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Chapter 1

Introduction and Background

In this chapter some physical phenomena, mathematical model of which 

leads to  anisotropic electromagnetic problems, are considered. A fter  

introducing the terminology and the notations for anisotropic medium, a 

review o f solved anisotropic electromagnetic problems will, be presented. A t 

the end o f this chapter, an outline of the work of th is dissertation will be 

given.

1.1 Physical phenomena leading to Anisotropic Electromagnetic Problems.

It is known that Maxwell's electromagnetic equations are not complete in 

m aterial media; namely the two curl equations connect four instead of two 

unknown vector quantities. The additional information, called the constitutive  

equations o f the media, m ust be specified independently of Maxwell's equations. 

In vacuum the constitutive equations reduce to  a simple form

B  -  A o H  <L 1 >

P  — (1.2)

where B_, D_, H_, and E_, are the monochromatic magnetic and electric  vectors 

respectively, and jJLq and € 0 are the permeability and the perm ittivity o f  

vacuum. However, in general, physical m aterials do not obey such simple 

dependencies.



It has been suggested that in general constitutive equations are nonlinear, 

for  example, o f the form £ lj

H] Hb . t1 ,3 )

JD-U -  e E i  + E-i E ; E fc + . .  ( i.4 )

where £ ,  yU-, and f  are all spatial as well as frequency dependent 

parameters^. However, in th is discussion, we will consider linear term s only, 

neglecting all second and higher order term s, and constant param eters for  the  

media. This is  not a severe restriction  as long as we consider low mono­

chromatic signal levels and homogeneous media. There are many problems o f  

practical importance that can beimodeled using these assumptions. A few such 

problems will now be described in some detail.

a. Communications from a reentering space vehicle. During reentry into the 

earth atmosphere, space vehicles form a plasma sheet around th e  vehicle that 

is known to  be detrim ental to  communications to  and from  the vehicle. [ 2 , 3] 

A reasonable model for  the study o f this phenomena is  to  view the vehicle as

a grounded surface above which there is an antenna radiating into  the plasma 

medium. It is  known that plasmas can be modeled as a homogeneous anisotropic 

medium. Therefore, the calculation of the radiation from  an antenna mounted 

on a space vehicle leads us to  consider an anisotropic radiation problem.

b. F errite-filled  resonators and waveguides.

There are many devices that use ferr ite  m aterials as component part. Since 

fer r ite s  are usually contained in wave guides or resonator, the calculation o f

I
(N. B. the Einstein summation convention is  used for the indexies.)
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such wave guide or resonating modes are o f  continued practical in terest [<j. 

Again, since ferr ite s  can be modeled by a linear, homogeneous anisotropic co n sti­

tutive relation, these mode calculations are another example o f an anisotropic 

electromagnetic problem.

c. C rystal-filled  laser cavity.

A problem o f recent in terest is  the calculation o f the stationary modes o f  

oscillation o f a laser  cavity filled  with a solid, crystalline h ost m aterial media. 

The cavity may be formed, for  example, by an open structure consisting o f  

two parallel plates (the so-called Fabry-Perrot resonator) with ruby crystal 

m aterial media between the m irrors. In this context a stationary mode is  

defined as an electro-m agnetic wave that starting from  mirror 1, travels to  

mirror 2, and back to  mirror 1, reproducing it s e lf .  The calculation of these  

modes is  again an example o f a linear, anisotropic electrom agnetic problem [  if.

1. 2 Terminology and Notations

In th is d issertation the anisotropy will be assumed to be only in the  

electric  rather than the e lectr ic  and magnetic quantities. Therefore>

B  = H (1- 5)

D = e E (i.«)
— • —

where yu. is  a scalar magnetic permeability and in Eq. (1.6), the perm ittivity  

m atrix €  relates the cartesian components o f D_ and E_ vectors. This is a 

convenient assumption since i f  the anisotropy is in the magnetic quantities alone 

then the problem can be solved by the principle o f duality. The question o f both 

electric  and magnetic anisotropy has no practical in terest as yet.



From an energy consideration [6], i t  can be shown that the £  m atrix o f  

a linear, homogeneous, passive, lo ss le ss  anisotropic medium m ust be Hermetian 

(with real and positive eigenvalues). There are a number o f special cases o f the

Q m atrix which are o f  practical in terest.
&

A medium is called a uniaxially gyro-electric medium i f  i t s  perm ittiv ity  

matrix can be represented in the foUowing form , where j= f~ -l ,

(  € ,  i 9  o  \

f  = l-te e, o
' o o €z / '

The du^l form  can be used to  represent a mathematical model o f a ferr ite  

element. In th is discussion we will consider, however, £  m atrix with 

real elem ents only. For such a m atrix it  is possible, by orthogonal rotation  

of the coordinate axis, to  transform  the m atrix into a diagonal form  as 

follows

€, 0  O
£  = o e o
«  ^  „  /  (1.7)

\  o  o  e 3 ;  ' '

The new coordinate axes are called the principal axes o f  the medium, and such 

a medium is said to  be a biaxial medium. I f  along the diagonal £  a then the

medium is said to  be a uniaxial medium. The axis correpsonding to is

called the distinguished (or the optic axis o f the medium. The uniaxially gyro- 

electric  medium can be brought into the form  o f a biaxial medium’by a complex 

rotation of the coordinate axis.

1. 3 A Discussion o f Methods Used in Solving Anisotropic Electromagnetic 
Problems and a Review o f Some Solved Cases.

We now turn our attention to the problem of d iffraction in an anisotropic
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medium. The two Fourier transformed Maxwell's equations

V  » E  = -  j w B  -  M  f1' 8 )

V  x H = j w  D + J (1>9)
and the two constitutive relations (1. 5) and (1.6) contain su ffic ien t information 

such that i f  the sources ( ]_ the electric , and M , the magnetic current 

densities) are given th&n, in principle, the four vector fields B, D, E, H, can be 

computed. The practical problem lie s  in the fa c t  that the above four equations 

are vector equations, each o f  which represent three scalar equations; that is , we 

have a to ta l o f twelve coupled scalar partial d ifferential equations with arbitrary 

boundary conditions. Obviously, to  solve such a problem analytically, in general, 

is  impossible. To find the class o f problems that may be solved, f ir s t  we 

discuss those that are amenable to  analytical study in a simple medium, like 

vacuum, and then try  to  extend the techniques o f solution to  the anisotropic 

problems.

In vacuum, the sim plest vector problem is the calculation o f the radiation 

from an arbitrarily oriented dipole radiating into an infin ite space. This 

question is important not only because the dipole type problem is simple for  

visualization, but also the dipole response is  the Green’s function o f an infinite  

medium. The method used for  solution of the vacuum problem is the introduction 

o f the so-called auxiliary potentials. These potentials sa tis fy  a well-known wave 

equation whoSe sources are the scalar components o f the given vector sources.

We consider the case o f electric  dipole as the prototype for the discussion since 

the magnetic dipole case is  then just the dual o f the e lectr ic  problem.

The method o f solution is  to  decompose the e lectric  dipole into it s  

cartesian components, solve for  the three scalar potentials and then reconstruct 

the field  from  the components. It is also known that [ 7~\ in principle, i t  is
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possible to  decompose, uniquely, an arbitrary electrom agnetic field  into two 

partial fields one o f which is  transverse magnetic (TM) having no longitudinal 

magnetic field, and the other o f which is transverse e lectr ic  (TE) having no 

longitudinal electric  field. Furthermore, each component o f the partial field  

can be derived from a single scalar potential, called the TM and TE potential, 

that sa tis f ie s  a wave equation. The d ifficu lty  with th is decomposition is 

that given an arbitrary source distribution, there is no general procedure available 

to  decompose a givlen source into partial sources one o f  which will generate a TM 

field  and the other a TE field. However, in the case o f an arbitrarily oriented 

dipole, such decomposition is  available [ 8]. Thus this technique provides a 

method o f solution to  the dipole problem by the use o f  two rather than the three  

scalars required by the previous technique. There are however, certain special 

cases where an arbitrarily prescribed source is already in the desired form (for 

example, surface currents flowing on planar, cylindrical or spherical boundaries) 

and then the TE and TM modes can be found [ 9] . It is  known that these are the 

only cases that are amenable to  th is type o f solution [lO], In the case o f a two 

dimensional problem, say no z dependency, a TE and TM decomposition with 

respect to  z, can always be performed [ll] .

Having discussed the vacuum case, we now turn our attention  to  an 

anisotropic problem. Again, as the prototype, we inquire about the radiation 

characteristic of an arbitrarily oriented dipole radiating into an infinite  

anisotropic space. To keep the discussion simple, as a sta r t, le t  us take the 

sim plest type of anisotropy, the uniaxially anisotropic medium. Following the  

line o f reasoning used in the vacuum problem, f ir s t  we look for  a decomposition 

o f the anisotropic fields into TE and TM potentials each of which sa t is f ie s  a 

wave equation. This decomposition turns out to  be possible [l2] where the 

coeffic ien ts o f the wave equation, in cartesian coordinates, are 'different for  

the TE and-TM potentials. Since by scaling the cartesian variables, the
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anisotropic wave equation can be brought into a standard form , that, is  the vacuum 

form , the field  o f a dipole radiating into an infin ite uniaxially anisotropic media 

can be found from  an equivalent scaled vacuum problem. Generalizing th is idea, 

we can s ta te  th a t i f  fo r  a given vacuum problem the sources can be resolved 

into two partial sources and the corresponding field  problem can be solved, then 

there corresponds to  th is vacuum problem a scaled uniaxially anisotropic problem 

[l3]. This sta tem en t may be generalized to  cylindrical surface Currents i f  the  

optic axis is  along the axis o f  the cylinder [l4]. In the case o f two dimensional 

problems, a scaling can always be found that w ill convert a uniaxially anisotropic 

boundary value problem to  an equivalent vacuum boundary value problem [l5]. The 

use o f  three scalars, (vector potential) in an anisotropic problem leads to  a 

complicated wave equation for  one o f the scalars. Although* by the judicious 

choice o f  gauge condition [ l6 ]  th is wave equation can be sim plified, as yet, in 

general, th is technique has not shown promise o f  success.

We now inquire about the radiation characteristic o f a dipole immersed in a 

biaxial, or i t s  equivalent, uniaxially gyroelectric medium. Again, following the  

line o f  reasoning used in uniaxially anisotropic media, f ir s t  we look for  a 

decomposition o f  the anisotropic fields into two partial fields one which is  TE 

and the other is  TM with respect to  some longitudinal direction. It has been 

sta ted  [l7] , however, that fo r  biaxial media no such decomposition is possible.

If we take the twelve coupled scalar partial d ifferentia l equations and by the 

process of elimination solve for  one o f the cartesian components o f one o f  the 

vectors, say Ex, then we obtain a fourth order partial d ifferentia l equation 

with constant coeffic ien ts. Hence the implication is  clear; i f  the media is  

uniaxial then the fourth-order partial d ifferentia l operator decomposes into a 

product o f  two second-order wave operators with constant coeffic ien ts, but in 

general, such decomposition is  not available. Since a linear d ifferentia l operator 

with constant coeffic ien ts has exponentials as i t s  characteristic functions, by
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an expansion o f the fields in term s o f  a spectrum o f inhomogeneous plane waves, 

the so called angular spectrum, the problem can be converted into an eigen-value 

problem fl8]. The corresponding inverse spatial Fourier transform s, in general,

do not lend them selves to  closed form  solution. There are, however, a number
/

o f approximations available that provide physical insight into the mechanism of  

radiation in a biaxially anisotropic medium. A general approximation technique 

has been developed [ l9],//that is  based on a stationary phase approximation for  two 

dimensional integrals, which is able to  predict, using quasi-optical arguments, the  

nature o f  power flow in a biaxially anisotropic medium. In the case o f a dipole, 

i t  is shown [20] th at the inverse Fourier transform  integral can be separated into 

two parts; a part that is  singular but integrable, and thus displaying the singula­

rity  o f the fields, and a part that is  fin ite  but does not lend i t s e lf  to  closed 

form  evaluation,

1 .4  An Outline o f  the Work o f th is Dissertation.*

Approximation techniques notwithstanding, the general radiation problem in 

an anisotropic medium is  quitte complex. Thus in order to  gain b etter  insight into 

the radiation mechanism, we need a model that is  both physical and at the same 

tim e analytically tractable. Obviously, infinite medium without boundaries or 

two dimensional problems with boundaries are hardly physical, but are studied 

because they are amenable to  mathematical analysis. The aim o f this d isserta­

tion is  to  extend the class o f problems o f radiation in an anisotropic medium 

which are capable o f  analytical solution and have some physical significance. 

Because uniaxial anisotropy is  the sim plest type o f anisotropy, and furthermore, 

3-dimensional vacuum electrom agnetic boundary value problems that are solved 

have plane, spherical, conical or rotationally symmetric boundaries, in this 

dissertation  attention w ill be focused on rotationally sym metric boundaries with 

rotationally sym m etric boundary conditions or sources, immersed in a uniaxially
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anisotropic h ost medium. A contribution o£ th is dissertation is  the demonstra­

tion  th at i£ the optic axis o£ the medium coincides with the axis o£ sym metry  

o£ the boundaries then by proper scaling, the uniaxial problem can be reduced 

to  an equivalent vacuum boundary value problem. Moreover, as a practical 

application o f  the theory, the to ta l field  due to  an axially aligned e lectr ic  dipole 

immersed in a uniaxially anisotropic medium above a conductive prolate spherpid 

will be obtained. This field  will also be calculated for  a paraboloid o f  revolution. 

In these calculations i t  is  assumed th at optical axis is  aligned with the axis o f  

symm etry o f the conducting boundaries. For the case o f prolate spheroid, 'exact' 

high frequency and long wavelength asym ptotic scattering will be calculated.



Chapter 2 

Rotationally Symmetric Potentials

In th is chapter we examine a class o f isotropic electrom agnetic boundary 

value problems with the aim o f obtaining solutions to problems in anisotropic 

media.

2 .1 A Derivation of Rotationally Symmetric Potentials

It is  known [2 l] that, under special symmetry to be specified, i t  is  

possible to  decompose, in vacuum, an arbitrary electrom agnetic field  into two 

partial fie ld s, a decomposition d ifferent from  Bromwich's [22] , each of which 

is  derivable from  a single scalar that sa tis f ie s  a second order partial d ifferential 

equation. These scalars, designated as Rotationally Symmetric P otentials (RSP), 

reduce to  a special case of Generalized Axially Symmetric Potentials (GASP) when 

the frequency is  se t  to  zero. Such potentials appear in many fa ce ts  of engineering 

[23 , 24 ].

The method of decomposition is  based on the contention that i f  there is  a 

preferred axis of symmetry, say the z axis, for  the sources as well as the 

boundaries, then the field s should not depend on the angle of symmetry. This 

source, for  example, could be a ring or axially aligned current element, with 

boundaries which are figures of revolution: spheroid or paraboloid, fo r  example. 

Furthermore, i t  will be shown that in such a case, Maxwell's equations decouple 

into two independent se ts  o f equations, one of which gives r ise  to  a transverse  

electr ic  potential (TE), and the other to a transverse magnetic potential (TM) 

with respect to  z. Both o f these potentials sa tis fy  a second-order partial 

differential equation th at is  related to  the scalar Helmholtz equation.

To derive these potentials, by the use of (1.1), (1. 2), (1.8) and (1.9), we 

have in the source fre e  case
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h ,h 3 h , E ' '  L ,  h j E i /  = (2.2)

h, hj. h * e * ~ & h ' E ' )  =
(2.3)

I

h 2.

•  i “ s E -  M

h, h (lr, hA' 4 h'H') = HeEa
(2.6)

where U,', 0 * , and are the generalized orthogonal coordinates with m etrics  

hi > ^2 ) ^3  . The subscripts on the vectors re fer  to  the components o f the 

vector in that particular direction. L et it  ̂ denote the angle o f sym m etry -  Cf> , 

with the corresponding m etric hh = j9 where p  is the cylindrical distance 

variable in the x-y plane. If neither the sources nor the boundaries are functions 

of Cp > (the m etrics do not depend on (J> ), then the field components cannot 

have any Cjp dependency, and the derivative with respect to  Cp m ust be 

identically equal to  zero. Setting the derivative with respect to  Cf> equal to  zero 

in Maxwell's equation, we have:

I d> I p

bx h3 a u *  3 3 *  ' J , Co ^ (2. 7)

-  I c)
" '" jc O y U .H  2 .  (2*8)

K h, V do,i, 12
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‘ * ©> 

h, h 3 g)u ,
^ 3 ^ 5  " (2.11)

1 (  c> i l l  °L
h, - J t h'H0 ■ MeE* (2-12)

Notice that (2.7) through (2.12) can be resolved into two independent se t  o£ 

equations. Equations (2.7), (2.8) and (2.12) have H ,̂ Hj, E ^as their  dependent 

variables, whereas (2.10), (2.11) and (2. 9) have E^, Eg, as their dependent 

variables. The f ir s t  s e t  has as i t s  only e lectr ic  field  component Eg = Ê > .

Thus the e lectric  field  is transverse to  the 2 axis and hence this s e t  produces the 

TE mode. Similarly, the second s e t  has as i t s  only magnetic field  component 

Hg = H q>. Thus the magnetic field  is transverse to  the z axis and hence th is 

se t  produces the TM mode. Let us w rite out these equations as a TE se t

^  <2 - 7 >

i r , h a E s  =  -  ( 2 , 8 )

i c o £ E 3 < * * >
h, h;

and a TM se t

7"T 4 "  M i  = i 0 0 2 ^  (2-10)
I v h ,  ^  h  J

, M  = i w e - E ,  P- i i )h,h. o)u, 5 1 I'3

I

K  h 2
= m m * <2>9)
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Now by the duality transform ations, that is  E. —rH. and —* -E^ and £  *=?JJ,

i t  is  easy to  see  that the two se ts  are equivalent. Therefore, for  the purpose o f  

th is discussion, the TM se t  will be considered. In the TM se t  we have three  

simultaneous equations with three unknowns and thus, by the process o f elimina­

tion, we can generate a single partial differential equation for  one o f the  

unknowns.

The RSP potential is

. . ^ S >  (2-13)

and is that scalar from which the vector components can be generated. To elim i­

nate Ej. and E2 from  (2. 9), multiply (2.10) by h^ and take the derivative with 

respect to  ^  and similarly in (2.11) multiply by and take the derivative with 

respect to  u^. Substituting these equations into (2. 9) we have

1 h ‘ h =. -  ...»  „4

Hence sa t is f ie s  a second order partial d ifferential equation of elliptic type, 

which in general, has variable coeffic ien ts. For future reference, in Table 1, 

Equation (2.14) is  depicted in some cornmonly occuring figure o f revolution 

coordinate system s. In order to determine the nature o f the solutions o f (2.14), 

in the next section, the relation between i t  and m ost widely studied second 

order scalar wave equation, the Helmholtz equation, will be demonstrated. A 

comparison between the so-called Bromwich potentials and RSP will be also 

presented.
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M etrics, transform ation, and RSP Wave Equation in Some 
Rotational Coordinate System s
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2.2) Discussion on Bronwich and Rotationally Symmetric Potentials.

The Rotationally Symmetric Potentials in cylindrical coordinates sa tisfy  

Eq. (2.14). In these coordinates the equation is

„  d  f  i <5<M a f y
c j p j  + f r p -  + ^  P -M a)

We now show that solution to  Eq. (2.14) may be obtained from  solutions o f the 

scalar Helmholtz equation.

In cylindrical coordinates,* the Helmholtz equation is

f  a ?  /  +  3 ^  + . ~ p  5 ^ *  +  ^  “  0  (2' 15)

This equation can be brought to  the form  of (2.14a) by the change o f a variable. 

Let Ĉ ( z) be a solution o f (2.15) and o f the form

(2.16)

(2.17)

= f ( ^ , z ) e i v  .

Then, as is  shown below, 

is  a solution o f (2 .14a).

Substituting (2.16) into (2.15), we have for  f  ( ^ , z.) the equation

* g  -o
k et  S ( f i ^ - ) =:f f ( p l ) ^e a  new dependent variable in (2.18).

Then with th is, dependent variable (2.18) is

P —  ( —  ) j. ^ 9  « 2-* oij l y o>^y + ^-p. + «  ^ » o (2.i9)

(2.18)
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Comparing (2.19) with (2.jL4a), we see  that g( f ) ’Z ) S!̂ (  Thus we have

demonstrated th at the RSP's may be obtained £rom the solutions o f the scalar  

Helmholtz equation.

The general technique o f decomposing the vector electrom agnetic problem 

into a s e t  o f scalar problems is  based on the ability o f  separating Maxwell’s 

equations into two se ts  o f independent equations. The fields o f  these independent 

se ts  o f equations may then be derived from  a scalar that sa t is f ie s  a second- 

order partial d ifferentia l equation. It is  generally known that such resolution is  

feasible in cartesian coordinate system  [22] where the scalar, referred to  as 

Bromwich potential, sa tis f ie s  a scalar Helmholtz wave equation.

It is  also known that the scalar Helmholtz equation separates into se ts  o f  

ordinary d ifferential equations in eleven coordinate system s. However, in 

sp ite  o f the fa c t  that the scalar Helmholtz equation separates, for  example, in 

ellipsoidal coordinate system , in such coordinate system s the vector wave 

equation o f the electrom agnetic problem cannot be solved in a simple form  in 

term s o f solutions o f scalar wave equation. The reason, for  th is apparent 

anomaly, is  that the scalar, from which the fields are generated, is  not 

related to  the tangential field  components in a simple fashion in the coordinate 

system  mentioned above. In fa ct, out o f the eleven coordinates in which the  

Helmholtz equation separates, only five  o f them (plane, circular -  , ellip tic  - , 

parabolic cylinder, sphere and cone) give r ise  to  scalars that are simply related  

to  the tangential field  components. Out o f these  five  system s only the spherical 

coordinates deal with fully 3-dimensional problems. If, however, there is  an 

angle |d£ symmetry, both in the sources as well as the boundaries, then, as i t  

was shown, Maxwell's equations may be separated in additional coordinate system s. 

For example, spheroid and paraboloid o f  revolution coordinates, system s in which 

Bromwich potentials do not ex ist.
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Chapter 3

Anisotropic Rotationally Symmetric Boundary Value Problems 
and Their Scaling to  an Equivalent Vacuum Problem

In th is chapter we extend the concept o f  rotationally sym m etric potential 

fo r  application to  electrom agnetic problems with uniaxially anisotropic host 

medium. It is  assumed that the optic axis is  aligned with the symmetry axis o f  

sources and boundaries. A fter  discussing the physical interpretation o f  the  

assumed boundary -conditions in problems with rotational symmetry in isotropic 

media, a scaling will be presented that reduces the anisotropic boundary value 

problem to  an equivalent isotropic problem.

3.,1 Extension o f the Concept o f RSP for use in Anisotropic Media.

In this section  it  will be shown that for  anisotropic medium whose optic 

axis is  aligned with the symmetry axis of the rotationally sym m etric boundary, 

the % m atrix o f the new constitutive relation, th at is the m atrix that 

connects the curvilinear components o f the D vector to  the components o f  

the E vector, does not depend on the angle o f  sym m etry Cp . Furthermore, 

the only coupling o f Dp to  E_<p is through a constant, independent o f  the  

coordinate system . This fa c t  w ill allow us to  use the same reasoning applied 

in the case o f isotropic medium to  resolve Maxwell's equation into two se ts  o f  

equations, one o f which is  TE and the other TM with respect to  the Z  axis, 

the axis o f symmetry. The TE mode will be a vacuum mode, that is  i t  will 

sa tis fy  the same equations as the vacuum case. However, the TM mode is  an 

anisotropic mode and hence the duality applicable to  the vacuum case will not 

hold.

The following section is divided into two parts; in the f ir s t  part, the  

constitutive equations for  rotationally sym m etric vectors will be given, and in 

the second part, RSP will be extended to  uniaxial medium with optic axis 

parallel to  the axis o f symmetry. -



3.11 Constitutive Equations

The constitutive equations for  an uniaxially anisotropic medium can be 

specified, in m atrix form, as follows

where the optical axis is parallel to  the z axis, and t) . E , B and H are the
X X X X

magnetic and the e lectric  vectors and the subscripts refer  to  the cartesian  

components o f these vectors, £  is  the e lectr ic  perm ittiv ity  and is  the  

magnetic permeability and 3<. is  the relative perm ittiv ity  o f  the medium. Let 

the transform ation from cartesian to  an arbitrary rotationally sym m etric 

coordinate system  be given by:

/  = ( u,j ufc) CO* cp

^  ~  9  (u ‘ t u k )  (f>

z. « f  (ut> UA)

where cp refers to  the angle measured from  the x axis in the x-y  plane, and

Uj and U2 re fer  to  the rotationally sym m etric coordinates. Introducing the

(3.3)

(3.4)

(3.5)
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following notation,

= fa.
G)Ut

(3.6)

f ! f L
c ) u ,

) (3.7)

le t  h^ be the m etric corresponding to  u^, and be the m etric corresponding to  

1*2 , and h  ̂ be the m etric o f the angle cp , then

a.

a , /

\ /  coo cp £ o » < P - x-a q Q.'
-

bi 3l£ ouvqp 
ha. '

OOQCf

1 £ihx 7 a fJ

4  A a *
(3.8) “

where the a's refer  to unit vectors corresponding to  the subscripts as indicated. 

Since the transform ation is unitary, the corresponding inverse o f  A is

-1
(3. 9)Av  -  A

Now using (3.1), (3. 8) and (3. 9), and defining £  such that

D = e l
(3.10)

we have

-  A" e  k (3.11)
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which is  the required perm ittivity m atrix. Performing the indicated m atrix  

multiplication yields

4  • -  T j:  <^'9 i  + (3-13)

~ ^ 2 3  " °  (3.15).

(3.14)

Note that for  arbitrary rotationally sym m etric coordinates, the transform a­

tion from  cartesian to  rotationally sym m etric coordinates is  analytic, that is 

i t  sa tis f ie s  Cauchy-Riemann equations [25]

\ ' I
h, hx  o ) ^  (3.18)

h - o>uz h, ^u,
(3.19)
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Because o£ th is property i f  the medium is  vacuum, i. e. K = 1, as expected,

(3.12) through (3.17) reduces to  a constant m ultiple o f a unit m atrix. As indicated 

above £ 3 3  -  is  a constant, independent o f  the coordinate system .

3.12 RSP for  Uniaxial Medium with Optical Axis Parallel to  the Axis o f  
Symmetry.

To derive the RSP mode equations, we use Maxwell's equations jn conjunction 

with the derived constitutive equations. The Fourier transform  ( —► ĵ oo ) o f

Maxwell's equation in conjunction with the constitutive equations (3.2) and (3.10) 

are in the following form

= (3.20)

j L  h.E, -
a>uv a v  * r  -  (3 . 2 1 )

\iJ-u - I t ,  K E|) = (3.22)

I

( 3 ,2 5 )^1^2. ' V>V|

Using the same reasoning as used in the case o f vacuum, and assuming that 

the boundaries (and hence the m etrics) as well as the sources are independent
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o£ the angle o f sym m etry -  <p , and from  the fa c t  that £  is  independent o f  cp > 

we conclude that the fields cannot have cp dependency. Thus the derivative 

with respect to  cp must, vanish. Therefore (3.20) through (3.25) separate into 

two independent rotationally sym m etric modes, one o f which is  TE with respect 

to  z and the other is  TM with respect to  z. From (3.20), (3,21) and (3.25) we 

have the TE equations

g L _ * . E ,  -  -  P . Ml

- I  , r  u  (3.27)

f - s r - i i r w )  •  |S- "
and from  (3.23), (3. 24) and (3. 22) the TM equations

(3.29)

■ (3.30)

( 3 ,3 1 )

Comparing the TE se t  with (2.7), (2. 8) and (2.12), the TE vacuum 

equations, we recognize (3. 26), (3. 27) and (3.28) to  be in the same form  as the  

vacuum equations. However, th is is  not true fo r  the TM equations. As indi­

cated, therefore, the duality applicable to  the vacuum case does not hold.

We have now shown th at the concept o f RSP may be extended to  uniaxial medium.
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l£ we again define

^  3 * ■ (3.32)

then by eliminating and E£ from (3. 31) by the use o f  (3.29) and (3.30) and 

using the relationship

(which is  obtained from  Eqs. (3.12) through (3 .19))we have a single partial 

differential equation for  if' which is

+
q) I +  ^ f i f 2 ^  +  k i f f y -  +  ^  - fa )  d w  

h, 0 ^ 1  ^2? 2̂, C^Ua.
(3. 34)

•V c o  I<C
H,hz

L -  o

The vacuum mbde equation (2.14) in conjunction with the equation (3. 34) reduces 

the solution o f the vector anisotropic boundary,value problem to  a solution o f  

two scalar problems. Note that i f  in (3. 34) K = 1, as expected, i t  reduces to

(2.14), the vacuum case. As opposed to  the isotropic equation, (3. 34) does not 

separate into ordinary d ifferential equations except in cylindrical coordinates. 

Before we discuss the boundary conditions o f the scalar equations, we also note 

that (3. 34) may be generalized to  stra tified  as w ell as inhomogeneous medium 

where the inhomogeneity does not depend on Of , the angle of sym m etry.



3. 2 Vacuum Boundary Conditions

In th is section  three types o£ boundary conditions, Dirichlet, Neumann and 

Robin conditions, fo r  the above potentials, w ill be discussed. It will be shown 

th at in the case o f vacuum, the specification of a homogeneous Dirichlet

whereas the vanishing o f the normal derivative, the Neumann condition, a t  a
k

boundary represents an ideal conductor for the boundary surface. Furthermore, 

the notion of a surface impedance will be introduced. This impedance unifies the 

Dirichlet and the Neumann problems.

3. 21 Dirichlet Problem

Again, for  the purpose o f  discussing the boundary conditions, only the TM 

case will be considered. The interpretation o f the TE boundary condition follows 

from  the principle o f duality. Since the only magnetic field  component in the TM 

case is H cp , from  Maxwell's equation we have

boundary condition is  physically interpreted as a lack o f impressed currents

(3. 35)

Using Stokes theorem,
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Therefore, the specification o f impressed e lectr ic  current on the u  ̂ « constant 

surface leads to  a Dirichlet problem for  Cfs

3.22 Neumann Problem
«

Let be the normal and Uj be the tangential coordinate. From Eq* .2 .11 

reproduced below

we have
h ,h s  c>u,

c> h ICO £.

i

h ,  E t

i' o j c E .

(3. 39)

But on an ideal conductor the tangential e lectr ic  fie ld  is zero, hence specification  

of an ideal conducting boundary leads to  a homogeneous Neumann problem.

3.23 Robin Problem

Let a surface impedance Z. be defined as

Z  a
U, = Uo

Substituting (3. 39) into (3.40) we have

Z
I

“JcotfT o)n

h3 Hn. U, =■

Rearranging (3 .40a) yields

c>n
+  T  ( W )  f  =  O

where

<r K ) COe 2 . (u*)

(3. 40)

(3 .40a)

(3.41)
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This type o f boundary value problem where a linear combination o f  the  

function and i t s  normal derivative are specified on a coordinate surface is  

referred to  as a Robin problem. Note th at i f  in (3.41) we s e t  Z = 0 then the 

homogeneous Robin problem reduces to  a homogeneous Neumann problem, as

expected. If, however, we le t  Z  —* o o , while keeping fin ite , the homo-
c) n

geneous Robin problem reduces to  a homogeneous Dirichlet problem. Thus we have 

shown, as indicated above, that the concept o f surface impedance unifies the 

Dirichlet and the Neumann conditions.

3. 3. Scaling o f the Anisotropic Boundary Value Problem.

To note the e f fe c t  o f the anisotropy o f  the medium on the mode equation 

(3. 34), consider (3. 34) in cylindrical coordinate system  which is

C> ( \ \  . f.'l*

s f j  +  K  +  k  k  *  - 0  (3- 42)

where k is the isotropic wave-number. L et

iz =
fk T  (3 .42a)

be the transform ed coordinate. Substituting (3.:42a}into (3.42), equation (3.42)
' zreduces to  an equivalent isotropic mode equation (2 .14a) with h  ~ as i t s

new wavenumber. Thus by a sceiling o f the coordinate axis, the mode equation 

(3.42) as well as the boundary is  transform ed in a form resembling an isotropic  

problem. The only question remaining is  the e f fe c t  o f such scaling upon the  

boundary condition. Here, the idea o f surface impedance is utilized. It is  shown 

that by the introduction o f a direction dependent surface impedance, the aniso­

tropic boundary value problem is reduced to  an equivalent isotropic boundary 

value problem.
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L et the anisotropic surface impedance Z he defined as

H<e
(3.43)

f  °

where , ‘2-Js© is  the equation o f  the constant coordinate surface in

cylindrical coordinate system . See Figure 1 fo r  the geometry o f the scaling. 

From Figure 1, however,

E. ^ = [E & +• E  y Coo cx (3.44)

Using (3.29) and (3.30), rew ritten  fo r  reference in cylindrical coordinates as

6 k E. (3.29)

(3. 30)
f  G)-Z- =  e

and substituting these equations in conjunction with (3.44) into (3.43) yields 

for
Olltv o< c) LjJ COD <* 3  ip

Jco£K  i 03 ^  d'z.
Z (3.45)

Rearranging, we have

i -j ^  rv \
K C O o e * -^ -  ”  QL<A' Ĉ ^ '  +  j c o £ K Z c p - 0  (a> (3.46)

If we le t  K = 1 in (3.46) then, as e j e c t e d ,  i t  reduces to (3.41), the isotropic  

Robin condition. Note that Z is  the isotropic surface impedance. Introducing 

the following scaling transform ations in (3.46), see Figure 1, le t



I

= o

f

A
n

Figure 1. The Geometry o£ the Scaling

is:3Ci
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{ k  C o t c< =  c o s t <$>

we have, by using equation (3 .42a)

A AN A
IP

0>h

where

+ c o e Z ^  « o  @  (3.47)

A K _7 -    —  z
( n l ^ o c  +■ K C ooV  ) ^

and the caret denotes the scaled variables. Thus, as indicated, the anisotropic 

boundary problem is  reduced, by the introduction o f a direction dependent surface
A

impedance Z, to  an equivalent isotropic boundary value problem. From (3.47) we 

note, that i f  th e  original boundary surface is an ideal conductor, that i& Z = 0 , 

the scaled boundary surface is an ideal conductor as well. Hence, the homogeneous 

Neumann condition in an anisotropic medium transform s to  an equivalent isotropic  

homogeneous Neumann problem. It is  also noted that the form  o f  the Dirichlet 

boundary condition does not change by the process o f scaling. To show that this 

is  the case, consider ^  C to  be the anisotropic Dirichlet condition

on the boundary surface z  " * 3̂ nce the only scaling is  along the z axis,

the form  of ^  cannot change and thus the form o f  the anisotropic Dirichlet 

condition on the old surface"is the same as the form  o f  the equivalent isotropic 

Dirichlet condition’on the scaled surface. As an example, le t  the boundary be 

a unit sphere whose equation is

(3.48)
2. + ^  * |
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and the Dirichlet boundary condition, say,

V (e) = cô  e
Since (3.49) in cylindrical coordinates is

with the use o£ (3.48)

^ ( f )  = I '  -  ? ’*' (3.50)

Since the scaling along the z axis does not a ffe c t  the variable  ̂ , the

Dirichlet condition on the scaled coordinate surface: is

T ( ? )  -  J l - ? 1  (3.51)

To summarize, i t  has been shewn that in a: uniaxial anisotropic medium the 

concept of RSP can be extended for  the use o f anisotropic electrom agnetic boundary 

value problems and the resulting scalar anisotropic boundary value problem is  

transformable, by proper scaling, to  an equivalent scalar isotropic boundary 

value problem. In the subsequent chapters, some practical anisotropic boundary 

value problems and their solutions are considered.

(3.49)

t
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Chapter 4

Scattering by a Conductive Spheroid and 
Paraboloid o f Revolution

The scaling technique developed in the previous chapter w ill now be applied to  

some problems o£ practical in terest. In particular, the to ta l (incident plus 

scattered) field  due to  an electr ic  dipole aligned with the axis o f a rotationally  

sym m etric boundary and the optic axis o f an anisotropic medium will be calculated. 

To be considered in the discussion are spheroidal, rotationally symmetric 

ellipsoidal and paraboloidal boundaries. The spheroidal shaped surface is  o f  

in terest because i t  is the m ost general fin ite  surface for which Maxwell's equa- ■ 

tions can be solved analytically. The paraboloidal surface is included because it s  

usefulness in antenna applications. Since by proper scaling o f the isotropic  

scattering problem anisotropic solutions can be generated, attention will be 

focused on the vacuum problem. The anisotropic problems and their solutions will 

be obtained by scaling the vacuum solutions.

4 .1  Scattering by a Conducting Prolate Spheroid.

The intent o f Abraham [26"] , the orginiator o f RSP, was to  use RSP modes 

to  study the natural electrom agnetic oscillations o f  a spheroidal cavity with 

perfectly  conducting walls. Since his treatm ent o f  the problem, a number of  

researchers have contributed to  th is as well as other electrom agnetic problems 

involving spheroidal geometry [27, 28, 29, 30, 3l[] . Only recently [32[] 

spheroidal conducting surfaces have been proposed as an approximating model 

for the calculations o f the resonant modes o f1'fa confocal m irror laser  

resonator. The functions, (the solutions of the separated RSP mode equation 

in spheroidal coordinate system ) that arise in these problems are spheroidal
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1wave functions that are o f in terest in many fields o f engineering. For example: 

Fourier analysis, mean-square estim ation, acoustic problems ^33J , to  name a 

few . Thus the problem chosen fo r  illu strative purpose is not only o f in terest  

fo r  the reason sta ted  but as a representative o f a much wider class o f problems, 

namely, problems involving spheroidal wave functions* In the next section, the
i

problem o f calculating the to ta l fie ld  due to  an e lectr ic  dipole above a conducting 

spheroid is  formulated and solved. The solution is  Eqs. (4.7), (4 .8), (4 .10 ) and

(4.15).

4.11 Statem ent o f the Problem.

L et  ̂ and ^ denote the radial and the angle prolate spheroidal 

coordinates, respectively. Figure 2 shows a conductive prolate spheroid centered 

a t the origin with coordinate  ̂  ̂0 with parameter c as i t s  sem i-interfocal

distance. Let an e lectr ic  dipole whose axis is coincident with the symmetry axis 

o f a spheroid be located a t a point jc *o< and ^ 9 I . Let the electric  dipole 

and conductive prolate spheroid be immersed in a uniaxially anisotropic host medium 

whose optic axis is  parallel with the symmetry axis o f  the conducting spheroid.

The problem is  to  find the to ta l electrom agnetic field , consisting o f an incident 

dipole fie ld  and a scattered  field.

1 ' .There are many books, tables, and artic les on the subject o f spheroidal wave
functions. Some o f their  properties are reviewed in Appendix A on Prolate
Spheroidal Wave Functions. The following bpoks were found useful on the subject:

Stratton, Hunter, L ittle , Chu, and Corbato, Spheroidal Wave Functions,
John Wiley, New York, 1956.
C. Flammer, Spheroidal Wave Functions, Stanford U. P ress, Stanford, C alif.
1957.
Meixner, and Schafke, Mathieusche Funktionen and Spharoidfunjctionen,
Springer-Verlag, Berlin 1954.
L. Robin, Fonctions Spheriques de Legendre e t  Functions Spheroidales,
Gauthier-Villars, Paris, vol. 3 ., 1957.
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Figure 2. Geometry o f the Spheroidal Scattering Problem
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4.12 Solution in Isotropic Media

The method o f solution o f th is scattering problem follows the usual pro-* 

cedure. F irst the incident dipole, field  is  expanded as a sum o f  prolate spheroidal 

waves. Then by assuming the scattered  fie ld  to  be a sum o f  outgoing spheroidal 

waves o f  the same form  as the incident field  but with unknown coeffic ien ts, 

referred to  as the scattering coeffic ien ts, the form  o f the to ta l field  is  found. 

By satisfy ing the requirement that the tangential e lectr ic  field  on the conductive 

surface should vanish, the scattering coeffic ien ts are determined and, in 

accordance with the uniqueness theorem, the solution is complete.

To determine the spheroidal wave expansion o f the incident dipole field, 

following Meixner and Schafke [34 ] , we note that the field  o f an e lectr ic  dipole, 

on and aligned with the z axis, is  rotationally sym m etric, as well as transverse  

magnetic. Thus the only magnetic field  component is

where (i) stands for  the incident field, k is  the waye number, R is  the distance 

measured from  the observer to  the source (see fig . 2), is  the angle 

measured from  the z axis with the dipole as the origin and A1 is  a complex 

constant signifying the magnitude o f the e lectr ic  dipole moment. For future 

reference, we note that (4.1) can be w ritten  as (see Ref. 34)

Hq>C  ̂ = -  A Co ( p t ( ^ R )  FJ ( c o o  © )
(4.1a)

where A « A and '•K is  the spherical B essel function o f fpurth kind, f ir s t  

degree and P^ is  the associated Legendre polynomial o f f ir s t  order and f ir s t



degree, and GOj> &  and R aregiven in term s o f  the spheroidal coordinates by

» !  1  ~  *  
e  =  > —

- I  (4.2)

where c is  the sem i-interfocal distance o£ the spheroid, and (  ̂(  ̂ ) are the 

spheroidal coordinates o f the field  variables. As shown in*Chapter' 2, however, 

the solutions o£ the scalar Helmholtz equation with m=l (spheroidal wave functions 

of the f ir s t  ordet in spheroidal coordinates) are valid modes for the rotationally 

symmetric magnetic field. With th is in mind, we le t

Hep11'1 = I  ( • ? , * )
h, *. i / (4.3)

where

& =  k c
(4 .3a)

and Sj' . ( , if ) is  the spheroidal angle wave function o f  f ir s t  order and nth

degree and CR is  independent o f 1̂  . To evaluate Cn, multiply (4. 3) with 

Sjn(^,tf)c)^ and integrate betw een-1 and+1. By the use o f the orthogonality 

property o f  spheroidal angle functions

(4-4)

where N .^  ( % ) is* a mornalization constant and cfnn> is the Kronecker symbol,

*N: . ( ) is  tabulated for small m, n and % L 35^ .
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we thus have

0 ,  =
in

-i

CO
JT7*) / Hcf . drL (4-5>

In order to  evaluate the integral, we note that

p . ' w  •  w f e #  ? ■ " ( < )  < * ■ »

and by rewriting (4. 5) and substituting (4. la ) and(A^8), yields

.1
^ _ 2 co A k

Kn <«) -I
1

Using the following identity (see Appendix A),

) p,~ f e d * :  ft > *)1d-n (A, 40)
-i

= -  f ^ - ' )  1 (?< *) R.nV'Xi *) + *  * *  J

where and Rj ^  are the radial prolate spheroidal wave functions of

the f ir s t  order, nth degree, f ir s t  and fourth kind, we have

c»

^Here the .normalization condition .of S tratton . Oh I], is'.used; 
^ ) (r*h (Z  + 2 m )!  (h  + m ) !

i , e * 4 ,  ^  — T \ = f t - " ) !
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This step  then completes the determination o f  the incident dipole field  as a sum
*

o f prolate spheroidal waves. The resu lt is.

(i) (u) (4.7)

L\ w  2<o/b.A, y  _ !  i c  (h
/*s*#

To evaluate the scattered field , we assume i t  to  be in the same form as
. . '  t

the'incident fie ld  but with outgoing spheroidal waves, and unknown constants -  a^, 

the scattering coeffic ien ts. Let be the scattered magnetic field given

as

M.
(4.8)

Since the tangential electric  field  m ust vanish on aTl ideal conductor, from  

Eq. (2.11),

[tf-t C ] =  O (4.9)

T M
where (t) refers to  the to ta l magnetic field. By substituting (4.7) and (4.8) 

into (4. 9), we have for  the scattering coefficien ts

a„ - ds.
d
oh
d

(4.10)

d ^  L'

The to ta l isotropic magnetic field  is therefore now determined. Next we 

obtain the solution to  our anisotropic problem.



4.13 Solution in Anisotropic Media

As shown in Chapter 3, the anisotropic solution is  obtained by scaling the  

vacuum solution. Since the scaling consists o f contracting the distances along

and interfocal distance 2c, transform s to  another spheroidal surface defined 

by >o with an interfocal distance 2 1 .

To find the transform ation from  the original confocal spheroids to  the  

scaled confocal spheroids, note that the original boundary sa tis f ie s  the 

equation

the z axis by the factor  ( k , the spheroidal boundary surface defined by ?«,

(4.11)

with major axis

(4 .11a)

and minor axis

by the introduction of the scaled axis ~2- the new equation is

(4 .11b)

f

K

where now the major axis is

(4.12)

(4 .12a)

the minor axis is
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and the sem i-interfocal distance

(4vlS)

The transform ation between the original spheroidal coordinates ( ti ) and the  

scaled coordinates ( * > i) ) is  obtained b y .fir st noting that

By considering either ( ^ ^  ) or ( T ̂  v> ) as fixed, equations fo r  the remaining 

pair ( 7  ^  ) or ( ), respectively, are found. The roots o f these equations

are the transform ation. For example, eliminating Tv or V from (4.14) 

yields

the roots o f  which are the transform ation relation from  (  ̂,*£ ) to  ( 7^1)), 

The solution of the anisotropic problem is obtained by substituting the 

new variables ( Tv, V > fo r  ( f  i ) in (4.7), (4.81 and (4,10).

4 .2  Scattering by a Conducting Paraboloid o f  Revolution

As a second example, to  the scaling technique presented in Chapter 3, 

the to ta l field  (incident plus reflected) established by an axially aligned 

electr ic  dipole and scattered  by a conducting paraboloid o f revolution is  

presented. The medium is  taken to  be uniaxially anisotropic whose optic axis is  

aligned with symmetry axis, The technique o f solution is  based on scaling of  

Pinney's [3 5 ] isotropic solution. For th is purpose f ir s t , the paraboloidal 

coordinates and wave funotions are introduced and then the isotropic solution

(4 . 14)
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to  the scattering problem is  given. This solution is  then scaled in accordance to  

arguments presented in Chapter 3.

4.21 Introduction to  Laguerre Wave FunctibnS

L et the transform ation from cartesian to paraboloid o f revolution 

coordinate system  be defined as

(4.16)
v  *  2  Jtn7 c o o  cp

y *  % JuIF ou q  cp •

■2L « — u  4- O'

(here the definitions o f Pinney [j36]} are used).

Eliminating U or O'* from  (4.16) we have

a  k U 0 -  «  ^  U %  A u * .  *» L* I T Z .  (4.17)

and therefore for  U ^  0  and

the u = constant and the v ■ constant coordinates correspond to  paraboloids of  

revolution about the z axis, open in the positive and negative directions. These 

fam ily o f paraboloids are confocal, with the origin as focus, and have focal 

distances u and v. In this system  o f  coordinates, the scalar Helmholtz 

equation is

! : ( “ ! £ )  + ^ ( ° s £ ) + J i r ^ -  "  0  ( 4 -1 8 )

Using the usual separation o f  variables technique, the solution to  (4.18) is  o f 

the form

< K u , a ,q>) =
-jnrxp

(4.19)
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The separated equation fo r  (&(*) is

d *  ' *

If we le t ,

<k'M - x V ' V P i * ' )
with (4.21)

h 4  ■fe ^Vh +• <2^ +  i j

Then y™ sa tis fy  a confluent hypergeometric equation

rV2-
X

dx2- + ^  4 '" x)  5 7  +  ^  -  °  <4-22>

whose solutions are the Laguerre functions. These functions are defined for  

arbitrary 'i) as

I M ( \ ' i— \ v  r  (p~?)
L» W r v ™ 1)' p ! (4'23)

where P  denotes the gamma function.

If "v> = n = integer then the Laguerre functions reduce to  their corresponding 

polynomials. The properties o f th ese  solutions are known and are available 

[36, 373 in the literature. The functions o f in terest, in th is sequal, are the 

so-called Laguerre wave functions, defined as

% ”(*) •  x ‘ m e - l x U m«» v v  (4.24)

V > ) ^  x i w e i mU »  „ 25)
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where U™ (x) are the second solutions^of' (4.20), [ n . B, to  conform with
i

Pinney's notation, the symbol for  the wave functions o f the f ir s t  kind are 

denoted by S^1 . This symbol should not be confused with 9 ^ . ,  the angle prolate 

spheroidal wave-functions used in the previous problem.J * th e  following 

property o f the Laguerre wave functions are noted [3$;

outward direction

V ffcjfeujsj'Y -
outward direction

inward direction  

m
f-2jfeu) 5p" ( Z j  feir)

inward direction

(ziku) sJ tu )  - s j ( - 2 j k o J

direction

, e je c t io n

5 ;  ( - 2 j f c u )  $>" ( 2 j i o )

direction

direction

represents a wave traveling in

represents a wave traveling in

represents a wave traveling in

represents a wave traveling in

represents a wave traveling in +z

represents a wave t raveling in +z

represents a wave traveling in -z

represents a wave traveling in -z
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With th is short introduction to  Laguerre wave functions, we are ready to  formu­

la te  and present the solution to  the isotropic scattering problem.

4.22 Statem ent and Solution o f the Problem

In the paraboloidal coordinate system , considered in the previous paragraph, 

le t  an e lectr ic  dipole be a t the origin with it s  moment parallel to  the z axis. Let

the conductive paraboloid o f revolution to  be at the coordinate u = uq. The problem

is  to  find the to ta l field. Since the electrom agnetic field  is  TM as well as rota- 

tionally sym m etric, the only magnetic field  component: is  along the Cf direction  

and from  th is component all other field  components may be generated. The result 

for  the to ta l magnetic field  is [ 38j

(-1 = jfelc o e |■ n + l (42S)

where the scattering coeffic ien t Bn is  obtained by requiring that a t  u = uq the  

to ta l tangential e lectr ic  field  shall vanish. The result for  Bn is

Q = n  Vn f c i f e u . )  + V n - .U i f e u . )
S„(2j*lU.)  +  £ h_, (Z j & U„)

Having presented the isotropic scattering solution, we turn to  the 

anisotropic problem. By scaling the distances along z direction by the factor  

I , the anisotropic Neumann problem is  reduced to  an equivalent vacuum 

problem. In a manner sim ilar to  procedure used in the previous problem, we 

find that the transform ations

Utf = u V  ^ = -  U 1 + a  (4.28)
; \|K

are the desired connecting relations between the scaled and the unsealed 

coordinate system .
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Chapter 5.

Rayleigh Scattering by a Conductive Spheroid

The form  o f  the solution, Eqs. (4. 7), (4. 8) and (4.10), o f the spheroidal 

scattering problem, although valid for all frequencies, is only useful for  small 

, since in th is case both the spheroidal wave functions as well as the 

summations in term s o f these functions rapidly converge. £N. B. For small 

& = fee o 2HT -f- z ^ I » where c is  the sem i-in terfocal distance o f the spheroid 

sca tterer  is referred to  as a Rayleigh Scatterer^ Furthermore, in the  

case of an anisotropy'along the sym metry axis, the scaled confocal spheroidal 

wave functions may be expanded into an infin ite series o f the "unsealed" spheroidal 

wave functions, by the use o f an addition theorem for spheroidal wave functions 

C 34̂ 1 , and thereby adding additional d ifficu lty  in visualizing the anisotropic 

solution. However, fo r  low frequency or large anisotropy, the sca tterer  

becomes a Rayleigh-type of sca tterer  and thus i t  is feasible to  expand the 

scattering solution into a Taylor series in powers o f X . This expansion, in 

addition to  being a generalization o f a corresponding calculation for  a conducting 

sphere in the vacuum case [39J , is  also a check on frequency perturbational 

calculations [40] . For example, the calculations o f the scattered field  due to  

an arbitrarily incident electrom agnetic wave on a conducting spheroid (41 ]  , 

where an *'exact' solution is  not available.

5 .1  Formulation o f the Problem

In th is chapter we evaluate the fa r -fie ld  lim it o f scattered  magnetic 

field, referred to  as the scattering amplitude. It is defined as

* J

k )  4  t e 1
Cf —

(5.1)
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where A is the major and B is  the minor sem i-axis o f the spheroid describing the 

location o f the e lectr ic  dipole and & is the angle measured from  the z axis 

(see Figure 2). The final resu lt contains no reference to  special functions and 

are given in term s o f physical parameters; A, B, a, b and K . The final resu lts  

are tabulated in Tables 2 and 3.

5.2 Evaluation of the Scattering Amplitude

To evaluate the scattering amplitude, the following procedure is followed. 

F irst, the scattered  magnetic field, Eq. (4. 8), is  reduced to  i t s  fa r -fie ld  compo­

nent, and by the use o f (5.1), the scattering amplitude is  found. Second, based on 

the long wavelength formulae o f the spheroidal wave functions and their deriva­

tives, developed by Burke [ 42] for  the scalar (acoustic) scattering problem, an 

expansion o f the f ir s t  two term s o f an infinite series expansion o f the scattering  

amplitude, in a series of integral power o f k, is  presented.

Following the indicated procedure, from (4. 8), the scattered  field  is

Using the asym ptotic property of the prolate spheroidal radial wave functions 

(see Appendix A)

T

(A. 15)

and noting that as c ^ —>oo) c  ̂ approaches r  , the radial distance, and 

approaches cos © , (see A. 2) we have, by using (5.1), for  the scattering  

amplitude

<3(e,A,e>,a,fe,fe) - f  ^
1 (5- 2)
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For future use, we define

<3 (»,A.&.0,fe,fe) * £ (e(A,&,d,fe,k) (s.3)
where the expression fo r  g^ is  found by comparing (5.3) and (5.2). In the rest  

o f th is chapter we evaluate and for  isotropic and anisotropic medium in 

term s o f the physical parameters o f  the problem.

To evaluate and including term s o f order if we note that, from  

Appendix A, taking into account up to  the second power o f if

£
S „  ( c o > e ,* )  -  3 < V e )  (?>4)

(cco © , if) -  |  o i n  a e  ( i + -jjp o ^ e ' j .

We also note [*4lJ that the normalization constants (see 4 .4) are

m« («)

N j x )  * +
In order to  evaluate in ( o< ( ), we note that in term s o f  the

spheroidal coordinates o f the dipole (o<l I ), the major and minor axis o f  it s  

associated spheroid are

ft = C <*
, (5.6)

& = c (V-1)3-
Referring to  the formulae o f (A31) and(B. la ) from Appendix A and B, we 

define

l»)

(5.5)

o(„ = Re *)] » R„ (*■*)
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Using the relationships o f  (B. la) and substituting from  (5. 6) into (A. 31), we 

have

o( -  t E .
I' sl“

Similarly,

(5 .7aj)

- R e[R u(% , * ) ]  -  %*'(«,*)  

■feiAB ^  ^  7 ( f ) ]

(5. 7b)

15

ft, - L  [*?(«>*)]  =
5("RT -  2B>2)

= 2 ( a V O B T 4 ?*

/fa \z 9/\T f5B2-a.a-t fea)- gB2f35a -3342 -f 5A% 5Bl )

(5 .7c)

\ 2 0 /  A T  -  2 B 2

(* •  * )  ]  = (5.7d)
I 5  TfeB>-i-o?'-'&2 ) -  6 A 6 *  T . _

* T  ( a ^ ^ e T i 4 L
.  Afc\2 21 A’-B’-T + T  (a 2- tf-)(5B’--a«VJtfj -  AB'Cna2- l7*%.2lAN.iief-

where T  a 4 - - 6 A B *

- p ^  H ( a l - 4 , z ) '

A -  (ft1-  B2)^  ' <5' 8>

L et the real and the imaginary parts o f the scattering coeffic ien ts be 

defined as
xn(a,G>,fe) = R ea ,  

V  ( & i b , h )  -  I *  a h
(5.9)
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Substituting (5.4), (5. 5), (5.6), and (5.7) into (5.2), the f ir s t  two term s o f the 

infin ite series in the scattering amplitude'is

feV* • a
- * T p  0 tn '  6

15 '  1 c A 1 (5.10)

2i!gg(kt* I f t ^ y
* i + ^  c a* r

Performing the indicated operations in (5.10) we have, fo r  the real and imaginary 

parts o f and g^, the equations

r <H - - !  -  [ '+

- - 1  e o ^ [ i + ^ ( b i n V ^ j | [ » * . + *.|!>.] (5-n )

To evaluate (5.11), we need the expressions for  the scattering coefficien ts  

(5. 9). These coeffic ien ts are evaluated in Appendix B and the resu lts are 

tabulated in Table 2. The resu lts for  these coeffic ien ts are valid for  shapes 

ranging from  conductive needles through disks. In particular, i f  the eccentricity  

o f the spheroid tends to  zero, they reduce to  the tyiown scattering coeffic ien ts  

o f a conducting sphere [37]. Furthermore, for  spheroids with sm all values o f 

eccentricity, the coeffic ien ts may be expanded into a series o f integral 

powers of the eccentricity. These expansions, for  nearly spherical prolate as 

well as oblate spheroids, are also evaluated in Appendix B. If the oblate 

spheroid is alm ost a disk, then the coeffic ien ts may be expanded in a power 

series o f a parameter £  , which is zero i f  the oblate spheroid is  a disk.



X,= K e a , Lj ( = Xwl

Spheroid A  QxTzc q k V l  feV 3 G a - l V ' ) z  aT-CZfe3 ( i  fee* 3 6 a - / 3 r \
SI (Iq-tYV 25  r  -  2 a  / 9  l a - r  V  5 0  2 a  /

Nearly spherical 
prolate spheroid

Nearly spherical 
oblate spheroid - ^ y v ( i - F )

Disk type 
sca tterer o ( * ‘ )

TABLE 2 -  ELECTROMAGNETIC SCATTERING COEFFICIENTS FOR
CONDUCTIVE SPHEROIDS IN CASE OF LOW FREQUENCY



/
, y^ =  -  ][vw Qj.

Spheroid

-  2 - r b V  ( z a N - W W  j \

^ ' ( - g a b V  + I2_0l bl +  6 b 11) \

' / ( i f  a x ( - ( o a ^ +  t e a *  i f - I88a’'b‘l- 2 b t ) -  34aV + 4fcaMk V / 2 « o ^ o i 8 ]  
S'™ ( la N - b 'X - S a b V  + -t^ b 1 + ib “) J

Nearly spherical 
prolate

Nearly spherical 
oblate

Disk type

5

TABLE 2 (continued)
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Such an expansion is given in Appendix B. Based on the resu lts o£ Appendix B, 

the real and imaginary parts o£ g  ̂and g  ̂ are then calculated in Appendix C.

The resu lts o£ these calculations are collected in Table 3. From th is table we 

note that the resu lts for  the isotropic scattering amplitudes do not contain 

any reference to  special functions and are given directly in term s o f  the physical 

parameters, o f the problem. This step  completes the long wavelength far-field  

solution o f the isotropic problem.

Based on arguments presented in Chapter 3, to  obtain the anisotropic low 

frequency scattering amplitude, a scaling along the z axis is  performed. I f  we 

le t , in Table 3,

A a
A — *■ -? =  \ &

{K - 1 f i T  (5- 12>

and therefore,

T

rv

r -  A - ( f c * '  K & 1)1- ( ‘ ’
{ k  i * .  — - n — -7 i  

A +(A -  K BI)t

i—  ,  o --(o - - K 4 .  )
vK ------ 7 1 ------- :vt— -

the resulting amplitudes are the required anisotropic scattering amplitudes. 

Thus, as indicated above, the e f fe c t  o f the anisotropy may be observed 

directly by substituting Eqs. (5.12) and (5.13) for the scattering amplitude of

Table 3. We here note, that i f  K  *> o the sca tterer  is  o f an equivalent

disk type whereas i f  K —> <*» the sca tterer  is then a needle type o f  

scatterer.



"D o Q , _________L o r .  -frT ~ - j > -fe S i n ©  +  o ( t f )
"  2 3 'T  2 a -  T

T „ .  J_ -ar. ^ - ’1 + '-T(°<-g) .. 1,1 „„g + 0ff)
l w  *3> 9 i ? r  (2-a1-  t )*

l?e g, L. -iJL  '  gA‘S^ _____ c*f?V»20
^  - 4  T5‘ _ qab'r+ IZW + U*

- r  n  — I A b  f 2 a ' +  b ')  </17 , 0 ^ ,

^  “ i« lV + C .'tV  6k. C * !'" 2®
where

~    Ac   Ac.
,M f «  -A - ^-*3%

m  A 4

IC71
COI

TABLE 3. THE LONG WAVELENGTH SCATTERING AMPLITUDES FOR A CONDUCTIVE
SPHEROID
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Chapter 6

High Frequency Scattering by a Conductive Spheroid

In th is chapter the high frequency electric  current induced by an axially 

incident plane wave on the surface of a conducting prolate spheroid is  calculated. 

The method of solution is  based on the theory of complex resolvents and on the  

use of uniformly valid asym ptotic approximations.

The solution to  the scattering problem, Eqs. (4.7), (4.8), and (4.10), given 

in the form  of an infin ite sum of spheroidal waves, converges slowly for  high 

frequencies. Although with the aid of computers numerical solutions may be 

obtained, in th is chapter the aim is  to find alternative ways o f treating the 

problem which leads to a b etter  understanding of the high frequency propagation 

and scattering phenomena.

A way of looking a t  the high frequency problem is  to  consider the scattering  

as a perturbation on a geom etrical optics (short wavelength) solution. Such an 

approach has been applied to  some extent, to  the problem of the scattering of 

electrom agnetic waves by a conductive prolate spheroid [43] . An alternative 

approach is to convert the infin ite summation into a contour integration. (Such 

transform ation was f ir s t  given by Watson [ 44] and is  called the Watson trans­

form ation. ) By deforming the contour of the integral, in an appropriate 

manner, and summing i t s  residues, the slowly converging series is  converted 

into a rapidly converging series. Each residue term  of the contour integral, 

called a mode, is  interpreted in term s of two waves, the so-called 'creeping' 

waves. These waves propagate in opposite direction to  each other, and dissipate 

energy along the surface of the scatterer  ('leaky' surface waves). Such cal­

culations, for  the field  of an electric  dipole scattered by a conducting sphere, 

were carried out by Watson, and extended [45] by numerous researchers, and 

are useful, for  example, in tropospheric radio wave propagation [46] .
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Recently a new technique has been introduced replacing the Watson transformation. 

This method, called the theory o f complex resolvents, has been applied to  the 

scalar scattering calculation from a prolate spheroid £47{j . In the next

section this technique is applied to  the calculation of the high frequency electric  

current due to  an axially incident electrom agnetic wave impinging on a conducting

prolate spheroid. The resu lts and their  physical interpretation may be found in
. . *

section '5.14.

6 .1  Formulation o f the High Frequency Problem.

We now reform ulate the problem, of finding the to ta l field  due to an 

electr ic  dipole above and aligned with the axis o f symmetry o f  a conductive pro­

la te  spheroid to  be in a form applicable to  the use of the theory o f  complex 

resolvents (Appendix D). Based on th is theory, in the next section, a contour 

integral representation o f the solution to the boundary value problem is  presented. 

By deforming the contour of th is integral and summing it s  new residues, the high 

frequency electr ic  current on the surface o f the conducting prolate spheroid is 

calculated.

We recall from Chapter 2, that the Cp component o f the magnetic field  

sa tis f ie s  a scalar Helmholtz equation with m -1, which in spheroidal coordinate 

system  is

,4‘ • * +'
with X =kc where k is the wave number and c is  the sem i-interfocal distance o f  

the spheroid. In order to  be able to  apply the complex resolvent theory, we
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rew rite (6.1) in the following form

* N  + £ r  fo- * [ ^ ■»> * > t) -

(«.2)

t .

“Where (using Kazarinoff and Goodrich’s notation [48} ), * « -  JSC with

s >  0 , and J ( ^  ) c f (r^ - I ) c f  » o<) is  the.dipole source cf(x) c f  (Vi) cT (*-;%)

transform ed into prolate spheroidal coordinates with J( ^ ^ ) as the Jacobian o f the  

transform ation. The solution o f (6.2), subject to  the boundary condition

=  o

(6.3)

in the lim it as s —♦0'i is  the solution to  the boundary value problem. The reason 

fo r  the introduction o f the complex is  th at unless s > 0, the contour integral 

representation o f the solution o f  (6.2) and (6.3) is not valid.

6 .2  An Integral Representation fo r  the Green’s Function.

It is observed that (6,2) is  in the form

where

(6.4)

These type o f  operators are discussed in Appendix t>, and sa t is fy  the following
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conditions

C. 00

-1  *  *1 *  I

=  o

subject to  the boundary condition

f  [(?'-' )sH,(vi)
Lv

The radial operator L ̂ is  defined on an interval (  ̂ ( 00  ) with p  (  ̂ ) =

^  -1, and p ( 0̂ ) ^  1. The homogeneous equation ( L * ~ ^ ) ^  = 0 where 
2 2

Im ^ < 2ksc ( ^  -1) has two linearly independent solutions Yj ( ^ j ^ ) 

and y 2  ( ^  > ) which are asym ptotic as  ̂ -> 00 to  ( ^ - l ) ” 2 and

( -I)" 5 e , respectively. Since Re "? O , only the second of

these solutions is  square integrable, and L  ̂  fa lls  into Case I o f the theorem  

of Appendix D. In order to  determine the resolvent Green's functions, we must 

single out a solution that sa t is f ie s  the boundary condition a t and a solution 

which sa tis f ie s  the radiation condition. We define these solutions as cp, , and 

Cfa. respectively:

d
(6.5)
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The resolvent Green's function, from  the theorem o f Appendix D, is  therefore

f m 1

Evaluating the Wronikian with the aid o f the asym ptotic form s o£ the solutions 

and y£, we obtain

For la ter  use, we note that

<6 . 6 )

q>, (v,*) = Iv*’" ' W [hc(^/), 4*-(?•'’')

( ^ - ■ r

(6 .6a)

where the Wronskianhas again been evaluated with the aid o f asym ptotic form s.

The operator is to  be considered on an interval (-1 ,1  ) and i t  fa lls  

under the Case II o f theorem o f Appendix D. L et ( ^ 2 ( ^ 1  - 7 ) )  be the 

solution o f the homogeneous equation ( L ^ - ' X  ) ^ =0 which is regular a t

y\ = 1  and a second solution be defined as  ̂ ^ *7 > “ ^ •

With these definitions, the resolvent Green's function G(^ , 1̂ '  ̂ -■X )



6  .O b i' *) -

iw O - u - ^ O r * )  i m 1

(6.7)

We now are ready to  derive the contour integral representation o f  .
r-<

H q /  (  ̂ , iq ) ^  ) 1). Let and R be the respective complex

^resolvents of and L ^  , and le t  I” * be a path in the complex 9\ -plane 

defined

= cT4- with real cT and L

where

cf i  oo and O < i.  < 2 Iqsc  ̂ ( -1)-OO c

Rewrite (5. 2) as

[f-L, +>) +(-U,-»)] H(p ft.l,*.1)
= J ( v ^ )  c T ( ^ - o ( )  c T ( n ~  ij <6- 8>

Applying R ^ and R_^ successively to  (6. 8), yields

- t o n ,  ^  fi'-')] d*

(6.9)

Using (D. 15) for  the resolvent operators* we have
sOO-l
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Evaluating the delta function source resu lts in

l-ltf (vii01!1) -- Mm. -nST " d fcG ^ o^ G
x 1 s —> o* 4 "'p (6. 10)

where H ^   ̂( o<̂  3) is  the desired Green's function of the conductive 

prolate spheroid with ani e lectric  dipole aligned and on the axis o f symmetry.

6. 3 A Discussion of the Green's Function

The procedure outlined in this section follows the work o f  Kazarinoff 

[ 48, 49 3 • F irst, we consider a special case (6.10) by assuming that the 

dipole is  a t infinity. The solution is  then the response o f an axially incident plane 

wave. We then consider only the calculation of the e lectric  current on the 

conducting prolate spheroid. The result will be compared with the scalar case 

and some sim ilarities will be noted. Based on Langer's turning point analysis, 

(Appendix E) in the next section, the high frequency residues, the so-called modes, 

will be evaluated and the residue series presented.

To derive the electric  current on the conductive prolate spheroid due to  an 

axially incident electrom agnetic wave, we consider the following lim it o f the radial 

resolvent Green's function

(6.11)

As previously noted (6 .6a)

r  \  2 i *+
<*■(?-*)  -
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and

,  \ ;  N i -i*+*
(/i-wu ~ ^a. = _  ok ^

<* —* 00

we have by the usual plane wave normalization

Ok —■'>0«

Substituting (6.12) into (6.10) yields

(6 . 12)

Since the e lectr ic  current on a prolate spheroid is

therefore

(6.13)

I s ( m )  = A i  t W  ( f  r r ,

r 3 k .t t s ‘“ ,) S . h ^ ) ]
(6.14)
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This is  the desired contour integral representation o f t h e  e lectr ic  current bjfj jijye 

conductive prolate spheroid, ,

It is  now instructive to  compare the above solution with the solution o f  a 

scalar problem. If We le t  a scalar axial plane wave impinge on a hard prolate 

spheroid, the distribution on the surface o f the spheroid is [49^]

( 6 .15)

where Z  ̂  ̂ ) = ^pn  ̂^  an  ̂^  ̂ *1) lj - ^  ) *s th e  angular resolvent

Green's function constructed from  S (h ) and S (- h ) functions. Thus<■ on ' L on ' L '
the sim ilarity is quite clear. The only difference between the two integrals

(6.14) and (6.15), is  that the mode functions, in the scalar case, are spheroidal
■ 2 Vwave functions of zero order and in the vector case, they are ( - 1 )

RinC^itf) where now the spheroidal wave functions o f the f ir s t  order.

On th is subject Kazarinoff and R itt (j50 comment

"The integrand which appears in the relation (6.15) has poles in the half-
i

planes above and below P . These half-planes will hereafter be referred to  

as the upper and lower half-planes, respectively. The poles lying below arise
w .

from the singularities o f G( , 1 ( -  A) for fixed ^  . The operator L ^ is  

self-adjoint when s=0. Therefore, on the.basis o f Sturm-Liouville theory we

may legitim ately .evaluate the integral in the relation (6.15) as a residue
>• . 

series involving the residues which arise from the poles o f G( 1̂  ( A).

For large values o f ^ , the residue series will converge slowly — i t  is  the

analog to  the expansion in surface harmonics which occurs in the case o f  the

sphere. It thus becomes necessary to  consider the residue series contributed
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by singularities in the upper half-plane. These are precisely the zeros o f  

Zz ( ’X). Because the operator , even with s = 0, is  not self-adjoint

when the radiation condition is  imposed, the question whether or not the  

integral in the presentation (6.15) can be successfully evaluated as a residue 

series contributed by singularities in the upper half-plane, is  one which can 

only be settled  by considerations removed from  Sturm-Liouville theory". The 

technique of solution follows the method o f Kazarinof f  and R itt . Here is  how 

they outline the procedure.

"From th is point on the broad outline of our work follows th at o f Franz 

[ 5 l ]  . To determine the residue series, we m ust obtain a knowledge of the 

behavior of solutions of the equations

ivi

and

(6.16)

We f ir s t  consider the contribution of the residue series fo r  the right member 

of the relation (6.15) when \x\ IvT . i f  IM >■> \ x \ x , the  

solutions o f Eq. (6.16) behave asym ptotically in ^ like the solutions of 

Legendre's equation o f order V , where . The resolvent

Green's function associated with L  ̂ is  then essentially that obtained in 

the case of the sphere. A similar consideration applies to  Eq. (6.17) but 

involves slightly more computation. "

Similarly, in our case, for  U l »  i v r  the operators reduce to the 

corresponding vector spherical problem. Again, following their outline,
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" The preceding argument may be form alized s a  as to  show that for
I X /( \  | 7  > | 1 , the integrand appearing in the relation (6,15) resem bles that

obtained in the case o f the sphere closely enough that the argument o f Franz 

£ 52] may be applied. The conclusion is that in the illuminated region, that  

is", ^oFpositive ^ , the residue series diverges; whereas in the shadow

region, th at is, fo r  negative , the residue series converges and represents 

the folution. This same argument shows that the contribution to  the residue 

series for  ■ | "A | * 7 | ^ |2 may be neglected. To evaluate the integral in the
y

representation (6.15) and give a physical meaning to  the result, we m ust there­

fore do two things. We shall f ir s t  compute the residues in the uppdr half-plane 

for  values o f ?\ which are "comparable to” We shall then transform

the residue series into a double series which, i f  the order o f summation is  

interchanged, can be interpreted as a series o f "creeping waves". We shall see  

that i f  the f ir s t  creeping wave is deleted from th is series, the remaining series  

converges even in the illuminated region. Finally we shall show heuristically that 

the term s which have been removed can be re-evaluated by the stationary phase 

technique, and thus find that they correspond to  the optical contribution."

To summarize, we have reformulated the problem of finding a Green's function
s'

o f a conducting prolate spheroid with an e lectr ic  dipole that is on and aligned 

with the axis o f symmetry o f the boundary. This formulation is  in.the form  

suitable for  the application o f the theory o f complex resolvents. By the use 

o f this theory, the desired Green's function is  evaluated and then specialized 

to  planewave excitation. Based on th is specialized Green's function the electric  

current, on the conducting prolate spheroid excited by an axial plane wave, is 

evaluated. This solution is then compared with a corresponding contour 

integral solution o f the surface distribution of a hard (scalar) prolate 

spheroid. Here i t  is noted that the two solutions are identical in form  and 

they d iffer  only in their respective spheroidal functions appropriate to  the
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problem. We shall refer  to  these functions as the mode functions. Based on

radial mode functions are derived. Based on these approximations, the new 

poles o f the contour integral are determined. By evaluating the residues o f  the 

complex contour integral (6.14) a t these poles, the residue series is  then 

obtained.

6. 4 Turning Point Analysis and the Residue Series

To derive the uniformly valid asym ptotic representations o f the radial 

mode functions, we recall that from  (2.14), the mode equation in prolate 

spheroidal coordinates is

where M ( ^) and N ( l|) are the separated functions. Substituting (6.19) into

Kazarinoff and R itt's  [56 ] reasoning, for  large values o f 7\ these mode 

functions approach their corresponding spherical mope functions, and the 

arguments o f Franz [  52 J are applicable. In the next section, based on 

Langer's theory + [53 3 , uniformly valid asym ptotic approximations o f the

(2.14)

Rewrite (2.14) in the form

+ i f  =  o

(6 . 18)

and le t

(6.19)

+ A review of .Langer’ s method is presented in Appendix E.
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(6.18) and separating variables, we have

M($) = 0 (6. 20a)

n / d r f
- 5 \ ' ■+ hi ( i )  = o

(6.20b)

where . 7\ is  the separation constant. The solutions o f (6 .20a) are the required 

radial mode functions in Eq. (6.14). We now apply the Uniformly Valid 

Asymptotic Approximation discussed in Appendix E . , to (6. 20a).

Let be defined as

(6 . 21)

where

Substituting (6. 2̂ 1) into (6. 20a) resu lts in

We now note that+(6.22)F is in £he form

- ^ r  + V ? N z( f V § . ) M ( |J

where the 'index of refraction1

= 0

§ * - S*
'

(6. 22)

(6 .22a)

has a simple zero at § * §i an  ̂therefore for large Langer's turning

point analysis is  applicable. The solutions o f (6 .22a), described by Langer



-66-

are
. iT  j

~ c ( | )  e * s H* (l) u l ’2 (6.23)

where C is  a constant, ( J ) are the Hahkel function of the ith kind

o f fractional 1/3 order, the variable y is  defined as

J - *+$(?) <6-24)

where

r \
' $ ( , ; ) . I N { rr > l ) d r

/  1 (6.25)

and

‘i
(6.26)

The constant C is determined by the requirement that, as  ̂ »o , the 

solutions o f (6.23) are to reduce to  the known asym ptotic solutions of (6. 20a). 

The calculation for  finding C is performed in [54] and the resu lt is

r =
^  + (6.27)

where f  (  ̂ , ) is  defined as

(6 .27a)
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and E stands fo r  the complete ellip tic  integral o f  the second kind.

Having determined the uniformly valid asym ptotic representation o f the  

radial mode functions, next an estim ate  o f  the zeros o f the derivative o f the 

spheroidal mode functions is  obtained. These zeros represent the poles o f  the  

contour integral. The zeros o f in terest are the zeros o f  the equation.

(6.28)

where J is  given in (6.24) and (6,25) and A i ^  ( ^ ) is  the tabulated Airy 

function [_55 ] . Let the t - th \ zero o f (6.28) be h^, and the corresponding 

J  be JV • Following !Kazarinoff and R itt’s [56j reasoning, a t  ̂ f  0 

with ?v considered as a variable, there ex ists  a Tv a t which the value o f  

the integral

*_jv
it

M ’S * .)

d t

is equal.to h^. We <^anote th is /\ by . Because the zeros h of.

aS?e simple and this function is  analytic in

the neighborhood o f each of i t s  zeros, the values o f which are

determined by the condition (6,28) sa tis fy  the relation

j r = l-v + . o ( 0

Using the definition o f J , (6.29) may be'recast in the form

(6.29)

r

Y
1%

t z - l d t

(6.29a)
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This integral when expanded into powers o£ ( ) in conjunction with defini­

tion  o f (6.21) resu lts [56]'. in

- rv

V  - l +e  <s( ^ r
i. i
5/-Sk L Vs2L?o_\»/3j2r

u * , ,
+ o (»;*> (6.30)

where the branch o f cube rqot is  chosen to  sa tis fy  the requirement that 9\ r 

should be in the upper half o f the complex 7\ plane. Eq, (6.30) is  then the  

desired estim ate o f the locations o f the poles o f the complex contour integral in 

the upper half o f the complex 7\ plane. Next, the residues a t  these poles 

are evaluated. This requires the computation o f

G ( v > - V (6. 31)

To evaluate G ( ^ , 1, -  'Ty ) consider the mode equation (6 .20b). 

Since ?y= (1- , substituting into (6.20) we have

d

d  <x'
N ( i )  -  o

(6. 32)

where (!* = -  7vr .

This equation fu lfills  the hypothesis necessary to  the application o f  the theory 

in [ 57 ]  on -1 ^ ^ ^  1. Following Kazarinoff and R itt [ 58J and based
j

on Langer's theory, we define
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L ( n )  

cr (a,t

2. 2- 

-  *?

0 -  1 * ) ( £ - > )

I
P (r ) d r

lL(n )

(6. 33)

P h ) S ( ^ ) ] 4

and

K ( n )  ■
with

Lim  k ( \)  = K(| )
!*-» I

The solutions o£ (6. 32) are

-  K <r J .  (<r)

and

N l e
i . ii
Z - J 4

i  i crN: = K O e

l<(THfL,C<r)

+ o(cr")]

U l , 2

oo o r q  CT cr

(6.34)
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Based on these solutions, the angle resolvent Green's function [  58 J is

G  ( i .  i ,  - * - )

- 1 H Coo[-tL(-»i) -  Tj- ]

l c o ^ fz e L r o )]

i
-  '

Cck[2. lL (o )J

(6. 35a)

(6. 35b)
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Collecting resu lts, we have for  the residue series, fo r  example

i P

<£iv>n /  
s  -» o + — '

/ T ^ CO 5  0  L  ( ' • ) ) -  ^ ) 1 $ r ‘ -  1
v e  i C o s [ 2 5 U ( o ) ]  J

N

(6. 36)

Note that (6.36) can be rew ritten as follows:

T f ( ' i , 1v) ' ) =  1 - i  A r [  e
L S -* O r r

-leaf-,) 7

where

IV
X T

i

iv_^i
Ti 

■- 

1 
___

- 1

1

1
4 -

(6.37)

and

a ( - ^  =  L f - * , ' )  -  L f o )
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Thus Eq. (6 . 36) is  the required residue series. This equation rew ritten in the  

form  o f Eq. (6 . 37) may be interpreted as a series o f 'creeping1 waves on the 

surface o f the spheroid.

We note th at the form  o f the modes in (6 . 37) are identical with modes found
i

in the scalar case and only the nature o f the residues are d ifferent, i. e. 5  

are d ifferent. Therefore, the conclusion o f Kazarinoff and R itt applies to  the  

vector case. Quoting "We find that the following description of the term s in 

the expansion can be given.

The leading term  is  pure imaginary and equals -fes , where S is the arc length 

from  the shadow boundary. The second term  is complex and is  proportional
1 t  | |

to  ^  S , where £> is an integral depending upon the local radius o f

curvature in exactly the manner predicted by Keller 5̂9 ]̂ ."
.1

"The next term  in the expansion is  proportional to  ( fe R0 ) 5  , where Rq is

the radius o f curvature a t the tip  o f the spheroid. Thus, the approximations

o f  Fock and Keller are applicable only when the wave length is  small relative

to  R ." o
The calculation for the e lectric  current a t  the tip  o f the spheroid as well as 

currents in the illuminated region follows the arguments presented by Kazarinoff 

and R itt. These resu lts apply to  the vacuum high frequency scattering. In the 

case of anisotropic medium, based on the connecting relations between the scaled 

and unsealed boundary, derived in Chapter 4, Eq. (4.15), we may reinterpret 

the modes as ' creeping \ifraves traveling on the surface o f the scaled spheroid.

To summarize, the problem o f the scattering o f  the fields o f an axial 

electr ic  dipole by a conductive spheroid has bjfeen solved. It has been assumed 

that the medium is uniaxially anisotropic with optic axis aligned with the axis 

o f  symmetry. The solution is an infinite series o f prolate spheroidal wave 

functions whose arguments are the scaled spheroidal variables. Although this 

form  o f so lu tion is useful fo r  numerical computations, to  demonstrate the
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nature o£ the anisotropy special cases are considered. In particular, low and 

high frequency asym totic lim its are derived. In the low frequency case, i t  

has been shown that the scattering amplitude may be expanded into a power 

series o f k, where the coeffic ien ts directly show the parameters o f the problem, 

in particular, the parameter o f  the anisotropy X . In the short wavelength 

case, the e lectr ic  current on a conductive prolate spheroid induced by an axially 

incident plane wave has been evaluated. Here i t  is shown, that these currents may 

be interpreted in term s o f  a sum o f 'creeping' waves propagating along the surface  

o f the scaled spheroid.

Proposed Extensions

There are a number o f problems that may be solved using the techniques used 

in th is dissertation. A partial l i s t  o f these is  now given.

In solving fo r  the to ta l fie ld  due to  an e lectr ic  dipole above a conductive 

prolate spheroid, we have noted that in the case o f low frequency, the solution  

may be expanded into a power ser ies o f the wave number k . As an example of  

th is expansion technique, the low frequency fa r  field  o f the magnetic field  has 

been evaluated. However, by using the long wavelength formulae o f Appendix A, 

far  field  as well as near field  o f all the field  components may be evaluated. These 

resu lts would then be valid for  conductive oblate as well as prolate spheroids 

with their important special cases, the conductive sphere and disk. Such solu­

tion may be specialized to  axial incident planewave excitation by moving the  

electr ic  dipole a t infinity. Based on these resu lts, the low frequency scattering  

crossection o f a prolate or oblate conductive spheroid may be evaluated.

In the case o f high frequency, in th is dissertation, the e lectr ic  current 

induced by an axially incident plane wave has been evaluated by using the theory 

of complex resolvents. However, th is theory may be used to  evaluate/ the  

field  o f f  the prolate spheroid. Also, the Watson transform ation, applicable
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in the case o f scattering by a conductive sphere, is  pertinent to  conductive 

spheroids as well. Based on th is type o f high frequency calculation, the heuristic  

reasoning used in obtaining the field  a t the tip  o f  the spheroid, the so-called  

Poisson-spot may be eliminated.

A further extension o f our work is to  consider the anisotropic, homogeneous 

medium to  be lossy, th at is  "K , the relative perm ittiv ity , is  now complex. 

Although, by extending the definition o f the arguments o f  the mode functions into 

a complex plane, for some complex X  , the scaling technique can be utilized, 

these resu lts are not so appealing because the scaled boundary cannot be in ter­

preted as a real surface. Therefore, further work is  needed to  understand the 

e f fe c t  o f  loss on boundary value problem.

The scaling, fo r  real X  » replaces the known special functions with 

functions appropriate to  the anisotropic problem. These functions, o f course, 

are not known functions, and because o f i t  they obscure the e f fe c t  o f the 

anisotropy. It would be, therefore, o f in terest to  approximate the anisotropic 

mode function in term s o f special functions. For interior boundary value 

problem variational techniques, fo r  example, Rayleigh-Ritz or the method o f  

orthogonal projection, may be useful. In the case o f sm all anisotropy, a 

perturbation in X  could be utilized to  find the e f fe c t  o f anisotropy.
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Appendix A. Prolate Spheroidal Wave Functions

In th is appendix some properties o f spheroidal wave functions will be 

noted. The knowledge o f  these functions are necessary fo r  the understanding 

o f the e lectr ic  dipole problem discussed in Chapter 4.

I . Prolate Spheroidal Coordinates and the Scalar Wave Equation.

Prolate spheroidal coordinates are related to  cartesian coordinates by 

the transform ation

C 0 0 - » f )  c .o s t f  K  ^  00

J t* 0  ^<4 L 2ir
(A. 1)

Eliminating 1̂  from  (A. 1)

£ -  4 -  |

the  ̂ =constant surface represents a prolate spheroid with major axis C J and 

minor axis 6 i f  - I  . Similarly, eliminating  ̂ from  (A. 1), the ^ ^constant 

surface are described by

z l  +  _ z L - =  i
c*^ c1 C ^ -0

the equation o f hyperboloid of revolution, Some typical coordinate surfaces are 

depicted in Figure 1A.

For future reference, we lis t  the transform ation from prolate spheroidal to  

spherical coordinate system  as

r = c V f * 7 1 - i

©  "= C os
V I

(A. 2)
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2c

^ * - cos

Figure 1A Prolate. Spheroidal Coordinate System
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The m etrics o f the spheroidal coordinate system  .can be £ound in the usual 

way; namely,

(ok) * I ]  k*,*

(dx) + (dij) (dz)  » h + ĥ olap
(A. 3)

The resu lt is

^  > hr c | - f r J  , hr , c j f H H )

To obtain the prolate spheroidal wave functions, substitu te (A3) into the  

Helmholtz equation in curvilinear coordinates and then separate variables.

Hence

I-*?
+

<3

1 K> 1

8cp . ( f - ' K ' - ' i 1)

/  d ii

+ = 0

(A. 4)

is the Helmholtz equation in prolate spheroidal coordinate system . Assuming 

(ft ( 519|CP) "■ to  he the separated form, where m is  an integer

and noting that

. 1 -  1

( f - O C ' - i 1) ' " I '

we have for R (  ̂ ) and S ( (̂  ) the equations

cf
( f  -  ■)

d
+

%
= °(A. 5)



(*) is the separation constant labelled according to  i t s  dependency on 

the param eters ^  = kc , m and n.

IIA Angle Spheroidal Wave Functions

To delineate the role o£ the index n note that as x —> 0 subject to  the
'  • , l

condition that 3  v . 0. i  | ) is  fin ite , is  an eigenvalue problem whosemn
solution for  the eigen-values are

^  mni (o) = n (n + 1) (A. 7)

with the eigen functions given by the Associated Legendre Polynomials. It is  

customary to  normalize the prolate spheroidal wave functions such that as

% —> O , (o, ) = Pjm̂ ). Using th is knowledge, spheroidal angle
■ (

functions can be expanded, a t lea st fo r  sm all , in term s o f Associated  

Legendre Polynomials. Substituting

(1)

S . . M -  E V m p J M  <*••>
r=o,i

into (A. 6) we obtain a three term  recursion relation o f the form

( 1 )
even® Prime notation represent summation On (GoI3)" integers i f  (n -m ) is  

( odd )•
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mn 

■ruTo assure convergence o£ (A. 8) the 1 has to  be zero resulting
t  -*oo o|r

in a transcendental relation between ^ , )f and m. There are denumerably

infinite solutions for  7< , These eigen-values are labelled with index h ,
)■

Invoking Sturm-Liouville theory, the 7\mf) are real and the corresponding 

eigen-functions are orthogonal.

For small X, can be expanded into a power series in if , that is

W )  - + £  C V *  (A‘ 10)
t i l

Various form s o f Ivnn as a function of m and n can be found in tables (see 

Flammer). Thesi^ form s are fractional as well as in decimal form s. Using the 

values o f 'AVrin found from (A. 10) and substituting in (A. 9) the values o f 

may be evaluated.

The d r n that are important in the sequel are u p to  K£|

j :  -  i + ^3062.5 ’b4C,q { 5

d "  = - X .  A y *  11  g. _  ( t  \ 6
15  SSIS * " 6 ^  V S /

)" ,  ** , 50 / y \ 6
 ̂ IIOZS \ s )

V   ̂ (  X \ 6
* " 2.5 0-55 “  I 3 j

(A. 11)

67 . “I , I 3 ( 8 £ ( X
ol, - I + X + smsz7 *  ̂ qsoi V7

c f 1* - g>_ v * .  12.... y** 7 5 3  /  ^
2.H5 5 2 <smi 6 7 1 5  V ^ j

n T -  ** , I 2.7 M /  tf \*
W 5 5 T  + ^*455  t  7  /

d 11 - - —  ̂ / X f
°h ' 55055 UJ

The corresponding angle functions are up to  .
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S . ,  ( • * . * )  -  r ’ ( i )  +  * z [ h  +

^ [ ^ 0 6 2 5  R ( l )  ~ ~St26 f» fa) 4" \ I 0 .25  PS fa-)]

- Pa (n) + ^ [ m  P» M  _  ■5 I 3 ' Pi'fa)].*

+ px (1 )- z sw  pm fa) + iijijf F>'(fai|

(A. 12)

The representation of angular spheroidal wave functions discussed above o ffer s  

reasonable convergence for  X < 10. There are other representations that are  

useful fo r  ) f -*co t fo r  high frequencies, however, these will not be used in 

Chapter 4 and thus will not be discussed. The problem of both V and n->o0 , 

will be encountered, however, and therefore will be discussed in Appendix E on 

Uniformly Valid Asymptotic Approximations.

IIIA Radial Spheroidal Wave Functions

To aid the understanding o f the radial prolate spheroidal wave functions, 

we le t  )£ -> o and £ -> oo such that X is fin ite . Substituting the new variable 

in (A. 5) yields

olx
^  .RrrmOO 

dx + •>«,(*)+ X1-  ^ R J*) - o
(A. 13)

Now le t  ){-> O and note from  (A. 7) th at 7itrir)(o)«h(n+i) we have

ct2 R . »

o lx 2"
-t-

oIR,mn

d x “h
n(n+/)

(A. 14)
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This is  the spherical B essel equation. From (A. 2) i t  is  seen that as i x -* r*. A

reasonable: normalization o f radial spheroidal wave functions is  then given by 

the requirement that i t  should approach, in the far  field, i t s  corresponding 

Bessel, Neumann or Hankel function; they should sa tisfy  the same radiation 

condition.

Thus

® : f r o \   > C O s fc ? - -T r T )
K  (?.<) -  i’ N

(A. 15)

(1) r. V1! L fr* o \  ___ » SCn (c? - TTli)(l>») k  (C S) c 5
( 3 )  ( . )
14) , v . (2)

To obtain a large wavelength representation for the radial prolate spheroidal 

wave functions required in Chapter 4, f ir s t  i t  is  shown that such functions 

can be represented in term s o f angle spheroidal wave functions. To th is end 

we digress to  give an integral representation of the spheroidal wave functions.

Digression: An Integral Representation.

Theorem 1

L et be the linear, self-adjoint, d ifferential operator

Ln - d
d r \ M l ) ^ J  -  T T ^ r  -  <A.«>



and]1; be the operator obtained from  upon replacing by  ̂ . Let 

S ^ n >^) be an angle function o f the f ir s t  kind which sa tisfied  the  

equation

+ *«,(*)] -  O (A. 17)

le t  along with i t s  f ir s t  and second derivatives be continuous functions

o f  ̂ and  ̂ ; and le t  sa tis fy  the equation

[ L\ " l i j  ^ C v i )  = o (A, 18)

in the domain D o f the complex  ̂ -plane and in the domain o f   ̂ -  plane 

that includes the interval a *  fc , the end points o f which are chosen so

that

ft
(A il9)

a

Then

(A. 20)

is a solution of the radial equation
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for  all  ̂ in D.

Proof   .

Apply operator Lj» to  (A. 20)

L p R m n ( § l ^ )  = J (>1, x )  L e
ot '

r g

- ] K .k ^ 'C ^ d n  = -  'X«(if)RM(si *)

(A. 22)

by the use o f (A. 18) and (A. 19) and (A. 20). By the use o f (A. 17) the proof is  

complete. The reason for  the usefulness of this theorem is that the kernel 

KmCS.t) can easily be constructed.

L et sa tis fy  the scalar Helmholtz equation

(A. 23)( V 1 +  fc1 )  ^  =  o

where in prolate spheroidal coordinates

i / \ +
Y  -  K « ( s . f i ) e  <A - 2 4 >

then K,,, sa t is f ie s  (A. 18). With th is digression out o f the way, we

return to  discuss the radial prolate spheroidal wave functions.

To derive the radial prolate spheroidal wiave function in term s of the
•f fn 1angle spheroidal wave function, le t  ( f  , 2  j = J  * be the kernel

in (A. 20). Notice that the bilinear concommitant in (A. 19) vanishes for the
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following lim its;

(L) Q = -  1 , h = 1
(u) a * j« , & * 1
(iiL) a * l , & - i°°

Thus, fo r  example,

‘\
(f- 'H'-h ' f  e ^ S ^ x )  dq

(A. 25)

(A. 26)

is a valid representation with as a normalization constant. Using the

following identity

PTh) f if +1)0 — cT m f z \n
K W  (n -m )T  K W  “ t " 1/(n-m)! 2 V .  d i f " V /  (A*27>

in (A. 26) and integrating by part r tim es yields

'r r1

R» W'v) * A * H  d' ^
(A. 28)

Noting that

'  2 ‘  “ ! 

f t ' V n r * ,  . 2 ' (A. 29)
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(1) (2) , 
where and h^ are the B essel, Hankel functions of the f ir s t  and second

kind. By using the normalization condition (A. 15), we have, for  example,

R l M - *
k i r  r!

(A  i \3ln <1 . m-H't-r ,mn/ \ (2ln + r)! • (
c H  Z .  1 d r « T T  
1 /  ^o.i

(A. 30)

For all other radial spheroidal wave functions, replace the B essel functions with 

Neumann or Hankel functions. For small * , the radial functions can be 

expanded in a power series o f ^ . The resu lt for  the radial spheroidal wave functic 

as well as their  derivatives, fo r  the case o f in terest, are

r M s . + ^ s .
i s o i [ * - 5 C > 1n£ (7 i ;M ‘iOOC1i + ?7SC:

C,«f -  2L - (-&)'[8C, (5 - s ; 1)  -  2L(32. + 5Ci)
(A. 31)

136 V 10 •) [«5800C, -  1750 Ci +7I2.C.S'1- L(l0O2l) -MSoQ.- I750CJ

_ L (SI + 63 C,)]j

dR() v  | ,
-  4  c ,  s r + 4 = 0 , ^

a  ^ 150 i i m - is c,

+ * _  ( j5  12 - 77 0  00 /' + ^375  C,
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dR

d %
a  * 

15
(2c;a-i)s; + -^- s“1^70

+  _ £ L ( - 5 3 C, + ^ b o c ^ - . ^ q q c ?  +  6 i 7 ^ c , fij

dR
2rs;

L -  | _ s r ( l - 2 C L )  + 1 ^ -  2C ,* +  9 i> + l 5 C i )

- S . S J - f c + I S C ; ) ]

dR,12. |2G(l-6Sf) + I2C*S*L

4

unl \ k s

G C, + * s{% (I +1 q ca) - 2 SfL (/7C*. + 2 1CM)

C, - coshjm 

Cn * cosh ryji

5, * ^nh ju, 
5n = Stnh n/t

L + e■/*

- e

(A. 32)

IV. An Integral Identity

Here an integral identity useful in the solution to  the problem of 

scattering of a dipole above a conductive prolate spheroid is  derived.
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L et the kernel o f the integral, in the integral identity proved in Theorem I, 

be the solution o f the scalar wave equation in a spherical coordinate system .

T^ius, le t

tCn f r , r 9, e'J = 4 ^ '  ( feR) P„" ( c o s  (A.33)

(i)be such kernel where ^  represents the spherical B essel function o f the
' ji n  ̂
h kind n order, rn the Associated Legendre Polynomial with indexes 

n and m, R c j f  ~ T'( ahd k is  the wave number. L et the source coordinate be 

located on the + ^ axis. Let the transform ation from cartesian to prolate 

spheroidal coordinates o f the source and the observer coordinates be 

represented by

k' =0 X = coscp

^  -  o  4 = c f ( V - ' H l - f )  q>
Z 1 = Co( Z  = (A-34)

where the prime denotes the source coordinates.

Then

cos  02i
1 - I

(A. 35)
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Consider now the following integral

I ” ( ^ . y ) .

j  )Sw(n̂ )dn
For large  ̂ , and fixed cA ,

c o s  e  - 11 -  o(

and

(A. 36)

in the phase term  o f the Bessel function. Thus, using the asym ptotic property 

of the radial spheroidal wave functions, we have

I S' ( $ ; < x , y ) =

r! m
By the use o f identity (A. 27) with k-m yields

0 - - i * ) *

$ ( ,.\ f  n ’rr7 \ r  ( \ ie11 u Je Pt WStJaJdrj

P. ( i) Zmm!

Substituting (A. 38) in (A. 37) 

< ) »

(A. 37)

(A. 38)

"I

(A. 39)
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But from  (A. 26)

C  M  -
• M - ' l  yf\

I i  *

Z d - ( M
r* o.i r l  -i

and hence the integral is  evaluated. The resu lt is

a
co

£ {̂ ? j r  ) 5mn fl >
(A. 40)

- I D

2  nnl fh+m)!  r«o,i

which is the identity sought.

Appendix B Calculation o f the Low Frequency 

Asym ptotic Lim it o f the Scattering C oefficients -  a^

Below the definition o f  the scattering coeffic ien ts, is  given with a minus 

sign to  conform with the spherical scattering coeffic ien ts i They are

a,
d

i $ - ' f  r« (?•<*)]
ol__

d R c,m (? •  >v

(B.1)
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By using the high wavelength form ula| of, the.spheroidal waviaf unctib% r . 

(Appendix A), the f ir s t  two scattering coefficien ts will be evaluated. Recalling 

the following definitions:

-  j O ? - * )

C, « % -  c o s hjx , C n * c o s K n / ^

S ,  = ^ i-nW f x  , 5 n = s i n h  n jx  (B .ia)

L  * 4- tn.
2  ” ' I + e" ^

and defining

<  ■ c .R , l 'h . - )  *

p „  ■ c , C  ( v » )  +  s ‘  j& A
we have for

X ,  -  R e  Qh = - ij -7  r ,  in 11
ofov(in’- .) 7> im Q "- ^n‘+(in' (B-2)

To obtain aR , f ir s t  cX̂  and |B>n will be evaluated. Let a = cC,, be the 

major and b = cS,, be the minor axis o f the conducting spheroid. Substituting 

formulae (A, 31) and (A. 32) into definition (B. la) yields



I

xvn

ot, a C, R,W + S.* ft."

.  C ,$  — '■ + * 'S|

+  s r j f s ; b , t

2 C, S,

150

J L
ISO 

,2

^  -  5 C ,1  +  ( 7 l 2  -  H o o t f *  C,

refS,C,llM5C + if^oo ("5512 - 7700cr+̂ 2*75

+(jl) ig-zoc'+ (nm -flioocs 5 250c,̂

2 t a b
t

I + ( b ) ‘ f ( g ^ * .  | g bl _ 2 o  a *  +

(B.3)

9 9 0 0
'(M22M a  - 849«abl + ^224 *>*" - 9100a + liOOai+SZSOo!)

o ( .  = C X  G >
—  k
■5 K  C

■ £ U + u '  +

■k
M 3 oo (187 aq -  326 a  + 2112 4 “)]

«» -  c , r " + s : r:
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- c, 15 1 ^ 7 0
L, -  7C ,1 +  - ^ r ^ r l ' 5 3 6 -

5 2 3 2

,2.

-  M7GC,a- + l O i q c ^ K  + 5 la^ ~ - S ' Y 2 C 14-  1) +

+
v 2 s ;

i m o
- 4  +  2 9 C (Z-  2 2 C 4 + 2 ( - 5 3 6 +

+• ^ o o c f -  c.1* +  6 i 7 M  c , 4

15 ( 4  7 0

4- — -—  [ - 5  3 6  C,'* + 5  136 -  11025 0 ,%  7 2 0 3  C,4 
5 2  q 2  I '

' b  { o 2. fl 2.
15 c 2a +

(B.4)

6 q>

+  2 5 a % % < H . f e M -  - _ ^ - f 7 7 8 a ‘ +  2 3 6 i a %5 2 q z  \

+ 3 5 2 8  a %  +■ 5 3 6  4>e

C .R ,

sc ,s ,
Cl Ka

+ S  R

c's‘"_ 21 - (-Is) Jsc.fs-s;1)
-  9 L ( 3 3  + 5  C , +

X ) s %<b f
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4- ( - j£ ) * [ 2 C l1 + S i1 (3l  + 15 C . )  -  5 , 5 , 1 - ( 2 - i + 15 C2)  

( 2 ( 1-  1C,L) -  2 C , L ( 3 Z +  SC2)  +5 S ,  
2  s*

4- 51 + 15 c z -  s ; 's 2l  ( 2 5  + 15 c z )

5  6 , ( 2 0 , 1 - 1 )

y 2-
_  - L  / J L \

2 V 10; | -  2C,L

+  2 5 C,2 +  15 5,2 - L C (( l l 2  + ^ 0 0 ^  -f-HOC,2)

5 1  +

(B. 5)

f t

3-6 (lo,-t)
/fe2c3r

2  f k
'-2a \ 10/

-  Oi (^a?- l 2 V

<T =

P *  = c , R ttw  +
5 C . S ,

- I 8 L  -  + \c;'(s-ss?)  -

-  L ( 5 1 + £ 3 C ;

+  ' 2 C ^ 2 L  + X

4* 1 5  5 ;
„ s , s ? 1 2 c 1( | - 6 s ; j t

£C, + 5 5 ,5 2(,lLiC2+ |j -  2. <o {\~(nC2 *2-\Cl
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+ 6 C , 5 ; ' ( | - 6 S , 2) +  l _ ( 3 6 C 2S , +

+ 18 C,S2) +  (-* .)*  k  5  C , \  +  3 S 2 ( 5 ~ 3 S , ’2)  - C , 5 2 L(51 + 

+ 6 3 C * )  +  3 6 C , S ' ' +  i a S 2 (|t)C2. + l j - l 2 5 lL(l7Cl + 2 I G l> 

R - e c o ^ x t n ^  ■ ' t f ia t  s  2 0 , 5 ,i w,i

C 2 -  C? +  s , 2

c H -  q *  + s 2 -  a "  4- 6  c f s f  +  s ?

u>e 4aLh® .|af

5   ̂ -  5 4 C, <=>, +  7 2 C , ZS ,  L  +  (B’ 6)

+ ZG S>*L + - |2C,S , ' '+£6C,S ,  + 6 3 o  C?S, +■

■t- 5 o 4  C,G, -  L (306  C, S, + 378 C ,S , 4- 1638 S, C, + 

+ 2 o 4  <=? + 2 5 2  S,5

' 5  f  Q ,*  I2al 62 x  .  h H

z c ' b t e  i ~  +  +

+  ( - ^ - f [ - 2 a ( a * & f +  I I q +  I 0 5 q ^ 2 + S ^ a f e "  -  

_  5 1 o V  (o1-fa*) + 6 3 ( 6 ^  + 27Sci^‘l + 31i6Ya’-^) + h i  to

T  m ,s(-«ab*+ ,2g f  + 6h ' )
I z  z r b c  k

I +

I k f  r  f - 3 a s + l 2 2 a V + 7 o a f c , M l l 4 a lfe2+ 2 5 6 a * 6 ‘l + &6&j
14 I - 8 q 6 V  + l a Q ^  + g t ' 1



To evaluate Xa S and s  , rew rite (B. 3) through (B. 6) in the  

following form:

o<, -  A,fe(i  -  fe2 B , )  , o<2, k , ,k ( I-  fe’ Bj)

The following quantities are o f in terest

A 2  a  bA, T  “ c ~  2 a ^ c z

^  ■Sb(Za-r) q 2 a  -T
c4r

p>  rj aS%z I r(W- f̂e2)- ( x ( ^ a x - l H z )
1 1 = 5o 50 T- 2a

Q ^  C 2" - l 3 T  + 5 ^ a
B ' -  ‘  s o  — v i  a —

. _  4 > ( z * + . l z)
_Aj_ _ __________ I5c____________
A "" is(-qa bl t  + I2a%* + 6 b")

4 Z r h c ?

Aj _ £ t ^ c 4 ( 2 . d +  & )
\  ' 2 2 5 ( - q a fcV4- I2.al#  + £ k M)

(B.7)

(B.8)

(B. 9)

(B. 10)
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B +& « gg" + 25a1#  + U*1 
s 4 38(2.0*+ 4>*)

■ T (- a>af t- 12 2  a* fe1 +7o a  -  (| l^oy-t- 256 a1#  + 81*j
‘  . l 3 5- ( - q a « . V 4 . i 2 a * f c 1 +  6 & ,'J

(B. IX)

C)>'(~Go! + îaf̂* - I88asfe - 2afe J
l ^ f - q a f c S - 1 H c r t . N - 6 4 , ) (  2 a * +  )

. -  ^ o ^ f e 1 + k G c x ' t?  4-l2ka*^>2 +  3 o f c 8
l3*(-3afcV +■ j ( la V  -tf)

s '
/

By substituting (B. 7) into (B. 2), the real and the imaginary part o f the  

scattering coefficien t can be evaluated.

Hence
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v  U _  a W  , (' Si (ia-T)’- « +
(B. 12)

Similarly

%  ■
- _  0̂ 1 I  _

< + f t '

l - ( B ,  +  B j f e %  o ( f a M)
Aj. I -  + o(tf)

A,

2  Q ¥ c V + 3£>a.

q 2a-T L 50 T - 2 a

(B. 13)
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Using the same type o f calculation for

tn

to

5

oi
I

T '«s0
va
+

Nd
CNt
+

«<?
d

cr
(

in

cJ
Z3-1

rO

The result for  is  Q  ( fc} )v

yields
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Thus the f ir s t  two scattering coefficien t has been evaluated in term s o f

physical parameters o f a conductive spheroid, There are some special cases 

that a te  o f in terest and will be calculated subsequently,

1, Nearly Spherical Prolate Spheroid

powers of the eccentricity. If then the eccentricity approaches zero, the 

spheroidal scattering coeffic ien ts will tend to  the spherical scattering  

coefficien t, This method thus provides a check on the spheroidal scattering  

calculations.

The eccentricity  e, is  defined as

If the prolate spheroid is  nearly spherical then the parameters appearing in 

the scattering coeffic ien ts can be expanded into a power series o f integral

e (B. 15)

where m is the minor semiaxis and M is the major semiaxis o f the spheroid. 

With th is definition, for  the prolate spheroid,

C = OlQ,
(B, 16)

Substituting (B. 16) into (B. 8)

Aj_ °l 2a-T 9 2 a - 2 a ( i -
A, 2 a r c 2 _ 2 a 2 a f i -  -ire.2) d i
■ ■■ » zsz  "  » — —  _ _  — — — • /  '  ' i  a  7? B
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- £ -  a  =  2 _  Q» I - - k & !

X ' T a* ( ' - ! « ?

Similarly a fte r  algebraic manipulations we have

B,-B2 - - “i|-Q'(l+ Hr^) (B-17b)

A ,  I I I _  25
A, 0̂

za n — -7 —  e / (b. i 7c)

These resu lts are then substituted into the x's and y's to  obtain the nearly 

spheroidal prolate scattering coeffic ien ts. The coeffic ien ts are tabulated 

in Table 2. Note CU> Q.—s> 0  , the resu lts agree with known values o f

spherical scattering coeffic ien ts. (Jones, 1966)

2. Nearly Spherical Oblate Spheroid.

For an oblate spheroid the eccentricity is  defined, using the definition  

(B. 15), as
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Thus

:* -  - 4 V

a  -  %>[ i -  e" )

cv 9 jlT/ J .  -  J 3 - e *  -  36- l - e &N)
T  -  ^ 6  3 6 0  1 5 1 *2. o  )

Using (B, 18)'yields

A, jL <4 (  . _9_
X  " 3 ) ( 10 t !  (B. 19a)

^  = ~ 10 ^  ( 1 10 ^  /  (B. 19b)

As. | /? S' /  , ^07 nZ\
X  * 1 5 - ' fc ( , _ I M V  (B- 19c)

R  x R  -  ^  Oz I i _  lo&?> 2 
+ ^  " h  i ZoZ HIM l ZoZ H  ! (B.19d)

Results for  the scattering coeffic ien ts fo r  oblate, nearly spherical, $  

are listed  in Table 2. As th e  la s t  special case, we discuss the case o f nearly 

disk type scatterer .

3. Nearly Disk Type Scatterer.

For a disk, define the quantity
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a parameter, that tends to  zero £pr a p erfect disk. Using the definition (B. 20) 

and

k b  ( ,  ^ 2  6  'l
T  •  ~T 1 1 +  " T V  <®-21>

we have

—  * €  C  (B. 22a)

B . • = "to { 1 -  i f e  f £ J <B-22b>

—  -  A  — !—  L s  11 +  J L e )  (B. 22c)
A„ i  ‘Ŝ n

d  o  5£  i 2 9  \

+■ = 2,^1) ( I +  ~5T /  (B .224)

The disk type scattering coeffic ien ts are lis ted  in Table 2.

Appendix C. Calculations relating to  Eq. . 11) ..
v;

Here the details for  the calculation o f the scattering amplitude is  

presented. Based on the formu&e o |  Chapter 5 apd Appendix B, the quantities

I o  +• h ; ) K  + A(V)

and

R e

are calculated.
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Appendix D The Theory o f Complex Resolvents

In order to  gain physical insight into the theory of complex resolvent, 

f ir s t  a heuristic, discussion o f a real resolvent operator is presented. Then a 

theorem ojii complex resolvents is  noted.

Let 3

'L~ xj u(x) - - w(x)
(D .l)

be an equation where L is  an ordinary differential operator with domain 

including the boundary condition and as it s  eigenparameter with source 

function. Wfrx). The resolvent integral operator is then defined as

= ~ such that

U(x ) “ R*Vv(*) P-2)

and

u(x) - -  -jLt- £  R, U(x) dx (D-3>
1 p

To note the significance o f these definitions, a connection between the  

resolvent operator and the resolvent Green's function will now be established. 

Following Friedman [60] , c onsider the homogeneous equation

L U(x) = Tv U (*) (D.4)

whose eigen function are U() Ui( . . .  with eigenvalues Tv, ) Tv2 ) .. . . 7\^
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I ir
Consider the adjoint operator L- with eigen functions Oi, 

and the same eigenvalues as L .
' t*

L et

ut*; » z  ''lUfcW  
*I '

where

-  ( l \ ,  u )

Applying the operator L to  (D. 5) yields

L u ( x )  -  £  o(t L u t («)= £ . « * * *  u fe(x )
-ft -fe

L et £(t) be an analytic function o f  t .

Define

■ f(u .)u t» )4  £  C< f  U (x)
' i.

Note that i f  £(t)=t (D. 7) reduces to  (D. 4). Let £(t)= ——— 

(D. 7) is  in the form

~ c  UM - £  ub (x)

d  TvMultiply by -pjjy and integrate

cH . / x V . , v i C cfft
^(x)~ L̂,

(D.5)

(D.6)

(D.7) 

• such that

(D.8)

(D. 9)

If P encloses all the eigenvalues of L , then (D. 9) reduces to  (D. 3).
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It is  known, however, that

^ ( K) “ R>w(x) - - J g  (* ,  %,*)  w ( % ) (D. 10)

where G (*>([ is  the resolvent Green's function o f the boundary value

problem. Thus

-  i k f  |  R>wd* * ■»[]- £  ^ [ g w($)d$ (D. 11)

istthie connection sought.

Having discussed some aspects o f the resolvent operator, we now turn our 

attention  to  the resolvent operator to  our boundary value problem. Note that 

(i5.2) can be rew ritten in the following form

(D. 12)

where

L,

L

I f  [('*' */" ‘‘V - ‘) + - fr r ]

of
dh.

(D. 13)

To construct complex resolvent operators to  our boundary value problem the 

following theorem from [61J ,is noted.

Theorem

Let L be a formal d ifferential operator defined by the identity



XXXIX

(D. 14)

where p(x) is  real, positive on the interval (a, b) and q(x) is a complex valued

function such that Tm tyC*)*^® on (a, ,b). H ereafter, the class o f functions

there are two cases o f in terest;

Case I. Let

(a) — 0 0  <•' O. and b  = 0 0

(b) p(0)'+ O
(c) for  Im  ^

The homogeneous equation ( L — ^ ) y=0 has exactly one linearly independent 

solution which is in rtf* ( a , t oO.)

Under these conditions the resolvent R ^ has the representation

where the resolvent Green's function is  defined by the formula

that is  absolutely square in on the interval (a, b) will be denoted

To construct a resolvent operator R^  fo r  the operator L

,  > ■ , C ‘i i W V W  • X <= rr
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In th is equation ( L - * )  tj; -  Q -:  with L = 1,2, and sa t is f ie s  the boundary 

condition a t a, sa tis f ie s  the radiation condition, and ^ ' is

the Wronskian o f considered as a function o f T  .

Case II. Let

(a) - »  < a  *  oo

(b) p(a) = p (b) = 0

where a ,b  are singular points for ( L - 7 \) = O

The representation o f  the resolvent and the resolvent Green's function 

follows the previous case, where ;indw the boundary conditions are the fi|d teness  

o f the solution ia~t Ol and b. We here note that the radial operator fa lls

under Case I and the angular operator under Case II.

Appendix E . . Uniformly Valid Asymptotic Approximation

Here some background is presented for  the topic o f uniformly valid 

asym ptotic approximation. F irst, the failure o f the WKBJ (Wantzel-Kramer- 

Brilluoin-Jeffreys) approximation is rtOtfed for  the case where there is  a simple 

zero in the index o f refraction, and then Langer's |'Jnd&iing point" analysis is  

briefly described.

E. 1 WKBJ Method

Consider the following d ifferentia l equation

^  +  -fet N  (z) vyfr.) = o  (E-1)

This equation can be interpreted as an inhomogeneous wave equation with the  

index of; reffacticM K  z) ahd .wavequmber iL. In such < $ § e it is  o f in terest to  

find asym ptotic high frequency solution to  (E. 1), i. e. b0-» oo .
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Such solution is the WKBJ approximation

, , A jfeo[lN(T)|dT
w ^ ) ^ p w T e  ( ‘2)

As an example to  WKBJ theory, consider the B essel equation

^  + J _ d u  + (’ , _ ^ u = 0  <=•*)■
d i ‘  z  d *  , V - z ' l

If we le t  U ■ W , then

■dV/
d z

w - o (E.4)

Thus for  z not d o s e  to  1, the 7 — 2 term  can be neglected and then (E. 4) is
H Z

in the form  o f (E. 1). Using now the WKBJ theory, the large order B essel function 

can be evaluated. For ~Z >  I

. f \  t  ( ta n f fe - f c )

e  * v N

where 2. = SGCfb > or

I ,  s e c p J  ~  A , e  ' + B e M  "  (e . s>

\

To evaluate the constants and B, note that i f  D is  fin ite  and Z -9 00 the  

far  field  form  o f  the B essel function is

I» (y*7-) ^  (~ ttw ) 005 (^z “ X  L* J (E .6 )
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j

Matching (E. 5) to  (E. 6) as Z. requires that

A _ a  I •A , e. - B e   ̂2T  ̂j

Substituting in (E. 5) we have

Iv (^2) ^  ( w ^ = r }  cos fsec ** " ^2"1) 4 ? ]  (e. 7)

which is  known as M eissel's formula. Similarly for  ~z. I , we can match the 

WKBJ form  o f solution with the known B essel function of small argument, 

i .e .  Z —> O . The resu lt is  the Carlini's formula

T / .  \  (  1 ^ ( f l ~ 'z?  -  $ Qc h  z )
- * ) & 1 (E- 8)

Comparing the two form s o f  the large order B essel function solution, we observe

that (a) the two form s are d ifferent in d ifferen t regions, and (b) both are
\

unbounded as Z —& | . Thus a simple zero in the index of refraction represents

a "turning point" in the behavior o f  the asym ptotic solution. A solution that 

is  fin ite  and uniformly valid both above and {selow the turning point is  called 

a uniformly valid asym ptotic solution. The method that obtains such solution  

is  called, a fter  i t s  inventor, the Langer's method.

E .2 Langer's Method

The essence o f the method is  based on the following two observations;

(a) If the turning point is  a t z = o, say, then near that zero (E. 1) 

can; be. put in a form

d 1 W
+ feoNx(p)zw *oN

(E. 9)
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which is the Airy equation.. Therefore the sdlution o f (E. 1) near the turning 

point will behave like Airy equation.

(b) The second observation is  that the Airy d ifferential equation

d  4
— ,  + Xl  ̂ =  0  (E. 10)

has a uniformly valid solution above and below x = 0. The method is  thus to  

change the form o f (E. 1), by change o f both dependent and; independent variables 

such that the new equation will conform to  these requirements.

Let

w ( * )  =  (E. U)

Substituting (E. 11) into (E. 1) yields

3 ? 7 7  + Zct i )  d 7  + W'+ ^ ) o - °  (E-12)

Choose g so that term  vanishes, th a t is

"Therefore

Or

(E. 13)

'*■ 2and le t  the independent variable be determined by  ̂ = N . (E. 14)

Q -  ^3. |\/A
1  “ [ y  where  ̂ (E. 15)

( E l  6)
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Note, for  small z, N(z) = and therefore £ == N 0 ~Z.

Hence  ̂ corresponds to  z near the turning point. By the use o f condition 

(E. 13) and (jEL.14) we have

7 ?  * ( i t *  ♦

Where

w  = ( ~ i f ) (E - 18)

Let * 0 o (^) be solution o f the equation

d \
p.

t
+  ^ o ^ o ( s )  = 0  (E. 19)

Try^a possible solution to  (E. 18) as

v.(s) * £ - £ s [am($)a,(s) 4 fcm(5)u;(5)] (E'20)
ro »! L

It can be shown that under certain conditions, not only the series is 

asym ptotic for complex values o f £ but also the error caused by terminating

the series at the m -th term  is Q ( )  independent of z. Moreover

»»(&«<■ $ k « ) +  ( a » + - 4 n)J  (E  21)

i .e .  o ( t )  is  given by taking the derivative o f (E. 20) term  by term .
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R estricting our attention to  the f ir s t  term , W will be evaluated. Let

_  2.
^ , then

ofoo . , f \ (E. 22)
+ W n ) . -  o

i- 'L et Ol > l )„ *  )( Ij , then substituting in (E. 22) yields

^  + - T - 3 7 + ( ' - ^ ) 4 ' °  <E ’ M >

This is  a Bessel equation of order 1/3 with solution 3%(*) , (V) ,

Hys (y) etc . It is convenient to  define the solutions o f (E. 22), the Airy 

functions, as

. n ’ I M II. . (E.24)

Thus the uniformly valid asym ptotic solutions o f (E. 1) are

w ~ A(-ff Al (̂ e1* , a ,  i j l v  (E. 25)

As an example to  the theory, the uniformly valid asym ptotic approximation 

of the Bessel equation (E. 4) is  evaluated. The zero in this instance is  at
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z = l .  Thus by (E. 25) the solution o f (E. 4) is

I C A i . ( ^ 5 £ ^ j + (E. 26)

where

k £

and

I
3

By the asym ptotic value £  — » co o f Airy function and the B essel function, 

the constants C and D can be evaluated. The resu lt is

w -  2 V V ! M n - f A L ( v V SJ (E. 27)

This formula can be checked for Jz. —* o and i t  does reduce to the known small 

argument Bessel function. More detaik on Airy functions and uniformly valid 

asym ptotic approximations o f B essel function can be found in the book by Jones 

"Theory o f Electromagnetism". McMillan Co. New York 1964.
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