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ABSTRACT

NEW RENORMALIZATION PROGRAM FOR SPONTANEOUSLY
BROKEN'GAUGE THEORIES.
APPLICATION TO PROTON DECAY
by
J. A. PEREZ MERCADER

Adviser: Professor Ngee Pong Chang

In this work we present a new renormalization group
analysis especifically designed for spontaneously broken
gauge theories that takes advantage of the minimal renor-
malization scheme. We apply the method to a calculation
of the lifetime of the proton in the context of an asymp-
totically free SU(5) gauge theory that we also develop in
this work. The lifetime that we obtain for the current
favorite value of the /\ﬁ§ parameter, and with three ge-

30

nerations of light fermions is 5.1 x 10 years, corres-

ponding to an M, of 8.9xlOl4 GeV. We also give life-

~

times as a function of the number of generations.
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SECTION 1l: INTRODUCTION

The proton (from the greek protos: first, fundamental).
is the lowest lying state of the baryons, thus if we have a
law for baryon number conservation the proton will be sta-
ble. Baryons are made up of quarks, and the current view
is that the fundamental constituents of matter are quarks
and leptons; in a grand unified gauge theory in which an
attempt is made to unify the observed strong (gauge group:

Ref.l

SU(3) of color) r electromagnetic' and weak ("unified"

Ref.2

by SU(2)X U (1)) interactions within a simple gauge

groupRef'3, quarks and leptons are treated on the same
footing and are put on the same multiplet, so that there
are gauge bosons (group generators) that mix quarks with
leptons and gauge bosons of the same type that also mix
two quarks {hence the names lepto-quark and diquark which
are often used to designate these gauge bosons). It fol-
lows that in these theories proton decay can occurRef'4,
and due to the large group used to unify, it can even be
computedRef’S.

Proton decay is the most>important feature of grand
unification, and the fact that one has a model that allows

to calculate the lifetime makes it even more exciting. The

values of the proton lifetime that are calculated, are very
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close to the current experimental bound, typically between
one or two orders of magnitude above it. This, coupled to

Ref.6 which are proposed

the new generation of experiments
or at the building stage, and which are going to be able to
go about three orders of magnitude above the previous ones,
makes a calculation of the lifetime a very timely subject,
since this will provide an excellent test for the theory.
In this work we perform a complete calculationRef'7
of proton lifetime in an SU(5) gauge theory which is a mod-
ification of the Georgi-Glashow modelRef'8; this modifi-
cation consists of adding a set of heavy fermions in the 5
and 24 of SU(5) (in every other expect the theory is iden-
tical to the Georgi and Glashow SU(5)), necessary to
achieve asymptotic freedom. By imposing eigenvalue condi-

tionsRef'9

all the parameters of the theory are deter-
mined and all effects can be computed without any free
parameters.

Without any further ado we start our work by providing
the reader with a brief survey of the idea of proton sta-
bility and the experimental situation.

In the days prior to the discovery of the positrén, a
formulation of proton stability-was given by Hermann Weyl,
in an attempt to understand the Dirac theory; the year was

1929 and he wroteRef'lO:

"It is plausible to anticipate
that, of the two pairs of components of the Dirac quanti-

ty, one belongs to the electron, the other to the proton.
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Further, two conservation laws of electricity will have to
appear, which state (after quantization) that the number
of electrons as well as of protons remains constant”". Of
course, the formulation had to be corrécted and this was
done by E.C.G. StuckelbergR®f+1l in 1938, who defined the
"SCHWERE LADUNG" (heavy charge) more familiar to us as ba-
ryon number, and postulated its conservation.

The first mechanism for proton decay wés given by E.

REf;lz n 1949: "Without the conservation law of

Wigner
the number of heavy particles, the proton could disinte-
grate, under emission of a light quantum, into a positron,
just as the electrons could disintegrate, were it not for
the conservation law for the electric change, into a light
quantum and a neutrino"”.

Many experiments were performed to test the stability
of the proton and the lower bound kept increasing with the

- Ref.13 21 30 Ref .14

years, from 10 to 3x10 years , which

is the current lower bound.
A very simple example can show the difficulties in-
volved in putting bounds on proton lifetime: suppose the

lifetime was 1033 years, and consider that you had a con-

tainer with 104 tons of H,0 i.e. 10lO cc. A mole of

water is- 18 cc and there are 18 nucleons per molecule, mul-
tiplying by Avogadro's numbe; we get a total of 6x1033
nucleons; if the half-life were 1033 years, we would see

an average of 3 decays per year, assuming a 100% efficien-
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cy on the pmart of the detectors.
The most simple way of measuring nucleon lifetime is
then, to have a large container of water surrounded by pho-
tomultipliers and watch for Cerenkov light comes produced

by the emitted particles in processes like -
| P — et+ n®

Ref.1l5

Experiments of this type have recently been propo-

sed or are already under way, and they expect to méasure
proton lifetimes in the range of 1030 t0'1033 years (if
decay does indeed occur), their sensitivity being mainly
vexed by the presence of atmospheric neutrinoes. This is a
very interesting range, for as we shall see by the end of
this work, the lifetimes that one typically obtains in the
SU(5) m’odelRef'5 of Georgi and Glashow fall within this

range, and therefore the proton lifetime can be an excel-

lent test of the model.



SECTION 2: THE 1IDEA OF UNIFICATION. FUNDAMENTALS OF su(5).
In this section we present a brief discussion of the
idea of unification as well as a réview of the most salient

features of the SU(5) model.of Georgi and GlashowRef'3,
especially in what pertains to an understanding of what is
necessary to calculate the proton lifetime in that model,
and the mechanism through which it takes place. This model
is based on the gauge group SU(5), which contains in a mini-
mal fashion the subgroups SU(3) and SU(2) X U(l) and there-

fore can be used to, at the same time describe QCDRef'1

and the standard electro-weak theory of SU(Z)XU(l)Ref'2
in a simple group. This embedding of SU(3) X SU(2) X U(1)
has immediate non-trivial consequences. Had we not taken a
simple group, but just considered a "unified" theory consis-
ting of only SU({3)XSU(2)XU(l), we would have three coupling
constants, one for each of the factor groups, 93+ 9y
and 9, and they would be parameters to be adjusted. But
the embedding of SU(3) X SU(2) X U(l) in a single SU(5) and
the requirement of SU(5) gauge invariance imply that all
three gauge couplings be equal when the SU(5) symmetry is
valid,

83-__’31:%1:—3— (1.1)

where we denote by § the symmetric, SU(5) gauge coupling.
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This lies at the heart of what one means by unification.
However, at the energies we live, that is, when the SU(3) X
SU(2) X U(l) or actually SU(3) X U(l)em is valid, there is
a big discrepancy between the values of the three coupling
constants,
ga ~ 1o 5 B,VEV \0_2. (1L.2)

The question arises, how can one reconciliate (1) with

{(2)? The answer comes in a natura; way if one observes

that because of the asymptotic freedomRef'l6 of QCD and

the non-asymptotically free characterRef‘17 of the elec-
tromagnetic coupling constant there will be a scale on which
they will become comparable in magnitude. Tbis is called
the unification scale. To see this in more detailRef'4
consider the RGE (Renormalization Group Equation) for the
gi's of an effective SU(3) X SU(2) X U(l) gauge theory.

To one loop-and in the regime of small gi's one has

B9 - b o2 1.3)
Su. - bb S{_ (
t*dv_
or

A = Const. — 2 b: Lo

8L () e e (1.3a)

. T e Bt oo (22-8n.),
where b, are given by los..-——-‘é“} (14 S )i 2'_48r€"( )

-4 2
b1— fer® 3 K

Since we want (1) to be satisfied at some scale Mx' the
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unification scale, we just impose that boundary condition

and have

{ 4 -
- 2b. oo (Mx
S*w B o e (1.4)

for a ru(( Mx' Of course, from (4) and by faking appro-
priate linear combinations one can determine Mo and, for
example the low energy value of the weak mixing angle, just
by giving as inputs low energy parameters such as % am and

détrong' Naturally this is a very crude estimate, but it
is interesting in so far as it contains the general idea
behind all the calculations of M, . We also see how the

RG plays a naturél role in grand unification from the very
beginning.

Thus from (4), at that unification scale, the state-
ment (1) is satisfied and one has SU{(5) invariance, at
least as far as the coupling constants go.

After this little preamble we will briefly discuss the

SU(5) theory itself. Call the generators of SU(5) T+

where o= 1,...,24, and normalize them according to

T\'(TdTp)z—?':-gqF (1.5)

They satisfy the commutation relations

[.tx.—TF] =3’§aﬁj—Tf )
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One can give a realization of the T_,'s by defining the

L

24, traceless, hermitian, matrices

A, =2T,
and using for the 'z\q‘s, = 1,...,8 the SU(3) matrices of
Gell-Mann enlarged to 5x5 dimensions. (See Appendix A for
details).

The fermions were assigned by Georgi and GlashowRef'3
to be in generations of 15 two-component spinors. Each
generation contains the L(eft) and R(ight) components of an
SU(2) Cabbibo-rotated doublet of quarks each in one color
(1,2,3) plus the L. and R components of the positron and the
R component of the Ue. These fifteen fermions are put on

a 5 (fundamental) and a 10 (second rank antisymmetric

tensor), as

d(
d?.
3
Ye=| 2, (1.6)
EY)
¢ Jg
and _
° Wy o -up —ue -d
-u§$? o wy w8 -d,
A =2 luf -l e sw® -dy (1.7)
% *
(B w, (®) ug(®) o -e
d, d, dy et o
! Jo

where 1,2,3 denote the color index, and c means charge con-

jugated. Also, ui(e).meanS'Cabbibo rotated. In our work



-10-
we will ignore this mixing. We will also refer to the set
of (6) and (7) as one generation of light fermions.

The model has many nice  features, it preserves the V-A
structure of the weak interactions, provides a natural"
framework for charge qdantization and fof massless neutri-
noes. It successfully predicts the mass of the bottom

quarkRef'18 and the predictionRef'19

. 2 .
for sin“€is
good, although at present is a little low when compared
with the experimental value. The required minimal Higgs
to break SU(5) down to SU(3) X SU(2) X U(1l) is an adjoint

of SU(5) and to further break to SU(3) X U(l)em,

color
a 5-plet of SU(5).

We now show how SU(5) grand unification fixes the value
of the weak mixing angle. The charge matrix, Q, can be
written as a linear combination of the diagonal generators
of the SU(2) and U(l) subgroups. If g and g' are respec-
tively the SU(2) and U(l) coupling constants of the stand-
ard electroweak SU(2)XU({1l) modelREfs'2’4’20, and if we
identify 9=9, then, because of the embedding into SU(5),

we can write

where C is a constant, determined by the SU(2) X U(l) em-
bedding in SU(5). The charge operator is then written as
Q=T, -CT,, (1.8)

where T3 is the generator of the third component of

Su(2), (given by 2 1p) and T_ the U(l) generator,
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(given by A 9) - The weak mixing angle is given by
2

gurB- 8 st
gz+ g‘z' 4 +c* (1.9)

If we square (8), take traces and remember (5), we get
Te(@*) = T (M) - T[T, Te] + & T (T2) =
= (14—C1)'TV(JF:)
which of course is valid in any representation. Therefore

TY (_ng) - i
T (Q*) 2T (%) (1.10)

Q"_v\,zg::

If, for example, we apply this to the 5-plet, we get
st O= 3/g (1.11)
which is the fixed value of sin29 at unification ener-
gies. This value of .375 at grand unification is consi-
.derably above the low energy value that is measured, .238;
however this last value is the vélue at low energies
(O(tens of Gev's)) and there is considerable room for re-
normalization effects from the typical unification ener-

gies of 1015

GeV down to these energies. 1In fact, if one
solves (4) for sin29 = g'z/(g"*— g‘z) one gets (in the
Georgi and Glashow SU(5))

'v\}e"\): 'Ze —12-1"\- - Hx :l
sin O( s u[1 32(3("" ‘%M"SL /m) (1.12)

(here Sirﬁzgu is the value at unification energy (11},

of, 3/8, ez(m), is the electric ‘charge of the electron at
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low energies O(l0's GeV) and Mx is the unification mass).

For typical values of ez(m) and Mx (in turn determined

Ref.4 values of

Ref.19

from ds and dem using (4)3 one gets
sinze between .175 and .248. There exist more
sophisticated estimates on the literature which for realis-
tic values of o(s and dem typically give a low energy
value of sin® of .216 + .008.

Finally we now turn to what is the most important con-
sequence of SU(5), proton decay, and how it occurs within
this model. From (6) one can see that there are gauge bo-
sons, called Xi and Yi’ that give rise to the fol-
lowing processes (See Appendix B, for the lagrangian)

dip—> X +ef (1.13a)
and

dia = Y. + 5 (1.13b)

R

(These X's correspond to linear combinations of the .
3

AlB

of the )19"' A 24). From charge conservation we see

that they have charges of -4/3 and -1/3 respectively. Sim-

of Appendix A and the Yi's to linear combinations

ilarly, from (7) one sees.(cf. Appendix B) that the same

objects can give rise to processes like

4+ -
LLzL——-a X1 + u'3L (1.14a)

ot
+ -
doe = Y7 w Ty (1.14b)

Since the proton is a color singlet of two up and one

A

- down quarks, equations (13a) todgether with (l4a) (alterna-
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tively, (13b) with (14b)) show that in this model proton
decay can take place in second order in g.

It can, for example, take place via a diagram such as

R

which represents the process

P> et 4+ . (1.15)
(Here the blobs represent strong interaction effects, to
describe the proton and the pion as a bound state of
quarks). We cén use this graph to show that with the
present experimental data on Tp (the proton lifetime),
SU(5) is not ruled out. Let us estimate the matrix element-
corresponding to this graph in the case where the momentum
carried by X 1is negligible compared with Mx' Then

kN

3 (1.16)
®

g

T:_\J__L
K

=<

where k is a constant (which we will take to be of 0(1))
describing the effects of the blobs in the diagram. The

lifetime will roughly be given by

{ .
T = A
P k =4 5 C
g

(1.17)
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So for a §2 typically of order 0.2 and a ':p) 3x1030

years one needs an MX?..4x10l4 Gev. 1If, on the other

hand, one solves (4) for lo 215 in terms of g, and e2,
g 3

rL

O I B }

3T Letgm 85w (1.18)
which for reasonable values of e2 and 93 at low ener-

14

gies, typically gives values larger than 4x10 GeVv for

Mx'

There are several morals to be drawn from the above
fable (in the sense of Lafontaine) and they are, that if
one wants to calculate 'cp (notice thaf tp is propor -
tional to Mi) with any reasonable degree of confi-
dence, one has to devise a more precise calculation of Mx
than. that provided by (18), and that one must, somehow, im-
prove the formula for 'cp, (1L7).

Part of this work is devoted to a method of calculating
M, which takes into account a number of effects that we
will discuss in the next section, and that at the same time
allows one to improve (17), although not the k used in that
equation.

We now give way to a discussion of previous work on

proton decay.
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SECTION 3: PREVIOUS WORK ON PROTON DECAY.

The first calculation of the proton lifetime within

" the context of SU(5), was performed by Georgi, Quinn and
WeinbergRef‘4. In this work, (parts of which were repro-
duced in the previous section) by using crude renormaliza-
tion group arguments and assuming that all the coupling
constants for each of the three subgroups SU(3), SU(2) and
U(1l) would become equal at a certain energy, the unifica-
tion mass, they were able to write down formulae, (12} and
(18), that given ds and dem could be used to calcu-

late the unification mass and the renormalized mixing
angle. After having obtained the unification mass they
simply estimated the lifetime by dimensional arguments.

Simple as this pioneering work was, its importance lies
in that it presents a framework in which to perform the
calculation, and put forward the ingredients for any other
calculation, including this one.

The next development came with the calculation done by
Buras, Ellis, Gaillard and NanopoulosRef‘l8 (from now on
referred to as BEGN) who calculated l-loop gluon correc-
tions to the matrix element and also took into account fer-

mion thresholds in the integration of the RGE's for the low

energy (SU(3) coupling constants) using a formula given by
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Ref.21 They also gave a formula to

Georgi and Politzer
calculate the proton lifetime

o (1.19)

- 2 2
-W%Pat+ww)=5iiuﬂiL{G} [“sﬁf’
2 UM ol
Gum

]4/0\-—25/3)
wherelﬂ{O)lz is the wave function for two quarks in the
proton to be at he same point, mq is the mass of the
quarks, typically taken to be (1/3)mp, G B =

and IauM is the value of the SU(5) coupling constant at
Mx; the quantity_in the curly brackets comes from inte-
grating the effective G from unification energy down to a
mass scale Bo- This formula allows one to calculate Tp
by calculating G at a low energy, O(mp), mass scale, and
is essentially the formula we will use in our work.

Ref.22 calculated the

After this work, Douglas Ross
SU(2) and U(l) corrections to the matrix element and more
importantly, introduced his € -approximation to the gauge
boson thresholds in order to take into account the decou-
p;ing of the massive particles from the RGE's when one
passes through the thresholds of the gauge bosons. Howev-
er in his study he used the mass dependent RG and, as poin-
ted out by Chang, Das and Perez—MercaderRef'23, there is
an uncertainty as to which coupling constants are used in
the different vertices; we repeat here the argument as giv-
en in the above reference. Suppose, for the sake of siﬁ—

plicity, that one is studying the RGE for the fermion-gluon

vertex, then, among other graphs, one has to consider the
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graphs shown in figs. la, 1lb and 1lc.
The graphs in figs. la and lb can unambiguosly be said
to fespectively give contributions
| & proportional to gg and g3g§,
for energies below grand unification,
la since the SU(3) and SU(2) symmetries
are respected; however the graph 6f
fig. 1lc is not either proportional to
G gg nor to gjgi since,
on the one hand Iy is defined as
1b ' the coupling of the X-gauge bosons to
the fermions, and on the other, even
the ‘space-time struéture of the GXX

coupling is broken, below unification

energies, into a minimal "charge"

interaction and a quadrupole moment couplingRef‘ 24,
. ta ¢ L. : v
+ Lgastv;. %3}& G",J - av G‘r&j —LSE[G""G\’]:) } x"'"

. ta b b . b t
vigywa Xog [3uMa -2y Weo-ig IW W 10 S X

V5 L

.. 5 to
- L'{'J—g.— 8, ¥ (GPB‘, —-'B,BF_)XP_'. de-

L i G X s W - e B XY g
ITER RGN AR RATAS LR WS

2

and in order to be consistent one would have to also in-

clude renormalization group equations for the quadrupole
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moments k3, k2, Kl’ which Ross did not do, (k3,
kz,lcl would go to 1 as Qz—a Mi) and would compli-

cate his analysis in a very non-trivial manner. Of course,

Ref.25

graphs like the one in fig. 1lc, do decouple at low

energies, but their effect becomes important as we get
closer to Mx’ and attempt to cross thé thresholds.

The next improvements were made by Cecilia Jarlskog and

Francisco YndurainRef'26, who refined the BEGN lifetime

formula, (19), by including decays withU}_and ru+, (and
therefore strange particles in the final state) as well as

three body decays, and also computed some branching ratios;

T. Goldman and D. RossRef'27 did a 2-loop calculation of

Ref. 28 Ref.29
L4

Mx; then came the work of Machacek ;, Marciano

our ownRef'BO, Din, Girardi and SorbaRef'30 and of

DonoghueRef'31

' all‘of which, except Marciano's and ours,
again refined the estimates of the proton wave-function at
the origin (which enters the BEGN formula, eq.(19)) by one
method or another, and gave estimates of the different
branching ratios.

However, the most crucial quantity in calculating pro-
ton decay (as already remarked) is the mass of Mx' As
discuséed before, whaﬁ one does to calculate Mx is to
give input values for ds and «, the electromagnetic
coupling constant, at some low energy point m; log Mx/m
is essentially propoftional to a linear combination of
-1 1

o

s and o

at scale m (see (I8)),so that Mx is
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very sensitive to small changes in either of the two cou-
plings; therefore it is especially important to do a care-
ful extrapolation of % am from the Thompson limit value
to the mass scale m, and here fermions thresholds are very
significant. This was explicitly recognized by Goldman and

Ref .33 Ref.34

Ross and independently by Marciano , and was

implicit in our work.
There are several questions in the theoretical calcu-
lation of proton decay that had not been tackled previous

Ref.35’ and that we now discuss.

Refs.33,34

to our work
i) In the usual method of calculating the
low energy running couplings, what one does is to define
them as the value of the corresponding off-shell Green's
functions evaluated at some low energy point m, and the
effects of the heavy particles are neglected by using the
Appelquist-Carazzone theoremREf'zs, however, in doing the
proton lifetime @alculation with this method one has to in-
tegraﬁe the proton decay matrix element from the unifica-
tion energy down to energies of O(mp) and therefore the
procedure is uncertain, since in choosing the initial val-
ues of the coupling constants, one is effectively working
in a region where the Appelquist-Carazzone theorem cannot
yvet be invoked, and of course, there is also the issue of
which coupling constants to use for graphs involving X-

gauge-bosons in the internal loops, which becomes more im-

portant as one gets closer to their thresholds. We tackle
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this problem by introducing a new renormalization group ap-
proach that allows one to calculate with the symmetric the-
ory lagrangian and "leapfrog" from the unification energies
down to mass scales where one can safely use the low energy
RGE's for the low energy coupling constants. The effect of
this leapfrogging manifests itself in the appearance of
certain constant terms in the initial values and thch sum-
marize the threshold effects, while, at the same time a-
voiding the ambiguity in the coupling constants.

Some work along these lines, has also been independ-

ently done by Binetrdy and SchﬁckerRef'36, and lately by

Ref-37 ana L. HallRef‘38, who have used

S. Weinberg
functional techniques.
ii) The scalar Higgs fields introduced for breaking the

symmetry from SU(5) down to SU(3) X SU(2) X U(l) and then

Refs.3,18

down to SU(3) X U(l)em

also pose a difficulty

in the calculation . of proton decay; the first and most ob-
vious difficulty, comes from the fact that since an SU(5)
gauge theory with a vector and an adjoint of Higgs is not
asymptotially freeRef'39, there is no guaranty that per-
turbation theory is valid at high energies; in principle
one could say that one could adjust the initial values of
the coupling constants, A s in such a way that at the
energy‘scales where the gauge couplings unify, the A i's

are arbitrarily small and hence insure the validity of

perturbation theory in the Higgs sector. However the re-
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normalization group equations satisfied by the )i's are
non-linear equations and it is not clear that any set of
initial values wili goR€f-40

There is a further problem: suppose that, indeed, one
has been able to solve the above problem, then, for ener-
gies much below the unification energy, Mx, thé Higgs
coupling constants will also split into several coupling

Ref.41

constants . For example, consider the couplingA.l

in the SU(5) symmetric lagrangian,
A (e $*)°
4

where ¢ is the 24 of SU(5). Upon the breaking, this cou-
pling "breaks", splits, into several quartic couplings,
b .2

A3 Cpd Y- Az (® w® Y Aizz Lol (w“—‘coi)

¢ 4 L N <
+ X35 (9 ?J;)(Kim:_) + Ans (0T % K k)

N te (2
+}55CK¢K; )

where ?E , and w®

. are respectively the SU(3) and SU(2)

adjoints in the 24 of SU(5) and K; are the "off-dia-

gonal" components mixin? the above two. (Here i,j= 1,2...,
8 and a,b = 1,2). 1t is clear that making the pleiades of
split couplings converge into their SU(5) values is not a
simple matter and there is no a priori reason why that, if
at all possible, will happen precisely at Mx or even

*
within a few orders of magnitude; it looks more like if one
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had to do a Very fine tuning of the initial values of the
couplings in order to achieve such a "feat".
We have tackled_this problem (or rather the high energy
end of it) by imposing the so called eigenvalue condi-
Ref.9

tions on the symmetric A i's, i.e. we have made

all the Higgs and Yukawa couplings appearing in the SU(5)
symmetric lagrangian respectively proportional to §2 and

g, the SU(5) coupling constant. This, as is well known,
has the effect of festoring the asymptotic freedom of the
theory and at the same time guarantee that the quartic cou-
plings will go to their SU(5) symmetric values at Mx. By
imposing these eigenvalue conditions, all the coupling con-
stants in the theory are determined in terms of only one
coupling constant, g, which in turn is determined in the
SU(5) model by the strong and electromagnetic couplings,
and hence one can calculate everything, (there only is one
mass scale as a consequence of our renormalization pro-
gramRef'B; see also Appendix G) including mass renorma-
lization effects of M, which we will as well include.

iii) It has been shown by Ellis, Gaillard and Nanopou-
los in Ref42 ,from cosmological considerations, that the
mass of the SU(3) part of the 5-plet of Higgs must be of
order §2Mx; this is substantially higher than the limit
imposed by proton stability, mHMIO—SMx. It will be
Ref.23

shown that as a byproduct of our new RG analysis

and eigenvalue conditions and tlte requirement that the
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SU(3)XSU(2)XU (1) symmetry be respected at energies immedi-
ately below grand unification, we automatically satisfy
this requirement. However, the question remains as to how
the SU(3) will remain unbroken as we come down in energies
whereas the SU(2) breaks at energies of 0(102 GeV) so as
to give mass to the W-gauge bosons of the standard SU(2) X
U(l) model. Research along this lines is in progress and
we expect the effective mass of the SU(2) part of the 5-
plet of Higgs to change sign and become negative and there-
fore break the symmetry down to SU(3) X U(l), while the
triplet part remains with a positive mass, but we don't
have as yet any final resultsRef'43; here we will simply
assume that it happens.

The1remainder of this work is organized as follows. 1In
the next chapter, chapter 2, we introduce a new renormali-

Ref.23

zation group analysis especially designed for gauge

theories with spontaneous symmetry breakdown that takes ad-

Ref.44

vantage of dimensional regularization and its asso-

Ref .45 Ref.46

ciated minimal (and variations ) substrac-

tion scheme, and present the results of its application to

SU(5). In chapter 3 we discuss the asymptotic freedom pro-

Ref .8

blem and introduce an SU(5) model that is asympto-

tically free and within which we perform our calculations.

Ref.47 ¢ the RGE

In chapter 4 we present the calculation
for the proton decay matrix element. Finally, in chapter

5 we discuss how we performed the proton decay calculation
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and present the results.
In order to afford continuity and not to abuse the
attention of the reader, we have included the most tech-

nical details in a set of appendices.
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CHAPTER 1II
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NEW RENORMALIZATION PROGRAM.

In this chapter we introduce a new RG equation for a
spontaneously broken gauge theoryRef'23. Before dis-
cussing the actual renormalization group equation (RGE) we
want to specify the renormalization procedure that we will
follow, namely the minimal scheme of 't Hooft and

VeltmanRef‘45: here one starts with a bare lagrangian

<.

parts for the spin-0O, spin-1/2 and spin -1 fields, includ-

which contains all the kinetic energy and interaction

ing the gauge fixing terms and the ghost lagrangian, in
addition to any terms generated by shifting the scalar
fields whose VEV is non-zero. Apart from these terms the
lagrangian JB' does not contain any counterterms, fur-
thermore all the coupling constants in the gauge sector,
and in the Higgs sector have their symmetric (say SU(5))
values and they are the bare quantities.

We will call r{;)the 1PI n-point Green's function
that is calculated in perturbation theory from this'é.B;
and it will contain divergences that one can regularize by
using a gauge invariant regularization procedure such as
dimensional regularization; its dependence on the different

parameters of the theory will be

) " . .
ru. = ru.c)(P:gs )Mb)‘xs) (2.1)
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where p denotes the external momenta, is the set of

I8
bare couplirig constants, MB the set of bare masses and
o is the bare gauge fixing parameter.

B
In the minimal schemeRef'45, one extracts the diver-
¢ N .
gences of r;f)by defining the renormalized parameters as

follows

'Y -4
g —> 8. =2, Z. < , . (2.2a)
Mg — Mi=g. : (2.2b)
D oea
g —>  Xe= L, g (2.2¢)

A A
where Z3 and Zl are the gauge boson wave function re-
normalization and the vertex renormalization constants,
respectively; they only contain the typical 1/e part as-
sociated with divergent quantities in dimensional regulari-
zation. (Here €= 4-n, where n is the dimensionality of the
space-time).
. . ()
Then we define the function [ as

w A ny “w
I:L (P,g,,Mf,dv,ﬁJ==(Z¢) * F: ’(P,gg,P43,N5) (2.3)

which is a finite function of the renormalized parameters

M

g d],, and Ee is the 1/e part of the pro-

r’ “'r’

duct of the wave function renormalization constants of the
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external legs. By construction

A A

ZQ:ZQ Cgs:qﬁ)/\)t“'> (2.4)

where we have understood the 1l/e as log P\/H., in terms of

a regulator mass /\Ref.48.

From now on we will always mean by 1/€ the quantity
Afe + 1 (- + Reg4n)

with Y the Euler-Mascheroni constantRef'49; that is we will

be using the so called "truncated minimal scheme"Ref'46.
Since we are using a mass independent regularization
procedure the constants 7 do not depend on the masses and,

the procedure, respects any symmetries which are broken in

the Lagrangian only by mass terms. Therefore, the E's are

given by the original, symmetric theory.

It is clear, that although we have succeeded in making
TN . '
F, finite, they are not as yet normalized for on~shell ma-

trix elements, so that one needs to perform an additional,

albeit finite, renormalization, through

rR'CW)(P;g-(:MY,o(Y, Q, r\.)‘= (Ze)u/z [_\.CK)(P: gwr,MY‘: o(r,}*‘—) (2‘5)

where Ze is the finite external wave function renormali-
zation constant and Q is the substraction point; again, by

construction

Ze=Z&(Q: g.-r;M"..d\r,f‘—)' (2'6)
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Then, all the symmetry breaking effects are "buried" on Ze'

since it is Z_ that depends on the mass M.=g V..

We are now in position to derive the RG equation. By

writing
) ~wty 5 —ny ) 2.7
i WWse = ot [Z75 277 1 (2.7)
one obtains the equation
2 2 _y M, 2
[V’aﬁ +Fag\, LY
: (2.8)
m2Y A aadv -y ]rn-.m)(?agnﬂh"‘na; p) =0
where we have introduced
L)
p= P 5= %f\ (2.9a)
£ 8N .
Moy = —w 2= M. (2.9b)
TXM P.ay. ‘283/\
3 oo Z
y = J'l* 2 log &3 \ (2.9¢c)
R o 8g» N
(2.94)

S A3 ez
L P

. . (O] . e .
By scaling the momenta in r , and using traditional di-

mensional analysis, one has

(n
r& )(KP,g,—,MV,Ol',KQ,P.) =
(2.10)

d.\_ r(“-) .
=P N (bP/l'“’g"’M"/l* ‘o(‘.,k‘.Q/H_J 1)

and applying the "dimension-courrting operator"
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2. 2 o M 2 2
"ak + l& 'ar- - v BH‘— ( .ll)
with eigenvalue dn (the canonical dimension of f““;),

we have

ok oy M,

- (2.12)

‘ "éw] r; (h'.p,g..,H‘,,o(,)k:QJH.)=O

which combined with our previous equation gives
_—c 2 +'F'2_' — (g My 2
arc o8¢ " 2™,

(2.13)
—de‘_;d-—; +d“.— V\-x]rg (KP)ngM“xd“)KQ;l*)':o

which is our RGE for a spontaneously broken gauge theory.

Ref .50

Following standard procedures , we can write the

solution to this RGE as (t= logtk)

™, .
M )(ret) g, M¢, cthet,rg)-_»

R (2.14)
dt —n gdt‘ W, e — e
={e }FR ($.8.M, %, Q)
with
gs
f:p , sleorz g (2.15a)
dM _ _(awy) ™, M= M, (2.15b)
dt
(2.15¢)

QWQ_
o {2
[
1
N
=<
3
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Several comments are in order here:

a) by introducing a quantity, M (t)

c)

—

-t ™~
M(t) = e = M(F) (2.16a)

we see that

K

d

|

= -y, M® (2.16b)

@

t

and since VIM is a polymonial function in
§2 (it is calculated in perturbation theory),
it follows that M(t) can at most grow as a pow-
er of t, and hence the exponential behavior
dominates in M(t). Then, for t large and posi-
tive (i.e. large energy scales) the effects of
M(t) tend to disappear, whereas for t large and
negative its effect is to decouple the massive
loops.
the function ¥ of (9d) is of O(g4) instead
of O(gz). |

A

The reason is that the ¢ dependences of Zg

and z, are identical but'opposite in sign,

‘(l‘\a)
51nceﬂ}s independent of p®o-

The functions P rY + Y yq are all to be cal-
culated in the symmetric theory. This is be-

cause they are determined by the 2's.



-32—~
Finally, our result carries with it the following rules
to calculate fully renormalized matrix elements with exter-
nal momenta p=e‘p®: i
1) VERTICES, are those generated by the symmetrié
lagrangian with g(t) replacing the original,
bare coupling constant;
2) MASSIVE particles propagate with an effective
mass, ﬁ{t), instead of the bare or renormalized
- mass; and
3) overall MATRIX ELEMENTS are to be multiplied by
an external factor which depends on the canoni-
cal dimension of.the matrix element.
For convenience, we will choose Q=rkin our applications.
In order to put in perspective the above discussion let
us consider the case where we have an SO(N) symmetry in the
lagrangian, and let us say that by an appropriate choice of
Higgs the symmetry broke down to SO(nl)x SO(nz) and let
us pretend that we wanted to calculate the three point
function for the SO(nz) sector of the resulting theory to
one loop. Then, by using our result we would choose a ver-
tex proportional to 9, and do the calculation using the

symmetric coupling constant g and whenever we found mas-

sive propagators we would use
4‘
L+ﬁ2.
and in the end we would end up with, after inserting the

appropriate external wave functton renormalization con-
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stants, an expression of the form

ra(§e.t,gmM,, oy, p,):

-

=g - F T [_1‘11@5&"_5) +’3:Tl°3fi +‘§f] +0Lg® (317
where b summarizes the effects of any "heavy" loops, f the
effects of any "massless" loops and % are the constants

that appear when taking the limit M>> ﬁ,fa, (in the corre-
sponding loop integrals) which means t large apd negative.

We identify [ (8e® M, o ) with the coupling
R P Jgf) A g H'

L
constant gz(t), take d/dt of the above expression, and,
keeping terms up to O(g3), we get, remembering that

Mt)=e TM(t),

d = =3 : - ‘
8- _ dg _ g 5 (-1) « 0C8%) (2.18)
dt dt 16 #
or
-3 -
dex 81 L (LT .b) 4 0(E) (2.19)
dJt fern <
where we have introduced b by 16rn* %{: _-_—.ib- 'g'a’. We see that

the effect on the RGE for the effective coupling 9o of

our taking the low energy limit, has been to "undress" the
original S0(n) symmetric coupling by the amount correspond-
ing to the massive particles, since in b/2 are included the
effects of all the partiéles in the original SO(n)-symmet-

ric theory; therefore | i

{ -L+b)=-RB
A6t ¢ *
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(2.20)
can be identified with the ‘B—function of 95 (since the
symmetry was broken from SO(n) to SO(nl)XSO(nz), there
is no coupling between the SO(nl) and SO(nz) gauge

bosons), and write

» dg | 3
16 d:.=__£gz_gz (2.21)
for in 82 only the massless contributions to g, renor-
malization are included. '
In general we would have, for a theory gauge invariant
under a group G , breaking down to Gl X G2 X eeeey

that, at "low" energies,

- -
-t => g'®m= Ce (2.22)

for the G-coupling constant

and

A gll {_E‘ _ b- 4
de . % | (2.23a)
which implies
N A (2.23b)
g‘-' (Y =

1+ ALB;_'C

for the Gi—coupliﬂg constant.
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Here T =0, refers to some low energy point m, related to t
by

t =-T+=

B T= leg(Me/n) (2.24)
Then to one loop, our result says

[ CBetage, My, e, ] =

‘ (2.25)
= 8%+ 84 (bt = &) +..--

and substituting (23b) and (24) in (25), we have

1+A;_B;T. -

{!

§"{1 + 8 (- -b T+ b ) +---}

(2.26)
Eé‘{i-béz(a;+b;t)+-“}

(to one loop)
where we have defined a,= —Ei—biT.

But g;(t) has a simple pole at <T

= - l/AiBi and
therefore the RHS of (26) must sum as a geometric series,
A = g : (2.27a)
A+ A BT 1—-8*(a; + bix) -c/a
Co 4+c.,.\;'c
- 4+COEI 1+C°E"C - C, (al‘*"o‘_’f_J (2.27b)
= ce/Cl-aic) (2.27¢)
4 4 —S2  (b-bi)=
{ ~a;co
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and we can identify

A. - ____E:__ ) B —L' (2.28)

{—~a: co .

These expressions provide us with an analytic relation be-
tween the low energy and high energy parameters of the the-
ory, in the 1l-loop approximation.

We can re-express this in another, more familiar, form

N WIS S, vy ) : (2.29)
A" Co (o
or
i - L wb g Hex, (2.30)
g (m) 3% im) m

which, without the constants gi’ can be found in the
original work of Georgi, Quinn and Weinberg. The differ-
ence between their result and ours, the constants 31,
éummarizing the effects of crossing the threshold region
where the substraction was done, (§= e = M, ), directly
dowﬁ to the low energy regions, where M >> pP. We shall use
them, extensively in what follows.

In the SU(5) model we will consider in this work, and
which will be discussed in Chapter 3, the equivalents of
eq. (14) or (17) are, in the 't Hooft-Feynman gauge (see

Refs.7,23,47)

_s _ .
=3tt)~ 8 ‘“{ LiogH 10w 78, 55 o0
R(suEN=g,(6)=§ TR gv_ atem e tE e 'f(2.3la)



[ e =g =gty - is‘:’ 5%%%+§n$-§+;% +0(gﬂ§ (2.31b)
n R .

_ ey _3&){ Lo nt, 1o 5
W)= g () = BL) %Zr—é_ 5 3}}*‘,“‘;“-; +0(g$)} (2.31c)

Here Gg(t) is the symmetric, SU(5), running coupling con-
stant, ne is the number of generations of light fermions

as defined in'chapter 2, i.e. number of sets of 5 and 10 of

SU(5) and s is related to the Spence function of argument
eirt/3, its value is s5=2.029884. Also, 93¢ 9, and
g, are the "leap-frogged" of "undressed" coupling con-
stants corresponding to the SU(3), SU(2) and U(1l) sectors
of the theory.

These expressions can be written in a very general
form, equivalent to a generalization of (30) to several

gauge hierarchies. TIf the original symmetry, G, breaks

down through a series of hierarchies, into Gy ¥ G, X

e Gi ..+, then the equivalent of (30) isRef'23, in

the most convenient form for phenomenological applica-
tions, (i. e., we ignore in the TH contribution, terms

of order log Ma/M and log Mhl/M that is

h2’

ratios of masses, for a given hierarchy and within a Higgs

Ha'

multiplet have been assumed to be of order 1)



\en* 16r'1."
= + c jdos _ 76 , Z ~l22 Ma _ 4
gy B [3\5 | } < [ tog ’s‘]

FT@[F kg te] 3 T L]

ZT@[- 4 g M ] T(m[*g-]
= : 3 (2.32)
Here, 9; is the coupling constant associated with the
subgroup Gi’ g is the original G coupling constant, Ma
~is the heavy gauge boson mass in the a-th hierarchy, MHa
is the mass of the heavy scalars, and MF is the mass of
any heavy fermions; the different coefficients are group
theoretical coefficients, defined below, and m is a low
energy point satisfying the conditions,
Ma >> m
MHa’ MF >> m
m >> m;
m oS> mg, my
where m, is the mass (if they are going to acquire it in
the next hierarchy) of the Gi—gadge—bosons, and mfand
my the masses of the light fermions and Higgs.

The group theoretical coefficients are defined as

follows
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c.= f

1 Xa,Ya £

iXaYa iXaYa’

a _

.

i_Jy =
Tr(s o~) = T(R) Sij,

where o' are the generators in the representation, (R),
according to which the Higgs or fermions transform, and
fijk are the structure constants of G; also f, are

1XaYa
the restriction of the structure constants to the "heavy"

directions X_ and Y_.
a a

bFor SU(N) we have that C2(G) = N, and

R TH(R) T (R)
Fundamental 1/2 1/2
Adjoint N/2 N
Antisymm. 2nd. Rank (N~2)/2 (N=2)/2

For completeness we also include the RGE satisfied by g

d3* /de = ~b 34 (2.33)

where b is given by

tentb = 22 C,C6) - 23 TyRI -4 3 TR)
) 3 BHngS Sevemians

In the SU(5) model to be discussed next, the equivalent
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of (31) for the I coupling is

"y +-2—Q‘l+ O(g

)

- | 3% 125 _ 118
(X) 16r1. X.l g 72’ "

3
6, =2 Rt[‘“u ._2_..Logvu-] !
(X (2.34)

where
R : ‘2.3=_5 y) 21=4§/3 S R‘.:S/B

and
2

2 . MX/ .
ng= My /mch«:l) s ML.F Mx mi () s 147 /W\ ()

(for the definitions of q>;, w) g and ¢, see

Appendix C).
The above expressions, provide us with a connection
formula from M region across the M -threshold and

into a region with some intermediate p. <& M

inter X
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CHAPTER III
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ASYMPTOTICALLY FREE SU(5) MODEL.

Ref.l6

As pointed out by Gross and Wilczek r and Cheng,

Ref.39  ihe presence of Higgs fields in the

Eichten and Li
lagrangian, tends to spoil the global asymptotic freedom of
the theory; that is to say, while the gauge couplings may
be asymptotically free, the Higgs self-couplings are not
necessarily asymptotically free. 1In principle there is no-
thing wrong with this, for if the Higgs couplings grow with
increasing qz, one can argue that in order to maintain
the validity of perturbation theory at those large q2
values, one could choose initial values of the couplihg
constants, small enough so that one would not have conflict
with perturbation}theory until one reaches absurdly high
energies: in grand unified theories this would be at energy
scales well beyond the unification region. This has been

the point of view followed by some éuthorsRef'40. How-

ever, as shown by Chang and othersRef'g, asymptotic
freedom for all the coupling constants of the theory can
be restored by imposing eigenvalue conditions on the Higgs
and Yukawa couplings.

Wanting to keep the asymptotic freedom of the theory

could be taken even as a matter of, something as vagué as,

taste; but there are a few bonudes one gets by imposing
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eigenvalue conditions, (apart from the obvious one of guar-
antying the validity of perturbation theory in all ranges
of qz), like for example having only one coupling con-
stant in the theory and therefore considerably reducing the
number of "free" parameters and improve the "calculability"
of the theory. The other advantage one gets is that, as |
shown by Mahanthappa and LemmonRef'Sl, imposing eigenval-
ue conditions is equivalent to vaniéhing wave function re-
normalization constants for the scalar fields, one of the

Ref.52

conditions for compositeness » and therefore makes

contact (albeit in an admittedly vague way), with the no-

tion of composite Higgs that are being studied today in the

Ref.>53 (according to Bjorken, this

TMy,

form ofv"technicolor"

should be called "Eastmancolor in this 'part of the

country..Ref'54), "color tumbling" and so forth.

In this chapter we present an asymptotically free

Ref .8

SU (5) theory that has asymptotic freedom and yet its

low energy structure is the same as the one of the standard

Ref .55 Ref,3

SU(5)" theory of Georgi and Glashow

As shown by Cheng, Eichten and LiRef'Bg, the quartic
couplings of an SU(N) gauge theory with Higgs in the vector
and adjoint representations cannot be asymptotically free
unless N 2> 7 . One way to bypass this, is to introduce
additional fermions in the theory and take advantage of the

fact that the box diagrams with four external scalar legs

and a fermion loop contributes negatively to the RGE of the
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scalar quartic couplingsRef'SG; if, in addition, we want
the low energy phenomehology of the model to be unaltered,
these extra fermion degrees of freedom must be very mas-
sive. We did just that with the SU(5) model.

After trying putting the heavy fermions in the 5 and
-lg of SU(5), the 5 and 15 and not ‘being able to find any
eigenvalues, we found that by pu£ting~the heavy fermions

in the 5 and 24 of SU(5) we could satisfy the eigenvalue

conditions.

The modelRef'57 is described by the lagrangian

.é :—.‘i-Tf. (3’& Av - évA’.\- “Lé[-Ap-;Au])z
1 H =B ALHITS L T (b ~ig AL, #D)

ngg-u&mt-ws { "+R Yf“ Dl’" 'q‘ﬁ + 1'\“_ an. Dr- 'q"_g
B2 Ted® 2R (Ted®)® - 22 Ted® - 23 (HE W)Y
+ 2 HEH - 24 RLH T o _?5\._.5 H+¢_,' H

2 = A
-V h (% 4 HE +h.cl)

Ldr& 28

- (W/4) eoppun (AP AP H + k.e.)

* Lopost ¥ ‘/‘Cmu-ge- Fining

- X ¥ Dpx - By.DuB

-k, XaxP &Y -k (B xFHY + kel)
) _

- ks BY By oL -k, B Bl #f

Here A represents the set of 24 SU(5) gauge bosons;

’&
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qu and QLL are the standard SU(5) fermion multiplets
in the 5 and 10, (vector and antisymmetric second rank ten-
sor); DF represents the appropiate SU(5) covariant deriva-
tives; ¢. is the 24 of Higgs and H the 5-plet; C 1is the
Dirac charge conjugaton matrix and x and B are the extra
fermion fields transforming as the 5 and the 24, respec-
tively. (Cf. Appendix C).

Given the above lagrangian one can calculate the renor-
malization group equations for the different couplings.

The result is given in Appendix TF.

By substituting

o= AL EY
ki= T.ig
k;, =f2.3

with proportionality factors /\i, in and 2 i into
the RGE's we can reduce this coupled system of first order
quasi-linear differential equations into an algebraic
system of coupled quadratic‘equations in A\i' A i
and.fl i The real solutions to this system are the
eigenvalues.

If one looks at the RGE for g(t), the effective SU(5)
gauge coupling constant, we have that in order for it to
be asymptotically free, the condition

>0

52 22 _ 4
ERE A T



-46-
has to be satisfied. It is interesting to notice that if

ne > 2, then n_ is fixed to be 1, so that asymptotic

F
freedom for the SU(5) coupled together with the observed
fact that nf>' 2, demands that at the most we have only
one set of heavy fermion fields. The maximum ne is 7.

To obtain the eigenvalues we put the algebraic equa-
tions in a computer and did a global search for solutions
by varying Ne. The subroutine we used was ZONEJ from the
BELL's SYSTEM PORT SUBROUTINE PACKAGE, which is rather fast
and efficient, and very well taylored for this job. For a

given n we computed all the Yukawa eigenvalues, and

£’
then for each set of Yukawa eigenvalues we computed the
corresponding eigenvalues for the Higgs self couplings,
discarding all those eigenvalues that did not satisfy the
stability conditions of the potential. (See Appendix D).

As a practical remark, we would like to point out that
since in this particular subroutine one has to give initial
guesses for the solutions, one needs to devise a method of
giving them; essentially one has two choices: either treat
all the couplings "democratically", i. e. give them all an
initial guess and let the iteration procedure in the pro-
gram do the "fine tuning", or treat them "hierarchycally",
i. e. give a guess for one coupling and set the others

equal to zero and let the machine do its homework. We

found that the "democratic" method worked better and much

faster, even if your initial guess is very different from
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the actual root. Of course we built into our program the
capability of automatically giving initial guesses within
rather wide raﬁges, so as to not miss solutions. Although
we had all these refinements in our program, it still took
an average of three hours of CPU time to get the eigenval-
ues, for both the Yukawas and the Higgs self-couplings. -

The eigenvalues we found, classified according to the
number of light fermion éenerations with which they are

associated, ‘are given in table I.
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CHAPTER I v
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CALCULATION OF THE RENORMALIZED PROTON DECAY MATRIX ELEMENT

In chapter 1 we discussed how proton decay takes place

through the process

+ c
UZL + le —_—— eR + UBL H (4.1)

in this chapter we calculate the corrections to that matrix
element using our previously discussed renormalization pro-
gram. The goal is to obtain its RGE and its initial value
just below unification.

Ref.45

By the minimal scheme r in the 't Hooft-Feynman

gauge, one dets for the process (1),

9%, 8¢ My, oy, p) = - £ T () Yy Cp)-

8:— +OCg‘)l

(4.2)
'aCPA) YPR‘*’(FS){ F:._._ M’:r +'2__

where 2. are the finite mass correction terms, and Py

to p, are the momenta of uzﬁ, ugL, le and e;, in

that order. The factor of 1/2 appearing in front of the

matrix element. comes from the l/df' that appears in the

fermion lagrangian, in the couplings of X to the fermions.
Following our renormalization program, and multiplying

by the external wave function renormalization constants

. . o t
and, for convenience evaluating at momenta p'e , we get

c4a) ° -
rR (’Se ,gf)MY)NT)PetJP)=—L uY'ALU. u—Y’—LaLL‘

2
o* S (4.3)
. 2 +0Ce*) | = _u
[ §Q1k+ m* 3 l T2

“w Yr&-l.-u'a' Yp.& o G‘
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where 9y is the coupling constant of the X gauge bosons

to the fermions and satisfies the RGE given in Appendix E;

also M2 is defined in Appendix H and satisfies the RGE

X .

|
AN
- \P’WVWWW‘W/%

u-o
3L F
4 +
Pz. /ek
iR

that is calculated there,
and corresponds to the mass of
the X gauge bosons at energies
below unification, when the
sjmmetric, SU(5) coupling con-
stant has already split into
the coupling constants for
SU(3), SU(2) and U(l) and, in
the case of fermions, Iy

We now study the one-loop
corrections, 0(94)-terms in
(3), to this matrix element in
the region where the SU(3) X
SU(2) X U(l) symmetry is valid.

The graphs to consider
are shown in figures 1la, 1lb,
lc and 14, which represent
the exchanges due to the
SU(3), SU(2) and U(l) gauge
bosons.

These graphs when calcu-

lated in the limit when the
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effective mass of X is very
large compared to any otﬁer
momenta, give the contribu-
tions, ignoring finite parts,

listed in equations 4a to 4d.,

4d., where as usual 91r 95

and 93 denote the coupling

constants of the fermions to the U(l), SU(2) and SU(3)gauge

bosons.
Fig. la _ _A Ao, 2 o2l loo M° (4.4a)
16“.1 G{ 30 31 + 3 33} g tA“L
Fig. 1b = __! {_1, 2 M2 (4.4b)
fen? G 5 g'} Log._i
F-
. A M
Fig. lc = o G{_EL 811 +3 8: } log - (4.4c)
: A —2
Fig. 1d = Gl 8 o2 . 8 ot } Loo M (4.44)
16 75 & 3 S (-

With these graphs evaluated, we now proceed to obtain
the RGE for G. By definition, (cf. (3)), in the low energy
limit,

gz .
G= =22, +0(g%) ;t—-e0 (4.5)
where O(g4) represents the above corrections. Then by

taking d/dt of (5),

dG . 4+ dgr _ 8f _+ _dmt 4 0O(g4) (4.6)
dt ‘mt dt m* m* 4t dt
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and upon using the results in Appendices E and H, for

dg,/dt and d'n'lz/dt, we have

lorn> 4G _ 4

2) 5 3 2 v 2
at e 3*['5 8 * 7 % g 3> *g”&%x] -

a
- 8 3_u5g:+[-%g_ g* - 6g* - 2_;5.3;']@}

m* 3
or
4G il
|6nt;_t_=G-[—T;g|"_-;‘__.g:_4g;] ((4.7)

as the low energy RGE for G when the SU(3) X SU(2) X U(l)
symmetry is valid.

For the region where the SU(2) symmetry has broken down
to U(l), the only contribution from the SU(2)-gauge bosons

that survives is from WO, which changes (4c) into

A A L2 2 Lé m* .
1suzG{s SRS R -
and repeating the same steps that led to (7), but using the

similarly modifed equation for g,r one obtains
berr 4G :G[.ll:;gf-_%g:_4g;] .
as the RGE for G in the region where SU(3) X U(l)em is
the valid symmetry.
For the actual calculation of the proton lifetime we
will also need the high energy (symmetric) limit of (—g?
This is easily obtained by noticing that in that limit

9,= 9,= 93=9g , so that, and using (2.34),
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(where ﬁz was defined in (2.16); see also Appendix G),

or
. -4 1%
r"“’(sm)=_£.ax uty u._"__["z-i__ 26 Lo L't_] (4.11)
R 2 et T T S g‘w
from which we can extract the initial value (cf. (3))for G,
(4.12)

G.., =-2- ['2f_ 24 2¢ o EE']
I-V\-bt ':.‘az g 16“,1 5 g r-'-L 2

which we will use in the proton decay calculation.
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CHAPTER V
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SECTION 1: CALCULATION OF THE PROTON LIFETIME.

The strateqy we follow to calculate té is very sim-

Ref.30 in the integration of

ple. Tt essentially consists
the RGE for G from energies below grand unification down to
energy scales of order mp, and use the resulting value of

G, at order m?, in the formula given by BEGNRef‘18 with

the modifications of Jarlskog and YndurainRef’ZG.
In order to carry this program through, we first need
to know the unification mass, Mx' and the initial values
of G, I3+ 9y and 91 (because the equation for G contains
terms in g3,92,g1). We also need to know the value of the
symmetric coupling constant at high energy (unification
mass). We now show how we do each of these calculations.
To calculate Mx’ we can proceed by using our RG re-
sult, established in chapter 2, and write down a formula
for the log of Mx; this formula, as mentioned there, con-
tains all the threshold effects. We will use for input pa-
rameters, ds and dem as measured at low energies,
where the worLd is no longer SU(3) X SU(2) X U(1l) symmetric

but SUiB) X U(l)e symmetric; hence we will use the two

m
hierarchy formula: one hierarchy for the breaking from
SU(5) down to SU(3) X SU(2) X U(l) (the first hierarchy) by

giving a VEV to the 24 of Higgs .and another to go from
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SU(3) X SU(2) X U(l) down to SU(3) X U(l)em (the seccnd
'hierarchy) by giving a VEV to the SU(2) part of the 5-plet
of Higgs. Here, of course,’ we will be consistent, and in
accordance with the model we are working with, will, at the
level of the first hierarchy, consider all the Higgs and
heavy fermions, degenerate in mass with Mx’ which is true
up to propoftionality factors of order one. For the second
gauge hierarchy we will assume, as mentioned in chapter I,
that the SU(2) part of the 5-plet has evolved from its O(Mx)
mass down to a mass of the order of the mass of’the Wi's
which we take to be 83 GeV, and in the meantime the mass of
the sU(3) part of the 5-plet has stayed‘at a value of, at

2

most, 10 M. We take care of these effects by introducing

the parameters

oz (5.1)
and
f}_i MH® (5.2)
M«

By taking these remarks into account, and using (2.31), one

arrives at the formula

g Mx_ 2 | 3 _4n An M geg My
T "33 s g (M) g Crm) 2 m

73 1 -\ | (5.3)
(- < o)
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from which, by giving input values for ‘xem and ws at
m, we can determine Mx. (For typical values of ?2 and
f 3+ the constants and the Tog f,/ 4 term have the effect
of reducing Mx by a factor of 3.1).

To obtain the value of.§ at unification, we use its re-
normalization group equation aéd, for example, the equation
for l/g%(m) given in (2.32) ., with, again the same input
value for o(s(m).

We are now ready to obtain the initial values at a scale
p below unification, for G, 93, 951 93 by simply
using (4.12), (G.12) and (2.3la-c).

inter

Now we discuss the question of taking the different
fermion and W-threshold effects into account in the inte-
gration of the RGE's. Let us write the system of equa-

tions,

46n‘;é€(.§_§)=22—%n5 _ (5.4a)
16,-1_15;(%4?): 4_;_1‘(0)_%,\_5 (5.4b)
16“15? ';‘;) - — %“é (5.4c)

There are two remarks concerning this system of equa-

tions (5.4), as written above. One is that we have taken
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the derivative of 912 instead of g;: this is because
with our integration routine (HPCG of the IBM Sciéntific
Subroutine Package LIBrary)' they worked better when doing
the numerical integration, this is related to remark three,
below. Two: In the right hand side of (5.4b) and (5.4c) we
have written 44(0) and 9/2(3/2) respectively: this is the
value of those coefficients when the symmetry further
breaks from SU(3) X SU(2) X U(l) to SU(3) X U(l)em. And
the third remark is that we will consider ne to be a
function of t, the scale parameter, as well; we explain the
last two remarks in detail in what follows: they have to
see with the inclussion of W- and fermion-thresholds,

Suppose, for example, that we'conéider the low energy
RGE for 9, in a region Ry where p>> Mg, the mass of
any of the fermions counted in Nes in this region the

equation reads

2 dg, 4 3

Imagine that we are integrating from Rl down "to region R2

1)

where p <« me (mé‘ is the most massive of the fermions

in nf), then for region R2, (5.5) should  read

16 n?* d_g_‘=%cn}-4).g.’ (5.5b)
dt ,

In order to take into account this, let us say, "passing
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over the fermion thresholds”, we might interpolate ne

with a formula such as

(@) - 2 !
¢ B mi (5.6)

VL;(tl: V\.S_

where nf(oo) is the number of fermions at very high ener-
gies, and, the sum extends over all the fermions that we
would consider as very massive (the i-th fermion has mass
mi) compared with p2=e2t. |

Equation (5.6) is nothing but a poor man's way of writ-
ing one minus the Heavyside function, and it is interesting
to notice that it is similar to the formula obtained by
Georgi and PolitzerRef'21 by using the mass-dependent RG,
only that they gave the value .2 for P : for reasons that
will be explained later, our best value is closer to .3.

We shall treat the W-threshold problem in the integra-
tidn by a similar procedure, introducing another parameter
P 1 (cf. 5.7b -and 5.7c below).

For the record, we write down the RGE's that we use in

our integration subroutine

‘6“124?(?): 22 - % ny (&) (5.7a)
3
4
terr (A ). A0 ——m0mM—— \ - 2 (5.7b)
T g:) 3(‘ 4+B-e‘*/ma) T )
8 5.7

46n‘dit(.g‘.;) <= g (5.7¢)

' _ M 2 3 N 2 _ 5.74
e s (= E S
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To determine @ and B ve did the following. Given
a certain value for “enﬁ“” and ds(m) at a low energy
scale m (cf..Appendix 1), E&pically 6 GeV, we determined
Mx, and g(Mx) by the procedure described before, and

also the initial values of G, 93r 91 9q at in prin-

ciple, arbitrary p Then we gave arbitrary wvalues

“inter®
to F and [31 and set the masses of the as yet undiscov-
ered "light" fermions (in a sense the average mass of the
3rd generation) at a value of 30 GeV, and the masses of>the
remaining (up to nf(a:)) generations in the sequence 300
Gev, 3000 GeV, etc. We started integrating down from uni-
fication and we compared the result obtained by integrating
the system (5.7a-d) to what one would obtain if using eqgs. .
(2.32), choosing those values of F,, F 1 and Pinter
that did the job with the best agreement between the two
procedures. The agreement for our best values of PandFl
was typically better than 98%1!1!!

The method is rather sensitive to the values of P and
Pl’ being more sensitive to {Blthan to ﬁ : for a given
average value of the mass of the third generation and mw;
a change of 15% in P typically gives agreement to only 95%,
whereas a similar change in [31 gives agreement to just
90%.

For our best values g = .27 and Pl= 25, the dis-

agreement between the two procedures at some selected val-
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uves of p , in the case nf=5, were

p(GeVv) = 3.0 x 107 ..... .s.rrox (3) = .93
p(GeV) = 9.6 X 10°e....... error (%) = 1.06
p(GeV) = 9.6 x 104. ....... error (g) = 1.29
p(GeV) = 9.6 x 103...... ..error (%) = 1.20
p(GeV) = 9.6 x 10%........ error (%) = 1.12

= 9,6 x ld~.......ferror(%) = 1.10

p(GeV)

After obtaining the value of G at mp, we simpiy put
this value in the lifetime formula of BEGN as modified by
Jarlskog and Yndurain. These modifications consist of |
including muons and strange particles in the final étate,
one—quark and three-quark fusion.(BEGN only included twb—
qﬁark fusion) and ailowing for a 4% decrease in tp for
Cabibbo ;uppressed decays. The results we obtained are

2
presented in Table II, which corresponds to a 4| (see eq.

3

(1.19)) of 8x10 - (GeV)3, as used by Jarlskog and Yndu-

2 .
rain; however, other values of j|4(a)| exist in the literature

which place this value down to (4.3——2.8)}:10—.3 (GeV)3Ref' 59

3

or 1.1x10~ (GeV)3 as in Ref. 60, and therefore give a

longer lifetime.

The lifetime corresponding to a Aﬁg of .4 Gev and for

three generations of light fermions (we used the same ﬁ and

ﬁl for all n. from 3 to 7), is

£

_ N B 14 B 30
Mx~8.9m10 Eev=8.9%10" "GevVv, tp—g.lxlo years.
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SECTION 2: CONCLUSIONS AND COMPARISONS.

We have p;esented a calculation of the proton lifetime
in an asymptotically free SU(5) model. To avoid the pro-
blem of uncertainties in the values of the coupling con-
stants below unification, we developed a new RG analysis
which by exploitihg the minimal scheme provides one with
initial values for the coupling constants away from the
thresholds, whose effects show up in additive constants in
the initial values of the coupling constants of the effec-
tive gauge theory. Since due to the eigenvalue conditions
in the Higgs sector all the parameters of the theory are
ealculable in terms of o« and %.qr We have been able
to perform a complete calculation, except for the assump-
tion of gauge hierarchy. The value for tp that we obtain
includes mass renormalization effects, and due to the small
discrepancy between the velues we obtain and those of
others (see below), we conclude that the mass renormaliza-
tion effects play a very small role in the value of Tp;
this is‘reinforced by our check on the validity of the
theta-approximation of Ross.

We now do some comparison between our work and that of

some other workers Refs. 33 and 34, choosing our result for

a Aﬁg of .4Gev and nc=3.
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The results are,

Mx(GeV) p(years)
Goldman and ROSS 41451014 (1.6-200)x103°
Marciano 6.3x10%4 (3.2- 60)x10°3°
ours g8.9x10%% (5.1-37)x103°

3

2 -
Here our first value corresponds to Vwbﬂ= 8x10 (Gev)3

and the second to the value obtained by using Finjord's es-

2 Ref. 60 3

timate for |Wo)] of 1.1x10™° (Gev)>, which is the

value used by Goldman and Ross to 6btain their first quoted
T, of 1.6x10%° years.

The difference between our value of tp and Goldman
and Ross' shows the combined effects of having asymptotic
freedom and mass renormalization most clearly. Their mass
value is 1/2 of ours which means their lifetime (first
quoted value, the second value they give is based on an es-
timate of errors), should be about 1/16 of 6urs, however it
is only 1/23 of ours, which means that the combined effect
of asymptotic freedom and mass renormalization of Mx is
to increase the lifetime by a factor of about 1.4.

For the case of Marciano, we can compare the masses.
His value is based in‘a theory whose SU(2) doublet of Higgs
in the original SU(5) 5-plet remains massless all the way
from unification down to m,i since he did not include
threshold effects coming from the first breaking,these

effects and the assumption on the Higgs doublet conspire

so as to give an Mx very close t0o ours.
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The fact that each of the calculations haskdifferent
effects taken into account gives us an idea of where the
proton lifetime should lie,” and from the above values, and
if there are only three generations of "light" fermions,
and /\ﬁ§ is .4GeV we can conclude that if'SU(S) is the
theory, within a few years (while data is collected), see
Refs.6,15, we will see a decaying proton with a lifetime

between,lO31 and 1032 years.
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APPENDTICES



Here we show how to write the
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APPENDIX A

THE 24 A 'S OF SU(5)

five dimensional realization.

For Ay, % =1,...,8 we simply take the eight

SU(3) matrices enlarged to 5x5 dimensions:

( )

L

»
)
o]

1

(o]

o

o

-i

-i

[¢]

-

(=)

(=

1©

>
)

©

A 's of SU(5)

-t

in their

Gell-Mann

o (=} 0_
[~} [~} O-
| o o
o o o
o (=] o
o o S
o o a-
o o o
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These 8 matrices represent the SU(3) subgroup of SU(5).
For the SU(2) subgroup we just use the Pauli matrices in

entries 4 and 5:

We already have three diagonal matrices, A3, 18’

312, the fourth (SU(5) has rank four) can be constructed
by writing i
a ]
a 0
a
lq=
0 b
bd

so that it is proportional to the identity in the SU(3) and

SU(2) subspaces. Then from Tr(lq)=0 and Tr():)=2, one gets
(4 o o o o )

6 4+ o o o

A

Po) o 4 [« o

g =2
15

o o o -3 o

Lo o Q o -3/ 2
The remaining twelve A's can be written in a way

similar to the way we wrote A 4 o A7, i. e.:

i Vo] [ -t o] i ‘ o o
1 O3 © o Oy © o o, (=
137 o o :l'q: o o 1'5= oo
i 0o o i © o c I ©
l© o o 03- J L © o 01 A Lo o o l Oz §



0o ©
o3 -;.0
);""T o ©
O L o
| © 0o O’-
[ o]
O oo
MG $
o O o
Ll oo O‘-J
001
Os o -t
22; o ©
| © v o 2 ]

[ o o]
Qo o
03
krfl !l o
[ = 2 |
o [= 2N ] <
o -]
} _ O3 o e
207 o o
Q o O
.g o O oz
[ o o
O, |oe
A=
23 o\
© 0 o
[_o o |\ on

24

o eq
O o o
3

-L ©
o o o
ooo‘oz‘

\o o]
o |
03
[ =2~
[~ I~
(&)
© o z |
i © o
© o
03
o -t
© o o

These 24 matrices, when multiplied by 1/2 satisfy the

standard commutation relations of SU(5) and are its genera-

tors in the vector realization.
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APPENDIX B

THE LIGHT FERMION LAGRANGIAN

In the SU(5) model of Georgi and Glashow, the fermionic

part of the lagrangian is given by

ifa.vm.i.o»‘.s=—q+2 Yf* (Btu“‘ -"z-'-g X.Af"'\ 'qfa—- (B.1)

M‘“‘F( Swart St + 5 A S+ £ TR LS

“(En T

Lali?,

t HF+-—- “Fr‘u"PNFC "J’V‘H +hoc)

where the A 's are the matrices of appendix A, 2P is the
5-plet of Higgs, C is the Dirac charge conjugation matrix,
{2¥4 rand e“ﬁk“* is the totally antisymmetric tensor in 5
dimensions. For reference purposes we write in detail the
fermion-gauge~ boson couplings separated into the SU(3),
SU(2) and U(l) parts and the X and Y interactions. We also
write the explicit form of the Yukawa couplings. We will
not combine terms like d Yy«Le +d yH_Re into d yk\_e,
because due to the separation in the Georgi-Glashow model
of the R and L components into a 5 and a 10 , it turns out

to be more convenient to have the lagrangian separated as

given.

L(sum)= g, &.—
+

C

a Y |+"" z\{fo.Lu'
ey u.(e)..,&_u,_(e)yL w, (8)

(B.2)
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. - . = . )
+t9 ?l“‘ {E—;“ w,(8) Yy.\.“':.(el -———'\lg_- ws *(H_ we 4
A_d d d
+ —
E 1Yf‘~“- L + V_i_ 1\”4.2 L?[
+ig 9,1’ .i__é__ T, (00 Y U, (8) - __;_f o Ypo 05+

]
+._.——-
Va

+»gK"_ {-Jl__i_ (Vi Yrq_u.;' _,,ﬁ__a_‘(g

. + -
*"gkt‘: - Wy Ypo %3 -\'-—41——
*J{' d3 fpr &, + ""‘Ji— d3 fre 90 %

e

o —

[

zz- YfA-L 'l1 +0—:-__—_- :z Yf"'" d;&

1 Ypo ds *J‘%—"' da YHO.AS ?5

Es(e) YI"" w, () +

2

Ua LT, (@) y w8 +

S =

vz
wd Tty w2 Ty 44
+ig K*: ) %—; wr Ypoo 3 +_|_r4___i__ W3(8) Y, U, (8) +
+—\;z: ZB Y}«L d, ""'4"-1:: 2-3 fp-n. ‘42}
. o z — -
+12 'Zl" {{\;—3: Z_‘ w; (8] Y':LLL"_LG) - JJ%'_ w2 (&) y’“_ Wy (8) ~
ST R S UL SR (M
2 .
+?.:r§- g. d: Y,.u.dc - -‘7_:;.,— ;3 Vo 93
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d(su) = +igwal L 7 T,

2..'.| xt“'u'(e)

I
. - 1 n
+g wf“ S'_—QE '.'z:‘l AL X"“‘ wy (8) """—rlz—. Ve YH,P. e” i
. 4 3 — - [
R A
FACINY) = +igB8 {.L.%_?L"Y wi -4 i"l-mbf w; (8)
“ F o H TRER ek %S cm L (18
. 2:__ % —_
- A ¢ L
205 sy C Y"""d - Vig &= ‘e .

i P 2Vis
-2 5 =
2vVis <" Yper e
.Z(X)-...m}ZX i \J—!:' éLJ.,_ TYpe S (@) +
2
v lodiy 2 g et
A L
2 Xui f- o e Te@yp i -
+ L E+Y'.LL ¢ - . er Yr-a-d‘ }

3
L{Y) = +C‘} 2 ‘\’:‘_~ ‘i-_vl;.__ '-‘-iju u.ax'“d

g2 ¥

=1

(B.3)

(B.4)

(B.5)

(B.6)
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In egs. (2)-(6), we have embedded the SU(3), SU(2) and

U(l) as follows. Define

(Ar‘-); =3‘f<)‘9); A: (B.7a)

with «,p=1,...,5, and $=1,...,24. Then we have taken

‘o b g (B.7b)
(Adj= Gup «i= 55 &,
4 X (B.7c)
(Aeda= (Y-' )
‘*
(B.7d)

(Apdy = S =Wo - 2= So B
. . ‘ ; .
with i,j=1,2,3 and a,b=1,2; also €M=(1/z)(19 )j.gff, with

£ =1,...,8 and A€ the eight Gell-Mann lambda matrices.

Explicitly
1 e . ’
A,:.;_g—' +{}—:«T—2 ..,7715_8 (B.7e)
Al =t t o LA (B.7f)
2 2J3 Jis
A: = - "lo -+ ' B (B-7g)
'K} Vis
AL - -3 _ B 4+ Lw (B.7h)
2Vig 2
AZ . 3 R 1w (B.71)
s 2Vis 2
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Z AL =k™ V2 A X[ vz Ag =Y,
VZ A, =ik VT ALax] VEAL- Y]
VEAL-K* VEALeX]  VZAL.Y]
ZAL=X, VZAL-xY V2 AL-w*
VZAS-YY  EASLYT VT A -wT

The Yukawa couplings are explicitly given by

L, (W) =

-hd €y 'J_jl_ dea HE €5 3,‘“ win He
+T @ e HY o« BF w9 H;
v dy; v© HE + v d M
+ E: v; " - ;:. et; HA

4 ——

- _J.;L(O) cl:& H - Aip_ Wi (& H4

~(d; den +BF e IHT (T dy + @ et ) H

(B.73)

(B.7Kk)

(B.71)

(B.7m)

(B.7n)

(B.8)
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and

A (W) sl {T el HY e Tlu

e M (8.9)

~ L
€5 T (O de H° + € duy wie (81 H;

(In (8) and (9), whenever two indices are repeated a

sum over them from 1 to 3 is implied).
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APPENDIX C

THE MASS TERMS FOR THE SCALARS AND HEAVY FERMIONS.

Here we list the quadratic terms in the lagrangian ob-
tained upon shifting the 24-plet of Higgs. As usual o de-
notes the singlet in <$;, Q} the traceless SU(3) octect,
wy the SU(2) triplet, Ki the "off-diagonal" Higgs
in the 24-plet. Also Hi, and H? are the SU(3)-triplet
and the SU(2)-doublet part of the SU(5) 5-plet of Higgs,
and c; is the massive ghost in the 't Hooft-Feynman
gauge. In addition we have included the mass terms for the

heavy fermions necessary for asymptotic freedom.

-4 3ygr_ L[4 A 2\@p2 _ L [l6 A ) ot _ MEet et
Cpes -1 @pt)e I(?"—%M)‘P L2 Mo ME) k'
g 3
[‘r + 7 *Té‘“”"”]“‘ " [ z 7 (Parig2s) e | HaH

-—H’-C*: C.g. —ch?_ C*L _ szf:"xi’ - Hl Y"’?Yi
-‘{2_ gigt —y B® g~ vz B RS
','S—(KS"’”‘G)BL BJu;, _‘é';_(ks-»ks)BaBer, +V—;__:(ks+k‘)8,8
= T \RE g 3 Beat
tE s TR B, & ((Fws ~fE o) BT 8L
2 =, a0 =
_VT; ea X«XLU." "'\’% Ky Xa ™ Vo

Here

2 o ol -and - M. 5 3*ve
12

l‘ +-_7_21
|5

Q
1
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APPENDIX D

STABILITY OF THE HIGGS POTENTIAL.

In this appendix we study the stability of the Higgs
potential for the SU(5) model of Georgi and Glashow, with
a 5 and a 24-plet of scalars. The potential is given
byRef.lB
V(¢,H)='-J§' Te ¢t + LA ()T L L, Teg? (D.1)

+ 2 + 2 +, 2
S 2 HTH Lo (MR HIT 4 DO HE RO Te g™ & LR

where ¢ and H transform as the 5 and 24 of SU(5), and
both p 2 and % > 0. We have also imposed the
symmetry ¢ --» -¢,so that the term Tr(<|>)3 is not
present..

A convenient way to study this potential is to defing

the traceless matrix
-2 (A, ek
% Lun pPPu
where i runs from 1 to 24 and &« and F Erom 1 to 5.
Since ¢ is a hermitian matrix it can be diagonalized by a

unitary matrix, and without any loss of generality we can

take it to be in diagonal form, as ( SU(5) has rank 4 )

r
TR S
g

-

= .-2'._4--0-_7:_5-
%hg Ve 'S (D.2)
w _
S N i
2 loo-
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and then

Te ¢z= fl + 71 + W* 4 o

4 4
'T‘.d, =;|_'f +J£'Z + _it'_w4+§__'z_°.4 +?2.‘lz._.. %‘z((’t""l.z)

Q. ..2,2 4 2 4 2
+ —tet e 2. [ R R o
5 Vs £ 3VE'Z

.9

If we also allow for the fifth component of H to,

in principle, develop a VEV, T , the Higgs potential can

then be written as

V= -.5‘_;2(?"-» i+ wr+o0*) 4 :'r A (et +nr+ wrv o2 )y

4

+:"—A;(€4+rl“4-w 4-7-—;-6“ +2¢y* +.§. ot (p*+ ")

19, 2 g2 1 2 ® 3
e — T [ S—"_ a‘—-.__.b!d"
S Vs~ e 3Vs )

T LSS S| 4 Aot 2 2 .
I.'t 4.‘_1.331' +.{A4'c (p AR X )+

i 2 w? 2 3 EY
+ Lo =r( @ ‘/__ o+ 2 &
7S (:. Vg @ T )

This potential has a minimum, with the desired pattern of

Refs.18,58

symmetry breaking SU(5)~-—--> SU(3) X SU(2) X

u(l), if
2. .
O’l=.———-’:__~su-z (D.3)
; |
ST
and

psy=w=<T zo (D.4)
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with

2, >o (D.5)

and

(D.6).
2,4-{%-A1>0 :

In this work we will be interested in preventing the
H* from developing a VEV (see also Appendix C) at the
same time as ¢g, and therefore require that the coefficient

of < 2 and T 4 remain with the same sign, that is

13>o
(D.7)
kX
—.‘z_’.- +.%.;14a’-+_i§: Ag &* >0
or
L o« Eoal > ¥ (A . L . (D.8)
y o+ S 5>H"('+ISA1)
With our choice of VEV,
oV =T = . (D.9)

the Xi , and Yi
en by

mE = md sM":-g_—'i‘ur" (D.10)

with (cf. eq.(2)),

< ] Té'- (Vg L} d‘:P :{1,2,3}
dgd =
P

a3 v i w=p=1{4,5%
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APPENDIX E

THE RENORMALIZATION GROUP EQUATION FOR Iy AT LOW ENERGIES

To show the general technique for the calculation of a
renormalization group equafion here we do the calculation
for the coupling Iy at low energies, i.e. when only
massless loops have to be considered.

From the fermion lagrangian given in Appendix A, we see
that the most convenient vertex to choose (the one that
will have the 1east number of graphs contributuing to its

renormalization) , is

+
e

"

given by

td = -8x N3 Ypuo

In order to compute the lowest order RGE , we need to
calculate the divergent parts of the the corrections to

this vertex, to the same order in perturbation theory:

+ + et
e-i‘-' CL eL \ '

L + L
2 + 2 +
Xt X: X, X5
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where the blobs represent the wave function renormaliza-
tions.

Of course this equality is the same as

Vy

14 WV -1
Sxe = zx Z e%, Zd.\_ ertd,‘_ Sxs (B-1)

By calculating with our lagrangian and keeping only the

1/€ part(remember that 1/€ ----» logA/w ), we find

lent

_’—@__)— —_—— ZA'L=\~_L[-38._S;'+.§_S:+§—°—S.:]Q.V\% (E-Z)

—*@-—)—— —-——>Z+= 'L;[gg\l]tﬁﬁ (E.3)

§ g
mw@w« -— Zx = 1- 16“;['3—“’& g:] 9’“—% (E.4)

[ S [ ™

a4t _lLlez A
wm> Ly =1 16“1[5 g ga]'%»r* (E.5)
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So that one has, using (1) together with (2) - (5),

= A ]
Sxe " Sxe ! * o [‘5‘ 8l - '43'“'5—?: - “g" e

-4t -Fel - b e 1ega |
and

- A ‘
tont S gt (-2 v F v &)a vl (B vsi(d)n v 2upg]

=2 glg, +2-glex+ daggu+Fnugel (E.6)

which is the RGE for the region where the SU(3) X SU(2) X
U(l) symmetry is valid.

When the SU(2) X U(l) is broken down to U(l)em the
equation is modified (see remark after eq.(4.7$ in that
the %g: e, term is reduced to ZLg:g" , and therefore
the equation is, in those regions where the symmetry'SU(3)

X U(l) applies

de,
fen*<8x . S Qg + -“;-g;gx *%—S:Sx *—;—"‘5- 33

d¢ 12 (E.7)
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APPENDIX F

THE RGE's FOR THE HIGGS SELF-COUPLINGS AND THE YUKAWAS.

'As exemplified in Appedaix E in order to calculate the
RGE of a coupling constant, all one needs is to calculate
the divergent part of the graphs contributing to the renor-
malization of that cpupiing constant. The calculation per-
formed there, was in the 't Hooft-Feynman gauge, but in
general it is more convenient.to do the calculation in the
Landau gauge where a large number of graphs are finite and
therefore do not contribute to the RGE; we shall do this
here. |

For completeness, we also list here the value of the
basic integrals, i.e. their divergent parts in the Landau-
gauge, associated with each of the graphhs that contribute
to the RGE's that we are going to calculate; all one needs
to do is to put in the group theoretical coefficients that
enter for each particular combination. (This is an easy
but tedious task and we have just given the final answers
in each case). We also list the different wave function

renormalization constants.

BASIC GRAPHS (in Landau gauge).

N A ) z-1 A g A (F.1)

_-_f‘.l:‘:‘,l.--- s-"L .-1— l-og:/_\. (F.2)
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{

11

{ern*

{én

)

=+ 4 (6) ""SA/H*

len?

-4 () bog /\/P

{on2

== 1 (e)leg A,

{6

A A
* e A e M

1 8, Lo A/
" A6 n® N

(F.

(F.

(F.

(F.

(F.

(F.

(F.

(F.

3)

4)

5)

6)

7)

8)

9)

10)
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The wave function renormalization constants are:

Z(4,) = 1= L AW Log%_ . (F.11)
Z(a}‘_)-.-_1_.1_é_.r.‘.i(zhz+3h,"') Lag%_- | (F.12)
2(1):1-72—‘3%‘-(“?-&})&:3% (F.13)
Z(®) = 1-756_;1_[k:+?_-£.(u; +g;)-§_usk‘]mogﬁ (F.14)
Z(4)=1- = [-30g% + Akfng + L2 (kg +kd dng - 16 gk, “etog & (F.15)

(F.16)

ZH:!—.J-[-Z.Z. 2,80, + 6k e k’“]u A
() 16 Sg-&- "'5 h.}-o-sn.‘_-‘ gr

Next we give the contribution to the RGE's of each of

the graphs.

CONTRIBUTION TO 16 ~-=—-—- .

...... - 54 g*h (F.17)

...... -eWrh - . (F.18)
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']
CONTRIBUTION TO 16n2—-°-;£"——.
dt
T N -8k} (F.19)
1
_____ _z;ngz (F.20)
5
CONTRIBUTION TO l6n.2—é—k—"—-.
...... +_?. k, 3% (F.21)
/ 3
¢! Soee-- - L, ' (F.22)
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e s ‘%":k‘s +5;—'k: ke (F.23)
k
CONTRIBUTION TO 16n23é—fl
dt
...... 15k, g% (F.24)
/ | (F.25)
oS- ~-45-kzk4ks+‘.‘?6.k:_l<4k‘
\
k
_CONTRIBUTION TO 16n?j§1fi

...... -15 ks g (F.26)
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2 k] LB v Blghd -

o 5

4l
S 6

dk
CONTRIBUTION TO 16n2-—-:t-°-
..... - 15 kG gl
&
------ +Zl<4 “6
6

(F.27)

(F.28)

(F.29)

k3
6 - (F.30)
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o A
CONTRIBUTION TO 16\'\-2—;-‘——’-
dt
\\‘ ) ’I
\“"‘-_“ J
AR 64% + 376 32, + S22 32
’ “ew? 1\ s
’ ‘\ slz (Fo3l) :
+ + 22, A
+ PERMUTAT. 4 4 s
\\ ’
\‘ ! 16 4 3
’ —
< 52 e Ks “%""PKskc-
T A
s \‘\‘ ‘!‘ZEE—RFKS k‘ — —éEVLFkS'KG (F.32)
+ PERMUTAT,
S T k2
— e K¢
25
\\ ,I
\\ ,,
\ /
/,
f’t{j\\\ 4
4 B +qg (F.33)
+ PERMUTAT
d A
CONTRIBUTION TO 16m°-o--%
t
\\\ ,/
\ et ’
\\‘,' ‘o','
A, kS : , -
s N . 242,12, + 4;'.\5 +1_.52._;\1 (F.34)

+ PERMUTAT,
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A 3
AN ! -?5-“1“5 ne .\._es_f‘.ksk‘ng

-

*’ﬂé"sk;k€1+‘éﬂ'M:kskg

/ A 5 S (F.35)
/' \\
+ PERMUTAT, '
4 4 4 .
\‘ _’I
\\ ’,
“ - E 4 (F.36 )
/ﬁ \\ 2_ g
s , .

+ PERMUTAT,

CONTRIBUTION TO 16 nz—j%

. 174
X X
,’ s‘ ”\‘
d e \ 2 2 2
. QA; + 4827 + 36,2 132 ), (F.37)
+ PERMUTAT. 3 R~ Y

4 ' 1856 4
~32n h —24kn.*—-§-;5——npk4 (F.38)

/ hS
+ PERMUTAT.
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\ ’
\\\O/' |
4 kS * 346 L4
R \ + __2.5 2
+ PERMUTAT.
' dA
CONTRIBUTION TO 16rP-S- %
d+t
Nl /S A% & A2 L 62 0, + 2
N ," R
RS "(\
AR P \ + 522,27, + Ls_g_?;\z;\“.,.
K \
+ PERMUTAT. -+ ‘1_8_ 11 -As -+ 14—2: 23_ }s
s 25
\ ) 2 - 2
\\ s ~16n Ky kf-qsan4 K, ke
-6 KkFkE - 46, kiKF
25 F Cq % 25 F 4 Ne
¢ \
I' \\ 32 2 k
. R = s e kg Ke Kg
+ PERMUTAT.
\\ //
\ / a
O +33
l, \\
/ ‘\

+ PERMUTAT,

(F.39)

(F.40)

(F.41)

(F.42)
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23)\5

CONTRIBUTION TO lé6m‘ -—I

dt
\\ i I,
\‘\," '~“ ’I
’l'\\ J;\'\ 1315 “'42115 - 8A4AS+
’ e \ '
g ) ‘ (F.43)
+ PERMUTAT, + 16 A, A + 24 l;‘
5 s
\\ ,,
\ ./' ..‘...én.F k:k: + gupk:k,_ksi-
5 5
2.
’, \‘ .‘.?’_SZ:VLFK4 k’.k‘-!-q_sénpk:ksk"' (F.44)
4 )
‘ . ~
+ PERMUTAT,

——-—PLF

\ /
/‘C}\/ +‘\S'g4 (F.45)

+ PERMUTAT,

2 ‘ 2y 2

To finally obtain the RGE's, we must add the wave
function renormalization for each of the external legs.

The algorithm for this is to add minus a half of the wave

function renormalization constant for each external leg to

2dA

the RHS of l6mM —=w——- . (This 1s because for each external

leg, we must multiply AB by a factor Zl/z(external
leg), and in order to obtain the contribution to the RGE

B .
one must take 4+ —=——; the algorithm follows at once).
alogP.
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The resulting renormalization group equations for our

model are:

(6r*aF /ot =-(58-4-22n_ - 4n,) (F.46)

'\én‘i&=k %?_nplc: +3"¢‘Jt—f‘;‘~"'-—47§"]' (F.47)

+ h3(3 + dny)

z di’ ! 2 2 .
tert 2k ol [c«:nf-s)h, o _l_gzgx] (F.48)

4.1._’3(34-3-..“

2 dk 2 2 (F.49)
1en ;_t_’:-.:kz(z-.s;\_k‘ .,.'ﬁs_é.._F(ks"-»ks)—Sikask‘.‘.'_?ga]

z 3
+k, [—%ks ...‘%ék‘] + Mo [%_3: +2.VLF]

16> dka

| L F.50
o s l<4[4n.§kz +3n b 2 Kakg + ‘_‘g_ékzlc‘ + ( )

w12k 23 (e p k) e ke, ~ M 11

3 124 49 ..

x
2 Alukd . .é_s_l(za-l‘:-BoS"] (F.51)

46?11& ) KG

Zinehn + 46 kg 4 13K2 & KX —30 ’-] .52
T [ F <2 = [ 307 S 4 < (F.52)

2 3
* kg l-2.l¢5 - g-n;st] 2k, - 3 ks

"kca [-2=l +.‘.‘_‘; n;]
5 5
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6?::,. 64x? .,ymey:?._,.xwt??m?m}i - (F.53)

WW.N ?—u KWR@ -— how g

4672 22 450 w 2a0¢ v+ A4 L6 kd - 64wl
25 4 4g g 26 TF s 25 | F 6

1296w kFiF o €8 pn ko kE — 16w kS
25 £ S %g 25 F s e Nm....

ada F.54
16 mml«pnmh:w A [243 - cogh v il w121, 2 o)~ (F54)
l.umlvx.nxnxa“_
1,2 4 3
+3hs ...w.mw - Angly ~ MMI ne kg .m...mw.a_..xh_aa
+ Yen gl 4 mu.anxmxau..mus.n_nm
S S 5
2dX, » . 2 (F.55)
n 2.
16 |w|m n; +2 N.Lmuwwim:mr +12n K. M.m#axu“_
4922 + 26 A2 132 , 2 wAh 125¢ 4
+ 4 T 4 m.+.Mm s 2 Np Ky
WA _ 240 W1
6 NL»A" 2 Ey - 222 2

N.
+Ls.nxw.+n.~|mmus.v. AFM...XN.V + A.wm.rﬂ_nx

Am-.).ﬂ Ka Rh +QF*T\N' ~ hs'% r.ﬁu

- —

5

~deng kY —ewe Kk, Kk

N
- WW e x.. ke — b_ms_@. leg

cmlw.xxx.v
25 6 F
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and finally,

+8u.&l\.z + 6vu§|n."' + 4dng ki +

-bs_s?_‘.r\,g(.k; +K:)_"s'-€'“'PkSK‘D+CLS,6-V\-gK:]‘
2 2
+45g4 +1s§n,;k:l<: +—3—s%h-.=k4k:.ks +§‘5-2=V‘bpl‘4kxk6

,,2 2 2%
"-3-5—52'”‘-Pk4 s "'q—s:é"‘-skq kgke o g"‘r“a ke

(To obtain the RGE's for the A 's it is very convenient
to work in the general tensorial SU(N) basis, (this is how
these equations were obtained), where the symmetry proper-
ties are explicit and an enormous simplification in the
Wick's expansions take place. For a field in the adjoint
representation, the group theoretical weight associated

with its propagator is given as follows:

(é <4 %> = ”:"‘ (&, fixed) (F.58a)
<ot @l -3 (F.58b)
<L &>z N (F.58¢c)

(F.58d)

<¢‘i 4’; >= 4

in the above expressions, repeated indices are not summed,

unless explictly shown.)
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APPENDIX G

MASS RENORMALIZATION.

In this appendix we study the mass renormalization of

M§e£'23. We will need the RGE for the quantity ﬁz

related to the effective mass M by ﬁ(t)=e-tﬁ(t).
The best way to calculate the RGE for M, is to take

advantage of its definition

M*. § 32¢>. 5 3% ___&__ (G.1)
x=Tm8Vie =8
Iz 12 A‘+-£?Al

where r? is the mass of the 24-plet of Higgs in the sym-
‘metric SU(5) limit, and observe that if one is dealing
with a theory with eigenvalues, then M2 is simply propor-
tional to pz, and it is then sufficient to calculate the
RGE for FZ in the symmetric, unshifted theory. This is
much simpler, even though, due to the presence of A4 and
AS in the lagrangian, it involves the calculation of the
RGE for uz (the masé of the 5-plet of Higgs in the sym-
metric limit) as well. We list the contribution of the
different graphs, in the symmetric unshifted theory, to

the RGE's for pz and 92.

k3
Contribution to 16n2—fbf-
dt
O
: + 52 l"'l’)‘1 + \_g_z_ H." Ay
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O
*514v‘+ Rsv‘

m _3°§tr‘l

¢ P $
() -vr*-"[‘?;s’:(u;-vkz)-.'éékske_mc;]_
HEAVY
FERMIONS

’ 2
Contribution to 16n2—f£g—
dt
H
H H
ok
+49V,1A4 -+ 4_§?_ I.*le
H H
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6 2

HEAVY
FERMIONS

&
+ (8\":& + 6l )niﬂz

LIGHT
FERMIONS

H

The RGE's for r.2 and \.\2, are
jon*d pt _ —t&z[g,ogl - Ak} - aé?; (ke + k&) + 16 wgley —522,

dt
~138 ;z] + v (53, +3s)

s
(G.2a)
‘6&15_;1} = -ﬂs-?—l.ga' (5A4+As) - Vz'[-?gz: §2. - qgé. lc:' — 623
2 12
~2ng (ART+ 3k )]
(G.2b)

In the case where n‘f=3, upon inserting the eigenval-

ues, equations (2a) and (2b) can be written as

16nt 917 C 13, 419a5¢ ZE b + 0.84729% g2 v2 (G.3a)
dE
{gnt éﬁ.": 2.134063 g‘,u.'- +2i.406‘189§" v ' (G.3b)

dt
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and the mass M“ is given by

T _ 2
M -1.716121F,

(G.4)

so that by substituting (4) into (3a) we get

vh s
rer é{1= 23.0302695%u" + 1.454066 §2V*
3

G.5
5 ( )

We dan solve the system of equations (3a-b), by intro-

ducing a new variable T, defined by

= A t:-;v . dE8*_ _ T+
1_16n"£°‘t g 3 T ttrem o8 (G.6)
and its solution is then given by
s = a, e;h't + a_ ea“‘c (G.7a)
wE(T)=10.353¢78 a._l_ez"'t- 0.q927207 a_ e;\'-t (G.7b)
where a,

and a_ are two arbitrary constants and‘1+

‘and A_ are the eigenvalues of the matrix associated with
system (3),

A, =22.192604 5 A_=12.634335 (G.8)

Clearly one wants V2> 0 for t—---» + oo (because this

guarantees the Higgs mechanism to break the symmetry from

SU(5) down to SU(3) X SU(2)-X U(l) ). Suppose then, that -
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- we chose a_=0, then for t-—> +® ,sz andv2 become
proportional (A  >A_ )
t>too ., '
p‘/pf — {0.353678 (G.9)
but the masses of the parts of the Higgs 5-plet transform-
ing as an SU(3) triplet, H', and an SU(2) doublet, Ha,

are respectively given by

2. 144' —-E-AS

3 2 3 N §
()28t TATIETE L ot 0338302 p2 (G.10a)
2P
. s 2
and

m‘-(H“):-.-_’"; + == ¥4 o723l (G.10b)

and then, in the t---» + ¢ 1limit, both of them would be-
come negative and hence spontaneously break both SU(3) and

sU(2).

1f instead we choose a,=0, we have that p? and 2
are proportional for all t,
ut = - 0.927207 PF (G.11)

and m2(Hl), mz(Ha) are positive and preserve the
stability of the original vacuum at high energies.
With (11) substituted in (5) we finally get the RGE

for M2, viz.,

f6r? é_'ilz. 12.634335 g‘ ‘qz (G.12)
dt
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The solution to this equation is given by

ﬁ‘(t) = WM[ g | (G.13)

where

X =12.624335/ -

with b -defined in (6) and which in our theory, with nf=3,
is 12.
If we recall that M(0)=Mx, wé finally have
(G.14)

RFie)= M, [53_)

1,052%61
get) ]
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APPENDIX H

THE LOW ENERGY RENORMALIZATION GRQUP EQUATION FOR

THE EFFECTIVE MASS.

Here we study the RGE for M; in the low energy limit.
According to our renormalization program, described in

Chapter 2, one has

) A

Mo (X p, gy M )= 27 R Epige, My, oty o) (H.1)
)

where r‘ is the inverse two-point function for the X gauge-

boson and §3 is the pole part of the wave function renor-

malization constant. (As pointed out before we will always

mean by 1/e , the quantity

1l/e -i—zl-( -y + log(4m))

with ¥ the Euler-Mascheroni constant; i.e. we use the so-
called "truncated minimal scheme"Ref'46).
By explicit calculation, one finds

L pg M, o) 2= (p*+ M*)Sps +ippu (A- ™) (H.2)
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In this expression the log M /V’ terms come from mass-
ive one-loop graphs; furthermore, since all the mass renor-
malization graphs contributing to AM2/e involve a mass-
ive loop, the coefficient of leog Mz/r~2' is fixed
as shown, if one remembers the relation between the 1/e

Ref.23 for such graphs. Wave

and the logMz/,.‘.,2 terms
function renormalization, on the other hand, involves both
massive, Bl' and massless, Bz; loops. The finite (not

log) wave function reﬁormalization effects that arise from

massive self-energy graphs are denoted by c and d.

By writing

Zy=t- Bk (H.3a)

Hrz-:: Mz(1+ 6._:.8_&-‘&—8_2:) ‘ (H-3b)
A

ol = 2301 (H.3¢)

and using minimal renormalization, one gets, to this order,

(¢S N , 2 2 2
r; )CX‘P)gT_\HV‘).O‘\‘;I'*)':-"SP-V[F""\"My - %H LOS-Ei-—

_3- L_,_fj_t_B e z]
Frbeln - Felg b vert [«

+ Pf"P" ~-TERMS (H.4)

From the definitions of X‘M' M. and the relation
between 1/-€ and log/\/r.. , one has that ¥y, = A - By

- B,. : .
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Multiplying by the finite external wave function renor-
malization constants, (i.e. removing the 82 term from
the above expression for 1:%&) and setting p2 = - ﬁz )

we haye.
rﬂ(t)(X\P‘é,ﬁ,a,P,,},)= |
’=-ll-g,.~v[r"+r4l— A-8 F\ti«ogE; -ng.]_._

2 =

-+ PHP"—TER-HS (H-S)

Here we have introduced M (the running mass), defined by

the equations

o
xi

I

=-(1+Xn)ﬁ , M(t=0)= M, (H.6)

0

t

Then one writes
C —_ 32 - o0 ©
r;"’(xlﬁ'.g:”:“:l"\’)"‘
kS

.t o2 1y  A-B, * E e *
= "S'A.\J[(P + M ) ——2-—— M L°S - < :l+

T

P

+ Pp pu — TERMS (H.7)

and therefore
L (X et 8, R, Pl 8) =
2

v' ° ~ - ~ kv ~a
=_‘_‘Pv[q)e2.f-‘+ Hl)__ A_z:_l H’-.ng.t‘_‘—c.n J+ (H.8)

T

+ P Py — TERKS

where M(t) = e+tﬁ(t), and hence satisfies

=

=-XHM (H.9)

'
o

[ 4
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By taking the low energy limit ( t -+ -e0) of (8), ( po =

p= Mr ) we get

52 A-B, B2 loo B _ o Mtz m?
M-__i___qﬁ ﬂ.og_}:t-cH =m (H.10)

defining the low energy limit of the effective mass, 0n2.

The RGE satisfied by m > is then

d om>. dH A M 4 {57 .  (H.11)
it T + (A '1) + O(8*HY) =

=._(A-%‘-B,_)r42 + (A -8,) M* 4 O(§4F{")
= + B, H* + O(g*HA*)= B, m™

to this order and in this limit.
NMow, since B2 is the contribution from massless
loops, and the only one present that can couple to X, is

 the light fermion loop ( 5 and 10 ), we finally have

adm? ¢ 2
A6 eyl g.vz_ég:‘ m (H.12)
where 9, is the coupling of the X-gauge-boson to the

fermions.
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APPENDIX I

THE VALUE OF O(S (6 GeV).

The value of o(s used as input in the Mx formula

was obtained from the two loop RGE for O(S in the MS

(truncated minimal) schemeRef'Gl,
1 Bo log (Q°/A'm) __Br 1o Loo (@3 A% )
— = + A ] ™8
o5 (QF) an " fo
where
o= M- $ng 5 po=toz- Fn

2

. _ 2
which for nf—2 and Q° << 4mbottom

(mb'.\'. 4.5 Gev),

gives

| _ 25 0%/ 2 1'54 Lo ) Q> a_ |
x (Q%) 12n Log( /AF«E) * foonm S og( /Ans)

The result for selected values of Aﬁg is

Aﬁ(GeV) °<s
.05 .134
.1 .155
.2 .183
3 206
.4 .226
.5 .245

.6 ' . .263
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TABLE 1.

Eigenvalues for the aymptotically free SU(5) model. The
eigenvalues are classified according to the number of light
generations, ng (sets-of 5 and 10), with which they
are associated. For all these eigenvalues np=1l.

h= -.,06658g ko= -.90392g kg=-1.33840g kg= -.96576g kg= .69265g h'= .00000g

A= .01720g92 A= .66275g2 ‘A3= 2.8723292 Ay= -.06013g2 As= 2.40814g2

h= -.41914g  kp= .27623g k4= -.22568g Kks= .85456g kg= -.85266g h'= -.83115g

A= .05781g2 Aj= .70071g2 A3= 1.1338692 A= -.01704g2 Asg= -.32783g2

- -t —— ——— T — ————————— —— i — —— ———— —— — — — ——— —— — — —— o —— — —— ——— ——————— — ——— — — —— ——————— ) . W} P T} YR TEE SR W= W W T P T R = Gm ————

h= ..44988g ko= .28172g kg= -.28445¢g kg= .83508g kg= -.831869g h'= -.850229

A= .05322g2 A,=  .65002g2 ’)\3=_l.12161g2 Ag= -.01739g2 As5= -.30189g2

——————————— e e e e e e e e e e e e o o o e i e e e e i e e e e e e e T > = e+ e > = = = = = o o o T = — T ——— T " . — — - " —— o = — s —+ — s

ng=>5

|
i
(o]
~
w
[\
~
Te}

= -.48827g  kg= -.29446g  kg= -.34449g kg= -.81526g kg= .81006g h'=

N1= .04844g2 NAy= .59725g2 A3= 1.11712g2 Ay= -.01778g92 A= -.264669g2

h= -.07204g ko= -.70041g kg= -.99938¢g kg= -.83875¢g kg= .71595g h'= -.69730g

Ni= .0303992 A= .51184g2 A3= 1.36544g2 Ny= -.00831g2 Ng= 1.08323g2

h= -.25441g ko= -.63549g kg= -.94205g kg= -.80956g Kg .7066449 h'= -.74677g

N 1= .02924g2 A,y= .45761g2 A3= 1.1960592 Ay= -.01237g2 Ag= .90917g2
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TABLE II.

Values for Mx and proton lifetimes (in years) as function
of Aﬁ_s and the number of lightﬁ fermion generations. Here

'Cc()l) , refers to a total of i-generations.

AT

- — —— " —-_—— T — —— —— - — . ——— —— T —— _——— o —— o — ——— . _— _—— ——— — ———— ——— —— " - T T " — —— — — - —_— o — ——_ _— Riv —_ ——————— - = = i — —— A E— At = et = =y ——

05 8.8 x 1053 8.9 x 102° 6.0 x 1025 3.0 x 1025 2.6 x 102 1.7 x 102°
1 1.9 x 10%% 1.6 x 1028 1.1 x 1028 7.1 x 1027 4.7 x 1027 2.8 x 1027
2 4.0 x 1084 2.8 x 102 1.7 x 102 1.2 x 10%? 7.1 x 1028 4.2 x 1028
3 6.4 x 10" 1.6 x 103 1.0 x 10°° 6.3 x 10%° 3.8 x 10%° 2.2 x 10%?
4 8.9 x 107% 5.1 x 10370 3.2 x 103% 2.0 x 103 1.2 x 103 6.8 x 102°
.5 1.2 x 1070 1.3 x 1057 8.1 x 103 5.1 x 103 3.1 x103° 1.6 x 1039

15 31 31 31 30 30



