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ABSTRACT

NEW RENORMALIZATION PROGRAM FOR SPONTANEOUSLY 

BROKEN GAUGE THEORIES.

APPLICATION TO PROTON DECAY 

by

J. A. PEREZ MERCADER 

Adviser: Professor Ngee Pong Chang

In this work we present a new renormalization group 

analysis especifically designed for spontaneously broken 

gauge theories that takes advantage of the minimal renor­

malization scheme. We apply the method to a calculation 

of the lifetime of the proton in the context of an asymp­

totically free SU(5) gauge theory that we also develop in 

this work. The lifetime that we obtain for the current

favorite value of the parameter, and with three ge-
30nerations of light fermions is 5.1 x 10 years, corres-

14ponding to an Mx of 8.9x10 GeV. We also give life­

times as a function of the number of generations.
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C H A P T E R  I



SECTION 1: INTRODUCTION

The proton (from the greek protos: first, fundamental), 

is the lowest lying state of the baryons, thus if we have a 

law for baryon number conservation the proton will be sta­

ble. Baryons are made up of quarks, and the current view 

is that the fundamental constituents of matter are quarks 

and leptons; in a grand unified gauge theory in which an

attempt is made to unify the observed strong (gauge group:
Ref 1SU(3) of color) ‘ , electromagnetic and weak ("unified"
D p P 0by SU(2)X U(l)) ' interactions within a simple gauge

groupRe^’^, quarks and leptons are treated on the same 

footing and are put on the same multiplet, so that there 

are gauge bosons (group generators) that mix quarks with 

leptons and gauge bosons of the same type that also mix 

two quarks (hence the names lepto-quark and diquark which 

are often used to designate these gauge bosons). It fol-
Dp £ ^

lows that in these theories proton decay can occur * ,

and due to the large group used to unify, it can even be
. .Ref.5 computed

Proton decay is the most important feature of grand 

unification, arid the fact that one has a model that allows 

to calculate the lifetime makes it even more exciting. The 

values of the proton lifetime that are calculated, are very
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close to the current experimental bound, typically between 

one or two orders of magnitude above it. This, coupled to
Dp f £the new generation of experiments ‘ which are proposed 

or at the building stage, and which are going to be able to 

go about three orders of magnitude above the previous ones, 

makes a calculation of the lifetime a very timely subject, 

since this will provide an excellent test for the theory.

In this work we perform a complete calculation1**2  ̂*̂  

of proton lifetime in an SU(5) gauge theory which is a mod-
Dp £ Qification of the Georgi-Glashow model ’ ; this modifi­

cation consists of adding a set of heavy fermions in the 5 

and 24 of SU(5) (in every other expect the theory is iden­

tical to the Georgi and Glashow SU(5)), necessary to

achieve asymptotic freedom. By imposing eigenvalue condi- 
Ref 9tions ’ all the parameters of the theory are deter­

mined and all effects can be computed without any free 

parameters.

Without any further ado we start our work by providing 

the reader with a brief survey of the idea of proton sta­

bility and the experimental situation.

In the days prior to the discovery of the positron, a 

formulation of proton stability was given by Hermann Weyl, 

in an attempt to understand the Dirac theory; the year was
Rpf 1 (11929 and he wrote * : "It is plausible to anticipate

that, of the two pairs of components of the Dirac quanti­

ty, one belongs to the electron, the other to the proton.
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Further, two conservation laws of electricity will have to 

appear, which state (after quantization) that the number 

of electrons as well as of protons remains constant". Of 

course, the formulation had to be corrected and this was
Dpf 1 1done by E.C.G. Stuckelberg * in 1938, who defined the

"SCHWERE LADUNG" (heavy charge) more familiar to us as ba-

ryon number, and postulated its conservation.

The first mechanism for proton decay was given by E.
Ref 12Wigner ' in 1949: "Without the conservation law of 

the number of heavy particles, the proton could disinte­

grate, under emission of a light quantum, into a positron, 

just as the electrons could disintegrate, were it not for 

the conservation law for the electric change, into a light 

quantum and a neutrino".

Many experiments were performed to test the stability 

of the proton and the lower bound kept increasing with the 

years, fromRef’12 1021 to 3xl020 yearsRe^'14, which 

is the current lower bound.

A very simple example can show the difficulties in­

volved in putting bounds on proton lifetime: suppose the
33lifetime was 10 years, and consider that you had a con-

4 10tainer with 10 tons of H20 i.e. 10 cc. A mole of

water is' 18 cc and there are 18 nucleons per molecule, mul-
33tiplying by Avogadro's number we get a total of 6x10 

nucleons; if the half-life were 1033 years, we would see 

an average of 3 decays per year, assuming a 100% efficien-
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cy on the part of the detectors.

The most simple way of measuring nucleon lifetime is 

then, to have a large container of water surrounded by pho­

tomultipliers and watch for £erenkov light comes produced 

by the emitted particles in processes like
ov —* e + u.
i— * Zy

Ref 15Experiments of this type ’ have recently been propo­

sed or are already under way, and they expect to measure
30 33proton lifetimes m  the range of 10 to 10 years (if 

decay does indeed occur), their sensitivity being mainly 

vexed by the presence of atmospheric neutrinoes. This is a 

very interesting range, for as we shall see by the end of 

this work, the lifetimes that one typically obtains in the
D p |* C

SU(5) model ' of Georgi and Glashow fall within this 

range, and therefore the proton lifetime can be an excel­

lent test of the model.
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SECTION 2; THE IDEA OF UNIFICATION. FUNDAMENTALS OF SU(5).

In this section we present a brief discussion of the

idea of unification as well as a review of the most salient
Ref 3features of the SU(5) model of Georgi and Glashow ' , 

especially in what pertains to an understanding of what is 

necessary to calculate the proton lifetime in that model, 

and the mechanism through which it takes place. This model 

is based on the gauge group SU(5), which contains in a mini­

mal fashion the subgroups SU(3) and SU(2) X U(l) and there-
R0f 1fore can be used to, at the same time describe QCD
R p f  ?and the standard electro-weak theory of SU(2)xU(l) 

in a simple group. This embedding of SU(3) X SU(2) X U(l) 

has immediate non-trivial consequences. Had we not taken a 

simple group, but just considered a "unified" theory consis­

ting of only SU(3)XSU(2)XU(1), we would have three coupling 

constants, one for each of the factor groups, g^, 

and g^ and they would be parameters to be adjusted. But 

the embedding of SU(3) X SU(2) X U (1) in a single SU(5) and 

the requirement of SU(5) gauge invariance imply that all 

three gauge couplings be equal when the SU(5) symmetry is 

valid,

S, = Si = “3, - I <ia>
where we denote by g the symmetric, SU(5) gauge coupling.
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This lies at the heart of what one means by unification. 

However, at the energies we live, that is, when the SU(3) X 

SU(2) X U (1) or actually SU'(3) X U(l)em is valid, there is 

a big discrepancy between the values of the three coupling 

constants,

S 3 -  J '°"i (1-2)
The question arises, how can one reconciliate (1) with

(2)? The answer comes in a natural way if one observes
Ref 16that because of the asymptotic freedom * of QCD and

Ref 17the non-asymptotically free character * of the elec­

tromagnetic coupling constant there will be a scale on which

they will become comparable in magnitude. This is called
Rs f 4the unification scale. To see this in more detail 

consider the RGE (Renormalization Group Equation)for the 

g^'s of an effective SU(3) X SU(2) X U(l) gauge theory.

To one loop and in the regime of small g.'s one has

(1-3»‘i*-

or

  __  = Cowst. —  2-b-t too M-
S?c»o (1-3a^

where b. are given by lo, = — — (\\ — %  w_/\; W =• C
1 3 16a1 V 3 i} 48n?"U - JL_ Art.1 3 >16a1 ^

Since we want (1) to be satisfied at some scale M , the
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unification scale, we just impose that boundary condition 

and have

for a p. «  Mx . Of course, from (4) and by taking appro­

priate linear combinations one can determine M x , and, for 

example the low energy value of the weak mixing angle, just 

by giving as inputs low energy parameters such as <*em and

o( , . Naturally this is a very crude estimate, but itstrong 2 2 '

is interesting in so far as it contains the general idea 

behind all the calculations of M . We also see how theX
RG plays a natural role in grand unification from the very 

beginning.

Thus from (4), at that unification scale, the state­

ment (1) is satisfied and one has SU<5) invariance, at 

least as far as the coupling constants go.

After this little preamble we will briefly discuss the 

SU(5) theory itself. Call the generators of SU(5) ,

where o<= 1,...,24, and normalize them according to

TrCT^Tp). iS.f
( 1 . 5 )

They satisfy the commutation relations

t \  , Tpl = L T y •
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One can give a realization of the T^'s by defining the 

24, traceless, hermitian, matrices
X / - 2.T*

and using for the s, ot = the SU(3) matrices of

Gell-Mann enlarged to 5x5 dimensions. (See Appendix A for 

details).
Ref 3The fermions were assigned by Georgi and Glashow 

to be in generations of 15 two-component spinors. Each 

generation contains the L(eft) and R(ight) components of an 

SU(2) Cabbibo-rotated doublet of quarks each in one color 

(1,2,3) plus the L and R components of the positron and the 

R component of the ve . These fifteen fermions are put on 

a 5 (fundamental) ar 

tensor), as

and

-

a 10 (second rank antisymmetric

'd ' 1

•'*
(1.6)

JR

o ai -ci<
c f o < -u.^6)
c c.-u-, o -u.3t©i (1.7)

û ie) U4_ie> u.,CM o - e+
c+ ©

where 1,2,3 denote the color index, and c means charge con­

jugated. Also, u^(8) means Cabbibo rotated. In our work
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we will ignore this mixing. We will also refer to the set 

of (6) and (7) as one generation of light fermions.

The model has many nice* features, it preserves the V-A 

structure of the weak interactions, provides a natural 

framework for charge quantization and for massless neutri- 

noes. It successfully predicts the mass of the bottom

good, although at present is a little low when compared 

with the experimental value. The required minimal Higgs 

to break SU(5) down to SU(3) X SU(2) X U(l) is an adjoint 

of SU(5) and to further break to SU(3)co^or X U(l)emr 

a 5-plet of SU (5).

We now show how SU(5) grand unification fixes the value 

of the weak mixing angle. The charge matrix, Q, can be 

written as a Linear combination of the diagonal generators 

of the SU(2) and U(l) subgroups. If g and g 1 are respec­

tively the SU(2) and U(l) coupling constants of the stand­

ard electroweak SU(2)XU(1) modelRe^s '^ ^ ^ , and if we 

identify g=g2 then, because of the embedding into SU(5), 

we can write

where C is a constant, determined by the SU(2) X U(l) em­

bedding in SU(5). The charge operator is then written as

quarkRef.18 Dpf 1q o *and the prediction * for sin ®w is

p = o' C5̂  a

(1 .8)
where T-, is the generator of the third component of

SU(2), (given by 'X 12) and TQ the U(l) generator,
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(given by g) • The weak mixing angle is given by

s w - e *  ill A + c*- (1.9)

If we square (8), take traces and remember (5), we get 

Tr (Q1) = Tr CTj1 ) - C T r [ T 3)T 0 ] + C1 It Ct£ ) =
s ( U C l)Tr C ^ )

which of course is valid in any representation. Therefore

r. T V O / )  _ 1ttlA. “ — -------—— — - ■    •
TV £ Q z ) Z T v-CQ1') (1.10)

If, for example, we apply this to the 5-plet, we get

©  * "5/g (1 .11)
2which is the fixed value of sin 0 at unification ener­

gies. This value of .375 at grand unification is consi­

derably above the low energy value that is measured, .238;

however this last value is the value at low energies

(0(tens of Gev's)) and there is considerable room for re­

normalization effects from the typical unification ener- 
15gies of 10 GeV down to these energies. In fact, if one

2  ̂isolves (4) for sin 6 = s>' ) one gets (in the

Georgi and Glashow SU(5))

(here sin2 0u is the value at unification energy (11),
2of, 3/8, e (m), is the electric'charge of the electron at
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low energies O(10's GeV) and Mx is the unification mass).

2For typical values of e (m) and Mx (in turn determined
Re £ 4from °<s and using (4)) one gets * values of

2 /\ ppf i qsin 0 between .175 and .248. There exist * more 

sophisticated estimates on the literature which for realis­

tic values of o( and o( typically give a low energys em
value of sin2 of .216 + .008.

Finally we now turn to what is the most important con­

sequence of SU(5), proton decay, and how it occurs within 

this model. From (6) one can see that there are gauge bo­

sons, called X. and Y., that give rise to the fol-l l ^
lowing processes (See Appendix B, for the lagrangian)

and

-* Yf-n u*_ (1.13b)

(These X's correspond to linear combinations of theX^...

X. o of Appendix A and the Y.'s to linear combinations Lo 1
of the X 24)* From charge conservation we see

that they have charges of -4/3 and -1/3 respectively. Sim­

ilarly, from (7) one sees (cf. Appendix B) that the same

objects can give rise to processes like
, + -

or

Since the proton is a color singlet of two up and one 

down quarks, equations (13a) together with (14a) (alterna-



tively, (13b) with (14b)) show that in this model proton 

decay can take place in second order in g.

It can, for example, ta1<e place via a diagram such as

iR.
on.

which represents the process
p €.+ + 1X°. (1. 15)

(Here the blobs represent strong interaction effects, to 

describe the proton and the pion as a bound state of 

quarks). We can use this graph to show that with the 

present experimental data on (the proton lifetime),

S O (5) is not ruled out. Let us estimate the matrix element 

corresponding to this graph in the case where the momentum 

carried by X is negligible compared with M . ThenX

T  *
k

(1.16)

where k is a constant (which we will take to be of 0 (1)) 

describing the effects of the blobs in the diagram. The 

lifetime will roughly be given by
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— 2 30So for a g typically of order 0.2 and a 3x10

14years one needs an Mx>  4x10 GeV. If, on the other

hand, one solves (4) for log in terms of g3 and e2,

( M* 4n> f __3____1
Sl C ^ J  (1-18)

2which for reasonable values of e and g3 at low ener-
14gies, typically gives values larger than 4x10 GeV for 

M x*
There are several morals to be drawn from the above 

fable (in the sense of Lafontaine) and they are, that if

one wants to calculate 1 ^ (notice that x p is propor-
4tional to Mx) with any reasonable degree of confi­

dence, one has to devise a more precise calculation of M1 x
than that provided by (18), and that one must, somehow, im­

prove the formula for "&pr (17).

Part of this work is devoted to a method of calculating 

M which takes into account a number of effects that weX

will discuss in the next section, and that at the same time 

allows one to improve (17), although not the k used in that 

equation.

We now give way to a discussion of previous work on 

proton decay.

I
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SECTION 3: PREVIOUS WORK ON PROTON DECAY.

The first calculation of the proton lifetime within

the context of SU(5), was performed by Georgi, Quinn and
Rs f 4Weinberg * . In this work, (parts of which were repro­

duced in the previous section) by using crude renormaliza­

tion group arguments and assuming that all the coupling 

constants for each of the three subgroups SU(3), SU(2) and 

U(l) would become equal at a certain energy, the unifica­

tion mass, they were able to write- down formulae, (12) and

(18) , that given and could be used to calcu-s em
late the unification mass and the renormalized mixing 

angle. After having obtained the unification mass they 

simply estimated the lifetime by dimensional arguments.

Simple as this pioneering work was, its importance lies 

in that it presents a framework in which to perform the 

calculation, and put forward the ingredients for any other 

calculation, including this one.

The next development came with the calculation done by 

Buras, Ellis, Gaillard and NanopoulosRe^*^  (from now on 

referred to as BEGN) who calculated 1-loop gluon correc­

tions to the matrix element and also took into account fer- 

mion thresholds in the integration of the RGE's for the low 

energy (SU(3) coupling constants.) using a formula given by
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Georgi and PolitzerRe^*^ . They also gave a formula to 

calculate the proton lifetime ■
2. r * r 1 ,, ,Q.

M  Kto>l ifr1, 1
8n- <■ L J J

where hf-tp) | is the wave function for two quarks in the

proton to be at he same point, m^ is the mass of the
e &oMquarks, typically taken to be (1/3)m .  GrTTM= ™ ,p G U M

and grnM is the value of the SU(5) coupling constant at

M ; the quantity in the curly brackets comes from inte-X

grating the effective G from unification energy down to a

mass scale ^  • This formula allows one to calculate

by calculating G at a low energy, 0 (m ), mass scale, andP
is essentially the formula we will use in our work.

Ref 22After this work, Douglas Ross * calculated the 

SU(2) and U(l) corrections to the matrix element and more 

importantly, introduced his 0 -approximation to the gauge 

boson thresholds in order to take into account the decou­

pling of the massive particles from the RGE's when one 

passes through the thresholds of the gauge bosons. Howev­

er in his study he used the mass dependent RG and, as poin-
Ref 23ted out by Chang, Das and Perez-Mercader * , there is

an uncertainty as to which coupling constants are used in 

the different vertices; we repeat here the argument as giv­

en in the above reference. Suppose, for the sake of sim­

plicity, that one is studying the RGE for the fermion-gluon 

vertex, then, among other graphs, one has to consider the
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graphs shown in figs. la, lb and lc.

The graphs in figs. la and lb can unambiguosly be said

to respectively give contributions
3 2proportional to g^ and 92^2'

for energies below grand unification,

since the SU(3) and SU(2) symmetries

are respected; however the graph of

la

W K —
} /  5  g^ nor to g3g^ since,
' AM W A A M A At i A*

fig. lc is not either proportional to 
3 __ 2

lc

on the one hand gx is defined as

lb the coupling of the X-gauge bosons to

the fermions, and on the other, even

the space-time structure of the GXX

coupling is broken, below unification

energies, into a minimal "charge"
Ref 24interaction and a quadrupole moment coupling ’ ,

+ &rj -lS3£sh,&J- }
J x r t

- i  I vx-i - ls, xi  +;?ux̂  s, V C -r H ’

and in order to be consistent one would have to also in­

clude renormalization group equations for the quadrupole
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moments k^, \<~2 ' **]_' which Ross did not do, (^r 

l<2 f ̂  i would go to 1 as -» M^) and would compli­

cate his analysis in a very non-trivial manner. Of course,
Ref 25graphs like the one in fig. lc, do decouple at low

energies, but their effect becomes important as we get

closer to M^, and attempt to cross the thresholds.

The next improvements were made by Cecilia Jarlskog and

Francisco YndurainRef’26, who refined the BEGN lifetime

formula, (19), by including decays w i t h a n d  (and

therefore strange particles in the final state) as well as

three body decays, and also computed some branching ratios;
Ref 27T. Goldman and D. Ross ’ did a 2-loop calculation of

M ; then came the work of MachacekRe^’ , MarcianoRe^’^ ,

our ownRe^’^ ,  Din, Girardi and SorbaRe^’^  and of 
Ref 31Donoghue ' , all of which, except Marciano's and ours,

again refined the estimates of the proton wave-function at 

the origin (which enters the BEGN formula, eq.(19)) by one 

method or another, and gave estimates of the different 

branching ratios.

However, the most crucial quantity in calculating pro­

ton decay (as already remarked) is the mass of M . As 

discussed before, what one does to calculate M is to 

give input values for of and of, the electromagnetic 

coupling constant, at some low energy point m; log M /m 

is essentially proportional to a linear combination of 

°f5  ̂ and of- -1- at scale m (see (18)),so that M is
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very sensitive to small changes in either of the two cou­

plings; therefore it is especially important to do a care­

ful extrapolation of o< from the Thompson limit valueem
to the mass scale m, and here fermions thresholds are very

significant. This was explicitly recognized by Goldman and
Dp ̂ 33 j?0jp 34Ross ' and independently by Marciano ’ , and was

implicit in our work.

There are several questions in the theoretical calcu­

lation of proton decay that had not been tackled previous 

to our workRe^'^, and that we now discuss.

i) In the usual method of calculatingRe^S *^ ^  the 

low energy running couplings, what one does is to define 

them as the value of the corresponding off-shell Green's 

functions evaluated at some low energy point m, and the

effects of the heavy particles are neglected by using the
R°f 25Appelquist-Carazzone theorem “ * , however, in doing the

proton lifetime calculation with this method one has to in­

tegrate the proton decay matrix element from the unifica­

tion energy down to energies of 0 (mp) an^ therefore the 

procedure is uncertain, since in choosing the initial val­

ues of the coupling constants, one is effectively working 

in a region where the Appelquist-Carazzone theorem cannot 

yet be invoked, and of course, there is also the issue of 

which coupling constants to use for graphs involving X- 

gauge-bosons in the internal loops, which becomes more im­

portant as one gets closer to their thresholds. We tackle
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this problem by introducing a new renormalization group ap­

proach that allows one to calculate with the symmetric the­

ory lagrangian and "leapfrog" from the unification energies 

down to mass scales where one can safely use the low energy 

RGE's for the low energy coupling constants. The effect of 

this leapfrogging manifests itself in the appearance of 

certain constant terms in the initial values and which sum­

marize the threshold effects, while, at the same time a- 

voiding the ambiguity in the coupling constants.

Some work along these lines, has also been independ-
Rpf 35

ently done by Binetruy and Schucker ' * , and lately by

S. WeinbergRe^*^  and L. HallRe^’^ ,  who have used

functional techniques.

ii) The scalar Higgs fields introduced for breaking the

symmetry from SU(5) down to SU(3) X SU(2) X U(l) and then

down to SU(3) X U (1)ReEs*^'18 also pose a difficultyem
in the calculation of proton decay; the first and most ob­

vious difficulty, comes from the fact that since an SU(5)

gauge theory with a vector and an adjoint of Higgs is not
Ref 39asymptotially free * , there is no guaranty that per­

turbation theory is valid at high energies; in principle 

one could say that one could adjust the initial values of 

the coupling constants, X ^ , in such a way that at the 

energy scales where the gauge couplings unify, the X ^’s 

are arbitrarily small and hence insure the validity of 

perturbation theory in the Higgs sector. However the re-
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normalization group equations satisfied by the 's are 

non-linear equations and it is not clear that any set of 

initial values will doRe^*4̂ .

There is a further problem: suppose that, indeed, one 

has been able to solve the above problem, then, for ener­

gies much below the unification energy, M , the HiggsX
coupling constants will also split into several coupling 

R 0 f 41constants ’ . For example, consider the coupling

in the SU(5) symmetric lagrangian,

2±(t> 4>*)a'4

where $  is the 24 of SU(5). Upon the breaking, this cou­

pling "breaks", splits, into several quartic couplings,

^ 2 2  (<pj <p{ )*■ +  ? +  hz* ) C « f

+ *.3S f i - J C K i V i )  4-

+ ̂ «ss ^

where , and w  ̂  are respectively the SU(3) and SU(2)

adjoints in the 24 of SU (5) and K* are the "off-dia-3.

gonal" components mixing the above two. (Here i,j= 1,2...,
*

8 and a,b = 1,2). it is clear that making the pleiades of

split couplings converge into their SU(5) values is not a

simple matter and there is no a priori reason why that, if

at all possible, will happen precisely at M or even
x *

within a few orders of magnitude; it looks more like if one
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had to do a very fine tuning of the initial values of the 

couplings in order to achieve such a "feat".

We have tackled this problem (or rather the high energy 

end of it) by imposing the so called eigenvalue condi­

tions1*6^ ’  ̂ on the symmetric A .'s, i.e. we have made

all the Higgs and Yukawa couplings appearing in the SU(5)
_  2symmetric lagrangian respectively proportional to g and 

g, the SU(5) coupling constant. This, as is well known, 

has the effect of restoring the asymptotic freedom of the 

theory and at the same time guarantee that the quartic cou­

plings will go to their SU(5) symmetric values at M . By 

imposing these eigenvalue conditions, all the coupling con­

stants in the theory are determined in terms of only one 

coupling constant, g, which in turn is determined in the 

SCJ(5) model by the strong and electromagnetic couplings, 

and hence one can calculate everything,(there only is one 

mass scale as a consequence of our renormalization pro- 

gramRe^*®; see also Appendix G) including mass renorma­

lization effects of Mx , which we will as well include.

iii) It has been shown by Ellis, Gaillard and Nanopou- 

los in Ref42 ,froin cosmological considerations, that the

mass of the SU(3) part of the 5-plet of Higgs must be of 
—2order g M ; this is substantially higher than the limitX

-5imposed by proton stability, m <̂ 10 M . It will beri X
ppf 2*3shown that as a byproduct of our new RG analysis

and eigenvalue conditions and tire requirement that the
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S U (3)XSU(2)X U (1) symmetry be respected at energies immedi­

ately below grand unification, we automatically satisfy 

this requirement. However,* the question remains as to how

the SU(3) will remain unbroken as we come down in energies
2whereas the SU(2) breaks at energies of 0(10 GeV) so as 

to give mass to the W-gauge bosons of the standard SU(2) X 

U (1) model. Research along this lines is in progress and 

we expect the effective mass of the SU(2) part of the 5- 

plet of Higgs to change sign and become negative and there­

fore break the symmetry down to SU(3) X U(l), while the

triplet part remains with a positive mass, but we don't
Ref 4 3have as yet any final results ’ ; here we will simply

assume that it happens.

The remainder of this work is organized as follows. In 

the next chapter, chapter 2, we introduce a new renormali­

zation group analysis1*0  ̂* ̂  especially designed for gauge

theories with spontaneous symmetry breakdown that takes ad-
T> 0 £ 44vantage of dimensional regularization * and its asso-

D p f  4 ^  D p f  4 f iciated minimal * (and variations ’ ) substrac-

tion scheme, and present the results of its application to 

SU(5). In chapter 3 we discuss the asymptotic freedom pro­

blem and introduce an SU(5) modelRef ’̂  that is asympto­

tically free and within which we perform our calculations.
Ref 47In chapter 4 we present the calculation * of the RGE 

for the proton decay matrix element. Finally, in chapter 

5 we discuss how we performed the proton decay calculation
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and present the results.

In order to afford continuity and not to abuse the 

attention of the reader, we* have included the most tech­

nical details in a set of appendices.
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C H A P T E R  II
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NEW RENORMALIZATION PROGRAM.

In this chapter we introduce a new RG equation for a
Ref 23spontaneously broken gauge theory ' . Before dis­

cussing the actual renormalization group equation (RGE) we 

want to specify the renormalization procedure that we will

follow, namely the minimal scheme of ’t Hooft and 
pe£ 4 5Veltman ’ : here one starts with a bare lagrangian

, which contains all the kinetic energy and interaction 

parts for the spin-0 , spin-1/2 and spin -1 fields, includ­

ing the gauge fixing terms and the ghost lagrangian, in 

addition to any terms generated by shifting the scalar 

fields whose VEV is non-zero. Apart from these terms the 

lagrangian ^ , does not contain any counter terms, fur­

thermore all the coupling constants in the gauge sector, 

and in the Higgs sector have their symmetric (say SU(5)) 

values and they are the bare quantities.
r—We will call I the 1PI n-point Green's function

that is calculated in perturbation theory from this ^ ;fc>
and it will contain divergences that one can regularize by 

using a gauge invariant regularization procedure such as 

dimensional regularization; its dependence on the different 

parameters of the theory will be

T  - n r  s . <2-1>
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where p denotes the external momenta, g_ is the set ofD
bare coupling constants, MD the set of bare masses andO
°< is the bare gauge fixing’ parameter.

Ref 4 5In the minimal scheme ' , one extracts the diver-
r>u by defining the renormalized parameters as

follows

s/a ^Z * '2. —7 — 4
3 \ *§ 1 . (2 .2a)

M o  --> M y = (2 .2b)

c<R — ■> o<B (2 .2c)

A A
where and Z^ are the gauge boson wave function re­

normalization and the vertex renormalization constants, 

respectively; they only contain the typical 1/e. part as­

sociated with divergent quantities in dimensional regulari­

zation. (Here €= 4-n, where n is the dimensionality of the 

space-time).
• r—Then we define the function * Y as

C"' ̂  S B > * R ) (2.3)

which is a finite function of the renormalized parameters
A

9r* Mj., oi r , and Zq is the 1/e part of the pro­

duct of the wave function renormalization constants of the
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external legs. By construction

- z .  ( 2 - 4 )

where we have understood the 1/e as log in terms of
a regulator mass /yRef*48^

From now on we will always mean by 1/e the quantity 

V £  ■+■ Vz C- X + L°g 4rc )
Ref 4 9with y the Euler-Mascheroni constant * ; that is we will

Dp £be using the so called "truncated minimal scheme"

Since we are using a mass independent regularization
Aprocedure the constants Z do not depend on the masses and, 

the procedure, respects any symmetries which are broken in
Athe Lagrangian only by mass terms. Therefore, the Z's are 

given by the original, symmetric theory .

It is clear, that although we have succeeded in making
r oo
r finite, they are not as yet normalized for on-shell ma­

trix elements, so that one needs to perform an additional, 

albeit finite, renormalization, through

q,p.)* cze) z gv,^, (2.5)

where Z^ is the finite external wave function renormali- e
zation constant and Q is the substraction point; again, by 

construction

z e = s-r,K » , * r , r O -  (2-6)
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Then, all the symmetry breaking effects are "buried" on Zc ,

since it is Z that depends on the mass M =g v . -------------- e-------- ---------------------r— r—r
We are now in position to derive the RG equation. By 

wr iting

h a. r«.o = K a. [ zr/2 r -  ] <2 • ? >
one obtains the equation

JL

(2.8)

where we have introduced

I* '§oA
A

4- —  u. -S_ Hop
Ss.A z ^  ^  S

(2.9 d )

r-l*0By scaling the momenta in I , and using traditional di-K
mensional analysis, one has

. ^ *■*» r~  /
= h  1 R. , M*/ * Q /   ̂ 1 )

(2.10)

and applying the "dimension"counting operator"
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+  V- :nr (2 .ii)
•O ')with eigenvalue d (the canonical dimension of P \),n R

we have

r k  -h p_ jl. .+• h y _L a>* r- d{Jl_ ^
(2 .12)

O-CivV] ̂  ^C^P, %*■> My J pj =
which combined with our previous equation gives

I " - * d  +  B ~ — -  C l  +  - 1 _  _L av* r a gY 0 "  3 H r

(2.13)
—  2 v o (  +  <J _  H.'y

* So(v ^ r O p ,  M.) = or-

which is our RGE for a spontaneously broken gauge theory.
Re f 50Following standard procedures ’ , we can write the

solution to this RGE as (t= logic) 
oo

(2.14)

with

3 f * P  ■ S ^ ' S r  ( 2 ' 1 5 a )

^  = _ U + Y M > ^  MCo}s K r (2.15b)
dfc

*to}=o<v . (2.15c)
dt
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Several comments are in order here:

a) by introducing a quantity, M  (.*)

(2.16a,

we see that

(2.16b)
Cjt

and since is a polymonial function in
— 2g (it is calculated in perturbation theory), 

it follows that M.(t) can at most grow as a pow­

er of t, and hence the exponential behavior 

dominates in M(t). Then, for t large and posi­

tive (i.e. large energy scales) the effects of 

M(t) tend to disappear, whereas for t large and 

negative its effect is to decouple the massive 

loops.
~ 4b) the function y of (9d) is of 0(g ) instead

of 0 (g^) .
A

The reason is that the p- dependences of Zg 

and Zg are identical but opposite in sign,
Jrv)

sincel^is independent of p. .

c) The functions , y , y ̂  are all to be cal­

culated in the symmetric theory. This is be­

cause they are determined by the Z ’s.
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Finally, our result carries with it the following rules 

to calculate fully renormalized matrix elements with exter­

nal momenta p=etp°:

1) VERTICES, are those generated by the symmetric 

lagrangian with g(t) replacing the original, 

bare coupling constant;

2) MASSIVE particles propagate with an effective 

mass, M(t), instead of the bare or renormalized 

mass; and

3) overall MATRIX ELEMENTS are to be multiplied by 

an external factor which depends on the canoni­

cal dimension of the matrix element.

For convenience, we will choose Q= p- in our applications.

In order to put in perspective the above discussion let 

us consider the case where we have an SO(N) symmetry in the 

lagrangian, and let us say that by an appropriate choice of 

Higgs the symmetry broke down to SO(n^)x SO ̂ 2) and let 

us pretend that we wanted to calculate the three point 

function for the SO(n2) sector of the resulting theory to 

one loop. Then, by using our result we would choose a ver­

tex proportional to g2 and do the calculation using the 

symmetric coupling constant g and whenever we found mas­

sive propagators we would use

p1 + Ft2-
and in the end we would end up with, after inserting the 

appropriate external wave function renormalization con-
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stants, an expression of the form 

 ̂ Sr , M-) =

+ (2.17,

where b summarizes the effects of any "heavy" loops,- f the 

effects of any "massless" loops and a are the constants 

that appear when taking the limit M »  p, f*., (in the corre­

sponding loop integrals) which means t large and negative. 

We identify (f ̂  M  r ,  ̂ p- ) with the coupling
constant g2 (t), take d/dt of the above expression, and,

3keeping terms up to 0 (g ), we get, remembering that 

M(t)=e_tM(t) ,

i l i  =  is. - _ s l  0 C i s ,
c i-t  d t  l& n ? - 2 "

(2.18)

or

^  + o c p s ) (2.i9)
db 16a1 z ^ *

where we have introduced b by A6IX.2- H  =_ Ja i 3 . We see thatdt 2 5
the effect on the RGE for the effective coupling g2 f of 

our taking the low energy limit, has been to "undress" the 

original SO(n) symmetric coupling by the amount correspond­

ing to the massive particles, since in b/2 are included the 

effects of all the particles in the original SO(n)-symmet­

ric theory; therefore

_ J  (-Z, + fej h  -  B,
46 n>
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(2.20)
can be identified with the p -function of g2 (since the 

symmetry was broken from SCf(n) to SO (n^) XSO (n2) , there 

is no coupling between the SO(n^) and SO(n2) gauge 

bosons), and write

for in B2 only the massless contributions to g2 renor­

malization are included.

In general we would have, for a theory gauge invariant 

under a group G , breaking down to X G2 X ....,

that, at "low" energies,

(2.21)

i -v c 0 b
(2 .2 2 )

for the G-coupling constant

and

(2.23a)

which implies

(2.23b)

for the G^-coupling constant.
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Here 'T=0, refers to some low energy point m, related to t 

by
t = - T  + -c -• t « loS(MvAn.) (2.24)

Then to one loop, our result says
, M r ,

= ix + i 4 ( kt - SC1V+.
(2.25)

and substituting (23b) and (24) in (25), we have

Cx) " a + A t e-Lx =
- ^ i + gx (- «-L - t»«,T -v- b;. x ) + —- ̂ =

C2.26)
= I 1 ■] + § l C a  ; + bt X ) + .., IS I S ' - u t .  J t̂Q one l00p)

where we have defined a.= -a.-b.T.i 1 1
But gx (t) has a simple pole at x = - 1/A^B^ and

therefore the RHS of (26) must sum as a geometric series,

Ai —i i= §   rr7----------   = (2.27a)4-+- A^B-x 1 — §x (jx-i -+- x)

 Cp 4 + Cq t> X
4-t-c0bx 1 + c0t x  -c„ (a- + b :t) (2.27b)

c-o /O — a.1 c<» ) (2.27c)

4 — <3-1 Co
(> - lo*. ) X
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and we can identify

A j . — i -  ; = ( 2 ‘ 2 8 )'-a-: c0 «■ c
These expressions provide us with an analytic relation be­

tween the low energy and high energy parameters of the the­

ory, in the 1-loop approximation.

We can re-express this in another, more familiar, form

„ _L _ t  •+ a:. (2 . 29 )
A: Co Co

or

U- too £Lr + sc. (2.30)o tyi. c

which, without the constants a., can be found in thel'
original work of Georgi, Quinn and Weinberg. The differ­

ence between their result and ours, the constants IT.,l '

summarizing the effects of crossing the threshold region 

where the substraction was done, (p= p. =. M r ), directly 

down to the low energy regions, where M »  p. We shall use 

them, extensively in what follows.

In the SU(5) model we will consider in this work, and 

which will be discussed in Chapter 3, the equivalents' of 

eq. (14) or (17) are, in the 't Hooft-Feynman gauge (see 

Refs.7,23,47)

rftCS0C3J) s^3tt)= §<*) _  ^  +°<S*> j (2.31a)
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(2.31c)

Here g(t) is the symmetric, SU(5), running coupling con­

stant, n^ is the number of generations of light fermions 

as defined in chapter 2, i.e. number of sets of 5 and 10 of 

SU(5) and s is related to the Spence function of argument

g^ are the "leap-frogged" or "undressed" coupling con­

stants corresponding to the SU(3), SU(2) and U(l) sectors 

of the theory.

These expressions can be written in a very general 

form, equivalent to a generalization of (30) to several 

gauge hierarchies. If the original symmetry, G, breaks 

down through a series of hierarchies, into 1! X
Dp f 0*3... G^ ..., then the equivalent of (30) is , in

the most convenient form for phenomenological applica­

tions, (i. e., we ignore in the Tfi contribution, terms 

of order log Ma/MHa / and 1°9 Mhl//Mh2' that
ratios of masses, for a given hierarchy and within a Higgs 

multiplet have been assumed to be of order 1)

e^ IX//3, its value is s=2.029884. Also, g3, g2 and
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Afcn.*' _ \ 6rtr
gZ {yn} +  /-!££ L3\f5I

(2.32)

Here, g^ is the coupling constant associated with the 

subgroup G., g is the original G coupling constant, M_1 a

is the heavy gauge boson mass in the a-th hierarchy, rl3
is the mass of the heavy scalars, and Mp is the mass of 

any heavy fermions; the different coefficients are group 

theoretical coefficients, defined below, and m is a low 

energy point satisfying the conditions,

where m^ is the mass (if they are going to acquire it in 

the next hierarchy) of the G^-gauge-bosons, and inland 

m^ the masses of the light fermions and Higgs.

The group theoretical coefficients are defined as 

follows

M »  m a

m »  m^

m »  mf , mh

°i=C 2<G i>' fiU C 2 < V =j?k £ijkEljk'
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ci~ Xa,Ya fiXaYafiXaYa'

ci + ?  ci = C 2 (G)'

Tr ( a 1<rj) = T(R) S ̂  ,

where cr 1 are the generators in the representation, (R) ,

according to which the Higgs or fermions transform, and

f. .. are the structure constants of G; also f ... .. are ljk lXaYa
the restriction of the structure constants to the "heavy"

directions X and Y .a a
For SU(N) we have that C2 (G) = N, and

R t h (R) T(R)
Fundamental 1/2 1/2

Adjoint N/2 N

Antisymm. 2nd. Rank (N-2)/2 (N-2)/2

For completeness we also include the RGE satisfied by g
d i V d t  ■* - §  4 (2.33)

where b is given by

U  ^  C a CG) “ T h CR-J - f  I  TCe)
3 3 î-VXVLCK.S

In the SU(5) model to be discussed next, the equivalent
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of (31) for the gx coupling is

r Cx)*i  - - i l  \ll
16a" L 2. S

R  -121 
r  7Z

lo H -f . -V

Sw - Z r ,
l=A

* + 1 t - J l i — L oo  VO - 
1 - ‘9. * L<L‘it A - It (2.34)

where

and
R._=3 ; lii a « / 3  i 5 A

•2.3® ; ̂  t̂ K / yŷ '(^<b ) J x v̂w1CflrJ

(for the definitions of ■p j< 60  ̂ and <T , see
Appendix C).

The above expressions, provide us with a connection 

formula from M region across the M -threshold andX X
into a region with some intermediate p. . <;< M .intGir X
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C H A P T E R  III



ASYMPTOTICALLY FREE SU(5) MODEL.

As pointed out by Gross and WilczekRe^*^ , and Cheng, 
Ref 3 9Eichten and Li ' , the presence of Higgs fields in the

lagrangian, tends to spoil the global asymptotic freedom of 

the theory; that is to say, while the gauge couplings may 

be asymptotically free, the Higgs self-couplings are not 

necessarily asymptotically free. In principle there is no­

thing wrong with this, for if the Higgs couplings grow with 
?increasing q , one can argue that m  order to maintain

2the validity of perturbation theory at those large q 

values, one could choose initial values of the coupling 

constants, small enough so that one would not have conflict 

with perturbation theory until one reaches absurdly high 

energies: in grand unified theories this would be at energy 

scales well beyond the unification region. This has been
Dpf 40the point of view followed by some authors ' . How-

ever, as shown by Chang and others ’ , asymptotic

freedom for all the coupling constants of the theory can 

be restored by imposing eigenvalue conditions on the Higgs 

and Yukawa couplings.

Wanting to keep the asymptotic freedom of the theory 

could be taken even as a matter of, something as vague as, 

taste; but there are a few bonuses one gets by imposing
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eigenvalue conditions, (apart from the obvious one of guar­

antying the validity of perturbation theory in all ranges 
2of q ), like for example having only one coupling con­

stant in the theory and therefore considerably reducing the 

number of "free" parameters and improve the "calculability"

of the theory. The other advantage one gets is that, as
Ref 51shown by Mahanthappa and Lemmon ’ , imposing eigenval­

ue conditions is equivalent to vanishing wave function re­

normalization constants for the scalar fields, one of the
Ref 52conditions for compositeness ’ , and therefore makes

contact (albeit in an admittedly vague way), with the no­

tion of composite Higgs that are being studied today in the
Ref 53form of "technicolor" ' (according to Bjorken, this

TMshould be called "Eastmancolor " in this part of the
D p f  R 4country.. * ), "color tumbling" and so forth.

In this chapter we present an asymptotically free 
Ref 8SU(5) ’ theory that has asymptotic freedom and yet its

low energy structure is the same as the one of the standard

SU(5)Ref'^5 theory of Georgi and GlashowRef'3.
Ref 39As shown by Cheng, Eichten and Li * , the quartic

couplings of an SU(N) gauge theory with Higgs in the vector 

and adjoint representations cannot be asymptotically free 

unless N ^ 7 . One way to bypass this, is to introduce

additional fermions in the theory and take advantage of the 

fact that the box diagrams with four external scalar legs 

and a fermion loop contributes negatively to the RGE of the



scalar quartic couplingsRe^ ’^ ; if, in addition, we want 

the low energy phenomenology of the model to be unaltered 

these extra fermion degrees' of freedom must be very mas­

sive. We did just that with the SU(5) model.

After trying- putting the heavy fermions in the 5 and 

10 of SU(5), the 5 and 15 and not being able to find any 

eigenvalues, we found that by putting the heavy fermions 

in the 5 and of SU(5) we could satisfy the eigenvalue 

conditions.
Ref 57The model ' is described by the lagrangian

^  s . i T ,  o r  k  -

- I If. H - if H I _ J. TV - if C A|», ).
-sL~-u-.s i ^  V r + - I v y V M
+  T r  T r 4 > 4 -  *2. C H +. H  )l

Z A Z. A
+ H* H - 2U H+.H * T _ *£ H+4>x HZ Z 3.
-Vz k Hp +W..C.)
- ( u ' A )  t o ( ( i r ,  c - 4 M* +  k . c . )

Here A ^  represents the set* of 24 SU(5) gauge bosons



and tJ* are the standard SU(5) fermion multiplets R 1 L
in the 5 and 1£, (vector and antisymmetric second rank ten­

sor); Dj, represents the appropiate SU(5) covariant deriva- r
tives; 4* i-s 24. of Higgs and H the 5-plet; C is the

Dirac charge conjugaton matrix and x. an<̂  ® are t^e extra 

fermion fields transforming as the 5 and the 2A_, respec­

tively. (Cf. Appendix C).

Given the above lagrangian one can calculate the renor­

malization group equations for the different couplings.

The result is given in Appendix F.

By substituting

with proportionality factors A  ̂  , GC ̂  and SL  ̂ into
the RGE's we can reduce this coupled system of first order

quasi-linear differential equations into an algebraic

system of coupled quadratic equations in A  X  i
and n .. The real solutions to this system are the x
eigenvalues.

If one looks at the RGE for g(t), the effective SU(5) 

gauge coupling constant, we have that in order for it to 

be asymptotically free, the condition
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has to be satisfied. It is interesting to notice that if 

nc > 2, then n„ is fixed to be 1, so that asymptoticL r
freedom for the SU(5) coupl'ed together with the observed 

fact that n ^ > 2, demands that at the most we have only 

one set of heavy fermion fields. The maximum n^ is 7.

To obtain the eigenvalues we put the algebraic equa­

tions in a computer and did a global search for solutions 

by varying n^. The subroutine we used was ZONEJ from the 

BELL'S SYSTEM PORT SUBROUTINE PACKAGE, which is rather fast 

and efficient, and very well taylored for this job. For a 

given nf, we computed all the Yukawa eigenvalues, and 

then for each set of Yukawa eigenvalues we computed the 

corresponding eigenvalues for the Higgs self couplings, 

discarding all those eigenvalues that did not satisfy the 

stability conditions of the potential. (See Appendix D).

As a practical remark, we would like to point out that 

since in this particular subroutine one has to give initial 

guesses for the solutions, one needs to devise a method of 

giving them; essentially one has two choices: either treat 

all the couplings "democratically", i. e. give them all an 

initial guess and let the iteration procedure in the pro­

gram do the "fine tuning", or treat them "hierarchycally", 

i. e. give a guess for one coupling and set the others 

equal to zero and let the machine do its homework. We 

found that the "democratic" method worked better and much 

faster, even if your initial guess is very different from
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the actual root. Of course we built into our program the 

capability of automatically giving initial guesses within 

rather wide ranges, so as to not miss solutions. Although 

we had all these refinements in our program, it still took 

an average of three hours of CPU time to get the eigenval­

ues, for both the Yukawas and the Higgs self-couplings.

The eigenvalues we found, classified according to the 

number of light fermion generations with which they are 

associated, are given in table I.
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C H A P T E R  I V
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CALCULATION OF THE RENORMALIZED PROTON DECAY MATRIX ELEMENT

In chapter 1 we discussed how proton decay takes place 

through the process

U2L + dlR — '* eR + U3L ! (4'1)
in this chapter we calculate the corrections to that matrix

element using our previously discussed renormalization pro­

gram. The goal is to obtain its RGE and its initial value 

just below unification.
Ref 4 5By the minimal scheme * , in the 't Hooft-Feynman

gauge, one gets for the process (1),

that order. The factor of 1/2 appearing in front of the 

matrix element comes from the l/\f2 that appears in the 

fermion lagrangian, in the couplings of X to the fermions.

Following our renormalization program, and multiplying 

by the external wave function renormalization constants 

and, for convenience evaluating at momenta p°et, we get

<Xr J si - k.u-(.p2-)ylxLu.£.P^.
(4.2)

where ]> are the finite mass correction terms, a
C 4*to p4 are the momenta of u ^ , U3L * an<3 eR , in

and p^

' s V * ^
(4.3)
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3L

U.

la

where gx is the coupling constant of the X gauge bosons

to the fermions and satisfies the RGE given in Appendix E ;
r\

also v n *  is defined in App'endix H and satisfies the RGE

that is calculated there, 

and corresponds to the mass of 

the X gauge bosons at energies 

below unification, when the 

symmetric, SU(5) coupling con­

stant has already split into 

the coupling constants for 

SU(3), SU(2) and U(l) and, in

the case of fermions, gx.

We now study the one-loop 
4corrections, 0 (g )-terms m  

(3), to this matrix element in 

the region where the SU(3) X 

SU(2) X U(l) symmetry is valid.

The graphs to consider 

are shown in figures la, lb, 

lc and Id, which represent 

the exchanges due to the 

SU (3) , SU (2) and U(l) gauge 

bosons.

These graphs when calcu­

lated in the limit when the

ix

lb

u.3L

lc
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effective mass of X is very 

large compared to any other 

momenta, give the contribu­

tions, ignoring finite parts, 

listed in equations 4a to 4d., 

4d., where as usual g^, g2 

and g^ denote the coupling 

constants of the fermions to the U(l), SU(2) and SU(3)gauge 

bosons.

3L

Id

Fig. la

Fig. lb

Fig. lc =

ig. Id -s ----- G  f n 1 ^ _B_ o 1 T LooI6ril ( 15 3 ^  j 5 h Z

(4.4a)

(4.4b)

(4.4c)

(4.4d)

With these graphs evaluated, we now proceed to obtain 

the RGE for G. By definition, (cf. (3)), in the low energy 

limit,

G  s Jl* + O U 4) (4.5)

where 0 (g ) represents the above corrections. Then by 

taking d/dt of (5) ,

(4.6)£ g  . _j  d sl  _  Sx3- i d J _ 0 (g4’)
dt ~ cyri1 d t  eftix d t dt



-52-
and upon using the results in Appendices E and H, for 

dg /dt and d ‘77l2/dtr we have

16 n.1 j ... oir^.oz + 3i. 4. S. oz 4.2. n, p1 1 _dfc Or? L S ' z *■ 3 3 3 *=**]
--Jl£_ +r_id. <?i - ez - —  e!-1 G-‘Tn1 3 L *s ‘ *• 3 J

or

I  S* " A^]  . (4-7)
as the low energy RGE for G when the SU(3) X SU (2) X U(l)

symmetry is valid.

For the region where the SU(2) symmetry has broken down 

to U (1), the only contribution from the SU(2)-gauge bosons 

that survives is from W°, which changes (4c) into

 1  G  -1 —  e 1 + <s.z \ —16a1 I 5 ^  J * u* (4.8)
16a1 t 5 J p*

and repeating the same steps that led to (7), but using the

similarly modifed equation for g , one obtainsX

\tnx ^  = G-dt
- M Q*" — jL o 1 — 4 P 1^ 5 , z ^  53 (4.9)

as the RGE for G in the region where SU(3) X U(l) isem
the valid symmetry.

For the actual calculation of the proton lifetime we
r-C4)will also need the high energy (symmetric) limit of I .R

This is easily obtained by noticing that in that limit

g^= g£= 93=9 r so that, and using (2.34),

F ^ C s r n )  = - f  u.y^u.u.y^.u. j S ^ j .  + OCf«> ̂  |
. 0

= [ T -  - | ^  X  l°s ^ l  ^  0 C ^  ,L 16a1 2. f  J 'svh

(4.10)
WM.

^ • piu I f*.K.
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~2(where M was defined in (2.16); see also Appendix G), 

or

M)=-i - _ l | § * _  3 ^  ^  u,gEl] (4.11)

from which we can extract the initial value (cf. (3))for G,

(4.12)

r  1 J

which we will use in the proton decay calculation,

m
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C H A P T E R  V
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SECTION 1: CALCULATION OF THE PROTON LIFETIME.

The strategy we follow to calculate T is very sim-
Re f 30pie. I-t essentially consists * in the integration of 

the RGE for G from energies below grand unification down to 

energy scales of order m^, and use the resulting value of 

G, at order m ,  in the formula given by BEGN1*0^*1  ̂ with
IT

Ref 26the modifications of Jarlskog and Yndurain

In order to carry this program through, we first need 

to know the unification mass, M , and the initial valuesX
of G, g^, g2 an<3 (because the equation for G contains 

terms in q^,q^,q^). We also need to know the value of the 

symmetric coupling constant at high energy (unification 

mass). We now show how we do each of these calculations.

To calculate M , we can proceed by using our RG re-X

suit, established in chapter 2, and write down a formula 

for the log of M ; this formula, as mentioned there, con-X

tains all the threshold effects. We will use for input pa­

rameters, o< and o{ as measured at low energies, s em
where the world is no longer SU(3) X SU(2) X U(l) symmetric 

but SU(3) X U(l)em symmetric; hence we will use the two 

hierarchy formula: one hierarchy for' the breaking from 

SU(5) down to SU(3) X SU(2) X U(l) (the. first hierarchy) by 

giving a VEV to the 24 of Higgs -and another to go from
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SUP) X SU(2) X U (1) down to SU (3) X U(l) (the second 

hierarchy) by giving a VEV to the SU(2) part of the 5-p.let 

of Higgs. Here, of course,* we will be consistent, and in 

accordance with the model we are working with, will, at the 

level of the first hierarchy, consider all the Higgs and 

heavy fermions, degenerate in mass with M , which is trueX
up to proportionality factors of order one. For the second

gauge hierarchy we will assume, as mentioned in chapter I,

that the SU(2) part of the 5-plet has evolved from its 0 (M )

mass down to a mass of the order of the mass o f •the W— 's

which we take to be 83 GeV, and in the meantime the mass of

the SU(3) part of the 5-plet has stayed at a value of, at 
_2most, 10 Mx . We take care of these effects by introducing 

the parameters

By taking these remarks into account, and using (2.31), one 

arrives at the formula

(5.1)

and

(5.2)

An. 4rt 11 to* Mat _

(5.3)
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from which, by giving input values for era and ats
m, we can determine M x . (For typical values of f 2 anĉ  

f the constants and the log f2/ f 3 term have the effect 

of reducing M„ by a factor of 3.1)." X
To obtain the value of g at unification, we use its re­

normalization group equation and, for example, the equation 
2for l/g^(m) given in (2.32) , with, again the same input

value for (m) .s
We are now ready to obtain the initial values at a scale 

Pinter below unification, for G, g^, g2/ 9^ by simply 
using (4.12), (G.12) and (2.31a-c).

Now we discuss the question of taking the different 

fermion and W-threshold effects into account in the inte­

gration of the RGE’s. Let us write the system of equa­

tions ,

(5.4a)

(5.4b)

(5.4c)

There are two remarks concerning this system of equa­

tions (5.4), as written above, tine is that we have taken
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_ 2the derivative of q. instead of g.: this is because31 l

with our integration routine (HPCG of the IBM Scientific 

Subroutine Package LIBrary)* they worked better when doing 

the numerical integration, this is related to remark three, 

below. Two: In the right hand side of (5.4b) and (5.4c) we 

have written 44(0) and 9/2(3/2) respectively: this is the 

value of those coefficients when the symmetry further 

breaks from SU(3) X SU(2) X U(l) to SU(3) X 0(1) . And

the third remark is that we will consider n^ to be a

function of t, the scale parameter, as well; we explain the 

last two remarks in detail in what follows: they have to 

see with the inclussion of W- and fermion-thresholds.

Suppose, for example, that we consider the low energy 

RGE for g^ in a region where p »  mf , the mass of 

any of the fermions counted in n^, in this region the 

equation reads

U n .1 £s» _ ±  *. (5.5)
dt 3

that we are integrating from R^ down ' to region R2 

«  m^ (m^^ is the most massive of the fermions 

then for region R2 , (5.5) should read

^rxx ili - ±  C*_,- 4 )<?3 (5.5b)
dt 3 *

Imagine 

where p 

in nf),

In order to take into account this, let us say, "passing
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over the fermion thresholds", we might interpolate n^ 

with a formula such as

Ct) = - 2  ----- ------
i 1 + (S pV**v* (5.6)

where n^(oo) is the number of fermions at very high ener­

gies, and, the sum extends over all the fermions that we

would consider as very massive (the i-th fermion has mass
2 2tnu ) compared with p =e

Equation (5.6) is nothing but a poor man's way of writ­

ing one minus the Heavyside function, and it is interesting 

to notice that it is similar to the formula obtained by 

Georgi and PolitzerRef’21 by using the mass-dependent RG, 

only that they gave the value .2 for [3 ; for reasons that 

will be explained later, our best value is closer to .3.

We shall treat the W-threshold problem in the integra­

tion by a similar procedure, introducing another parameter 

(cf. 5.7b -and 5.7c below).

For the record, we write down the RGE1s that we use in 

our integration subroutine

46n*_±.(.L Z2 - 2  «..£*) (5.7a)at Is;; 3 *

w i - f J L  u  44 A  --------   \ - Z (5-7b)= 4 £  A  -  ---------   . - —  \  - Z  n .£ C t )Lgf J 3 \ \ elfc/>v<?a / 3 f

a1 —  ( J L  ) =. - —  n., Ct) (5.7c)

t * -  « I  -  A *l
(5.7d)
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To determine JS and Ji ̂  we did the following. Given

a certain value for ot (m) and <*„(m) at a low energyem s
scale m (cf. Appendix I), typically 6 GeV, we determined 

Mx , and g(Mx) by the procedure described before, and 

also the initial values of G, g^f 9 2 1 9]_ at in Prin­

ciple, arbitrary P^nter* Then we gave arbitrary values 

to p and |J ̂  and set the masses of the as yet undiscov­

ered "light" fermions (in a sense the average mass of the 

3rd generation) at a value of 30 GeV, and the masses of the 

remaining (up to n^ (00 )) generations in the sequence 300 

GeV, 3000 GeV, etc. We started integrating down from uni­

fication and we compared the result obtained by integrating 

the system (5.7a-d) to what one would obtain if using eqs. 

(2.32), choosing those values of |5, p  ̂ and P^ter 

that did the job with the best agreement between the two 

procedures. The agreement for our best values of p and p ̂  

was typically better than 98%!!!

The method is rather sensitive to the values of J1 and

being more sensitive to p^than to : for a given 

average value of the mass of the third generation and m̂ ,, 

a change of .15% in p typically gives agreement to only 95%, 

whereas a similar change in gives agreement to just

90%.

For our best values p = .27 and p^= 25, the dis­

agreement between the two procedures at some selected val-
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ues of p , in the case n^-5, were

p(GeV) = 3.0 X 10y ____ = .93

p(GeV) = 9.6 X 105‘____ = 1.06

p (GeV) = 9.6 X 10 4___ = 1.29

P (GeV) = 9.6 X 10 3___ = 1.20

p(GeV) = 9.6 X 102___ = 1.12

p(GeV) = 9.6 X 10 ___ = 1.10

After obtaining the value of G at m , we simply putJr
this value in the lifetime formula of BEGN as modified by

Jarlskog and Yndurain. These modifications consist of

including muons and strange particles in the final state,

one-quark and three-quark fusion (BEGN only included two-

quark fusion) and allowing for a 4% decrease in Tp for

Cabibbo suppressed decays. The results we obtained are

presented in Table II, which corresponds to a 14£oJj(see eq.

(1.19)) of 8x10 3 (GeV)3 , as used by Jarlskog and Yndu-
%

rain; however, other values of H(°)l exist in the literature
-1 3Ref 89which place this value down to (4.3-2.8)xlO . (GeV)

-3 3or 1.1x10 (GeV) as in Ref. 60, and therefore give a 

longer lifetime.

The lifetime corresponding to a Arrs of .4 GeV and for. Mb
three generations of light fermions (we used the same p and 

for all n^ from 3 to 7), is

9 14 inM =8.9x10 EeV-8 .9x10 GeV, x  =5.1xlOJU years, x p
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SECTION 2: CONCLUSIONS AND COMPARISONS.

We have presented a calculation of the proton lifetime 

in an asymptotically free SU(5) model. To avoid the pro­

blem of uncertainties in the values of the coupling con­

stants below unification, we developed a new RG analysis 

which by exploiting the minimal scheme provides one with 

initial values for the coupling constants away from the 

thresholds, whose effects show up in additive constants in 

the initial values of the coupling constants of the effec­

tive gauge theory. Since due to the eigenvalue conditions 

in the Higgs sector all the parameters of the theory are

calculable in terms of and <* , we have been ables em
to perform a complete calculation, except for the assump­

tion of gauge hierarchy. The value for x that we obtain 

includes mass renormalization effects, and due to the small 

discrepancy between the values we obtain and those of 

others (see below), we conclude that the mass renormaliza­

tion effects play a very small role in the value of 

this is reinforced by our check on the validity of the 

theta-approximation of Ross.

We now do some comparison between our work and that of 

some other workers Refs. 33 and 34, choosing our result for

a of .4GeV and n,=3.MS f
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The results are,

M (GeV) (years)A P« i a nGoldman and Ross 4.4x10 (1.6-200)xl0

Marciano 6.3xl014 (3.2- 60)xl030

Ours 8.9xl014 (5.1-37)xl030

Here our first value corresponds to \'♦(«»)) = 8x10 (Gev) 

and the second to the value obtained by using Finjord's es­

timate for KfoJl2, Re *̂ ^0 of 1.1x10 3 (GeV)3 , which is the 

value used by Goldman and Ross to obtain their first quoted 

Tp of 1.6xl03  ̂ years.

The difference between our value of x and GoldmanP
and Ross' shows the combined effects of having asymptotic 

freedom and mass renormalization most clearly. Their mass 

value is 1/2 of ours which means their lifetime (first 

quoted value, the second value they give is based on an es­

timate of errors), should be about 1/16 of ours, however it 

is only 1/23 of ours, which means that the combined effect 

of asymptotic freedom and mass renormalization of M isX
to increase the lifetime by a factor of about 1.4.

For the case of Marciano, we can compare the masses.

His value is based in a theory whose SU(2) doublet of Higgs 

in the original SU(5) 5-plet remains massless all the way 

from unification down to mw ; since he did not include 

threshold effects coming from the first breaking,these 

effects and the assumption on the Higgs doublet conspire 

so as to give an M very close t?o ours.X
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The fact that each of the calculations has different

effects taken into account gives us an idea of where the

proton lifetime should lie,* and from the above values, and

if there are only three generations of "light" fermions,

and Ar-s is . 4GeV we can conclude that if SU(5) is the MS ---
theory, within a few years (while data is collected), see 

Refs.6,15, we will see a decaying proton with a lifetime 

between 10^  and 10^  years.
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A P P E N D I C E S
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APPENDIX A 

THE 24 A  'S OF SU (5) .

Here we show how to write the X 's of SU(5) in their 

five dimensional realization.

For , °< =1,...,8 we simply take the eight Gell-Mann 

SU(3) matrices enlarged to 5x5 dimensions:
”  O 1 o o o o -L o o o

i o o o o I o o o o

* 1 3 0 o o o o V 1° II o o o o o

0 0 o 0 0 o o o o o

0 0 o o o o o o o o _

A o o o o' o o ■» o o

0 -1 0 0 o o o o o o

*3 = 0 o o o o II 4 o o o o

0 o o o o o o o o o

0 o o o o_ o o o o o
' 0 0 -L o o o o o o o

° y o o Q o o o ■I o o

*s 3
i o o o o o 4 o o o

o o o V o o o o o o

o o o o o o o o o o
~  0 <3 o o o o o o o

o o -L o o o o o o

^7 " o o o o ~x - 1 o o -z o o
o o o o o o o o o o

_ o o o o 0 . o o o o 0
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These 8 matrices represent the SU(3) subgroup of SU(5) 

For the SU(2) subgroup we just use the Pauli matrices in 

entries 4 and 5:

O  - C

i o

~X |2.=

We already have three diagonal matrices, Ag, Ag,

^12' t*ie ^ourt^ (SU(5) has rank four) can be constructed 
by writing

V
a.

so that it is proportional to the identity in the SU(3) and

subspaces. Then from Tr (\) = 0 and
' 4 0 0 o o
o i o o o

n j--V15
o o 4 o o

0 o 0 03?i

o• o o io

The remaining twelve X's can be written in a way

similar to the way we wrote X to A ^ , i e . :

V o,

I © o
O  O  o

I o
O O 
O O

L O O  
O C Q

— t o
O O 
O  o

O I
o  o  o 0.
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O

O i 10

0, o o o . ©  e>3 o o V - 3
o o

© o o o. O  O  O
1 o o

•
I O  O Z

O o o o
o -I °3 o o

A = } = £
zz. o o o 1

o o o 0 O  o  Oo L o o o »

o

o

o

©

These 24 matrices, when multiplied by 1/2 satisfy the 

standard commutation relations of SU(5) and are its genera­

tors in the vector realization.
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APPENDIX B 

THE LIGHT FERMION LAGRANGIAN

In the SU(5) model of Georgi and Glashow, the fermionic 

part of the lagrangian is given by

^  + t  S A r 11 ■'L~ (B’1>

i O - V W  V

+ V  C' V ”^  *

where the ^ 's are the matrices of appendix A, h (* is the 

5-plet of Higgs, C is the Dirac charge conjugation matrix,

If,, ,and t'ie totally antisymmetric tensor in 5

dimensions. For reference purposes we write in detail the 

fermion-gauge- boson couplings separated into the SU(3), 

SU(2) and U(l) parts and the X and Y interactions. We also 

write the explicit form of the Yukawa couplings. We will 

not combine terms like d y e + d y^j^e into dy^e,

because due to the separation in the Georgi-Glashow model

of the R and L components into a 5 and a 10 , it turns out 

to be more convenient to have the lagrangian separated as 

given.

+ ±  0-t (B.2)

+ j 'M®)yr i.u-,ce) -  x  n l tei y^u^cej  

+ -i-3, yrt_ciA - -i- 
+ J  3, ^  _ 1  Yp.c.
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I 77;s ?r {~  CL/ e) -
+ a , r ^ M

UL y Lt
\fr ’ -r  yr 1 ^  1

lS ?£ { *»<*> Vp-u u , t»J _ u.,- Vru «̂ Z +
+ <*». /fu. **1 + j==r â. Vp.u ̂ 1 ̂

+ lS K P~ \- y r -a -1 ;Lr»/T ”  *^U
i-jt -»^r •‘J k '1! ^yr

i.g Vd̂ , ŷ .1. w-j * -~7 ^3 C®̂  y^u u.-t̂ ®J-*-

+ ^3 y^u <i| ■*■ ^=r ^3 ^1 ^y r

i§k |I0 J- ^  yru «-x +-L«-xC&) y^u u.3 c&> +

+ lS k V  1" ^  ^  V>- "3 iTT ■̂*"3 ŷ -u ̂ a.

~  <̂ 3 yhu Ja. ^^==- <*3 Ŷ r. da }yr fT (f-R.

+ t
* • * 1 * 5 . ■l I®) y^u«-: - -L- ^ 3 <-0) ŷ u ̂ 3  <®> -x * 3

“ ■3 1 ^ 3  +
■Lff :cl vTT

• g r S  d; y^ d; - j r  J * v  J >
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^ (SUU)) = 4. i% ULLC6) - i. X  5; u d; (B. 3)

+ JL

I. 5i V 1*1® 1 + Vr *•**• *■" 5
+ '«•§ W *  \ _L £  ^ce) y^t Jc + -A- e+ y A V  ̂

ih.Cs, vz

-dCuco) = + ^ B   ̂* Z  Y^u.- -J-I  ̂ Lte> y uu:c») (b.4)
Vis I*' 2.VIS **> r

-  4
ztfis

0-1 f.

3 __

. 3
/Iff *+ r̂ . z/Ts

z
, 3 
i/i? v  vr * V 1

^CX) = •♦• lex Z 
i = »v 1 - £  e‘> “•j Yr<- ^ e >  +

«- _L_ 
f x JlV e’ * ^  i

3

»5l ■t ^r *:jvc^^CO)|frt U.je +

3
4 -i_vr S+ »Vu Jc * £  *+ ir*. ̂  t

*L (Y)■ * ^ ZL*l
Y.' i - j =  ^ ^ 3  ^  a * "

/r / r

^ £ x v  I - j F  d k  ^\fz 

A -
*T ' { T

(B. 5)

(B.6)

<1 W l * -A- YVt 4; J
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In eqs.(2)-(6), we have embedded the SU(3), SU(2) and 

U (1) as follows. Define

V ” (B-7a>

with = ,5, and 6 =1,. ..,24. Then we have taken

( A r > : $ 3_ £* 6z ■a.y/s1

(B - 7b)

(B.7c)

(B.7d)

with i,j=l,2,3 and a,b=lr2; also ^^=(1/2) with

f =1,...,8 and the eight Gell-Mann lambda matrices. 

Explicitly

A 1, = 1 p ° + _1_ h* ^ B (B.7e)
1 z s 1 fis

A* = - -Lp° + _J _ _J a (B.7f)
* ^  2.4? 1 fi?

A * « _ _Lh- _ _ L _  B (B.7g)
3 4? fir

A 4 = _  _ 3 _  B + JL W° <B - 7 h )
4 ZlftF Z

zv/isf z
(B . 7 i )
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C?Aj=f_ { i Aj = k“ 1/2 A ̂ = X~ i/T Aj » Y,"

i/lA,=f+ '^•A' = x ;  ( T A ^ y -

e a ^ k** j i  a ’  = k *° « a ’ ,  x ;  'fr a | * y “

^ A l  = x t  V I A ^ X ^  C A * S = W *

a  As( = Y+ VaA= = Y* ^ A ^ y ;  a A ‘.  = * T

The Yukawa couplings are explicitly given by 

k!Y CM . -k { «.jK. hC + SyK ujt H;

+ u.;c(0) •+• u-^e) H-

-cL, V  H fc + ^  d ;t_ H ■

- U :u cw H* _ ci;fc AXi^t©) H,

(B.7j) 

(B.7k) 

(B.71) 

(B.7m) 

(B.7n)

(B. 8)
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' and

' - - IJ { CL£fc «; H c (B. 9)

+ *Lju. u'jR.t®) c,icuhC + €y.6 5 ru u.jfcC»J Hi

- u-U d-,_ - d Lim u.£* H 4

+ u-ifi u-iL (.©3 H s -*■ u.£u £6) u-ifc H g ^

(In (8) and (9), whenever two indices are repeated a 

sum over them from 1 to 3 is implied).
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APPENDIX C

THE MASS TERMS FOR THE SCALARS AND HEAVY FERMIONS.

Here we list the quadratic terras in the lagrangian ob­

tained upon shifting the 24-plet of Higgs. As usual cr de­

notes the singlet in 4>p , the traceless SU(3) octect,

the SU(2) triplet, K* the "off-diagonal" Higgs 

in the 24-plet. Also H 1, and Ha are the SU(3)-triplet

and the SU(2)-doublet part of the SU(5) 5-plet of Higgs,

and c* is the massive ghost in the 't Hooft-Feynman 

gauge. In addition we have included the mass terms for the 

heavy fermions necessary for asymptotic freedom.

•̂ hass ■ - £ & ! * * > ! ?  - H'-i

-  [ -r ■* [ - ? ■ ]  H l H ‘

- M* c*‘ c.-*- _ c*1 - H x X t̂a b ; a t t A

- f i f  CK, ♦ K*) Bi Bj + k6) S l  + J§Cks..kt )B„B,r

- xlJL. vc, r vL

Here

and
A. + J—  A x 

IS-

JL 3 V.1
IZ 7
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APPENDIX D 

STABILITY OF THE HIGGS POTENTIAL.

In this appendix we study the stability of the Higgs 

potential for the SU(5) model of Georgi and Glashow, with 

a 5 and a 24-plet of scalars. The potential is given
byRef.18

V(<KH )= - £  tt A, ( T r $ V ‘ (D.l)
2 A 2 -

-  vL1 H +. H  +  ±  A, ( H +- H ) t +  i- H  ) T V  +■ —  h V H2. 4 3 2 2

where «|> and H transform as the 5 and j24 of SU(5), and 
2 2both j u l  and V  > 0 .  We have also imposed the

3symmetry <t>— -4>,so that the term Tr(4>) is not 

present.

A convenient way to study this potential is to define 

the traceless matrix

where i runs from 1 to 24 and ot and |5 from 1 to 5.

Since 4 is a hermitian matrix it can be diagonalized by a 

unitary matrix, and' without any loss of generality we can 

take it to be in diagonal form, as ( SU(5) has rank 4 )

Ir- + 1 1  Vis

- i

j r

. T ' l H

(D. 2)



and then

Tc 4>1= ^  ■+• c i
and

T<« V  = r f 4 + i ? 4 + ir104* ^ 0̂  + f V  ( e * - ^ )

+ —  uira-x 4. 4 p2- 7 <r — _4_ 7 3 cr
S \f? 31^ 6

If we also allow for the fifth component of H * 

in principle, develop a VEV, x , the Higgs potential 

then be written as

V = - 4^ ( f*1-*- l7*‘+ oOx + orx ) + A- A, ( fx4-^x+ CT1 )Z

+  +  -*■ ■— • O’4  -V 2  ^ x i£x  ■+■ .2_ o rx £ f x +  *2x )

+. 12 t*>xo'x 4. JL px7«r — ~  73<r J5 L 31Is

t Tl + _L A _ t 4 4 . _L A t 1 ( p^+v*■+ <*)*■•*• <rxJ +2 4 3 2 * 1 c

+ wcr-*-ii

to,

can

This potential has a minimum, with the desired pattern of 

symmetry break.ingRe^S * ̂  SU(5)----> SU(3) X SU(2) X
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wi th

Az >o (D-.5)

and

( D . 6)2. + J2_ a, >o 1 is

In this work we will be interested in preventing the

H * from developing a VEV (see also Appendix C) at the

same time as , and therefore require that the coefficient 
2 4of t and t remain with the same sign, that is

>©

- 2 ?  +  A. a *  4- _3_ a-* ><l 2 4 Zo s

(D.7)

or

With our choice of VEV,

< cr > = <s s -----£ -----—  (D . 9 )

the , and with i=l,2,3, acquire a mass giv­

en by

*.*■ = = H 2- = -5- 9 V 1 (D.10)* x . 12.
with (cf. eq.(2)),

u- if. *' = |J =-11,2,3} 
#

./ X  u- i; ={-t,si
=
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APPENDIX E

THE RENORMALIZATION GROUP EQUATION FOR g„ AT LOW ENERGIES— X

To show the general technique for the calculation of a 

renormalization group equation here we do the calculation 

for the coupling g at low energies, i.e. when onlyX
massless loops have to be considered.

Froiri the fermion lagrangian given in Appendix A, we see 

that the most convenient vertex to choose (the one that 

will have the least number of graphs contributuing to its 

renormalization) , is

In order to compute the lowest order RGE , we need to 

calculate the divergent parts of the the corrections to 

this vertex, to the same order in perturbation theory:

given by
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where the blobs represent the wave function renormaliza­

tions .

Of course this equality is the same as

By calculating with our lagrangian and keeping only the 

1/e part (remember that l/€  > log A ), We find

(E.2)

(E.3)

iw

(E.5)
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So that one has, using (1) together with (2) - (5),

= -7f-§,lSx 7 "§aSx - f-SsS*-4- (E . 6 )

which is the RGE for the region where the SU(3) X SU(2) X 

U(l) symmetry is valid.

When the SU(2) X U(l) is broken down to U(l) the

equation is modified (see remark after eq.(4.7) in that 

the JL g 1 gx term is reduced to J-g*gx , and therefore 

the equation is, in those regions where the symmetry SU(3) 

X U (1) applies

16 n.1, _ 5* o 3- o + _1_ p l o  +. o •+. —  *1. o  ̂ T^T 5 1 5 X 4  S i S *  r  3  5 j 5 x  +  5* (E.7)
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APPENDIX F

THE RGE's FOR THE HIGGS SELF-COUPLINGS AND THE YUKAWAS.

As exemplified in Appendix E in order to calculate the 

RGE of a coupling constant, all one needs is to calculate 

the divergent part of the graphs contributing to the renor­

malization of that coupling constant. The calculation per­

formed there, was in the 't Hooft-Feynman gauge, but in 

general it is more convenient to do the calculation in the 

Landau gauge where a large number of graphs are finite and 

therefore do not contribute to the RGE; we shall do this

For completeness, we also list here the value of the 

basic integrals, i.e. their divergent parts in the Landau 

gauge, associated with each of the graphhs that contribute 

to the RGE1s that we are going to calculate; all one needs 

to do is to put in the group theoretical coefficients that 

enter for each particular combination. (This is an easy 

but tedious task and we have just given the final answers 

in each case). We also list the different wave function 

renormalization constants.

here.

BASIC GRAPHS (in Landau gauge).

2 - i  J —  l o o  A .
ten,1 5

(F.l)

(F.2)
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~ ~0~ ~
L I G H T  FeitMlOfJS

-0~ -
HEAVY

‘ + i Ttrf- 408 A/|i

' A n * u s K/*

(F.3)

(F. 4)

s - — —  (.7.} too A/u 16n* * r-
(F.5)

= + (6 ) tog A/
I6rt* s r

(F.6)

\ ✓ ' \  tN
. . A

= - (x) tog A/
iferv.1 (F. 7)

><x  -- —  (6) tog A/
W  5 ^ (F. 8)

LIGHT
FERHi«7*JJ

+  —  --- 4 w . r  t o o  A  /

<6 al r
(F. 9)

/

V
\ / 
' < 1 /Li w w v  - + _J  8 m, too A/

PEE.M IO*iS A e. 1  F 5 rIon

(F.10)



The wave function renormalization constants are:

-i—  4W.2-log A. * (F. 11)H a 1 fj-

(2h.x +3(J*-) U g A .  (F.X2)

= 1 - - 1—  (Ki -v^) A. (F. 13)
16rt S' s {■*-

Z(6)= + kJ)-4.l% k4]togA (F.14)

z w = ,[- 3°si * * t  c*s+k‘ f  ii‘“‘ "•f]£̂  £  <F ■151

Z(HJ* i - 3 *.wv, * ( l A , * ^  *f ] L ,  4, <p •16'

Next we give the contribution to the RGE's of each of 

the graphs.

? J UCONTRIBUTION TO 16 a '  . J t
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? J l 'CONTRIBUTION TO 16a -----

dt

(F.19)

(F.20)

?  rl kCONTRIBUTION TO 16n.
d t

+ —  K'i*' (F.21)

, 2 ^ 3
S * (F.22)
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CONTRIBUTION TO I6n2
" d t  '

-\SkA$z (F.24)

+  :
(F.25)

2 dCONTRIBUTION TO 1 6 a ---- -c/ "t

(F.26)



I -
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(F.27)

2 d U 6CONTRIBUTION TO 16nr -
----------------  J t

-IS k6 gz (F.28)

+ zw> 6 (F.29)

Au| ♦ .41 tc5lk _ i. k k^ _ * kg3 5 s s 5 6 s 5 6 s 6 (F.30)
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? d lCONTRIBUTIO'N TO 16nr -1---------------------- dt

✓

+ PeRMUTAT.

G4 a.* + IZ£ + £22 a * 1 5 zs i
+ 5** + 2>4 As

(F.31)

^  ̂ -F ̂  - £4 *-p Kc k4 - 
Z5 2S- P 5

(F.32)

+ PERMUTAT.
i£ ^
2.5

xx
+ PeRMUTAT.

^ S ‘

? d \CONTRIBUTION TO 16n. - J t

(F.33)

V
24»,^ + i-*j + a s (F.34)

■+ PER.MUTAT.
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+ PERMUTAT. *4 k 4M -4 Ur 4 «.“ *g“ 6 F 1 F

) o (/ \ 
+ PeRMOTAT.

 ̂ / V  Vx X/ w ' \

1# s 4

CONTRIBUTION TO 16a ----3- ----------------------- d t

4 8*J + 3£ J^TU + !3*A'
+  PGftMUTAT. 3 S *•$

2

-32 »., k4 _ 24 kV, - 1££5 n. k 4 t i is F *

PERMUTAT.

(F.35)

(F.36)

(F. 37)

(F.38)
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/t✓

; o ,

h. Pe«HUTAT.
is

\ / \ / \ /v y'S. /'

? A ’XCONTRIBUTION TO 16rt -4- ----  d t

+  -V i l i  ** V  +
P£*MUTAT. + ^  ^  h- 14S ^

V
\ 16h.p

+ ?ER>iUTAT.

— 16 y, k lk z - 4 < 6 ^  icx v<z ~  F K4 KS “ T T  K F K4 6 2? 25
3Z
ZS

)CX + B S
/
+  P£(2Mt>TAT.

(F.39)

(F.40)

(F.41)

(F.42)
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\
A .  A

P \ \
CONTRIBUTION TO 16ft ----------------  d t

■̂3 + 4 8A4Xc +

+ PEE.MUTAT. + I £  X, Xc -4- 21 a*
(F.43)

+ "  'V- K. "̂6 + n p ^  ^^4  ~ (F • 44)

/

+ PeRMUTAT.

k k

PeR-HUTAT.

— 35Z lc 4- 4S’ v- LcJ~k-  — —  K .p  %  * •£  ■*■ — • "S*
5 ^

(F.45)'

To finally obtain the RGE's, we must add the wave 

function renormalization for each of the external legs.

The algorithm for this is to add minus a half of the wave 

function renormalization constant for each external leg to
2 d Vthe RHS of 16n. ---v— • (This is because for each external

O  V

leg, we must multiply A B by a factor Z1/2 (external 

leg) , and in order to obtairt the* contribution to the RGE

one must take 4- logjx ; the algorithm follows at once).
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The resulting renormalization group equations for our 

model are:

dh- L,X- k'X-  <*§*]

4. h? C3 + 4 k-$ )

4<in* dt.' = k' [ ~ ̂  §*■

4 - k'3 C* 3 H . J . )

6̂rt • d 
dfc

♦ k*X [ - £ k 4

w [ v * y * / ]  - f  * *

U n ’- d ti  = + ij> 4. I3K| -4- k* - 3 e > g *  j

+ k^j-Zlcff -ikpU^J + 2 k*icx — d. k *

4 k.

(F.46) 

(F. 47)

(F.48)

(F.49)

(F. 50)

(F. 51) 

(F. 52)
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and finally,

+ 4w.frlca -f

(To obtain the RGE's for the ^ 's it is very convenient 

to work in the general tensorial SU(N) basis, (this is how 

these equations were obtained), where the symmetry proper­

ties are explicit and an enormous simplification in the 

Wick's expansions take place. For a field in the adjoint 

representation, the group theoretical weight associated 

with its propagator is given as follows:
ti

(F.58a)

(F.58b)

<4>* 4* > = iL=i (F.58C)

<*? <*>/>= 1 (F.58d)

in the above expressions, repeated indices are not summed, 

unless explictly shown.)
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APPENDIX G 

MASS RENORMALIZATION.

In this appendix we study the mass renormalization of
Opf O'}

M ’ . W e  will need the RGE for the quantity M
—  —  —related to the effective mass M by M(t)=e M(t).

The best way to calculate the RGE for Mx is to take 

advantage of its definition

2 .where p. is the mass of the 24-plet of Higgs in the sym­

metric SU(5) limit, and observe that if one is dealing
2with a theory with eigenvalues, then M is simply propor- 

2tional to p. , and it is then sufficient to calculate the 
2RGE for pc in the symmetric, unshifted theory. This is

much simpler, even though, due to the presence of A.̂  and

in the lagrangian, it involves the calculation of the 
2RGE for w (the mass of the 5-plet of Higgs in the sym­

metric limit) as well. We list the contribution of the 

different graphs, in the symmetric unshifted theory, to 

the RGE1 s for jjl2 and *>2.
2 J u 1Contribution to 16rt — -{--a t

o4 
+ *
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H

_ Q
4> 4,

* 5

C l
4, 4> 4> - s o § V

t O t<4*
HEAVY  
FEK.MIONS

Q

H

H  H

2 dt*1Contribution to 16a -----
d t

6 0 - ^

0
H

+ 4 S ^  ■+■

r \ "72. S  * v)̂ -
S’ *H H H b

6 - 4 k

C< rt
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HCAWFER.MIOMS

H
LI6-HT

PER-t t l o iJS

(SW* -V61T,7 )w.,Ui

2 2 The RGE's for jx and u , are

Ifen’-djx1 = _ ̂ F b o I 1 _ 4\c£ - + K& ) + ^  - S Z \ t
d t L

' ̂ s )- i|* aa J + ^  (S>4 + us ,
(G. 2a)

6A,

(G.2b)

In the case where nf=3, upon inserting the eigenval­

ues, equations (2a) and (2b) can be written as

1 U 1 dUiu e 1 3 . 4 1 ^ 5 6  5 l a l +  0.'34!2‘W  5 l v>:at & r 6
(G.3a)

46a1- sbi2-* 9. 134063 (G.3b)
d t
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and the mass is given by

M l= 1.716U1 (G-4)

so that by substituting (4) into (3a) we get

I6rtl 23.0502.681*^+1.454066 f 1''1 (G.5)
dt

We can solve the system of equations (3a-b), by intro­

ducing a new variable t , defined by

J  < = - 6 >

and its solution is then given by

ja1 C'c'i = ol + £ ■+■ ct_ (G. 7a)

X "X x■o'-dxj = 10.353678 a.+6 * - 0.^27207 0.. € (G.7b)

where a and a are two arbitrary constants and A-f- —

and A_ are the eigenvalues of the matrix associated with 

system (3) ,

\  = 2.2 . 1^2604 j >_=12.63433S (G .8)

2Clearly one wants jx > 0 for t -> + °o (because this

guarantees the Higgs mechanism to break the symmetry from 

SU(5) down to SU(3) X SU (2) • X U (*1) ). Suppose then, that.
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2 2we chose a =0 , then for t— > + °o , u. and v become +

proportional ( A + > )
_ -b -* +oo .vJ1/.,*- ---»>■ i O . ( G . 9)

r"
but the masses of the parts of the Higgs 5-plet transform­

ing as an SU(3) triplet, H*, and an SU(2) doublet, Ha , 

are respectively given by

w i - W v - g  + jei h l J k h L  «-*•* + ^  (G.10a)
1 . »4 +

* IS

and

» - Ji!- + ^  =, - 2? + ii£Zi±L? y* (G.lOb)
i z 1 3 — x x x

x* + ! 7 Xx

and then, in the t > + 00 limit, both of them would be­

come negative and hence spontaneously break both SU(3) and

SU (2) .
2 2If instead we choose a+=0, we have that p- and -vJ 

are proportional for all t,

ul x-o.<H7io7 p.2- (G.ll)

2 * 2and m (H1), m (Ha) are positive and preserve the ' 

stability of the original vacuum at high energies.

With (11) substituted in (5) we finally get the RGE 

for , viz.,

16n,z 1 2 . G 3 4 3 3 S  M 1
dfc

(G.12)
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The solution to this equation is given by

rw * V  9
n c t ) = m  (o) (G.13)

where
«  =  \2..&iAZ3S/y

with b defined in (6) and which in our theory, with ^^ = 3, 

is 12.

If we recall that M(0)=Mx , we finally have

M t U  = M. 3- to)
f ^ } J

4.052*61 (G.14)
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APPENDIX H

THE LOW ENERGY RENORMALIZATION GROUP EQUATION FOR 

THE EFFECTIVE MASS.

Here we study the RGE for M* in the low energy limit. 

According to our renormalization program, described in 

Chapter 2, one has

boson and is the pole part of the wave function renor­

malization constant. (As pointed out before we will always 

mean by 1/c , the quantity

with y the Euler-Mascheroni constant; i.e. we use the so-

r—where I is the inverse two-point function for the X gauge-

1/fc +£( “ y + log (4a ))

called "truncated minimal scheme" Ref.46 ) •
By explicit calculation, one finds

n.f ) (H . 2)

§*Cpl V *  " TVN) + *L aT (B< + -jj ) ~ TV?**)

” >-c pl ̂fJLV — *■ ̂  P Pv»
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2 2In this expression the log M terms come from mass­

ive one-loop graphs; furthermore, since all the mass renor-
2malization graphs contributing to AM /e involve a mass-

2 2 2ive loop, the coefficient of M log M / p. is fixed

as shown, if one remembers the relation between the 1/e

2 2 Ref 23and the logM /jx terms ' for such graphs. Wave

function renormalization, on the other hand, involves both

massive, B^, and massless, loops. The finite (not

log) wave function renormalization effects that arise from

massive self-energy graphs are denoted by c and d.

By writing

Z , * A -  (H.3a)s €

= (H-3b)

A

o(x = o{ (H . 3c)

and using minimal renormalization, one gets, to this order,

+ pr pv, -TERMS' (H.4)
From the definitions of and the relation

between 1/ e. and log A /y* t one has that y M = A - B-̂

- B ~ .



Multiplying by the finite external wave function renor­

malization constants, (i.e. removing the B 2 term from
2 2the above expression for *f̂ (X) and setting p = - M ) 

we have

rfttw(x 1 =
a — t £ j*1 + M — .A ~̂ 1 M *" to g _ c. M

-* r  <H '5>

Here we have introduced M (the running mass), defined by 

the equations

—  - H l t . o U M ,  (H.6)

Then one writes
rR‘u c x l M , M , « , f-, p-) =

•+ •pp.pu -TSftM5 (H . 7 )
and therefore

rR.Cl> (XI pe* H ,  f e* ̂ f ) =
= -l fr  [fpeifc+ M r) - h l - c.h ’-J + (h<8)

j y  pv -  Te<t«s

A_ -f.---where M(t) = e M(t), and hence satisfies
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By taking the low energy limit ( t — > - <*>) of (8), ( p° =

p-= Mr ) we get
*

(H10)

2defining the low energy limit of the effective mass, fyn .

oThe RGE satisfied by 97L is then

J L  m i 1-* dU?*" + CA-fcj H^) = (H. 11)
d.t at 5

= -  ( A  -  B a . ) M a +  (_A - B , ) +  o C f 4 M x )

= + 6Z H 1 + O C £ 4'H1-) =

to this order and in this limit.

Now, since B£ is the contribution from massless 

loops, and the only one present that can couple to X, is 

the light fermion loop ( 5 and 10 ), we finally have

U X  cl x  /yvi
"■ jjT = + J  %  Sk 'm  (H. 12)

where gx is the coupling of the X-gauge-boson to the 

fermions.
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APPENDIX I

THE VALUE 0F<X_(6 GeV) .
1 b

The value of <X used as input in the M formulas x
was obtained from the two loop RGE for o<s in the MS 

(truncated minimal) schemeRe^'^ ,

1 . ^>s c q z/ a V &) + _  Pi „ U g  Ioo^qVaNs)
0?) 4 a  4-n.jS0

where

(3. ’  11-  j p, = <0 1 -  T"i
which for n^=2 and Q ^ «  4m^Qttom (m^2i4.5 GeV), 

gives

_J 25. Le<>(&2/ a1 ) - tog log (^Va* ).Ki(ft̂ ' U a  A *i) loon. S 5 V, / A nsJ

The result for selected values of Aj^g is

A M S (GeV) * s

.05 .134

.1 .155

.2 .183

.3 .206

,4 .226

,5 .245

,6 • .263
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T A B L E S



TABLE I.

Eigenvalues for the aymptotically free SU(5) model. The 
eigenvalues are classified according to the number of light 

generations, nf (sets of. 5 and 10J , with which they 
are associated. For all these eigenvalues nF=l.

nf=7 h= -.06658g k2= -.90392g k4=-1.33840g k5 = -.96576g k6= .69265g h'= 

“X l =  .01720g2 X 2 = . 66275g2 A 3 = 2.87232g2 A 4 = -.06013g2 * 5= 2.40814g2

. OOOOOg

nf = 7 h= -.41914g k2= .27623g k4 = -.22568g k5= .85456g k6= -.85266g h'= 

* 1= .05781g2 ^ 2= .70071g2 A 3 = 1.13386g2 * 4=-.01704g2 A 5= -.32783g2

- .83115g

nf = 6 h= ..44988g k2= .28172g k4=-.28445g k5= .83508g k6=-.83186g h'= 

* 1= .05322g2 "A2= .65002g2 * 3 = 1.12161g2 *X4= -.01739g2 *X5= -.30189g2
-.&5022g

nf=5 h= -.48827g ' k2= -.29446g k4= -.34449g k5= -.81526g k6= .81006g h'= 

'>1= . 04844g2 *X2= .59725g2 0^ = 1.11712g2 ^ 4= -.01778g2 ^ 5= ~.26466g2

-. 87527g

i 
ii

-a* 
I 

IIC h= - .07204g k2= -.70041g k4= -.99938g k5= -.83875g k6= .71595g h' = 
>  1= .03039g2 ^ 2= .51184g2 \ 3 = 1.36544g2 *X4= -.00831g2 "X5= 1.08323g2

-.69730g

1 i 
rs

i 
i-ti 

i 
n

I 
OJ 

1 II 
1

h= - .25441g k2= -.63549g k4= -.94205g k5= -.80956g k6= .70664g h'= 

.02924g2 ^ 2= -45761g2 X 3= 1.19605g2 ^ 4= -.01237g2 X 5= .90917g2

-. 74677g
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TABLE II.

Values for M and proton lifetimes (in years) as functionX
°f Aj^g and the number of light fermion generations. Here 

refers to a total of i-generations.

II II II II II II II II II ; 
>
 

!• 
II 

■
II

M T (3> -r<4> -r(5> x  <5)x '’p ^ p  Lp ^p

.05 00•
CO X 1013 8.9 X 1026 6.0 X 1026 3.9 X 1026 2.6 X 102P 1.7 X 1026

.1 1.9 X 1014 1.6 X 1028 1.1 X 1028 7.1 X 1027 4.7 X 1027 2.8 X 1027

.2 4.0 X io14 2.8 X io29 1.7 X 1029 1.2 X 10 29 7.1 X 1028 4.2 X io28

.3 6.4 X 1014 1.6 X io30 1.0 X 1030 6.3 X io29 3.8 X io29 . 2.2 X 1029

.4 8.9 X 1014 5.1 X io30 3.2 X 1030 2.0 X io30 1.2 X io30 6.8 X 1029

.5 1.2 X io15 1.3 X io31 8.1 X io30 5.1 X io30 3.1 X io30 1.6 X io30

.6 1.4 X 1015 2.8 X io31 1.7 X io31 1.1 X io31 6.1 X io30 3.3 X 1030


