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Abstract

QUANTUM PHYSICS OF MOLECULAR MAGNETS

by

Reem Jaafar

Advisor: Eugene M. Chudnovsky, Distinguished Professor of Physics

Co-Advisor: Dmitry Garanin, Prof. of Physics

In this thesis we focus on various aspects of quantum physics in molecular mag-

nets, in particular, in Mn12-acetate. This thesis is divided into three parts.

In the first part, we present a review on molecular magnets. Since Mn12-acetate

has a large spin (equal to 10), the theory of tunneling of a large spin is discussed as

well as the early experiments that were performed two decades ago and which has

shown spin tunneling, in particular, the ones that were performed on γ-Fe2O3 and

on antiferromagnetic ferritin. Then, the first experiments that presented evidence on

spin tunneling in Mn12-acetate are outlined in detail. Magnetic hysteresis curves are

shown and Landau-Zener effect in molecular magnets is discussed. Quantum clas-

sical crossover between thermally assisted and pure quantum tunneling regimes is

described.

Finally, magnetic avalanches are introduced: they are another feature of the magne-

tization curve in Mn12-Acetate where there is a sudden reversal in the magnetization.

We exploit the first two experiments performed to elucidate the nature of magnetic

avalanches in Mn12-acetate and the theory developed as a result of these experiments.

In the second part of this thesis, we focus on three of my publications on quantum

magneto-mechanical effects. First, a recent experiment on Einstein-de Haas effect in
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a NiFe film deposited on a microcantilever is discussed. The cantilever was placed

inside a coil that generated an ac magnetic field. Oscillation of the cantilever was

measured by a fiber-optic interferometer positioned above the tip of the cantilever.

When the frequency of the ac field matched the resonance frequency of the cantilever

the amplitude of the oscillations was about 3 nm. The data were analyzed within a

model that replaced the mechanical torque due to change in the magnetization with

the effect of the periodic force acting on the fictitious point mass at the free end

of the cantilever so this model did not account for the microscopic dynamics of the

Einstein-de Haas effect. This motivated us to develop a more rigorous theoretical

framework for the description of the dynamics of the Einstein-de Haas effect that we

applied to the problem of the magnetic cantilever.

We then study the quantum dynamics of a magnetic molecule deposited on a

microcantilever. Amplitude and frequencies of the coupled magneto-mechanical os-

cillations have been computed. We show that oscillations of the spin and the can-

tilever occur independently at frequencies ∆/~ and ωn respectively, unless these two

frequencies come very close to each other.

The results show that the splitting δ has no free parameters and that for a given reso-

nance, ∆ = ~ωn, the relative splitting δ depends only on the position of the molecule

on the cantilever. We then show that existing experimental techniques permit obser-

vation of the driven coupled oscillations of the spin and the cantilever, as well as of

the splitting of the mechanical modes of the cantilever caused by spin tunneling.

Finally, the dynamics of a magnetic molecule bridged between two conducting

leads is investigated. We start by reviewing various experiments performed when

there is a weak coupling between the molecule and the leads and when there is a

strong coupling which results in the Kondo effect. Experimental efforts were mainly

motivated to measure the electronic current through a single molecule. We study

the dynamics of the total angular momentum that couples spin tunneling to the

mechanical rotations. We show that the Landau-Zener spin transition produced by
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the time-dependent magnetic field generates a unique pattern of mechanical oscilla-

tions that can be detected by measuring the electronic tunneling current through the

molecule.

In the last and final part, we present our numerical work to describe quantum

magnetic deflagration in Mn12-acetate. This part is related to magnetic deflagration

as discussed in part I of this thesis. The focus is on the quantum features of magnetic

deflagration which are exhibited by the maxima in the speed of deflagration front

as a function of the applied magnetic field. We review recent work on the effect of

the dipolar field in forming self-organized fronts of spin tunneling, and present our

enhanced computational work on the calculation of the relaxation rate. Previously,

spin relaxation rates were calculated using a simple Arrhenius exponent. In this

thesis we calculate the relaxation rate as a function of both the external field and

temperature using the density matrix formalism and use them to study the effect of

the transverse field on the front speed of deflagration.
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Part I

Single Molecule Magnets

1



2

Introduction

In this part, we present a review on molecular magnets. We review the theory of tun-

neling of a large spin, we then discuss early experiments perfomed on γ-Fe2O3 and on

antiferromagnetic ferritin which exhibited quantum tunneling. We then discuss the

first experiments that presented evidence on spin tunneling in Mn12-acetate, a proto-

typical molecular magnet of spin 10. Magnetic hysteresis curves are presented and

Landau-Zener effects in molecular magnets are discussed. One important application

of Landau-Zener effect resulted is the discovery of the Berry phase in Fe8, another

molecular magnet with a spin 10. We then discuss quantum classical crossover be-

tween thermally assisted and pure quantum tunneling regimes. Finally, we discuss

the first two experiments perfomed to elucidate the nature of magnetic avalanches in

Mn12-acetate and the theory developed as a result of these experiments.



Chapter 1

History

In this chapter we review the theory of tunneling of a large spin and the early exper-

iments performed to elucidate spin tunneling in ensembles of small particles.

1.1 The Theory of Tunneling of a Large Spin

Macroscopic quantum tunneling (MQT) corresponds to the tunneling of a macro-

scopic variable through the barrier between two minima of the effective potential of

a macroscopic system.

Various systems such as nanomagnets with a spin of the order 10 for example, small

ferromagnetic and antiferromagnetic particles and the Néel Vector in antiferromag-

nets exhibit various tunneling phenomena. Two decades ago, the problem has been

studied for small ferromagnetic particles [1] and the probability of tunneling of the

magnetization in a single domain particle between easy directions has been calculated.

MQT has been thoroughly studied and explored experimentally in several systems

ever since. Initially a very basic problem was solved by considering a macroscopic

spin in a metastable potential. It was proven that tunneling rate can be computed

by switching to imaginary time (instantantons solutions) [2]. Then Chudnovsky and

Gunther [1] considered tunneling of the magnetic moment of a nanometer size single

domain ferromagnetic particle with a size small enough to treat its moment as a fixed
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length vector that can rotate as a whole at low temperature. A certain amount of

energy (the anisotropy energy) is required to rotate the spin vector as a whole.

It was shown that the monodomain magnetic particle must be firmly coupled to a

solid matrix in order for it to tunnel between spin up and spin down states [3].

The tunneling of the magnetic moment in a mondomain ferromagnetic particle is

given by an instanton solution of the equation of motion for M and perturbations

around this solution.

∂M

∂t
= −γM× ∂E

∂M
(1.1)

Equation 1.1 has been proposed by Landau and Lifshitz in 1935 [4]. If M has a fixed

Figure 1.1: The spherical coordinate system used to describe the magnetic moment
of a monodomain particle, M.

magnitude M , we characterize this vector in terms of its spherical coordinates, θ and
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φ, see figure 1.1. Equation 1.1 can then be rewritten as:

dφ

dt
= − γ

Msinθ

∂E

∂θ
(1.2)

and
dθ

dt
=

γ

Msinθ

∂E

∂φ
(1.3)

where E(θ,φ) is the magnetic energy of the particle.

In order to compute the rate of tunneling M out of a metastable state, path integral

and density matrix formalism are used [2]. For a mechanical motion, the partition

function is:

Z =

∮
Dx(τ)exp[−1

~

∫ ~/T

0

dτ(
1

2
ẋ2
τ + U(x))] (1.4)

where T is the temperature of the bath with which the particle is in thermal equilib-

rium, U(x) is the potential and τ = i t is the imaginary time and the integral is taken

over all x(τ) trajectories that are periodic in imaginary time with the period equal to

~/T [5]. A similar expression is found for a spin in a the spherical coordinate system

Z =

∮
DθDφexp[−

1

~

∫ ~/T

0

dτ(LE)] (1.5)

where LE is the Euclidean magnetic Lagrangian. The latter is related to the real

time Lagrangian L through LE = −L(t→ −iτ). To define L, conjugate variables are

used, x(τ) and p(τ). For a fixed angular momentum, L = M/γ, they are: x = φ and

p = ~Lz = M
γ
cosθ and the Lagrangian is found to be:

L = pẋ− E(x, p) =
M

γ
φ̇cosθ − E(θ, φ) +

df(θ, φ)

dt
(1.6)

Equation 1.6 can be used to deduce the equations of motion:

ẋ =
∂E

∂p
and ṗ = −∂E

∂x
(1.7)

f is chosen to be f = M
γ
φ [6]

I =

∫
dtL =

∫
dt(

M

γ
φ̇(cosθ − 1)− E(θ, φ)) (1.8)
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is the area on the sphere of radius S swept by the total spin S = γ−1M as it makes

a closed path around the north pole of the sphere. It is also known as Berry’s phase.

D. Loss, D. P. DiVincenzo, G. Grinstein [7] and J. von Delft, C. L. Henley [8] have

studied the significance of this term to quantum tunneling. He has proven that for a

wide class of ferromagnetic and antiferromagnetic systems, quantum tunneling of the

magnetization direction is spin-parity dependent: it vanishes for magnetic particles

with half-integer spin but is allowed for integer spin. Chudnovsky and Gunther [1]

calculated the probability of tunneling for several forms of the magnetic anisotropy.

If we consider a uniaxial single domain particles with the anisotropy along the

Z-axis, in a transverse magnetic field applied along the X-axis, then

E = V (Ksin2θ −HM0sinθcosφ+
H2M2

0

4K
) (1.9)

For H < Hc = 2K/M0, the energy 1.9 has two minima (E=0) corresponding to φ = 0

with θ = θ0 and θ = π − θ0 where θ0 = H/Hc.

Figure 1.2: Two classical degenerate magnetic states

These positions are shown in figure 1.2. The energy barrier between the two states

is U = Kε2 where ε = 1 − H/Hc. At H = Hc, when θ0 = π/2, the two equilibrium

orientations of M meet on the X-axis and the barrier disappears.
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Equations 1.2, 1.3 and 1.9 yield an equation for θ in τ :

d2θ

dτ 2
= ω2

H [1 + ω−2
H (

dθ

dτ
)2]cotθ − 2ω1ωH [1 + ω−2

H (
dθ

dτ
)2]

1/2

cosθ (1.10)

where ωH = γH and ω1 = γK/M0. In the limiting case of a very low field, θ0 → 0,

the approximate solution of 1.10 corresponding to the switching of M from θ = π at

τ = −∞ to θ = 0 at τ =∞ is given by

θ = arccos[tanh(ω1τ)] (1.11)

If the action of this trajectory is calculated and keeping in mind that the tunneling

rate P is given by P = A exp[iI/~] , P is found to be proportional to (H/Hc)2M0/(~γ).

As H → 0, P goes to zero and as H → Hc, it is shown that [1] P is propor-

tional to exp[−(4M0/(~γ))ε3/2] which means that the tunneling rate is proportional

to (H/Hc)
2S. This follows from the fact that the transition between Sz = S and

Sz = −S appears in the 2S order of the perturbation theory of the transverse field

H. This idea will be revisited in the next chapter when we discuss quantum magnetic

hysteresis in molecular magnets.

1.2 Early Experiments on Spin Tunneling

1.2.1 Ensembles of Small Particles

At a given temperature any magnetic system has a certain state that corresponds

to the absolute minimum of its free energy. Particles in several systems (such as

monodomain particles embedded within a non magnetic solid matrix) can be in a

metastable state due to energy barriers produced by the magnetic anisotropy. The

presence of metastable states results in magnetic hysteresis and all magnetic systems

that exhibit hysteresis are expected to relax slowly toward the minimum of the free

energy. It is important to note that slow relaxation toward the thermodynamic equi-

librium is a non-linear effect and its long duration is due to the exponentially large

lifetimes of metastable states [2].
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At a high enough temperature the relaxation proceeds over the local barrier due to

thermal fluctuations. Below we develop the necessary equations needed to understand

the relaxation of the moment of a system of identical non-interacting single-domain

particles frozen in a non-magnetic solid matrix whose axes are parallel to each other

and to the external magnetic field.

If M+ and M− are the total moments due to particles whose moments are aligned

along and against the field respectively, then they must satisfy the following equations.

dM+

dt
= −Γ+M+ + Γ−M− and

dM−
dt

= −Γ−M− + Γ+M+ (1.12)

where Γ± are the rates of transition out of a given state. For thermal transitions,

we have Γ± = ν±exp[−K±(H)V/T ]. If the total moment of the system is M =

M+ −M− and if we consider uniaxial particles whose axes are aligned with the field

K± = K(1±H/Ha)
2, then

M(t) = Meq + (M0 −Meq)exp(−Γt) (1.13)

where

Meq(H) =
Γ− − Γ+

Γ− + Γ+

Ms (1.14)

is the equilibrium moment and Ms = M+ +M− is constant and is the total moment

at saturation, M0 = M(t = 0) and Γ = Γ− + Γ+.

Similar expressions were found for uniformly oriented non-interacting uniaxial par-

ticles with the same magnetization and anisotropy energy per unit volume but with

the distribution of volume, f(V), in that case exp(−Γt) in 1.13 is replaced by∫∞
0
dV f(V )V exp[−Γ(V )t]∫∞

0
dV f(V )V

(1.15)

and for thermal relaxation

Γ = ν−exp[−K−(H)V/T ] + ν+exp[−K+(H)V/T ] (1.16)

In experiment, νt is of the order of 1011 to 1015 so that the exponential factor under

the integral in 1.15 is Θ(V − VB) where VB can be approximated by a step function:

VB =
T

K−(H)
ln(ν−t) (1.17)
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and thus M(t) can be written as

M(t) = Mt0 − (M(t0)−Meq(H))

∫ VB
0

dV f(V )V∫∞
0
dV f(V )V

(1.18)

VB can be called blocking volume. At a time t only particles with volume VB(t)

can contribute to the relaxation: smaller particles have already relaxed and bigger

particles have their moment blocked in the initial direction. In most relaxation ex-

periments, the field is small compared with the anisotropy field and the dependence

of the energy barrier on the field and the orientation of the particle can be neglected.

It is assumed that f(V) changes slower than exponentially in the vicinity of VB so

that in the thermal relaxation case, M depends on time only through the combination

T ln(νt). It is shown that TB = KV0
ln(νt)

where TB is the blocking temperature and f(V)

dV drops rapidly above a certain value called V0. t is the characteristic measurement

time of the instrument and depends on the instrument. On that time-scale, the

transitions in most particles unfreeze above TB. The condition T << TB (below

the blocking temperature) is equivalent to VB << V0 and only the magnetization

confined within particles of volume VB is relaxing whereas in the bigger ones it is

frozen. Based on the arguments above, ln(t) relaxation is expected at T << TB and

ceases at T ≥ TB. In the next section we explore the results of relaxation experiments

that were performed for various particles.

1.2.2 Experiments on Spin Tunneling

Relaxation measurements have been performed in order to detect change in the total

moment. Typically experimentalists collect data for the magnetization when the

sample is field cooled (FC) or zero field cooled (ZFC). FC data correspond to an

experiment in which the system was initially cooled down in the presence of a weak

magnetic field, then it was slowly warmed up and the magnetization data were taken.

The ZFC data are typically taken when the sample is initially cooled in the absence

of a field then a small field was applied and the data were taken as the temperature

was slowly raised.
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One of the earliest experiments on slow relaxation in small particles was done by

Vincent el al [9] using small (average of 4 nm) γ-Fe2O3 particles. Electron microscopy

has shown the particles to be nearly spherical with diameter distribution around a

peak value of 4.2 nm. The Curie temperature of the sample is around 863 K. Mutual

interactions between particles was weak. A magnetization curve was obtained around

4.3 K and FC and ZFC magnetization curves are shown in 1.3. M0 is the residual

magnetization that was obtained from a magnetization curve as a function of the

applied field at 4.3 K. It was subtracted from M to emphasize the effect of the 300

Oe field. The blocking temperature can be deduced from the peak of the ZFC curve.

Figure 1.3: FC and ZFC magnetization curves for γ-Fe2O3 [9]

From figure 1.3 it can be seen that for the FC curve as temperature increases,

the moments of the particles begin to flip leading eventually to thermal equilibrium

whereas for the ZFC curve the initial moment is zero and the moments of bigger

and bigger particles progressively flipped towards the direction of the field until the

blocking temperature when it goes down according to the equilibrium law [10]. From

t = τ0exp(KVB)/T , and using values of TB = 13K determined from the hysteresis
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curve with t ˜ 1000 s and τ0 = 10−10s one can estimate VB to be around 6.7∗10−20cm3.

This volume is equivalent to spherical particles of diameter 5 nm in accordance with

electron microscopy.

Magnetic relaxation was measured by heating the sample to 50 K in a 300 Oe

field. It was then cooled to low temperature (<12 K) and no relaxation was detected.

The field was then reversed from 300 Oe to -300 Oe and the sample was allowed to

relax towards equilibrium. Magnetization data were recorded right after reversing the

field. Relaxation curves are shown in 1.4.

Figure 1.4: Typical relaxation curves obtained for γ-Fe2O3 after field reversal [9]

A plot of M versus T ln(t/τ0) should yield a universal curve for data collected at

various temperatures for purely thermal relaxation. This was achieved for γ-Fe2O3

[9], as shown in 1.5. This experiment provides a good example of thermal behav-

ior of small particles and can help understand how to detect quantum tunneling if

there is deviation from this thermal behavior. Another experiment was performed on
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Figure 1.5: The magnetization of an ensemble of γ-Fe2O3 particles versus T ln(t/τ0)
[9]

CoFe2O3 ferrimagnetic particles of average diameter 3.5 nm [11]. The Curie temper-

ature was 793 K and so no detectable change in the spin structure was expected at

low temperature. A magnetic hysteresis study at 250 K shows that the coercive field

is very low (few Oe), hence one can conclude that at high temperature the system is

superparamagnetic. A study of the coercive field versus temperature shows that as

the temperature is lowered, the value of the coercive field increases.

Figure 1.6 shows that more particles become superparamagnetic as the tempera-

ture is raised. Since the coercive field does not saturate for low temperature one can

conclude that thermal blocking of the smallest particles persists down to 1.8 K which

makes it interesting to investigate quantum tunneling. A magnetic hysteresis data

was taken at 2.4 T from which the authors in [11] estimated the bulk anisotropy field

to be about 1 T whereas the highest anisotropy field inside the particles was found

to be close to 5 T. This suggests that the anisotropy of the particles is of crystalline
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Figure 1.6: The coercive field versus Temperature for CoFe2O3 particles for T from
2 to 250 K [11].

origin. The anisotropy field is greater by a factor of 10 than that for γ-Fe2O3 parti-

cles (anisotropy field was about 5000 Oe) which brings the crossover from thermal to

the quantum regime into the kelvin range. Several conclusions were drawn from the

study:

a. FC and ZFC curves were given for H = 0.01 T and H = 0.4 T, the higher the

value of the field the lower the value of the blocking temperature which is found by

locating the peak of the ZFC curve.

b. The value of the blocking temperature for low field was about 300 K from which

the barrier height was estimated to be 30 TB ≈ 770 meV.

c. Magnetic relaxation measurements were performed for temperatures between 8 K

and 1.8 K by cooling the sample down from 300 K at 5000 Oe and then reversing

the field. It was found that the lower the temperature the smaller the fraction of the

total magnetization that is relaxing during the observation time see figure 1.7. This

is expected because at lower temperatures, bigger particles are blocked and smaller
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size particles will contribute to the magnetization.

d. A plot of M versus T ln(T/T0) for CoFe2O3 for temperatures below 5 K reveals a

Figure 1.7: The decay in time of the magnetic moment for various Temperatures for
CoFe2O3 particles [11].

systematic departure from the universal curve, and the authors of [11] attribute that

as evidence for quantum tunneling and estimate the crossover from thermal to the

quantum regime to occur in the range 2.5 to 5 K.

1.3 Tunneling in Antiferromagnetic Ferritin

B. Barbara and E. M. Chudnovsky have studied macroscopic quantum tunneling in

antiferromagnets [12]. Starting from the Néel state of a uniaxial antiferromagnetic

particle, they showed that, due to the tunneling of the Néel vector between easy di-

rections, the ground state of a sufficiently small particle is a quantum superposition

of two equivalent Néel states. Awschalom et al. explored this effect in horse-spleen



15

ferritin [13]. Ferritin is an iron-storage protein that has a spherical cage of diameter

of about 8 nm that contains the mineral ferrihydrate combined with a phosphate [2].

Its core is equivalent to a small antiferromagnetic particle α-Fe2O3. Mössbauer stud-

ies have predicted a superparamagnetic behavior at high temperature and a blocked

magnetic state at low temperature with the blocking temperature between 10 K and

15 K [14, 15]. Low-field magnetic susceptibility data of ferritin also confirmed its

antiferromagnetic structure [16]. FC and ZFC data obtained by the authors of [16]

have shown that the particles are superparamagnetic above 13 K. The size of the

particles was estimated to be 7 nm and was in agreement with the upper limit on the

size of hematite core [2]. Other works have proven that the blocking temperature TB

is proportional to V [17] in agreement with the formula TB = EaV/30.

Other works focused on AC measurements of the blocking effects [18]. Below the

Néel temperature the particles should appear magnetically ordered depending on the

period of the AC field. In that case TB = −U/(lnωt0) and a plot of ln(1/f) vs 1/TB

show a straight line [18].

Measurements of M versus ln(t), like the case of CoFe2O3 shows a straight line and

proves its logarithmic character [18]. This is in agreement with the broad distribution

of sizes deduced from Mössbauer measurements [14, 15]. A small part of the total

magnetization relaxes below 4 K, which suggests that the relaxation is due to the

presence of the smallest particles just as in CoFe2O3 see figure 1.8.

It was estimated [2]that the crossover temperature from the thermal to the quan-

tum regime to be around 5 K or less. Subsequent AC susceptibility measurements

have supported the hypothesis that below 2 K the magnetic relaxation is due to

quantum tunneling [19].



16

Figure 1.8: The decay in time of the magnetic moment for various temperatures for
ferritin molecules [18].

Several arguments, presented below explain evidence of magnetic quantum tun-

neling in ferritin [2].

a. Several reports have estimated the anisotropy constant and they were all consistent

[20, 16, 17].

b. High frequency magnetic noise and susceptibility measurements show resonance

in R(ω) (the noise) and in the susceptibility [13]. However measurements of the same

quantities on an undiluted sample failed to show any resonance structure. The aim

was to observe a resonance in the absorption spectrum of ferritin that corresponds to

the tunnel splitting of the ground state level.

c. There is evidence for the exponential dependence of the tunneling rate on the

volume.

The problem with ferritin is that for successful resonant experiments, it is hard to

expect uniform size distribution of ferritin particles needed to produce a unique value

of the tunnel splitting ∆. Molecular magnets, which is the topic of the next chapter,
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provided lot of excitement for scientists to study the problem of MQT as it consisted

of identical particles.



Chapter 2

Spin Tunneling in Molecular

Magnets

Molecular magnets solved the problem of unique size distribution for an ensemble of

particles and became the ideal system to study spin tunneling. In this chapter, we

focus on spin tunneling in molecular magnets, in particular in Mn12-acetate. Quantum

magnetic hysteresis, tunnel splitting and the effect of the sweeping field are discussed.

We end the chapter by studying the crossover between thermally assisted tunneling

and pure quantum tunneling.

2.1 Quantum Magnetic Hysteresis

2.1.1 Mn12-Acetate

Magnetic molecules are an interesting area for investigating magnetic quantum tun-

neling. We focus this section on the properties of Mn12-Acetate which is a prototypical

single molecule magnet to help us understand quantum tunneling properties in sub-

sequent sections. Mn12-Acetate was first synthesized by Lis in 1980 [21]. However

few experiments were performed on samples of Mn12-Acetate until its large magnetic

moment and magnetic bistability were recognized [22, 23]. A Mn12-Acetate molecule

18
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has a spin 10 rigid at low temperatures. It is equivalent to a very small single do-

main magnetic particle. It has a very large anisotropy with the barrier of the order

of 60 K [23]. The presence of the barrier causes a relaxation time τ that obeys an

Arrhenius law. The blocking temperature was estimated to be about TB = 3 K

[22, 25, 26, 27, 29].

X-ray diffraction methods were used to find the characteristics of Mn12-Acetate

samples [21]. It was shown that the molecular crystal has a tetragonal symmetry

with lattice parameters a = 1.732 nm and b = 1.239 nm. The molecule possesses S4

symmetry and has tetrahedral core of four Mn4+ ions at its center surrounded by a

crown of eight Mn3+ ions as shown in 2.1.

8 x 2=16 

4x3/2=6

S = 10

uniaxial crystal

each molecule spin

or

Mn
12  

acetate

Figure 2.1: The structure of the core of Mn12-acetate .

Each of the Mn3+ ions has spin 3/2 whereas each of the Mn4+ ions has spin 2.
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The spins of the Mn ions are coupled through oxygen ligands which allow an indirect

exchange interaction between them. Magnetism of the molecule is of pure spin origin.

The value of g was found to be 1.9 from ESR studies [122]. In single molecule magnets

(SMM), for example in Mn12-Acetate, the molecules are relatively far apart so that

the magnetic exchange between them is small and they only interact very weakly. At

low temperature, SMMs in general behave as single rigid spins. As the temperature

is lowered, the spin reversal process in SMM evolves from thermal activation to pure

quantum tunneling.

Because the molecule has a strong uniaxial anisotropy along the c-axis, to a first

approximation, one can write its Hamiltonian as:

H = −DS2
z − gµBS ·H (2.1)

where the z-direction is taken to be along the c-axis. ESR measurements [122] have

provided a value of D close to 0.6 K.

When H= 0, the energy barrier is U = DS2
z = 60 K. The blocking temperature can

then be estimated to be around 3 K, in accordance with experimental measurements

of the ZFC magnetization curve [24] and so above 3 K thermal energy is available for

the magnetization to achieve equilibrium and no hysteresis behavior is expected to

be observed in the magnetization curve.

Equation 2.1 can include higher order longitudinal anisotropy term such as A S4
z and

A is estimated to be around A = 1.173× 10−3 K.

The spin’s energy is a double-well potential where one well corresponds to the spin

pointing up and the other one corresponds to the spin pointing down as shown in

figure 2.2.

The effect of applying an external magnetic field would be to unbalance the double

well shown in figure 2.2. For the simple Hamiltonian given by equation 2.1 the level

crossings corresponding to each resonance occur pairwise at the same value of the

magnetic field: every level in the left well simultaneously crosses a level in the right

well at a certain value of the magnetic field. When higher order anisotropy terms

are introduced in equation 2.1 such as A S4
z, the level crossings would not correspond
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Figure 2.2: Double well potential in the absence of an external magnetic field .

exactly at the same value of the field and a structure is introduced in each step.

2.1.2 Quantum Tunneling in Single Molecule Magnets

Magnetic hysteresis curves for Mn12-Acetate have been published by several researchers

[29] before Friedman et al. [24] observed the regular jumps in the magnetization curve.

Examination of the Hamiltonian 2.1 shows that tunneling is impossible unless a sym-

metry breaking term that does not commute with Sz is added to equation 2.1 so that

a modification of 2.1 that exhibits tunneling is:

H = −DS2
z − gµBS ·H +H ′ (2.2)

where H ′ can be written as:
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Figure 2.3: Magnetization of a Mn12-Acetate crystal normalized by its saturation
value as a function of the applied magnetic field along the c-axis for various temper-
atures [31].

H ′ = −gµBHxSx + E(S2
x − S2

y) + (C/2)(S4
+ + S4

−) + ... (2.3)

The first term includes hyperfine, dipolar and externally applied transverse field.

The second term on the right-hand side is the second order transverse anisotropy

that is present in many low-symmetry SMMs. The third term is the fourth-order

transverse anisotropy. Experimental measurements [30] on Mn12-Acetate show steps

in the magnetization curve, see figure 2.3. The first term in equation 2.3 allows

tunneling for each level crossing. The second term allows tunneling for ∆m = 2 and

the third term allows tunneling for ∆m = 4 where m is given by Sz|m >= m|m >

Dipolar fields alone are very weak to cause tunneling [30].

Experimental and theoretical work have traced the source of tunneling to isomer

disorder in Mn12-Acetate[32, 33, 116, 35, 36, 37, 38, 39, 40]. It was shown that the

most relevant term in equation 2.3 is the term Hx and it is the term that causes spin
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tunneling in Mn12-Acetate.

2.2 Landau Zener Effects in Molecular Magnets

2.2.1 Tunnel Splitting

As mentioned in the previous section, a symmetry breaking term in the Hamiltonian

such as, for e.g. Hx, is needed in order for the spin to tunnel. Consider for example

the following spin Hamiltonian for

H = −DS2
z − AS4

z − gµBSzHz + gµBSxHx (2.4)

Figure 2.4 shows the eigenstates of the 2.4 in the presence and in the absence of

the term A S4
z.

A) Energy of spin projection states versus the applied magnetic 

field in the absence of the 4th order anisotropy term. B) Energy 

levels versus the applied magnetic field in the presence of the 4th

order anisotropy term        . The vertical shaded line clearly 

shows that all level pairs cross simultaneously when         is 

absent. 

4
zAS

4
zAS

A)
B)

Figure 2.4: Eigenstates of the Hamiltonian in the presence and in the absence of
fourth order anisotropy [31].
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If the Hamiltonian does not contain the symmetry breaking term gµBSxHx, m is

a good quantum number since Hz commutes with the Hamiltonian. When gµBSxHx

is included, the situation is different. In that case, for fields that do not place the

system near resonance, the eigenstates of the full Hamiltonian given by 2.4 are ac-

curately given by the eigenstates of the unperturbed Hamiltonian ( that is m can

still be used as a good quantum number). For fields that do place the system near

resonance, mixing occurs between the two states that are near the resonance [10].

Figure 2.5: Energy eigenvalues near the energy resonance E(m’=-2)=E(m=1) with
the symmetry breaking term included [41].

Consider for example the energy of the levels at first resonance between m’=-2

and m=1 see figure 2.5, [41]. If the field is below the resonance field, the lower curve

corresponds to eigenstate | − 2 > and the upper one to eigenstate | + 1 >, however
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above resonance, one can see that the lower curve now corresponds to eigenstate

| + 1 > while the upper one corresponds to eigenstate | − 2 >. The gap formed

between the eigenvalues near a transition is called the tunnel splitting. Garanin has

shown that the tunnel splitting can be calculated using perturbation theory that we

shall explore next [42].
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2.2.2 A Perturbative Approach to Spin Tunneling

Consider, for e.g. the following Hamiltonian

H = −DS2
z − bxSx (2.5)

where bx = γ~Hx. The term bx causes tunneling. Consequently, the magnetic moment

of a nanoparticle that was initially prepared in a state m can tunnel under the barrier

to the state -m and back. For small values of bx the problem is essentially reduced to

a two-state problem with known solution [43, 10]. The tunneling splits the degenerate

level Em = −Dm2 into two levels of energies Em± = Em±∆m/2. The corresponding

eigenstates are:

ψm± =
1√
2

(|m > ∓| −m >). (2.6)

If the system was initially prepared in the state m or -m the tunnel splitting

∆m determines the frequency of the oscillation, ωm = ∆m/~ between m and -m.

Garanin computed ∆m using perturbation theory for small bx [42]. Using the fact that

the second term in 2.5 the second term has non-zero matrix elements only between

neighboring states,

Vm+1,m = Vm,m+1 =< m|bxSx|m+ 1 >=
1

2
bxlm (2.7)

where lm =
√
S(S + 1)−m(m+ 1). Tunneling between ±m states appears in the

2|m|-th order of the perturbation theory on bxSx and ∆m is found to be:

∆m = 2D
bx
2D

2|m|−m−1∏
n=m+1

1

m2 − n2

−m−1∏
n=m

ln =
2D

((−2m− 1)!)2

(S −m)!

(S +m)!
(
bx
2D

)
2|m|

(2.8)

Equation 2.8 can be simplified further for the limiting case of 1 � |m| � S. The

problem can be modified to include the Zeeman term bzSz. In that case, equation 2.5

becomes:

H = −DS2
z − bxSx − bzSz (2.9)



27

m
m ′

m � m’=-m-k

Figure 2.6: Energy levels of a nanomagnet with H = −DS2
z − bzSz which shows

the dependence of the classical energy E = −Dm2 − bzm on the continuous variable
Sz = Scosθ.

As discussed earlier, the degeneracy of the m-states is removed and there is an

incidental degeneracy for pair of levels m < 0 and m′ = −m−k if bx is to be ignored.

At resonance, for bx 6= 0 the Em = Em′ level splits into two levels separated by

∆mm′ . Similar calculations can be done for equation 2.9 and in that case it is found

that [10]:

∆m,m′ =
2D

[(m′ −m− 1)!]2
(
bx
2D

)
m′−m

√
(S +m′)!(S −m)!

(S −m′)!(S +m)!
(2.10)
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2.2.3 Probability of Tunneling in a Field-Swept Experiment

As discussed in section 2.2.1, the eigenstates exchange character when crossing the

resonance in a field swept experiment. There is a probability for the molecule which

was originally in the metastable well to tunnel to the stable well because of the

presence of the symmetry breaking term. Since the wavefunction must obey the time

dependent Schrödinger equation, time-dependent perturbation theory can be applied

when the field is swept quickly or slowly. In the case when the field is swept quickly,

the wave function cannot change in a timely manner. In the case of the example shown

in section 2.2.1, the system that was originally in |−2 > before resonance will still be

in that state after crossing the resonance. This implies that the molecule remains in

the metastable well and there is no tunneling [41]. In the other limit, when the field

changes slowly, the wavefunction will have time to evolve so that he system that was

originally in | − 2 > before crossing the resonance will transit into the | + 1 > after

crossing the resonance. In between the two approximations comes the Landau-Zener-

Stueckelberg (LZS) solution. It is the exact solution to the Schrödinger equation for

a two-state system whose diagonal terms change linearly with time and off-diagonal

symmetry breaking terms that are constant [44, 45, 46]. If a certain energy level is

occupied by N molecules before it comes into resonance with an unoccupied level, we

want to know the fraction of the N molecules that will remain at the initially occupied

level after the resonance is crossed see figure 2.7.

When the tunnel splitting ∆ between the two levels is small compared to the

distances to all other energy levels, the probability P for the molecule to remain in

the initial state is given by

P = exp(
−π∆2

2v~
) (2.11)

and the probability for the molecule to transit to the final state is given by 1 - P(t). v

is the rate at which the energy levels approach each other v = W (t)/t where W (t) is

the sweep rate. One can see from equation 2.11 that the slower the field is swept the

higher is the probability of tunneling and that for very fast sweep rate, P approaches

1, in accordance with the expectation that the spins do not have enough time to
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Figure 2.7: Landau-Zener-Stueckelberg transition

tunnel.

2.3 Berry Phase in Molecular Magnets

In the previous sections we have focused our attention on Mn12-Acetate. It has

uniaxial anisotropy which makes it easy to be studied symmetry-wise. Another widely

used SMM is Fe8. Like Mn12-Acetate, it also has a spin ground state of 10. The energy

levels can also be modeled by a double well potential. Its symmetry is, however, very

different from that of Mn12. Fe8 has three inequivalent axes: it possesses a biaxial

(rather than a uniaxial as the case of Mn12-Acetate) anisotropy. The anisotropy

barrier in Fe8 is about 22 K and shows resonant tunneling steps in the hysteresis
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loops [47, 48].
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Figure 2.8: Fe8 magnetic molecule.

As shown in figure 2.8 Fe8 possesses three inequivalent directions, providing a hard

axis x and a medium axis y within the hard plane. In this case, the most relevant term

from equation 2.3 is E(S2
x − S2

y) which indicates that in the absence of a magnetic

field, the spin has two preferred tunneling paths through the y and -y directions.

A Berry phase is the phase acquired over the course of a cycle when a system is

subjected to a cyclic adiabatic process resulting from the geometrical properties of the

parameter space of the Hamiltonian. A typical example is the Aharanov-Bohm effect

in which a charged particle experiences a phase shift due to the enclosed magnetic

field despite the magnetic field being zero in the region through which the particle

passes.
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In the case of SMMs, when a spin’s orientation traverses a closed path, it acquires a

geometric phase proportional to the solid angle enclosed by that path. In particular,

Fe8, which has a biaxial spin anisotropy, must have two least-action tunneling paths

for spin reversal. Each path acquires a different geometric phase and these paths will

therefore interfere [31].

In 1993, Garg [49, 50] predicted that a magnetic field could be used to modulate

the geometric-phase interference that is a magnetic field can change the geometric

phase difference between tunneling paths, therefore altering the interference. He

subsequently studied the oscillation in the tunneling rate with magnetic field for

magnetic quantum tunneling problem [50]. It was shown that the tunnel splitting

can be modulated by a factor cos (S Ω) where Ω is the angle circumscribed by the

two paths. As the field increases, Ω decreases and destructive interference occurs for

SΩ = (2n + 1) × π/2 for integer n. The predicted field interval between zeros is:

∆H = 2
gµB

√
2E(E +D).

In 1999 Wernsdorfer and Sessoli discovered interference effect in Fe8 [51]. They

used Landau-Zener tunneling method by rapidly sweeping the longitudinal field through

a tunneling resonance, to determine the tunnel splitting ∆ of that resonance.

In their work they assumed that the cluster has a large anisotropy with a strong

transverse component, which makes x the hard axis. If the magnetization is prepared

by saturating along +z axis, when the field is switched off the system must return

to equilibrium by switching between the ± directions. The rotation will occur pref-

erentially in the yz plane, and it can be either clockwise or anticlockwise.When a

transverse field is applied, the two minima A and B are still connected by two paths,

which depend on the strength of the transverse field and its orientation in the xy

plane see figure 2.10. If the two paths are in phase there will be a reinforcement and

a tunnel splitting will result, while if they are dephased by π/2 then the splitting will

be quenched. These topological interferences are also known as Berry phases [52, 51].

The results are shown in figures 2.9, 2.10.
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Figure 2.9: Interference of Tunneling Trajectories in Fe8

They showed oscillations of the tunnel splitting as a function of the magnetic field

applied along the hard anisotropy axis and argued that they are due to topological

quantum interference of two tunnel paths of opposite windings. They also showed

that transitions between quantum numbers M = -S and (S - n), with n even or odd,

revealed a parity effect that is analogous to the suppression of tunneling predicted for

half-integer spins. This observation was a direct evidence of the topological part of the

quantum spin phase (Berry phase) in a magnetic system see figure 2.9. There was a

qualitative agreement with the theory of Garg and quantitative agreement is obtained

when the fourth order anisotropy term is included in the Hamiltonian (see the bottom

left figure in 2.9). Interference was observed for several resonances (k=0, 1, 2) as can

be seen from the lower right figure in 2.9. It also shows that k = 1 resonance (odd
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Figure 2.10: Unit sphere showing degenerate minima A and B which are joined by
two tunnel paths (heavy lines). The hard, medium, and easy axes are taken in x,
y and z direction, respectively. The transverse field is applied in the xy plane at
an azimuth angle φ. At zero applied field, the giant spin reversal results from the
interference of two quantum spin paths of opposite direction in the easy anisotropy
plane yz [51].

resonance) is out of phase with the k = 0, 2 resonances (even resonances). This is

called parity-effect. It results from the selection rule imposed by the second-order

transverse anisotropy in Fe8, in particular the fact that odd resonances are forbidden

for an integer spin.

The fact that the tunnel splitting does not go to zero prompted the authors for a

follow up work [53] where they made every possible effort to align the transverse field

well in the direction of the hard axis. They then measured ∆(Min) (where Min is the

initial magnetization) and noticed a strong dependence of the minimal tunnel splitting

on the initial magnetization which demonstrates the dipolar interaction between Fe8

molecular clusters [53], see figure 2.11.
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Figure 2.11: Detailed measurement of the tunnel splitting ∆ around a topological
quench for the quantum transition between M = 10 and (10 n) at φ = 0 for Fe8, [53].

We end this section by noting that more recently there has been renewed interest

in geometric-phase interference effects in SMMs that behave as exchange-coupled

dimers [54, 55], and in antiferromagnetic SMMs [56, 57].
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2.4 Quantum Classical Crossover Between Ther-

mally Assisted and Pure Quantum Tunneling

in Molecular Magnets

As mentioned in earlier sections, molecular magnets exhibit bistability which made

them an interesting system to investigate quantum tunneling. Transition between

two states in such a system is temperature dependent. At high temperature, the

transition follows the Arrhenius law, Γ ≈ exp(−∆U/T ) with ∆U being the height

of the energy barrier between the two states. At very low temperature, the tran-

sitions occur by quantum tunneling. Thus there exists a crossover temperature T0

from the thermally activated regime to the pure quantum tunneling regime. For a

quasiclassical particle in a potential U(x), Goldanskii [58] defined the temperature

more accurately as T
(2)
0 = ~τ0 where τ0 is the period of small oscillations near the

bottom of the inverted potential −U(x). Above T
(2)
0 quantum effects are negligible

and transitions occur via the top of the barrier by thermal activation whereas below

T
(2)
0 , thermally assisted tunneling occurs from the excited states that reduces to the

tunneling from the ground state at T=0. More extensive theoretical work of the

crossover were done by Affleck [59], Larkin and Ovchinnikov [60] who showed that a

second-order crossover from thermal to quantum regimes can occur at T0 by using

the standard instanton technique. Chudnovsky [61] demonstrated that the crossover

can be first and second order depending on the potential. Later on Chudnovsky and

Garanin [62] applied this to the problem of spin tunneling. The escape rate can

change sharply for the case of first-order crossover or smoothly for the case of second-

order crossover around the crossover temperature. They argued that both kinds of

crossover can exist for Mn12-Acetate depending on the strength of the transverse field

[62, 63]. The dependence of the crossover temperature on the transverse field was

calculated and was shown to be non-monotonic [62, 63].

There were no experimental evidence of the crossover in SMMs until 1999 when
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Kent et al. [64, 65] presented experimental evidence for the crossover in Mn12-acetate.

They studied steps in the magnetization curves for various temperatures ranging from

0.4 K to 2.4 K. They found that, at lower temperature there is an abrupt shift in the

step position and it could be attributed to transition from thermally assisted tun-

neling to pure quantum tunneling. They also showed that the transverse magnetic

field makes the crossover more gradual (that is a second order cross-over) and leads

to a continuous shift in the dominant energy levels with temperature, thus validating

prior theoretical work [62, 63].

In the experiment of Kent et al. [64], the derivative of the magnetization as a

function of the applied field was obtained for various temperatures see figure 2.12.

The important features presented in the data of figure 2.12 are:

a. As the temperature is lowered, lower field peaks decrease in amplitude consistent

with the model of thermally assisted tunneling.

b. As the temperature is lowered, peaks shift continuously to higher fields.

c. For temperatures below 1.2 K peaks in dM
dH

shift dramatically in position as a

function of the temperature. For example the n = 7 peaks shifts from 3.10 T at 1.6 K

to 3.53 T at 1 K, that is, it has shifted by a full quantum field H0. All steps observed

at low temperatures exhibit this type of shift.

The dependence of the peak positions on temperature is then plotted see figure 2.13.

One can note from figure 2.13 the following:

a. Initially, starting from 1.8 K, as the temperature if lowered the peaks shift to

higher magnetic fields.

b. The solid vertical line shows demarcates the approximate temperature at which

sudden shifts in peak positions occur.

c. Below the solid line, the step positions are independent of temperature except for

the high indices line (n=9).
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Figure 2.12: Derivative of the magnetization with respect to the applied field versus
the field for various temperatures [64].

Based on the data presented in figure 2.13, one can distinguish between two differ-

ent temperature regimes. At high temperature the step positions shift gradually with

temperature, which is the regime of thermally assisted tunneling. The second regime

is that of low temperature (below the solid line) in which the positions of peaks in the

magnetization is independent of temperature. This is quantum tunneling from the

lowest levels in the metastable well. The abrupt shift in step position with tempera-

ture can be the evidence for first-order transition between thermally assisted and pure

quantum tunneling in line with the prediction of Chudnovsky and Garanin [62, 63].

The authors of [64, 65] followed up with data on the effect of the transverse field,

and they found [65] that the crossover between the two regimes can be first-order

or second-order depending on the magnitude and orientation of the applied field as
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Figure 2.13: The dependence of the peak positions on temperature [64].

suggested by theory.

More recently, Wernsdorfer et al [66] explored sharp crossover between thermally

assisted and pure quantum tunneling in Mn12-tBuAc molecular magnet. Similar to

Mn12-acetate, it has spin S = 10 but the molecules are better isolated and the crys-

tals have less disorder and a higher symmetry. They found a sharp crossover between

thermally assisted and pure quantum tunneling.



Chapter 3

Magnetic Deflagration

In this chapter, we are going to discuss the first two experiments performed to study

magnetic avalanches in Mn12-acetate. We will then proceed to explore the theory

that explained in detail the experimental results as well as its prediction for various

parameters.

3.1 Nature of Magnetic Avalanches

We have seen in the previous chapter that the magnetization of a prototypical molec-

ular magnet such as Mn12-acetate exhibits a series of steps at low temperature due to

quantum tunneling at certain values of the applied longitudinal magnetic field. It was

first reported by Paulsen and Park [29] that Mn12-acetate crystals sometimes exhibit a

sudden, complete reversal of the magnetic moment during a field-swept experiment.

Initially when early experiments were performed by Friedman et al. [24], sudden

jumps in the magnetization were also occasionally observed and were an impediment

to understand the nature of the steps in the magnetization see figure 3.1.

Those sudden jumps in the magnetization represent an abrupt reversal of the

magnetic moment and are called avalanches. Later on in 2005, Suzuki et al. [67]

investigated magnetic avalanches using local time-resolved measurements of the re-

versal of the magnetization. The sample was first magnetized in a certain direction

39
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Magnetic Avalanches

Figure 3.1: Magnetization curve for a Mn12-acetate sample. Note the sudden jump
in the magnetization in the red and purple curve.

(+ or −c-axis), the field was then swept in the opposite direction and avalanches

ignited at a certain value of the field. The local magnetization was tracked using an

array of micron-sized Hall sensors placed on the surface of Mn12-acetate crystals see

figure 3.2. They discovered [67] that a magnetic avalanche propagates through the

crystal at speed of about 10 m/s in the form of a narrow interface between regions of

opposite magnetization.

Chudnovsky suggested that the phenomenon was analogous to the propagation of

a flame front through a flammable chemical substance. A crystal of Mn12 molecules

placed in a magnetic field opposite to the magnetic moment is equivalent to a metastable

chemical substance with the Zeeman energy (∆E = 2gµBHS) playing the role of the

chemical energy as illustrated in figure 3.3. A well-known mechanism for the release
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Figure 3.2: Signals recorded during a magnetic avalanche by Hall sensors placed on
the surface near the middle of a bar-shaped sample of Mn12-acetate. The schematic
indicates the field line configuration that gives rise to the signals as the avalanche
propagates from one end of the sample to the other. The inset shows sensor positions
versus the time at which each sensor recorded the peak amplitude for an avalanche
that started at the top and travels downward [68].

of energy by a metastable chemical substance is combustion, often referred to as de-

flagration [69]. From this mechanism, one can write the time of the chemical reaction

τ as:

τ(H) = τ0 exp[
U(H)

kBTf
] (3.1)

where τ0 ≈ 10−7s is the attempt time [24] and Tf is the temperature of the flame. The

dynamics of the flame are governed by heat diffusivity κ which obeys: ∂T
∂t

= κ∇2T

and the dependence of v, the velocity of the flame front, on H, the field, was found

to be:

v ≈ δ

τ
≈
√
κ/τ =

√
κ

τ0

exp[− U(H)

2kBTf
] (3.2)

where κ ≈ 10−5m2/s for the case of Mn12-acetate. This approach to magnetic de-

flagration was explored in further detail by E. M. Chudnovsky and D. A. Garanin

[70]. We will explore their theory in more details at the end of this chapter. The

experimental values for the velocity of progapation of avalanches versus the applied

field are shown in figure 3.4.
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Chemical Reaction Spin Reversal

Figure 3.3: A crystal of Mn12 molecules placed in a magnetic field opposite to the
magnetic moment is equivalent to a metastable flammable chemical substance. In our
case the role of the chemical energy stored in the molecule is played by the difference
in the Zeeman energy ∆E = 2gµBHS.

The experiment of Suzuki was an important first step towards the understanding

of avalanches. The process is similar to flame propagation through a metastable

chemical substance and the analogy derives from the bistability of molecular magnets.

In contrast to the destructive nature of chemical deflagration, magnetic deflagration is

a non-destructive, reversible process. The only setback was the fact that the authors

had no control over the value of the field at which avalanches were triggered. A more

controlled ignition of avalanches was performed by Hernández-Mı́nguez et al. [71] as

we’ll discuss next. Finally, it is important to note that direct measurements of the

heat emitted have confirmed the thermal nature of the avalanches: molecular crystals

can also emit bursts of radiation during avalanche [72, 73, 74].
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Figure 3.4: Velocity of propagation of avalanches versus the magnetic field at which
the avalanches occurred for samples whose magnetization is prepared differently, when
∆M/2Msat = 1, we have a full change of the magnetization whereas for zero-field-
cooled conditions ∆M/2Msat = 0.5 [67].

3.2 Quantum Features of Magnetic Avalanches

Hernández-Mı́nguez et al. [71] studied avalanches by igniting them using surface

acoustic waves (SAW). A plot of the velocity as a function of the magnetic field

showed peaks at certain values of the field unlike the previous results obtained by

Suzuki et al.[67] see figure 3.4 in comparison with figure 3.5. The presence of those

peaks indicated that deflagration in Mn12 acetate is assisted by quantum tunneling

between spin states.

This has motivated lot of theoretical and computational work in the subject which
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Figure 3.5: Velocity of propagation of avalanches versus the magnetic field. The
vertical dashed line shows the position of the tunneling resonances [71].

we will explore in the next chapter and in Part III of this thesis. I end this section by

noting that McHugh et al. [75] employed a resistive wire as a simple electric heater

to trigger avalanches.

3.3 Theory of Magnetic Deflagration

Motivated by the experimental work mentioned in the previous two sections, Garanin

and Chudnovsky [70] developed a comprehensive theory of magnetic deflagration. In

their paper, they calculated the combination of parameters (magnetic field, initial

temperature, and size of the sample) that sets off the deflagration process and the
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temperature of the flame and the velocity of the deflagration front. The most im-

portant aspect of the theory of the deflagration is the fact that energy is released by

the metastable spins as they relax to the ground state and that this energy diffuses

as heat through the crystal and thermally causes the reversal of neighboring spins in

the metastable state.

So when a magnetic molecule makes a transition from the metastable state Sz = −10

to the absolute energy minimum Sz = 10, the energy ∆E is released. This leads

to temperature change ∆T = ∆E/Cph, where Cph is the phonon heat capacity per

magnetic molecule. The magnetic relaxation creates a source in the heat conduction

equation. Another term added to this equation is due to heat flow q = −k∇T so that

the system of equations that describe the temperature T and the populations of the

metastable minimum n− has the form:

∂T

∂t
=

1

Cph

∇.k∇T − ∆E

Cph

∂n−
∂t

(3.3)

∂n−
∂t

= −Γ (n− − neq
− ) (3.4)

where neq
− is given by

neq
− =

1

exp( ∆E
KBT

) + 1
(3.5)

and Γ is given by an Arrhenius law

Γ = Γ0exp[
−U
KBT

] (3.6)

One important feature of magnetic deflagration is the strong temperature depen-

dence of the heat capacity and thermal conductivity at low temperatures. The phonon

heat capacity Cph has the form:

Cph = AkB

(
T

ΘD

)α
(3.7)

where α = 3 in 3 D, A is a numerical factor and ΘD is the Debye temperature.

From the simple crystal model that assumes that at low temperatures only acoustic
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phonons are excited [76], A = 12π4/5. The thermal diffusivity κ is given by

κ = K/Cph (3.8)

and depends on the average mean free path of thermal phonons. Since the heat

capacity and thermal conductivity strongly depend on temperature, equations 3.3,

3.4 are coupled nonlinear differential equations.

Several aspects of deflagration were investigated. Below we summarize the most

important findings.

1. Ignition time is defined as the time it takes the thermal runaway to develop and is

denoted by τig. If the rate of heat transfer out of the sample is very high, ignition does

not occur. For an infinite and/or thermally insulated samples, the temperature of the

sample is the only relevant variable and its dynamics are determined by the compe-

tition between the heat release due to relaxation (that is nonlinear in temperature)

and the heat loss due to heat conduction (that is linear in temperature). Ignition

threshold occurs when one changes various parameters (sample size, energy barrier,

temperatures at the boundaries, initial magnetization) until the thermal runaway

begins. Ignition is mainly controlled by the parameter δ given by:

δ =

(
R

l0

)2

=
R2U∆En−,iΓ(T0)

2K0KBT 2
0

(3.9)

where R is a typical shortest distance from the center of the sample to its boundary

and K0 is thermal conductivity K at T = T0. l0 is the characteristic thermal length

at T = T0. The exact value of δc depends on the geometry of the sample. Various

values of δc are given in [70] for various dimensions. In one dimension, δc=0.439.

2. Ignition threshold is also calculated in the presence of field gradient and in the

presence of temperature gradient.

3. Solutions to equations 3.3 and 3.4 describe deflagration. Because of the dependence

of the heat capacity and thermal conductivity on temperature, the authors switch

to the phonon energy E as their dynamical variable instead of the temperature T,

equations 3.3 and 3.4 become:
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∂Ẽ

∂τ
= ∇̃ · κ̃∇̃Ẽ − ∂ñ

∂τ
(3.10)

and

∂ñ

∂τ
= −Γ̃(Ẽ)ñ (3.11)

where Ẽ, τ and Γ̃ are given by:

Ẽ =
E

n−,i∆E
τ = tΓf (3.12)

where κf and Γf are thermal diffusivity and relaxation rate at the flame temperature

TF and ld =
√
κf/Γf describes the width of the deflagration front. Γ̃(Ẽ) is given by

Γ̃(Ẽ) =
Γ

Γf
= exp[Wf (1−

1

T̃ (Ẽ)
)] (3.13)

where κ̃ = κ/κf and T̃ = T/Tf .

4. The real deflagration speed is given by

v = ṽldΓf = ṽ
√
κfΓf = ṽ

√
κfΓ0exp(−Wf/2) (3.14)

if ṽ = 1√
vf

where vf =
Wf

α+1
then v becomes:

v =

√
κfΓ0

vf
exp(−Wf/2) (3.15)

The flame Arrhenius exponent Wf is given by:

Wf =
U

KBTf
(3.16)

5. From the theory of magnetic deflagration, avalanches can be ignited by either

increasing the magnetic field or temperature. The simplest situation is when the

magnetic field and temperature of the sample boundary T0 are independent of coor-

dinates. In this case, the crystal loses stability against formation and propagation of

the flame when the rate of the spin flip for an individual molecule, Γ(H,T0) exceeds:

Γc =
8K(T0)KBT

2
0

U(H)∆E(H)n−,il2
(3.17)
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n−,i can be expressed as n−,i = M0−Mi

2M0
. T0 is field dependent and the dips in T0(H)

at regularly spaced fields are due to the maxima of Γ(H,T0) at tunneling resonances

see figure 3.6 as found experimentally by Hernández-Mı́nguez et al [73].

Figure 3.6: The dependence of the magnetic field that ignites deflagration on the

temperature of the crystal of Mn12. A is given by A =
R2Γ0n−,i

2κ(T̄0)/kB
[70].

6. The study has elucidated the fact that magnetic avalanches start as an instability of

a smooth temperature profile when the spin-flip rate of individual molecules exceeds

the rate at which the heat flows out of the burning region.The effect is exponentially

sensitive to the magnetic field and temperature of the sample.

7. The speed of the developed deflagration front is:

v(H) =

√
4KBTfκ(Tf )Γ(H,Tf )

U(H)
(3.18)
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where κ is the thermal diffusivity and

Tf =
ΘD

π
[
5n−,i∆E(H)

3KBΘD

]
1/4

(3.19)

is the flame temperature.

This theory was a very important first step towards understanding the nature

of magnetic avalanches. It will be extensively used in Part III when we develop a

numerical framework to study front of spin tunneling in molecular magnets where the

relaxation rates will be determined without using Arrhenius exponent.
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Quantum Magnetomechanical
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Introduction

In this part, we present our work on magneto-mechanical effects. In the first work, we

devised a microscopic theory to describe the Einstein-de Haas effect in a microcan-

tilever. This theory has been motivated by an experiment performed at NIST in 2006

in which the mechanical modes of the cantilever have been coupled to the frequency

of the ac field and the maximal displacement of the cantilever at the free end was

measured to be 3 nm. In the second work, we studied resonant coupling between the

mechanical modes of the cantilever and the frequency of spin tunneling in a molecular

magnet deposited on a nanocantilever. Finally, in the third project, we studied the

spin-rotation effects in a magnetic molecule bridged between two conducting leads.



Chapter 4

Einstein-de Haas Effect at the

Nanoscale

In this chapter, we start by describing the NIST experiment on the Einstein-de Haas

Effect in a NiFe Film Deposited on a Microcantilver, we then present the theory that

we came up with to describe the experimental results.

4.1 Einstein-de Haas Effect in a NiFe Film De-

posited on a Microcantilver

4.1.1 What is the Einstein-de Haas Effect?

Einstein - de Haas effect [77] consists of the mechanical rotation of a freely suspended

body, caused by the change of its magnetic moment. The latter can be induced by the

applied magnetic field or by rapid warming. The Einstein - de Haas effect is a direct

consequence of the conservation of the total angular momentum (spin + orbital).

Consider, e.g., a solid made of N atoms of magnetic moment M = γJJ, where

J = S + L is the operator of the total angular momentum of the atom (that includes

spin S and orbital moment L), γJ = gJe/(2mc) is the gyromagnetic ratio for J , e < 0

52
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is the charge of electron, and gJ = 1+[2J(J+1)]−1[J(J+1)+S(S+1)−L(L+1)] is

the Lande factor. Total angular momentum of the magnet suspended from a string is

a sum of N〈J〉 and the mechanical orbital moment, L, due to the rotation of the solid.

If, for example, the solid, initially non-magnetized and at rest, develops a macroscopic

magnetic moment M = N〈M〉 = γJN〈J〉, then the conservation law requires that

N〈J〉 + L = 0. This gives L = −M/γJ , that is, the solid begins to rotate on being

magnetized.

Experiments on Einstein - de Haas effect and the related Barnett effect [78] (gen-

eration of the magnetic moment by mechanical rotation, see figure 4.1), performed at

the dawn of quantum physics, provided first measurements of the gyromagnetic ratio

for various materials [79]. Even today the Einstein - de Haas method can still provide

Barnett Effect (1915)

γ

Ω
Ω

r
r

  B =
M
r Ω

r

0B =
r

Rotation of a body with angular velocity Ω will 

magnetize the body by
γ

χΩΩΩΩMMMM=

Figure 4.1: The Barnett Effect.
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a more accurate value of gJ as compared to electron spin resonance and ferromag-

netic resonance methods that require precise knowledge of the effective magnetic field

inside the sample [80]. Nevertheless fundamental questions about the Einstein - de

Haas effect remain unanswered. In particular, the global conservation of the angular

momentum does not explain how the angular momentum is actually transferred from

individual atoms to the whole body. This question is clearly related to the magnetic

relaxation and decoherence at the atomic level. The latter determine the width of

para- and ferromagnetic resonances, as well as functionality of spin-based qubits. Ad-

vances in manufacturing and measuring of nanomechanical devices promise to revive

interest to the local dynamics of Einstein - de Haas effect.

4.1.2 NIST Experiment

In 2006, an experiment was performed at the National Institute of Standards and

Technology (NIST) laboratory in Boulder, Colorado [82]. In that experiment, a 50nm

permalloy film was deposited onto a 200µm×20µm×0.6µm cantilever. The cantilever

was placed inside a coil that generated an ac magnetic field. Oscillation of the can-

tilever was measured by a fiber optic interferometer positioned above the tip of the

cantilever. When the frequency of the ac field matched the resonance frequency of the

cantilever the amplitude of the oscillations was about 3nm. The data were analyzed

within a model that replaced the mechanical torque due to change in the magnetiza-

tion by the effect of the periodic force acting on the fictitious point mass at the free

end of the cantilever. The amplitude z0 of the cantilever deflection was calculated

using

z0 =
F0/mmodω√

(ω2
0 − ω2)

2
ω2 + ω2

0/Q
2

(4.1)

where

F0 =
4me∆µω

lceg′
(4.2)

ω is the driving frequency of the alternating magnetic field, ∆µ is the change in

the magnetic moment of the film, mmod is the modal mass of the beam, ω0 = 2πf0
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is the resonant frequency of the beam, Q is the quality factor, and lc is the length

of the cantilever and g′ = 2meµ
eJtot

is the magnetomechanical ratio with me being the

mass of the electron, µ the magnetic moment, and Jtot the total angular momentum.

In order to determine the value of g′, the authors determined the deflection of the

cantilever as a function of the frequency of the magnetic field. The results are plotted

in 4.2; It is important to note that ∆µ was already determined from magnetometry

Figure 4.2: Root mean square (rms) cantilever deflection [82].

measurements. The authors fitted the data in 4.2 giving f0 = 13180 Hz, Q = 24, and

g′ = 1.82. Another confirmation of the value of g′ is obtained by plotting zlcemmodω0

4meQ

versus ∆µ which gives a straight line whose slope is 1/g′. The value of g′ obtained

in that case is 1.83 ± 0.10. In Bulk permalloy, g′ is 1.91. Although this experiment

provided evidence of the Einstein-de Haas effect at the microscale, the explanation
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presented in equation 4.1 is insufficient for the study of the microscopic dynamics

of the Einstein - de Haas effect. This motivated me to study the dynamics of the

Einstein-de Haas effect which will be the subject of the next two sections [81].

4.2 Spin Rotation Interaction

4.2.1 Introduction

In order to develop the theoretical framework to describe the Einstein - de Haas

effect, we shall assume (as is the case for many magnetic solids) that the magnetism

is of spin origin and can be described either by individual spins, Si, localized at the

atomic sites i, or by a continuous spin field S(r, t). (Generalization to magnetism

of spin and/or orbital origin can be obtained through a straightforward re-definition

of the constants). We shall derive general equations describing the transfer of the

spin angular momentum to the mechanical angular momentum of the body. In the

NIST experiment, the effect of the ac magnetic field was likely the displacement of

the domain wall separating two magnetic domains inside the permalloy film. We

shall pay special attention to this case. The cantilever problem will be solved by

adding the internal torque due to the motion of the domain wall to the equations of

the elastic theory describing the motion of the cantilever. The obtained dynamics of

the cantilever is rather rich and it allows a detailed comparison between theory and

experiment.

4.2.2 Microscopic Theory of Spin-Rotation Coupling

Spin-lattice interaction comes from magnetostriction and spin-rotation coupling. Only

the latter, however, is responsible for the Einstein - de Haas effect. The most obvious

effect of local elastic twists comes from the dependence of the energy of a spin on its

orientation in the crystal - magnetic anisotropy. This effect is due to spin-orbit in-

teractions and is of relativistic origin. It is described by the crystal-field Hamiltonian
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that can be very generally written as

ĤA =
∑
j

Kαβ
j Sαj S

β
j +

∑
j

Lαβγδj Sαj S
β
j S

γ
j S

δ
j + ..., . (4.3)

Here the Greek letters denote Cartesian components of a dimensionless spin vector

Sj belonging to the site j of the crystal lattice. Tensors Kαβ
j , Lαβγδj , etc., describing

magnetic anisotropy, are defined in the coordinate frame e
(1,2,3)
j that is rigidly coupled

to the locally-defined crystal axes, see Fig.4.3.

Figure 4.3: Rotation of the crystal field due to local elastic twist at the location of
the spin.

Local rotation of the lattice is performed by the (3× 3) rotation matrix Rj,

e
(1,2,3)
j → Rje

(1,2,3)
j . (4.4)
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It results in

Kαβ
j → Rαγ

j Rβδ
j K

γδ
j

Lαβγδj → Rαη
j Rβξ

j Rγθ
j Rδε

j L
ηξθε
j (4.5)

...

For a small rotation at the site j by an angle δφj, one has

Rαβ
j = δαβ − εαβγδφγj . (4.6)

We now notice that due to the rotational invariance of ĤA, the rotation of the local

frame (e
(1)
j , e

(2)
j , e

(3)
j ) is equivalent to the rotation of the vector Sj by the same angle in

the opposite direction, S→ R−1S. As is known [83], this rotation can be equivalently

performed by the (2S + 1)× (2S + 1) matrix in the spin space,

Sj → R̂jSjR̂
−1
j , R̂j = e−iSj ·δφj . (4.7)

Consequently, in the presence of rotations, ĤA becomes [84, 94]

Ĥ ′A = R̂ĤAR̂
−1, , (4.8)

where

R̂ = e−i
∑

j Sj ·δφj , . (4.9)

In the linear order on δφj one obtains

R̂ĤAR̂
−1∼=ĤA+ĤR, ĤR = i

∑
j

[
ĤA,Sj

]
· δφj, . (4.10)

By quantizing δφj one can apply this Hamiltonian to the study of rigid spin clusters

and quantum dots [86, 87, 88].

The total spin Hamiltonian ĤS may include exchange interaction, magnetostric-

tion, Zeeman interaction and dipole-dipole interaction. The dipole-dipole interaction

is usually the weakest one and will not be considered here. The magnetostriction
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is local on spin. Consequently, it is transformed by rotations the same way as the

crystal field. The Zeeman interaction of spins with the external magnetic field B,

ĤZ =
∑
j

b · Sj, b ≡ gµBB (4.11)

is not affected by rotations; g being the gyromagnetic factor for the spin. Here we

take into account that the magnetic moment due to spin, M = −gµBS, has direction

opposite to S because of the negative gyromagnetic ratio for the electron. Finally,

the exchange interaction,

Ĥex = −1

2

∑
ij

Iij,Si · Sj, , (4.12)

only depends on the local arrangement of spins that is not affected by rotations. In

the first order on δφj, the generalization of Eq. (4.10) is

ĤR = i
∑
j

[
ĤS,Sj

]
· δφj − i

∑
j

[
(ĤZ + Ĥex),Sj

]
· δφj . (4.13)

The last two terms appeared in Eq. (4.13) because Zeeman Hamiltonian (4.11) and

the exchange Hamiltonian (4.12), that are included in ĤS, are independent from local

rotations. Consequently, one should subtract ĤZ and Ĥex from ĤS when computing

the effect of rotations.

Let the total Hamiltonian of the system that incorporates all couplings, including

interactions with rotations, be Ĥ. It is clear that the difference between [ĤS,Sj] and

[Ĥ,Sj] begins with the terms that are linear on δφj. Thus, in the linear approximation

on δφj, we can replace i[ĤS,Sj] in Eq. (4.13) with i[Ĥ,Sj] = ~Ṡj. Working out the

commutator with the Zeeman Hamiltonian in Eq. (4.13) one obtains

ĤR =
∑
j

(
~Ṡj + Sj × b− i

∑
j

[
Ĥex,Sj

])
· δφj . (4.14)
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4.3 Theory of a Magnetic Microcantilever

4.3.1 Elastic Theory With Internal Twists due to Spin-Rotation

Coupling

Our approach to Einstein - de Haas effect is based upon Eq. (4.14). To apply this

equation to long-wave torsional deformations of the body we shall write δφj in terms

of the displacement field of the elastic theory u(r, t) [95],

δφ(r) =
1

2
∇× u(r) , (4.15)

and replace Sj by the spin density S(r, t). The classical energy of the body then

becomes

H = HS +HE +HR . (4.16)

Here HE is the elastic energy of the body written in terms of u(r, t) while HS = 〈HS〉
includes exchange, anisotropy, Zeeman and dipolar energies, magnetostriction, etc.,

written in terms of S(r, t) and u(r, t) [10]. The last term in Eq. (4.16) follows from

equations (4.14) and (4.15),

HR =
1

2

∫
d3r

[
~Ṡ + S× (b + bex)

]
· (∇× u) , (4.17)

where [2]

bex =
δHex

δS
= −Iαβ

∂2S

∂rα∂rβ
(4.18)

and

Iαβ =
1

2

∑
j

Iij(r
α
i − rαj )(rβi − r

β
j ) . (4.19)

The dynamical equation for the displacement field is [95]

ρ
∂2uα
∂t2

=
∂σαβ
∂xβ

, (4.20)

where σαβ = δH/δeαβ is the stress tensor, eαβ = ∂uα/∂xβ is the strain tensor, and ρ

is the mass density of the material. The stress tensor can be divided into two parts,
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σαβ = σ
(M)
αβ + σ

(R)
αβ , with

σ
(M)
αβ =

δ(HS +HE)

δeαβ
(4.21)

and

σ
(R)
αβ =

δHR

δeαβ
. (4.22)

Here σ
(M)
αβ is the mechanical part of the stress tensor, e.g., the part coming from the

elastic properties of the cantilever plus magnetostriction, while σ
(R)
αβ is the part of the

stress tensor produced by the internal rotations due to spins,

σ
(R)
αβ = −1

2
εαβγ

{
~Ṡγ + [S× (b + bex)]γ

}
. (4.23)

Notice that, contrary to the symmetric stress tensor (σαβ = σβα) used by the conven-

tional elastic theory, σ
(R)
αβ is antisymmetric. The immediate consequence of that is a

non-zero torque,

dK
(R)
αβ = (σαβ − σβα)d3r , (4.24)

acting on the volume element d3r. Such torques, neglected by the conventional theory

of elasticity, are responsible for the Einstein - de Haas effect.

Equations (4.20) - (4.23) allow one to obtain the general dynamical equation of

the elastic theory that accounts for local internal forces due to the dynamics of spins

in a ferromagnet:

ρ
∂2uα
∂t2
−
∂σ

(M)
αβ

∂xβ
= f (R)

α , (4.25)

where

f (R) = −1

2
∇×

[
~Ṡ + S× (b + bex)

]
. (4.26)

Let us check that these equations conserve the total angular momentum (spin +

orbital). Writing the total angular momentum due to the spins and the crystal as

J =

∫
d3r [~S + ρ (r× u̇)] , (4.27)
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one obtains the following equation for the time derivative of the α-th component of

J,

J̇α =

∫
d3r
[
~Ṡα + εαβγrβ (ρüγ)

]
=

∫
d3r
{
~Ṡα + εαβγrβ∇δσ

(M)
γδ

− 1

2
[rβ∇α − (r ·∇) δαβ]×[
~Ṡβ + (S× b)β − εβγδIεηSγ∇ε∇ηSδ

]}
, (4.28)

where we have used equations (4.25), (4.26) and (4.18). If one prohibits transfer of

spin angular momentum through the surface, integration by parts with account of

the symmetry of σ
(M)
αβ and Iαβ gives

J̇ = K(M) + K(R) , (4.29)

with

K(M)
α =

∫
dAδ

[
εαβγrβσ

(M)
γδ

]
(4.30)

and

K(R) =

∫
d3r (b× S) . (4.31)

Here K(M) is the external mechanical torque applied to the surface of the body A,

while K(R) is the volume spin torque due to the external magnetic field. Thus, in

accordance with our expectation, when external forces are absent, Eq. (4.25) conserves

the total angular momentum, J̇ = 0.

If the spin-lattice interaction were absent there would be no deformation induced

by the dynamics of spins. This condition provides another check of the validity of

equations (4.25) and (4.26). In the absence of dissipation the spin field satisfies [2]

~Ṡ = −S× beff (4.32)

where beff = δH/δS is the effective field that can be presented as beff = b + bex + b′.

Here b′ is determined by the spin-lattice coupling. Its main part is usually the
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anisotropy field, bA = δHA/δS. Equations (4.25) and (4.32) then show that Zeeman

and exchange interactions alone do not provide any force on the body. This is in

accordance with the fact that spins should couple to the lattice in order to produce

such a force. Dissipation can be incorporated into the problem by adding standard

damping terms to the elastic equation (4.25) and Landau-Lifshitz equation (4.32).

4.3.2 Dynamics of Magnetic Cantilever

Among many problems involving internal forces due to spins, Eq. (4.25) can be used

for computation of the elastic motion of a magnetic cantilever. For example, in

the case of the motion of a domain wall inside the cantilever, one substitutes the

known domain wall solution for S(r, t) into the right-hand side of Eq. (4.25), while

the left-hand side follows from the elastic theory of cantilever in the absence of spins

[95]. Sudden increase of the external magnetic field should result in the domain

wall sweeping the cantilever, thus providing a source of deformation during a finite

time. Application of a harmonic ac magnetic field, as in the NIST experiment, should

lead to the oscillation of the position of the domain wall inside the cantilever. The

geometry of the problem is shown in Fig. 4.4.

The cantilever of length L, parallel to the Y -direction, is magnetized in the X-

direction. The y = 0 end of the cantilever is attached to the holder while the y = L

end is free. We are interested in small displacements of the cantilever in the Z-

direction, uz(y, t), caused by the time-dependent external magnetic field. Vectors B

and S are assumed to lie in the XY plane. The latter property of the magnetization

is common for thin films. It is easy to see that in this case the terms proportional

to S × b and S × bex in the right-hand side of Eq. (4.25) give zero contribution

to the Z-component of the elastic equation. Adding the term proportional to Ṡ to

the right-hand side of the conventional equation of motion for a cantilever [95], one

obtains from Eq. (4.25)

ρ
∂2uz
∂t2

+
h2E

12(1− σ2)

∂4uz
∂y4

=
~
2

∂

∂y

∂

∂t
Sx(y, t) , (4.33)
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Figure 4.4: The geometry considered.

where h is the thickness of the cantilever in the Z-direction, E is the Young’s modulus,

and σ is the Poisson coefficient, −1 < σ < 1/2.

If the magnetization of the cantilever was rotating uniformly in space, then accord-

ing to Eq. (4.33) the force from spins would only act on the free end of the cantilever

where the magnetization has a discontinuity. However, for a soft magnetic material

like permalloy, deposited on a cantilever that is large compared to the dimensions of

a monodomain particle, the change in the magnetization should occur through the

motion of a domain wall. For that reason we shall describe the magnetic state of the

cantilever by two domains separated by the domain wall at y = y0(t). Then Sx(y, t)

is given by the domain wall solution centered at y = y0(t),

Sx(y, t) = Sdw [y − y0(t)] . (4.34)



65

In the absence of the dc magnetic field this gives

ρ
∂2uz
∂t2

+
h2E

12(1− σ2)

∂4uz
∂y4

=

−~
2

(
dy0

dt

)
∂2

∂y2
Sdw [y − y0(t)] . (4.35)

For the dissipative motion of the domain wall the speed of the wall is proportional to

the field. When the ac magnetic field, B = B0 cos(ωt), is applied in the X-direction,

one has y0(t) = y0(0) + a sin(ωt), where a < L is the amplitude of the oscillations

around y0(0). The domain wall is given by Sdw(y, t) = S0F [y − y0(t)] where S0 is a

constant spin density and F changes from −1 to +1 as one crosses the wall. Note the

connection of S0 to the magnetization, M0 = gµBS0.

It is convenient to switch to dimensionless variables,

ūz =
uz
L
, ȳ =

y

L
, t̄ = tν , ν ≡

√
Eh2

12ρ(1− σ2)L4
, (4.36)

where L is the length of the cantilever and ν determines the scale of the eigenfre-

quencies of its vertical oscillations, uz(y, t). In terms of these variables Eq. (4.35)

becomes
∂2ūz
∂t̄2

+
∂4ūz
∂ȳ4

= −ε
(
dȳ0

dt̄

)
∂2F

∂ȳ2
, (4.37)

where

ε =
~S0

2ρL2ν
=

~S0

2ρ

√
12ρ(1− σ2)

Eh2
(4.38)

is a dimensionless parameter that does not depend on the length of the cantilever L.

By order of magnitude, ε ∼ ~/(Msh), where M ∼ ρ/S0 is the mass of the material

per spin 1/2 and s ∼
√
E/ρ is the speed of sound. It is easy to see that ε is a

small parameter that can hardly exceed 0.01 even for the smallest cantilevers. For

the given function ȳ0(t̄) that describes the motion of the domain wall, Eq. (4.37) has

to be solved with the following boundary conditions:

ūz = 0 ,
∂ūz
∂ȳ

= 0 at ȳ = 0 ,

∂2ūz
∂ȳ2

= 0 ,
∂3ūz
∂ȳ3

= 0 at ȳ = 1 . (4.39)
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The first two conditions correspond to the absence of displacement and the absence

of bending of the cantilever at the fixed end, while the last two conditions correspond

to the absence of torque and force, respectively, at the free end [95]. For the free

oscillations of the cantilever, ε = 0, one writes

ūz(ȳ, t̄) = ū(ȳ) cos(ω̄t̄) . (4.40)

Substitution into Eq. (4.37) with ε = 0 then gives

∂4ū

∂ȳ4
− κ4ū = 0 , κ2 ≡ ω̄ . (4.41)

The general solution of this equation is

ū(ȳ) = A cos(κȳ) +B sin(κȳ) + C cosh(κȳ) +D sinh(κȳ) , (4.42)

where A,B,C,D are constants of integration. With the help of the first, second, and

fourth boundary conditions (4.39) one obtains

C = −A , D = −B , B =
sinκ− sinhκ

cosκ+ coshκ
A . (4.43)

Substitution of these expressions into Eq. (4.42) gives up to a normalization factor

ū(ȳ) = (cosκ+ coshκ) [cos(κȳ)− cosh(κȳ)]

+(sinκ− sinhκ) [sin(κȳ)− sinh(κȳ)] . (4.44)

The third of the boundary conditions (4.39) provides equation,

cosκ coshκ+ 1 = 0 , (4.45)

for the frequencies of the normal modes of the cantilever, ω̄n = κ2
n (measured in the

units of ν of Eq. (4.36)). Fundamental (minimal) frequency is ω̄1 ≈ 3.516. The next

two frequencies are ω̄2 ≈ 22.03 and ω̄3 ≈ 61.70. The profiles of the oscillations of the

cantilever for three normal modes (n = 1, 2, 3) are shown in Fig. 4.5.

We shall now turn to the forced oscillations of the cantilever due to motion of the

domain wall. We first neglect dissipation and write for the displacement

ūz(ȳ, t̄) =
∑
m

Rm(t̄)ūm(ȳ) , (4.46)
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Figure 4.5: Profiles of the oscillating cantilever at different moments of time for
n = 1, 2, 3.

where Rm(t) are functions of time to be determined and ūm(ȳ) are normalized eigen-

functions (4.44) of the free cantilever that correspond to eigenvalues κm given by Eq.

(4.45), ∫ 1

0

dy ūm(ȳ)ūn(ȳ) = δmn . (4.47)

Substitution of Eq. (4.46) into Eq. (4.37) gives∑
m

(
d2Rm

dt̄2
+ ω̄2

mRm

)
ūm(ȳ) = −ε

(
dȳ0

dt̄

)
∂2F

∂ȳ2
, (4.48)

where we have used Eq. (4.41). Multiplying both parts of this equation by ūn(ȳ)

and integrating over ȳ from 0 to 1 with account of Eq. (4.47), one obtains linear
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second-order differential equation for Rn(t̄),

d2Rn

dt̄2
+ ω̄2

nRn = −ε
(
dȳ0

dt̄

)∫ 1

0

dȳ
∂2F

∂ȳ2
ūn(ȳ) . (4.49)

When the width of the domain wall is small compared to the length of the cantilever,

the first derivative of F can be replaced by the δ-function,

∂F

∂ȳ
= 2δ[ȳ − ȳ0(t̄)] . (4.50)

In this case, integrating by parts in the right-hand side of Eq. (4.49), one obtains

d2Rn

dt̄2
+ ω̄2

nRn = 2ε

(
dȳ0

dt̄

)(
dūn
dȳ

)
ȳ=ȳ0(t̄)

= −2ε
d

dt̄
ūn [ȳ0(t̄)] . (4.51)

Dissipation can be included into the problem by adding the first time derivative of

Rn to this equation. This results in a conventional problem of damped oscillations

induced by a periodic force:

d2Rn

dt̄2
+
ω̄n
Qn

dRn

dt̄
+ ω̄2

nRn = −2ε
d

dt̄
ūn [ȳ0(t̄)] . (4.52)

Here Qn is the quality factor of the oscillations of the cantilever at the eigenfrequency

ω̄n. The most interesting case is when the position of the domain wall,

ȳ0(t̄) = b̄+ ā sin(ω̄t̄) , (4.53)

oscillates at a frequency ω̄ that is close to one of the resonant frequencies of the

cantilever ω̄n = κ2
n. To solve Eq. (4.52) we write un and Rn as Fourier series,

un(t̄) =
∞∑

k=−∞

u
(n)
k eikω̄t̄ , Rn(t̄) =

∞∑
k=−∞

r
(n)
k eikω̄t̄ . (4.54)

Substitution into Eq. (4.52) gives

r
(n)
k =

−2iεkω̄u
(n)
k

ω̄2
n − k2ω̄2 + ikω̄ω̄n

Qn

, (4.55)
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where

u
(n)
k (ā, b̄) =

1

2π

∫ 2π

0

dξe−ikξūn
(
b̄+ ā sin ξ

)
. (4.56)

Writing u
(n)
k as u

(n)
k = |u(n)

k | exp [iγ
(n)
k ] one obtains the following expressions for the

amplitude |r(n)
k | and phase δ

(n)
k of the k-th harmonic of Rn(t):

|r(n)
k | =

2εkω̄|u(n)
k |√

(k2ω̄2 − ω̄2
n)2 +

(
kω̄ω̄n

Qn

)2
(4.57)

δ
(n)
k = γ

(n)
k −

π

2
+ arctan

[
kω̄ω̄n

Qn(k2ω̄2 − ω̄2
n)

]
. (4.58)

According to Eq. (4.57), resonances occur at frequencies ω = ωn/k that are indepen-

dent of damping. At ω = ωn/k the maximum displacement of the free end of the

cantilever is given by

ūz(1) = εQnP
(n)
k (ā, b̄) , (4.59)

where

P
(n)
k (ā, b̄) =

2ūn(1)

ω̄n

∣∣∣u(n)
k (ā, b̄)

∣∣∣ . (4.60)

The dependence of P
(n)
k on ā and b̄ for various k and n is illustrated in Fig. 4.6.

Note the non-monotonic dependence of the amplitude of the free end on the equi-

librium position of the domain wall for n = 2 and n = 3. It is due to the profile of

the normal modes of the cantilever shown in Fig. 4.5. When equilibrium position of

the wall coincides with the antinode, the effect of the oscillation of the wall on the

cantilever is minimal.
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Figure 4.6: The dependence of P
(n)
k (ā, b̄) on the amplitude of the oscillations of the

domain wall whose equilibrium position is in the middle of the cantilever: a) k = 1,
b) k = 2.

Figure 4.7: The dependence of P
(n)
k (ā, b̄) on the equilibrium position of the domain

wall for n = 1, 2, 3 and k = 1, 2.
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4.3.3 Suggestions for Experiment and Comparison With NIST’s

Experiment

Expressions derived in this chapter provide the framework for theoretical analysis of

the experimental data on Einstein - de Haas effect. To illustrate applications of the

theory we have derived rigorous formulas for the mechanical motion of a magnetic

cantilever, induced by the motion of a domain wall when the cantilever is placed in the

ac magnetic field. In our theory we assumed that the entire volume of the cantilever

was magnetic. The formulas can be easily adjusted, however, to the situation when

the magnetic layer has thickness ph < h, as was the case in the NIST experiment. In

this case the strength of the source in the right hand side of Eq. (4.37) reduces by the

factor p. Consequently, one should replace ε in the above formulas with εp = pε < ε.

Accurate comparison between theory and experiment requires precise knowledge

of the mechanism by which the magnetic moment is changing. If it is due to the

motion of the domain wall, as we believe was the case in the NIST experiment [82],

then one needs to know the initial equilibrium position b and the amplitude of the

oscillations of the wall a. The parameter b can be controlled by a weak dc magnetic

field, while a can be controlled by the amplitude of the ac field. It is also desirable

to excite various harmonics ωn/k and to identify the fundamental frequency ω1. This

would allow one to obtain the value of the parameter ν in equations (4.36) and (4.38).

If the magnetization and the g-factor are known, the ratio S0/ρ in the first of Eq.

(4.38) can be computed with good accuracy. The precision with which the parameter

ε can be determined will then depend on the knowledge of the length of the cantilever

L. Alternatively, ε can be extracted from experiment and used to obtain the spin

density S0. If the magnetization M0 is known this would allow one to obtain the

gyromagnetic factor g = M0/(µBS0).

In the NIST experiment the fraction of the magnetic material p was close to 1/12

while the dimensions of the cantilever were L = 2 × 10−4m, h = 6 × 10−7m. This

gives εp ∼ 10−7. If a is comparable to L, then according to Eq. (4.59), the deflection

of the free end of the cantilever at the fundamental frequency ω = ω1 must be of
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order εpQ1L. The observed deflection in the nanometer range then corresponds to

Q1 ∼ 100. We should notice in this connection that the effect could be stronger for

a cantilever with a higher quality factor. As a matter of fact the quality factors as

high as 10, 000 have been reported for microcantilevers [90]. For a cantilever of length

L = 0.2mm such a high quality factor would allow the deflection of the free end due

to Einstein - de Haas effect as high as a few tens of a micrometer. This work led

up to think about another problem: what if we replace the magnetic layer with a

single molecule magnet? In the next chapter, we report on how to detect quantum

oscillations of the spin of a single molecule magnet through its resonant coupling to

the mechanical modes of a microcantilever.



Chapter 5

Magnetic Molecule on a

Microcantilever

Magnetic molecules exhibit quantum tunneling between different orientations of the

spin in macroscopic magnetization measurements [2, 24]. Detection of coherent quan-

tum spin oscillations, similar to those observed in a SQUID [91], would be of great

interest. In a crystal of magnetic molecules this effect is difficult to observe because

of the inhomogeneous broadening of spin levels and decoherence arising from various

interactions. Nevertheless a significant progress has been recently made in this di-

rection [92]. Magnetic measurements of individual molecules would have been more

promising because of low inhomogeneous broadening of spin levels and low decoher-

ence [93]. However insufficient sensitivity of existing magnetometers has prohibited

such studies so far. Efforts have been made to observe spin tunneling effects in the

electron transport through a single magnetic molecule bridged between metallic elec-

trodes [96] which we will report on in the next chapter.

In this chapter, we show our work on how to detect quantum oscillations of the

spin of a single magnetic molecule through their resonant coupling to the mechanical

modes of a microcantilever [97].

73
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5.1 Projection on a Two-State System

In chapter 2, we showed that for a uniaxial spin Hamiltonian, for low values of the

transverse field, the problem of finding the eigenstates and eigenvalues is essentially

reduced to a two-state problem with known solutions. The geometry of the proposed

experiment is shown in Fig.5.1.

Figure 5.1: The geometry of the problem.

A magnetic molecule of spin S is deposited on a microcantilever of length L, Fig.

5.1. The y = 0 end of the cantilever is fixed while the y = L end is free. The molecule

is assumed to be imbedded in or firmly attached to the cantilever at y = y0, with

the magnetic anisotropy axis being parallel the X-direction. Let ∆ be the tunnel
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splitting of the two lowest energy states of the molecule,

|Ψ±〉 =
1√
2

(|S〉 ± | − S〉) , (5.1)

where |±S〉 denote two opposite spin orientations along the X-axis. A weak ac mag-

netic field of frequency ω = ∆/~, applied along the X-axis, will force the spin of the

molecule to oscillate between the two orientations. Conservation of the total angular

momentum requires that the oscillations of the spin are accompanied by the mechan-

ical oscillations of the cantilever (Einstein - de Haas effect [77, 82]). Consequently,

if ω = ∆/~ coincides with a resonant mode of the cantilever, one should expect the

effect of the ac field on the cantilever.

If the cantilever rotates by a small angle δφ at the location of the spin, the

Hamiltonian of the molecule ĤS becomes [84, 94]

Ĥ ′S = R̂ĤSR̂
−1 = ĤS+i

∑[
ĤS,S

]
· δφ = ~Ṡ · δφ . (5.2)

Due to strong magnetic anisotropy the molecule can be considered as a two-state

system. The Hamiltonian of such a system, H2, is a projection of the Hamiltonian

(5.2) onto the two states given by Eq. (5.1). These states can be viewed as the

eigenstates of the Pauli matrix σz. For the geometry shown in Fig. 5.1 the projection

can be performed by writing

H2 =
∑
i,j=±

〈Ψi|
(
ĤS + i

[
ĤS, Sx

]
δφx

)
|Ψj〉|Ψi〉〈Ψj| (5.3)

with

σx = |Ψ+〉〈Ψ−|+ |Ψ−〉〈Ψ+| (5.4)

σy = −i|Ψ+〉〈Ψ−|+ i|Ψ−〉〈Ψ+| (5.5)

σz = |Ψ+〉〈Ψ+| − |Ψ−〉〈Ψ−| . (5.6)

This gives

H2 = −1

2
∆σz + S∆δφxσy . (5.7)
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with H2 can be written as:

H2 = Heff
s +Hph +Hs−ph = (

∆

2
ez − S∆δφxey) · σ +Hph = −1

2
beff · σ +Hph (5.8)

The states with a definite X-projection of the spin are eigenstates of σx: | ± S〉 =

1√
2
(|Ψ+〉 ± |Ψ−〉). The expectation value of σ satisfies the Landau-Lifshitz equation:

~σ̇ = −σ × beff , (5.9)

with

beff = −∆ez + 2S∆δφxey . (5.10)

If the cantilever was held stationary (δφx = 0), the solution of Eq. (5.9) would describe

pure quantum oscillations of the spin: σz = const, σx ∝ cos(∆t/~), σy ∝ sin(∆t/~).

5.2 Coupled Dynamics of Spin and Cantilever

We are interested in the coupled oscillations of the spin and the cantilever. Since the

latter contains macroscopic number of atoms, its oscillations can be studied within a

continuous elastic theory that deals with the displacement field u(r, t) and the local

rotation δφ given by [95]

δφ(r) =
1

2
∇× u(r) . (5.11)

Within such a model the spin of the molecule at a point r0 can be replaced by the

spin field

Σ(r, t) = Sσ(t)δ(r− r0) , (5.12)

where σ(t) satisfies Eq. (5.9). With account of Eq. (5.2) the energy of the cantilever

becomes

HC = HE +
1

2

∫
d3r ~Σ̇ · (∇× u) , (5.13)

where HE is the part of the elastic energy that is independent of the spin.

The dynamical equation for the displacement field is

ρ
∂2uα
∂t2

=
∂σαβ
∂xβ

, (5.14)
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where σαβ = δHC/δeαβ is the stress tensor, eαβ = ∂uα/∂xβ is the strain tensor, and

ρ is the mass density of the material. This gives

ρ
∂2uα
∂t2
−
∂σ

(E)
αβ

∂xβ
= −~

2
∇× Σ̇ (5.15)

where σ
(E)
αβ = δHE/δeαβ. It is easy to see that in the absence of the external torque,

K
(E)
α =

∮
dAδ

[
εαβγrβσ

(E)
γδ

]
, applied to the surface of the body A, Eq. (5.15) provides

conservation of the total angular momentum,

J =

∫
d3r [~Σ + ρ (r× u̇)] , dJ/dt = 0 . (5.16)

Writing the left-hand side of Eq. (5.15) in the conventional form for a cantilever

[95] one obtains the elastic equation that couples vertical displacements of the can-

tilever, uz(y, t), with the oscillations of the spin:

ρ
∂2uz
∂t2

+
h2E

12(1− σ2)

∂4uz
∂y4

=
~S
2V

∂

∂y

∂

∂t
[σx(t)Lδ(y − y0)] . (5.17)

Here h and V are the thickness and the volume of the cantilever, respectively, E is

the Young’s modulus, and σ is the Poisson coefficient, −1 < σ < 1/2.

It is convenient to switch in Eq. (5.17) to dimensionless variables ūz = uz/L, ȳ =

y/L, t̄ = tν, where

ν ≡

√
Eh2

12ρ(1− σ2)L4
(5.18)

determines the scale of the eigenfrequencies of the oscillations of the cantilever. By

order of magnitude ν ∼ vsh/L
2 where vs ∼

√
E/ρ is the speed of sound. In terms of

these variables Eq. (5.17) becomes

∂2ūz
∂t̄2

+
∂4ūz
∂ȳ4

=
ε

2

∂

∂ȳ

∂

∂t̄
[σx(t̄)δ(ȳ − ȳ0)] , (5.19)

where 0 < ȳ0 < 1 and

ε =
~S

ML2ν
=

~S
M

√
12ρ(1− σ2)

Eh2
(5.20)

is a dimensionless small parameter. By order of magnitude, ε ∼ ~S/(Mvsh), where

M = ρV is the mass of the cantilever. For, e.g., a molecule of spin S = 10 on
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a cantilever of dimensions 100nm×10nm×1nm the parameter ε should be of order

10−7. Eq. (5.19) has to be solved with the following boundary conditions:

ūz = 0 ,
∂ūz
∂ȳ

= 0 at ȳ = 0 ,

∂2ūz
∂ȳ2

= 0 ,
∂3ūz
∂ȳ3

= 0 at ȳ = 1 . (5.21)

The first two conditions correspond to the absence of displacement and the absence

of bending of the cantilever at the fixed end, while the last two conditions correspond

to the absence of torque and force, respectively, at the free end [95].

For the free oscillations of the cantilever (ε = 0) one writes

ūz(ȳ, t̄) = ū(ȳ) cos(ω̄t̄) . (5.22)

Substitution into Eq. (5.19) with ε = 0 then gives

∂4ū

∂ȳ4
− κ4ū = 0 , κ2 ≡ ω̄ . (5.23)

Solutions are

ū(ȳ) = (cosκ+ coshκ) [cos(κȳ)− cosh(κȳ)]

+(sinκ− sinhκ) [sin(κȳ)− sinh(κȳ)] . (5.24)

The third of the boundary conditions (5.21) provides the equation,

cosκ coshκ+ 1 = 0 , (5.25)

for the frequencies of the normal modes of the cantilever, ω̄n = κ2
n (measured in the

units of ν of Eq. (5.18)). The fundamental (minimal) frequency is ω̄1 ≈ 3.516. The

next two frequencies are ω̄2 ≈ 22.03 and ω̄3 ≈ 61.70. The profiles of the oscillations

of the cantilever for three normal modes (n = 1, 2, 3) are shown in Fig. 4.5 in chapter

4.

To consider coupled oscillations of the cantilever and the spin of the molecule we

first neglect dissipation and write for the displacement

ūz(ȳ, t̄) =
∑
m

Rm(t̄)ūm(ȳ) , (5.26)
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where Rm(t) are functions of time to be determined and ūm(ȳ) is a normalized eigen-

function (5.24) that corresponds to the eigenvalue κm given by Eq. (5.25),∫ 1

0

dy ūm(ȳ)ūn(ȳ) = δmn . (5.27)

Substitution of Eq. (5.26) into Eq. (5.19) gives∑
m

(
d2Rm

dt̄2
+ ω̄2

mRm

)
ūm(ȳ) =

ε

2

d

dt̄

d

dȳ
[σx(t̄)δ(ȳ − ȳ0)] , (5.28)

where we have used Eq. (5.23). Multiplying both parts of this equation by ūn(ȳ)

and integrating over ȳ from 0 to 1 with account of Eq. (5.27), one obtains linear

second-order differential equation for Rn(t̄),

d2Rn

dt̄2
+ ω̄2

nRn = − ε
2

(
dσx
dt̄

)
ū′n(ȳ0) , (5.29)

where ū′n(ȳ0) ≡ (dūn/dȳ)ȳ=ȳ0 .

Coupled magneto-mechanical oscillations near the ground state correspond to

small σx, σy, Rn, and σz ≈ 1. This requires temperatures kBT � ∆. In this case Eq.

(5.9) gives for σx
d2σx
dt̄2

+ ∆̄2σx = S∆̄ū′n(ȳ0)
dRn

dt̄
, (5.30)

where ∆̄ ≡ ∆/(~ν). Substituting into Eqs. (5.29) and (5.30) σx(t̄), Rn(t̄) ∝ exp(iω̄t̄),

one obtains the following equation for the eigenmodes of the coupled oscillations:

(ω̄2 − ω̄2
n)(ω̄2 − ∆̄2) =

1

2
εS∆̄ū′2n (ȳ0)ω̄2 . (5.31)

Due to the smallness of ε, oscillations of the spin and the cantilever occur indepen-

dently at frequencies ∆/~ and ωn, respectively, unless these two frequencies are very

close to each other. The latter can be achieved by, e.g., changing ∆ with the help

of the dc magnetic field perpendicular to the anisotropy axis of the molecule. At

∆ = ~ωn one should observe the splitting of the mechanical mode of the cantilever,

ωn, into two modes

ωn± = ωn

(
1± δ

2

)
, δ =

√
εSū′2n (ȳ0)

2ω̄n
. (5.32)
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The remarkable property of Eq. (5.32) is that it has no free parameters. For a chosen

resonance ∆ = ~ωn, the relative splitting δ depends only on the position of the

molecule on the cantilever. We will explore various plots of δ in the next section.

5.3 Quantum Magneto-Mechanical Oscillations

The dependence of the splitting of the first three cantilevers modes on the position

of the molecule is shown in figure 5.2.

Figure 5.2: The dependence of the splitting of the first three cantilevers modes on
the position of the molecule.

As expected, the first resonance n = 1 has no nodes whereas the second one n = 2

has one node and the third resonance n = 3 has two nodes.
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We shall now demonstrate that the above experiment can be performed by study-

ing the response of the system to a weak ac magnetic field, B(t) = B0ex sin(ωt),

applied along the anisotropy axis of the magnetic molecule. In the presence of such

a field beff becomes

beff = −∆ez + 2S∆δφxey + bex sin(ωt) , (5.33)

where b = gµBB0, with g being the gyromagnetic factor for the spin and µB being the

Bohr magneton. To obtain the amplitude of the forced oscillations of the cantilever we

need to include dissipation in the equations of motion of the spin and the cantilever.

The damping modifies the Landau-Lifshitz equation [10]:

~σ̇ = −σ × beff + 2Q−1
s σ × (σ × beff) . (5.34)

Here Qs is the quality factor of the spin oscillations. Small oscillations (|σx,y| �
1, σz ≈ 1) now satisfy

dσ±
dt̄

+ ∆̄
(
Q−1
s ± i

)
σ± = S∆̄ū′n(ȳ0)Rn ∓ ib̄ sin(ω̄t̄) (5.35)

where σ± = σx ± iσy and b̄ ≡ b/(~ν).

Dissipation of the mechanical motion of the cantilever can be introduced by adding

the first time derivative of Rn to Eq. (5.29):

d2Rn

dt̄2
+
ω̄n
Qn

dRn

dt̄
+ ω̄2

nRn = − ε
4
ū′n(ȳ0)

d

dt
(σ+ + σ−) . (5.36)

Here Qn is the quality factor of the oscillations of the cantilever at the eigenfrequency

ω̄n. One can now obtain the time dependence of Rn and σ± by solving together

Eq. (5.35) and Eq. (5.36). The displacement of the cantilever at a point y is given

by ūz(t̄, ȳ) = Rn(t̄)ūn(ȳ). The simplest way to obtain the solution is to replace

i sin(ω̄t̄) in Eq. (5.35) with exp(iω̄t̄) and solve the resulting three algebraic equations

for Rn, s± ∝ exp(iω̄t̄). This gives the following expressions for the amplitudes of the
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oscillations:

|ūz(ȳ)| = 1

2
b̄εω̄∆̄|ū′n(ȳ0)||ūn(ȳ)| ×{[

(ω̄2 − ω̄2
n)(ω̄2 − ∆̄2)− 1

2
εS∆̄ū′2n (ȳ0)ω̄2

]2

+ ω̄2

[
2

Qs

∆̄(ω̄2 − ω̄2
n) +

1

Qn

ω̄n(ω̄2 − ∆̄2)

]2
}−1/2

(5.37)

and

|σ±| = b̄

{[(
ω̄ ∓ ∆̄

) (
ω̄2 − ω̄2

n

)
− 1

2
εS∆̄ū′

2
n(ȳ0)ω̄

]2

+

[
∆̄

Qs

(
ω̄2 − ω̄2

n

)
+
ω̄ω̄n
Qn

(
ω̄ ∓ ∆̄

)]2
}1/2

×{[
(ω̄2 − ω̄2

n)(ω̄2 − ∆̄2)− 1

2
εS∆̄ū′

2
n(ȳ0)ω̄2

]2

+ ω̄2

[
2

Qs

∆̄(ω̄2 − ω̄2
n) +

1

Qn

ω̄n(ω̄2 − ∆̄2)

]2
}−1/2

(5.38)

The applicability of the above equations is limited by the range of variables that

provides the condition |s±| � 1 used to derive Eq. (5.35) from Eq. (5.9). It is easy to

see from Eq. (5.38) that this requirement is easily violated for s− when ω is close to ∆.

This is an indication of the breakdown of the linear approximation for the dynamics

of the spin that occurs due to the strong pumping of the spin excitations by the ac

field. To avoid this problem, let us consider oscillations at, e.g., ω = ωn 6= ∆, in the

practical range of the quality factor 1 � Qn � 1/ε. In this case, one obtains from

Eqs. (5.37) and (5.38)

|ūz(ȳ)| = b̄εQn∆̄

2ω̄n|ω̄2
n − ∆̄2|

|ū′n(ȳ0)||ūn(ȳ)| , |σ±| =
b̄

|ω̄n ± ∆̄|
. (5.39)

A plot of |ūz(ȳ)| for y = 1 (that is at the free end of the cantilever) as a function of

ω̄ and ∆̄ for the molecule being positioned at ȳ0 = 0.9 along the cantilever is shown

in figure 5.3.

The parameter ∆ can be controlled by a dc magnetic field applied perpendicular

to the anisotropy axis of the molecule. The condition |σ−| � 1 determines how close

to the double resonance, ∆ = ωn, one can still use equations (5.39): |ω̄n − ∆̄| � b̄/2.

Substitution of |ω̄n − ∆̄| ≈ b̄ into the first of Eqs. (5.39) provides estimate for the
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Figure 5.3: 3D plots of the amplitude of oscillation at the free end as a function of
∆̄ and ω̄ when the molecule is at ȳ0 = 0.9.

maximum amplitude of the oscillations of the cantilever at ∆→ ωn:

max |ūz(ȳ)| ∼ εQn

4ω̄n
|ū′n(ȳ0)||ūn(ȳ)| . (5.40)

Equation 5.40 is valid in the practical range of quality factors 1 � Qn,s � 1/ε, and

is a function of the distance y from the fixed end of the cantilever, parameterized by

the position of the molecule y0.
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Figure 5.4: 3D plots of the amplitude of oscillation at the free end as a function of ∆̄
and ω̄ when the molecule is at ȳ0 = 0.9. It is the same as figure 5.3 but shown from
a different angle.

A cantilever of dimensions 100nm×10nm×1nm will have ν ∼ 108s−1, see Eq.

(5.18). For the first harmonic of the cantilever, ω1 = 3.52ν, the magneto-mechanical

resonance will then occur for ∆ in the mK range. In that case, f1 = 3.52ν/(2π) ≈ 30

MHz and the splitting δf1 of the first harmonic of the cantilever occurs in the ballpark

of a few kilohertz. Note that the splitting of the spin energy levels ∆ in a magnetic

molecule, regardless of its magnitude, is a well-defined quantity: ∆ as low as 0.1µK

has been measured in the context of the interference of spin tunneling trajectories [51].

This parameter can be easily controlled by the magnetic field normal to the anisotropy

axis. Smaller cantilevers will have higher ν and, thus, will permit work with higher

∆. Our approach is valid when the probability for the molecule to occupy the excited
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spin levels is small. The first excited state is separated from the ground state by the

energy ∆. Consequently, if the system is at thermal equilibrium, the temperature

should be low compared to ∆. There are ways around this condition, though. One

such a possibility consists of studying resonances at higher harmonics: ω2 = 22.03ν,

ω3 = 61.70ν, and so on. Another possibility follows from the observation that the

relaxation of our system towards thermal equilibrium can be very long. Consequently,

if one uses the external field to prepare the initial magnetic state of the molecule, the

coupled magneto-mechanical oscillations can, in principle, be studied during much

shorter times than the time required for thermalization.

Very high quality factors (up to 105) have also been reported for mechanical oscilla-

tions of microcantilevers [98, 90]. For a cantilever of dimensions 100nm×10nm×1nm,

carrying a magnetic molecule of spin 10, the parameter ε of Eq. (5.20), responsible

for the magneto-mechanical coupling, is of order 10−7. A definitive observation of

the coupled quantum magneto-mechanical oscillations would be the detection of the

splitting, δωn, of the mechanical modes of the cantilever. Such a splitting should

appear in the spectrum of the cantilever regardless of the measuring procedure. For

the first resonance (ω = ω1), δ of Eq. (5.32) would be generally of order
√
εS ∼ 10−3.

The condition for the detection of the splitting of the cantilever modes is Qn,s � 1/δ.

This means that the quality factors of 10, 000 reported for microcantilevers should be

sufficient to observe this effect. When the molecule is near the tip of the cantilever,

Eq. (5.40) with ε ∼ 10−7 and Qn ∼ 104 gives for the tip: |ūz| ∼ 5 × 10−4. For a

100-nm long cantilever this would correspond to the oscillations by 0.05nm. Such a

displacement can be detected by tunneling or force microscopy.

The possibility of the observation of quantum magneto-mechanical oscillations

studied comes from the resonant nature of the effect. While the coupling between

quantum spin oscillations and the mechanical oscillations of the cantilever is always

weak, the resonant condition (∆ = ωn) generates a large effect similar to the one

produced by a very weak periodic resonant force acting on a pendulum with a high

quality factor. Working with smaller cantilevers would provide higher values of the
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coupling parameter ε and would relax the requirements on temperature and the qual-

ity factors.

In Conclusion, we have shown that driven quantum oscillations of the spin of a

magnetic molecule can be observed by placing the molecule on a microcantilever.

Since such cantilevers consist of hundreds of thousands of atoms, this would be a

remarkable example of a macroscopic quantum effect. Our theory has no free param-

eters and, therefore, it must be helpful in designing the proposed experiment.



Chapter 6

Magnetic Molecule Between

Conducting Leads

In this chapter, we present our work on molecular magnet bridged between two con-

ducting leads. Dynamics of the total angular momentum couples spin tunneling in

such a molecule to the mechanical twists. We’ll focus on Landau-Zener spin transition

due to a time-dependent magnetic field and we’ll show that these transitions generate

a unique pattern of mechanical oscillations that can be detected by measuring the

electronic current through the molecule.

6.1 Recent Experiments

6.1.1 Introduction

In the last two decades there has been a great interest in the field of spintronics.

Spintronic systems make use of the fact that the electron current is composed of spin-

up and spin-down carriers which carry information encoded in their spin state. In a

closely related field, molecular spintronics is emerging, which combines the ideas of

spintronics and molecular electronics. There is a strong interest in designing molecular

devices using a few magnetic molecules. Single molecule magnets are a candidate for

87
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that purpose: they have a long relaxation times at temperatures lower than 3 K. To

this end, a significant experimental effort has been developed to measure the electronic

current through a single molecule bridged between conducting leads. The properties

of single molecule magnets (such as Mn12-acetate) have been outlined in the first two

chapters of this thesis.

In most experiments, a magnetic molecule was attached between two non-magnetic

tips, see figure 6.1 for example [103].

Figure 6.1: (a) Side view of a Mn12 molecule with tailormade ligands containing
acetyl-protected thiol end groups. Atoms are color labeled: manganese (orange),
oxygen (dark red), carbon (gray), sulfur (yellow). The molecule diameter is about
3 nm. (b) Schematic drawing of the Mn12 molecule (red circle) trapped between
electrodes. A gate changes the electrostatic potential on the molecule enabling energy
spectroscopy. (c) Scanning electron microscopy image of the electrodes [103].

The device pictured in 6.1 is called a three-terminal transport device or a molecular
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spin-transistor. The current passes through the magnetic molecule through the source

and drain electrodes and the electronic transport properties are tuned using a gate

voltage Vg. Two experimental regimes are distinguished and they are the subject of

various research papers: when the coupling between the electrodes and the molecule

is weak (the weak coupling limit) and when the coupling between the electrodes and

the molecule is strong. We will briefly describe each of the coupling limits next.

6.1.2 The Weak and the Strong Coupling Limit

In the weak coupling limit, Heersche et al. observed striking voltage dependence of

the current through a single-molecule magnet Mn12, with a complete current sup-

pression and excitations of negative differential conductance on the energy scale of

the anisotropy barrier [103]. Jo et al. measured the magnetic field dependence of the

electron tunneling spectrum in a transistor incorporating a Mn12 molecule [104]. Hen-

derson et al. observed a Coulomb blockade effect by measuring conductance through

a single-molecule magnet Mn12 [105]. Voss et al. conducted experiments and devel-

oped theoretical model for the dependence of the tunneling current on the orientation

of the Mn12 molecule [106]. In the cases mentioned above, the experiment was done

using Mn12 molecules where the acetate of the molecule has been substituted by a

thiol-containing ligands which bind the single molecule magnet to the gold electrodes

with strong and reliable covalent bonds.

In the strong coupling limit, paramagnetic molecules containing one or two magnetic

centers have been used but not molecular magnets [107]. In references [99, 100, 101,

102], a simple molecule containing two magnetic centers was used. The molecule was

tuned using Vg into two different charged states. The neutral state, due to antiferro-

magnetic coupling between the two magnetic centers, has S=0, whereas the positively

charged state has S=1/2. Kondo features are found, as expected, only for the state in

which the molecule has a non-zero spin moment. This nicely demonstrates that mag-

netic molecules with multiple centers and antiferromagnetic interactions enable the

Kondo effect to be switched on and off, depending on their charge state. Theoretical
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investigations have explored various aspects of the field.

The effect of the exchange coupling between spins of conducting electrons and

the spin of the Mn12 molecule has been studied by G.-H. Kim and T.-S. Kim [108].

Elste and Timm [109] developed a model for the Coulomb blockade in a transport

through a single magnetic molecule weakly coupled to magnetic and nonmagnetic

leads. They also studied the possibility of writing, storing, and reading spin informa-

tion in memory devices based upon single-molecule magnets [110]. Kondo effect in

transport through a single-molecule magnet strongly coupled to metallic electrodes

has been investigated by Romeike et al [111]. The effect of spin Berry phase on

electron tunneling has been studied by González and Leuenberger [112]. Misiorny et

al. investigated magnetic switching of the molecular spin by a spin-polarized current

[113], as well as tunneling magnetoresistance [114]. Cornaglia et al. have studied the

effect on the transport of a soft vibrating mode of the molecule [115]. First principle

DFT calculations of the electron transport through a Mn12 single-molecule magnet

and of spin-filtering effect have been performed by Barraza-Lopez et al. [116]. There

also has been some effort to compute Josephson current through a magnetic molecule

coupled to superconducting leads [117].

6.2 Rotational Dynamics of the Molecule

Recently Chudnovsky and Garanin have demonstrated [118] that quantum states of

a magnetic molecule that is free to rotate are different from quantum states of a

magnetic molecule whose position is fixed in a crystal. This effect arises from the

conservation of the total angular momentum (spin + orbital). Somewhat intermedi-

ate situation occurs when a molecule is bridged between two electrodes. While such

a molecule is not free to rotate, its orientation can still vary due to the spin-rotation

coupling. In our work we studied the Landau-Zener transition between quantum

states of the molecule caused by a field sweep. We showed that coupled dynamics of
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the molecular spin and the mechanical rotation of the molecule leads to the modifica-

tion of the Landau-Zener dynamics. It also results in a specific pattern of mechanical

oscillations of the molecule. Since electron tunneling through the molecule should

strongly depend on its orientation, this effect should be seen in the tunneling current

[119].

We consider geometry depicted in Fig. 6.2. The magnetic anisotropy axis of the

molecule, Z, is perpendicular to the direction of the transport current Y . The mechan-

ical motion of the molecule is restricted by its coupling to the leads. For simplicity we

consider only small torsional oscillations about the Z-axis that we describe by the an-

gle of rotation φ. This is justified by the fact that quantum tunneling of the molecular

spin between two opposite directions along the Z-axis changes only the Z-component

of the angular momentum, thus generating the Z-component of the torque. In our

approximation, small rotation of the molecule due to this torque produces negligible

deformation of a rigid magnetic core of the molecule. On the contrary, the tunneling

current through the molecule must have exponential dependence on φ. We assume

that electrons in the leads have only marginal effect on the quantum spin states of

the molecule.

The main part of the Hamiltonian of the molecule has three terms:

Ĥ = Ĥrot + ĤZ + ĤS . (6.1)

Here

Ĥrot =
1

2Iz

(
~2L2

z + I2
zω

2
rφ

2
)

(6.2)

describes mechanical rotations about the Z-axis. Iz is the corresponding moment of

inertia and ωr is the frequency of free torsional oscillations of the molecule due its

coupling to the leads. Operator of the mechanical angular momentum, Lz = −i∂/∂φ,
satisfies the commutation relation

[φ, Lz] = i. (6.3)

Interaction of the molecular spin S with the external magnetic field, B applied along
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Figure 6.2: Mn12 spin-10 magnetic molecule bridged between metallic leads [116].

the Z-axis, is described by the Zeeman term in Eq. (6.1):

ĤZ = −gµBSzBz , (6.4)

with g being the gyromagnetic factor and µB being the Bohr magneton. Operator

ĤS in Eq. (6.1) is given by [84, 94]

ĤS = R̂ĤAR̂
−1 , (6.5)

where ĤA is the crystal-field (magnetic anisotropy) spin Hamiltonian and

R̂ = e−iSzφ (6.6)

is the operator of rotation in the spin space. The general form of ĤA is

ĤA = Ĥ‖ + Ĥ⊥ , (6.7)
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where Ĥ‖ commutes with Sz and Ĥ⊥ is a perturbation that does not commute with

Sz. The existence of the magnetic anisotropy axis Z means that the |±S〉 eigenstates

of Sz are degenerate ground states of Ĥ‖. Operator Ĥ⊥ slightly perturbs the | ± S〉
states, adding to them small contributions of other |mS〉 states. We shall call these

degenerate normalized perturbed states |ψ±S〉. Physically they describe the magnetic

moment of the molecule looking in one of the two directions along the anisotropy axis.

Full perturbation theory with account of the degeneracy of ĤA provides quantum

tunneling between the |ψ±S〉 states. The ground state and the first excited state

become

Ψ± =
1√
2

(|ψS〉 ± |ψ−S〉) . (6.8)

They satisfy

ĤAΨ± = E±Ψ± (6.9)

with E−−E+ ≡ ∆ being the tunnel splitting. Expressing |ψ±S〉 via Ψ± according to

Eq. (6.8), it is easy to see from Eq. (6.9) that

〈ψ±S|ĤA|ψ±S〉 = 0, 〈ψ−S|ĤA|ψS〉 = −∆/2 . (6.10)

This gives

〈ψ±S|ĤS|ψ±S〉 = 0, 〈ψ∓S|ĤS|ψ±S〉 = −∆

2
e±2iSφ . (6.11)

for the matrix elements of ĤS.

Since the low-energy spin states of the molecule are superpositions of |ψ±S〉, it is

convenient to describe such a two-state system by a pseudospin 1/2. Components of

the corresponding Pauli operator σ are

σx = |ψ−S〉〈ψS|+ |ψS〉〈ψ−S| (6.12)

σy = i|ψ−S〉〈ψS| − i|ψS〉〈ψ−S|

σz = |ψS〉〈ψS| − |ψ−S〉〈ψ−S| .

The projection of any operator Ĥ onto |ψ±S〉 states is given by∑
m,n=±S

〈ψm|Ĥ|ψn〉|ψm〉〈ψn| . (6.13)
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Noticing that

Sz|ψ±S〉 ∼= Sz| ± S〉 = ±S|ψ±S〉 , (6.14)

it is easy to project Hamiltonian (6.1) onto ψ±S.

The projection of e−iSzφĤAe
iSzφ on the two-state basis is〈

ψ−S

∣∣∣e−iSzφĤAe
iSzφ
∣∣∣ψS〉 |ψ−S〉 〈ψS|+ 〈ψS ∣∣∣e−iSzφĤAe

iSzφ
∣∣∣ψ−S〉 |ψS〉 〈ψ−S|

= −1

2
∆
(
e2iSφ |ψ−S〉 〈ψS|+ e−2iSφ |ψS〉 〈ψ−S|

)
= −1

2
∆ cos (2Sφ) (|ψ−S〉 〈ψS|+ |ψS〉 〈ψ−S|)−

1

2
∆ sin (2Sφ) i (|ψ−S〉 〈ψS| − |ψS〉 〈ψ−S|)

= −1

2
∆ cos (2Sφ)σx −

1

2
∆ sin (2Sφ)σy. (6.15)

One can see that the full effective Hamiltonian has the form

Ĥeff = −1

2
Wσz −

1

2
∆ [cos (2Sφ)σx + sin (2Sφ)σy] + Ĥrot (6.16)

or

Ĥeff = −1

2
Heff · σ + Ĥrot, (6.17)

where

Heff = Wez + ∆ cos (2Sφ) ex + ∆ sin (2Sφ) ey. (6.18)

and

W = 2SgµBBz . (6.19)

Note that for a non-rotating magnetic molecule the effective Hamiltonian has the

form

Ĥeff = −1

2
Wσz −

1

2
∆σx . (6.20)

Its eigenvalues are

E± = ±1

2

√
W 2 + ∆2 (6.21)

with

E+ − E− ≡ ~ω0 ≡
√
W 2 + ∆2 . (6.22)
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Using the Heisenberg equation of motion for an operator A(t),

Ȧ(t) =
i

~

[
Ĥeff , A(t)

]
, (6.23)

one obtains

φ̇ =
i

~

[
~2L2

z

2Iz
, φ

]
=

i~
2Iz

(Lz [Lz, φ] + [Lz, φ]Lz) =
~Lz
Iz

(6.24)

and

~L̇z = i[
1

2
Izω

2
rφ

2 − 1

2
∆ [cos 2Sφσx + sin 2Sφσy] , Lz]=−Izω2

rφ− S∆ sin(2Sφ)σx + S∆ cos(2Sφ)σy

Elimination of Lz provides the following system of equations:

~σ̇x = Wσy −∆ sin (ϕ)σz (6.25)

~σ̇y = ∆ cos (ϕ)σz −Wσx (6.26)

~σ̇z = ∆ sin (ϕ)σx −∆ cos (ϕ)σy (6.27)

and

ϕ̈+ ω2
rϕ = ω2

c [cos (ϕ)σy − sin (ϕ)σx] . (6.28)

Here

ϕ ≡ 2Sφ (6.29)

and

ωc ≡
√

2S2∆/Iz . (6.30)

Combining the above equations it is easy to see that they satisfy

d

dt
(~Lz + ~Sσz) = −Izω2

rφ . (6.31)

The left-hand side of this equation is the time derivative of the Z-component of the

total angular momentum, ~(Lz + Sz), while the right-hand side is the elastic torque

due to the coupling to the leads (see Fig. 6.2). This torque acts such as to return the

molecule to its equilibrium position, φ = 0. In the absence of such a torque the total

angular momentum of the molecule alone would be conserved.
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Equations (6.25) - (6.28) are operator equations. To obtain numerically tractable

equations, these operator equations should be averaged over quantum states of the

system. If one decouples the quantum averages as

〈sin (ϕ)σz〉 ⇒ 〈sin (ϕ)〉 〈σz〉 , (6.32)

in the spirit of the mean-field approximation, one obtains classical-like equations

of the same structure as above. Without such a decoupling the equations for the

Heisenberg operators are useless and one has to go back to the Schrödinger equation

for the whole system consisting of coupled spin and mechanical subsystems. While

the decoupling cannot be justified in the general case, we notice that the cross terms

containing σ and φ become small when 〈ϕ〉 is small. Since ϕ = 2Sφ this condition

for large S is stronger than the condition of small oscillations, |φ| � 1. Nevertheless,

even for S = 10, which is the case of a Mn12 molecule, it is likely that rotations of the

molecule in the geometry depicted in Fig. 6.2 will still satisfy the condition |ϕ| � 1.

In this case Eqs. (6.25) - (6.28) can be treated as classical.

6.3 Landau-Zener Effects in a Magnetic Molecule

Bridged Between two Conducting Leads

6.3.1 Landau-Zener Dynamics

The behavior of the system depends on the dimensionless magneto-mechanical con-

stant of a free molecule,

δ ≡
(
~ωc
∆

)2

=
2~2S2

Iz∆
, (6.33)

and the resonance parameter,

r ≡ ~ωr
∆

. (6.34)

For a linear field sweep, W = vt, another relevant dimensionless parameter is

ε ≡ π∆2

2~v
. (6.35)
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Figure 6.3: The fraction of molecules n that transit to the final state for a) fast
sweep, b) slow sweep.

It determines probability,

P = e−ε , (6.36)

of staying in the initial ψ−S state in the standard Landau-Zener problem. Typical

plots for the fraction of molecules n that transit to the final state for various sweep

is presented in figure 6.3.

Using the above parameters and dimensionless variables

τ ≡ t∆

~
w =

vt

∆
=

~vτ
∆2

=
πτ

2ε
, (6.37)

Eqs. (6.25) - (6.28) for |ϕ| � 1 can be re-written in the form

σ′x = wσy − ϕσz

σ′y = σz − wσx

σ′z = ϕσx − σy (6.38)

and

ϕ′′ + γϕ′ + r2ϕ = δ [σy − ϕσx] , (6.39)

where prime means d/dτ . Notice that in the last equation we introduced a term γϕ′

that describes damping of the mechanical oscillations of the molecule.
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Figure 6.4: Typical time dependence of the rotation angle φ. The inset shows the
fine structure of the oscillations.

The above equations have been solved numerically using Mathematica. With

the Mn12 molecule in mind, we compute the time dependence of the angle of twist,

φ = ϕ/(2S), for S = 10, δ = 103 and r = 103 (see discussion below). For the

illustration purpose, the value of the damping constant γ = 0.1 has been chosen to

provide the finite duration of the oscillations. Fig. 6.4 shows the results for a relatively

fast field sweep corresponding to ε = 0.1. For a slow sweep (ε� 1) the amplitude of

the oscillations is significantly smaller.

Simple arguments allow one to understand the behavior shown in Fig. 6.4. Os-

cillations of φ are excited when the time-dependent distance between the spin levels
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given by Eq. (6.22), coincides with the frequency ωr of the mechanical oscillations of

the molecule. For large εr this happens at τ = 2εr/π in excellent agreement with Fig.

6.4, 6.5 and 6.6. Oscillations continue at the frequency ωr until they are completely

damped due to the finite γ. To obtain the dependence of the initial amplitude of

oscillations on the parameters the approximate solution of Eqs. (6.38) for σy(τ) at

small ϕ, ε < 1 and τ > 1 can be used [120]:

σy(τ) = −2
√
e−ε(1− e−ε) sin

(
πτ 2

4ε

)
. (6.40)

This gives an approximate solution of Eq. (6.39) at γ = 0:

ϕ(τ) =
δ

r
Im

[
eirτ

∫ τ

0

dτ ′e−irτ
′
σy(τ

′)

]
. (6.41)

The result of the integration can be expressed in terms of trigonometric and error

functions.

ϕ(τ) =
1

2Sr
C

[
(a1 + a2(τ))

(
Sin

[
rτ − r2ε

π

]
− Cos

[
rτ − r2ε

π

])
+(a11 + a22(τ))

(
Cos

[
rτ − r2ε

π

]
+ Sin

[
rτ − r2ε

π

])
+(−a3 + a4(τ))

(
Sin

[
rτ +

r2ε

π

]
+ Cos

[
rτ +

r2ε

π

])
+ (a44(τ)− a33)

(
Cos

[
rτ +

r2ε

π

]
− Sin

[
rτ +

r2ε

π

])]
(6.42)

where various unknowns in equation 6.42 are given below:

C =
δ
√
ε√

2

√
e−2ε (−1 + eε), a1 = Re

[
Erf

[
(1− i)r

√
ε√

2π

]]
, a11 = Im

[
Erf

[
(1− i)r

√
ε√

2π

]]

a2(τ) = Re

[
Erf

[(
1
2
− i

2

)
(−2rε+ πτ)
√

2π
√
ε

]]
, a22(τ) = Im

[
Erf

[(
1
2
− i

2

)
(−2rε+ πτ)
√

2π
√
ε

]]

a3 = Re

[
Erf

[
(1 + i)r

√
ε√

2π

]]
, a33 = Im

[
Erf

[
(1 + i)r

√
ε√

2π

]]
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a4(τ) = Re

[
Erf

[
(−1)1/4(2rε+ πτ)

2
√
π
√
ε

]]
, a44(τ) = Im

[
Erf

[
(−1)1/4(2rε+ πτ)

2
√
π
√
ε

]]
Equation 6.42 can be verified by plotting ϕ obtained from analytical work with the one

obtained numerically, as shown in figure 6.5. While the formula is rather cumbersome

ε = 0.1

δ = r = 1000

Figure 6.5: The evolution of the angle φ when δ = r = 1000, ε = 0.1. The red plot
is the result of the analytical solution shown in equation 6.42 whereas the blue one
represents the numerical solution for ϕ.

it provides a simple dependence of the final amplitude of the undamped oscillations

on the parameters:

φmax =
2~S
Izωr

√
εe−ε (1− e−ε) . (6.43)

It reaches maximum at ε = 1.45. This expression is in excellent agreement with
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a)

ε = 0.1

δ = r = 1000

ε = 0.1

δ = 1000, r = 500

b)

Figure 6.6: The evolution of the angle φ when: a) δ = r = 1000, ε = 0.1; b)
δ = 1000, r = 500, ε = 0.1.

numerical results. It can be used as long as 2Sφmax � 1.
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6.3.2 Conclusion

Most of the existing experiments on transport through individual magnetic molecules

have been done with Mn12 acetate. The moment of inertia of the Mn12 molecule is in

the ballpark of 10−34g·cm2. The tunnel splitting ∆ depends strongly on the transverse

anisotropy, Ĥ⊥ in Eq. (6.7). For the molecule bridged between two leads it may differ

drastically from that in a Mn12 crystal. With Iz ∼ 10−34g·cm2 our choice of δ ∼ 103

in Fig. (6.4) corresponds to ∆/~ ∼ 106s−1. The resonance frequency of the rotational

oscillations of the molecule must be much higher. The choice of r = 103 in Fig. (6.4)

corresponds to ωr = 109s−1. The mechanical oscillations of the molecule begin at

t = 2ε~2ωr/(π∆2) or τ = 2εr
π

(as demonstrated in figures 6.4, 6.5 and 6.6) after the

spin states ψ−S and ψS cross due to the field sweep. For the choice of parameters

used in Fig. (6.4) this time is of order 10−4s. Spin oscillations given by Eq. (6.40)

must dissipate on a longer time scale for the mechanical oscillations to be observable.

In a Mn12 crystal, dissipation is dominated by phonons. For a setup shown in Fig. 6.2

phonon processes must be suppressed, making spin relaxation times of order 10−4s

quite reasonable. For ∆/~ ∼ 106s−1, the fast field sweep, ε < 1, corresponds to a

few kOe per second, which is also reasonable. Magnetic molecules other than Mn12

acetate may prove to be even better candidates for such an experiment.

If a tunneling current flows through the setup depicted in Fig. 6.2, the amplitude

of the current should be affected by the mechanical oscillations of the molecule. Same

as in tunneling microscopy, this effect should be detectable due to high sensitivity of

the electron tunneling rate to the orientation of the molecule [106]. Following the field

sweep, the current should acquire an oscillating component similar to that shown in

Fig. 6.4. Such an experiment is practicable and it would be of great interest as it

would prob quantum dynamics of spin in individual magnetic molecules.



Part III

Quantum Magnetic Deflagration
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Introduction

In this part, we follow up on the work mentioned in chapter 3 of part I of this

thesis. Peaks in the deflagration speed versus the external applied magnetic field

were observed by Tejada’s group in Spain and were attributed to the resonance spin

tunneling. I will talk about these quantum features first, then I will mention my work

on the experimental determination of the dipolar field in Mn12-acetate followed by

the theoretical work of Garanin and Chudnovsky on the low temperature resonant

spin tunneling in molecular magnets induced by a field sweep with account of dipole-

dipole interactions. The authors have discovered self-organized fronts of tunneling, a

non-thermal process triggered by the dipolar field. The aim of my work was to unify

the theories of the standard (hot) deflagration and the fronts of tunneling induced by

the dipolar field (non-thermal process).



Chapter 7

Recent Experiments

7.1 Quantum Deflagration Maxima

In chapter 3 of this thesis, quantum features of magnetic avalanches were introduced.

They were discovered in 2005 by A. Hernández-Mı́nguez el al. [71]. In figure 3.5,

peaks in the speed of the deflagration fronts versus the field were an indication of

“quantum” magnetic deflagration: the speed of the avalanche is enhanced at those

particular values of the field for which the peaks occur. In that case, the anisotropy

barrier is effectively lowered by quantum tunneling of the spins. The velocity maxima

were attributed to thermally-assisted quantum deflagration. Those peaks have been

confirmed by the theory of Garanin and Chudnovsky see Fig. 3.6, [70]. A follow-

up investigation that I was a part of in 2007 confirmed the existence of maxima in

the velocity of propagation. This work is detailed next [121]. In that experiment,

magnetic avalanches were triggered using a wire heater in a fixed magnetic field

applied along the easy axis of single crystals of Mn12-acetate. Fast local measurements

of the temperature and time-resolved measurements of the local magnetization as a

function of the magnetic field were reported. The measurements were performed

on single crystals of Mn12-acetate with typical dimensions of 1.5 x 0.3 x 0.3 mm3

immersed in liquid 3He at 0.3 K.

It is well known that all crystals of Mn12-ac contain a small amount of a second
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species of spin S = 10 molecules that have a lower anisotropy barrier of roughly

45K. This minor species is homogeneously distributed in the crystal at typical levels

between 5 and 8 % [22, 122]. The presence of the minor species was found to have a

significant influence on both the temperature for ignition and the propagation velocity

of the avalanches. Consequently, we used the following protocol to quench the effect

of the minor species spin relaxation [123]: after fully magnetizing the crystal in the

up direction, the field was swept to a value in the opposite (downward) direction that

is large enough to flip the minor species downward but small enough that it leaves the

major species intact. Bringing the magnetic field back to zero then yields a crystal

with the major (spin up) and minor (spin down) species fully magnetized in opposite

directions. This allows the magnetic relaxation of minor and major species of Mn12-ac

to be studied independently. For samples prepared as described above, we report the

behavior of avalanches of the major species where the minor species plays no role,

having already relaxed along the direction of the applied field.

Studies of avalanches of the major species were carried out using the following

experimental protocol. After preparing the sample as described earlier, the magnetic

field was ramped to a preassigned value in a direction opposite to the polarization of

the major species, with the sample immersed in liquid 3He at 300 mK. It is important

to note that this temperature is well below the blocking temperature of ≈ 3 K so that

below about 2 T, there was negligible reduction of the magnetization by relaxation

via tunneling as the field was swept through the resonant fields; the sample thus

remained fully magnetized. The wire heater was then turned on at a fixed magnetic

field, and the temperature of the sample was monitored by measuring the resistance

of the Ge thermometer using standard four-terminal techniques.

Figure 7.1 shows the threshold temperature required to ignite avalanches plotted

as a function of the magnetic field for fixed fields between 0.4 and 2.0 T. Sharp dips

in the ignition temperature occur at magnetic fields denoted by vertical lines. These

magnetic fields correspond to thermally assisted spin tunneling across the anisotropy

barrier in Mn12-ac,[24, 64, 35] effectively reducing the anisotropy barrier.
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Garanin and Chudnovsky have recently provided a detailed theoretical foundation

for the newly discovered process of magnetic deflagration by extending many of the

results from the classical theory of combustion to the process of spin reversal in

molecular magnets [70]. Consistent with the data shown in Fig. 7.1, their theory

predicts a significant drop in the threshold temperature required to trigger avalanches

at the resonant values of magnetic field where the barrier against spin reversal is

effectively reduced due to resonant quantum spin tunneling.

Figure 7.1: Temperature required to ignite avalanches plotted as a function of mag-
netic field. All data were taken for field-cooled samples. The vertical lines denote the
magnetic fields where sharp minima occur in the ignition temperature corresponding
to thermally assisted tunneling near the top of the anisotropy barrier [64, 35]. The
overall decrease in ignition temperature is due to the reduction of the anisotropy
barrier as the field is increased.
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In separate experimental runs, time resolved magnetization measurements of the

local magnetization obtained for similar Mn12-ac crystals were obtained. The veloc-

ity of avalanches was shown in Fig. 7.2 where the filled circles denote results for

avalanches that entail the reversal of the full magnetization from one direction to the

other along the c-axis, and the open circles are for zero-field-cooled samples where

the magnetization changes by half the amount, from zero to full magnetization. The

ignition temperatures shown in Fig. 7.1 are also plotted as triangles for comparison.

The vertical lines drawn in Fig. 7.2 denote the magnetic fields at which minima occur

in the ignition temperature and maxima occur for the velocity.

Figure 7.2: Velocity of propagation of avalanches (right-hand yaxis) for field-cooled
(filled circles) and zero-field-cooled (open circles) samples versus magnetic field at
which avalanche was triggered. The triangles show the ignition temperature (lefthand
y-axis). The solid vertical lines drawn from the bottom denote velocity maxima; the
dashed vertical lines drawn from the top denote ignition temperature minima. The
overall increase of the velocity with increasing magnetic field is due to the decrease
of the anisotropy barrier.
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The velocity of propagation increases as the field is raised and the barrier due

to spin reversal is reduced. From measurements at ≈ 2.1 K, Hernandez-Minguez

et al.[71] have reported maxima at 0.9 T and 1.35 T, (see 3.5) in agreement with

predictions of the theory of Garanin and Chudnovsky [70]. Although maxima are

barely discernible at low magnetic fields at the lower (initial) temperatures of our

experiments, they become evident at higher magnetic fields. To summarize, using

fast local measurements of the temperature and time-resolved measurements of the

local magnetization, we have shown that quantum tunneling of the magnetization

plays a significant role in determining the threshold temperature for the ignition as

well as the propagation of avalanches, as predicted by Garanin and Chudnovsky [70].

In conclusion, using fast local measurements of the temperature and time-resolved

measurements of the local magnetization, we have shown that quantum tunneling of

the magnetization plays a significant role in determining the threshold temperature

for the ignition as well as the propagation of avalanches, as predicted by Garanin

and Chudnovsky [70] and confirming the peaks in the speed of propagation of the

avalanches as discovered by A. Hernández-Mı́nguez el al. [71].

7.2 Effect of Dipolar Fields

Recent work on molecular magnet has focused on circumstances where the assump-

tion of independent spins breaks down. Thus, ferromagnetic ordering due to magnetic

dipole-dipole interactions has been demonstrated experimentally in high-spin molec-

ular magnets by Morello et al.[124] in Mn6 by Evangelisti et al.[125] in the high-spin

molecular magnet Fe17. Based on neutron scattering experiments, Luis et al.[126]

have claimed that Mn12-ac also orders ferromagnetically provided a large transverse

field is applied to reduce the magnetic barrier and increase the relaxation rate. In

this section we focus on two studies: first I report the results of a direct measurement

of the dipolar field obtained by exploiting the properties of the fast-relaxing minor

species in crystals of Mn12-ac, a project I was part of. Second, I report on recent
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detailed calculations by Garanin and Chudnovsky [127] that indicated that dipolar

ferromagnetism in a transverse field should indeed be found in Mn12-ac below a Curie

temperature Tc ≈ 0.8 K and the authors’ theoretical calculations of the dipolar field

in Mn12-ac.

7.2.1 Experimental Determination of the Dipolar Field in

Mn12-acetate

It is well known that Mn12-ac crystals contain a small fraction of low-symmetry species

molecules at a level of roughly 5% [128]. This minor species, an isomer of the major

species of Mn12-ac, has a reduced energy barrier of ≈ 42 K at zero field [129]. The

magnetic relaxation rates, typically determined by AC susceptibility measurements,

are fit with an Arrhenius equation:

Γ = Γ0exp[−U(H)/T ] (7.1)

For the major species, Γ0 ≈ 4.2× 107s−1 and Γ0 ≈ 4.5× 109s−1 for the fast-relaxing

minor species [129].

The different relaxation rates are also evident in magnetization curves. Figure 7.3

shows a hysteresis loop for a single crystal of Mn12-ac taken at 0.3 K with an external

field sweep rate of ±10 mT/s. Starting from zero field, the total magnetization is

constant as the field is increased to 0.90 T. Small steps are observed at ≈ 0.9 T and

1.28 T corresponding to the resonant relaxation of the minor species magnetization.

Above 1.5 T, all minor species molecules have reversed and no further change in the

total magnetization is seen until ≈ 3 T. Between 3.1 and 5.3 T, evenly space steps are

observed due to tunneling of the major species. Above 5.3 T, all the major species

molecules have reversed and the crystal is completely magnetized. Using a simple

protocol similar to one described in Ref. [130], the difference in the fields required to

flip the spins of the major and minor species allows one to magnetically prepare the

crystal with:

(A) Minor species are aligned and major species spins are random; This is achieved
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Figure 7.3: Magnetization versus magnetic field of a single crystal of Mn12-ac mea-
sured for an external field sweep rate of ±10 mT/s.

using the following protocol: Starting with an unmagnetized (zero-field-cooled) crys-

tal, and maintaining the temperature at 300 mK: a magnetic field of −2 T is applied

which is sufficient to completely magnetize the minor species while leaving the major

species spins unchanged; sweeping the field back to zero yields a sample with minor

species spins aligned and major species spins random with zero net magnetization.

(B) Major and minor species spins are aligned in the same direction; This is achieved

by applying a larger magnetic field of −6.0 T is applied along the c-axis of the crys-

tal, sufficient to magnetize both species; reducing the magnetic field to zero yields a

sample with major species and minor species spins aligned in the same direction.

(C) Major and minor species spins are aligned in opposite directions. This magnetic

preparation is described schematically in Figure 7.4. Starting with the spins aligned
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in same direction (Fig. 7.4(a)), the magnetic field is ramped to −2 T in the direction

opposite to the magnetization, reversing the direction of the minor species spins while

leaving the major species spins unchanged, as shown in (Fig. 7.4(b)). Reducing the

field back to zero, (Fig. 7.4(c)), yields a sample in which the minor and major species

are magnetized in opposite directions.

Figure 7.4: Procedure used to prepare Mn12-ac with minor and major species mag-
netized in opposite directions. (a) First, a +6 T field is applied to align all spins.
(b) Then, a −2 T field is applied, reversing the magnetization of the minor species.
(c) Finally, the field is returned to zero, leaving the major and minor species spins
anti-parallel.

With the sample prepared according to these three methods, the hysteresis loop

of the minor species was measured by sweeping the magnetic field between +2 and

−2 T, taking care not to reach fields large enough to reverse the spins of the major
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species. The magnetization was measured using an array of micron-sized Hall sensors

for single crystal of Mn12-ac with typical dimensions of 1.0 x 0.3 x 0.3 mm3 immersed

in 3He.

Fig. 7.5 (a) shows hysteresis curves for the minor species taken at 0.3 K and an

external field sweep rate of 5 mT/s for the three different magnetic preparations. The

curves are normalized by Msat, the saturation value of the minor species. The minor

species hysteresis curves exhibit a similar staircase structure as the major species.

However, the smaller anisotropy leads to a smaller spacing between steps. Fig. 7.5 (b)

shows the derivative of the magnetization curve, which is useful for determining the

location and widths of the tunneling resonances. It is clear that the externally applied

magnetic field corresponding to the tunneling resonances depends on the direction of

the magnetization of the major species. The circles of Fig. 7.5 are data taken with

the net magnetization of the major species equal to zero. Fully magnetizing the

major species in the positive direction shifts the location of the tunneling resonance

fields by ≈ 0.05 T, as indicated by the triangles. Here the dipolar field adds to the

external field to satisfy the resonance condition. The squares are data taken with the

major species magnetized fully in the negative direction with a consequent shift in the

resonance field of ≈ 0.05 T. In this case, the external field is larger to offset the dipolar

field in the opposite direction. A close determination of the shift corresponding to

the dipolar field associated with full magnetization of the major species of Mn12-ac

yields 51.5±8.5 mT.

The dipolar fields of a completely magnetized crystal of Mn12-ac was calculated in

[127] and was found to be 52.6 mT, in excellent agreement with our data. These cal-

culations as well as the existence of dipolar ferromagnetism in Mn12-ac are discussed

next.
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Figure 7.5: (a) Magnetization of the minor species as a function of external magnetic
field swept at +5 mT/s with the major species magnetization prepared following the
three protocols described in the text. The triangles (squares) are data taken with
the major species aligned in the positive (negative) direction. The circles are data
taken with the minor species randomly oriented to yield zero magnetization. (b) The
derivative of the curves shown in frame (a).
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7.2.2 Theoretical Calculations of the Dipolar Field

Theoretical calculations of the dipolar field were performed by Garanin and Chud-

novsky [127]. In that work, the authors found that dipolar interactions favor ferro-

magnetic ordering of elongated crystals of Mn12-acetate below 0.8 K. Ordered crystals

must possess domain walls, and it was proved that the motion of the wall corresponds

to a moving front of Landau-Zener transitions between quantum spin levels. The au-

thors accounted for local spin transitions and long range dynamics of the dipolar field

to study relaxation in molecular magnets: the change in the spin state of one molecule

results in the change in the long range dipolar field.

Quantum tunneling was considered between two nearly degenerate ground states

of magnetic molecules at low temperature interacting with each other as magnetic

dipoles. The molecules are then effectively described by spin 1/2 instead of spin

10. In the absence of Quantum tunneling between states | ± S〉, these states do not

communicate with each other so that any initial distribution of molecules in spin up

and spin down states will be preserved. The measure of communication between |±S〉
states is the tunnel splitting ∆. Ferromagnetic ordering and motion of domain walls

can be observed only if ∆ is sufficiently large. In Mn12-acetate, it can be controlled by

the transverse magnetic field. The authors chose an elongated sample of the shape of

a long cylinder of length L and radius R, the quantization axis of spins being directed

along the z axis of the cylinder and ignored inhomogeneities along the perpendicular

axes x and y and σz depends on z only.

The effective Hamiltonian of one magnetic molecule taking into account only the two

ground states | ± S〉 of a molecular magnet at low temperature can be formulated in

terms of pseudospin σ̂

Ĥeff = −1

2
Wσ̂z −

1

2
∆σ̂x (7.2)

Here W = 2SgµBBz is the energy bias that generally depends on time via the total

longitudinal field Bz including the external and dipolar fields. ∆ is the tunnel split-

ting defined by uniaxial anisotropy D and the terms in the Hamiltonian that cause

tunneling (like the transverse field), σ̂z, σ̂x are Pauli matrices. The energy levels of
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this Hamiltonian for an instantaneous value of W are:

ε± = ±1

2
~ω0 ~ω0 =

√
W 2 + ∆2, (7.3)

where ω0 is the corresponding transition frequency.

The energy bias W in the equations above at the site i is given by :

Wi = 2SgµB(Bz +BD
i,z) = Wext +WD

i (7.4)

where Bz is the z component of the external field and BD
i,z is the dipolar field at site

i. The dipolar component of the bias is given by:

WD
i = 2ED Di,zz (7.5)

where

Di,zz =
∑
j

φijσjz (7.6)

and

ED =
(gµBS)2

v0

(7.7)

is the dipolar energy and v0 is the unit cell volume and φij =
3v0(ez.nij)2−1

r3ij
and nij =

rij

rij

is the dimensionless dipole-dipole interaction between the spins at sites i and j 6= i.

The z-component of the dipolar field itself is given by:

BD
i,z =

gµBS

v0

Di,zz. (7.8)

To calculate the dipolar field, one can introduce a macroscopic sphere of radius r0

satisfying v
1/3
0 � r0 � L around the site i where L is the macroscopic linear size of

the sample. The field from the spins at sites j inside the sphere can be calculated by

direct summation over the lattice whereas the field from the spins outside the sphere

can be obtained by integration. In particular for a uniformly magnetized ellipsoid,one

has [127]

Dzz = σz
∑
j

φij = Dzzσz (7.9)
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independently of i where

Dzz = D
sph

zz + 4πν (1/3− nz) (7.10)

where ν is the number of molecules per unit cell. For the demagnetizing factor one

has nz = 0, 1/3, and 1 for a cylinder, sphere, and disk respectively. One obtains

Dzz
sph = 0 or a simple cubic lattice and Dzz

sph < 0 for a tetragonal lattice with

a = b > c and Dzz
sph > 0 for a = b < c Define E0 = −DzzED

2
to be the dipolar energy

per site.

For Mn12-acetate we have S = 10, a = b = 17.319 A, c = 12.388 A so v0 is 3716 A3

with 2 molecules per unit cells ν =2. Then ED

kB
= 0.0671K. It was proven that for

Mn12-ac, D
sph

zz =2.155 that results in D
cyl

zz = 10.53 for a cylinder. In that case, Eq.

7.8 yield the dipolar field BD
z ≈ 0.0526 T or 52.6 mT very close to the experimental

value of 51.5±8.5 mT. For a cylinder magnetized with σz = σz(z) the field along the

symmetry axis has the form:

Dzz(z) = ν

∫ L/2

−L/2

2πR2σz(z
′)

[(z′ − z)2 +R2]3/2
dz′ − kσz(z) (7.11)

where k = 8πν/3 − D
sph

zz = 4πν − D
cyl

zz > 0, k = 14.6 for Mn12-acetate. Equation

7.11 will be used in the next chapter when numerical work related to deflagration

combined with the effect of the dipolar field is discussed.

In the next chapter we discuss self-organized front of tunneling, a non-thermal

effect triggered by the dipolar field, then we investigate its application to the problem

of thermal deflagration.



Chapter 8

Theory of Quantum Magnetic

Deflagration

In this chapter, we present numerical work on deflagration with quantum and dipo-

lar effects. First, it is necessary to introduce the recent discovery of self-organized

fronts of tunneling, a non-thermal process triggered by the dipolar field that can

bring the system on or off resonance, then I present details of my numerical work on

deflagration.

8.1 Self-Organized Patterns of Macroscopic Quan-

tum Tunneling in Molecular Magnets

Garanin and Chudnovsky recently discovered self-organized patterns of the magneti-

zation when studying low temperature resonant spin tunneling in molecular magnets

induced by a field sweep with the account of dipole-dipole interactions [131]. It is

well-known that molecular magnets do not show significant exchange interaction be-

cause the magnetic core of the molecule is screened by organic ligands. So magnetic

molecules remain largely superparamagnetic. Garanin and Chudnovsky have shown,

as mentioned in the previous chapter [127], that below 0.8 K molecular magnets can

118
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order due to dipole-dipole interaction. One important role of dipole-dipole interaction

is that the dipolar field created by the spins is large enough to change the resonance

condition for the up and down spins and thus to influence spin tunneling. It is also

known that in molecular magnets, the reversal of any individual spin changes the

long-range dipolar magnetic field of the entire crystal, which can tune other spins out

of resonance as explained below. Fully ordered spins in an elongated Mn12 sample

create a dipolar field at a molecule that was estimated theoretically [127] and exper-

imentally [121], in a project I was part of, to be ≈ 52 mT. This becomes comparable

with the resonance width defined by the tunnel splitting ∆ in transverse magnetic

fields above 5 T, for the k = 1 tunneling resonance. For smaller transverse fields, ∆

is much smaller and thus the dipole-dipole interactions can completely block the res-

onant tunneling. The action of the dipolar field is dynamical and self-consistent since

tunneling of spins causes the dipolar field to change, blocking or allowing resonant

transitions.

In their work, the authors derived and solved integro-differential equations that

govern the self-organized tunneling dynamics of spins coupled by dipolar interactions

[131]. The calculations used are similar to the ones outlined in the previous chapter

where the dipolar field was calculated. The problem was solved for a long cylindrical

sample of length L and radius R such as R � L. As mentioned in earlier work [70],

deflagration is mathematically described by the system of coupled rate equation for

the number of particles (magnetic molecules) in the metastable state and the heat

conduction equation. Here the effect studied is non-thermal so the heat conduction

equation will not be used. Using the expressions of the bias at site i of Wi from

section 7.2.2, the authors numerically solve for n−S (the initial population of spins

which was magnetized in the −z direction initially) as a function of the time (tΓres in

dimensionless units) and of dimensionless spatial variable for Mn12-acetate (see fig.

8.1).

The relaxation rate in the dipolar mechanism of spin tunneling resembles the
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Figure 8.1: Moving wall of resonant spin tunneling induced by a slow sweep, for
Mn12-acetate. There are well-developed spatially quasiperiodic, time independent
structures behind the wall [131].

magnetic deflagration in Mn12-acetate: however, instead of the temperature, the re-

laxation rate is controlled by the self-consistent dipolar field bringing the system on

or off-resonance. The resulting wall of resonant spin tunneling induced by a slow field

sweep is shown in figure 8.1.

8.2 Computation of the Spin Relaxation Rate

Tunneling and relaxation in molecular magnets can be described by the density ma-

trix equation [132] the most comprehensive account of which is given in Ref. [133].

The latter numerically implements the universal spin-phonon interaction suggested
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in Refs. [134, 135]. This interaction is due to distortionless rotation of the crystal

field acting on the spins by transverse phonons and it is completely expressed in

terms of the crystal-field Hamiltonian ĤA without any unknown spin-lattice coupling

constants.

As mentioned earlier, experiments in [67, 71] showed the existence of propagating

deflagration (burning) fronts in the molecular magnet Mn12-ac that are similar to

chemical burning. A. Hernández-Mı́nguez et al. observed peaks in the deflagration

speed on the bias magnetic field Bz that were interpreted as contribution of resonance

spin tunneling. This was shown in chapter 3 in Fig. 3.5. A detailed, mainly classical,

theory of the magnetic deflagration including the ignition threshold and the accurate

prefactor in the Arrhenius-type expression for the speed of the burning front was

proposed in Ref. [70] as detailed in chapter 3: in that work quantum effects in mag-

netic deflagration were taken into account, as a first attempt, by using the Arrhenius

relaxation rate that contains the effective barrier lowering at tunneling resonances

taken from experiments.

The physics of deflagration is based on the relaxation from a metastable state

triggered by the temperature increase and the feedback due to energy release. The

burning front forms because the temperature in the regions still unburned (e.g., be-

fore the front) rises as the result of heat conduction from the hot areas where burning

just occurred. The two main ingredients of deflagration thus are the Arrhenius de-

pendence of the relaxation rate on temperature (making burning in the cold areas

before the front negligibly slow) and the heat conduction. Deflagration is mathemat-

ically described by the system of coupled i) rate equation for the number of particles

(magnetic molecules) in the metastable state and ii) the heat conduction equation.

Subsequent theoretical search for an essentially quantum form of deflagration led

to the discovery of self-organized fronts of tunneling, a non-thermal process triggered

by the dipolar field (rather than by temperature) that can bring the system on or

off resonance [131, 127, 136]. A hallmark of these fronts is the self-consistent adjust-

ment of the metastable population (or magnetization) to the optimal spatial profile
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Figure 8.2: Thermal activation in the nonresonant case vs tunneling in the resonant
case.

that creates the dipolar field that is constant in some region of space, maintaining

the resonance condition (fig. 8.1). The width of the resonance region forming the

front core is about the transverse dimension R of the sample that allows an efficient

tunneling and thus front propagation. On the other hand, in front and behind the

front core the system is off resonance and tunneling is blocked. Fronts of tunneling

can be realized in the dipolar window of the external field Bz

0 ≤ Bz −Bk ≤ B(D)
z (8.1)

Here Bk is the field corresponding to the kth resonance in the absence of the dipolar

field and B
(D)
z is the dipolar field created by the uniformly magnetized elongated

crystal. It was shown [131] that the adjustment mechanism is robust with respect
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to resonance spread (e.g., due to defects) smaller than B
(D)
z . There are two regimes

of the front propagation: Laminar regime at smaller bias and non-laminar regime at

larger bias. In the laminar regime the speed of the front increases with the bias but

in the non-laminar regime it decreases with the bias. There is a sharp drop of the

front speed at the breakdown of the laminar regime.

The aim of my work was to unify the theories of the standard (hot) deflagration

and fronts of tunneling (cold deflagration). The first equation to be used for the fronts

of tunneling have been elucidated in chapter 7, see equations 7.8, 7.9, 7.10, 7.11.

We use the generic model of a molecular magnet with ĤA = −DS2
z , where the

tunneling resonance fields are given by

Bk = kD/ (gµB) , k = 0, 1, . . . (8.2)

Resonance tunneling occurs at Btot,z = Bz + B
(D)
z ≈ Bk between the metastable

ground state |−S〉 and an excited state at the other side of the barrier |m′〉 with

m′ = S−k. At temperatures much smaller than the barrier height (that also includes

the temperature of the deflagration front) one can describe magnetic molecules as

two-level systems occupying the states |±S〉 . Let us denote the probability for a

molecule to be in the metastable state |−S〉 as n. Then the average value of the

effective pseudospin σz is

σz = 1− 2n, (8.3)

so that n = 1 corresponds to σz = −1. The general expression for the longitudinal

component of the dipolar field on magnetic molecule i is the sum over positions of all

other molecules j

B
(D)
i,z =

SgµB
v0

Di,zz, Di,zz ≡
∑
j

φijσjz. (8.4)

Here v0 is the unit-cell volume, Dzz is the reduced dipolar field, and

φij = v0
3 (ez · nij)2 − 1

r3
ij

, nij ≡
rij
rij
. (8.5)
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For a long crystal of cylindrical shape of length L and radius R with the symmetry

axis z along the easy axis, magnetized with σz = σz(z), we will use equations 7.10 for

D̄zz and 7.11 for the reduced magnetic field along the symmetry axis Dzz.

Now the total field is given by

Btot,z(z) = Bz +B(D)
z = Bz +

SgµB
v0

Dzz(z). (8.6)

One of the dynamical equations of the model is the rate equation

∂n(t, z)

∂t
= −Γ (Btot,z(z), T (z))

[
n(t, z)− n(eq)(T )

]
(8.7)

for the metastable population n(z). In Eq. (8.7), Γ(Bz, T ) is the relaxation rate taking

into account both thermal activation over the barrier and resonance spin tunneling

that is calculated from the density matrix equation. In the next section, I will show

some plots for Γ(Bz, T ) as a function of the field and temperature. As Btot,z depends

on n(z) everywhere in the sample via Eqs. (7.11) and (8.3 ), this is an integro-

differential equation. We will set n(eq) ⇒ 0 which is a good approximation for strong

enough bias [132].

The second equation is the heat conduction equation that is convenient to write

in terms of the energy E of the system per unit cell. In the full-burning case n(eq) = 0

this equation has the form

∂E(t, z)

∂t
=

∂

∂z
κ
∂E(t, z)

∂z
− n0∆E

∂n(t, z)

∂t
. (8.8)

In Eq. (8.8) κ is the thermal diffusivity and ∆E is the energy released in the transition

of a spin from the metastable state to the ground state,

∆E = 4hDS2, h ≡ gµBBz

2DS
. (8.9)

The relation between the energy E and temperature is given by E(T ) =
∫ T

0
C(T ′)dT ′,

where C(T ) is the experimentally measured heat capacity per unit cell [137].

To solve the system of Eqs. (8.7) and (8.8) numerically, it is convenient to intro-

duce reduced variables [132]

Ẽ ≡ E
n0∆E

, τ ≡ tΓf , r̃ ≡ r

ld
, (8.10)
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Figure 8.3: Relaxation rate Γ(Bz, T ) in a generic model of a molecular magnet when
a)B⊥ = 2 T and b) B⊥ = 3 T.

where n0 ≤ 1 is the initial population of the metastable state and Γf is the relaxation

rate at the flame temperature Tf defined by the energy balance n0∆E = E(Tf ) and

some fixed value of Btot,z that we set to the resonance field Bk. The characteristic

distance ld =
√
κf/Γf defines the width of the deflagration front in the case of

normal (thermal) deflagration and κf is the thermal diffusivity at Tf . In terms of

these variables, Eqs. (8.7) and (8.8) become

∂Ẽ
∂τ

=
∂

∂z̃
κ̃
∂Ẽ
∂z̃
− ∂n

∂τ
(8.11)

∂n

∂τ
= −Γ̃

(
Btot,z, T (Ẽ)

)
n, (8.12)

where Γ̃ ≡ Γ/Γf is the reduced relaxation rate and κ̃ ≡ κ/κf . It remains to add the

expression for Btot,z in reduced variables, Eq. (8.6) with Dzz(z̃) given by Eq. (7.11)

with z ⇒ z̃ and R⇒ R̃ ≡ R/ld. The important parameter R̃ is the ratio of the width

of the front of tunneling that is of order R (see Refs. [131, 136]) and the width of the

standard deflagration front [67].
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Eqs. (8.11) and (8.12) have been solved numerically by choosing a finite-length

sample and discretizing the problem in z. This yields a system of ordinary differential

equations in time. We set κ̃ = 1 for simplicity that means temperature-independent

thermal diffusivity. Before solving the equations, Γ̃ was calculated from the density

matrix equation[133] for the transverse field B⊥ = 3 T and tabulated as a function of

Btot,z and E . As Γ̃ increases by many orders of magnitude near tunneling resonances

one has to use many different values of Btot,z for interpolation here. In Fig. 8.3 one can

see that for such a strong transverse field the barrier is reduced to zero at resonance

where Γ practically does not depend on temperature. Thus near the resonance the

cold deflagration should dominate, while off resonance the regular deflagration should

take place.

8.3 Quantum Deflagration Fronts

8.3.1 Various Types of Fronts

In Eqs. (8.11) and (8.12), if one switches off the field sweep, while the temperature

is rising, a typical thermal fronts develops. This front is shown in figure 8.4 for 2 T

and 3 T transverse field at the first resonance.

The effect of the transverse field on the front speed can already be seen. When

B⊥ = 3 T, one can see shortly after the front starts, the transverse field accelerates

the speed of the deflagration front. These fronts were calculated using the numerically

calculated relaxation rates from the density matrix formalism. Plots of Log(Γ(Bz, T ))

are shown in Fig. 8.3 for the cases when B⊥ = 2 T and when B⊥ = 3 T, with the

external swept field expressed in K.

When the field is swept, a small term was added to (8.11) in order to kill self-

ignition when computing the solution numerically. The results are shown in fig. 8.5.

Hot or cold deflagration take place depending on the various conditions as discussed

next.
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Figure 8.4: Deflagration fronts for R̃ = 10 and L̃ = L/ld = 50 as a function of τ and
dimensionless spatial variables when a)B⊥ = 2 T and b) B⊥ = 3 T.
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Figure 8.5: Deflagration front when the field is swept for B⊥ = 2, R̃ = 10 and
L̃ = L/ld = 50 and ε = 0.1 when the added term to (8.11) is a) 0, b) slightly greater
than zero.
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Figure 8.6: Profiles of the metastable population n and the total bias W̃ across the
front for two values of the external bias W̃ext: (a) W̃ext = 0, laminar regime; (b)

W̃ext = 5, non-laminar regime.

8.3.2 Front Speed

For the discussion it is convenient to consider the energy bias W = ε−S−εm′ between

the two resonant levels,

W = (S +m′) gµB
(
Bz +B(D)

z −Bk

)
≡ Wext +W (D), (8.13)

where Wext does not contain B
(D)
z . It is convenient to use the reduced external bias

W̃ext ≡
Wext

2ED
=

(
1 +

m′

S

)
v0

2SgµB
(Bz −Bk) , (8.14)

where ED ≡ (SgµB)2 /v0 is the dipolar energy, ED/kB = 0.0671 K for Mn12-ac. At

the right end of the dipolar window of Eq. (8.1) one has Bz = Bk +B(D). Thus with

the help of Eq. (8.4) one obtains W̃ext = (1/2) (1 +m′/S)Dzz, i.e., W̃ext ≈ Dzz for

small bias, m′ ≈ S. We will see that in the case of strong tunneling the speed of the

quantum deflagration front has a maximum at the right end of the dipolar window,

W̃ext ≈ D̄
(cyl)
zz = 10.53 for Mn12-ac.

Cold deflagration can be ignited by the field sweep across the resonance. In

this case ignition occurs around the “magical” value W̃ext
∼= 5 that corresponds to

Bz − Bk
∼= 22 mT [131, 136]. Outside the dipolar window fronts of tunneling do not
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exist that thus cannot be excited. On the other hand, standard deflagration can be

initiated, at any bias, by a quick temperature rise on one side of the sample [132].

Applying this method of ignition here, we will see that within the dipolar window

the process is modified by spin tunneling and the speed of the burning front can

significantly increase for R̃ & 1, especially at the right end of the window.

There are two regimes of propagation of fronts of tunneling: Laminar and non-

laminar. Laminar regime with a smooth front takes place in the left part of the

dipolar window, 0 ≤ Bz − Bk ≤ 10 mT (or 0 ≤ W̃ext ≤ 1.3), while the non-laminar

regime with frozen-in quasiperiodic spatial patterns of the magnetization behind the

front is realized in the right part of the dipolar window. In both regimes burning

is not complete and becomes less complete with increasing the bias. In the laminar

regime the residual magnetization and the front speed were calculated analytically

[136]. The front speed increases with the bias. In the non-laminar regime, quasi-

periodic frozen-in patterns of magnetization deteriorate the resonance condition, and

the front speed decreases with the bias after the breakdown of the laminar regime (see

Fig. 5 of Ref. [136]). Thermal mechanism of deflagration leads to complete burning

of this residual metastable population that smoothens the dipolar field profile in the

sample and improves the resonance condition inside the front core. This leads to the

increase of the front speed because of spin tunneling in the whole dipolar window.

Results of numerical calculations for the profiles of the metastable population n

and the total bias W̃ in the front for R̃ = 1 are shown in Fig. 8.6. Both in laminar

and non-laminar regimes, there is a region where W̃ ∼= 0 and resonant tunneling

takes place, causing a greater slope of n(z). Behind the front (on the left) metastable

population n burns to zero via thermal mechanism.

Numerical solutions for the front speed for the generic model with B⊥ = 3 T and

R̃ = 1 and 10 are shown in Fig. 8.7. We plot the reduced front speed ṽ = v/(ldΓf )

[136]. Within the dipolar window the front speed can largely exceed the speed of

regular deflagration and depends on the transverse crystal size R parametrized by R̃.
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Figure 8.7: Reduced front speed ṽ vs bias field for different values of the reduced
transverse size R̃ ≡ R/ld, ld being the width of the thermal deflagration front. For
such a strong applied transverse field, the effect of tunneling is dramatic.

At B⊥ = 3 T the maximal values of ṽ are attained at the right end of the dipolar

window, followed by a steep drop towards the standard-deflagration result outside the

dipolar window. For smaller transverse fields such as 2 T, the effect of spin tunneling

is weaker and ṽ reaches a maximum somewhere in the middle of the dipolar window,

depending on R̃.

8.4 Conclusion

Measurements of the speed of deflagration fronts [67, 71] were done in zero or small

transverse field, so that the influence of resonance spin tunneling on the front speed is
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not so dramatic as in Fig. 8.7. It would be highly interesting to perform deflagration

experiments in strong enough transverse field to see the big effect of tunneling on the

front propagation. Changing thermal contact of the crystal with the environment,

one can boost or suppress the thermal mechanism of magnetic burning thus isolating

thermal and quantum effects from each other.
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