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i'HSt1 /tU S
v. system K of set theory is iefined which contains classes, called 

"multiplicities," and sets, called "extended classes." Certain extended 
classes, called "extended sets," are singled out; these are character­
ized by the property that their cardinalities are less than a fixed 

cardinal number ^ , which is shown to be strongly inaccessible. The 
terminology and the axioms are those of Friedman, J.I.j proper Classes 
as Members of Extended Sets, Math. Ann. 183, ^3^-^UO (1969), with the 
maximality axiom replaced by the cardinality restriction on extended 
sets. Analogously to the von Neumann-Bernays-Godel system (NBG), the 
system K is obtainable from an extended version of the von Neumann 
function. In fact, for each ordinal number A , tne extended classes 
and given by the axiom of universes, and consisting, respectively of 
extended sets and proper extended classes, coincide respectively with 
extended classes 5« and C* arising from the inductive definition of the 
extended von Neumann function. Some results on cardinal numbers are 
obtained which involve the , u A and Ky,, where the are the ordinal 
numbers of K which are not extended sets. Again analogously with NBG, 
the extended von Neumann function together with the inacesslble ordinals 
■̂/i with A>0 (if any) yield the natural models of K. The system K is rel­
atively consistent with NBG together with the hypothesis of the exist­
ence of two inaccessible ordinals. Godel's construction which shows the 
relative consistency of the axiom of constructibility with NBG is ex­
tended to K.

Bracketed numbers refer to the bibliography. Aithin each section a 

number cited in a proof refers to an earlier theorem in that section.

All notation used may be found in Cl], and CJl.
I wish to thank professor Elliott Mendelson of vussns College of the 

City University of New fork for suggesting that I axiomatize and study
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a system based upon the extended von Neumann function, and for suggest­
ing much of the reading I have done in set theory and mathematical 

logic over several years.
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V »* o =. O Y*fl

' o*. A M. ̂

1. Introduction. The first objective is to modify the extended set 
theory of Cl] so that any extended set of the resulting theory K will 
nave the same cardinality as some extended set of M«. analogy with 
the von Neumann function of NBG, the extended von Neumann function if 
feiven below (without fonnal justification) is required to be definable 
as a function of K, and to yield all of tne extended classes and extend­
ed sets of K. The ordinal numbers a in the definition of may be
regarded as those of M»; note that tf„ is the ordinarv von Neumann 
function.

ifrt' 0 - tJ

= f  H f . ' a )  V -  + l ~

-+ \fD'Js - * -U— VM-* s ' °  ̂ /T *

S» - 'to" \ V j t *

c 0 - Pcu<f."e~PwVS, Pi

Write li* f°r U ̂ h *  lor r(Uf**0nH j. rnen Lp induction,
5* i tl*- O  ̂f* 1

a*, a
t)

U  S . . C . . U  10 . - 0  1 ? . - U O l - U  P . . U  O . - u
a<-S a«.s ^

*<, fi * h
2. Definition of t^e theory Y . K is a first-order theory with a  =------
2-olace predicate € and1̂!-place nredicate M . hpper-case letters are 
used for the individual variables and will be said to denote "multi­
plicities." Lower-case letters are used for individual variables which 
denote multiplicities X such that (EYJtXtY). Such multiplicities will 
be called "extended classes;" their properties are given oy the "gen­
eral axioms," wnich in form are the axioms for NBG. (Thus the multi­
plicities of K correspond to the classes of NBG, and trie extended 
classes of K to the sets of NBG. ) Trie comprehension schema of NBG gives
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the existence of tne multiplicity tx:Mx),also denoted by H, and the 
multiplicity ixix=x), denoted by V. Tf x*M, x is called an "extended 
set." The extended sets satisfy the "special axioms" (in addition to the 
"general axioms"); the first six of these are as in U ) .
General axioms:
Extensionality X* Y -*( X * ).
Fairing (x) (y )( Ez ) (u) (u* z*-* u=xvu *y).
Class existence axioms 81-B7 as in C<0 .
Sum (x)(£y)(u)( ut-y+e (Ev)(u‘v*v*x)).
Replacement (x)(Ur(X)-* (Ey)(u*jr*-» ( j£v)(< v,u>*X*v«x) )).
Fower (x)( 5y)(u)(u*y-**u*x).
Strong axiom of choice (JSX)(Fnc(X^(u)(u#0 X' u«u)).
Restriction (X)(X*0 -»( gy )(y* X*y. X=0) ).
Infinity (Bx)(0*x«(u)(u*x-*u^(u'\*x)).
Special axioms:
Subsets* xtM-*x-Z*M.
Union* x *M-*Um x«M (0„x=t)(x■ M ) )*
Power* xtU-*Fx*U. 
pairing* x,y*M-* ̂ x,y)t M.
Infinity* (Ex)(x*M*TxsM*0*x..(u)(u*x -*u-lu)*x)) (Tx*x«vJx‘' O U x - ). 
Universes \ x:TxiUvz)tV.
Cardinality x*U*+Ey*MtTyiU*x*y. (This is the requirement that extended

sets have "small" cardinality.) 
Notation: The axiom of universes permits tne definition of the extend­

ed classes K-s\x« V-MiTxiM-dKv^and U * \ x« M: TxsM“t»Kr \ .
j . Some immediate results. As in £1.1,  the following are proved from the 
general axioms and the first six of the special axioms.

i. Kr-u,*0;<«*^ < V K rt; W *
Z. VsUM,rK i V-MaVJK^.



J .  U/ f t Kf i i (uroof uses axiom of choice).
U. x ty -* x * L, U*x, px, tx,y]tM„.
U. formal definition of the extended von Neumann function.
1. Let On^-On*Mt On^-On-M*. Then 0n*» OnKs. ( For otherwise, E least 
x<0n^-0n^a. Then x«U -* E"‘M0,xaw. y*x -* Ev*w,y»v. Since TviTw, v*W.. 

.*.y*M. y*U0. ■-xsonM.t M.6U. If a«ux, £y*x z*y . ■. z*x, since &-y<x.
; Uxsxsii. In beneral, Tx*M. Since x*U, x*M.,-**“ •) ■ OnM= 0nM *On-M„
£ M„«rV, so On**V.

d .  There is a function * with domain OnW|<t'0»0, p(-*'*), Lim (*)-*
+ 'A® uyA. (Proof is by the general axioms, i.e., by NHfi. Ry 1., 0nK is 
an extended class, uni by definition of On and m0, 'J»On^ w*u~* w«On,^.
On,*. is an ordinal number.) Let S„* UV'On^. 
j. (X. )(X, )(X1)(ElT)(^ft*C^'](Y)*0nw0n^((|)(yU(|,o>-Xo'(fl-0n^Y)*(-)(X*</\, 
= X l*y'x(»,a>A (Lim(*)-* T'<d,o«X4' O M  ) ))). (Proof is by t.e gen­
eral axioms; the fact On^V is used.)
proof: Let Y, = \ ujFtic^t EvtOn) { D(« )-tJt On** ( (1) u '< (l, o> *X*' (f**On*lu)
a (*«On*)(u'</l,*‘>- X» 'u'<(»,*>A(Lin)(«0-* u ) ) ) ) \ . If
u^UjtY, i then either uviutor u^tUj. for letv, * Onrt«0(uv ), v%. ■ On * a
D(u>). Assume ^4Y, . Leu i»U: *< A *( E i^On^) (u, '<* ,S>* u 4'< a, f ? )] . If
w*0 let be uhe least ordinal in w. Then u l'xx,0>*X a'(i»On^lut )

= X0' (^►On^Uj ) u 1>'xx,0>. Jf E*,u k'<x »«o+u , let t be the least
such. Thene>0. If* = *', u t' u t'<x,W-X / u k'<t »i*? = u ,  *,7.

If Lim(t), then u s 1 =Xx ' ( I h W l u  ,) = X A' ( u x ),u ,U*, fe>. Hence 
(i*On*)(u, '4>k,S>*u ). u,a (v.^On*)^- (tf, * On^u^Uj.. Thus any
two functions in Yk agree on their common domain. Let Y»!rYt . (Y is a 
multiplicity as it is defined by a predicative forrula.) Then Y is a 
function. For YsVxV; and Uh(ŷ  since<a, <*,>fc Y* <a,fl*>*Y-^Eu, ,ua* Y, *

t u, u x; but u,4u^ or u^u,. For some fi* On, D(Y)s/**OnH, or
D(Y )*-OnxOn„. For D(Y)»<I>‘On„ for seme i£tOn. Let x*Z. iihow x*Seg(^,x).



u
Since xtQn, ^w;w«z*w<x\s x. Let w*x. Eu« Y,* **0nM <x,«Ot D(u ). -\<w,*>«
D(u). w*z , x Seg(Z,x). Z*0n*Z«0n. Suppose Z*On. Let W«Y ̂
^<Z,0>,X,’ (Z»On^Y)>^ ̂  { t < Z, •*/> ,X, * Y'<: Z,*> :*t On + \  °
^<Z,**->,X1' ( [ z W l T ^ - u O n ^ L i m t * } }  . Then W*Y, , so n(w)sD(Y). But D(Y) = 
Z*OnM£Z* OnM=D(W),-M-.

Uniqueness of Yi Suppose Z also has the defining property of Y, jf y *Z» 

let be the first ordinal  ̂ E M O n j Y U / i j ^  + Z'x /i,*o. Then 

xft' (fl'On^Y^X,/ (fl»On^Z)sZ'< ■■*+ J. If*«Y' , Y »< fi ,*? =X ,1 V - i f i ,  * ? *
X (’Z'<p,Y? = z'<fl,a>./. If Lim(a), Y U  P ’ X x' ( \ M *  M y  )* X,.' ( f M ‘*A Z )

s, Z' Lirn(<*). Y«Z.
a. In 3., take X0-{<u, v> jv*U ri(u)a u P(U ti( u* (Jx^V^VJ # A t =
\<.u,v>:v = {x:x4uax*3,^\ , xts j<u, v> :v»U R(u)^. Then Y is the required
functionf . The notation tf*'* is used for Hy NBG, uts.-* u-*S„,
so that «(„•» i- . (u* Se“* E minimal a* ̂ u . Ifq'a^S* then !(*'*. )VS„. 

p ( V  *)’V  . )
Lj .  Prom the general axioms it follows that the extended classes 
constitute a multiDlicity, and hence there is a rnul tiplicity H»0 Ŝ -C,*.
i?. Some properties of the 5 a and CMi S^»M«. and
1 .  - * \ j ^ " O n ^ U  ^"On*.
proof: Let x*(J ^"On*. If x*G«, then x*fy* OslJ fy"Onw. If xtd^, then by

definition of 3*, xtCt for same y < a . x * fy1 04U "On„.
U H p M t V V O ) .

irooii If*s/I, C* ■ 3^-U by definition of 0*. If*<^» C^-o^-d by definition 
of 3^. assume fl <*. True if * = 0. assume for ordinals <a. Suppose x*3^*C— . 
Then x̂ C*,-* x4l>̂ . «y l.» ^ " 0 n w. By definition of 3* » -►
x<G> for Lome r<a. If vi/i then x*3,pCy*U by the urevious cases,-**-,
If fl + v , x*3fl Cr*t) Djr induction hypothesis,
3. -* S^S^C^Cj,.
proof: If x*S* then xtf-'-isn *f."0nN, and x+U Cy by /. x*S/t. If x«C^^ ^ V * A
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then x*U 'On^t 'J *f, " 0nM, and x|S^ by x*C„.
u. uiH-*u*H.

proof: Let u*V*usU Ŝ -C/* . If x*u, E leasts* x«S„''C/l. fi(y the axiom ofA« 9m
replacement, these A form an extended class. Let X be breater than all 
such (\ . Then x* u -* x* C^S , by j. us 3** 0. If ^3^,, then

u*P(U f4#("On»)-Swl- Cwt. u«U S ^ C ^ H .  
p. V-H,
Proof: If V-H 4 0 , 5y* V-H, y . ( V-H )si). Hence by u., y*H.

o. 3*4 U.
proof: (i) Assertion: (s« on „ vfa . (proof by induction.)
(a)^=0. In SubsetsM take x»M,x is infinite and 7*0.

(b)/i*V + l. By lower*,*. 'f\ = P( V v )***.
(c) Lim(fl). Since fl*V, \ <f*'J t W by Cardinality, Also,
by induction nypothesis. by Union*.
(ii) Assertion: ft* On*-* <Vfl4il. (proof by induction.)
(a) (l = j. True *: ^.’0*0.
(b; (1*1+1, If * » V H  then X4<f*'v. Hy (i), so x«M by subsets^.
(c) Lim(fl). Let xfc*f*'/s* n y < fl Y * by induction b j potnesis, <<,'Y5i4,

SO x*l*.
I . S^On*.
proof: Hy induction on a , <% On*-* ** f.'a+1. ?n-t5#. Hut 3*i0n*»0n*.
For let x«3. . E niniraala , x By 6.(i)i 'a*M, so Er which well-

orders Cardinality, v* *{. v-ey t m . Let x correspond to
where A is associated with x by the well-ordering of <•'*. Thus S,4
On** On** On*. 3*~0n*.
3. utu C Y iff uts*. (Hence u*r SY iff uXS*, by 5.)

»*•-
rroof: Let utl CY. E minimal i  y u«CY. For each x*u E minimal* y 

Xi4,'a. Let a be the extended class of such*. I'hen atu. if A*On„, 
then 3**u by 7. Suppose AA0n*. Since On * is an ordinal number, A"i
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for same n O n ^ U , ,  Since A*M. , TAsM,, sa A*il. UA*M by Inion*, so tnat 
t has a strict upper bound >*Ov. Way assume Lim(x). Then u&'fv'd, If 
u * S 0 then Since u*U C,, u*ST,-**-. utS..nt

ConYerseiv, assume u*U 3*. E minimal y , u*Sy. E minimal■*«».
u % H*'-‘*u aS0 .
9. U*U S*. (Thus V-M.n c*, try o. ) 

proof: (i) Assertion: On-*5*iM. True if*»'J, by c. Assume for all /*<«*•
Let xtS^. By induction hypothesis, nay assume * minimal , x*S*. E 

minimal f* » $y minimality of « and minimality of/i »
■ f»*v*l. ■ x s if*,1 y» x*^. . Eyso* »y*Sa* x*y . f\, y»C*-*yh.->..

-■ yC3a« i i .  x*U by C a r d i n a l i t y .

(ii) Assertion: Ms I! 5*. Let x*Ma . E *• which well-orders x, so x»*. ĵy 
Cardinality, a * m. O n . cince a* 3 ,  , *.-*■ p a. .. x*oa . x*u o* ,  b.> d . ,  

i.e., ii 0<k 5*. Let y%K. Ry Cardinality, Ez*M i Tz«U*yaz. jince z««4a,
z-*3a by d..\y*V 5* by b.
10. (a) *.* On-* C** Sa (hence 
proof: ( a )  C^C.^Pf S, l-30 , and p(3*>S„.
(b )  Crt£.'C'0alt and C„<C* by ( a ) .

11. U *?J'0n ^  is transitive, 
proof: True for«k»0. Assume for ordinals **. Let x* : t*’'0nM. Then x * t*'t
for some minimalx . Qy definition of *, r is not a limit ordinal. If 
t*U then E #***x*S(1'' Ĉ  . If x*CA, x*i; f^'On^. By induction hypothesis and 
l.v xtU ^ " O n ^ U  If x*'!,,, then xaP f^'On^U ^ " O n w. Ifx*X\+l
and xi'fjx, then xs'f^,’h*U 'fa"Ona*
\<L, x* 3# -C4 ‘rxt^wL1 Cv.

proof: True if fl*J. assume for ord inals < / t .
( i )  X t3 „ .  E minimal * ,  x % 'f /* .  I f  * * U  th en  x « S i  f o r  some *<A.  ;.Tx 

S 3y"U C*S3 -U CY, by j. I f a > 0  t h e n a » t - t l  f o r  some t . S in c e  x *  f  * x 

S. n T/t "On„, TStstt ^"On^by 1^* y*Tx. I f  y4Cy f o r  any v< o th en  y*SA,
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definition of Tx«ort-P Cr.
(ii) x*CA. Since x%L ^On*, Txs'J ^"On^, by 11. Let y*Tx. If y4Cy for
o-ny ▼*/» then ytS* definition of 3*. .■ fxas,^!' Cy.v<e
Id. x eo^-U Cy -*Tx*o„- L o. .

v+0 y<fl
proof: sufficient to snow u x eo,'';J C,, and then iterate this result.

r*tI
net y*tx. E2tx,y*z. fcjy hypothesis, z^S^-U Cy. If 2*̂ /, then zsS(,',U CT» 

by Ip. Cr. ,.ssume z + 5„. Then E minimal v</», z*Cy. zsU ^TM0n„.
’■ y *'?.'«*■ for some a . By definition of Sy, y«Sr or y*Cn for some -\<r .

: . y t 5 -U C,sS,-U C,.t*y
la. xt i; S d'TxiŜ '*I' C, -♦ x*S„.**»_ r**
proof: Let y«x. If xtS., then y*P «f*"Orv. If y*C. for some y*wthen y * 0.
For each ytx, E minimal t , y * *fA' x . Since x* V S„, x*3. , so that there isAt V»
a limit ordinal ntOnw which is greater than all such e . Then ytx—* 
y* V r - ‘L*•»* x< f.'n. xt
Ii?. x*U S^Tx&U 5 y'J i C»-»xtS..y»s*- »t»„ ac^
proof: Sufficient to show •*. minimal , x*3 "♦•‘minimal, Tx«U S¥“u Cr.»|0. •*(*
(For suppose xn> Sv*TxtC 3,"U Cy. E minimal a, fat/ 1*.., TasS*- Li CtTfcO*' Y4)l VA(t
* Li S.'-T Cr. \ Txsb STy li C y~»ai/i. .-.x»a/,, by J.) Use double induction on yt9* r«* v*Wa y«s
a and , where w is iefine4 as follows. E minimal p* x *f*1 f*. ny minimal­
ity of*,^+J. fat/ definition of E n (p:H.,.'. x^L'h, and
Tft is minimal with this property.
(i) a- 1. Then Tx£Se> so Tx*r 3 y.

(ii) *=n+l.
(a)7\^0. Then xaS.^C.. If xeS^-U Cf, then TawS^-l' Cy by 13..-. x*S/t byy.̂  r*/l

1U.,-*^" minimality of a . fay * x, y» c,,* y^C¥ for any -f-fi  . T x f  S,1'1 C y
i * 1 i - K *

(b)*»0. Tnen x$ ̂  J^S,* Cfi. But by IP., xsTx*VJ'' G* -3** 5y*x ,
.jio^wy^y for an1rv<(> . Now .pt'fa1** Since a is minimal  ̂ y*b«j -
minimal 3* h i b. induction Hypothesis, I* a -* T.,̂ 1 uf .

ttS~ Y«i
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Since rygTx, Tx^U 6,-0 Cy.
(iii)
(a)-* = Q. Tnen x«U S¥-Cy . By minimality of * , ft <■*■-* x$S,,-Crt* 'fee'O (for
otherwise x*M -* x*frt +,11, so xtS,,.., ). ..f$y*x and (>/i 4 yeS^Cj and f is
minimal with ytSj-Cj. By Induction hypothesis, .y*S|-*i is minimal »
Ty*b Sy-U C, . Since TysTx, Tx̂ 'j Sv-U CY , If yeC, , then x$r rwi■ Cy. v*I y*9^  v*/t r«A- v*/i
• TX̂ LF 3,-P Cy. y*e_ y*/»
(bjTt^O. Then x$u S v r C y. - C.. proceed as in case (a).*** n n

16. x«U C,»Txt>’ oT-iJY**,- Y«#» y.s
proof: Sufficient to show « minimal % x*C*-*« minimal 4 Tx*U j,*i; C,.r't 9̂ . V»«
(For suppose x* U Cr»Txsu S y-r CT. E minimal e ix*C^. By 1^., Tx^S^-'b C y'•». »< e* y«e V4 «
til J T-U Cy, .\Tx*t' Sy'M. C Y -*^/l by J . )y*ft̂  v*(S< Ytft* v*S
(ija. = o. ihen Txssa , so rxsU oy.Tl»*
(ii; a = f i * \ , hequired t,o show fiwtTx̂ wtCy* ^nd w^Cy for any v*( i . since 
x+U ^ " O n *, S^ax4ŷ .U ■- y^S*. Hy 1<;.j x»C„*.-* y* I‘x«sA, u  C r.r*/l
Suppose Then /l+l is minimal with this property, so as in the

first sentence of the proof of IS., Ez*Ty,z*C/» and z^Cv for anyr^/l.
Since ztTx, z is as required. If y+S*.* then yeC,,. If E v^yaC,, then

yttf^'O. y*n ^ "On„, -*-, H^nce y is as required.
(iii) Lin(a). For each /*■<•*, required to sh6w EwaTx^wiC^ for some min­
imal i » ( t . Since x$t: 'P.''0nM» 3y*x,y/P "On^. ŷ Sy*. If y« U it then 
yaST for a minimal r>^t . As in the first sentence of the proof of lo.,
Ty^U dy-'J Cy . Ex*-Ty, zxc4 for some U/3 and 2^Cy for any . since 
Ty^Tx, 2 is as required. Suppose ytU Cy . E minimal v, y* cy. I f v ^ ,  
then y*f(*' O. .. y *b ^ "0n„, /. vt/i, so y is as required.
17. a* On-*

proof: M. , \ x*M:Txsa\ = lx*b ov*TxfcU S y\ =. S0.
“ »**» **»—

K. (x*V-M: Tx4il\ % Ixan C yiTxsU S,\ C.. Assume for allv««,
— «S^ yltf̂

txiUlTxam-U Kv\ A . l».#ueTi.̂  Hvr.TM€i.(
ŷ tA C.



9

m

{x*n s^iTnsns/n c y \ s*.**•( . w *ATl4t£ V S
K* ****'**••' { x€V-M:Tx«M-U K^\

\xtll Cv :Txs'i s^-r Ci\ '*’" G*.* t»„ rt#̂ . t'*
t>. Further properties of K; same cardinality relations. 

l.{The following; are true also for the system in til.)

(a; \xVll (■'■Un ■■' by induction).
(b) Mfl-ri •
(c) lî V.
Proof i Suppose M«-V. jince for some minimal«* . U*U Y*r,On,«.
Since U, J f*'/* for some minimal/I . Supposefl*0. Then
U Sv U CT . for some minimal v<* . :.(C*V Y*,'M,1 for someI
tnimal Ti . so C*> Yy'h . TfTv*0, C.tU S.JCt. Since C> 3,,

x<y
CA^SX. CT for some x*a . Rut t «.««.-* *0. :■ ti= t«-l for some

r. Since C- ‘(fT'1') C*S-YT'ta . Put Ĉ i . ■ ■ 1̂ +0. fl-T + 1 for
some y . M  C *\ s Y*’ v . C* * Y«.'r . If r«*0, C / U  St-Ct. If C-,*ST> C*-<S.,x* »

Ĉ *.Ct. But r<a-* Ct*Q* ~*+Q , ■■ v*l+l for some S . Since

C*t *fct1 ̂ » ôi — Y«*( * -â* * ** • •*• M ̂ V.
(d) rt.xV.
proof: x-* t x} is 1-1 fron V into ,■*.
(e) x-tOnM-» x* v.

proof: on^ak.sj,, so xao„.
In the axiom of replacementf if x«U then y*M. 

proof: Let x,*x-D(x). Since u*y«-» Ev*x^< v,u>tX, the corxespondence 
v-*u maps xt onto y. ^1,4 x^S,.

Notation: »,**,*•" denotes the sequence of ordinal numbers not
in M.
3. ft* On -»**» (Y*ft-«*,»4cv).
proof: {iJ/i^O. If a8 then v* » so **45*. Sincea*4 Sol* a* C*.

Assume for all ordinals */l.
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(ii) /!=ty+1. Then riy induction hypothesis, * v*Cy, so

u fy"OnM^lJ *<T+tM0nw. Also, <*¥ 'fvM'OtU *<>.■. "On*, s o ^ 3 *,
SU "On*. :. CA * Let i* A . To show*B4C# it is sufficient to show

Ifa^aCy, then *y ̂ f/'On*. .\*T*U fy^On*. Since by in­
duction hypothesis, 4 Ct for t< y , .
(iii) Lim(n). Then *A = ,T «**. By induction hy potheois, v* -* *ysU Y^'On*

v*/t
« i) fV'On*. /.a sU Y "on*. Since v</l-**ytS., a. 4 U Sy. :.*„*C,t. Suppose

n n »t>.
5-*^^*AiC(. Then **^6 *A*U '{("On*. ,\ *(lM« Cj ,
U. .
proof: x-* lx\ is 1-1 from CA into 5„«.( • 

x *V-M-*\u :u*x au<3.\ *x. 

proof; Since xtS., * > 'jA**S*-*x-sot, by induction on*. :. tu: u«x*u**s.\
= U ^u:utXiLi = »)iU X*4x»S#-x.
O. S*«U T*’Onw.
proof: S.*U Y,"On*. Leta»U. For all/i , CAv S. , so if*»d, f**OsU SyJGyV4«
>S,. Assume V * ‘ V-W for all (** . f*'w»^f*by y.

‘V m V - K ,  If Lim(Tv), so Now if*'0*1! S„-CY *Y**
U Cr, since C/S,. Assume ^h*|] C T for all . If >= /*n, '** ̂  *V * * ***.

bry 5., so Cy. If LLm(n), 1,,h*C1 r Cy}***!' Cv. M //'On*Y<« Y+t4, V<#
*(U ':v )»0nw*(U C,)x(0nR-i0\)»U V ' ) * H  **''<*> -I! Cy=S*.■»■** r- * y«*
7. x^C^-* x*SA.
proof: X6U f ’On xj by 6.• •* w *
8. C F6*.

p ro o f ;  C.ap(U f*  " Onn J-S^w Ki^-o*  by t». But PŜ t- S„ . 

y * +
proof; f d*0*. For all /j^un*, ^*,.,'0*0* by y. and induction on/*.

:.U f **if0npxc-»S#* C i. ftit S-JM * U f^/'On., by o.
10. **/!-» S^S^,
Proof: **!*/% bo S^. Hut S4< S „ ( by V.



n

11 • Vi«<, *3y*
proof: t>j induction on v . a y 3.»ay€ C y, so by /.,ayd 3 y.
lz.v is not, an initial ordinal -* YA sr.
Proof: E initial jrdinal n*v,flxv. gy n., f l± s*. • vaA-ss^Sy, by 10.

13. Lim(a;-*S-'»U Sy.
Proof: P S »l! Cy since SuaC.43^ + | for all^. oy the proof of b.,v«» **«

C y for all f**0nw. v-P '0n^*( P Cy )»j » 1' C,.:. ti/' C y by o.v** y** r*» »<*
li.Ynot n.n initial ordinal and pimfy ) -* ,;Y not regular.
proof: E a smaller (than 3, )  increasing sequence of smaller (than J Y )

cardinal numbers whose union is>3», viz., by 1 j., 1-. and 13.
lo. If Lim(vJ, oy*il o*. If Sy is also regular, ^ v»y,

_  *<Y ^  _
proof: tly 13., Sy-U 3*, and by 10., j ^ a y, .‘.LI S^ASy-vtSy by 11. Hence,

*  **v« if 3 y is regular,* £ s y. S y*/, by 11.
lb. Lim(a)-» px-.J..
proof: If xKSy for all »*• then x»li o r. xtS* by ly., -*+~. xau y for

» ?* « —  a r* *•some vwa. 2 ±2 *Cy*Sy+4* S^ by d., y., and 10.
l/.v*onM-»Sy not regular or not Lim(vJ,

proof: Otherwise oy*v by 1?., but 5y^0n„*
lb. vt 0n^-» ay*S*.
proof: Qy 3. and Assume for ordinala^r. If v *(M., *.*-a.A* 1 *

If Lim(y ), av = P a* , so^iY-liS..
19.vaCn^-e S *y not regular or not Limf*,).
Proof: Otherwise S*T» * y by IS. ButTy = ̂ w by lb. 3*^- S0, -+*~ 10.
<?0. 3. is regular.(by lb., S*»a.. Also a.-* ou^ and Lim(**). Hence a. 
is inaccessible; pS* is a model for NBG b,>
proof: Let z be an increasing sequence of cardinal numbers * D(z)*dtt ̂  

(y*K(a ) -* ya3. >. Then K(ij*M<.K(z j*u. iU h(* :.U rt(»jaO..
Notation: t. «!,*•■ ■ denotes the se^uance of initial ordinals not

in U.
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2\. If the t;»nRral ized continuum hypothesis (OCH) holds for the
then S* = <„ for all /! *

Proof: S. = t.. Assume for all ordinals <{ i . LetA*v+l, Then S v = tv, so
l» + <*  ̂  ̂’’ S,*, by and 9. Assume Lim(fl). dy lp., ST*tJ ly*^.s  r*/i t‘/i

2<l , If S/js ̂  for all /*, then GGP holds for the .
proof: P5rt2i S„ + , by d. and 9.
?3. f minimal minimaljayd ot. (Hence ifY*ST then S*Aavby 11.»
So a-*s.S t. )

froof: show firstayiS*. True if v»0, by Id. Assume yy ■/!*!. I’hen v»h, 
so v 4 S A l s o ,  t is minimal, A £ S ,; hence a,, ButaA+t* +  I * * # *

Assume Lim(Y). Then s U aj . Since yi I* v-* ja Stfll for some minimal 
ttiHfc. **41' Sry^Sf. If and a Y4 s A thenviS* by 11.,-**-.

2 k . f l* * -* .
proof: Use induction on v . Assume (K*y . True ifvs 0, Suppose y*S+1 . Then
(Vti* , Hutav* y 1 xAj, Suppose Lim(r). Then ay * u a* * U *-t. But

    /t*z*Y
aT*a/l. -3,.* = ̂ „.

t£nt^*UOnw ) -'T-C

proof: Use induction on n. True for n^o, by Id. Let/ » . .  By
' a (

induction hypothesis, ̂  s < t. .■ aflta., by 2km But* - U a., so a^ ^.a,,^
*  T'**— <*..

2o. ^ tr*lr for all Y .
proof: Suppose y is the least ordinal ,aiy ̂  iy. Then a lrt-Ly by 11. Noe 
<•¥■=•<( for some j , and s *. iy* for some /f . M r  * +■{ 51 *■** by 2km Since a ty> a ^  , 
tv > t*. Hence >>A . • **«** ty* • ■■w * • ■ ■ y»/I,
i?7. lvav* v is not regular. (Unis h<4is in general for
initial ordinals cur.) 
proof: Let dip:, Then 4* i* * *-„« y . n * ^ * r-* vr ;=■ y t ^  iteration,



v - Cl̂ NT' ")■ 7N ^ y . Suppose x< y and t * l.u.b.|^ in«.u>j. For some p , X * L/*» and

<■ o r <  Crr<:,by induction. Since < (* for a11 ntu, :. (*xx. i.e.,

V - > N ~  \. t -t * But :.y*1. u ,b,\ l j i n tut i.e.,Vis the
limit of a smaller(thanv ) increasing sequence of smaller (thanv ) ordinals. 
7. Supercomplete inner models of K.

Let G denote the von Neumann function. Following £,S 3, define multi­
plicity, extended class and extended set, respectively, of a supercomplete 
inner model of K by X47V, x*W, x*WM, where H is a multiplicity of K, X is a 
variable ranging over the multiplicities of K, and x is a variable 
ranging over the extended classes and extended sets of K, Since any 
model for K is a model for NBG, either ^«V or X=G'v where v is an 
Inaccessible ordinal of K. If v* h, then the model becomes an interpre­

tation of K with the extended classes the same as tne extended sets, 
since 0* rfeM. Hence, assume 7 i * ffor some f> •
1. If zaG'a^and v i3 minimal, z*My‘*Ky, then yi/». (Suppose Lim( x ) and 
z*G'*t« Then zaG'*.,, for some A*t. Hence if r is minimal, z«gT-Ky,vt . J 

hroofi True forf**J, since G'a.^U,,. Assume for ordinals < (1. Suppose fl*S+l. 
Then zsG’a. . Suppose Then Tz«M^« U K^a„-U Kp,A* * » (**■>»
where X-max( 7\,, z*-Mx- -**- minimality of r . Hence either £y«z^ ■*'
is minimal witn y*Mr, or tiy*z,y* k for some minimal ^ with tv* p-«.v. Now
y*G'*j. Hence by induction hypothesis, in the first case and in
the second case th<(** i<fl,so that v*s/l. Suppose Llra(fi). Then as*G'**» for 

acme t <A . V* t *fi.

If , then M^eG'a,,. (Suppose <x* is inaccessible andxw*i. Let-w*d*x.
Then W^iG'a^. Since G**^* G'rf*,,,, * G'a* , G'^/G'^ , so M^G'a,.) 
proof t True for/i=0. Assume for ordinals •*(1 . Suppose Lim(fi). Letn*t<A,
Then Suppose /»si+l, If then K1l4G'<‘t*G,* l+iir,i*l^, Hence
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it suffices to show M-tsO'a-x*, * P( G' a , ). True fort-O. Assume for ordinals 
x*. If**»v«l, M^G'a, , so y,*p(U,)AP(G'*, 1. If Llm(t), M t=(TT^*U G'»t *— «    T*t >*t
x- G’***GV, , since tea, for <*11 x andAAG'vi by induction.
i. If is -n inaccessible ordinal of K and p > ' ) , then G'a^ determines
a supercomplete inner model ;f K.
Proof: Since G'»*r is a model for NBG it is necessary only to cneck the 

special axioms. In the following, proofs of the special axioms, let (*) 
denote the fact that the special axiom in iuestion nolds for the uni­
verse V of K, and ( *+) the fact that G'a^is a model for NbG.
(a) Subsets^: Let x^K-G'a^ , Then x* Ztlf by (•*) and x- Z*G’a.P by (**).
(b) Union*: Let x«M-G'*r . Then x-G'a,,«.M by Subsets* for the system K, 
so U by (w). Also, x-M •G'*/|fcG'a/,bi, (**)» so U x- M • G'â fc G' *./,

by (*“)•
(c) Tower*: Let x*M*G’a^. Then pxfctf by (*) and pxtG1*,,, by (-**).

(d) pairing *: Let x,y*M-G’ Then Jx,y\tM by (») and (x.y}* G'a.^ by (**).
(e) Infinity*: Let x be given by Infinity* for K. Then xiM^GVL^^G'a,,. 
.TxsG’a,..
(f) Cardinality: If x^/GU,,, i£y*k,*x*y» by (»)•*. yaG’a-^G'ay.. The con­
verse, via., ( n G V ^  also follows from (*).
(eJ universes: Let z«G'*,,. itenuired to show yafxtG’*.,,;Tx*J4-G1*.^ * V G 1*^ • 
Sufficient to show yaG'ay, for then y**^, fo-y-wAfor some fifcG'*,,, and tne 
axiom of replacement applies. £ minimal z«a*w K*. Then .\y £

^X;TX*J-K-t= U*+y Hence to show yaG'*^ it suffices to show
Qy 1., *</», 9 o n ^ V .  Va-^G' a,,,

d. Halatlve consistency.
An interpretation of K is constructed in NHG+(AI), where AI is the 

axiom of inaccessibility. This is done in two ways, with A. much simpler 
than B. (Apparently B. is superfluous.) Note that for A. the underlying 
set theory may be taken to be NPO+(E 2 inaccessible ordinals); the
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assumption Al is not neoessar.,. het ^ denote the von Neumann function.
/i. Fo r any I lei N( = {xt xaj} , if v is minimal, c 11 Y tne index of a.
1. If (* is a regular limit ordinal and TxfcN,,, then xsG'/». 

pr-of: Use induction on tne index of x. True for index 1; assume for in­
dices smaller than that of x and let x nave index a+-l. Let y«x and let 
(I-*-! be the index of y. Since TyftTxfcN̂  and yiG'/. Also, yAp. the
indices of the e’ements of y can be arranged in an increasing sequence

for somex-*/*, where (lv*/> for a^lv^X. By regularity, U Butv*-e
is minimal , ysG’/i. /.if v*P, F5z*y, z<G' y . If the index of z is ruy, then

zt'.l'ts *V. a t'Vi U fKyr/L /.(I*/** '• '*/*•
y * n

2. assume /i inaccessible. (Also, assume y inaccessible *itn v>fl. ; Then 
V (G'v ) determines a m.Jel foi K, where multiplicity, extended class 

and extended set ^f <.ne mouel, respectively, are defined in NnG+tAlJ bj 
At G'v ) , xaV (x«G'v j, (xtG'y- H/ t / t where a is a class and x is

a set in tne sense of NHG*(aI/.
Note: These are the only possible interpretations of K in NfcO-KAI)

with the n -tions of multiplicity, extended class and extended set de­
fine! by x^'S xtf, xt'J for some classes of NTBG»(A3); for in any such
interpretation tne universe of Y. must satisfy the axioms of NBG (hence 
must be V or G'V), V, must satisfy th» axioms for NBG (hence must be C'/f), 
and y must consist of the sets cardinally less than tf,. Also, if K ‘"’as
such an interpretation In an extension NBGj? of n b g , the \t0 of the interpre­
tation is a set in NBG# which ietermines a model for NBG, hence must be
i'll, where P is an inaccessible ordinal in NBG#.

rroof: oince V (G'r J satisfies the axioms for NBG, it is necessary mly 
to chocx tne special axioms. All of tnese <*re immediate but Universes ana
perhaps Union*, ror union*, let x*Njt> Then U x*N.*u z, oince x*N.,ixa/I, 
s I***/*

U z is the union of a smaller (than/] ; set of smaller (than fi ) cardinals,
]*“*/»

nence isxfl. For Universes, let z*V (ZkG'vj with index l + l. Tnen ^ x : TxtN^*'z\s
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fx:Tx-?V  ( [x«G'v : Tx% \  x «G'y iTxsK^-G'j) sfxiG’v : TxsNe } )
where t.« max( ft, G’i ). E regular limit ordinal ( x * p * * ) . Then by 1.,
 ̂x: Tx4Nt\c ̂ x:T\t N^c ( \xaG'y :Txa*t̂ s[ XfcG'v iTxaN^s r-' P+\ ).
 ̂x: V { ^x*G*> :TxaNfl- z V  2’r ).

ri. Let t oe an increasing sequence of inaccessible ordinals,

: (Ei'fcU,,x«y M(/fcTx-*(,Ew*M.,ysw)vy* u K T ) ̂ ,* f*A
t^xil-tt^-y^ :y*Tx-* ̂  £w%k.,y *w )*/*L KŶ  .

Use tne notation W*(j i^'K. for the universe of the interpretation,a***
f >r the statement that h ^ i s  a model for NBG, (4*J f°r in* statement

(y*Tx-*( Ew*M, ,y *w) »y *U K^j, x,y, ••• for elements of W, and X,Y,'** for
y<i\

subclasses of A.
Note: Since this interpretation of K is of the type described in 

A., the dependence of M n and K u p o n  the particular sequence (x m ) is 
only apparent, and the interpretation is determined by s. . Hence by 
iefiaition of y^ and K„, x*iw** x*R for any increasing
sequence x* of inaccessible ordinals beginning with t, , in particular, 
for the Sequence of all such.
1. Jefl-tMjCjip.
hroof: x*M. -* x%R» %, ft > .* *4 I*

c. K„-yy=u.
iroof: By definition of K„, o. v*ft -* k ,■ S •■->» by 1. suppose
h*t. If v= J, assume for ordinals«.y. LetTafcvl. if A M  then

by induction hypothesis. Let ftM and assume x* . Since
x^Rl(|v £y* x»y . But xxWj,, . •. x(Rt/|. .ince K*‘Kj=* ), x4Mi. 

x4ity . E minimal y\, x*G*h+1 and t4 ± j\*  Since x^Km
xaA't+l. But minimality of xt . -* 0. Suppose

xtK(< K (+t . Then x«RXlt(-RXi, since Y.^ V . ^ 0 .  Ry*W„,x*.v, and E minimal 
**x. .» ytG'Ml, i.e., ysG'xi . If wty, then E minimal a x ^ w t G 'ft . Since
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xtG'tj , the set of corresponding p for *11 w*x forms a sequence with
domain^O'Hi but G 't\* r*' t( , so by (-fy), O'tvATj. Also, these p are all-*r4 .
By regularity of Tj , the union ^ of these (* is also*tj . Assume Lim(^a) *

If w*x, £ minimal w*C’a. since O'a-fiG',*, xtGH . x* G'yM+ltR^ ,
. ■ hj* U i*i* J* Assume Lim(v), , xtK^My. Since xtK*, XfcG’z*.

xkG'T.+1«G't . Also, y*Tx-» (Ea*M0,yaw)-y*'f Ky. Since x«Ur, £L*M.,x*y.* r*d
, i.e., , -a*- induction hypothesis.

з. fc'fch-'

proof: xtK^-exah^tK^. By
и. viW-*VkW (where V is the universe of NBG^tAI) and v«V).
p^oof: If Xfev, s least/V, xsU^^Kft. By the axiom of replacement these li
form a set. Let % be an u.per bound of such fi . Then xi v -* x*V^K^aM K »
by I. ani 3*, i.e., viMxJ K „  Let y*.v. If >*MA. EwtM#%y*w; if vkKA,
ytlJ Kv. :ytv -e ( Ew%v;o ,y*w 1 *y* ’] Ky. Let y*rJ-ttv, n>0. Then Ezav» y* Uj / Uz. 

r*h-r> Y**n ZZ~
Since ytTz and ( E»*l/»*y *w)*y *IJ Ky . y tTv-* ( Ew4 U_ , y aw )v y [J Kr.T(t »*»*'
Since vsfc^Kj,, vsh t 4+ =■ G1 X A*t. v^G’t^, + 1*H G" t „yL-H tAJ,r- ■ t Ayk. If
Ewn^vs-w then v* liA-rA ; otherwise t *Ka<j,.
5. V=Ti. (Hence ft satisfies the ( eneral axioms.)
pxoof: If V-W+G, V-W,y ■ (V-AJ^G. hence b̂  u.,
c. xtyta^-e XfcUa (Subsets^;.
proof: By t ' i n ^ E * fci*.ty*z* -'■ Kwszi>x»w, and m *M. b, If zaTx
then z* Ty, so (?,*) holds for x.

{• x-y
proof: By (t(i), x-ytR,^. Eu, v*li. ,u*x, vxy. Ry (•%.), u-v*M.. If z*-T(x-y) 
then z*Tx-Ty, so (^^> holds for x-y. 
b. x.ytM^-e\x,y}t V„ (pairing).
proof: By (4„), \ x \ t Obviously, holds for ^x} and \ y \ .

b., 7.
9. x*M„-» U (x * I j M, A (Union*),
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iTuof: Since x J x-u ur«nt bj- (*AJ. U (x*U * Y) * R ^ b., . how
- -  v*e» »♦*- n n

U (x* U d )*U z. for eacn such z, 2*u . Also, x-U i i r *UA by o.,Vt«^ $4H Uj*y »**!*.
so X-u My At,. Hence try regularity, U “ at,. Since T(U x* U )) SytS„
T(x*U U,), ($*) for U (x-U UA) followV*from ($./») for x-U Me. But the 
latter follows from b.
10, xtfcî -* px*M/i (Power„).
p. jof: Px*R by (•?*). Ety*R T.»**y« n> Py*Kt«. Also, T( px )-pxtTx.

holds for px.
11. Infinity lo* M., 
lc. Cardinality.
proof: for any/l , E£y*M#*xs:y, and TyeM. by definition of M*. Con­
versely, assume x* W has the property tv*'-1 M**Ty&U and xxy. To show**4- At*-*
x*u sij) it is necessary uo show suppose not, Since jr4U x,,yiK.0,

.'.y<M„. bi/t̂ y with i n d e x . - • -ce y,*. U «*, y, 4 iVo • oince /!,>*,, y.fx^*/!*•»
-■.&.* y, with index • Since y,> U !4A, yfci K« • Since /*»>?,,Atfc-

yt4^o» •• y*4P0 • ■’■ 'Ji. with index /ls>t, . Iteration yields descendingfc- 
se iuences ••-€yJ*ylty, - -* / lx * 0 * .* / ! , ,  / . y s M , .  E minimal A,  x^y^Kfl. If
xfcK/j then x ^ H Xff. for each wtx, £ minimal l*-tA , waG'f . Since x*y for some 
ytfc,, these ( form a y-sequence for some v-* t. . Let 7\ be the l.u.b. of 
these 1 . Then x*G'Ji, so xsO'X+l. Since x^R^, » X'xt/i» “**" regularity of 
T̂ ,
13. ZAMAWKA.
proof: zs,rt,4 . ,-,yaz-*y* k ,̂  . ys R 1/f. Also, Ty&Tx. If &wfcM,*w*y,
then y«M#; otherwise y*r-A . •*• Kj .
la, z*M„-Ka-a \x :Tx cU My-z^ixiTxsU My^U .’ **»_ ¥**■*- v^A
proof: Assume TxsU Let y*Tx, If rfiU Mr, then y«&, so y*Ky1f bj 13.Tt#»,
Ip. fxiTxsU M fvU KT\ = fx:Tx*Uv'U K,\ .' y<# *■ ^ v*S
proof: assume I'x̂ U U ^ U  Kv. Suppose Tx^iU-U Ky.Then E minimal ,td. r«/l rA
Tx* U 3, Let XjtTx-MA. with x,(Kr for any . If x.a-H*,, then x,*
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. {Since x,tTx, holds for x, by 12.) .-.Ex** x w x,4 R t,,. If xi*Ky
for some y</i then x ^ R t  ' G ’tT . /. x/G'tr+HRx.i— . .-.x̂ ll M y. 
for sone minimal . Since x^x,, Since is minimal , TX'Mfl)iO,

If x v% R tfl then x*fcK*,-*— . ..Bt^x^x^ Kxft* By the same argument, 
with x t a n d x 1 replaced by x t and x,, respectively, x ,«*!*. Iteration 
of this argument yields an infinite descending 4-sequence of elements
of **St» -IX^X^X,,-**-.
lo. K, is transitive.

**A
Proof: Let Y ak.^U Ky, y*xiY„. If xtM^, since y*Tx, either Bw*M#,y*w or 
y*U Kt. In the firet case y*U U v by 12. since xiRt , y*R, ■ Since TysTx, 
/*M*. y * fj| * Suppose x*Kr for some Either Ew*H,,ysw or y*U K *U Kr.T«J *</!
In the first case yiU U r by 12. Since xiR. , y<.R.^RT • Since iy*Tx,vie* It i M
yaM*. :.y*Y„.
17. It*, K*fcW.
Proof: ltrt*Rt<)# and To show M^iK*, it suffices to show TM^sY* »
M*“U Ky. Let xiTU/,. If x«M* then then x#Y*. If xtU UA, EyiM^xiy. By 16.,V‘/t
x*y*Y*. if x*uu Ms* u M„,x*yt, and a^M^ y . i y *  • By 16., y.ty,**/*
and xiy^tY^. in general, if x*U ■ U M* then x*Y* by n applications of lo.

Aw*
M rttW. By definition, K*iPRt - G ’ leQ11**, , i.e., K^iPK*^. Also, K„»K*,
so KAiK* M%. .-.K̂ U My. Let xi-TK*. If x«K* then x«Y*yi . If xtU K* tnen * *!»«.
EyeK^jXiy. Since y*K„*Y*.,, x«YA .̂» by 16. If x«UU K* then xty*y, with 

y,*U Kfl and yx* K^sY^, . * y,fcY**t by 16., so XfcY**i by 16. In general

16. \x(TxtM*wU Kv\c|Ia-K
Proof: Assume TxsM.-U Ky. Let y i x .  If y*M/1 then y * k r . otherwise y*Kv
for some yu/t , so ytR-ty. ytG'ty^liRx,,. xfcRt(|. Also, holds for x.
Hence if x+M* then xtpRi^-M*, I.e., x*K*.
19. fxiTxcU it„''x\iV (Universe*). s*e*
Proof: Qjr 1U.» 15., 18., 17.
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20, M ,*'{x* U Mv*Tx*U Fv-U M ,  K,.^x*#-U * v:TxsU H.-U Ky\.,*/* I't(L y* S
proof: Let ytTx. If Ew*M„,y;=w, then y*U M,. .-. Tx«U M ^ U  Kr.

Conversely, assume TxtU M y-U K.. Then TxtM.^u Kr, by 15., so x^M^-K-r*0- v*/l i*f%
by IQ.

9. Some immediate relations between K and other systems.
1. Let A be a formula of K which does not involve U (and thus does not
involve any U „ or KVJ.rhen a may also be regarded as a formula of NBG
(although the variables of A as a formula of K and as a formula of NtiCi 

have different ranges). If Y**msgA then r-KA, for a proof in NBG is a 
proof in K. But the converse need not hold.
Proof: In K it can be shown that Ex which determines a supercomplete 
model for NBG, viz., xi=M0. In NRG this is not provable, for it would 
imply the existence ofAinaccessible ordinal. .
2. Axiom 7 of (11 does not hold for the system K, since Kft*!!*,, follows 
from Axiom 7 of [1] (theorem 2,9 in £1]).
3. Tiie theory K does not satisfy the axioms of the theory G* of CUJ, for 
as observed in til* V*V in G%.
u. Suppose the model a  for NBGv(GCH) described in £2} is constructed in K. 
Extend to an interpretation of K by taking Yt\, (the multiplicity of ex­
tended sets of trie interpretation) to be k*L. Then & is a model for K.
(Hence the axiom of constn?tibillty V»L and ,\GCH are consistent with K, ) 
Proof: The notation is as in £2} and the numbers in parentheses refer to 
statements in C2], All notions, operations, classes and variables occur­
ring in the special axioms are shown in £23 to be absolute, except for
the power class operation; hence the subscript L denoting relativisation
to a is omitted except for the power class operation.
(i) M L  is a constructible multiplicity.
Proof: It is required to show F'a- M-L*L for all a* 0n(9.Ul). But FV&L 
(9.51), so it is required to show K-F'aeL. Assume for ordinals** and



let* = , 0 * 1 * 3 .  Then*> Max\|t,v} if 1+0 (9.25).
(a) 1=0. Then FU> K"«i (9*35), so FVSfc.
(b) 1=1. Then FV:|f'/i(F'r) (9.31), so K'a&U.
(c) i=2. Then F'*=E*F'rt (9.32). But EsM, so M*FU»F'w.
(d) i=3. Then FUsF'/t-F'v (9.33). kS'FW = (M-FV» )-FW«L (9.6, 1=3).
(e) Utivi. Then E'* = F'/l- J." (F'v ) (9.3U), so H-FV= («-F'/l )■ v ;"(FW). By

induction hypothesis, E5,M*FM = F*f» so M-FV5F'J;<t ,J)*L,
(11) Subsets^: x* M * I *i( Z )-* x * ZfcM • L.
proof: Sy Subsets*, x*Z*U, and b y definition of/(Z). (9.U1), x-Z*-L. 
(ill) Unions x*M-L-*U x-W-UM-L.

Proof: By Union*, U x-li*!/, so U x-M*LsU x-M-*U x*P'L*M by Subsets*.
Since t(M-L) by (i), x-tf-L*L (9.U1), so U x-M*LtL since £* is a model 
for NB).

{ t v ) fadring : x,y*SJ■ L-*\x,y\fcM* L.
proof: By pairing*, \x,y^tli; since & is a model for NBG, \x,y)*L.
(v ) Infinity^: (Ex) (x*M*LaTxSlw1.*x is infinitej. 
proof: The construction of K from the extended von Neumann function

shows By (11.B2), ‘afcOnfeL.
(vi ) Universes: zfeL-*fy*LiTy&U*L,'z'\«.L.

proof: Let x̂ j y tL:Ty=M-L-z^. By K, xfcV, so E **On * od1 y for all y^x.

Since ) (*9.^7 ), xsF1 o* (9.35 ). a, x *F' (lz.2). x*L (9.51).
(Tit ) Cardinality: x*L -*(x*M' Lw^EytM'LyTysN-LAX^ ),
proof: If Ey«M L|Ty4M-LAx*y, then x*M by K. Conversely, let nM-L. By 
K, E**M,# x»z. Ea*0n**»**. But OntL (11.B2), so that* is the required 

value of y.

(viii) Power^t xtM • L~* xtM * L.

Proof: Since x«M, px*M by Power*. But F^x&px, so PA x«tf by Subsets*.
Since x*L» P*x*L " & is a model for NRG.
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