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Chapter 1

Introduction and Background

in this chapter some physical phenomena, mathematical model of which
leads to anisotropic electromagnetic problems, are considered. After
introducing the terminology and the notations for anisotropic medium, a
review of solved anisotropic electromagnetic problems willbe presented. At
the end of this chapter, an outline of the work of this dissertation will be-

given,

1.1 Physical phenomena leading to Anisotropic Electromagnefic Problems.

It is known that Maxwell's electromagnetic' equations are not cbmplete in
material media; namely the two curl equations connect four instead of two
unknown vector quantities. The additional information, called the constitutive
equations of the media, must be specified independently of Maxwell's equations.

In vacuum the constitutive equations reduce to a simple form

B = uwH (. 1)

[_D = €, E

(1.2)

where B,D,H, and E, are the monochromatic magnetic and electric vectors
respectively, and Mo and €, are the permeability and the permittivity of
vacuum. However, in general, physical materials do not obey such simple

dependencies.
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It has been suggested that in general constitutive equations are nonlinear,

for example, of the form [1]

Bi = MmHL + }LL&H} t Quik HyHe +.. (1;3)

D, - ek, ~ €} E—} +AFL4"2 ELE&-“'" (1-4)’

where €, p Q and f are all spatial as well as frequency dependent
paramet?rsl. However, in this discussion, we will consider linear terms only,
neglecting all second and higher order terms, and constant parameters for the
media. This is not a severe restriction as long as we consider low mono-
chromatic signal levels and homogeneous media. There are many problems of
practical importance thaiz can Bef modeled using these assumptions, A few such
problems will now be described in some detail.

a. Communications from a reentering space vehicle. During reentry into the
earth atmosphere, space vehicles form a plasma sheet around the vehicle that
is known to be detrimental to communications to and from the vehicle. [2, 3]
A reasonable model for the study of this phenomena is to view the vehicle as |

a grounded surface above which there is an antenna radiating into the plasma
medium. It is known that plasmas can be modeled as a homogeneous anisotropic
medium. Therefore, the calculation of the radiation from an antenna mounted

on a space vehicle leads us to consider an anisotropic radiation problem.

b. Ferrite-filled resonators and waveguides.
There are many devices that use ferrite materials as component part. Since

ferrites are usually contained in wave guides or resonator, the calculation of

1(N. B. the Einstein summation convention is used for the indexies. )
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such wave guide or resonating modes are of continued practical interest [4
Again, since ferrites can be modeled by a linear, homogeneous anisotropic consti-
tutive relation, these mode calculations are another example of an anisotropic

electromagnetic problem.

c.  Crystal-filled laser cavity.

A problem of recent interest is the calculation of the stationary modes of
oscillation of a laser cavity filled with a solid,crystalline host material media.
The cavity may be formed, for example, by an open structure consisting of
two parallel plates (the so-called Fabry-Perrot resonator) w1th ruby crystal
material media between the mirrors. In this context a stationary mode is
defined as an electro-magnetic wave that .starting from mirror 1, travels to
mirror 2, and back to mirror 1, reproducing itself, The calculation of these

modes is again an example of a linear, anisotropic electromagnetic problem [ :1

1.2 Terminology and Notations
In this dissertation the anisotropy will be assumed to be only in the

electric rather than the electric and magnetic quantities. Therefore,

B = wH t.5)
D - ¢t .9

where s is a scalar rﬁagnetic permeability and in Eq. (1.6), the permittivity
matrix € relates the cartesian components of D and E vectors. This is a
convenient assumption since if the.énisotropy is in the magnetic quantities alone
then the problem can be solved by the principle of duality, The question of both

“electric and magnetic anisotropy has no practical interest as yet.
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From an energy consideration [6], it can be shown that the € matrix of
. : ~

a lineax, homogeneous, passive, lossless anisotropic medium must be Hermetian
(with real and positive eigenvalues), There are a number of special cases of the

€ matrix which are of practical interest.

=~

A medium is called a uniaxially gyro;-electric ‘medium if its permittivity
matrix can be represented in the following form, where j= m ,
€ g O
- ‘% €\ O
o o &/ -

The dual form can be used to represent a mathematical model of a ferrite

am
il

element. In this discussion we will consider, however, § matrix with
real elements only. For such a matrix it is possible, by orthogonal rotation
of the coordinate axis, to transform the matrix into a diagonal form as

follows

]

¢ 0 O
O € 0
O O g

The new coordinate axesare called the principal axes of the medium, and such

S

(1.7)

a medium is said to be a biaxial medium, If along the diagonal € = €, then the
medium is said to be a uniaxial medium. The axis correpsonding to €, is
called the distinguished or the optic axis-of the medium. The uniaxially gyro-
electric medium can be brought into the form of a biaxial medium by a complex

rotation of the coordinate axis.

1.3 A Discussion of Methods Used in Solving Anisotropic Electromagnetic
Problems and a Review of Some Solved Cases.

We now turn our attention to the problem of diffraction in an anisotropic
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medium. The two Pourie'r transformed Maxwell's equations

VxE - -jwB-n @3

v x. H = st +,J "i (1.9)
and the two constitutive relations (1.5) and (i. 6) coht#ih sufficient information
such that if the sources ( ] the electric, and M, the me‘gnetic current
densities) are given tfl'én,- in principle, th'é four vector fields B, D, E, H, can be‘ .
computed. The practical problem lies in the ;‘.act that the above four equations
are vector equations, each .pf which represent three scalar equations; that is, we
have a total of twelve coupled scalar partial differential equations with arbifrary
boundary conditions. Obviously, to solve such a problem analytically, in general,
is impossible. To find the.cl‘ass of problems that may be solved, first we |
discuss those that are amenable to analytical study'in a simple medium, like
vacuum, and then try to extend the techniéues of solufion to the anisotropic
problems.

In vacuum, the simplest vector problem is the calculation of the radiation
from an arbitrarily oriented dipole radiating into an infinite space. This
question is important not oniy because the dipole' type pxoblem is simple for
visﬁalization, but also the dipole response is the ijeeh;s'function of an infinite
medium. The method used for solution of the vacuum problem is the introduction
of the so-called auxiliary potentials, These potent_ialé satisfy a well-known wave
equation whose sources are the scalar components of the given vector sources.
We consider the case of electric dipole as the prototype for the discussion since
the magnetic dipole case is then just the dual of the electric problem.

The method of solution is to decompose the electric dipole into its
cartesian components, solve for the three scalar potentials and then reconstruct

the field from the components, It is also known that ( 7] in principle, it is
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possible to decompose, uniquely, an arbitrary electromagnetic field into two 2
partial fields one of which is transverse magnet1c (TM) having no 10ng1tudma1
magnetic field, and the other of which is transverse electric (TE) having no
longitudinal electric field, Furthermore, each component of the partial field
can be derived from a single scalar potential, called the TM and TE poténtial,
that satisfies a wave equation. The difficulty with this decomposrt:wn is

that given an arbitrary source distribution, there is no general procedure available
to decompose a givéh source into partial sources one of which will generate a TM
field and the other a TE field. However, in the case of an arbitrarily oriented
dipole, such decomposition is available [8] Thus this technique provides a
method of solution to the 'dipole problem by the use of two rather than the three
scalars required by the previous technique. There are however, certain special
cases where an arbitrarily presdribed source is already in the desired form (for
example, surface currents flowing on 'planar, cylindrical or spherical boundaries)
and then the TE and TM modes can be found [9]. It is known that th;e are the
only cases that are amenable to this type of solution [10]. In the case of a two
dimensional problem, say no z dependency, a TE and TM decomposition with
respect to z, can always be performed [11].

Having discussed the vacuum case, we now turn our attention to an
anisotropic problem. Again, as the prototype, we inquire aBout the radiation
characteristic of an arbitrarily oriented dipole radiating into an infinite
anisotropic space. To keep the discussion simple, as a start, let us take the
simplest type of anisotropy, the uniaxially anisotropic medium, Following the
line of reasoning used in the vacuum problem, first we look for a decomposition
of the anisotropic fields into TE and TM potentials each of which satisfies a
wave equation. This decomposition turns out to be possible [12], where the
coefficients of the wave equation, in Eértesian coordinates, are different for

the TE and-TM potentials. Since by scaling the cartesian variables, the
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anisotropic wave equation can be brought into a standard form, that is the vacuum
form, the field of a dipole radiating into an infinite uniaxially anisotropic media
can be found £rom an equivalent scaled vacuum problem. Generalizing this idea,
we can state that if for a given vacuum problem the sources can be resolved
_into two part:al sources and the correspondxng field problem can be solved then
‘there corresponds to this vacuum problem a scaled umax:ally anisotropxc problem
[13] This statement may be generalized to cylmdncal surface cu.rrents if the
| optxc axis is along the axis of the cylinder [14] ‘In the case of two d:menemnal
.problems, a scaling can always be found that will co.nvert a umaxxally enisotropic
boundary value problem to an equivalent vacuum boundary value preblem [15]. The
use of three scalars, (vector potential) in an anisotropic problem leads to a
complicated wave equation for one of the scalars. Altheugh, by the judicious
choice of gauge condition [16] this wave equation can be simplified, as yet, in
general, this technique has not shown promise of success.

We now inquire about the radiation characteristic of a dipole immexrsed in a
biaxial, or its equivalent, uniaxially gyroelectric medium. Again, following the
line of reasoning used in uniaxially anisotropic media, first we look for a
decomposition of the anisotropic fields into two partial fields one which is TE
and the other is TM with respect to some longitudinal direction. It has been
stated [17] , however, that for biaxial media no such decomposition is possible.

If we take the twelve coupled scalar partial differential equations and by the
process of elimination solve for one of the cartesian components of one of the
vectors, say E,, then we obtain a fourth order partial differential equation
with constant coefficients. Hence the implication is clear; if the media is -
uniaxial then the fourth-order partial differential operator decomposes into a
product of two second~order wave operators with constant coefficients, but in
general, such decomposition is not available. Since a linear differential operator

with constant coefficients has exponentials as its characteristic functions, by
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an expansion of the fields in terms of a spectrum of inhomogeneous plane waves,

the so called‘_angular spectrum; the problem can be converted into an eigen-value

* problem f18] ' The corresponding inverse spatial Fouriér transforms, in general,
do not lend themselves to closed form solution, There are, however, a number

/gf a{;pro:dmﬁtions available that pzfovide physical insight into the mechanism of

radiation in a biaxially anisotropic medium,. A general approximation technique

has been devg_loped_ [19lgﬂéthat is based on a stationary phase approximation for two !

dimensionalr integrals, %i& is able to predict, using quasi-optical arguments, flie

nature of power ﬂou) in a biaxially anisotropic medium. In the case of a dipole,

it is shown [20], that the inverse Fourier transform integral can be separated into

two parts; a part that is singular but ‘integrable, and thus vdis;playing the singula-

rity of the fields, and a part that is finite but does not lend itself to closed

form evaluation.

1.4 An Outline of the Woxrk of this Dissertation.*‘::

Approximation techniques notuf‘_ithstanding, the general radiation problem in
an anisotropic medium is quite complex. Thus in order to gain better insight into
the radiation mechanism, we need a model that is both physicai and at the same
time analytically tractable. Obvioﬁsly}, infinite medium without boundaries or
two dimensional problems with boundaries are hardly physical, but are studied
because they are amenable to mathematical analysis, The aim of this disserta-
tion is to extend the class of problems of radiation in an anisotropic medium
which are capable of analytical solution and have some physical significance,
Because uniaxial anisotropy is the simplest type of anisotropy, and furthermore,
3=dimensional vacuum electromagnetic boundary value problems that are solved
have plane, spherical, conical or rotationally symmetric boundaries, in this
dissertation attention will be ;E;)cused. on rotationé]ly symmetric boundaries with

rotationally symmetric boundary conditions or sources, immersed in a uniaxially
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anisotropic host medium. A contribufion of this dissertation is the demonstra-
tion that if the optic axis of the medium coincides with the axis of symmetry
of the boundaries then by proper scaling, the uniaxial problem can be reduced

to an equivalent vacuum boundéry value problem. Moreover, as a practical
application of the theory, thé total field due to an axially aligned electric dipp]‘.'e_vv“
immersed in a uniaxially anisétrqpic medium above a conductive proiété .sphelrpid’ .'
will be obtained. This field will also be calculated for a paraboloid of revolution.
In these calculations it is assumed that optical axis is aligned with the axis of
symmetry of the conducting boundaries, For the case of prolate spheroid, 'exact!

| high frequency and long wavelength asymptotic scattering will be calculated.
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Chapter 2

Rotationally Symmetric Potentials

In this éhapter we examine a class of isotropic electromagnetic boundary
value problems with the aim of obtaining solutions to problems in anisotropic

media.

2.1 A Derivation of Rotationally Symmetric Potentials

It is known [21} that, under special symmetry to be specified, it is
possible to decompose, in vacuum, an arbitrary electromagnetic field into two
' partial fields, a decomposition different from Bromwich's [22] , each of which
is derivable from a single scalar that satisfies a second order partial differential
equation, These scalars, designated as Rotationally Symmetric Potentials (RSP),
reduce to a special case of Generalized Axially Symmetric Potentials (GASP) when
the frequency is set to zero. Such potentials appear in many facets of engineering
[23 , 24]).

The method of decomposition is based on the c0ntentiqn that if there is a
preferred axis of symmetry, say the z axis, for the sources as well as the
boundaries, then the fields should not depend on the angle of symmetry. 'fhis
source, for example,‘ could be a ring or axially aligned current element, with
boundaries which are figures of revolution: spheroid or paraboloid, for example.
Furthermore, it will be shown that in such a case, Maxwell's equations decouple
into two independent sets of equations, one of which giv’es rise to a transverse
electric potential (TE), and the other to a transverse magnetic potential (TM)
with respect to z. Both of these potentials satisfy a secondorder partial

differential equation that is related to the scalar Helmholtz equation.

To derive these potentials, by the use of (1.1), (1.2), (1.8) and (1.9), we

have in the source free case

R Y B S
3

Y. (2.1)
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where U, U,, and U, are the generalized orthogonal coordinates with metrics

h,) hz) h3 . 'The subscripts on the vectors refer to the components of the

vector in that particular direction. Let U, denote the angle of symmetry - @ ,
with the corresponding metric h-__.‘ =P where )0 is the cylindrical distance
variable in the x-y plane. If neither the sources nor the boundaries are functions
of CP , (the metrics do not depend on @ ), then the field components cannot

| h:ave any ¢ dependency, and the derivative with respect to ¢p must be
identically equal to zero. Setting the derivative with respect to  Cp equal to zero

in Maxwell's qquation, we have:

e | -
hohy du, hNEy - T H, (2.7)
-1 o . .
h, h, Au hebs = - JMH, (2.8)
1 Ml { |
| D S . e.
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— 2 h.H - e E |
hl hs @U‘ 200 j : ' (2'11) './";

N h'h (2= b, - S0 h H) = jeeE, @m
.Notice that (i.Z) through (2. 12) can be res.olved into two independent set of

' ‘equations, Equations (2.7), (2. 8) and (2.12) have Hy, H,, Egas their dependent

. vaxiablfas; whereas (2; 10), (2.11) and (2. 9) have E;s Ep H, as their dependent

| variables. The first set has as its only electric field component E;= E.‘P .

_ Thus the electric field is transverse td the z axis and hence this set produces the
TE m‘ode.. Similarly, the second set has as its only magnetic field component

Hy = HQ . Thus the magnetic field is transverse to the z axis and hence this

set produces the TM mode. Let us write out these equations as a TE set

S |
T S YL @.7)
- D _
. S, hE, - - bou M, 2. 8)
(g_ a2 hH )= jweE, &)
and a TM set
I o
N ths = jwekE (2. 10)
wh-'—;l— %J hH, - jweE (2.11)
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Now by the duality transformafions, fhati is E, —7Hi and Hi —v -'Ei and € = U,
it is easy to see that the two sets are equivalent, Therefore,. for the purpose of
this discussion, the TM set will bé considered, In the TM set we have three
simultaneous equations with three unknowns and thus, by the process of elimina-
tion, we can generate a single partial differential equation for one of the
unknowns.

The RSP potential is

‘@ e ths (2.13)

and is that scalar from which the vector components can be generated, To elimi-

nate E.. and E, from (2.9), multiply (2.10) by h1 and take the derivative with

1
respect to u, and similarly in (2, 11) multiply by h2 and take the derivative with

respect to u,. Substituting these equations into (2. 9) we have

S ( he O\, o [ h O¢ hh
- + & ! el 8 . t __\__3- - (2.14)
@U‘l h\ h, &U\) auz(hth-_‘, Quz> * me/u hs QL—D

Hence W satisfies a second order partial differential equation of elliptic type,
which in general, has variable coefficients, For future reference, in Table 1,
Equation (2. 14) is depicted in some commonly occuring figure of revolution
coordinate systems. In order to determine thé nature of the solutions of (2. 14),
in the next section, the relation between it and most widely studied second

order scalar wave equation, the Helmholtz equation, will be demonstrated. A
comparison between the so-called Bromwich potentials and RSP will be also

presented.
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Table 1

Metrics, transformation, and RSP Wave Equation in Some
: Rotational Coordinate Systems
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2.2, Discussion on Bronwich and Rotationally Symmetric Potentials.
The Rotationally Symmetric Potentials in cylindrical coordinates satisfy

Eq. (2.14). In these coordinates the equation is

oY 3y 2 -
?&P(? :5?) 5z »f@(// =0  (2.14a)

We now show that solution to Eq. (2.14) may be obtained from solutions of the
scalar Helmholtz equation.

In cylindrical coordinates, the Helmholtz equation is

, \
999(9&9> a4> 'é‘é—@z"‘&cﬁ—o(“ﬂ

This equation can be brought to the form of (2.14a) by the change of a variable.

Let 4) ( °, ¢ Z) be a solution of (2. 15) and of the form

CP(?'CP:Z) =]C(?«2)€‘;CP.,‘ (2. 16)

Then, as is shown below,

v (9,%.2) =¢f(5,2) (2.17)

is a solution of (2, 14a).

Substituting (2. 16) into (2. 15), we have for £( Q , 2) the equation

;3 cD? (Q ) if +(ﬁ 'z)f =0 (2.18)

Let g( 0,z )= 9; ( 0z ) be a new dependent variable in (2. 18).

Then with this, dependent variable (2. 18) is

) I 9 |
?é"é('?‘ 5‘3) + f? « &g -0 @
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Comparing (2. 19) with (2.i4'a), we see that g( e,2) =/ Q, 2). Thus we have
demonstrated that the RSP's may be obtained from the solutions of the scalar
Helmholtz equation,

The general technique of decomposing the vector electromégnetic problem
~ into a set of scalar problems is based on the ability of separating Maxwell's
equations into two sets of independent equations. The fields of :f:hese independent
sets of equatioi;'s" may then be derived from a scalar that satisfiés a second- .
order partial differential equation. It is generally known that such resolution is
feasible in cartesian coordinate system [22]_ where the scalar, referred to as
Bromwich potential, satisfies a scalar Helmholtz wave equation,

It is also known that the scalar Helmholtz equation separates into sets of
ordinary differential equations in eleven coordinate systems, However, in
spite of the fact that the scalar Helmholtz equation separates, for example, in
ellipsoidal coordinate system, in such coordinate systems the vector wave
equation of the electromagnetic problem cannot be solved in a simple form in
terms of solutions of scalar wave equation. The reason, for this apparent
anomaiy, is that the scalar, from which the fields are generated, is not
related to the tangential field components in a simple fashion in the coordinate
system mentioned above. In fact, out of the eleven coordinates in which the '
Helmholtz equation separates, only five of them (plane, circular -, elliptic -,
parabolic cylinder, sphere and cone) give rise to scalars that are simply related
to the tangential field components, Out of these five systems only the spherical
coordinates deal with fully 3~dimensional problems. If, however, there is an
angle bf symmetry, both in thé sources as well as the boundaries, then, as it
was shown, Maxwell's equations may be separated in additional coordinate systems.
For example, spheroid and paraboloid of revolution coordinates, systems in which

Bromwich potentials do not exist.



Chapter 3

Anisotropic Rotatmnally Symmetnc Boundary Value Problems

and Their Scaling to an Equwalent Vacuum Problem

In this chapter we exter;d the concept of rotationally symmetric potential
for application to electromagnetic problems with uniaxially anisotropic host
medium. It is assumed that the optic axis is aligned with the symmetry axis of
sources and boundaries. After discussing the physical interpretation of the
assumed boundary conditions in problems with rotational symmetry in isotropic
media, a scaling will be presented that reduces the anisotropic boundary value

problem to an equivalent isotropic problem.,

3.1 Extension of the Concept of RSP for use in Anisotropic Media.

| In this section it will be shown that for anisotropic medium whose optic
axis is aligned with the symmetry axis of the rotationally symmetric boundary,’
the € matrix of the new constitutive relation, that is the matrix that
connects the curvilineaxr components of the D vector to the components of
the E vector, does not depend on the angle of symmetry @ . Furthermdre,
the only coupling of D, to E ¢ 1is through a constant, independent of the
coordinate system. This fact ﬁll allow us to use the same reasoning épplied
in the case of isotropic medium to resolve Maxwell's equation into two sets of
equations, one of which is TE and the other TM with respect to the 2z axis,
the axis of symmetry. The TE mode will be a vacuum mode, that is it will
satisfy the same equations as the vacuum case, However, the TM mode is an
anisotropic mode and hence the duality applicable to the vacuum case will not
hold.

The following section is divided into two parts; in the first part, the

constitutive equations for rotationally symmetric vectors will be given, and in
the second part, RSP will be extended to uniaxial medium with optic axis

parallel to the axis of symmetry.
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3.11 Constitutive Equations
" The constitutive equations for an uniaxially anisotropic medium cai\ be

specified, in matrix form, as follows

4 D | E A (3.1)
D! = D, | = € \ E,|] & §Eg_ 1)
5,/ K Ea
' Bx N M
B e By

"
I
«
n
. ‘TF. '
I
Ix
w.

x | !
B2 YiU'N

whére the optical axis is parallel to the z axis, and 'Dx’ E, B, and H_are the
magnetic and the electric vectors and the subscripts -;efe-;'to—the ca;tesian
components of these vectors, 2 is the electric permittivity and Jve is the
magnetic permeability and ) is the relative permittivity of the medium. Let
the transformation from cartesian to an arbitrary rotationally symmetric

coordinate system be given by:

X = c}(u,) u,‘) co>cp | | (3,3)
4 = q(u,w) skg e
z = {(u,u) (3.5)

where ¢p refers to the angle measured from the x axis in the x-y plane, and

u; and u, refer to the rotationally symmetric coordinates. Introducing the



following notation,

' .: ﬂ =a(¥' -
Cll cDu.‘_ ) ‘31 Su, (3.6)
[ . S S

let h1 be the metric corresponding to U and h2 be the metric corresponding to

u,s and h, be the metric of the angle ¢p , then

\ k.
Gy @ | ay = % 2t 3":’: sne  woe [l Q, = Ao-u
' 2 = =
I 3.8

where the a's refer to unit vectors corresponding to the subscripts as indicated.

Since the transformation is unitary, the corresponding inverse of A is

Ve . _1

‘At = A (3.9)

Now using (3.1), (3.8) and (3. 9), and defining 2 ' such that

€|: e\.; é:{s E’\ ,
e.| & €E,

Ee (3.10)

uw

U
t
e

D,
Dz = el\ G;\. e;.'b
Do €. €, Ewn

we have
1

nm
Wxr= -

(3.11)

! -
€ = A
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which is the required permittivity matrix, Performing the indicated matrix

multiplication yields

e, = €, =
! € 2
622 = "F:-l(az_
=3 e,

32 - 23

| ]
€a( = éhz

)

€. = €

e - % (%.2‘* K{.“)'

i (49 ks

+ K{f)

(3.12)

(3.13)

(3.14)

(3.15).

(3.16)

(3.17)

Note that for arbitrary rotationally symmetric coordinates, the transforma-

tion from cartesian to rotationally symmetric cooxdinates is analytic, that is

it satisfies Cauchy-Riemann equations [ 25]

NI
hl .aul

e
h, Ou,

(3.18)

(3.19)
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- Because of this property if the mediurr.\ is vacuum, 4i. e. K =‘1, as expected,
(3.12) through (3.17) reduces to a constant multiple of a unit matrix. As indicated
above € ;3 = Cypyp=€ is a constant, independent of the coordinate system.
3.12 RSP for Uniaxial Medium with Optical Axis Parallel to the Axis of
- Symmetzry, :

To derive the RSP n'iode equations, we use Maxwell's equations in conjuh‘ction
with the derived constitutive equations, The Fourier transform ( ‘c%.' B }'0,0 ) of
Maxwell's equation in conjunction with the constitutive equations (3.2) and (3. 10)

are in the following form

| ) _ o _ ,
hyha (5:,}35“’ S¢p L"“E") =~ joouH, (3. 20)

(3; 21)

i (.Q_ hE, - 5&_ k3£¢)=‘ ;,;w_sz

h s Lo "
‘n|ha_ (_g‘:. h.Es - 3%1 ""E') = -~(opHg (3.22)
_P:Lh—; (au;k Hq ¥ h H) [ooleE, + ,152) .39
;‘_t(a hH, - H—l)s 5“(62‘5 +an) 0,26
hL ( u.h H- 55 Bu, " H) = joebeq O @2s)

Using the same reasoning as used in the case of vacuum, and assuming that

the boundaries (and hence the metrics) as well as the sources are independent
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of the angle of symmetry - , apd from the fact that g' is independent of P>
we conclude that the fields cannoi: have ¢ dependency. Thus the derivative
4with respect.to ¢ must vanish. Therefore (3.20) through (3.25) separate into
two independent rotationally symmetric modes, one of which is TE with ‘respect

to z and the other.is TM with respect to z. From (3.20), (3.21) and (3.25) we

have the TE equations

| d - - jwpH (3. 26)
i, ou hy Eq jopH
= 0 - ~.  ‘ (3.27)
b b ou TRt T Tjept |

| | . o |
}‘l ’hl ( C)&U, %1H1 - 'Ba_a: ‘%lHI) = Jooe‘l:cf (3.28)

and from (3.23), (3.24) and (3. 22) the TM equations

l o o :
by by du, %3 Hcp = o (G,‘ E + 6,151) (3.29)

— 5 hH, = | ’ ! . (3. 30)
h by Ou, ol T (€2‘E‘| ¥ CazEz)

|
P (;u. h,E, - "é%;; jh.E.) = —jeop He (3.31)

Comparing the TE set with (2.7), (2.8) and (2. 12), the TE vacuum
equations, we recognize (3.26), (3.27) and (3.28) to be in the same form as the
vacuum equations. However, this is not true for the TM equations. As indi-
cated, therefore, the duality applicable to the vacuum case does not hold,

We have now shown that the concept of RSP may be extended to uniaxial medium,



If we again define

Q/ = ths

(3.32) -

then by eliminating E; and E, from (3. 31) by the use of (3. 29) and (3. 30) and

using the relationship

c e, - e - ke

12
(which is obtained fxom Egs. (3.12) through (3.19))we have a single partial

differential equation for ' which is

E (mm.ﬂw) Sw . a%irKiG dv
au‘\ h,3 "\5_ . aU.‘ h.hg_h?; 6(49_

5 [actKeh dv  h(a+KE) B¢
TS hihhy  Ou hohy  OUa

(3. 34)

'\'C_‘JG.,&K—%—?:—(% = 0O

The vacuum mé)de, equation (2. 14) in cénjunction with the equation (3. 34) reduces
the solution of the vector anisotropic 'bounda.ry ,nyalue problem to a solution of
two scalar problems. Note that if in (3.34) K =1, as expected, it reduces to
(2. 14), the vacuum case, As opposed to the isotropic equation, (3.34) does not
separate into ordinary differential equations except in cylindrical cooxdinates.
Before we discuss the boundary conditions of the scalar equations, we also note
that (3. 34) may be generalized to stratified as well as inhomogeneous medium

where the inhomogeneity does not depend on @ , the angle of symmetry,



3.2 Vacuum Bounaazy Conditions

In this section three types of boundary conditions,Dirichlet, Neumann and
Robin conditions, for the above potentials, will be discussed. It will be shown
that in the case of vacuum, the specification of a hofnogeneous Dirichlet
boundary condition is physically interpreted as a lack of impressed currents
whereas the vanishing of the normal &erivative, the Neumann condition, at a
boundary represents an ideal conductor foz" the boundary surface. Furthermore,
the notion of a surface impedance will be introduced. This impedance unifies the

Dirichlet and the Neumann problems.

3.21 Dirichlet Problem |
Again, for the purpose of discussing the boundary conditions, oniy the TM

case will be considered. The interpretation of the TE boundary condition follows

from the principle of duality, Since the only magnetic field component in the TM

caseis H ¢ , from Maxwell's equation we have
V X HQ e = j;o)é (EIQI + E.’zgz) (3. 35)

Using Stokes theorem,

foHqg@-Qda =}{Hq9_¢p-dg (3. 36)
A o _ |
But
' 2%
ox jO)O 1
q) - 25 = —E_’_IT—_

(3. 38)
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Therefore, the spedification of impressed electric current on the u; = constant

surface leads to a Dirichlet problem for (¢ .

3.22 Neumann Problem
Let u, be the normal and uz'be the tangential coordinate. From Eq..2.11

reproduced Belfow

L9 o
113 |
we have
oY
Y At haEe (3. 39)

But on an ideal conductor the tangential eléctric field is zefo, hence specification

of an ideal conducting boundary leads to a homogeneous Neumann problem,

3.23 Robin Problem

Let a surface impedance Z be defined as

Z P\ E‘.Z (“'2.)
Hep (Ua) ‘ (3. 40)
U, = Ue '
. Substituting (3. 39) into (3. 40) we have
l oY
Z _ —jcuc ohn
he Hu_ : 4 = Uy (3. 40a)
Rearranging (3. 40a) yields
ow ‘
Y v (u,_) Y =o (3. 41)
where |

) (%) = éwe z (U':z.)
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This type of boundary value problem where a linear combination of the
function and its normal derivative are specified on a coordinate surface is
referred to as a Robin problem. Note that if in (3,41) we set Z = 0 then the
homogeﬁeous Robin problem reduces to a homogeneous Neumann problem, as
expected., If,. howe;rer, we let Z —; oo, while keeping _6_85_ finite, the homo-
geneous Robin problem reduces to a homogeneous Dirichletap';:oblem. Thus we have

shown, as indicated above, that the concept of surface impedance unifies the

Dirichlet and the Neumann conditions.,

-

3.3. Scaling of the Anisotropic Boundary Value Problem,
To note the effect of the anisotropy of the medium on the mode equation !

(3. 34), consider (3. 34) in cylindrical coordinate system which is

-1V ) oY 2
+ K —— kK & = (3. 42)
959 ( ¢ op 322 v o
where k is the isotropic wave-number, Let
| -
7 = =

3 | (3. 42a)

be the transformed coordinate. Substituting (3,42a) into (3.42), equation (3.42)
reduces to an equivalent isotropic mode equation (2..14a) with &,2 - k4&* as its
new wavenumber. Thus by a scaling of the coordinate axis, the mode equation
(3.42) as well as the boundary is transformed in a form resembling an isotxopic
problem. The only question remaining is the effect of such scaling upon the
boundary condition, Here, the idea of surface impedance is utilized. It is shq‘ﬁm
that by the introduction of a direction dependent surface. impedance, the aniso-
tropic boundary value problem is reduced to an equivalent isotropic boundary

value problem.
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Let the anisotropic surface impedance Z be defined as

E o
L 2 .
| ya | e . (3.43)

f(92) =0
where g—(g , z) =0 is the equation of the constant coordinate surface in
cylindrical coordinate system. See Figure 1 for the geometry of the scaling,

From Figure 1, however, -

E'1= EZOWV + E?CD’JO(

(3. 44)

Using (3.29) and (3. 30), rewritten for reference in cylindrical coordinates as

Y

_'?_ 55 - jwex E, (3.29)
ooy - 3.30
TTe 3z T € = (-39

and substituting these equations in conjunction with (3.44) into (3. 43) yields

for
. P OY  codx Jy
ek 39 JWE  d=

(3. 45)
¢ |

Rearranging, we have

oW . oW _
koo a5~ = ’Du/\_océ? + jwekZyp =0 @ {pz)}o (3.4
If we let K = 1 in (3. 46) then, as expected, it reduces to (3.41), the isotropic
Robin condition. Note that Z is the isotropic surface impedance. Introducing

the following scaling transformations in (3. 46), see Figure 1, let



Figure 1,

The Geometry of the Scalirg
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we have, by using equation (3. 42a)

U
3>!.€>

+ gweﬁ‘?’ =0 @ {?'(?.’:)“9 (3.47)

where

Z = - - z

(’DLMQ'O( + k_om?—x )'/2

and the caret denotes the scaled variables, Thus, as indicated, the anisotropic
boundary problem is reduced, by the introduction of a.direction dependent surface
impedance 2, to an eqq{valent isotropic boundaxy value problem. From (3.47) we
note, that if the original boundary surface is an ideal conductor, that ié‘"‘z =0,
the scaled boundary surface is an ideal conductox as well. Hence, the homogeneous
Neumann condition in an anisotropic medium transfc;rms to an equivalent isotropic
homogeneous Neumann problem, It is also noted that the form of the Dirichlet
boundar& condition does not change by the process of scaling, To show that this
is the case, consider W [ ?) 6}(?)] to be the anisotropic Dirichlet condition
on the boundary surface = "'Cj( g) . Since the only scaling is along the z axis,

~ the formof J  cannot change and thus the form of the anisotropic Dirichlet
condition on the old surface’is the same as the form fdf'_thevequivalent .’:»'.}‘ss‘g;;xopic
Dirichlet condition’on the scaled surface. As an example, let the boﬁndary be

a unit sphere whose equation is

. g (3. 48)

2-+?-=|
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and the Dirichlet boundary condition, say,
Y (e)

| Z
Since (3.49) in cylindrical coordinates is kP ( Q4 Z.) =

Cos 68 | (3. 49)

with the use of (3.48)

<+

|- | © (3.50)

v (¢)

Since the scaling along the z axis does not affect the variable ? , the

Dirichlet condition on the scaled coordinate surfaceis

Vﬁ(?) = J' 0% (3. 51)

To summarize, it has been shéwn that in a: uniaxial anisotropic medium the
concept of RSP can be extended for the use of anisotropic electromagnetic boundary
: value problems and the resulting scalar anisotropic boundary value problem is
transformable, by proper scaling, to an equivalent scalar isotropic boundary
value problem. In the subsequent chapters, some practical anisotropic boundary ‘

value problems and their solutions are considered.
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Chapter 4

Scattering by a Conductive Spheroid and
Paraboloid of Revolution

The scaling technique developed in the previous chapter will now be applied to
some problems of practical interest. 'In particular, the total (incident plus
scattered) field due to an electric dipole aligned with the axis of a rotationally
symmetric boundary and the optic axis of an anisotropic medium will be calculated.
To be considered in the discussion are spheroidal, rotationally symmetric
ellipsoidal and paraboloidal boundaries. The spheroidal shaped surface.is of
interest because it is the most general finite surface for which Maxwell's equa-"
tions can be solved analytically. The paraboloidal surface is incluaed because its
usefulness in antenna applications. Since by proper scaling of the isotropic
scattering problem anisotropic solutions can be generated, attention will be
focused on the vacuum problem. The anisotropic problems and their solutions will

be obtained by scaling the vacuum solutions.

4,1 Scattering b& a Conducting Prolate Spheroid.

The intent of Abraham [26-] , the orginiator of RSP, was to use RSP modes
to study the natural electromagnetic oscillations of a spheroidal cavity with
perfectly conducting walls, Since his treatment of the problem, ‘a number of
researchers have contributed to this as well as other electromagnetic problems
involving sphexroidal geometry [27, 28, 29, 30, 31] . Only recently [32]
spheroidal conducting surfaces have been proposed as an approximating model
for the calculations of the resonant modes of::h confocal mirror laser
resonator, The functions, (the solutions of the separated RSP mode equation

in spheroidal coordinate system) that arise in these problems are spheroidal

4,
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wave functions’ tﬁat are of interest in many fields of. engineering. For example:
Fourier analysis, mean-sqﬁare estimation, aceustic px_'oblpms [33] , to name a
few, Thus the problein }éhosen. for illustrative purpose is not only of interest
for the reason sta't_:ed but as a representative of a much wider class of problems,
namely, problems involving spheroidal wave functid;w. In the next section, the
problem of Calcuiiting the total field due to an elect::ric dipole above a conduc{:ing
spheroid is formulated and solved. The solution is Eqs. (4.7), (4.8), (4.10) and
(4.15). |

4,11 Statement of the Problem.

Let § and " denote the radial and the angle prolate spheroidal
coordinates, respectively. Figure 2 shows a conductive prolate spheroid centered
at the origin with coordinate § = §o with parameter c as its semi-int‘erfocal
distance. Let an electric dipole whose axis is coincident with the symmetry axis
of a spheroid be located at a point g-o( and 7= | . Let the electric dipole
and conductive prolate spheroid be immersed in a yniaxially anisotropic host medium
- whose optic axis is parallel with fhe symmetry axis of the conducting spheroid,

The problem is to find the total electromagnetic field, consisting of an incident

dipole field and a scattered field,

Lhere are many books, tables, and articles on the subject of spheroidal wave
functions, Some of their properties are reviewed in Appendix A on Prolate
Spheroidal Wave Functions. The following books were found useful on the subject:

Stratton, Hunter, Little, Chu, and Corbato, Spheroidal Wave Functions,
John Wiley, New York, 1956.

C. Flammer, Spheroidal Wave Functions, Stanfoxrd U, Press, Stanford, Calif,
1957.

Meixner, and Schidfke, Mathieusche Funktionen and Spharoidfunktionen,
Springer~Verlag, Berlin 1954,

L. Robin, Fonctions Spheriques de Legendre et Functions Spheroidales,
Gauthier-Villars, Paris, vol. 3., 1957,
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Figure 2. Geometry of the Spheroidal Scattering Problem



4.12 Solution in Isb'crqpic Media

The method of solution of this scattering problem follows the usual pro-
cedure, First the incident _dipoie.fiold is expanded as a sum of prolate spheroidal
waves. Then by assuming thg scattered field to 53 a sum of outgoing spheroidal
waves of the same form as the incident field but with unknown coefficients,
. referred to as the écattering codffiéiants‘. the form of the total field is found.
By satisfying the requirement thavt‘_the tangential eleqtric field on the condyctive
surface should vanish, the sqatf‘étiﬁg" cobfficienfs- are determined and, in
accordance with the uniqueness theorem, the solution is compléte.

To determine the sphero’idal wave expansion of the incident dipole field,
following Meixner and Schafke [34] , we note that the field of an electric dipolg,
on and aligned with the z axis, is rotationally symmetzric, as Well as transverse

magnetic.’. Thus the only magnetic field componént is
-, -ikR
H (v} _ A' we *
¢ LT R

(-‘% - k) oin 6 (4.1)

where (i) stanas for the incident field, k is the waye number, R'is the distance
measured from the observer to the source (see fig. 2), 6’ is the angle
measured from the z axis with the dipole as the origin and A isa complex‘
constant sigﬁifying the magnitude of the electric dipole moment. For future

reference, we note that (4.1) can be written as (see Ref. 34)

L N - (@) )
Hoo' = —Rew & @ (LR) P (con €)
‘ (4. 1a)

where A = _1_&:3 and W.M is the spherical Bessel function of fourth kind, first
4

degree and P)l is the associated Legendre polynomial of first oxder and first



} B
degree, and @) © and R are given in terms of the spheroidal coordinates by

s &' o gq-—d\ ‘, ,
\lng "21'+ o("-'2§'zo< -1 (4.2)
R = C\J§1+rl"+o("-p2§qx-l

where c is the semi-ihté':.:focal.distancle of the spheroid, and ( $,R ) are the
spheroidal coordinates of the field vai:iables. As shown in-Chapter 2, however,

the solutions of the scalar Helmholtz equation with m=1 (spheroidal wave functions
of the first order in spheroidal coordinates) are valid ;:node'é' for the rotationally )

symmetric magnetic field, With this in mind, we let

) e
He! = £ ) s (%)

(4.3)

where

fi>

X J&c‘

{4. 3a)

and Sin ( n ¥ ) is the spheroidal angle wave function of first oraer and nth
degree and Cn is independent of Q . To evaluate Cn’ multiply (4. 3) with

Sln( s x)dq and integrate between ~1 and +1, By the use of the orthogonality
property of spheroidal angle functions

[ S (1 1)S. (1,9 dn = Nool€) v

(4.4)

where N ( ¥ ) is* a mornalization constant and C(nn' is the Kronecker symbol,

*N:m:ﬁ | ( ¥ )is ’cabulated for small m, nand & [35] .



we thus have

| (i) |
C, = m qu ’Sm (n,¥) dn (4. 5)

-\

In oxder to evaluate the integral, we note that

Rm(x) . (_\)m.(h-\\-m)‘! P—m(x) (A.38)

and by rewriting (4. 5) and substituting (4. 1a) and(A,BB), yields

m() ;W()(Kr ev 4+ k% qu«-!)P (rqj———)sm(q’)d

o™~ 2gnat-!

C, ®

Using the following identity (see Appendix A),

qu/'a‘)(x JﬁT"'r*' % 2‘5‘79(-\ ) P:(W) 3 ('2 ) K) o) .

)

C )R (5 R (w ) e e

where Rln(l) and Rln(4) are the radial prolate spheroidal wave functions of

the first order, nth degree, first and fourth kind, wé have

(4. 6)

~ ( |
i (R0t g
R C.(o("_()’i Nm(x) (‘!)(d K)Q| ($,> 3‘(’(

I'Here the noxrmalization f:oz:tditién of. .TStfaﬁtqh [a: i_g';ﬁééd;
°2°,‘, o™ (f+ 2m)! 3 (r+m)!

legy % L1 B Z-“"m)'.

i e,
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' This step then ‘epmplété.s the determination c;f-the incident dipole field as a sum

of prolate spheroidal waves, The result is.

R (5,9R % 8) g

O Y SN ,
\’\Q =" C&a"l)&‘ "2';' Nln(z( Sm Q)K
0 ) - 4.7
Rin @6)R,g (3"() §7

To evaluate the scattered field, we assume it to be in the same form as

the*incident field but with outgoing spheroidal waves, and unknown constants - a s

the scattering coefficients, Let HS:) be the scattered magnetic field given

as
( 20% ® a : () ) o |
h L2 2B SRR M)

-

Since the tangential electric field must vanish on at ideal-conductor, from

Eq. (2.11), |

—(%_ [( 1) Hq,m J

]
O

(4. 9)

$55%5-
where (t) refers to the total magnetic field. By substituting (4.7) and (4. 8)

into (4. 9), we have for the scattering coefficients

j‘rg{(§z")& R.:) (5, X)] (4. 10)

%[(?t')iR':‘*)(g»?)J -

The total isotropic magnetic field is therefore now determined. Next we

obtain the solution to our anisotropic problem.



4.13 Solution in Anisotropic Media

As shown in Chapter 3, the anisotropic solution is obtained by scaling the
vacuum solution. Since the scaling consists of contracting the distances along
the z axis by the factor R , the épheroidal boundary surface defined by 3, |
and interfocal distance 2c, transforms to another spheroidal surface defined
by 7o with an interfocal distance 2t .

To find the transformation from the original confocal spheroids to the

scaled confocal spheroids, note that the original bdundary satisfies the

equation
2
z- 0
[ 2 /e =
c* s, c* (5o = 1) (4.11)
with major axis
a = Cg, (4. 11a)

and minor axis

|
2 z (4. 11b)
b o= c(35-1)
by the introduction of the scaled axis 2 = (—'2—?— , the new equation is
1 .
Z) QQ
—— + = |
oL *(3~1) (4.12)
K
where now the major axis is
) C o
O = = ‘, (4. 12a)
' '1a%

the minor axis is

™
]
O
u
@)
~~
()
°p
1
~
pl-

(4. 12b)
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and the semi-intexrfocal distance

e (@*- Y . =38 (-9 K]* - B (4.13)

The transformation between the original spheroidal coordinates ( §,n ) and the
scaled coordinates ( » , 3 ) is obtained by first noting that

o & gfa-uyrat e c[0n)(5on)TE

!

A (4. 14)
z =2 4vx ¢

C

" o
By considering either (3.7 doxr (2 )V ) as fixed, equations for the remaining
paix ( 2,V )or ( g 9 ), respectively, are found. The roots of these equations
are the transformation. For example, eliminating 2 or » from (4.14)

yields

% !
A 2 3_; ??- 7\" ZJ?.
& + 2 : + -
v y o 7

the roots of which are the transformation relation fxrom ( 1\ Yto( 2,V),

- (4.15)

The solution of the anisotrogic.groblem is obtained bz substituting the
new variables (A, V) for (: in 4_. 7), (4.8) and (4, 10).

4,2 Sqatteﬁng by a Conducting Paraboloid of Revolution

As a second example, to the scaling technique presented in Chapter 3,
the total field (mcident plus reflected) estabhshed by an axially aligned
electric dipole and scattered by a conducting paraboloid of revolution is
presentéd. The medium is taken to be uniaxially anisotropic whose optic axis is
_ aligned with symmetry axis, The technique of solution is based on scaling of
Pinney's [_35] isotropic solution, Fox this purpose first, the paraboloidal

coordinates and wave functions are introduced and then the isotropic solution
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to the scattering problem is given. This solution is then scaled in accordance to

argui@grits presented in Chapter 3.

- —

4,21 Introduction to Laguerre Wave Functions
Let the transformation from cartesian to pér;aboloid of revolution

coordinate system be defined as

YT 2w s g

(4. 16)
y = 2[ur =ngy
Z o =U 4 U v
(here the definitions of Pinney [36] are used).
Eliminating W or U £from (4. 16) - we have
,SD?' = Luv =« YHu*+ buz s 4o=borz (4.17)
and therefore for u=zo0 and =0

the u = constant and the v = constant coordinates correspond. to péraboloids of
revolution about the z axis, open ‘in the positive and negative directions. These
_family of paraboloids are confocal, with the origin as focus, and Tha've focal
distances u and v, In this system of coordinates, the scalar Helmholtz

equation is

9 . cu 30 a
ga(ug_(:i) + a—%(\)‘g$>+ :\:\; o)cp"+& (u+u->4> = 0O (4.18)

Using the usual separation of variables technique, the solution to (4.18) is of

the form

Cp(u, k'J)Cf’) N CP: (t’. u) CPDM (: U) C-JWP (4.19) |
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"o
The separated equation for CR)(!) is

a | 2 m .
a;(x%f%m) + (&ZX +h = ‘%—)% x) =0 (&2

If we let, '
¢, () = x%e' ém‘ﬂvm (2jkx)
with (4.21)

ha j&(meav +1)

Then y;n satisfy a conﬂueﬁt hypergeometric equation
x-o-tf+(m+l—x)d ) m(x) =0

" ax? oI + Yp = (4.22)

whose solutions are the Laguerre functions., These functions are defined for

arbitrary V as

2 Mp-v) x°
;;2 [“<F+rn¥|)' F>r

L M(x) 5 2nWY F(Hmw) (4.23)
> Y |

where | denotes the gamma function,

If ° =n=integer then the Laguerre functions reduce to their corresponding

polynomials., The properties of these solutions are known and are available

[36, 37] in the literature. The functions of interest, in this sequal, are thg'

so~called Laguerre wave functions, defined as

m L - m
S, (x) & xzm e i L—» (x) (4.24)

(4. 25)
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where Ugl (x) are the second solutions_of (4. 20), [N. B, to conform with
Pinney's notation, the symbol for the wave functions of the first kind are
denoted by SJ' . This symbol should not be confused with S; ., the angle prolate
spheroidal wave-functions used in the previous problem.] < The following

property of the Laguerre wave functions are noted (3§;

Svm(‘ 2 ;au) er.n( 2jk)
outward direction

Vo (2 ) S, (- 29
outward direction

S5 (2{ku) V) (-2k0)
inward direction

va (‘ 2]’“‘) Spm (ZJ hlf)
inward direction

Sy (2ku) 8)7( 2jtau)
direction .

V' (- 280§ (0]
fg;frection

Sy (F2ju) §(2)80)
direction

V" (2i8u) )" (~2j0)

direction

represents a wave traveling in
represents a wave traveling in
:I:epres'enﬂb a wave traveling in
rgpresénts a wave traveling in
represents a wave traveling in +z
represents a wave tzjiveling in +z
rgpresgnts a wave traveling in -z

represents a wave traveling in -z
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With this short introduction to Laguerre wave functions, we are ready to formd?-

late and present the solution to the isotropic scattering problem,

4.22 Statement and Solution of the Problem

In the paraboloidal coordinate system, considered in the previous paragraph,
let an electric dipole be at the origin with its J.moment parallel to the z axis, 'Let
the conductive paraboloid of revolution to be at the coordinate u = u.. The problem
is to find the total field, Since the electromagnetic field is TM as well as rotﬁ-
tionally symmetric, the only maghetic field component:is along the <p direction
and from this component all other field components may be generated. The result -

for the total magnetic field is [38]

H = -t jKeoe S Daliku)-BuS,@iku]S,E 21k

n+| (4.26)

where the scattering coefficient B is obtained by requiring that at u = u, the

total tangential electric field shall vanish. The result for B, is

B - n l2iku) ¢V (2jRu) @.27)
" Sal2jleu) + S, (2{®us)

Having presented the isotxopic séattering solut:ion, wé turn to the
anisotropic problem. By scaling the distances along z direction by the factor
| /J? , the anisotropic Neumann problem is reduced to an equivalent vacuum
problem., Ina ﬁamer similar to procedure used in the previous problem, we

find that the transformations

- "y -Uu+ VU - ! ]
w = uv' —EE— - —ue (4.28)

are the desired connecting relations between the scaled and the unscaled

coordinate system.
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Chapter 5.

Rayleigh Scattering by a Conductive Spheroid

The form of the solution, Eqgs. (4.7), (4.8) and (4. 10), of the spheroidal

scattering problem, although valid for all frequencies, is only useful for small

¥ , since in this case both the spheroidal wave functions as well as the
summations in terms of these functions rai)idly converge, [N. B. For small
X = ke=2T -,,9\- << | , where c is the semi~interfocal distance of the spheroid
scatterer is referred to as a Rayleigh ScattererJ Furthermore, in the
case of an anisotropy along the symmetry axis, the scaléd confocal spheroidal
wave functions may be expanded into an infinite series of the "unscaled" spheroidal
wave functions, by the use of an addition theorem for spheroidal wave functions
" [ 34] , and thereby adding additional difficulty in visualizing the anisotropic
.solution. However, for low frequency or large anisotropy, the scatterer
becomes a Rayleigh~type of scatterer and thus it is feasible to expand the
scattering solution into a Taylor series in powers of ¥ . This expansion, in
addition to being a generalization of a corresponding calculation forva conducting
sphere in the vacuum case [39] , is also a check on frequency perturbational
calculations f40] . For example, the calculations of the scattered field due to
an arbitrarily incident electromagnetic wave on a conducting spheroid fa1],

where an (exact' solution is not available,

5.1 Formulation of the Problem
In this chapter we evaluate the far~field limit of scattered magnetic
field, referred to as the scattering amplitude. It is defined as

st

a(elA;B; a, b, h) £ te Am qus} (QH)‘() (5.1)

c§ ~p e
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where A is the major and B is the minor semi~axis of the spheroid describing the
location of the electric dipole and © is the angle measured from the z axis
(see Figure 2). The final result contains no reference to special functions and
are given in terms of physical parameters; A, B, a, band k. The final results

are tabulated in Tables 2 and 3.

5.2 Evaluation of the Scattering Amplitude

To evaluate the scattering amplitude, the following procedure is followed.
First, the scattered magnetic field, Eq. (4.8), is reduced to its far-field compo-
nent, and by the use of (5. 1), the scattering amplitude is found. Second, based on
the long wavelength formulae of the spheroidal wave functions and their deriva-
‘tives, developed by Burke [42] for the scalar (acoustic) scattering problem, an
expansion of the first two terms of an infinite series expansion of the scattering
amplitude, in a seﬁes of integral power of k, is presented.

Following the indicated prdcedure, from (4.8), the scattered field is

n

) whA L a . q |
HQ _ 2 B&AZNN(&; S.n(Q'X)R.:‘@(.X)R()('i»X) | (4.8)

Using the asymptotic property of the prolate spheroidal radial wave functions

(see Appendix A)

“ e o-ite i) ‘
Ra(5.¥) 225 'exg e (A.15)

and noting that as ¢ g€—roo, C§ approaches  , the radial distance, and
approaches cos © , (see A.2) we have, by using (5.1), for the scattering

amplitude

]
-~

i(h+ )% S, (cos8, ) anm)(dn x)

= o) 2wA
%(O'A'B'Q-@’»b%éraqm(x) (g e

1(5.2)



For future use, we define

q (M8 b)) 2 5

nsli

Qn (01 AlB'dl é; b‘) (5.3)

where the éxpression for &y, is found by cpmpari.ng (5. 3) and (5.2). In the rest
of this chapter we evaluate - glﬁnd gy for isotropic and anisotropic medium m
terms of the physical para;nbters of ‘the problem. :

To evaluate g, and gy including terms of oxder x* we note that, from
Appendix A, taking into account up to the second power of &

S, (=8,¥) = oin & (1+ ‘—g- oérﬁe)

(6.4)
2
: 2 - - SR ) .
CJ'Z (60’39, g) = 3 o 20 ("" TR ©
We also note (41] that the normalization constants (see 4., 4) are
N, (¥) =4 (1+2 x‘)
" ) ( 28 (5.5)

N, (¥) 2 (1+ & ¥ |
In order to evaluate in R"(:l) ( &, ¥ ), wenote that in terms of the

spheroidal coordinates of the dipole (&, | ), the major and minor axis of its

associated spheroid are

A C

B = c(a‘-l)ii

Referring to the formulae of (A31) and(B. 1a) from Appendix A and B, we

(5. 6)

- define

« = Re[R¥(<d] = R (w1



-4~

Using the relationships of (B. la) and substituting from (5. 6) into (A. 31), we

have
| ) |
o, = BB+ B (Hat - i 5A%)] 6.7
Similarly,
@) ()
o Refpnn] R
- BAB [y £ (a-ua- 7a)]
(z\
B, = L[R¥)] = R? (ot ¥) oo
3(AT - 2B%) [ -
2 (a*-¢%) BT k"
[k \* 9AT (5B7-0%+ ) 9B%(330% 3347 + 5A" + 58%) ]
(20) AT - 28° |
(q) (=)
o =1 [R R ( >, x) (5.74d)
_ 5T(3B+0 «&2)-6'6‘51 [|....
S COw LT
( ) 2IAYBT 4 T (o &*)(SB™2a"+38Y) - AB*(170%- 74+ 2144 2102
where T (551’ a*- ‘61) - éAB
Y (ot~ 42)*
T o S-S
2_n2l)% (5. 8)
 AZ(R-2)%
A+ (A= B)*

Let the real and the imaginary parts of the scattering coefficients be

>

Rea,

T O 5.9)

defined as
Xp (0,0, &)

4 (00, &)

w
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Substituting (5. 4), (5.5), (5.6), and (5.7) into (5.2), the first two texms of the

infinite series in the scattering a;nplitude"is

| .
1 (0ABabE) - Fo 5 (+aa)(°‘..+af$> &

e oin’ 6

HS’ it (5.10)

G (6,AB L) = - 8%‘ w ﬁ%@ (ke i)t J.@'z) 1+ £E 5020

4 2p
|+qqch

Performing the indicated operations in (5.10) we have, for the real and imaginary

parts of g, and o> the equations

Re q - - %: oin © (H— o (mn, - )][X‘d“-‘ﬂif’;l
Imq. = - %—_ wot‘.& [l+————(sm 6- )]['-,fl )+ X, ﬂ’u] (5.11)
Req?, . __g_ w'ai_r_é&@[,-f- %{aime —%—)]["sz‘n— + Xzﬁ,,_]

5 y | e 8 -
L, .=~ %o 2|1+ GGG [~ o

To evaluate (5.11), we need the expreésions for the scattering coefficients

(5.9). These coefficients are evaluated in Appendix B and the results are
tabulated in Table 2. The results fc.>r these coefficients are valid for shapes
ranging from conductive needlés through disks, In particular, if the eccentricity
of the spheroid tends to zero, they reduce tovth_’e k'(town scattering coefficients
of a conducting sphere [37]. Furthermore, ‘f'él'r :spheroids with small values of
eccentricity, the coefficients may be expanded into a series of integral

powers of the eccentricity., These expansions, for nearly spherical prolate as
well as oblate spheroids, are also evaluated in Appendix B. If the oblate
spheroid is almost a disk, then the coefficients may be expanded in a power

series of a parameter € , which is zero if the oblate spheroid is a disk.



= RQ a, Y, = IW\ Qa,
Spheroid - M(‘ - __’.El __3_6‘3_ -____BT) _Z a7 ck ( \ - kK 36a- 137 )
8l (2a-7) 25 T -2 g 200-7 \ 50 ™ - 2a

Nearly spherical
prolate spheroid

_ _Q k(\ ge){l-»-_.

—e

+45")}

Nearly spherical

oblate spheroid —_ %‘. \36 kL(\ - %é) _ % bB k‘s<\ _ qoe:.){l + %kzg.(l_%é)}
i o () - geB¥fi- BRE(- )

TABLE 2 - ELECTROMAGNETIC SCATTERING COEFFICIENTS FOR
- CONDUCTIVE SPHEROIDS IN CASE OF LOW FREQUENCY

"6?"



M, = — XW\ O,
- 2T b (Zq1+ B) )@'5 {\
Spheroid 15 (_..g o + 12a8b + 6b%)
_( ) m-(—ém + 1330 19857k 2k°) - SLlabb?:f-uban’+12Uazéé+llobg}
I (20*+ B )(- 3ab™ + 4a*b* + 2b*)
Nearly spherical 5 5. 2 _ 2515
Pro]}.’atz — 03‘; (\ — ’;—:S‘Q,)i\ — 24 )( 302“{e }
Nearly spherical .
:brlaytep © . bs hs(\ - ﬁ-_Q'?_ez \ ( )(\ _ 1063 ez)
' 30 22y . 3024
Disk type 5.5 RN |
4Pk g ) _5 hb)( 29 )
1533 (\ ) =3 % l+F51cé
7

TABLE 2 {continued)

-Og-
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Such an expansion is given in Appendix B, Based on the results of Appendix B,
the real and imaginary parts of g1 and g, are then calculated in Appendix C.
The results of these calculations are collected in Table 3. From this table we
note that the results for the isotropic scattering amplitudes do not contain
any reference to special functions and are given directly in terms of the physical
.'p,arameters, of the problem. This step completes the long wavelength far-field
solution of the isotropic problem.

Based on arguments presented in Chapter 3, to obtain the anisotropic low
frequency scattering amplitude, a scaling along the z axis is performed. If we

let, in Table 3,

A -

3

T - (5.12)

and therefore,

L( (az _ k/@l)‘I
T — (5.13)

A-(N- < R2)E
ﬂg '?-\'L ( 2 M 3
| A+(A-KB‘)

~ L4 (ar-k4%)®
O-(OI—K%:L)'/L
K arlo*-k &)=

the resulting amplitudes are the required anisotropic scattering amplitudes.

Thus, as indicated above, the effect of the anisotropy may be observed
directly by substituting Egs. (5. 12) and (5. 13) for the scattering amplitude of
Table 3. We here note, thatif K ——>0  the scatterer is of an equivalent
disk type whereas if K-—»02  the scatterer is then a neeflle type of

scatterer,



L ar ATI® ) o 4+ o ()

/RE"%\=""—7_‘ BT 2a-T
_ ! a7 2051(7""') +7'T(°A’Bz) 2 14, + (k‘)
1YY\ %"— g ﬁlT (2.02-"}">z C k Sn@ O
3 L) T (3B ) - EA*B* 2
iKe g, = — Z _"T:]l; (e+ B { c )z ] ctk4'n 28
| ~ QabT+ 20"+ 64
| Ab*(2a*+ b*) "y
Tm g, = thisin2®
L 1350 —8ab'r+ 12a7h + 6b* ¢ ?
where _ .
e ,
- lw--é_'_‘:_ = Ac 7,
T oatc R }n __A - (A:'B‘)f'

A+ (R-B)=

A

TABLE 3. THE LONG WAVELENGTH SCATTERING AMPLITUDES FOR A CONDUCTIVE

SPHEROID
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Chapter 6

High Frequency Scattering by a Conductive Spheroid

In this chapter the high frequency electric current induced by an axially
incident plane wave on the surface of a conducting prolate spheroid is calculated.
The method of solution is based on the theory of complex resolvents and on the

use of uniformly valid asymptotic approximations,

The solution to the scattering problem, Eqé. (4.7), (4.8), and (4. 10), given
in the form of an infinite sum of spheroidal waves, converges slowly for high
frequencies. Although with the aid of computers numérical solutions may be
obtained, in this chapter the aim is to find alternative ways of treating the
problem which leads to a better understanding of the high frequency p.fopagafion

and scattering phenomena.

A way of looking at the high frequency problem is to consider the scattering
as a perturbation on a geometrical optics (short wavelength) solution. Such an
approach has been applied to some extent; to the problem of the scattering of
electromagnetic waves by a conductive prolate spheroid [43] . An alternative
approach is to convert the infinite summation into a contour integration. (Such
transformation was first given by Watson [44] and is called the Watson trans-
formation.) By deforming the contour of the integral, in an appropriate
manner, and summing its residues, the slowly converging series is converted
into a rapidly converging series, Each residue term of the contour integral,
called a mode, is interpreted in terms of two waves, the so-called 'creeping’
waves. These waves propagate in opposite direction to each other, and dissipate
energy along the surface of the scatterer ('leaky' surface waves). Such cal-
culations, for the field of an electric dipole scattered by a conducting sphere,
were carried out by Watson, and extended [45] by numerous researchers, and

are useful, for example, in tropospheric radio wave propagation [46] .
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Recently a new technique has been introduced replacing the Wafqbn’ transformation.
This method,. called the theory of complex resolvents, has been applied to the
scalar scattering calculation from a prolate spheroid f47/j . In the next

‘ section this technique is applied to the calculation of ti1e high frequency electric

. current due to an axially incident electromagnetic wave impinging on a conducting
pf.:qlat'e spheroid. The results and their physical intexpretation may be found in

e

sectibn"_S. 14, N

6.1 TFormulation of the High Frequency Problem.

| Wejﬁnow. reformulate the problem, of finding the total field due to an -
electric dipole above and aligned with the axis bf symmetry of a conductive pro-
late spheroid to be in a form applicable to the use of the theory of complex
resolvents (Appendix D). Based on this theory, in the next section, a contour
integral representation of the solution to the boundary value problem is presented.
By deforming the contour of this integral and summing its new residues, the high
frequency electric current on the surface of ‘the conducting prolate spheroid is
calculated. {

We recall £rom Chapter 2, that the @ component of the magnetic field

satisfies a scalar Helmholtz equation with m=1, which in spheroidal coordinate

system is

Sle05r] e slo-m5]
e 8050+ 8 (-)- #ﬁj T ]Hcr

~(6.1) .

.

with ¥ =kc where k is the wave number and c is the sem1-1nterfoca1 d1stance of

the spheroid, In order to be able to apply the cbmplex resolvent theory, we



rewritsé (6. 1) in the foﬂowi.ng form

2 [ 2] « - [rert) 30« et ")rw] for)
A

K4

where (using Kazarinoff and Goodrich's notation [48] ), X, » ¥~ Jsc with
B s>0 and](g n Yy d (n-1) d (ﬁ -x)is the. dxpole source J(x) Jm d-(z-'.z.)
- "traneformed into prolate spheroidal coordfnates with | § n ) as the Jacobian of the

transformation, The solution of (6.2), sﬁbject to the boundary condition ‘

[(?1 ‘) Hq(g) )] = .O
§8 6.3)

in the limit as s -0&} is the solution to the boundary value problem, The reason
for the int¥oduction of the complex ¥, is that unless s> 0, the contour integrél

representation of the solution of (6. 2) and (6. 3) is not valid.

6.2 An Integral Representation for the Green's Function,

It is observed that (6,2) is in the form
(“-3"‘-n>“ (o) = I(5n)d (=) (5~ o)

where

-

L§= - Z{d_[ﬁ ‘)dS ] [‘X:.(i“')+ -?{-‘-]

- ! t ) Q '

. L_ 13 —-.._....[ |"\'\.)d +['K:(“Q-)+' 1.]

. ! oln "N
These type of operators are .d19cu53éd in Appendﬂb, and aatisfy the following

- (6.4)




conditions

L [-'K:'(ﬁq'—l)-&—-\,_\_ ]7/ Zkecz(ﬁ:-')) g § e

I [ (=) "l'n?]? > Aleneld

subject to the boundary condition

3 (fe*_ 1) H, (¢ =
— (§—|) ep %nQ = 0
o5 BN
The radial operatox L§ is defined on an interval ( $, % ) with p( g ) =

§ -1, and P § ) # 1. The homogeneous equation ( L‘§ = 2) Y4 = 0 where
Im A <& stc ( { -1) has two linearly independent solutions ¥4 ( § ) A )
and y2 ( § y A ) which are asymptotic as § = to (g ~1) -1 J  ana
( { 1) ’ EA , respectively. Since Re (&K ) 2 0 , only the second of
these solutions is square integrable, and Ls falls into Case I of the theorem
of Appendix D. In order to determine the resolvent Green's functions, we must
* single out a solution that satisfies the boundary condition at $o and a solution

‘which sdtisfies the radiation condition. We define these solutions as ¢, , and

G, regpectively:

@ (507) - 2 (s aler) (57

(6.5)

as (5,2) = 4a(5,2).
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The resolvent Green's function, from the theorem of Appendix D, is therefore

‘ QN @(5)y)  s<

G (3;3\‘7‘) ) ({‘-\)W[Q.(§‘.%),C?L_(fin 7‘)]

@) Bl . 5

Evaluating the Wronskian with the aid of the asymptotic forms of the solutions

¥q and Yos we obtain

) (5;19‘)@9. (§’)7‘) § < §,

G557 7 +1

gl Pl g CEACLV N S 3
oo
For later use, we note that
3, (50,7 -E’T\_ W[4 (5,2), 4 (502
(.62

2},

NGED

T

where the Wronskian has again been evaluated with the aid of asymptotic forms.
| The operator Lvl is to be considered on an interval (~1,1 ) and it falls
under the Case II of theorem of Appendix D, Let 2( n, - )bethe
solution of the homogeneous equation ( Ly - A )y =0 which is regular at
N =1and a second solution be definedas Y. ( n, -2) = q/z(- Ry = A ) .

~
With these definitions, the resolvent Green's function Gh, ', =%)



| (2 (q‘-'k)(-l/'g_ ("2: _9‘) nen

("‘"l’") W (\H) Wa.)

g_..’b’l\\"“) = N
| ( w,(q’)-a)%(m-?) n>h

(6.7)
We ;\,cwf; are ready to derive the contour integral representation of .
/,f’ . ~
Ha §, 1, %, 1). LetR, and R_, be the respective complex
/Xe/solvents of Ls and L n » andlet ™ bea péth in the complex A -plane
e
.'/,/ defined

s
e

L ae=d 4 |t with real d and L
~

where

—0 e O ¢ o0 and Q<€,< ZIR;;CZ('{," -1)

Rewrite (5.2) as

[(~Lg +») e (~La=2)] H (30, 1)
I (S‘h‘) J (- ) Or('l‘ ') (6.8)

Applying R,  and ﬁ_-;\ successively to (6. 8), yields

I

Hy () = Lim ¢ RaRy[5(5i) 6 -2)d (-1)] o
(6.9)

Using (D. 15) for the resolvent operators, we have

Hafyre) o vy 6580000 )7 Gort ) G-}y
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‘Evaluating the delta function souxce results in

S—>0

He (] - o&m+_9_%8_£d7\6(§,&,7\>é(q, -)

-~ (6.10)

where H q (§| N,y D is the desired Green's function of the conductive
prolate spheroid with an; electric dipole aligned and on the axis of symmetry,

1 cewpe

6.3 A Discussion of the Green's Furr:cv:tion'

The procedure outlined in this section follows the work of Kazarinoff

[ 48, 49 ] . First, we consider a special case (6. 10) by assuming that the

dipole is at infinity. The solution is then the respo'nse of anla;dall}-r incident plane
wave. We then consider only the calculation of the electx-ic current on the
conducting prolate spheroid. The result will be compared with the scalar case
and some similarities will be noted. Based on Langer's turning point analysis,
(Appendix E) in the next section, the high frequency residues, the so-called modes,
will be evaluated and the residue series presented.

To derive the electric current on the conductive prolate spheroid due to an
- axially incident ,electrorriagnetic wave, we consider the following limit of the radial

resolvent Green's function

' ! °ZJ" CP,_(OM’)\)
diee G (5,7) - @.(1,%) Lo
o >0 ) Qg&fad—go[(ﬁf‘—!)’“ Ya (‘g‘o)] (6.11)

As previously noted (6. 6a)

2%,
Q. (§°»7‘) =7 (§3_\>‘1
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and

\ -4k
din @2 = dm A= -5

o? —_ of —> 00
we have by the usual plane wave normalization

G,(5.%) 2 Livn <><e‘WJk

A = o0

G(g,,o(,%)

= .. (6.12) -

(52~ 0F 1 g (5 e (&) ]

Substituting (6. 12) into (6. 10) yields

L1 ' \ | 5 (Vla "‘7\) s
(fo —\)1 H §°)n = Q(Lm+-—-.~i.— .d')\ —— I o
| e < > S—>0 27§ i dfé\: [(§° - I)I(,Ag_(go)?\)‘? (6.13)

Since the electric current on a prolate spheroid is

I(s,0) = Nc[(ﬁ—\)(‘-*f)f He (5211)

therefore

(6.14)
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Thts is the deszred contour mtegral representatmn of. the electnc current oﬂ r’}e E

oonduceiw prohtc nphdraid. g

CItis now mstruotive to compare the abova -olutzon with tho oolution of a

scalar problem, If we let a scalar axial -plane wave hnpmge ona hard prolate

sphero:d, the dmtnbut:.on on the surface of the spheroid i is R [49] .

ur

Uy (§°)Q)= Sl ;~;5+' S Z(50%) . (6.15)

l I8 | E(’m,—n) ol

where Z:z ( ib)% ) _ R ) (.§ )and G (n, |) _'>\ )1s the angular resolvent
_ Gregn‘s funct1on constructed frorn S (v-L) and Son (- n ) functions. Thus
the similarity‘ is quite clear. The only difference between the two mtegrals |
(6 14) and (6. 15), is that the mode, funct1ons, in the scalar case, are sphero1da1' |

- wave functions of zero order and in, the vector case, they are ( g l)J"‘ .

"Rin(g‘,xj‘, where now the spheroidal wave functions of the firs‘t order.
On this subject Kazarinoff and Ritt [:50] comment

“The mtegrand which appears in the relation {6. 15) has poles in the half-

e _.planes above and below " . These half»planes w111 hereafter be referred to

as the upper and lower halfuplanes, respectively, The poles lying below arise
from the s1ngu1ar1t1es of G( n, 1, - ?\) for fixed n . The operator - n is
self-adjoint when s=0. Therefore, on the bas1s of Sturm—Llouwlle theory we
may 1eg1t1mate1y evaluate the integral in the relation (6.15) as a resxdue
series 1nvolvmg the residues which arise fram the poles of’g( Ny 1 P\) |

- For large values of ¥ , the residue series will converge slowly -~ it is the

analog to the expans1on m surface harmomcs which occurs in the case: of the

sphere. It thus becomes necessary to cons1der the residue series contnbuted

o % v < W g4 9.
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by singularities in the upper half-plane, These are precisely the zeros of

Z; ( 30,1). Because the operator Li » evenwith s = 0, is not self-adjoint
when the radiation condition is imposed, the question whether or not the
integral in the presentaﬁon (6. 15) can be successfully evaluated as a residue
series contributed by singularities in the upper half-plane, is one which can
only be settled by considerations removed from Sturm-Liouville theory". The
technique of solution follows the method of Kazarinoff and Ritt, Here is how -
they outline the procedure.

"From this point on the broad outline of our work follows that of Franz
".51-] . To determine the residue series, we must obtain a knowledge of the

behavior of solutions of the equations
[(‘-TW')‘J& + ¢ (-9 - A]y=o0 (6. 16)
and

[(k ‘333] [Y —')+>\t(‘j O (6.17)

We first consider the contribution of the residue series for the right member
of the relation (6. 15) when \ \ > \\"z . If | ’>\\ >> ]KI h , the
solutions of Eq. (6. 16) behave asymptotically in A like the solutions of
Legendre's equation of order Y , where ) ( N+ )— -~ . The resolvent
Green's function associated with L?. is then essentially that obtained in
the case of the sphere., A similar consideration applies to Eq. (6.17) but

involves slightly more computation, "

2
Similarly, in our case, for b\‘ >> ] X! the operators reduce to the

corresponding vector spherical problem. Again, following their outline,
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"The preceding argument may be fomalxzéd sa as to show that for

[ Al »5 | X\ the integrand appearmg in the relation (6 15) resembles that
obtained in the case of the sphere closely enough that the argument of Franz

[ 52] may be apphed The conclusion is that in the 111um1nated region, that.
isy- fo?posﬂ:we q , the residue series diverges; where}as in the shadpw
region, that is, for negative FL , the f'e's."idue series converges and represents
the golution. This same argument shows that the contribution to the residue
 series for 2] 77 | ¥ Iz may be neglected, To evaluéte the integral in the
B representation (6. 15) and give a physical meaning to the resul?,‘;;‘weirlntist there-
fore do two things. We shall first compute the residues in the uppdr half‘-,-plane.
for values of A which are "comparable' to" ¥ z . We shall then" transform
the residue series into a double series which, \1f the order of summation is
interchanged, can be interpreted as a series of "creeping waves". We shall see
that if the first creeping wave is deleted from this series, the remaining series | :
converges even in the illuminated region, Finally we shall show héﬁristically that :
the terms which have been removed can be re~evaluated by the si?étionazy phasé
technique, and thus find that they cbrreépond to the optical contribution,"
To summarize, we have reformulated the problem of finding a Green's function
(of a conducting prolate spheroid with an electric dipole that is on and aligned
with the axis of symmetry of the boundary. This formulation is in the form
suitable for the application of the tﬁeory of complex resolvents, By the use
of this theory, the desired Green's function is evaluated and then specialized
to planewave excitation. Based on this specialized Green's function the electric
current, on the conducting prolate spheroid excited by an axial plane wave, is
evaluated. This solution is then compared with a corresponding contour
integral solution of the surface distribution of a hard (scalar) prolate
spheroid. Here it is noted that the two solutions are identical in form and

they differ only in their respective spheroidal functions appropriate to the



g

problem. We shall refer to these functions as the mode functions. Based on
Kazarinoff and Ritt's [56] reasoning, for large values of A ‘these mode
functions approach their corresponding s.'pherical mofie functions, and the
arguments of Franz [52] are applicable, In the next section, basedl on
Langer's theory * [53 1, uniformly valid asymptotic approxim&ions of the
radial mode functions are derived. Based on these approximations, the new
poles of the contour integral are determined. By evaluating the residues of the
complex contour integral (6. 14) at tljese poles, the residue series is then

obtained.

6.4 Turning Point Analysis and the Residue Series
To derive the uniformly valid asymptotic representations of the radial
mode functions, we recall that from (2.14), the mode equation in prolate

spheroidal coordinates is

2

(ga._l)_g_g_: ' (,__ QQ_> g—fz X Xz(gz_ nt)(\{/: O ('2.14-)

Rewrite (2. 14) in the form

(5-1) 5 -
and let

V(5:n) = ME)N(n)

whexre M and N are the separated functions. Substituting (6.19) into
5 d g

Q) ( )LPH«( )y = o

(6. 18)

(6.19)

Y-
-

+ A review of Langer's method is presented in Appendix E.
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(6. 18) and separating variables, we have

(?‘_n)g‘m [7\ v (% )] Mis) - o .
e T | e
(I—n)?a'%)z [ A+ Y ]N(q) .= i

where .7 is the separation constant. The solutions of (6.20a) are the required
radial mode functions in Eq. (6. 14). ‘We now apply the Uniformly Valid
Asymptotic Approximation discussed in Appendix E., to (6. 20a).

Let &, be definedas

2 2
(§' ”) % + 2 = o0 (6.21)

where §\ r

Substituting (6. 21) into (6.20a) results in

2 . S

j? -+ ¥ (—%—'—'——gl‘—) M(%) = 0 | (6.22)
We now note thatt(6. 22} is in the form . : | '

d’ M ¢

s + ¥iN(s:5)M(g) -0 (6. 222)

where the 'index of refraction'

N2(§,§') = _§i—_§j’

g~ |

has a simple zeroat ¢« ¢ and therefore for large- ¥+ Langer's turning

point analysis is applicable. The solutions of (6.22a), described by Langer



are

. T Lo o
Mm(i)"“C(:F'i‘)zex LP(%)Y Hé m L= 12 (6.23)

wn
=

where C is a constant,. H, /3(.1) ( 3’ ) are the Hankel function of the ith kind

of fractional 1/3 order, the variable f is defined as

0 ‘ .20

" where

| § ‘
B (5) - fN('T‘,?.)ol'r 2

§)

and
WG) ) Cb% N3 ‘ 62

The constant C is determined by the requirément that, as § —v oo , the
solutions of (6.23) are to redhce to the known asymptotic solutions of (6. 20a).

The calculation for finding C is performed in [54] and the result is

C - Xg'-'e'i‘nc(f-)

+

(6.27)

where £ ( €, )is defined as

i) - ﬂ%’%’)d* ¢ -5 E (357

3 (6: 27a)
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and E stands for the complete elliptic integral of the second kind.

Having determined the uniforrr_tiir' valid asymptotic repfesentation of the
ra&ial mode functions, next an estimate of the zeros of the derivative of the
spheroidal mode functions is obtained, 'I'hese’ zeros represent the poles of the

contour integral. The zeros of interest are the zeros of the equation.

3_,; A (‘g,?\) + 0 (Xf') = O (6. 28)
s | |

where ¥ is given in (6.24) and (6.25) andAi®) ( ¢ ) is the tabulated Airy

function [55] . Let the t~th: zero of (6.28) be h » and the correspdnding
)o be fr- . Following 'Kazarinoff and Ritt's [56] reasoning, at §=¢,
with A considered as a variable, there exists a ‘A at which the value of

the integral

€ 2 2 4
h -5 (2, %) l at
X 7 -

§0(7\r)X¢)‘

is equal.to h r’l We q;anote this A by. '7\.. . Because"the zeros hr of.

%{ [ '('.* H%(z) (*-) ] ‘ave si;r}ple and this fuﬁction is analytic in
the neighborhood of each of its zeros, the values of \5)‘” which are
determined by the ¢ondition (6, 28) sétisfj’i the relation -

Tr = "'r +~O(K+“)

' (6.29)

Using the definition of )’ » (6.29) may be'recast in the form

: €o 2 2 1
'L Y ?‘r)x-l 2

§I (7‘r) Kﬁ-) s _ (6. 293)
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This integral when expanded into powers of ( §o — €,) ih conjunction with defini-
tionof A, (6.21) results [ 56] in

e T o)

where the branch of cube J'c?;ot is chosen to satisfy the requirement that 9\,
should be in the upper half of the complex 9 pléne. Eq. (6. 30) is then the
desi:_ced estimate of the locations of the poles of the complex contour integral in
the upper half of the complex "\ plane, Next, the residues at these poles

are evaluated, This requires the computation of

(@)
G (1,h-% ' (6. 31)
A= ?\r
To evaluate G (n, V=2 ) consider the mode equation (6. 20b).
Since A= (1- §,."' ) 6‘& , substituting into (6. 20) we have

(6. 32)

where 0'= - A, .

This equation fulfills the hypotheéis necessary to the application of the theory
in [57] on ~1<n < 1, Following Kazarinoff and Ritt [ 58] and based

on Langex's theory, we define
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and
K(r) - [P(r)S()]
it

Lim K() = K()

N, = KT, ()

and

N, =(-"—;) fﬂ{ o)
N, = KTie:" [i+ o(@") ]

0 T —» oo [arﬁq‘l'é’ﬁ”

(=12

(6. 33)

(6. 34)
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Based on these solutions, the angle resolvent Green's function

- | (:::'T z )a' [(f: i;'f)—( :—q‘) r (mi:[i(:zl_)(;ﬁ ]

[s8] is

(6. 35a)

¢(-r)z N

(6. 35b)
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Collecting results, we have for the residue series, for example

(b)- |
twn (0-2V27 |1V s (tLEn)-T) [ ¢ - |
OS[._’d_ Z—T \ »ZIM(% ﬂl ( ) cOsfzsLL(o)]l (Xrl"l‘)(""l‘)]

T(p)7 N
(6. 36)
Note that (6. 36) can be rewritten as follows:
j2d(y) BRI
T(10)- f L ALe toe ]
S— o ¥
where
e\t 2T (e-1)C =)
Ay = (5 23{ H 1
f -y (6. 37)
)}BXM(S )\>\\r:3- vz
and

d(-p) = L(-q) = L(o)

P
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Thus Eq. .(6.. 36) is the required residué series, This equation rewritten in the
form of Eq. (6 37) may be interpreted as a series of 'creeping' waves on the
surface of the spheroid,
We note that the form of the modes in (6. 37) are identical with modes found
in the écalar case and only the nature of the residues are different, i.e. 7\|~| 8
are different, Therefore, the conclusion of Kazarinoff and Ritt applies to the
vector case. Quoting ;'We find that the following description of the terms in
the expansion can be given,
The leading term is pure imaginary and equals kS , where s is the arc length
from the shadow boundary. The second term is complex and is proportional
to Q“(g g , where e isan integral depending upon the local radius of
curvature in exactly the manner predicted by Keller [59_] M
"The next term in the expansion is proportional to ( & R, ).IS , Where Ro is
;:he radius of curvature at the tip of the spheroid. Thus, the approximations
of Fock and Keller are applicable only when the wave length is small relative
to Ro' "
The calculation for the electric current at the tip of the sphéroid as well as
currents in the illuminated region follows the argum"gnts presented by Kazarinoff
and Ritt.  These results apply to the vacuum high frequency scattering. In the
case of: ani_sotropic medium, based on the connecting relations between the scaled
and unscaied boundary, derived in Chapter 4, Eq. (4.15), we may reinterpret
the modes as 'creeping'.Wwaves traveling on the surface of the scaled spheroid.
To summarize, the problem of the scattering of the fields of an axial
electric dix;ole by a conductive spheroid has bken solved. It has been assumed
that the medium is uniaxially anisotropic with optic axis aligned with the axis
of symmetry, The solution is an infinite series of prolate spheroidal wave
'func’ti&;a whose arguments axe the scaled spheroidal v;riables. Although this

form of solution is useful for numerical computations, to demonstrate the



~T73~-

nature of the anisotropy special-cas‘e's are considered. In particular, low and

high frequency a_symfotic limits are derived. In the low frequency case, it

has been shown that thé scattering amplitude may be expanded into a power

series of k, where the coefficients directly show the parameters of the problem,
in particular, tﬁe parameter of the _aniSOtroPy K . In the short wavelength

case, the electric current on a conductive prolate spheroid induced by an axially
incident plape wave has been evaluated. Here it is shown, that these currents may
be interpreted in terms of a sum of 'creeping' waves.propagating along the surface

of the scaled spheroid.

Proposed Extensions

There are a numbex of problems that may be solved using the techniques used
in this dissertation, A partial list of these is now given,

. In solving for the total field due to an electric dipole above a conductive
prolate spheroid, we have noted that in the case of low frequency, the solution
may be expanded into a power series of the wave number k . As an example of
this expansion technique, the low frequency far field of the magnetic field has
been evaluated. However, by using the long wavelength formulae of Appendix A,
far field as well as near field of all the field components may be evaluated. These
results would then be valid for conductive oblate as well as prolate spheroids
with their important special cases, the conductive sphere and disk, ‘Such solu-
tion may be specialized to axial incident planewave excitation by moving the
electric dipole at infinity. Based on these results, the low frequency scattering
crossection of a prolate or oblate conductive spheroid may be evaluated.

In the case of high frequency, in this dissertation, the electric current
induced by an axially incident plane wave has been evaluated by using the theory
of complex resolvents, However, this theory may be used to evaluate the

field off the prolate spheroid. Also, the Watson transformation, applicable
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in the case of scattering by .; conductive sphere, is pertinent to conductive
spheréids as well, Based on this type of High fréquency calculation, the heuristic
reasoning used in obtaining the field at the tip of the spheroid, the so-called
Poisson~spot may be eliminated,

A further extension of our work is to consider the anisotropic, homogeneous
medium to be lossy, thatis K , the relative péx'rnit;tivity, is now complex.
Although, by extending thg definition of the arguments of the mode functions into
a complex plane, f'o'r some complex K ,‘ the scaling _::technique can be utilized,
these results are not so appealing because the scaled boundary cannot be inter-
préted as a real surface. Therefore further work is needed to understand the

effect of loss on boundary value probfehil
' The scaling, for real K , replaces the known special functions with
functions appropriate to the anisotropic problem. These functions, of g¢ourse,
are not known functions, and because of it they obscure the effept .of the
anisotropy. It would be, therefore, of interest to approad.rﬁ;te i:h’e anisotropic
mode function in tefms of special functions, For interior boundary value
problem variational tecbhiques, for example, Rayleigh~Ritz or the method of
orthpgonal projection, may be useful. In the case of small a1.1isotropy, a

perturbation in % could be utilized to find the effect of anisotropy.
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Appendix A.  Prolate Spheroidal Wave Functions
In this appendix some properties of spheroidal wave functions will be
noted. The knowledge of these funct"xons are necessary for the understanding "

of the electric dipole problem discussed in Chapter 4.

1 Prolate Spherqi&l Coordinates and the Scalar Wave Equation,
Prolate spheroidal coordinates are related to cartesian coordinates by

the transformation

X = C \/(j"-l)(\—vl‘) _c..os(_p‘ | < 34 0o
Y= V(=019 Ainte BRIEE
Z=C 0LlL 2T

(A.1)
Eliminating Z from (A.1)

2

. _
Z ¢

—— -+ =

ct I C"iS':.I):*:‘- I

the f =constant surface represénfs a prolate spherxoid with major axis ‘Cj “and
minor axis €Y{*-|'. Similarly, eliminating I from (A. 1), the 7_ aconstant

surface are described by

.z -t =
C‘Q':. + Cz(vlz_|) | \

the equation of hyperboloid of revolution, Some typical coordinate surfaces are

depicted in Figure 1A,
For future reference, we list the transformation from prolate spheroidal to

spherical coordinate system as

F=cV§+n"-I

O = cos —1%
| Vit

W=
(A.2)
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The metrics of the spheroidal coordinate system .can be found in the usual

way; namely,

@) = X he dxdx®
a 2 e 2 2 t, 2 z 'SA'S)
= (dx) « (ohj) + (olz) = hgdg + hqd'l‘ + hced‘?

The result is

!7‘; = C\l gt’_?’— ) hq =C \‘ T‘: :: ) hce = CJ(?“')("Q‘)

To obtain the prolate spheroidal wave functions, substitute (A3) into the

Helmholtz equation in curvilinear coordinates and then separate variables.

Hence

s (e3¢ 2] -
+aa<P [(i‘—f;aiiz) g?;“ + &zc‘) =0

is the Helmholtz equation in prolate spheroidal coordinate system. Assuming

Cf) (§| Qc‘?) - Q@ )S(Q)Qf " to be the separated form, where m is an integer

and noting that

g - R | l
(- N(1-n*) §-| I-n*

we have for R ( § Yand S ( ] ) the equations

| gé‘[(gz— \) d R§"§(§'X) J + [—-(Amn(x)*' Xzfz"—k‘n-:(.bemn(ﬁx) =0



v

(A.6)

Aan ( X ) is the separation constant labelled accoxding to its dependency on

the parameters Yy 2 ke , mand n.

IA Angle Spheroidal Wave Functions
To delineate the role of the index n note that as ¥ — 0 subject to the
condition that .sm}l '__"@o, ¥|) 1is finite, is an "eigen\valdé problem whose

solution for the eigen-values are
?imm(0)=n(n+1) (A.7)

with the eigen functions given by the Associated Legendre Polynomials, It is
customary to normalize the prolate spheroidal wave functions such that as
¥—0 , 8y (o, Q )= Phlmkrl). Usﬁng th1s knowledge, spheroidal angle
functions can be expanded, at least i;orsmél‘.l ¥ , in terms of Associated

Legendre ;Pblynomi.als. Substituting -
(1)

S, () ) de( ) Prr (n) @

r=0o

- into (A. 6) we obtain a three term recursion relation of the form

mn

A(”"’) o ¥ A (W?m) d" +Afsnmd., -0 @9

( ) M : 1 " . o .
(ea’d'gg‘e) prime notation represent summation on (e},’ﬁﬁ) ‘integers if (n~m) is
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To assure convergence of (A. 8) the Foll'm, -ar.:;.%r has to be zero resulting
) -$ 00 r

in a transcendental relation between % ) ¥ andm. There are denumerably
infinite solutions for A . 'I'hese eigen-values are labelled with index h ,
Invoking SturméLiggyille theory, the 7,  are real and the c‘;rresponding
eigen—funcfions are oxthogonal,

For small ¥, Ay, can be expanded into a power series in ¥ , that is
L oan (A. 10)
S bR .
Ao () = mfnet) + 2 00

Various forms of li,, as a function of m and n can be found in tables (see
Flammer)., Thesg forms are fractional as well as in decimal forms. Using the
values of A, found from (A.10) and substituting in (A.9) the values of drmn

may be evaluated. |

The Olv\ml that are important in the sequel are up to  °,
! 2 o2, %34 4 04y < ¥ \*
dy = 1+ ¥+ 55¢25 ¢t %969 )

"72(52 - seqzs 14 L,_;g?; ("")

Q-
™
1

\ 2 6
% 50 /¥
dy = TTozE * %1 <‘?s‘) (A. 11)
! 9 ¥ \6
d T 35035 (3)
n ¢y Lu, 18188 (_g_é
d, = 1+ ¥ o ¥ Y Taeor \T
12 __3 2 12 4 75% ¥ \é
Ay zus ¢ " geqm ¥ - e ‘7‘)
¥t 1274 7 ¥\
W55% © GOss (7 )

F]

S Q
'R

- Ssos% (%)

-

The corresponding angle functions are up to ¥
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Sy (n1) = Bn) + vt [ Pl)- % ()] +

y oy (30?25’ R'() - seze R ) *+ 078 B (q)] 69
Sa(nY) = B(r) + [ Fl() - 225 R ()]

+ X [euez’z P (n)- zed P () + 33 pe'('l)]

~ The representation of angular spheroidal wave functions discussed above ‘offers
reasonable convergence for Y < 10, There are other representatiéns that are
useful for ¥+ oo, for high frequencies, however, these wﬂl not be used in
Chapter 4 and thus will not be discussed. The problem of both ¥ ‘a_nd n->a0,
will be encountered, however, and therefore will be discussed in Appendix E on
Uniformly Valid Asymptotic Approximations,

IITIA Radial Spheroidal Wave Functions
To aid the understanding of the radial prolate spheroidal wave :functions,
welet ¥—~o0 and g.-> co such that X=¥{ is finite. Substituting the new variable
in (A. 5) yields

(A.13)

gx [(x x) "'Z’;“ )J +[-— Nrar (V) + X %}Qm(x) =0

Now let ¥-» © and note from (A.7) that 'hmn(o)-h(nﬂ) we have

A Run™ . 1 oRus 3 (n+l) ]
»: + = 7 +[| e ]Rmn (.x) o) (A.14)
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This is the spherical Bessel equation, From (A. 2)vit is seen that as §-e  x~r. A
. reasonable::fnor;nalizéfion of radiai spheroidal wave funcfions is j:ﬁexj. _éi,vén by
‘the requirement that it sﬁpuld appioach, in the far field, its corxeéponding
Beslsel, Neumann ox Hankel ‘function; they should satisfy the same radiation
condition.

Thus

(i ‘ e h+l‘
RM)(§|X) — jales) — cos(C‘;‘Cg—r”f)

: | , (A.15)

(2) N e
R (‘i)x) — h,,(cg) , o (C?CS )
(3) (n : ii@%‘(““)lf)

R‘::) (g\x) — H(:)(cg) — £

s

To obtain a large wavelength representation for the radial prolate spheroidal
wave functions required in Chapter 4, first it is shown that such functions:
can be represented in terms of angle spheroidal wave functions. To this end

we digress £o give an integral representatidn( of the spheroidal wave functions.

Digression: An Integral Representation.

Theorem 1

Let. LrL be the linear, self~-adjoint, differential operator

- d (o)) o mE g
L an [(l Q>dn] i %N (A, 16)



andf."z LS be the operator obtained from L"l upon replacing h by £, Let
Sy (R)¥)  be an angle function of the first kind which satisfies the

equation

(LLLF %mn(x)} 3., (vy) = o0 | a.1)

let K n (s "l) along with its first and second derivatives be continuous functions

of h and §;and let K, (§, Q) satisfy the equation

(L3 ) L’l) Km(g"l) -0 (A, 18)

in the domain D of the complex 3 -plane and in the domain of n - plane

that includes the interval Qsne b , the end po_‘.ﬁ_ts of which are chosen so

that
j" . ke sl | A{19)
W(SMLQK.,.-Kmtqam)dq-{(n-qt)[sw,t-k",-dfn]}/ o W
: a
Then

®
Rmh(§ ,B’) = j‘@.(?\ Q) Smn (n. X) Oh'Z (A. 20)

is a solution of the radial equation

{:L% + ?\tnn(x)] an (g,\() = 0

(A.21)



for all 3

Proof

Apply operator LS to (A.20)

L R (5,) fsmn(nx Koy

(A.22)

e
= ijLflSmn('l)dq = - ?\mn(x) Pmn(gl X)

by the use of (A. 18) and (A. 19) and (A.20). By the use of (A. 17) the proof is
complete. The reason for the usefulness of this theorem is that the kernel
K (g.q) can easily be constructed,

Let U satisfy the scalar Helmholtz equation

(vew)y =0 -

where in prolate spheroidal coordinates

= K, (%»@e”m | (A, 24)

then K, (§\'l) ' satisfies (A.18). With this digression out of the way, we
return to discuss the radial prolate spheroidal wave functions.

;I"o derive the radial prolate spheroidal whve fun.ction in terms of the
angle spheroidal wave function, let K " ( ¢ .7-) = 50+meihz be the kernel

in (A.20). Notice that the bilinear concommitant in (A. 19) vanishes for the



following limits;

(L) a=-1, b=| |
() oefo, &= .2,
(i) a1 {6=3
Thus, for example,
(5 Y} = fun ﬂﬁ 2)e!""S, () dn
(A. 26)

is a valid representation with fmh as a normalization constant. Using the

following identity

m fﬂ(+)' -m M+ "
R - G B ) R By i -

in (A.26) and integrating by part r times yields

R‘:n (5:%) - f"'h( )QZ’dﬁ"(ﬂ‘;‘?ﬁfim"ff;!) jem(l-n*)wcﬂ’l

= - (A.28)

Noting that

fe“m(Prﬁtdq _ 2{g+l&! | j&(Xz)
>

feéxgq(l—rf)hdn 2% pt ()

- S“‘Sn 2\ A
.J e (i ‘Q) dn 27 A %‘(Ysgxg) (A.29)
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where Jies hy and hk are the Bes‘s'elg Hankel functions of the first and second

kind. By using the normalization condition_ (A 15), we have, for example,

T':O.l

Y - ifnco| rr;—n+r mh + ' !
lth<§ )=2 "'!(_._n_\s_)(egi) Z Q d,- (&> Qm?lrz Am»«r(xg)

For all other radial spheroidal wave functions, replace the Bessel functions with
Neumann or Hankel functions, For small ¥ , the radial functions can be -
expanded in a power sezies of X - The result for the radial sphercidal wave functic

as well as their derivatives, for the case of interest, are

R"m-=-—§-5‘+ I;&OS [/-1 5C, +Lmoo(7'2 100} +975C ]
U RN -

R - - == { Co -2l - (-i%) [gc, (5-97) - 8L(32+56,)
(A. 31)

T ( ‘o) [25800c 750 C, + 20 ™ L (o624 -76950,- '7506“)]}}

Ry = -35 {3@"( 3+87%)- el - () 636, +3¢(5-287)

- L (51 +63 ca)]}

()
3‘2“ -———C S+ ——-—CS"[IH- 15¢’
5

- gt 2 4
3512 =77 + 4375
+ 5900 ( 512 -7700¢, C, )}



XII

2 h
Y 2a_\gty, ¥ ot _ 2. 9¢cH
e C X (acr-1) S g 8 [-ur 2902 - 28,

x" _ - 2 _ Qqu 4 6]
K szqz( 53¢ + 4600C ~A84IC! + 6174 C)

dR 3

| ¥t 2 2
3 st e st

255,23+ :scz)]}

@)

dR, 15 . .
= - 2 15|
It L«xbs?{zc'(' 65%)+ 126,51

(A. 32)

X 8, (1414C,)- 257
+ a8 [QC,«\BSl _2(|+H-¢ ) ZS,L(I7CL+2|CH>}}

wit ¢ - C = coshy , S, = slnhp
C,= cosh hjx , S, = sinh it

se®

=gl |- e™”

IV. An Integral Identity

Here an integral identity useful in the solution to the problem of

scattering of a dipole above a conductive prolate spheroid is derived,
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Let the kernel of the integral, in the integral identity proved in Theorem I,

be the solution of the scalar wave equation in a spherical coordinate system.
’ﬁ‘k\us,‘ let

(i 0,8) = W' (kR) P (cos 8)

be such kernel where Q{‘m represents the spherical Bessel function of the
5'#] kiﬁd n* oxder, an the Associated Legendre Polynomial with indexes
nandm, R-= \f - !T" and k is the wave number. Let the source coordinate be
located on the +2 axis. Let the transﬁ)fmation from cartegian to prolate
spheroidal coordinates of the source and the observer coordinates be

represented by

X'=0 X = C\/(ﬁz-')(‘"rll) cos ¢
Li' =0 | \j=C\j(§“-l)(|-—q‘) stn
z' = Cd 7= Cth | (. 34)

where the prime denotes the source coordinates,

Then
R=o-c| - cyfgamrai-2ena-]
cos 6, .. = 1 -

) \/g"+n1+d?— 2 gno -
(A. 35)
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Consider now the following integral

I‘((?} (g;o(,X) -

[l Zgm R et Sl 0

nn

For large § , and fixed o\,

.-«

cos © V?‘“lz*d‘- Zene 7 N

and

5ot e — s (1 %)

in the phase texm of the Bessel function, Thus, using the asymptotic property

of the radial spheroidal wave functions, we have
(2) :

I(ll) (g;d"\/) =

Rt{i ( €, ¢ )et“ﬂ-b)q—; j€:£qu P:(Q)S,M (n) dn (A. 37)

By the use of identity (A.27) with k=m yields

P) - )

2"m!

(A. 38)
Substituting (A. 38) in (A. 37)

(A. 39)

' 2i¥ne s
[ (-5, (1) ol



XV‘
~ But from (A.26)

)
| th (O('X) =

n=-N ) m !

L4 X s, . B '
: 3 gty o o S

r=0,l -1

and hence the integral is evaluated, The result is

5|(7Vm(i)[x\]§2+n‘+o<2-2 fqo(q][')n'“(\}z zg’:l'- 0< \Smn("llx)dq (A.4oj

geid= Lgnd-1/

Z dm" 2m+r) Rn:n (o(.X)R(:n(g',l()

r=0,

Ll e )

2 m'(h+m)

which is the identity sought.

Appendix B Calculation of the Low Frequency
Asymptotic Limit of the Scattering Coefficients ~ a
Below the definition of the scattering coefficients, is given with a minus

sign to conform with the spherical scattering coefficiknts. They are

(B.1) |

d

_ _ _olse

a, = 2{”[(5
o‘go

oM
f
~——

r-
x| Ao
£

~—
D
[+
~——
e j



XVI

By using the high wavelength formulie oﬁ,il':lhe‘.-,sphérgi}dhal.'WHVé"fuhdtibﬁg'“__.;:ﬁ_‘_v_:’-_»,_:,a. :
(Appendix A), the first two scattering coefficients will be evaluated. Recalling

the following definitions:

() ) ()
Ry (51¢) = R () - R, (5:%)
C, - % , COSA/.( : ) C\'I = COSh n,lL
S, = sinhp .9 -sihha (B 1a)
Sy lme? |
Lz |+ e
and defining

4 ()
O(n = Can:) (%\Y) + 5'2 _%_g{m

(2') 2 d R\'L) (g'x).
(3\1 = C|Q|n (Q,X) + Sl dg

we have for

5 A

To obtain a , first o and ‘3,., will be evaluated. Let a =cC,, be the
major and b = ¢S, be the minor axis of the conducting spheroid. Substituting

formulae(A, 31) and (A. 32) into definition (B. 1a) yields
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- S
no

| C.Q:‘) + Saé(l)
C.{-?—f-‘ + fsso [Lf 5C, +—-¢—5(7s2 ~1400C2+ 275 ¢C, )]}

+ 5 { -%— 5C, + %;s;‘c.[m - ISC.'-": 74-5,!55 (3512 - T100¢} + 435G ))}

_?}_%5_«_{ | +(_'),10_)2[[Q-20C:+'LTq%t5 (‘122)-4 ~Q(QOC,2+ 5250 C.‘-.l)}}

(B. 3)

2 O.b : 2
—gh—a—{u( )[lga 126 - 20 0" +

O

T %O (qzzq o - QUURE B4 4224 4 - 9100 " +moo&&2+szsoof‘)}}

QL
i

2 o _ k
.= = h——c {I -——[a+cub+
T (I87 o 26ak + 2112 b
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2

| ¥es, 'es, ['_ 2 X )
- C,{ 5 T 470 H 7C'+52qz(53é

- 1176¢* + 1029 c,“)]g + S,Q{%-z—'sf' (2c,“— )+

¥:8
570

' 2
[‘L{ + ZqC‘Z'__ 28Clq‘ + g (" S?)é +

+ 52092

+ 4600 C* - ag4aC! + 6ITY cf)]}

%2 42 _2 ‘
- —= 5 (3C‘z") + %L{C—ﬁ% [—— 4C T+ 33+ 35¢%+

' : (-556 C #5136 - 11025¢%+ 7203 'c,")]

(B. 4)

kb e g R
™; = lsc(‘z“”’){ P(2a° +e,)[éa+
b 25 0T+ U - (77905 23610

+ 3528 £ + 536 %G)]}l

(3l = C Q:ﬂ + S'lé;z)

=~:Zcx6 gcs - 2L - (5 )[gc(5 57%) -

— QL (3 +5C2_)]} + ;ﬁ-;? {‘_ 5‘20_ ZC,L)+
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| + (-—2—‘-)2 {26‘“ + S (31 +15¢,) - 59,L (23 + 'BCZ)H

i ?9)-37- iz('- lC.L) - ("%‘)2[IOC'2__ 2C,L(5’5+ 5C2) +‘

P31+ 15C, - §'5,L (23415 Cz)}}-

55,(2C,L-n) gy |
= y i‘ 2<IO) | —2¢L [5' +

' ZSC'2+‘552"—C'(HZMOC."MOC.Z)H., @9

> 2. 'r)g ,ﬂq(—,%)Tr(zqaZ-W)_

kT
- o (38~ 18k )J}
where 1 =__§_
L
§= 5
P m GRS+ STRS - S §3C."(3+5."2)_

e - (B [eee + 30(5-387) -

- e M " e (26(1-687) 4

+ 12,871 + ——% {C +38.5, IHCZH ZSTL(I7CZ+ZJCq)]}



= %%—‘351(3%]2) f_éc,sj'((—es?)+ L (26,5, +
+18C8,) + (—,:‘{T)z[éac,‘sz +39,(5-387)-C5L(6I+

+ éESCz) + 36 C:S.-| + 185, (IL-ICZ'H)- 123,1-(|7C;_+2|Cq)]}.

Qé.coqn'uzincl thal S, = 25
C, = Cr+9f

Cy =C+& =C'+6CS +9
we have Jfor EN

5 S (B. 6)
6, - qx3§—SHC,e,+72c.5,

+ 36Q + (%)z[_rgc.%,‘u 66CS, + 630CS +
504 97— L(306 C's, +378C's, + 163853C] +

Y 2049 + 252 3,5)]}

15 p2 4
i ycyws {- Qab + m,f_@’ + é—f’—,— +

510U (o 8) + 63E'H) + 273 0% +34 516 6) + 42 ef]}

a

:5(—% BT+ 12024 + 6 &)

' ( k )" v 38+ 12260 +Toa b') — (Ha'b+2560°8" + 8 ¢)
4 'rqak_(bz'l'}-f 20’ + 6 b |



To evaluate X,L,S and lﬂn's , rewrite (B, 3) through (B. 6)‘ in the

following form:

%, = At%(‘ - bQB) ) Xy = As& (l— & Bs)
' (B.7)
- __A.’: 2 . ‘ Aq 2
e
The following quantities are of interest
2 ob |
A . _3 ¢ ) 2 arc’ (8.8)
A, 36 (2a0-7) ) a 2a-T
c®r .
5 _p .. 0*+96 1| T (lig*-4¥)- o (801 12¢)
o2 50 50 T- 2q
- (B. 9)
ot -I3T + B6a
5 - B - 55 V- 200
- b(2a"+ &)
As . 15¢
A 15(-%a.&"Y + 12074 + 6 bY)
s 27 b’
A 97kt (2024 &) - (B.10)

A,  225(-%atir+i2atb" +66")
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‘.B B . ba't+ 1528 + Y

» M 98(2a* + &)
L (3 +122a%7 +70 a )= (Ilya"b + 256 024" + 34°)
CI4*(-Aa i + 12026 + 6 &)
(B.11)
B o+B - v (-6a + 133054 - 1880’6 - 2a6°)
2 l2(-%0 b +12078+64")( 207+ & )

+ =3B + Uga'b! +1240%8° + bo &
> (Ao br + 1208 +686%) (205+ &)

l'.
e
e
B

"' By substituting (B.7) into (B.2), the real and the imaginary part of the

scattering coefficient can be evaluated.

Hence
X = o, AR (1-#B)
! a2+ (E T AR (- EB) + %(l-— R*B,)

. (Ao 2]
AJ* (- ZB) + % Re(1- 1B
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y - awet
IR Da-Ty R+ oK)

(B.12)

Similaxly
PR Ak(1-&'8)(1- ¥'B) 5+
S N (R Y Y

oA |- (B+B)R" + o(kY)
B A)_ | — 2[52_&" 4+ o(h‘l)

4 - - e [i- (BB + o)

' 2 o‘rczba{‘_ ket - 137 +36a |
e Q  20-T 50 T-2a

(B. 13)
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Using the same type of calculation for Ya yieids

(1 °9).

(29+apn+3avh-)a+2t) . e

| 3O+ 2ORTH AP INTIPNE-)H(1 T - w0 B3I - 9PLEN +,09-) L0 () |

(99 + F,°Ti+490b-) S
-
& (3 +:°7) RFLT -

°h

The result. for

o &),

is

X,



Thus the fxrst two scattermg coefficient has been evaluated in terms of
physzcal parameters of a conductwe sphermd Therxe are some speczal cases

‘that aye of interest and will be calculated subsequently.

1, Nearly Sphencal Prolate Spherq:.d '

If the prolate spheroid is nearly spherical then the parameters appemng in
the scattering coefficients can be expanded into a power series of integral
powexs of the ecceni:_ricity. If then the eccentricity approaches zero, tﬁe
sphexoidal scattering coefficients will tend to the spherical scattering
vcoeffici’pnt, 'i‘lwis'method thﬁs provides a chéck on the spheroidal §cattering
calculations,

The eccentricity e, is defined as

e = (l- M‘) (B. 15)

where m is the minor semiaxis and M is the major semiaxis of the spheroid.

With this definition, for the prolate spheroid,

C = ae
& d(i-¢) S

(B, 16).

| o2 L 4. HH
T o= 2(1(!"—5-6"'5'5-8—'5;‘5‘6)
Substituting (B. 16) into (B. 8)

# ;
L

A _ 2 arc _ 2 alai-teo’e
4A2~ q 2o0-T 9 2a- 20(|~Te qlge)
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A X /- R |
T £ ~ 2 ) B.17a)
N Ot_(l, 56) | (B.17a

Similarly after algebraic manipulations we have

2 2 _i 2 .
B.*Bz='——|5-a(‘+ 5€>. (B. 17b)
/‘\ | | S _____ 25 7.) |
Ai - _§—O~a (\ ST € | (B.17c)

Ay 2/ 2315 o
B, v By - e (' 3024 e) (B.17d)

These results are then substituted into the.x's and y's to obtain the nearly
spheroidal prolate scattering coefficients. The coefficients are tabulated
in Table 2. Note ab €-— 0O , the results agree with known values of

spherical scattering coefficients. (Jones, 1966)

2. Neaxly Spherical Oblate Spheroid.

For an oblate spheroid the eccentricity is defined, using the definition

- 5]

(B.15), as



Eo

Thus
c* = ~b%"
a® - b(1-¢)
7 u 361 e} (B. 18)
T = 24»(‘-%@1”32'58‘7573‘56)
Usiﬁg (B. 18)‘4$ri¢1d5
A 2_ 3 ‘ i 2 , ‘
'"A";* E{’(":oe) (B.19a)
3 . 9
B-B, = -1b <'_W ) (B. 19b)
5 Lol
% - —3—'6—{9 (l—-zrz—q %2) (B. 19¢)
7]
24 2( _ lo? z)
BS+ By = ly® | 2024 (B. 19d)

Results for the scattering coefficients for oblate, nearly sphérical,‘ &pher;oid
are listed in Table 2, As the last special case, we discuss the case of nearly

disk type scatterer.

3. Nearly Disk Type Scatterer,

For a disk, define the quantity

€ = % , (B. 20)
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a parameter, that tends to zexo for a perfect disk. Using the definition (B. 20) .

= and
e (. 2e\ |
wehave
A\ 2. 2 ‘
— = — € @ (B.22a)
A, o @ |
13 2 S lore | )
B|-Bz = -S—E(b (l--—z—-é—-llﬁ) (B. 22b)
/‘\b L | 5 2 )
B, +B, = St ( -
= >(7) €) (B. 22d)

5T

The disk type scattering coefficients are listed in Table 2.

Appendix C.  Calculations relating to Eq. {5.11) T
~ N
Here the details for the calculation of the scattering amplitude is

presented, Based on the formulae 9# Chapter 5 and Appendix B, the quantities

R e ) e

and

Re {qc(e,b./\.&a, {9)}

Im
are calculated,
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(PL=435-).a+
-+ AL_\L\@O _\zl Pﬁnm(.m - ._..Cwﬂm.v/i + «N\UNnm 9 - .._|~U¢ g + :mO_.TNmN{O— + ._u.«&( Ol lv o =

L2 L- LuoYh - 589T + 489G -18<e - LA oYQI-b@NG -1 LDV -1 LGV S+
+2809 - |PY08E +,9907L - [;0Y09E+,8°0] + @Y 00! + ;29099 + LIYOT + 1L QY o0l - =

L2239 + 1LOVe 0807/~ 12PVP9¢ +

I
H

+ (@vo -V °0I- 2099 -1 g +.1ys+ fummrm - Tudw +4,2 -Q°01 - 43S5) 1V

ang

(o2 -4).a7 -Lv) 05 LT 107 1g €

(L7 E LY)(4PC1-p095] +(85+YS+peefoz -4g ~(P-8s)PT-yYL1v T a1y W 17
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Tﬂom_ —P%9c | (@G NG Aee)a- (98917 | 3 (4 a7-1y Lo | .
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A2~07) 19 el
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()0 + FalReo © o0 F Yo% Jae (- dn s e
(07-4(,.8C - 1Y) 0S
T Tmm.t,mi? hi-QYS-LAG) LV + (08¢ - 1PV bl+,Q5+Q <m+5<3dL 2 )
(o) - A-0C 19 & _ _we|p v
| | Wmﬂ S7-I¥ o | ='dh "'

‘@x0Jax3Y],



AN&N‘:.: ‘N<~d —JN ‘U@mnf N&N:ow ‘N@\@QQ_ |-..6 Q_VAN&,ATMQNVN& AW +
-t A:&WQT: lowm .T:AWNQW \.d<~&‘~d he T2 N&MOQQ\UG - =

- (99+.300 *LOgb-)(AVH 23 8- YO HT - p001) -

- (B9+ 90U+ 130b)(F+207)Hi-08)

(42 9+ 3071+ 4.9 0h-)( 3 +:07)

(,.99+ 32071 +4F Ob-).sI
2o (¥ +.97) L’ 9AVT

+

- 3b Q

[
AL —2H) {

hi )
A9

ing



fm.m%x B = 2r4'c (2% B)AB K ||, \wwp —av(-6a®+ 133" - 18a%" -2 &°4 16a'8)
, e 15°(-9a b7 + 12075+ 6 4 \ 1 «NQ +&*)(Aa b +128°8°+66")

—ar(-16a%" - 8a°6" + 36°- 24 a*AL- WAB )+ 2684205+ 7308562 242088 )+ 6 6132 f-220'8" 5%.%&@

+

(2d+ & X Qo+ 1203 + m?J

N?moﬂ@.p; “ A V 194_~.m9&+_ic&rmﬁpﬁ+m%-?gﬁ&p-iﬁ
53 (-9abT +120%°+6 @ N (20*+ &) -0 + 12076 +66")

2 6" (SUe® -T2 0874 36 % + ULy £ - 14l o'eE - 156 Q8% - k2 Ae')
ANow..T@vAuDQ L7+ 266 +6 &)

-

20 et (20 B)RCR. 15 3B-C)T-6AR
(52 (-Qabir+12a+6b) 2 =S (C.3)

¥2%9 ~Y2Pa = - Y22, =

A_ _ A _m : o (-6cf + 1330 5 - [88a2L'- 2&°) — UL+ hGa'l' + 124 85+ roﬁw

AN9~+ mupx.ubowﬂqﬂ +120°8 + 6 m& J

@. _ EN ﬁ T(UAB + 5B -3c2) - ABY(17¢%+ A + 218Y) |
- \M (3BT - 6 AR® |

TIXXX



XXXIH

[ (,99 + 427l + +9°b -)(a+.°1)

L 2300+ 3200 +,q,°91+ 4,008 - (AT -,9.088! - 4iPCEI + LI ) 40

2vV9 - ﬂ 2 - mam‘v

(#°0) ﬁv
T + Vi ALY - (9% - 286+ 3YIT) L _HT

- W 4 (9 ¥ LTI+ +896 ~) g LGl
® [av9 - (2-Q¢)L](@a+or)2a™

4+

d_mv AT

- N—X NX



Re q =% 208 [\ + ’ﬁzgl %+ sdn,z@)}[\( o, - q.@..]

Re q -5 &+ 5% 2 k sias {

20.(-5ABT + 5RE® + SR IAACT - 38%C) + AT(SBT - SARS [Lc T)+B¢(-SB 1)

(AT- 28%)(7- 2a)

] K[ 8 2 ey ]
Im g - 5 S8 [“’ A +SL“6)H‘1‘“ i

¢ E(T- A-B) 3 sin®
2 i arc®  2aB(-T+1T(a 3
T R BT 7 (20-7) 2 B
v 2aBYT-7)+TT(@A-8)
Im g - o & 55 (2a-T) st

l .

(C. 6)

AIXXX



Re g, - £ Sia8 [ SE( &

B TN WSN,@EX%AP- f@L

v B 15 q

.5 Sno | AQ v B (22 EITEE) - 6 AR I N | +oﬁ| g, m5~®§ |

T/ Bl4abr+db+686Y

T A W V.r ip:ynmfrmm»m-wo,.v->w4:n~+M_>»+N_m&
4 (2B-C)T-cAR

14

o ar 6o+ 133a'E - 198d'k' - 26°) - UL + UG b+ 124G + 4O
(20" + @JT@ abT+ 12d% + 6 &7)

.2 2g2 | |
g = S50 1+ S (4 sintefe + el

1 1 AR (2d+B)E sine
M QT 1350 (ot 1206+ 647)

(C.7)

| ﬂ:mv,

AXXX
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Appendix D The Theory of Complex Resolvents - . |
In order to gain physical insight into the theory of complex i'es'plvent, ‘
first ";'heuri'stig‘..discussion of a real resolvent operator is presented. Thena

theorem op complex resolvents is noted.

- . Let

(t-2)u

- W (x)
A (D.1)

4

be an equation where [ is an ordinary differential operator with domain
including the boundary conditionand A as its eigenparameter with source

function W(x). The resolvent integral operator is then defined as

P,\ = (7\ - L)*' such that

U(X) = Rkw(x) | (D. 2)

and

ul) = -5 ¢ R, u) ok (D.3)

2%
|h a

To note the significance of these definitions, a connection between the
resolvent operator and the resolvent Green's function will now be established.

Following Friedman [60] ’ Gonsider the homogeneous equation

Luk) = 2u(x) (D. 4)

whose eigen function are U, U,, ... U, with eigenvalues 2, %, .. .. n
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» .
Consider the adjoint operator L with eigen functions U, U,, -+ Up

and the same eigenvalues as L.

esigt
“f’

Let
UR) = 2 oy upk) © - @)
; R

where '
Ay = (0n2 Y)

Applying the operator L to (D. 5) yields

Lu) - ; oy L Uy ()= %.cx,z Ny Uy (%) (D 6)

Let £(t) be an analytic function of t,

Define
J(:(L-) Uix) 2 % oAy, { (74) uy (x) | (D.7)

Note that if £(t)=t (D.7) reduces to (D.4). Let £(t)= —,_;\-I:—_E such that

(D.7) is in the form

l _ ‘ 8
T Ux) ; G 5 Uy, (x) (D.8)
Multiply by —Q‘—'.A- and integratev

2my
| | ' o _ 1 da |
—Zﬂ‘g ) 5T u(x)= 2‘;_ o(,auh(x)zn i v (D. 9)

If [ encloses all the eigenvalues of L. , then (D.9) reduces to (D. 3).
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It is known, hox;ever, that ‘
u(x) = .R—;\W(*) = -fG (%,g,")\) w(g) ds (D. 10)
, . | ,

where G (X,g ,7\) is the resolvent Green's function of the boundary value

problem; Thus

- meWd" " 95""{@ (48 ) w(s) dls (0-11)

,is‘i\th'é connection sought.
' Having discussed some aspects of the resolvent operator, we now turn our
attention to the resolvent operator to our boundary value problem, Note that

(5.2) can be rewritten in the following form

(—Lg-LQ)H? = T\ 0)d (n-1) I (5- <) . (D.12)

where

Ly - —7.9"? ((52* ')-ao';1 +[— % (§*- |)+-§{_—|—]

- (D. 13)

Ta construct complex resolvent operators to our boundary value problem the

following theorem from [61] ,is noted,

- ~Theorem

. Let L be a foxrmal differential operator defined by the identity

~
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Ly =——§-‘;[P<x)-§'§-] ‘4 q(*—).j

(D.19)

1))

(_‘oo a s X < bg:-'oo)

where p(x) is real, positive on the interval (a,b) and g(x) is a complex valued
functiqn such that Im q,(X) ?Go on (a,b). Hereafter, t;he class of functions f - |
that is ;bsoli;tfely square in f6, £ ]zdx on the interval (a,b) will be denoted
d{Q(q ,%) . To construct a reszlvent olperator R » for the operator L
there are two cases of interest; o
Case I. Let
(@) —2 < and b = o0
® p(a)+o0 |
() for Im 2 <0Qo

E—

The homogeneous equation . (L—=)y=0 has exactly one linearly indepéndent
solution which is in° % (a,00)

Under these conditions the resolvent R .  has-the representation

[

where the resolvent Green's function is defined by the formula

G (%, ») - | [ - xen

POIW (4,4,

Wilr) Yo (x) X 7



XL

In this equatmn (L= 7\) Yi= 0 ~with L = l, 2, and ‘1! sat:sﬁee the boundary

condition at a, | \d,_ satisfies the radmt:on cond1t1on, and W(tg., !3; ) " "‘3_“"'
‘the Wronskian ef 31,, \3. cone1dered as a functlon of "r’ | A‘
Case II. Let |
@ -o0<a<deoo
() pla)=p®)=0
where a,b are sing'ﬁlar points for ( L— '7\)11' (o}

The representatmn of the resolvent and the re901vent Green‘s functmn

follows the prewous case, where ; xnaw the boundary cond1t1ens are the fi‘uteness_

of the solutmn'rat o. andb., We here note that the radial operator falls

-

under Case I and the angular operator under Case II

Appendix E. . Uniformly Valid Asymptetic Apprmd’mation '

Here some background is presented for.the topic of unifermly valid
asymptotic approximation. First, the failure of the WKBJ' (Wentzel-l'(rarherf | N
Brilluoin-]ef:freys) appro_ximatien is roted-for the case where there is a sixhpyle;_ »
zero in the index of refraction, and then Langer'-)eﬁi',t&hin_g Ipoint" analysie is
briefly described. |
- E.1 WKB]' Methed

Consider the following differential equation

dw 4 B2 Ni)w)

a4z 0 (E.1)

This equatlon can be interpreted as an inhomogeneous wave equation w1th the
index of: refractxén\ﬁ(z) and wavenmbar 2o In such qd%e it is of interest to

:Emd asymptotic high frequency solution to (E.1), i.e.. b —
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Such solution is the WKBJ approximation

A_ ot (. (TNl oy

") ~ RS
As én example to WKBJ theory, consider the Bessel equation .
2 27 »

d“u L1 du +(|-‘)Q>u -0 (E. 3)

dz* 2 dz . Z

If we let U=W z‘i , then

AW, [y, )+ €9

ot l-m) rgp|w = 0

Thus for z not close to 1, the ‘L:_'z.h ~ term can be neglected and then (E. 4) is

‘in the form of (E.1). Using now the WKBJ theory, the large order Bessel function
can be evaluated., For Z % |

A 1V (ton p-
W () ~ o ot iv (tanpop)

where 2z = secr, , OX

- (v (tanp -f tv(tonp-
_Tg(”secrﬁ)fvm[A-QS( PR, g ri¥(tene)

(E. 5)

‘\
To evaluate the constants A; and B, note that if V is finiteand Z —+ 00 the
far field form of the Bessel function is

m _ 1
m

N (uz) ~ (W%T))z coS (vz B 21— - _) (E. 6)
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Matching (E. 5) to (E.6) as 2 —» oo requires that

A.ehT - BT, (—'——)1 B

257V
Substituting in (E. 5) we have o N

_| .

T, (02) ~ (rymfeos[o(secz- )+ E] m)

which is known as Meissel's formula.: Similarly for =z <« | , w‘e can match the
WKBJ form of sdlg;ltié)n'with the known Bessel function of small argument,

i.e. Z—0 . The result is.the Carlini's formula

(E. 8)

T, vz) ~ (W%Tz—)é Q»({T-_i - sechz)

Comparing the two forms of the large order Bessel function solution, we observe
that(\ ta) the two forms are different in different regions, and (b) both are
unbm;nded as Z-»| . Thus a simple zero in the index of refraction represents
a "turning point" in the behavior of the asymptotic éolutiqn. A solution that

is finite and uniformly valid both above and l;elow the turning point is called

a uni_i-;ormly valid asymptotic solution. The method that obtains such solution

is called, after its inventor, the Langer's method.

E.2 Langer's Method
The essence of the method is based on thke following two observations;
(@) If the turning point is at z = o, - say, then near that zero (E.1)

can; Pe put in a form . o

a*w 2 2 o e
12 + ko N(o)zw =0 SR

ra > (E.9)
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which is the Airy equation. Therefore the sdlution of (E.1) near the turning
point will behave like Airy equation.

(b) 'The second observation is ﬂnét the Airy differential equation
- +X‘ﬂ =0 T (E. 10)

‘ has a unifp“i'mly'valid solution above and below x = 0. The method is thus to

change the form of (E. 1), by change of both dependent and independént variables
such that the new equétion will conform to these requirements.

w(z) = q(z)u(g) (E. 11)

Substituting (E. 11) into (E. 1) yields
)

2

2 oY V e\ du oeENEe)y = E.12)
9 ¢ d§‘+(%+2qg)d§ +(q+&,Nq)v o ®
Choose g so that -;—l%— term vanishes, that is
qgII + 2q|§) =0 (E.13)
and let the independent variable be determined by ¢ zg = N2, (E. 14)
"Therefore
As , v
% = W where gz =" f;j (E. 15)
,, dr | 2 -
1} 3
st - N § st - Ny

(E. 16)



@
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Note, for small z, N(z) = Noz'i:  and therefore - g = No%'z_
Hence § corresponds to z near the turning point. By the use of condition

(E. 13') and (E.14) we have

d’ - q a-) | . _
== z +k <V =0 (E.17)
d§‘+(‘3§ -5) 0ts) = O
Where

wo= A, (—i—,r)vu(ﬂ | (E. 18)

Let U = Uo (g) be solution of the equation

o,
d ¢*

+ kg us(s) =0 | @)

Try. a possible solution to (E. 18) as

V(8] = vfs) + i o [am (5) 0 (5] + (5) 02 (E.20)

It can be shown that under certain conditions, not only the series is

asymptotic for complex values of € but also the error caused by terminating

&2

the series at the m-th term is o) ( ~—I,,ﬁr) independent of z. Moreover

5(5) - 0.(5) & anlorrstus bifi S i (a0 bl] o

=l m=t

ie U (g) is given by taking the derivative of (E. 20) term by term.
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Restricting our attention to the first term, W  will be evaluated. Let |

o™

- e

' § = ’&20 Yl , then
2 . |
T e - o =

Let Qq%.; A% , g, = X*Lé , then substituting in (E. 22) yields

dy | . dy l A
o Far tlmaE)y o (E-23

H

This is a Bessel equation of order 1/3 with solution J), (x) | Ty (x)

H}g (X) etc. It is convenient to define the solutions of (E.22), the Airy

functions,as

Al (heirk) A - ;1\:? H(: (% n%) (E. 24)
AL(Q e"@) & ;}:3_ Hz (2 \q%) .
Thus the unif;ormly valid asymptotic ;olutions of (E. 1) are
(E. 25)

W AR A (e

As an example to the theory, the uniformly valid asymptotic approximation

of the Bessel equation (E. 4) is evaluated. The zero in this instance is at
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-z =1. Thus by (E.25) the solution of (E.4) is

W (li)'l‘ [cm(»%g egj + DAL (v¥g e’gﬂ | (E.zsi

where

2 % ’ ‘J!’ 2 3 - |

’5% =J(I—~§r)dz=(z-l)-—secz 27!) 370
t

and

f—'a dz =%ec>th—(l~ 2)-'“' z 2l | <0

By the asymptotic value Z — 00 of Airy function and the Bessel function,

“the constants C and D can be evaluated, The result is

WIESEENEPL <_E1§:T)t, AL(v%geg)

(E.27)

This formula can be checked for % — 0o and it does reduce to the known small
argument Bessel function., More detail on Airy functions and uniformly valid
asymptotic approximations of Bessel function can be found in the book by Jones

"Theory of Electromagnetism!, McMillan Co. New York 1964,
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