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Abstract

Towers o f Finite Type Complex Analytic Maps

by

Adam Lawrence Epstein

Adviser: Professor Dennis Sullivan

An analytic m ap /  : XV -*  X  of complex 1-manifolds is said to be of 
fin ite  type if X  is com pact and /  is an even cover near all bu t finitely m any 
singular values in X ;  when XV C X ,  the iterates of /  constitu te  a one- 
generator dynam ical system . We extend the  three core principles of rational 
dynamics,

1. The density of repelling periodic points in the  Ju lia  set,

2. T he standard  classification of periodic components of the Fatou set,

3. The nonexistence of wandering components,

to finite type m aps. Our results apply more generally to  countably generated 
towers constructed  inductively from finite type maps. Such towers can be 
geometric lim its  of sequences of one-generator systems.
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Chapter 1 

Foundations

1.1 Riem ann Surfaces

We begin by fixing some terminology and notation. A 2-manifold  is a  Haus- 

dorff space X  equipped w ith a  m axim al atlas of coordinate neighborhoods 

ifra '■ Wa —> R 2 =  C; a surface is a connected 2-manifold. T he choice of a a 

sub-atlas w ith holomorphic overlaps specifies a  complex structure  on X .  A 

complex 1-manifold  is a  2-manifold with a  choice of complex structure; when 

other complex structures are considered, we shall term  th is choice the  fidu­

cial s tructu re . Every complex 1-manifold has a  mirror-im age X*. A Riem ann  

surface is a connected complex 1-manifold. A m ap f  : X  —* Y  between com­

plex 1-manifolds is analytic if its expression in all local coordinate system s 

in holomorphic.

Let /  : X  —» Y  be  an an analytic map of complex 1-manidolds. We shall 

say th a t an open set V  C Y  is evenly covered if f ~ l {V)  is hom eom orphic to 

the  product of V  w ith a  discrete space, possibly empty. For connected X

2

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



and Y,  we say th a t /  is a  covering space when every point of Y  has an evenly 

covered neighborhood. On the  other hand, a  point of Y  is a  singular value if 

no neighborhood is evenly covered.

Recall th a t x  £  X  is a critical point when the derivative D f x vanishes. 

The images of such points constitute the set of critical values C( f ) .  We 

say th a t y 6  Y  is an asymptotic value if /  o 7 (t) —► y along some path  7  

in X  tending to infinity, and write A ( f )  for the set of such values. Then 

C ( f )  U A ( f )  C S { f )  by simple path-lifting argum ents. Note as well th a t 

any boundary point of the  image / ( X )  is autom atically a  singular value, and 

thus S { f p )  =  S ( f )  for open dense U C X .

Consider analytic maps /  : V  —► Y,  g : W  —► Z,  where X ,  Y ,  and Z  are 

complex 1-manifolds, V  C X ,  and W  C Y.  By elem entary covering space 

theory,

S{9 ° f )  = S (0 |M'n/(V')) U g{S{ f ) ) .  (1 .1)

In particular, S(g)  C S(g  0 / )  when f ( V )  is open and dense in W.

There is a  one-to-one correspondence between equivalence classes of pointed 

covering spaces and conjugacy classes of subgroups of the  fundam ental group. 

In particular, there is a  simply connected universal covering space X ,  and

x s  x m x ).

Uniformization Theorem. Up to conformal equivalence, there are three 

simply connected R iem ann surfaces: the disc A , The plane C, and the sphere 

C.

3
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It follows easily from the  Uniformization Theorem  every Riemann surface 

is second countable; this fact was established eariler by Rado.

Lemma 1 Let { f ap : X a —> Xg : a  <  /3} be a direct system  o f covering maps 

o f Riem ann surfaces. Assum e that at least one X a has a non-abelian funda­

mental group. Then  lim _  X a exists as a Riem ann surface X ^ . Moreover, if  

^i(Xoo) is fin ite ly  generated, then the maps f a@ are eventually bijective.

Proof: See [37]. □

The underlying sm ooth structure on a complex 1-manifold determines a 

cr-finite Lebesgue measure class. Nonconstant analytic m aps are locally in­

vertible away from the isolated critical points where the derivative vanishes, 

so m easure 0 is preserved under images and pre-images. Moreover, we may 

discuss the tensor bundles Km,n =  Km <g> k71, where k =  T * X  is the canoni­

cal line bundle. The type (m , n) tensors, measurable sections of /cm,n form 

complex linear spaces M ( X  : /cm,n); each space carries a  topology of local 

uniform convergence. The tensor product on sections gives

T e n ( X )  = 0 A / ( A ' : nm'n)
m,n

the s tructu re  of a  bigraded algebra over the ring M (X  : k 0,0) of complex­

valued m easurable functions, complex conjugation interchanging M ( X  : Km,n) 

and M (X  : K n , m ) .  A tensor r  € M ( X  : K m 'n )  vanishing on a  set of mea­

sure 0 has a m ultiplicative inverse ^ G M (X  : n~m’~n). Furtherm ore, for 

r  6  M ( X  : Km,n) with m  +  n =  21, |r | =  \ f r f  G M ( X  : k l,t) is well-defined.

4
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An analytic m ap /  : X  —► Y  induces a pull-back hom omorphism  of graded 

algebras /*  : T e n ( Y )  —► T e n ( X )  given in local coordinates by

/*  r ( z ) d z md z n =  T ( f ( z ) ) f ' ( z r r W d z mdzn.

As the line bundles Km,° are holomorphic, we m ay speak of type (m ,0) holo­

morphic and m erom orphic tensors and their local vanishing orders ordzr ,  

where o rd ,r  = —k  a t a  pole of order k\ the pole is simple if k  =  1. By 

convention, o rd2r  =  —oo if r  is not merom orphic a t z.  If r  is merom orphic 

a t f ( z )  then / * r  is m erom orphic a t z,  the local orders related by the form ula

o r d zf * r  =  d  ord/(j)7- +  m ( d  — 1) (1.2)

where d  =  deg2 / .  Conversely, if J * t  is merom orphic a t z,  then r  is holomor­

phic in a punctured neighborhood of / ( z ) ;  we claim th a t r  is m eromorphic 

a t f ( z ) .  As /*  is an algebra homomorphism, we may assume via 4.2 th a t r  

is a  function and / * t  is holomorphic. Then r  is locally bounded, so f ( z )  is 

a  removable singularity. Consequently, 1.2 remains valid a t points of order 

—oo.

Metric Comparisons

Each of the  three sim ply connected Riemann surfaces carries a  constant cur­

vature geometry. In term s of their densities relative to  the standard  coordi­

nate  on C, these m etrics are:

•  Spherical m etric on C: p(z )  =  y+pj2 |cfe:|,

5
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•  F la t m etric on C: p(z)  =  \dz\,

•  Hyperbolic m etric on A : p{z)  =  Y z ^ \d z \-

T he hyperbolic m etric on A  is invariant under the  conformal autom or­

phism  group, and consequently descends to the  Poincare m etric dx  on any 

R iem ann surface X  it covers. Such Riemann surfaces are term ed hyperbolic, 

and represent the  typical case. Inspection of A u t(C )  and A u t(C )  reveals 

th a t, up to  conformal equivalence, the  non-hyperbolic R iem ann surfaces are 

precisely C , C , the punctured plane C ", and the  tori; all bu t the  first have 

universal cover C , and hence carry flat metrics. We shall call a complex 1- 

manifold hyperbolic if all of its components are hyperbolic Riem ann surfaces, 

its infinitessim al Poincare m etric specified componentwise.

A key property  of the Poincare m etric is its behavior under analytic maps. 

This is the  content of Schwarz’ Lem m a as expressed by Pick.

S c h w a rz ’ L e m m a . Let f  : X  —» Y  be an analytic map o f hyperbolic complex 

1-manifolds. Then the derivative o f  f  with respect to the X -P oincare metric 

in the domain and Y-Poincare metric in the range is everywhere less than or 

equal to 1 in modulus; consequently, analytic maps do not increase Poincare 

distance. Moreover, i f  equality holds at one point it holds everywhere, hence 

f  is a local isom etry and a covering space.

For hyperbolic subsets U and V  of a  complex 1-manifold X , we denote 

riv : U  D V  —> R  the ratio  of the infinitessimal Poincare m etric on U to

6
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th a t on V. As a  consequence of Schwarz’ Lemma we have the fundam ental 

m etric comparison:

Proposition 1 Let X  be a hyperbolic Riemann surface, K  C X  closed, 

U = X - K .  Then

A. rjx{x) > a ( d x { x , K ) )  f or  d x ( x , K )  sufficiently small, where

a (f ) ~  m fej as * °-

B- Vxfa)  — f f i d x { x , K ) )  f or  d x ( x , K )  sufficiently large, where 0( t )  —> 1 

as t —* oo.

Proof: We may assume U connected. Fixing x  G U,  choose y  6 K  with 

dx { x , y )  =  dx( x , k )  =  R{x) .  Let tr : (A ,0 )  —> (X , y ) be a  universal cover, 

x  € 7r- 1(z) with dA'C^O) =  R{x) ,  U the connected com ponent of tt- 1 (f7) 

containing x. Note th a t 1x1 =  r(x ) where R(x) =  log \ +T]x\ ■ Successive 

applications of the Schwarz-Pick Lemma yield

nxi*)  ~  i a (x ) >  Va {x ) =  — — ------------------- “2 r(x )|log r(ar)| # (x ) | log /?(x )| ’ 

hence the estim ate in A ., and, writing B( x )  =  {z  G A  : d( x , z )  < R{x)} ,

v x ( x ) = v a (x ) <  v a x](x ) =

whence B . □

C o ro lla ry  1 Let X  be a hyperbolic Riemann surface, S  C X  closed and  

discrete, U C C  X  open, C  a component o f dU. Assume C  is not a single 

point. Then rjx-s{x ) ~ y 00  as x —* C.
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Proof: Fixing e >  0, consider

N t = { x e X - S :  dX- s ( x , C -  S)  <  e}.

By definition, N ( is a  punctured neighborhood of x for x  £ C  — S.  For each 

of the finitely m any y 6  C  fl 5 , choose a conformal disc D  C X  w ith y 6  D,  

D “ =  D — {y}  C X - S ,  and coo rd ina te^  : (D , y ) —► (A ,0 ) . By assum ption, 

C  intersects Tr =  { i  6  f l  : |^ (z ) | =  r} for sufficiently small r ,  hence as 

x -► y,

d x - s { x , C  -  5 ) <  dD.(x,£>* f i C ) <  -^a*(F|v,(i)|) =  | log ĵ j ;)11

It follows th a t N c contains a punctured neighborhood of every point of C D S , 

hence N cl)C  is a  neighborhood of C, and thus d x - s ( x , C  — S)  —► 0 as x —> C; 

by Lemma 1 , V x - s ( x ) —̂ oo. □

Definition. Let X  and Y  be complex 1-manifolds. A family F  of analytic 

maps f  : X  —> Y  is normal if every sequence of m aps in F  has a  subsequence 

which either converges locally uniformly, or else tends locally uniformly to  

infinity, on any component of X .

Montel’s Theorem. L e t X  and Y  be complex 1- manifolds. I f Y  is hyperbolic 

then the fam ily  o f analytic maps f  : X  —► Y  is normal.

Picard’s Theorem. Let X  be a R iem ann surface, f  : A* —► .Y analytic 

with an essential singularity at 0. Then X  is the sphere or a torus, and f

8
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assumes every value in X ,  with up to two exceptions when X  =  C , in any 

neighborhood o f 0.

P ro o f :  Consider the  m aps f k( z )  =  /{■§;) defined on punctured discs in­

creasing to C \  Suppose /  om its F  C X  w ith X  — F  as above. In view 

of M ontel’s Theorem , the fk  form a normal family on annuli increasing to 

C*, hence some subsequence converges normally on C* to  g £ 0 ( C ' , X ) .  

Moreover, g = x  € F  or g : C* — -  F,  hence constant. Thus, z  =  0 is a 

removable singularity. □

1.2 Intrinsic Boundaries

D e f in it io n . A complex 1-manifold X  is unpunctured  if every analytic em­

bedding j  : A ’ X  extends to A .

Let W  and A' be complex 1-manifolds, j  : W  <-+ X  an analytic em­

bedding. We shall refer to  the isolated points of X  — j ( W )  as punctures', 

these form a  countable set, em pty if W  is unpunctured. Given a  complex 

1-manifold X ,  we construct a  complex 1-manifold X Jr by glueing in a disc 

along every em bedding A* c-+ X .  The canonical injection j  : X  A,’+ is 

analytic, and X + — j ( X )  is discrete.

It follows from Alexander Duality th a t a  closed to ta lly  disconnected sub­

set of a  topological surface has connected complement. See [31] for a  geomet­

ric trea tm en t, [17] for a  discussion from the  viewpoint of dimension theory. 

We will only require th is fact in the case of a  countable set.

9
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Lemma 2 Let X  be a complex 1-manifold. There exist an unpunctured com­

plex 1-manifold X  and an analytic embedding i : X  —> X ,  unique up to 

conformal equivalence, such that X  — t(„Y) is countable.

P ro o f:  See revisions. □

By R iem ann’s Theorem  on removable singularities, every analytic em bed­

ding W  <—* X  extends to an analytic embedding W  X .  For any analytic 

m ap f  : W  —* X  there  is a  largest subset of W  to  which /  extends analyti-
A A

cally as a m ap into X .  We denote this extension / .  If Y  is unpunctured and 

IV  C Y ,  we m ay regard /  as defined on a  subset of Y .

A bordered complex 1-manifold  is a real 2-manifold w ith boundary X U  (3 

equipped w ith a m axim al atlas of charts in the  closed upper-half plane, where 

the overlap m aps are holomorphic in the open upper-half plane and real- 

analytic on the  real line. Note th a t the interior of a  bordered Riemann surface 

with non-em pty border is necessarily hyperbolic. We define the  m irror image 

bordered 1-manifold + X  U as in the unbordered case; we may double along 

/? to  form the complex 1-manifold D p X  w ith anticonform al involution *x-

The s truc tu re  of a  bordered complex 1-manifold enables us to discuss 

analytic  m aps. A non-constant analytic m ap /  : X  U 0 X  —*■ Y  U /3Y  of 

bordered R iem ann surfaces m ust map X  into Y .  Conversely, it follows from 

Schwarz’ Reflection Principle th a t an analytic m ap f  : X  —* Y  such th a t 

f ( x k )  tends to  f3Y for any sequence Xk tending to  0 X  extends analytically 

to  a  m ap betw en the doubles. In particular, if /  is injective then so is the

10
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extension to  0 X .  Consequently, we may glue any two bordered complex 1- 

manifolds X  U f l i X , X  U /32X  along their common interior to  form a  new 

bordered manifold. The bordered complex 1-manifolds w ith interior X  thus 

form a direct system . It follows th a t the direct lim it is a  bordered complex 

1-manifold X  U d l X  and we refer to  its border as the ideal boundary of X \  

th e  double of X  is the complex 1-manifold D A  obtained by doubling along 

d*X.

Lemma 3 Let X  be a hyperbolic Riem ann surface. A  choice o f universal 

cover p  : A  —► X  with deck group T determines an analytic isomorphism

( A - A ( r ) ) / r - ^ x u ^ v .

P ro o f :  By definition of the lim it set, p extends to  a  universal covering 

A — A(T) —► (A  — A(r))/A(T) of bordered surfaces, and thus A  — A(r) 

injects canonically into A' U d l X .  Conversely, p  extends to  a universal cover 

X 1 —► X  U d !X .  As  A  is compact, any sequence tending to  the border of X 1 

m ust tend to  S 1, hence X 1 <-+ A  U S1 analytically. T he image of the  border 

m ust lie in S1 — A(r), and thus A' U d l X  «-► (A  — A(r))/I\ □

Intuitively, the  removal of a closed to tally  disconnected set should not 

create any new ideal boundary.

Lemma 4 Let E  be a closed totally disconnected subset o f a complex 1- 

msnifold X .  Then the inclusion X  — E  t-+ X  extends continuously to an 

analytic injection ( X  — E )  U d r( X  — E)  X  U d JX .

11
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P ro o f: Let U U 0  be a  half-disc neighborhood of a  point in d r( X  — E) .  It 

suffices to  show th a t glueing 0  to X  along U produces a  bordered complex 

1-manifold w ith interior X ; we need only show th a t a  sequence in U  tending 

to  0  cannot accum ulate in X .  Let Y  be the end compactification of X .  Then

L = {y £ Y  : Xk —► y for some x* G U tending to  0}

is a  com pact connected set. Furtherm ore, if L  has two or more points, then 

L  n  X  contains a  non-degenerate continuum. As L  fl X  lies in the  to tally  

disconnected set E,  it follows th a t L  is a  single point y, necessarily an end 

of X .  □

Many facts about compact R iem ann surfaces are valid more generally for 

surfaces w ith em pty ideal boundary. We may often reduce to  the  la tte r  case 

with the aid of the following:

L e m m a  5 Let X  be a complex 1-manifold. Then D A  has empty ideal bound­

ary.

P ro o f: Assume d rT)X  ^  0. Let a  =  +d A , 0  the sym m etric extension of 

* x • Then a  and 0  are anticonformal involutions of D D A , and a  o 0  is a 

conformal autom orphism  interchanging D A  and * D A . The fixed point sets 

of a  and 0  are the real-analytic 1-manifolds A  = d l X  and B  — d l X  U * d rX , 

the closure taken in D D A '. As a  o 0  fixes any point in A  fl B,  it follows th a t 

A  fl B  is discrete. On the other hand, A  C B  by the definition of d JX ,  and 

we have a contradiction as B  cannot be discrete. □

12
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Alternatively, if d !X  ^  0 then A(r) is a C antor set; by Lemma 4 , the 

covering space C  — A(T) of D X  has em pty ideal boundary, and we may 

conclude th a t d !D X  =  0.

1.3 Quasiconformal Maps

We assume fam iliarity w ith the basic theory of quasiconform al m apping in 

the  plane, specifically:

•  The geom etric definition in term s of modules of quadrilaterals, the 

com pactness of uniformly quasiconformal families, and extension to 

the ideal boundary;

•  The conform ality of 1-quasiconformal m aps, and Bers’ Lem ma on ex­

tensions by the identity;

•  The alm ost everywhere differentiability, existence and properties of 

complex dilatations, and the Ahlfors-Bers Theorem .

See [23] for details.

Recall th a t for a locally compact topological space X ,  composition is 

continuous in the  space of self-maps C ( X )  equipped with the compact-open 

topology. A hom otopy can be viewed as a  pa th  in C ( X ) .  Consider the 

group of self-homeomorphisms H o m e o ( X )  C C ( X )  in the induced topology. 

If X  is com pact, or locally compact and locally connected, H o m e o ( X )  is 

a  topological group [4]. It follows from elem entary point-set topology th a t

13
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a continuous bijection of a compact Hausdorff space is a  homeomorphism. 

However, there exist rather well-behaved non-com pact spaces for which this 

is false; for finite-dimensional manifolds, the  assertion may be recovered via 

the  Jordan-Brouw er theorems.

Let X  be a  complex 1-manifold. The subgroup Q C ( X ) C Ho me o ( X)  con­

sisting of quasiconformal self-homeomorphisms of X  is a topological group. 

We will consider various subgroups Q ( X ) and their respective identity pa th  

com ponents Qo(-Y). Recalling that every <f> 6  Q C ( X )  extends continuously 

to the  ideal boundary of X , we consider, for closed A  C X  U d !X ,

Q C ( X , A) = {<j>e Q C ( X )  : <j>lA =  I dA}.

Given analytic  f  : X  —* Y  and a  closed set E  C Y  containing S ( f ) ,  we 

may lift any <j> €  QCo{Y, E l i  d !Y )  componentwise on Y  — E . In view of B ers’ 

Lem ma, the  extension by the identity is a  quasiconformal homeomorphism 

f<f> €  Q C0( X , (X  -  f - ' ( E ) )  U d !X ) .

We will m ake great use of Douady and Earle’s construction of Mobius 

equivariant extensions to the disc of circle homeomorphisms. As shown in 

[10], the  existence of such extensions is used to  produce Mobius equivariant 

isotopies to  Id& of quasiconformal m aps with boundary extension Id ^ i. We 

shall com m ent more on such functorial isotopies in the revisions.

Consider a  quasiconformal map <j> €  Q C ( X )  preserving an open subset 

U C X  and fixing dU.  In m any applications it is necessary to pass back and 

forth  between isotopies rel dU  and isotopies rel d IU . By work of Earle and

14
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McMullen [10], a  bounded isotopy rel d !U  extends to  an isotopy rel dU\ we 

include their proof below. Through harmonic m easure considerations, they 

show conversely th a t a homotopy rel dU  extends to  an hom otopy rel d !U. 

S trictly  speaking, they prove these assertions for bounded plane domains, 

bu t the  general case follows by easy covering space argum ents. We present a 

more geometric proof of the  weaker assertion equating the  existence of such 

isotopies.

Let A' be a  R iem ann surface, Uk a sequence of connected open subsets 

with base points Uk. Suppose U is open and connected, and Uk —► u G U 

with U. We say (Uk,Uk) converges to (17, u) in the sense o f  Caratheodory 

if every compact connected subset of U lies in Uk for k  sufficiently large 

and conversely. Let W  be a  Riemann surface, fk  : W  —► X  analytic 

with non-constant lim it / ;  by Rouche’s Theorem  and local compactness, 

i f k ( W) ,  fk{w))  converges to  ( f ( W ) , f ( w ) )  for any choice of w  €  W .  Caratheo 

dory proved the converse for Riemann maps of plane domains. We require a 

generalization to  covering spaces. It is easy to see th a t  if [Uk-, Uk) converges 

to (17, u) with U hyperbolic, then Uk is hyperbolic for large k. Consequently, 

any sequence of universal covers pk : (A ,0 ) —> (Uk,Uk) has a  convergent 

subsequence.

L e m m a  6  Let X  be a R iem ann surface, Uk connected open subsets with base 

points Uk■ Assum e (Uk, Uk) converges to in the sense o f  Caratheodory to (17, u) 

with U hyperbolic. Then the lim it o f  any convergent sequence o f  universal

15
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covers pk : (A,0) —* (Uk,u k) is a universal cover p : (A,0) —► (U ,u ).

Proof: Let D  C C  U be simply connected, B  a com ponent of p~l {D).  By 

assum ption, pk evenly covers D  for large k. Fixing w £ B,  choose analytic 

gk : D  -* A  w ith pk o gk = I d D and gk(pk(w)) = w.  Let g be the lim it of 

a  convergent subsequence. Then p  o g = I do  and g(p(w))  =  w. As B  is 

connected, p\B = g~ l : B  —► D  is a  homeomorphism; thus p  evenly covers D . 

□

L e m m a  7 Let X  be a complex 1-manifold, (f> 6  Q C ( X )  fixing a closed subset 

A  containing d !X .  Then (j> £  QCq( X , A )  i f  and only i f  <j>\u €  QCo^Ufd1!/)  

fo r  every component U o f X  — A.

Proof: We may assume without loss of generality th a t X  is a  hyperbolic 

R iem ann surface; in view of Lemma 5 we m ay further assum e d IX  =  0. 

Every <f> £  QCq{X,  A)  preserves complementary components. Let Fk C A  be 

finite sets w ith lim it A. By Lemma 4, Uk =  X  — Fk is a  hyperbolic Riem ann 

surface w ith =  0. Fix a  component U of X  — A,  a  point x  £  U,  and 

universal covers pk : ( A , 0 )  —► (Uk,x) .  As Uk has em pty ideal boundary, (f>\vk 

has a lift ij>k £  Q C (A ,S 1). The tf>k are uniformly quasiconformal, so there  

is a subsequence ipkl converging uniformly on A  to some 0  G Q C ( A ,  S 1). 

In view of Lem ma 6 , we may assume th a t pkt converges to a  universal cover 

p  : (A , 0) —*■ (U, x).  Then <f>op = p o ^ b y  the continuity of composition; 

consequently, <j>p £ Q C o(U ,d! U).

16
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Conversely, let <t>: X  —> X  be a  hom eomorphism with <f>\u £ QC q(U, d rU)

for every com ponent U of X  — A. Fix isotopies to  the identity through

maps of uniformly bounded dilatation, and define bijections : X  —» X  by

,  , , f lz(<t>p)t for x in a  com ponent U  of X  — A
|  x for x £ A

Points of X  — A  move a  uniformly bounded Poincare distance under the

isotopy. In view of Proposition 1 , each is continuous, so <!>* 6  Q C ( X , A )

by B ers’ Lemma. Consequently, <j> 6  QCo(X,  A). □

The existence of functorial isotopies allows the  following reduction:

Lemma 8  Let X  be a Riemann surface, A  C X U d rX .  Suppose <f> £  Q C ( X )  

with D <f> £  QC'o(D.Y, A  U A*). Then <j> £ Q C q[ X , A ).

P ro o f:  In view of Lem m a 7, D<f>\u £  QCo{U, d l U)  for every component U of 

D X  — A  U A*.  Moreover, D<l>\u commutes w ith the  anti-conform al involution 

+|(/ for any U  intersecting d lX .  Using functorial isotopies in the  argum ent 

above, we may construct an isotopy rel A  U A* preserving d rX .  □

A general surface homeomorphism isotopic to  the identity rel each closed 

set in an ascending sequence need not be isotopic to  the identity  rel the 

limit. Fortunately, quasiconformal maps are b e tte r  behaved. We shall prove 

the following folklore lem m a in the  revisions:

Lemma 9 Let X  be a Riem ann surface, E  C X  closed, <f> an orientation- 

preserving homeomorphism fixing E  pointwise. Then <f> fixes each component 

o f X - E .

17
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Proposition 2 Let X  be a complex 1-manifold, Ak Q X U d !X  closed subsets 

with lim it A , <f>k € Q C q(X , Ak) uniformly quasiconformal with lim it <f>. Then 

<I>£QC0( X , A ) .

Proof: We may assum e without loss of generality th a t X  is a hyperbolic 

Riem ann surface, and tha t d 1 X  =  0. By hypothesis, d>\A = H a - Fix finite 

Fk Q Ak w ith Fk —► A", then £4 =  X  — Fk is a hyperbolic Riemann surface 

w ith d !Uk =  0. In view of Lemma 9, <f> preserves components of X  — A . 

As in the  proof of Lem m a 7, we conclude th a t <j>\u £ QCq(U, d W )  for every 

com ponent U, hence <j> £  QCq( X , A). □

Corollary 2 Let X  be a complex 1-manifold, A a C X \ J d !X  a direct system  

o f closed subsets with lim it A . Then QCq{ X, A)  =  f |a Q Co(X, A a).

Proof: Clearly, Q C0( X , A )  C fja QC0( X , A a). Let x k € A  =  U« A a be a 

dense sequence, Fk =  { 1 , . . . ,  k) .  Each Fk lies in some A a, and Fk —» A.  By 

Proposition 2,

00

f |  QCo(X,  A a) C p i Q C o(X , Fk)  C Q C o(X , A ) □
a k=1

1.4 Teichmiiller Spaces

Teichmiiller Theory studies the geometry of spaces of complex structures on 

a  fixed topological ob ject. Let X  be a complex 1-manifold. The quantity

d(c„c2) =  \ K n „ ( I i x )
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defines the  distance between complex structures Cj and c2 on X .  A complex 

s tructu re  c a t finite distance from the fiducial structure is said to  be bounded. 

T he bounded structures form the m etric space C (X).  T he Ahlfors-Bers bi- 

jection between C ( X ) and the  unit ball in L°°(X  : k -1,1) with its “hyperbolic 

m etric”

p(p UP2)  =??

is an isometry. By means of this identification, C (X )  becomes a  complex 

Banach manifold.

For closed E  C X ,  let

T e ic h {X , E )  =  C (X ) /Q C 0(X, E  U d !X )

as a  topological space, T e ich (X )  =  Teich(X,fy). By the compactness of 

uniformly quasiconformal maps and the fact that 1-quasiconformal maps are 

conformal, the  distance on complex structures descends to  Teichmiiller met­

rics on the  spaces T e ich (X , E ).  The fiducial structure specifies a base point 

in each Teichmiiller space. W hile it is somewhat more elegant to  discuss, 

in base point free term s, the Teichmiiller space of a quasiconformal surface, 

the  global na tu re  of quasiconformality creates certain complications in the 

non-com pact case. T he presence of base-points in our form ulation necessi­

ta tes certain  natu ra lity  considerations. For quasiconformal <j> : X  —► X%, 

th e  induced translation <j>* : C {X \)  —> C (X )  is an isometry, descending to  an 

isom etric allowable bijection

<t>* : T e ich {X u  <j>{E)) -» Teich{X, E )  
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for each choice of closed E  C X .  The allowable self-bijections constitu te  the 

modular group M o d (X , E )  acting on T e ic h ( X , E ).

T he prim ative operations on complex s truc tu res give rise to  continuous 

structure maps between the  various Teichmiiller spaces. Let X  be a  complex 

1-manifold, F  C E  closed subsets. As Q C q(X , F l ) d l X )  C  Q C q { X ,E \ J ^ X ) ,  

the  identity on C (X )  descends to  a surjective forgetful m ap

T e ich {X , E )  -> T e ic h ( X , F).

Let /  : W  —► X  be analytic, w ith W  open in Y .  For c £  C(Y),  there  is 

a  unique f * c  £  C{X)  agreeing w ith f mc on W  and the fiducial s truc tu re  on 

X  — W .  Suppose the image of /  intersects S ( f )  in a set of m easure 0, and 

let E  C X  be a closed set containing S ( f ) .  If cl 5C2 £ C (Y),  and c\ =  <̂>*C2 

w ith (f> G QC0(Y, E  U 5 / K), then f * c x = ( / V ) * / # C2- Consequently:

Lemma 10 Let X  a n d Y  be complex I -manifolds, W  C Y  open. An  analytic 

map f  : W  —► X  whose image intersects S ( f )  in a set o f  measure 0 induces 

a continuous injection

Teich(Y, E ) - ^ T e i c h { X ,  ( X - W )  U / _1(£ )) .

The above constructions are functorial in  th a t  base points and composi­

tions are respected. Furtherm ore, the  forgetful m aps

Teich (X , E ) -*■ T e ic h (X ,  F)
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are natu ra l in the sense th a t
T e ich (X ,  E )  £ -  T e ic h (X l t j ( E ) )

1 1
T e ich (X ,  F )  T e ich {X u <l>(F))

commutes for every quasiconformal <f) : X  —*■ X \.
f#

The m aps T e ic h ( Y ,E ) — >Teich(X, f ~ 1(E ))  are na tu ra l in th e  sense th a t 

T e ic h (Y ,E )  Teich{Yu 4>(E)))
f *  1 I f t

T e i c h ( X J ~ H E ) )  T e i c h ( X i , f i l {<j>(E) ) )

commutes for every pair of quasiconformal maps (j>: Y  —> Yi, tp : X  —> X \ ,

where (j> is conformal on Y  — W  and / i  o ip =  <f> o / .

Injectivity Principle

Our dynam ical applications will involve various infinite processes on Te- 

ichmiiller spaces. A direct system  {E a} of closed subsets of X  w ith  lim it E  

determ ines an inverse system  of forgetful m aps and a  corresponding canonical 

map

T e ic h ( X ,E )  —> lim T e ic h ( X ,E a).

The injectivity of such m aps will be a  key ingredient of the construction in 

C hapter 3 of functorial deform ation spaces of conformal dynam ical systems. 

We first establish a  sim ple property of quotients of group actions.

L e m m a  1 1  Let G a group acting without fixed points on a set X ,  { r a } an 

inverse system o f  subgroups with intersection T. Then there is a canonical 

injection

X / r ^ l \ m X / T a
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P ro o f:  The quotient maps X  —» X / T a induce a canonical map

j  : X  —► lim X / H a .

If j ( x )  = j (y ) ,  then  y = ~fa (x) for some 7 a G r a . By hypothesis, the  7 a are 

equal, hence y =  'y(x) where 7  G I \  Consequently, the induced m ap

X / T  -> lim A 7 ro

is injective. □

P ro p o s i t io n  3 Let X  be a complex l~manifold, { £ a } a direct system o f  

closed subsets with limit E . Then the canonical map

T eich(X , E )  —> \ im T e ich (X , E a )

is injective.

P ro o f:  W ithout loss of generality, we m ay assume X  is hyperbolic, hence 

QCo(X, d rX )  acts on C (X )  w ithout fixed points. Injectivity follows from 

Lemma 11 and Corollary 2. □

L e m m a  1 2  A. Let {Xa } be a direct system o f covering maps o f  Riemann  

surfaces. I f  Xoo =  lim _ X Q is a Riemann surface then

lim T e ich (X a) = T e ich (X 0o)

canonically; otherwise, lim _  T e ich (X Q) limit is either a point or home- 

omorphic to H .
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B. Let S  be a semigroup o f  fixed point free self-coverings o f  a Riemann sur­

face X ,  and denote by T e i c ^ X ) ^  the fixed point set o f  the induced ac­

tion o fH  on T e ich (X ) .  I f  X /E  is a Riemann surface, then T e ic h ( X )s 

is canonically homeomorphic to Teich(X /T ,);  otherwise, T e ic h ( X )s  is 

either a point or homeomorphic to H .

P ro o f:  See revisions. □

T hus, lim _  T e ic h (X a) and T e ic h (X )L are always contractible complex 

Banach manifolds. In the special cases where the direct limit or quotient 

is not a  Riemann surface, the homeomorphism to H  is well-defined up to 

post-composition w ith a  Mobius transform ation; the  revisions will contain an 

invariant form ulation in term s of the Teichmiiller space of a  foliated annulus.

For m easurable A  C X  with dA  C E , let CA{ X ) consist of all structures 

c €  C( X)  agreeing with the fiducial structure  on X  — A, and consider the 

space

T e ich A(X , E )  =  Ca( X ) /Q C 0( X , E  U d*X).

By definition, T e ich A( X , E)  is a point when A  has m easure 0.

L e m m a  13 Let X  be a complex \-manifold, E  C X  closed, A  C X  with 

d A C E .

A. TeichA( X ,  E )  is canonically homeomorphic to T e ic h ( A ,A f \E )  fo r  open

A.
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B. TeichA( X ,  E )  is canonically homeomorphic to CA( X )  =  C{A) when 

A C  E .

The inclusion CA{X )  t—► C{X)  determines a  canonical continuous m ap 

T e ich (X ,  E )  —► T eichA(X , E ).  If A  is open, the  restriction m ap C( X)  -*  

C(A)  determ ines a  hom eomorphism TeichA( X , E )  —* T e ic h (A ,A P \E ) ,  while 

for A  C d E ,  T e ich A( X , E )  £  CA( X)  £  C(A).

Consequently,

T e ich (X ,  E ) - ^ T e i c h { X  -  E )  x  CE{X) .

Lemma 14 Let X  be a complex 1-manifold, E  C  X  closed, {A*} a countable 

partition o f  X  into measurable sets with C E . Then the canonical map

T e ich (X ,  E ) «-» f j  T eichAk{ X , E )
k= 1

is injective. I f  all but finitely many Ak have measure 0, the canonical map is 

a homeomorphism.

P ro o f :  By the Ahlfors-Bers Theorem,

it=i

and

k= 1

when all bu t finitely m any Ak  have measure 0 . □
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Complex Structure

Through the  work of Ahlfors and Bers, the Teichmiiller space of any Riemann 

surface carries a  na tu ra l complex Banach manifold structure. This structure  

is crucial to  our dynam ical applications, though we will use it non-trivially 

only in the case of finite type surfaces. It is reasonable to  inquire whether 

the more general spaces T eich (X , E )  are complex Banach manifolds. We will 

establish this fact through a  brief recapitulation of the classical construction; 

see [13] and [32] for further details.

For any complex 1-manifold X , the identification C( X)  =  L °° (X  : /c-1,1)i 

tu rns C( X)  in to  a  complex Banach manifold; the complex struc tu re  is natural 

in the sense th a t allowable bijections C{ X i) —> C( X)  are analytic. The 

tangent space a t the  base point is L°°(X  : « -1,1), canonically dual to  L l ( X  : 

k2,0) via the  fundam ental pairing

By v irtue of the  Cayley identity S ( f g )  =  (S f  o g)gn  + S g , th e  Schwarzian
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In this sense, we regard L l { X  : k2,0) as the cotangent space a t the  base point.

The complex s truc tu re  on the Teichmiiller space of a  R iem ann surface 

arises from considerations in the theory of univalent functions. A locally
A

injective analy tic  m ap between domains on C  has a  holomorphic Schwarzian 

derivative

derivative transform s under analytic coordinate changes as a type  (2 , 0 )-
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tensor, or quadratic differential; moreover, S f  =  S ( M  o f )  for Mobius M .  

Furtherm ore, for injective /  defined in the lower half-plane L,

by work of Nehari.

The Poincare m etric on a  hyperbolic Riem ann surface Y  determ ines an 

area form A £  M ( Y  : k1,1). T he complex linear injection

o  : M (Y *  : K 2 , 0 ) c—» M ( Y  : /c-1,1)

sending a  quadra tic  differential q on the m irror image Y*  to th e  harmonic  Bel­

tram i differential ^  on Y ,  induces an L°° norm  on M (Y *  : k2,0); the  holomor- 

phic quadratic  differentials of finite norm form a  Banach space B (Y * ) .  A cov­

ering space 7T : Z  —* Y  determines an isometric inclusion 7r 'B (Z *)  c-+ B(Y*);  

if 7r: H —» Y  is a universal cover, the image consists of the quadra tic  differ­

entials on L which are pull-back invariant under the cover group.

A complex s tructu re  c £ C(H) extends by the fiducial s truc tu re  on L to 

c £  C{C ), and S<j>j l ,  where <j> : (C , c) —> C  is conformal, is a  well-defined 

element of the  ball B ( L ) i .  By virtue of the analytic param eter dependence of 

solutions to  the  Beltram i equation, the  assignm ent c~> S<f>|L determ ines an 

analytic m ap C(H) —*■ B ( L). We obtain corresponding maps C ( Y ) —> B ( Y *) 

through uniform ization:

C( Y)  ^  C{ H)
1 1 

B (Y*)  ^  B ( L) 
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By work of Bers, C( Y)  —> B (Y*)  is a  submersion, descending to an injec­

tive map

/?: Teich{Y) B (Y *)

with image in the  ball B ( Y * ) i ; in fact, the image is open by work of Ahlfors. 

Moreover, the image contains the ball B ( Y * ) i ,  and somewhat rem arkably

B ( Y * ) l - ^ L ° ° { Y  : K2'0)! * C ( Y )

is a analytic cross-section. We thereby obtain an analytic chart a t the  base 

point of Teich (Y ) .  By means of allowable bijections, we obtain  charts a t 

every point, and a standard  com putation reveals th a t the overlap m aps are 

holomorphic. Thus, T e ich (Y )  is a complex Banach manifold, the complex 

structure  natural in the sense th a t allowable bijections are analytic. In view 

of the universality of the constants  ̂ and | ,  the above considerations apply 

equally well to disconnected Y .  Consequently, if E  is a  closed subset of a 

complex 1-manifold X ,  the  canonical splitting

T eich (X , E )  2  T e ich{X  -  E )  x  C{E)

determines a  natural complex Banach manifold s truc tu re  on T e ich (X ,  E).

Contraction Principle

Q uadratic differentials enter more geometrically in the  discussion of the  in- 

finitessimal s tructu re  of Teichmiiller space. A quadratic  differential q €  

M ( X  : k2,0) determines an area form \q\ €  M ( X  : k1,1) and, if q vanishes on
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a set of measure 0, a linefield ^  6 M ( X  : /c-1,1). Two quadratic differentials 

determine the same area form if and only if their quotient is a.e of modulus 

1, the same linefield if and only if the quotient is a.e. positive.

T he area form associated to  a  quadratic  differential integrates to  a m ea­

sure on X .  The to ta l mass \\q\\ =  f x  |qr| gives a  norm  on M ( X  : «2’0) and 

the  finite norm  quadra tic  differentials form a Banach space L x( X  : /c2,0). For 

closed E  C X ,  let Q ( X , E)  be the linear subspace of finite norm  quadratic  

differentials which are holomorphic on X  — E.  By the  mean value property, 

the local sup-norm s on A' — E  are bounded in term s of the L 1 norm  [32]. 

Thus Q( X,  E)  is a  Banach space.

The tangent space a t the base point is canonically dual to  Q ( Y )  via the 

fundam ental pairing; moreover, If n  : Z  —> Y  is a  covering space, the  co­

derivative of ir* : T e ich (Y )  t—> Teich (Z )  a t the base point is irm : Q ( Z ) —► 

Q (Y ) .  The cotangent space a t the base point is canonically identified w ith 

Q{X,  E) .  Moreover, the co-derivative of

f *  : Teich(Y, E )  «-* T eich (X ,  / -1 (£ )) ,

where /  : X  —> Y  is analytic, has m easure 0, and S ( f )  C E,  is / ,  :

Q ( X , f ~ 1(E) )  —v Q (Y , E ) .  For F  C E,  th e  co-derivative of th e  forgetful map 

T e ic h (X , E ) —* T e ic h (X ,  F)  is the isom etric inclusion Q( X,  F )  <—► Q( X ,  E ).  

The injectivity of th e  canonical m ap T e ic h (X , E a) —► lim _ T e ic /i(A , E)  aris­

ing from a  direct system  of closed sets E a with lim it E  has the  infinitessimal
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analogue

Q ( X , E )  = { j Q ( X , E a )
a

which follows from an approxim ation theorem  of Bers [13].

The norm  of a  quadratic  differential is preserved under pull-back by an­

alytic isom orphism s. More generally, let /  : X  —► Y  be an analytic m ap of 

R iem ann surfaces. Up to  a  set of measure 0, Y  — S ( f )  is filled by countably 

m any sim ply connected open sets: for example, each unit of a  countable 

pan ts  decom position splits canonically into a  pair of geodesic hexagons; al­

ternatively, use any of the  standard  constructions of fundam ental domains 

[13]. Moreover, if Y  — S { f )  is connected, it lies entirely in the  image of / ,  

and thus | |f mq\\ =  (d e g /) | |g | |  for q 6  M ( X  : k2,0).

If /  : X  —► Y  is an analytic map of complex 1-manifolds, and S ( f )  has 

m easure 0, there is also a push-forward operator: for q €  L l (Z  : k2,0) where 

Z  D X ,  the  absolutely convergent sum

/ . ? = x y ?
9

over local inverse branches to  /  in Y  — S ( f )  defines a  quadratic differential 

in L l {Y  : k2,0), and | | / .g | |  <  ||g ||. Moreover,

f . : Q ( Z , E ) ^ Q ( Y , S ( f ) u J ( E ) ) -

If Y  — S ( f )  is connected and deg /  <  oo, then

/ . A  =  X ! 9 mf ' q  = X ( / 0 9 Y q  =  X  A  =  (de§ / ) ?
9 9 9

for q e  L X{ Y  : k2'0). 
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Lemma 15 Let X  be a Riemann surface, q\, q2 measurable quadratic differ­

entials on X .

A . I f  qi and <72 are L l and |toi|| +  ||?2|| =  |toi +  fcll» then q ^ ,  a n d q 1 + q2 

determine the same measurable linefield.

B. Suppose qi and q2 are holomorphic on X  — E, where E  C X  is closed 

measure 0 set with connected complement. I f  qi and q2 determine the 

same measurable linefield, then q\ is a positive scalar multiple o f  q2.

Proof:

[A.] If not, the argum ent of the measurable function h =  ^  is uniformly 

bounded away from 0 on some positive measure set A. Thus,

JA toi +  tol <  j A |<7i| +  Ja I92I

and Itoill + lldl < Itoi + dl-
[B.] By assum ption, the  m easurable function h =  ^  satisfies

- - - *4:' =  1 for a.e. z G W.
z ) \

Consequently, h is almost everywhere real and positive. As h is meromorphic 

on W  — E ,  it follows th a t h is a  positive constant. □

T he coherence expressed in Lemma 15 gives rise to  a  weak contraction 

principle sufficient to establish the non-existence of invariant quadratic  dif­

ferentials in the  dynam ical setting of C hapter 3. The la tte r  principle will 

en ter in the proof of the  central finiteness theorem  in two essential ways.
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Lemma 16 Let X  and Y  be Riemann surfaces, f  : X  —* Y  analytic, S ( f )  

totally disconnected o f  measure 0. Assume q £  Q( X ,  E)  is not identically 

zero. Then \\f»q\\ =  ||g || i f  and only i f  f ' f . q  =  (deg f )q;  in particular, 

d eg /  <  oo.

Proof: Suppose ||/«g || =  j| |̂|. Then

S l I A I I  = \ \ ( M u \ \  = HEfif"?!!,
3 3

on any simply connected open U C Y  — S ( f ) ,  the  sums ranging over local 

inverses to  / .  By the  first p a rt of Lem ma 15, f mq and any g*q determ ine the 

same linefield on U.  For inverse branches g-y and g2, bo th  g{q and g^q are 

holomorphic on the  complement of g f l (E)  U g2 l {E) ,  hence positive scalar 

m ultiples by the second part of the Lemma; thus f mq and any gmq are positive 

scalar m ultiples on U.  Consequently, f mf»q is a  locally constant positive mul­

tiple of q on X  — / _1( 5 ( / ) ) .  But / - 1( 5 ( / ) )  is a  to tally  disconected m easure 

0 set. Thus, q and /* /« g  are positive scalar m ultiples. The conclusion and 

converse follow as ||/* /*?ll =  (d e g /) ||/„ ? ||.  □

Lemma 16 is a  precursor to  more powerful contraction principles for iter­

ation on Teichmiiller space - for exam ple, in T h u rsto n ’s topological charac­

terization of rational m aps among branched covers [9], McMullen’s approach 

to the geom etrization of 3-manifolds [27, 28], and Sullivan’s work on renor­

m alization [39]. See [29] for an account relating these three.

Q uadratic differentials arise in th e  solution of th e  extrem al problem  of 

finding the most efficient quasiconformal map in a  given hom otopy class. By
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compactness, for quasiconformal <f>\ X  - * Y  and closed E  C X ,  th e  infinum

m  =  m f m
0€[w b

is always achieved by some i/> in the class of <f> rel E .  By contrast, the 

uniqueness and geometric description of extrem als are ra ther deep issues.

A quasiconform al homeomorphism <j>: X  —*■ X \  of R iem ann surfaces is a 

Teichmiiller map  if its Beltram i differential is a  scalar m ultiple of the line­

field determ ined by some L 1 holomorphic quadratic differential on X .  More 

generally, if E  C X  is a closed measure 0 set w ith connected complement, 

we will say <j> is a  Teichmiiller m ap rel E  when

"‘ "'iff
where q £ Q ( X , E )  is non-zero, and 0 <  t <  1; by Lem ma 15, <j> determines 

q uniquely up to  a  postive scalar.

Proceeding from G rotzsch’s extrem al length inequality [13], Teichmiiller 

proved:

T e ic h m iil le r ’s T h e o re m s :  Every homotopy class o f  quasiconformal maps 

o f  finite type R iemann surfaces has a unique representative o f  minimal di­

latation. Moreover, the extremal map is either conformal or a Teichmiiller 

map.

Further work of Ham ilton, Reich, and Strebel established th a t Teichmiiller 

m aps, when they exist, are always unique extrem als [13]. However, extremals
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need not be unique. Strebel form ulated a ra ther general criterion for unique 

extrem al ity.

D e f in it io n . A quasiconformal m ap <t> : X  —*■ Y  relaxes at infinity  if there 

exist com pact L  C X  and quasiconformal p  €  [<j>] with K ( p \x - l ) <

Note th a t p  is allowed to have larger dilatation than  (j> in L.

S t r e b e l ’s F ra m e  M a p p in g  T h e o re m : T he conclusion of Teichmiiller’s 

Existence and Uniqueness Theorem s hold for every a  hom otopy class of qua­

siconformal m aps adm itting  representive th a t relaxes a t infinity.

See [13] for proofs.

Furtherm ore, if q £  Q ( X , E )  and z  E E  is isolated, then  q is merom orphic 

a t s  with a t worst a  simple pole; see [32] for the  relevant com putation. 

Q uadratic  differentials in Q ( X , E )  with E  countable adm it an im portant 

description.

L e m m a  17 Let X  be a complex l-manifold, E  C X  a countable closed set, 

q €  Q ( X , E ) .  Every isolated point o f  E  where q fails to be holomorphic is a 

simple pole; every point where q fails to be meromorphic is a limit o f  simple 

poles.

P ro o f :  We m ay assum e without loss of generality th a t q is not holomorphic 

a t any point of E .  By the Cantor-Bendixson Theorem , the  isolated points, 

sim ple poles as above, are dense in E.  □
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Chapter 2 

Conformal Dynamical Systems

2.1 Basic Notions

For complex manifolds „Y and Y ,  we denote 0 “(X] Y )  the space of nowhere 

locally constant analytic maps /  : X  —► Y  in the compact-open topology.

Definition. A conformal dynamical system T  on a complex 1-manifold X  is 

an assignm ent U !F[U] C 0 * ( U ; X )  for non-empty open U C X  satisfying:

•  Idu  €  F[U\ for every U ;

•  If V  C  U and f  €  T[U\, then f ]v €  T[V \,

•  If U is the disjoint union of open sets Ua, f  6  O x( U; X) ,  and each 

f\ua e  F[Ua], then /  €  T[U}.

•  If /  e  F[U\ and g €  F[f{U)],  then g o  f  e  F[U\.

We will freely identify a  system T  with the set

U  HU] £  LI 0-(U;X) .
ucx vex
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For x  €  X ,  the  sets O m(U ',X ) with U ranging over connected neighborhoods 

of x  form a direct system  under restriction of dom ain. We refer to  elem ents 

of the  direct lim it as germs  a t x,  and denote T x the collection of germs a t x  

of elements of a presheaf T .  A subset of Jr\U\ or T x consisting only of the 

identity is term ed trivial.

D e f in it io n . Let F  be a conformal dynam ical system  on X .  A connected 

open set U C X  is simple  for F  if every /  € .F[V], w ith V C  U open and 

connected, has an extension in F[U].

Equivalently, U is simple whenever every germ a t  a  point of U has an 

extension in F\U\.  Such extensions are of course unique.

Let F  and Q be conformal dynamical systems on X  We say F  is a  sub­

system  of 9 ,  and write F  C Q, when J-[U] C Q[U] for open U  C X .  For any 

collection T of conformal dynamical systems on X ,

U ^ F [ U }  = n gerQ[U]

defines a  conformal dynam ical system  T .  Thus there is a  sm allest conformal 

dynam ical system  (F ) containing a  given collection F  of analy tic  m aps from 

open subsets to X .

E x a m p le s :

1. Ite rated  maps. Let W  C X  be open, f  : W  —* X  analytic; we say /  

is an analytic map on X .  The system  ( / )  on X  consists of the  iterates 

/ " ,  for n > 0 , where defined.
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2. Iterated  Correspondences. Let P  : X  x  X  —► Y  an analytic m ap to 

an auxiliary complex I-manifold Y ,  y  6  Y .  Then there is a  smallest 

conformal dynamical system  V  on X  containing every analytic local 

solution w =  of the equation P( z , w)  =  y.  See [5] for a look a t 

algebraic correspondences on C.

3. Groups of Mobius transform ations. A subgroup G  of PSL2C  determ ines 

a conformal dynamical system (G ) on C.

4. Flows. Let v  be a holomorphic vector field on an open set W  C X ,  <f>1 

the  tim e t flow where defined. The forward semi-flow T v on X  consists 

of all </>l w ith t > 0 ; note th a t T v =  Tcv for c >  0 , while is the 

backward semi-flow.

5. Complex codimension 1 transversely holomorphic foliations. Such a 

struc tu re  on a  real n +  2 dimensional manifold M  is determ ined by 

a  system  of coordinate charts il>a : W a -*  C  with transition maps 

Vap — 0 1 belonging to the pseudogroup of local homeomorphisms

of R n x  C  of the form t j ( x , z )  =  (g(x,  z),  h(z)) ,  with g continuous 

and h holomorphic. T he associated holonomy  system  H  on C is the  

sm allest conformal dynam ical system  containing these Tjap. See [15] for 

a  dynam ical study of such foliations.

Due to  the generality of the definition, it is an esay m atter to  construct 

highly pathological conformal dynamical system s of no intrinsic interest. We

36

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



must impose more s truc tu re  to obtain a workable theory. T he first four 

examples satisfy the  Continuation Condition:

•  If U =  Ua u a, f  e  0*{U-, X ) ,  and each f Pa <E 7[U a), then /  €  F[U].

W hen this condition holds, we say th a t T  is a sheaf. In this case, for each 

/  €  F \V \ w ith V C X  open and connected, there is a  largest connected 

open U D V  such th a t /  is the  restriction of a m ap in T[U). This maximal 

continuation  of /  in F  is unique.

We express further properties of conformal dynamical systems in term s 

of a  na tu ra l ordering on elements. For g €  F\U]  and h 6  F[V]  we write 

g -<jr h when g has an  extension g €  F[U  U V ] such th a t h =  a  o g  for some 

a  6  F \g fy ) ] \  we generally abbreviate this to g ■< h when no confusion is 

possible. This relation on T  is transitive on any single T\U).  N ote however 

th a t if T  is a  sheaf then  g ^  h ^  g for any g and h with disjoint domains; 

thus, ^  is not generally transitive on the entire system . Exam ples 1, 3, and 

4 satisfy the following Cancellation Condition:

•  If g, h €  F  then  g ■< h, h ■< g, or both.

D e f in it io n . A conformal dynam ical system  T  m eeting the continuation and 

cancellation conditions is said to  be tight.

In view of the continuation condition, it suffices to  verify cancellation 

for maps w ith overlapping connected domains. Let F  be a  tigh t system,
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<7, h £  f [ U \ .  If g ^  h ■< g and h = a o  g, g = f io  h, where a  £ f [g(U)] ,  

P €  f [h( U) ] ,  then a o j 3  =  Idg(u) and f i o a  = Id h(u)\ th a t is, a  < Idg(u) and

P  ^  I d h({jy

Definition. A tight system  f  is directed if no f [ U]  has a  nontrivial element 

g w ith g ■< Id y .

Lemma 1 8  Let T  be a tight system on X ,  U C X  open and connected, 

g 6  FlU}. I f  g{U) is simple then so is U. The converse holds when f  is 

directed.

P ro o f:  Let V  C U be open and connected, h £ f \ V \ .  If h ■< g then h extends 

to some h G f [ U \ .  On the other hand, if g X h then h =  a  o g for some 

a  £ f [ g ( y ) \ ,  and a  extends to some a £ f[g {U )\ .  Then h =  a  o g £  f [U]  

and h\y =  h.

Conversely, let V  C g(U)  be open and connected, h £  f[g {V )\-  Fix 

a  component W  of g~l (V) .  Then h o g\w  has an extension a  £ f [ U \ .  If 

a  ■< g then < g\w ^  a\w- As T  is directed, it follows th a t a  =  g, 

hence h =  Id v  which extends to Idg(U) € f [g(U)] .  Otherwise, g ■< a,  hence 

a  = h o g for some h £ F\g{U)}, and h\y = h. □

We say x £  X  is a fixed point of f  if the semigroup

Fix jr(x)  = { / £ ? * ' .  F ( f )  = x}

is nontrivial. T he fixed points of the system {/) are the periodic points of / ;  

the  period of x is the least positive p with f p(x)  =  x.
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Definition. Let F  be  a  conformal dynam ical system  on X .  A subset A  of 

A" is:

•  forward invariant if f ( x )  €  A  whenever x  €  A  and /  € T x,

•  backward invariant if x  6  A  whenever f ( x )  6  A  and /  6  F x,

•  invariant if bo th  forward and backward invariant.

Let fi be open and  forward invariant w ith simple components. Then 

F  acts in the  obvious way on the components U: we w rite f . U  for the 

com ponent containing f ( U ) .  We say /  6  F[U] fixes U when f mU = U. Each 

com ponent U has an associated semigroup

Fi x j r ( U)  =  { /  €  F{U ] : f . U  = U}.

Assume fu rther th a t  T  is directed. Then for each component U of f), the 

maps g  : f .U  —► g * f ,U  w ith /  6  F\U]  and g €  F[ f . U]  constitu te a  direct 

system  in the category of Riemann surfaces.

Definition. In this se tting , U is:

•  escaping if T[gJJ]  is trivial for some g €  F[U],

•  f inal  if for every g  €  F[U)  there exists h €  F ix ? (U )  w ith g  X h.

A  non-escaping com ponent U is

•  meandering if no g ,U  w ith g €  F[U]  is final,
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• wandering if g .U  ^  h .U  for distinct g, h £  T \U \.

By definition, every component either escapes, m eanders, or eventually 

m aps to a  final component; wandering is a  special case of m eandering.

L e m m a  19 Let T  be a directed system, fi open and forward invariant with 

simple components. Let U be a component o f { l , f £  F[U\. Then

•  U escapes i f  and only i f  f*U  escapes,

•  I f U  is final then f . U  is final,

•  U meanders i f  and only i f  f . U  meanders,

•  I f U  wanders then f . U  wanders.

P ro o f :  See revisions.

In the  system s of interest, th e  set of wandering com ponents will also be 

backward invariant.

Definition. A tigh t system  T  is hierarchical if for any m aps g £ F[U} and 

h 6  IF \V \ w ith V, h{V)  C U,  there exists a  £  J~[g(V)\ w ith a  o g\V =  g o h. 

A hierarchical system  is abelian if g o h\v =  h o g\V for any g ,h  C TlU]  with 

V, g ( V) ,  h ( V ) C U .

It is easily verified th a t iterated  m aps, semi-flows, and groups of Mobius 

transform ations determ ine hierarchical systems; the th e  first two give abelian
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system s. Let F  be a  hierarchical system, 0, a forward invariant open set with 

simple components U.  For a  £ F[U] and g £ Fixyr(U), let a .g  be the unique 

m ap in F [ a mU] w ith (a mg ) o a  = a  o g. Then a .  : F ix ? (U )  —» F ix f(a „ U )  is 

a  homomorphism of semigroups; there is an analogous action for germs.

By convention, we denote W ( f )  the domain of an analytic map, when 

not otherwise specified, and write d( f )  for the dom ain boundary. If F  is a 

conformal dynam ical system  on X ,  we similarly denote W { F )  the union of 

the  open sets U C X  for which F[U] is nontrivial.

Definition. Let F  be a conformal dynamical system  on X .  A map /  £  

F \W ( F ) \  such th a t f \v  ^  I d y  on each component V  of W{ F ) ,  and /  ■< g 

for every nontrivial g £  F  w ith connected domain is said to  be a  base of / .

Definition. Let F  and Q be conformal dynamical system s on X .  We say Q 

is an enrichment of F ,  and write F  <  Q, when:

•  t c q ,

•  For connected open U and V  with V C  U and g €  Q\U\ — F \U \, every 

/  £  F \V ]  has an extension /  £ F[U ], and /  Xg g.

I t is not hard  to see th a t the relation of enrichment defines a partial order 

on the set of conformal dynamical systems on X .  Observe th a t if F <  G, and 

U  is a  connected open set for which Q[U] ^  F[U]  then U  is sim ple for F .  It 

follows by an easy induction th a t if F  is tight w ith base / ,  then ( / )  <  F .  

We say F  is a  proper enrichment of /  if for each connected open U with
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F[U) ^  { /) there exists distinct m , n >  0 such th a t f m(U)  and f n(U)  lie in 

the same component of X.

D e fin itio n . Let T  be a conformal dynamical system on X .  Then

Z\ Z2 &  there exist i g Z i  and nontrivial g 6  T x w ith g ( x ) 6  Z2

defines a relation on the set of components of X ; we say th a t Z\  is a  prede­

cessor of Z 2 1  and th a t Z2 is a  successor of Z\.  The system  T  is trivial on Z  

if Z  has no successor. If Z  Z  we say th a t essential for T .  We say T  is 

mixing if Z\  Z2 for any pair of components with Z\  nontrivial.

Observe th a t if T  is a sheaf and every maximally continued element has 

dense image, then is transitive. Similarly, an analytic m ap /  determ ines 

a  relation

7 7  there exist x  6  Z\  and m >  0 w ith
X^ S X 6  W ( f m) and f m(x) 6  Z 2,

If no ite rate  of /  is locally the identity, then ( / )  is directed, and the relations 

/  and ~^(j)  agree; we shall say simply th a t /  is directed.

L e m m a  20 Let f  be an analytic map on X ,  J- a proper enrichment o f  f .  

Assume T  is directed, and that every component o f  X  has an essential suc- 

cesor under T . Then the same is true o f  f .

P ro o f: See revisions.
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Let T  be a  conformal dynamical system on X .  For any collection Z  of 

com ponents of X ,  there is an induced system  of returns T z  on \JZ :  for open 

U C \ J Z ,

Fz [v\ = { g e m - - a W ) c \ J z } .

If T  is tigh t, d irected, hierarchical, or abelian, then  the  sam e is true of T z . 

Let /  be an analytic map on X .  Note th a t Z  is essential if and only if

w2 = (Jzn  0 W ) n / - ”(UZ)}
7 1 = 1

is nonem pty. For each x  6  W z  there is a least positive n( x)  w ith f n^ ( x )  € 

U Z ,  and f z (x)  =  f n^ ( x )  defines an analytic m ap f z  : W z  \ JZ .  It is 

easily checked th a t T z  =  ( f z )- More generally, if T  is a  directed system  

w ith base /  and Z  is essential, then f z  is the base of T z .

2.2 Fatou-Julia Theory

Classically, a point x  €  C  belongs to the Fatou or Ju lia  set of a  rational 

m ap /  according to  whether or not there exists a  neighborhood of x  on 

which th e  iterates f n form a  normal family. To ex tend  these notions to  more 

general conformal dynam ical systems, we m ust allow for th e  possibility th a t 

the elem ents of T x have no common domain of definition.

Definition. Let T  be a  conformal dynamical system  on X .  The Fatou 

set f i(^ r) consists of all points of X  possessing a  sim ple neighborhood U for 

which F[U]  is a  norm al family. The complement of Sl{T)  is the Julia set 

J ( F) .
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T he Ju lia  set of any conformal dynamical system  is a  closed set. Moreover, 

if T  is a  sheaf then every com ponent U  of f l(J r) is simple, and F[U\ is normal.

Lemma 21 Let T  and Q be conformal dynamical systems, T  <  Q. Then 

J { F )  C J{Q).

If /  is an analy tic  m ap on X ,  we define f1(f)  to  be the set of points of x  

possessing a neighborhood U for which either

•  U  C W ( f n) — W ( f n+1) for some n >  0, or

•  U  C W ^ f )  and the  family {f f y : n > 0} is normal,

and accordingly, « /(/) =  X  — f i ( / ) .  The Fatou and Ju lia  sets of a  directed 

m ap /  agree w ith those of the system  ( /) .  Note th a t in our setting , the

Ju lia  set of an en tire  m ap as a  system  on C  contains the point a t infinity.

In accordance with the  usual convention for m erom orphic m aps [2], J ( f )  

contains d ( f n ) for every positive n.  Moreover, f i ( / )  contains f ~ n( X  — W)  

for n > 0. In view of M ontel’s Theorem , a  self-map of a  hyperbolic complex 

1-manifold has em pty Ju lia  set. More generally, for any analytic  m ap /  

on a  complex 1-manifold, consider the largest open subset on which /  is a 

self-map, nam ely the  in terior Woo(/) of X +( f )  = fj^Li ^ ( / n)- We write

n + ( / )  =  A W )  n f i ( / )  and j +( f )  = x +(f) n J ( f ) .

Definition. An analytic  m ap /  on a  complex 1-manifold X  is typical if 

Woo( / )  is hyperbolic, exceptional otherwise.
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This dichotomy was noted by Radstrom  [34]. Clearly, W ^o(/) Q f i ( / )  for 

typical / ,  and by the  rem arks above we may conclude:

L e m m a  22 Let f  be a typical analytic map on a complex 1 -manifold. Then

J( f )  = \ £ u o ( F ) -

R ational maps are exceptional, as are entire maps and Radstrom maps: 

self-maps of C* w ith an essential singularity a t oo and either an  essential 

singularity or pole a t 0. Affine toral endomorphisms are also exceptional. 

Observe th a t  if /  is an exceptional m ap, then so is / .  In view of the  Riemarin- 

Hurwitz formula ?? , we conclude:

L e m m a  23  Let f  be an exceptional map on a Riemann surface. Up to 

conformal conjugacy, f  is either a rational, entire, or Radstrom map on the 

sphere, or an affine toral endomorphism.

D e f in it io n . An exceptional analytic map /  on a  Riemann surface X  is 

elementary  if # J ( / )  <  2 .

Such a  m ap is either a  translation of the torus, or extends on removing 

a t m ost two singularities to  a  Mobius transform ation of the  sphere. By 

definition, f l ( / )  is hyperbolic for non-elementary / .

T he exceptional part of an analytic map /  on X  consists of all essential 

com ponents Z  for which / ^  is exceptional. In view of Liouville’s Theorem , 

the exceptional p a rt is forward invariant. As Z  fl W ^ i f )  is connected for Z
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in the  exceptional part, each such Z  has a  unique successor under / .  Con­

sequently, the exceptional p a rt splits into disjoint cycles. We will similarly 

speak of the elementary part of / .

Lemma 24 Let T  be a directed system admitting a base element with empty  

elementary part. Then fo r  any open U and g  £  ^[U ], the fam ily

{h  £  F[U] : h < g )

is normal.

Proof: See revisions. □

Lemma 25 Let Q be a directed system. Assume that Q is a proper enrich­

ment o f  a base element f  with empty elementary part, and suppose J7 ^  Q. 

Then Qx =  T x fo r  x £  J { T ) .

Proof: Let U be a  connected open set containing x, g £  Q[U\ — T[U\.  As Q 

is an enrichm ent of J7, U  is simple for T  and h g for all h £  F[U\. By 

Lemma 24, F[U] is normal, and thus U C fi(.F). □

Proposition 4 Let J- be a directed system with base f .  Assum e that T  is 

a proper enrichment o f  f  and that f  has no elementary returns. Then J (J 7) 

is invariant under T .

Proof: Fix a  point x , a  connected open set U containing x , and g £  !F[U\. 

By Lem ma 18, U  is simple if and only if g(U)  is simple. As

F[U\ =  { h e  f [U ]  ■ . h ± g } U { a o g : a e  ?[g(U ))},
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if F\U)  is norm al then  so is F[g{U)}\ the converse follows by Lemma 24. 

T hus, x  €  J ( F )  if and only if g ( x ) G J ( T ) .  □

Fatou Components

Let /  be an analytic map on a  complex 1-manifold. The eigenvalue p (x ) of 

a  fixed point x  of /  is the conformal invariant given in local coordinates by 

p(x)  = / '( x ) ;  the  eigenvalue of a  periodic point is its eigenvalue as a  fixed 

point of / p, where p  is the period of / .  A periodic point x  is superattracting if 

p{x)  =  0 , attracting if 0 <  |/?(x)| <  1, indifferent if |/>(x)| =  1, and repelling if 

|/>(x)| >  1 . In the  indifferent case, write p(x)  =  e2m6. We say x  is linearizable 

when /  is locally analytically conjugate to  a  ro tation. In the linearizable case, 

/  is locally of finite order if 9 is rational, and we call x  a Siegel point when 

9 is irrational. In the  non-linearizable case, we say th a t x  is parabolic when 

9 is rational, and a Cremer point otherwise. There are subtle D iophantine 

criteria  for linearizability in the  irrational case; see [30] for discussion and 

references.

It is no t hard to  see th a t a ttrac ting , supera ttrac ting , linearizable indif­

ferent periodic points belong to  Cl(f), and th a t repelling points lie in « /(/). 

We shall see below th a t parabolic and Crem er points also belong to  J { f ) .

For non-elem entary rational / ,  the fixed com ponents of (1(f)  are of five 

types:

1. Superattracting Domain: /  has a  supera ttrac ting  fixed point x G U,
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and f fy  -»  x.

2. Attm cting Domain : /  has an a ttracting  fixed point x  £  U and f fy  —> x.

3. Parabolic Domain : /  has an parabolic fixed point x  €  dU  and f fy  —» x.

4. Siegel Disc: f \u  is analytically conjugate to  an irrational ro tation of 

the  disc.

5. Hermann Ring: f \u  is analytically conjugate to  an irrational rotation 

of an annulus.

M ore generally, let /  be an analytic map on X .  Periodic components 

of f1(f)  lie in essential components of X ,  and are hyperbolic as long as /  

has em pty elem entary part. The classification of periodic com ponents thus 

entails the  study  of self-maps of hyperbolic Riemann surfaces.

Proofs of the  following two standard  results can be found in [38] and [30].

Lemma 26 Let U be a hyperbolic Riemann surface, f  : U —► U analytic, and 

suppose some orbit is bounded. Then one of the following mutually exclusive 

possibilities holds:

•  /  has a unique attracting or superattracting fixed point x  €  U, and 

f n -  x;

•  f  is analytically conjugate to an irrational rotation o f  a disc, punctured 

disc, or finite annulus;
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•  f  is a bijection o f  finite order.

I t rem ains to  discuss the  case in which some orbit tends to infinity in W. 

Note th a t a  pa th  7  : [0,1] —► U with / ( 7 (1)) =  7 (0) extends by the relation 

f ( i ( t  +  1)) =  7 (<) to  a  forward invariant path  7  : [0,00) —► U. Recall the 

Snail Lemma:

Lemma 27 Let f  be an analytic map on X  with fixed point x, and suppose 

that x  is the limit o f  some forward invariant path. Then  |p(x)| <  1 or 

p{x) =  1 .

Lemma 28 Let f  : W  —* X  be an analytic map on X ,  and let U be fixed 

component o fC l( f) .  Suppose that f p  tends to infinity in U, but not in W .  

Then U is a parabolic domain.

Proof: Let 7  : [0,1] —► U be a  rectifiable path  with /(7 (1 ))  = 7 (0); extend 

to a forward invariant p a th  7  : [0,00) —> U and consider

L = {x  € X  : 7 (tk) —► x  for some tk —> 00}.

By the  local compactness of X ,  if L  consists of more than  one point then no 

point is isolated.

Suppose 7 (tfc) —> x  for some tk —*■ 00. W rite tk = rik+Sk  with 0 <  Sk < 1, 

and let Wk =  7 (5 *). As 7 ([0 , lj)  is compact and f nk(iVk) —> x ,  it follows that 

f p  —* x .  In particular,

lim / n*(7 (0)) =  x  =  lim / n*(7 (l)),
* OO *—► 00
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so any point in W  fl L  is fixed by /  and therefore isolated. By assum ption, 

W  fl L  7̂  0, and it follows th a t f p  converges to  a  fixed point x  which, by the 

Snail Lem ma, m ust be parabolic. □

If some orbit tends to infinity in W  and f p  converges to  a  point in <9(/), 

shall refer to  U  as a  Baker Domain ; see [] for examples arising from entire 

m aps. This is the  only other possibility If X  is compact and d ( f )  is to tally  

disconnected. In the remaining case, we say th a t  U is an Exotic Domain.

2.3 Parabolic Enrichments

Definition. Let /  be an analytic m ap on X .

•  A linearizing coordinate is an analytic m ap w  : B  —► C  such th a t 

B  C W ( f )  and w  o /  =  r  o w  for some linear m ap r ( z )  =  Az.

•  A linearizing param eter is an analytic m ap x  V  ► X  where V  C  C  

and x  0 r  =  /  0 X-

By Schwarz’ Lemma, every linearizing coordinate or param eter is associ­

ated  to an a ttrac tin g  or repelling fixed point w ith eigenvalue A.

Definition. Let /  be an analytic m ap on X ;  denote r  : C  —> C  the unit 

translation.

•  A Fatou coordinate is an analytic m ap vo : B  —► C  such th a t B  C W ( f ), 

U ~ o  T~n{w (B ))  =  C , and w o  f  =  t o w .
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•  A Fatou parameter  is an analytic m ap \  '• V  ~ ► -Y where V  C C, 

lT =o r n(V )  = C, and x o r = /  o x-

As discussed in [30], a  parabolic fixed point x  has associated a ttracting  

and repelling p e ta ls  whose union punctured neighborhood of X", th e  petals 

have associated Fatou coordinates and param eters. These assertions consti­

tu te  Fatou’s Flower Theorem . T he relevant calculations will be  reproduced 

in the  revisions.

D e f in it io n . Let /  be an analytic map on X .  We say vs : B  —* C is a global 

linearizing or Fatou coordinate if B  is maximal. Similarly, x  : V —► X  is a 

g lo b a l linearizing or Fatou param eter if V is m axim al.

These are all well-defined up to  hom othety or transla tion . In the  revisions 

we shall discuss the  functorial construction of source and target planes §*.

Definition. Let /  be an analytic map on X .  T he post-singular set P S ( f )  

is the  sm allest forward invariant set containing 5 ( / ) ;  we denote its closure 

V S ( f ) .

Lemma 29 Let f  be an analytic map on a Riemann surface X .  Assume 

that f  has no removable singularities. Then X  — P S 9 f )  is hyperbolic unless 

f  is elementary or conjugate to z  z ^ n  fo r  some n  >  1 .

Proof: See revisions.
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Lemma 30 Let w  : B  —* C be a global linearizing or Fatou coordinate for  

an analytic map f  on X .  Then S ( a )  is the smallest closed r -1  invariant 

subset o f  C containing m ( S ( f ) ) .  Similarly, i f  x  • V —► X  is a global Fatou 

parameter then S ( x )  Q V S { f ) .

Proof: See revisions.

More precisely, we will show th a t 5 (c7|g ), where B  is the component of 

B  fixed by / ,  is the smallest closed r _1 invariant set containing c t(S (/|b ) . 

It follows th a t  a  fixed a ttrac ting  or parabolic basin for a  analytic m ap with 

em pty elem entary part contains a  singular value of / .

Let x  '• P  - 1► X  be a  global Fatou param eter assoctiated to  a repelling 

petal of a  fixed point of eigenvalue 1 . In view of the  Fatou Flower Theorem, 

V contains a  left half-plane. Thus there is a  unique component which is 

unbounded to  th e  left. This main  component is backward invariant under r ,  

and every o ther component is disjoint from its translates. Further discussion 

will appear in the  revisions.

Lemma 31 Let x  ■ V —> X  be a global linearizing or Fatou parameter fo r  

an analytic map f  on X .  Consider the component Z  o f  X  containing x(^)> 

where V  is the main component o fV .

•  I f  is exceptional then V  =  V =  C. Furthermore, x  has an essential 

singularity at oo unless f ^  is elementary.

•  is typical then d (x ) =  USJLi Tn{x~ 1( d ( f n)) U {oo}.
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Proof: See revisions.

More generally, if x  has period m , then the coordinates and param eters 

associated to  the  minimal ite rate  fixing x  give rise to maps to and x semi- 

conjugating /  and <7, where a  cyclicly perm utes m  copies of the  plane, and 

the re tu rn  m ap is tau.  We denote to / : B f  —> X J  and \  : V j  —> X j  the 

m aps so obtained on taking together all parabolic cycles and the  canonical 

global Fatou coordinates and param eters associated to their a ttrac tin g  and 

repelling petals. We w rite W j = \ J x{Bj).  The quotients X f  = X f / a  are 

cylinders. We denote tt/  : 5 /  —» X J  the induced projection. On removing 

the punctures, we ob tain  spheres X f  w ith poles which we m ay label 0 and
A A ,

oo. T here  is an induced m ap E f  : W j  - *  X J ,  where W f  C X J  and the poles. 

For notational ease, we shall drop the subscript /  on the m aps co/, x/> and 

7r/ when the context is clear.

Definition. Let /  be an analytic m ap on a  complex 1-manifold. Assume 

th a t /  has a t least one parabolic cycle, and let A  be a nonem pty collection 

of com ponents of X J .  A transit map  for /  is a  analytic m ap $  : U«4 —* X /  

which is a  pole preserving isomorphism on each component.

A choice of tran sit map $  determ ines an analytic map $  U E  on the 

complex 1-manifold X J  U X J .

L e m m a  32  Let f  be an analytic map with empty elementary part, $  a tran­

sit map fo r  f .  Then  $  U E  is typical.

54

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



Proof: See revisions. □

Consider the following homotopy conditions on a  m ap /  : W  —*• C “, 

where W  C C* is open:

1. For any hom otopically trivial closed curve 7  in W ,  th e  curve /  o 7  is 

homotopically trivial on C*.

2. For any hom otopically nontrivial closed curve 7  in W ,  the  curve /  0 7  

is hom otopically nontrivial on C*.

We may easily adapt these conditions to apply to  m aps on unions of 

spheres with labelled poles.

L e m m a  33  Let f  be an analytic map on X ,  with parabolic cycles. Then 

E  : W f  —* Xj" meets the first and second homotopy conditions.

Let /  be an analytic  m ap on X , where X  consists of cylinders. A com­

ponent U of f i ( / )  may be equatorial, th a t is, homotopically nontrivial on X .  

We m ay extend the  discussion to the  case where some or all of the  punctures 

of X  have been filled. An equatorial com ponent containing a  pole is is polar.

L e m m a  34 Let X  be a union o f  spheres with labeled poles, f  an analytic map 

on X ,  and U a periodic component o f i l ( f ) .  Assume that U is equatorial. 

Then U is not a parabolic domain; moreover, i f  U is a superattracting or 

attracting domain then U is polar.
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P ro o f :  We m ay assume /  fixes U. Let 7 : S l —► U* be homotopically 

nontrivial on X " .  As /  is positive, the curves j n = f n 0 7  are all hom otopi­

cally nontrivial. On the other hand, if U  is a  parabolic domain then the 7„ 

eventually lie in a contractible petal. Similarly, if U  is a superattracting  or 

a ttrac ting  dom ain, the  associated fixed point m ust be a pole of X .  □

Definition. Let /  be an analytic m ap on a  complex 1-manifold. Assume 

th a t /  has a t least one parabolic cycle. Let TL be a  conformal dynamical 

system  on X j  U X f  with base element $  U E ,  for some choice of transit 

m ap $ . Assume further tha t any a  6  Tt[U], where U C X j  is open and 

h(U) C X f ,  may be expressed as a  = E  0 /? for some /? €  H. Suppose 

further th a t every m ap in H  meets the first hom otopy condition.

We define a conformal dynamical system  f  * H  on -Y by

.  For U % =  </)[£/];

•  For U  C  B f,  f*H[U]  consists of all g  =  x 0<x&\Ui where a  : w(U)  —► W j  

is a  lift of some a  6  H.

We shall say th a t T  =  /  * H  is a  parabolic enrichment of / .

It is often more convenient to  work w ith the  system  of returns TtJF of H  

to  X j . A more precise account of parabolic enrichments will appear in the 

revisions.

Lemma 35 Let T  be a parabolic enrichment o f  f .  Then T  cannot be ex­

pressed as a one-generator system.
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Figure 2.2: Parabolic Enrichm ent 
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L e m m a  36  Let T  be directed with base f .  Then T  =  / *  H. fo r  at most one 

H ; moreover, Ti is directed.

L e m m a  37  Let J- =  /  * H  be directed with base f , U  C B j  open and 

connected.

•  I f  U is simple fo r  T ,  then ir(U) is simple for H .

•  I f  x (U ) is simple fo r  H  but U is not simple fo r  T , then there exist 

x E U and g E T x with g(x) E d ( f ) .

P ro o f :  Assume U is simple, and fix x  E U, 7  E Tlx . If 7 (7r(x)) E X f  then 

7 (g?(x)) E Vj  for a  suitable lift 7 . By assum ption, \  0 7  0 w  £  Fx  extends 

to some g E T[U}. In view of ??, g =  x  0 0 zv for a  unique lift t ildea  of

a  unique a  E H[k (U)\; clearly, a  extends 7 . If 7 (?r(x)) E X j , we apply this 

argum ent to  extend $  0 7  to  ir{U). As 7  ■< $  0 7  and H  is directed, 7  again 

extends to n(U).  Thus, U is simple.

Suppose on the o ther hand th a t n(U)  is simple. If U is not simple, there 

exist connected open V  C U and h E ^"[V] with no extension in F[U\. 

Clearly, h ( / ) ;  we m ay assume th a t h is maximally continued. As ir(U) is 

simple, h =  £ o a o w  where a  is a  lift of some a  E ^r[7r(t/)]. T hen o (V ) C Vf 

bu t a(U ) % Vj. Consequently, q(7t(x)) E dV/ = 3 (x ) for some x  E U, and 

thus g(x) E d ( f )  for g = \  0 <7-1  0 07 €  T x. □

Thus, J{IF) C J ( f )  U 7r-1 (</(/))-
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2.4 Towers

Fix n , a  positive integer or infinity, and consider a  sequence fk  on complex 1- 

manifolds Xk,  where 1 <  k  <  n+ 1 . Suppose th a t for k  >  1, Xk+i — 

and fk+i =  U fi/t for some choice of transit m ap between X j k and X ^ .  

By induction on finite n , we obtain systems

( / i  I l/»> =  / i* < /a  I ” - I /»>

on ,Yi; if n  is infinite, we define

< / . l - )  = W> I - I  A)-
k

Then ( f i  \ •••) =  / i  * ( / 2 | • • •) by Lemma ??. We call such a  conformal 

dynam ical system  an n  stage construct. Constructs are abelian systems.

Definition. A tower o f  height n, where n is a  positive integer or infinity, is 

a directed n  stage construct.

Let T  — {fi  | • • • | f n) or (fi  | • •) be a  tower of height n < oo. As J- 

is directed, f x is the  unique base. By Lemma 36, if n >  1 and J- = f  * H  

then H  = ( f 2  \ ••• \ f n) , respectively ( f i  \ •)'> moreover, H  is a  tower of

height n — 1. By Lem ma 35 and induction, n and the sequence fk  are uniquely 

determ ined; we w rite h e ig h t(J7) =  n. For 1 <  m  < n + 1 , =  ( f x | • • • | f m)

is a  tower of height m .  In view of Lemma ??  these su b to w e rs  form an 

ascending sequence.
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We assign heights to  the  elements g G T  with connected domain. By 

convention, h t^ ( Id u )  =  0, while for non-trivial g G T \U \  we set

h t j r ( g )  =  min m < oo.

If h t f (g )  > 2 then U Q B j, g = x&w  f°r a  unique lift a  of a  unique 

a  : ir(U) —> X f  in H , and h t f (g )  = h tn (a )  +  1. Note th a t as the  towers 

T m are ascending, ht(g) =  ht(g\y) for any g G T[U] and connected V C  U; 

we set h t f (£ )  =  htyr(g) for £ =  [<7] €  T x. Moreover, by an easy induction on 

heights, if T  and Q are towers and T  <  Q then ht?(g)  =  htg(g) for every 

g G T .  It follows th a t for any ascending sequence of towers Tk,  the  system 

T  =  \ /k Tk  is a  tower and he igh t(T )  =  sup height (Tk).

L e m m a  38 Let T  be a tower on X ,  U C X  open and connected, g  G T\U], 

h G T\g(U)]. Then ht?{h  o g) =  Trnix(ht?(h), htjr(g)).

P ro o f:  We proceed by induction on n = m\n(htjr(h),htjr(g)). The claim is 

triv ial for n  =  0. Suppose first th a t n  =  1. If ht?(h)  =  1 =  ht?(g)  then 

h and g are restrictions of some f m and f ( , where /  is the  base of T  and 

m , l  >  0, hence h t? (h o g )  =  h t jr ( fm+e) = 1 . Otherwise, h e igh t(T )  >  2 , and 

we write T  — f  * H .  If ht?(h)  =  1 <  htjr(g), then h =  f ^ u ]  as above and 

g = x  0 oc 0 uj, where a  : zu(U) —► V/ is a  lift of some a  G H[ir(U)]. Thus,

h o g  = f m o x o a  o a 7 =  xo<7m o a o a 7

where a m 0  a  is another lift of a ,  so h t f ( h  0 g) = ht?(g).  On the  other 

hand, if htj:{h) =  1 >  htjr(g), then g =  and h =  x  0 P 0 07 f°r a lift
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P : w ( g ( U ) )  —> Vf  of some ft G W [ t t A g a i n ,

h o g  — \  o f 3 o w o  f e = x °  P o a e o w

where P o cre is another lift of /?, so h ty (h  o g) =  htjr(h).

Now suppose n  >  1 . Then g =  x  °  a  o G7 and h = x ° P ° & as above; 

m oreover, {/ and <7(f/) lie in B j,  so a{vj(U))  C W j  and therefore a(Tr(U)) C 

W j.  Consequently,

^ 0 5 =  X 0 /?OC?0X°C':OC7:=X 0 7 OCP

where 7  is a  lift of 7  =  /?o E j  o a .  As h tn (E f )  =  1 <  m in (h tn{P ) ,h t?(<*)), 

i t  follows by induction th a t ht-n(7 ) =  ma,x(htf{(P), h tn (a )) ,  hence

htjr(h 0  g) = m&x(htn(P), ht-n(a)) +  1 =  m&x(htjr(h), ht?(g)). □

In particu lar, if g, h 6  T  have overlapping connected domains and <7 ^ / 1, 

then  htjr(g) < htjr(h). These height relations apply equally to  germs.

Given a  tower T  on X , we may also assign heights to  points and simple 

open subsets of JV:

htjr(x) =  sup ht? (£ ) , h t?(U )  =  sup htjr(g).
€feF* g£F[U]

T hus, h tp (U )  = htj-(x)  if U is simple and x  G U. Clearly, h t? (x )  =  0 if and 

only if x  G X  — W ,  and htjr(x) <  1 for x  £  B j ,  where f  : W  —* X  is the 

base of T .  Moreover, htjr(x) = ht-H(n(x)) +  1 for T  =  f  * H  and x  G B j.
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L e m m a  39  Let F  be a tower on X ,  x  E X ,  and g E F x . Then

h t f ( x )  =  m a x (h t f (g ) ,  h t?(g(x)).

P ro o f :  By definition, h t? (x )  > ht?(g).  If equality holds and h E F g(x) , then  

htjr(h o g) = htyr(x), hence ht^-(h) <  h t^ (x )  by Lemma 38. Thus,

ht?(g{x))  =  sup htjr(h) = h t^ (x ) .  
tefglx)

Otherwise, htjr(x) > htjr(g), and as ht?(g)  is finite, h t f ( h )  > htyr(g) for 

some h E F g(x). By Lem m a 38, h t? (h  o g) = htj-(h), and thus

htjr(g(x))  =  sup htyr(h) =  sup h t? (h o g )  = htjr(x).  □
*€*■*,) ^sK*)

Suppose a , f i  E F x w ith  a  < ft. Then htyr(a{x)) <  h t r ( 0 ( x ) ) .  Conse­

quently, when h 6  F g(X) ls large, htjr(h(x))  is equal to  th e  eventual height

htj:{x) =  min h tr(g (x ) ) .  
gefx

Note th a t htjr(x)  =  0 if and only if some necessarily unique g E F x sends x  

outside the  dom ain of the  base. If htjr(x) > 1 then x  E B j  and

htnr{ir(x))  = htjr(x) -  1. (2 .1)

Points of infinite height are of special interest. Certainly, htjr(x)  =  oo if 

htyr(x) =  oo. Conversely, suppose htjr(x)  =  oo, and let g E F x. By Lemma 

39, htjr(g(x)) =  oo as htjr(g) <  oo. Thus,

htjr(x) =  OO &  htjr(x) = 0 0 .
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Recall th a t g(U) is sim ple for g £  F[U] and simple £/, hence

htjr(U) =  ma,x(htjr(g),htjr(g(U)).

Consequently, if Q is open and forward invariant w ith simple components 

then htjr(amU) < h t f( f3 ,U ) for any component U  and a  ^  0  £  F[U). As 

above, for large h £  F\U \, h t? (h ,U ) = htyr(U) where

htjr[U) = nan^ htjr(g.U),

equal to  h t? (x )  for any x  £  U. Observe th a t h t? (U )  =  0 if and only if U 

escapes, and again htf-(U) =  oo if and only if htyr(U) =  oo.

Let T  be a  tower on X , U  C X  open and connected, g £  F[U) w ith ht?{g)  =  

n >  1. We say g is primitive  of height n  if for any alpha £  F[U] and

/? £  ^[o!(f/)] w ith j  =  ^ o a ,  either htjr(a) < n or ht^[ /i)  < n.

The prim itive elem ents of height 1 are the restrictions of the  base / .  

Clearly, if g  £  F [U ] is prim itive and h £  ^[U]  w ith h t f ( h )  =  h tp (g)  then  h 

is also prim itive. It further follows from Lemma 38 th a t a o g, for a  £  F[g(U)] 

w ith htjr(a) < n, is prim itive. Again, if V  C X  is connected and  /3 £  T[V \  

w ith h tr ( l i )  < n , then  g o (S is primitive.

L e m m a  40  Let T  be a tower on X ,  x  £  X .

•  For  0  <  n < htjr(x), there is a primitive element o f  height n  in T x -

• I f  9 €  T x with htjr(g) — n, then g is a composition o f  primitive elements 

o f  height n; the length o f  the composition depends only on g.
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•  I f  n < htjr(x) then T x contains arbitrarily long compositions o f  prim i­

tive elements o f  height n.

P ro o f:  See revisions, where we will further comment on the  natu ra l order 

on orbits of F .

Let T  be a  tower with base / .  As F  is a  parabolic, hence proper en­

richment of / ,  J ( F )  and fi(.F) are invariant. For 0 <  n  < height{IF) +  1 , 

F n <  F ,  so J ( F n) C J { F )  for 0 <  n <  heigh t(F ).  It is easily checked th a t

J{F> =  U  J ( ^ " )  (2.2)
n = l

for infinite height T .

L e m m a  41 Let T  be a tower, 0 <  n < height{F).

•  U F x  =  ? x  then h t? { x ) =  ht?n(x) < n and htjm(x) =  htyr(x).

• Otherwise, x  £  Cl{Fn) and h t j r n ( x )  =  h t j - n ( x )  = n < h t j r ( x ) .

P ro o f:  As htp(g)  =  htjr(g) for every g £ F 11, it follows th a t h t? (x )  = 

h t y r ( x )  < n  if and only if F x =  F£.  Moreover, if F x ^  F x then  htp-(x) =  

n < ht?-(x) by Lem ma 40, and x  £  f i ( ^ n) by Lem ma 25.

As h tr (g (x ) )  < h t?{x)  for g £  T x , it follows th a t htjrn(x) =  h t? (x )  when 

h t r ( x )  < n. On the  o ther hand, if h tp (x )  > n  then h t^n (x)  =  ht?n(g(x))  

for some g w ith ht?{g) = n. S y  Lemma 39, htym(x) =  htf-n(x) =  n. □

Consider, for 0 <  n  <  oo, the  invariant set

X n{F)  =  {x  £ X  : k t r ( x )  = n ) .
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T hen J n{ ^ )  — < / ( ^ ) n X n{J-) and =  f)(^r)D X n( ^ ’) are also invariant.

Clearly,

M F )  =  U j - ' ( 9 ( / ) )  (2.3)
ger

is th e  sm allest backward invariant set containing d ( f ) ,  and consists

of th e  escaping components of We fu rther denote

X + { f )  = { x e X :  Y t j r { x )  >  0}

and define J+ (^ r) and Q+iJ7) accordingly; th is convention is consistent w ith 

our earlier usage of «/+(/) and f t+ ( /) . By ?? and 2.1,

7 C J n( D

for n  >  2 , while

x - ' i M K F ) )  C J0( f )  U J x (^ ) .  (2.4)

Similarly, f ln(.F) C B j  for n > 2 and

5r(n«(^)) c  f w m

while

ir( b } n ( n 0( ^ )  u n i ( ^ ) ) , ) c

N ote th a t the  function fit?  : X  —► [0, oo] is lower semi-continuous; th a t is

On{F) = {x  € X  : h t r ( x )  > n )

is open for every n. The infinite height points thus constitu te  an invariant 

Gs in X .
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L e m m a  42 Let T  be a tower, 0 < n < heigh t(F ). Then  fi(.P*) =  On U 

fi(.F). Each component o f  O n is a component o f S l ^ J 7*). Every other com­

ponent o f S l i F 1) is a component o f t i ( T )  with h t^{U )  =  htjrn(U).

P ro o f :  W ithout loss of generality, h e ig h t ( f )  >  2, and we write 7  =  /  * H  

w ith transit m ap $ . By Lem ma 41, 0 n U fi(.F) C f i(P*)  and it suffices to 

show th a t any com ponent U of f it-P 1) intersecting On{P )  is contained in 

On(!F). Clearly, U  C B f ,  and $  is defined on the  cylinder containing tt{U). 

Suppose n  =  1 . For each x  €  U there is a  lift $  w ith $ (ro (x ))  €  V /, and

g = X o I  o n  6  has ht?(g)  =  2; consequently, U C  0 2{P).  On the

other hand, if n > 1 then it(U) C 7ZU intersects On- i{ H ) ,  and by induction 

7ZU C On-\{'H)\  consequently, U C On(P).  O

Thus, J ( P n) consists of the  points of J(!F) w ith htj:{x) < n. Lem m a 41 

implies more generally th a t

-/ml-?7") =  6  J ( P : htjr(x) =  m , ht? (x )  =  n}

for every m . Consequently,

U P )  =  U 9 - 1( U r n)) (2.5)

for 0 <  m  < h e ig h t (p )  +  1, and thus for infinite height P ,

J m { D  =  U  Jm(? * )  (2-6)
n = l

for 0 <  m  < oo. Similarly,

nM(^) = U 5"1(fim(^m+1))
9&
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for 0 <  m  <  heigh t(F ).  As =  «/+(/), it follows from 2.3 and 2.5 that

Jo(J-) U J \{F )  is the smallest backward invariant set containing J ( f ) .

Proposition 5 Let J- be a tower with base f . Then U is dense 

in J(!F); fo r  typical f ,  Jq(F) is dense.

P ro o f :  As the second statem ent is an imm ediate consequence of the  first, we 

m ay prove them  simultaneously by induction on n = he igh t(F ).  In view of 

2 .2  and 2 .6  we m ay assume n  <  oo, and for n  =  1 there is nothing to  prove. 

Assume n > 2, and let J  =  Jo(F)  U J i ( ^ ) .  As J ( f )  C J ( F ) ,  it suffices to 

show J { T )  D B j  C J .

Fix x  6  J { F)  f l5 y , and connected open U C Bj  containing x. Suppose 

7x{U) is simple for 7I F .  By the second part of Lemma 37, either U  fl J  ^  0 

or LJ is sim ple for J-. In the la tte r case, iF[U] cannot be a  normal family, so 

U D J  0 by M ontel’s Theorem. As any smaller neighborhood of x(x) is 

simple, it follows th a t x G J.

On the  o ther hand, if no such t ( U)  is simple then ir(x) has no simple 

neighborhood. Consequently, 7r(x) G J(7liF). B y  induction, 7r(x) £ J q(TI!F) 

as has typical base. In view of 2.4, x  £  C J .  □

It im m ediately follows th a t is the interior of X m(iF) for 1 <  m  <<

oo. In particu lar, has em pty interior for 1 <  m  <  oo.

Let T  be a tower, U  a component of Ll(iF). A priori , the  semigroup 

Fixjr(U )  fixing U m ight have elements of m any different heights. In fact,
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the  actual possibilities are quite restricted . Recall th a t the  renormalized 

towers for 1 < m  < height(F)  have positive base elements.

L e m m a  43 Let T  be a tower with positive base, U an equatorial component 

o fQ (J-) .  Then h t? (U )  <  1 .

P ro o f :  Let /  be the  base of T .  If htjr(U) > 0 then  U lies in a periodic 

com ponent of and the latter com ponent V  is also equatorial. In view 

of Lemma 34, V  is not a parabolic domain; thus, U = V  and ht?(U )  =  1. □

P r o p o s i t io n  6  Let i f  be a tower, U a component o f Q( F ) ,  g 6  F ix ^ {U )  

nontrivial. Then h t^ (g )  <  h t^(U )  <  ht^-(g) +  1.

P ro o f :  By definition, htjr(g) <  ht?(U);  we establish the  o ther inequality 

by induction on n  =  ht?(g).  Let /  be the base of T .  If n  =  1 then g  is 

the restriction of an ite ra te  of /  and U lies in a  periodic com ponent of f1 ( f ). 

Moreover, if htjr(U) > 1 the  latter com ponent is a  parabolic domain. Let 

7  be a  path  in U w ith endpoints x  and g(x).  As w( g( x) )  = xz(x) + m for 

some positive integer m , the  curve n  o 7  in TZU is closed and homotopically 

non-trivial on X / ,  hence 7ZU is equatorial. As 7ZJ- has positive base, we 

conclude from Lem m a 43 th a t ht?(U )  =  htTij:{%U) + 1 <  2. On the o ther 

hand, if n > 1 then  7Zg €  Fixji^(1ZU)  is nontrivial. By induction,

htj:(U)  =  h tj i^T Z U )  +  1 <  h tn p f f ig )  +  1 =  ht?(g)  +  1 . □

C o ro lla ry  3 Let T  be a tower, U a component o f£ l(F )  with h t^{U )  =  0 0 . 

Then U wanders.
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Proof: Suppose g ,h  £ F[U] with gmU =  h ,U • W ithout loss of generality, 

h =  a  o g for some a  6  F ix? (g ,U ).  If g  ^  h then  a  is nontrivial, and 

h tr (U )  <  ht f ( g)  +  1 <  oo by the Proposition; thus g = h. As htj-(U)  =  oo, 

U cannot escape. Consequently, U wanders. □ .

Let !F be a tower, U a  component of and consider the  quantities 

htp(U ) = m in {h t? (g ) : g £ Fixjr[U)  nontrivial },

ht*(U )  =  m&x{htjr(g) : g £  F ixjr(U)  nontrivial }.

By convention, h t^ (U )  =  0 =  ht*(U )  for wandering {/, and both  are other­

wise positive. In view of Proposition 6 ,

h M U )  < h t f ( U)  < htjr(U) < htjr(U) +  1.

We say th a t U is a  type I  component when htp(U )  =  ht* (U ),  a  type II 

component otherwise.

L e m m a  44 Let T  be a tower, U a non-wandering component ofQ(iF), m  = 

htp(U )  >  1. The elements h 6  F ix r (U )  with h t? (h)  =  m  are the iterates o f  

a unique g G F ix ^ { U )  with htyr(g) =  m.

Proof: Fix g £ Fixjr(U)  w ith ht?(g)  =  m  of minim al rank i. If 7  is another 

such elem ent then w ithout loss of generality g ■< 7 , hence 7  =  a  0  g  for some 

a  £  F ix r (U ) .  As g  and 7 have the same rank, htjr(a) < m ; thus, a  =  Idu,  

so g is unique. By the  m inimality of t, each h £  F ix ? (U )  w ith htjr{h) =  m

has rank n t  for some n > 1. As gn £ Fixjr(U),  it follows th a t h =  gn. □
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We say g  is the  generator of height ht^{U).  In the  type II case there are 

height htf-(U)  elem ents of minimal rank, and for any two such hi ■< hi  there 

exists i  w ith h2 = ge o hi. However, there is no canonical generator of height

h t U u ) .

L e m m a  45  Let J- be a tower, U a component o f  Then ht*(U )  =

htjr(U) i f  and only i f  U is final. In particular, every type I I  component is 

final.

Proof: Suppose first th a t U is final. For each a  €  F[U\ there exists €  

Fixjr{U)  w ith a  < ft, hence htjr(a) < ht^(/3). Consequently, ht*(U )  =  

k tr {U ) .

Assume conversely th a t ht*(U ) =  h t^(U ).  Fix g 6  F ix p (U )  of height 

ht%{U) and m inimal rank £, and suppose h 6  F\U).  If ht?{h) < h t* (U )  then 

h < g. O therwise, htjr(h) =  ht*(U )  of rank m, and gn ■< h when n l  >  m. 

Thus, U is final. □

Recall th a t as T  is hierarchical, each a  6  F[U] determ ines a homomor­

phism

a , : F ix r{U )  —> Fixjr{ct,U) 

where cem(g) o a  =  a  o g.

L e m m a  46 Let T  be a tower, U a component o f  Sl{!F). Then a m is an 

isomorphism.

Proof: See revisions. □
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In particu lar, htjr(a.g) = ht?(g)  for every g 6  Fixjr(U). Thus, ht)p(aJJ) - 

htjr(amU ), and h t* {a aU) <  h t* (a mU)

In addition, if U C B j  then g  7Zg gives a  surjective homomorphism

1Z : F ix? (U )  —» Fixnjr(TZU). (2.7)

For a  6  F\U] with a M  C B j  the  diagram

FiXjr{U) Fixjr{amU)
H i  i n

F ix n r ( K U )  ^  F i x ^ l l a M )

commutes. Recall th a t if 7Zg = TZh with g <  h then h =  f m o g for some 

m  > 0. Thus, 2.7 is an isomorphism if and only if h t ^ U )  > 1.

In the  revisions, we will discuss the various dynamical possibilities for 

final com ponents of fi(.F).

2.5 Com plete Towers

D e fin itio n . Let X  and Y  be compact Riemann surfaces, W  C X  open and 

connected. We shall say y  6  Y  is a neglected value of /  : W  —+ Y  if there 

exist a  connected open set U intersecting d W  and a component V  of U — d W  

such th a t  V  fl / _1(j/) =  0. An analytic map /  : W  —► Y  is complete if the 

set Af ( f )  of neglected values is finite.

Observe th a t  we are including the possibility that d ( f )  =  0, in which case 

/  is a  finite degree surjection and Af { f )  = 0; we shall say th a t deg /  =  oo 

when d ( f )  ^  0. Thus, f ( W )  2  Y  —Af ( f )  for any complete m ap f  : W  —* Y.
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By definition, a  complete m ap has no removable singularities. Conversely, 

let X  and Y  be compact Riemann surfaces, W  C X  open, and assume th a t 

/  : W  —*• Y  has no removable singularities. Suppose fu rther th a t d ( f )  is 

countable. Then W  =  X  — d ( f )  is connected, and as the  isolated points 

of d ( f )  are dense, it follows from P icard’s Theorem  th a t /  is complete w ith

# m / )  <  2 .

Let X  and Y  be compact Riem ann surfaces, W  C X  open and connected, 

/  : W  —¥ Y  analytic. Given A C  X ,  consider the  subset

= { y £ Y :  f - \ y )  C A}

of f ( A )  U A/"(/). Clearly, / 0A C f 0B  for A C  B.  If /  is a com plete m ap of 

infinite degree and A is finite, then /<>A C Af ( f ) .

M ore generally, let X  and Y  be complex 1-manifolds w ith com pact com­

ponents, and W  C X  open. We shall say th a t /  : W  —> X  is complete if 

f \v ,  for each component V  of W ,  is com plete as a  m ap to the  component 

of Y  containing f ( V ) .  Then Af { f )  =  U v ^ ( / |v )  is countable. Similarly, set 

/©A =  Uv f\Vo(V  n  A) for A C  X .

L e m m a  47  Let X ,  Y  and Z  be complex 1-manifolds with compact compo­

nents, V C X  and W  C Y  connected open sets, f  : V  —* Y  and g \ W  —► Z  

complete analytic maps. Then g o f  is complete, and

N { g  0 f ) C  A f ( g )  u  g j l f ( f ) .

P ro o f :  See revisions.
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In particular, M ( g  o f \V) = Af (g)  when deg f  =  0 0 .

More generally, let X  and Y  be complex 1-manifolds w ith com pact com­

ponents, and W  C X  open. We shall say th a t /  : W  —*■ X  is com plete if 

f[v,  for each com ponent V  of W ,  is complete as a m ap to  the  com ponent 

of Y  containing f ( V ) .  T hen  M ( f )  =  \ J v N ( f \ v )  is countable. Similarly, set 

f>A = \Jv f [v, ( V  D A )  (or A C  X .

Under these conventions, if /  and g are complete and composable, then 

g 0 /  is complete,

X ( g o f ) C A r ( g ) U g J t f ( f ) .

It follows from Lem m a 47 th a t the iterates of a com plete analytic  m ap 

/  are complete. Moreover, if Af ( f )  is finite, for exam ple when W ( f )  is 

connected, then A f ( f n) Q Af ( f )  for every n.  In general, 1 X L i-^ (/)  is the 

sm allest set A  containing N ( f )  such th a t f<,A C A. Let

m / ) = m  u  u  w > .
7 1 = 1

where 6 ( f )  is the  set of exceptional values; then M E ( f n) C  M S ( f )  for every 

n. Furtherm ore, any retu rn  m ap f z  is complete, and A f ( f z ) C Af £( f ) .

Consider the  special case in which X  is a  Riemann surface and d ( f )  is 

countable. As d ( f n) is countable, it follows th a t M ( f n) C  Af ( f )  for any n.  

If /  is typical, then 6 ( f )  =  0, and it follows th a t A f £ ( f )  =  Af ( f ) \  by the 

discussion above, # A f £ ( f )  <  2. We may still conclude # A f £ ( f )  < 2 when /  

is exceptional: if deg /  <  00  then Af ( f )  = 0 , while the backward invariance 

of 6 ( f )  forces 6 ( f )  C Af ( f )  when deg /  =  0 0 . Moreover, {0 0 } C A f ( f )  for
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entire / ,  equality holding unless /  is conjugate to  z p (z)e9^  +  c, where g 

is holomorphic on C , p  is a  polynomial, and c 6  C . If /  is Radstrom , then 

A f(/)  =  £ ( / )  =  {0 ,oo}.

Let /  is a com plete analytic m ap with em pty elem entary part, on a  com­

plex 1-manifold X .  Then Z  fl J { f ) is infinite for every component Z  of X  

with an essential successor. Recall th a t a set R  in a  topological space T  is 

residual if R  contains the  intersection of countably m any open dense subsets 

of T . By the  Baire Category Theorem  [4], a  residual subset of a  complete 

m etric space is dense.

L e m m a  48 Let f  a complete analytic map on X .  Assum e that f  has empty  

elem entary part, and that every component o f X  has an essential successor. 

Then W ( f n) n J ( f ) ,  f or  each n > 1, is open and dense in J ( f ) .  Consequently, 

</+(/) is residual in J ( f ) .

Proof: We proceed by induction on n.  Suppose n  =  1. F ix a  component V  

of W ( f ) ,  and let Z  be the component of X  containing f ( V ) .  By assum ption, 

Z  n  J ( f )  -  Af ( f \ v)  ±  0, hence 8 V  C  f ~ l { J ( f ) )  C W ( / ) n J ( / ) .  Conse­

quently,

W ( f )  n J ( f )  =  d ( f )  u ( W ( f )  n J ( f ) )  =  < /(/).

Now suppose n > 1. By induction, W ( /n_1) fl J ( f )  is open and dense in 

J { f ) .  As /  is an open m ap and

r ' i w i f * - 1) n  J { f ) )  =  W { f n) n  J ( / ) ,
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we conclude th a t W ( f n) fl J ( f )  is open and dense in J ( f ) .  Therefore,

OO
M f )  = fl W( T)  n J(f)

n = 1

is residual in J { f ) .  □ .

Under the above hypotheses, it follows immediately that

d(r) c  d(n = / - (n- m mim)) (2.8)

for m  < n .  Furtherm ore, if /  is typical and U is a component of Q+( / ) ,  then 

the component of W ( f n) containing U is a  proper subset of the  corresponding 

component of

Let /  a  non-elementary complete analytic map on a Riemann surface X .  

Suppose y  €  X  — A f £ ( f ) ,  and let U C X  be an open set intersecting «/(/). 

For exceptional / ,  it  follows from the definition of £ ( / )  th a t y  €  f n(U)  for 

some n >  0. This observation underlies the classical argum ents th a t prove 

J ( f )  is perfect. Given x  6  J ( f )  and y £  £ ( / ) ,  there exists a  backward orbit

s t r i n g  ^ y ~ \- ^ y  converging to  x; we may arrange that y_i ^  y, and thus

y-k  i 1 x  for infinitely many k.

On the other hand, if /  is typical then U intersects d ( f n) for some n > 1, 

and we again conclude th a t y G f n{U).  In general, any closed backward 

invariant set either contains J ( f )  or lies in Af £{ f ) .

L e m m a  49  Let  f  be a complete analytic map on a Riemann surface. j4s -  

sume that f  is typical. Then there exists i  <  3 such that fo r  any n  >  1 , every 

point in d ( f n) is an accumulation point o f d ( f e+n).
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Proof: Let £ — s u p ^ y )  £r , where l x is the  least m  >  0 such th a t x  is an 

accum ulation point of d ( f m+1). Clearly, £x = 0 if and only if x  is isolated in 

3 ( / ) ,  so i  =  0 if and only if d ( f )  is perfect. Suppose £ >  0. It follows from 

P icard ’s Theorem  th a t X  is a  torus or sphere; moreover, £ =  1 on the  torus, 

while

£ =  m in{m  >  1 : # d ( f m) >  3} <  3 

on the  sphere. The conclusion follows by 2.8. □

In p a r t ic u la r ,« /(/) is perfect, hence uncountable. Consequently, any open

set U intersecting J ( f ) contains points in J ( f )  —Af £ ( f ) ,  and thus

_

m  s u  /-(to
7 1 = 0

by the rem arks above.

Proposition 7 Let  J7 be a tower on X  with complete base f .  Assum e that 

every component o f  X  has an essential successor. Then J { T )  is perfect.

Proof: In view of Proposition 5 and Lem m a 20, it suffices to tre a t the 

height 1 case. Suppose th a t x  €  J ( f )  is isolated. If x  6  J+{f )  then Woo(/) 

contains a  neighborhood U of x.  Moreover, some sequence f ^ f  must fail to 

be normal, and we may assume th a t the  images f nk(U)  all lie in the  same 

com ponent Z  of X .  On the o ther hand, Z  fl J ( f )  is infinite, and it follows 

by M ontel’s Theorem  th a t x  cannot be isolated. Thus, x  6  d ( f n) for some 

n, so U — {x} C W ( f n) for some neighborhood U.  Let Z  be the  component
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of X  containing f n(U -  {x}). Again, Z  fl J ( f )  is infinite, and it now follows 

from P icard ’s Theorem  th a t x cannot be isolated. □

We digress slightly to  present some simple observations crucial to  the  

construction of towers in the  next C hapter. Let /  be a  com plete analytic 

m ap on a  complex 1-manifold X , and suppose U  is a  finite order component 

of f i ( / ) ,  th a t is f p  =  Idu  for m  >  1. Further, let V  be  th e  component 

of W ( f m) containig U,  and Z  the com ponent of X  containing V.  Then 

I dy  =  f p ,  and therefore V  =  Z\  thus, Z  lies in the elem entary part of 

/ .  Consequently, if /  is an analytic m ap on X  and /  is complete with 

em pty elem entary part, then f i( / )  has no finite order components. Similar 

considerations prove the following:

L e m m a  5 0  Let  f  be an analytic map on a complex 1-manifold X .  Assum e  

that f  is complete with em pty elementary part, and that every component o f  

X  has an essential successor. Further, let f  be a tight system  with base f .  

Then f  is the unique base o f J-.

Proof: Assume w ithout loss of generality th a t /  is complete, and let g be 

another base elem ent. T hen /  and g have the  same dom ain, and f p  ^  g p  on 

some com ponent U\ let Y  =  /({ /) ,  Z  =  g(U).  As /  and g are base elements, 

there exist a  € ^ r[F] and /? G T \Z \  w ith g p  =  a  o f p  and f p  =  /? o g p .  

Clearly, /? o a  =  Id y  and a  o f3 = Id z .

As /  is a  base elem ent, either a  = f p  for some m >  0 or else f p  ■< a  

for every n; similarly, /? =  f p  for some m >  0 , or else f p  < (3 for every n.
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Consequently, Y  C W00( / ) ,  and is injective for every n. By completeness, 

Y  is a  com ponent of X  and therefore compact. It follows that Yk =  f k( Y)  

is a com ponent of X , and f\yk : Yk —► a bijection, for every k  >  0. By 

assum ption, Yk =  Ye for some k  ^  i\  b u t then Yk lies in the elem entary part 

o f / .  □

We record the obvious relation between neglected and singular values. 

L e m m a  51 Let f  : W  —* Y  be a complete analytic map. Then Af ( f )  C

S ( f ) .

Proof: We m ay assume without loss of generality th a t W  and Y  are con­

nected, and th a t deg /  =  0 0 . If y £  S ( f )  then any simply connected neigh­

borhood D  C Y —S ( f )  is evenly covered. Fixing z  €  D —AT(f )  and x  €  d( f ) ,  

choose Zk €  / - 1(s) with Zk —* x; let <7* : D  —» W  be the local inverse to  /  

with gk{z) — Zk. As the regions gk{D)  are disjoint, the sequence <7* is a 

normal, hence gk —* x.  In particular, yu —* x,  where yk =  gk(y) G / - 1(y)- 

Consequently, y  £  M ( f ) .  □

D e fin it io n . Let /  be an analytic m ap on X.  T he post-singular set P S ( f )  

is the  sm allest forward invariant set containing 5 '( /) ;  we denote its closure 

V S { f ) .

Clearly, £ ( / )  C S { f )  when /  is complete, and thus Af £ ( f )  Q P S ( f ) .
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L e m m a  52 Let f  be a complete analytic map on X  with empty elementary 

part, x  : V —► X  a global linearizing or Fatou parameter. Then \  is complete, 

and JV'(x) Q

Proof: Consider first the  main component V  of V, and let Z  be the compo­

nent of X  containing x(^)i and h — f ^ z K If d ( f )  =  {0 0 } then  #A/’(x) <  2  by 

P icard’s Theorem  and the first part of Lemma 31; it follows th a t •AZ’(x) = £{h)  

as both  sets are countable and backward invariant under h. Suppose, on the 

o ther hand, th a t d{ f )  7  ̂ {0 0 }. By the second part of the  Lemma, any open 

U  intersecting d ( V)  m ust intersect x - 1(^(/in)) for some n  > 1. As h is com­

plete, x  =  hn 0 \ \ v  0 r~ n assumes every value x  £  ALS(h) in U, that is, 

^ (X |V ) C  ATS(h).

Final details will be supplied in the revisions.

Note th a t

r{d(x)) C % )

by 2 .8

Recall th a t an element g €  F[U] of a conformal dynam ical system  J- is 

m aximally continued when U is connected and g extends in T  to  no larger 

connected open set. We write g €  F m a x W],  and denote F m a x  the collection 

of all maximally continued elements of J7. Let us say th a t a  tower J- is 

com plete if every g  6  F m a x  is a complete map. Then

m r )  =  £ ( ! ) u  U t f ( g )

9£Fmax
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is a countable set.

L e m m a  53  Let T  be a complete mixing tower on X .  Assum e height(lF) >
A

2, and let y  be the set o f  components o f X j  where the transit map is defined. 

Then the tower (TZJ7)^  is mixing.

P ro o f :  Suppose F ,  Y2 6  J 7, and fix components Z\ and Z 2 of X  such 

th a t  Z{ fl ^  0. By assum ption, there exist a  connected open V  C

Z i fl 7r- 1(y i) w ith y  £  ^ (F )  and g 6  F m axW ]  W7th htjr(g) =  2. Let Z  

be the  com ponent of X  containing g{V).  As J- is mixing, there exist a 

connected open W  C Z  and h €  F m axIW ]  w ith h ( W)  C  Z 2. Fix z  £ 

Z 2 D 7T-1(y'1) — Af£(lF ), and x  £  g~l { W)  with h  o g(x)  =  z. Then 7r(x) £  Y\ 

and o ( 7r(x)) =  ir{z) €  Y2, where a  =  7Z(h o g) €  TllF^x) is nontrivial as 

h t n f { a )  > h tr{g )  -  1 >  1 . □

If the  base of J7 is itself mixing, we may choose h  w ith h t j r ( h )  =  I to 

ob tain  a  w ith htn j:{a)  =  1. It follows then th a t 7ZJ7 has mixing base.

L e m m a  5 4  Let J7 be a complete mixing tower on X .  Suppose y £  X  — 

A f S ^ ) ,  and let U C X  be an open set intersecting J { T ) .  Then y = g(x)  fo r  

som e x  £  U and g £  T x.

Proof: By Proposition 5, we may choose open V  C U and a  €  F[U]  with 

ct(V )  in tersecting « /(/). Let Z\ and Z 2 be the com ponents of X  containing 

a ( F )  and y, and set /3 =  f ^ Z2K By assum ption, we may choose a maximally 

continued 7 £  F \ W ]  such th a t W  C  Z\  and 7 (W ) C Z 2. By assum ption,
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y =  7 (w)  for some w  G W , and there exist z  G a (V ) and m  >  0 with 

Pm{z) =  Fix z  G V w ith a( x)  =  2 , and take  g  =  7  0 /3m o a . T hen # €  .F 

and <?(z) =  y . □

L e m m a  55 Let T  be a complete mixing tower on X ,  and let Z  be a set o f 

components o f  X .  Then J{fFz ) =  J(lF) fl \ J Z .

P ro o f:  It is enough to  show =  J { T )  fl Z  for every com ponent Z.

Clearly, J { T ^ )  C J { T )  fl Z , so it suffices to  show th a t J ( ! F ^ )  is a  dense 

subset. Let U  be an open set intersecting J ( .F ), and fix y  € J ( T ^ ) —Af S( f ) .  

By Lem ma 54, there  exist z  €  U  and g G T x w ith g(x)  =  y. As y  G Z,  

g  €  hence z  G □

P r o p o s i t io n  8 Let J- be a complete mixing fin ite  type tower. Assum e that 

h e i g h t ( f )  >  2. Then J { F )  =  tt

P ro o f :  Clearly, 7t~ '{J{11F ))  C J { f )  U v - \ J ( 1 V F ) )  C J ( .F ), where }  is 

the  base of T \  we show th a t ■K~l (J(7liF)) is dense. Let U be an open set 

intersecting </(F"), and fix y G B j —J \ f £ ( f )  w ith t ( y )  G J{H !F)). In view 

of Lem ma 54, y =  g(x)  for some z  €  U and g  €  .Fr , and z  €  B f  by Lemma 

??. Consequently, n(y)  =  7r 0 g(x)  = (Kg)  0 t t ( z ) ,  where Tig G T lF ^x ) , and 

it follows th a t  7r(z ) G J{THF). □
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Chapter 3 

Finite Type M aps and Towers

3.1 F inite Type Maps

D e fin itio n : Let W  and X  be complex 1-manifolds, /  : W  —> X  analytic. 

We say th a t /  is a  map of fin ite  type if X  is com pact and S ( f )  is a  finite set.

Given an open set Y  C X ,  we will often write Y*  for Y  — S ( f )  and Y x 

for Y  -  / _1(£ ( /) ) -  W hen W  and X  are connected, we take deg /  to be the 

degree of th e  covering space /jw* : VVX —v X *. In view of 1.1 we observe:

L e m m a  56  Let f  and g be composable analytic maps o f  fin ite  type. Then 

g o f  is a fin ite  type analytic map, and S{g  o / )  C S(g)  U g( S{ f ) ) .

Recall th a t the singular set of an analytic m ap /  : W  —> X  contains 

every critical or asym ptotic value. Conversely, let x  €  S ( f )  be an isolated 

point, and fix a pa th  7  : [0 ,1] —* X  w ith 7 (0 ) g- S ( f )  and 7 (1 ) =  x. Each 

choice of y  €  / - 1(y) determ ines a  unique lift 7  : [0,1) —> W  w ith 7 (0 ) =  y.
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If 7 (ffc) -* w  €  W  for some tk -* 1, then f ( w )  =  l i m ^ 007 ( iife) =  x. Thus, 

7  e ither extends to a closed path  in W  or tends to  infinity. If every lift is 

bounded in W,  then some lift limits a t a  critical point of / ;  it  follows th a t x 

is a  critical or asym ptotic value. In particular:

L e m m a  57  Let f  be a fin ite  type analytic map. Then S ( f )  =  C( f ) \ J  A ( f ) .

Every positive degree analytic m ap of com pact R iem ann surfaces is a  

m ap of finite type. Such a  m ap has no asym ptotic values; the  possibilities 

are restricted by the Riem ann-Hurwitz formula ??. O ur treatm ent of the  

infinite degree case begins with a  discussion of the covering properties of a  

finite type m ap near its dom ain boundary.

Let f  : W  —* X  be an analytic m ap of complex 1-manifolds, B  C X  

a Jordan dom ain, D  a  component of / -1 (£?); we say th a t D  is a proper 

preimage of B  if f \o  : D  -* B  is a  branched cover, necessarily of finite 

degree. We will refer to a  Jordan domain B  containing a  single point of S ( f )  

with boundary disjoint from S ( f )  as an isolating neighborhood. If the cyclic 

cover /|£)x : D x —> B" has finite degree, then D*  is conformally equivalent 

to a punctured disc. The puncture is a removable singularity, so D  is a  

disc if D  C W \ in this case D  is a  proper preimage. On the o ther hand, if 

deg f\D* =  oo then  D  is conformally equivalent to  the  disc, and we refer to  

D  as a  tract. Its boundary in W  is the open arc its accumulation

is the closed set dD  fl d W .
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Figure 3.1: Tracts

L e m m a  58 Let f  : W  —* X  be a fin ite  type analytic map, where W  lies 

in a complex l-m anifo ld  Y . Further, let B  be an isolating neighborhood of 

x  G A ( f ) ,  and T  a tract covering B ’ . Then / _ 1(9B ) is dense in dD .

T he proof will show that the ends of f ~ l ( dB)  have the sam e accumulation 

in d W . We will require some basic facts concerning the boundary behavior 

of conformal m aps.

D e f in i t io n . Let U be an open subset of a  topological space X .  A boundary 

point x  6  dU  is accessible if x  =  lim t_i 7 (t) for some path  7  : [0 ,1 ) —► U.

As  arc and pa th  connectedness are equivalent for m etric spaces, we are 

free to upgrade paths to arcs or even geodesics when discussing accessible 

boundary  points on Riemann surfaces. It is really no more difficult to  work
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in the more general setting of path-metric spaces. Recall that the length of 

a path 7  : [0,1] —► X  in a metric space (X , d) is

e ( ~ f ) =  sup Y ,d ( 'f ( t i) , 'f ( t i+l)) < oo,
n ,  0 - * 0 < —< f n - l  i= Q

and 7 is rectifiable when (̂7 ) is finite. The distance function d  is a path- 

m etric  if d(x, y)  = inL, £(7 ), where 7 ranges over all paths in X  between x 

and y.

L e m m a  59 Let U be an open subset o f a path-metric space X .  Then the 

accessible boundary points o f U C X  are dense in dU.

Proof: Fixing x  6 dU , choose x* 6  U with d(x, Xk)  <  p-. By assumption,

we may construct a path 7  : [0,oo) -» X  with 7 (k) =  Xk and €(7 |[*,jt+i]) <  Jr 

for every integer k >  0; as 7  has finite length, we obtain a closed path on 

setting 7 (00) = x. Clearly, x  is accessible if 7 (t) €  U for sufficiently large t; 

otherwise,

ft =  sup{* > k  : 7 ([fc, t]) C U ) <  0 0 ,

l { t k)  6 dU  and 7 (tk) —> x.  Each 7 (tk) is an endpoint of the path 7 |[jb,*fc],

hence accessible. □

L e m m a  60 Let X  be a R iem ann surface, <f> : A —* D  C X  a conformal 

isomorphism, and a  an open arc in D . I f  a  tends to a point o f d D,  then the 

arc 4>~l o a  tends to a point o f d A .  Moreover, i f  two such arcs have distinct 

endpoints in dD , then their inverse images have distinct endpoints in dA.
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T he above is shown in [30] for plane domains, via the  Fatou-Riesz theo­

rems on radial lim its of functions holomorphic in the  disc; the  general case 

follows on passage to  the  universal cover. We now prove Lem ma 58.

P ro o f :  A conformal isomorphism (3 : (A ,0 )  —> (B , x)  extends to  a  homeo- 

m orphism  of the closures [30]. Choosing a universal cover jt : A  —> A* and 

a lift j3 : A  —> T  of we may therefore extend /? to  a  homeom orphism  

A  U q  —► D  U f ~ l ( dB) ,  where a  is the arc com plem entary to  some point 

of d A .  Every point in f ~ x( d B ) is accessible, while by Lem m a 60, a t most 

one accessible boundary point of T  belongs to  d W.  In view of Lemma 59, 

f ~ l ( dB)  is dense in d T . □

L e m m a  61 Let f  : W  —*■ X  be an analytic covering map o f R iem ann sur­

faces, where W  lies in a Riemann surface Y . Further, let U C Y  be a 

connected open set, and assume that f ( wk)  is bounded in X  fo r  some se­

quence Wk €  W  tending to U C\ d W . Then any Jordan domain B  C X  with 

B  fl S ( f )  =  0 has infinitely m any proper preimages compactly contained in 

U.

P ro o f :  We m ay assum e without loss of generality th a t  f {wk )  —* x  £  X .  Let 

r  be the  d iam eter of B  in the path-m etric induced from d x *. By assum ption, 

d ia m w  D  < r < oo for every preimage D  of B . Fix ij > r  + d w { x ,  B ). In 

view of Corollary ?? , for large enough k  the neighborhood

Rk = {w €  W* : d w ( w ,  Wk) < t]}
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lies inside U  and is isom etric to  the  hyperbolic disc of radius 77. Consequently, 

R k  contains a preim age of B \  as Wk tends to d W  there are infinitely m any 

such preim ages in U. □

N ote th a t if the  Wk belong to  the  same com ponent V  of U fl W , then 

these preimages lie com pactly w ithin V .

Proposition 9 Let f  : W  —► X  be a finite type analytic map. where X  

is a R iem ann surface and W  lies in a complex 1 -manifold Y ,  and let U C 

Y  be a connected open set intersecting d W  and containing no removable 

singularities. Then any Jordan domain B  C X  with B  fl S ( f )  =  0 has 

infinitely m any proper preimages compactly contained in U .

Proof: By com pactness, there exist Vk G W  w ith v* —> y  G U  fl d W  and 

/(v jt) —► x  €  X .  Suppose x  €  S ( f )  and fix an isolating neighborhood N .  If 

k  is sufficiently large then Wk lies in a  preimage of N.  By assum ption, the 

boundary of th is preim age intersects U; by Lemma 58, the  corresponding 

com ponent of / - 1(diV) intersects U.  Shrinking U,  we obtain  Wk —> y  with 

f ( wk)  €  S B .  We m ay therefore assum e a t the outset th a t x  £  S ( f ) ,  and 

obtain  the  desired preimages by Lemma 61. □

It should be possible to  adap t th is argum ent to the case where B  is an 

isolating neighborhood of a  singular value x  of bounded ramification:

x  & A ( f )  and sup degy, /  <  0 0 .
t (w )= x
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W ith  unbounded ram ification, the proper preimages, if they exist a t all, 

m ight rem ain large as they approach d W  so there is no guarantee th a t any 

lie completely inside U.

Suppose further th a t d U  fl d W  =  0, and let B  be an isolating neighbor­

hood of x € S ( f ) .  Then U is disjoint from the closure of all bu t finitely m any 

preimages of B.  By Proposition 9 there exist Wk €  W  with Wk —* y € . U  fl d W  

and f ( w k ) - + x E X ,  and we may assume that each U7* lies in a preim age of 

B . A preimage T  containing infinitely m any Wk must be a  trac t, as y  €  dT . 

If there is no such T , then U intersects infinitely m any preimages and com­

pactly  contains all b u t finitely many; each of the  la tte r is either a  proper 

preim age or a tra c t accum ulating in U fl dW . We have shown:

C o ro lla ry  4 Let f  : W  —» A' be a finite type analytic map o f  R iem ann  

surfaces, where W  lies in a R iem ann surface Y , and let U  C Y  be an open 

set intersecting d W  and containing no removable singularities. Assum e that 

dU  fl d W  =  0, and let B  C X  be an isolating neighborhood o f x  6  S ( f ) .  

Then either U compactly contains infinitely m any proper preimages o f B , or 

else some preimage is a tract with accumulation in U  fl d W .

The deploym ent of preimages near an isolated boundary point y  is espe­

cially simple: some trac t or sequence of proper preimages accum ulates a t y, 

and the diam eters of the  proper preimages tend to  0 even if x has unbounded 

ram ification.
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It is w orth comparing Proposition 9 to a  classical theorem  involving no 

assum ption of finite type.

A h lfo rs ’ I s la n d s  T h e o re m  Let 2 ? ! , . . . ,  £ 5  be Jordan domains in C  with 

disjoint closures. Then:

•  For any transcendental analytic map /  : C  —> C , some  £?, has infinitely 

m any unramified proper preimages;

•  The analytic maps f  : A  —> C  under which no 15,- has infinitely many 

unramified proper preimages form  a normal fam ily.

In Ahlfors’ terminology, a  proper preim age is referred to as an island. 

T he num ber 5 may be reduced slightly if ramified islands are allowed, or if 

there  is an om itted  point. The Islands Theorem  is a  deep result in Ahlfors’ 

theory of covering surfaces. Its proof [16, 33] entails an analysis of the mean 

covering properties of the analytic maps under consideration; like th a t of 

Proposition 9, it is m etric in character. We shall not make use of Ahlfors’ 

Theorem  in this work.

Let us return  to  the  setting of Proposition 9. If 17 fl d W  is to tally  dis­

connected, the  use of Lemma 58 may be replaced by a  purely topological 

argum ent. Otherwise, U D W  may have more th a t one com ponent, and we 

wish to  show th a t each contains proper preimages. T he argum ent below 

involves considerations of Brownian motion. Through the work of Sullivan 

[?], the proof may be recast in the  language of geodesic flows, and thereby 

related to  th a t  of Lemma 58.
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Lemma 62 Let f  : W  —> X  be an analytic map, where X  is a compact 

Riem ann surface, S ( f )  has capacity 0, and W  lies in a complex 1-manifold 

Y . Further, let U Q Y  be a connected open set intersecting d W  in a set o f 

positive capacity, and let V  be a component o f  U D W . Then any Jordan 

domain B  C X  with B  fl S ( f )  =  0  has infinitely m any proper preimages 

compactly contained in  V .

Proof: By assum ption, a  continuous pa th  in U  sta rting  from a  fixed 

v £ V  — f ~ l ( S ( f ) )  h its d W  w ith positive probability, and avoids f ~ 1{S( f ) ) .  

On the o ther hand, a  pa th  in X  starting  from  f ( v )  alm ost surely passes 

through B  infinitely often, while avoiding S ( f ) .  It follows th a t the  set of 

paths 7  : [0, oo) —> U such th a t  7 (0 ) =  v, 7 (T)  £  U f I d W  for some finite T,  

7 (f) G V for t £  [0 ,T ), and 7 (tk) £  f ~ l (B)  for some tk /  T , has positive 

measure. In particu lar, th ere  exist a t least one such path ; the  conclusion 

follows by Lem m a 62. □

Proposition 10 Let f  : W  —> X  be a fin ite  type analytic map with no 

removable singularities, where W  lies in a complex l-m an ifo ld  Y . Further, 

le tU  Q Y  be a connected open set intersecting d W , and let V  be a component 

o f U H  W . Then any Jordan domain B  C X  with B f \ S ( f )  =  0  has infinitely  

m any proper preimages compactly contained in U .

In particu lar, a finite type  analytic map f  : W  —> X ,  where W  lies in a 

complex 1-manifold Y  w ith com pact components, is com plete if and only if 

there  are no removable singularities.
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O a

Figure 3.2: Proper preimages near d ( f )

Observe th a t by Lemma 56, the iterates of a  finite type analy tic  m ap are 

maps of finite type.

L e m m a  63  Let f  be a fin ite  type analytic map on X ,  and let 2  be an es­

sential set o f  components. Then f z  is map o f  fin ite  type.

P ro o f :  As S ( f )  is finite, there  exists m  such th a t for each y €  ■?(/), the  

least if any k  > 0 with f k{y) €  [ J 2  is less than  or equal to  m.  Fix a 

com ponent V  of W ( f z )\ then  f f r  =  f f y  for some n. For 0 <  I  < n,  denote 

Vt the  com ponent of W ( f n~e) containing f e(V);  observe th a t V0 = V,  Vn is 

a  com ponent in 2 , and V( for 0 <  i  <  n  is disjoint from (J 2 .  By Lem m a 56 

and induction, any singular value of /jf. can be expressed as f k(x),  where
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0 <  k < n  and x G S ( f )  D Vn-k\ necessarily, k  <  m, and it follows th a t

m

s(fz) = UW(v) e U f W ) )
V k=0

is finite. □

Similarly, if x  G X  has infinite forward orbit, x n =  / n -1(x), then for large 

enough n  the  backward orbit of any point in / - 1(xn+1) — {xn} is disjoint from 

P S ( f ) .  Furthermore:

Lemma 64 Let f  be a complete fin ite  type analytic map on X .  Assum e that 

f  has em pty elementary part, and let x  G X  be a point with infinite forward  

orbit. Then / - 1(xn+1) — {x„} ^  0 fo r  large n .

Let /  be a  finite type analytic m ap on a  complex 1-manifold. Setting 

A f S i ( f )  = S ( f ) ,  let A f S n+i ( f )  = S ( f )  U fo M 'S n if)  for n > 1 , and consider

ATS(f) = U
n = l

Lemma 65 Let f  be a complete fin ite  type analytic map on X  with empty 

elementary part. Then A f S ( f )  is finite.

Proof: If f i f S ( f )  is infinite, then there exists x G S ( / )  whose forward orbit 

is infinite and lies in A f S ( f ) .  Let Wn be the  component of W ( f )  containing 

x n =  / n -1(x), and Zn the  corresponding component of X .  If n is sufficiently 

large then xn+i ^  S ( f ) ,  and thus V  fl / _1(xn+1) ^  0 for every component 

V  of W ( f )  w ith f { V )  C Z n+i; by assum ption, Vn n  / - 1(xn+i) C A f S ( f )  for
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some such com ponent Vn. As above, M' S( f )  fl / - 1(xn+i) =  {®n} for large 

enough n, so Vn ft / - 1(xn+1) =  {xn}, and therefore Vn =  W n; th a t is, f \Wn 

is injective for sufficiently large n. But then is elem entary for some 

component Z  of X .  Consequently, A f S ( f )  is finite. □

As £ ( / )  U A/*(/) C 5 ( / ) ,  it follows th a t Af E( f )  C A f S ( f )  is finite.

3.2 F in ite Type Towers

D e fin itio n . Let T  be a  tower on X .  We say th a t T  is a  tower of fin ite  type 

if the  base /  is a  finite type map on X .

In view of ?? , we observe:

L e m m a  6 6  Let T  be a fin ite  type tower. Then 1ZF is a fin ite  type tower.

Recall th a t th e  definition of towers includes the  infinite condition th a t no 

element be locally invertible. This condition is satisfied autom atically  in the 

case of finite type.

P r o p o s i t io n  1 1  Let T  be a construct admitting a finite type base element 

with empty elem entary part. Then T  is a finite type tower.

P ro o f:  We m ust show th a t T  is directed. It suffices to prove this for n  stage 

constructs w ith n  finite, and we proceed by induction on n . By Lemma 50, 

the unique base of T  is a finite type map /  w ith em pty elem entary part, so
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F  is directed for n  =  1 . For n > 1 write T  =  f  *'H,  where H  is an n  — 1 

stage construct w ith finite type base $  U E.  In view of Lemma 32, $  U E  has 

em pty elem entary part; by induction, H  is directed.

Suppose g o f p  = I d y  where U is connected and g  6  As seen

above, g £  ( / ) ,  so g =  y  o a  o w  for a lift a  of some a  6  H[n(U)].  Then

x o a o a o m  = x o d t o & o  /  =  Idy.

As 07 o x  o a  o a  is a lift of E  o a , it follows th a t E  o a  = I d^ p ) ,  contrary to 

what we have ju st shown. Therefore, T  is directed. □.

Recall th a t 0 n{T )  =  {x  €  X  : ht p(x)  > n}  is an open set for any tower 

J- and any n.

L e m m a  67  Let T  be a complete mixing fin ite  type tower, and suppose n  < 

h e ig h t(F ). Then On( F)  D J(lF) is open and dense in J ( F) -

P ro o f :  We argue by induction on n. Clearly, O o{T) =  W ( f )  where /  is the 

base of T ,  and thus Oq(F )  fl J ( T )  is dense in J ( F ) .  Suppose n > 1. By 

induction, in view of Lem ma 53, 0 n_i(7£.F) D J {% ? )  is dense in As

7r is an open m ap and

*-\on-x{nf) n j{nr)) c  on{r) n j(;f),

it follows from Proposition 8 th a t 0 n{F ) fl J(J- )  is dense in J(J-).  □

In view of Lem m a 42, we observe

dO n{F )  =  J { D  =  {x  €  J { F ) : k t r ( x )  <  n}.
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Recall th a t J 0( ^ )  U J \{ T )  is dense in J { T)  for any tower T ,  and th a t Jq{F )  

is dense when T  has typical base. By comparison:

P r o p o s i t io n  12 Let T  be a complete mixing fin ite  type tower, 1 < m < n ,  

where n  =  h e ig h t(J -) . Then J m{JF) is dense in J(^F). Furthermore, J^ZF) 

is residual.

P ro o f :  We proceed by induction on m . Suppose m  =  1. By Lem ma 48, 

J+( f )  is residual, and thus dense in J ( f ) .  Let U be an open set intersecting 

J { T ) .  In view of Proposition 5, there exist open V C  U  and g G F \V \  w ith 

g( V)  f l « /(/) ^  0. By Lem m a 48, there exists x  £  V  w ith g(x)  £  J+(f)", thus, 

y £  U fl J i {F) .  I t  follows th a t  J i( .F ) is dense in J(!F). Moreover, for n  =  1 , 

T  =  ( / )  and thus J \{ F )  =  </+(/) is residual.

Suppose now th a t  1 <  m  <  oo. By induction, J m_i(7?Jr ) is dense in 

and residual if m  — 1 =  height(1ZF) =  n — 1 . As t  is an  open m ap, 

Jm (F ’) =  x ~ l (J in - iiH F ))  is dense in Tr~1(J('R.Tr)) and residual if m  =  n; the 

conclusion follows by Proposition 8 .

Finally, if m  =  oo =  n  then  J ^ F )  =  flfeo Oe(F)  C J ( F) -  By Lem ma 67, 

each set in the  intersection is open and dense in J{ F) .  Consequently, Jcg(F )  

is residual. □

P r o p o s i t io n  13 Let f  be a complete finite type map with em pty elem entary 

part, 07 : B  —>■ C  a global Fatou or linearizing coordinate. Further, let U be a 

connected open set intersecting dB , and V  a component o fU  fl B . Then any 

Jordan domain  F C C ,  where 0 £  B  in the case o f  a linearizing coordinate,
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has infinitely m any unramified proper zj-preimages compactly contained in 

V .

P ro o f :  Let Z  be the  com ponent of X  containing the  associated fixed point, 

B m = Tm( B ) for m  >  0. Then f n(V)  C Z  for some n , and by Lem ma ?? 

there  exist x  6  d V  fl U fl W ( f n) and a disc D  C U fl W ( f n) containing 

x  such th a t f"D : D  —> f n(D)  is either a  hom eom orphism  or a  branched 

cover w ith unique critical value f n(x)  €  dB.  F ix a  component P  of D  fl V,  

and let Q be the  com ponent of f n(D)  fl B  containing P ; then / "  maps P  

hom eom orphically onto Q.  If Q contains infinitely m any unramified proper 

07-preimages of B n =  r n(J3), then P  contains infinitely m any such preimages 

of B.  We m ay therefore assume w ithout loss of generality th a t U C Z.  Then 

dB  is infinite, closed, and backward invariant, and consequently equal to 

■/(/)•

By Lem ma ??  there  exists n such th a t B m fl 5 (o7) =  0 for m  >  n.  

Suppose first th a t U fl dB  contains a nondegenerate continuum , and let 

x  €  d V  fl U H W ( f n), D , P ,  and Q be as above. By Lem ma ??, f n{ D ) fl dB  

contains a  nondegenerate continuum , and it follows by Lem m a 62 th a t Q 

contains infinitely m any unram ified proper 07-preimages of B n\ as above, P  

contains infinitely m any such preimages of B.  Otherwise, dB  is a C antor set, 

and /  is consequently rational or typical. Fix z  €  B  with infinite forward or­

b it, and let zm =  f m( z ); in view of Lemma 64, for large enough m  there  exist 

ym E B  such th a t f m{ym) = zm but j) ^  zm_i. By construction,
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the  ym are d istinct points in w ~ l {z)\ as X  is com pact, there  exist m* —» oo 

and y E d B  such th a t ymk —'" y • It follows by Lem ma 61 th a t any neighbor­

hood of y contains infinitely m any unramified proper ru-preimages of each 

B m w ith m  > n.  If /  is rational then  y  £ ( / ) ,  and thus y  =  f m(x)  for 

some x  6  U fl W ( f m)\ as above, V  =  U —  d B  contains infinitely m any proper 

tu-preimages of B.  In the  typical case, Lemma 48 implies U  fl d ( f m) ^  0 

for some m  > n,  and the existence of the  desired preim ages follows from 

Proposition 9. □

In particular, w  is complete, w ith Af ( w)  =  {oo} for a  Fatou coordinate, 

and {oo} C C {0, oo} for a linearizing coordinate.

T h e o re m  1 Let J7 be a tower with complete base f .  Then J7 is complete, 

and A f £ ( F )  = N £ ( f ) .

P ro o f:  By definition,

m n = w )  u  u  jv ( /* ) ,
7 1 = 1

so it suffices to show Af (g)  C JV £ (/)  for every g 6  T m a x  w ith ht?(g)  >  2 . 

W riting T  =  /  * Ti, we have g = x  0 ® 0 & \v, where V  is the  domain of g and 

a  is a  lift of some a  € H m a x - By Lemma 47,

M’(g) Q Af(\) u x*Af(a 0 »).

where

N ( a  o co) C A f ( a )  U a 0A f ( t o ) .
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In view of Lem ma 13, a j ^ f (c?) C a*oo =  0, while N ( a )  C oo by Lemmas 

??  and ?? . Therefore,

XJ V ( a  o 07) C XoQo =  Af(x) ;

by Lemma 52,

Af(s)CAr(x)CjV£(/). □

3 . 3  R e p e l l i n g  F i x e d  P o i n t s

It was established classically by means of M ontel’s Theorem  th a t  the  Ju lia  set 

of a  non-elem entary rational m ap is the  closure of the  set of repelling periodic 

points. Later on, th is principle was extended to  entire [1] and R adstrom  maps 

[3], and m ore recently to merom orphic maps [2], through the  application of 

Ahlfors’ Islands Theorem . Using instead Proposition 9 and the  stratification 

of the Ju lia  set, we prove the density of repelling points for m aps, and then 

towers, of finite type.

Schwarz’ Lem m a gives rise to  repelling fixed points in m any settings. We 

begin w ith the  sim plest configuration.

L e m m a  68  Let f  : D  —* B  be analytic, where B  and D  are sim ply connected 

and D  C C  B . Suppose that f  is either a homeomorphism or a branched cover 

whose only critical value lies outside D . Then D  contains a repelling fixed  

point o f f .
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P ro o f :  W ithout loss of generality, we m ay assum e th a t B  and D  are Jordan  

dom ains. If f \o  is a homeomorphism, there  is an inverse g : B  —► D . By 

Schwarz’ Lemma, D  contains a  fixed point, a ttrac tin g  for g hence repelling 

for / .  In th e  branched case, we may slit B  along a  closed arc leading from the  

critical value to  d B  and avoiding D . The slit region B ~  is sim ply connected, 

as are its preim ages. Fix such a preimage D ~  lying in D. By construction, 

/|D - : D~ —*• B ~  is a homeom orphism  and D~  C C  B~\ as above, D~ 

contains a repelling fixed point. □

N ote th a t as « /(/)  is perfect, the  density of repelling periodic points for 

a  typical finite type m ap on a  Riemann surface follows directly from Propo­

sition 9 and the stratification of J ( f ) .  To tre a t exceptional finite type m aps 

w ithout invoking Ahlfors’ Islands Theorem , we m ust produce repelling fixed 

points near the  essential singularities.

L e m m a  69  Let f  be an analytic map on X ,  and let B  and T  be Jordan  

regions in X ,  and x  €  B  fl d T . Suppose that fyp is a universal cover o f  

B  — {x}. Then x  is a lim it o f  repelling fixed points o f  f .

P ro o f :  Observe th a t  we are free to  replace B  and T  by any smaller Jordan  

neighborhood of x and the corresponding preim age component. The portion 

of T  outside any given disc abou t x is com pact and m aps into the exterior 

of some o ther such disc. Consequently, we m ay assum e th a t B U T  lies in 

a  contractib le neighborhood of x, and th a t f \ f - { x} is a  universal cover of 

B  — {x}. As the curve d B  already bounds J9, and thus cannot bound a  disc
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Figure 3.3: Fixed points in a  tract

in T ,  it follows th a t  d B  % T .  Hence, it is possible to connect x to d B  by an 

arc a  in B  which intersects T  only a t x, and slit B  along a  to  obtain a simply 

connected region B ~ . T he preimage of B~  in T  consists of infinitely many 

regions, each bounded by two consecutive components of / - 1(a )  m eeting at 

x  and an arc of d T .

Let B* = B  — {x}; in view of Corollary 1 , there exists a  smaller Jordan 

neighborhood D  w ith rjg .(w ) >  2 for every w  €  D  fl T . If dD  is disjoint 

from T  then T  C C  D\ otherwise, d T  has first and last intersections w ith dD , 

the  ends of d T  — {x} lie inside D, and the subtended arc of dD  intersects 

a t m ost finitely m any com ponents of Consequently, D  contains all

but finitely m any of the  preimages of B ~  in T . Fixing a preim age P C D ,  

let 7  : [0,1] -♦ P  be a  rectifiable path  w ith / (7 (1 ))  =  7 (0 ). As P  C B~,  we
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m ay extend to  a  pa th  7  : [0,00) -> P  w ith f ( i ( t  +  1)) =  7 (t). Let 

and ^ r(n ) be the Poincare lengths in B"  and T  of the  segment 7 |[n,n+i]; then 

^B*(n +  1 ) <  |<?x(n + 1) =  £b*(” ) for n >  0. Consequently, 7  has finite length 

in B m, and lim ^oo 7 (t) €  P  is a  repelling fixed point of / .  □

Eremenko and Lyubich [12] investigated the  m ore general class of entire 

m aps for which S ( f )  — {0 0 }  is bounded. In conjunction w ith Lem ma 70 

to  follow, the  argum ent above establishes the  density of repelling periodic 

points for this class.

Proposition 14 Let f  be a complete fin ite  type analytic map on a R iem ann  

surface X .  Then every point o f d ( f )  is a lim it o f  repelling fixed points o f f .

P ro o f:  Fix x  6  d ( f )  and an isolating neighborhood B  of x.  By Lem ma 6 8 , 

any proper preim age D  C C  B  contains a  repelling fixed point of / .  If there 

is no such preim age then it follows from Proposition 9 th a t x  is isolated in 

d( f ) .  In view of Corollary 4, some preim age of B  is a  trac t accum ulating at 

x,  and the existence of the  desired fixed points follows from Lem ma 69. □

It follows th a t d ( f n), for n  >  1 , is in the  accum ulation of the  set of 

repelling fixed points of / n; conversely, any limit of such fixed points lies in 

d ( f n). In view of Lem m a 48, d ( f n), for n > 1, is the  accum ulation of the set 

of period n  repelling points of / .

L e m m a  70  Let g : W  —► X  and h : V  —► X  be analytic maps on X ,  and let 

x  G V  such that (  =  h(x)  is a repelling or parabolic fixed point o f  g. Suppose
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x  =  gm(w) fo r  some m  >  0 and sortie to ^  (  in a linearizing neighborhood 

or repelling petal N  fo r  £. Then fo r  large k  there exist Xk —> x , each Xk a 

repelling fixed point o f  h o  gm+k.

Proof: Let 7  : N  —► N  be the distinguished local inverse of g. Fix a  Jordan 

neighborhood A  of £, and let B  be the com ponent of h-1 (A )  containing x ,  and 

C  the com ponent of g~m(B)  containing w. If A  is sufficiently small then B  is 

a Jo rdan  dom ain, and h\B : B  —► A  is either a  hom eom orphism  or a  branched 

cover w ith critical value (.  Shrinking A  and hence B , we may assume as well 

th a t  C  C C  N  — {£} is a  Jordan dom ain, and th a t g\c : C  -*  B  is either 

a  hom eom orphism  or a  branched cover w ith critical value x. For k > 0, 

Cfc =  7 k(C )  is a  Jordan  domain and gkCk : Ck —* C  is a  homeomorphism. 

M oreover, (  & Ck,  and Cfc C C  A  when k is sufficiently large; for such k, let 

Dk C C  B  be a com ponent of ft-1  (Cfc). T hen Dk is a  Jordan domain and 

x  lies outside D k . By Lemma 6 8 , Dk  contains a  repelling fixed point Xk of 

h 0 gm+k, and x* —► x  by construction. □

Theorem 2 Let T  be a complete mixing fin ite  type tower on X .  Then J(^) 

is the closure o f the set o f repelling points o f  T .

P ro o f :  Every repelling fixed point belongs to  J { T ) .  Conversely, we show 

by induction on finite n  <  height(!F) th a t every open set intersecting J (J rn) 

contains repelling fixed points of height n. In view of Lem ma 55, we may 

assum e w ithout loss of generality th a t X  is connected.
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Figure 3.4: Creating more fixed points

We show first th a t the  base /  has a repelling or parabolic fixed point 

C £  A/*£(/). By Proposition 14, if deg /  =  oo then /  has infinitely many 

repelling fixed points; only finitely m any can lie in N' S ( f ) .  For rational / ,  

a  standard  global index formula [30] guarantees the  existence of a  repelling 

or parabolic fixed poin t £, and £ 0  A f£ (/)  as Af £ { f )  = £ { f )  consists of 

supera ttrac ting  points. If /  is a toral endomorphism then ATS( f )  =  0 and 

the existence of repelling fixed points can be verified by inspection. Fix 

an associated linearizing neighborhood or repelling petal N ,  and suppose U 

intersects J ( J r l ) =  < /(/). By the rem arks after Theorem  1, C =  f e(x ) f°r 

some x  6  U — M £ [ f )  and I  >  0. Again, x  =  f m(w)  for some w £ N  and 

m  >  0. It follows by Lem m a 70 th a t x  is a  limit of repelling fixed points x* 

of hk =  f e+m+k g  ^  and h t?(xk) = h t?(hk) = 1.
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Now suppose U ("I J (J rn) ^  0 where n > 2. By Proposition 8 and induc­

tion, there  exists x  E U  such th a t 7r(x) is a repelling fixed point of “R T  with 

h tn jr{r{x))  =  7i — l. As J ( ^ " )  is perfect, we may assume without loss of 

generality th a t x  £  A f £( f ) .  It follows from Lem m a ?? th a t there exist I  >  0 

and g E T m a x  w ith h t?(g)  =  n  for which £ =  /* (z )  is a repelling fixed point. 

In view of Theorem  1 , there exists m  >  0 such th a t x  =  gm(w) for some w 

in a  linearizing neighborhood. We conclude by Lemma 70 th a t x  is a  lim it of 

repelling fixed points Xk of hk = f ( o gm+k E T ,  and ht f ( xk )  =  ht^(hk) = n. 

□

3.4 Final Fatou Com ponents

We now complete the  classification of final Fatou components for towers of 

finite type. In the  case of maps, it remains to  show th a t f i ( / )  has no Baker 

or exotic domains. The nonexistence of Baker domains for finite type en­

tire  m aps was by Eremenko and Lyubich [12] w ith an argum ent involving a 

logarithm ic change of variable and the K oebe-j Theorem. The result was 

extended to finite type R adstrom  maps [20] and certain finite type meromor- 

phic m aps [21] by Kotus; see also [6]. Although th is argum ent adapts to  the 

general case, it does not address the issue of exotic domains. We rule out 

bo th  possibilities in the  following:

P r o p o s i t io n  15 Let f  : W  —► X  be a complete fin ite  type analytic map on 

X .  A fixed component U o f f t ( f )  on which f p  tends to infinity is a parabolic
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domain.

Figure 3.5: The Snake Argum ent

Proof: Let 7 : [0,00) —> U be a  locally rectifiable forward invariant path. 

By assum ption, 7 tends to infinity in U, and the tail avoids S{ f ) .  As in 

Lemma 2S, it suffices to  show th a t 7 does not tend  to  infinity in W.  We 

argue by com paring the lengths £y(n) of the segments 7 |[n,n+i] in the  Poincare 

m etrics on various regions Y  in A'; as previously, we w rite  Y"  and Y *  for 

Y  — S ( f )  and Y  — f ~ l [S( f ) ) .  W ithout loss of generality, /  has empty 

elem entary p art, so U  is hyperbolic; in view of Lem m a 29 we m ay further 

assum e th a t  X w is hyperbolic. By Schwarz’ Lemma, 0 < £ * .(« )  <  and 

<  ^c/(rc +  1) for n >  0. In view of Proposition 1 and  the  finiteness of 

the  singular set, J$ * ( 7 {t)) —► 1 as t —► 00. Consequently, ix* {n )  is bounded.
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If 7  tends to  infinity in W , then the set L  of accum ulation points is a 

continuum  in d( f ) .  As above, »7x.x(7 (f)) -♦ 1 as t  -*■ oo. By Corollary 1, 

7 x  x’ (7 (0 ) —̂ oo if L consists of more than  one point; then  rfx?  (7 (0 ) —> oo, 

so £ x '{ n  +  1) =  %w*(n) >  2£y*(n ) for large n, and thus £x*(n ) —♦ On 

the o ther hand, if L =  {x} then x is an asym ptotic value. Fix an isolating 

neighborhood B  of x; the tail of 7 lies in a  trac t T , and ^ . ( 7 (t)) —► 00  by 

Corollary 1 . Again, ^ . ( r a - f l )  =  ^r(rc) >  2£fl.(n) for large n, so £s*(n) —► 0 0 ; 

by Proposition 1, J/x*.(7( / ) )  “ * 1' an^  thus £x*(rc) —► 0 0 . Therefore, 7  has a 

lim it point in W ,  so U must be a  parabolic domain. □

In view of the  rem arks preceding Lemma 50, every periodic component 

of f i ( / )  is of one of the  five standard  types. By induction, we conclude:

T h e o re m  3 Let T  be a complete finite type tower. A  type I  fina l component 

U o f  J7(jF) is a super attracting, attracting, parabolic, Siegel, Hermann, or 

Baker domain; in the last case, the associated lim it point is a parabolic fixed  

point o f height m , where 0 <  m  <  htjr(U ). A Type I I  fina l component is an 

attracting, Siegel, or Hermann domain.

Recall th a t an a ttrac ting  or parabolic basin for a  finite type map with 

em pty elem entary p a rt contains a singular value. Consequently, there are 

finitely m any fields of a ttracting , superattracting , parabolic, or Baker do­

mains in the  Fatou set of a  finite type tower. There is a  more subtle associ­

ation of singular values to rotation domains and Crem er points. Let us first 

note the  following consequence of Theorem  2.
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L e m m a  71 Let f  be a complete finite type analytic map on X .  Further, let 

U be a connected open set intersecting J ( f ) ,  and suppose gk —* g, where each 

gk '• U —» X  is a local inverse o f f nk and nk —* oo. Then g is constant.

P ro o f :  If g is non-constant, then f nk converges locally uniformly on g(U)  to 

g~l . Consequently, the derivatives f U k com puted in fixed local coordinates, 

are locally uniformly convergent. On the other hand, U  contains a  repelling 

periodic point x , and f nl (x)  —► oo. Therefore, g  is constant. □

P r o p o s i t io n  16 Let f  : W  —► X  be a fin ite  type analytic map with empty 

elementary part. The boundary o f any Siegel disc or H ermann ring lies in 

V S ( f ) .  Similarly, any Cremer point is an accumulation point o f V S ( f ) .

P ro o f :  In view of Lem ma 29, we may assume th a t X  — V S { f )  is hyperbolic. 

Let U be a  Siegel disc or Hermann ring, and fix a sequence gk ■ U —> U of 

inverse branches of / ”* w ith gk —* Id y .  Suppose dU % V S ( f ) ,  and fix an 

open set V  disjoint from V S ( f )  and intersecting dU  C J ( f ) ;  w ithout loss of 

generality, U U V  is simply connected. Each gk extends to an analytic map 

gk : U U V  —* X .  By assum ption, the sequence of extensions is normal, hence 

gk —* Id y u v  by V ita li’s Theorem. In view of Lemma 71, this is impossible.

Similarly, let a: be a  Cremer point, and suppose th a t x  is disjoint from the 

accum ulation of V S { f ) .  Then there exist a  simply connected neighborhood 

V  and inverse branches gn : V  -* X  of / ” with gn(x) = x.  Observe that 

IlinWI =  1 >n any local coordinate. The sequence of injective maps gn is

108

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



therefore norm al with non-constant limits; again, this contradicts Lem ma 71. 

□

3.5 G eom etric Finiteness I

In Section 3.3 we established a topological alternative for the Ju lia  set of a 

finite type analy tic  map on a complex 1-manifold X:  either J ( f )  is nowhere 

dense or else J ( f )  =  X .  The corresponding question in measure theory has 

engendered m uch speculation. The best general result is due to Lyubich [12]: 

if /  is a  rational map for which every infinite forward critical orbit tends to 

a  periodic cycle, then « /(/), if nowhere dense, has Lebesgue m easure 0. This 

condition on the critical orbits is the next simplest after outright finiteness; 

such rational m aps correspond in Sullivan’s dictionary to the geometrically 

finite Kleinian groups.

D e f in it io n . A finite type analytic map /  on a  complex 1-manifold is geo­

metrically fin ite  if every infinite forward singular orbit tends to a  periodic 

cycle.

In view of Proposition 16 we observe:

L e m m a  72 A geometrically finite map with empty elementary part has no 

irrationally indifferent periodic points and no Hermann rings.

To extend Lyubich’s result to  infinite degree maps of finite type, we m ust 

distinguish between preperiodic and term inating finite orbits. Indeed, Mc-
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M ullen has shown th a t the  entire m aps f \ { z )  =  A sin 2 always have positive 

m easure Ju lia  set [26]; on the other hand, it is easy to  find param eter values 

for which J ( f \ )  is nowhere dense and both  finite singular values are preperi- 

odic. Let /  be an  analytic map on a  complex 1-manifold. We denote T S ( f )  

th e  union of all term inal singular orbits in J ( f ) .

D e f in i t io n . A geometrically finite m ap /  is strongly geometrically fin ite  if 

T S ( f ) =  0, th a t is, if every singular value in J ( f )  is preperiodic.

Note th a t entire and Radstrom  m aps are excluded, as their essential sin­

gularities are singular values. If /  is typical then d ( f )  m ay itself have positive 

measure; the  correct generalization of Lyubich’s theorem  concerns the m ea­

sure of «/+(/) for strongly geometrically finite maps.

We recall the  s tandard  considerations of density and distortion in the 

plane. Let E  and B  be Lebesgue m easurable subsets of C . T he density of E  

in B  is the  quan tity

d e n { E  .. B ) =
m eas[B )

T he density of E  a t x €  C  is defined to be

denx (E)  =  lim den (E  : B r (x)),
r —0

where B r(x)  is the  Euclidean r-ball about x, whenever the  lim it exists; if 

denx{ E ) =  1 then x is a density point of E . By the  Lebesgue Density 

Theorem  [?], alm ost every point of E  is a  density point.
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For open B  C C  containing x, the scale-invariant quantity  

, f r m  sup„6a B | | x - y | |

M ’ { B )  ~  t o U 7 1 i i " - » l l
m easures the  eccentricity of B  relative to x . Note th a t B  occupies a definite 

proportion, depending only on the eccentricity, of the  area  of the circum­

scribed ball about x. A family of neighborhoods of x  whose eccentricity 

relative to  x  is uniform ly bounded is said to be of bounded shape relative to 

x. If x  is a  point of density of E  and Bk  is a. fundam enta l system  of bounded 

shape neighborhoods of x, th a t  is, if diam  Bk —* 0, then  d en (E  : Bk) —*■ 1.

T he distortion  of a  m ap g : D —* C  defined on an open set D  C C  is the 

ratio
=  SUP«,» t D d i s t { f - , x , y )

U )  in f x,yeDd i s t ( f ; x , y ) '

where

Clearly,

den{E  : D ) < d i s t ( f ) 2 • d e n { f { E ) : f ( D ) )  (3.1)

for m easurable E  C C ,  The distortion of a  smooth m ap is easily bounded in 

term s of the p a rtia l derivatives. The notions of density point and bounded 

shape neighborhood therefore make sense on a R iem ann surface.

K o e b e  D is to r t io n  T h e o r e m  Let g  : A r  —» C  be an injective analytic map. 

Then d i$ t(f\& r) <  /c(^) fo r  0 < r  < R , where K(t) —> 1 as t —» 0.

See [33] for one of m any proofs.
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L e m m a  73 Let f  be a fin ite  type analytic map on a complex 1 -manifold X .  

Assum e that J ( f )  is nowhere dense. Then u>(x) C V S { f )  f l « /(/) fo r  every  

density point x  £  </+(/)•

P ro o f :  Suppose f nk(x) —> y  & V S ( f ) ,  where n* —> oo. Choose a  conformal 

disc U C X  — V S ( f )  centered a t y, and let D  C C  B  C C  U be concentric 

subdiscs. For large k  there are inverse branches gk : U X  of f Uk with 

9k{ f nki x )) =  x i an<l 9k x  by  Lemma 71. The open sets B k  =  9k(B)  w ith 

f nk{x) 6  D  form  a  fundam ental system of bounded shape neighborhoods of 

x.  Consequently, den(J+( f )  : Bk)  —> 1, so den(J+( f )  : B )  =  1 by 3.1 and the 

Koebe D istortion Theorem . But then B  C J ( / ) ,  contrary to  assum ption. □

If /  is geometrically finite, then V S ( f )  fl J ( f )  is a  finite set consisting of 

parabolic cycles, repelling cycles, and T S ( f ) .  Assume further th a t J ( f )  is 

nowhere dense, and let x  €  </+(/) be a  Lebesgue density point. In view of 

Lemmas ?? and 73, if w(a;) % T S ( f )  then w(x) is a  parabolic or repelling 

cycle, and x  is consequently preperiodic. As the set of preperiodic points is 

countable, the Lebesgue Density Theorem  yields:

L e m m a  74 Let f  be geometrically finite with nowhere dense Julia set. Then 

u>{x) C T S ( f )  fo r  almost every x  £  J+{f ) .

We may im m ediately conclude:

T h e o re m  4 Let f  be strongly geometrically finite with nowhere dense Julia  

set. Then J+( f )  has measure 0.
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Furtherm ore, if d ( f )  has m easure 0 then  f ~ n{d( f ) )  has m easure 0 for 

n  >  0 , proving:

C o ro lla ry  5 Let f  be strongly geometrically finite with nowhere dense Julia 

set, and assume d ( f )  has measure 0. Then J ( f )  has measure 0.

In certain situations, the requirem ent of strong geometrically finiteness 

m ay be relaxed. Lyubich proved Theorem  4 for geometrically finite entire 

maps satisfying a growth condition which, while dynam ically unnatural, may 

be verified in concrete cases. Further argum ents of McMullen establish mea­

sure 0 when the Ju lia  set is sufficiently th in  a t infinity.

Let us say th a t a singular value y  of a finite type m ap is nearly unramified 

if y is not an asym ptotic value, and if the local degree is 1 a t all b u t finitely 

m any preimages.

P r o p o s i t io n  17 Let f  be geometrically fin ite  with nowhere dense Julia set. 

Assum e that degxf  =  1 fo r  x  6  W ( f ) r \ T S ( f ) ,  and that every singular value 

in T S ( f )  is nearly unramified. Then J+{f )  has measure 0.

P ro o f :  It suffices to  show th a t no density point x  €  */+(/) has w-lim it set in 

T S ( f ) .  Fix an isolating neighborhood D^ about each £ 6  d ( f )  fl T S ( f ) ]  for 

w G /-" (C )  n  T S ( f ) ,  let D w be the component of f ~ n(D(f) containing w. If 

the original neighborhoods are sufficiently small, the discs D w for w  G T S ( f )  

are pairwise disjoint, and J\dw is a homeomorphism when w  G W ( f ) .  We
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m ay fu rther assum e th a t the preimages of D w intersecting have degree 1 

for every w,  £ 6  T S ( f )  with £ €  d( f ) .

Suppose l o ( x )  C T S { f ) .  W ithout loss of generality, the orbit of x  never 

leaves Uu,ers(/) Moreover, there exist n k -> oo and £ e  d ( f )  D T S ( f )  

such th a t  f nk(x)  —► £. For large enough k,  x  lies in a  com ponent B k of 

/-" * (£ )() . By the  Koebe D istortion Theorem  and Lemma 71, the  B k form 

a fundam ental system  of bounded shape neighborhoods of x.  As above, 

den( J+( f )  : B(f) =  1 , hence B  C J+( f )  contrary to hypothesis. □

Geom etrically finite maps arise quite naturally  from finite type towers of 

infinite height. T he most basic measure of the  dynam ical complexity of a 

finite type analytic m ap /  on a  complex 1-manifold X  is the num ber 6( f )  of 

distinct forward infinite grand singular orbits. Let T  be a  finite type tower 

w ith base / .  Assume th a t heigh t(F )  >  2, and let r  be the  base of 7Z T . Then

S(r) < m  -  Pf ) = # * (Bj  fl S ( f ) )  < 6 ( f ) . (3.2)

If equality holds on the left-hand side then every point of 5 /  — P f has infinite 

forward orb it under r , and any two points lie in distinct grand orbits. Conse­

quently, every component of X j  is essential for r , and there are no singular 

orbit relations: th a t is, r p( x ) =  rq(y)  for positive p, q and x , y  €  S( r )  implies 

p =  q and x — y.  Of course, there  may still be orb it relations among the 

critical points. If equality holds on the right-hand side then every infinite 

forward singular orbit of /  lies in Bj ,  so /  is geometrically finite.

Suppose now th a t height(J-) =  oo, and for m  >  0 let rm be the  base of
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T l m ~ xF .  By the  above, if 6(rm_j) =  6 (rm) =  «5(rm+1) then rm is strongly 

geom etrically finite with no singular orbit relations outside the pole-set; in 

particu lar, J ( r m) has m easure 0. In view of 3.2, the  sequence 6 ( rm) is non­

increasing, and therefore stabilizes; let 8 ( F )  be the eventual value, and M y  

th e  least m  for which S(rm ) = 8 ( F ) .  In view of Theorem  4 and the analyticity 

of the  projections 7rr m , we conclude:

C o ro l la ry  6  Let F  be a fin ite  type tower o f  infinite height, and suppose 

M y  < m  <  oo. Then rm is strongly geometrically finite with no singular 

orbit relations outide the pole-set, and J m ( F )  has measure 0 .

We assert nothing abou t the m easure of J o o ( F ) .  Indeed, if F  has infinite 

height and the sequence 8 ( f m ) is constant, then  f} ( F )  has no final compo­

nents. It will follow from Theorem  7 in the next chapter th a t J ( F )  =  X  if 

th e  dom ain of the  base /  is dense in X ; thus Joo(F) may have full measure. 

T he use of different techniques will enable us to  comment on the ergodic 

theory of J 0 0 ( F) .
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Chapter 4

Rigidity and Finiteness 
Theorems

4 . 1  M a r k e d  P o i n t s

D e f in it io n  Let F  be a tower.

M ( F )  — {a; G X  : <j>{x) = x  for every <j> G H om eoo(F )}.

We refer to  the  elements of M { F )  as marked points.

L e m m a  75 Let F  be a fin ite  type tower, E  C X  a totally disconnected set 

preserved by every <f> G H om eo(J '). Then E  C M { T ) .

P ro o f :  Evaluation a t a fixed x G E  gives a continuous map Homeo(iF) —v E. 

Consequently, <j>(x) =  x for (j> G H o m e o ^ F ) .  □

P r o p o s i t io n  18 Let F  be a finite type tower with least element f .  Then 

M { F )  is the smallest closed invariant set containing S ( f )  and the fixed points 

o / F .

116

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



P ro o f:  For n >  1 , S ( f n) is a  finite set preserved by H om eo(F ), hence 

S ( f n) C M ( F ) .  Similarly, all fixed points are m arked. And it follows from 

Lemma 75 th a t M ( F )  is invariant. □

It follows th a t components of X  — M { F )  are  ̂ -s im p le , and g : U —> gmU

is a  covering space for g €  F[U\.

C o ro lla ry  7 Let F  be a fin ite  type tower. The canonical map no{X —

M ( F ) )  —► 7r0(fl(^ r) is surjective. Moreover,

•  I f  U is an attracting, parabolic, or wandering domain, then U — M { F )  

is connected.

* I f  U is a Siegel disc, Hermann ring, or superattracting domain, then 

U — M ( F )  ’’splits into annuli”.

L e m m a  76 Let IF be a fin ite  type tower, U a component o f f l ( F ) .  Suppose 

some a  6  F{U\ is not a covering space. Then there is a least such a .

L e m m a  77  L e t F  be a fin ite  type tower, U a wandering component o f Q( F) .  

Then the maps in F u  are eventually covers.

P ro o f:  By hypothesis, there  exists g €  F[U]  such th a t h , U  fl S ( f )  =  0 

for all h €  F[gJJ]', moreover, F[g.U] is non-trivial. We claim  th a t every 

m ap in F[g.U] is a  covering space. Otherwise, by Lem m a 76 there  is a  least 

oc 6  F[g.U] which is not a cover. Now a  =  /  o ft for some (3 €  F[U),  and
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f\p .u  is a  cover as a .U  D S ( f )  =  0. B ut /? a  implies /? is a cover, hence a  

is a  cover, contrary to  assum ption. □

For a tower T  w ith least element / ,  let V S { T )  be the  smallest closed for­

w ard ^ -in v a rian t set containing S ( f ) ,  QS{!F) the smallest closed ^"-invariant 

set containing S( f ) .

C{T)  =  T  — invariant conformal structures

C{T)  =  T  — invariant structures =  fiducial on X  — W

L e m m a  78  Let J- be a finite type tower, C  a closed T -invarian t set con­

taining S ( f )  U « /(/).

A . Q C 0{F , C ) =  Q C (T )  D QC0{X , C ),

B. Q C ^ O ^ O Z L i Q C o i F 1̂ ) ,

C. Q C o f, C) =  Q C (F) n Q C0(^F, C ).

P ro o f :  For all three assertions, the righthand side contains the  lefthand side 

by definition.

A . Suppose $  €  QC(F)C\QCq{ X , C ). Fixing a  bounded functorial isotopy 

E , define bijections : „Y —> X  for t €  [0,1] by

*  / \ _  J r)t for a: in a  com ponent U of X  — C  
~ \ x  for x €  C

As E is bounded, each is continuous, hence 6  Q C { X , C )  by Bers’

Lemma. By functoriality, €  QC(!F) for every t, hence 6  Q C 0( T , C ).
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P r o p o s i t io n  19 Let J7 be a finite type tower with base f  : W  —* X ,  A  a

closed forward J7 -invariant set containing S ( f ) ,  C\,C2  G C(J-),  (j> G Q Co{X, A) 

with <f>*c2 =  ci. I f  Ci and C2  agree on X  — W , or i f  <f> G Q C q {X ,A  U d( f ) ,  

then <j> G Q C q ^ ^ A ^ ) .

P ro o f :  By Lem m a ?? , it suffices to show (j> G QC0( X ,C ) ,  for some T -  

invariant closed C 2  S ( f )  U J{iF), under the inductive assum ption th a t the 

Proposition holds for all towers of lesser height.

Suppose height(iF) =  1. By hypothesis, f(j> G Q C o ( X , f ~ 1(A)  U <?(/)), 

and (f'<f>)*c2 and ci agree on W . In the first case, it follows th a t  ( f ' ^)*c2 =  ci, 

hence f'-<j> ~  rel A , as A  C f ~ l {A)  U (X  -  W) .  Consequently, fi<f> = <t>, that 

is, ^  G Q C ( f ) .  In the  secod case, consider : X  —» X  given by

In view of the  additional assum ption on <£, Bers’ Lem ma implies

and <f>mc2 =  Ci. As before, =  <f>, so <f> G QC{ f ) .  Inductive application of 

the hom otopy lifting property yields

for every m  >  0. By Corollary 2, <j> G Q Co(X, C) where C =  Uj^o /  U ^ ( / ) ) .

f'<j>{x) for x  G W
<f>(x) for x  G X  — W

m

<t>eQC0( x , { J f - j ( Au d ( f ) )
j =0

Assum e 1 <  N  <  0 0 . Let X /  X j  be the  tran sit m ap.
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By induction, <j> €  QC0( / ,A / ). Consequently, <j> induces

U ip* £  QCo{xj  U X j ,  E  U E*)

where E  is tt(A^)  union the poles of the  cylinders in X /, E^  the union

° f  Qi X~l {Af )) and the  poles of X j .  Then ^ ( E ^ )  D E  is forward 7VF-

invariant. As d( t j )  C E \

v e Q C o i K X ^ - ' i E Y * )

by induction. Note th a t A F =  U M ( f ) .  By Bers’Lemma,

/ /  \ /  x'<p{x) for x  G B j
* (X) =  \  m  for x  £  X  -  B ,

defines a quasiconform al homeomorphism in QC0(X , A ^), and ij) =  <j> as 

l j f C 2  =  Ci.

Finally, suppose N  = oo. By induction, (j> £ Q C o(Xn, A 3™) for finite n. 

As A t  =  U“ i A ^n), 4> €  QC0{X , A F ) by Corollary 2 . □

4.2 G eom etric Finiteness II

T he central conjecture concerning iterated rational m aps, the density in pa­

ram eter space of structurally  stable maps, reduces to  establishing conformal 

rigidity  on the  Ju lia  set: th a t invariant complex structures agreeing on f l ( / )  

be equal [?]. W hile there have been encouraging partial results, this question 

is still very much open. In our setting, we m ust require such complex struc­

tures to  agree on d ( f ) .  Such rigidity is autom atic when « /(/) has measure
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0, as was shown in section ?? for strongly geometrically finite m aps. In this 

section, we present an independent route to rigidity through considerations 

of Teichmiiller Theory. W hile we will not recover the m easure dichotomy, 

we may weaken the dynam ical hypothesis to  geom etric finiteness, thereby 

readm itting  certain  entire and R adstrom  maps.

T he affine toral endomorphism s z  mz ,  m  > 2 are exceptions to  this 

conformal rigidity. These m aps occur in one complex-dimensional families 

param etrized by the  Teichmiiller space of the  underlying torus; any two of 

the sam e degree m 2 are conjugate by an affine stretch . As observed by Lattes, 

these torus m aps com m ute w ith the involution z —z  and descend to  affine 

rational m aps of C  w ith sim ilar properties; he also exhibited rela ted  rigid 

examples arising from tori adm itting  complex m ultiplication. D etails may 

be found in [24], where rigidity is proved for post-critically finite rational 

maps using Teichmiiller’s Existence and Uniqueness Theorem s (see also [41], 

[9]). O ur adap tation  of this argum ent employs S trebel’s m ore general Frame 

M apping Theorem , which McMullen first used to prove rigidity in a different 

setting [25].

The ultim ate  m echanism  behind conformal rigidity for geom etrically fi­

nite maps is a  weak contraction principle concerning the infinitessimal Te- 

ichmiiller metric: the  non-existence of invariant quadratic  differentials. We 

must consider quadratic  differentials with countably m any singularities. For 

the purposes of th is section, invariance refers to  /* ; invariance under / ,  will 

be the  relevant notion when we apply the principle again in section ?? .
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Recall the  relation

ordzf mq = d o r d /^ q  + 2 n - 2  where d =  deg* / .  (4 .1)

P r o p o s i t io n  20 Let X  be a R iem ann surface, f  : W  —* X  a fin ite  type

iterable analytic map, q 6  Q ( X , C )  where C  is a countable closed set. For 

q 0, the following are equivalent:

1. f ,q  — q;

2- / ' ?  =  (deg f ) q ,  hence deg /  <  oo;

3. f*q  and q determine the same measurable linefield on W .

Furthermore, i f  deg /  >  1 and any o f  the above conditions holds fo r  some 

q ^  0 , then f  is an affine endomorphism o f a sphere or torus.

P ro o f :  We may assum e w ithout loss of generality th a t /  is complete. Then 

by Lem m a ??, e ither deg /  <  oo and W  =  X  or d e g /|v  =  oo for every 

component V  of W . In view of Lem ma 16 and the  inequality

I I / . » I I < D I / M I < E I M I < I I « I I ,
V V

f mq =  q implies deg /  <  oo and f ’q =  f mf mq =  (deg f )q.  In particu lar, f*q  

and q determ ine the  same linefield on X .  Conversely, suppose f ' q  and q 

determ ine the same linefield on a  component V.  Both quadratic  differentials 

are holomorphic on the complement of the  countableset (W flC )U /- 1(C ). By 

Lem ma 15, (f*q)\v  and q\v are positive scalar m ultiples, so ||( /* g ) |v || <  °o-
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Consequently, V  =  X ,  d e g /  < oo, and f*q  =  (deg / )? ;  by Lem ma 16,

/*? = a i ? / - A  = ?•

For the second p art, assume f*q  =  (d e g /)?  with d e g /  finite. W ithout 

loss of generality, /  is a rational map with deg /  >  2 , and q is not holomorphic 

a t any point of C . By Lemma 17, C  =  P  U E , where P  is the  set of poles 

and E  is the  set of accum ulation points; moreover, every pole is simple. Let 

Z  be th e  set of zeros of q. By the relation

ordzf mq =  d o r d f ^ q  +  2n — 2 where d =  degz / ,  (4.2)

P  is forward invariant, Z  is backward invariant, and E  is invariant. By the 

rem arks after Lem m a ?? , the closed countable backward invariant set Z  U E  

m ust lie in £ ( / ) .  We further deduce from 4.2 th a t every supera ttrac ting  point 

lies in E.  As the  points of £ ( / )  are superattracting , we conclude th a t Z  =  0. 

It fu rther follows from  4.2 th a t every critical point outside E  is simple, and 

th a t every critical value outside E  is a pole.

Any backward o rb it string of poles m ust accum ulate in E.  As E  consists 

of supera ttrac ting  points, there can be no such backward orbit string; thus, 

every pole lies in P S ( f ) .  On the o ther hand, it follows from Lem m a 64 

th a t any pole w ith infinite forward orbit gives rise to  poles not belonging to 

P S ( f ) .  Consequently, P  is finite, E  =  0, and q is m eromorphic on C . By 

the  index relation ?? , there are precisely four poles and, as dem onstrated  in 

[24], /  is affine. □
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C o ro lla ry  8  Let f  : W  —> X  be a finite type iterable analytic map with 

em pty affine and elementary parts, q €  Q ( X , C )  where C  is a countable 

closed set. I f  f .q  =  q then q = 0.

P ro o f :  VVe m ay assume without loss of generality th a t /  is complete. Sup­

pose f .q  = q, and let Z, be the components of X .  By ??, q\z =  0 for 

inessential Z,. Moreover,

ll/wll 5= ]£  ll/wy.?ll < I ]  IklWjII < M l
Wij&

where W,j = Z ,D / _1(Zj). As above, it follows th a t ||/w y«?|| =  l|9 |w,>||) hence 

Wij =  Zj, whenever Wy 0. In particular, f ^ z '^ is exceptional for essential 

Z,-. Thus, f ^ z '} = f m for some m  > 1 , and / m-1(Zi) is the  unique essential 

component intersecting / _1(Zt). Consequently, f l Z,^q\z, =  (/.m?)|z, =  <l\Zr 

By Proposition 20, q = 0 in view of the hypothesis. □

As V S ( f )  m ay be infinite, we must verify Strebel’s relaxation condition. 

The key is the  local geometry near parabolic cycles.

L e m m a  79  Let <f>: X  —» X \ be a quasiconformal conjugacy between geomet­

rically fin ite  maps f  : W  —* X  and f \  : Wi —► X \ .  Suppose <j> is conformal 

on f!+ ( /) .  Then <f> relaxes rel V S ( f ) .

P ro o f :  Fixing e >  0, we construct a new map 0  in the same isotopy class rel 

V S ( f ) ,  agreeing w ith <j> outside a  specified neighborhood of V S ( f ) ,  and with 

d ilatation less than  l - f e  inside an even smaller neighborhood. By hypothesis,
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<p is already conformal near the attracting and superattracting points. We 

present a construction to relax (f> near a parabolic point, leaving the map 

unchanged outside a small neighborhood. After performing the construction 

in disjoint neighborhoods of the parabolic points, it will remain, as is always 

possible, to relax <j> near a finite set of isolated points.

Observe that the induced homeomorphism $  : —► X \  is conformal at

both ends of each quotient cylinder. More generally, let ip : C* —> C* be a 

quasiconformal homeomorphism, conformal near 0 and oo, and <p : C -+ C 

a lift. For some To >  0,

-/ \ z  +  a  +  v i 2) for Sz > T0
W z > - \  z  +  (3 +  V ( z )  for 3 * <  - T o

where e 2ma and e2m/3 are the eigenvalues of <p at oo and 0, tj is a bounded 

analytic function on { z  : |5z| > 2o}, and t j ( z )  = 0 (e - l9*l). Schwarz’ Lemma 

yields the further estimate tj ' ( z )  =  0(e— ) .  By ? ? ,  we obtain a uniform 

|<p{z) - z \ <  M q .

Recalling the construction of ??, consider (writing z  = x  + i y )

{ (1 + %(<p(x +  i T )  — x )  for 0 < Ssz <  T
~(x{z) =  < (1 — — i T )  — x)  for — T  <  Q z  <  0

( $ { z )  for \ S z \  >  T .

It is easily verified that \j t { 2 ) — z \ <  M 0 for T  >  T 0\ by ? ? ,  77 is k ( T ) -

quasiconformal, where k ( T )  —* 1 as T  —» 00. Fixing T with k ( T )  < 1 + c

and M  >  M o ,  consider
A = { z : U z <  - M ,  |9fc| < T } ,
B  = { z  : - M  <  U z  <  0, \Qz\  <  T } ,
C  =  { z : \ Z z \  >  T } ,
D  =  A  U B  U C.
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1 K<09K

Figure 4.1: Relaxing conjugacy at parabolic point
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Write dB  as the union of closed segments S\ , . . . ,  S4 as labelled in Figure 4.2. 

Then 7t ( 6i) and 7 (̂ 3) are disjoint, and 7t(£i)U 7 (62^ 3!-)64) is a quasicircle 

bounding a quasidisc B\. Fixing quasiconformal a : B —► B\ agreeing with 

7t  on and 7  on 62 U S3 U 64, set

l { z )  =
7t { z ) for z  6 A  U C
cr(z) for z  6  B
7 (2) for 2 6 C — D .

Then 7  : C —► C is quasiconformal, with K { i \ A u c )  < 1 + e. Moreover, 7 ~  7  

rel A  U 5 , as A  U B U {00} is homeomorphic to the closed disc.

Let (  be a multiplicity d, parabolic fixed point of / ,  The

choice of origins in the associated planes of X j  and X j ^  determines lifts 

7 1, . . . ,  7d-1 : C —» C, of Denote by the restriction of x j  to the i-th 

plane in the cluster. We may arrange that the be defined and injective 

on D ,  with pairwise disjoint images x'(-D) lying in a specified neighborhood 

of let £' : x ‘(D) D  be the corresponding inverse branches. Define

quasiconformal tp : X  X  by

_ J X h  0 7* 0 V(1 <Kx)

with 7 ' obtained from 7 ' as above, using large enough M  so that

=  I A/1 “ ’ w f° r * G™ / 1 elsewhere,

W ) n t J x ,'(/ iuC) =  0.
1=1

Near C, has dilatation less than 1 + e, and xp ~  <j> rel VS(f ) .  □ 

We are now in a position to recapitulate McMullen’s argument.
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T h e o r e m  5 Let f  : W  —► X  be geometrically fin ite  with empty affine part 

and suppose ci, c2 G C( f )  agree on X  — J+( f ) .  Then ci =  c2.

P ro o f: We may assume without loss of generality that X  is connected, 

( X , V S ( f ) )  is hyperbolic, and deg/  > 2. By Lemma 79, the quasiconformal 

map I d x  : (A',ci) —» (A',c2) relaxes rel V S ( f ) .  In view of the Strebel- 

Teichmiiller Theorems, there is a unique ip € Q C o ( X , V S ( f ) )  with

K CuCi(iP) =  I< =  inf I<cu *(/«**). 
qGQCoU)

But f t p  G QC 0 ( X , V S ( f ) )  and K o m i f ' t )  <  K  a s c i  and c2 agree on X  — W.  

Consequently, f i p  =  xp. By Proposition 19, ip G QC0( f ); in particular, ip is 

the identity on </(/).

Moreover, ip : (A,ci) —> (A,c2) is either conformal or the Teichmiiller 

map associated to some non-zero q G Q ( X , V S ( f ) ) .  In the latter case, as ip 

is a conjugacy, q and f*q determine the same measurable line field on W\  

but then /  is affine by Proposition 20. Consequently, ip is conformal, so 

cj = ip"c2. As Ci and c2 agree on fi(/), ip : X  - *  X  is conformal on f!(/). 

By Bers’ Lemma, ip is 1-quasiconformal, hence conformal. Thus, ip =  I d x  

and ci = c2. □

See [11] for an application, involving Radstrom maps, to real dynamics.
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4.3 Teichm iiller Spaces

We pursue a discussion parallel to that of Chapter 1, in the category of finite 

type towers. Define

T e i c h { F )  = C { F ) I Q C 0{ F ) .

There is a canonical map T e ic h ( lF )  —> T e i c h { X , M { F ) ) .  Additionally, if Q 

is a subtower, there is a canonical map T e i c h ( F )  —> T e ic h ( Q ) .

The forgetful map T e i c h ( X , M ( 3 ~ ) )  —> T e i c h ( f )  is natural in the sense 

that
T e i c h ( X , M ( f ))  £ -  T e i c h ( X \ ,  f f )

T e i c h ( F )  £ -  T e i c h ( ? i)

commutes for every quasiconformal conjugacy <j>: X  —* X i  from T  to T \ .

Similarly for Teich(J') —► T e i c h ( Q )__

As in Chapter 1, we may split T e ic h ( J - )  according to support. For T -  

invariant measurable A C  X  with d A  C M ( F ) ,  let

T e i c h A { F ) = C A{ X ) I Q C 0( J r )

where CA ( J r) = C { T )  fl C ( X ) .  As C A { T ) is always connected, T e i c h A ( T ) is 

either trivial or of positive topological dimension.

Lemma 80 L e t  J7 be a f i n i t e  type  to w e r  on  a c o m p le x  1 - m a n i fo ld  X ,  A  a 

p a r t i t io n  o f  X  i n to  F - i n v a r i a n t  m easurab le  s e t s  w ith  b o u n d a r y  in  M . { T ) .  

T h e n  th e  c a n o n ic a l  m a p

T e ic h l f F )  -♦ n  T e i c h \ F )
A$A
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is in je c t iv e .  I f T e i c h A { F )  is  t r iv ia l  f o r  a l l  bu t  f i n i t e ly  m a n y  A ,  t h e n  T e ic h ( ! F )  

a n d  ri/te.4 T e i c h A { F )  are  c a n o n ic a l ly  h o m e o m o r p h ic .

P ro o f:

We m ay im m ediately dispose of some special cases.

L e m m a  81 L e t  F  be a f i n i t e  typ e  to w e r  o n  a c o m p lex  1 - m a n i fo ld  X .

A .  L e t  A  be th e  s e t  o f  e s s e n t ia l  c o m p o n e n t s  Z  w here  f z  is  c o n ju g a te  to  

z  z n f o r  s o m e  n  £  Z ,  s n d  le t  B  be th e  c o m p le m e n ta r y  s e t .  T h e n  

T e i c h [ f F ) i s  c a n o n ic a l ly  i s o m o r p h ic  to  T e i c h ( T B).

B .  L e t  A  be th e  a f f in e  p a r t  o f T ,  B  the  c o m p le m e n ta r y  p a r t .  T h e n  T e i c h +( T )  

is h o m e o m o r p h i c  to  T e i c h +( F A ) x T e i c h +( f B).

P ro o f:

We will find it useful to  split according to  eventual height and m em ber­

ship in the  Fatou or Ju lia  sets. For n  € N  U {0 0 ,+ } , we will employ the 

abbreviations

T e i c h n { X )  = T e i c h x * W ( f )
T e i c h Qn( X )  =  T e i c h f  
T e i c h Jn{ X )  = T e i c h J”^ { f ) .

L e m m a  82  L e t  J- be a  f i n i t e  typ e  tow er , 0 < m < o o ,  0 < n < o o .  U n d e r

the  c a n o n ic a l  m a p  T e i c h ( T )  —► T e i c ^ J 771):

• F o r  m  < n ,  T e i c h m [fF) = T e i c h m (iFn ), respecting  th e  f u r t h e r  sp l i t t in g  

fi vs. J .
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• T e i c h n { F )  *-> T e i c h n (J rn), a g a in  respecting  the  s p l i t t in g  fi vs. J .

• F o r  m >  n ,  T e i c h m {J: ) —» T e i c h Un{ P l).

P ro o f :  It is easily seen th a t Cm (lF) =  Cm( ^ n) for m <  n , and C n { F )  C 

Cn ( F ^ ) ,  corresponding statem ents holding for Cn, C j .  Furtherm ore, Cm( ^ )  C 

when m  > n .  □

Suppose h e i g h t { F )  >  2. Recall th a t c G C(^r) descends to  R ( c )  G C ( T Z f ) .

L em m a  8 3  T h e re  is a c o n t in u o u s  indu ced  m a p  R  : T e i c h ( J - )  —» T e ic h ( T Z F ) .  

M o reo ver ,

R  : T e i c h +(J r ) - — > T e ich 1( J r) x T e i c h +(1ZJ-).

P ro o f:

L e m m a  8 4  L e t  0  C X  be the  s m a l le s t  J - - in v a r ia n t  s e t  c o n ta in in g  a c o m p o ­

n e n t  U  o f U i ^ F ) .

A .  F o r  w a n d e r in g  U ,  T e i c h ° ( F )  =  lim96̂  T e i c h ( g . U ) -

B .  F o r  f i x e d  U ,  S = F i x y r ( U ) ,  T e i c h ° { f )  £  T e i c h ( U f .

Consequently, T e i c h 0 (J - )  is a  complex Banach manifold.

4.4 Central Finiteness Theorem

We now prove the C entral Finiteness Theorem, th a t is, the  finite dimension­

ality of T e i c h + {!F) for finite type towers. We obtain a  dimension bound on
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Teich+(F )  by induction on height{J7). As a  first step, we bound the di­

mension for finite type maps by exhibiting a na tu ra l injection of Te i ch+( f )  

into an auxiliary finite dimensional space of deform ations. Sullivan’s original 

proof for rational maps made use of the obvious finite dimensional param eter 

spaces; however, it is necessary to  make certain  norm alizations, and one only 

obtains a  locally defined map with totally  disconnected fibre. We present an 

abstract functorial functorial construction applying in full generality. The 

considerations of Section ?? lead to a continuous injection of Te i ch+( f )  

into a space D e f ( f )  whose finite dimensionality follows from the  contraction 

principle of Section ??.

L e m m a  85  Let J- be a finite type tower on X .  Then the canonical map  

T eich+{F) -> T e ich (X , V S { T ) )

is injective.

P ro o f :  W ithout loss of generality, (X , V S ( F ) )  is hyperbolic. By Proposition 

19, if Ci,c2 € C+ (^r), <j> €  Q C o{X ,V S(iF )), and <frmc2  =  cu  then <f> G Q C 0 (iF). 

□

Let /  be a finite type iterable analytic map. As V S ( f )  m ay be infinite, the 

above injection does not directly lead to a  dimension bound. Note however 

th a t as

V S ( f ) C ( X - W ) U f - ' ( V S ( f ) ) ,
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the  forgetful map

Teich{ X , ( X  -  W )  U f ~ l { V S U ) ) ) -  T e i c h ( X , V S ( f ) )  

composed with

f *  : T e ich (X , V S ( f ) )  -+ Teich{ X , { X  - W )  U f ~ \ V S ( } ) )  )

gives a  self-map <7 : T e i c h ( X , V S ( f )  —*■ T e ich (X , V S (  f )  whose fixed point 

set contains the image of T eich+( f ) .  Recall the  forgetful m aps for n > 1:

T e ic h (X , S ( f n))
/

T e i c h ( X , V S ( f ) )  1 pn
\

T e i c h { X , S { f n~1))

As 5 ( / n-1) C (X  — W ) U f ~ 1 { S ( f n)), we sim ilarly obtain  

<rn : T e ich (X , S ( f n)) -> T e ich (X , 5 ( / n_1)) 

on composing the  forgetful map

Teich( X , ( X  -  W )  U f ~ l ( S ( f n )) -> T e ic h (X , 5 ( / n_1))

w ith

f *  : T eich {X , S ( f n)) -*  Teich( X , ( X  -  W )  U r \ S ( f n)).

Consider the  com m utative diagrams of analytic maps:

T e ich (X , S { f n)) T e i c h { X , S { f n~1))
\  /

Pn I  Teich+( f )  J, Pn—1

/  \
T e i c h ( X , S ( f n~1)) ^ 4  T e ich (X , S ( f n~2))
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Let D e f n( f )  be the  analytic subvariety of T e ich (X , S ( f n)) where the 

m aps pn and cr„ agree; their common restriction sends D e f n( f )  to  D e f n- \ { f ) .  

Taken together, these varieties and projections constitu te an inverse system, 

and

canonically injects into lim _  T eich (X , S ( f n)). By com m utativity  of the  dia­

grams, D e f n( f )  contains the  image of Te i ch( f )  —► T e ich (X ,  5 ( / n)); conse­

quently, there is an induced m ap Te i ch ( f )  —► D e f ( f ) .

P r o p o s i t io n  2 1  Let f  : W  —v X  be a fin ite  type iterable analytic map. Then  

the canonical map

D e f ( f )  = l \ m D e f n( f )

Te i ch ( f )  -> D e f ( f )

is injective.

P ro o f:  T he square of canonical maps commutes:

Te i ch ( f )
i

D e f ( f )
i

T e ich (X , V S { f ) )  -> lim _  Teich{X , S ( f n))

where

T e i ch ( f )  «-> T e i c h ( X , V S { f ) )

by Lemma 85, and

T e ich {X , V S ( f ) )  «-► lim T e i c h { X , S ( f n))

by Proposition 3. □
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It is im portan t to  take  note of the sense in which the injection Te i c h ( f )  

D e f ( f )  is natu ral. As discussed above, the forgetful maps Te i c h ( f )  —*■ 

T e ich (X , S ( f n)) com m ute w ith the allowable bijections associated to  qua­

siconformal conjugacies, and the pn commute with all allowable bijections. 

The maps crn : T e ic h (X , S ( f n)) —► T eich (X , 5 ( / " -1 )) a re  natural in the 

sense th a t

T e ich (X , S ( f n)) T e i c h ( Xu S( f?) )

T e i c h i x ' s i r - 1)) T e i ch ( Xu S ( f r *))

commutes for every quasiconformal conjugacy <f> : X  —* X \  conformal on 

X  — W.  Consequently, such a  conjugacy induces allowable bijections

cf>* : D e f n( f i )  -  D e f n( f )

and

<!>* '■ D e f ( f , )  -  D e f ( f )

Thus, Te i c h ( f )  <-* D e f ( f )  is natural in the sense that

Tei ch( f i )  Te i ch( f )

D e f i f x )  t -  D e f ( f )  

commutes for quasiconform al conjugacies conformal on X  — W.

For n >  1 , let Sn( f )  =  # £ )n where Dn = S ( f n) - 5 ( / n- 1); D n+l C f ( D n) 

by Lemma 57, so 6 n( f )  is non-increasing. Consequently, f \u n : D n —> D n+1 

is eventually bijective, and Sn( f )  stabilizes; the eventual value is the  num ber 

of distinct forward infinite grand singular orbits. Some of these orbits may
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be absorbed by the affine part of / ;  let 6 ( f )  be the  num ber of the  remaining 

orbits.

P r o p o s i t io n  2 2  Let f  : W  —> X  be a finite type iterable analytic map with 

empty elem entary and affine parts. Then D e f n( f )  t-» T e ich (X , S ( f n)) is a 

complex submanifold o f dimension 6 n( f ) .

P ro o f:  We m ay express D e f n( f )  as the inverse image of the  diagonal A 

under the analy tic  m ap

a  =  trn x  ^  : T e ich (X , S ( f n)) -»  T e i c h ( X , S ( f n~1))2.

We will prove th a t a  is transverse to  A; once we have established this, it 

will follow by th e  Implicit Function Theorem  th a t  D e f n( f )  is a  complex 

submanifold of dimension

d im e  T e ich (X , S ( f n)) -  dimc  T e ic h (X , S ( f n~1)) =  6 n( f ) .

We claim th a t

Dffn ~  D p n : TrT e i c h ( X , S ( f n)) -► Ti T e i c h ( X , S ( f n~1))

is surjective for all r  €  T e ich (X , S ( f n)) and f  € T e ich (X , S ( f n~*)) w ith 

<7n( r )  =  £ =  p „ (r) . By duality, it is equivalent to show th a t

-  D mpn : T {T e ich (X , 5 ( / n_1)) -» T ;T e ic h (X , S ( f n))

is injective. By naturality , it is enough to check th is a t the  base point, where 

the cotangent m ap is given by

/ . - I d :  Q(X,S(r ' ) )  <J(A',S(/”)),
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and injectivity follows by Corollary 8 .

Given w i , w 2  6  T$(X, S ( f n' 1)), choose v £  TrT e ich (X , S ( f n)) with

{D<Tn -  D pn)v =  (ifl! -  w2).

Then ( Da ) v  +  (w , w)  =  (u>i, w 2 ) where w  = w\  — (D a n)v. Thus,

D a( TtT eich (X , S ( f n)) ) + T t A  =  Ta(T)T e ich (X , S t f " - 1))

at every r  e  D e f n( f ); th a t is, /  is transverse to A. □

C o ro lla ry  9 Let f  : W  —► X  be a fin ite  type iterable analytic map. Then 

d im e  Tei ch+( f )  <  oo. Furthermore,

dim e Te i ch ( f )  <  6 ( f )

for  maps wit h em pty affine and elementary parts.

P ro o f :  By Lemma SI,

d i m c T e i c h ( f )  =  d im e T e i c h ( f A) +  dim c T e i c h ( f B) < a f f ( f )  + 6 ( f )

where A  and B  are the affine and com plem entary parts, and moreover, 

d im e  T e i c h ( f A ) =  a f f ( f ) .  By Lemma 96, D e f ( f B) has topological di­

mension less than  or equal to 2 6 ( f B), and 6 ( f )  = 6 ( f B) by definition. □

Consequently, there are continuous maps

T eich 1 (J7) Te i ch( f )
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and

T e ich (T )  =  T eich 1 (iF) x  Teich(l& F)

which together provide the inductive step in bounding the dimension of 

Teich(!F) for finite height towers. To obtain  a height-independent bound, 

we appeal to:

L e m m a  8 6  Let J- be a finite type tower with base f  and height(Jr ) >  2, r  

the base o f l Z F .  Then  6 (r) < 6 ( f ) ;  i f  equality holds, then

R : Teich(!F)-:z-*Teich{jR.f: ).

P ro o f :  By hypothesis, /  is geometrically finite, and has no height 1 

com ponent; thus T e ich 1 (J-) is trivial by either Theorem  4 or 5. □

Finally, a height-independent bound extends to  infinite height towers by 

v irtue of:

L e m m a  8 7  Let J- be a finite type tower. Then the canonical map

Teich( f - )  —* \im T e ich (J-n)

is injective.

P ro o f :

By Corollary ?? , QC 0 (F )  =  f ln Q C o(F n). As C( F)  = (T =, C ( f ) n, there 

is a  com m utative square of canonical maps:
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T e ich (F )  «-> C{ X ) I QC q{F)
4  I j

lim ^ T e ic h { J ^ )  w  l i im - C p O /Q C o ^ )

By [*], the action of QCo( f )  on C( X)  is fixed-point free, hence j  is injective

in view of Lem ma 11. It follows that i is injective. □

T h e o re m  6  Let T  be a finite type tower. Then d im e  T eich (P ) < oo.

P ro o f:  Let N  =  height(J7). For 1 <  m <  N ,  let f m be the least element of

n m- yT .  Then

Te i chm( f )  £  T eich 1 (TU1- 1? ) «-» Te i c h ( f n ),

hence d im e  T eichm(iF) < S( fm) by Corollary 9. Moreover, if m + 1 <  N  and 

t ( f m)  =  h( f m+ i) , then d im e Teichm{T )  =  0 be Lem m a 8 6 . Summing over 

m  yields the  rough bound

d im e  T e i c h ( F ) < ^ [ 6 ( f )  + 6 ( f ) 2}

for finite height towers. By Lemma 87, the  same bound holds for infinite 

height towers. □

C o ro lla ry  10 Let T  be a fin ite  type tower. Then Teich(J-) is a contractible 

complex Banach manifold.

P ro o f :  By Lem ma 80, Teich(J-) canonically injects into the  product

I J  T eichn{T )
0<n<oo
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of complex Banach manifolds. In view of Theorem  6 every factor T eichn(F )  

w ith n  >  0  is finite dimensional, and all bu t finitely m any factors are points. 

Thus,

T e ich (F ) = n  T e ich n(F )
0< n< °o

is a  contractible complex Banach manifold. □

Clearly, d im T eichm(F )  =  0 for large finite m , and

T eich 0 0 (F )  «-♦ Y\vnTeichn( F n)

hence d im e  T e ich 0 0  (F )  < 6 (F) .  This bound does not require Theorems 4 or 

5, as a  closer analysis shows

T eich 0 0  (F )  <-► lim T e ic h ^ (F n ).

Consequently, we still obtain  a bound on d im e  T e ic h ^ (F ) ,  and this is all we 

need in the  next section to  prove no wandering dom ains.

F in i te  d im  g iv es  r e d u c t io n  to  lin e fie ld s

C o ro l la ry  1 1  Let F  be a finite type tower. Then T e ichJ (F )  has fin ite  er- 

godic decomposition.

C o n je c tu r e  1 Let F  be a finite type tower with no affine part. Then J+ (F )  

supports no invariant linefield.

T here are really two parts to the conjecture, th e  first concerning J+ of 

finite type m ap, appropriately generalizing th e  standard  conjecture for ratio ­

nal m aps, the second concerning J 00 of an infinite height tower.
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Heuristically, each parabolic basin should decrease the expected dim en­

sion of Te i c h ( f )  by 1. Let p( f )  be the num ber of parabolic basins.

C o n je c tu r e  2 Let f  : W  —+ X  be a fin ite  type iterabh analytic map with 

em pty affine part. Then

dim e Teich+( f )  +  p( f )  < 6 ( f ) .

In the  algebraic setting of rational m aps, the corresponding conjecture 

would assert th a t the loci of m aps with parabolic points lie in general position. 

This seems to  be unknown even w ith the avaliable algebraic techniques. T he 

Conjecture would follow from a more refined contraction principle involving 

parabolics.

Assuming Conjecture 2, we obtain  a  sharp dimension bound.

C o n je c tu r e  3  Let J- be a finite type tower with base f  and empty affine and  

elem entary parts. Then d im e  T eich +(F )  <  6 ( f ) .

P r o o f  (a s s u m in g  C o n je c tu re  2): As above, it suffices to  establish the  

bound for finite height towers. In view of 9, we may assume height(J-) >  2. 

Let r  be the  base of 7U 7; then

d im e  T eich+(F )  <  d im e  T e ich 1 ( f )  +  6 ( f )

by induction. Now

dim c T e ic h 1 ( f )  =  d im e  T e i c h ^ ( f )  — d im c T e i c h ( X j , S / )
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where

dim e T e i c h ( X f , S j )  — # S j  — 3 p( f ) .

The sphere components of X j  contribute 2p( f )  poles w ith finite forward 

r-o rb it; as every o ther point of 5 /  is the image of an infinite forward singular 

/-o rb it  in B a s ( f ) ,

Sir) < # S ( f )  -  2p(/), 

and Conjecture 2  yields the  bound

dim e T e ic h + iD  < [6 ( f )  -  p(f)} -  [ # S f  -  3p( f ) \  + 6 (r) < 6 ( f ) .

□

4 . 5  D y n a m i c a l  C o n s e q u e n c e s

We say th a t an annulus component A  of 15(^") is infinitely wrapped if degp —> 

oo as g increases in T [A \.

L e m m a  8 8  Let T  be a complete finite type tower, U a fixed component o f 

Q ( f )  containing an annulus component o f  U(.F) with h tjr(A ) =  ht^(U ). 

Then U is a type I  superattracting domain i f  A  is infinitely wrapped, and a 

Siegel disc or H ermann ring otherwise.

In this section we prove the No W andering Domains Theorem  for finite 

type towers. T he two main ingredients are the finiteness of 6 \m T e ic h (T )  

and a  dynam ical argum ent concerning annular components of U(iF).
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Lemma 89 Let T  be a fin ite  type tower, V  a wandering component o f 15(f ) .  

Then V  is an infinitely wrapped annulus.

P ro o f:  If not, then by Lemma 1, =  l im _ g .V  is a  Riem ann surface.

Consequently, Teich(V t» )  injects continuously into T e i c h ( f ) .  By Theorem 

6 , d im 7’ezc/i(V,00) <  oo, so is a finite type surface. As Jr^Voo) is finitely 

generated, it follows by Lemma 1 th a t g .V  has finite type for sufficiently 

large g. By hypothesis, there are infinitely many g .V  occupying distinct 

components of X ; bu t X  has only finitely m any components. □

Let A  be an annulus component of 15 (.F), T C A  a circle. For g 6  T[A \, 

A g =  g(A)  is an  annulus component, Tg =  </(r) is a  circle in A g, and </|r : 

T —> r a is a covering space of degree deg <7.

Lemma 90 Let T  be a finite type tower on X ,  A  an infinitely wrapped 

annulus component o f  £5(.F), T C A a circle. Then d iam (T g) —♦ 0 as g 

increases in f [ A \ .

P ro o f:  W ithout loss of generality, we may assume X  connected. Remove a 

finite set of m arked points to obtain a  hyperbolic Riemann surface X *. Then 

<  ^ s ( r g) =  t g by Schwarz’ Lemma, and f x ( r g) =  0 (£ x * (rg)) by 

Lemma ??. As i g = (deg h ) l gh for h 6  jr [As], t g —> 0 as g  increases in f [ A \ .  

Consequently, d ia m (Tfl) < t x ( g )  —» 0. □

Lemma 91 Let X  be a compact surface endowed with a constant curvature 

metric. Then there exists t  such that fo r  any simple closed curve 7 in X
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with d ia m \i\ < t , exactly one component B  o f X  — I7 I is a sim ply connected 

region with d ia m (B )  <  e.

P ro o f :  Let e =  m in (t(A ), \ d i a m{ X) ) ,  where i ( X )  >  0 is the  injectivity 

radius of X .  Given 7  w ith d ia m I7 I <  e, fix x  G I7 I and let D  be the  e ball 

about x , so th a t  I7 I C D . D  is isometric to its lifts in X , thus homeom orphic 

to  a  disc and geodesically convex. By the Jordan Curve Theorem , D  — |7 | 

has two com ponents, of which the bounded one B  is sim ply connected, and 

d ia m (B )  =  diam\'y\ by the  geodesic convexity of D . Let A  be the  o ther 

com ponent of X  — |7 |. Then d iam (A )  >  e, as otherwise diam .X  <  2e. 

Moreover, if A  is sim ply connected then A  is a  sphere. □ In view of Lem ma

91, for sufficiently large g G F [A\, bounds a unique small disc Bg w ith 

diam (Bg) =  d i a m( Tg) —*• 0. Let Cg be the com plem entary com ponent of 

A - I V

L e m m a  92 A ssum e in the above setting that T  is complete. Then fo r  suf­

ficiently  large g G T"[A\, every h G T [A 3] extends to h G F \A g U B g], where 

h\Bg : B g —> Bhg is a branched cover o f  the same degree as h; in particular, 

B g C S l i F 1) f o r n < h { A ) .

P ro o f :  We m ay assum e w ithout loss of generality th a t A  is connected and 

htjr(A)  =  hjr(A).  As /  has finite type, Bg D S ( f )  for g beyond some 0O is 

either em pty or a  single interior point. If /  0 g X 7 0, the  unique com ponent 

of f ~ 1 ( B / g) whose boundary meets Ts is a  disc Dg w ith d D g =  Ts . We
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Figure 4.2: W andering annuli I

claim  th a t Dg =  B g for all g beyond some 9X. Otherwise, Dgu =  Cgk for 

some cofinal increasing sequence gk 6  F[A],  and X  is a  sphere. Furtherm ore, 

if B gi fl B S) =  0, then  X  =  Cg> U C9} C IV, so /  is rational; bu t then 

-V =  f (C3i) U f (Cg)) = B jgi U B f 3}, which is impossible as the B g are small. 

Consequently, B gi C C  Bg> or vice-versa. As diam {B g) —► 0, there is a  

subsequence a t  =  gk( with B ae+l C C  B at for all L  But then Cat C C  Ca<+1, 

so B jae =  f {Cat) C C  f{Ca(+l) =  5 / a<+1, contradicting d iam (B g) -*  0. It 

follows for g 't .B i  th a t  every h 6  F [ A g] w ith  h t? (h ) =  1 extends as claimed.

Now assum e inductively th a t every a  6  F [A g\, where h t y ( a )  < n < 

hjr(A)  extends in the  desired fashion for g  >; 0\.  For large a  6  ^ [ A g ] ,  

lies in an a ttrac tin g  or parabolic dom ain U  of f1 (^ n) with htjrn(U) = n. 

Any increasing sequence /3k €  F i x ? ( U )  converges locally uniformly to the
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associated fixed point. Consequently, diam (T 0 ag) - t  0 as /? increases in 

F ix? (U ). Moreover, for sufficiently large /?, Vgag lies in a  sm all simply 

connected absorbing region V  C U ,  hence Bpa C V. It follows by induction 

th a t Bg C for g b

Continuing, for sufficiently large /3 £  F ixjr(U ), Bpag lies in some region 

R  C V , where R  is a  band surrounding the fixed point if U is a  type I 

attrac ting  domain, and a  vertical strip  otherwise. By Lem ma 40, there  exist 

arbitrarily  small 7  £ F [R \ with ht?(~f) =  n +  1, such th a t 7  : R  —► 'y(R)  is 

a  covering space w ith image in a  small disc abou t a  parabolic or repelling 

fixed point of f n. Moreover, if deg 7  >  1, then 7  (R)  is a  band  surrounding 

a repelling point. As B ypag C it follows th a t T^pag is hom otopically

trivial in 7 (R) ,  hence B ^ a g  C 7 (R )  as 'y(R) is small. T he com ponent of 

7 _1(B 7/gos) w ith boundary m eeting Tpag is a disc, necessarily Bpag, and  thus 

7 |b(3oi9 : Bpag —► B y0 ag is a  homeomorphism.

Suppose h  £ F [ A g] w ith  h t j r ( h )  = n + 1 . We claim th a t h  extends in the 

desired fashion. Assume w ithout loss of generality that h  is prim itive. As 

7  0 0  0 a  ^  h  for sufficiently small 7 , h  = 6 o-( 0  floa t where h t j r { 8 )  < n. By 

induction, h  extends as claimed. □

L e m m a  93 For sufficiently large g £ F[A\, i f  h £  T[ Ag] and  deg(h) > 1, 

then there is a largest j  £  F[A] with j  ■< h and deg j  =  1 . Furthermore, i f  

T  is complete, then B jg contains a critical value o f f .
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Figure 4.3: W andering annuli II

P ro o f:  Proceeding by induction on n = h t? (h ), we m ay assume without 

loss of generality th a t h is primitive. For n =  1 there is nothing to  show. If 

n >  I, w rite h =  8 o 7 0 0  where ht?(l3),h t?(6)  <  n and h t? (7 )  =  n. As 

shown above, we may choose /? and 8 so th a t deg 7 =  1. Thus, either deg/3 

or deg is greater than  1 , and the assertion follows by induction. □

P ro p o s i t io n  23 Let F  be a complete fin ite  type tower on X ,  A  an infinitely 

wrapped annulus component o f l5[T) .  Then fo r  large g £ T[A) ,  A g lies in a 

type I  superattracting domain o f height hjr(A).

P ro o f:  Assume w ithout loss of generality th a t h t ^ ( A)  =  h^ ( A) .  In view of 

Lemma 93, there is a cofinal sequence gk 6  A ] with each B gk containing 

one of the finitely m any critical values of / .  Consequently, as d iam (B g) —►
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0, there  exist g e  F[A]  and h €  F [ A g) w ith B hg C C  B a. Let U be the 

com ponent of f2(.F) containing A g. By Lem ma 92 and Schwarz’ Lemma, B g 

contains an a ttrac tin g  or superattracting  fixed point x  of F 11, where n = 

ht jr (h).  Thus, U[n] is a  fixed component of But ht j r (A g) = h t f ( x )  =

n, hence U =  £/jn] by a  further appeal to  Lemma 92. T he conclusion follows 

by Lem m a 8 8 . □

T h e o r e m  7 Let F  be a finite type tower. Then has no wandering

component.

P ro o f :  By Lem m a ??, if U is a wandering com ponent of fi(.F) then A  = 

U — M (!F )  is a  wandering component of U (^ ) . In view of Lemma 89, A  is 

an infinitely w rapped annulus. B ut then U is stable by Proposition 23. □

In view of Corollary 3, we conclude:

C o ro l la ry  1 2  Let F  be a finite type tower. Then every component o f t y F )  

has fin ite  height.

P r o p o s i t io n  24 Let X  be a compact complex 1-manifold, f  : W  —+ X  a 

fin ite  type iterable analytic map. Assum e that every essential component is 

a sphere or torus. Then the set o f non-repelling periodic points o f f  is finite. 

Consequently, all but fin itely  many grand orbits in  t to (f!(/))  either escape or 

contain Siegel discs.

C o ro l la ry  13 Let IF be a finite type tower. Then all but fin ite ly  m any grand 

orbits in 7r0( f l ( J r)) are Siegel discs o f height 1.
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P r o o f:  By Proposition  24, fl(rfc) has a  finite num ber of periodic components 

as soon as k  >  1 . □

Topological D im ension

We repeatedly  use the  following trivial fact: If /  : X  —» F  is continuous and 

V  C F  is open, then  f { d f ~ l (V))  C d V .

L e m m a  94 Let X  and Y  be topological spaces, f  : X  —► Y  continuous and 

injective. Then  d im X  <  d im F .

P r o o f:  We m ay assum e w ithout loss of generality th a t d  =  d im F  <  oo, and 

proceed by induction on finite d. The case d — — 1 is vacuous as X  =  Y  =  0. 

Assume d  >  0, and inductively assum e the dimension inequality for n < d. 

Suppose U is open, x  E U C X .  As /  is injective, we m ay choose open V C  Y  

w ith x  6  Q U and d im d V  < d. Then /ja /-i(v ) : d f ~ l {V) —> d V  is

injective, hence d im d f ~ l {V)  < d im 3 F  < d by inducton. □

L e m m a  95 Let X  and Y  be non-em pty topological spaces o f finite dimen­

sion, f  : X  —► Y  continuous. I f V C Y  is open and d im 5 V  <  d im F  then 

d im d / - 1(V) <  d im X .

P r o o f:  Let g  =  : 5 / - 1(F )  —* d V . We proceed by induction on

d  =  d im F . For d  =  0, d V  =  0, hence d f ~ l (V)  =  0 and thus d i m / _ 1(F )  =  

—1 <  d im X . Assum e the  claim for d — 1. Given x  €  d f ~ l {V)  and open
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U C d f ~ l (V)  containing x , choose open W  C d V  w ith x  €  g~l {W)  C  U and 

d im c W  <  d im d V  <  dim  .A as X  is finite dimensional. □

L e m m a  96  Let { f Qp : X a —> Xp  : a  >  /?} be an inverse system  o f topologi­

cal spaces. Then

dim lim  X Q <  lim su p d im X 0.

P ro o f :  Let Y  =  lim .-A 'a w ith canonical m aps 7r0 : Y  —* X a , and let 

d = lim sup dim  A'q . If d  =  oo, there is nothing to  prove; we proceed by 

induction on finite d. Passing to  a cofinal subsystem , we may assum e every 

X a has dimension d. If d =  — 1 then every X a =  0, hence Y  =  0 and 

d im F  =  —1. Assume the claim holds for d  — 1, and suppose U C  Y  is 

open, y 6  U. There exist 7  and open C X ^  with y €  Kyl {V-t) ^  U and 

d im dK , <  d — 1. Set V  =  Va =  f~y(Vy)  for a  > 7 . By construction,

V  and the Va are open sets, na{dV)  C dVa for a  > 7 , and f Q0 {dVQ) C dVp 

for a  > 0  > 7 . Moreover, <T\mdVa < d — 1 by Lemma 95. Thus,

{ f Qp\dva '• dVa —> dVp : a  > (3 > 7 }

is an inverse system , and there is a canonical continuous m ap

j  : d V  - » lim^V^.

By naturality , composing with the  canonical m ap lim _ dVa —> lim „ X a gives 

the  inclusion of d V  into Y , hence j  is injective. By induction,

d im dV  <  d im lim d l^  <  d — 1,

hence dim Y  < d. □
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P ro p o s i t io n  25 Let M  be a topological n-manifold, 0 <  n  <  oo. Then 

dim  M  =  n.
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