 an iso-

T
morphism of An onto A . Therefore T#Zn 1s the co-stack on K

n

T
with Integral supports on A ., It follows that H'r ¢ NK T#Z is

*
normalized and then U =1 We observe also that

.
T € NK #z
(T#zn)o -2 if o< T, i.e. 1f o 1is a face of T , and it is

zero otherwise, Hence, for a fixed o € NK ,

* n
(14.1) vo =1 e ng (T4Z 20 = U, <, 2(M,

where Z(T) 1is the infinite cyclic group generated by the symbol T
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A homology theory on @K with coefficlents in A e@(

1s sald to have local coefficients in groups, We have

Theorem 14,1, There 15 a unique homology thecry H‘ on

@K with local coefficients in groups,

The theory H* 1s defined by chaln complexes of groups or
by the generalized torsion functor Tor as discussed before,

In particular, when K 1s a point, we have

Corollary 14.2, (Eilenberg-Steenrod). The usual homology

of simplicial palrs i1s the only homology theory with constant group

coefficients.

15. THE CATEGORY @ AND K-MODULES

Let @( be the full subcategory of @x consisting of
all K-pairs of the form Xm . We shall use (E,m) , or simply E
1f there is no danger of ambiguity, to denote an object in @ and
call (E,m) or E a X-complex. Morphisms of (Ek are still called
K-maps,

In this section, we shall define the notion of =a (§3k~
complex as well as that of a K-module and show that there is an
isomorphism from the category of @E%—complexes to @@f: under which
the category of K-module is identified as G@Ef

¥We observe that K = (K,IK) is a terminal object of @{
and that the pull-back E E E' with

(% X E')q = {(e,e') €EXE | me =mn'e'}
is a product in @%.. Hence group objects of @1- can be defined as

usual as follows:
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An(abelian) group object in q is n K-complex E = (E,m)

together with four K-maps
m:EﬁE-*E, v: E—~+E ,
u; K - g, t: E § E—E é E ,

where t(e,e') = (e',e) , such that the following diagrams are

commutative: 1
()
(E 1) xﬁﬂﬁn———ﬂw—;»lzﬁz
('{‘)l lm
m
EJE >E
2 E X E
(E ) - § ~
(vy/
E ;ﬁaqﬂﬂﬁﬁ> K u P E
(1,v) A
e
E E E ’
(E 3) K X E _wXl g §E
(1) Cm
e : S
™~
(1,n)\ /
- 1Xu /
EfgK —"—>ExE ,
(B 4) E ¥ ' sz ¥ E

. "
. 9 /
K

An (abelian) group object of (q 1s called a @‘—complex. Clearly,

in order that E = (E,m) 18 a @K-—complex it 18 necessary that =

is onto,
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Let E = (E,7m}) be a X-complex such that m 1is onto,
For each o ¢ K , the subset E0 = n—lc of E 1is called a stalk
(of E ) over o .,

If w is onto and f;(E,m) — (E',7m') 1s a K-map, then
' 1is onto, f c¢an be regarded as a family of maps fo: EGr - E&
indexed by o ¢ K , write f = {fo] .

We observe that the commutativity of the diagrams (E 1) ,
(E 2) , (E3) and (E 4) 1implies that of the diagrams of stalks
(ECr 1) , (Eo 2) , (EU 3) and (EU 4) for every O € K . Hence, if
E_ is a @ﬁk—complex, every E 1s an abelian group, On the other
slide, 1f every Ec i8 an abellan group with group operations mU

vo , uc , tc and, 1f these operations form four K-maps m = [mc] s

v = {vo} , u = [uc} , t = [to} (1.e. the operations commute with

incidence maps). Then E 13 a @E&-complex. We have the criterion
lLemma 15.1. E = (E,mm) 1is a @Ek—complex if and only 1f
(M 1) every Ec is an abelian group,

(M 2) every M is a homomorphism, where u 1s an inci-

dence map of E and uc = W Ec .

Proof. As we argued above, 1f E 1s = G@%rcomplex, (M 1)

is true. (M 2) follow from

uc(el * 82) = ucmc(el'ez) - muouc(el’ez)

= mw(ucel,ucez) = K€y + B8, -
Conversely, condition (M 1) gives the commutativity of (%51) ,
(Ec2) , (EU3) and (%34) for every o ¢ K while condition (M 2)
implies that mo o VU ’ uc , and tc commute with uc for every

c € K. By the argument preceding the lemma, E 1s a (zﬁk—complex.

Q.E.D,
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Let E and E' be two @K—complexes A  K-homomorphism

f: E~R' is a E-map f: E —+ E' guch that

m
EYE——>E
foL Lf
Y E ™ S B commutes.

It i3 clear that

Lemma 15.2, A K-map f: E - E' of @K—complexes is a
K-homomorphism if and only 1f for every o ¢ K , fcr = fIEo is a
homomorphism,

@x-comple:ms form a category, denoted by @K , with
morphisms K-~homomorphisms.

Theorem 15.3, EBK 1s isomorphic to @K .

This follows immediately from the lemmas above. For, if
E 1s =& @—complex, then E determines a co-prestack, a2lso denoted
by E , by letting Eo = Ec and Eu.(;r = p.c , the corresponding homo-
morphism p.d on E . The correspondence E — E determines the

[

required isomorphism of categories,

Let q be the subcategory of @( corresponding to @K
under the 1isomorphism and call the objects of @( K-modules. Then
theorem 14.1 says that H_ 1is the only homology theory on @K

with coefficients in a K-module. When K 1is a point, a K-module

is represented by an abelian group and @{m@ .

16, PFINITE K-MODULES
let K be a fixed finite simplicial set, 1.e. one such that

]
NK 1s a finite set, Then U i1s a finite co-product. Compute

@K(U‘,A) F:s(U,A) , A c@x ,
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*
we have @K(U yA) A Hc ¢ NE Ao by (4,4). This 18 1somorphic to

I.IU ¢ NK A0 since NK 1s finite., From this, it is easlly verified

*
that the functor @K(U ,~) preserves arbitrary co-products. This

*
says that U is small,

*
Let R denote the ring of endomorphisms of U , then the

additive group of R 1is

. % * *
@((U ,UD) FS@K(U,U Yl o gV o) -
By (14.1), we see that 1f K 1s a simplicial complex this is

]_Icr < Tz(o,'r) , where o,T ¢ NK and Z(o,T) 1s the infinite cyclic
group generated by the symbol (o,T) . We observe that the multipli-

cation in R 1s defined by

0 1f T £ 7
(16.1) @, = {
(o,p) 1f T =171

X K, *
Now, for each A e@ ,(U ,A) can be regarded as a

* r %
-

f
right R-module by the composition U U =+ A . In particular,

"when A = Zx , the constant integer co-stack, we have
K _* X
@Y "2 e I, 20
regarding as a right R-module by the operation
0 1f o # o
(16.2) o(o',T) = ﬂf
N '
T 1if o =0 .
This formula determines the way that R operates,
Identify q as . Then, by the well-known embedding

theorem of Freyd-Q@abriel-Mitchell, we have

Theorem 16.1, Let K be a finite simplicial set and let R

”
be the ring of endomorphisms of U , 1If @i denotes the category

L 3
of right R-modules, then hU =@k(U ,—) can be regarded as a



41

functor from @ to q . As such, it 1s an equlivalence of categories.
In the theorem 1f K 18 a simplicial complex, R =
Ho < TZ(O,T) , 0 , T e NE , with the multiplication table (16.1) and
the operation rule determined by (16.2).
Now, let 8 be the inverse of hU’ i.e. 8 18 a functor
f rom @}1 to @ such that h S and Sh  are isomorphic to the
identity functors of @i and q , respectively. let T be the
*
generalized tensor functor on @ and let T = TS@E -*@ .  Then
* *
T i8 co-continuous, Thus, by & theorem of Eilenberg-Wattas, T
1s isomorphic to a tensor functor. Precisely,
* *
(16.3) T m:4®nl s
* #
where M = TR 1s regarded as a left R-module via the composite

of the R-homomorphisms

*

ipli ) |
(16.4) R left multiplicat og HomR(R,R) 3‘.

x *x
Hom(M ,M ) .
The details can be found in [1].

*
We observe that if K 1s s simplicial complex, M =

* n
I = U i
TU s T e N’KT(T#Z ) T e NIZ(T) is indeed 82 left R-module with

the operation

0 1f T AT

(16.5) (o,T')T = 1
T 1f T =T,

Theorem 16,2, Let TorK denote the left derived functor

*
of T , then TorKA i3 naturally 1isomorphlc to TorR(hUA,l[) for

every A CQ .

Proof, In the diagram

% \"*—“rﬁ"y@ﬂ

. » »
T ST~



42

ShU 18 isomcorphic to the identity functor of @( . We have

* *
T« TSh = T h . By (16.3) there is a natural isomorphism TA «~ (hA) 8&!

which extends to a natural 1somorphism

&
(16.6) "I‘orI A 4 TorR(hA,l ) , where h = hU .

The proof is complete,
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