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FREFACE
.. systan K of set theory is lefined which contains classes, callad

"multiplicities," and sets, called "extended classes." Certain extended

classesa, called "extended sets," are singled out; thesa are character-

ized by the property that their cardinalities are less than a fixed
cardiinal number «,, which is shown to be strongly inaccessible. The
terminology and the axioms are those of Friedman, J.I,: Propar Classes
a8 Members of Extended Sets, Math. Ann. 183, 23¢-240 (1969), with the
maximality axiom replaced by the cardinality restriction on extended
sets, Analogously to the von Neumann-Bernays-Godel system (NBG), the
system K is obtainable from an extended version of the von Neumann
function. In fact, for each ordinal number f, ine extended classes M,
and K4 given by the axiom of universes, and consistin, respectively of
exteanded sets and proper extended classes, colincide respectively with
extended classes S, and C, arising from the inductive definition of the

extended von Neumann function. Some results on cardinal numbers are
obtained which involve the«,, M, and K,, where the «, are the ordinal
numbers of X which are not extended sets. Again analogously with NBRG,
the axtended von Neumann function together with the inacessible ordinals
*awithA>0 (if any) yield the natural models of K, The system K is rel-
atively consistent with NRG togethar with the hypothesis of the exist-
ence of two inaccessible ordinals. Godel's construction which shows the
relative consistency of the axiom of constructibility with NBC is ax-

tended to K.

Bracketed numbers refer to the bibliography. within each section a
number cited in a proof refers to an earlier theorem in that section.
All notation used may be found in Til, C2) and Ci].

1 wish to thank Professor Elliott Mendelson of ueens College of the

City University of New York for suygesting that I axiomatize and study
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a system based upon the extendei von Neumann function, and for suggest-
ing much of the reading I have ‘done in set Llneory anl mathematical

logic ovar several years.
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1. Introduction. The first objective is Lo modify the extended set

theory of [ 1] so that any extended set of the resultin, theory K will
hdve Lhe same cardinality as some extended set of M,. by 8nalogy with
the von Neumsnn function of NBG, the extendesd von Neumann function ¢
civen below (without formal justification) is required to be definable
48 a function of ¥, and to yield all of tne extenied classes and extend-
el sets of K, The ordinal numbers « in the definition of ¥,'= may be
regarled as thos=a of M,: note that ¢, is the ordinarv von Neumann
function.
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2. Definition of the theory ¥. K is a firat-order theory with a

[N

2-place predicate € and™1-place vraiicate M. I'oper-cise letters are
used for the individual variables and will be saii to lenote "multi-
vlicities." Lower-case letters are ussd for individual variasbles which
denote multiplicities X such that (EY)(XeY). Such nultiplicities will
be called "extended classes;" their properties are ygiven oy the "gen-
eral axioms," wnich in form are the axioms for NBG. (Thus the multi-
plicities of K correspond to the classes of NBG, and the extended

classes of K to the sels of NBG.) The comprenension scheua of NHG gives



the axistence of the multi.licity ¢{x:ux),slso denoted by M, and the
multivlicitvy ix:x=x5, danoted by V. Tf x<M, x is called 4n "extended
set," The extended sets satiafy the "spacial axioms" (in addition to the
"veneral axioms”); the first six of these arm as in [1].
teneral axioms:
Extensionality XsY (XeZerYeZ).
Fairing (x)(y}{(Ez)(u)(uszeru=xvu=y),
Class existence axioms Bl-B7 as in (<].
Sum  (x)(Ey){(u)(ueyes(Ev)(uevavex}),
nevlacement (x)(UnXys (Ey){ueye (EV)(<v,ure)Xavex))).
rower (x)(Ey)(u)(u¢yesusx),
Strong axiom of choice {&X)(Fncda(u)(usr0->Xtusu}),
Restriction (X)(X#0O = (Ey){(yeXay.X=0)),
Infinity (Ex)(Otx, {u){uex>uviulex)),
Spacial axioms:
Subsets,, xeM-ax-ZdM,
Union, xeM—U.xeM (U,x=U(x-M)),
Power xeM > PXeN,
rairing, X,yeM-oix,yjeN.
Infinity, (EX)(xeM TxsMaOtxa{u}(uex-suvju}ex)) {(TxaxJxvdVUxu.-. ),
Universes § x:TxsMvz}ev,
Cardinality xeMesEy«M,TycMaXsy. {(This is the requirement that extended
L sets have "small" cardinality.)
Notation: The axiom of universes permits tne definition of the extend-
ed clausses Kﬁz\xtv-H:szM{Eerand Hﬂsﬁxcl:szI::ka.

3. Some immediate results. As in [1], the following are proved from the

general axioms and the first six of the special axioms.
Lo KoM Q5640 (K sKyi MsM,),

2o VzUMgyv KF 3 MsUM,3 V-MauK,.
A, Aul, AtDy



3. MaeKo3 M4K, (vroof uses axiom of choice).

Lo XpyeM, =Xy Unx, PX, §X,yleM,.

. Formal definition of the extended von Neumann function.

1. Let On,=On-M, On, =0On:M,. Then On,s on,, .(For otherwise, E least
x€0n, ~0n,, . Then X<l -+ Eweld,, X2W, . y<X -~ Evew,y3v. Since TveTw, vel,.

SoyeM, s yeMg, XSOn e M sM, 1f zeUx, Eyex, 2e¢y. . . 2e¢X, since z<y«X.

.. Uxexed. In general, TxcM. since xeM, XeM,, v .) . On =0n, =0n-M,

s M_«V, 80 OneV.

¢. Thers is 4 functhon + with domain On,, ¥'0*0, w'x+l P(wtw), Lim (a)
% 'A3Uy"a. (Proof is by the general axioms, i.e., by NHi. Ry 1., On, is
an extended class, 4ni by definition of On and M,, UcOn, A Weu-sweOn,, .

. ONpa, 18 an ordinal number.) Let 5,8 U%"On,.

3o (XX (X)) (E Y ) (Enelth (Y )s0nw0n v () (Y04 8,072 X,' (AONAY )a (=) feps«’>

= X, 'Y'<pyrn (Lim(x )~ Y'(p,t)sxl'(iﬂ]'-ﬁ\Y))))). {Proof is by t- e gen-
eral axioms; the fact OngVv is used,)

proof: Let Y, z{u;Fnclh(EveOn){D{U)mvx Ongp~( #)(B<vulgn, 02 =X, (AXONAu)

a(neOn(ucp,n>= X 'ulcp,ars (Lim(a)-» utep, ?3X," ('mhd\u))))\ If
U,pu,eY , then either u,su,or u,su,. For letv,» On =D(u,),vs®» 0N 4 3
D(ua)e. AS3Ume v, 4V, . Lat Wala: asVA{EIeOn (U, "¢, 7% u,'.u,b)}. It
wid let % be the least ordinal in w, Then u '<w,Ur=X 1 (%»0On,Au,)

2 Lo {(M3OmAu, ) u ten, 02, Tf Ewyu '<n,x7%u,'<n,u7, let € be the least
such., Thenéeé>U, If€=2, u "4nper2X 'U TAN,2X TU V(e 222U, K Rye7.
If Lim(e), then u 'um,e2=X,' {(inxelu, )=X 1 (In)xe\ u,)su,'<n,&7. Hence
(Te0n, ) (U, "ty §7=2u 114,87 ). & u 2 (¥or 0NN, = (v, x On )0, 5u,. Thus any
two functions in Y, agree on their common domain. Let Y=Y, . (Y is a
multiplicity as it is defined by a predicative forrula.) Then Y is a
function. For YeVxV; and Unf) since<d,fr€ Y. ie8:0¢Y2Bu, ,u,sY, ;
~xyfBY & U, adtyfa?6u,; but u,su, or u,su,. Kor Some A«On, D(Y)=f#:0n,, or

D{Y )y=0nnOn,, For D(Y)=Z»0On, for some ZeOn. Let xeZ, $how xsSey{(i,x).



since xe¢On, {wiws/swex}sx. Let wex. BueY, A «60n,, £X,e>¢ D(u)e ~xw u>e
D{u). cowez, .. x Seg(l,Xx), - ZeOnvZs0n, Suppose ZeOn. Let WsY v
(€<2,0%, X, (220N AY)> Y v {42, &2, X, ' Y1 Z,w) 140N WY v

§0<2, %75 X, ' ({2)x 1Y) 2 se0n A Lim(«)} . Then WeY,, so D(W)eD(Y). But D(Y)=
Zw0n, 52" On =D{W), e,

Uniquenass of Y: Suppose Z also has the defining proverty of v, 1P Y&/,
let « be the first ordinal , EA¢On,Y'<pa,«?#Z'¢p,n?. Then Y'(p,0> =

Ko' (MRONAY) =X, ' (AnONWAL)=2'<B,07 . nap ), If @y’ , YW A,a7=X,'Y'4A,V?=
A VLA Y?2it<t,are s w Y, IF Lim{et), Y'28,472X, ' (1pknaly)ax ' (inlxed £)
= L'4PyxY. .~ Lim(a). 2 el

4. In 3., take Xom{au,v2ivelU n(u)w U P(U n(u-(§xInvav) )}, 4, =

LA AV TS}

feu,vrsvafxexsuaxas 3y, X feu,v2ivaU R(u)}. Then Y is the regyuired
functiong . The notation ¢,'« is usedi for Q'{ﬂ,.\?. RY NHG, UtS,-»u4aS,,
50 that ¢.=2% . (us3,- E minimale, usy'a. If x'e®3, then (¥'a)rsS,. Hut
Fla'o)2y' arle 5, , ¢, )

“. From the general axioms it follows that the extended classes S vC,_
constitute a multinlicity, and hence Lhere is a multiplicity HaU S.vC_.

ach,
5. Some properties of the S. and Cu.; S.=M, and C,=K..

1. w4 1) ."0N,S0 §4''0N .

pProof: Let x«lU 44"On,. If xe¢5, then x« ¢, 0sU ¢4 "0n,. If x¢5, then by
definition of 5,, x¢C, for some r<u. . xe¢{fy'0sU ¢, "0n,.

Co (*)(PI(Cr 5420

ircot: If«=p, C"Sfu by lefinition of &, . If «<g, G‘-aﬂ'—‘J by aefinition
of 5ps assume p«<, True if 4 =0, assume for ordinals <«. Suppose Xe,,-C_.
Then x&C,.~ X45,. by 1., xeog-rxel 9,"0n,. By Jefinition of 5, x¢>,—
x4Cy for —ome v<&. If Y& then xé¢54°C\*U by the urevious cases,-se«,

It pevr, xe35,-C,=U by induction hyvothesis, >+,

3. A4 ¥ 5,8 5,7 C %Cp.

proof: If x¢S, then LA AR qﬁ"on_, and x¢U' C, by <. . X¢Sp. If X eC_
YA



then xcU y.'0On sl ¢4"0n,, and x43, by ¢. . x4C,.

4, ugH-sueH,

troof: Let utvausﬂliv:i,vc,.. If xeu, E least 7, xe¢5,vC,, By the axiom of
replacemant, these A {orm &n extended class. Let ) be  reater than all
such (1, Then Xed =+ X405, e5,%C,, by 3.~ usS,ve =Y4,!J. If ud5,,,, then
at (U 4,,'0n, )=5,,m C,,,+ = uel S v, =H.

ano

2. V=H,

Proof: I1f V-H40, RyeV-H,y.(V-H)zU. Hence by 4., ysH.
0. S, M.

Froof: (i) assertionipge On, -+4,'%s¥, (Proof by induction.)

(a} A=0. In Subsets, take xeM, x is infinite and 72=0,

(b)Aa=Y¥+1l. By :ower,, €. 'AzF( @'v )M,

(c) Lim(p). Since Aev, § ¢ 8tf<AVe¥ by Cardinality. also, (¢, ' :jalGM
by induction nypothesis. !, 9lAe¥ by Union,,

(ii) Assertion: A«On,— @ 'AcM, (Proof by induction,)

(a) A=0, True ' 4,020,

(bypsvel, If xe,'A then XS ¢'v. Hy (i), ¥e'Y&M, 80 Xe¢l¥ by HubseLS,..
(c) Lim{(A}. Let XeY'A. b v& A xeqly. by induction b, sotnesis, Y'Y 4,
50 K&M.

Te Sg=0N s

Froof: Hy indaction ond, dsCn vas@liatl, .. nc5,. But 5,40n,>0n,.
For let x€5,. B alnimale 3 xey'a, By 6.(1), ¥ 'asM, 80 FEr which well-
ocriers Y,'«., Ry Cardinality, ¥v24,'uaveM. Lat x correspond to <=,A>,
where A is associatmd with x by the well-ordering of %s'«, Thus 5,4
ONWAON,E 0N e < 320N 40

3. uel Cy iff urS,. (Hence usl’ S, iff u«s,, by 5.}

valy veu,,

rroof: Let uel C,. E minimal v, u«C,. For each xeu E minimal & ,
1. .

xe4¢'a. Let A be the extended class of such «. Then .4u. If A=0n,,

then 5,au by 7. 3upposa A40n,. Since On, is an ordinal number, A%§



for come s On s¥,. Since asM,, TAsM,, S0 A+¢M. . UA¢M by Unionm, 8o tnat
4 has & strict ucper bound 3 (0n.. Kay assume Lim(a). Then us¢,'x, If
u4S, then ue 'arl, Since a4U C¢y, ueS,, =+, - urs,.

LY

Converseliy, assume u&UGSf. E ninimal v, ueS,, ¥ minimal «,ue ¢,'a+],

u&!;-\auJ.So. T

9. MeU S.. (Thus V-M:17' C_, by 3.)

a¥,. wtbm

rroof: (i) Assertion: weQOn-»S sM, True if«=y, by ¢. ASsume for all A<«.

Let xe5,. By induction hypcthesis, may assume & minimal , x¢S,. E
minimal A3 xe 8. By minimality of« ,##%0, and b, ainimality ofn,
~Lim( ). o fAaYell C XYL X4D, . L EY SO0 ) Y45 AXRY . Ry T., Yl Yo,
SOYE€5,E6 M. - Xl by Cardinality.

(ii) assertion: MslU S,. Let x¢m,. Ew which well-orders x, 50 xs«, py

“elr,
cardinality ,« & @, . %t0n_ so,. SINCE At Sepdh= D . i X4, . xtu,a‘, by S.,
nely,
i.e., Mys! .S‘. Let ye¥. Ry Cardinality, ©z¢M , T'zeMayzz. since zeu,,
_“xv,
245, by J.:ye S5 by b,
-t

1. (a)as0On=C,*S, (hence T 4M}; (b) A<n=2C eC,.

Froof: (a) C_2C =P(5,1-55 , and P(5,*S,.

{b) Tl @0n,s and Cadc, by (&),

11. U «_"'On, is transitive.

proof: True for usJ, Assume for oriinals <e. Let xe @ ¢,°0n,. Then xeq 't
for some minimalx . By 1efinition of ¥, * is not « limit ordinal, If
t#U than E A+«,xs5,7C,, If xe5,, xtl ¢,"0On,. Hy induction hypothesis and
lopy xeU $,"ODSU 4."Onu. If xeC,, then xall ¢,"0n,sU 4,"On,. Ifvame]l
and xs& ', then xc ¥,/'nsl € ,"0N,.

lc. x&d.'C‘*‘hib”HviinG'.

proof: True if A=J. asssume for ordinals <4.

(1) x¢e5,. % minimal w3 xa ', Ifa=20 then x15¢ for some r«a. .. TX

S Syl c,,ss‘vr[}ﬁc.,, by 3. 1f«>»0 then «3%4] for some . Since x% 9"1:
W T *

S 1" ¥ "0n,, TXU ¢,"0n_by 11. Let yeTx. If v4C+ for any v<p then y«S,,



py definition of 5,. .. Txeo,v!' C,.
v
(ii) xeC,. Since xei Ya'0n,, Txell $4"0On,, Dy 1l. Let y«Tx. If y¢C., for
any v<A then yeS4 b, definition of 54. - TxssavU C,.
vep
1)0 xEQﬁ"’U Cy"’nﬁaﬂ"b oy o
vef vl
Proof: sufficient to snow uxsn,+id C,, and then iterate this result.
v<A
Lel yel:X. E2ex,ye2. Hy hypothesis, ze5,+0U Cy,. If 245, then «sS,7U C,,
vep vim
by 1le¢. .-.Jre;;,,uL.nS,. nSsume z45,. Then E minimal v<A, 24C,, :. 280 ¢,"0n, -
i
L yeqla for some « . Ry definition of S,, y¢S, or y¢C, for some n.r.
.-.yas.,«:{fc,ss,,ultgﬁc..
lue X€U 54 ~Txad, v 1!
LTI - Li

prroof: Let yex. 1f xeS, then yel' € "On,.. If yeC, for some vewthen yeyq O,

CyrXxe35, .,

For each yex, E minimal t, yey'x. Since xsﬂ'b‘,, X45,, 5o that there is
Av¥.

4 limit ordinal mein, which is greater iran all such v, Then ycx —

)’é &'t& t’no LXE 'f"l‘l. X ?-'“'14 v x‘-l.j‘-

15, xeU 5,~Tx<l 5,71 CyrwXe3,.
<

Yuly vl
troof: sufficient tc show « minimal , xX«5 —»«minimal , TaxelU 3,70 Cgp.
L1 - ﬁ‘
{For Buj,.ose Xt 35,~Tx<U 5,vU Cye E minimal «y Xeo o Hy lc., TxeS5,~U C,
velh,, LY. . ¥+A Tau

€l 3,0 Cy. ~TXEL 3,vli C, w8 ~Xed,, by 3.} Jse double induction on
viel, vea vel, viA
w andm, where » is iefined as follows, E minimal Ay x«%¥'f. iy minimal -

ity of w , p¥ 0, By definition of ¢u.'s,~ Lim(pe). . Enypml. .. x e 'n, and
% is minimal with this properiy.

(1)w=2, Then TxeS,, so Txa'" 3,.
f&’ﬂ-

(i) w=p+,
(a)n=0., Then x%35,9¥C,. If xtaS,,d'EﬁC,, then Txtsﬂv;‘ﬁcf by 13... x¢Sa by

-

lu.y =+ minimality ofw .. Byex,y«C,~y4C, for any v<A. . Txs"' 3,~' C,

vedm vaf
-"Vﬁ’ i.a-gSZﬂ-
(b)m»J, Then x¢ ¥ 1=5,v Cp. BLL by 1c., xsszS‘“‘E;‘G,&S‘- Cp- - Eyex,
s &0, A7 ¢5y for unyv«p . Now ,e¥u'M. Since « is minimal 3 yes, ., E

minimul <Ny ;&Y. B induction ny;othesis, f«« =+ T, ¢l S I uy.
whe ¥)



'JinCB P_‘{ETX, I'X';U .‘:.i,‘-‘U Cy.

1Y
(iii) Lim(a),
{a)mn=0. Tnen xgl;J“S,vC,. By minimality of w , A<e 2 x¢5,vCrz Qaa'0 (for
otharwise xeM-axe«®,,,'1l, S0 X€5,4,, ). /. FYex dndswpﬂ,_jcs‘“f}‘ and § is=s
minimal with Ye3,vC, o By induction hyoothesis, yeS;-~ 4 is minimal ,

TysU S,U C,. Since TysTx, Tx¢'i S, C,. If yeC,, then xgl' 5,vii C,.

YeP0m ¥<} ﬂ.',... v+ vila v
o TxgU 3,0 c,.
vud, 14

(b)m>0, Then x¢U! 5, ' C,. s A<uaXxgl,vC,. Proceed as in case O

LAY

16, xel Cy~Txe!' o, C

YW, veta' vl

proof: Sufficient to show « minimal , x«C_-~«minimal 5, Txe<l) _,vU C,.

i@ AT

?—' XI._,” .

(For suppose xel C,~Txel S,v" C,, E minimal &, x«C, . By 1l<., TxeS_ ~L C,
rolr,

- €0, yip 7 vau

civ o ,vU G, ~.Txel 35,¥1. Cy*mag i X€Us, by 3.
velB, vy vela vep

(1} »=U. Then Txss5,, 3o hsywi"

(ii) ®=p+1, kequired Lo show Ewelx,welL, and wfL, for any v<A . bSince
X4U 9a'"'Onps yeX,ydli 94"0Nue - ¥€54. By lco, XtCpei— ye I‘Jr_s&n,;-'viiinc...
Suppose ,€,,,,. Then A¥]l is minimail with this property, so as in the
first sentence of the proof of 15., Ez«Ty,z«C,4 and z4C, for any v«4,
Since 2¢Tx, z is as required., If y¢S,., then yeC,. 1f E v<fa,yeCy, then
yetO. nyeli ¢,'0n,, ». Hence y is as required.

(111} Lim(«), For each g<«=, required to shbw EweTx,weC; for some min-
imalg2ps . Since x4l ¥, ON WeX, Y4 ¥y "ON. - y4S54. If "’",E.-,f" then
7¢S¢ for « minimal r>a . As in the first sentence of the proof of 1l>.,
'Ij.q&'liob vk C,» - E2eTy,2¢C; for some s»3 and 2¢C, for any v<§ . oince
TyeTx, 2 i8 45 requireld, Suppose yevlfacf . E minimal v, y«C,. If v«Aa,
Lhen ye ¢, U, -yl $,"0n,, ., 2v2A, SO y i85 46 required.

17w ON2 5, %K 20

» (K4
proof: M, ™™ . ixtuzl:uu\ bub .;..,:Txau Y S S
Vt.a-
Ko °SFM'T0o%  fxevemzTxad) & {xe ¢ ,;szu 5, ‘' c,. Assume for allv«a,
ved, vl
Mo o(Fu:run ixtl:Txﬁﬂ"U K-,\ YarimducTianw HYPeTHESS

21 fpmted



fxea' S,:Txaliseu ¢, 25 s,

b1 ™ el vey €5\ S

TR Y] ) axtoTW
Ko  ORFWTed 0 e V-M:TxeN-l K} 8t L
yia
. -~ . YL

fxeu Cy:Txeri 5+ C,} "% Car

rel, ril. vag

6. Further propertias of K; same cardinality relations,

1.({The following are true alsoc for the system in [11,)
(a) {xyem (~{x,, -+ ,x.\¢M, by induction).
(b) xeK,™ §x\eMgan.
(c) wmév,
Proof: suppose MeV, since Lk, uel, for some minimale . - Mel ¥i"On,..
Since {C.le M, JC.l& $.'A for some minimal A . Supposen=U. Then jC_}¢€
"!i S, UGC,. :{Cu)esy for some minimalv<w ., :.§Cl€ ¢! W*)l for some
minimalw ., . 1CA% ¢, s0 C e @M. Tf n*0, c,\egﬂs,_wc,. aince C ¥ S,,
Cu§Sxe <. 0,¢Cy for somm vex, But tea 4C_&C, , =, 22N $#), . N=T*]1 for some
T. 5incm Cy €9 N, C e4,'TAC LS, . But C* S, ,— . P00, ~ A=zy+] for
some v . L {CNE W'y, .. Cy el . If vmO), C,,tgf.,v(},. If C e3¢, C4S,,
=, . C.eCy. Bubl v<«— C 6C, ,—4—, 2 Y#0, .. v2j+]l for some§ . Since
Cat W'V, C S €la 40, v dV,
() amv,
proof: x=¢{x) is 1-1 frou V into w.
{®) xX40n,— xe .
troof: On ek zo,, SO XA5,.
¢. In the axiom of replacement, if xeli tLhen yead.
pProof: Let x=Xx:D(X). SinCe usyesEvex,<v,u>eX, the correspondence
v—u maps x, onto y.:. yax4 x45,.
Notation: e«,<w ,«--+ denotes the sequence of ordinal numbers not
in N,
3.AeOn-2%,eC n(veh2%a4C,),
rroof: (i) A20. If vah, thenve 5,, S0na@aS,. Sincead, & S,ymae Cy.

Assuma for all ordinals <A.
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(ii) A=Y+l. Then »,=« %1, oy induction hypothesis, x,«(C,, S0 «, &

U ¢,"0N,&U Y ve"ONpe A1S0, Xy 60y Yvm'OeU Yyri"ONy,, S0 %,= Ky v ine}
SU 444,"0np. . %4¢Cyh. Lot §<A . To show«,4C, it is sufficient to show
436Cy. IfupaCy, then ayv indcl ¢,"0n,. -« U ¥"0n,. Since by in-
duction hvpothesis, «,4C, forv«vy,ayt S .y,

(111) Lim(n). Then =,=!" «,. By induction hypotheais,v=<f -* % &' ¢ _"On,

vep

< il ‘fﬂ"on_, LR A -fﬁ"onn. Since vaefA-24, kS, -‘n(?wi,. ;.%,tCh. Suppose
84M A%l Then &, & # 8l €("0N, 5 ey, Cpy ~ra—s

be KpdMae, o

Proof: x—=i{x) is 1-1 from G4 into Spei s

. X&V=M = {UtueXxsueS,) =x.

Proof: Since XrS,, 4> Uases, =X =X, by induction one . nfuiusxauss,)
TU {utuexcuz=alal x“axes,zx.

“el, “tSy

0. .20 ¥, '0n,.

Froof: 5,20 ¢,"0n,. Let «>0. For alla, Cyvi,, so ifary, -c"utu“:;,*c,
FSea -PLO0CV-M, Assume ¢3¢ V-M for all g<m. IfM=A+1, CL'n3¢LB by >,
S AWM, I Lim(w), €=U Y. ", 30 Y.'neV-N. Now q.,'0=ll“5,-c,. %
U, Crs since C,>5,. Assume €420 C, for allgem. If W=p*1, Yrmxgqy
by 5., SO ‘{"I-‘-’}]‘-C.. If Lim{(n), ¢ .'n=" 'f.,"n‘-‘(:‘lff}*h*i‘“cv. R P I
(U 3, )1Or1_,'x(LJ“C,)*(Onn-io‘)‘-‘*U t. (Ong=-§03 )=l €a10n U Oy =S,

Ta X6C_ - X435,

yroof: xeU ¢, 'on x5, by .

B C2FSan

kroof: C =F(U v"'On“)-b“-:: b5, ~o, by . But kS r5,.

T L %040
broof: € ,'U=( e« For all geunn, ¢..,'62C. by >. «nd induction ong.
LU CusONEC 252G, ., But S.,, = U $..,"0n, by o,
10, wp3— Se4 Sy

Proof: a» 148, 80 S5,5,,,% 54 But 5.43,,, by Y.
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11. v, 3045,

proof: vyady b, inducticn vnvy . oy 3., W, €Ly, 50 by [.ymy4 S,.
lc.y i not an initial ordinal-s+v4 35,,

proof: E initial ,rdinal A<Y¥,AzY. By 11.,A4 S,4. . v=A25,45,, by 1lu.
13, Lim(w) 45 2U S,.

ram

Proof: ! 5 %) ¢, since S,4C,4S4 + 4 for a1l fd. ny the proof of b.,

vim Yol
Ya'0=U C, for all AeOng. ! Qa'On,» (08 G lau %i' Cy. 5,20 S, by b,
Yin W degh, i A E TN

lie¥Ynot an initial ordinal and jimi(y) -» -1, not ragular.
. - . -
rraosf: © & smaller (than 5,) increasin, sejuence of smaller (than L, )}

cardinal numbers whose union isz:‘:‘,, viz., ff‘j‘:aw}, by 1., 1-. and 13.

= = -
1o, 1f Lim(v), oy®il 54, If S+ is 4lso regular, c,»v
i - ‘4‘; - = == =T
rroof: By 13., S,%8U G54, 4nd by 104, U245, U 5,65, ¥45, by 11l. Fence,
sy

sy
- = =, " -
if 5, is regular,vy $£3,, ».5,2v, by 11.

1o, x43 ~Lim{a ) pPx45,,
broof: If x»*s5, 1‘3:‘ @}l v«a then XU oy, . XES, DY 1., =+, . xau,y for
- a
some vdd, =-d‘=2‘;5,=§—:ﬂ4 ?s‘ by d.: ‘;., and 10,
17.ve Onn-*g, not regular or nct Lim(v),
proof: Otherwise :,ﬁf by 1lv., but E,{On,..
13.ve0On a3,
Froof: By 3. and 7., %,z 5,. Assume for ordinals<v., If v2pd,hy =kl =

-— m R =
o If Lim(w),;,-—-alld.,, BOdss Y- 5,25,
-

4a* 3,

19. veCn = '-g-‘v not reygular - r not Lim(«,).

Proofl: (Qtrerwise :S“,-:, by 15%. I-}.lt.:,;ﬁ. by 15..‘.?5"-150,-*' 1uv.

20, -:;'. is regular.{zgy 13., g.--&. AlBo d,xr w, und Lim(a,), Hence «,

is inaccessible; . pPS, is a model for NBG by {>].)

proof: Let z bea an incre«sin, sequence of cariindl numbers , D(2)au, A

(ye(2) =2 y45, )., Then R{ZsMaR(Z)SM. o U k(z)sM-UR(2)6als 24U (2 )40,
Notationi: sget < - denotes Lhe se uence of initial ordinals not

in M.
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2ls Il tte generalized continuum hypothesis (GCH) holds for the ¢,,
then -S.,‘z ty for a11 a,
Froof: 5. {,. Assume for 4l ordinals <fi, Let A=Y+], Then ?,.-'-tv, S0

=
Ly s o 2/ =Sf+n by T and 9. .&SSume Li-‘l‘»(ﬂ). w 15.’ bn’U S"U "Y"‘ﬂ'
vani Yi/h

<¢, If 'E?,,:g, for 411 A, then GCH holds for the ¢4.

broof:s poa = 544, Oy 3. 8nd 9,

23. r minimal ,¥v45 ¢4t minimal,ay % 5p. {Hence ifyz5S¢ then Sysw, by 11,,
30 ayzie. )

Froof: show firste,45,. frue if v=y, oy 1lU. AsBume v=pa+l, Then vanf,
S0Y45,N45,. AlS0, T i3 minimal ;A4 S,; hence e 2S5,. Bute,, 2av 1=dy,
Assume Lim(v). Then ‘*"31“: . Sinceva s, k«v=§435,, for some minimal

TUAISE, ey sll SdSepe If A<Tandeya S, thenvaS, by 11., -,
fv

Zl&-ﬂ"’"&nﬁaﬁr.
Proof: Use induction onv. Assume A«Y, True ifv=9, Suppose v=§{+1, Then
Ariafdisaynd ., Hutw,sw vl &, Suppose Lim(v)., Thenu,=U ag* U oy, But

tayY Aagay
-— _ M g X =
BATCYARBTYIATL | L arp¥ady, "dnbk g Yoy A =aly,

B G B
11

Proof: Use induction on n, True for n=., by 13, Letp= d‘x-— . By
wil
§

induction hypothesis, o x «,. Cdg e,y by 2. But .= U =, 80 f_‘.a:.--f.
- T thy

= o,

db. d"g'?'(y for‘ dll Y »

proof: Suppose v is the least ordinal e, % ¢,. Then « *¢y, by 11. Now

ty=dy for somei , and §x s for some g, stess Tk, by i, Since wi, >, ,

Ly>tas HaNCe v . . dh x (ge -ty Bla, vl e,

27. tveya (EA)(Aad<Y ™84 )= ¥ is not regular. (This hdds in peneral for

initial ordinals w,,)

—

Proof: Let A §«v, Than §<iy«tys?, e« r 2« L <ty =y Ry jteration,
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3

- ..\\“' . "\"‘
TN < v Suppos= <Y and t= l.u.be} " :new) For somep, T#l,, and
§

"\, o~ L., g
petl,by inducticn. 3ince H\L‘ <y M‘b‘ < for a'l1 new, :.p2x, 5 pex, i,8,,

APl

L‘
TT Ly o Bubpeyateay, BC teaty,ve :.val.u.b\ L y inew), i.e,, v is the
limit of a4 smaller{thanv ) increasin, sejyuence of smaller (thanv ) ordinals,

7. Supercomplete inner models of K.

Let G denote the von Newaann function. rollowing {51, define multi-
plicity, sxtended cluss &and extended set, respectively, of a supercomplete
inner model of K by X&¥, x«%, x¢W-M, where ¥ is a multiplicity of K, X is a
variable ranging over the multiplicities of K, and x is a variable
ranging ~ver the extended classes and extended sets of K, Since any
model for K is a model for NBG, sithar Way or W=(;'v whers v is an
inaccessible ordinal of K. If veM, then the model bacomes an intgrpre-
tation of K with t'e extended classes the same as tne axtended sets,
since (G'v<M. Hence, assume v zo,.for some p,

1o If 2zeC'aq and v is minimdl ; 20M ,vK,, then v2a. (Sujpose Lim(x) &and
zeG'ag. Then zZaGle, for some A«r, lHence if v is minimal, ¢l »K,,ven+1,.)
Froof: True forl=*J, since G'a.,*M,. A9sume for ordinals <Q. Suppose fi=§+1l.
Then zsG'ag « SuppoSe E N«v AN, <¥328 M, Y VUKp. Then TZeM, v U KpSi U Ko,

pawm pehy fam

where w= max( My, Wy}, o 2eM -k, , ~ 2inimalit, ol'v . Hence either Eyez, v

is minimal witn yem,, Or wev—Eyez,y¢K, for some minimal p with wep<v, Now
yeG's, . Hence by induction hypothesks, in the first case v&«i<s, and in
the second case M</%j«As0 that veA, Suppose Lim{n). Then 2«G'«. for
Some XA, S Ya T

. I n<pA, then M,aG'#4. (Suppose &y 18 inaccessible and nic. Let nedet,
Then ¥, 4G'ws. Since G'a,«G'a,, S Glayy G'apd Glay, 80 MyAG'ar. )

Froof: Trues for A=0, Assume for ordinals «ff, Suppose Lim{(fg). Let m<r<A,

Then M. 2G'«4G'ay. Supposs Aztel, If wet then N 4G'«, 4'e, *i2G'w,,, . Hence
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it suffices to show My4a('e(,, = P(G'xy), True for e=0, Assume for ordinals

P e —
ex . If ©=vel, M, AG'&,; , S0 ¥V 2P(M,)AP(G'ay ). If Lim{v), Tl',:!l Mosl G, ..,
T<% b o

= e o=

T Gteytl'u,y, Since vauw, for all * aniA4G'A by induction,

3+ If o, i5 an inaccessible ~rdinal of K andi p>2, then G'a, determines

e
3 supercomplete inner m~del f K,

rroof: 5ince G'ew,. is a model for NBG it is necessary only to cneck the
special axioms., In the following proofs of the special axioms, let ()
denote the fact that the special &axiom in ,uestion nolds for the uni-
verse V of K, and (##) the fdct that y'e, is8 & model for NuG.

{a) Subsets,: Let XeM-G'a, 5 ZaG's,. Thnen x-/Lel by (#) and x- Z&G'ewp by (¥},
(b} Union . : Let XeM:-G'&ps Then x-G'a,eM by Subsets, for the system kK,

so U x-k+G'a oM by (%), Also, X-M:Glo 6Glkyb, (#8), 30 U X:M:G'a,eG'ap
by (#x).

(¢) Power,: Let x«M:'3'a,. Then Pxe¥ by (#) ani PxelGla, by (),

(d) Pairing : Let XyyeM-3'ea. Then fx,yleM by (#) ant Ix,y]«(}'d.,. by (##),
(e) IMfinity.: Let x be ygiven by Infinityu for K. Then XeM sG'&,%C'e,,
JTxeG'm, .

(£) Cardinality: If XxeM-G'dp, KyebgaXxwy, by (#).: YyeG'we%i'da. The con-
verse, viz., (xeG'w,~» Eyel,,xsy wxeM), also follows from (=),

(s) Universes: Let ZeG'w,. nequired to S8how ys{x«G'as:TX6N -Gl 2} Glap .
Sufficient to show y4G'w,, for then yaw«,, $o y=Afor some fisi'as, and tne
axiom of replacemesnt applies. k& minimal myzed K, . Then z&M_vK,. .y €

{ X3 TxeMvK Y=l 0¥ b nnd ¥ ,,. Hence to show yaG'e, it suffices to suow
M4 Glay, By 1., #4p, SO sv2<p, By /Z,, L EPOUC TSI P

3. kelative consistency.

An intarpretation of X is constructed in NRG+(AI), where AI is the
axiom of inaccessibility. This is done in two ways, with A, much simpler
than 8, (Apparently B, i3 superfluous,) Note that for A, the underlying

set thsory may be taken to ba NAN#{E ¢ inaccessible ordiinals); the
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assumption Al is not necessary. Let 53 denote the von Neumann function.

-

a. For any § lel hy={xix«s}. If v is minimaly xeg'r, ¢ 11 ¥ Lue index of x.
l. If p is & regular limit ordinel and TxsNs, then xsi'p.
Pr-of: uUse indiction on tne index of x. True for index 1; assume for in-
iices smaller than that of x and let x nave index e«+l. [Let yex and let
pr]l be the intex of ., Since TyeTx&Np, and A+l<wrl, yg¢titp, Al8c, y4p. -~ the
indices -f the e’ements of v can be arranged in an increasing se uence
(Ay)yiw for scme w<p, where fly<ft for a'l v<n. Hy ragularity,vghn,cp. Rut
A is minimal , ye'5'A. 21l v<fi, Fzey,24i'y, If the index of 2z is w«y, then
zei'te Yy, :.tsY..n$L;\,2ﬁ..aﬁ&p.f.jt&‘ﬂ*l&"ﬁ.
2. aSSume ) insccessible, [(Also, ass.me ¥ inaccessible with v»4 ., Then
V (G'v ) deternmines a m.dael for K, where multiplicit,, extended class
and axteanded set _f .ne mouel, respectively, are defined in Npi+ al) D,
Aev( XeCly ), xeV (xe5'y ), xtH‘ {XeG'Y - Ngj, where x 1s a class anid x is
a Setl in tne sense of N3G+(Aal,.

Note: These are the only possible interpretations of kK in NBHG*(Al)
with the n . tions of multiplicity, extenied class and exteniei set Jde-
fineil r, X%, xe¢", xtU for somms classes %,”" ~f NBG+(Al;; for in any such
interpretation tne universa of ¥ must satisf. the axions of NBG (hence
must be V or 0O'v), ¥, mast satisfv the axioms for NPT {(hence must be G'4),
and ¥ must consist -f the sets cardinally less than ¥,. also, if ¥ “as
such an interpretation in an axtension XAGr of NR3, the Mg of the interpre-

tation is a set in NBG# which Jletermines a model for NBJ, hence must be
3'Ay where A i3 an inaccessible ordinal in NH3#.
rroof: since V {G'y )} satisfies the axioms for NBG, it is necessary .nly
to check trne specidl axioms, All o tnesSe are lnmedi«le but Universes and

perhaps Union,. ror tnion,, let x«nNpg. [hen u XeNgsu :. since 1-Nﬁ§;«ﬂ,
’. "Hﬁ

U? is the union of a smaller (thanf } sev of smaller (than A ) cerdinals,
Jeu-Ny

nence is 4. For niverses, let z¢V (2:G'v) with index §+). Inen &x:szNﬁ‘zﬂs
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fr:TXEN Glide {3 TxaNe) ( fxecty i TxeN v z}e { x¢Gly t TXeNA~G 18] s{xeGry 1 Txs N}
where i-mu(:.r‘l Jo E rayular limit ordinal payv< ( v«p«v)}. Then by 1,,
Y TxEN Y e { X TueNaYe Gloet  ( §Xeny 1 TxaVJaf X&'y : TxeN et oot ),
.‘.&x:&sNMZ\tV { {xeaty :TxaNgv 2Ye Gy ),

r. Let v ue an increasing se,uence of inaccessitle ordinals,

3 5 G'tpas Wiy 5 A= Prig <Mys

Mpsixeity : (Byabys xuy )a(saTxalbmen sy =w)vyel Ky )},

hhﬂxtknt‘-uﬁwg‘l‘x-ﬂ (Ewe My 5 ¥ aW }o.u'Lml(,} .

Use the notation wzti.f,v Ky for the universe of the interpratation, (g,
fr the sLatemant thatl He,is & model for NBG, (@4, for tne statement
(y;Tx-o{qul,.,yaw}-ytlJ‘K,}, X3Ys -+ for elements of W, and X,7,-+: for
subclasses of W, "

Note: Since this interpretation of K is of the type described in

Ao, the dependence of M, ani K, upon the particular segquence (<x,) is
only apparent, ani the interpretation is determined b, ¢, . Hence by
jlefiition »f M4 ani K,, Xxedi - XeHesaXoK e XeR o3 for any increasing

se juence v of inaccessible ordinals beginning with ¥, , in particular,
for the seyuance of all such,

1, €A M chp,

Froof: xeMj- qut‘gRr_n.

o Ko My=U,

froof: By aefinition of K,, Ky wruli¥aB o KM cka my=Jy Dy 1. ouppose

]
A<t. 1L v=2 D, Ky K, *J. assume for ordinalscy . Let vaiwl. If n<{ then

¥a-¥;=J by induction h,pothesis. Let A« and assume xeK, M, . Since

-\
x€kg, X¢My. o X4Ry,v Eye ey Xay. But xel,, . x¢Ry . -ince K, ¥ =D, x¢M;.
. Xén PRI xcHt“‘ —ﬁ,‘ + Eminimal m, x<G'n+l and t e n<,, . Since x«Kpy,
xsr;'tn* 1. But x4« T am,y - minimality of m. " A<s 2K, M, =0, Suppose

XeKioMp,, Than x.H‘m-Rt‘. since L !.!‘-O. fyeM,,x=sy, and E minimal

nex, , ¥eO'nel, 1,8,, ¥y¢G'n . If wey, then F minimal paw,wed'n . Since
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xe3't, » the set of corresponiing P for &11 wex forms a se,uence with
domain4 3'w3 but Gmel't,, so by (Y‘), G'MAY . Also, these p are all«%g.,
By regularity ot T, the union § of these f is also<T; . ASsume Lim(m)n
‘.ﬁ,ut‘. If wex, E minimal &, weG'a. Since GlasC'm, XEG'm. .-.x-G'#*l&Rg‘,
. Kge Mgy, ® Je ASSume Lim(¥ ), NA<Y, xeKp My, Since xeKg, Xel'Tqe &
Xc5' 1, *19G' L 40y . AlBoO, yﬁT‘l"{Eﬁ‘V-oY“}“J";i‘Kv- Since x<M,, ZyeM.yXxxy.
SXEMaeyy L.@oy X€Kg kg, s~ induction rypothesis.

3. Ban-K sk,

Proof: XGK‘—QXQH:‘QH'[{‘- HY <o X€alp.

4. VaN=veW (where V is the universe of NRG+*(A]) and vaV),

proof: If xev, E ledastpy xeMpav¥Ky. By the axiom of replacement thesen
form a set. Let a be an u -per bound of such A, Then xev-sxeV vk, ebi vk,
by 1. and 3., i.e., vaM,vK,, Lot yev. If yeM,. WweM, yow; if vek,,

YeU Kyuo:J eV (Eweli, yFaw'vyell Ky, Lot yeJ - 1lv, nv0. Then Ezev,yelU _ .Uz,
T4 Ty AL P 11 . F Sl ]

3ince yeTz and ze«Vv,vkK,, [Ewuv.,ya)vyc‘gial(,. AYeTV- (EweM yyal)vy .'U“E‘f.
since vel,vK,, Vshy, =G Tawme 2 VaG' T, ¥ 1all G"T,, .7k Trvas - YERTaeae 1f
Ewesd, y ¥vzw Lhien veM,,; jolherwise vek,, ;.

5. V=W, {Hence & satisfies tne ,eneral axioms.)

rroof: If V-WH), EyeV-W,y (V-%,20, nence b, i., yeW,=*,

Ue XGythig=nXohy (:Su.bsot.s;,l.

Proof: Ky (¥a)» Xeitg,. Eéen,,yn2. r kwez x3w, and wen, b, (§,). II 267X
then z4Ty, so (§,} nolds for x.

fo XyYamgs X~ysMgs

proof: By (%,), J(vyeﬁzn. Bu,veli_ yuxXx, ¥vxy. Ry (X,), u-veM,. If 2e«T(x-y)
then z«Tx-Ty, so {(§,) holds for x.y.

e x,ytuﬁaix,y}&h!n (Pairing,).

rroof: By (%s), Yx¥s {yj«hy, . Obviously, (§,) holds for {x} andfy).

X, yYah, b T

Vel
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rrvof: since x-J s, sx, X u u,tnt Dy (Rp)e .U (x-U Myl b, (¥g)e NOW
———e——e— .'*""" n veS, "
U {x-U # j«U 2. For eacn such z, z«U M,—24%.. AlS0, X- U n!.,*ll,, by Cay

Yel . ‘il\mp Y&’.,
S0 XU M, AY,. Hence by regularity, U Z 4Y,. Since T(U x-U M,,)) <
veo., "tl UM-

T(x- U “nJ' (Qﬂ) for U (x U H.) follons from (§p) for x-ﬁliafn. But the
latter follows from o,

1D, xtk, - Pxeia (Powar.).

p. sof: FxeRv, by (F¥a). Fyefigpxmwv. Ry (%,), PyeRy,. Also, T{Irx)-prxeTx.
~.(84) holds for px.

11, Infinity swse Mg,

le, Cérdinality.

troof: For any i, xeMg—»EyeMoaxzy, and TyeMa vy :definition of M,. Con-
versely, assume xe¢W has the property wwa-}:l,,rygubu,, and xxy. To snow

-

Xty Mpa it is necess«ry Lo show ;eh,. ouppose not. since qu at‘,y(.!{..
ned.,

nTeMg . s Eysy with index A>T, « wiwucCe y,lﬁU sigy J, 6 hee oOlNCe n.>'r. s ntyy .
W Hbdee LBy, ey, with index A,»ts. Since y"tnillri‘” 7Koo Since Aavt.,
y;(iﬂ,. “YaBkge & EYgey, with index Ag>t, . Iteration yields descending & -
Se juences - €Y ¢ Y, &Yy - fly¢Basf . yeM,. E minimal A, xehigvKy.

xe€Ks then x¢u1”. For sach wex, E minimal j<ty ,weG'f ., Since x=y for some
Y&y, these § form a v-sejuence for some v<t,, Let m be the l.u.b., of
these § . Then xsG'a, 20 xe(G'h*l. 3ince xil{tﬂ, A2Tay ¢ regularity of
Tae o Xy,

13. z6MpvKe - 28Mgv K,

proof: z&M vy - Zhlrg e SYCZTIYOM yaR,e AlS0, TysTx. I1f EweM,yway,
then yeiy; otherwise yeig. .. sabg~ K, .

l4. zauﬂvKﬁ-o\x:szlJ‘oE,vz}ssx:sz'EJ&.'M,UJiAK,] .

Proof: assume TxsU d,vz. Let yo«Tx. If .,ﬂg&un then yec, S0 yvKq, Uy 13,
| L P

'l‘“ll-

15, i*'“‘ﬂ,fr“” Kyl = {x:rxsuﬁvu K.

Froof: asswne [I'xsU ou..vu K, buppose Txtu,,vu x,.'rhen E minimal A.>7
vk i

TX'Mp=Js Lot X, ¢Tx-Ma, with x,¢ M, for &ny v<p, . 1f x @Ky, tren x,¢ ¥y,
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—— ¢ {Since x, eTx, (%) holds for x, by 12.) ~Bx,ex,,X,4R¢,. If x,¢K,
for some v<4 then X, 4R 206Gz, .-.x,eG':,-rl&Rtﬂ,_u-. "'**‘L'.o‘f." SX,cMa,
for some minimal A4, . Since x,¢x,, n,4a,, Since A, is minimal , Tx:- Mpa + U,
A,z If X R, then x,«Kpy-w—s "EXjeX,3X4 Rx,» By the same argument,
with x, and x, replaced by x, and x,, respectively, X &My . Iteration
of this argument yields an intinite descending ¢ -ssquence of elements

of Mpa p - *X X X, 5—e0

lo. ¥,vU K, is transitive,
wap

Proof: Let Yﬂsk{ﬁvu Kes YexeY,, If xeM,, since yeTx, either RKweM,,yrw or
v A

ﬁv[inh" In the first case yb'li’!, by 1. sSince XtHe,y ch,‘. Since TyeTx,
YeMp. o YeY, . Suppose x«K; for some f<A. Fither EweM, ,yaw or ytYUqK,eHmK,.
In the first case y«rli.ﬂ, by 12. Since st“ ’ yeR“gRta. Since TysTx,
Yoy, s yeY,.

17. Mp, KpeWe

Proof: MaeRy,, @nd MaéM,. To show MyeKs, it suffices to show TM,sY, =
Il,‘“y‘n}(v. et xeT¥,, If xtM 4 then then xeYy. If xuU M,, EyvM,,xcy. By 10.,
xeysYa. If XeUU My, Eyit U MyaXey , and Ey,s M , 7,65, « By 104, y ey, aY,
and Xey,2Yp. In general, if xeU-.-U M, then xaY, by n applications of lo,
» MW, My definition, KasPRys G':;‘bli(}'tm.. 1.@., KgePRy, o AlSO, Ky2K,,
30 K rkr M . - Ko¢U M,. Let x«TK,. If xek, then XxeYpei. If x¢U K4 then

EY €K, yxey. Since';.:x,.s!,,,,, xaY oy LYy 10. If xeUU Kp then xey,cy, with
ALY LA and Y e KpeYy o Y. eV gt by 10., 80 x6Y44+: by 10, In general
TKASY aeie - KpeKpgoyo

13, {x;muﬁuy‘nxv\eunoxﬂ.

Proof: Assume ‘I‘st,‘uLJmK,. Let yex, If yelisg then yeliy, . Otherwise ye¢K,
for some v« , 80 yeRy,. . yeG't,*1sR1,. . XuRe,. Also, (§p) holds for x.
ifence if x4M, then x«PRr M4, 1.9., XxeKg.

19, ix:hg‘l‘lwl,.vz\iv (Universew).

Proof: 8y ].Llo, 15.’ 180’ 17.
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0. Mp= [xeu u,:'rxsu Vel F,}, Kp: {xcw-u M, :TxsU M ~U K vYe

e T+ ‘.’-
Froof: Let xeM,-K,, yeTx., If Ew*v,,yzw, then y«l) M... szq,u uU Kr.
vebo -
Conversely, assume TxGUoH,-U K,. Then TxeM uU K,, by 15., 80 xeM; vK,
Lol ™ ALV

by 18.

9. Some immediate relations between K and other systems.

l, et A be a formula of K which does not involve M (and thus doe2 not
involve any M, or Kej).han 4 may al1So0 be regarded as a formula of NBG
(although the variables of 4 us a formula of K and &s & formula of NBG
have different ranges), If r= ,4,A then v— A, for a proof in NBG is &
proof in K., But the converse need not hold.

Proof: In K it can be shown that Ex which determines a supercomplete
model for NBG, vi2., x=M,. In NBG this is not provable, for it would
imply the existence ofwlnaccessibla ordinal .
d. Axiom 7 of (17 does not hold for the system K, since KpeM,,, follows
from Axiom 7 of [1] (theorem 2,9 in {1}).
3. The theory K does not satisfy the axioms of the theory G, of {4], for
48 obsBerved in [1], VeV in Ga.
L. Suppose the model A for NBG+(GCH)} described in {¢] is constructed in K.
Extend & to an interpretation of K by taking ™. (the multiplicity of ex-
tended sets of tne interpretation) to be k-L, Then a is & model for K.
(Hence the axiom of consbrjiibility Vs and *.GCH are consistent with K, )
Proof: The notation is as in [2) and the numbers in parentheses refar to
statements in (Z]. All notions, operations, classes and variables occur-
ring in the special axioms are shown in [2] to be absolute, except for
the power class operation; hence the subscript L denoting relativization
to a i3 omitted except for the power class operation.

(1) M:L is a constructible multiplicity.

Proof: It is required to show Fw- N'LaL for all «eOn{9.41). But FiuglL

(9e51), S0 it is rejquired to show ) Fluel, AZsume for oriinals «x and



lete=Jo<Ay> , Q14 3, Thenw> Maxim,y} 1if 190 (9.25).
{a) 1zV, Then Flus F'a (9.35), 80 Fwek,
(b) i=z1., Then Fws{ F'A,F'v} (9.31), s0 Flaci,.
{c) i=¢, Then FusE-F'A (9.32). But EgM, 50 M:'Flu=Fix,
(d) 1=3, Tbean Fla2aFM-F'y (9.33)e ~ K -Fu=(M-F'2 )=F'vel (9.0, 133),
(e) ueisd., Then Fla=F1a- 3,"(F'v) (9.34), 30 M:Fw= (M-F13) o ,"(F'v). By
induction hypothesis, E§ M:-F'A=F'j, S0 M-Fix=F'J:<7v,i>¢L,
(11) Subsetsg: xeM: L.2(Z)— x-Z¢M-L,
Proof: By Subsets,, x-ZeM, and by definition of £(2}. (9.l41), x-i«L.
(i11) Uniong; xeM-L-=U x.¥-LeM-L,
proof: Ry Union,, U x-Me¥, so U x-M-Lsl! x-M—*1} x-¥'Le¢M by Subsets.,
Since R(M-L)} by (i), x-M¥ L&l (Y.41), 80 U x-M-Lel since a is a model
for NB:.
\§v) rairing : x,yed L—oix,ylex-L,
broof: By FPairing,, \x,y}e¢K; since a is a model for NG, {x,y}eL.
(v 5 Infinity,: (Ex)(xeM:Lalxew-Lax is infinite;.
Proof: The construction of K from the extanded von Neumann function
shows weMaTwsM. By (11.42), weOnel.
(vi ) Universes: z&L-*iysL:Ty&M°Lv2’l'-1u
Proof: Lat xafyeL:TyeM-Lvz). Ry K, x«V, 30 EmOn,we0d'y for all yex.
Since W, eR(Jo ) (#5.¢7)y XSF'Wy (9435). L X&F ' Wy, (1¢.2), 2. xel (Fu515.
{(vii ) Cardinality: xeL »{xeM-LevEye«M-L,TyeN-L.x=y),
Froot's If EyeM L,TysaM-L,x»y, then xeM by ¥. Conversely, let x«¥-L. By
K, B2eM, , x2Z. E«eOn,s3z=a, But On<l (11.42), so that « is the rejuired

value of y.

(vi1i) Powery: xew-L-+1 xeM-L.
Proof: Since x«M, Px¢M by Powsr,. But P, xaPx, S0 P X4¥ by Subsetsa.

Since x«<L, PyxeL - A i3 a model for NRG,

£l
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