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Abstract

ROBUST SUPERRESOLVING RESTORATION 
WITH APPLICATIONS

by

Richard James Mammone 

Advisor: Professor G. Eichmann

A new robust method of solving ill-conditioned problems is 
presented. The method employs a priori constraints on the 
estimate, i.e. that the estimate, the first and/or higher 
order differences are bounded. The ill-conditioned system 
is reduced by elimination of the effectively redundant 
equations. This provides a reduction in computational 
complexity and acts to stabilize the inversion problem.

Since the resulting reduced system of equations is under­
determined, there are many possible ''solutions." We shall 
select that particular vector for the solution which yields 
the minimal norm of the residual error. Since this solution 
vector is of the same dimension as the effective rank, the 
method prefers restorations of inputs with sparse vector re­
presentations. The method is demonstrated in three
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applications; image processing, spectral estimation, and 
Apodization. Each application pertains to increasing the 
resolution of a measured signal. The resolution is increased 
beyond the limit imposed by the uncertainty principle of 
signal processing (superresolving). The method is demon­
strated to be very effective in all three applications via 
computer simulations. The first chapter of this thesis con­
tains material of an introductory nature. In Chapter 2 the 
contemporary methods of increasing resolution or equivalently 
extrapolating the spectrum of a signal are given. In general, 
these methods are found to be computationally very expensive 
and highly sensitive to noise. In Chapter 3, a new method 
of increasing the resolution of an image is presented. The 
method reduces the computational effort necessary to restore 
images degraded by an ill-conditioned operator. The restora­
tions of noncoherent and coherent diffraction limited images 
are treated in detail. In Chapter 4, extrapolation in the 
time domain of a bandlimited signal is investigated. Alter­
nately, the resolution of the frequency spectrum is increased. 
Thus, super-resolving spectral estimation is demonstrated.
In Chapter 5, the design of a superresolving Apodization 
screen is presented. This screen will permit a spot-size of 
smaller circumference than previously possible. This smaller 
spot-size finds immediate application in the recent develop­
ment of laser video discs. The video information is in the 
form of holes in the video disc. This Apodization will

v



allow smaller holes to be burnt into the disc; thus discs 
of higher density can be made. Chapter 6 presents the 
general summary and conclusions obtained in the thesis. 
Future research is suggested in further applications of the 
algorithm presented.
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Chapter 1 
INTRODUCTION

1.0 Introduction
Resolution is the measure of the discernable distance 
between two points. A frequently used resolution limit 
is the Rayleigh distance. This is the distance between 
impulses such that the maximum of the first impulse response 
falls on the first zero of the second impulse response, 
when the impulses are the input to an ideal low pass filter 
(ILPF). This is shown in Fig. 1.0-1 and can be stated as

TW > 1 (1.0-1)c "

where T is the time between impulses and is the band­
width of the ideal low pass filter transfer function.
This is the well known uncertainty principle [1] in signal 
analysis.

This distance is related in a reciprocal fashion to resolu­
tion. If by processing a waveform, the resolution is in­
creased beyond that limit imposed by this uncertainty 
principle, then the process is called superresolving. In 
this thesis a method is presented which is shown to be 
superresolving. The violation of the uncertainty principle 
requires a priori information about the original image.
This information can be given in the form of linear
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2
equalities or inequalities. The fact that the original 
signal is positive and bounded provides sufficient con­
straints for many applications. This increase in the reso­
lution of a signal can be employed in many fields. In 
this dissertation we focus on three applications: image
restoration, spectral estimation and apodization.

1.1 Superresolvinq Image Restoration
Consider an ideal low-pass system with a transfer function

H(ui) * 1 Iwl « ° (1.1-la)
o M > wc

with corresponding impulse response function 
sin W th (t)-------------------------------------------(1.1-lb)

and let the input be f(t) with Fourier transform F(w).
Then the Fourier transform of the output of the low pass 
filter is

G(o>) * H ( lj) F (a)) (1.1-2)

Since

G(ui) *
F(w) |u| $ W C (1.1-3)
0 | wl > W,c

The input f(t), in general, cannot be reconstructed from
its image g (t) because all components of F(u>) above
(ul * W are lost. However, if f(t) is of compact support, c
X * © *



3
f(t> - 0 for |t| > § (1.1-4)

then it can be recovered in terms of its response

g(t)
T/2
-T/2

sin W Ct— c) 
f “ > dc (1.1-5)

The above follows from the fact that the transform F(w) 
of a signal of finite extent is an analytic function of w. 
Therefore, if f(t) is known in the interval (-W ,W )(or any

C  v

other interval), it can be determined, at least in principle, 
for all u>. In the following we discuss a direct method for 
recovering f(t) from g(t).

1.2 The Prolate Spheroidal Function Method
In order to extrapolate the lost high frequency content of 
f(t) we introduce the prolate spheroidal (PSF) functions 
H n (t)}. These functions are eigenfunctions of the integral
equation

rT/2

-T/2

sin W (t-c) 
♦ n " 1 ~" ( t -I)----  dt

n
V n (t»
0 ,1 * * *

(1.2-1)

where the constants {X } are the eigenvalues of the aboven
integral equation. We then define the truhcated PSF

♦n Ct) | t | < 5
0 |t | > %

(1.2-2)



which results when <J>n {t) is truncated above |t| » -j, an<̂  if 
applied as input to the system (1.1-1), then the result­
ing output equals *n$n ft).

The functions {$ (t)} are orthogonal in both intervals
{-»>t «.) and (-T/2, T/2) , i.e.

1

and
f
I $n <t)<|>m (t) dt

n = m 
n * m

(1.2-3)

Xjj n m
(1.2-4)

n * m-T/2
The PSF form a complete set in the above intervals. By 
this we mean that any function g(t), bandlimited as in Eq 
(1.1-3) can be written as a convergent series

g(t) > Y ]  cn*n 
n=0

(t) (1.2-5)

and a function f (t) of limited extent, as in (1.1-4) can be 
written as a convergent series

f (t) Z I  dn*Tn,t» (1.2-6)
n«*0

As we see from Equations (1.2-3) and (1.2-4), the coeffi­
cients cn and dR are given by

:n * f 9<t)*n (t) dtJ ™ CO (1.2-7)
and



1 fx/ *a -  4- f (t) * (t) at 
n n /- t /2 n

5
(1.2-8)

respectively. Using these functions we may now solve the 
bandlimited extrapolation problem.

Let the unknown input f(t) be expanded into a PSF series 
as in Eg. (1.2-6), then the output

9 (t> =YL W n (t)n nYn (1.2-9)
n“0

since the response to $Tn(fc) is From Eqs. (1.2-5)
and (1.2-9) it follows that

Thus, the constants {dn> can be found from Eq. (1.2-10) 
where fcn> are the coefficients of the expansion of the 
known function g(t). This is the PSF method of solution 
of the bandlimited image restoration problem.

1.3 Superresolving Spectral Estimation
The dual of the previous problem, i.e. exchanging the roles 
of frequency and time, can also be solved in an identical 
fashion. In the dual problem we are given a time truncated 
version of a bandlimited signal. From the given time inter­
val we can extrapolate outside the interval using the PSF 
method. Thus the Fourier Transform of the measured signal

(1.2-10)



is of infinite duration and blurred by the time truncation 
operator, and the Fourier Transform of the solution is 
bandlimited and can have more detail. Thus bandlimited 
extrapolation in the time domain is identical to increas­
ing the resolution in the frequency domain. Again, if this 
increase in resolution is greater than the limit given by 
the uncertainty principle, then this increase in spectral 
resolution is called superresolving spectral estimation.

.4 Superresolvinq Apodization
Consider an optical system with point spread function h(r) 
where r is the radial distance. By a proper scaling we can 
assume that the radius of the exit pupil equals one and that 
the output field H at the exit pupil equals the two-dimen­
sional Fourier transform of h(r). If the system is an ideal 
diffraction-limited system then, for a spherical lens with 
circular aperture

2Jx(r)
h(r) = —  --- (1.4-1)

where J x is the Bessel function of the first kind of order 
one. This function is the two-dimensional analog of the 
one dimension sampling function used previously.

The object of Apodization is to modify H (for example, by 
coating the lens) so as to improve the system performance. 
Since the image of an object is obtained by convolving
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its amplitude with h(r) for coherent signals or its in­
tensity with |h(r) | 2 for incoherent signals, it is desir­
able for satisfactory performance to chose H so as to reduce
the spread of h. However, since H(o>) must be such that

H{u>) = 0  1 co | > a (1.4-2)

it follows from a radial uncertainty principle that the 
parameter a of Eq. (1.4-2) must be greater or equal to unity 
and thus h(r) cannot be made arbitrarily narrow.

An Apodization is called superresolving if the transfer 
function H(w) can be replaced with a transfer function of 
smaller bandwidth.

The case with which we are primarily concerned is that of 
coherent and incoherent optical systems and where the dens­
ity of the coating on the lens is constrained to lie between 
zero and unity. We shall accomplish this for a radial sym­
metric optical system. The method presented begins with a 
desired H(w) and via mathematical programming techniques 
will provide the optimal aperature coating for the given 
H(lo). This technique provides superresolving results.

1.5 The Ill-Posed Nature of the Problem
The method of achieving superresolving results given in 
Section 1.2, although convergent, is not very practical.
This is due to the ill-posed nature of the problem. That 
is, the stated method is highly sensitive to noise. This

t



can be seen by observing the behavior of the eigenvalues 
defined by Eq. (1.2-1). It can be shown [2] that these 
eigenvalues go approximately as a unit step as a function 
of the index, i.e.

X. -  1
1 i $ r' (1.5-1)
0 i > r'

where the index r' is a function of the time-bandwidth 
product. The PSF method of the solution requires that the 
components of the measured signal be divided by these eigen­
values, see Eq. (1.2-10). This division by, effectively, 
zero creates the numerical instability. For any real 
measured signal there always will be some high order noise 
components. These high order noise components will not al­
low this division to go past the r'*1*1 order eigenvalue com­
ponent. Thus a possible alternative is to form the trun­
cates series expansion

cr ’
£a (t» ■ /  IT ♦

f c o  n
Tn(t) (1.5-2)

where the subscript "a" indicates a truncation approximation. 
This stabilized PSF or the regular PSF method requires the 
signal to be decomposed into orthogonal components of a 
numerically complicated signal space. The PSF are not 
easily generated, and the integrations which must be per­
formed before the final series expansion can be evaluated, 
are numerically cumbersome. Foregoing the computation



difficulties involved, this method cannot yield super­
resolving restorations since the high order components 
correspond to the high frequency signal components. Thus 
to gain stability, most of the high frequency information 
is eliminated. This is precisely the information the super­
resolution seeks to recover.

In order to take advantage of numerical methods of solution, 
we employ some quadrature rule on the integral of Eq. (1.1-5) 
to obtain a set of N algebraic equations. This converts the 
continuous problem into a discrete and finite set of equa­
tions. We shall assume, without loss of generality, that 
the number of samples measured is equal to the number of 
input samples. Thus,

g = Hf (1.5-3)

where g and f are the N dimensional measured and input sig­
nal vectors and H is an NxN matrix obtained from the quadra­
ture rule. This discrete formulation is still ill-condi­
tioned [3] .

To illustrate the ill-conditioning, we diagnoalize H into a 
modal form via a singular value decomposition (SVD). We 
obtain

H - Ua H VT (1.5-4)

where U and V are orthogonal matrices and A is a diagonal
Tmatrix consisting of the eigenvalues of HH . The superscripts
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T and k indicate matrix transpose and matrix square 
root respectively, i.e. the square root of a diagonal 
matrix is simply the matrix obtained by taking the posi­
tive square root of the diagonal elements, which are 
known to be positive. These eigenvalues exhibit the 
same behavior as for the continuous use. That is, they 
go abruptly to effectively zero- Thus, the inverse of 
H given by

H_1 * V A**5 UT (1.5-5)

-k kwhere A possess the reciprocal elements of A , thus
forcing any norm | tH-*1 | | to become effectively unbounded
since the eigenvalues of H behave approximately as a
unit step as a function of the index, that is, the same
behavior as exhibited in the continuous case of Eq.
(1.5-1). It can be surmised from Eq. (1.5-4) that the
measured signal contains very strong attenuated higher
order components. So we might make the approximation
that Eq. (1.5-6) is true with equality signs replacing
the approximately equal signs. Thus r1 becomes the rank
of H 1 thus formed, where r* is sometimes called the
pseudorank of the H matrix. Therefore of the N equations
only r1 are needed to form a basis and the remaining N-r'
equations are redundant.

If the elements of A are replaced with this ap­
proximation, the resulting H* matrix will have rows that
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that are linearly dependent. Only r rows will be linear­
ly independent, thus (N-r) equations can be discarded.
The undetermined set of equations results in

g’ = H 1f (1.5-6)

where g' is an r'dimensional vector (a subset of g) and H' 
is an r x N matrix obtained by discarding redundant equa­
tions. Since the number of unknowns (N) is greater than 
the number of equations, there are many solutions to Eq. 
(1.5-6). Eq. (1.5.6 is effectively Eq. (1.5-3) for purposes 
of numerical computation.

It will be instructive to examine the distribution of the 
linearly dependent rows in the matrix H. This will give 
the optimal distribution of the input signal since the 
solution will be better posed if the r'or less non-zero 
elements lie on linear independent nodes of the quadrature 
grid. In order to find this spacing, take the Taylor 
series expansion of h(t,c) where the dependence on the 
shift £ is explicitly shown:

h(t+At,tl+At1) - M t , ^ )  + ||
At

+ 3t
t,t t,tx

At
+ E (1.5-7)

where E is the remainder term, we wish to use the Taylor 
series to compare elements of
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the rows of H that lie in the same vertical column. Thus 
we set the set increment At “ 0 and have

w
h(t+At/ti) s h(t,tj) +

At
(1.5-8)

t,tl

We now choose the value of t and t^ about the expansion 
is made to be points tĵ  and t , which are chosen to 
generate the matrix H. The time samples tĵ  correspond to 
the rows and time t ^  corresponds to the columns of the 
H matrix. Thus,

3hh(V at't»j» - h(tk-t j' + 1?

We now use the approximation

At + E (1.5-9)

lh
3t At a b ' V ^ ' - h l t k - i A . f

j L W !  J At (1.5.10)

Substituting Eq. (1.5-10) into Eq. (1.5-9), we have 

h(tk+5t,tl;j) - h(tk ,t1:j)

(1.5-11)
+ W i & (tk'tij,'h(tk-l'tij,J At

Finally, choosing At such that t.+At * t
^ Jt+1

h(t tk±l*tJck+l'*!^ - h(t t ) + ^
J k; k-1

(1.5-12)



The right hand side of this equation is the desired linear 
combination. This equation is true for K+l - 2,3,...,M-1. 
For k+l * 0,1, there are insufficient rows in the matrix 
to make the combination. Therefore, any row of H is 
approximately a linear combination of two adjacent rows 
of H. This is an alternate statement of the ill-condi­
tioning of the H matrix. Furthermore, the accuracy of 
the Taylor series approximation is dependent upon how 
closely together we choose the sampling points t^ and t^^. 
As we subdivide the intervals more finely, the sampling 
distance points are closer together and the approximation 
described in (1.5-12) becomes more accurate, therefore 
attempting to make the approximation more accurate.
However, choosing more points does not lead to a "better" 
solution for the function f. It leads to a "worse" solu­
tion because the matrix H becomes increasingly ill-con­
ditioned with more redundant sampling points. Thus, trying 
to solve an equality of the form (1.1-5) is only made 
more difficult by the choice of more sampling points.
Due to the Toeplitz structure of H, the linear depend­
ence between adjacent rows yields linear dependence 
between adjacent columns and the r* linearly independent 
samples are uniformly spaced at the maximum possible 
distance. This is the same sampling distribution for 
which the input signal is most easily restored.



Fig. 1.0-1 Illustration of Rayleigh limit of the
resolution of two equal strength impulses



Chapter 2
INTRODUCTION TO SUPERRESOLVING METHODS

2.0 Background
In this chapter we shall examine the existing algorithms 
designed to increase the resolution of a measured signal. 
These algorithms come from a wide diversity of fields 
and the approaches taken in formulating the problems are 
as varied as the number of methods. Most of the 
methods are designed for a specific use but can be 
adopted easily to any of the applications discussed in 
this thesis.

The existing methods fall into several different cate­
gories. In general linear methods which do not impose 
constraints {positivity appears highest in priority) on 
the input signal being sought, do not produce superresolv­
ing results. There are ad hoc methods of imposing posi­
tivity constraints but the solution found is not optimal 
in any sense and in most cases it is not even clear that 
the method will converge to a particular solution. These 
are statistical methods which require statistical infor­
mation of the underlying signal space. This information 
is very seldom known a priori. We must assume some con­
venient statistics, thus negating the desired optimal 
conditions. Alternately one might try to deduce the

15



16

the statistics from the measured signal, usually replac­
ing one ill-posed problem with another. The linear 
predictive type MEM and MLM are very popular but they 
require that the order of the predictor be exactly cor­
rect. This is not a simple task. The methods which 
regularize the problem never offer superresolving results 
since the estimate must be smooth.

In the following we shall present an overview of the 
available methods and discuss the relative advantages 
and disadvantages.

2.1 Autoregressive and Maximum Entropy Methods
These new techniques are not only strongly related to 
each other, but to other fields as well. They include 
work done in the past on system identification where 
the objective is to model an unknown system using a 
linear adaptive model with adjustable poles and zeroes 
[4], linear predictive coding [5], among others.

The AR method uses a finite autoregression fit to the 
time series data and calculates the spectrum from the 
autoregression coefficients (as well as the error vari­
ance. A key problem is to determine the order of the 
autoregression to be used. The difficulty is not un­
like that confronting the user in a pattern recognition



problem in determining the optimum number of 
features to use, given a finite data set. Akaike's 
[6] Information Criterion is the most popular 
method used to determine the order of the regres­
sion, because of its effective use of the final 
prediction error FPE. In essence, the AR para­
meters are fit by a least squares to the covariance 
sequence of the observed data (the sets of equa­
tions to be solved for the coefficients are exactly 
those used for linear predictive encoding (LPE)>.
When the order of the estimate is the same as the 
order of the model that generated the data, the 
parameters are known to be maximum likelihood 
estimates. The question as to the order of the 
model has been the brunt of much of the recent 
work by Akaike and others.

The method presented does not show this ambiguity 
since there is no parametric model involved. The 
degradation operator is discretized using a quadrature 
rule. Therefore we assume perfect knowledge of the 
degradation in the form of a convolution relationship.
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Maximum Entropy is a method credited primarily to Berg, 
which provides an estimate of the power spectral density 
which maximizes the entropy of a stationary random process 
from the first N lags of the autocorrelation function. It 
has been shown [7] that this method is, in fact, equivalent 
to fitting an AR data model to the available time series 
data and closely related to work appearing in the statisti­
cal literature previously. With this similarity it is only 
necessary to describe one of these techniques in detail.
The following parallels the explanation of AR given by 
Griffiths [8] which appears in numerous other references as 
well.

The AR method of spectral analysis may be described in terms 
of a whitening model. The input data sequence x(k) is 
filtered by a whitening operator having an impulse re­
sponse with z transform

“ 1 — % „ T ,H ( z ) * l - a , z  - a„z ...aTz (2.1-1)1 2  1j

where z*"1 has been used to denote a unit delay. As is well 
known,

S (w) » S ((i)) |H(u>) | 3 (2.1-2)

In AR analysis, the L coefficients ,aa<,... ,a^ are chosen
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so as to minimize the power at the filter output. Zero 
output power is not possible due to the fact that the lead­
ing coefficient is unity. Markel and Grey [5] have shown 
that minimizing the output power is equivalent to providing 
the flattest possible output spectral density S£ (i*>). The 
appropriate equations for these coefficients are called 
the normal equations or correlation equations, and are 
given in matrix form by

rx (0) r,(l> ... rx (L-l) al rx (1»
rx (l) rx (0) 

•
... rx (L-2) a2

•
rx (2)

•
•
•

• *

rx (L-D ... rx (0) aL r (L) X

(2.1-3)

where r (Z) is the autocorrelation of the input data 
sequence at lag Z, If the resulting coefficients provide 
a truly flat output spectral density, i.e.

S£(w) * y, for all w (2.1-4)

then, combining the input spectral density S (lj) may be 
expressed as

S (w) * --- 1— aX |H (to) j
(2.1-5)

Since

H (uj) <= 1
Jj

- z£*1a * 0 (2.1-6)



and, as shown by Makhoul.145] ,

L
Y - rx (0) - ^  ajtrx U) (2.1-7)

1-1

the Input power spectrum can be determined directly from 
the a£, which are called the AR coefficients.

Of course, one cannot always expect a flat output spectrum 
for finite values of L, which is the order of the AR model 
referred to before. This occurs only if the second-order 
statistics of x(k) can be reproduced exactly by a sequence 
which is generated by filtering white noise with a filter 
containing no zeroes and L or fewer poles [7]. For this 
reason, AR spectral analysis is often called the all-pole- 
model method of spectral analysis.

The theory outlined above assumes that the data autocorre­
lation function rx (Jl) is known exactly for lags I « 0 
through I = L. In practice, this function must be determ­
ined from direct measurement on the data. Two common 
methods are currently being used. They are the Yule-Walker 
and Burg procedures. Yule-Walker (YW) involves the follow­
ing three steps:

1. Estimate rx (£) for I « 0,1,..., 1
2. Substitute these values and solve for the AR 

coefficients a1,...,aL
3. Compute a spectral estimate sA (w) and the results
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of steps 1 and 2.

In Burg's method the coefficients and autocorrelation 
values are estimated simultaneously from the data values 
using a recursive algorithm. Once these parameters have 
been found, the spectral estimate is computed as in
step 3 above. Burg's method will, in general, provide a 
different estimate than that given by the YW procedure. 
There is some evidence suggesting that higher resolution 
may be achieved for the case of sinusoids in white noise 
using Burg's algorithm, but this is still an open question 
for the case of random data.

The critical set of equations are the normal equations (to 
determine the coefficients) which frequent the literature. 
If the data is only available sequentially, for example, 
it is possible to iteratively estimate the correlation 
coefficients and sequentially update them and, in turn, the 
coefficients.

To demonstrate briefly the similarity, the MEM states that 
the least assumptions should be made about the unobserved 
points. This may be restated by saying that the spectrum 
estimated should be maximally random (maximum entropy) and 
still be consistent with the observed data. The equation

U)Entropy - / log P(f) df (where intentionally different 
notation is used) is the entropy of a Gaussian stationary

2-\



process. The object is to find a P(f) that maximizes 
this entropy and agrees with the measured values of the 
autocorrelation function. The MEM solution for this is

P(f) N
P (N+l) /to

1 + V~a(n+1) e ^2"fn
n«l

(2.1-8)

where P(N+1) and o(n+l) are obtained from

"c (0) c (1) . . . c (n T "  1 P (N+lf
c (1) c (0) tx(2> 0

• a(3) 0
m m

* »
•

* •
•

* * 
c(N) ... c (0)

•
a (N+l

•

0

This matrix equation may be recognized as identical to 
that of the AR method as well as that resulting from 
designing a N + 1 point predictor.

AR methods are particularly well suited for short record 
lengths. In fact, it has been stated that Burg's method 
is simply not practical for long records to go to the 
other extreme.

In addition to the classic advantages of AR methods for 
obtaining higher resolution on shorter records of data, and 
the difficulty with sensitivity to noise, there are other
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factors to consider not all of which can be presented 
here. For example, given a situation where there are two 
neighboring peaks of equal width in the spectrum to be 
estimated, the AR method will tend to emphasize the stron­
ger of the two signals. A narrower variance of the stimate 
will be obtained and the results will be misleading in that 
they may indicate premature termination of the estimation 
procedure, or reflect on the signals as having different 
widths, strengths, etc. The AR methods are critically de­
pendent on the number of terms used in the model, with too 
many or too few yielding erroneous results.

2.2 Papoulis-Gerchberq Method
In recent years there have been some innovative methods 
developed for spectral estimation. One of the most signifi­
cant has been that by Papoulis [9] and Gerchberg 110]. This 
method is applicable to bandlimited signals. The algorithm 
is an iteration involving the fast Fourier transform. In 
the reference [9], the convergence properties, the effects 
of noise, aliasing, etc. are described in detail. The method 
may be used to extrapolate bandlimited functions as well.

Given a bandlimited function f(t) and a segment of it gQ (t)

T
(2.2-1)

The nth iteration step proceeds as follows: Form the
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(2.2-2)

where
1 | ui | < a
0 | ai | > a

(2.2-3)

by truncating Gn_2 ^  ami compute its inverse transform

by replacing the segment of fR (t) in the interval (-T,T) 
by the known segment g (t) of f (t). Finally*

By this continued resubstitution and multiple use of the 
FFT in transforming from one domain to the other* the 
bandlimited spectrum is estimated. In the time domain 
since bandlimiting the spectrum is equivalent to extend­
ing the signal

fn (t) F (to) e^wt du) (2.2-4)
-c

Now form

g (t) = f_(t) + n n
< T
> T

(2.2-5)

Gn (u,) gn lt) a dt (2.2-6)

at the n1"*1 step.

Note that f^(t) is bandlimited and given by

fn (t> (2.2-7)



(again the uncertainty principle), the extrapolation of 
the signal beyond the original duration interval provided 
may be performed as well. The procedure has been shown 
effectively for bandlimited signals. A closed form proce­
dure similar in approach, has been developed by J.
Cadzow [11] , where the numerical implementation does not 
require the truncation of generally infinite time signals, 
and therefore avoids the error producing truncations. More 
significantly, in the same work, Cadzow develops a closed 
form rule for generating the desired extrapolation in one 
step. W. Steenaart [12] has also extended this class of 
extrapolation methods of Papoulis to a matrix formulation 
where the total process is achieved by one matrix operation 
resulting in savings in computation and yielding more accur­
ate results in some cases.

Kadar and Kurz [13] have robustized this process to measure­
ment noise outliers in unspecified burst noise of high vari­
ance. The modified method also eliminates the need for stop­
ping constraints.

This algorithm converges very slowly in general requiring 
enormous computational time. The method is linear, although 
not shift variant, so that the addition of constraints can­
not be employed to speed the convergence.

The method is also limited to the discrete Fourier transform
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(DFT) approximation to the Fourier transform due to the 
large number of iterations usually required for a solu­
tion. Inherent in the DFT approximation are the concepts 
of periodic and discrete time and frequency sequences.
Since the analysis was performed for the Fourier transform 
it is not clear that the DFT will provide convergence at 
all. This might explain the large number of iterations 
reported [9].

2.3 Backus-Gilbert Method
Backus and Gilbert [14] suggested to minimize separately 
in some convenient sense the output noise and the output 
departure of the restored signal from the true object.
This can be accomplished by defining the restoration filter 
Y(ld) for the problem

where F'(w) is the Fourier transform of the signal esti­
mate, G(oj) is the Fourier transform of the measured signal 
with the noise added, and Y(w) is the inversion process 
that we are seeking. The total mean-square output noise 
is then

where N(w) is the Fourier transform of the noise. As a 
measure of the resolution of the estimate. Backus and

G(u>) -  H  (ti>) F  (ui) +  N  (til) (2.3-1)
F* < ui| « Y (to) G (ui) (2.3-2)

(2.3-3)
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Gilbert used a measure of the width of the effective total 
transfer function/ i.e.

t ay (t) h (t) at (2.3-4)

where y(t) and h(t) are the point spread functions cor­
responding to Y(w) and H(tii) respectively. The smaller 
(2.3-3) can be made, the closer the total point spread is 
to a Dirac delta function 6 (t). Thus the higher the reso­
lution of the estimate. It is shown in (14] that the com­
bined criterion

V„ + Vo <2-3-5)
may be solved for the deconvolution of the function y(t)
for different sets of parameters A ,A2. These solutions
result in useful tradeoff curves of attainable (shortest)
resolution "length” &o as a function of tolerable noise
level for a fixed N .o

However, this approach has the following drawbacks: First,
since it is a linear method, its output f'(t) (the inverse 
Fourier transform of F'(w)) is unconstrained and accord­
ingly can have negative regions. The measure for resolu­
tion (2.3-3) is quite arbitrary and is, to a good extent, 
insensitive to the sidelobe structure of the overall point 
spread function. Hence, the statement of an achieved reso­
lution length 1q does not impart information on the
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erroneous oscillations in the output estimate.

2.4 Schell and Biraud Methods
One obvious way to force a positive output f* (t) is to 
set

f' (t) - a(t) 2 (2.4-1)
and then try to find a(t) in frequency space. Let

F' (oj) * A(w) * A(oj) (2.4-2)

where * denotes the convolution operator. A(w) must be 
consistent with the image. Thus,

G(tu) = H (u>) [A ((jj) * A(w)J (2.4-3)

over the data bandwidth |u>| < W . Another way of stating 
this is

F(u>) - G (oj) /H (w) * A (w) * A (u>) |u>| JW (2.4-4)c

But the left-hand side of Eq. (2.4-4) is the inverse- 
filter estimate. We note that samples values of the inverse-

Afilter solution F(uj) may be used as inputs to a positive 
constrained algorithm.

Due to noise in the measured image, the inputs £{a>) will
be in error. Hence, rather than demand strict equality in
Eq. (2.4-4), the weaker condition

fwc
|£(w) - A (to) * A (w) | * du (2.4-5)
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that the above function be a minimum, is invoked.

On the other hand, at frequency u - 0, where H(uj) » 1, 
the error due to inverse-filtering is minimal. Hence 
here the stronger equality requirement is used:

F(0) « A(ui) * A(oj) fu) * 0 (2.4-6)

Eqs. (2.4-5) and (2.4-6) comprise Biraud's [15] definition
of the problem.

The two sides of Eq. (2.4-6) represent the areas under the 
curves f (t) and f'(t). The requirement of equality means 
that our final output f'(t) must be purely a redistribution 
(without amplification) of the energy under the band-limited

Ainput curve f (t). Since f (t) is linearly linked to the 
exact f(t), the equality (2.4-6) actually fixes the total 
energy in the estimate f'(t) and that of the time signal 
f(t) plus noise. Since this tends to be a reliable esti­
mate, it could be expected to aid in producing a convergent 
solution to (2.4-5). In fact, this is empirically found to 
be true.

It is important to note at this point that in order to
approximate F(ai) over |ui| < Wc in Eq. (2.4-5) and (2.4-6),
A ((i)} need only be defined over the half-interval |u| < Wc/2.
This is a property of the convolution operation in Eq.
(2.4-5). However, if A(u) * 0 for frequencies [uj > W /2,c
these components also contribute to Eqs. (2.4-5) and (2.4-6).
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They are mixed into the interval f ca | < W by the convolu- 
tion operation. This is a way of packing more degrees of 
freedom of A(w) into the data interval |w| < Wc so as to 
further reduce the minimum attained in (2.4-5).

Schell [16] and Biraud [15] have solved the problem (2.4-5) 
and (2.4-6) in different ways, but each with an iterative 
algorithm.

The essential ingredient in Biraud and Schell's approaches 
is the necessity for exceeding the data bandwidth if a posi­
tive output consistent with the inputs is to be obtained. 
That is, providing the noise propagation error is small 
enough. In practice, the method is tolerant to quite sig­
nificant levels of noise in the inputs, and extrapolation 
by factors of two or more is the rule rather than the ex­
ception. However, these benefits accrue only for objects 
that consist of a general array of impulses against known 
(hence, zero) background. For example, an object consist­
ing of random steps does not restore by this method much 
better than by plain inverse filtering. The edge gradients 
are enhanced better than by inverse filtering, but there 
is as much objectionable spurious oscillation in the plateau 
regions. This drawback is the tendency of all extant, 
positive-constrained restoring schemes.
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2.5 Jansson-Van Cittert Method
Van Cittert suggested a method of inversion II7J based 
on successive convolution of the measured signal with the 
degradation operator. It was shown that as the number of 
iterations went to infinity, the estimate converged to the 
inverse filter estimate. For a finite number of itera­
tions the estimate yielded a smooth version of the inverse. 
The method was highly unstable and its use was intended for 
limited applications.

Jansson [18] found a modification of the technique which 
has transformed it into a useful tool for enhancing spectral 
data. Jansson modified Van Cittert's basic algorithm to 
read, with initial iteration conditions, k = 0, f(t) = g°(t) 
then iterate

(i) gNt) = h(t> * f Ct)
k+1 k k

<ii) f(t) = f(t) + r(t)[g(t)-g (t)]

(2.5-1)

(2.5-2)

where k
r (t) = c[l-2 |f (t)-M ] c - constant (2.5-3)

(iii) k k+1 
(iv) gk (t) - h(t) * f^tt)

Ipwhere f (t) on the right side of step (i) incorporates
k-1updated values f (t) from step (ii) as they are formed 

from preceding g (t) values. For simplicity, we suppress
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this dependence from the notation.

This approach differs from Van Cittert's by the insertion 
of a relaxation factor r(t) at step (ii). This step is 
the key modification of the method. The dependence of 
r(t) upon fk (t) is such that r{t) -► 0 as either f*(t) -► 0

Vor 1. Hence, if at any t an iterate f (t) is close to
k+1either 0 or 1, by step (ii) the next iterate f (t) and

all subsequent ones will remain at that value. This con­
strains the output f' (t) to obey 0 < f1 (t) < 1. Precisely 
this physical requirement occurs with absorption spectra, 
for which the algorithm was designed.

Regarding step (ii) above, we see that initially r is 
linear in f°(t), which in turn is linear in the image g(t). 
But then f* (t) in step (ii) becomes quadratic in the image
g, fa is cubic in g, etc. In general, then the output f'(t>
is highly non-linear in the image data. The factor r(t) 
then transforms the linear, unconstrained Van Cittert tech­
nique into a nonlinear, constrained method.

The Jansson method requires many iterations of the convolu­
tions operation, thus requiring enormous computer time.
The method does not provide an optimal estimate in any 
sense. Furthermore, this algorithm could not provide inver­
sion for ill-posed point spread functions since each convo­
lution only attenuates high frequency information. No
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matter how many times you refilter the signal, the high 
frequency inforraation cannot be restored.

2.6 Summary and Comparison
The methods described in the preceding sections require a 
prohibitive amount of computer time for two-dimensional 
images. These methods are not designed specifically for 
ill-posed problems. Thus, the question of stability is not 
usually addressed. The effective lower rank of the linear 
system of equations is not used to any computational advan­
tage.

The preference for impulsive type image for the superresolv 
ing restorations are discussed. It is shown that this 
preference is related to the ill-conditioned nature of the 
problem and not the particular restoration method employed. 
The method presented in this thesis will address these 
topics. The approach taken will focus on the minimal rank 
equations, thereby reducing the computational effort neces­
sary. Since the effective system of equations is under­
determined, there are many '*solution” vectors f. Thus the 
need for further constraints is apparent. The method 
presented here appends constraints in the form of linear 
inequalities, i.e. positively, bounded etc. to the formula­
tion. The resulting system of linear equalities and in­
equalities is satisfied by a subset of the solutions to 
the previous unconstrained problem. The solution is
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selected from this subset by choosing the vector which 
minimizes the norm of the vector difference between the 
measured signal and the degraded estimate.

This selection of the optimal r-tuple solution vector is 
formed by talcing all r-tuple solutions and eliminating 
those r-tuples that do not satisfy the a priori constraints, 
and from those remaining select the r-tuple which is 
closest in some sense to the measured signal. This method 
is demonstrated in three applications and yields super­
resolving restoration even in the presence of significant 
noise.



Chapter 3 
SUPERRESOLVING IMAGE RESTORATION

3-0 Introduction
The problem of restoring a linearly degraded image has 
been the subject of much investigation for some time [19]. 
The mathematical formulation of the image restoration 
problem is common to many problems in other fields. Some 
of these applications appear in such diverse fields as: 
Atmospheric Physics [16], Geophysics [14], Numerical 
Analysis [20], Radio Astronomy [17,18] and Spectroscopy 
[15]. In general, the inversion of a linear degradation 
can be accomplished in numerous ways [19]. When measure­
ment errors (noise) are negligible and the degradation 
process is well behaved, direct inversion of the degrada­
tion process can be obtained. In the case where the noise 
cannot be neglected, methods such as Weiner filtering [23J 
are appropriate. Many image restoration problems are ill- 
conditioned. That is, the measurement error is greatly 
amplified in the restoration process such that the error 
dominates the estimate.

For the case of smooth images, stable methods of restora­
tion have been described [20,22, 31,3 7]. These methods 
generally append smoothness constraints to the image re­
storation problem formulation. Methods of image restoration

35
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which impose positivity constraints for stability,have also 
been described 126-29]. These methods show a preference 
for impulsive type images 119]. In this chapter, a new 
method of restoration is presented which employs pre­
filtering of the measured image followed by minimization 
of a norm of the error subject to various linear constraints. 
The error is the vector difference between the degraded 
estimate and the measured signal. Three different norms 
were investigated; H 2 and Jlw . The A.x norm of the error
is the sum of the absolute values of the error. The 
norm of the error is the sum of the squares of the error
values, and the norm of the error is the maximum value 9 00

of the error. The norm was found to give the best per­
formance in terms of resolution. The new method, which 
provides restorations of images from their diffraction 
limited images, is demonstrated by computer simulations.

3.1 The Diffraction Limited Image
The specific example considered will be that of restoring 
a diffraction limited image of finite extent. All physi­
cal imaging systems have resolution limitations imposed by 
the diffraction effects of the neccessarily finite aperture 
of the system. This effect is characterized by an ideal 
low pass filter (ILPF) in the spatial frequency domain.
That is, the imaging system passes Fourier components of 
the image with spatial frequencies less than some cut-off 
spatial frequency f and totally eliminates frequency

v
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components above f . It has been shown [1,2,363 that
for images of finite extent the spectral components of 
the signal which have been removed can be deduced by ana­
lytic continuation of the passband spectrum. This extra­
polation in the spatial frequency domain of the image re­
presents an increase in the resolution of the image in the 
spatial domain. An image restoration process which pro­
vides this increase in resolution is called a superresolv­
ing image restoration (SIR) process. Conventional methods 
of image restoration are not superresolving. Methods which 
provide this superresolving capability are of much recent 
interest [19].

The SIR problem requires the solution of a Fredholm equa­
tion of the first kind (FEFK). The integral equation cor­
responding to the coherent one-dimensional case is

g (x) =
b sin f tt (x-y)
_b- (x-y)—  f(y> <3-1-1)

where g(x) is the diffraction limited (DL) image, f(y) is 
the original image of length 2b and f is the cut-off 
frequency of the transfer function. The kernel of the 
integral corresponds to the coherent impulse response func­
tion. If non-coherent optics were to be considered, g 
and f could represent intensities. The kernel for the 
noncoherent case becomes the square of the coherent impulse
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response. This represents a triangle transfer function.
This transfer function has twice the bandwidth of the co­
herent transfer function. Thus the mathematical formula­
tion of a coherent DL imaging system is more difficult to 
restore than a noncoherent system. The coherent case 
thus provides a good benchmark, since improvement of the 
resolution of an image can only be obtained by an increase 
in the spectral extent.

The numerical solution of Eq. (3.1-1) requires that this 
equation be discretized. This can be accomplished using 
numerical quadrature methods. The result is a system of 
linear equations which may be written in matrix form

g * Hf + n (3.1-2.)

where g and f are the sampled DL and original images respec­
tively, n is the sampled noise vector and H is the matrix 
representation of the integral operator using a quadrature 
rule. Without loss of generality, we shall take H to be a 
square N x N matrix. Thus, g,f and n are all N dimensional 
vectors. The system of equations (3.1-2) is underdetermined 
since there are 2N elements in the f and n vectors and only 
N equations. The difficulty in neglecting the noise n in 
solving (3.1-2) is due to the nearly linear dependence be­
tween adjacent rows of H. Thus the samples of g must vary 
very slowly. The noise adds a high frequency variation on
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g which makes g inconsistent with the DL image vectors 
possible without noise. A method of stabilizing the problem 
is then to smooth the elements of the vector g. Ideally 
this smoothing can be accomplished by passing the image g 
through an ILPF. This would filter out the components 
due only to noise. This preprocessing would be straight 
forward if the DL image is provided in its entirety. How­
ever, the original image must be of finite duration in order 
for a solution to exist [33,34]. Thus the DL image must be 
infinite in extent. Therefore some finite interval of the 
DL image must be selected. This choice is arbitrary and 
for convenience we shall choose this interval to be equal 
to the length of the original image f, that is, 2b.

3.2 Presmoothing the Image for Reduction of Noise Effects
The method of smoothing the measured image can be seen by 
examining the singular value decomposition (SVD) of the de­
gradation matrix H. From Eq. (3.1-2) without noise, we 
note

g - Hf « U A*5 VT f (3.2-1)

Twhere U and V are orthogonal matrices and A is a diagonal
Tmatrix comprised of the eigenvalues of HH . The standard 

form of the SVD is used, where the eigenvalues are in de­
creasing order, from left to right in A. These eigenvalues 
fall abruptly to practically zero, indicating the ill-con­
ditioned nature of H. This SVD decomposition is commonly
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Interpreted as a decomposition of the image into eigen- 
images 13 7]. The higher order eigenvalues correspond to 
the higher order eigenimages. The amount of zero crossing 
is proportional to the order. Thus the high order compo­
nents correspond to the high frequency content of the 
image. We may rewrite (3.1-2) in a transformed coordinate 
system

G = F (3.2-2)
where

G = U_1g
F « VT f

The interpretation of G and F is similar to that of a 
Discrete Fourier Transform (DFT). It is seen that the 
high order components (high frequency components) are 
greatly attenuated. This is to be expected since an ILPF 
in the DFT domain is consistent with low pass filtering in 
the diagonized coordinate system. The advantage of using 
this coordinate system (similar to the discrete prolate 
spheroidal sequences (DPSS) 13-$] is found in that all of 
the eigenvalues remain nonzero. Thus an inverse of H 
exists and is given by

f - V A-* UT g (3.2-3)

or in transform coordinates

F - A**5 G (3.2-4)
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_Lwhere A Indicates a diagonal matrix where the elements 

are the reciprocals of the elements of

Although the high order SVD components of the image are 
greatly attenuated, it is assumed the error statistics 
are of an independent gaussian process. The error possesses 
the same statistics in the orthogonal transformed domain. 
Thus the high order SVD components of the measured image 
are primarily due to the error. Hence we shall eliminate 
the high order components in the measured image before the 
inversion process. If constraints are not imposed on the 
inversion process, the unconstrained least squares estimate 
would result. This method has been previously implemented
131,3 7] to provide stable restoration of ill-posed problems. 
This method is not capable of providing superresolving 
restorations, since the high frequency components of the 
solution are discarded yielding an overly-smooth estimate.
In order to reduce the effects of noise we first eliminate 
the higher order singular value components of the image.
At the same time, a mechanism for extrapolation of the high 
order components must be provided. The latter is accomp­
lished using linear programming techniques.

The smoothing is accomplished by preprocessing the measured 
image via the singular value transform (SVF) relationship

g « Ufl (3.2-5)



where G Is G modified by replacing all elements of index 
g greater than i, with zero. The index i corresponds to 
the i eigenvalue of the matrix H; it is less than some 
choosen small number. If g thus obtained is premultiplied 
by the inverse of H, the result would be the unconstrained 
least squares estimate. Thus, the direct inverse of the 
smoothed image cannot reconstruct the high frequency com­
ponents of the image. The new method does extrapolate the 
high frequency content. This method imposes the constraints 
that the image estimate be bounded. Any linear inequality 
constraints can be appended to the formulation. Thus we 
have

f > 0 (3.2-6)
f f ^max

where fmax is the vector corresponding to the a priori 
upper bounds on f. Any vector f satisfying (3.1-2) sub­
ject to (3.2-6) must be consistent and stable. But, due to 
the underdetermined nature of (3.1-2) there are many such 
N dimensional solution vectors of (3.1-2). We desire to 
choose the solution closest to the corresponding measured 
DL image. The method which we will use to perform this 
selection of the closest vector is to choose a norm of the 
residual between the measured image and degraded estimate 
and then minimize this norm.

This minimization of the norm is accomplished by a method
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of optimization known as linear programming 132].

3.3 Linear Programming
Linear programming will be used to solve Eq. (3.1-2) 
subject to (3.2-6). The general linear programming prob­
lem can be formulated as follows:

a) Minimize z *■ cTx (3.3-1) 
subject to

b) Pj: A xx > Bx (3.3-2)
c) P 2: A 2x  * B 2 (3.3-3)
d) p }: x > 0  (3.3-4)

where Px is the number of inequality constraints, P 2 is 
the number of equality constraints, and P 3 is the total 
number of positive variables. The vector c is referred to 
as the cost or objective vector, the vectors B2 and B2 as 
the constraint vectors, the vector x as the program vector, 
and Ax and A 2 are the coefficient matrices. The objective 
function z is the inner product of the objective and 
program vectors. The most frequently used algorithm to 
solve linear programming problems is called the simplex 
algorithm. This algorithm produces one of three mutually 
exclusive results: first an indication that the problem
is infeasible. The problem is feasible if all of the con­
straints can be simultaneously satisfied for some choice 
of variables. The problem is infeasible otherwise. Second,
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an Indication that the problem is feasible but the optimal 
solution is unbounded? or, third, an optimal solution (if 
one exists). In the process of arriving at the result, 
additional variables, called slack variables, are added 
to the problem formulation. These variables convert the 
inequalities into equalities thereby increasing the total 
number of variables to Pj + p 3* tlie Proble® has a
finite optimal solution, then the total number of nonzero 
variables in the optimal program vector is only + P2*

Linear programming techniques will be applied in three 
different formulations. That is, the minimization of the 

and 8, norm of the residual error. In the next1 2 oo

section we discuss the formulation.

3.4 The &i Formulation of the Image Restoration Problem
The formulation of the image restoration as a linear pro­
gramming problem can now be addressed. We define two N di­
mensional vectors n+ and n such that they contain the 
negative and positive components of n respectively. For 
any given row, one of the two vectors n+ and n” has one 
zero element and the other has a positive element. Thus we 
may write:

g « Hf + n+ - n“ (3.4-1)

such that n+ , n” and f are all positive N dimension vectors. 
If we consider the positive sum for row i.
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(3.4-2)

row of H. This is seen to be the
absolute value of the residual of the difference between 
g and hf. Taking the sum over all N rows yields the 
norm of the residual error. This will be the cost function 
that will be minimized subject to the constraints of Eq. 
(3.2-6). The linear programming formulation of minimal 

problem is:
Minimize: n,++n + n ++n + ... + n„++n (3.4-3)i i z 2 n n
Subject to: g = Hf + n+-n”

The solution program vector will contain only Px + P 2 non­
zero elements for the P unknowns. Assuming that all the 
slack variables of the solution program vector are nonzero, 
this leaves only P 2 degrees of freedom for the 2PX unknowns 
f and n. This results from the underdetermined nature of 
(3.1-2). Thus, in general the solution vector will contain 
zeros for half of the elements of f and n. This effect 
is independent of the norm chosen. It is physically very 
unsatisfying for images in general, but for input images 
which have a large number of zero elements this model is 
appropriate. This type of image is called an impulsive 
image. Other image restoration methods 119] also favor 
impulsive type images. If in the input image an element

max
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is binary, that is the element of f is either zero or 
f , then the inequality (3.2-6) will be satisfied as

RlctX

an equality. This forces a slack variable out of the solu­
tion vector. Thus another nonzero element will enter the 
f or n vectors. If the entire original image f is binary,
N inequalities will be satisfied as equalities. This 
leaves the N degrees of freedom required so as to allow 
f and n to contain no zero elements. Thus binary images 
can also be restored faithfully by this technique.

An. alternate interpretation of minimizing the residual 
can be obtained by examining the process in terms of the 
solution vector. Minimization of the norm is bounded 
by zero. If this bound is obtained, then the residual 
error is zero and the solution vector acquires all N degrees 
of freedom necessary. This case pertains to a direct inver­
sion of the degradation matrix H. In general, this inver­
sion is not possible since the measured image g is usually 
not consistent with all of the constraints (3.2-6). Thus 
n will contain non-zero elements and f must contain corre­
sponding zero elements as well.

3.5 Other Norms and Constants
Following a similar procedure, the minimal norm estimate 
can be obtained by linear programming. The £a norm is the

Sup (n.)
0<i<N
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where the sup represents the maximum element of the
set {n^}. This norm can be used as an objective function
in the formulation given by (3.3-1). In order to formulate
the restoration problem in a linear programming format for
the minimization of the Jt4 norm, we define E as a scalar
variable denoting the largest positive deviation of the
degraded estimate of the measured image. We then write
the minimal SL formulation as 

00

Minimize E (3.5-1)
Subject to: g > Hf + eNE

g £ Hf - eNE

The equations can be solved by the method of linear program­
ming. Optionally, the constraining (3.2-6) can be appended 
to this formulation. This type of formulation is frequently 
called a minimax solution. It is identical in computa­
tional complexity to the minimal Si1 norm technique dis­
cussed previously.

The image restoration problem can also be formulated as a
minimal & problem and solved using the methods of quadra- 2
tic programming [33,34]. The &2 norm is the sum of squares 
of the elements, i.e. n* + n * + ***nN 2* Quadratic 
programming computer codes are modified simplex linear 
algorithms. The modification involves a significant in­
crease in the effective dimension of H and thus also an 
increase in computational complexity. Computer programs
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are available 135]. The general least squares problem 
with constraints is discussed in (36], which also provides 
a computer code for the l 2 algorithm. However, the mini­
mization of the SLZ norm of the residue with constraints 
did not provide superresolving restorations in any of the 
simulations we have performed. This method also dis­
played numerical instabilities which seemed to limit its 
usefulness.

A more general class of images can be restored if further 
smoothness constraints are appended to the formulation 
(3.4-3). If the measured and DL images are highly over­
sampled and the derivatives of the original image are known 
to be bounded, we can impose the following derivative 
constraints

fi + l - fi-<Sfi <3‘5-2>

where fi+  ̂and are adjacent image elements of the input 
and 6f^ are predetermined constants. For high sampling 
densities and small 6f_=„ inequality (3.5-2) can be satis-ulaX
fied as an equality of the image restoration problem, thus 
increasing the degrees of freedom of f and n.

3.6 Computer Simulation and Results
The methods were simulated using the Simplex Linear Pro­
gramming subroutines contained in the International Mathe­
matical and Statistical Library IIMSL) Fortran callable



subroutine package. CUNY's IBM. 3 70 computer system, was 
used. The benchmark example is the diffraction limitation 
of a coherent one dimensional system. The first figure, 
Fig. 3.6-1, illustrates reconstruction of two impulses 
spaced 1/8 the Rayleigh distance with no added measurement 
noise. The image is composed of 32 samples, the entire 
duration of the image is two normalized units. The spatial 
frequency cut-off is one half reciprocal units. The two 
equal strength impulses are separated by one sample. Thus 
the separation is 1/8 the Rayleigh distance. The direct 
inverse solution (dotted line) demonstrates very unstable 
behavior even though the only noise is due to the finite 
precision of the computer used and arithmetic errors 
which are propagated numerically through the inversion pro­
cess. The exact solution is the two impulses (solid line). 
The unconstrained least squares solution (dotted line) 
provides a very stable but overly smooth estimate for the 
two impulses (solid line). The unconstrained l 2 solution 
consists of the first r' low order eigenimages of solution, 
where r* is the pseudo-rank of the H matrix; that is, r 1 
is chosen such that the corresponding eigenvalue Xr , 
is sufficiently large so as to avoid instabilities when H 
inverted. Eigenvectors of higher order are discarded.
In order to determine the pseudo-rank of a matrix, a 
measure of the instability of the H matrix is used. A 
figure of merit, also called the condition number of the
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II matrix is given by

c (H) - ~  (3.6-1)
min aN

1 2A condition number of 10 is usually considered moder-
1 6ately 137] unstable while a condition number of 10 

represents a very severe ill-conditioned matrix.

The condition number for the unfiltered problem of Fig.
3.6-1 is 10ia. This number was reduced by SVD filtering

+ 6to a condition number of 10 in Fig. 3.6-2. If less 
terms are retained in the estimate, a still smoother 
estimate results. This is indicated in Fig. 3.6-3 where 
the condition number has been reduced to 10 . ■ Thus the 
price paid for stabilizing the inversion process {i.e. , 
reducing the effective condition number) is an overly 
smooth estimate.

Fig. 3.6-4 illustrates a perfect restoration of two impul­
ses separated by 1/8 the Rayleigh distance by the minimal

norm method. The dotted curve is the diffraction limited 
image. It is approximately the main lobe of a sine func­
tion center at the center of the scale. The method com­
pletely restored the two impulses. The estimate is the 
chain dot curve completely coincident with the exact curve 
(solid line).

The method did not provide the high resolution performance
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obtained with the SL1 method for two point restoration.
Fig. 3.6-5 gives an Indication of this difference. The 
Ico estimate (chain-dot) curve is shifted, the second impulse 
is down by 80% and the inter-impulse trough is down to 
50% of the actual peak amplitude. There is also a small 
artifact which appears just to the left of the first im­
pulse. Although this estimate might actually be accept­
able for many applications, it is clear that the esti­
mate is preferable.

The method of restoration is robust to noise yielding esti­
mates with signal to noise ratios (SNR) of comparable magni­
tudes to the SNR of the measured signal. Here the SNR of
the estimate is defined as

N

SNR - 10 log
^  (fi estimate - fi original) 3
i=l

Z1=1
(f^ original)

(3.6-2)

and the SNR of the measurement is defined as
N

SNR = 10 log ‘
m  «gi measured)

i-1
aa noise

The particular SNR use will be clear from the context.

(3.6-3)



Fig* j .6-6 illustrated the estimate (chain-dot curve) 
with no SVD prefiltering of two impulses separated by % 
the Rayleigh distance. White Gaussian noise with zero 
mean and a o =.3 has been added to the measured image.
The corresponding SNR of the measured image is 21 db. The 
restored image had an SNR of 14 db. Thus, in order to ob­
tain an increase in resolution of a factor of 2, it cost 
7 db in SNR. The diffraction limited image dotted line 
has a jagged appearance due to the added noise. Fig. 3.6-7 
illustrates the effect of the SVD prefiltering on the 
method. The example is identical to that in Fig. 3.6-6, 
except prefiltering of the measured image has been performed. 
The diffraction limited image (dotted line) appears much 
smoother than in Fig. 3.6-6. The improvement in the 
estimate is obvious. The estimate (chain-dot curve) lies 
almost completely coincident to the exact image (solid-line) 
curve. The peak values of the estimate are 10% lower than 
the exact solution and the inter-impulse trough is -10% 
higher than the exact solution. The importance of SVD pre­
filtering can also be observed in the l 1 case. Fig. 3.6-8 
illustrates the £ estimate of two impulses separated by 
*5 the Rayleigh distance without SVD preprocessing. White 
noise was added to the measured image with zero mean and 
a ■** .1. The corresponding SNR of the measured image is 
26 db. The restored image (chain-dot) is seen to be very 
poor. The impulses are shifted and attenuated and there
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are small artifacts by the origin and to the far right.
Note the jagged appearance of the measured diffraction 
limited image (dotted curve) due to the addition of noise. 
Fig. 3.6-9 illustrates the SVD preprocessing on the same 
measured image of Fig. 3.6-8. Due to the SVD prefilter­
ing, a smoothed diffraction limited image (dotted line) 
results. The effects are dramatic, almost perfect restora­
tion is obtained. The estimate (chain-dot) and exact solu­
tion (solid line) are coincident. Note the small arti­
facts to the far right and left have not been eliminated 
since they possess a low frequency spectrum.
In some applications it is important to ascertain if 
a weak impulse is being dominated by a strong impulse, i.e. 
the double star problem. Fig. 3.6-10 illustrates the abil­
ity of the method to distinguish between two unequal im-

$pulses of strength 10 and 10 separated by h the Rayleigh 
distance. Note that Figs. 3.6-10 to 3.6-14 are drawn on 
a logarithmic scale.

The diffration limited image (dotted curve) appears as 
though it were a sine function, i.e. impulse response due 
to only the stronger impulses. The estimate (chain dot) 
finds the heights of the impulses exactly and is only *'50% 
off on the interimpulse trough, however centered on the 
stronger impulse. The restored image (chain dot) restores 
the magnitudes of the two impulses exactly, with the inter­
impulse gap down about 50% from the small pulse. The SNR
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of the measured signal is 31 db and that of the restored 
is 25 db. The SNR is not a good indication of the resolv­
ing power here since the stronger image dominates. Fig.
3.6-12 illustrates the effects caused when the noise 
possesses a variance greater than one tenth of the ampli­
tude of the smaller impulse. The unequal impulse problem 
can be solved by this method if the variance of the noise 
is much smaller than the value of the weaker impulse.
Fig. 3.6-11 illustrates the acceptable performance of the 
method when the two impulses are spaced the Rayleigh dis­
tance and the strengths of the impulses are 10 and 100. 
Since the variance of the noise is 1 there is no problem in 
the restoration. Note the diffraction DL image (dotted 
curve) is approximately a sine function. Here again we 
have two impulses of strengths 10 and 100 separated by % 
the Rayleigh distance. Now the added noise has a variance 
of o *» 6 the DL image (dotted curve) appears no different 
than that of Fig. 3.6-11 due to the relative magnitude of 
the noise. Yet the reconstruction (chain dot) falls short 
of the exact solution (solid line).

This condition can be relaxed if a finer sampling grid is
employed. Fig. 3.6-13 illustrates the acceptable restora-

stion of two unequal impulses of strengths 10 and 10 where 
the variance a — 10 and the sample spacing corresponds to 
h of the Rayleigh distance. The two impulses are again 
separated by \ of the Rayleigh distance but now this
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distance places two zero samples between the impulses.
Thus the only error in the reconstructed image (chain dot) 
is a widening of the larger impulses relative to the exact 
solution (solid line). This is probably due to the effec­
tive broadening of the measured and filtered DL image 
(dotted line). Then we can remove the superresolving 
Rayleigh constraints of equal strength impulses. Since 
for the unequal amplitude impulses the DL image blurs long 
before the zero of one impulse response is coincident with 
the maximum of the other, the image can be restored even 
when significant noise is present. Fig. 3.6-14 illus­
trates this fact. Observe the DL image appearing as though 
created by only the larger impulse although the two impulses 
are separated by 4 Rayleigh distance. Here the two impulses 
are of strengths 10 and 10* and the variance of the noise 
a » 100. The restored image (chain dot) is seen to be 
acceptable for most applications. Both impulses are re­
solved. The larger impulse experiences a small artifact 
to the right and the smaller impulse is shifted to the 
left by one sample and is attenuated.

The near linear dependence between adjacent rows was dis­
cussed in Chapter One. Here we illustrate the effect on 
the restored images. For the case of the H operator 
yielding 1/8 Rayleigh distance between adjacent points, 
the pseudo-rank is four. Thus we expect to find at most four 
input samples. Fig. 3.6-15 illustrates the fact that if



the spacing between impulses is not sufficient, then the 
restored image (chain dot) may not be an acceptable esti­
mate of the exact solution (solid line). Pig. 3.6-16 in­
dicates what happens if the impulses are maximally spaced. 
Here the expected four Impulses can be restored (chain dot). 
Fig. 3.6-17 indicates that even if maximally spaced, five 
different impulses cannot be restored since the pseudo-rank 
is four.

Most images of interest will have more non-zero elements 
than the pseudo-rank of the degradation operator H. Differ­
ent types of smoothness constraints can be appended to the 
formulation, as in (3.5-1), to increase the pseudo-rank 
of the modified degradation matrix. Fig. 3.6-18 illus­
trates the effects of these smoothness constraints. Fig.
3.6-18 illustrates the restoration (chain dot) of the linear 
image (solid line) from the DL image (dotted curve). The 
jagged appearance of the restored image is due to the 
coarse sampling of this specific function.

The noncoherent diffraction limited restoration problem, 
as discussed in Section 3.1, has twice the bandwidth of 
the coherent case. The difference between the pseudo-rank 
and condition numbers of some frequently reported cases is 
shown in Fig. 3.6-19. As expected, the non-coherent case 
is better conditioned. This fact is brought out in Figs.
3.6-20 to 3.6-23. Fig. 3.8-20 demonstrates that perfect



restoration is obtained down to an impulse separation of 
1/10 of the Rayleigh limit. This is a marked improvement 
of that achieved in the coherent case (Fig. 3.6-4), where 
we achieved perfect restoration at 1/8 the Rayleigh dis­
tance. The DL image (dotted line) appears similar to the 
coherent case of 1/8 Rayleigh separation. The estimate 
(chain dot) is obscured by the close fit with the exact 
solution (solid line). The effects of noise on the restore- 
tion process are illustrated by Figs. 3.8-21 to 3.6-23.
Here the DL image is illustrated by the dotted curve. The 
exact solution of two equal strength impulses separated by, 
h the Rayleigh distance is depicted by the solid line 
curve and the estimate is shown by a chain dot line. Each 
figure represents a 2 db increase in the SNR of the measured 
image and a corresponding increase in the restored image of 
2 db. Fig. 3.6-21 illustrates a measured image of SNR of 
20 db and a restoration of 5 db, in Fig. 3.6-24. The meas­
ured image has a SNR of 22 db and the restored image has 
a SNR of 7 db. In Fig. 3.6-25 the measured image has an 
SNR of 24 db and the restored image has and SNR of 9 db. 
These figures are typical of the results obtained over many 
simulations not illustrated here.

We have thus shown that the discussion of Chapter 1 
regarding the effect of noise on DL image are well founded. 
The discrepancies in performance between the different 
chosen norms could be explained by the increase in
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dimensionality of the problem and corresponding numerical 
error incurred in using the and & 2 over the norm.
The requires a doubling of the number of equations
while the Z 2 norm requires an even larger increase in the 
dimension of the problem. Therefore the is superior. 
The benefits of SVD prefiltering have strongly been demon­
strated. The resulting algorithm performs superresolving 
restoration even in the presence of significant error.

.7 Summary and Conclusion
A new approach to image restoration has been introduced. 
The method presented shows a preference for impulsive and 
binary images. This is due to the underdetermined nature 
of the problem. Any optimal solution that is linearly 
constrained will have the same limitations. That is, the 
solution vector will consist of as many nonzero elements 
as there are equality constraints. By satisfying the in­
equalities as equalities the degrees of freedom are in­
creased. Two straightforward methods of providing this 
condition is by limiting the possible images to be impul­
sive or binary. The method presented is optimal in the 
sense of the norm chosen. The formulation allows for the 
easy addition of further linear constraints. Smooth in­
put images can be restored by imposing bounds on the first 
as well as higher order differences. The method is super­
resolving, that is, restoration of two point sources 
separated by less than the Rayleigh distance can be



restored. The effect of measurement errors is decreased 
by SVD preprocessing. This is a smooth process which 
greatly eliminates the effects of the measurement errors. 
The method has demonstrated very practical restorations 
increasing the resolution of the diffraction limited image 
by a factor of two with significant measurement error. 
Restorations yielding resolution increases of a factor of 
eight were demonstrated when no measurement error was 
introduced. Restoration of two impulses separated by H 
Rayleigh distance was achieved for both the coherent and 
the incoherent cases with SNR of 20 dB.
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Fig. 3.6-1 Direct inverse solution for two impulses 
separated by 1/8 the Rayleigh distance



Fig. 3.6-2 The unconstrained l2 solution for two impulses2 luwiui. j.Ui. unw impulses 
separated by 1/8 of the Rayleigh distance. The 
condition number is 106

unconstrained solutionI for two



3.6-3 The unconstrained solution for two impulses 
separated by 1/8 of the Rayleigh distance, the 
condition number is 10*

»



Fig. 3.6*4 The constrained solution for two impulses 
separated by 1/8 of the Rayleigh distance
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Pig. 3.6-5 The constrained solution for two impulses 
separated by 1/8 of the Rayleigh distance
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Fig. 3.6-6 The estimate with no SVD prefiltering impulses
separated by H the Rayleigh distance with white
noise added a= .3

<T*ui <■



Fig. 3.6-7 The &2 estimate with SVD prefiltering, of two impulses 
separated by h the Rayleigh distance with white noise 
added a=.3 a\o\



The estimate with no SVD prefiltering of two 
impulses separated by *s the Rayleigh distance 
with white noise added a=.1



f l Pig. 3.6-9 The Jtw estimate with SVD prefiltering of two
impulses separated by ^ the Rayleigh distance
with white noise added a-1.
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10 separated by % the Rayleigh distance



Fig. 3.6-11 Jtiestimate of two unequal
100 and 10 separated by h 
with noise o~ 1.0

impulses of strengths 
the Rayleigh distance



Fig. 3.6-12 estimate of two unequal impulses of strengths 
100 and 10 separated by *s the Rayleigh distance 
with noise r*6.0



Fig. 3.6-X3 Jtx estimate of two unequal impulses of strengths
100 and 103 separated by h the Rayleigh distance
with finer sampling and noise o=10.0



' Fig. 3.6-14 estimate of two unequal impulses of strengths
10 and 105 separated by four Rayleigh with noise
a = 100.0

u>



Fig. 3.6-15 Restoration of three impulses spaced h the 
Rayleigh distance



Fig. 3.6-16 Restoration of four impulses maximally 
spaced

siUl
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Fig. 3.6-17 Restoration of five impulses maximally spaced



Fig. 3.6-18 Restoration of linear smooth curve with 
first order smoothness constraints *



Fraction of Rayleigh 
Distance between Samples

Condition Number Pseudo-Rank
Coherent Incoherent Coherent Incoherent

1
10 1018 3*1017 5 4

1
8 2*1017 3.5xl016 7 5

3
16 1017 1016 9 6

1
2 2xl016 7xl015 12 8

Fig. 3.6-19 Comparison of pseudo-rank and condition numbers between coherent 
and noncoherent restoration



Fig. 3.6-20 Noncoherent restoration of two impulses
'separated by 1/10 the Rayleigh distance

IO



Fig. 3.6-21 Noncoherent restoration of two impulses
separated by H the Rayleigh distance with 
SNR of 20 db ooo



Fig. 3.6?22 Noncoherent restoration of two impulses
separated by H the Rayleigh distance with
SNR of 22 db



Fig. 3.6-23 Noncoherent restoration of two impulses
separated by ^ the Rayleigh distance with
SNR of 24 db „00N>



Chapter 4
SUPERRESOLVING SPECTRAL ESTIMATION FROM AN 

INCOMPLETE OBSERVATION

4.0 Background
The estimation of the Fourier spectrum or the extrapola­
tion in the time domain of a bandlimited function from an 
incomplete observation is a problem of long standing 
interest [11,12], The recent renewed interest is largely 
due to several new algorithms [9,10] which provide some 
degree of deconvolutions of the time truncation operator 
of the measured spectrum. Although this deconvolution pro­
cess can be obtained exactly in theory [2], the conversion 
of the truncation process is highly unstable in the pre­
sence of noise.

In this thesis we present a new robust method of superresolv- 
ing spectral estimation (SSE) which employs a priori knowl­
edge of the Fourier spectrum of the signal in the form of 
linear inequalities. The advantage of imposing constraints 
on the problem have long been recognized [19]. For the 
formulation of the deconvolution problem, subject to these 
a priori constraints, there are many "solutions." In this 
paper we select the solution vector which minimizes the JLX 
norm of the difference between the Fourier spectrum of the

83
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measured signal and the convolved estimate.

For a bandlimited signal, truncated in time, the frequency 
resolution limit is usually given as the uncertainty prin­
ciple II]

where T is the duration of the observed signal and wR is 
the resolvable units of frequency. If some signal process­
ing algorithm can provide greater resolution than this 
limit, the process is called superresolving. This problem 
is the dual problem of inverse filtering an ideal low pass 
filter (ILPF), discussed in the previous chapter. That is, 
the roles of time and frequency have been interchanged.
This problem is also complicated by the fact that the con­
volution operates in the frequency domain. Since the in­
version must operate in the convolved domain, we are forced 
to deal with complex numbers.

The Discrete Fourier transform (DFT) will be used to approxi­
mate the Fourier transform. This is done to facilitate the 
evaluation of the Fourier transform through the use of the 
fast Fourier transform (FFT) algorithm. The DFT is an ap­
proximation of a Fourier transform of a signal f(t) of finite 
duration T

To)_ - 1 (4.0-1)

(T/2

F(a>) - fit) at (4.0-2)
J -T/2
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and the inverse relationship is given by

f (t) * ^  F(u>) e+ja)t dw (4.0-3)

If f(t) is extrapolated outside the interval [-T/2, T/2] 
to be a periodic function, we have

where -*• indicates Fourier transform, indicates inverse 
Fourier transform, and -*-*■ indicates a Fourier transform 
pair. If we take the Fourier transform of both sides of 
(4.0-5) and using the convolution theorem, we obtain

This equation states that the transform of the constructed 
periodic sequence is a sampled version of the actual 
Fourier transform with the sample spacing 2tt/T. This spac­
ing can be made arbitrarily small by increasing the effective 
period. The effective period may be increased by simply

00

f (t) - f(t) *tr
(4.0-4)

where * represents the convolution operator. We shall 
make use of the transform pair

(4.0-5)

(4.0-6)



zero padding. In the limit, as T goes to infinity, the 
spacing becomes infinitesimally small and the continuous 
Fourier transform is obtained.

If most of the signal energy is in the band of frequencies
from [—W ,W 1 we can approximate the transform as zero out- c c
side this band. Since this assumption violates the uncer­
tainty principle we introduce aliasing error into the ap­
proximation. This error can be minimized by choosing the 
bandwidth (2Wc) sufficiently large. We now construct this 
finite sequence of Fourier transform samples into a periodic 
sequence

The inverse Fourier transform of Eq. (4.2-6) gives the 
sampled time sequence

where f(n) is a sampled version of f(t) with sample spac­
ing 2n/Wc and a period T. The distance between the time 
samples is T » 2tt/W_ and the distance between frequency9  C
samples is Aus = 2ir/T. The number of points in either the 
time or frequency interval is

(4.0-7)
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Thus the same number of samples appears in both the time 
and the frequency sequence. This is a result of the as­
sumption that we sample at exactly the Nyquist rate 1/T 
for the duration T. We can also sample at a finer spac­
ing than T or sample longer than the duration T, i.e. zero 
padding. Either of these processes would increase the 
number N leading to a more computationally expensive pro­
cessing. But this increase in computational complexity is 
offset by definite advantages in either case. Finer samp­
ling in the time domain allows the DFT to span a larger 
frequency band. This is very useful for this application. 
Since the signal is known to be bandlimited to angular
frequency W , any frequency component at a frequency higher c
than W can be eliminated since it can only be due to noise, c
Since the goal of the signal processing is to increase the 
resolution, the frequency scale must be more dense. This 
is done by zero padding the time sequence until the desired 
frequency resolution is achieved, i.e.

2_
^R “ T* (4.0-10)

where T' is the effective signal duration. The effective 
signal duration T 1 is the actual signal duration T plus the 
additional duration due to the zero elements.

Thus there are two desirable methods of increasing the 
effectiveness of the DFT approximation; finer sampling and
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zero padding. But the degree to which we can improve the 
frequency range and resolution is limited only by the 
practical limitation on the number N with which it is 
possible to process the signal.

The DFT of an N element siquence {fn) (which usually repre­
sents a sampled time signal) is

N-l
Fk = ^  fn e*15 2wJcn̂ N 1, .. . ,N-1 (4.0-11)

n=0

and the corresponding inverse DNT relationship is

N-l
fn = N Y L  F* ej 2wkn/N n-0,1,...#N-1 (4.0-12)

k»0

To simplify the notation, let

WN - e_j 2tt/N (4.0-13)

so (4.0-11) becomes

N-l
Fk ^  WNnk fn *-0.1 N-l (4.0-14)

n-0

Each F^ can be viewed as a linear combination of the sample 
set with (WNnk}. We can write Eq. (4.0-14) in matrix
form

F « Wf (4.0-15)

where F and f are the vectors corresponding to {Fm > and



{fn> respectively, and the DPT matrix is given as
89

W

1 1 1 1 • 1
1 w° w1 w2 * - w?
1 w2 w* w* • * *
1 w* w* • • • ♦
*
1

•
1 • ■ • ?N . w *

(4.0-16)

The complex elements of the matrix H possess a great deal 
of redundancy. This can be seen by examining the cyclic
nature of the elements W. nk

N WN in Pig. 4.0-11 for the
case N=8. Note that since L™nk is always an integer, 
and WL is a root of unity of modulo N, then the same N com­
plex values repeat in the matrix W. The first row or zeroth 
row can be obtained by starting at the zeroth element and 
rotating elements to obtain the next element. The second 
row is obtained by spacing one element in Fig. 4.0-1 between 
adjacent row elements. For the third row the element spac­
ing is two and so on.

This high degree of symmetry allows one to significantly 
decrease the computational complexity when N is a highly 
composite number. The most frequently used radix of N is 2, 
i.e. N»2^, where j is an integer. This allows a reduction 
in the number of complex multiplication which must be per­
formed. As it is known, the FFT reduces the N a multiplica­
tions required to evaluate Eq. (4.2-14) to NiriN.
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Circulant matrices of the form

(4.0-17)

occur in a variety of investigations. This type of matrix 
when used to premultiply a vector x will yield the cyclic 
convolution of the vector c « [cQ ,cx ,. . . *c jj] with the vec­
tor x i.e.

Y - C ®  x (4.0-18)
where ®  indicates cyclic as opposed to linear convolutions. 
The eigenvectors of a circular matrix are the DFT orthonor­
mal vector set. That is, if a SVD of C is performed, i.e.

C « UA*5 vT (4.0-19)

Tthen it can be shown that U and V are the DFT and inverse 
DFT matrix and is a diagonal matrix with elements that 
are the DFT of the vector c. This can be seen by examining 
the characteristic roots and vectors of the matrix C.

Let r be a complex root of the scalar equation

rN - 1 (4.0-20
and set

“ co + <?iri+ ••• +c.4-l r»N_1 (4.0-21

°N-1
:N-1 Co ’** °N-2

c2 . . . CQ
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Then we see that y1 satisfies the following system of 
equations

*1 - Co + cirl+ + N-l riN-l

'1*1 = °N-1+ ori+ • • • +°N-2 r
N-2

(4.0-22)

“ =! + c2rx+ ••• +c.riN_1

It follows that y is a characteristic root of C with 
associated characteristic vector

1 N-l
N

(4.0-23)

Since the equation r - 1 has N distinct roots, we see 
that we obtain N distinct characteristic vectors. Conse­
quently, we have the complete set of characteristic roots 
and vectors. Thus any circulant matrix can be diagonalized 
by the DFT and inverse DFT matrices, where the diagonal 
elements are the DFT of the c vector. The sequence result­
ing from a cyclic convolution of two sequences has an asso­
ciated DFT sequence which is the product of the DFTs of 
the two sequences

IDFT {fx(n) <§> f 2 (n) } « DFT{fl(n)> • DFT{f2(n)>
(4.0-24)

where * represents element by element multiplication.
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The converse of this statement is also true, i.e.

DFT{f1(n) • f 2 (n) } - ^ DFT *ff x (n)} (n) DFT{f 2 (n) }
(4.0-25)

The last relationship will be used in our analysis to model 
the time truncation operator.

4.1 Formulation
It will be helpful in the following discussion to define 
what is meant by negative time and frequency samples. The 
first N/2 + 1 elements of the sequence {FR} or {fn) corre­
spond to the positive frequency or time samples in a forward 
order and the remaining N/2-1 elements correspond to the 
negative frequency or the time samples in a backward order. 
This is consistent with the idea of extending the sequences 
in a periodic manner. The time truncation operation is 
characterized by multiplication of the time sequence by the 
rectangular sequence as shown in Fig. 4.1-1. The DFT
of this rectangular sequence is a real sequence, since 
is even, similar to a sampled sine function. Let

h * DFT {Rn > * {hjj} (4.1-1)

In order to examine the relationship of the DFT of the trun­
cated and the exact sequence, we shall use the convolution 
theorem for DFT's. The linear discrete convolution of two 
sequences can be characterized by a Toeplitz matrix (com­
prised of shifted versions of a sequence) which multiplies



the other 
lution is 
circulant 
frequency

If we let

where G and F are the DFT of the measured and the input 
sequence, and n is the complex error (noise) vector.
Since G, F and n are complex. Eg. (4.1-3) represents 2N 
equations. But all the time sequences are real and, there­
fore, the DFT sequences have symmetry which introduce redund­
ancy into Eq. (4.1-3). The elimination of this redundancy 
reduces the 2N to N equations. In order to generate these 
N equations we must examine some properties of the DFT.

In analogy to the properties of the Fourier transform, the 
DFT of a real sequence possess an even real and an odd 
imaginary part. We plan to use the computationally effi­
cient FFT radix 2 algorithm with N * 2^. Thus the sequence 
consists of an even number of points. However, a discrete 
even function must contain an odd number of points.

vector. For the DFT the analog of linear convo- 
cyclic convolution which is characterized by a 
matrix. For the time truncation operator the 
cyclic convolution matrix is

H

h0

hj h 2

^ - 1 (4.1-2)

G ** HF + n (4.1-3)



Therefore, even symmetry will be redefined in the following 
way. There is one element for the DC or zeroth component,
(N/2-1) negative elements, (N/2-1) positive frequency ele­
ments and one remaining element, the center element. This 
center frequency component is always real. This can be 
seen by noticing that the N/2 row of the DFT matrix is a 
sequence of alternating l's and -I1s. Thus the center 
frequency and DC frequency components are always real. The 
remaining N-2 elements consist of complex conjugate pairs, 
between the first and last elements end the second and the 
second for the last elements and so on. Thus this Hermittian 
relationship obtained by reordering yields an even symmetry.

There are N/2+1 distinct real and N/2-1 imaginary elements.
We form the concatenated sequence of the distinct elements. 
Let the real and imaginary parts of the i element be 
denoted by a subscript R and I, respectively, then

—
1 

o §

1 1
8

i

X o
GR1•
•

FR1
•

•

n rim
• r_ • •

GrN/2+1
N/2-1m
*
•

F - FRN/2+l
FIN/2-l
*
•

V

N = NRN/2+l
NIN/2-l
*
•
•

(4.1

Gn FI1 _J HH2
1

The relation (4.1-3) can now be written in reduced form
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G = HF + ft (4.1-5)

where

A B
(4.1-6)

i I
: i

with e and f as unused column vectors.

Here A is a (N/2 + l)x(N/2 + 1) , B is a (N/2 + D(N/2 - 1),
C is a (N/2 -l)x(N/2-1) and D is a(N/2 - l)x(N/2 - 1) sub­
matrix of H. If we let <(> and £ denote the null vector and 
matric respectively. Define

(4.1-7)

* I * | D (4.1-8)

0 * * I * I C (4.1-9)

then
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H
£

I _D - C
I "  “

(4.1-10)

For example, for the case N * 4 we have four complex 
equations:

Go
Si
G 2
G,

h0 hx h 2 hj 
hj h0 hx h2 
h 2 h3 h q hx
h j h j h 2 h j

**0 n 0
Hi+ (4.1-11)

We can rewrite (4.1-11) as two sets of four real equations, 
one set for the real part of (4.1-11)

GR0
G„Ri 43
Gr 2
G

_  RS _

hp hi h 2 hj
h 0 hx h2

h 2 h  9 h « h l  

hl h , h .

Ff Ro nRo
FRi + nRi
FrR2 nR2

1 w 1 _ nRs _

(4.1-12)

and one set for the imaginary part of (4.1-11), i.e.

°i. ho hL hj hj
g t h h h. h „Ii 1 0 1 2

Gj2 h2 h, hp h2

1
Cl M 4* 1

hi h 2 h # h#

rL

FI.
FIi + " n
PI, "l!

1

H
fci

1

"l.
(4.1-13)
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But the real part of the transform sequences are even and 
the imaginary part of the transform sequences are odd since 
they are the DFT of a real signal

FR1 FR3 (4.1-14)

Using (4.1-14) in (4.1-13) to eliminate Fr3, we obtain from 
(4.1-11)

..
. 

1 o w ■o
1

11

GR2
GR i

h o h j+hj h 2 
h3 hg+h^ hj
h2 h,+h1 h 0 
h h +h h1 2 0 J

*1 1

nR0

FRl + nRi
nR2

1 1 nRi

(4.1-15)

where we have taken advantage of the even symmetry, i.e.

Ri °R» and nRi R 3 * Since there are only three inde­
pendent variables, the fourth equation is redundant and we 
can write

" gr .”
GRi (1

r
a

1

h h +h h0 1 3  2
h h +h h3 0 2 1

h h +h h2 3 1 0

1
W O

1

nR.
FRi + nRi

f r , nR2

(4.1-16)

for the solution (F_ . F_ . F_ ) to (4.1-15), the fourthK0 K1 K2
real element F_ , obtained by using its equivalence toA I
FR i * We slla11 also take advantage of the odd symmetry in 
the equations resulting from the imaginary part of Bq.
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(4.1-10), i.e

F = —F Is Ii

we can then rewrite (4.1-13)

" GI.
GH
GI2

-GI1

h D h 1 h 2 h S
h S h 0 h» \
h 2 hS h 0 hI
hX h 2 h 3 h 0

P10
PII
I 2

-FIi

Io
11
I 2

-nii

where we have used the fact that

Gt = -G- and nT « -0- Is Ii Is Ii

We also know that since the solution F must 
of a real sequence, then by even symmetry

P = F 10 I 2

So there are only two unknown variables
From (4.1-14) we see that there is only one
either PT or F_ . Thus we take Ii is

-F

Ii
0

Ii

Thus,
G - Ih -hj F_I i 0 2 IS

(4.1-17)

(4.1-18)

be the DFT

(4.1-19)

and FT .I s
unknown needed, 

(4.1-20)

(4.1-21)
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(4.1-16) and (4.1-21) now comprise the four equations for 
the four unknowns that we seek. This is the basis of the 
tilted equations (4.1-5).

In this case we obtain

GR o ~ pRO
GR i AF «

FRi N - »Rx
GR2 FrR2 NR*
GR3 FR * n r >

(4.1-22)

h  3 h  2 h l

^2 k S h 0
C =  [0 0 h2] (4.1.23)

B

then

H

0 
0
0 h

h, 0
h 2 0 D - |0 0 h j

h0 hi+h, h2 0 
h, h#+h2 hx 0
h 2 * H + h 3 h 0 0
0 0 0 h„-h.

(4.1-24)

(4.1-25)

Thus the first three rows correspond to the equations 
(4.1-16) and the last row is (4.1-21).



The matrix H can be decomposed by 
SVD, i.e.

H = U A*5 VT (4.1-26)

where U and V are the orthogonal inverse DFT and DFT 
matrices, respectively, and the diagonal matrix A/3 consists 
of the DFT of the cyclic vector h. The diagonal of A 
matrix is the time truncation sequence which contains 
zeros and ones. Thus, the H matrix is rank-deficient. The 
matrix H is obtained by converting the matrix H into a real 
matrix and eliminating the redundancies. Thus, it is not 
surprising that H is also rank deficient.

The formulation of the spectral estimation problem is very 
similar to that of the previous chapter. Again we shall 
use linear programming methods to solve for the exact 
spectrum. The minimal JE,x norm of the difference between 
the spectrum of the measured image and the spectrum of the 
estimate is used since it was found superior to the l 2 
and i- norms. The formulation is given in terms of real 
and imaginary spectral components. Although in a magnitud- 
inal and phase representation the magnitude is always 
positive and the phase bounded by ±ir , this representation 
leads to non-linear equations. The real and imaginary parts 
have negative and positive bounds. This requires more dummy 
(slack) variables to be introduced into the formulation so 
that we must define the new vectors F- and F+ , where
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(4.1-27)

as done previously for the noise.

We can impose bounds on the amplitude of the spectrum and 
bounds on the difference between adjacent elements. We 
can append these constraints to (4.1-5)

where B - , B ,, B,r and B,.are the upper and lower bound iL 2h ill 2h
vectors.

The SVD prefiltering can be performed before this procedure 
to help reduce the effects of noise. Another noise 
eliminating filtering process can be accomplished in the 
DFT domain. If the signal is oversampled the maximal 
frequency in the DFT is greater than the bandwidth of the 
signal. Thus the high frequency components represent only 
noise which can then be eliminated. This smoothing of the 
measured signal was found to be an effective way of reduc­
ing the noise effects.

4.2 Computer Simulations and Results
In many applications the duration of the sample signal

G = H F + N (4.1-28)

subject to

(4.1-29)



may not correspond to N « 2^ points. This can occur, for 
example, if the actual duration of the signal is not con- 
formal or if the signal could only be sampled for a cer­
tain window due to speed limitations. If the remaining 
points ourside the sampled interval of the signal is simply 
filled with zeros, i.e. zero padding, the DPT yields the 
desired spectrum convolved with a discrete sampling func­
tion. The resolvable frequency difference is therefore 
smeared. Fig. 4.2-1 illustrates this lack of resolution. 
Here the exact spectrum is shown by the solid line as two 
impulses. The DFT, which is the chain-dot line, does not 
resolve the two impulses. This figure corresponds to samp­
ling 23 points of cos WNt and performing a 32 point DFT on 
the zero padded sequence. Here no noise is added. The DFT 
approaches the true spectrum as the length of the sampled 
sequence increases. The DFT begins to resolve the two im­
pulses when the sequence is sampled for 25 of the 32 samples 
as shown in Fig. 4.2-2.

The method described in Chapter 3 can be used to deconvolve 
the time truncation effect of the spectrum in the frequency 
domain. Fig. 4.2-3 illustrates a perfect restoration 
(dotted line) obscured by exact solution (solid line). The 
chain dot curve indicates the DFT of the Sequence. This 
figure corresponds to sampling less than one quarter of the 
time domain sequence. Fig. 4.2-4 shows the time domain 
extrapolation where the dotted line indicates the measured
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segment of the signal. The reconstruction (chain-dot) again 
is obscured by the exact signal (solid line). The de- 
convolution is again robust. Fig. 4.2-5 illustrates the 
restoration of cos WNt from 15 samples from a 32 point 
DFT with white Gaussian noise added. The measured SNR is 
2 7 db while the restored spectrum had a decrease in the SNR 
to 17 db. Thus a factor of two increase in resolution was 
obtained in the presence of significant noise. Fig. 4.2-6 
illustrates the time domain extrapolation corresponding 
to the case depicted in the previous figure.

Higher frequency signals are less difficult to resolve 
since the separation between frequency domain impulses is 
greater. Thus a cos 5W^t signal is exactly restored in 
Fig. 4.2-7 from 7 samples and a 32 point DFT. Fig, 4.2-8 
illustrates the corresponding extrapolation in the time- 
domain. Fig. 4.2-9 indicates acceptable restoration, for 
the same case as that of Fig. 4.2-7, but with white 
gaussian noise added such that the SNR is 20 db. The re­
stored image (dotted line) has SNR of 6 db. Note that 
this gives an increase by a factor of four in resolution. 
Fig. 4.2-10 illustrates the same case as (4.2-9) with the 
signal plotted in the time domain. Fig. 4.2-11 illustrates 
that even better noise immunity can be acquired for higher 
signal frequencies.

Fig. 4.2-12 indicates that more sample points are necessary



to resolve
the sum of cosines of the fundamental and fifth harmonics 
than are needed for either frequencies appearing alone 
(7 points). The restoration is seen to be almost perfect. 
The fundamental components have some artifacts on the 
upper edges. Fig. 4.2-13 illustrates the effects of noise 
here. Here we have 15 points of cos SW^t + cos WNt wave­
form with an SNR of 24 db# extrapolated in the time domain. 
Other spectral estimation methods are sensitive to phase 
shifts of the input sinusoid (8 J. Figs. 4.2-14 to 4.2-17 
illustrate this method is insensitive to phase. Here we 
document the perfect restorations for sin WNt and 
cos (WNt+?r/4) , respectively, in the frequency and time 
domains.

Figs. 4.2-18 to 4.2-21 indicate the effects of noise.
These figures show an 11 sample points of the waveform
sin W„t + cos W.Tt with noise and restored. These figures N N
correspond to the cases of SNR of the measured image equal 
to 20 db, 22 db, 24 db, and 27 db respectively. The re­
stored images possess a SNR of 2.6 db, 2.7 db, 3.3 db, and 
4.0 db, respectively. These results are not as immune to 
noise as could be obtained if we were to relax the desired 
frequency resolution, i.e. we have obtained an increase of 
over a factor of two.
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4.3 Summary and Conclusion

A new method of spectrum estimation is presented. The 
method provides superresolving restorations of the 
frequency spectrum. That is, spectrums of incomplete sig­
nals were obtained with frequency resolution greater than 
that dictated by the uncertainty principle. The method 
is highly robust to noise. There are two areas where 
noise components can be eliminated. First noise components 
are eliminated in the SVD domain of the constructed degrada­
tion operator, and the second method is to eliminate high 
frequency components in the estimated spectrum.

The reconstruction of the Fourier spectrum and phase was 
obtained from signals truncated to 1/8 of their actual 
durations without noise. The method is very robust to 
measurement error providing restorations from 1/2 their 
actual durations with SNR of 20 db.
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Fig. 4.0-1 Illustration of the equivalence of different powers of Wjj with N«8
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Fig. 4.1-1 The Discrete Time Operator
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Fig. 4.2-1 The 32 point FFT of 23 points of cos WNt 108



Fig. 4.2-2 The 32 point FFT of 25 points of cos Wjjt 109



Pig. 4.2-3 Restoration of cos WNt from 7 points 
(frequency domain)
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Fig. 4.2-4 Extrapolation of cos Wjjt from 7 points
(time domain)
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Fig. 4.2-5 Restoration of cos Wjjt from 15 points with 

noise SNR = 27 db (frequency domain)



Fig. 4.2-6 Extrapolation of cos W^t from 15 points 
with noise SNR = 27 db (time domain)
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Fig. 4.2-7 Restoration of cos 5WNt from 7 points 

(frequency domain) 114



Fig. 4.2-8 Extrapolation of cos SWjjt from 7 points
(time domain) 115
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Fig. 4.2-9 Restoration of cos!5W[jt from 7 points 

with noise such that SNR = 20 db 116



Fig. 4.2-10. Extrapolation of cos s t from seven points 
from 7 points with SNR = 20dB (time domain) 117



Fig. 4.2-11 Extrapolation of 
with SNR = 19 db s 10W[jt from 9 points

118
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Fig. 4.2-12 Restoration of cos WN t 

points
5WN t from 11 119
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Pig. 4.2-13 Extrapolation of cos W«t + cos 5WNt 

from 15 points with SNR = 24 db
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Fig. 4.2-14 Restoration of sin WNt from 7 points 121



Fig. 4.2-15 Extrapolation of sin WNt from 7 points in the 
time domain
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Fig. 4.2-16 Restoration of cos W}jt + sin Wjjt from 
7 points {frequency domain)
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Fig. 4.2-17 Extrapolation of cos u^t and sin from seven points 
(time domain)
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Fig. 4.2-18 Restoration of 11 points of cos Wjjt + sin Wjjt 
with an SNR = 20 db 125



Fig. 4.2-19 Restoration of 11 points of cos Wjjt + sin WNt 
with an SNR = 22 db 126



Fig. 4.2-20 Restoration of 11 points of cos Wflt + sin W^t 
with an SNR = 24 db
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Fig. 4.2-21 Restoration of 11 points of cos WNt + sin W[jt 
with an SNR = 27 db



Chapter 5 
SUPERRESOLVING APODIZATION

5.0 Introduction
In many optical applications it is desired to shape the 
intensity profile at the focal plane [38]. This shaping 
is performed by placing a window function in front of the 
imaging system (Apodization). If the concentration of the 
energy distribution in the focal plane lies within a smal­
ler area with the window function, then the Apodization 
is called superresolving [3 9] . The back and front focal 
planes of an imaging system are linked by a two dimensional 
transform relationship. Thus the uncertainty principle 
applies. Here the uncertainty statement is a relationship 
between the size of the input aperture and the spot size 
in the focal plane. Thus a smaller spot size in the focal 
plane corresponds to a larger effective numerical aperture. 
This can be seen by the scaling principle of the Fourier 
transform, i.e.

f (at) = ^F( uVa) (5.0-1)

This is one reason for apodizing the entrance pupil of an 
imaging system. Another reason for apodizing for a smaller 
spot-size is for hole burning applications. For example, 
the recent development of video disks which employ holes

129
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made by a laser could have increased storage density if 
each hole could be reduced in size and made more uniform. 
This application is the prime motivation of the research 
developed in this chapter.

5.1 Coherent Source Focusing System
For a coherent spherical lens system the two dimension 
front and back focal plane Fourier relationship can be 
reduced in the case of a rotationally symmetric input

where g(r) and f(u) are the radially symmetric backfront 
focal plane amplitude distributions and JQ is the Bessel 
function of the first kind and zeroth order. Eq. (5.1-1 
is a Hankel Transform relationship between f and g. The 
Apodization problem for minimum uniform spot size can now 
be posed.

Given an amplitude distribution g(r) with minimal distance 
between the first zero crossings and minimal sidelobes 
find a transmission density profile which will yield the 
closest possible positive amplitude distribution to the 
desired g(r). The transmission profile can only take on 
values between zero and unity. n+ and n represent the 
absolute value of the residual error between the Hankel 
Transform of the estimate and the desired g(r) focal plane 
amplitude distribution.

g(r) udu (5.1-1)
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This problem can be formulated as a linear programming
problem, i.e.

Minimize: n,++n +n ++n +1 1 2  2
+  -Subject to: g = Hf + r\ n+ n

(5.1-2)
(5.1-3)
(5.1-4)

f > 0 (5.1-5)

where g, f and n+ and n are obtained from Eq. (5.1-1) in
the same manner as in Chapter 3. H i s  the matrix repre­
sentation of the integral operator in Eq. (5.1-1) obtained 
by a quadrature rule, and Ix is column vector defined as

The restrictions of Eq. (5.1-5) and (5*1-6) can be relaxed 
if phase-sensitive or holographic materials are used, al­
lowing complex amplitude distributions. In this formula­
tion it is assumed that the transparency is illuminated 
with a constant plane wave. Although in practice other, 
i.e. Gaussian distributions are also used.

5.2 Incoherent Source Focusing System
The basic numerical Apodization approach can be applied to 
an incoherent-Source Focusing System. The imaging equa­
tion of Eq. (5.1-1) is now changed to

Ii
1
1 (5.1-6)

1

i
g'(r) - f (u) J * (ru) uduo (5.2-1)

o
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where g'{r) and f'(u) are the intensities of the light 
distribution in the back and front focal planes, respec­
tively.

The new kernel is the square of the zero order Bessel func­
tion. Note here the unknown represents light intensity 
whereas previously the unknown was a light amplitude.
The new Apodization problem can be set up in the same 
fashion as the coherent case. The only change is in the 
degradation kernel and in the interpretation of the quanti­
ties under consideration.

5.3 Computer Simulation and Results
Fig. 5.3-1 illustrates the amplitude distribution for a 
spherical lens system with no Apodization. Fig. 5.3-2 
shows the effect of Apodization. Note the central lobe 
has been compressed by ~-25% and with very little side lobe 
gain. The transmission profile is illustrated on the 
same illustration by the chain dot curve. The scale for 
the transmission profile is 1/10 that of the amplitude 
distribution. Fig. 5.3-3 illustrates the incoherent case 
with no apodization. Note the lack of zero intensity due 
to lack of total destructive interference. Fig. 5.3-4 
illustrates the optimal apodization intensity pattern. 
Again, a compression of about 25% is realized. The side- 
lobe level of the apodized pattern is not increased at all; 
this is very desirable for many applications.
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We have found optimal design for Apodization MasJcs for 
both coherent and incoherent optical systems. The 
designs offer approximately 25% compression of the main 
lobe with very little gain in the sidelobe levels.



Fig. 5.3-1 Unapodized radial symmetric aperture with a coherent
source

LJ



Fig. 5.3-2 Radial symmetric superresolving Apodization of
a coherent source 135
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Fig. 5.3-3 Unapodized radial symmetric aperture with a 
noncoherent source 136



Fig. 5.3-4 Radial symmetric superresolving Apodization 
of a noncoherent source

137
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Chapter 6 
SUMMARY AND ALTERNATE APPLICATIONS

6.0 Summary
A new robust method of solving ill-conditioned problems 
is presented. The method employs a priori constraints on 
the estimate/ i.e. that the estimate/ the first and/or 
higher order differences are bounded. The ill-condi­
tioned system is reduced by elimination of the effective­
ly redundant equations. This provides a reduction in 
computational complexity and acts to stabilize the in­
version problem.

Since the resulting reduced system of equations is under­
determined, there are many possible "solutions." We 
shall select that particular vector for the solution 
which yields the minimal norm of the residual error.
Since this solution vector is of the same dimension as 
the effective rank, the method prefers restorations of 
inputs with sparse vector representations. The method 
is demonstrated in three applications: image processing,
spectral estimation, and Apodization. Each application 
pertains to increasing the resolution of a measured 
signal. The resolution is increased beyond the limit 
imposed by the uncertainty principle of signal
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processing (superresolving). The method is demon­
strated to be very effective in all three applications 
via computer simulations. The first chapter of this 
thesis contains material of an introductory nature. In 
Chapter 2 the contemporary methods of increasing resolu­
tion or equivalently extrapolating the spectrum of a 
signal are given. In general, these methods are found 
to be computationally very expensive and highly sensitive 
to noise. In Chapter 3, a new method of increasing the 
resolution of an image is presented. The method reduces 
the computational effort necessary to restore images de­
graded by an ill-conditioned operator. The restorations 
of noncoherent and coherent diffraction limited images 
are treated in detail. In Chapter 4, exptrapolation in 
the time domain of a bandlimited signal is investigated. 
Alternately, the resolution of the frequency spectrum is 
increased. Thus, superresolving spectral estimation is 
demonstrated. Chapter 5 presents the design of a super­
resolving Apodization screen. This screen will permit a 
spot-size of smaller circumference than previously pos­
sible. This smaller spot-size finds immediate applica­
tion in the recent development of laser video discs. The 
video information is in the form of holes in the video 
disc. This Apodization will allow smaller holes to be 
burnt into the disc; thus discs of higher density can be 
made. Future research is suggested in further



140
applications of the algorithm presented.

6.1 Alternate Applications
Further research efforts should address the wealth of 
further applications possible. The extension of this 
superresolving restoration method can be made to a wide 
variety of disciplines. The list of possible applica­
tions includes: Geophysics (signal restoration from
seismographs), Neurophysics (EEG signals), Speech Com­
munication, i.e. given a particular speech signal, it is 
fo interest to determine the general type of sound it iB, 
voiced or fricated. In addition, one is interested in 
the identity of the sound which can be obtained from the 
spectrum. Such derived information can then be used in 
an automatic speech recognition system or a speech com­
pression system. Further investigation should be pur­
sued of the superresolving capabilities of this method 
for image enhancement of electron-microscope images, video 
images received from onboard space and aircraft and for 
image enhancement of medical diagnostic images, such as 
CAT-scans, B-scan, ultrasound images, conventional X-rays 
and Neutron Magnetic Resonance (NMR) images. The method 
presented could also be utilized to increase the resolu­
tion of existing sonar and radar systems.
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